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ABSTRACT

This work deals with practical and theoretical aspects of invest-
igating the structural behaviour of earthworks using mathematical
models and back analyses based on the boundary element method.

It comprises three principal topics. In the first, linearity and
superposition, often with dimensional analysis, are used to obtain
solutions for models for the response of inhomogeneous ground to
surface loading. The models are of a half-space in which Poisson's
ratio is constant and the shear modulus is proportional to the

depth raised to a non-negative power. For the next, back analyses
are made of load-deformation data from various parts of two quite
different large sites using existing computer programs. The results
obtained contributed to the understanding of their performance and
are generally in agreement with those obtained by other workers

using different methods. Finally, a new computer program AXSYM is
described for the elastostatic analysis of axisymmetric problems
usiné an_auxiliary boundary. AXSYM is then used to obtain two
comprehensive sets of stress and displacement values for a complete
circular toric tunnel, and for a pair of equal spherical cavities, in

infinite masses subject to radial and axial field stress.
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23

CHAPTER 1 INTRODUCTION

1. Scope

The structural behaviour of large earthworks is often both difficult

to ascertain and intricate to model. The need to design such
structures to very close tolerances in recent years has led to a
dramatic increase in the amount and quality ot the information

from large scale site testing or in-service monitoring. There has

been a similar advance in the variety and power of the mathemstical
procedures employed to analyse this information, especially in numer-
ical methods using large computers. As a result of these developments,
the design engineer's opportunity to exercise good judgement is
significantly improved and the researcher's power to investigate their

performance is greatly enhanced.

The Author's research, as presented herein, comprises three principal
topics. " The first is an extension and a generalisation of a math-
ematical model, déscribed in Chapter 2, for the response of inhomo-
geneous ground to static surface loading. In Chapters 3 and &,

back analyses are made of load-deformation data from various parts

of two different large sites using existing computer programs. Finally
a new computer program called AXSYM, written by the Author, for the
stress analysis of axisymmetric problems is presented in Chapter 5.
Results for several test problems using AXSYM are given in Chapter 6.
The program is also used to ca%culate a comprehensive set of stress

and displacement values for two basic structures. Chapter 7 contains

a summary of the work.
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All of the above computer programs implement linear elastostatic
stress analysis using the boundary element method. Indirect
formulation of the boundary element method is used in the axisymmetric
program and is described in the relevant chapter. On the other hand,
direct formulation is used in the existing stress analysis programs
and this version of the boundary element method is briefly described

in the following section.



2, Direct formulation of the boundary element method

Consider an infinite space designated by a set of rectangular Cartesian
coordinate axes X,y,Zz, as shown in Fig. l1.2.1, and suppose that the
space is wholly occupied by a uniformly distributed linear elastic
material. If the solution for a concentrated load applied at any
point is known, then the induced stresses and displacements at any

other point can be calculated. For a homogeneous isotropic material

this is the Kelvin solution.

FIG. 1.2.1: PROBLEM BODY ENCLOSED AND DEFINED BY THE SURFACE
S IN AN INFINITE MASS

Induced tractions can be calculated by use of the known solution at all
points j on the trace of a surface S in the infinite space, as indicated
in Fig. 1.2.1, due to a concentrated load L applied in an arbitrary
direction s at any point i not on the surface . For a unit concentrated’
load, let the induced traction and relative displacements in x,y,z direct-

i 1 1 | ] t 1 i
ion by denoted by Tsx ’ Tsy ’ TSz and st ’ USy ’ Usz respectively.
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If the specified loading of a problem body, enclosed and defined by
the surface S5, is represented by an appropriate selection from the
set of all surface tractions and displacments in the x,y, z directions,
denoted by t,, ty, t, and u,, Uys Uy respectively,then Betti's
reciprocal theorem gives

1 — 1 ' t
+ Tsz uz)ds f(st ty + Usy ty + Usztz)ds

c.{u ).-i-f(T' u 4+ T' u
i"7s’1 SX X 5y ¥

vee(le2.1)

where (ug); is the component of displacement of the problem body in the
arbitrary direction s at the point i, the value of the constant c, is
unity, and each integral is taken over the surface area S. By moving
the point i to a locally smooth part of the surface , a boundary
constraint equation is obtained for the problem body under the specified
loading. In this equation the value of the constant c, 1is reduced to
% because the unit concentrated load is now equally shared between the
volume coincident with the problem body and the complementary volume of

the infinite space.

In many practical cases the surface 8 is approximately represented
by n contiguous areal elements forming a completely facetted surface.
The specified boundary loading is assumed constant over any element
and, for a point j on it, comprises an appropriate selection from the

set of surface traction and displacements denoted by {tx, t, tz}jand

y
{ux, uy, uz}j respectively. The boundary constraint equation is
written at such a point on each element away from its edges, with the
arbitrary direction s taken parallel to each of the coordinate axes.
Denoting the integral, or the Cauchy Principal Value of the integral,

where appropriate, of each dashed termin the boundary constraint

equation by the removal of its dash, the complete set of 3n boundary
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constraint equation may be written as the matrix equation (1.2.2),

where the subscripts i, j refer to a point and an element respectively,

and i, J= 1, 2, essy M

f N 3 / h r 3
" 3\ [ r 9 4 h
T T T u U 1] U t
XX Xy Xz X XX Xy Xz X
T T T = 3) 1] U
yx yy vz Yy yx yy yz “y
T T T u U U t
L zZX zy ZZJij | 2 ] | zx zy zzJ i3 { zJ j
. J . J 9 J k ¥,
LR (1 L] .2' 2)

By interchanging relevant terms on both sides of the equation the vector
on the r.h.s may be altered to contain only the specified boundary loads
ing terms. The remaining boundary terms are obtained by the s=olution

of the equation using either an inversion method or an iteration procedure.

The terms in the matrix equation may be scaled to aid the stability of

the solving operation. 1In order to describe such a scaling procedure,
assume that the boundary loading of the problem body has been specified
completely in terms of surface tractions so that the equation to be

solved is as shown in equation {(l1.2.2). 1In the scaling procedure the
terms in the displacement vector are assumed to be divided by the

greatest finite distance specified in the problem, the terms in the matrix
of displacement are also divided by this distance and multiplied by

Young's modulus and, finally, the terms in the traction vector are

divided by Young's modulus.



28

Displacements at internal points are calculated by equation (l.2.1)
with c; = 1 and the associated strains by differentiating under the

integral sign. The corresponding stresses are calculated using the

elasticity equation.

It is possible to specify more complex problem bodies than that shown
in Fig. 1.2.1 comprising several subregions with different mechanical
constants. The interfaces within these bodies are treated in a
similar way to that described previously for the simple problem body
with a boundary surface S. The equality of the displacements and of
the traction with signs reversed on either side of the interfaces is
included in the construction of matrix equations similar to equation
(1-2.5)- Consequently they are larger than for a comparable simple

problem body but are only partially populated.

Rizzo (1967) and Lachat and Watson (1975} used the direct formulation

of the boundary element method for two- and three-dimensional elasto-

static analysis respectively. The existing computer programs used by
the Author in the back analyses in Chapter 3 and 4 were written by

wWatson..
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CHAPTER 2 SCOME SPECIAL GROUND MODELS FOR GEOTECHNICAL

ENGINEERING PROBLEMS

l. Introduction

The mechanical properties of ground in some areas may vary so much
with depth and direction that simple models, such as Boussinesq's,
may be unable to adequately represent its short term response to
loading for engineering purposes. Problems of this kind were
discussed at length by Gibson (1974) in his Rankine Lecture.

In particular, he described models for normally loaded ground Qith

a horizontal surface, where the undrained Young's modulus increases
approximately linearly with depth and any anisotrophy is ignored.
For the extreme case in which the shear modulus is proportional to
depth, closed form solutions were examined which had been obtained
by Gibson (1967) and Awojobi and Gibson (1973). Notable use of the
expression for subsurface settlement of a compressible material, due
to auniformly loaded circle, was made in the analysis of ground

response test results for an important geotechnical engineering problem

(Burland et al., (1973)).

Extensions to the range of these sclutions have been made by the
Author using two distinct analytical methods. Additionally some
existing solutions are wholly or partially recovered. These results

are described in the sections immediately following this introduction.

In a related paper dealing with incompressible materials, Calladine and
Greenwood (1978) recovered Gibson's results for the special case where
the shear modulus (G) is proportional to depth (z). GCalladine and

Greenwood stated in the summary to their paper that:
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"The aim of this paper is to explain this well-known result
(and others, concerningthe stress field within the half-
space) by tackling the basic cases in which normal line and

point loads are applied to the surface."

In a later section they discussed the nature of the solution of

this problem, adding the important observation that:

"Thus a radial stress field is to be expected when G = mz,
or when G = mz® , wherea is a real exponent; but not when
G = C + mz, nor when G is given by any two-term function of z."

(The symbols m, a and C represent constants in the above statement.)

This expectation is realized for both normal and tangential line
loads in a later section below, where the general solution obtained
by the Author is presented. By integrating the results, the

corresponding cases for uniform strip loading are obtained.

For convenience, the notation and conventions of the work cited
above are generally adhered to. 1In particular, tensile stresses
are taken as positive, but the choice of such a scheme is strictly
limited to the work treated in this chapter. Note, however, that
the symbol used for the exponent of 2z is n and not a , and that

both w and u, are used to denote vertical settlement.
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2. Expressions for surface settlement obtained by integral methods

A semi-infinite linear elastic body with a horizontal surface is
shown in Fig. 2.2.1, where the shear modulus G = mz. A normal uniformly
distributed surface load of intensity p acts on the body. For a
circular loaded area of radius b, and the special value of % for
Poisson's ratio , Awojobi and Gibson (1973) proved that,

(z2 r2+b2) +v/((22+r2-b2)2 + 4b2z2)

4 By (r,z) =% log (*&2= ) +
P ’ 222

.-oo(2|2'1)
) :

(rz--bz)2 + 222(r2+b2) + z4-+ (z2,r2+b2) J ((zz+r2-b2)%+ szzz)

(1t:2--b2)2 + zz(r2+b2) - (rz-bz) J/ ((22+r2-b2)2+ 4h222

+

By superposing a downward load over a circle of radius b; and an

upward load over a concentric circle of radius b, we obtain, for an

annular load,

2
b
4mwc_..].'..1°g ( -..l'.) -n-(2-202)
P 2 2
b2

where W, is the settlement at the point G. Based on an argument
advanced by Awojobi and Gibson (1973), the equation may be generalised

for an arbitrary constant value of Poisson's ratio (v) to give

b2
QEWC=-].'.-—" ].Og(_—];) - ot-(202-3)
p 1-v b2
2

Writing r + dr and r for by and bj; respectively, and using symmetry and
superposition, the surface settlement dw_ at the point C in Fig. 2,2.2

due to the elemental load pr.dr.d® is seen to be given by



br b
P
dr -
v/
s
D
1
7
FIG. 2.2.1: VERTICAL SECTION THROUGH FIG. 2.2.2: PLAN ON AN ELEMENT FI1G.2.2.3: ISOMETRIC SKETCH OF AN
AN AREA OF UNIFORM VERTICAL OF UNIFORM VERTICAL AREA OF ARBITRARY VERTICAL
LOADING ON THE SURFACE QOF A LOADING ON THE SURFACE LOADING ON THE SURFACE OF
SEMI-INFINITE MASS OF A SEMI-INFINITE A SEMI-INFINITE MASS

MASS

<€



33
q B l:2v 25 gdo - |
¢ 4m lav r 2T eos(2.2:4)

By integrating the differential equation over an arbitrary area A
subject to a vertical load of intemnsity p{(x,y), as shown in Fig. 2.2.3,
we obtain the following equation for the vertical surface settlement

w, at a point 0 outside the loaded area A, when G = mz and v=constant.

_1  1-2v 1 dxd
= e // B2EY cee(2.2.5)

Yo
ll'Tr l- v m A x +y

Integration over specific area

For the point 0 outside the load area and for points 1 and 2 within it,
the double integral has been evalua&ed, assuming p is constant; for the
geometric arrangements shown in Fig. 2.2.4, Fig. 2.2.5 and Fig. 2.2.6.

Note tﬁat the symbols a, b, as bl, see3Cys dl, represent pure lengths
between varicus points on ﬁhe figures and are therefore always positive.
Details of the methods used to perform the double integrals are given in
Appendix A 2.2{a). Using these results, the following equations for the
settlement w, at the point 0, and the relative settlement w; - wp between
the points 1 and 2, have been obtained. Awojobi and Gibson (1973)

obtained similar results for the case shown in Fig.2.2.4 and Fige 2.2.5.

-

For a uniformly distributed load on an infinitely long strip (FigeZ2.2+4):

1 1-2v p atb
—3 — —— l LE N ] L L]
vo 4 l-v m Ogla-bl ’ (2:2.6)
2 2
b -a
1 l-2v P 1
- et 10 LA N} L[] L]
Wy o 4 v - g |b2—a% (2.2.7)

For a uniformly distributed load on a circle (Fig.?2.2.5):

2
1 1-2v P I a l
W o= - log )
2 2 eee(2.2.8
4 1-v 1 a -b )
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I . eee(2,2.9)

_ L. 1l-2v pgre,sc . eee(2.2.10)
Yo T Fm I-w m S¢ b ’ a )
.--(2.2.11)
_L_ 122y peg(fl .2y 5 Sh nS2y00 %92y 000, g2
V\v'l—Wz*—- ll-rr l—v m( (al az)+ <bl 2 (al,a2)+s( ? bz)) '
where
2541 tan "l E
s (=35 =)= {8(log] l—1)+°§iz—se——— |
p ’ g’ g tan® =1 2s+1
tan (E )
q
ees(2:2.12)
and
s+l 25 1 s-1 t 2t
ay, =1,a =L oy L21) 2 %(s-t) a _
2 3! 25 s X (25-1_1)1 =1 s X (2t+1)! 25-2t,5—-2’3’4.-,
alo(2¢2.13)
for p,q,r > O.
It can also bhe shown that
tan -1 {£)
S (E. s l:.):[g(a) } P o--(Z-Z.l‘F)
p q -
tan ! (=)
q

where

T,
g(e) =/ /4 M . 000(2-2015)
e

sin 2¢
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The value of T™T/4 for the upper limit has been chosen for convenience.

The singularity in the expression for g(8) at 8 = .g can be

isolated by writing it in the form,

314 T
2(0) = )/ A N SN log|2--%§?| c++(2.2.16)
5 sin 2% w=2¢ 2 '

Using Simpson's rule approximate values of g{8) were obtained from

equation (2.2.16). The values are tabulated with tan © at 1° intervals
of 6 for the range 0%to 89° in Table 2.2.1.

By making the substitution
=2 ree(2.2.17)

1-2v = — %
1og|2— ﬂg‘
m

in equation ( 2.2.16) and noting that\ha%-as 9—;§, both from below,

it can be seen that the singularity is suppressed in the expression for
W, for a uniformly distributed load on a rectangle when the material is
incompressible. It follows immediately that along any side of the
rectangles shown in Fig.2.2.6, v, = p/2n, and that WS W oW,y = 0
elsewhere, whenv= %. By the use of superpositions these results may

be used for more general loading of incompressible material. A similar

approach was described by Gibson (1967), Awojobi and Gibson (1973) and

Gibson (1974).

in order to make the results contained in Table Z.,2.l. more accessible,

a small computer program GSETT has been written to calculate values of
S(x/p, v/q). The results are printed out under the heading DGTH,
together with some associated quantities which are clearly labelled.

The program incorporates the tabulated values mentioned above, and inter-

polates linearly between them where necessary. A listing of the program

is given in Appendix A 2,2(b}.
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TABLE 2.2.1 VALUES OF £(8)
8° tand (@) 8° tan® g(9) ° tané g(8)
¢ 0.000 0,915966 30 0.577 0.357797 60 1.732 -0.505051
1 0.017 0.898511 31 0.601 0.336351 6l 1.804 -0.548057
2 0,035 0,881050 32 0.625 0.315012 62 1.881 -0.,592738
3 0.052 0.863574 33 0.649 0.293164 63 1.963 -0.639228
4 0.070 0.846077 34 0.675 0.270991 64 2.050 -0.687675
5 0.087 0.828551 35 0,700 0.248477 65 2.145 -0.738247
6 0.105 0.810990 36 0.727 0.225602 66 24246 -0.791130
7 0.123 0.793386 37 0.754 0.202348 67 2.356 - -0.846536
8 0.l4l 0.775731 38 0.781 0.178695 68 2.475 -0.904705
9 0.158 0.758019 39 0.810 0.154621 69 2.605 -0-96590?
10 0.176 0.740241 40 0.839 0.130135 70 2,747 -1.030464
11 0.194 0.722390 41 0.869 0.105123 71 2.904 -1.,098732
12 0.213 0.704459 42 0.900 0.079648 72 3.078 -1.171134
13 0.231 0.686439 43 0.933 0.0536356 73 3.271 ~-1.248165
14 0.249 0.668322 44 0.966 0.027116 74 3.487 ~-1.330412
15 0.268 0.650101 45 1.000 0.000000 75 3.732 -~1.418572
16 0.287 0.631765 46 1.036 -0.027726 76 4,011 ~1.513492
17 0.306 0.613308 47 1.072 -0.056096 77 4,331 -1.616204
18 0.325 0.594720 48 1l.111 -0.085147 78 4,705 -1.727993
19 0.344 0.575991 49 1,150 -0.114918 79 5.145 -1.850478
20 0.364 0.557113 50 1.192 -0.145454 80 5.671 -1.985743
21 0.384 0.538076 51 1.235 -0.176797 81 6.314 -2,136535
22 0.404 0.518869 52 1.280 ~0.209000 82 7.ll5 ~2.306575
23 0.424 0.499483 53 1.329 -0.242116 83 8.144 -2,501083
24 0.445 0.479%07 54 1.376 -0.276202 84 9.514 -2.727704
25 0.466 0,460129 55 1.428 -0.311321 85 11.430 -2.998295
26 0.488 0.440138 56 1.483 -0.347543 86 14,301 -3.332722
27 0.510 0.419922 57 L1.540 -0.384940 87 19.081 -3.768234
28 0.532 0.399469 58 1.600 -0.423957 38 28.636 -4,388459
29 0.554 0.378765 59 1.664 -0.463601 89 57.290 -5.460269
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The input data is on punched cards. On the first card the total
number of calculations of S(r/p, r/q) is specified. This quantity
is entered in the variable NP. Succeeding cards specify the data

for eéch caleulation in turn, from which the values of the parameters
r/p and r/q are obtained. Each data set comprises the four numbers
hr, hp, kr, kq, where h and k are any non-zero real numbers. These

data are entered in variables OPF, ADF, OPN, ADN in order.

The notation and format of the punched cards is given in Table 2.2.2.
The field lengths for the variables NP and OPF, etc., are I2 and

F10.0 respectively.
TABLE 2.2.2 NOTATION AND FORMAT FOR INPUT CARDS FOR PROGRAM GSETT

No. of Column numbers
cards 5 10 20 30 40 80
[] ] 1 [ 1 L []
1 NP
21 OPF ADF OPN ADN

The program GSETT was used to calculate the surface settlement v, outside
the loaded areas, and relative surface settlement w, - w within the
loaded areas, for the square and rectangle shown in Fige 2.2.7. The

quantities w; and wé - w' are plotted on Fig. 2.2.7, where

w' = ‘."ﬂ' ..];:'_y E wo .00(2.2018)
° 1-2v p

w' - w‘ = Aﬂﬂ m (wC - W) 000(2.2-19)
c 1-2v p

The point G is positioned at the centre of the locaded area in each
case. The settlements at the point C and at any other point within

either loaded area are denoted by w. and w respectively.
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3. Dimensional analysis applied to pround models

All physical equations are dimensionally homogeneous.  The variables
in any such equation can be regrouped and the equation rewritten in
terms of dimensionless products and quotients of the variables.

These groups can be regarded as new variables and represent a minimal
set. The difference between the number of original and new variables

equals the number of dimensions in the original equation.

It is possible to group variables of any formal physical equation in a
similar way. Initially a set of variables is assembled which, it is
assumed, adequately represent the governing physical influences on the
occur;ence. These variables are grouped according to the rules of the’
Theory of Dimensions and the equation rewritten in terms of fewer
dimensionless variables. If other independent relationships are known
between some of the original variables then one or more of the

dimensionless groups may be eliminated.

Analysis based on this theory is characteristically simple in presentation
but sometimes subtle in execution. Almost invariably it is equivalent

to a much larger quantity of ordinary analysis. Using symmetry, super=-
postion and dimensional analysis some new expressions are obtained and
some established results are partially recovered in surface settlement

and stress due to the loading of a linear non-homogeneous elastic half-space.

Expressions for settlement

The settlement v of a point D on z-axis as shown in Fig.2.2.1 may be

assumed to be given by

WD = fl (p’ b, Zy m,V » n), oo-(2-3-1)

where G = mz" and Poissons's ratio is an arbitrary constant.
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Using dimensional analysis the equation may be rewritten as

I
WDm f ( E ? _2. ’V 2 n ). -oo(2u3c2)

But because the system is linear wh % P and so Eﬁ raised
m

to the power n - 1 must appear as a factor and simultaneously vanish

from the argument list, giving

whm n-1 .
D = (_-E‘{T ) f3 (P- ] AY 1] n ). --.(2-3-3)
mb z

eee(2.3.4)
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For n = 0, the equation is a partial solution for settlement at the

centre of a uniformly loaded c¢circular area on a homogeneous compressible

materizl.

For n = 1, the case discussed in Section 2 above is represented.
Alexander (1977) obtained an equation for Y for incompressible

material, giving

b 1 1 1
— = (-~ y = ’1)=— (1_ ) . 000(2.335
o 2 2 2 J (0725 1) ’

A partial solution similar to equation (2.3.4) may be obtained.for an
infinitely long strip load of width 2a, as shown in Fig.2.2,1 when.

b and r are replaced by a and x respectively.

Expressions for surface stress

The horizontal normal stress g, at the point C as shown in Fig. 2.2.1

may be assumed to be given by

O'C = f1 (p, b’ m, v'n). 000(2-306)

A similar expression applies to plane conditions shown in Fig. 2.2.1
when . b and r are replaced by a and x respectively. Using dimensional

analysis the equation may be rewritten as

vee(2.3.7)

o lnq

=f‘2(_1?___,v,n).
mb"

But because the system is linear and the boundary conditions are

specified only in terms of boundary traction,g, e« p. Therefore P
mb ™

must vanish from the argument list, giving

G-C
—_— = f (V, n )- 000(2.3'8)
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By superposition a similar result is obtained for any axisymmetric
load of intensity p(r) and where p = p(o), and in particular d; =0

for any annular load.

Using symmetry and supexposition in plane conditions, the following
equations are obtained for the horizontal surface stress ok(x) due to

a vertical surface strip load p(x) as shown in Fige 2.3.1.

o (»)
=g (v, n) a, <x<a,
{x)
P vee (2.3.9)
ok(x) =0 elsewhere

Lekhnitskii (1962), Gibson (1967), Alexander (1977), and Calladine

and Greenwoood (1978) conclude variously that the stress distributions
due to the above loading when n = 0 are unchanged when both n= 1 and
Vv =25 Combining these results and the appropriate surface stress
relations for homogeneous material given by Timoshenke and Goodier

{1951), it follows that,

f (5,1) =g (%sl) =g (%.0) =g (V, o) = -1 ees (243410)

The Author!s general solution for line and strip surface loads, given

in the next section, includes expressions for g (%,n), where n = o0

TN

777

FIG. 2.3.1 VERTICAL SECTION THROUGH AN AREA OF ARBITRARY
VERTICAL LOADING ON THE SURFACE OF A SEMI-
INFINITE MASS



44

G General solution for line and strip loads on an incompressible

half~space

Congider either of the line loads of intensity P or § applied
normally and tangentially, respectively, to the plane surface
of a linear elastic semi-infinite body, as shown in Fig.2.4.1.(a).
The material is incompressible and the shear modulus is given

n
by G = mz , where nz o.

In a similar way to that described in Section 3, dimensional
analysis may be applied to the following formal stress equation

for the line load P,

O"r = fl (P, My Ty N, 9) ‘000(2-401)

giving the revised form

rdi P
— = {9 (————;;l » Ty 8 ) ses(2:4.2)
P mr

But since droc P, we may write

rd = f3 (n, B)o ' oo.(2-4n3)

Thus for constant values of P and n, we have
ro’r = F (G). -00(2.404)
In a similar way, we also have

ra,

I

Fi(8), veal(2.445)

I.'Tre = F2(9)° 000(20406)
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The equilibrium equations for the element shown in Fig. 2.4.1

referred to polar coordinated are

) dr
—_— - ——JT0 —
37 (I‘O’r) 0'6 + 38 =0 3
000(20417)
_.é_.. (rz-rre) + ...6.29 =0 .
3r : 3

Substitution of the above expressions for C. s Gy » and o gives

)
r r
--00(204'8)
t
F, + F, =0,

where the primes denote differentiation we.r.t. 8. Since these

equations must be true for the given loadings, it follows for each

that F1 = F2 =0 or cb = Tre = 0. Hence we conclude that a radial

stress field is produced around the line of application of either

line lpad, and that the intensity of the field varies inversely with

the radius.

The strain displacement equations and the elastic equations are:

£ = bur

- ot k)

r or
Se = _ir + L ?_Ee s oo-(2.409)

r T o8
L 3

= o.M 2 o8,

B ar r r o8

e, = -& = (ot - 09) / 4
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Yr@ = Tre/G 3 100(2-4010)

aur___ f(e) nc:(Z-z&nll)
5— Tl
r r
where
£(8) = F () . eee(2.4.12)
4 mcos™e
Hence, by integration,
u = =i +g(8) , >0
nr
a-'(2-4013)
u, = f (@®).log (r) + g (@) , n=20
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It follows that:

rcr=-’+m (cos " 8) £(8), Sy =Tg =0 , nx0
o =L g e

nr

y >0

- )

-t @
‘e = n(n-H(.)rn +e @) +xh© von(2.4.14)
u, = £ (8) log (r) + g (8)

s n=20

ug = (L+log (x)) £ (® +g' (®) +rh (8)

where , by eliminating €g

£(®)=D+E0 , n=1
£ (@) =H cos (8 y(1-n2)) + I sin (@ y (1-n2)) , n<l
£ (0) =Jexp BvV(n® 1)) +Kexp (-8 v(n2 - 1)), n=l

g (8) =A cos O+ B sin @
h (8) =¢C
and A, B, C, etcs, are arbitrary constants.

For the P line load only, the components ¢, and u, are even

functions of 8, and ug is an odd function of 8. For the Q line
load only, these relationships are interchanged. From the
equilibrium of a semicircular region symmetrically underlying the

line loads we also have,

™2
P <+ g, cos 6 de =0, ess(244.15)
-
Rt eee(2:4.16)

Q + rc'rsinad9=0

-2



48
Using the above information, equations (2.4.17) and (2.4.18)
are obtained for the radial stress and tor the radial
displacements, in which the arbitrary constants A,B,and C represent
rigid body movements and C is small. Values of the constant c(n),
which alsc appear in the equations, are given in Table 2.4.1
for n between 0 and 100. In Table Z.4.2 and Table 2.4.3 respect-

ively, values of - rcrlP and - rdr/Q are given at 100 intervals of

8 for a wide range of values of n.

TABLE 2.4.1  VALUES OF c(n)

n c(n) n c{n)

0.0 0.63662 1.0  0.63662

0.1 0.64726 2.0 0.52436

0.2 0.65481 3.0 0.39927

0.3 0.65955 4.0  0.29181

0.4 0.66179 5.0 0.20803

0.5 0.66180 7.0 1.01028 x 10"

0.6 0.65983 10.0  3.20597.x 10°

0.7 0.65612 20.0  5.56905 x 154

0.8 0.65089 50.0  1.67662 x 15:9

0.0 0.64433 100.0 6.99862 x 10
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For n=290

—ro‘r/P = c{0) cos 8

u, = (- c(0) P log {r) + A) cos 6
4m
ug = ( c(0) _P (1+ log (r)) - A) sin 8
4m

2
1/c (0)=2/0/ cos’9 dg = w2

For 0 <n=<l

-ro-r/P = c¢(n) cos” O cos (o J(l-nz))

u = cln) _P_ 1 cos (0 \/(l-nz)) + A cos 8

r

u = -c(n) _P_ J(l-nz) 1l sin (8 J(l-nz)) - A sin @
0 4m n(n +1) N

Forn=1 000(2-4017)
-rcrr/p = c(l) cos 8
u.=c{l) P L 4 Acosé
4m r
Uy = - A sin B
“/2 ,
1/c(n) = 2 /0 cos 0 d 6 =T/2
For n>1
2
-ta,/p = c(n) cos" 8 cosh. (8 /(n® - 1))
u =c{n) _P 1 1 cosh (8 \/(I’t2 -1)) + A cos ©
r Gm n o
ug = c(n) _P jgnz - 1) _1 sinh (8 ./(n2 -1)) - A sin 8
4m n(n 4+ 1) "

L7 oL 2
1/¢(n) = 2fo cos 8 cosh (®J/(n -1)) de
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For n =0

~-rg,./Q = c(0) sin ©

u, o= (-c(0) _Q log (r) + B) sin ©
4

ug = (-c(0) ZQ (L + log (x)) + B) cos 8 + Cr
m

For O0<n=<l

-xo_/Q = c(n)  lLin cos ™8 sin (8 ¢ (L - n9))
J(1-n2)
ur=c(n) Q 1'+n 1l sin (8 /(1 - nz))+B sin ©
4m n J(l—nZ) "

ug=cm Q@ _L _1  cos (8/(l-0n))+B cos 8+ Cr

. 4m n r
For n=1 000(204018)
-rc“r/Q = 2 ¢(l) @ cos @
ur=2c(l)£ 1l ® + B sin®

fm r
u9=c(l)_0__ 1l +Bcos®+ Cr
4m r
For n <1
-rg /Q=c(n) _l+un cos" @ sinh (8 /(n® - 1))
J(n? 1)

u. =cin) _Q 1+n 1 sinh (8 \/(n2 - 1)) + B sin 6

dm  n ./(nz-el) F

u =clm) _Q %n cosh (8 /@2 - 1)) + B cos B + Cr

=N T



TABLE  2.4.2 VALUES OF -ro,/P
0° 10° 20° 30° 40° 50° 60° 70° 80° 90
n= 0 0.637 0.627 0.598 0.551 0.488 0.409 0.318 0.218 0.111 0
0.1 0.647 0.637 0.605 0.553 0.484 0.400 0.305 0.202 0.098 0
0.5 0.662 0.649 0.612 0.554 0.477 0.386 0.288 0.190 0.098 0
1.0 0.637 0.627 0.598 0.551 0.488 0.409 0.318 0.218 0.111 0
2.0 0.524 0.532 0.550 0.566 0.561 0.515 0.413 0.258 0.089 0
3.0 0.399 0.429 0.506 0.600 0.659 0.630 0.484 0.253 0.054 0
7.0 0.101 0.166 0.370 0695 0.986 0.967 04559 0.131 0.004 0
10.0 0.032 0.081 0.278 0.696 1.159 1.139 04525 0.067 0 0
100.0 0 0 0 0.011 1.938 1,771 0.001 0 0 0

L3



TABLE 2,63 VALUES OF -ro,/Q

9 = 10° 20° 30° 40° 50° 60° 70° 80° 90°
n= 0.0 0.111 0.218 0.318 0.409 0.488 0.551 0.598 0.627 0.637

0.1 0.123 04242 0.351 04446 0.523 0.576 0.603 04581 0

0.5 0.171 0.331 04467 0.570 0.630 0.638 0.584 04447 0

1.0 0.219 0.418 0,577 0.681 0.714 0.667 0.532 0.309 0

2.0 0.270 0.515 0.706 0.813 0.809 0.678 0.434 0.153 0

3.0 0.277 0. 541 0.705 0.897 0.879 0.681 0.357 0.077 0

7.0 0.160 04420 0.801 1.138 1.117 0.645 0.151 0.004 0

10.0 0.084 0.306 0.770 1.282 1.259 0.580 0.074 0 0

100.0 0 0 0.011 1.957 1.789 0 0 0

0.001

qs
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The equations for stress and displacement for strip loading may be
obtained by use of equations (2.4.17) and ( 2.4.18). Assuming,
for simplicity, that the constant C vanishes, the substitutions given

below in equations (2.4.19) are made as appropriate in these equations.

o =g sin2 e
X r
— 2

g, = 0. cos e

T =¢g_  sin © cos &

Xz T

u =u sin 8 + u, cos O
X r 8

LN ] ( 204.19)

u, =u_ cos e - Uy sin B
P = pdx
Q = qdx

nB =-xfz
ta / o

r = J(x2 + 220)

~here zois constant.
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By integrating these equations between the limits denoted formally

by the numbers 1 and 2, we obtain the general expressions for stresses
and displacements due to the strip loading shown in Fige. 2.4.1.(b).

The general exbressions are in the form of integrals and may be
evaluated by numerical techniques for specific points in the half-
space. Most of the results for surface conditions, on the other

hand, have been obtained either in the form of algebraic, trigonometric

and hyperbolic expressions or as constants.

The expression for the vertical strip load of intensity p are given
in equation (2.4.20), (2.4.21), (2.4.22), (2.4.23) for n = o,
o<n<l, n=1, and n>1 respectively. The corresponding expressions
for the horizontal strip load of intensity q are given in equations
(2.4.24), (2.4.25), (2.4.26) and (2+4.27) for the same n values,

The arbitrary constants Al and Bl in these equations represent

rigid body movements. It is noted that n = { gives Boussinesq's
solutions for incompressible material, and n = 1 includes Gibson's

results ( Gibsen (1967)).
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(a)
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77

(b)
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FIG. 2.4.1: VERTICAL SECTIONS THROUGH NORMAL AND TANGENTIAL
(a) LINE AND (b) UNIFORM STRIP LOADS ON THE
SURFACE OF A SEMI-INFINITE MASS
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For n = 0 and z0> O:

~
@
|

2 2 2
. 40 = .
cx/p t';(O)f1 sin“ 8 d 9 sin @ cos 9)1

F= 3=

2 2
cz/p = c;(O)fl cos 8d8 =1 (8 + sin @ cos el

_ 2 _ C 2 .2
szlp = c(O)fl sin 8 cos 9 d 6 m% (sin 9)1

2 2
L, = -c(0) p , [ tanB®d®=_-p , (}.og(sec(-)))l

.
tm © 7 2mm ©
2 2 2 1
u, = c(o) - zof (sec™® log (z,sec 8) +tan'8) d 8 + A
4m 1
— 2
= P2 z, (tan @ log (zosec ay) + Al
2 mm 1

For w= 0, z, = 0 and both ]x1| and ]x2|<2b:

a/p = -1
O'z/p = =1 ...(2-4.20)
TXZ =0

For n=0, z_ =0 and either |x,] or |x2| > 2b:

Oy =0
gz =0
Txz = 0

For n = 0 and zo=0=

2 1
u = _-p (xlog|x|)l+A
2Tm
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For 0O < n<1 andz°>o:

1 2 2
@ sin” 8 cos(Q/(l-n )) d O

o’x/p = c:(n)/'lz2 corsl‘-
2 ntl 2
o,/p = u::(n)f1 cos 6 cos (8 /(1l-n )) d 8

1../p = c(n)‘[l2 cos @ sin @ cos (0 J(l-nz)) d e

XZ
2 .2 2
u = ~c(n) p 1 l/ cos O (sin 8 cos (8 J(l-n)) -
n 4m Zon- l
«(J((ln) /(14n))) cos @ sin (8 V(1-n2)))de
- 2 -
g = ze(n) —- ln_]/ cos” 29 (cos B cos (6 J(l-!’lz)) +
n 4m 2, 1

+ ( J({(l-n)/{1+n))) sin O sin (O J(l-nz))) de + Al

For 0 <n<1, z, =0, and both |x| and |x2| < 2b:

o fp=~-l
Gz/p = =1 ouo(204.21)
T =0
Xz
For 0<n<! , 2z, =0, and either |xl| or ,x2|>2b:
T =0
%
g, =0
T =0
XZ
For 0 <n< 1 and z;=0:
2 lan 2
u = -c{n) p 1 cos (¥ n/({l-n)) (|x] )l
%
n 4m l-n
2 -n_2 1
u, = cln) p 1 2511‘1 (3 w(l-n)) (x| x| )l + A

n 4m (l-n)



For n = 1 and zo> 0:

cx/p
same as equation (2.4.20)
crz/p

sz/p

u, =-c(l) _p_ f 2 tan0 d o= -p (log (sec 9))2
Lm 1

2mrm

1

) ‘
= - 1 6 = -
u, c(l) _p /ld + A D (e)l

4m 2 vm

For n=1 and z_= 0z

ox/p

6,/p same as equation (2.4.20)
sz/P

2
u, = _=p_  (log IXI)1
21m

For n = 1, 2o = 0 and both |x,| and |x,]<2b
1
u, = _P + A

2m

For n= 1, z = 0 and either |xl| or |x2| > 2b

2

+ A

1

a8

coo(2-4022)
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For n>1 and z > 0:

n-1

2 2 2
[1 cos 8 sin B8 cosh (8 y(n -1)) 4 @

2 l 2
/1 cos @ cosh (8 J/(n -1)) d 6

2
= c{n) / cos sin 8 cosh (O J(nz-l)) d e
1

Ty/p = c(n)

oz/p = c(n)

Tez!P

u, = =c{n)
n

u;, = =-c(n)
n

For n> 1, 3z

n-1l
4m Zg 1

2 n-2 . 2
p 1 / cos ©(sin 8 cosh (8 J(n -1)) +
+( V((n-1) /(rkl})) cos B sinh (8 J(nz-l)))d )

2 n=-2 2
p 1 cos 8 (cos @ cosh (8 J(n -1))-
4m 22-1 1

- J((n=1)/(ntl))) sin 8 sinh (O J(nz-l))) d-B +Al

= 0 and both lel and |x5| < 2 b:

o, /Ip=-1
O-Z/p = =1 000(204023)
Txz =0
Forn> 1, 2z =0, and either |x1| or 'le > 2 b:
o =0
X
g =0
z
Tz = 0
For n>1 and z, = O:
2 l-n 2
u, = c(n) p 1 cosh (3 ™/ (n -1)) (1x] )1
n 4m n-1
2 -n, 2 1
u, = ¢cln) D 1 sinh (5 mv(n -1)) ( x| x| n)l+ A
n 4m J(nz—l)
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For n = 0 and zo>0:

o lq = c(0) /2 sin B d8 = 1 (2Llog (sec 8) + cos> 8)>
cos O
2 , 2 2
Uz/q = ¢{(0) / sin 8 cos 8 d 8@ =1 (sin” @)
1 | 1

-
S
=Y

il

c(0) /f sin’8 d 8 = 1 (8 - sin 6 cos e)i2
n

1

c
i

c(0) _g 2z, ff (sec2 8 log (z, sec 8) + 1)d 6 + B
4m

2
— 1
= _q z, (-tan 8 + tan 0 log (z  sec 8) + 2 9)1 + B

21mm

2
— - 2
u, = -c(0) _gq_ z4 /1 tan € d 6 _ -9 z, (log(sech))

4m 2mm 1

For n-= 0, z, = 0 and both lxll and |x2|<2 b:
ofq = 2 (10g|x])2
X = 1

g, =0 cee(2.4424)

For n = 0, 2z, =0 and either |x1| or]x2| > 2 bz

2

o /a=_2 (log |x];

n
o =0

z
Txz =0
For n =0 and 2z, = 0:
2 1

u = _zg (x log [x]D"+ _gb + B

2 T1m 1 wm
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For 0 < nel and zo>o:

2 a=-1 2 2
o.a=c) J((l4n) /(l-n))/l cos @ sin“® sin (8 J(1-n")) d @
2 n+l )
o /g =c(n) V ((L+n)/(1-n)))f cos 8 sin (8 J(l-n')) d @
1
2
1 /9= e Y(W)/ (L) [ cos"8 sin e sin (6 V(n')) do
1
2 n-2 2
u = -c(n) g _._]:._/ cos 8 (( J((l4+n)/(1l-n))) sin @ sin (8/(l-n ))+
X n-1/ 3
n 4m
o
2 1
+ cos 8 cos (B J(l-n ))) d B+ B
2 n-2 2
u = -cln) _g 1 J/ cos 8 ((/({l+n)/(1-n))) cos ® sin (8/(1-n ))-
z Ti-1 .

n 4m z, 1

- sin B cos (8 /(L-n2))) d @

For 0 < n <1, 2z, =0, and both |x1]and |x2|< 2 bs:

c =0

X

Uz =0 000(204.25)
= =1

sz/q

For 0 < n<1, z, = 0, and either le] or |x2| > 2 b:

o =20

X

o =0

z

Tyz =0

For o< n< 1 and zo=0

< 2 -n_2 1
u, =_cm) g (J((I+n)/(l-n)) sin (5w/(l-n )) (x|=x| n)1 + B
n(l-n) 4m
2 l-n 2
u = _c(n) _q cos (3m/(l-n)) (Ix] )1

n{l-n) 4m
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For n = 1 and z0>0:
2 2 2 2
ofq =2c(l) [ 8sin 8d8= 1(8 -0 sin20 - % cos20)
1 n 1
2 2 2 2
6,/ q =2c(l)/ Bcos ©dB= 1 {8 +6sin20+ % cos 28)
1 m 1
2 . . 2
T /q=2c(l)f 8@ sin B cos ®dB8 =1 (-Bcos 28+ % sin 2 6)
Xz 1 - 1
2 1
u, =~c(l) _q_ (26 tan 9 4 1) d 9 -+ B
4m /1
2 2 1
= g (2/6tanede+(9)1 ) + B
2mm
2
u, = -c(l) _g (26 - tan 8) d. 9
4m~7 1
2 2
= = q (8 - log (sec ©))
2nm 1
For n=1, z, = 0 and bothlxll andlx2|<2b:
o =0
X
O'z =0 000(204.26)
Txz/d = -1
1
u, = _2_q_ log !x1 x2| - g log |xp| + B, where | xp|~=0
m m
For n =1, z; = 0 and either | x4} or ]xZ] > 2 b:
o, = 0
g =0
z
sz-—-O
2 ’xl>0
u, =+ _q (log|xl|)
2m _ 1 3X9 < 0
For n =1 and z°=0:
2
u, =_4a (log|x]|)

2 wm i
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For n>1 and z > o

n-1

0. /q = c(n) ¢((atl)/(n-1)) /f cos” "0 sin 8 sinh (8 /(n>-1)).d 8

2 ntl 2
oz/q = c(n) J((n+l)/(n-1)) [ cos O sinh (8 J(n -1)) d ©
1

Tez/q = c(n) J({n+l)/(n-1)) /2 c:osn ® sin 8 sinh (8 J(nz-l)) de
1

2 n=2 2
uo= -c{n) _q _1 / cos O (( V((ntl)/(n-1l)) sin @ sinh (8/(n -1))+
4m n-1 1

n Z0

2 1
4+ cos B cosh (8 J{n «1))) d6e + B

2 n-2 2
u, = -c(n) q 1 Lf cos 6 ((J/(nt+l)/(n-1)) cos © sinh (ByY(n -1))-
n  4m zon" 1

~ sin @ cosh (8 y(n2-1))) d @

For n=>1, z, = 0 and both b %41 and[le <2 b:

g =0

x

o'z = 0 .-0(204.27)
Tea! 1= -1

For n>1, z =0 and either |x1|or]x2J> 2 b:
c =0

x

c =0

z

¥ =20

Xz

For n>=1 and zo=0:

u, = =c(n) _g (J/((ntl)/(n~1))) sinh (% ,,J(HZ_U) (x IxTn)12+ Bl
n(n-1) 4m
U, = =c{n) _gq cosh (%'ﬂ'\/(nz-l))( |x|l"“)12

n{n-1) 4m



Se Discussion

To illustrate the advantage to be gained by use of the tabulated
results for the surface settlement of a compressible half-space,
consider the question of the difference in effect of square and
circular loading. Using GSETT the settlements may be calculated
at points 1,2 and 3 for a uniformly loaded square of unit side as

shown in Fige2.2.7. The settlements for an inscribed uniformly

loaded circle at coincident points is obtained from the closed form

solution given in equation (2.2.8), Values of w; are given in
Table 2.5.1 below for both figures. Assuming that the intensity
of loading is the same,it is seen from Table 2,5.1 that the ratios
of thé settlements at the corresponding points are close to &4/
(% 1.273), which is the ratio of the total load on the square and
the circle respectively. Glearly the effect on setrlement of the
differences in shape of the areas is small at these points and the

results of Saint-Venant!s principle are evident.

TABLE 2.5.1. VALUES OF w; FOR A UNIFORMLY LOADED SQUARE AT POINTS

64

1,2 AND 3, AS SHOWN IN FIG.2.2.7, AND FOR AN INSCRIBED

UNIFORMLY LOADED CIRCLE AT COINCIDENT POINTS

1 2 3
wé (square) 0.478 0.164 0.083
w; (circle) 0.370 0.128 0.065

(w! (square)/w (cirele)) 1.292 1.281 1.278
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Interior relative settlements for both of the above mentioned figures
may be calculated in a similar way for the eight points P,Q,R etca,
defined in Table 2.5.2 below. Values of w. - w' , given in Table 2.5.2,
are proportional to the settlement at each of the eight points relative
to that at the centre C. The results show that the circular load
indents the surface of the half space more sharply than the square

for equal load intensitye

TABLE 2,5.2  VALUES OF we - w FOR A UNIFORMLY LOADED SQUARE, AS SHOWN

IN FIG. 2.2.7, AND FOR AN INSCRIBED UNIFORMLY LOADED CIRCLE

AT EIGHT COINCIDENT POINTS P,Q,R,ETC., EQUALLY SPACED

FROM EDGE TO CENTRE C ALONG A NORMAL PASSING THROUGH G

P Q R s T U v W

' w' (square) 4.498 2,595 1.604 0.989 0.581 0.308 0.131 0,032

We

t

We - w' (circle) 4.905 2.918 1.847 1.160 0.691 04370 0.159 0.039

The laws of elastostatics are obeyed by the model on which GSETT is
based, but because the shear modulus vanishes at the surface, some
problems of interpretation are presented. Associated difficulties
arise in relating its behaviour to the mechanical properties of ground.
Some of these problems may be avoided at the expense of increased
complexity by the modifications to the model described by Brown and
Gibson (197%). Geotechnical models in which G = mz" with n>0 fall,
perhaps, into a different category to Boussinesq's because of the use
made of them. The latter is often used to calculate stresses and
displacements which are expected to occur in the ground. The former

type, on the other hand, is usually better employed in the prediction



€6
of patterns of behaviour. These categories are not conceived
as being mutually exclusive however, and some models may be tolerably

successful in both.



6., Conclusion

The interpretation of ground response test results, and the
prediction of patterns of behaviour in geotechnical engineering may
be considerably aided by the model in which G = mz" with n20.

The extension to the range of the model made by the Author has
significantly increased both the number and type of problems to
which it can be applied. A further development for axisymmetric
conditions is possible and there is also scope for its use with

Boundary Element Methods.



68

CHAPTER 3 ELASTOSTATIC ANALYSIS OF THE LOAD-DEFORMATION

BEHAVIQUR OF MIDDLE CHALK AT MUNDFORD

1. Introduction

In order to find out whether some of the site requirements, made

by the European QOrganisation for Nuclear Research (GEBRN), for the
support of a large proton accelerator could be met by a certain
area at Mundford, Norfolk, England, a comprehensive investigation
of its load-deformation properties was made during 1966-1967.

A description of the investigation and a summary of the assessement
of the properties of the ground were given by Ward et al. (1968).
It should be added for completeness that, in the event, the site
was not used, so that all the predictions made about its behaviour

in service have necessarily remained untested.

A generally favourable view of its suitability was reached by

Ward et al. (1968). In particular they concluded that the short-
term load-deformation behaviour of the relevant parts of the site
~ould meet CERN's requirements. The following quotation from their

paper serves to illustrate the exacting nature of these stipulations:

"More precisely to cover the latter requirement CERN adopted
the criterion that the vertical displacement ¢of the ground
surface at a distance of 50m from a surface shielding load
of 10,000 tonnes applied over a square area at a uniform lcad

intensity of 4 kg/sqe.cm should not exceed 0.5mm."
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Ward et al. (1968) used a simple, isotropic elastic model for the
ground in making their appraisal. In presenting some of their
calculated values for Young's modulus using this model, one of the
possible effects of its simplicity was acknowledged when they
wrote:

"A more refined analysis in which the varying stiffness with

depth is taken into account might lead to different values."

Analytical solutions for a special case of varying stiffness with
depth for a half space in plane conditions or in axisymmetric
conditions have been obtained by Gibson (1967) and by Awojobi énd

Gibson (1973). This work was discussed in detail in Chapter 2.

Although the analytical model increases the number and variety of
problems which can be tackled in this way, it is clear that for most
practical purposes only numerical methods are sufficiently powerful

and flexible. Because of the large amount of accurate and precise
geotechnical information made available by Ward et al. (1968) and in
later supplements by Burland and Lord (1969), Burland et al. (1973)

and Burland (1977), (1978), it was decided to use the Boundary Integral
Equation Method to make a comprehensive analysis of the short-term
pre-yield deformation behaviour of the ground at Mundford. Similar
earlier work by Burland et al. (1973) and Burland (1969) in which

the Finite Element Method was directly involved provided a valuable
comparison, as did the comparative study made by Burland and Lord (1969),
of the different test results obtained from the Mundford investigation.
where there are significant differences between the results obtained

by the two numerical methods used, attempts have been made to interpret

the discrepancies constructively.
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2. Site

The Mundford site was approximately 5 x 9 km in extent over which
the ground elevation varied between l4 and 35 m 0.D. It was set
on the Middle Chalk in a zone of simple geological structure and
significant lateral uniformity. The details and sequence of the
ground materials shown in the geological profiles in Fig.3.3.1 and
Fige3.3.5 are typical for the area. The thickness of the Twin Marls
seam was 6.4 cm. It was assumed that the Mount Ephratm Marl,
occuring locally a further l4.5 m below the Twin Marls, was 10 cm
thick. Both seams extended subhorizontally across the site. Ward

et al. (1968) reported that for an area adjacent to that shown in

Fig.3.3.1:

"..othe maximum recorded water levels vary from 8.0 to 10.8 m

above 0.D., the seasonal fluctuation varying from about 2.4

to 3.2 m."
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3. Tests and test results

The site tests revealed important steady increases in the stiffness
and strength of the chalk with depth. During the loading tests

there was an initial approximately linear elastic deflection response
in the short term and a strong localization of the surface deformation
around the loading area for the full scale tank test. The yield

values were well defined and generally considerably above those

expected in service.

Ward et al. (1968) established a relatively simple but precise-system
of visual classification of the chalk, broadly related to its stiffness
and strength. The terms used in the nomenclature were Grade I to
Grade V inclusive. The qualities used to distinguish between the
Grades included hardness of material, and joint spacing and tightness.
The significance of joint orientation was emphasized in their general
discussion. Progression from the smaller to the larger Grade numbers

corresponded to a decrease in hardness, etc. (Table 3.3.1)e

The full scale surface loading test consisted essentially of filling
and emptying a large diameter steel tank with water and measuring

the resulting ground movements in adjoining vertical shafts. The
general arrangement is shown in Fig.3.3.l. The two lines of shafts
etce. radiating from the centre line of the tank are at right angles
to each other in plan. Values of the average vertical strains €5
over specific thicknesses <{(e.g. Level 5 - 6) of the ground were given

by Ward et al. (1968) and are shown in Fig.3.3.2.(a).
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Table 3.3.2 is a reproduction of a summary due to Burland (1977)

of the tank test results showing settlements at several elevations

in the shafts adjoining the test tank. Burland et al. (1973) reported
that the total [ horizontall inward movement of level 3 relative to

the top was 0.134 mm in shaft S2 after complete emptying from full of
the test tank shown in Fig.3.3.1. They added that this movement was
accompanied simultaneously by a relative vertical movement between the

same levels of 0.94 mm.

The general arrangement and details for tie plate loading test are shown
in Figs. 3.3.3 and 4. Four test series, TL to T4, were run, of
which'series Tl was mainly preliminary. Ward et al. (1968)

published results for the series T2, T3 and Té4. Fige3e3«5 refers totﬁe
last of them. Burland and Lord (1969) later gave important supplementary
details for the early part of the lcad-deformation curves shown on

Figs. 3¢5411 and 12.

Results from laboratory compression tests were also given by Burland and
Lord (1969) for samples of Grade I1 chalk from the site of the tank
test. In summarizing those on nine specimens, each 55 mm in

diameter by 120 mm high, they reported that:

"The values of E [ Young's modulus] (which appear to be almost

2 .
independent of cell pressure) lie between 5,400 MN/m and

2
6,800 MN/m2 +so with an average value of 6,300 MN/m <ss o

Poisson's ratio lies between 0.18 and 0.27 with an average of

0.24."
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TABLE 3.3.1 CORRELATION BETWEEN GRADES AND THE MECHANICAL ”8
PROPERTIES OF THE CHALK AT MUNDFORD (WARD ET

AL. (1968))

Approximate | Bearing pressure

Grade Brief description range of E causing "yield” Creep properties
(kg/sq. cm) {kgfsq. cm)
v Structureless remoulded chalk con- < 5000 <2 Exhibits significant
’ taining lumps of intact chalk creep
v Friable to rubbly chalk with open { 5000-10 000 2-4 Exhibits significant
joints often infilled with soft re- creep
moulded chalk
m Medium to hard rubbly to blocky | 10 000-20 000 4-6 For pressures not ex-
chalk with closely spaced, ceeding 4 kg/sq. cm
slightly open joints creep is small and
terminates in 3 few
months
I Medivin hard to hard chalk with | 20 000-50 000 > 10 Negligible creep for pres-
widely-spaced, tight joints sures of at least 4
kgfsq. cm
1 Hard brittle chalk with widely- > 50 000 >10 Negligible creep for pres-
spaced, tight joints sures of at least 4

| kglsq. cm-

Baat vy prewars D Agligom

Genaral Temariy Distinetize Voatvrrn p 2 . " % . “
Metren
Ja Qo 4 Samty ool ad subunil
Brown dvpo y &
.
N Ceyomrbation Bed oot \
Top of ehalkc .
Tay ay Sonstl and medium flinta ooz}
chank v R
Strusterelens mdlangy | Imparsisinnc thin tbelar SN
nsk -
» ) b
Frlable ant o0 R
EnABE I¥ | revhiy wnn T4.2 347 \\
Jainte epen vp ta :
o Tem 00s . N
T3 rrr A Tas
Aliernaiing blacky a JrTSN Tr Toughar bed \
srat Pulbely beda with Tan %
aoine ,-n:. apen wp - -_':‘ \'. Small sad mediom Domble oo s
18 0. %3¢ wl Pettua Flinia . 4
cuane nf
Twin arle
Taa Y 1L o-0%| . T47
1
Mechy, jolve spam .
up 10 0. J¢m,
- Tes o wt #”,snmunmh- fltnta aor \ -
* €2 0000 kot sy o™
' 1 'I!.l‘ 3‘3" ¥
Tough, Machy, = At ”
‘ 1 rsz  397m
GOADE I} joiris eloasd T4y #52 P
oo Ta4 RAMm B
" us 9%5m I
TAS WM52m l
143 147 WM
41 Y47 ms na5m L °F
- Tdag 1930 10 1 Cored OA Driow woter
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TABLE 3.3.2 MUNDFORD - SUMMARY OF TANK TEST RESULTS (BURLAND (1977))

Radius of tank = 9.15m
Pressure of water = 1.83 kg/cm2
Sectlement (mm)
Level Depth (m) shaft 1 shaft 2 shaft 4  shaft 3 shaft 5 shaft w8 shaft W & shaft W 5
0 0 2.58 - - - - - - -
1 3.81 1.188 0.280 0.282 0.069 0.038 °  0.071 0.025 -
2 7.32 0.879 0.256 0.272 0.071 0.048 - - -
3 10.93 0.521 0.211 0.188 0.071 0.051 - - -
4 14.59 0.381 0.170 0.178 0.074 0.056 - - -
5 22.57 0.302 0.109 0.125 0.066 0.033 - - -
6 28.97 0.160 0.084 0.084 0.061 0.033 - - -
Metres from GC.L. 000 12'12 ].2-12 25095 39.60 25. 9.5 43!0 61 «0

Average settlement of edge of tank is 0.813 mm

Marl seams at depths of 8.4 m and 22.9

LA
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Ward et al. (1968) gave the following mechanical properties obtained
from undistrubed samples taken from the Twin Marls seam at the site

of the tank test:

"5welling pressure 1.87 kg/sqs cm
Coefficient of volume compressibility

and swelling for a change of

1" kg/sq. cm at the swelling

pressure, m . = m 0.0043 sq.cm/kg "

In its original form the usefulness of the large amount of acc;rate
information gathered from the field and the laboratory observations
and tests was very limited. The results from the full-scale tank-
test, for example, referred only to the immediate vicinity of the

loaded area. Results from the plate lcading tests were similarly

confined.

A scheme was therefore evolved to predict economically the load-
deformation properties of the ground over the whole site. It was
based on the correlation of Grades of chalk with values of those
mechanical properties which were thought to be relevant. Ward et al.
(1968) developed the system shown in Table 3.3.le In the part dealing
with short term pre-yield behaviour, the values of Young's modulus E
which are indexed against the Grades of chalk, were based mainly on

a theoretical elastic analysis of the full-scale tank-test results

and to a smaller extent on the plate bearing test results.
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&4, Previous Analyses

Values for the short-term deformation properties of the ground were
obtained indirectly by back analysis of several different linear
elastic mathematical models. In the matching procedure the geometric
configuration and the boundary conditions were represented either as
well as the model parameters would allow or as fully as was considered
necessary. Generally the former situation applied for closed form
solutions and the latter for finite element methods. MNext the model
parameters corresponding to deformation properties of different parts
of the ground were adjusted until the leocad-deformation behaviour of the
model and prototype coincided sufficiently closely. It was generally
necessary to use this section of the procedure iteratively in all but

the simplest models.

Table 3.4.1. shows the range of values of Young's modulus at several
different depths beneath the centre of the test tank obtained by Ward

et al. (1968) from an elastic analysis of a simple isotropic mathematical
model . Results of a reanalysis by the Author of the same data using

the elastic solution for a uniform vertical loading on a circular

area with Poisson's ratios of 0.1 and 0.25 are also shown.

An analysis of the results of the full-scale tank-test was made by

Burland et al. (1973) using the Finite Element Method. Several ranges

of values for Young's modulus with depth were tried until the deformations
in the ground under the centre of the tank were matched satisfactorily

as shown in Fige.3e.4.1(a). A linear variation of Young's modulus was
eventually selected as shown in Fig. 3+4.1(b) where the upper limit

was based on the maximum value measured in laboratory compression tests



TABLE 3.4.1 VALUES OF YOUNG'S MODULUS E ESTIMATED FROM THE IMMEDIATE VERTICAL STRAINS MEASURED BENEATH THE CENTRE
OF THE TANK AT MAXIMUM LOAD FOR TWO LOADING CYCLES (POISSON'S RATIO ASSUMED EQUAL TQ 0.1)(AFTER WARD
ET AL. (1968)) AND SIMILAR VALUES OBTAINED BY A REANALYSIS OF THE SAME DATE USING BOUSSINESQ!S SOLUTION
WITH POISSON'S RATIOS OF 0.1 AND 0.25

Level Average depth Chalk Loading Immediate Young's oy-0.20}, oy~0. 50
below tank (m) grade vertical strain modulus E €g €g
€o(%) (kg/sqe.cm) (kg/sqe.cm) (kg/sqecm)
0 -1 1.91 v lst 0.04500 3700 3723 3018
2nd 0.03650 4600 4590 3720
lst 0.00877 16900 17523 16286
- 2 5«57 IV-1I1
1 2nd 0.00929 15900 16542 15252
lst 0.00715%* 16600 16579 16021
2 -3 9:13 111 nd 0.00745" 16500 15911 15376
lst 0.00381 22200 22499 22193
3-4 12.76 1iI-11 2nd 0.00402 21100 21324 21034
lst 0.00117 43700 44252 44257
4 -3 18.59 1 2nd 0.00127 40200 40768 40773
2nd 0.00070% 43600 43600 43894
* Adjusted to eliminate influence of marl seam. 0, and Oy are the vertical and horizontal stresses
respectively.

o8



Sottlemsnt mm Young's modutus MN/r? x10° Settlemsnt mm

0 0 20 0 1 2 3 4 5 6 7 0 o 81
0 T T Q— 0 A\; Y Y T T T T
o/
s | / s | *\
.
o __Murt_seam _ \
10 | 10 | .
5L 9. s | o\ 1519
D\
20 b 20} \ 20}
o ___ Mar seam \

25t 25 25
Dapth | \ .
bslow \

o] 2]

30} 30} 30}
tank \
m

O  measured 35 | & plate loading \ © measured
. tests
-~ finite sloment \ —— finite element
snalysis 40| — —deduced from anslysis
(8} (b f.e. analysis {c

FIG. 3.4.1: RESULTS OF FINITE ELEMENT ANALYSIS (a) FINITE ELEMENT
RESULTS FITTED TO OBSERVED CENTRE LINE SETTLEMENTS
(b) COMPARISON BETWLEN MEASURED AND DEDUCED E VALUES
(c) COMPARISON BETWEEN MEASURED AND PREDICTED SETTLEMENTS
DOWN SHAFTS AT EDGE OF TANK (BURLAND ET AL. (1973))

Distance from ¢ m
0 5 10 15 20 25 30 35 40
0 T T Y T T L3 T o]

1-0

Settlemant
o measured
mm

surface

—— finite alemant analysis

20

— — Boussinesq solution

FIG. 3.4.2: COMPARISON OF OBSERVED SETTLEMENT PRCFILE OF THE GROUND
WLTH BOUSSINESQ PREDICTION (SHOWN DOTTED) AND THE FINITE
ELEMENT PREDICTION (BURLAND ET AL.(1973))



84

on intact specimens of Grade II1 chalk. Results from the compression

tests also influenced the choice of 0.24 for Poisson's ratio.

Using this model Burland et al. (1973)also calculated horizontal
displacements of the wall of a shaft at the edge of the tank. They
obtained movements of 0.038 mm away from the tank at level 3 and

0.069 mm towards the tank at the top of the shaft.

An analysis of the data from the plate loading tests was made by
Burland and Lord {1969). They used the classical equation relating
Youngt!s modulus for an elastic foundation to the surface deformation
caused by a rigid punch. Rates of change of average load with
settlément were taken from the plate-loading test curves. Poisson's

ratio was assumed to be 0.24. The results are shown on Fig.3.3.2(b).

Burland and Lord (1969) drew attention to significant differences
between the model and reality and attached important qualifications to
their use of the classical equation. The reader is referred to
Burland and Lord (1969) for the full account of their criticisme.

A depth correction factor for the classical equation was discussed

in detail by Burland (1969) and (1978). He obtained values for the
factor over a range of depth and Poisson's ratios from an elastic
analysis based on the Finite Element Method. In a section dealing
with the pressure settlement curves from all the plate loading tests
at Mundford, Burland et al. (1973) declared how they had obtained

their results as follows:

" The value of Young's modulus E for each test was

determined from the well known expression for a rigid punch

of a diameter D:
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. anm 2
E = - D(l-v) x1I
P 4 ) x Ip

Where q is the average pressure,
p is the settlement

and Ip is the depth correction factor."

Burland et al. {(1973) considered that the different values for

Young'!s modulus at the various depth shown in Fig.3.4.1(b) were
comparable and consistent. In their view the choice of 0.24 for
Poisson's ratio was sound because of the degree of agreement found
between the model predictions and the displacements observed dﬁring

the large scale tank test. The values of the coefficient of volume
compressibility deduced from the model for the upper and lower marl seams
were 0.0114 m2/MN and 0.0183 mZ/MN respectively. Burland et al. (1973)
also claimed excellent agreement with the observed settlements down
shafts at the edge of the tank (Fige3«4.1(c)) and between the deflected

shapes of both the ground surface and level 1 undermeath and around the

test tank. (Fige 3¢4.2),

It is noted that in the analysis using Finite Element Methods made by
Burland et al. (1973) over 800 relatively inefficient three-noded
constant strain elements were employed. Their model also required

the arbitrary specification of internal boundaries and boundary conditions.
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5. New Analysis using BILEM

A similar approach to that of Burland et al. (1973) was made by the
Author using Watson's program for three-dimensional elastostatic
analysis by the Boundary Integral Equation Method. In this analysis,
however, the model was developed to represent the results of both

the tank test and the plate-loading test. The program allows
connected, compatible, finite and infinite subregions of any reasonable
shape to be specified which are composed of homogeneous, isotropic,

linear elastic materials.

It was thought that a stack of four subregions, three of finite thick-
ness and one of infinite thickness, would provide the necessary scope
for an acceptable and economic representation of the ground. The
identification nuﬁbers used for these subregions are 50, 100, 150 and
200, as shown in Fig.3.5.1. The subregions were defined by four
horizontal planes at and below the surface.  Appropriate values of
Young's modulus were specified for each subregion to represent an
increasing stiffness with depth. This arrangement will be referred

to as the stack model.

The network of surface elements shown on the plans and elevation on
Figss3.5.2 to 3.5.5 inclusive is typical of that used in the stack
models. The planes were defined by a combination of finite and infinite
boundary elements generally arranged in a symmetric pattern around the
centre lines of the test tank and the vertical shaft. The shaft

itself was defined by cylindrical elements along its axes and by plane
end elements. Parabolic variation in shape and traction over the

elements can be represented by the program in the particular mode
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FIG. 3.5.4: PLAN ON THE MUNDFORD SITE STACK MODEL ON THE TOP SURFACES
OF SUBREGIONS 100 AND 150 SHOWING BOUNDARY ELEMENT DIMENSIONS
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FIG. 3.5.5: PLAN ON THE MUNDFORD SITE STACK MODEL ON THE TOP SURFACE
OF SUBREGION 200 SHOWING BOUNDARY ELEMENT DIMENSIONS



90

selected for this model. Consequently in the choice of the size,
shape and distribution of the elements due consideration was given
to their expected curvatures after loading. Convenience in the

representation of the applied loading was also taken into account.
Except where noted otherwise the applied loading was assumed to be

uniform pressure.

As a working rule an upper limit of 90° for the angle subtended at

any node of an element by any other element was adhered to. Observance
of this rule helped to contain within acceptable limits any inaccuracies
in the numerical integration calculatioens. Long thin finite elements
were gvoided for the same reason. The ratio of their extreme overall

dimensions was usually kept well below 10.

Techniques for efficient numbering of nodes and elements and the
related preparation and gpecification for such a network are described
in Appendix A. 3.5, The simple and easy way in which the levels of

the planes defining subregions can be changed is also explained there.
In this analysis, however, no variation was made in these levels
because the match achieved with the observed behaviour and with the

changes of material was sufficiently close.

Guided by the description of the ground profile given by Ward et al.
(1968) and, for the first attempt, by their estimates for Young's modulus
at the different levels (Fige 3¢342), 2 series of six sets of elastic
constants were tried in the model. Each computer run took approximately
200 seconds to complete and consumed 60 units on the ULCC system using
the CDC 7600 machine. The initial set of values of elastic constants

used comprised basically the weighted averages of the values of
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Young's modulus E and the depth Az over which they obtaineds A small
reduction was made in certain cases for the discontinuity in modular
values between successive zones, e.g. in computing the weighted average

for the second zone the first term was reduced by 10%, i.e.(0.9 x 1.56),

giving the following calculation for Young's medulus for the model:

( £E.Az2) /( I Az)

(009 xX 1-56) xX 3032 + 1-62 p 4 3.61 + 2.08 p 4 1-07, =1 1.59 GPa
3.32 + 3.61 + 1.07

Proceeding in this way the initial set of representative values of Young's

modulus E for the model was obtained as given below.

Depth below tank (metres) 0 - &4 4 -12 12 - 20 =>20

Young's modulus (GPa) 0.45 1.59 3.31 4.29

Successive values were chosen so as to progressively reduce the
difference betweeen the vertical strains based on field observations
given by Ward et al. (1968) and those obtained from the model .
Mainly on precedent Poisson's ratic was fixed at 0.25 except for the
upper subregion which in later trials was increased to 0.3. The
increase was made to allow for the presence of pasty chalk near the
ground surface. It is noted that these values did not deviate far
from the average value of Poisson's ratio obtained by Burland and

Lord (1969) for intact specimens of grade II chalk in laboratory

compression tests.

The results for the best match which was obtained are shown in Fige 3.5.6.
In the column giving the ratios of model to field vertical strains

€/ey, it can be seen that all the model values are within T 20% of

those developed in the field at the end of the second loading cycle.

A typical example of the computer output is shown in Fig.3.5.7.
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The observed vertical settlements at shaft S1 given in Table 3e3e2

are well represented by the model as shown in Fig. 3.5.8(a) in which they
are denoted by the letter w, when a simple correction is made for

the compression of the two marl seams underlying the test area.

The marl seams are about 6.4 cm and 10 cm thick and extend roughly
horizontally at depths of 8.4 m and 22.9 m respectively below the

tanke The amounts cof compression have heen calculated as follows:

At 8B.4m 0.0114 x 6.4 % 0.15 = 0.011 cm

At 22.9m : 0.0183 x 10.0 x 0.4 = 0.007 cm

where the magnitudes of the normal traction were obtained from the model
and the values of the volume compressibility are the same as those '
used by Burland et al. (1973). No attempt has been made to eliminate
the accumulated total correction of 0.018 cm from the measured wvalue

of 0.238 cm vertical settlement at the top of the shaft.

The observed values and the model values for vertical settlement w in
Shaft S2 are plotted in Fig. 3+5¢8(b). The model values are seen to

be almost double those observed at the deepest point but the ratio
reduces steadily to about 1.3 at a depth approximately 5 m below the
ground surface. The compression of the marl seams at Shaft 52 was
calculated in a similar way to that described above for Shaft Sl.
Variations in model settlements along several horizontals at different
depths below the test tank are shown in Fig.3.5.9. It has not been
found possible to accommodate the field measurements reported by Burland
et al. (1973) of a relative vertical movement of 0.94 mm in Shaft $2
between the top and level 3 during unloading. This value seems to

imply an immediate surface movement considerably at variance with

complete elastic recovery.
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In all the cases studied above it was assumed that in the model the
tank loading was applied to the ground as a uniform pressure.
An alternative tank loading was considered where in addition to uniform
pressure all radial movements on the contact surface were prevented.
The results for a uniform pressure only were found .te differ very

slightly from the alternative tank loadings.

There was a large difference, however, between the horizontal deformations
u of the wall of Shaft 82 near the surface due to the two different
loading conditions. Values at points on a vertical line nearest the

tank on the wall of the shaft are plotted on Figs. 3.5.10(a) and (b)
respectively. The model values of 0.222mm and 0.0% mm for relative
horizontal movement between the top of the shaft and level 3 for the

two loading conditions bracket the field value of 0.l134mm. whilst

in the absence of further information the amount ¢f horizontal restraint
exerted on the chalk by the test tank must remain unknown it is thought

that the two loading cases represent its extremes.

The adequacy of the particular stack model to represent the response of
the ground during the plate tests was investigated in the following way.
In Table 3.5.1 estimates are given of the vertical pressure p in the
ground below the test tank at the same elevation as the plate tests
assuming a unit weight density of 20 kN/mq for the chalk. The increases
in pressure &p induced during the tank test along its axis at these
levels were taken from the previous computer analysis.  These values

were used to define chords to the relevant pressure settlement curves

for the plate test shown in Figs. 3e3ell and 12, The slope of each chord
represents approximately the constant of proportionality over the

. . . . 2
pressure increment. Assuming a notional increment of 1000 kN/m~ for
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convenience, it was possible to calculate the settlement 50 which
would have occurred in the ground had its response remained constant.
The corresponding settlement & for the same configuration was obtained
by new computer runs. The plate loading on the ground was assumed to
be a uniform pressure and the settlement at its centre was quoted.
Effects due to the tension piles and due to any other loads were

ignored in addition to the influence of the marl seams.

A typical computational routine for &, is reproduced on Fig.3.5.12

for Test T 4.5. The network of elements for the model used in

evaluating & at the same level is similar to that shown in Figé- 3e542 to 5.
The esimated values of Young's modulus given in Table 3.5.1 at each of the
four levels is the product of the average value of Young's modulus Ea .
shown in Fig. 3,5.6(b) and the corresponding value of 6/60. A summary

of the modular values obtained by use of the model is plotted on

Fig' 3-5.6(b')o
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TABLE

3.5.1

ESTIMATED VALUES OF YOUNG'S MODULUS E AT VARIQUS LEVELS OBTAINED BY THE STACK MODEL USING

PLATE TEST RESULTS AS DESCRIBED IN SECTION 5 WHERE THE PARAMETERS USED BELOW ARE ALSO DEFINED

Plate Elevation P Ap 8, o Young's modulus
test oe.de(m) (kPa) (kPa) (mm) (o) E (GPa)

T 4.2 24.83 80 170 0.4 0.332 1.08

T 4.3 23.03 115 150 0.25 0.293 2.00

T 4.5 17.23 230 95 0.18 0.245 4,00

T 47 11.30 350 55 0.12% 0.148 5.23

* Estimated wvalue

108



102

6. The effect of marl seams

The amount by which the marl seams compressed during the tank test

~#as estimated by the simple, but adequate calculations given above.

It is suggested, however, that the relatively low modulus of the marl
had an additional important but less obvious effect on the deformation.
Specifically it is thought that the seams contributed to the pattern
of strongly local settlement and recovery in and around the area of

the tank teste.

In order to explain this idea suppose that a normal line load is
applied to the horizontal surface of a homogeneous isotropic half-space.
Consiéer a horizontal plane at some depth beneath the surface. The
extent of the normal tractions along it depends upon the induction of
shear stress in the space above it. If slip occurs and shear stress is
thereby reduced then the extent of the distribution is thereby reduced.
It follows that the resulting settlement along any adjacent horizontal

plane is concentrated near the line load.

Experimental investigations by Gaziev and Erlikhman (1971) showed
that departures of this kind did occur in the stress response of
model jointed rock systems. In presenting their results for the case

shown in Fig.3.6.1 the authors added the following comment:

"For the horizontally stratified foundation when the load is
normal to the first set of joints the stress pattern is of

a shape stretched in the direction of the loading."

In a theoretical iavestigation of the elastic response of regularly
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jointed rock to a line load applied to its surface Bray (198l) found

a similar anomalous stress distribution as shown in Fig.3.6.2.

If the Author's hypothesis concerning the concentrating effect of the
marl seams is correct, and presupposing an otherwise perfect match

of elastic properties, then the model settlements at points sufficiently
far away from the centre line would be greater than those observed in
the field, notwithstanding any effect due to an increase in Young's
modulus with depth.  Attention has already been drawn to examples

of discrepancies of this kind in the settlements of points at various
depths in shafts on the perimeter of the test tank. It should also be
noted that, other things being equal, the results of such a mismatch
between model and prototype would lead to an underestimate of the

value of Young's modulus.
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7 General Conclusions

Previous analyses by Ward et al. (1968), Burland and Lord (1969) and
Burland et al. (1973} dealt with the large scale tank test and the
plate loading test separately, using analytical and Finite Element
methods and a range of different mathematical models. The new work

is the first analysis using the Boundary Integral Equation Method in
which a comprehensive approach has been made by attempting to interpret

the tank and the plate tests by one and the same model.

The results obtained by the Author are consistent, reasonable,.and
compaqable despite some unavoidable modelling difficulties. One such
difficulty has led indirectly to the suggestion that the influence

of the marl seams may have augmented the strong local vertical deformation
under the tank. The resources o©f the three-dimensional elastostatic
program have been employed judiciously although plainly uneconomically

in the axisymmetric situations. Possible additional routines allowing
extensive thin layers to be readily specified and gradual variations

of the values of the elastic constants across subregions would be very

useful.

In general the stack model performed adequately although incompletely.

The degree to which it has been successful supports the choice for

the extent and locations of the subregions and for the values of their
elastic constants. These constants, of course, do not represent essential
or basic properties of the various Grades of chalk, but may well be the
best and perhaps the only means available of assessing the in place bulk
reponse of the ground materials within the applied loading range.

It is asserted that in any future cases significant improvements
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in the economic evaluation and use of such constants could be made
by the more comprehensive approach possibly using the Boundary

Integral Equation Method.
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CHAPTER 4 ELASTIC~-PLASTIC ANALYSIS OF HORIZONTAL DISPLACEMENT

ARQUND A DEEP EXCAVATION IN OXFORD CLAY AT SAXCON PIT

1. Introduction

A large number of field observations, including many accurate
measurements of displacement, were made in the ground surrounding
the face of excavation of a 29m deep brickpit, inclined at 72° to
the horizontal, during its continual working over a period of three
years. The survey was carried out continuously during 1969-71 at
the London Brick Company's Saxon pit at whittlesey near Peterborough,

England.

A study of the ground displacement and progressive failure caused

by the excavation was made by Burland et al. (1977). In it they
gbserved that as a result of the excavation, the vertical and horizontal
pressure was reduced in the surrounding ground and, in particular,

this gave rise to inward and vertical movement. They also reported
that the soil was overconsolidated, having previously remarked that

in such a case the horizontal movements tend to dominate. The main

purpose of their study was

",..t0 measure the magnitude and extent of the ground movements
at Saxon pit and to examine the relative influence of material

properties and geological factors on deformation behaviour."

Following an analysis of the field observations, the specific problem
emerged of proposing a structure, the behaviour of which would be

consistent with the occurrence of certain displacements observed during
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the advancing of the face of excavation. Burland et al. (1977)
decided upon a structure containing a horizontal shear band positioned
near the bottom of the face of excavation of approximately the same
length as the depth of the face. Although their solution was not
supported by any attempt to simulate the observations by means of
rigorous analysis, Burland et al. (1977) strongly encouraged the

commissioning of such work.

Apart from a simplified analysis which was not computer based, the
Author employed existing computer programs exclusively in his analysis
of the proposed structure using mathematical models. In the iatter
case the analysis was made in two distinct stages. Initially the
capacity of the shear band within the structural model to exhibit
elastic and plastic displacement was tested for different values of
remote horizontal stress. Then the horizontal surface displacements
which occurred when the face of excavation was advanced by a typical
increment were calculated for a structure containing a shear band of

certain critical length at a particular value of remote horizontal

stress.



109

2. Site

Details of the successive faces of excavation at the east end of Saxon
pit shown in Figs. 4.2.1 and 4.2.2 were given by Burland et al. (1977).
A key plan of the brickpit is inserted in the former and the geological
succession is included in the latter. The relationship of the
coordinates and elevations to the survey control pillars is given in
Burland et al. (1977). At the time of the excavation there was virgin
ground to the east and the south. The ground is level towards the

east but drops away to the south.

The callow referred to in Fig. 4+2.2 is inferior material overlying

the area to a depth of 3 - 6m. It was removed from the site at the
beginning of the works The horizontally bedded clayexposed at the

face of excavation is highly overconsolidated and fissured throughout.
Near the edge, small angular blocks are formed of less than 10 mm across,
increasing to 150 mm at a depth of 13 m. At the base, newly exposed
clay shows fissures spaced at more than 300 wm. A residual covering
of unworked clay at the base of the brickpit overlies a succession of

relatively thin layers of sand, clay, and limestone.

The traces of two orthogonal sets of near vertical major joints are
shown on Fig. 4.2.1 by dashed lines. Joints in the set intersecting
the excavation face at a low angle were preferentially opened up by
stress relief. Only the most prominent joints were seen to extend to

the surface. No evidence of faulting was found.

Natural groundwater level is considerably above the bottom of the brick-

pit, but continuous drainage has resulted in a drawdown locally.
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A steady hydraulic uplift of the base occurring during 1969-70
culminated in a local failure of the base of the brickpit in May
1970 when the accumulated water burst through to the surface appoximately

200 m west of the working face (Burland et al. (1977), Moore and

Longw~oxrth (1979)).
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3. Tests and test results

Field measurements were made of the ground displacements using a
variety of instruments and methods. These are described in detail
by Burland and Moore (1973) and by Burland et al. (1972). Piezometers
were installed in an attempt to measure changes in groundwater pressure
as the face of excavation was advanced. The layout of the instrument-
ation is shown in Fig. 4.2.l. An important composite record is
contained in Fige 4.3.1 of the vector movement of points on the centre
line of the face of excavation showing their relationship to the face.
Observed variations of the horizontal and vertical displacemenﬁ.of
surface points on the centre line with distance from the advancing face
are shown in Fige. 4.3.2. .
y
Typical strength results are given in Fig. 4.3.3 for the Lower Oxford
Clay sheared parallel to the bedding. The results are based on tests
in standard 60 mm square shear boxes. The specimens were trimmed
from block samples taken near the bottom of the face of excavation.
The brittleness of the material is evidenced by the dramatic fall in

strength from the peak values after a few millimetres relative displacement.

Undrained triaxial test results showed that the undrained shear strength
and undrained Young's modulus progressively increase with depth. The
rate is proportionally greater in the Lower Oxford Clay than in the
Middle Oxford Clay. The undrained vertical Young's modulas E,
increases from 20 MN/m2 to 150 MN/m2 and the values for horizontally
orientated specimens are approximately double. The maximum value of

the corresponding factor for the undrained shear strength is l.7.

The unit weight of the clay is approximately 19.9 kN/m?.
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4 Previous Analyses

The interpretation made by Burland et al. (1977) of the horizontal
surface strain variation with distance from the advancing face is
concisely illustrated in Fige. 4.4.1. The authors stated that the
distribution of horizontal strain shown in this figure '"is believed

to reflect the existence and mode of propagation of a horizontal shear
band near the base of the excavation'. Burland et al. (1977) calculated
that the change in the horizontal strain Actlalong tne shear band is

within the range -0.03% and-0.125% by use of the following expression,

yh tan ¢
Ae = - ‘-'-——-"-—E— X L ooo(‘-}olhl)
h E h

where h is the vertical height of the advancing face and 1 is the length
of the shear band. The values of the horizontal Young's modulus E; was
assumed to be between 150 and 300 MN/m2 and 1 between 20 and 30 m, with
$, = 13°. The authors used the above results merely to confirm

that for this case the extension can be expected to be small. It is
noted that although Burland et al. (1977) did not state how equation
(4+44.1) was established, it is effectively recovered in differential

form in the course of the analyis described in Appendix A 4.5 as equation

(A 4.5.5).

Estimates of the lengths of the shear band and end region are problematic,
however, when based only on indirect and meagre evidence. Lengths of

5-7 m were estimated for the end region based on Fig. 4.4.1(a) and
theoretical values of 1-3 m (Palmer and Rice (1973)) were quoted by
Burland et al. (1977). The authors alsc stated that, as the excavation
advances, the length of the fully developed shear band can vary signif-

icantly. Lengths of at least 30 my, 18 my; and 27 m were mentioned.
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Some uncertainty is also acknowledged conceraning the propagation of the
shear band where, it is thought, movement along its length may be
intermittent and variable. This uncertainty is increased by a lack of
information about the rate and amount of variation of shear strength
between peak and residual strength, the drainage conditions, the
position of major joints, and the rate of advancement of the face of

excavation.

In a retrospective analysis of the field observations, Moore and
Longworth (1979) discussed the question of the contributions to the
observed vertical movement of hydraulic uplift and ¢f heave of.the base
of the brickpit which occurred as a direct response to the reduction of
stress accompanying excavation. By a process of reconstruction and
making assumption concerning the effect of the outburst they concluded
that the non-hydraulic ground heave around the face of the excavation
was approximately 30 - 60 mm. 1f this range of values is correct then
it appears that the local hydraulic uplift was of the same order of mag-

nitude immediately prior to the outburst.
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3. New analyses

Analytical models requiring the use of computer programs were employed
exclusively in the new work described in this section. An account

of a simplified analysis which is not computer based is given in
Appendix A 4.5 and is briefly discussed at the end of this section.

It should be noted that differences in detail occur between the

several models used in the various analyses of the problem.

Burland et al. (1977) pointed out that there was considerable scope

for analytical modelling of this structure using rigorous analysis

and that "Every effort has been made to present the observations in
suffi;ient detail to make this possible'". They acknowledged however,
that it would have been of particular value to have been able to include
"a direct measure of the initial in situ horizontal effective pressures,
together with in situ determinations of the horizontal Young's modulus'.
To overcome the first of these deficienéies the Author assumed a range
of remote horizontal pressures and used it in a computer based analysis
of the influence of shear bands of variocus lengths on the behaviour

of the structure. The consistency of the behaviour of Burland et

al's (1977) proposed structure with the field observations of horizontal
displacement was tested for a particular value of remote horizontal
stress and a shear band of a certain critical length. Vertical move-
ments were not investigated because of the complications introduced by

the effects of hydraulic uplift.
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Three-dimensional model analysis

A three-dimensional model was initially tried with the corner of the
working face and the long plain areas at its base and crest represented
as shown in Fig. 4.5.1. The associated computational work was domne
using Watson'!s program for three-dimensional elastostatic analysis by
the Boundary Integral Equation Method. Two subregions were employed,
one for the bank of Oxford Clay and one for the supporting material.

The layout of the horizontal elements of the model is shown in Fig.
4+5.2, with the position of the steeply inclined elements indicated

by a dashed line, Two rows of rectangular elements of equal éepth

were used to define the inclined face. The non-horizontal edges of

the inclined elements continued the patterns of the adjoining horizontal
elements. Provision was made in the element layout for the specification
of various horizontal cracks at the bottom of the inclined face. The

model is symmetrical about both axes.

The results of preliminary trials showed that each complete computer

run would use about 100 units. But since only the loading of the
structure ~as to be changed and not the geometry nor the mechanical
properties of the materials, it was planned that the results of the
calculations for the unchanging part of the problem would be stored on
magnetic tape and reused in the way provided for in Watson's program.

The saving possible by this method would be considerably more than half
that for complete runs and would have made this approach economically
viable. Unfortunately the operation also required an equivalent amount
of temporary disk storage which was found to be unavailable on the system

at ULCC and so this attempt was abandoned.
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FIG. 4.5.1: ISOMETRIC SKETCH OF SAXON PIT MODEL WITH
INFINITELY REMOTE BOUNDARLES FOR THREE-
DIMENSIONAL ANALYSIS

¢ &PDm 1400 m

FIG. 4.5.2: PLAN ON SAXON PIT MODEL WITH INFINITELY
REMOTE BOUNDARIES FOR THREE-DIMENSIONAL
ANALYSIS SHOWING BOUNDARY ELEMENTS
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Two~dimensional model analysis

In order to pursue the investigation attention was transferred to the
centre section normal to excavation face shown in Fige. 4.3.1 and,
assuming plane conditions, an alternative approach was made using a

new program written by Watson for two-dimensional elastostatic analysis
by the Boundary Integral Equation Method. The program is in most

other respects similar to Watson's three-dimensional program, and further
general descriptive details are omitted. But the new program, although
operative, was not then complete and special analytical methods had to
be used to meet the following deficiencies: more than one subregion,
field stresses, infinite elemeuts, and infinitely thin cracks could not
be specified, and internal stresses and internal displacments could not'

be calculated.

Following a number of trials, the model shown in Fige. 4.5.3 was chosen
in which no normal displacements are permitted along the boundary ABC.
The value of Young'!s modulus is 100 MN/m2 and Poisson's ratio is 0.25.
The unit weight of the material is 19.6 kN/m?. A normal uniform
compressive displacement of 4.8 m is applied to the bhoundary CD and a
linearly varying displacment, of equal magnitude at the point C and
vanishing at the point B, is applied to the boundary BGC in the direction
C to B. This set of boundary conditions is called the standard set

of boundary conditions for the particular model. It is assumed to
represent the special effect of relatively stiff rock at the base of the

structure coupled with a horizontal field stress of a particular

magnitude.



The action of the shear band and end region within the structure is
modelled by normal and tangential traction, applied to the surface of

the gap FGH. In order to keep its width constant, equal and opposite
normal loads are applied at certain zones along the gap. The associated
tangential loads are determined by assuming that the material exhibits
either residual shear strength ~ith ¢! = 13° and ¢' =0 or peak shear
strength with ¢' = 2735o and c! = 172 kN/mz- Any effect due to

water on the development of shear strength is ignored. The assumed
direction of the applied shear tractions on the faces of the gap is

such as to oppose overthrusting of the excavated face EF into the

brickpit.

Three.models with nominal gap lengths 20, 30 and 40 m were tested
using the set of standard boundary conditions previcusly described.
These models were also tested with two similar sets of boundary

conditions, in which the magnitude of the displacements are reduced

separately to 50% and to 10% of those in the set of standard boundary

conditions.

By inspecting the values of the resulting horizontal displacements of
points on the horizontal faces of the gap, it can be fairly readily
assessed whether or not significant relative horizontal displacments
occur along it for the particular gap length and assumed set of boundary
conditions. The results of this assessment may be interpreted as
determining whether or not horizontal plastic shear failure occurs in a
structure containing a shear band and end region of a certain length,

~hen the structure is subjected to a horizontal field stress of a

particular intensity.
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The same analytical method was used for each of the nine calculations
made for the different models and sets of boundary conditions. Details
of one of these calculations are given below in outline. Two equal
enlargements are shown in Fig. 4.5.4(a) and (b) of the area around the
nominal 20 m long gap FGH in Fig. 4.5.3 and equally spaced nodes

F, A eve 5 A

s Al and H, A, A,, eee , A_. are sited on the upper
1? %2 5 PP

1 2’ 5
and lower faces as showne. Considering only self weight of the structure
and the standard boundary conditions applied to the outer boundary, let
ug denote the vertical displacement between A'i and Ai s where
=1, 2, eos , 5« In the real situation, there will be a distribution
of traction on the surface of the gap. For simplicity, it is assumed
that residual shear strength is exhibited on the upper and lower faces
and tﬁat the distribution of surface traction is linear between the nodés,
as shown in Fig. 4.5.4 (a), where the corresponding normal nodal loadings
per unit length are denoted by fl’ f2, sen f5. The linear distribution
is treated as the superposition of simple triangular load systems as
illustrated in Fige 4.5.4 (b). Let aijfj be the vertical displacement
between A'i and Ai due to the influence of two equal and opposite tri-
angular loads of maximum intensity fj’ centred over A'j and Aj respect=
ively, where j =1, 2, see , 5. The resulting vertical displacement
between A'i and Ai due to all the loads is given by the expression

ailfl + aizf2 + eee + a15f5 + u, .
Assuming no vertical separation between A'i and Ai, the above expression
equals zero, so that

ailfl + ai2f2 +oeee ta b= - u; .
Considering the displacement of all the nodes, the complete set of
equations can be written as the matrix equation
[aij] {Ej} = - {ui} .

The values of a,  and u_ were determined for all i, j using Watson's two=-
i i

dimensional boundary element program.
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Using the geometry of Fig. 4.5.4 (b), with self weight of the structure
and standard boundary conditions applied to the outside boundary shown
in Fig. 4.5.3, the following results were obtained, where lengths are

in metres and loadings per unit length in MN/m.

[ 0.508 0.354 0.249 0.158 0.057 | (fl‘ [ 1.1443 |
0.39 0.368 0.226 0.153 0.055 | | €, -0.9854
0.266 0.255 0.274 0.160 0.054 | | £, |= | -0.8148
0.182 0.169 0.174 0.19 0.064 | | £, ~0.6093

| 0.079 0.077 0.073 0.075 0.080 | | £ | | -0.2783 |

The sclution to this equation is: f1 = 1.263, f2 = 0.459, f3 = 0.861,
f4 =.0.657, and ES = 0,384 MN/m.

When peak strength is assumed to occur on the faces of the gap,additional
constant and linearly distributed tangential traction are introduced
when calculating the amount of horizontal displacement induced at the
nodes. Some degree of error, thought to be small, is therefore incurred
by using the values of a, . relevant to the assumption of residual shear
strength. On the other hand,when residual strength is exhibited on

the faces of the gap, no moment is generated by the simple triangular
load systems if the opposing resultant vertical components are staggered
by an amount w tan 130, where w is the width of the gap. By mistake
only half this value was specified in the model and, in addition, extra
unbalanced moments are introduced when peak strength is assumed to occur.
The size of the error introduced by the unbalanced moments is not known,
but in the critical calculations it is thought to be tolerable.

Arbitrary slight adjustments of the standard loading had to be made

immediately adjacent to the roots of the gaps because of their lengths

and curved ends. Any error incurred by these changes is probably small.
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Fi1G. 4.5.3: SAXON PIT MODEL WITH FINITELY REMOTE
BOUNDARIES FOR TWO-DIMENSIONAL ANALYSIS
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FIG. 4.5.4: (a) ASSUMED DISTRIBUTION OF TRAGTION ON A
NOMINAL 20 m LONG GAP FGH AS SHOWN IN FIG.
4.5.3 AND (b) EQUIVALENT DISTRIBUTION BY
SUPERPOSITION OF TRIANGULAR LOAD SYSTEMS
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Distributions of the normal component of loading per unit length,
denoted by the letter f and expressed in MN/m, are shown in

Figs 4.5.5 (a),(b),(c) on the faces of the nominal 20, 30, and 40 m

long gaps, respectively, for the standard boundary conditions.

Fig. 4.5.6 (a),(b),{(c) and Fig. 4.5.7 (a),(b),(c) show similar dist-
ributions when the displacement amounts specified for the standard
boundary conditions are reduced to 50% and l0% respectively. In all

of these figures the position of the point H corresponds to that shown
in Fig. 4.5.3 as does that of the Xj~axis. Either residual or peak shear
strength is assumed to occur on the faces of the gap: the hatched
portions in the figures indicate where peak strength prevails.  Tables
giving the heorizontal displacements U'l, U1 in metres in the direction
Xys oa the upper and lower faces of the gap respectively are also shown
in these figures at the specified points. The values of the relative
horizontal displacement at each of these points can be obtained by
subtraction and a judgement made of their significance. In particular,

it may be possible to decide whether or not plastic movement occursa

The figures suggest that when the gap length is 40 m and the amounts

of displacement are less than some value between 50% and 100% of that
specified in the standard boundary conditions, no large éverage horizontal
relative displacement is induced along the length of the gap. Subsequent
large displacements aleong the gap are implied 4 however, when its length
is later 'reduced to 20 m. At a length of approximately 30 m it appears

that a transition stage may have been reached.

The amount of horizontal relative displacement between the faces may be
arbitrarily distinguished by an order of magnitude. The smaller oxder
of magnitude, it is suggested, may be assoclated with an overall elastic

response and the larger orxder of magnitude with plastic behaviour.
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If the effect of the gap is interpreted in terms of a coincident
shear band and end region, as suggested earlier, then depending on
its length, either . one or the other response predominates at the

same particular value of horizontal field stress.

In order to calculate the horizontal displacements induced by advancing
the excavation face by 10 m, two similar structures were considered,

each containing a 30 m long gap. The first structure is as shown in
Fige 4.5.3. The second structure has the same overall length but

the distance AH is 80 m and its complement is 220 m. The field stresses
were represented by the standard boundary conditions where the displace-
ment amounts were reduced by 50%. The assumed shear strength along the
gap is indicated in Fig. 4.5.6(b). The horizontal displacements were
calculated using Watson's two-dimensional program. The induced
horizontal displacements AUi along the surface behind the edge of the
face of the excavation due to the 10 m advance were obtained by sub-
tracting corrvesponding ‘displacements. These values are given by Curve S
in Fig. 4.5.8 where the two structures are shown superposed. Correspond-
ing values for structures containing no gap were alsc obtained and are
given by Curve T in Fig. 4.3.8. It is seen that Curve § shows a
general flattening off of the relative surface displacements directly

above the gap and that this characteristic is absent from Curve T.
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An alternative two-dimensional model analysis

The introduction of artificial boundaries remote from the area of interest,
with an assumed set of boundary conditions, as used in the previous two-
dimznsional model, brings with it the possibility of gross erroxr in

the estimated values of displacements, even when the stress values are
approximately correct. An alternative model is described below in which

artifical boundaries are not required.

Consider a semi-infinite body with a horizontal surface passing through
A'EE'D as shown in Fig. 4.3.9. Plane stress conditions are assumed
~with the principal stresses normal and parallel to the surface. 1In the
section shown, the horizontal stress is equal to the vertical stress
multiplied by a constant K. The vertical stress is given by the product
of the unit weight of meterial and the depth below the surface.

The long-dashed lines AH and HE on Fige. 4.5.9 trace the surface shape

of the horizontal base and the inclined face of excavation of the brick-
pit respectively for any one of the stages of excavation shown in

Fige 4.3.1. This shape is assumed to be reflected in the line AA'.

The distance chosen for AH is relatively large to avoid any significant
mirror. image interaction in the area of the face of excavation.

The tractions induced along the long-dashed lines are easily obtained

by use of the appropriate stress transformation equation or by inspection.
By applying equal and opposite tractions the total displacements caused

by excavating the brickpit to the stage shown may be calculated using

a suitable computer program.

Repeating the whole procedure described above for the surface

shape AHH'E'D in Fig. 4.5.9 and subtracting the two sets of results
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gives the displacements induced by advancing the excavation face from

HE to H'E! . In both céses infinite vertical displacements of the area
of interest we.ret. a point at infinity can be avoided by placing the
excavated material elsewhere so that it does not create any significant

non-uniform effects at the pitc.

As stated earlier, infinite elements were not available in Watson's
two-dimensional program at the time of this analysis, seo that part

of the model described above had to be altered. The modified model

is shown in Fig. 4.5.10 and is assumed to be symmetrical about the lines
AnG and A"A.  The model of the brickpit had to be inverted beéause of

a computer program requirement that the body be described only in the
first quadrant for any problem using the double symmetry specificatione.
In order to represent the shear band and end region, a gap FGH was
introduced along which tractions could be applied as before to represent
shearing resistance. Self weight of the material was ignored.
Therefore some significant error may be introduced by the local unbalanced

moments due to couples generated bty the tangential tractions on the

faces of the gap.

Traction applied to the surface AH and FE shown in Fig. 4.5.10 simulated
the excavation of the pit AHFE as before. A shear zone and ernd region
was included coincident with the gap FGH. The resulting displacements
were calculated using Watson's two-dimensional program. The whole
procedure described above was repeated for the pit AH'F'E! and gap
FIG'H, By subtraction the relative displacments were obtained for
advancing the excavation face from FE to F'E'. In particular the
relative horizontal displacements AUl along the surface E'D are given

by the graph shown in Figs 4.5.10, assuming that Young's modulus is
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FIG. 4.5.9: SAXON PIT MODEL WITH INFINITELY REMOTE BOUNDARIES
FOR TWO-DIMENSIONAL ANALYSIS
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100 MN/mz, Poisson's ratio of 0.25 and value of the constant K is
approximately 0.3. The tractions are assumed to vanish on the faces
of the gap coincident with the shear band and end region. This was
a trial problem and the results are obviously at variance with the
results of the previous analysis. Shortage of time did not permit

further work along this line of investigation.

In the case of the simplified analysis described in Appendix A 4.5, the
calculated horizontal displacement variation is plotted on Fige A 4.35.3¢
The observed variation shown in Fige. 4.3.2 (a) is drawn to the same
scale and it can readily be seen that the curve representing the
analytical values is markedly flatter. It is suggested that the
diffegence can be attributed to the following:
(1) 1inelastic behaviour of the clay bank, including the opening
of tension cracks
(2) the action of water pressure
(3) the variation of vertical pressure over the plane of the
shear band
(4) wvariations in the horizontal displacement, strain, and

stress with depth over the shear band.

Notwithstanding this difference it is clear the response of the model

is comparable with the field observations of horizontal displacement.



6. General conclusions

Burland et al. (1977} concluded that a horizontal shear band existed
near the bottom of the face of excavation of Saxon pit and greatly
influenced the deformations which occurred in the surrounding ground.
The results of the simplified analysis described in Appendix A 4.5
narrowly support this interpretation. In the computer based analysis,
attention was concentrated on the horizontal components of the displace-
ment associated with advancing the excavation face by about 40% of its
vertical height and the Author found that a mathematical model of the
structure,containing an element simulating the action of the shear
band, exhibited similar behaviour. Although somewhat crude and
limited in scope, the models used to carry out this analysis were
devised to make the best use of the computer programs and computer
systems then available. Deficiencies present in Watson's program for
two-dimensional elastostatic analysis using the Boundary Inteéral
Equation Method, which prompted the creation of some of the unusual

analytical methods employed above, have now been remedied.
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CHAPTER 5 AXSYM: A GOMPUTER PROGRAM FOR THE LINEAR ELASTOSTATIC

ANALYSIS OF AXISYMMETRIC PROBLEMS USING THE INDIRECT

BOUNDARY ELEMENT METHOD

1. Introduction

Many geotechnical problems such as vertical shatts and ring tunnels
are axisymmetric or nearly so. But analysis of these problems in

two dimensions may be restrictive, inappropriate, and misleading.

For example, in an infinite mass subject to hydrostatic field stress,
two dimensional elastostatic analysis gives the maximum direct stress
around a circular cavity one third larger than that generated around

a spherical cavity. On the other hand, even with the saving possible
using the boundaryelement method, a general three dimensional computer
analysis usually requires relatively large amounts of input data,
memory space, and machine time. Axisymmetric analysis, therefore, is

of considerable interest because it contains many of the desirable

features of the other twoe.

A new boundary element program AXSYM has been written by the Author to
treat axisymmetric elastostatic problems in linear isotropic material.
The indirect method is used in which radial and axial ring elements form

an auxiliary boundary outside the body, and uniform normal and tangential

fictitious loads are applied at the elements. The loads are adjusted

to generate prescribed tractions at the boundary of the body. This set

of fictitious loads is also used to calculate displacements and internal

stresses.
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In Chapter 5 , several examples are given in which AXSYM is successfully
used to capitalize on the economies and generality possible with
axisymmetric analysis. In this respect it may be claimed that AXSYM

is similar to the computer program by Mayr et al. (1980), which
implements their semi-analytical boundary integral approach for axi-
symmetric elastic bodies with arbitrary boundary conditions. The work
is quite independent however, although certain technical similarities

OCCUT.
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2. Analysis

The Kelvin solution for stress and displacement at the point S, in
Fig. 5¢2.1, due to a concentrated load at the point P, is integrated
over a radial and a vertical ring element for normal and tangential
uniformly distributed loads. The resulting expressions are given
below for each of the four cases in the form of double integrals,

where the limits are 0 and 2w for 8, r, and r, for r, and z)

and zy for z.

A fairly common procedure in the indirect method is to apply the
fictitious loads to a surface which coincides with the real boundary.
In this approach, however, an auxiliary boundary is used, the point

S is positioned on the loaded surface of the body, and the fictitious
load is applied at points P on the auxiliary surface so that the

distance PS does not vanish (Figs 3e2.1).

The method is not new and has been used here primarily to expedite

the work and to avoid several technical problems which arise when

these boundaries coincide. In particular, radial and axial elements
could not have been used to model axisymmetric bodies with a curved
surface in the axial section ; an inclined element would have had to
precede their analysis. Althought not different in principle, the
mathematical work involved in the creation of an inclined element

is more complicated than for the radial and axial elements and it was
not completed. It is also clear that for uniformly loaded linear
elements the fictitious load discontinuities may be large. The amount

of local disturbance within the model would therefore increase because

they would be that much closer to it. Further consideration is given
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to these points later in the general discussion in section 5 of this

chapter.

Radial ring element ( Fig.5.2.1(a))

Attention is now directed to the stresses and displacements induced
by the normal and tangential loading of a radial ring element.
Denoting the intensities of radial and axial loading by q,. and q,
respectively, the cylindrical components of stress and displacement

are given by the following equations, where G designates shear modulus

and v Poisson's ratio.
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14R%

o'oc( 5.20 2)
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The above expressions are written in an expanded form and showing that all

the terms involving R and & appearing in them are contained in Table 5.2.1

TABLE 5.2.1 TERMS INVOLVING R AND © TN THE EXPRESSIONS FOR STBESS AND

AND DISPLACEMENT DUE TQ UNIFORMLY LGADED RING ELEMENTS

cos @
R

cos B

RLJF‘ w r~

R

cos B

ﬁmrﬂ
=
(%

2

cos O
R3

cosze 00530
R5 R5

The integration is performed in the order 8, then r. As will be shown,

the first integration leads to complete elliptic integrals of the first -

and second kindss The second integration is carried out by Gaussian

quadrature.

For the radial ring element,
R = J(az+b2+r2-2 ar cosB).
By making the substitution
¢ =n/2 - B/2,

we obtain

cos B8 = -1+2 sin2¢.

Hence we achieve the form

R=gh
where,
v (Catr) 2n2)

g =
A= \/(l—kzsinzd))

k2 = 4 ar/g2

see( 5.2.3)



144

From the expressions for cos 6 and A, it will be seen that,

cCOos 8 = 'iz' (2A2+(k2"2))- -oo( 5.20‘4)
ke

Substitution of the expressions for R and cos 8 from equations { 5.2.3)

and { 5.2.4) gives the following results:

" b 2 Pn 3 o
cos 6 _ ‘12 (2 A+ (-2 1y
R gk
°°;9 = '; > (251 +(k2-2)A"3)
R gk
cos 8 = =L (83 42y A7)
5 5.3
R gk
2
cos’® _ L iarqe)at wk2o?2ad)
3 3 4
R g k
2
cos8 _ L st waana rat?ad)
5 5 4
R g k
3
) 2 12 2 -3 3
028 - Lo (saH2G’-2) ATH60%-2 8k -2)” )
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These are the terms which have to be integrated in equation (5.2.1)

and (5.2.2). We consider first the integration over 8 from 0 to n .

This is equivalent to minus twice the intepral over ¢ from 0 to n/2.

Since k2 < 1 we have, by definition,

w2

1 =
L ween
n/2
/ A d$ =E,
0

~here Fy and E; are complete elliptic integrals of the first and second

kind respectively. By differentiating the equation for F1 weTobte k,

as shown in Appendex A 5.2(a) we obtain,

n‘/z
/ “lidq’: “%z £
A k-1
o
w/2 2

[ pape ey 2D

32y Y 3.1y B

Q

These equations give the means of evaluating the integrals between 0 and

/2 of all the terms of Table 5.2.1.
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When the point 8 approaches the z-axis, kzw 0 and the limiting cases
of the integrals are generated. They are obtained by dividing the
corresponding limiting values obtained in Appendix A5 .2(b) by
appropriate power of g. The resulting expressions are given in

Table 5.2.2 below.

TABLE 5.2.2 LIMITING VALUES AS k2 =+ 0 OF THE INTEGRALS BETWEEN

THE LIMITS OF 0 AND m FOR @ OF THE TERMS IN TABLE.S.2.1

™
—_ 0

2g

a1

—_— 0 —

2g 432
LS 0 _1‘_2 0
2g 4g

If £ denotes the integrand of any of the expressions for stress or
displacement components given by equation ( 5.2.1) and (5.2.2), it is

seen that

TT]Z
7, c0s0,80k,9))de = 4f F(r, Alk,¢))dd = w(F, (£),E (x)).
o . 0O

Integration of Y between the limits 5 and r, for r by Gauss numerical

methods gives the cylindrical components of stress and displacement at

the point 5 due to a uniformly loaded ring element.
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In general we shall need to evaluate the stress and displacement
components referred to the m and n axes shown in Fig. 5 .2.1(a),

which lie in the r - z plane. They are determined by the following

egquations.

=1 : . -
S z(or-+ oz)-+ %(or cz) cos 2A T, Sin 24

%(of + cz) - %(cf - oz) cos 2A + T, 5in 24

U pre—t

n

Tom = Tz €05 28 4 %(5_ - 0. ) sin 24 eee( 5.2.5)
u =u_c0os & -~ u_ sin A

™m r z
u =u_sin A + u_ cos A

n r z

The 8 component of normal stress is unaltered and, as before, the

shear and displacement components vanish.

Axial ring element ( Fig.5.2.1(b))

Given that the intensities of radial and axial loading are q, and q,

respectively, the expressions for the cylindrical components of stress
for an axial ring element of radius c are as follows, where G designates

shear modulus and v Poisson's ratio.
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g = q ff( 3C (b-z) (CDS e)+6ac (b- z)@——_ose) 3a C(b—Z)(-—-—5-> +
8w (l-v) R R
+ (1-2v)c(b-z)(_)) dzde
R3
q
% = 3 ]7(303(b-z) (cos e) 3c (b-z)(—-—) +
8 m{l-v) R R

+ (1-2v)c(b-z)(_lf_'{3_)) dzde

Q
I

J=3e-2)° ( Lo-(1-2v)c(b-2) (L) d2d0
8m(1- v) R R ($.2.6)

J (3c%(b-2) 2258 3ac(b-2) *d) +

T_ =

ZT

8m(1l- v) R R
+(1-2v)c2(C_;gﬂ)-(l-Zv)ac(E:];)) dzde

9 2 cosH
= — b-z b= —7))dzd@
u, v 7 e™( )(_T") -ac( Z)( )) z

o =t [} (-clb-2) 25 (3-tvyc ) dade
% 16m(1-v)G R R
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q 3 2
o = Z_ 5 (3ac3(9§—§)+(-3c4-6a2c2) (E’—SS—B) +
Sm{l-vy) R R

cosf
RS

+(3a30+6ac3)( )-3a2c2(§]§')-

2
-2 (1-2v)c2(5‘L39_) + (1-2v)ac(°°§’9 ) +(1-2v)c2(—§)) dzdo
R

R R

qZ

Sg —

3 2
7 (‘33‘13 (9_95__9_)_*_304 (°°559)+3ac3(°°§9) -
R

8m(l-v) R’ R

2
23K (A )+2(1-2v) 2 (825 8y (1-2v)ac(£258) . (1-2v) c2(i)) dzdo
i 3 3 2

no'n( 5.2.7)

q
% = ——2— [ (3(b-2) %ac(22E)-3(b-2)%? (&) -

grr(l-v) R R

~(1l-2)ac (c258y 1 (1-2v)c2 (L)) dzde
R; R;

q 2
r, = —me—t ] (-32¢3(0-2) (228 8) 13 (a%cte?) (5-2) (222 -

zx 8u(l-v) R R5

~3act(bez) (Ao)+(1-2v) c(bez) (€259)) dzdo
R’ R

9, 2 c0329 2 . 3, ,cosH 2 ,1 cosB
—_— ) (-ac (—---5—)+(a ctc )(-——-3*-)-30 (-—5-)+(3-49)c (—=)) dzd®
16m({l-v)G R R R R

Uy =

q
0= —Ee ff (ac(b-z)(EP-BS-Q-)-cz(b-z) (1—3)) dzde
Z 16m(1-v)G R R

b
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For the axial ring element
R= v((atc)? + (b-2)2) v(1-E25in%9),
where
2 = 4 ac /(ate)® + (b-2)?) < 1

These equatjons are of the same form as those for the radial ring

element, so that the analytical method used is unaltered and further

details are omitted.
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3. AXSYM procedure

The computer program AXSYM implements the previous analysis. The shape,
mechanical properties and boundary condition of the body are specified,
the last in terms of traction only. The body may be finite or infinite
and may contain holes. Uniform field stresses are specified in the
case of infinite bodies and mirror symmetry may be used in the problem
description. The user chooses the position ¢of the loaded ring

elements relative to the points at which the tractions are prescribed.
Good judgement exercised at this stage often greatly contributes to the

efficiency of the analysis and the accuracy of the results.

The procedure followed in AXSYM divides naturally into four partss

In describing them it is convenient to refer to Fige5.3.1. On the

r, z plane shown, the traces of a radial and an axial ring element are
denoted by 1' 2' and 1" 2" regpectively. Other symbols used below
are dashed in the same way to indicate their relationship with the
particular type of element. The letter 5 denotes a typical point

on the surface of the body. In the first part of the procedure,

the coordinates of these points and the attitudes of the tangent
planes passing through them are calculated, as well as the coordinates
and attitudes of the elements. The specified surface traction
components p. and p, at these points are also entered at'this stage,
as are the field stresses Py and p_ if the body is infinite. For a

finite body it is necessary to specify that the variables p, and p, are

both zero.
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FIG. 5.3.1: GENERAL ARRANGEMENT OF A RADIAL AND AN AXIAL
LOAD ELEMENT WITH A CORRESPONDING SURFACE
POINT
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The boundary element method cannot however deal directly with field
stressese To overcome this difficulty an alternative approach
involving the repeated use of superposition is made by splitting the

problem into parts which are solved separately and combining the results.

For simple illustration consider the calculation of the stress

induced in a mass subject to field stresses P, and P, containing a
cavity with a traction free surface. Initially stresses are con-
sidered at any point 5 in the infinite mass were.ts. local axes m and n,
shown in Fige 5.3.1, due to the application of field stresses P, and p,e
Denoting the tangential and normal traction component by E; and 5; on

a plane through the point § parallel to the m-axis, it is seen immediately

from equation (502.5) that

;m =% (pr - pz) sin 2A
fn =% (p.+p,) -% (p_ - p,) cos 2A.

The outline of the surface of the cavity in the intact mass is approx-
imately represented by sections of such planes chosen to coincide with
tangent planes at points 8 on the surface of the cavity. The boundary
element method is used to arrange that traction components -E; and -E;
are induced on these planes at points § in the intact mass. The stress
at any point in the mass is then approximately determined by superposing
the stress field obtained by the boundary element method and that due to
the field stresses P, and P, when applied to an intact masse. This
approach is easily extended to cover the problems of the stress induced
in a mass subject to field stresses pr and pz containing a cavity

loaded at various points S on its surface by traction components P, and
P, (Fige 5¢3el)o Only one alteration to the approach already described

is required by which the boundary element method is used to arrange that
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modified tangential and normal component Em and ﬁn,instead of - Fm and

-;; respectively, are induced on corresponding planes, where

D P = P, - x (pr - Pz) sin 24

o
I
o
3
1
3
I

P =P - E; P, - ] (Pr + pz) + % (pr - pz) cos 2A.

Most of the computing work is dome in the second part of the AXSYM

procedure. Here the 24 non-vanishing influence coefficients

! ' n "
u_ are calculated for each loaded element at every

y L 8 ) u
%1% 2 ? 27z

prescibed surface point. The expressions for the influence
coefficients referred to the r, 8, z axes are those given for the
corresponding stresses and displacements O3 Tgs =oe U, U, given
in equations (5.2.1), (5.2.2), (5.2.6), and (5.2.7) with qf=]*qz:= l.

Two typical examples of this nomenclature are given as follows;

c' = O where o is given in either equation (5.2.1) or (5.2.2)

rr
1]

with q, = 1, and 2%, =9 referring similarly to either equation

(5.2.6) or (5.2.7) with q, = 1. The influence coefficients denoted

] L}
T 4ees referred to my, n axes (FigS5.3.1) are obtained from

by o
Y n? rnm

equations (5.2.5) with qr==1,qz = 1.
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Following the computation of the influence coefficients the values
of the fictitious load intensities are obtained by solving the

matrix equation (5.3.1).

1] T 11] 1} 1 =4
r'nm  z"nm r’om  z'mn Gy Pn
¥ ] (1] 11 -

d g '
©“n z% « (% 2% |+ + +[i9% Py

= -00(593'1)

. . . o-ojioj _.J

The l.h.s represents the superposition of the tractions due to the
loaded elements at each of the points § and the rsh.s. is the vector

of modified traction components-

The solution of the matrix equation ( 5,3.1) gives the fictitious
load intensities required to create the traction and is indicated

by S, =P, and Tom= Py 10 Figs53.1. The other stress components
and the displacements denoted by Eh, v Gm, may be obtained by using

the values obtained for the fictitious load intensities in equation

(5.3.2) given below. We may also recover Gn and ?nmfor verification.

In these equations the summation is over all the elements and the

displacements due to field stresses alone are ignored.



I

|
BQ

¢Ql

5

]

nm = X p Tnnr + zTnm

156

¥ 1 ] n i non

1
I (y9 a9t 20z + Onlr t 7%md2) +

+ 5p_+p)+ &(pr - p,) cos 2A

_ 5 Ty v " ]
= (%% * ;%9 * %% T ;%4

1 n u 1 1r

| I § )
= z
(ranqr' + zanqz + rcnqr + zonqz) +

+% (p.+p,) ~% (p_ - p,) cos 2a
(5.3.2)

| 2 r e " nmn

9. + £Tnm%r + 2T amdz

L -
+ % (pr pz) sin 2A

LA LI | noun non
=z ( rumqr + zuqu + rurnqr * zuqu)

LI | " n " on

=z(u

u u
.’qur znqz ra’’r Z Nz
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The fourth and final part of the procedure is to use the fictitious
loads to compute the non-vanishing stresses and displacements at

the various points throughout the body.  These quhntities, denoted

by E}, sos Gz referred to the x, 8, z axes, are obtained by equations
{(5.3.3) where the summation is over all the elements. The fictitious

load intensities q;__ s qz" q: » q: » are those obtained by equation

( 5.3.1).

no " n

- te ') _
o =10, =1 (.rorqr R P N Py zdrqz._) * Py

- z( 1 1 L I nmn n ll)
Gg =I% = =% 9 + 299z + %0 % + 2% %z + Py

- ' | ] | I | " n "M oar
9, = }:o'z = I (rozqr ¥ 2929z + 7z + zozqz).* Pz
ooo(503l3)
- ( ] L Tt t 11 1" + " n
Tor =iy = Elv O+ o1 zrlz F pTar e ¥ 2759,
- ( r t 1 1 mn mn )
u, =ZXZu = Il ugq + uaq <+ ugq +uq.

1 "non mnon

%z Z2°a"
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4o Structure and operation of AXSYM

The program is made up of 23 subprograms comprising approximately

1500 Fortran statements. The function of each subprogram is

briefly described in a Fortran comment statement immediately following
its name. For convenience, these names and comments are also given
in Table 5.4.1. | The structure of the program is shown in Table 5.4.2,
where the names of procedurally grouped subprograms are listed in
columns and linked by lines denoting the various control paths.
Generally the flow of control is from left to right and downwards.

Appendix A5 .4 contains the program listing.
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TABLE 5.4.1 NAMES AND FUNCTIQONS OF SUBPROGRAMS COMPRISING AXSYM

Name of Function of Subprogram

subprogram

AXSYM Elastostatic analysis of axisymmetric body by the indirect
Boundary Element Method using an auxiliary boundary

AXGRD Reads input from cards and prints it out

AXGTY Forms -and prints out layout of structure

AXECO Forms end coordinates and slopes of auxiliary boundary
elements '

AXGCEN Forms centre coordinates of elements in a segment and
slopes of boundary elements

AXWCO Prints out end coordinates and slopes of auxiliary boundary
elements and coordinates of boundary points

AXWEN Prints out centre coordinates of interior elements

AXBDT Allocates equivalent boundary tractions equal to the
applied boundary loads less the field stress on parallel
planes

AXWDT Prints out applied boundary loads and field stresses

AXEXE Executes stress analyéis and prints out results

AXELA Calculates functions of elastic constants

AXCOE Calculates stress and displacement coefficients

AXSDR Calculates stresses and displacements induced by uniform

loadings in the radial and axial directions along the

surface of a disc.
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Table 5.4.1 {(continued)

AXSDZ

AXPEP

AXELS

AXICC

AXROT

AXMAT

AXSOL

AXSTR

AXWTR

AXWOL

Calculates stresses and displacements induced by uniform
loadings in the radial and axial directions along the

surface of a cylinder
Calculates point-element parameters

Calculates complete elliptic integrals using polynomial
approximation 0.0.le. pam. lt. 1.0

Calculates components of influence coefficients

Transforms stresses and displacements from global to

local axes

Forms matrix of influence coefficients and boundary

traction vector

Solves for fictitious loads
Calculates stresses and displacements
Prints out stresses and displacements

Prints out fictitious loads
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The numbers 1,2, 3 denote the three operating modes for the program.

In mode 1, the input data is read from cards and printed out so that

it can be checked and, if necessary, corrected. In mode 2 the coordin-
ates of the auxiliary and body boundaries are calculated and specified
boundary tractions are allocated to designated points. Again the
information is p;inted out and may be checked before proceeding to

mode 3. The main work of analysis is done in mode 3 where the
stresses and displacements are calculated. In each mode all the work

in the mode immediately prior to it is repeated before the new work is

done.

The operational flow paths followed in each mode are shown by the
guide number sequences in Table 5.4.2. The paths proceed downwards
through each subprogram named in the columns unless noted otherwise.
The guide numbers at the head and tail of a subprogram name refer
respectively to entry and e#it points. Possible iterations are
denoted by round brackets and alternative paths by double banking.
Any entry or exit number does not necessarily refer to the same point
in a subprogram after an iteration. If no internal points have been

specified in the problem description then the shorter flow path shown

in mode 3 is required.
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TABLE 5.4.2 STRUCTURE AND OPERATING MODES OF AXSYM

1 2 3 4 5 9
AXSYM AXCRD AXECO

AXCEN
AXGTY AXWCO
11 pxBDT: - AXCEN
AXWDT 4, AXWEN 14
14 15 18 19 20
13 ' AXEXE ———AXELA AXSDR AXPEP
AXCEN v 2 AXEIS
16 AXCOE {7 AXSDZ AXROT
24 AXMAT AXICC 21
AXSOL
AXSTR
AXWTR ¢
AXCEN
26 AXCOE -7
28AXSTR
AXWTR
29AXWOL 39

Operating mode Guide number sequences indicating operational flow-paths

1 1 2 3 4 5
2 1 2 3 4 5 3 6 7 8 9 10 11 12
3 1 2 3 4 5 3 6 7 8 9 10 11 12 6 13 14
18 19
15 (17 22 23 20 21 18)
2 (27 B9 30 ;1 26) 28 30
22 23
3 1 23 4 53 6 7 8 9 10 11 12 & 13 14
(without 18 19
internal 1s (17 20 21 16) 25 29 30

points) 22 23
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The control variable MCRD is put equal to 1, 2, or 3 depending on

the stage at which the operation of the program is to stop. The

numerals and corresponding stages are: l, read data only; 2, read
data and calculate coordinates and slopes only; and 3, repeat the

previous work and execute the stress analysis. The job title and
load title must each not exceed 80 characters ( ise. 1 line).

The symmetry code KRS is put equal to 0 or 1l depending on whether

any mirror symmetry in the problem is ignored or included in the

description.

The auxiliary boundary element cards define the elements by spécifying
segments divided into elements. The number of elements NEBS in a
segment and the first and last coordinates of the segment RFi ZFi and
RL, and ZL, are specified on a single card. The coordinate pairs may
be interchanged. The total number of these cards is NCBS. The elements
must be either radial or axial (i.e. horizontal or vertical) as shown

in Fige Su4.1.

Boundary_and interior element cards are used to specify points at the
centre of each element. These elements are of two classess The first
defines the points corresponding to the auxiliary boundary elements at
which tractions are specifieds The second class generates true interior
points. The first class must be specified by the same number of

cards as the auxiliary boundary set and must define the same number of
points as auxiliary boundary elements. The method of specification

is the same as for the auxiliary boundary elements, but they may be

defined at any attitude (FigeS5.4.2). . -
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{RF ,ZF)
i

{ R!i’ .Zi;} fRL‘.Z I])

IRI.'.ZLR

N -

FIG: 5.4.1: SEGMENTS OF RADIAL AND AXIAL LOAD ELEMENTS IN THE
r-z PLANE SHOWING NOTATION USED TO SPECIFY THE ELEMENT
END POINTS

( RIF.ZIF)
37

FIG. 5.4.2: SEGMENTS OF ELEMENTS IN THE r-z! PLANE USED TO
DEFINE .POINTS SHOWING NOTATION USED TO SPEGIFY
THE ELEMENT END POINTS
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Input data cards are presented in the order in which they are described
in Table 5.4.3. The minimal set comprises ll cards as shown in the

first column. The notation is given in Table S.4.4.



TABLE 5.4.3

NUMBER, FUNCTION AND SPECIFICATION OF INPUT CARDS FOR AXSYM

No. of Function Column number of input data card
cards 1 10 20 30 40 50 80
i | . 1 L L
1 Control MCRD
1 Job title
1 Symmetxy KRS
1 Mechanical YG. PN
properties L L
X Auxiliary .NCBS
> 1 boundary NEBS; . RFy ZFy -RLj ZLy |
1 Boundayxy and NCIS '
=1 interior elements NEIS, : RIF, ZIF, RIL, . ZIL,
i L 5 M. il il
1 Load title
L Boundary NCEL
20 tractions LB, I'Qii BEM, BEN,
. L | l
1 Field stresses FPR FPZ

991
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TABLE S5:4.4 NOTATION SCHEME AND FIELD LENGTHS FOR INPUT VARIABLES
USED IN AXSYM

MCRD Operating mode

KRS Symmetry code

YG Young's modulus

PN Poisson's ratio

NGBS Number of cards defining auxiliary boundary segments

NEBSi Number of elements in an auxiliary boundary segment

RF,2F, Coordinates of first point on straight line segment

RL, ZF, " " last " " " " "

NCIS Number of cards defining the ‘boundary and interior points
NEISi Number of elements in a boundary or interior points segment

RIFiZIF1 Coordinates of first point on straight line segment

RILiZILi " 1" last " 1 " " "

NCBL Number of cards defining the boundary loads

LP; LQj Numbers of first and last elements to which the load is
applied

BPMiBPNi Components of load intensity in the tangential and normal

directions(i.e. in the m-and n-direction respectively)

FPR FPZ Principal field stresses

The subscript i indicates a variable array, where i £ 35 in the
version of the program presented. This can be altered, within
limits, to suit the requirements of an particular problem. Almost
all of the variables listed above are the same as those used within
the programs. The field length specification for MCRD and KRS is

4x, Il. The remaining field length specifications are either

3x, 12 or F10.0.
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EXAMPLE OF COMPUTER OUTPUT FOR AXSYM (2)

S5.4.4

FIG.
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The main items of information printed out comprise the input data,

the coordinates and slopes for the auxiliary boundary elements and
for the boundary and interior points, the stresses at these points,

and finally the fictitious loads.

An illustrative example of input data set out for pﬁnching on cards
is given in Fig. 5¢4.3+ The four elements specified are shown in
Fig.6.3.1 and are used to model a spherical cavity in an infinite
mass with unit hydrostatic field stress. The model is oné of a
series for the spherical cavity discussed in Chapter 6 . Radial
segments along the axes and diagonal, specifying points in the
body, are included. The output reproduced in Fig.3s4+4 gives the

calculated coordinates, stresses and displacements at points on such

a diagonal for this four element model.
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Se Discussion

Uniformly loaded radial and axial linear elements are perhaps amongst
the simplest that could have been used to achieve the prescribed
surface tractions. Local distrubances of the stress values caused
by the inevitable local discontinuities at the end of contiguous
elements would be reduced by allowing the load to vary linearly and
equating the values at adjacent ends. For the general inclined
linear element with linear variation of load, numerical integration
would be used exclusively for both the general and the limiting
values. A technique to obtain the latter is given by Watson.(1972)
involving the projection of the element onto the tangent plane and
the calculation of the Cauchy principal values. With an element

of this kind the auxiliary surface is obviously unnecessary. Its
removal, however, would obviously intensify any problems due to

linear representation of the surface and local variation of stress

over an element.

In using AXSYM an awareness of the nature of stress and displacement
distribution for solid bodies helps in making a suitable choice of
load elements required to induce the prescribed surface tractions.

Results for simple test loading may help to identify unsuitable

choices quickly.

Development of the indirect method to a stage comparable with that
reached at present using the direct method may well be possible.
There is no doubt, however, that it is desirable, because it gives -
as much if not more scope for experiment and innovation based on

an appreciation of the mechanics (as opposed to the mathematics)

of the problems Such features are welcome in elastostatic analysis.
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The specification of the boundary conditions in AXSYM is limited

to traction. It could, however, be readily extended to displacements,
or to mixed conditions, at least for mirror symmetry problems.
Scaling of the influence coefficients is obviously desirable in

mixed conditions and should present no difficulty.

At the present state of development of the program, it is possible

to obtain very good or alternatively poor results by positioning the
same number of similar elements in what initially seem to be equally
favourable arrangements. An important example of this effect is
given in the next chapter where a spherical surface is modelled using

different arrangements of elements.
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6. Summary and conclusion

An elastostatic analysis for axisymmetric problems has been presented
and its implementation by a computer program achieved. A considerable
user contribution must be made for any given problem by positioning
suitable numbers of load elements around the body. Where possible,
the values obtained for simple test loading should be compared with

the known solutions. AXSYM is essentially a research tool not
suitable for ordinary general use in engineering. But even at this
level of development,it is shown in the next chapter to be able to
contribute substantially to the results previously available for

axisymmetric problems.
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CHAPTER 6 CHARACTERISTICS, VALIDATION, TESTING AND PRAGTICAL

APPLICATION OF AXSYM

l. Introduction

The contents of this chapter relate primarily to the results obtained
using the computer program AXSYM. The characteristics of the

load elements are considered first, followed by an account of the
validation and additional special testing of the program. Two major
analyses are then described, the result of which demonstrate the
practical application of AXSYM.

The scope of the study of the characteristics is limited to a
particular value of Poisson's ratio and to one radial and omne axial
element, each of certain leﬁgth and distance from the z-axis. The
results are useful, nevertheless, because they provide a guide to the

stress patterns for a range of ratios of element length to axial

distance.

All the bodies analysed have additional mirror symmetry in the plane
normal to the axis of symmetry, except for the frustum of a cone.
This case perhaps, provides the most severe test for the program and
some of the results obtained for it are disappointingly inaccurate.
On the other hand, the validation and other special testing produce
good or very good agreement with several closed form solutions or

known results. Simple checks are made, where possible,on the new

results obtained.
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In the first of the major amalyses, the stresses and displacements
are calculated around a series of complete circular toric tunnels
in an infinite mass, subject to field stress. The second analysis
is similar, and deals with two identical spherical cavities at

different spacings. The surfaces of both bodies are assumed to

be traction free.



176

2 Characteristics

The principal stresses in the r - z plane around a uniformly loaded
radial and axial ring element are shown in Fig. 6.2.1 and Fig. 6.2.2,
where the broad black lines represent traces of the elements.

The groups of arrows adjacent to these lines represent the direction
and intensity of the element loading. It has been assumed that
Poisson's ratio v = 0.25. The crosses denote the position,
direction, and magnitude of the induced principal stresses, with
tension. indicated by a dot. The scale of the crosses is such that
the length of an arm represents magnitude relative to the length

of the a?row shafts at the elements. In both cases there is
rotational symmetry about the z-axis and stresses are not shown

for negative values of z. The calculated values of the third
principal stress are similar in magnitude to the other two. A list-
ing of the program AXRAE used to obtain the above walues is given in
Appendix A6.2. Some subprograms called by AXRAE are included in
Appendix A 5.4 The specification of the input data is broadly

similar to that for AXSYM and the output values are clearly labelled.

1t can be seen from Fig.6.2.1 and Fig.6.2.2 that the radial loading
induces comparable and slowly varying radial stresses adjacent to
the regions encircled by either element. On the opposite side of
the elements, the decay in stress magnitude is relatively rapid
with increasing distance from the origin 0 because of the symmetry
of loa&ing. The figures also show the expected weaker interaction
for axial stress due to éiial loading. In general no aiial étreesi

is induced at the origin O by the loading on either element and no

radial stress is induced there by axial loading.
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The stress values show a steady variation as the elements are approached
to within at least one fifth of their length. Stress values near
limiting cases are sometimes very sensitive to the numerical integration
method used, however, and some smoothing may have éccurred. if closed
form solutions were obtained for very simple cases such as, for

example, along the r-axis in Fig.6.2.1, it is thought that a better
estimate could be made of the size of the regions of rapid change,

especially near the ends of elements.

The above description of the stress distribution arocund the load
elements provides some guidance in the selection of suitable numbers,
positjons, and types of elements for specific problems. 1t may also

help in the interpretation of any unexpected results in the calculations.
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3. Vaiidation

The analytical solution due to Neuber (1946), given in Poulos
and Davis (1974), for the stress around a spherical cavity in an
infinite mass, subject to uniaxial compressive field stress p,
parallel to z-axis, was used in testing and validating AXSYM.

The components of induced displacements u_ and u, on the the surface

r

of the spherical cavity, referred to cylindrical coordinates r, 0, =z

with the origin at the centre,are

[=
i

%r (p,/E) (3-5v) (I+v) /(7-5V)

c
il

%z (pz/E) (L5v=13) (1+v) /(7-5v)

where E and v are Young's modulus and Poisson's ratio respectively

(Bray (1982)).

Initially a stepped surface was used as a crude approximation to the
spherical boundary. Mirror symmetric models were designed with

4, 8 or 12 load elements. Corresponding surface points were chosen
on the coaxial radial and axial rings forming the boundary of the
model. The load elements and corresponding surface points were
generally positioned with an intervening distance of not less than one
element length to reduce any unwanted variation In this, as in

later models, the accuracy of the results generally increased with the

number of elements used.
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The layout of a four element model using mirror symmetry is shown in
Fig.6:3.1. The traces of the four load elements and the corresponding
points on the surface are indicated by dashed line segments and open
circles respectively. The identification numbers for the elements
and points are 4, 12, 19, 27, Gaps in the natural number sequence
have been introduced for forward reference. The coordinates of the
points are given in Table 6.3.1. Tableb,3.2(a) contains the results
for the model together with the analytical results. Although the
stress values differ considerably, the patterns are well represented

and the displacements are comparable.

TABLE6.3.1 IDENTIFICATION NUMBERS N AND COORDINATES r,z OF 30 POINTS

¢ ON THE SURFACE OF A SPHERE OF RADIUS 100 -

z r N

N r z

1 2.0 99.98 30
2 6.0 69.82 29
3 9.5 99.55 28
43 16.0 98.71 27
5 19.0 98.18 26
6 25.0 96.82 25
7 30.0 85.39 24
8 35.0 93.67 23
9 42.0 90,75 22
10 44.0 89.80 21
11 51.0 86.02 20
12 56.0 82.85 19
13 61.0 79.24 18
14 64.0 76.84 17
15 68.0 73.32 16




TABLE 6.3.2

(a)

(b)

(c)

COMPARATIVE VALUES OF STRESSES AND DISPLACEMENTS AROQUND A SPHERIGAL CAVITY IN AN INFINITE MASS SUBJECT

TQ A UNIT UNIAXIAL FIELD STRESS FOR THE FOUR LOAD ELEMENT MODEL OF THE SPHERICAL CAVITY AS SHOWN IN

FIG«.3.. BY DASHED LINES, WHERE THE COORDINATES OF THE POINTS N ARE GIVEN IN TABLE 6.3.l

E=1.0 v = 0.2
Analytical results AXSYM results
N 9r ‘e % Tzr bt 5 Uz 9 Y. %z zr Ur Uz
& -0.425 -0.487 ~0.011 0.069 3.20 -98.71 -0.549 =0.612 0.0 0.0 4.83 -70.94
12 0.195 -0.343 0.089 -0.132 11.20 -82.85 0.0 -0.302 1.086 0.0 17.86 =35.74
19 0.398 -0.186 0.672 -0.517 15.85 -61.00 1.027 -0.294 0.0 0.0 24.82 -39.93
27 0.050 -0.013 1.886 =0.306 19.74 -16.00 0.0 0.005 2.179 0.0 22.80 -18.27
AXSYM (1) results
4 =0.425 -0.487 -0.011 0.069 3.20 -98.71 =0.355 -0.427 -0.011 0.069 2.47 -93.43
12 0.195 -0.343 0.089 -0.132 11.20 -82.85 0.195 -0.268 0.223 -0.132 8.49 -75.74
19 0.398 -0.186 0.672 -0.517 15.85 -61.00 0.221 -0.121 0.835 -0.564 10.99 -52.68
21 0.050 -0.013 1.886 -0.306 19.74 -16.00 0.050 =0.004 1.819 -0.306 16.79 -14.98
AXSYM (2) results
N O g %n Tnm Uy Up m %8 “n Tnm U Un
b -0.436  -0.487 0.0 0.0 18,95 -96.93 -0.504 -0.682 0.0 0.0 21.70 -95.71
12 0.284 -0.343 0.0 0.0 55.67  ~62.37 0.434 ~0.323 0.0 0.0 54.75 ~59.99
19  1.216 -0.157 0.0 .00 55.67 =17.63 - 1.058  -0.171 0.0 0.0 "55.40 -19.17
27 1.936 -0.013 0.0 0.0 18.95 16.93 2.037 -0.005 0.0 0.0 20.83 17.82

Note: Underlined digit indicates prescribed traction component

s8¢
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By replacing the stepped surface by a spherical surface, a significant
improvement was obtained in the accuracy of the results, as shown in
Table 6:3.2(b). In this representation, the traction components
parallel to the r-and z-axis for points on the unloaded surface do

not vanishe Their values were obtained by use of the equations for
stress transformation from spherical (polar) coordinates to rectangular
coordinates. The Author found that the version of these equations
given by Terzaghi and Richart (1952) is incorrect. 1In particular

the sign of the shear stress component is reversed in the shear stress
transformation equation and in all the related tables. This error
also appearsin the reproduction of their results in Poulos and Davis

(1974).

The specification of boundary conditions in the way described above

is rarely possiblé. Therefore the original program was altered to
accept normal and tangential components of boundary traction.

This version was called AXSYM (2) and the original program was

renamed AXSYM (1}. At the same time the number of points for
Gaussian integration was increased from 5 to 10, and the number of
terms in the polynomial approximation for complete elliptic integrals
was increased from 3 to 5. Comparative runs were made for the four
element model of the spherical cavity. The results for these and
for the analytical solution are given in Table 6.3.2(c). The signif-
icant improvements noted earlier are maintained, but the quality of
the results are otherwise unchanged. It is noted that the corresponding
values for the fictitious load intensities acting on load elements
denoted by the symbols qr_and q, in Table$.,3.3, for the four element
spherical model using AXSYM (1) and AXSYM (2) are quite different,

although the results in both cases are relatively accurate.
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TABLE 6.3.3 COMPARATIVE VALUES OF FICTITIOUS LOAD INTENSITIES

qy AND q, ACTING IN THE r AND.z DIRECTIONS RESPECTIVELY

FOR THE FOUR ELEMENT MODEL OF THE SPHERICAL CAVITY IN

AN INFINITE MASS SUBJECT TO UNIT ' UNIAXIAL FIELD STRESS

SHOWN IN FIG.S6,3.1 BY DASHED LINES,WHERE THE GOORDINATES

OF THE POINTS N ARE GIVEN IN TABLE 6,3.1

AXSYM (1) results AXSYM (2) results
N qr qZ qr qz
4 -0.50 652 10.34 9,72
12 11.52 =3.22 6.41 -6.89
19 3.39 -10.78 5.55 ~6.04
27 -5,59 0.13 -6.20 -~5.38

It is of interest to investigate the performance of AXSYM (2) using

its power as fully as can be conveniently arranged. Therefore 30

load elements and corresponding points with mirror symmetry were

used to model a spherical cavity as shown by the full lines in

Fige 6.3.1+ The coordinates of the points on the sﬁrface of the
spherical cavity are given in Table 6.3.1. For unit hydrostatic
field stress the results obtained are close to those for the analytical
solution. The tangential surface stress in the r-z plane given in

Table 6.3.4 are seen to be in good agreement generally with the closed

form solution value of 1l.5.
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TABLE 6.3.4 VALUES OF TANGENTIAL SURFACE STRESSES o, AROUND

A SPHERICAL CAVITY IN AN INFINITE MASS SUBJECT 'TO

UNIT HYDROSTATIC FIELD STRE3S FOR A 30 ELEMENT MODEL

AS SHOWN IN FIG. 6.3.1.BY SOLID.LINES, -WHERE.THE

COORDINATES OF THE POINTS N ARE GIVEN IN TABLE 6.3.1

N . N o N o
1 1.432 11 1.517 21 1.585
2 1.756 12 1.437 22 1.616
3 1.450 13 1.488 23 1.430
& 1l.449 14 1.465 24 1,465
5 1.538 15 1.213 25 1.529
6 1.488 16 1.589 26 1.494
7 1,524 17 1.592 27 1.526
8  1.687 18 1.543 28 1.543
9 1.39% 19 1.518 29 1.397
10 l.443 20 1.516 30 1.536

Adequate representation of the spherical cavity by fewer than 30
elements is clearly desirable using AXSYM (2)., VUsing mirror symmetry
several different arrangements of 16 load elements were tried. Two
arrangements are shown in Fige 6.3.2 by dashed and solid lines and
labelled A and B respectively. The corresponding surface points-for
each arrangement were the same. Hydrostatic field stress was used

for testing because it was thought likely that the results for this
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loading would show up any deficiency quickly and clearly. The
tangential surface stresses in the r - z plane for the two arrangements
are given in Table 6.3.5. Arrangement A is obviously unsatisfactory,
~whereas the stress values for arrangement B are remarkably close to

the correct value of 1l.5. Comparative values for uniaxial field

stress given in Table 6.3.6 are also remarkably close to the correct

values.
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TABLE 6.3.5 COMPARATIVE VALUES OF TANGENTIAL SURFAGE STRESSES
0. AROUND A SPHERICAL GAVITY IN AN INFINITE MASS
SUBJECT TO UNIT HYDROSTATIC FIELD STRESS FOR TWOQ
16~-ELEMENT MODELS SHOWN IN FIG.6.3.2 LABELLED A
AND B RESPECTIVELY WHERE THE COORDINATES OF THE
POINTS N _ARE GIVEN IN TABLE 6.3.1
Analytical results AXSYM (2) results 5
A
N o g q
2 1. 1.978 1.480
4 . 2.210 1.497
6 . 2.096 1.496
8 . 2.268 1.500
9 1.5 2.675 1.499
11 1.5 2.101 1.486
13 1.5 ~10.631 1.520
15 l.5 11.946 1.499
16 1.5 12.881 1.490
18 1.5 -9.496 1.521
20 1.5 1.595 1.492
22 1.5 2.525 1.498
23 1.5 2.230 1.500
25 1.5 2.082 1.498
27 l.5 2.158 1.500
29 1.5 1.974 1.499
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TABLE 6.3.6 COMPARATIVE VAL)«S OF THE TANGENTIAL SURFACE STRESSES

O AROUND A SPHERICAL CAVITY IN AN INFINITE MASS

SUBJECT TO UNIT UNIAXIAL FIELD STRESS FOR TWO 16-ELEMENT

MODELS, SHOWN IN FIG.6.3.2 LABELLED A AND B RESPECTIVELY,

WHERE THE CQORDINATES OF THE PQINTS N ARE GLVEN .IN

TABLE 6.3.1
Analytical AXSYM (2) results
results A B
N O'm O’m O’m
2 -0.491 -0.386 -0.491
4 -0.436 -0.276 -0.436
6 -0.344 -0.229 -0.344
8 ~0.194 -0.050 -0.194
9 -0.059 0.162.- -0.059
11 © 0.150 -0.138 0.145
13 0.430 -2.751 0.438
15 0.656 - 4,468 0.656
16 0.844 3.033 0.839
18 1.070 -1.950 1.078
20 1.350 1.771 1.347
22 1.559 1.941 1.558
23 1.694 1.960 1.694
25 1.844 2,050 1.843
27 1.936 2.158 1.936
29 1.991 2.147 1.990

The surface of the spherical cavity exhibits constant curvature and
symmetry about the origin O. On the other hand, the arrangement of
the load elements of the model of the cavity is symmetric only about
the z-axis and in the plane normal ﬁo it through the oriéin 0; Thé
test posed by the spherical cavity is therefore a severe and searching

one for the program. The results demonstrate beyond doubt that
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problems of this kind can be successfully handled by AXSYM(2).
The number of elements required for adequate modelling is not
excessive, but considerable user input may be required in choosing
a satisfactory arrangement. However once such an arrangement

has been obtained it can be reused in different circumstances.
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4. Testing of AXSYM

Arrangement B of the load elements shown in Fig. 6.3.2 forms the

basis of the models used in dealing with the practical application of
AXSYM. Before proceeding to that work, some other problems are
considered for which either solutions are available for comparison,

or simple checks may be made.

Spherical Shell (Fig. 6.401 and Figc 6.3-2)

A sphere containing a concentric spherical cavity of half its radius
was modelled using mirror symmetry by combining the element arrangement
B in Fig.6:3.2 and that shown in Fig. 6.4.1. The results given in

Table 6.4.1 are in excellent agreement with the closed form solution..

Cylinder with spherical cavity (Fig.6.4.2 and Fig. 6.3.2)

A cylinder with height equal to diameter containing a concentric
spherical cavity of half its diameter was modelled in a similar way

to the spherical shell. The exterior element arrangement is shown

in Fig. 6.4.2. Unit value of Young's modulus was assuméd with Poisson's
ratio v = 0.25. Two loadings were considered: (a) unit hydrostatic
pressure externally and internally and (b) unit uniaxial pressure at

the plane ends. For case (a) unit pressure was achieved to within

5% at most of the points sampled, but at a few surface points the
departure reached a maximum of 26%. For case (b) no analytical
solution is available. A check was made for equilibrium in the

z-direction, however, and it was found that the load generated by the
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resulting distribution of normal stress 9, along the r~axis, shown

shaded in Fige06.4.2, is within 5% of the applied load.

TABLE 6.4.1. COMPARATIVE VALUES OF STRESSES AND DISPLACEMENTS ALONG

THE r-AXIS OF A SPHERICAL SHELL, WITH INTERNAL RADIUS a

AND EXTERNAL RADIUS ié LOADED BY UNIT EXTERNAL PRESSURE

AS SHOWN IN FIG.6.3.2 BY ARRANGEMENT B, AND IN FIG. 6.4.1,

_WHERE THE COORDINATES OF THE POINTS ON THE EXTERNAL SURFACE

INDICATED BY DASHED NUMBERS ARE DOUBLE THOSE OF THE

CORRESPO@DI@G'POINTS ON THE INTERIOR SURFACE

E=1.0 v =0.25 a = 100.0

Analytical results AXSYM (2) results
r/a o oy (=0,) u_ o, % o, u,
2.0 1.000 1l.214 -132.1 1.009 1.220 1.222 -132.4
1.9 0.976 1.226 -128.4 0.982 1.229 1.227 -128.5
1.8 0.947 1.241 -124.9 0.950 1.242 1.241 -127.1
1.7 0.910 1.259 -121.0 0.912 1.260 1.259 -122.0
1.6 0.864 1.282 -119.3 0.865 1.283 1.282 -119.4
1.5 0.804 1.312 -117.5 0,805 1.313 l.312 -117.6
1.4 0.726 1.351 ~116.4 0.727 1.352 1.351 «116.5
1.3 0.623 1.403 =116.6 0.623 1.404 l.402 -116.6
1.2 0.48l l.474 -118.2 0.481 1l.474 1.473 -118.3
1.7 0.28% 1.572 -121.9 0.284 1.573 1.571 -122.0
1.0 0.000 1.714 -~128.6 -0.001 1.714 1.712 -128.7
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Frustum of a cone (Fig. 6.4.3)

T

Twenty load elements and s&#éﬁce:poiﬁEsgaéﬁétedfby n&ﬁﬂered line
segments and numbered opgﬁ circles respectively in Fig75-4.3, have
been used to model a loaded frustum of a cone. The prescribed
surface traction are in accordance with the solution for an axial

load P at the apex of the cone shown in Fig.0.4.4. The solution is
given in Rekach (1979) using Lamé's coefficients and has been rewritten
by the Author as equation (6.4.1) in terms of Young's modulus E and
Poisson's ratio v . The set of transformation equations for the

h, v axes shown in Fig.6.4.4 is given in equation ( 6.4.2). for
convenience. Results obtained using AXSYM (2) are given in Table
6.4.2 ' for the stresses and displacements along the axis. It can be
seen that the radial stresses are disappointingly inaccurate although
the correct stress variation is generally achieved.. On the other
hand, the axial stresses are generally very close to the correct

values as are the displacements when rigid body movement has been

allowed for.
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op = (6/RD((v=-2) cos @ +} (1+cosa) (L= 2v))

U'e = %(C/Rz) (L - 2v)(cos8) (L1 = (L+ cosa) /(1 + cos 8))

= %(G/Rz) (L - 2v) (cos ® ~ (L + cosa) /(1 + cos 8))

%

eee(6atal)
vy =% (/&) (1= 29) (s1a 8) (1 - L+ cosa) /(L + cos 0))
up = «%(G/R) (L+v) (4 (L ~v) cos ® - (L + cosa ){(1 - 2v))/E
ug = o¥(C/R)(I+ V) (sin 8)(4V -3 +(I+ cosa )(1-2v)/(l+cos 6))/E
where
C = (-B/m)(1/(2v (l-cos® a) + (1-2v)(l-cos a ) (Mcos2a))) .

¢ =%(6c +¢) -5 (g - &) cos 28 + in 20
slop +0) =% (o - 9y ro®

o, =%4(og+ g5) +% (op - dg) cos 20 - T, sin 20

Toh = Tpgt0s 20 + % (op - og) sin 20 ese{6.402)
up, = up sin 8 + ug cos e
u, = ug cos 0 - Uy sin ©
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TABLE 6.4.2 COMPARATIVE VALUES OF STRESSES AND DISPLACEMENTS ALONG

THE AXIS QF THE FRUSTUM OF A CONE, AS SHOWN IN FIG. 6.4.3

LOADED ACCORDING TQ THE SOLUTION FOR AN AXIAL LOAD P AT

THE APEX OF AN INFINITE CONE WITH SEMI-ANGLE a GIVEN IN

EQUATION (6.4.1)

P =10.0 E =1.0 v = 0.25 a = 450
;Analytical results AXSYM (2) results
z o o u Au o o) u Au
T z z z r z 'z z
2.5 -0.034 1.241 3.146 -0.060 1.246 1.629
* -0.52‘0 -00532 .
3.0 =0.024 0.862 2.622 -0.049 0.859 1.097
=0.375 =0.377
3.5 -0.018 0.633 2.247 -0.033 0.626 0.720
-0.281 -0.280
4.0 -0.013 0.485 1.966 -0.021 0.477 0.440
4 - =0.218 4 -0.216
4.5 -0.011 0.383 1.748 -0.013 0.376 0.244
=0.175 -0.171

5.0 =-0.009 0.310 1.573 -0.143 -0.008 0.305 0.053 -0.141

5.5 -0.007 0.256 1.430 _, .o -0.003 0.253 -0.088 _, ...

6.0 -0.006 0.216 L.311 -0.101 0.000 0.215 -~0.204 -0.100
6.5 =-0.005 0.184 1.210 -0.086 0.005 0.186 =0.304 —0.085

7.0 -0.004 0.158 1.124 0.015 0.166 -0.389
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5. Practical application of AXSYM

Results in Appendix A 6.2 are for two major analyses made with AXSYM (2)
and a combination of two sets of 16 load elements and corresponding
points. For the first analysis the intrinsic arrangement of the
elements of one of the sets is as shown in Fig.6¢3.2 by arrangement

B, with the elements of the second set coincident with the position

of the first when reflected in the z-axis. Additional symmetry

is then used to complete the structure. A series of complete circular
toric tunnels in an infinite mass with a void of radius a can be
modelled by sliding the whole arrangement of 32 elements a distance

c from the origin 0 along the r-axis as shown in Fig. = 6.5.1.

Results for c¢fa = 1%, 1%, 1%, 2, 3 and 10, with Poisson's ratio v = 0.0,
0.25, and 0.49 are given in Table A6.5.1 for uniform radial, axial

and hydrostatic field stresg of magnitude p. The symbols P, and P,
denote radial and axial field stress respectively and E is Young's
modulus., Although one of the loading cases is redundant all have
been given for convenience. Stresses and displacements were
calculated at points N =1 to 22 inclusive around the origin and

along normals to the surface of the void at 45° intervals from the

axial direction to a depth of one radius.

The two identical spherical cavities of radius a and spaced at a
distance 2d, as shown in Fig. ~ 6.5+2, were modelled in the same way
to that described above, but with the use of the r and z axes inter-
changed. Results for dfa = 1%, 1%, 2 and 3 are given in Table A6.5.2

for the same Poisson's ratios and values of field stress. -
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AXSYM (2) carried out both major analyses without difficulty except
for the two identical spherical cavities at d/a = 3 with v = 0.49.
Here very large fictitious loads were generated giving uneven stress
values and these results have not been included. The analysis was
extended to dfa = 3%, however, where acceptable results were again
obtained. A-sample result from this calculation is given below
for unit hydrostatic field stress with v = 0.49 at the point N = 14.

. a [v) u u
N or 3] ~z Tar h z

16 -0.001 1.502 1.495 0.0046  -0.750 ~0.000

All the results for d/a = 3% are broadly comparable with those at
d/a =-2% given in Table A §.5.2. Therefore it is considered that

the instability is local to d/a =3 and v = 0.49.

The small non-zero values for the normal stress at the unloaded
surface of the voids which appear in the tables are functions of
the approximate method used to analyse the problem. Usually they
are relatively small-and may be safely ignored. In general these
errors are larger in the results of the calculations ﬁor the two

identical spherical cavities than for the complete circular toric

tunnels.



Complete circular toric tunnel (Fig . . 6.5.1 and Table A§.5.1)

The following discussion of the results deals only with a few
notable conclusions which can be drawn about the induced stresses
and is not a comprehensive review. Consider first the principal
stresses at the unloaded surface of the tunnel when cfa = 10 for
points N = 8, 14 and 20. Values of these stresses are given in
Table A6.5.1 and are reproduced below in Tables 6.5.1 and 2.

At this relatively large distance from the z-axis the former tahble
shows that the value of g, and g, are close to those given by plane
strain analysis. The stress G normal to the plane is shown in the

latter table to.be near the limiting theoretical wvalue for the three

Poisson's ratios considered. The limiting theoretical value of

% is obtained from the following equation:
0 =gy -vle, +9a)
where Oy =% - Py

g =3J -.pr
and Vv represent Poisson's ratio.
Results for c/a = 100, which are not included, show a much closer

approximation to plane strain values. 1t is clear that at c/a = 10

these conditions are practically obtained.



201

FIG. 6.5.1: COMPLETE CIRCULAR TORIC TUNNEL IN AN
" INFINITE MASS SUBJECT TO UNIFORM RADIAL
AND AXIAL FIELD STRESS (Fige. A 6i5.1 bis)
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TABLE 6.5.1 COMPARATIVE VALUES OF THE STRESS CCOMPONENTS o, AND o,

AT THE SURFACE OF THE TUNNEL SHOWN IN FIG. 6.5.1

WHEN c/a = 10 AT POINTS N = 8, 14, AND 20 GIVEN IN

TABLE A6.5.1 FOR POISSON'S RATIOV'= 0, 0.25 AND 0.49

P, = 1.0, P, = 0.0
Analytical results AYSYM (g)';esults
(plane strain) " v =0.0 v = 0.25 v = 0.49

N O 9, - a; %2 % %2 % %

8 0.0 -l  (-0.003)  -1.003 0.0 -1.006 0.0 -1.013
14 ‘3.0 0.0 2.903 (-0.003) 2,910 (-0.001) 2.911 -~0.001L
20 0.0 =-1.0 (-0.003) -0.920 0.0 -0.923 0.0 -0.929
P, = 0.0 P, = 1.0

§ 0.0 3.0 (-0.003) 3.082 (~0.,001) 3.075 (-0.001) 3.047
14 =1.0 0.0 =0.951 (-0.003) -0.958 0.0 =0.975 0.0
20 0.0 3.0 (-0.003) 2.889 (-0.001) 2.914 (-0.001) 2.947
P, = 1.0 p, = 1.0

8 0.0 2.0 (-0.006) 2.078 (-0.001l) 2.069 (-0.001) 2.034
14 2,0 0.0 1.952 (-0.006) 1.952 (-0.001) 1.935 (-0.001)
20 0.0 2.0 (-0.005) 1.968 (-0.001) 1.991 (-0.001) 2.018

Brackets indicate the exact value is zero
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TABLE 645.2 COMPARATIVE VALUES OF THE STRESS COMPONENT ) AT THE
SURFACE OF THE TUNNEL SHOWN IN FIG. 6.5.1 WHEN c¢/a = 10
AT POINTS N = 8, 14, AND 20 GIVEN IN TABLE A&.5.1 FOR
POISSON'S RATIO v = 0, 0.25 AND 0.49
pr = 1'0, pz = 0'0
Analytical results ( plane strain) AXSYM ( 2 ) results
N v =0.0 v=0.25v=0:.45 v=0.0 v=0.25 v=0.49
8 1.0 0.5 0.02 0.781 0.303 -0.131
14 1.0 1.5 1.98 1.008 1.489 1.953
20, 1.0 0.5 0.02 1.170 0.686 0.199
P, = 0.0, p, = 1.0
8 0.0 0.5 0.98 0.107 0.576 0.990
14 0.0 =0.5 -0;98 -0.008 =0.499 -0.975
20 0.0 0.5 0.98 -0.086 0.419 0.944
pr =10, pz =1.0
8 1.0 1.0 1.0 0.887 0.879 0.860
14 1.0 1.0 1.0 1.000 0.991 0.978
20 1.0 1.0 1.0 1.084 1.105 1.143




As c/a decreases the changes in the principal stresses % and o,

can be traced on the inner and outer face of the tunnel at points

N = 8 and 20. For Poisson's ratiov = 0.25, and ¢/a = 10, 3 and 1%,
these values are given in Table A6.5.1 and are reproduced in Table 6+5.3
below. By considering the stress pairs at each of the points it

is seen that as c/a reduces the principal stress differences on the
inner face increase sharply but decrease on the outer face. The
corresponding principal stress sums increase significantly on the

inner face but only slightly on the outer face. Such information
might well have an important bearing on the design of tunnels through

certain materials.

TABLE 64543 VALUES OF THE STRESS COMPONENTS 69 and Gz AT THE

SURFAGE OF THE TUNNEL SHOWN IN FIG. _6.5.1, WHEN

c/a =10, 3, 1¥ AT POINTS N = 8 AND 20 GIVEN IN TABLE

A 6.5.1 FOR POISSON'S RATIO Vv = 0.25

P, =P, =1
0'6' O'z
c/a N=28 N=20 N=38 N=20
10 0.879 1.105 2.069 1.991
3 0.627 1.260 2.465 2.008
1% 0.406 1.349 3.725 1.984

At cfa = 10, the effect of the tunnel on the stresses near the origin
is very small. In particular, the shading by the tunnel is negligble
for a radial stress field. At the other extreme , with the tunnel

closely coiled around the z-axis when c/a = 1%, there are large variations

in all the stresses and they vary noticeably with Poisson's ratio.



Two _identical spherical cavities {(Fig.  6.5.2 and Table A§.5.2)

Stress patterns induced in infinite masses by two identical spherical
cavities are similar in several ways to those due to a complete
circular toric tunnel. In other ways the patterns are quite different.
But rather than pursue a general discussion of this kind it it thought

that the attention should be restricted to the following two items.

The first is Table 6.5.4 where a comparison is made with some results

published by Sternberg and Sadowsky (1952). The second is a set
of ratios indicating how the :shape of the two spherical cavities changes

as d/a is reduced in a hydrostatic stress field when Poisson's ratio

v = 0.-49.

The values given in Table 6+5.4. below show that AXSYM (2) has

calculated the non-vanishing surface stresses to within 5% of Sternberg

and Sadowsky's (1952) results.

TABLE 6.5.4 COMPARATIVE VALUES OF THE STRESS COMPONENTS % AND g,

AT THE SURFACES OF THE TWO IDENTICAL SPHERICAL CAVITIES

SHOWN IN FIG. 6.5.2 WHEN d/a = 2 AT POINTS N = 8, 14 & 20

GIVEN BY STERNBERG & SADOWSKY (1952) AND IN TABLE A6.5.2

WHEN POISSON'S RATIO v = 0.25

Pp =P, = .

Sternberg & Sadowsky (1952)results AXSYM (2) results

N o, L7 o, o, 'Gg o,

8 1.57 1.57  0.000 1.624 1.624  (0.138)
14 0.00 1.50 1.47 (~0.004) 1.510 1.469
20 1.51 1.51 0.00 1.435 1.435 {-0.031)

Brackets indicate the exact value is zero.
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~NO

FIG. 6.5.2: TWO IDENTICAL SPHERICAL CAVITIES IN AN
INFINITE MASS SUBJECT TO UNIFORM RADIAL
AND AXIAL FIELD STRESS (Fig.A- 6452 bis)
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Results given in Table A6,5.2. for a hydrostatic stress field

where Poisson's ratio V = 0.49 show that the amount of compression
parallel to the r-axis of two identical spherical cavities remains
approximately the same as the ratio d/a is reduced from 2% to l%.
On the other hand, the compression parallel to the z-axis is about
% less. Most of this reduction is due to the near faces of the
two spherical cavities compressing less than the far faces. Hence
as df/a is reduced the deformed shape of the two identical spherical
cavities become like two identical imaginary dewdrops pendent from
the origin 0 in opposite directions. Results for d/a = 5, which
are not included,show that there is almost no interaction between

the two identical spherical cavities.
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6. Summary and conclusions

In calculating the large number of vesults given above AXSYM (2)
has generally performed very well. Each computer run consumed
about one unit on the CDC 7600 at ULGCC. The total number of
units used was approximately 500 and includes those used for the
program testing and developing. Some of the methods used to
reduce the amount of data preparation for the two major analyses

were unusual and relatively inefficient in the use of machine time

and storage.

Where possible the results obtained using AXSYM (2) have been
checked against closed form solutions or published results and
generally they are in good agreement. Where the results cannot

be checked directly they have been shown to be consistent with
equilibrium or to be self-cdnsistent in various ways. Nevertheless,
the calculated values should be treated with some caution, at least
until and unless selected representative results are supported by
one or more independent methods It is suggested that the computer

program written by Watson (1979) or by Mayr et al. (1980) may be

suitable for this work.



209

CHAFTER 7 CONCLUSICON
1. Review

Engineering considerations principally determined the selection of the
mathematical models which were developed and applied in the previous
chapters. In particular, the choice of linear elastic continuum
models is due to their general suitability for the problems considered
as well as their relative simplicity and availability. Their key

characteristic, however, is superposition.

In Chapter 2, the Author used linearity and superposition, often with
dimensional analysis, to obtain solutions for models for the response
of inhomogeneous ground to static surface loading. Speed of operation
and efficiency were minor considerations in the evaluation by use of the

computer of some of the resulting expressions.

In contrast, computing time considerations together with those of the
scope and availability of some of the facilities in the existing
computer programs used, and of the storage requirements for certain
operations, were all of importance in the back analyses in Chapters 3
and 4. Some unusual analytical models had to be devised partly as a
result of these factors. Despite the large size and complexity of
the structures, their analysis based on these models were generally
made with tolerable accuracy and the results obtained contributed to
the understanding of their performance. All the results found by the

Author were comparable with those of other researchers using different

methodss
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Because of certain mathematical difficulties, an auxiliary boundary
was used in the Author's new computer program AXSYM as described in
Chapters 5 and 6.  Although this feature meant that a considerable
user contribution was required in specifying some of the problems to
be solved, it did not prevent the calculations of many results,
given in Appendix A 6.5, which, it is thought, may be useful in the

analysis of some underground structures.
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Ze Potential developments

The model for the response of inhomogeneous ground to surface load-
ing presents problems of interpretation because the shear modulus
vanishes at the surface. To overcome them it is suggested that the
Author's solutions for surface loading could be used in the manner
of the indirect formulation of the boundary integral method using
an auxiliary boundary. In this way it may be possible to load a
plane or other boundary in any prescribed way at some depth beneath

the surface where the shear modulus does not vanish.

The models for the back analyses may be improved by the inclusion of
more details of the original structure. The scope is limited, how-
every by the lack of certain facilities in the existing programs.
Developments which would be welcome would allow the ready specification
of both extensive single and multiple planes of weakness and of gradual

variation of the elastic constants.

The necessity to choose suitable auxiliary boundaries with AXSYM (2)
makes it hard to use. Difficulties encountered in evaluating certain
mathematical limits which are closely linked to its inclusion may,
perhaps, be removed without introducing other problems, by assuming

that the intensity of element locading is proportional to the distance

from the axis of symmetry.



3. Summary

This work deals with practical and theoretical aspects of invest-
igating the structural behaviour of earthworks using mathematical
models and back analyses. It is clear even from the limited variety
of problems considered that there is a need in such investigations
for imagination, approximation, and interpretation, just as there is
for rigorous analysis. It is the concluding point of the thesis
that such an approach has been shown to be essential in this field of

engineering.
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APPENDIX A2

A2.2(d) - Details of the methods used to perform the double

integrals for specific uniformly loaded areas required

in the expression for ‘the surface settlement of a linear

elastic, isotropic half-space, where the shear modulus

is proportional to depth and Poisson's ratio is an

arbitrary constant.

It is required to obtain the integral,

dx_dy
I = // 2 2 o'c(A 2.2-1)

for the areas A shown hatched in Fig. A2,2.1. Note that the
symbols a,b represent pure lengths between various points on the

figures and are therefore always positive.
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FIG. A 2.2.1: (a) INFINITE STRIP, (b) CIRCULAR AND
(c) RECTANGULAR AREAS OF INTEGRATION
FOR EQUATION A 2.2.1
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For the infinite strip A shown in Fig. A.2.2.1(a)

a+b
- oo
I = 2 (ltan Y) dx
X X
a-»b y =0
a+ b
x>0
I = ifn ax ’
X ,x"o
a->
wlog a+b‘ , a>b

a->m

1T(1og| b2 - a2| - 103(22)) s a=<b

l

where the width 2e¢ of the thin strip shown in Fig. A2.2.1(a), forming

an area of exclusion, tends to zero.
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For the circular area A shown in Fig. A 2.2.1(b), polar coordinates

r, 8 are used, where

x=a+r cos 6 s y =1 sin 8

We have, after substitution,

b 2
I = rdrdé
2 2
a+r+ 2 ar cos 6
= 0 0 =20
b
I =4 1 t;amm1 awr 1
(5= T
0 at-r atr a -r2
b
1=-_t,f 2rdr »F <
0 a2— r s > a

The solutions are obtaired in a similar way to the infinite strip

described above.

A thin ‘concentric area of exclusion, which is

omitted from Fig. A 2.2.1(b), is used for the interior case { a< b).
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Integration is carried out separately for the two parts of the
rectangle area A, shown hatched by single and double lines
respectively, in Fige A 2.2.1{(c). Polar coordinates r, 6 are

used, such that

x =71 cos B R y =1 s5in ©

Separation following substitution gives

B b a c

cos © sin 8

I = drd8 + dxdo
=0 /r=_a 8 =8/r=__a
cos 0 cos 6
. a a
1 = (8 log|tan 8]) - )r log | tan 6| d ©
p p

t = e 20de

B sin 2 O

-1 -1
where @ = tan ¢ and P = tan ¢ as shown in Fige A 2.2.1(c)e.
a b

To obtain a form which does not contain an integral, we use the infinite

series,

10g l ELS- ,= 3.292 -+ 8464 + eas + azs 625+ e 3 s = 1,2,'0-

The wvalues of 355 8,5 etcs, may be obtained by differentiation, series

expansion, and equating coefficients. It follows that

a a a
f log Jtangld 6 = (8 loglel -8) +(¢§ 89 eZs—i—l)
p B s=l 2s+l p

For the interior case, thin strips forming areas of exclusion

similar to the infinite strip analysis are used with superposition.
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A 2,2 (b) - Listing of the computer program GSETT used in calculating

surface settlements for a uniformly loaded rectangular

area on the surface of an isotropic linear elgstic half-

space where the shear modulus is proporticnal to depth

and Poisson's ratio is constant
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APPENDIX A 3

A 3.5 - Techniques for efficient numbering of nodes and elements

and related preparation and specification of the network

for use in Watson's computer program for three-dimensional

elastic analysis, illustrated by reference to the

stack model for the chalk at Mundford

The data input scheme for the program has been designed for convenience
and economical use. A detailed description of the data specification,

facilities and procedures has been documented by Watson (1979).

As a first step, algebraic surfaces are formed from the geometry of the
body. The surfaces are then sectioned into finite and infinite elemp.
ents as described in Chapter 3 in Figs. 3.5.2 to 5. For convenience,
Figse 3.5.1 to 5 are reproduced in this appendix as Figs. A 3.5.1 to 5

respectively. Each finite element is determined by four corner nodes

and four midside nodes. All elements may be non-planar and have

curved edges.

Ncde and element identification numbers must be unique. They can be
generally selected to harmonize with progression along principal lines,
surfaces or interfaces of a body. In order to assign these numbers
conveniently, developments are made of the sectioned surfaces and inter-
faces of the solide The isometric sketch and the sections and plans

shown in Figs. A 3.5.1 to 15 inclusive will be used for illustration.

The body represented is a layered horizontal half space with a plane-
ended hollow circular shaft intersecting the surface. Clearly it is
axisymmetric and can be completely specified by describing agéuartér of it
and invoking symmetry about both horizontal axes. Examples of sectioned

surfaces with assigned node identification numbers are listed in Table

4 3.5.1.
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FIG. A 3.5.2: VERTICAL SECTION THROUGH THE MUNDFORD SITE STACK MODEL
SHOWING BOUNDARY ELEMENT DIMENSIONS { FIG. 3.5.2 bis)
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FI1G. A 3.5.3: PLAN ON THE MUNDFORD SITE STACK MODEL ON TOP SURFACE
OF SUBREGION 50 SHOWING BOUNDARY ELEMENT DIMENSIONS
(FIG. 3.5.3 bis)
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FIG. A 3.5.4: PLAN ON THE MUNDFORD SITE STACK MODEL ON THE TOP SURFACE
OF SUBREGIONS 100 AND 150 SHOWING BOUNDARY ELEMENT
DIMENSIONS (FIG. 3.5.4 bis)
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FIG. A 3.5.5: PLAN ON THE MUNDFORD SITE STACK MODEL ON THE TOP SURFACE
OF SUBREGION 200 SHOWING BOQUNDARY ELEMENT DIMENSIONS.
(FIG.3.5.5 bis)
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FiG. A 3.5.6: VERTICAL SECTION THROUGH THE MUNDFORD SITE STACK MODEL
SHOWING ASSIGNED NODE IDENTIFICATION NUMBERS
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OF SUBREGION 50 SHOWING ASSIGNED NODE IDENTIFICATION
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FIG. A.3.5.10: PLAN ON THE MUNDFORD SITE STACK MODEL OGN THE TOP SURFACE

OF SUBREGION 200 SHOWING ASSIGNED NODE IDENTIFICATION
NUMBERS ) '
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FIG. A 3.5.12: PLAN ON THE MUNDFORD SITE STACK MODEL ON THE TOP SURFACE
OF SUBREGION 50 SHOWING ASSIGNED ELEMENT IDENTIFICATION

NUMBERS
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FIG. A 3.5.13: PLAN ON THE MUNDFORD SITE STACK MODEL ON THE TOP SURFACE
OF SUBREGION 100 SHOWING ASSIGNED ELEMENT IDENTIFICATION
NUMBERS '
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FIG. A 3.5.14: PLAN ON THE MUNDFORD SITE STACK MODEL ON THE TOP SURFACE
OF SUBREGION 150 SHOWING ASSIGNED ELEMENT IDENTIFICATION
NUMBERS
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FIG. A& 3.5.15: PLAN ON THE MUNDFORD SITE STACK MODEL ON THE TOP SURFACE
CF SUBREGION 200 SHOWING ASSIGNED ELEMENT IDENTIFICATION
NUMBERS



TABLE A 3.5.1 LIST OF SECTIONED SURFACES WITH ASSIGNED NODE

IDENTIFICATION NUMBERS

Reference Figures Node identification numbers

Fige As3.5.6 1, 3, 55 11, 13, 15; etc.
1, 11, 21, 31, 4l, etc.
1517, 1518, etc.

Fige Ae3.5.7 211, 213, 215; 221, 223, 225; etc. :
211, 221, 231, 241, etc.  :

Fig' Ae3d.5.8 411, etCe

Finite element numbering is straightforward using only the unsigned
integers in the range 1 to 400. Gaps are allowed. Examples of
sectioned surfaces with assigned element identification numbers are

given in Table A3a5. 2.

TABLE A 3.5.2 LIST OF SECTIONED SURFACES WITH ASSIGNED ELEMENT

IDENTIFICATION NUMBERS

Reference Figure Element identification number

Fig- A0305011 1, 2’ 3, etCe H 21, 22, 23, etc.

Infinite elements are treated quite differently from finite elements.

In this case numbers are not employed but the directions of the two
infinite sides and the two adjoining node numbers are stated. Either
asymptotic variation of displacement or complete plane strain condifions

are chosens The maximum total number of finite and infinite elements

which can be used for any subregion of a body is 150. All bodies must
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have at least one subregion. The maximum aggregrate total of

elements for any body is 400.

Node numbering is less simple than element numbering. Identification
numbers must be unsigned integers from the range 1 to 2,400 but not
more than L200 nodes may be used.s A set of at least four nodes at

the corners of each element is necessary to determine it. A triangular
element is treated as a special case of the basic four-sided element.
The identification numbers of automatically generated midside nodes

are the average of the two adjacent corner node numbers and, ‘unless
required otherwise, they are positioned midway between them.
Alternatively midside nodes are assigned identification numbers and/
or positioned within reasonable limits as desired. Either none or all
of the midside nodes of any four-sided element is identified by

assigned numbers but for any triangular element all eights nodes are

identified.

It is usual to arrange the node numbering of any group of associated
elements - say on a plane or a cylinder - so that the difference

between each of the corresponding node numbers for successive elements
along either coordinate axis in the surface is a constant of a

certain order of magnitude. The order of magnitude for each axis is
usually different. These features are exhibited by the groups in
TableA3.5.1. The data input scheme has been designed to use them

to advantage in the economical specification of groups of elements

which run along principal lines. Only the first and last element numbers
and the constant differences need to be stated instead of the
many separate details. If sets of element groups are required -
say where there are many subregions defined by similarly shaped

surfaces - then greater orders of magnitude may be used to distinguish



between the nodes of related element groups. Examples of input
data for the specification of a group and an individual element

are given on lines a and b respectively of Fig. A 345.16. At the
intersection of subregions and on other occasions in which

different groups of related elements meet,it is frequently not
possible to use the grouping facility and each element is dealt
with individually. Line ¢ of Fig.A3.5.16 which refers to an element

on the rim of the shaft exemplifies this difficulty.

The methods for the preparation and specification of input data for
nodes and elements presented above are entirely general. The full
number of input data for an initial runof the problem shown in
Fige A3.5.16 were reproduced by the preprocessor and are included

for completeness.

The preprocessor checks the correctness of the input data very
thoroughly at several levels including syntax and sufficiency.
Generally redundancy is accepted but inconsistency and insufficiency
are not. Where an error is detected the data perusal is not stopped
but an appropriate error message is generated and a flag is set which
prevents execution of the numerical work. The earlier an error is
encountered, however, the less data checking is usually possible.
Error messages which may be generated during preprocessing are

listed in Tab].E.A3 . 5-3 -



line 3 —
{ineb —»

line ¢ —
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WATSON'S PROGRAM FOR THREE-DIMENSIONAL ELASTOSTATIC

ANALYSIS BY THE BOUNDARY INTEGRAL EQUATION METHOD

INPUT DATA FNR PEAUSAL DY SUIROUTINE PUECD PasE 1 43
sse (cOH A7
s ¥ FULL=-SCALE TEST-TANK AT HUNDFORD
LR ] 12
sar  AYL 1 19 Lo 0o kS 0.0 Beb BaaS 90,0 -15,0
sss YL ? 152 1n Bus5 5749 0,0 LYY AT.S 15,0
sat YL 1 153 1n 0445 45,0 0.0 0,45 45,0 =15, 0
ses  CYL & 154 1n 0edS 22.5 0.0 0445 22,5 “15,0
sas YL 5 18%  1In DesS 0.0 0,0 0.45 0,0 -15,0
ses YL Il 16S 1 . GukS 90:0 ~16.32 DeAS 0,0 -l14,232
see (AR 171 0,0 0.0 18432
tes YL 211 21% 1 1.0 " 90.0 6.0 1.0 0,0 0.0
ses YL 221 275 1 2.0 90,0 0,0 2.0 0.0 0,0
sas  CYL 2W1 23S 1 5.5 9.0 0.0 5,5 0,0 8.0
sse YL 2at 248 1 9:+15 9040 0,0 3,15 0,0 0,0
e YL 257 255 1 12,0 0.0 0,0 12,0 0,0 0.0
(A LN 261 265 1 16,0 20,0 0.0 16,0 0,0 0.0
cYL 411 als 1 1.9 90.0 -4, 0 1,0 0,0 wbel
orL A21 425 1 2,0 90,0 4,0 2.0 0,0 wa 0
GYL 431 435 1 4,0 90.0 4,0 b0 0.0 .0
evL 441 445 1 8,0 9040 =4,0 8.0 0,0 whol
ser (Y A5] 455 H 16,0 9040 -4, 0 16.0 0,0 .
sss  CYL 611 bl5 i 1,0 90,0 =12,0 1,0 0,0 -t2,0
ee= (YL 621 £25 1 2,0 90,0 -12,0 2.0 8,0 -12,0
sss oYL 63t &3S 1 A0 9040 12,0 4,0 0.0 12,0
ses YL Al  &AS 1 8,0 9040 «12,0 a,0 0,0 12,0
sas oY 651 655 1 16,0 90,0 “l2,0 16,0 0.0 ~12.0
tded CAR A1l 040 0.0 =20.:0
ses  CYL 821 nA2s 1 2.0 90.0 2040 2.0 0.0 20,0
se»  CYL 831 R3S t 4.0 30,0 -20,0 Iy 0,0 -20,0
ese COYL 331 A4S £ 8.0 90,0 =20,0 u:g 0,0 -28:
sen YL 851 AsS 1 16,0 90.0 20,0 16,0 0,0 =200
#ses £AR 1517 1519 1 0,0 0,0 =17,0 0,0 0,0 w{g,0
*ss cAR 1521 153p i 0.0 0,0 ~21.0 0.0 0 3040
ss¢ CAR  Jagl lg03 i 0,0 12,12 wl,0 0,0 12.12 30
*s» CAR 1405 1ald 1 0,0 12,12 5,0 0,0 12.12 «fl.0
ses CAR 1413 1619 1 0.0 124}2 =13,0 0.0 12.12 =i9.,0
esss AR 1421 1830 } 0.0 12,12 21,0 0,0 12.12 30,0
ses FLE | 16 10 1 3 13 1
+as¢ [FLE 21 % 10 k| 5 15 13
*e®  FLE 17 161 163 171 171 1le6 162 167 1T
- - - - -——y - - L Y T T [ TN L1 TRy )
INPUT DATA FOR PERUSAL BY SUBROUTINE PDECO PAE 2
sss ELE 3T ' 163 165 171 171 167 164 1868, 171
*es ELE 51 l 3 213 211 206 2 208 212
s ELE %2 56 10 211 213 223 221.
LE h} 215 3 208 4 210 214
s BHE OB s 10 23 af 35 343
sss  ELE 161 4L 43 A13 All A0& 42 A08 &f2
sss FLE 102 105 10 411 413 423 a2l .
€ 4 415 4 408 4 A Als
o2l BEE 13} 125 10 A13 WfE 312113 lo 4
wes ELE 151 121 123 613 611 606 122 608 612
ess fLE 157 155 10 611 613 623 621 :
see FLE T 123 126 615 613 608 124 610 614
ses ELE 172 175 10 613 6)5 62% 622
*es  ELE 2a1 all 611 823 821 6le 811 817 822
ses  ELE 202 204 10 B21 823 B3} 83}
see  gLE 221 81] 811 825 823 B17 Bl)1 818 H24
sss FLE 222 224 lo 822 025 835 833
ses  qEL A 040 1.0 0.0 2861 51 651, 881
sss TEL A 1.0 iso 0.0 263 453 653 AS5)
see  TEL A 10 040 0.0 265 455 §&55 455
see sUD 50 De45EG 0.3 lgi
up 1o «25E6 0.25
eee b 190 $aE%ce 0+38 A 151 -zo:
P S5ES 3 20
ver BUB i ranx BB oF war€A%R1TH NO RADIAL FORCE ON INTERFACE
sse pEU =100
Yy 51 52 83  S5s n 12 73 74
sne ENOD
EXAMPLE OF INPUT DATA REPRODUCED BY THE PREPROCESSOR IN
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TABLE A 3.5.3 ERROR MESSAGES GENERATED BY PREPROCESSOR IN WATSON'S
COMPUTER PROGRAM FOR THREE- DIMENSIONAL ELASTIC ANALYSIS

KEYWORD UNIDENTIFIED

BAD INTEGERS BAD REALS
END CARD MISSING
CARD ##¥% kkks

DUPLICATE CARD
GHECKPOINT SPECIFICATION ERROR
CARD MISSING OR MISPLAGED
NO CARD T, LOAD OR INT
CARD T INCOMPATIBLE WITH CARD LOAD, INT
ILLEGAL SYMMETRY SPECIFIGATION
ILLEGAL FUNCTIONAL VARIATION
PRECISION OF INTEGRATION OUTSIDE LIMITS
SUPERFLUOUS DATA
ERROR, ROTATION OF AXES - THE PROGRAM TAKES ZERO ROTATIONS
NODE NUMBER GREATER THAN
INTERPOLATION BETWEEN NODES AND

SIGN OF INGCREMENT WRONG _
THE DIFFERENCE BETWEEN THE NODE NUMBERS IS NOT DIVISIBLE BY THE INCREMENT

COORDINATES OF NODE OR NOT GIVEN
NODE NUMBER NEGATIVE

NOQ NODES

MORE THAN NODES

INTERPCLATION BETWEEN ELEMENTS AND

ELEMENT NUMBER GREATER THAN
ELEMENT NUMBER ZERO OR NEGATIVE
INCREMENT MISSING

NODE NUMBER ZERQ OR NEGATIVE

ELEMENT GIVEN TWICE

THE NUMBER OF NODE OF ELEMENT CANNOT BE GENERATED
ERROR COLUMN 5

NULL VECTOR .

MORE THAN LINES DEFINING INFINITE ELEMENTS

NO ELEMENTS

MORE THAN ELEMENTS

THE COORDINATES OF NODE OF ELEMENT ARE UNDEFINED

COORDINATE X OF NODE OF ELEMENT IS NEGATIVE



TABLE A 3.5.3 (continued)

245
COORDINATES OF NODE UNDEFINED
INFINITE ELEMENT GEOMETRY AT NODE INGCCMPATIBLE WITH SYMMETRY X
SUBREGICN NUMBER OMITTIED
SUBREGICN DEFINED TWICE
MORE THAN SUBREGIONS
THE MODULUS OF ELASTICITY OF SUBREGION IS NOT POSITIVE
POISSONS RATIO OF SUBREGION NOT BETWEEN 0.0 AND 0.5
SURFACE OF SUBREGION UNDEFINED
ELEMENT NUMBER GREATER THAN SUBREGICN
ELEMENT SUBREGION DOES NOT EXIST

NO SUBREGIONS
ZER(Q JACOBIAN ELEMENT
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APPENDIX A 4

A 4.5 - Simplified two-dimensional elastjc-plastic analysis

of the horizontal displacement of a block of soil

underlain by a horizontal plane crack at the bottom of

a deep excavation in Oxford Clay at Saxon pit due to

the relief of field stress

The layout of a simplified model of Saxon pit is shown by the typical
vertical section normal to the face of excavation E'H in Fig. A 4.5.1.
The floor of the pit is represented by the line AH. It is assumed
that a horizontal plane crack GH underlies a block of soil which
expangs elastically, due to the relief of field stress, and slides
along GH towards the point A, as the face E'H is excavated. It is

also assumed that all the soil not within the zone directly above GH
is rigid and that the normal stress on GH is uniformly distributed.

Any effects due to groundwater are ignored.
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The notation used in the analysis is as follows:

uxdz = average horizontal displacement over a

[ =
e
1
~~
-
S,
o
q

vertical section, induced by excavation

h
Ex = (l/h{/’ ¢ dz = average horizontal strain over a vertical
o
section, induced by excavation
_ h
ok = (llh{/’ G%dz = average horizontal normal stress over a
o

vertical section, induced by excavation
Eh,\) = horizontal Young's modulus, Poisson's ratio

E

2
Eh/(l—v ) = plane strain value of Young's modulus

i

¥ = unit weight of the soil

p = vh = normal stress on horizontal plane crack
In addition, the following set of primary data was used:

E 144 MN/m® ; v=0e2: Y=20 kN/m° ; h= 27 m :

h
o 2 _ 1a© _ 2
¢£ = 27%" , cé =172 kN/m"~ : ¢E_—-13 ’ c; = 3% kN/m

]

Constant values derived from the primary data are as follows:

E 150 MN/m2

I

il

P = 540 kN/m’
Peak shear strength Tp = p tan ¢; + c; = 453 kN/m2

Residual shear stremgth T = p tan ¢; +cl =128 kN/m2
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Assuming a shear strength rest value 7, of 100 kN/m2 the shear stress-
shear displacement response curve may be approximated as shown in

Fig: A 4.5.2. The three distinct phases shown by the graph corres-
ponding to shear hardening, softening and residual strength and are

designated (a), (b), and (c) respectively. Equations for each phase

. 2
are as follows, where Tt and u are measured in kN/m~ and mm,

respectively.

Phase (a) T = 100 + 706 ux . -v(A 405'1)
Phase (b) T = 493.6 - 81.25 U.x OOO(A He5a 2)
Phase (C) T =128 X O(A b4e 5-3)

In order to analyse the structure, consider the element of width

dx Shown in Figo A 4-5.1 ]

For horizontal equilibrium,

hdﬁk +7dx =20

it follows that,

9% - ves(A 4.5.4)
dx - h
g, _ 1 cee(A 4.5.5)
dx hE

2 .
d” u eeslA 4.5.6)

.
H]
& |
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dx X

X, Uy, Uy,

h 0k+d0k Oy

/24 ' —;

FIG. A 4.5.1: SIMPLIFIED SAXON PIT MODEL WITH INFINITELY REMOTE
BOUNDARIES FOR TWO-DIMENSIONAL ANALYSIS

r {kN/m?)
500" N

Liay I b)
I

T I " {c)

-‘rn I 1

0 ! i . ' :
T 2 3 b 5 6 u, {mm)

0+5 45

FIG. A 4.5.2: SIMPLIFIED SHEAR STRESS-DISPLACEMENT RESPONSE CURVE

gy, (mm)

100

0 10 20 30 40 S0 60 70 80 xim

FIG. A 4.5.3: VARIATION OF HORIZONTAL DISPLACEMENT WITH DISTANCE FROM
THE ROOT OF THE CRACK IN THE SIMPLIFIED SAXON PIT MODEL
WITH INFINITELY REMOTE BOUNDARIES FOR TWO-DIMENSIONAL

ANALYSIS
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Three ordinary differentisl equations were obtained by substituting
equation (A &4.5.6) in the equations for the shear strength-shear
displacement response curve shown in Fig. A 4.5.2. By ignoring

the difference between ﬁ% and uy and entering the numerical values
of E and h in these equations, the solutions given below were
obtained for the relevant boundary conditions, where u and x are

measured in mm and m respectively.

Phase (a) u, = 0.14164 (exp (0.4175x)-1) eeo{A G45.7)
Phase (b) u, = 6.0751 ~ 1.0856 sin (0.14163x)-

-~ 5.7868 cos (0.14163x) eeelA 4.5.8)
Phase (c) u, = 0-0158:-:2 + 0.4721lx - 2.1990 eas{A 445.9)

A graph of equation (A 4.5.9) is plotted in Fig. A.4.5.3.
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oo

AS+2(a) Expressions for certain integrals related to and in

terms of complete elliptic inteprals of the first and

second kind, denoted by ¥y and E| respectively

The equation,

w/2
a0 _
/ro A 1

is differentiated wer.t. k, as shown below, to obtain the first

relation required.

“/2- 3 dF

/f 2. (bap = =L

. ar A& dic

w2
AR T S N
W 8 k(1-k%) K

Similarly, the second relation required is obtained as follows,

n/9
) E

[ = dpra=t —)
o dk A dk 1-k

/2 2 2
-3-/ c_l_s___LB>d¢,= (l-k)(El-Fl) +2kEl
Y. a4 k (1 - k52

/2 a1 o202 &
/ £ o3k 3n?

ot



A 5,2(b) Limiting values of certain integrals related to and in.

terms of complete elliptic integrals of the first and

and second kind dencted by Fl and E1 respectively

Noting that for k2< 1 (Abramowitz and Stegun {(1965))

w 1.2, 9 & 225 6 .
= - l+-'k+_k+ —_— +o.-)
Fl 2 ¢ 4 64 2304

E

L

L - mlel g 223 h- 85 8-
= 32

64 2304

2
we have, as k"—o0 ,

w/2

. . m

Lim (/OA d$) = Lim (El) = 3
n/2

Lim (/ 1 d$) = Lim (F)) = 7
o Fa) 2
w2

. . £

Lim ( 1 d¢) = Lim¢_“1 =T
/ e (2?73
0

Lim (/ % d¢) = Lim ¢ Fl - 2(k2-2) E|)=T
o A 3(k2-1)  3(x2-1)2 2
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We also obtain the limiting values of the following two integrals as

2
k'~ o by expressing them in terms of Fl and El and using partial

fractions.
Tr/2 2
Lim (J/ _22239 dé)
A
0
w/2
= Lim ¢ [ Lo sa-at + ak-? 87
o fc
4F 1]
= Lim ( - =8 (F, - E) + "Il )+ -
;E k 2
- m
o
m/2 2
Lim /( cos O dé
o A?
/2
= Lin (f L owst 4 aloa + k2-2)287%) a4)
k
o
4B
= Lim (—-—%(El-zl)"-—z-) - =
3k 3k 6
=
4

In a similar way, it may be shown that, as k2.0

w2 n/2 0 w2 .

A

— T4 1T/2.cos?9
Q
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Listing of the computer program AXSYM (2} for the elasto-

static analysis of an axisymmetric homogeneous isotropic

linear elastic body by the indirect formulation of the

boundary element method using an guxiliary boundary

and a list of the main variables in AXSYM (2)
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HCRD

NCBS

RCIS

NCBs

NEBT

NEIT

4

LIST OF MAIN VARTABLES IN AXSYM (2)

(the subscripts i, j indicate arrays)

Operating mode; I for read datz only, 2 for L and
calculare geometry, 3 for 2 and execute

Symmetry code; 0 for not used, 1 for used

Number of cards defining auxiliary boundary segements
Number of cards defining the boundary and interior poincs
Number of cards defining boundary loads

Number of boundary points

Number of interior points

Young's modulus

Poisson's ratio

pr(-—-pe) field stress componsnt

Pz field stress component

Number of elements in an auxiliary boundary segment

Coordinates of firsct polnc on straight line segment

Coordinates of last point on straight line segmanc

cos (angle between load element and r-axis)

Coordinactes of end 1 of body boundary element

Coordinates of end 2 of body boundary element
Number of elements in a boundary or interior point segment

Coordinates of first polnt on straight line segment

FZZ

FZR

ELASA
ELASH
ELASC
ELASD
ELASE

ELASF

Coordinates of last polnt on straight line segment

Coordinates of cencre point of element

sin A
cos A
Number of first element to which the load is applied

Number of last element to which che load is applied

v

Py

[ T -
a =

2

%

42

m-component of field scress
n~component of field stress
nm-component of field scress
E

v

1-2v

3 -4V

/(8w (l - v)}

(L +v) /(Bn{l - V)E)

caz



L1ST OF MAIN VARIABLES IN AXSYM (2) (contds)
(The subscripts i, j indicate arrays)

1 ' 1 L1 -
RRR 13 rdr or ro‘r v S T xdm “‘x o
1] 1 ] i1 -
TIR i 98 °F % 0 % °F % jys i %
zZ g7 o ar ¢' or o =
Rij rz £ rz : rn rn Zzi az
ZRE, t1' or ¢  or 1t ZR T
R§J r zr rzr ' rom T nm i zr
1 " [] " -
Dlmij Qg OF Ve Mg oY up DRi u_
# x " . o
szf-j fz %F Mz o0 M OF M bz, u
mij za; or zd‘l[ N td; or zw.i‘“’1 Gh'i Welight factor for Gaussian integration
1 11 1 "
nzij 268 or zdﬂ » 269 or zoe GPi Abscissa for Gaussian integration
2
22y, S04 er o7 . @ or oy PAH 1 ya+ 24 Y or I/ da+ )2+ (b - 23D
) 2 ¢ 2 2.2 s 2 2
[ ' - -
ZRZ“ 23 °F 2"z ? Faw O Tmm Pan k- or k in (1-k"sin"¢) or /(i = k * sin"¢)
EF F, complete elliptic integral of the first kind
nnzij zu; or zu‘l; . zu‘_'n or zu:_“1 1
ES E, complete elliptic integral of the second kind
1 1 10
[JZZij zu; or zuz‘ s GUL oF Jup 1
RRRU coe 1/2 3
— coB 17’
_— coa 123
ZREY cce cos 68/2
2 3
DRRU cca [ ( cos 07z Jd¢ where Z=A or Z= A/PAH =R
-]
DZRU ccA cos 9/25
ditto 2 3
RRZU CBB cos 8/Z
2...5
CBA cos B/2
TTZU , . I
2221 CAA cos 8/2 ‘
na
ZRZU o
o
DRZU
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APPENDIX A 6

Listing of the computer program AXRAE used in calculating

principal stresses due to normal or tangential loads of

unit intensity applied to a radial or an axial element

within a homogeneous isotropic linear elastic space where

subprograms AXSDR and AXSDZ are listed in Appendix A 5.4
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A 6.5 -

Results obtained using the computer program AXSYM (2) for

the total stresses and induced displacements associsted with

a complete circular toric tunnel (Fig. A 6.5.1) and two

identical spherical cavities (Fig. A 6.5.2) in a homogeneous

isotropic linear elastic mass with uniform field stress




n
-3
FIG. A 6.5.1: COMPLETE CIRCULAR TCRIC TUNNEL IN AN FIGe A 6o542: TWO IDENTICAL SPHERICAL CAVITIES IN AN &
INFINITE MASS S5USJECT TO UNIFORM RADIAL . INFINITE MASS SUBJECT TC UNIFORM RADIAL
AND AXIAL FIELD STRESS AND AXIAL FIELD STRESS



TABLE A 6a5.l

TOTAL STRESSES AND INDUCED DISPLACEMENTS ASSOCIATED WITH A COMPLETE CIRCULAR TORIC TUNNEL

IN_A HOMOGENEQUS ISOTROPIC L

INEAR ELASTIC INEINITE MASS WITH UNIFORM FIELD STRESS (Figs A 6a5.0)

E/fp=1l prlp=1 pzlp=0 cla=1% Q E/lp=1 p lp=90 p=/p=l cefa=1Ys v=10 éjp:l_ prfp‘-.t]. pz/pal cfa= 1V v= 0
N arfp Oe/P az/P rzr/P Eur/ ap Euzlap N drlp aalp azlp 'zr/p Eurlap Epzl ap N drlp qe/p az/p 'z:/p Eur/ ap Euz/ap
1 -0.018 -0.018 -0.375 [+ 0 0 L 0.322 0,322 6.989 0 0 0 1 0.304 0.304 6.61l4 0 0 0
2 =-0.003 -0.003  -0.047 0 [+] 0.119 2 0.073 0.073 2.176 0 0 -1.873 2 0.070 0.070 2.129 0 o -1.753
k 0.811 0.811 -0.2717 0 0 0.181 3 =0.195 -0.195 0.679 0 o -1.568 3 0.616 0.616 0.402 0 0 «1.787
4 L.153 1.153 =0.204 o] v} 0.3 4 -0.100 -0.100 0,359 Q [§) -1.711 &4 1.054 1.054 0.15% o ¢ =1.3%
5 1.118 1.118 -0.005 0 0 0.369 5 0.016 0.0l6 0,356 Q 0 -1.380 5 1.134 1.134 0.350 0 0 -1.012
6 1.061 1.061 0.079 0 0 0.346 6 0.055 0.055 0475 0 0 -1.086 6 1.116 1.i16 0.554 0 0 -0.740
7 1.028 1.028 0.096 0 Q 0.300 7 0.059 0.059 0.600 0 0 -0.856 7 1.088 1.088 0.696 0 0 ~0.555
8 (-0.004) 0,011 -0.426 0 0.126 0 (-0.013) 0,218 7.839 0 -0.027 0 (-0.017) 0.207 7.413 0 0.099 0
g
10 10 10
11 0.045 0.215 0.047 0.073 0.328 0.262 11 0.1;8 0.037 0.129 0.197 -0.0l6 * ~2.263 1l 0.163 0.253 0.176 Q.270 0.312 =-2.001
12 0.904 0.891 -0.296 0.008 0.907 0.200 12 -0.186 0,211 0.608 0.030 0.014 -1.949 12 0.718 0.680 0.312 0.038 0.021 =1.748
13 13 13
14 2.003 1.201 {-0.002) @O -0.226 0.563 L4 -0.360 -0.253 (-D.005) O 0.284 -1.931 14 1.643 0.948 (-0.007) O 0.058 -l.371
L3 1.139 1.15¢ 0.208 0.074 -0.173 0.475 15 0.023 -0.040 0.211 -0.337 0.045 ~1.471 L5 1.162 1.114 0.419 -0.263 ~0.129 -0.996
16 1.048 L.088 0.15 -0.0246 -0.099 0.385 16 0.035 0.031 0.444 =-0.189 -0.035 -1.139 16 1.083 1.119 0.597 -0.213 -0.134 -0.75%%
17 0.318 1.457 0.328  -0.335 -0.910 0,408 17 0.598 -0,269 0.597 -0.638 0.493 -l.l07 17 0.916 1.228 0.918 -0.973 -0.418 -0.699
18 0.906 1.2t2 -0.039 -0.119 -0.463 0.lat 18 0.011 «0.093 1.082 -0.240 0.203 -0.595 18 0.917 1.119 1,026 <0.359 -0.260 «0.415
19 0.978 1.116 -0.063 -0.062 -0.290 0.109 19  -0.052 -0.064l 1.085 -0.123  0.103 -0.394 19 0.926 1.073 1.022 -0.185 <-0.187 -0.286
20 (-0.002) 1.554 -0.574 0 -1.177 0 20 («0.004) -0.265 2.475 0 0.562 0 20 (-0.0056) 1.289 1.901 -0.615
2L 0.3712 1.291 -0.043 0 -0.763 21 0.275 «0.171 1.382 0 0.450 2l 0.5647 1.119 1.339 0 -0.313
22 0.638 1.167 0.008 0 -0.523 o 22 0.198 -0.106 1.158 0 0.331 22 0.836 1.061 1.166 -0.192
Brackets indicate the exact value {s zero. Brackets {ndicate the exact value {3 zero. . Brackets indicace the exact value ix zeéro.
Tco =-1'e‘ = uge ] LS =te= = ug= u] e urez = ug= 0

AT



TABLE A 6.5.1

TOTAL STRESSES AND INDUCEH DISPLACEMENTS ASSOCIATED WITH A COMPLETE CIRCULAR TORIC TUNNEL
=22ty e e o et et et ottt ettt S Ly, AM MR L, EUNNEL,

IN A HOMOGENEOUS ISOTROPIC LINEAR ELASTIC INFINITE MASS WITH UNIFORM.FIELD STRESS (Figs A 6.3.1)

Efp=1 prjpm 1 psz=0 cfa=1Y v=0,2% Efp=1 P:]p=0 lep= i cfa= Ll v = 0.25 E/p =l prlpn L lep: 3 cfa= | Vg v=0.25
N, or/p ualp az/P 1“/9 Eu:!ap Eu_fap N ar/p °Blp azlp r“_/p Eu:/ap Euzlap N u‘rfp oefp qup ru/p Eu rlap Euz/ap
1 -0.053 -0.053 -1.21) 0 0 0 1 0.315 0.315 7.182 o 0 0 l 0.262 0.262 5.969 [i] 0 1]
2 -0.020 -0.02¢ -0.312 0O 0 0.142 2 0.119 0.11% 2.162 0 0 -1.863 2 0.099 0.099 1.851 0 0 ~1.722
3 0.795 0.795 -0.200 o 0 0.092 3 -0.2%0 -0.2%0 0.673 0 o) .1.9712 3 0.505 0.505 0.373 ] 0 -1.881
4 1.201 1.20L -0.206 0 ] 0.25L & _0.264 -0.244  0.370 0 ] -1.794 4 0.957 0.957 0.163 ] ] -l.562
3 1.L69 1.169 0.003 0 0 0.347 5 -0.092 -0.092 0.345 [+ 0 -1.504 5 1.077 1.017 0.349 0 Q =1.157
6 1.099 1.099  0.09% 0O 0 0.352 6  _p.024  -0.0L4  0.453 0 ] -1.213 6 1.084 1.086 0.547 0 0 -0.862
7 1.055 1.05%  0.110 (] 0 0.317 7 0.0l& 0.014 0.578 o 0 -0.971 ? 1.069 1.069 0.688 0 ] -0.653
8 (-0.00l) -0.046 -1.348 O 0.057 O 8  ¢-0.003) 0.275 7.976 0 0.186 © 8  (-0.003) 0.230 6.628 0 0.241 0
9
10 10 10
11 -0.004 0.143  -0.01l  -0.003  0.252  ¢.2321 11 0.218 -0.033 0.249 0.241  -0.042 -2.244 11 0.213 0.110 0.238  0.238 0.210 -.2.023
12 0.895 D.888  -0.313 0.005 0 0.108 12 - _p.31¢% -0.298 0.610 0.027 0.008 -1.962 12 0.576 0.5% 0.297 0.033 0.008 -1.854
13 13 13
L4 2.145 1.510 0 0 -0.252 0.417 14 -0.732 -0.5713 (-0.00L) O 0.157  -1.923 14 L.4l2 0.937 (-0.00L) O -0.095 ~1.556
15 L.21L 1.26% 0.227 -0.09% -0.179 0.432 Ls -0.126 -0.182 0.171  =0.173 -0.064 -l.576 15 1.084 1.087 0.399 -0.263 -0.243 -1.145
16 1.096 L.l45  0.171  -0.029 -0.088 0.374 16 -0.056  -0.048  0.612 -0.l184 -0.126 -l.2% L6 1.042 1.097 0.583  -0.213 -0.2l4 -0.875
17 0.388 L.480 0.393 -0.392 -0.980 0.321 17 0.5%2  -0.i74  0.551 -0.564  ©0.370 -l.l38 L7 0.950 1.307 0.944 -0.95 -0.610 -0.837
18 0.964 .19 -0.066 -0.137 -0.472 0.108 18 -0.078  -0.034  1.093 -0.216 0.083 -0.5%0 18 0.886 1.156 1.027 -0.352 -D.389 -0.482
19 L.0L5 1.099 -0.072 -0.071 -0.287 0.05% 19 -0.109  -0.006 1.098 -0.111  0.009 -0.382 19 0.906 1.093 1,026 -0.181 -0.278 -0.327
20 0 1.186 -0.662 -1.276 0 20 (-0.001) 0.192 2.605 ] 0.445 @ 20 (-0.001) 1.376 1.943 0 -0.830
21 0.349 l.152 -0.048 -0.857 21 0.308 0.012 1.391 0.428 2l 0.657 1.164 1.344 -0.429 ©
22 0.623 1.098  0.0l0 -0.593 22 0.218  -0.0LL 1.15 0.327 0 22 0.841 1.087 1.166 -0.267
Brackets indicate the exact value i3 zero. Brackecs indicate the exact value Ls zero. Brackets {ndicace the exact value is zero.
'ra -'B‘ - uen 0 f:e 370: = ua- ] rl-'D -taz - uen ]

2ug



TABLE A €.5.1

TOTAL STRESSES AND INDUCED DISPLACEMENTS ASSOCIATED WITH A COMPLETE CIRCULAR TORIC TIUNNEL

IN A HOMOGENEOUS ISOTROPIC LINEAR ELASTIC IMFINITE MaSS WITH UNIFORM FIELD STRESS (Fige A 6.5.1)

‘EJP = L pr/p =1 pzlp = {) cfa=1Yys v o= .49 Efp = 1 P:/p =0 pz/p =1 cla= 1V v = (.49 Efp =1 pr/p =1 pz/F =1 cla= 1V v =0,49
Ul s /p oy/P alp T /P Euap  Eu /fap N afe ayl? a lp 1, /e Eufap Eufap ¥ o /P oy /P s,/® 1,/P s 3P B jap
1 -0.067 -0.067 -L.730 4] Q 0 1 0.277 0.217 6.608 0 0 o 1 0.209 0.209 4.877 0 0 0
2 -0.027 -0.027 -0.487 0 0 0.058 2 0.l20 0.120 1.950 Q 0 -1l.610 2 0.093 0.093 1.484 [V} 0 -1.553
3 0.800 0.800 -0.306 0 0 -0.128 3 -0.393  -0.393  0.628 O 0 -1.702 3 0.407 0.407 0.322 O 0 ~1.830
4 1.268 1.268 -0.205 0 0 0.068 4 -0.412 -0.412 0.370 0 0 -1.663 4 0.85 0.856 0.165 0 0 -1.595
5 L.236 1.236 0.017 ] 0 0.242 5 -0.221 -0.221 0.325 0 0 -l.482 5 1.014 1.0l4 0.341 0 0 -1.240
6 L.147 1.147 0.113 0 0 0.298 & -0.100 -0.100 0.422 0 8] =1.241 6 1.048 1,048 0.535 0 0 -0.943
7 L.088 1.0838 0.L30 0 Q 0.291 7 =-0.042 =0.042 0.546 [e] 1) -1.016 7 1.046 1.046 0.676 0 0 -0.724
8 ({0.001) -0.064 ~1.908 0 -0.045 0 8 ({-0.001) 0.2719 7.286 0 0.350 0. a 0,214 5.378 Q 0.305 o
9 9
10 10 10
L1 -0.073 0.088 -0.031 -0.053 0.155 0.046 1l 0.259 -0.071 0.208 Q.204 -0.079 -1.922 11 0.186 0.017 0.177 0.187 0.076 -1.875
12 0.875 0.939 -0.316 0,004 -0.010 -0.1ll6 12 -0.643 ~0.416 0.579 0.020 1] -1.705 12 0.432 0.5 0.263 0.025 -0.010 -1.821
13 13 13
L4 2.331 1.873 (-0.001) © -0.249 0.0726 14 -1.172 -1.009 0 0 -0.063 -1.698 14 1.158 0.865 0 o -0.312  -1.622
L5 1.305 L.408 0.254 -0.108 -0.l51 0.273 15 -0.308 -0.369 0.120 -0.153 -0.2480 -1.49 L5 0.596 1.039 0.373 =0.261 -0.391 -1.223
L6 1.159 1.215 0,195 -0.033 -0.047 0.287 16 -0.164 -0.151 0.370 -0.180 -0.268 -1.237 16 0.99% 1.06% 0.56% -0.2l& -0.3l5 -0.9%0
L7 0.450 L.469 0.472 -0.4685 -0.928 0.092 17 Q.476 -0.073 0.454  -0.487 0.070 -l.0L3 17 0.926 1.396 0.927 -0.932 -0.B5L -0.009
18 L.040 1.164 -0.076 -0.158 -0.3197 .-0.051 13 -0.1% 0.032 1.109 -0.18% -0.158 0.459 18 0.849 1.197 1.034 -0.341 -0.555 -0.006
19 1.064 1.079 -0.083 -0.082 -0.226 -0.038 |9 -0.183 0.034 1.116 -0.094 -0.170 -0.28) 19 0.881 1.113 1.033  -0.176 -0.396 -0.004
20 [ 0.6%99 -0.731 0 -1.21l4 20 (-0.001} 0.811 2.712 0.120 20 ¢-0.001) 1.510 1.9%0 0 -1.094
2L 0.317 0.917 -0.035 o -0.873 21 0.351 0.255 1.404 0.301 21 0.668 1.226 1.349 0 -0.572 e
72 0.604  1.009  0.012 -0.614 22 0.264  0.1l&  1.154 0.255 O 22 0.849  1.122  1.166 O -0.359 ‘:’
Brackecs indicate che exact value is zero. Brackets indicate the exact value ls zerc. Brackees indicate the exacr value 5 zereo.
e =1 = uy= Q o afﬂ: =y 0 LI =‘0= = ug= 0



TABLE A 6.5.1 TOTAL STRESSES AND INDUCED DISPLIACEMENTS ASSOCIATED WITH A COMPLETE CIRCULAR TORIC IUNNEL
IN A HOMOGENEOUS ISOTROPIC LINEAR ELASTIC INFINITE MASS WITH UNIFQRM FIELD STRESS (Figs A 6+5.1)
Efp=1 pfe=1 plp=0 c/a=1k va 0 E/p=l p.Jp=0 plp=1 cfa=lk ve 0.0 E/fp=1l pfp=l plp=l <cla=1l} v=0.0
E o fp "elp e ip v, /P Eufap  Eu fap N o /p cal p a_lp r,/P Eu/ap Eu fap N, o lp cal e a /P r, /e Eufap Eu fap
1 ~-0.022 -0.023 -0.19%C 0 0 0 1 0.424 0.424 4.515 ¢ 0 0 1 0.402 0.402 4,325 4] .0 i}
2 0.052 0.052 -0.031 O 0 0.059 2 0.158 0.158 2.510 0 0 -1.348 2 0.210. 0.210 2.479 0O o -1.289
3 0.7% 0.796 -0.287 o 0 Q.130 3 -0.189 -0.189 1.125 o 0 ~1.694 3 0.607  0.607 0.839 o o -1.564
4 1.134 1.134 -0.242 0 1] 0.279 4 =0.134 +0.134 0.608 0 0 -1.607 4 1.001 1.001 0.366 a 0 -1.328
5 1.1 1.123  -0.049 0 o 0.349 5 -0.016 -0.016 0.474 0 0 ~1.366 5 1.106 1.106 0.426 0 0 -1.017
3 1.069 1.069 0.053 ¢ 0 0.344 6 0.037 0.037 0.522 0 1] -l.11i 6 1.107 1.l07 0.574 0 ¢ -0.767
7 1.035 1.035 0.083 © 0 0.308 7 0.05L 0.051 0.614 O 0 -0.89%% 7 1.085 1.085 0.697 0 0 ~0.586
8 (-0.003) * -0.0l4 -0.237 0 0.256 0 8 (-0.005) 0.298 5.623 O -0.0746 0 8  (-0.008) 0.286  5.386 0 0115 o
9 9 9
10 10 Lo
11 0.102 0.277 0.099 0.L20 0.392 0.268 ) 0.329 0.105  0.317  0.361  0.057 -2.070 11 0.431 0.382  0.416  0.481 G335 -1.803
12 0.889 0.877  -0.297 0.023 0.023 0.164 12 -0.182 -0.195 0.960 0.126 .0.037 -1.72% - 12 0.706 0.682  0.664  0.149 0.060 <1.561
13 13 12
14 2.046 1.186 (-0.001) O -0.232 0.574 14 ~0.399  -0.223 (-0.003) O 0.279 -1.93% 14 L6647 . 0.962 (=0.004) -0.001  0.047 -1.361
15 1.146 1.148  0.215 -0.073 -0.185 0.483 5 0.035  -0.047 0.222 <0.164  0.059 -l.474 15 1.181 1.101 0.437  -0.237  -0.126 -0.99L
16 1.046 1.090  0.15¢ -0.030 -0.1l12 0.391 16 0.041 0.019  0.461 -0.169 -0.024 -l.15%0 16 1.087 1.109  0.6l6 -0.199 -0.136 -0.759
17 0.326 L.48L 0.329 -0.338 -0.941 0.416 17 0.613 -0.261 0.617 -0.637 0,511 -l.126 17 0.937 1.220 0.%45 0,975 -0.430 -0.710
18 0.907 1,211  -0.061 -0.123 .0.487 0.185 18  0.009 -0.09 1.087 -0.241 0.216 -D.610 18 0.916 1.117 1.026 -0.35% =0.271 -0.425
19 0.977 l.l16 -0.066 -0.065 -0.309 _6;112 ‘19 -0.052 -0.043 1.089 -0.125 0.114 -0.406 19 0.92% 1.073 L.024 -0.189 -0.195 -0.295
X (-0.001) 1.539 -0.385 o -1.213 0 20 (-0.003) -0.261 2.505 0 0.587 0 x (-0.004) 1.278 1.921 0 -0.626 0
2 0.361 1.289 -0.044 0 -0.79% 0 21 0.283 ~0.172 1.392 ¢ 0.472 0 21 0.644 1.118 1.348 [+] -0.323 0
22 0.624 1.169  0.008 -0.550 ¢ 22 0,205  -0.108 1,163 T 0.349 O 22 0.832 1.062 1L.171 -0.201
Brackets indicate the exact value is zero. Brackets indicate the exact value iy rerv. Brackets indicate the exact value is zero.
T e =Tz " Y= 0 Teg "oz T Y~ °
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TABLE A 645.1

TOTAL STRESSES AND INDUCED DISPLACFMENTS ASSOCIATED WITH A COMPLETE CIRCULAR TORIC TINNEL
IN A HOMOGENEQUS ISOTROPIC LINEAR ELASTIC INFINITE MASS WITH UNIFORM FIELD STRESS (Fig. A 6.5.1)
Efp=1 pr[p =1 pzlp =0 cfa = Lk v 0,25 Efp=1 pr,P =0 P:IP =1 efa= 1k va 0,25 Elp=1 P!IP =1 P:lp = ) cfa = 1k v 0,25
W arlp aolp oz.’p 1“19 Eurllp Euzlap “H. arlp aelp ozlp 'z:IP E.hrlap Es_/ap N q:Ip % ip o /P rulb Eurfap Euzlap
1 .0.066 -0.066 -0.721 O 0 0 1 0.415 0.4l15 4.714 0 0 0 1 0.349 0.349 3,993 O 0 v
2 0.016 0.016 -0.323 0 [V} 0.0Ll4 2 0.199 0.199 2.541 0 0 -l.327 2 0.214 0.214 2.218 0O 0 -1.313
3 0.773 0.773  -0.352 -0 0 0.004 3 ~0.244  ~0.244 1.118 0 0 -1.168 3 0.529 0.529 0.765 0 ] -1.677
4 1.171 1.171  -0.265 0O [V 0.180 4 . -0.252 -0.252 0.618 O 0 -1.667 4 0.919 0.919 0.35% © 0 ~1.487
5 1.170 1.170  -0.054 © 0 0.303 5 -0.116 -0.1L16 0.46% © 0 =1.472 ] 1.054 1.054 0.416 0 o -1.170
& 1.107 1.107 0.058 O 0 0.332 6 -0.032  -0.032 0.305 O 0 -L.229 6 1.075 1.075 0.563 0@ 0 -0.897
? 1.062 1.062 0.092 O ] 0.313 7 0.004 0.004  0.59% O o «1.006 - 7 1.066 1.066 0.686 O o -0.693
8  (-0.001) -0.056 -0.878 O 0.147 O .8  (-0.001) 0.368 5.749 0 0.205 O - 8 (-d.ooz) 0.312 4,870 0 0351 0
9 9 9
10 10 10"
11 0.009 0.200 0.005 0.011 0.301 o.l82 Il 0.431 0.020  0.42L  0.434 -0.031 -2.047 11 0.440 0.220  0.426  0.445  0.270  -1.865
12 0.872 0.868 -0.349 0.0ll  0.002 0.036 12 -0.256 -0.273  0.962 0.120  0.038 -l.721 12 0.616 0.594  0.613  0.130 0.040 -1.685
13 13 13
la 2.176 1.501 0 0 0259 0.411 14 =0.737 -0.56L (-0.001) O 0.159 -1.966 14 1.419 0.940 (-0.001) © =0.101  =1.55§
15 1.210 1.266 0.230 -0.094 - -0.196  0.425 15 -0.103 -0.192 C.186 -0.14%5 -0.046 -l.570 15 1.107 1.076  0.416  -0,239 -0.242 -1.146
.16 1.091 1.149  0.168 «0.039 -0.105 0.367 L6 0.046  =0.061  0.433 -0.163 -0.l115 -l.253 .16 1.047 1.088  0.600 -0.202 -0.220 -0.885
17 0.393 L.462  0.39% -0.39% -1.007 0.321 - 17 0.558 -0.164  0.55 -0.564 0,381 -l.l17 17 0.952 1.298 0.962 -0.960 -0.626 -0.85l
18 0.965 1.188 -0.068 -0.l4l -0.495 0.106 LB -0.078  -0.034 L.098 -0.217 0.091 -0.601L 18 0.886 L.L5 1.031 -0.358 -0.404 -0.494
19 1.0l4 1.100 «0.074 -0.074 -0.306 0.053 L9 -0.109  -0.007 1.13 -0.111  0.015 -0.391 19 0.905 1.093 1.029 -0.186 -0.29L -0.338
20 0 1.164 -0.669 1] =1.307 0 20 (-0.001) 0.203 2.631 0 0.450 0 20 (-0.001) 1.367 1.962 -0.848 0
2l 0.339 L.146 -0.047 © -0.889 0O 2L 0.314 0.017 L.l 0 0.444 O 21 0.653 1.163 1.353 0.485 ¢ W
22 0.614 1.097 0.011L 0O -0.620 0 22 0.226  -0.009 l.161 0.341 O 22 0.838 1.088 1,172 -0.279 :n:
Srackecs indicate che exacr valus s zero. Brackets indicate che exact value (3 zero. Brackets indicate che exace value i3 zero.
'EO -'ﬂz - usu 0 't‘ -'ﬂl - ue- v} 'rg -1'0: = uaa 4]



TOTAL STRESSES AND TRDUCED DISPLACFMENTS ASSOCTATED WITH A COMPLETE CIRCULAR TORIC TUNNEL

IN A HOMOGENEQUS TSOTROPIC LINEAR ELASTIC INFINITE MASS WITH UNIFORM FIELD STRESS (Figa A 6o5.1)

Efp=1 prlp =0 pip=1l cla= 1% v=0,59

N °r’p oalp alp r, /P Bu fap Eu_fap

1 0.378 - 0.378 &4.449 O 0 0

2 0.196 0.196  2.3531 0O 0 -1.138

3 -0.323 <0323 1.027 0O 0 -1.448

4 .0,395 -0.395 0.597 0 0 -1.538

5 0.236 -0.236 0444 O 0 -1.443

6  .0.116 -0.1l6 Q.473 O 0 -l.25L1

7 -0.053  -0.053 0.563 O 0 -1.048

8 (-0.001) 0.386 5.351 O 0.436 O

9 .

10

11 0.464  -0.036  0.403  0.438 -0.016 -1.761

12 0,357 -0.370 0.904 0.102 0.028 <1.493

13 )

14 -1.140 -1.005 (V] 0 -0.054 -1.691

15  -0.275  -0.379  0.138 -0.128 -0.223 -l.486
T 16 .0.151  -0.162 0,392  -0.l61 -0.262 -1.234

17 0.484  -0D.066 0,453 -0.47L  0.070 -1.024

18 .p.187 0.033 l.115 -0,186 -0.158 -0.466

19  .p.182 0.034 1,120 -0.095 -0.172 ~0.289

20 (-0.00l) 0.826 2.794 0 0.119

al 0.35% 0.265 1.413 0 0.205

22 0.249 0.120 1.159 0 0.261

TABLE A 6.5.1
Elp=1 plp=1 p/p =0 c/a = 1% val,4
N. arlp aelp azl"p r“/p Eul_lap .Euz!ap
1 -0.091 -0.091 -1.077 1} 0 0
2 -0.006 -0.006 -0.512 0O 0 -0.105
b 0.768 0.768 -0.388 0 0 -0.229
4 1.224 1.224  -0.276 0 0 -0.024
5 l.230 ‘1,230 -0.051 O 0 0.175
6 1.154 1.154  0.070 o .0 0.259
7 1.096 1.09 0.107 © 0 ©.273
8 {0.001) -0.087 -l.294 O -0.009 0O
9
10
11 -0.087 0.136 -0.0446 -0.066 0.l68 -0.0l8
12 0.873 0.875 -0.378 0.003 -0.023 -0.204
13
14 2.341 1.868 (-0.00L) O -0,266 0.55
L5 1.294 L.407 0.252 «0.l15 -0.17§ 0.251
L6 L.149 1.220  0.187 -0.046 0,069 0,266
17 0.452 L.451 0.477 =0.468 -0.951 0.084
18 1.038 L.163  -0.076 -0.162 -0.419 -~0.059
19 1.061 1.080 -0.0846 -0.086 +0.244 -0.065
0 9 0.679 -0.782 0 -la2el 0
21 0.310 0.963 -0.053 O -0.900 0
22 0.5%6 1.006 0.0L4 -0.639 0
Brackets indicace che exact value i3 zaro.
Teg Tl ™ Y™ °

Brackets indicace cthe exact value ig zero.

=T
L] az

i1

=y =m0

1

E/pm=l PrIP al Pz/P =l c/a = 1k v = Qg9
N ar!p. % /p czlp 'z:lp £url ap Euzfap
i 0.287 0.287 3371 0 0 0
2 0.1% 0.1%0 1.841 0 0 -1.243
3 0.445 C0.445 0.650 0 0 -1.677
4 0.829 0.829 0.321 ¢ 0 -1.562
5 0.994 0.994  0.39 o 0 -1.268
6 1.028 1.038  0.543 0 0 -0.992
7 1.043 1.063 0.669 0O 0 ~-0.776
/8 («0.001) 0.299  4.057 Q 0.421 0
:‘I 9
10
i1 0.377 0.100 0.359 0.372 0.152 -L.780
12 0.516 0.505 0.526 0.106 0.005 -1.597
13
14 1.201 0.863 0 0 -0.318 -1.635
L5 1.019 1.029 0.389 -0.263 -0.398 -1.234
16 0.999 1.058  0.579 -0.207 -0.331 -0.969
":1’ 0,936 1.38%  0.920 -0.939 -0.88L -0.94l
118 0.850 1.195  1.039 -0.348 -0.577 -0.525
L9 0.880 L.115 1.036  -0.480 -0.4l5 -D.354
20 (.0.001) 1.505 2.013 © -1.122 0O
2L 0.664 1,228 1.360 0O -0.595 0 2
22 0.843 1.125 1.173 -0.378 0 ®
Brackets indicate ‘the exact value {3 zero.
- u =

T, =T
9
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TABLE A 6.5.1

TOTAL

STRESSES AND INDUCED DISPLACEMENTS ASSOICATED WITH A COMPLETE GIRCULAR TORIC TUNNEL

IN A HOMOGENEOUS ISOTROPIC LINRAR ELASTIC INFINITE MASS WITH UNIFORM FIELD STRESS (Fip. A 645.1

Efp=l prlp=l pzlpao cfa= 1§ ve=0
N a:fp aa/p a fp /P Eyfap Eglap
i -0.048  -0.048 0.027 0 0 0
2 0.165 0.165 0.003 0 ] Q.157
3 0.771 0.771 -0.268 0 0 0.052
4 1.092 1.092 -0.279 0 0 0.1
5 1.122 1.122 -0.120 0 0 0 .302
6 1.082 1.082 -0.002 0 0 0.329
7 1.047 1.047 0.052 O 0 G .34
8 (0.003) -0.033 -0.183 0 0.516 0 .
§  -0.048 -0.048 0.027 0O 0 ]
10
11 0.193 0,371  0.19L  0.213  0.499  0.203
12 0.89 0.853  0.262 0.056 0.064  0.135
13 1.069 1.063  0.297 0.008 0.005  0.178
A 2.123 1.162 (0.002) o 0.262  0.600
15 L.164 1.135  0.229 -0.067 0.203  0.504
16 1.045 1.090  0.161 ~0.036 0.135  0.406 .
17 0.329 1451 0.333  -0.345 -0.994  0.432°
18 0.91% 1.207 -0.066 -0.131 .0.529 O0.194
19 0.978 1.118 -0.071 -0.070  .p.343 o.118
0 o.002) 1.5L2  -0.607 -1.281 1]
21 0.341 1.286 ~0.047 -0.857 @
22 0.608 1.172  0.009 -0.60L ©

Brackets i{ndicate the exact value is zero.

T
9

=T

8% [}

=g =0

Efp=1

Bfp=1 plp=0 plp=1l cla= 1y v=0 pe/p=1  plp=1 cla=1y v=0
N crlp celp a l/p TP Eur/ap Eu, fap H o lp °a,p o, /p rzt/p Ey fap Ru/ap
1 0.519-°  0.519 2,776 0 (v} 0 l 0.471 0.471 2.80L O 0 0
2 0.243 0.243 2,252 0 | -0.789 2 0.408 0.408 2.255 0 0 -0.805
3 -0.133 -0.133 1,533 0 0 -1.229 3 0.638 -0.538 1.265 0 o ~1.178
& . -0.165 -0.165 .99 0 0 -1.351 4 0.926 0.926 0.715 0 0 ~1.150
5 -0.070 -0.070 0.718 0 0 -1.268 5 1.052 1.052 0.598 0 0 -0.967
6  ~0.002 ~0.002 0.064 O 0 -1.103 & 1.080 L.080 0.645 0 0 -0.774
7 0.023 0.028 0.669 O o- «0.930 7 1.075 1.075§ 0.721L (] 0 «0.616
8 {(-0.004) 0.38% 4.232 0 0 o 8  (-0.007) 0.351 4.048 0 0.324 0
9 0.519 0.519 2.774 O 0 0 9 0.471 0.471 2.801 ] 0 0
10 10
11 0.460 0.156 0.448  0.487 -0.124 -1.829 .11 0.653 0.527 0.639  0.700 0.375 -1.525
12 -0.124  -0.l44 1.216  0.2% 0.063 -l.404 12 0.770 0.709 0.954  0.312 0.128 -1.269
13 -0.171 -0.180 1.062 0.039 0.015 -l.351 113 0.897 0.883 0.765  0.031 0.010 -1.173
L4 -0.469 -0.178 (-0.003) © 0.267 -1.925 --(16 L.654 0.983 (0.005} o 0.025 -1.326
LS 0.053 -0.0353 0.235 -0.12%  0.083 -i.466 15 1.216 1.080 0.463  -0.191 -0.120 -0.963
- 16 0.056 - -0.001 0.486 -0.,133 0.00L  ~l.l52 ';16 1.101. 1.089 0.647 -0.169 -0.134 -0.746
17 0.507 -0.245  0.6l1 -0.631 0.540 -1.152 17 0.936 1.206 0.944 -0.976 -0.455 -0.720
18 0.006  -0.093 1.094 -0,242 0.238 -0.630 18 0.915 l.114 1.028 -0.373 -0.291 -0.436
19 -0.053 -0.045 1.0% -0.125  0.132 -0.423 (19 0.925 1.073 1.025 -0.195 ~0.2l1} -0.305
20 (-0.002) -0.251 2.548 0 0.628 0O j20 (-0.004) L.261 1.941 ~0.653 0
2t 0.294  -0.170 L.406 O 0.509 0 v2l 04635 1.116 1.359 ~-0.3¢8 o0 W
22 0.216  -0.,109 L.170 0.381 122 0.824 1.063 1.179 «0.220 ::
‘Brackets indicate the exaé: value {s zera. . Brackets indicate cha exact value i3 zero.
Yoo "z ua-o g "Taz T uy= 9



TABLE A 6.5.1 IOTAL STRESSES AND INDUCED DISPLACEMENTS ASSOCIATED WITH A COMPLETE CIRCULAR TORIC TUNNEL
IN A HOMDGENEDUS ISOTROPIC LINEAR ELASTIC INFINITE MASS WITH UNIFORM FIELD STRESS (Fige A 645.l)

Efp=1 Prlpﬂl lep=0 cfa =1k vm 0,25 Efp=1 p=Ip=0 ‘ p:lp=1 cfa = 1k v =0,25 E]pﬂl prfpﬂl p‘fpllll cfa = LY va ) «25

N ar/p oslp azlp rulp Eu:/ap B fap N c:/p os}p azlp 'zrlp Eurlap Eu_fap N qup aelp azlp rn_lp m'__lap Euz}'lp

! .0.091 -0.091 0,305 © 0 o L 0.523 0.523 2955 0 0 0o . 1 0.632 0.432 2.65% 0 0 0

2 0.111 0.111 - =0.232 0 0 01246 2 0.278 0.278 2.320 [+] 0 ~3.748 2 0.388 0.388 2.088 0 0 -0.872

k] 0.738 0.738 -0.365 0 0 -0.125 3 -0.149 =0.149 1.534 0 0 -1.187 3 0.589 ‘0.589 1.169 0 0 =-1.313
4 111l L.1ll -0.32% O 0 0.050 & .-0.261  -0.241  l.001 O 0 -1.367 4 0.870 0.870 0Q.672 0 0 -1.317
5 1.160 1.160 -0.146 0 0 0.207 3 -0.150 «0.150 0.719 0 0 -1.336 5 1.010 1.010 0.573 0 0 -1.129

6 1.118 1.113 -0.013 0 0 0.279 ] -0.066 -0.066 0.639 0 0 =1.196 6 1.052 L.052 0.626 0 0 -0.917
|7 1.075 1.075  0.049 o 0 0.290 7 =-0.019 -0.019 0.657 1] 0 -1.027 7 1.057 1.057 0.706 1] 0 -0.736
‘ .
| 8  (-0.001) -0.089 -0.592 0 0,345 O 8 {.0.001) 0.495 4317 0 ,  0.167 8 0 0.406 3.728 0 0.513 O
"9 L. -0.,09L -0.305 0 o 0 9  0.523  0.523  2.955 0 0 9 0.432  0.432 2.65%0 0 0 )
10 10 10

11 0.075 0.299  0.070  0.077  0.38  0.153 11 0.586 0.069  0.576  0.588 ~0.023 -1.790 i1 0.661 0.368  0.646 0,665  0.363 -1.5639
12 0.860 0.841 -0.342 0.028  0.017 -0.044 12  -0.155  -0.202  1.232  0.255 0.097 -l.372 12 0.706 0.639  0.889  0.283  0.lla -1.416
13 1.080 1.077 -0.3%2 -0.011 -0.012 0.019 13 -0.243 ~0.249 1.069 0.039 0.018 -1.357 .13 0.837 0.828 0.718 0.028 0.005 -1.338
14 2.236 1.489 0 0 -0.271 0.5 L4 -0.742  -0.53 0 0 0.162 -1.937 14 1.493 0.946 {-0.001) 0O -0.109 -1.533
15 1.216 1,216 0.238 -0.095 -0.222 0.417 15 ~-0.064 -0.207 0.207 -0.101 -0.011 1,543 L5 1.152 1.054 0.46% -0.196 -0.232 ~l.126
16 1.083 1.153 0.168 -0.051 -0.136 0.357 .16 ~0.020 -0.082 0.464 -0.123 -0.086 -l.237 16 1.064 1.072 0.632 «0.175 -0.222 -0.88Q
17 0.401 1.429 0.405 ~0.404 -1.055 0.322 17 0.554 -0.152 0.561 -0.559 0.398 -t.188 ;:.17 0.955 1.278 0.966 ~0.963 -0.657 -0.866
18 0.967 1.183 -0.070 <0.149 -0.535 0.104 18  -0.079  -0.035  1.104 -0.208 0,106 -0.614 18 0.888 1.148  1.034 -0.367 -0.430 -0.5l0
L9 1.0l4 L.101  -0.077 -0.080 -0.340 0.050 19 -0,108 =-0.009 1.108 =0.112 0.027 -0.403 19 0.906 1.091 1.031 -0.192 -0.313 -0.353
20 0 1.127  -0.681 =l.367 o 20 0 0.223 2,665 0 0.484 - 20 0 1.349 1.984 0 -0.884 o
21 0.322 1,134 -0.047 -0.947 © 21 0.322 0.027 1.413 0O 0.470 21 0.644 1161 1.366 0 -0.477 0 W
22 0.598 1.094 0.012 0 -0.670 0 22 0.232. -0.004 1.167 0.364 22 0.830 1.0%0 1.181 o «~0.306 0 g
Brackets indicace the exact value L3 zero. Brackets indicate the exact value i{s zero. . Brackets indicate the exact value is zeco.

o ﬂfez =y [+] Yo =, = U 1] e -re‘ -u.= 1]



TABLE A 6.5.1 T0TAL STRESSES AND INDUCED DISPLACEMENTS ASSOCIATED VITH A COMPLETE CIRCULAR TORIC TUNNEL
IN A HOMOGENEOUS TSOTROPIC LINEAR ELASTIC INFINITE MASS WITH INIFORM FIBLD STRESS (Figs A 6.5.1)

Efp=1 pe/p =1 pfp=10 cfa= 1k v =0.49 Efp=1 ptlp =0 pzip -]l c,(a = 1) va (.49 E/fp=ml prlp = 1 pzlp =1 efa = 1k v=0.49
N arlp aeip alp /P Bulap Bo /ap N qup calp crzlp r“/p Eutlap Eu /ap N s /p uelp o /p '“/p Eu:/ ap B fap
1 -0.121  -0.121 -0.549 O ¢ 0 L 0.492  0.492  2.880 O 0 0 1 0.371 6.371 2,330 0 ] 0
2 0.074 0.074 =0.403 o] 1} -0.279 2 0.268 0.268 2.218 4] 0 . -0.610 2 0.341 0.3461 1.815 o 0 -0.588
3 0.720 0.720 -0.430 O 0 -0.380 3 -0.198  -0.198 1.4 0 o -0.999 3 0.522  -0.522 1.019 0 0 -1.378
4 1.140 1.140  -0.360 © ] -0.138 4 , -0.340 -0.340 0.959 O o «1.239 4 0.800 0.800 0.599 0 0 ~1.427
3 1.206 1.206 -0.160 0 Q 0.036 5 -0.249 -0.249 0.687 0 0 -1.2% 5 0.957 0.957 0.528 0 0 -1.254
6 1.160 l.160 -0.015 O 0 0.167 6 -0.143 -0.142 0.607 0 0 -1.202 & 1.017 1.017 0.592 0 0 -1.035
7 - 1.108 1.108  0.05 O 0 0.220 7 =0.075  -0.075 0.626 0 0 -1.059 7 1.034 1.034 0.680 0 0 -0.B40
8 0 -0.134 -0.888 O 0.105 o a8 (-0.001) 0.532 4.100 0 0.493 0 8 (.0.001) 0.399 3.213 0 0.598 0
9 -0.121  -0.121 -0.54% O 0 0 9 0.492 0.492  2.880 0 ] 0 9 0.371 0.371  2.330 ©o© 0
10 10 10
11 -0.043 0.230 -0.010 -0.028 0.201 -0.092 1} 0.625 0.004 0.578  0.607  0.076 -l.540 LI 0.582 0.234 0,568  0.580  0.277 -1.632
12 0.842 0.83% -0.3%  0.008 -0.049 -0.313 12  -0.221  -0.284 1.176  0.234  0.il5 -1.173 12 0.5621 0.55  0.780  0.242  0.066 -1.486
13 l.087 t.1l15 -0.38 -0.013 -0.022 -0.228 13 -0.3%0  -0.332 1.023 0.036 0.0l15 -l.215 13 0.738 0.782  0.637  0.023 -0.008 -1.443
14 2.367 1.862 (-0.00L) O -0.2886  0.023 14  -1.076  -0.997 (0.00l1) © -0.030 -l.662 . l4 1.29¢ 0.864 0 ] -0.318 -1.639
L5 1.282 1.406  0.253  0.122 -0.216  0.217 15 =0.214  -0.394 . 0.165 -D.085 -0.180 ~1.449 L5 l.063 l.012 0.4l -0.206 -0.3% -1.233
16 1.132 1.226  0.180 -0.064 -0.111  0.229 1§ -0.117 = -0.181  0.428 -0.121 .0.234 -l.207 16 1.015 1.045 0.608 -0.18 -0.345 -0.978
17 0.460 1.421  0.480 -0.474 -0.993  0.069 17 0.485  -0.060  0.458 -0.474  0.071L -1.032 17 0.945 1.361  0.939 -0.948 -0.922 -0.564
- 18 1.036 1.159 -0.076 -0.l69 .0.458 -0.074 a8  -0.181 0.031  1.120 -0.189 -0.155 -0.474 18 0.855 1.190  1.044 -0.358 -0.613 -0.547
19 1.058 1.082 -0.086 -0.092 -0.277 -0.780 19  -0.l78 0.033  1.126 -0.0% -0.170 -0.29% 19 0.881 1.1LS  1.040 -0.188 -0.447 ~0.373
20 ] 0.6543 -0.781 O -1.289 0 20 (-0.001) 0.845 2.821 ¢ o.L18 0 20 (~0.001) 1,488  2.040 O -1.172 0
21 0.297 0.948 -0.049 O -0.950 0 21 0.359 0.280 l.425 O 0.312 0 21 0.656 1.226 1.376 0 -0.638 0
22 0.583 0.999 0.0l17 O -0.683 0 22 0.255 0.129 1l.166 © 0.270 0O 22 0.838 l.128 1.183 o0 -0.413 0
Brackers indicate the exact value is zero. ‘Brackets indicate the exact value {s zero. Brackets indicace the exact value is zero.
e =-raz = uy= 1] 'I'B -re‘ = ua- 1] _ 'L‘B -'8-" = ua-'-! 0
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TABLE A 6.3.1

IOTAL STRESSES AND INDUCED DLSPLACEMENTS ASSOCTATED WITH A COMPLETE CIRCULAR TORIG TUNNEL
IN A HOMOGENEQUS ISOTROPIG LIKFAR ELASTIC INFINITE MASS WITH UNIFORM FIELD STRESS

Efp=l prlp=1 pzlp=0 cla=12 v=0
N O:IP celp az!p Tz:lp Eurjap -Euzjap
L 0.096 0.096 0.237 0 0 1]
2 0.311 3.311 0.080 0 0 -0,091
3 0.730 0.730 -0.189 0 [+} -0.061
4 1.006 1.006 -0.278 [ 0 -0.066
5 1.093 1.093 -0.201 0 1] 0.189
6 1.0%90 1.090 -0.095 0 0 0.263
7 1.065 1.065 -0.019 0 0 0.29
8 (~0.003) 0.033 ~0.419 0 0.967
9 0.034 0.075 0.157 0.462
10 0.096 0.0%6 0.237 0
11 0.336 0.482 0,336 0.360 0.670 0.399
12 0.940 0.829 -0.192 0.113 0.161 0.147
13 1.023 0.991 -0.257 -0.006 0.005 0.109
14 2.262 1.126 (-0.002) 0 -0.252 0.658
L5 L.207 1.110 0.257 -0.048 -0.220 0.552
16 1.049 1.083 0.18) «0.035 «0.165 0,442
17 0.336 L.400 0,340 -0.356 -1.083 0.464
18 0.924 1.196 =-0.077 -0.142 -0.599 0.213
19 0.984 1.117 -0.081 =0.077 -0.401 0.131
. (0.002) l.466 =0.652 Q -1.396 0
T2l 0.310 1.275 -0.053 0 =0.961 )
22 0.573 l.172 0.009 [ -0.690 0
Brackets Indicate cthe exace value Ls zero.
fra =ltez = ue- 1]

T
]

=T

uu'-O

T =t

ez ]

cd

= u, =0

Elp=1 pfp =0 -pfp=1 cla =23 v=0 Efp =1 prlp=l. pfp=1 cfa = 2 v=0
N. a ip aslp ozlp /P Bufap  Eu fap R, alp A fp azlp v, /P Eufap Eu/fap
1 0.483 0.483 1.681 0 0 0 1 0.578 0.578 1.918 0 0 0
2 0.295 0.295 1.683 0 0 -0.342 2 0.606 0.606 1.763 0 0 -0.433
k] -0.007 -0.007 1.579 0 0 ~0.665 k! 0.723 0.723 1.3% 0 0 -0.726
& " .0.132 -0.132 1.322 0 0 -0.895 [ 0.874 0.874 1.044 0 0 ~0.828
5 «0.114 -0.114 1.060 0 0 -0.986 5 0.979 0.9719 0.858 0 ] =0.797
6 -0.061 -0.061 0.894 0O 0 -0.970 6 1.029 1.029 0.799 0 0 =-0.708
1
7 -0.019 -0.019 0.5820 1} [+ -0.8% .7 1,045 1.045 0.801 0 [} =-0.606
8 (-0.003) 0.414  3.552 0 -0.414 ’ ja {-0.006) 0447 3.13) 0 0.553 o
9 0.474 0.482 1.924 © -0.24l 1y 0.508 0.557 2.081 1] 0-222 0
10 0.483 0.483 1.681 0 0 i1 0.578 0.578 1.918 ] 0 0
11 0.487 0.175  0.477 0.513 -0.226 -l.632 1l 0.823 0.657 0.813 0.873 04444 - 1e233
12 -0.075  -0.056 1.249 0.306 0.053 -l.t15 12 0.866 0.773  1.057  0.419 0.21¥ -0.968
13 -0.126  -0.125 1,258  0.176 0.074 -0.983 ‘13 0.899 0.866 1.002  0.170 0.079 -0.874
L4 -0.569  -0.126 (-0.003) O 0.247 -1.916 Em 1.692 1.002 {(-0.005) O -0.004 -1.258
15 0.062 0.056 0.237 0.062 0.112 -l.455 13 1.268 1.054 0.494  -0.130 ~0.]08 -0.303
16 0.079 -0.021. 0.504 -0.086 0.041 -l.l46 16 1.123 1.062 0.686 -0.121 -0.124 =~0.704
17 0.592  -0.216 0.595 -0.617 0.584 -l.189 17 0.929 1.185 0.935 -0.973 -0.500 -0.725
‘18 -0.007 -0.089 1,103 -0.241 0.273 .0.658 18 0.917 1.106  1.026 «0.383 -0.326 -0.445
19 -0.057 -0.047 1.105 «0.126 0.162 -0.447 L9 0.927 1.070 1.025 .0.204 <-0.23% -0.316
20 (-0.003) -0.231 2.610 0.693 ] <20 (-0.005) 1.235 1.959 0 «0.704 0
21 0.310 -0.162 1.425 0.58 0 21 0.620 1.112 1.372 0 -0.393 ©
22 0.231 -0.108 1.180 0.432 0 22 0.510 1.064 1.18% ~0.258 Q.
Brackecs indlcate the exact value u‘zem- . Brackecs fndicate che exact value s zego.
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TABLE A 6.5.1

TOTAL

STRESSES AND INDUCED DISPLACEMENTS ASSUGCIATED WITH A CONPLETE GIRCULAR TORIC TUNNEL

LREAL S1Thooto ARD INDUCED DISPLACEMENTS ASSOGIATED WITH A COMPLETE GIRGULAR TORIG- TUNNEL
IN A HOMOGENEGUS ISOTROPIC LINPAR ELASTIC INFINITE MASS WITH UNIFORM FIELD STRESS (Figs A 6.5.1)

Efp =1 prlp=l p/p =0 cfa=2 ve 0,25
N a:/p aefP az/p 12:19 Eurlap Euzlap
13 0.044 0.044 ¢.040 Q 0 [}
2 Q.257 0.257 0.273 0 Q =0.221
3 0.691 0.691 -0.278 0 0 =0.263
4 1.00}1 1.001 -0.334 0 Q -0.136
5 1.111 1.111 -0.242 0 0o 0.029
6 1.116 1.116 -0.123 4] 0 0.149
7 1.090 L.0%0 .0.037 0 0 0.213
8 (-0.001) -0.122 -0.620 0 0.716
9 =0.005 0.003 -0.051 0.366 0
10 0.044 0.044 0.040 0
11 0.212 0+ odeds 0.210 0.214 0.532 0.177
12 0.926 0,869 -0.292 0.050 0.034 -0.091
13 1.014 0.994 ~0.317 -0.018 -0.04l -0.0%7
14 2.347 1.477 0 0 -0.282 0.415
13 1.243 1.251 0.261 -0.083 -0.2%0 0.425 .
16 1.078 1.155 0.182 -0.057 -0.179 0.357
17 0.413 1.375 0.415 -0.416 -l.L32 0.329
18 0.977 1.171 -0.076 -0.l61 -0.600 0.102
19 1.018 1.099 -0.083 -0.088 -0.395 0.047
20 0 1.062 -0.708 -l.467 0
21 0.295 L.110 -0.047 ~L.044 0
22 0.571 1.086 0.016 -0.755 0
Brackets indicace che exact value {s zero.
e =t . == 0

Efp =1 prlp =0 pzlp =1 cfa=a 2 va 0.23 Elp=1 pefp =1 pfp =1 cfa= 2 v=0.25
-
N. e dp dalp cz/p fp  Eufap  Bufap N allp aalp a lp v, /p Eufap Eu/ap
1 0.506 0.506 L.803 0 Q0 0 1 0.550 0.550 1.843 ] 0 0
2 0.321 0.321 1.759 0 Q -0, 284 ] 2 0.578 0.578 1.686 0 ] -0,505
3 0 1] 1.601 0 Q -0.591" 3 0.631 ‘0.691 1.324 0 ] =-0.835
4 ' -0-166 =0.160 1.330 1] a -0.85L 4 0.841 0.841 0.995 [¢] 4] -0.987
5 -0.160 -0.160 1.065 ] 1] -0.989 5 0.95L 0.951 0.823 0 1] -0.95%
6 -0.108 -0,.108 0.895 0 0 -1.008 6 1.008 L.008 0.772 4] 0 -0.,859
7 -0.060 -0.060 0.817 ] 0 -0.953 7 1.030 1.030 0.781 4] 0 =0.740
8 {-0.001) 0.623 3.580 4] 0.022 i 8 {-0.001) 0.501 2.959 0.738
9 0.486 0.536 2.047 0 -0.076 .9 0.48L 0.3539 1.996 ) 0.2%0
10 0.506 0.506 1.803 ] 4] ] i 10 0.55 G.550 1.843 [¢) 0 [¢]
11 0.623 0.0%L 0.613 0.624 ) -0.042 -L.563 L1 0.834 *0.535 0.823 0.839 0.490 -1.386
12 -0.067 -0.109 1.279 0.320 0.152 -L.048 12 0.824 0.717 1.006 0.398 0.226 «l.126
13 -0.151 =-0.167 1.272 0.179 0.115 ~0.938 13 0.863 0.828 0.955 0.160 0.074 -1.036
i l4 0,756 =-0.523 0 o) 0.167 =-l.893 ) L4 1.591 0.955 {0.001) © =0.114  .1.478
15 -0.021 -0.221 0.220 =0.051 0.04l1 -1.498 15 1.221 1.030 0.481 -0.137 -0.209 ~1.073
16 0.020 =-0.107 0.492 -0.071 .0.03% -1.200 16 1.099 - 1.048 0.674 =0.129 -0.209 «0.B44
17 0.544 -0.133 0.551 -0.549 0.426 -1.206 17 0.957 l.242 0.966 -~0.965 -0.707 -0.877
18 =0.081 =0.035 L.109 -0.219 0.130 -0D.629 .18 0.896 1.136 1.033  -0.380 =0.470 =0.527
19 -0.107 ~0.012 l.115 -0.l13 0,049 =0.417 19 0,911 1.087 1.031 -0.202 -0.346 -0.370
20 {-0.,001) 0.254 2.711 [V} 0.521 4] 20 {-0.001) 1.316 2.002 0 =0.946
21 0.333 0.044 1.428 1] 0.510 1) 2L 0.628 1.155 t.381 o -0.534 0 w
22 0.244  0.004 1.175 0 0.402 0 22 0.815  1.09  1.192 -0.353 E’

Brackets indicace che exact valus s zero.

1 ="B

£a

= u_= 0

-

Brackers indlcate

the exact value i3 zero.

T
3]
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Bz a

=y =0



TABLE A 6.5.1° TOTAl, STRESSES AND INDUCED DISPLACEMENTS ASSCCIATED WITH A COMPLETE CIRCULAR TORIC TUNNEL
I¥ & HOMOGENEOUS ISOTROPIC LINEAR BLASTIC INFINITE MASS WITH UNTFORM FIELD STRESS (Fige A 6e5¢1)

Elp =1 pip=1l p/p =0 cfa= 2 v=0.49 Efp=1 pr}‘pno PzIP= 1 cfa= 2 v = 0,49 Elp =1 prIP='1 pfp =1 cla =12 v = 0,49

K o /@ o, /P a lp /P B fap B fap N alp a,/p o /® /P Fufap B fap N a/p ag/p o /P v, /P Euap  Eu/ap
L 0.005 0.005 -0.117 0 o 0 1 0.451 0.491 1.807 0 0 ] i 0.4%96 0.496 1.69 0 o ]

2 0.215 0.215 -0.19%6 0 0 -0.380 2 0.309 0.309 1.738 o0 0 -0.182 2 0.525 0.525 1.542 0 0 ~0.563

3 0.633 0.633 -0.348 © o - -0.520 3 -0.026 -0.026 1.557 0 0 -0.442 3 0.637 "0.637 1.209 0 0 -0.962
4 1.003 1.003  -0.377 0 ] -0.404 & .0,211 -0.211 1.289 ¢ 0 -0.723 4 0.792 0.792 0.913 0 0 -1.127

5 1.133 1.133  -0.270 0O v} -0.199 5 -0.222  -0,222 1.033 0 0 -0.511 5 0.912 0.912 0.762 © 0 ~1.110

6 1.144 l.l44  -0.141 © 0 -0.026 6 -0.166  -0.166  0.687 0 0 -0.978 6 6.979 0.979  0.726 [V} 0 -1.004

7 1.117 L.1L7  -0.047 o 0 0.084 7 -0.108  -0.108 0.792 0 0 -0.956 ? 1.0lo 1.010 0.745 0 o -0.872

8 0 -0.234 -0.786 0.35¢ 0 8  (.0.001) 0.735 3.452 0.467 o 8 (-0.001) 0.501 2.666 0 0.825 0

9 ~0.036 «0.052 =0.216 0 0.219 0 9 0.467 0.545 2.041 0 0.097 0 9 0.431 0.493 1.826 0 0.316

10 0.005 0.005 -0.117 v} 0 ] .10 0.491 0.491 1.807 0 ] 0 10 0.496 0.496 1.6% 0 0

11 0.081 0.384  0.l1l2 0.097° 0.285 -0.l131 L1 0.678 0.02% 0.637 0.662 0.162 -1.329 11 0.759 0.413 0.749 0.759 0.448 -1.460
12 0.851 0.823 -0.334  0.048 -0.057 -0.380 12 -0.095  -0.179 1.252  0.311 0.241  -0.861 12 0.7356 0.644  0.918  0.359 0.185 -l.241
13 1.010 1.002 -0.363 -0.029 -0.102 -0.376 13 ~0.202  -0.230 1.237 0.173 0.145 -0.797 13 0.508 0.773 0.875  0.l43 0.042 -1.173
14 2.434 1.861 (-0.001) O -0.3l6 -0.013 l& | -0.993 -0.983 [+} i} 0.0l4 -1.610 14 L.44l 0.877 0 0 -0.202 -1.623
15 1.285 1.404  0.267 -0.115 -0.267 0.183 15 -0.133 -0.410 0.191 -0.136 -0.104 -1.385 L5 1.152 0.9% 0.458 -0.151 -0.371 -1.202
16 1.112 1.233 0.185 -0.077 -0.174 0.l88 L6 -0.057 ~0.206 0.466 -0.067 -0.168 -1l.147 L6 L.055 1.027 0.651 0.l44 =0.342 -0.959
17 0.467 1.369  0.489 -0.481 -1.058  0.048 17 0.487 -0.055 0,460  ~0.476 0.079 -1.037 17 0.954 1.314 0.949 -0.957 -0.979 -0.988

18 1.037 1.150 -0.077 -0.180 -0.519 -0.09%6 18 -0.169 0.025 1.123  -0.194 -0.l44 ~0.480 18 0.86& 1.175 1.066 ~0.374 ~0.663 -0.576
.19 1.057 1.081 -0.088 -0.100 -0.331 -0.098 19 -0.168 0.029 1.130 -0.098 -0.160 -0.301 19 0.889 L.110 1.042 .0.198 -0.491 -0.399
0 0 0.581 -0.786 0 -1.368 0 20 (-0.001) 0.855 2.848 0 0.119 0 20 (-0.001) L. 446 2.062 0 =1.24% 0 )
2l 0.277 0.919  -0.045 -1.033 0 2l 0.363 0.30L 1.439 0 0.323 0 23 0.640 1.220 1.395 -0.710 o n
22 0.562 0.98  0.023 0 -0.759 22 0.261 0.142 L.174 0 0.285 0 22 0.823 1.128 L.197 «0.473 0 g
Brackecs indicace the exact value i3 rero. Brackecs i{ndicace che exact value {g zero. Brackets indicate the exact value (s zero.
e " = Y= 0 Teo Tz = Y= 0 T Tz = Y= 0



TABLE A 6.5.1

TOTAL STRES

SES AND INDUCED DISPLACEMENTS ASSOCIATED WITH A COMPLETE CIRCULAR TORIC TUNNEL

et sttt g g i e s A8 200 et & SN ST LML R SUSNDD

IN A HOMOGENEOUS TSOTROPIC LINEAR ELASTIC INFINITE MASS WITH UNIFORM FIELD STRESS (Fige A 6e3sl

Elp=1 pJfp=1 p/p=0 cla=3} v=0
N °rlp aalp czlp r“Ip Eu:/ap Euzlap
1 0.463 0.463 0,219 0 0 [+]
2 0.540 0.560  0.l44 O 0 -0.096
3 0.715 0.715 -0.01&4 O 0 -0.130
&4 0.886 0.886 =0.139 [+} 0 -0,088
5 0.996 0.996 -0.181 O 0 -0.005
6 1.046 1.046 -0.161 0 0 0.063
7 1.058 .loOSIB ~0.115 [¢] Q 0.152
'8 (-0.003) 0.270 -0.738 1.460 0
9 0-117 0.356  0.100 0.966 0
10 0.325 0.419  0.204 0.581 0O
11 0.470 0.598  0.472  0.497  0.922  0.538
12 1.043 0.820 0.138 0.189 0.349 0.211
13 1.054 0.922 -0.184& 0.063 0.123 0.1l0
14 2.486 1.077 (-0.002) © -0.232  0.760
15 1.292 1.076  0.300 =-0.0l15 -0.210  0.639
16 1.078  1.059  0.221 -0.017 -0.178  0.508
17 0.352 1.324 0.356 =0.375 -1 2200 0.522
18 0.959 1.169 -0.096 -0.157  -0.686 0.245
19 1.007 1.108 -0.097 =0.086 =0.475 0.155
20 (-0.002) 1.390  -0.729 -1.50 @
21 0.270  1.267  -0.063 SlLyill o
22 0.540 1.164  0.009 -0.820
Brackets indicate the exact value iy zero.
':s -Taz - uﬂ- 0

v=0

Efp=l plp=0 plp=1l <cfa=3

M o /p aalp a /P . fp Eufap Eulap
L 0.295 0.295 L.194 0 0 0

2 0.236 0.236 L.230 0 o -0.,103
3 0.l07 0.107 1.287 0 o -0.233
4 -0.007 -0.007 1.291 0 0 -0.38L
5 -0.063 -0.063 l.228 © 0 -0.513
6 -0.073 -0.073 1.136 0 1] -0.5604
7 -0.060 -0.060 1.04% © 0 -0.650
8  (-0.003) 0.335 3.281 O -0.671 0

9 0.4l4 0.341 1.655 © ~0.510 0
10 0.358 0.316 1.322 0 -0.316 o
11 0.455 0.164 0.467  0.480 -0.375 -1.528
12 -3.098 0.019 L.196 0.271 -0.0356 -0.950
13 -0.10&4  -0.034 1.225 0.182 0.054 -0.743
la -0.707 -0.707 (-0.003)} @ 0.210 -1.926
15 0.039 -0.041 0.222 -0.056 0.124 -1.459
16 0.090 -0.026 0.499 -0.052 0.077 -l.14%
17 0.571 -0.172 0.572 -0.595 0.639 -1.241
L8 -0.030 -0.078 l.ll6 -0.238 0.316 -0.695
19 -0.070 -0.045 1.117  -0.127 0.200 -0.478
20 (-0.003) -D0.196 2.69 0.782 ©
2l 0.330 -0.145 1.449 0.651
22 0.250 © +0.l01 1.191 0.505 0

8cackers indicace che exact value

=T
M az L]

ra

{s zero-

= u.=0

Efp =1 plp=1 pfp=1l c/a=3 v="0

N aclp oelp alp r, /P D-lrflp Euzfap
R 0.758 0.758  l.4l3 0 0 0

2 0.776 0.776 1.373 ) 0 -0.200

3 0.821 - 0.821 1.273 ¢ 0 -0.363

4 0.879 0.879 1.151 0 0 -0.469

5 0.933 0.933 1.047 0 o ~0.517
-6 0.973 0.973 0.975 0 0 -0.521

7 24999 0.999 0.935 o 0 D.498
© 8  (-0.006) 0.605 2.546 O 0.7% 0

9 0.531 0.697 1.75 0 0.45%

10 0.638 0.735 1.525 0.265 0O
11 0.925 0.761  0.919  0.977 0.547  -0.990
12 0.945 0.839 1.058  0.460 0.312  -0.739
13 0.950 0.888 1.04l 0.245 0.178  -0.633
L4 1.779 1.007 (-0.005) © -0.024 -l.166
1% 1.331 1.029 0.522 -0.071L -0.086 <0.820
16 1.168 1.036  0.720 -0.069 -0.101 ~0.637
17 0.923 1.151 0.928 -0.970 -0.561 -0.720
3. 0.929 1.091 1.020 -0.39%  -0.37L ~0.449
19 0.937 1.062 1.020 -0.213 -0.275 ~0.323
20 (-0.005) 1.195 1.967 0 -0.778

21 0.600 1.102  L1.38 0 -0.460 0O g
22 0.750 1.063 1.200 0 -0,315 ©

L2
.Brackets indicate the exact value {3 zero.
'I'B .=|-az = uy= 0 ,



TABLE A GaSel TOTAL STRESSES AND INDUCED DISPLACEMENTS ASSOGIATED WITH A COMPLETE CIRCULAR TORIC TUNNEL
IN A HOMOGENEOUS ISOTROPIC LINEAR ELASTIC INFINITE MASS WITH UNXFORM FIELD STRESS (Fige A 6.5.1)

Efp=1 p/p=l p/p=0 ¢c/a= 3] v=0.25 Elp=1 pJp=0 pfp=l cla=3] v=0.25 Efe=1l pitp=1 p/lp=1 c/la=3 v = 0.25

N cr/p GBIP azfp 'zrlp Eurfip Euz/lp H. atfp aa/p czlp -rzrfp El-l:/ap E‘-‘:/aP N o:/p dB/p azlp "Zrlp Eurlap Euz/ap

L 0.417 0.417 0.129 o0 0 0 L 0.319 0.319 1.251 0 0 0 L 0.736 0.736 l.3e0 o 0 ]

2 0.497 0.497 0.063 0 0 -0.192 2 0.257 0.257 1.279 0 0 -0.056 2 0.754 Q.754 1.341 0 ] -0.248

3 0.681 0.681 -0.077 0 [V} -0.293 3 0.119 0.119 1.319 0 (v} ~0.159 3 0.800  0.800 1.262 0 0 -0.452

4 0.B867 0.867 -0.185 0 0 -0.280 4 -0.006 -0.006 1.308 0 0 -0.305 4 0.860 0.850 L.123 Q 0 -0.585

5 0.991 0.99F -0.217 0 0 -0.193 5 -0.074  -0.074 1.238 0 0 -0.455 5 0.917 0.917 1.021 0 0 -0.648

6 1.051 1.051 -0.18% ~ 0 V] -0.084 6 ~0.092 -0.092 l.14l 0 o -0.572 K 0.960 0.960 0.952 0 ) -0.655

‘7 1.069 1.069 -0.137 0 0 0.0l4 7 -0.08L  =0.08} 1.052 0 0 -0.641 7 0.988 0.988  0.915 0 0 -0.627

8 0 . =0.040 -0.8l4 0O ° 1.174 ¢ 8 (-0.00l1) 0.667 3,219 0O -0.195 0 S8 (-0.00L) 0.627 2.465 0 0.978

0.094 6.221  -0.017 0 0.823 (v} 9 0.42 0.464 1.725 € 0,266 0 9 0.513 0.684 i.708 0 0.557

10 0.286 0.344 0.102 0O 0.504 0 10 0.377 0.372 1.386 0 -0.182 0 10 0.663 0.716 1.488 0 0.322

11 0.370 0.604  0.370 0,373 0.759 0,265 il 0.572 0.087 0.565  0.574 -~0.l20 -l.434 L 0.942 0.69L 0.935  0.947 0.639 -1.169
12 0.986 0.834 -0.198 0.155 0.220 0.034 12 -0.067 ~0.031 1.226  0.293 0.137 -0.85% 12 0.919 0.802 1.026 0.449 0.356 -0.893

13 1.028 0.932 -0.230 0.064 0.028 -0.l08 12 -0.099  -0.0%9 1.243 0.194  0.l67 -p.668 13 0.929 0.862 1.012 0.239  0.195 -0.776
14 2.535 1.473 0 0 -0.267 0.463 l4 -0.806  -0.507 ] 0 0.165 -1.863 . 14 1.729 0.966 (-0.001) O -0.,102 ~1.400
15 1.310 1-236 0.299 -0.051 =-0.25k 0.474 15 -0.007 -0.226 0.2l5 -0.027 0.086 -l.466 L5 1.304 1.010 0.514 -0.078 -0:lé6 -0.993
16 1.094 °  1.147 0.217 -0.043 -0.208 © 0.389 16 0.054  -0.126 -0.495 -0.034 0.033 -l.l66 5AI.6 1.149 1.023 0.712 -0.077 ~0.175 -0.777
17 0.428 1.296 0.429 -0.431 -1.229 . 0.351 17 0.532 -0.106 0.537 -0.537 0.459 -l.230 L7 0.966 1.189  0.967 -0.968 -0.770 +0.878
18 1.004 1.146 -0.089 -0.175 -0.679 0.108 18  -0.089 -0.033 l.ll6 -0.220 0.162 -0.648 18 0.915 1.113  1.027 -0.3% -0.518 -0.34l
19 1.035 1.090  -0.096 -0.097 -0.415 0.048 19 -0.109  -0.0lS l.122 -0.l15 0.079 -0.434 19 0.926 1.075 1.026 -0.213 -0.386 -0.386
20 0 0.960 -0.763 0 ~1.604 0 20 (-0.001) 0.300 2.771 0 0.572 0 C 20 (-0.001) 1.260 2.008 0 -l.032 0
2L 0.262 1.065 <0.052 0 -l.18L ¢ sl 0.345 0.072 1.448 © 0.566 O 2L . 0.607 1.137 1.395 0 -0.615 n
22 0.538 1.065 0.019 © -0.8279 0 22 0.257 0.019 1.185 © 0.456 0 22 . 0.795 1.085 1.206 O -0.423 0 f‘
Brackets indicate the exact value is zaro. ‘Brackers fondicare the exact value is zero. . Brackees Lndf{cate the exact value {5 zero. L
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TABLE A 6e5e%

STRESSES AND INDUCED DISPLACEMENTS ASSOCIATED WI

A COMPLETE CIRCULAR TORIC TUNNEL

IOTAL STEESSES AND INICED DISPLACMENTS ASSOCTATED WITH A COMPLETE CIRCULAR TORIC TUNNEL
IN A HOMOGENEOUS ISOTROPIC LINEAR ELASTIC INFINITE MASS WITH UNIFORM FIELD STRESS (Fige A 6.5s1)

Elp=l prlp-l. pzlpao cfa=23 v=0,49 Elp=1 P:“”o leP"l cfam= 3 v=0,49 Efp =1 p:/pnl szP=1 cfa= 3 ve=0,49
N arlp aefp az/p wnjp Eurllp Euzlap N dr:lp qefp g:Ip ‘“/p El..l:,a,p Euz"p N urlp oefp azfp 'z:lp Eurlap Eu fap
1 0.379 0.379 0.051 0 0 0 1 0.315 0.315  1.266 O 0 0 1 0.695 0.695 1.318 0 0 0
2 0.4562  0.462 .0.007 0 0 -0.306 2 0.252  0.252 1.287 0O 0 0.007 2 0.713 0.713  1.280 0 0 -0.-299
k! 0.654 0.654 -0.131 0 0 -0.491- 3 0.109 0.109 * 1.315 0 0 ~0.055 3 0.763 ‘0.763 1.185 0 0 -0.546
4 0.851 0.851 -0.224 O 0 -0.519 4 . .0.026 -0.026 1.295 0O 0 -0.151 4 0.827 0.827 L.07L. 0 o -0.711
5 0.988 0.988 -0.266 O 0 -0.435 5  .0.099 -0.099 1.221 0O 0 -6.355 3 0.889 0.889 0.975 O 0 -0.790
6 1.058 1.058 -0.211 0 0 =-0.305 6 -0.120 -0.120 1.123 0 0 -0.497 6 0.938 0.938 0.912 0 0 -0.802
7 1.081 1.081 -0.158 0 0 -0.178 7 -0.110 «0.110 1.035 ' 0 0 -0.593 7 0.971 0.971 0.880 ¢ Q9 =0.771
8 0 0.284 0.886 0 0.721 1] 8 (-0.001) 0.899 3.198 0 0.356 0 8 {-0.001) 0.614 2.312 0 L.076
9 0.076 0.108 =0.117 0O 0.573 0 9 0.407 0.540 1.733 1} 0.029% [+) 9 0.483 0.647 1.616 Q0 0.601
10 0.254 0.280 0.0L3 4] 0.362 0 10 0.370 0.395 l.400 1] -0.018 0 10 0.626 0.675 1.415 0 0.344
11 0.249 0.572  0.282 0.267  0.456 -0.107 1L 0.635 '0.031  0.5% 0.620 0.188 -l.192 Ll 0.885 0.604  0.878  0.887  0.643 -1.299
12 0.936 0.839 -0.248 O.l24 0.016 -0.360 12 -0.053 -0.090 1.218 0.299 0.321 -0.5667 12 0.873 0.749 0.969 0.423 0.337 ~-1.027
13 1.006 0.940 -0.269 0.027 <0.110 -0.397 13 «0.115 -0.1138 1.230 0.198 0.276 -0.519 13 0.8%L 0.823 0.560 0.225 0.166 -0.915
14 2.577 1.879 (-0.001) © -0.319 -0.026 14 -0.941 -0.972 o 0 0.062 -1.559 14 1.636 0.%07 (-0.001) O -0.257 -1.585
15 1-330 1.406  0.299 -0.08L -0.294  0.185 15 - .0.073  -0.422 0.200 -0.008 -0.0L7 -l.324 15 1.257 0.984  0.499 -0.092 -0.310 -l.1l4l
16 1.112 1.236  0.213 -0.067 -0.230 0.178 16  .0.005 =0.227 0.482 -0.025 -0.072 -l.081 . L6 1117 1.009 0.6% -0.092 -0.302 -0.9%04
17 0.473 1.292 0.499 -0.489 -1.134 0.032 -17 0.492  -0.048 0.461 -0.479  0.096 -1.039 L7 0.965 1.244  0.961 -0.969 .1.040 -1.007
18 1.051 1.129 -0.085 -0.193 -0.590 -0.120 18 ~0.155 0.0l6 1.126 -0.200 -0.123 -0.4856 18 0.89% 1.145 1.041 -0,393 -0.71) -0.606
19 1.066 1.075 -0.096 -0.108 -0.39% -0.122 19 -0.157 0.021 1.134 -0.102 -0.l41 -0.306 L9 0.909 1.096 1.038 .p.,211 -0.537 -0.428
20 o 0.480 -0.3l1 O -1.469 20 (-0.00L) 0.887  2.875 0 0.125 20 (-0.00L)  1.367  2.064 0 -l.344 0
2l 0.251 0.866 -0.043 O -l.146 0 21 0.365 0.326  1.455 O 0.340 2L 0.6L6 L.193 1.4l © -0.806 O
22 0.534 0.95%  0.028 O -0.867 0 22 0.268 0.159 1.183 0 0.308 22 0.5802 1.118  1.212 -0,559
Brackets indicacte che exact value {3 zera. Brackers indicace the exact value {s zerc. . Brackers indicate the exacc value ia zero.
= = 3 = = - = = = 0
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TABLE A 6e5.l TOTAL STRESSES AND INDUCED DISPLACEMENTS ASSOCYATED WITH A COMPLETE CIRCULAR TORIC TUNNEL
IN A HOMOGENEOUS ISOTROPIC LINEAR ELASTIC INFINITE MASS WITH UNIFORM FIELD STRESS (Fige A 645.1)

Ep=l plp=1 plp=0 c/a =10 va=0 Efp=1 pfp=0 plp=l cl/a=10 v=0 E/fp=l Pdp=1 pip=1 cla=l0 v=10

i °rIP oelp a,lp 1“fp Eurf ap Eu fap N crlp oalp uzlp 1“19 Eu fap mz/ap N alp ae/p o, /P el P Eur/ap Eu/ap
1 0.939 0.939 0.030 o 0 0 1 0.034 0.034 1.009 o 0 v} L 0.973 0.923 1.039 0 0 0

2 0.940 0.940 0.029 0 0 -0.015% 2 0.033 Q.03) 1.010 Y] 0 -0.005 2 0.974 0.974 1.028 0 0 =-0.019
3 0.943 0.943 0.026 0 o] -0.029 3 0.031 0.031 1.011 0 0 -0.010 3 0.974 ‘0.974 1.037 0 0 -0.038
4 0.947 0.947 0.022 0 [+ =0.041 4 0.028 0.028 1.014 0 0 -D0.0l6 4 0.975 0.975 1.035 0 Q -0.057
5 ¢.952 0.952 0.016 0 b «0.050 5 0.025 0.025 1.017 0 0 -0.024 5 0.977 0.977 1.033 0 0 -0.074
] 0.958 0.958 0.009 0 0 -0.056 6 0.020 0.020 1.020 0 0 -0.033 6 0.979 0.97¢% 1.029 0 0 :=0.089
7 d.965 0.965 0.002 0 0 -0.059 7 0.016 0.0L6 1.023 0 0 =0.044 7 0.981 0.98L 1.026 0 0 ~0.103
8 (-0.003) 0.78L -1.003 0 L.972 8 (-0.003) 0.107 3.082 0 -0.959 0 8 (-0.006) 0.887 2.078 0 1.013 0 N
9 0.168 0.825 -0.037 4] L.484 9 0.378 0.095 1.540 [+] -0.808 0 9 0.547 0.920 1.503 0 0.677 Q
10 0.449 0.857 0.070 0 lL.l&4 © 10 0.29 0.080 l1.228 0 -0.639 0 10 0.739 0.937 1.298 Q 0.3503

11 0.513 0.8536 0.516 0.561 1.336 0.697 1 0.450 0.068 0.446 0.474 «0.633  -1.451 11 0.963 0.924 0.961 1.0L5 0.702 -0.754
12 L.164 0.919 -0.l40 0.236 0.724 0.322 12 -0.156 0.029 1.156 0.222 =-0.263 -0.843 12 1.008 0.948 1.016 0.458 C.461  -0.521

13 1.162 0.944 -0.157 0.133 0.479 0.198 13 -0.138 0.0L6 1.168 0.128 -0.l4l -0.604 13 1.004 0.961 1.011 0.262 0.337 -0.406

14 2.903 1.008 (-0.003) o «0.083 0.953 14 =0.951 -0.008 (-0.003) O 0.084 -1.984 14 1.952 1.000 (-0.006) O 0.001  -1.030
LS 1.476 1.008 0.360 0.012 -0.07% 0.810 15 -0.050 -0.006 0.191 -0.024 ¢.060 -1.504 L5 1.425 1.002 0.550 -0.012 -0.0l6 -0.694
16 1.187 1.003 0.274 0.009 -0.076 0.650 ‘16 0.048° -0.00% .0.473 -0.021 0.051  -0.175 16 1.236 1.002 0.747 -0.0l12 -0.025 -0.325
_‘ 17 0.42L 1.128 0.424 -0.447 -1.370 0.656 17 0.314 -0.047 0.512 J.338 0.712  -1.355 17 0.935 1.061 0.936 -0.985 -0.658 -0.699

13 1.053 1.072 «0.134 -0.19% -0.795 0.318 18 -0.106 -0.032 1.138 -0.228 0.359 -0.771 18 0.976 1.039 1.004 -0.424 -0.436 -0.45)
19 1.102 1.050 -0.138 -0.108 -0.566 0.207 19 -0.124 -0.02L 1.143  -0.127 0.260 -0.35461 19 0.978 1.029 1.005 -0.235 -0.326 -0.334

A20 {-0.003) 1.170  .0.920 1] -1.870 1] 20 (-0.003) -0.086 2.889_ 0 0.948 0 20 (-0.005) 1L.084 1.968 0 =0,925 0
21 0.260 1.122 -0.081 0 1,400 o 2l 0.360 -0.070 1.495 0 0.804 [} 2 0.366 1.052 1.415 0 =0.595
22 0,484 1.096 0.016 0 -1.08 0 22 0.276 -0.054 1.210 1] 0.644 0 22 0.760 1.036 1.226 0 -0.,433 0
Brackets indicate the exact value ig zero. Brackers indicare the exace vaiug is zero. Brackecs indicate cthe exact value {s zero.
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TABLE A 6.5.1 TOTAL STRESSES AND INDUCED DISPLACEMENTS ASSOGIATED WITH A COMPLETE CIRCULAR TORIC TUMNEL
IN A HOMOGENEOUS ISOTROPIC LINEAR BLASTIC INFINITE MASS WITH UNIFORM FIELD STRESS (Fig. A 6e5sL)
Efp=1l pfp =1 p/p=0 cla=10 v=20,25 Efp =1l pfp =0 plp=1 cfa= 10 vaD.25 Elp=1 pedp =1 py/p =1 cfa =10 v=0,25
N o /p o fp a,/p v, /P Eufap Eu fap N afp og/P a,fp v,/P Eu fap  Eu fap . o, /p og/P o fp v 8 Eufap Eu fap
1 0.932 0.532 0.022 0 0 0 L 0.038 0.038 1.0k4 0 0 Y 1 0.970 0.9720 1.036 0 0 0
2 0.933 0.933 0.021 0 0 -0.028 2 0.037 0.037- 1.015 O 0 0.002 2 0.970 0.570  1.036 0O 0 -0.03L
3 0.936 0.936 0.0l8 © G -0.054 3 6.035 0.035 1.016 o 0 0.004 h 0.971 - 0.971 1.035 0 0 -0.056
4 0.%40 0.940 0.04 0 0 -0.078 4 0.032 0.032 1.019 © 0 0.003 4 0.972 0.572 1.033 0 0 -0.075
5 0.945 0.946  0.008 0O 0 -0.098 5 0.027 0.027 021 o ] 0.001 5 0.974 0.974 1.030 0 0 -0.097
6 0.953 0.953 0.002 O 0 -0.113 - 6 0.023 0.08 1.024 0O 0 -0.005 6 0.975 0.975  1.027 0 s -0.118
? 0.960 0.960  0.006 0O o -0.124% 7 0.017 0.017 1.027 0 o -0.012 7 0.978 0.978 1.023 0 0 -0.136
8 0 0.303 +1.006 0 1.755 0 8 f(o0.001)  0.576 3.075 0 -0.517 0 8 0.001) 0.87% 2.069 O 1.238
9 0.166 0.614 -0.061L O 1.378 0 $ 0.378 0.298 1.554 0 -0.555 © 9 0.544 0.9L2 L4893 O 0.823
10 0.441 0.739 0.050 0 1.073 0 10 0.293 0.1591 1.241 0 -0.461 0 .10 0.734 0.930 1.291 0 0.612 1]
11 0.1;97 0.871 0.497 0.501 1.188 0.414 11 0.502 0.036 0.499% 0.55 -0.335 -l.352 .11 0.999 0:907 0.997 1.005 0.853 -0.938
12 1.139 0.930 -0.157  0.224 0.586  0.093 iz -0.138 0.009 L.163  0.233 -0.029 -0.745 12 1.000 0.940 1.006  0.457  0.555 -0.652
13 1.146 0.953 -0.169 0.125 0.358 Q.0l1l 1) -0.1& 0.001 1.172  0.136  0.043 -0.522 13 0.999 0.956¢  1.006  0.261 0.401L -0.511
14 2.910 1.489 (-0.001) o -0.118  0.591 e -0.958  -0.499 0 6 0.089 -1.867 la 1.952 0.991 <{.0.001) o -0.029  -1.277
13 L.599 1.252 0.383  -0.006 -0.118 0.627 L5 ~D.055 -0.223  0.191 -0.0i1  0.068 -1l.473 .15 1.421 0.958 0.5 -0.015 -0.049 -0.863
16 1.188 1.127 0.272 -0.004 -0.114 0.510 16 0.044  -0.126  0.474 -0.0lLL  0.056 -l.164 16 1.232 1.000  0.746  -0.015 -0.057 -0.65%
17 0.471 1.112 0.472 04475 =1.345  0.420 L7 0.508  -0.041 0.59 -0.512  0.450 -1.291 ' 17 0.979 L.070 0.%81 -0.981 -0.856 -0.872
18 1.101 1.061 -0.128 -0.206 -0.75  0.13L 18  -0.128  -0.015 1.135 -0.221 0.182 -0.6% |8 0.973 1.043 1.007  -0.427 -0.573 -0.563
19 1.114 L.042 -0.134 -0.ll& -0.534 0Q.06L 19 -0.138  -0.008  l.l42 -0.121 0,103 -0.474 19 0.976 1.034  1.008 -0.236 -0.431 -0.412
20 ] 0.686 -0.923 O -1.833 0 2 (-0.00l) 0.419 2.914  © 0.648 0 20 {0.001) 1.105 1.99L 0O -1.185 0
2L 6.205 0.508 -0.010 © 1,42 0 ‘2L 0.364 0.156 1.491 0O 0.659 © 21 0.569 1.064  l.42l -0.766 O n
22 0.486 0.970 0.026 0O -1.110 0 22 0.276 0,075  1.205 0.550 © 22 0.762 1.045 1.229 © -0.560 3
Brackets Lndicate the exact value {5 zero. ‘Brackets indicate the exact value {s zero. Brackets indicate the axact value {5 zero.
e =1 = ug= 1} Teg -vaz =y 0 "ro -'l'az = Ug= Q
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TABLE A 6e5.1 TOTAL STRESSES AND INDUCED DISPLACEMENTS ASSOCTATED WITH A COMPLETE cim:;._m TORIC TUNNEL
IN A HOMOGENEOUS ISOTROFIC LINEAR ELASTIC INFINITE MASS WITH UNIFORM FIELD STRESS (Fize A 6e5:1)
Efp =1 P,_.Ip =1 P‘Ip =0 efa= 10 v = (.49 Efp=1 p/p =0 P lp=1 cfa= 10 v 0,49 Efp = 1 pefp=t p/p=1 <fa= 10 vea 0,49
N orlp aalp az/p r“lp Eu:/ap Buzlap N qr[p 9 ip azlp 1-“{1: Eu_fap 5%[: P N a:{p aa[p czlp tn_lp F.urla P Euzla P
1 0.925 0.925 0.015 O 0 0 L ©.038 0.038 1.017 0 0 0 X 0.963 0.963 1.031 0 0 0
2 0.926 0.926 0.014 0 0 -0.044 2 0.037 0.037 1.0,7 © 0 0010 2. 0.963 0.963 1.01 o0 ] -0.034
3 0.929 0.929 0.011 0 0 -0.085 3 0.035 0.035 1.018 -0 0 0.019 3 0.964 -0.966 1.029 0 0 -0.073
4 0.934 0.934 0.007 0 0 -0.123 4 0.031 0.031 1.021 0 1] 0.025 4 0.966 0.966 1.027 0 0 -0.098
5 0.94L 0.941  0.002 0O 0 =0.156 5 0.027 0.027 1023 © 0 0.029 5 0.967 0.967 1.025 0 ] -0.127
6 0.948 0.948 -0.004 O 0 -0.183 6 0.022 0.022 1.026 0 0 0.028 6 0.970 0.970 l.021 0O 0 -0.154
7 0.956 0.956 - -0.010 0 0 =0.203 7 0.016 0.016 1.028 0 0 0.024 7 0.972 0.972 -1.018 0 0 -0.179
8 0 -0.131 -l.0013 "0 l.200 o 8 (.0.001) 0.990 3.047 0O 0.l10 0O 8 (-0.001) 0.880 2.034 O 1.409
9 0.163 0.419 -0.083 O 1.105 0 ‘9 0.373 0.476 1.557 0 -p.176 © 9 0.536 0.896 1.473 0 0.929
10 0.435 -0.629 0.031 O 0.875 0 10 0.291 0.286 1.245 0O -0.189 0 10 0.725 0.915 L.276 0.686
11 0.442 0.868  0.478  0.463  0.362 .0.012 ‘) 0.561 0.013 0.54 0.526 0.088 -1.095 L1 0.983  0.881  0.982 0.989  0.950 -1.108
12 1.115 0.936 -0.170 0.212 0.328 -0.234 .12 -0.124 -0.012 1.162 0.239 0.276 -D.544 12 0.990 0.924 0.992 0.452 0.604 -0.778
13 1.131 0.959 -0.179  0.l17  0.152 -0.252 |3 -0.13%  -0.017  l.171  0.141  0.275 -0.363 13 0.992 0.942  0.991  0.259  0.427 -D.61S
14 2.911 1.953 {(-0.001) 0O -0.173  0.012 4 -0.575 =0.975 O 0 0.071 -l.521 l& 1.935 0.978 (-0.001) @ -0.102 -1.%09
15 1.476 1.425 0.357 -0.020 -0.l71 0.265 15 -0.063 -0.433 0.190  .0.001 - 0.049 -1.287 15 L.412 0.992 0.547 -0.020 -0.122 .l.023
.16 1.189 l.241 0.270 -0.017 -0.16Q 0.259 6 -0.037 -0.243 0.473 -0.004 0.033 -=1.037 16 1.225 0.997 0.742 -0.021 -0.127 -D.778
17 0.482 1.109  0.516 -0.502 -1.179  0.026 7 0.4  -0.022 0.469 -0.49%  0.093 -l.057 17 0.986 1.088  0.985 -0.992 -1.086 -1.037
18 1119 1.055  -0.12L -0.2L5 -0.625 -0.1% :18  .0.148 0.005  1.137  =0.213 <0.115 -0.505 - 18 0.970 1.060  L1.016 -0.428 -0.740 -0.66L
19 1.125 1.036 =0.130 -0.120 =0.437 -0.158 .19 -0.153 0.007 1,145 -0.11%  -0.127 -0.324 19 0.972 1.043 1.015 -0.236 .0.566 -0.482
20 0 0.199 -0.929 0 -1.588 % (.0.001) 0.944 2,947 0 0.110 o 20 {-0.001) 1.143 2.018 -1.478
21 0.205 -0.6%96 -0.059 Q -1.317 ‘n 0.369 0.39 1.491 0 0.356 0 .21 0.574 1.086 L.43L1 =0.962 2
22,  0.488 0.852  0.032 -1.048 22 0.278 0.207 1.203 0 0.340 0 22 0.766 1.05%  1.235 -0.708 o
Brackets indicate the exace value {1 zero. Brackets fndicate the exact value iz zero. "Brackecrs indfcate the exact value Ls zero.
= - - =2 = = = = = O
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TABLE A 645s2

IOTAL STRESSES AND INDUCED DISPLACEMENTS ASSOCIATED WITH TWO IDENTICAL SPHERLCAL CAVITIES

IN A HOMOGENEOUS YSOTROPIC LINEAR ELASTIC INFINITE MASS WITH UNIFORM FIELD STRESS (Fip. A 6.5.2)

Elp=1 prfP=1 pz/Pﬂo dia=1lYs v=2y0
N cr/p culp azlp 'z:/p E ur/np Bu_fap
1 1.795 1.795 n.218 0 0 3]
2 L.206 1.542 0.279 o -0.271 0
3 0.974 1.297 0.007 0 ~0.297 0
4 0.919 1.179 -0.074 0 -0.268 o}
5 0.906 l.111 0.046 0 -0.,223 0
) 2.919 1.071 =0.021 4] -0.178 g
7 0.936 1.047 =0.009 3] -0.142 o)
1.999 1.999 [ 0 0 -0.019
10
1l 0.426 1.762 0.428 0.419 -0.539 ~0.104
12 0.959 1.280 =0.017 0.028 -0.297 0.001
13 0.872 1.210 ~R.065 =0.073 -0.297 -0.021
14 (0.001) 1.728 -0.359 Q0 -0.728 0.67)
15 0.579 1.260 -0.005 .0.015 -0.390 0.465
16 0.806 1.123 0.004 0 =0.245 0.259
17 Q.335 1.721 0.342  -0.330 -0.510 0.341
18 0.969 1.163 ~0.006 -0.052 -0.173 0.151
19 1.012 L.062 -0.015 -0.013 -0.088 0.089
0 1.722 1.722 (0.012) 0 0.463
21 1.075 1.075 0.239 0 0.327
22 1.011 1.011 0.168 4] o] 0.215

Brackets indicate che exact value is zero.

Tra

m oy =0

Efp=1 pfp=0 p /pul da= il =0 Efp =1 pfp=1 plp=1 da=1¥s ~v=0

N a,/p aa/p a /v t.c/P Eufap Eulap N o fp aa/p a,lp r/e Eu fap Euz/ﬂp
1 0.083 0.088  0.0l1 o 0 ] 1 1.B884 1.884  0.229 O 0 0

2 0.077 0.084 0,073 v} ~0.042 0 2 I.283 1.625 0.352 ] -0.313 0

3 -0.086 0.039  0.579 0 -0.039 0 3 0.888 1.335 0.765 0 ~0.335 0

4 -0.079 -0.006 1.042 0 0.009 0 & 0.839 1.173 0.568 0 -0.259 o

5 -0.028  -0.017 1.061 0 0.034 0 5 0.879 1.09% 1.015 0 -0.188 0

6 -0.001 -0.016 1.042 0 0.04L 0 6 0.917 1.055 1.021 0 -0.137 0

7 0.007 -0.013 1.026 0 0.039 0 7 0.944 1.034 1.017 ] -0.103 0

0.102 0.102 o 0 o 0.013 8 2.101 2,101 ¢ 0 0 0.105

10 10
11 0.177 -0.036 0.173 0.168 0.026 0.295 11 0.603 1.725 0.601 0.589 -0D.513 0.192
1z -0.094 0.031 0.824 0.015 -0.032 0.014 12 0.865 1.311 0.807 0.043 -0.330 0.013
13 -0.068  -0.0l1 1.039 0.013 0.0l5 0.083 13 0.804 1.199 0.974 -0.060 -0.282 -0.0l2
e  {0.001) -0.l68 L.795 0 0.017 -0.09 s {0.00L) 1.559 1.436 0 -0.559  -0.029
15 0.11%" -0.074 1.117 -0.043 0.011 -0.087 15 0.694 1.186 1.112  -0.034 -0.279 -0.04l
16 0.056 -0.035 1.041L -0.028 0.069 -0.060 16 0.861 1.083 1.045 -0.029 -0.176 -0.034
17 0.430 -0.195 0.437  -0.427 0.0l4 -D.699 17 0.764 1.526 0.779 -0.757 -0.,372 +0.358
18 -0.033 -0.033 0.925 =-0.172 0.029 -0.319 18 0.936 1.161 0.919 -0.226 -0.170 .0.l6%
19  -0.037 0.008  0.977 -0.084 -0.0l2 -0.190 19 0.976 1.070 0.961 -0.09 -0.l100 -0.}0L
20 -0.19%7 -0.197  (0.010) ¢ o ~0.960 20 1.524 1.524 (0.022) © -0.498
21 0.081 0.081 0.420 0 -0.551 2t 1.156 1.156 0.709 O 0 -0.224
22 0.056 0.056 0.709 ] -0.343 22 1.067 1.067 0,877 ] -0.129

Brackers indicate the exact value is zero.

Tea

L

= 13.=0

9z

Brackers {ndicace the exact value {5 zero.

Teg =

T

a9z

u=0

n

©



TABLE A 6.5.2

TOTAL STRESSES AND INDUCED DISPLACEMENTS ASSOGIATED WITH TWQ

———

Efp=1 pr/p =1 pzlp =0 dfa=1%s v =D.25
N arlp cBIp azlp yzrlp Eur/ap Euzlap
1 2.268 2.268 0.276 [ 0 0
2 1.457 1.778 0.339 Q -0.289 0
] 1.082 1.333 0.008 [+] -0.311 0
4 0.961 1.165 -0.090 4] ~0.296 0
3 0.918 1.096 -0.056 0 -0.257 0
6 0.920 1.058 -0.026 0 -0.211 0
7 0.934 1.038 -0.011 ] -0.171 0
2.553 2.553 0 0 0 0.061
10
11 0.502 1.884 0.510 0.5l ~0.623 -0,056
12 1.056 1.305 -0.021 0.034 ~0.314 0.007
13 0.913 1.192 -0.080 -0.089 -0.331 -0.035
14 (-0.001) 1.476 -0.440 0 ~0.836 0.070
L5 0.556 L.196 -0.007 0.012 -0.462 0.044
16 0.795 1.0%6 0.006 -0.001 -0.292 0.01%
17 0.402 L.776 0.398 -0.403 -0.584 0.309
i8 1.030 L.17F  -0.006 -0.062 -D.l75 0.129
L9 1.045 L.065 -0.019 -0.015 -0.082 0.076
20 2.096 2.096 (-0.003) O 0 0.414
21 1.158 1.158 0.352 0 0.364
22 1.043 1.043 0.206 0 0.248

IDENTICAL SPHERICAL CAVITIES
IN A HOMOGENEQUS ISOTROPIC LINEAR PLASTIC INFINITE MASS WITH UNIEORM FIELD STRESS (Figs A 6.5.2)

Efp=1 p/P=0 p/p=l dla=1% v=0.25 E/fp=1 Plp=1l pfp=1 dla=1¥s v=0,25

oo lp oalp L Tzrlp Eu /ap Eu_fap L] a le ce/p a,/p v /P Euldxp Eu/ap

1 -0.188 -0.188 -0.024 ¢] Q 0 1 2.080 2.080 0.252 Q 0 0

2z  -0.09 -0.118 0.019 0 -0.075 0 2 1.361 1.660 0.358 Q9 -0.365 0

3 -0.175 -0.011 0.754 0 -0.0%4 0 3 0.907 1.322 0.763 0 ~0.404 0

4 -0.118 -0.001 1L.05% 0 -0.024 0 4 0.843 1.165 0.965 0 -0.318 0

5 -0.040 -0.0640 L.070 0 0.024 0 5 0.879 1.090 1.014 o -0.233 Q

6  -0.004 =0.005 1.046 0 0.040 0 6 0.916 1.053 1.020 0 -0.172 0

7 0.009 =0.005 1.028 0 0.042 [+} 7 0.943 1.033 1.017 0 =0.129 0

3 .0.211 -0.211 0 0 0 0.115 2.3462 2,342 0 1] 0 0.176

9

10 10
1L 0.079 -0.215 0.08L 0.085 0.003 0.297 11 - 0.581 L.669 0.592 0.596 «0.619 0.241
12 04176 -0.007 0.825 0.010 -0.085 0.084 12 0.881 1.297 0.804 0.044 «0.399 0.016
13 =0.106 -0.003 0.052 0.027 -0.016 0.021 L3 0.807 1.190 0.970 -0.062 -0.347 -0.0l4%
14 (-0.001) 0.078 1.869 0 0.129 -0.l16 14 (-0.001) L.554 L.429 0 -0.697 -0.046
15 0.136 -0.013 1.118 -0.047 0.l115 -0.100 15 0.692 1.183 l.Il1l -0.035 40,348 -0.056
16 0.065 -0.010 1.061 -0.029 0.073 -0.065 16 0.860 1.086 1.045 -0.030 -0.219 -0.046
17 0.356 -0.260 0.354 -0.359 O0.l19 -0.764 17 0.758 1.536 0.752 -0.762 -0.466 -0.455
18 -0.0% «0.007 0.921 ~0.161 -0.036 -0.343 18 0.940 L.164 0.920 -0.223 -0.211 -0.2l4
19 -0.067 0.007 0.980 -0.08f -0.041 -0.204 19 0.978 1.072 0.961 -0.096 -0.123 -0.128
20 -0.565 -0.565 (-0.002) 0 =1.047 20 1.531 L.531 {-0.005) O 0 -0.632
21 0.002 0.002 0.359 0 -0,.647 21 L.l6L L.161 Q.71L 0 -g.283 N
22 0.027 0.027 0.674 0 -0.6410 22 1.069 L.06&9 0.879 0 =0.162 g

Brackets indicate the exact value {5 zero.

=
Yra

= =0

ez

Brackets indicate the exact value is zero.

f:'

=T

=9 = Q

-

Brackets indicate the exact value is zero.

=ua=0



TABLE A 645.2

TOTAL S

LOTAL STRESSES AND INDUCED DISPLACEME!
IN A HOMOGENEOUS ISOTROPIC LINEAR ELASTIC INFINITE MASS WITH UNLFORM FIELD STRESS (Fig. A 6.5.2)

TRESSES AND INDUCED DISPLACEMENTS ASSOCIATED WITH TWO IDENTICAL SPHERICAL CAVITIES
et NI S L AN L LIRS

Efp =1 pr/pm 1 pzlp =0 dfa=1Vs v =20.,49

N ar/p ae/p az!p fulp Eut/ap Euzfap

1 3.089 3.089 0.383 0 0 0

2 1.906 2.143 0.485 0 =0.231 0

3 1.254 L.375 -0.027 0 -0.264 1]

[ 1.012 L.ts0 -0.125 0 -0.293 o}

5 0.928 1.067 0.073 1} ~0.277 Q

6 0.917 0.038 -0.033 0 -0.238 0

7 0.928 1.024 -0.014 0 -0.198 Q

8 3.497 3.497 (0.059) 0 0 0.238
(1]
11 1.009 2.279 0.725 0.668 -0.63%0 0.069
12 1.205 1.329% ~-0.060 0.048 -0.274 0.021
13 0.959 1.159 -0.112 ~0.115 -0.331 -0.060
14 {-0.001) 1.100 -0.3563 0.016 -0.866 0.067
13 0.523 1.100 -0.012 0.012 -0.509 0.027
L6 0.780 1,057 0,003 -0.004 -0.327 =-0.002
17 0.201 1.647 0.361 -0.502 -0.609 0.171
i8 l1.121 1.199 0.009 -0.063 -0.144 0.063
19 1.091 1.078 -0.017 -0.0l1 -D.059 0.036
20 2.634 2.634 (0.121) 0 0 0.222
21 1.274 1.274 0.427 ¢ 0.350
22 1.089 1.089 0.254 o} 0.260

Brackets indicate the exact value is zero.

\'re

= u =0

Efp=1 p./p=0 plp=1 dfa= 1Yy v =0,49

N arlp cafp az/p rzr/p Eu:/ip B.lz/ap

1 ~0.,651 -0.651 0.083 1} o] o]

2 -0.368 -0.417 -0.055 1] -0.140 0

3 -0.311 ~-0.080 0.745 0 =0.197 Q

4 -0.176 0.009 1.076 0 -0.868 Q

5 -0.058 0.015 1.083 0 =0.,006 Q

6 -0.007 0.011 1.052 0 0.028 0

7 0.011 0.008 1.031 Q 0.038 0

3 =0.750 -0.750 (0.005) - 0 0.048

9

L0
11 -0.016 -0.437 -0.031 -0,037 .0.053 0.229
12 -0.299 -0.059 0.823 0,003 -0.185 0.000
L3 -0.163 0.012 1.070 0.049 -0.082 0.044
14 0 Q.40 1.980 0.001 0.040 -0.128
15 0.167 0.077 1.119 -0.052 0.095 -0.102
16 0.079 0.026 1.039 -0.030 0.063 -0.059
17 0.240 -0.316 0.249 -0,257 0.047 -0.716
18 -0.174 -0.012 0.931 ~0.144 0.113 -0.310
L9 -0.112 0.006 0.985 -0.076 0.097 -0.183
20 -1.108 ~1.108 (0.011) 0 o] -0.974
21 -0.115 -0,115 0.269 Q -0.698
22 ~0.017 -0,017 0.621 ] -0.456

Brackers indlcate the exact value is zero.

= u =10

= = = = 4 =0,
Elp=1 pr/b i opip=1 da= 1% 49
N ar/p aelp azlp r“!p Eut/p Eu,/p
L 2.438 2.438  0.300 0 0 0

2 1.538 1.725  0.430 0 -0.370 0

3 0.943 1.295 0.719 0 -0.460 O

4 0.836 1.149  0.950 0O -0.380 0

5 0.870 1.083  1.0l10 0 -0.283 O

6  0.910 1.050 1.019 0 -0.210 O

7 0.939 1.032  1.017 @ -0.160 O

g 2.747 2747 (0-065) 0 0 0.286
10

11 0.993 1.842  0.695 0.6l -0.704  0.298
12 0.905 1.270  0.763  0.051 -0.45¢  0.021
13 0.79 1.17L  0.958 -0.067 =-0.413 -0.016
14 (-0.001) 1.540  l.418  0.017 -0.826 -0.06l
15 0.691 1.177  1.107  -0.040 -0.4lé  -0.075
16  0.859 1.083  1.042 -0.034 -0.263 -0.061
17 0.s4l 1.331  0.611 -0.759 -0.562 -0.545
18 0.947 1.187  0.939 -0.206 -0.258 -0.24b
19 0.979 1.085  0.968 -0.087 -0.156 -0.l47
0 1.525 1.525 (0.131) O -0.752
31 1.159 1.159  0.695 0 .0.348 D
12 Ll.072 1.072 0.876 O -0.196

Brackers indicate the exacec value is zero.
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TABLE A 645.2

I0TAL STRESSBS AND INDUCED DISPLACEMENTS ASSOCIATED WITH TWO IDENTICAL SPHERIGAL CAVITIES

iN A HOMOGENEOQUS ISOTROPIC LINEAR ELASTIC INFINITE MASS WITH UNIFORM FIELD STRESS (Fig. A 6.5.2)

Elp=l p/p=1 pJ/p=0 dla=1k veo

N orlp celp ozlp 'rz:/P Eu fap Eu [ap

1 1.438 1.638  0.352 0 0 0

2 1.192 1.236  0.306 O -0.168 0

3 1.038 1.218  0.260 0O -0.218 0

&  0.968 1.145 -0.065 0O -0.218 0

5 0.938 1.096 -0.047 0 -0.192 0O

6 0.937 1.066 -0.026 O -0.160 O

7 0.946 1.046 -0.011 © -0.131 ©
1.749 1.74%9  (0.002) O 0 -0.061

10

1L 6.429 1.719  0.429  0.418 -0.508 -0.129

12 0.99 1.226 0.001L ©0.064 -0.238 O

13 0.963 1.161 -0.06L -D.D40 -0,227 -0.010

14 (0.001) 1.719 -0.365 O -0.719  0.061

15  0.577 1.254 =0.003  0.012 -0.381  0.046

16 0.807 1.118  0.007  0.004 -0.236  0.028

17 0.336 1.718  0.343 -0.328 -0,508  0.337

18 0.968 1.162 =0.007 -0.052 =0.172 0.148

19 t.ot2 1.061 -0.016° -0.013 -0.086  0.088

20 1.720 1.720 (0.005) O 0 0.458

21 1.073 1.073 0.288 0 0.324

22 1.011 101l 0.167 0 0 0.212

Brackers indicate che exact value (s zero.

T:e

=

ez

- ueao

Efp=1 p /p=0 g /p=1 dla= 1} v=0
i o lp oelp v /p /e Eufap Eu_/ap
1 0.0% 0.096 -0.007 0 0 0
2 0.0%74 0.096 0.163 0O ~0.041 O
3 -0.073 0.045 0.758 0O -0.046 O
4  -0.078 0.001 1.020 0 -0.002 0
5 +0.033 ~0.0l3 1.052 0 0.026 0
6 -0,007 -0.014 1.040 0 0.035 0
7 0.006 -0.120  1.026 O 0.036 0
0.092 0.092 {0.001) 0O 0 0.250
10
11 0.232 -0.066 0.230  0.223 0.047  0.346
12 -0.079 0.03L  0.825  0.042 -0.033  0.035
13 -0.080 0.003 1.005 0.001 -0.005 O
1o (0.001)  .0.174  1.809 O 0.174  -0.091
15 0.120 <0.076  1=120 -0.038 0O.ll4 -0.084
16 0.060  ~0.035  1.046 .0.027 0.071 -0.060
17 0.431  =0.197  0.437 0,427 0.139 -0.699
18 =0.034  -0.003  0.926 .0.172 0.003 -0.319
19 -0.037 0.008  0.977 40.083 -0.0lL -0.19%
20 -0.199  -0.199 (0.003) O -0.961
21 0.08L 0.08L  0.426 0 0 ~0.55L0
22 0.05 0.056 0.709 0 -0.344

Elp =1l P/p=1 Bfp=tl dla=if va0

N arlp celp a,/p r“lp Eurlap Euz/ap

1 1.535 1.535  0.345 0 0 0

2 1.265 1.429 0.467 O -0.215 0

3 0.965 . l.262 0.782 0 -0.262 0

4  0.8% 1.146  0.955 0 .-0.219 0

S 0.904 1.083 1.005 © -0.166 O

&  g.930 1.05  l.015 @ -0.125 0

7 0.9% 1.032  1.0t5 ¢ .0.095 0

8 1.84L i.841  (0.003) 0 0 0.189
10

11 0.661 1.653 0.658 0.641 -0.462 0.217
12 0.918 1.255  0.826  0.106 -0.27L  0.035
13 0.823 l.166  0.94 -0.018 -0.232 -0.010
14 (0.002)  1.566  l.4&s 0 -0.546  -0.031

©.15  0.698 1.178°  L.116 -0.026 -0.266 -0.038

16 0,866 1.083  1.047 -0.023 -0.165 -0.032
17 0.767 1.52L  0.780  0.755 -0.369 .0.362
18 0.934 1.158  0.919 -0.224 -0.168 -0.171
19  0.975 1.069  0.961 -0.096 -0.098  0.102
0 1.521 1.521 {0.008} O 0 -0.503
2L 1.155 1.155 0.708 © o 02219
22 1.066 1.066 0.876 O 0 .o.m.z‘g

'!9

=7

8z

-usno

+Brackets indicate the exacc value {s zero.

Brackecs indicace cthe exact value {s zero.
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TABLE A 645.2

TOTAL STRESSES AND INDUCED DISPLACEMENTS ASSCCIATED WITH TWO IDENTICAL SPHERICAL CAVITIES
IN A HOMOGENEOUS ISCTROPIC LINEAR ELASTIC INFINLITE MASS WITH UNIFORM FIELD STRESS (Fige A 6.5.2)

E/fp=1 Plp=1 pfz=0 &a=1k va0,2s Elp=l pfp=0 p /p=1l dla=1k v=0.25 Efp=1 Pfp=1 P lp=1 da=1k v =0,25

N alp ‘ealp alp /P Eudap v fap N alp uelp o /p v, /P Eafap  Eu fap N alp g /P a /p /P B fap mafap

1 1.720 1.720 0.427 0O o (] 1 -0.112  -0.112 <0.063 @ 0 0 L 1.608 1.608 0.3664 O 0 0

2 1.385 1.510 0.368 © -0.161 0 2 -0.080 ~0.056 0.105 0 -0.09¢ 0 2 1.304 L.454 0,473 0 -0.255 0

3 l.l4d 1.255 0.031 ¢ -0.212 0 3 -0.163 0.003 0,751 O -0.106 0 3 0.979 ‘1.258 0.782 0 -0.318 ©

4 1.015 1.138 -0.079 © -0.231 0 4 . -0.121 0.006 1.032 0 -0.052 © 4 0.895 L.142  0.953 O -0.269 O

5  0.955 1,083 -0.057 0 -0.216 O 5 -0.050 -0.002 1.062 O 0.003 0 5 0.905 1.081 1.006 © -0.206 O

6 0.942 1.053 -0.030 0 -0.186 0 6 -0.012 -0.004 1,045 O 0.031 0 & 0.930 1.049 1.015 O -0.156 O

1 0.947 1.035 -0.014 O -0.15% 0 7 0.003  -0.004 1.028 O 0.036 0 7 0.950 1.031 1.0t4 0 -0.119 0

8 2.133 2.133 o 0 0 0.032 =0.170 -0.170 " (-0.001) O 0 0.243 1.964 1.964 (-0.001) O 0 0.275%

9
10 10 10
11 0.30L 1.824  0.508° 0.509 -0.58L -0.077 1L 0.13  -0.210 0.138 0.139 0.020  0.352 il 0.634 1.614  0.645  0.649 -0.561  0.274
1z 1.089 1.248 0.002 0.077 -0.239 0.016 12 -0.159 0.001 0.823 0.031 .09 0.028 12 0.929 1.249 0.825 0.108 -0.329 0.044
13 1.016 ©° 1.155 -0.074 -0.048 -0.260 -0.020 13 -0.128 0.0064  1.016  0.009 -0.065  0.007 13 0.838 1.159  0.942 -0.039 -0.284 _0.0L2
14 (-8.001) L.46l -0.448 0O -0.823  0.064 15 0 0.078 1.885 0 0.143  -0.110 14 (-0.001) 1.539  1.437 0O -0.680 -0.046
15  0.554 1.188  -0.003  0.0L5 -0.450  D.046 15 0.142  -0.012 1.120  -0.04l 0.l118 ~0.097 15 0.6% 1.175  L1.117  -0.027 -0.332 -0.052
16 0.79 1.091  0.009 0.005 -0.280 0.024 16 0.070  -0.010 1.038 -0.028 0.074 -0.661 16 0.866 1.081 1.047  -0.023 -0.206 -0.042
) 0.398 1.769 0.395 -0.400 -0.580 0.306 17 0.357 =0.261 0.355 =0.358 0.120 -0.763 17 0.755% 1.528 D.75Q0 +«0.758 -0.46L -0.458
18 l.027 1.168 -0.008 -0.062 -0.173  0.12% 18 +0.090  -0.007  0.928 .-0.161 ~0.035 -0.342 18 0.938 1.16f  0.920 -0.223 -0.209 -0.216
19  1.044 1.063 -0.019 -0.015 -0.081 0.074 19 -0.067 0.007 0.98L -0.080 -0.04l -0.204 19 0.977 1.070 0.962 -0.096 -0.l21 -0.129
20 2.092 2092 0O 0.411 20 -0.565 -0.5%5 0 ] 0 -1.046 20 1.527 1.527 0 o 0 -0.535
21 1.156 1.156 0.3%0 0 0.361 21 0.002 0.002 ©0.35% O -0.647 21 1.158 1.158  0.709 o -0.286 19
22 L.041 1.041  0.204 0.245 22 0.027 0.027 0.674 @ 0 -0.410 22 1.068 1.068 0.878 -0.165 s

Brackers indicate the exact value i{s zero.

'l‘s
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"Brackers findicate the exacc value is tero.

Brackets indicate the exact value s zerzo.
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TABLE A 6e542 TOTAL STRESSES AND INDUCED DISPLACEMENTS ASSOCIATED WITH TWO IDENTICAL SPHERICAL CAVITIES

IN A HOMOGENEOUS ISOTROPIC LINEAR BLASTIC INFINITE MASS WITH UNIFORM FIELD STRESS (Fig. A 6.5.2)

Elp=1 plp=1 g fp=0 dla=1k v =0.49 Efp=1 P /p=0 plp=1 da=I1k v = 0.49 E/fp=1 pp=1 Rfp=1 dla=1} v = 0,49
H a!lp ce/p o /p rulp Eu fap Euzlap N o fp aalp c:z/p rn_lp Eur/ap Euzlap N °rlp aalp azlp L Eu:lap Euzlap

T - 2.142 2.142 0.542 0 0 0 1 " -0.431 ~0.431 -0.148 0 Q 0 1 1.711 1.711 0.396 0. 0 1]

2 1.68L 1.762 0.468 0 -0.099 0 2 -0.310 =0.280 0.020 4] ~0.176 0 2 1.371 1.482 0.4848 0 «0.276 [+]

3 1.298 1.309 0.036 0 -0.145 0 3 -0.296 -0.059 0.739 1] ~0.2l4 - 0 b} 1.002 -1.250 0.774 0 ~0.360 0

4 1,084 t.126 -0.101 O -0.201 0 4 -0.185 0.008 105 0 -0.111 0 4  0.900 1134 0.949 0 -0.312 0

5 0.980 1.062 -0.073 0 -0.214 0 5 -0.075 0.014 1.076 0 -0.028 ¢} 5 0.906 1.076 1.003 Q ~0.242 0

6 0.}9&9 1.035 «0.038 0 -0.197 0 6 -0.019 0.011 1.052 0 0.013 0 6 0.929 1.046 L.014 0 -0.184 0

7 0.947 1.022 -0.0:8 O -0.170 ] ? 0.003 - 0.007 1.032 0 0.028 0 7 0.949 1.029 1.014 4] =0.141 0

8 2.705 2.705 (0.012) O 0 0.229 8 =0.584 -0.584 (0i003) 0 0 0.156 ] 2.120 2.121 (0.014) 0O Q 0.385
9 ] 9

10 10 10
1L 0.662 2.003 0.6584 0.646 =0.59% 0.058 1l 0.025 -0.399 . 0.025 0.016 -0.047 0.279 11 0.687 1.604 0.688 0.662 -0.643 0.337
12 1.226 1.282 a 0.098 -0.182 0.049 12 -0.279 =0.043 0.818 0.0l4 -0.19%& 0.006 12 0.9486 L.239 0.818 0.113 -0.376 0.055
13 1.093 1.145 <0.095 -0.061 -0.207 -0.036 13 -0.199 0.005 1;032 0.020 -0.l23 0.021 1] 0.895 L.15L 0.937 =0.041 =0.330 -~0.015
14 0 1.077 -0.568 0.002 -0.846 0.582 14 Q Q.Mo? 1:9,98_ 0.001 0.042 0.123 14 0 1.525 1.431 0.002 -0.804 -0.065
15 0.520 1.089 -0.004 0.0l8 -0.490 0.341 L5 0.175 0.080 l.121 «0.047 0.098 -0.102 135 0.695 1.169 L.117 -0.028 «0.392 -0.068
16 0.781 1.051 0.011 0.006 -0.306 0.084 16 0.084 0.027 1.036 =-0.020 0.063 -0.063 16 0.865 1.078 1.046 -0.024 -0.243 -0.055
17 0.450 1.819 0.50%, -0.505 -0.597 0.159 17 0.244 «0.311 0,258 -0.258 0.047 -0.716 L7 0.694 1.508 0.758 =0.763 .-0.549 ~0.557
13 1.115 1.180 -0.008 -0.077 -0.135 0.047 "l8 -0.174 -0.012 0.932  .0.144 -0.113 -0.309 i1a 0.941 L.167 0.924 ~0.221 -0.248 -0.262
19 1.0%0 1.067 -0.024 -0.01% -0.049 0.026 19 =0.111 0.006 0.987 -0.076 +0.096 =-0.184 19 0.979 1.073 0.963 ~0.094 =0.145 -0.157
20 2.631 2.631 (g.g25) O 0 0.207 20 -1.109  -1.109 (0.008) O - 0 -0.974 20 1.522 1.522  (0.033) O 0 -0.767
21 1.276 1.276 0.439 ] 0 0.349 21 =0.114 =0.114 0.269 Q Q -0.698 21 1.161 1.161 0.708 0 0 -0.34800
22 1.087 7 1.087 0.256 0 0 0.256 22 =0.017 -07017 0.622 0 0 =0.456 22 1.070 1.070 0.878 0 Q =0.201 :
Brackets f{ndicace the exact value {5 zero. Brackets Indicate the exact value is zecro. Brackecs indicate the exact value {s gzero.

, ':B"az =ua=0 'reﬂfoz -uauo Tra-faz =u8=0



TABLE

A 6452

TOTAL STRESSES AND INDUCED DISPLACEMENTS ASSOCIATED WITH TWO IDENTICAL SPHERICAL CAVITIES

IN A HOMOGENEOUS ISOTROPIC LINEAR ELAS

Efp=1 plp=1 p/p=0 dla=1% =0

R ”:IP ualp uzlp 1ztlp Eurlap Euzlap
1 1.158 1.158  0.441 O 0 0

2 l.121 1.143 0.300 0 0.716 ©

3 1.075 1.121 0.055 O 0.2 0O

4 1.020 1.096 -0.042 O -0.146 0

5  0.931 1.072  -0.044 0 -0.1446 0

6  0.966 1.052 -0.028 O -0.129 0

7 0.964 1.037 -0.015 O -0.111 o

B l.662 1.662 (-0.002) O -0.169

1.158 1.158  0.441 0 ] 0

10

11 0.389 1.696  0.391 0,391 -0.492 -0.1§%
12 0.995 1.178  0.018  0.082 -0.188 -0.042
13 1,027 1.102 -0.036  0.014 -0.l44 ~0.003
14 0 1713 -0.37%9 @ -0.713  0.051
13 0.573 1.248 -0.002 0.012 -0.372  0.043
16 0.805 1.113 0.011 0.007 ~0.226  0.030
17 0.319 1.714 0.332 -0.326 -0.505 0.332
18 0.967 1.160 -0.009 -0.051 -0.170  C.ibh
L9 1.011 1.066 -0.017 -0.0l13 -0.085 0.086
20 1.711 k711 (-0.002) © 0,452
2t 1.072 1.072 0.285 O 0.320
22 L.010- 1.010 0.165 @ 0.209 -

Brackets {ndicate Che exact value is zero.

'fa

=T

= u

0z

= 0

TIC INFINITE MASS WITH UNIFORM FIELD STRESS (Fig, A 6.5.2)

Efp =1 p!p-.:(l psz= dfa = Lk v=0 Efp=1 pr/p=], psz= 1 dfa = 1% ) v=0

N oalp a e e le 1,/P B fap B fap N olp o fp  a.lp r,/p B jap Eu jap

L 0.129 0.129 0.085 0 0 o 1 1.287 1.287 0.526 0O 0 0

2 D.062 0.106  0.327 0 -0.053 0 2 1.183 1.249  0.626 O -0.124 ©

3 -0.05) 0.052 0.764 O -0.052 0 3 1.022 1.173  0.819 0 -0.173 0

4 =0.070 0,012 0.984 0 =0.013 [¢] &4 0.950 i1.l08 0.942 Q ~0.162 0

5  =0.04D -0.005 1.035 0O 0.010 © 5 0.940 1.067 0.991 O -0.133 ©

6 -0.016 -0.009  1.034 O 0.026 O 6 0.950 1.042 1,006 0 -0.106 ©

7 -0.003  -0.009 1.025 O 0.028 0 7 0.961 1.028  L.00% © -0.084 0

8 -0.013  -0.0l3 (-0.002} © 0.478 1.649 1.649 (-0.003) @ 0 0.310

0.129 0.129 0.085 © 0 ] 9 1.287 1.287  0.526 0 0 0

. lo 10

11 0.303  -0.115  0.303  0.304 0.081  0.42% 11 0.692 1.581  0.69%  0.695 -0.4l1  0.255
12 -0.055 0.026  0.844 0.086 -0.026 0,080 12 0.939 1.202  0.852  0.163 -0.214  0.068
13 -0.072 0.0l6  D.964 0.003 -0.023  0.003 13 0.955 1.116  0.929  0.017 -0.167  0.006
14 ] -0.183 .83 O 0.183 .0.08l 14 (-0.001) 1.530 L.455 0 -0.530 -0.030
15 0.127 -0.08L 1.128  -0.027 0.120 -D.076 15 0.701 1.167 1.126 -0.016 -0.251 -0.033
16 0.066 -0.037 1.038 -0.022 0.07¢ -0.058 16 0.871 1.07% 1.050 -0.015 -9.152 -0.028
17 0.620 -0.200 0.430 -0.426 0.l4l -0.697 17 0.740 1.515  0.761 -0.75) -0.364 -0.365
18 -0.035  -0.005  0.929 -0.171 0.005 -0.3l6 18 0.932 1.155 0.920 -0.223 -0.155 -0.172
19 -0.038 0.c0? o.,979 -0.082 -0.0l11 -0.l88 19 0.973 1.067 0.962 -0.095 -0.095 -0.102
20 -0.205, -0.205 (-0.003) O o -0.962 20 1.507 1.507 (-0.005) © 0 -0.510
21 0.081 0.08L  0.4l9 O 0 -0.551 fil 1.153 1.153  0.706 0 o -0.221 N
22 0.056 0.056  0.709 © 0 ~0.343 22 1.066 1.066 0.876 Q (] -0.134 g

Brackets indicate the exact valua i3 zazo.

Teg

=¥

= u={0

8z

Brackets indicate the exact value is zero.
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TABLE A 6,5.2

TOTAL STRESSES AND INDUGED DISPLACEMENTS ASSOGIATED WITH TWO IDENTICAL SPHERICAL CAVITIES

IN A HOMOGENEQUS ISOTROPIC LINEAR ELASTIC INFINITE MASS WITH UNIFORM FIELD STRESS (Figs A 6.5.2)

Efp=1 prlpﬂrl pzlp =0 d/a=1% v =0.25

N alp o /P o /p ,/p B fap B fap

1 1l.307 1.307  0.533 O q 0

2 1.245 1.245 0,363 O -0.047 0

3 1.159 l.154 0.068 0 -0.097 - 0

4 1.067 1.097 -0.05L O -0.139 0

5 1.003 1.0664 -0.053 0O -0.152 0

6  0.975 1.043 -0.034 0 -0.145 0

7 0.967 1.030  -0.019 0 -0.128 0
1.998 1.998 (-0.001) 0 ) -0.079
1.307 1.307 0.533 0 0 0

10

1L 0.473 1.778  0.476  0.475 -0.559 -0.116

12 1.072 1-195 0.023 0.100 -0.182  0.0l6

13 1.080 1.105 -0.043  0.0L7 -0.136  0.008

ta 0 1.447 -0.461 0 -0.812  0.057

15 0.548 1.179 -0.002  0.0l& -0.439  0.046

16 0.793 1.085  0.0l14  0.009 -0.267  0.029

17 6.390 1.763  0.400 -0.397 -0.577  0.301

18 1.025 1.165 -0.011 -0.062 -0.l7L  0.l23

19 1.042 1.061 -0.021 -0.016 -0.079  0.072

20 2.082 2.082 (-0.002) O 0 0.406

21 1.153 1.153  0.347 0O 0.356

22 1.040 1.060 0.201 O 0 0,241

Brackets indicate the exact value is zero.

Tra

=T

-y =0

Efp=1 pip=0 g /p=1 da=1j v=20.25
N a.lp ualp a:!p rzrlp‘ Bafap B fap
1 -0.002 -0.002 0.00& 0 0 0

2 -0.049 0.012 0.268 0 .0.104 0

3 -0.130 0.0l19 0.750 © -0.11& 0

4  -0.114 0.0l0 0.992 0 -0.061 0O

5 -0.062 0.002 ° 1.046 O -0.013 0

6 -0.025 ~0.002 1.039 0 -0.013 0O

7  «0.006 0,003 L.028 O 0.024 0

8§ -0.288  -0.288 {(-0.002) O 0 0.488

-0.002  -0.002 0.004 O 0 0

10
11 0.222  .0.215  0.226  0.226 0.056  0.439
12 -0.127 0.004  0.83%  0.070 -0.081L  0.070
13 -0.121 0.01l  0.971  0.00L -0.070  0.000
1« 0 0.076 1.913 © 0.153 -0.098
15 0.152  -0.0l5 1.128 «0.031 0.127 -0.089
16 0.078  -0.01l  1.036 -0.024 0.078 -0.652
17 0.353 -0.244  0.360 -0.356 0.122 -0.761
18 =-0.091  -0.008 0.931 -0.l60 -0.034 -0.,339
19 -0.067 0.007  0.983 -0.079 -0.040 -0.202
0 -0.570  -0.570 (-0.001) 0O -1.046
21  0.002 0.002 0.359 O «0,646
22 0.02 0.026 0.674 0O -0.409

"re

= u=0

[

.Brackerts indicate the exact value i3 zero.

Efp=1 PJfe=1 P /p=l dfa= 1k v=0.25
N arfp celp czlp rzrlp Eu:/ap Euz/ap
1 1.305 1.305  0.537 0O o 0
2 1.197 1.258 0.631 0 0.0 o
1 1.029 1.173  0.891 © ©0.211 9
4  0.953 1.107 0.941 © 0-200 o
5 0.941 1.066 0.99%0 0 0.165 ¢
6 0.950 1.041  1.006 O ©.132 0
7 0.961 1.027 L.009 O 0.106 0
8 .1.710 1.710 (-0.003} © 0.409
9 1,305 1.305 0.537 0 0 0
10
11 0.695 1.563  0.700  0.59% -0.505 0.323
12 0.945 1.199 0.82 0.l70 -0.263  0.086
13 0.958 1.117 0.928  0.017 -0.206  0.008
14 (-0.001) 1.523 l.452 0O -0.660 -0.04l
15 0.700 1.165 1.126 -0.016 -0.313 -0.043
16 0.871 1.075  1.050 -0.0l5 -0.189 -0.037
17 0.744 1.519  0.760 -0.755 -0.455 -0.460
18 0.934 1.157 0.920 -0.223 -0.205 =-0.217
19 0.975 1.068  0.962 -0.095 -0.lla -0.129
20 1.512 1.512 (-0.003) O 0 -0.640
21 1.155% 1.155 0.706 0 o -0.290 B
22 1.067 1.067 0.875 O -o.msg

Brackets indicate the exact value is zero.



TABLE 4 6.5.2

Efp=1l plp=1 pfp=0 dfa=1f v = 0.49
N at/p aalp o,fp l’zrfP El.lrfap Eazlap
1 1.523 1.523 0.6566 0 .0 0
2 1.431 1.392 0.454 -0 0.021 0
3 1.283 1.202 0.085 0 ~0.021 0
4 L.136 1.097 ~0.064 0 -0.092 1]
5 1.036 1.051 -0.067 0 -0.133 Q
[ 0.989 1.030 -0.042 0 =0.141 0
7 0.972 1.0i9 -0.023 0 -0,132 0
8 2.474 2.474 (-0.019) O 0.137
1.523 1.523 0.666 0 0
10
198 0.568 1.898 _0.526 0.600 -0.568 0.03%
12 1.185 1.220 0.029 0.125 -0.122 0.075
L3 1.157 1.110 -0.054 06.02L -~0.084 0.0l6
14 0 1.055 -0.583 0 -0.830 0.055
15 0.512 1.078 -0.003 0.0l8 -0.477 0.041
16 0.776 1.044 0.018 -0.011 -0.291 0.020
17 0.463 1.827 0.526 =0.501 -0.589 0.156
. la l.111 1.171 -0.013 -0.079 -0.131 0.044
19 1.087 1.062 -0.026 -0.021 -0.045 0.025
20 2.607 2,607 {0.009) 0O 0 0.201
2l 1.272 1.272 0.426 0 g 0.345
2 1.085 1.085 0.253 0 1 0.252

Brackets indicate the exact value f{s zero.

1 4 =

1]

gz

TOTAL, STRESSES AND INDUCED DTSPLACEMENTS ASSOCIATED WITH TWO IDENTICAL SPHERICAL CAVITIES

IN A HOMOGENEQUS ISOTROPIC LINEAR ELASTIC INFINITE MASS WITH UNIFORM FIELD STRESS (Fip. & 6.5.2)

Efp=1 P/p=0 B, /p=l dfa=1% v = 0.49 Efp =1 pip=1 pfp=1 dla=1k v = 0.49

N qup aalp azlp v, /P Eu fap Eu /ap N crlp aeip a,/p LA Eu /ap Eu_/ap

17 -0.197  -0.197  -0.117 0 0 0 1 1.326 1.326 0.549 0 0 0

2 .0.214 -0.127 0.180 0 -0.190 0 2 1.217 1.266 0.634 0 -0.169 0

3 L0.264 ~-0.030 0.733 0 -0.22¢ 0 3 1.039 1.172 . G.817 0 -0.262 0

4 .0.179 0.007 1L.004 o -0.139 0 4 0.957 1.104  0.940 0 ~0.231 0

5  .0.093 0.012 1.057 0 -0.059 0 3 0.943 1.063 0.990 0 -0.192 0

6 .p.038 0.010 1.048 O -0.012 0 6 0.951 1.040 1.006 O -0.153 0

7 .0.011 " 0.007 1.033 © -0.0L1 0 ? 0.961 1.026 1.009 0 -0.121 0

8 =0.703 -0.703 (-0.003) O 0 0.386 8 1.771 1.771 (-0.022) O 0.523

-0.157 -0.197 -0.117 0 o 0 9 1.326 1.326 0.549 0 0 0

10 10
11 0.094  -0.362 0.l115 0.106 -0.01B  0.363 '! 11l 0.661 1.536 0.74l 0.705 -0.586 -~0.586
1z =~0.233 -0.025 0.832 0.047 -0.182 0.031 12 0.952 1.195 0.861 0.172 -0.304 -0.303
13 -0.194 0.004  0.980 -0.003 -0.l54 -0.006 '313 0.963 l.114  0.926 0.018 -0.238 -0.238
14 0 0.455 2.031 o 0.05% -0.1l11 14 0 1.510 l.448 O -0.781 -0.055
15 0.187 0.082 1.12%¢ -0.036 0©.l08 -0.096 15 0.699 1.160 1.126 -90.017 -0.369 -0.055
16 0.094 0.028 1.032 -0.026 0.068 -0.066 16 0.871 1.073  1.05%0 :0.0l6 -0.223 -0.046
17 0.255 =~0,304 0.269 -0.258 0.050 «0.714 17 0.718 1.523 0.795 -0.759 =-0.53%9 -0.558
18 -0.174 -0.013 0.934 -0.145 -0.ll1  -0.307 L8 0.936 1.158 0.921 -0.223 -0.241 -0.263
19 =0.l11 0.006 0.989 -0.075 -0.091 -0.18) i19 0.976 1.068  0.963 -0.09% -0.138 -0.158
20  «l.lla -l.114  (0.004) O -0.973 20 1.492 1.492 (0.013) O 0 -0.772

21 «D.ll4  -0.114  0.270 0 “=0.696 L2l 1.158 1.158  0.706 0 -0.351 00

22 -0.017 -0.017 0.623 o 04455 v 22 - L.068 1.068  0.875 0 -0.2033

‘Brackets {ndicate the exact valua {s zero.

'[B

=T

= u =0

Brackets indicate the exact value is zero.
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TABLE A 645.2

IN A HO

Efp=l prlpa 1 pfp=0 da=2 ve=20
K odp aa/p ale T./®  Fu lap Eu_lap
I L.022 1.022.. 0.299 0 0 0
2 1.038 1.027 D0.221 O -0.01% O
3 1.053 1.037 0.083 0 -0.037 0
4 1.041 1.041 0 ] -0.062 0
5 1.018 1.038 -0.025 0 -0.076 0
6  0.999 1.032 -0.026 0 -0.080 O
7 0.989 1.026 -0.017 0 -0.077 0
8 1.685 1.685 (-0.007) © -0.301
9 1.075 1.075 0.341 0 -0.157
w1022 1.022 0.299 D o
11 0.347 1.700  0.368 04350 -0.495 -0.223
12 0.973 1.159 0.0l  0.070 -0.169 -0.045
13 1.023 1.066 -0.00%9 0.0 -0.093 -0.002
16 0 1.710 -0.397 0 -0.710  0.037
15  0.568 1.245 ~-0.006 -0.007 -0.368  0.034
16 0.800 1.110  0.0L4  0.006 -0.219  0.027
17 0.336 1713 0.325  -0.324 -0.504  0.326
18 0.966 1.159 -0.013 -0.052 -0.168  0.138
19 1.0l 1.059 -0.019 -0.016 -0.085  0.08L
0 1.718 1.718  (6.003) 0 o 0.449
21 1.071 1.071  0.285 0 0.315
712 1.009 1.009 0.164 O 0.205

Brackers indicate the exact value is raro.

Tro

=t

-y = O

ez

TOTAL STRESSES AND INDUCED DISPLACEMENTS ASSOCIATED WETH TWC IDENTICAL SPHERICAL CAVITIES

HOGENEOUS ISOTROPIC LINEAR ELASTIC INFINITE MASS WITH UNIFORM FIELD STRESS (Fige A 645.2)

Efp=l prlp=0 lepﬂl. dfa =2 v=0Q

N elp oalp g /p /P Eu ap  Eufap
1 0.l00 0.100 0.469 0O ] 0

2 0.057 0.083 0.583 ¢ -0.042 0

3 -0.0l5 0.051 0.795 0 -0.051 0

4  -0.065 0.023 0.9 0 -0.034 0

5  -0.039 0.006  1.002 ¢ -0.013 0

& -0.024  -0.001 1.018 o 6.003 0

7 -0.012 +0.0064 1.018 0 n.QL2 ~ 0

‘8 -0.141  -0.141 {-0.005) © ©0.719
9  0.103 0.103  0.326 0 0.289
10 0.100 L1.100 0,489 O 0

11 0.380  -0.171  0.392  0.381 0.120  0.526
12 .0.038 0.008 0.887 0.136 -0.008  0.153
13 -0.047 - 0.D17? 0.952  .0.037 -0.026  0.039
16 0 -0.196 1.873 O 0.196 -0.060
15 - 0.136 --0.088  1.162 -0.0l4 . 0.l132 -0.057
16 0.075  -0.D40 1.046 -0.013 0.08L -0.048
17 0.435  -0.205  0.427 :0.426 "0.145 -0.6%0
18 -0.036  -0.007  0.933 -0.177 0.007 -0.273
19 -0.039 0.006  0.983 -0.08L -0.009 -Q.182
2 -0.203  -0.203 (0.002) © 0 -0.956
21 0.080 0.080 0.420 -0 -0.546
22 0.055 0.055 0.7l 0O -0.338

Brackers indicate cthe exact valua is zeto.

e =

-u0=0

Eflp=1 pclpnl pzlpnl dfa = 2 v=0

N e fp a /P o /p /P B ap B /ap

1 1.122 1,122 0.768 O 0 0

2 1.095 1.110  0.804 0 -0.055 0

3 1.038 1.089 o.878 © -0.089 0

4  0.99 1.064 0.9l O -0.09 0

5 0.979 1.064  0.977 0 .0.089 0

&  0.915 1.031  0.99%% O -0.077  ©

T 0.977 1,022 l.001 O ~0.065 O
.8 l.%4 1.544 (-0.012) © 0.419

1.178 1.178  0.665 O 0.132

10 l.l22 1.122  0.768 0 0

1t 0.727 1.530  0.760  0.730 -0.374  0.301
12 0.935 1.167 0.896  0.207 -0.177  0.107
13 0.976 1.083 ~ 0.943 0.069 =-0.117 0.038
14 (0.001) 1.514  1.477 -0.001 -0.5l4 -0.029
15  0.704 1.157  1.136 -0.006 -0.236 -D.235
16  0.875 1.069  1.054 -0.007 -0.139 -0.210°
17 0.1 1.508  0.752 -0.750 -0.359 -0.364
18  0.930 1.152  0.921 -0.223 -0.161 -0.170
19 0.972 1.065 0.964 -0.095 -0.092  -0,100
20 l.5l4 1.514 {0.005) 0 0 -0.507
21 l.1sL 1.151 0.705 0 -0.230 3
22 L.064 1.066 0.875 O 0 -0.133 o

Brackets indicate the exact value {s zero.

Tco

T =



TOTAL STRESSES AND INDUCED DISPLACEMENTS ASSOCIATED WITH THO IDENTICAL SPHERICAL CAVITIES

IN_A HOMOGENEOUS ISOTROPIGC LINEAR ELASTIC IﬂFINITE MASS WITH UNIFORM FIELD STRESS (Fige A 64542).

TABLE A 645.2
Elp=1 P lp= pfp=0 da=2 v o= 0.25
N a./p aalp o /p /P Bufap Ba/ap
1 1.078 1.078  0.367 0 0 0
2 1.086 1.079  0.213 0 0.005 0
3 1101 1.062  0.103 0 -0.010 ©
4 1.077 1.048 © 0 -0.044 O
5 L.040 1.038 -0.030 O -0.070 0
6  1.0i2 1.029 -0.029 0 -0.082 0
T 0.99 1.022 -0.02k O -0.084 O
8 2.066 2.066  {0.066) O 0 ~0.202
9  1.165 1.165 0.419 0 0 -0.167
o 1.078 1.078  0.367 0 0 0
11 0.470 1.758  0.364  0.425 -0.656 -0.177
12 1.038 1.169  0.012  0.084 -0.165 -0.012
13 1.063 1.070 -0.011  0.039 -0.08l 0.018
14 (-0.002)  1.439 -0.485 0.002 -0.8l11  0.044
15 0.609 1.148  0.004  0.008 -0.391  0.365
16  0.785 1.082  0.017  0.007 -0.262 0.029
17 0.329 1.744  0.391  -0.394 -0.575  0.29%
18 1.022 1.1664 -0.012 -0.060 -0.l172  0.118
19 1.029 1.061 -0.022 -0.016 -0.081  0.069 -
0 2.048 1.048 (-0.0l5) O 0 0-39
21 1.1%0 1.150 0.3 0O 0.348
22 1.039 1.039 0.l197 0 0.235

Brackets indicate the exact value is zero.

= u9= Q

E/p =L Pip=0 p /p=1 dfa= 2 v 0,25 Efp m L p/p=1 plp=l dfa=2 v = 0.25
R o lp aa/p a,ip Tz:/p Eu fap  Es fap N o lp ua/p dz/p 'zrlp Eu fap Eu [ap
1 0.045 . 0.045 0.6l2 0 0 0 1 126 1126 0.779 © 0 0
2 -0.003  0.046 0.561 0 -0.08L 0 2 1.083  1.26 0.8l 0 -0.076 0
3 -0.062  0.030 0.780 O -0.100 0 3 1.039  1.091 0.881 0 0.1 0
4  -0.079  0.016 0.9 0 -0.076 0 4 0,999  1.065 ©0.92 0 -0.120 0
5 -0.060  0.007 1.007 © -0.042 0 5 0.980  1.045 0.977 0O -0.112 0
& -0.037  0.003 1.023 O -0.015 0 "6 0.976  1.031 0.99 0 -0.097 ©
7 -0.019 0 1.022 0 0.002 © 7 0,977  1.022 1000 0 -0.083 ©
B -0.442  -0.422 (0.072) © 0 0.746 8  1.626 , 1.626 (0.138) O 0.504
0.016  0.0l6 0.259 O 0 0.328 .9  1.81 1.8l 0.679 0 1.161
10 0.045  0.045 0.4t2 0 0 0 10 L1246  1.126  0.779 0
11 0.357  -0.236  0.241  0.306 0.096  0.550 11 0.827  1.522  0.605 ©.731 -0.469  0.373
12 -0.098  -0.00L  0.886  0.122 -0.056  0.l146 12  0.94L  L.168 0.896  0.206 -0.22L  0.134
13 -0.085  0.013  0.95  0.031 -0.065  0.030 13 0.978  1.083  0.943  0.070 -0.146  0.479
14 (-0.002)  0.071  1.995  0.002 0.167 -0.071 14 (=0.004)  1.510  1.469  0.004 -0.644 -0.027
15  0.162  -0.0L7 1.143 -0.016 0.l141 -0.068 15  ©0.702  1.158  1.135 -0.008 -0.298 -0.029
16  0.088 -0.012 1.038 -0.014 0.087 -0.055 16 0.874  1.070  1.054 =-0.007 -0.176 -0.026
17 0.288  -0.267  0.355 -0.358 0.126 +0.753 17 0.617 1.477  0.747  -0.752 -0.450 -0.459
18  -0.095  -0.008  0.939 -0.158 -0.033 -0.329 18 0.927 1.157  0.927 -0.218 -0.205 -0.212
19 -0.070  0.008  0.988 -0.077 -0.040 -0.19 19 0.969  1.069  0.966 -0.093 -0.120 -0.125
0 -0.613  -0.613 (-0.0l6) 0 0 -1.046 20 1.435  1.435 (-0.031) O 0 -0.650
21 -0.001 -0.00L  0.35 0 -0.645 2l 1,50 L.150  0.69 0O -0.297 W
22 0.026  0.026 0.673 O 0 04407 22 1.065  1.065 0.870 O -0.172 g

Brackets indicate the exact value is

Yce

ez

= uan Q

ZeL0.

Brackets indicate the exact value (s zero.
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TABLE A 64542

TOTAL STRESSES AND INDUCED DISPLACEMENTS ASSOCIATED WITH TWO IDENTICAL SPHERICAL CAVITIES

IN A HOMOGENEOUS ISOTROPIC LINEAR ELASTIC INFINITE MASS WITH UNIFORM FIELD STRESS (Fige A 645.2)

E/fp=1 pip=1 p fp=0 dfa = 2 v = 0,49
N uzlp ualp nzlp 'zrlp Eurlap B.lzlap
1 l.162 1.162  0.455 0 o 0

2 l.164 1.143 0.338 0 0.048 0

3 1170 1,097  0.128 0O 0.069 O

4  1.128 1.059 0.001 0 0.006 0

5 1.073 1.037 -0.037 0 -0.039 0

6  1.03L 1.024° -0.036 0 -0.066 ©

) 1.006 1.0l6 -0.026 0O -0.077 0

8 2.543 2,543 (0.026) 0O -0.020
9 1.296 1.296 0.519 -0, 140
10 1.162 1.162  0.455 0
11 0.511 1.836  0.535  0.536 -0.576 -0.026
£2 1.133 1.148  0.006  0.087 -0.090  0.066
13 1.120 1.077  -0.013  0.049 -0.035  0.055
14 o 1.040 -0.610 -0.001 -0.82%  0.045
k5 0.499 1.070  -0.010  0.012 -0.480  0.039
16  0.765 1.040  0.021  0.0L0 -0,289  0.027
17 0.492 1.831  0.50L -0.495 -0.5%  ©.153
18  1.107 1.169 -0.0l9 -0.079 -0.133  G.040
19 1.084 1.061 -0.029 -0.02L -0.049  0.023
20 2.61% 2.619  (0.001) 0.201
21 1.269 1.269  0.435 .0 0.343
22 1.083 1.083 0.251 0O 0.249

Brackets indicate che exact value 15 zero.

'I.'e =

gz

auego

Elp=1l pt/pzo pzlp::l. dfa =2 v =0.49 Efp=1 prIP=1 pzlp=l dfa = 2 v = 0.49
8 o/p o /e s, /p /P Eufap B fap N alp aelp a lp /P Eudap  Eu fap
1 -0.035 ~-0.035 Q.317 0 o 0 1 1.126 1.126 0.771 0 0 0
2 -0.080 -0.020 0.469 0 -0.140 0 2 1.084 1.129 0.807 0 -0.091 0
3 -0.133 -0.004 g.752 a -0.183 0 3 1.037 - 1.096 0.:880 0 ~0.134 0
4 | -0.13L 0.006 0,941 0 -0.149 0 4 0.997 1.066 0.942 0 ~0.143 0
5 -0.093 0.009  1.015 0 -0.094 0 5  0.980 1.045 0.977 0 -0.133 o
6  «0.055 0.008 l.030 0O -0.049 0 6  0.976 .03l 0.99 0 -0.115 0
7 -0.029 0.006 L0272 @ -0.020 o 7 0.977 l.022 1.00L © -0.097 0
8 -0.959 -0.969 (0.008) O 0 0.658 8 1.573 1.573 (0.034) © 0.628
-0.112 -0,112 0.152 0 0.341 9 1,184 1.184 0.669 0 0.201
10 -0.035  -0.035 0.317 0 0 0 10 1.126 1.126  0.771 0 0
3] 0.198  -D,328  0.201  0.199 0.024  0.481 1L 0.708 1.508 0.735 0,735 -0.552 0.454
12 -0.181 -0.015 0.881 0.101 -0.145  0.098 12 0.938 l.168 0,899 0.207 -0.263 0.1l62
13 -0.143 0.007 0.956  0.021 -0.139  0.002 13 0.977 1.084 0.943  0.070 -0.l7&% 0.574
14 0 0.465 2.082 O 0.065 -0.083 i 0 1.505 1.472 -0.001L -0.764 -0.018
15 0.203 0.086  1l.146 -0.018 0.127 -0.075 15 0.702 1.155  1.136 =0.007 -0.352 -0.037
16 0.109 0.029  i.033 -0.016 0.082 -0.059 16 0.874 1.069  1.054 -0.007 -0.208 -0.032
17 0.255 =-0.315 0.257 -0.25% 0.053 -0.703 17 0.747 1.516 0.758 -0.752 -0.536 -0.55%
18 -0.177  -0.013 0.941L -0.l4& -0.109 -0.297 18 0.929 1.155  0.921 -0.222 -0.242 -0.257
19 "-0.133 0.006 0.994 -0.073 -0.09%1 -0.l175 L9 0.971 1.067 0.964 -0.094 -0.140 -0.152
20 -l.124 -l.124 0 0 ~0.96& 20 1.495 1.495 0 0 “0.765
2 -0.116  -0.il16  0.269 ~0.691 il 1.152 1.152  0.704 0 -0.348 ¥
22 -0.017  <0.017 0.623 O -0, 451 22 1.065 1.065  0.874 .0.202 @
) =)

=T

I‘ra

= u_ =

‘Brackets indicate the exact value is zero.

Brackets indicate the exact value is zero.
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TABLE A G+5.2

TOTAL STRESSES AND INDUCED DISPLACEMENTS ASSOCIATED WITH TWO IDENTICAL SPHERICAL CAVITIES

IN A HOMOGENEQUS ISOTROPIC LINEAR ELASTIC INFINITE MASS WITH UNIFORM FIELD STRESS (Fig. A 5.5.2)

Efp=1L pfp=1 »ifp=0 dfa = 2% ve=0 Efp =l P ip=0 g fp=1 da=2 v=20 Elp=l pfe=1l p fp=1 dfa=2y v=0
Nooadep aa/P e fp v, /e Eulap  Bu /e N e /p oglP o /o /P B fap  mefap N el ag/p 9. lp /P B fap B fap
L l.oo0 1.000  0.179 0 e ) 1 0.063 0.063  0.698 0 .0 0 L 1.063 1.063  0.876 0 0 0

2 1.010 1.004  0.145 O -0.002 © 2 0.046 . 0.055 0.746 O -0.228 0 2 1.054% 1.059 0.890 0 -0.030 ©

1 1.026 1.011  0.077 0 -0.011 0 3 0.005 1.039  0.843 0 -0.039 0 3 1.030 . 1.051 0.921 @ -0.051 0

4 1.030 1.017  0.022 O -0.,026 O 4  -0.021 0.023 0.930 0 -0.034 © 4 1.009 1.040  0.952 0 -0.060 O

5 1.022 1.019 _g.006 © -0.039 0 5  -0.027 0.0l  0.981 0O -0.022 0 5 0.995 1.030 0.9?5 o0 -0.061 0O

6 L.oll 1.019 -0.0L& © -0.047 O 6 -0.022 0.0064 1,003 0 -0.009 0 6 0.989 1.023 0.989 0 -0.057 0

7 1.002 1.017 -0.0la O -0.051 0 7 -0.015 0 1.010 O o 0 7 0.987 1,017 0.9% 0 -0.0% 0

8 1.699 1.699 (-0.006) © 0 «0.357 -0.183  .0.183 (-0.003) © 0.8l4 8 1.515 1.515 (=0.009) © 0.457
9 1.071 1.071  0.304 0O -0.221 0.088 0.086 0.386 0 0.396 g 1.159 1.159  0.690 0O 0.176
16 1.009 1.009  0.210 O 0 -0.09 10 0.072 0.072  0.63% O 0.162 Lo 1.080 1.080  0.843 0.067
1L 0.330 1.706  0.336  0.335 -0.500 ~0.253 11 0.405  -0.193  0.408  0.408 0.136  0.574 11 0.735 1.516  0.745  0.7643 -0.363  0.321
12 0.968 1.158 -0.001  0.060 -0.167 -0.069 12 -0.036 -0.00lL  0.914 0.156  0.00L  0.1%96 12 0.932 1.157  0.913  0.216 -0.166  0.127
137 l.0l4 1.060 -0.010 0.025 -0D.085 =0.017 13 -0.040 0.011  0.965  0.059 -0.0l6 0.074 13 0.974 1.071  0.955  0.085 -0.101  0.057
16 (-0.001) L.711 -0.4l0 O -0.711  0.027 14 0 -0.206  1.895 O 0.204 -0.063 14 ¢-0.001) 1.508  1.485 0 -0.508 -0.016
15 0.565 1,266 -0.011  0.004 -0.368  0.025 15 0.13% -0.092  1.152 -0.007 0.139 -0.042 15 0.704 1.153 1.4l -0.003 -0.230 -0.017
16 0.797 1.109  0.013  0.004 -0.218  0.022 16 0.078  -0.043 1.044 -0.007 0.085 -0.037 16 0.876 1.066 1.057 -0.003 -0.133 -0.015
17 0.317 1.713  0.326 -0.323 -0.3504  0.320 17 0.423  -0.208  0.429 -0.427 0.l47 -0.683 17 0.740 1.505  0.756 -0.75% -0.357 -0.363
18 0.966 1.158 -0.0l4 -0.051 -0.168  0.133 18 -0.038  -0.008  0.937 -0.171 0.009 -0.30l L8 0.928 1.150 0.923  -0.222 -0.160 -0.167
19 1.0t0 1.059 -0.021 -0.014 -0.084  0.078 19 -0.040 0.005 0.987 -0.080 -0.007 «0.l75 19 0.971 1.064  0.966 -0.094 -0.091 -0.098
20 1.713 1.713 0 0 0.444 20 -0.209 .0.209 O ~0.951 20 1.503 1.503 (-0.001) O 0 -0.508
31 l.07L 1.071  0.284 0.311 21 0.079 0.079 0.420 O -0.541 2l 1.150 1.15  0.706 0 -‘::l.z:ioga '
22 1.009 1.009 O0.163 0 0.201 22 0.055 0.055  0.711 . -0.334 22 1.064 1.064 0.874 0 0 -0.133 2

Brackets indicate the exact value is zero.
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. Brackers- indicate the exact value is zero.

Brackets indicate the exact value is zergo.



TABLE A 64542 ToTAL STRESSES AND INDUCED DISPLACEMENTS ASSOCIATED WITH TWO IDENTICAL SPHERICAL CAVITIES

—

IR A HOMOGENEOUS ISOTROPIC LINEAR ELASTIC INFINITE MASS WITH UNIFORM FIELD STRESS (Fige A 6.5.2)

Efp=1 p/p=1 p [p=0 da= 2% ve=0.,25 Efp=1 pip=0 pfp=1 dfa=2% v = 0.25 Efp=l Pip=1 P, /p=1 dfa=2} v=0,25
Nooe lp celp a lp /P B /ap B _/ap N a le ualp " e lp r,/p Eu/ap Eufap N e /e ua/p v /e v,/ Euap  Eu /fap
L 1.028 l.028 o0.217 0O 0 o 7 L 0.036 0.036  0.660 ] 0 0 L L.064 1.064  0.877 0 o 0

2 1.037 1.028 0.177 O 0.013 0 2 0.016 0.032  0.713 0 -0.050 0 2 1,053 1.060 0.890 © -0.037 0

3 1.053 .oz 0.09 O o.c10 0 3 .0.022 0.024  0.827 0 -0.073 0 3 1031 ‘L.05L  0.921 0 -0.063 0O

4 1.033 1.024 0.026 O -0.007 0 & .-0.044 0.016 0.926 O ~0.068 0 4 1,009 1.040 0.952 0 -0.075 0O

5 l.040 1.022 -0.007 0 -0.027 0 5  -0.045 0.009 0.982 O -0.049 O 5  0.995 1.030  0.975 0 -0.076 0

& 1.023 l.018 -0.017 0 -0.042 0 6  -D.034 0.004 1.006 o -0.029 © 6  0.989 1.023 0.988 © -0.071 0

? 1.010 l.015 -0.0i7 O -0.05%0 o0 7 -0.023 0.002 1.013 0 -0.013 0 7 0.987 1.017 0.996 0O -0.063 0

8  2.061 2.061 (-0.008) O 0 -0.295 8  -0.538  -0.538 (-0.002) © 0.869 83 1.523 1.523 (-0.006) O v 0.574
g 1.154 L.154 0.370 0 o -0.239 ] 0.007 0.007 0.322 0 0 0.459 9 1.161 l.161 0.692 0 0 0.220
10 1.045 1.045 0.255 0 4] -0.107 10 0.036 0.036 0.589 0 ] 0.190 10 1.081 1.081 0.844 0 0 0.084
11 0.406 1.758  0.407  0.407 -0.569 -0.209 1L 0.337 -0.247  0.335  0.336 0.l116  0.612 1L 0.734 1.511 0.742  0.763 -0.453  0.403
12 1.027 1.163 0,002  0.073 -0.166 =0.037 12 -0.095  -0.007 0.914  0.143 -0.041  0.19 12 0.933 1.156  0.912  0.216 -0.207  0.159
13 1.048 1.062 -0.013 0.031 -0.075 -0.004 13 -0.073 0.009 0.967 . 0.054 -0.051 0.070 13 0.975 1.071 0.955 0.085 -0.126 0.071
14 0 1.437 -0.598 0 ~0.811 0.032 14 0 0.068 1.982 1] 0.177 -0.053 L4 (-0.001) 1.505 1.484 o -0.634 -0.021
15 0.536 1.173  -0.01%4  0.005 -0.438 0.03¢ ~ 15  q.167 -0.020 1.154 -0.008 0.l151 -0.051 15 0.704 1.152 l.161  -0.003 -0.287 -0.021L
16 0.782 l.080  o0.015  0.005 -0.26L  0.025 16  0.094 -0.0l4 L.062 .0.008 0.095 -C.044 l6 0,875 1.066  1.057 -0.003 -0.166 -0.020
17 0.386 1.759  0.396 -0.393 -0.575  0.289 17 0.350 -0.255  0.360 -0.358 0.129 -0.744 17 g.730 1.503 0.756  -0.751 <D.446  -0,455
1é 1.025 l.162  0.017 -0.062 -g.170  0.ll2 18 -0.095 -0.0lL  0.941 -0.160 -0.02% .0.032 18 0.928 1.15¢L 0.923  -0.222 -0.199 -0.210
19 1.040 1.059 -0.025 -0.017 -0.078 0.064 19  .0.069 0.005  0.991 -0.077 -0.035 <0.187 19 0,971 1.064  0.966 -0.094 -0.113 -0.123
0 2.083 2.083 O 0 0 0.3 20 -0.579 -0.579 O o 0 -1.034 20 1.504 1.504 (-0.001) O -0.637
21 l.151 L-151 0.345 0 0 0.347 21 0 0 0.35%9 0O 0 -0.635 21 1.150 1.150 0.703 0 -0.289%
22 1.039 1.039 0.198 O 1] 0.233 22 0.025 0.025  0.676 ) 0 -0.400 22 1.064 1.064 0.874 0 0 -0.166;
Brackets indicate the exact value is zero. Brackets indicate the exact value is zero. Brackets indicace the exact value is zero.

g Tgz Y= 0 Teg = Tgz Y= O Teg = Tgz T4~ 90



TABLE

A 6.5.2

TOTAL STRESSES AND INDUCED DISPLACEMENTS ASSOCIATED WITH TWO IDENTICAL SPHERICAL CAVITIES
IN A HOMOGENEQUS ISOTROPIG LINEAR ELASTIC INFINLTE MASS WITH UNIFORM FIELD STRESS (Fige A Ge5+2)

.18

Efp=1 pip=1 pfp=0 dfa=2} v = 0,49
N azlp aafp azlp rzrlp Eur/ap Euzlap
1 1.068 1.068 0.273 0 0 0
2 1.065 1.077 0.223 0 0.032 0
3 1.089 1.033 0.118 0 0.048 a
4 1.086 1.037 0.033 0 a.032 0
5 1.065 1.026 -0.009 0 0.004 Q
6 1.041 L.018 -0.022 1] -0.022 Q
7 1.021 1.013 =-0,021 0 =0.039 0
2.578 2.578 (0.006)} O 0 -0.088
1.275 1.275 0,464 0 =0.220
10 1.098 1.098 0.321 0 -0 -0.107
11 0.518 1.839 0.508 0.513 -0.584 ~-0.062
12 1.113 l.174 -0.002 0.092 -0.127 0.043
13 1.0%6 1.067 ~-0.016 0.039 -0.039 0.050
14 0 1.033 =0.628" 0.001 «0.831 0.035
13 0.493 1.066 -0.017 0.006 -0.485 0,032
15 0.758 1.038 0.019 0.006 -0.293  0.025
17 0.476 L.815 0.483 -0.496 40,591 0.015
1.106 1.169 -0.021 -0.077 -0.135 0.037
19 1.082 L.061 -0.032 -0.02] -0.051 0,020
20 2.610 2.610 {0.005) O 0.196
21 1.267 1.267 0.430 ¢] 0.338
22 1.082 1.082 0.248 0.245

Brackets indicate cthe exacet value Ls zeto.

Teg =

Efp=1 pfp=0 plp=1 d/a= 2% v =0.49
N ar/p qalp ozlp ru,/p Eu:(ap Euzfa 4
1 -0.006 -0.00& 0.606 O 0 0
2 -0.030 0.00& 0.668 O -0.091 0
3 .0.064 0.004 0.803 0O -0.132 0
4 -0.07% 0.006  0.919 O ~0.127 0
5 .0.07L 0.006 0.986 0 -0.098 0
6 . .0.052 0.006 1,000 0O ~0.066 0
T -0.034 0.005 1.017 0 ~0.039 ©
-1.065  -1.065 (0.007) 0 0 0.774%
-0.113 -0.113 0.227 0 0 0.484
1o .p.0L7 -0.017 0.523 0 0 0.207
11 0.232  -0.32¢  0.230 0.231  0.043  0.545
1z -0.182  -0.01&  0.914  0.125 -0.126  0.L47
13 -0.122  ~u.007 0.970 .0.046 -0.115  0.035
14 6 0.470 .12 ¢ 0.075 -0.061
L3 0.210 0.087 1.158 -0.009 0.140 -0.057
16 0.117 0.029 1.038 50.009 0.092 -0.048
17 0.255 ~0.320 0.254 -0.255 0.057 -0.693
18  .0.179  -0.0l&  0.945 -0.143 -0.107 -0.287
19  .0.114 0.006 0.998 -0.072 -0.089 -0.l66
20 -1.131 -1.131  (0.001) O -0.959
21 -0.118 -0.118 0.268 0 -0.685
22 .0.0i8  .0.0l8 0.624 O -0.445

"reg

gz

,Brackets indicate the exact value Ls zero.

Efp=1 pip=1 pfp=1 da=25 v=0.49
N o fp °alp o,fp T, fP  Eufap Eu fap
1 L.064 1.064  0.B77 O 0 0
2 1.034 1.08l 0.89L O -0.059 0
3 1.026 . 1.058 0.921 O -0.084 0
4  1.007 1.043 0.952 0 -0.095 0
5 0,995 1.032  0.975 ¢ -0.09 0
&  0.989 1.026  0.989 0 -0.087 0
7 0.987 1.0l8 0.996 0 -0.078 0
1.513 1.513  (0.014) O 0 0.686
E.161 1.161  0.691 0.264
10 1.081 1.08L  0.844 0O 0 0.101
1L 0.75 1.515 0,739 0,744 -0.541  0.48Y
12 0.931 1.159  0.912  0.216 -0.251  0.191
13 0.973 1.074. 0.95%  0.085 -0.155 0,085
14 (-0.00L)  1.503  1.486  0.00L -0.757 -0.026
15 0.703 1.153 l.l4l  -0.003 -0.347 -0.025
16  0.a75 1.067  1.057 =-0.00% -0.201 -0.023
17 0.732 1.495  0.737  -0.749 <0.534 -0.544
18 0.926 1.155  0.926 =0.221 -0.242 -0.250
19  0.969 1.067  0.966 -0.003 -0.l4l  -0.146
20 1-479 1.479  (0.006) O -0.763
21 1.150 1.150 0.698 0 -0.347 2
22 1l.064 1.066 0.873 O 0,200 3

Brackets {ndicate the exact value Ls zero.
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