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Abstract

In this thesis, the statistical properties of light propagated through atmo­

spheric turbulence and scattered by dense random media are studied. Photon 

counting and correlation techniques were used in measuring these statistical prop­

erties.

In chapter 2 and 3, the principles of photon counting and correlation tech­

niques are dealt with. The instrumentation aspects of the techniques, particularly 

the detector, are given. A performance study of a microchannel plate photomulti­

plier tube (MCP-PMT) for this purpose is presented in chapter 4. It is concluded 

that this MCP-PMT is not suitable for measuring space-time photon correla­

tion functions due to the severe cross talk between the anodes and large spatial 

integration.

In chapter 5, speckle interferometry and several techniques of image processing 

and reconstruction from stellar speckle data are outlined. The temporal fluctu­

ation of images viewed through atmospheric turbulence and its wavelength de­

pendence are analyzed, and the importance of dealing with temporal properties 

is emphasised. Site measurements at La Palma Observatory, Canary Islands are 

reported for 11 nights during May 1988 and February 1989. It was found that 

the image fluctuation time scale (the 1/e correlation time) there was on the order 

of 5 m s .  The wavelength dependence of the correlation time was consistent with 

the A6/5 law. Measurements of the intensity correlation time for pairs of sub- 

apertures showed that their correlation times were on the same order as that for 

a full aperture image. The baseline dependence was found to be very weak when 

the baseline was larger than Fried’s parameter r Q.

In chapter 6, the statistics of dynamic light scattering from dense random me­

dia are presented. The enhanced backscattering phenomenon is particularly dealt 

with. The polarisation and scattering angle dependence of scattered light around 

backscatter is studied and explained. It is found that the dynamic properties of
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the scattered light have a strong polarisation dependence and it is related to en­

hanced backscattering. The measured correlation time shows completely different 

variation with angle in the co-polarised and cross-polarised cases. The normalised 

factorial moments of the detected photon counts (which equal to normalised in­

tensity moments) are found independent of angle and detecting polarisations, and 

they are in agreement with those derived from gamma intensity distribution with 

the descriptive parameter u =  1.20.

In chapter 7, a summary of the measurements on the stellar image fluctuations 

is given and the photon localization effect related to enhanced backscattering is 

also discussed.
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Chapter 1 

Introduction

§1-1: General Introduction

Atmospheric turbulence has been a major problem for optical astronomers 

for a long time. The angular resolution of telescopes is greatly reduced by the 

inhomogeneity of the atmosphere. It is found that the “seeing” disc is always 

limited to an arcsecond or more no matter how large one increases the telescope 

aperture size. The desired diffraction-limited resolution cannot be achieved by 

conventional imaging in the presence of atmospheric turbulence.

In 1921, Michelson and Pease (1921) successfully measured the apparent di­

ameter of Betelgeuse and of a few other bright red stars by using an interferomet­

ric technique. The basic theory is Young’s fringe theory. For two point sources 

separated by an angle 0 , with a two sub-aperture interferometer a combined in­

terference pattern will be formed by summing at each point of the focal plane 

of the telescope the intensities in two interference patterns. These two patterns 

are mutually displaced and the fringes show periodic variations of distinctness 

or visibility. The first visibility minimum appears when d  =  A/(29) [Born and 

Wolf (1980)], where d  is the baseline and A is the incident wavelength. Since the 

visibility of the fringe pattern is related to the baseline, while d  is inversely propor­

tional to the angular diameter of the star, there is an exact relationship between 

fringe contrast and object structure. Therefore, by changing the baseline and 

detecting the visibility it is feasible to determine the angular diameter of the star. 

With a single telescope, the baseline is limited to the diameter of the aperture. 

To increase the resolving power beyond that of the telescope, Michelson used 

a long-baseline stellar interferometer. Because the sampling sub-apertures are 

smaller than the atmospheric turbulence characteristic size, the measurement of 

fringe visibility is not affected by the atmosphere, at least to first order (assuming 

wavefront tilts are removed). The whole fringe pattern is shifting because of the
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turbulence effects but one can still follow the movement of the whole fringe pat­

tern. Therefore, with the Michelson interferometer, the spread function consists 

of Young’s fringes which can be analysed to extract diffraction-limited informa­

tion. However the difficulties with Michelson interferometry lie in the fact that 

it is difficult to achieve the necessary mechanical precision in a large instrument 

and to make precise measurements in the presence of atmospheric scintillation.

In 1956, Hanbury-Brown and Twiss (1956) used a new type of interferometer, 

the intensity interferometer, which allowed the measurement of the correlation of 

the signals from two photomultiplier tubes (PMTs) that received light from a 

star. This correlation is proportional to the square of the modulus of the degree 

of spatial coherence of the starlight. Very good resolution may be obtained if 

the two PMTs are far enough apart. The angular diameter of a wide range of 

stars can be measured using intensity interferometer with precision through the 

atmospheric turbulence. The intensity interferometer does not have the stability 

problem of Michelson interferometry and it has a higher angular resolution. The 

main limitations are those of energy. In practice, the bandwidth is small and the 

available energy is greatly reduced, so that an integration time of several hours is 

required to give a reasonable signal-to-noise ratio. Because of the low sensitivity, 

to achieve a high signal-to-noise ratio, a very large light collector is required even 

for bright stars; a fairly long collecting time is also required. Another problem 

associated with the intensity interferometer is that the two detectors should have 

the same quantum efficiency.

Although interferometric techniques can yield diffraction-limited information 

they do not make full use of collected light and not give full diffraction-limited 

information, i.e. images of the objects. On the other hand, for a full aperture 

image the spread function consists of speckles which are the superposition of many 

randomly shifting fringe patterns of different frequencies. This makes it difficult to 

extract diffraction-limited information from a long exposure image. It is possible 

to get a slightly improved image by deconvolving the blurred images. The spread
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function of such an image is, however, time-dependent and not completely known. 

Hence it is generally impractical to directly apply deconvolution procedures.

In 1970, Labeyrie (1970) suggested a technique called speckle interferometry 

in which the whole aperture of the telescope was used and many short exposure 

pictures were taken and processed. In contrast to the conventional observing 

procedures which ignore the interference structure, speckle interferometry takes 

advantage of the interference effects which result in a stellar speckle pattern. 

The diffraction-limited power spectrum or autocorrelation of the object can be 

extracted. Diffraction-limited images can also be reconstructed by using various 

high resolution imaging techniques to discover both modulus and phase of the 

object transform. A outline of these techniques is given in Chapter 5.

In speckle interferometry and related techniques, many short exposure data 

are taken in order to freeze the speckle patterns which contain diffraction-limited 

information. The exposure time is chosen so that it is short enough to freeze 

the speckle patterns and long enough to collect sufficient light and hence attain a 

reasonable signal-to—noise ratio. This exposure is related to the correlation time of 

the image intensity fluctuation due to atmospheric turbulence. Knowledge about 

the correlation time is clearly important in high resolution imaging techniques. 

At different observatories, the temporal “seeing” conditions are different. Several 

people have measured this time behaviour at different observatories, e.g. Parry 

f . a 1 (197 /j at Her .monceux Observa'jry, U.K., Dainty et  a1 (1980) at L-.ees 

Observatory, New York and O’Donnell et  a1 (1982) at Mauna Kea Observatory, 

Hawaii. In this Thesis a report on the evaluation of temporal properties of image 

intensity fluctuations measured at La Palma Observatory, Canary Islands will be 

presented.

To achieve an adequate signal-to-noise ratio, we used a photon counting and 

correlation technique to analyze the statistical properties of image intensities. 

This technique is suitable for the analysis of statistical properties of light at low 

light level. In the technique, incoming individual photons are counted by a photo-
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dectector and related electronic circuit. Noise counts whose pulse heights are 

smaller than the signal pulse heights are eliminated by a reference threshold.

Using the same technique of photon correlation, the phenomenon of enhanced 

backscattering was studied. Enhanced backscattering has been of considerable 

interest recently. It is motivated by the possibility of observing Anderson local­

isation [Anderson (1958)] in the visible electro-magnet?c spectrum. This strong 

type of localisation is due to the absence of diffusion in the random media caused 

by the interference of all the scattered waves. The enhanced backscattering is re­

garded as a precursor of strong localisation of light in very disordered media. This 

phenomenon is also related to the classical scattering problem and it is thought 

that the backscattered interference is the only interference effect presented in the 

dense random media.

It is established that the enhancement is due to a coherent backscattering 

effect [Akkermans et  a1 (1986)] which is a general effect in the multiple scattering 

of waves by a disordered medium. In the classical approach to the scattering 

problem, it is assumed that the phases of scattered waves are uncorrelated and 

hence the scattered waves are incoherent. The scattering process is a process of 

transport of scattered energy. This is true for single scattering when the scattering 

medium is very dilute. Interference effects in the scattering process are neglected. 

However, when dealing with the scattering problem from highly concentrated 

media, the interference effects, particularly in the backscattering direction should 

be taken in account.

The effect of interference in the multiple scattering was first discussed by De 

Wolf (1971) in 1971 and Barabanenkov (1975) in 1975. In 1984, Kuga and Ishi- 

maru (1984) demonstrated an enhancement of 1.15 in the backscattering direction 

of light scattered by a suspension of latex spheres for the co-polarised case. This 

was explained by Tsang and Ishimaru (1984) in terms of double scattering. Later 

Albada et  a1 (1985) made measurements on enhanced backscattering and found 

the enhancement of 1.7 for the co-polarised case. The enhancement line shape
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for the co-polarised case was then analysed by Akkermans et a1 (1986) in terms 

of classical interference effect. The dynamic effect of the scatterers due to Brow­

nian motion on scattered light was studied by Maret et a1 (1987). This raised a 

great deal of interest and a deepening understanding the phenomenon. Many new 

features need to be fully studied and understood. They include the polarisation 

dependence of the scattered average intensity, the difference of enhancement fac­

tors for the co-polarised and cross-polarised cases due to vector characteristics 

of light wave, enhancement line shape and anisotropy of the enhancement cone 

and temporal fluctuations of the scattered intensity both inside and outside the 

enhancement cone.

§1-2: Thesis Synopsis

In the thesis, we will present studies of atmospheric turbulence effects on 

imaging and dynamic light scattering due to dense media by means of photon 

counting and correlation.

In chapter 2 the principles of photon counting techniques are discussed. The 

advantages and disadvantages of these techniques are also examined. The photon 

counting statistics of various intensity distributions are analysed; so are the nor­

malised factorial moments. In practical measurements, non-ideal effects such as 

d _id time nd tempo: A  integration bias J .ie real results. Such bias effects are ■ .so 

discussed in chapter 2. Finally the inverse problem of obtaining intensity distri­

bution from the knowledge of photon counting statistics is considered. In chapter 

3, we study the relationship between photon correlation and the relevant intensity 

correlation. It is established that the normalised photon correlation function is 

equal to the normalised intensity correlation function. Hence the intensity cor­

relation functions can be analysed by means of the photon correlation technique 

with its advantage of high signal-to-noise ratio, particularly at low light level. 

The instrumentation aspects of photon correlation techniques are discussed and 

the possibility of using an avalanche photodiode as an alternative detector to
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C o/jy?/exCt^
minimise the detecting system̂ is looked into. We also discuss various schemes to 

simplify digital photon correlation measuring devices by looking at clipped and 

scaled correlation techniques.

In chapter 4, we evaluate a micro-channel plate photomultiplier tube (MCP- 

PMT) for photon counting and correlation. A description offeatures (^apparatus 

including the PMT, the M C P - P M T  and their related electronic circuits is given. 

A performance study of the M C P - P M T  is described in detail including quantum 

counting efficiency, dark count, afterpulsing, pulse height distribution, dead time 

and cross talk. Finally, measurements of photon correlation functions with the 

M C P - P M T  for a (Jaussian field are presented. The results are compared with 

known theoretical predictions and it is concluded that the cross talk and spatial 

integration severely limit the application of this type of tube in photon correlation 

measurements.

Chapter 5 summarises the correlation measurements of full aperture images 

and fringe patterns formed by two sub-apertures of a 1 m  telescope at La Palma 

Observatory, Canary Islands. We first discuss the atmospheric turbulence effects 

on optical imaging and principles of speckle interferometry in which many short 

exposure data are taken in order to freeze the stellar speckle patterns and hence 

overcome the blurring effects caused by atmosphere. The optimum value of the 

exposure time is discussed and it is found that when the short exposure time is 

about twice the correlation time of the image intensity we can achieve a maxi­

m u m  signal-to-noise ratio. This is the motivation for measuring the correlation 

time at La Palma Observatory, in order to decide the optimum exposure time 

in high angular resolution stellar imaging for the data taken there. From our 

measurements it is found the correlation time for the full aperture images at La 

Palma Observatory is on the order of 5 ms and the correlation times for the fringe 

patterns are on the same order regardleŝ the baselines as long as they are longer
°J~

than the Fried parameter r0. This gives some indications for measurements using 

Michelson stellar interferometry.
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In chapter 6, we discuss the enhanced backscattering phenomenon in detail. 

It is established that enhanced backscattering is due to multiple scattering. We 

first present an outline of the single scattering problem. The scattered intensities 

and their auto-correlation functions are summarised. Then a study of multiple 

scattering is presented. The measurements of enhanced intensities at backscat- 

ter for both co-polarised and cross-polarised detection are given. The principles 

of this phenomenon are explained. We discuss the spatial anisotropy of the en­

hancement line shape for co-polarised detection and the enhancement factor for 

both polarisation cases are discussed in terms of the vector characteristics of light 

waves. The polarisation degree of the backscattered light is also found to have 

an enhancement at backscatter. The intensity enhancement cone line shape for 

the co-polarised case is analysed. Chapter 6 also contains the measurements and 

analysis of dynamic properties of backscattered light. The correlation times for 

co-polarised and cross-polarised detection are found to have completely different 

behaviours. A physical explanation for this related to polarisation dependence of 

enhanced intensities is given. We also summarise the measurements and analysis 

of photon counting statistics. It is found that they are independent of angle and

polarisation. The distribution obeysAGamma distribution with the descriptivea
parameter u = 1.20. Finally a discussion of possible suppression of enhanced 

backscattering by the Faraday effect is presented.

In chapter 7, the conclusions about the temporal correlation time of stellar 

image intensity fluctuations at La Palma Observatory are given. The implementa­

tion aspect of high resolution speckle imaging is outlined. Finally, the possibility

of observing Anderson localisation in the visibl̂ of̂ lectro-magnetic spectrum is
fxxvt

discussed. We also speculate on potential developments in this field.

§1-3: Original Contributions in the Thesis

The original work in this thesis consists principally of the experimental mea­

surements described in chapters 4, 5 and 6. In order to place these measurements
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in context, introductory and review material is given in chapters 2 and 3, and in 

the first parts of chapters 4, 5 and 6.

The measurements of the characteristics of the M C P - P M T  detector, described 

in chapter 4, are of standard parameters but have not previously been reported 

for this detector. The measurements of the temporal correlation of stellar images 

at La Palma Observatory, described in chapter 5, involved the design and con­

struction of an instrument mounted on the 1 m  telescope, as well as the collection 

and interpretation of data. I was assisted at La Palma by J. C. Dainty and M. J. 

Northcott.

The measurements of the time dependence of dynamic light scattering from 

dense random media, described in chapter 6, were the first to compare the time 

behaviour of the co- and cross-polarised scattered beams.
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Chapter 2

Photon Counting Techniques

Chapter 2

§2-1: Introduction

In order to detect a weak light intensity with reasonably high signal to-noise 
ratio, several photodetection techniques have been designed. They are the lock- 
in amplifier [Alfano et a1 (1968), Moore (1962)], DC current [Malmstadt et al
(1984)], noise voltage [Alfano et al (1968), Pao et al (1966)] and photon counting 
[Alfano et al (1968), Morton (1968)] techniques.

A lock-in amplifier is essentially a narrow-band, phase-sensitive amplifier fol­
lowed by a low-pass filter. It selects a band of frequencies of bandwidth Bf about 
a reference frequency /c, from a signal applied to its input, and converts the in­
formation to an equivalent bandwidth about zero frequency. The D C  signal is 
amplified and passed on to a low pass filter which eliminates noise of high fre­
quencies. To realize this principle, one often uses an optical chopper to add a 
frequency fc at the input. The output signal then is modulated by this frequency 
and the detection system only selects the signals of this frequency; therefore the 
noise which has different frequencies can then be eliminated. The advantage of 
this technique is that it does not need very good environmental conditions, e.g. 
the background light with different frequencies can be filtered out easily. As long 
as the detected signal-to-noise ratio is not limited by shot noise*, the lock-in 
amplifier technique is prefeî d.

* Shot noise is caused by two sources:
1. Photon noise, which is directly from the fluctuations of incident light field. By 
the virtue of fluctuation of incident field, the counting rate of photons fluctuates 
too.
2. Detecting noise, which is resulted from the statistical nature of secondary 
electron emission from the photocathode, dynodes or electron-multiply channels 
of the photo-detector.
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The DC current technique is equivalent to the lock-in amplifier technique ex­
cept that its reference frequency is at zero. In the DC current technique Bf refers 
to the bandwidth of the DC amplifier used. Hence, with equivalent bandwidth, 
the same sensitivity, in principle, is obtainable by the DC detection as by lock- 
in detection. However, DC detection is limited by drift due to ohmic and light 
leakage and by the fact that DC amplifiers are less stable and more difficult to 
construct and operate than AC amplifiers.

The noise-voltage detection technique recovers the signal by detecting the 
associated shot noise. The output current from a P M T  irradiated by a photon 
flux consists of a DC component, which is usually referred to as signal, and an AC 
portion of unidirectional sharp pulses of variable amplitude, which is referred to 
as “noise”. For low incident power, there is more power in the AC portion than 
in the DC portion. Therefore by detecting the AC portion and then extracting 
the D C  portion, the signal-to-noise ratio will be considerably enhanced. To fulfill 
this task, a circuit is made to amplify the AC portion. A low pass filter is then 
used to extract the DC portion of the amplified AC signal.

The photon counting technique directly amplifies pulses, discriminates against 
low height noise counts that did not originate from the photocathode and then 
counts output pulses. This is a more effective way to get rid of noise and indeed 
this is the principle of photon counting. The high signal-to-noise ratio comes 
from the discrimination of noise pulses which have a different pulse height from 
signal pulses.

It has been shown [Alfano et a1 (1968), Ingle et al (1972a,1972b), Nakamura 
et al (1968)] that when the photon counting technique is used to detect the weak 
light field, the output signal-to-noise ratio approaches theoretical shot noise limit. 
In fact, the photon counting technique is found to be superior to other methods 
with regards to both signal sensitivity and signal-to-noise ratio. It also has the 
advantage of system stability against drift. In addition, photoelectrons are by 
nature digital, therefore photon counting is easily implemented by digital data
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processing. The disadvantage of the photon counting technique is that the back­
ground light cannot be eliminated in the detection process. The lock-in method 
is advantageous in this respect.

§2-2: Photon Counting Statistics

Due to the inherent advantage of obtaining higher signal-to-noise ratio when 
shot noise limited, the photon counting technique has been widely used in detect­
ing very low light level intensities. In applying the technique, a photo-detector 
such as a photomultiplier tube (PMT), is used and operated in photon counting 
mode. In this case, the output signal is digital in nature because of the shot 
noise photoelectric detection process. The output pulse numbers correspond to 
the photon number weighted by the quantum efficiency of the detecting system. 
The actual relationship between the statistics of the photoelectron count and that 
of the light faffing on the detector is given by the following compound Poisson 
distribution [Mandel et al (1964)]—this is also called Mandel’s formula:

P(n,T) =

=  f  —̂ r—Gxp(—aI)P(I)dI (2.1)Jo n\
where angular brackets represent an ensemble average and P(n, T) is the proba­
bility of counting n photoelectrons during the detecting time T, a is the detection 
system’s quantum efficiency and P(J) is the probability density function (PDF) 
of the intensity I. Here we have assumed that the light field is stationary and 
ergodic, so that the statistics of the field are independent of time.

From the above formula, it can be seen that the fluctuations of the detected 
photon counts are dependent upon two causes:
(1) . The fluctuations of the light intensity itself.
(2) . The fluctuations in the detection process. This is because of the randomness 
of the secondary emission inside the detector. Even when there are no fluctuations 
in the light intensity, the detected photon counts will still result in a Poisson 
distribution.
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The analysis of moments of the intensity probability density function has 
been widely accepted as a useful tool to study the statistics of the intensity. To 
implement this when photon counting and compare different statistics in different 
situations, it is necessary to choose normalised factorial moments as the descriptive
parameters. The m-th factorial moment is defined as:

/ I \ 00
H m) = 1)‘"(n + m _ 1 )p (n’T ) (2-2)

and the m-th normalised factorial moment is:

F(m) T(m) 
<n>m (2.3)

By using Mandel’s formula it is found the m-th factorial moment of photon 
counts is proportional to the m-th moment of the intensity I,

nlF(m) (n — m)!
From Eq.(2.4) it is easy to find: < n > =  a <I> 
Hence we have:

= ol <Im> (2.4)

F(m) =
am<Im> < Im >

(2.5)<n>m <I>m
This relationship enable us to analyze the normalised moments of intensity by 
analyzing the normalised factoral moments of detected photon counts.

We shall here give a few examples of photon counting statistics P(n, T), their 
factorial moments and normalised ones for several P(/).

(1). P(/) = 8(1— < I >), i.e. constant light intensity; by using Mandel’s 
formula:

P(rc, T) = exp(— <n>) (2.6)

which is the Poisson distribution. By using Eq.(2.4), the m-th factorial moment 
is:

yoo
T(m) = am < Im >= a m /  I mP(I)dI

Joyoo
= am I m8(I-  <I>)dI

Jo
=  a m< I > m =  < n > ' (2.7)
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and the normalised m-th factorial moment is:
F(m)F(m) = <n>' = 1 (2.8)

(2). P(I) = exp(— This is the negative exponential distribution
and describes the intensity of thermal light. If the photon counting sample time 
T  is very large, the intensity fluctuations will be averaged out due to temporal 
averaging effects and the detected average photon counts dining the sample time 
T  will have Poisson statistics as shown for the constant intensity. If T is very 
small (very much less than the coherence time of the light), the following photon 
counting distribution will be obtained by Mandel’s formula:

<n>nP(n, T) = ..
V ' (1+ <n>)1+

which is the Bose-Einstein distribution. The m-th factorial moment is:
p o o

jF(m) =  am <Im > =  am / ImP(I)dI
Jo

f 00 1 I= am Im-— exp(-—— )dl
Jo ' '

(2.9)

<I>
• o o

<I>
= am<I>Tn j xm exp(-x)dx (x =
=  am < I > m r ( m  +  1) (m is an integer)

= m\<n > ’

and the normalised m-th factorial moment is:
F(m)F(m) = — -— —  = ml v ' <n>m

(2.10)

(2.1 1)

(3). For the Gamma intensity distribution:
1 , I “ _1 uu —ul

P(I) =  — =—( — =—) ■ >' \ exP(— ;—)

where < I > is the mean intensity and u is a constant; as u tends to 1, this 
distribution tends to a negative exponential distribution function. The photon 
counting distribution is calculated as:

<n>nuu T(u -f n)P(n,T) =
(u+<n>)u+nn! r(u)

(2.12)
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T h e  m - t h  factorial m o m e n t  is:

p o o

F ( m )  =  a m  < I m  > =  a m  /  I m P ( I ) d I
Jo

u u - u l
— r e x p (  — -—  )dl

r(u) ^v</>'
=  am f  _

Jo < / > ' < / >
- O'""" r  e x p ^ W

< j > “r(u) J0 p{- < i > ’
a m < I > m  T ( u  +  m )

u m  r ( u )

< n > m  T ( u  +  m )

u' r(«)

s o  t h e  m - t h  n o r m a l i s e d  factorial m o m e n t  is:

F { m )  =
J-(rn) 1 r(u + fix)
< n > m  u 1 r(«)

=  ----(u +  m  —  l ) ( u  -f m  —  2)
um

(u +  l ) u

(2.13)

(2.14)

W h e n  xl — > 1, it t e n d s  t o  m ! ,  w h i c h  c o r r e s p o n d s  t o  t h a t  o f  a  B o s e - E i n s t e i n  distri­

b u t i o n .

(4). T h e  l o g - n o r m a l  d i s t r i b u t i o n  f u n c t i o n  o f  t h e  intensity is g i v e n  by:

p(i) =
y/2n a I

e x p
( I n / -  < l n / > ) '  

2<72
(2.15)

w h e r e  a 2 = < ( l n  I ) 2 >  — < l n /  > 2 is t h e  v a r i a n c e  o f  t h e  log-intensity. T h e  p h o t o n  

c o u n t i n g  d i s t r i b u t i o n  in this c a s e  c a n n o t  b e  g i v e n  w i t h  a n  analyt i c a l  f o r m ,  b u t  it 

c a n  b e  e v a l u a t e d  b y  u s i n g  a  c o m p u t e r  in t e r m s  o f  M a n d e l ’s f o r m u l a .

H o w e v e r ,  t h e  m - t h  m o m e n t  o f  t h e  intensity c a n  b e  e x p r e s s e d  as:

< I m > =- L e x p
( I n / -  < l n / > ) S 

2<j2y/Zircrl

L e t  I n / —  < l n  / > =  V 2 a x  

e x p ( m  < l n  / > )

dl

/  1
e x p [ — ( x 2 -----y = m a x ) \  d x

-CO V  2

L e t  x -----— m a  =  y
v2

- 15 -
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1 ™2 _2\ rooe x p ( m  < l n / >  - f | r a 2 cr2 )

7 * / o o

e x p ( - y 2 ) d y

- o o

=  e x p ( m  < l n J >  + — m 2 cr2 ) erf(oo) 

=  e x p ( m  < l n I >  -\-^-m2 a 2) (2.16)

w h e r e  erf(i) is t h e  error f u n c t i o n  a n d  e rf(oo) =  1.

F r o m  E q .(2.16), it is t h e n  c a n  b e  s e e n  that:

2
In < / > = < l n I >  + — (2.17)

T h e  m - t h  n o r m a l i z e d  factorial m o m e n t  o f  p h o t o n  c o u n t s  w h i c h  is e q u a l  to t h e  

m - t h  n o r m a l i z e d  intensity m o m e n t  is g i v e n  a s  follows:

F ( m )  =  M ( m )  =
< I m >
< I > m

=  e x p
n ( n  —  l)cr2

2 (2.18)

§2-3: N on -id ea l E ffects

T h e  a b o v e  e x a m p l e s  of p h o t o n  c o u n t i n g  d i s t r i b u t i o n  f u n c t i o n s  a r e  d e r i v e d  

u n d e r  t h e  a s s u m p t i o n  t h a t  t h e  e x p e r i m e n t a l  c o n d i t i o n s  a r e  ideal, i.e. t h e  d e t e c t o r  

is perfect w i t h  n o  d e a d  t i m e  a n d  d a r k  c o u n t s ,  t h e r e  a r e  n o  t e m p o r a l  a n d  spatial 

i n t e g r a t i o n  effects, etc. I n  practice, all t h e s e  factors affect t h e  m e a s u r e d  statistics. 

L e t  u s  n o w  l o o k  at h o w  t h e s e  factors b i a s  t h e  m e a s u r e d  statistics.

§2-3 -1 : Dead Time Effect

T h e  m e a s u r e d  p h o t o n  c o u n t i n g  d i s t r i b u t i o n  is affected b y  t h e  d e a d  t i m e  of 

t h e  o b s e r v i n g  s y s t e m .  F o r  a  n o n - p a r a l y z a b l e  d e t e c t i n g  s y s t e m ,  d e a d  t i m e  r  refers 

t o  t h e  fact t h a t  after e a c h  registration o f  t h e  arrival o f  a  p h o t o n ,  t h e r e  is a  p e ­

r i o d  d u r i n g  w h i c h  n o  s u b s e q u e n t  p h o t o n  arrival c a n  b e  d e t e c t e d .  T h e  d e a d  t i m e  

c o m p l i c a t e s  t h e  r e l a t i o n s h i p  b e t w e e n  t h e  m e a s u r e d  p h o t o n  c o u n t i n g  d istribution

- 16 -



P ( n , T , r )  a n d  intensity p r o b a b i l i t y  d e n s i t y  P ( J ) .  O n  t h e  o n e  h a n d ,  it is desir­

a b l e  to m a k e  a  d e d u c t i o n  of t h e  f o r m  o f  m e a s u r e d  ( d e a d  t i m e  affected) p h o t o n  

c o u n t i n g  d i s t r i b u t i o n  P(rc, T ,  r). O n  t h e  o t h e r  h a n d ,  t h e  r e q u i r e m e n t  for t h e  m o d ­

ification o f  m e a s u r e d  p h o t o n  c o u n t i n g  d i s t r i b u t i o n  is n e e d e d  t o  d e r i v e  P ( n ,  T ,  0) 

f r o m  P ( n ,  T ,  r )  a n d  thereafter t o  o b t a i n  P ( 7 ) .

T h e  f o r m  o f  p h o t o n  c o u n t i n g  d i s t r i b u t i o n  w i t h  d e a d - t i m e  effects P ( n ,  T ,  r )  for 

t h e  o p tical field w i t h  k n o w n  statistical p r o p e r t i e s  c a n  b e  r e a d i l y  d e d u c e d  b y  u s i n g  

M a n d e l ’s f o r m u l a .  F o r  a  r a n d o m  P o i s s o n  d istribution o f  p h o t o n s ,  i.e. P ( I ) =  

6(1 —  I), t h e  m e a s u r e d  d istribution to t h e  s e c o n d  o r d e r  o f  r / T  h a s  t h e  f o r m  

[ J o h n s o n  et a 1 ( 1 9 6 6 ) ]  of:

P ( n ,  T ,  r) =  e x p ( — n 0 ) j l  +  n ( n 0 -  n  +  1 ) ^

— ̂  [(So + l)n - (h20 + 2n0 + 3)n2

+ ( 2 n 0 +  3)n3 - n 4] ( ^ ) 2J (2.19)

w h e r e  h 0 is t h e  m e a n  n u m b e r s  o f  p h o t o n s  d u r i n g  t h e  s a m p l e  t i m e  T  in a b s e n c e  

o f  d e a d  t i m e .

Chapter 2

T o  t h e  first o r d e r  i n r / T ,  a  m o d i f i e d  d i s t r ibution f u n c t i o n  w i t h  e x p e r i m e n t a l  

c o n v e n i e n c e ,  is d e f i n e d  as:

F ( n )
(n  +  l ) P ( n  +  1, T )

p R t )
_ 7* _ _ j-

- 2  n 0 — n  +  n 0 (l +  n Q — ) (2.20)

A s  c a n  b e  seen, F ( n ) is linear w i t h  t h e  s l o p e  — 2 n 0 r / T .  I n  fact, b y  p l o t t i n g  

t h e  m e a s u r e d  d a t a  F ( n )  a g a i n s t  n  a n d  m e a s u r i n g  this n e g a t i v e  s l o p e  ( m e a s u r e d  

a s  — A )  a n d  t a k i n g  a d v a n t a g e  o f  t h e  fact t h a t  w h e n  n  =  0, P ( 0 )  is least affected 

b y  d e a d - t i m e  effects, w e  h a v e :

P ( 0 )  =  n 0 (l +  n 0 ^~) '

_ T  ' 
A  —  — 2 n 0 —  ^

(2.21)
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F r o m  t h e  a b o v e  e q u a t i o n s ,  t h e  m e a n  c o u n t s  a n d  d e a d  t i m e  o f  t h e  d e t e c t i n g  s y s t e m  

c a n  b e  d e d u c e d  (see C h a p t e r  4).

F o r  a n y  d i s t r i b u t i o n  m e a s u r e d  w i t h  a  s a m p l e  t i m e  T  m u c h  s h o r t e r  t h a n  t h e  in­

v e r s e  l i n e w i d t h  o f  t h e  radiation, t h e  m e a s u r e d  p h o t o n  c o u n t i n g  distr i b u t i o n  c a n  b e  

m o d i f i e d  t o  f o r m  a  c o m p o u n d  P o i s s o n  p rocess. B e a r i n g  in m i n d  E q . ( 2 . 1 9 ) ,  t o  t h e

s e c o n d  o r d e r ^ ^ a d - t i m e  effects correction, b y  u s i n g  M a n d e l ’s f o r m u l a ^ P ( n ,  T ,  r)
. ika. So-. (2.1)
is: (

P ( n , T , r ) =  f  
Jo

e x p ( - a I ) P ( I ) d I  { l  +  n ( a l  —  n  +  1 ) ^  
n\ ( 1

— -  [(a l  +  l )n  — ( a212 +  2 a l  +  3)n 2 

+  ( 2 a /  +  3) n 3 —  n 4] ( ^ )  ) (2.22)

F o r  G a u s s i a n  s p e c k l e  w h i c h  h a s  t h e  f o l l o w i n g  intensity distribution:

P ( I )  =  j e x p ( - i ) (2.23)

w h e r e  I Q is t h e  m e a n  intensity in t h e  a b s e n c e  o f  d e a d - t i m e  effects, t h e  p h o t o n  

c o u n t i n g  d i s t r i b u t i o n  w i t h  d e a d - t i m e  effects is g i v e n  as follows:

P ( n , T , r )  =

n

+ 2

(1 +  S„)n+1

3

1 —  n
1+^0

r

T

(n  —  l ) 3 —  ( 2 n 2 -  2 n  +  l ) ( n  -f 1) ™ ° _
i -f- Tl0

+  n  ( n  +  l ) ( n  +  2)
n,

1 + 720 (£)2 (2.24)

I n  t h e  ideal c a s e  w h e n  r  =  0, this gives t h e  B o s e - E i n s t e i n  distribution.

A s  m e n t i o n e d  earlier, in practice, o f t e n  t h e  c a s e  is t h a t  o n e  w i s h e s  t o  deri v e 

P ( n , T ,  0) f r o m  m e a s u r e d  P ( n , T , r ) a n d  t h e r e f o r e  t o  g e t  P ( J ) .  T h i s  is referred 

t o  a s  t h e  i n v e r s e  p r o b l e m .  I n  general, a s  s u m m a r i s e d  b y  M a n d e l  (1 9 8 0 ) ,  t h e  rela­

t i o n s h i p  b e t w e e n  d e a d - t i m e  affected p h o t o n  c o u n t i n g  p r o b a b i l i t y  a n d  t r u e  p h o t o n

- 18 -
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c o u n t i n g  p r o b a b i l i t y  is a s  follows:

P ( n , T , r )  =  P ( n , T  —  nr, 0)
n—1

+  E [ - p (r <T  —  n r ,  0) —  P ( r ,  T  —  ( n  —  l)r, 0)], n > l  >
r=0

P ( 0 , T , r )  =  P ( 0 , T , 0 ) ,  n  =  0

(2.25)

F r o m  t h e  a b o v e  e q u a t i o n ,  it is p o s s i b l e  t o  d e r i v e  t h e  f o r m  o f  P ( n , T ,  0) for 

light o f  v a r i o u s  k n o w n  p h o t o n  c o u n t i n g  statistics. I n  practice, P ( n ,  T ,  0) a n d  t h e  

p r o b a b i l i t y  d e n s i t y  P ( I )  a r e  o f t e n  u n k n o w n .  H o w e v e r ,  as p o i n t e d  o u t  b y  M a n d e l  

( 1 9 8 0 ) ,  t h e  a b o v e  e q u a t i o n  c a n  b e  i n v e r t e d  t o  g e t  e x a c t  f o r m  o f  t h e  p r o b a b i l i t y  

P ( n ,  T ,  0) f r o m  m e a s u r e m e n t s  o f  P ( n ,  T ,  r) b y  u s i n g  several different s a m p l e  t i m e s

T.

In. o r d e r  t o  s h o w  this, let u s  a s s u m e  t h e  c o n d i t i o n  n r  < T  w h i c h  is o f t e n  t h e  

c a s e  in t h e  e x p e r i m e n t s ,  i.e. t h e  p h o t o n  c o u n t  t h a t  w o u l d  b e  d e t e c t e d  d u r i n g  a  

p e r i o d  o f  r  is m u c h  less t h a n  1. If w e  r e p l a c e  T  b y  T  +  n r  in Eq.(2.2£>), w e  c a n  

r e w r i t e  t h e  e q u a t i o n  as:

P ( n , T , 0 )  =  P ( n , T  n r , r )

n — 1

+  E [ ^ ( ' - . r  +  r , 0 ) - P ( r , r , 0 ) ] ,  n > l  >
r=0

p(o,r,o) = p(o,r,T), n =  o

(2.26)

B e c a u s e  w h e n  n  =  0, P ( 0 ,  T ,  0) is least affected b y  t h e  d e a d  t i m e  effect, 

t h e r e f o r e  w e  t a k e  P ( 0 ,  T  +  r, 0) =  P ( 0 ,  T  +  r, r )  a n d  it is i m m e d i a t e l y  f o u n d :

(2.27)
P ( 1 , T , 0 )  =  P ( 1 , T  +  t , t )

+  P (0 ,T  +  r , r ) - P ( 0 , T , r )  J

W h e n  n  =  2, s u b s t i t u t e  E q . ( 2 . 2 7 )  in E q . ( 2 . 2 & ) ;  after m a n i p u l a t i o n  o f  t h e  f o r m u l a ,  

it yields:
P ( 2 ,  T ,  0) =  P ( 2 ,  T  +  2r, r )

+  E [ P ( r ,  T  +  2 t , t ) -  P ( r ,  T  +  r, r )]
r=0

(2.28)
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Similarly, by repeating above procedure, for any n under the condition of 
n r  < T:

C hapter 2

P ( n ,T ,0 )  =  P ( n , T  +
n—1

+ ^ [P (r ,T  +nr,r) -  P(r,T +(n  — l)r ,r)], n > l  >
r=0

P(0,T,0) = P(0,T,t), n = 0

(2.29)

For sufficiently small dead time r, P(n,T + nr, r) may be an adequate first ap­

proximation to P(n,T, 0).

Hence in principle, the true photon counting distribution can be deduced from 

the measured photon counting distribution to any desired accuracy. However, to 

do this, the measurements in several different sample times ranging from T  to 

T  + nmr  are required, where n m is the largest value of n for which P(n,T, 0) is 

not negligible. Alternatively, if nmr  < T, which is normally the case, it may be 

sufficient to just measure P ( n , T , r ) and P(n,T + nmr, r) plus a few others with 

sample times between T  and T  + nmr, and the whole distribution function can 

then be obtained by an interpolation process.

Although in principle the true photon counting distribution can be derived as 
mentioned above, this requires tedious experimental measurements and a counter 

with very fine adjustable sample times. Chang et a1 (1969) derived approximate 

expressions in the form of a power series for the relation between factorial moments 

of P(n,  T, 0) and P(n,  T, r). Although it is difficult to get the true photon counting 

distribution from the measured one, it is very useful in estimating the true general 
statistical properties from the dead time affected ones with this relationship.

For first order correction, if we denote a = r/T, the corrected factorial mo­

ments of photon counts (which are proportional to the moments of detected in­
tensity) can be expressed [Chang et al (1969)] in terms of measured ones of two

- 2 0 -



different orders:

M 5(l) = /(5) + a[20/(5) + 5M6(0)]

-̂ 4(1) = /(4) + a[12/(4) + 4Ms(0)]

-^3(1 ) =  /(3) +  a [6/( 3) +  3M4(0)] ►

-^2(1 ) = /(2) + a[2/(2) + 2M3(0)]

Mi(1) = / ( ! ) +aM 2(0)

C hapter 2

(2.30)

(a)

Fig.2.1. Dead time correction for the normalised factorial mo­

ments for (a). Poisson photon counting distribution 

and (b). Bose-Einstein photon counting distribution 

(Gaussian speckle), f t  ^ |oc ns , T ̂  )
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Eq.(2.30) can be generalised as follows:

Mn(l) = /(„) + a[n(n -  l)/(„) + n M n+1(0)] , n = l,2, ••• (2.31)

where M n( 1 ) is the first order corrected n-th order factorial moment, /(„) is 

measured n-th order factorial moment and Mn+1 (0) is the “0-th order corrected” 

(n + l)-th order factorial moment; actually we take it as the measured (n -f l)-th 

order factorial moment, i.e. M n+ 1 (0) = /(n+i)- The above way of correcting 

factorial moments for dead-time effects can be readily carried out experimentally. 

Fig.2.1 shows two examples of this.

The second and third order correction of factorial moments of photon counts 

can be found in the paper by Chang et a1 (1969). As far as accuracy is concerned, 
dead-time effects on low order statistical quantities, such as mean and variance 

of a counting distribution are relatively insignificant and often negligible. But its 

effects on higher order statistical properties become more and more significant. 

The modification to the nth order statistics is roughly dependent upon the value 

of n r  jT .  Therefore when detailed features of the distribution involving higher 

order statistical properties are being investigated, it is essential to correct for 

dead-time effects.

§2-3-2: Temporal Integration

The photon counting distribution is not only dependent upon the incident 

light intensity, but also the sample time T. To make the P(n,T) measurements 

reflect the statistics of the instantaneous light intensity rather than the integrated 

intensity, the sample time should be made much smaller than the coherence time 

of the intensity fluctuations, namely, TT  <C 1, where T is the half width at half 

maximum (HWHM) of the intensity fluctuation spectrum.

As an example, let us look at the effect of temporal integration on the mea­

sured photon counting distribution from Gaussian light. For Gaussian light, the 

true photon counting distribution is Bose-Einstein distribution which is for the
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case when 7  = TT = 0. As can be seen from the following graph, when the

sample time T  increases the curves axe pushed towards larger n. The measured

distribution functions are derivated more and more from the true ones. When T

is very large, one will eventually get/NPoisson distribution function.
a.

Fig.2 .2 . Curves of P(n, T)  with sample times T  set at lO^us and 

20 ytis for Gaussian speckle. Due to temporal integra­

tion over the sample time, the curves show a decrease 

at the origin with the increase of the sample time.

The theoretical analysis [Jakeman et ai, 1968(a),(b)] of temporal integration 

effects on the measured intensity distribution for thermal light which can be exper­

imentally deduced from the measured photon counting distributon is as follows:

(1). For 7 < 1 :

+ (2.32)

When 7  —> 0:

^ ) = ^ - e x p ( - ^ )  (2.33)

which corresponds to Bose-Einstein photon counting distribution.
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(2). For 7  >  1 :

C hapter 2

p(I)^ {1^ r )  exp
7 < />

W ~
( / -  < i > y

When 7  —> oo:

P(I) = 6 ( I - < I > )

(2.34)

(2.35)

which corresponds to^Poisson photon counting distribution.

(3). For 7  ~  1 :

p ( i )  = < />
exp i 7

7 /

n = 1,2

2 < />
2y2

y2 + 72 + 27
exp

where ?/„ are the solutions of the following equations:

y 2J  \
2y  < I > )

(2.36)

yi tan(-yi) = 7 , 0 < yi < tt

2̂ c o t ( iy 2) =  - 7  > 7T < y 2 < 2 tt

(2.37)

On the other hand, for Gaussian light with^Lorentzian spectrum from the 

measurements of P ( n ,T )  with different sample times, one can decide the line 

width o^Lorentzian spectrum. For example, the variance or second moment 

and normalized second factorial moment can be measured and their theoretical 

expressions are given as follows:

I 2
27“ T =  ^ ( e “ 27 +  2 7 - 1 )

"2 = 1+  2 2̂ (e 27 + 27 -  1)
(2.38)

By measuring otj> or n2 and T, it is easy to get the HWHM of the intensity 

fluctuation spectrum T.

§2-3-3: Spatial Integration

When the sample pinhole size is comparable with the speckle size, the mea­

sured statistics of the light intensity will show a spatial averaging effect. The
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measured statistics do not reflect the true nature of the real statistics. As a 

guideline for measuring the statistical properies of the light intensity, when the 

sample pinhole size is one speckle size the contrast of the speckle pattern will be 

reduced by about 5%. Spatial averaging will mainly affect the measured speckle 

contrast, and have little effect on the temporal correlation.

The spatial and temporal integration effects are relatively easy to manipu­

late. One can make a trade off between integration effects and reasonable signal- 

to-noise ratio. Therefore, one can normally make the experimental conditions 

favourable to make the error caused by integration effects negligible. D ead-tim e  

effects are less manageable by the experimental conditions. Therefore one has to 

correct for these effects theoretically whenever possible.

§2-3-4: Dark Counts

Since dark counts originate from thermal emissions, they are usually observed 

as having a Poisson distribution. It is reasonable to imagine that dark counts are 

equivalent to  a constant light intensity incident on the photocathode. Since dark 

counts are independent of the signal, the detected photon counting statistics which 

are biased and are therefore the product of unbiased photon counting statistics 

and a Poisson statistic due to dark counts. Thus the unbiased photon counting 

statistics can be easily deduced when dark counts are known. On the other hand, 

by cooling the detection system , dark counts are usually very small compared to 

the signal photon counts and the bias caused by the dark counts is therefore often 

negligible.

§2-3-5: Saturation Effect

D etection system  saturation effects are caused by nonlinearity of the system  

when the incident intensity is above a certain value I 3. Their effects on detected  

moments are sometimes fairly large, particularly on higher order ones.

C hapter 2
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Fig.2.3. D etection system  response against incident intensity.

Ideally, the measured moments in absence of saturation effects are defined as:

/ • C O

< I n > =  /  I np ( I )
Jo

d l (2.39)

w ith the saturation effects occuring at the threshold I 3, the actual measured 

m om ents are:
[ I a [ OO

(3.40)
fit rco

< r > d=  /  i nP ( i ) d i  +  i ?  /  p ( i ) d i
Jo Jls

which are smaller than they should be compared w ith ones in Eq.(3.3?). The 

difference between the ideal and corrupted m oments are therefore:

[OO [OO
=  /  I nP ( I ) d I - I "  /  P { I )  d l

J l ,  J l ,
[OO

=  /  (r - i ; ) p ( i ) d i  (3.41)
Jl .

(n)The system  saturation effects can be described by the above parameter E 3 .

The effects of detection system  saturation on higher-order moments of inten­

sity for a certain number of known statistics, such as log-normal and K  distribu­

tions are investigated by Consortini et  al  (1984,1987). E is found^ependent
Jo be
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upon the threshold and the orders of the measured moments. The effects become 

more significant for the measurement of high order moments. The measured mo­

ments are also dependent upon the threshold of the detection system  when the 

detecton system  is saturated.

Hence, to avoid such effects the detection system ’s dynamic range must be 

large enough. However, in the cases where the detected light intensity is very 

weak, as in speckle imaging, the saturation effects are negligible.

§2-3-6: Sample Size Influence (Finite Sample Size)

The finite sample size always causes error in estim ating true statistical proper­

ties, such as moments. The higher moments measurements are strongly dependent 

upon the occasionally high intensity due to the fluctuations. Therefore a finite 

sample size could reduce the chance of detecting only high intensity and in turn 

the high moments are usually underestimated.

In practical measurement of statistical parameters, the sample size is always 

finite. W hen the total tim e available for a single experiment run is lim ited, the 

finite sample size influence becomes strong and non-negligible. For example, this 

happens in the case of measuring stellar scintillation or light propagating through 

atmospheric turbulence, where the nonstationarity of the medium restricts the 

duration of a single run. In such cases, the duration of stationarity is just a few 

m inutes and as the correlation time is about 10m s, the reasonable sample size 

in a real experiment is therefore a few thousand (~ 1 0 4) effectively uncorrelated 

samples.

B en-Y osef et  a1 (1988) and Goulder et  ai (1988) have evaluated the finite 

sam ple size effects on estim ated moments of log-norm al and K  probability distri­

bution functions (P D F ). At the sample size of ~ 1 0 4 which is a practically feasible 

size in scintillation measurements, the error caused by finite sample size makes the 

estim ated high m om ents (e.g. 5 -th ) of log-norm al and K  PD Fs indistinguishable.
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The calculated maximum value of a higher order moment is found to  be bounded  

for the given sample size, although the estim ated moment will eventually converge 

to the theoretical value at a very large sample size. For different P D F s, the con­

vergence rates are different. Typically, for P D Fs with a long tail, the sample size 

required for estim ated unbiased high moments is large and therefore the conver­

gence rate is small, such as in the log-norm al PD F  case. For a P D F  which goes to 

zero quickly at large intensities, the required sample size for correctly estim ating  

unbiased higher order moments is relatively small, therefore the convergence rate 

is larger, such as in the K  PD F case. Even though the log-norm al P D F  has a 

very long tail while K  PD F  has a very short one, it is found that we still need 

very large sample size to distinguish high order moments of the two extreme cases. 

In general, to distinguish the moments of two PD Fs, a much larger sample size 

(^>104) would be needed for the estim ated high moment to reach its theoretical 

value. On the other hand, practical constraints make it im possible to obtain large 

sample sizes in such situations and the moments analysis used to decide uniquely 

the actual statistical properties, such as the PD F, is questionable. An alternative 

way to  analyze high order moments might be needed.

§ 2 -4 : In verse  P rob lem

Having dealt w ith photon counting statistics, we shall now look at how to find 

P ( I )  from the measured P (n ,T )-th is  is referred to as the inverse problem.

In principle, it is possible to get the intensity distribution from the measure­

m ents of photon counting distribution P (n , T).

P ( n )  =  P ( n , T ) =  C ^ h - e x p  ( ~ a I ) P ( I ) d I  (2.42)
Jo rc!

Hence:

OO T\n
exp (—a I ) P ( I ) d I  (2.43)

77.!
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Therefore:

E 7 7 )  P (n ) =  E /  ^ - e x p ( - a I ) P ( I ) d I

=  r  j t ^ r - e M - « I ) P ( I ) d IIn z—' n!
*/0  n = 0

p o o

— I exp(zrl) exp( —a . T ) P ( I ) d I
Jo

(2.44)

From above equation, if we denote:

00 /  . \  n

=  * » )
n = 0  V 7

ex p (zr l)  exp(—a I ) P ( I ) d I  (2.45)

by measuring P ( n )  we can calculate function F ( x ) .  On the other hand, by noticing 

that F ( x )  and exp (—a l ) P ( I )  are Fourier transform pairs, the inverse Fourier 

transform of F ( x )  leads to the intensity distribution P ( I ) :

P ( I )  =  f  F ( x )  exp ( - i x l ) d x  (2.46)
2tt 7-00

Thus, the intensity distribution function P ( I )  can be obtained from the knowledge 

of photon counting distribution P (n ,T ) .

In practice, this m ethod is very sensitive to noise and often gives an erroneous

estim ate of the intensity distribution P ( I ) .  This is becauseThe fact that experi-

m entally it is very difficult to elim inate the errors in measuring photon counting

distribution of h ig h  counts (i.e. large n ) . Nevertheless, a very small error in esti-

mating^photon counting distribution of h ig h  counts can cause a significant error

in estim ating F ( x ) .  This can be seen from Eq.(2.45). In calculating F ( x ), the

P (n , T )s for h ig h  counts have large weighting factor becasuce of the n -th  power,

while in experim ents the P (n ,T )s  for very large n  is very difficult to  measure and

often neglected. This gives rise tcxlarge error in estim ating F ( x )  and hence in
0-

turn causes a large error in calculating the intensity distribution function P (J ).
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Chapter 3

Correlation Techniques

Chapter 3

§3-1: Introduction

For a long time, correlation techniques have been used to determine the sim­
ilarity between events and distinguish signal from noise. During the last two 
decades, the techniques have been developed to make them applicable to many ar­
eas of scientific research. In the optical area, it has been found that light intensity 
correlation is of great importance because it can be pratically measured and many 
major features of the light field can be deduced from the correlation function; for 
example, the power spectral density can be obtained by performing the inverse 
Fourier transform of the autocorrelation function through the Wiener-Khintchine 
theorem. The correlation function has also been found to be particularly useful 
in the area of speckle analysis and speckle interferometry. The study of the power 
spectral density of speckle patterns can be performed in the spatial domain by a 
study of the correlation function. Similarly, the spatial correlation can be mea­
sured and used to reconstruct the diffraction-limited correlation of an object from 
atmospherically degraded image in astronomy.

For an optical field represented by a complex analytical signal E(t) with corre­
sponding instantaneous light intensity I(t) =  E(t) E*(t), the normalised temporal 
correlation function of the light field is defined as:

C M ( t ) =  < E (t )E (t  +  T) >  
w  < /> (3.1)

and the normalised temporal correlation function of the intensity is defined as:

(3.2)(2) = < i m t - fr)>
V ' < I > 2

For a Gaussian field, the relationship between the intensity correlation func­
tion and field correlation function is described by Siegert relation:

C(2>(r) =  l +  |C(1)(r)|2 (3.3)
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This will enable us to deduce the modulus of the field correlation function from the 
measurements of the intensity correlation function which are readily measurable.

Broadly speaking, correlation techniques can be divided into two groups, i.e., 
homodyne (self-beat) and heterodyne techniques. In the homodyne technique, 
only the light of interest impinges on the detector, and the signal is in turn 
correlated. In heterodyne technique, a local oscillator (usually a small portion 
of reference beam with known frequency) is mixed with the fight of interest, the 
combined fight is then detected and correlated. As can be seen clearly, with 

-fhe homodyne correlation technique, one gets the correlation of fight of interest with 
itself. But for processes with several relaxation times such as inflight scattering 
experiment with polydispersity, the analysis of homodyne data is quite difficult. 
From a spectrum point of view, there will be several different frequencies from 
which it is not easy to extract the required data. This fact can be seen from the 
following argument. For the Gaussian field, the intensity correlation is:

< +  r) > =  < I > 2 +  | <  E(t)E(t +  r) >  |2 (3.4)

Chapter 3

N o w  for a process with several relaxation times:

therefore:

< E(t)E(t -f r) > |2 =  a i exp(— — )

< I(t)I(t -f r) > =  ̂ 2  a iaj 1 +  exp — r

(3.5)

(3.6)

From the above formula, it is very difficult to get an analytical form (i.e. to 
decide a,- and aj) of intensity correlation function from the experimental data.

However, for the heterodyne technique, let Ei(t) represent the local oscillator 
electric field, E 3(t) represent signal electric field; thus the measured combined 
intensity autocorrelation function is:

< I ( t ) I ( t  + r) > = <  |E ,( t )  +  E 3(t)\2 \E ,( t  + r) +  E , ( t  +  r)|2 > (3.7)
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W e  choose the experimental conditions properly so that the amplitude of the 
local oscillator may be made much greater than the amplitude of the signal electric 
field:

and the following approximations are made:
(a) fluctuations of the local oscillator electric field are negligible;
(b) the local oscillator electric field and signal field are statistically independent, 
so that < I sI i > = < I s > < I i > .

Formula (3.7) is then expanded yielding 16 terms. From assumptions (a) and (b), 
10 of them are zero, three are D C  components and one is negligible (the term 
< |.ES(£)| |E s(t +  r)| >). Therefore by ignoring D C  components, we have:

<I(t)I(t +  T ) > * 2 h \  < E , ( t ) E 3(t +  r ) > \  +  I,2 (3.8)

where // = <  \Ei(t)\2 > is the intensity of the local oscillator signal. This shows 
that the desired signal field auto-correlation can be determined by the mixed 
intensity auto-correlation function. In addition, it is easier to get the analytical 
form of the correlation function from the experimental data in cases of processes 
which are sums of exponentials, as opposed to the homodyne technique.

As far as the correlation measurement itself is concerned, there are several 
ways to determine the intensity correlation. The intensity correlation can be used 
to determine characteristics of an object such as motion and shape. It has also 
been used in the diffusion coefficient measurements in light scattering experiments 
and in anemometry measurements. In addition, correlation measurements are 
extremely useful in describing the fluctuation properties of the radiation field. In 
the following sections several correlation techniques will be discussed in detail.

§3-2: Photon Correlation

To determine the intensity correlation function at the very low light levels that 
are often encountered in astronomy, photon correlation techniques are often used.
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Photon correlation techniques have also found many applications in light scatter­
ing studies, laser Doppler microscopy, polydispersities and microscopic particle 
sizing. The light field is detected by photon counting techniques and the correla­
tion function can be produced by correlating the photon counts. The superiority 
of the photon counting method over the other methods for very low light fields is 
discussed in chapter 2.

§3-2 -1 : Theoretical Analysis

JahemavN (1*1740 j-Cnt ckduc£c| i U  p/iottm CoYreifiHo*
dU- Cf,)d d'cwLet us first of all recall Mandel’s formula (compound Poisson distribution)

[see Eq.(2.1)]:
P ( n , T )  = f  ^ L e x p ( - a I ) P ( I ) d I  (3.9)

Jo Til

where P(n, T) is the probability distribution of emission n  photoelectrons during 
the detecting time T, a  is the detection efficiency and P(7) is the probability 
distribution function of the intensity I. Here we have assumed that the light field 
is stationary and ergodic, so that the statistics of the field are independent of time
t.

The joint distribution of counts at several detecting points (Xi, X2, • • • , X/) 
during the sample time T  centered at (̂ i, £2, * • •, t i) respectively can be obtained 
by generalizing formula (3.9):

P[rc(Xi,*i),n(X2,*2),- • • ,n(X/,*/);T]
P ( n 1, n 2, - ’ , n t\ T )

Jo ni\n2\- • •n/! exp[—a(ii + I 2 + ---h/|)l
x P ( h ,I 2,• • ■,h)dhdl2 ■■■ dli (3.10)

where /1, J2, • • •, // are the intensity at points Xi, X2, • • •, X/ and time t i , f2, • • •, ti 

respectively, P(i"i, J2, •••,//) is the joint probability distribution function of multi­
point intensities Ji, J2, • • •, //. We have assumed that the detection efficiencies of 
the detector(s) at all points are the same, as a .
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We can give Eq.(3.10) an intuitive explanation. Suppose that at each point 
the intensity is not randomly fluctuating. The fluctuation of photon counts are 
purely due to the secondary emission process of the detector. Therefore each 
emission is a Poisson process and the Poisson distribution is as follows:

P'KAVi);T] = P ' ( m , T )  = —— exp(—<n>j)
ni-

= exp(-ali) (3.11)
nt!

where I { is the non-fluctuating intensity at a certain point, and <n>t- = a/t- is 
the average photon count. Under the above assumption, the counts at different 
points and/or in distinct time intervals are statistically independent. Hence, the 
joint distribution of counts at multi-points and times is shown as follows:

P'[n(Xi, *i), n ( X 2, *2), • * *, n { X h </); T]
l

P'(ni,n2,---,n/;T) = JJP^n.jT)
:=i

(a/ir(aJ2r -
ni!n2!- • •nil

exp[-a(/i +  I 2 -\---- 1- //)] (3.12)

In practice, the intensity at different points and time intervals are stochastic 
variables. Therefore on the basis of Eq.(3.12), we should take the average of it over 
the intensities at different points and time /1, J2, • • •, //. So the real probability 
distribution is:

P[n(Xi, *2), n ( X 2, t2), • * •, n ( X h t t) \ T ]

= < P ' [ n { X  1, *0, n ( X 2, t 2), • • •, n ( X h U ); T]
= P(ni,n2,---,n/;T) (3.13)

which is Eq.(3.10). With Eq.(3.10), the multi-point correlation function 
< n \ n 2 - • •n i > can then be written as:

00 00 00

< n i n2---n/>=^ ^  ^  nin2-•-n/P(ni,n2,• • •,n/;T) (3.14)
m=0 ri2=0 nt =0
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Finally, after manipulation of the Eq.(3.14) and Eq.(3.10), one finds that: 
<nin2--'n/> <ii/2-*-.Z/>

< n \  ><n2 > • • • < n i  >  < I \  ></2 > • • • <I/> (3.15)

where n; are detected at different points or times. From Eq.̂ 5) a very important 
conclusion can be drawn: the normalised intensity correlation function, including 
autocorrelation, space-time correlation, triple correlation, etc., can be calculated 
by evaluating the normalised correlation function of the train of photoelectrons, 
which is proportional to incident photons. The photon correlation method can be 
used to get multi-channel or higher order correlation functions. In particular, for 
the intensity auto-correlation function (second order), Eq.(15) can be written as:

< n ( t , T ) n ( t  +  t , T ) >  _ <I ( t ,T ) I ( t  + r,T)>
< n >2 < I > 2

This provides the basis of digital photon correlation techniques

r / 0 (3.16)

The accuracy of the measured correlation function can be conveniently char­
acterised by the relative variance:

V  a r ( C ^ 2\ r ) )

<C(2)(r)>2 .
For the stationary process 

1 N< C<2>(r) > = -  n ( i T ) n ( i T  + r)
1 = 1

(3.17)=<n(0)n(r)> ( N  —» oo)
ItfAe/e N ike total sample. < C (*\v>>
is the measured correlation function. As pointed out by Davenport et a1 (1958),
for a stationary process with no correlation,

V  a r ( C ^ 2\ r ) )  = —Var(n(0)n(r)) (3.18)

Separating the independent variables n(0) and n(r), this gives:

V a r ( C i2\ r ) )  = — <rr> — < n >

3 . ^  „  ^ 4 "=  — ( 2 < n > 3 +  < n V ) (3.19)
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for a Poisson distribution of n, since in this case,

< n 2 > =  <n>2+ < n >  , <C(2)(r)>= < n > 2

When N  —> oo, the error can be ignored, i.e., one must average over many 
correlation times in order to obtain reasonably small error. This statistical error 
is always present in addition to the other noise effects. Such statistical error due 
to the finite sample size will be discussed later in this chapter.

There are other effects which influence the measurement of correlation func­
tions. For example, the detector imperfections such as gain fluctuation, detector 
correlation which is caused by afterpulsing etc.

§3-2 -2 : Instrumentation Aspects

As shown above, the number of pulses stimulated by photons can be used 
to compute the correlation function of intensity. This method is called photon 
correlation. The basic instrumentation setup is shown in Fig.3.1.

Incident light falling onto the photocathode of the detector causes the photo­
cathode to emit photoelectrons which in turn are multiplied. At the output of the 
detector, a series of photoelectron pulses corresponding to the photon numbers 
incident onto the photocathode and noise pulses are obtained. The output pulses 
are amplified to a certain level by an amplifier and sent to a discriminator. The 
discriminator will accept the pulses higher than a certain threshold and suppress 
those whose heights are below the threshold. The threshold is chosen by taking 
advantage of the difference of the pulse height distributions between signal and 
noise counts. This threshold should be carefully chosen so that the noise pulses 
that do not originate from the photocathode and afterpulses are eliminated, while

The relative variance is therefore given by
Var(C^(T)) 1 / 2 1
<C(2>(r)>2 “ N  \ < n >  +
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the signal pulses and, inevitably, dark pulses which originate from the photocath­
ode are counted. The output pulses from the discriminator are normalised logic 
pulses of standard shape and can be easily recognised by the correlator or counter. 
The correlator then performs the counting task and mathen̂ ical calculation to 
get the correlation function, and so on. It is worth mentioning that when the 
photoelectron overlap effects appear, it is still possible to extend the photon core­
lation method to this intermediate region between low photon counts and high 
intensity (when DC technique is used) by means of̂ zero crossing method [Adrian 
et a1 (1988)]. In the zero crossing technique, instead of correlating photon counts 
directly, ones correlates the pulse train obtained by a zero-crossing detector which 
produces one pulse for every zero of the output signals from a photodetector. This 
technique offers a chance to make use of the powerful photon correlation technique 
when there is a photoelectron overlap phenomenon.

Chapter 3

Incident Light

Threshold 
(Dashed line)

Fig.3.1. Schematic diagram of photon correlation setup.

The detection part of the photon correlation system is dominant in the whole 
arrangement. Usually, a photomultiplier tube is used to serve this purpose. The 
evaluation of parameters of this kind of detector will be discussed in chapter 4 
and the emphasis will be put onto those parameters which are closely related to
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the photon correlation method. In the following text, however, we will look into 
the avalanche photodiode (APD) as a possible alternative detector for photon 
correlation.

The APD is a solid state (and hence relatively inexpensive) photodetector 
with a relatively high quantum efficiency and a wavelength sensitivity from mid- 
visible through to ~ 1 pm. It could be an alternative photon counting detector 
to replace the bulky photomultiplier tubes for photon correlation. An APD is 
usually operated in so called Geiger mode to achieve photon counting operation. 
In this mode, a reversed voltage beyond breakdown is applied across the APD. The 
incident light will cause an avalanche in charges and these will be detected by the 
following electronics. After each photodetection emission process, an avalanche 
quenching process is needed to get the APD recharged and ready for the next 
photon event. There are essentially two ways to quench the avalanche and recharge 
the APD, namely, passive and active quenching. In passive quenching, the APD 
is connected in series with ballast resistors after each photodetection process the 
APD gets recharged via the ballast resistors. Its dead time is the natural dead 
time associated with the time taken to get recharged. In active quenching mode, 
electronic circuitry is used to actively modify the voltage across the APD and 
minimize the recharging time. This technique can greatly reduce the detection 
system dead time.

Brown et a 1 (19S6,1987) have examined several parameters of APDs associated 
with photon correlation. They have shown that at room temperature the APD 
has a well defined peak for pulse height distribution with a quantum efficiency 
of ~ 7.5% at 632.8 nm. The afterpulsing effects are found favourable compared 
with photomultiplier tubes. However, the dark counts are very high at room 
temperature. An acceptable dark count of a few hundreds per second can be 
achieved by cooling the APD down to around — 20°C. The output counting rates 
from the APD are found to be unstable with temperature and applied voltage. 
Another problem with passive quenching lies in the long dead time 2ps) of
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Fig.3.2. Schematic diagrams for (a), passive and (b). active 
quenching.

the system which severely limits the measurable correlation frequency (up to ~ 
250 KHz). The long dead time is basically determined by the time constant RC 
which governing the recharging process of the APD after each photodetection, 
where R is the ballast resistance and C is the APD capacitance. To reduce 
the dead time, it is desirable to reduce R and C. But to ensure the quenching 
avalanche upon each photodetection, R must be larger than a certain value decided 
by the APD characteristic parameters. Practically, R is in range of 200 K£l. 
Therefore the only option is to reduce C, i.e., after each avalanche having been
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quenched the A PD should be recharged as soon as possible. This can be achieved 
[Brown et a1 (1987)] by an electronic circuit including fast switching Schottky 
diodes and a quenching transistor. This is so called active quenching. The active 
quenching technique can greatly reduce the system dead time to the order of a few 
tens of nanoseconds. This significantly extends the system measurable correlation 
frequency to well beyond one megahertz.

In conclusion, the APD is a favourable candidate to replace photomultiplier 
tubes as the detector for photon correlation at considerably smaller size and low 
cost. To overcome the long dead time of passive quenching, an active quenching 
scheme can be adopted. A very stable temperature and applied voltage is required 
to ensure the minimum counting rate fluctuation. On the other hand, because of 
higher dark counts, it is also necessary to cool the APD to a low temperature. 
A practical problem associated with this is that the APD entrance aperture might 
be frosted. To solve this problem, an integral optical fiber lead can be used to 
guide the light to the detector entrance.

§3-3: Clipped and Scaled Correlation Techniques

Chapter 3

§3-3-1: Clipped Correlation

To make a fast real-time digital correlator, the procedure of clipping of a 
signal is often used. The clipped laser speckle correlation is a representation of 
the original intensity correlation. The clipped intensity is defined as:

Ir = 1,
0,

I > It
otherwise (3.21)

where I is the normal intensity and It is the clipping threshold.

In the clipping technique, instead of correlating two normal intensities, one 
correlates the clipped intensities. In the case known as single clipping, one of the 
intensities to be correlated is clipped, i.e.:

r o o  p o o

<Idh> = / / IcihP{h,l2)dhdI2
J O Jo
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i2p(iui2)di2 (3.22)

In the case of double clipping, both normal intensities are clipped and corre­
lated, i.e.:

p o o  p o o

< I c \ I c 2 >  =  / / I c l I c 2P { I u h ) d h d I 2Jo Jo
>oo /*oop o o  p o o

= / dll P(h,I2)dI2
•J It \ J Iti

where Iti and It2 are clipping thresholds for Ic\ and Ic2 respectively.

(3.23)

The clipping technique offers the advantages of simpler and faster processing 
electronics than the conventional correlation technique. With the conventional 
technique, the speckle intensity is sampled and digitized by a multibit A/D and 
then correlated by multiplying the digital signals. Therefore the time scale of the 
technique is serverely limited by the speed of A/D and multiplier required for 
correlation.

Electronically, the clipped signal can be easily obtained by using a analogue 
comparator, and these signals are then multiplied by the logical A N D  operation. 
The speed and simplicity are much more superior and a high-speed correlator 
permitting finer sample time and faster processing is possible.

Let us now look into what the clipping laser speckle correlations are when the 
speckle pattern is fully developed. For the fully developed speckle pattern, the 
joint probability density function is given as follows [Goodman (1975)]:

p { h , h )  = < / > 2(i - k 2|2) exp}_ < / > 2(i - 1«12|2) 

f 2 V V 7 K 2| \X 10

I 1 +  I 2

( . < 7 > * ( 1 - | u 12 |2 ) J  ( 3 '2 4 )

where < I > is average intensity, IQ(x) is the modified Bessel function of the
zero order and |u12| is the modulus of the normalized correlation function of the 
complex amplitude defined as:

<E2E^> I
l«12l =

•/<|£i|>2<|£2|>:
(3.25)
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For the conventional normalized correlation, we have:

<I\h>
< I 1X l 2 >

— 1 + | 1̂2 |2 (3.26)

For single clipping, if we put Eq.(3.24) into Eq.(3.22), after manipulation of the 
integrals, it is found that the normalized clipping correlation function is given as 
follows:

<Idh>
< I c l X l 2 >

= 1 + It

<I> l«12|2 (3.27)

It is easy to derive the conventional correlation function from the single clip­
ping correlation. Moreover, if the clipping threshold is set equal to the average 
intensity, i.e., It =< I >, the single clipping correlation is exactly the same as 
nonclipping correlation.

For double clipping, if we put Eq.(3.24) into Eq.(3.23), after lengthy anal­
ysis, the double clipping correlation can be expressed in terms of the Laguerre 
polynomials:

<Ici/c2> =  y]an\u12\2n
n = 0

It ian = exp(- <h>' n K<h>

where L̂ *\x) is the Laguerre polynomials:

(3.28)

<h> <h>

Ln\x) = exp(x)x ■°'^r[exp(-x)xn+°]n+orl ( ■.29)

Therefore in general, undejvabove clipping scheme, there is no closed form for
'fAe

d̂irect relationship between double clipping correlation and conventional correla­
te
tion. They have different shapes of correlation function.

In spite of the fact that double clipping correlation hâ different shape fromo.
that of the conventional correlation, it can still be used to determine the conven­
tional correlation peak which is a very useful information in velocity and displace­
ment measurement.
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A s  t h e  d e s i g n  o f  a  d o u b l e  c l i p p i n g  d i g i t a l  c o r r e l a t o r  i s  e v e n  s i m p l e r  t h a n  

i t s  s i n g l e  c l i p p i n g  c o u n t e r p a r t ,  i t  i s  f e a s i b l e  t o  b u i l d  s u c h  h a r d w a r e  f o p ^ a b o v e  

m e n t i o n e d  s p e c i a l  p u r p o s e .

T h e  d y n a m i c  r a n g e  o f  m e a s u r e d  d o u b l e  c l i p p i n g  c o r r e l a t i o n  i s :

D  = = <  I d  I c 2  ̂ > u = l  I d  I c 2  ̂  u=0

=  exp( ~ < / k ) ~ ~  exp(_ < ^ )  (3-30)

I n  t h e  e q u a t i o n  w e  h a v e  a s s u m e d  Iti =  It 2 =  It - A s  s h o w n  a b o v e ,  t h e  d y n a m i c  

r a n g e  i s  d e t e r m i n e d  b y  t h e  c l i p p i n g  t h r e s h o l d .  I f  w e  d i f f e r e n t i a t e  E q . ( 3 . 3 0 ) :

d l x  < I >

a n d  s e t  i t  t o  z e r o ,  w e  h a v e :

d D

dlT

d D  1  f  I t  s t 2  2 I t  ^

e x p ( — “ T T 7 - )  +  - n — e x v ( - — F r )< I > ' < I >

=  0, I t  = < / >  In2

< / >
( 3 . 3 1 )

( 3 . 3 2 )

T h i s  i m p l i e s  t h a t  w h e n  t h e  c l i p p i n g  t h r e s h o l d  I t  i s  s e t  t o  < / >  I n 2 ,  t h e  m e a s u r e d  

d o u b l e  c l i p p i n g  c o r r e l a t i o n  h a s  m a x i m a l  d y n a m i c  r a n g e  a n d  h e n c e  h i g h e r  s i g n a l -  

t o - n o i s e  r a t i o .

O n  t h e  o t h e r  h a n d ,  w h e n  w e  t r y  t o  d r a w  i n f o r m a t i o n  f r o m  t h e  m e a s u r e d  

d o u b l e  c l i p p i n g  c o r r e l a t i o n  f u n c t i o n ,  i t  i s  e x p e c t e d  t h a t  t h e  c o r r e l a t i o n  f u n c t i o n  

s h o u l d  h a v e  a  b r o a d  w i d t h .  A s  s h o w n  b y  O h t s u b o  e t  a 1  ( 1 9 8 5 , 1 9 8 8 ) ,  t h e  c o r r e l a t i o n  

w i d t h  i s  a l s o  r e l a t e d  t o  t h r e s h o l d  s e t t i n g  a n d  t h e  o p t i m a l  s e t t i n g  i s  a t  t h e  s i g n a l ’ s  

m e a n  v a l u e .  T h u s  i t  i s  c o n c l u d e d  t h a t  o n e  s h o u l d  m a k e  a  t r a d e - o f f  i n  s e t t i n g  

c l i p p i n g  t h r e s h o l d  b e t w e e n  c o r r e l a t i o n  d y n a m i c  r a n g e  a n d  c o r r e l a t i o n  w i d t h .

I t  i s  p o s s i b l e  t o  d e t e r m i n e  a p p r o x i m a t e l y  | u i 2 |  f r o m  d o u b l e  c l i p p i n g  c o r r e l a ­

t i o n .  M a r r o n  e t  a 1 ( 1 9 8 5 , 1 9 8 6 )  h a v e  p l o t t e d  c u r v e s  o f  <IciIc2 >  a g a i n s t  | z z i 2 1  b y  

u s i n g  E q . ( 3 . 2 8 )  a n d  E q . ( 3 . 2 9 ) .  I t  i s  f o u n d  f r o m  t h e i r  f i g u r e ,  t h e  c u r v e s  r e s e m b l e s  

a  s e c t i o n  o f  a n  e l l i p s e  a s  s h o w n  i n  F i g . 3 . 3 .  I t s  e x t r e m e  v a l u e s  a r e :

<IclIc2>= <Icl><Ic2> 1^121 = 0

I  < i c i  > ;  i f  >  < Ip ><IclIc2>=\ < p >  | u 1 2 | =  l
(3.33)
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A s  c a n  b e  s e e n  f r o m  a b o v e ,  i f  w e  a s s u m e  t h a t  ( Iti /  <  Id > )  >  ( l T 2 /  <Ic2 > ) ,  

t h e  e l l i p s e  i s  t h e r e f o r e  c e n t e r e d  a t  ( 0 ,  < I C 1 > )  a n d  t h e  s e m i m a j o r  a n d  s e m i m i n o r  

a x e s  a r e  t h e r e f o r e  1  a n d  ( <  I c i  >  —  <  I d  > <  I c 2 > )  r e s p e c t i v e l y .  T h e r e f o r e  t h e

e q u a t i o n  f o r  t h e  e l l i p s e  i s  t h e n :

1^1212 +
<  Id Ic2> ~ < Id >  ^ 2

<Id><Ic2> ~ <Id>)

H e n c e  | i / i 2 1  i s  a p p r o x i m a t e l y :

K 2I
<IgIc2> - <Ic 1 >  V

< Ig >< IC2 > ~ <h 1>)

( 3 . 3 4 )

( 3 . 3 5 )

F i g . 3 . 3 .  E l l i p s e  s h o w i n g  a n  a p p r o x i m a t i o n  o f  d o u b l e  c l i p p i n g  

c o r r e l a t i o n  f u n c t i o n .

I f  w e  d e f i n e  t h e  d i f f e r e n c e  b e t w e e n  E q . ( 3 . 2 8 )  a n d  t h e  a p p r o x i m a t e  e x p r e s s i o n  

E q . ( 3 . 3 5 )  a s  t h e  e r r o r ,  i t  i s  f o u n d  t h a t  t h i s  a p p r o x i m a t i o n  i s  m o s t  a c c u r a t e  w h e n  

t h e  c l i p p i n g  t h r e s h o l d  h o l d i n g  t h e  f o l l o w i n g  f o r m u l a :

Iti It2
<Id> <Ic2>

=  ln2 (3.36)
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T h i s  c l a i m  i s  o b t a i n e d  b y  c o m p a r i n g  c u r v e s  p l o t t e d  f o r  e r r o r s  a g a i n s t  | t / i 2 1  f o r  

d i f f e r e n t  c l i p p i n g  t h r e s h o l d s .

C h u r n s i d e  ( 1 9 8 5 )  h a s  a l s o  s h o w n  t h a t  d o u b l e  c l i p p i n g  c o r r e l a t i o n  c o u l d  b e  u s e d  

t o  d e r i v e  a p p r o x i m a t e l y  n o n - c l i p p i n g  c o n v e n t i o n a l  c o r r e l a t i o n  u n d e r  t h e  f o l l o w i n g  

c l i p p i n g  s c h e m e :

j '  _  |  I > I t
c  \  — 1 ,  o t h e r w i s e

w h e r e  I t  i s  t h e  c l i p p i n g  t h r e s h o l d .  C o m p a r i n g  t h i s  s c h e m e  w i t h  t h e  o n e  s h o w n

i n  E q . ( 3 . 2 1 ) ,  u n d e r  t h i s  c l i p p i n g  s c h e m e ,  t h e  d i f f e r e n c e  i n  i m p l e m e n t a t i o n  i s  t o

r e p l a c e  a n  O R  g a t e  f o r  E q . ( 3 . 2 1 )  b y  a n  X O R  g a t e  i n  t h e  e l e c t r o n i c s  s o  t h a t  n o

a d d i t i o n a l  c o m p l e x i t y  i s  i n t r o d u c e d .  U n d e r  t h i s  s c h e m e ,  i f  t h e  c l i p p i n g  t h r e s h o l d

i s  s e t  t o  s i g n a l ’ s  m e a n  v a l u e ,  t h e  r e l a t i o n s h i p  b e t w e e n  d o u b l e  c l i p p i n g  c o r r e l a t i o n

a n d  | u i 2 |  c a n  b e  a p p r o x i m a t e l y  e x p r e s s e d  a s :

( 3 . 3 7 )

| u i 2 1  =  1 . 1 2 3  s i n
77 < -̂ ci Ic2 >

2
0 . 1 2 3 ( 3 . 3 8 )

A s  s h o w n  b y  M a r r o n  e t  a 1  ( 1 9 8 6 )  t h a t  t w o  c l i p p i n g  s c h e m e s  h a v e  l i n e a r  r e ­

l a t i o n s h i p  a n d  t h e r e f o r e  t h e y  a r e  e q u i v a l e n t .  T h e  f i r s t  m e t h o d  o f  a p p r o x i m a t i o n  

i s  m o s t  a d e q u a t e  w h e n  t h e  c l i p p i n g  t h r e s h o l d  i s  s e t  t o  < I C >  - I n 2 ,  w h i l e  f o r  t h e  

s e c o n d  m e t h o d  o f  a p p r o x i m a t i o n  i s  a c c u r a t e  o n l y  w h e n  t h e  c l i p p i n g  t h r e s h o l d  i s  

e q u a l  t o  s i g n a l ’ s  m e a n  v a l u e .

A s  w i t h  t h e  c l i p p e d  i n t e n s i t y  t e c h n i q u e ,  t h e  p h o t o n  c o u n t s  c l i p p i n g  c o r r e l a t i o n  

t e c h n i q u e  i s  a l s o  a  w a y  t o  o v e r c o m e  d i f f i c u l t i e s  i n  m a k i n ^ f a s t  r e a l  t i m e  c o r r e l a t o r .  

T h e  c l i p p e d  p h o t o n  c o u n t s  a r e  d e f i n e d  a s :  ^

n q { t )  =  1 ,  n ( t )  >  q

< ( 3 . 3 9 )

n q ( t )  =  0 ,  o t h e r w i s e

L i k e  t h e  i n t e n s i t y  c l i p p i n g  t e c h n i q u e ,  t h e  p h o t o n  c o u n t s  c l i p p i n g  t e c h n i q u e  

c a n  b e  d i v i d e d  i n t o  s i n g l e  a n d  d o u b l e  c l i p p i n g  t e c h n i q u e s .  F o r  s i n g l e  c l i p p i n g ,  

t h e  c l i p p e d  c o r r e l a t i o n  h a s  t h e  f o l l o w i n g  r e l a t i o n s h i p  w i t h  t h e  f i e l d  c o r r e l a t i o n
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f u n c t i o n :

< n g ( 0 )  n ( t ) >  

< n q > < n >
1 +  q

1 +  < n >
M 2 ( 3 . 4 0 )

w h e r e  <  n  >  i s  t h e  m e a n  c o u n t s ,  I f  t h e  c l i p p i n g  t h r e s h o l d  i s  s e t  t o  t h e  m e a n  c o u n t s ,  

t h e n  s i n g l e  c l i p p i n g  p h o t o n  c o r r e l a t i o n  i s  e q u a l  t o  n o n c l i p p i n g  p h o t o n  c o r r e l a t i o n .

F o r  d o u b l e  c l i p p i n g  t e c h n i q u e ,  o n e  m e a s u r e s  <  n q i ( 0 ) n q 2 ( t )  > .  G e n e r a l l y  

s p e a k i n g ,  d o u b l e  c l i p p i n g  c o r r e l a t i o n  h a s  a  c o m p l i c a t e d  r e l a t i o n s h i p  w i t h  t h e  n o n -  

c l i p p e d  p h o t o n  c o r r e l a t i o n  [ J a k e m a n  ( 1 9 7 4 ) ] .  I t  i s  h a r d  t o  d e r i v e  i n f o r m a t i o n  

a b o u t  I'M  1 2 1• H o w e v e r ,  s i m i l a r  t o  i n t e n s i t y  c l i p p i n g  t e c h n i q u e ,  t h e  p h o t o n  c o r r e ­

l a t i o n  p e a k  c a n  s t i l l  b e  f o u n d  f r o m  t h e  m e a s u r e d  d o u b l e  p h o t o n  c o u n t s  c l i p p i n g  

c o r r e l a t i o n .

I n  a  s e n s e ,  t h e  p h o t o n  c o u n t s  c l i p p i n g  i s  v e r y  m u c h  s i m i l a r  t o  i n t e n s i t y  c l i p ­

p i n g  t e c h n i q u e .  H o w e v e r ,  p h o t o n  c o u n t s  c l i p p i n g  t e c h n i q u e  i s  f e a s i b l e  w h e n  t h e  

d e t e c t e d  l i g h t  f i e l d  i s  v e r y  w e a k ,  s u c h  a s  i n  s t e l l a r  i n t e n s i t y  a n a l y s i s  i n  w h i c h  c a s e  

t h e  d e t e c t i n g  p r o c e d u r e  i t s e l f  i s  p h o t o n  c o u n t i n g .

§3-3-2: Scaling-C lipping Correlation

C l i p p i n g  m e t h o d s ,  i n c l u d i n g  i n t e n s i t y  a n d  p h o t o n  c o u n t s  c l i p p i n g ,  h a v e  t h e  

d i s a d v a n t a g e  o f  b e i n g  r e s t r i c t e d  t o  c a s e s  i n  w h i c h  t h e  G a u s s t a n  a p p r o x i m a t i o n  

a p p l i e s .  O n l y  a  f e w  e x p r e s s i o n s  f o r  t h e  r e l a t i o n  b e t w e e n  c l i p p e d  a n d  c o n v e n ­

t i o n a l  c o r r e l a t i o n  a r e  d e r i v e d  f o r  c o m p l e t e l y  c h a r a c t e r i z e d  f i e l d  s t a t i s t i c s ,  s u c h  a s  

G a u s s a i n  s t a t i s t i c s .  I n  c a s e s  i n  w h i c h  t h e  G a u s s i a n  a p p r o x i m a t i o n  b r e a k s  d o w n ,  

i t  i s  v e r y  d i f f i c u l t  t o  a n a l y z e  t h e  u n k n o w n  s t a t i s t i c s  f r o m  t h e  m e a s u r e d  c l i p p i n g  

c o r r e l a t i o n  w h i c h  h a s  a  u n k n o w n  r e l a t i o n s h i p  w i t h  c o n v e n t i o n a l  c o r r e l a t i o n .  A s  

s u g g e s t e d  b y  K o p p e l  e t  a 1  ( 1 9 7 3 ) ,  t h e  s c a l i n g - c l i p p i n g  m e t h o d  c a n  b e  u s e d  h e r e .

I n  t h e  s c a l i n g  m e t h o d ,  o n e  m e a s u r e s  <  r i o ^ ( 0 )  n ( t )  > ,  w h e r e  i s  t h e  s o  

c a l l e d  s c a l e d - c l i p p e d  p h o t o n  c o u n t s , i . e . ,  f o r  e v e r y  s  i n p u t  p u l s e s  t h e r e  i s  o n e  

o u t p u t  p u l s e ,  t h e  s c a l e d  p h o t o n  c o u n t s  a r e  d e n o t e d  a s  n ^ 3 \  t h i s  s c a l e d  p h o t o n  

c o u n t s  a r e  t h e n  c l i p p e d  a g a i n  s a m e  a s  m e n t i o n e d  b e f o r e  t o  g i v e  s c a l e d - c l i p p e d
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p h o t o n  c o u n t s .

A s  d e f i n e d  i n  p h o t o n  c o u n t s  c l i p p i n g :

n q ( t )  =  1 ,  n ( t )  >  q

n q ( t )  =  0 ,  o t h e r w i s e

( 3 . 4 1 )

I t  i s  o b v i o u s  t h a t : oo
^  <  n g ( 0 )  n ( t )  > = <  n ( 0 )  n ( t )  >  ( 3 . 4 2 )

9 = 0

T h i s  i m p l i e s  t h a t  b y  a v e r a g i n g  o v e r  a  s u f f i c i e n t l y  l a r g e  n u m b e r  o f  c l i p p i n g  l e v e l s ,  

t h e  c o n v e n t i o n a l  c o r r e l a t i o n  f u n c t i o n  c a n  b e  r e c o v e r e d .

I t  i s  e a s y  t o  r e l a t e  s c a l e d - c l i p p e d  c o r r e l a t i o n  w i t h  c l i p p i n g  c o r r e l a t i o n  b y  t h e  

f o l l o w i n g  e q u a t i o n  [ K o p p e l  e t  a 1  ( 1 9 7 3 ) ] :

„ w (o) n W > = g < M ° H * ) ><
9 = 0

I f  s  — > o o ,  b e a r i n g  i n  m i n d  E q . ( 3 . 4 2 ) ,  w e  h a v e :

< noS)(0) n (t)  >==
< n ( 0 )  n ( t )  >

( 3 . 4 3 )

( 3 . 4 4 )

T h u s ,  w h e n  t h e  s c a l i n g  s c a l e  i s  v e r y  l a r g e ,  t h e  s c a l e d - c l i p p e d  c o r r e l a t i o n  i s  p r o p o r ­

t i o n a l  t o  t h e  c o n v e n t i o n a l  c o r r e l a t i o n  r e g a r d l e s s  o f  t h e  f i e l d  s t a t i s t i c s .  T h i s  t e c h ­

n i q u e  h a s  t h e  a d v a n t a g e s  o f  e a s y  i n t e r p r e t a t i o n  o f  t h e  m e a s u r e d  s c a l i n g - c l i p p i n g  

c o r r e l a t i o n  t o  c o n v e n t i o n a l  c o r r e l a t i o n  a s  o p p o s e d  t o  t h e  d o u b l e  c l i p p i n g  t e c h ­

n i q u e .

T h e  p r o b l e m  w i t h  t h i s  t e c h n i q u e  i s  t h a t  t h e  s c a l i n g  s c a l e  m u s t  b e  v e r y  l a r g e  

b o t h  p h y s i c a l l y  a n d  m a t h e m a t i c a l l y  t o  m a k e  E q . ( 3 . 4 4 )  v a l i d .  O n  t h e  o t h e r  h a n d ,  

t h e  d e t e c t e d  f i e l d  p a r t i c u l a r l y  a t  l o w  l i g h t  l e v e l ,  s u c h  a  h i g h  s c a l i n g  s c a l e  w o u l d  

m a k e  t h e  s i g n a l  t o  n o i s e  r a t i o  v e r y  p o o r .  T h e r e f o r e  i n  p r a c t i c e ,  i t  i s  t r i c k y  t o  

f u l f i l l  t h e  s c a l i n g  s c h e m e .

§3-4: Multichannel Optical Correlator

I n  r e a l - t i m e  s i g n a l  p r o c e s s i n g  a n d  o p t i c a l  c o m p u t i n g ,  a  f a s t  m u l t i c h a n n e l  

c o r r e l a t i o n  s y s t e m  i s  n e e d e d .  T h e  m u l t i c h a n n e l  o p t i c a l  c o r r e l a t o r  i s  o n e  o f  t h e
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competitors among those including digital processing techniques to perform this 
task.

A multichannel optical correlator can be built utilizing acousto-optic [Berg et 
a1 (1983), Casasent (1985)], magneto-optic [Davis et a1 (1987)] devices and liquid 
crystal televisions [Yu et a1 (1988)]. They serve as signal bearing devices and 
convert time-varying signals into spatially distributed ones which are easily read 
out by a light beam. Several operations such as correlation and convolution then 
can be performed. The time delay and timing order can of course be manipulated 
by controlling the outside conditions. In the following example, we will briefly 
mention how an acoqjo-optic correlator works.

P1 L1 P2 L2 P3 L3 P4

Fig.3.4. Schematic diagram of a multichannel acousto-optic 
correlator.

The principle of an acousto-optic correlator can be understood from Fig.3.4. 
The time-varying signal f(t) is fed into a signal bearing cell, such as an acousto­
optic cell. This time dependent signal is then converted into a spatial one as 
the grating is formed when the signal travelling through the cell with time. This
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spatially distributed signal can be written as f(vt + x), where v is the velocity of 
sound. When a collimated beam passing through this cell, it will read out this 
spatial information and it will be imaged onto the second cell which stores the 
signal h[v(t + r) + x] being correlated with or in real time is being injected a 
signal. After the beam having past the second cell, it picked up the information 
of either correlation or convolution of the two signals depending on the order in 
which the second signal being injected and stored.

By replacing the reference channel of the above mentioned multichannel op­
tical correlator with a magneto-optic spatial light modulator, we can take many 
advantages offered by this device. It has a number of favourable qualities for 
optical processing including a large number of parallel channels, infinite delay 
range and fast updating of the entire pattern when required. It is also pro­
grammable and does not have to be updated all the time. However, the problems 
with magneto-optic devices are the cross talk between channels and complicated 
electronic circuits needed to fulfil the task.

If liquid crystal televisions are used as the signal bearing cells, they offer sev­
eral advantages such as being compact and cheap, addressable and easy to control. 
The disadvantages of using liquid crystal televisions are their low resolution (which 
limits the spatial carrier frequency) and slower response time.

In implementing the multichannel optical correlator, several practical con­
straints should be borne in mind: cross-talk, uniformity of laser beam, inherent 
gratings due to acousto-optic and magneto-optic devices themselves, etc. As can 
be seen, optical approaches are less accurate compared with their digital counter­
parts, but their parallel nature and great potential in real time signal processing 
make them the promising candidates in widespread applications where speed is 
the priority. For example, a multichannel optical correlator can be used to perform 
discrete Fourier transform [Goodman et a 1 (1978), Huang et a I (1988)], pattern 
recognition, etc.
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§3-5: Concluding Remarks

Photon correlation techniques provide a powerful way to measure the exact 
correlation function at very low light level. They also offer a way to reconstuct 
a less noisy correlation by certain algorithms in imaging through turbulence. To 
overcome difficulties in making a very fast correlator capablê measuring very high 
fluctuation frequencies, clipping techniques may be used.'^One can either clip 
the intensity or photon counts depending on the incident light level. However, 
only single clipping techniques can give the exact measurements of incident in­
tensity correlation functions for Gausscan statistics at the expense of relatively 
complicated circuitry. Double clipping techniques can be used to estimate certain 
properties of detected light including the correlation peak but still the techniques 
are restricted to Gaussian statistics. As far as real-time signal processing is con­
cerned, a fast multichannel correlator is of practical importance. Optical devices 
offer such possibities but are still subject to certain practical constraints.

We used photon correlation techniques for measuring and analyzing statistical 
properties of light scattered by dense random media and stellar image fluctuations 
in which cases the light intensities are very weak. In the following chapter, we 
shall concentrate on the technique by evaluating a multi-anode micro-channel 
plate photomultiplier tube as the detector for the photon correlation technique.
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Chapter 4

Evaluation of a Micro-Channel Plate Photomultiplier 

Tube For Photon Counting and Photon Correlation

§4-1: Introduction

On the whole, the detector is the key part which has the greatest influence 

on a photon correlation system. Usually, a photomultiplier tube (PMT) is chosen 

as the photon event detector. A P M T  is a device which can convert the inci­

dent electromagnetic field into pulses of charge at the anode. When the incident 

field is falling on the photocathode, the photoelectrons are emitted from the pho­

tocathode and they in turn release more electrons from the following secondary 

emission material (individual dynodes or continuous electron-multiply channel). 

The multiplied electrons are collected by the anode. At low light level, the output 

pulse overlap effect is insignificant and the output pulses are uniquely related to 

the incident photon events.

§4-1-1: General Parameters of a PMT

Because the P M T  is a secondary emission device, its properties can be de­

scribed by statistical parameters which can decide the effectiveness of use of the 

PMT. Foord et a1 (1969) have evaluated a number of PMTs for applications in 

experiments where the counting of individual photoelectrons is necessary or ad­

vantageous. Generally, the following parameters are important when a P M T  is 

used for detecting photon events and in photon correlation measurements.

(1). Pulse Height Distribution

Physically, the gain of a P M T  is defined as the number of output electrons 

stimulated by a single input event. The gain is not fixed quantity because the 

secondary emission process is a random process. The variation of the gain can be 

described by studying the charge distribution of the output pulses. We call this
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charge distribution a pulse height distribution. It can be used to determine the 

optimum operating parameters of P M T  for pulse counting measurements under 

different experimental conditions.

The pulse height distribution can be measured with a multi-channel analyzer 

[Stanford (1965)] consisting of a charge-sensitive preamplifier and a pulse-height 

analyzer, or alternatively, one can just measure the output counting rate against 

applied voltage (or gain) curve to choose the best operating parameters.

(2). Quantum Counting Efficiency (QCE)

An ideal P M T  would be expected to count photons with an efficiency equal 

to its photocathode quantum efficiency which depends upon the individual pho­

tocathode and incident wavelength. There are several reasons for the discrepancy 

between the total counting efficiency of the P M T  and its photocathode quantum 

efficiency. These reasons are the loss in the multiplier chain, the loss in the input 

electron optics, dead time in the P M T  or asociated electronic circuits, etc. The 

basic way of measuring QCE is to measure the pulse count rate, multiply it by 

the photon energy and divide by incident power. A number of papers [Foord et 

a1 (1969), Poultney (1972), Labes et al (1971)] have described the QCE and its 

measurements. Mathematically,

Count rate x Photon energy (hu)
QCE (a) = x 100%

Incident power

which can be obtained by measuring each variable in the formula.

(3). Spurious Pulse Characteristics

The spurious pulses include dark count pulses, afterpulses and tube scintilla­

tion pulses. “Dark” pulses axe those observed when the P M T  is operated in total 

darkness. Afterpulses are spurious output pulses that are time correlated with the 

signal pulses. Afterpulses are generally of lesser amplitude than the signal pulses 

and occur right after the initiating pulses. Scintillation pulses are caused by light 

flashes that originate in the P M T  structure, primarily in the faceplate and they
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are usually produced by an interaction between luminescent centers within the 

glass and radiation of sufficient energy to produce a scintillation.

These spurious pulses can be partially eliminated by sending all the pulses 

through an amplifier-discriminator system which will reject the pulses whose 

height are lower than a certain threshold.

(4). Time Characteristics

In photon statistics experiments the time properties of a P M T  are very im­

portant [Pike (1970)]. Leskovar et aI (1975), Bebelaar (1986) have described the 

time property measurement in detail. The times taken by photo electrons to travel 

from the photocathode to the anode (transit times) fluctuate. This gives rise to 

a transit time spread. The time resolution capabilities are essentially determined 

by the random deviations in the transit time of electrons, i.e. the transit time 

is spread over a period. Generally the value of the transit time spread depends 

on the P M T ’s geometric characteristics, its operating conditions, and the number 

of electrons emitted from the photocathode. Since in measuring the time spread 

function the measurements vary approximately inversely with the square root of 

the number of photoelectrons, the time behaviour information of single photoelec­

tron is of particular importance when predicting the transit time spread for an 

arbitrary number of photoelectrons. Consequently, the single electron time per­

formance is the best parameter for describing the characteristics of P M T  electron 

transit time spread. There are a number of papers [Boutot et aI (1978), Lo et a1 

(1974,1981a) Artem’ev (1968), Hussain et a1 (1980), Poultney (1972), O ’Connor 

et a1 (1984)] which give detailed experiments of single photoelectron timing per­

formance measurement. Of course, in such measurements a fast light source is 

necessary. The light-emitting diode (LED) is a very inexpensive light source for 

this purpose.

Chapter 4
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§4-1-2: M icro-C hannel Plate PMT (M CP-PM T)

With the advent of the micro-channel plate (MCP) photomultiplier tube 

(PMT), a lot of attention has been given to the applications and performance 

evaluation [e.g. Oba et al (1979)] of this device. The M C P - P M T  offers the pos­

sibility of combining the advantages of both photographic and photoelectronic 

system. Namely, the M C P - P M T  has abilities to gather spatial information with 

its multi-anode array and is sensitive and linear to the incident intensity. In 

particular, M C P - P M T  has photon counting capability and a low dark count rate.

The M C P - P M T  is essentially a large number of photomultipliers with par­

tially independent signal channels arranged in close proximity in a single vacuum 

envelope. The tubes with a matrix anode design have the advantage of getting 

spatial information quite easily. Dhawan (1981) has given a very good introduc­

tion to MCP-PMTs. The M C P - P M T  is different from the conventional P M T  in 

the dynode structure for electron multiplication. In a conventional PMT, discrete 

dynode structures are adopted, while a continuous dynode structure (channel) is 

used in a MCP-PMT. As far as focusing photoelectrons from the photocathode 

to the front end of M C P  is concerned, there are two ways to perform this. One is 

called proximity-focusing and the other electrostatic-focusing. The former kind 

focuses electrons only by putting^hotocathode and M C P  close enough, whereas 

the latter uses a electron-optical lens to fulfill the focusing task; this offers better 

image quality and higher resolution but at the expense of being more bulky.

The M C P - P M T  has several features resulting from the characteristics of the 

MCP. The detailed features of MCPs have been given by Manley et al (1969) and 

there have been some reports [Oba et al (1979), Lo et al (1977,1981b)] on the 

performance of MCP-PMTs. Here we summarise the main points:

(1). Advantages:

(a). It has the versatility of high gain, low noise, high speed.
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(b) . With an MCP-PMT, it is possible [Timothy et a1 (1975a,1975b,1979)] to 

get linear or two-dimensional information on^photon distribution falling on the 

photocathode.

(c) . It has been reported [Lo et a1 (1977,1981b)] that M C P - P M T  is immune to 

the magnetic field.

(d) . The time resolution capability of M C P - P M T  (~ 3 — 5 nsec) is better than

that of the conventional P M T  „ This has been reported by several

authors [Bebelaar (1986), Oba et al (1981), Lo et a1 (1977,1981b)]. The transit 

time spread of aa.MCP-PMT is small and with this feature, atiMCP-PMT can be 

used for time-correlated photon counting technique [O’Connor et al (1984)].

(2). Disadvantages:

(a) . The life of the tube is fairly short.

(b) . It has a exponential pulse height distribution and that will cause a disturbing 

effect of scintillations, particularly at very low light level. Therefore, high gain 

and operation in saturation mode is necessary to bring signal pulses of different 

heights to a certain level of similar height. Two MCPs in one tube can ensure 

high gain and saturation mode.

(c) . Since an M C P - P M T  is an assembly of channels fused together, variation in 

the channel’s diameters and structure will introduce non-uniformity.

(d) . M C P  has a longer local dead time than the ordinary PMTs.

(e) . Cross-talk between channels is rather serious.

An M C P - P M T  can be operated in several modes and this has been sum­

marised by Lakes et al. It will be used in photon counting mode in our exper­

iments. When an M C P - P M T  is operated in photon counting mode, as far as 

photon counting and correlation are concerned, the following parameters are of 

particular importance.

(1). Gain and Dark Count

The gain of an M C P - P M T  is a function of the length to diameter ratio of

Chapter 4
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channels, the multiplier voltage, the penetration of the output electrode into the 
channels, the secondary emission coefficient of the channel walls, and the initial 
energy of secondary electrons. With the ready-made tube, the only factor we can 
control for the gain is the applied voltage. When the applied voltage is high, the 
gain is high and so is the output. However, the dark count is high too. If the 
applied voltage is low, although the dark count is veiy small, the output signal 
is sometimes too weak to be detected. So, there is a trade-off between the gain 
and dark count. The applied voltage should be carefully chosen to make a good 
compromise among the parameters. Also the signal-induced background should 
be considered. But this is normally negligible when the detector is operated in 
photon counting mode.

(2) . Dead Time

During the dead time interval, the tube will have no response to the incident 
events. With an MCP-PMT, the main reason for the dead time is that the M C P  
needs time to restore the charge to the used channels by means of the bias current.

The dead time can be measured by observing phenomena occuring after illu­
minating all the channels using a high intensity pulse sufficiently shorter than the 
dead time. Another way of measuring dead time is to measure the time interval 
between two successive pulses. In this case, the pulse rate should be in excess 
of maximum counting rate at that particular intensity. The above two methods 
are rather straightforward, but high precision apparatus is needed, for example, 
a very-short-width pulse generator and a high frequency observing oscilloscope. 
On the other hand, the dead time can be found by analyzing^etected photon 
counting distribution induced by an incident intensity which would produce a 
Poisson photon counting distribution if there were no dead time effects. This will 
be discussed in §4-2.

(3) . Spatial Resolution

The basic limitation to resolution obtainable fron^MCP-PMT is the channel

C h a p t e r  4
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and anode spacing. In our case the spatial resolution can be represented by the 
relationship between output from a row of anodes and position of a incident light 
scanning slit which is parallel to the row of anodes.

(4). Cross-Talk

Because of the imperfectness of the electron optical focusing system inside 
the tube and interference between the anodes, the output from the one anode will 
influence the output from an adjacent anode.

Apart from the parameters mentioned above, some parameters given in §4-1-1 
are also of importance. The definitions and measuring methods for a M C P - P M T  
are the same or similar as the conventional P M T  given before.

§4-2: Evaluation of an MCP-PMT for Photon Correlation

The Hamamatsu R2519 photomultiplier tube is an M C P - P M T  with a matrix
of 100 anodes. It has an S-20 photocathodevwith a specified maximum sensitivity

trf dfâvefev' 2owm ,
of 64mA/W at the wavelength of 420nm. Its focusing method is electrostatic and 
the system magnification is 0.8. Each individual anode can detect the photon 
events incident on a small corresponding region of the photocathode. Therefore, 
by making full use of these anodes,both temporal and spatial information of pho­
ton events can be picked up simultaneously. In analyzing time-varying images 
such as speckle patterns and scintillation of the star light due to atmospheric tur­
bulence, the space-time correlation can be measured and used to deduce certain 
features of both light sources and turbulent media [Dainty et a1 (1981)].

§4-2-1: M C P-PM T Evaluation

Among a hundred (10 x 10) anodes, forty-eight were connected with wires 
as shown in Fig.4.1(a) and they were ready for being connected to the output 
electronic circuits. As shown in the Fig.4.1(b), each anode was inserted into a 
spirally twisted wire and they were soldered together with a great deal of careful
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work. Seven of forty-eight connected anodes were connected with BN C  outputs 
and their spacings were arranged such that different spatial information could be 
obtained.

o o o o © © o o o o

o o o o © © o o o o

o o o © © © © o o o

o o © 7® © © © o o

© © © © © © © © © ©

e © ®4 © 3(S) ® 2 © © 1(§) ©

o o © © © © © © o o

o o o © © © 5 © o o o
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o o o o © © o o o o

<t>) (  (  r  f  (  (  r

Fig.4.1. Schematic diagram of anode connections, (a). Forty- 
eight anodes were wired out and seven of them were 
connected to BNC connectors, (b). Each anode was 
soldered out with a spirally twisted wire.

Several parameters which are important for photon correlation measurements 
are evaluated. The operating performance of this M C P - P M T  and measurements 
of the detected auto-correlation and space-time correlation of a randomly varying 
speckle pattern axe also given below.
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(1). Quantum Counting Efficiency (QCE)

Q C E  is the combination of both Quantum Efficiency (QE) ofiphotocathode 
and Collection Efficiency (CE) of botlĵ focusing system and MCP. The incident 
photons on the photocathode cause a certain number of photo electrons to be 
emitted, which is governed by the QE of the photocathode. Due to inefficiencies 
of collection, a certain amount of the photoelectrons are lost within the tube and 
only a fraction of the electrons are finally collected by the anodes. In our case, 
the QC E  is found to be substantially lower than the QE of the photocathode. As 
Fig.4.2. shows below, QCE was measured against applied voltage across the M C P  
for central and side located anodes when the incident light was at the wavelength 
of 632.8nm. At the typical operating point (2.1kV), the QC E  is about 0.16%, 
while the QE of the photocathode is given by the manufacturer as about 4.8% at 
this wavelength. The error of the measurements was determined by the power 
meter and its calibration for the particular wavelength.

Q C E  (%) X = 632.8nm

0.5

0.4 

0.3 

0 .2  

0 .1  

0 .0

1.6 1.7 1.8 1.9 2.0 2.1 2.2 2.3 (kV)

Fig.4.2. Measured Q C E  against voltage applied across the M C P  
at 20°C.
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Dark Counts/S

(a)

(b)

Fig.4.3. (a). Dark counts versus voltage applied across the 
M C P  at 20° C with the threshold equal to zero.
(b). Correlation function showing afterpulsing effect. 
Sample time T = 100 ns, peak value is (7(0) = 0.38, 
average number of photon counts per sample time is 
< n > =  1.1 x 10-3.

(2). Dark Counts and Afterpulsing

Fig.4.3.(a) shows that the dark counts are quite low, and some of them can 
be removed by thresholding. For different anodes, the dark counts are slightly
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different. The low dark count may be at the expense of low QC E  and long 
dead time as shown later. Afterpulses are spurious output pulses that are time 
correlated with the signal pulses. Afterpulses are generally of lesser amplitude 
than the signal pulses and occur soon after the initiating pulses. A time auto­
correlation peak can be observed in Fig.4.3.(b) caused by the afterpulsing effect. 
This correlation function was measured using a very short sample time of 100 ns 
for an the incident light field with Poisson statistics, which implies that the light 
field has constant classical intensity and has normalised auto-correlation value 
of zero. The peak value of the correlation function (normalized in the sense of 
Eq.(4.3) below) C(0) is 0.38 and the average photon counts per sample time 
< n >  is 1.1 x 103. The correlation length is spread over the first three channels 
of delay time, corresponding to 300 ns, or 3.3 MHz. Therefore, to avoid the 
afterpulse effect on correlation measurements, this tube should be used to measure 
frequencies not more than 3 MHz.

(3). Pulse Height Distribution

For an M C P - P M T  operating in linear gain mode, the output pulse height 
distribution is exponential. This causes difficulties in choosing the threshold volt­
age of the discriminator, for example to eliminate low height noise afterpulses. 
To overcome these difficulties, it is necessary to operate in gain-saturated mode 
so that the smaller signal pulses are amplified to the same level as large satu­
rated signal pulses while a gap still remains between the heights of signal and 
noise pulses. Therefore all the signal pulses are expected to have similar pulse 
height at the output. By taking advantage of the difference between signal and 
noise pulses, a threshold voltage can be chosen to eliminate noise pulses and a 
higher signal-to-noise ratio can be obtained. To evaluate the pulse height distri­
bution and obtain the best operating parameters, we measured the pulse counting 
rate versus applied voltage applied to the M C P  for different threshold voltages of 
amplifier/discriminator, as shown in Fig.4.4.
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Counts/S

Fig.4.4. Pulse counting rate against discriminator threshold at 
various voltages applied across the MCP.

A fairly good pulse height distribution can be inferred from the fact that a
large portion of each curve is plateau. According to Fig.4.4., the horizontal part
should be taken as a reference for settinj^mptimum operating parameters. In our

ike
case, an applied voltage of 2.1 KV for the M C P  and a threshold voltage of 30 m V  
for the amplifier/discriminator are chosen as the best operating parameters.

(4). Maximum Counting Rate

When the tube is operated in photon counting mode, the incident light power 
should be kept low. The output counting rate decreases if the incident power is 
too high because of paralysable dead time effects. Therefore it is very important 
to keep the incident power to a certain low level so that the photon events can 
be counted correctly. Fig.4.5 shows the relationship between counting rate and 
incident intensity on the photocathode in cases of white and red (A = 632.8nm) 
light. In both cases, the maximum counting rate was found to be 45 KHz.
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Counts/S
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Counts/S

(b)

Fig.4.5. Counting rate versus incident intensity from a single 
anode for (a), white light and (b). light at A = 
632.8nm.

From these Figures, it is found that the counting rate has a linear relationship 
with the incident power up to a counting rate of approximately 30 KHz. As the 
incident power increases, the counting rate reaches its maximum and decreases 
thereafter because of the paralysable dead time effects. A suitable incident power 
range can be indicated from the curves in order to keep the tube operating in 
photon counting mode. This range is rather small compared with that for the 
ordinary PMT.
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(5). Dead Time

We axe here discussing the M C P - P M T ’s local dead time which is the time 
taken to recharge a single micro-channel. The dead time of this particular MCP- 
P M T  is long due to the fact that a long time is needed to restore the charge to the 
used channels. The dead time was measured by measuring the photon counting 
distribution P(n, T), which is the probability distribution of counting n photons 
during the sample time T. As defined fw §2 (2 -2°) :

(n -f- 1 )P(n “1" 1?T)F(n) = (4.1)P(n,T)
F(n) can then be calculated from the measurements of P(n,T). It has been 
pointed out [Johnson et a1 (1966)] that for coherent incident light with Poisson 
statistics and with the sample time T much longer than dead time t<£,

r(n) = ---n + n0{ 1 +  -— ) (4.2)1 1 rp

where < n > is the observed average number of counts per sample time T. The 
above relationship allows us to calculate dead time if < n > and T are known. 
The typical results are in Fig.4.6 with measured local dead time of about 4.4 ps.

(6). Cross Talk

When the photocathode is illuminated by light through a fine pinhole over 
a small area corresponding to one anode, the signal pulses are not only detected 
from this anode but also from the adjacent anodes. The cross talk is defined as the 
ratio of detected signals from adjacent anodes to that from the illuminated anode. 
There are two main causes responsible for the cross talk. One is the spreading 
of photoelectrons inside the tube, the other is the capacitance effect between the 
anodes. The measurement shown in Fig.4.7.(a) was made by scanning a pinhole 
image across the photocathode and the photon counts were recorded from one 
anode.

The spread over a certain area is mainly due to the focusing system and the 
spread inside the MCP. This also indicates that the anode is collecting signal
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(a)

1 2 -
F(n)

F(n)=-0.03n+7.12
8 -

J3L»rnn ^ L i |riU n n B u y a y

4"
(b)

0 H--- 1--- 1--- •--- 1---'--- 1--- >---1—
0 4 8 12 1 6 (n)

Fig.4.6. (a). P(n,T) measured with sample time T = 2.0 x 
10_3(s) and average photon counts per sample time 
N = 6.8. (b). F(n) calculated from P(n,T) giving a 
best fit to the line F(n) = 0.03 n + 7.12, the implied 
dead time is = 4.4 ps.

from an area of about 2mm diameter circle on the photocathode. This spatial 
averaging effect, as discussed later, may severely degrade the contrast of measured 
correlation functions. In addition to the reason for cross talk mentioned above, 
the capacitance between the anodes also gives rise to cross talk among detecting 
channels. As Fig.4.7.(b) shows, the cross-correlation between two nearest anodes 
was measured at a very high sampling frequency (2 MHz) when the incident light
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- 8 - 6 - 4 - 2 0  2 4 6 8 (mm)

(a)

(b)

Fig.4.7. (a). Results of scanning a 0.2 mm diameter pinhole im­
age across photocathode; (b). Cross-correlation mea­
sured with a Poisson incident light beam showing a 
capacitative cross-talk.

was spatially uniform and had Poisson statistics. In this case, the light field did 
not introduce cross-correlation between two channels and the correlation value 
was caused by the correlation between the original signal from one anode and 
capacitance-induced signal from the other anode. There appears a sharp peak at 
very high frequency and a rather long tail following the peak. This peak covers the 
first two channels of delay time, this is corresponding to a frequency of 1 MHz. 
Therefore it is clear that the capacitance between the anodes is quite large and
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the capacitance-induced cross talk becomes dominant at very high frequency, i.e., 
above 1 MHz.

§4-2-2: Performance of the MCP-PMT for Photon Correlation

This M C P - P M T  was used to measure the correlation function of the time- 
varying images. Let us recall the following formula stated in Chapter 3:

< n(t, T)n(t -f r, T) > _ < I(t, T)I(t + r, T) >
< n > 2 ~  < J > 2

where n(t,T) is the photon counts at time t over a period of T, I(t,T) is the 
intensity at time i, and r is the time delay. The angle brackets represent an en­
semble average which for a stationary ergodic random process can be replaced by 
a time-average. The formula has a very important meaning: an unbiased esti­
mate of the intensity correlation function can be obtained by means of correlating 
photon counts. In our case, the M C P - P M T  is used to count photon events and 
these counts are then correlated by a digital correlator (Langley-Ford DC128). 
By making full use of an array of anodes, both autocorrelation and space-time 
correlation can be measured. The experimental setup is as in Fig.4.8.; the corre­
lation function of the speckle pattern produced by a rotating disc is measured in 
the far field by the M C P - P M T  system.

The results are shown in Fig.4.9. As mentioned earlier, the contrast was 
severely degraded by the finite detecting area. Fig.4.9.(b) shows that the contrast 
has been enhanced to unity by mounting a pinhole over one element as opposed to 
that in Fig.4.9.(a) without a pinhole. Figures 4.9.(c) and 4.9.(d) show the cross­
correlation in x and y direction. The two-dimensional cross-correlation can be 
made quite easily by the tube. The speckle patterns produced in our experimental 
setup are expected to be Qaussian. The temporal and spatial correlation functions 
aregaussian furctions and the correlation measurements shown in the Fig.4.9 were 
fitted with Qaussian functions. This indicates that the temporal properties can be 
accurately measured by this M C P - P M T  despite the fact that the speckle contrast 
is degraded in the measurements.
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(Ground glass)

Fig.4.8. Experimental setup for measuring correlation function.

§4-3: Concluding Remarks

The M C P - P M T  has a good pulse height distribution and low dark count if 
it is operated optimally. It is a suitable candidate for detecting extremely low 
light intensity such as in analyzing single photoelectron time behaviour where 
the global dead time is a key parameter. The MCP-PMT has extremely small 
global dead time when it is used to detect very low level intensity. This is due 
to the fact that a huge number of micro-channels are built within a small area 
and a series of single photons can be detected and multiplied by different micro­
channels within a very small time spread. The main drawbacks of this tube are 
due to the fundamental characteristics of MCP, such as long local dead time and 
low detection efficiency. Together with the long local dead time, both afterpulsing 
and cross talk limit the tube for measurement of frequencies up to 1 MHz. On the 
other hand, the finite detection area can severely degrade the contrast of photon 
correlation function. Because of these drawbacks, we did not use the tube in our
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(b)

(c)

(d)

Fig.4.9. (a). Temporal correlation function measured using the 
M C P - P M T  (spatial averaging has degraded the con­
trast C'(O)). (b). Temporal correlation determined by 
placing a small pinhole over the photocathode (the con­
trast C'(O) increases to unity), (c). The spatial corre­
lation in the re-direction, (d). The spatial correlation 
in the y-diretion.
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later observing measurements. If some drawbacks, particularly the cross-talk, can 
be overcome, it would be possible to use it in actual spatial-temporal correlation 
measurements.

Since^MCP-PMT has spatial imaging characteristics, the spatial-temporal 
correlation function and multi-channel correlation function can be obtained with 
a single tube. The M C P - P M T  can possibly find applications in the following 
areas:

(1) . Correlation measurement: with conventional PMTs, autocorrelation, 
cross-correlation, or multi-channel correlation measurements can be accomplished 
by using a single, twin or a tube array respectively. These measurements can be 
made by using only one M C P - P M T  with a multi-anode array. The M C P - P M T  
photon correlation system may be particularly useful whenever a spatial informa­
tion is needed. For example, in character recognition, it is necessary to measure 
the autocorrelations of every point in a multi-point array, in this case, when 
an M C P - P M T  with sufficient anodes is used, possibly all the autocorrelations 
of the points can be obtained simultaneously. This will provide convenience for
post-processing in whicl^utocorrelation process can be performed digitally.

41\jl

(2) . Space-time correlation: A two-dimensional photon counter is prefered 
to get a list of both coordinates of successively coming photons, particularly at 
low light level. The M C P - P M T  photon detection system could be a suitable 
candidate for this purpose.
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Chapter 5

Statistical Properties of I m a g e s  

T h r o u g h  A t m o s p h e r i c  Turbulence

§5-1: Introduction

Stellar imaging techniques have been studied with considerable effort in order
to determine the spatial structure of astronomical objects. With a single telescope,
the possible angular resolving power should reach up to the diffraction limit, i.e.
X/D where A is the wavelength and D is the diameter of the telescope. An
ideal star image at the focal plane of a telescope is the diffraction pattern of the
pupil of the telescope; that is, the light received by the telescope from the star
must be a plane wave. However, in practice this does not happen even under
the best observing conditions. Due to the presence of atmospheric turbulence
the spatial resolution of images observed is severely degraded. The wave incident
on the telescope is distorted with irregular sizes and random phases and the
wave front changes very rapidly with time. The star image, therefore, has the
appearance of a fuzzy spot that changes constantly and whose structure does not
resemble the telescope diffraction pattern. The image is actually a mixture of

* star diffraction pattern anchspeckle pattern caused by atmospheric turbulence, 
a 'cr
For example the resolving power is degraded by a factor of about 30 in the visible 
for a 4-meter telescope. A review by Roddier (1981) gives a description of the 
effects of atmospheric turbulence in optical astronomy.

To overcome the atmospheric turbulence effects on stellar images, many tech­
niques have been invented in order to enhance the spatial resolution of a large 
aperture telescope up to the diffraction limit. These include deconvolution tech­
niques, adaptive optical systems and speckle interferometry. In this chapter, we 
shall briefly explain these techniques while putting our emphasis on the image 
temporal fluctuation properties, which are of particular use for speckle interfer­
ometry and high resolution image reconstruction.

Chapter 5
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§5-2: Optical Atmospheric Turbulence Effects 

§5-2-1: Atmosphere Structure

In order to learn about the atmospheric turbulence effects in stellar optical 
imaging, let us now investigate the temperature structure of the atmosphere. In 
Fig.5.1. an atmosphere temperature structure is shown. The behaviour of the 
whole atmosphere is governed by the Sun. The temperatures of each part of the 
atmosphere are dependent upon their abilities to absorb the radiation energy. In 
the atmosphere up to 200 km from the sea level, there are four main divisions. 
The part of the atmosphere from the earth surface to 7 ~ 17\ depending upon 
the latitude and season, is called troposphere; above troposphere up to about 
50 km is stratosphere; from 50 km to about 75 km is mesosphere and above it is 
thermosphere. Right above troposphere there is a natural “lid” called tropopause. 
The atmosphere above this “lid” is also called upper atmosphere and below the 
“lid” lower atmosphere.

H (k m )

Fig.5 .1 . Tem perature structure of atm osphere.
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In the upper atmosphere, the temperature structure is completely determined 
by each region’s ability to absorb the incident solar radiation. They can not 
absorb the re-radiated energy by the earth due to the long distances from the 
earth while in the lower atmophere, the temperature is mainly determined by its 
ability to absorb the re-radiated infrared part of the spectrum by the earth. This 
infrared energy is absorbed by water vapour and carbon dioxide. Since there is 
a gradual decrease in the amount of water vapour and carbon dioxide with the 
height, the temperature in the lower atmosphere decreases with the altitude until 
it reaches the local minimum at the tropopause which acts as a natural “lid”.

The lower atmosphere temperature and humidity fluctuations are subject to 
the influence of both solar radiation and the earth’s re-radiation. These fluctua­
tions in turn affect the fluctuations of optical refractive index. In the past years, 
people have realized that it is the lower atmosphere (troposphere) which has the 
most significant turbulent effects on optical wave propagations. In other words, 
the air flows in the low atmosphere in front of the telescope pupil have dominant 
turbulent effects.

The criterion for a flow to become turbulent is that its Reynolds number 
exceeds a certain critical value. The Reynolds number is defined as:

Re
VL
v (5.1)

where V is the characteristic velocity, L the characteristic length and v kinematic 
viscosity of the flow. The Reynolds number can be physically understood as the 
ratio of the power passing over from the initial flow to the fluctuation motion to 
the power dissipated as heat of the fluid. Therefore when the Reynolds number 
is greater than a critical value, i.e. the power passed onto the fluctuation motion 
is larger than the power consumed into heat, the flow will become unstable and 
turbulent.

i_€~t U* j-olio £odd ) ana(ij5.i, fksL (Riucyûvjkvi'c .
In a spectral analysis of the energy of the turbulence at scale L, for L~x <C

k <  Z”1, where L0 is the outer scale of the turbulence and lQ the inner scale where
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viscous dissipation of the energy into heat occurs, the power spectrum of certain
. i ftnd K Cn iUsi. modulus of> -ika vecfovparameter is given by: y

E(k) oc k~% (5.2)

where k is the wave number. This is called the Kolmogorov law [Tatarski (1961)] 

which describes the energy spectrum of a particular parameter due to the motion 

of the turbulence and/or fluctuations of the parameter. For example, the one 

dimensional power spectra of temperature and humidity fluctuations axe given 

respectively by:

Ej i \ k)  oc k~%, Ejp(k)  oc k~% (5 .3 )

In the isotropic case, the three dimensional temperature spectrum is given by 

integrating Ej: \k)  over all directions:

ET(k) = A7rk2E(k)

= 0.033C^k~^  (5.4)

where Cj. is the structure constant of temperature fluctuations.

Due to the random fluctuations of temperature and humidity, the refractive 

index is also randomly fluctuating. The power spectrum of the refractive index 

fluctuations is similarly given by:

EN(k) = 0.033C2Nk ~ ^  (5.5)

where Cjy is the index structure constant. The parameter Cjy is a description 

of the contribution of the turbulence to optical propagation. The larger the Cjy 

is, the larger the atmospheric turbulence degrades the stellar images. This will 

be clearly seen later from the relationship between Cjy and Fried parameter r0. 

Experimental results have shown [Roddier (1981)] that Cpj decreases with the 

height. By experience it is often assumed that Cjy decreases exponentially with 

the altitude. This is also the fact that the lower turbulence has larger degradation 

effects on stellar images. The random fluctuations of the refractive index cause 

the random distortion of the propagating wavefront. For a partially coherent
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wave the distorted wavefront at the pupil plane of the telescope will give rise to a 

randomly fluctuating speckle pattern at the image plane. The detected intensity 

is therefore temporally and spatially fluctuating.

§5-2-2: Long Exposure Images

In conventional astronomical imaging, the exposure time is of the order of a 

few minutes or even hours in order to gather enough light. The images taken are 

therefore patterns averaged over time rather than records of a random process. 

The properties of long exposure images have been investigated and reported in 

several papers [Hufnagel et a1 (1964), Fried (1965), Fried (1966)]. With a long 

exposure time, assuming the entire imaging system is linear and shift invariant, 

the following expression holds:

< I(x\ y) >= 0(x\ ?/)<g) < P(x\ y) > (5.6)

where I(x\ xf) is the observed intensity of the image, 0(x\ y}) is the intensity of the 

object and P(x\ y’) is the instantaneous point spread function of the whole system, 

including both atmosphere and observing devices. Angular brackets denote the 

ensemble or time average—the two are equivalent in this case.

In Fourier space, Eq.(5.6) becomes:

<I(u,v)>= 0(u,u)x <T(u,v)> (5.7)

where < T(u, v) > is the time-averaged optical transfer function of the whole 

system. The quality of such images is basically decided by this transfer function.

Let us now analyse the long exposure transfer function. We shall assume 

here that the incident light is from a monochromatic point source. By diffraction 

theory, the complex amplitude at the focal plane of the telescope is given by 

the Fourier transform of the transmitted complex amplitude at the pupil of the 

telescope. By denoting the transmission function as p(x,y), and the incident 

complex field as xf>(x,xj), the complex amplitude at the focal plane is given by:

C hapte r 5

A f ( x ' , y ' )  oc f [ x p ( x , y ) p ( x , y ) \  (5.8)
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where T  denotes the Fourier transform. The intensity point spread function is 

then given by:

S(x' ,y’) = \Af(x',y')\2 oc \T y)p(x, y)] |2 (5.9)

Since the optical transfer function is equal to the Fourier transform of the point 

spread function of the whole imaging system, the optical transfer function can be 

expressed as follows:

T(u,v) = T[S(x',y')\ oc T  { \T [r/)(x, y)p(x, y)] |2} (5.10)

According to the Wiener-Khintchine theorem the right hand side of the above 

equation is equal to the autocorrelation of ip(x1y)p(x,y), namely:

T(u,v) oc J  i/>(x,y)il)*(x +u,y  + v)p(x,y)p*(x + u,y + v)dxdy (5.11)

In the absence of atmospheric turbulence, ^(x^y) = 1:

T(u,v) oc jp(x ,y)p*(x  + u,y + v) dx dy

= 1  y p(x,y)p*(x + u,y + v)dxdy 

= T0(u,v) (5.12)

where R  is the area of the telescope pupil and T0(u,v) is the optical transfer 

function due to the telescope alone. From Eq.(5.11) the long exposure optical 

transfer function is:

<T(u,v)>= J  <ip(x,y)ip*(x + u,y+v)> p(x,y)p*(x+u,y+v) dx dy (5.13) 

In this expression if we put:

B(u, u) =< ip(x, y) ^ ( x  + u, y + v) > (b-14)

which is the second order correlation of the complex random field and is also called 

coherence function. It is only dependent on u and v. Then we have:

C h a p te r 5

< T ( u , v ) > =  B ( u , v ) T 0( u , v )  (5.15)
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Eq.(5.15) shows that the optical transfer function of the whole system is the 

product of the transfer function of the telescope and the coherence function of 

the atmospherically disturbed complex field. The quality of long exposure stellar 

images are limited by this coherence function.

In a thin layer approximation, it is assumed that the thickness of the turbulent 

layer is small enough so that the diffraction effects are negligible. But the thick­

ness should be larger than the correlation scale of the inhomogeneities. When a 

plane wave passing through a thin layer of altitude h and thickness Sh, for an 

isoplanatic system in which case only one variable £ determines coherence func­

tion, i.e. B(u,v) = -B(£), it has been shown [Roddier (1981)] that the coherence 

function of the complex random field tp at the layer output is given by:

= <^ h {x ) ip * h{x +  £)>

= exp[—̂ (2.91 k2Clj(h) Sh^)]  (5.16)

where k is the wave number and Cjj(h) is the index structure constant and is 

height dependent.

Let us now assume that the whole atmospheric layer is made of several thin 

layers; for this case, the coherence function of the resultant output field at the 

ground is given by the product of the contributions from each turbulent layer:

= JJexp[—i(2.91fc2Cjv(/!;) Shi f®)
i

= exp[-i(2.91fc2f ̂ ) ^  C2N(hi) 6hi] (5.17)
i

If the turbulence is continuous the sum sign will become a integral extending 

throughout the atmosphere. For observing at an angle 7  away from the zenith, to 

a good approximation the thickness 6h of each layer is multiplied by (cos 7 ) - 1 , and 

the coherence function at the pupil plane of a ground-based telescope is therefore 

given by:

C hap te r 5

B ( £ )  =  e x p [ - i ( 2 . 9 1 f c 2 ( c o s 7 ) - 1 f t )  J C 2N (h )d h \  (5.18)

- 8 3 -



C hapte r 5

Eq.(5.18) is of fundamental importance due to the fact that the qualities of 

long exposure images are completed determined by the coherence function B(£).

In fact, the^resolving power 7Z of the whole imaging system is described by 
flttCju.laY''the parameter: J

n  = J  B (0  T„(£) (5.19)

For a very small diffraction-limited telescope of diameter D, turbulence effects 

axe negligi 

telescope:

axe negligible and the^resolving power is approximately given only by that of the
AhCjulay

n = J  r . ( o  de =
irD2
4A5"

(5.20)

For a very large telescope, the turbulence effects are dominating and the resolving 

power is approximately given by integrating Eq.(5.18):

n  =  y B ( £ K  =  y A - t r ( 6 / 5 )

A = 1.45fc2 ( C O S 7 ) - 1  J  Cf/(h)dh

(5.21)

(5.22)

Fried (1966) introduced a convenient parameter to describe the site observing 

condition. This is called Fried parameter and it is the critical diameter rQ of the 

telescope for which:

jB (Z) d£  = jT„(l;)dt  (5.23)

From the above definition of r0, we can see that the Fried parameter is equal 

to the diameter of the diffraction-limited telescope which, in the absence of at­

mospheric turbulence, gives the same average image diameter as that observed 

with the turbulence in a large telescope. In other words, rQ is the average laxgest 

undisturbed aperture of the telescope pupil.

By definition in Eq.(5.23) putting D =  rQ in Eq.(5.20) and equating it with 

Eq.(5.21), we have:

A = 3.44 ( ^ - )  3 (5.24)
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Hence by comparing Eq.(5.18), Eq.(5.22) and Eq.(5.24) the expression for B(£) 
can be written as:

■B(f) =  exp (5.25)

From the above expression it is obvious that the larger the rQ is, the better the 
seeing condition is. The resolving power is limited by the telescope if the diameter 
of the telescope D  is smaller than r0. The limitation imposed by the atmospheric 
turbulence will play a major role when D  is larger than rQ. On the other hand, for 
sampling apertures smaller than rQ which is the usual case in the classical stellar 
interferometry technique, the measuring results will not be affected much by the 
atmospheric turbulence. In the case of Michelson interferometry the resolution of 
the fringe pattern will not be disturbed by the atmospheric turbulence although 
the whole pattern is shifting randomly due to the phase differences at the two sub­
apertures. Hence, with a long baseline, classical interfermetry techniques often 
give turbulence-free results. However, these techniques only make us^a small
portion ol̂ collected light and therefore are limited to measuring bright Jars.

-fun

By equating Eq.(5.22) and Eq.(5.24), rQ can be expressed as:

rQ 0.423 k2 (cos 7 ) 1 J C p j ( h )  dh (5.26)

From this equation we can see that rQ depend? on the zenith angle and 
wavelength. The wavelength dependence is given by:

r0 oc (A 2) T =  A^ (5.27)

It can be seen that a longer wavelength gives a larger rD. In other words, the seeing 
condition improves for longer wavelengths. Intuitively, this can be understood in 
terms of the speckle phenomenon— a longer wavelength results in a larger speckle 
size which affects the undisturbed aperture and hence rQ. This is part of the 
reason that infrared observing has a better seeing condition than that in the visible 
although, of course this is at the expense of lower diffraction-limited resolution.
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Fig.5.2. Schematic diagram showing how a long exposure opti­
cal transfer function < T(£) > is added and recorded.
Ti(£) and T2(£) are two short exposure transfer func­
tions; < T(£) > is the average of many short exposure 
transfer functions.

Many experiments have shown that r0 is on the order of 10 c m  at astronomical 
observing sites and from Eq.(5.25) one can see that B(£) tends to zero when the 
spatial frequencies are larger than r0/A. For a telescope of a diameter larger than 
rD, from Eq.(5.15) it is found that < T ( u , v) > tends to zero at a spatial frequency 
well before it reaches the diffraction-limited spatial frequency. < T ( u , v) > can
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be regarded as the sum ofdransfer functions of many short exposure images. As
Y/ie

can be seen in Fig.5.2, these transfer functions have values ranging from positive 
to negative at high frequencies. The ensemble average of these transfer functions 
will have value of zero at high frequencies. The high frequency information of the 
object is therefore lost in a long exposure picture and resolution of the image is 
seriously degraded.

Chapter 5

There are two ways to measure the long exposure atmospheric transfer function 
B(£). The first one is to measure the image profile of a point source; B(£) is then 
obtained by performing a two-dimensional Fourier transform of the image profile. 
For a rotationally symmetric system, this transform reduces to a one-dimensional 
Hankel transform. The accuracy of this method is easily affected by the telescope 
aberrations and focusing errors. To overcome this problem, in practice, the second 
method is often used in which B(£) is measured interferometrically. For a pair of 
very small sub-apertures with separation A £0 sitting on the telescope pupil plane, 
the pupil transmission function is as:

P(u) = p ( u )  +p(u +  6 ) (5.28)

The optical transfer function of the telescope is then given by:

T „(0=  f  P(u)P*(u + t)du

=  <5(0 + 5«({ + 6) + itf(€ - 6) (5-29)
Hence the transform of the intensity of the fringe pattern due to the pair of sub- 
apertures is as follows:

= 0(0) + io(-6)5(-6) + ̂ 6(6) 5(6)
= 6(0) + 10(6)15(6) cos(a) (5.30)

where a  is the phase of product 0(£0) B ( £ 0). W e  have assumed B ( £ 0) is real.
From Eq.(5^ it is found that the visibility of the fringe pattern is:

30 y  |0(6)|i?(6)
6(0)

(5.31)
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If we are observing a point source, |0(£0)| =  0(0) =  1, hence:

^ = B((o) (5.32)

This is a very important result. By observing a point source the atmospheric 
transfer function of a certain frequency is equal to the visibility of the fringe 
pattern produced a pair of very small sub-apertures at the pupil, their separation 
decides the measured spatial frequency.

§5-2-3: Short Exposure Images

Short exposure imaging is a way to overcome this degradation and it is the 
principle of speckle interferometry. The basic idea was first realized by Labeyrie 
(1970). Since the astronomical images undergo random changes related to the 
motion of atmospheric inhomogeneities in front of the telescope, a short expo­
sure image is in fact a speckle pattern. Speckle is inherently an interference 
phenomenon. When a coherent wave passes through a turbulent medium, or is 
reflected from a rough object, the output field is given some randomness in phase. 
Therefore the output sub-fields will interfere with each other and the resultant 
intensity distribution is a granular pattern called a speckle pattern. There have 
been a number of papers which describe the speckle pattern from different view­
points, e.g. with statistical theory [Dainty (1976), Ohtsubo et a1 (1976), Dainty 
(1980)] and diffraction theory [George (1980)].

Stellar speckle patterns are time-varying. When the exposure time is very 
short the image can be frozen and the instantaneous speckle-affected images can 
be recorded. These images contain more information on smaller features than the 
long exposure images with a blurred speckle. Since the size of each speckle is of 
the order of the diffraction limit of the telescope, it is possible to extract high 
resolution information from such speckle patterns, while in conventional long ex­
posure pictures the detailed speckle patterns have been averaged out. By this 
principle, Labeyrie invented a method in which a fairly large number of short 
exposure photographs of the star image are taken. These photographs are pro­
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cessed by averaging the squared modulus of the Fourier transform of a series of 
pictures. By doing so, the atmospheric noise is suppressed and the modulus of 
the Fourier transform of the object can then be obtained up to the diffraction 
limit of the telescope. In image space, this type of operation corresponds to mea­
suring the autocorrelation of the object. All these can be shown by the following 
mathematical analysis:

For each set of short exposure data:

J(s) = 0(s)®P(s) (5.33)

where /(s) and 0(s) are the instantaneous image and object intensities respec­
tively, and P(s) is the instantaneous point spread function of the whole observ­
ing system including atmosphere and detecting devices. According to diffraction 
theory, P(s) represents the speckle pattern initiated by a point source. Here ®  
denotes convolution and we have assumed that the observing system is isoplanatic 
within the imaging area.

The Fourier transform of Eq.(5.33) yields:

1(f) = 0(f)xT(f) (5.34)

where the tilde denotes Fourier transform. Instead of taking the average of the 
transform functions in Eq.(5.34) as done for long exposure imaging, we take the 
average of the squared modulus of Eq.(5.34) and since the object remains un­
changed during the observing time, we have:

<|7(f)|2> = |0 (f ) |2x < |T (f)|2> (5.35)

Let us recall Eq.(5.11) for transfer function and rewrite it as:

T(f) oc J + ( s ) r ( B  + f)p(B)p'(B +  f)ds (5.36)

where we have let the vector f represent components u and v and the vector s for 
components x and y in Eq.(5.11). The average squared modulus of T(f) is then

Chapter 5
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given by:

< |T (f)|2 > = C  J  M ( f, f ') T„(f, f ')  d f  (5.37)

< |T (f)|2 > is also called speckle transfer function. C  is a constant, M (f, f7) 

and T0(f, f 7) are the fourth order moments of atmospherically disturbed complex 

amplitude at the pupil plane of the telescope and the telescope pupil function 

respectively:

M (f, f ')  = < ^ ( s) t/>*(s -f f)^* (s +  f ;) ^ ( s +  f  +  f ')>  (5.38)

T0(f ,f ')  =  J p ( s ) p * ( s  +  f ) p * ( s  +  f ' ) p ( s  +  f  +  f , ) d s  (5.39)

T0(f, f7) describes the contribution from the telescope alone. Since M (f, f7) is 

dependent on f7 so is T0(f, f 7), hence from Eq.(5.37) it can be seen that < |T (f)|2 > 

cannot be expressed as the product of a telescope function with an atmospheric 

function in contrast to the long exposure transfer function < T (f )>  in Eq.(5.15).

When s) is assumed to follow circular (Jaussian statistics, the fourth order 

moment is given by [Dainty (1975)]:

M (f, f7) =  B 2( f) +  B 2( f7) (5.40)

where B ( f) = < ^i(s)^*(s +  f)> . Put Eq.(5.40) into Eq.(5.37), it becomes:

<|T(f)|2> = S 2(f)T2(f) +  j  B2(f')T0(f,f')df' (5.41)

After the manipulation of Eq.(5.41), the speckle transfer function can be expressed 

as:

<|T(f)|2>=<T (f)>2 +^-T 0(f) (5.42)

where < T (f )>  is the long exposure transfer function, N s =  2.3( D / r 0) is the av­

erage number of speckles in the image and T0(f) is the diffraction-limited transfer 

function. The first term is the squared mean of long exposure transfer function 

and the second term is the diffraction-limited transfer function. Since the cut­

off frequency for T(f) is r Q/ A, < |T (f)|2 > can be represented belong exposure
4ke

transfer function at frequencies lower than r Q/ A; at frequencies higher than r Q/ A,
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the second term shows that < |T (f)|2 > is attenuated by a factor of N a. It has a

long tail at high frequencies and this long tail goes up tq/diffraction-limited cutoff
Aha

frequency. In other words, the diffraction-limited power spectrum of the object 

can be extracted from the short exposure images by Eq.(5.35).

Chapter 5

Fig.5.3. Ti(£) and T2(£) are two short exposure transfer func­

tions; speckle transfer function < |T(£)|2 > is the av­

erage of the squared modulus of many short exposure 

transfer functions.
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Because the modulus of the short exposure transfer function is always positive,

the speckle transfer function which is the sum of the power spectra of these short

exposure images will have a positive value extending to the diffraction-limited

cut-off frequency. Hence a diffraction-limited power spectrum of the object can

be obtained. The modulus of the Fourier transform of the object | Ocp | > or esfuiv-
~ 2

alently the autocorrelation of the object can be reconstructed if < |I(f) | > and 

< |T(f)| > axe known. < |/(f) | > can be readily measured, and < |T(f)| > is 

a well determined, simple function which is measurable for a given seeing condi­

tions. Under stable atmospheric conditions, < |T (f)|2 > can be straight-forwardly 

measured from a point source. However, in most practical situations, the atmo­

spheric conditions are not stable. Therefore it is practical to make simultaneous 

measurements of r 0 and then use established theory [Roddier (1981)] to calculate 

< |T (f) |2 >, in which case the speckle transfer function is given by:

< |T ( f ) |2 > =  |r„ (f) |2 exp (5.43)

The above formula was derived by separating the degradation effects due to the 

image motion from that due to the image blurring. The image blurring effects 

which cause the degradation in short exposure data remain . in the formula.

The phase information of the Fourier transform of the object is lost in speckle 

interferometry. Only the diffraction-limited power spectrum or equivalently the 

autocorrelation of the object can be reconstructed. The real image cannot be 

uniquely reconstructed from its autocorrelation function except for centrosym- 

metric objects or in certain other special cases.

§5-3: Im age R econstruction

Many efforts have been made to enhance the atmospherically degraded astro­

nomical images. A few techniques have been invented. These include:

(1). Simple deconvolution or inverse filtering, in which an enhancement filter 

-  a high frequency boost -  is used to compensate the long exposure MTF for
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atmosphere which acts as a low pass filter.

(2) . An adaptive optical system, in which a conjugate phase grating may be 

interposed at a suitable pupil of the telescope to cancel the phase variations of 

an incoming wavefront. [Hardy et  al (1977), Buffington et  a1 (1977), Grosso et  a1

(1977)]

(3) . Speckle interferometry with and without phase information.

A comparison of above three methods has been made by Richter (1977). We 

emphasise the third method.

As can be seen from the last section, to obtain diffraction-limited informa­

tion, instead of studying the average intensities of images, one studies the power 

spectra or equivalently the autocorrelation of the image intensities. But the phase 

information is lost in the power spectra. To reconstruct the real image, both the 

modulus and phase of the Fourier transform are essential. So far several tech­

niques have been developed to estimate both the modulus and the phase of the 

Fourier transform, to reconstruct real images from stellar speckle interferometry 

data. A review of this area has been given by Dainty(1975). In the following part 

of this section we shall outline three techniques.

§5-3-1: Cross-Spectrum Technique

This technique is also called the Knox-Thompson technique [Knox et  al

(1974)]. It uses the same short-exposure pictures as in speckle interferometry to 

recover the phase of the object transform. In this technique, the phase information 

is extracted from the calculation of the autocorrelation of I ( u ). Mathematically, 

from Eq.(5.34) this can be written as:

< I ( u )  I*(u  +  Au ) > =  0 * { u )  0 ( u  +  Au) <  T ( u )  T*( u  +  Au)  > (5.44)

The shift Au is made small compared with the correlation width of T ( u )  such 

that the autocorrelation of T ( u ) has a measurable value up to the diffraction
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limit of the telescope. Eq.(5.44) contains the phase information and this phase 

information can be expressed as:

[9(u) — 9(u +  Au)] =  [90(u +  A u) — 90(u)] +  [ 9 t ( u )  — 9 t ( u  +  Aw)] (5.45)

It has been shown [Knox (1976)] that the phase of the autocorrelation of T ( u )  

is negligible and has little effect on the image reconstruction when Au <C (r Q/ \ ) 

and hence the last term in Eq.(5.45) can be neglected. The phase difference of the 

object transform can be well approximated by the measure of the phase difference 

of the I (u) .

Chapter 5

A 0 1  A 0  2

( a )  ,--------j -------- 1—

0  U i u 2

A 0  n

Un -1 Un ( u )

Fig.5.4. Extract phase by the Knox-Thompson technique.

(a) . In one dimensional Fourier space;

(b) . In two dimensional Fourier space.
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S i m i l a r l y  o n e  c a n  f i n d  t h e  p h a s e  d i f f e r e n c e  A 0 ;  b e t w e e n  a n y  t w o  p o i n t s  s e p a ­

r a t e d  b y  a  d i s t a n c e  o f  A u  i n  F o u r i e r  s p a c e .  F o r  e x a m p l e  i n  F i g . 5 . 4 ( a ) ,  t h e  p h a s e  

g r a d i e n t s  A $ i ,  A # 2 ? • • * ,  A 6 n  b e t w e e n  t h e  c o r r e s p o n d i n g  p o i n t s  c a n  b e  f o u n d  i n  

t h e  m a n n e r  m e n t i o n e d  a b o v e .  I t  i s  o b v i o u s  t h a t  t h e  p h a s e  a t  p o i n t  u n  i s  t h e n  t h e  

s u m m a t i o n  o f  a l l  t h e  p h a s e  d i f f e r e n c e s  s t a r t i n g  f r o m  t h e  o r i g i n  w h e r e  t h e  p h a s e  

i s  a s s u m e d  t o  b e  z e r o ,  i . e .  9 { u n )  =  ^ ” = 1  A 0 , - .

T h i s  a p p r o a c h  c a n  b e  e a s i l y  e x t e n d e d  t o  t w o  d i m e n s i o n a l  c a s e s  w h e r e  t h e  

p h a s e  a t  a  p o i n t  P ( u , v )  c a n  b e  o b t a i n e d  b y  s u m m i n g  u p  t h e  p h a s e  d i f f e r e n c e s  

a l o n g  a  c e r t a i n  p a t h  ( A  o r  B  o r  C )  s h o w n  i n  F i g . 5 . 4 ( b ) .  I n  p r i n c i p l e ,  a l l  t h e  

p a t h s  s h o u l d  g i v e  t h e  s a m e  v a l u e  f o r  t h e  p h a s e  a t  P ( u , v ) ,  w h i l e  i n  p r a c t i c e  d u e  

t o  t h e  e r r o r s  m a d e  i n  m e a s u r i n g  t h e  p h a s e  g r a d i e n t  a n d  d e t e c t i o n  n o i s e ,  t h e r e  a r e  

v a r i a t i o n s  f o r  t h e  v a l u e s  o b t a i n e d  f r o m  d i f f e r e n t  p a t h s .  T o  r e d u c e  s u c h  e r r o r s ,  a n  

a v e r a g e  o f  t h e  p h a s e  v a l u e s  o b t a i n e d  a l o n g  m o r e  t h a n  o n e  p a t h  i s  u s u a l l y  m a d e  

t o  e s t i m a t e  t h e  p h a s e  a t  P ( u , v ) .

T h i s  p h a s e  i n f o r m a t i o n  i s  c o m b i n e d  w i t h  t h e  m o d u l u s  o f  t h e  o b j e c t  t r a n s f e r  t o  

g i v e  a  d i f f r a c t i o n - l i m i t e d  i m a g e  o f  t h e  o b j e c t .  I n  p r i n c i p l e ,  t h e  K n o x - T h o m p s o n  

t e c h n i q u e  c a n  b e  u s e d  t o  r e c o n s t r u c t  a n  o b j e c t  o f  a n y  s h a p e  w i t h o u t  r e q u i r i n g  a  

r e f e r e n c e  s t a r .  H o w e v e r ,  t h i s  t e c h n i q u e  o f  p h a s e  r e t r i e v a l  s e e m s  t o  b e  s e n s i t i v e  t o  

n o i s e  i n  t h e  c o m p u t e d  c o r r e l a t i o n  [ D h a w a n  ( 1 9 8 1 ) ] .

§5-3-2: Speckle M asking (Triple Correlation)

A n a l o g o u s  t o  t h e  p h i l o s o p h y  o f  m a n y  i m a g i n g  t e c h n i q u e s  i n  w h i c h  a  r e f e r e n c e  

p o i n t  s o u r c e  i s  u s e d ,  t h e  s p e c k l e  m a s k i n g  t e c h n i q u e  c r e a t e s  a  m a s k  w h i c h  s e r v e s  

a s  a n  a r t i f i c i a l  r e f e r e n c e  s t a r .  T h i s  m a s k  i s  p r o d u c e d  b y  m u l t i p l y i n g  t h e  s p e c k l e  

i n t e r f e r o g r a m  I ( x )  w i t h  t h e  s a m e  b u t  s h i f t e d  s p e c k l e  i n t e r f e r o g r a m  I ( x  +  x 1 ) .  T h e  

m a s k  I ( x )  I { x  +  x ' )  i s  t h e n  c r o s s  c o r r e l a t e d  w i t h  I ( x )  a g a i n .  T h e  p r o d u c t  i s  a  s o -  

c a l l e d  t r i p l e  c o r r e l a t i o n .  T h e  e n s e m b l e  a v e r a g e  o f  t h e  t r i p l e  c o r r e l a t i o n  o f  s p e c k l e  

d a t a  c a n  b e  u s e d  t o  y i e l d  d i f f r a c t i o n - l i m i t e d  t r i p l e  c o r r e l a t i o n  o f  t h e  o b j e c t  w h i c h  

c o n t a i n s  i n f o r m a t i o n  o n  b o t h  t h e  a m p l i t u d e  a n d  p h a s e  o f  t h e  o b j e c t  t r a n s f o r m .

Chapter 5
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I n t r o d u c t i o n s  a n d  d e s c r i p t i o n s  a b o u t  t r i p l e  c o r r e l a t i o n  c a n  b e  f o u n d  i n  a  n u m ­

b e r  o f  p a p e r s  [ L o h m a n n  e t  a l  ( 1 9 8 3 ) ,  L o h m a n n  e t  a 1  ( 1 9 8 4 ) ,  W i r n i t z e r  ( 1 9 8 5 ) ] .  

T h e  b a s i c  p r i n c i p l e  o f  t h e  t r i p l e  c o r r e l a t o r  i s  a l s o  g i v e n  b y  G a m o  ( 1 9 6 3 ) .  F o r  

a  o n e - d i m e n s i o n a l  r e a l  s i g n a l  J ( x ) ,  t h e  a v e r a g e  t r i p l e  c o r r e l a t i o n  i s  e x p r e s s e d  a s  

f o l l o w s :

< I ( x , x ' ) > = <  J I ( x " )  I ( x n  +  x )  I ( x n  +  x ' )  d x "  >  ( 5 . 4 6 )

a n d  i t s  F o u r i e r  t r a n s f o r m  c a l l e d  t h e  b i s p e c t r u m  i s :

/ ( 3 ) ( u ,  v )  =  I ( u )  I ( v )  I ( - u  -  v )  ( 5 - 4 7 )

F o r  e a c h  s h o r t  e x p o s u r e  d a t a :

I ( x )  =  0 { x )  <g) P { x )  ( 5 . 4 8 )

w h e r e  O ( x )  i s  t h e  i n t e n s i t y  o f  t h e  o b j e c t  a n d  P ( x )  i s  t h e  p o i n t  s p r e a d  f u n c t i o n .  

F r o m  t h e  a b o v e  e q u a t i o n  w e  h a v e  t h e  f o l l o w i n g  e q u a t i o n  w i t h  r e g a r d  t o  t h e  b i s ­

p e c t r a  i n  F o u r i e r  s p a c e :

< I ^ 3 \ u , v ) > =  & 3 \ u , v )  < P ( 3 ) ( u , u ) >  ( 5 . 4 9 )

w h e r e  I ^ 3 \ u , v ) ,  0 ^ 3 \ u , v )  a n d  p ( 3 \ u , v )  a r e  t h e  b i s p e c t r a  o f  I ( x ) ,  O ( x )  a n d  

P ( x )  r e s p e c t i v e l y .  <  P ^ ( u , v )  >  i s  c a l l e d  t h e  b i s p e c t r u m  t r a n s f e r  f u n c t i o n .  I t  

h a s  b e e n  s h o w n  [ L o h m a n n  e t  a l  ( 1 9 8 3 ) ]  t h a t  <  p ( 3 \ u ,  v )  >  i s  r e a l  a n d  p o s i t i v e  u p  

t q A d i f f r a c t i o n  l i m i t  o f  t h e  t e l e s c o p e .  T h e r e f o r e  t h e  d i f f r a c t i o n - l i m i t e d  i n f r o m a t i o n  

i s  c o n t a i n e d  i n  t h e  b i s p e c t r u m  0 ' 3 ' ( u , v )  o r  e q u i v a l e n t l y  t h e  t r i p l e  c o r r e l a t i o n  o f  

t h e  o b j e c t .  T h e  p h a s e  o f  t h e  t r i p l e  c o r r e l a t i o n  o f  t h e  o b j e c t  i s  e q u a l  t o  t h a t  o f  t h e  

t r i p l e  c o r r e l a t i o n  o f  t h e  i m a g e  d a t a .  0 ^ 3 ^ ( u , u )  c a n  b e  e v a l u a t e d  f r o m  t h e  a v e r a g e  

t r i p l e  c o r r e l a t i o n  < P 3 \ u , v ) >  a n d  <  p ( 3 \ u , v )  >  a c c o r d i n g  t o  E q . ( 5 . 4 9 ) ,  w h e r e  

< p ( 3 \ u , v ) >  c a n  b e  e v a l u a t e d  f r o m  a n  a s t r o n o m i c a l  p o i n t  s o u r c e .  A n o t h e r  w a y  

t o  o b t a i n  0 ^ 3 \ u , v )  i s  b y  m e a n s  o f  s o  c a l l e d  ( ^ a u s s i a n  s p e c k l e - m a s k i n g  m e t h o d  

[ L o h m a n n  e t  a l  ( 1 9 8 3 ) ]  i n  w h i c h  c a s e  a  z e r o - m e a n  ( J a u s s i a n  d i s t r i b u t i o n  f o r  t h e  

r e a l  a n d  i m a g i n a r y  p a r t  o f  t h e  c o m p l e x  a m p l i t u d e  i s  a s s u m e d ,  C ) ( 3 \ u , v )  c a n  t h e n  

b e  d i r e c t l y  c a l c u l a t e d  f r o m  a  s e t  o f  v a l u e s  o f  a v e r a g e  b i s p e c t r u m  P 3 \ u , v ) .

Chapter 5
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S i n c e  0 ^ 3 \ u ,  v )  c o n t a i n s  d i f f r a c t i o n - l i m i t e d  i n f o r m a t i o n  o u p h a s e  o f  t h e  o b j e c t  

t r a n s f e r ,  o n e  c a n  r e c o n s t r u c t  d i f f r a c t i o n - l i m i t e d  i m a g e s  f r o m  t h i s  i n f o r m a t i o n .  

R e c a l l  E q . ( 5 . 4 7 ) ,  f o r  t h e  b i s p e c t r u m  o f  o b j e c t  i n t e n s i t y ,  w e  h a v e :

0 ^ ( u ,  v )  =  0 { u )  0 ( v )  0 { — u  —  v )  ( 5 . 5 0 )

a n d  t h e  p h a s e  i n f o r m a t i o n  c a n  b e  e x p r e s s e d  a s  f o l l o w s :

< j ) ( u ,  v )  =  < t > ( u )  - f -  ( j ) ( v )  —  ( j ) ( u  +  v )  ( 5 . 5 1 )

F r o m  E q . ( 5 . 5 1 )  t h e  p h a s e  o f  t h e  o b j e c t  t r a n s f e r  c a n  b e  e v a l u a t e d .  T h i s  c a n  

b e  s e e n  f r o m  t h e  f o l l o w i n g  a u g u m e n t .  I f  w e  s e t  v  =  1 ,  w e  w i l l  h a v e :

< f ) ( u  +  1 )  =  < ^ ( w )  +  ( f> (  1 )  -  1 ) ( 5 . 5 2 )

F o r  u  =  1 , 2 ,  • • • ,  n ,  w e  h a v e  t h e  f o l l o w i n g  i t e r a t i v e  e q u a t i o n s :

^(2) =  ̂ (1) + # 1) - # 1,1)

(̂3) = ̂ (2) + ̂ (l)-^(2,l)
( 5 . 5 3 )

(j>(n + 1) = (j>[n) +  ̂ (1) - 1) >
T h e  f i r s t  p h a s e  v a l u e  ^ ( 1 )  c a n  b e  s e t  a r b i t r a r i l y  s i n c e  i t  o n l y  d e t e r m i n e s  t h e  p o s i ­

t i o n  o f  t h e  o b j e c t .  F r o m  E q . ( 5 . 5 3 ) ,  a l l  p h a s e  v a l u e s  c a n  b e  o b t a i n e d  a n d  c o m b i n e d  

w i t h  t h e  m o d u l u s  o f  t h e  o b j e c t  t r a n s f e r  o b t a i n e d  b y  s p e c k l e  i n t e r f e r o m e t r y  a n d  

t h e  d i f f r a c t i o n - l i m i t e d  i m a g e  c a n  b e  r e c o n s t r u c t e d .

N o t i c e  t h a t  f o r  a  o n e - d i m e n s i o n a l  s i g n a l  t h e  t r i p l e  c o r r e l a t i o n  o r  b i s p e c t r u m  

i s  t w o - d i m e n s i o n a l  a n d  f o r  a  t w o - d i m e n s i o n a l  s i g n a l  i t  i s  f o u r  d i m e n s i o n a l .  T h i s  

i m p l i e s  t h a t  t r i p l e  c o r r e l a t i o n  t e c h n i q u e s  r e q u i r e  e n o r m o u s  a m o u n t  o f  c o m p u t i n g  

p o w e r  a n d  m e m o r y .

§5-4: Temporal Properties of Stellar Images

A s  d i s c u s s e d  i n  p r e v i o u s  s e c t i o n s ,  t h e  “ s e e i n g ”  c o n d i t i o n s  g i v e  a n  i n d i c a t i o n  

o f  a v e r a g e d  b l u r r i n g  e f f e c t s  o n  t h e  s t e l l a r  i m a g e s  c a u s e d  b y  t h e  a t m o s p h e r i c  t u r ­

b u l e n c e .  E q u i v a l e n t l y ,  t h e  F r i e d  p a r a m e t e r  r 0  w h i c h  i s  t h e  s p a t i a l  c o r r e l a t i o n
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p a r a m e t e r  i s  a l s o  u s e d  t o  d e s c r i b e  t h e  o b s e r v i n g  s i t e  c o n d i t i o n .  F o r  c o n v e n t i o n a l  

l o n g  e x p o s u r e  i m a g i n g ,  t h e  F r i e d  p a r a m e t e r  r Q g i v e s  a  g o o d  g u i d e  t o  i m a g e  q u a l ­

i t y .  H o w e v e r ,  f o r  t h e  v a r i o u s  h i g h  a n g u l a r  r e s o l u t i o n  t e c h n i q u e s  b o t h  r Q a n d  

t e m p o r a l  p r o p e r t i e s  o f  i m a g e  i n t e n s i t y  f l u c t u a t i o n s  a r e  i m p o r t a n t  p a r a m e t e r s  i n  

d e t e r m i n i n g  t h e  q u a l i t y  o f  t h e  r e c o n s t r u c t e d  i n f o r m a t i o n .

I n  a l l  t h e  h i g h  r e s o l u t i o n  s t e l l a r  i m a g i n g  t e c h n i q u e s ,  s h o r t  e x p o s u r e  d a t a  a r e  

t a k e n  i n  o r d e r  t o  p r e s e r v e  t h e  n o n - b l u r r e d  s t e l l a r  s p e c k l e  p a t t e r n s  c o n t a i n i n g  

d i f f r a c t i o n - l i m i t e d  i n f o r m a t i o n .  B e c a u s e  t h e  e x p o s u r e  t i m e  i s  f i n i t e  t h e  t u r b u l e n c e  

e f f e c t s  a r e  n o t  t o t a l l y  f r o z e n .  O n  t h e  o n e  h a n d ,  t h e  e x p o s u r e  t i m e  s h o u l d  b e  s h o r t  

e n o u g h  t o  f r e e z e  t h e  s p e c k l e  p a t t e r n ;  o n  t h e  o t h e r  h a n d ,  i t  i s  d e s i r a b l e  t o  h a v e  

l o n g  e x p o s u r e  t i m e  i n  o r d e r  t o  g a t h e r  a s  m a n y  p h o t o n s  a s  p o s s i b l e  t o  a c h i e v e  h i g h  

s i g n a l - t o - n o i s e  r a t i o .  W h e n  t h e  e x p o s u r e  t i m e  i s  t o o  s h o r t  t h e r e  a r e  n o t  e n o u g h  

p h o t o n s  a n d  t h e  s i g n a l - t o - n o i s e  r a t i o  w i l l  b e  v e r y  p o o r .  W h e n  t h e  e x p o s u r e  t i m e  

i s  t o o  l o n g ,  t h e  h i g h  r e s o l u t i o n  i n f o r m a t i o n  i s  s u p p r e s s e d  a n d  t h i s  a l s o  l e a d s  t o  a  

p o o r  s i g n a l - t o - n o i s e  r a t i o  ( S N R )  a t  h i g h  f r e q u e n c i e s .  H e n c e  i n  a  p h o t o n - l i m i t e d  

i m a g i n g  c a s e ,  t h e r e  i s  a  m a x i m u m  e x p o s u r e  t i m e  w i t h  w h i c h  a n  o p t i m a l  S N R  a t  

h i g h  f r e q u e n c i e s  c a n  b e  a c h i e v e d  [ O ’ D o n n e l l  e t  a 1  ( 1 9 8 0 ) ] .

I n  a c t u a l  e x p e r i m e n t s ,  f o r  f a i n t  o b j e c t s ,  b e c a u s e  o f  p h o t o n  n o i s e  t h e  s i g n a l -  

t o - n o i s e  r a t i o  ( S N R )  o f  t h e  p o w e r  s p e c t r u m  h a s  b e e n  s h o w n  t o  b e  [ D a i n t y

C19T5-)]:

S N R  =  V M N  $ m ( / )  ( 5 . 5 4 )

w h e r e  M  i s  t h e  n u m b e r  o f  r e a l i s a t i o n s  o f  s h o r t  e x p o s u r e  d a t a ,  N  i s  a v e r a g e  n u m b e r  

o f  p h o t o n s  p e r  e x p o s u r e  a n d  $ m ( / )  i s  t h e  m e a s u r e d  p o w e r  s p e c t r u m  o f  t h e  i m a g e  

i n t e n s i t y  n o r m a l i s e d  s u c h  t h a t  <3>m ( 0 )  =  1 .

B e c a u s e  o f  t h e  f i n i t e  e x p o s u r e  t i m e  T ,  t h e  a c t u a l  m e a s u r e d  i n t e n s i t y  i s  t h e  

t i m e  a v e r a g e  o f  t h e  i n s t a n t a n e o u s  i n t e n s i t y :

i r T
=  I ( x , t ) d t  ( 5 . 5 5 )

I t  h a s  b e e n  s h o w n  b y  O ’ D o n n e l l  e t  a 1  ( 1 9 8 0 )  t h a t  a s s u m i n g  a t  h i g h e r  f r e q u e n c i e s
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a l l  F o u r i e r  c o m p o n e n t s  d e c o r r e l a t e  i n  t h e  s a m e  m a n n e r ,  t h e  r e l a t e d  m e a s u r e d  

p o w e r  s p e c t r u m  c a n  b e  e x p r e s s e d  a s :

T
*m(f) =  * ( / )  5 *  J  ( T - t) C(t ) dr (5.56)

w h e r e  $ ( / )  i s  t h e  i d e a l  p o w e r  s p e c t r u m  w h e n  t h e r e  i s  n o  t i m e  a v e r a g e ;  C ( r )  i s  

t h e  a u t o c o r r e l a t i o n  o f  t h e  i m a g e  i n t e n s i t y  d e f i n e d  a s :

C ( t )  = < I ( x , t )  I ( x , t +  t ) >  ( 5 . 5 7 )

C ( t )  i s  a s s u m e d  t o  b e  e v e n  a n d  i t  i s  t h e  u s u a l  c a s e  i n  r e a l  e x p e r i m e n t s .

H e n c e  p u t t i n g  E q . ( 5 . 5 6 )  i n t o  E q . ( 5 . 5 4 )  t h e  s i g n a l - t o - n o i s e  r a t i o  c a n  b e  e x ­

p r e s s e d  a s :

S N R  = V M N $ ( f ) - £ r  I (T —  t )  C(t) dr ( 5 . 5 8 )

Jo

F o r  a  ( J a u s s i a n  c o r r e l a t i o n  f u n c t i o n  o f  1 / e  c o r r e l a t i o n  t i m e  ( T r ) ,  w h e n  t h e  

l e n g t h  o f  t h e  e n t i r e  e x p e r i m e n t  i s  f i n i t e ,  a  n u m e r i c a l  c a l c u l a t i o n  o f  S N R  a g a i n s t  

e x p o s u r e  t i m e  T  c a l c u l a t e d  f r o m  E q . ( 5 . 5 8 )  s h o w s  t h a t  t h e  S N R  h a s  a  m a x i m u m  

v a l u e  w h e n  T  i s  a p p r o x i m a t e l y  a t  2 T r . I n  o t h e r  w o r d s ,  t h e  o p t i m u m  e x p o s u r e  

t i m e  i s  o n  t h e  o r d e r  o f  t w i c e  t h e  c o r r e l a t i o n  t i m e .  C l e a r l y ,  a  k n o w l e d g e  o f  t h e  

c o r r e l a t i o n  t i m e  i s  e s s e n t i a l  i f  t h e  m a x i m u m  s i g n a l - t o - n o i s e  r a t i o  i s  t o  b e  a c h e i v e d  

f r o m  t h e  o b s e r v a t i o n a l  d a t a .  A s  a  m a t t e r  o f  f a c t ,  f r o m  a n  o p e r a t i o n a l  p o i n t  o f  

v i e w ,  t h e  c o r r e l a t i o n  t i m e  i s  m o r e  i m p o r t a n t  i n  s h o r t  e x p o s u r e  d a t a  a n a l y s i s  t h a n  

F r i e d  p a r a m e t e r  r 0 , s i n c e  w i t h  p h o t o n  t i m e - t a g g i n g  d e t e c t o r s  t h e  e x p o s u r e  t i m e  

c a n  b e  o p t i m i s e d  a f t e r  d a t a  c o l l e c t i o n .

M e a s u r e m e n t s  o f  t h e  i n t e n s i t y  t e m p o r a l  c o r r e l a t i o n s  o f  i m a g e s  a n d  f r i n g e  p a t ­

t e r n s  w e r e  c a r r i e d  o u t  i n  t h e  l a b o r a t o r y  a s  w e l l  a s  a t  L a  P a l m a  O b s e r v a t o r y .

§5-4-1: Laboratory Simulations

T o  f a c i l i t a t e  e x p e r i m e n t s  a t  t h e  o b s e r v i n g  s i t e ,  t h e  w h o l e  e x p e r i m e n t a l  a r ­

r a n g e m e n t  w a s  t e s t e d  i n  t h e  l a b o r a t o r y .  T h e  o p t i c a l  c o m p o n e n t s  w e r e  m o u n t e d
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/Is j/ ouj* v* >
on cm optical breadboard^a. star was simulated using a spatial filter; a He-Ne laser 

was focused onto a 25 p m  pinhole and this pinhole image was then collimated as 

if the star was at an. infinite distance. Another lens was used as the pupil lens of a 

telescope to form an//15 beam as would be encounted at^real site.

Chapter 5

f
Turbulence

Fig.5.5. Laboratory simulation setup.

Fig.5.6. Schematic diagram of instrumentation for measuring 

stellar temporal correlation.
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In the laboratory experiments, two hairdryers were used to disturb the air and 

simulate atmospheric turbulence. The flow speed (gentle, medium and strong) 

and temperature (warm air and hot air) were adjustable so that one could vary 

the turbulence strength. When they were switched on we could clearly see the 

speckle moving randomly. In the case of fringe measurements, random shifting 

of the fringes was observed. Several correlation measurements were made on 

intensities of images and fringe patterns.

C ( T )

Fig.5.7. (a). Comparison of the correlation curves between cre­

ated using hot air/gentle flow and hot air/strong flow, 

(b). between warm air/medium flow and hot air/strong 

flow.
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In Fig.5.7 we compare the correlation curves of the image intensity obtained 

by using one hairdryer at different temperature and speed settings. As can be 

seen from the figures both temperature and flow speed influence the turbulence 

strength. Since hotter air will create larger temperature difference between the 

flow and ambient air, this causes a larger refractive index change. Therefore 

a hotter temperature gives rise to a more turbulent flow which gives a shorter 

correlation time. On the other hand, a faster flow speed will cause a faster phase 

change at the pupil plane and this of course causes a more turbulent flow and 

shorter correlation time.

Chapter 5

C (T )

Fig.5.8. Comparison of the correlation curves between created 

using one turbulence layer and two turbulence layers.

In Fig.5.8, a comparison of the correlation curves of the image intensity ob­

tained using one blowing hairdryer and two parallel blowing hairdryers. The 

blowing speed and temperature settings were the same for these hairdryers. It is 

obvious that two turbulence layers will cause faster phase changes and hence a 

shorter correlation time.
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C (T )

Fig.5.9. (a). Comparison of the correlation curves between cre­

ated using two parallel blowing turbulences and two 

orthogonal blowing turbulences, (b). between two 

parallel blowing turbulences and two parallel opposite 

blowing tturbulences.

In Fig.5.9, the correlation curves for the image intensity obtained using two 

parallel blowing hairdryers, orthogonally blowing hairdryers and anti-parallel 

blowing hairdryers. They were all set at the same blowing speed and temper­
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ature. From Fig.5.9.(a), one would find that the orthogonal blowing turbulence 

layers gives a shorter correlation time than that caused by two parallel blowing 

turbulence layers. This is bacause for a multi-layer turbulence, the correlation 

time r e is related to the standard deviation crv of the flow velocities of the layers 

[Roddier e t  a1 (1982)]:

r e «  0.36— (5.59)
<7v

The standard deviation of two orthogonal blowing layers is apparently larger than 

that of two parallel blowing layers when the other conditions axe the same. From 

Eq.(5.59) a shorter correlation time is expected from the intensity correlation due 

to two orthogonal blowing turbulence layers. Similarly, the anti-parallel blowing 

turbulence layers causes a shorter correlation time than that caused by two parallel 

blowing turbulence layers.

C (T )

Fig.5.10. Comparison of the correlation curves of fringe intensity 

between created using 2 m m  separation on the pupil 

and 4 m m  separation on the pupil.

Correlation measurements of the fringe intensities were also made in order 

to look into the fringe shifting properties caused by the turbulence. The fringe
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patterns were formed by putting a pair of sub-apertures of certain separations 

at the pupil plane. A comparison of fringe intensity correlation curves of 2 mm 

and 4 mm separations is presented in Fig.5.10. Basically, the correlation times for 

these two separations are found to be identical. This is further confirmed in the 

real site measurements at La Palma Observatory. The analysis of the results is 

given in the second part of the next section.

§5-4-2: Site Measurements

(1). One aperture results

We carried out the measurements of the temporal correlation of the image 

intensity using a i m  telescope at La Palma Observatory, Canary Islands during 

the periods May 20 — 26, 1988 (nights 1 — 7) and February 15 — 22, 1989 (nights 

8 — 15). No measurements were made on nights 6, 10, 11 and 12 due to bad 

weather. The bright stars observed were all unresolvable by a diffraction-limited 

1 m telescope.

The astronomical telescope used has a parabolic primary with a clear aperture 

of 1.0 m and a focal length of 4.596 m and a hyperbolic secondary constituting, 

with the primary a conventional / /1 5  Cassegrain system. The curved focal plane 

of the telescope is located 760 mm behind the pole of the primary mirror, and 

370 mm behind the instrument mounting face giving a 34.4 a r c m i n  diameter field 

with a scale of 13.8 a r c s e c / m m .

A schematic diagram of the instrumentation as used in the experiments is 

shown in Fig.5.6. The / /1 5  Cassegrain beam is collimated by a doublet which 

produces an image of the telescope pupil. A second doublet forms an image again. 

By this arrangement, masks (e.g. sub-apertures) can be inserted in front of lens 

L2.  The image formed by L 2  is then magnified by an microscope objective onto 

a sampling pinhole. To avoid spatial integration, we have to choose the magni­

fication of the microscope objective and the size of a sampling pinhole carefully.

C hapter 5
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The size of the sampling pinhole has to be much smaller than the magnified 

speckle size. In the visible, the stellar speckle size at the original image plane of the 

telescope is on the order of the diffraction limit of the telescope, i.e. ~  0.1 arcsec.  

Once ic is re-imaged by two doublets as shown in Fig.5.6 with a demagnifica­

tion of 1.5. v. • • * _ 1 . Similarly the

telescope field at the original image plane is with a scale of 13.8 a r c s e c / m m .  af­

ter re-imaging the scale is 20.9 a r c s e c / m m .  Therefore, the pinhole size (H ) and 

magnification (M) of the object have to be chosen such that:
20 9
- ^ r X f f « 0 . /  y x M  ( 5 .6 0 )
M

In our experiments, we chose M  =  20 and H  =  65 p m  which satisfy in&fualtly

(5.60).

The filters (wavelength/bandwidth) chosen in the experiments were blue 

(401/15n m )  and green (550/10n m )  and red (650/23n m ) .  Inm ost practical cases, 

a larger bandwidth is desirable to improve the signal-to-noise. However, because 

speckle patterns are wavelength dependent, larger bandwidth will blur the speckle 

pattern and reduce the coherence and hence the resolution. Besides, the at­

mospheric refraction produces the atmopheric dispersion for the incident light.

As a rule of thumb, the bandwidth (AA) of the chosen filter has to satisfy:
AA (5.61)

such that the bandwidth has a negligible effect. For a i m  telescope, taking 

r G =  10 cm, the bandwidths of the chosen filters have negligible effects.

A photomultiplier tube (EMI Type 9862), a preamplifier and a 128 channel 

digital correlator (Langley Ford DC128) were used to sample and process the data. 

Typical sample and experiment times were 0.5ms and 20 — 60s respectively. The 

average detected photon rate was 0.5 — 1.0 per sample time, or 1000 — 2000 per 

second. Typical dark counts of the detecting system were less than 10 counts 

per second and no correction for dark count or detector dead time was necessary. 

The data was stored and printed/plotted using a desktop computer linked to the 

correlator.
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Fig.5.11. A photograph shows the whole layout of the experi­

mental setup bolted onto the telescope.

All the optics and the PMT shown in Fig.5.6 were mounted onto a breadboard 

as shown in the above photograph. A 40 m m  hole was drilled in the middle of this 

breadboard to let the beam coming through. The breadboard was then mounted 

upside down to the mounting face of the telescope. A long cable was  used to 

connect the output from the preamplifier to the correlator which, together with 

the computer system, was in the control room. In the experiments, one flip-in 

mirror was mounted between lens L2  and the objective to divert the image onto an 

image intensifier to aid alignment of the image onto the sampling pinhole. Another 

flip-in mirror was also mounted between the objective and the PMT to divert the 

image to an eyepiece for the same purpose. For every run, because of the image 

wandering effects, we had to align the image onto the sampling pinhole. This was 

done with the help of these flip-in mirrors, the eyepiece and the image intensifier. 

Another very important aid for aligning the image was a pulse counter. The 

output from the preamplifier was connected to the pulse counter first to ensure
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there was a satisfactory counts reading from the pulse counter. Once the counts 

were maximised, the output signal was then connected to the correlator and data 

accumulated.

In the data processing, all the correlation curves were corrected for image 

wander effects. The method used was the same used by Scaddan et  a1 (1978). 

The image intensity fluctuations are due to the image boiling and the image 

wandering. The former are caused by the rapid variations of the phases at the 

pupil plane of the telescope and it is related to the optimum exposure tim e,

The image boiling is on a very fast time scale. The latter 

is caused by large scale phase change, for example, the tilting of the turbulence 

layers. It is on a relatively slower time scale. It is quite reasonable to assume 

that the two factors are independent of each other. This allows us to express 

the measure!correlation function as the product of that due to boiling C&(t) and 

wandering C w( r ):

C ( t ) =  C b( r )  C w( t ) (5.62)

C (T)

Fig.5.12. Correlation curves show the image wandering correc­

tion for measured temporal correlation.
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Since the correlation functions due to the contributions from the image boiling 

and the image wandering have distinct time scales, more precisely the image 

wandering time scale is much slower than the image boiling time scale, the long 

tail in the measured correlation curve should be due to the image wandering 

effects. As shown in Fig.5.12, to a good approximation, C w( r )  can be obtained 

by extrapolating the roughly linear tail of C ( r )  back to the zero point. From 

Eq.(5.62), a corrected correlation function for image wandering can be obtained. 

The function Cj,(r) is responsible for the image boiling effects.

A very large number of temporal correlation curves were measured over 15 

nights. Fig.5.13 and 5.14 show typical measured temporal correlations of the 

image intensity fluctuations for nights 1 — 7 and 8 — 15 respectively. The 1/e 

correlation times range from 3.2 to 8.9 ms, with an average value of 5.3 ms. Com­

pared with the results (average 15 ms also with a large spread of values) obtained 

by O’Donnell e t  a1 (1982) at Mauna Kea Observatory, Hawaii, the image temporal 

intensity fluctuation times at La Palma Observatory seem to be relatively shorter. 

However, they were longer than the results obtained from Herstmonceux, U.K. 

[Parry e t  a1 (1979)] and Mees Observatory, New York [Dainty et  a1 (1980)], where 

the values of 2 — 7 ms with an average of 4 ms and value of approximately 2 ms 

were obtained respectively.

In Fig.5.15 we show the correlation functions for the blue (415/15 nm), green 

(550/10 n m )  and red (650/23 ram) wavelength on four different occasions. In gen­

eral, the correlation time increases with wavelength. In the Taylor hypothesis 

[Roddier (1981)] in which it is assumed the intensity fluctuations are due to a 

single turbulence layer moving across the telescope pupil of diameter D  at speed 

u, the correlation time r e is given by:

r e ~  0.5— (5.63)

This formula has no wavelength dependence and predict co rre la tio n  time much 

longer than those observed. For example, on one night the wind speed was mea­

sured at about 60 k m / h ; by Eq.(5.63) for the 1 m telescope we would have observed

C hapter 5
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T(mS)
Fig.5.13. Measured temporal correlation curves at a wavelength 

of 550 nm for nights 1 to 7. The curves are corrected 
for image wander effects.

T(mS)
Fig.5.14. Measured temporal correlation curves at a wavelength 

of 550 nm for nights 8 to 15. The curves axe corrected 
for image wander effects.
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a correlation time of about 30 ms. In fact the correlation times measured were only 
around 8 ms and they were wavelength dependent. On the other hand, if there 
are several turbulence layers moving at different velocities, then the correlation 
time is given by [Roddier et al (1982)]:

re « 0.36—  (5.64)

where crv is the standard deviation of the wind velocities of the turbulence layers. 
As mentioned before, the Fried parameter rQ has a wavelength dependence of A6/5; 
hence from Eq.(5.64) the correlation time will also scale as A6/5. In Table 5.1, the 
ratios of the correlation times for blue:green:red for the curves shown in Fig.5.15 
are listed and compared with the ratios predicted on the basis of a A6/5 scaling. 
For this comparison, the ratios are taken relative to the correlation time for green 
(550/10 nm) light. The ratios in the first three cases are reasonably consistent with 
the theoretical predictions; in the fourth case [corresponding to Fig.5.15.(d)] there 
was very strong local gusting of the wind and it is likely that some combination 
of Eq.(5.63) and Eq.(5.64) is applicable. The wavelength dependence implies that 
correlation times increase significantly as the wavelength increases towards the 
infrared. In the infrared region, not only is the long exposure data less affected 
by the atmospheric turbulence because of larger r0, but the exposure time of the 
short exposure data can be relatively longer thus providing more photons and a 
better signal-to-noise ratio.

On the basis of the above measurements and previous measurements at other 
observatories, the correlation time of the image intensity is highly variable and 
often shorter than 10 ms. Although these results were taken using a i m  telescope, 
they are almost certainly representative for larger telescopes except when a single 
turbulence layer dominates the image intensity fluctuation. The results imply 
that the exposure times for speckle interferometry and related techniques should 
be shorter than 20 ms to achieve the optimum signal-to-noise ratio in the photon 
limited case. Similarly, for the photon time-tagging detectors, such as the IPD 
[Rees et al (1981)], PAPA [Papaliolios et al (1982)] and M A M A  [Timothy et al 
(1986)] which allow the possibility of computing the correlation time from the data
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Fig.5.15. Four sets measurements of temporal correlation func­
tions for blue (415/15 nm), green (550/10 nm) and red 
(650/23 nm).
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Figures Ratio B : G : R
(a) 0.62 : 1.00 : 1.38
(b) 0.71 : 1.00 : 1.20
(c) 0.86 : 1.00 : 1.60
(d) 1.02 : 1.00 : 1.14

Theory 0.68 : 1.00 : 1.23

Tab.5.1. Comparison of the ratio of the correlation times for 
the filters of blue (415/15 nm), green (550/10 nm) and 
red (650/23 nm), for the curves shown in Fig.5.15 and 
theoretical ratio according to the A6/5 law.

and selecting the appropriate exposure time after data collection, the exposure 
time should be selected by taking the measured correlation time ~ 10 ms as a 
reference.

(2). Two aperture results (Michelson interferometer)

The full aperture stellar images are random speckle patterns due to the ran­
dom distortion of the wavefront at the pupil plane of the telescope. Equivalently, 
the degradation of the stellar images can also be understood as the result of addi­
tion of randomly shifting fringe patterns. Let us assume the telescope aperture is 
divided into N small sub-apertures and each sub-aperture is small enough so that 
the wavefront distortion due to the atmosphere over the sub-aperture portion is 
negligible. In other words, the size of the sub-apertures should be smaller than 
rQ. In the case of monochromatic light, the complex amplitude at the focal plane
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of the telescope A can be obtained by summing up the contribution Ai of each 
sub-aperture i:

Chapter 5

|.4|2
N

5 > (5.65)

The ensemble average is then as follows:

< î i2 > =  J2 < î ii2 > + J2 < Ai a) >
*=1 J

(5.66)

In the above equation, the first term is the sum of intensities due to all sub­
apertures; it contains no high resolution information. The second term is the 
summation of cross products which are called mutual intensities.

y

Fig.5.16. Schematic diagram showing the Van Cittert-Zernike 
theorem.

According to the Van Cittert-Zemike theorem, as shown in Fig.5.16, the 
mutual intensity due to two small sub-apertures is given by:

exp [zfc(.Ri - R2)]Jij =<AiAj >= f I(s)J (T R\ R2
ds (5.67)
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where I ( s )  is the intensity per unit area of the object; cr is the area of the object; 

R i and R 2 are the distances of the two sub-apertures from a particular point s on 

the object. When the distance between two sub-apertures is very small compared 

to the distance of these sub-apertures from the object, the mutual intensity is 

given by [Born and Wolf (1980)]:

exp(zV) JX J(f, r]) exp [~ ik (p£  + qrj)] d£ drj

C hapter 5

J i j  —
R 2

exp (i<p) 
R 2

F i i l l& r , ) ] (5.68)

where R  is the distance between 0 and O', T ij denotes Fourier transform and 

the spatial frequency is decided by the separation sub-apertures i and j, the 

spatial information is contained in the variables p and q which are related to the 

coordinates of sub-apertures i and j :
X x - X 2

p  =

Q =

V =

R
*i - y2 

R
k[(X? +  Y ? ) - ( X } + Y ? ) ]

2 R

(5.69)

Put Eq.(5.68) into Eq.(5.66) it becomes:

< \A ?  > = ^ 2 <  l^il2 > + J n  1 2  e x & v )  »?)]
* = 1 *#J J

(5.70)

As can be seen from Eq.(5.70) each cross term is a Fourier component of a 

Fourier expansion. The image intensity distribution is actually the Fourier ex­

pansion of the object intensity. Physically, this means that the image intensity is 

the addition of fringes produced by all the possible combination of pairs of sub­

apertures. The larger separation of the sub-apertures gives finer fringes which of 

course contain higher resolution information. Therefore preserving and recover­

ing such information due to the longer baseline is one of the keys in high resolution 

imaging. This is also the basis of high resolution interferometric experiments.

Due to the atmospheric turbulence, the phases at Pi and P2 are randomly 

fluctuating, the fringes are therefore randomly shifting. Thus in a long exposure
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image, the summation of these randomly shifting fringes will add up as a blurred 

image instead of a diffraction-limit image. In order to understand the implications 

of the fringe shifting at different baselines and their fluctuation properties, we 

carried out measurements on the temporal fluctuations of intensities of such fringe 

patterns and compared the results obtained by different baselines. Since the fringe 

intensity fluctuations were caused by the random shifting of the fringe pattern and 

this shifting was due to the random fluctuations of the phase difference between 

point Pi and P2? we were in fact indirectly looking at the fluctations of phase 

difference between two points at the pupil plane of the telescope.

The measurements were made using the same telescope as for the full aperture

measurements. Two small sub-apertures were placed in the mask plane shown

in Fig.5.6. The sub-apertures were carefully placed in order to avoid the central

obscuration of the pupil imaged onto the mask plane with a diameter of 5.4 mm.

The sub-apertures were made by drilling tiny holes in a few pieces of metal. The

thickness of the sub-aperture edges were made very thin in order to avoid edge
effects. This was done by drilling the pieces of metal with a pyramidal drill.

The diameter of the sub-aperture on the metal is 1mm, and separations were

2, 4, 7 and 10 mm. Since the demagnification from^elescope pupil to the masking
nksi

plane was 75, the sub-aperture diameter corresponded to 7.5 cm in the telescope

pupil and separations of 15, 30, 52.5 and 75 cm. For the above separations, at

wavelength A = 550 nm, the corresponding fringe periods at the focal plane of

lens ” L2” were 36.3, 18.2, 10.4 and 7.3 pm  respectively. These fringes were then

magnified by an x20 objective, the magnified fringes with periods of 726, 364, 208

and 146 pm  were sampled by a slit of width 30 pm  parallel to the fringes. The slit

was made by carefully aligning and gluing two pieces of*blac/es under a microscope.
rapt

Interference fringes were clearly seen with an eyepiece and they were shifting 

all the time. The measurements are shown in Fig.5.17. These measurements were 

taken on night 13 using the 550 nm  filter. Three graphs compare the temporal 

correlation of the image formed using 15 cm separation on the telescope pupil with

C hapter 5
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Fig.5.17. Temporal correlation curves of fringe intensity fluctu­

ations. (a). Comparison between the results obtained 

from baselines 15 cm and 30 cm. (b). Comparison be­

tween the results obtained from baselines 15 cm and 

52.5 cm. (c). Comparison between the results obtained 

from baselines 15 cm and lb  cm.
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those obtained using sub-aperture separations of 30, 52.5 and 75 cm. As with 

the full aperture case, the long time scale image wander has been removed, only 

short time scale variations remaining. The scale values for larger baselines may be 

reduced due to mis-alignment of the slit relative the fringes and spatial averaging. 

This is because the larger baseline gives a finer fringe period. The two aperture 

results show that the fluctuation time scales of the fringe patterns for measured 

baselines 15cm, 30cm, 52.5cm and 75cm are very similar. They are on the order of 

5m s similar to that of the full aperture image. This implies that the phase changes 

at two apertures of above mentioned baselines are random and uncorrelated. Even 

if the phases at two sub-apertures are influenced by one correlated factor, for 

example the translational movement of the turbulence, the phase difference at 

these two sub-apertures are still fluctuating at similar time scale for different 

baseline. However, for very small baseline (< rQ) when the phase differences are 

also small (< 2ir), the fluctuation time scales for a shorter baseline should be longer 

than that for a longer baseline. This is true when two apertures are within the 

same homogeneous coherence patch. In our measurments, the baselines are larger 

than the dimension of this patch and therefore we observed similar fluctuation 

time scales for different baselines due to the uncorrelated phase changes at two 

apertures. This is also an indication that in our measurements the baselines were 

larger than the Fried parameter rQ. If the sub-aperture separation is smaller than 

r0, one would expect the different correlation time scales for different baselines.

Another feature we can see from Fig.5.17 is that the relative fluctuation scales 

[standard deviation/mean intensity, i.e. C(0)] are identical for all different base­
lines in our experiments. This implies that the average phase difference fluctua­
tions are more than 2iz. If the phase difference fluctuations were smaller than 27r, 

when the sampling slit is centred on a bright line the relative fluctuation scales 

would be different from that when the sampling slit is centred on a dark line. 

In our experiments, the sampling slit was not deliberately centred on any line 

yet the measurements showed the identical relative fluctuation scales for different 

measurements and baselines. For phase difference fluctuations larger than 27t the
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sampling slit would still sense the whole fluctuation since the fringes would still 

scan over the slit due to the sudden change of the phase difference. An implication 

j-or Michelson interferometry is that the fringe shifting scale and rates (time taken 

for a 27r shifting) are the same for different baselines larger than the homogeneous 

patch.

§5-5: Concluding Remarks

The temporal fluctuation properties of “seeing” at La Palma Observatory, 

Canary Islands were evaluated. This was done by evaluating the temporal cor­

relation of stellar image intensities and fringe patterns. As far as high angular 

resolution imaging concerned, our measurements show that La Palma Observa­

tory is a favourable observing site compared with Herstmonceux, U.K. and Mees 

Observatory, New York where shorter correlation times were found. The corre­

lation time of the full aperture image intensity at La Palma is of the order of 

5 m s. This indicates that at La Palma the short exposure data should be taken 

or processed with an exposure time in the order of 10 m s to achieve the optimal 

signal-to-noise ratio. In the measurements of intensity temporal correction of 

fringe patterns, it is found from limited measurements that the values of temporal 

correlation time scale vary little for different baselines. The correlation times are 

in the same order of magnitude as the correlation time for images using the full 

aperture.
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Statistical Properties of Light 

Scattered by Dense Random Media

§6-1: General Outline of Light Scattering

Light wave scattering has long been applied to solve many practical problems. 
It has been used to probe the structure of scattering molecules and measure certain 
properties of scattering media, such as the diffusion constant and particle sizes [e.g. 
Witkowski (1986)]. It is also used to estimate the fraction of spherical particles in 
a mixture [Rochon et al (1988)]. Because of the high intensities of laser sources 
and excellent monochromatic characteristics, laser light scattering is capable of 
measuring weakly scattered light and a very small frequency shift. Even at very 
low light levels, photon correlation techniques can be used to gain high signal to 
noise ratio in light scattering experiments [e.g. Moreno et al (1988)].

Physically light scattering can be explained in terms of interaction between 
the incident light wave and scattering medium. When light impinges on matter, 
the electric field of the light induces an oscillating polarisation of the electrons in 
the molecules. The molecules then serve as secondary sources of light and sub­
sequently radiate (scatter) light. The frequency shifts, the angular distribution, 
the polarisation and the intensity of the scattered light axe determined by the 
size, shape and molecular interactions in the scattering material. The energy ex­
changes between the light and medium will influence the translational, rotational, 
vibrational and electronic degrees of freedom of the molecules. They thereby 
suffer frequency shifts. Thus the frequency spectrum of the scattered light will 
exhibit resonances at the frequencies corresponding to these transitions. Rayleigh 
scattering deals with the characteristics of the light scattered from translational 
and rotational degrees of freedom, while Raman scattering, provides information 
about energy spectra of molecules. Apart from scattering theory which deals with 
the interaction between light waves and molecules, there is a fluctuation theory

Chapter 6
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of light scattering. The intensity of the light is obtained without considering the 
detailed molecular structure of the medium but the dynamic properties of the 
scatterers.

In this section, we will start with scattering by a single particle. Then the 
scattering by a collection of randomly distributed particles for single scattering
in a dilute solution will be discussed. The multiple scattering process will also be

i\r T's/umarns (1̂ 1̂ ) -briefly dealt with. Iw £«cfum, t*)e oKlt i'd(o

§6-1-1: Light Wave Scattered By A Single Particle

For the scattering geometry shown in Fig.6.1, if we denote the scattered field 
by the particle at point fas Es(r), then it is given by:

exp (i k R)Es(r) = f(o,e) R (6.1)

Fig.6.1. Scattering geometry by a single particle.
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where k is the wave number, R  is the distance between the detection point at r 

and the particle, / (o , e) is the scattering amplitude given by:

f(o,e) =  f {[o x E(r')] x o]{e — l)e x p (—ikr' • o)dV (6-2)
4 7 T  J y

where e and o are unit vectors of incident and viewing directions respectively, 

£ is the relative dielectric constant of the particle and E(r') is the electric field 

inside the particle. The integration is over the whole volume of the particle. 

Therefore the question of scattering from a single particle becomes the question 

of how to find the electric field inside the particle in order to solve Eq.(6.2). The 

electric field inside the particle E(r’) is generally unknown. However, in many 

practical situations, an approximation for E(r') can be made in order to obtain an 

approximate expression of / (o ,  e). We will in the following context briefly mention 

a few examples, where we assume that all particles discussed below are spherical.

(1). Rayleigh scattering (for kd<C l) :  It is assumed that the particle size d 
is sufficiently small compared with the wavelength and the particle is regarded as 

point-dipole oscillator. Thus the electric field inside the particle induced by an 

outside electric field Ee is uniform and given by:

£ (r ')  =
£ ~h 2

E e

Hence from Eq.(6.2):

/(o , e) =
.2 r

4 7 T

3(® -  1) V  sin 9

(6.3)

(6.4)
£ +  2

where 6 is the scattering angle. The scattering cross section cr3 is therefore given 

as:

vs =  /  \f(o, e)\ dw
J  47T

fc4 [ 3 ( 6 - 1 )
1 6 7 T £ -f- 2

V 2 sin2 0 (6.5)

The A 4 dependence is a well-known result.

(2). Rayleigh-Debye scattering [for (e — l)fcd<C 1]: In this approximation, 

it is assumed that the particle’s dielectric constant is close to 1 so that the field
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inside the scatterer can be approximated by the incident field E e =  eexp(ikr- e) 
(Born approximation). Note the particle size is not necessarily assumed small to 

make this approximation valid. The scattering amplitude therefore has the form:

Chapter 6

f(o,e) =
3 k2(e — 1)V sin#

47rh^d3
(sin k3d — k3d cos k3d) (6.6)

where k3 =  2k sin(#/2). The scattering amplitude shows a periodic pattern against 

the scattering angle.

(3). WKB* scattering [ for (e — 1) kd^> 1, e —  1 <  1 ]: The Born approximation 

mentioned above deals with particles whose dielectric constant is close to unity 

regardless the particle size as long as it is not too large. In contrast to the 

Born approximationy^WKB approximation is valid for the large particles whose
J l\Z

dielectric constant is not close to 1.

Fig.6.2. Particle diagram for WKB approximation.

* WKB stands for Wentzel, Kramers and Brillouin who developed this type of 

approximation.
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Since it is also assumed e — 1 <  1, this implies that inside the particle, the 

electric wave propagates approximately in the same direction of the incident wave. 

As shown in Fig.6.2, for an incident field E e = eexp ( i k r -  e ), the electric field at 

point B  inside the particle is approximated by:

E(r') = Texp[ikz0 +  ikn(z' — z ,)}e (6.7)

where n = y/E is the refractive index of the particle, T  is the transmission coeffi­

cient at the particle surface and it can be approximated by T  =  2 /(n  +  1). The 

scattering amplitude in this case can then be calculated as:

-  Jfe2
f(o,e) =  —  V si ndX(o,e) 

47r

X(o,e) = -̂~ [ 2(n — 1) exp[ikzQ -f- ikn(z* — zQ) — ikr' • e ] dV 
V  Jv

I (6.8)

(4). Mie scattering: This is the exact solution of the scattering of a plane 

wave by an isotropic, homogeneous sphere. In a spherical coordinate system, the 

scattered field can be represented by:

E ,  =  - i ^ t l s 2(0) sin^

where Si(0) and 52(0) are the series involving scattering angles. More details 

about them can be found in Ishimaru(1978).

(6.9)

§6-1-2: Single Scattering

We have looked at the characteristics of the scattered wave by a single particle.

In this subsection we shall study the scattered waves by a collection of randomly 

distributed particles. In other words, the scattering by a random medium. If the 

distribution of the particles is tenuous and the majority of the scattered

waves have only undergone the scattering process once, we refer to this as single 

scattering. We will discuss the average detected scattered energy and the temporal 

auto-correlation related to the dynamic characteristics of the medium.

- 127-



(1) . Average detected power: Suppose the incident power density onto the 

scattering medium is Si and the distance between the scattering medium and 

the detector is R , which is very large compared with the scattering medium size. 

Hence the scattered power density due to a single particle at the detector is given 

by:

Sri =  1 Si (6.10)

If we ignore the interference effect between scattered waves, the power scat­

tered by a small volume dV is given by:

S r 2 =  SiXpdV  (6.11)

where p is the particle number density, i.e. the number of particles per unit 

volume. Therefore the total detected power by the detector with a receiving cross 

section A  ̂ is as follows:

P„ =  SiXpdV  (6.12)

(2 ) . Temporal auto-correlation: In the following treatment it is assumed the 

scattering medium is statistically stationary. The field temporal auto-correlation 

is, from its definition:

N

G ( 1 ) ( r )  =  < ] T | / ( o , e ) | e x p [ - z g - n ( 0 ) ]

i= 1
N

x  ^2 I / ( o ,  e ) |  exp[z '5 • n ( r ) ] > e x p ( - m 0 r )  ( 6 . 1 3 )

j=i

where N  is the total number of scatterers. For sufficiently dilute solutions the 

positions of different scatterers will be uncorrelated so that the cross terms vanish. 

If we also assume the scattering amplitudes from different particles are the same, 

the field temporal auto-correlation function can then be simplified as:

G ^ ( t) = N\f(o, e)\ <exp  {iq • [r(r) — r*(0)]} >  exp(—iw0r) (6.14)

Chapter 6
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By definition, the ensemble average in Eq.(6.14) can be replaced by:

G ( 1 , ( r ) =  /  P(k,r) exp (iqk)dV (6.15)
J v

—♦
where P(k,r) is the conditional probability of a particle located at the origin at 

t =  0 moving to a position R  at t =  r. For particles undergoing free isotropic 

diffusion, P ( & , r )  obeys the diffusion equation:

B P
-gf = D t A 2P  (6.16)

where D t  is the diffusion constant of the scattering medium. Together with

Eq.(6.13), we can solve for G^(r):

G^\r) = N\f(o,e)\ exp(—q2DTT)exp(—iw0r) (6-17)

Hence the normalised field auto-correlation is given by:

C^\ t) = exp(— q2DxT) (6.18)

By the Siegert relation, for a Gaussian field, the intensity auto-correlation is as 

follows:

Ĉ 2\t) =  1 +  exp(—2q2 D tt) (6.19)

It is concluded that the intensity correlation of single scattered light from dilute 

solutions has the form of an exponential and its relaxation time is l / ( 2<5f2JD j’).

In Fig.6.3, a typical auto-correlation measurement of scattered intensity from 

dilute solution is plotted. The correlation scale is on a logarithmic scale. The 

experiments were done by using a very dilute suspension of polystyrene latex 

beads in water at room temperature. A 514.5 nm  line Argon ion laser was used 

and the scattering angle was 2° off backscatter. As can be seen from the figure, the 

log-correlation shows a fairly straight line indicating the exponential correlation 

function. From the gradient of the logarithm curve, it is found the diffusion 

constant of this solution is D t  ~  4.7 x  10~9 (cm2/s) at room temperature. In 

fact, this is a very important application of light scattering in industry.
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LOGCC(T)]

Fig.6.3. The logarithm of temporal correlation of singly scat­
tered light intensity.

§6-1-3: M ultiple Scattering

When the density of the scattering medium is increased to a certain level, 
multiple scattering effects become dominant in determining the characteristics 
of the scattered waves. When this occurs, the single scattering approximation 
is no longer valid and multiple scattering theories must be used to cope with 
scattering problems. Historically, there are two distinct theories developed to 
solve multiple scattering problems. One is called analytical theory and the other 
transport theory.

In analytical theory, one starts with basic wave equations for scattered waves, 
takes into account the scattering and absorption characteristics of scattering par­
ticles and eventually gets appropriate differential or integral equations for the 
statistical properties such as correlation functions. Analytical theory is mathe­
matically rigorous and in principle all the interference and diffraction effects can
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be included in the theory. However, in practice it is very difficult to obtain the 
formulations which include all these effects. A variety of approximate theories 
have been developed to solve the problems for a specific range of parameters.

In transport theory, the propagation of intensities in a random medium is in­
vestigated by using the so-called transport equation. It emphasizes the transport 
of energy through a medium containing scattering particles. Transport theory 
ignores the details of the multiple scattering process, but the theory generally 
works well. However, because of the nature of the theory (i.e. only deals with the 
energy transport), it does not take account of diffraction or interference effects. 
Hence under certain circumstances, such as when dealing with the backscattered 
light intensity from dense random media, modifications are needed. The beauty 
of transport theory lies in the fact that it simplifies the multiple scattering process 
by only considering the intensity transport. For example this could be done by 
only considering the first and last scattering process and Green function which 
accounts for any intermediate scattering process. In this case, the Green function 
is the key factor to be studied for multiple scattering process. In section §6-3, 
we will use this feature to analyze the enhanced backscattering line shape. The 
details of multiple scattering theories (analytical and transport theories) are out 
of the scope of the thesis and they will not be discussed here. They can be found 
in the excellent textbook by Ishimaru(1978).

§6-2: Enhanced Backscattering Phenomenon

There has been considerable interest in the phenomenon of enhanced backscat­
tering exhibited by dense collections of particulate scatterers such as latex spheres 
and randomly rough surfaces. This phenomenon is of both basic physical im­
portance and potential practical application. Because of the localisation of the 
photons, transport theory should be modified due to the modification of photon 
diffusion constant which is directly related to the localisation effect in certain sit­
uations. Coherent backscattering can also find application in analyzing certain
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characteristics of the scattering media, in remote sensing, etc. A bibliography 
about the analysis of this phenomenon is listed in references 6.1-6.7, 6.10-6.14, 
6.16, 6.18, 6.20-6.43 and 6.45-6.46.

Chapter 6

Fig.6.4. Experimental setup for measuring enhanced backscat- 
tering.

Our experimental setup is shown in Figure 6.4. In this Figure, polarised inci­
dent light illuminates a sample of polysyrene latex beads. The backscattered light 
passes through an analyzer and is reflected by a beamsplitter onto the detector. 
The detected signals are analysed by a digital correlator and its related computer 
system. Great care should be taken to block the stray light from various sources. 
The cell containing the sample was tilted off-axis in order to keep its surface re­
flection well away from the detector. Alignment for backscatter was done in the 
following way: put a tiny hole in front of the laser source and a flat mirror in the 
place where the sample cell should be. Then adjust both the flat mirror and the 
beamsplitter to let the reflected beam pass back through the tiny hole. Therefore 
both parts of the split beam represent the backscattering direction. The detector
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was put in this direction and the backscattering direction was found and recorded.

Several measurements were made by using this experimental setup. The cal­
ibrations of the transmission and reflection of co-polarised and cross-polarised 
intensities by the beamsplitter were also made to obtain an absolute comparison 
between detected co-polarised and cross-polarised components. A typical mea­
surement of coherent backscattering from a 10% by volume suspension of latex 
beads in water, with the average diameter 0.46 pm is plotted in Fig.6.5. As can 
be seen, in the backscatter direction, for illumination by linearly polarised light, 
the intensity of the linearly co-polarised scattered component is up to a factor 
of ~1.8 greater than that away from backscatter (i.e. « 30 mrad away) and
the cross-polarised component also shows some enhancement, typically « 1.2 for 
dense media. These peaks are due to multiple scattering and associated with weak 
localisation of photons. At and near backscatter, multiple scattering gives rise to 
constructive interference of the light travelling along the time reversed paths. For 
the co-polarised case, the two components of the time reversed paths are identical 
and therefore give higher enhancement. In the cross-polarised case, the two non­
identical components still have correlated phases which give a smaller enhance­
ment. The half-width at half-maximum (HWHM) of the enhanced backscatter 
peak for both co-polarised and cross-polarised detections is governed by diffrac­
tion and is on the order of X/(2ttI), where / is the mean free path. It is also noted 
that at a large scattering angle, for example at 6 = 30 mrad the detected light 
intensity is found to be almost totally depolarised.

Theoretically, for the co-polaxised case, since forward and reverse amplitudes 
are identical and in phase at backscatter, an enhancement of up to a factor of two 
is possible. In practice, this enhancement factor is less than two due to several 
practical constraints affecting this behaviour. For example, the contributions from 
the multiple scattering whose first and last scattering are from the same scatterer 
are always in phase but are uniform with angle and this will bring down the 
total enhancement. Another example is the single scattering contributions which
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S-S Pol. 
S-P Pol.

(mrad)

Fig.6.5. Measured scattered intensity versus angle showing en­
hanced backseattering for both co-polarised (s-s Pol.) 
and cross-polarised (s-p Pol.) detections.

do not contribute to the enhancement factor at all. It is possible to eliminate 
the single scattering contributions by shining the incident beam through a linear 
polariser followed by a quarter wave plate before the sample. The angle between 
the transmission axis of the linear polariser and the fast axis of the quarter wave 
plate is 45°. The beam incident onto the sample is then circularly polarised. 
This combination of a linear polariser and a quarter wave plate will not allow 
singly backscattered light passing back and therefore isolate the single scattering. 
However, by doing so other problems may occur, such as one cannot distinguish 
the co-polarised and cross-polarised light intensities, they are mixed up by the 
isolator. Besides, the isolator itself will introduce reflected and scattered light to 
make the measurements more noisy.

The measurements of backseat tering intensity against angle for different con­
centrations were also made and plotted in Fig.6.6. The measurements were for
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1 0 % ,  5 %  a n d  1 %  b y  v o l u m e  r e s p e c t i v e l y .  T h e  i n t e n s i t y  w a s  n o r m a l i s e d  t o  t h e  

l a r g e  a n g l e  i n t e n s i t i e s  o f  e a c h  o n e .  T h i s  F i g u r e  t h e r e f o r e  c o m p a r e s  e n h a n c e m e n t  

f a c t o r  a t  d i f f e r e n t  c o n c e n t r a t i o n  d e n s i t i e s .  A s  c a n  b e  s e e n  f r o m  t h e  F i g u r e ,  t h e  

e n h a n c e m e n t  f a c t o r  i s  d e c r e a s e d  w h e n  t h e  c o n c e n t r a t i o n  b e c o m e s  l o w e r .  T h i s  c a n  

b e  e a s i l y  u n d e r s t o o d  f r o m  t h e  f a c t  t h a t  t h e  p o r t i o n  o f  s i n g l e  s c a t t e r i n g  c o n t r i ­

b u t i o n  b e c o m e s  l a r g e  w i t h  t h e  d e c r e a s e  o f  t h e  c o n c e n t r a t i o n  a n d  s i n g l e  s c a t t e r e d  

l i g h t  d o e s  n o t  c o n t r i b u t e  t o  t h e  e n h a n c e d  b a c k s c a t t e r i n g .  A n o t h e r  f a c t  w e  c a n  s e e  

f r o m  t h e  F i g u r e  i s  t h a t  t h e  e n h a n c e m e n t  c o n e  i s  r e l a t i v e l y  b r o a d e r  f o r  t h e  h i g h e r  

d e n s i t y  c o n c e n t r a t i o n .  T h i s  i s  b e c a u s e  t h e  c o n e  w i d t h  i s  g o v e r n e d  b y  d i f f r a c t i o n  

a n d  i s ^ t h e  o r d e r  o f  T h e  h i g h e r  t h e  c o n c e n t r a t i o n  d e n s i t y ,  t h e  s m a l l e r

t h e  e f f e c t i v e  m e a n  f r e e  p a t h  l e n g t h  / ,  a n d  o f  c o u r s e  t h e  l a r g e r  t h e  e n h a n c e m e n t  

c o n e  w i d t h .
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I(a.u.)

F i g . 6 . 6 .  M e a s u r e d  b a c k s c a t t e r e d  l i g h t  i n t e n s i t y  v e r s u s  a n g l e  f o r  

c o - p o l a r i s e d  d e t e c t i o n s  f o r  s e v e r a l  c o n c e n t r a t i o n s ,  d e n ­

s i t y  i n  s o l i d s  c o n t e n t  p e r c e n t a g e  ( % ) .
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Angles
(mrad)

0 5 1 0 1 5 20 2 5 30

C(0)
Copolarised 0.85 0.87 0.87 0.88 0.84 0.87 0.88

C(0)
Cross-polar. 0 .83 0.84 0.84 0.84 0.84 0.84 0.84

T a b . 6 . 1 .  M e a s u r e d  ( 7 ( 0 )  v a l u e s  a t  d i f f e r e n t  a n g l e s .

N o w  l e t  u s  d i s c u s s  t h e  s t a n d a r d  d e v i a t i o n  ( c r )  o f  i n t e n s i t y  f l u c t u a t i o n s  a s  a  

f u n c t i o n  o f  a n g l e  6 .  B y  d e f i n i t i o n ,  t h e  s t a n d a r d  d e v i a t i o n  o f  i n t e n s i t y  f l u c t u a t i o n  

i s  d e f i n e d  a s :

<7 =  1 / < ( ! - J ) 2 >  ( 6 . 2 0 )

F o r  a  s t o c h a s t i c  v a r i a b l e  i t  c a n  b e  p r o v e n  t h a t :

r2 =  I 2 -  I 2

T h e r e f o r e :

-2 J 2

p  =  p  -  1 =  C ( r ) r=0 =  C(0)

(6.21)

(6.22)

W h e r e  C ( r )  i s  t h e  m e a s u r e d  i n t e n s i t y  a u t o c o r r e l a t i o n  f u n c t i o n  d e f i n e d  a s  f o l l o w s :

C ( r )  =  < J ( 0 ) / ( r ) >  -  1  ( 6 . 2 3 )

H e n c e  w e  c a n  s e e  t h a t :

<r =  ^ /c (o )J ( 6 . 2 4 )

T h e  r e l a t i v e  i n t e n s i t y  f l u c t u a t i o n s  a t  a n d  a r o u n d  b a c k s c a t t e r  w e r e  s t u d i e d  

a g a i n s t  a n g l e  i n  t h e  f r a m e  w o r k  o f  a n a l y s i s  o f  d y n a m i c  p r o p e r t i e s  o f  s c a t t e r e d  

l i g h t  p r e s e n t e d  i n  § 6 - 5 .  T h e  m e a s u r e m e n t s  w e r e  d o n e  b y  u s i n g  a  s a m p l e  t i m e  

o f  T  =  2  x  l ( r t ,  s m a l l  e n o u g h  t o  a v o i d  t e m p o r a l  a v e r a g i n g  e f f e c t s .  T h e  r e s u l t s

iS
a r e  l i s t e d  i n  T a b . 6 . 1 .  A s  c a n  b e  s e e n  f r o m  t h e  t a b l e ,  f o r  b o t h  c o - p o l a r i s e d  a n d

- 136-



Chapter 6

c r o s s - p o l a r i s e d  d e t e c t i o n s  t h e  v a l u e s  o f  C ( 0 )  r e m a i n  t h e  s a m e  a t  d i f f e r e n t  a n g l e s ,  

t h e r e f o r e  f r o m  E q . ( 6 . 2 4 )  w e  c a n  g e t  c r  o c  I  f o r  d i f f e r e n t  a n g l e s .  I n  o t h e r  w o r d s ,  t h e  

i n t e n s i t y  f l u c t u a t i o n  a l s o  s h o w s  a n  e n h a n c e m e n t  a t  b a c k s c a t t e r ,  a n d  i t s  e n h a n c e ­

m e n t  s h a p e  i s  i d e n t i c a l  t o  t h a t  o f  i n t e n s i t y  e n h a n c e m e n t  f o r  t h e  c o - p o l a r i s e d  a n d  

c r o s s - p o l a r i s e d  c a s e s  r e s p e c t i v e l y .  A  l a r g e r  f l u c t u a t i o n  w i l l  b e  o b s e r v e d  a t  a n d  

a r o u n d  b a c k s c a t t e r .  A l s o  f r o m  t h e  T a b l e ,  i t  i s  f o u n d  t h a t  t h e  r e l a t i v e  i n t e n s i t y  

f l u c t u a t i o n s  C ( 0 )  f o r  t h e  c o - p o l a r i s e d  c a s e  a r e  a p p r o x i m a t e l y  t h e  s a m e  a s  t h o s e  

f o r  c r o s s - p o l a r i s e d  c a s e .

§6-3: Analysis of Enhancement Line Shape

T h e  s c a t t e r e d  l i g h t  i n t e n s i t i e s  h a v e  b e e n  i n t e n s i v e l y  s t u d i e d  u s i n g  t r a n s p o r t  

t h e o r y .  I n  t h e  c l a s s i c a l  a p p r o a c h  o f  a n a l y z i n g  t h e  l i g h t  t r a n s p o r t ,  i t  i s  a s s u m e d  

t h a t  p h a s e s  a r e  u n c o r r e l a t e d  o n  s c a l e s  l a r g e r  t h a n  t h e  e l a s t i c  m e a n  f r e e  p a t h  / .  

T h i s  l e a d s  t o  a n  i n t e n s i t y  t r a n s p o r t  e q u a t i o n  o f  t h e  B o l t z m a n n  t y p e  i n  w h i c h  

t h e  p h a s e  r e l a t i o n s  b e t w e e n  s c a t t e r e d  w a v e s  a r e  n o t  t a k e n  i n t o  a c c o u n t  b e c a u s e  

t h e  s c a t t e r e r s  a r e  r a n d o m l y  d i s t r i b u t e d  a n d  h e n c e  a n y  i n t e r f e r e n c e  e f f e c t s  a r e  

n e g l e c t e d .  W h e n  t h e  s c a t t e r i n g  g e o m e t r i c a l  l e n g t h  s c a l e s  a r e  v e r y  l a r g e  c o m p a r e d  

w i t h  / ,  i n  w h i c h  c a s e  t h e  a t t e n u a t e d  e n e r g y  c a n  b e  n e g l e c t e d  a n d  d i f f u s e d  e n e r g y  

c o u n t s  f o r  t h e  m a j o r i t y  p o r t i o n  o f  o b s e r v e d  e n e r g y ,  t h i s  e q u a t i o n  r e d u c e s  t o  a  

d i f f u s i o n  e q u a t i o n  w i t h  a  p h o t o n  d i f f u s i o n  c o n s t a n t  D  =  I c j 3 .  T h e  t r a n s p o r t  

t h e o r y  w o r k s  w e l l  i n  m a n y  p r a c t i c a l  s i t u a t i o n s .  H o w e v e r ,  i t  i s  n e c e s a r y  t o  m a k e  

a  m o d i f i c a t i o n  a r o u n d  t h e  b a c k s c a t t e r i n g  d i r e c t i o n  i n  w h i c h  t w o  t i m e  r e v e r s e d  

e m e r g e n t  w a v e s  i n t e r f e r e  w i t h  e a c h  o t h e r  c a u s i n g  e n h a n c e d  b a c k s c a t t e r i n g .

§6-3-1: Enhancement Line Shape for a Scalar Light Wave

F i g u r e  6 . 7 .  s h o w s  t h e  s c a t t e r i n g  g e o m e t r y  o f  a  s e m i - i n f i n i t e  m e d i u m  o c c u p y ­

i n g  t h e  h a l f  s p a c e  z  >  0 .  A s  c a n  b e  s e e n  f r o m  t h e  F i g u r e ,  t h e  t o t a l  p h a s e  d i f f e r e n c e  

b e t w e e n  t h e  t w o  t i m e  r e v e r s e d  w a v e s  i s  q - ( r  —  r ’ ) .  T h i s  i m p l i e s  t h a t  t h e  c o r r e c t i o n  

f o r  i n t e r f e r e n c e  d u e  t o  m u l t i p l e  s c a t t e r i n g  c a n  b e  o b t a i n e d  b y  w e i g h t i n g  t h i s  p h a s e  

d i f f e r e n c e  f a c t o r  c o s [ < f  • ( r  —  r ' ) ]  t o  t h e  c o r r e s p o n d i n g  i n c o h e r e n t  i n t e n s i t y .  T h i s
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i s  d o n e  b y  p u t t i n g  a n  e x t r a  w e i g h t i n g  f a c t o r  i n  t h e  c a l c u l a t i o n  o f  t h e  s c a t t e r i n g  

a l b e d o .  T h e  r a t i o  o f  t h e  e m e r g e n t  e n e r g y  i n  d i r e c t i o n  s  p e r  u n i t  s u r f a c e ,  u n i t  t i m e  

a n d  u n i t  s o l i d  a n g l e  c ? f 2  t o  t h e  i n c i d e n t  e n e r g y  f l u x  i n  d i r e c t i o n  s Q i s  d e f i n e d  a s  

a l b e d o .  F o r  t h e  m u l t i p l e  s c a t t e r i n g  p a r t  o f  a l b e d o ,  t h e  t i m e  d e p e n d e n t  a l b e d o  i s  

g i v e n  a s  [ A k k e r m a n s  e t  a i  ( 1 9 8 8 ) ] :

r°° r°° z  z ’
a ( s 0, s ; t )  = T Z f i Jq dz Jq d z' exp( - ^~ 7 )exp( - ^ / )

J ^  d 2 p [  1 +  cos q • (r -  r ' ) ] G ( p ,  z ,  z ' \ t) (6.25)

47r/2 

x

w h e r e  p  a n d  p Q a r e  p r o j e c t i o n s  o f  s  a n d  s Q o n  2 - a x i s  r e s p e c t i v e l y ,  2  a n d  2 '  a r e  

p r o j e c t i o n s  o f  r  a n d  r '  o n  2 - a x i s  r e s p e c t i v e l y ,  < f  i s  t h e  t r a n s f e r  w a v e  v e c t o r  s a .

F i g . 6 . 7 .  S c a t t e r i n g  g e o m e t r y  u s e d  f o r  c a l c u l a t i o n  o f  a l b e d o .
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T h e  s t a t i o n a r y  a l b e d o  i s  g i v e n  b y :

roo
a ( s Q , s ) =  /  a ( s 0 , s ; t ) d t

J o

=  4h i
x  j  d 2 p [ l  +  c o s  q  • ( r  —  r  ' ) ] G ( p ,  z ,  z ' )  ( 6 . 2 6 )

w h e r e  G ( p , 0 , z ' )  i s  t h e  t i m e  i n t e g r a l  o f  t h e  G r e e n  f u n c t i o n  f o r  t h e  s t a t i o n a r y

p r o c e s s : /•OO
G ( p , z , z ' ) =  /  G ( £ z , z ' ; f )

./o
d t ( 6 . 2 7 )

T h i s  f o r m u l a  c a n  b e  e x p l a i n e d  p h y s i c a l l y :  d z d J p l - 1  e x p [ — z / ( ^ z 0 / ) ]  i s  t h e  r e ­

l e a s e d  e n e r g y  d e n s i t y  s c a t t e r e d  f r o m  t h e  e l e m e n t a r y  v o l u m e  d z d ? p  w h e r e  t h e  i n c i ­

d e n t  e n e r g y  i s  f i r s t  s c a t t e r e d  a t  p o i n t  r  i n  t h e  e l e m e n t a r y  v o l u m e .  

G ( p , z , z ' )  i s  t h e  G r e e n  f u n c t i o n  w h i c h  d e s c r i b e s  t h e  l i g h t  t r a n s p o r t  f r o m  p o i n t  r  

t o  p o i n t  r '  n o  m a t t e r  h o w  m a n y  s c a t t e r i n g  p r o c e s s e s  a r e  i n v o l v e d  b e t w e e n  t w o  

p o i n t s .  T h e  G r e e n  f u n c t i o n  i s  g i v e n  b y  t h e  r a t i o  o f  t h e  e n e r g y  d e n s i t y  a t  p o i n t  r  ' 

t o  t h e  e n e r g y  p r o d u c t i o n  r a t e  a t  p o i n t  r .  ( c / 4 7 r )  d z 1 / - 1  e x p [ — z ' / ( p l ) \  r e p r e s e n t s  

t h e  l a s t  s c a t t e r i n g  p r o c e s s  a t  p o i n t  f ' .  I t  i s  t h e  f r a c t i o n  o f  e m e r g e n t  s c a t t e r e d  

e n e r g y  d e n s i t y  p e r  s o l i d  a n g l e  a t  p o i n t  r 1 d u e  t o  a  i n c i d e n t  e n e r g y  d e n s i t y  t r a n s ­

p o r t e d  f r o m  G r e e n  f u n c t i o n ,  w h i l e  [ 1  - f - c o s  q  • ( r  —  r #) ]  a c c o u n t s  f o r  t h e  i n t e r f e r e n c e  

e f f e c t s  b e t w e e n  t h e  t w o  e m e r g e n t  t i m e  r e v e r s e d  p a i r s .

A s  c a n  b e  s e e n  f r o m  t h e  a b o v e  e q u a t i o n ,  t h e  c a l c u l a t i o n  o f  a l b e d o  i s  t h e n  

r e d u c e d  t o  t h e  c a l c u l a t i o n  o f  t h e  G r e e n  f u n c t i o n  w h i c h  i s  a  c l a s s i c a l  d e s c r i p t i o n  o f  

i n t e n s i t y  t r a n s p o r t .  I n  t r a n s p o r t  t h e o r y ,  t h e  t r a n p o r t  o f  t h e  l i g h t  i n t e n s i t y  i n  t h e  

m e d i u m  i s  d e s c r i b e d  b y  t h e  G r e e n  f u n c t i o n  G ( r * ,  r ’ \ t )  d e f i n e d  b y  t h e  r e s p o n s e  a t  

r '  a t  t h e  t i m e  t  t o  a  p u l s e  c c t  r  a t  t i m e  t  =  0 .  F o r  a  l a r g e  n u m b e r  o f  s c a t t e r i n g s  

( o r  i n  t h e  l o n g  t i m e  l i m i t ) ,  G r e e n  f u n c t i o n  i s  w e l l  a p p r o x i m a t e d  b y  t h e  s o l u t i o n  

o f  a  t i m e - d e p e n d e n t  d i f f u s i o n  e q u a t i o n .  A s  p o i n t e d  b y  A k k e r m a n s  e t  a I  ( 1 9 8 8 )  

t h e  t i m e  d e p e n d e n t  G r e e n  f u n c t i o n  G ( p ,  z ,  z ' ; t )  i s  g i v e n  a s  f o l l o w s :

G (p > ’z' ;< )= i i ^ exp(“ & )
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x (z-z') (z + z' + 2z0)2exp(---- —--) — exp(----- — -----4 Dt ’ 4 Dt ■) (6.28)

where D is the photon diffusion constant and zQ = (2/3)/ within the diffusion 
approximation.

Therefore by integrating Eq.(6.26), denoting 9 as the scattering angle, the 
scattering angle dependent total albedo (coherent part and incoherent part) is:

at(9) = ac{9) -f- a,-(0) (6.29)

where ac{9) is the coherent part of albedo:

3 pfj0<xc(Q) = 87t(1 + pq±l)(l + V0q±l) \A* + A* 

and Qfj(̂ ) is the incoherent part of albedo:

3 / 2 zQ
“' W - S  1 +  -

2ppo exp(-2q±z0)
q±l (6.30)

(6.31)

where q± is the component of q normal to the z-axis. Within the small angle 
limit, p « p0 and for normal incident p « p0 « 1, the total scattering albedo is 
therefore:

” '<»>= &
, , 2z„ , 1 A  , 1 -exp(-2</i.z„)\

1 (i + 9±02 V )
(6.32)

Let us now take a look into the enhancement line shape. First, we analyse the 
scattering albedos in two extreme cases, namely when 8 = 0 and 9 —> oo where 
only incoherent part of albedo exists. For quasinormal incidence and emergence, 
q± ~ 27T0/A. Therefore when 9 —► 0, q± —> 0 and 9 —> oo, q± —> oo, we have:

a , w  =  t i1 +  2jf)
/

(6.33)

It is easy to see that the enhancement at backscattering is theoretically a factor 
of two. Secondly the angular width of the albedo (FWHM) is found to be in the
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order of A/(27r/). Thirdly, when 9 is very small, the albedo can be approximately 
expressed as:

6 ft , 2z° 2'KZ°\m (6.34)

It can be seen from this formula that the albedo has a linear relationship with the 
scattering angle 9 near backscatter and the enhancement line shape is therefore 
triangular near backscatter.

The above analysis is only valid for isotropic scattering. For anisotropic scat­
tering an approximate expression can be obtained by replacing the mean free path 
/ by the transport mean free path /*. For quasinormal incidence and emergence, 
a calculation of backscattering albedo can be made from Eq.(6.32). In Fig.6.8. a 
comparison between this theoretically calculated enhancement and experimental 
measurement is shown. The wavelength A is at 514.5 nm and the transport mean 
free path /*is « 19 pm in our experiments.

&
Fig.6.8. Theoretical curve compared with experimental curve.

From Fig.6.8, it is seen that the experimental enhancement peak is rounded 
from the theoretically predicted triangular shape.
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Apart from the reasons mentioned in §6-2 (p.133), there are experimental 
conditions responsible for this as well. The first is due to angular averaging effects 
in the experiment which smooth the enhancement peak. In the experiment a laser 
beam of divergence of «0.7 mrad illuminated the sample. This divergence will 
give rise to an angular averaging effect. In addition, a 65 pm pinhole was placed 
in front of the detector at a distance of 2 m  away from the sample which gave 
rise to an averaging angle of 0.32 mrad for the detector. By taking into account 
the above mentioned two averaging factors the overall averaging angle is about 
1 mrad. Therefore the detected value at backscatter is the average over 1 mrad 
around backsactter of the theoretical curve shown in Fig.6.8. The effect of this is 
small, except near the region of the peak; a simple calculation shows the value of 
the peak falls from 2.0 to approximately 1.9. This is not sufficient to explain the 
discrepancy between the experimental curve and theory.

The second reason is due to any effects which limit the maximum length of 
the scattering paths, such as absorption. Absorption will reduce the intensity 
contribution from both incoherent and coherent contributions. Longer coherent 
paths determine the magnitude and shape of the enhanced backscatter peak at 
the origin. Therefore, if these are diminished (e.g. by absorption), the magnitude 
of the peak is decreased and its shape changes. This is studied by Cwilich et 
al (1987) and they show that the enhancement peak is rounded and its shape 
is roughly Lorentzian rather than triangular in the presence of absorption. We 
cannot predict the magnitude of the effect as the absorption was not known in 
our experiments.

C h a p te r  6



C h a p te r  6

$ee Offotrtt, •

§6-3-2: Spatial Anisotropy of Enhancement Line Shape

The above analysis is for scalar waves and it is also valid for the co-polarised 
detection. For the cross-polarised detection the enhancement line shape is more 
complicated and it was studied by Stephen et a1 (1986b) with diffusion theory. 
Even for the co-polarised detection it is found [Albada et a1 (1987a, 1987b)] that 
the enhancement cone shows a spatial anisotropy, namely, its width (HWHM) is 
larger in the direction of the polarization vector of the incident beam than that 
in perpendicular direction.

Fig.6.9. Scattering geometry showing the spatial anisotropy of 
the enhancement peak.
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This spatial anisotropic characteristic can be understood from the vector char­
acteristic of the light. In Fig.6.9, the z-axis is the incident direction and x-y plane 
is perpendicular to the incident direction. The polarisation of the incident light 
is in the direction of the y-axis. Suppose there is a scatterer at the origin; the 
scattered amplitude by this scatterer in the x—z plane is a maximum and in the 
y-z plane is a minimum for the incident direction and polarisation direction. The 
amplitude scattered along the x-axis is maximal and along the y-axis is zero. For 
the other scatterers the scattered amplitudes should also have a preference to be in 
the rr-direction rather than in the y-direction. Therefore on average the scattered 
light wave is more likely to transport in ̂ -direction than in y-direction with the 
above given incident direction and polarisation direction. If we denote (xn,yn) as 
the coordinates of the last scatterer from which a co-polarised intensity can be 
detected, it can be concluded that under the same condition:

x n  >  y n  ( 6 . 3 5 )

Hence on average the time reversed pairs which give rise to a constructive inter­
ference at and around backscatter have a larger separations in ̂ -direction than 
in y-direction. The enhancement cone shou/J therefore have a narrower width in 
-̂direction which is the direction perpendicular to incident polarisation direction 
and a broader width in y-direction which is the direction parallel with the inci­
dent polarisation. It can also be intuitively imagined that a quantitative analysis 
of the enhancement spatial anisotropy should be related to the average of ratios 
of scattering phase function (the probability of scattered amplitudes in certain 
direction) from a particle in the y-axis to that in the a;-axis.

§6-4: Polarization Dependence of Backscattered Light

The enhanced backseattering phenomenon can be understood in terms of clas­
sical interference between a wave multiply scattered alonĝ certain path and a wave 
multiply scattered along its counterpath. Suppose the scatterers are small and 
point-like; a wave multiply scattered can be expressed by a product of a series
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Chapter 6

o f  m a t r ic e s ,  e a c h  m a t r i x  r e p r e s e n t in g  t h e  in c id e n t  a n d  v ie w in g  d ir e c t io n s .  F o r  

b o t h  f o r w a r d  a n d  re v e rs e d  w a v e s , t h e  m a t r ic e s  a r e  r e la t e d  in  s u c h  a  w a y  t h a t  a t  

b a c k s c a t t e r ,  f o r  c o - p o la r is e d  d e t e c t io n ,  t h e y  h a v e  e x a c t ly  t h e  s a m e  e le m e n t  ( a m ­

p l i t u d e )  w h i le  f o r  t h e  c r o s s -p o la r is e d  c a s e  t h e y  h a v e  d if f e r e n t  a m p l i t u d e  a l t h o u g h  

t h e i r  p h a s e s  a r e  s t i l l  c o r r e la te d .

§6-4-1: Analysis o f Enhancement Factors

W h e n  a  m o n o c h r o m a t ic  b e a m  is  in c id e n t  o n  a  s in g le  m o le c u le  w h ic h  h a s  a  

p o la r is a b i l i t y  s p e c if ie d  b y  a  p o la r is a b i l i t y  te n s o r  7jp :

(6.36)
V x x Tjxy t)x z

TJyx V  yy l y z

I z x V z y V z z

t h e  in c id e n t  l ig h t  in d u c e s  a  d ip o le  m o m e n t :

Dm(t) = r,p-E(t) = El£> % -P (6.37)

w h e r e  E ( t )  is  t h e  in c id e n t  f ie ld  w h ic h  v a r ie s  w i t h  t i m e  a n d  P  r e p r e s e n ts  th e  

in c id e n t  p o la r is a t io n  v e c to r .  A c c o r d in g  to  c la s s ic a l r a d i a t i o n  t h e o r y  a  t i m e  v a r y in g  

d ip o le  e m it s  e le c t r o m a g n e t ic  r a d ia t io n .  T h e  e le c t r ic  f ie ld  E s o f  t h e  r a d i a t e d  o r  

s c a t te r e d  l ig h t  a t  t h e  d e te c tio n  p o in t  is  p r o p o r t io n a l  t o  a  v e c to r  d e c id e d  b y  th e  

in c id e n t  a n d  v ie w in g  d ir e c t io n :

E a oc ( K  x J3" (f)) x K  (6.38)
—♦ —* n  —♦

w h e r e  K  is  t h e  v ie w in g  d ir e c t io n  a n d  D m ( t )  is  t h e  s e c o n d  t i m e  d e r iv a t iv e  o f  D m { t ) .  

F o r  a  s p h e r ic a l  m o le c u le ,  t h e  p o la r is a b i l i t y  te n s o r  is  is o t r o p ic ,  n a m e ly :

(6.39)
7 7 O O

7]p =  \ 0 T) 0
0 0 77

I n  t h is  case  t h e  in d u c e d  d ip o le  m o m e n t  is a lw a y s  p a r a l le l  t o  t h e  a p p l ie d  e le c t r ic  

f ie ld .  T h e r e f o r e  w e  h a v e :

Dm(t) = 7) • E(t) =  ECO y  • P (6.40)
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( 6 . 4 1 )

a n d  h e n c e  i t  is  f o u n d  t h a t :

P 3 cc ( I C  x P ) x K ( 6 .4 2 )

T h i s  im p l ie s  t h a t  t h e  s c a t t e r e d  f ie ld  a m p l i t u d e  ( w h ic h  is  a  v e c t o r )  b y  a n  

i n d i v i d u a l  s c a t t e r e r  is  p r o p o r t io n a l  t o  a  v e c t o r  ( K  x  P )  x  K .

F o r  v e c to r s

-- kxZ d” hyj d" k z k

P  =  P x i  +  P y j  - f  P z k

I t  is  f o u n d  t h a t

(.K  x  P )  x  K  =  M ( k )  • P  ( 6 .4 4 )

w h e r e  M ( k )  is  t h e  r e p r e s e n t a t io n  o f  in c id e n t  a n d  v ie w in g  d ir e c t io n s  a n d  i t  is a  

s y m m e t r ic  m a t r i x :

( 6 .4 3 )

M { k )  =

y2 +  k z2 kXky k x kz
k ykX kx2 +  k z2 k y k z
k z kx k z ky ky2 +  kx

( 6 .4 5 )

S u p p o s e  t h e  s c a t te r e r s  a r e  p o i n t - l i k e ,  in  w h ic h  case  t h e  s c a t t e r in g  is  R a y le ig h  

s c a t t e r in g .  F o r  o n e  s c a t t e r in g  p a t h  t h e  s c a t t e r e d  f ie ld  a m p l i t u d e s  a re :

P i  =  ( K x x P 0 ) x K 1 =  M { I < X )  • P „

P 2 =  ( K 2 x P 1 ) x K 2 =  M ( K 2 )  • P x 

=  M { K 2 ) M { K x )  • P 0
>

P „  =  ( K n  x  P n _ j )  x  K n =  M ( K „ )  • P n _ a 

=  • • • =  M i K J M i l C n - t )  • ■ ■ M ( h r 1)P o  „

( 6 .4 6 )
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F o r  t h e  t im e  re v e rs e d  s c a t t e r in g  p a t h  t h e  s c a t t e r e d  f ie ld  a m p l i t u d e s  a re :

P [  =  ( / ? „ - !  X P „ )  X / ? „ _ !  =  M { K n - ! )  ■ P o  '

P '  =  x  P I )  x  J ? „ _ 2 =  M ( K n . 2 )  ■ ? [

=  M ( K n - 2 ) M ( K n - x )  • Po

P n  =  { K n  X p;_j) X K n =  M ( K n ) • P'_! 

=  • • ■ =  M ( K n ) M ( K i  )■■■ M ( K n-i)Po

( 6 .4 7 )

N o w  w e  c o m p a r e  P n  a n d  P „ .  E f f e c t iv e ly ,  w e  a r e  c o m p a r in g  t h e  fo l lo w in g  

p r o d u c t s  o f  a  s e rie s  m a t r ic e s  r e p r e s e n t in ^ c e r t a i n  s c a t t e r in g  p a t h  a n d  i ts  t im e  

re v e r s e d  c o u n t e r p a t h :

\  M { K \ )  • • • M ( K n - \ )

M a t h e m a t i c a l l y ,  t h e  t r a n s p o s e  o f  a  p r o d u c t  o f  a  s e rie s  o f  m a t r ic e s  is  e q u a l  to  th e  

p r o d u c t  o f  th e s e  m a t r ic e s  in  re v e rs e  o r d e r ,  n a m e ly :

{ M ( K n - i )  ■ - ■ M ( K 1 ) f  =  [ M i K i ) ] 7 , ■ • • ( 6 .4 8 )

A s  p o in t e d  o u t  a l r e a d y ,  M ( K )  is  s y m m e t r ic ,  th e r e fo r e  w e  h a v e :

M ( K i )  =  [ M { K i ) f  i  =  1 , 2 ,  • • • ,  n  -  1 ( 6 .4 9 )

h e n c e :

[ M ( K n - 1 ) - - - M { K 1 ) ] T  =  J W (7 f1 ) - - - M ( i i : n _ 1 )  ( 6 .5 0 )

a n d  w e  s e t t h e  a b o v e  e q u a t io n  as M p ( K ) .  T h e r e f o r e  a t  b a c k s c a t t e r ,  b y  s e t t in g :

M ( K n )  =  M ( K b)

F o r  t h e  t i m e  r e v e rs e d  p a irs :

f  P n  =  M { K b ) - [ M p ( K ) \ T - P Q 

\  P ' n  =  M ( K b ) - M p ( K ) - P 0

( 6 .5 1 )

( 6 .5 2 )
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I f  w e  d e n o te :

t h e n  w e  h a v e :

M P ( I < )

[ M p ( K ) ] t

a n a n 013 )
a2i a22 a23
a31 aZ2 a33 /

(  a n a2i azi
a n 022 az2

V a13 2̂3 azz

( 6 .5 3 )

( 6 .5 4 )

I f  t h e  c o o r d in a t e  s y s te m  is c h o s e n  in  s u c h  a  w a y  so  t h a t  t h e  in c id e n t  p o la r i ­

s a t io n  is:

P o  =  i  =

t h e r e f o r e  t h e  b a c k s c a t t e r in g  (a s  w e l l  as  in c id e n t )  d ir e c t io n  c a n  b e  r e p r e s e n te d  b y :  

K b  =  k b y j  +  k b z k .  T h i s  is  b e c a u s e  P q a n d  K b  a r e  p e r p e n d ic u la r  t o  e a c h  o t h e r .

H e n c e  w e  h a v e :

M(Kb) =
+  k&z2 
0 
0 kby kbz

0
( 6 .5 5 )

B y  s u b s t i t u t in g  th e s e  k n o w n  m a t r ic e s  in t o  E q . ( 6 . 5 2 ) ,  i t  is  fo u n d :

/  Q-llikby T kbz )
Pn ~  I ®12̂ 6z O-lzhbykbz 

\& izkby  ankbykbz

P '  =^ n

(  0 , \ l { k b y 2  +  k b z 2 )

I 0-21 kbz Q'Z'i.hbykbz
\^3 lhby  2̂1 hbykbz

( 6 .5 6 )

( 6 .5 7 )

I f  n o w  w e  c o m p a r e  P n  a n d  P „ ,  i t  is  f o u n d  t h a t  t h e y  h a v e  t h e  s a m e  c o m ­

p o n e n ts  ( s a m e  a m p l i t u d e )  in  t h e  i  d i r e c t io n ,  w h ic h  is  t h e  in c id e n t  p o la r is a t io n  

d ir e c t io n  s h o w n  a b o v e — t h is  is  t h e  c o - p o la r is e d  ca se . I n  d ir e c t io n s  j  a n d  k , th e  

c r o s s - p o la r is e d  cases , t h e y  h a v e  d i f f e r e n t  a m p l i t u d e s .  F r o m  a n  in t e r f e r e n c e  p o in t  

o f  v ie w ,  t h e r e f o r e ,  a t  b a c k s c a t t e r  f o r  c o - p o la r is e d  d e t e c t io n ,  w e  s h a l l  see  a n  e n ­

h a n c e m e n t  o f  u p  t o  a  f a c t o r  o f  2 ,  w h i le  f o r  c r o s s -p o la r is e d  d e t e c t io n ,  a  e n h a n c e ­

m e n t  f a c t o r  less  t h a n  2  s h o u ld  b e  o b s e rv e d , e x c e p t  f o r  n  =  2  w h e n  w e  f in d  t h a t

P2 =  PI-
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F r o m  t h e  a b o v e  f o r m u la ,  i t  c a n  b e  s e e n  t h a t :

1 . F o r  c o - p o la r is e d  d e t e c t io n ,  t h e  e n h a n c e m e n t  f a c t o r  o f  n - t h  o r d e r  s c a t t e r in g  

is:

2
< \a i l (kby2 +  &6z2) +  Gil{kby2 +  &&z2)] > 

< [ a l l ( k b y2 +  kbz2)] +  [«ll(^6y2 +  kbz2)] > 

4 < Q n 2(kby2 +  kbz2) > _  2 

2  < a u 2 ( k b y 2 +  k b z 2 f >

( 6 .5 8 )

T h e r e f o r e  t h e  t o t a l  e n h a n c e m e n t  f a c t o r  c o n t r ib u t e d  f r o m  a l l  s c a t t e r in g  o rd e rs  a n d  

p a t h s  is  2 .

2. F o r  c r o s s -p o la r is e d  d e t e c t io n  (s e e  A p p e n d ix  A ) ,  t h e  e n h a n c e m e n t  f a c t o r  o f  

n - t h  o r d e r  s c a t t e r in g  is  g iv e n  b y  [ A lb a d a  e t  a l  ( 1 9 8 7 a ) ] :

2 2
jji(n)   ^  [(®12̂ 6z ^13 '̂6y '̂6z) T (^21^6z 3̂1 kby^6z)]

^  (^ 1 2 ^ 6 z  ^ 1 3 ^ 6 y ^ 6 z ) ^  T  ^  (^ 21  k bz ^31 ^'6y^,6 z ) ^

=  1 +
3 ( 0 . 7 n " 1 - 0 . 5 n _ 1 ) 

2  (1  — 0 . 7 n _ 1 )
( 6 .5 9 )

S u m m in g  u p  a l l  t h e  c o n t r ib u t io n s  f r o m  d if fe r e n t  s c a t t e r in g  o rd e rs  a n d  p a t h s ,  th e  

t o t a l  e n h a n c e m e n t  f a c t o r  is  f o u n d  t o  b e  t y p ic a l l y  o n  t h e  o r d e r  o f  1 .2 .

§6-4-2: Polarisation Degree

S to k e s ’ p a r a m e t e r s  a r e  v e r y  i m p o r t a n t  in  a n a ly s in g  t h e  p o la r i z a t io n  p ro p  .r t ie s  

o f  t h e  l ig h t  f ie ld .  T h e  m e a s u r e m e n ts  o f  t h e  S to k e s ’ p a r a m e t e r s  o f  b a c k s c a t te r e d  

l ig h t  a t  a n d  a r o u n d  b a c k s c a t t e r  a r e  p r e s e n te d  b e lo w .

S to k e s ’ p a r a m e t e r s  a r e  d e f in e d  as fo llo w s :

5 0  =  J ( 0 ° , 0 )  +  7 ( 9 0 ° ,  0 )

5 1  =  J ( 0 ° , 0 ) -  1 ( 9 0 ° ,  0 )

►
5 2 =  1 ( 4 5 ° ,  0 ) -  1 ( 1 3 5 ° ,  0 )

S» = 1 ( 4 5 ° ,  | )  -  1 ( 1 3 5 ° ,  | )

( 6 .6 0 )
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where 1(6, e) denotes the intensity of the light vibrations in the direction making 

an angle 6 with,oz axis, when the y-component is subjected to a retardation e 

with respect to the z-component.

C hapter 6

o  X

Fig.6.10. Geometry for calculating polarisation degree.

In our experiments, we choose the Cartesian coordinate system such that 

the incident polarisation direction is in the oy axis and the incidence direction is 

along the oz axis. Under such a scattering geometry, there is no preference for the 

output linear polarisation direction of scattered light in either 45° or 135° with 

respect to the ox axis or for left-handed or right-handed circular scattered light. 

In other words, we shall see that:

S2 =I(45°,0)- 1(135°, 0) = 0 

S, =  J(45o,|)-i(135°,|) = 0

Therefore the polarisation degree is:

P  =
So

Vsi2 + s22 + S32
50
51

(6.61)

(6.62)

If we denote Po as the polarisation degree at a large angle ând the polarisation
Sonrad)- 149 -
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degree around backscatter is P&, then it is easy to write:

Pb =
<

Po =

E  I  — E  I■̂ cô co ■LJcrJ-cr
Ecolco “b Eerier 
Ico Icr 
Ico “b Icr

(6.63)

where E co and E cr are enhancement factors for co-polarised and cross-polarised 

detection respectively; Ico and Icr are the intensities at a large angle for co­

polarised and cross-polarised detection respectively. Solving the above equation 

we get:
p  _ (E co — E cr) + (E co -f- E cr) Pp 

(Eco + E cr) + (Eco — E cr) Pq
(6.64)

As can be seen from Eq.(6.64) the polarisation degree also shows an enhance­

ment at backscatter. Measurements listed in Tab.6.2 show and confirm an en­

hancement at backscatter.

Angles
(mrad) 0 3 6 9 12 18 23

p(% ) 18.1 14.3 9.3 9.2 8.9 7.5 7.2

Tab.6.2. Measurements of polarisation degree against angle.

§6-5: Dynamic Properties of Backscattered Light

The dynamic properties of scattered light are related to the Brownian motion 

of the scatterers :n water. Because of the random motion of the scatterers the 

scattered light intensities are fluctuating randomly. In our experiments, the tem­

poral intensity correlation functions and photon counting statistics are measured 

to describe the dynamic properties of backscattered light.
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§6-5-1: Temporal Correlation

Measurements of the temporal correlation of both co-polarised and cross- 

polarised returns around the enhanced backscattering cone of a dense collection 

of latex spheres are presented. The correlation time shows a completely different 

variation with angle in the two cases and an explanation of this is given. The 

photon statistics have also been measured for co-polarised and cross-polarised 

intensities. The normalised factorial moments of the photon counts (which equal 

the normalised intensity moments) are independent of angle (for angles within 

&  15mrad of backscatter) and detecting polarisations, and they are in agree­

ment with those derived from Gamma intensity distribution with the descriptive 

parameter u = 1.20.

Much effort has been put into the study of this phenomenon. The statisti­

cal properties of such media, however, are very important in understanding the 

phenomenon, scattering process and the media itself. Maret et a1 (1987) have 

studied the temporal correlation of the intensity with respect to angle for the 

co-polarised return. Qu et a1 (1988) have reported temporal correlation studies 

with respect to the angle (at and around backscatter) for both co-polarised and 

cross-polarised detections. In this section, we shall first summarise the temporal 

correlation properties. The photon counting statistics at different angles for both 

cases will also be reported.

The experimental setup was the same as shown in Fig.6.4. The experiments 

were carried out by using the linearly polarised 514.5 n m  line Argon ion laser. 

The sample was 10% by volume latex beads in water with an average diameter of 

0.46pm. The scattered light was detected by using a photomultiplier tube with a 

pinhole much smaller than the backscattered speckle size. The signals were then 

analyzed by a digital correlator and its associated micro-computer system.

The temporal correlation function measured in our experiments is defined as:

(6.65)C ( r ) = <I(0)I(I) > - l
< I >

- 151 -



C hapter 6

where the angular brackets represent an ensemble average. Typical sets of data 

for both co-polarised and cross-polarised detections are plotted in Fig.6.11. It is 

found that the correlation curves are non-exponential due to multiple scattering. 

The resultant correlation curve is the superposition of the contributions from all 

different paths of different lengths.

Ln[C(t)]

Fig.6.11. The logarithm of the temporal auto-correlations mea­

sured at backscatter for both co-polarised and cross-

polarised cases, with a sampling time of 5ps. The 
2

speckle contrast 0̂.85. The non-straight curves 

ind’cate the non-expor jntial decay of correlation func­

tions (Upper curve is for the co-polarised and lower 

curve for cross-polarised cases).

For the co-polarised case, the correlation decay is slower than that for the 

cross-polarised case. This reveals that apart from the involvement of single scat­

tering for co-polarised correlation curves, the shorter paths contribute more, while 

for cross-polarised detection the longer paths have a larger role to play. There­

fore, as shown later, in general the correlation time is longer for the co-polarised 

case than that for the cross-polarised case.
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Log[Q(T)/C(T)]

3
1
7

9

(0)
(1)
0
(3)
(7)
(9)

Fig.6.12. The correlation ratio as a function of correlation time 

for different scattering angles. The numbenat the right 

are the different measurement angles in milliradians 

(numbers without parentheses are for the co-polarised 

case; numbers with parentheses for the cross-polarised 

case). C(T) is measured at 9 =  40 mrad in the co­

polarised case.

Fig.6.12 summarises the measured correlation data for the co-polarised and 

cross-polarised cases at angles of 0,1,3,7 and 9 mrad from backscatter: the vertical 

axis is the logarithm of the ratio of the measured correlation function in each 

case to that of the co-polarised case at a large angle (6 « 40 mrad). For the 

co-polarised case, this ratio starts at unity for 0 = 0, increases to a maximum 

at 9 « 3 mrad and then falls to unity again at high angles. However, for the 

cross-polarised case, the ratio starts at unity at 9 = 0 and decreases smoothly as 

the angle increases.
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To describe the non-exponential fluctuation rate and compare the different 
fluctuating behaviour at and near backscatter for both co-polarised and cross- 
polarised cases, let us look at the time dependence effects of the backscattered 
intensity. There are three characteristic time scales which affect the dynamic 
properties of backscattered light. The first isd;ransport elastic scattering time re 
which describes the time scale for the light to travel through the transport mean 
free paths and is in the order of 10-13 s. The second is the time scale associated 
with the Brownian motion of the scatterers. It is given by:

tb = -̂ ~ (6.66)

Chapter 6

where DB is the diffusion constant of the particles in suspension. Since the Brow­
nian time scale can be effectively measured by the correlation time of scattered 
intensity, this time scale can be understood from the measurements of correla­
tion time. The third time scale affecting the dynamic properties of backscattered 
light is the time reversal breaking down time scale (rr) within which the time 
reversed pairs still preserve the coherence and therefore can interfere with each 
other. This time scale is related to re and rB. This can be seen from the following 
argument: For a TV-th multiple scattering path of length L = Nl, the time taken 
for light to travel through this path is t = jVYe, during which, because of Brow­
nian motion, each scatterer moves by diffusion over a distance VAr2 « \ZDgi- 
Therefore N scatterers move over the distance of N\/DBt and it must be less than 
a wavelength A to preserve the coherence between the two time reversed pairs,
i.e. t < A2/(NDB). Bearing in mind t = Nre and the definition of rB we have: 
t < y/reTB. Hence the time reversal break down time scale is rr = y/rerB and the 
corresponding total scattering length is decided by:

rr = Nre = y/reTB (6.67)

this gives the maximal multiple scattering process from which the enhanced 
backseattering phenomenon can be observed.

To look at the dynamic scattering properties in detail, we shall look into the

- 154-



Chapter 6

behaviour of the correlation time. The correlation time is defined as follows:

rc <SI(0)SI( t ) >
— <(Sl)2>

(6.68)

while

where

<SI{0)SI(t)>=<I{0)I(t)> — < I > 2

<SI(0)SI(t)> __ <7(0)J(t)> - < / > 2
< S I 2 >  “  < S P >

C{r )
C(0)

(6.69)

(6.70)

(6.71)

is our actual processed data measurement for the correlation from the digital
correlator and therefore:

(6.72)

The measurements of rc against angle for both co-polarised and cross-polarised 
detection have been made and are shown in Fig.6.13. As can be seen from the 
Figure, inside the enhancement cone, the temporal characteristics for co-polarised 
and cross-polarised cases have very different behaviour. For the co-polarised case, 
the curve has a double-peak structure while a single-peak similar to that of the 
intensity enhancement appears for cross-polarised detection.

Here we give a physical explanation for the observed phenomena:

The different behaviour of the two cases arises from the fact that the con­
tributions from the diffraction of the scattering paths and from the coherence 
contribution are weighted in terms of the measuring angle.

The correlation function of scattered light consists of contributions from two 
parts, namely, one from the incoherent intensity and the other from the coher­
ent intensity. The contributions from incoherent light are uniform against angle
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C.T.(a.u.)

S-S POL. 
S-P POL.

-30-24-1 8-12 -6 0 6 12 18 24 30 (mrad)

Fig.6.13. The measured correlation time against scattering angle 
for co-polarised and cross-polarised detections.

for both co-polarised and cross-polarised cases, while the coherent contributions 
result in different behaviours for co-polarised and cross-polarised detections.

Let us now concentrate on the coherent contributions to the correlation 
function. There are two fundamental factors among the coherent part contribu­
tions which have opposite effects on correlation time behaviour. One factor is from 
the contributions of the different light scattering paths of different lengths (path 
length contribution). The other factor accounts for the total coherent intensity 
contribution (enhancement factor contribution).

In the co-polarised case, the field correlation function is given by Maret et al
(1987): (see Appendix B)

r+oo —Lt
<E(0)E*(t)>= J 7(i)exp(iF;-)4L (6.73)

where I(L) is the intensity contribution of transport paths of length L, /*is trans­
port mean free path and rG is the single scattering relaxation time at backscatter.
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It can be found from the formula that the contribution to the correlation from 
large L decays faster than that from shorter L, that is to say, the contribution 
from longer paths (larger L) have shorter correlation time, and shorter paths 
have longer correlation time. The resultant correlation time due to path length 
contribution depends on how the contributions from different paths are weighted.

As pointed out by Akkermans et aI (1986), when one moves away from the 
backscatter (0 = 0), but still inside the enhancement cone, only paths of length 
L < A2/(/02) contribute significantly to the intensity enhancement. Therefore 
when 6 becomes larger, the upper limit of L becomes smaller, shorter paths con­
tribute more and the correlation time due to this contribution therefore becomes 
longer.

When one moves away from backscatter, the time-reversed paths become out 
of phase. This makes the coherent intensity decrease and subsequently reducesthe 
coherent enhancement contribution to the correlation time.

It can be seen by combining the contributions to the correlation time from 
^/two factor̂ _that at backscatter the longest paths count more and hence 

the correlation is shorter here. When 9 increases, as shorter and shorter paths 
contribute more, the correlation time becomes larger but there comes to a point 
where the coherent enhancement contribution has decreased to such a low amount 
that the correlation time goes down to the level of the incoherent correlation time.

In the cross-polarised case, the coherent enhancement is mainly due to lower- 
order multiple-scattering process and longer paths do not contribute significantly, 
even at backscatter. This can be justified from the fact that the enhancement
factor foi/cross-polarised case is very low (typically 1.2). The enhancement factor

f̂/ue
would be larger if longer paths contributed because longer paths would give rise 
to a sharper, narrower and higher enhancement peak centred at backscatter.

So the conclusion iĵ vhen one goes towards the backscatter right from the edge 
of the enhancement cone, slightly longer paths contribute more and more, and the

Chapter 6
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long path contribution saturates. Therefore the correlation time behaviour due 
to this contribution is as follows: it decreases when 9 decreases and levels off near 
backscatter because of the saturation effect. The enhancement contribution in 

/̂ cross-polarised case is the same as that in the co-polarised case. By superposing 
the above mentioned two factors, it is found that imcross-polarised detection the
correlation time against angle appears to be a single peak structure in contrast of 
double-peak structure for co-polarised detection.

§6-5-2: Photon Counting Statistics

The measurements of the photon counting distribution were made with a 
very small sampling pinhole (« 30 prad) and sampling time (= 10 ps) to avoid 
spatial and temporal averaging effects. The normalised factorial moments were 
also calculated from the measured data. An experimental comparison between 
the probability distributions at backscatter (9 = 0) and away from backscatter 
(9 « 12 mrad) was made and the results are shown in Fig.6.14. The difference 
between the means of the two curves measured at backscatter and a larger angle 
respectively imply enhanced backscattering.

To compare and study photon statistics at the enhancement peak and wings 
for both co-polarised and cross-polarised cases, it is convenient to choose nor­
malised factorial moments as the descriptive parameters. As defined in chapter 2 
the m-th factorial moment is given as:

oo
= n(n — 1) • • • (n + m — l)P(n, T) (6-74)

n = 0

and the m-th normalised factorial moment is:

F(m) = (6.75)v ’ <n>m v '

where angular brackets represent an ensemble average.

We have calculated the normalised factorial moments from the detected pho­
ton counts. Although the probability distributions at different angles in both

T{rn) = ni
(n — m)\
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P(n,T)

Fig.6.14. Photon counting distributions P(n,T) measured with 

sample time T  = 10 ps, at 6 = 0 and 9 = 12 mrad.

The average photons per sample are « 1.27 and « 0.89 

respectively.

co-polarised and cross-polarised cases are apparently different, the normalised 

factorial moments (F^m)) at different angles are found to be similar for both 

detecting polarisations. The measurements of these are given in the following ta­

ble. It is found, therefore, that the normalised factorial moments are independent 

of angle and detecting polarisation. The intensity probability distribution does 

not vary with the angles and polarisations except for the different mean counting 

rates.

To explain the measured statistics, a comparison of the measured photon 

statistics was made with Gaussian statistics for the field. For Gaussian speckle the 

intensity probability distribution has the form of negative exponential (Goodman):

P(J) = lexp(-I) (6.76)

which corresponds to a Bose-Einstein [Bertolotti (1974)] photon counting distri-
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F ( m )
Co-polarised Cross-polarised

0(mrad) 12(mrad) 0(mrad) 12(mrad)

m = 1 1.00 1.00 1.00 1.00

m=2 1.86 1.85 1.82 1.81

m=3 5.03 4.98 4.85 4.77

m=4 17.53 17.19 16.25 16.08

m=5 72.65 70.47 64.58 64.27

Tab.6.3. Comparisons of normalised factorial moments of co­

polarised and cross-polarised cases, at backscatter and 

Ylmrad, showing the independence of the normalised 

factorial moments upon the detecting polarisations and 

angles near backscatter.

bution: (See 2 .7 )

P{n,T) =
n

h =  aI(T) (6.77)
(1 + n)1+n ’

The comparison was done by comparing the measured normalised factorial mo­

ments with those of Bose-Einstein distribution [m!].

Fig.6.15 shows that there is a slight departure between the measured statistics 

and those of Gaussian speckle. Kaveh et al (1986) have suggested that the inten­

sity distribution in such cases can be described b^Gamma distribution function 

with its descriptive parameter u = 2.5 (i.e. a significant departure from nega­

tive exponential). Wolf et al (1988) have also suggested the same distribution 

function but with u = 1.3 for their case (i.e. very small departure from negative 

exponential). Here we try to describe the measured distribution function still with
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F(m)

Fig.6.15. Measured normalised factorial moments at backscatter 

in co-polarised detection are compared with those of 

Bose-Einstein distribution.

^ G a m m a  distribution function, and try to ge^value for u by fitting the measured 

normalised factorial moments with those having a Gamma distribution function 

with the appropriate u value.

The Gamma intensity distribution is as follows:

l, / ”-1 uu -111.
P W  =  i ( />  f w exp(- r } (6-78)

where I is the mean intensity and u is a constant; as u tends to 1, this distribu­

tion tends to a negative exponential distribution function which is the intensity 

distribution shown by Gaussian speckle.

Let us recall the normalized factorial moments ofGamma distribution from
/er

Chapter 2. The m-th normalised factorial moment is:

J , ( m )  =  w  = J_£(u + m)
v  '  h m  U m  r ( u )

= —— (it + m  — l)(u + m  — 2) • • • ( u  + l)u (6.79)
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when u —> 1, it tends to m! which corresponds to that ohBose-Einstein distribu-
'oS

tion.
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A comparison between the experimental data and the calculation values from 

Eq.(6.79) was made and shown in Fig.6.16. After the dead time correction it is
-A -

found that the best fit is when u = 1.20. C^ee *3o)

F(m) Copolarised detection

Fig.6.16. Measured normalised factorial moments are compared 

to those of a Gamma distribution with u = 1.20.

At present, we can only speculate as to the cause of the discrepancy between 

the measured fluctuation (u = 1.20) and that associated with a Bose-Einstein 

photon counting distribution (u =  1). The temporal and spatial integration was 

small and the difference is not due to this effect. On the other hand, the lim­

ited sample size used to measure the photon counting distribution, typically on 

the order of 105 independent samples, may explain the discrepancy [Ben-Yosef 

et a1 (1988), Goldner et a1 (1988)]. If the effect is real, it is possible that it may 

be accounted for by multiple scattering [Kelly (1973)] although this is unlikely. 

Another possibility to explain this discrepancy is as follows: In making the de­

duction [Goodman (1975)] of the statistics of Gaussian speckles which eventually
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^̂ found to havê Bose-Einstein distribution, it is assumed that the amplitude and 
was tr
phase axe statistically independent and phase is uniformly distributed. Now in 

our case, at and around backscatter, due to the presence of the coherent field, this 

assumption may not valid anymore and this could cause the discrepancy between 

the measured statistics of backscattered light and the Bose-Einstein distribution.

§6-6: Suppression of Coherent Backscattering

The scattering by a nonstationary medium will often show total or partial 

suppression of the enhancement. There are several reasons responsible for this. 

One is the random motion of the scatterers. If the scatterers are moving with a 

speed of the order of the speed of the scattered wave, the time reversed scattering 

paths will be broken. This could happen in the case of acoustic scattering but 

not in the case of light scattering due to the very high speed of the light. To 

suppress the enhancement in the stationary media, the key is therefore to disturb 

the time reversed pairs. One way is to make the scatterers move faster by, for 

example, heating up the media. In the following, we will look at another method 

to suppress the coherent backscattering using the Faraday magneto-optic effect.

In the Faraday effect the polarisation direction of the light rotates when a 

strong magnetic field is applied in the light propagation direction. The angle of 

rotation is proportional to the applied static magnetic flux density and the length 

traversed. The proportionality coefficient, which is called the Verdet constant, is 

dependent upon the medium material. For example, the polarisation direction 

will rotate 2°11' for polarised light travetlinj 1 cm in water in the moderately large 

magnetic field of 104 gauss. For a medium whose Verdet constant is positive, 

the Faraday effect is I-rotatory when the light propagates parallel to the applied 

magnetic field and d-rotatory when it moves antiparallel to the field. Therefore if 

the applied magnetic field is kept the same, the polarisation angle rotation (both 

direction and amount) of the light travelling from point A  to point B  will be the 

same as that of the light travelling from point B  to point A. Notice also that the

C hapter 6

- 16 3 -



C h a p t e r  6

Fig.6.17. Faraday effect on amplitudes of two polarisations from time reversed pairs.
Faraday effect can be amplified by reflecting the light back and forth a few times through the sample.

The Faraday effect on the phases of time reversed pairs was discussed by Golubentsev (1984). Here we will concentrate on the Faraday effect on amplitudes of two output polarisations from time reversed scattering paths.
Let us recall the matrix solution for the co-polarised output amplitude after multiple scattering from the time reversed pairs in §6-3: To simplify the pre­sentation we will only discuss a third order scattering process. In Fig.6.17, P0 is the incident polarisation; the magnetic field is applied in the half space from 

z = 0. The vectors a and b are rotation vectors caused bvThraday effect when light travels between A  and B  and between B  and C  respectively, while all the other polarisation vectors are the ones right after the light 1 u£> scattered and before they are rotated by the Faraday effect.
(1). For the forward scattering path, by the time the light is scattered to
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scatterer B  from point A, the polarisation vector has been rotated by a. Hence the incident polarisation vector onto scatterer B  will be Pi + a. Similarly the incident polarisation vector onto scatterer C  will be P2 + b. Therefore the vector output amplitude after the third scattering process is given as:
Pi = (Kx x P0) x Kx =  M ( K x )  ■ Po

P2 = [J? 2 x (Pj + a)] x K 2 =  M ( K 2) ■ {?x +  a)

= M ( K 2) M { K x) • Po + M { K 2) ■ a
>

P 3 = [I<3 x (P2 + 5)] x I<3 =  M(I<3) • (P2 + b)
=  M { K 3) M ( K 2) M ( K x) • Po 

+  M ( K 3) M ( K 2)-a +  M ( K 3)-b

(6.80)

(2). For the reverse scattering path, if we do the similar operation the vectoroutput amplitude is given as:
?[ =  (I<2 x P0) x I<2 =  M ( k 2) • P0

P' = [Kx x (P/ + 6)] x Kx =  M ( K x )  ■ {P{ +  b)

=  M ( K x ) M ( k2) • P0 + M ( K x )  ■ b
>P' = [Ii3 x (Pi +  a)] x K 3 = M ( K 3) ■ (Pi + 3)

= M ( K 3) M ( K x ) M ( k 2) ■ Po 

+  M ( K 3)M(I<x) • b +  M ( K 3) ■ a

(6.81)

Now compare the two outputs P3 and P3. As shown in §6-3, at backscatter, the first terms in P3 and P3 will have the same co-polarised components and therefore iî bsence of the magnetic field, the enhancement would be a factor of two. However, due to the extra rotation vectors a and b representing the Faraday
—♦  “ 4effect, there are extra second and third terms in P3 and Pj and this makes the co-polarised components generally not equal for two time reversed outputs. Al- though approximately a and b are equal if the direction of the magnetic field is perpendicular to the line joining A  and P, the difference between matrices M ( K \ )  and M ( K 2) will still make the co-polarised components unequal. The enhance­ment will therefore be suppressed. This conclusion can obviously extended to
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a many-order scattering process. In summary, from the fact that the backscat-tered light has a polarization dependence, it is possible that if a magnetic fieldis imposed so that the polarization planes for the time reversed pair̂ rotated ,,
arethey are no longer in the position to interfere with the same amplitude and in complete phase, therefore the enhancement factors can be suppressed. However, in practice a suitable medium with largeAYerdet constant is required to show a large suppression of the enhancement factor.
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Chapter 7
Conclusions

The temporal correlation properties of stellar images and fringe patterns at La 

Palma Observatory were measured and analysed by means of the photon correla­

tion technique. The correlation time at La Palma Observatory was on the order of 

5 m s  during our observations. This implies that in high resolution imaging tech­

niques such as speckle interferometry the exposure time should be in the order of 

10 m s  in order to achieve an optimum signal-to-noise ratio in photon-limited sit­

uations. The correlation time of fringe intensity was also found to be on the same 

order of that for the full aperture images regardles^\different baselines as long as 

they were larger thamFried parameter r Q. Hence in the Michelson interferometer 

the fringe shifting rates for baselines longer than r Q are all identical.

To implement the high resolution speckle imaging technique a speckle camera 

is required. It consists of image guiding, data acquisition and image processing 

units. The image is guided onto the detecting unit and output data from the 

detector is transmitted into a host computer via a proper interface. The host 

computer performs the image processing task and also feeds back certain infor­

mation to the image guiding unit to align the image.

As pointed out earlier, image wandering has a slower time scale (~  1 sec) and 

therefore it is possible to compensate imaging wandering by electronically con­

trolling a guiding mirror to center the image onto the detector. In the imaging 

guiding unit, a guiding mirror is controlled by a computer to which the magni­

tude of the image shifting is sent from the image processing unit. In the data 

acquisition unit, atmospheric dispersion effects are compensated by two rotary 

prisms orientated at an appropriate angle. A monochromatic filter is also used 

to select a narrow band of wavelengths. An image detector is the key part of 

the this unit. Its sampling pixels should be smaller than the size decided by the 

diffraction-limited resolution of the telescope. A variety of parameters should 

also be considered carefully, such as local dead time. Currently several types of

- 170-



Chapter 7

detector are suitable candidates for the purpose, for example, IPD, MAMA and 

PAPA as referred to in chapter 5. The image processing unit performs a high res­

olution algorithm. A variety of algorithms are available, each with its advantages 

and disadvantages; the triple correlation algorithm seems to yield good results. A 

speckle camera incorporating the above features is currently under construction 

at Imperial College.

Much progress has been made in high resolution imaging through atmospheric

turbulence during the last decade. However, much work remains to be done to

fully understand the atmospheric turbulence effects and further more to deal with

them. For example, the relationship between speckle boiling and the structure

of the atmosphere is not yet clear. The low frequency part of the spectrum of

image motion is almost unknown. This raises^cpiestion of how to describe fully the

atmospherically degraded images and subsequently what are the best standards

^to choose the observing sites.
O n

In this Thesis, the enhanced backscattering phenomenon has also been stud­

ied in detail. Enhancements up to 1.8 for copolarised detection and 1.3 for cross- 

polarised detection are observed. The relative fluctuations of the backscattered 

intensities measured by their standard derivations are also found to have enhance­

ments of the same order as for the intensities. Similarly the polarisation degree 

also has an enhancement at backscatter with a smaller enhancement factor than 

that for the intensities. The temporal correlation behaviour of light scattered by 

a dense collection of random scatterers is strongly dependent on the polarisation 

of the scattered intensity. The statistics of the scattered intensity show a small 

deviation from those expected of (Jaussian speckle and this is probably due to 

experimental factors.

One of the most important motivations for the study of enhanced backscat­

tering of light from dense random media is the possibility of observing Anderson 

localisation [Anderson (1958), Anderson (1985), Abrahams (1979)] of photons. 

When the localisation effect occurs, the propagating wave diffusion constant van­
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ishes and there will be an anomalous rise in the energy absorption in the media 

even though the media is strongly scattering and weakly dissipative. Physically, 

the localisation of waves can be explained as a result of strong wave interference 

from different scattering events and the consequent renormalisation of the wave 

diffusion constant to zero. In such a case the medium serves as a trap to absorb 

the incident wave energy. The enhanced backscattering of the light wave is at the 

expense of reduced propagation of the light wave. This implies that the photon 

diffusion constant is reduced and hence this enhanced backscattering is also taken 

as a manifestation of weak localisation.

Fig.7.1. Schematic diagram of the transmission against slab 

thickness, where L 0, L i  and L 2 are the characteristic 

lengths for each region.

To observe strong photon localisation, the photon diffusion constant is the 

primary focus of the investigation. For a normal scattering process, we expect 

a light transmission behaviour as shown in Fig.7.1. This is a schematic diagram 

of the logarithm of the transmitted light intensity as a function of transmission 

length. The first region obeys the Lambert-Beer law in which the transmitted
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light intensity decays exponentially with the transmission length. The second 

region of the curve should be described by a law in which the light transport is 

diffusive and the field satisfies the diffusion equation. The third region is asso­

ciated with normal absorption after the light wave travels a long distance; the 

decay is also exponential but with a slower rate.

If there is strong localisation we will see totally different behaviour in the 

second region of the curve. In the limit, the diffusive part will be absent since 

the diffusion constant is expected to be zero. Hence by measuring the optical 

transmission in disordered media one can estimate the diffusion constant and 

judge the degree of photon localisation effects. Genack (1987) has reported such 

measurements by measuring very thin wedged samples with^computer controlled 

translation stage, although no strong localisation was observed.

Another way to observe the photon localisation is to investigate the fluctu­

ation properties of backscattered intensity. Since only the long paths contribute 

at backscatter, the effects caused by localisation will show up at backscatter [La- 

gendijk et  aI (1986)]. It has also been shown [Maret et  a1 (1987), Qu et  al (1988)] 

that the correlation times around backscatter have a polarisation dependence and 

this is related to weak localisation of photons. Hence by judging the correlation 

time behaviour of the light intensity around backscatter it is possible to probe 

the localisation effects. It is expected an extremely short correlation time would 

be found at backscatter if localisation of photons were occurring. This is because 

when localisation occurs, there will be no diffusive scattering and the photons 

will be trapped in the medium travelling round and round for a very long way; 

eventually when they are detected at backscatter only very long paths contribute 

and this will give rise to a very short correlation time.

Although many attempts have been made to observe the localisation of light 

waves, it is still an open question whether it is possible to be able to observe such 

effects. The criterion for the occurence of Anderson localisation is (A//*) 1,

where A is the probe wavelength and l* is the effective transport mean free path
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(i.e. the average distance over which the k{ has become uncorrelated, where k{

is the wave vector after the z-th scattering). Physically, this criterion suggests

that the transport mean free path should be very much smaller than the probe

wavelength to allow Anderson localisation to occur.

C hapter 7

It is very difficult for l* to be small enough for light waves, even though 

the concentrations of the scattering media are very high. There are two reasons 

for this. First of all, l* is wavelength dependent [John (1984)] when the media 

concentrations are very high. Intuitively when l* is about to be smaller than the 

probe wavelength when the concentrations become high, the wavelength cannot 

“see” the small l*. In other words, the scattering cross section is limited by 

the wavelength and l* is in turn limited by the scattering cross section. In such 

case several scatterers close enough may act as one scatterer for the wavelength. 

Secondly, by the definition of /*, when the concentration is very high it still needs 

a fixed distance to get k{ uncorrelated, evei^there are more scatterers. In other
' f

words, l* saturates when the concentration of the scatterers is very high. Hence 

it is expected that it would be easier to observe localisation effects with longer 

wavelengths.

The above points can be understood more if we now look at how the electron 

waves can satisfy the localisation condition. An electron is a very small particle 

with a diameter on the order of 10-9 ( p m ) .  For an electron subject to an electric 

voltage U  in free space, the propagating electron wavelength is the de Broglie 

wavelength given by:

h _  h 

m ev e y / —2 e m eU
(7.1)

where h is the Planck’s constant, v e is the electron propagating velocity, e is 

its electric charge and m e is the mass of the electron. For an applied voltage of 

U  =  1 kv  the wavelength calculated from Eq.(7.1) is on the order of A ~  10~ 5( p m ) .  

The electron size [~ 10-9 (pm )}  is much smaller than its propagating wavelength. 

Since the diameter of an electron is much smaller than its wavelength, the electrons 

can still “see” and be scattered by scatterers whose transport mean free path l*
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is much larger than the electron diameter while much smaller than the electron 

wavelength. Hence it is possible to have a situation when l* is much smaller 

than the wavelength and observation of strong localisation of electron is feasible. 

But such a beautiful image cannot happen to light waves, since its wavelength is 

intrinsically considered as its size. Because of the connection between wavelength 

and transport mean free path it is basically impossible to have /* much smaller 

than A. However, it is still very interesting to investigate both transport and 

statistics of the light intenisty at X/l* values approaching unity. Such values can 

be obtained by using spheres of large refractive index (TiC>2 or diamond), or using 

a longer wavelength.
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E n h a n c e m e n t F a c to r  A nalysis

A p p e n d ix  A

The enhancement factors have been analysed by several authors [e.g. Albada 

et  al (1987a)]. In §6-4-1, we have derived the matrix representations of the output 

polarisation states for multiply scattered light. As can be seen from these matrices, 

the polarisation state for a forward scattering path can be written as P n =  M M  P q 

and for the time reversed counterpath P'n =  (M (")) Po, where is a 3 x 3

matrix and (M (n)) is the tranpose of M ^n\  Hence the enhancement factors 

in the co-polarised and cross-polarised cases from a n -th  scattering process are 

given respectively by:

E M _  < m l ? ) 2 >

2 < { M \ ? ) >

E ( n ) _ 1 .

(A l)

(A .2)

where • ’ is the corresponding z-th row and j - th  colrnnn element in the related 

matrix. The co-polarised and cross-polarised fraction of the total backscattered 

intensity from such a n -th  scattering process are given as:

< (M 1'1n))2>P (n) =

P (”) =

< « ' )  >  +  < « " ' )  >
2

r(n)\2 ^  <rr \ A n)-

< ( M ^ f  >  +  < ( M ^ )  >

(A 3)

(A 4)

If we denote C n as the fraction of the total backscattered intensity due to n -th  

order scattering processes, we then have the total enhancement factors for both 

co-polarised and cross-polarised cases:

E °° n  zrC”) z?(n)
n = 1 u n - T C O  & c o771101

771 tot
c r

(n)E ° °  n  t?
n = l  ^ n

E ° °  r 1 z ? ( n ) jp
n =  1 -Per

=  2

(«) z?(«) 
c r

E ° °  n  tp
n = l

(n)

(A 5)

(A 6)

As can b^from  the above analysis, the theoretical enhancement factor for the 

co-polarised case is a factor of 2. To obtain the answer for the enhancement
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r(n)-2factor in the cross-polarised case, the key is therefore to solve for < ) >,

< ( M i > and < > fr°m the matrix equations.

Let us recall Eq.(6.45) in §6-4-1, remember that:

We have:

M ( k n) =

Also we have:

k2 4- k 2 4- k2 — 1 Knx a- A-ny -T a„z — -L (A.7)

( i - * L — k kA,m ny ^nx^nz \
knyknx i - * ; r knyknz 1 (AS)

\  knz^nx —k k^nz^ny 1 -  k2nz J

M (n) =  M(jtn)iW(n_1) (A 9)

From the above equation, the following iterative equations for the particular ele­

ments of the matrices can be deduced:

=  ( i  -  k2nx) M i1r 1) -  fcnxfc„j,M2(r _1) -  fcn*fc„*M3(r 1) (a i o )

m \ ?  =  (1 -  k 2nr) M ^ ~ 1) -  kn l k nyM & - 1) -  knxk „ M r l) ( A l l )

=  - k nxknyM ^ - 1) +  (1 -  k2ny) M g - 1) -  k nyk nxM ^ - x) (A .12)

M<2"> =  - k nxknyM ^ - 1) +  (1 -  *n„)^2(2_1) -  k n y k n M r 1'1 (A13)

By multiplying Eq.(A.lO) with Eq.(A.13) and averaging over all the scattering 

angles, the odd terms vanish becaus^randomness of the scattering directions and 

we get:

> =  ,<"> = < (1  -  k2nx)( 1 -  k 2ny) >  7/(" - 1)+ < k2nxk l y >  (A.14)

where = <  M ^  ^ ^ 2 1  ^  >• Similarly by multiplying Eq.(A .ll) and

Eq.(A.12), we have:

> =  £<"> = < (1  -  -  k 2 ) > ^ - » +  < kL21 1 k z >n x  n y  ^ (A. 15)

In a spherical coordinate system (0 < 0 < 7r, 0 < 0 < 27t):

k nx =  sin 6 cos (/>, kny =  sin 6 sin <j), k nz =  cos 9 (A.i6)
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T h en  we have:

<(1 -*L)( 1 -*£»)>= <klxkly>=^) ( A .  17)

Hence we want to solve the following simultaneous equations:

t(«) — _i_
 ̂ 15^ 15 '

=  _L_/r(n —! )  _1_ — 77( n _ 1 )
1 15^ 15 '

( A  18)

(4.19)

E q .( A .18) + E q .( A .19):

{(") +  7?(n) =  +  *7(n~1))
15

(A.20)

E q .( A .18) - E q .( A .19):

£(n) _ „(«) = ^ ( » - D  - ,(»-*)) ( A .21)

E q .(A .20) + E q .( A .21):

£(n) = 5 + ’7<n_1)) + S (e<n_1) “ ,?("”1)) (A .22)

B y  noticing the iterative nature of the E q .(A .20) and E q .(A .21) we have:

= \ [(^)n_1(«(1) + nw ) + (J ) n_1« (1) - v(1)) (A .23)

A s  it can be seen that:

£(1) =<M$M£>=<klck2ly>= 1  

Vm  = < M 1(11)Af^)> = <  (1 - * L )(1 - fci»)>= 15

Finally we have:

s(n) = 1
7 ^

( —  )” + (— )n 
v 1 5 ; v 1 5 ;

( A .  24)

(A .25)

T h us at backscatter, if the observing direction is at —2 direction, we have:

1 0 0 
M ( k n ) = [ 0 1 0  

0 0 0
(A .26)

- 179-



A pp e nd ix  A

Hence:

<M,(?)M,(") >=  ̂ n-1) ( — ) n _ 1 + ( — )"_1

Sim ilarly we can get:

and

< ( < n))2> =  i

< ( M 1(")f > = i f^ Q \ n - l  _ /  7 \ n —1

V15;
Therefore from  E q .(A .2 )  and E q .(A .4 ):

(A27)

(A .28)

(A .29)

(n) _ sco.t^ - o.s"-1)
Ecr  1 +  2 ( 1  — 0 .7n _ 1)

and

jr(n) = 1 - 0.7n—1

(A .30)

(A .31)
cr 2 +  0 .7n_1

A s  pointed out by A lbad a et  al  (1987a), a computer simulation showed that C n 

can be well approxim ated by:

C' „ « 2 (n +  3) 2 -  (n +  4) 2 (A .32)

Hence according to E q .(A .6 ), from the above values of Fcr  ̂ and C n a com­

puter calculation of the total enhancement factor can be made for the cross- 

polarised case and it is found to be ~  1.2 .
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Analysis of Temporal Correlation 
From Dense Random Media

T h e approxim ate expression for the temporal correlation of the scattered field 

in enhanced backscattering phenomenon was analysed by M aret et  a1 ( 1987). For 

a n -th  scattering process, if the n  scatterers are located at:

ru r2, rn

Then the phase factors for each of these scatterers are:

e x p (i^ i-r i), exp(z<f2 -r2 ), • • • ,  exp(z'<f„-rn)

where qj  =  k j  — k j - i  are the transfer wavevectors after j - t h .  scattering and k j - i  and

k j  are incident and scattered wavevectors respectively. T h e temporal correlation

of the resulant phase factor </>„ after n  scattering processes therefore given by:e<>

<  ^n(O) ^ n (r ) > =  < e x p {z '9 i-[fi(0 ) -  r ^ r ) ]  +  iq2-[r2( 0) -  r2 (r)]

+  * • * +  i qn • [r „(0) -  r n { r )] }  >  ( B .  1)

where <̂>* is^on jugate of <f)n .
4i\n

If we assume that n  scatterers are not interacting and they are independent 

w ith each other, the ensemble average of the addition of these exponentials is 

equal to the addition of the ensemble average of each exponential for every single 

scatterer . For particles undergoing free isotopic diffusion, it can be seen (see 

§6-1-2) that:

< e x p {z g }-[r j(0 ) -  r j { r )] > =  exp( - D T T q j )  ( # .2 )

where D t  is the diffusion constant of the particles. Therefore we have:

n

<  <£n( 0) <f>n(T) > =  exp (—£>r (B -3)
3= 1

A pp e nd ix  B
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If we denote < q 2 >  as the ensemble average of all the q2 , then:

< ^ n ( 0) <^*(r) > =  exp ( - D T r n  < q 2 >)  ( B A )

T h e field temporal correlation for a given polarisation is then given by:

O O  O O

<E(0)E%t)> = < [ £  A„*„(0)] [^ A ^ fr)) >
n = 0  n = 0

O O

=  £j»<*»(o)«(r)>
n=0
oo

=  In  e x v ( ~ D T r n  < q 2 > )  ( £ . 5)
n=0

where I n = <  A nA „  >  is^ensemble tim e-averaged intensity o^scattere^A ^y all 

sequences of order n.  It has been assumed in the above equation that the* ampli­

tude is independent of the phase factor and the field contributions from different 

scattering orders are uncorrelated, and therefore the cross terms vanish.

If on average the total scattering path length is denoted as L , the mean free 

path as l and the effective transport mean free path as Z*, then n  =  L f l  and the 

ensemble average < q 2 >  can be written as <  q2 > =  (2ko)2l / (2l*) by considering 

a random  walk in q space [Maret et  a1 (1987)], where k Q is the modulus of the 

backscattering wavevector. Thus from E q .(B .5) the temporal field correlation can 

be expressed in terms of scattering path length:

r + ° °  — T t

<E(Q)E\t)>= J  J ( L ) e x p ( i F ^ - ) d L  ( B .  6)

where r0 =  1/ [2_Z3>^(2A:0)2] is the single relaxation time at backscatter. T h e con­

tributions from different path lengths to the tem poral correlation can therefore 

be evaluated by using the above equation.
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