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 a b s t r a c t

With the increasing penetration of renewable energy and the rising demand for decarbonization, multi-energy 
systems integrating electricity, heat, and transportation sectors have attracted significant attention. However, 
the intermittency and uncertainty of renewable generation in integrated energy systems (IES) makes it difficult 
to ensure cost-effective and coordinated operation across different energy carriers, often leading to suboptimal 
use of system flexibility and increased operational risk. This paper proposes a robust optimization framework 
for integrated electric and thermal energy systems with vehicle-to-grid (V2G) enabled electric vehicles. This ap-
proach employs a linearized model for the distribution network and a constant flow variable temperature (CFVT) 
methodology for the heating system to balance accuracy and computational tractability. A two-stage formulation 
captures day-ahead EV charging commitments and real-time adaptive dispatch against wind generation uncer-
tainty. An exact column-and-constraint generation algorithm ensures solution scalability and worst-case feasibil-
ity. Simulations on an IEEE 15-bus network and a 5-node district heating system illustrate the cost–robustness 
trade-off achieved by leveraging EV and thermal flexibility under the proposed robust scheduling approach, 
compared with stochastic scheduling.

1.  Introduction

Driven by the net-zero carbon target, the installed capacity and gen-
eration share of renewable energy sources (RES) in the UK have con-
tinued to increase rapidly. The 2024 statistics show that the share of 
electricity generated from renewables exceeded 50% for the first time, 
reaching 50.8% compared to 46.4% in 2023 [1], reflecting the increas-
ing role of wind power in the electricity system. However, the rapid 
deployment of renewable generation also introduces new operational 
challenges for power systems. The rapid growth of RES has outpaced 
grid expansion, causing energy spillage and high compensation costs 
[2]. Expanding transmission can reduce curtailment but is costly and 
slow [3]. Alternatively, flexible electrical storage (FES) improves sys-
tem flexibility and resilience by balancing generation and demand [4].

Electric vehicles (EVs) with vehicle-to-grid (V2G) capability consti-
tute a cost-effective form of flexible electrical storage (FES) and can 
provide distributed flexibility to support power system operation [5]. 
In addition to electrical flexibility, the heating sector also plays a sig-
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nificant role in energy system decarbonization and renewable energy 
utilization. Heating accounts for nearly 50% of global final energy con-
sumption [6]. Electrifying heating or using renewable electricity for heat 
production is recognized as a key pathway to improve RES utilization 
and reduce carbon emissions [7]. Integrated energy systems (IES) have 
emerged as an effective approach to increase renewable integration and 
system flexibility by introducing multiple energy carriers on the supply 
side (e.g., wind, solar, natural gas), coordinating electric and thermal 
demands on the load side, and leveraging storage resources.

Meanwhile, the increasing penetration of renewable energy also in-
troduces significant operational uncertainty for such integrated systems. 
High renewable variability and forecasting challenges remain key bar-
riers to reliable and economic scheduling. Traditional deterministic dis-
patch relies on point forecasts and may lead to operational infeasibility 
when renewable output deviates from predictions. To address this issue, 
uncertainty-aware optimization methods have been widely studied, in-
cluding stochastic optimization (SO) and robust optimization (RO). SO 
captures uncertainty through probability distributions [8,9], while RO 
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Nomenclature

Notation
𝐴𝑇 Incidence matrix of the thermal network.
𝐵𝐸 Set of electrical network branches.
BFM Branch Flow Model.
C&CG Column-and-Constraint Generation.
CFVT Constant Flow Variable Temperature.
DHS District Heating System.
𝐸𝑇 Set of all thermal network branches.
EV Electric Vehicle.
FES Flexible Energy Storage.
HWT Hot Water Tank.
IES Integrated Energy System.
IEHS Integrated Electric–Heat System.
KKT Karush–Kuhn–Tucker conditions.
𝑁𝐸 Set of all electrical network nodes.
𝑁𝑇 Set of all thermal load nodes.
RES Renewable Energy Sources.
RO Robust Optimization.
SAA Sample Average Approximation.
SO Stochastic Optimization.
SOC State of Charge.
V2G Vehicle-to-Grid.
𝜂𝑒𝑏 Efficiency of the electric boiler.

Parameters
𝛼 Compensation cost for EV scheduling.
𝑐𝑝 Specific heat capacity of water.
𝐸𝑏𝑎𝑡𝑡
𝑖 Battery capacity of EV 𝑖.

𝑚̇𝑝 Vector of pipe mass flow rates.
𝑚̇𝑞 Vector of nodal net injections.
𝑝̂𝑤 Forecast output of the wind farm.
𝑝𝑙,𝑗 Real power demand at node 𝑗.
𝑃𝑔 Power purchased from the substation.
𝑃max
𝑖 Maximum charging power of EV 𝑖.

𝑝𝑤 Actual output of the wind farm.
𝜋𝑡 Electricity price at time 𝑡.
𝑦𝑖 Shunt admittance at node 𝑖.
𝑧𝑖𝑗 Impedance of line 𝑖𝑗.

Variables
𝛿𝑖,𝑡 Scheduling variable of EV 𝑖 at time 𝑡.
𝐼𝑖𝑗 Branch current flowing in line 𝑖𝑗.
𝑙𝑖𝑗 Squared branch current magnitude in line 𝑖𝑗.
𝑝𝑒𝑣,𝑗 EV real power exchanged grid at node 𝑗.
𝑝𝑗 Real power generated at node 𝑗.
𝑃 𝑐ℎ
𝑖,𝑡 Grid-interactive power of EV 𝑖 at time 𝑡.

𝑃𝑖𝑗 Real power flow in line 𝑖𝑗.
𝑝𝑤𝑔 Real power generated by renewable unit.
𝑞𝑗 Reactive power generated at node 𝑗.
𝑄𝑖𝑗 Reactive power flow in line 𝑖𝑗.
𝑆𝑖𝑗 Complex power flow in line 𝑖𝑗.
𝑇𝑖 Temperature at node 𝑖 of the heating network.
𝑇 𝑝+
𝑗,𝑡 Outflow temperature of the supply pipe.

𝑇 𝑝−
𝑗,𝑡 Inflow temperature of the supply pipe.

𝑉𝑖 Voltage magnitude at node 𝑖.
𝑣𝑖 Squared voltage magnitude at node 𝑖.

provides an alternative by optimizing against uncertainty sets without 
requiring full distributional information [10,11]. Recent studies have 
explored the integration of EVs and V2G technologies in multi-energy 
systems under uncertainty [12–14]. For example, Wang et al. [15] and 
[14] investigate EV participation in integrated energy systems mainly 
from a system planning perspective, where the objective is to deter-

mine the capacity configuration of system components rather than op-
erational scheduling. Zhang et al. [16] focus on heuristic scheduling 
strategies for multi-energy virtual power plants. Robust optimization 
approaches have also been developed for multi-energy systems with EV 
participation [13,17]. However, these studies generally focus on system-
level scheduling formulations, while the physical network constraints of 
coupled electrical and heating networks are not explicitly incorporated.

To incorporate network constraints in multi-energy scheduling, the 
modelling of electrical and heating networks requires a balance between 
physical fidelity and computational tractability. For district heating sys-
tems (DHS), the hydraulic and thermal dynamics are highly complex, 
and full-scale modelling often leads to excessive computational bur-
den [18]. Therefore, simplified formulations such as the constant-flow 
variable-temperature (CFVT) model are widely adopted to capture the 
main thermal characteristics with improved computational efficiency 
[19–21]. For radial electrical distribution systems, the linearized power 
flow model LinDistFlow is also commonly used to represent network 
constraints with acceptable accuracy and tractability [22]. These mod-
els enable tractable representations of electricity and heating networks 
in optimization-based scheduling.

To address these gaps, the main contributions of this paper are sum-
marized as follows:

• A network-constrained formulation explicitly couples the radial dis-
tribution system, district heating network, EV fleets with V2G capa-
bility, and electric boilers equipped with hot water tanks (HWTs), 
accurately representing both electrical and thermal operating limits.

• The two-stage robust scheduling with day-ahead EV scheduling de-
cisions is built in this paper. A day-ahead decision layer determines 
EV charging/discharging schedules subject to user availability and 
travel constraints, while a second-stage recourse layer adaptively dis-
patches grid and thermal resources in response to realized renewable 
generation.

• To enable a structurally scalable robust optimization solution for 
the integrated energy system, a customized column-and-constraint 
generation (C&CG) algorithm is developed, which mitigates the 
scenario explosion associated with sample average approximation 
(SAA) through iterative cut generation while ensuring feasibility un-
der network constraints and robustness against renewable uncer-
tainty.

• Comparative studies with SO under uncertain renewable generation 
scenarios show that the proposed robust approach achieves lower 
worst-case operating cost while maintaining electrical and thermal 
network security.
The rest of this paper is organized as follows. Section 2 presents the 

modelling of the integrated electricity–heat system (IEHS), including the 
LinDistFlow-based power network, the mass and energy conservation-
based district heating network, and the electric vehicle scheduling 
model under the V2G paradigm. Section 3 formulates the optimization 
problems, including the two-stage SO and the two-stage RO, and dis-
cusses their key technical challenges. Section 4 introduces the C&CG 
algorithm used to solve the RO problem. Section 5 provides case stud-
ies on an IEEE 15-bus distribution network coupled with a 5-node dis-
trict heating system, comparing the performance of SO and RO under 
worst-case wind generation scenarios and analyzing cost, flexibility uti-
lization, and computational performance. Section 6 concludes the paper 
and outlines potential future research directions.

2.  Mathematical modelling

In this section, the mathematical modelling of the heat–power–V2G 
coupled system is presented. The system consists of a distribution net-
work and a DHS. The distribution network includes a substation, dis-
tributed wind generation, parking lots with V2G-enabled EVs, fixed 
electrical loads obtained from day-ahead forecasts using historical day-
ahead load profiles, and electric boilers as heat–power coupling devices. 
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Fig. 1. BFM in a distribution system.

Electric vehicles are connected to the distribution network through 
charging facilities and can act as both flexible loads and storage units. 
The DHS consists of conventional boilers and electric boilers. In the pro-
posed model, the conventional boiler is represented in a simplified man-
ner using a fixed fuel cost coefficient, without considering detailed fuel 
properties, boiler technology characteristics, or unit-level operational 
dynamics. The electric boilers are equipped with hot water storage tanks 
as thermal storage units and serve as heat–power coupling elements be-
tween the power and heating systems.

2.1.  Electrical power system modelling

Fig. 1 illustrates the branch flow model (BFM) [23] centered at bus 𝑗, 
together with its upstream bus 𝑖 and downstream buses 𝑘.

The branch voltage drop equation can be written as,
𝑉𝑖 − 𝑉𝑗 = 𝑧𝑖𝑗𝐼𝑖𝑗 , ∀(𝑖, 𝑗) ∈ 𝐵𝐸 (1)

Here, 𝑉𝑖 and 𝑉𝑗 denote the voltages at nodes 𝑖 and 𝑗, respectively; 𝐼𝑖𝑗
is the current flowing from node 𝑖 to node 𝑗; 𝑧𝑖𝑗 represents the branch 
impedance with resistance 𝑟𝑖𝑗 and reactance 𝑥𝑖𝑗 ; and 𝐵𝐸 denotes the set 
of electrical branches.
𝑆𝑖𝑗 = 𝑉𝑖𝐼

∗
𝑖𝑗 , ∀(𝑖, 𝑗) ∈ 𝐵𝐸 (2)

Based on (2), the power balance at each node 𝑗 can be written as,
∑

𝑘∶ 𝑗→𝑘
𝑆𝑗𝑘 −

∑

𝑖∶ 𝑖→𝑗

(

𝑆𝑖𝑗 − 𝑧𝑖𝑗 |𝐼𝑖𝑗 |
2) + 𝑦∗𝑗 |𝑉𝑗 |

2 = 𝑠𝑗 (3)

Here, the notation 𝑗 → 𝑘 represents the branch from the upstream node 
𝑗 connected to downstream node 𝑘; and 𝑆𝑖𝑗 is complex power flow in 
line 𝑖𝑗. By substituting the definitions
𝑣𝑗 ∶= |𝑉𝑗 |

2, 𝑙𝑖𝑗 ∶= |𝐼𝑖𝑗 |
2 (4)

into (1)–(3), the DistFlow equations are obtained, which provide a 
real-valued representation of distribution networks. The complex power 
flows are separated into their real and imaginary parts, leading to
(5)–(8). 
𝑝𝑗 =

∑

𝑘∶ 𝑗→𝑘
𝑃𝑗𝑘 −

∑

𝑖∶ 𝑖→𝑗

(

𝑃𝑖𝑗 − 𝑟𝑖𝑗 𝑙𝑖𝑗
)

,∀𝑖, 𝑗 ∈ 𝑁𝐸 (5)

𝑞𝑗 =
∑

𝑘∶ 𝑗→𝑘
𝑄𝑗𝑘 −

∑

𝑖∶ 𝑖→𝑗

(

𝑄𝑖𝑗 − 𝑥𝑖𝑗 𝑙𝑖𝑗
)

,∀𝑖, 𝑗 ∈ 𝑁𝐸 (6)

𝑣𝑖 − 𝑣𝑗 = 2
(

𝑟𝑖𝑗𝑃𝑖𝑗 + 𝑥𝑖𝑗𝑄𝑖𝑗
)

−
(

𝑟2𝑖𝑗 + 𝑥2𝑖𝑗
)

𝑙𝑖𝑗 ,∀(𝑖, 𝑗) ∈ 𝐵𝐸 (7)

𝑣𝑖 𝑙𝑖𝑗 = 𝑃 2
𝑖𝑗 +𝑄2

𝑖𝑗 ,∀(𝑖, 𝑗) ∈ 𝐵𝐸 (8)

Here, 𝑁𝐸 denotes the set of all electrical network nodes, and 𝑃𝑖𝑗 and 
𝑄𝑖𝑗 represent the real and reactive power flows in line 𝑖𝑗. The branch 
flow Eqs. (5)–(8) are non-convex and non-linear due to the quadratic 
terms in branch currents and power flows. When the network does not 
include voltage regulation devices and the research objective does not 
involve reactive power optimization, neglecting the quadratic loss terms 
provides a reasonable approximation [22]. Under these conditions, the 
LinDistFlow model (9)–(11) is widely used as a linearized representation 
of distribution networks [24].

∑

𝑘∶ 𝑗→𝑘
𝑃𝑗𝑘 = 𝑃𝑖𝑗 + 𝑝𝑗 ,∀𝑖, 𝑗 ∈ 𝑁𝐸 (9)

Fig. 2. Pipes representation in district heating system [21].

∑

𝑘∶ 𝑗→𝑘
𝑄𝑗𝑘 = 𝑄𝑖𝑗 + 𝑞𝑗 ,∀𝑖, 𝑗 ∈ 𝑁𝐸 (10)

𝑣𝑖 − 𝑣𝑗 = 2
(

𝑟𝑖𝑗𝑃𝑖𝑗 + 𝑥𝑖𝑗𝑄𝑖𝑗
)

,∀(𝑖, 𝑗) ∈ 𝐵𝐸 (11)

The net active power consumption 𝑝𝑗 at each bus is formulated ac-
cording to the connected devices: for RES buses, 𝑝𝑗 = 𝑝𝑙,𝑗 − 𝑝𝑤𝑔 ; for sub-
station buses, 𝑝𝑗 = 𝑝𝑙,𝑗 − 𝑃𝑔 ; for EV buses, 𝑝𝑗 = 𝑝𝑙,𝑗 − 𝑝𝑒𝑣,𝑗 ; and for buses 
with electric boilers, 𝑝𝑗 = 𝑝𝑙,𝑗 + 𝑝𝑒𝑏,𝑗 .

2.2.  Electric vehicle V2G modelling

To model the charging–discharging flexibility of EVs, we define 𝑃 𝑐ℎ
𝑖,𝑡

as the grid-interactive power of EV 𝑖 at time 𝑡, positive for charging and 
negative for discharging. Aggregator schedules EVs in the first stage to 
satisfy the grid requirement and final state of charge (SOC) requirement. 
A binary charging–discharging indicator 𝛿𝑖,𝑡 ∈ {0, 1} is introduced:

−𝑃max
𝑖 𝛿𝑖,𝑡 ≤ 𝑃 𝑐ℎ

𝑖,𝑡 ≤ 𝑃max
𝑖 (1 − 𝛿𝑖,𝑡) (12)

SOC𝑖,𝑡+1 = SOC𝑖,𝑡 +
𝑃 𝑐ℎ
𝑖,𝑡 Δ𝑡

𝐸𝑏𝑎𝑡𝑡
𝑖

(13)

where 𝑃max
𝑖  denotes the maximum exchange power capacity of EV 𝑖 with 

the grid, which is taken symmetric for charging and discharging in this 
paper.

Eq. (14) specifies the initial SOC of the 𝑖-th vehicle battery at the 
beginning of each day, where SOC𝑖𝑖𝑛𝑖𝑡 represents EVs’ initial SOC level. 
Eq. (15) ensures that the terminal SOC meets the target requirement, 
where SOC𝑖𝑓𝑖𝑛𝑎𝑙 denotes the desired final SOC level of vehicle 𝑖 to guar-
antee sufficient reserved energy.

SOC𝑖,1 = SOC𝑖𝑛𝑖𝑡
𝑖 (14)

SOC𝑖,𝑇 ≥ SOC𝑓𝑖𝑛𝑎𝑙
𝑖 (15)

2.3.  District heating network modelling

We adopt a CFVT representation [19], in which mass–flow rates 
are fixed while temperatures evolve according to energy balances and 
pipe losses. Thus, the detailed hydraulic equations no longer need to 
be solved, while the essential thermal transport dynamics are still pre-
served. Fig. 2 illustrates the CFVT-based pipe representation in the dis-
trict heating system.

Define 𝑚̇𝑝 ∈ ℝ|𝐸𝑇 | as the vector of pipe mass flows, and 𝑚̇𝑞 ∈ ℝ|𝑁𝑇 | as 
the vector of nodal net injections, where a positive sign indicates supply 
and a negative sign indicates demand. Under CFVT the time–varying 
mass balance is linear:

𝑚̇𝑞 = 𝐴𝑇 𝑚̇𝑝 (16)

We assume a radial topology so that (16) yields a unique flow solution.
Let 𝑐𝑝 be the specific heat capacity, 𝑇𝑎 the ambient temperature, and 

𝑁𝑇  the set of heat nodes. For ∀𝑖, 𝑗 ∈ 𝑁𝑇 , with incoming pipes 𝑗→ 𝑖 and 
outgoing pipes 𝑖→𝑘, the energy balances are given by,

∑

𝑗∶ 𝑗→𝑖
𝑐𝑝 𝑚̇

𝑝
𝑗,𝑡 𝑇

𝑝+
𝑗,𝑡 =

∑

𝑘∶ 𝑖→𝑘
𝑐𝑝 𝑚̇

𝑝
𝑘,𝑡 𝑇

𝑝−
𝑘,𝑡 + 𝑐𝑝 𝑚̇𝑖,𝑡 𝑇𝑖,𝑡 (17)

∑

𝑗∶ 𝑗→𝑖
𝑐𝑝 𝑚̇

𝑝
𝑗,𝑡 𝑇

𝑝+
𝑗,𝑡 + ℎ𝑠,𝑖,𝑡 =

∑

𝑘∶ 𝑖→𝑘
𝑐𝑝 𝑚̇

𝑝
𝑘,𝑡 𝑇

𝑝−
𝑘,𝑡 + 𝑐𝑝 𝑚̇𝑖,𝑡 𝑇𝑎 (18)

Eq. (17) describes the energy balance on user nodes and (18) describes 
the energy balance on conventional source nodes.
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For a node 𝑖 hosting an electric boiler and a HWT, the energy balance 
augments (17) as,
∑

𝑗∶ 𝑗→𝑖
𝑐𝑝 𝑚̇

𝑝
𝑗,𝑡 𝑇

𝑝+
𝑗,𝑡 + ℎ𝑒𝑏,𝑖,𝑡 =

∑

𝑘∶ 𝑖→𝑘
𝑐𝑝 𝑚̇

𝑝
𝑘,𝑡 𝑇

𝑝−
𝑘,𝑡

+ 𝑐𝑝 𝑚̇𝑖,𝑡 𝑇𝑎 +𝐻𝐻𝑊 𝑇
𝑖,𝑡

(19)

The HWT energy state and operational limits are:
𝐸𝐻𝑊 𝑇
𝑖,𝑡+1 = 𝐸𝐻𝑊 𝑇

𝑖,𝑡 +𝐻𝐻𝑊 𝑇
𝑖,𝑡 Δ𝑡 (20)

𝐸min ≤ 𝐸𝐻𝑊 𝑇
𝑖,𝑡 ≤ 𝐸max (21)

−𝐻max ≤ 𝐻𝐻𝑊 𝑇
𝑖,𝑡 ≤ 𝐻max (22)

where Δ𝑡 represents the time step of the simulation. In this paper, a 
temporal resolution of 1 h is adopted.

In classical thermodynamics, the stored thermal energy is given by:
𝑄 = 𝑚𝑐𝑝Δ𝑇 (23)

Based on this relation, the maximum storage capacity can be derived as:
𝐸max = 𝜌 𝑉 𝑐𝑝 [ 𝑇max − 𝑇min ] (24)

For each pipe (𝑗, 𝑖) ∈ 𝐸𝑇  with overall loss coefficient 𝜆𝑖𝑗 and length 
𝐿𝑖𝑗 , the outlet temperature satisfies

𝑇 𝑝+
𝑖𝑗,𝑡 =

(

𝑇 𝑝−
𝑖𝑗,𝑡 − 𝑇𝑎

)

exp

(

−
𝜆𝑖𝑗 𝐿𝑖𝑗

𝑐𝑝 𝑚̇
𝑝
𝑖𝑗,𝑡

)

+ 𝑇𝑎 (25)

Temperature continuity at nodes, source bounds, and nodal temper-
ature limits are enforced as,
𝑇𝑖,𝑡 = 𝑇 𝑝−

𝑖𝑗,𝑡 (26)

0 ≤ ℎ𝑠,𝑖,𝑡 ≤ ℎmax
𝑠,𝑖 , 0 ≤ ℎ𝑒𝑏,𝑖,𝑡 ≤ ℎmax

𝑒𝑏,𝑖 (27)

𝑇min
𝑛𝑜𝑑𝑒 ≤ 𝑇𝑖,𝑡 ≤ 𝑇max

𝑛𝑜𝑑𝑒 (28)

The electric boiler establishes the coupling between the power and 
heat networks, following the relationship
𝑝𝑒𝑏 = 𝜂𝑒𝑏 ℎ𝑒𝑏 (29)

where 𝜂𝑒𝑏 is the conversion efficiency.

2.4.  Wind power generation model

The uncertainty of wind power output is modeled using an uncer-
tainty set that contains all possible realizations. The bounds of this set 
are derived from the forecast standard deviation and Chebyshev’s in-
equality [25]. Let 𝑝𝑤 denote the actual output of a wind farm, and 𝑝̂𝑤
denote its predicted output. The output is bounded by:
𝑝𝑤min ≤ 𝑝𝑤 ≤ 𝑝𝑤max (30)

where 𝑝𝑤min and 𝑝𝑤max are the lower and upper bounds, respectively. Given 
the standard deviation of forecast error 𝜎, Chebyshev’s inequality en-
sures that
Pr

(

|

|

𝑝𝑤 − 𝑝̂𝑤|
|

≥ 𝑘𝜎
)

≤ 1
𝑘2

(31)

The notation Pr(⋅) denotes the probability of an event, and (31) guaran-
tees that the deviation exceeds 𝑘𝜎 occurs with a very small probability.

By choosing 𝑘, the bounds can be expressed as,
𝑝𝑤min = 𝑝̂𝑤 − 𝑘𝜎, 𝑝𝑤max = 𝑝̂𝑤 + 𝑘𝜎 (32)

Eq. (32) defines a box (interval) uncertainty set. Compared with 
more general polyhedral sets (e.g., convex-hull sets constructed from 
scenarios), the bounds in this work are directly calibrated from mean 
and variance information via Chebyshev’s inequality. In contrast to bud-
geted uncertainty sets, which introduce an additional budget parameter 
to limit the extent of simultaneous deviations, the proposed formulation 
characterizes the deviation range through a single parameter 𝑘.

3.  Optimization problem formulation

In this study, EVs and HWTs are modeled as flexible loads with 
adjustable energy capacity and power modulation, enabling them to 
accommodate wind-generation uncertainty. A relatively complete re-
course assumption is adopted: for any first-stage decision and any real-
ized wind profile within the uncertainty set, the EV charging/discharg-
ing energy in the second stage can be adjusted to ensure feasibility that 
satisfies all system constraints. In this framework, the operating cost 
is evaluated under the worst-case wind realization. The proposed two-
stage robust optimization framework minimizes the worst-case opera-
tional cost 𝐶 under all possible realizations of uncertainty. The min–
max–min problem is formulated as:

𝐶 = min
𝑥∈

𝛼
∑

𝑖∈

𝑇
∑

𝑡=1
𝛿𝑖,𝑡 + max

𝑝𝑤∈
min

𝑦∈(𝑥,𝑝𝑤)

𝑇
∑

𝑡=1

(

𝜋𝑡𝑃
𝑔
𝑡 + 𝑐𝑠ℎ

𝑠
𝑡
)

, (33)

where 𝑥 denotes the first-stage decision variables, including the EV 
scheduling variables 𝛿𝑖,𝑡, which are determined before the wind power is 
realized. The uncertain wind generation 𝑝𝑤 lies in the uncertainty set  , 
modeled as a box-type uncertainty set. After 𝑝𝑤 is realized, the second-
stage recourse decisions 𝑦 are adjusted to satisfy all system constraints 
and minimize the operating cost, where 𝑃 𝑔

𝑡  and ℎ𝑠𝑡  denote the grid power 
purchase and heat supply, respectively. Moreover, 𝛼 is the compensation 
cost coefficient for EV scheduling, 𝜋𝑡 is the electricity price at time pe-
riod 𝑡, and 𝑐𝑠 is the fuel price of the heating subsystem.

Following the Benders-type decomposition, the two-stage robust op-
timization can be separated into a master problem (MP) and a subprob-
lem (SP).

𝑀𝑃 ∶ min
𝑥∈

𝛼
∑

𝑖∈

𝑇
∑

𝑡=1
𝛿𝑖,𝑡 + 𝜂 (34)

𝑆𝑃 ∶ max
𝑝𝑤∈

min
𝑦∈(𝑥,𝑝𝑤)

𝑇
∑

𝑡=1

(

𝜋𝑡𝑃
𝑔
𝑡 + 𝑐𝑠ℎ

𝑠
𝑡
)

𝑠.𝑡. (9) − (11),

(12) − (15),

(17) − (22), (25) − (30).

(35)

The master problem determines the first-stage variables and evalu-
ates the worst-case second-stage cost via the auxiliary variable 𝜂, while 
the subproblem characterizes the recourse feasibility and cost under un-
certainty 𝑢. This decomposition enables tractable solution of the overall 
robust optimization model.

Fig. 3 illustrates the proposed two-stage robust scheduling frame-
work for the integrated electricity-heat system. In this framework, Stage 
1 solves the master problem to determine the EV scheduling decisions, 
whereas Stage 2 solves the subproblem to identify the worst-case wind 
scenario and obtain the corresponding power and heat dispatch. The 
physical coupling between the electricity and heat systems is realized 
through the electric boiler.

4.  Column-and-constraint generation algorithm for solving the 
two-stage RO

To solve the two-stage robust optimization model formulated in Sec-
tion 3, we adopt a column-and-constraint generation (C&CG) algorithm. 
This iterative approach alternates between solving MP and SP, progres-
sively refining the uncertainty set realizations and feasibility cuts until 
convergence. The overall C&CG procedure is illustrated in Fig. 4 for 
clarity.

In Algorithm 1, 𝑓1(𝑥) corresponds to the first-stage objective 
in (34), 𝑓2(𝑦) corresponds to the second-stage objective in (35), while 
𝑓constraints(𝑥, 𝑦, 𝑢) denotes the set of second-stage constraints in (35). The 
oracle step is implemented using a single-level reformulation based on 
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Fig. 3. Framework of the proposed two-stage robust scheduling for the inte-
grated electricity–heat system.

Algorithm 1 Column-and-constraint generation.
1: Init: 𝐿𝐵 ← −∞, 𝑈𝐵 ← +∞, 𝑘 ← 0,  ← ∅
2: while 𝑈𝐵 − 𝐿𝐵 > 𝜖 do
3: Solve master problem MP𝑘: 
4: min𝑥∈ , 𝜂 𝑓1(𝑥) + 𝜂, 𝑠.𝑡. optimality and feasibility cuts from 𝑘 − 1

step. 
5: Obtain (𝑥∗𝑘+1, 𝜂∗𝑘+1) and set 𝐿𝐵 ← 𝑓1(𝑥∗𝑘+1) + 𝜂∗𝑘+1. 
6: Oracle: solve subproblem SP(𝑥∗𝑘+1)
7: (𝑥∗𝑘+1) = max

𝑢∈
min
𝑦∈

{ 𝑓2(𝑦) ∣ 𝑠.𝑡. 𝑓𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠(𝑥∗𝑘+1) }

8: Update 𝑈𝐵 ← min{𝑈𝐵, 𝑓1(𝑥∗𝑘+1) +(𝑥∗𝑘+1) }
9: if 𝑈𝐵 − 𝐿𝐵 ≤ 𝜖 then
10:
11: return 𝑥∗𝑘+1
12: else if (𝑥∗𝑘+1) < +∞ then
13: Let 𝑢∗𝑘+1 be the oracle scenario and 𝑦∗𝑘+1 its inner solution 
14: Add optimality cut 𝜂 ≥ 𝑓2(𝑦∗𝑘+1) and 𝑓𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠(𝑢∗𝑘+1, 𝑦∗𝑘+1)
15: 𝑘 ← 𝑘 + 1
16: else
17: Identify a violating scenario 𝑢𝑣𝑖𝑜𝑙𝑘+1 and add feasibility cut 𝑓2(𝑢𝑣𝑖𝑜𝑙𝑘+1)

to MP𝑘+1
18: 𝑘 ← 𝑘 + 1
19: end if
20: end while

the Karush–Kuhn–Tucker (KKT) conditions, where the inner minimiza-
tion in SP is replaced by its corresponding KKT optimality system. These 
conditions are linearized into a set of mixed-integer constraints, thereby 
transforming the bilevel SP into a tractable MIP problem that can be 
solved by standard optimization software. The algorithm terminates 
when the optimality gap 𝑈𝐵 − 𝐿𝐵 is less than a predefined tolerance 
𝜖, ensuring finite-step convergence.

5.  Case study

The test platform consists of an IEEE 15-bus radial distribution net-
work and a 5-bus district heating system. The IEEE 15-bus system as 
shown in Fig. 5a is modified to integrate RES and electric boilers. A 
RES unit is connected at Buses 11, and an EV parking area is connected 
at Bus 3. The 5-bus district heating system (see Fig. 5b) includes one 
electric boiler and a hot water tank connected at Bus 4, as well as a 
conventional heat source at Bus 1.

Key simulation parameters are listed in Table 1.
For the network shown in Fig. 5b, the node–pipe incidence matrix is 

given by

Fig. 4. Flowchart of two-stage robust optimisation framework.

Table 1 
Simulation parameters.
 Parameter  Value  Parameter  Value
𝑃𝑒𝑏,𝑚𝑖𝑛  0 MW 𝑃𝑒𝑏,𝑚𝑎𝑥  6 MW
𝑃𝑔,𝑚𝑖𝑛  0 MW 𝑃𝑔,𝑚𝑎𝑥  8 MW
𝐸𝐻𝑊 𝑇

min  0 MWth 𝐸𝐻𝑊 𝑇
max  5.815 MWth

𝐻𝐻𝑊 𝑇
min  0 MW 𝐻𝐻𝑊 𝑇

max  5 MW
𝜆  0.2 𝑙𝑝𝑖𝑝𝑒  400m
𝛼  1 £/on-hour

𝐴𝑇 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

−1 0 0 −1
0 1 0 0
1 −1 −1 0
0 0 1 0
0 0 0 1

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, (36)

where rows correspond to nodes and columns correspond to pipes; an 
entry of +1 indicates that the flow in the corresponding pipe enters the 
node, −1 indicates that it leaves the node, and 0 indicates that the pipe 
is not connected to the node.
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Fig. 5. System description.

Fig. 6. Synthetic 24-h load profiles generated for the IEEE 15-bus system.

The load demand at each bus is time-varying and represented by a 
fixed 24-h load profile with a one-hour resolution. Since detailed bus-
level load time series are usually not publicly available, the bus-level 
load 𝑝𝑗,𝑡 is generated following the normalized peak-scaling approach 
proposed in [26], and the calculation is given by,

𝑝𝑗,𝑡 = 𝑝base𝑗 ⋅ 𝑝norm𝑡 , 𝑝norm𝑡 =
𝑝𝑡

max 𝑝𝑡
, 𝑗 ∈ 𝑁𝐸 (37)

where 𝑝𝑡 denotes the system-level hourly load (MW) obtained from the 
Open Power System Data (OPSD) dataset [27], 𝑝base𝑗  denotes the nominal 
load (MW) at bus 𝑗, obtained from the MATPOWER IEEE 15-bus test 
system [28], and 𝑝norm𝑡 ∈ [0, 1] is the normalized prototype profile. The 
resulting 24-h load profiles are shown in Fig. 6. Unlike the electrical 
load, the heat demand is not prescribed as a time-varying profile and 
is determined by the nodal mass flow rate, specific heat capacity, and 
nodal temperature.

5.1.  Wind generation scenarios

The forecast wind generation data are taken as the mean input, while 
in the wind generation model (32), the standard deviation 𝜎 is set to 0.2 
of the mean value with 𝑘 = 2 to represent wind generation uncertainty. 
The resulting range of wind generation, illustrated in Fig. 7, corresponds 
to a box uncertainty set.

5.2.  Two-stage stochastic approach

Within the wind generation range shown in Fig. 7, 100 Monte Carlo 
samples are drawn to capture wind uncertainty. The two-stage stochastic 
optimization aims to minimize the expected operating cost across these 
sampled scenarios. Following the sample average approximation (SAA) 

Fig. 7. Wind power scenarios with forecast uncertainty.

Fig. 8. Electric and heat power generation under the stochastic optimization 
scenario.

principle, the objective is formulated as,

min 1
𝑁𝑠

𝑁𝑠
∑

𝑠=1
𝐶 (𝑠) (38)

where 𝑁𝑠 is the number of sampled scenarios and 𝐶 (𝑠) is the total oper-
ating cost under scenario 𝑠:

𝐶 (𝑠) = 𝛼
∑

𝑖∈

𝑇
∑

𝑡=1
𝛿𝑖,𝑡 +

𝑇
∑

𝑡=1

(

𝑐𝑠ℎ
(𝑠)
𝑠 (𝑡) + 𝜋𝑡𝑃

(𝑠)
𝑔 (𝑡)

)

(39)

In (39), the operating cost includes the heat production cost 𝑐𝑠ℎ(𝑠)𝑠 (𝑡)
and the electricity purchase cost 𝜋𝑡𝑃 (𝑠)

𝑔 (𝑡), where ℎ(𝑠)𝑠 (𝑡) and 𝑃 (𝑠)
𝑔 (𝑡) are the 

scenario-dependent boiler heat output and substation imported power at 
time 𝑡 under scenario 𝑠, respectively, and 𝜋𝑡 is the day-ahead electricity 
price. The EV-related term 𝛼∑𝑖∈

∑𝑇
𝑡=1 𝛿𝑖,𝑡 is used to compensate the 

activation of first-stage EV discharging decisions. 𝑐𝑠, 𝜋𝑡, and 𝛼 represent 
the heating fuel price, the electricity price at time period 𝑡, and the EV 
scheduling compensation cost, respectively; see Table 1 for their values, 
units, and data sources/assumptions.

After solving the SAA-based SO problem with 100 samples, the ob-
tained first-stage decisions are evaluated under the identified worst-case 
wind scenario to assess cost robustness. Fig. 8a shows the resulting elec-
trical power outputs from wind, EVs, and the substation under this sce-
nario, while Fig. 8b presents the corresponding heat generation from 
the electric boiler, hot water tank, and conventional sources.

5.3.  Two-stage robust approach

For the robust optimization, the wind generation uncertainty set is 
constructed as a box set with bounds defined by the forecast range in 
Fig. 7. C&CG algorithm iteratively identifies the worst-case wind trajec-
tory, as shown in Fig. 10, and updates the master problem to ensure 
feasibility against all realizations within the uncertainty set.

The first-stage EV schedule generated by the RO model is then eval-
uated under the worst-case wind generation scenario, and the corre-
sponding system operation is shown in Fig. 9.
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Fig. 9. Electric and heat power generation under the robust optimization sce-
nario.

Fig. 10. Worst-case wind power trajectory identified by C&CG.

Fig. 11. Convergence of the C&CG algorithm (upper and lower bounds).

Compared to the dispatch results of the two-stage stochastic ap-
proach, the robust solution uses EV flexibility less intensively, leading 
to lower EV compensation costs, while the heat side shows reduced re-
liance on the HWT for thermal flexibility.

5.4.  Comparison

5.4.1.  Cost comparison between SO and RO
Table 2 shows the total operating costs of SO and RO under the 

worst-case wind power scenario identified by the C&CG algorithm, as 
illustrated in Fig. 10. Compared with SO, the total operating cost of RO 
is reduced by 27.2%, with costs of £925.619 and £1.150×103, respec-
tively. The cost reduction occurs because SO tends to over-schedule EV 
discharging by assuming overly conservative wind outputs, leading to 
unnecessary compensation payments when the actual worst-case wind 
is less severe.

5.4.2.  EV participation
Table 3 summarizes the total 24-h EV discharging energy. SO sched-

ules more than twice the EV discharging compared with RO. This higher 
participation does not imply better utilization of EV flexibility, but 
rather excessive discharging caused by conservative wind assumptions, 

Table 2 
Operating cost comparison under different 
frameworks.

 Cost Component  SO (£)  RO (£)
 Heat Cost  10.553  10.553
 Electricity Cost  924.174  757.086
 EV Payment  215  158
 Total Cost  1.150×103  925.619

Table 3 
24-h EV discharging energy under dif-
ferent frameworks.
 Framework  EV Discharging (MWh)
 SO  3.933
 RO  1.758

Table 4 
Computational time comparison 
under different frameworks.
 Method  Solver Time (s)
 RO  319.62
 SO  138.40

resulting in unnecessary transactions and higher costs. RO uses EV dis-
charging only when necessary, maintaining feasibility with minimal 
cost.

5.4.3.  Computational performance
Table 4 reports the computational time of different optimisation 

methods. For the SAA-based SO, 100 sampled scenarios are used, lead-
ing to a solution time of about 138 s. Its computational burden increases 
rapidly with the number of scenarios because the second-stage variables 
and constraints grow significantly. For the proposed RO solved by the 
C&CG algorithm, the computational time is about 106 s per iteration. As 
shown in Fig. 11, the algorithm converges in three iterations, resulting 
in a total solution time of 319.6 s, as reported in Table 4. Moreover, 
unlike SAA, the proposed RO avoids scenario explosion while ensuring 
robustness. All simulations were running on an Intel Core i5-12500H 
processor with a maximum frequency of 4.5GHz.

From a computational perspective, the overall runtime is expected 
to increase for larger networks, as the dimensions of both the RO master 
problem and its adversarial subproblem grow with network size and the 
number of flexible resources. Moreover, stronger EV–network coupling 
and more conservative uncertainty modeling may require additional 
C&CG iterations to meet the convergence criterion, further increasing 
the computational effort.

6.  Conclusion

In this paper, an optimization framework is developed for the joint 
scheduling of distribution power systems, district heating systems, and 
EVs under renewable generation uncertainty. The electrical distribution 
system is modeled using LinDistFlow equations and the thermal system 
is modeled using CFVT method. The proposed RO framework is solved 
using C&CG algorithm and SO framework is solved using SAA principle. 
The proposed formulation is validated on the IEEE 15-bus distribution 
network and a 5-node DHS. Compared with the SO approach, the RO 
method achieves more economical and resilient scheduling. While the 
SO approach with SAA is computationally efficient for a moderate sam-
ple size (𝑁 = 100), and it provides only an asymptotically unbiased es-
timate as 𝑁 → ∞. Whereas, with limited samples, the obtained solution 
may underestimate risk. The results confirm that flexibility resources 
such as HWTs and V2G-enabled EVs play a critical role in improving sys-
tem feasibility and robustness. Improving computational efficiency for 
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large-scale instances will be considered in future work, including more 
efficient implementation and solver strategies for the iterative C&CG 
procedure.
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