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ABSTRACT

T h e  c o n v e n t i o n a l  m e t h o d  o f  c a l c u l a t i n g  f l o w s  p a s t  

a e r o f o i l s  i n v o l v e s  t h e  s o l u t i o n  o f  an e l l i p t i c  i n v i s c i d  

e q u a t i o n  for the o u t e r  f l o w ,  to p r o v i d e  t h e  b o u n d a r y  

c o n d i t i o n  for a s o l u t i o n  of p a r a b o l i c  t h i n  s h e a r  l a y e r  

e q u a t i o n s  in t h e  v i s c o u s / t u r b u l e n t  p a r t  o f  t h e  f l o w .  T h e  

v i s c o u s  p a r t  in t u r n  a f f e c t s  t h e  i n n e r  b o u n d a r y  c o n d i t i o n  

for the i n v i s c i d  e q u a t i o n  a n d  t h e  t w o  s e t s  o f  b o u n d a r y  

c o n d i t i o n s  m u s t  be m a t c h e d  i t e r a t i v e l y .

It is w e l l  k n o w n  t h a t  the t h i n  s h e a r  e q u a t i o n s  

b e c o m e  i n a c c u r a t e  o n c e  t h e  n o r m a l  p r e s s u r e  g r a d i e n t  a c r o s s  

the s h e a r  l a y e r  b e c o m e s  s i g n i f i c a n t  as in the t r a i l i n g  e d g e  

reg i o n .  If the n o r m a l  p r e s s u r e  g r a d i e n t  is s i g n i f i c a n t ,  

the u p s t r e a m  i n f l u e n c e  w i t h i n  t h e  s h e a r  lay e r  is a l s o  

l i k e l y  to be s i g n i f i c a n t  a n d  t h e  s h e a r  l a y e r  e q u a t i o n s  m u s t  

be r e g a r d e d  as e l l i p t i c .  T h e  i t e r a t i v e  s o l u t i o n  o f  t h e s e  

e l l i p t i c  e q u a t i o n s  can b e  i m b e d d e d  in t h e  v i s c o u s / i n v i s c i d  

m a t c h i n g  loop.

T h e  p r e s e n t  w o r k  is t o  d e v e l o p  a c a l c u l a t i o n  

p r o c e d u r e  b a s e d  o n  t h e  M a h g o u b  and B r a d s h a w  m e t h o d ,  to 

i m p r o v e  a c c u r a c y ,  a n d  to c o m p u t e  t h e  c o m p l e t e  f l o w  o v e r  

a e r o f o i l s .  In o r d e r  to d e a l  w i t h  t h e  g e o m e t r i c  s i n g u l a r i t y  

at a s h a r p  t r a i l i n g  e d g e ,  a n d  t o  i m p r o v e  a c c u r a c y  n e a r  t h e  

t r a i l i n g  edge, a t r a n s f o r m a t i o n  to " i n v i s c i d  w e d g e  f l o w "  

c o o r d i n a t e s  is u s e d .  T h e  B r a d s h a w - F e r r i s s - A t w e l l  

t u r b u l e n c e  m o d e l  is u s e d  for t h e  p r e s e n t  b o u n d a r y  l a y e r  

c a l c u l a t i o n .  F o r  the n e a r  w a k e  reg i o n ,  w h i c h  h a s  a n  

i m p o r t a n t  e f f e c t  o n  t h e  p r e s s u r e  d i s t r i b u t i o n  a l o n g  t h e  

a e r o f o i l ,  B r a d s h a w ( 1972) ' s  s u p e r p o s i t i o n  h y p o t h e s i s  is u s e d
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by c h a n g i n g  t h e  a p p r o p r i a t e  c o e f f i c i e n t  v a l u e .

C o m p l e t e  a e r o f o i l  c a l c u l a t i o n s ,  i n c l u d i n g  l a m i n a r  

b o u n d a r y  l a y e r  c a l c u l a t i o n  ( a s s u m i n g  n e g l i g i b l e  dp/dy) a n d  

full t r e a t m e n t  of t h e  w a k e ,  h a v e  b e e n  d o n e  for 

i n c o m p r e s s i b l e  flow. T h e  H e s s  a n d  S m i t h  s u r f a c e  s o u r c e  

d i s t r i b u t i o n  m e t h o d  w a s  u s e d  for the i n v i s c i d  f l o w  

c a l c u l a t i o n  a n d  T h w a i t e s '  i n t e g r a l  m e t h o d  for t h e  l a m i n a r  

b o u n d a r y  l a y e r  c a l c u l a t i o n .  F i n a l l y  s e v e r a l  c a s e s  h a v e  b e e n  

t e s t e d  i n c l u d i n g  N a k a y a m a ' s  a s y m m e t r i c  a e r o f o i l  M o d e l  A  a n d  

g o o d  a g r e e m e n t  w i t h  m e a s u r e m e n t s  w a s  o b t a i n e d .  A 

c o m p r e s s i b l e  v e r s i o n  o f  t h e  s h e a r  l a yer c a l c u l a t i o n  is 

f u lly c o d e d  but t h e  a c c o m p a n y i n g  i n v i s c i d  p r o g r a m  is n o t 

yet s a t i s f a c t o r y .

Note: The Ph.D thesis by Mahgoub (1978) presents the

strategy of the method at length : the reader requiring 

detailed information should consult Mahgoub's thesis

(available on microfiche from Imperial college) as well as

the present one.
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c 1—1 
> V e l o c i t y  i n d u c e d  b y  nth. s o u r c e  e l e m e n t ,  in 

the d i r e c t i o n  p a r a l l e l  to t h e  nth. e l e m e n t .

V 2n V e l o c i t y  i n d u c e d  b y  t h e  n t h  s o u r c e  e l e m e n t ,  

in t h e  d i r e c t i o n  n o r m a l  to the n t h - e l e m e n t .

V e T h e  v a l u e  of the v - v e l o c i t y  ( n o r m a l  t o  t h e  

R S ) on the m a t c h i n g  s u r f a c e ,  f r o m  the 

t u r b u l e n t  SL c a l c u l a t i o n .  It is a l s o  u s e d  

t o  d e s c r i b e  the " e x t e r n a l "  V  v e l o c i t y  for 

the l a m i n a r  B L  c a l c u l a t i o n .

V fut T h e  v a l u e  of V at t h e  f u t u r e  s t a t i o n  x + A x  

in t h e  U , t c a l c u l a t i o n .

v int T h e  v a l u e  of V i n t e r p o l a t e d  at the p o s i t i o n  

w h e r e  the c h a r a c t e r i s t i c  i n t e r s e c t s  a 

t u r b u l e n t  SL c a l c u l a t i o n  s t a t i o n .

V J C L T h e  s t r e a m w i s e  v e l o c i t y  at t h e  c e n t r e  

p o i n t  in the wake.

V m i d T h e  v a l u e  of v at t h e  m i d  p o i n t  of a 

c h a r a c t e r i s t i c  s e g m e n t .

V m s V e l o c i t y  n o r m a l  t o  t h e  MS

V P N e t t  v e l o c i t y  n o r m a l  t o  t h e  pth. e l e m e n t  at 
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V p ( i >

V p (ii)

T h e  v a l u e  of V ^  f o r  f l o w  c a s e  (i), Um  = 1.p w
T h e  v a l u e  of V p for f l o w  c a s e  (ii) o f  u n i t  

v o r t i c i t y  d i s t r i b u t i o n .

T h e  v i s c o u s  d e s t r u c t i o n  o f  R e y n o l d s  s t r e s s .

V n p T h e  v e l o c i t y  i n d u c e d  by t h e  nth. e l e m e n t  at 

the m i d  p o i n t  of the pth. e l e m e n t  and in 

the d i r e c t i o n  n o r m a l  t o  t h e  pth. e l e m e n t .

V
p T h e  v e l o c i t y  i n d u c e d  b y  all t h e  e l e m e n t s  at 

the m i d  p o i n t  of t h e  pth. e l e m e n t  and
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normal to it.

Vr Radial velocity induced by a point source.
V The normal component of the turbulent 

fluctuating velocity.
-pv2 Reynolds normal stress in the normal 

direction.
X, Y X, Y fixed with their origin at a specified 

point on the RS. The X-axis is made to 
pass through the leading and trailing edges 
of the aerofoil.

x j Coordinates of the Jth. node on the RS, 
relative to the (X,Y) axes.

Xms'̂ ms Coordinates of a point (and also a node) on 
the MS, relative to the (X,Y) axes.

Xrs'Yrs Coordinates of a point (and also a node) 
on the RS, relative to X,Y axes.

X Streamwise coordinate direction for plane 
flow.

x,y Axes parallel and perpendicular to the nth. 
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X1 Coordinate distance tensor.
y Normal coordinate direction for plane flow.
a ' This is equal to Angle of incidence; this 

is the angle made by the undisturbed stream

a o

velocity to the X-axis.
This is equal to - T~ Xyf ■, Which is a finiteay
difference form of dT/dy at the wall.

a ms Angle made at a point (and also a node) on 
the MS, to the X-axis.

a r s Angle made at a point (and also a node) on
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t h e  RS, to the X - a x i s .

T h i s  is e q u a l  t o

V  [a2 + 2a2 { r+(u2- V 2

T h e  t o t a l  c i r c u l a t i o n  a r o u n d  the MS. 

V o r t i c i t y  d e s t r i b u t i o n  on MS. A l s o  

v o r t i c i t y  o f  a l i n e  vortex.

V o r t i c i t y  o f  the nth ele m e n t .

T h e  s p a c i n g  b e t w e e n  g r i d  p o i n t s  ( m e s h  

p o i n t s )  in the n o r m a l - d i r e c t i o n  for t h e  

s h e a r  l a y e r  c a l c u l a t i o n  in (s,n) c o o r d i n a t e  

s y s t e m .

N e t t  t a n g e n t i a l  v e l o c i t y  d i f f e r e n c e  at t h e 

TE.

T h e  t a n g e n t i a l  v e l o c i t y  d i f f e r e n c e  at t h e  

T E  for f l o w  c a s e  (1).

T h e  t a n g e n t i a l  v e l o c i t y  d i f f e r e n c e  at t h e  

TE for f l o w  c a s e ( 2 ) .

T h e  c a l c u l a t i n g  s t e p  b e t w e e n  s t a t i o n s  in 

t h e  s t r e a m w i s e - d i r e c t i o n , for t h e  s h e a r  

l a y e r  c a l c u l a t i o n  in (s,n) c o o r d i n a t e  

s y s t e m .  A l s o  r e f e r r e d  to as t h e  s - s t e p .

T h e  m a x i m u m  p e r m i s s i b l e  v a l u e  of s, g i v e n  

by the C F L  c r i t e r i o n .

L e n g t h  of the nth. MS e l e m e n t .

T h e  n o r m a l  d i s t a n c e  of the m a t c h i n g  s u r f a c e  

f r o m  the r eal (body) s u r f a c e  (in t h e  

n o r m a l - d i r e c t i o n ).

T h e  d i s p l a c e m e n t  t h i c k n e s s  o f  t h e  l a m i n a r  

BL and an i n t e g r a l  for the t u r b u l e n t  s h e a r  

l a y e r .

The value of y (the height from the
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s u r f a c e )  at w h i c h  T  f a l l s  t o  .05 o f  its 

m a x i m u m  v a l u e  in the SL; r o u g h l y  e q u a l  to

6 9 9 5 ‘
T h e  b o u n d a r y  l a y e r  t h i c k n e s s  o b t a i n e d  f r o m  

t h e  C o l e s  v e l o c i t y  p r o f i l e  f a m i l y  for the 

s t a r t  o f  the t u r b u l e n t  SL c a l c u l a t i o n .

6 pn T h e  K r o e n e c k e r  d e l t a  in c a r t e s i a n  

t e n s o r  n o t a t i o n .

6 i
T h e  K r o e n e c k e r  d e l t a  in g e n e r a l i s e d  

t e n s o r  n o t a t i o n .

€ T h e  v i s c o u s  d i s s i p a t i o n  of t u r b u l e n t  

k i n e t i c  e n e r g y .

a + : T h e  t a n g e n t  of the " o u t g o i n g "  

c h a r a c t e r i s t i c  angle.

A _ T h e  t a n g e n t  o f  the " i n g o i n g "  c h a r a c t e r i s t i c

V

a n g l e .

T h i s  is . 9fS — j h -  -
V 1+9rs2

e T h e  m o m e n t u m  t h i c k n e s s  o f  t h e  l a m i n a r  BL 

a n d  a n  i n t e g r a l  for t h e  t u r b u l e n t  SL.

% T h e  v a l u e  of 0 at the s t a r t  of t h e 

t u r b u l e n t  SL c a l c u l a t i o n  (at s =  s^).

<>n T h e  a n g l e  m a d e  by the nth e l e m e n t  t o  the 
X - a x i s  .

d P
A n g l e  m a d e  by the p t h  e l e m e n t  t o  t h e  

X - a x i s .

K T h e  c u r v a t u r e  of the b o d y  s u r f a c e .

V T h e  k i n e m a t i c  v iscosity.

V t E d d y  v i s c o s i t y  in the inner w a k e .

£ T h i s  is ----------9rs H m S -----------------

V 1 +  9 r s 2

p T h e  m e a n  d e n s i t y  ( a s s u m e d  c o n s t a n t  for

i n c o m p r e s s i b l e  flow).
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CTnp Acute angle between the nth and pth 

e lements.

T Reynolds shear stress = - uv.

T 1
The value of t  at the first mesh point from 

the surface for the SL calculation.

Tfut The value of t at the future station, in 

the U ,7 calculation.

Tint The value of 7 interpolated at the position 

where the characteristic intersects 

a station.

Tm, «rmax Maximum Reynolds shear stress at given 

station.

Tmid The value of 7 at the mid point of the 

characteristic segment.

Tw
r +

The wall shear stress.

The Reynolds shear stress in the upper part 

of wake.

7" The Reynolds shear stress in the lower part 

of wake.

The Reynolds stress tensor (second order).

°P Specified velocity normal to the pth 

element at its mid point.
*

VP The value of normalised with the free 

stream velocity; i.e. v * =  v  / \ j
\r ^

O' A function used in the characteristic 

equation (see equation A3.17)

<p A general characteristic angle denoting one 

of the inclined characteristics.

o.m The angle made by the "ingoing"

characteristic, with the streamwise
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direction.

<Dout The angle made by the "outgoing"

characteristic, with the streamwise 

direction.

V A complicated function which is the

coefficient of dx in the equations along 

the inclined characteristics, for the shear 

layer calculation (see equation ( A 3 . 1 7 ) ) .

£2 An under-relaxation factor.
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Chapter 1. Introduction

sj2_0_f_.th_e_ Vjesent_ Work

The classical method of viscous-inviscid matching is 

to assume that the viscous effects are confined to the 

boundary layers on a solid body and the wake behind it so 

that the outer flow-field can be assumed to be inviscid. 

For brevity we refer to the boundary layer and wake together 

as the "shear layer". The solution of an "inviscid 

equation" for the outer flow provides the boundary 

conditions of the parabolic "thin shear layer equations" (or 

boundary layer equations) in the viscous or turbulent part 

of the flow; the presence of the retarded viscous region, in 

turn, affects the inner boundary conditions for the inviscid 

equation. The calculation is then iterated between inviscid 

flow solutions and thin shear layer solutions until 

convergence is reached.

It is well known that the thin shear layer equations 

become inaccurate once the normal pressure gradient across 

the shear layer becomes significant, as it does near the 

trailing edge of an aerofoil. Sometimes the normal pressure 

gradient can be related to the curvature of a solid surface 

or a known streamline (in which case the equations remain 

parabolic) but if the curvature is changing rapidly as near 

the TE or on highly curved surfaces like bends in ducts or 

highly cambered aerofoils, this procedure is not reliable. 

If the normal pressure gradient is significant, the upstream 

influence within the shear layer is also likely to be
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significant and elliptic equations must be used to describe 

it. In brief, some form of the normal-component momentum 

equation must be included.

The obvious choice for the matching position between 

viscous and inviscid flow is the shear layer edge, which is 

the true boundary between "viscous" and "inviscid" regions. 

According to Prandtl's boundary layer theory, the viscous 

effect on the inviscid flow can be taken into account more 

simply by using the displacement thickness 6*. Here the 

matching can be performed at two different positions. One 

is at the "displacement surface", formed by the displacement 

thickness added to the real solid body. The other is at the 

solid body (aerofoil) where the displacement effect of 

boundary layer and wake is represented, in the inviscid 

calculation, by a transpiration velocity. But if the normal 

pressure gradient is significant, Ue varies with y. Hence 

the displacement of the streamlines varies with y so that 

there is no unique definition of 6*. Several higher-order 

approximation have been suggested, but the only exact option 

is to match at (or slightly above) the shear layer edge, 

using the true velocity normal to the matching surface as 

the inner boundary condition on the inviscid-flow 

calculation.

M a h g o u b  a n d  B r a d s h a w  (1979) a n d  C h e n  a n d  B r a d s h a w  

(1982) d e s c r i b e d  a m e t h o d  of c o m b i n i n g  the i t e r a t i v e  s c h e m e  

r e q u i r e d  t o  m a t c h  s h e a r  l a yer c a l c u l a t i o n s  t o  i n v i s c i d  f l o w  

c a l c u l a t i o n s  w i t h  t h e  i t e r a t i v e  s c h e m e  r e q u i r e d  t o  s o l v e  

e l l i p t i c  e q u a t i o n s  for the s h e a r  l a y e r  ( o b t a i n e d  by 

i n c l u d i n g  the n o r m a l  m o m e n t u m  e q u a t i o n ) .  In t h e  s h e a r  l a y e r 

c a l c u l a t i o n  u p s t r e a m  i n f l u e n c e  is a l l o w e d  t o  p r o p a g a t e  

i n s i d e  t h e  s h e a r  l a y e r s  (at o n e  x s t e p  p e r  i t e r a t i o n )
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t h r o u g h  s u i t a b l e  d i f f e r e n c i n g  o f  the dp/dx t e r m ,  a n d  t h e  

v a r i a t i o n  of p r e s s u r e  a c r o s s  t h e  s h e a r  layer is c a l c u l a t e d  

t h r o u g h  n o r m a l  m o m e n t u m  e q u a t i o n .  G l o b a l  i t e r a t i o n  is u s e d  

t o  p r o p a g a t e  u p s t r e a m  i n f l u e n c e  t h r o u g h  the e x t e r n a l  

( e l l i p t i c )  i n v i s c i d  c a l c u l a t i o n  too. T h u s  the f u l l  

t i m e - a v e r a g e d  N a v i e r - S t o k e s  e q u a t i o n s  (or R e y n o l d s  

e q u a t i o n s ) ,  or a n y  d e s i r e d  simplification of t h e m  w h i c h  

i n c l u d e s  u p s t r e a m  i n f l u e n c e ,  c o u l d  b e  s o l v e d  for the s h e a r  

l a y e r  o n ly, a v o i d i n g  the l a r g e  c o m p u t i n g  t i m e s  a n d  c o s t s  

r e q u i r e d  to s o l v e  f u l l  t i m e - a v e r a g e d  N a v i e r - S t o k e s  e q u a t i o n s  

for t h e  w h o l e  f l o w  fiel d .  T h e i r  w o r k  is r e s t r i c t e d  to s h e a r  

l a y e r s  w i t h o u t  s e p a r a t i o n ,  b e c a u s e  the g i v e n  p r e s s u r e  

d i s t r i b u t i o n  f r o m  t h e  i n v i s c i d  f l o w  c a l c u l a t i o n  on t h e  

m a t c h i n g  s u r f a c e  for s h e a r  l a y e r  c a l c u l a t i o n  c a n  n o t  

p r o p a g a t e  s t r o n g  u p s t r e a m  i n f l u e n c e .

T h e  c l o s e s t  m e t h o d s  t o  o u r s  is R u b i n ' s  (1982) - 

d e v e l o p e d  for l a m i n a r  f l o w s ,  b u t  onl y  e x t e n d i b l e  to 

t u r b u l e n t  flows. R u b i n  a n d  L i n  (1980) a n d  R u b i n  (1982, 

1984) s o l v e d  P a r a b o l i s e d  N a v i e r - S t o k e s  e q u a t i o n s ,  w h e r e  t h e  

l o n g i t u d i n a l  d i f f u s i o n  t e r m s  a r e  o m i t t e d  f r o m  t h e  

N a v i e r - S t o k e s  e q u a t i o n s  i n c l u d i n g  n o r m a l  m o m e n t u m  e q u a t i o n  

(in o u r  c a l c u l a t i o n s  l o n g i t u d i n a l  d i f f u s i o n  is i n c l u d e d ,  b u t  

o n l y  a p p r o x i m a t e l y .  U p s t r e a m  i n f l u e n c e  is p r o p a g a t e d  

t h r o u g h  t h e  dp/dx t e r m ,  as in M a h g o u b  and B r a d s h a w  m e t h o d .  

B e c a u s e  u p s t r e a m  i n f l u e n c e  is p r o p a g a t e d  o n l y  via p r e s s u r e  

v e l o c i t y  i n t e r a c t i o n ,  not t h r o u g h  the e x t e r n a l  i n v i s c i d  

c a l c u l a t i o n ,  g l o b a l  p r e s s u r e  r e l a x a t i o n  by m u l t i p l e  m a r c h i n g  

s w e e p s  o f  the s h e a r  l a y e r  c a l c u l a t i o n  is u s e d  to p r o p a g a t e  

u p s t r e a m  i n f l u e n c e .  T h e i r  w o r k  is r e s t r i c t e d  to a t t a c h e d  

f l o w s  or s m a l l  l a m i n a r  s e p a r a t i o n  r e g i o n s  and d o e s  n o t 

i n c l u d e  w a k e s  or c o m p l e t e  a e r o f o i l  c a l c u l a t i o n s .

T h e  p r e s e n t  w o r k  is t h e  c o n t i n u a t i o n  o f  t h a t  o f
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M a h g o u b  a n d  B r a d s h a w  (1979) a n d  C h e n  and B r a d s h a w  ( 1982).  

T h e  p u r p o s e  is to d e v e l o p  a c a l c u l a t i o n  p r o c e d u r e  b a s e d  on 

M a h g o u b  a n d  B r a d s h a w ' s  m e t h o d  to i m p r o v e  a c c u r a c y ,  a n d  to 

c o m p u t e  the c o m p l e t e  f l o w  o v e r  t h e  a e r o f o i l .  In o r d e r  to 

d e a l  w i t h  t h e  g e o m e t r i c  s i n g u l a r i t y  at t h e  s h a r p  t r a i l i n g  

e d g e  as w e l l  a s  i m p r o v e  a c c u r a c y  n e a r  it, a t r a n s f o r m a t i o n  

t o  " i n v i s c i d  w e d g e  flow" c o o r d i n a t e s  is u s e d  t h e r e .  T h e  

t u r b u l e n c e  m o d e l  o f  B r a d s h a w ,  F e r r i s s  and A t w e l l  (19 6 7 )  is 

u s e d  again. F o r  the n e a r  w a k e  region, w h i c h  h a s  an 

i m p o r t a n t  e f f e c t  o n  t h e  p r e s s u r e  d i s t r i b u t i o n  a l o n g  t h e 

a e r o f o i l ,  B r a d s h a w ( 1972) 's s u p e r p o s i t i o n  h y p o t h e s i s  is u s e d .

C o m p l e t e  a e r o f o i l  c a l c u l a t i o n s ,  i n c l u d i n g  l a m i n a r  

b o u n d a r y  l a y e r  c a l c u l a t i o n s  ( a s s u m i n g  n e g l i g i b l e  dp/dy) a n d  

f u l l  t r e a t m e n t  o f  t h e  w a k e ,  have b e e n  d o n e  for 

i n c o m p r e s s i b l e  f l o w s .  T h e  H e s s  a n d  Smith s u r f a c e  s o u r c e  

d i s t r i b u t i o n  m e t h o d  w a s  u s e d  for the i n v i s c i d  f l o w  

c a l c u l a t i o n  a n d  T h w a i t e s '  i n t e g r a l  m e t h o d  for l a m i n a r  

b o u n d a r y  l a y e r  c a l c u l a t i o n .  F i n a l l y  s e v e r a l  c a s e s  h a v e  b e e n  

t e s t e d  i n c l u d i n g  N a k a y a m a ' s  a e r o f o i l  A ( 1 9 8 4 , 1 9 8 5 )  a n d  g o o d  

a g r e e m e n t  w i t h  m e a s u r e m e n t  w a s  o b t a i n e d .  A  c o m p r e s s i b l e  

v e r s i o n  of t h e  s h e a r  l a y e r  c a l c u l a t i o n  is f u l l y  c o d e d  b u t  

t h e  a c c o m p a n y i n g  i n v i s c i d  p r o g r a m  is not yet s a t i s f a c t o r y .

1_.2_ Rj2_y_i?_^_pj^_y_iouwork 
1_._2_._1_ JJltĵ _u_ctJ._o_n

It is generally accepted that the Navier-Stokes 

equations adequately represent fluid flow phenomena. To 

solve the full Navier-Stokes equations for turbulence, even 

the large capacity and high speed of present computers are 

adaquate only for very simple low-Reynolds number flows. In
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the majority of problems in the aero industry, the Reynolds 

number is very large. Hence the flow field can be divided 

into a viscous region ("viscous" by convention include 

"turbulence") and an inviscid region. Since Prandtl's first 

order boundary layer theory, the classical procedure for 

calculating the flow around an aerofoil has been that the 

calculation of the inviscid flow gives the pressure 

distribution for the boundary layer, and the boundary layer 

calculation gives the inner boundary condition for the 

inviscid flow calculation (Cebeci and Bradshaw, 1 9 7 7 ) .  

Hence the viscous and inviscid flow calculations are 

performed separately and iterated until convergence is 

reached. This is called a "weak interaction" (Lock and 

Firmin, 1982). This method for calculating the interaction 

between the viscous and inviscid parts of the flow is based 

on a direct hierarchy between the viscous and inviscid 

regions which applies as long as the disturbance to the 

inviscid flow due to the viscous displacement effects are 

small. The formal justification for this method is obtained 

by the triple deck theory which is obtained from asymptotic 

expansion of the Navier-Stokes equations (Stewartson, 1974) . 

However, the flows over an aerofoil involve both a weak 

overall interaction arising from displacement effects and 

wake curvature effects, as well as local strong interaction 

arising from boundary separation, shock boundary 

interaction, or rapid flow acceleration immediately aft of 

the trailing edge. In such situations, viscous 

displacements cause substantial changes in local inviscid 

pressure fields and the normal pressure gradient term in the 

shear layer equations, which is assumed zero in classical 

method can not be ignored. This is called strong
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i n t e r a c t i o n "  a n d  t h e  c l a s s i c a l  h i e r a r c h y  in the s t r u c t u r e  o f  

t h e  f l o w  b r e a k s  d o w n ,  l e a d i n g  t o  i n a c c u r a c y ,  i n s t a b i l i t y  or 

e v e n  s i n g u l a r i t i e s  in t h e  c l a s s i c a l  m e t h o d .  T h e  c o n c e p t  o f  

an inner v i s c o u s  r e g i o n  and a n  o u t e r  i n v i s c i d  r e g i o n  s t i l l  

a p p l i e s  ( S c h m a t z  a n d  Hirschel, 1 9 8 6 ) ,  b u t  the c o u p l i n g  

m e c h a n i s m  w h i c h  c o n n e c t s  the v i s c o u s  a n d  i n v i s c i d  f l o w  

e q u a t i o n s  is not d i r e c t l y  c o u p l e d .  R e c e n t l y ,  L ock a n d  

W i l l i a m s  (1987) r e v i e w e d  g e n e r a l  v i s c o u s - i n v i s c i d  

i n t e r a c t i o n  t e c h n i q u e s .

During the past ten years, substantial research has 

been directed in different ways to treat strong 

pressure-displacement interaction in integral method or 

differential method. Despite the advantage of integral 

method which use "equivalent inviscid flow" method (Lock and 

Firmin, 1 982 and Lock and Williams, 1 9 8 7 ) ,  the differential 

method have been developed fast because accuracy is better 

and speed and capacity of computer have been increased.

.M e t ^ j i l S L  b̂ JJjidajX. layejL eqjĵ J._ons
The streamwise pressure gradient term is modified as 

pressure-displacement interaction boundary condition 

formulation elliptically and interactively using Cauchy 

integral or transpiration velocity or Hilbert integral. 

Hence the inviscid flow or the surface pressure is allowed 

to adjust simultaneously with the boundary layer growth. 

Catherall and Mangier(1 9 6 6 ) are the pioneers who 

demonstrated that the Goldstein singularity at separation 

can be avoided by prescribing the displacement thickness and 

not the pressure for the solution of the boundary layer 

equations. The inviscid equations are solved explicitly 

with this prescribed surface pressure to obtain a 

displacement thickness distribution through Cauchy's
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integral equation from thin airfoil theory (Carter and 

Wornom 1975). This process is continued until convergence 

is reached. Boundary layer equations could be solved for 

the prescribed skin friction (Klineberg and Steger 1 9 7 4  and 

Carter 1974) or prescribed transverse component of velocity 

at the boundary (Klineberg and Steger 1973, and Tai 1 9 7 4 )  

instead of displacement thickness. This coupling mechanism 

is called inverse method (Carter and Wornom, 1975; Arieli 

and Murphy, 1979). Le Balleur ( 1 9 7 8 , 1 9 8 0 , 1 9 8 4 ) ,  Carter 

( 1 9 7 8 , 1 9 8 1 ) ,  Kwon and Pletcher ( 1 9 7 9 , 1 9 8 4 )  and Davis and 

Carter (1984) developed the semi-inverse procedure. The 

viscous and inviscid flow equations are solved separately 

for a prescribed displacement thickness and a new 

displacement thickness is then determined by a relaxation 

formula composed of the viscous and inviscid predictions for 

the pressure along the displacement body. Vasta and Verdon 

(1984) calculated near trailing edge region using 

semi-inverse method including wake curvature effect. But 

Melnik (1983) pointed that this semi-inverse method needed a 

significant underrelaxation factor. The semi-inverse method 

solved the viscous and inviscid flow equations explicitly at 

each global iteration. For strongly interactive flows, the 

viscous and inviscid regions are locally coupled. Hence 

Veldman (1979) developed the quasi-simultaneous method which 

accounts for this strong coupling through localized implicit 

treatment between viscous and inviscid flows. In the 

quasi-simultaneous procedure, a local representation of 

inviscid flow is solved simultaneously with a streamwise 

sweep of the viscous equations to yield, at a given level of 

global iteration, a streamwise distribution of the surface 

pressure and displacement thickness which mutually satisfies
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t h e  v i s c o u s  f l o w  e q u a t i o n s  a n d  t h e  l o c a l  i n v i s c i d  r e l a t i o n .  

H e n c e  t h e  v e l o c i t y  f i e l d  is w r i t t e n  as the s u m  o f  the 

i n v i s c i d  v e l o c i t y  a n d  the p e r t u r b a t i o n  v e l o c i t y  d u e  to 

d i s p l a c e m e n t  t h i c k n e s s  f r o m  i n t e r a c t i n g  e q u a t i o n  t h r o u g h  

H i l b e r t ' s  i n t e g r a l  e q u a t i o n  b e t w e e n  p r e s s u r e  a n d 

d i s p l a c e m e n t .  G l o b a l  i t e r a t i o n  is p e r f o r m e d  o n  the i n v i s c i d  

f l o w  o v e r  t h e  d i s p l a c e m e n t  b o d y  t o  a c c o u n t  for t h e  e l l i p t i c  

i n f l u e n c e  o f  t h e  e n t i r e  d i s p l a c e m e n t  b o d y  (Wai a n d 

Y o s h i h a r a ,  1980; V e l d m a n ,  1983; Le B a l l e u r ,  1984; D a v i s  a n d  

W e r l e ,  1981; D a v i s ,  1984; E d w a r d s  a n d  C a r t e r ,  1986; C e b e c i  

a n d  C l a r k , 1984; C e b e c i ,  C h e n ,  C h a n g  a n d  P e a v e y ,  1986). For 

t h e  i n t e r n a l  f l o w  S t r a w n ,  F e r z i g e r  a n d  K l i n e  (1984) u s e d  

m a s s  c o n s e r v a t i o n  l a w  as i n t e r a c t i n g  f o r m u l a  b e t w e e n  

p r e s s u r e  a n d  d i s p l a c e m e n t .  T h e s e  m e t h o d s  a v o i d  b r e a k d o w n  or 

s i n g u l a r i t y  in s t r o n g  i n t e r a c t i o n  b u t  s t i l l  u s e  the 

c l a s s i c a l  B L  a p p r o x i m a t i o n ,  e.g .  3 p / d y = 0 .  In a d d i t i o n  to 

t h e  n u m e r i c a l  a s p e c t s ,  m o d e l i n g  o f  t h e  p h y s i c s  of f l o w  was 

c o n s i d e r e d  b y  the t r i p l e - d e c k  t h e o r y  ( S t e w a r t s o n ,  1969; 

M e s s i t e r ,  1970; M e l n i k  a n d  C h o w ,  1 9 7 5 ) .  T h i s  t r i p l e - d e c k  

e q u a t i o n  p r o v i d e s  an i n t e r a c t i v e  c o u p l i n g  b e t w e e n  b o u n d a r y  

l a y e r  a n d  i n v i s c i d  f l o w  r e g i o n s  ( S t e w a r t s o n ,  1974; M e l n i k ,  

1 9 8 0 ) .  T r i p l e  d e c k  a l l o w s  3 p / d y  in the " i n v i s c i d "  

r o t a t i o n a l  o u t e r  f l o w  ( m i d d l e  deck) b u t  r i g o r o u s  o n l y  for 

l o w e r  f l o w  at v e r y  h i g h  R 0 . m  t u r b u l e n t  f l o w  the 

q u a l i t a t i v e  a p p l i c a t i o n  is to n e g l e c t  s h e a r  s t r e s s  in the 

o u t e r  l a y e r  in the s h o r t  t r i p l e - d e c k  r e g i o n  - not r e a l l y  

m u c h  h e l p  e s p e c i a l l y  if y o u  n e e d  t h e  s h e a r  s t r e s s  a g a i n  

f u r t h e r  d o w n s t r e a m .

_1_._2_._3_ Us_e__o_f_jiormal jp^jn^jnJ:jJm__equa_ti_on

T h e  s e c o n d  m o d e r n  a p p r o a c h  t o  s t r o n g  i n t e r a c t i o n



9

acknowledges that the matching between viscous and inviscid 

flow is ambiguous in the region where the normal pressure 

gradient is significant. The definition of displacement 

thickness is not unique because the displacement thickness 

varies with y if Ug varies with y. Hence several 

researchers have developed approximate equations for solving 

viscous flow problems which are nearly boundary-layer type 

flows, but include some additional terms in the equations 

themselves or (in the boundary conditions) according to the 

physical behavior of the flow problems concerned. This 

approximate equations are called "Parabolised Navier-Stokes 

Equations (PNS)" or "Partially-Parabolised Navier-Stokes 

Equations (PPNS)". Here the pressure-displacement 

interaction of the streamwise pressure gradient term is 

transmitted through the normal momentum equation (which 

allows p, and therefore dp/dx, to vary with y ) . The 

advantage of these approximate equations compared to the 

full Navier-Stokes equations is that they can be solved very 

efficiently with boundary layer type marching techniques 

which require much less computer storage than Navier-Stokes 

solvers-because if the flow is unseparated, you needonly store p, 

not U and V. In the early 1970's,  Rubin and Lin (1971) and 

Lin and Rubin (1973) applied this scheme to the hypersonic 

viscous flow calculation and Werle and Vasta (1974) did the 

same for supersonic flow. The treatment of the pressure as 

dependent variable in the streamwise momentum equation 

introduces an "elliptic-like" effect that is reflected in 

the appearance of the departure solutions associated with 

forward marching procedure of the purely parabolic behavior 

of the boundary layer equations. This pressure interaction 

introduces a finite upstream influence zone and Lubard and
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H e l l i w e l l  (19 7 4 ) ,  L i n  a n d  R u b i n  (1973), a n d  D a v i s  a n d  R u b i n  

(1980) s h o w e d  t h a t  t h e r e  is a r e s t r i c t i o n  on t h e  m a r c h i n g  

s t e p  s i z e  for s t a b i l i t y ,  w h i c h  is g e n e r a l l y  l a r g e r  t h a n  t h e  

s h e a r  l a y e r  t h i c k n e s s ,  if b a c k w a r d  d i f f e r e n c i n g  for the 

s t r e a m w i s e  p r e s s u r e  g r a d i e n t  t e r m  is used. R u b i n  ( 1980), 

R u b i n  a n d  L i n  ( 1 9 8 0 , 1 9 8 2 ) ,  I s r a e l i  a n d  Lin ( 1 9 8 2 ) ,  R u b i n  a n d  

R e d d y ( 1 9 8 3 ) ,  K h o s l a  a n d  R u b i n  ( 1 9 7 9 , 1 9 8 2 )  a n d  K h o s l a  a n d  Lai 

(1983) a p p l i e d  f o r w a r d  d i f f e r e n c i n g  for t h e  s t r e a m w i s e  

p r e s s u r e  g r a d i e n t  t e r m  t o  r e m o v e  the r e s t r i c t i o n  of 

s t r e a m w i s e  s t e p  size: t h i s  f o r w a r d  d i f f e r e n c e  f o r m u l a t i o n  

i n t r o d u c e s  u p s t r e a m  i n f l u e n c e  b y  u s i n g  t h e  d o w n s t r e a m  a n d  

l o c a l  p r e s s u r e  v a l u e s .  T h e  l o c a l  p r e s s u r e  v a l u e  a l l o w s  a 

c o u p l i n g  b e t w e e n  p r e s s u r e  a n d  v e l o c i t y  t o  p r o v i d e  a f r e e 

p r e s s u r e  i n t e r a c t i o n  a n d  t h i s  f o r w a r d  d i f f e r e n c i n g  l e a d s  to 

a g l o b a l  c o m p u t a t i o n a l  p r o c e d u r e  w h i c h  i n c l u d e s  n o t  o n l y  t h e 

p a r a b o l i c  m a r c h i n g  s t e p  but a l s o  the e l l i p t i c  r e l a x a t i o n  

s t e p  for t h e  p r e s s u r e .  T h a t  is, t h e  c a l c u l a t i o n  i n v o l v e s  

m u l t i p l e  " s w e e p s "  o f  a m a r c h i n g / r e l a x a t i o n  p r o c e d u r e .  R u b i n  

a n d  R e d d y  ( 1983), I s r a e l i  a n d  L i n  (1982) a p p l i e d  m u l t i - g r i d  

s c h e m e s  a n d  i n t r o d u c e d  a s o u r c e  t e r m  in t h e  s t r e a m w i s e  

m o m e n t u m  e q u a t i o n  to i m p r o v e  a c c u r a c y  and c o n v e r g e n c e .  But 

t h e y  h a d  to a d j u s t  t h e  o u t e r  b o u n d a r y  c o n d i t i o n s  for t h e  

m u l t i p l e  g l o b a l  s w e e p ,  so t h e y  a p p l i e d  t h e  b o u n d a r y  

c o n d i t i o n s  far f r o m  t h e  b o d y  a n d  f i x e d  the p r e s s u r e  v a l u e . 

B r o w n  (1984) p r o v i d e d  u p s t r e a m  i n f l u e n c e  b y  c a l c u l a t i n g  t h e  

p r e s s u r e  at a p o i n t  one s t e p  u p s t r e a m  f r o m  t h e  m a i n  

c a l c u l a t i o n  p o i n t  a n d  p e r f o r m i n g  a g l o b a l  i t e r a t i o n  for 

u p d a t i n g  b o u n d a r y  c o n d i t i o n s  f r o m  the i n v i s c i d  f l o w  

c a l c u l a t i o n .  He a l s o  u s e d  s e c o n d  o r d e r  b a c k w a r d  

d i f f e r e n c i n g  for t h e  s t r e a m w i s e  g r a d i e n t  t e r m ,  i n c l u d i n g  

p r e s s u r e ,  b e c a u s e  f o r w a r d  d i f f e r e n c i n g  for t h e  s t r e a m w i s e
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p r e s s u r e  g r a d i e n t  t e r m  is n o t  c o n s i s t e n t  w i t h  b a c k w a r d  

d i f f e r e n c i n g  for t h e  o t h e r  s t r e a m w i s e  g r a d i e n t  term. 

M a h g o u b  and B r a d s h a w  (1979) a p p l i e d  c e n t r a l  d i f f e r e n c i n g  

for the s t r e a m w i s e  p r e s s u r e  g r a d i e n t  t e r m  b y  u s i n g  p r e v i o u s  

s w e e p  v a l u e s ,  a n d  c a l c u l a t e  p r e s s u r e  o n e  s t e p  u p s t r e a m  f r o m  

t h e  m a i n  c a l c u l a t i o n  p o i n t  t o  p r o p a g a t e  u p s t r e a m  i n f l u e n c e .  

T h e  u p s t r e a m  i n f l u e n c e  is p r o p a g a t e d  two s t e p s  i n s i d e  t h e  

b o u n d a r y  l a y e r  t h i c k n e s s  t h r o u g h  dp/dx a n d  d v / d x  t e r m s  for 

o n e  s w e e p  and t h e  m u l t i p l e  v i s c o u s / i n v i s c i d  m a t c h i n g  s w e e p  

p r o v i d e  u p s t r e a m  i n f l u e n c e  t h r o u g h  the e l l i p t i c  i n v i s c i d  

f l o w  e q u a t i o n s  too. But a l l o w i n g  u p s t r e a m  i n f l u e n c e  

p r o p a g a t i o n  o v e r  t w o  s t e p s  i n s i d e  b o u n d a r y  l a y e r  i n d u c e s  

w i g g l e s .  C h e n  a n d  B r a d s h a w  (1982) a p p l i e d  t h i s  m e t h o d  to 

c o m p r e s s i b l e  f l o w s .  T h e y  u s e d  f o r w a r d  d i f f e r e n c i n g  for t h e  

s t r e a m w i s e  p r e s s u r e  g r a d i e n t  t e r m  a n d  c a l c u l a t e d  p r e s s u r e  at 

t h e  s a m e  p o i n t  as t h e  o t h e r  v a r i a b l e s .  T h e y  a l s o  u s e d  an 

i t e r a t i o n  at t h e  s a m e  p o i n t  b y  u s i n g  n e w l y - c a l c u l a t e d  

p r e s s u r e  for f o r w a r d  d i f f e r e n c i n g  to c o u p l e  p r e s s u r e  a n d  

v e l o c i t y  l o c a l l y .  But c a l c u l a t i o n  of v e l o c i t y  a n d  p r e s s u r e  

at s a m e  p o i n t  s u p p r e s s e s  t h e  u p s t r e a m  i n f l u e n c e  i n s i d e  t h e 

b o u n d a r y  layer. R e c e n t l y ,  R a v e n  a n d  H o e k s t r a  (1985) a p p l i e d  

t h e  u p d a t i n g  b o u n d a r y  c o n d i t i o n  f r o m  i n v i s c i d  f l o w  

c a l c u l a t i o n  as v i s c o u s / i n v i s c i d  i n t e r a c t i o n  e f f e c t  a n d  H a l i m  

a n d  H a f e z  (1986) p a t c h e d  t h e  s t r e a m  f u n c t i o n  a n d  v o r t i c i t y  

f u n c t i o n  at t h e  p a t c h i n g  l i n e  b e t w e e n  v i s c o u s  a n d  i n v i s c i d  

f l o w  for t h e  g l o b a l  s w e e p .  C o n t r a r y  to t h e  P N S  m e t h o d  w h e r e  

the p r e s s u r e  is c a l c u l a t e d  f r o m  t h e  n o r m a l  m o m e n t u m  

e q u a t i o n ,  P a t a n k a r  a n d  S p a l d i n g  (1972), P r a t a p  a n d  S p a l d i n g  

( 1 9 7 5 , 1 9 7 6 )  i n t r o d u c e  a bul k  s t r e a m w i s e  p r e s s u r e  g r a d i e n t  

c o r r e c t i o n  in o r d e r  to e n s u r e  c o n s e r v a t i o n  o f  g l o b a l  m a s s  

f l o w  for i n t e r n a l  f l o w  ( P P N S ) . T h u s  t h e y  s o l v e d  t h e  P o i s s o n
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e q u a t i o n  d e r i v e d  f r o m  c o n t i n u i t y  e q u a t i o n  for p r e s s u r e  

d e c o u p l e d  f r o m  t h e  v e l o c i t y  c a l c u l a t i o n .  P r e s s u r e  

c a l c u l a t i o n  is l a g g e d  to v e l o c i t y  c a l c u l a t i o n .  A  g l o b a l  

s w e e p  is p e r f o r m e d  to c o r r e c t  p r e s s u r e  d i s t r i b u t i o n  a n d  

r e d u c e  c o n t i n u i t y  e r r o r .  U p s t r e a m  i n f l u e n c e  i n s i d e  b o u n d a r y  

l a y e r  is p r o p p a g a t e d  v i a  f o r w a r d  d i f f e r e n c i n g  o f  d p / d x  t e r m  

as in the P N S  m e t h o d .  C h e n  a n d  P a t e l ( 1 9 8 4 )  a p p l y  P P N S  t o  

t h i c k  b o u n d a r y  l a y e r s .  But as in t h e  P N S  m e t h o d ,  t h e y  f a c e d  

b o u n d a r y  c o n d i t i o n  p r o b l e m s  d u r i n g  the g l o b a l  s w e e p .  

C o u s t e i x ,  S a i n t - V i c t o r ,  a n d  H o u d e v i l l e  (1985) a n d  P o u a g a r e  

a n d  L a k s h m i n a r a y a n a  (1985) a p p l i e d  t h e  s i m u l t a n e o u s  i m p l i c i t  

c o u p l i n g  b e t w e e n  p r e s s u r e  a n d  v e l o c i t y  by u s i n g  P P N S  

e q u a t i o n .  R e c e n t l y ,  M c N a l l y  a n d  S o c k o l  (1985) a n d  M e h t a ,  

C h a n g  a n d  C e b e c i  (1985) r e v i e w e d  t h e  g e n e r a l  c o m p u t a t i o n a l  

m e t h o d s  for v i s c o u s - i n v i s c i d  i n t e r a c t i o n .

1_. 2_._4_J_buJ^_nce_ m_ode1s

E x c e p t  for i n t e r a c t i o n s  w i t h  s h o c k  w a v e s  a n d  o t h e r  

s p e c i a l  c a s e s  s u c h  as s t r o n g  c u r v a t u r e  e f f e c t s ,  t u r b u l e n t  

m o d e l i n g  for b o u n d a r y  l a y e r s  is in a s a t i s f a c t o r y  s t a t e ,  b u t  

in the wake r e g i o n  a c o m p l e x  f l o w  d e v e l o p s  w h i c h  is v e r y  

i m p o r t a n t  in a e r o d y n a m i c  p r o b l e m s .  T h e  t u r b u l e n c e  m o d e l i n g  

for t h i s  r e g i o n  h a s  b e c o m e  t h e  s u b j e c t  o f  i n v e s t i g a t i o n  

d u r i n g  last s e v e r a l  y e a r s .  T h e  n e a r  w a k e  is s t r o n g l y

d e p e n d e n t  on the i n i t i a l  b o u n d a r y  l a y e r s  at t r a i l i n g  e d g e  

( E l - A s s a r  and P a g e , 1969; C h e v r a y  and K o v a s z n a y ,1969; 

A g r a w a l ,  P a n d e  a n d  p r a k a s h ,1977; A l b e r , 1 9 8 0 ) .  R e c e n t l y ,

N a k a y a m a  (1985) s h o w e d  for h i g h l y  a s y m m e t r i c  c a s e  t h a t  t h e r e  

is s t r o n g  n o r m a l  p r e s s u r e  g r a d i e n t  n e a r  the w a k e  r e g i o n  a n d  

t h e  m i x i n g  of t h e  t w o  m e r g i n g  b o u n d a r y  l a y e r s  c o n t r o l s  t h e  

t u r b u l e n c e  m e c h a n i s m .  M o r e l  a n d  T o r d a  (1974) a n d  H u f f m a n
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and Ng (1977) developed numerical scheme based on the 

"interaction hypothesis" (Bradshaw, Dean and McEligot (1973) 

for the near wake region. Andreopoulos and Bradshaw (1980) 

pointed that interaction between the two merging boundary 

layers occured mainly by the small scale fine-grained mixing 

in the inner wake region, and the eddy viscosity assumption 

for the mixed fluid in the inner wake region could be used. 

Bromilow (1978) and Vicatos (1979) applied the 

Bradshaw-Ferriss-Atwell (1967) model including the eddy 

viscosity assumption for the inner wake to the near wake 

calculation. Waskiewicz, Shang and Hankey (1980) used the 

relaxed eddy viscosity model for the wake region. Bonnet, 

Delville and Garem (1986) measured for the longitudinal 

velocity correlations and pointed that there are coherent 

structures. More advanced models for shear layers have been 

developed, e.g. Hanjalic and Launder (1972) used transport 

equations for all the Reynolds stresses and the turbulent 

energy dissipation rate, and Launder, Reece and Rodi (1975) 

developed a better approximation of the pressure-strain 

rate. However application of these advanced turbulence 

models to the wake region is still not complete and is still 

a subject for discussion.
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Chagter_ 2_. _ Shear_ Layer_ C|aIcjj1a_t_i_on

In t h i s  c h a p t e r ,  t h e  e q u a t i o n s  u s e d  in t h e  s h e a r  l a y e r  

c a l c u l a t i o n  o f  t h e  p r e s e n t  m e t h o d  i n c l u d i n g  t h e  w a k e  r e g i o n  

w i l l  be p r e s e n t e d ,  t h e i r  d e r i v a t i o n  b e i n g  l e f t  to 

a p p e n d i c e s .  For s i m p l i c i t y  w e  d i s c u s s  i n c o m p r e s s i b l e  f l o w  

first. T h e  S L  c a l c u l a t i o n  is d i v i d e d  i n t o  t h r e e  r e g i o n s  in 

t h e  p r e s e n t  n u m e r i c a l  m e t h o d .  O n e  is f r o m  t h e  L E  t o  a p o i n t  

o f  just u p s t r e a m  o f  t h e  T E  reg i o n .  T h e  s e c o n d  is t h e

t r a n s f o r m a t i o n  r e g i o n  n e a r  the TE. T h e  t h i r d  is t h e  w a k e  

d o w n s t r e a m  of t h e  t r a n s f o r m a t i o n  r e g i o n .  In t h e

t r a n s f o r m a t i o n  r e g i o n  t h e  o r t h o g o n a l  c u r v i l i n e a r  ( 9  ,<!>) 

c o o r d i n a t e  s y s t e m  is u s e d ,  w h i l e  e l s e w h e r e  an o r t h o g o n a l  

s e m i - c u r v i l i n e a r  (s,n) c o o r d i n a t e  s y s t e m  is use d .  For 

t u r b u l e n c e  m o d e l i n g  p u r p o s e s  w e  s h a l l  d i v i d e  t h e  t u r b u l e n t  

s h e a r  l a y e r  c a l c u l a t i o n  i n t o  t w o  p a r t s :  o n e  is a l o n g  t h e  

a e r o f o i l  ( b o u n d a r y  l a y e r  r e g i o n  d o w n s t r e a m  o f  t r a n s i t i o n )  

a n d  the o t h e r  is t h e  w a k e  r e g i o n .  T h w a i t e s '  i n t e g r a l  m e t h o d  

is u s e d  for t h e  l a m i n a r  b o u n d a r y  l a y e r :  at p r e s e n t ,  

t r a n s i t i o n  is s p e c i f i e d  at R e Q = 6 0 0  or at a n  i n p u t  v a l u e  o f  

s / c , b u t  a n y  d e s i r e d  t r a n s i t i o n  c r i t e r i o n  c o u l d  b e  i n s e r t e d .

For the c o m p r e s s i b l e  f l o w  t h e  g o v e r n i n g  e q u a t i o n s  a r e  

d e r i v e d  in a p p e n d i c e s :  t h e  c a l c u l a t i o n  o f  t e m p e r a t u r e  is 

p e r f o r m e d  in o n e  e x t r a  s u b r o u t i n e  T E M P R O .  T h e  d e t a i l e d  

n u m e r i c a l  p r o c e d u r e  w i l l  be d e s c r i b e d  in t h e  f o l l o w i n g  

s e c t i o n .  F i n a l l y ,  a d e s c r i p t i o n  o f  t h e  F o r t r a n  p r o g r a m  w i l l  

b e  p r e s e n t e d .

2_._1__ jrhe__Shear_ Layer_ alcmg_ the_ Aerj>foi1
2_._1_._1_.__Phys_ica_1__De^jpj:Jjpj:_ion__an_d_ G^^^j:j\i_ng__Egua_t_ions
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T h e  e q u a t i o n s  o f  f l o w  for t h e  t w o - d i m e n s i o n a l  s h e a r  

l a y e r s  a r e  w r i t t e n  in a b o d y - f i t t e d  o r t h o g o n a l  c u r v i l i n e a r  

(s,n) c o o r d i n a t e  s y s t e m  as u s e d  by M a h g o u b  a n d  B r a d s h a w

(1979) o u t s i d e  o f  t r a n f o r m a t i o n  r e g i o n ,  and t h e  o r t h o g o n a l  

c u r v i l i n e a r  ( 9 ,^ ) c o o r d i n a t e  s y s t e m  o b t a i n e d  b y  u s i n g  " w e d g e  

f l o w  t r a n s f o r m a t i o n "  is u s e d  n e a r  T E  r e g i o n  (see F i g . l ) .  

T h e i r  d e r i v a t i o n  u s i n g  g e n e r a l  t e n s o r  a n a l y s i s  is g i v e n  in 

a p p e n d i c e s .  T h e  g o v e r n i n g  e q u a t i o n s  a r e  as f o l l o w s  : 

C o n t i n u i t y  e q u a t i o n  :

h „ - M2 a* + h. d V
d y

ilhi. = 
d

(2 .1 )

The streamwise momentum equation :

h2Ud f + hlVl|y '- hlf r -  { v2- ( 5 - ^ )  J p
* (uv-2-i:)^- h2(4£_+ JuL)= 0

0 y ox ox

t

(2 .2 )

S i n c e  t h e  n o r m a l  p r e s s u r e  g r a d i e n t  is s i g n i f i c a n t  n e a r  TE, 

we s o l v e  t h e  n o r m a l  m o m e n t u m  e q u a t i o n :

""■If- "’" i f  -*■-$£* (23)

•"’-f?- * -’I # r9|V- = »

T h e  t u r b u l e n t  k i n e t i c  e n e r g y  e q u a t i o n  for l/2q^:

h2U-̂ f(‘2q2) + Vh1^ Ciq2)
= +  *2%r  - "8* dy •

+ u2(h2-|^+V|V'̂ + ̂  (hi 4^ + u 4^)>■1 ay dx 1

- + 2q2“) dy hi(vp- + -j|<I2v) - e

where all variables are nondimensionalised by U® and c, T  =

-u v a n d  € is t h e  d i s s i p a t i o n  o f  t u r b u l e n t  k i n e t i c  e n e r g y
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a n d  h^, are m e t r i c  v a l u e s .

For the t u r b u l e n c e  m o d e l i n g  o f  e q u a t i o n  (2.4), u s i n g  

t h e  B F A  o n e - e q u a t i o n  t u r b u l e n c e  m o d e l  (Brads h a w ,  F e r r i s s ,  

a n d  A t w e l l  1967) w e  d e f i n e  a n  e m p i r i c a l  f u n c t i o n
ra n = -jpT f o r  t h e  t u r b u l e n t  k i n e t i c  e n e r g y

a n d
p v  + T 1'2 ''G =  ' , y2 ~ —  for t h e  t u r b u l e n t  d i f f u s i o n  t e r m  

* max ^
( P'v +-^-q2v ). T h e  t u r b u l e n t  d i s s i p a t i o n  ter m ,  w h i c h  h a s  

d i m e n s i o n s  (v e l o c i t y )3 / l e n g t h , is m o d e l l e d  as * = T 3 / 2 / L  

w h e r e  L is the l e n g t h  s c a l e  of t h e  l a r g e  or e n e r g y  

c o n t a i n i n g  e d d i e s  o f  t u r b u l e n c e .  We u s e  t h e  a l g e b r a i c  fit 

t o  e x p e r i m e n t a l  d a t a  g i v e n  by B r a d s h a w  (1969) for t h e  l e n g t h  

s c a l e  L/6.

In t h e  p r e s e n t  p r o g r a m  w e  p u t  a ^ o . 1 5  t h r o u g h o u t  w h o l e  f l o w  

field. T h i s  is a d e q u a t e  f o r  t h e  n e a r  w a k e  b u t  d a t a  s h o w  an 

i n c r e a s e  in t h e  far w a k e .

S i n c e  we s h a l l  s o l v e  t h e s e  e q u a t i o n s  o n l y  o u t s i d e  

t h e  v i s c o u s  s u b l a y e r ,  t h e  v i s c o u s  d i f f u s i o n  t e r m s  in t h e  

t u r b u l e n t  k i n e t i c  e n e r g y  e q u a t i o n  a n d  in t h e  t w o  m o m e n t u m  

e q u a t i o n s  h a v e  b e e n  n e g l e c t e d .  W e  i n c l u d e  n o r m a l  t u r b u l e n t  

s t r e s s  t e r m s  b e c a u s e  t h e y  h a v e  s i g n i f i c a n t  e f f e c t s  f o r  f l o w s  

w i t h  l a r g e  d i f f e r e n c e  b e t w e e n  t h e  s t r e a m l i n e  d i r e c t i o n  a n d  

t h e  d i r e c t i o n  o f  a x e s ,  s u c h  as o c c u r  n e a r  t h e  TE. W e  a s s u m e

t h a t  u = C-.U v a n d  v = C 0u v , w h e r e  Cn and a r e

e x p e r i m e n t a l  c o n s t a n t s .  T h e  t u r b u l e n t  k i n e t i c  e n e r g y  

e q u a t i o n  is r e d u c e d  t o  a m o d e l l e d  t u r b u l e n t  s h e a r  s t r e s s  

e q u a t i o n  by t h e  a b o v e  a s s u m p t i o n s  a n d  e m p i r i c a l  

s u b s t i t u t i o n s .  H e n c e  t h e  t u r b u l e n t  s h e a r  s t r e s s  e q u a t i o n

c a n  b e  w r i t t e n  as f o l l o w s  :
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- 370*1^) - t ’V l (2.5)
A

w h e r e  T = - ( u  v ) a n d  G =  G T m a x  

_2_._1_._2__Th_e_ SoljJtri_?_n_

T h e  c o m p l e t e  s e t  o f  e q u a t i o n s  ( 2 . 1 ) , ( 2 . 2 ) , ( 2 . 3 )  a n d

(2.5) is e l l i p t i c  i f  w e  s o l v e  t h e s e  e q u a t i o n s  for U, V, T
a n d  p s i m u l t a n e o u s l y .  B u t  if we a s s u m e  d p / d s  t e r m s  a r e

k n o w n ,  t h e  c o n t i n u i t y ,  s t r e a m w i s e  m o m e n t u m ,  t u r b u l e n t  s h e a r

s t r e s s  e q u a t i o n s  a r e  h y p e r b o l i c  ( t h r e e  f i r s t - o r d e r  P D E s  ) in

U, V  a n d  T. T h u s  w e  c a n  s o l v e  for U, V  and T u s i n g  t h e  s a m e

m e t h o d  o f  c h a r a c t e r i s t i c s  a s  in t h e  o r i g i n a l  B F A  m e t h o d .  We

f i n d  ( A p p e n d i x  3 ) t h a t  t h e r e  a r e  t h r e e  c h a r a c t e r i s t i c

d i r e c t i o n s :  one is n o r m a l  t o  t h e  s u r f a c e ,

d Y _ _ (2.6)
dx ~ 0

a n d  t h e  o t h e r  t w o  a r e  a s  f o l l o w s :

T h e  e q u a t i o n s  ( 2 . 1 ) , ( 2 . 2 )  a n d  (2.5) c a n  b e  e x p r e s s e d  

a l o n g  t h e  t h r e e  c h a r a c t e r i s t i c  d i r e c t i o n s  (see A p p e n d i x  3.).

h2dy _ v +a±(3
h-j d* [j '

(2.7)

w h e r e

0 = V a 2 +29^(1 +-g*cc1-c2)}

(2 .8 )

=  0

a l o n g  t h e  n o r m a l  c h a r a c t e r i s t i c  d i r e c t i o n ,  a n d
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F'dU+[A'\-G']dT =  - H' + X k '
w h e r e  A ' = U2 a-|

F' = -h1 h2 [ U T  - V(Ci-C^T]
C ' = hih2UV 23!

( 2 . 9 ) ( 2 . 1 0 )

H '= M [ r { - u | ^ . - v | ^  + € + h2-g- -T 1/X - ^ - ( hia)]
- ( c, - c2)tv| 41] + hlT [ v - (Cl-c2)T] i ^  
_ Cuv_ 2r)|hl + h2(|P. + C i| t }

K '= h2U t T f- ~  V
9h2
a x + e

- r " 7
1/2>

dX

jfy C^1G)) (C1 c 2^TV|t *'̂ h2 fCi -C2)t (

v2- ( ci-c2)r)|tL2 _(uv-2r)itl + h2(

- C 1 # )

X = * a  ± n 
u ]

a l o n g  t h e  t w o  i n c l i n e d  c h a r a c t e r i s t i c  d i r e c t i o n s ,  

w h e r e  'e is an e x t r a  s t r a i n  r a t e  c o r r e c t i o n  t o  t h e  t u r b u l e n c e  

m o d e l  e q u a t i o n  ( B r a d s h a w ,  1 9 7 3  a n d  1976). T h e  a d v a n t a g e  of 

the m e t h o d  of c h a r a c t e r i s t i c s  is t h a t  it is e x p l i c i t  a n d 

s i m p l e r  t h a n  t h e  i m p l i c i t  m e t h o d  c o m m o n l y  u s e d  for p a r a b o l i c  

b o u n d a r y  l a y e r  e q u a t i o n s .  H e n c e  n o  i t e r a t i o n  is r e q u i r e d  

a n d  a s i m p l e  s t e p  s i z e  c r i t e r i o n  t h a t  e n s u r e s  s t a b i l i t y  is 

k n o w n .  T h e  c o m p l i c a t e d  w a l l  b o u n d a r y  c o n d i t i o n s  c a n  be 

s a t i s f i e d  i n d e p e n d e n t l y  o f  t h e  m a i n  c a l c u l a t i o n .  T h e  n o r m a l  

m o m e n t u m  e q u a t i o n  is s o l v e d  s e p a r a t e l y  for p as a f u n c t i o n  

o f  y. T h i s  c a l c u l a t e d  p r e s s u r e  d i s t r i b u t i o n  is u s e d  in the 

n e x t  g l o b a l  s w e e p  t o  g i v e  t h e  s t r e a m w i s e  p r e s s u r e  g r a d i e n t  

w h i c h  a l l o w s  p r e s s u r e - v e l o c i t y  i n t e r a c t i o n  a l o n g  t h e  n o r m a l  

d i r e c t i o n .  T h e  u p s t r e a m  i n f l u e n c e  is p r o p a g a t e d  t h r o u g h  

p r e s s u r e  i n s i d e  t h e  s h e a r  l a y e r  w h e r e  the n o r m a l  p r e s s u r e
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gradient is significant. Hence the calculation procedure 

can be set up in two parts.

(i) The U, T and V calculation for given p(x,y).
(ii) The pressure calculation from the normal momentum 

equation, using newly calculated U,V and X  values.

T h e  V c a l c u l a t i o n  is d e c o u p l e d  f r o m  U and T c a l c u l a t i o n  as 

in t h e  B F A  m e t h o d .  A f t e r  c a l c u l a t i o n  of CJ a n d  T f r o m  t w o  

i n c l i n e d  c h a r a c t e r i s t i c  e q u a t i o n s ,  w e  can c a l c u l a t e  v v a l u e s  

f r o m  t h e  n o r m a l  c h a r a c t e r i s t i c  e q u a t i o n  u s i n g  t h e  s a m e  

p r e s s u r e  g r a d i e n t  term. T h e s e  n e w l y  c a l c u l a t e d  U, V a n d  T 
v a l u e s  a r e  u s e d  for t h e  n o r m a l  m o m e n t u m  e q u a t i o n  (2.3) to 

c a l c u l a t e  p. H e n c e  w e  c a n  s e t  u p  t h e  p r o c e d u r e  as:

(i) The u and T calculation for a given V and p.

(ii) The V and p calculation for newly calculated U and T. 
For a few points near the wall, where the variables change 

most rapidly along the streamwise direction, the U and T 
calculation is improved by repeating each step, evaluating 

coefficients at the mid-points of the characteristic 

segments by interpolation of the first guess solution 

(predictor-corrector).

This two part calculation procedure is 

mathematically equivalent to one step of a line-relaxation 

procedure for solving the elliptic Navier Stokes' equation 

but only the pressure need be stored for the next sweep, and 

it will be seen below that even the pressure storage can be 

greatly simplified. However the main economy in the whole 

method is the imbedding of one sweep of the multiple-sweep 

elliptic shear layer iteration in each pass through the 

viscous-inviscid matching loop.

Now we consider the boundary and initial conditions 

necessary for the shear layer calculation.
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(1) Bjp_unda_r_y__condi_ti_ons

(i) T h e  e x t e r n a l  b o u n d a r y  c o n d i t i o n  :

As m e n t i o n e d  b e f o r e ,  at the m a t c h i n g  s u r f a c e  the 

p r e s s u r e  d i s t r i b u t i o n  is n e e d e d .  T h e  d e t a i l e d  p r e s s u r e  

c a l c u l a t i o n  is d e s c r i b e d  in § 3 . 1 .  T h e  i n v i s c i d  c a l c u l a t i o n  

a c t u a l l y  g i v e s  U m g , t h e  o u t e r  b o u n d a r y  c o n d i t i o n  o n  U. It 

is r e l a t e d  to p ms b y  B e r n o u l l i ' s  e q u a t i o n  in s h e a r  l a y e r  

a x e s ,

U m s = 2 < p - p m J / p - V ,  2ms m s

w h e r e  V mg is k n o w n  f r o m  t h e  p r e v i o u s  s w e e p  or t h e  i n i t i a l  

g u e s s  a n d  is u s u a l l y  s m a l l  c o m p a r e d  w i t h  U m g .

(ii) T h e  w a l l  b o u n d a r y  c o n d i t i o n

T h e  g e n e r a l  b o u n d a r y  c o n d i t i o n  at w a l l  is U = 0  a n d  

V = V w (for t r a n s p i r a t i o n  t h r o u g h  t h e  wall) or V = 0  for t h e 

u s u a l  s o l i d  w a l l s .  But t h e  e q u a t i o n s  a b o v e  a r e  n o t  s o l v e d  

w i t h i n  v i s c o u s  s u b l a y e r ,  t h e  b o u n d a r y  c o n d i t i o n  at a w a l l  

b e i n g  s a t i s f i e d  b y  m a t c h i n g  t h e  s o l u t i o n  to t h e  l o g a r i t h m i c  

" l a w  o f  t h e  w a l l "  at t h e  f i r s t  m e s h  p o i n t  a b o v e  t h e  w a l l .  

T h e  d e t a i l e d  w a l l  b o u n d a r y  c a l c u l a t i o n  w i l l  b e  s h o w n  in 

§ 2 . 3 .

(iii) The d o w n s t r e a m  b o u n d a r y  c o n d i t i o n

B e c a u s e  t h e  e q u a t i o n s  w h i c h  we s o l v e  a r e  e l l i p t i c  we 

n e e d  d o w n s t r e a m  b o u n d a r y  c o n d i t i o n s ,  w h i c h  m u s t  as a l w a y s  b e 

n o n - c r i t i c a l . T h e  c a l c u l a t i o n  i n c l u d e s  the w a k e  r e g i o n ,  so 

w e  a p p l i e d  t h e  d o w n s t r e a m  b o u n d a r y  c o n d i t i o n  at a b o u t  0 . 5 c  

d o w n s t r e a m  o f  t h e  TE, h e r e a f t e r  r e f e r r e d  as "the e n d  o f  t h e
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wake". The boundary condition is p(s«,n)=p(s, i w n) or

dp/3x(s^,n)=0. In the present program we applied
dp/3s] =0 as the downstream boundary condition , wheres-sjL

is the end of the wake.

( 2) The__init_ial_
i) the pressure at the shear layer edge at the initial MS is 
given by the inviscid flow calculation
ii) The initial condition for U, T and V

The flow is laminar from the stagnation point (LE) 
to the transition point, so we apply Thwaites' integral 
equation from the LE to the transition point where the 
criterion (R e^=600) is met. The CJ and T  profiles are 
evaluated as the zero-pressure gradient profile for the 
known 0 and Re0at the transition point: the V profile is 
calculated from the normal characteristic equation (2.8), 
and we assume that 3p/3y is neglected so that p(Sg ,n) = 
pe (sQ , n ) .

(3) CaJLcuJLa_ti_on _pJ_p_cedjJ_fo_r__one__strê _mwi_s_e__st_ep
Now we shall consider the calculation procedure for 

one streamwise step of the shear layer calculation with the 
above mentioned boundary and initial conditions.
(i) Specify the pressure p(s,n or 9,<i>) everywhere, as the 
values calculated on the previous sweep (or take P=Pe, or 
some better guess, on the first sweep) and specify U and 7“ 
at s=sQ.
(ii) Calculate the U and T at the "future" station s+As from 
equations (2.9) and (2.10) -(initially using "upstream" 
coefficient and then updating).
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(iii) C a l c u l a t e  V  at t h e  f u t u r e  s t a t i o n  f r o m  e q u a t i o n  (2.8) 

b y  u s i n g  n e w l y  c a l c u l a t e d  u a n d  T.

(iv) C a l c u l a t e  t h e  p at t h e  h a l f - s t e p  s + l / 2 A s  p o i n t  f r o m  

e q u a t i o n  (2.3) b y  u s i n g  n e w l y  c a l c u l a t e d  U, V  a n d  T  ( T h i s  

a l l o w s  c e n t r a l  d i f f e r e n c e s  in s t o  be u s e d  in t h e  d p / 8 y  

e q u a t i o n ).

T h e  e q u a t i o n s  w h i c h  w e  s o l v e  a r e  e l l i p t i c ,  s o  we 

n e e d  e l l i p t i c - t y p e  b o u n d a r y  c o n d i t i o n  for t h e  s e t  as a 

w h o l e ,  a l t h o u g h  w e  s p l i t  t h e  e q u a t i o n s  i n t o  " e l l i p t i c ” a n d  

" h y p e r b o l i c "  p a r t s ,  i.e a p a r t  w h i c h  a l l o w s  u p s t r e a m  

i n f l u e n c e  (the V e q u a t i o n )  a n d  a p a r t  t h a t  d o e s  not. T h i s  

is w h y  t h e  d o w n s t r e a m  b o u n d a r y  c o n d i t i o n s  a r e  s u p p l i e d  for 

t h e  S L  c a l c u l a t i o n .  T h e  u p s t r e a m  i n f l u e n c e  is p r o p a g a t e d  b y  

t h r e e  d i f f e r e n t  t e r m s  in t h e  U e q u a t i o n :  l o n g i t u d i n a l  s t r e s s  

g r a d i e n t  or l o n g i t u d i n a l  c o n v e c t i o n  or p r e s s u r e .  In f a i r l y  

thin, u n s e p a r a t e d  s h e a r  l a y e r s  (see B r a d s h a w  1 9 7 3 ) ,  t h e  m a i n  

f a c t o r  w h i c h  p r o p a g a t e s  t h e  u p s t r e a m  i n f l u e n c e  is p r e s s u r e .  

U p s t r e a m  i n f l u e n c e  c a n  be p r o p a g a t e d  t h r o u g h  t h e  e x t e r n a l  

f l o w  b y  t h e  i n v i s c i d  c a l c u l a t i o n ,  b e c a u s e  t h e  e q u a t i o n  w h i c h  

w e  s o l v e  is e l l i p t i c  ( L a p l a c e ' s  e q u a t i o n ,  r e p r e s e n t e d  b y  t h e 

p a n e l  m e t h o d ) .  But for s t r o n g  i n t e r a c t i o n  r e g i o n s ,  e.g. 

n e a r  t h e  TE, u p s t r e a m  i n f l u e n c e  m u s t  a l s o  be a l l o w e d  to 

p r o p a g a t e  i n s i d e  t h e  v i s c o u s  f l ow. In o r d e r  t o  r e p r e s e n t  

t h i s  e f f e c t  in t h e  f i n i t e  d i f f e r e n c e  s c h e m e ,  w e  u s e  f o r w a r d  

d i f f e r e n c i n g  for t h e  p r e s s u r e  g r a d i e n t  t e r m ,  u s i n g  v a l u e s  

f r o m  t h e  p r e v i o u s  s w e e p  for d o w n s t r e a m  p o i n t s .  T h e  d i r e c t  

e f f e c t  of u p s t r e a m  i n f l u e n c e  w i t h i n  t h e  s h e a r  l a y e r  w i l l  

o n l y  e x t e n d  a f e w  b o u n d a r y  l a y e r  t h i c k n e s s e s  u p s t r e a m :  

t h e r e f o r e  a l t h o u g h  it o n l y  p r o p a g a t e s  u p s t r e a m  at o n e  s t e p  

p e r  s w e e p ,  c o n v e r g e n c e  for a g i v e n  e x t e r n a l  p r e s s u r e  

d i s t r i b u t i o n  w o u l d  in p r i n c i p l e  b e  a c h i e v e d  in a o n l y  a f e w
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s w e e p s  ( a c t u a l l y  t h i s  p r o b l e m  is u n s t a b l e ) .  L o n g e r - r a n g e  

u p s t r e a m  i n f l u e n c e  p r o p a g a t e s  v i a  t h e  i n v i s c i d  c a l c u l a t i o n  

a n d  is " i n s t a n t a n e o u s " ,  s o  t h e  w h o l e  c a l c u l a t i o n  c o n v e r g e s  

in o n l y  0 ( 1 0 )  s w e e p s .

2_._2_ The_ Wake_ R̂ gioji
_2_._2_._1__Phys_ica1__Des_c_r_ipt_ion_ a nd_ G_o_ver_n_ing__Ec[Uat i o n s

T h e  n e a r  w a k e  r e g i o n  p l a y s  a v e r y  i m p o r t a n t  r o l e  in 

t h e  c a l c u l a t i o n  o f  a e r o d y n a m i c  p a r a m e t e r s  a l o n g  t h e  

a e r o f o i l ,  b e c a u s e  t h e  d i s p l a c e m e n t  s u r f a c e  h a s  l e s s

i n c i d e n c e  a n d  l e s s  c a m b e r  t h a n  t h e  a e r o f o i l ,  a n d  t h e  s h a p e  

of t h e  d i s p l a c e m e n t  s u r f a c e  n e a r  t h e  T E  is r e s p o n s i b l e  for 

t h e  r e d u c t i o n  o f  o v e r a l l  c i r c u l a t i o n  a r o u n d  t h e  a e r o f o i l .

As m e n t i o n e d  in t h e  I n t r o d u c t i o n ,  t h e  w a k e  c o u l d  be 

m o d e l e d  as t w o  i n t e r a c t i n g  t u r b u l e n t  s h e a r  l a y e r s  u s i n g  

B r a d s h a w ' s  s u p e r p o s i t i o n  h y p o t h e s i s  (1973) w h i c h  a s s u m e s  

t h a t  t h e  i n t e r a c t i o n  is r e p r e s e n t e d  by a t i m e - s h a r i n g  

p r o c e s s ,  in w h i c h  s h e a r  s t r e s s e s  o f  o p p o s i t e  s i g n  c a n  o c c u r  

at t h e  s a m e  p l a c e  (but not at t h e  s a m e  t i m e )  w i t h o u t  

n o t i c e a b l e  c h a n g e  in t h e i r  t u r b u l e n t  s t r u c t u r e .  T h e

o r i g i n a l  a s s u m p t i o n  w a s  t h e  t r a n s f e r  o f  f l u i d  f r o m  o n e  s e t  

o f  l a r g e  e d d i e s  t o  t h e  o t h e r  by " f i n e - g r a i n e d "  m i x i n g  h a s  

n e g l i g i b l e  e f f e c t .  But a c c o r d i n g  to A n d r e o p o u l o s ' s

e x p e r i m e n t a l  w o r k  ( 1980), t h e  s h e a r - l a y e r  i n t e r a c t i o n  in t h e 

w a k e  i n i t i a l l y  t a k e s  p l a c e  b e t w e e n  t h e  t w o  i n n e r  l a y e r s  

w h o s e  e d d y  s i z e  w a s  p r e v i o u s l y  c o n f i n e d  t o  b e  p r o p o r t i o n a l  

t o  t h e  d i s t a n c e  f r o m  t h e  w a l l  in t h e  l o w  s p e e d  s i d e s  o f  t h e  

b o u n d a r y  lay e r s .  T h i s  is d i f f e r e n t  f r o m  d u c t  or jet f l o w s  

in w h i c h  t h e  m e r g i n g  o c c u r s  b y  m e e t i n g  of the h i g h  s p e e d  

s i d e s  of t h e  s h e a r  l a y e r s .  T h e  i n t e r a c t i o n  o f  t h e  w a k e  

i n v o l v e s  s i g n i f i c a n t  " f i n e - g r a i n e d "  m i x i n g  b u t  s t r u c t u r e
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c h a n g e s  a r e  c o n f i n e d  to the i n n e r  w a k e  r e g i o n .  T h e  

a d d i t i o n a l  " f i n e - g r a i n e d "  s h e a r  s t r e s s  in t h e  i n n e r  w a k e  

r e g i o n  c a n  b e  l e g i t i m a t e l y  r e p r e s e n t e d  b y  a n  e d d y  v i s c o s i t y ,  

b e c a u s e  t h e  l e n g t h  s c a l e  o f  m i x i n g  is m u c h  s m a l l e r  c o m p a r e d  

to t h e  w i d t h  o f  t h e  i n n e r  w a ke.

T h e  b a s i s  o f  t h e  p r e s e n t  m e t h o d  is t h a t  p r o f i l e s  for 

the p o s i t i v e  a n d  n e g a t i v e  s h e a r  s t r e s s e s  a r e  c a l c u l a t e d  

i n d e p e n d e n t l y ,  u s i n g  t h e  t u r b u l e n t  s h e a r  s t r e s s  t r a n s p o r t  

e q u a t i o n  o f  the B F A  m e t h o d  ( e q u a t i o n  2.5), a s s u m i n g  t h a t  

t h e  m e a n  v e l o c i t i e s  a r e  c o m m o n  a n d  t h a t  s m a l l  s c a l e  

f i n e - g r a i n e d  m i x i n g  i s  i n c l u d e d  b y  u s i n g  an e d d y  v i s c o s i t y  

m o d e l  in t h e  i n n e r  w a k e .  H e n c e  t h e  t o t a l  s h e a r  s t r e s s  c a n  

be g i v e n  b y  (see F i g . 2):

T = T + — T + vf-£U-
(2 .1 1 )

For convenience we define T + to be a positive quantity, so 

the shear stress in the lower part of the wake is ( T ’). We 

ignore the dv/dx term in the rate of strain, as curvature 

effects on i>t (also ignored provisionally) will be more 

important.

T h e  p a r a m e t e r s  G a n d  L in e q u a t i o n  (2.5), w h i c h  a r e  d e f i n e d  

a b o v e ,  a r e  e v a l u a t e d  i n  t e r m s  of T + a n d  T ” s e p a r a t e l y  (the 

v a l u e  of the p a r a m e t e r  a 1 is t a k e n  as 0 . 1 5  as in t h e  

b o u n d a r y  l a y e r ) .  T h e  v a l u e  of G is c a l c u l a t e d  t a k i n g  i n t o 

a c c o u n t  t h e  p e a k  v a l u e  of t h e  s h e a r  s t r e s s e s  T + a n d  T  

i n d e p e n d e n t l y  in t h e  s u b r o u t i n e  T P A R A  a n d  T P A R A M .

The equations for the U, V and p calculations are 

the same as in the boundary layer.

(1) h__sca_le_ e q u a t i o n

In the turbulent energy or shear-stress transport
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equation, a length scale is needed for the turbulence 
dissipation term. in the present wake program, the length
scale equation used is based on Bradshaw and Unsworth (1974 
and 1976). An empirical transport equation for a 
representative length scale L in the two-dimensional thin 
shear layer can be written in dimensional corrected form by 
assuming the iS a representative velocity scale for the 
turbulent motion, as follows:

h2u| r  + M | L  = c ^ L i u .  - N  (LV.)
\  z  I J . fa /

where we use for u 2/t  and Cgl are dimensionless, but not 
necessarily constant and is the turbulent transport
velocity. The turbulent velocity may be specified by a 
gradient-diffusion assumption or by an algebraic equation 
analogous to that used for the turbulent transport velocity 
in the shear layer equation, 2a^G^*max . other workers' 
length-scale (dissipation) equations imply that the value of 

was approximately zero, thus we put zero for C^* If 
is known, the equations (2.12) is hyperbolic, with a single 
characteristic angle and we obtain characteristic.equation
along this characteristic line.

d L 
dx
dL _ (h-| h2)1/2 T^Csl

* = t a n - Y
^ h0 u '

( 2.12 )

'2u ' (2.13)
The v a l u e  o f  i s  v a r i e d  i n  t h e  o u t e r  r e g i o n  a s  a

f u n c t i o n  o f  T / n 2 and t h e  r a t e  o f  d i v e r g e n c e  o f  t h e  

s t r e a m l i n e s  i n  t h e  ( x , y )  p l a n e ;

c sl - Cs,s ( 1 + 4 (2,14)

where Cgls is constant and input as 0.15 (see Bradshaw and 
Unsworth 1974) .
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T h i s  l e n g t h  s c a l e  e q u a t i o n  (2.12') is n o t  c o u p l e d  

w i t h  e q u a t i o n s  (2.1), (2.2), (2.3) a n d  (2.5), b e c a u s e  t h e  

g r a d i e n t  of l e n g t h  s c a l e  d o e s  not a p p e a r  in t h e  l a t e r  

e q u a t i o n s .  T h u s  t h e  l e n g t h  s c a l e  e q u a t i o n  c a n  be s o l v e d  

i n d e p e n d e n t l y .  A n  a n a l o g o u s  e q u a t i o n  w i l l  b e  i n c o r p o r a t e d  

in t h e  b o u n d a r y - l a y e r  c a l c u l a t i o n  later t o  d e a l  w i t h  

h i g h l y - c u r v e d  f l o w s .

( 2) Eddy_ y_i_scos_i_ty__C_a_l_cu1_ati_on
T h e  e d d y  v i s c o s i t y  for t h e  " f i n e - g r a i n e d "  s h e a r  

s t r e s s  is d e f i n e d  f r o m  e x p e r i m e n t a l  w o r k  (A n d r e o p o u l o s  a n d  

B r a d s h a w  1980). F r o m  t h a t  work, t h e  v i s c o s i t y  is 

r e p r e s e n t e d  as p a r a b o l i c  fit i n  t h e  inner w a k e  r e g i o n .  T h u s  

t h e  e m p i r i c a l  f o r m  u s e d  in t h e  c a l c u l a t i o n  is

2
"t = Rut d,{1-(-5t) J

(2.15)

w h e r e  u T is t h e  v e l o c i t y  s c a l e ,  R is a d i m e n s i o n l e s s  

c o n s t a n t  a n d  DI is t h e  h a l f - w i d t h  o f  t h e  i n n e r  w a k e .  R  is 

o b t a i n e d  f r o m  t h e  e x p e r i m e n t a l  r e s u l t s  and t a k e n  t o  b e  0 . 1 5  

in t h e  p r e s e n t  c a l c u a t i o n .  T h e  g r a d i e n t  o f  s h e a r  s t r e s s  c a n  

b e  r e p r e s e n t e d  a s  f o l l o w s :

3 / U \
ay ay + -Z-ay  ̂ay * ( 2 . 1 6 )

(3) T_he_ Wj-_dth__Ca_lcu1_ati_?_n

In the eddy viscosity formula, the inner 

half-width DI is needed. This is calculated by usin 

"outgoing" characteristics from the TE. The equation 

3DI _ hiv — (aa-nixO /2
~ h2 u

w a k e  

g t h e  

is:

(2. 1 7 )

We n e g l e c t  V a n d  u s e  ^’m a x  t o  g i v e  the f r i c t i o n  v e l o c i t y  i n
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t h i s  e q u a t i o n :  w e  o b t a i n

N f1/2I*?1. — r  max (2.18)
^ X h2U

_2_._2_._2__The_SoJjiti_on_ Pj^ieJljij:_e__fo_r__t_he_ W a k e

T h e  s o l u t i o n  p r o c e d u r e  is s i m i l a r  to t h e  b o u n d a r y  

l a y e r  r e g i o n ,  but t h e r e  a r e  d e t a i l e d  d i f f e r e n c e s .

(1) L^j}jgth_ sc_al_e _c_a_lcu_1_a_t_i_on

As m e n t i o n e d  a b o v e ,  t h e  l e n g t h  s c a l e  e q u a t i o n  (2.12) 

is d e c o u p l e d .  T h e  c h a r a c t e r i s t i c  e q u a t i o n  ( 2 . 1 2 ' )  is s o l v e d  

by a p p r o x i m a t i n g  m i d - p o i n t  v a l u e s  at t h e  c u r r e n t  s t a t i o n .

( 2 ) U _and_ ^ c a l c u l a t i o n

T h e  u a n d  T  c a l c u l a t i o n s  are p e r f o r m e d  b y  u s i n g  

" i n g o i n g "  a n d  " o u t g o i n g "  c h a r a c t e r i s t i c  e q u a t i o n s  (2.9) a n d 

(2.10). T h e  U a n d  T  c a l c u l a t i o n  p r o c e d u r e  is p e r f o r m e d  

s e p a r a t e l y  for t h e  u p p e r  a n d  l o w e r  p a r t s  of t h e  w a k e .  A 

d e t a i l e d  d e s c r i p t i o n  is p r e s e n t e d  in §2.3.

(3) V__and__p__cal_cu1 a_t_ion

In the w a k e ,  t h e r e  a r e  n o  b o u n d a r y  c o n d i t i o n s  o n  a 

s o l i d  s u r f a c e ,  s o  t h e  b o u n d a r y  c o n d i t i o n  for V  is n o t  k n o w n .

In o r d e r  t o  c a l c u l a t e  V, g i v e n  t h e  l a t e s t  e s t i m a t e  of the 

p r e s s u r e  d i f f e r e n c e  a c r o s s  t h e  w a k e  f r o m  t h e  i n v i s c i d  

c a l c u l a t i o n ,  w e  r e a r r a n g e  t h e  n o r m a l  c h a r a c t e r i s t i c  e q u a t i o n  

(2.8) a n d  i n t e g r a t e .  W e  c a n  o b t a i n  t h e  i n t e g r a t e d  e q u a t i o n  

(see § 2 . 3 ) .

(2.19)

B e c a u s e  t h e  V  c a l c u l a t i o n  is d e c o u p l e d  w i t h  t h e  U a n d  T

c a l c u l a t i o n ,  w e  w r i t e  t h i s  e q u a t i o n  as
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V = - M F 1(y) + F2(y) < 2 .20)
CI

w h e r e  a n d  U c ^ a r e  v a l u e s  at t h e  c e n t r e  l i n e  o f  t h e  MS 

for t h e  w a k e .  F i r s t l y  w e  a s s u m e  V c l =0, a n d  e v a l u a t e  F2(y) 
for t h e  u p p e r  a n d  l o w e r  p a r t s  o f  t h e  w a k e .  A f t e r  e v a l u a t i n g  

F 2 (y) w e  i n s e r t  e q u a t i o n  (2.20) i n t o  t h e  n o r m a l  m o m e n t u m  

e q u a t i o n  (2.3) a n d  i n t e g r a t e  t o  o b t a i n  a q u a d r a t i c  e q u a t i o n

f ° r v c i* T h i s  V c j is i n s e r t e d  i n t o  e q u a t i o n  ( 2 . 2 0 ) ,  so we 

c a n  o b t a i n  t h e  v a l u e  o f  V  at a n y  p o s i t i o n  (see A p p e n d i x  3). 

T h e  s o l u t i o n  p r o c e d u r e  is as f o l l o w s .

(i) T h e  i n i t i a l  p r e s s u r e  d i s t r i b u t i o n  for a l l  e d g e s  o f  the 

w a k e  p r o v i d i n g  U0 as e x t e r n a l  b o u n d a r y  c o n d i t i o n  o n  u, is 

g i v e n  f r o m  t h e  i n v i s c i d  f l o w  c a l c u l a t i o n ,  a n d  t h e  i n i t i a l  

v a l u e s  o f  U, V  a n d  T a r e  g i v e n  f r o m  the b o u n d a r y  l a yer 

c a l c u l a t i o n  a t  t h e  TE.

(ii) C a l c u l a t e  t h e  i n n e r  w i d t h  f r o m  e q u a t i o n  (2.18).

(iii) C a l c u l a t e  t h e  e d d y  v i s c o s i t y  a n d  t h e  g r a d i e n t  o f  s h e a r  

s t r e s s  f r o m  e q u a t i o n s  (2.15) a n d  ( 2 . 1 6 ) .

(iv) C a l c u l a t e  l e n g t h  s c a l e  f r o m  e q u a t i o n  ( 2 .12').

(v) C a l c u l a t e  t h e  U a n d  T v a l u e s  at t h e  f u t u r e  s t a t i o n  by 

u s i n g  t w o  c h a r a c t e r i s t i c  e q u a t i o n s  f o r  t h e  u p p e r  a n d  low e r  

p a r t  o f  t h e  w a k e  s e p a r a t e l y .

(vi) C a l c u l a t e  t h e  V  v a l u e s  b y  u s i n g  t h e  n e w l y  c a l c u l a t e d  U 

a n d  T a t  t h e  f u t u r e  s t a t i o n  (see A p p e n d i x  3).

(vii) C a l c u l a t e  t h e  p r e s s u r e  p h a l f  a s t e p  u p s t r e a m  o f  t h e  u 

c a l c u l a t i o n  p o i n t ,  b y  u s i n g  the n e w l y  c a l c u l a t e d  U, V a n d  T. 

T h e  s t e p  ( i i ) - ( v i i )  a r e  r e p e a t e d  u n t i l  t h e  e n d  o f  t h e  w a k e ,  

s=Sj^ , w h e r e  t h e  d o w n s t r e a m  b o u n d a r y  c o n d i t i o n  is a p p l i e d  as 

d p / d x (s£  ,n )= 0.
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2_._3__IQyneric_al__JteJieine___for__ One__^streamwise__jSweep_ of_ ttie
Calculation

In t h i s  s e c t i o n  w e  s h a l l  d e s c r i b e  t h e  n u m e r i c a l  

s c h e m e  u s e d  in t h e  m a i n  p a r t  o f  t h e  s h e a r  l a y e r  c a l c u l a t i o n  

i n c l u d i n g  t h e  w a k e .  T h e  g o v e r n i n g  e q u a t i o n s  for b o u n d a r y  

l a y e r  r e g i o n  a n d  w a k e  a r e  t h e  same, e x c e p t  for s ome 

a d d i t i o n a l  t e r m s ,  a n d  t h e  l e n g t h - s c a l e  e q u a t i o n ,  in the 

wak e .  H e n c e  t h e  n u m e r i c a l  p r o c e d u r e s  for t h e  b o u n d a r y  l a y e r  

r e g i o n  a n d  t h e  w a k e  r e g i o n  w i l l  b e  d e s c r i b e d  s e p a r a t e l y  o n l y  

w h e r e  n e c e s s a r y .

S i n c e  t h e  s h e a r  l a y e r  c a l c u l a t i o n  is b a s e d  o n  t h e  

M a h g o u b  a n d  B r a d s h a w  m e t h o d ,  w e  w i l l  m a i n l y  p o i n t  o u t  the 

c h a n g e s  m a d e  in t h e  p r e s e n t  m e t h o d  f r o m  t h e  M a h g o u b  a n d  

B r a d s h a w  m e t h o d ,  b u t  a b r i e f  e x p l a n a t i o n  o f  t h e  M a h g o u b  a n d 

B r a d s h a w  m e t h o d  w i l l  b e  g i v e n  a s  n e e d e d .  For f u l l  d e t a i l s  

of t h e  n u m e r i c a l  m e t h o d  t h e  r e a d e r  is r e f e r r e d  t o  M a h g o u b  

a n d  B r a d s h a w  (1979) or B r a d s h a w  a n d  U n s w o r t h  (19 7 4  a n d 

1976).

(1) The_ ca_lcu_1atj_on__gr_id__sy_stem

T h e  d o m a i n  o f  t h e  s h e a r  l a y e r  c a l c u l a t i o n  i n c l u d i n g  

the w a k e  a n d  t h e  c a l c u l a t i o n  g r i d  s y s t e m  is s h o w n  in Fig.l. 

T h e  f l o w  f i e l d  is d i v i d e d  b y  a s e r i e s  of s t r a i g h t  l i n e s  

n o r m a l  t o  t h e  b o d y  s u r f a c e  a l o n g  t h e  a e r o f o i l  a n d  n o r m a l  to 

the c e n t r e  l i n e  o f  t h e  M S  in t h e  wake, e x c e p t  in the

t r a n s f o r m a t i o n  r e g i o n :  t h e s e  a r e  t h e  s - s t a t i o n s .  A s e r i e s

of c u r v e d  c o n s t a n t - n  l i n e s  is t h e n  d r a w n ,  p a r a l l e l  to the 

b o d y  s u r f a c e  or t o  t h e  c e n t r e  l i n e  o f  t h e  M S  in t h e  w a k e .  

In t h e  " t r a n s f o r m a t i o n  r e g i o n "  n e a r  t h e  T E  a

f u l l y - c u r v i l i n e a r  (</>,</») c o o r d i n a t e  s y s t e m  is u s e d  (see
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§2 .4 ).

T h e  i n d e x  i is u s e d  for t h e  g r i d  p o i n t s  a l o n g  t h e  

s - d i r e c t i o n  f r o m  th e t r a n s i t i o n  p o i n t  to  the s t a r t i n g  p o i n t  

of  t h e  t r a n s f o r m a t i o n ,  and f r o m  t h e  last p oi n t  of th e  

t r a n s f o r m a t i o n  in th e w a k e  to t h e  d o w n s t r e a m  fac e o f  t h e  MS, 

s = s ^ . T h e  s - s p a c i n g  is d e t e r m i n e d  as the c a l c u l a t i o n

p r o c e e d s , by u s i n g  the C F L  s t a b i l i t y c o n d i t i o n , a n d

i n c r e a s e s as t h e  s hea r l a y e r  t h i c k n e s s i n c r e a s e s . T h e

s - c o o r d i n a t e  o f  a n y  g r i d  p o i n t  is d e n o t e d  by s^ a n d t he  

s t r e a m w i s e  s p a c i n g  is A s i= s s i _ 1 , r e f e r r e d  to as th e  

s - s t e p .  In t h e  t r a n s f o r m a t i o n  r e g i o n ,  the  c o o r d i n a t e  o f  a n y  

p o i n t  is d e n o t e d  as (p , a n d  A<p = 9\ - is the s t r e a m w i s e

s p a c i n g .

Fo r a n y  g i v e n  s - s t a t i o n  t h e  g r i d  p o i n t s  a r e  e q u a l l y  

s p a c e d  in t h e  n d i r e c t i o n  in t h e  t r a n s f o r m a t i o n  r e g i o n )  

a n d  a re  t e r m e d  "m e sh  p o i n t s " .  T h e  i nde x j is u s e d  for 

n o r m a l  d i r e c t i o n  a n d  An is t h e  c o n s t a n t  n-s t ep . T h e s e  m e s h  

l i n e s  run f r o m  t h e  w a l l  to t h e  M S  on  t he a e r o f o i l ,  a n d  for  

t h e  w a k e  f r o m  t he  lo w e r  to t h e  u p p e r  MS w h e r e  e x t e r n a l  

b o u n d a r y  c o n d i t i o n s  a r e  s u p p l i e d .  H e n c e  j=0 r e p r e s e n t s  t h e  

p o s i t i o n  at the w a l l  in the a e r o f o i l  and  j=jcl r e p r e s e n t s  

t h e  c e n t r e  l i n e  o f  t h e  M S  in t h e  w a k e .  The n u m b e r  of p o i n t s  

b e t w e e n  t h e  w a l l  a nd  the M S  is an i n t e g e r  i n d e p e n d e n t  o f  s, 

b ut  t h e  v a l u e  o f  t h e  n o r m a l  c o o r d i n a t e  n at the MS d e p e n d s  

on  s. In t he  t r a n s f o r m a t i o n  r e g i o n ,  the s - s t e p  is r e d u c e d :  

a s m o o t h  r e d u c t i o n  o f  s - s p a c i n g  is n e e d e d  as we a p p r o a c h  t h e  

t r a n s f o r m a t i o n  re g i o n ,  a n d  in t h i s  p r o g r a m  the s t r e a m w i s e  

s p a c i n g  is r e d u c e d  p a r a b o l i c a l l y  b e t w e e n  s = 0 .9c a n d  t h e  

s t a r t  of t h e  t r a n s f o r m a t i o n  r e g i o n  (s/c>l at TE, but  x / c = l ) .

(2) T he  U a n d  T  c a l c u l a t i o n
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Th e e q u a t i o n s  s o l v e d  to o b t a i n  U a n d  T at a n y  

s t a t i o n  w i t h  g i v e n  V a nd p ( s , n  or 9 , $ )  are (2.9) a nd (2.10) 

a l o n g  th e t w o  i n c l i n e d  c h a r a c t e r i s t i c  d i r e c t i o n s  (see Fig. 

3). For a f u l l  d e s c r i p t i o n  o f  t h e  m e t h o d  s e e  B r a d s h a w  a n d  

U n s w o r t h  (1 9 7 4  a n d  1976) or M a h g o u b  (1978). A M  a n d  BM 

r e p r e s e n t s  t h e  s e g m e n t s  o f  " ing oi ng"  a n d  " o u t g o i n g "

c h a r a c t e r i s t i c s  at a n y  p o i n t  M w h e r e  the u a n d  T v a l u e s  a r e  

c a l c u l a t e d .  T h e  i n c l i n a t i o n  o f  c h a r a c t e r i s t i c s  is

h 1 dy _  y  +  g  +  ff 
h2 dx u

at p o i n t  M in Fig. 3. C is t h e  m i d - p o i n t  o f  t h e  " i n g o i n g "  

c h a r a c t e r i s t i c  s e g m e n t  A M  a n d  c' is the m i d - p o i n t  o f  t h e  

" o u t g o i n g "  c h a r a c t e r i s t i c  s e g m e n t  B M . E q u a t i o n s  (2.9) a n d  

(2.10) a r e  s o l v e d  a l o n g  A M  a n d  BM and  can be  w r i t t e n  as :

rn--*-(Ci- c2)]du - 0
hi h2 U dx =0

(2.22)

T[1--jL(Cl-c2)]du - ^ - ( a +/3)dr--ir̂ 1}dx =0
1 1 2 (2.23)

Equation (2.22) is solved along AM while equation 

(2.23) is solved along BM. We can write (2.22) and (2.23) 

in finite difference form (see Fig. 3) as

rmidt1— Sd^1_C2)l û,ut_ Uin‘)
— 1 (a + B)(t — r ) — ■ X---— 02a., t jnt '  ( 2.24) , (  2.25)

where Ufut and Tfut are the values of u and T at the 

"future" station and U^nt and "^nt ace values of U and T at 
A and B/ obtained by parabolic interpolation at the
"current" station; since the values of U and T  are known at 

the current station at the mesh point, the values of U and T 
at A and B can be obtained. For the terms which are not 

derivatives, we centre at the mid-points c and c' in Fig. 3.
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For t he  " p r e d i c t o r " s tep , U ^ ,  v m i d  and T m i d  ar e  

a p p r o x i m a t e d  b y  v a l u e s  at t h e  c u r r e n t  s t a t i o n .  W e  s o l v e  th e  

e q u a t i o n s  (2.24) a n d  (2.25) a l o n g  A M  a n d  BM to o b t a i n  U f ut 

and T ^  v a l u e s  at t h e  " f u t u r e "  s t a t i o n .  T h i s  p r o c e d u r e  

c o n t i n u e s  f r o m  t he  f i r s t  m e s h  p o i n t  a b o v e  t he w a l l  to t he  

MS. To i m p r o v e  t h e  a c c u r a c y ,  w e  u s e a " c o r r e c t o r "  s t e p  at 

the s a m e  s t a t i o n .  A f t e r  o b t a i n i n g  U f u t , *^*fut a n d  V fut

v a l u e s  for U m ^d , T ini (3 a n d  V m i d ec2ual to t he a v e r a g e s  o f  

c u r r e n t  v a l u e s  a n d  n e w l y - p r e d i c t e d  v a l u e s  are used. T he  

s o l u t i o n  p r o c e d u r e  a l o n g  A M  a n d  BM is r e p e a t e d  to o b t a i n  

" c o r r e c t e d "  a nd  at t h e  f u t u r e  s t a t i o n .  In t h e  

o r i g i n a l  B FA  m e t h o d  t h e  u p d a t e  w a s  d on e  o n l y  in t h e  i n n e r  

layer, bu t h e r e  w e  c o n t i n u e  f r o m  t h e  f irs t p o i n t  a b o v e  t h e  

w a l l  to the M S  to i m p r o v e  i n t e r a c t i o n  b e t w e e n  p r e s s u r e  a n d  

v e l o c i t y .  For t h e  v a l u e s  o f  U, T a n d  V at t h e  f ir st  p o i n t ,  

s ee the w a l l  b o u n d a r y  c a l c u l a t i o n  l a t e r  in t h i s  s e c t i o n .

T h e  m a i n  d i f f e r e n c e s  b e t w e e n  the  M B  m e t h o d  a n d  t h e  

p r e s e n t  m e t h o d  are  as  f o l l o w s :

F i r s t l y ,  t he  s t a g g e r e d  g r i d  is u s e d  for i m p r o v i n g  

n u m e r i c a l  a c c u r a c y  a n d  s t a b i l i t y .  S e c o n d l y  the { 9  ,<P) 

c o o r d i n a t e  s y s t e m  is u s e d  t o  i m p r o v e  n u m e r i c a l  a c c u r a c y  by 

m a k i n g  a s m o o t h  c h a n g e  f r o m  the (s,n) c o o r d i n a t e s  o f  th e  

b o u n d a r y  l a y e r  r e g i o n  t o  t h e  (s,n) c o o r d i n a t e s  of the w a k e ,  

for an a e r o f o i l  w i t h  f i n i t e  T E  angle .

In the  MB m e t h o d  c e n t r a l  d i f f e r e n c i n g  is u s e d  for 

t h e  dp / dx  t e r m  to p r o v i d e  u p s t r e a m  i n f l u e n c e  in the U a n d  V  

c a l c u l a t i o n .  The p r e s s u r e  p is c a l c u l a t e d  at o n e  s t e p  

b e h i n d  ( u p s t r e a m  of) t h e  v e l o c i t y - c a l c u l a t i o n  p o i n t  s o  as to  

u se the sa m e c e n t r a l  d i f f e r e n c i n g  for dv/dx, the d o m i n a n t  

t e r m  in the n o r m a l  m o m e n t u m  e q u a t i o n .  But M a h g o u b  (1978) 

o b t a i n e d  d i v e r g e d  v a l u e s  a f t e r  s e v e r a l  s w e e p s ,  b e c a u s e  in
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the v i s c o u s / i n v i s c i d  m a t c h i n g  p r o c e d u r e  c e n t r a l  d i f f e r e n c i n g  

for dp/3x an d B v / B x  c a n n o t  d i s s i p a t e  s m a l l  w i g g l e s  (Issa 

1983) an d p r o p a g a t e s  u p s t r e a m  i n f l u e n c e  t o o  r a p i d l y .  In 

C h e n  a n d  B r a d s h a w  (1982) U, V, V a n d  p are c a l c u l a t e d  at  th e  

s a me  s t a t i o n  in t h e  s t r o n g  i n t e r a c t i o n  r e gi on .  For t he  

3p/3x term,  f o r w a r d  d i f f e r e n c i n g  s c h e m e  is u s e d  to t a k e  

a c c o u n t  o f  u p s t r e a m  i n f l u e n c e ,  and t h e y  i n s i s t  on  i t e r a t i o n  

at t he  s a m e  s t a t i o n  for t h e p r e s s u r e - v e l o c i t y  c o u p l i n g ,  in 

w h i c h  the n e w l y - c a l c u l a t e d  p r e s s u r e  d i s t r i b u t i o n  is u s e d  for 

the  U ,V  an d T  c a l c u l a t i o n  to get r e m o v e  i n c o n s i s t e n c y  

b e t w e e n  p r e s s u r e  a n d  v e l o c i t y .  But if the n e w l y  c a l c u l a t e d  

p v a l u e  at c u r r e n t  s t a t i o n  a n d  p r e v i o u s  s w e e p  v a l u e  at t h e  

f u t u r e  s t a t i o n  ar e u s e d  for the 3 p / 3 x  t e r m  in t h e m o m e n t u m  

e q u a t i o n ,  th e  i n c o n s i s t e n c y  b e t w e e n  t h e  U , V , T a n d  p r e s s u r e  

v a l u e  e x i s t s  in th e p r e s e n t  s w e e p  a n d  t h e  u p s t r e a m  i n f l u e n c e  

is l a g g e d  b y  o n e  s w e e p  i n s i d e  t he b o u n d a r y  layer . In t he  

p r e s e n t  p r o g r a m  w e  i t e r a t e  v i s c o u s / i n v i s c i d  m a t c h i n g  

p r o c e d u r e  by u s i n g  g l o b a l  p r e s s u r e  r e l a x a t i o n ,  a nd a l l o w  

u p s t r e a m  i n f l u e n c e  i n s i d e  the  s h e a r  l a y e r  to  r e m o v e  t h i s  

i n c o n s i s t e n c y  b y  u s i n g  s t a g g e r e d  g r i d  p o i n t s  for p r e s s u r e  

a nd  f o r w a r d  d i f f e r e n c i n g  for t h e  B p / B  x term. T h e  c e n t e r i n g  

p o i n t  is s h o w n  in Fig. 6 : t h e  p r e s s u r e  g r i d  p o i n t s  a r e h a l f  

a s t e p  u p s t r e a m  o f  t h e  a s s o c i a t e d  v e l o c i t y  a n d  s he ar  s t r e s s  

g r i d  p o i n t s .  U p s t r e a m  i n f l u e n c e  is p r o p a g a t e d  a l s o  t h r o u g h  

BV / B x  t e r m  in the p r e s s u r e  c a l c u l a t i o n .  We use  d i f f e r e n t  

c e n t e r i n g  p o i n t s  for the s t r e a m w i s e  m o m e n t u m  e q u a t i o n  a n d  

t he  c o n t i n u i t y  e q u a t i o n ,  for u n c o n d i t i o n a l  s t a b i l i t y  

(V . D e d o u s s i s ,  p r i v a t e  c o m m u n i c a t i o n  a n d P h D  t h e s i s  1987). 

For the f i n i t e  d i f f e r e n c i n g  of B p / B x  we u s e  a f o r w a r d  

d i f f e r e n c i n g  s c h e m e .  H e n c e  t h e  p r e s s u r e  g r a d i e n t  is:
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l-if)
- ( Pi + 1 ~ P

Ax 4 , (2.26)

T h e  u p s t r e a m  i n f l u e n c e  is p r o p a g a t e d  h a l f  an s - s t e p  p er  

s w e e p  v ia  th e 3p/3x.

( 3) V__and__p_ Cail_c_ul

W e  s o l v e  t he  v e r t i c a l  c h a r a c t e r i s t i c  e q u a t i o n  (2.7) 

to  o b t a i n  V, a n d  so l v e  t h e n o r m a l  m o m e n t u m  e q u a t i o n  (2.3) to 

o b t a i n  p, at an y s t a t i o n  (see F ig.  5), h a v i n g  t h e  n e w l y  

c a l c u l a t e d  U a n d  T  at that s t a t i o n .  A s  s h o w n  in Fig. 3, 

g i v e n  the  n e w l y  c a l c u l a t e d  U a n d  T  , we c a l c u l a t e d  V  by  

s o l v i n g  a l o n g  t he  v e r t i c a l  c h a r a c t e r i s t i c .  A f t e r  o b t a i n i n g  

t he  U, T  an d V v a l u e s  at the f u t u r e  s t a t i o n ,  we s o l v e  t h e  

n o r m a l  m o m e n t u m  e q u a t i o n  ( 2 .3 ) for p - p

N o w  w e  d e s c r i b e  the f i n i t e  d i f f e r e n c e  s c h e m e  

a p p l i e d  to s o l v e  t he  e q u a t i o n s  (2.3) a n d  (2.8).

(i) For the n o r m a l  d e r i v a t i v e  of a n y  q u a n t i t y  a p p e a r i n g  in

t he  e q u a t i o n s ,  w e  use c e n t r a l  d i f f e r e n c i n g  c e n t r e d  at p o i n t

A (see Fig. 5). For i n s t a n c e  d p / d y  is a p p r o x i m a t e d  by 
3 P pj - Pj-i
3 y

(ii) For t h e  s t r e a m w i s e  d e r i v a t i v e  o f  any  q u a n t i t y  w e  us e

backward differencing (i.e. differencing centred at the 

point A). For instance, is approximated by
_ Tj - Tj,-,

But for the s t r e a m w i s e  p r e s s u r e  g r a d i e n t  term, w e  use 

f o r w a r d  d i f f e r e n c i n g  to p r o p a g a t e  t h e  u p s t r e a m  i n f l u e n c e .  

A l s o  in th e n o r m a l  m o m e n t u m  e q u a t i o n  for p , v d V / 3 x  is the 

d o m i n a n t  te r m ,  r e p r e s e n t i n g  the s t r e a m l i n e  c u r v a t u r e ,  s o  in 

e q u a t i o n  (2.3) w e  us e f o r w a r d  d i f f e r e n c i n g  c e n t r e d  at Y (see 

F i g . 6 ). B e c a u s e  the n e w l y  c a l c u l a t e d  V  at x^ is u s e d  for 

t he  s t r e a m w i s e  n o r m a l  v e l o c i t y  g r a d i e n t  t e r m  in c a l c u l a t i n g  

p, th e u p s t r e a m  i n f l u e n c e  is p r o p a g a t e d  h a l f  a s t e p  t h r o u g h
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3 V / 3 x  t e r m  i n s i d e  s h e a r  layer . H e n c e  as m e n t i o n e d  in 

p r e v i o u s  s u b s e c t i o n  t h e  u p s t r e a m  i n f l u e n c e  p r o p a g a t e d  o n e  

s t e p  in si de  sh e ar  l a y e r  for o n e  sweep.

The finite difference equations for V is as follows:

h2 u - i - r ( vu U" Ay 2 (UU + UM-1)X

(_Vii -V ,.H ') = ( E2 - U E l ) u  (2.27)
V AY

T h u s  we can o b t a i n  t h e  V  v a l u e s  at t h e f u t u r e  s t a t i o n .  T h e  

s o l u t i o n  p r o c e d u r e  c o n t i n u e s  f r o m  t h e  f irs t m e s h  p o i n t  a b o v e  

t he  w a l l  to the MS.

A f t e r  c a l c u l a t i n g  V we c a l c u l a t e  p at t h e  h a l f - s t e p  

d o w n s t r e a m  p o i n t  w i t h  t h e  b o u n d a r y  c o n d i t i o n  at t h e  M S  g i v e n  

by  the i n v i s c i d  c a l c u l a t i o n  (see C h a p t e r  3) : t h i s  

c a l c u l a t i o n  p r o c e e d  f r o m  the MS to the w all . T h e  n e w l y  

c a l c u l a t e d  p is u n d e r r e l a x e d  by u s i n g  u n d e r r e l a x a t i o n  f a c t o r  

.09.

In t he  w a k e  r e g i o n ,  a b o u n d a r y  c o n d i t i o n  for V  is 

no t given , as m e n t i o n e d  in §2.2. We i n t e g r a t e  t h e  n o r m a l  

m o m e n t u m  e q u a t i o n  (2.3) b y  a s s u m i n g  t h e v e l o c i t y  

d i s t r i b u t i o n  as s h o w n  in e q u a t i o n  (2 .2 0 )-see § 2 .2 .

( 4 ) The_ w_al_l_ b o u n d a_ry_ _ca leu 1 a_ti o_n

As s ee n  in t h e  p r e v i o u s  s e c t i o n s ,  t h e U, V  a n d  T 

c a l c u l a t i o n s  s t a r t  f r o m  t h e  f ir s t  m e s h  p o i n t  a b o v e  t h e  w a l l ,  

a s s u m i n g  the v a l u e s  v 1 a n d  (where t h e  s u f f i x n l n 

d e n o t e s  the f i r s t  m e s h  p o i n t  a n d  nw" for t h e  w a l l ) .  H e n c e  

th e  p u r p o s e  of t h e  w a l l  b o u n d a r y  c a l c u l a t i o n  is t o  o b t a i n  

t he  v a l u e s  of U^, v^, a n d  g i v e n  U=0 a nd V = 0  at w a l l .

T h i s  is p e r f o r m e d  by  u s i n g  t h r e e  e q u a t i o n s :

(i) T he  l o g a r i t h m i c  l a w  o f  t h e w a l l  for t h e  i n n e r  l a y e r  of  

t h e  t u r b u l e n t  s h e a r  l a y e r ,  a p p l i e d  at the f i r s t  m e s h  p o i n t  

(w ith  an e x t r a  t e r m  ( T o w n s e n d  1961) in c as e s  w h e r e  3 T / d y  is
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s i g n i f i c a n t ).

(ii) T he  s t r e a m w i s e  

n o r m a l  d i r e c t i o n  (y) 

b y  u s i n g  a o n e - f i f t h  

p r o f i l e  .

m o m e n t u m  e q u a t i o n  

f r o m  the w a l l  to  the 

p o w e r  l a w  a s s u m p t i o n

i n t e g r a t e d  in t h e  

f i r s t  m e s h  p o i n t  

for t h e  U v e l o c i t y

(iii) Th e  e q u a t i o n  a l o n g  t he s e g m e n t  of t h e " i n g o i n g "  

c h a r a c t e r i s t i c  w h i c h  e n d s  at t h e f i r s t  m e s h  p o i n t  (see Fig. 

4) .

T h e s e  t h r e e  e q u a t i o n s  for [ ^ , * * 1 a nd v 1 a r e  n o n l i n e a r

a nd  are s o l v e d  i t e r a t i v e l y  u s i n g  N e w t o n ' s  m e t h o d .  S i n c e  V-̂

a n d  th e a n g l e  o f  t h e  i n g o i n g  c h a r a c t e r i s t i c  a r e  n e e d e d  in

t h i s  c a l c u l a t i o n ,  v a l u e s  at p r e v i o u s  s t a t i o n  a r e  u s e d  as a

fi r s t  g u es s , a s  in t h e  U a n d T c a l c u l a t i o n .
A f t e r  o b t a i n i n g  c o n v e r g e d  s o l u t i o n s  for U^, T  a n d

Tw , we e v a l u a t e  by  i n t e g r a t i n g  t h e  c o n t i n u i t y  e q u a t i o n

(2 .1 1 ) in t he  y - d i r e c t i o n  f r o m  t he w a l l  to t h e  f i r s t  m e s h

p o i nt , a g a i n  t a k i n g  a o n e - f i f t h  p o w e r  l a w  for U p r o f i l e .

Th e  n e w l y  c a l c u l a t e d  V v a l u e s  a r e u s e d  in a n o t h e r  p a s s

t h r o u g h  N e w t o n ' s  m e t h o d  t o  o b t a i n  n e w  U , , T  a n d  T  v al u e s .i 1 w
Th e  n e w  v a l u e s  o f  , T  a n d  T  are u s e d  t o  o b t a i n  a V, a n d1 l w
s o  o n .

T h e  d e t a i l e d  c a l c u l a t i o n  p r o c e d u r e  is d e s c r i b e d  in  A p p e n d i x

3.

2_._4_ _ jTransJr̂ jrjnat ion_ _regî on
In t h e  t r a n s f o r m a t i o n  r e g i o n ,  t h e  c u r v i l i n e a r  

o r t h o g o n a l  c o o r d i n a t e  s y s t e m  (<p,^) is u s e d  a s  m e n t i o n e d  in 

the  i n t r o d u c t i o n .  T h e  e q u a t i o n s  a r e  the s a m e  as in the  

(s,n) c o o r d i n a t e  s y s t e m  e x c e p t  for d i f f e r e n t  m e t r i c  v a l u e s  

(and an e x t r a  m e t r i c  v a l u e  b e c a u s e  t h e  c o n s t a n t -  (p l i n e s  ar e  

c u r v e d  w h i l e  t h e  c o n s t a n t - s  l in es  a r e s t r a i g h t ) .  T h e
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s o l u t i o n  p r o c e d u r e  is a l s o  t h e  s a m e  as in (s,n) c o o r d i n a t e  

sy st em .

In o r d e r  t o  s t a r t  t h e c a l c u l a t i o n  a t r a n s f e r  of 

v a l u e s  of v a r i a b l e s  f r o m  (s,n) c o o r d i n a t e s  to  t h e  

c o o r d i n a t e  s y s t e m  is n e e d e d .  A p a t c h i n g  s c h e m e  b e t w e e n  

(s,n) and  (^>,1/0 c o o r d i n a t e  s y s t e m  by u s i n g  q u a r t i c  

p o l y n o m i a l  f i t s  o v e r  o n e  s t r e a m w i s e  s t e p  is u s e d  to s m o o t h  

out t he  t r a n s i t i o n  (see C h a p t e r  4). H o w e v e r  t h e  c u r v e d  

<p-line at t he  s t a r t  o f  t h e  {<p, \J/) r e g i o n  d o e s  not  m a t c h  t h e  

s t r a i g h t  s - l i n e  at t h e  p a t c h i n g  p o i n t  e xa ct l y .  T o  r e m o v e  

t h i s  d i f f i c u l t y  w e  u s e d  i n t e r p o l a t i o n  at the  p a t c h i n g  p o i n t  

in the c o o r d i n a t e  s y s t e m  (see Fig. 6 ). C a l c u l a t i o n s

a re  p e r f o r m e d  at t w o  s - c o o r d i n a t e s  a r o u n d  the p a t c h i n g  p o i n t  

an d all the  v a l u e s  a r e  t r a n s f e r r e d  i n t o  {ip,\J/) c o o r d i n a t e  

s y s t e m  b y  t he  t e n s o r  r e l a t i o n s ,  a n d  t h e n  i n t e r p o l a t e d  at t h e  

p a t c h i n g  po i n t .  At t h e  d o w n s t r e a m  e n d  o f  the t r a n s f o r m a t i o n  

re gi on , th e r e v e r s e  p r o c e d u r e  is p e r f o r m e d  f r o m  { V , ^ )  

c o o r d i n a t e  to (s,n) c o o r d i n a t e s ,  i.e c a l c u l a t i o n s  at t w o  

v a l u e s  o f  <p.

2_._5__ Descr ijp_tio_n_̂ >_f_ the_ pr_ogram
In t h i s  s e c t i o n ,  a d e t a i l e d  d e s c r i p t i o n  o f  t h e  

p r o g r a m  for the b o u n d a r y  l a y e r  a n d  w a k e  c a l c u l a t i o n  is 

p r e s e n t e d .  T h e  r e l e v a n t  p r o g r a m  l i s t i n g ,  n a m e l i s t  a n d  f l o w  

c h a r t s  w i l l  be g i v e n  in A p p e n d i x  5. Some c o m p l e t e l y  n e w  

s u b r o u t i n e s  like, T R A N S F  for t h e  t r a n s f o r m a t i o n ,  h a v e  b e e n  

a d d e d  to t he  p r o g r a m  o f  M a h g o u b  a n d  B r a d s h a w  (1979) a n d  t h e  

o t h e r s  h a v e  b e e n  e x t e n s i v e l y  r e w r i t t e n  for e a s e  of  

u n d e r s t a n d i n g ,  s o  t h a t  n e a r l y  a ll t h e  c o d e  has  b e e n  w r i t t e n  

b y  t h e  p r e s e n t  a u t h o r .  For a full d e s c r i p t i o n  of t h e

original BFA program the reader is referred to Bradshaw and
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LJnsworth ( 1 97 4 ,1 97 6 ) and Mahgoub and Bradshaw(1979).

We w i l l  d e s c r i b e  t h e  b o u n d a r y  layer p r o g r a m  in 

s e c t i o n  2.5.1 and the w a k e  p r o g r a m  in s e c t i o n  2.5.2.  It is 

c o n v e n i e n t  to d e s c r i b e  the  m a i n  r o u t i n e  first  a n d  t h e n  to 

d e s c r i b e  the s u b r o u t i n e s .

2_.J5_.JL__The_ Boundary _Layer
(1) T he_ _ m a i n _ i _ n e _  o_f__TURB

The m a i n  f l o w  c h a r t  of t h e  c a l c u l a t i o n  p r o c e d u r e  is 

s h o w n  in Fig. 9. T h e  m a i n  U, T and  V  calculation p r o c e d u r e  

is e x e c u t e d  tw i c e  in e a c h  s w e e p ,  once for e a ch  a e r o f o i l  

s u r f a c e .  A f t e r  r e a d i n g  s o m e  input v a r i a b l e s  a n d  

i n i t i a l i s i n g  the c a l c u l a t i o n ,  t h e  s u b r o u t i n e  I NI T I A L ,  w h i c h  

i n c l u d e s  s u b r o u t i n e  I N P U T V  a n d  s u b r o u t i n e  START , is c a l l e d .  

S u b r o u t i n e  S T A R T  i n c l u d e s  s u b r o u t i n e  SYNTH, in w h i c h  t h e  

l a m i n a r  b o u n d a r y  l a y e r  c a l c u l a t i o n  is p e r f o r m e d  by T h w a i t e s '  

i n t e g r a l  m e t h o d  and t he i n i t i a l  " s y n t h e t i c "  p r o f i l e s  of  U , T  

a nd  6 etc. at the t r a n s i t i o n  p o i n t  are set up, u s i n g  C o l e s '  

p r o f i l e  family. G i v e n  t he s y n t h e t i c  U and T p r o f i l e s ,  t h e  

V  p r o f i l e s  are d e t e r m i n e d  by  u s i n g  the n o r m a l  c h a r a c t e r i s t i c  

e q u a t i o n ,  and  e x c e p t  on t h e  f i r s t  s w e e p  the s t o r e d  p r e s s u r e  

f i e l d  in the  SL is s h i f t e d  to  m a k e  it c o n s i s t e n t ,  at t h e  

m a t c h i n g  s u r f a c e ,  w i t h  t h e  p r e s s u r e  d i s t r i b u t i o n  f r o m  t h e  

n e w e s t  i n v i s c i d  c a l c u l a t i o n  ( th e  o l d  a nd n e w  v a l u e s  of p ms
being different until the calculation converges). We write

p(s'n)=pms(s) + [ P < s , n ) - P ms<s >]stored (2<28)
The calculation loop now begins and continues until

the TE is reached. The boundary thickness and the T-1 m a x
value for scaling L,G in the turbulence model are calculated 

from subroutine TPARA. The two characteristic angles to be
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u s e d  for t he  f u t u r e  s t a t i o n  a r e  c a l c u l a t e d  f r o m  s u b r o u t i n e  

T A N C A L .  T he  s u b r o u t i n e  P R I N T  p r i n t s  out a ll t h e r e q u i r e d  

v a r i a b l e s .  We t h e n  c a l c u l a t e  t h e  i n t e g r a l  p a r a m e t e r s  l i k e  0 

in s u b r o u t i n e  I N T P A R ,  a n d c a l c u l a t e  the n e w  s - s t e p  (XSTEP) 

a n d  s (X) for t h e  " f u t u r e "  s t a t i o n  in s u b r o u t i n e  CFL. In 

the s u b r o u t i n e  M A T S U R F  the m a t c h i n g  s u r f a c e  h e i g h t  is 

a d j u s t e d  a n d  w e  c a l c u l a t e  t he t a n g e n t i a l  a n d  n o r m a l  v e l o c i t y  

(U E X T / V E X T ) on  t h e  n e w  MS. T h e n  b o u n d a r y  v a l u e s  for the 

f u t u r e  s t a t i o n  a r e  p r o v i d e d  b y  t h e  s u b r o u t i n e  B V A L U E S ,  a nd  

m e t r i c  v a l u e s  a n d  3 p / 3 x  v a l u e s  a r e  set  up  in t h e s u b r o u t i n e  

T I MS ET .  T h e  U, V  a n d  T v a l u e s  at t h e f ir st  m e s h  p o i n t  for 

the f u t u r e  s t a t i o n  a r e c a l c u l a t e d  by a p p l y i n g  t h e w a ll  

b o u n d a r y  c o n d i t i o n  ( e x t e n d e d  l o g a r i t h m i c  law) in the 

s u b r o u t i n e  W A L L B C  w h i c h  a l s o  c h e c k s  s e p a r a t i o n .  If 

s e p a r a t i o n  o c c u r s ,  t h e  p r o g r a m  stops:  in p r i n c i p l e ,  the 

i n v i s c i d  p r e s s u r e  d i s t r i b u t i o n  c o u l d  b e  a r b i t r a r i l y  m a d e  

le ss  a d v e r s e  a n d  t h e  c a l c u l a t i o n  r e - s t a r t e d .

The U a n d  T p r o f i l e s  at t h e f u t u r e  s t a t i o n  are 

c a l c u l a t e d  in t he  s u b r o u t i n e  N E W P R O ,  and  t h e  V p r o f i l e  in 

s u b r o u t i n e  V P R E S S .  We n ex t  r e - c a l c u l a t e  c h a r a c t e r i s t i c  

a n g l e s  by u s i n g  n e w l y  c a l c u l a t e d  U, V a n d  T  an d  

r e - c a l c u l a t e  U, V  a n d  T , u s i n g  t h o s e  n e w  c h a r a c t e r i s t i c  

a n g l e s ,  in a n o t h e r  p a s s  t h r o u g h  N E W P R O  a n d  V P R E S S .  T he  

p r e s s u r e  is c a l c u l a t e d  h a l f  a s t e p  u p s t r e a m  o f  t h e "fu t ur e "  

s t a t i o n ,  u s i n g  n e w l y  c a l c u l a t e d  U, V a n d  T, a n d the 

c o e f f i c i e n t s  of a 5t h - o r d e r  p o l y n o m i a l  fit t o  t h e  p r e s s u r e  

p r o f i l e  p(y) a r e  e v a l u a t e d  in t h e  s u b r o u t i n e  V P R E S S .  T he  

u n d e r r e l a x e d  p r e s s u r e  (fi=.09) is s t o r e d  for the n e x t  sweep. 

W h e n  the t r a n s f o r m a t i o n  r e g i o n  is a p p r o a c h e d ,  i n t e r p o l a t i o n  

o f  the  v a r i a b l e s  is d o n e  in t h e  s u b r o u t i n e  T R A N S F .  In the 

t r a n s f o r m a t i o n  r e g i o n  t h e  ((p,\J/) c o o r d i n a t e  s y s t e m  is a p p l i e d
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by u s i n g  t he  " i n v i s c i d  w e d g e  flow" t r a n s f o r m a t i o n .  T h e  

c a l c u l a t i o n  p r o c e d u r e  c o n t i n u e s  u n t i l  the TE. W h e n  t h e T E  

is r e a c h e d ,  t he  p r o g r a m  s t o r e s  t h e d ata  for the w a k e  

c a l c u l a t i o n ,  i n c l u d i n g  p a r a m e t e r s  for t r a n s f o r m a t i o n  a n d  t h e  

i n v i s c i d / v i s c o u s  i n t e r a c t i o n ,  in t h e  s u b r o u t i n e  D U M T AP .  

T h i s  c o m p l e t e s  t h e  c a l c u l a t i o n  for the u p p e r  s i d e  of  

a e r o f o i l ,  a n d  t h e  p r o c e d u r e  is r e p e a t e d  on t h e  l o w e r  side .

( 2) The_ JJJbj^ju^J._ne_ J V A L U E S

T h i s  s u b r o u t i n e  i n v o l v e s  t h e  p r e s s u r e  . 'distribution 

at the  MS for t h e  s he ar  l a y e r  c a l c u l a t i o n .  T h e SL

c a l c u l a t i o n  n o d e s  a r e  not s a m e  as i n v i s c i d  c a l c u l a t i o n  

nodes,  so we i n t e r p o l a t e  t h e  p r e s s u r e  for SL  c a l c u l a t i o n  

(see § 4 . 1 ) .  If I ( 8 ) ^ 0 ,  t h e n  it c a l l s  t h e  s u b r o u t i n e  R O U G H  

for the r o u g h n e s s  e f f e c t  on t h e  l o g a r i t h m i c  v e l o c i t y  p r o f i l e  

law.

( 3 ) The_ subrjpjJj:Jme_ _CF_L

T h i s  s u b r o u t i n e  e v a l u a t e s  the s t r e a m w i s e  s t e p  

(X S T E P ) f r o m  t h e  C o u r a n t - F r i e d r i c h s - L e w y  s t a b i l i t y  c r i t e r i o n  

for h y p e r b o l i c  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s .  N e ar  t h e T E  

r e g i o n  t he  ((p,^) c o o r d i n a t e  s y s t e m  is u s e d  and t he  

s t r e a m w i s e  s t e p  is r e d u c e d  t o  set u p  m o r e  g r i d  p o i n t s  t h er e ,  

for a c c u r a c y  r a t h e r  t h a n  for s t a b i l i t y .  H e n c e  in o r d e r  to 

m a t c h  w i t h  s - s t e p  f r o m  the  C F L  c o n d i t i o n  t o  t h e  s m a l l e r  

v a l u e  in t h e  t r a n s f o r m a t i o n  r e g i o n ,  w e  r e d u c e  t h e s - s t e p  

p a r a b o l i c a l l y  b e y o n d  t h e  ,9c p o i n t .

( 4 ) Th_e_j^jutJ._ne__CONSTS_

T h i s  s u b r o u t i n e  e v a l u a t e s  t h e  c o e f f i c i e n t  v a l u e s  o f  

th e 5th o r d e r  p o l y n o m i a l  fit for p r e s s u r e  d i s t r i b u t i o n  a l o n g
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t he  n o r m a l  d i r e c t i o n  ,g i v e n  t h e  b o u n d a r y  v a l u e  p g a n d  t h e  

dp/dy v a l u e s  o n  t he  p r o f i l e .

( 5 ) T he_ subj_out_ine_JJPDXA

T h i s  s u b r o u t i n e  g i v e s  t h e  s t r e a m w i s e  p r e s s u r e  

g r a d i e n t .  T h e  E T A  p a r a m e t e r  c o n t r o l s  t he d i f f e r e n c i n g  

s c h e m e .  If E T A = 1 . ,  the  d i f f e r e n c i n g  is f o r w a r d  w i t h

r e s p e c t  to t h e  s - s t e p  b e i n g  c a l c u l a t e d ;  if E T A = . 5 , t h e

d i f f e r e n c i n g is q u a r t e r  p o i n t  c e n t r a l  (half o f  t h e  c e n t r a l

d i f f e r e n c i n g a n d  f o r w a r d  d i f f e r e n c i n g ) ;  if E T A = 0 . , t h e

d i f f e r e n c i n g is c e n t r a l ;  if E T A = - 1 . ,  the  d i f f e r e n c i n g  is

b a c k w a r d .

( 6 ) The_ s u j . _ n e _  J_NPUTV

T h i s  s u b r o u t i n e  is t h e  i n i t i a l i s i n g  s u b r o u t i n e ,  as 

t he  n a m e  i m p l i e s ,  a n d is c a l l e d  in t h e s u b r o u t i n e  I N I T I A L .  

T h e  s u b r o u t i n e  r e a d s  in v a r i a b l e s  a n d p a r a m e t e r s  for t he

s h e a r  l a y e r c a l c u l a t i o n  a n d  t r a n s f o r m a t i o n ,  f r o m  t h e d a t a

f i l e s  B L D A T T a n d  B L D A T T l  for t h e  u p p e r  s u r f a c e  a n d  B L D A T B

a n d  B L D A T B l for t h e l ow e r  s u r f a c e .  T he se  d i s c  f i l e s  h a v e

b e e n  w r i t t e n b y  o t h e r  r o u t i n e s  in the v i s c o u s / i n v i s c i d

c a l c u l a t i o n  p r o c e d u r e .  O n e  o f  t h e  i npu ts  is t h e p r e s s u r e  

d i s t r i b u t i o n  o f  p g on t h e  MS, w h i c h  is g i v e n  at t he m i d  

p o i n t s  b e t w e e n  t h e  "no d es " o f  t h e  i n v i s c i d  c a l c u l a t i o n  a nd  

s t o r e d  in t h e  a r r a y  PEXTA. To e v a l u a t e  dp/dx at t h e  TE, we 

i n c l u d e  p g at t he  f irs t p o i n t  in t h e  wake, f r o m  t h e d a t a  

f i l e  C O E P P Y  for t he  u p p e r  s i d e  a n d  C O E P P Y B  for t h e l o w e r  

s i d e .

(7) Th e s u b r o u t i n e  I N T P A R

This subroutine evaluates the displacement thickness
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a nd  m o m e n t u m  t h i c k n e s s ,  u s i n g  t h e  c o r r e c t i o n  o f  c o l e s  ( K l i n e  

e t a l  1968) for t h e  v i s c o u s  s u b l a y e r .

( 8 ) The_ J 1 j.n_e__MATS_URF

This subroutine calculates the new MS height for the 

next sweep based on the boundary layer thickness. In the

c o o r d i n a t e  s y s t e m  we at p r e s e n t  fix t h e  h e i g h t  at 

a b o u t  1.4 t i m e s  t he  b o u n d a r y  l a y e r  t h i c k n e s s  at t h e  e n d  of 

t he  (s,n) on t h e  f i r s t  s w e e p .  T h i s  s u b r o u t i n e  a l s o  g i v e s  

th e t a n g e n t i a l  a n d  n o r m a l  v e l o c i t y  v a l u e s  at t h e  n e w  MS.

( 9 ) The__subjj?JJj:_ine__ME_TRICS

The subroutine evaluates the metric values for the 

(s,n) coordinate system and the ((p,\j)) coordinate system.

(10) The__subjrjDjiJ;j_ne__NEWPRO

This subroutine calculates the U and T  profiles at 

the future station (XXSTEP). Firstly, the calculation 

evaluates the U ^ n t , an(̂  vint va^ues at the current
station (X) at the point where the "ingoing" and "outgoing" 

characteristics through the KM th point at the future 

station intersects the normal axis (s or <p axis) at the 

current station. The U, Tand V values at the mid-points of 

the characteristics are approximated by interpolated values 

at the same n (or \[/ ) at the current station. Then by using 

the inclined characteristic equations the U and T values at 
the KM th point at the future station are obtained (the 

calculation is just the solution of two simultaneous linear 

algebraic equations). After calculating the new V velocity 

this procedure is repeated by using the newly calculated U, 

T  and V values. The calculation proceeds from the second
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m e s h  p o i n t  a b o v e  t he  w a l l  to the  e d g e  o f  t h e s h e a r  layer,

w h i c h  is d e f i n e d  in t h e  c a l c u l a t i o n  as the m e s h  p o i n t  w h e r e

U>.995tJ and  T <  .0 00 1 U 2 a re b o t h  s a t i s f i e d .  A b o v e  t h i se e
t h i c k n e s s  we a p p l y  t h e  " edg e c li p "  c o n d i t i o n  on  U a n d  T  to 

p r e v e n t  the v e l o c i t y  d e f e c t  a n d s h e a r  s t r e s s  f r o m  b e c o m i n g  

n e g a t i v e  du e to (small) f i n i t e  d i f f e r e n c e  e r r o r s  (see 

M a h g o u b  and B r a d s h a w  1979).

(11) The__subJ_out_ine_ PHIXO

T h i s  s u b r o u t i n e  e v a l u a t e s  the v a l u e  o f  9 a n d 8 ^/dx 

c o n s i s t e n t  to the xo v a l u e  in the (<p,40 c o o r d i n a t e  s y s t e m  

(see F i g .38)•

(12) Th_e _ subj^JJt_i_ne PR_INT

T h i s  s u b r o u t i n e  p r i n t s  out p r o f i l e s  of a ll t he  

v a r i a b l e s ,  a nd  l i s t s  o f  p a r a m e t e r s ,  for i n s t a n c e  c^, <5* a n d  

6.

(13) The subj^_u_t_ine_^ROUGHS

T h i s  s u b r o u t i n e  e v a l u a t e s  the a d d i t i v e  c o n s t a n t  in 

the l o g a r i t h m i c  v e l o c i t y  p r o f i l e  l a w  for a r o u g h  s u r f a c e .

(14) T he  S_PJj_I_NE

T h i s  s u b r o u t i n e  is u s e d  for c u b i c  s p l i n e

i n t e r p o l a t i o n  of g i v e n  f u n c t i o n  v a lu es . T h e  f u n c t i o n  v a l u e s  

ar e s t o r e d  in the a r r a y  XX a n d  YY. The  s p l i n e  c a l l s  t h e  N AG  

l i b r a r y  r o u t i n e s  E 0 2 B A F  a n d  E 0 2 B C F  w h i c h  fit a c u b i c  s p l i n e  

t h r o u g h  the g i v e n  f u n c t i o n  v a l u e s  and c a l c u l a t e  t h e  

i n t e r p o l a t e d  v a l u e s  a n d  f ir s t ,  a n d  s e c o n d  d e r i v a t i v e  v a l u e s .  

O t h e r  c o m p u t e r  c e n t r e s  a r e l i k e l y  to h a ve  a c c e s s  to t h e  NAG  

l i b r a r y  or an e q u i v a l e n t  m a t h e m a t i c a l  libra ry .

(15) T h e  s u b r o u t i n e  S T A R T
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T h i s  s u b r o u t i n e  c a l l s  t h e  s u b r o u t i n e  S Y N T H  for 

i n i t i a l  v a l u e  of v a r i a b l e s  at t h e  t r a n s i t i o n  p o i n t .  E x c e p t  

on  t h e  f i r s t  s w ee p , t h e  p r e s s u r e  p r o f i l e s  a re s h i f t e d  as 

m e n t i o n e d  at th e s t a r t  of  t h i s  s e c t i o n .

T h e  next s e c t i o n  i n i t i a l i s e s  the v a l u e s  of U , T ,  

a nd  C 2 etc. a nd  c a l c u l a t e s  t h e  V p r o f i l e  at t h e s t a r t i n g  

s t a t i o n  of  t u r b u l e n t  s h e a r  l a y e r  b y  u s i n g  U a nd T  p r o f i l e s  

f r o m  s u b r o u t i n e  S Y NT H .

(16) Th_e__subj^jaj:j._ne_J>J£NTH

T h i s  is t h e  s u b r o u t i n e  w h i c h  c a l c u l a t e s  t h e  l a m i n a r  

b o u n d a r y  layer c a l c u l a t i o n  b y  u s i n g  T h w a i t e s '  i n t e g r a l  

m e t h o d  f r o m  th e L E  t o  a s t a t i o n , s = s Q ,s a y , w h e r e  a t r a n s i t i o n  

c r i t e r i o n  is s a t i s f i e d  (in t h e  p r e s e n t  p r o g r a m  w e  u s e  

R e e , t r " ^ ®  but a c r i t e r i o n  b a s e d  on p r e s s u r e  g r a d i e n t ,  

f r e e - s t r e a m  t u r b u l e n c e  e t c  c o u l d  b e  i n s e r t e d  at t he u s e r ' s  

c h o i c e ) . Th e  i n i t i a l  u a n d  T  p r o f i l e s  for t h e  t u r b u l e n t  

s h e a r  la y er  c a l c u l a t i o n  a re e v a l u a t e d  by u s i n g  C o l e s '  

v e l o c i t y  p r o f i l e  f am i l y .  T h e  T h w a i t e s  c a l c u l a t i o n  l o o p  is 

p e r f o r m e d  t w i c e  as e x p l a i n e d  b e l o w .

T he  s e c t i o n  s t a r t s  t o  p e r f o r m  the i n t e g r a t i o n  l o o p  

for t h e  l a m i n a r  c a l c u l a t i o n  in t h e  s t r e a m w i s e  d i r e c t i o n  w i t h  

XF (the fu tu re  s t a t i o n )  a n d  X ( the  c u r r e n t  s t a t i o n ) .  T h e  

v a l u e  of e a n d  5^ a re  c a l c u l a t e d  a n d  t h e  s ha p e  f a c t o r  (H^) is 

e v a l u a t e d  f r o m  an e m p i r i c a l  f o r m u l a .  T his  t h e n  a l l o w s  u s  to  

c o m p u t e  the  d i s t r i b u t i o n  f r o m  e q u a t i o n  (2.1). In t h e  

fi r s t  p a s s  the M S  is n o t  k n o w n ,  s o  the V 0 c a l c u l a t i o n  is 

d e l a y e d  u n t i l  the s e c o n d  p as s.  T h e  n e w  MS b a s e d  o n  t h e  

m o m e n t u m  t h i c k n e s s  is c a l c u l a t e d .  T h e  l a m i n a r  c a l c u l a t i o n  

s t o p s  at th e s t a t i o n  w h e r e  t h e t r a n s i t i o n  c r i t e r i o n  is

m a t c h e d .
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T he  sk in f r i c t i o n  c o e f f i c i e n t  is e 

c a l c u l a t e d  f ro m th e S p a l d i n g - C h i  e m p i r i c a l  for 

p r e s s u r e  g r a d i e n t  for c a l c u l a t i n g  C ^ / 2  at s 

A ( 5 ) = 0 ,  t h e n  th i s f o r m u l a  is used. If A (5 ) ^ 0 ,  

A (5) v a l u e  as C f/2.

T he  ne xt s e c t i o n  c a l c u l a t e s  t h e initi

U a n d  T  for the t u r b u l e n t  b o u n d a r y  l a y e r  c a l c u

f r o m  T h w a i t e s '  m e t h o d  ( s t r i c t l y  o n l y  6 , icoxes
c h o o s e  a MS for t h e  i n t e r v a l  0 <s < s Q ) a n d t 

st a r t s .  T h e  V 0 v a l u e  at t h e  MS is c a l c u l a t e d  

p a t h  a n d  th e U a n d  t  p r o f i l e s  at s = s Q are set

ither input or 

mula for zero 

=Sq . If input 

then we use

al profiles of 

lation given 

s needed, to 

he second path 

in this second 

up again.

(17) T h e  subj_out_ine J ’A ^ C A L

T h i s  s u b r o u t i n e  e v a l u a t e s  the " i n g o i n g "  a n d  

" o u t g o i n g "  c h a r a c t e r i s t i c  a n g l e s  f r o m  e q u a t i o n  (2 .8 ) or 

(2.9) at a ny  s t a t i o n  a n d  s t o r e s  t h e m  in the a r r a y s  T A N A F U  

an d  T A N B F U .

(18) T_EJlPilP T h i s  s u b r o u t i n e  c a l c u l a t e s  

the t e m p e r a t u r e  for c o m p r e s s i b l e  f l o w  o v e r  an a d i a b a t i c  

wa ll.  It is u s e d  in c o m p r e s s i b l e  f l o w  only.

(20) T_hs_subj^jj_tijie_ TJEMSET

T h i s  s u b r o u t i n e  s e ts  up t h e  s t r e a m w i s e  p r e s s u r e  

g r a d i e n t  v a l u e s  at e a c h  y f r o m  s u b r o u t i n e  D P D X A ,  and  m e t r i c  

v a l u e s  f r o m  s u b r o u t i n e  M E T R I C S ,  at a n y  s t a t i o n  a n d  s t o r e s  

t h e n  in th e ar ray s. T h e s e  a r r a y s  h e l p  to s a v e  c o m p u t e r  t i m e  

b e c a u s e  th e s t o r e d  v a l u e s  a re u s e d  t h r o u g h o u t  o n e  s w e e p  

w i t h o u t  r e c a l c u l a t i n g .
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(21) T h e _ _ s u J . _ n _ e _ _ T P A R A

T h i s  s u b r o u t i n e  c a l c u l a t e  6 Q5 for t h e  s c a l i n g  of L 

a nd  G in th e t u r b u l e n c e  m o d e l  a n d  i n c l u d e s  t h e  l o w  R e y n o l d s  

n u m b e r  e f f e c t  o n  l e n g t h  s c a l e  as in the B F A  p r o g r a m .

(22) Th_e_ JTRANS_F

T h i s  s u b r o u t i n e  c a l c u l a t e s  the i n i t i a l  v a l u e  o f  U, T  

a nd  V for the  (<p,\j/) c o o r d i n a t e  s y s t e m  b y  u s i n g  i n t e r p o l a t i o n  

a n d  t r a n s f o r m a t i o n  r u l e s  as m e n t i o n e d  in s e c t i o n  §2.4.

(23) The__subrout_ine__VPR_E S_S

T h i s  s u b r o u t i n e  c o n t a i n s  the  V  a n d  p c a l c u l a t i o n  

i n s i d e  th e m a t c h i n g  s u r f a c e .  T h e f i r s t  s e c t i o n  s e t s  u p  th e 

v a r i a b l e s  n e e d e d  for s o l v i n g  t he n o r m a l  c h a r a c t e r i s t i c  

e q u a t i o n  (2.7), t o  s a v e  c a l c u l a t i o n  time. T h e  n e x t  s e c t i o n  

c a l c u l a t e s  t h e  V p r o f i l e  f r o m  e q u a t i o n  (2.7) a l o n g  th e  

v e r t i c a l  c h a r a c t e r i s t i c .  T h i s  c a l c u l a t i o n  p r o c e e d s  f r o m  the 

s e c o n d  m e s h  p o i n t  a l o n g  t h e  n o r m a l  d i r e c t i o n  t o  t h e  e d g e  of  

th e MS. T he  V v a l u e  at the fi rs t p o i n t  is g i v e n  f r o m  the 

s u b r o u t i n e  W A L L B C , c a l l e d  b e f o r e  s u b r o u t i n e  V P R E S S .  For  t h e  

p r e s s u r e  g r a d i e n t  t e r m  d p / d x  t h e  f o r w a r d  d i f f e r e n c e  is us ed.

T h e  dp / dy  =0 a s s u m p t i o n  is u s e d  in t h e  f i r s t  s w e e p  (the 

" c e n t r i f u g a l "  a p p r o x i m a t i o n  d p / d y =  U 2/ r  c o u l d  e a s i l y  be 

use d) , but in g e n e r a l  s t o r e d  p r e s s u r e  v a l u e s  f r o m  the 

p r e v i o u s  s w e e p  a r e  u sed .

T he  n e x t  s e c t i o n  s t a r t s  by s e t t i n g  up t h e m e t r i c  

v a l u e s  and c a l c u l a t i n g  the p r e s s u r e  p r o f i l e ,  g i v e n  the 

b o u n d a r y  c o n d i t i o n  p g at t h e  MS. The  c a l c u l a t i o n  p r o c e e d s  

f r o m  the e d g e  o f  the  MS  to  the  f i r s t  m e s h  p o i n t  a b o v e  t he

wall. The pressure at the wall is calculated in subroutine 

WALLAC. After getting the pressure distribution we
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c a l c u l a t e  the c o e f f i c i e n t  v a l u e s  d p / d y  at the five p o i n t s  

w h e r e  th e i n t e r p o l a t i o n  fit is a p p l i e d ,  by u s i n g  s p l i n e  

i n t e r p o l a t i o n ,  and s to r e  in the a r r a y  A D P D Y . T h i s  is m o r e  

a c c u r a t e  t h a n  f i t t i n g  p and i n v o l v e s  less work. T h e n  we 

c a l l  th e s u b r o u t i n e  C O N S T S  to g e t c o e f f i c i e n t s  for t h e  

5 t h - o r d e r  p o l y n o m i a l  fit and  u n d e r r e l a x  the p r e s s u r e  

d i s t r i b u t i o n  c o n s i s t e n t  w i t h  t h e  v e l o c i t y  u n d e r r e l a x a t i o n  

for the  v i s c o u s / i n v i s c i d  i n t e r a c t i o n .

(24) The__sujp_rn_e_jtfALLBC
T h i s  s u b r o u t i n e  c a l c u l a t e s  U^, v^, and a. at t h e

first  m e s h  p o i n t  for t h e f u t u r e  sta t io n.  H e r e

Oi=A T / y  = ( T - T ^ ) / y  . T h e  f irs t m a i n  s e c t i o n  of t h i s

s u b r o u t i n e  m a k e s  a first g u e s s  of u , , T  a n d  a  at the  f i r s tX w

m e s h  p o i n t  for the  f u t u r e  s t a t i o n  by u s i n g  U , ! -̂  and a  v a l u e sw

at the c u r r e n t  s t a t i o n ,  a nd s e t s  up the m e t r i c

v a lu es . T he  n e x t  s e c t i o n  c a l c u l a t e s  Fl, F2, F3  a n d

t h e i r  d e r i v a t i v e  v a l u e s ,  n e e d e d  in t h e  N e w t o n ' s  i t e r a t i o n  

m e t h o d  for the t h r e e  v a r i a b l e s  U, , T. a n d  a.  T h e r e a f t e r ,  t h e-L W
i t e r a t i o n  is r e p e a t e d  u n t i l  c o n v e r g e n c e  is r e a c h e d  (See 

A p p e n d i x  3).

T h e  last s e c t i o n  is u s e d  to e v a l u a t e  b e t t e r  v a l u e s  of 

V x a nd  t h e  " i n g o i n g "  c h a r a c t e r i s t i c  a n g l e .

(25) T h e _ £ e_ XS T E P S

T h i s  s u b r o u t i n e  c a l c u l a t e s  t h e  s t r e a m w i s e  s t e p  v a l u e  

(X S T E P ) b y  us i n g  t h e  CFL s t a b i l i t y  c o n d i t i o n  f r o m  t h e  

s u b r o u t i n e  CFL, e x c e p t  in the T E  r e g i o n .  In the T E  r e g i o n  

the  c o o r d i n a t e  s y s t e m  is u sed , a n d  t he s t r e a m w i s e  s t e p

is f i x e d  by u s i n g  <p v a l u e  f r o m  s u b r o u t i n e  P H I X O  to c o n s i d e r  

m o r e  g r i d s ,  b e c a u s e  the s t r e a m w i s e  gradients o f v a r i a b l e s  ar e
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s e v e r e  in this reg io n .

(26) The_J:jij^_tj._on__PHI

T hi s f u n c t i o n  c a l c u l a t e s  the d e v i a t i o n  f r o m  t h e  

l o g a r i t h m i c  v e l o c i t y  p r o f i l e  l a w  at the f irs t m e s h  p o i n t /  

d u e  to  f i n i t e  dT/dy.

(27) The_jiunctJ-_on_ P V A L U

T h i s  f u n c t i o n  c a l c u l a t e s  p(y) at a r b i t r a r y  y by  

u s i n g  t he  5th - o r d e r  p o l y n o m i a l  a s s u m p t i o n .

(28) Th_e__functi_on_ S I W S O N

T h i s  f u n c t i o n  is u s e d  t o  i n t e g r a t e  a g i v e n  f u n c t i o n  

F R  s p e c i f i e d  at e q u a l  i n t e r v a l s ,  u s i n g  S i m p s o n ' s  rule.

(29) The_ J i i n n _  V A L U E

T h i s  is u s e d  in t h e  i n t e r p o l a t i o n  o f  a f u n c t i o n  

g i v e n  at u n e q u a l  i n t e r v a l s .  If I 0PT =1 , a l i n e a r  

i n t e r p o l a t i o n  is p e r f o r m e d ,  w h i l e  if I OP T = 2 ,  a q u a d r a t i c  

i n t e r p o l a t i o n  is p e r f o r m e d  b y  u s i n g  L a g r a n g e ' s  f o r m u l a  ( 

H a m m i n g  (1962) a n d  H a y e s ( 1 9 7 0 ) )  a n d  if I0P T =3 ,  a l o g a r i t h m i c  

i n t e r p o l a t i o n  is p e r f o r m e d .

(30) T he_ Block___Da_te__sub_pr_ogram

T h i s  c o n t a i n s  t a b l e s  of v a l u e s  of t h e  e m p i r i c a l  

f u n c t i o n  G ,L a nd  n o r m a l  d e r i v a t i v e  of G. T h i s  a l s o  c o n t a i n s  

t h e  v a l u e  o f  p a r a m e t e r s  w h i c h  a r e  u s e d  in the  c a l c u l a t i o n  o f  

c o e f f i c i e n t s  of 5th p o l y n o m i a l  d i s t r i b u t i o n  o f  p r e s s u r e .  

2_._5_._2_ The_yake

In th i s s e c t i o n ,  t h e  w a k e  p r o g r a m  is d e s c r i b e d  in 

d e t a i l .  T he  c a l c u l a t i o n  p r o c e d u r e  is a l m o s t  t he s a m e  a s  in
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t he  b o u n d a r y  layer: h e n c e  t h e s u b r o u t i n e s  w h i c h  a r e the

s a m e  as in t h e  b o u n d a r y  l a y e r  p r o g r a m  a r e  not d e s c r i b e d .

T h e  w a k e  p r o g r a m  for t h e  C D C  m a c h i n e  is d i v i d e d  i nt o  

t w o  " o v e r l a y s "  to  s a v e  c o r e  spa c e.  In t h e o v e r l a y  

( o v e r l , l , 0 ), t he  i n i t i a l  d a t a  for t h e m a i n  w a k e  c a l c u l a t i o n  

a re  set up. T h e  m a i n  r o u t i n e  i n c l u d i n g  s u b r o u t i n e s ,  is 

g i v e n  in t h e  o v e r l a y  ( o v e r l , 2 , 0 )  a f t e r  i n i t i a l i s i n g .  A f l o w  

d i a g r a m  a n d  d a t a  f l o w  a r e  s h o w n  in F i g . 10 a n d F i g . 11.

(1) The__sub jjp jJj:j_ne__S^_ART__(_see_
This subroutine initialises the values of variables and

parameters obtained from the turbulent boundary layer

calculation at the TE, and from the viscous/inviscid

i n t e r a c t o n  p r o c e d u r e .  T h e r e  are  5 d a t a  f i l e s  in this  

s u b r o u t i n e .  D a t a  f l o w  is s h o w n  in Fig. 11.

T he  S T A R T  s u b r o u t i n e  b e g i n s  b y  r e a d i n g  d a t a  for  the 

t r a n s f o r m a t i o n  f r o m  (s,n) c o o r d i n a t e s  t o  {<Pf \j/) c o o r d i n a t e s  

w h i c h  is w r i t t e n  in T U R B ,  a n d  v a l u e s  o f  c o n s t a n t s  f o r the 

e d d y - v i s c o s i t y  (in t h e  i n n e r  w a k e  r eg i o n )  a n d t h e  l e n g t h  

s c a l e  e q u a t i o n ,  all f r o m  t h e d a t a  f i l e  " I N W A K " .  The 

s u b r o u t i n e  t h e n  r e a d s  in t h e  I a n d  A a r r a y s  o f  c o n s t a n t s  to 

c o n t r o l  th e SL c a l c u l a t i o n ,  e x a c t l y  as in t h e  BL 

c a l c u l a t i o n .

T he  U,V a nd  T p r o f i l e s ,  t he n - s t e p ,  a n d  t h e  n u m b e r  

of n o d e s  a n d  c o e f f i c i e n t s  for the p r e s s u r e  p r o f i l e  p ( n)  or 

p(j/0 in th e  n o r m a l  d i r e c t i o n  at t h e TE, a re d e r i v e d  f r o m  

r e s u l t s  for t h e  u p p e r -  and  l o w e r - s u r f a c e  t u r b u l e n t  b o u n d a r y  

l a y e r s ,  in d a t a  f i l e s  " T ET OP " a n d  " TE BO T " .  T h e n  the 

p r e s s u r e  d i s t r i b u t i o n  at the  MS a n d  t he g e o m e t r i c  

c o o r d i n a t e s  o f  t h e  M S  in t h e  w a k e  r e g i o n  a r e  r e a d  f r o m  d at a  

fi le " W A K D A T " .  Th e p r e s s u r e  d i s t r i b u t i o n  o b t a i n e d  in the
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p r e v i o u s  s w e e p  (or t h e  i n i t i a l  g u e s s  in the c a s e  of fi r s t  

sw ee p)  is r e a d  in d a t a  f i l e  " W A K D A T l " .  A f t e r  r e a d i n g  in t h e  

p r e s s u r e  d i s t r i b u t i o n ,  it is s h i f t e d ,  as in b o u n d a r y  l a y e r ,  

to m a t c h  t h e  n e w  P m g f r o m  t h e  i n v i s c i d  c a l c u l a t i o n :  r e c a l l  

th a t th e d p / 3 n  (or d p/d ^) is n o t  a l t e r e d .  T h e c o n t e n t s  of 

t h e s e  d a t a  f i l e s  a r e  s h o w n  in A p p e n d i x  5.

( 2) T_he__ma_i_n_J._ne_Jio_r_y ak_e__ cal_cuJLa_t_i_on

T h e  f i r s t  s e c t i o n  s e t s  u p  t h e  i n i t i a l  p r o f i l e s  of 

LJ,V a n d  T  , w h i c h  a r e  r e a d  in s u b r o u t i n e  S T A RT ,  for the 

f u t u r e  s t a t i o n .  T h e  v a l u e s  o f  1(13) is read: if I ( 1 3 ) = 0 ,  

t h e n  t h e  v a l u e s  o f  v a r i a b l e s  a n d  p a r a m e t e r s  at t he " c u r r e n t "  

s t a t i o n  ar e  s t o r e d  in t h e  s u b r o u t i n e  DUMP for the  c o n t i n u i n g  

c a l c u l a t i o n  p r o c e d u r e ,  w h i l e  if I ( 1 3 ) = l ,  t h e  p r o g r a m  r e a d s  

th e v a l u e s  o f  v a r i a b l e s  a n d  p a r a m e t e r s  w h i c h  w e r e  s t o r e d  at 

g i v e n  l as t c a l c u l a t i o n  p o i n t  in t h e  s u b r o u t i n e  DUMP.

The program then sets up the f  max and SQ5 for 

scaling of L,G and defines the new upper and lower MS 

heights, relative to the old lower surface. If the MS has 

not changed but the shear layer has grown beyond the MS, we 

then correct the V velocity component on the MS using the 

displacement surface argument which calculates the mass flux 

and extrapolates the velocity.

The next section sets up the turbulent transport 

velocity for the length scale, and the length scale L 

itself, for the upper and lower parts of the wake at the TE.

All the program variables for the lower part of the wake 

have subscript "M" (for "minus"), so for example the 

transport velocities for length scale are and V^m The

tw o i n c l i n e d  c h a r a c t e r i s t i c  a n g l e s  are c a l c u l a t e d  a n d  th e 

s h e a r  s t r e s s  p r o f i l e  "peakiness p a r a m e t e r "  a n d  o t h e r  c o n s t a n t
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v a l u e s  n e e d e d  in B r a d s h a w  a n d  (Jnsworth's (1974) l e n g t h  s c a l e  

e q u a t i o n  ar e  o b t a i n e d  f r o m  t h e  s u b r o u t i n e s  T P A R A  a nd T P A R A M  

for t h e  u p p e r  an d  l o w e r  p a r t s  r e s p e c t i v e l y .

T h e  n e x t  s e c t i o n  c a l c u l a t e s  t h e  s t e p  v a l u e  in t h e  

(<p,\//) c o o r d i n a t e  s y s t e m  a n d  s - s t e p  for (s,n) c o o r d i n a t e  

s y s t e m ,  f r o m  t he  s u b r o u t i n e  C F L,  t o  s a t i s f y  C F L  s t a b i l i t y  

c o n d i t i o n .  We se t u p  t h e  l a s t  c a l c u l a t i o n  s t a t i o n  o f  t h e  

p r o g r a m ,  w h i c h  is ,5c f r o m  t h e  T E  in our p r o g r a m .  T h e  e d d y  

v i s c o s i t y  a nd  t he  d e r i v a t i v e  o f  s h e a r  s t r e s s  in the  in n e r  

w a k e  r e g i o n  are  c a l c u l a t e d  for t h e  "fu tu re "  s t a t i o n  in t h e  

s u b r o u t i n e  EDDY. T h e  w i d t h s  (DI a n d  DIM) of t he u p p e r  a n d  

l o we r  p a r t s  of i n n e r  w a k e  a r e  c a l c u l a t e d  for the " f u t u r e "  

s t a t i o n  in t h e  s u b r o u t i n e  I N W I D T H ,  a n d  we p r i n t  o u t  t h e  

v a l u e s  o f  v a r i a b l e s  a n d  p a r a m e t e r s  in t h e  s u b r o u t i n e  P R I N T .

T h e  n e x t  s e c t i o n  s e t s  u p  t h e  p r e s s u r e  v a l u e s  at  t h e  

m a t c h i n g  s u r f a c e  ( e x c e p t  on t h e f i r s t  sweep,  w h e r e  w e  a s s u m e  

t h a t  3 p / S y  = ^ e ~Pe m ) / ( Y m s t - Y m s l ) for t he f irs t s w e e p ) .

T h e  ne x t s e c t i o n  c a l c u l a t e s  t he U and  T  p r o f i l e s  for 

t he  " f u t u r e "  s t a t i o n  for  t h e  u p p e r  a n d  l owe r p a r t s  o f  t h e  

w ak e, in th e s u b r o u t i n e s  N E W P R O  a n d N E W P R M  r e s p e c t i v e l y .  

T h e  l e n g t h  s c a l e  e q u a t i o n  is s o l v e d  for the f u t u r e  s t a t i o n  

in t he  s u b r o u t i n e s  R L P R O  a n d R L P R M , a g a i n  for t he u p p e r  a n d  

l o w e r  p a r t s  o f  w a k e  r e s p e c t i v e l y .  T h e e d d y  v i s c o s i t y  ( v ) 

is c a l c u l a t e d  for t h e  f u t u r e  s t a t i o n  by u s i n g  t h e  n e w l y  

c a l c u l a t e d  v a l u e s  (DI a n d  DIM ) in t h e  s u b r o u t i n e  E DD Y ,  w h i c h  

t h e n  e v a l u a t e s  ( ) , t h e  c o r r e s p o n d i n g  t e r m  in t h e* ay
□ - c o m p o n e n t  m o m e n t u m  e q u a t i o n :  t h i s  t e r m  is r e g a r d e d  as a 

s o u r c e  t e r m  r a t h e r  t h a n  a g e n u i n e  d e r i v a t i v e ,  but is s m a l l  

e n o u g h  tha t t h e  c a l c u l a t i o n  r e m a i n s  s ta b l e .  A f t e r  

c a l c u l a t i n g  the U a n d  T  p r o f i l e s ,  V  is c a l c u l a t e d  in t h e  

s u b r o u t i n e  V P R E S S .  As s t a t e d  in s e c t i o n  2.2.2 t h e  a c t u a l
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b o u n d a r y  c o n d i t i o n  o n  V  is d i f f e r e n t  f r o m  a n d  m o r e  

c o m p l i c a t e d  t h a n  in t h e  b o u n d a r y  l a y e r  r eg i o n ,  b u t  t h e  c o d e  

is s t r a i g h t f o r w a r d .  We u s e  t h e  same p r e d i c t i o n  a n d

c o r r e c t i o n  s c h e m e  as  t h i n  b o u n d a r y  r e g i o n  c a l c u l a t i o n .  

H e n c e  t he  c a l c u l a t i o n  p r o c e d u r e  for u , T  a n d V is p e r f o r m e d  

as a b o u n d a r a r y  l a y e r  c a l c u l a t i o n .  T h e n  V P R E S S  c a l c u l a t e s  P 

by s o l v i n g  n o r m a l  m o m e n t u m  e q u a t i o n ,  e v a l u a t e s  th e 

c o e f f i c i e n t  v a l u e s  f o r  t h e  5th o r d e r  p o l y n o m i a l  fit t o  t he  

p r e s s u r e ,  a nd  s t o r e s  t h e  u n d e r r e l a x e d  p r e s s u r e ,  a s  in t h e  

b o u n d a r y  la y e r  c a l c u l a t i o n .

T h e  t r a n s f e r  of v a r i a b l e s  f r o m  [<p,\l/) t o  (s,n) 

c o o r d i n a t e s  to p a t c h  t h e  c a l c u l a t i o n  p r o c e d u r e  at t h e  e n d  of 

the t r a n s f o r m a t i o n  r e g i o n  is d o n e  in the s u b r o u t i n e  T R A N S F .  

At t h e  l as t  s t a t i o n  ( t h e  d o w n s t r e a m  end o f  t h e  MS), t he  

p r o g r a m  s t o p s  th e w a k e  c a l c u l a t i o n  and  s t o r e s  t h e  d a t a  for 

the n e x t  sw e e p ,  a n d  f o r  t h e  v i s c o u s / i n v i s c i d  i n t e r a c t i o n  at 

th e MS, in the  d a t a  f i l e s  M A T D A T W ,  W A K D A T l , C O E P P Y  a n d  

C O E P P Y B .

( 3) t he_ subr_out_ine__CF_L

As in t he  b o u n d a r y  l a y e r  p ro gr am:  t h e  l a r g e s t

c h a r a c t e r i s t i c  a n g l e  a n y w h e r e  in the w ak e ( u p p e r  or l o w e r  

p a r t )  is u s e d  t o  s et  t h e  s - s t e p .

( 4 ) The__subj^jJ_t_i_ne__CONSTS

As in b o u n d a r y  l a y e r  p r og ra m : e v a l u a t e s  t h e

c o e f f i c i e n t  for t h e  5th o r d e r  p o l y n o m i a l  fit o f  p r e s s u r e  

b a s e d  o n  l o w e r  MS.

( 5) The_^JJbj^utJ._ne__EDDY

T h i s  s u b r o u t i n e  c a l c u l a t e s  e d d y  v i s c o s i t y
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( =  R u^-(DI+DIM) ) i n s i d e  the i n n e r  w a k e  r eg i o n .  F irs t, the 

p r o p o r t i o n a l  c o n s t a n t  v a l u e  b a s e d  on the i n n e r  w i d t h  is 

e v a l u a t e d  by c a l l i n g  I NW I D T H .  T h e n  the m e t r i c  v a l u e s  are 

e v a l u a t e d  f r o m  t h e  s u b r o u t i n e  M E T R I C S  a nd w e  c a l c u l a t e  the 

t u r b u l e n t  s h e a r  s t r e s s  and d e r i v a t i v e  v a l u e s  i n s i d e  the 

i n n e r  w a k e  r e g i o n  b y  u s i n g  t h e  e x p e r i m e n t a l  f o r m u l a (2.15).

( 6 ) The__subrout_i_n_e_ JNW_IDTH

T h i s  s u b r o u t i n e  c a l c u l a t e s  t h e  " i n n e r  w a k e "  w i d t h  by 

u s i n g  e q u a t i o n  ( 2 .1 7 ):  it is u s e d  for c a l c u l a t i n g  e d d y

v i s c o s i t y  in s u b r o u t i n e  EDDY.

( 7 ) Th_e__sub_rout_i_ne_ ME_TRICS

As in the boundary layer program: calculate the 

metric values.

(8 ) The__subr_out_ine__NE_WPRO

T h i s  s u b r o u t i n e  c a l c u l a t e s  U a n d  T v a l u e s  at the 

f u t u r e  s t a t i o n  for  t h e  u p p e r  p a r t  o f  wake.  T h e  p r o c e d u r e  is 

t h e  s a m e  as in t h e  b o u n d a r y  l a y e r ,  e x c e p t  for t h e  a d d i t i o n ,  

as a s o u r c e  te rm , o f  t h e  " edd y v i s c o s i t y "  c o n t r i b u t i o n  to 

s h e a r  s t r e s s  by f i n e  g r a i n e d  m i x i n g  in t he i n n e r  w a k e  r e g i o n  

(s e e  F i g .13).

( 9 ) The__subJ^JJ_ti_n_e_ NJ2WPRM

T h i s  s u b r o u t i n e  c a l c u l a t e s  U a n d  T v a l u e s  at th e  

f u t u r e  s t a t i o n  fo r t h e  l o w e r  p a r t  o f  w ake : r e c a l l  t h a t  t he  

s h e a r  s t r e s s  p r o f i l e s  T + a n d  ’T" a c t i v e l y  o v e r l a p .  Th e  

p r o c e d u r e  is s a m e  a s  t h e  s u b r o u t i n e  N E W P R O .  T h e d i f f e r e n c e  

is t h a t  in t h e  l ast  s e c t i o n  of the s u b r o u t i n e  the 

c e n t r e - l i n e  p o s i t i o n  is s h i f t e d  t o  a l l o w  w a k e  c u r v a t u r e .
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(10) T h _ e _ _ s u b P H I X _ 0

As  in t h e  b o u n d a r y  l a y e r  p r og ra m : e v a l u a t e s  t h e  

m e t r i c  v a l u e  o f  ip c o o r d i n a t e s  a n d  is c a l l e d  in s u b r o u t i n e  

M E T R I C S .

(11) T h e _ 1 3 3 -_P_?INT

As in b o u n d a r y  l a y e r  p r o g r a m :  p r i n t  out t h e

v a r i a b l e s  as r e q u i r e d .

( 1 2 ) Th_e_ subr_out_ine_ _r l p r o

T h i s  s u b r o u t i n e  c a l c u l a t e s  t h e  l e n g t h  s c a l e  p r o f i l e  

at the f u t u r e  s t a t i o n  for t h e  u p p e r  p a r t  o f  t h e  w a k e  

( p o s i t i v e  s h e a r  s t r e s s )  f r o m  e q u a t i o n  ( 2 . 1 3 ) - ( s e e  F i g . 14). 

Fi rs t,  the t u r b u l e n t  t r a n s p o r t  v e l o c i t y  (VL) is c a l c u l a t e d  

at e a c h  m e s h  p o i n t  a c r o s s  t h e  w a k e .  T h e n  the c a l c u l a t i o n

e v a l u a t e s  u in t , v in t' ^ i nt  a n d  L int at the  c u r r e n t  s t a t i o n  
at t h e  p o i n t  th e c h a r a c t e r i s t i c  o f  the l e n gt h e q u a t i o n  

(2 . 1 2 ') t h r o u g h  th e  kth p o i n t  at the f ut u r e  s t a t i o n  

i n t e r s e c t s  th e  n o r m a l  axi s (s or axis) at the c u r r e n t  

s t a t i o n .  T h e  U, T  a nd L v a l u e s  at the m i d - p o i n t  o f  t h e  

c h a r a c t e r i s t i c  (2 . 1 2 ') are a p p r o x i m a t e d  by m e a n  v a l u e s  (see 

F i g . 3).

Th e  n e x t  s e c t i o n  c o r r e c t s  t h e  v a l u e s  of  C S L  b a s e d  o n  

the e f f e c t  of s t r e a m l i n e  d i v e r g e n c e  dV/dy. T h e n  t h e  n e w  

l e n g t h  s c a l e  (L) v a l u e s  are c a l c u l a t e d  at e a c h  p o i n t  a l o n g  

t h e  n o r m a l  d i r e c t i o n  at the f u t u r e  s t a t i o n .

(13) Th_e__subj_ou_t_ine__RLPRM

T h i s  s u b r o u t i n e  c a l c u l a t e s  t h e  l e n g t h  s c a l e  in t h e  

l o w e r  p a r t  o f  t he  w a k e  ( n e g a t i v e  s h e a r  str e ss ) u s i n g  t he
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s a m e  p r o c e d u r e  as R L P R O . T h e  d i s p l a c e m e n t  t h i c k n e s s ,  

m o m e n t u m  t h i c k n e s s  a n d  s h a p e  f a c t o r  are a ls o e v a l u a t e d  in 

t h i s  s u b r o u t i n e .

( 1 4 ) T h e_ u b j^JJ t_ ijie_ _ S P J jJ  N_E

As s a m e  as b o u n d a r y  l a y e r  program.

(15) The__su_br^jj_ti_ne__STORE

T h i s  s u b r o u t i n e  s t o r e s  v a l u e s  of all t he v a r i a b l e s  

at t he  c u r r e n t  s t a t i o n  on disc.

(16) The__subj_o_ut_i_ne__TANCAL

As in the b o u n d a r y  l a y e r  p ro g r a m ,  t h i s  s u b r o u t i n e  

c a l c u l a t e s  t he  " i n g o i n g "  a n d  "ou tg o i ng " c h a r a c t e r i s t i c  

a n g l e s .  T he  c h a r a c t e r i s t i c  a n g l e s  in the u p p e r  a n d  lowe r 

p a r t  of the w a k e  ar e d e f i n e d  as  in F i g . 7.

(17) T h_s _subjjpjij:jjie_JTEMPRO

T h i s  s u b r o u t i n e  c a l c u l a t e s  the t e m p e r a t u r e  in t h e  

a d i a b a t i c  c o m p r e s s i b l e  f l o w  by  u s i n g  C r o c c o ' s  f o r m u l a  (see 

C e b e c i  a n d  B r a d s h a w  1984).

(18) The__s_ubjjp_ut JTPARA

T h i s  s u b r o u t i n e  c a l c u l a t e s  the p e a k i n e s s  p a r a m e t e r  

n e e d e d  in the l e n g t h  s c a l e  c a l c u l a t i o n  for t he u p p e r  p a r t  of 

th e  w a k e  ( p o s i t i v e  s h e a r  s t r e s s ) .

(19 ) The__s_ubjj?jJj:_ine__T_P_A_R_A_m

T h i s  s u b r o u t i n e  c a l c u l a t e s  the  p e a k i n e s s  p a r a m e t e r  

n e e d e d  in the l e n g t h  s c a l e  c a l c u l a t i o n  for the l ow er  p a r t  of
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the w a k e  ( n e g a t i v e  s h e a r  s t re ss ) .

(20) The__suibj^jJ_t_i_ne__TRANSF

As in the b o u n d a r y  layer t h i s  s u b r o u t i n e  t r a n s f e r s  

the v a r i a b l e s  U, T  a n d  V f ro m  {<p,\j/) c o o r d i n a t e  to (s,n) 

c o o r d i n a t e  at th e p a t c h i n g  poi n t.

(21) The__subj^jjJ:i_ne__VPRES_S J^_ee__F_i_g_. 1_5_)

T h i s  s u b r o u t i n e  c a l c u l a t e s  the V a n d  p p r o f i l e s  at

the f u t u r e  s t a t i o n .  It d i f f e r s  f r o m  the c o r r e s p o n d i n g

s u b r o u t i n e  in t h e  b o u n d a r y  l aye r r e g i o n  b e c a u s e  the

" b o u n d a r y  c o n d i t i o n "  on V is n o w  that t he p r e s s u r e

d i f f e r e n c e  a c r o s s  t h e  w ak e,  c a l c u l a t e d  w i t h i n  t h e  s he ar

layer p r o g r a m ,  s h a l l  m a t c h  t h e  p r e s s u r e  d i f f e r e n c e

c a l c u l a t e d  by t h e  i n v i s c i d  p r o g r a m  (this is r o u g h l y  a

c o n d i t i o n  on d v / d x ) .  First we i n t e g r a t e  t h e  v e r t i c a l

c h a r a c t e r i s t i c  e q u a t i o n  (2.8) to g et the V v e l o c i t y  p r o f i l e ,

V( J ),  a s s u m i n g  t h a t  V ( J C L F ) = 0  ( w h er e J C L F  is the  p o i n t  of

c e n t r e  of the wa k e)  a n d  st or e it in the a r r a y s  F^ a n d  F 2

w h i c h  are s u c h  that V ( J ) = F ^ (j ) V ( J C L F ) + F 2 ( J >. T h i s  
c a l c u l a t i o n  is p e r f o r m e d  for the u p p e r  and l o w e r  p a r t  of the

w a k e  f r o m  the c e n t r e  p o i n t  s e p a r a t e l y .

The  ne xt s e c t i o n  a p p r o x i m a t e s  the U, T  a n d  V v a l u e s

at the  c u r r e n t  s t a t i o n  w h e r e  the  y v a l u e  is s a m e  as th e  

f u t u r e  s t a t i o n ,  for t he upper and l ow er  p a r t s  of t h e  w a ke  

a n d i n s e r t s  t h e s e  v a l u e s  into the  i n t e g r a l  e q u a t i o n  (2.19). 

T h e n  w e  o b t a i n  e q u a t i o n  for V ( J C L F )  a n d we i n s e r t  t h i s  v a l u e  

in the f o r m u l a  V ( J ) = F 1 ( J ) V ( J C L F ) +  F 2 ( J)t o g i v e  t h e  V 

p r o f i l e  a c r o s s  the  w a k e  at the f u t u r e  s t a t i o n .

T he  last s e c t i o n  of V P R E S S  for c a l c u l a t i n g  p r e s s u r e  

p r o f i l e s  is c o n t r o l l e d  by the va lu e  of IN. If IN=1, the p



57

c a l c u l a t i o n  is b y - p a s s e d  a n d p is a s s u m e d  e qua l to p Q , w h i l e  

if IN=2, t h e n  p is found by s o l v i n g  the n o r m a l  m o m e n t u m  

e q u a t i o n  (2.3) w i t h  p em as the  top  and  b o t t o m  e d g e  

p r e s s u r e s .  T h e  V p r o f i l e  has a l r e a d y  b e e n  a d j u s t e d  so that  

i n t e g r a t i n g  d p / d y  f r o m  t he b o t t o m  p em e n d s  up  at t h e t o p  p 0 

a p p r o x i m a t e l y  - a c t u a l l y  we  i g n o r e  any  r e m a i n i n g  d i f f e r e n c e  

b e t w e e n  P e ( U p p e r  a n d  P e ( |o w e r - A f t e r  c a l c u l a t i n g  t h e  

p r e s s u r e  p r o f i l e  ( h a l f - s t e p  u p s t r e a m  of U a n d T  - s t a g g e r e d  

grid) the c o e f f i c i e n t s  of  the 5 t h - o r d e r  p o l y n o m i a l  fit a r e  

fo u nd  f r o m  s u b r o u t i n e  C ON ST S. T h e n  u n d e r r e l a x a t i o n  of t he  

p r e s s u r e  p r o f i l e  is p e r f o r m e d  in o rd e r  to a c c e l e r a t e  

c o n v e r g e n c e  in t he  i n v i s c i d / v i s c o u s  i n t e r a c t i o n .

(22) the__fujict_i_ons

(i) D G O R D

T h i s  f u n c t i o n  e v a l u a t e s  S G / B y  w h i c h  is u s e d  in t h e  

shear s t r e s s  e q u a t i o n s .

(i i ) D P D X A

T h i s  f u n c t i o n  g i v e s  the s t r e a m w i s e  p r e s s u r e  g r a d i e n t  

v a l u e  (dp/dx) as in t he b o u n d a r y  l ay e r  p ro gr a m .

(i i i ) G R A D

T h i s  f u n c t i o n  c a l c u l a t e s  the  g r a d i e n t  of a n y  

v a r i a b l e  F R  at e q u a l  i n t e r v a l s  over a s p e c i f i e d  range.

( iv) G O R D

T h i s  f u n c t i o n  g iv es  the e m p i r i c a l  f u n c t i o n  G, a l s o  

for the s h e a r  s t r e s s  e q u a ti on .
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(V) O R D I N

T h i s  f u n c t i o n  is an  i n t e r p o l a t i o n  f u n c t i o n  for a n y  

v a r i a b l e  FA at a g i v e n  range . The i n t e r p o l a t i o n  is 

c o n t r o l l e d  b y  th e s ig n  o f  the i n t e r v a l  DX. If D X> 0,  t h e n  

i n t e r p o l a t i o n  is li n e a r ,  w h i l e  if D X < 0  it is q u a d r a t i c .

(v i ) P V A L U

As in the b o u n d a r y  l ay e r  p r o g r a m  t his  f u n c t i o n  

e v a l u a t e s  the  p r e s s u r e  p r o f i l e  by u s i n g  a 5th o r d e r  

p o l y n o m i a l .

(vii) S I M P S N

As in the b o u n d a r y  l ay er  p r o g r a m  thi s is u s e d  to  

i n t e g r a t e  a g i v e n  f u n c t i o n  FR w i th  equal i n t e r v a l s ,  u s i n g  

S i m p s o n ' s  rule.

( vi i i ) VALU_E__and_ V A L U M

As in the boundary layer program this is used in the 
interpolation of a function given at unequal intervals.



Turbulent Boundary Layer

cn(O

Fig 1 The Shear Layer Coordinates



l i a __?____Shear__ Laver__ Superposition in. the Wake
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Fjq 3 U,T Characteri st in Calculation

Fig 4 Scheme for Wall Boundary Calculation
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Fig 5 Fin tie Difference Scheme In V.P Calculation

Fj-9—§---- Grid and Centre Point For U.V P Calculation
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IN IT IAL INPUTV
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Fig 9 The Flow Chart of Turb
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Fig 12 The Flow Chart of START

in Wake

''
Set up the first

station MS height
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RETURN

Pig 14 The Flow Chart of RLPRO
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_CJ APTER_ _ _THE_. PO TJ NTIAJj_ . CM, CJJJjJVTJ

_3_.J._ _ J ) e of_ the_ Vo tentia1_ J*_low_ C a l e u1at ion
Th e i n v i s c i d  c a l c u l a t i o n  for i n c o m p r e s s i b l e  f l o w  

u s e s  t h e  s u r f a c e  s o u r c e  s i n g u l a r i t y  m e t h o d  o f  H e s s  a n d  S m i t h  

(1967). T he  f l o w  a r o u n d  a b o d y  is a p p r o x i m a t e d  by an 

u n k n o w n  s o u r c e  d i s t r i b u t i o n  (or v o r t i c e s - W i l k i n s o n  (1968 ))  

o n  t h e  M S  w i t h  u n i f o r m  o n c o m i n g  flow. In o r d e r  t o  c a l c u l a t e  

t h e  u n k n o w n  s o u r c e s  (or v o r t i c i t y ) ,  t he b o u n d a r y  c o n d i t i o n  

on the c o m p o n e n t  of v e l o c i t y  n o r m a l  to  t h e MS, a n d  the  

K u t t a - z h u k o v s k i i  c o n d i t i o n  at t h e  d o w n s t r e a m  e n d  o f  t h e  MS 

in the  w a k e  a r e  a p p l i e d  ; U u p p e r  = U lower far d o w n s t r e a m  in 

t h e  w a k e  - It is in f a ct  not  a c r i t i c a l  a s s u m p t i o n  (see 

§ 3 . 1 . 3 ) .  T h e n  t he  i n t e g r a l  e q u a t i o n  for t h e  u n k n o w n  s o u r c e  

d i s t r i b u t i o n  is s o l v e d  in f i n i t e  d i f f e r e n c e  form. T h e n  we 

c a n  o b t a i n  t h e  t a n g e n t i a l  v e l o c i t y  d i s t r i b u t i o n  o n  t h e  MS, 

a nd  th e p r e s s u r e  d i s t r i b u t i o n  p(s') f r o m  B e r n o u l l i ' s

e q u a t i o n ,  by u s i n g  t h e  c a l c u l a t e d  s o u r c e  d i s t r i b u t i o n .

The s u r f a c e  s o u r c e  s i n g u l a r i t y  d i s t r i b u t i o n  o n  t he  

MS  is a p p r o x i m a t e d  b y  s e g m e n t s  o n  w h i c h  t he s o u r c e  d e n s i t y  

is c o n s t a n t .  H e s s  (1975) s h o w e d  that the f i r s t - o r d e r  

m e t h o d ,  w i t h  s o u r c e  d e n s i t y  c o n s t a n t ,  is not a c c u r a t e  in 

c o n c a v e  c o r n e r s ,  bu t is q u i t e  a c c u r a t e  o n  m a i n l y  c o n v e x  

b o d i e s ,  e x c e p t  for t h i n  c u s p e d  a e r o f o i l s .  T h e  u s e of a 

f i r s t - o r d e r  m e t h o d  d o e s  not i n c u r  s e r i o u s  e r r o r s  for t y p i c a l  

s h a p e s  of th e  MS, b ut  a h i g h e r - o r d e r  m e t h o d  c o u l d  e a s i l y  be  

s u b s t i t u t e d .

3.1.1 The_ n_or_ma1_ j_t_y_ a_ry ĉ ĵ _i_ti_on
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We divide the M S  into a series of straight line 

segments (source "elements"). Therefore the M S  is 

approximated by a large polygon (see Fig.16). The source 

density mn is assumed constant along each segment, changing 

discontinuously between segments. Now we examine the 

velocity normal to the pth element induced by the 

nth-element. The velocity at a point P induced by a point 

source of strength M is given (see Fig.17) as follows

V r= M/ 2 ^ r  in the  r a d i a l  d i r e c t i o n ,  

w h e r e  r is th e d i s t a n c e  f r o m  t h e  p o i n t  s o u r c e  t o  t h e  p o i n t

P. T he  v e l o c i t y  i n d u c e d  by  l i n e  s o u r c e  s e g m e n t  A B  is g i v e n  

(see F i g . 18) by e q u a t i o n  (3.1) a nd (3.2): t h e d e t a i l e d  

d e r i v a t i o n  is g i v e n  in A p p e n d i x  4.

v m=

V 2n=

m
4 71 log

2 2
( x + y?Asn) + 7  
<x- 1/2d sn )2 + 7 2

m,
2 n tan- 1 y AS '

2 'x2+ y 2 - 1/4(Asn)2 \

(3.1)

(3.2)

w h e r e  V-^n is in t h e  d i r e c t i o n  A B  a n d  V 2n is n o r m a l  to AB. 

N e x t  we c o n s i d e r  t h e  m o r e  g e n e r a l  p r o b l e m  o f  t h e  MS  a r o u n d  

t he  a e r o f o i l  d i v i d e d  i n t o  s u ch  e l e m e n t s .  T h e  v e l o c i t y  on 

the pt h  e l e m e n t  i n d u c e d  by t he n t h  e l e m e n t  is g i v e n  by 

e q u a t i o n s  (3.1) a n d  (3.2) by t h e  s a m e  a n a l y s i s  a s  a b o v e  (see 

F i g . 20). We  set u p  g l o b a l  a xe s  w i t h  the X - a x i s  is d e f i n e d  

as the line p a s s i n g  t h r o u g h  t he L E  a n d  TE. T h e  a r c l e n g t h  

a r o u n d  the MS is d e f i n e d  f ro m  the L E  a n d  is t a k e n  p o s i t i v e  

in t h e  c l o c k w i s e  d i r e c t i o n .  T h e u n d i s t u r b e d  s t r e a m  v e l o c i t y  

is d e f i n e d  as u ®  at a n  a ng l e  a '  t o  t h e X - a x i s  (see F i g . 19).

In order to impose the boundary condition V up at

the mid-point of the pth element, we examine all the

contributions to the velocity normal to that element (see
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F i g . 20): for t he  p r e s e n t  w e  n e g l e c t  the  c i r c u l a t i o n .

(i) T h e  n o r m a l  v e l o c i t y  c o m p o n e n t  i n d u c e d  b y  a l l  t he o t h e r  

e l e m e n t s  on  the p t h  e l e m e n t .  T h e  n o r m a l  v e l o c i t y  i n d u c e d  by 

t h e n t h  e l e m e n t  is g i v e n  by:

^np = ^2n CTnp "  S I N CTn p
(3.3)

w h e r e  c ^ i s  the a n g l e  b e t w e e n  the p t h  a n d  n t h  e l e m e n t s .  

T h u s  t h e  t o t a l  n o r m a l  v e l o c i t y  c o m p o n e n t  i n d u c e d  b y  a l l  

o t h e r  e l e m e n t s  is g i v e n  by:

Vp — L  ( V2n COS ^np V1 n S I N a np )
n=1 (3.4)

(ii) Th e n o r m a l  v e l o c i t y  c o m p o n e n t  i n d u c e d  by  t h e  p t h  

e l e m e n t  on its el f . T h e  v e l o c i t y  is g i v e n  by m /2 in t h e  

o u t w a r d  d i r e c t i o n  (see A p p e n d i x  4).
(iii) T he  c o m p o n e n t  of t h e  u n d i s t u r b e d  v e l o c i t y  in t h e  

d i r e c t i o n  n o r m a l  to t h e  p t h  e l e m e n t  is g i v e n  by:

V(ii)
P = -  Uco s i N ( 0 p - a r )

(3.5)

w h e r e  0 p is th e  i n c l i n a i o n  a n g l e  r e s p e c t  ot t he X - a x i s .

The net n o r m a l  c o m p o n e n t  v e l o c i t y  b e c o m e s :

v - V (l)+ v (ij)vp -  vp + vp
(3.6)

=  2 m P +  ( ^ 2 n CTnp _  ^ i n S I N ^ n p }

- Ujjq SIN (dp - a )

By s u b s t i t u t i o n  of t he e x p r e s s i o n  of v ^ n a nd v 2n f r o m  

e q u a t i o n s  (3.1) a n d  (3.2), we can o b t a i n  t h e n o r m a l  

c o m p o n e n t  v e l o c i t y :

-  r ( ± p̂n ■*" ̂ pn) m -  b,
(3.7)

w h e r e  <$n pi s the K r o n e c k e r  d e l t a  a n d  A p p =0 for a ll p. T h e  

m a t r i x  f o r m  of t h i s  e q u a t i o n  c a n  b e  w r i t t e n  as:
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Vp =  Apn mn -  b p (3.8)

w i t h  s u m m a t i o n  o v e r  t h e  d u m m y  i nde x n, a n d  A is a t w o  

d i m e n s i o n a l  a r r a y  w h i c h  d e p e n d s  o n l y  on  g e o m e t r y  a n d  n o t  on

Oi a n d  Up .

If w e  a p p l y  th e  b o u n d a r y  c o n d i t i o n  V = u p/ W e o b t a i n

m -b = v _ pn n p P
or

A p n = b p + v p (3.9) 

T h e  s o u r c e  d i s t r i b u t i o n  m n c a n  b e  o b t a i n e d  b y  i n v e r s i o n  of  

the m a t r i x  of c o e f f i c i e n t s  A p n  ( ca ll ed the  " i n f l u e n c e  

c o e f f i c i e n t  m a t r i x " )

w h e r e
V (b p+,,p)

is t h e  i n v e r s e  m a t r i x

(3.10)

3 . 1 . 2  Cal_cu1a_t_i_on___of__ the__ _pres_su_re__ _coe_f_fi_ci_en_t__ _fo_r_ a

non_lif_t_ing_ _a_er_ofoi1

The  p r e s s u r e  c o e f f i c i e n t  at the p t h  e l e m e n t  is 

d e f i n e d  by

CP ”
P - Pm

u s i n g  B e r n o u l l i ' s  e q u a t i o n .

(3.11)

w h e r e  Vp is th e  s p e c i f i e d  n o r m a l  c o m p o n e n t  v e l o c i t y  a n d  q t'
is t h e  t a n g e n t i a l  v e l o c i t y  at t he m i d - p o i n t  of t h e  p t h  

e l e m e n t .  T h e r e  are t h r e e  c o n t r i b u t i o n s  to t he t a n g e n t i a l  

c o m p o n e n t  v e l o c i t y  at t h e  p t h  e l e m e n t ,  as s h o w n  in F i g . 20.
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(i) The tangential velocity induced by all other elements on 

the pth element: the tangential velocity induced by the nth 

element on the pth element is given by

qnp = crnp+V2 n anp (3.12)

The total tangential velocity induced by all other elements 

becomes:

Op” * S (vinC0Sffnp + V S,N <rnp)
" =1 (3.13)

(ii) The tangential component of the undisturbed stream 

velocity at the pth element is given by

qpH,= u^cosfep-or)
(3.14)

Thus the net tangential component velocity at the pth

element can be obtained as follows:
_ n (i>. (ii)

+ Q

= r(v1nCOSffnp + v2nsiNffnp)+u0Ocos(flp-a)n= 1

or by the matrix form

(3.15)

 ̂p = Bpn mn *p
( 3 - 1 5 " )

w h e r e  B p n is a t w o  d i m e n s i o n a l  a r r a y  w h i c h  o n l y  d e p e n d s  on 

the g e o m et r y.  By i n s e r t i n g  t h e  e q u a t i o n  (3.10) for in r we  

c an  o b t a i n

qp Bpn Apnbp+ fp 
Thus we calculate the pressure

(3.16)

coefficient on the MS by

i n s e r t i n g  e q u a t i o n  ( 3.1 6)  i n t o  (3.11).

3. 1 . 3  Th_e_ Kutta__condj_ti_on__fo_r_JL_i_ft_ing_jaj2j:_o_foiJ.

In t he  p r e v i o u s  s e c t i o n s  we d e s c r i b e d  t h e  

a p p l i c a t i o n  o f  t h e  n o r m a l  v e l o c i t y  b o u n d a r y  c o n d i t i o n  a n d
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th e c a l c u l a t i o n  o f  t h e  p r e s s u r e  d i s t r i b u t i o n  a r o u n d  the  MS 

for a n o n - l i f t i n g  bo d y ,  i g n o r i n g  c i r c u l a t i o n .  H o w e v e r ,  t he 

g e n e r a l  a e r o f o i l  p r o b l e m  is a l i f t i n g  case, a n d  t h e r e f o r e  we 

c o n s i d e r  h o w  t o  s o l v e  t h i s  p r o b l e m  b y  u s i n g  t h e  s i n g u l a r i t y  

m e t h o d .

For  t h e  l i f t i n g  a e r o f o i l ,  c i r c u l a t i o n  e x i s t s  a r o u n d  

the MS, s o  w e  m u s t  a d d  a v o r t i c i t y  d i s t r i b u t i o n  a r o u n d  t h e  

MS. T h i s  v o r t i c i t y  d i s t r i b u t i o n  h as t h e  a p p r o p r i a t e

s t r e n g t h  t o  s a t i s f y  t h e  K u t t a  c o n d i t i o n  at t h e e n d  of M S  in 

th e w a k e  (s ee F i g . 21). H e n c e  t h e  s o l u t i o n  p r o c e d u r e  is 

d i v i d e d  i n t o  t w o  st ep s:

(i) F i r s t l y ,  we c a l c u l a t e  t h e  t a n g e n t i a l  s u r f a c e  v e l o c i t y  

d i s t r i b u t i o n  q ^ ^ ( s ' )  o n  t h e  M S  for s t r e a m  v e l o c i t y  =1 at 

an a n g l e  o f  i n c i d e n c e .  T h i s  i n d u c e s  a f i n i t e  d i f f e r e n c e  in 

t a n g e n t i a l  v e l o c i t y  at the  e n d  o f  w a k e  b e t w e e n  u p p e r  a n d  

lo we r p a r t  o f  t he  MS.

(ii) We e v a l u a t e  t he t a n g e n t i a l  s u r f a c e  v e l o c i t y  

d i s t r i b u t i o n  (s') on t h e  MS for a c o n s t a n t  u n i t  

v o r t i c i t y  d i s t r i b u t i o n  ( Vn= l  for t h e  n t h  e l e m e n t )  on e a c h  

e l e m e n t  a r o u n d  th e  MS. T h i s  i n d u c e s  a f i n i t e  d i f f e r e n c e

q * * in t a n g e n t i a l  v e l o c i t y  at t h e  end of w a k e  (see 

F i g .25).

S i n c e  t h e  c a l c u l a t i o n  o f  t h e  t a n g e n t i a l  s u r f a c e  

v e l o c i t y  is p e r f o r m e d  b y  l i n e a r  e q u a t i o n s  w e  c a n  w r i t e ,  for 

th e t o t a l  t a n g e n t i a l  s u r f a c e  v e l o c i t y  d i s t r i b u t i o n  q(s) o f  

u n d i s t u r b e d  u n i f o r m  v e l o c i t y  U ffl a n d  c i r c u l a t i o n  f,

(i) r . q (s') =  Um q (s') + — Q (s )
S (3.17)

w h e r e  S is t o t a l  a r c  l e n g t h  a r o u n d  MS.

T h e  t o t a l  t a n g e n t i a l  v e l o c i t y  d i f f e r e n c e  w h i c h  is g i v e n  f r o m  

(i) and (ii) is z e r o  at the e n d  o f  t h e  wake. So w e  h a v e
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( 3. 18 )

a n d  t h i s  e q u a t i o n  g i v e s  t h e  a m o u n t  of c i r c u l a t i o n .

N o w  we  c o n s i d e r  h o w  t o  c a l c u l a t e  t he t a n g e n t i a l

e l e m e n t a r y  f l u i d  m e c h a n i c s  it is k n o w n  t h at  t h e v e l o c i t y

i n d u c e d  b y  a p o i n t  v o r t e x  o f  s t r e n g t h  Vn l o c a t e d  at A, is t h e

s a m e  as t h a t  i n d u c e d  b y  a p o i n t  s o u r c e  of s t r e n g t h  m n = y

l o c a t e d  at s a m e  p o i n t  A b u t  w i t h  its d i r e c t i o n  r o t a t e d  by

90° in the  c l o c k w i s e  s e n s e  r e l a t i v e  to t h a t  of t h e  s o u r c e

(see Fig. 22). T h u s ,  t h e  i n d u c e d  v e l o c i t y  v a l u e s  V ^ n a n d  V 2 n

at t h e  m i d - p o i n t  o f  t h e  p t h  e l e m e n t ,  due  to a v o r t e x  l i n e  of

d e n s i t y  s t r e n g t h  F n at t h e  n t h  e l e m e n t  (see F i g . 23) a r e t h e

s a m e  as e q u a t i o n s  (3.1) a n d  (3.2) e x c e p t  t h a t  m = V a n dn n
t h a t  t he  d i r e c t i o n  of  t h e  v e l o c i t i e s  are r o t a t e d  c l o c k w i s e  

b y  90°.

T h e  v o r t i c i t y  d i s t r i b u t i o n  i n d u c e s  a n o r m a l  

c o m p o n e n t  v e l o c i t y  d i s t r i b u t i o n  at e a c h  e l e m e n t  as m e n t i o n e d  

a b o v e .  S i n c e  t h e  n o r m a l  v e l o c i t y  b o u n d a r y  c o n d i t i o n  is 

s a t i s f i e d  in t h e  f i r s t  s t e p  o f  t h e  c a l c u l a t i o n  (see § 3 . 1 . 1 ) ,  

t h e  n o r m a l  v e l o c i t y  i n d u c e d  b y  v o r t i c i t y  s h o u l d  be  ze ro . In 

o r d e r  to s a t i s f y  t h i s  c o n d i t i o n ,  we a d d  a n e w  s o u r c e  

d i s t r i b u t i o n  m ' t o  e a c h  e l e m e n t  o f  t he MS. T h e r e f o r e ,  we  

h a v e :

i) N o r m a l  v e l o c i t y  i n d u c e d  at P t h  e l e m e n t  b y  t h e  v o r t i c i t y  

d i s t r i b u t i o n  ? n (see F i g . 23)

ii) N o r m a l  v e l o c i t y  i n d u c e d  at t h e  p t h  e l e m e n t  by  t h e  s o u r c e  

d i s t r i b u t i o n  m '

v e l o c i t y  d i s t r i b u t i o n  q ( i l'*(s') for c i r c u l a t i o n .  F r o m

= — i* — vn
(3.19)

D pn 4 n

n
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vp -  A Pn "47f (3.20) 

Since the net normal velocity induced at the mid-point of 

the Pth element must be zero, we get:

(i) (ii) =  -  B _ - Z l L  =  0vp + v p pn 4 ^

thus

pn 4 n ( 3 .2 1 )

m n —  A p n  B pn Fn
(3.22)

Since = 1

~  . N
n = i Bpn  ( 3 . 2 3 )

If we consider the total tangential velocity due to

m n ~  A p n ^  B pn

the vorticity Vn and the added source distribution mn , we

obtain:

Q(l,)= E (fvjnCOS^np-V1nSIN<7np) Kn.n = 1 v  4 n

—  Apn 4?r ( 3 . 2 4 )

S u b s t i t u t i n g  t h e  m n ' f r o m  e q u a t i o n  (3.22) y i e l d s

( i i ) m—' — ^
" = B p n T = - + Ap n ^

(3.25)

a nd
( i i )

a l l  t h e V 's rn s a re

a /

Xjl = N
E Apn

4 n n= i 4 7T

1 R=  Bpn
a/
Apn - 1  NE Bpn

n = i4 7T

(3.26)

N A
+ E

pn

(3.27)

Now the tangential component velocity due to the

source distribution with 1^ = 1 is given by :

(i> —' _i-r-v —' ^Pp — Bpn Apn bp+ fp
(3.28)
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w h e r e  b *  a nd  fD* a r e  a n d  fn as d e f i n e  b y  e q u a t i o n s  (3.8) f r' P r

and (3.9) r e s p e c t i v e l y ,  but □©=].• H e n c e  the t o t a l  

t a n g e n t i a l  v e l o c i t y  a t  t h e  m i d - p o i n t  of t h e  p t h  e l e m e n t  is 

g i v e n  by
qJ, = Uco (Bpn A p n ^ b p t  f )

+ i “ *Pn ^  - v A,-1 N b,
L

N
+ 2 -2£fl-

n= l 4 tt n = 1 4 7 T

(3.29)

As a check on the calculation, we can compute the 

total normal velocity component at the mid-point of the pth 

element:

F r o m  e q u a t i o n  ( 3 .1 7 ),  w e  h a v e

C, /N- (j ) p
VP = U<ovp + T V

Cii)
S P (3.30)

F r o m  e q u a t i o n s  (3.8),

~ (i) /v m ' ^v — a  111 n h
P “  APn*47T-----V

a nd  f r o m  e q u a t i o n s  (3.19) a nd (3.20) w e  o b t a i n

( 3. 3 1

y i1' — a mn — Bn *n P ~ AP"4^
D 1

S u b s t i t u t i n g  e q u a t i o n s  (3.31) a n d  (3.32) 

o b t a i n

(3.32) 

i nto  (3.30)  we

Vp -  _ b^)

(3.33)

T h e n  u s i n g  e q u a t i o n s  (3.23) a n d (3.10) for m n ' a n d m n w e

obtain

/V _1 /V » ** 1»\
Apn Apn bp “  bP /

2  _1r I n ___ R - l n ^  =  0c \ pn pn pn pn )3  \  P "  •'» r'" 4 t t  r "  4 ' (3.3 4)  

w h i c h  s h o w s  t h a t  t h e  c a l c u l a t e d  n o r m a l  v e l o c i t y  c o m p o n e n t  at 

th e m i d - p o i n t  o f  t h e  pth e l e m e n t  is t hat  w h i c h  w as s p e c i f i e d



as b o u n d a r y  c o n d i t i o n .

T h e  p r e s s u r e  c o e f f i c i e n t  C P is, as b e f o r e

(3.35)

3 . 1 . 4  T h  e_ _cal_cu1jj_t_ion__o_f__the__st_ag_naj:J-_p_n_ jp_oj_n_t

T h e  p o s i t i o n  of t h e  s t a g n a t i o n  p o i n t  on t h e  M S  is 

f o u n d  b y  f i r s t  s e a r c h i n g  for  t h e  n o d e  (Km say) n e a r  t h e  

fr o nt  of t he  MS  at w h i c h  t h e  v e l o c i t y  is a m i n i m u m  (see 

F i g . 24). S i n c e  o n  t h e  t o p  s u r f a c e  q is in the p o s i t i v e  

s ' - d i r e c t i o n  a n d  o n  t h e  b o t t o m  s u r f a c e  it is in t h e n e g a t i v e  

s ' - d i r e c t i o n , t he  t a n g e n t i a l  v e l o c i t y  q c h a n g e s  s i g n  f r o m  

t he  t o p  to t h e  b o t t o m  s u r f a c e  o f  t h e  MS. F r o m  F i g . 24 w h i c h  

s h o w s  the t y p i c a l  p l o t  o f  v e l o c i t y  q for t h e  a rc l e n g t h  s '  

in t h e  r e g i o n  o f  m i n i m u m  s u r f a c e  v e l o c i t y ,  we f i n d  t h e  

i n t e r s e c t i o n  (s =s^' ) of t h e s t r a i g h t  l i n e  d r a w n  t h r o u g h  

n o d e s  K m  a n d  K m + ^ a n d a l s o  t h e  i n t e r s e c t i o n  ( s ' = S 2 *) l i n e  

d r a w n  t h r o u g h  n o d e s  K m _ 1 a n d  K . The p o s i t i o n  o f  t h e  

s t a g n a t i o n  p o i n t  is t h e n  g i v e n  b y  t a k i n g  the a v e r a g e  o f  tw o  

i n t e r s e c t i o n  p o s i t i o n s ,  i.e.

This point is then used to start the laminar boundary layer 

calculation.

3_._2__ _Descrjjc>tion_ o f__procfram

The  m a i n  c h a n g e s  to t h e D e p a r t m e n t - s t a n d a r d  A M O S  

p r o g r a m  h a v e  b e e n  in t h e  i n p u t  a n d o u t p u t  a r r a n g e m e n t s .  

A l s o ,  w e  u s e  o v e r l a y  t o  s a v e  c o r e  mem o ry .  The  r e a d e r  is 

r e f e r r e d  to M a h g o u b  (1978) for a d e t a i l e d  d e s c r i p t i o n .

(s 1'+s 2')/2 (3.36)

(1) The_ ma_in__ov_er_1_ay__(_0VAMOS_,_0_,_0J
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T h i s  c o n t a i n s  t h e  m a i n  c o n t r o l  s t a t e m e n t s  f o r  t h e  

w h o l e  c a l c u l a t i o n .  T h e  c h o r d  len g th , and  the a n g l e  of 

a t t a c k ,  in d e g r e e s ,  a r e  r e ad  f r o m  d a t a  f ile  A M O D A T l . T h e n  

t he  s u b r o u t i n e  C O O R D  is c a l l e d  to c a l c u l a t e  t he a r c  l e n g t h  

a l o n g  t he  MS a nd  t h e  i n c l i n a t i o n  a n g l e s  o f  t h e  p o t e n t i a l  

f l o w  c a l c u l a t i o n  e l e m e n t s .

( 2) T h e _ prj.ma_ry__overJ.ay_ J_OVAM()S_,_1_,_0J

T h i s  is r e s p o n s i b l e  for s e t t i n g  up the  i n f l u e n c e  

c o e f f i c i e n t  m a t r i c e s  A  a n d  B.

( 3 ) The_

T h i s  is t h e  o v e r l a y  c o n t a i n i n g  the i n v e r s i o n  o f  the 

i n f l u e n c e  c o e f f i c i e n t  m a t r i x  A. The  m a t r i x  i n v e r s i o n  

s u b r o u t i n e  M I N V  is i n c l u d e d .

( 4 ) The_ p_r_ima_r y__over1 a y___(0_VAMOS_,_3_,_0J

T h i s  o v e r l a y  c o n t a i n s  the  c a l c u l a t i o n  o f  the

v e l o c i t i e s ,  t a n g e n t i a l  a n d  n o r m a l  t o  the MS  at t h e e l e m e n t

m i d - p o i n t s .  It a l s o  c a l c u l a t e s  t he c i r c u l a t i o n  a r o u n d  t h e

M S  in t h e  l i f t i n g  c a s e .  T h e  p r e s s u r e  c o e f f i c i e n t  is a l s o

c a l c u l a t e d  at t he  e l e m e n t  m i d - p o i n t s .  c = 1  at t h eP
s t a g n a t i o n  p o i n t .

( 5 ) Th_e_ JJJbj^jJti n^:_ _COORD

T h i s  s u b r o u t i n e  s t a r t s  b y  r e a d i n g  s ome  p a r a m e t e r s ,  

for i n s t a n c e ,  t he  n u m b e r  of M S  e le me nts . T h e  (X,Y) 

c o o r d i n a t e s  a nd  n o r m a l  v e l o c i t y  at the MS m i d - p o i n t s  a r e  

r e a d  ne x t,  a n d  t h e  a r c  l e n g t h s  of m i d - p o i n t s  a n d  t h e  s l o p e  

o f  e l e m e n t s  o n  t h e  M S  a r e  e v a l u a t e d .
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( 6 ) T h _ e _ _ s u _ i _ n _ e _ J _ N _ V

T h i s  s u b r o u t i n e  c o m p u t e s  

s t o r e d  in the a r r a y  A. T he  

e l i m i n a t i o n  m e t h o d .  O n  r e t u r n  

i n v e r s e  m a t r i x  is s t o r e d  in A by

t h e  i n v e r s e  of a m a t r i x  

i n v e r s i o n  u s e s  t he G a u s s i a n  

f r o m  t he s u b r o u t i n e ,  the 

o v e r w r i t i n g  it.

( 7 ) The_JijJnct_ion__VALUE

T h i s  f u n c t i o n  is i d e n t i c a l  w i t h  t h a t  in the b o u n d a r y  

l a y e r  p r o g r a m  (see § 2 . 5 ) .
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Outward
Normal Direction

Fig 20 Velocity Induced on Pth Element due to Nth Element
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Fig 24 Calculation of Stagnation Point Position

w1 = NKJTOP 
w2 = NKJBOT

Fig 25 Application of Kutta—Zhukovskii Condition at the

End of Wake
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Chapter__4_.__The_ Viscous/inyiscid_ MateIn. n g__Procedure

4_._1 D e i o j i _  _ ̂nd _Njj_mer il̂ __ __Tjie__ Jtat chijig
Pj^c^d_ar_e

As m e n t i o n e d  in  the I n t r o d u c t i o n ,  the f l ow  c a n  be 

d i v i d e d  in to two d i f f e r e n t  d o m a i n s  : (1) A s h e a r  l a y e r

( i n c l u d i n g  th e w a k e ) ,  w h e r e  w e  s o l v e  sh ea r  layer e q u a t i o n s  

a c c o r d i n g  to t he  m e t h o d  o f  c h a p t e r  2, and (2) A p o t e n t i a l  

flow, w h e r e  the f l o w  is s o l v e d  b y  u s i n g -  for i n s t a n c e  - t h e  

H e s s  and Sm i th  s u r f a c e  s o u r c e  d i s t r i b u t i o n  m e t ho d.  T h e s e  

tw o  s o l u t i o n s  m u s t  be p r o p e r l y  m a t c h e d  in o rd e r  to o b t a i n  a 

m e a n i n g f u l  s o l u t i o n .  T h e  m a t c h i n g  s u r f a c e  for t he  

i n t e r a c t i n g  v i s c o u s / i n v i s c i d  m e t h o d  u si n g  the t h in  s h e a r  

layer e q u a t i o n s  can be c h o s e n  as the s o l i d  b o u n d a r y ,  if 

d i s p l a c e m e n t  e f f e c t s  are r e p r e s e n t e d  by a t r a n s p i r a t i o n  

v e l o c i t y  or as the " d i s p l a c e m e n t  s u r f a c e "  (body t h i c k n e s s  

p l u s  d i s p l a c e m e n t  t h i c k n e s s :  ( Lo c k  1980, Lock and  F i r m i n  

1980). In the p r e s e n t  m e t h o d  w e  p l a c e  the m a t c h i n g  s u r f a c e  

at or ab o v e  the b o u n d a r y  l a y e r  e d g e  b e c a u s e  the e q u a t i o n s  w e  

a c t u a l l y  s o l v e  i n c l u d e  t h e n o r m a l  m o m e n t u m  e q u a t i o n  and, as 

m e n t i o n e d  in the  i n t r o d u c t i o n ,  t h e  s t a n d a r d  d e f i n i t i o n  o f  6 

is not va lid . Th e q u a n t i t i e s  w h i c h  are m a t c h e d  at t h e  MS  

a re  the v e l o c i t y  n o r m a l  to t h e  M S  (V ) and the p r e s s u r el l l o

(p ); The n o r m a l  v e l o c i t y  (V ) is o b t a i n e d  f r o m  t h e  s h e a rC  l l l o

layer  c a l c u l a t i o n  ( i n c l u d i n g  t h e  w a k e )  w h i c h  is p e r f o r m e d  in 

r e g i o n  I (see F i g . 26) f r o m  t h e  r eal  s u r f a c e  r s  u p  to t h e  MS.

V ms is a f u n c t i o n  of  s', t h e  a r c  l e n g t h  on the MS. T h e  

p r e s s u r e  d i s t r i b u t i o n  on t h e  M S  (Pe (s')) is o b t a i n e d  f r o m  

th e  p o t e n t i a l  f l o w  c a l c u l a t i o n  w h i c h  is p e r f o r m e d  in r e g i o n  

II (see F i g . 26); s t r i c t l y  f r o m  U m s , h en c e  p m g = p - l / 2 (U m g 2 +
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V ms ) w h e r e  V m s  is s m a l l  c o m p a r e d  

p r o c e d u r e  is t he  s a m e  in p r i n c i p l e  

i n c l u d e s  a w a k e  c a l c u l a t i o n  

t r a n s f o r m a t i o n "  in t h e  T E  r e g i o n .

2
to U .  ms

as M a h g o u b  

and the

T h e  m a t c h i n g  

(1978) b u t  n o w  

" w e d g e  f l o w

(1) i n J - J t _ i _ o n _ j o f _ _ t h e _ J P _ a c p _ / _ T E _ _ r _ e g i _ o n

B e c a u s e  t he  s - n  c o o r d i n a t e  s y s t e m  is u s e d  in t h e  

s h e a r  la y e r  c a l c u l a t i o n ,  e x c e p t  near t h e TE, it is 

c o n v e n i e n t  t o  d e f i n e  t h e  M S  b y  s p e c i f y i n g  t h e  h e i g h t  ( v a l u e  

of  n) n = H m s (s ) ° f  t h e  M S  f o r a n y  p o i n t  on  t h e R S  ( i n t h e  

n e a r  w a k e  r e g i o n  w e  u s e  t h e  w e d g e  t r a n s f o r m a t i o n  r u l e  for 

t h e c o o r d i n a t e  s y s t e m ) .  T h e t r a i l i n g  e d g e  b i s e c t o r

l i n e  is t a k e n  as t h e  a c t u a l  R S  line: t hus  t h e  M S  is d e f i n e d

as a n o r m a l  d i s t a n c e  f r o m  t h e  R S  w h i c h  is, in g e n e r a l ,  a 

f u n c t i o n  of s (the a r c  l e n g t h  a l o n g  the R S ) - ( s e e  Fig. 27). 

T h e r e f o r e  if w e  d r a w  t h e  n o r m a l  l i n e s  t h r o u g h  t h e p o i n t  C 

on t he  R S  (with c o o r d i n a t e  X r s ,Yrs ), w e  c an d e f i n e  t h e  p o i n t

Q on MS at th e h e i g h t  H ms  ( w i t h  c o o r d i n a t e  x m s 'Y m s ) • T h e  

are t h e i n c l i n a t i o n s  of t h e  R S  a n d  MS, 

r e s p e c t i v e l y ,  t o  t h e  X - a x i s .

ms
a „ _ and r s ms

As s h o w n in F i g . 26 we n e e d the equat:Lon o f t h e

nor mal t h r o u g h  t he p o i nt G on  m s t h e RS to o b t a i n x ms a n d

Y ms • The s l o p e  of t he n o r m a l  t o th e R S is - 1 / G rs' w h e r e G rs
is t he s lope o f  th e R S w h i c h  is e q u al to tan a rs * T h e r e f or e

the e q u a t i o n o f  nor m al t h r o u g h C ms is gi ven

Y=- 1/G x 
rs

+ c (4 .1)
w h e re c is a c o n s t a nt t o  be d e t e rmi n e d .

W e i n se r t the p o i n t c o o d i n a t e s i n t o t hi s equ at ion

Y ms = - ^ r s x m s +c (4 .2)

“■ - V G - . (4 .3)

a nd
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H J =  (> -  X
2 2 
>) + (Yms "  Yrs)ms \  ms

F r o m  e q u a t i o n  (4.2) a n d  (4.3) we c a n  o b t a i n

Yms - Yrs = - trs (xrns x rs)

W e  in se rt  e q u a t i o n ( 4.5) i nto  (4.4), a n d  o b t a i n

*ms = Xrs + Grs Hms

and

^ms — Yrs +

V 1 +  Grs2 

Hms

V 1 + Grs2

or a l t e r n a t i v e l y

(4.4)

(4.5)

(4.6)

(4.7)

x ms — x rs i  ^

^ms — Yrs 4 . Tj

For t h e  upper s u r f a c e  we t a k e

Xms — Xrs — l Yms = Yrs + 7

and f o r  t h e  lower  s u r f a c e

x ms — x rs + l

^ms — Yrs -  n

(4.8)

(4.9)

Thus,  g i v e n  t he s l o p e  of t h e  RS  a nd the r e q u i r e d  

h e i g h t  H ms f r o m  the  RS (in the n - d i r e c t i o n )  we c a n  find the 

c o o r d i n a t e s  of  the  MS  (see F i g . 26) f r o m  the n o d e s  of the RS.

S i n c e  th e p o t e n t i a l  f l o w  c a l c u l a t i o n  d i v i d e s  the s u r f a c e  on 

w h i c h  the p r e s s u r e  is c a l c u l a t e d  (MS) i n t o  d i s c r e t e  s t r a i g h t  

l i n e e l e m e n t s  (see c h a p t e r  3) b e t w e e n  d e f i n e d  "no de s" ,  it is 

c o n v e n i e n t  to  d e f i n e  the RS  by a s e r i e s  of n o d e s  and then 

d e f i n e  t h e  n o d e s  for t h e  MS by m e a n s  o f  t he n o r m a l s  to R S  at 

t he  RS  n o d e s  (see F i g . 27). T h e  R S  s l o p e  at the Jth  n o d e  is
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o b t a i n e d  by t a k i n g  the  a v e r a g e  of t h e  s l o p e s  of t h e  t w o  

s e g m e n t s  o n  the  R S  w h i c h  m e e t  at  t h e  J t h  n o d e  :

w h e r e  th e X and  Y c o o r d i n a t e s  r e f e r  t o  t he n o d e s  on the RS. 

H e n c e  we d e f i n e  t h e  M S  n o d e s  b y  s p e c i f y i n g  H (s ) for a l llllo
R S  n o d e s  (as s h o w n  in F i g . 27).

( 2) The__ma_tch_ing_33I I J - I L j - _ T E _  133J-_pn
T he  t r a i l i n g  e d g e  r e g i o n ,  w h i c h  is d e f i n e d  r o u g h l y  

as t h e  r e g i o n  c o n t a i n i n g  a b o u t  5 p e r c e n t  of  t h e a i r f o i l  

c h o r d  a n d  a b o u t  the s a m e  d i s t a n c e  in t h e  w a k e  f r o m  TE, n e e d s  

s p e c i a l  t r e a t m e n t .  If c u r v i l i n e a r  o r t h o g o n a l  (s,n) 

c o o r d i n a t e s  a re  u s e d  in t h e  w h o l e  f l o w  field , a s i n g u l a r i t y  

in t h e  c o o r d i n a t e  s y s t e m  ( m u l t i - v a l u e d  s) o c c u r s  at t h e  T E  

b e c a u s e  of t he  d i s c o n t i n u i t y  o f  t h e R S  (s-axis) s lo p e .  It 

is n e c e s s a r y  t o  p r o v i d e  a s m o o t h  t r a n s i t i o n  f r o m  the (s,n) 

c o o r d i n a t e  s y s t e m  o f  t h e  b o u n d a r y  l a y e r  r e g i o n  to  t h e  (s,n) 

c o o r d i n a t e  s y s t e m  o f  t h e  w a k e .  It w o u l d  be i n e f f i c i e n t  to 

i n t r o d u c e  a n o n o r t h o g o n a 1 c o o r d i n a t e  s y s t e m  for t h i s  s m a l l  

r e g i o n  a l o n e ,  s i m p l y  to a c c o m m o d a t e  the s i n g u l a r i t y  in 

g e o m e t r y .  Ins te ad , w e  u s e  t h e  " w e d g e  flow" t r a n s f o r m a t i o n  

o f  p o t e n t i a l  t h e o r y  t o  p r o v i d e  a n  o r t h o g o n a l  (but s i n g u l a r )  

g r i d  a nd  t o  i m p r o v e  n u m e r i c a l  a c c u r a c y .  T h e t r a n s f o r m a t i o n  

W =  Z n m a p s  t he  w h o l e  of t he W - p l a n e  (the " c o m p u t a t i o n a l  

p l a n e " )  to  a r e g i o n  - n / n  < 6 < n / n  in t he Z - p l a n e  (the 

" p h y s i c a l  p l a n e " ) ,  a n d  r e c t a n g u l a r  C a r t e s i a n  c o o r d i n a t e s  

, w h e r e  w= <P + ii/' , m a p  t o  o r t h o g o n a l  c u r v i l i n e a r  

c o o r d i n a t e s  as s h o w n  in F i g . 28.

As s h o w n  in F i g . 28, w e  set u p  t h e  X O , Y O  c o o r d i n a t e  

s y s t e m  an d we  d e f i n e  Z = X O + i Y O  ( = r ( c o s 0  + isinfl)) for a n y
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p o i n t  in t h i s  s y s t e m .  T h e n  w e  c a n  o b t a i n  

W  = Zn

= (r(co s 6 + i s i n  Q ) )n

= r n (cos n 0 + i s i n  n 0 ) (4.11)

T h e r e f o r e ,

<p- rn cos n 0

0 =  rn s in n e (4.12)

T h e  c o n s t a n t  0 - l i n e s  a r e  s t r e a m l i n e s  o f  i n v i s c i d  f l o w  p a s t  

t he  TE.

T h e  t r a n s f o r m e d  " s t r e a m l i n e s "  all a s y m p t o t e  t o  t he  

w e d g e  s u r f a c e  at  a n  i n f i n i t e  d i s t a n c e  u p s t r e a m  of t h e TE. 

H o w e v e r  it is n e c e s s a r y  for t h e  s t r e a m w i s e  c o o r d i n a t e  l i n e s  

t o  b e c o m e  s t r a i g h t  a n d  p a r a l l e l  - or at least t o  m a t c h  the 

c o n s t a n t - n  l i n e s  in a f i n i t e  d i s t a n c e  f ro m  t he TE. T h i s  is 

a r r a n g e d  b y  p a t c h i n g  the (s,n) s y s t e m  of t he t u r b u l e n t  

b o u n d a r y  la y e r  a n d  o r t h o g o n a l  c u r v i l i n e a r  ((p,\)/) s y s t e m  o f  

th e t r a i l i n g  e d g e  r e g i o n  t o g e t h e r  by u s i n g  p o l y n o m i a l  

s t r e a m w i s e  c u r v e s  (see F i g . 29). For c o n f o r m i t y  w i t h  th e 

c o n s t a n t - n  l i n e s  of  t h e  t u r b u l e n t  b o u n d a r y  l a y e r ,  t h e s e  

c u r v e s  h a v e  to  m a t c h  s l o p e  a n d  c u r v a t u r e  at t h e  u p s t r e a m  

en d.  S i m i l a r l y  d o w n s t r e a m  t h e y  m u s t  h a v e  t h e s a m e  s l o p e  a n d  

c u r v a t u r e  as t h e  w a k e  c o o r d i n a t e  li ne s  (see F i g . 29). In 

o r d e r  t o  s a t i s f y  t h e s e  m i n i m u m  c o n d i t i o n s  q u a r t i c  c u r v e s  ar e  

u s e d .  If t h e  s l o p e  o f  the  0 = c o n s t  c ur v e  at B is y' a n d  t h e  

s e c o n d  d e r i v a t i v e  t h e r e  is y", t h e n  the e q u a t i o n  of t he  

q u a r t i c  is

Y= Y 1 + a x 4 + b x 3 

a n d  th e  b o u n d a r y  c o n d i t i o n s  a r e  

at X O = 0  Y O = y 1

aYO/dXO=0

d 2Y O / 3 X O 2=0
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at X O = L  Y ° = y 2

We f in d th at,  i n s e r t i n g  t he c o n d i t i o n s  at B (XO=L)  :

YO" = 1 2 a L 2+ 6 b L  

YO' = 4 a L 3+ 3 b L 2 (4.13)

H e n c e  we c a n  o b t a i n

a = (LY O " -  2 Y O ' ) / 4 L 3 

b = (3 YO' - L Y O " ) / 3 L 2

y2= yl + a L 4 + b L 3

(4.14)

(4.15)

W e  s u b s t i t u t e  e q u a t i o n s  (4.13) a n d  (4.14) i n t o  (4.15)

We n e e d  t he  v a l u e  o f  Y O "  and  Y O ' to  o b t a i n  t h e  v a l u e  o f  y^. 

As s h o w n  in F i g . 31, \ p=0 l in es  are r a d i a l l y  d i r e c t e d  f r o m  t he  

T E  at a n g l e  n / n .  C o m p a r i n g  (XO ,YO ) a n d (r,a) as the 

c o o r d i n a t e  t r a n s f o r m a t i o n ,  the  i n v i s c i d  f l o w  f i e l d  w i l l  n o w  

t a k e  a r o t a t e d  f o r m  a s  f o l l o w s  :

W=<£>+ i ^  = rn [ C O S  n ( a —  f t ) +  iSINn (a —  /?)]

s o  e v e r y t h i n g  is s h i f t e d  a r o u n d  the a x i s  by 0  .

E x p a n d i n g  the c o s i n e  a n d  s i n e  t e r m s  ;

W= rn[ (COSnQJCOS n/3 + SIN nttSIN n/J )

+ i (SINnacOSnjS —  COSnaSINn/3 ) ]

= rn [ (COS na+iSINna)

(COSn/3 - SIN nyg ) ]

dW/dZ= n r " 1 [ t COS Cn-Da + iSINCn-1 )(*HC0S n/?-iS Nn /?}]

= n r n-1[C0S{(n - 1)0; — n/5) + i SIN[(n-1 )a-n/?3 ]
=- U + iV 

So w e  can o b t a i n ,

V / U  = -tan( (n -1 )or-n^S)

Considering the angle in terms of 6 ,

yl=y2 “ (l YO1- 2YOf) --5-(3YO “  2Y0")
(4.16)
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a =  7i -  9 , P  = n
n_
n

V / U =  tan [(n — 1)0]

For th e s e c o n d  d e r i v a t i v e  (see F i g . 30), 
— \  =  0ftan[(n-D0]}a0

0 0 ^
0jtan (n-l)0i =  (n-1 )£ SEC2( n-1)0 ]

a n d * e
AC = r A$ = H S I N ( 0 + O )
H =  ^Xcoscr

M -  1 SI N ( 0 + o d  
AX r COS O'

1 sin(o;+0) 
r COS Of ( n - l ) S E C 2(n-l)0

We w o u l d  p r e f e r  t he p a t c h i n g  

t u r n i n g  p o i n t  in t he r e g i o n  0 <X O< L.  

f o u n d  to  be at

c u r v e s  

The t u rn

to h a v e  n o

ing p o i n t  is

XOt _  L.Y0_,".3,Y0 f,
L LY0"-2Y0

If w e  p l o t  X O fc/L  vs t h e p a r a m e t e r  L Y O n/ Y O'  (see F i g . 32), w e  

f i n d  th at th e n e c e s s a r y  and  s u f f i c i e n t  c o n d i t i o n  for n o  

t u r n i n g  p o i n t s  in the  r e g i o n  0 < X O < L  is L Y O n/ Y O x< 3. T h i s  

c o n d i t i o n  fo r ms  th e b a s i s  for c h o s i n g  the i n i t i a l  ^ - c u r v e s  

• T h i s  r e q u i r e d  q u a r t i c  c u r v e  t u r n s  o ut to  be h i g h l y  

d e g e n e r a t e  a n d  the  w h o l e  c o o r d i n a t e  t r a n s f o r m a t i o n  is s i m p l e  

to p r o g r a m .  At p r e s e n t  t he c o o r d i n a t e  s y s t e m  is s y m m e t r i c a l  

a b o u t  the TE b i s e c t o r  (see F i g . 33), w h i c h  is s l i g h t l y  

i n e f f i c i e n t  s i n c e  t h e  l ow er  b o u n d a r y  l aye r is u s u a l l y  

t h i n n e r .

( 3 ) Th _ e _ J ._ n i_ t ia _1_ g_uess__for__ t h e _  ma J : _ c h i i l S _ 331 S 333

As m e n t i o n e d  b e f o r e ,  w e  h a v e  to g u e s s  t he i n i t i a l  

MS  for t h e  f i r s t  i t e r a t i o n  o f  t h e  i n t e r a c t i o n  c a l c u l a t i o n ;  

th en,  d u r i n g  the f i r s t  s w e e p  o f  t h e  s h e a r  l a y e r  c a l c u l a t i o n
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a n e w  M s  b a s e d  on  th e 6* or 16 v a l u e  w i ll  be c o m p u t e d  a n d  

t h i s  n e w  M S  v a l u e  w i l l  be u s e d  for the  n e x t  s w e e p  (see 

F i g . 33). O n c e  M S  c h a n g e s  b e c o m e  s m a l l  the  M S  is f i x e d  for 

s u b s e q u e n t  s w e e p s .  T h e  i n i t i a l  M S  is d e t e r m i n e d  b y  u s i n g  a 

p a r a b o l i c  fit f r o m * L E  t o  t h e  p a t c h i n g  p o i n t  of  t r a i l i n g  e d g e  

r e g i o n  in th e p r e s e n t  p r o g r a m .

( 4) The__v i . s c o_us_/i_nvis_c_id__in_ter_a_ct_ion_ p_r_ocedure

In th i s s e c t i o n  we  d e s c r i b e  h o w  the m a t c h i n g

p r o c e d u r e  is a p p l i e d  n u m e r i c a l l y .  T he d e t a i l e d  f l o w  c h a r t

a n d  'data f l o w  a re  s h o w n  in F i g . 35.

As m e n t i o n e d  in t h e  i n t r o d u c t i o n  to t h i s  c h a p t e r ,

t h e  e x t e r n a l  p r e s s u r e  d i s t r i b u t i o n  p e is o b t a i n e d  f r o m  t h e

p o t e n t i a l  f l o w  c a l c u l a t i o n  a n d  u s e d  for s h e a r  l a y e r

c a l c u l a t i o n ,  w h i l e  t h e  s h e a r  c a l c u l a t i o n  in t u r n  p r o d u c e s

t h e  n o r m a l  v e l o c i t y  d i s t r i b u t i o n  V 0 (normal to t he RS: in

t h e  t r a n s f o r m a t i o n  r e g i o n  t h e  c a l c u l a t e d  U a n d  V  v a l u e s6 0
a r e  a l r e a d y  p a r a l l e l  a n d  n o r m a l  t o  t h e  MS). But t h e n o r m a l  

v e l o c i t y  V mg v a l u e s  ( n o r m a l  to  t h e  MS) a r e  n e e d e d  i n  t h e  

p o t e n t i a l  c a l c u l a t i o n .  G e n e r a l l y  t he MS a nd R S  a r e  n o t  

p a r a l l e l  an d in t h a t  c a s e  (see F i g . 34) V is o b t a i n e d  f r o m
ill b

U e a n d  v e t h r o u g h  th e e x p r e s s i o n  :

V m s  ~ V e cos (a ms" s ^ n ^ m s - c *rs^ (4.17)
Now, t he  p o t e n t i a l  f l o w  c a l c u l a t i o n  c a l c u l a t e s  p e

( s t r i c t l y ,  U e ) at the m i d d l e  p o i n t  o f  the MS e l e m e n t s ,  w h i l e

V m s  for the p o t e n t i a l  f l o w  c a l c u l a t i o n  is o b t a i n e d  at t h e  M S

n o d e s ,  u s i n g  e q u a t i o n  (4.17) f r o m  t h e  v a l u e s  of U 0 a n d  V 0 at

t h o s e  no d e s .  In g e n e r a l  t h e r e  w i l l  be m o r e  s h e a r  l a y e r

c a l c u l a t i o n  n o d e s  t h a n  p o t e n t i a l  c a l c u l a t i o n  n o d e s  (see

F i g . 34), so t h a t  in o r d e r  t o  o b t a i n  the U a n d  V  at t h e^ e
p o t e n t i a l  c a l c u l a t i o n  n o d e s  w e  n e e d  to i n t e r p o l a t e  f r o m  U e
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an<3 v e as 9 i ven at s h e a r  l ay e r  c a l c u l a t i o n  n o d e s .  M o r e o v e r  

s i n c e  th e V ms v a l u e s  at t h e m i d - p o i n t s  of t h e  e l e m e n t s  of 

the M S  are r e q u i r e d  f o r p o t e n t i a l  f l o w  c a l c u l a t i o n ,  w e  n e e d  

to i n t e r p o l a t e  f r o m  t h e  V m g  c a l c u l a t e d  at t h e  n o d e s .

( 5) The_jgene_ral_ _vj.jscous / i n v i s c _id_jna tchj._ng_jpj:j3j:_ej3u

T h e  g e n e r a l  v i s c o u s / i n v i s c i d  m a t c h i n g  p r o c e d u r e  is 

as  fo l l o w s :

(i) M a k e  an i n i t i a l  g u e s s  o f  t h e  MS  a n d  of  t he v e l o c i t y

V ms n o r m a l to the  M S  at t h e m i d - p o i n t s  of t h e  e l e m e n t s  of 

the MS.

(ii) P e r f o r m  th e  p o t e n t i a l  f l o w  c a l c u l a t i o n  in r e g i o n  II

(see F i g . 31) to  o b t a i n  t h e  t a n g e n t i a l  v e l o c i t y  U 0 and  h e n c e

th e e x t e r n a l  p r e s s u r e  d i s t r i b u t i o n  p 0 on t h e M S  at t h e
o o

m i d - p o i n t  o f  t h e  e l e m e n t s ,  w i t h  p = p - i /2 (U +V  ).

(iii) U s i n g  the  e x t e r n a l  p r e s s u r e  d i s t r i b u t i o n  p 0 , in the 

SL c a l c u l a t i o n  ( i n c l u d i n g  t h e  wake) f in d V 0 at t h e  s h e a r  

la ye r no d e s ,  a n d  c a l c u l a t e  t h e p r e s s u r e  d i s t r i b u t i o n  a c r o s s  

the v i s c o u s  r e g i o n  b y  s o l v i n g  t h e  n o r m a l  m o m e n t u m  e q u a t i o n  

u s i n g  the n e w l y  c a l c u l a t e d  U , V  a n d  T v a l u e s  d e s c r i b e d  in 

§ 2 . 3 .  T h e n  c h a n g e  t h e  MS h e i g h t  t o  be j ust  o u t s i d e  t h e  

v i s c o u s  la yer  if n e e d e d .

(iv) C a l c u l a t e  t h e  n e w  V ms on t h e  MS  at t he m i d - p o i n t  

f r o m  U 0 an d V 0 v a l u e s  g i v e n  at S L  c a l c u l a t i o n  s t a t i o n s  by  

u s i n g  i n t e r p o l a t i o n .  W i t h  t h e s e  n e w  v m s  v a l u e s  g o  to (ii) 

to r e c a l c u l a t e  p o t e n t i a l  f l o w  a n d  r e p e a t  s t e p s  (ii), (iii) 

a n d  (iv) u n t i l  c o n v e r g e n c e  is a c h i e v e d  (see F i g . 36).

( 6 ) The__umi^_rre_at_i_on_APiLJ3 _?JL

If w e  u s e  t h e  v a l u e  o f  v m s  a n d  p e at t h e  M S  as 

m a t c h i n g  q u a n t i t i e s  w i t h o u t  u n d e r  r e l a x a t i o n , we o b t a i n
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o s c i l l a t i n g  v a l u e s  o f  n e a r  TE. In o r d e r  to o b t a i n

c o n v e r g e n t  v a l u e s ,  t h e  u n d e r r e l a x a t i o n  for a n d  V e w i l l  

be r e q u i r e d .  If Vm s ^q ^ i s  t h e  v a l u e  o b t a i n e d  f r o m  th e  

( q - l ) t h  s w e e p  a nd  V m s ^ i s  t h e v a l u e  c a l c u l a t e d  f r o m  t h e  q t h  

sw eep , t h e n  the  a c t u a l  v a l u e  u s e d  as o u t p u t  f r o m  t h e  q t h  

s w e e p  is

V m s  = f i V m s (q) + ( 1-fl) V m s (q_1) (4.18)

w h e r e  is t h e  " u n d e r r e l a x a t i o n  f a c t o r " .

At p r e s e n t  w e  u s e  0.3 as t h e u n d e r r e l a x a t i o n  f a c t o r  for

V__. T h e  v a l u e s  f r o m  the S L  c a l c u l a t i o n  a r e  u s e d  toms m s
d e t e r m i n e  the s o u r c e  d i s t r i b u t i o n  a n d  t h i s  s o u r c e

d i s t r i b u t i o n  is in t u r n  u s e d  for t h e  p r e s s u r e  d i s t r i b u t i o n

on the  MS. In o r d e r  to  a c c e l e r a t e  c o n v e r g e n c e ,  t he p r e s s u r e

v a l u e s  a r e  u n d e r r e l a x e d . At p r e s e n t  t h e  u n d e r r e l a x a t i o n

f a c t o r  of .3 is u se d. T h e  n e w  p v a l u e  ise
Pp = O p "  + (l-Q)P-° (4.19)e g e

T h e  p r e s s u r e  d i s t r i b u t i o n  w i t h i n  the  v i s c o u s  f l o w  is 

u n d e r r e l a x e d  as d e s c r i b e d  in §2.3.

In t he  v i s c o u s / i n v i s c i d  m a t c h i n g  p r o c e d u r e ,  the

i t e r a t i o n  c y c l e  g i v e s  t he n e w  p r e s s u r e  d i s t r i b u t i o n  p e at MS 

for S L  c a l c u l a t i o n .  S i n c e  p g c h a n g e s  f r o m  o n e  s w e e p  to the  

next, it w i l l  n o t m a t c h  t h e  p r e s s u r e  p r o f i l e  c a l c u l a t e d  

w i t h i n  th e  s h e a r  l a y e r  f ro m  t h e  p r e v i o u s  s w e e p .  W e  s i m p l y  

r e g a r d  the  SL  c a l c u l a t i o n  as p r o v i d i n g  S p / d y  a n d  p g as 

p r o v i d i n g  t h e  c o n s t a n t  of  i n t e g r a t i o n  in d e r i v i n g  p f r o m  

dp/dy* H e n c e  w e  s h i f t  t h e p r e s s u r e  d i s t r i b u t i o n  w h i l e  

k e e p i n g  the sa m e  dp/dy .

^ ^ e  n e w  ^e o ld
, so

(4.20)
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P= Pe - /ap/3ydy. (4.21)

4_._2___DescjrJjJtion_ of__proc[ram_ _for_^te_tchi_n£Le_.
We  n o w  d e s c r i b e  the  p r o g r a m  u s e d  in t h e

v i s c o u s / i n v i s c i d  m a t c h i n g  p r o c e d u r e .  T h e m a t c h i n g  p r o g r a m  

has b e e n  e n t i r e l y  r e w r i t t e n  in o r d e r  to a c c o m o d a t e  t h e  n e w  

T E  s c h e m e .  T h e  d e t a i l e d  m a t c h i n g  p r o c e d u r e ,  d e s c r i b e d  in 

d e t a i l  in §4 . 1 ,  is s i m i l a r  t o  the o r i g i n a l  m e t h o d  ( M a h g o u b  

19 78) . T h e  m a t c h i n g  is p e r f o r m e d  s e p a r a t e l y  for e a c h

s u r f a c e  as  d e s c r i b e d  in §4.1. B el ow , we  s h a l l  p r o v i d e  a 

b r i e f  d e s c r i p t i o n  o f  e a c h  r o u t i n e .  T h e  r e a d e r  is r e f e r r e d  

to  th e r e l e v a n t  p r o g r a m  l i s t i n g  ( A p p e n d i x  6 ) a nd n a m e l i s t  

( A p p e n d i x  5 ), to  F i g . 37 w h i c h  s h o w s  t he n u m e r i c a l

i m p l e m e n t a t i o n  of th e m a t c h i n g  p r o c e d u r e  o f  v i s c o u s / i n v i s c i d  

m a t c h i n g  p r o c e d u r e .

( 1) T _ h e _ _ M a _ i _ n _ o _ f _ ^ A T C H

At the b e g i n n i n g  o f  t he run, as s h o w n  in F i g . 35, 

s o m e  f i x e d  d a t a  are r e a d  in t o g e t h e r  w i t h  t h e R S  c o o r d i n a t e s  

at t h e  n o d e s .  A f t e r  t h e  f i r s t  s w e e p ,  the  v a r i a b l e s  ( m a i n l y

H ms a n d  (Je and  V  ) o b t a i n e d  f r o m  t h e  SL c a l c u l a t i o n  

( i n c l u d i n g  t h e  wa k e )  a r e  r e a d  in f r o m  d a t a  f i l e s  M A D A T B L  a n d  

M A T D A T W .  T h e s e  d a t a  a r e g i v e n  at t h e  SL c a l c u l a t i o n  

s t a t i o n s ,  a n d  i n t e r p o l a t e d  t o  o b t a i n  v a l u e s  at the i n v i s c i d  

c a l c u l a t i o n  no d e s .

In t h e  n e x t  s e c t i o n  o f  t h e  r o u t i n e ,  w e  c a l c u l a t e  t h e  

c o o r d i n a t e s  o f  th e  R S  a n d  M S  in t he T E  r e g i o n  in M E S H T E .  

T h e  m a t c h i n g  s u r f a c e  for t h e  b o u n d a r y  l a y e r  r e g io n a n d w a k e  

r e g i o n  a r e  e s t i m a t e d ,  for t h e  f ir s t  s w e e p  by u s i n g  a
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p a r a b o l i c  fit for t h e  b o u n d a r y  layer r e g i o n  a n d  l i n e s  

p a r a l l e l  to  the T E  b i s e c t o r  l in e  for t he w a k e  (see F ig.  39).

A f t e r  s e t t i n g  up  t h e  m a t c h i n g  s u r f a c e  the s u b r o u t i n e  V M A T C H  

is c a l l e d  t o  e v a l u a t e  t h e  v e l o c i t y  n o r m a l  to  t h e M S  at th e  

i n v i s c i d  e l e m e n t  m i d - p o i n t s .  G e n e r a l l y  t h e  i n v i s c i d  n o d e

p o i n t s  ar e not c o i n c i d e n t w i t h t h e s h e a r l a y e r  n o d e  p o i n t s

a n d  a l s o the MS  a n d t h e R S  a r e  not p a r a l l e l .  H e n c e b y

i n t e r p o l a t i n g  and r e s o l v i n g  V 0 a n d U e (which are  in s - n

c o o r d i n a t e s r e l a t e d  to the RS) the n o r m a l  v e l o c i t y V ms
( n o r m a l  to the MS) is e v a l u a t e d at the m i d - p o i n t s of

e l e m e n t s  and  t h e n  u n d e r r e l a x e d  r e a d y  for t h e  n e x t  i n v i s c i d  

f l o w  c a l c u l a t i o n  in V M A T C H .  T h e  d a t a  w h i c h  a r e  n e e d e d  for 

o t h e r  p r o g r a m s  a r e  s t o r e d  in d i s c  d a t a  files  (see F i g . 11).

( 2 ) T h e _ j . j i e _  AR C L E N

T h i s  s u b r o u t i n e  c a l c u l a t e s  the  arc l e n g t h  a l o n g  t h e  

R S  or MS s ur f ac e,  g i v e n  t he g l o b a l  c o o r d i n a t e s  o f  t h e

s u r f a c e .  It a s s u m e s  t h e  s u r f a c e  is d i v i d e d  i n t o  p i e c e w i s e  

l i n e a r  s e g m e n t s ,  w h i c h  is c o n s i s t e n t  w i t h  t he p o t e n t i a l  f l o w  

c a l c u l a t i o n .  T h i s  a p p r o x i m a t i o n  c o u l d  be i m p r o v e d  if a 

h i g h e r  o r d e r  p o t e n t i a l  f l o w  r o u t i n e  w e r e  used.

( 3 ) The_

T h i s  s u b r o u t i n e  e v a l u a t e s  t he c u r v a t u r e  of a n y

s u r f a c e ,  u s i n g  a t h r e e - p o i n t  p a r a b o l i c  fit: it a c c e p t s

u n e q u a l  i n t e r v a l s  in t h e  g l o b a l  c o o r d i n a t e s  in X.

( 4 ) The__subj^JJ_ti_ne__G_RADNT

T h i s  s u b r o u t i n e  c a l c u l a t e s  the g r a d i e n t  of  a n y

s u r f a c e ,  a g a i n  u s i n g  a t h r e e - p o i n t  p a r a b o l i c  a p p r o x i m a t i o n .
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( 5 ) T h e _ _ s J . J i _ e _ _ M A T C H S D _

T h i s  s u b r o u t i n e  m a t c h e s  t h e  s e c o n d  d e r i v a t i v e  o f  t h e  

s t r e a m w i s e  c o o r d i n a t e  c u r v e s  in t h e T E  regio n.  It e n s u r e s  

t h a t  the q u a r t i c  c u r v e s  g e n e r a t e d  in t he p a t c h i n g  r e g i o n  

(see F i g . 38) h a v e  t h e  s a m e  s e c o n d  d e r i v a t i v e  as t h e  c u r v e s  

g e n e r a t e d  by t he  t r a n s f o r m a t i o n  at t h e j u n c t i o n  w h e r e  t h e y  

m e e t  (w hic h is t h e  c u r v e  <p=<pQ) .

( 6 ) The__subjjpjiJ:J._ne__MESHTE

T h i s  s u b r o u t i n e  g e n e r a t e s  t h e  c o o r d i n a t e s  o f  t h e  MS 

in t h e  T E  r e g i o n ,  g i v e n  the c o o r d i n a t e s  of  t h e  R S  t h e r e  (see 

F i g . 39). T h e  c o o r d i n a t e s  of the M S  a r e c a l c u l a t e d  r e l a t i v e  

t o  l o c a l  c o o r d i n a t e s ,  X L O C , Y L O C  for a t y p i c a l  " q u a r t i c " ,  as 

s h o w n  in F i g . 38, a n d  t h e n  t h e y  a r e  t r a n s f o r m e d  t o  r e f e r  to 

g l o b a l  c o o r d i n a t e s .  N o t e  t hat  t h e  c a l c u l a t i o n  s t a t i o n s  for 

b o t h  t h e  b o u n d a r y  l a y e r  r e g i o n  a n d  w a k e  are m a d e  t o  c o i n c i d e  

w i t h  th e  i n v i s c i d  n o d e s  in t he T E  r e g i o n .

T h e  s u b r o u t i n e  s t a r t s  b y  e v a l u a t i n g  a m i n i m u m  v a l u e  

of (p (the s t r e a m w i s e  o r t h o g o n a l  c u r v i l i n e a r  c o o r d i n a t e ) ,  

and, by i n t r o d u c i n g  a s a f e t y  f a c t o r ,  the i n i t i a l  v a l u e  of 

is a r r i v e d  at (see F i g . 38). T h e  v a l u e  of X L O C  o n  t h e  RS, 

c o r r e s p o n d i n g  t o  <p0 , is set to XLO. At t h i s  p o s i t i o n  we 

l o c a t e  the  f i r s t  n o d e  i n s i d e  t h e T E  regio n: t h e  c h o i c e  of

p o s i t i o n  for t h e  r e s t  of the n o d e s  (a t o t a l  of N X P T S  

e l e m e n t s  in e a c h  " q u a r t i c " ) is e n t i r e l y  o p t i o n a l .

( 7 ) The_ subj^jJ_t_i_ne__NORMAL

T h i s  s u b r o u t i n e  c a l c u l a t e s  t h e  c o o r d i n a t e s  ( X S S ,Y S S )  

of a p o i n t  w h i c h  is a n o r m a l  d i s t a n c e  R N O R M  a w a y  f r o m  the 

s u r f a c e  w h o s e  g l o b a l  c o o r d i n a t e s  

( X S , Y S ) - ( s e e  F i g . 27).

are d e s i g n a t e d  by
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( 8 ) T

T h i s  s u b r o u t i n e  fits a p a r a b o l a  t h r o u g h  t w o  p o i n t s  

( w h o s e  c o o r d i n a t e s  a r e  g i v e n ) ,  w i t h  z e r o  s l o p e  s p e c i f i e d  at 

o n e  of  t h e s e  p o i n t s .  The  t w o  p o i n t s  t h r o u g h  w h i c h  t h e  

p a r a b o l a  is p a s s e d  h a v e  c o o r d i n a t e s  ( X ( 1 ) , Y ( 1 ) )  a n d  

(X (N P ),Y N P ), w h e r e  N P  is t h e  t o t a l  n u m b e r  o f  p o i n t s  o n  t h e  

p a r a b o l a .  The X is a s p e c i f i e d  a r r a y  and Y w i l l  c o n t a i n  

c o r r e s p o n d i n g  v a l u e s  on the p a r a b o l a .  If I O P T= l,  t h e

p a r a b o l a  h as  z e r o  s l o p e  at ( X ( 1 ) , Y ( 1 ) ) ,  w h i l e  I O P T = 2 , t h e n  it 

h a s  z e r o  s l o p e  at ( X ( N P ) , Y N P ) .

( 9 ) Th_e__subj^jJt_i_ne_ VMATC_H

T h i s  s u b r o u t i n e  c a l c u l a t e s  t h e  v e l o c i t y  n o r m a l  to 

t he  MS at the M S  e l e m e n t  m i d - p o i n t s ,  g i v e n  t h e  v e l o c i t i e s  U e 

(p a ra ll e l)  and V 0 (normal) to t h e  R S  at t h e S L  c a l c u l a t i o n  

n o d e  s t a t i o n s .  In t h e  first s e c t i o n  we a s s u m e  n o r m a l

v e l o c i t y  as z e r o  v a l u e  for f i r s t  s w e e p .

In t he  n e x t  s e c t i o n  we  c a l c u l a t e  V m g  by u s i n g  U e a n d  

V 0 w h i c h  is w r i t t e n  in t h e  d a t a  f i l e s  M A D A T B L  a n d M A T D A T W  in 

t he  S L  c a l c u l a t i o n .  For the l a m i n a r  S L  c a l c u l a t i o n  r e g i o n ,  

t h e  c a l c u l a t e d  v a l u e s  are  g i v e n  at M S  n o d e  s t a t i o n s .  T h e  u e
a n d  V e f r o m  t u r b u l e n t  S L  c a l c u l a t i o n s  are i n t e r p o l a t e d  to 

g e t  U e a nd  V e at M S  n o d e  s t a t i o n s .  A f t e r  o b t a i n i n g  U 0 a n d  

V e at MS  n o d e  s t a t i o n s ,  V ms are c a l c u l a t e d  b y  u s i n g  e q u a t i o n  

(4.17). For t h e  n e a r  T E  r e g i o n ,  t h e  U 0 and V 0 v a l u e s  w h i c h  

a re  o b t a i n e d  f r o m  S L  c a l c u l a t i o n  a r e  a l r e a d y  n o r m a l  t o  MS 

(see s e c t i o n  §4 .1 ) .

(10 ) Th_e__suhjj?^_t_i_n_e__XYMS

T h i s  s u b r o u t i n e  c o n t a i n s t h e  m a i n c o d e for



c a l c u l a t i n g  the  c o o r d i n a t e s  of  the MS, g i v e n  t h e  R S  

c o o r d i n a t e s .  T h e  c o o r d i n a t e s  of  the  MS a re r e f e r r e d  to  

g l o b a l  axes (X,Y). T h e  g e n e r a t i o n  of  (X,Y) for t h e  M S  is

d o n e  for the b o u n d a r y  la ye r  r e g i o n ,  TE r e g i o n  a n d  w a k e  

r e g i o n  s e p a r a t e l y .

(11) Th_e__fJJJTCJ:J.̂_n
(i) SJ>_L_IN_E

Th i s f u n c t i o n  is t h e  s a m e  a s  in §2.5.

(ii) V A L U E

T h i s  f u n c t i o n  is t h e  s a m e  a s  in §2.5.

(iii) Y_1PS_I

T h i s  f u n c t i o n  g i v e s  t h e  v a l u e s  of y ^  (see F ig.  2 9 ) ,  

g i v e n  the v a l u e s  o f  \J/ , the n o r m a l  o r d i na te .

4_._3_ _Descript_ion______of_____O j > e r a t i o n / O s e j ^ ____ G_uicle_____ f o r

YiAP-Pi1p _ / J n v j _ a t _ i o n _  Cycle 
In this s e c t i o n  w e  s h a l l  d e s c r i b e  t h e  p r a c t i c a l  

c o m p u t e r  i m p l e m e n t a t i o n  o f  t h e  v i s c o u s / i n v i s c i d  i t e r a t i o n  

c y c l e ,  d e s c r i b e d  in § 4 . 1 ,  o n  t h e  I C C C  Cyber s y s t e m  r u n n i n g  

u n d e r  N O S  2. Th e  f l o w  d i a g r a m  o f  i t e r a t i o n  c y c l e  is s h o w n  

in F i g .37.

T he  r u n n i n g  p r o c e d u r e  of the v i s c o u s / i n v i s c i d  

i t e r a t i o n  c y c l e  h a s  b e e n  a r r a n g e d  t o  f a c i l i t a t e  c a l c u l a t i o n .

E a c h  o f  t he  s e p a r a t i o n  c a l c u l a t i o n  p r o g r a m  lik e p o t e n t i a l  

p r o g r a m  (AOMS), t he  s h e a r  l a y e r  p r e g r a m  (TURB a n d  W A K E ) ,  a n d  

m a t c h i n g  p r o g r a m  ( M A T C H )  c a n  b e  e x e c u t e d  one a f t e r  t h e  o t h e r  

s i n c e  all the " g e t t i n g "  and " r e p l a c i n g "  of t h e  v a r i a b l e  d a t a  

f i l e s  are p e r f o r m e d  i n s i d e  t h e  p r o g r a m  a u t o m a t i c a l l y ,  s o

101
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t h a t  n o  a d d i t i o n a l  c o n t r o l  s t a t e m e n t s  are r e q u i r e d .  Fo r  a 

l i b r a r y  f u n c t i o n  l i k e  S P L I N E  w h i c h  is a N A G  l i b r a r y  r o u t i n e ,  

t h e c o m m a n d  to  e x e c u t e  is a s  f o l l o w s  :

L i b f i l e , N A G 1 1 F / D .

L i b f i l e , N A G l l F  

L i b r a r y , N A G 1 1 F / A .

For t h e  o p e r a t i o n  o f  t h e  i t e r a t i o n  c y c l e ,  t h e  u s e r  

m e r e l y  n e e d s  t o  c r e a t e  f i x e d  d a t a  fi le s M A T D A T l , A M O D A T l ,  

a n d  M A T D A T W ,  B L D A T T l / B L D A T B l  (for the u p p e r  a n d  l o we r 

b o u n d a r y  r e g i o n ) ,  a n d  I N W A K  as "local" d i s c  f i l e s .  T he  

r e l e v a n t  n a m e l i s t  is g i v e n  in A p p e n d i x  5 a n d  w e  s h a l l  s h o w  

h o w  to run th e  p r o g r a m  on t h e  C D C  c o m p u t e r  at I m p e r i a l  

C o l l e g e  in A p p e n d i x  6.
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Fig 26 Viscous Inviscid Matching Scheme

Fig 27 Numerical Implementation of Matching Scheme
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Fia 29 The Patching Scheme Between (X0,Y0) and(fl.y)

Fig 30 The CaIculation gf Y* and y
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Fig 33 Initial Guess for Matching Surface

MS nodes

Fig 34 Numerical Scheme for Viscous Inviscid Matching
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Fig 35 The Flow Chart of Match
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----- l i e __Flow Chart nf Matching Prnppgs
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Fig 37 Flow Diagram of Viscous Inviscid Interaction Cycle
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Chapter 5. Test Cases

In this section we shall consider several test cases 

to which the present method has been applied. The first 

case is the flow along the flat plate with different 

Reynolds numbers. The second is the symmetrical flow along 

an aerofoil: one is Hebbar's aerofoil (1986) and the other 

is the RAE101 aerofoil. The third is asymmetrical flow 

along the aerofoil. In the present program we choose 

Nakayama's model A (1984, 1985) as a asymmetrical flow test 

case.

The purpose of these test cases is to show the 

improved shear calculation method and the adequacy of the 

viscous/inviscid interaction calculation technique for a 

strong interaction region. Besides, experimental data is 

available for the above cases for verification of the eddy 

viscosity turbulence model in the inner wake region. In all 

cases the undisturbed velocity and aerofoil chord are used 

as reference velocity and length respectively. Note that 

typically only 78 nodes were used in the inviscid flow 

calculation, and that since the matching surface was held at 

the first guess (the wake MS being simply parallel-sided) 

the velocity normal to it varies in an erratic way even if 

nearby^streamlines are quite smooth. Also Pms~Prs depends 

o n M S h e i g h t .

5.1 Flat Plate
As the first test case we choose the flat plate. 

The heights of the matching surface and the real surface are 

shown in Fig.40. The Reynolds numbers of the tests are
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6.8X10° and 5X10 . The transition point is forced by 

Reynolds number based on momentum thickness ( the present 

program uses Rg0 =600), but any alternative transition 

criterion could be inserted. The transition point of flat 

plate is .15c. Figures 41 to 46 show the convergence of the 

present method, i.e., the converged wall pressure, the 

converged pressure and normal velocity at the MS. Generally 

we can obtain converged results in 12-15 sweeps within a
_ 9

tolerance of 10 in normal velocity at MS. The computing 

time for one iteration of viscous/inviscid interaction is 

approximately 50 sec. on the CDC 855 at Imperial College. 

The pressure values around .3c in Fig.43 does not seem to be 

changed between sweeps, but Fig. 43-A shows the variation of 

pressure value between sweeps. One obvious reason is that 

the pressure around that point is very close to the 

converged one. Another reason, as explained in chapter

4.1.5 and chapter 4.1.6, is that the newly calculated 

inviscid pressure distribution from new Vms at the MS, which 

will be used as boundary conditions for next sweep shear 

layer calculation, are not matched with pressure 

distribution at MS used in previous viscous/inviscid 

interaction. Therefore we have to shift pressure

distribution by following formula:

P b O = P (y) + Pen - Pe°

Fig.47 shows the pressure difference between MS and 

wall near the trailing edge. The pressure variation along 

the normal direction is quite big so that the conventional 

shear layer calculation method in which normal pressure 

gradient is assumed to be zero, is not adequate in this

region.
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The predicted shape factors and Reynolds shear 

stress in the wake (Fig.48 and Fig.49) are compared with

experimental results (Andreopou1 os 1980). The agreement in 

the near wake is quite satisfactory, which clearly shows 

that the eddy viscosity model (partly based on Andreopou1 o s 1 

data) is indeed acceptable in near wake region. The

predicted Reynolds shear stress increases in the far wake, 

because the eddy viscosity model in the inner wake region is 

not appropriate model for the far wake region. A more 

physically meaningful turbulence model is needed for the far 

wake region. Since the effect of the wake on the pressure 

distribution on an aerofoil is confined in the near wake 

region, the results are acceptable.

Fig 50 and 51 show the predicted skin friction along 

the flat plate, and Reynolds shear stress across the wake 

versus distance from TE. The value near the TE slightly

increases due to the favorable pressure gradient (Fig.47).

5.2 Symmetric aerofoil
As the second test case, we choose aerofoil studied 

by Hebbar to compare calculated results with that available 

from experiment in near wake region (1986) and the RAE 101 

aerofoil (Brebner and Bagley, 1956). The coordinates of 

symmetric aerofoil (Hebbar 1986) are given in table 1. Note 

that results are plotted against s/c, not x/c, and s/c is 

slightly greater than unity at the TE.

(1) Hebbar 1 s aerofo i1

The convergence of the pressure at the wall and at 

the MS, and of the normal velocity at the MS, is shown in 

Fig. 52 to 54. The convergence rate is very fast and
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monotonic. The computing time is just 40 sec. for one 

iteration of viscous/inviscid interaction. The Reynolds
c

number of the test is l.xlO and the calculated pressure 

distributions at the wall and at the MS are shown in 

Fig.55. From the LE to the transition point ( = .6615c) we 

assumed the normal pressure gradient is zero, i.e. dp/3y=0, 

so there is no difference between the pressure at the edge 

of the boundary layer and that at the wall. The Fig. 55A 

shows the pressure distribution across the wake. The 

predicted pressure distribution, especially in the region 

.lc - .3c and .7c- .9c, does not agree with experimental

work well (Hebbar 1986). This may be caused by the 

obviously very rough coordinate values given by Hebbar 

(1986), as shown in Table 1. From .15c (90 mm) to .17c (105 

mm) and from .2c (120 mm) to .325c (195 mm) the Y

coordinates are same. It gives an odd aerofoil shape. The 

results show a noticeable normal pressure gradient inside 

the shear layer near the TE (around .03). It also shows 

that the normal pressure gradient decresses along the wake 

region. Note that the s value of the RS and MS are same, 

because we use s-n coordinate based on RS except near TE. 

Fig. 55 shows that at transition, s=.96c, there is a rapid 

increase (that is, a jump) in the calculated MS pressure 

coefficient which is odd. This jump can be attributed to 

the patching method (see Chapter 2.4) employed at transition 

to transform (s,n) coordinates system to ( ,  </») coordinates 

system at a very small downstream position. It also applies 

to other example on symmetrical aerofoil. The experimental 

results are given only up to x=.95c so that we could not 

compare calculated results with experimental ones.
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The predicted shape factor and velocity on the

centre line of the MS in the wake are shown in Fig.56 and 

Fig.57. The agreement is very good except very near the TE.

This is because we use - provisionally - a rathercrude 

estimate of the streamwise velocity and shear stress on the 

wake centre line at the first x-step after TE. in the

current calculation these values are assumed to be .8 times 

the average U and t values of upper and lower shear 

calculation at the first grid point above wall at TE, that 

U=.8(Uu(1)+ U1 (1))/2 

t = . 8 ( t u (1)+ t 1 (1 ) ) / 2

where Uu and T u are U and t values at first grid point above 

the wall in the upper shear layer at TE and U1 and T 1 are 

the values in the lower shear layer.

The maximum Reynolds shear stress along the

streamwise direction is shown in Fig.58, and the calculated

Reynolds shear stress and streamwise velocity at centre of 

the MS are shown in Fig. 59 and Fig.60. The predicted 

Reynolds shear stress in near wake increases with x, but 

decreases in Hebbar's experimantal result. In the far wake 

region, the actual mean strain is decreasing because of 

releasing wall boundary from TE: hence the production term 

in the turbulent kinetic energy equation is decreasing, and 

thus Reynolds shear stress should be decreased. There is 

some doubts about experimental results. Also it shows that 

the eddy viscosity model in the far wake region is not 

adequate.

(2) RAE 101 aerofoil

Fig.61 shows the coordinates of the MS and RS. The 

Reynolds number of test is 3x10^ and the transition point is
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around .36c. The convergence of the calculation is shown in 

Figs.62 to 64: convergence of pressure at the wall, and 

convergence of normal velocity and pressure at the MS. As 

mentioned in part (1) of this section, the computing time is 

about 40 sec. per viscous/inviscid interaction iteration on 

the CDC 855.

The predicted pressure distributions at the wall and 

at the MS are compared to experimental results in Fig. 65. 

Fig 65A shows the pressure distribution across the wake. 

This shows that the normal pressure gradient near TE is 

quite large (about .025) and also ahows that the normal 

pressure gradient decreases along the wake region. The 

normal pressure gradients along the normal direction can be 

neglected except near the TE, where the streamlines are 

significantly curved and the viscous ("displacement") effect 

on inviscid flow is strong. Compared to experimental 

results, the present method underestimates the pressure 

distribution. The main reason maybe partly stem from the 

roughly given coordinates and partly restriction on the 

number of panels which could be used in inviscid calculation 

(due to the computing storage limitation). The predicted 

skin friction along the aerofoil, and the shape factor and 

the streamwise velocity on the centre line of the wake are 

shown in Figs.66 to 68.

5.3 Asymmetric aerofoil
We shall apply our present method to an asymmetric 

aerofoil for which Nakayama (1985) did experiments and 

calculations at McDonnell Douglas Company. Because the 

results, and even the aerofoil shape, are "company 

confidential", we could not obtain exact coordinates of the
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aerofoil. Therefore the coordinates used in this 

calculation are obtained from the enlarged drawing of the 

figure of aerofoil given in the published paper, but the 

coordinates of the aerofoil deduced from the drawing are not 

very accurate.
c.

The Reynolds number of the test is 1.2x10 and the

transition point of the upper part of the shear layer is

.695c and that of the lower part is .653c. The shape of the

MS and RS are shown in Fig.69, but several kinks near LE and

TE are found, and it is very difficult to smooth out

coordinate values derived from the small scale published

sketch. Convergence of the calculation is shown in Figs.70

to 72: in which are plotted the convergence of the pressure

at the wall and the pressure and normal velocity on the MS.

It takes 12 sweeps and the computing time is around 600 sec.

on the CDC 855 at Imperial College to obtain converged value
_ 9

within tolerance 10 in normal velocity at MS.

The predicted pressure distribution of present 

method and experimental results (Nakayama 1985,1984) for 

upper and lower part of aerofoil are shown in Fig.73-A and 

Fig. 73-B. Except near LE, the predicted results are in 

quite good agreement with experimental results. In the LE 

region, the inviscid calculation result shows better 

quantitative agreement with the experimental result as 

compared to the predicted one. Note that the inviscid 

pressure result is obtained by using RS coordinates, while 

the present Cp values are obtained by using MS coordinates. 

The discrepancies in the predicted result are contributed 

partly by the eccentricity of the stagnation point (see 

chapter 3.1.4) and partly by the neglect of curvature effect 

which is the same as neglecting the normal pressure
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responsible for the discrepancies. The MS is set up by

parabolic fit from LE to the patching point of turbulent BL

in the present program. Since the patching point is quite

far from LE, the MS obtained from the parabolic curve fit

may be improper near LE beacuse the real BL thickness has

infinite slope at the stagnation point whereas the parabolic

fit gives a finite gradient. Hence, there is a possibility

that the error between MS and boundary layer thickness may

induce error in the Cp calculations. To get proper MS which

fits laminar stagnation point BL at s=0 and the turbulent BL
1/2at s=sint and varies proportinoal to s , we calculate 

momentum thickness by using Thwaites formula and get S turb 

and then get MS from following formula:

= 0 (s) 5 turb(s = Straps^
mS ® | ( s = s trans^

Another area which may contribute towards 

discrepancies is the inaccuracy in obtaining the aerofoil 

coordinates (the data used were extracted directly from 

published graphs because the original data are classified as 

company confidential).

The stagnation point is .0027c along the upper surface 

in the aerofoil at present calculation. Since the edge 

pressure in LE region is obtained at the MS, the neglect of 

normal pressure gradient means that the calculated wall 

pressure in the present method is greater than the actual 

value. This can be easily shown by using centrifugal 

approximation for normal pressure gradient in the normal 

momentum equation:

gradient. The improper choice of the MS near LE is also
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ap/dy=U2/R

where R is the radius of curvature of a streamline and U is 

the streamwise velocity. Since R in the LE is positive, 

/Sy is positive as well. This means that the pressure at 

MS is greater than the pressure at the wall. This suggests 

that a better approximation for the normal pressure gradient 

is needed in the LE region to get better result. For 

example, the difference of pressure coefficient between edge 

and wall in the LE region, which is about .05 on the lower 

surface and .03 on the upper surface of the aerofoil should 

be used instead of ^p/£y=0 (see Fig.73A and 73B). Note that 

although the present program shows some discrepancies near 

LE (low Reynolds numbers or laminar flow region), its 

overall effect on the aerofoil performance is small because 

the discrepancies are confined only to a small region of the 

whole computational domain. Also the effect would be 

negligible at flight R e where transition occurs near the LE.

Generally, a viscous flow has smaller lift than 

predicted by inviscid flow calculations. Although our 

pressure coefficient results agree fairly well with

experiment, the viscous flow calculation gives more lift 

than the inviscid flow calculation, as shown in Fig.73A and 

73B. We use the wedge flow transformation to generate the 

mesh near TE and we applied the Kutta condition at 1.5c from 

LE. The upper and lower matching surfaces are parallel to 

the TE bisector. The calculated velocity on the MS in the 

upper surface of the wake is larger than in the lower 

surface, which means larger circulation than in inviscid 

flow where the velocities on the upper and lower surface are 

assumed same and this in turn means larger lift coefficient.
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For a thin layer of curved inviscid flow we have :
2

A p / P U =*(4z), where a z  is wake thickness and * is curvature
2of streamline. Near x=l.lc the Ap/ Pi i  =.023 suggesting a 

flow curvature of more than .38. This is much more than 

measured ( = .075). Hence calculated A u ( = .023) is larger than 

experimental result (Fig.74) which the AU is almost zero. 

It appears that this overestimation of curvature near TE may 

be caused by a bug or coding error in the wake program 

further work is planned to check this.

Note that the pressure difference between inviscid flow 

and the present calculation is quite big near the TE. The 

output of inviscid flow results stops at the upstream of the 

TE because the tangential velocity calculation is performed 

at the mid-point of the element (see ch 3). At the TE 

(s = 1.0 2 3 c in F i g .7 3 A and s = 1.0 0 3 c in Fig. 73B) the Cp value 

of inviscid calculation is equal to unity. The streamwise 

velocity at MS and skin friction are shown in Figs.74 and 75 

with experimental results. The present method shows 

overestimation of the streamwise velocity on both surface 

near the TE - for instance, the difference of normalised 

streamwise velocity around x=.7c is .015. The measured 

boundary layer thickness on the upper surface is .015c and 

our matching surface height is .03c near x=.7c. Hence the 

edge velocity as defined in the experimental work is at 

y=.015c and our streamwise velocity is at y=.03c. The 

normal pressure gradient of our calculation is Sp/9(y/h)=.01

where h is MS height and p is nondimensionlised by P U 

p = .0 i(y/h ) + pw . Hence Cp>015c =2{ .01/2)+CpW 

c =2(.0]>cp .03c  p w

s o

From Bernoulli's equation, AU = /l-c n _ - / l " C  =.005.M v P.0 5c ✓  p -03c

The difference of streamwise velocity between calculation



and experiment is still .01 which is 1 percent of error. 

In the experiment there may be measurement error.

It also shows the predicted streamwise velocity on the lower 

surface is larger than that on the upper surface near T E , 

but the trends are correct: probably the difference stems 

from the kink in the 1ower-surface coordinates near TE as 

shown in Fig.69: again, we regret that accurate coordinates 

for this vital test case are not available.

The calculated skin friction, the shape factor, and 

the Reynolds shear stress and streamwise velocity at the 

centre line of the MS in the wake are shown in Figs.76 to

79. Fig.80 shows the pressure distribution at X=1.05c. 

There is difference between calculated (by Nakayama, 1984 

and present method) and experimental results. Probably, it 

is caused partly from short wake calculation region : we

stop the wake calculation up to .5c from TE. Fig. 79 shows 

variation of minimum streamwise velocity. Fig.81 shows the 

pressure across the wake at different streamwise distance 

from TE. It shows consistence with streamwise velocity

difference across the wake (see Fig.79 and Fig.74). The 

normal pressure gradient is increased in the near wake then 

gradually disappears further downstream - maybe this 

increase of normal pressure gradient near wake is caused by 

panel size in the inviscid flow calculation. The panel size 

is dense near TE, but after .lc from TE in the wake the size 

is almost doubled due to restrictions of computer memory and 

this may .have caused the wiggle in the pressure calculation 

near wake as shown in Fig.81 (private communication from 

Dr.J.M.R. Graham). It shows that the normal pressure 

gradient Op/dy) is large in the inner wake. Hence our 

results strongly suggest that the normal pressure gradient 

should be accounted for near the TE, in any calculation.

1 1 7,-E
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T a b l e  5.1 C o o r d i n a t e s  of S y m m e t r i c A e r o f o i l  (Ref

X( mm ) Y (m m ) X (mm ) Y( mm)

0 . 0 . 315 31.0

15 14 .5 330 30.0

30 23.5 345 28.5

45 28.5 360 27.5

60 32 375 26.5

75 34.5 390 25.0

90 36.5 405 23.5

105 36 .5 420 21.5

120 38.0 435 20.5

135 38.0 450 19.0

150 38.0 465 17.0

165 38.0 480 15.5

180 38.0 495 14.0

195 38.0 510 12.0

210 37.5 525 10.5

225 37.0 540 9.0

240 36.0 555 7.0

255 35.0 570 4.5

270 34.0 585 2.5

285 33.5 600 . 75

300 32.5 l e a d i n g e d g e  radius=!
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T a b l e  5.2 C o o r d i n a t e s  o f  A s y m m e t r i c  A e r o f o i l  ( Ref  70)

U p p e r L o w e r

X Y Y

• 0 . . 0

. 0 0 5 . 0 1 2 7 - . 0 0 7 2

. 0 1 3 . 0 1 8 6 - . 0 1 2 7

. 0 2 5 . 0 2 5 9 - . 0 1 8 2

. 0 5 5 . 0 3 7 - . 0 2 3 3

. 0 9 6 . 0 4 7 0 - . 0 2 9

. 1 4 7 . 0 5 3 8 - . 0 3 3 5

. 2 0 6 . 0 5 9 1 - . 0 3 6 6

. 2 7 3 . 0 6 5 - . 0 3 8 8

. 3 4 6 . 0 6 7 8 - . 0 3 8 3

. 4 2 2 . 0 6 7 3 - . 0 3 4 1

. 5 . 0 6 3 8 - . 0 2 9 5

. 5 7 8 . 0 5 8 3 - . 0 2 5 1

. 6 4 5 . 0 5 2 6 - . 0 2 1 4

. 7 1 5 . 0 4 4 1 - . 0 1 7 5

-j 00 . 0 3 4 7 - . 0 1 3 9

. 8 3 9 . 0 2 5 2 - . 0 1 0 8

. 8 7 5 . 0 1 9 3 - . 0 0 8 8

. 9 0 6 . 0 1 4 2 - . 0 0 7 1

. 9 3 . 0 1 0 1 - . 0 0 5 8

. 9 5 . 0 0 6 9 - . 0 0 4 8

. 9 6 5 . 0 0 4 8 - . 0 0 3 3

. 9 8 2 . 0 0 2 5 - . 0 0 1 7

. 0 0 .
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Cji_ap_ter J>_._

(1) The conventional viscous/inviscid interaction method 

(assuming dp/dy=0) is not adequate, and breaks down for 

flows which have large normal pressure gradients, especially 

near the trailing edge of lifting aerofoil. If normal 

pressure gradient is significant, the upstream influence 

within the shear layer is also likely to be significant and 

elliptic equations must be used to describe it. Hence some 

form of the normal-component momentum equation must be 

included. If we solve the full Navier-Stokes equations in 

this region, it costs much computing time. This leads us to 

search for new techniques to represent elliptic effects 

within the shear layer without solving full Navier-Stokes 

equations.

(2) The present method overcomes the problem as

mentioned above by

(i) matching viscous and inviscid flow just outside the 

shear layer edge

(ii) combining the iterative scheme, which is required in 

the global matching of shear layer calculation and 

inviscid flow calculation, with the iterative 

scheme to solve elliptic equations for the shear 

layer. This is done by including the normal 

momentum equation, rather than matching on a 

displacement surface (or eqiuvalent), and simply 

ignoring dp/dy. Hence upstream influence is

propagated within the shear layer through the dp/dx



163

term in the streamwise momentum equation and dv/dx 

term in the normal momentum equation.

If we use central differencing for dp/dx and dv/dx terms and 

calculate pressure at one step upstream station (Mahgoub

1978), pressure and velocity interaction cannot be occured
/

(Issa, 1984) and calculation diverges due to too much

propagation of upstream influence inside shear layer: the

upstream influence is propagated two steps in one sweep of 

the shear layer calculation instead of one. If one 

calculates U, V and p at the same point and then uses 

forward differencing for dp/dx term and backward 

differencing for dv/dx term (Chen 1982), the subsequent 

calculation of pressure and velocity is not consistent 

because dV/dx is also a dominant term in the normal momentum 

equation. In order to remove this inconsistency Chen had to 

iterate pressure and velocity calculation at the same 

station within one sweep shear layer calculation until 

convergence was reached. This internal iteration costs a 

lot of computing time. In order to overcome these problems, 

we used staggered grid and forward differencing for dp/dx 

and dV/dx terms. Hence upstream influence is propagated one 

step inside shear layer. Because we use the same forward 

differencing scheme for dp/dx and dv/dx terms, the 

calculation of pressure and velocity is therefore 

consistent. It also costs much less computing time.

(3) The present method is economical and cost-effective 

as well as time-saving compared to full Navier- Stokes 

equation solvers. The computer storage is greatly reduced 

since only pressure is stored and further reduction is
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brought about by a simple curve fit of the pressure. 
However its application is restricted to non-reversed flow.

(4) The convergence of the whole viscous/inviscid 

interaction cycle is very fast and usually monotonic. 

Generally we can obtain convergence in about 12 iteration 

cycles. The calculation results show large normal pressure 

gradient near the trailing edge region. Relaxation factor 

of .09 is used for the pressure within the shear layer 

calculation. On the other hand, relaxation factors of .3 

in Vm g , the velocity component normal to the matching 

surface, and .3 for edge pressure are being used to 

accelerate the convergence.

(5) The usage of a body-fitted co-ordinate system 

resulted in either a nonorthogonal grid or a singularity 

problem occuring at the trailing edge. The wedge 

transformation employed near the trailing edge gives a 

singular but orthogonal grid near the trailing edge.

(6) The near wake region is very important for 
distribution of pressure along aerofoil. According to 
Andreopoulos (1980), the interaction between the two merging 
boundary layers is dominated mainly by the small scale 
fine-grained mixing in the inner wake region. As such the 
eddy viscosity model in the inner wake, based on Bradshaw 
(1973)'s superposition hypothesis, is used and has proved to 
be very successful since it is in good quantitative 
agreement with experimentaldata (Andropoulos, 1980, Hebbar, 
1986). It therefore demonstrates that the eddy viscosity is
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an acceptable turbulence model for the inner wake in most 

engineering fields. But it is not accurate for the far wake 

region. Generally a more sophisicated and physical 

turbulence models for the far wake region would be needed if 

accurate wake results were required for, say, turbomachinery 

calculations.

(7) Since the normal pressure gradient is not small near 

LE, some approximation for the normal pressure gradient, 

e.g. the centrifugal approximation, would be favoured.

(8) This viscous/inviscid interaction method can be 

extended to compressible flow very easily by adding a 

temperature calculation. In the three dimensional flow 

case, the boundary layer program for infinite swept wing 

exists in Bradshaw's group. Hence it is helpful to have Vms 

directly for viscous and invisicd matching.

(9) The velocity variation across the wake are shown to 

be inconsistent for asymmetric aerofoil, so there is a error 

in wake calculation : further check of the wake calculation

i s  needed.



165

R e f e j r ^ j i c e s

1. Agrawal,M.L.,Pande,P.K. and Prakash,R. : "Study of

Turbulent Near Wake of a Flat Plate", 

AIAA J., Vol.15, pp 740-743, 1977.

2. Alber,I.E. : "Turbulent Wake of a Thin, Flat Plate",

AIAA J., Vol.9, pp 1044-1051, 1980.

3. Andreopoulos,J . and Bradshaw,P. : "Measurements of

Interacting Turbulent Shear Layers in the 

Near Wake of a Flat Plate", J.Fluid 

Mech., Vol.100, pp 639-667, 1980.

4. Arieli,R. and Murphy,J.D. : "Pseudo-Direct Solutions to

the Boundary-Layer Equations for 

Separated Flow", AIAA Paper 79-0139, 

1979.

5. Aris,R. : "Vectors, Tensors and the Equations of

Fluid Mechanics", Prentice Hall, 1967.

6. Baker,A.J. : "A Finite Element Algorithm for the

Parabolic Navier-Stokes Equations", 2nd 

Symposium on Numerical and Physical 

Aspects of Aerodynamic Flow, Long 

Beech, California, 1983.

7. Le Balleur,J.C. and Lazareff,M. : "A

Multi-Zonal-Marching Integral Method for 

3D-Boundary Layer with Viscous-Inviscid 

Interaction", 9th International Conf. 

on Numerical Methods in Fluid Dynamics, 

France, 1984.

8. Bonnet,J.P.,Delville,J. and Garem,H. : "Space and

Space-Time Longitudinal Velocity



166

Correlations in the Turbulent Far Wake of 

a Flat Plate in Incompressible 

Flow", Experiments in Fluids 4,

pp 189-196, 1986.

9. Bradshaw,P. : "Effect of Streamline Curvature on
Turbulent Flow", AGARD 169, 1973.

10. Bradshaw,P. : "The Strategy of Calculation Methods

for Complex Turbulent Flow", Imperial 

College Aero Report 73-05, 1973a.

11. Bradshaw,P. : "Prediction of the Turbulent Near-Wake of

a Symmetrical Aerofoil", AIAA

J., Vol.8, pp 1507-1508, 1970.

12. Bradshaw,P. : "Higher-Order Viscous-Inviscid Matching",

I.C.Aero Tech. Note 78-103, Imperial 

College, 1978.

13. Bradshaw,P. : "Review-Complex Turbulent Flows",
J.of Fluid Eng., Vol.97, pp 146-154, 

1975 .

14. Bradshaw,P. : "Calculation of Boundary Layer

Development Using the Turbulent Energy

Equation-Wakes Near a Trailing Edge", 

NPL Aero. Report 1275, 1969.

15. Bradshaw,p. : "An Introduction to Turbulence and Its
Measurement", pergamon Press, 1975.

16. Bradshaw,P ., Dean,R.B. and McEligot,D.M. :
"Calculation of Interacting Turbulent 

Shear Layers-Duct Flow", J. of Fluid 

Eng., Trans.ASME, 95, pp 214, 1973.

17. Bradshaw,p., Ferriss,D.H. and Atwell,N.P. :

"Calculation of Boundary Layer
Development Using the Turbulent Energy



167

Equation", J.Fluid Mech., Vol.28, pp 

593, 1967.

18. Bradshaw,P. and Ferriss,D.H. : "A Computer Program for

the calculation of Boundary Layer 

Development Using Turbulent Energy 

Equation", NPL Aero Report 1269, 1968.

19. Bradshaw,P.,Kavanagh,M.A. and Mobbs,D.

"Viscous-Inviscid Matching Using

Higher-Order Shear-Layer Equations", 

Numerical and Physical Aspects of 

Aerodynamic Flows II, Springer-Verlag, 

New York, 1984.

20. Bradshaw,P. and Unsworth,K. : "An Improved Fortran

Program for Bradshaw Ferriss-Atwell 

Method of Calculating Turbulent Shear 

Layers", Imperial College Aero. Report, 

74-02, 1974, 1976.

21. Brebner,G.G. and Bagley,j.A. : "Pressure and Boundary
Layer Measurements on a Two-dimensional 
Wing at Low Speed", ARC R&M No. 2886, 

1956.

22. Bromilow,I.G. : "The Calculation of Wakes", Msc
Thesis, Imperial College, 1978.

23. Brown,J.L. : "Parabolized Navier-Stokes Solutions of
Separation and Trailing-Edge Flows", 
NASA TM 84378, 1984.

24. Carter,J.E. and Wornom,S.F. ; "Solutions for
Incompressible Separated Boundary 
Layers Including Viscous -Inviscid
Interaction", NASA SP-347, 1975.

25. Carter,J.E. and Wornom,S.F. : "Forward Marching



168

Procedure for Separated Boundary 
Layer Flows", AIAA J . , Vol.13, pp 
1101-1103, 1975.

26. Carter,J.E. and Vasta,V.N. : "Analysis of Separated

Boundary-Layer Flow", 8th International 

Conf.on Numerical Method in Fluid 

Dynamics, Aachen, 1982.

27. Carter,J.E.,Edwards,D.E.,Davis,R.L. and Hafez,M.M. :

"Analysis of Strongly Interacting

Viscous-Inviscid Flows Including

Separation", 9th International Conf. 

on Numerical Methods in Fluid

Dynamics, France, 1984.

28. Cebeci,T. and Bradshaw,p. : "Momentum Transfer In

Boundary Layers", Hemisphere McGraw-Hill, 

1977.

29. Cebeci,T. and Bradshaw,p. : "Physical and Computational

Aspects of Convective Heat Transfer", 

Springer-Verlag, New York, 1984.

30. Cebeci,T. and Smith,A.M.O. : "Analysis of Turbulent

Boundary Layers", Academic Press, 1974.

31. Cebeci,T., Stewartson,K. and Whitelaw,J.H. :

"Calculation of Two-Dimensional Flow Past 

Airfoils", Numerical and Physical 

Aspects of Aerodynamic Flows, 

Springer-Verlag, New York, 1984.

32. Chen,H.C. and Patel,V.C. : "Calculation of Stern Flows
by a Time-Marching Solution of the 

Partially-Parabolic Equations", 15th 

Symp. on Naval Hydrodynamics, Hamburg,

1 9 8 4 .



169

33. Chevray,R. and Kovasznay,L.S .G . : "Turbulence Measurment

in the Wake of a Thin Flat Plate", AIAA 
J., Vo 1.7, pp 1641-1643, 1969.

34. Collyer,M.R. and Lock,R.C. : "Improved to the Viscous
Garabedian and Korn(VKG) Method for 

Calculation Transonic Flow Past an 

Aerofoil", RAE TR 78039, 1978.

35. Cousteix,J., de Saint-Victor,X. and Houdeville,R. :

"X-marching Methods To Solve the 

Navier-Stokes Equations in Two-and 

Three-Dimensional Flows", Numerical and 

Physical Aspects of Aerodynamic Flows 

III, Springer-Verlag, New York, pp 

432-448, 1986.

36. Davis,R.T. and Rubin,S.G. : "Non-Navier-Stokes Viscous

Flow Computations", Computers and Fluids, 
Vo 1 .8, pp 101-131, 1980.

37. Edward,D.E. and Carter,J.E. : "A Quasi-Simultaneous

Finite Difference Approach for Strongly 
Interacting Flow", Numerical and Physical 
Aspects of Aerodynamic Flows
III, Springer-Verlag, New York, pp 
126-142, 1986.

38. Edward,D.E., Carter,J.E. and Hafez,M.M. :

"Viscous-Inviscid Interaction Anaylsis 

of Transonic Shock Induced Separated 

Flow Including Normal Pressure

Gradients", AIAA 23rd Aerospace Science 

Meeting,Reno,Nevada, AIAA-85-0371, 1985.

39. El-Assar,R.j. and page,R.H. : "Incompressible Turbulent
Wake of a Flat Plate", AIAA



170

J., Vol.7, pp 1388-1389, 1969.

40. Firmin,M.C.P. : "Calculations of Transonic Flow over
Wing-Body combinations with an Allowance 

for Viscous Effects", AGARD CP-291, 

Paper 8, 1981.

41. Green,J.E., Weeks,D.J. and Brooman,J .W.F. : "Prediction

of Turbulent Boundary Layers and Wakes in 

Compressible Flow by a Lag-Entrainment 

Method", RAE TM 72231, 1972.

42. Hafez,M.M. and Parlette,E. : "Numerical Procedure for

Viscous-lnviscid Interaction Problems", 

3rd Symp. on Numerical and physical 

Aspects of Aerodynamic Flows ,

Long Beach, Califonia, 1985.

43. Halim,A. and Hafez,M. : "Calculation of Separation

Bubbles Using Boundary-Layer-Type

Equations", AIAA J . , Vol.24, pp

585-590, 1986.

44. Hebbar,K.S. : "Mean and Turbulence Measurement in the

Boundary Layer and Wake of a Symmetric 
Aerofoil", Experiments in Fluids, pp 
214-222, 1986.

45. Hess,J.L. : "Review of Integral Equation Techniques for
Solving Potentional Flow problems with 

Emphasis on the Surface Source Method", 

Computer Method in Applied Mechanics and 

Engineering, Vol.5, pp 145-196, 1975.

46. Hess,J.L. : "The Use of Higher Order Surface Singularity
Distributions to Obtain Improved 
Potential Flow Solutions for
Two-Dimensional Lifting Airfoils",



171

Computer Method in Applied Mechanics and 

Engineering, Vol.5, pp 1-15, 1975.

47. Hinatsu,M. and Takeshi,H. : "A Calculation Method for

Resistance Prediction Including

Viscous-Inviscid Interactio ", 2nd

International Symposium on Ship Viscous 

Resistance, Stockholm, 1985.

48. Houwink,R. : "Unsteady Viscous Transonic Flow
Computations Using the LTRAN2-NLR Code 

Coupled with Green's Lag-Entrainment 

Method", NLR TR 81078U, 1981.

49. Huffman,G.D. and Ng,B.S.H. : "Modeling of an Asymmetric

Turbulent Near Wake Using the Interaction 

Hypothesis", AIAA J., Vol.16, pp

193-194, 1978.

50. Israeli,M. and Lin,A. : "Numerical Solution and Boundary

Conditions for Boundary Like Flows", 

8th International Conf. on Numerical 

Method in Fluid Dynamics, Achen, 

Springer-Verlag, 1982.

51. Johnson,D.A. and Bachalo,W.D. : "Transonic Flow Past a
Symmetrical Airfoil-Inviscid and
Turbulent Flow Properties," AIAA J., 
Vo 1 .18, pp 16-24, 1978.

52. Khosla,P.K. and Bender,E.E. : "Solution of the
Parabolized Navier-Stokes Equations 

for Three-Dimensional Internal Flows", 

9th International conf. on Numerical 

Method in Fluid Dynamics, France, 

Springer-Verlag, 1984.

53. Khosla,P.K. and Lai,H.T. : "Global PNS Solutions for



172

Subsonic strong Interaction Flow over a 

Cone-cylinder-Bottail Configuration" , 

Computers and Fluids, Vol.ll, pp 325-339, 

1983.

54. Kwon,O.K. and Pletcher,R.H . : "Prediction of

Incompressible Separated Boundary Layers 

Including Viscous-Inviscid Interaction", 

J. of Fluid Eng. 101, pp 466, 1979.

55. Kwon,O.K. and Pletcher,R.H. : "Prediction of Subsonic

Separation Bubble on Airfoils by 

Viscous-Inviscid Interaction", Numerical 

and Physical Aspects of Aerodynamic Flows 

II, Springer-Verlag , New York, 1984.

56. Lee,Y .T . : "Viscous-Inviscid Interaction Computations of

Three-Dimensional Stern Turbulent Flows", 

2nd International Symp. on Ship Viscous 

Resistance, Stockholm, 1985.

57. Levy,R.L . ,Briley,W.R. and McDonald,H. : "Viscous Flow in

the Region of a Rounded Trailing Edge", 

Naval Air Systems Command Report 

R79-920003-f, 1979.

58. Lewellen,W.S.,Teske,M. and DuP.Donaldson,C. :

"Application of turbulence Model 

Equations to Axisymmetric Wakes", AIAA 

J., Vol.12, pp 620-625, 1974.

59. Lock,R.C. : "A Review of Methods for Predicting Viscous

Effects on Aerofoils and Wings at 

Transonic Speeds", RAE TM Aero I860, 

1980.

60. Lock,R.C. and Firmin,M.C.P. : "Survey of Techniques for

Estimating viscous Effects in External



173

Aerodynamics", RAE TM Aero 1900, 1981.

61. Lock,R.C. and Williams,B.R. : "Viscous-inviscid

Interactions in External Aerodynamics", 

Prog. Aerospace Science, Vol. 24, 1987.

62. Lubard,S.C. and Helliwell,W.S. : "calculation of the

Flow on a Cone at High Angle of Attack", 

AIAA Journal, Vol.12, pp 83-101, 1974.

63. Mahgoub,H.E. : "Calculation of the Interaction Between a

Complex Turbulent Shear Layer and an

Externa 1 Inviscid Stream", Ph .D. Thesis,

Imperial College, University of London,

1978.

64. Mahgoub,H.E.H. and Bradshaw,P. : "Calculation of

Turbulent-Inviscid Flow Interactions with 

Large Normal Pressure Gradients", AIAA 

J., Vol.17, pp 1025-1029, 1979.

65. McNally,W.D. and Sockol,P.M. : "Review-Computational

Methods for Internal Flows with Emphasis 

on Turbomachinery", Trans.of the ASME, 

Vol.107, 1985.

66. Melnik,R.E. : "Numerical Interaction on Airfoils at

Transonic Speed-Recent Development", 

AGARD-CP-291, 1980.

67. Melnik,R.E. and Chow,R. : "Asymptotic Theory of Two

Dimensional Trailing Edge Flows", 

Grumman Research Dept. Report RE-510J, 

1975.

68. Mehta,U.,Chang,K.C . and Cebeci,T. : "A Comparison of

Interactive Boundary Layer and Thin-Layer 

Navier-Stokes Procedure", Numerical and 

Physical Aspects of Aerodynamic Flows



174

III, Springer-Verlag, New York, pp 
198-215, 1986.

69. Morel,T. and Torda,T.P. : "Calculation of Free Turbulent

Mixing by the Interaction Approach", 

AIAA J., Vol.12, pp 533-549, 1974.

70. Murphy,J.D. : "An Efficient Solution Procedure for the

Incompressible Navier-Stokes Equations", 

AIAA J., Vol.15, pp 130.7-1314, 1977.

71. Nakayama,A. : "Measurements of Attached and Separated

Turbulent Flow in the Trailing-Edge 

Regions of Airfoils," Numerical and 

Physical Aspects of Aerodynamic Flows II, 

Springer-verlag, New York, pp 233-258, 

1984.

72. Nakayama,A. : "Characteristics of the Flow Around
Conventional and Supercritical Airfoils", 

J.Fluid Mech., Vol.160, PP 155-179, 1985.

73. Pope,S.B. and Whitelaw,J.H. : "The Calculation of

Near-Wake Flows", J. Fluid Mech.,

Vol.73, PP 9-32, 1976.

74. Pratap,V.C. and Spalding,D.B. : "Fluid Flow and Heat
Transfer in Three Dimensional Duct Flow", 

Int.J.Heat Mass Transfer, Vol.19, PP 

1183-1188, 1976.

75. Pratap,V.C

76. Raven,H.C.

and Spalding,D.B. ; "Numerical Computations 

of the Flow in Curved Ducts", 

Aeronautical Quarterly, PP 219-228, 1975. 

and Hoekstra,M. : "A Parabolised

Navier-Stokes Solution Method for Ship 

Flow Calculation", 2nd International

Resistance,Symp.on Ship Viscous



175

Stockholm, 1985.

77. Rubin,S.G. : "A Review of Marching Procedures for PNS

Equations," Numerical and Physical 

Aspects of Aerodynamic Flows I, 

Springer-Verlag, New York, pp 171-186, 

1982.

78. Rubin,S.G. and Lin,A. : "Marching with the PNS

Equations", Israel J.of Technology, 

Vol.18, pp 21-31, 1980.

79. Rubin,S.G. and Reddy,D.R. : "Analysis of Global Pressure

Relaxation for Flows with Strong 

Interaction and Separation", Computers 

and Fluids, Vol.ll, pp 281-306, 1983.

80. Rubin,S.G. and Reddy,D.R. : "Global Solution Procedure

for Incompressible Laminar Flow with 

Strong Pressure Interaction and

Separation", Numerical and

Physical Aspects of Flows II, 

Springer-Verlag, New York, pp 79-96,

1984.

81. Rubin,S.G. and Reddy,D.R. : " Global PNS Solutions for

Laminar and Turbulent Flow", AIAA 6th 

Conf., Paper No. 83-1911, July, 1983.

82. Rubin,S.G. and Khosla, P.K. : "A Composite Velocity

Procedure for the Incompressible 

Navier-stokes Equations", 8th

International Conf.on Numerical Methods 

in Fluid Dynamics, Aachen,

Springer-Verlag, pp 448-454, 1982.

83. Rubin,S.G. and Khosla,P.K. : "A Conjugate Gradient

Iterative Method," 7th International



176

84.

85.

8 6 .

87.

88 .

89.

90.

Conf. on Numerical Method in Fluid 
Dynamics, Stanford, , Springer-Verlag, pp 
248-253, 1980.

Rubin,S.G.

Saffman,P.G.

Global Relaxation Procedures for a Reduced 

Form of the Navier-Stokes Equations", 

9th International Conf. on Numerical 

Method in Fluid Dynamics, France, 

Springer-Verlag, pp 62-71, 1984. 

and Wilcox,D.C. : "Turbulence-Model

Predictions for Turbulent Boundary 

Layers", AIAA J. , Vol.12, pp 541-546, 

1974 .

Schmatz,M.A. and HirscheJ,E.H. : "zonal Solutions for
Airfoils Using Euler,Boundary-layer and
Navier-Stokes Equations," Presented at 

AGARD Meeting, Aix-en-Provence, 1986.

Sokolnikoff

Strawn,R.C.

,I.S. : "Tensor Analysis", John

Sons, Inc, 1964.

,Ferziger,J.H. and Kline,S.J. :

Technique for Computing Viscous- 

Interactions in Internal Flows”, 

Fluids Engineering, Vol.106,

Wiley &

"A New 
Inviscid 

J. of 

pp 79-84,

1979.

Tai,T.C. : "Transonic Laminar Viscous-Inviscid
Interaction over Airfoils", AIAA

J., V o 1.13, pp 1065-1072, 1975.

Vanka,S.P. : "Block-Implicit Multigrid Solution of

Navier-Stokes Equations in primitive 

Variables", 2nd Copper Mountain

Conference on Multigrid Method,

Copper Mountain, Colorado, April, 1985.



177

9 1 .  V e l d m a n , A . E . P .  : " T h e  c a l c u l a t i o n  o f  I n c o m p r e s s i b l e

B o u n d a r y  L a y e r s  w i t h  S t r o n g

V i s c o u s - I n v i s c i d  I n t e r a c t i o n " ,

AGARD-  C P - 2 9 1 ,  1 9 8 0 .

9 2 .  V e l d m a n , A . E . P .  : "A N u m e r i c a l  M e t h o d  f o r  t h e  C a l c u l a t i o n

o f  L a m i n a r , I n c o m p r e s s i b l e  B o u n d a r y  L a y e r s  

w i t h  S t r o n g  V i s c o u s - I n v i s c i d

I n t e r - a c t i o n " ,  NLR TR 7 9 0 2 3  U ,  1 9 7 9 .

9 3 .  V e l d m a n , A . E . P . a n d  L i n d h o u t , J . P . F . :

"A Q u a s i - S i m u l t a n e o u s  C a l c u l a t i o n  M e t h o d  

f o r  S t r o n g l y  I n t e r a c t i n g  V i s c o u s  F l o w  

A r o u n d  a n  I n f i n i t e  S w e p t  W i n g " ,  NLR MP 

8 0 0 1  U ,  1 9 8 3 .

9 4 .  V e l d m a n , A . E . P .  a n d  L i n d h o u t , J . P . F . : " Q u a s i - S i m u l t a n e o u s

C a l c u l a t i o n s  o f S t r o n g l y I n t e r a c t i n g

V i s c o u s  F l o w " , 3 r d  S y m p o s i u m o n

N u m e r i c a l  a n d P h y s i c a l A s p e c t s o f

A e r o d y n a m i c  F l o w s ,  L o n g  B e a c h ,  C A . , 1 9 8 5 .

9 5 .  V i c a t o s , G . S .  : "A 2 - D  I n c o m p r e s s i b l e  A s y m m e t r i c  N e a r

W a k e  C a l c u l a t i o n " ,  M s c  T h e s i s ,  I m p e r i a l  

C o l l e g e , 1 9 7 9 .

9 6 .  V i s w a n a t h , P . R . ,  C l e a r y , J . W . , H . L . S e e g m i l l e r , a n d  

H o r s t m a n , C . C . : " T r a i l i n g - E d g e  F l o w s  a t  H i g h  R e y n o l d s

N u m b e r " ,  A I A A  J . , V o l . 9 ,  p p  1 0 5 9 - 1 0 6 5 ,

1 9 8 0 .

9 7 .  W a s k i e w i c z , J . D . , S h a n g , J . H .  a n d  H a n k e y , W . L .  : " N u m e r i c a l

S i m u l a t i o n o f  N e a r W a k e s U t i l i z i n g  a

R e l a x a t i o n T u r b u l e n c e M o d e l " , A I A A  J . ,

V o l . 1 8 ,  p p  1 4 4 0 - 1 4 4 5 ,  1 9 8 0 .

9 8 .  W e r l e , M . J .  a n d  V a s t a , V . N .  : " N e w  M e t h o d  f o r  S u p e r s o n i c

B o u n d a r y - L a y e r  S e p a r a t i o n s " ,  A I A A

J . , V o l . 1 2 ,  p p  1 4 9 1 - 1 4 9 7 ,  1 9 7 4 .



DerJ._vat_ion_ of_ _the_ Navier-Stokes_J2c[uations_ in 
OjJ:]K^[ona1__Cootdinates_ 0sijicj_ .Genera1_ Tensor_ Analysis

' In this appendix we shall derive the Navier-Stokes 
equations in orthogonal coordinates using generalised tensor 
form. The reader is referred to Sokolonikoff (1966) for a 
general tensor analysis, while for a more advanced and 
applied to fluid mechanics see Aris (1967) and for a 
detailed derivation see Mahgoub (1978).
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Al_.JL_ Genera1_ def initions_ and_lerjLva_t_ions
In general tensor transformation rule, there are two 

different basic types of tensors. These are the covariant 
tensor written with suffix â  and the contravariant tensor 
written with superfix a1. The difference between these two 
types of tensors is the transformation rule between 
coordinates. If we convert from coordinate system x1 to the 
other system x1, the tranformation rule for covariant tensor 
is

(Al.l)

while for contravariant tensors it is
a ^ d*]

dxJ (A1.2)

The coordinate lengths 
transform according t 
chain rule for partial 

~i--- £kl_ dx jdx — dxJ

are contravariant 
o the contravari 
differentiation.

tensor because they 
ant rule i.e. by the

(A1.3)

Similarly, the time derivative of length (^velocity) is a 
contravariant tensor.

The arc length ds*6 is defined using covariant metric
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tensor g ^  by

ds2 =  gjjdx'dxi (Al.4)

The contravariant component of the metric tensor can be 

defined by

g i j9ik - «i

where 6^ =1 if i = k and 6^ =0 if i^k .

By using metric value we can obtain contravariant component

of a covariant tensor a. asi

=g'ia j (A1.5)

Conversely, the covariant component of a contravariant tensor 

a^-can be obtained.

a j =  9jk ak (A l . 6)

Now, we consider the partial derivative value 

3a1/SxJ of any contravariant tensor quantity a1 , it can be 

shown that this partial derivative does not transform under 

the tensor rule (Al.l) and (Al.2). We therefore have to 

define the "covariant derivative" of a1 as

at. =
and

= da* 
'I 0xi

similarly
( m )

for a covariant tensor

(A1.7)

where the symbol{rTJn } is the christoffel 

second kind and is defined by

(A1.8) 

symbol of the

(A1.9)

The derivatives defined by equations (Al.7) and (Al.8) are 

tensor quantities and transform under the tensor rules.
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Similarly, 

defined

aij,k“

derivatives of higher order

dxk

A a«j3x k

♦{. 'kJ- 11 * ( , 'J* I a’1 I k

-  f k ‘ i ) a l i  "  S k j } a M

tensors can be

(Al.10)

(Al.ll)

Since tensor represents the physical quantities, we 

have to distinguish between a tensor and its physical 

components. The physical j-component of a contravariant 

tensor a^ is defined as

V ia(j)=(gjj) 2 aJ (A1.12)
where summation over the index j is not performed. 

Similarly, the physical j-component of a covariant tensor a^ 

is defined as

a(j)=(9jj) i J (Al.13)

The tensor analysis outlined above apply for 

transformations in general coordinate systems. However, for 

orthogonal coordinate systems (i.e. curvilinear orthogonal 

(s,n) coordinate system or orthogonal ((p, <p) coordinate system 

near trailing edge region in this program), following 

simplication can be applied:

(i) The metric tensor 9 ij=0 for i^j, so that only 

components g ^  = h.2 , say, are non-zero. Similarly, g 1 -̂ =0 for 

i^ j and g i:L = l/h 2 .

(ii) This reduces Christoffel symbol of the second kind as 

follows:

If
=  J- gPk f d9qk 

2 V dx'
+ d 9 r k

dx9
d 9 q r \

then,
5  9 |   1 ^9gg —  1 d h q
19 9j ~  2 9qq 9x9 ~  Kq 3 X9if
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If p = q * r ,
£ 9 \ =   ̂ S^qq _ 1 ^hg
Iq rj 29qq d X r " hq 0 X r

If p^q= r ,

f  ̂ | = -- --- Sgrr _ _ hr b fl r
l r rJ 2 9pp 3*P hp2 ^*P

If p * q * r  , t h e n  * P X =  0

( A 1 . 1 4 )

(A1.15)

(Al.16)

(iii) T h e  p h y s i c a l  j - c o m p o n e n t  o f  a c o n t r a v a r i a n t  t e n s o r  a 1 

is as b e f o r e  a ( j ) = h j a * .  S i m i l a r l y ,  for a c o v a r i a n t  t e n s o r

a ( j )=a
j / h j

N o w  w e  a p p l y  t h e  a b o v e  r u l e s  to o u r  (s,n) c o o r d i n a t e  

a n d  (9/^) c o o r d i n a t e  s y s t e m  (in two d i m e n s i o n s ) .  The 

e l e m e n t  o f  a r c  l e n g t h  in o r t h o g o n a l  c o o r d i n a t e  s y s t e m  c a n  be 

w r i t t e n
„ 2dS = g n  d x 12  ̂ 2

+g22 d x 2 (Al.17)

U s i n g  s i m p l i c a t i o n  for o r t h o g o n a l  c o o r d i n a t e  s y s t e m  we 

o b t a i n
0 9 2 2 2dS =h^ds + h2 dn

For (s,n) c o o r d i n a t e  s y s t e m ,

= ( 1+n/ R )

a n d

h 2 =1 (A1.18)

S i m i l a r l y ,  for ( <p, <p) c o o r d i n a t e  s y s t e m  

dS2=h12d(Z>2+ h/d^-2
F r o m  w e d g e  t r a n s f o r m a t i o n  r u l e  w e  o b t a i n  (see F i g . 28)

9 = r n cos n 0 

<(f = r n sin n 0

h 1 = O x / S 9> )2 + (dy/3<p ) 2 

=l/n(^2 + ^ 2)1/2(V"-1> 
h 2 = ( 3 x / 3 ^  )2  '+ ( d y / 9  <p ) 2

=l/n( <p2 +  ̂ 2 )1/2< ^  1 * (A 1.19)

The only difference between (s,n) coordinate system and
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(*p,<p) c o o r d i n a t e  s y s t e m  is hj a n d  h 2 m e t r i c  v a l u e s .  H e n c e  

we u s e  hj a n d  h 2 m e t r i c  v a l u e s  w i t h o u t  i n s e r t i n g  p a r t i c u l a r  

v a l u e s  w h e n  d e r i v i n g  e v e r y  e q u a t i o n  . T h e  C h r i s t o f f e l  

s y m b o l s  of s e c o n d  k i n d  c a n  b e  w r i t t e n  as

_ j _  _iin
hi 3x1

- J _  _ l k  
h2 3x2

$ 1 l -  _ L _ 3 h i
l2  1j h i 3x2

j 2 1 _  1 3h?

(1 2 ] ^2 d* 1

h2
3x1

hl _
u 2

d h
*\v2

(Al.20)

A_l_._2_ Der_i_vaj:_i^m_ of_ the_ Na_v_ier - S_tokes_ec^uaJijLons

As m e n t i o n e d  p r e v i o u s  s e c t i o n ,  t h e  v e l o c i t y  is 

d e f i n e d  as c o n t r a v a r i a n t  t e n s o r  and s t r e s s  is a l s o  

c o n t r a v a r i a n t  t e n s o r .  If w e  d e f i n e  the t u r b u l e n t  R e y n o l d s

s t r e s s  t e n s o r  as
-7- i j j i j j' = T = - p u 1 u J

( w h e r e  t 1 -1= T JI ) t h e n  the i - c o m p o n e n t  m o m e n t u m  e q u a t i o n  for 

c o m p r e s s i b l e  s t e a d y  f l o w  c a n  b e  w r i t t e n  

( p o b u ' j S  -g'Vj +  T'ij +  1u 9 i k U i,jk

(A1.21)
w h e r e  p is t h e  m e a n  p r e s s u r e  a n d  n is the v i s c o s i t y .

T h e  m e a n  c o n t i n u i t y  e q u a t i o n  c a n  b e  w r i t t e n

i p  u'),j =  0
( A 1 . 2 2 )

a n d  the e n e r g y  e q u a t i o n  is
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cphu’V, =  u*p,j + u'p;. + r^u'.j + ̂ g^u',
( Al.23)

In the following sections we shall derive the above 
three equations term by term in (s,n) and coordinate
system from their generalised tensor form given above. The 
equation will be derived in terms of physical components of
the quantities, which are defined as follows:
physical component tensor quantity

U, u ,i 1 U 1 u
U = T 7 .  " = T T

V, v u2= J L  u2=-£- h2 ’ *»2

P P

-pu2 -̂11 _ P u 2 
"l2

-pv2 r 22_ PV2
~ T ^ T

-puv T 21_ puv
v 2

T
T

H
H

h n

P P

dX , dy dX1,dX2

(I) The__cont iĵ iJ:_y__ec[Ua_t_ion
From equation (Al.22) the continuity equation is
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c PU'),j = 0 and using the definition (A1.7) of the covariant 
derivative of a contravariant tensor, this can be written 
as:

cPiJ )fi ~ a p u !  x  a x ■ ^
(Al.24)

I n s e r t i n g  t h e  p h y s i c a l  c o m p o n e n t s  d i r e c t l y ,  w e  c a n  o b t a i n :

* W < 1 7 > *

Using the Christoffel symbols given by equation (Al.20) this 
reduces to

(Al.25)

+ J_  iiu.
ax ' V  ay w T p  r h1 ax

P u 
hi +

or
_ L  U n
h  ay

PV.
h2

, 1 ah;
h 2 a x

PU + t jja. _pvl =  o
T7 ay h

-4rCh2U) + h1 V 5 = - h u4“ - hwl ^9 X 2  3v 1 2 p a x  n i v p

where h = 1 +  -t , h = 1
p a y

for (s,n) coordinate system
(A1.26)

h1= 7J( + ̂ (̂ ~ 15
h,= 1 U 2 + ^ 2 > W 1>

for coordinate system.

( I I ) The_jp^jnejitiijn.3 3 3 A?-P.

We shall derive each of terms of the momentum 
equation (Al.21) separately, for clarity.
(a ) Th_e_.a_c_c_eljer̂ _i_on_

This is the term

(pui>u!j = puj-|uj +{/,} pu* u1 (A1.27)

( i ) For i = l  ( t h e  s t r e a m w i s e  d i r e c t i o n )

_ L  a h i J L  +  J _
h-| 9 x h-| h-|

1 ahj U
hi a y h 1

liu. _v_J ay h2 J

(A1.28)
4-
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( i i ) For__i = 2_J^Jh^_nc^jnal_d i r e c t J . o n J

PU | $ / V \ _ U dhl , J _  ah2 V 1
hi L b xVh2  ̂ h22 h2 a* h2 J
- £¥__ f a / v ̂  . _jl_ ah? u , 1 JJ12 v 1

h2 [ay\h2J T h2 a X h-, r h2 ay Tijj
(A1.29)

(b ) The_ jp_re_sJ5u_re_ _ 9 J J - ® . J J 11

T h i s  is t h e  t e r m

- g ' i p .  = -  gi'-LilL ------- !
J AX h

ap
& X  h i2 **' (Al.30)

S i n c e  t h e  c o v a r i a n t  d e r i v a t i v e  o f  s c a l a r  is just its p a r t i a l  

d e r i v a t i v e  a n d  s i n c e  g 1 ^=o for i*j,

(i) For i=l

a p
a *

(ii) F o r  i=2

(A1.31)

1 ap
h22 3 y ( A l . 32)

( c ) T h e  ReynoJLds s t r e s s  G r a d i e n t

T h i s  is t h e  t e r m

f r o m  t h e  c o v a r i a n t  d e r i v a t i v e  

e q u a t i o n  (A l . 1 0 ).

(i) F o r  i=l

t e r m

( A l . 33)

a s e c o n d  o r d e r  t e n s o r ,
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S i n c e

J_ ± H l t  h-, ax= h1 ax

11 2J

.11 . 2 ahl r12
“TiT a y

h2 j&h2_T ;
"hi7 3 *

a n d

w *  i: .v h 2 V2 2J
.12

1 i ! n Tii , 1 ihi
h-j a x ~  a y
. 1 dh2 -wto

1. 3 hi t 12,_____i*. A v 1 h„ 3 X
1 9h2 7--

r
.11

+ 1 _iil2.r12h2 ^  r

+ _ L  dhi -lu2h-j ax h.,2
—  (Al.34) 
ev2h2v^h2. 

ax

h2 a

• • 3 f-lu2) , 9 Z^vux
ax + ay

3 _3_hl_ . _1_ 3h? -7u7 , a ^2
hi a y  h1 h2 + h2 i f h ^  + (^ T

2 J_ -pAv 
h2 “ hT5'

(i i ) Fo_r__i_=_2

drfi
3xJ +

S i n c e

= _ in _2Jn_-r.li t  2 - X  -4^- r 12 + - j —  l!l2.r22 h22  ̂ ”9 ‘ BX h2 3y2 BX
a n d

S j f-r21- J_Ullr21+ _L ah2 -2 1 , 1 3hj _|l.JT -h7ir‘ *TiJT*-1 + -hT3yr

2 3y

22

+ _ L  3h2_T 22  h2 ay 1

ax (-puv ̂\h., . a /LP ^ \ _ h-| 3 hi -/>u2 , -̂uv
+ W 7  —ay

>uv /* 
1 h2^h22 a y h.,2 T

_3_ dh2 + _L AlLL̂  + ~ps/2 ( 2 3h? _ _1_ 3hi ̂  (A1.35)
h2 3x  h1 a x /  h22 \  h2 ay h1 p y J

(d ) The_̂ J.̂ _cous_j3t_re_s_s_jjj:_adi_en_t__te_rm
The i-component of this term is given by

^9Jku;jk

a n d  s i n c e  g :,k = o for j^k, t h e n
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/ig u,kk - " [ - #  + ~ ^ \L hjp J ( A l . 36)

F i r s t l y ,  we s h a l l  d e d u c e  a g e n e r a l  e x p r e s s i o n  for the 

q u a n t i t y  u!jk .

By t h e  d e f i n i t i o n  o f  c o v a r i a n t  d i f f e r e n t i a t i o n

U* = (u‘.) =’ Jk \ »jy»k
3u,'j
3 x k -  \ k'il0’ 1 +

=  B [* ^ U j
dxk L 3 xi u k - *  f ; j ”"

* u k ■ M . ' > u m
mj ]

w h i c h  r e d u c e s  to

, . t _ a2 u*
U’Jk~ dxidx* + — W s  + U K

+ *  u  -
f

+ “"Uli.'J

N o w  for j=k t h i s  b e c o m e s

_  a V 1 *u'
-  j U * . s,KK J x ^ k J 0 xk

+ ums H ' i -  L 'J U “‘ 37)

(i) For i=l

r ».in . u,221
L h,2 * h,2 J

I n s e r t i n g  i=l in ( A l.37) and u s i n g  t h e  d e f i n i t i o n s  

of the C h r i s t o f f e l  s y m b o l s  g i v e n  b y  e q u a t i o n s  ( A l . 2 0 )  we 

o b t a i n  a f t e r  s o m e  a l g e b r a

U,11 = b2 u1 , 1 3 M 3 u1 2 1 3fr| B u
h 1 3 x  J) X  * h - j  9  JC

. M Bhj
r h22 ay ay
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x u1 —S_(_!_ -itl) + „2 2*1.) -+ dx V h1 dx / T [ax'- h1 3 y'
3h2 3 hi
ax av

and

, _ L _  _Sh2_
^ h1 h2 d x a y J

Therefore

(ii)

U1 = ?̂u1„ . »U1 f 2 ahj 1 ah 2] . au2-2h2 3h2
>22 3  y2 r  a y  (_ h1 g x  h2 a y J  d y ^ 2  3X

_au2 J 12. ̂  4 m i _ 3 h i )  u2i/_!i2 U22A+ ax h12 ax + u ay v h1 ay / f u a-yv h^Jx )

u1 |~"-1 ah2 *h2 .  L  iJll iin__ 1 ahp>hi h2 ahi 3hj
|_h12 ax ax h12 ay ay h1h2pyay ^T^sax ax

1 [  ^  ( U \  , / U _  5 h  1 V  a  h i  \

»M2 1.3X2 l IV T ^X Xh^ ax ■** hl h2 9V /

+ (t £  (^7 ) + T7 a T ^ )  )
+ -JL- f  ( —  1 4- _ J L  1212̂h22 L ' hi * r ŷ \ ̂ 2  ay h12 axy
> h2 3h2 au______ 1_ 3h2 _Sû  , 1 3 ^  au
T hi3 ax hi ho ay a y 1" hi? a y ""3Fy _ v _£h2 jh2 _ ̂ i2 ahp av 1 u fehtf 

ax ay h^ ax ay “ "O i = 2 1 1 J

(Al.38)

+
Fo_r_ i_=_
Similarly 

r v2_L m  _ 2-M- 1*1 _L (jq + 2 J_i!i2 2 .fjL]h ^ L a ^ i y  ĥ 2 ay a* t * h2 ax ax ĥ2j
1 3hj a tv\ . 1  ̂h 1 _b_lv\ _ _U [ J  hi’j
h1 ax ax U 2/ T h^ 3y ay l*2' n1 x U ^  y/

-  v $ J L  (_L \ h 2 ) _  1
h2 I 3* ' h2 T T ; h1 h2

“ ("4” I t1) ■*■ ("4 + + i^fr2
^•(4-) - T* * ?  f  (4) X<»1.39,

a / 1 dh^x 3 / 1 _dh2 ) _  m  ah2 ahi / 1 ahjfc
ay ' h2 d x ' 3 y V h9 3 y / ĥ 3 gx 3 y " \ h2 3 x /].

hi 3hl 3 h2
h23 3y 3 y

[ >2 o * ’ o x ' "2
(III) T_he__enej_gy__e£iu_at_icm

This is 

( PCpT u '),j
=  u ‘ o , J p , j -  r ^ u , 1, + k(gUT,i ),,t u'pfj - (®ulh0,| (Al. 40)

CPCpTo'l, - glUCpT^) + £(/>cpT £ )

+ hjs f^PCpT + PCpT 3h
h. h2 a y

+ h7h^ T ? pC p t + pcPT ~ T p  J
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u' p : > ■ U dp I V d Ph1 ^X h2  3  y

t  11 u! j = ^9jku',ku'j = <£ ( A1.41)

^-[ PCpTiL)

+ />CpT v
h1 h2

__U__ l_p
hi ax +

+ • ^ • U e p T T^)  +  PCPT

3 m 4- PCnT —  1 3h2 ,
8 y r * vp ■ h1 h2 J X

V
T

- i f .  +gy + k (9iiT,jX, + <j>

1 dh2 
hg2 "Qy

P CpT u
hi2

(A1.42)

T h u s  t h e  c o m p l e t e  N a v i e r - S t o k e s  e q u a t i o n s  for 

c o m p r e s s i b l e  s t e a d y  f l o w  a r e  o b t a i n e d :

T h e  c o n t i n u i t y  e q u a t i o n :

i°[-^0 2u ) + - 5 7  (hi v ) = -h u ̂  - h.. V2° 3* 1v dy

T h e  s t r e a m w i s e  m o m e n t u m  e q u a t i o n :

f«l> 2^7 +
= - h, _ 9  liE)* d* - h1 ^  (/“'«» )

- ^(/°u2 -/’v2) ~ ho —  (/° 1,2 ) ex w ' 2 ax w

T h e  n o r m a l  m o m e n t u m  e q u a t i o n :

$ y >  J + ^ C - 1 1 7 +  1 > J
-- h. d P

dy - P-2 k  ̂ “V ’ +
+ 2 §t2/>»v + [ h 2 - t '‘2 )

(A1.43)

(A1.44)

(A1.45)

T h e  e n e r g y  e q u a t i o n :

-  u Shi'
ay -b F ; r » , a v  +  a y 4 >  )

T dP + i t h + 1
r a p 1 a t 1

V P d y H1 + F 2 L a x p ax t > 2  r
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+ k ^U2

1 dy - /V  14- a p 1
T

3 T ]
(A1.46)

T h e  N a v i e r - S t o k e s  e q u a t i o n  for i n c o m p r e s s i b l e  f l o w  c a n  be 

o b t a i n e d  b y  p u t t i n g  d p =0. T h i s  r e d u c e s  to t h e  s a m e  as 

M a h g o u b  (1978).
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Apgendix_2 ,

Derj._vatjLc>n_ of__the_ Rey_noJLds_ st_ress_ T j E g u a j i i o j i s _ j i _ n d  

yie TurJ)uJLent_ K A l ^ J - A f L .̂ 3 3 ĵ :_iojTS_ Osj.jTg_ G e n e I a J L s o r
An_al_y_si_s

T h e  i n s t a n t a n e o u s  i - c o m p o n e n t  m o m e n t u m  e q u a t i o n  c a n 

be w r i t t e n  in g e n e r a l i s e d  t e n s o r  f o r m  as:

piuI 
at ■t (puk ) u;k g,kp(»k + t ;ik

(A2.1)

a n d  for j - c o m p o n e n t  m o m e n t u m  e q u a t i o n  is as f o l l o w s :

pir _ (puk )u,’k= -glkp,k +  T , ,k +  p g V kl (A2.2)

w h e r e  T  = _ P U V .

If w e  m u l t i p l y  (A2.1) b y  t h e  f l u c t u a t i n g v e l o c i t y  u^ a n d  

m u l t i p l y  t h e  e q u a t i o n  (A2.2) b y  u 1, t h e n  a d d  a n d  t a k e  t i m e  

a v e r a g i n g ,  w e  o b t a i n
j au1 i^UJ'
u at u at "f"PU *f U
= - 9 iku'P)k+ glku'p,

+ u' r.i<k + uir-'k + yuak,(u' u|kI u,ikI’)

If w e  a s s u m e  s t a t i o n a r y  m o t i o n

dt
( ) = 0

a n d  w e  i n s e r t  U = U  +u t h e n  w e  c a n  o b t a i n

u j k J j O u ' u k +  U k p u '  «+ p ' u k u ‘ 

+  ( u ‘ u ^ k  u V  +  u V

= -[g ik ( p 'uO,

+  u j J P u K j j  4  u k p ' u J 4 p u k u j

+  P  U*tu 'uOj k  +  U k P(ul u Jj[

k +  g ^ p 'u 1} 4  g,kp'ujk + gikp' uj,

(A2.3)

u’T.'k + “'T* + /‘ 9l,l( « l “ik|+ “i “!k|l

pjk+ («' “')ik = r p'u1 uk ujk +

I ’ IT
pu^ uk p 'uJ uk

k

+ -PlC9iku,ik) + 9iku,lkl ]J[
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+ p uiv u';kt piAoj1 u'̂ + g'V p)k + g'V p)k 

+  u k  />“ X k  +  P “ ‘ u,'k  +  /“ 8 k l (u,u,'k r  u ' u.‘ki)

IV VI

V

( A 2.4 )

T h e  t e r m s  d e n o t e d  b y  I, II, III, IV, V a n d  V I  a r e  t h e  m e a n  

t r a n s p o r t ,  g e n e r a t i o n ,  r e d i s t r i b u t i o n  b y  p r e s s u r e  

f l u c t u a t i o n s ,  t u r b u l e n t  m a s s  f l u x  times m e a n  a c c e l e r a t i o n  

t e r m ,  t u r b u l e n t  t r a n s p o r t  a n d  v i s c o u s  t r a n s p o r t / d e s t r u c t i o n  

t e r m s  o f  the R e y n o l d s  s t r e s s  ( - p u ^ ), r e s p e c t i v e l y .  T h u s  

w e  c a n  w r i t e  (A2.3) as f o l l o w s :

M =  G + R J + T J + MT J +  v,J
w h e r e  M 1j , G 11 , R** , M T , T  ̂  a n d  v** d e n o t e s t e r m s  I, II,

III, IV, V  a n d V I  r e s p e c t i v e l y . We s h a l l  n o w d e r i v e  the

R e y n o l d s  s t r e s s  t r a n p o r t  e q u a t i o n  and t u r b u l e n t  k i n e t i c  

e n e r g y  e q u a t i o n  t e r m  b y  ter m .

A_2_._l_ p e r i y a t i o n _  o f_  t h e _  R eynol_ds_jsjirej3s_ _trpnsj)Oj:_t

( 1 ) T_he_jnea_n__tra_n_spo_r_t__term_ ( = M_'^J

T h i s  t e r m  r e p r e s e n t s  t h e  t r a n s p o r t  o f  R e y n o l d s  

s t r e s s  b y  the m e a n  V e l o c i t y  f i e l d .  We can w r i t e  it as

- M ,j = PUk -f- pukj (uV)
yk

(A2.5)

u s i n g  e q u a t i o n  (Al.10) for t h e  c o v a r i a n t  d e r i v a t i v e  o f  a 

s e c o n d  o r d e r  c o n t r a v a r i a n t  t e n s o r  formula. For s i m p l i c i t y ,

let T ,J= ( - p u ' u M  (and t h i s  is s y m m e t r i c  t e n s o r  for i a n d  j).

W e  c a n  t h e n  w r i t e  (A2.5) as:
(̂u'lP)

- M li =  U 1 4.  p'u 1 ax

, rz .,2 n/ o"i r ̂ (u1 uj)+ \p u +■ p u T 7 " (A2.6)
N o t e  the m e t r i c  v a l u e s  h 1 a n d  h 2 a r e  as f o l l o w s

h1 -1 + T' V  1 for (s,n)coordinate system
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( i )

h l= ̂ 2 = "n (^2+ " for c o o r d i n a t e  s y s t e m .

For_ _i_=1_,_ j_=l 

F r o m  e q u a t i o n  (A2.6)

M 11=  |Vr - * ] | > | - “ L )
l 11,2 1 +  -S 7

a  hi
a x —  +  h , 2  +

1 I h i  
"**7 a y

+• 1 a  hi

- 1
h i

a  hj
a y

Cu v ) 

h 1 h 2 _

I p±  +  P i ' r ± _ t
1 ^  hi 7 2

L ft2 h 2 j L w l Kj2 J S  a y h , 2

Cuv )

l u v )   ̂ f 2̂
M 3X

1 a h i  
'i ay

[ uv 1 
h , 3

ĥ2 
*X .

(A2.7)

(ii ) For_

F r o m  e q u a t i o n  (A2.6) 

.12
-  M

*_ u , ' u ~ a  / luv  J 1 a h- ( u v )

r  + - a x  l hi h2 ) ■BT a x h1h2

+
1 ^  H i 7 2 “ hi a hi 7 2

h 1 a y h22 h22 a y i > i2 +  h .

" +
rp v , n' V

• r * ( u o A  , 1 a hi

h2
+  r - c -  

h2 l h1 h2 ) 1 hi a y

h2 a h 2 V2
x 1 a h2 ^2

. 1
hi2 a x h22

T
h 2 a x h,2 +

2 3X

(A2.8)
( i i i ) F or _ ij=_2_,__j =_2

F r o m  e q u a t i o n  (A2.6)

-M 22 p +  p‘i L l  f l2 u v  Shi *  f V 2 > (
h1 hi J  L  h23 a y a x  l ~ĥ Tl

-t -
2^h 2 ^ 2  1

a x h23 J

*f“

1 
1

?
1 

►
?1

<I

+

N H  57 (  »2 2 )  f

2luv)

h 1
a h?
a x

X -

r>
.CM

a h 2 1
1 h 23 a y  J

(A2.9)

( 2 ) T_he_ ĵ APiL J.
T h i s  t e r m  r e p r e s e n t s  t h e  g e n e r a t i o n  of R e y n o l d s
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s t r e s s  b y  t h e  m e a n  f l o w  a n d  is w r i t t e n

G ij j k ' j Ir p  u li1*-}- p  u u* p  u u U
i
> k

( A 2 . 1 0 )

(i) For_ _j=_1

U s i n g  e q u a t i o n  (A2.10)

-ClI  = jyO u1 uf -f. u ;1t

+ [V1,11,2 + J u;1.

(A2.ll)

U s i n g  t h e  C h r i s t o f f e l  s y m b o l s  g i v e n  b y  e q u a t i o n  ( A l . 2 0 )  t h i s  

r e d u c e s  to

=  r ^ —  + P ‘ J i l l T J - l  JL.A 4. J _  Shi. u 1 Shi VL ' hi 2 ' h , 2 J L s x  \ h i  J +  h ,  a x  1 5 7  +  T J - J y - h i -

+r° uv + p' ,uv 1 T a f u~ ̂ j__ l_ ̂in_ i  _ v~[/ *ih2 ' 1W J  LavUw h-, hi

(ii)

^ h2
Fo_r__i_=_l_, _j=_2 

U s i n g  e q u a t i o n  (A2.10)

Hal
a x J l A 2 . l l  )

g ,2 =
0 u2 , u2  ̂ ( v \ _  _!_ Shi JJ__ , 1 *h2 v 1
1 h-j2 / " h ^ J L a x U 2 i h22 a y  h, ^ h2 * h jj

]fyh2 11 :w v h« ' U 3 h2 V 9h2
. ay1 h2 h2 a* h22 dy

“ J u v _  ■>/ UV 1 r± _ tjL \  +  - U—  + -rV-^
/° h1h2 I h1h2 i  hi J a*  ^  h2 ^ y

+ y v2^ h22 h22j'Lay3 f  U 1 . U i h l  _ V~  ̂h2 
ay V h1 J 3 y h-,2 ax _

( A 2 . 12)

( iii ) Fo_r_ ij=_2_,_jj=2

F r o m  e q u a t i o n  (A2.10)
.22

p uv p ' uv q / v \ _
/ lv,h2 I hh2 J L l h2 /

JJ__  3 hi
h22 ay

V Jji2  
‘ h22 3* ■h

2 '*/2 -_y  l —
^ h22 + / h22 \ h2
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U ah2 v dh2“r i_ , T *h2 1
Jhih2 ax ’ h22 3,;

(A2.13)

( 3) T h e _ _ p _ r e s _ s u J _ e j - j : _ e d i _ t e _ r m  J =_R_'_|_)_

T h i s  t e r m  r e p r e s e n t s  r e d i s t r i b u t i o n  o f  t h e  R e y n o l d s  

s t r e s s  o v e r  t h e  t h r e e  c o o r d i n a t e  d i r e c t i o n ,  t e n d i n g  t o  m a k e  

the t u r b u l e n c e  i s o t r o p i c .  We c a n  w r i t e  it as:

r ,j  =  - p ' ( g i k u j k +  g j k u * )

For t h e  o r t h o g o n a l  c o o r d i n a t e  s y s t e m  g ^ k =0 for j^k.

(A2.14)

R M = -P'(giX i+ 9j ju:p

(i ) F_or_ j_f_jfJ-.

Usi_ng_ _ec[uat_icm_ J A_2_. 15)

( A 2 . 15)

,11
J L _  =  —  p'(g11u,1-, + g11u ^  )

_  _  p '—!—  ( - 3 - U . a .  v 3hl \ĥ3 V 3X h2 ay )

(A2.16)

(ii) _For_ _i_=_l_,_ _j=_2 

U s i n g  e q u a t i o n  (A2.15)

r 12= - ’W  +  ^ 2  )

= - pw [ .
2 Aiu.uay + h11 ay

_  ^ h 2
3x

( A 2 . 1 7 )

( i i i ) For__i = 2_,_ j_=2

U s i n g  e q u a t i o n  (A2.15)
22

= - P'(922 uf2)
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/
p

3  h 2  u \  

dX h1 )
( A 2 . 18)

( 4 ) T h e  _turjp ul_ent__tra_ns_po_r_t_J:_e_rm

T h i s  t e r m  r e p r e s e n t s  the t r a n s p o r t  o f  R e y n o l d s  

s t r e s s  by the t u r b u l e n c e  via the p r e s s u r e  a n d  v e l o c i t y  

f l u c t u a t i o n .  W e  s h a l l  r e p r e s e n t  the t r a n s p o r t  by the 

p r e s s u r e  f l u c t u a t i o n s  b y  T P 1 ^ a n d  t h a t  b y  v e l o c i t y

f l u c t u a t i o n s  by T V 1 ^, s o  t h a t

T ij = TPU + TVlj (A2.19)

(a) Fo_r_ T_P11

( i ) F_or_ j.j=_l_,_ j=_l

F r o m  e q u a t i o n  (A2.4)

TP11=

hl3 (up')l ax
1  ̂hi
h2 ay ]

(i i ) For_ j=_l_/_ _j=_2

F r o m  e q u a t i o n  (A2.4)

(A2.20)

TP12= 911(u2p'):| + 922CuV>2

u p 'ay

t
ay

(up') _ a hg
ax V P'

( A 2 . 2 1 )

(i i i ) For i= 2, j= 2
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TP
22

_ 22/ 2 M= 9 (u* p;

h23
~__

-

•2

i vp0 +
 ̂h2 
dx (up )

(A2.22)
(b)
(i)

(ii)

( i i i )

F or_ T V 11 

For_ i = 1_,_
From equation (A2.4)
TV, 1 = ^ w f h2 f #  +  2 -1 ^ - . v J 

u
/•'[

u duj , H 9hl
n 2  —r~~—  +• 2 — 1LL- uvax By

+ ̂  h^h2 [h
V

JJL
ay -  2 ahg

a* uv ]
h13h2 [ r ' k

_iu£.
ay

5h2
ax J (A2.23)

Fo_r_ j =_2
From equation (A2.4)
-..12v =/>

* + VH } L T ^ \

- /  i f e E - V 1" ’ - ' ’-S 2  * “ T?

‘ - -S2 "' *
(A2.24)

Fo_r_ _i=_2_,_ j =_2 
From equation (A2.4)
TV22-  ‘

p h,v[‘ av2 JX —  O —I- UV* By
U

hi h23 4 - 2 4^- Uv ax * ay

+ ? [h| IT + 2 _B̂_2
ax uv
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+ v
h, K23 + 2 aKs

3X uv

( A 2 . 2 5 )

( 5) tjujtJd u _rna_s_s_ _fl_ux_J^ijnes_

T h i s  t e r m  r e p r e s e n t s  t u r b u l e n t  m a s s  f l u x  b y  m e a n  

f l o w  a c c e l e r a t i o n .

M T U = /•'-*' u;k + p *  u;k uk

( i ) For_

U s i n g  e q u a t i o n  (A2.26)

MT 11 _ /°'* rh0 au + <
i

2 h-j3|-,2 l_ 2 t t

A
h13h2 I ^

—  V
3X21 V

( A 2 . 26)

( i i ) For__i=_l_, __j =_2

U s i n g  e q u a t i o n  (A2.26)

MT
12

i- _ v Sh2
ax

(A2.27)

(A 2 . 28)

(iii) For i=2, j=2

U s i n g  e q u a t i o n  (A2.26)
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MT
22

2

(A2.29)

( 6 )The__Vi_di_s_s_ijpa_t_ion_J^_rm

T h e  v i s c o u s  d i s s i p a t i o n  t e r m s  c a n  be w r i t t e n  as

- €11 ,-e 12 a n d  - e 22 . S i n c e  t h e  v i s c o u s  d i s s i p a t i o n  t e r m

w i l l  b e  a p p r o x i m a t e d  p h y s i c a l l y ,  we s h a l l  n o t  d e r i v e  t h e 

d e t a i l e d  e x p r e s s i o n  (see M a h g o u b  (1978) a n d  C h e n ( 1 9 8 2 ) ) .

N o w  w e  c a n  w r i t e  t h e  t r a n s p o r t  e q u a t i o n s  for t h e 

R e y n o l d s  s t r e s s e s  - p u 2 , - p v 2 ,-puv in (s,n) or '(</>,0) 

c o o r d i n a t e  s y s t e m  for t w o  d i m e n s i o n a l  flow, a s  f o l l o w s :

( 1 ) -j)_u___ _ _e_guaticm

a*

ax

ay

Lu2 ) -f uv2 ' ay

1 >1̂-1 + Z,'vj[h'^
J * (/°“v + ~ i \ fu 3U

f u v ) Ihla7"v a
+ h2 |-(ap') + ay

+ [/Sttlha & O a> + } + u />'w-fr&u’jt ^ u v j j

+ [/° l/’,(hi-fr(:2u2)+ fr-"’'

+ /•'“ [, liL 2 a* + 5 hi
a y Ju + f'u [*i 5 U I ^2 y 

Ty + ax v  v  -t 611

(A2.30)

( 2 ) -_p_v_ _ _ecjuat_ion

>  ] - (T* +7o[*i h  ( P >  +

=  [ p ™  +/>'«» - i r 5] + (7*a +/’**)[

- j/>U+/°'u
, ah2 —  + ~ uv a *
-i-ff - & * ) -  -'(-vH- + ) + hi | r ^  + 1 ? & >

-/* “ [h2-^r(2vZ) +
Shi
a y U V ] -  »/°'[-2^r(12*2) + liu a y uv ]
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+ P ’ [ ^ T T  H y2) + f ?  uv ) + v/°'il¥uv +
+ />y[ (hiTT + V f "  )u + (hi

av
ay

ah; 
d * u ) vJ

37

4- 672
(A2.31)

( 3 )

-  (f"u Y " )  I V f ir W  -  -f^r- ( U2 -  v2) ]  - ( f v  +•/"'< ^ h2 - | 7 ( ^ ) +  (u2 -  V2)]

= + g » a
+ + lp ? J ? ) ( h,2L - ^ v ) - ^

+ [h2^.(^)- |!ii(u-7,+ hl̂ . (uV ) _  ib2v7j -r'u [h2«-(uv) + V24 v

- u A h2 ^ uv)t v 2 | ^  - » 2 f ^ ]  - p  V £hl ^ ( u v )  *  | t 2 ( U2 

-y2 )] -V/»'th1^ r(Mv)+ ■f^t"2-*2)] +/°^[u {h2|^ - u||)) +

vlh1T7 * « It2)] +^v[uih2TT + v $ )  +Vjlyg -v|^j5A2-32)

A 2_.2_ p e ri^_t_ion_ of_ _k_in^J:_ic_. 3 S £

W e  c o u l d  d e r i v e  t h e  t u r b u l e n t  k i n e t i c  e n e r g y  

e q u a t i o n  f r o m  its g e n e r a l i s e d  t e n s o r  f o r m  g i v e n  b y  e q u a t i o n  

(A2.4) in a s i m i l a r  w a y  t o  t h e  d e r i v a t i o n  o f  t h e  R e y n o l d s  

s t r e s s  e q u a t i o n s .  H o w e v e r ,  a s  w e  h a v e  a l r e a d y  d e r i v e d  t h e  

n o r m a l  R e y n o l d s  s t r e s s  ( - p u 2 , - p v 2 ) e q u a t i o n s  w e  c o u l d  

d e d u c e  t h e  e q u a t i o n  for t u r b u l e n t  k i n e t i c  e n e r g y
2 2 2 2 2 9l / 2q = l / 2 (u +v + w  ) b y  a d d i n g  t h e  (-pu , - p v  ) e q u a t i o n s ,

2(A2.30) and ( A 2 . 3 1 ) ,  a n d  t h e - p w  e q u a t i o n .

T h e  - p w  e q u a t i o n  in s i m p l e  2 - d i m e n s i o n a l  f l o w  is

ajust _  p O w
Dt a z 33

w h e r e  e33 is t h e  o n l y  e x t r a  b i t s .

- + P 7)lh2|r(lq2)) -(fv +r^)l"i-^ti‘'aij

= i v l ?  t  f ^ _ u  + _ h J J  + f f v j  + Cp ^  +  f J )

ta - fr  + v J + ( r*  + /?v ) l"i 17 f  )
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—  J r u .  3  V  . 9 ^ 1  d h 2  „  , u  d  W  f

p l h i  T T  +  h 2 T 5 T  +  T y  v  +  T x  u +  h 3 T T  J

1 + hl ^ ( U * )  + (up/)+ h

+ pP u L K  - h  ( i ql >J + “ f ' KTi T  l i ql ))
+ f v thn -ijii c2 )] + v 7 [ ^ T [ T 7 7 ]

+ + i ^ )  +■ (hi-3- + T i r v  ) v ]

+ / ,'v [ «  ( h i I f  +  t * - u )  +  ( " 1 - 3 7h< 4rr + - | ^ U  )V ]

“H +11 ^ 22 T fc33

H e n c e

(/•u +/>«)■.*-£( i q 1) + (fV + />''')h1 ^ - ( i  pl)

= - p u 1 + /»’“l +/J'“ Cj(''a^ + -fj-V )

-[fv_1t ^ V  +f'vv] (*11"§y + ^

)au
ay

 ̂h2- y- j ^ u v t / u v  V » » ] ( h 1 } ?  - ax

—  £/°uv * />uv + Z30 u J (h _B_V iln. U  ̂a ax * ay u y

+  p,( t t  +|jiv) + k ( " A -  l y ( hi,p,) - 7 - (v p1 - 7 Cwp/)

f [ v  7r(iqi) 1’hiv

a_ ( J_ n 2

(A2.33)
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Appendix 3.

Derivation of Eguationsy and Definitions for the Shear Layer
Calculation

In this appendix we shall derive equations which is 
used in incompressible shear layer calculations. Firstly, 
we write down the set of partial differential equations 
solved: these are the continuity equation (Al.43), the 
streamwise momentum equation (Al.44) , the normal momentum 
equation (A1.45) and turbulent kinetic energy equation 
(A1.46) for incompressible flow. We have also inserted the 
BFA turbulence model assumptions into the turbulent kinetic 
energy equation as mentioned in §1 of the thesis.

Hence we have the following set of equations:

3/ a*

(A3.1)
jHL
3 * iJJV- +:2uv iJua y T  ̂ U¥ 3X + U* 9h23X

-h, -ix.1 i y
liu. _ w2JLiL2. _- 2 T - ^ l - _ | u2_ 2, Sh2

+ h?( "It +

Uh2"tf + V

+ hi l 7  + hi

4 ~ —  ) = o3x }

__ h 3 T .. t .. 9h2 .. 3h-
(A3.2)

37
3  v 2

^7

2 ax - U ( v ax - u
- 2 r 4 ^  - ( u2 - v2b X ^ )

37 
9 hi
b y

= o
( A 3 . 3 )

h2U 3x ( 2 3 ^  + h1 V iy ("2Tf )

= r (h1-^ + h2-ff - u  Zfr - V ^ Z )  *2 ax
- c^r ( h2 + v

ax
* H )  -  c 2t  ( », i f  + U 4 ? )*7

+ r e

ax
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T ) ( r ) *

w h e r e T
a1 =

_  q*
2 = ci r

A
G

= c2r  

= GfTmf2

L
t ~

(A3.4)

A l s o ,  t h e  s t r e a m w i s e  t u r b u l e n t  t r a n s p o r t  t e r m  

-3/dx( p' u +  q a u ) h a s  b e e n  n e g l e c t e d  in c o m p a r i s o n

w i t h  n o r m a l -  c o m p o n e n t  t u r b u l e n t  t r a n s p o r t  t e r m  

-d/dy( p'v -f- -j- q a v ). T h e  l a t t e r  h a s  b e e n  m o d e l l e d  by  

a s s u m i n g  t h a t  ( p'v +  -y q*v) =G )(rm) r  , w h e r e  G is 

e m p e r i c a l  f u n c t i o n  o f  y / 6  c o n t a i n i n g  a f u r t h e r  e m p i r i c a l

f a c t o r  ( / P U e ) ° 5 . T h e  v i s c o u s  d i s s i p a t i o n  t e r m  h a s  

b e e n  a s s u m e d  e q u a l  t o  ( T  )Z/Dm /  \_ (-̂ -) , w h e r e  L is an l e n g t h  

s c a l e  ( e m p i r i c a l  or c a l c u l a t e d ) ,  we h a v e  a l s o  i n c l u d e d  a n
/v

e x t r a  s t r a i n  r a t e  c o r r e c t i o n  e t o  t h e  t u r b u l e n c e  m o d e l  s a m e  

as B F A  m e t h o d .

A3_._l_J)erJ-_yaJ:Ĵ on_ of_̂ ha_râ _ter_isj:_ic_33}*^ API1
If w e  set £ =c is a c h a r a c t e r i s t i c  c u r v e ,  and 

w e  i n s e r t  t h i s  d e r i v a t i v e  f o r m u l a  i n t o  e q u a t i o n s  ( A 3 . 1 ) ,  

(A3.2) a n d  (A3,4), w e  c a n  o b t a i n  e q u a t i o n s  as

follows ;

h2 ¥ ■  2 ax d u
e£ + -si aV h = 3* hl

uh, - U -21L zz . J J L  _ h.2 ax 3{ By *S 1
= -2Uv-f* >4-PiCM4

-■sH?- -t Ci-H) = E2

u-Siuax
U

- v  ̂hi _
- E1 (A3.5)

2 3hj
0X + (c, -C2)r B h2

3* ( A 3 . 6 )



2a1 ax a$k2jJ M  il + ( JO*- + h.G ) „  w
* V Af T V 2a1  ̂ 1 ' by a £
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. h c rJiL av _ T h  ̂£- au _ -r- h ay. _ T  f.. ii*i . v ah?%
+ hic2r 0> 3 { rhi 9y J{ - Th2ax T ( u a ^ + V a7)

+  T ® “  T ( C1 v T ^  + c 2 ^ )  -  ( T )3,2/ l = E3
(A3.7)

T h e  t e r m s  in r i g h t  h a n d  s i d e  are t r e a t e d  as " k n o w n " :  

t h u s  w e  are t r y i n g  t o  f i n d  the d i r e c t i o n s  o f  the 

c h a r a c t e r i s t i c s  in s o l v i n g  for t h e  t h r e e  v a r i a b l e s  U, V  a n d  

T  a s s u m i n g  t h e  t e r m s  in t h e  rig h t  h a n d  a r e  g i v e n .  In 

p a r t i c u l a r ,  w e  a s s u m e  t h a t  t h e  p r e s s u r e  g r a d i e n t  is k n o w n  

( f r o m  t h e  p r e v i o u s  g u e s s  for t h e  p r e s s u r e  arr a y )  a n d  t h e 

n o r m a l  R e y n o l d s  s t r e s s e s  u ^ f v 2 a r e  give n .  We a l s o  a s s u m e  

the t o t a l  e x t r a  s t r a i n  r a t e  is k n o w n .

In o r d e r  t o  f i n d  t h e  c h a r a c t e r i s t i c  d i r e c t i o n s  w e
Nil h7~

h a v e  to s o l v e  a d e t e r m i n a n t  for , -2—? . W e  w r i t e

d o w n  t h e  e q u a t i o n s  (A3.5) t o  (A3.7) in t u r n  as f o l l o w s :

_UJ
a*
ax

_9 v

h .-11

3 <-
H
0 = E1 (A3.5)

uh2r|7+hivT j
-  h. ii

CiTh a *

- T h
2 re, h -3-I- 2 1 ay
1 dy

i2Uli .23-1 0X i

= E2 ( A 3 . 6 )

= E3

( A 3 . 7 )

E x p a n d i n g  d e t e r m i n a n t  g i v e s

h1-ay ( hlT> h2 - ^  + rhTly]

+, ^ ^ 2TC2‘, -hil7 (« h2 + hiv if) *
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17 *2U J i ' )  +  ( -la*- + h fi ) - l i .  1 = o
[l 2a1 B* ' ' 2a1 1 / J

so that we obtain three characteristic directions as 
follows:

( A 3 . 8 )

11 - 0

a nd (A3.9)

h (h1 3̂  V- c 1 r  h,, i i
2 3x

+ r  h, M  )1 3 J > + c2 1̂

-  (uh2 dx + h1 v
± L  \ r u "? 
b y  1 L 2a,

. 1 1  +

h1 G ) - 1 -  o
b y J

where
r2 2 2 i 2 . 2

d£ -  h1 dx + h2

We rearrange equat ion (A3.10) we obta in

( h2dy N* U2 -f ■ h2 d f , _ ■C2) r\ d X 1 2a1 Y d  L i c i

+ U G J -  r + v f V A
( 2a, + G ) = o

The so lu t io n o f  equation (A3.11) i s

h,dy V + OC ± P> .
h1 dX u

where
a r a r A

i C  G + -

J I M
1 2  a *  ay

P ~ f a 2  - t  2 a i T  (  1 +  1 £ 1  C- Z t f
s U

iiv.

(A3.10)

(A3.11)

(A3.12)

Thus equation (A3.9) gives the vertical characteristic and 
equation (A3.12) gives the inclination of two inclined 
characteristics (the "ingoing" and "outgoing"
characteristics) .
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A_3_._2_ Derj._vat_ion_̂ >f_Jjguatijm_ a.loncj__the_ Characteris_tics
F i r s t l y ,  w e  s h a l l  c o n s i d e r  a l o n g  t h e  v e r t i c a l  

c h a r a c t e r i s t i c ;  s i n c e  the c h a r a c t e r i s t i c  d i r e c t i o n  is 

n o r m a l ,  w e  c a n  o b t a i n  t h i s  e q u a t i o n  b y  s u b s t i t u t i n g  t h e  

c o n t i n u i t y  e q u a t i o n  (A3.5) i n t o  t h e  s t r e a m w i s e  m o m e n t u m  

e q u a t i o n  ( A 3 . 6 ) to o b t a i n

UE1 - u *m |y +1-1 + ht = ez

or

h1v A May -u h- av_
ay S l y  = ( E2 -  U E1 )

(A3.13)

w h e r e  t h e  d e r i v a t i v e  in t h e  n o r m a l  d i r e c t i o n  a r e  n o w  t o t a l  

d e r i v a t i v e s  a n d  is u s e d  to s o l v e  f o r  V.

W e  s h a l l  n o w  d e r i v e  t h e  e q u a t i o n s  a l o n g  t h e  two
f

i n c l i n e d  c h a r a c t e r i s t i c s  to s o l v e  for U a n d  T .  w e  a s s u m e  

t h a t  t w o  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  ( A 3 . 6 ) a n d  (A3.7) 

are w r i t t e n  in t h e  form:

au
ax

+ B 
+ B1

+ C! ar
0 X + ° i

a r 
ay

= E2

au
ax

■h b 2 - ^  
2 ay

+ c2 ar
ax + d 2

ar
ay = E3

w h e r e
*1
B1

=  u h 2

h1V

C-, =  0

>a2 =(0^ c2)rh2 
, B2 =-rw1
C _ Uh2.2 2a,

D1

Do

= - h.

= - M 2a-|
A \+ G )

(A3.14) 

(A3.15)

If w e  i n s e r t  t h e  c h a r a c t e r i s t i c  a n g l e  i n t o  e q u a t i o n s  (A3.14) 

a n d  (A3.15) w e  o b t a i n
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F'dU + [  A' X + G '  ] dT = ( k 'A+ h ' )dX

(A3.16)
w h e r e

2 a 1

/_ hjh^UV _
2a1

h ' = h 1 ( v E2+ TE1 )

K = ( — C 2 ) rh 2E1 "Ulig ^2

A_3_._3_ Fini_te_ D_î fer_ence_ Forjns__for__th_e_ V__and_ p_^alculat_ion
We s h a l l  d e r i v e  her'e t h e  f i n i t e  d i f f e r e n c e  f o r m  of 

t h e  e q u a t i o n s  u s e d  f o r  t h e  V  a n d  p c a l c u l a t i o n ,  u s i n g  f i n i t e  

d i f f e r e n c e  s c h e m e  d e s c r i b e d  in § 2 . 3 .  The e q u a t i o n s  s o l v e d  

a r e  v e r t i c a l  c h a r a c t e r i s t i c  e q u a t i o n  (A3.13) a n d  t h e  n o r m a l  

m o m e n t u m  e q u a t i o n  (A3. 3 ) .

(a) S o l u t i o n  for V

H e n c e

(A3.17)
w h e r e
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(i ) b̂ _unda_ry_ 1ayer
F r o m  t h e  e q u a t i o n  (A3.13),

y - d e r i v a t i v e s  at t h e  p o i n t  B, s o  t h a t

w e c e n t r e d  all

au - ui,i~ Ui,-i-1
A 7

3 V
dr

vij-i

Sr _ T: i ru-
by Ay

T h e  v a r i a b l e s  w h i c h  d o  n o t  h a v e  d e r i v a t i v e s  w i l l  be 

c e n t r e d  at t h e  p o i n t .  For e x a m p l e  T  and a r e  k n o w n  in U 

a n d  T  c a l c u l a t i o n ,  s o  t h a t  w e  u s e  s i m p l e  b a c k w a r d  d i f f e r e n c e  

for it. T h e  b a c k w a r d  d i f f e r e n c i n g  is u s e d  for d p / d x  t e r m  by 

u s i n g  p r e v i o u s  s w e e p  v a l u e .

W i t h  t h e s e  a s s u m p t i o n ,  t h e  f i n i t e  d i f f e r e n c e  f o r m  o f  

t h e  e q u a t i o n  a l o n g  the v e r t i c a l  c h a r a c t e r i s t i c ,  w h i c h  is 

u s e d  to o b t a i n  V  a t  a n y  s t a t i o n  i, b e c o m e s :

+ V “ -' K  Ui,iA~y~ ~  ) - hM 4 i - ( ui,J

( v m - ) = ( e 2 - u e i )

(A3.18)

H e n c e  V. • can b e  f o u n d  at t h e  j t h  m e s h  p o i n t ,  g i v e n  V- •
L j l,j" l

m e s h  p o i n t ,  b o t h  a t  t h e  ith s t a t i o n  point.

( i i ) wa_ke_ J_eg_ip_n

In the w a k e  r e g i o n  t h e  b o u n d a r y  c o n d i t i o n  for V

v a l u e  is replaced by a pressure value • In o r d e r  t o  c a l c u l a t e  

V  in w a k e  r e g i o n  w e  r e a r r a n g e  t h e  v e r t i c a l  c h a r a c t e r i s t i c  

e q u a t i o n  (A3.13) as f o l l o w s :
L f - 3 u  — a v  1
h’ L v TT - u J -  h2 a x + ( u 2 +  V2 )i 5h2 +l a x hi -f£ 1 a y

h ^u2
" h 2 1 7  +

T  ^ 1  _
L a y l - | ^  (A3.19)

A f t e r  i n t e g r a t i n g e q u a t i o n (A3 .13) a l o n g t h e  n o r m a l

d i r e c t i o n ,  w e  o b t a i n
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/ v<y>
u (y)

V(JC l ) \  

uCj c l ) J
-  I '-W wJ o h,U

where V(JCL)/U(JCL) is constant value and JCL is centre 
point of wake. If we assume V(JCL)=0 initially, we obtain V 
as follows:

(A3.20)

v(y)= - u (y) f = f2 (y)

Once V (JCL) is defined, we set V value as follows

v(y) = V(ICL) + v,(y)U(J C L)

-  v(j c l ) a  +  v ^ y )

- 'uyct) F1W +  F2(y) = viFi ^ p2l30 (A3.21)
W e  s u b s t i t u t e  t h i s  V  v a l u e  i n t o  n o r m a l  m o m e n t u m  e q u a t i o n  a n d

integrate as follows:
-A . rA

X  ( l>“ - H - *{<•'‘‘17)" -£<‘-yf)v

« ^ ) j «

- f j" 5h2 2_ 2 ̂ <3 hi
ax J o  f ° ~  v ) Ay <*y = o

(A3.22)
Now, we integrate equation (A3.22) term by term as follows: 

Tl=

T 2=

f(S
' 0

u  a *  )*y
rA

1 h2u ( v -  V O LD )dy
‘o

i V V1 f h 2 U F 1 d y  + f h 2 U ( F2 “  V O L D ) d ^  J

f h , v d V HV
a  y  d '

J o

- H Ch i  v 2 ) * - f
o  J o ]

v,2 [( l , i Fi V l h ' F^ ] *  v i

( A 3 . 2 3 )
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T 3=

-  O '.  », "7 _  2 ' i

- '■*’ i

C ha(Ti- rc)d7 
Jo

(h* -gyy = - a *

T4= 1 uv

—  v.

jLi?A dv ax 7 Jo
|^OFidjr /■A

+ jo

T5=

T 6=

T7=

jo(hi4*}d? =(|,i p)A -(hi p)0 p w

j  p - , - f £ ) " a  = ( n ^

- f(2r i r W
Jo

T 8= -

( A 3 . 2 4 )

(A3.25)

(A3.26)

(A3.27)

(A3.28)

(A3.29)

K - v l ) - ^ dy
Jo (A3.30)
H e n c e  w e  c a n  o b t a i n  e q u a t i o n  for . v1 as follows:

2AAV., + BB V1 + CC = 0
(A3.22)

w h e r e

AA= f - ^ 2 i  r hi Fi2

L 2 L  L 2

_  _ i_  r A shi
2 3? fi d)'

•>0

BB= f F lF # h l]A -  1[ F1 Fahl

Jo

rAZ hiay Fi F*dy

tzr r h!UFi^ + flTUFid'0 Jo

97 2 “Jo
Jhx. i2 3 hiax - « -f^y
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w h e r e T 9 =  - f - --h-L  v2 d v
Jo ^

9hi

&

O
3 hi
Zy dy

A f t e r  o b t a i n i n g  v1 v a l u e s  we c a n  o b t a i n  V  v a l u e s  by 

s u b s t i t u t i n g  v 1 i n t o  e q u a t i o n  (A3. 21).

(b ) SpJpj:Jpn__for__p

W e  c a l c u l a t e  p f r o m  n o r m a l  m o m e n t u m  e q u a t i o n  (A3 . 3 ) . 

T h e  d i f f e r e n c i n g  s c h e m e  is s i m i l a r  to M a h g o u b  ( 1 9 7 8 ) .  We 

u s e  t h e  b a c k w a r d  d i f f e r e n c i n g  for s t r e a m w i s e  d e r i v a t i v e
r 1 ^ T  _ TS,j Tj-1 )j _, rterms, for e x a m p l e ,  ^ -------: T h e  t e r m  CC-j -  C 2)r

is a s s u m e d  as k n o w n  v a l u e .  H e n c e  t h e  n o r m a l  m o m e n t u m  

e q u a t i o n  b e c o m e s :

-jr ( uii + U|'H ) ( "It -),, x + 2 ( vHi f vm b )

( J 4^ r a i ‘) -  W i
rii ~ CH,i _ 1

4 ( u M t u

( w  ’  i + u u-i) ( t ^ ) , | | 1 piJ P U -1
H

+  hli^ ° 2  \ y  ''l 1  “ ( t '<i + r i,h.^
l 2 b
l a x ■ u -

( C 1 -  c 2 ) Y

(r..+Tu)(sH=°
(A3.23)

(c ) Ŝ JjiJ:_iqn__for_ p w  f r_om p i_n_ bpjjndary_ 1ayer
F r o m  e q u a t i o n  ( A 3 . 23) w e  can s o l v e  for p at t h e

(J - l ) t h . m e s h p o i n t f r o m the v a l u e o f  p at t h e  J t h  m e s h

p o i n t . B e c a u s e the o n l y b o u n d a r y c o n d i t i o n  for p is

e x t e r n a l p r e s s u r e  p g on M S (say, w h e n J = N , p  = P e N ) , w e  c a n
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s o l v e  for p ^ j  a c r o s s  t h e  s h e a r  l a y e r  d o w n  t o  t h e  f i r s t  m e s h  

p o i n t  w h e r e  p ^ j  is p-^, say. We s h a l l  n o w  c o n s i d e r  o b t a i n i n g  

P w  f r o m  p 1 at a n y  g i v e n  s t a t i o n :  w e  s h a l l  a s s u m e  t h a t  U is 

g i v e n  by a f i f t h  p o w e r  l a w  p r o f i l e  b e t w e e n  t h e  w a l l  a n d  t h e  

f i r s t  m e s h  p o i n t  (see C e b e c i  a n d  B r a d s h a w  1 9 7 7 ) ,  s o  t h a t
/ V-U / U i = ( y / a y )  ° , w h e r e  is s t r e a m w i s e  v e l o c i t y  at t h e  f i r s t

m e s h  p o i n t .  If w e  i n s e r t  t h i s  i n t o  the c o n t i n u i t y  e q u a t i o n

(A3. 1 K  , V v

3x(h2ui(̂ 7) ) ' ay^hiv) = 0

and i n t e g r a t e  w i t h  r e s p e c t  t o  y f r o m  t h e  w a l l  t o  t h e  p o i n t  

y, w e  o b t a i n

6/5h, ---- :
6 3 X  (A3.24)

a n d  Equation (A3.24)

for 0 < y < A y .
1/

W e  t h e n  i n s e r t  U/U^ = ( y / A y ) 5

i n t o  n o r m a l  m o m e n t u m  e q u a t i o n  (A3.3) a n d  i n t e g r a t e  w i t h

r e s p e c t  t o  y f r o m  t h e  w a l l  t o  t h e  first m e s h  p o i n t .  We

s h a l l  p e r f o r m  t h i s  t e r m  b y  t e rm.
-Ay

(i)
dy = h

'■Ay
2 j r  I (i)V> dy 0

25 ? u £
144 h-j

= Neglect (A3.25)

W e  n e g l e c t  s e c o n d  o r d e r  t e r m ,  b e c a u s e  it is

p r o p o r t i o n a l  t o  y ^

(ii)
a r  dy _  1
3 x = (T, + rj Ay

A X

(i i i ) Ây
2uv'4ir dyo  X

(A3.26)
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~Ay %
Ul Ay 1/5

f - - L  'a ui {*y5 \
\ 6 hi JX (Ay)VS/

_ _ 25 h a 3 h a 9 Uj
72 h1 ax a x Ay

dy

(A3.27)

( i v )
Ay

a c g r
hi ^ r t ^  dy = c2 hi-"(r i -  t 0 )

(A3.28)

(v) rAy

(cr c2)r|ld» = (C1 - C 2 )"av Ch11-"io) 
Jo (A3.29)

(Vi) rAy

Jo
2 T - i ? " "  - 2 T . m Ay

(A3.30)

(vii ) 'Ay , a
^ 7 7 *  dv = h1 v(D

(A3.31)

(viii) f Av
h1 ^ - dy = h1 m ( pi - pw^ (A3.32)

(ix)
(A3.33)

Therefore if we insert these terms (A3.25) to (A3.33) into 
equation (A3. 3 ) we can obtain a direct equation for

(p w-Pi )
Hence we can calculate complete pressure profile in 

boundary layer.

A_3_._4_ Me_thod_ of_ solut_ion__fjD_r__the__wa1_1_ b^nindary_ c^widitijm__in 

bouridary_ 1ayer

In this section we describe the method of
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application of the wall boundary conditions for the boundary 

layer. As stated in §2.3 . we seek to solve U^, , T w

and V^ for the first mesh point, given the wall boundary 

conditions U=0 and V=0. We can obtain the values of U^,"^ 

and T  by solving the following three non-linear equations 

iteratively by Newton's method:

(i) The logarithmic law for the inner layer, written as an 

equation Fl=0.

(ii) The equation along the ingoing characteristic which 

passes through the first mesh point (see Fig. 4 ), written as 

an equation F2=0.

(iii) The streamwise momentum equation, with a fifth power 

law U-velocity profile between the wall and the first mesh 

point, integrated from the wall to the first mesh point: 

this is written as F3=0.

separately and we will show the method of solution of the 

equations for FI, F2 and F3 by Newton's method. For we

and we write Fl, F2 and F3 in terms of these variables 

accordingly.

(i ) The__funct_ion__F1

This is the logarithmic law for the inner layer 

written at the first mesh point.

We shall derive the functions Fl, F2 and F3

use a q Therefore, we solve for U-̂ , OiQ and T w

+ C ] = 0
(A3.34)

where y' is a function of y/6 only, C is .the additive
O j

constant for the inner layer logarithmic law and u T =— .
P

(ii) The function F2
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This is the equation along the "ingoing"

characteristic which passes through the first mesh point.

This is equation (A3.17) with a , coefficient for dT : thus

corresponding to the characteristic angle <D^n where

tan<p.= (JH ) . Thus
in h2 U

F'dU +  [A 'A- G']c1t =^H'-f AK')dx

Also G and 3G/9y are equated to zero near the wall, so that

a ~ a - C 2}-jj-

where U^nt, Tjnt are the values of U and T  interpolated at 

the point where the ingoing characteristic meets the 

previous station. The values of the various variables are 

written in the same way as for U and T  calculation (see 

§ 2 . 3) .

(iii) The function F3

U profile into the streamwise momentum equation and then 

integrating it from the wall to the first mesh point.

integrating from the wall to the first mesh point we can 

obtain

and

Hence the F2 can be written as follows:

F2= F'( Ufut<1>-Uin t) + ( A ' A-  G ')(Tfutt1 > -T jnt)

-  (- H + K A) = 0 ( A3. 35)

This is defined by inserting one-fifth power law for

Inserting u/u^=(y/^y) into continuity equation and
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= h2

hiV = 5 h- -Ml. 1
65

(A3.36) 

(A3.37)
6 ‘ a *  CYiVs

We can write the streamwise momentum equation in the form

* “2f ?  - "'-57

2 J h 2

2 h*
a y

-  v « ( C , - C 2) | ¥ax -2/ ax * xax ■ a x  / (A3.38)

We integrate streamwise momentum equation from the wall to 

the first mesh point term by term as follows:
•y
h2 - | T r W  = 4-

r0
h

ax 7 2m 3 x

hi ^ 7  dy =
'1
2 UV a hi

— ^  ny = —a y 7 144
aui
a x

h?
hi UyV

hi T V  d y — h1m ( 0a y

f 0 1 - 2 r f t dy = ~  2( f r l r - (4y)2

f0 (c,-ca)r-& -y - (c,- c2)rav

f oy'( ^  dy = ( f ^ u’

f  h2̂ . +^-)dy = h2m (t|-+ )4>

After substituting these values into equation 

(A3.38), we can obtain
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F3-- h1 m aQ +  5h2m 7 - 12 hlm)+ 7 ̂ f ^ 11 °1

+ h2 m  ( $ T  ~ -Cl^ J  ) + r 0 (- 2 +

CC1 - C2) - V ^ )
(A3.39)

(vi ) N^jL_onJ_s_jn^_t_hod__for_ w

We have three simul-taneous non-linear equations of

the form

F1(U1 , a Q , Ty^)=0 

F2(U.j / acQf Tyj ) = 0

F3(U1 , a0, Tw  ) =0 (A3.40)

We guess the values CJ^f a Q and 7 w (we can use the values at 

the previous station). We then increase dU-, , do<n and dr 

for each U-̂ , a q and r w « These produce corresponding 

increments dFl, dF2 and dF3 in Fl, F2 and F3: these

increments are given as follows:

dFl=5Fl/BU1 dU1 + BFl/d aQd a Q + dFl/3Tw d 7 w 

dF2=3F2/3U1dU1 + dF2 /a*0d<*0 + SF2/d7w d T ̂  

dF3=SF3/9U1dU1 + bF3/daQ6aQ + BF3/dTw d 7 (A3.41)

We shall now derive derivative values term by term. 

From the Fl function (equation (A3.34)) we can write

—  2^ (1 + z>1̂  _ ij
3F1/30, =1

9f i /S t w  =-i/2kuT { in (;yjr^/l,> + c } - a / a Tw f 2 ^ 1 + Z)1z - 

- 1  } + 2 In ( 2 / « l + z ) ^  + 1 ) 0
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1 UFUTO ) 1
2 kuT u T “ 2 kuT

<*py 1 _________  1
kuT Tw f(1 -f z)Y2 -h 1J

= _ 1 UFUT(1) _ __ 1__
2 k  Tw  2 k u T

_______ 1 _ - E
jo + z ) n  + 1 } _

3F1/5^ q = dFl/dzdz/d<Z0
_/x w y ^

k T W [ (1 + z ^fc+l]

= ---- *-------------- ----------- -  D
kJ~T vi c ( 1 + z >y2+i]

From the equation (A3.35) we can write

F 2= Tfut(1)- Tint + (■
2a-| t 

( < * - £ )
2ai t 
( ® -/0

y___ i__
k u7* rw

( ufut<1' “  Uint) -  T f h ^ u c a - ^ CAK -  H )

3F2/8U1  = 1 +(Cl- C 2)-^-)
= B

9F2/aar0 =1 

dF2/dTw =y

From the equation (A3.39) we can write
2 > • 2 - 

’1
dU dh

F3= - h1rrfb'i|h2 m ^ -  + d x
/AP Ci^tn T « 4.

+ h2m(-Z7 - — S T )  + avl T y  +

. ^ h2m y?va x

C ' l - ' i i r H

9F3/3U1 =5 ( 4  •'T2 h1m) h2m 2 “ F~  —

I 5 ah2m 2UFUT(1')= A 7 9 x

6F3/dTw =0 

3F3/aar0 = -hlm

Thus we insert these values into equation (A3.41) and we 
solve tnese equations for dr w and d<*Q .
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FI aFl/aar0 3F1 /37-w

F 2 aF2/aa0 3F2/37w

F3 aF3/a^ o 3F3/3 7 w

aFi/au1 aFi/aa0 SFi/ar w

9F2/au1 aF2/aa0 3F2/3 7 w

aF3/au1 aF3/a^0 aF3/ar w
The Determinant value of denominator is as follows: 

Det= AD -  h1m BE -  AEAY + h1m

= h1m(i -  BE)+  A ( d -  e a y )

Hence we can obtain dCJ-j value

dU 1 =(-F3D + h1mF2E +  F3EAy)^Det 

In a similar manner

a a Q = AF1 — F 3 BE +  AF 4  F3)/Det

d T w = ^ -F 3 4 y  — F2 AD 4  F ln 1mB 4 AF1Ay -  F2n1m + F3BDVDet

Now, for a solution Fl+dFl=0, F2+dF2=0 and F3+dF3=0 so that 

these three equations form a set of three linear algebraic 

equations for the increment dU, a <* A and d r  , which we 

solve. This improves our original guess for U^, and r w 

and we insert these improved values into the three equations 

and we obtain better estimates for dU-, . d a n and dr . This 

procedure is iterated until the values of U^, <*0 and 7 

converge to within prescribed tolerance.

Rj2j-̂ _a_lc_uJ-_at_i_on_ of_ V__and_ ijijfoijTg__char ĉ_t_ej_ij»_t_ic__ ang_l_e

We recalculate the value of V 1 and also the angle of 

the ingoing characteristic, to improve on the values of U^, 

T 1 and T  w calculated by Newton's method, is obtained

by integrating the continuity equation from the wall to the 

first mesh point assuming U/U-j- = f (uTy/t») . This gives:

u  t t_ . .  Ay 'Sur
h i v - - ui t x
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Now, the ingoing characteristic angle at 

point is given by equation (A3.12), so that
h2dy _
h-j dx

where

Vl + «1 - 01 
U 1

1 (c i - C 2) -5 -̂_________________

a12 +  2 * 1 ^ 1 1 + "u^C0 !- C 2 )J

the first mesh 

(A3.43)

A3.5 Spalding-Chi skin friction formula
This empirical formula may be used to give the 

starting value of the skin friction coefficient at the 

start of the turbulent shear layer calculation. It used the 

"overlap law" for skin friction in the form

(A3.44)

where D(Re ^) is an empirical function of Roil as followsed

D(Ree)= 4.84 - 4.88/ (1 + 7.14 x 10-4 Re0 ) (A3.45)

The second term allows empirically for low R _ effects.e c7

S*/e =1/(1-6.8u t /Ue ) (A3.46)

is an empirical formula used to obtain the shape factor

<5*/q for a turbulent boundary layer: it is equivalent to

the statement that Clauser's parameter G is 6.8.

The procedure for finding C f is: given 6 and R ,

firstly to guess a value (for example the value given by the

simple formula uT /Ue = Cf /2=. ll3Re “1/8) . We then insert this
*

into (A3.46) to obtain 8 and insert this in turn into 

(A3.44) to give better value of Ue/uT (and hence Cf ). This 

value of u T /U0 is then used in (A3.46) and so on: in 

principle the procedure is repeated until has converged. 

However, in present program we have found it sufficient to

obtain just one improvement on the initial guess for C
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A3.6 Transfer of 0, V and T  at the patching point

The transformation from (s,n) coordinate to ((p ,<j)) 

coordinate system at the patching point in the boundary 

layer and from {9 ,9 ) coordinate to (s,n) coordinate in the 

wake is formulated.

Firstly, we consider Reynolds shear stress term. 

From tensor transfer formula, we obtain shear stress values.

(A3.47)T  -  ' i p  1 j q  1

where
• i p -  ~

^Xi
5xP

I, - 3 xiiq " b x p

After inserting physical component for tensor quantities, we 

can obtain shear stress in different coordinate system as 

follows;

T 9(j, = ( -SIN[2(n-1)a] ±  C0S[2(n-1)ar] ) i

(A3.48)

Similarily, we can obtain U and V values at

different coordinate system as follows? 

Uv= UCOS[(n-1?a] + VSIN [(n—1)a]

V(((=-USINt(n-1)a] + VCOS[(n-1)a]

(A3.49) 

(A3.50)

(
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Appep_di_4_._ Da_ta for Vi^cous/inyj.j3p_id_JjrterapJ:_ion 

Cy_cle_ and_ Mi^f2eljLanec>ii^_dei^jv^t^on 

A4_.JL_. Ijvput_ .Data
1. Data file AMDATOL (format 8E15.6)

TY(J): The array containing the influence coefficients.

It is calculated at first sweep and fixed.

2. Data file AMODATl (format F7.3)

ALP : The angle of attack (degree).

CHD : The chord length (=1)

3. Data file AMOSDAT

(1) NORUN,NCH,NXPTS,NTE,NCHW,NENDW,NTBW,N ,MSCHNO,MSCHNG

(format 1615)

(2) X(J),Y(J) (format 2E15.6)

The array containing the coordinates of 

nodes relative to global axis.

(3) VMS(J ) (format 8E15.6)

The array containing normal velocity normal to MS 

at element mid-point).

4. Data file BLDATT/BLDATB

(1) NSTART (format 1615)

The total number of nodes from LE to transition 

point to turbulent flow.

(2) NORUNrNCH,NXPTS,NTE/NCHW,NENDW,NBTW,NfMSCHNO,MSCHNG

(format 1615)

(3) DXTE,YMAX,RIN (format 8E15.6)

(4) YMSNOD(J) (format 8E15.6)

(5) X O (J ),YLOC(J ) format (2E15.6)

(4) PEXTA(J) (format 8E15.6)

An array containing pressure distribution on MS.
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5. Data file BLDATTl/BLDATBl

(1) I(J) (format 1615)

An input array containing control parameters , 

controling the options in the program.

(1) spare;first digit is carriage control 

character. If 1(1) is negative, profile 

printing is suppressed.

(2) =1, profile input.

=0, synthetic starting profiles.

(3) number of x steps between each call PRINT;if 

negative, (-1(3)) value of x are read into 

array XP and PRINT is called at these values.

(4) total number of steps to be executed.

(5) total number of boundary values (Ue etc.)

(6) number of points on input profiles (U,r).

(7) =1, separate d(Je/dx input.

=0, due /dx from three point parabolic fit.

(8) =0, there is no Roughness.

=1, considering the effect of Roughness.

(9) =1, longitudinal curvature correction.

=0, else.

(10) =0, no lateral divergence.

=1, XQ input.

=2, body of revolution radius input.

=3, l/(x-xQ ).

(11) maximum number of points on each profile; if 

set to 0, program sets I (11) = 1.51(6) .

(12) =1, distributed suction/injection.

=0, else.

(13) <0, all values are stored in subroutine DUMP.
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(14) maximun number of executed s t a t i ons .

(2) A(J) (format 7F10.2)

An array specifying scales and starting conditions.

(1) ystep/lref ; if synthetic starting profiles are 

used, A (1) is initial 0/lref.

(2) (streamwise spacing of shear layer)/lref .

(3) Initial x/1 f .

(4) ureflref /v ; if synthetic starting profiles are 

used, A(4) is initial /v .

( 5 )  i n i t i a l  C f / 2 .

(6) The coefficient used to evaluate XSTEP from 

C FL.

(7) The under-relaxation factor for pressure.

(8) =ETA , control value for differencing scheme.

(3) ROUGH(J ), if 1(8)=0 (format 7F10.2)

(4) XP(J),if 1 ( 3 X 0  (format 1 6 1 5 )

The station subroutine PRINT is called.

(5) SRST(J),CURV(J) (format 2E15.6)

6. Data file CPDAT (format 2E10.4)

S(J) An array containing potential calculation points.

Y (J ) An array containing pressure distribution at 

potential flow calculation points.

7. Data file COEPPY/COEPPYB

(1) NSTNS (format 1615)

(2) CDPDY(J) (format 6E15.6)

(3) PRESSW(J) (format 6E15.6)

An array containing pressure at wall in boundary 

layer.
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(4) XCAL(J) (format 8E15.6)

(5) XPPCAL(J) (format 8E15.6)

The shear layer calculation station at which 

pressure calculated.

(6) YMSOLD(J) (format 8E15.6)

(7) ADPDY(J) (format 8E15.6)

An array containing gradient of pressure profile at 

TE.

(8) PE (format 8E15.5)

External pressure on upper MS at first shear 

layer calculation station of the wake.

(9) ADPDY(J) (format 8E15.5)

An array containing gradient of pressure profile at 

first shear layer calculation station of the wake.

(10) XCALW (format 8E15.5)

The first shear layer calculation station of the 

wake.

(11) PRESSW (format 8E15.5)

pressure at centre point of the wake at first shear 

layer calculation station.

8. Data file INWAK

(1) CEDDY (format F8.6)

(2) US(J) (format 8A4)

An array containing characters for a t i t le.

(1) I(J) (format 1615)

An input array containing control parameters , 

controling the options in the program.

(1) spare?first digit is carriage control 

character. If 1(1) is negative, profile 

printing is suppressed.

(2) =1, profile input.
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U )  Dc e f l „ f / , l

used, A(4) is initial Ue^ /v .

(5) initial Cf/2.

(6) The coefficient used to evaluate XSTEP 

CFL.

(7) The under-relaxation factor for pressure.

(5) CSLS,ETA (format 7F10.2)

(6) DXTE,YMAX,RIN,PSMX,YMIN (format 6El5.6)

9. Data file MADATBL (for boundary layer)

(1) NSTART (format 1615)

(2) NSTNS (FORMAT 1615)

(3) SRSCAL(J) (FORMAT 8E15.6)

(4) UE(J),VE(J) (format 2E15.6)

(5) RNMS(J) (format 8E15.6)

the MS height of boundary layer.

10. Data file MADATOL

(1) XRS(J),YRS(J) (format 2E15.6)

(2) VMSOLD(J) (format 8E15.6)

11. Data file MATDATl (free format)

(1) NCH,NXPTS,NWAK,NBACKW

(2) DELTA,BETA,XC,DXTE

(3) XRS(J),YRS(J) (J=1,N CH)

(4) YMAX

(5) XRS(J),YRS(J) (J=NCHW,NENDW)

12. Data file MATDATW

(1) NORUN (format 1615)

(2) NAP (format 1615)

from

Control constant
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(3) YMAX (format 8E15.6)

(4) NSTNSW (format 1615)

(5) XCALW(J) (format 8E15.6)

(6) UE(J)/VE(J) (format 2E15.6)

An array containing the streamwise and normal 
component velocity at shear layer calculation point 
of the wake.

(7) RNMS(J) (format 8E15.6)

An array containing the new MS height of the wake.

13. Data file MBLDAT

XPCAL(J),PRESSW(J) (format 2E10.4)

An array containing the pressure calculation 
station and wall pressure.

14. Data file TETOP/TEBOT

(1) JIT/B,NCT/B/YSTPT/B (format 3E15.6)

JIT/B number of points along the normal direction 

at TE.

NCT/B number of total boundary layer calculation 

point.

YSTPT/B normal spacing at TE.

(2) TANA/M,TANAFU/M fTANB/M (format 6E15.6)

U,T and V profiles at TE.
(3) CDPDYT/B (format 3E15.6)

the coefficient of 5th polynomial fit of pressure 

profile at TE.

15. Data file VMSDAT (format 2E15.6)

SMSMID(J),VMST(J) or SMSNOD(J) ,VMS(J)

an array containing mid-point of potential flow
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calculation element and normal component velocity 

on M S .

16. Data file WAKDAT

(1) NORUN,NCH,NXPTS,NTE,NCHW,NENDW,NBTW,N ,MSCHNO,MSCHNG

(format 1615)

(2) SS1(J) (format 8E15.6)

An array containing distance from TE to shear 

layer calculation station.

(3) CURVA(J) (format 8E15.6)

(4) TANB(J) (format 8E15.6)

An array containing y values of upper MS of the 

wake.

(5) TANAFU(J) (format 8E15.6)

An array containing y values of lower MS of the 

wake.

(4) PEXTA(J)/PEXTAM(J) (format 8E15.6)

An array containing pressure distribution of upper 

and lower MS.

17. Data file WAKDATl

(1) NSTW (format 1615)

total number of shear layer calculation station of 

the wake.

(2) CDPDY(J) (format 6E15.6)

(3) XCALW(J) (format 8E15.6)

(4) XPPCALW(J ) (format 8E15.6)

(5) YMST(J),YMSL(J) (format 8E15.6)

A_4_._2_ Dj2_r_ivaj:_icm_o f __the_ exp_rj2s_icm_ for_J:_he_ veJL̂ ::_ity_ ijuijiced_ by 
a straight line source element

We shall derive velocities induced by a single
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straight line source element of source density mn at a point 

P (see Fig.15). x is the distance between P and the 

mid-point of the element, in the direction parallel to the 

element AB,while y is the distance of p from the mid-point 

of element, in the direction normal to AB. If we consider a 

small segment d on AB, whose radial distance from P is r, 

and if we take this segment to be small enough so that it 

approximates a point source, then the radial velocity 

induced by the segment at P is m d£/2*r, where the 

equivalent source strength of the point is mnd£. Therefore 

the components of velocity parallel and normal to AB are 

mnd£/27rrcos0 and m nd£/2?rrsin0 , respectively. Hence the 

total velocities, parallel and normal to AB, induced by the 

whole source element AB are:

been taken outside the integral, since it is assumed 

constant.

and

respecti .

(A4.2)

(A4.1)

cos $ =(x — £)/r , sin# =y/r

where m n has

and

V2 n =mn / 47rtan 1 t y A s n /  + ~ l / 4 (  A s n ) 2 ) ] ( A 4 . 4 )
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Namelist

A5.1

A5.2

A5.3

A5.4

Aggendix _5_.
for Variables_ used_ the_ Cj)jnpu_ter__program

Namelist for variables in the Boundary Layer 
Calculation Program TURB

Namelist for Variables in the Shear Layer of 
the Wake calculation Program WAKE

Namelist for Variables in the Potential Flow 
Calculation Program AMOS

Namelist for Variables in the Matching Program 
MATCH
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A 5 . J L

A

A2

A7

A10

ADPDX

ALPHA

ALPHAO

BDASH 

BETA 

Cl / C2

C1MC2

CADD

CDPDY,CDPDYT

CURV

CURVA

An input array containing scales and 

starting conditions for the SL calculation 

(see Appendix 4).

steamwise-spacing of boundary values 

(except for pressure and MS height boundary 

values); this is equal to A(2) (see 

Appendix 4).

The under relaxation factor, 

a| usually 0.15.

The coefficient of normal gradient of 5th 

polynomial fit ofpressure distribution.

or .

- _  1~_w , the shear stress gradient at the Ay
wall (strictly, the average between y = 0 

and y= Ay) •

= a - y3 .

/*•

The constants C 1# c2 relating the normal 

Reynolds stress to the Reynolds shear 

st ress.

=C1“C 2 •

The additive constant C in the inner layer 

logarithmic law for the u velocity profile. 

The coefficient of 5th polynomial fit of 

pressure distribution.

The curvature at the current station in 

(s,n) coordinate system.

Array containing curvature boundary values.

D05
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DA d a gin the application of the wall boundary 

condition.

DEL The surface on which Ve is calculated in 

the laminar BL calculation, at a given 

station (or node).

DELO The value of DEL at the previous station 

(or node) in the laminar BL calculation.

DELSTA The displacement thickness.

DELTA The MS height above the RS.

DGA An array containing a table of value of

6 _ d r G 1 

<3y L (W ue2) 1̂  J

DPDX The streamwise pressure gradient dp/dx.

DPINT The integral of dp/dx from the wall to the 

first mesh point.

DT d r   ̂ in the application of the wall 

boundary condition.

DTW d T w in the application of the wall 

boundary condition.

DU dU^ in the application of the wall boundary 

condition.

DU2DUS The value of du2/dx.

DU2INT The integral of du2/dx from the wall to the 

first mesh point.

DVDX The streamwise gradient of V (=dV/dx).

ETA The control constant of differencing.

Fl,F2,F3 The functions Fl, F2, F3 which are used in 

wall boundary condition.

FACMS A factor multiplying (x) to determine the 

surface on which Ve is to be evaluated, for
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the first sweep only of the laminar BL

GA

calculation. This factor is equal to 

( 2Ay+6cojes /q ) .

An array containing a table of valus of

HEl

G

( T m / Ue2 )1/2

The shape parameter H

I An input array containing control 

parameters, controlling options in the 

program (see Appendix 4).

15 The number of boundary values (except for 

pressure and MS height boundary values).

16 Equal to 1(6), the number of mesh points 

for which the u,7 calculation is performed.

161 Equal to 16+1.

162 Equal to 16+2; this is the number of the 

mesh point that lies on the MS.

I6C0LE The value of 16 for the first turbulent SL

110

calculation station, at which y =6^ ,

Equal to the input parameter 1(10) (see 

Appendix 4) .

IDIV Set to zero to suppress allowance for the 

extra strain rate effect of lateral 

divergence .

ISTEP The control constant: if ISTEP>0, 

calculations are performed in the {<p ,ij)) 

coordinate system.

ISURF The control constant: ISURF=1 for upper 

surface, ISURF=2 for lower surface.

ITR The control constant: if ITR>0, then 

transfer the u,V and 7 values from (s,n)
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JI62

JI620

NCOUNT

NSTART

NSTNS

NSWEEP

NXP

OLTAUO

OMEGA

PE

PEFUT

PEM

PEOLD

PEXTA 

PH IT 

PRESSW

PSIT

PW

coordinate system to coordinate

system.

The total number of mesh in the normal

direction at the future station.

The total number of mesh in the normal

direction at the current station.

A count of the number of steps executed.

The RS node number for the start of the 

turbulent shear layer calculation.

The number of calculation stations.

A count of the number of sweeps of the SL 

calculation.

The number of stations in array XP.

The value of 7 w at the previous station.

The under relaxation factor for the

pressure.

The external pressure on the MS at the

turbulent SL calculation stations, and at 

the nodes for the laminar BL calculation. 

The external pressure at the station where 

s=s0+AS , for the first sweep only.

The external pressure profile at LJ,T

calculation station.

The external pressure on the MS at the

previous station.

An array of pressure boundary value.

An array containing <p value.

An array containing the wall pressure 

distribution.

An array containing the <l> value.

The wall pressure at the current station. 

The wall pressure at the previous station.PWOLD



235

RETRAN

RI6

RLAMB

ROUGH

ROUGHA

RTAU

RTHETA

SMID

The value of Rg^ at which the transition 

criterion is applied.

A real variable equal to 16.

The parameter.A2au /dx for the laminar BLV ^
calculation.

Dimensionless surface roughness.

Array of roughness boundary value.

The Reynolds number based on uT .

The Reynolds number based on 6.

An array containing p calculation station 

value.

STRAIN The extra rate correction e in the

turbulence model; it is not used, but

merely set to zero in the program.

T The value of 0/6CO2es from the syntheti c U

velocity profile for the start of the

turbulent SL calculation.

TANA An array containing the tangents of the

"outgoing" characteristic angles at

station.

TANAFU An array containing the tangents of the

"outgoing" characteristic angles at the

future station.

TANB An array containing the tangents of the

"ingoing" characteristic angles at s tat ion.

TANBFU An array containing the tangent s of the

"ingoing" characteristic angles at the

future station.

TAU An array containing the profile at the

current station.

TAUO The wall shear stress
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TFUT An array containing the r profile at the

future station.

TFUTT An array containing r profile at the

patching station.

THETA The value of momentum thickness obtained by

integrating the U velocity profile.

TINT Equal to T ^ nj_ which is the value of

interpolated at the beginning of a 

characteristic segment.

TOR The value of 7 at the mid point of a

characteristic segment.

TRAN This is equal to R ./re07^e0,tran
TRANO The value of TRAN at the previous station

(or node) in the laminar BL calculation.

U An array containing the U profile at the

current station.

UDUDX The value of ueaue/dx at the current

station.

UDUDXO The value of Ue3Ue/3x at the previous

station.

UE ue at the current station.

UE2 °e at the cur rent station.

UEF The value of Ue at the n ext (or future)

station (0r node) in the lami nar BL

calculation •

UEFUT The value of U e at the station where s

=s0+AY, for the first sweep only.

UEOLD °e at the p revi ous station.

UEXT Arr ay conta inin g values of CJ ; at nodes if

in laminar BL region and at SL calculation

stations if in turbulent SL region.
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UFLJT An array containing the U profile at the 

future station x+Ax.

UFUTT An array containing U profile at the 

patching point (see §2.4)

UINT The value of U, which is the interpolated 

value of U at the beginning of a 

characteristic segment.

UL The value of U at the mid point of a 

characteristic segment.

USl/US2 A scratch array used in intermediate 

operations.

UTAU u r

V An array containing the V profile at the 

current station.

VI The value of V at the first mesh point.

VEXT Array containing values of V ; at nodes if 

in laminar BL region and at SL calculation 

stations if in turbulent SL region.

VINT The value V, which is the value of V 

interpolated at the beginning of a 

characteristic segment.

VL The value of V at the mid point of a

characteristic segment.

VOLD An array containing the V profile at the

previous station.

VT An array containing V at the patching

station.

X The value of s (or y ) for the current

calculation station.

XCAL Array containing streamwise-positions of SL

calculation stations.
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XCHANG

XCURV

XF

XMAX

XNOD

XP

XPCAL
XSTEP
XXSTEP
YMSNEW

YMSNOD

YMSOLD

YSD
YSTP

YSTPFU

The station where {?,({>) coordinate system 
starts.
Array containing s-positions for the 
curvature boundary value.
The value of s at the next (or future) 
station (or node) for the laminar BL
calculation.
The maximum value of x for all boundary 
values except the pressure and MS height. 
The potential flow calculation nodes 
which is given from AMOS program.
An input integer array containing numbers 
of stations at which information is
printed.
The value of x for pressure calculation.
The streamwise-step.
The value of x for the future station.
An array containing new MS height (in the 
normal direct ion):at nodes if in laminar BL 
region and at SL calculation station if 
in turbulent SL region.
An array containing new MS height (in the 
normal direction) at nodes.
An array containing MS height of previous 
sweep (in the normal direction):at nodes if 
in laminar BL region and at SL calculation 
station if in turbulent SL region. 
dy/60S.
The vertical spacing y of the grid (or 
mesh) points at the current ststion.
The vertical spacing y of the grid (or
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mesh) points at the future ststion.

Z01 Shift of L (length scale) profile in

empirical allowance for low Reynolds number 

effect.
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A

A10 

CD I

CDPDY,CDPDYO

A5.2

CEDDY

CSLP,CSLPM

CSLS/CSLSM

CURVA

DIV

DO 5,DO 5M

D I /DIM

DMSNOD

DMSOLD

DMSNEW

DPDX

DPWDX

DTAUDY

DUDY

An array containing scales and starting 

conditions for the SL calculation.

= a u s u a l l y  equals .15.

An array containing the Coeffs. for the 

Polynomial 5th fit in pressure along the 

normal direction.

Constant used in eddy viscosity formula. 

Corrected coefficient in length scale 

equation for positive and negative SL of 

w a k e .

Coefficient used in length scale equation 

for positive and negative SL of wake.

An array containing curvature value at RS 

nodes.

The lateral divergence term.

The positons at which the Reynolds shear 

stress equals the S ^ f  maxmium value of 

positive and negative SL of wake.

The width of inner layer of positive and 

negative shear layers.

An array containing the height of the wake 

at inviscid node points.

An array containing the height of wake at 

SL calculation station in previous sweep.

An array containing the height of wake at 

SL calculation station in current sweep.

The streamwise pressure gradient.

The streamwise wall pressure gradient.

The normal Reynolds Stress gradient.

The normal gradient of streamwise velocity.
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F2P,F2PM Correction factor of coefficient in length 

scale equation for positive and negative SL 

of wake.

HEl
•ft

Shape factor,=6 /Q .

16 The position at outer edge of the positive 

shear layer.

161 =16+1.

162 =16+2.

I6L The position at inner edge of the positive 

shear layer.

16Ll =I6L-1.

I6L2 =l6L-2.

I6LM The position at the inner edge of negative 

shear layer.

I6LM1 =16LM+1.

I6LM2 = I6LM+2.

I6M The position at the outer edge of negative 

shear layer.

I6M1 =16M-1.

I6M2 =l6M-2.

IDUM =1(13)

I STEP Constant: if ISTEP > 4, (s,n) coordinate 

system is used.

JCL The position of centre point of the wake at 

current position.

JCLF The position of centre point of the wake at 

future position.

JCLMK The position of centre point of the wake at 

current position.

JI62 The number of point along the normal
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NSTW
PE2

PEA

PEXTA fPEXTAM

RK, RKM

RL, RLM 

RLA

RLFUT,RLFUM 

RLOW,RLOM

RMF,RMMF

RM, RMM

RM05,RMM06 

TAN AM

TANAFUM

direction at current station.
The number of SL calculation station.

The peakness parameter in the expression of 
VL.

An array containing the pressure 
distribution at the node point on the MS 
for positive and negative SL of wake. 

Indices where T = T max for positive and 
negative SL of wake.
The length scale of positive and negative 
shear layers at current station.
An array containing a table of values of

L/605-

The value of length scale of positive and 
negative shear layers at future station. 
Indices where r=.05T which are inner

Ilia a

edge of inner wake for positive and
negative SL of wake.
The maximum shear stress for positive and 
negative SL of wake at future station.
The maximum shear stress for positive and 
negative SL of wake at current station.
= 0.05 Tm a x •

An array containing the tangents of the
"Out-going" Characteristic angles at
current station for negative SL of wake.
An array containing the tangents of the
"Out-going" Characteristic angles at
further station for negative SL of wake.
An array containing the tangents of the
"In-going" Characteristic angles at current

TANBM
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TANBFUM

TAM

TEMPI

TFUTM

UEL

UEXTT,UEXTL

UFUM

VIS

VL/VLM

XCALW

XPCALW/XPPCALW

XPE

YASTP

station for negative SL of wake.
An array containing the tangents of the 
"In-going" Characteristic angles at further 
station for negative SL of wake.
An array containing the Reynols shear stress 
at current station for negative SL of wake. 
An array containing the previous sweep 
values of CDPDY at previous station.
An array containing the Reynolds shear 
stress at further station for negative 
SL of wake.
Streamwise velocity at SL calculation 
station on MS edge for lower part of 
wake.
An array containing values of CJe of at the 
SL calculation stations.
An array containing the streamwise velocity 
profile at the future station for negative 
SL of wake.
The value of gradient of shear stress in the 
inner wake.
The turbulent transport velocity for 
positive and negative SL of wake.
An array containing the stations of wake 
calculation stations.
An array containing the stations where 
pressure calculation are done.
An array containing the nodes where the 
pressure distribution from inviscid 
calcuation are given.
The vertical spacing of the grid point where
p calculation is performed.
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YCL

YMST,YMSL

YOMSA

YSDM

The y value of centre of wake.

The y value of new MS height of positive and 

negative wake.

The y value where 5th polynomial fit of 

pressure distribution are performed. 

y/605 for negative SL of wake.
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A5.3

A

ALP

AP

AQ

AX

AY

B

CHD

CL

CD

CP

DG

DS

GAP

N2

NKJBOT

The two dimensional array (or matrix) of 

influence coefficient A p n .

The angle of incidence (in degree) of the 

aerofoil.

The X-coordinates difference between

mid-points of the MS elements.

The Y-coordinates difference between

mid-points of the MS elements.

The parallel distance between two mid-points 

of the MS elements, =X.

The normal distance between two mid-points of 

the MS elements, =Y.

The two dimensional array (or matrix) of 

coefficients of Bpn*

The arefoil chord length.

The lift coefficient of aerofoil.

The drag coefficient of aerofoil.

An array containing values of pressure 

at thecoefficient Cp=(p-p ,,
ref /<l/2*Uref2)

mid-point of MS elements.

An array containing the element source 

density mn'.

An array containing the length of the MS 

elements.

The value of circulation r/s required to 

impose the Kutta-Zhukovskii condition for a 

lifting aerofoil.

=N2 .

The lower MS element which the
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NKJTOP

POS

POG

PA

PB

R

S

SIG

SP

SS

STAG

SUM

Kutta-Zhukovskii condition is applied (see

Fig.25) .

The upper MS element which the

Kutta-Zhukovskii condition is applied (see

Fig.25) .

An array containing the cosine value of TH.

An array containing the sine value of TH.

The velocity parallel to the source element 

induced by a source (or vorticity) element.

The velocity normal to the source element 

induced by a source (or vorticity) element.

An array containing the X-coordinates of the 

mid-points of the MS elements. Later in this

program, it is also used as an a rray

containing the pressure value of prev ious

sweep.

An array containing the Y-coordinates of the

mid-points of the MS elements. Later in this

program, it is also used as an a rray

containing the X-coodinates of the mid -po int s

of the MS elements.

The angle between source elements.

The total arc length around the MS.

The array containing the arc length at the 

mid-points of the MS elements.

The arc length at the stagnation point on the 

MS.

The total value of C normal to the X-axis 

( finally) .

An array containing the total value (finally 

calculated) of tangential velocity at the

SV
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SVM

TH

TSA

TSB

TT

TVBN

TVTN

TY

VC

mid-points of the MS elements.

The total value of Cp parallel to the X-axis 

(finally).

An array containing the angles which the MS 

elements make with X-axis.

The total tangential velocity at the 

mid-point of the upper MS element nearest to

the end of wake, for flow case (ii) of unit 

vorticity distribution.

The total tangential velocity at the

mid-point of the lower MS element nearest to 

the end of wake, for flow case (ii) of unit 

vorticity distribution.

The angle of incidence (in radians) of the 

aerofoil.

The total tangential velocity at the

mid-piont of the lower MS element near the 

end of wake, for flow case (i) of unit stream 

velocity (U0 =1).

The total tangential velocity at the

mid-piont of the upper MS element near the

end of wake, for flow case (i) of unit stream 

velocity (Uffl =1).

An array containing the inverse of the

influence coefficient matrix Apn •

An array containing the total induced 

velocities normal to the MS elements at their 

mid-points. Later in this program it is also 

used as an array containing the calculated 

element source density m .

An array containing the X-coordinates of theX
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MS nodes.

Y AN array containing the Y-coordinates of the

MS nodes. Later in this program, it is also

used as an array containing the velocities

normal to MS at the mid-points of MS elements

and used as an array containing the C values
P

at the mid-point of MS nodes for shear layer 

calculat ion.
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A 5 . 4

ALPLIM

BETA

CURVA/CURVT

CURVW

DELTA

DS

DX

DXTE

DY

EPS

GRAD

GRADM

ISURF

MSCHNG

MSCHNO

= tan_1( YMAX/DXTE) .

The angle between bisectors of TE angle and X 

axis.

An array containing the curvature of RS at 

the nodes for bottom and top sides.

An array containing the curvature of RS of 

wake at nodes.

The TE angle.

An array containing the length of the MS 

elements (as in AMOS).

AX: As in (s,n)coordinate and Ay in ( y ,<j>) 
coordinate system.

The distance from TE which the "wedge flow" 

transformation is applied.

AY: An in (s ,n)coordinate and A<f) in ( y , $ )  

coordinate sysem.

= i71 -  8/  2)  / 2.

An array containing the gradient of 

the RS at the nodes (relative to X,Y axis).

An array containing the gradient of the MS at 

the nodes (relative to X,Y axis).

The value of the control parameter;

If =1, the top side.

= 2, the bottom side.

The control parameter;

if =1, the matching surface is changed.

=2, the matching surface is not changed.

The fixed value, = 1 .
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N

NBACKW

NCH

NCHW

NENDW

NORUN

NSTART,

NSTARTl

NSTNS

NSTNSW

NTE

NSTOT

NXPTS

NWAK

PH

PHIO

PSI

OMEGA

RLIM

The total number of nodes around the MS.

The number of nodes across the wake at

the end of wake.

The number of nodes from LE to the starting

point of transformation.

The number of nodes from LE to the last point 

of transformation in the wake.

The number of nodes from LE to the end of

wake.

The number of runs of the matching program.

The node number indicating the start of

turbulent SL calculation region for top and 

bottom sides.

The number of nodes of shear layer 

calculation of boyndary layer region.

The number of nodes of shear layer 

calculation of wake region.

The number of elements for the RS from LE to

TE.

The total number of nodes of shear layer 

calculation.

The half number of elements inside the

transformation region.

The number of nodes of wake except the 

transformation region.

<P value

The value which patching between (s,n) and 

) coordinate is applied.

AN array containing the iff values.

The underrelaxation factor.

(YMAX2+DXTE2
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RIN = l/n

RN = n .

RNMS,RNMST An array containing the new MS height values 

at the turbulent SL calculation 

stations for top and bottom sides: for the 

laminar BL region they are assumed to be at 

the nodes.

SMSCAL An array containing the arc length of the MS 

at the SL calculation stations.

SMSMID An array containing the arc length of the 

mid-point of MS nodes.

SMSMOD An array containing the arc length of the MS 

at the nodes.

SRS,SRST An array containing the arc length of the RS 

at the nodes for top and bottom sides.

SRSCAL An array containing the arc length of the RS 

at the SL calculation stations.

UE An array containing the velocities parallel 

to the RS at the turbulrnt SL calculation 

stations.

URS The velocities parallel to the RS at the 

nodes.

VE An array containing the velocities normal to 

the RS at the turbulrnt SL calculation 

stations.

VMS/VMST An array containing the velocities normal to 

the MS at the mid-point of nodes.

VMSNOD An array containing the velocities normal to 

the MS at the nodes.

VMSOLD An array containing the velocities of the 

previous sweep normal to the MS at the nodes.
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VRS The velocities normal to the RS at the nodes.

XC The chord length.

XCALW An array containing the arc length of the RS 

from TE in the wake.

XLOC,XLOCT An array containing the arc length of MS 

nodes in (s,n) coordinate syatem from TE for 

the top and bottom sides.

XMS,XMST An array containing the X-coordinates value 

of MS at nodes for the top and bottom sides.

XO An array containing the value of arc length 

from TE consistent to the value of the (p,^) 

coordinate system.

XRS/XRST An array containing the X-coordinate vaues of 

RS at nodes for top and bottom sides.

YLOC,YLOCT An array containing the height in (s,n) 

coordinate system of MS nodes for top and 

bottom sides.

YMAX The value of height of MS at the starting 

point of transformation.

YMS,YMST An array containing the Y-coordinate vaues of 

MS at nodes for top and bottom sides.

YRS,YRST An array containing the coordinate vaues of 

RS related at nodes for top and bottom sides.



Appendix 6.

A6.1 Procedure file for running Computer Program

A6.2 Example of Input and Output for Asymmetric aerofoil
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Appendix A6.1 Procedure file for running computer program

I n  t h i s  s e c t i o n  w e  i n t r o d u c e  p r o c e d u r e  f i l e  f o r  

r u n n i n g  c o m p u t e r  p r o g r a m  f o r  o n e  i t e r a t i o n  i n  CDC 8 5 0  a t  

I m p e r i a l  C o l l e g e .  I t  c o u l d  b e  d i f f e r e n t  f o r  d i f f e r e n t  

c o m p u t e r .

GET,MATCH 

GET,AMOS 

GET,TURB 

FETCH(WAKE)

FTN5(I=MATCH,L=A,B=BINM)

FTN5(I=AMOS,L=A,B=BINA)

FTN5(I=TURB,L=A,B=BTURB)

FTN5 (I=WAKE,L=A,B=BWAKE)

SAVE, BINM

SAVE, BINA

SAVE,BTURB

SAVE,BWAKE

LIBRARY,NAG11F/D.

LIBFILE(NAGllF)

LIBRARY,NAG1IF/A.

GET,BINM 

GET,BINA 

GET,BTURB 

GET,BWAKE 

SETTL,100000 

BINM(,,,,,,TAPE6)

BINA(,,,TAPE 6)

GET,BLDATT 

GET,BLDATB

GET,BLDATTl
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GET,BLDATB1 

GET,WAKDAT 

PACK,BLDATT 

PACK,BLDATB 

PACK,BLDATT1 

PACK,BLDATBl 

PACK,WAKDAT 

REPLACE,BLDATT 

REPLACE,BLDATB 

REPLACE,BLDATT1 

REPLACE,BLDATB1 

REPLACE,WAKDAT 

GET,BTURB 

BTURB(,,,,,,TAPE6) 

GET,MADATBL 

PACK,MADATBL 

REPLACE,MADATBL 

GET,BWAKE 

BWAKE(,,,,,TAPE6) 

GET,MATDATW 

GET,COEPPY 

GET,COEPPYB 

PACK,COEPPY 

PACK,COEPPYB 

PACK,MATDATW 

REPLACE,COEPPY 

REPLACE,COEPPYB 

REPLACE,MATDATW
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A6.2 Exanp3.es of Input and Output Data for Asysmetric Aerofoil

A 6 . 2 . 1  I n p u t  D a t a

( 1 )  MATDATl

2 1 , 3 , 1 0 , 5
- . 0 2 1 0 7 1 , 1 . , 0 . 0 5 0

0 0
. 0 0 5 0 0 0 . 0 1 2 7 0 0
. 0 1 2 5 0 0 . 0 1 8 6 4 0
. 0 2 5 0 0 0 . 0 2 5 8 5 0
. 0 5 4 5 0 0 . 0 3 6 9 6 0
. 0 9 5 5 0 0 . 0 4 7 0 2 0
. 1 4 6 5 0 0 . 0 5 3 7 8 0
. 2 0 6 1 0 0 . 0 5 9 1 4 0
. 2 7 3 0 0 0 . 0 6 4 9 5 0
. 3 4 5 5 0 0 . 0 6 7 8 0 0
. 4 2 1 8 0 0 . 0 6 7 2 5 0
. 5 0 0 0 0 0 . 0 6 3 8 1 0
. 5 7 8 2 0 0 . 0 5 8 2 8
. 6 4 4 5 0 0 . 0 5 2 5 5 0
. 7 1 5 0 0 0 . 0 4 4 0 7
. 7 8 0 0 0 0 . 0 3 4 6 7 0
. 8 3 8 6 0 0 . 0 2 5 1 7 0
. 8 7 4 5 0 0 . 0 1 9 3
. 9 0 5 5 0 0 . 0 1 4 2 1 0
. 9 3 0 2 0 0 . 0 1 0 1 4 7
. 9 5 0 0 0 0 . 0 0 6 8 8 9
. 0 3

1 . 0 5 0 4 4 - . 0 0 1 0 6 3
1 . 0 7 5 4 4 - . 0 0 1 5 9
1 . 1 2 5 4 4 - . 0 0 2 6 4 4
1 . 1 7 5 4 4 - . 0 0 3 6 9 7
1 . 2 2 5 4 4 - . 0 0 4 7 5 1
1 . 2 7 5 4 4 - . 0 0 5 8 0 5
1 . 3 2 5 4 4 - . 0 0 6 8 5 8
1 . 3 7 5 4 4 - . 0 0 7 9 1 2
1 . 4 2 5 4 4 - . 0 0 8 9 6 6
1 . 4 7 5 4 4 - . 0 1 0 0 2
1 . 5 2 5 4 4 - . 0 1 1 0 7

0 0 
. 0 0 5 0 0 0  . 0 0 7 2
. 0 1 2 5 0 0  . 0 1 2 7
. 0 2 5 0 0 0  . 0 1 8 2 2
. 0 5 4 5 0 0  . 0 2 3 3 0
. 0 9 5 5 0 0  . 0 2 9 0
. 1 4 6 5 0 0  . 0 3 3 5
. 2 0 6 1 0 0  . 0 3 6 5 5 0
. 2 7 3 0 0 0  . 0 3 8 7 6
. 3 4 5 5 0 0  . 0 3 8 3 4
. 4 2 1 8 0 0  . 0 3 4 0 5
. 5 0 0 0 0 0  . 0 2 9 4 5 0
. 5 7 8 2 0 0  . 0 2 5 0 5
. 6 4 4 5 0 0  . 0 2 1 3 5
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.715000 .01749

.780000 .013933

.838600 .0107530

.874500 .008811

.905500 .00714

.930200 .00581

.950000 .004753

(2) MATDATW

1
1
.300000E-01

(3) AMODATl

l.,l.

(4) BLDATBl

1986 0 1 0 0 10 0 0 0 0 0 0 0 300
0 . 0 . 0. 1.2E6 0 . 1. .3
1.

(5) BLDATTl

1986 0 1 0

o■—i

o

0 0 0 0 0 0 0 300

I—
* o

 

o 0. 1.2E6 0. 1. .3

(6) INWAK

0.070000 
FLAT PLATE RUN 
1984 0 1 118 0 10 0 0 0 0 0 0 0 40 0

0. 0. 0. 1.2E6 0. 1. .3
0.15

.500000E-01
1.
.300000E-01 .963125E+00 .278291E-01 .278291E-01

.500000E-01 .300000E-01 .963125E+00 .278291E-01 .278291E-01

.500000E-01 .300000E-01 .963125E+00 .278291E-01 .278291E-01

.500000E-01 .300000E-01 .963125E+00 .278291E-01 .278291E-01

i6.2.2 Output Data 

(1) BLDATB

14
6 21 3 
.500000E-01

24 27 37 
.300000E-01

42 78 1 
.963125E+00

0

.000000E+00 .546040E-03 .111990E-02 
610263E-02 .887658E-02 .118941E-01

.195280E-02 .373478E-02

.150020E-01 .180383E-01 .208675E-01 .233719E-01 .254755E-01
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.269453E-01 .281632E-01 .290246E-01
.295687E-01 .297969E-01 .299263E-01 
.154780E-01 .303190E-01 
.327390E-01 .308796E-01

.299842E-01 .300000E-01

.500000E-01 .316665E-01

.100000E+01 .876536E+00 .489468E+00 
208031E-01 -.495545E-01 -.868816E-01

.189645E+00 .489511E-01

-.121088E+00 -.155686E+00 -.138236E+00 
.578130E-01 -.357781E-01 -.110654E-01

-.930521E-01 -.749774E-01

.650129E-02 .287833E-01 .390325E-01 
678507E-01 .911434E-01 .118391E+00 

.136816E+00

(2) BLDATT 

13

.486626E-01 .600086E-01

6 21 3 24 27 37 42 78 1 
.500000E-01 .300000E-01 .963125E+00

0

.000000E+00 .837597E-03 .141765E-02 
648896E-02 .921942E-02 .121834E-01

.228152E-02 .412252E-02

.152382E-01 .182161E-01 .209862E-01 
269422E-01 .281878E-01 .290320E-01

.234429E-01 .255124E-01

.295716E-01 .297969E-01 .299252E-01 

.154780E-01 .303190E-01 

.327390E-01 .308796E-01

.299861E-01 .300000E-01

.500000E-01 .316665E-01

.100000E+01 .665886E+00 -.143525E+00 -.270715E+00 - .402303E+00
-. 507008E+00 -.509912E+00 -.460051E+00

- .481355E+00 -.517509E+00 -.502748E+00 -.466851E+00 -.414589E+00
-.366854E+00 -.291754E+00 -.211374E+00

- .125235E+00 -.700048E-01 -.234913E-01 .121780E-01 .671903E-01
.740638E-01 .823102E-01 .936622E-01

.942184E-01

(3) COEPPYB

16
.000000E+00

-.267814E-01
.000000E+00 .OOOOOOE+OO .000000E+00 .OOOOOOE+OO

.304754E-02 
-.237031E-01

- .913482E-02 .102183E-01 -.522003E-02 .175858E-03

.184126E-02 
-.195247E-01

- .565836E-02 .672922E-02 - .408478E-02 .106525E-02

.933075E-03
-.145682E-01

- .303371E-02 .388437E-02 -.233257E-02 .738907E-03

.249636E-03 
-.987343E-02

- .100839E-02 .167067E-02 - .111137E-02 .461345E-03

.198305E-03 
-.567660E-02

-.878759E-03 .147002E-02 - .146340E-02 .306506E-03

.265557E-03 
-.100955E-02

-.114247E-02 .168820E-02 - .196239E-02 .245486E-03

- .456784E-03 
.483124E-02

.112876E-02 - .889105E-03 .517471E-04 .559753E-04

- .105390E-02 
.976368E-02

.304885E-02 -.289977E-02 .158389E-02 - .980028E-04

-.645551E-03 
.140174E-01

.158023E-02 - .111177E-02 -.338347E-03 -.373073E-04
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-.146540E-02 .387455E-02 -.368443E-02 
.176595E-01

.106771E-02 193901E-03

.185817E-02 -.511139E-02 .833566E-02 
.258723E-01

- .102704E-01 .581178E-03

-. 102829E+00 .284167E+00 -.285858E+00 
.148915E-01

.124194E+00 - .133735E-01

-.724552E-01 .157234E+00 -.892778E-01 
.904212E-01

-.554860E-01 - .630211E-02

-. 148678E+00 .433300E+00 -.471567E+00 
.131056E-02

.261982E+00 - .308688E-01

-.231542E+00 .596343E+00 -.505242E+00 
.976637E-01

.108496E+00 -.116308E-01

-. 267814E-01 -.237031E-01 -.195247E-01 
-.567660E-02

-.145682E-01 -.987343E-02

-. 100955E-02 .483124E-02 .976368E-02 
.258723E-01

.140174E-01 .176595E-01

.148915E-01 .904212E-01 .131056E-02 .976637E-01

.652856E+00 .682672E+00 .710444E+00 
.797104E+00 .826136E+00 .854963E+00

.739032E+00 .768042E+00

.874984E+00 .895511E+00 .917261E+00 
.974053E+00 .990999E+00 .100881E+01

.938033E+00 .958806E+00

.652856E+00 .667764E+00 .696558E+00 .724738E+00 .753537E+00
.782573E+00 .811620E+00 .840550E+00

.864973E+00 .885247E+00 .906386E+00 
.966430E+00 .982526E+00 .999903E+00

.9 27647E+00 .948420E+00

.OOOOOOE+OO .546040E-03 .111990E-02 
.610263E-02 .887658E-02 .118941E-01

.195280E-02 .373478E-02

.150020E-01 .180383E-01 .208675E-01 .233719E-01 .254755E-01
.269453E-01 .274984E-01 .279655E-01 '

.283996E-01 .287884E-01 .291230E-01 
. 297559E-01 .298584E-01 .299372E-01

.294029E-01 .296293E-01

.299834E-01 .300000E-01 .27829IE-01 .278291E-01 .278291E-01
-.172896E-01 -.114439E+00 -.182035E+00 

.57320E-01
-.208426E+00 222679E+00

-.80089E-04 -.15275E-01 -.26551E-01 
.15463E-01 
.69082E-01

-.24364E-01 .41396E-02

(4) COEPPY 

19
.000000E+00 

- .196385E+00
.OOOOOOE+OO .OOOOOOE+OO .OOOOOOE+OO .OOOOOOE+OO

-.590568E-02 
197876E+00

.176462E-01 -.192008E-01 .787247E-02 .701920E-02

-.99 2387E-02 
-.189103E+00

.297138E-01 -.337224E-01 .162974E-01 .854857E-02

-.137720E-01 
-.175642E+00

.412545E-01 -.468829E-01 .239727E-01 .753330E-02

-.153125E-01
-.159090E+00

.458428E-01 -.521483E-01 .275385E-01 .547639E-02

- .153724E-01 
-.141849E+00

.460297E-01 -.525104E-01 .277456E-01 .367077E-02

- .149284E-01 
-.124200E+00

.447688E-01 - .512965E-01 .267426E-01 .239220E-02

- .140859E-01 
-.105223E+00

.423095E-01 - .485687E-01 .253769E-01 .137302E-02
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-.112056E-01 .338208E-01 -.388248E-01 
-.853323E-01

.210545E-01 .453204E-03

-.739270E-02 .221443E-01 -.248981E-01 
-.662091E-01

.136443E-01 - .252352E-03

-.440738E-02 .125206E-01 -.132496E-01 .567891E-02 -.452104E-03
-.486447E-01

-.689862E-02 .182579E-01 -.173607E-01 
-.329985E-01

.505160E-02 - .643448E-03

-.100151E-01 .281082E-01 -.277497E-01 
- .200511E-01

.114578E-01 - .142545E-02

-.121118E-01 .320407E-01 -.294703E-01 
-.320418E-02

.641684E-02 -.122189E-02

-.167933E-01 .466205E-01 -.521322E-01 
.736462E-02

.266165E-01 -.323385E-02

-.398942E+00 .110302E+01 -.1089 29E+01 .440869E+00 -.664318E-01
.442532E-01

-.209102E+00 .594237E+00 -.637757E+00 
.630804E-02

.334460E+00 -.511132E-01

-.337821E+00 .911608E+00 -.863874E+00 
.909030E-01

.297348E+00 - .570095E-01

-.167072E+00 .469700E+00 -.479102E+00 
.483414E-01

.207971E+00 -.330454E-01

-.196385E+00 -.197876E+00 -.189103E+00 
-.141849E+00

-.175642E+00 -.159090E+00

-.124200E+00 -.105223E+00 -.853323E-01 
-.3 29985E-01

-.662091E-01 -.486447E-01

-.200511E-01 -.320418E-02 .736462E-02 
.909030E-01

.483414E-01

.442532E-01 .630804E-02

.595353E+00 .626281E+00 .653443E+00 
.735109E+00 .762272E+00 .789253E+00

.680631E+00 .707877E+00

.814827E+00 .840556E+00 .866640E+00 
.930043E+00 .950441E+00 .970839E+00

.986333E+00 .100328E+01 .102084E+01

.886829E+00 .907758E+00

.595353E+00 .610817E+00 .639862E+00 
.721493E+00 .748691E+00 .775763E+00

.667037E+00 .694254E+00

.802040E+00 .827691E+00 .853598E+00 
.918901E+00 .940242E+00 .960640E+00

.978586E+00 .994807E+00 .101206E+01

.876735E+00 .897294E+00

.000000E+00 .837597E-03 .141765E-02 
.648896E-02 .921942E-02 .121834E-01

.228152E-02 .412252E-02

.152382E-01 .182161E-01 .209862E-01 
.262085E-01 .267746E-01 .273044E-01

.234429E-01 .255124E-01

.277882E-01 .282203E-01 .285973E-01 
.294356E-01 .296329E-01 .297572E-01

.289279E-01 .292008E-01

.298588E-01 .299391E-01 .299856E-01 
.278291E-01 .278291E-01

.300000E-01 .278291E-01

.103878E-01 .536918E-01 .737970E-01 .847640E-01 .935061E-01

(5) MADATOL

.105044E+01 

.107544E+01 

.112544E+01 

.117544E+01 

.122544E+01 

.127544E+01 

.132544E+01 

.137544E+01

.106300E-02

.159000E-02

.264400E-02

.369700E-02

.475100E-02

.580500E-02

.685800E-02

.791200E-02
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.142544E+01 .896600E-

.147544E+01 .100200E-

.152544E+01 .110700E-

.211510E-02 -.941917E-
277222E-02 .321625E-02

-.520004E-04 .269816E-
■.918438E-03 .706342E-02

.161743E-01 .206570E-
472647E-02 -.734974E-04

-.351732E-03 -.659715E-

-02
-01
•01
-04 - .194799E-02
.315534E-03 
-02 .576807E-02
.126510E-01 

-01 .280268E-01
.956686E-03 
-02 - .161654E-01

-.597504E-02 -.435186E-02 -.309891E-02
-.202509E-02 -.847286E-03 .118296E-02
.205407E-02 -.142078E-02 -.553975E-02

-.230338E-03 -.624913E-03 -.119211E-02
255232E-03 .385620E-02 .514316E-02

-.932835E-02 -.440840E-02 -.148193E-03
.307494E-02 .467567E-02 .805419E-02

.129411E-01 -.361185E-02 .467945E-02
.350890E-02 -.225447E-02 -.112680E-01

-.529032E-02 -.442572E-02 -.409975E-02
-.419496E-02 -.442550E-02 -.498319E-02

.575313E-04

-.504161E-02

.197345E-01

-.132725E-01

.249082E-02 
-.158814E-02

.369686E-02

.443586E-02

- .103517E-01

- .568293E-02

( 6 )  MADATBL

13
19
.000000E+00 .136488E-01 .232161E-01

.111385E+00 .162831E+00 .222672E+00
.289824E+00 .362380E+00 .438682E+00
.595353E+00 .626281E+00 .653443E+00

.735109E+00 .762272E+00 .789253E+00
.814827E+00 .840556E+00 .866640E+00

.930043E+00 .950441E+00 .970839E+00
.986333E+00 
.000000E+00 
.944318E+00 
.109501E+01 
.114783E+01 
.120752E+01 
.123020E+01 
.121610E+01 
.121191E+01 
.122669E+01 
.122994E+01 
.121942E+01 
.120027E+01 
.118016E+01 
.116989E+01 
.115833E+01 
.114509E+01 
.113136E+01 
.111750E+01 
.110242E+01 
.108575E+01 
.106911E+01 
.105429E+01 
.104074E+01 
.102678E+01

.100328E+01

.000000E+00

.508565E-02
-.527959E-02
.675456E-03

-.467417E-03
.122601E-02
.535891E-02
.224430E-02

-.146626E-02
.148413E-02
.476644E-02
.837388E-02
.823243E-02
.118162E-01
.165819E-01
.190698E-01
.197024E-01
.205819E-01
.227888E-01
.250938E-01
.250030E-01
.233632E-01
.237695E-01
•279636E-01

.102084E+01

.376464E-01

.516957E+00 

.680631E+00

.886829E+00

.306178E-03 

- .110040E-01 

.987042E-02 

-.775199E-02

.565619E-03 

458375E-02 

.193634E-01 

-.663312E-02

.691692E-01

.707877E+00 

.907758E+00
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. 1 0 1 3 5 2 E + 0 1 . 2 3 4 9 1 0 E - 0 1

.9 9 9 5 5 4 E + 0 0 . 3 6 0 4 4 3 E - 0 1

. 9 7 8 8 1 6 E + 0 0 . 2 2 0 8 6 7 E - 0 1

. 9 6 4 1 0 1 E + 0 0 . 8 3 5 9 5 1 E - 0 1

. 9 6 0 1 1 1 E + 0 0 - . 7 8 6 2 5 7 E - 0 1

. 9 5 4 9 9 4 E + 0 0 . 5 4 6 2 6 3 E - 0 1

. 9 5 1 8 7 2 E + 0 0 - . 1 7 8 3 8 2 E - 0 1

.OOOOOOE+OO . 8 3 7 5 9 7 E - 0 3  . 1 4 1 7 6 5 E - 0 2 . 2 2 8 1 5 2 E - 0 2 . 4 1 2 2 5 2 E - 0 2

6 4 8 8 9 6 E - 0 2  . 9 2 1 9 4 2 E - 0 2  . 1 2 1 8 3 4 E - 0 1

. 1 5 2 3 8 2 E - 0 1 . 1 8 2 1 6 1 E - 0 1  . 2 0 9 8 6 2 E - 0 1 . 2 3 4 4 2 9 E - 0 1 . 2 5 5 1 2 4 E - 0 1

2 6 9 3 9 4 E - 0 1  . 2 8 1 8 5 4 E - 0 1  . 2 9 0 2 7 5 E - 0 1

. 2 9 5 6 7 2 E - 0 1 . 2 9 7 9 3 6 E - 0 1  . 2 9 9 2 3 6 E - 0 1 . 2 9 9 8 5 8 E - 0 1 . 3 0 0 0 0 0 E - 0 1

( 7 )  TETOP

2 5  1 9  . 1 1 1 3 1 6 E - 0 2

. 5 2 7 4 3 1 E + 0 0  

. 2 5 1 8 5 7 E - 0 2

- . 3 8 7 6 4 8 E - 0 2 . 2 0 4 7 4 3 E - 0 2 . 5 5 6 6 9 6 E + 0 0 - . 5 6 0 6 2 9 E - 0 2

. 6 1 0 7 3 8 E + 0 0  

. 2 4 1 1 4 6 E - 0 2

- . 6 6 3 4 1 5 E - 0 2 . 2 4 3 7 7 4 E - 0 2 . 6 5 2 0 0 0 E + 0 0 - . 7 7 0 0 3 9 E - 0 2

. 6 9 0 0 1 0 E + 0 0  

. 2 1 6 4 1 0 E - 0 2

- . 8 6 9 3 9 8 E - 0 2 . 2 3 2 4 9 6 E - 0 2 . 7 2 6 9 3 2 E + 0 0 - . 9 6 2 1 6 1 E - 0 2

. 7 6 1 3 1 6 E + 0 0  

. 1 7 6 0 2 8 E - 0 2

- . 1 0 5 4 3 5 E - 0 1 . 1 9 8 6 8 6 E - 0 2 . 7 9 5 9 7 5 E + 0 0 - . 1 1 4 0 4 5 E - 0 1

.8 4 2 1 1 7 E + 0 0  

. 6 1 4 6 6 5 E - 0 3

- . 1 2 0 2 0 4 E - 0 1 . 1 2 2 4 3 0 E - 0 2 . 8 8 7 4 4 3 E + 0 0 - . 1 2 5 6 5 5 E - 0 1

.9 1 3 1 3 3 E + 0 0  

. 1 7 7 0 0 9 E - 0 3

- . 1 3 2 1 4 7 E - 0 1 . 3 0 9 3 2 0 E - 0 3 . 9 2 3 9 7 8 E + 0 0 - . 1 3 8 4 0 4 E - 0 1

.9 2 8 1 4 6 E + 0 0  

. 5 9 5 6 1 6 E - 0 4

- . 1 4 4 0 5 7 E - 0 1 . 1 0 3 6 5 0 E - 0 3 . 9 3 0 3 7 8 E + 0 0 - . 1 4 9 3 5 3 E - 0 1

.9 3 2 3 6 8 E + 0 0  

. 1 9 4 1 6 7 E - 0 4

- . 1 5 4 3 4 8 E - 0 1 . 3 3 5 0 4 4 E - 0 4 . 9 3 4 2 1 3 E + 0 0 - . 1 5 8 9 3 3 E - 0 1

.9 3 5 9 4 5 E + 0 0  

. 5 8 5 0 8 6 E - 0 5

- . 1 6 3 0 2 0 E - 0 1 . 1 1 2 8 0 6 E - 0 4 . 9 3 7 4 5 6 E + 0 0 - . 1 6 6 5 5 2 E - 0 1

.9 4 0 8 9 9 E + 0 0  

. 4 6 9 8 5 1 E - 0 6

- . 1 6 9 9 1 7 E - 0 1 . 2 3 6 7 4 0 E - 0 5 . 9 4 3 8 6 0 E + 0 0 - . 1 7 2 7 1 0 E - 0 1

.9 5 1 8 7 2 E + 0 0  

. 1 3 9 2 7 7 E - 0 7

- . 1 7 5 9 6 8 E - 0 1 . 1 3 9 2 7 7 E - 0 7 . 9 5 1 8 7 2 E + 0 0 - . 1 7 7 2 9 7 E - 0 1

.9 5 1 8 7 2 E + 0 0  

. 1 3 9 2 7 7 E - 0 7

.9 5 1 8 7 2 E + 0 0  

1 6 7 0 7 2 E + 0 0  

. 2 0 7 9 7 1 E + 0 0  

( 8 )  TEBOT

- . 1 7 8 1 7 4 E - 0 1

- . 1 7 8 3 8 2 E - 0 1  

. 4 6 9 7 0 0 E + 0 0  

- . 3 3 0 4 5 4 E - 0 1

. 1 3 9 2 7 7 E - 0 7

. 1 3 9 2 7 7 E - 0 7

- . 4 7 9 1 0 2 E + 0 0

. 4 8 3 4 1 4 E - 0 1

. 9 5 1 8 7 2 E + 0 0 - . 1 7 8 5 6 4 E - 0 1

2 5  1 6 L 1 1 3 1 6 E - 0 2

. 5 9 5 6 2 2 E + 0 0 . 1 0 6 0 4 7 E - 0 2 . 1 9 0 2 9 8 E - 0 2 . 6 2 4 1 9 2 E + 0 0 . 1 4 7 7 5 5 E - 0 2

. 2 7 6 7 5 8 E - 0 2

. 6 9 3 4 9 0 E + 0 0  

. 1 8 9 6 7 2 E - 0 2

. 4 4 1 5 6 7 E - 0 2 . 2 1 5 3 6 2 E - 0 2 . 7 3 9 6 1 9 E + 0 0 . 6 6 2 5 2 2 E - 0 2

.7 7 8 0 5 4 E + 0 0 . 8 6 6 8 6 6 E - 0 2 . 1 6 5 1 7 9 E - 0 2 . 8 1 3 1 6 9 E + 0 0 . 1 0 5 7 8 2 E - 0 1

. 1 4 1 8 3 5 E - 0 2

.8 6 2 9 3 1 E + 0 0 . 1 2 8 9 5 1 E - 0 1 . 9 2 5 8 2 7 E - 0 3 . 9 0 2 8 8 5 E + 0 0 . 1 4 9 7 9 7 E - 0 1

. 4 3 3 2 0 4 E - 0 3

. 9 1 5 0 0 9 E + 0 0 . 1 6 2 6 4 7 E - 0 1 . 2 0 1 3 0 5 E - 0 3 . 9 1 8 3 6 0 E + 0 0 . 1 7 1 9 4 1 E - 0 1

. 112776E-03
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. 9 2 0 7 1 7 E + 0 0  

. 3 8 0 9 8 9 E - 0 4

. 1 8 0 0 2 2 E - 0 1 . 6 6 9 7 4 0 E - 0 4 . 9 2 3 0 7 0 E + 0 0 . 1 8 7 2 9 8 E - 0 1

. 9 2 5 3 9 2 E + 0 0

. 1 1 3 5 0 0 E - 0 4

. 1 9 3 8 0 3 E - 0 1 . 2 1 3 9 7 0 E - 0 4 . 9 2 7 3 2 2 E + 0 0 . 1 9 9 5 0 8 E - 0 1

. 9 2 8 8 7 7 E + 0 0  

. 1 7 1 2 0 3 E - 0 5

. 2 0 4 4 2 6 E - 0 1 . 5 1 1 8 4 3 E - 0 5 . 9 3 0 5 1 8 E + 0 0 . 2 0 8 6 4 9 E - 0 1

. 9 3 2 7 7 1 E + 0 0  

. 5 8 7 0 5 4 E - 0 7

. 2 1 2 2 8 9 E - 0 1 . 3 8 8 1 0 3 E - 0 6 . 9 3 8 6 9 4 E + 0 0 . 2 1 6 0 5 5 E - 0 1

. 9 4 3 7 0 0 E + 0 0

. 1 0 5 3 5 6 E - 0 7

. 2 1 8 9 3 5 E - 0 1 . 1 2 6 3 9 7 E - 0 7 . 9 4 2 6 4 8 E + 0 0 . 2 1 9 7 9 8 E - 0 1

. 9 4 2 6 4 8 E + 0 0

. 1 0 5 3 5 6 E - 0 7

. 2 2 0 4 0 7 E - 0 1 . 1 0 5 3 5 6 E - 0 7 . 9 4 2 6 4 8 E + 0 0 . 2 2 0 6 9 7 E - 0 1

. 9 4 2 6 4 8 E + 0 0

. 1 0 5 3 5 6 E - 0 7

. 9 4 2 6 4 8 E + 0 0  

- . 2 3 1 5 4 2 E + 0 0  

. 1 0 8 4 9 6 E + 0 0  

( 9 )  WAKDAT1

2 1

. 2 2 0 9 4 0 E - 0 1

. 2 2 2 9 6 8 E - 0 1  

. 5 9 6 3 4 3 E + 0 0  

- . 1 1 6 3 0 8 E - 0 1

. 1 0 5 3 5 6 E - 0 7

. 1 0 5 3 5 6 E - 0 7

- . 5 0 5 2 4 2 E + 0 0

. 9 7 6 6 3 7 E - 0 1

. 9 4 2 6 4 8 E + 0 0 . 2 2 1 5 2 2 E - 0 1

- . 5 3 8 8 5 8 E + 0 0  

. 5 7 3 1 9 5 E - 0 1

. 1 6 0 3 0 2 E + 0 1 -  . 1 7 0 5 7 8 E + 0 1 . 6 9 8 3 2 7 E + 0 0 -  . 6 5 8 9 3 6 E - 0 1

- .8 8 9 4 6 6 E + 0 0  

. 5 7 6 1 0 0 E - 0 1

. 2 1 4 4 7 8 E + 0 1 - . 1 8 0 1 9 8 E + 0 1 . 5 8 5 8 3 2 E + 0 0 - . 5 3 7 0 1 8 E - 0 1

- . 5 5 6 3 4 0 E + 0 0  

. 5 5 5 3 6 0 E - 0 1

. 1 2 8 8 6 1 E + 0 1 - . 1 0 0 2 8 7 E + 0 1 . 3 4 1 9 4 5 E + 0 0 - . 8 5 4 1 4 8 E - 0 1

- . 2 4 6 1 5 8 E + 0 0  

. 5 4 0 1 8 0 E - 0 1

. 5 5 5 9 4 8 E + 0 0 - . 4 0 3 8 2 8 E + 0 0 . 9 9 5 7 9 8 E - 0 1 - . 2 3 5 7 8 3 E - 0 1

- . 2 5 2 0 7 1 E + 0 0  

. 4 8 5 4 2 3 E - 0 1

. 6 1 4 9 0 6 E + 0 0 - . 5 1 4 2 7 0 E + 0 0 . 1 7 2 4 4 9 E + 0 0 - . 5 3 7 0 0 8 E - 0 1

- . 1 5 4 4 0 9 E + 0 0

. 4 4 1 8 6 0 E - 0 1

. 3 6 0 3 2 7 E + 0 0 - . 2 8 4 7 3 1 E + 0 0 . 9 0 6 4 9 0 E - 0 1 - . 4 5 8 4 8 2 E - 0 1

- . 1 0 9 4 9 1 E + 0 0  

. 3 9 5 4 1 3 E - 0 1

. 2 4 5 6 0 3 E + 0 0 - . 1 8 2 3 2 9 E + 0 0 . 5 3 3 5 0 7 E - 0 1 - . 3 9 3 5 4 8 E - 0 1

- . 9 0 6 9 1 8 E - 0 1  

. 3 5 6 3 0 0 E - 0 1

. 1 9 6 3 4 0 E + 0 0 -  . 1 3 6 8 2 0 E + 0 0 . 3 6 3 5 0 2 E - 0 1 - . 3 5 9 2 0 9 E - 0 1

-  . 7 9 7 5 6 0 E - 0 1  

. 3 2 6 5 6 3 E - 0 1

. 1 6 7 0 3 9 E + 0 0 - . 1 0 9 6 7 4 E + 0 0 . 2 6 2 2 5 8 E - 0 1 - . 3 3 8 5 3 7 E - 0 1

- . 5 3 5 8 0 9 E - 0 1  

. 3 0 1 4 4 8 E - 0 1

. 1 0 0 9 0 2 E + 0 0 - . 5 1 8 2 6 1 E - 0 1 . 5 8 9 8 9 7 E - 0 2 - . 3 0 2 7 7 7 E - 0 1

- . 3 7 5 2 7 7 E - 0 1  

. 2 7 9 7 4 8 E - 0 1

. 5 8 4 1 8 6 E - 0 1 -  . 1 2 3 9 8 6 E - 0 1 -  . 9  2 2 6 5 4 E - 0 2 - . 2 6 7 0 0 9 E - 0 1

- . 4 2 6 6 8 1 E - 0 2  

. 2 6 0 3 3 4 E - 0 1

- . 2 4 0 9 7 1 E - 0 1 . 5 8 3 6 7 2 E - 0 1 - . 3 3 3 0 8 9 E - 0 1 - . 2 2 6 4 3 3 E - 0 1

. 1 2 8 4 3 1 E - 0 1

. 2 4 2 6 4 9 E - 0 1

- . 6 9 5 7 1 6 E - 0 1 . 1 0 0 7 5 4 E + 0 0 - . 4 9 5 4 2 4 E - 0 1 - . 1 8 8 9 4 7 E - 0 1

. 3 2 9 3 4 4 E - 0 1  

. 2 2 7 0 3 0 E - 0 1

- . 1 2 3 4 0 4 E + 0 0 . 1 5 1 2 9 6 E + 0 0 - . 6 8 7 4 0 2 E - 0 1 -  . 1 4 8 7 9 8 E - 0 1

. 5 8 5 0 1 2 E - 0 1  

. 2 1 2 8 9 7 E - 0 1

- . 1 9 3 6 9 6 E + 0 0 . 2 1 9 9 5 7 E + 0 0 - . 9 6 5 0 0 7 E - 0 1 - . 9 1 8 0 5 8 E - 0 2

. 7 3 7 8 3 5 E - 0 1  

. 1 9 9 5 2 1 E - 0 1

- . 2 3 1 8 2 3 E + 0 0 . 2 5 2 7 6 0 E + 0 0 - . 1 0 7 1 9 7 E + 0 0 - . 6 3 0 9 7 6 E - 0 2

. 9 1 5 5 2 5 E - 0 1  

. 1 8 6 8 1 5 E - 0 1

- . 2 7 9 4 4 5 E + 0 0 . 2 9 7 4 6 3 E + 0 0 - . 1 2 4 5 1 2 E + 0 0 - . 1 9 6 1 9 0 E - 0 2

. 1 0 3 7 4 2 E + 0 0  

. 1 7 5 0 7 5 E - 0 1

- . 3 1 1 1 8 4 E + 0 0 . 3 2 4 5 4 3 E + 0 0 -  . 1 3 4 5 9 4 E + 0 0 . 2 4 4 3 2 9 E - 0 2
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. 1 1 1 7 2 1 E + 0 0  - . 3 3 2 6 4 0 E + 0 0  . 3 4 2 7 9 2 E + 0 0  

. 1 6 4 0 6 1 E - 0 1

- . 1 4 0 5 1 3 E + 0 0 . 7 5 1 1 2 7 E - C 2

. 1 2 9 2 1 8 E + 0 0  - . 3 7 8 7 1 7 E + 0 0  . 3 8 5 3 6 8 E + 0 0  

. 1 5 4 1 4 8 E - 0 1

- . 1 5 2 1 7 1 E + 0 0 . 1 1 6 0 0 7 E - 0 1

. OOOOOOE+OO . OOOOOOE+OO . OOOOOOE+OO 

. 1 0 7 1 3 5 E - 0 1

.OOOOOOE+OO .OOOOOOE+OO

. OOOOOOE+OO . 1 8 0 3 2 6 E - 0 1  . 3 4 9 7 8 5 E - 0 1  

. 1 0 0 1 3 9 E + C 0  . 1 2 7 6 4 2 E + 0 0  .1 5 6 5 0 2 E + 0 C

. 5 0 4 5 1 2 E - 0 1 . 7 3 4 8 0 7 E - C 1

. 1 8 4 9 6 5 E + 0 0  . 2 1 2 4 6 8 E + 0 0  . 2 4 0 1 3 2 E + 0 0  

. 3 1 9 0 8 0 E + 0 0  . 3 4 4 0 8 9 E + 0 0  . 3 6 8 1 9 3 E + 0 0

. 2 6 5 9 8 3 E + 0 0 . 2 9 3 1 7 5 E + 0 0

. 3 9 3 1 9  2 1 + 0 0  . 4 1 8 1 4 5 E + 0 0  . 4 4 2 8 5 2 E + 0 0 . 4 6 6 7 8 8 E + 0 0 . 4 9 1 0 6 5 E + O C

. 5 1 6 5 3 7 E + 0 0

. 9 0 1 6 3 0 E - 0 2  . 2 6 5 0 5 6 E - 0 1  . 4 2 7 1 4 9 E - 0 1  

. 1 1 3 8 9 1 E + 0 0  . 1 4 2 0 7 2 E + 0 0  . 1 7 0 7 3 4 E + 0 0

. 5 2 1 1 7 2 E - 0 1 . 8 6 8 0 9 8 E - C 1

. 1 9 8 7 1 6 E + 0 0  . 2 2 6 3 0 0 E + 0 0  . 2 5 3 0 5 7 E + 0 0  

. 3 3 1 5 8 5 E + 0 0  . 3 5 6 1 4 1 E + 0 0  . 3 8 0 6 9 2 E + 0 0

. 2 7 9 5 7 9 E + 0 0 . 3 0 6 1 2 8 E + C 0

. 4 0 5 6 6 8 E + 0 0  . 4 3 0 4 9 8 E + 0 0  . 4 5 4 8 2 0 E + 0 0 . 4 7 8 9 2 6 E + 0 0 . 5 0 3 8 0 1 E + 0 0

. 2 7 8 2 9 1 E - 0 1  . 2 7 8 2 9 1 E - 0 1  . 2 7 8 2 9 1 E - 0 1  

. 3 0 0 0 0 0 E - 0 1  . 3 0 0 0 0 0 E - 0 1  . 3 0 0 0 0 0 E - 0 1

. 3 0 0 0 0 0 E - 0 1 . 3 0 0 0 0 0 E - 0 1

. 3 0 0 0 0 0 E - 0 1  . 3 0 0 0 0 0 E - 0 1  . 3 0 0 0 0 0 E - 0 1  

. 3 0 0 0 0 0 E - 0 1  . 3 0 0 0 0 0 E - 0 1  . 3 0 0 0 0 0 E - 0 1

. 3 0 0 0 0 0 E - 0 1 . 3 0 0 0 0 0 E - 0 1

. 3 0 0 0 0 0 E - 0 1  . 3 0 0 0 0 0 E - 0 1  . 3 0 0 0 0 0 E - 0 1 . 3 0 0 0 0 0 E - 0 1 . 3 0 0 0 0 0 E - 0 1

2 7 8 2 9 1 E - 0 1  - . 2 7 8 2 9 1 E - 0 1  - . 2 7 8 2 9 1 E - 0 1  

- . 3 0 0 0 0 0 E - 0 1  - . 3 0 0 0 0 0 E - 0 1  - . 3 0 0 0 0 0 E - 0 1

- . 3 0 0 0 0 0 E - 0 1 - . 3 0 0 0 0 0 E - 0 1

3 0 0 0 0 0 E - 0 1  - . 3 0 0 0 0 0 E - 0 1  - . 3 0 0 0 0 0 E - 0 1  

- . 3 0 0 0 0 0 E - 0 1  - . 3 0 0 0 0 0 E - 0 1  - . 3 0 0 0 0 0 E - 0 1

- . 3 0 0 0 0 0 E - 0 1 - . 3 0 0 0 0 0 E - 0 1

3 0 0 0 0 0 E - 0 1  - . 3 0 0 0 0 0 E - 0 1  - . 3 0 0 0 0 0 E - 0 1  

( 1 0 )  WAKDAT

- . 3 0 0 0 0 0 E - 0 1 - . 3 0 0 0 0 0 E - 0 1

6  2 1  3  2 4  2 7  3 7  4 2  7 8  1 0

. OOOOOOE+OO . 1 8 0 3 2 6 E - 0 1  . 3 4 9 7 8 5 E - 0 1  

. 1 2 5 4 6 8 E + 0 0  . 1 7 5 4 7 9 E + 0 0  . 2 2 5 4 9 0 E + 0 0

. 5 0 4 5 1 2 E - 0 1 . 7 5 4 5 6 8 E - 0 1

. 2 7 5 5 0 1 E + 0 0  . 3 2 5 5 1 2 E + 0 0  . 3 7 5 5 2 3 E + 0 0  

. 5 2 5 5 5 7 E + 0 0

. 4 2 5 5 3 4 E + 0 0 . 4 7 5 5 4 6 E + 0 0

. OOOOOOE+OO . OOOOOOE+OO . OOOOOOE+OO 

. 3 9 9 7 3 4 E - 0 3  - . 3 9 9 7 3 4 E - 0 3  . 5 6 8 0 5 6 E - 1 3

.OOOOOOE+OO . 2 1 3 0 2 1 E - 1 3

. 3 9 9 7 3 4 E - 0 3  - . 3 9 9 7 3 4 E - 0 3  . 4 2 6 0 4 2 E - 1 3  

.OOOOOOE+OO

- . 5 6 8 0 5 6 E - 1 3 . 1 5 9 8 9 4 E - 0 2

. 3 0 0 0 0 0 E - 0 1  . 3 0 0 0 0 0 E - 0 1  . 3 0 0 0 0 0 E - 0 1  

. 3 0 0 0 0 0 E - 0 1  . 3 0 0 0 0 0 E - 0 1  . 3 0 0 0 0 0 E - 0 1

. 3 0 0 0 0 0 E - 0 1  . 3 0 0 0 0 0 E - 0 1  . 3 0 0 0 0 0 E - 0 1

. 3 0 0 0 0 0 E - 0 1 . 3 0 0 0 0 0 E - 0 1

. 3 0 0 0 0 0 E - 0 1  . 3 0 0 0 0 0 E - 0 1  . 3 0 0 0 0 0 E - 0 1  

. 3 0 0 0 0 0 E - 0 1  . 3 0 0 0 0 0 E - 0 1  . 3 0 0 0 0 0 E - 0 1

. 3 0 0 0 0 0 E - 0 1  . 3 0 0 0 0 0 E - 0 1  . 3 0 0 0 0 0 E - 0 1

. 3 0 0 0 0 0 E - 0 1 . 3 0 0 0 0 0 E - 0 1

. 9 4 2 1 8 4 E - 0 1  . 8 3 4 9 8 6 E - 0 1  . 7 7 1 0 5 2 E - 0 1  

. 1 2 0 1 9 1 E - 0 1  . 3 2 4 1 7 8 E - 0 2  - . 1 1 7 3 6 8 E - 0 2

. 5 1 9 0 9 7 E - 0 1 . 2 3 9 1 5 0 E - 0 1

- . 3 2 3 4 7 4 E - 0 2  - . 3 1 8 4 1 1 E - 0 2  - . 9 8 9 4 2 6 E - 0 3 . 3 1 3 9 1 8 E - 0 2 . 1 8 8 0 9 6 E - 0 1

. 1 3 6 8 1 6 E + 0 0  . 1 3 0 0 2 5 E + 0 0  . 1 2 0 5 2 9 E + 0 0  

. 8 5 4 3 0 3 E - 0 1  . 7 2 2 1 8 2 E - 0 1  . 6 1 9 4 3 8 E - 0 1

. 1 1 4 7 4 1 E + 0 0 . 1 0 3 3 4 3 E + 0 0

. 5 3 1 1 9 4 E - 0 1  . 4 5 3 1 8 9 E - 0 1  . 3 7 9 1 4 6 E - 0 1  

- . 2 0 9 5 6 0 E - 0 2

. 3 0 1 5 5 7 E - 0 1 . 1 8 7 8 3 5 E - 0 1


