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High-precision and low-depth quantum algorithm

design for eigenstate problems

Jinzhao Sun'?%3*, Pei Zeng4*1', Tom Gur?*, M. S. Kim'*

Estimating the eigenstate properties of quantum systems is a long-standing, challenging problem for both classi-
cal and quantum computing. Existing universal quantum algorithms typically rely on ideal and efficient query models
(e.g., time evolution operator or block encoding of the Hamiltonian), which, however, become suboptimal for ac-
tual implementation at the quantum circuit level. Here, we present a full-stack design of quantum algorithms for
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estimating the eigenenergy and eigenstate properties, which can achieve high precision and good scaling with
system size. The gate complexity per circuit for estimating generic Hamiltonians’ eigenstate properties is (§(Iogs‘1 ),
which has a logarithmic dependence on the inverse precision &. For lattice Hamiltonians, the circuit depth of our
design achieves near-optimal system-size scaling, even with local qubit connectivity. Our full-stack algorithm has
low overhead in circuit compilation, which thus results in a small actual gate count (cvor and non-Clifford gates) for
lattice and molecular problems compared to advanced eigenstate algorithms. The algorithm is implemented on
IBM quantum devices using up to 2000 two-qubit gates and 20,000 single-qubit gates and achieves high-precision
eigenenergy estimation for Heisenberg-type Hamiltonians, demonstrating its noise robustness.

INTRODUCTION

Estimating the properties of the ground and excited states of quantum
many-body systems is a long-standing problem of fundamental inter-
est, which has applications in condensed matter physics, quantum
chemistry, and material science (I1-3). Despite its quantum hardness
both in theoretical complexity (4) and empirical numerical evidence
(5), finding eigenstates of many-body Hamiltonians remains a central
goal, driving ongoing exploration of quantum algorithms, from quan-
tum phase estimation (QPE) (6-13) to spectral filter algorithms (14-
31), dissipation-based algorithms (32-34), and others (35-39). In
particular, with rapid development of quantum hardware and error
correction, there is increasing interest in designing quantum algo-
rithms considering the feature of early fault-tolerant quantum comput-
ing (FTQC) devices (21, 40), where minimizing controlled operations
and circuit depth is essential. This constraint also applies to noisy
intermediate-scale quantum (NISQ) devices. In this context, it is de-
sirable to design quantum algorithms that satisfy the constraints of
fewer qubits, low circuit depth, and restricted qubit connectivity, which
are often interrelated when compiling nonlocal controlled gates into
local ones (41).

Considering the above hardware constraints (21), spectral filter—
based methods are good candidates for effectively finding the ground
state (12, 18-26), which can achieve good asymptotic query complex-
ity under the assumptions of nonvanishing initial overlap and energy
gap. These include algorithms for ground-state energy estimation (21)
and property estimation (22, 24), as well as subsequent developments
(12, 15, 18-20). Nonetheless, these algorithms are typically based on
perfect and efficient queries to either the real-time evolution operator
¢ which is the case for most early FTQC algorithms (12, 13, 18-26),
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or the block encoding of the Hamiltonian H (28, 42). Their favorable
scaling properties no longer exist when they are compiled into el-
ementary gates in the quantum circuit. For example, implementing
real-time evolution via Trotterization as a subroutine will eliminate
the advantage of logarithmic precision scaling in eigenstate prop-
erty estimation. On the other hand, realization via block-encoding
will lose the good system-size scaling; moreover, it requires many
ancillary qubits and nonlocal controlled gates, which violates the
spirit of early FTQC. Moreover, the system-size dependence of
the algorithms is rarely discussed in existing works, as it highly
depends on the circuit-level implementation as well as the qubit con-
nectivity of quantum devices. These algorithms thus become subop-
timal at the quantum circuit level. An important question is, when
considering the gate complexity and qubit connectivity in NISQ and
early FTQC applications, how to design high-precision and low-
depth algorithms.

In this work, we present a full-stack quantum algorithm for eigen-
state property and eigenenergy estimation on the basis of random-
ized composite linear-combination-of-unitaries (LCU) formulae. The
maximum gate complexity for each circuit at a single run is shown
to be O(polylog(e‘l)), outperforming the QPE-based method and
matching the result by quantum signal processing (QSP) (28, 42).
This precision scaling may not be achieved by coherent methods rely-
ing on a coherent implementation of real-time evolution, such as a
variant of QSP (28) by quantum eigenvalue transformation of unitar-
ies (QETU) (43). The second advantage of our method is its low cir-
cuit depth for various physical problems with conserved symmetries.
For lattice Hamiltonians, our method achieves near-optimal system-
size gate complexity per circuit even with nearest-neighbor (NN)
qubsit connectivity. Specifically, the depth complexity d = O(n°") is
nearly independent of #, besides the implicit dependence from the
energy gap, which outperforms the other strategies. Here, the small-o
notation o(1) indicates approaching to zero asymptotically. To ac-
complish this, we design new composite LCU circuits that maintain
the system’s symmetries. Thanks to the integrated feature of the full-
stack design, we are able to achieve near-optimal precision and
system-size scaling, even when restricted to NN architecture. A
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comparison with representative advanced eigenstate algorithms is
displayed in Table 1.

An important feature of our full-stack algorithm is the low over-
head in circuit compilation, resulting in a small actual gate count in
each coherent circuit run. We present the resource requirements, in-
cluding the cNoT and non-Clifford gates, for representative physical
models in condensed matter and chemistry. Prior resource estimates
(44-49) are mostly based on QPE, which is further concatenated
with either Trotterization (13, 50, 51) or qubitized quantum walks
(QWs) (52-54). For lattice models and quantum chemistry prob-
lems, our method requires fewer gates compared to other advanced
methods. In particular, the cNOT gate cost for a 20-site Heisenberg
model is on the order of 10, while the T gate cost is about 10°. This
makes our approach particularly suitable for NISQ and early FTQC
applications. Our work also provides a useful toolbox for compiling
state-of-the-art quantum algorithms into elementary gates. The algo-
rithmic efficiency and inherent noise resilience of our approach en-
abled a high-precision implementation on IBM quantum devices
with up to 2000 two-qubit gates and 20,000 single-qubit gates. We
have tested several Heisenberg-type Hamiltonians with coupling
strength J and achieved ground-state energy estimation errors of
about 0.01].

RESULTS

Randomized composite LCU formulae

Here, we introduce the framework of eigenenergy and eigenstate
property estimation with the randomized composite LCU formulae.
Let us start by formulating the problems and introducing the nota-
tions and assumptions used throughout this work. Consider
an n-qubit gapped quantum system whose Hamiltonian H has a
Pauli decomposition H = ZLI P =) ZLI &P, Here, P; is a Pauli

Table 1. Comparison of advanced methods for eigenstate property
estimation on parameters of the systems (L and n) and target
precision &. The second column displays the maximum gate complexity
in a single circuit instance for generic Hamiltonians with L terms. The third
column displays the depth complexity for 1D Heisenberg Hamiltonians
with qubit connectivity restricted to an NN architecture. The big-O and
small-o notations are used. For example, O denotes the complexity up to
polylogarithmic factors as used in (28). Different methods have similar
dependence on A, which is A1) and hence not included in this table.
Tables S1 and Table S2 in section S2 present more detailed asymptotic
scaling analyses for the eigenstate properties and energy estimation,
respectively, which also include the dependence on other parameters A
and A. Note that our zeroth-order design with k = 0 is similar to (17),
although our ancilla-free scheme preserves the advantage in circuit depth
and the sampling procedure is simpler. When A scales smaller than

(0] \/Z , the zeroth-order case may be advantageous in Hamiltonian-
parameter scaling.

Methods Gate (generic model) Depth (lattice)
This work (9(uogg4) @(,,oms—o(n)
(zeroth-order) O(}\Zlogzs*1 ) (9(nzlogze’1 )

QETU (43) @(ng—ou))

Sunetal, Sci. Adv. 12, eaeb1622 (2026) 16 January 2026

operator, A == Y, |0y, and & = o /A. The eigenstate ;) and the cor-
responding eigenenergy E; of the Hamiltonian satisfy H [u;) = E; |u)).
The tasks concerned in this work are (i) to estimate the eigenenergy
Ej and (ii) to estimate an eigenstate property, characterized by an
observable expectation on the target eigenstate (1;|O|u;). The assump-
tions as commonly used in QSP and other spectral filter methods
are the following: (i) a good initial state [y,) that has a nonvanishing
overlap with the target eigenstate, n :=| (y,| uj) |2 = Q(1/poly(n)); (ii)
a nonvanishing energy gap A, = min(E]-Jrl —E,E _Ej—l)' The two
eigenstate problems considered in this work are stated below.

Problem 1 (Eigenstate property estimation) Suppose the observable
has a Pauli decomposition as O = ZZL; o0, P, with Pauli operators P; and

positive coefficients o and || O := ZzLil lo;|. Given an initial state|y ),
the aim is to find an estimator ¥, such that it is close to (u;|Olu;) with
probability at least1 — 9, i.e, Pr([V — (u|Olu;)| <e) > 1-48.

Problem 2 (Eigenenergy estimation) The aim is to find an
eigenenergy estimator Ej, such that it is x-close to Ej with probability
1-9,ie, Pr< B,—E| <x)>1-89.

The design of the eigenstate property and eigenenergy estimation
algorithm is summarized in Algorithm 1 and illustrated in Fig. 1. To
access the physical properties of eigenstates, a natural idea is to ap-
ply a spectral filter to the initial state that projects out the contribu-
tions from the other unwanted eigenstates, as illustrated in Fig. 1B1.
While the spectral filter g is nonunitary by construction, we can ef-
fectively realize it using LCU techniques, either by coherent (14, 55)
or random-sampling approaches (16, 20, 22-26). The overall idea is
that, at a higher level, the spectral filter is decomposed into a linear
combination of unitaries U (t;) = e, as shown in Fig. 1A1. We fur-
ther realize each U(t;) by another random LCU formula. Specifically,
the evolution is divided into v segments, with each segment comprising
both a Trotter formula term S and a Trotter remainder term V. Overall,
it forms a composite LCU formula as illustrated in Fig. 1A3, which in-
volves the summation and product of individual LCU components.
The hierarchy of different LCU components is illustrated in Fig. 2,
where the error propagation will be analyzed to prove the main the-
orems. The quantum circuit realization for randomized composite LCU
is shown in Fig. 1C, including both the one-ancilla and ancilla-free
schemes. The Hamiltonian-specific circuit compilation will be dis-
cussed in the “Analysis of circuit depth and gate complexity” section.

The spectral filter g is a nonunitary operator defined on the
n-qubit system, which is usually a function of the target Hamiltonian
H. Choices for spectral filters include the imaginary-time evolution
operator g.(H) = e~™ or the Gaussian operator g (H) = e "’ For
example, by applying g.(H) = e”"H~%l to an initial state |y,), the
unnormalized state becomes |y (t)) = c(t) Y. icie‘wi ~Eol* |y, ) where ¢(t)
is the normalization factor. Provided the assumptions in Problem 1,
i.e., a nonvanishing energy gap and a nonvanishing ¢, = 17"/, the
spectral weight of the unwanted excited eigenstates is exponentially
suppressed with increasing t. In the large T limit, the state becomes
the ground state lim_, . | y(7)) = ¢, | u,). The procedure for obtain-
ing the excited states is similar, as illustrated in Fig. 1B1. Note that
the spectral filter method has been well established in the existing litera-
ture, in particular (20, 22, 24, 28). In this work, we introduce a full-stack
approach to eigenstate property and energy estimation by randomized
composite LCU decomposition of a Gaussian operator into elementary
gates. For simplicity, we refer to this full-stack randomized LCU
approach as our method, abbreviated as RLCU.
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1: Construct the composite LCU formula as described in Proposition 1. We expand a Gaussian
filter g into a combination of real-time evolution U(#;) by Eq.2 , which is then decomposed
into Pauli operators as U(#;) = (Sax(f;/v)Vax(;/v))". Overall, this takes a composite LCU form,

with the LCU form of V54 in Eq. 4 and the explicit form in Eq. 13.

N

: Realize the composite LCU formula by random sampling. We first generate #; and ¢; (at the
level of spectral filter decomposition) and and f (at the circuit level, see Eq. 5) by sampling
from the corresponding probability distributions, which determines the circuit intsance in each
run (see Eq. 6 for example). The circuit for evaluating N(O) and D (in Eq. 22) is shown in

Fig. 1C. The ancilla-free scheme is discussed in the "Estimation by quantum circuits:
general strategy and ancilla-free strategy" section.

: Estimate the observable expectation value by (O) = %0

B ), and eigenenergy by E; =

w

arg max,, Dr(w). The estimator of N:(O) and D is given by Eq. 25. The observable ex-
pectation on the eigenstate is given by Eq.11. As illustrated in Fig. 1B, the eigenenergy
could be determined by max,, D:(w), where the search process is evaluated by pure classical

computation. The eigenenergy is searched via Dy (w) with purely classical search process.

Algorithm 1. An overview of the random-sampling algorithm for Problem 1
and Problem 2.

Now;, let us discuss the construction of RLCU. A (, €)-randomized
LCU formula, following the convention in the LCU formula (56, 57),
of a general operator g is defined to be

g=u, pr(i)Ui (1)
such that the spectral norm distance ||g — g|| <e, as illustrated
in Fig. 1A1. Here, p > 0 is the normalization factor, Pr(i) is a prob-
ability distribution associated with an instance specified by i, and
{Ui}; is a group of unitaries. Equation 1 can be extended to a con-
tinuous form

2

+x.
Z=p J dxp(x)U(x)
—x.
where we require that p(x) (x € [—xc,xc]) is a well-defined proba-
bility distribution. A natural choice for Uj is the real-time evolution
U, = U(t,-) := e~ with time length ¢; because quantum systems in
nature evolve governed by the Hamiltonian. Then, one can decom-
pose a nonunitary, Gaussian spectral filter on the basis of real-time
evolution by setting the distribution p(t) = ie‘tz/“. Although the

Gaussian filter is represented in an integral form, it has a well-defined
probability distribution and can be well-characterized by Eq. 1, which
will be discussed in section S2.

While most early FTQC algorithms assume perfect implementa-
tion of real-time evolution, U(#;), in general, is not directly imple-
mentable at the quantum circuit level. An established way to implement
U(t;) without involving other oracles is through Trotterization (58):
When the Hamiltonian can be decomposed into Pauli operators, each
U(t;) can be implemented using elementary quantum gates without ad-
ditional qubit overhead. However, the issue with the Trotter method is
that the remainder of a kth Trotter formula (i.e., Trotter error) is non-
negligible, which is polynomial in the order of k (59). As a result, any
ground-state property estimation protocol based on Trotterization in-
evitably scales polynomially with the inverse of the target accuracy and
loses the advantage of achieving high precision. Below, we show how to
preserve the logarithmic dependence on the precision.

We consider dividing the time evolution operator U(t;) into v
segments, which can be written as U(tl—) = (S(St,-)V(St,-))v with
8t; = t;/v. Here, S(8t;) is a 2kth-order Trotter formula and V(8¢;) is
the corresponding Trotter error within duration &t;. Hereafter, the

Sunetal, Sci. Adv. 12, eaeb1622 (2026) 16 January 2026

order 2k is omitted when there is no ambiguity. To preserve the high
precision property, we choose to implement the Trotter remainder V'
as well, as opposed to implementing S only in conventional Trotter
methods. By doing so, we can implement the spectral filter with high
precision. Note that our algorithmic design supports the integration
of advanced Hamiltonian simulation algorithms [e.g., (60, 61)]. The
benefits of using Trotter error compensation and comparison with
other methods are discussed in section S1.
The spectral filter can now be formally rewritten as

g=H ZPr(i)(V(Sti)S(Sti))u 3)

which consists of other LCU formulae in it. Here, v is chosen such
that the approximation error is sufficiently small. We could see
that Eq. 3 is a modified version of the original LCU formula given
by Eq. 1, which involves hierarchical formulations, as illustrated
in Fig. 1A. Specifically, it adopts a composite structure that integrates
both the products of individual LCU components and the summa-
tions of LCU components. More concretely, suppose g; takes a (p,
€1)-LCU formula of g, g, = p; Y, Pr(i)U (t;)in Eq. 1. Each summand
U(t;) is divided into v segments, with each segment U(8t;) taking a
(K2, €2)-LCU formula, specifically, U (8¢;) = p, Zi€ Pr(i, )P,»f. To ana-
lyze the properties of the composite form of LCU formulae, we intro-
duce the following proposition.

Proposition 1(Composite LCU) The formula g, = p, Y. Pr(i)
(f](l‘i/v))b isa(u,&)-LCU formula of g withp == p, %, and e < e, +p, pe,.

Leveraging Proposition 1, we could calculate the error in the
composite LCU form provided the error of each individual LCU
approximation. This work will analyze the propagation of errors
and the change of normalization factors within this composite
LCU framework, outlined in Fig. 2. The proof is shown in
section S2.

We shall briefly outline the implementation procedure as illustrated
in Fig. 1 (A2 and A3). First, the Trotter remainder V(5¢;) is decom-
posed into easy-to-implement unitary operators

V=n LP)W, @

j

where Pr(j) is the probability associated with the unitary operator W), p
is the associated normalization factor, and 8¢; is omitted as this equa-
tion holds in general. The decomposition in Eq. 4 can be explicitly
derived by V = US' using the Taylor expansion. By doing so, we can
compensate for the simulation error by sampling W; according to Pr(j)
in Eq. 4. This effectively realizes a high-precision spectral filter, with
the individual terms illustrated in Fig. 1A3. In general cases, the ele-
mentary operator W;in Eq. 4 can be chosen as Pauli operators or the
exponentiation of Pauli operators, as commonly used in Trotter and
LCU methods (57, 58). The maximum gate count in the whole block
of W, is saturated as wt,,,(H) + n, where wt,, H is the largest weight of
the Hamiltonian terms (see Materials and Methods).

For systems with certain symmetry, the ancilla may not be needed.
To enable ancilla-free measurement, we choose Wj to be a symmetry-
conserved operator, because choosing it as a Pauli operator will
break the symmetry in the composite implementation. Specifically,
to conserve the symmetry of either particle number or total spins,
W is chosen to be either the swap operator, Pauli-Z operator, or their
exponentiation, detailed shortly after.
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Al Sspectral projector A2 Real-time dynamics A3 Random composite LCU
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Fig. 1. Workflow of the eigenstate property and eigenenergy estimation algorithm, from formula construction to circuit implementation. (A) The hierarchical
structure of randomized composite LCU. (A1) The spectral filter is decomposed into an LCU with U(t;) = e~ described by Eq. 1. (A2) Each component U(t) is divided into
v segments. Each segment with duration t; / v is realized by the Trotter formula S and the Trotter remainder V which is further decomposed into an LCU in Eq. 4, resulting
in a composite LCU form. (A3) The overall explicit composite LCU form of g.. The summands of the circuit are shown here; each circuit instance is sampled from the speci-
fied distribution in Eq. 5. Generally, W,-L7 is composed of one Pauli rotation operator R = exp( —i6; P; )and a tensor product of Pauli operators. In the ancilla-free measure-
ments in (C2), W,-q is a symmetry-conserved operator. The realization of controlled-W operation is shown in (C3). (B) lllustration of spectral filtering for effective eigenstate
preparation and eigenenergy search. (B1) The spectral weight after applying the filter g, (H—EO). y axis: the spectral weight (u,l g. (H— EO) |\|10), with eigenstate |u;) and
eigenenergy E;. Increasing T exponentially suppresses the spectral weight on excited states. (B2) The eigenenergy search by finding peaks of D_(0) = (‘I’o| g?(H-w) |\|/0>
(Eg. 11). The peaks become sharper with increasing t (blue line — red line). (C) Quantum circuit implementation for measuring the sampled instance in (U"'(tj)OU(t,-)),
which is the key quantity in (B1) and (B2). (C1) Circuits for general Hamiltonians. Two extreme cases: the green box (t; = 0) and the orange box (t; = t)). Cases with t; < t; lie
between and can be implemented with (C1). (C2) Ancilla-free measurement scheme for symmetry-conserved Hamiltonians. (C3) Compilation for controlled-S and
controlled-W into cnor, single-qubit Pauli rotation (green), and Pauli gates (blue).

Materials and Methods Sec. A

Trotter-error-compensated dynamics Input

(€., kv, 5¢) Hamiltonian-dependent
< properties (A, L, n, A)
Initial state overlapm

Decomposition by Fourier transform
(Excn T, xc)

* Maxtimet=1tx,

*  x.: cutoff in the integral range

* k: order of Trotter formula
e v:number of segments
* sc: truncation order for the Trotter remainder

Theorems 1 and 2
Proposition 8: Circuit level constriction of g, * # Gates and # samples
Details in Theorems 5 and 7

Error in finite T Spectral filter g (g, 1, T)
(€7, T) * &:precision Target .
+ 1:scale of the filter, (g, ) Eigenstate property

Observable error by LCU,error
Proposition 2 Sec. B

¢ p:normalisation estimation

Proposition 7

Circuit implementation of g, Depth analysis
Sec. C Circuit instance: (i|0[}) + Constraints on qubit connectivity Sec.D
With |7) given by Eq. (5) .

Types of Hamiltonian

Fig. 2. lllustration for the hierarchy of various components within the composite LCU. The figure illustrates the connections between different subsections in Materi-
als and Methods. Sec. A, Composite LCU for the spectral filter; Sec. B, Observable estimation; Sec. C, Estimation by quantum circuits: General strategy and ancilla-free
strategy; Sec. D, Analysis of circuit depth and gate complexity. This visualization aids in understanding how the target problem (Problem 1 and Problem 2) can be achieved,
specifically, to achieve (g, 9)-eigenstate property estimation. Arrows in the figure indicate direct connections between components. The key parameters relevant to the
construction of LCU are highlighted.
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Quantum circuit realization and depth analysis

The key quantity involved in the algorithm outlined in Fig. 1 is
( UT(t )OU(t;) ), where U( ) e Htiand O = I for eigenenergy esti-
mation with O being an Pauli operators for observable estimation.
As introduced above, the unitary U(#;) is implemented by a compos-
ite LCU formula with an explicit form as

v
=py e[ w,s
5 g=1

where 7 = (iy>iy ...»i,) and v is the segment number. The observ-
able expectation is thus given by

©)

(U"(1)0u(t)) = ZpripPeG i)

¥

(6)

where we denote|i ) := H W, Slwo)

For the general case, we can use the Hadamard test circuit to mea-
sure (j |OJi), with the circuit depicted in the green box in Fig. 1C.
Note that there is no control over the shared Trotter term, which save
the quantum resources. For Hamiltonians with certain symmetries,
there is no need to use ancilla and controlled unitaries. Figure 1C2
shows the quantum circuit implementation for measuring the
sampled instance involved in (j|0[i). In the ancilla-free measure-
ment scheme, in Fig. 1C2, two types of initial states (prepared by U,)
are involved. The unitary operator U, prepares either| y,) = U, | 0®n)

\[( [ Wret) + [Wo)) = U, | 0%"), where |y, ) belongs to a dlffer-

ent symmetry sector from |y ) and is orthogonal to the initial state
(see Materials and Methods for details).

To realize the ancilla-free measurement, it is necessary to pair
the terms in S and V such that each resulting term preserves the
symmetry instead of breaking it individually. The issue arises when
the Trotter remainder V is expanded in the Pauli basis: Applying
each individual Pauli term generally breaks the symmetry. To ad-
dress this issue, we decompose the Hamiltonian into the basis of
swaP and tensor products of Pauli-Z operators, rather than Pauli
bases. Let us give an example of the 1D Fermi-Hubbard model,
which, after the Jordan-Wigner Transformation, takes the form of
H=],Y,(XXi+Y,Yi) + ], X.ZiZ, + h, Y, Z;. This can be re-
formulated as H = 4], Y}, SWAP; ., + (], — ]1) YZiZip+h, Y. Z,
where the identity term in the Hamiltonian is trivial, and will always
be removed. Each individual term in the Hamiltonian is unitary and
commutes with the particle number operator. The only difference
lies in the compensation terms, which involve the SWAP; ;,, op-
erators, Pauli-Z operators, and their corresponding exponentiated
forms. When restricted to a linear NN architecture, the circuit depth
within a segment is d = (1) and is shown to be advantageous over
other methods.

For electronic problems, the Hamiltonian can also be reformu-
lated with swap and Pauli-Z operators. The kinetic term under the

]ordan ngnertransformatlon forexample, T T;=h; a a +a a. >

hy (X X @J i Z+ Y)Y, ®;<:i+1 Zk> can be reformulated as

T, =h <28WAP @

k= z+l

1 .
) ®jk=iZk>
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The potential term \7,»]-,{1 can be similarly reformulated such that
each individual term commutes with the particle number operator.
Although the Hamiltonian is reformulated in the basis of swap and
Pauli-Z operators, the implementation of the Trotter formulae re-
mains the same as that in the Pauli basis. The depth complexity for
the electronic structure problem in Eq. 7 is shown to be d = O(n)
(see Materials and Methods).

Asymptotic gate and depth complexity
Our results with randomized composite LCU can nearly match and,
in some cases, outperform the previous best methods for gate com-
plexity with respect to A, €, A, and #, although the sample complex-
ity becomes worse in 1. The gate complexity for estimating generic
Hamiltonian’s eigenstate properties is summarized as follows.
Theorem 1. [Gate complexity for general Hamiltonians (informal)]
Observable estimation (Problem 1): To achieve the error of observable’s
expectation on the eigenstate |u;) within e with success probabzllty

1 — 9, the gate complexity in a single circuit is (9(( “n(e” ))H‘*k“ )
provided N, = O(e7* || O||*In(1/9)) samples.
Eigenenergy estimation (Problem 2): To achieve the eigenenergy esti-

1
mation error within x, the total gate complexity is O <K_ ( M ) In(1/ 8))

with success probability 1 — 9, approaching to the Heisenberg limit.
Alternatively, by using the methods proposed in (20) and Algorithm 1,
the maximum gate complexity in a single circuit can be reduced to

(9( (A 'In(x71)) e ) at the cost of more samples.

Here, the spectral filter in Eq. 3 is constructed using the 2kth-
order Trotter formula as a building block in realizing the real-time
dynamics in Fig. 1. Note that the spectral filter can be constructed
with k =0 (i.e., without the Trotter term S) and its gate complexity is
also covered by Theorem 1. Our zeroth-order design with k = 0 is simi-
lar to that of (17), although our sampling procedure is simpler and it
shows advantages in depth when qubit connectivity is restricted.

As shown in Table 1, our method can achieve polylogarithmic de-
pendence on inverse precision, outperforming the QPE-based meth-
od and matching the result by QSP. As a variant of QSP, QETU can
achieve near-optimal ground state preparation by querying real-time
evolution. However, these types of methods intrinsically hinge on a
coherent implementation of ¢ ", which rules out any random sampling
method. Therefore, it is not straightforward to achieve polylogarithmic
dependence on inverse precision by these coherent methods. Asn only
appears in sample complexity instead of the gate or depth complexity
which is more of a concern in NISQ or early FTQC applications, its de-
pendence is not included in Table 1. A more detailed description of both
the gate and sample complexity can be found in Theorem 3 in section S1.
The actual cNoT and non-Clifford gate counts considering circuit
synthesis are shown in Proposition 3 in Materials and Methods.

Next, we discuss the depth complexity for various physical
Hamiltonians. An advantage of our method over QSP-based meth-
ods is that the commutator relations can be used (when k > 1), such
that it could achieve a better system size dependence. For Heisenberg
models, the gate complexity of our method is ©O(n!*°()). In contrast,
the solution given by QSP (28) is (9(;1210g8‘1 )- On the other hand, the
implementation of time evolution by Trotter methods will under-
mine the optimal scaling with respect to A, A, and €. Because con-
trolled operations are necessary in QETU (even for their control-free
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approach), it becomes suboptimal when qubit connectivity is re-
stricted. To summarize, our method has the following features: (i) It
has better scaling with respect to A, A, and €, although n dependence
is worse than the other advanced methods. (ii) For the Heisenberg
model, we shall see that our method based on the 2kth-order Trotter
formula has depth O( ni+ig™ w1 ), which has better system-size n
and precision € scaling over existing strategies. It may be worth noting
that one may simultaneously achieve near optimal scaling in both

the size and precision as (9<nﬁloge_1) if the higher-order com-

mutators in the Trotter error remainder could be compensated. The
result for depth complexity is summarized in Theorem 2. A com-
parison with other methods is shown in the third column of Table 1.

Theorem 2. [Gate and depth complexity for lattice Hamiltonians

(informal)] The gate complexity for estzmatzng an n-qubit Heisenberg
Hamlltomans eigenstate property is (9<n ot ) with circuit depth
[0 n4k+1 .

The proof idea for Theorem 1 and Theorem 2 is illustrated
in Fig. 2. See the formal version of the theorems and the proof in
section S3.

The result can be extended to the simulation of molecules. For
electronic problems, the second-quantized electronic-structure
Hamiltonian in the plane-wave dual basis has the form [see (50, 52, 59)]

H=T+V= qup‘HZ ”P"'Z a1y )
»d

where T and V represent the kinetic and Potennal terms of the fermi-
onic Hamiltonian, respectively; @ and @' are fermionic creation and
annihilation operators; and 7, is the number operator for the corre-
sponding spin-orbital and the total number of terms L = (9(;12 ) To
estimate the eigenstate property of the Hamiltonian described by
Eq. 7, the circuit depth scales as O( n** . When restricted to NN

architecture, the circuit depth by QETU scales as ( n

2
4k+1
) More gen-

eral second-quantized quantum chemistry problems with L = O(n*)
terms will be discussed in Materials and Methods.

As a by-product, we show that the controlled e ™ can be imple-
mented with a linear-depth circuit d = O(n) comparable to the
control-free simulation of electronic problems in (62, 63). The result
is formalized in Proposition 4 with a graphical proof in Fig. 3. It is
directly applicable to a range of quantum algorithms for applications
in quantum chemistry, materials, and lattice gauge theories, which
require controlled unitaries as subroutines.

Quantum resource estimation

Here, we compare the resource costs associated with different algo-
rithms listed in Table 1, focusing on the maximum cNOT gates and
T gate counts in each circuit for various physical systems, including
lattice models and quantum chemistry problems. The QPE method
relies on Hamiltonian simulation, which can be realized by the Trot-
terization or qubitized QW, with the latter having a better € scaling
at a cost of a larger overhead. We find that the fourth-order (ran-
dom) Trotter result performs the best among all the Trotter meth-
ods, which is consistent with the result in (58). The quantum circuit
is synthesized to cNOT gates, single-qubit Clifford gates, and non-
Clifford gates (including single-qubit Z-axis rotation R, gates and T
gates). The elementary operations in the block encoding of H used
in QSP are the select and prepare operations (64). The cost for these
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two operations is shown in detail in section S5, which serves as the
basis for analyzing the resource requirements of algorithms that
query the block encoding of H.

We consider the Heisenberg Hamiltonian

n—1

H= <]x i+l ] i l+1+]ZZl z+1)+Hf

i

(®)

I
—_

where the external field is applied Hy = h, 37| X; + H, with addition-
al field Hy acting on the boundary. The periodic boundary condition is

imposed. When h, = 0 when an additional field H, = V¢ — 1(Z, - Z,))

is applied, the ferromagnetic Heisenberg Hamiltonian with negative
couplings J; has a constant gap A(c) = 4(c —1) in the infinite size limit
[see (65)]. Here, we consider a more challenging regime with the anti-
ferromagnetic types of couplings with /, =], = 1and J, = 2/, and field
h, = 0.25, in which more excited states will emerge and is usually more
interesting. Nevertheless, even in this case, we find by numerical
fitting that, for n < 100, the energy gap is not very small. The gap can be

fitted by a polynomial function with leading order A = © < o ), which

agrees quite well with the actual gap at small system sizes, while an ex-
ponential decaying function does not agree well, see section S8 for the
fitting results. We set the initial state overlap as a constant, as similarly
used in (12, 17, 21, 49), whose dependence is analyzed in Theorem 5 in
section S3.

First, we present the gate number estimates for the above Heisenberg
model with different target precisions, as shown in Fig. 4A, which
validates the high-precision feature of our method. Next, we show
the gate count dependence on the system size. Figure 4B shows that
our method has a better system size dependence than QSP, both in
the gate count and in the asymptotic scaling. The T gate count scaling
for the Heisenberg model has a similar behavior and is shown in
Fig. 5. The large reduction compared to QSP arises from exploiting
the commutation relations of Hamiltonian terms. Note that our
method only requires rotation gates R,(8) with identical and small
angles, and, thus, further reductions for T gates can be achieved by
using the protocols in (66, 67).

We further discuss the resource cost for the cytochrome enzyme
(P450) molecule with the A-type active space specified in (46), as shown
in Fig. 4C. The methods for compiling the single- and double-excitation
operators are used to reduce gate overhead, which is more efficient than
naively Trotterizing each fermionic term. However, the cost for Trotter-
ization in every step is not optimized, in which each term is nonlocal
and thus contributes substantially to the total gate count. The methods
for simulating fermionic Hamiltonians can be directly incorporated
(50, 59, 68). Moreover, our result reflects the gate count in the worst-
case scenario. The commutation relations among Hamiltonian terms
can be naturally exploited to further reduce the computational cost of
our method. We leave the improvements about leveraging the proper-
ties of molecular Hamiltonians to future work. The T gate counts for the
Heisenberg model, and P450 molecules are presented in Fig. 6.

Experimental implementation on IBM devices

We focus on estimating the low-lying eigenenergies of normalized 12-
site anisotropic Heisenberg Hamiltonians, especially the ground-
state energy and the first excited-state energy. The simulations are
performed on the IBM processor with the ancilla-free measurement
scheme (see Fig. 1C2). The reference state is set to be orthogonal to the
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Fig. 3. The implementation of the controlled exponentiation of potential terms Ctrl-e=* on an NN architecture (1D or 2D) using ';’ ancillas with depth O(n).

(A) Copy the classical information on the qubit A; to Ay, ...

A2 and then undo the copy operation. This circuit is equivalent to using A; as the single-controlled qubit to

control all the other physical qubits Q to Q,. Q;i: ith physical qubit (encoding the nth spin-orbital). Aq: ith ancilla. The copy operation allows all controlled rotations [blue-

shaded box in (B)] to be implemented using NN gates. (B) The circuit block for controlled eV, using NN operations e~%4Z+ followed by [n/Z] swap operations detailed in (C).
The circuit block in (B) is repeated O(n) times. An example is shown in (C). cnoT operations are omitted in the sub-figure. (C) 1D linear architecture. The ancillas A;
(i=12 .., [n/Z]) and physical qubits Q; (i = 1,2, ..., n) can be placed in the way shown in Step 1 in O(n) depth. The red arrow connecting A;and Q; is used to represent

to perform the controlled-R, rotation, sandwiched by cnot operations on adjacent qubits Q; and Qx (connected and illustrated by the black arrow), which realizes e™

iZZ,

The black arrow connecting Q;and Qy is used to represent performing the corresponding cnot operations in realizing e~%%, then followed by a swap operation. The trans-
formation from step 1 (the blue- and orange-shaded boxes) to step 2 can be realized by two swap gates (cyclic swap operation). The rest of the transformation is realized in
the same way. (D) 2D planar architecture. The qubit connectivity is represented by the orange dashed line.

initial antiferromagnetic state. The eigenenergy estimation algorithm
is illustrated in Fig. 1B2, where the search by D;(®) over o (based on
experimental measurements) only requires classical computation, in-
dicated by the red line in Fig. 7. The experimental estimation of the
ground-state energy achieves high accuracy, with an error of about
0.001 (0.01] with Heisenberg coupling J), as shown in the zoom-in
region in Fig. 7. Then, we consider the antiferromagnetic XXZ model
and present the search for its low-lying eigenenergies in Fig. 8. The
experiment involved circuits with up to 2000 cNOT gates and 20,000
single-qubit gates with a relatively long evolution time. The maximum
energy error remains within 0.005 for both eigenvalues. The high pre-
cision is attained without relying on error mitigation techniques ow-
ing to the intrinsic algorithmic noise robustness.

DISCUSSION

We have provided a full-stack quantum algorithm based on randomized
composite LCU for estimating the eigenstate property and eigenenergy
of many-body systems. While previous works have mostly considered
query complexity, our approach can achieve near-optimal precision and

Sunetal, Sci. Adv. 12, eaeb1622 (2026) 16 January 2026

system size scaling at the quantum circuit level, even with NN connec-
tivity. We present an ancilla-free strategy by choosing the elementary
operators to be symmetry-conserved operators (e.g., SWAP and Pauli-Z
operators), which is particularly important for implementation on
quantum devices, as the restriction of connectivity will incur a large
overhead when compiling it into local operations. Moreover, we
show a concrete gate count analysis for various physical models con-
cerning the circuit synthesis, which shows remarkable improve-
ments in both asymptotic scaling and actual gate counts. Our work
presents concrete resource estimates for lattice and molecular sys-
tems, providing guidance for the computation of physical problems
on real devices. We would note that it is precisely through adopting
this bottom-up quantum circuit design methodology that we can
demonstrate deterministic energy estimation in experiments, which
achieves higher accuracy and deeper circuit execution (69-71) with-
out relying on variational ansatz.

Similar to other spectral filter methods, the random-sampling-based
method cannot overcome the fundamental limitations set up by the
initial state and the energy gap. Lee et al. (5) numerically investigated
its scaling for several many-body examples, which quickly decreases
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Fig. 4. Gate count estimates for the eigenstate property estimation tasks for the Heisenberg Hamiltonian and P450 molecule. (A) Gate count comparison with
different target precision for 20-site Heisenberg Hamiltonian. (B) Gate count comparison with increasing system size to achieve precision of 0.001. The energy gaps are
determined through numerical fitting, which agrees well with the results obtained from exact diagonalization. (C) Gate count for the P450 with A-type active space as a
function of the energy gap, which is treated as an independent variable to analyze its effect. The pairing orders with both k=0 and 1 are shown in (C).
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Fig. 5. The scaling of the T gate count with system size for the Heisenberg model.
The RLCU method involves at most 10* single-qubit Pauli rotation R, gates and 10°
T gates for 20-qubit Heisenberg model. The circuit synthesis method is detailed in
section S5.

with increasing system size, aligning with the complexity conjecture.
Nonetheless, even when provided a sufficiently good initial state, pre-
paring the ground state of two-local Hamiltonians remains as BQP
hard (known as the guided local Hamiltonian problem) (72, 73).
Therefore, it does not rule out the possibility of quantum speedup. In
addition, similar to other random-sampling spectral filter methods
(21, 24), the sample complexity with respect to 1) is less optimal than
that achieved by QSP with amplitude amplification, which, nonethe-
less, also introduces a large circuit compilation cost. On one hand, our
algorithm is compatible with initial state preparation methods such as
adiabatic evolution and variational methods. On the other hand, the
random sampling method offers nontrivial advantages. In particular,
when considering qubit connectivity, the depth complexity is inde-
pendent of n and nearly independent of the system size, which is not
achievable by protocols relying on coherent implementations. There-
fore, our approach could be useful for estimating the requirement for
early quantum usefulness, where the primary constraint lies in gate
count and circuit depth.

Sunetal, Sci. Adv. 12, eaeb1622 (2026) 16 January 2026

This work also provides a user-friendly toolbox for researchers
to analyze the individual costs for elementary units in quantum
simulation and thus enables comparison across different eigenstate
algorithms with various initial conditions. Our framework (decom-
posing the task into the elementary operations), along with the tool-
box for analyzing the cost for each elementary operation, is readily
useful as a building block for end-to-end resource estimations for a
broad class of quantum algorithms. We also note that recent works
consider preparing the ground state by simulation of an open sys-
tem dynamics described by Lindbladians or a thermal process (34),
which may partially overcome the limitations set by the initial state
(5) although the simulation time (33, 74) is longer than the spectral
filter method by numerics. As the fundamental building block of
these methods (32-34, 74) is querying the real-time evolution, the
actual resource cost can be analyzed similarly with our approach.

MATERIALS AND METHODS

This section is centered around Fig. 2, which shows the connections
of different subsections in Materials and Methods and illustrates the
proof idea of Theorem 1 and Theorem 2. In the “Composite LCU for
the spectral filter” section, we show how to construct the composite
LCU formula as outlined in Fig. 1 and Algorithm 1. The hierarchy of
different components in the composite LCU is shown in Fig. 2. Then,
we will show the methods for eigenenergy estimation and eigenstate
property estimation and provide the circuit depth and gate complex-
ity for the two tasks. Specifically, the “Observable estimation” sec-
tion shows how errors in observable expectations can be bounded
given the approximation error of the composite LCU formula. The
“Estimation by quantum circuits: general strategy and ancilla-free
strategy” section shows the circuit realization of the composite LCU
form by presenting the explicit form of each circuit instance. An
ancilla-free composite LCU formula and measurement scheme are
presented for symmetry-conserved cases. The “Analysis of circuit
depth and gate complexity” section analyzes the depth and gate com-
plexity for general and Hamiltonian-specific cases.

Composite LCU for the spectral filter
Now, we show how to construct the composite LCU form of the

spectral filter. We mainly consider the Gaussian filter g.(H) = g(tH)
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Fig. 6. The T gate count under the same setup of Fig. 4. (A) The T gate count dependence on precision & for the Heisenberg model. (B) The T gate count dependence on
the energy gap for the P450 molecule. As noted in the main text, the simulation of fermionic dynamics with Trotterization is not optimized in this work. The total weight
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Fig. 7. Implementation of the RLCU algorithm on IBM quantum devices. We
consider searching the ground state energy of a 12-qubit normalized anisotropic
Heisenberg Hamiltonian (Eq. 8) without any external field. We present the ideal re-
sult with finite T and finite cutoff but without any Trotterization error, represented
by the orange dotted lines. We also show the results obtained using the noiseless
Trotterized quantum circuit and the noisy experimental (Expm) data, denoted by
the blue and red lines, respectively. For different lines, D-(w) is computed classically
using data points obtained from different setups, including both numerical simula-
tions and experimental measurements. The right panel is a zoom-in of a smaller
range of ground-state energy estimates shown in the left panel. The red dotted line
represents the experimentally estimated ground-state energy, which is extremely
close to the ideal value shown by the black dotted line, with an error of 0.001. The
energy estimation error for the excited state is about 0.005.

but present the construction of Hermitian g in a general form
following the convention in (22). Therefore, the results can be read-
ily applied to the investigation of other functions, such as a product
of Lorentz and Gaussian functions (25) and the Gaussian deriva-
tive function in (20). To address the eigenstate tasks, we consider
the spectral filter g(t(H — w)) with ® = E}, which can be expressed as
gaH-0)=3 g(x(E; _"3) lu u

For an input state [y,) = Y.c; |u;), the state after applying the
spectral filter g(t(H — )) at a finite 7 is given by
sGEH-o) vy LetetE -0 lu)
llg(x(H —w)) lwo)ll Z\cyg(r(s,—w))z

lw(x)=

)
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Fig. 8. Searching ground state and first excited state energies of the XXZ
Heisenberg Hamiltonian on IBM quantum devices. The parameters of the Ham-
iltonian are Jy = J, = 0.8, J;= 1, and h, = 0.2 in Eq. 8. The initial state is chosen as a
Neel state. The reference state is prepared with only one additional cnot gate com-
pared to the original state. The imaginary time and the cutoff are set as T = 4 and
Xc = 2. The figure on the right provides a zoomed-in view of a narrower energy
range, highlighting the estimated ground- and first-excited energies shown in the
left panel with errors of 0.003 and 0.006, respectively.

It is easy to see that the Gaussian function g (’L’(Ei - (o) ) decreases
exponentially with T and E; — ®. When taking ® = Ej, the amplitudes
of the normalized state [y(t)) concentrate to the eigenstate with en-
ergy Ej, and the evolved state asymptotically approximates the ei-
genstate | ;) with nonzero | (\|/0|uj>|2 # 0 for sufficiently large 7 as
lim__,  g(t(H — E])) lyp) o |uj>~

There are two important parameters T and ® in the spectral filter
8(-), in which 7 is an imaginary time scaling factor and o = E; indi-
cates a shift of the original function. We shall see that T indicates the
timescale for the spectral filtering procedure, and larger T will cool
the state closer to the target eigenstate. The shift o plays an im-
portant role in searching the eigenenergies (see Fig. 1B) and in the
eigenstate property estimation. From the above equation, readers
may wonder whether we can still get the concentration around the
eigenstate| u;) if we do not know the value of E; a priori. Here, we can
find that @ only appears in classical postprocessing and will not be
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involved in quantum measurement. Therefore, we will classically
tune  as a variable to find the true eigenenergy without increasing
any quantum resource cost.

The Gaussian filter can be decomposed into the basis of real-time
evolution as

grH-w)=c j dp(x)eix(‘”_H) (10)

with p(x) being a Gaussian distribution. The quantum state given
by Eq. 9 becomes

[oe]

lw(t)=c I dp(x)e’™ | dp(x1))

which is now a superposition of real-time evolved states [p(xT)) =
e~ |y ) with probability distribution dp(x) = p(x)dx.

Instead of preparing the above quantum state directly, we focus
on the goal of obtaining arbitrary observable expectation values.
Specifically, we aim to measure any observable O of the evolved state

lw(T))ie.,

N.(0)

D (w)

where D_(®) = {(y,| g2(t(H — ®)) [y,) and N_(0) = (y,|g(t(H —w))

Og(t(H — ®))|y ). Hereafter, we have omitted @ in N for simplicity.
The denominator is D (0)=c? [~ dp(x)e’™(yg|e ™| y)

<O>\y(‘r) = <W(T)|O|\|J(T)> = (11)

with dp(x) = %dx 1=, p( % ) p(% )dz. The expectation values of
the denominator and the numerator can be expressed as v =
Tr(OgT(H—m)pOgT(H—m)) with p, =|w,) (y,l, and the denomi-
nator is obtained by taking O = I.

For the numerator N;(O), we can efliciently obtain it by sam-
pling the distribution dp(x,x’) = dp(x)dp(x") and then estimating
the mean value E, , <c]) (x’ 17) |O|d)(x'r)>, where each term can be mea-
sured by the Hadamard test circuit or using the ancilla-free mea-
surement strategy detailed in the “Estimation by quantum circuits:
general strategy and ancilla-free strategy” section. We can similarly
obtain the denominator D; by estimating E, (e |y} with
probability dp(x).

The unnormalized eigenstate can be effectively realized by apply-
ing a spectral filter g__, (H —Ej) to an initial state. When t — oo,
the expectation value of an observable on the eigenstate satisfies
N._(0)

D

Here, it is also easy to check that the denominator is nonvanish-
ing, given by D__, (EJ) = nunder the assumption. Thus, we arrive
at the ideal observable expectation.

To realize the spectral filter with unitary operations, we avoid the
infinite time length by truncating the time in real-time evolution to
a given threshold. The observable when considering a finite 7 is esti-
mated by (O), = N (O)/D,. Below, we discuss the LCU form of g
when considering the cutoff. The truncated Gaussian filter takes an
explicit composite LCU form of

+x,

g—;(H _ (A)) =c [ dxp(x)eix‘rme—i‘cxH

—x,

(0)=

T—00

(12)
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with the integral region [— X, xc]. The integrand is a real-time evolu-
tion with time length Tx.

Let us consider implementing e with more elementary gates
as illustrated in Fig. 1A. Specifically, consider the following LCU de-
composition

—itxH

e H = (x) Z Pr(7,xt, u(x1)) Us

Tek,

(13)

where 7 specifies the unitary U- involved in the LCU formula of
e~™H UL is a unitary operator, and Pr(?,x’r, v(x’c)) represents the
normalized decomposition coefficients of U-. Then, we have

g.(H—-m)

+x,
=c(p) J dxpp(x)eiXT“’ Z Pr(? L XT, v(xr)) U-

” Tek,

(14)

where we have defined the normalization factor c(p) := CE;“ pOp(xt)dx
and pu(x) = px)p(xt)/c(p), see Proposition 5 in section S2 for the
detailed derivation.

Then, we show how to find the operator U; and the corre-
sponding probability distribution, with which the LCU decompo-
sition in Eq. 13 can be determined. The overall idea is to divide
the time evolution into v segments, and, for each segment, we
realize both the Trotter evolution and the Trotter error, as pro-
posed in (57). For evolution time ¢, let us denote the real-time
evolution U(t) := e~ = UY with time interval m = t / v. We choose
to implement the unitary U(m) = e”" by a deterministic 2kth-
order Trotter formula S,; and the Trotter remainder Vi, which
gives us U(m) = V,,(m)S,,(m). As shown in Fig. 1A3, the LCU for-
mula of Vy can be expressed as

Vr(m) = p(m) . Pr(r, m, v(m)W, (15)
where W, is a unitary operator with the error of the formula &,(mm). The
overall LCU formula of U(¥) is a product of each individual formula

Ut = Um)* = p(t) Y, Pr(F,t,ub)

T ek,

(16)

where 7 := (1,15, ..., r,) with each U, being sampled from the dis-
tribution of Pr(r, m, v(m)) introduced in Eq. 15, and we denote
Pr(7,t,ut)) = [[;c,Pr(r, mu(m)) and U = [],., W, Sy With
some derivation, one can prove that p = p(t) and €, (f) < vp(m)e,(m).
Equation 16 shows how U= can be sampled and thus how g can be
realized. This is illustrated in Fig. 1A3; in the figure, the index by i is
related to the probability Pr(i) when decomposing g into real-time
evolution U(t;).

Using BCH formula, the 2kth-order remainder V. (m):=
U(m)Sy(m)" takes an explicit form of V. (m) = exp(i Yoo | Ey ;1)
with Hermitian operators E,j ;. Because the 2kth-order Trotter error
is compensated, we know that Ey; = 0 for s < 2k. Expanding Vi (m),
we have V, (m) = Y7 Fy (m), where we group the terms by the
order of m, and F,i; denotes the s-order expansion term of V,x(m)
associated with m".

Below, we briefly discuss the error due to truncation by s.. The
truncation error is found to have a quick decrease with an increasing
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truncation order s. (57). Using the fact of F, ., (m) = 0, we can

. SC .
rewrite VZ(;()(m) as VZ(Z)(m) =1+ Y .1 Fas(m). Given the trunca-

tion, the LCU formula for U(m) is

Uz(;?)(m) = Vi s (m)Sy (m) (17)

which consists of a deterministic second-order Trotter formula and the
Trotter error compensation term. The overall LCU formula for U(t) is

v

to repeat the sampling of U, (m) for v times, UZ(;C)(t) = (Uz(;C)(m)) .
Equation 14 is a composite LCU formula; more specifically, itis a
(c(p), 0) LCU formula. When we consider a finite x,, s, it will intro-

duce algorithmic errors. When considering a finite s, the spectral
filter becomes

xC

Gop s (H-w)=c J dxp(x)e™™® UZ(S“)(xT, v(xT)) (18)

k

—x,

It is easy to check that||g, . . (H—o)|| <c(1+¢, ). The operator
distance between g, and g., ; due to finite s is

llgex. — 8o sl <c¢ J L dxp(x)e™™ ||U (xt) — UZ(;“)(xr, Vx| <g
(19)

c

when |U — UZ(;‘)(xr, v(x1))|| <¢ /c. To achieve an additive error
of the approximation || U(t) — UZ(Z‘)(t)> I <e,,Lemma 1 in section
S3B gives the required segment numbers v.

Based on the above result, the total error of the spectral filter
function g can be bounded by the sum of the individual error terms.
The derivation process is illustrated within the orange box of Fig. 2.
Specifically, we can bound the error in spectral filter construction by
comparing the operator distance between [|g; . ; — &« s o0 lb Which
gives an upper bound for the numerator and the denominator. Using
the triangular inequality, the operator error between g; and g,
defined in Eq. 18 is .

”g‘r — 8rxs, I < €x, + €, (20)
We find that the segment number of the order
v=(9<(}vrxc)l+m> (21)

suffices to ensure the LCU construction error up to €. The detailed seg-
ment number for eigenstate property estimation along with the actual
overhead is provided in Theorem 5 in section S3. The required segment
number for eigenenergy estimation is shown in Theorem 7 in sec-
tion S4. Together with Proposition 3 in the “Analysis of circuit depth
and gate complexity” section, one proves Theorem 1.

For lattice models, the segment number can be further reduced

tov= (‘)(nTzﬂ (tx,) R ) This result leads directly to the
proof of Theorem 2.

Observable estimation

The previous section focused on error propagation in the LCU for-
mulation. Here, given the constructed LCU formula, we analyze the
estimation of eigenstate properties and the associated error. We first

Sunetal, Sci. Adv. 12, eaeb1622 (2026) 16 January 2026

show how to measure the expectation value of the observable O. Denote
the initial state on which the spectral operator acts as p. The expec-
tation value of the observable O on the normalized state can be
expressed by

_ N(©O) _Tr(gpg'0)
D Tr(gpg")

(0)

The numerator can be expressed by
N(O) = Y Pr(iyPr(j)e = Tr (U (1,)pU (1)0) (5,
i
Denote the expectation value of the estimator of the numerator over
measurement outcomes with U(t;) and U(t), Tr( U ( t; ) pU ( tj) TO )
as ﬁij(O). The expectation value of N(O) is given by sampling over
the distribution

N(0) = W’E;N;(0) (23)

When considering finite gate complexity and sample complexity,
the eigenstate property is estimated by

. Ney o (0)
O‘r,xc,sc = ﬁ— (24)

The selection of 7, x,, s, can be determined by analyzing the error
of 6T’Xﬁsc compared to the ideal value, which can be analyzed using
the operator distance detailed in the above section. Proposition 2
shows the error in observable estimation when we are given a (p, €)
random sampling formula of g by g in Eq. 1.

Proposition 2 (Observable estimation using the composite
LCU formula) The estimation error of N, (O) := Tr(gpg"O)is bounded
by ey :=IN,(0)=N,(O)| < [0l (2n%e+e,,), with N, = p*In(2/9)/e;,
samples and a success probability1 — 8. The error for the denominator
is bounded by €, := |13§ -D,| < 2p2%e +¢,. The error of observable
expectation €, is bounded by e, < D' ((O+ ey +ey )

Given Proposition 2, the error of the observables can be bounded
given the RLCU form. The proof is shown in section S2 (where the
formal version is presented). Using these results of error propagation
in the LCU form, we can determine the required segment number v, to
achieve the desired accuracy as shown in Eq. 21. Theorem 5 in section S3
and Theorem 7 in section S4 present the required segment number
v and the gate count (with the actual prefactors included) for achiev-
ing the desired accuracy for the two problems. They can be used to
estimate the actual gate numbers needed for physical Hamiltonians.

The total gate count is determined by multiplying v, and the gate
count for realizing Syx and V within each segment, denoted by g
hereafter (with an abuse of notation). The gate count for lattice
models is straightforward g = O(n). For electronic structure prob-
lem in Eq. 7, a naive realization of S and V¢ will result in the cost
g = O(n*). However, we could bring down the scaling by consider-
ing the properties of fermions. The kinetic operator is quadratic
and thus can be diagonalized by an efficient circuit transformation,
either by Givens rotations or fermionic fast Fourier transform

(50, 62, 63). By using the results in (75), e=™T and eV can be
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implemented with ©(nlogn) gates, with m being the time length.
The compensation term will cost O(n) gates. Therefore, we have
g =0O(nlogn), and the total gate count for electronic structure

problem is g, = @(n(}»A_l)Hﬁloge’l).

Estimation by quantum circuits: General strategy and
ancilla-free strategy

In this section, we discuss the circuit realization for Algorithm 1. As
discussed in the main text, to measure () |OJi) (introduced in Eq. 6),
we can use the Hadamard test circuit with an extra ancillary qu-
bit. For Hamiltonians with certain symmetries, we do not need
this ancillary qubit and thus do not require any controlled op-
eration. Below, we first discuss the general cases by introducing
an ancillary qubit. Then, we discuss the ancilla-free composite
LCU formula and the corresponding measurement schemes.
General cases

There are two extreme cases: case I, t; =0 (or tj=0);and caseII, t; =
tj. For tj=0, each component in Eq. 6 (] |OJi ) can be measured using
a Hadamard test circuit, which is the circuit depicted in the green
box in Fig. 1C.

For 0 < t; < t;, suppose that U(#)) is divided into m segments and
U(t) is d1v1ded into v segments with the first m segments belng set the
same as that of U(#;). The quantum circuit that can measure (] |0]i)
is shown in Fig. 1. After postselecting |[+) on the ancillary qubit (but
before measurements on B), the circuit on system B outputs

m 12
1
(T T wis )

The case of t; = tj is a special case in Fig. 1C1 by only implement-
ing the circuits in the green box.

Here, we can use a single-shot measurement strategy to estimate
N(O) in Eq. 22. Given the sequence of unitary operators obtained from
sampling, the circuit in Fig. 1C1 can be used to measureG |0ji). Specifi-
cally, we initialize the ancilla in |+), apply the controlled-unitaries, and
perform the measurement on the X basis, with the measurement out-
come recorded asa = {0, 1}. Similarly, we repeat the process but with an
inverted phase gate S™ applied before measurement, with the measure-
ment outcome b = {0, 1}.

One can Verlfy that the estimator d = (=1 + i(—1)" is unbiased,
a bd = (j|OJi). Now, take an estimator as

v = cz(p)eiw(’f_tf);i\ (25)
which can be proven to be unbiased
E, 77 Fas?= (o &(H ~0)Og.(H ~0)wp) (26)

By analyzing the error dependence on the finite T, x,, and seg-
ment number v in Eq. 21, we arrive at the result of property esti-
mation in Theorem 1 (see detailed description in Theorem 5 and
Theorem 7). More detailed proof can be found in sections S3 and S4.
Ancilla-free composite LCU formula and the measurements
In the above section, given a sampled configuration (f;, tj,_i ,_j ), the
real and imaginary part of (j|O|i) can be obtained by the circuit

Sunetal, Sci. Adv. 12, eaeb1622 (2026) 16 January 2026

in Fig. 1C. In cases of the Heisenberg model and electronic structure
problems (Eq. 7), the target problem has certain symmetries S satis-
tying[H, S| = 0. For symmetry-conserved systems with [U, S| = 0, it
is possible to estimate the expectation value of a unitary {y,|U|y,)
without ancilla, as proposed in (76, 77). However, the issue here is
that, as the unitary operator is realized by a Trotter-LCU expansion
in Eq. 5, at least there exists a Pauli operator W, i that does not commute
with S. We first briefly introduce how to measure (y,|U|y) without
ancilla, where the unitary is either U = e~ or U = e~ Oe~Ht,,
followed by the design of the unitary in Eq. 5 such that[U, S] = 0.

The expectation value (y,|U|wy,) can be expressed as (y,|U |y ) =
re®. If [y, is a product state or can be prepared as |y,) = U, 10 ®n,
then the amplitude of the expectation value r =|y,| U|y,| can be
obtained by measuring U; UU, |0®" in the computational basis. The
next step is to obtain the phase 6, for which we make use of the fact
that the unitary operation conserves the symmetry of S,[U, S]= 0.
To do so, a reference state is introduced |ypg.¢), which lies in a dif-
ferent sector of the initial state, such that (yg.¢|U[y,) = 0. Here,
(Wreel UlWpee can be computed classically.

In addition, the following state can be prepared

lbo) = U, lwo) = é( Wrer) + 1Wo))

Asr, = ’(‘I’o | Ug Uy, | 1|10> ‘ can be measured on a computation-
al basis, the phase 8 can be computed.

Note that there will be double solutions for determining 6 in gen-
eral and may be hard to distinguish. One may track the dynamics of
expectation values to determine the correct phase.

The preparation of the superposition state is simple, requiring
only one additional cNOT gate compared to the original state, which
is used for real demonstrations on IBM devices. Discussions can be
found in section S3. Now, to measure G |Oﬁ), we use the circuit in

Fig. 1C to generate

m v
i bt
ul ( I wi's >o< 11 WiqS>Up lyo)
9=1 9=1

and then measure on a computational basis.

Recall that our algorithm consists of implementing the Trotter
formula S and the Trotter remainder V. For the implementation
of S, we need to pair the terms to ensure each individual term does
not break the symmetry. Take the quantum chemistry problems,

H=T+7V,for example We group each termf“ =h (a a; +a a; )

in the kinetic term T, which conserve the part1cle number. Its expo-
nentiation e T can be directly implemented, which is similar to
the implementation for the Heisenberg model case. For the poten-

tial term V, we can group its component g (ﬁj’d;ﬁkﬁl +a§a,iajai)
and implement its exponentiation similarly.

Note that operators are typically indicated by using the hat nota-
tion. In this work, to avoid confusion with estimators, we reserve the
hat notation exclusively for fermionic operators and estimators.
Here, the symbol V refers to the Trotter remainder. The potential
term in molecular Hamiltonians is denoted as V and is distinguished
from the Trotter remainder by the hat notation.

The issue is that, if we expand the Trotter remainder into Pauli bas-

es, then applying each individual Pauli term will break the symmetry.
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One may think of expanding V(m) into V(m) = Zk’“’jf‘f ﬁ;mkﬂ’
where T; and V. are components of the kinetic and potential terms,
respectively. Although each term conserves the symmetry, the issue is
that ?,. or \7]. is not unitary and cannot be implemented directly. To ad-
dress this issue, we decompose the Hamiltonian into swap and tensor
products of Pauli-Z operators rather than Pauli operators.

The explicit formulation for the Fermi-Hubbard model and quantum
chemistry problems has been presented in the main text. Although the
Hamiltonian is reformulated in the basis of swap and Pauli-Z operators,
the implementation of the Trotter formulae remains the same as that in
the Pauli basis. Only the compensation term will be different from the
case with one ancillary qubit. As shown in the “Analysis of circuit depth
and gate complexity” section, the ancilla-free measurement strategy
shows advantages when qubit connectivity is restricted.

Analysis of circuit depth and gate complexity

We first discuss the gate complexity for general Hamiltonians. Then,
we analyze the circuit depth and gate complexity for various Hamil-
tonians of physical relevance when using either our method or other
early fault-tolerant quantum algorithms. A comparison with a focus
on circuit depth for each elementary block is shown in Table 2.
Gate complexity for general cases

The maximum resource appears in the case of t; = 0 in Fig. 1C, rep-
resented by the orange box. In this case, we need to implement one
controlled Trotter formula plus two controlled compensation terms
specified by V;. The minimum resource appears in the case when
tj = t;, in which case we need to implement the Trotter formula plus
two controlled compensation terms specified by V;. This is because a
controlled Trotter is more costly than a controlled compensation op-
eration, as analyzed in Proposition 3. The resources in other cases with
t; < t; will be between case I and case II.

Define the following characters of the Hamiltonian, wt(H) :=
ZIL:1 wt(P;), and wt,,(H) := max,wt(P;). Here, wt(P,) indicates the
weight of the Pauli operator Py, i.e., the number of { X, Y, Z } terms in
P;. The following result gives the required elementary gates.

Proposition 3 (Elementary gate count) Suppose the composite
LCU is realized by Algorithm 1 and the Hamiltonian dynamics U =
e is realized by Eq. 5 with maximum segment number v. The
gate complexity of the circuit instance in eigenstate property esti-
mation is the following: cNoT gate number: v(4X 55 1wt(H)+
4wt (H)+ 2min(n, scwt,, ) ) —2L, single-qubit Pauli rotation gate
number: 2L+ 4)v.

We give more details in the following. Overall, the circuit with-
in each segment consists of one controlled Trotter plus controlled
compensation terms. Each of the components within the Trotter
formula takes the form of e™ with evolution time m = t/v. The
cost by Trotter is given by Lemma 3 in section S5.

A controlled-Pauli-rotation gate, Ctrl-exp(—iP8/2) with Pauli
operator P, can be realized by 2(wt(H)—1) cNOT gates, a con-
trolled single-qubit R,(8) gate with rotation angle 6, and some
single-qubit Clifford gates. Furthermore, the controlled R,(0) gate
can be decomposed into two single-qubit Z-axis rotation gates and
two cNoT gates. Therefore, the cost for the controlled Trotter opera-
tor Ctrl-Syr(m) in each segment and the number of cNOT gates are
2 x 551 (2wt(H) — 2L) and 2L controlled single-qubit Pauli rotations.

The compensation term V consists of a controlled multiqubit
Pauli rotation operator and some controlled Pauli operators. The
controlled multiqubit Pauli rotation operator can be realized by
2wt,,(H) cNoT gates and two single-qubit Pauli rotations. The Pauli
gates are randomly drawn from {P;}; according to the correspond-
ing probability distribution. In the worst case, the gate sequence length
is the truncated value s, and, thus, the cNOT gate number is bound-
ed by (s.wt,,(H)). Note that saturation occurs when the number of
compensation Pauli operations reaches #n. To sum up, for the com-
pensation term, the number of cNOT gates is upper bounded by

2wt, (H) + min(n,scwtm) <3n (27)

and two single-qubit Pauli rotations. As there is a saturation of the
gate count for the Trotter-error-compensation indicated by Eq. 27,
one can take s. to be infinity in deriving the asymptotic scaling in
gate complexity in Theorem 1 and Theorem 2.

One can thus check that case I is more costly than case I in Fig. 1.
For observable dynamics described in Eq. 6, there are two compensa-
tion terms, but simply one controlled Trotter Ctrl-Sy, as illustrated
in Fig. 1C1. Together with the cost for the Trotter formula, the num-
ber of cNOT gates is upper bounded by

v(4><5kwt(H)—2L+4wtm(H)+2min(n, scwtm)) (28)

The number of single-qubit Pauli rotations is
QL+4)v

The gate complexity with the ancilla-free strategy can be ana-
lyzed in a similar way. Its key advantage is better depth scaling as it
allows circuit compilation using only NN gates without overhead.
This is discussed in detail in the “Analysis of circuit depth and gate
complexity” section.

Table 2. Circuit depth d and gate count g in each segment with NN or arbitrary architecture. The ancilla-free or the one-ancilla schemes are compared

when using our method or QETU method.

Hamiltonians NN (ancilla-free)

NN (1-ancilla)

NN (QETU) (43) Arbitrary

d =0(1)

Heisenberg model

Electronic structure (Eq. 7)

Molecular Hamiltonians (Eq. 29)

Sunetal, Sci. Adv. 12, eaeb1622 (2026) 16 January 2026

d = O(n)

d = 0O(n) d=0(1)

g=0(n") g =0(n?logn)
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Hamiltonian-specific circuit compilation and depth analysis
The circuit depth and gate count for Problem 1 and Problem 2 using
either the ancilla-free scheme and the one-ancilla scheme are dis-
played in Table 2. Below, we will discuss the result when the qubit
connectivity is taken into account.

We consider Hamiltonians including (i) Heisenberg models,
(ii) electronic structure in the plane wave dual basis in Eq. 7, and
(iii) second quantlzed molecular Hamiltonian in the form of
H= ZU L hya a + S Zukl lg,]k,aT 4,4). A common strategy for
efficiently representmg the Hamlltomans with fewer terms and low
weights (49, 53, 78, 79) is to reformulate the two-body fermionic
operators as a sum of squared one-body operators by the Cholesky
decomposition (79), reformulated as

Nl

H=K+ > A L, (29)

where K and fé are the one-body terms, the number of terms is
I' = O(n) (53), and the constant has been removed.

For general cases, the circuit within each segment consists of two
parts: the controlled implementation of the Trotter formula S and
the Trotter remainder V. The only difference is the compensation
term, which uses the symmetry-conserved gates as the elementary
gates, i.e., SWAP, Pauli-Z gates, and their exponentiations. We ob-
serve that, to realize the compensation term, at most, d = O(n) and
g = O(n) are required in the worst case, which is fewer than the
implementation of the Trotter formula in all physical Hamiltonian
cases. Table 2 displays the gate complexity (including both cNot
gates and non-Clifford gates) within each segment when taking the
qubit connectivity into account. We elaborate on these results below.

We first discuss the Heisenberg-type Hamiltonians. Each com-
ponent e~ (W XiXin+11Y,Yi+1ZZ11) with time duration 8¢; can be re-
alized by three cNOT gates and three single-qubit Pauli rotation gates.
When restricted to a linear NN architecture, dp, e, = O(1). In the
ancilla-free scenario, the compensation term is SWAP; ;. |, Pauli-Z opera-
tors and the exponentiations, resulting in d = O(1) and g = O(n).
In the one-ancilla scenario, because we need to implement con-
trolled two-qubit Pauli rotations, when restricted to linear NN ar-
chitecture, we need to swap the ancillary qubit sequentially to qubit
1, ... ,nand then perform the controlled rotation. Then, we need to
undo the swap to change back the ordering of the qubits. The com-
pensation term can be done when the ancillary qubit is adjacent to
the target controlled qubit. Compared to the ancilla-free scheme,
we cannot do it in parallel, resulting in d = O(n) and g = O(n).
When removing the restriction of the qubit connectivity, both sce-
narios have d = O(1) and g = O(n).

For the electronic structure problem in Eq. 7, it can be grouped
into H=T + V. Below, we discuss the cost for the ancilla-free
scheme and the one-ancilla scheme with a linear NN architecture.
The kinetic term is a noninteracting term that can be diagonalized

asT = C(X,07;)C &' For the 1mplementat1on ofe=®T, an NN archi-
tecture requires d = O(n) and g = (‘)( ) For the interacting po-
tential term e~V that consists of O(n?) terms, an NN architecture
requires d = O(n) and g = (9( 2) Therefore, dp,q .. = O(n) and
Srrotter = (9( ) For the compensatlon term, because there is only one
term in the form of SWAP; ; ®;€ | Zyor ®J 1 2ot ®J : Z> which

can be implemented at most dRemamder = (9(n) and ZRemainder = O(1).
We note that, for the two-dimensional (2D) Fermi-Hubbard model,

Sunetal, Sci. Adv. 12, eaeb1622 (2026) 16 January 2026

which is a special case of Eq. 7, the compensation term can be imple-
mented with dp..inger = 1 given a planar NN architecture. To sum
up, an NN architecture requires d = O(n) and g = (9(712).

We then discuss the gate and depth cost when we need a control
ancilla (used in both the so-called one-ancilla scheme and QETU).
The first observation is that we do not need to implement controlled
C. The rest of the diagonal part is similar to the case of the Heisenberg
model, which requires d = O(n) and g = O(n). The implementation
of e=®T requires d = O(n) and g = O(n?). However, the implemen-
tation of eV requiresd = Q(n?)and g = Q /( n*)in an NN architec-
ture. The challenge of realizing the controlled V with one control qubit
is that, at each time, the control qubit can only control one rotation
R, (eij) given a pair of (i, ). Therefore, the controlled rotation cannot
be realized in parallel. Naively, we could first apply a cyclic swap
operation and then realize each individual R, (Gl-j). This results in the
total depth d = O(n*) and gate count g = O(n?). A lower bound on
the depth complexity for realizing the controlled 1% may be given
by Q(nz) The compensation term requires at most d = O(n) and
g = O(n). Therefore, an NN architecture requires d = Q(nz) and
g= (‘)(n3). Note that the estimate for gate complexity with one-
ancilla scheme may not be optimal.

The depth can be reduced to O(n) provided [n/Z] ancillary qubits.
The result is summarized in Proposition 4.

Proposition 4 When restricted to linear NN qubit connectivity,
a controlled exponentiation Ctrl-¢®" with molecular Hamiltonian H
in Eq. 7 can be implemented in depth O(n) using[n/Z] ancillary qubits.
The circuit implementation is illustrated in Fig. 3. When restricted to
only one ancillary qubit, the circuit depth is Q(nz )

A graphic proof is shown in Fig. 3. Specifically, Fig. 3 (A
and B) shows the overall structure of the circuit with O(n)
depth. Figure 3A shows how to copy the classical information
of A; to the rest of ancilla and lastly give it back to A;. By using
the circuit (example) illustrated in Fig. 3C for 1D architecture
and Fig. 3D for 2D architecture, the controlled-H can be real-
ized with only NN operations.

When considering an arbitrary architecture, the gate count can
be further reduced from (9(;12) to O(nlogn) using the results in
(75). Note that, in (59, 62, 63), the potential term V is a symmetric
translationally invariant two-body coupling term, specifically

~

Vg = 2#0 o cos(k, “Tpo )n 1, where momentum modes are de-

»"q

fined as k, = va/Ql/d, r,, = m(2Q/N)"? with momentum differ-
ence m = p — g, and the computational cell volume €. This reduction
from O(n?)to O(nlogn) uses the translationally invariant property.
The exponentiation of e can be implemented by the fermionic
fast Fourier transform (FFFT), FFFTe~ Z%% FFFT', which can be
implemented with g = O(nlogn) and d = O(logn). The exponenti-
ation of =V can be implemented with d = O(n) and g = O(nlogn).
In addition, the results for molecular Hamiltonians in Eq. 29 are
displayed in Table 2, where the dominant cost comes from the po-
tential terms.

Table S3 in section S2 displays the total gate and depth com-
plexity concerning both cNoT and T gates, which can be ob-
tained by using the cost within each segment shown in Table 2.
We can readily find that our method performs better in circuit
depth in all these cases when qubit connectivity is restricted to
an NN architecture.

140f 16

9202 ‘S0 aunC uo uopuo-] abia|jo) [eledw | T 610°80Us 10" MMM//SANY W) pepeojumod



SCIENCE ADVANCES | RESEARCH ARTICLE

In addition to the cNOT gate count estimates in the main text, the

corresponding T gate count is shown in Fig. 6. The search for the ei-
genenergies of the XXZ Heisenberg model is presented in Fig. 8.
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