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Abstract

We investigate the dynamic response of industrial rubbers (styrene-butadiene random copolymers, SBR) in torsion and compare against

common small amplitude oscillatory shear measurements by using a torsion rectangular fixture, a modified torsion cylindrical fixture, and a

conventional parallel plate fixture, respectively, in two different rheometers (ARES 2kFRTN1 from TA Instruments, USA and MCR 702 from

Anton Paar-Physica, Austria). The effects of specimen geometry (length-to-width aspect ratio) on storage modulus and level of clamping are

investigated. For cylindrical specimens undergoing torsional deformation, we find that geometry and clamping barely affect the shear moduli,

and the measurements essentially coincide with those using parallel plates. In contrast, a clear dependence of the storage modulus on the aspect

ratio is detected for specimens having rectangular cross section. The empirical correction used routinely in this test is based on geometrical fac-

tors and can account for clamping effects, but works only for aspect ratios above a threshold value of 1.4. By employing a finite element analy-

sis, we perform a parametric study of the effects of the aspect ratio in the cross-sectional stress distribution and the linear viscoelastic torsional

response. We propose a new, improved empirical equation for obtaining accurate moduli values in torsion at different aspect ratios, whose gen-

eral validity is demonstrated in both rheometers. These results should provide a guideline for measurements with different elastomers, for which

comparison with dynamic oscillatory tests may not be possible due to wall slip issues. VC 2016 The Society of Rheology.
[http://dx.doi.org/10.1122/1.4941603]

I. INTRODUCTION

Dynamic measurements in torsion [i.e., dynamic defor-

mation of a slender cylinder or of a rectangular bar, Figs. 1

and 2(b)] have been performed extensively on rotational

rheometers and are often considered as an industrial stand-

ard [1]. They provide characterization of the dynamic me-

chanical response of a wide variety of materials including

glasses [2–4], filled and vulcanized systems [5–13], as well

as soft gels [14,15]. They are particularly important in

situations where the more common small amplitude oscilla-

tory shear tests (performed with parallel plates or cone-plate

geometries) are problematic or not possible at all (e.g., due

to slip, transducer compliance or torque limitations). In the

past, oscillatory torsional tests were performed by applying

relatively large deformations on cylindrical specimens and

recording both torque and normal force response as a func-

tion of time. Indeed, according to Rivlin [5,16], a state of

simple torsion in a cylindrical specimen of an incompressi-

ble highly elastic material (which is isotropic in its unde-

formed state) with fixed ends (i.e., its length remains

constant) may be produced by the application of both torque

and normal compressive forces in order to maintain a

pure torsional deformation. Following the same principle,
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Kovacs et al. allowed a slight vertical flexibility while main-

taining torsion rigidity of a clamped prism-shaped specimen

to control the tension in a rigid sample near its glass transi-

tion temperature (due to isothermal volume contractions)

[17]. In a different approach, small torsional deformations

were superimposed to large extensional deformations in

order to probe crosslinking extension and swelling proper-

ties [12]. Different types of specimen geometries can be

used in torsional tests. In the rheological literature, the most

commonly used has been a cylindrical rod with different as-

pect ratios [2,3,5,8,10,15,18–20]. On the other hand, these

dynamic mechanical tests can also be routinely performed

with commercial rheometers such as a strain-controlled rhe-

ometer. Commercially available fixtures used for torsional

strain-controlled tests have been designed primarily for rec-

tangular cross section of the specimens [6,7,12,17].

Despite these significant developments, an unambiguous

set of criteria for assessing dynamic torsional measurements

and, more specifically, finding out and correcting possible

experimental artifacts, is still missing. Two relevant exam-

ples are the effect of the specimen dimensions and the way it

is mounted on the fixture (i.e., clamping) on the torsional

measurements. Indeed, no systematic studies comparing the

viscoelastic response of the same material by using different

specimen geometries or different tool geometries are avail-

able. The only exceptions appear to be the work of Hsich

who performed dynamic oscillatory tests on carbon black

natural rubber compounds using both torsion rectangular and

parallel plates geometries [6] and, more recently, the work of

Polacco et al. [21] on polymer-modified asphalt undergoing

dynamic oscillatory shear (parallel plate and cone-plate) and

torsional deformation. Regarding the former work, despite

the fact that the two tool geometries were used in different

temperature ranges (i.e., the torsional rectangular testing

mode at low temperatures whereas the parallel plate testing

mode at high temperatures), a good agreement between the

two sets of data was reported, with the parallel plate data

constituting a continuation of the torsion rectangular data in

the mechanical frequency spectrum. On the other hand, no

overlap region of the two data sets was obtained, apparently

due to the different measurement temperature range. The lat-

ter authors, Polacco et al. [21], found good agreement for

high length-to-width aspect ratio used in torsion, when com-

pared to the parallel plate and cone-plate cases. Yet, often

the small amounts of samples (for example, when dealing

with well-characterized model systems) necessitate the use

of small aspect ratios, rendering a deeper analysis of the

problem necessary. Furthermore, we note that long before

the work of Hsich [6], Szabo speculated the occurrence of

extensional and compressional stresses in torsion with rec-

tangular specimens, and in particular, in the region in contact

with the clamps [22]. He also proposed an empirical formula

in order to quantitatively describe the dynamic-mechanical

response in torsion (see discussion below).

The above literature review points to the need for a general

protocol for assessing torsional measurements based on appro-

priate choices of experimental and material geometries. In this

work, we address this challenge and attempt at elucidating the

role of specimen length-to-width aspect ratio and clamping

on torsional measurements and the extracted viscoelastic mod-

uli of a (not vulcanized) rubber. Dynamic frequency sweep

(DFS) tests in a parallel plate geometry were also performed

and used as benchmark, helping to optimize the experimental

conditions of torsional tests. Indeed, the use of a rubber poly-

mer allowed using both measurements on a comparative basis,

hence assessing the torsional response. In addition, finite ele-

ment method (FEM) simulations on a viscoelastic solid

(which represents the experimental system reasonably closely)

were carried out in order to validate the experimental meas-

urements and analyze the stress fields inside the specimen.

The combination of careful experimentation and FEM

FIG. 1. A rectangular bar (left) when twisted (center) under the action of torque. As a result, rectangular cross-sectional material layers tend to warp (right) around

the rotational axis. Here, w is the width, t is the thickness, and lact is the length of the specimen. We can define three relevant aspect ratios, w/t, lact/w, and lact/t.

FIG. 2. (a) A disk-shaped sample subjected to angular shear deformation,

(b) a cylindrical-shaped sample under simple torsion. These two deforma-

tions are identical only for circular shapes.

276 DESSI et al.

 Redistribution subject to SOR license or copyright; see http://scitation.aip.org/content/sor/journal/jor2/info/about. Downloaded to IP:  129.31.215.243 On: Thu, 07 Apr 2016

16:22:04



analysis represents a powerful toolbox for the parametric anal-

ysis of dynamic response in torsion. In this regard, it is worth

mentioning that the same approach was successfully used by

Hassager and co-workers [23] for the parametric analysis of

extensional measurements of macroscopic polymeric films via

the Sentmanat extensional rheometer (SER) [24,25]. Yet, of-

ten the small amounts of samples (for example, when dealing

with well-characterized model systems) necessitate the use of

small aspect ratios, further justifying the presented analysis.

The manuscript is organized as follows: After this intro-

duction, the sample geometries are discussed in Sec. II. Then,

Sec. III analyzes the response of a rectangular solid in torsion,

whereas the comparison with experiments using frequency

sweeps (benchmark) and rectangular specimens or cylindrical

specimens is presented in Secs. IV and V, respectively. The

final comparison with FEM simulations is reported in Sec. VI.

The conclusions are summarized in Sec. VII.

II. SPECIMEN GEOMETRIES

The torsional test consists of twisting a specimen under

the action of torque applied at one end while keeping the

other one fixed. This situation is depicted for a specimen

with a rectangular cross section in Fig. 1.

In the limiting case, we can consider a disk-shaped sample

between parallel plates [see Fig. 2(a)], typically used to per-

form shear measurements in a rotational rheometer. We denote

by R and h the radius and the thickness of the sample, respec-

tively, with h � R. In order to relate the material parameters

(strain c and stress r) to the rheometer response (rotation angle

h and torque M), two geometry constants, the strain constant

Kc and stress constant Kr, are used. These constants depend on

the geometry sample and can be written as [26]

Kc ¼
c
h
¼ R

h
; (1)

Kr ¼
r
M
¼ 2

pR3
¼ 2R

pR4
¼ R

Jt
; (2)

with Jt¼pR4/2 is the polar moment of inertia. Both con-

stants depend on the radial position r, i.e., the strain and the

shear stress are zero in the center and have a maximum value

at the edge of the disk. Due to symmetry, stress and strain

only depend on the radius of the plate. This holds only if the

specimen has a constant circular cross section.

For higher aspect ratio (i.e., the thickness h becomes

larger than the radius R), we refer to the disk and to the

applied angular shear deformation as a cylindrical specimen

and simple torsion deformation, respectively [see Fig. 2(b)].

In the case of angular shear deformations, the angular dis-

placement h is used to describe the deformation. On the other

hand, in the case of simple torsion deformation, the deforma-

tion is described by the angular displacement h related to the

cylinder length lact and is called the twist n

n ¼ h=lact: (3)

When a cylindrical test specimen is subjected to torsional de-

formation in the linear regime, disk-shaped layers of solid

material rotate past each other and only shear stress compo-

nents exist in the sample, i.e., no stresses in the direction

normal to the cross section are present. In the case of a nonax-

isymmetric test specimen, such as a rectangular bar, the

analysis of dynamic-mechanical properties becomes more

complex. Such analysis was done first by de Saint-Venant

using the theory of elasticity [27]. He developed a general

theory for specimen bars with arbitrary cross section, which

describes its stress distribution and predicts the maximum

stress and yielding for isotropic and homogeneous systems by

means of a series expansion approximation. The main

assumptions of this theory are: (i) The side surface is free

from any load and all of the external load in terms of torque

M is applied on the cross section ends only, i.e., the definition

of a pure (or free) torsion, (ii) each cross section of the bar

does not change its profile in the course of deformation, i.e., a

rotation of a rigid body, and (iii) sections perpendicular to the

rotational axis of the bar are free to warp, i.e., there is no nor-

mal traction upon them and out of plane displacement occurs

described by the so called warping function w.

III. TORSION OF A RECTANGULAR SPECIMEN

As already mentioned, for a specimen with constant circu-

lar cross section, the stress is the same at a fixed radial posi-

tion r and maximum at the cylindrical surface [Fig. 3(a)].

Conversely, in a rectangular shaped specimen, the stress is no

longer linear with the distance from the axis and depends on

the angular position along the specimen length [Fig. 3(b)].

For a homogenous and sufficiently long rectangular cross-

sectional sample, the maximum stress is obtained on the mid-

points of the long sides, whereas it is zero at the four corners

of the cross section, as the theory of elasticity states and it is

shown in Fig. 3(b). As a result of the nonlinear stress distribu-

tion, the cross sections of the specimen are not flat anymore

but rather warped (Fig. 1).

In order to perform dynamic oscillatory tests in simple

torsion, a rectangular test fixture was used in two popular

rheometers, a strain-controlled rheometer, ARES 2k FRTN1

from TA Instruments, USA, and a stress-controlled rheome-

ter (operating on strain-control mode), MCR 702 from Anton

Paar-Physica, Austria. In this geometry, the deformation at

the top and bottom edges of the sample is hindered by the

two clamps. When the sample is twisted in torsion, stresses

develop at the outer edges of the rectangular sample at con-

tact with the clamps whereas compressional stresses develop

in the center. The projections of these stresses into the cross-

sectional plane of the rectangular bar alter the torque

FIG. 3. Stress profile under simple torsion deformations in (a) a circular

cross section (linear distribution) and (b) a rectangular cross section (nonlin-

ear distribution).
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associated with the shear deformation. Extensional and com-

pressional stresses occur near the clamps because they resist

to tendency of the test specimen to warp. This leads to an

increase of the torsional stiffness, defined as GJt (with G
being the shear modulus and Jt being the polar moment of

inertia for a rectangular cross-sectional bar), i.e., a higher

shear modulus is measured. Therefore, the measured value in

torsion needs to be corrected.

When measuring torque and angular displacement for a rec-

tangular geometry of the specimen, the following strain and

stress constants to calculate the stress and strain are used [28]:

Kc ¼
c
h
¼ t

lact
1� 0:378 � t

w

� �2
" #

; (4)

Kr ¼
s
M
¼

3þ 1:8 � t

w

� �
wt2

� 1000 � g; (5)

where (see also Fig. 1) t is the thickness (mm), w is the width

(mm), lact is the actual sample length (mm) (i.e., the meas-

ured length of the specimen loaded on the rheometer between

the two fixtures), and g is the gravity constant (dm/s2).

The geometry constant Kg used to convert torque and angu-

lar displacement to shear modulus is in fact the ratio between

the stress and the strain constant and can be reduced to

G ¼ r
c
¼ KrM

Kch
¼ Kg

M

h
¼ Kg

lact

Mlact

h
¼ Mlact

Jth
¼ M

Jtn
: (6)

According to de Saint-Venant’s theory [27], Jt of a rectangu-

lar sample is given by

Jt ¼
t3w

3
� 64t4

p5

X1
n¼0

1

2 nþ 1ð Þ5
tanh

2nþ 1ð Þpw

2n
for w � t

(7)

then, the modulus in torsion can be written as

G ¼ M

Jtn
¼ M

h
3lact

wt3gSV uð Þ with

gSV uð Þ ffi 1� 192

p5

1

u
tanh

p
2

uþ 0:004524

� �
: (8)

Since this series converges fast, higher terms can be

neglected and the expression for the modulus G can be

approximated as

G ¼ M

Jtn
¼ M

h
3lact � 1000 � g

wt3g uð Þ
with g uð Þ ¼ 1� 0:378u�2

1þ 0:6u�1
;

(9)

where u ¼ w=t is the aspect ratio.

Wotzel [29] compared the gSV(u) function in Eq. (8) with

the approximated function g(u) in Eq. (9). The value of the

ratio g(u)/gSV(u) is found to be 1 for all the aspect ratios

u> 1.5, hence validating the above approximation of the de

Saint-Venant prediction.

In a previous work, Szabo [22] observed that dynamic

moduli in torsion were affected by tension and compression

stresses occurring at contact with the clamps. He suggested

to replace the actual sample length lact in Eqs. (8) and (9)

with an apparent corrected length lcorr in order to correct the

effects of the specimen clamping for a given aspect ratio u
and Poisson ratio �

lcorr ¼ lact � Kðu; �Þ; (10)

where

K u; �ð Þ ¼
1þ �ð Þ 1þ z2ð Þ

250

"
25 4

1� z2

1þ z2
� 1

� �
k � 5 1� �ð Þ

� 1þ z6ð Þk3 � 2 1þ �ð Þz2k5

#
; (11)

with k2¼�ð3=2Þð1þu2Þ
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ð3=4Þð1þu2Þ�2þð5=ð2ð1þ�ÞÞÞ½4ððu2�1Þ=ð1þz2ÞÞ�u2�

q
and z¼1=u and � being the Poisson ratio.

The length correction factor K increases with the aspect ra-

tio u, and when u> 12 it becomes independent of u approach-

ing a constant value Ks that depends on the Poisson ratio � of

the material. For example, when �¼ 0.33, Ks¼ 0.64 and

when �¼ 0.48 (typically, the case of rubbers), Ks¼ 0.716.

Hence, for a given aspect ratio u, the aspect ratio lact/w
can be chosen for convenience, i.e., in order to overcome

stiffening issues it is convenient to maximize the ratio lact/w.

Wotzel [29] evaluated the shear moduli for different aspect

ratios u and different lengths using the traditional torsion fix-

ture on the strain-controlled RDA2 rheometer (Rheometric

Scientific, USA). He found that, for constant aspect ratio w/t,
the length correction according to Eq. (10) did not give the

correct shear modulus when 10 < lact < 30 mm, whereas it

worked for lact > 30 mm. To overcome this limitation, he

modified Eq. (10) by coupling the length correction to the ra-

tio of sample width and actual length

lcorr ¼ lact 1� K u; �ð Þ
w

lact
þ 0:12886

w

lact

� �2
" #

for 10 < lact < 30 mm: (12)

This modified equation along with the correction from Szabo

[22], Eq. (10), provide the correct shear modulus for a speci-

men length in the range of 10–80 mm. We use a modification

of Eq. (12), in dimensionless form with respect to the speci-

men width, in order to provide a more general limiting oper-

ation range in the present analysis

lcorr

w
¼ lact

w
1� K u; �ð Þ

w

lact
þ 0:12886

w

lact

� �2
" #

: (13)

IV. EXPERIMENTAL RESULTS FOR TORSION
RECTANGULAR TEST

Experiments were performed with an industrial rubber

polymer. This is a random copolymer of styrene and
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butadiene (SBR), synthesized via anionic polymerization

and provided by Versalis S.p.A (Ravenna, Italy). The spe-

cific system used was a blend of linear and star SBR polymer

[weight average molar mass Mw¼ 146 000 g/mol, PI¼Mw/
Mn	 1.1, weight fraction of styrene wStyrene¼ 21.7%, vinyl

content (i.e., amount of butadiene isomers enchained as 1,2

addition) wvinyl¼ 67.8%, glass transition temperature Tg

¼�21 
C]. We note that the specific SBR used here was not

vulcanized, in order to facilitate comparison with conven-

tional DFS measurements (which can be problematic with

vulcanized rubbers due to large modulus and associated wall

slip issues, which actually render torsion measurements nec-

essary). The (zero-shear) viscosity of this polymer at room

temperature is very high, and the sample can be considered

as a viscoelastic solid. The torsion rectangular test fixtures of

the ARES and MCR rheometers are employed. In order to fit

the fixtures into the ovens of both rheometers and control the

temperature, the maximum sample length was limited to

45 mm. Rectangular specimens with a constant aspect ratio

u� 4 (w¼ 12.2 mm; t¼ 3 mm) and an actual length ranging

from 4.4 to 22.3 mm were molded at 90 
C for 20 min under

an industrial hot-press heated by electrical platens and

cooled down to room temperature for 10 min by means of a

water cooling system. The same protocol was used for pre-

paring cylindrical and discotic specimens for the other

experiments discussed below. All DFS measurements in tor-

sion were performed at a constant temperature of 30 
C. The

frequency range was 102–10�1 rad/s and the linear strain am-

plitude 1%. In the following, we present data from an ARES

rheometer unless stated otherwise.

To account for compliance effects, we assessed instrument

and sample compliance by checking first the operating range

of the instrument, i.e., the region bounded by the maximum

and minimum complex modulus G* that can be measured by

each transducer type using a specific geometry (length-to-

width aspect ratio). The operating range of an ARES rheome-

ter equipped with a Force Rebalance Transducer 2k FRTN1

and a high torque motor (HT) is depicted in Fig. 4(a) for three

length-to-width aspect ratios of rectangular specimens in

terms of specimen thickness vs G* range, from G* minimum

(open symbols) to G* maximum (solid symbols). The operat-

ing range is shown for the thickness range accommodated by

the rectangular torsion fixture, from 0.75 to 6.65 mm. The

working range for a fixed thickness of 3 mm used here is rep-

resented by the full symbols for all of the tests performed.

We note that, whereas this assessment represents a guideline

for obtaining data virtually free of compliance effects, slight

issues at the highest frequencies (from which our DFS meas-

urements start) still remain. The torsional compliance is 1=K
¼ ð1=GÞ � Kg with G being its modulus, Kg being the ratio

between Kr and Kc (constant stress and strain, respectively) as

previously described for different testing geometries. As dis-

cussed below, for stainless steel (with a very high modulus of

73 GPa) plates of small diameter and large sample thickness,

the instrument compliance can be kept to a minimum [30].

However we also note that, whereas large compliance effects

occur in stiff, typically glassy materials with values of modu-

lus of the order of GPa, non-negligible effects have been

reported in the rubbery plateau region, typically in the range

of MPa [31]. We can quantitatively assess this for the present

industrial rubber by plotting in Fig. 4(b) the relative strain

(i.e., ratio of actual strain over command strain) for rectangu-

lar torsion (empty symbols) and angular shear (full symbols)

DFS measurements within the applied frequency window.

The difference reflects instrument compliance (the transducer

cannot measure the actual command strain as it is not suffi-

ciently compliant). We observe that, as mentioned, at higher

frequencies (where the material is in fact stiffer) the compli-

ance problem is larger and we confirm the occurrence of the

problem even for rubbers [31]. Based on this information, the

largest strain deviation (also the respective deviation of the

modulus) occurs at the highest frequency and is 29%.

Nevertheless, the range of frequencies belonging to the rub-

bery plateau region at the testing temperature (1–10 rad/s) is

FIG. 4. (a) The operating range of the ARES rheometer equipped with a Force Rebalance Transducers 2K FRTN1 and a HT motor for three length-to-width as-

pect ratios of rectangular specimens (see text). For a fixed thickness of 3 mm, the sample operating range is represented with full symbols for all of the tests

performed (7� 105 to 1.5� 106 Pa). (b) Relative strain as a function of frequency for rectangular torsion and angular shear measurements (empty and full sym-

bols, respectively), Inset: Measured and sample torsion compliance (symbols and dashed line, respectively) compared to the machine torsion compliance

(1.6� 10�6 rad/g cm).
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not affected by compliance at all. Moreover, the comparison

between the measured and sample compliance for all geome-

tries used and the nominal compliance of the ARES trans-

ducer 2k FRTN1 is depicted in the inset of Fig. 4(b).

Considering the summation of the torsional compliance of the

instrument and the sample [30],

1

K�meas

¼ 1

K�s
þ 1

Kt
; (14)

where K�mes is the measured complex torsional stiffness,

K�s is the actual complex sample torsional stiffness, and Kt

is the nominal machine torsional (elastic) stiffness equal to

1.6� 10�6 rad/g*cm, it is apparent that the measured modu-

lus corresponds to that of the sample for all the measure-

ments. Therefore, we can affirm that the overall results

discussed below are not influenced by compliance issues.

In Fig. 5(a), the DFS data of the frequency-dependent stor-

age modulus G0 corresponding to the rubbery plateau region

are shown. They were obtained at the same experimental con-

ditions using stainless-steel parallel plates (8 mm diameter,

1 mm sample thickness). The gap between plates was appro-

priately zeroed by means of monitoring the plate parallelism

and normal force evolution when they touch each other. DFS

measurements were also performed with the torsion rectangu-

lar fixture using four different actual lengths while keeping

the width and the aspect ratio u values constant to 12 mm and

4, respectively (i.e., varying the aspect ratio lact/w only). We

note that the torsional stiffness of the tested material is

Ksample ¼ Gðp=2ÞðR4=hÞ with G being its modulus, R its ra-

dius, and h its thickness. Hence, as already mentioned, for

stainless steel plates of small diameter and large sample thick-

ness, the instrument compliance is minimum [30]. We also

note however that, whereas large compliance effects occur in

stiff, typically glassy materials with values of modulus are of

the order of GPa, non-negligible effects have been reported in

the rubbery plateau, typically in the range of MPa [31]. We

can quantitatively assess this for the present industrial rubber

by plotting in Fig. 5(a) the imposed (command) strain ampli-

tude in the DFS and the actual amplitude measured. The dif-

ference reflects instrument compliance (the transducer cannot

measure the actual command strain as it is not sufficiently

compliant).

When the ratio lact/w decreases, the storage modulus G0

tends to increase due to the rather strong friction effect of the

two clamps over the whole specimen during the dynamic test

(see also discussion below in conjunction with Fig. 7). All G0

curves are vertically shifted [Fig. 5(a)], reflecting the linear

decrease of G0 with the actual specimen length for all

frequencies tests [Fig. 5(b)]. An increment from 	30% to

	160% of G0 values in torsion from parallel plate data was

observed. We note that tests performed with specimens hav-

ing different aspect ratio u revealed no significant change of

the storage modulus G0 within the experimental frequency

window observed (data not shown). This led us to conclude

that it is the specimen length that plays the major role in tor-

sional viscoelastic response.

Figure 6 depicts the correction of G0 using Eq. (13) for two

different length-to-width aspect ratios. It is evident that the

applied correction works well for larger aspect ratios lact/w,

whereas it becomes less effective for values of lact/w below

about 1.4. An overlap of torsional and parallel plate data

(within an error of 3%–5%) for the SBR sample (for which

parallel plate data can be obtained) is considered as a valida-

tion of the torsional experiment and the conditions used. A

residual error of 15%–18% is observed for all the correction

applied to smaller specimen length-to-width ratios. More

detailed results are listed in Table I.

A major consideration in torsional test is clamping, which

is known to have an impact on the measured material proper-

ties (e.g., the plateau modulus). Although a preliminary anal-

ysis was conducted to explore its influence, a thorough

quantitative assessment of the role of imposed clamping is a

difficult multiparameter problem and a detailed and compre-

hensive analysis will be the subject of future investigations.

In the present work, we qualitatively analyzed the effects

FIG. 5. (a) The storage modulus G0 as a function of frequency for a SBR sample. Comparison between parallel plate (solid line) and rectangular torsion (sym-

bols) data is shown for rectangular specimens with four different aspect ratios lact/w. (b) G0 as a function of the actual specimen length at four different frequen-

cies. A nearly linear decrease with the actual specimen length is observed over the entire frequency range.
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of different levels of clamping on the same SBR sample

(Fig. 7). In particular, after loading the rectangular specimen

into the torsional fixture, clamping was performed by tight-

ening the screws of the two clamps. That was achieved by

applying the same number of turns on each screw in the

upper and lower clamp. This yielded a normal force on the

fixture which could be measured by the rheometer trans-

ducer. Hence, a quantitative estimation of the level of clamp-

ing (tight/soft) was obtained. We call soft clamping that

leading to a normal force of 1 N and tight clamping to 3 N.

We observe that a tighter clamping affects shorter samples

more than longer ones: The storage modulus G0 increases

of about 11% in the largest aspect ratio lact/w (	1.85), and

of about 51% in the smallest one (	0.9). Furthermore, in

Fig. 8, we illustrate how a tight/soft clamping can have a

role on the effectiveness of the torsional G0 correction. It is

evident that, whereas the degree of correction (needed to

account for the effect of lact/w as discussed above) increases

as the specimen length decreases (	46% correction for lact/
w	 0.9 and	 27% correction for lact/w	 1.85), its depend-

ence on the clamping level is rather complex: For both the

largest (lact/w	 1.85) and the smallest (lact/w	 0.9) length-

to-width aspect ratio, the correction by using Eq. (13) is

more effective for tight than soft clamping (	1.1% error

with respect to parallel plate data for tight clamping and

	8% error for soft clamping), for lact/w	 1.85 (	31%

error for soft clamping and 	18% error for tight clamping

for lact/w	 0.9). We addressed such a correction discrepancy

due to slip issues at the sample edges in contact with the tor-

sion rectangular fixture by probing the effect on dynamic

mechanical properties from two types of sample loading. We

first clamped normally the rectangular specimen at the edges

applying both tight and soft clamping, and in a subsequent

experiment, we carefully glued the specimen ends to the test-

ing fixture and no clamping was applied. The loading proto-

col ensured that the specimen ends were reasonably flat and

perpendicular to the fixtures in both cases. No compression

was applied when loading. The results are depicted in Fig. 8.

The enhancement of the storage modulus G0 is affected in

virtually the same way in glued and tight clamping cases for

both specimen lengths (Fig. 9). This suggests lack of slip in

tight clamping and, moreover, that G0 is mainly affected by

the rectangular cross-sectional geometry of the specimen

used. However, the good agreement of torsional G0 correc-

tion with respect to parallel plate data holds for lact/w	 1.85

only, whereas it needs to be improved for lact/w	 0.9.

Based on the above, we propose two new empirical

formulas inspired by and extending Eq. (13), in order to

obtain correct values of dynamic moduli when the aspect

ratio lact/w approaches a value of 1 or is below 1. Figure

10 depicts the correction in terms of the storage modulus

for lact/w	 1.2 (a) by using Eq. (14) and for lact/w	 0.35

FIG. 6. Comparison of frequency sweep data of SBR using parallel plate geometry (open symbols) and torsional data using rectangular geometry (dashed line)

and corrected in Eq. (12) (solid line) in terms of G0. Data are shown for two length-to-width aspect ratios, 1.46 (a) and 1.2 (b).

TABLE I. Fractional difference between measured (G0act) and corrected (G0corr) torsional data and benchmark parallel plate (G0PP) data for different length-to-

width aspect ratios, comparing the initial correction given in Eq. (13) and marked as OLD, with the improved correction given in Eqs. (15) and (16) and

marked as NEW.

lact

w

lcorr

w
jOLD

lcorr

w
jNEW K(u, �)

G0act � G0PP

G0PP

(%)
G0corr jOLD � G0PP

G0PP

(%)
G0corr jNEW � G0PP

G0PP

(%)

1.85 1.48 — 0.55 31.2 3.4 —

1.46 0.9 — 0.55 64 2.5 —

1.2 0.64 0.6 0.55 111.3 15.2 3.7

0.9 0.48 0.38 0.55 120 18.2 5

0.35 0.16 0.13 0.55 163.5 17 2.8
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(b) by using Eq. (15). Experimental torsional data

obtained with the MCR 702 rheometer and the same em-

pirical correction formulas are shown as in Fig. 11. A

summary of the empirical correction formulas for tor-

sional data is presented in Table I

lcorr

w
¼ lact

w

�
1� K u; �ð Þ

w

lact
þ 0:12886

w

lact

� �2

� 0:07
w

lact

� �3
�

for 0:83 <
lact

w
< 1:25; (15)

lcorr

w
¼ lact

w

�
1� K u; �ð Þ

w

lact
þ 0:12886

w

lact

� �2

� 0:07
w

lact

� �3

þ 0:00857
w

lact

� �5
�

for 0:33 <
lact

w
< 0:83: (16)

V. EXPERIMENTAL RESULTS FOR TORSION
CYLINDRICAL TEST

Given the nonuniform stress distribution in the rectangular

geometry [Fig. 3(b)], we now focus on cylindrical specimens

having the same diameter (R	 1.5 mm) undergoing torsion.

Cylindrical specimens were obtained following the same mold-

ing protocol described in Sec. IV for rectangular specimens.

They were mounted on appropriately modified cylindrical tor-

sional fixtures. Similarly to the experiments with rectangular

specimens, DFS tests were also performed at the same condi-

tions and confirm, irrespectively of the chosen aspect ratio lact/
R, the homogeneous stress distribution throughout the speci-

men’s cross section, hence the reliability of the obtained data.

Unlike the rectangular geometry case, the variation of the as-

pect ratio lact/R or the level of clamping (i.e., from soft to tight

and ultratight clamping by adding one turn more to both clamp

screws each time) does not affect the torsion storage modulus

G0, as shown by the data in Fig. 12.

FIG. 8. The effect of G0 correction using Eq. (13) (line) on the torsional experimental data (closed symbols) for two aspect ratios lact/w, 1.85 (a) and 0.9 (b).

The empirical correction is applied to two clamping levels, tight and soft (circular and triangular full symbols for experimental torsion data, solid and dashed

line for correction with Eq. (13), respectively). Comparison with data obtained using parallel plates benchmark (open symbols) is also shown.

FIG. 7. Torsional measurements performed at different levels of clamping. Data are presented as G0 against angular frequency: Tight and soft clamping in tor-

sion (triangles and circles, respectively) are compared against benchmark parallel plate data (solid line). Two data sets using two aspect ratios lact/w are

reported: (a) 1.85 and (b) 0.9. The storage modulus G0 enhancement is almost five times larger when the length-to-width ratio is reduced by 50%.
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VI. FEM SIMULATION RESULTS FOR TORSIONAL
TESTS

The above comparative study provides confidence in per-

forming torsional measurements but also renders an inde-

pendent quantitative analysis necessary, in order to assess

the influence of geometric parameters in the stress distribu-

tion profile, especially when designing new fixtures and

defining new protocols for specific applications. To this end,

we have carried out FEM simulations in order to predict the

dynamic-mechanical response of a viscoelastic solid material

in torsion. The results are compared to the experimental data

discussed above. More specifically, we simulated torsional

deformations for cylindrical and rectangular specimens using

a linear viscoelastic model. No clamping effects are

accounted for in the simulations. We solved the standard

equations governing the deformation of a solid

q
@2u

@t2
¼ r � r; (17)

r ¼ C : eþ rv; (18)

where u is the displacement, q is the solid density, r is

the stress tensor, C is the fourth-order stiffness tensor, e

is the strain tensor, and rv is the viscoelastic contribution

to the stress. Concerning the boundary conditions: (i) A

prescribed sinusoidal angular displacement h(t) is applied

on the upper section of the specimen, (ii) the lower sec-

tion is kept fixed, and (iii) the lateral surface of the solid

domain is free to deform, i.e., no load is applied. The

generalized (multimode) Maxwell model is used in gen-

eral as constitutive equation for viscoelastic material

response. This model is chosen for its simplicity and used

only for fitting the shear modulus G(t). To this end, it

does not matter for the final result whether G(t) represents

the response of a viscoelastic liquid or viscoelastic solid.

It approximates the viscoelastic material function G(t) by

means of a discrete relaxation-time spectrum using a sum

of exponentials

FIG. 10. Storage modulus G0 against angular frequency in torsion for three length-to-width aspect ratios lact/w� 1 (a) or lact/w
 1 (b). Experimental torsional

data (full symbols) from the ARES rheometer were corrected using both Eq. (13) (dashed line) and Eq. (15) (solid line) for (a) 1.2, and Eq. (16) (solid line) for

(b) 0.35, respectively. The residual error from parallel plate data (empty symbols) is less than 5% with both modified empirical formulas.

FIG. 9. Storage modulus G0 as a function of frequency for two aspect ratios lact/w, 1.85 (a) and 0.9 (b) in torsion (symbols and dashed line), compared against

respective values obtained with parallel plates (solid line). Comparison among three types of loading for rectangular cross-sectional specimens is also depicted

in order to assess slip issues (full symbols for tight clamping and dashed line for soft clamping, empty symbols for glue loading).
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G tð Þ ffi G1 þ
XNM

i¼1

Gi exp � t

si

� �
; (19)

where the set of fitting empirical parameters {si, Gi} are

named relaxation times and relaxation strengths, respec-

tively, G1 is the long term modulus (i.e., after relaxa-

tion), and NM is the number of modes. Only in the limit

of large NM, Eq. (19) should, in principle, approach the

underlying material function G(t). For sinusoidal oscilla-

tory shear flow deformation of angular frequency x, the

following expression of the storage modulus G0(x) is

derived from Eq. (19):

G0 xð Þ ¼ G1 þ
XNM

i¼1

Gi

sixð Þ2

1þ sixð Þ2
: (20)

The number of modes as well as the constitutive parameters

are estimated by fitting the G0 measurements obtained in the

parallel plate 8 mm. The number of modes are progressively

increased until the predicted G0 matches the measurements

within a sufficient accuracy [32,33]. Three modes are required

to fairly describe the experimental data. Fitting of the storage

modulus G0 data in the parallel plate case are depicted in Fig.

13. Finally, hexahedral elements are employed to discretize

the specimen geometry. For all simulations, mesh conver-

gence is achieved by using 8000 elements.

We carried out torsion simulations on cylindrical and pris-

matic specimens of different aspect ratios lact/w, imposing an

angular displacement h(t) that gives a maximum strain

inplane component

ep ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2

xz þ e2
yz

q
(21)

equals to 0.01 when averaged on the midplane at z¼ lact/2.

We choose such a plane in order to reduce as much as possi-

ble the effect of the boundary conditions.

In Fig. 14, we report the distribution of the stress inplane

component

rp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

xz þ r2
yz

q
(22)

FIG. 11. Storage modulus G0 against angular frequency in torsion for two length-to-width aspect ratios lact/w: (a) 0.9 and (b) 0.35. Experimental torsional data

(full symbols) from the MCR 702 rheometer corrected with both Eq. (13) (dashed line) and Eq. (15) (solid line) for (a) 0.9, and Eq. (16) (solid line) for (b).

The parallel plate data (empty symbols) are shown for comparison.

FIG. 12. Storage modulus G0 as a function of frequency for cylindrical specimens. A good agreement between torsion (symbols) and parallel plate (solid line)

data is found when changing the aspect ratio lact/R (a) or applying a different clamping level (b).
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calculated by FEM simulations in the midplane at z¼ lact/2

of a rectangular bar (aspect ratio u¼ 4) undergoing simple

torsion. Three cases, corresponding to lact/w¼ 1.85 (a), lact/w
¼ 0.9 (b), and lact/w¼ 0.35 (c), are shown. The distributions

are taken at a time corresponding to maximum mean

stress computed on the midplane, and at a frequency of

x¼ 100 rad/s. It is well known that the stress distribution in

a cylindrical specimen is radial and independent of the as-

pect ratio lact/R. In contrast, in a rectangular specimen, the

stress distribution depends on the axial position. In addition,

the stress distribution is affected by the aspect ratio lact/w, as

clearly visible in Fig. 14. For the largest aspect ratio lact/w
considered in this work [Fig. 14(a)], the maximum stress is

obtained at the midpoint of the long edges, in agreement

with the 2D Saint-Venant theory. On the other end, when

lact/w decreases, the stress along the longest edge decreases

as well, while the stress on the shortest edge increases.

Hence, for sufficiently short samples, the maximum stress is

located at the midpoint of the shortest edges.

Despite the significantly different stress profiles in the

rectangular specimens of various length-to-width aspect

ratios, the computed elastic modulus G0 is always the same,

as shown in Fig. 15. In the same figure, we also report the

elastic modulus calculated for a cylindrical specimen (lact/R
¼ 7.2) and the experimental data for the parallel plate. All

data collapse on the same curve, suggesting that the shape

and aspect ratio of the specimen do not affect the linear

viscoelastic response of the material.

In conclusion, the deviations of the experimental data for

the rectangular specimens from the parallel plate measure-

ments reported in Fig. 4(a) might be related to the presence

of the clamps.

VII. CONCLUSIONS

This work aims at providing simple guidelines for

obtaining reliable data when performing dynamic mechan-

ical measurements in torsion. To this end, we have uti-

lized a combination of careful experiments performed on

two different commercial rheometers, strain-controlled

ARES 2k FRTN1 and stress-controlled (operating in

strain-control mode) MCR 702, quantitative semiempirical

analysis and FEM simulations. The chosen experimental

system, an industrial nonvulcanized rubber SBR, was suit-

able for both angular shear and torsional measurements.

This study was motivated by the observed non-negligible

variance of the storage modulus G0 depending on the rec-

tangular specimen aspect ratio (length-to-width aspect ra-

tio), during a dynamic mechanical measurement in

FIG. 13. Storage modulus G0 as a function of frequency obtained from par-

allel plate 8 mm and fitting results from the generalized Maxwell model with

three modes (open symbols and solid line, respectively) are shown.

FIG. 14. Distribution of the stress inplane component calculated by FEM sim-

ulations in the cross-sectional midplane (z¼ lact/2) of a rectangular specimen

with width-to-thickness aspect ratio u¼ 4, undergoing simple torsion. Results

are depicted for three different values of the length-to-width aspect ratio lact/w
¼ 1.85 (a), lact/w¼ 0.9 (b), and lact/w¼ 0.35 (c). The distributions are taken at

a time corresponding to maximum mean stress and at x¼ 100 rad/s. The bot-

tom horizontal bar is the color code stress values (Pa units).

FIG. 15. Elastic modulus G0 as a function of angular frequency, computed

by FEM simulations (empty symbols) for a cylindrical specimen of aspect

ratio lact/R¼ 7.2 (diamonds), and three rectangular specimens of aspect ratio

lact/w¼ 1.85 (squares), lact/w¼ 0.9 (up triangles), and lact/w¼ 0.35 (circles),

respectively. The experimental data for the parallel plate (solid line) are also

reported for comparison. No clamping was taken into account in the

simulations.
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torsion. We have investigated specimens of different as-

pect ratios and have assessed the role of the level of

clamping used in torsional tests. Based on our results, we

have proposed a new, more successful empirical equation

for obtaining the correct values of moduli in torsion.

Concomitantly, FEM simulations results indicated the

same linear viscoelastic response of the material from dif-

ferent nonlinear stress distribution profiles depending on

the length-to-width aspect ratio of rectangular specimens,

suggesting the importance of clamping in the experimen-

tal specimen loading protocol. More reliable torsional

data can be obtained when using cylindrical specimens

because of the more uniform cross-sectional stress distri-

bution. On the other hand, the proposed methodology

allows employing rectangular specimens successfully.

Hence, in summary, we have extended the validity of tor-

sional rectangular measurements in commercial rheome-

ters to length-to-width aspect ratios as low as 0.35 by

proposing new correction Eqs. (15) and (16). It is now

possible to measure reliably, also by accounting for com-

pliance issues and clamping, the latter however still in a

semiquantitative way. Indeed, an outstanding challenge

for future work is the implementation of clamping effects

into FEM simulations in order to give further general

guidelines to quantitatively correct the related observed

experimental discrepancies between torsion and angular

shear protocols.
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