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Abstract

Motivated by a recent geometric approach for adding stochastic noise of “Lie

transport” type to PDEs developed by Darryl Holm, we investigate the effect

of stochastic “Lie transport” noise in deterministic fluid equations. More

concretely, first we develop a tool which facilitates the rigorous treatment of

these equations and we will need in our research. This tool comprises an ex-

tension of the Itô-Wentzell formula to allow for advection of k-forms as well

as tensors. Afterwards, we proceed to ask whether addition of this type of

noise can improve the solution properties of some well-known deterministic

fluid equations of interest. In particular, (A) we study the solution properties

of the inviscid Burgers’ equation with transport noise, establishing the local

well-posedness of strong solutions, and the global well-posedness in the vis-

cous case. We also present some shock formation results. Inspired by recent

advances in the problem of well-posedness of PDEs by addition of stochas-

tic noise, (B) we demonstrate a general well-posedness by noise result for

spatially weak, strong in the probabilistic sense solutions to the equation of

linear advection of k-forms with Lie transport noise, which is ill-posed in the

deterministic case. Finally, (C) we consider a novel Lagrangian-averaged

approach for including stochastic noise in fluid equations and prove that it

permits establishing the global well-posedness of the Boussinesq equations,

where global well-posedness in the deterministic case is a fundamental open

problem in mathematics.
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0
Introduction

0.1 Introduction and motivations

Parameterisations and stochastic parameterisations. Understanding

climate change relies on having accurate atmospheric models that can be run

on computers in a desirable time. In the models employed for this task, not

all relevant physical processes can be included due to limitations in model

complexity and computational time. Parameterisations comprise employ-

ing simplified functions in order to approximately capture the behavior of

important physical processes that are not in the main equation/s. Parame-

terisations aim to be computationally cheap while representing the missing

processes in a sufficiently accurate manner. Examples where they are often

used are cloud convection and microphysics, understanding the descent rate

of raindrops or certain thermodynamic processes. The idea of considering

parameterisations to be stochastic is growing in popularity and seems to be

very effective, since the theory of probability provides the ideal framework to

model uncertainty. The importance of stochastic parameterisations in mod-

ern meteorology has been discussed in19, and several interesting applications

can be found in the literature. For instance, see63 for an application to cloud
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dynamics,139 for a stochastic parameterisation of mesoscale eddy dynamics,

and138 for the use of parameterisations in deep convection and its role in

climate.

In this dissertation, we investigate the issue of how the solution properties of

different partial differential equations (PDEs) may change after a stochastic

noise has been added. One of our motivations is that noise could be inter-

preted as a parameterisation of certain physical processes and help capture

uncertainty. To assist in this assessment, we develop some tools for the rig-

orous treatment of stochastic PDEs (SPDEs). The starting equations we

consider have a geometric origin, and the noise of interest is of Lie transport

type. This will be described in detail later.

Stochastic geometric mechanics. In particular, we are inspired by the

methodology for adding stochastic noise to geometric equations developed

by Darryl Holm in102, where a variational approach for introducing noise

in equations in a fashion that respects the geometry of the system is devel-

oped. From a different perspective,102 is one of many papers that propose

techniques to include stochasticity in the fundamental theory of geometric

mechanics, since the classical theory does not account for the effects of noise

although noise is ubiquitous in our macroscopic world. For a beautiful review

of classical geometric mechanics, we point the reader to130,2. A more applied

exhaustive review that we recommend consists in the works100,101,104. The

dearth of publications about uncertainty and dissipative effects in the the-

ory of geometric mechanics has encouraged several authors to develop ideas

which permit extending the wisdom in the theory to the stochastic formal-

ism. A fundamental classical work in this direction is23, which provides a

geometric formulation of Itô calculus, extends the concept of stochastic flow

to manifolds, discusses stochastic variational calculus...A more modern in-

teresting review is121, and5 provides a compilation of recent research articles

on different related topics in stochastic geometric mechanics. We note that

although the approach for introducing noise in102 is variational, mathemat-

ical formalisation is needed and we are rather interested in exploiting the

final form of the equations that this formalism casts. Steps towards this for-
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malisation in the framework of the theory of rough paths have been recently

proposed in51. Variational principles are fundamental to the theory of geo-

metric mechanics and the stochastic formalisation of variational principles in

the finite-dimensional case has been pursued for instance in54,121. Stochastic

Euler-Poincaré variational principles from which one can derive dissipative

equations such as Navier-Stokes are developed in13.

Stochastic fluid dynamics. Fluid dynamics is fundamental in our world

due its endless applications in diverse areas such as weather forecasting, cli-

mate science, ocean dynamics, ship and aeronautical engineering, medicine,

mitigation of natural disasters, modelling of extreme weather events, trans-

port...Whereas it is mostly deterministic fluid PDEs that have been typi-

cally employed for this purpose, the idea of considering SPDEs to model

the behaviour of a fluid has been lately popularised and put into practice.

In particular, in weather forecasting, inclusion of stochastic noise can be

a way of representing model uncertainty and turbulence. As an example,

renowned meteorology institutions such as ECMWF or the Met Office have

implemented probabilistic methods, obtaining encouraging results (see144 for

a stochastic kinetic energy backscatter scheme employed in the Met Office,

and148,28 for applications of stochastic schemes to ensemble weather forecast-

ing employed in the ECMWF). Moreover, the phenomenon of cloud formation

is to this day poorly understood and parameterisations have become a tool

for gaining better understanding about it (see for instance41 for a stochastic

parameterisation of deep cumulus convection and42 for practical testing of

the methodology developed in the previous work).

Our approach. These ideas motivate us to consider different relevant de-

terministic fluid PDEs and study how the behaviour of their solutions changes

once noise has been added to them, from a theoretical viewpoint (that is, we

are interested, for instance, in the existence and uniqueness of solutions to

these equations, or in whether noise can somehow regularise their solutions).

The range of equations that in principle could be considered is of course

very broad and pinpointing the behaviour difference between a PDE and its
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“stochastic counterpart” represents a very complex problem. Hence, we will

merely consider different fluid PDE models which are physically relevant and

investigate how noise affects them. As we mentioned, we are not interested

in adding “any noise” and are motivated by the ideas in102. There, advective

Lie transport noise dependent on the gradient of the solution is added in

Stratonovich form, in a way that preserves the core geometry of the equation

(in lay terms, noise is added at the physical level). The formalism presented

in102 has encouraged multiple theoretical works. For instance, the pioneering

work49 investigates the local well-posedness of the 3D Euler equation with

Lie derivative-type noise, whereas the global well-posedness of the 2D ver-

sion is established in52, the Boussinesq equations are treated in6, and the

Great Lake equations in53. Shock formation in the Camassa-Holm equation

with Lie transport noise is investigated in50, and the stochastic Lagrangian

dynamics proposed in102 are shown to arise naturally by taking the diffu-

sive limit of a slow/fast decomposition of the deterministic Lagrangian flow

in47. Several practical applications of this formalism have also been shown

in recent years. For instance, numerical testing and methodology for deter-

mining the diffusion coefficients are available in45,48 and a particle filter for

the damped 2D Euler equation with forcing is developed in46 as part of the

same project.
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Figure 1: Map of all the Southern Ocean Lagrangian surface drifters in the NOAA GDP
Data Set (Lumpkin and Pazos, 2007). Each drifter corresponds to a color147. The distribu-
tion of the drifters makes think that there is a stochastic component to their motion.

Final note. The mathematical problems discussed in this dissertation form

an important part of the research I have carried out together with my col-

laborators during my PhD period at Imperial College London.
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0.2 A review of the main results and comparison with avail-

able literature

We are interested in investigating the solution properties of relevant deter-

ministic fluid PDEs upon including noise in the fluid transport operator.

Our general setting. Let us consider an SPDE of the form ∗

dU(t, x) + Lu(t,x)U(t, x)dt+
N∑
i=1

Lξi(t,x)U(t, x) ◦ dW i
t = F (t, x)dt,

t > 0, x ∈ Rn, (0.2.1)

where

• U(t, x) is a stochastic process that takes values in the space of differen-

tial k-forms on Rn (i.e., the natural objects that one can integrate over

k-dimensional submanifolds in Rn). However, we will often consider

U(t, x) to be a scalar-valued function (i.e., k = 0).

• u(t, x) is a stochastic vector field and {ξi(t, x)}i=1,...,N is a family of

deterministic vector fields. F (t, x) is a forcing term, which we will

normally consider to be zero and sometimes could be stochastic (i.e.

F (ω, t, x)).

• LuU denotes the Lie derivative of a k-form U with respect to a vector

field u, thereby generalising the notion of directional derivative to ten-

sor fields (see Appendix A for supplementary notes on tensor calculus).

• {W i
t }i=1,...,N is a family of independent Brownian motions and ◦ in-

dicates that the stochastic integral is performed in Stratonovich form
†.

∗Whereas we write most SPDEs in this introduction in differential notation, it should
be noted that the equations only make sense in integral form and this is purely notation.

†Most of the SPDEs in this introduction are written in Stratonovich form for simplicity
purposes. This is rigorous under certain regularity assumptions. However, when estab-
lishing mathematical results we will sometimes be forced to employ the Itô formulation as
it can be seen in the following chapters.
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In some cases, we will alternatively consider equation (0.2.1) on the n-

dimensional torus Tn instead of on Rn, since it can be more convenient

to perform Sobolev estimates. We note that equation (0.2.1) is a natural

stochastic counterpart of a deterministic equation of the form

∂tU(t, x) + Lu(t,x)U(t, x) = F (t, x), (0.2.2)

since we have introduced the noise in Stratonovich form. The multiplicative

noise in (0.2.1) makes the advection velocity stochastic, and allows (0.2.1)

to retain the original form of advection equation of (0.2.2). This is, (0.2.1)

can be expressed as dU + LdũU = Fdt, where now dũ(t, x) = u(t, x)dt +∑N
i=1 ξi(t, x) ◦ dW i

t is a stochastic vector field with smooth in space and

rough in time noise. The multiplicative noise term considered in (0.2.1) can

be referred to as “transport noise”, since the noise appears in the transport

velocity of the Lie derivative. In the general Lie derivative case, we will often

refer to it as “Lie transport noise”.

As we have already noted, the multiplicative type of noise we consider in

(0.2.1) was initially motivated by the stochastic dynamics proposed in102.

An important feature of our equations and the equations in102 is that the

noise included depends on the gradient of the solution and the solution it-

self. Before the publication of the latter paper, there were some works avail-

able in the literature where noise dependent on the gradient of the solution

was added to fluid or geometric equations in similar manners (see39,132). In

particular, the geometric formalism proposed in39 gives rise to fluid equa-

tions which contain dissipation, where the noise depends on the gradient

of the solution. In some cases, there even seems to be intersection with

the models proposed in102, baptised under the name “SALT”. In several

recent works, the type of noise we propose has been used to stochastically

parametrise unresolved scales in fluid models while retaining the essential

physics of the system45,48,46,49,50,88,12,6,52,53. When U(t, x) is chosen to be a

scalar-valued function, the noise added in (0.2.1) takes the pure transport

form
∑N

i=1 ξi(t, x) ·DU(t, x) ◦ dW i
t (known as linear transport noise) and it

has also been shown to have a regularising effect on the solutions of certain

PDEs. This latter phenomenon is known as well-posedness by noise and has
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been studied recently in the literature (see for instance76,77,72,73,90,81,79,75). We

will comment on some of these last works in more detail in the paragraph

titled The equation of linear advection of k-forms with Lie transport

noise, which is related to our research in Chapter 4.

Remark 1. As an example, we note that in the scalar case k = 0, the Lie

derivative takes the form Lbf = b · Df, where f : Rn → R, b : Rn → Rn,

and if k = n, Lb(ρdnx) = div(bρ)dnx is the Lie derivative of a volume-form

with global coordinates ρ : Rn → R (see Appendix A for a short review of

the Lie derivative L). If in (0.2.1), we consider k = n, u(t, x) = b(t, x) (for

notation purposes), U(t, x) = D(t, x) a density (modelled as a volume form

D(t, x) = ρ(t, x)dnx), and F = 0, we obtain the following equation in global

coordinates

dρ(t, x) + div(b(t, x)ρ(t, x))dt+
N∑
i=1

div(ξi(t, x)ρ(t, x)) ◦ dW i
t = 0, (0.2.3)

which is a natural stochastic equivalent of the deterministic continuity equa-

tion ∂tρ + div(bρ) = 0. Moreover, a natural stochastic counterpart of the

transport equation ∂tf + b ·Df = 0 is given by

df(t, x) + b(t, x) ·Df(t, x)dt+
N∑
i=1

ξi(t, x) ·Df(t, x) ◦ dW i
t = 0, (0.2.4)

which is recovered by plugging in (0.2.1) k = 0, u(t, x) = b(t, x), U(t, x) =

f(t, x) (i.e., U is a tracer quantity transported by the fluid, modelled as a

scalar function f, which is a zero-form). Equation (0.2.4) is equivalent to

(0.2.3) when b and ξi, i = 1, . . . , N are divergence-free. If k = 0, n = 1,

U(t, x) = u(t, x), we obtain a stochastic version of the Burgers’ equation

given by

du(t, x) + u(t, x)ux(t, x)dt+
N∑
i=1

ξi(t, x)ux(t, x) ◦ dW i
t = 0.

Moreover, by choosing k = 1, U(t, x) = u(t, x) · dx (a one-form with coordi-

nates u(t, x)), F = ∇(p(t, x) − |u(t, x)|2/2) · dx (a stochastic forcing depen-
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dent on the solution), we get a stochastic counterpart of the Euler equation

in global coordinates

du(t, x) + u(t, x) · ∇u(t, x)dt+
N∑
i=1

Lξi(t,x)u(t, x) ◦ dW i
t = −∇p(t, x).

Another well-known example in physics is the advection of a magnetic field,

commonly interpreted as a two-form B̂ = B ·dS in 3D ideal magnetohydrody-

namics, where we have LvB̂ = curl(v×B) · dS (see103,80. The first reference

also provides many other examples of advected quantities in physics).

We note that u = u(t, x) often represents the velocity of a fluid (for instance

in the transport, continuity, Burgers’, and Euler equations just mentioned).

Equation (0.2.1) is related to an integral conservation law. More concretely,

in Chapter 3 we will see that equation (0.2.1) with F = 0 arises naturally

by assuming that the k-form U is (integrally) conserved along the solution

of the SDE

dφt(x) = u(t, φt(x))dt+
N∑
i=1

ξi(t, φt(x)) ◦ dBi
t, φ0(x) = x. (0.2.5)

Solutions to general SDEs of the type (0.2.5) have flow properties under

certain regularity assumptions on the drift and diffusion vector fields (see

Section 1.4 in the preliminaries for the definition of stochastic flow) and

that is why we will often refer to equation (0.2.5) as the flow equation. We

note that the stochastic aspect of the map φt represents uncertainty in the

Lagrange-to-Euler map of the fluid102.

In order to treat some of the equations we are interested in, we need to

develop a couple of new preparatory tools that we could not find in the

literature. In Chapter 2, we introduce these tools and show some of their

immediate applications. We discuss this point in the next paragraph.

The Kunita-Itô-Wentzell (KIW) formula for advection of k-forms.

Oftentimes, we are interested in understanding how a physical quantity

evolves as it is advected or convected by a fluid. This is very useful if we

9



wish to derive momentum or continuity equations, circulation theorems, the

Reynolds transport theorem, etc. It also finds applications, for instance,

when establishing the existence and uniqueness of solutions to some equa-

tions. For a fixed time t, the Lagrange-to-Euler map ϕt sends a fluid particle

at position X at time zero (initial configuration) to its position ϕt(X) at

time t. We refer to58 for explanations on the Lagrange-to-Euler map ϕt or

to130,2 for a more thorough insight. We also explain its meaning in more

detail in Chapter 2. Consider a time-dependent stochastic tracer quantity

Kt which we assume takes values on the k-forms (note that in the previous

point, we showed some examples where physical quantities are interpreted

as k-forms and103 provides more of them). It is important to understand

how Kt changes along the fluid, which is mathematically expressed as ϕ∗tKt,

where ϕ∗t is the pull-back of ϕt. We note that in the scalar case, ϕ∗tft = ft◦ϕt
is simple evaluation on the flow. We seek a chain rule for the quantity ϕ∗tKt,

different versions of which we develop in Chapter 2. In particular, we will

often adopt the notation ϕ = φ, since we will assume it satisfies the flow

equation

φt(x) = x+

∫ t

0

b(s, φs(x))ds+
N∑
j=1

∫ t

0

ξj(s, φs(x)) ◦ dBj
s , (0.2.6)

where Bj
t , j = 1, . . . , N are independent Brownian motions. We are inter-

ested in the case where φt is not of very high regularity for reasons that

will become clear later. We will refer to this chain rule as the Kunita-Itô-

Wentzell (KIW) formula for k-forms. We can extend the KIW formula to

tensor fields if the flow has enough regularity and probably also in the weak

regularity case with some more work. We note that the difficulty in deriving

our KIW formula resides in the facts that (1) both Kt and φt are stochastic

and depend on time, and especially (2) we wish to consider flows φt of low

regularity. In118,120, Kunita derived an extension of Itô’s formula, showing

that if T is a time-independent sufficiently regular (r, s)-tensor and φt is the

flow of the SDE (0.2.6) with sufficiently regular coefficients, then an analogue
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of Itô’s formula holds for tensor fields, namely

φ∗tT (x)− T (x) =

∫ t

0

φ∗s(LbT )(x)ds+
N∑
j=1

∫ t

0

φ∗s(LξjT )(x) ◦ dBj
s ,

In119, a version of the classical Itô-Wentzell formula is proven, which we will

later state in the preliminaries. More concretely, Kunita computes the equa-

tion for the evolution of a scalar function-valued stochastic process f(t, x)

along a semimartingale. In particular, when the semimartingale is taken to

be a stochastic flow φt, the result states that for a sufficiently smooth scalar

function-valued stochastic process f(t, x), represented as ‡

f(t, x) = f(0, x) +

∫ t

0

g(s, x)ds+

∫ t

0

h(s, x) ◦ dWs,

where Wt is Brownian motion, the equation describing the evolution of the

process f(t, x) via pull-back by φt reads

φ∗tf(t, x) = f(0, x) +

∫ t

0

φ∗sg(s, x)ds+

∫ t

0

φ∗sh(s, x) ◦ dWs

+

∫ t

0

φ∗s
(
b ·Df

)
(s, x)ds+

N∑
j=1

∫ t

0

φ∗s
(
ξj ·Df

)
(s, x) ◦ dBj

s ,

where φt is the flow of the SDE (0.2.6).

Remark 2. Note that in the scalar case above, we have φ∗tf(t, x) = f(t, φt(x)),

so no differential geometric objects are needed in order to make sense of the

Itô-Wentzell formula and we just stated it in terms of the pull-back for con-

venience.

In Chapter 2, we prove the following extension of the two Itô-type theorems

just mentioned.

Theorem 3 (Kunita-Itô-Wentzell (KIW) formula for tensor-valued pro-

cesses in Stratonovich form. Smooth flow case). Let (Ω,F ,P, (Ft)t) be a

‡Actually, the result in119 permits considering much more general scalar function-
valued semimartingales than the ones we consider, but we are interested in the present
case.
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filtered probability space satisfying the usual conditions. Let T : Ω× [0, T ]→
Γ(T (r,s)(Rn)) be a tensor-valued semimartingale such that

(a) P-a.s. T is continuous in (t, x),

(b) T (t, ·) is of class C3 a.s. for every t ∈ [0, T ].

Moreover, let T have the following explicit expression

T (t, x) = T (0, x) +

∫ t

0

G(s, x)ds+
M∑
i=1

∫ t

0

Hi(s, x) ◦ dW i
s , t ∈ [0, T ], x ∈ Rn,

where G, Hi are tensor-valued adapted processes satisfying

(i) P-a.s. G,Hi are continuous in (t, x),

(ii) G(t, ·), Hi(t, ·) are of class C2 a.s. for every t ∈ [0, T ],

and W i
t are independent Brownian processes, i = 1, . . . ,M . Finally, assume

the representations

G(t, x) = G(0, x) +

∫ t

0

g(s, x)ds+
L∑
j=1

∫ t

0

gj(s, x)dM j
s ,

Hi(t, x) = Hi(0, x) +

∫ t

0

hi(s, x)ds+
L∑
j=1

∫ t

0

hij(s, x)dN ij
s , t ∈ [0, T ], x ∈ Rn,

where g, gj, hi, hij are tensor-valued adapted processes such that

(1) P-a.s. g, gj, hi, hij are continuous in (t, x),

(2) g(t, ·), gj(t, ·), hi(t, ·), hij(t, ·) are of class C1 a.s. for every t ∈ [0, T ],

and M j
t , N

ij
t are independent Brownian processes adapted to (Ft)t, i = 1, . . . ,M,

j = 1, . . . , L. Let φt be the continuous (semimartingale) C4+α′-solution to

the flow equation (0.2.6), with (deterministic) b ∈ L∞([0, T ];C4+α
b (Rn,Rn)),

ξj ∈ L∞([0, T ];C5+α
b (Rn,Rn))∩C1([0, T ];C2(Rn,Rn)), 0 < α′ < α, and Bj

t be
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independent Brownian motions adapted to (Ft)t, j = 1, . . . , N . Then P-a.s.

the evolution of T (t, ·) by the pull-back of the flow satisfies the equation

φ∗tT (t, x) = T (0, x) +

∫ t

0

φ∗sG(s, x)ds+
M∑
i=1

∫ t

0

φ∗sHi(s, x) ◦ dW i
s

+

∫ t

0

φ∗sLbT (s, x)ds+
N∑
j=1

∫ t

0

φ∗sLξjT (s, x) ◦ dBj
s , t ∈ [0, T ], x ∈ Rn.

(0.2.7)

Remark 4. The notation φ∗tT (t, x) can be confusing and should be inter-

preted as (φ∗tT (t, ·))(x). This is, for a fixed time t, the pull-back at time t

φ∗tT (t, ·) of the tensor T (t, ·) ∈ Γ(T (r,s)(Rn)) is the new tensor φ∗tT (t, ·) ∈
Γ(T (r,s)(Rn)). The same applies to the other tensor-valued processes affected

by the pull-back in (0.2.7).

Remark 5. In applications, one can express (0.2.7) by employing the (for-

mal) differential notation

d(φ∗tT )(t, x) = φ∗t (dT + LdXtT ) (t, x),

where dXt is the stochastic vector field

dXt(x) = b(t, x)dt+
N∑
j=1

ξj(t, x) ◦ dBj
t .

In Chapter 2, we will also prove a more interesting version of Theorem 3 in

the k-form case, where the coefficients of the flow φt are of low regularity,

which we will need in Chapter 4 to show the global well-posedness of solu-

tions to the equation of linear advection of k-forms with Lie transport noise.

In Chapter 2 we also discuss some implications of Theorem 3 in fluid dynam-

ics. The applications we present consist in (1) deriving advection equations

by starting with integral conserved quantities, (2) showing how to establish

stochastic circulation theorems when adding Lie transport noise to deter-

ministic fluid equations, (3) demonstrating a stochastic version of Reynolds

transport theorem. For the particular case in which K is a deterministic
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k-form-valued process, some consequences in fluid dynamics have also been

discussed previously in34,142.

Once these tools have been developed and some applications have been

shown, in Chapter 4 we study a simple nonlinear fluid model with trans-

port noise, namely the Burgers’ equation, which we discuss in the next para-

grapraph.

The Burgers’ equation with transport noise. The Burgers’ equation

is a very simple nonlinear PDE, and it is well-known as a prototypical model

of conservation equation whose solutions can develop shocks in the inviscid

case. In particular, shocks are formed by the solution when the initial velocity

profile has negative slope. The Burgers’ equation is often employed as a toy

model in fluid dynamics due to its simplicity and transport form. Moreover,

it can be very helpful for understanding nonlinear and diffusive effects71. By

substituting k = 0, n = 1, U = u in equation (0.2.1) and assuming the vector

fields ξi, i = 1, . . . , N to be time-independent, we obtain a stochastic version

of inviscid Burgers’

du(t, x) + u(t, x)∂xu(t, x)dt+
N∑
i=1

ξi(x)∂xu(t, x) ◦ dW i
t = 0, (0.2.8)

where t > 0 and we assume x ∈ T. As already noted in the general case,

equation (0.2.8) conserves the transport form of the deterministic Burgers’

equation. Taking into account that the solutions of deterministic (inviscid)

Burgers’ develop singularities in finite time, it is of interest to investigate the

solutions behaviour in the stochastic case.

We note that the Burgers’ equation is not a good model for turbulence be-

cause solutions are not chaotic55. However, some authors have proposed

stochastic perturbations of the Burgers’ equation as a simple model for tur-

bulence38,106, which provides another motivation for studying this type of

models. In Chapter 3, we establish the local well-posedness of strong so-

lutions of equation (0.2.8) in Sobolev spaces and show a blow-up criterion

that mimics the available one in the deterministic case. In fact, we show
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our local well-posedness results and blow-up criterion for a noise of the form

Qu◦dWt, where Qu = a(x)∂xu+b(x)u, which is more general than the (pure

transport) noise in (0.2.8). We also consider the viscous Burgers’ equation

with stochastic transport, given by

du(t, x) + u(t, x)∂xu(t, x)dt+
N∑
i=1

ξi(x)∂xu(t, x) ◦ dW i
t = νuxx(t, x)dt,

(0.2.9)

which fits the general formula (0.2.1) if we understand νuxx(t, x) as a stochas-

tic forcing F. We prove global well-posedness of strong solutions of equation

(0.2.9) in Sobolev spaces. Finally, we comment on some new shock formation

results. In particular, we argue that when N = 1 and the diffusion vector

field is chosen to be linear, shock formation occurs almost surely, as it does in

the deterministic case. Moreover, for a general choice of the diffusion vector

fields, formation of shocks cannot be avoided in expectation.

The question of whether noise can regularise PDEs has been treated in the

literature, especially recently. First we note that in the ODE case, it is

known that additive noise can serve to restore the well-posedness of an ill-

behaved equation (see154 for a general result). In the PDE case, there were

no results available until recently. However, after significant attempts by

the community,76 provides the first example of well-posedness by addition

of noise in the PDE case. More concretely, the authors consider the linear

transport equation ∂tf(t, x) + b(t, x) ·Df(t, x) = 0, which is ill-posed if the

drift b is sufficiently irregular (of spatial α-Hölder regularity, α ∈ (0, 1)), and

demonstrate that under addition of the same noise we employ in (0.2.4) with

N = n, ξi = ei, i = 1, . . . , N , well-posedness of L∞-solutions, strong in the

probability sense, is recovered. The work76 was of so much inspiration to

us that it motivated the research we will discuss in Chapter 4, in which we

provide an extension of the result in76 for a more general geometric version

of the linear transport equation (0.2.4).

We note that for the Burgers’ equation with additive space-time noise, there

have been several works showing well-posedness20,56,33. The techniques em-
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ployed in these works are mainly based either on reformulating the equation

by a change of variables or on studying its linear part. There have been

some works considering multiplicative noise, but the main difference in our

equation is that the multiplicative noise we consider in (0.2.8) depends on

the gradient of the solution. Hence, the effect of the noise on the equation

is completely different from either additive noise or multiplicative noise on

only the solution itself. We will indeed observe that due to the gradient

form of the noise, certain high order terms needing treatment appear in the

a priori estimates. Recently, the same type of advective multiplicative noise

has been introduced in the Euler equation49,52 and the Boussinesq system6,

whose techniques we follow closely in our proof. The well-posedness analysis

of a more general version of (0.2.8) has been considered in85,92,87. However,

these works deal with the well-posedness analysis of kinetic and entropy so-

lutions, in contrast to the strong solutions in the classical sense which we

consider.

After investigating the Burgers’ equation, we proceed to study the equation

of linear advection of k-forms, whose behaviour is extremely beautiful.

The equation of linear advection of k-forms with Lie transport

noise. We consider an SPDE of the form

dK(t, x) + LbK(t, x)dt+
N∑
i=1

LξiK(t, x) ◦ dW i
t = 0, t > 0, x ∈ Rn,

(0.2.10)

which is (0.2.1) with U(t, x) = K(t, x) a k-form-valued stochastic process,

and u(t, x) = b(t, x), ξi(t, x), i = 1, . . . , N time-dependent deterministic vec-

tor fields. From a physical viewpoint, our motivation for considering equation

(0.2.10) resides in its importance in fluid modelling, where it represents the

advection of a locally conserved quantity K along stochastic paths traversed

by fluid particles. This is, (0.2.10) is equivalent to the stochastic local con-
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servation law ∫
D
K(0, x) =

∫
D(t)

K(t, x), (0.2.11)

where D ⊂ Rn is any smooth orientable k-dimensional manifold, and D(t) =

φt(D) is the image of D under a sufficiently smooth stochastic flow map

satisfying (0.2.6) (more concretely, smooth enough so that the weak version

of Theorem 3 we present in Chapter 2 can be applied), representing the

trajectory of a stochastic fluid particle starting at initial position x. We show

this result in Chapter 2. For example, if K(t, x) = ρ(t, x)dnx is the mass

density, conservation of mass (0.2.11) implies that the continuity equation

(0.2.3) is satisfied. If K(t, x) = f(t, x) is a scalar field, (0.2.10) becomes

(0.2.4).

As we already hinted in the previous point, our mathematical motivation for

studying equation (0.2.10) are the groundbreaking results in76. There, it is

shown that the stochastic linear transport equation (more concretely, (0.2.4)

with N = n, ξi = ei, i = 1, . . . , N the Euclidean basis vectors) admits a

unique L∞-weak solution, strong in the probability sense, under the assump-

tions that the drift vector field b(t, x) is bounded, globally α-Hölder contin-

uous uniformly in time for some α ∈ (1/2, 1), with div(b) ∈ L1
loc([0, T ]×Rn).

The result also holds for α ∈ (0, 1/2] in dimension one and in any dimension

if the extra condition div(b) ∈ Lp([0, T ]× Rn), p > 2, is enforced (note that

uniqueness is the main difficulty here). In the deterministic case (i.e., when

the diffusion vector fields are zero), one can construct examples where b sat-

isfies the conditions specified above, but the linear transport equation admits

infinitely many solutions. Hence, the stochastic linear transport equation is

well-posed, whereas its deterministic counterpart is not. We stress the fact

that the work76 is very innovative because, as the authors themselves write in

the abstract, it provides the first example of an ill-posed PDE that becomes

well-posed under addition of stochastic noise.

Remark 6 (Motivation behind regularising effect). It is very instructive to

illustrate the main intuition behind addition of noise in (0.2.4) as a regular-

isation mechanism. As argued in76, we note that in Itô form, this equation
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reads

df + Lbfdt+
N∑
i=1

LξifdW i
t =

1

2

N∑
i=1

L2
ξi
fdt,

where Lbf = b · Df is the Lie derivative of a scalar function (we have ex-

pressed it in geometric terms for convenience). We formally take expectations

in the above equation, obtaining

∂tE [f ] + LbE [f ] =
1

2

N∑
i=1

L2
ξi
E [f ] , (0.2.12)

by taking into account that b, ξi, i = 1, . . . , N are deterministic and the ex-

pectation of the martingale term vanishes. Now just observe that in equation

(0.2.12), the term
∑N

i=1 L2
ξi
E [f ] acts as a generalised Laplacian if some ellip-

ticity conditions are imposed on the diffusion coefficients, and can therefore

induce a regularising effect. We note that this same argument cannot be

applied to stochastic Burgers’ (0.2.8), since in general, it is not true that

E [Luu] = LE[u]E [u]. This remark also motivated the research in our last

chapter, in which we propose a strategy so that this last step can be carried

out in the Boussinesq equations.

In Chapter 4, we extend the results in76 by first observing that the natural

generalisation of the linear transport equation considered in76 is (0.2.10).

This equation has a geometric structure that we exploit in order to achieve

the desired extension. Indeed, we establish the well-posedness of (0.2.10),

and therefore of all of the equations that belong to this class, for spatially

L2∩L∞loc weak solutions, strong in the probability sense, with drift vector field

satisfying b ∈ L∞ ([0, T ];Cα
b (Rn,Rn)) , 0 < α < 1, of spatial class W 1,2

loc , and

diffusions ξi ∈ L∞([0, T ]) § (only dependent on time), i = 1, . . . , N satisfying

a uniform ellipticity condition. Without stochastic noise, it is known that

one can construct a drift vector field b in the class above such that (0.2.10)

admits infinitely many solutions. Thus, the (Lie) transport noise term in

§We actually consider diffusions which are semimartingales because we wish to work
with the Stratonovich formulation sometimes, but if everything was done in Itô form, this
would not be needed.
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(0.2.10) has the effect of restoring the uniqueness of solutions under some

general conditions. We also provide important insight in the case when the

drift vector fields ξi are chosen to depend both on time and space, which will

probably be the subject of a publication soon.

After76 was published, there has been a growing interest in the phenomenon

of well-posedness by noise of linear PDEs and there exist several related

works in the literature (see for instance14,72,32,133,134,136,17,91,78). We comment

on some of the ones we consider most relevant. Concerning the stochastic lin-

ear transport equation,32 shows well-posedness for initial data f0 ∈ Lp(Rn)

in the space L∞([0, T ];Lp(Rn)), p ≥ 1 by making appropriate Sobolev as-

sumptions on b and its divergence, and in72 it is shown that for initial con-

dition f0 ∈ ∩∞r=1W
1,r
loc (Rn), a unique solution ft can be constructed, where

P(ft ∈ ∩∞r=1W
1,r
loc (Rn)) = 1, t ∈ [0, T ]. This latter phenomenon is known as

regularisation by addition of stochastic noise. ¶

In134, it is demonstrated that well-posedness by transport noise is also appli-

cable to the stochastic continuity equation (0.2.3), establishing the existence

and uniqueness of L∞-solutions for vector fields b ∈ Lq([0, T ];Lp(Rn,Rn)),

with p, q ≥ 2 satisfying the so-called Ladyzhenskaya-Prodi-Serrin condition

in the fluid dynamics’ literature. In136, it is shown that the same equation

with drift vector field b ∈ L∞([0, T ]; (L∞ ∩ L2)(R)) becomes well-posed in

the space L∞([0, T ]; (L1 ∩ L2)(R)).

In general, there have been many works studying the phenomenon of well-

posedness and regularisation by noise in the case of the linear transport

and continuity equations, and for a more insightful review of the available

literature and many other references, we point the reader to89.

Finally, we note that a key classical well-posedness result for the deter-

ministic continuity equation with a non-smooth velocity field b was estab-

lished in61, where existence and uniqueness of L∞-solutions is proven when

b ∈ L1([0, T ];W 1,1
loc (Rn,Rn)), div(b) ∈ L1([0, T ];L∞(Rn)). In61, it is also

shown that by adding a linear growth condition on b to the prior assump-

¶Although we could have used the notation Kt for the solution as in (0.2.10), we have
employed ft to be consistent with the notation in (0.2.4).
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tions, existence and uniqueness holds for the deterministic counterpart of the

linear transport equation. The literature following61 is wide and a remarkable

extension to vector fields b of locally bounded variation was later achieved

in11. Another interesting extension is proposed in40, where existence and

uniqueness of the flow of the transport equation is proven for vector fields

b ∈ L1([0, T ];W 1,1
loc (σ)), where σ is a Gaussian measure, together with a global

integrability condition on the exponential of b and its divergence. In our well-

posedness by addition of noise results in Chapter 4, the existence of multiple

solutions to (0.2.10) with the same initial value in the deterministic case is

motivated by the fact that we do not assume such controls on the divergence

of the drift b.

After having investigated the solution properties of the Burgers’ equation

and the linear advection of k-forms, we study a special averaged Boussinesq

model.

Lagrangian-averaged Boussinesq equations with Lie transport noise.

Since Joseph Boussinesq derived the Boussinesq equations in 1872 as a re-

sponse to a comment on wave translation made by John Scott Russell, the

Boussinesq system has become a fundamental model in fluid dynamics. Apart

from finding numerous applications in wave and soliton modelling, it has

also been employed as a fundamental model in such diverse areas as soil

morphology, dispersion of gases, dynamics of liquids, built-environment, the

study of atmospheric fronts, etc (see for instance155,95,18). The deterministic

two-dimensional incompressible Boussinesq equations may be expressed as

∂tu+ (u · ∇)u = −∇p+ gθŷ,

∂tθ + u · ∇θ = 0,

∇ · u = 0, t > 0, (x, y) ∈ T2, (0.2.13)

although other versions of these equations are also commonly considered.

We note that in equation (0.2.13), u = (u1, u2) is the incompressible velocity

field, p is the pressure, g is the (constant) acceleration of gravity, θ is the po-

tential temperature, and ∇ = (∂x, ∂y). From a mathematical viewpoint, the
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Boussinesq equations are extremely important because it is unknown whether

they are globally well-posed in regular Sobolev spaces. In other words, it is

not clear whether smooth initial conditions can develop singularities in finite

time. Moreover, this question is directly related to the Navier-Stokes million

dollar problem, since both equations share some key features. We consider a

Lagrangian-averaged with Lie transport noise modification of the determin-

istic Boussinesq system as a suitable model for predicting climate dynamics7.

The equations we investigate read

du+ LE[u]udt+
N∑
i=1

Lξiu ◦ dW i
t

= −dE
[
p− |u|2/2

]
dt+ gE [θ] dydt− gyd(θ − E [θ])dt,

dθ + LE[u]θdt+
N∑
i=1

Lξiθ ◦ dW i
t = 0,

div (E [u]) = 0, t > 0, (x, y) ∈ T2, (0.2.14)

where the velocity u is modelled as a one-form-valued stochastic process and

the potential temperature θ is scalar-valued. Moreover, E[·] represents the

expected value of a physical variable at a particular time and space point

and d is the exterior differential (introduced in Appendix A), which is sim-

ply the gradient operator ∇ when expressed in global coordinates, but we

have chosen to write in geometric form for convenience. We observe that

system (0.2.14) is non-local in probability space, since the expected velocity

E [u] is assumed to replace the drift velocity u in the transport operator. This

stochastic fluid model was derived by exploiting a novel idea introduced in64,

which consists in applying Lagrangian-averaging (LA) in probability space

to the fluid equations governed by stochastic advection by Lie transport in-

troduced in102. Model (0.2.14) has been proposed and studied in7, where its

variational and Hamiltonian formulations are presented and the circulation

theorem for its solutions is compared with the respective one in the Boussi-

nesq system with Lie transport noise. We note that the Boussinesq equations

with Lie transport noise have been studied in6. The general framework of LA

equations with Lie advection noise has been developed in65, where solutions
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to a general class of equations containing the LA Euler equation with Lie

transport noise are constructed. As explained in65, the stochastic LA for-

malism we consider is closely connected with the framework in43 for the 3D

incompressible Navier-Stokes equations if we choose the double Lie derivative

in (0.2.14) to be the Laplacian (i.e., N = 2, ξ1 = e1, ξ2 = e2). Besides its

geometric richness, a motivation for considering this type of system consists

in the same regularisation principle discussed in Remark 6 for the stochastic

linear transport equation. In other words, observe that by rewriting equa-

tions (0.2.14) in Itô form and formally taking expectations, we obtain the

system

∂tE[u] + LE[u]E[u] = −d
(
E[p]− E

[
|u|2/2

])
+ gE[θ]dy +

1

2

N∑
i=1

L2
ξi
E[u],

∂tE[θ] + LE[u]E[θ] =
1

2

N∑
i=1

L2
ξi
E[θ].

In the same fashion as we argued in Remark 6, we notice that the terms
1
2

∑N
i=1 L2

ξi
E[u] and 1

2

∑N
i=1 L2

ξi
E[θ] can provide a regularising effect if ellip-

ticity conditions are assumed. In particular, we prove that (5.1.2) admits

a global strong solution in regular Sobolev spaces, thus providing a regu-

larisation of its deterministic counterpart, whose behaviour is much more

mysterious and involved. Moreover, we show that the statistical momenta

E [(u− E [u])2] and E [(θ − E [θ])2] satisfy closed equations.

We stress that the main novel feature of equation (0.2.14) is that the full

stochastic velocity u is assumed to be transported by its expected field E [u] .

This effects fundamental changes in the fluid Lagrange-to-Euler map. We

also note that the Boussinesq equations with stochastic Lie transport (i.e.,

not Lagrangian-averaged, with velocity transported by the full velocity itself)

inherit many features from the deterministic model and their well-posedness

and a blow-up criterion are established in6. The convergence of the same

stochastic equations to a deterministic viscous system is demonstrated in125.
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What to find in each chapter

Each chapter uses or builds on the contents of one of the journal articles I

have co-authored during my PhD student term. However, there are many

aspects from these articles that are not included here and vice versa, and

this thesis contains significant improvements and revisions.

• Chapter 2 is based on58 Implications of Kunita-Itô-Wentzell formula

for k-forms in stochastic fluid dynamics (with So Takao, Darryl Holm,

and Erwin Luesink). We prove a geometric generalisation of the Itô-

Wentzell formula and Itô formulas for tensors of Kunita, which we call

the Kunita-Itô-Wentzell (KIW formula), under two different regularity

considerations. We investigate some implications of the KIW formula

in fluid dynamics. In particular, we apply KIW to derive the stochastic

continuity equation starting from conservation of mass, and we show

stochastic counterparts of the Kelvin’s circulation and Reynolds trans-

port theorems.

• Chapter 3 is based on8 The Burgers’ equation with stochastic transport:

shock formation, local and global existence of smooth solutions (with So

Takao and Diego Alonso-Orán). We add stochastic transport noise

to the Burgers’ equation in Stratonovich form. We establish the local

existence and uniqueness of smooth solutions in the inviscid case and

construct a blow-up criterion. In the viscous case, we prove global exis-

tence and uniqueness of smooth solutions. Finally, we briefly comment

on new shock formation results, both almost surely and in expectation.

• Chapter 4 is based on59 Well-posedness by noise for linear advection of

k-forms (with So Takao). We consider the linear advection of k-forms

equation with Stratonovich Lie transport noise. We extend the results

in76 by showing that the stochastic linear advection of differential k-

forms, which includes the linear transport and continuity equations as

special cases, becomes well-posed by addition of noise. We also show

that the noise considered in76 can be chosen to be more general.
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• Chapter 5 is based on7 Modelling the Climate and Weather of a 2D

Lagrangian-Averaged Euler-Boussinesq Equation with Transport Noise

(with Diego Alonso-Orán, Darryl Holm, and So Takao). We apply

a new averaging technique developed in65 to provide a regularised

stochastic version of the 2D incompressible Boussinesq equations. To

illustrate the power of this new framework, we establish the global well-

posedness of the new stochastic Boussinesq model. In the determin-

istic case, the issue of whether (smooth) solutions of the Boussinesq

equations could develop singularities in finite time is still not well-

understood. Moreover, we derive closed dynamical equations for the

moments of the fluctuations of the velocity and the temperature in the

proposed model.
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List of symbols

M Configuration manifold (normally Rn or the torus)

TM Tangent bundle

T ∗M Cotangent bundle∧k(TM) k-th alternating tangent bundle∧k(T ∗M) k-th alternating cotangent bundle

T (r,s)M (r, s)-tensor bundle

Γ Section of tensor bundle

C∞(M) Smooth functions from M to R
X(M) Smooth vector fields on M

Xk(M) Smooth k-vector fields on M

u = u1 ∧ . . . ∧ uk Smooth k-vector field (element of Xk(M))

Ωk(M) Smooth differential k-forms on M

C∞(T (r,s)(M)) Smooth (r, s)-tensor fields on M

∧ Exterior product or minimum function

⊗ Tensor product

] Sharp operator

[ Flat operator

τ yx Parallel transport between the points x and y

ϕ∗ Pull-back by the diffeomorphism ϕ

ϕ∗ Push-forward by the diffeomorphism ϕ

L Lie derivative

Lw Weak Lie derivative

Ldist Distributional Lie derivative

d Exterior derivative

d Time differential or differential notation for stochastic integrals

dV Volume element

dnx Volume element in an n-dimensional domain

dS Surface element dS = (dx ∧ dy, dy ∧ dz, dz ∧ dx)

Ω Sample space

ω Random element of a sample space
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P Probability measure

E Expectation

(Ft)t Filtration

Wt Brownian process (also denoted Bt)

dWt Itô integration with respect to Brownian motion

◦dWt Stratonovich integration with respect to Brownian motion

d̂Wt Backward Itô integration with respect to Brownian motion

◦d̂Wt Backward Stratonovich integration with respect to Brownian motion

Kt k-form-valued stochastic process

Mt Martingale

τ Stopping time

[·, ·] Co-variation between two stochastic processes or commutator

[·] Quadratic variation of a stochastic process or seminorm

Tn n-dimensional torus

u Velocity field or vector field

ξ Diffusion vector field

curl Curl operator (sometimes denoted by ∇× (·))
p Pressure

ρ Density

ρε Mollifier

f̂ Fourier transform of the function f

Λs Fractional Laplacian (−∆)s/2 of order s

W k,p Sobolev space

W k,p
loc Local Sobolev space

X Indicator function

. Less or equal up to constants

〈·, ·〉 Inner product or dual pairing

〈·, ·〉L2 L2-pairing

〈〈·, ·〉〉L2 L2-pairing between tensors

AT L2-adjoint of the operator A

X∗ Dual space of X

‖·‖Wk,p Sobolev norm
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‖·‖Wk,p
R

Sobolev norm on B(0, R) (open ball)

Hk Sobolev space W k,2

Ḣk Homogeneous Sobolev space Hk

Cα α-Hölder functions

Cα
b Bounded α-Hölder functions

Ck,α Ck-functions with α-Hölder k-th derivative

Ck+α
b Bounded Ck,α-functions with bounded derivatives

B Borel sigma-algebra

{ei}ni=1 Canonical basis or canonical basis of vector fields on Rn

{x̂, ŷ, ẑ} Canonical basis of R3 (physical notation)∮
Line integral along a closed curve

J Jacobian matrix

id The identity matrix or operator (also I)

ut Solution u at time t ((·)t never indicates a time derivative)

δij Kronecker delta (sometimes δji or δij)

N Natural numbers excluding zero

d A distance

∞ +∞
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1
Preliminaries

In this chapter, we present some preliminary material that will be necessary

for understanding our exposition and proving our main theorems. In Sec-

tion 1.1, we introduce some basic Sobolev spaces, embeddings, inequalities,

and the Biot-Savart law. We also introduce classes of bounded α-Hölder

continuous functions that we will need. In Section 1.2, we define standard

Banach spaces of tensor fields on the Euclidean space, which constitute the

natural spaces where some of our equations are defined, and introduce the

notions of mollification of tensors fields and weak Lie derivatives. In Section

1.3, we discuss some background in deterministic PDEs, such as parabolic

estimates that will be employed during our proofs. In Section 1.4, we start

by providing a short review of stochastic processes, and then present some

stochastic results we will need such as a version of Fubini, various Itô theo-

rems for the evolution of a quantity along a stochastic flow, compacity results,

Burkholder-Davis-Gundy inequality...
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1.1 Some basic Sobolev theory and Hölder spaces

Sobolev spaces, embeddings, and inequalities. Let n,m ∈ N and Tn

represent the n-dimensional torus (or periodic domain). Sobolev spaces on

the periodic domain are defined as

W s,p(Tn,Rm) = {f ∈ Lp(Tn,Rm) : (I −∆)s/2f ∈ Lp(Tn,Rm)},

for any s ∈ R and p ∈ [1,∞], equipped with the norm ‖f‖W s,p = ‖(I −
∆)s/2f‖Lp (assume the convention (I − ∆)0 = I). Here, we denote by

(I −∆)s/2f the function having Fourier transform (1 + |ξ|2)s/2f̂(ξ), ξ ∈ Tn,
where f̂ represents the Fourier transform of f . Sometimes we will employ

the notation Λs = (−∆)s/2. The homogeneous Sobolev norm is defined by

‖f‖Ẇ s,p = ‖(−∆)s/2 f‖Lp . We recall that Sobolev spaces are Banach. More-

over, L2-based Sobolev spaces are Hilbert and may alternatively be denoted

by Hs = W s,2. We denote W s,p(Tn) = W s,p(Tn,R).

We note that although we have defined our Sobolev spaces on the periodic

domain Tn, all the above definitions work equally on the Euclidean space Rn

and can be naturally extended to an (even non-smooth!) open set Ω ⊂ Rn,

but we do not need such generality for our purposes. In the particular case

of Rn, we say that a function f : Rn → Rm is of class W s,p
loc (Rn,Rm) if

for every U ∈ B(Rn) with compact closure, XUf ∈ W s,p(Rn,Rm), where

XU represents the characteristic function on U . In this case, we denote

‖f‖W s,p(U) = ‖XUf‖W s,p(Rn). In particular, if U = B(0, R) is the open ball

with centre zero and radius R, we employ the notation ‖f‖W s,p
R

.

Remark 7 (Alternative definition of Sobolev spaces60). The Sobolev space

W s,p(Tn,Rm), 0 < s < 1, can be alternatively defined as

W s,p(Tn,Rm) =

{
f ∈ Lp(Tn,Rm) :

|f(x)− f(y)|
|x− y|

n
p

+s
∈ Lp(Tn × Tn,R)

}
,
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with norm

‖f‖W s,p =

(∫
Tn
|f(x)|pdnx+

∫
Tn

∫
Tn

|f(x)− f(y)|p

|x− y|n+sp
dnxdny

) 1
p

.

Remark 8. Let p ∈ (1,∞). We note that since the gradient operator can

be expressed as ∇ = ΛR, where R is the Riesz transform, and taking into

account the fact that R is a bounded operator in Lp, we have

‖∇f‖Lp = ‖ΛRf‖Lp = ‖RΛf‖Lp . ‖Λf‖Lp , f ∈ W 1,p(Tn,Rm),

since R and Λ commute due to the multiplier property. By iteration of the

argument, this implies that any derivative of order k ∈ N can be bounded by

Λk in Lp. This motivates our definition of ‖·‖W s,p .

In our analysis, we will often work in Sobolev spaces and employ different

forms of Sobolev embeddings. Hence, we list some key embeddings in one

and two dimensions that we will make use of.

Lemma 9 (Sobolev embeddings in one dimension). For f : T→ R with zero

mean, it holds

‖f‖L4 . ‖f‖1/2

L2 ‖∂xf‖1/2

L2 , (1.1.1)

‖f‖L∞ . ‖f‖H1/2+ε , ε > 0, (1.1.2)

‖∂xf‖L4 . ‖f‖1/2
L∞ ‖∂xxf‖

1/2

L2 . (1.1.3)

Lemma 10 (Sobolev embeddings in two dimensions). Let f : T2 → R2 with

zero mean. Then

‖f‖L3 . ‖f‖2/3

L2 ‖∇f‖1/3

L2 , (1.1.4)

‖f‖L4 . ‖∇f‖L2 . (1.1.5)

We will also use the following embedding into the continuous functions.

Lemma 11 (Embedding into the Hölder continuous functions). Let n,m, j ∈
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N ∪ {0} and 0 < α < 1 such that 0 < α ≤ m− n/2. Then we have

Hm+j(Tn) ⊂ Cj+α(Tn). (1.1.6)

Remark 12. In (1.1.6), Cj+α is the usual notation for Cj functions with

α-Hölder continuous k-th derivative (see Remark 20).

We also present the Kato-Ponce commutator inequality (see110).

Lemma 13 (110). Let s > 0, f, g ∈ (Hs ∩W 1,∞)(Tn), and 1 < p, p2, p3 <∞
with

1

p1

+
1

p2

=
1

p3

+
1

p4

=
1

p
.

Then, the following two inequalities hold

||[Λs, f ]g||Lp . ‖∇f‖Lp1 ‖Λ
s−1g‖Lp2 + ‖Λsf‖Lp3 ‖g‖Lp4 , (1.1.7)

||Λs(fg)||Lp . ‖f‖Lp1 ‖Λ
sg‖Lp2 + ‖Λsf‖Lp3 ‖g‖Lp4 , (1.1.8)

where in (1.1.7), [Λs, f ] is the commutator [Λs, f ] = Λsf − fΛs.

Remark 14. The above two lemmas are immediately true also for functions

with multiple components.

We note that all these Sobolev formulas on the periodic domain can be

extended to Rn. For a more exhaustive review of theory of Sobolev spaces,

we refer the reader to3,26. We will also need a particular case of Young’s

inequality.

Lemma 15 (Peter-Paul’s inequality). We remind that Young’s inequality

states that given a, b ≥ 0 and 1 ≤ p, q ≤ ∞ such that 1/p+ 1/q = 1, it holds

ab ≤ ap

p
+
bq

q
.
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A particular case of this (known as the Peter-Paul’s inequality) reads

ab ≤ a2

2ε
+
εb2

2
, (1.1.9)

for ε > 0.

We present Young’s convolution inequality.

Lemma 16 (Young’s convolution inequality). Let p, q, r ≥ 1 satisfying the

condition 1/p + 1/q + 1/r = 2 and functions f ∈ Lp(Tn), g ∈ Lq(Tn),

h ∈ Lr(Tn). Then we have∫
Tn

∫
Tn
f(x)g(x− y)h(y)dnxdny

≤
(∫

Tn
|f(x)|pdnx

) 1
p
(∫

Tn
|g(x)|qdnx

) 1
q
(∫

Tn
|h(x)|rdnx

) 1
r

.

The last lemma also holds on Rn and for vector-valued functions. When de-

riving energy estimates, we will often need Grönwall’s inequality. We present

its differential and integral versions. Normally, when we refer to Grönwall’s

inequality in our future proofs, we refer to the differential version, which is

the following lemma.

Lemma 17 (Grönwall’s inequality in differential form). Let β : [0, T ] → R
and u : [0, T ] → R be continuous functions. Assume that u is differentiable

in (0, T ) and

u′(t) ≤ β(t)u(t), t ∈ (0, T ).

Then we have the following bound for u

u(t) ≤ u(0) exp

(∫ t

0

β(s)ds

)
, t ∈ [0, T ].

Lemma 18 (Grönwall’s inequality in integral form). Let α : [0, T ] → R,
β : [0, T ] → R, and u : [0, T ] → R be functions such that β and u are
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continuous with β ≥ 0 and α is integrable. Moreover, assume that

u(t) ≤ α(t) +

∫ t

0

β(s)u(s)ds, t ∈ [0, T ].

Then

u(t) ≤ α(t) +

∫ t

0

α(s)β(s) exp

(∫ t

s

β(r)dr

)
ds, t ∈ [0, T ].

Moreover, if α ≥ 0,

u(t) ≤ α(t) exp

(∫ t

0

β(s)ds

)
, t ∈ [0, T ].

The Biot-Savart law. The Eulerian velocity u of a fluid is a fundamental

object in fluid dynamics. Typically, a velocity is represented by a three-

dimensional vector field u : T3 → R3, u = (u1, u2, u3). If u ∈ H1(T3,R3), we

define its curl (also denoted by ∇× u or ω) as

ω = curl(u) =
(
∂yu

3 − ∂zu2
)
e1 +

(
∂zu

1 − ∂xu3
)
e2 +

(
∂xu

2 − ∂yu1
)
e3,

(1.1.10)

where e1, e2, e3 are the Euclidean basis vectors. We note that when working

with a two-dimensional velocity v = (v1, v2), it can be naturally embedded

in three dimensions as u = (v1, v2, 0), and its curl (1.1.10) can be calculated

as

ω = curl(u) = 0e1 + 0e2 +
(
∂xv

2 − ∂yv1
)
e3,

and hence identified with the scalar function ω = ∂xv
2 − ∂yv1. This will be

implicitly assumed whenever we are working with a two-dimensional velocity,

as it is often done in the fluids literature. Sometimes, the velocity u can be

inverted in terms of the vorticity ω, and this is explained in the following

general theorem.

Lemma 19 (Biot-Savart operator). For any incompressible, mean-free u ∈
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H2(T3,R3), the inverse of the curl operator (1.1.10) exists and is given by

u = Kω = ∇× (−∆)−1ω.

K is called the Biot-Savart operator. Moreover, if s ∈ [0,∞) and u ∈
Hs+1(T3,R3), we have the inequality

‖u‖Hs+1 . ‖ω‖Hs , (1.1.11)

where we stress that in the last inequality, the constant can depend on s (for

completion, one can check145).

Note that we have chosen the periodic domain to introduce the Biot-Savart

law, but similar theory is also available on the Euclidean space Rn.

Bounded Hölder spaces in Rn.76 Let α ∈ (0, 1). We say that a bounded

Borel-measurable function f : Rn → R is (globally) α-Hölder continuous if

[f ]α = sup
x6=y∈Rn

|f(x)− f(y)|
|x− y|α

<∞.

We denote the space of bounded α-Hölder continuous functions by Cα
b (Rn),

which is a Banach space endowed with the norm

‖f‖Cαb = ‖f‖L∞ + [f ]α.

This definition can be straightforwardly extended to functions of multiple

components, in which case we employ the notation Cα
b (Rn,Rm). For k ∈ N,

we define Ck+α
b (Rn) to be the space of functions f : Rn → R having bounded

continuous derivatives of order i = 0, . . . , k, and k-th derivatives of class

Cα
b (Rn). The corresponding norm is defined as

‖f‖Ck+αb
=

k∑
i=0

‖Dif‖L∞ + [Dkf ]α.
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This definition can easily be extended to vector-valued functions. Let T >

0 and α ∈ (0, 1). We define the space of bounded α-Hölder continuous

functions uniformly in time L∞ ([0, T ];Cα
b (Rn)) to be the set of bounded

Borel-measurable functions f : [0, T ]× Rn → R with

[f ]α,T = sup
t∈[0,T ]

sup
x6=y∈Rn

|f(t, x)− f(t, y)|
|x− y|α

<∞.

This is a Banach space with respect to the norm ‖f‖Cαb ,T = ‖f‖L∞t,x + [f ]α,T ,

where of course

‖f‖L∞t,x = sup
(t,x)∈[0,T ]×Rn

|f(t, x)|.

Naturally, we denote L∞ ([0, T ];Cα
b (Rn,Rm)) the space of vector fields f :

[0, T ]× Rn → Rm having components in L∞ ([0, T ];Cα
b (Rn)).

Moreover, for k ∈ N, we say that f ∈ L∞([0, T ];Ck+α
b (Rn)) if all spatial

derivatives of order i are in L∞ ([0, T ];Cα
b (Rn)), i = 0, 1, . . . , k. The corre-

sponding norm is defined as

‖f‖Ck+αb ,T =
k∑
i=0

‖Dif‖L∞t,x + [Dkf ]α,T .

This definition can be straightforwardly extended to functions of multiple

components. All the previous spaces of functions can be defined similarly

when T =∞.

Remark 20 (α-Hölder spaces). For α ∈ (0, 1), the common notation

Cα(Rn,Rm) designs the space of vector-valued (globally) α-Hölder contin-

uous functions f : Rn → Rm. For k ∈ N, Ck+α(Rn,Rm) is the space of Ck-

functions with α-Hölder continuous k-th derivative. These spaces shall not be

confused with the spaces of bounded globally α-Hölder continuous functions

Ck+α
b (Rn,Rm) defined above, which are Banach spaces.
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1.2 Some Banach spaces of tensor fields

We work on the Euclidean space Rn. We introduce some Banach spaces of

(r, s)-tensor fields (for this, denote the space of (r, s)-tensor fields on Rn by

Γ(T (r,s)(Rn))) that will be employed throughout this dissertation. For gen-

eral background on tensors, see Appendix A. We only consider tensor fields

on the Euclidean space Rn equipped with the standard Euclidean metric.

However, these notions can be extended to general Riemannian manifolds

(see146,15,16,62).

Lp classes of tensor fields. For every x ∈ Rn, one can induce a natural

metric on Γ(T (r,s)(Rn)) by making use of the standard inner product on Rn.

We denote this metric by angle brackets 〈·, ·〉x : T
(r,s)
x (Rn)× T (r,s)

x (Rn)→ R,

and the corresponding norm is denoted by | · |x : T
(r,s)
x (Rn) → [0,∞), for

x ∈ Rn (see Appendix A for more details about the construction of a bundle

metric). Let K ∈ Γ(T (r,s)(Rn)) such that 〈K,S〉 is measurable, for every

S ∈ C∞(T (s,r)(Rn)) ∗. For p ∈ [1,∞), we define the Lp-norm of K by

‖K‖Lp =

(∫
Rn
|K(x)|pxdnx

) 1
p

,

and for p =∞, we define the supremum norm as

‖K‖L∞ = sup
x∈Rn
|K(x)|x.

For p ∈ [1,∞], the Lp-section of T (r,s)(Rn), denoted by Lp(T (r,s)(Rn)), is the

equivalence class of tensor fields K with ‖K‖Lp <∞, where two tensor fields

K1, K2 are identified if ‖K1−K2‖Lp = 0 as it is done in the classic Lp spaces.

Given a Borel subset U ⊂ Rn with compact closure, we define the (local)

∗This is the same as saying that the global coordinates of K with respect to the
canonical basis of vector fields are measurable.
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Lp-norm of K on U by

‖K‖Lp(U) =

(∫
U

|K(x)|pxdnx
) 1

p

,

for p ∈ [1,∞), and

‖K‖L∞(U) = sup
x∈U
|K(x)|x,

when p = ∞. If ‖K‖Lp(U) < ∞ for any subset U ∈ B(Rn) with compact

closure, then we say that K is of class Lploc(T
(r,s)(Rn)). We will denote by

‖·‖LpR the local Lp-norm on the open ball B(0, R).

In the special case p = 2, the space L2(T (r,s)(Rn)) is furthermore equipped

with an inner product 〈〈·, ·〉〉, defined by

〈〈F,G〉〉L2 =

∫
Rn
〈F (x), G(x)〉xdnx,

for any F,G ∈ L2(T (r,s)(Rn)), making it a Hilbert space. Moreover, for

F ∈ Lp(T (r,s)(Rn)) and G ∈ Lq(T (r,s)(Rn)), where p, q ∈ [1,∞] such that

1/p+ 1/q = 1, we have

〈〈F,G〉〉L2 =

∫
Rn
〈F (x), G(x)〉xdnx

≤
∫
Rn
|F (x)|x|G(x)|xdnx ≤ ‖F‖Lp‖G‖Lq <∞, (1.2.1)

where we have made use of the usual Cauchy-Schwartz and Hölder’s inequal-

ities. We call (1.2.1) the Hölder’s inequality for tensor fields.

Ck classes of tensor fields. We can also define the differentiability class

Ck of tensor fields. If every component Ki1,...,ir
ir+1,...,ir+s

of an (r, s)-tensor field K

(see Appendix A) is k times differentiable, where k ∈ N, then we say that

K is a Ck-section of the tensor bundle, denoted by Ck(T (r,s)(Rn)) (see2).

Given an (r, s)-tensor field K of class C1, we define its derivative to be the
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(r, s+ 1)-tensor field

∇K =
∂Ki1,...,ir

ir+1,...,ir+s

∂xl

∂

∂xi1
⊗ · · · ⊗ ∂

∂xir
⊗ dxl ⊗ dxir+1 ⊗ · · · ⊗ dxir+s ,

where Einstein’s convention of summation over repeated indices is assumed.

Analogously, we can define the k-th derivative ∇kK for Ck-tensor fields K,

which is an (r, s + k)-tensor field. This notion is extensible to a general

Riemannian manifold, where∇ becomes the covariant derivative with respect

to the Levi-Civita connection, but we will not work in this generality.

Sobolev classes of tensor fields. One can also define Sobolev spaces of

tensor fields in a similar way one defines Sobolev spaces of functions. First

we provide the notion of weak derivative of tensor fields.

Definition 21. Given K ∈ L1
loc(T

(r,s)(Rn)), we say S ∈ L1
loc(T

(r,s+1)(Rn))

is a weak derivative of K if it satisfies 〈〈Si, θ〉〉L2 = −〈〈K,∇iθ〉〉L2, for all

i = 1, . . . , n, where

Si(x) = Si1,...,iri,ir+1,...,ir+s
(x)

∂

∂xi1
⊗ · · · ⊗ ∂

∂xir
⊗ dxir+1 ⊗ · · · ⊗ dxir+s

∈ L1
loc(T

(r,s)(Rn)),

∇iθ(x) =
∂θi1,...,irir+1,...,ir+s

∂xi
(x)

∂

∂xi1
⊗ · · · ⊗ ∂

∂xir
⊗ dxir+1 ⊗ · · · ⊗ dxir+s

∈ L1
loc(T

(r,s)(Rn)),

for any test tensor field † θ ∈ C∞0 (T (r,s)(Rn)), where as usual, sum over

repeated indices is implied. We denote the weak derivative of a tensor field

by S = ∇wK, where “w” is usually omitted if it is understood from the

context.

In coordinates, this is the standard weak derivative component-wise. We can

also generalise this notion to Riemannian manifolds by taking ∇iθ to be the

†Test tensor fields are smooth tensor fields with compact support, extending the usual
notion of test functions.
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i-th component of the covariant derivative with respect to the Levi-Civita

connection. One can also define k-th weak derivatives in a similar manner.

Finally, for k ∈ N ∪ {0} and p ∈ [1,∞], we define the Sobolev norm ‖·‖Wk,p

of a tensor field by

‖K‖Wk,p =
k∑
i=0

‖∇i
wK‖Lp ,

and we say that K belongs to the Sobolev space W k,p(T (r,s)(Rn)) if ∇i
wK

exist, i = 1, . . . , k, and ‖K‖Wk,p <∞. We identify K1, K2 in W k,p(T (r,s)(Rn))

if ‖K1 −K2‖Wk,p = 0 as usual. If the tensor field XUK is of class W k,p for

every U ∈ B(Rn) with compact closure, then we say that K is of class

W k,p
loc (T (r,s)(Rn)), and we denote ‖K‖Wk,p(U) = ‖XUK‖Wk,p(Rn).

Mollification of tensor fields. First of all, we introduce distribution-

valued tensor fields. Given the space D(T (r,s)(Rn)) = C∞0 (T (r,s)(Rn)) of

smooth (r, s)-tensor fields with compact support, a distribution-valued tensor

field K is a continuous linear functional K : D(T (r,s)(Rn)) → R. We denote

the space of all distribution-valued tensor fields by D′(T (r,s)(Rn)), which is

equipped with the weak-∗ topology.

We wish to introduce a definition that explains how to mollify tensors fields,

but before this, we provide the standard definition of mollifiers on the Eu-

clidean space we will employ. Let ρ : Rn → R be a C∞-function such that

0 ≤ ρ(x) ≤ 1, ρ(x) = ρ(−x), x ∈ Rn,
∫
Rn ρ(x)dx = 1, such that it is sup-

ported on B(0, 1) and ρ(x) = 1, x ∈ B(0, 1/2). For any ε > 0, we define

ρε as ρε(x) = ε−nρ(x/ε). Any function f ∈ Lp(Rn), 1 ≤ p < ∞ can be

approximated by its mollification. We denote f ε = ρε ∗ f.

Lemma 22. If f ∈ Lp(Rn), 1 ≤ p <∞, then

• f ε ∈ C∞(Rn), ε > 0,

• ‖f ε‖Lp ≤ ‖f‖Lp , ε > 0,

• f ε → f in Lp, ε→ 0,
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• f ε → f a.e., ε→ 0.

Remark 23. The previous lemma can be automatically extended to approx-

imate vector-valued functions f ∈ Lp(Rn,Rm), 1 ≤ p < ∞. Moreover, by

definition, functions of class Lploc can be approximated by mollifiers on Borel

subsets U with compact closure.

Definition 24 (Mollification of tensor fields). Let 1 ≤ p < ∞ and consider

a tensor field K ∈ Lp
(
T (r,s)(Rn)

)
and a mollifier (in the above sense) ρε.

We define the mollified tensor field Kε as the (smooth) (r, s)-tensor field

satisfying

Kε(x)(α1(x), . . . , αr(x), v1(x), . . . , vs(x))

=

∫
Rn
ρε(x− y)K(y)(τ yxα

1(x), . . . , τ yxα
r(x), τ yxv1(x), . . . , τ yxvs(x))dy,

for any αi ∈ Ω1(Rn), i = 1, . . . , r, vj ∈ X(Rn), j = 1, . . . , s, where τ yx denotes

parallel transport from x to y along the geodesic with respect to the Euclidean

metric. We remind that in the Euclidean case τ yxv(x) = v(x), τ yxα(x) = α(x)

in global coordinates.

Lemma 25. If K ∈ Lp(T (r,s)(Rn)), 1 ≤ p <∞, then

• Kε ∈ C∞(T (r,s)(Rn)), ε > 0,

• ‖Kε‖Lp ≤ ‖K‖Lp , ε > 0,

• Kε → K in Lp, ε→ 0,

• Kε → K a.e., ε→ 0.

The previous lemma can of course be extended to approximate tensors of

class Lploc on Borel subsets with compact closure. We employ the standard

convolution notation Kε = ρε∗K to denote the mollification of a tensor field,

since in the Euclidean case it corresponds to the usual notion of mollification

in (global) coordinates. For a more general notion of mollifiers on manifolds,

see86.
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Definition 26 (Mollification of distribution-valued tensor fields). Given a

distribution-valued tensor field K ∈ D′(T (r,s)(Rn)) and a mollifier ρε, we de-

fine the mollified tensor field Kε as the (smooth) (r, s)-tensor field satisfying

〈〈Kε, θ〉〉L2 = K(ρε ∗ θ),

for any test tensor field θ ∈ D(T (r,s)(Rn)).

Weak notions of Lie derivatives. We introduce weak notions of Lie

derivatives in order to be able to define rigorously some of the operators

appearing in this thesis. For the classical notion of Lie derivative, we point

the reader to Appendix A.

Definition 27 (Weak Lie derivative). For K ∈ C1(T (r,s)(Rn)) and b ∈
W 1,1
loc (Rn,Rn), we say that Lwb K is the Lie derivative of K with respect to

b in the weak sense if the following limit exists ‡:

Lwb K = lim
ε→0
LbεK,

in L1
loc, where Lbε is the Lie derivative with respect to the smooth vector field

bε = ρε ∗ b. We will omit the superscript “w” if it is clear from the context.

The explicit formula for the Lie derivative of a C1-regular k-form K with

respect to a smooth vector field b ∈ X(Rn) can be computed as (see130 or

Appendix A)

LbK(x)(v1(x) ∧ . . . ∧ vk(x)) = bl(x)
∂Ki1,...,ik

∂xl
(x)vi11 (x) · · · vikk (x)

+
k∑
j=1

Ki1,...,ik(x)
∂bij

∂xl
(x)vi11 (x) · · · vlj · · · v

ik
k (x), v1, . . . , vk ∈ X(Rn),

(1.2.2)

where sum over repeated indices is implied and we have employed the upper

indices vji to refer to the j-th coordinate component of vi. Its corresponding

‡The weak Lie derivative is well-defined up to sets of Lebesgue measure zero.
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L2-adjoint operator applied to a smooth k-form θ can be computed to be

LTb θ(x)(v1(x) ∧ . . . ∧ vk(x)) = − ∂

∂xl

(
bl(x)θi1,...,ik(x)

)
vi11 (x) · · · vikk (x)

+
k∑
j=1

δlijδmpθi1,...,ij ,...,ik(x)
∂bm

∂xl
(x)vi11 (x) . . . vpj · · · v

ik
k (x),

(1.2.3)

for all v1, . . . , vk ∈ X(Rn), where the low indices θi1,...,ik design the coordinates

of the k-form θ. Taking into account Definition 27, we see that these formulas

also hold for b ∈ W 1,1
loc (Rn,Rn) if the weak Lie derivative exists.

Definition 28 (Distributional Lie derivative). For K ∈ L∞loc(T (r,s)(Rn)) and

b ∈ W 1,1
loc (Rn,Rn), we say that Ldist

b K ∈ D′(T (r,s)(Rn)) is a Lie derivative

with respect to b in the sense of distributions if

Ldistb K(θ) = 〈〈K, (Lwb )T θ〉〉L2 ,

for any θ ∈ D(T (r,s)(Rn)), where (Lwb )T denotes the L2-adjoint of the weak Lie

derivative Lwb . We will usually omit the superscript “dist” if it is understood

from the context.

1.3 Some background in analysis of PDEs

Parabolic estimates. We state some results on the solvability of parabolic

equations that we will need. The theorems we present can be found in more

generality (for high-order parabolic systems with Lp in time, exclusively time-

dependent coefficients) in24, but we have adapted them to our purposes.

The reference111 can also be checked for completion. For general parabolic

systems with measurable in time coefficients depending also on space, there

are sharp results available in116.

Theorem 29. Let α ∈ (0, 1), λ > 0, b, f ∈ L∞([0,∞);Cα
b (Rn,Rn)), and ξi ∈

L∞([0,∞)), i = 1, . . . , N . Moreover, assume that there exist 0 < c < C <∞
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such that the uniform ellipticity condition

c|v|2 ≤
n∑

i,j=1

N∑
k=1

ξik(t)ξ
j
k(t)vivj ≤ C|v|2, t ≥ 0, v ∈ Rn, (1.3.1)

is satisfied. Then there exists a unique solution uλ ∈ L∞([0,∞);C2+α
b (Rn,Rn))

§ of the parabolic system ¶

∂tuλ(t, x) + Luλ(t, x)− λuλ(t, x) = f(t, x), t > 0, x ∈ Rn, (1.3.2)

where the operator L is defined by

Luλ =
N∑
i=1

(
1

2
ξji (t)ξ

k
i (t)∂j∂kuλ + bk(t, x)∂kuλ

)
,

and Einstein’s convention of summing over repeated indices is assumed. We

note that the notion of solution of equation (1.3.2) is not standard since the

functions b, f are only measurable in time instead of continuous. Therefore,

following116, we prescribe that uλ : [0,∞)×Rn → Rn is a solution to (1.3.2)

if

uλ(t, x)− uλ(s, x) =

∫ t

s

[−Luλ(r, x) + λuλ(r, x) + f(r, x)] dr, (1.3.3)

for all 0 ≤ s < t, x ∈ Rn. Moreover, the following estimate holds:

sup
t≥0
‖uλ(t, ·)‖C2+α

b
. sup

t≥0
‖f(t, ·)‖Cαb .

Remark 30. The notation for the Cα
b -type spaces was introduced in Section

1.1.

Theorem 31. Let α ∈ (0, 1), λ > 0, f̃ ∈ L∞([0,∞);Cα
b (Rn,Rn)), and

ξi ∈ L∞([0,∞)), i = 1, . . . , N . Moreover, assume the uniform ellipticity

§The time interval where the solution is defined includes zero. This is a subtlety which
is not a mistake.
¶The observant reader might have noticed that the sign of λ here is the opposite from

the one in24. A change of variables t → −t solves the issue, since the results in24 are
proven for t ∈ R.
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condition (1.3.1) on the diffusion vector fields. Then the parabolic system

∂tuλ(t, x) +
N∑
i=1

ξji (t)ξ
k
i (t)∂j∂kuλ(t, x)− λuλ(t, x) = f̃(t, x), t > 0, x ∈ Rn,

(1.3.4)

has a unique solution uλ ∈ L∞([0,∞);C2+α
b (Rn,Rn)), where (1.3.4) is under-

stood in the sense prescribed in (1.3.3). Moreover, there exists a well-defined

fundamental solution p(t, s, x), 0 < t < s, x ∈ Rn such that the unique so-

lution of system (1.3.4) can be explicitly constructed via application of the

formula

uλ(t, x) = Gf̃(t, x) =

∫ ∞
t

∫
Rn
e−λ(s−t)p(t, s, x− y)f̃(s, y)dyds, t > 0, x ∈ Rn,

(1.3.5)

and the values of uλ(0, ·) are obtained by continuity. Furthermore p is in-

finitely differentiable in space and there exists ε > 0 such that

|Dp(t, s, x)| . (s− t)−(n+1)/2exp

(
−ε|x|2

s− t

)
, (1.3.6)

for all 0 < s < t, x ∈ Rn.

Finally, we will need the following theorem, whose proof can be found in6.

Similar results for a very general operator P were proven in96,97,99, but our

proof is independent.

Theorem 32. Let Q be a linear differential operator of first order of the

form

Q =
n∑
i=1

ai(x)
∂

∂xi
+ b(x),

acting on functions f ∈ H1(Tn,Rn). Then if ai, b ∈ W 1,∞(Tn), i = 1, . . . , n,

and f ∈ H2(Tn,Rn), we have

〈Q2f, f〉L2 + 〈Qf,Qf〉L2 . ‖f‖2
L2 . (1.3.7)
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Moreover, if ai, b ∈ W s+1,∞(Tn), i = 1, . . . , n, f ∈ Hs+2(Tn,Rn), and P is a

pseudodifferential operator of order s ∈ [1,∞), then

〈PQ2f,Pf〉L2 + 〈PQf,PQf〉L2 . ‖f‖2
Hs . (1.3.8)

1.4 Some background in stochastic analysis

Filtered probability spaces and stochastic processes: Itô processes

and semimartingales. We start by reviewing certain basic stochastic con-

cepts that we will use in this dissertation. Unfortunately, we cannot provide

a complete review of all the theory we employ due to space and time limita-

tions, so the present paragraph does not aim to be comprehensive but rather

to guide the reader who might not be familiar with stochastic calculus. Along

the preliminaries and in Appendix A.1, we provide numerous references that

exhaustively cover all the theory we employ and much more. In particular,

for a general review of stochastic integration, we point the reader to135,140.

Let I be a totally ordered set. A filtration of the probability space (Ω,F ,P)

is an indexed family (Ft)t∈I of sigma-algebras such that Fs ⊂ Ft ⊂ F , s ≤ t,

s, t ∈ I. We call (Ω,F ,P, (Ft)t∈I) a filtered probability space.

Let (F+
t )t∈I be the filtration defined as

F+
t =

⋂
t<s

Fs.

We say that (Ft)t∈I is right-continuous when it coincides with (F+
t )t∈I . We

define

NP = {A ⊂ Ω : A ⊂ B, for someB ⊂ F withP(B) = 0}

the collection of all sets in the sample space contained in a set of zero prob-

ability measure. We say that (Ft)t∈I is complete if NP ⊂ Ft, t ∈ I. We note

that a filtration (Ft)t∈I is complete if and only if (Ω,Ft,P) is a complete

measure space, for all t ∈ I. A filtered probability space (Ω,F ,P, (Ft)t∈I) is

said to satisfy the usual conditions if the filtration is right-continuous and
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complete.

Consider I = [0, T ] and (Ω,F ,P, (Ft)t∈[0,T ]) a filtered probability space. A

continuous stochastic process is a collection of random variables X : Ω ×
[0, T ] → Rn (where Rn is endowed with the Borel sigma-algebra B(Rn)).

We say that the stochastic process (Xt)t∈[0,T ] is adapted to the filtration

(Ft)t∈[0,T ] if the random variables Xt : Ω → Rn are Ft-measurable ‖, t ∈
[0, T ]. A stochastic process (Xt)t∈[0,T ] is said to be jointly measurable if

X : Ω × [0, T ] → Rn is F ⊗ B([0, T ])-measurable. Moreover, a stochastic

process is called progressively measurable if for every t ∈ [0, T ], the map

X·(·) : Ω× [0, t]→ Rn defined by

(ω, s)→ Xs(ω), s ∈ [0, t],

is Ft⊗B([0, t])-measurable, where B([0, t]) denotes the set of Borel-measurable

functions on [0, t]. This implies that (Xt)t∈[0,T ] is adapted to the filtration

(Ft)t∈[0,T ]. Let P (Ω× [0, T ]) denote the power set of Ω× [0, T ] and consider

P∗ ⊂ P (Ω× [0, T ]) defined by

P∗ = {f−1(A) : A ∈ B(Rn)},

where f is any left-continuous ∗∗ adapted stochastic process f : Ω× [0, T ]→
Rn. The predictable sigma-algebra P is defined to be the smallest sigma-

algebra generated by P∗ ††. We say that a stochastic process is predictable

if it is measurable with respect to P . All predictable processes are adapted.

In fact, we have the following hierarchy for stochastic processes.

predictable ⊂ progressively measurable ⊂ adapted

Moreover, every adapted process with left or right-continuous paths is pro-

gressively measurable and every adapted process with left-continuous paths

‖In lay terms, Ft is observable at time t.
∗∗Actually, one could also write continuous here, but it is more convenient and illus-

trative to write left-continuous.
††In the literature, the smallest sigma-algebra generated by P∗ is often denoted by

σ(P∗).
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is predictable. Let (Xt)t∈[0,T ] be a stochastic process. The natural filtration

with respect to (Xt)t∈[0,T ] is (FXt )t∈[0,T ] defined by

FXt = σ
{
X−1
s (A) : 0 ≤ s ≤ t, A ∈ B(Rn)

}
, 0 ≤ t ≤ T,

where σ denotes the smallest sigma-algebra containing all sets above. FXt
is the smallest sigma-algebra with respect to which the stochastic process

(Xt)t∈[0,T ] is adapted.

Given two stochastic processes (Xt)t∈[0,T ] and (Yt)t∈[0,T ], we say that they

are indistinguishable (or equivalently, one is a version of the other) if P-a.s.,

Xt = Yt, t ∈ [0, T ]. (Xt)t∈[0,T ] is said to be a modification of (Yt)t∈[0,T ] if

for every t ∈ [0, T ], Xt = Yt, a.s. Every version is a modification, but not

the other way around. In particular, if (Xt)t∈[0,T ] and (Yt)t∈[0,T ] have left or

right-continuous trajectories, every modification is a version.

Let (Ω,F ,P, (Ft)t∈[0,T ]) be a filtered probability space and {W i
t }Ni=1, t ∈ [0, T ]

be a collection of independent Brownian motions (i.e., the N -dimensional

standard Brownian motion) adapted to the filtration. An Itô process is a

stochastic process of the form

Xt = X0 +

∫ t

0

fsds+
N∑
i=1

∫ t

0

gisdW
i
s , t ∈ [0, T ],

where:

• The initial value X0 is F0-measurable,

• f : Ω× [0, T ]→ Rn is a progressively measurable process satisfying∫ T

0

|fs|ds <∞, a.s.,

• gi : Ω× [0, T ]→ Rn are progressively measurable processes satisfying∫ T

0

∣∣gis∣∣2 ds <∞, a.s.,
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for i = 1, . . . , N.

All Itô processes are continuous and adapted to the filtration (Ft)t∈[0,T ].

A stochastic process (Xt)t∈[0,T ] adapted to the filtration (Ft)t∈[0,T ] is said

to be a martingale if

• E [|Xt|] <∞, t ∈ [0, T ],

• E [Xt|Fs] = Xs, a.s., 0 ≤ s ≤ t ≤ T.

A stopping time is a random variable τ : Ω→ [0, T ] (also known as a random

time) such that the following condition is met ‡‡

{ω : τ(ω) ≤ t} ∈ Ft, t ∈ [0, T ].

An adapted stochastic process (Xt)t∈[0,T ] is said to be a local martingale if

there exists a sequence of stopping times {τk}∞k=1 such that

• {τk}∞k=1 converges to T, i.e.

P
(
ω : lim

k→∞
τk(ω) = T

)
= 1.

• For every k ∈ N, the stopped process Xτk : Ω× [0, T ]→ Rn §§ defined

by

Xτk(ω, t) = X(ω, τk(ω) ∧ t)

is a martingale.

An adapted stochastic process (Xt)t∈[0,T ] is called a semimartingale if it can

be decomposed into a sum of the type

Xt = Mt + At, t ∈ [0, T ],

‡‡In lay terms, the event that the stopping time has already happened is observable.
§§For a stopping time τ, the stopped process Xτ can be naturally denoted by

(Xτ∧t)t∈[0,T ] and we will employ this notation in Chapter 3.
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where (Mt)t∈[0,T ] is a local martingale and (At)t∈[0,T ] is a càdlag (right contin-

uous with well-defined left limits, and therefore admitting “jumps”) adapted

process of locally bounded variation. Semimartingales are extremely impor-

tant in probability theory because they form the largest class of stochastic

processes with respect to which the Itô integral can be defined. In this thesis,

we will mainly consider continuous semimartingales. All the above definitions

can be easily extended to the case I = [0,∞), where the notations (Xt)t≥0

and (Ft)t≥0 will be employed. Stopping times of the type τ : Ω→ [0,∞] can

also be considered.

An Itô process of the type

Xt = X0 +

∫ t

0

fsds+
N∑
i=1

∫ t

0

gisdW
i
s , t ∈ [0, T ],

is a semimartingale (also in the case T = ∞). We will often work with

random fields of the form

X(t, x) = X(0, x) +

∫ t

0

f(s, x)ds+
N∑
i=1

∫ t

0

gi(s, x)dW i
s , (1.4.1)

where f, gi, i = 1, . . . , N are functions from Ω× [0, T ]×Rm to Rn such that

for every x ∈ Rm, (1.4.1) is an Itô process. We note that this condition is not

enough so that P-a.s. (1.4.1) is a well-defined function of (t, x) nor does it

guarantee any regularity on x, so we will impose different spatial regularity

assumptions on the variable x depending on the context ¶¶. Finally, we note

that we will sometimes work with stochastic differential equations of the type

K(t, x) = K(0, x) +

∫ t

0

F (s, x)ds+
N∑
i=1

∫ t

0

Gi(s, x)dW i
s , t ∈ [0, T ],

(1.4.2)

where K(0, ·) is a tensor field and F (s, ·), Gi(s, ·), i = 1, . . . , N are tensor-

valued stochastic processes. We will only consider tensors on the Euclidean

space so the equation can be interpreted in global coordinates if desired.

¶¶For instance, continuity is a natural condition to ask.

49



This type of processes K(t, ·) should be understood as natural extensions

of the Euclidean-valued random fields we introduced above. Indeed, for

r, s ∈ N∪{0} such that K(0, ·) ∈ Γ(T (r,s)(Rn)), F ∈ L1([0, T ]; Γ(T (r,s)(Rn))),

Gi ∈ L2([0, T ]; Γ(T (r,s)(Rn))), i = 1, . . . , N and such that for every x ∈ Rn,

〈K(0, ·), S(·)〉(x) is F0-measurable, and 〈F (t, ·), S(·)〉(x), 〈Gi(t, ·), S(·)〉(x),

i = 1, . . . , N, t ∈ [0, T ], are progressively measurable for every tensor field

S ∈ C∞(T (s,r)(Rn)), we say that (1.4.2) holds if for every S ∈ C∞(T (s,r)(Rn))

〈K(t, ·), S(·)〉(x) = 〈K(0, ·), S(·)〉(x) +

∫ t

0

〈F (s, ·), S(·)〉(x)ds

+
N∑
i=1

∫ t

0

〈Gi(s, ·), S(·)〉(x)dW i
s ,

holds in the usual sense for every x ∈ Rn, t ∈ [0, T ].

Throughout the remaining of this section, we assume that we are working

with a filtered probability space (Ω,F ,P, (Ft)t∈I) satisfying the usual con-

ditions, where I might be [0, T ] or [0,∞), together with a family {W i
t }Ni=1

of independent Brownian processes adapted to the filtration. Sometimes we

might consider two families of independent Brownian motions {W i
t }Ni=1 and

{Bj
t }Mj=1 adapted to the same filtration, or even more than two. For simplic-

ity, we will not indicate that they are adapted to the same filtration, but this

shall be understood. The semimartingales we consider are also adapted to

the same filtration. The notation (Ft)t∈I is usually dropped and one writes

(Ft)t instead since the set of indices I is often clear from the context.

Stochastic Fubini Theorem. We present a version of Fubini Theorem in

the stochastic case appearing in115.

Theorem 33 (Stochastic Fubini). Let T > 0, and gt(x), hit(x), i = 1, . . . , N

be real-valued stochastic processes defined on Ω× [0, T ]×Rn measurable with

respect to P⊗B(Rn) (remember P is the predictable sigma-algebra) satisfying

the following assumptions:

• There exists a set A of zero probability such that for every (x, ω) ∈
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Rn × Ω\A, we have

∫ T

0

(
|gt(x)|+

N∑
i=1

|hit(x)|2
)

dt <∞.

• gt and hit, i = 1, . . . , N also satisfy

∫ T

0

∫
Rn
|gt(x)|dnxdt+

N∑
i=1

∫ T

0

(∫
Rn
|hit(x)|2dnx

)1/2

dt <∞, a.s.

Then there exists a Borel-measurable adapted continuous in time stochastic

process f : Ω × [0, T ] × Rn → R, such that for any x ∈ Rn with probability

one

ft(x) =

∫ t

0

gs(x)ds+
N∑
i=1

∫ t

0

his(x)dW i
s , t ∈ [0, T ]. (1.4.3)

Furthermore, the stochastic integrals∫ t

0

∫
Rn
his(x)dnxdW i

s , i = 1, . . . , N,

are well-defined, t ∈ [0, T ], and P-a.s. the following equality holds:

∫
Rn
ft(x)dnx =

∫ t

0

∫
Rn
gs(x)dnxds+

N∑
i=1

∫ t

0

∫
Rn
his(x)dnxdW i

s .

Stochastic flow of diffeomorphisms and Itô-type formulas. We are

interested in working with the solution ϕs,t of the equation ∗∗∗

ϕs,t(x) = x+

∫ t

s

b(r, ϕs,r(x))dr +
N∑
i=1

∫ t

s

ξi(r, ϕs,r(x)) ◦ dW i
r , 0 ≤ s ≤ t ≤ T,

(1.4.4)

∗∗∗It might seem unnatural to start by stating the flow equation in Stratonovich form
since more regularity conditions will be needed than in Itô form, but this is the natural
setting for our equations.
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x ∈ Rn, which turns out to define a stochastic flow of diffeomorphisms under

rather weak assumptions on the coefficients120. We note that for fixed s ≥ 0

and x ∈ Rn, (1.4.4) gives an SDE, so it can be understood as a set of SDEs.

Many times we consider s = 0 in equation (1.4.4), obtaining the (simpler)

flow equation (0.2.6). To explain exactly what we mean by “stochastic flow of

diffeomorphisms”, we introduce an important definition which can be found

in76 and is inspired by22,120.

Definition 34 (Stochastic flow of Ck-diffeomorphisms). Let T > 0 and

(Ω,F ,P, (Ft)t) be a filtered probability space satisfying the usual conditions

together with a family of independent Brownian motions {W i
t }Ni=1, t ∈ [0, T ]

(which we can interpret as standard N-dimensional Brownian motion) adapted

to (Ft)t, and denote by (Fs,t)s,t the completed sigma-algebra generated by

{W i
u −W i

r}Ni=1, s ≤ r ≤ u ≤ t, for each 0 ≤ s < t ≤ T .

Let k ∈ N. An Fs,t-measurable random field ϕs,t : Ω×Rn → Rn, 0 ≤ s ≤ t ≤
T solving equation (1.4.4) is called a stochastic flow of Ck-diffeomorphisms

if P-a.s. the following properties are satisfied

• ϕs,r = ϕt,r ◦ ϕs,t, for all 0 ≤ s ≤ t ≤ r ≤ T ,

• ϕs,s(·) = idRn , for all 0 ≤ s ≤ T ,

• ϕs,t(·) is a Ck-diffeomorphism, 0 ≤ s ≤ t ≤ T. Moreover, the spatial

derivatives Diϕs,t(x), Diϕ−1
s,t (x) are continuous in (s, t, x), i = 0, . . . , k.

For α ∈ (0, 1), we define a Ck+α-flow of diffeomorphisms to be a Ck-flow

of diffeomorphisms such that P-a.s. its k-th spatial derivative Dkϕs,t(x) is

α-Hölder continuous, uniformly in (s, t).

We will sometimes employ the following assumption on the drift and diffusion

vector fields.

Assumption A1 (Flow equation in Stratonovich form). Let α > 0 and

k ∈ N (i.e., at least k ≥ 1!). Let b ∈ L∞([0, T ];Ck+α
b (Rn,Rn)), ξi ∈

L∞([0, T ];Ck+1+α
b (Rn,Rn)) ∩ C1([0, T ];C2(Rn,Rn)) †††, i = 1, . . . , N deter-

ministic vector fields. Then (as a particular case of Theorem 3.4.7 in120 and

†††The C1 in time assumption is needed to convert from Itô to Stratonovich.

52



the results in119) (1.4.4) admits a unique solution ϕt,s, which is an adapted

Ck-semimartingale ‡‡‡ and a Ck+α′-stochastic flow of diffeomorphisms for any

0 < α′ < α.

We will need an extension of Itô’s formula to tensor fields, which can be

found in120.

Theorem 35. Let K ∈ C3(T (r,s)(Rn)) and T > 0. Let Assumption A1 hold

with k = 4 for the drift and diffusion vector fields in (1.4.4). Then Itô’s

second formula (i.e., Itô’s formula with respect to the final time variable) for

tensor fields states that P-a.s. for 0 ≤ s ≤ t ≤ T,

(ϕs,t)
∗K −K =

∫ t

s

(ϕs,r)
∗(LbK)dr +

N∑
i=1

∫ t

s

(ϕs,r)
∗(LξiK) ◦ dW i

r , (1.4.5)

(ϕt,s)
∗K −K = −

∫ t

s

(ϕt,r)
∗(LbK)dr −

N∑
i=1

∫ t

s

(ϕt,r)
∗(LξiK) ◦ dŴ i

r . (1.4.6)

Moreover, Itô’s first formula (i.e., Itô’s formula with respect to the initial

time variable) reads

(ϕs,t)
∗K −K =

∫ t

s

Lb((ϕr,t)∗K)dr +
N∑
i=1

∫ t

s

Lξi((ϕr,t)∗K) ◦ dŴ i
r , (1.4.7)

(ϕt,s)
∗K −K = −

∫ t

s

Lb((ϕr,s)∗K)dr −
N∑
i=1

∫ t

s

Lξi((ϕr,s)∗K) ◦ dW i
r ,

(1.4.8)

where ◦dŴ i
r denotes Stratonovich integration with respect to the backward

Brownian motion.

Remark 36. Equivalent formulas for the push-forward of the flow (ϕs,t)∗ and

(ϕt,s)∗ can also be straightforwardly obtained by noting that (ϕ)∗ = (ϕ−1)∗

(see Appendix A for some insight into these geometric objects).

Remark 37. As the observant reader might have noticed, the spatial regular-

ity assumptions on the drift and diffusion vector fields in Theorem 35 seem

‡‡‡Following Kunita, a Ck-semimartingale is a continuous semimartingale such that its
first k (spatial) derivatives are continuous semimartingales.
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excessive. In Kunita’s book120, the theorem is stated in much more gener-

ality and is hence not optimised for our particular case. However, Theorem

35 holds in weaker conditions and we will provide proof (see for instance

Theorem 47, which establishes a more general result).

The celebrated Itô-Wentzell formula explains how a stochastic process changes

when it is evaluated along a semimartingale. This result is of extreme im-

portance in stochastic fluid dynamics and its existence greatly inspired our

research in Chapters 2, 3, and 4. In particular, we provide some extensions of

it in Chapter 2. Proofs of different versions can be found in22,119,115,118. More

concretely, the classical theorems we state for continuous semimartingales are

demonstrated in118, a version which computes the evaluation of a stochastic

flow along a continuous semimartingale (and not the other way around as in

Theorems 41 and 42!) is shown in22, and115 provides a generalisation of the

classical Itô-Wentzell formula to distribution-valued processes.

Theorem 38 (Itô-Wentzell formula in Itô form118). Let f : Ω×[0, T ]×Rn →
Rn be a semimartingale satisfying

(a) P-a.s. f is continuous in (t, x),

(b) f(t, ·) is of class C2 a.s. for every t ∈ [0, T ].

Moreover, let f have the explicit form

f(t, x) = f(0, x) +
M∑
i=1

∫ t

0

gi(s, x)dN i
s, t ∈ [0, T ], x ∈ Rn,

where gi : Ω× [0, T ]× Rn → Rn are adapted processes satisfying

(i) P-a.s. gi are continuous in (t, x),

(ii) gi(t, ·) are of spatial class C1 a.s. for every t ∈ [0, T ],

and N i : Ω× [0, T ]→ R are a.s. continuous semimartingales, i = 1, . . . ,M .

Let M = (M1, . . . ,Mn) : Ω× [0, T ]→ Rn be an a.s. continuous semimartin-
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gale. Then P-a.s.

f(t,Mt) = f(0,M0) +
M∑
i=1

∫ t

0

gi(s,Ms)dN
i
s +

n∑
j=1

∫ t

0

∂f

∂xj
(s,Ms)dM

j
s

+
M∑
i=1

n∑
j=1

∫ t

0

∂gi
∂xj

(s,Ms)d[N i
· ,M

j
· ]s +

1

2

n∑
i,j=1

∫ t

0

∂2f

∂xi∂xj
(s,Ms)d[M i

· ,M
j
· ]s,

for all t ∈ [0, T ].

Remark 39. We note that as we already specified at the beginning of this

section, all the semimartingales in the theorem above are considered to be

adapted to the same filtration (Ft)t.

Theorem 40 (Itô-Wentzell formula in Stratonovich form118). Let f : Ω ×
[0, T ]× Rn → Rn be a semimartingale satisfying

(a) P-a.s. f is continuous in (t, x),

(b) f(t, ·) is of class C3 a.s. for every t ∈ [0, T ].

Moreover, let f have the explicit form

f(t, x) = f(0, x) +
M∑
i=1

∫ t

0

gi(s, x) ◦ dN i
s, t ∈ [0, T ], x ∈ Rn,

where gi are adapted processes satisfying

(i) P-a.s. gi are continuous in (t, x),

(ii) gi(t, ·) are of class C2 a.s. for every t ∈ [0, T ],

and N i
t are a.s. continuous semimartingales, i = 1, . . . ,M . Moreover, we

assume the representations

gi(t, x) = gi(0, x) +
L∑
j=1

∫ t

0

hij(s, x) ◦ dAijs , t ∈ [0, T ], x ∈ Rn,
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where hij are adapted processes satisfying (i),(ii) in Theorem 38, and Aijt
are a.s. continuous semimartingales, i = 1, . . . ,M, j = 1, . . . , L. Let Mt =

(M1
t , . . . ,M

n
t ) be an a.s. continuous semimartingale. Then P-a.s.

f(t,Mt) = f(0,M0) +
M∑
i=1

∫ t

0

gi(s,Ms) ◦ dN i
s +

n∑
j=1

∫ t

0

∂f

∂xj
(s,Ms) ◦ dM j

s ,

(1.4.9)

for all t ∈ [0, T ].

We want to apply Theorems 38 & 40 to semimartingales Mt = φt that are a

solution to the flow equation. We first note that the (general) flow equation

(1.4.4) can be expressed in Itô form as

ϕs,t(x) = x+

∫ t

s

(
b+

1

2

N∑
j=1

ξj · ∇ξj

)
(r, ϕs,r(x))dr

+
N∑
j=1

∫ t

s

ξj(r, ϕs,r(x))dBj
r , (1.4.10)

0 ≤ s ≤ t ≤ T, x ∈ Rn. If s = 0, we obtain the usual flow equation (0.2.6) in

Itô form

φt(x) = x+

∫ t

0

(
b+

1

2

N∑
j=1

ξj · ∇ξj

)
(s, φs(x))ds+

N∑
j=1

∫ t

0

ξj(s, φs(x))dBj
s ,

(1.4.11)

0 ≤ t ≤ T.

Assumption A2 (Flow equation in Itô form). Let α > 0, k ∈ N, and

consider (deterministic) drift and diffusions b ∈ L∞([0, T ];Ck+α
b (Rn,Rn)),

ξj ∈ L∞([0, T ];Ck+1+α
b (Rn,Rn)), §§§ j = 1, . . . , N . In this case (from119)

(1.4.10) admits a unique solution ϕt,s, which is an adapted Ck-semimartingale

and a Ck+α′-stochastic flow of diffeomorphisms for any 0 < α′ < α.

§§§In Itô form, C1 regularity in time is not needed unless we desire to claim that the Itô
and Stratonovich formulations are equivalent.
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The following two theorems can be derived as corollaries of Theorem 38 and

Theorem 40, respectively, and are of great interest to us. We will provide

their proof in Chapter 2.

Theorem 41 (Itô-Wentzell formula for flows in Itô form). Let f : Ω×[0, T ]×
Rn → Rn be a semimartingale satisfying

(a) P-a.s. f is continuous in (t, x),

(b) f(t, ·) is of class C2 a.s. for every t ∈ [0, T ].

Moreover, let f have the explicit form

f(t, x) = f(0, x) +

∫ t

0

g(s, x)ds+
M∑
i=1

∫ t

0

hi(s, x)dW i
s , t ∈ [0, T ], x ∈ Rn,

where g, hi are adapted processes satisfying

(i) P-a.s. g, hi are continuous in (t, x),

(ii) g(t, ·), hi(t, ·) are of class C1 a.s. for every t ∈ [0, T ],

and W i
t are independent Brownian processes, i = 1, . . . ,M . Finally, let φt

be the (semimartingale) solution to the flow equation (1.4.11) with drift and

diffusion vector fields satisfying Assumption A2 with k = 1. Then P-a.s.

f(t, φt(x)) = f(0, x) +

∫ t

0

g(s, φs(x))ds+
M∑
i=1

∫ t

0

hi(s, φs(x))dW i
s

+

∫ t

0

(b · ∇f)(s, φs(x))ds+
N∑
j=1

∫ t

0

(ξj · ∇f)(s, φs(x))dBj
s

+
M∑
i=1

N∑
j=1

∫ t

0

(ξj · ∇hi)(s, φs(x))d[W i
· , B

j
· ]s

+
1

2

N∑
j=1

∫ t

0

(ξj · ∇(ξj · ∇f))(s, φs(x))ds,

for all t ∈ [0, T ] and x ∈ Rn.
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Theorem 42 (Itô-Wentzell formula for flows in Stratonovich form). Let f :

Ω× [0, T ]× Rn → Rn be a semimartingale satisfying

(a) P-a.s. f is continuous in (t, x),

(b) f(t, ·) is of class C3 a.s. for every t ∈ [0, T ].

Moreover, let f have the explicit form

f(t, x) = f(0, x) +

∫ t

0

g(s, x)ds+
M∑
i=1

∫ t

0

hi(s, x) ◦ dW i
s , t ∈ [0, T ], x ∈ Rn,

where g, hi are adapted processes satisfying

(i) P-a.s. g, hi are continuous in (t, x),

(ii) g(t, ·), hi(t, ·) are of class C2 a.s. for every t ∈ [0, T ],

and W i
t are independent Brownian processes, i = 1 . . . ,M . Finally, assume

the representations

g(t, x) = g(0, x) +

∫ t

0

a(s, x)ds+
L∑
j=1

∫ t

0

aj(s, x) ◦ dM j
s ,

hi(t, x) = hi(0, x) +

∫ t

0

bi(s, x)ds+
L∑
j=1

∫ t

0

bij(s, x) ◦ dN ij
s , t ∈ [0, T ], x ∈ Rn,

where a, aj, bi, bij are adapted processes satisfying

(1) P-a.s. a, aj, bi, bij are continuous in (t, x),

(2) a(t, ·), aj(t, ·), bi(t, ·), bij(t, ·) are of class C1 a.s. for every t ∈ [0, T ],

and M j
t , N

ij
t are independent Brownian processes, i = 1, . . . ,M, j = 1, . . . , L.

Finally, let φt be the (semimartingale) solution to the flow equation (0.2.6)
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with coefficients satisfying Assumption A1 with k = 1. Then P-a.s.

f(t, φt(x)) = f(0, x) +

∫ t

0

g(s, φs(x))ds+
M∑
i=1

∫ t

0

hi(s, φs(x)) ◦ dW i
s

+

∫ t

0

(
b · ∇f

)
(s, φs(x))ds+

N∑
j=1

∫ t

0

(
ξj · ∇f

)
(s, φs(x)) ◦ dBj

s ,

for all t ∈ [0, T ] and x ∈ Rn.

We present another result we will need, whose proof we provide in Chapter

2. It comprises a geometric generalisation of Theorems 41 & 42 which we call

the Kunita-Itô-Wentzell formula. First we present its Itô version and then

its Stratonovich counterpart.

Theorem 43 (Kunita-Itô-Wentzell (KIW) formula for k-form-valued pro-

cesses: Itô version). Let K : Ω × [0, T ] →
∧k(T ∗Rn) be a k-form-valued

semimartingale satisfying

(a) P-a.s. K is continuous in (t, x),

(b) K(t, ·) is of class C2 a.s. for every t ∈ [0, T ].

Moreover, let K have the explicit form

K(t, x) = K(0, x) +

∫ t

0

G(s, x)ds+
M∑
i=1

∫ t

0

Hi(s, x)dW i
s , t ∈ [0, T ], x ∈ Rn,

(1.4.12)

where G,Hi are k-form-valued adapted processes satisfying

(i) P-a.s. G,Hi are continuous in (t, x),

(ii) G(t, ·), Hi(t, ·) are of class C1 a.s. for every t ∈ [0, T ],

and W i
t are independent Brownian motions, i = 1, . . . ,M . Let φt be an

adapted solution of equation (1.4.11), assumed to be a C1-diffeomorphism,
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with (deterministic) b ∈ L∞([0, T ];W 1,1
loc (Rn,Rn)), ξj ∈ L∞([0, T ];C2

b (Rn,Rn)),

j = 1, . . . , N . Then P-a.s. the k-form-valued process K pulled back by the

flow φt satisfies the following relation

φ∗tK(t, x) = K(0, x) +

∫ t

0

φ∗sG(s, x)ds+
M∑
i=1

∫ t

0

φ∗sHi(s, x)dW i
s

+

∫ t

0

φ∗sLbK(s, x)ds+
N∑
j=1

∫ t

0

φ∗sLξjK(s, x)dBj
s

+
M∑
i=1

N∑
j=1

∫ t

0

φ∗sLξjHi(s, x)d[W i
· , B

j
· ]s +

1

2

N∑
j=1

∫ t

0

φ∗sLξjLξjK(s, x)ds,

(1.4.13)

for all t ∈ [0, T ] and x ∈ Rn.

Shall the pull-back notation φ∗tK(t, x) be confusing, we point the reader to

Remark 4 (take T = K).

Remark 44. The simplest manner of writing down expression (1.4.13) is

doing it in Stratonovich form, which will be clear from the next theorem, al-

though the price to pay for achieving a neater final expression is that stronger

hypotheses will be required. Moreover, in order to provide a rigorous proof

of Theorem 47, it is important first to do it in Itô form and then provide its

Stratonovich equivalent.

Remark 45. We also stress that in Theorem 43, {W i
t }Mi=1 and {Bi

t}Ni=1 denote

two families of independent Brownian motion adapted to the same filtration,

but these two families are not assumed to be independent between each other.

Remark 46. In Chapter 4, we will show general conditions under which the

map φt solving (1.4.11) is a C1-flow of diffeomorphisms when the drift vector

field has low regularity in time and space, so our assumption on the flow in

Theorem 43 makes sense.

We present the Stratonovich version of Theorem 43 as a corollary, which we

will also derive in Chapter 2.
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Theorem 47 (Kunita-Itô-Wentzell (KIW) formula for k-form-valued pro-

cesses: Stratonovich version). Let K : Ω × [0, T ] →
∧k(T ∗Rn) be a k-form-

valued semimartingale satisfying

(a) P-a.s. K is continuous in (t, x),

(b) K(t, ·) is of class C3 a.s. for every t ∈ [0, T ].

Moreover, let K have the explicit form

K(t, x) = K(0, x) +

∫ t

0

G(s, x)ds+
M∑
i=1

∫ t

0

Hi(s, x) ◦ dW i
s , t ∈ [0, T ], x ∈ Rn,

(1.4.14)

where G,Hi are k-form-valued adapted processes satisfying

(i) P-a.s. G,Hi are continuous in (t, x),

(ii) G(t, ·), Hi(t, ·) are of class C2 a.s. for every t ∈ [0, T ],

and W i
t are independent Brownian motions, i = 1, . . . ,M . Finally, assume

the representation

Hi(t, x) = Hi(0, x) +

∫ t

0

gi(s, x)ds+
L∑
k=1

∫ t

0

hik(s, x)dN ik
s , t ∈ [0, T ], x ∈ Rn,

(1.4.15)

where gi, hik are k-form-valued adapted processes such that

(1) expression (1.4.15) satisfies (a),(b),(i),(ii) in Theorem 43,

(2) hik(t, ·) are of class C2 a.s. for all t ∈ [0, T ],

and N ik
t are independent Brownian motions, i = 1, . . . ,M, k = 1, . . . , L. Let

φt be the solution of equation (0.2.6), which is assumed to be a semimartingale

and a C1-diffeomorphism, with (deterministic) b ∈ L∞([0, T ];W 1,1
loc (Rn,Rn)),
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ξj ∈ L∞([0, T ];C2
b (Rn,Rn)) ∩ C1([0, T ];C2(Rn,Rn)), j = 1, . . . , N . Then

P-a.s. the following holds

φ∗tK(t, x) = K(0, x) +

∫ t

0

φ∗sG(s, x)ds+
M∑
i=1

∫ t

0

φ∗sHi(s, x) ◦ dW i
s

+

∫ t

0

φ∗sLbK(s, x)ds+
N∑
j=1

∫ t

0

φ∗sLξjK(s, x) ◦ dBj
s , (1.4.16)

for all t ∈ [0, T ] and x ∈ Rn.

Remark 48. In Theorem 47, assuming that the solution to (0.2.6) is a semi-

martingale is fundamental because due to the low regularity of the coefficients,

this is not guaranteed anymore by119,120.

Some useful stochastic tools. We state a version of the Burkholder-

Davis-Gundy inequality, which can be found in108. The Burholder-Davis-

Gundy inequality was originally proven in29,30.

Theorem 49 (Burkholder-Davis-Gundy). Given a continuous local martin-

gale X : [0,∞)→ Rn, we have

cpE
[
[X]

p/2
T

]
≤ E

[(
sup
s∈[0,T ]

Xs

)p]
≤ CpE

[
[X]

p/2
T

]
, (1.4.17)

for any T, p > 0, where cp, Cp are absolute constants depending on p.

The extension of the classical dominated convergence theorem to predictable

processes is the following.

Theorem 50 (Dominated convergence for stochastic integrals). Let {Xn
t }∞n=1

be a family of real-valued predictable processes, t ∈ [0, T ], such that Xn
t → Xt

pointwise, as n → ∞. Moreover, let |Xn
t | ≤ Yt, t ∈ [0, T ], for some Itô

integrable process Yt, n ∈ N. Then∫ T

0

Xn
s dWs →

∫ T

0

XsdWs, n→∞,
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in probability.

We will sometimes need Itô’s product rule.

Lemma 51 (Itô’s product rule). Let (X i
t)t∈[0,T ], i = 1, . . . , N be real-valued

continuous semimartingales. Then, we have the following:

d
N∏
i=1

X i
t =

N∑
i=1

(
N∏
l 6=i

X l
t

)
dX i

t +
1

2

N∑
j,k=1
j 6=k

(
N∏

l 6=j,k

X l
t

)
d
[
Xj, Xk

]
t
, t ∈ [0, T ].

(1.4.18)

In Stratonovich form, this formula takes the usual shape

d
N∏
i=1

X i
t =

N∑
i=1

(
N∏
l 6=i

X l
t

)
◦ dX i

t , t ∈ [0, T ]. (1.4.19)

Compactness theorems. Finally, we review some classical stochastic con-

vergence tools. Let (E, d) be a separable metric space and B(E) the Borel

sigma-algebra on E. Let P(E) denote the collection of all the probability

measures that can be defined on (E,B(E)). A set Γ ⊂ P(E) is said to be

tight if, for every ε > 0, there exists a compact subset Kε ⊂ E such that

µ(Kε) ≥ 1− ε, µ ∈ Γ.

We say that a sequence of probability measures {µn}∞n=1 ⊂ P(E) converges

weakly to a probability measure µ if

lim
n→∞

∫
E

ϕdµn =

∫
E

ϕdµ,

for all bounded continuous functions ϕ : E → R. Moreover, we say that a set

Γ ⊂ P(E) is weakly compact if every sequence {µn}∞n=1 ⊂ Γ has a weakly

convergent subsequence. The proofs of the following two classical results can

be found in57 and also appear in49.

Theorem 52 (Prokhorov). The collection Γ ⊂ P(E) is weakly compact if

and only if it is tight.
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Theorem 53 (Skorokhod representation). Let (E, d) be a complete separable

metric space and {µn}∞n=1 a sequence of probability measures on E converging

weakly to some measure µ. Then there exists a probability space (Ω,A,P) and

a sequence of E-valued random variables {Xn}∞n=1 converging almost surely to

a random variable X, where the laws of Xn and X are µn and µ, respectively,

n ∈ N.

We state another important auxiliary result.

Theorem 54 (Gyöngy-Krylov lemma98). Let {Xn}∞n=1 be a sequence of ran-

dom variables taking values in a Polish space (E, d) endowed with the Borel

sigma-algebra. Then Xn converges in probability to an E-valued random pro-

cess, n→∞, if and only if, for every subsequence {Xnj , Xmj}∞j=1, there exists

a further subsequence that converges weakly to a random variable supported

on the diagonal {(x, y) ∈ E × E : x = y}.
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2
The Kunita-Itô-Wentzell (KIW)

formula for tensors

This chapter focuses on demonstrating Theorem 3 and especially Theorem

43, which provides a similar result in lower regularity conditions and whose

proof is more involved. We also prove some auxiliary results and corollaries.

Moreover, we discuss some of the applications of these results in geometric

fluid dynamics. The results we prove also permit making some of the deriva-

tions originally carried out in102 mathematically more rigorous. Furthermore,

Theorem 3 will help us establish the well-posedness by noise result for the

equation of linear advection of k-forms, which is the main result in Chapter

4. Throughout this chapter, we fix a filtered probability space (Ω,F ,P, (Ft)t)
satisfying the usual conditions, together with two families {W i

t }Mi=1, {B
j
t }Nj=1

of independent Brownian processes adapted to (Ft)t, which are not assumed

to be independent between each other. Sometimes we will consider some ex-

tra families of independent Brownian motions, which we also assume adapted

to (Ft)t. We start by proving Theorem 41 as a corollary of Theorem 38, which

we will employ as an auxiliary result.
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Proof of Theorem 41. Denote

f1(t, x) = f(0, x) +

∫ t

0

g(s, x)ds,

f2(t, x) =
M∑
i=1

∫ t

0

hi(s, x)dW i
s .

First apply Theorem 38 with f = f1, M = 1, g1 = g, N1
t = t, and Mt = φt(x)

satisfying the flow equation (1.4.11). Hence we obtain

f1(t, φt(x)) = f1(0, x) +

∫ t

0

g(s, φs(x))ds+
n∑
j=1

∫ t

0

∂f1

∂xj
(s, φs(x))bj(s, φs(x))ds

+
1

2

N∑
k=1

n∑
i,j=1

∫ t

0

∂f1

∂xj
(s, φs(x))

(
ξik
∂ξjk
∂xi

)
(s, φs(x))ds

+
N∑
k=1

n∑
j=1

∫ t

0

∂f1

∂xj
(s, φs(x))ξjk(s, φx(x))dBk

s

+
1

2

N∑
k=1

n∑
i,j=1

∫ t

0

∂2f1

∂xi∂xj
(s, φs(x))(ξikξ

j
k)(s, φs(x))ds,

where we have taken into account that d[Bk
· , B

l
· ]t = δkldt, d[Bk

· , ·]t = 0,

k, l = 1, . . . , N. By noting that

ξk · ∇(ξk · ∇f) =
n∑

i,j=1

ξik
∂

∂xi

(
ξjk
∂f

∂xj

)
=

n∑
i,j=1

(
ξikξ

j
k

∂2f

∂xi∂xj
+ ξik

∂ξjk
∂xi

∂f

∂xj

)
,

k = 1, . . . , N, we get

f1(t, φt(x)) = f(0, x) +

∫ t

0

g(s, φs(x))ds+

∫ t

0

(b · ∇f1)(s, φs(x))ds

+
N∑
k=1

∫ t

0

(ξk · ∇f1)(s, φs(x))dBk
s +

1

2

N∑
k=1

∫ t

0

(ξk · ∇(ξk · ∇f1))(s, φs(x))ds.

Now apply again Theorem 38 with f = f2, gi = hi, N
i
t = W i

t , i = 1, . . . ,M,
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Mt = φt(x) to obtain

f2(t, φt(x)) =
M∑
i=1

∫ t

0

hi(s, φs(x))dW i
s

+

∫ t

0

(b · ∇f2)(s, φs(x))ds+
N∑
k=1

∫ t

0

(ξk · ∇f2)(s, φs(x))dBk
s

+
M∑
i=1

N∑
k=1

∫ t

0

(ξk · ∇hi)(s, φs(x))d[W i
· , B

k
· ]s

+
1

2

N∑
k=1

∫ t

0

(ξk · ∇(ξk · ∇f2))(s, φs(x))ds.

Therefore, by summing up the expressions obtained for f1 and f2 and taking

into account the linearity of the operators b ·∇ and ξ ·∇(ξ ·∇), together with

the fact that f = f1 + f2, we conclude our result.

Theorem 42 can be equally derived by using Theorem 40 in a similar way,

but the proof is easier and we omit it to avoid repetition. We proceed to

show Theorem 3.

Proof of Theorem 3. For simplicity and without loss of generality, we treat

the case M = N = 1. We consider the scalar function-valued stochastic

process

Ft(x) = 〈T (t, x), (φt)∗S(x)〉, (2.0.1)

where we remind that T : Ω × [0, T ] → Γ(T (r,s)(Rn)) is a P-a.s. continuous

tensor-valued semimartingale as indicated in the hypotheses, and we have

applied dual pairing 〈·, ·〉 with an arbitrary smooth tensor S ∈ C∞(T (s,r)(Rn))

(and hence independent of time). By the Stratonovich product rule (see

(1.4.19)) ∗

dFt(x) = 〈◦dT (t, x), (φt)∗S(x)〉+ 〈T (t, x), ◦d((φt)∗S(x))〉.

∗Observe that φ∗tFt(x) = 〈φ∗tT (t, x), S(x)〉 is a continuous semimartingale since T (t, x)
and φt are continuous C1-semimartingales, so Ft is also a continuous semimartingale.
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We apply Kunita’s push-forward formula to the tensor S (i.e., use (1.4.8)

with s = 0 and observe that φ∗t,0 = (φ0,t)∗ = (φt)∗) obtaining an expression

for the term d((φt)∗S)

(φt)∗S − S = −
∫ t

0

Lb((φs)∗S)ds−
∫ t

0

Lξ((φs)∗S) ◦ dBs.

Hence

dFt(x) = 〈G(t, x), (φt)∗S(x)〉dt+ 〈H(t, x), (φt)∗S(x)〉 ◦ dWt

− 〈T (t, x),Lb((φt)∗S)(x)〉dt− 〈T (t, x),Lξ((φt)∗S)(x)〉 ◦ dBt.

Apply the Itô-Wentzell formula for flows in Stratonovich form (Theorem 42)

to the (real-valued) stochastic process Ft (note that the assumptions are met

thanks to the hypotheses of Theorem 3), and noticing that the Lie derivative

in the scalar case is Lbf = b ·Df (see Appendix A), we obtain

φ∗tFt(x)

= F0(x) +

∫ t

0

φ∗s〈G(s, x), (φs)∗S(x)〉ds+

∫ t

0

φ∗s〈H(s, x), (φs)∗S(x)〉 ◦ dWs

−
∫ t

0

φ∗s〈T (s, x),Lb((φs)∗S)(x)〉ds−
∫ t

0

φ∗s〈T (s, x),Lξ((φs)∗S)(x)〉 ◦ dBs

+

∫ t

0

φ∗sLb〈T (s, x), (φs)∗S(x)〉ds+

∫ t

0

φ∗sLξ〈T (s, x), (φs)∗S(x)〉 ◦ dBs.

= F0(x) +

∫ t

0

〈φ∗sG(s, x), S(x)〉ds+

∫ t

0

〈φ∗sH(s, x), S(x)〉 ◦ dWs

+

∫ t

0

Lb〈φ∗sT (s, x), S(x)〉ds−
∫ t

0

〈φ∗sT (s, x),LbS(x)〉ds

+

∫ t

0

Lξ〈φ∗sT (s, x), S(x)〉 ◦ dBs −
∫ t

0

〈φ∗sT (s, x),LξS(x)〉 ◦ dBs,

where we have also taken into account the fact that L and φ∗t commute and

the identity φ∗t ◦ (φt)∗ = id (see Appendix A). Also, we employ the property
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Lb〈T, S〉 = 〈LbT, S〉+ 〈T,LbS〉 to conclude

φ∗tFt(x) = F0(x) +

∫ t

0

〈φ∗sG(s, x), S(x)〉ds+

∫ t

0

〈φ∗sH(s, x), S(x)〉 ◦ dWs

+

∫ t

0

〈φ∗sLbT (s, x), S(x)〉ds+

∫ t

0

〈φ∗sLξT (s, x), S(x)〉 ◦ dBs. (2.0.2)

Finally, by noticing that

φ∗tFt(x) = 〈φ∗tT (t, x), S(x)〉,

and observing that formula (2.0.2) is valid for any smooth tensor

S ∈ C∞(T (s,r)(Rn)), we conclude

φ∗tT (t, x) = T (0, x) +

∫ t

0

φ∗sG(s, x)ds+

∫ t

0

φ∗sH(s, x) ◦ dWs

+

∫ t

0

φ∗sLbT (s, x)ds+

∫ t

0

φ∗sLξT (s, x) ◦ dBs.

Remark 55 (KIW formula in the deterministic case). We note that in the

case the tensor-valued function T (t, x) and the flow φt are chosen to be de-

terministic in Theorem 3, formula (0.2.7) becomes

d

dt
(φ∗tT )(t, x) = φ∗t

(
Ṫ + Lφ̇t◦φ−1

t
T
)

(t, x), (2.0.3)

where “ · ” represents derivative with respect to t †. This result is essen-

tial because it permits swapping integration and derivation when integrating

along a moving framework, since the pull-back naturally acts as a change of

coordinates as we illustrate in Section 2.2. Formula (2.0.3) is for instance

a fundamental tool for proving Reynolds transport and Kelvin’s circulation

theorems in the deterministic case.

We observe that, formally, equation (0.2.7) can be expressed in a similar

†For this we would need to assume, of course, that T and φt are differentiable in time
are their equations are ODEs in the clasical sense. Otherwise, as in the remark below, the
formula only makes sense in the integral sense.
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way to (2.0.3) by employing the differential notation

d(φ∗tT )(t, x) = φ∗t

(
dT + Ldφt◦φ−1

t
T
)

(t, x). (2.0.4)

This can be useful in applications. We stress again that (2.0.4) is purely

formal since the notation dφt only makes sense when it is expressed in integral

form.

2.1 The KIW formula in the low regularity case

This section is devoted to proving Theorem 43 and its Stratonovich counter-

part Theorem 47, which relax the regularity conditions on the flow equation

required in Theorem 3.

Proof of Theorem 43. We divide this proof into several steps.

Step 1. Setup and preparation. For simplicity and without loss of

generality, we choose N = M = 1 so that the only diffusion vector field in

the flow equation (1.4.11) is ξ = (ξ1, . . . , ξn). Moreover, we denote

b̂ = b+
1

2

n∑
j=1

ξjDjξ, (2.1.1)

the drift term of (1.4.11). Equation (2.1.1) is expressed component-wise as

b̂i = bi +
1

2

n∑
j=1

ξjDjξ
i, i = 1, . . . , n.

We consider the following real-valued continuous Ft-semimartingale ‡

Ft(x) = 〈φ∗tK(t, x),u(x)〉 = Ki1,...,ik(t, φt(x))
k∏

α=1

J iαjα (t, x)ujαα (x), (2.1.2)

‡This is true because the (global) coordinates of K are semimartingales and also the
(spatial) derivatives of φt (see (2.1.3) below).
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for t ∈ [0, T ] and x ∈ Rn. In (2.1.2), we assumed the k-form-valued stochastic

process K has (global) coordinate expression

K(t, x) = Ki1,...,ik(t, x)dxi1(x) ∧ . . . ∧ dxik(x),

where summation over repeated indices iα = 1, . . . , n, α = 1, . . . , k is implied

and we employ the bold notation u = u1 ∧ . . . ∧ uk ∈ Xk(Rn) to stress the

fact that u is a k-vector field with components uα ∈ X(Rn) with coordinate

expressions

uα(x) = uiα(x)(∂/∂xi)(x), α = 1, . . . , k,

(summation over repeated indices implied). This is, uα, α = 1, . . . , k are k

arbitrary smooth vector fields that we feed to the time-dependent k-form K

via contraction of tensors.

Step 2. Equation for Ft in simple form. By Itô’s product rule (see

(1.4.18)), Ft satisfies the following equation

dFt(x) =

(
k∏

α=1

J iαjα (t, x)ujαα (x)

)
dKi1,...,ik(t, φt(x))

+Ki1,...,ik(t, φt(x))d

(
k∏

α=1

J iαjα (t, x)ujαα (x)

)

+ d

[
Ki1,...,ik(·, φ·(x)),

k∏
α=1

J iαjα (·, x)ujαα (x)

]
t

.

From the Itô-Wentzell formula for flows (see Theorem 41), we have

dKi1,...,ik(t, φt(x)) = Gi1,...,ik(t, φt(x))dt+Hi1,...,ik(t, φt(x))dWt

+ (b · ∇Ki1,...,ik)(t, φt(x))dt+ (ξ · ∇Ki1,...,ik)(t, φt(x))dBt

+ (ξ · ∇Hi1,...,ik)(t, φt(x))d[W·, B·]t +
1

2
(ξ · ∇(ξ · ∇Ki1,...,ik))(t, φt(x))dt.
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Remark 56. Actually, the coefficients of the flow equation (1.4.11) do not

satisfy the assumptions of Theorem 41, but it is straightforward to check that

our proof also works in the current regularity conditions. We assumed more

regularity in Theorem 41 only to ensure that the flow equation has indeed a

solution. If this last fact is assumed, then the regularity conditions on the

drift and diffusion vector fields can easily be reduced (just inspect the proof

of Theorem 41).

By Itô’s product rule (1.4.18), we can also obtain

d

(
k∏

α=1

J iαjα (t, x)ujαα (x)

)
=

k∑
p=1

(
k∏

α 6=p

J iαjα (t, x)ujαα (x)

)
ujpp (x)dJ

ip
jp

(t, x)

+
1

2

k∑
p,q=1
p 6=q

(
k∏

α 6=p,q

J iαjα (t, x)ujαα (x)

)
ujpp (x)ujqq (x)d

[
J
ip
jp

(·, x), J
iq
jq

(·, x)
]
t
.

We differentiate (1.4.11) with respect to x to arrive at

dJ ij(t, x) = Dlb̂
i(t, φt(x))J lj(t, x)dt+Dlξ

i(t, φt(x))J lj(t, x)dBt, i, j = 1, . . . , n.

(2.1.3)

Step 3. Full equation for Ft. By using all the formulas obtained in Step

2, one checks that Ft(x) can be expressed as

Ft(x)− F0(x) =

∫ t

0

Ĝ1
s(x)ds+

∫ t

0

Ĝ2
s(x)d[W·, B·]s

+

∫ t

0

Ĥ1
s (x)dWs +

∫ t

0

Ĥ2
s (x)dBs, (2.1.4)
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where

Ĝ1
s(x) = Gi1,...,ik(s, φs(x))

k∏
α=1

J iαjα (s, x)ujαα (x)

+ bl(s, φs(x))DlKi1,...,ik(s, φs(x))
k∏

α=1

J iαjα (s, x)ujαα (x)

+
k∑
p=1

Ki1,...,ik(s, φs(x))Dlb
ip(s, φs(x))

(
k∏

α 6=p

J iαjα (s, x)ujαα (x)

)
J ljp(s, x)ujpp (x)

+
1

2
ξl(s, φs(x))ξm(s, φs(x))D2

lmKi1,...,ik(s, φs(x))
k∏

α=1

J iαjα (s, x)ujαα (x)

+
1

2
ξm(s, φs(x))Dmξ

l(s, φs(x))DlKi1,...,ik(s, φs(x))
k∏

α=1

J iαjα (s, x)ujαα (x)

+
k∑
p=1

[
ξm(s, φs(x))Dlξ

ip(s, φs(x))DmKi1,...,ik(s, φs(x))

+
1

2
Dl

[
ξm(s, φs(x))Dmξ

ip(s, φs(x))
]
Ki1,...,ik(s, φs(x))

]
×

(
k∏

α 6=p

J iαjα (s, x)ujαα (x)

)
J ljp(s, x)ujpp (x)

+
1

2

k∑
p,q=1
p6=q

Ki1,...,ik(s, φs(x))Dlξ
ip(s, φs(x))Dmξ

iq(s, φs(x))

×

(
k∏

α 6=p,q

J iαjα (s, x)ujαα (x)

)
J ljp(s, x)Jmjq (s, x)ujpp (x)ujqq (x),

Ĝ2
s(x) = ξl(s, φs(x))DlHi1,...,ik(s, φs(x))

k∏
α=1

J iαjα (s, x)ujαα (x)

+
k∑
p=1

Hi1,...,ik(s, φs(x))Dlξ
ip(s, φs(x))

(
k∏

α 6=p

J iαjα (s, x)ujαα (x)

)
J ljp(s, x)ujpp (x),
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Ĥ1
s (x) = Hi1,...,ik(s, φs(x))

k∏
α=1

J iαjα (s, x)ujαα (x),

Ĥ2
s (x) = ξl(s, φs(x))DlKi1,...,ik(s, φs(x))

k∏
α=1

J iαjα (s, x)ujαα (x)

+
k∑
p=1

Ki1,...,ik(s, φs(x))Dlξ
ip(s, φs(x))

(
k∏

α 6=p

J iαjα (s, x)ujαα (x)

)
J ljp(s, x)ujpp (x).

Step 4. Conclusion. Finally, the explicit formula for the Lie derivative

of a k-form (A.2.2) in our context reads

LξK(x)(u1(x) ∧ . . . ∧ uk(x)) = ξl(x)DlKi1,...,ik(x)ui11 (x) · · ·uikk (x)

+
k∑
p=1

Ki1,...,ik(x)Dlξ
ip(x)ui11 (x) · · ·ulp · · ·u

ik
k (x),

and by double application we also obtain

LξLξK(x)(u1(x) ∧ . . . ∧ uk(x)) = ξl(x)Dl (ξ
m(x)DmKi1,...,ik(x))ui11 (x) · · ·uikk (x)

+

k∑
p=1

ξl(x)Dl

(
Ki1,...,ik(x)Dmξ

ip(x)
)
ui11 (x) · · ·ump · · ·u

ik
k (x)

+
k∑
p=1

ξl(x)Dmξ
ip(x)DlKi1,...,ik(x)ui11 (x) · · ·ump · · ·u

ik
k (x)

+
k∑

p,q=1
p6=q

Ki1,...,ik(x)Dlξ
ip(x)Dmξ

iq(x)ui11 (x) · · ·ulpumq · · ·u
ik
k (x),
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so we conclude that∫ t

0

Ĝ1
s(x)ds =

∫ t

0

〈φ∗sG(s, x),u(x)〉ds

+

∫ t

0

〈φ∗sLbK(s, x),u(x)〉ds+
1

2

∫ t

0

〈φ∗sLξLξK(s, x),u(x)〉ds,∫ t

0

Ĝ2
s(x)d[W·, B·]s =

∫ t

0

〈φ∗sLξH(s, x),u(x)〉d[W·, B·]s,∫ t

0

Ĥ1
s (x)dWs =

∫ t

0

〈φ∗sH(s, x),u(x)〉dWs,∫ t

0

Ĥ2
s (x)dBs =

∫ t

0

〈φ∗sLξK(s, x),u(x)〉dBs,

where we remind u = u1 ∧ . . .∧ uk. Since u was chosen arbitrarily, we finish

our proof here.

Now, we show how to prove the Stratonovich version of this theorem by

utilising the Itô version that we have just demonstrated.

Proof of Theorem 47. We can convert (0.2.6) into Itô form as

φt(x) = x+

∫ t

0

b(s, φs(x))ds+
N∑
j=1

∫ t

0

ξj(s, φs(x))dBj
s

+
N∑
j=1

[ξj(·, φ·(x)), Bj
· ]t, (2.1.5)

which by application of (classical) Itô’s Lemma to the functions ξj(t, φt(x)),

j = 1, . . . , N (take into account the diffusion vector fields have regularity

C1([0, T ];C2(Rn,Rn))) becomes (1.4.11) §. We can therefore assume that

§Note that since we have assumed that φt is a semimartingale, by Itô’s Lemma
ξj(t, φt(x)) is also a semimartingale. Therefore the co-variation above is well-defined.
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(1.4.11) is satisfied. In Itô form, (1.4.14) is given by

K(t, x) = K(0, x) +

∫ t

0

G(s, x)ds+
M∑
i=1

∫ t

0

Hi(s, x)dW i
s

+
1

2

M∑
i=1

L∑
j=1

∫ t

0

hij(s, x)d[W i
· , N

ij
· ]s.

Now, applying (1.4.13) to K, we obtain

φ∗tK(t, x) = K(0, x) +

∫ t

0

φ∗sG(s, x)ds+
1

2

M∑
i=1

L∑
j=1

∫ t

0

φ∗shij(s, x)d[W i
· , N

ij
· ]s

+
M∑
i=1

∫ t

0

φ∗sHi(s, x)dW i
s +

∫ t

0

φ∗sLbK(s, x)ds+
N∑
i=1

∫ t

0

φ∗sLξiK(s, x)dBi
s

+
M∑
i=1

N∑
j=1

∫ t

0

φ∗sLξjHi(s, x)d[W i
· , B

j
· ]s +

1

2

N∑
i=1

∫ t

0

φ∗sLξiLξiK(s, x)ds.

(2.1.6)

Since Hi and LξjK satisfy the assumptions of Theorem 43 for i = 1, . . . ,M,

j = 1, . . . , N , applying (1.4.13) to Hi and LξiK respectively yields

φ∗tHi(t, x) = Hi(0, x) +

∫ t

0

φ∗sg(s, x)ds+
L∑
j=1

∫ t

0

φ∗shij(s, x)dN ij
s

+

∫ t

0

φ∗sLbHi(s, x)ds+
N∑
j=1

∫ t

0

φ∗sLξjHi(s, x)dBj
s

+
1

2

N∑
j=1

L∑
k=1

∫ t

0

φ∗sLξjhik(s, x)d[N ik
· , B

j
· ]s +

1

2

N∑
j=1

∫ t

0

φ∗sLξjLξjHi(s, x)ds,
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for i = 1, . . . ,M and

φ∗tLξiK(t, x) = LξiK(0, x) +

∫ t

0

φ∗sLξiG(s, x)ds

+
1

2

M∑
j=1

L∑
k=1

∫ t

0

Lξihjk(s, x)d[W j
· , N

jk
· ]s +

M∑
j=1

∫ t

0

φ∗sLξiHj(s, x)dW j
s

+

∫ t

0

φ∗sLbLξiK(s, x)ds+
N∑
j=1

∫ t

0

φ∗sLξjLξiK(s, x)dBj
s

+
N∑
j=1

M∑
k=1

∫ t

0

φ∗sLξjLξiHk(s, x)d[W k
· , B

j
· ]s +

1

2

N∑
j=1

∫ t

0

φ∗sLξjLξjLξiK(s, x)ds,

for i = 1, . . . , N . Therefore, we conclude

[
φ∗·Hi(·, x),W i

·
]
t

=
L∑
j=1

∫ t

0

φ∗shij(s, x)d[W i
· , N

ij
· ]s

+
N∑
j=1

∫ t

0

φ∗sLξjHi(s, x)d[W i
· , B

j
· ]s, i = 1, . . . ,M,

[
φ∗·LξiK(·, x), Bi

·
]
t

=
M∑
j=1

∫ t

0

φ∗sLξiHj(s, x)d[W j
· , B

i
· ]s

+

∫ t

0

φ∗sLξiLξiK(s, x)ds, i = 1, . . . , N.

Hence, formula (2.1.6) becomes

φ∗tK(t, x) = K(0, x) +

∫ t

0

φ∗sG(s, x)ds+
M∑
i=1

∫ t

0

φ∗sHi(s, x) ◦ dW i
s

+

∫ t

0

φ∗sLbK(s, x)ds+
N∑
i=1

∫ t

0

φ∗sLξiK(s, x) ◦ dBi
s,

which is identical to (1.4.16).

Remark 57. Theorem 47 confirms a posteriori a well-known rule of thumb
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in stochastic differential geometry, called by Malliavin the transfer princi-

ple70,129. The transfer principle allows one to replace classical calculus with

Stratonovich stochastic calculus in certain circumstances. In finite dimen-

sions, this is admitted via Stratonovich differentials obeying the ordinary

chain and product rules, and also via certain approximation results, although

various regularity conditions would need to be added for SPDEs and we are

interested in working under relatively low regularity conditions. See70 for an

extensive discussion of the transfer principle in the finite-dimensional situa-

tion.

2.2 Applications of KIW in stochastic fluid dynamics

The aim of this section is showing how to employ the demonstrated KIW

theorem(s) for deriving useful formulas in stochastic fluid dynamics. We note

that our motivation here is not focusing on sharp regularity results, but rather

showcasing the applicability of Theorem 3 (or its lower regularity version

Theorem 43) in the derivation of fluid dynamic equations. The applicability

of KIW is of course not limited to this type of formulas and in Chapter 4 we

will show that KIW also provides one of the key tools for closing uniqueness

estimates in an interesting problem of regularisation by noise for the equation

of linear advection of k-forms. In the remaining of this chapter, we mainly

follow the ideas in58.

Derivation of advection equations from conservation laws. As ex-

plained in the introduction, in stochastic fluid dynamics one encounters sev-

eral types of advected k-forms (and even tensors!) such as the momentum

one-form density, mass density, magnetic field...We consider a fluid moving

in a domain D ⊂ Rn and an arbitrary control volume D0 ⊂ D which we

assume to be a smooth orientable k-dimensional manifold. We denote the

spatial labels in this domain by X ∈ D0. Moreover, we assume that fluid

particles initially at point X evolve under the flow φt, satisfying the stochas-

tic differential equation (0.2.6) with one noise term (for simplicity), which
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we write as

dφt(X) = b(t, φt(X))dt+ ξ(t, φt(X)) ◦ dWt, (2.2.1)

where the coefficients are considered to be smooth. The control volume at

time t is given by Dt = φt(D0), and the position at time t of the fluid particle

initially at label X is denoted by x(t,X) = φt(X). Assuming that a smooth

Figure 2.1: Fluid flow at time t0 on a domain D. u(t, x) denotes the velocity of the flow at
time t and position x.

stochastic k-form α satisfies an advection equation of the form (1.4.14) and

its integral over the control volume Dt is conserved with time, i.e.,∫
Dt
α(t, x)−

∫
D0

α(0, X) = 0,
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then the previous equation can be rewritten as∫
D0

((φ∗tα)(t,X)− α(0, X)) = 0,

after changing variables. We can then apply the KIW formula for

k-forms (see Theorem 3) to obtain∫
D0

((φ∗tα)(t,X)− α(0, X))

=

∫ t

0

∫
D0

φ∗s(dα + Lbαds+ Lξα ◦ dWs)(s,X) = 0,

where we have also used Fubini theorem ¶. Transforming back the coordi-

nates yields∫ t

0

∫
Ds

(dα(s, x) + Lbα(s, x)ds+ Lξα(s, x) ◦ dWs) = 0,

which implies that α satisfies the SPDE

dα(t, x) + Lbα(t, x)dt+ Lξα(t, x) ◦ dWt = 0, x ∈ Rn, (2.2.2)

since the control volume D0 was chosen arbitrarily. We apply this derivation

to some examples.

Example 1: deriving the continuity equation (advection of density

per unit mass). As an interesting application of the above, we use conser-

vation of mass to derive a stochastic counterpart of the continuity equation

on R3 (this can be straightforwardly extended to other dimensions but R3

is the most natural case from a physical point of view). Let ρ(0,X) be the

mass density ‖ in the reference configuration and ρ(t,x) the mass density at

time t written in global coordinates, where we employ the bold font notation

“x” and “X” to denote the coordinate expression of the points x and X

¶We stress again that technicalities are not the concern in this section.
‖We remind that the density is a real-valued function in coordinates, and a volume-

form as an element.
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respectively. Conservation of mass reads∫
Dt
ρ(t,x)d3x−

∫
D0

ρ(0,X)d3X = 0.

By applying the argument above, we obtain (2.2.2) for the particular case

of α(t, x) = ρ(t,x)d3x, whose Lie derivative is expressed in coordinates

as Lbρ = Lb(ρ(t,x)d3x) = div(b(t,x)ρ(t,x))d3x. Thus, we arrive at the

stochastic continuity equation

dρ(t,x) + div(b(t,x)ρ(t,x))dt+ div(ξ(t,x)ρ(t,x)) ◦ dWt = 0 (2.2.3)

in global coordinates. Similar equations can be derived for the advection of

entropy per unit mass, which is a scalar function, and magnetic field, which is

a two-form, as we did in58. We discuss how to calculate these in the following

example.

Example 2: deriving advection of entropy per unit mass and ad-

vection of magnetic field. In magnetohydrodynamics (MHD), the real-

valued function S = S(x, t) is typically employed to denote entropy per unit

mass whereas B = B(x, t) · dS signifies magnetic field, with coordinates

B : R3 → R3, x ∈ R3. We stress that the letter S is both being employed

for entropy per unit mass and the surface element dS (the latter in bold

font), which shall not be confused. The natural stochastic counterparts of

the equations of advection of entropy per unit mass and magnetic field in

MHD, respectively, read as follows

dS + LuSdt+ LξS ◦ dWt = 0,

or expressed in coordinates

dS + u · ∇Sdt+ u · ∇ξ ◦ dWt = 0,
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and

dB + LuBdt+ LξB ◦ dWt = 0,

or expressed in coordinates

d (B · dS) = (curl(u×B) · dS)dt+ (curl(ξ ×B) · dS) ◦ dWt = 0.

These equations can be derived through application of Theorem 3 by starting

from the conservation laws∫
Dt
B(t,x) · dS −

∫
D0

B(0,X) · dS = 0,

where D0 is a smooth orientable two-dimensional manifold, and

S(t,x)− S(0,X) = 0,

respectively. In the latter case, we have

S(t, φt(X)) = S(0,X),

which translates to conservation of entropy per unit mass along orbits. In

this case, application of Theorem 3 becomes Itô-Wentzell for flows (Theorem

42).

Example 3: deriving Kelvin’s circulation theorems. We are inter-

ested in showing that Theorem 3 can be applied for deriving a stochastic

version of Kelvin’s circulation theorems for geometric equations. Kelvin’s

circulation theorem is a statement of Newton’s Force Law for the motion of

distributions of mass on closed material loops. In the deterministic case, an

illustrative example is the following. Consider the following forced Euler’s

equation written in geometric form

∂t(u⊗ ρ) = −Lu(u⊗ ρ) + F (t, x),
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where u(t, x) = u(t,x) ·dx is an n-dimensional velocity, F (t, x) is a one-form

density, and the density ρ(t, x) = ρ(t,x)dnx satisfies the equation

∂tρ+ Luρ = 0.

We note that u⊗ ρ ∗∗ is ρ(t,x)u(t,x) ·dx⊗dnx in global coordinates. Then

if we define v(t, x) = u(t, x), the following circulation law holds ††

Idet(t)− Idet(0) =

∮
ct

v(t, x)−
∮
c0

v(0, X)

=

∫ t

0

∮
cs

ρ−1(s, x)F (s, x)ds. (2.2.4)

Here, c0 represents a smooth fluid loop and ct = φt(c0) is the loop carried

along by the deterministic flow at time t. The circulation result (2.2.4)

explains that the total circulation is accounted by the integral of the forcing

term times the inverse density.

∗∗In differential geometry, these objects are called one-form densities, and are the tensor
product of a one form and a density.
††We note that since ρ is a density and F is a one-form density, ρ−1F is a one-form.
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Figure 2.2: The circulation is preserved when F = 0.

In the remaining of this paragraph, we provide a proof of the natural stochas-

tic counterpart of the above circulation theorem. Consider the stochastic

forced Euler equation

d(u⊗ ρ) = −Lu(u⊗ ρ)dt− Lξ(u⊗ ρ) ◦ dBt + F (t, x)dt, (2.2.5)

where u(t, x) = u(t,x) · dx is an n-dimensional stochastic velocity, ρ(t, x) =

ρ(t,x)dnx is a stochastic mass density satisfying the equation

dρ+ Luρdt+ Lξρ ◦ dWt = 0, (2.2.6)

(which has the same form as the continuity equation we previously de-

rived (2.2.3) written in geometric form), and F (t, x) represents a space-

time forcing which can be stochastic (following the philosophy of equa-

tion (0.2.1)). Then, upon defining the (stochastic) Kelvin-Noether quantity

v(t, x) = u(t, x) (see58 for further insight), the following stochastic Kelvin’s
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circulation theorem holds

Isto(t)− Isto(0) =

∮
ct

v(t, x)−
∮
c0

v(0, X)

=

∫ t

0

∮
cs

ρ−1(s, x)F (s, x)ds. (2.2.7)

Remark 58. Note that in the equality above, not only the velocity v is

stochastic but also the fluid loop ct becomes stochastic.

We proceed to prove formula (2.2.7). From equation (2.2.5), we have

d (v ⊗ ρ) = dv ⊗ ρ+ v ⊗ dρ = −Lu(v ⊗ ρ)dt− Lξ(v ⊗ ρ) ◦ dWt + F (t, x)dt

= (−Luvdt− Lξv ◦ dWt + ρ−1F (t, x)dt)⊗ ρ− v ⊗ (Luρdt+ Lξρ ◦ dWt),

where we have taken into account the stochastic product rule in Stratonovich

form d(v ⊗ ρ) = dv ⊗ ρ + v ⊗ dρ and Cartan’s formula for Lie derivatives

L(v ⊗ ρ) = Lv ⊗ ρ+ v ⊗ Lρ (see Appendix A). Therefore, we deduce

dv(t, x) = −Luv(t, x)dt− Lξv(t, x) ◦ dWt + ρ−1F (t, x)dt, (2.2.8)

since ρ satisfies the continuity equation (2.2.6). By changing variables, we

can express the left-hand side of (2.2.7) as∮
ct

v(t, x)−
∮
c0

v(0, X) =

∮
c0

(φ∗tv(t,X)− v(0, X)) .

By applying the KIW formula (Theorem 3) under the integral sign, we obtain∮
c0

(φ∗tv(t,X)− v(0, X)) =

∮
c0

∫ t

0

φ∗s (dv + Lbvds+ Lξv ◦ dWs) (s,X)

=

∫ t

0

∮
cs

(dv + Lbvds+ Lξv ◦ dWs) (s, x),

where we have changed the coordinates back to the original domain and
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applied Fubini. Finally, from the momentum equation (2.2.8), we conclude∮
ct

v(t, x)−
∮
c0

v(0, X) =

∫ t

0

∮
cs

ρ−1F (s, x)ds.

Remark 59. From the stochastic Kelvin’s circulation formula (2.2.7), we can

deduce that if the fluid is not acted on by external forces, then the circulation

Isto(t) =
∮
ct
vt is preserved.

For a more general circulation theorem in a geometric framework, we point

to58.

Example 4: deriving Reynolds transport theorem. We can also de-

rive a stochastic version of Reynolds transport theorem. We first remind the

deterministic theorem, which in geometric form can be stated as follows.

Theorem 60 (Reynolds transport). Let D0 ⊂ R3 be a smooth orientable

manifold and φt : R3 → R3 a smooth flow, so that the domain D0 at time t

under the action of the flow becomes Dt = φt(D0). Moreover, let F (t, x) =

F (t,x)d3x be a smooth volume form (in global coordinates). Then we have

∂

∂t

(∫
Dt
F (t,x)d3x

)
=

∫
Dt

∂

∂t
F (t,x)d3x +

∫
∂Dt
〈u(t, ·), ~n〉(x)F (t,x)dS,

where u(t, x) represents the velocity of the surface and is understood as a one-

form, ~n is the vector field normal to the surface ∂Dt, and 〈·, ·〉 represents dual

pairing.

In the stochastic case, if we assume that our flow φt satisfies equation (2.2.1)

and our control volume is of the form Dt = φt(D0), we can carry out the
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following derivation by application of KIW, Fubini, and divergence theorem∫
Dt
F (t,x)d3x =

∫
D0

(φ∗tF )(t,X)d3X

=

∫ t

0

∫
D0

φ∗s(d(Fd3X)) +

∫ t

0

∫
D0

φ∗s(Lb(Fd3X)ds+ Lξ(Fd3X) ◦ dWs)

=

∫ t

0

∫
Dt

d(Fd3x) +

∫ t

0

∫
Dt

(Lb(Fd3x)ds+ Lξ(Fd3x) ◦ dWs)

=

∫ t

0

∫
Dt

d(Fd3x) +

∫ t

0

∫
Dt

(div(bF )d3xds+ div(ξF )d3x ◦ dWs)

=

∫ t

0

∫
Dt

d(Fd3x) +

∫ t

0

∫
∂Dt

(〈b, ~n〉Fd3xds+ 〈ξ, ~n〉Fd3x ◦ dWs),

where we have omitted the dependence of the functions on the variables

(t,x) (respectively (t,X) when integrating along the fixed frame) in order

to simplify notation. Hence∫
Dt
F (t,x)d3x

=

∫ t

0

∫
Dt

d(Fd3x) +

∫ t

0

∫
∂Dt

(〈b, ~n〉Fd3xds+ 〈ξ, ~n〉Fd3x ◦ dWs),

which provides a stochastic version of Theorem 60.

87



3
The Burgers’ equation with

transport noise

In this chapter, we consider the Burgers’ equation with stochastic transport

noise. We note that the results we establish are extensible to cylindrical

noise (i.e. a countable number of diffusion terms instead of finitely many

ones), but we will not do this here and instead point the reader to8. We fix

a filtered probability space (Ω,F ,P, (Ft)t) satisfying the usual conditions,

together with a family {W i
t }Ni=1 of independent Brownian processes adapted

to (Ft)t.

Different notions of solution. We start by introducing two different

notions of solution of the 1D Burgers’ equation with transport noise (0.2.8)

that we will employ throughout this chapter. Sometimes we use the notation

ut(x) = u(t, x) as it is common for stochastic processes. For the following

definition to make sense, we assume ξ ∈ W s+1,∞(T).

Definition 61 (Strong local solution). A strong Hs-local solution (τ, u) of

(0.2.8), s ≥ 2, is a stochastic process u : Ω× [0, τ ]× T→ R, where τ : Ω→
[0,∞) is a stopping time such that ut∧τ is adapted to (Ft)t and we have:
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• P-a.s., u has paths of class C([0, τ ];Hs(T)).

• It holds

uτ ′ − u0 +

∫ τ ′

0
us∂xusds+

N∑
i=1

∫ τ ′

0
ξi∂xusdW

i
s =

1

2

N∑
i=1

∫ τ ′

0
(ξi∂x)2usds,

∗ as an identity in L2(T), a.s., for bounded stopping times τ ′ ≤ τ .

When the stopping time is clear from the context, we simply write that u is

a solution.

Definition 62 (Maximal solution). A maximal solution (τmax, u) of (0.2.8)

is a stochastic process u : Ω × [0, τmax) × T → R, for a stopping time τmax :

Ω→ [0,∞] †, satisfying the following conditions:

• P(τmax > 0) = 1, where τmax = limn→∞ τn for an increasing sequence

of stopping times {τn}∞n=1.

• (τn, u) is a local solution in the sense of Definition 61, for all n ∈ N.

• If (τ ′, u′) is another pair satisfying the above two conditions and u′ = u

on [0, τ ′ ∧ τmax), then τ ′ ≤ τmax, a.s.

A maximal solution is said to be global if τmax =∞, a.s.

Definition 63 (Weak solution). A (spatially) weak solution (τ, u) of (0.2.8)

is a stochastic process u : Ω × [0, τ ] × T → R, where τ : Ω → [0,∞) is

a stopping time, such that for any test function φ ∈ C∞(T), 〈ut∧τ , φ〉L2 is

adapted to (Ft)t and it holds

• P-a.s. u has paths of class C([0, τ ];L2(T)).

∗Since s is common notation for the integration parameter for stochastic processes,
we employ it as an integration parameter when we think it will not cause any confusion,
although we have also used the notation s for Hs. When we suspect there might be
confusion, we will employ a different notation.

†Unlike a stopping time for a local solution, a stopping time for a maximal solution is
allowed to take the value infinity.
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• It holds

〈uτ ′ , φ〉L2 = 〈u0, φ〉L2 +
1

2

∫ τ ′

0

〈(us)2, ∂xφ〉L2ds

+
N∑
i=1

∫ τ ′

0

〈us, ∂x(ξiφ)〉L2dW i
s +

1

2

N∑
i=1

∫ τ ′

0

〈us, ∂x(ξi∂x(ξiφ))〉L2ds,

(3.0.1)

a.s., for bounded stopping times τ ′ ≤ τ .

Remark 64. It can be shown that a local solution in the sense of Definition

61 is also a weak solution in the sense of Definition 63. Normally, when we

talk about a solution to the stochastic Burgers’ equation we mean it in the

strong sense, otherwise we will use the words weak or mild (if it is a solution

in the mild sense), or it will simply be clear from the context.

3.1 Local well-posedness

This section focuses on proving the local existence of strong solutions of the

stochastic Burgers’ equation (0.2.8). To be more specific, we establish the

local well-posedness of a more general equation, which includes the latter

as a special case, since the techniques employed in the proof we provide are

essentially the same and we find it more convenient. We follow closely the

ideas in49, which comprise a natural stochastic extension of the classical de-

terministic methods appearing for instance in109,124. The stochastic Burgers’

equation we treat is the following one

du+ u∂xudt+QudWt =
1

2
Q2udt, (3.1.1)

being Q a first order linear differential operator of the form

Q = a(x)∂x + b(x),
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where we assume that the coefficients a, b ∈ W s+1,∞(T). Our proof is imme-

diately extensible to the case

du+ u∂xudt+
N∑
i=1

QiudW i
t =

1

2

N∑
i=1

Q2
iudt,

with

Qi = ai(x)∂x + bi(x), i = 1, . . . , N,

and even to the cylindrical noise case under the addition of a few assumptions

(we comment on the cylindrical noise case at the end of the section). However,

for simplicity, we focus on (3.1.1). The definitions of solution are just the

obvious generalisation of the ones introduced above. The main theorem we

will demonstrate is the following.

Theorem 65. Let u0 ∈ Hs(T) for some s > 2 fixed, then there exists a

(pathwise) unique Hs-maximal solution (τmax, u) of the extended stochastic

Burgers’ equation (3.1.1) in the sense of Definition 62 with initial data u0.

Moreover, either τmax =∞ or lim supt→τmax‖u(t)‖Hs =∞, a.s.

Remark 66 (Comparison with the deterministic case). We note that in the

deterministic case, it is sufficient to impose s > 3/2 in order to guarantee the

local existence of strong solutions. However, in the stochastic case, equation

(3.1.1) is only well-defined if s ≥ 2 due to the presence of the second order

Stratonovich-to-Itô correction term.

Remark 67. The case lim supt→τmax‖u(t)‖Hs = ∞ indicates that a singu-

larity forms at the random time τmax. As mentioned in the introduction,

this happens in the deterministic case when the slope of the initial profile is

negative. In the last section of this chapter, we will comment on some shock

formation results for the stochastic Burgers’ equation without showing the

proofs.

We provide a complete outline of the proof of Theorem 65 but omit some

details since our argument follows closely the approach developed in49. How-

ever, the well-posedness proof presented here contains more details than the
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sketch we carried out in8. We break up our argument into several steps for

the sake of exposition clarity.

Pathwise uniqueness of local solutions. To show pathwise uniqueness

of local solutions, one argues by contradiction as it is usually done in the PDE

case. More concretely, one can prove that any two different local solutions

to (3.1.1) defined up to a stopping time must coincide, as explained in the

following proposition.

Proposition 68. Let s > 2. Let τ : Ω → [0,∞) be a stopping time, and

u1, u2 : Ω× [0, τ ]×T→ R be two Hs-local solutions of (3.1.1) with the same

initial data u0 ∈ Hs(T). Then P-a.s. u1 = u2 on [0, τ ].

Proof. We know that up to bounded stopping times τ ′ ≤ τ, the following

relation (which we write in differential notation for simplicity) is satisfied

duj + uj∂xujdt+QujdWt =
1

2
Q2ujdt, j = 1, 2.

Defining the difference ũ = u1 − u2, we infer that

dũ+ u1∂xũdt+ ũ∂xu2dt+QũdWt =
1

2
Q2ũdt.

Therefore, we can write (upon using Itô’s lemma for f(x) = x2 in the Hilbert

space L2, which can be found in117) that

1

2
d〈ũ, ũ〉L2 + 〈u1∂xũ, ũ〉L2dt+ 〈ũ∂xu2, ũ〉L2dt+ 〈Qũ, ũ〉L2dWt

=
1

2
〈Q2ũ, ũ〉L2dt+

1

2
〈Qũ,Qũ〉L2dt. (3.1.2)

From inequality (1.3.7), we bound the last two terms as

1

2
〈Q2ũ, ũ〉L2 +

1

2
〈Qũ,Qũ〉L2 . ‖ũ‖2

L2 .

By using embedding (1.1.2), we can estimate the nonlinear terms in (3.1.2)
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as follows

|〈ũ∂xu2, ũ〉L2| . ‖u2‖Hs‖ũ‖2
L2 ,

and

|〈u1∂xũ, ũ〉L2| . ‖u1‖Hs‖ũ‖2
L2 ,

where s > 2 and in the second inequality we have integrated by parts. Hence,

we obtain

d‖ũ‖2
L2 + 2〈Qũ, ũ〉L2dWt . (1 + ‖u1‖Hs + ‖u2‖Hs)‖ũ‖2

L2dt, (3.1.3)

up to bounded stopping times τ ′ ≤ τ. For every n ∈ N, define the stopping

time ‡

τn = inf

{
r ≥ 0 :

∣∣∣∣∫ r

0

〈Qũ, ũ〉L2dBs

∣∣∣∣ ≥ n

}
.

Then it is clear that τn → τ a.s. as n → ∞ since
∫ t∧τ

0
〈Qũ, ũ〉dBs is well-

defined for any t > 0 due to the definition of solution and is hence finite

almost surely, so t∧ τn → t∧ τ, for every t > 0. Now, by choosing t > 0 and

defining

Yt = −
∫ t

0

(1 + ‖u1‖Hs + ‖u2‖Hs)ds,

for any ω ∈ Ω, we can rewrite equation (3.1.3) in Grönwall’s form as §

exp(Yt∧τn)‖ũt∧τn‖2
L2 . −

∫ t∧τn

0

exp(Ys)〈Qũs, ũs〉L2dWs.

‡The quantity below is a stopping time by the Début theorem.
§We have stopped the process by τn so that we can apply expectation rigor-

ously. Observe that
(∫ t∧τn

0
〈Qũ, ũ〉dBs

)
t≥0

is a martingale for every n ∈ N, but(∫ t∧τ
0
〈Qũ, ũ〉dBs

)
t≥0

is not necessarily a martingale.
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By taking expectation in the above inequality, we obtain

E
[
exp(Yt∧τn)‖ũt∧τn‖2

L2

]
. −E

[∫ t∧τn

0

exp(Ys)〈Qũs, ũs〉L2dWs

]
= 0,

for every n ∈ N and t > 0. We conclude that

E
[
exp(Yt∧τn)‖ũt∧τn‖2

L2

]
= 0.

This implies that for every n ∈ N and t > 0,

exp(Yt∧τn)‖ũt∧τn‖2
L2 = 0, a.s.

Since Yt∧τn is finite we obtain

‖ũt∧τn‖2
L2 = 0, a.s.,

and thus, u1,t∧τn = u2,t∧τn , a.s., n ∈ N, t > 0. By taking n → ∞ and using

continuity of the trajectories, we obtain u1,t∧τ = u2,t∧τ , a.s. Finally, since

t is arbitrary and solutions have continuous trajectories by definition, we

conclude (the stronger property) that P-a.s. u1 = u2 on [0, τ ]. For this, it

would have been enough to have left or right-continuous trajectories.

Existence and pathwise uniqueness of truncated maximal solutions.

Following the techniques in49 for the Euler equation with Lie transport noise,

for r > 0 we consider the truncated stochastic Burgers’ equation

dur + θr(‖∂xur‖L∞)ur∂xurdt+QurdWt =
1

2
Q2urdt, (3.1.4)

where θr : [0,∞)→ [0, 1] is a smooth function such that ¶

θr(x) =

1, |x| ≤ r,

0, |x| ≥ 2r.

¶This type of functions are known as “cut-off” in the literature.
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As we explain in the following lemma, local solutions of (3.1.1) can be con-

structed by restricting global solutions of (3.1.4) to a certain stopping time.

Lemma 69. Fix r > 0 and u0 ∈ Hs(T), s > 2. Let ur : Ω× [0,∞)×T→ R
be an Hs-global solution of (3.1.4) with initial data u0. Consider the stopping

time

τr = inf
{
t ≥ 0 : ‖ur(t, ·)‖Hs ≥ r

C

}
,

where C is chosen in such a way that the following inequality holds:

‖∂xur‖L∞ ≤ C‖ur‖Hs ,

which can be guaranteed thanks to the Sobolev embedding (1.1.2). Then

(τr, ur) is a local solution to the stochastic Burgers’ equation (3.1.1).

Proof of Lemma 69. The proof is straightforward by construction. For any

t ∈ [0, τr], we have that

‖∂xur‖L∞ ≤ C‖ur‖Hs ≤ r,

and therefore θr(‖∂xur‖L∞) = 1.

Let us state the result which is the cornerstone for proving existence and

uniqueness of maximal solutions of the stochastic Burgers’ equation (3.1.1).

Proposition 70. Given r > 0 and u0 ∈ Hs(T) for s > 2, there exists a path-

wise unique Hs-global solution of the truncated stochastic Burgers’ equation

(3.1.4).

We first check that once Proposition 70 is proven, Theorem 65 follows imme-

diately by following the techniques in49. Indeed, by choosing r = n ∈ N in

Lemma 69, we have that (τn, un) is a local solution of the stochastic Burg-

ers’ equation (3.1.1). Let us define τmax = limn→∞ τn. This is well-defined

because of the fact that for n ≥ m, un coincides with um on [0, τm) due to

uniqueness. We also define the function u on [0, τmax) by the relation u = un
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on [0, τn), n ∈ N.

We check that either τmax = ∞ or lim sups→τmax‖u(s)‖Hs = ∞, a.s. In-

deed, assume that τmax < ∞. Then by continuity of u, for every n ∈ N,
there exists some stopping time τ ′n < τn satisfying |τ ′n − τn| ≤ 1/n and

‖u(τ ′n)‖Hs ≥ (n− 1)/C.

Hence, we have that

lim sup
s→τmax

‖u(s)‖Hs ≥ lim sup
n→∞
‖u(τ ′n)‖Hs =∞.

Now we show that (τmax, u) is a maximal solution. For this, assume by

contradiction that there exists another solution (τ ′, u′) such that u′ = u on

[0, τ ′ ∧ τmax), with τ ′ > τmax on a set with positive probability. This is only

possible if τmax <∞ and therefore, on the set {τ ′ > τmax} we have

∞ = lim sup
n→∞
‖u(τn)‖Hs = lim sup

n→∞
‖u′(τn)‖Hs

= ‖u′(τmax)‖Hs <∞,

since u′ is continuous on [0, τ ′), leading to a contradiction. We conclude that

τ ′ ≤ τmax and therefore (τmax, u) is a maximal solution. Finally, suppose that

there exists another maximal solution (τ, u?) with the same initial condition

u0. Due to the uniqueness result of Proposition 68, one deduces that u = u?,

on [0, τ ∧ τmax). By a similar argument as the one presented above, the

inequality τmax < τ cannot hold on any set with positive probability, so

τ ≤ τmax.

From this point on, we focus our efforts on demonstrating Proposition 70.

We note that in order to rigorously conclude the uniqueness result in Proposi-

tion 70, one would first need to prove uniqueness of solutions of the truncated

equation (3.1.4). Since in this section of the dissertation we only wish to pro-

vide an overview of the techniques applied without going into excessive detail,

and for simplicity reasons, we omit this proof and refer to the ideas in49,6. We

remark that the proof is mainly based on Hs-estimates that follow a similar
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strategy to the a priori ones we have already provided for uniqueness, but is

more involved due to the presence of the cut-off term.

Global existence of solutions of the hyper-regularised equation. In

order to show the global well-posedness of the truncated equation, we con-

sider the following hyper-regularisation of (3.1.4)

duνr + θr(‖∂xuνr‖L∞)uνr∂xu
ν
rdt+QuνrdWt = ν∂s

′

xxu
ν
rdt+

1

2
Q2uνrdt, (3.1.5)

where ν > 0 is a positive parameter and s′ = 2[s] + 1. Notice that we have

added dissipation in order to be able to perform our computations rigorously.

Equation (3.1.5) is understood in the mild sense, i.e., as a solution to an

integro-differential equation, which we discuss in the next step (see (3.1.6)).

Proposition 71. For every ν, r > 0 and initial data u0 ∈ Hs(T) for s > 2,

there exists a pathwise unique global strong solution uνr of equation (3.1.5)

in the class L2(Ω;C([0, T ];Hs(T))), for all T > 0. Moreover, its paths gain

instant extra regularity C([δ, T ];Hs+2(T)), for every T > δ > 0.

Remark 72. Instant regularisation mechanisms as in Proposition 71 are

common in parabolic equations. We will provide some insight into this in

Chapter 5.

Proof of Proposition 71. The proof is based on a classical fixed point itera-

tion argument which employs Duhamel’s principle (see49,84). We omit the

subscripts ν and r throughout the proof for simplicity, but it should be kept

in mind that our functions depend on those parameters. Given u0 ∈ Hs(T),

consider the mild formulation of the hyper-regularised truncated equation

(3.1.5)

u(t) = (Υu)(t), (3.1.6)
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where

(Υu)(t) = etAu0 −
∫ t

0

e(t−s)AWθu(s)ds

+

∫ t

0

e(t−s)ALu(s)ds−
∫ t

0

e(t−s)ARu(s)dWs,

t > 0 and we have employed the notationA = ν∂s
′
xx, Wθu = θr(‖∂xu‖L∞)u∂xu,

Lu =
1

2
Q2u, and Ru = Qu. Define the space WT = L2(Ω;C([0, T ];Hs(T))).

One can show that Υ is a contraction on WT by following classical argu-

ments as in49. Therefore, by applying Picard’s iteration, a local solution can

be constructed. To extend it to a global one, it is sufficient to show that for

any given T > 0 and initial data u0 ∈ Hs(T), s > 2, the following bound is

available

E

[
sup
t∈[0,T ]

‖u(t)‖2
Hs

]
≤ C(T ), (3.1.7)

for a finite constant C(T ) < ∞, so that one can patch together each lo-

cal solution to cover any finite time interval [0, T ]. We will prove esti-

mate (3.1.7) further below. Furthermore, by standard properties of the

semigroup etA (cf.94), one can prove that for positive times T > δ > 0,

each term in the mild equation (3.1.6) enjoys higher regularity, namely,

u ∈ L2(Ω;C([δ, T ];Hs+2(T))). All the computations are omitted and can

be carried out easily by mimicking the same ideas as in49,6.

Limiting procedure and compactness argument. We show that the

family of solutions {uνr}ν>0 to the hyper-regularised equation (3.1.5) is com-

pact in some sense, which will enable us to extract a subsequence converging

strongly to a solution of the truncated stochastic Burgers’ equation (3.1.4) in

a convenient space. The central idea for proving this is to show compactness

of the probability laws of this family. Consequently, we demonstrate that

these laws are tight in a suitable metric space. Let T > 0 and define the

Polish space E by

E = C([0, T ];Hβ(T)), β ≥ 2. (3.1.8)
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Assume that the laws of {uνr}ν>0 are tight in E. Then, Theorem 52 can be

applied, allowing us to extract a weakly converging subsequence which we

denote by {u1/n
r }∞n=1 without loss of generality. However, a stronger type

of convergence is needed so that we can carry out our limiting argument

successfully. To this purpose, we use the Gyöngy-Krylov lemma (Theorem

54), which guarantees that the sequence {u1/n
r }∞n=1 converges in probability

if a diagonal assumption is met. This latter assumption can be checked by

applying Theorem 53 to the sequence {u1/n
r }∞n=1 and finding a probability

space and a family of probability measures {u′1/nr }∞n=1 with the same laws,

where the convergence is now P-a.s.49. Moreover, {u′1/nr }∞n=1 can be easily

shown to satisfy equation (3.1.5) weakly. Although we have not gone into

extreme detail at some of the points in this paragraph, this is based on

standard and classical stochastic partial differential equations arguments. A

more detailed explanation can be found in49,93.

We know that P-a.s. {u′1/nr }∞n=1 converges in E as n→∞. Let us denote its

limit by u′r. We claim that u′r satisfies equation (3.1.4) in the weak sense

explained in Definition 63. We show this now and then argue that since u′r

has paths of class C([0, T ];Hβ(T)), the equation is satisfied in the strong

sense. Below, we drop the “prime” notation for simplicity purposes, but if

we wanted to be completely rigorous we would need to write u′ instead of u.

We need to check weak convergence of u
1/n
r in the equation

du1/n
r + θr(‖∂xu1/n

r ‖L∞)u1/n
r ∂xu

1/n
r dt+Qu1/n

r dWt

= (1/n)∂s
′

xxu
1/n
r dt+

1

2
Q2u1/n

r dt.

In other words, we want to establish that

〈u1/n
r , φ〉L2 = 〈u0, φ〉L2 +

1

2
θr(‖∂xu1/n

r ‖L∞)

∫ t

0

〈(u1/n
r )2, ∂xφ〉L2ds

−
∫ t

0

〈u1/n
r , Q∗φ〉L2dWs +

1

2

∫ t

0

〈u1/n
r , (Q2)∗φ〉L2ds

+ (1/n)

∫ t

0

〈u1/n
r , ∂s

′

xx〉L2ds
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converges to

〈ur, φ〉L2 = 〈u0, φ〉L2 +
1

2
θr(‖∂xur‖L∞)

∫ t

0

〈(ur)2, ∂xφ〉L2ds

−
∫ t

0

〈ur, Q∗φ〉L2dWs +
1

2

∫ t

0

〈ur, (Q2)∗φ〉L2ds,

for every φ ∈ C∞(T), where t ∈ [0, T ]. We analyse the convergence of each

term separately.

• The term on the left-hand side. We have P-a.s.

〈u1/n
r , φ〉L2 → 〈ur, φ〉L2 ,

for any t ∈ [0, T ], as n→∞, by observing that

|〈u1/n
r − ur, φ〉L2| ≤ ‖u1/n

r − ur‖L2‖φ‖L2 → 0,

where we have taken into account pathwise convergence in L2(T).

• The viscosity term (1/n)∂s
′
xxu

1/n
r . Use pathwise convergence in

L1([0, T ];L2(T)) ⊃ E to obtain that P-a.s. for any t ∈ [0, T ]∣∣∣∣ 1n
∫ t

0

〈u1/n
r , ∂s

′

xxφ〉L2ds

∣∣∣∣ ≤ 1

n
‖∂s′xxφ‖L2

∫ t

0

‖u1/n
r ‖L2ds→ 0.

• The single derivative term Qu
1/n
r . We have that P-a.s.

〈u1/n
r − ur, Q∗φ〉L2 . 〈u1/n

r − ur, ∂xφ〉L2 ,

by taking into account that Q has bounded coefficients in W 1,∞(T).

Hence by using pathwise convergence in L1([0, T ];L2(T)), we get that

P-a.s. for t ∈ [0, T ]∫ t

0

〈u1/n
r − ur, Q∗φ〉L2ds . ‖φ‖H1

∫ t

0

‖u1/n
r − ur‖L2ds→ 0.

• The second order term Q2u
1/n
r . By similar arguments, we obtain that
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P-a.s. for t ∈ [0, T ]∫ t

0

〈u1/n
r − ur, (Q2)∗φ〉L2ds . ‖φ‖H2

∫ t

0

‖u1/n
r − ur‖L2ds→ 0.

(use the boundedness of the coefficients of Q in W 2,∞(T)).

• The nonlinear term θr(‖∂xu1/n
r ‖L∞)u

1/n
r ∂xu

1/n
r . First, we observe that

P-a.s.

〈(u1/n
r )2, ∂xφ〉L2 → 〈(ur)2, ∂xφ〉L2 ,

in L∞([0, T ]), by pathwise convergence in C([0, T ];L2(T)) ⊃ E. We

argue that

θr(‖∂xu1/n
r ‖L∞)→ θr(‖∂xur‖L∞)

in L∞([0, T ]). For this, take into account the fact that θr is bounded

continuous and apply pathwise convergence in the space

C([0, T ];C1(T)) (use embedding (1.1.6)), so P-a.s.

θr(‖∂xu1/n‖L∞)→ θr(‖∂xur‖L∞)

in L∞([0, T ]). Hence P-a.s.∫ t

0

θr(‖∂xu1/n‖L∞)〈(u1/n
r )2, ∂xφ〉L2ds

→
∫ t

0

θr(‖∂xu‖L∞)〈(ur)2, ∂xφ〉L2ds.

• The local martingale term Qu
1/n
r dWt. We have that∫ t

0

〈u1/n
r − u,Q∗φ〉L2dWs → 0

in probability, by stochastic dominated convergence (see Theorem 50),

where we have taken into account pathwise convergence in the space

L2([0, T ];L2(T)).
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We have hence proven that solutions of equation (3.1.5) converge to solutions

of (3.1.4) in the weak limit in the Polish space E (3.1.8). As already pointed,

the first step to carry out these arguments relies on showing that the family

of laws of {uνr}ν>0 is tight in E. This result is encapsulated in the following

proposition.

Proposition 73. Assume that for some α > 0, M ∈ N, there exist constants

C1(T ) and C2(T ) such that

E

[
sup
t∈[0,T ]

‖uνr(t)‖4
Hs

]
≤ C1(T ), (3.1.9)

E
[∫ T

0

∫ T

0

‖uνr(t)− uνr(s)‖4
H−M

|t− s|1+4α
dtds

]
≤ C2(T ), (3.1.10)

uniformly in ν. Then the sequence {uνr}ν>0 is tight in E.

Proof of Proposition 73. We employ the following lemma, which can be found

in49, was originally proved in149, and constitutes a variation of the classical

Aubin-Lions Lemma (see123).

Lemma 74. Suppose that X, Y, Z are separable Hilbert spaces with contin-

uous dense embedding X ↪→ Y ↪→ Z such that there exists θ ∈ (0, 1) and

M > 0 verifying

‖v‖Y ≤M‖v‖1−θ
X ‖v‖

θ
Z ,

for all v ∈ X. Assume that X ↪→ Y is a compact embedding. Let α > 0.

Then

L∞([0, T ];X) ∩Wα,4([0, T ];Z) ↪→ C([0, T ];Y )

is a compact embedding.

102



In Lemma 74 we select

X = Hs(T), Y = Hβ(T), Z = H−M(T),

where β ≥ 2 as specified before and we impose the extra condition β <

s so that the embedding of X into Y is compact. We also choose α ∈
(0, 1). Therefore we obtain that L∞([0, T ];Hs(T)) ∩ Wα,4([0, T ];H−M(T))

is compactly embedded in E. By hypotheses (3.1.9)-(3.1.10)49 (take into

account Remark 7), the family of laws of {uνr}ν>0 is P-a.s. supported on the

space

E0 = L∞([0, T ];Hs(T)) ∩Wα,4([0, T ];H−M(T)),

and it suffices to prove that this family is tight in E0. For A1, A2, A3 > 0,

define the set

B =

{
f : [0, T ]× T→ R : sup

t∈[0,T ]

‖f(t)‖4
Hs ≤ A1,

∫ T

0

‖f(t)‖4
H−Mdt ≤ A2,∫ T

0

∫ T

0

‖f(t)− f(s)‖4
H−M

|t− s|1+4α
dtds ≤ A3

}
,

which is relatively compact in E0. It is enough to show that for every ε, there

exist A1, A2, A3 > 0 such that P(uνr ∈ Bc) ≤ ε. Fix ε > 0. Invoking Markov’s

inequality and taking into account hypothesis (3.1.9), we have that

P

(
sup
t∈[0,T ]

‖uνr(t)‖4
Hs > A1

)
≤

E
[
supt∈[0,T ]‖uνr(t)‖4

Hs

]
A1

≤ C1(T )

A1

,

and this is smaller than ε/3 if we choose A1 sufficiently large. Moreover,

since ‖f‖H−M . ‖f‖Hs ,

P
(∫ T

0

‖uνr(t)‖4
H−Mdt > A2

)
≤ P

(
T sup
t∈[0,T ]

‖uνr(t)‖4
H−M > A2

)

. P

(
T sup
t∈[0,T ]

‖uνr(t)‖4
Hs > A2

)
≤ C1(T )T

A2

,
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which can also be made arbitrarily small. A similar argument applies to the

set

P
(∫ T

0

∫ T

0

‖uνr(t)− uνr(s)‖4
H−M

|t− s|1+4α
dtds > A3

)
,

by using hypothesis (3.1.10). Hence we conclude that P(uνr ∈ Bc) ≤ ε if we

choose A1, A2, A3 large enough, as desired.

Hypotheses estimates in Proposition 73. We need to show that hy-

potheses (3.1.9)-(3.1.10) hold. First, we prove that condition (3.1.9) im-

plies condition (3.1.10). By following the techniques in49 and using equation

(3.1.5), one can obtain

E
[
‖uνr(t)− uνr(s)‖4

H−M

]
. (t− s)3

∫ t

s

E
[
θr(‖∂xuνr‖L∞)4‖uνr∂xuνr‖4

H−M

]
dγ

+ (t− s)3

∫ t

s

E
[
ν‖∂s′xxuνr‖4

H−M

]
dγ + (t− s)3

∫ t

s

E
[
‖Q2uνr‖4

H−1

]
dγ

+ E

[∣∣∣∣∣∣∣∣∫ t

s

QuνrdWγ

∣∣∣∣∣∣∣∣4
L2

]
,

for 0 ≤ s < t ≤ T. It is easy to infer that∫ t

s

E
[
θr(‖∂xuνr‖L∞)4‖uνr∂xuνr‖4

H−M

]
dγ .

∫ t

s

E
[
‖uνr‖4

Hs

]
dγ ≤ A1(t− s),

since

‖uνr∂xuνr‖H−M . ‖∂xuνr‖L∞‖uνr‖Hs ,

where we have taken into account hypothesis (3.1.9). In a similar way, one

can check that for M = 3[s′] + 2,∫ t

s

E
[
‖ν∂s′xxuνr‖4

H−M

]
dγ .

∫ t

s

E
[
‖uνr‖4

Hs

]
dγ ≤ A2(t− s),
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since

‖∂s′xxuνr‖H−M . ‖uνr‖Hs .

By similar techniques, we have∫ t

s

E
[
‖Q2uνr‖4

H−1

]
dγ ≤ A3(t− s),

and (take into account Burkholder-Davis-Gundy as in49)

E

[∣∣∣∣∣∣∣∣∫ t

s

QuνrdWγ

∣∣∣∣∣∣∣∣4
L2

]
≤ A4(t− s)2.

Combining the above estimates, we deduce that

E
[
‖uνr(t)− uνr(s)‖4

H−M

]
≤ A5(T )(t− s)2.

Hence for 0 < α < 1/2,

E
[∫ T

0

∫ T

0

‖uνr(t)− uνr(s)‖4
H−M

|t− s|1+4α
dtds

]
≤ E

[∫ T

0

∫ T

0

A5(T )

|t− s|4α−1
dtds

]
≤ C1(T ).

We are left to prove that hypothesis (3.1.9) holds, i.e.

E

[
sup
t∈[0,T ]

‖uνr(t)‖4
Hs

]
≤ C2(T ). (3.1.11)

This is the most difficult part of the hypotheses estimates. We compute the

evolution of the Ḣs-norm of uνr . Indeed, the equation for the L2-norm of
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Λsuνr in (3.1.5) is

1

2
|Λsuνr(t)|2L2 =

1

2
|Λsuνr(0)|2L2

−
∫ t

0

〈θr(‖∂xuνr‖L∞)Λs(uνr∂xu
ν
r),Λ

suνr〉L2dγ

−
∫ t

0

〈ΛsQuνr ,Λsuνr〉L2dWγ +

∫ t

0

〈νΛs∂s
′

xxu
ν
r ,Λ

suνr〉L2dγ

+
1

2

∫ t

0

〈ΛsQ2uνr ,Λ
suνr〉L2dγ +

1

2

∫ t

0

〈ΛsQuνr ,ΛsQuνr〉L2dγ,

(3.1.12)

for t ∈ [0, T ]. The nonlinear term can be estimated as∫
T

Λs(uνr∂xu
ν
r)Λ

suνrdV =

∫
T
(uνrΛ

s∂xu
ν
r)Λ

suνrdV +

∫
T
[Λs, uνr ]∂xu

ν
rΛ

suνrdV

= I1 + I2.

Integrating by parts, we note that I1 can be rewritten and bounded as

|I1| =
1

2

∣∣∣∣∫
T
∂xu

ν
r(Λ

suνr)
2dV

∣∣∣∣ ≤ ‖∂xuνr‖L∞‖Λsuνr‖2
L2 .

I2 can be estimated via the Kato-Ponce commutator estimate (1.1.7)

|I2| ≤ ‖[Λs, uνr ]∂xu
ν
r‖L2‖Λsuνr‖L2

. (‖∂xuνr‖L∞‖Λs−1∂xu
ν
r‖L2 + ‖Λsuνr‖L2‖∂xuνr‖L∞)‖Λsuνr‖L2

. ‖∂xuνr‖L∞‖Λsuνr‖2
L2 .

Putting together the estimates for I1 and I2, we get∣∣∣∣∫
T

Λs(uνr∂xu
ν
r)Λ

suνrdV

∣∣∣∣ . ‖∂xuνr‖L∞‖Λsuνr‖2
L2 .

We note that the dissipative term

〈νΛs∂s
′

xxu
ν
r ,Λ

suνr〉L2 = −ν‖Λs+2[s]+1uνr‖2
L2 ≤ 0
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has the “good” sign so it can be dropped. The last two terms in (3.1.12)

can be treated in a similar fashion by taking into account estimate (1.3.8).

The previous techniques also serve to treat the evolution of ‖uνr‖L2 (this is a

much simpler case).

Denote

Mt =

∫ t

0

(〈Quνr , uνr〉L2 + 〈ΛsQuνr ,Λsuνr〉L2)dWγ, t ∈ [0, T ].

We drop the parameter dependence on uνr to make the notation simpler. By

putting together the previous estimates, we have

‖u(t)‖2
Hs . ‖u(0)‖2

Hs + |Mt|+
∫ t

0

‖u‖2
Hsdγ,

where the constant in the last inequality depends on r. Integrating the above

expression against exp(t) and squaring as in49, we obtain

‖u(t)‖4
Hs . exp(t)(‖u(0)‖4

Hs + |Mt|2).

By applying supremum and expectation on both sides of the equation above,

we have

E

[
sup
γ∈[0,t]

‖u(γ)‖4
Hs

]
. exp(t)

(
‖u(0)‖4

Hs + E

[
sup
γ∈[0,t]

|Mγ|2
])

, (3.1.13)

where we remind that t ∈ [0, T ]. We apply Burkholder-Davis-Gundy inequal-

ity (1.4.17) in order to obtain the bound

E

[
sup
γ∈[0,t]

|Mγ|2
]
. E[[M ]t], (3.1.14)

where

[M ]t =

∫ t

0

(〈Qu, u〉L2 + 〈ΛsQu,Λsu〉L2)2dγ.

107



Integrating by parts, we can derive

|〈ΛsQu,Λsu〉L2| . ‖u‖2
Hs , (3.1.15)

as in the proof of (1.3.8) in Appendix B or in6. The constant in the last

inequality depends on the W s+1,∞-norm of the coefficients. Therefore,

E[[M ]t] .
∫ t

0

E

[
sup
r∈[0,t]

‖u(r)‖4
Hs

]
dγ. (3.1.16)

Hence, combining (3.1.13)-(3.1.16), together with application of Grönwall’s

inequality yields

E

[
sup
t∈[0,T ]

‖u(t)‖4
Hs

]
≤ C2(T ).

3.2 Blow-up criterion

In this section, we derive a blow-up criterion for our Burgers’ equation with

generalised noise (3.1.1). First of all, we note that for the deterministic

Burgers’ equation

ut + u∂xu = 0, (3.2.1)

there is a well-known blow-up criterion available. In the deterministic case,

the following theorem of local existence and uniqueness of strong solutions

holds.

Theorem 75. Let u0 ∈ Hs(T) with s > 3/2. Then there exists T > 0 and

u ∈ C([0, T ];Hs(T))∩C1([0, T ];Hs−1(T)) solving equation (3.2.1). Moreover,

if v is another function with the same properties, necessarily u = v.

The above result is classic and numerous proofs are available in the literature

(see113 for a related cutting edge result and the references therein). The blow-

up criterion for equation (3.2.1) is the following.
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Theorem 76 (Blow-up criterion for deterministic Burgers’). Assume that

u0 ∈ Hs(T), s > 3/2, T ∗ > 0, and u : [0, T ∗) × T → R is a local solution of

(3.2.1). Then the following statements are equivalent

• limt→T ∗‖u(t, ·)‖Hs =∞.

•
∫ T ?

0
‖∂xu(t, ·)‖L∞dt =∞.

In the rest of this section, we focus on proving the following stochastic version

of Theorem 76.

Theorem 77 (Blow-up criterion for stochastic Burgers’). Assume that u0 ∈
Hs(T), s > 2, and u : Ω× [0, τmax)×T→ R is a maximal solution of (3.1.1).

If τmax <∞, then
∫ τmax

0
‖∂xu(t, ·)‖L∞dt =∞ a.s. Moreover, if 0 ≤ τ < τmax

is a smaller stopping time, necessarily
∫ τ

0
‖∂xu(t, ·)‖L∞dt <∞ a.s.

Proof of Theorem 77. By following the argument in49, we start by noting

that it is clear that if 0 ≤ τ < τmax is a smaller stopping time, necessarily∫ τ
0
‖∂xu(t, ·)‖L∞dt <∞ a.s. This is guaranteed by the embedding

‖∂xu‖L∞ . ‖u‖Hs . (3.2.2)

Proving
∫ τmax

0
‖∂xu(t, ·)‖L∞dt = ∞ is more involved. For this, we consider

the hyper-regularised truncated Burgers’ equation (3.1.5) and define the fol-

lowing stopping times:

τ s = lim
n→∞

τ sn, τ sn = inf {t ≥ 0 : ‖uνr(t, ·)‖Hs ≥ n} ,

τ∞ = lim
n→∞

τ∞n , τ∞n = inf

{
t ≥ 0 :

∫ t

0

‖∂xuνr(s, ·)‖L∞ds ≥ n

}
.

We claim that τ∞ = τ s. By again making use of (3.2.2), it is easy to check

τ s ≤ τ∞. For simplicity, we omit the subscripts ν and r throughout the proof.
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Imitating the techniques from the previous section, we arrive at

1

2
d‖Λsu‖2

L2 + θ(‖∂xu‖L∞)〈Λs(u∂xu),Λsu〉L2dt+ 〈ΛsQu,Λsu〉L2dWt

= ν〈Λs+2s′u,Λsu〉L2dt+
1

2
〈ΛsQ2u,Λsu〉L2dt+

1

2
〈ΛsQu,ΛsQu〉L2dt.

By integration by parts and standard estimates (use (1.3.8) for estimating

the last two terms), one gets

d‖Λsu‖2
L2 + 2〈ΛsQu,Λsu〉L2dWt . (1 + ‖∂xu‖L∞)‖Λsu‖2

L2dt.

By also deriving a similar estimate for s = 0 (which follows in a simpler

manner by application of the techniques in the previous section), we obtain

d‖u‖2
Hs + 2(〈Qu, u〉L2 + 〈ΛsQu,Λsu〉L2)dWt . (1 + ‖∂xu‖L∞)‖u‖2

Hsdt.

(3.2.3)

Finally, we treat the stochastic term. Without loss of generality, we assume

‖u‖Hs ≥ ε > 0 (otherwise add a positive constant to this function) and by

applying Itô’s formula in L2 117 to the logarithm, we obtain

dlog(‖u‖2
Hs) =

d‖u‖2
Hs

‖u‖2
Hs

− dNt

2(‖u‖2
Hs)2

, (3.2.4)

where Nt is defined by

Nt = 4

∫ t

0

(〈Qu, u〉L2 + 〈ΛsQu,Λsu〉L2)2dγ.

Notice that we have the bound

|Nt| . ‖u‖2
Hs , (3.2.5)

as we have already indicated before (see the proof of Proposition 32 in Ap-

pendix B or8), where the constant in the last inequality depends on the

W s+1,∞-norm of the coefficients of Q. Plug (3.2.3) and (3.2.5) into (3.2.4) to
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derive the estimate

dlog(‖u‖2
Hs) .

(1 + ‖∂xu‖L∞)‖u‖2
Hs

‖u‖2
Hs

dt+ dMt, (3.2.6)

where Mt is the local martingale

Mt =

∫ t

0

〈Qu, u〉L2 + 〈ΛsQu,Λsu〉L2

‖u‖2
Hs

dWγ,

for any t > 0. Expressing (3.2.6) in integral form, we have

log(‖u(t)‖2
Hs) . log(‖u(0)‖2

Hs) +

∫ t

0

(1 + ‖∂xu‖L∞)dγ +

∫ t

0

dMγ. (3.2.7)

By applying Burkholder-Davis-Gundy inequality (see (1.4.17)), we can con-

trol the local martingale term by estimating

[M ]t =

∫ t

0

(〈Qu, u〉L2 + 〈ΛsQu,Λsu〉L2)2

‖u‖4
Hs

dγ . t.

Here, we have employed again the arguments in Appendix B to bound the

numerator in the fraction above. Burkholder-Davis-Gundy then yields

E

[
sup
s∈[0,t]

∣∣∣∣∫ s

0

dMγ

∣∣∣∣
]
.
√
t. (3.2.8)

Taking expectation in (3.2.7) and using estimate (3.2.8), we establish that

for any n,m ∈ N,

E

[
sup

γ∈[0,τ∞n ∧m]

log(‖u(γ)‖2
Hs)

]
. log(‖u0‖2

Hs) +m(1 + n) +
√
m <∞.

Therefore

E

[
log

(
sup

γ∈[0,τ∞n ∧m]

‖u(γ)‖2
Hs

)]
<∞,

which in particular means that for n,m ∈ N, supγ∈[0,τ∞n ∧m]‖u(γ)‖Hs is finite
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a.s. Hence

P

(
sup

γ∈[0,τ∞n ∧m]

‖u(γ)‖2
Hs <∞

)
= 1, (3.2.9)

for every n,m ∈ N, which from49 implies τ∞ ≤ τ s. Therefore τ∞ = τ s.

Recall that we have omitted subscripts throughout this proof but u = uνr .

By application of Fatou’s Lemma we also obtain (3.2.9) in the limit ν → 0,

r → ∞, and we can show that τ∞ = τ s also holds in the limit, concluding

our argument. The few steps missing can be checked in49.

3.3 Global well-posedness in the viscous case

We add viscosity ν > 0 to the generalised stochastic Burgers’ equation

(3.1.1), obtaining the following viscous version of stochastic Burgers’

du+ u∂xudt+QudWt =
1

2
Q2udt+ ν∂xxudt. (3.3.1)

We assume Q = ξ(x)∂x with ξ ∈ (W s+1,∞ ∩H4)(T), s > 2.

Remark 78. Observe that from our assumption on Q, (3.3.1) is simply

(0.2.8) with N = 1, but we wish to keep the Q-notation for convenience.

In this section, we establish the global well-posedness of strong solutions of

(3.3.1). More concretely, we prove the following theorem.

Theorem 79. Let u0 ∈ Hs(T), s > 2. Then there exists a pathwise unique

Hs-global solution of the viscous stochastic Burgers’ equation (3.3.1).

The proof follows the same strategy as the local existence proof for the Burg-

ers’ equation without viscosity (3.1.1) that we provided in Section 3.1. The

most important part is proving the following a priori estimate. In this esti-

mate, we assume that u is smooth enough, but the rigorous way to do this

is to regularise the equation first as we did in Section 3.1.
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Proposition 80. Let u0 ∈ Hs(T), T > 0, and u : Ω × [0, T ] × T → R be a

solution to equation (3.3.1) that we assume to be smooth enough. Then there

exists a constant such that ‖

E

[
sup
t∈[0,T ]

‖u(t)‖2
Hs

]
≤ C∗(T ). (3.3.2)

Once the a priori estimate (3.3.2) is established, one can repeat the arguments

in Section 3.1 to obtain Theorem 79. However, since this is repetitive and

tedious, we do not explicitly carry out these arguments here. From now on,

we focus on proving Proposition 80.

Proof. We start by computing the evolution of the L2-norm of the solution

u. First note that the viscosity term has the good sign since

ν〈∂xxu, u〉L2 = −ν‖∂xu‖2
L2 .

By applying the same techniques as in Section 3.1 (take into account estimate

(1.3.7)), we obtain

d‖u‖2
L2 + 2〈Qu, u〉L2dWt + 2ν‖∂xu‖2

L2dt . ‖u‖2
L2dt,

and we have the bounds

E

[
sup
t∈[0,T ]

‖u(t, ·)‖2
L2

]
≤ C1(T ), (3.3.3)

E
[∫ T

0

‖∂xu(s, ·)‖2
L2ds

]
≤ C2(T ). (3.3.4)

Remark 81. Bounds of the type (3.3.3) and (3.3.4) (together!) are typical

in parabolic equations. They are in general available for derivatives of k-th

order and often enable instant regularisation of solutions. See Chapter 5,

‖The attentive reader might ask why the Hs-norm of the velocity in (3.3.2) is taken
to the power of two instead of four as in (3.1.9), but the arguments we carry out together
with the control we provide for the L∞-norm of u immediately yield the bound for the
fourth power.
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Section 5.2 for bounds of this type for a deterministic parabolic equation.

We compute the evolution of the Ḣs-norm of u

1

2
d‖Λsu‖2

L2+〈Λs(Qu),Λsu〉L2dWt

= −〈Λs(u∂xu),Λsu〉L2dt+ ν〈Λs(∂xxu),Λsu〉L2dt

+
1

2
〈Λs(Qu),Λs(Qu)〉L2dt+

1

2
〈Λs(Q2u),Λsu〉L2dt. (3.3.5)

Integrating by parts the first term of the right-hand side above and observing

that u∂xu = (1/2)∂x(u
2), we obtain

− 〈Λs(u∂xu),Λsu〉L2 =
1

2
〈Λs−1(∂x(u

2)),Λs+1u〉L2 .

Hence

|〈Λs(u∂xu),Λsu〉L2| ≤ ‖Λs−1(∂x(u
2))‖L2‖Λs+1u‖L2

. (‖u‖L∞‖Λsu‖L2)‖Λs+1u‖L2 ≤ 1

2ν
‖u‖2

L∞‖Λsu‖2
L2 +

ν

2
‖Λs+1u‖2

L2 , (3.3.6)

where we have employed Kato-Ponce (1.1.8) in the second inequality. The

second term on the right-hand side after the equality of equation (3.3.5) can

be integrated as

ν〈Λs(∂xxu),Λsu〉L2 = −ν〈Λs+1u,Λs+1u〉L2 = −ν‖Λs+1u‖2
L2 . (3.3.7)

As usual, applying inequality (1.3.8) we also have the estimate

|〈Λs(Qu),Λs(Qu)〉L2 + 〈Λs(Q2u),Λsu〉L2| . ‖Λsu‖2. (3.3.8)

Putting together (3.3.6)-(3.3.8), one derives

d‖Λsu‖2
L2 + 2〈Λs(Qu),Λsu〉L2dWt + ν‖Λs+1u‖2

L2dt

.
1

ν
(1 + ‖u‖2

L∞)‖Λsu‖2
L2dt.

By applying expectation in the above equation and taking into account that
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the expectation of the Itô integral vanishes due to the martingale property,

one obtains

E

[
sup
t∈[0,T ]

‖Λsu(t)‖2
L2

]
.E

[
‖Λsu(0)‖2

L2

]
+

1

ν
E
[∫ T

0

(1 + ‖u(γ)‖2
L∞)‖Λsu(γ)‖2

L2dγ

]
, (3.3.9)

and

νE
[∫ T

0

‖Λs+1u(γ)‖2
L2dγ

]
.E

[
‖Λsu(0)‖2

L2

]
+

1

ν
E
[∫ T

0

(1 + ‖u(γ)‖2
L∞)‖Λsu(γ)‖2

L2dγ

]
.

(3.3.10)

Now we claim that the following maximum principle holds

‖u(t, ·)‖L∞ ≤ ‖u(0, ·)‖L∞ , t ∈ [0, T ], (3.3.11)

which we show in Lemma 82. Once (3.3.11) is proven, we can infer from

(3.3.9) and (3.3.10) together with Grönwall’s inequality that there exist con-

stants A1 = A1(T ), A2 = A2(T ), such that

E

[
sup
t∈[0,T ]

‖Λsu(t, ·)‖2
L2

]
≤ A1, νE

[∫ T

0

‖Λs+1u(s, ·)‖2
L2ds

]
≤ A2.

This concludes the proof, so we are only left to show the maximum principle

(3.3.11).

Lemma 82. The maximum principle (3.3.11) is satisfied.

Proof. Following the type of argument in17, consider the SDE

dXt = ξ(Xt) ◦ dWt, (3.3.12)

and let ψt(X0) be the corresponding flow of (3.3.12) with initial condition

X0 ∈ T, which is a semimartingale and a diffeomorphism of class C2 pro-
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vided ξ ∈ C3+α(T), α > 0 (see Assumption A1), which holds since from

embedding (1.1.6) we have H4(T) ⊂ C3+1/2(T). By applying Itô-Wentzell

in Stratonovich form (see Theorem 40), we evaluate u along Xt = ψt(X0),

getting that

u(t,Xt) = u(0, X0)−
∫ t

0

u(s,Xs)∂xu(s,Xs)ds+ ν

∫ t

0

∂xxu(s,Xs)ds

−
∫ t

0

ξ(Xs)∂xu(s,Xs) ◦ dWs +

∫ t

0

∂xu(s,Xs) ◦ dXs, (3.3.13)

a.s., where the term in the last line∫ t

0

ξ(Xs)∂xu(s,Xs) ◦ dWs +

∫ t

0

∂xu(s,Xs) ◦ dXs = 0.

Consider the change of variables w(t,X0) = u(t, ψt(X0)) and by chain rule,

obtain

∂xu(t,Xt) =
∂ψ−1

t

∂x
(ψt(X0))

∂w

∂X0

(t,X0),

∂xxu(t,Xt) =
∂2ψ−1

t

∂x2
(ψt(X0))

∂w

∂X0

(t,X0) +

(
∂ψ−1

t

∂x
(ψt(X0))

)2
∂2w

∂X2
0

(t,X0).

Therefore, (3.3.13) is equivalent to the following PDE with random coeffi-

cients

∂w

∂t
+ w̃

∂w

∂X0

= ν̃
∂2w

∂X2
0

,

where

w̃ =
∂ψ−1

t

∂x
(ψt(X0))u(t, ψt(X0))− ν ∂

2ψ−1
t

∂x2
(ψt(X0)),

ν̃ = ν

(
∂ψ−1

t

∂x
(ψt(X0))

)2

.

We claim that w satisfies the maximum principle

‖wt‖L∞ ≤ ‖w0‖L∞ , t > 0. (3.3.14)
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To prove (3.3.14), we follow the strategy in44. If w0 = 0, the claim is evident.

Otherwise, for every t ≥ 0, we define X0
t ∈ T to be such that ‖wt‖L∞ =

|w(t,X0
t )| (i.e., the spatial point where ‖wt‖L∞ is attained. Its existence is

guaranteed because T is compact). We start by claiming that for all t > 0,

‖wt‖L∞ is differentiable in time and

d

dt
‖wt‖L∞ =

∂w

∂t
(t,X0

t ). (3.3.15)

First, we check that ‖wt‖L∞ is differentiable in time. For this, note that for

h ≥ 0 from the mean value theorem we have

|‖wt+h‖L∞ − ‖wt‖L∞| ≤ ‖wt+h − wt‖L∞ ≤ max
s∈[t,t+h]

|∂tw(s)|h,

and a similar argument can be applied if h ≤ 0. Therefore ‖wt‖L∞ is Lips-

chitz in time and from Rademacher’s theorem a.e. differentiable.

We proceed to prove equality (3.3.15). Without loss of generality, we as-

sume w(t,X0
t ) ≥ 0, t > 0. We note that by taking small enough h > 0

d

dt
‖wt‖L∞ = lim

h→0

‖wt+h‖L∞ − ‖wt‖L∞
h

= lim
h→0

w(t+ h,X0
t+h)− w(t,X0

t )

h

= lim
h→0

w(t+ h,X0
t+h)− w(t+ h,X0

t )

h
+ lim

h→0

w(t+ h,X0
t )− w(t,X0

t )

h

≥ ∂w

∂t
(t,X0

t ),

for t > 0. Symmetrically, by choosing small enough h > 0 we also have

d

dt
‖wt‖L∞ = lim

h→0

‖wt−h‖L∞ − ‖wt‖L∞
−h

= lim
h→0

w(t− h,X0
t−h)− w(t,X0

t )

−h

= lim
h→0

w(t− h,X0
t−h)− w(t− h,X0

t )

−h
+ lim

h→0

w(t− h,X0
t )− w(t,X0

t )

−h

≤ ∂w

∂t
(t,X0

t ),

for t > 0. Therefore we conclude (3.3.15). To finish our argument, we observe
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that

∂w

∂t
(t,X0

t ) = −w̃ ∂w

∂X0

(t,X0
t ) + ν̃

∂2w

∂X2
0

(t,X0
t ) ≤ 0.

Hence (3.3.14) is satisfied. Since ψt is a diffeomorphism, we have ‖ut‖L∞ =

‖wt‖L∞ so the maximum principle also follows for u.

With this, we conclude the proof of Theorem 79.

Remark 83 (Stochastic Burgers’ equation on the real line). The main results

we have shown in this chapter can easily be extended to the case when the

Burgers’ equations we have considered are defined on R instead of on the

periodic domain T, since the required techniques are almost identical.

Remark 84 (The cylindrical noise case). The arguments in this chapter

could be extended to the cylindrical noise case

du+ u∂xudt+
∞∑
i=1

Qiu ◦ dW i
t = 0,

where

Qi = ai(x)∂x + bi(x), i ∈ N,

with a little bit of extra work. Indeed, we note that estimates (1.3.7) and

(1.3.8) are available in this case by enforcing a good control of the quantity

∞∑
i=1

(‖ai‖Hs+1 + ‖bi‖Hs+1).

3.4 Summary of results on shock formation

In this section, we briefly comment on some shock formation results for the

inviscid Burgers’ equation for completion. We acknowledge that these results
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belong more to So Takao than to us (see8 for the proofs and some more

results). We work on the real line instead of on the torus because it is more

illustrative. Consider equation (0.2.8) on the real line, i.e.

du(t, x) +

(
u(t, x)dt+

N∑
i=1

ξi(x) ◦ dW i
t

)
∂xu(t, x) = 0, (3.4.1)

t > 0, x ∈ R. Here we assume that ξi, i = 1, . . . , N and u0 are smooth for

simplicity, but for sharper conditions we refer the reader to8. The following

theorem discusses a case when almost sure formation of shocks occurs.

Theorem 85. Let ξ1(x) = αx, ξi(x) = 0, i = 2, . . . , N, α ∈ R. If the initial

profile u0 has a negative slope, then τmax <∞ almost surely. In other words,

the unique maximal solution constructed in Section 3.1 forms a singularity

in finite time.

To conclude the results in this short section, we argue that for a broader

class of noises, shock formation takes place in expectation provided the initial

profile u0 evinces a sufficiently negative slope. Moreover, no new shocks can

develop from positive slopes. This type of “shock formation” is of course

weaker that the almost surely one considered in the above theorem, but the

present result allows for more general noise profiles.

Theorem 86. Let Xt be a characteristic of inviscid Burgers’ such that

∂xu(0, X0) = −σ < 0 ∗∗. If

1

2

N∑
i=1

((∂xξi(x))2 − ξi(x)∂xxξi(x)) > −σ, x ∈ R,

then there exists 0 < t∗ < ∞ such that limt→t∗ E[∂xu(t,Xt)] = −∞. More-

over, if ∂xu(0, X0) ≥ 0 then ∂xu(t,Xt) <∞ a.s. for all t > 0.

Finally, there is an important note we wish to make. In74, Chapter 5.1.4,

it is argued that shock formation in Burgers’ cannot be prevented even by

∗∗Note that X0 is deterministic and also the initial data u(0, x).
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addition of a general cylindrical transport noise of the type

∞∑
i=1

ξi(x)∂xu(t, x) ◦ dW i
t .

However, there is a small mistake in the argument. The author writes the

characteristic equation as an Itô SDE

Xt = X0 + u(0, X0)t+
∞∑
i=1

∫ t

0

ξi(Xs)dW
i
s , (3.4.2)

which is a (local) martingale perturbation of crossing straight lines X0 +

u(0, X0)t, since
∑∞

i=1

∫ t
0
ξi(Xs)dW

i
s is a local martingale when Xt is regular

enough and {ξi}∞i=1 forms an orthonormal basis. However, the characteris-

tic equation for the stochastic Burgers’ equation (0.2.8) is not (3.4.2), and

instead takes the Stratonovich form

Xt = X0 + u(0, X0)t+
∞∑
i=1

∫ t

0

ξi(Xs) ◦ dW i
s ,

and therefore Flandoli’s argument can be applied to the martingale term,

but not to the additional drift term arising from the Stratonovich-to-Itô

correction, which may affect shock formation.
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4
Linear advection of k-forms with Lie

transport noise

In this chapter, we consider the equation of Lie transport of k-forms with

Lie transport noise defined in (0.2.10) and show existence and uniqueness

of weak solutions, strong in the probability sense. This equation is ill-posed

in the deterministic case, so our results provide a general geometric exam-

ple of well-posedness of PDEs by addition of stochastic noise. Throughout

this chapter, we fix a filtered probability space (Ω,F ,P, (Ft)t) satisfying the

usual conditions, together with a family {W i
t }Ni=1 of independent Brownian

processes adapted to (Ft)t.

Different notions of solution. We state several notions of solutions of

(0.2.10) along similar lines as we did for Burgers’ in Chapter 3. We note that

the solutions we consider are global. For questions regarding the notation

we employ we point the reader to the preliminaries, and particularly to Sec-

tion 1.2 for the geometric notation. Sometimes we will choose the notation

Kt(x) = K(t, x) for the solution of (0.2.10) or simply K at our convenience.

For the following definitions to make sense, we enforce Assumption A3 (i)
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(ii) on the drift and diffusion vector fields of (0.2.10).

Definition 87 (Classical solution). A solution to equation (0.2.10) in the

classical sense is a k-form-valued C1-semimartingale ∗ K adapted to (Ft)t.
Moreover, P-a.s. K has trajectories of class C([0, T ];C3(

∧k(T ∗Rn))) and for

any k-vector fields u = u1 ∧ . . . ∧ uk ∈ Xk(Rn), P-a.s. it holds

Kt(x)(u(x))−K0(x)(u(x)) +

∫ t

0

LbKs(x)(u(x))ds

+
N∑
i=1

∫ t

0

LξiKs(x)(u(x)) ◦ dW i
s = 0, x ∈ Rn, (4.0.1)

t ∈ [0, T ]. In Itô form, the semimartingale assumption can be dropped and

(4.0.1) becomes

Kt(x)(u(x))−K0(x)(u(x)) +

∫ t

0

LbKs(x)(u(x))ds

+
N∑
i=1

∫ t

0

LξiKs(x)(u(x))dW i
s −

1

2

N∑
i=1

∫ t

0

L2
ξi
Ks(x)(u(x))ds = 0, x ∈ Rn,

(4.0.2)

t ∈ [0, T ].

Remark 88. In Definition 87, the semimartingale assumption in the Stratonovich

formulation (4.0.1) is needed so that one can pass to the Itô formulation via

the identity

N∑
i=1

∫ t

0

LξiKs(x)(u(x)) ◦ dW i
s

=
N∑
i=1

∫ t

0

LξiKs(x)(u(x))dW i
s +

N∑
i=1

[
LξiK·(x)(u(x)),W i

·
]
t
.

This is possible because thanks to this assumption and the fact that ξi, i =

1, . . . , N are semimartingales, the terms LξiK·(x)(u(x)), i = 1, . . . , N ap-

∗A Ck-semimartingale is a continuous semimartingale such that its first k (spatial)
derivatives are also continuous semimartingales.
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pearing in the covariation are semimartingales. The above assumption is not

required in the Itô formulation.

Remark 89. In coordinates, choosing uj = ∂/∂xj, j = 1, . . . , k, (4.0.1) is

equivalent to saying that SPDE (0.2.10) is satisfied component-wise. The

same of course applies to (4.0.2) by taking into account the Itô formulation

of (0.2.10).

Definition 90 (Weak L2-solution). We say that a k-form-valued process

K ∈ P ⊗ B(
∧k(T ∗Rn)) satisfies equation (0.2.10) weakly in the L2-sense if

• K ∈ L2(Ω× [0, T ]×
∧k(T ∗Rn)), which is defined to be the Hilbert space

of k-form-valued stochastic processes with norm

‖K‖L2(Ω×[0,T ]×
∧k(T ∗Rn)) = E

[∫ T

0

∫
Rn
K2
s (x)dnxds

]1/2

<∞.

• For all R > 0, sup0≤t≤T‖Kt‖L∞R <∞, a.s.

• For any test k-form θ ∈ C∞0 (
∧k(T ∗Rn)), the process 〈〈Kt, θ〉〉L2 has

a continuous modification which is a semimartingale adapted to (Ft)t
and

〈〈Kt, θ〉〉L2 − 〈〈K0, θ〉〉L2 +

∫ t

0

〈〈Ks,LTb θ〉〉L2ds

+
N∑
i=1

∫ t

0

〈〈Ks,LTξiθ〉〉L2 ◦ dW i
s = 0,

for almost every (ω, t) ∈ Ω×[0, T ]. In Itô form, it is sufficient to impose

that the process 〈〈Kt, θ〉〉L2 has a continuous Ft-adapted modification

and

〈〈Kt, θ〉〉L2 − 〈〈K0, θ〉〉L2 +

∫ t

0

〈〈Ks,LTb θ〉〉L2ds

+
N∑
i=1

∫ t

0

〈〈Ks,LTξiθ〉〉L2dW i
s −

1

2

N∑
i=1

∫ t

0

〈〈Ks,LTξiL
T
ξi
θ〉〉L2ds = 0,

(4.0.3)
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for almost every (ω, t) ∈ Ω× [0, T ].

We remind that 〈〈·, ·〉〉L2 stands for the L2-inner product of tensor fields

defined in Section 1.2.

Remark 91. In Definitions 87 and 90, we have introduced the concept of

solution both in Stratonovich and Itô form because whereas the Stratonovich

framework is the natural one for our equation, sometimes it is crucial to

operate in Itô form.

4.1 Main result and brief discussion

In the preliminaries, Section 1.1, we defined the space of uniformly in time

globally α-Hölder continuous functions L∞([0, T ];Cα
b (Rn,Rn)), for α ∈ (0, 1).

We say that a vector field b is in the class L∞([0, T ];W 1,2
loc (Rn,Rn)) if for

every R > 0, XB(0,R)b ∈ L∞([0, T ];W 1,2(Rn,Rn)), i.e., for every t ∈ [0, T ],

XB(0,R)b(t, ·) is of class W 1,2 uniformly in time. Consider the (general) flow

equation

φs,t(x) = x+

∫ t

s

b(r, φs,r(x))dr +
N∑
i=1

∫ t

s

ξi(r)dW
i
r , 0 ≤ s ≤ t ≤ T.

(4.1.1)

As usually, the case s = 0 is of particular importance and carries the notation

φt(x) = x+

∫ t

0

b(s, φs(x))dr +
N∑
i=1

∫ t

0

ξi(s)dW
i
s , 0 ≤ t ≤ T. (4.1.2)

We are mainly interested in the regularity properties of solutions to (4.1.2),

but we will sometimes need the auxiliary more general flow equation (4.1.1)

to prove the desired results. We will make the following assumptions on the

drift and diffusion coefficients of (4.1.1).

Assumption A3.

(i) b ∈ L∞ ([0, T ];Cα
b (Rn,Rn)) for some α ∈ (0, 1), ξi ∈ L∞ ([0, T ]) (only
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depending on time!), i = 1, . . . , N. We stress that these are determin-

istic.

(ii) b ∈ L∞([0, T ];W 1,2
loc (Rn,Rn)) and ξi, i = 1, . . . , N are semimartingales.

(iii) There exist 0 < c < C <∞ such that the uniform ellipticity condition

c|v|2 ≤
n∑

i,j=1

N∑
k=1

ξik(t)ξ
j
k(t)vivj ≤ C|v|2, t ≥ 0, v ∈ Rn, (4.1.3)

is met.

The semimartingale requirement in Assumption A3 is not really needed, but

we will employ it sometimes because in some proofs it is convenient to use

the Stratonovich formulation of equation (0.2.10). If we always worked in

the Itô side, this assumption would not be necessary; however, it is useful

to simplify some computations while not losing rigor. We also note that we

will strongly use the fact that W 1,2
loc (Rn,Rn) ⊂ W 1,1

loc (Rn,Rn). The main aim

of this chapter is proving the following theorem.

Theorem 92. Let K0 ∈ L∞(
∧k(T ∗Rn)). Moreover, let Assumption A3 hold.

Then equation (0.2.10) admits a unique (strong in the probability sense) weak

solution K in the sense of Definition 90 with initial condition K0. Moreover,

we can explicitly construct this solution via the formula Kt(x) = (φt)∗K0(x),

where we remind that (φt)∗ represents the push-forward (in the sense of differ-

ential geometry) of the flow φt, assumed to be a solution of the flow equation

(4.1.2).

We stress that the class of equations (0.2.10) we consider in this chapter

includes, for instance, the stochastic linear transport, continuity, and vector

advection equations as particular cases. In other words, all of these equations

have the same geometric interpretation as a differential k-form being advected

by a stochastic vector field.

Main strategy of the proof. In order to prove our result, we will stick

to the following lines. Given a flow φt satisfying (4.1.2) with smooth enough
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drift and diffusion vector fields, the solution of (0.2.10) with smooth enough

initial data K0 is unique and can be expressed as the push-forward of the

initial data, i.e.

Kt(x) = (φt)∗K0(x), t ∈ [0, T ], x ∈ Rn. (4.1.4)

The main idea for showing the existence of a solution of the form (4.1.4)

within our low regularity conditions is demonstrating that the classical smooth

assumptions can gradually be reduced by employing mollifiers. For this, we

generalise the characteristic techniques employed in76. However, in order for

our characteristic argument to work, we first need to prove that solutions of

the flow equation (4.1.2) are regular enough under our assumptions. This

is done in76 for the particular case ξi = ei, i = 1, . . . , N ; however, we need

to extend their arguments since we are considering a more general noise,

which involves extra work and even the application of stronger techniques.

Thus, generalising the flow-regularity results in76 to allow for time-dependent

diffusions, we prove the existence and uniqueness of a C1+α′-flow of diffeo-

morphisms, 0 < α′ < α (remember α ∈ (0, 1)) that solves (4.1.1) under our

regularity assumptions. One of the main points in the argument appear-

ing in76 is applying the Itô-Tanaka trick, which shows that a transformation

of the flow φs,t satisfies an equation of the type (4.1.1) with more regular

new coefficients b̃, ξ̃i, yielding improved regularity of the flow. We also need

sharp estimates on the solutions of parabolic equations for this task, since

we are working under weak in time regularity conditions. Moreover, some

extra regularity properties that do not appear in76 need to be shown for the

flow. The flow regularity arguments are carried out in Section 4.2. Once it is

shown that a smooth enough flow can be constructed, we prove existence of

solutions by extending the mollification arguments in76 and adapting them

to our geometric formalism. In this geometric case, the estimates become

more involved and we need to take extra care because our solution is not

necessarily of class L∞. In order to achieve our task, we constantly exploit

the geometric structure of our equation. This is done in Section 4.3. Finally,

we devote Section 4.4 to showing uniqueness of solutions. In76, uniqueness

is established via application of an extension of DiPerna-Lions commutator
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argument (see61). Here, we encounter some extra difficulties because we are

dealing with k-form-valued processes and the commutators appearing in our

proofs are more general. The KIW formula (see Theorem 47) and generalisa-

tions of the DiPerna-Lions commutator estimates that we prove help tackle

this issue.

Since the results we establish in this chapter are intended to be an extension

of some of the results in76, and especially targeting the readers who might

be familiar with this last work, we point a few interesting aspects that we

were forced to change due to the general geometric form of our equation and

noise.

(i) In order to treat the weak formulation of equation (0.2.10) in the sense

of Definition 90, weak versions of Lie derivatives need to be developed,

and objects such as mollifiers have to be extended to differential forms

(or more generally, to tensor fields), fact which plays an important role

in our analysis.

(ii) When proving the existence of solutions, it is more convenient to work

with L2-solutions rather than L∞-solutions as done in76, since in gen-

eral, the push-forward (4.1.4) contains derivatives of the backward flow

φ−1
t , which a priori is not clear how to bound in L∞, but can be bounded

in L2.

(iii) The additional assumption b ∈ W 1,2
loc was made since the general form

of LbK requires a (weak) derivative on b, and it is also convenient when

computing the commutator estimates in the uniqueness proof, since it

avoids having to control the derivative of the Jacobian as done in76. In

other words, although we assume b admits a weak derivative in order

to make sense of our equation, we do not need to control the Jacobian

of the flow φt and can hence drop the assumptions on div(b) required

in76.
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4.2 Regularity of the flow

We state our main theorem establishing the regularity properties of the flow

of equation (4.1.1). We note that the existence of strong unique path-wise

solutions to a general class of SDEs containing (4.1.1) was established in154,

which also seems to provide the first example of well-posedness by addition

of stochastic noise in the ODE case. Moreover, in the deterministic case

(i.e., when the diffusion terms in (4.1.1) vanish), remarkable uniqueness and

existence of L∞-solutions results under weak assumptions on the drift vector

field have been shown in11,61. A linear growth condition on the divergence of

b is required in these works, which we do not assume here.

We extend the proof of the original flow regularity result in76 to allow for

the more general type of noise we consider in (0.2.10).

Theorem 93 (Flow regularity). Consider equation (4.1.1) with drift vector

field and diffusions satisfying (i) and (iii) in Assumption A3. Then we have

the following:

(i) For every s ∈ [0, T ], x ∈ Rn, the SDE (4.1.1) has a unique continuous

adapted solution (φs,t(x))t∈[s,T ]. For simplicity, for fixed s ≥ 0 and x ∈
Rn, we might sometimes employ the notation Xt = φs,t(x), t ∈ [s, T ].

(ii) φs,t, 0 ≤ s ≤ t ≤ T, is a stochastic C1+α′-flow of diffeomorphisms

(see Definition 34), for any 0 < α′ < α. Furthermore, letting r(x) =√
1 + |x|2, x ∈ Rn, for any α′ ∈ (0, α−n/p) with αp > n and ε > n/p,

we have the following estimate in the r−ε-weighted Hölder norm of Dφs,t

sup
0≤s≤T

E

 sup
s≤t≤T

 sup
x,y∈Rn
x 6=y

|[r(x)]−εDφs,t(x)− [r(y)]−εDφs,t(y)|
|x− y|α′

p <∞.
(4.2.1)

(iii) Let {bn}∞n=1 ⊂ L∞ ([0, T ];Cα
b (Rn,Rn)) , {ξni }∞n=1 ⊂ L∞ ([0, T ]) , i =

1, . . . , N be sequences of vector fields such that we have bn → b in

L∞ ([0, T ];Cα
b (Rn,Rn)) and ξni → ξi in L∞ ([0, T ]), i = 1, . . . , N, n →
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∞, and {φns,t}∞n=1 be the corresponding sequence of associated stochastic

flows. Then for any p ≥ 1, we have

lim
n→∞

sup
x∈Rn

sup
0≤s≤T

E
[

sup
s≤t≤T

|φns,t(x)− φs,t(x)|p
]

= 0, (4.2.2)

sup
n∈N

sup
x∈Rn

sup
0≤s≤T

E
[

sup
s≤t≤T

|Dφns,t(x)|p
]
<∞, (4.2.3)

lim
n→∞

sup
x∈Rn

sup
0≤s≤T

E
[

sup
s≤t≤T

|Dφns,t(x)−Dφs,t(x)|p
]

= 0. (4.2.4)

We proceed to establish the proof of Theorem 93, indicating which auxiliary

tools are required to extend the results in76 to our more general case. Since

our proof follows the techniques in76, the latter reference can sometimes be

checked for completeness.

Proof of Theorem 93. Main idea. The essence of the argument is the fol-

lowing: we show that the solution of equation (4.1.1) is unique and can be

expressed as a composition of functions which are regular enough (actually,

they are remarkably regular taking into account our assumptions on the drift

and diffusions!). More concretely, for fixed s ≤ t ≤ T, x ∈ Rn, we prove that

the process Yt = Ψλ(t, φs,t(x)) = φs,t(x) + ψλ(t, φs,t(x)), t ≥ s, where ψλ is a

solution of a parabolic equation on the extended domain (0,∞)×Rn depend-

ing on a parameter λ ≥ 0, solves a flow equation of the type (4.1.1) with new

coefficients b̃, ξ̃i, i = 1, . . . , N enjoying more regularity than the original ones.

Moreover, this equation admits a smooth enough flow of diffeomorphisms ϕs,t

(this technique is called the Itô-Tanaka trick or Zvonkin transform. See157

for one of the original motivations). By applying sharp results treating the

regularity of solutions of parabolic equations (some of the results we use have

indeed been developed recently) and estimates for ψλ, which can be found in

Section 1.3, we show that Ψλ enjoys the desired regularity and is invertible

if λ is large enough. Finally, we prove that the regularity of Ψλ and ϕs,t is

inherited by the flow φs,t, since φs,t = Ψ−1
λ ◦ ϕs,t ◦Ψλ. Moreover, by employ-

ing the equation for Yt and performing several estimates using Grönwall’s

and Burkholder-David-Gundy inequalities, we conclude (4.2.1). This yields

points (i) and (ii). For point (iii), we take into account the previous steps
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and closely follow the techniques in76.

In order to facilitate the understanding of our argument, we break up this

proof into five steps. In Step 1 and Step 2, we treat the regularity of the

functions ψλ and Ψλ, whereas Step 3 is devoted to the Itô-Tanaka trick and

the improved regularity of the flow. Step 4 is slightly technical and covers

the derivation of estimate (4.2.1). This yields points (i) and (ii). Step 5

addresses the third and last point.

For simplicity and without loss of generality, we treat the case N = 1 (i.e.,

we consider one diffusion term ξ = (ξ1, . . . , ξn)). Incorporating more noise

terms is straightforward.

Step 1. First of all, we extend b and ξ to the whole real time line [0,∞) by

simply defining

b(t, x) = b(T, x), t > T, x ∈ Rn,

ξ(t) = ξ(T ), t > T.

We note that trivially

b ∈ L∞([0,∞);Cα
b (Rn,Rn)), ξ ∈ L∞([0,∞)).

For λ > 0, consider the parabolic equation

∂tψλ + Lψλ − λψλ = −b, t > 0, x ∈ Rn, (4.2.5)

with (assume Einstein’s convention of summing over repeated indices, run-

ning from 1 to n)

Lψλ =
1

2
ξj(t)ξk(t)∂j∂kψλ + bk(t, x)∂kψλ.

As in76, we note that the notion of solution of (4.2.5) is not standard since

b and ξ are only measurable in time instead of continuous and as in the
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preliminaries, we prescribe that a function ψλ : [0,∞) × Rn → Rn † in the

space L∞([0,∞);C2+α
b (Rn,Rn)) is a solution to (4.2.5) if

ψλ(t, x)− ψλ(s, x) =

∫ t

s

[−Lψλ(r, x) + λψλ(r, x)− b(r, x)] dr,

0 ≤ s < t, x ∈ Rn. From the above identity, it follows that ψ is Lipschitz con-

tinuous in time, although it also turns out to enjoy other regularity properties

(see the results in116). Due to Theorem 29 (making the choice f = −b), there

exists a unique solution ψλ of (4.2.5) in the space L∞([0,∞);C2+α
b (Rn,Rn)).

Moreover, Theorem 29 also yields the bound

sup
t≥0
‖ψλ(t, ·)‖C2+α

b
. sup

t≥0
‖b(t, ·)‖Cαb . (4.2.6)

Step 2. Construct the function Ψλ : [0,∞)× Rn → Rn as

Ψλ(t, x) = x+ ψλ(t, x), t ≥ 0, x ∈ Rn. (4.2.7)

By means of the following lemma, originally appearing in76, we can establish

that the function Ψλ gains extra regularity with respect to ψλ.

Lemma 94. For λ large enough such that we achieve the condition ‡

‖Dψλ‖L∞t,x < 1, (4.2.8)

the following properties are satisfied:

(i) Uniformly in t ∈ [0,∞), Ψλ has bounded first and second spatial deriva-

tives, and D2
xΨλ is globally α-Hölder continuous.

(ii) For any t ∈ [0,∞), Ψλ(t, ·) : Rn → Rn is a non-singular diffeomorphism

of class C2.

(iii) Uniformly in t ∈ [0,∞), Ψ−1
λ (t, ·) has bounded first and second deriva-

tives.

†Zero is included here for convenience.
‡We employ the notation L∞t,x for the essential supremum in both t and x.
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In order to be able to apply Lemma 94 to our function ψλ, we need to

show that for large enough λ, ψλ satisfies assumption (4.2.8). In the original

argument in76, the fact that ‖Dψλ‖L∞t,x < 1 for large enough λ is established

by means of an auxiliary lemma, which states that the solution ψλ of equation

(4.2.5) satisfies ‖Dψλ‖L∞t,x → 0, as λ → ∞. Hence we look for a solution of

the parabolic equation (4.2.5). In the original argument76, this equation

becomes (set ξi = ei, i = 1, . . . , N)

∂tψλ +
1

2
∆ψλ − λψλ = −b− b ·Dψλ = f̃ , t > 0, x ∈ Rn, (4.2.9)

and it is argued that the general solution of (4.2.9) can be explicitly expressed

as

ψλ(t, x) =

∫ +∞

t

e−λ(r−t)Pr−tf̃(r, ·)(x)dr =

∫ +∞

0

e−λsPsf̃(t+ s, ·)(x)ds,

(4.2.10)

where Pt is the forward heat semigroup given by

Ptg(x) =

∫
Rn
p(t, x− y)g(y)dy,

and the fundamental heat solution p is defined by the explicit formula

p(t, x) = (4π)−n/2((2t)−n/2) exp(−(t−1|x|2/2)),

where t > 0, x ∈ Rn, and extended to t = 0 by continuity. We note that

although there are various classical theorems that construct solutions of the

type (4.2.10) to parabolic equations (see for instance83,114,151), the present

representation (4.2.10) is however not classic due to the low regularity in

time of the drift and diffusion and was established for the first time by Priola

and Krylov in116. The formula is established in Lemma 3.3 in116 and is only

proven in the Laplacian case. As the authors themselves write, they could

not find a precise reference for it in the literature. After arguing that formula

132



(4.2.10) holds, in76 they use the fact that

‖DPtg‖L∞x ≤ Ct−1/2‖g‖L∞x , g ∈ Cb(Rn,Rn), t > 0, (4.2.11)

and differentiate in formula (4.2.10) to obtain

‖Dψλ‖L∞t,x ≤ Cλ−1/2‖f̃‖L∞t,x ≤ Cλ−1/2(‖b‖L∞t,x + ‖b‖L∞t,x‖Dψλ‖L∞t,x),

and hence

(1− Cλ−1/2(‖b‖L∞t,x))‖Dψλ‖L∞t,x ≤ Cλ−1/2‖b‖L∞t,x .

From the last inequality, it follows that by choosing λ large enough, one can

obtain the bound

‖Dψλ‖L∞t,x < 1,

and hence condition (4.2.8) is met. In the general case, we apply the repre-

sentation formula (1.3.5) in Theorem 31. Hence

Gf̃(t, x) =

∫ ∞
t

∫
Rn
e−λ(s−t)p(t, s, x− y)f̃(s, y)dydt, t > 0, x ∈ Rn,

where f̃ = −b − b · Dψλ. From (1.3.6) (consider the change of variables

u = s− t), it follows that

|DGf̃(t, x)| .
∫ ∞

0

∫
Rn
e−λuu−(n+1)/2exp

(
−|x− y|2

u

)
f̃(s, y)dydu

≤ ‖f̃‖L∞t,x

∫ ∞
0

∫
Rn
e−λuu−1/2exp

[
−|z|2

]
dzdu

. ‖f̃‖L∞t,x

∫ ∞
0

e−λuu−1/2du = ‖f̃‖L∞t,x
1

λ1/2

∫ ∞
0

e−rr−1/2dr .
‖f̃‖L∞t,x
λ1/2

,

where we have made the change of variables y − x = z
√
u in the second
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inequality and r = λu in the equality in the last line. Therefore

‖DGf̃‖L∞t,x .
‖f̃‖L∞t,x
λ1/2

. (4.2.12)

Now we can repeat the previous techniques to obtain (4.2.8). We note that

generalisations of formula (4.2.11) are available even in the manifold case and

for (stochastic!) heat-type equations if the drift and diffusion coefficients are

chosen to be smooth enough, where now the heat semigroup becomes the sub-

Markovian semigroup associated to a uniformly elliptic SDE. This is studied

in69, where formulas for the derivatives of the heat semigroup are provided,

illustrating the powerful smoothing properties of the semigroup in a general

context. §

Step 3. The crucial point for deriving Theorem 93 by making use of Step 1

and Step 2 consists in carrying out the so-called Itô-Tanaka trick. Define

b̃(t, y) = λψλ(t,Ψ
−1
λ (t, y)),

ξ̃(t, y) = ξ(t)DΨλ(t,Ψ
−1
λ (t, y)), (4.2.13)

and consider, for s ∈ [0, T ], y ∈ Rn, the following SDE in Itô form:

Yt = y +

∫ t

s

b̃(u, Yu)du+

∫ t

s

ξ̃(u, Yu)dWu, t ∈ [s, T ]. (4.2.14)

We claim that equation (4.2.14) is equivalent to the (general) flow equation

(4.1.1) in the following sense: if φs,t(x) solves (4.1.1), then Yt = Ψλ(t, φs,t(x))

solves (4.2.14) with y = Ψλ(s, x). We show this by applying Itô’s Lemma

to the function Ψλ (we remind that this function was defined in (4.2.7)).

However, one needs to be slightly careful because this function does not

enjoy enough regularity in time to satisfy the assumptions of the classical

Itô’s Lemma. From76 we have the following weak in time version of Itô’s

Lemma.
§However, in the general stochastic case the growth takes a more complicated form.
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Lemma 95. Let α ∈ (0, 1) and Ψ ∈ L∞([0,∞);C2+α
b (Rn)), satisfying

Ψ(t, x)−Ψ(s, x) =

∫ t

s

v(r, x)dr, 0 ≤ s < t, x ∈ Rn,

with v ∈ L∞([0,∞);Cα
b (Rn)). Let (Xt)t≥0 be an Itô process of the form

Xt = X0 +

∫ t

0

b(s,Xs)ds+

∫ t

0

ξ(s,Xs)dWs,

where b, ξ : [0,∞)× Rn → Rn. Then P-a.s.

Ψ(t,Xt) = Ψ(0, x) +

∫ t

0

(
v + (DΨ)T b

)
(s,Xs)ds

+
1

2

∫ t

0

Tr
[
ξξT (HXΨ)

]
(s,Xs)ds+

∫ t

0

((DΨ)T ξ)(s,Xs)dWs,

for all t ≥ 0 and x ∈ Rn, where HXΨ is the spatial Hessian matrix of Ψ.

Remark 96. Lemma 95 can be straightforwardly extended to allow for mul-

tiple diffusion terms and applied to functions Ψ ∈ L∞([0,∞);C2+α
b (Rn,Rn))

component-wise.

Fix s ≥ 0 and x ∈ Rn. By application of Lemma 95 to Xt = φs,t(x), we

observe

Ψλ(t,Xt) = Ψλ(s, x) +

∫ t

s

v(r,Xr)dr +

∫ t

s

((DΨλ)
T b)(r,Xr)dr

+
1

2

∫ t

s

Tr[ξξT (HXΨλ)](r,Xr)dr +

∫ t

s

((DΨλ)
T ξ)(r,Xr)dWr,

where t ≥ s and

• v = λψλ − 1
2
ξiξj∂i∂jψλ − bj∂jψλ − b,

• (DΨλ)
T b = b+ bj∂jψλ,

• 1
2

Tr
[
ξξT (HXΨλ)

]
= 1

2
ξiξj∂i∂jψλ,

which yields (4.2.14). We notice b̃, ξ̃ ∈ L∞([0, T ];C1+α
b (Rn,Rn)) and by

Assumption A2 with k = 1, equation (4.2.14) has a unique solution which
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defines a C1+α′-flow of diffeomorphisms ϕs,t, 0 ≤ s ≤ t ≤ T, for any 0 < α′ <

α. As in76, owing to the regularity shown for ψλ in Step 1 and for Ψλ in Step

2, and using the fact that φs,t = Ψ−1
λ ◦ϕs,t ◦Ψλ, we conclude that φs,t enjoys

the extra regularity specified in Theorem 93 and the solution to (4.1.1) is

unique, which proves points (i) and (ii). The following diagram summarises

the essence of the Itô-Tanaka trick.

Figure 4.1: Improved regularity of the flow φs,t.
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Step 4. We start by stating the following useful lemma, which can be

found in122, where properties of flows of SDEs with stochastic coefficients

are analysed.

Lemma 97. Let α ∈ (0, 1] and p ≥ 1 satisfying αp > n. Moreover, assume

there exists a positive constant C such that

E
[

sup
s≤t≤T

|Dφs,t(x)|p
]
≤ C, (4.2.15)

and

E
[

sup
s≤t≤T

|Dφs,t(x)−Dφs,t(y)|p
]
≤ C|x− y|αp, (4.2.16)

(uniformly) for all x, y ∈ Rn and 0 ≤ s ≤ T . Then for any α′ ∈ (0, α− n/p)
and ε > n/p, (4.2.1) holds.

Hence, in order to establish (4.2.1), it suffices to verify estimates (4.2.15) and

(4.2.16).

Proof. For simplicity, we set ξ = 1, but our argument can be easily gener-

alised to allow for L∞-diffusions. We divide the proof into three steps, since

it involves a lengthly calculation.

Step 4.1. Since Yt(x) = Ψλ(t, φs,t(x)) satisfies the modified SDE (4.2.14),

we have the following equation for its (spatial) derivative

DYt(x) = DΨλ(s, x)− λ
∫ t

s

Dψλ(r, φs,r(x))DΨ−1
λ (r, Yr(x))DYr(x)dr

+

∫ t

s

D2Ψλ(r, φs,r(x))DΨ−1
λ (r, Yr(x))DYr(x)dWr,

(4.2.17)

where 0 ≤ s ≤ t ≤ T, x ∈ Rn. To prove the first bound (4.2.15), noting that

Dφs,t(x) = DΨ−1
λ (t, Yt(x))DYt(x), we have

E
[

sup
s≤t≤T

|Dφs,t(x)|p
]
≤ sup

s≤t≤T
|DΨ−1

λ (t, Yt(x))|pE
[

sup
s≤t≤T

|DYt(x)|p
]
.
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Since DΨ−1
λ (t, ·) is bounded uniformly in time, we only need to show that

E
[
sups≤t≤T |DYt(x)|p

]
< ∞, which can be proven directly from (4.2.17) by

a standard argument using Grönwall’s lemma and Burkholder-Davis-Gundy

inequality (see (1.4.17)), together with the fact that Dψλ, DΨλ, DΨ−1
λ , D2Ψλ

are bounded uniformly in time.

Step 4.2. Next, we claim that

E
[

sup
s≤t≤T

|φs,t(x)− φs,t(y)|p
]
. |x− y|βp (4.2.18)

holds for any β ∈ (0, 1]. To verify this, we first note that

E
[

sup
s≤t≤T

|φs,t(x)− φs,t(y)|p
]

= E
[

sup
s≤t≤T

|Ψ−1
λ (t, Yt(x))−Ψ−1

λ (t, Yt(y))|p
]

. E
[

sup
s≤t≤T

|Yt(x)− Yt(y)|p
]
,

where we have taken into account that the Lipschitz seminorm [Ψ−1
λ (t, ·)]Lip

is bounded uniformly in time since Ψ−1
λ ∈ L∞([0, T ];C2

b (Rn,Rn)). By using

the modified SDE (4.2.14), we also have

|Yt(x)− Yt(y)| ≤ |Ψλ(s, x)−Ψλ(s, y)|

+ λ

∫ t

s

|ψλ(r,Ψ−1
λ (r, Yr(x)))− ψλ(r,Ψ−1

λ (r, Yr(y)))|dr

+

∣∣∣∣∫ t

s

(
DΨλ(r,Ψ

−1
λ (r, Yr(x)))−DΨλ(r,Ψ

−1
λ (r, Yr(y)))

)
dWr

∣∣∣∣ .
Employing the fact that ψλ and Ψ−1

λ are globally Lipschitz, we obtain

|Yt(x)− Yt(y)| ≤ |Ψλ(s, x)−Ψλ(s, y)|+ C1

∫ t

s

|Yr(x)− Yr(y)|dr

+ sup
s≤u≤t

∣∣∣∣∫ u

s

(
DΨλ(r,Ψ

−1
λ (r, Yr(x)))−DΨλ(r,Ψ

−1
λ (r, Yr(y)))

)
dWr

∣∣∣∣ ,
where C1 = λ sups≤t≤T [ψλ(t, ·)]Lip sups≤t≤T [Ψ−1

λ (t, ·)]Lip is a finite constant.

138



By applying Grönwall’s inequality, we get

|Yt(x)− Yt(y)| ≤ (|Ψλ(s, x)−Ψλ(s, y)|

+ sup
s≤u≤t

∣∣∣∣∫ u

s

(
DΨλ(r,Ψ

−1
λ (r, Yr(x)))−DΨλ(r,Ψ

−1
λ (r, Yr(y)))

)
dWr

∣∣∣∣)
× exp(C1(T − s)).

Moreover, by using Burkholder-Davis-Gundy inequality (1.4.17), we have

that for any p ≥ 1, there exists a constant C∗p > 0 such that

E
[

sup
s≤u≤t

∣∣∣∣∫ u

s

(
DΨλ(r,Ψ

−1
λ (r, Yr(x)))−DΨλ(r,Ψ

−1
λ (r, Yr(y)))

)
dWr

∣∣∣∣p]
≤ C∗pE

[(∫ t

s

|DΨλ(r,Ψ
−1
λ (r, Yr(x))−DΨλ(r,Ψ

−1
λ (r, Yr(y))|2dr

)p/2]

≤ C2

∫ t

s

E
[

sup
s≤u≤r

|Yu(x)− Yu(y)|p
]

dr.

¶ Hence, applying Grönwall’s inequality to the function

f(t) = E
[

sup
s≤u≤t

|Yu(x)− Yu(y)|p
]
, t ∈ [0, T ], x, y ∈ Rn,

we obtain the estimate

E
[

sup
s≤u≤t

|Yu(x)− Yu(y)|p
]
≤ C3|Ψλ(s, x)−Ψλ(s, y)|p . |x− y|βp, (4.2.19)

for any s ≤ t ≤ T and β ∈ (0, 1] as expected, where C3 can be explicitly

computed to be C3 = exp[C2(T − s)exp(pC1(T − s))] <∞ and we have used

the fact that the β-Hölder seminorm [Ψλ(t, ·)]β is uniformly bounded in time.

Step 4.3. Finally, we establish estimate (4.2.16). For this, employing a

¶Explicitly, C2 = C∗p (T − s)p−1 sups≤t≤T [DΨλ(t, ·)]Lip sups≤t≤T [Ψ−1λ (t, ·)]Lip.

139



similar argument as before, we start by noting that

E
[

sup
s≤t≤T

|Dφs,t(x)−Dφs,t(y)|p
]

= E
[

sup
s≤t≤T

|DΨ−1
λ (t, Yt(x))DYt(x)−DΨ−1

λ (t, Yt(y))DYt(y)|p
]

. E
[

sup
s≤t≤T

|DΨ−1
λ (t, Yt(x))|p|DYt(x)−DYt(y)|p

]
+ E

[
sup
s≤t≤T

|DYt(y)|p|DΨ−1
λ (t, Yt(x))−DΨ−1

λ (t, Yt(y))|p
]

. E
[

sup
s≤t≤T

|DYt(x)−DYt(y)|p
]

+ E
[

sup
s≤t≤T

|DΨ−1
λ (t, Yt(x))−DΨ−1

λ (t, Yt(y))|2p
]1/2

,

(4.2.20)

where we have applied Hölder’s inequality in the last line and have taken into

account the fact that E
[
sups≤t≤T |DYt(x)|2p

]
is uniformly bounded as shown

at the beginning of this proof. The second term in (4.2.20) can be treated

easily as

E
[

sup
s≤t≤T

|DΨ−1
λ (t, Yt(x))−DΨ−1

λ (t, Yt(y))|2p
]1/2

. E
[

sup
s≤t≤T

|Yt(x)− Yt(y)|2p
]1/2

. |x− y|αp,

where we have used (4.2.19) with β = α and the fact that DΨ−1
λ is globally

Lipschitz uniformly in time. For the first term in (4.2.20), using (4.2.17) and

defining

Pt(x) = Dψλ(t, φs,t(x))DΨ−1
λ (t, Yt(x)),

Qt(x) = D2Ψλ(t, φs,t(x))DΨ−1
λ (t, Yt(x)),

Mt(x) =

∫ t

s

Qr(x)DYr(x)dWr,
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we obtain the following inequality

|DYt(x)−DYt(y)| ≤ |DΨλ(s, x)−DΨλ(s, y)|+ |Mt(x)−Mt(y)|

+ λ

∫ t

s

|Pr(x)DYr(x)− Pr(y)DYr(y)|dr

≤ |DΨλ(s, x)−DΨλ(s, y)|+ sup
s≤r≤t

|Mr(x)−Mr(y)|

+ λ

(∫ t

s

|Pr(x)||DYr(x)−DYr(y)|dr +

∫ t

s

|DYr(y)||Pr(x)− Pr(y)|dr
)
.

Employing Burkholder-Davis-Gundy inequality (1.4.17), we also check that

E
[

sup
s≤u≤t

|Mu(x)−Mu(y)|p
]
.
∫ t

s

E
[

sup
s≤u≤r

|DYu(x)−DYu(y)|p
]

dr

+ E
[∫ t

s

|DYr(y)|p|Qr(x)−Qr(y)|pdr
]
.

By application of Grönwall’s lemma as before, we arrive at

E
[

sup
s≤u≤t

|DYu(x)−DYu(y)|p
]
. |DΨλ(s, x)−DΨλ(s, y)|p

+ E
[∫ t

s

|DYr(y)|p|Pr(x)− Pr(y)|pdr
]

+ E
[∫ t

s

|DYr(y)|p|Qr(x)−Qr(y)|pdr
]
.

(4.2.21)

The first term in (4.2.21) can be controlled easily as

|DΨλ(s, x)−DΨλ(s, y)|p . |x− y|αp.

For the second term in (4.2.21), applying Hölder’s and Minkowski inequality
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we obtain the control

E
[∫ t

s

|DYr(y)|p|Pr(x)− Pr(y)|pdr
]
. E

[∫ t

s

|Pr(x)− Pr(y)|2pdr
]1/2

. E
[

sup
s≤r≤t

|Dψλ(r, φs,r(x))|2p|DΨ−1
λ (r, Yt(x))−DΨ−1

λ (r, Yt(y))|2p
]1/2

+ E
[

sup
s≤r≤t

|DΨ−1
λ (r, Yr(y))|2p|Dψλ(r, φs,r(x))−Dψλ(r, φs,r(y))|2p

]1/2

. E
[

sup
s≤r≤t

|DΨ−1
λ (r, Yr(x))−DΨ−1

λ (r, Yr(y))|2p
]1/2

+ E
[

sup
s≤r≤t

|Dψλ(r, φs,r(x))−Dψλ(r, φs,r(y))|2p
]1/2

. |x− y|αp,

where in the last inequality, we have employed (4.2.18) and (4.2.19) with β =

α, together with the fact that DΨ−1
λ , Dψλ are globally Lipschitz uniformly

in time. Similarly, for the last term in (4.2.21), we get the bound

E
[∫ T

s

|DYr(y)|p|Qr(x)−Qr(y)|pdr
]
. E

[∫ t

s

|Qr(x)−Qr(y)|2pdr
]1/2

. E
[

sup
s≤r≤t

|DΨ−1
λ (r, Yr(x))−DΨ−1

λ (r, Yr(y))|2p
]1/2

+ E
[

sup
s≤r≤t

|D2Ψλ(r, φs,r(x))−D2Ψλ(r, φs,r(y))|2p
]1/2

. E
[

sup
s≤r≤t

|Yr(x)− Yr(y)|2αp
]1/2

+ E
[

sup
s≤r≤t

|φs,r(x)− φs,r(y)|2αp
]1/2

. |x− y|αp,

where in the fourth line, we have employed the fact that the α-Hölder semi-

norms [DΨ−1
λ (t, ·)]α, [D2Ψλ(t, ·)]α are bounded uniformly in time and in the

last line, we have applied (4.2.18) and (4.2.19) with β = 1. Hence, the esti-

mate (4.2.16) holds and we can deduce the bound (4.2.1) by Lemma 97.

Step 5. To prove point (iii) in this lemma, for n ∈ N, let ψnλ be the solution of

(4.2.5) with b replaced by bn and ξ replaced by ξn, Ψn
λ the function (4.2.7) con-

structed from ψnλ , and b̃n, ξ̃n the vector fields (4.2.13) derived from ψnλ and Ψn
λ.
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By arguing as in76, one can show that ψn → ψ in L∞
(
[0, T ];C2+α

b (Rn,Rn)
)
,

and therefore b̃n → b̃, ξ̃n → ξ̃ in L∞
(
[0, T ];C1+α

b (Rn,Rn)
)
, n → ∞, which

allows us to deduce (4.2.2). Letting ϕ̃ns,t be the flow of (4.2.14) with vector

fields b̃n and ξ̃n, we observe as in76 that Dϕ̃ns,t satisfies

Dϕ̃ns,t = I +

∫ t

s

Db̃n(u, ϕ̃ns,u)Dϕ̃
n
s,udu+

∫ t

s

Dξ̃n(u, ϕ̃ns,u)Dϕ̃
n
s,udWu.

By taking into account Grönwall’s inequality, the uniform boundedness of

{Db̃n}∞n=1, {Dξ̃n}∞n=1, and Burkholder-Davis-Gundy inequality (1.4.17), we

obtain the estimate

sup
n∈N

sup
x∈Rn

sup
0≤s≤T

E
[

sup
s≤t≤T

|Dϕ̃ns,t(x)|p
]
<∞,

for any p ≥ 1, and using the uniform boundedness of ψnλ ,Ψ
n
λ, and (Ψn

λ)−1, we

deduce (4.2.3). Finally, combining (4.2.3) and (4.2.2), we can obtain (4.2.4)

by following the same procedure as in76.

Remark 98. We note that Theorem 93 also holds for the inverse flow φ−1
s,t .

Indeed, by using the flow properties we observe that

φs,t(φ
−1
s,t (y)) = φ−1

s,t (y) +

∫ t

s

b(r, φs,r(φ
−1
s,t (y)))dr +

N∑
j=1

∫ t

s

ξj(r)dW
j
r ,

which can be rewritten as

φ−1
s,t (y) = y −

∫ t

s

b(r, φ−1
r,t (y))dr −

N∑
j=1

∫ t

s

ξj(r)dW
j
r ,

where 0 ≤ s < t, y ∈ Rn, so the inverse flow satisfies a backward SDE with

a sign change in the drift and diffusion coefficients.

As in76, we present the following important consequences of Theorem 93 (iii).
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Corollary 99. Let R > 0 and p ≥ 1. We have

lim
n→∞

E

[∫
B(0,R)

sup
t∈[0,T ]

‖φnt (x)− φt(x)‖pdnx

]
= 0,

lim
n→∞

E

[∫
B(0,R)

sup
t∈[0,T ]

‖Dφnt (x)−Dφt(x)‖pdnx

]
= 0.

In particular

lim
n→∞

E
[∫ T

0

∫
B(0,R)

‖φnt (x)− φt(x)‖pdnxdt

]
= 0, (4.2.22)

lim
n→∞

E
[∫ T

0

∫
B(0,R)

‖Dφnt (x)−Dφt(x)‖pdnxdt

]
= 0. (4.2.23)

4.3 Existence of weak solutions

In this section, we prove the existence of solutions of the SPDE (0.2.10), and

uniqueness will be demonstrated in the next section. First we establish the

existence of weak solutions in the case when the drift vector field b is smooth

in space. Then we extend these results to the case when b is only α-Hölder

continuous and W 1,2
loc , uniformly in time, by means of a limiting argument.

Existence of solutions for smooth drift.

Proposition 100 (Existence of classical solutions for regular drift and ini-

tial condition). Let b ∈ L∞([0, T ];C4+β
b (Rn,Rn)), for some β ∈ (0, 1), ξi ∈

L∞([0, T ]), i = 1, . . . , N be semimartingales ‖, and K0 ∈ C3(
∧k(T ∗Rn)).

Then there exists a classical solution to equation (0.2.10) of the form Kt(x) =

(φt)∗K0(x), where φt is the flow of (4.1.2).

Proof. For the sake of simplicity, we assume without loss of generality that

N = 1. Let φs,t be the solution to (4.1.1) from time s to time t, for 0 ≤ s ≤
‖This is purely a time-regularity condition as we discussed when introducing the notion

of solutions at the beginning of the chapter. It should be kept in mind that ξi, i = 1, . . . , N
are deterministic.
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t ≤ T , which is a C4-stochastic flow of diffeomorphisms (this is a classical

result, see Assumption A2 with k = 3). Then, the corresponding backward

equation (see pages 113 and 117 in120) reads

φt,s(x) = x−
∫ t

s

b(r, φt,r(x))dr −
∫ t

s

ξ(r) ◦ d̂Wr,

where d̂Wr denotes backward integration against Wr. By Itô’s first formula

on tensor fields (1.4.8), we obtain (choose s = 0) that P-a.s.

φ∗t,0K0(x) = K0(x)−
∫ t

0

Lb(φ∗r,0K0(x))dr −
∫ t

0

Lξ(φ∗r,0K0(x)) ◦ dWr,

(4.3.1)

t ∈ [0, T ]. Setting Kt(x) = φ∗t,0K0(x) = (φt)∗K0(x), we see that (4.3.1)

is identical to (0.2.10). We claim that K solves (0.2.10) in the sense of

Definition 87. For this, we note that P-a.s. K has paths in the class

C([0, T ];C3(
∧k(T ∗Rn))), since by definition

((φt)∗K0)j1,...,jk(x) = (K0)i1,...,ik(ψt(x))
∂ψi1t
∂xj1

(x) · · · ∂ψ
ik
t

∂xjk
(x), (4.3.2)

in global coordinates, where ψt = φ−1
t is the inverse flow and summation

over repeated indices is assumed. Moreover, the semimartingale assumption

in Definition 87 is met because ψt is a C4-semimartingale and hence K is

a C3-semimartingale by the representation formula (4.3.2). Since we have

shown that K is a strong solution, it is also a weak solution in the sense of

Definition 90.

Next, we show the existence of weak solutions of the linear transport of k-

forms (0.2.10) when the driving vector field b is smooth in space and the

initial condition is of low regularity. First we state some useful lemmas.

Lemma 101. Given a k-form K ∈ L∞loc(
∧k(T ∗Rn)), a test k-form θ ∈
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C∞0 (
∧k(T ∗Rn)), and a C1-diffeomorphism φ, we have the identity∫

Rn
〈φ∗K(x), θ(x)〉 dnx =

∫
Rn
〈K(y), Jφ(y)

(
φ∗θ](y)

)[〉dny. (4.3.3)

Here, for a k-form θ, the corresponding sharp k-vector field θ] is defined as

θ] = δi1j1 · · · δikjkθj1,...,jk(x)
∂

∂xi1
∧ . . . ∧ ∂

∂xik
,

and similarly for a k-vector field v, the flat k-form v[ is defined as

v[ = δi1j1 · · · δikjkvj1,...,jk(x)dxi1 ∧ . . . ∧ xik .

Proof. By standard tensor identities, we have

〈φ∗K(x), θ(x)〉 = φ∗K(x)(θ](x)) = K(φ−1(x))(φ∗θ](φ−1(x))).

Hence, by the change of coordinates y = φ−1(x), we obtain∫
Rn
〈φ∗K(x), θ(x)〉dnx =

∫
Rn

(
K(φ−1(x))(φ∗θ](φ−1(x))

)
)dnx

=

∫
Rn
K(y)(φ∗θ](y))Jφ(y)dny

=

∫
Rn
〈K(y), Jφ(y)(φ∗θ](y))[〉dny.

For further comments on the geometric notation sharp/flat, we point the

reader to Appendix A.

Remark 102. When changing coordinates in Lemma 101, we observe that

the term Jφ(y)(φ∗θ](y))[ appears. For simplicity in our future calculations,

we will sometimes denote it by θ̃.

We introduce a lemma that we will employ several times.

Lemma 103. Let θ ∈ C∞0 (
∧k(T ∗Rn)), φt be a C1-flow of diffeomorphism

and θ̃t = Jφt(y)(φ∗t θ
](y))[. Moreover, assume that the drift vector field b

satisfies Assumption A3 (ii). Then P-a.s. we have the following properties
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(A) θ̃t has compact support, uniformly in t ∈ [0, T ].

(B) ‖θ̃‖L∞t,x <∞
∗∗.

(C) ‖L̃bθ(t)‖L2
x

is of class L∞([0, T ]) (and hence ‖L̃bθ(t)‖L1
x

is also of class

L∞([0, T ])).

Proof. By applying Lemma 101, we obtain the identity∫
Rn
〈(φt)∗K(x), θ(x)〉 dnx =

∫
Rn
〈K(y), θ̃t(x)〉dny, t ∈ [0, T ].

We observe that by definition, we have the explicit formula

(φ∗t θ
])j1,...,jk(x) = θi1,...,ik(φt(x))

∂ψi1t
∂xj1

(φt(x)) · · · ∂ψ
ik
t

∂xjk
(φt(x)) (4.3.4)

for the pull-back of the k-vector field θ] in global coordinates. Since φt is a C1-

flow of diffeomorphisms, both its (first order) derivatives and the derivatives

of the inverse flow are P-a.s. continuous in (t, x). Hence P-a.s., θ̃t is uniformly

bounded on every ball B(0, R′), R′ > 0, since every continuous function on

a compact set reaches a maximum. †† Also, since θ has support contained in

some ball which we denote B(0, R), we observe that the following set

{φ−1
t (x) : x ∈ B(0, R), t ∈ [0, T ]}

is bounded a.s. and we can hence choose R∗ : Ω → (0,∞] ‡‡ such that

R∗ <∞ a.s. and

{φ−1
t (x) : x ∈ B(0, R), t ∈ [0, T ]} ⊂ B(0, R∗).

We can therefore conclude (A) and (B).

∗∗L∞t,x denotes the (essential) supremum in both t and x.
††We note that in our case, since we consider the Euclidean metric, the k-vector field θ]

has the same coordinate expression as θ, and the k-form (φ∗t θ
])[ has the same coordinate

expression as φ∗t θ
].

‡‡More concretely, R∗ = supt∈[0,T ],x∈B(0,R) |φ−1t (x)|, which is measurable and hence a
random variable.
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Moreover, if b satisfies Assumption A3 (ii), property (A) is trivially available

for L̃Tb θ(t, x) = Jφt(x)(φ∗t (LTb θ)])[(x), t ∈ [0, T ], x ∈ Rn, simply because

the last expression is well-defined. Furthermore, by taking into account the

explicit formula for the L2-adjoint of the Lie derivative (1.2.3), we conclude

that the coordinate expression of LTb θ only contains terms of the type: (1)

derivatives of b times components of θ, (2) derivatives of θ times components

of b. Since b is of class L∞([0, T ];W 1,2) and θ is of class W 1,∞ (note that it

is smooth with compact support), by application of Hölder’s inequality for

tensor fields we can obtain §§

‖L̃bθ(t)‖L2
x
. ‖Jφt‖L∞

R∗
‖Dψt‖kL∞

R∗
‖Lbθ‖L2

R∗
, (4.3.5)

where we have employed the notation ψt = φ−1
t and used the explicit formula

for the pull-back of a k-vector field (4.3.4). The last term in (4.3.5) can be

bounded as

‖Lbθ‖L2
R∗

. ‖Db‖L2
R∗
‖θ‖L∞

R∗
+ ‖b‖L2

R∗
‖Dθ‖L∞

R∗
≤ ‖b‖W 1,2

R∗
‖θ‖W 1,∞

R∗
. (4.3.6)

Since R∗ <∞ a.s., all terms in (4.3.5) (take into account (4.3.6) for the last

term) are a.s. in L∞([0, T ]) so we can conclude (C).

Proposition 104 (Weak existence for weak initial condition and strong

drift). Let b ∈ L∞([0, T ];C4+β
b (Rn,Rn)) for some β ∈ (0, 1), ξi ∈ L∞([0, T ]),

i = 1, . . . , N be semimartingales, and K0 ∈ L∞(
∧k(T ∗Rn)). Then there

exists a weak solution to equation (0.2.10) of the form Kt(x) = (φt)∗K0(x).

Remark 105. We stress that b and ξi, i = 1, . . . , N are deterministic.

Proof. We assume without loss of generality that N = 1. Consider the

mollified initial data Kε
0 = ρε ∗ K0. By the mollifier properties Kε

0 → K0,

ε → 0, strongly in Lploc, for any 1 ≤ p < ∞, and therefore weakly. Also,

Kε
0 → K0 weak-* in L∞loc. Moreover, by Proposition 100, Kε

t (x) = (φt)∗K
ε
0(x)

is the unique strong solution to (0.2.10) and therefore also a weak solution.

§§We have used the notation L2
x to stress that the L2-norm should be understood in

the spatial sense.
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Hence, for any test k-form θ ∈ C∞0 (
∧k(T ∗Rn)) (4.0.3) holds a.s., i.e.,

〈〈(φt)∗Kε
0, θ〉〉L2 − 〈〈Kε

0, θ〉〉L2 = −
∫ t

0

〈〈(φs)∗Kε
0,LTb θ〉〉L2ds

−
∫ t

0

〈〈(φs)∗Kε
0,LTξ θ〉〉L2dWs +

1

2

∫ t

0

〈〈(φs)∗Kε
0,LTξ LTξ θ〉〉L2ds,

for all t ∈ [0, T ]. We analyse term-by-term convergence in the last equality.

• By the weak convergence Kε
0 → K0 in L2

loc, the second term on the

left-hand side converges as

〈〈Kε
0, θ〉〉L2 → 〈〈K0, θ〉〉L2 .

• We claim that the first term on the left-hand side converges a.s. as

〈〈(φt)∗Kε
0, θ〉〉L2 = 〈〈Kε

0, θ̃t〉〉L2 → 〈〈K0, θ̃t〉〉L2 = 〈〈(φt)∗K0, θ〉〉L2 ,

where we have employed the notation θ̃t(x) = Jφt(x)(φ∗t θ
])[(x) as es-

tablished in Lemma 101. For this, note that a.s.

|〈〈Kε
0 −K0, θ̃t〉〉L2| ≤ ‖Kε

0 −K0‖L1
R∗
‖θ̃‖L∞t,x → 0,

where we have taken into account the following facts (i) θ̃t has compact

support contained in B(0, R∗), uniformly in t ∈ [0, T ], where R∗ < ∞
a.s., (ii) P-a.s. ‖θ̃‖L∞t,x <∞ (use Lemma 103 (A) & (B) for (i) & (ii)),

and (iii) Kε
0 → K0 in L1(B(0, R∗)), a.s. from the mollifier properties,

since R∗ <∞ a.s.

• By the bounded convergence theorem, the first term on the right-hand

side converges a.s. as∫ t

0

〈〈(φs)∗Kε
0,LTb θ〉〉L2ds =

∫ t

0

〈〈Kε
0, L̃Tb θ(s)〉〉L2ds

→
∫ t

0

〈〈K0, L̃Tb θ(s)〉〉L2ds =

∫ t

0

〈〈(φs)∗K0,LTb θ〉〉L2ds.
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For this, note that a.s. we have

|〈〈Kε
0 −K0, L̃Tb θ(t)〉〉L2| → 0,

pointwise in t ∈ [0, T ], since (i) from the mollifier properties Kε
0 → K0

weak-* in L∞loc, (ii) L̃Tb θ(t) has compact support, uniformly in t ∈ [0, T ],

(iii) L̃Tb θ(t) is of spatial class L1 (use Lemma 103 (C) for (ii) & (iii)).

Moreover, we have the following bound in L∞([0, T ])

|〈〈Kε
0, L̃Tb θ(t)〉〉L2| ≤ ‖Kε

0‖L∞‖L̃Tb θ(t)‖L1 ≤ ‖K0‖L∞‖L̃Tb θ(t)‖L1 ,

since K0 ∈ L∞(
∧k(T ∗Rn)) and ‖L̃Tb θ‖L1 ∈ L∞([0, T ]) from Lemma 103

(C).

• Similarly, the Itô-correction term converges a.s. as

1

2

∫ t

0

〈〈(φs)∗Kε
0,LTξ LTξ θ〉〉L2ds→ 1

2

∫ t

0

〈〈(φs)∗K0,LTξ LTξ θ〉〉L2ds,

where we can use the strategies in the last step which simplify signifi-

cantly since ξ only depends on t.

• Finally, the martingale term∫ t

0

〈〈(φs)∗Kε
0,LTξ θ〉〉L2dWs =

∫ t

0

〈〈Kε
0, L̃Tξ θ(s)〉〉L2dWs

→
∫ t

0

〈〈(φs)∗K0,LTξ θ〉〉L2dWs,

in probability, by stochastic dominated convergence (Theorem 50),

where we have applied the same strategy as in the third step, which

again simplifies since ξ is only time-dependent. When applying bounded

convergence we use L∞([0, T ])-integrability of 〈〈Kε
0, L̃Tξ θ(t)〉〉L2 , which

is more than enough.
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To finish the proof, we observe that by definition

((φt)∗K0)j1,...,jk(x) = (K0)i1,...,ik(ψt(x))
∂ψi1t
∂xj1

(x) · · · ∂ψ
ik
t

∂xjk
(x), (4.3.7)

in global coordinates, where we have employed the notation ψt = φ−1
t . From

Theorem 93, P-a.s. the spatial derivatives of ψt are continuous in (t, x).

Hence, it holds sup0≤t≤T‖Kt‖L∞R <∞ for any R > 0. Furthermore, we have

the bound

E
[∫ T

0

∫
Rn
|Kt(x)|2dnxdt

]
= E

[∫ T

0

∫
Rn
|(φt)∗K0(x)|2dnxdt

]
≤ ‖K0‖2

L∞E
[∫ T

0

∫
Rn
|Dψt(x)|2kdnxdt

]
= ‖K0‖2

L∞

∫
Rn

E
[∫ T

0

|Dψt(x)|2kdt
]

dnx

≤ ‖K0‖2
L∞ sup

x∈Rn
E
[

sup
0≤t≤T

|Dψt(x)|2k
]
≤ C, (4.3.8)

where we have used Tonelli’s theorem in the third line, applied property

(4.2.3) (take into account Remark 98) in the last line, and also employed

the fact that K0 ∈ L∞(
∧k(T ∗Rn)). We have therefore shown that K ∈

L2(Ω× [0, T ]×
∧k(T ∗Rn)). Hence, Kt(x) = (φt)∗K0(x) is a weak solution to

(0.2.10).

Remark 106. The above proof would immediately work for the case ξ =

ξ(t, x) if we had a smooth enough solution to the flow equation (4.1.2) and

assumed some spatial regularity on ξ.

Existence of solutions for nonsmooth drift. We proceed to reduce the

regularity on the drift.

Proposition 107 (Weak existence for weak initial condition and drift). Let

b, ξi, i = 1, . . . , N satisfy Assumption A3 and K0 ∈ L∞(
∧k(T ∗Rn)). Then

there exists a weak solution to (0.2.10) of the form Kt(x) = (φt)∗K0(x).

Proof. For simplicity, we treat the case N = 1. First, we take the mollified
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vector field bε = ρε ∗ b and consider equation (0.2.10) with drift vector field

bε instead of b. Let φεt be the smooth flow of (4.1.2) with drift vector field

bε (see Assumption A2 with k = 3) and define Kε
t (x) = (φεt)∗K0(x), which

is a weak solution of (0.2.10) by Proposition 104. By (4.2.3) applied to the

inverse flow (take into account Remark 98), we have

sup
0<ε<1

sup
x∈Rn

E
[

sup
s≤t≤T

|Dψεt(x)|p
]
<∞,

for any p ≥ 1. As at the end of the proof of the last proposition, by consid-

ering the change of coordinates x = φεt(y) and taking into account property

(4.2.3), we obtain

E
[∫ T

0

∫
Rn
|Kε

t (x)|2dnxdt

]
≤ C <∞. (4.3.9)

We have therefore shown that Kε
t (x) is equibounded in the Hilbert space

L2(Ω× [0, T ]×
∧k(T ∗Rn)). Since every bounded sequence in a Hilbert space

has a convergent subsequence, there exists a subsequence εn → 0 and some k-

form-valued stochastic process K ∈ L2(Ω× [0, T ]×
∧k(T ∗Rn)) such that Kεn

converges weakly to K in L2(Ω× [0, T ]×
∧k(T ∗Rn)). From now on, we shall

write ε instead of εn for the sake of simplicity. We choose a test k-form θ ∈
C∞0 (

∧k(T ∗Rn)). Note that the process 〈〈Kε, θ〉〉L2 is adapted by definition

and converges weakly in L2(Ω× [0, T ]). Since 〈〈Kε, θ〉〉L2 is adapted and the

set of adapted processes in L2(Ω× [0, T ]) is closed (and hence weakly closed),

〈〈K, θ〉〉L2 is adapted. Moreover, we claim that 〈〈K,LTξ θ〉〉L2 ∈ L2(Ω×[0, T ]).

Indeed, by applying Hölder’s inequality for tensors and using bound (4.3.9),

we have that

E
[∫ T

0

〈〈K,LTξ θ〉〉2L2dt

]
≤ E

[∫ T

0

‖K‖2
L2
x
‖LTξ θ‖2

L2
x
dt

]
≤ sup

t∈[0,T ]

‖LTξ θ‖2
L2
x
E
[∫ T

0

‖K‖2
L2
x
dt

]
. E

[∫ T

0

∫
Rn
|K|2dnxdt

]
<∞, (4.3.10)

where we have taken into account that ξ ∈ L∞([0, T ]). Since 〈〈K,LTξ θ〉〉L2 ∈
L2(Ω × [0, T ]), we must have that

∫ T
0
〈〈K,LTξ θ〉〉2L2ds < ∞ a.s. so the Itô
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integral is well-defined. We know that Kε satisfies equation (4.0.3) and as

in76, it can be checked that 〈〈K, θ〉〉L2 also satisfies (4.0.3), weakly in L2(Ω×
[0, T ]), by using the weak convergence of Kε in L2(Ω×[0, T ]×

∧k(T ∗Rn)) and

properties of the flow. Therefore we may pass to the weak L2(Ω×[0, T ])-limit

in the equation for K and (4.0.3) holds for almost every (ω, t) ∈ Ω×[0, T ].

Until now, we have constructed a solution to our equation but we have

not proven that there exists a solution with the particular form Kt(x) =

(φt)∗K0(x). To prove this, we require the following technical lemma.

Lemma 108. Let b and ξi, i = 1, . . . , N satisfy Assumption A3 and {bm}∞m=1

be a sequence of drift vector fields such that bm → b in L∞([0, T ];Cα
b (Rn,Rn)),

m→∞. Moreover, let {φmt }∞m=1 be the corresponding sequence of stochastic

flows solving SDE (0.2.6) with drifts bm and fixed diffusions ξi, i = 1, . . . , N .

Let p ≥ 2. Then for any multi-vector field ϑ ∈ C∞(
∧k(TRn)) we have

E
[∫ T

0

∫
B(0,R∗(m))

((φmt )∗ϑ(x)− (φt)
∗ϑ(x))p dnxdt

]
→ 0, m→∞,

(4.3.11)

where we have chosen R∗(m) <∞ a.s. such that

{(φmt )−1(x), φ−1
t (x) : x ∈ B(0, R), t ∈ [0, T ]} ⊂ B(0, R∗(m)),

and we assume B(0, R∗(m)) ⊂ B(0, R′) with deterministic R,R′ <∞.

Proof. Let us adopt the notation ‖ · ‖Lpω,t,R to denote the norm in the Banach

space Lp(Ω × [0, T ] × B(0, R)). First consider the case k = 1 (i.e. ϑ is a

vector field). Then, employing the notation ψt = φ−1
t as usually, ϑ has the

global coordinate expression

(φ∗tϑ)i(x) = ϑj(φt(x))
∂ψit
∂yj

(φt(x)),
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and therefore by taking into account Tonelli’s theorem we have

‖(φm· )∗ϑ(·)− (φ·)
∗ϑ(·)‖p

Lp
ω,t,R∗(m)

≤ ‖ϑ‖pL∞
R′
E
[∫ T

0

∫
B(0,R∗(m))

|Dψmt (φmt (x))−Dψt(φt(x))|pdnxdt

]
. E

[∫ T

0

∫
B(0,R∗(m))

|Dψmt (φmt (x))−Dψt(φmt (x))|pdnxdt

]
+ E

[∫ T

0

∫
B(0,R∗(m))

|Dψt(φmt (x))−Dψt(φt(x))|pdnxdt

]
.

(4.3.12)

By considering the change of coordinates y = φmt (x), we obtain convergence

of the first integral in (4.3.12) by observing that

‖Dψm· (φm· (·))−Dψ·(φm· (·))‖p
Lp
ω,t,R∗(m)

≤ E
[∫ T

0

∫
B(0,R)

|Dψmt (y)−Dψt(y)|pJψmt (y)dnydt

]
≤ ‖Dψm· (·)−Dψ·(·)‖pL2p

ω,t,R

‖Dψm· (·)‖nL2n
ω,t,R
→ 0,

where we have taken into account (4.2.23). To establish the convergence of

the last term in (4.3.12), we set r(x) =
√

1 + |x|2 and first note that

|Dψt(φmt (x))−Dψt(φt(x))| = |r(φt(x))r−1(φt(x))(Dψt(φ
m
t (x))−Dψt(φt(x)))|

≤ |r(φt(x))|
(
|r−1(φmt (x))Dψt(φ

m
t (x))− r−1(φt(x))Dψt(φt(x))|

+|Dψt(φmt (x))||r−1(φmt (x))− r−1(φt(x))|
)

≤ |r(φt(x))|
(
C1(ω, t)|φmt (x)− φt(x)|α′ + C2|Dψt(φmt (x))||φmt (x)− φt(x)|

)
,

where

C1(ω, t) = sup
x,y∈Rn
x 6=y

|r−1(x)Dψs,t(x)− r−1(y)Dψs,t(y)|
|x− y|α′
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is finite P-a.s. for all 0 ≤ t ≤ T by property (4.2.1) of the flow and

C2 = sup
x,y∈Rn
x 6=y

|r−1(x)− r−1(y)|
|x− y|

is finite since r−1 is globally Lipschitz. Hence, by applying Hölder’s inequality

in the whole space in the third line, we get

‖Dψ·(φn· (·))−Dψ·(φ·(·))‖
p
Lp
ω,t,R∗(m)

≤ E
[∫ T

0

∫
B(0,R′)

|r(φt(x))|p
(
C1(·, t)|φmt (x)− φt(x)|α′

)p
dnxdt

]
+ E

[∫ T

0

∫
B(0,R′)

|r(φt(x))|p (C2|Dψt(φmt (x))||φmt (x)− φt(x)|)p dnxdt

]
. ‖r(φ·(·))‖pL2p

ω,t,R′

(
E
[∫ T

0

∫
B(0,R′)

C2p
1 (·, t)|φmt (x)− φt(x)|2pα′dnxdt

]1/2

+C2p
2 E

[∫ T

0

∫
B(0,R′)

|Dψt(φmt (x)))|2p|φmt (x)− φt(x)|2pdnxdt

]1/2
)

= ‖r(φ·(·))‖pL2p

ω,t,R′
[(I) + (II)].

By our usual arguments, we have the control

‖r(φ·(·))‖pL2p

ω,t,R′
= E

[∫ T

0

∫
B(0,R′)

|r(y)|2pJφt(y)dnydt

]1/2

≤ ‖r‖2p
L∞
R′
‖Dφ·(·)‖n/2Ln

ω,t,R′
<∞.

Moreover, for term (I) we have the convergence

(I) . E
[

sup
0≤t≤T

C2pq′

1 (·, t)
]1/2q′

E
[∫ T

0

∫
B(0,R′)

|φmt (x)− φt(x)|2α′pp′dnxdt

]1/2p′

→ 0,

where we have used Hölder’s inequality with p′, q′ such that 2α′pp′ ≥ 1 and

1/q′ + 1/p′ = 1, taken into account (4.2.1) to control the weighted Hölder
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norm C1(ω, t), and employed (4.2.22). For the second term (II), we have

(II) . E
[∫ T

0

∫
B(0,R′)

|Dψt(y)|4pJφmt (x)dnydt

]1/4

‖φm· (·)− φ·(·)‖pL4p

ω,t,R′

≤ ‖Dψ·(·)‖pL8p

ω,t,R′
‖Dφm· (·)‖n/4

L2n
ω,t,R′
‖φm· (·)− φ·(·)‖pL4p

ω,t,R′
→ 0,

where we have employed our usual strategies and the fact that ‖Dφm· (·)‖Lp
ω,t,R′

is uniformly bounded for any p ≥ 1 by property (4.2.3) of the flow. This

concludes the convergence (4.3.11) when ϑ is a vector field. The general case

can be treated by induction.

The following lemma concludes this existence section.

Lemma 109. There exists a weak solution to (0.2.10) of the form Kt(x) =

(φt)∗K0(x).

Proof. Case 1. First we assume that K0 is supported on B(0, R). We will

show that we can choose a sequence converging to a weak solution of (0.2.10),

which we denote by Kε for convenience, such that for every test k-form

θ ∈ C∞0 (
∧k(T ∗Rn)) we have 〈〈Kε − (φt)∗K0, θ〉〉L2 → 0, weakly in L2(Ω ×

[0, T ]). Indeed, we select a convergent (sub)sequence Kε by applying the same

argument we did in the previous proposition. We claim that Kε converges

to (φt)∗K0, weakly in L2(Ω × [0, T ] ×
∧k(T ∗Rn)). Fix a test k-form θ ∈

C∞0 (
∧k(T ∗Rn)) which we assume without loss of generality to be supported

on B(0, R) and a test function f ∈ L2(Ω × [0, T ]). We denote f(ω, t) = f

during the proof for simplicity of notation. Taking into account Lemma 101

in the second line and Hölder’s inequality for tensor fields in the last step,

156



we have∣∣∣∣∫
Ω

∫ T

0

〈〈Kε
t − (φt)∗K0, θ〉〉L2fdtdω

∣∣∣∣
≤
∫

Ω

∫ T

0

∫
B(0,R)

∣∣(K0Jφ
ε
t((φ

ε
t)
∗θ])[ −K0Jφt(φ

∗
t θ
])[
)
f
∣∣ dnydtdω

=

∫
Ω

∫ T

0

∫
B(0,R)

∣∣K0

(
Jφεt((φ

ε
t)
∗θ])[ − Jφεt(φ∗t θ])[

)
f
∣∣ dnydtdω

+

∫
Ω

∫ T

0

∫
B(0,R)

∣∣K0

(
Jφεt(φ

∗
t θ
])[ − Jφt(φ∗t θ])[

)
f
∣∣ dnydtdω

≤ ‖K0f‖L2
ω,t,R

∥∥Jφεt (((φεt)∗θ])[ − (φ∗t θ
])[
)∥∥

L2
ω,t,R

+ ‖K0f‖L2
ω,t,R

∥∥(Jφεt − Jφt)(φ∗t θ])[
∥∥
L2
ω,t,R

.

We claim that the last terms converge to zero. First we note

‖K0f‖L2
ω,t,R
≤ ‖K0‖L∞R ‖f‖L2

ω,t
<∞.

Moreover, we have∥∥Jφεt (((φεt)∗θ])[ − (φ∗t θ
])[
)∥∥

L2
ω,t,R
≤ ‖Jφεt‖L4

ω,t,R

∥∥(φεt)
∗θ] − φ∗t θ]

∥∥
L4
ω,t,R
→ 0,

where we have used (4.2.23) to control the Jacobian term together with

Lemma 108 to obtain convergence of the second term. By applying similar

techniques we can also obtain∥∥(Jφεt − Jφt) (φ∗t θ
])[
∥∥
L2
ω,t,R
→ 0.

Hence, our argument is finished in the case K0 has compact support.

Case 2. Now we treat the general case K0 ∈ L∞(
∧k(T ∗Rn)). We choose

ζ ∈ C∞0 (Rn) supported onB(0, 1) such that ζ(x) = 1, x ∈ B(0, 1/2), and such

that ζ takes values on [0, 1]. For every n ∈ N, let Kn
0 (x) = K0 (x) ζ(x/n),

which is compactly supported. By taking into account the first part of the

proof, we can construct a corresponding solution which we denote by Kn.
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Therefore we have

〈〈Kn
t , θ〉〉L2 − 〈〈Kn

0 , θ〉〉L2 = −
∫ t

0

〈〈Kn
s ,LTb θ〉〉L2ds

−
∫ t

0

〈〈Kn
s ,LTξ θ〉〉L2dWs +

1

2

∫ t

0

〈〈Kn
s ,LTξ LTξ θ〉〉L2ds, (4.3.13)

t ∈ [0, T ], for any test k-form θ ∈ C∞0 (
∧k(T ∗Rn)). We know that

Kn
t (x) = (φt)∗(K0(·)ζ(·/n))(x) = (φt)∗K0(x)ζ(φ−1

t (x)/n), (4.3.14)

where t ∈ [0, T ] and x ∈ Rn, by the product property of the push-forward

(φt)∗(Kf)(x) = (φt)∗K(x)(φt)∗f(x),

and taking into account that (φt)∗(x) = f(φ−1
t (x)), for scalar functions f :

Rn → R. It is clear that the sequence Kn
t converges to Kt = (φt)∗K0

pointwise in (t, x). We want to show that Kt also satisfies (4.3.13). Fix

a test k-form θ ∈ C∞0 (
∧k(T ∗Rn)) supported on B(0, R). As in the proof

Lemma 103, we choose R∗ <∞ a.s. such that

{φ−1
t (x) : x ∈ B(0, R), t ∈ [0, T ]} ⊂ B(0, R∗).

Let ω belong to the set of probability one such that R∗ = R∗(ω) < ∞. Let

R′ = max(R,R∗). Then we have that for n > 2R′, n ∈ N,

XB(0,R)K
n
t (x) = XB(0,R)(φt)∗K0(x)ζ(φ−1

t (x)/n)

= XB(0,R)(φt)∗K0(x) = XB(0,R)Kt(x), t ∈ [0, T ], x ∈ Rn.

Therefore XB(0,R)K
n
t (x) = XB(0,R)Kt(x). We conclude that for P-a.s. ω,

there exists n = n(ω) such that Kn = K and hence the terms 〈〈Kn
t , θ〉〉L2 ,∫ t

0
〈〈Kn

s ,LTb θ〉〉L2ds, and 1
2

∫ t
0
〈〈Kn

s ,LTξ LTξ θ〉〉L2ds in (4.3.13) become 〈〈Kt, θ〉〉L2 ,∫ t
0
〈〈Ks,LTb θ〉〉L2ds, 1

2

∫ t
0
〈〈Ks,LTξ LTξ θ〉〉L2ds. To finish the argument, we claim

that ∫ t

0

〈〈Kn
s ,LTξ θ〉〉L2dWs →

∫ t

0

〈〈Ks,LTξ θ〉〉L2dWs
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in probability, t ∈ [0, T ]. For this, it suffices to establish that

E

[(∫ t

0

〈〈Kn
s −Ks,LTξ θ〉〉L2dWs

)2
]

= E
[∫ t

0

〈〈Kn
s −Ks,LTξ θ〉〉2L2ds

]
→ 0,

(4.3.15)

where we have used Itô’s isometry and employed the fact that L2-mean con-

vergence implies convergence in probability. Claim (4.3.15) can be verified

by applying dominated convergence in the space Ω × [0, T ] to the sequence

of functions 〈〈Kn
s ,LTξ θ〉〉L2 , where the hypotheses for dominated convergence

are satisfied since (i) clearly, a.s. 〈〈Kn
s − Ks,LTξ θ〉〉2L2 → 0, (ii) by using

Hölder’s inequality for tensors, we have the uniform bound

〈〈Kn
s ,LTξ θ〉〉2L2 ≤ ‖Kn

s ‖2
L2
x
‖LTξ θ‖2

L2
x
≤ ‖Ks‖2

L2
x
‖LTξ θ‖2

L2
x
. ‖Ks‖2

L2
x
,

where we have taken into account that |Kn
t (x)| ≤ |Kt(x)| and have used that

ξ ∈ L∞([0, T ]). Moreover, (iii) ‖Ks‖2
L2
x
∈ L1(Ω × [0, T ]) by usual strategies

as in the bound (4.3.8).

Finally, it can be easily checked that sup0≤t≤T‖Kt‖L∞R < ∞ because P-a.s.

φ−1
t has continuous derivatives.

Remark 110. The last proof is also immediately extensible to the case ξ =

ξ(t, x).

4.4 Uniqueness of weak solutions

For convenience, we employ the notation K(t, x) = Kt(x). In this section,

we prove uniqueness of solutions to equation (0.2.10) under Assumption A3.

More concretely, we establish the following theorem.

Theorem 111. Under Assumption A3, there exists a unique weak solution

of (0.2.10) for any initial condition K0 ∈ L∞(
∧k(T ∗Rn)).

For simplicity, we treat the case N = 1. As usually, from the linearity of

the equation, it is sufficient to show that if K(0, ·) = 0, then K(t, ·) = 0
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a.s., for every t ∈ [0, T ]. We note that this property is slightly weaker than

pathwise uniqueness because the set of measure zero in which K(t, ·) = 0

depends on t. Unfortunately, left or right-continuity is not available and we

cannot prove a stronger version of this property (exactly as it occurs in76).

First, consider the mollified k-form Kε(t, x) = (ρε ∗ K(t, ·))(x) with initial

condition K(0, ·) = 0, which by (0.2.10) satisfies

Kε(t, x) = −
∫ t

0

(ρε ∗ LbK)(s, x)ds−
∫ t

0

(ρε ∗ LξK)(s, x) ◦ dWs, (4.4.1)

where LbK, LξK are understood as Lie derivatives in the sense of distri-

butions (see Definition 28) owing to the low spatial regularity of K and b.

Since all the terms in (4.4.1) are now smooth in space, one can apply the

KIW formula for k-forms in Stratonovich form (see Theorem 47) to obtain

φ∗tK
ε(t, x) =−

∫ t

0

φ∗s(LbK)ε(s, x)ds+

∫ t

0

φ∗sLbKε(s, x)ds

−
∫ t

0

φ∗s(LξK)ε(s, x) ◦ dWs +

∫ t

0

φ∗sLξKε(s, x) ◦ dWs

=

∫ t

0

φ∗s [Lb, ρε∗]K(s, x)ds+

∫ t

0

φ∗s [Lξ, ρε∗]K(s, x) ◦ dWs,

(4.4.2)

where

[Lb, ρε∗]K = LbKε − (LbK)ε (4.4.3)

denotes the commutator between the linear operators Lb and ρε ∗ (·), gener-

alising the DiPerna-Lions commutator appearing in61,124. We will show that

the last line of (4.4.2) vanishes weakly as ε→ 0, thus proving uniqueness of

solutions.

Remark 112. The observant reader might have noticed that an explana-

tion is now in place. Indeed, the k-form-valued process Kε in (4.4.1) enjoys

regularity in space but not in time, and Theorem 47 was proven only for

processes that are continuous in time. However, this is not a problem and

there are several ways of solving this issue. First, as in76, we remark that
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the Itô-Wentzell formula in Stratonovich form appearing in Kunita’s book

(Theorem 40) is not optimised with respect to the processes we are using as

integrators (bounded variation processes and Brownian motion), but rather

optimised with respect to integrating against continuous semimartingales in

general. Since the integrands (i.e., the drift and diffusion) in (4.4.1) are

uniformly bounded in time, adapted, and enjoy the required spatial regularity

assumptions, in76 it is argued that Itô-Wentzell in Stratonovich form (Theo-

rem 40) can be applied. Now observe that the main tool required to establish

Theorem 47 is Itô-Wentzell, or more concretely, Theorem 42, which consists

in a particular case of Itô-Wentzell for flows. Hence we argue that we can

apply Theorem 47 as long as we have (1) a uniform boundedness assumption

in time, (2) adaptedness, and (3) the process enjoys (spatial) C3-regularity

with regular enough in space coefficients. We also note that the Itô-Wentzell

formula with low regularity in time Flandoli et al. refer to in76 can be found

for instance in115 for predictable processes.

We can also outline an alternative proof of KIW for predictable processes.

Indeed, in58 we show the KIW formula for continuous in time processes by

employing a geometric generalisation of Krylov’s argument in115. Our ap-

proach consists in mollifying the stochastic process K, and the key steps are

applying Fubini and dominated convergence. Uniform in time assumptions

for the derivatives and predicability (due to Theorem 33) are enough to do

this and no continuity of K is required in the proof.

We prove the following lemma.

Lemma 113. Given a stochastic k-form-valued process of the form

α(t, x) = α(x) +

∫ t

0

G(s, x)ds+
M∑
i=1

∫ t

0

Hi(s, x)dW i
s ,

satisfying the conditions in Theorem 43, and a stochastic flow

φt(x) = x+

∫ t

0

(
b+

1

2

N∑
k=1

ξk · ∇ξk

)
(s, φs(x))ds+

N∑
k=1

∫ t

0

ξk(s, φs(x))dBk
s ,
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also satisfying the conditions in Theorem 43, we have∫ t

0

φ∗sα(s, x) ◦ dW i
s =

∫ t

0

φ∗sα(s, x)dW i
s

+
1

2

∫ t

0

φ∗sHi(s, x)ds+
1

2

N∑
k=1

∫ t

0

φ∗sLξkα(s, x)d[W i
· , B

k
· ]s, i = 1, . . . ,M.

Proof. For simplicity, we consider the case M = N = 1. Note that∫ t

0

φ∗sα(s, x) ◦ dWs =

∫ t

0

φ∗sα(s, x)dWs +
1

2
[φ∗· α(·, x),W·]t . (4.4.4)

Applying the KIW formula for k-forms (Theorem 43), we obtain

φ∗tα(t, x) =α(0, x) +

∫ t

0

φ∗sG(s, x)ds+

∫ t

0

φ∗sH(s, x)dWs

+

∫ t

0

φ∗sLbα(s, x)ds+

∫ t

0

φ∗sLξα(s, x)dBs

+

∫ t

0

φ∗sLξH(s, x)d[W·, B·]s +
1

2

∫ t

0

φ∗sLξLξα(s, x)ds, (4.4.5)

so we conclude

[φ∗· α(·, x),W·]t =

∫ t

0

φ∗sH(s, x)ds+

∫ t

0

φ∗sLξα(s, x)d[W·, B·]s,

which yields the result by taking into account (4.4.4).

The following is a straightforward corollary.

Corollary 114. Let Assumption A3 be satisfied. For a k-form-valued process

K(t, ·) satisfying (0.2.10) and a stochastic flow φt solving (4.1.2) with N = 1,

we have the following identity∫ t

0

φ∗s [Lξ, ρε∗]K(s, x) ◦ dWs =

∫ t

0

φ∗s [Lξ, ρε∗]K(s, x)dWs

+
1

2

∫ t

0

φ∗s [Lξ, [Lξ, ρε∗]]K(s, x)ds.
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Proof. Just note that by the previous lemma, the correction term is

1

2

∫ t

0

φ∗sH(s, x)ds+
1

2

∫ t

0

φ∗sLξ [Lξ, ρε∗]K(s, x)d[W·,W·]s,

where

H(s, x) = − [Lξ, ρε∗]LξK(s, x).

Remark 115. This proof is also valid for the case when ξ = ξ(t, x) under

some regularity assumptions in space.

By Corollary 114, we conclude that the commutator (4.4.2) can be expressed

in Itô form as

φ∗tK
ε(t, x) =

∫ t

0

φ∗s [Lb, ρε∗]K(s, x)ds+

∫ t

0

φ∗s [Lξ, ρε∗]K(s, x)dWs

+
1

2

∫ t

0

φ∗s [Lξ, [Lξ, ρε∗]]K(s, x)ds.

(4.4.6)

We start by treating the drift part of the commutator evaluated at a test

k-form θ∫
Rn
〈[Lb, ρε∗]K(x), θ(x)〉 dnx =

∫
Rn
〈LbKε(x)− (LbK)ε (x), θ(x)〉 dnx.

(4.4.7)

We prove a generalisation to k-forms of the classical DiPerna-Lions-type com-

mutator estimates (see61,124,76,74) for terms of the form (4.4.7).

Lemma 116. Given a k-form K ∈ L∞loc(
∧k(T ∗Rn)), a vector field b ∈

W 1,1
loc (Rn,Rn) , and a test function θ ∈ C∞0 (

∧k(T ∗Rn)) supported on B(0, R)

for some R > 0, then for ε < 1, we have the following estimate on the

commutator (4.4.7):∣∣∣∣∫
Rn
〈[Lb, ρε∗]K(x), θ(x)〉dnx

∣∣∣∣ . ‖θ‖L∞R ‖K‖L∞R+1
‖b‖W 1,1

R+1
.
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Moreover, 〈[Lb, ρε∗]K(x), θ(x)〉 converges to zero in L1
loc as ε→ 0.

Proof. By the definition of the commutator (4.4.7), we have∫
Rn
〈[Lb, ρε∗]K(x), θ(x)〉dnx =

∫
Rn
〈LbKε(x), θ(x)〉dnx

−
∫
Rn
〈(LbK)ε(x), θ(x)〉dnx. (4.4.8)

The first integral becomes∫
Rn
〈LbKε(x), θ(x)〉dnx =

∫
Rn
〈Kε(x),LTb θ(x)〉dnx

=

∫
Rn
δi1j1 · · · δikjkKε

i1,...,ik
(x)(LTb θ)j1,...,jk(x)dnx

=

∫
Rn
Kε(x)(ei1 , . . . , eik)(LTb θ)i1,...,ik(x)dnx,

where (LTb θ)i1,...,ik = δi1j1 · · · δikjk(LTb θ)j1,...,jk , which by (1.2.3) can be ex-

pressed as

(LTb θ)i1,...,ik(x) = − ∂

∂xl
(bl(x)θi1,...,ik(x)) +

k∑
j=1

θi1,...,l,...,ik(x)
∂bij

∂xl
(x). (4.4.9)

Hence by Definition 24, we obtain∫
Rn
〈LbKε(x), θ(x)〉dnx

= −
∫
Rn

∫
Rn
ρε(x− y)Ki1,...,ik(y)

∂

∂xl
(bl(x)θi1,...,ik(x))dnydnx

+
k∑
j=1

∫
Rn

∫
Rn
ρε(x− y)Ki1,...,ik(y)θi1,...,l,...,ik(x)

∂bij

∂xl
(x)dnydnx

=

∫
Rn

∫
Rn

(
∂ρε

∂xl
(x− y)Ki1,...,ik(y)bl(x)θi1,...,ik(x)

+
k∑
j=1

ρε(x− y)Ki1,...,ik(y)
∂bij

∂xl
(x)θi1,...,l,...,ik(x)

)
dnydnx.

For the last integral in (4.4.8), we take into account the property Dyρ
ε(x −
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y) = −Dxρ
ε(x − y) and apply the definition of mollifiers on distribution-

valued k-forms (see Definition 26), obtaining∫
Rn
〈(LbK)ε(x), θ(x)〉dnx =

∫
Rn
〈K(y),LTb (ρε ∗ θ)(y)〉dny

=

∫
Rn

∫
Rn

(
∂ρε

∂xl
(x− y)Ki1,...,ik(y)bl(y)θi1,...,ik(x)

−ρε(x− y)Ki1,...,ik(y)
∂bl

∂yl
(y)θi1,...,ik(x)

)
dnydnx

+
k∑
j=1

∫
Rn

∫
Rn
ρε(x− y)Ki1,...,ik(y)

∂bij

∂yl
(y)θi1,...,l,...,ik(x)dnydnx.

Combining the above expressions, we derive∫
Rn
〈[Lb, ρε∗]K(x), θ(x)〉dnx

=

∫
Rn

∫
Rn
ε−n

∂

∂yl
ρ

(
y − x
ε

)
Ki1,...,ik(y)

(
bl(y)− bl(x)

ε

)
θi1,...,ik(x)dnydnx

+

∫
Rn

∫
Rn
ρε(x− y)

(
∂bl

∂yl
(y)θi1,...,ik(x)Ki1,...,ik(y)

−
k∑
j=1

(
∂bij

∂yl
(y)− ∂bij

∂xl
(x)

)
θi1,...,l,...,ik(x)Ki1,...,ik(y)

)
dnydnx

=

∫
Rn
Iε1(x)dnx+

∫
Rn
Iε2(x)dnx.

Applying Young’s convolution inequality (see Lemma 16), we have∣∣∣∣∫
Rn
Iε2(x)dnx

∣∣∣∣ . ‖θ‖L∞R ‖K‖L∞R+1
‖b‖W 1,1

R+1
,

since ε < 1, where we have also taken into account that ‖ρε‖L1 = 1, inde-

pendently of ε, and that θ has support in B(0, R). To obtain an analogous

estimate for the first integral, we follow the proof of Lemma 2.3 in124. First,

we note that by Taylor’s theorem

bl(y)− bl(x) =

∫ 1

0

(y − x) ·Dbl (x+ λ(y − x)) dλ,
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hence,

Iε1(x) = ε−n
∫
B(x,ε)

∂

∂yl
ρ

(
y − x
ε

)
Ki1,...,ik(y)

(
bl(y)− bl(x)

ε

)
θi1,...,ik(x)dny

=

∫
B(0,1)

∂

∂wl
ρ (w)Ki1,...,ik(x+ εw)

(∫ 1

0

w ·Dbl (x+ λεw) dλ

)
θi1,...,ik(x)dnw,

and therefore

|Iε1(x)| ≤ ‖Dρ‖L∞1 ‖K‖L∞R+1
‖θ‖L∞R

∫
B(0,1)

∫ 1

0

|Db (x+ λεw) |dλdnw.

Finally, by observing that∫
B(0,1)

∫ 1

0

|Db (x+ λεw) |dλdnw = |Db| ∗ χε(x),

where

χε(z) =

∫ 1

0

1

(ελ)n
XB(0,ελ)(z)dλ,

and that ‖χε‖L1
ε

= meas(B(0, 1)), we obtain∫
B(0,R)

|Iε1(x)|dnx ≤ ‖Dρ‖L∞1 ‖K‖L∞R+1
‖θ‖L∞R ‖Db‖L1

R+1
‖χε‖L1

ε

. ‖K‖L∞R+1
‖θ‖L∞R ‖b‖W 1,1

R+1
, (4.4.10)

where we have made use of Young’s convolution inequality (Lemma 16) and

the constant in the last inequality is independent of K, b, θ and ε.

We now show the L1
loc convergence of 〈[Lb, ρε∗]K(x), θ(x)〉. First, check that

Iε2(x)→ 〈K(x), θ(x)〉div(b(x))

in L1
loc as ε → 0. Next, taking into account the density of C∞0 functions in

W 1,1
loc , we consider a sequence of C∞0 -vector fields {bδ}δ>0 such that bδ → b in

166



W 1,1
loc . Since bδ ∈ C∞0 (Rn,Rn), we have

Iε1[bδ](x)

= ε−n
∫
B(x,ε)

∂

∂yl
ρ

(
y − x
ε

)
Ki1,...,ik(y)

(
blδ(y)− blδ(x)

ε

)
θi1,...,ik(x)dny

=

∫
B(0,1)

∂ρ

∂wl
(w)Ki1,...,ik(x+ εw)

(
blδ(x+ εw)− blδ(x)

ε

)
θi1,...,ik(x)dnw

→ 〈K(x), θ(x)〉
∫
B(0,1)

wi
∂bjδ
∂xi

(x)
∂ρ

∂wj
(w)dnw = −〈K(x), θ(x)〉div(bδ(x)),

in L1
loc as ε → 0. Then, by the linearity of Iε1 in the b-argument and using

estimate (4.4.10), we have

‖Iε1[b] + 〈K, θ〉div(b)‖L1
R
≤ ‖Iε1[b]− Iε1[bδ]‖L1

R

+ |Iε1[bδ] + 〈K, θ〉div(bδ)|L1
R

+ ‖〈K, θ〉div(b)− 〈K, θ〉div(bδ)‖L1
R

. ‖K‖L∞R+1
‖θ‖L∞R

(
‖b− bδ‖W 1,1

R+1
+ ‖div(b)− div(bδ)‖L1

R

)
+ ‖Iε1[bδ] + 〈K, θ〉div(bδ)‖L1

R
→ 0,

as δ, ε → 0. Hence Iε1 + Iε2 → −〈K, θ〉div(b) + 〈K, θ〉div(b) = 0 in L1
loc as

ε→ 0.

Corollary 117. Let φ be a C1-diffeomorphism, K ∈ L∞loc(
∧k(T ∗Rn)), b ∈

W 1,1
loc (Rn,Rn), and θ ∈ C∞0 (

∧k(T ∗Rn)) a test k-form with support contained

in B(0, R). Then∣∣∣∣∫
Rn
〈φ∗[Lb, ρε∗]K(x), θ(x)〉dnx

∣∣∣∣ . ‖θ̃‖L∞R∗‖K‖L∞R∗+1
‖b‖W 1,1

R∗+1
, (4.4.11)

where R∗ <∞ a.s. is chosen such that{
φ−1(x), x ∈ B(0, R)

}
⊂ B(0, R∗).

Moreover, it holds

lim
ε→0

∫
Rn
〈φ∗[Lb, ρε∗]K(x), θ(x)〉dnx = 0.
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Proof. Using Lemma 101, we get∣∣∣∣∫
Rn
〈φ∗[Lb, ρε∗]K(x), θ(x)〉dnx

∣∣∣∣ =

∣∣∣∣∫
Rn
〈[Lb, ρε∗]K(y), θ̃(y)〉dny

∣∣∣∣ ,
where θ̃(y) = Jφ−1(y)(φ∗θ

](y))[. Now, applying Lemma 116, we obtain

(4.4.11).

Moreover, by integration by parts, one can also check that∫
Rn
φ∗〈[Lξ, [Lξ, ρε∗]]K(x), θ(x)〉 = 0, (4.4.12)

for any C1-diffeomorphism φ, since ξ is only time-dependent.

We are now ready to prove our uniqueness result.

Proof of Theorem 111. We showed earlier by applying the KIW formula that

the pull-back of the mollified k-form-valued process Kε satisfies (4.4.6). We

observe that in order to prove the uniqueness of solutions to equation (0.2.10),

it suffices to show that φ∗tK(t, ·) is zero in the weak sense for all t ∈ [0, T ],

a.s. if K(0, ·) = 0, since φt is a C1-diffeomorphism for all t ∈ [0, T ].

Fixing a test function θ ∈ C∞0 (
∧k(T ∗Rn)) with support in B(0, R), taking

into account (0.2.10), and using stochastic Fubini (Theorem 33), we have∫
Rn
〈φ∗tKε(t, x), θ(x)〉dnx =

∫ t

0

∫
Rn
〈φ∗s [Lb, ρε∗]K(s, x), θ(x)〉dnxds

+

∫ t

0

∫
Rn
〈φ∗s [Lξ, ρε∗]K(s, x), θ(x)〉dnxdWs,

(4.4.13)

where we have employed (4.4.12). We note that stochastic Fubini can be

applied since by (4.4.11) and taking into account Lemma 103 (A) & (B), we

have the bound∣∣∣∣∫
Rn
〈φ∗s [Lb, ρε∗]K(s, x), θ(x)〉dnx

∣∣∣∣ . ‖θ̃s‖L∞R∗‖Ks‖L∞
R∗+1
‖bs‖W 1,1

R∗+1
, (4.4.14)
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uniformly in ε, where R∗ <∞ a.s. is chosen such that{
φ−1
t (x), x ∈ B(0, R), 0 ≤ t ≤ T

}
⊂ B(0, R∗),

where almost surely, we know that ‖θ̃‖L∞
R∗
∈ L∞([0, T ]). Moreover, by the

definition of solution we also have ‖K‖L∞
R∗+1

∈ L∞([0, T ]) a.s. and from

assumption ‖b‖W 1,1
R∗+1

∈ L∞([0, T ]) a.s., so the left-hand side of (4.4.14) is

almost surely in L∞([0, T ]). We check term-by-term convergence in (4.4.13).

• The left-hand side. We claim that∫
Rn
〈φ∗tKε(t, x), θ(x)〉dnx =

∫
Rn
〈Kε(t, y), θ̃t(y)〉dny

→
∫
Rn
〈K(t, y), θ̃t(y)〉dny =

∫
Rn
〈φ∗tK(t, x), θ(x)〉dnx.

For this, we note that a.s.∫
Rn
〈Kε(t, y)−K(t, y), θ̃t(y)〉dny ≤ ‖Kε(t, ·)−K(t, ·)‖L1

R∗
‖θ̃t‖L∞

R∗
→ 0,

pointwise in t, since Kε converges to K in L1
loc.

• The first term on the right-hand side. By the arguments we employed

above to justify Fubini, we have that∣∣∣∣∫
Rn
〈φ∗s [Lb, ρε∗]K(s, x), θ(x)〉dnx

∣∣∣∣ . ‖θ̃s‖L∞R∗‖Ks‖L∞
R∗+1
‖bs‖W 1,1

R∗+1
,

where a.s. all of the individual terms on the right-hand side are of class

L∞. Hence, by dominated convergence we obtain

lim
ε→0

∫ t

0

∫
Rn
〈φ∗s [Lb, ρε∗]K(s, x), θ(x)〉dnxds = 0.

• The martingale term on the right-hand side. Similarly, by the stochas-
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tic dominated convergence theorem (Theorem 50), we have

lim
ε→0

∣∣∣∣∫ t

0

∫
Rn
〈φ∗s [Lξ, ρε∗]K(s, x), θ(x)〉dnxdWs

∣∣∣∣ = 0,

in probability.

4.5 The space-time diffusion case

We have proven our well-posedness result for equations of the type (0.2.10)

(consider N = 1 for simplicity), with drift vector field in the class

b ∈ L∞([0, T ];Cα
b (Rn,Rn)) ∩ L∞([0, T ];W 1,2

loc (Rn,Rn)), for some α ∈ (0, 1),

and diffusion ξ ∈ L∞([0, T ]) a semimartingale only dependent on time. First

we note that the semimartingale assumption could have been dropped had

we only worked in the Itô formulation. However, we wished to simplify

some computations, since the Stratonovich side is the natural setting for our

equation. A natural question to ask is whether our strategy would also be

extensible to the case ξ = ξ(t, x). For this, we recall that our argument has

three important parts: (1) showing enough regularity of the solutions of the

flow equation (4.1.1), (2) proving existence of weak solutions of (0.2.10), and

(3) establishing the uniqueness of solutions. By inspecting our proofs of (2),

it is easy to check that the existence results follow almost immediately if we

incorporate a space-time-dependent diffusion vector field ξ(t, x) given that

(1) is provided and once some spatial regularity is assumed (actually, we

wrote the proofs in a way that permits generalising the results very easily

to the space-time case). Extending (3) is more complicated, since in the

time-dependent case, the Stratonovich-to-Itô correction of the commutator

evaluated in a test k-form θ via L2-pairing

1

2

∫
Rn
φ∗t 〈[Lξ, [Lξ, ρε∗]]K(x), θ(x)〉 (4.5.1)
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vanishes. In the general case, (4.5.1) becomes very convoluted and we need

an estimate of the type of the one we provided in Corollary 117 for the

correction in order to obtain uniqueness. After doing some computations, this

seems rather counter-intuitive because some high order terms appear, which

in principle seem too singular to treat. However, by a different extension

of DiPerna-Lions argument, we are able to explore some cancellations and

establish an estimate of the type∣∣∣∣∫
Rn
〈φ∗[Lξ, [Lξ, ρε∗]]K(x), θ(x)〉dnx

∣∣∣∣
. ‖θ̃‖L∞R ‖K‖L∞R+1

(
‖ξ‖L∞R+1

‖∇2ξ‖L1
R+1

+ ‖∇ξ‖L∞R+1
‖∇ξ‖L1

R+1

)
,

which we can then successfully apply to obtain uniqueness. Point (1) however

seems to be the most mathematically challenging one. To be more concrete,

we are able to imitate almost our entire argument in the flow section in

the general case except for the key fact that desired parabolic results (as in

Theorem 31) are not available for equations with form

∂tuλ(t, x) + ξj(t, x)ξk(t, x)∂j∂kuλ(t, x)− λuλ(t, x) = f̃(t, x), t > 0, x ∈ Rn,

with coefficients f̃(t, x), ξ(t, x) being merely L∞-regular in time. In particu-

lar, representation formulas of the form

Gf(t, x) =

∫ ∞
t

∫
Rn
e−λ(s−t)p(t, s, x− y)f̃(s, y)dyds

fail not available, and gradient estimates similar to

|Dp(t, s, x)| . (s− t)−(n+1)/2exp

(
−ε|x|2

s− t

)
do not seem to be in the literature either, although a general existence and

uniqueness theorem is provided in116 for only measurable in time coefficients.

When ξ is chosen only to depend on space, related gradient estimates for

unbounded ξ can be found in21,82 in the case λ = 0, f̃ = 0.

Our conclusion is that new sharp parabolic estimates would need to be devel-
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oped, and for instance, the time-dependent coefficients results in24 that we

strongly use here would need to be generalised. Finally, in the case when the

drift and diffusion vector fields are taken to be continuous in time, we believe

that the results in (1) can be proven by taking into account Chapter 9 in83

since we are working with vector fields in the space L∞([0, T ];Cα
b (Rn,Rn)),

which enjoy appropriate uniform properties. This will likely be the subject

of a future publication.
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5
Lagrangian-averaged Boussinesq

equations with transport noise

5.1 The stochastic Lagrangian-averaged Boussinesq equations

The deterministic 2D incompressible Boussinesq equations are

∂tu+ (u · ∇)u = −∇p+ gθŷ,

∂tθ + u · ∇θ = 0,

∇ · u = 0, t > 0, x = (x, y) ∈ T2. (5.1.1)

Here u = (u1, u2) is the incompressible velocity field, p is the pressure, g is

the acceleration due to gravity, θ corresponds to the potential temperature,

or buoyancy, which is transported by the fluid, and ŷ is the unitary basis

vector in the y direction. The Boussinesq equations (5.1.1) are fundamental

in meteorology. Among other aspects, these equations are used to model the

process of front formation. They are also employed for the study of large scale

atmospheric and oceanic flows, built environment, and dispersion of dense

gases137,143. From a mathematical viewpoint, the Boussinesq equations re-
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tain some key features of the well-known Euler and Navier-Stokes equations,

as for instance, the vortex stretching mechanism for ∇θ× ŷ, as explained in4

and first remarked in127. See36 for insight into the relation between Boussi-

nesq and the axissymmetric 3D Euler equations. The Boussinesq equations

have attracted considerable attention in the PDE community and local ex-

istence results (starting with the pioneering results in31), regularity criteria

(see37 for a classical local existence of smooth solutions result and blow-up

criterion), as well as global existence results for its viscous counterpart35,107

are available. The fundamental issue of whether classical solutions of the

2D incompressible Boussinesq equations can develop finite-time singularities

remains an outstanding open problem which seems to be out of reach156. A

partial answer to the question has been provided in67, where for a particular

choice of domain, it is proven that solutions become singular in finite time.

Numerical studies have given reason to believe that singularities form indeed

in finite time141,126.

In this chapter, we consider a Lagrangian-averaged with transport noise mod-

ification of the deterministic Boussinesq system (5.1.1) as a suitable model

for predicting “climate” dynamics. The model we consider was introduced

and studied in7, arising from a rich geometric framework developed in65. The

equations of interest read

du+ LE[u]udt+
N∑
i=1

Lξiu ◦ dW i
t

= −dE
[
p− |u|2/2

]
dt+ gE [θ] dydt− gyd(θ − E [θ])dt,

dθ + LE[u]θdt+
N∑
i=1

Lξiθ ◦ dW i
t = 0,

div (E [u]) = 0, t > 0, x ∈ T2, (5.1.2)

where we remind that u is modelled as a one-form-valued stochastic pro-

cesss and θ is a scalar-function-valued stochastic process. We stress that

the symbols d and d are not to be confused, since the former is the “dif-

ferential” notation for stochastic differential equations that we have been

using throughout this dissertation, and the latter is the exterior derivative
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df = ∇f · dx (i.e., the gradient operator in global coordinates written in

geometric form, which is convenient to us at the moment). We will refer to

system (5.1.2) as LA Boussinesq equations with transport noise or stochastic

LA Boussinesq equations. We have introduced our system in Stratonovich

form because it is more natural, but all the theory will be developed in the

Itô side.

Remark 118. Writing df = ∇f · dx is of course an abuse of notation

since the first f is a one-form on T2 and the second one refers to its global

coordinate expression. We hope no confusion is caused.

We stress that in equations (5.1.2), we have employed the notation Lξ to

indicate Lie derivative of a one-form u = u · dx (abuse of notation) with

respect to the vector field ξ. As written in Appendix A, the Lie derivative of

a one-form u with respect to a vector field ξ on Rn takes the shape

Lξu =
n∑
j=1

(
ξj∂ju+ uj∇ξj

)
in global coordinates. We could have written equations (5.1.2) in explicit

form by using the formula above, but we have chosen to do it geometrically

for convenience.

Remark 119 (Divergence-free condition on the expectation of the velocity).

We note that although, at first sight, the more restrictive divergence-free con-

dition div(u) = 0 might seem more natural to consider than our current

condition div (E [u]), it would make equations (5.1.2) ill-posed. This is due

to the presence of the term dE [p− |u|2/2] , which imposes the pressure to be

deterministic. Further insight into this will be provided once we present our

approach for solving equations (5.1.2).

Upon (formally) passing to the Itô formulation, the LA Boussinesq system
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(5.1.2) transforms into

du+ LE[u]udt+
N∑
i=1

LξiudW i
t

= −dE
[
p− |u|2/2

]
dt+ gE [θ] dydt− gyd(θ − E [θ])dt+

1

2

N∑
i=1

L2
ξi
udt,

dθ + LE[u]θdt+
N∑
i=1

LξiθdW i
t =

1

2

N∑
i=1

L2
ξi
θdt,

div (E [u]) = 0, (5.1.3)

where we have employed the notation L2 for the composition of Lie deriva-

tives L2
ξf = Lξ(Lξf). We formally take expectations at both sides of the

equations above, obtaining the following deterministic equations for the evo-

lution of the expectations

∂tE[u] + LE[u]E[u] = −d
(
E[p]− E

[
|u|2/2

])
+ gE[θ]dy +

1

2

N∑
i=1

L2
ξi
E[u],

∂tE[θ] + LE[u]E[θ] =
1

2

N∑
i=1

L2
ξi
E[θ]. (5.1.4)

Remark 120. An uncommon feature of equations (5.1.4) is that they do not

preserve the mean on the torus. This will play a role in our analysis.

We define the vorticity of the fluid by ω = (∇ × u) · ẑ as explained in the

preliminaries (we note that u in the formula above should be understood in

coordinates). It is straightforward to compute the LA Boussinesq equations

with transport noise in curl form as

dω + LE[u]ωdt+
N∑
i=1

Lξiω ◦ dW i
t = g∂xθdt,

dθ + LE[u]θdt+
N∑
i=1

Lξiθ ◦ dW i
t = 0.

We stress that since ω is a scalar quantity for incompressible planar flow, its
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Lie derivative is to be understood as the Lie derivative of a scalar function,

i.e., Lξω = ξ · ∇ω (see Appendix A), where we are again abusing notation.

The corresponding equations for the expectation of ω are given by

∂tE[ω] + LE[u]E[ω] = g∂xE [θ] +
1

2

N∑
i=1

L2
ξi
E[ω],

∂tE[θ] + LE[u]E[θ] =
1

2

N∑
i=1

L2
ξi
E[θ]. (5.1.5)

We will devote the next two sections to establishing the global existence

and uniqueness of smooth solutions to equations (5.1.3). We start by pro-

viding some important definitions. As usually, we fix a filtered probability

space (Ω,F ,P, (Ft)t) satisfying the usual conditions, together with a family

{W i
t }Ni=1 of independent Brownian processes adapted to (Ft)t.

Definition 121 (Global solution). A stochastic process (u, θ) : Ω× [0,∞)×
T2 → R2×R is called a strong global solution to the stochastic LA Boussinesq

equations (5.1.3) if (ut, θt) is adapted to (Ft)t and the following is satisfied :

• P-a.s. (u, θ) has paths of class C([0,∞);H2(T2,R2)×H3(T2,R)).

• It holds

ut − u0 +

∫ t

0

LE[u]uds+
N∑
i=1

∫ t

0

LξiudW i
s +

∫ t

0

fds

=
1

2

N∑
i=1

∫ t

0

L2
ξi
uds− gy

∫ t

0

dθds,

θt − θ0 +

∫ t

0

LE[u]θds+
N∑
i=1

∫ t

0

LξiθdW i
s =

1

2

N∑
i=1

∫ t

0

L2
ξi
θds, (5.1.6)

as identities in L2(T2,R2) and L2(T2,R), respectively, for all t > 0.

Above, we have employed the notation

f = dE[p− |u|2/2− gθy] + gE [θ] dy.

177



We seek to establish the following theorem.

Theorem 122. Let (u0, θ0) ∈ H2(T2,R2)×H3(T2,R) with (E [u0] ,E [θ0]) ∈
H5(T2,R2) × H4(T2,R). Assume that ξi ∈ L∞([0,∞);C4+α(T2,R2)), i =

1, . . . , N, for some 0 < α < 1, and there is λ > 0 such that

N∑
i=1

2∑
j,k=1

ξji (t,x)ξki (t,x)vjvk ≥ λ|v|2, v ∈ R2, (5.1.7)

for all t ≥ 0 and x ∈ T2. Then there exists a pathwise unique global solution

of the stochastic LA Boussinesq equations (5.1.3) in the sense of Definition

121.

Remark 123. Condition (5.1.7) generalises a fundamental property of the

Laplace operator ∆, which can be recovered in the double Lie derivative terms

of equations (5.1.5) by choosing N = 2, ξi = ei, i = 1, 2.

The proof of Theorem 122 strongly depends on the following fact, which we

state as a separate result and consists in finding a smooth enough solution

to the (deterministic) expectation equations (5.1.4).

Theorem 124. Let (U0,Θ0) ∈ Hs+1(T2,R2) × Hs(T2,R), s ≥ 2 and ξi ∈
L∞([0,∞);W s+1,∞(T2,R2)), i = 1, . . . , N satisfying (5.1.7). Then there ex-

ists a unique global solution (U,Θ) ∈ C ([0,∞);Hs+1(T2,R2)×Hs(T2,R))

to equations

∂tU + LUU = −dP̃ + gΘdy +
1

2

N∑
i=1

L2
ξi
U,

∂tΘ + LUΘ =
1

2

N∑
i=1

L2
ξi

Θ. (5.1.8)

Remark 125. We note that the existence results provided in both Theorem

122 and Theorem 124 could be sharper. However, we are not interested in

treating the sharpest case and rather wish to illustrate the fact that by applying

the stochastic LA approach to the Boussinesq equations, global existence and

uniqueness of smooth solutions in Sobolev spaces is guaranteed. Hence the

stochastic LA approach provides a powerful regularisation mechanism.
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We comment on the main idea of our global existence proof.

Main strategy of the proof. We start by solving for the variables E[u]

and E[θ] in the equations for the expectation (5.1.4). Since the expectation

equations are not mean-preserving, we split our variables into their mean on

the torus and their deviation from the mean. Taking into account that the

mean-free part of E[u] is incompressible, we project the momentum equation

onto its vorticity formulation by applying the curl operator, derive appro-

priate energy estimates for the new system, and then recover the mean-free

part of E[u] by means of the Biot-Savart law (for a short explanation of the

Biot-Savart law, see Section 1.1 in the preliminaries). Moreover, the devi-

ation from the mean part can be estimated in terms of the mean and this

allows us to close our energy estimates. The pressure term E[p− |u|2/2] can

be recovered by solving a Poisson problem. This argument is detailed in Sec-

tion 5.2. After having shown that the equations for the mean have a unique

solution, we plug the already solved deterministic variables E[u], E[θ], and

E[p − |u|2/2] into the main equations (5.1.3). We note that these become

stochastic linear equations with a forcing. We find an explicit solution for

u and θ by applying a characteristics method. Once this is done, we can

recover the expected pressure as E[p] = E[p − |u|2/2] + E[|u|2/2]. We also

establish uniqueness via common SPDE methods.

5.2 Global well-posedness of the expectation system

In this section, we provide the proof of Theorem 124. We divide our argu-

ment into three steps: first, we employ energy methods to obtain a priori

estimates of the Sobolev norms of (Ω,Θ), where Ω is the vorticity of U . The

mean-free part of the velocity can be recovered from Ω via the Biot-Savart

law. Second, we prove a bound for the evolution of the average of U on the

torus, since equations (5.1.8) are not mean-preserving. This permits estab-

lishing that solutions exist in the required spaces. To conclude, we argue

that the solutions we constructed are also unique. We note that the global

existence of solutions of the Boussinesq equations with dissipation has been
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investigated in the literature. For instance,35 shows the global well-posedness

of the Boussinesq system with either zero diffusivity or zero viscosity. More

partial viscosity results were later provided for instance in4,1.

Step 1: A priori estimates. Since equations (5.1.8) do not preserve the

mean due to the double Lie derivative term, we will take into account the

following decomposition of our variables into their mean and deviation from

the mean

U = U + V, Θ = Θ +W,

U =

∫
T2

UdV, Θ =

∫
T2

ΘdV,

where V,W are mean-free. Equations (5.1.8) are

∂tU + LUU = −dP̃ + Θdy +
1

2

N∑
i=1

L2
ξi
U,

∂tΘ + LUΘ =
1

2

N∑
i=1

L2
ξi

Θ, (5.2.1)

where we have set g = 1 without loss of generality. We apply the curl operator

to the momentum equation (take into account that the curl commutes with

the Lie derivative), obtaining the following coupled system for the (expected)

vorticity Ω = (∇ × U) · ẑ and the (expected) potential temperature, which

are scalars ∗

∂tΩ + LUΩ = ∂xΘ +
1

2

N∑
i=1

L2
ξi

Ω,

∂tΘ + LUΘ =
1

2

N∑
i=1

L2
ξi

Θ. (5.2.2)

∗Although throughout this section we will be working with variables that represent
expectations of the original variables, we will refer to Ω and Θ as the vorticity and potential
temperature for simplicity.
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We can derive the following equation for the evolution of the mean of U by

integrating in space the momentum equation in (5.2.1)

∂tU =

∫
T2

ΘŷdV +
1

2

N∑
i=1

∫
T2

L2
ξi
V dV +

1

2

N∑
i=1

∫
T2

L2
ξi
UdV, (5.2.3)

where we have taken into account that∫
T2

LUUdV = 0

since U is divergence-free. Assuming that (Ω(t),Θ(t)) is smooth and satisfies

(5.2.2), we can start to derive a priori estimates. In particular, for s ≥ 2, we

show the bound

sup
t∈[0,T ]

(
‖Ω(t)‖2

Hs + ‖Θ(t)‖2
Hs

)
≤ C(T ) <∞, T > 0, (5.2.4)

where C(T ) = C
(
‖ξi‖L∞([0,∞);W s+1,∞), λ, ‖Ω0‖Hs , ‖Θ0‖Hs , T

) † and we remind

that λ is the ellipticity constant specified in (5.1.7). Since we will be drag-

ging along several constants, we assume for simplicity of the calculations

that ‖ΛsV ‖L2 ≤ ‖Λs−1Ω‖L2 , although there should be a constant in the last

inequality (see (1.1.11)).

We begin by providing the L2-estimate. We multiply the second equation in

(5.2.2) with Θ and integrate over T2 to obtain

1

2

d

dt
‖Θ‖2

L2 +

∫
T2

LUΘΘdV =
1

2

N∑
i=1

∫
T2

L2
ξi

ΘΘdV.

Taking into account the incompressibility condition div(U) = 0, the second

term on the left-hand side above vanishes. Moreover, by expanding the

†Here, we have employed the notation L∞([0,∞);W s+1,∞) for
L∞([0,∞);W s+1,∞(T2,R2)), which we will keep along this subsection for simplic-
ity.
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double Lie derivative operator, we get

1

2

N∑
i=1

∫
T2

L2
ξi

ΘΘdV =
1

2

N∑
i=1

2∑
j,k=1

∫
T2

(
ajki ∂j∂kΘ + bji∂jΘ

)
ΘdV

=
1

2
(I1 + I2) ,

with coefficients ajki = ξji ξ
k
i and bji = (ξi · ∇) ξji , i = 1, . . . , N, j, k ∈ {1, 2},

where

I1 = −
N∑
i=1

2∑
j,k=1

∫
T2

ajki (∂jΘ)(∂kΘ)dV −
N∑
i=1

2∑
j,k=1

∫
T2

(∂ja
jk
i )(∂kΘ)ΘdV,

I2 =
N∑
i=1

2∑
j,k=1

∫
T2

bji (∂jΘ)ΘdV.

Hence

1

2

d

dt
‖Θ‖2

L2 +
1

2

N∑
i=1

2∑
j,k=1

∫
T2

ajki (∂jΘ)(∂kΘ)dV

= −1

2

N∑
i=1

2∑
j,k=1

∫
T2

(∂ja
jk
i )(∂kΘ)ΘdV + I2,

and applying the uniform ellipticity condition (5.1.7) and Hölder’s inequality,

we arrive at

1

2

d

dt
‖Θ‖2

L2 +
λ

2
‖∇Θ‖2

L2

≤
N∑
i=1

2∑
j,k=1

‖∇ajki ‖L∞t,x‖∇Θ‖L2‖Θ‖L2 +
N∑
i=1

2∑
j,k=1

‖bji‖L∞t,x‖∇Θ‖L2‖Θ‖L2 .

Applying Peter-Paul’s inequality (see (1.1.9)), we find

1

2

d

dt
‖Θ‖2

L2 +
λ

2
‖∇Θ‖2

L2

≤
N∑
i=1

2∑
j,k=1

(
‖∇ajki ‖L∞t,x + ‖bji‖L∞t,x

)(‖Θ‖2
L2

2ε
+
ε

2
‖∇Θ‖2

L2

)
,
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and choosing

ε =
λ

2

(
N∑
i=1

2∑
j,k=1

(
‖∇ajki ‖L∞t,x + ‖bji‖L∞t,x

))−1

,

we obtain

1

2

d

dt
‖Θ‖2

L2 +
λ

4
‖∇Θ‖2

L2 ≤ C0‖Θ‖2
L2 ,

where C0 = C0

(
‖ξi‖L∞([0,∞);W 1,∞), λ

)
. By Grönwall’s inequality, we conclude

sup
t∈[0,T ]

‖Θ‖2
L2 ≤ 2C0‖Θ0‖2

L2eT ,

∫ T

0

‖∇Θ‖2
L2dτ ≤

8

λ
C2

0‖Θ0‖2
L2eT .

In other words

sup
t∈[0,T ]

‖Θ‖2
L2 ≤ C1,

∫ T

0

‖∇Θ‖2
L2dτ ≤ C1, (5.2.5)

where C1 = C1(C0, λ, ‖Θ0‖L2 , T ). We note that since along this proof we are

merely interested in deriving universal bounds and are not aiming to find

optimal constants for our bounds, we will omit the explicit applications of

Grönwall’s Lemma from now on, simply indicating on which variables each

constant depends. To compute the evolution of the L2-norm of Ω, we multiply

the first equation in (5.2.2) by Ω and integrate, getting

1

2

d

dt
‖Ω‖2

L2 +

∫
T2

(LUΩ)ΩdV =

∫
T2

(∂xΘ)ΩdV +
1

2

N∑
i=1

∫
T2

(L2
ξi

Ω)ΩdV.

By the incompressibility condition, the second term on the left-hand side

vanishes, and taking into account the ellipticity condition (5.1.7) satisfied by

the double Lie derivative operator, we integrate by parts and apply Hölder’s
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inequality as before, obtaining

1

2

d

dt
‖Ω‖2

L2 +
λ

2
‖∇Ω‖2

L2

≤
N∑
i=1

2∑
j,k=1

((
‖∇aj,ki ‖L∞t,x + ‖bji‖L∞t,x

)
‖Ω‖L2‖∇Ω‖L2 + ‖Θ‖L2‖∇Ω‖L2

)
.

Once again using Peter-Paul’s inequality (1.1.9) and the fact that ‖∇V ‖L2 ≤
‖Ω‖L2 by the Biot-Savart inequality (1.1.11), we get

1

2

d

dt
‖Ω‖2

L2 +
λ

4
‖∇Ω‖2

L2 ≤ C2

(
‖Ω‖2

L2 + ‖Θ‖2
L2

)
,

where C2 = C2

(
‖ξi‖L∞([0,∞);W 1,∞), λ

)
. Finally, by Grönwall’s inequality to-

gether with bound (5.2.5), we conclude

sup
t∈[0,T ]

‖Ω‖2
L2 ≤ C3,

∫ T

0

‖∇Ω‖2
L2dτ ≤ C3, (5.2.6)

where C3 = C3(C1, C2, λ, ‖Ω0‖L2 , T ).

Next, we derive the a priori estimate for the Ḣs-norm of the variables Θ

and Ω, s ≥ 2. We prove this recursively and assume without loss of general-

ity that

sup
t∈[0,T ]

‖Λs−1Θ‖2
L2 <∞,

∫ T

0

‖ΛsΘ‖2
L2dτ <∞, (5.2.7)

sup
t∈[0,T ]

‖Λs−1Ω‖2
L2 <∞,

∫ T

0

‖ΛsΩ‖2
L2dτ <∞. (5.2.8)

We justify assumptions (5.2.8) & (5.2.7) at the end of the proof. We start

by computing the evolution of the Ḣs-norm of Θ. Integrating by parts in the
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second equation in (5.2.2), we have

1

2

d

dt
‖ΛsΘ‖2

L2 = −
∫
T2

Λs
(
U · ∇Θ

)
ΛsΘdV

−
∫
T2

Λs(V · ∇Θ)ΛsΘdV +
1

2

N∑
i=1

∫
T2

ΛsL2
ξi

ΘΛsΘdV. (5.2.9)

By noting that U does not depend on the spatial variable, integrating by

parts, and using the divergence-free condition, we get

−
∫
T2

Λs
(
U · ∇Θ

)
ΛsΘdV = −1

2

∫
T2

U · ∇
(
|ΛsΘ|2

)
dV

= −1

2

∫
T2

∇ ·
(
U
(
|ΛsΘ|2

))
dV = 0.

For the second term on the right-hand side of (5.2.9), we can do the following

−
∫
T2

Λs(V · ∇Θ)ΛsΘdV = −
∫
T2

V · ∇ΛsΘΛsΘdV

−
∫
T2

[Λs, V ·]∇θΛsΘdV,

where the first term on the right-hand side∫
T2

V · ∇ΛsΘΛsΘdV =
1

2

∫
T2

V · ∇|ΛsΘ|2dV

vanishes. We treat the second term by applying Hölder’s inequality with

p = 3/2, q = 3, and Kato-Ponce (1.1.7) with p = 3/2, pi = 3, i = 1, . . . , 4,

f = V, g = ∇Θ in the last line, i.e.∣∣∣∣∫
T2

[Λs, V ·]∇ΘΛsΘdV

∣∣∣∣ ≤ ‖[Λs, V ·]∇Θ‖L3/2‖ΛsΘ‖L3

.
(
‖∇V ‖L3‖Λs−1∇θ‖L3 + ‖ΛsV ‖L3‖∇θ‖L3

)
‖ΛsΘ‖L3

. ‖ΛsV ‖L3‖Λsθ‖2
L3 . (5.2.10)
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For the third term on the right-hand side of (5.2.9), we have

1

2

N∑
i=1

∫
T2

ΛsL2
ξi

ΘΛsΘdV =
1

2

N∑
i=1

∫
T2

L2
ξi

ΛsΘΛsΘdV

− 1

2

N∑
i=1

∫
T2

[L2
ξi
,Λs]ΘΛsΘdV.

The commutator term can be bounded using Hölder’s inequality∣∣∣∣∣12
N∑
i=1

∫
T2

[L2
ξi
,Λs]ΘΛsΘdV

∣∣∣∣∣ ≤
N∑
i=1

‖[L2
ξi
,Λs]Θ‖L2‖ΛsΘ‖L2

≤ C4‖Λs+1Θ‖L2‖ΛsΘ‖L2 , (5.2.11)

since by a general result from harmonic analysis, the commutator [L2
ξi
,Λs] is

an operator of order s+1 (cf.152). We note that C4 = C4

(
‖ξi‖L∞([0,∞);W 1,∞)

)
.

Imitating the same arguments we carried out in the L2-estimates using the

uniform ellipticity condition, and putting together the estimates (5.2.10) &

(5.2.11), we arrive at

1

2

d

dt
‖ΛsΘ‖2

L2 +
λ

2
‖Λs+1Θ‖2

L2

≤ C5

(
‖ΛsV ‖L3‖ΛsΘ‖2

L3 + ‖ΛsΘ‖L2‖Λs+1Θ‖L2

)
, (5.2.12)

where C5 = C5(C4, ‖ξi‖L∞([0,∞);W s,∞), λ). Moreover, by Peter-Paul’s inequal-

ity we have

‖ΛsΘ‖L2‖Λs+1Θ‖L2 ≤ 1

2δ
‖ΛsΘ‖2

L2 +
δ

2
‖Λs+1Θ‖2

L2 , (5.2.13)

for any δ > 0, and the bound

‖ΛsV ‖L3‖ΛsΘ‖2
L3 ≤ ‖ΛsV ‖3

L3 + ‖ΛsΘ‖3
L3

. ‖ΛsV ‖2
L2‖Λs+1V ‖L2 + ‖ΛsΘ‖2

L2‖Λs+1Θ‖L2

≤ 1

2ε
‖ΛsV ‖2

L2‖ΛsV ‖2
L2 +

ε

2
‖Λs+1V ‖2

L2

+
1

2ν
‖ΛsΘ‖2

L2‖ΛsΘ‖2
L2 +

ν

2
‖Λs+1Θ‖2

L2 , (5.2.14)
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where δ, ε, ν > 0 will be chosen later and we have invoked Gagliardo-Nirenberg

inequality (1.1.4) in the second line and Peter-Paul’s (1.1.9) in the third one.

Inserting (5.2.13) and (5.2.14) into (5.2.12), we obtain that

1

2

d

dt
‖ΛsΘ‖2

L2 +
λ

2
‖Λs+1Θ‖2

L2 ≤ C6

(
1

2ε
‖ΛsV ‖2

L2‖ΛsV ‖2
L2 +

ε

2
‖Λs+1V ‖2

L2

+
1

2ν
‖ΛsΘ‖2

L2‖ΛsΘ‖2
L2 +

ν

2
‖Λs+1Θ‖2

L2 +
1

2δ
‖ΛsΘ‖2

L2 +
δ

2
‖Λs+1Θ‖2

L2

)
,

where C6 = C6(C5). Choosing ε = ν = δ = (λ/2)C−1
6 , we have

1

2

d

dt
‖ΛsΘ‖2

L2 +
λ

4
‖Λs+1Θ‖2

L2

≤ C7

(
‖ΛsV ‖2

L2‖ΛsV ‖2
L2 + ‖Λs+1V ‖2

L2 + ‖ΛsΘ‖2
L2‖ΛsΘ‖2

L2 + ‖ΛsΘ‖2
L2

)
,

with C7 = C7 (C6, λ) . Noticing that ‖ΛsV ‖L2 ≤ ‖Λs−1Ω‖L2 , ‖Λs+1V ‖L2 ≤
‖ΛsΩ‖L2 , we obtain

1

2

d

dt
‖ΛsΘ‖2

L2 +
λ

4
‖Λs+1Θ‖2

L2

≤ C7

(
‖ΛsΘ‖2

L2 + ‖Λs−1Ω‖2
L2‖Λs−1Ω‖2

L2 + ‖ΛsΩ‖2
L2

) (
‖ΛsΘ‖2

L2 + 1
)
.

Using the global bounds (5.2.7) (5.2.8) (notice that we have assumed a bound

for the integral of the Hs-norm of our variables) and applying Grönwall’s

inequality with β(t) = ‖ΛsΘ‖2
L2 +‖Λs−1Ω‖2

L2‖Λs−1Ω‖2
L2 +‖ΛsΩ‖2

L2 , we obtain

sup
t∈[0,T ]

‖ΛsΘ‖2
L2 ≤ C8,

∫ T

0

‖Λs+1Θ‖2
L2dτ ≤ C8, (5.2.15)

187



where C8 = C8(C7, λ, ‖ΛsΘ0‖L2 , T ) < ∞. The evolution of the Ḣs-norm of

the vorticity Ω is given by

1

2

d

dt
‖ΛsΩ‖2

L2 −
1

2

N∑
i=1

∫
T2

L2
ξi

ΛsΩΛsΩdV = −
∫
T2

Λs
(
U · ∇Ω

)
ΛsΩdV

(5.2.16)

−
∫
T2

Λs(V · ∇Ω)ΛsΩdV +

∫
T2

Λs∂xΘΛsΩdV − 1

2

N∑
i=1

∫
T2

[L2
ξi
,Λs]ΩΛsΩdV

= I1 + I2 + I3 + I4.

Note that I1 = 0 and the bounds for I2 and I4 can be obtained by applying

the same arguments we have previously employed. Hence

|I2| . ‖ΛsV ‖L3‖ΛsΩ‖2
L3 , |I4| ≤ C9‖Λs+1Ω‖L2‖ΛsΩ‖L2 ,

where C9 = C9

(
‖ξi‖L∞([0,∞);W s+1,∞), λ

)
. For I3, by integrating by parts and

using Hölder’s inequality, we get

|I3| =
∣∣∣∣∫

T2

ΛsΘΛs∂xΩdV

∣∣∣∣ ≤ ‖ΛsΘ‖L2‖Λs+1Ω‖L2 .

The double Lie derivative term on the left-hand side of (5.2.16) can be ma-

nipulated as usual by using our ellipticity conditions. Hence we conclude

1

2

d

dt
‖ΛsΩ‖2

L2 +
λ

2
‖Λs+1Ω‖2

L2 ≤ C10

(
‖Λs+1Ω‖L2‖ΛsΩ‖L2

+‖ΛsV ‖L3‖ΛsΩ‖2
L3 + ‖ΛsΘ‖L2‖Λs+1Ω‖L2

)
,

where C10 = C10(C9, ‖ξi‖L∞([0,∞);W s,∞), λ). Taking into account Young’s in-

equality, Gagliardo-Nirenberg, Peter-Paul’s inequality as before, and the fact
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that ‖Λs+1V ‖L2 ≤ ‖ΛsΩ‖L2 , we obtain

1

2

d

dt
‖ΛsΩ‖2

L2 +
λ

2
‖Λs+1Ω‖2

L2 ≤ C11

(
1

2ε
‖ΛsV ‖2

L2‖ΛsV ‖2
L2 +

ε

2
‖Λs+1V ‖2

L2

+
1

2ν
‖ΛsΩ‖2

L2‖ΛsΩ‖2
L2 +

ν

2
‖Λs+1Ω‖2

L2 +
1

2δ
‖ΛsΩ‖2

L2 +
δ

2
‖Λs+1Ω‖2

L2

µ

2
‖Λs+1Ω‖2

L2 +
1

2µ
‖ΛsΘ‖2

L2

)
,

where C11 = C11(C10). Choosing ε = ν = δ = µ = (λ/2)C−1
11 , we have

1

2

d

dt
‖ΛsΩ‖2

L2 +
λ

4
‖Λs+1Ω‖2

L2

≤ C12

(
‖Λs−1Ω‖2

L2‖Λs−1Ω‖2
L2 + ‖ΛsΩ‖2

L2(1 + ‖ΛsΩ‖2
L2) + ‖ΛsΘ‖2

L2

)
,

where C12 = C12 (C11, λ). Applying Grönwall’s inequality and noticing that

we have the global bounds (5.2.7), (5.2.8), we find that

sup
t∈[0,T ]

‖ΛsΩ‖2
L2 ≤ C13,

∫ T

0

‖Λs+1Ω‖2
L2dτ ≤ C13, (5.2.17)

where C13 = C13(C8, C12, λ, ‖ΛsΩ0‖L2 , T ) < ∞. Thus, we have shown the a

priori estimate (5.2.4).

Remark 126 (Justification of assumptions (5.2.7) and (5.2.8)). First we

note that if s = k ∈ N, k ≥ 2, our assumptions can be justified because

we have shown (5.2.15) and (5.2.17). Hence, by induction, it follows that

our variables (U,Θ) enjoy regularity Hk, k ∈ N, k ≥ 2. This automatically

justifies the assumption for any real number s ≥ 2, since Hk ⊂ Hs, for

k = dse.

Step 2: Mean growth control. We show how to control the growth of

the mean part of U in terms of V,Θ and the initial mean value U0. This

estimate is essential in order to establish the uniqueness of solutions, as we
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will see later on. Integrating (5.2.3) in time, we get

U(t) = U0 +

∫ t

0

∫
T2

ΘŷdV dτ

+
1

2

N∑
i=1

∫ t

0

∫
T2

L2
ξi
V dV dτ +

1

2

N∑
i=1

∫ t

0

∫
T2

L2
ξi
UdV dτ. (5.2.18)

We treat the terms below in (5.2.18). Using the fact that U does not depend

on the spatial variable, we have

1

2

N∑
i=1

∫ t

0

∣∣∣∣∫
T2

L2
ξi
UdV

∣∣∣∣ dτ ≤ D1

∫ t

0

∣∣U ∣∣ dτ.
By integrating by parts twice and applying the divergence theorem, we also

have

1

2

N∑
i=1

∫ t

0

∣∣∣∣∫
T2

L2
ξi
V dV

∣∣∣∣ dτ ≤ D2

∫ t

0

‖V ‖L2dτ.

We note that D1 = D1(‖ξi‖W 2,∞) <∞ and D2 = D2(‖ξi‖W 2,∞) <∞. Hence,

we deduce

∣∣U(t)
∣∣ ≤ D3

(∣∣U0

∣∣+

∫ t

0

(
‖V ‖L2 + ‖Θ‖L2 +

∣∣U ∣∣) dτ

)
,

with D3 = D3(D1, D2). By invoking Grönwall’s integral inequality (Lemma

18), we conclude that

∣∣U(t)
∣∣ ≤ D3

(∣∣U0

∣∣+

∫ t

0

(‖V ‖L2 + ‖Θ‖L2) dτ

)
+D3

∫ t

0

(∣∣U0

∣∣+

∫ s

0

(‖V ‖L2 + ‖Θ‖L2) dτ

)
ds
(
et
)
,

and hence

sup
t∈[0,T ]

∣∣U(t)
∣∣ ≤ D4

(∣∣U0

∣∣+

(
sup
t∈[0,T ]

‖V ‖L2 + sup
t∈[0,T ]

‖Θ‖L2

))
, (5.2.19)
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where D4 = D4(D3, T ).

Remark 127. Notice that since equation (5.2.18) is linear, one can easily

imitate the previous argument to show that equation (5.2.19) also holds for the

difference between two solutions U1 and U2, which we denote by Ũ = U1−U2,

this is

sup
t∈[0,T ]

∣∣∣Ũ(t)
∣∣∣ ≤ D4

(∣∣∣Ũ0

∣∣∣+

(
sup
t∈[0,T ]

‖Ṽ ‖L2 + sup
t∈[0,T ]

‖Θ̃‖L2

))
, (5.2.20)

where Ṽ = V 1 − V 2 and Θ̃ = Θ1 −Θ2.

Step 3: Uniqueness of solutions. It suffices to prove that any two differ-

ent solutions of (5.2.1) with the same initial data must be equal. Let (U1,Θ1)

and (U2,Θ2) be two solutions to equations (5.2.1) with respective vorticities

Ω1 and Ω2 and decompositions U1 = U1 + V 1, U2 = U2 + V 2 (see the begin-

ning of this section for the decomposition of the velocity into its mean-free

part and deviation from the mean), sharing the same initial data (U0,Θ0),

Ω0 = (∇ × U0) · ẑ. Defining the differences Ũ = U1 − U2, Θ̃ = Θ1 − Θ2,

Ω̃ = Ω1 − Ω2, Ũ = U1 − U2, Ṽ = V 1 − V 2, we infer that

∂tΩ̃ + LU1Ω̃ + LŨΩ2 = ∂xΘ̃ +
1

2

N∑
i=1

L2
ξi

Ω̃,

∂tΘ̃ + LU1Θ̃ + LŨΘ2 =
1

2

N∑
i=1

L2
ξi

Θ̃. (5.2.21)

We will provide appropriate bounds for the L2-norm of the solutions of equa-

tions (5.2.21). In order to control the nonlinear terms LŨΩ2 and LŨΘ2, we

will apply the identity∫
T2

Ũ · ∇f 2f̃dV = −
∫
T2

Ũ · ∇f̃f 2dV, (5.2.22)

with f = Ω and f = Θ respectively. We first note that by using Hölder’s,

Peter-Paul’s inequalities, and the Sobolev embedding (1.1.5), (5.2.22) can be
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estimated as∣∣∣∣∫
T2

Ũ · ∇f̃f 2dV

∣∣∣∣ ≤ ‖Ũ‖L4‖∇f̃‖L2‖f 2‖L4

≤ 1

2ε
‖Ũ‖2

L4‖f 2‖2
L4 +

ε

2
‖∇f̃‖2

L2 .
1

2ε
‖Ũ‖2

H1‖f 2‖2
H1 +

ε

2
‖∇f̃‖2

L2 ,

(5.2.23)

where we have assumed that f enjoys enough regularity. By integrating

(5.2.21) against Ω̃ and Θ̃, we have

1

2

d

dt
‖Ω̃‖2

L2 +

∫
T2

LŨΩ2Ω̃dV =

∫
T2

∂xΘ̃Ω̃dV +
1

2

N∑
i=1

∫
T2

L2
ξi

Ω̃Ω̃dV,

1

2

d

dt
‖Θ̃‖2

L2 +

∫
T2

LŨΘ2Θ̃dV =
1

2

N∑
i=1

∫
T2

L2
ξi

Θ̃Θ̃dV.

By using the ellipticity condition (5.1.7) as we have done several times in this

section (see for instance the L2-estimate for θ), and applying the recently

derived estimate (5.2.23), we obtain

1

2

d

dt

(
‖Ω̃‖2

L2 + ‖Θ̃‖2
L2

)
+
λ

2

(
‖∇Ω̃‖2

L2 + ‖∇Θ̃‖2
L2

)
.

1

2µ
‖Θ̃‖2

L2 +
µ

2
‖∇Ω̃‖2

L2

+
1

2ε
‖Ũ‖2

H1‖Ω2‖2
H1 +

ε

2
‖∇Ω̃‖2

L2 +
1

2δ
‖Ũ‖2

H1‖Θ2‖2
H1 +

δ

2
‖∇Θ̃‖2

L2 .

By choosing µ = δ = ε = λ/4, we get

1

2

d

dt

(
‖Ω̃‖2

L2 + ‖Θ̃‖2
L2

)
+
λ

4

(
‖∇Ω̃‖2

L2 + ‖∇Θ̃‖2
L2

)
. ‖Θ̃‖2

L2 + ‖Ũ‖2
H1

(
‖Ω2‖2

H1 + ‖Θ2‖2
H1

)
.

Integrating the last expression in time, we obtain

‖Ω̃‖2
L2 + ‖Θ̃‖2

L2 .
(
‖Ω̃0‖2

L2 + ‖Θ̃0‖2
L2

)
+

∫ t

0

(
‖Ũ‖2

H1 + ‖Θ̃‖2
L2

) (
‖Ω2‖2

H1 + ‖Θ2‖2
H1 + 1

)
dτ. (5.2.24)

Moreover, since Ũ = Ũ + Ṽ , we have (take into account (5.2.20) and the
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Biot-Savart inequality (1.1.11))

‖Ũ‖H1 =‖Ũ + Ṽ ‖L2 + ‖∇Ṽ ‖L2

.
∣∣∣Ũ0

∣∣∣+ sup
t∈[0,T ]

(
‖Ṽ ‖L2 + ‖Θ̃‖L2

)
+ ‖∇Ṽ ‖L2

.
∣∣∣Ũ0

∣∣∣+ sup
t∈[0,T ]

(
‖Ω̃‖L2 + ‖Θ̃‖L2

)
.

Therefore

‖Ũ‖2
H1 .

∣∣∣Ũ0

∣∣∣2 + sup
t∈[0,T ]

(
‖Ω̃‖2

L2 + ‖Θ̃‖2
L2

)
.

Plugging this in (5.2.24) and denoting

X(t) = sup
s∈[0,t]

(
‖Ω̃‖2

L2 + ‖Θ̃‖2
L2

)
yields

X(t) . X(0) +

∫ t

0

(X(t) + 1)
(
‖Ω2‖2

H1 + ‖Θ2‖2
H1 + 1

)
dτ.

Applying Grönwall’s inequality we can obtain

X(t) . (X(0) + 1) exp
{
‖Ω2

0‖2
H1 + ‖Θ2

0‖2
H1 + 1

}
,

where we have used the energy estimates derived in Step 1 for the Hk-norm

of our variables, k = 1. Since we have assumed that U1
0 = U2

0 and Θ1
0 = Θ2

0,

we have X(0) = 0, Ũ0 = 0, and hence Ω1(t) = Ω2(t) and Θ1(t) = Θ2(t),

t > 0. From Biot-Savart (19) we obtain V 1 = V 2, and from (5.2.20) we have

U1 = U2. Finally, taking into account the decomposition U1 = U1 + V 1,

U2 = U2 + V 2, we conclude U1(t) = U2(t), t > 0.

After having derived the required a priori estimates, to establish the existence

of strong solutions, it suffices to apply a standard Galerkin approximation.

We do not provide the details here as this is considered standard in the PDE

literature.

193



Remark 128 (Bootstrapping the regularity of the solutions to equations

(5.2.2)). Due to the parabolic character of equations (5.2.2) (cf.153), we can

bootstrap the regularity of the variables Ω,Θ and show that for any t0 > 0,

we have that (Ω(t),Θ(t)) ∈ C∞ ([t0,∞)× T2,R2 × R) . The strategy consists

in noting that for initial data in (Ωk
0,Θ

k
0) ∈ Hk(T2,R2 × R), where k ∈ N,

k ≥ 2, there exists C = C
(
‖ξi‖Wk+1,∞ , λ, ‖Ωk

0‖Hk , ‖Θk
0‖Hk , T

)
such that

sup
t∈[0,T ]

‖Ω‖Hk ≤ C,

∫ T

0

‖Ω‖Hk+1dτ ≤ C,

sup
t∈[0,T ]

‖Θ‖Hk ≤ C,

∫ T

0

‖Θ‖Hk+1dτ ≤ C,

as we have demonstrated in Step 1 (see bounds (5.2.15) and (5.2.17)). In

other words, any solution to (5.2.2) with initial condition in (Ωk
0,Θ

k
0) ∈

Hk(T2,R2 × R) instantly gains spatial regularity Hk+1(T2,R2 × R). Hence

by starting with initial condition (Ω0,Θ0) ∈ H2(T2,R2 × R) and choos-

ing an increasing sequence of times {tk}∞k=2 with tk → t0, k → ∞, where

(U(tk),Θ(tk)) ∈ Hk(T2,R2×R), we obtain that (U(t0),Θ(t0)) ∈ C∞(T2,R2×
R). For the time regularity, note that for any t0 > 0, we have shown that the

right-hand side of equations (5.2.2) has regularity C ([t0,∞);C∞(T2,R2 × R)) ,

so (Ω(t),Θ(t)) ∈ C1 ([t0,∞);C∞(T2,R2 × R)) and we can apply this argu-

ment iteratively.

Remark 129. To recover the modified pressure term P̃ , we apply divergence

to the momentum equation in (5.1.8), obtaining the following Poisson equa-

tion

−∆P̃ = ∇ · LUU − ∂yΘ−
1

2

N∑
i=1

∇ · L2
ξi
U, (5.2.25)

where we have taken into account the incompressibility condition ∇ · U = 0.

This Poisson equation differs from the usual, since the double Lie derivative

term on the right-hand side does not vanish. Inverting the Laplacian and

noticing that the right-hand side of equation (5.2.25) is of class H1(T2), we
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can recover the modified pressure term and P̃ ∈ H3(T2) (see25). By boot-

strapping arguments, we have

P̃ ∈ C∞
(
[t0,∞)× T2

)
,

for any t0 > 0. We avoid writing the explicit form of the modified pressure

term P̃ , which is given by the convolution with the periodic Newtonian po-

tential, since this goes beyond the purpose of the present discussion, cf.128.

5.3 Global well-posedness of the linear system

We complete the proof of our main theorem (see Theorem 122). Set g = 1.

Let (u0, θ0) ∈ H2(T2,R2) × H3(T2,R) with (E [u0] ,E [θ0]) ∈ H5(T2,R2) ×
H4(T2,R). First we observe that (u, θ) ∈ H2(T2,R2)×H3(T2,R) is a solution

to (5.1.3) if and only if it is a solution to the system

du+ LUudt+
N∑
i=1

LξiudW i
t

=
1

2

N∑
i=1

L2
ξi
udt− dP̃dt+ Θŷdt− yd(θ −Θ)dt,

dθ + LUθdt+
N∑
i=1

LξiθdW i
t =

1

2

N∑
i=1

L2
ξi
θdt, (5.3.1)

where (U,Θ) is the only solution of (5.2.1) with initial data (U0,Θ0) =

(E [u0] ,E [θ0]). Indeed, it is straightforward to check that once (5.3.1) is

solved, U = E[u], Θ = E[θ], P̃ = (E[p]− E [|u|2/2]) , since the solution to

(5.1.8) is unique. Hence, it is sufficient to find a solution of (5.3.1) in the re-

quired spaces. We divide the proof into two steps: first we show the existence

of solutions by explicitly constructing them employing the characteristics of

the system. Next, we show the uniqueness of solutions by performing a stan-

dard energy estimate.

Step 1: Existence of solutions via characteristics. Consider the char-
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acteristics of system (5.3.1)

dXt = U(t,Xt)dt+
N∑
i=1

ξi(t,Xt) ◦ dW i
t

=

(
U(t,Xt) +

1

2

N∑
i=1

2∑
j=1

ξji ∂jξi(t,Xt)

)
dt+

N∑
i=1

ξi(t,Xt)dW
i
t .

(5.3.2)

‡ Invoking Theorem 124, we have U ∈ C ([0,∞);H5(T2)) , and therefore

U ∈ C
(
[0,∞);C3,α′(T2)

)
, for 0 < α′ < 1, due to the Sobolev embedding

(1.1.6) (take n = 2, m = 2, j = 3). Therefore from Assumption A2, (5.3.2)

admits a unique global solution and its flow φs,t is C3,α regular for every

0 < α < α′ (cf.120).

We claim that an explicit solution to the θ-equation in (5.3.1) is

θ(t,x) = θ0(φ−1
t (x)), (5.3.3)

where we have employed the shorthand notation φt to represent φ0,t. Fur-

thermore, one can verify that θt ∈ H3(T2) owing to the C3,α regularity of the

flow φs,t and the fact that θ0 ∈ H3(T2). To show that the formula for θ in

(5.3.3) solves the second equation in (5.3.1), we consider the mollified initial

condition θε0 = ρε ∗ θ0. By Itô’s second formula for the push-forward (1.4.8),

we obtain

θε0(φ−1
t (x)) = θε0(x)−

∫ t

0

LU(θε0(φ−1
s (x)))ds

− 1

2

N∑
i=1

∫ t

0

L2
ξi

(θε0(φ−1
s (x)))ds−

N∑
i=1

∫ t

0

Lξi(θε0(φ−1
s (x)))dW i

s ,

and due to the mollifier properties, θε0 → θ0 as ε → 0 in H3, which implies

that θ(t,x) = θ0(φ−1
t (x)) solves the θ-equation in (5.3.1). Furthermore, since

‡The Stratonovich equation in the first line should only be understood formally. We
are working in Itô, but the equation looks more natural in Stratonovich form.
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the inverse map satisfies the equation

dφ−1
t (x) =

∫ t

0

(
−U(s, φ−1

s (x)) +
1

2

N∑
i=1

2∑
j=1

(ξji ∂jξi)(s, φ
−1
s (x))

)
ds

−
N∑
i=1

∫ t

0

ξi(s, φ
−1
s (x))dW i

s ,

it enjoys C3,α regularity. By applying similar techniques, an explicit solution

can also be constructed for the momentum equation in (5.3.1) (see7 for more

details).

Step 2: Pathwise uniqueness. By the linearity of system (5.3.1), it

suffices to verify that if (u0, θ0) = (0, 0), then P-a.s. (ut, θt) = (0, 0), t > 0.

By taking into account the techniques we used for deriving the estimate for

‖θt‖2
L2 in Step 1 of the previous section, we can obtain

d‖θt‖2
L2 ≤ C0‖θt‖2

L2 − dMt, (5.3.4)

with

Mt =
N∑
i=1

∫ t

0

〈Lξiθ, θ〉L2(s)dW i
s .

For n ∈ N, consider the stopping time

τn = inf

{
t ≥ 0 :

∣∣∣∣∣
N∑
i=1

∫ t

0

〈Lξiθ, θ〉L2(s)dW i
s

∣∣∣∣∣ ≥ n

}
.

Since the solution is global and Mt is well-defined for all t > 0, we must have

τn →∞ a.s. as n→∞. Now, by defining

Yt = −C0

∫ t

0

‖θs‖L2ds,

we can rewrite equation (5.3.4) in Grönwall’s form as

d(exp(Yt)‖θt‖2
L2) ≤ − exp(Yt)dMt,
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and therefore by writing the stopped process in integral form we obtain

exp(Yt∧τn)‖θt∧τn‖2
L2 ≤ −

N∑
i=1

∫ t∧τn

0

exp(Ys)〈Lξiθ, θ〉L2(s)dW i
s , n ∈ N, t > 0.

By taking expectation in the equation above, one obtains

E
[
exp(Yt∧τn)‖θt∧τn‖2

L2

]
≤ −

N∑
i=1

E
[∫ t∧τn

0

exp(Ys)〈Lξiθ, θ〉L2(s)dW i
s

]
= 0.

We conclude

E
[
exp(Yt∧τn)‖θt∧τn‖2

L2

]
= 0, n ∈ N, t > 0.

This implies that for every n ∈ N and t > 0,

exp(Yt∧τn)‖θt∧τn‖2
L2 = 0, a.s.

Since Yt∧τn is finite, we can then deduce that θt∧τn = 0, for every n ∈ N
and t > 0. From τn → ∞ as n → ∞ we obtain that for every t > 0,

θt = 0 a.s. Finally, since the trajectories are continuous, we obtain that

P-a.s. θ = 0. Moreover, by uniqueness of the expectation equations we have

f = dE[p− |u|2/2− θy] + E [θ] ŷ = 0, and hence P-a.s. u = 0.

5.4 A closed equation for the statistical moments

In this section, we show that we can derive closed equations for the statistical

moments of solutions to the stochastic LA Boussinesq equations (5.1.2). We

assume that we are working with regular enough solutions. We note that we

will employ both the Stratonovich and Itô formulations of our equations since

it is convenient. For the two formulations to be equivalent, some regularity

is needed §, but here we are mainly interested in illustrating that closed

§To be more concrete, for a Stratonovich equation to be rewritten in Itô form, one can
assume that both the integrand and integrator are semimartingales, as we did for instance
in Chapter 4.
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equations can be derived for the covariance fields and the exact required

regularity is not our main concern. However, everything could be done in Itô

form.

Letting u′ = u− E [u] and θ′ = θ − E [θ] be the fluctuations of the variables

from their expectations, we remind that the covariance fields are defined by

U (2) = E [(u′)2] and Θ(2) = E [(θ′)2] , where we have employed the notation

(u′)2 = u′ ⊗ u′, (θ′)2 = θ′ ⊗ θ′. First observe that the fluctuations satisfy the

SPDEs (written in Stratonovich form)

du′ + LE[u]u
′dt+

N∑
i=1

Lξiu ◦ dW i
t = −1

2

N∑
i=1

L2
ξi
E [u] dt− gydθ′dt,

dθ′ + LE[u]θ
′dt+

N∑
i=1

Lξiθ ◦ dW i
t = −1

2

N∑
i=1

L2
ξi
E [θ] dt, (5.4.1)

where we have taken into account the linearity of the Lie derivative operator

and used equations (5.1.2) and (5.1.4). Before continuing with the proof, we

present a useful auxiliary lemma.

Lemma 130. The Stratonovich integral

N∑
i=1

∫ t

0

((Lξiu)⊗ u′ + u′ ⊗ (Lξiu)) ◦ dW i
s

can be rewritten in Itô form as

N∑
i=1

∫ t

0

((Lξiu)⊗ u′ + u′ ⊗ (Lξiu)) dW i
s

− 1

2

N∑
i=1

∫ t

0

((Lξi(Lξiu))⊗ u′ + 2 (Lξiu)⊗ (Lξiu) + u′ ⊗ Lξi(Lξiu)) ds.

Proof. Assume for simplicity that N = 1. We have that∫ t

0

((Lξu)⊗ u′ + u′ ⊗ (Lξu)) ◦ dWs =

∫ t

0

((Lξu)⊗ u′ + u′ ⊗ (Lξu)) dWs

+
1

2

(
[(Lξu)⊗ u′,W·]t + [u′ ⊗ (Lξu) ,W·]t

)
.
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Now, taking the Lie derivative Lξ on both sides of the momentum equation

in (5.1.2), we get

d(Lξu) + LξLE[u]udt+ Lξ(Lξu) ◦ dWt

= −dLξE
[
p− |u|2/2

]
dt+ gLξE [θ] ŷdt− gLξ (yd(θ − E [θ])) dt.

(5.4.2)

Using (5.4.2), (5.4.1), and the stochastic Leibniz rule d(S⊗T ) = (◦dS)⊗T +

S⊗(◦dT ), we obtain that the diffusion term in the equation for d((Lξu)⊗u′)
is

− ((LξLξu)⊗ u′ + (Lξu)⊗ (Lξu)) ◦ dWt,

and similarly, the diffusion term in the equation for d(u′ ⊗ (Lξu)) is

− ((Lξu)⊗ (Lξu) + u′ ⊗ (LξLξu)) ◦ dWt.

We can therefore conclude that

[(Lξu)⊗ u′,W·]t = −
∫ t

0

(Lξ(Lξu)⊗ u′ + (Lξu)⊗ (Lξu)) ds,

[u′ ⊗ (Lξu) ,W·]t = −
∫ t

0

((Lξu)⊗ (Lξu) + u′ ⊗ Lξ(Lξu)) ds,

from which our claim follows.

By applying the stochastic product rule in Stratonovich form (1.4.19), we

observe that

d(u′)2 = (◦du′)⊗ u′ + u′ ⊗ (◦du′)

= −LE[u]u
′ ⊗ u′dt−

N∑
i=1

Lξiu⊗ u
′ ◦ dW i

t −
1

2

N∑
i=1

L2
ξi
E [u]⊗ u′dt− gydθ′ ⊗ u′dt

− u′ ⊗ LE[u]u
′dt−

N∑
i=1

u′ ⊗ Lξiu ◦ dW i
t −

1

2

N∑
i=1

u′ ⊗ L2
ξi
E [u] dt− gyu′ ⊗ dθ′dt.

By taking into account the Leibniz property of the Lie derivative, i.e., Lξ(S⊗
T ) = LξS ⊗ T + S ⊗ LξT , for any smooth tensors S and T , we can rewrite
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the last expression as

d(u′)2 + LE[u](u
′)2dt+

1

2

N∑
i=1

(
L2
ξi
E [u]⊗ u′ + u′ ⊗ L2

ξi
E [u]

)
dt

+ gy(dθ′ ⊗ u′ + u′ ⊗ dθ′) = −
N∑
i=1

(
Lξiu⊗ u

′ + u′ ⊗ Lξiu
)
◦ dW i

t

=
1

2

N∑
i=1

(
L2
ξi
u⊗ u′ + 2 (Lξiu)2 + u′ ⊗ L2

ξi
u
)

dt−
N∑
i=1

(
Lξiu⊗ u

′ + u′ ⊗ Lξiu
)

dW i
t

=
1

2

N∑
i=1

(
L2
ξi
u′ ⊗ u′ + 2

(
Lξiu

′)2 + u′ ⊗ L2
ξi
u′
)

︸ ︷︷ ︸
= Lξi(Lξi(u′)2)

dt+
N∑
i=1

(LξiE [u])2 dt

−
N∑
i=1

(
Lξiu⊗ u

′ + u′ ⊗ Lξiu
)

dW i
t

+
1

2

N∑
i=1

(
L2
ξi
E [u]⊗ u′ + 2

(
LξiE [u]⊗ Lξiu

′ + Lξiu
′ ⊗ LξiE [u]

)
+ u′ ⊗ L2

ξi
E [u]

)
dt,

(5.4.3)

where in the second equality we have taken into account the Stratonovich-

to-Itô correction calculated in Lemma 130, and in the last equality, we have

expanded the Stratonovich-to-Itô correction term using u = u′+E [u] and the

linearity of the Lie derivative. Taking expectations on both sides of (5.4.3)

and noting that the expectation of the Itô integral vanishes by the martingale

property and E [u′] = E [θ′] = 0 by definition, we obtain

∂tU
(2) + LE[u]U

(2) =
N∑
i=1

(
1

2
L2
ξi
U (2) + (LξiE [u])2

)
− gyE [dθ′ ⊗ u′ + u′ ⊗ dθ′] . (5.4.4)

Actually, equations of the type (5.4.4) hold in much more generality for

stochastic LA equations (see7). Carrying out the same procedure for the

variable θ, we conclude that the following system of equations holds for the
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covariance fields

∂tU
(2) + LE[u]U

(2) =
N∑
i=1

(
1

2
L2
ξi
U (2) + (LξiE [u])2

)
− gyE [dθ′ ⊗ u′ + u′ ⊗ dθ′] ,

∂tΘ
(2) + LE[u]Θ

(2) =
N∑
i=1

(
1

2
L2
ξi

Θ(2) + (LξiE [θ])2

)
. (5.4.5)

Clearly, system (5.4.5) is in principle not closed due to the presence of the

term E [dθ′ ⊗ u′ + u′ ⊗ dθ′] in the equation for U (2). However, applying the

exterior derivative d on both sides of the equation for θ in (5.1.2), the equation

for its expectation in (5.1.4), and its corresponding fluctuation in (5.4.1),

and noting that the exterior derivative and the Lie derivative commute as a

consequence of Cartan’s formula (see Appendix A), we obtain the following

system for dθ, its expectation, and dθ′

d(dθ) + LE[u]dθdt+
N∑
i=1

(Lξidθ) ◦ dW i
t = 0,

∂tE [dθ] + LE[u]dE [θ] =
1

2

N∑
i=1

L2
ξi
E [dθ] ,

d(dθ′) + LE[u]dθ
′dt+

N∑
i=1

(Lξidθ) ◦ dW i
t = −1

2

N∑
i=1

L2
ξi
E [dθ] dt.

We claim that obtaining an equation for E [dθ′ ⊗ u′ + u′ ⊗ dθ′] closes system

(5.4.5). Indeed, by taking into account the stochastic product rule, using

equations (5.4.1), and applying the Leibniz property of the Lie derivative

202



Lξ(S ⊗ T ) = LξS ⊗ T + S ⊗ LξT, we have

d(u′ ⊗ dθ′) = u′ ⊗ (◦d(dθ′)) + (◦du′)⊗ dθ′

= −LE[u](u
′ ⊗ dθ′)dt−

N∑
i=1

(u′ ⊗ Lξi(dθ) + Lξiu⊗ dθ′) ◦ dW i
t

− 1

2

N∑
i=1

(
u′ ⊗ L2

ξi
E [dθ] + L2

ξi
E [u]⊗ dθ′

)
dt− gy(dθ′)2dt

= −LE[u](u
′ ⊗ dθ′)dt−

N∑
i=1

(u′ ⊗ Lξi(dθ) + Lξiu⊗ dθ′) dW i
t

− 1

2

N∑
i=1

(
u′ ⊗ L2

ξi
E [dθ] + L2

ξi
E [u]⊗ dθ′

)
dt− gy(dθ′)2dt

+
1

2

N∑
i=1

(
u′ ⊗ L2

ξi
(dθ) + 2(Lξiu)⊗ (Lξi(dθ)) + L2

ξi
u⊗ dθ′

)
dt.

(5.4.6)

By the Leibniz property of Lie derivative, we obtain

L2
ξ (u′ ⊗ dθ′) = Lξ (u′ ⊗ Lξ(dθ′) + Lξ(u′)⊗ dθ′)

= u′ ⊗ L2
ξ(dθ

′) + 2(Lξu′)⊗ (Lξ(dθ′)) + L2
ξu
′ ⊗ dθ′,

so the last term in (5.4.6) can be rewritten as

1

2

N∑
i=1

(
u′ ⊗ L2

ξi
(dθ) + 2(Lξiu)⊗ (Lξi(dθ)) + L2

ξi
u⊗ dθ′

)
dt

=
1

2

N∑
i=1

(
u′ ⊗ L2

ξi
(dθ′) + L2

ξi
u′ ⊗ dθ′ + u′ ⊗ L2

ξi
(E [dθ]) + L2

ξi
E [u]⊗ dθ′

)
dt

+
N∑
i=1

(Lξiu)⊗ (Lξi(dθ))

=
1

2

N∑
i=1

(
L2
ξi

(
u′ ⊗ dθ′

)
+ u′ ⊗ L2

ξi
(E [dθ]) + L2

ξi
E [u]⊗ dθ′

)
dt

+

N∑
i=1

(
(LξE [u])⊗ (Lξ(E [dθ])) + (LξE [u])⊗

(
Lξ(dθ′)

)
+ (Lξu′)⊗ (Lξ(E [dθ]))

)
.
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Using the above expression, taking expectations on both sides of (5.4.6), and

noting again that the expectation of the (local) martingale terms vanishes

and E [u′] = E [θ′] = 0, we get

∂tE [u′ ⊗ dθ′] + LE[u]E [u′ ⊗ dθ′] =
1

2

N∑
i=1

L2
ξi
E [u′ ⊗ dθ′]

− gyE
[
(dθ′)2

]
+

N∑
i=1

(LξiE [u])⊗ (Lξi(E [dθ])) .

Similarly, we can obtain a PDE for E [dθ′ ⊗ u′] , and putting them together

we derive the following equation for E [dθ′ ⊗ u′ + u′ ⊗ dθ′]

∂tE [dθ′ ⊗ u′ + u′ ⊗ dθ′] + LE[u]E [dθ′ ⊗ u′ + u′ ⊗ dθ′]

=
1

2

N∑
i=1

L2
ξi
E [dθ′ ⊗ u′ + u′ ⊗ dθ′] +

N∑
i=1

(LξiE [u])⊗ (Lξi(E [dθ]))

+
N∑
i=1

(Lξi(E [dθ]))⊗ (LξiE [u])− 2gyE
[
(dθ′)2

]
.
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6
Summary and outlook

In this thesis, we have investigated how transport noise in the Stratonovich

sense can affect the solution properties of various fluid equations of interest.

In Chapter 3, we have established that the inviscid Burgers’ equation with

transport noise is locally well-posed in regular Sobolev spaces Hs, s > 2.

We have developed a blow-up criterion that imitates the one available in

the deterministic case, and have proven a global well-posedness result in Hs,

s > 2 for the solutions of viscous Burgers’ with transport noise. We have also

presented shock formation results and shown that in the cases we consider,

shock formation cannot be avoided by addition of transport noise. Hence

in the case of both the inviscid and viscous Burgers’ equations, it is natural

to conclude that addition of stochastic noise seems to leave unchanged the

fundamental strong solution properties of the deterministic equations. This

is also what we concluded in6, except for the fact that the blow-up criterion

in6 is not as sharp as the deterministic one. In Chapter 4, we have illus-

trated how addition of Lie transport noise in the equation of linear advection

of k-forms can greatly affect (and improve) the (weak) solution properties of

this equation. Indeed, we have demonstrated that whereas the deterministic

equation is in general not weakly well-posed in L2, the stochastic equation
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becomes well-posed in this space. Our results comprise a general geometric

extension of the novel well-posedness by addition of noise results in76 for the

linear transport equation. Our conclusion is that the beautiful regularisa-

tion mechanism appearing in76 is available in a more general geometric class

of equations. Also, in contradiction to our initial intuition, extending the

results in76 to our more general setting requires developing new geometric

tools and mathematical strategies. Finally, we have applied a novel stochas-

tic Lagrangian-averaging (LA) technique to construct a stochastic Boussinesq

model. We stress that this technique should not be confused with addition

of transport noise, since the key part of the strategy consists in substituting

the stochastic transport velocity by its expectation. In the LA formula-

tion, we have demonstrated that the Boussinesq equations become globally

well-posed, while in the deterministic case this remains an important open

question in the mathematical community. Moreover, we have derived closed

equations for the covariance fields of the variables. Hence we conclude that

the Lagrangian-averaging technique we propose provides a strong regularisa-

tion mechanism. In order to establish some of our results, we developed an

important mathematical tool, which we call the Kunita-Itô-Wentzell (KIW)

formula. This tool was a key element when showing uniqueness of solutions

of stochastic linear transport of k-forms. Moreover, the KIW formula for-

mula has other interesting applications in fluid dynamics that we have also

illustrated. The KIW formula is therefore an instrument of great utility in

stochastic fluid dynamics.

We comment on some future lines of research which we consider interesting:

• Validity of the Kunita-Itô-Wentzell formula in broader con-

texts. One of the cornerstones of this dissertation is the Kunita-Itô-

Wentzell (KIW) formula, which extends the Itô-Wentzell formula to

stochastic time-dependent tensor fields (see Theorems 3 & 43 for the Itô

versions of KIW). We have also established a weak version of KIW for

k-forms on the Euclidean space Rn (Theorem 43). Moreover, although

we have not mentioned it in this thesis, we know that the KIW formula

is valid on manifolds under strong assumptions on the coefficients of

the flow equation, since Itô-Wentzell is available in the manifold case.
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An interesting task would be to extend our weak version to general

manifolds and tensors. For this purpose, there are several technical

hurdles that need to be surpassed. However, we have good reasons to

conjecture that our weak version of the KIW formula indeed holds on

manifolds, since we are aware that this is true under certain regularity

conditions. This generalisation would also be a key element for extend-

ing our well-posedness by noise results in Chapter 4 to the advection

equation of tensors on general manifolds, which would be very interest-

ing, since it would provide the first example of well-posedness of PDEs

by addition of noise on manifolds in a beautiful geometric setting.

• Extending Burgers’ well-posedness and shock formation re-

sults. Regarding the question of shock formation in the inviscid Burg-

ers’ equation with transport noise, it is natural to ask whether our

results can be extended to show that shock formation occurs almost

surely for more general types of noise than the linear one we consid-

ered. As we mentioned in Chapter 3, we know that shock formation

occurs at least in expectation for a general class of noises, which leads

us to ask whether the same result holds almost surely. Another inter-

esting question is whether our global well-posedness result for viscous

stochastic Burgers’ can be extended for the same equation upon replac-

ing the full Laplacian with a fractional Laplacian (−∆)α, α ∈ (0, 1).

The main difficulty here is that in the stochastic case, the proof of

the maximum principle (Proposition 82) employs pointwise chain rule,

which is not available for the fractional Laplacian, being the latter a

non-local operator. In the deterministic case, this question has been

settled and it is known that the solution exhibits a very different be-

haviour depending on the value of α: for α ∈ [1/2, 1], the solution is

global in time, and for α ∈ (0, 1/2), the solution develops singularities

in finite time113,112.

• Well-posedness of advection of k-forms with more generality.

It would be interesting to investigate whether our Lie transport noise

can regularise the equation as observed for the linear transport equa-

tion in72. Another possible idea would be to study whether our well-

207



posedness results can also be proven when the underlying space is a

smooth manifold instead of the Euclidean space Rn, which is a natural

setting for our equation due to its coordinate-free nature. This would

involve extending several intermediate results such as the parabolic and

commutator estimates to manifolds. There is some hope regarding the

first point since69,68 show that the smoothing mechanism of heat-type

semigroups is available on manifolds even for SDEs if the coefficients

are smooth enough. The second point would require, for instance, gen-

eralisation of the weak version of the KIW formula to manifolds (see

the first bullet). It would also be natural to ask whether we can re-

place k-forms by general tensors. Moreover, we would like to explore

further the case when the diffusion vector fields depend on space in-

stead of only on time, especially when the regularity of the drift is low.

Finally, it would be extremely interesting to investigate whether the

type of well-posedness by noise results that we provide could be shown

for nonlinear PDEs. This is considered state of the art and important

progress in this direction in the case of the Navier-Stokes equation has

recently been made in79,75.

• Well-posedness of stochastic fluid equations in more general

conditions. When proving existence and uniqueness results for the

solutions of stochastic fluid equations, we have chosen to work on the

torus or the Euclidean space as most authors do (as we do for instance

in8,6). In the deterministic case, the well-posedness of the Euler equa-

tions on manifolds was first demonstrated by Ebin and Marsden in66 by

means of a groundbreaking geometric argument. The well-posedness of

the Boussinesq equations in general domains is discussed, for instance,

in150. Recently, existence of solutions of the Euler equation with ad-

ditive noise on manifolds has been established in131 by extending the

original ideas of Ebin and Marsden. Moreover, instead of limiting our-

selves to the study of one equation with noise, an attractive idea is

considering a more abstract formalism yielding the well-posedness of a

large class of equations in the style of27,10.
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A
Some extra background in

tensors

This appendix describes some fundamental concepts of differential geometry

that we employ in this dissertation and is targeted to the reader who may

not be very experienced with the basic elements of differential geometry. As

usual, the goal is not providing a comprehensive review, and this appendix

should instead be interpreted as a guide to understand some of the compu-

tations appearing in this thesis. Since in this dissertation we work either on

the Euclidean space or the torus, the coordinates are global so the geometric

objects can be conveniently expressed in global coordinates.

A.1 Background in tensors

Let n ∈ N, V be a real finite-dimensional vector space with basis {e1, . . . , en},
and V ∗ be its corresponding dual space with basis {e1, . . . , en}, defined via

the relation 〈ej, ei〉 = δji , i, j ∈ {1, . . . , n}, where 〈·, ·〉 : V ∗ × V → R is

the natural dual pairing 〈α, v〉 = α(v), α ∈ V ∗, v ∈ V . Given a vector

v ∈ V (called contravariant), we can express it as the sum of its components
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v = viei with the upper indices (where we have assumed Einstein’s convention

of summation over repeated indices), and given a covector α ∈ V ∗ (called

covariant), we can express it as α = αie
i with the lower indices.

Definition 131. Given a vector space V, its dual V ∗, and r, s nonnegative

integers such that at least one of them is nonzero, we define an (r, s)-tensor

T as a multilinear map of the form

T : V ∗ × · · · × V ∗︸ ︷︷ ︸
r times

×V × · · · × V︸ ︷︷ ︸
s times

→ R.

Fixing a basis {e1, . . . , en} of V and {e1, . . . , en} of V ∗, we may interpret ten-

sors as vectors with basis {ei1⊗· · ·⊗eir⊗eir+1⊗· · ·⊗eir+s}ik∈{1,...,n},k∈{1,...,r+s},
where we define

ei1 ⊗ · · · ⊗ eir ⊗ eir+1 ⊗ · · · ⊗ eir+s
(
ej1 , . . . , ejr , ejr+1 , . . . , ejr+s

)
= δj1i1 · · · δ

jr
ir
δ
ir+1

jr+1
· · · δir+sjr+s

, (A.1.1)

when it acts on elements of the basis. We can extend definition (A.1.1) to

any element in

V ∗ × · · · × V ∗︸ ︷︷ ︸
r times

×V × · · · × V︸ ︷︷ ︸
s times

by linearity. Therefore, we can express T as

T = T i1,...,irir+1,...,ir+s
ei1 ⊗ · · · ⊗ eir ⊗ eir+1 ⊗ · · · ⊗ eir+s ,

where T i1,...,irir+1,...,ir+s
= T

(
ei1 , . . . , eir , eir+1 , . . . , eir+s

)
are its components, and we

sum over repeated indices. We denote the space of (r, s)-tensors over V by

T
(r,s)
V .

Given two tensors T ∈ T (r,s)
V , S ∈ T (s,r)

V , there is a natural dual pairing given

by

〈T, S〉 = T i1,...,irir+1,...,ir+s
T i1,...,isis+1,...,ir+s

,
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where we sum over repeated indices as usually. Consider a symmetric, non-

degenerate, positive definite bilinear form g : V × V → R, which is a (0, 2)-

tensor whose components are given by gij = g(ei, ej). We call g a metric

tensor or just a metric. Fixing a vector v ∈ V , one can construct an associ-

ated covector v[ ∈ V ∗ through the relation v[(w) = g(v, w), for any w ∈ V,
and we define g[ : V → V ∗ to be the map g[ : v → v[, for v ∈ V . This proce-

dure is called lowering the index, since the components of v[ now have lower

indices ((v[)i = gijv
j, i = 1, . . . , n). We also introduce the inverse operation

g] = (g[)−1 : V ∗ → V , which maps a covector α ∈ V ∗ to a vector α] ∈ V by

the relation α] = g](α). This is called raising the index. One can then define

a (2, 0)-tensor g∗ by g∗(α, β) = g(α], β]), α, β ∈ V ∗, whose components we

simply denote by gij = g∗(ei, ej). We call g∗ the cometric tensor or just the

cometric. Combining the metric and cometric tensors, we can construct a

metric on tensors, defined as follows (see for instance15).

Definition 132. Given a metric tensor g on V , a bundle metric ḡ on T
(r,s)
V

is defined by

ḡ(T, S) = gi1j1 · · · girjrgir+1jr+1 · · · gir+sjr+sT i1,...,irir+1,...,ir+s
Sj1,...,jrjr+1,...,jr+s

,

for any S, T ∈ T
(r,s)
V , where we stress that we are summing over repeated

indices. This also provides us with a norm | · |g on T
(r,s)
V , defined by

|T |g =
√
ḡ(T, T ).

We note that this generalises the Frobenius inner product for matrices to

general tensors.

From now on, we assume V = Rn, since every finite-dimensional vector

space is isomorphic to Rn and this is actually the case we treat in this dis-

sertation. An (r, s)-tensor bundle on Rn is a tuple (T (r,s)(Rn), π), where

T (r,s)(Rn) can be identified with Rn × T
(r,s)
Rn , and π is the natural projec-

tion map π : Rn × T (r,s)(Rn) → Rn. For every point x ∈ Rn, we have

π−1(x) ∼= T
(r,s)
Rn , which we call the fibres of the bundle. We will often denote

the tensor bundle by T (r,s)(Rn) instead of (T (r,s)(Rn), π), omitting the projec-
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tion map for simplicity. For example, taking (r, s) = (1, 0) we get the tangent

bundle TRn, and considering (r, s) = (0, 1) we obtain the cotangent bundle

T ∗Rn. Although we will not explain it here, the notion of tensor bundles

can be generalised to manifolds and manifolds are the natural setting for a

tensor bundle to be defined.

A section s of the tensor bundle (T (r,s)(Rn), π) is a map s : Rn → T (r,s)(Rn)

such that π◦s : Rn → Rn is the identity map. We denote the space of all sec-

tions by Γ(T (r,s)(Rn)) and the set of all smooth sections by C∞(T (r,s)(Rn)).

Geometrically, a section is a map that assigns a unique tensor to each point in

Rn, hence defining a tensor field. Given two tensor fields T ∈ Γ(T (r,s)(Rn)),

S ∈ Γ(T (s,r)(Rn)), there is a natural pairing 〈·, ·〉 : Rn → R given by

〈T, S〉(x) = 〈T (x), S(x)〉. In the next section, we describe in more detail

two common examples of tensor fields, namely, vector fields and differential

forms.

A.2 Vector fields and differential forms

Two fundamental examples of tensor fields (sections of the tensor bundle) are

vector fields and differential one-forms, which we will discuss in more detail

here.

Vector fields. A vector field X is a (1, 0)-tensor field X : Rn → Rn (i.e.,

a section of the tangent bundle). We denote by X(Rn) = C∞ (TRn) the set

of all smooth vector fields on Rn, where TRn = T (1,0)(Rn).

Differential one-forms. A differential one-form α is a (0, 1)-tensor

field α : Rn → Rn, (i.e., a section of the cotangent bundle). We denote

by Ω1(Rn) = C∞ (T ∗Rn) the set of all smooth differential one-forms on Rn,

where T ∗Rn = T (0,1)(Rn).

As a standard convention, the usual basis of vector fields on Rn evaluated at

a point x = (x1, . . . , xn) ∈ Rn is expressed as {(∂/∂x1)(x), . . . , (∂/∂xn)(x)}
and its corresponding dual basis is denoted by {dx1(x), . . . , dxn(x)}. Note
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that these are related by dual pairing via the identity 〈∂/∂xi, dxj〉(x) =

〈(∂/∂xi)(x), dxj(x)〉 = δji , x ∈ Rn. In coordinates, a vector field X and a

one-form α can be expressed explicitly as

X(x) = X i(x)
∂

∂xi
(x), α(x) = αi(x)dxi(x),

x ∈ Rn, where we have assumed Einstein’s convention of summation over

repeated indices. More generally, we can express an (r, s)-tensor field T in

global coordinates as

T (x) = T i1,...,irir+1,...,ir+s
(x)

∂

∂xi1
(x)⊗ · · · ⊗ ∂

∂xir
(x)⊗ dxir+1(x)⊗ · · · ⊗ dxir+s(x),

for x ∈ Rn.

Multi-vector fields. Multi-vector fields generalise the notion of a vec-

tor field. Let k ∈ {0, . . . , n}. A k-vector field X on Rn is a (k, 0)-tensor field

such that for any permutation σ ∈ Sk (here, Sk represents the symmetric

group of order k), we have

X(ασ(1), . . . , ασ(k)) = sgn(σ)X(α1, . . . , αn),

for all α1, . . . , αk ∈ Ω1(Rn), or in other words

X(x)(ασ(1)(x), . . . , ασ(k)(x)) = sgn(σ)X(x)(α1(x), . . . , αn(x)),

for all α1, . . . , αk ∈ Ω1(Rn) and x ∈ Rn, where sgn(σ) is the signature of the

permutation σ ∈ Sk. In particular, this implies that X is a smooth section

of the alternating (k, 0)-tensor bundle
∧k(TRn). We denote the space of

k-vector fields by Xk(Rn). In coordinates, one can express X ∈ Xk(Rn) as

X(x) =
n∑

i1<···<ik

∑
σ∈Sk

sgn(σ)Xi1,...,ik(x)
∂

∂xiσ(1)
(x)⊗ . . .⊗ ∂

∂xiσ(k)
(x)

=
n∑

i1<···<ik

Xi1,...,ik(x)
∂

∂xi1
(x) ∧ . . . ∧ ∂

∂xik
(x), x ∈ Rn.
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Differential k-forms. Other fundamental examples of tensor fields in

differential geometry are differential k-forms, which generalise the notion of

a differential one-form. Let k ∈ {0, . . . , n}. A differential k-form α on Rn is

a (0, k)-tensor field such that for any permutation σ ∈ Sk we have

α(vσ(1), . . . , vσ(k)) = sgn(σ)α(v1, . . . , vk),

for all v1, . . . , vk ∈ X(Rn). We denote the space of smooth k-forms by

Ωk(Rn) = C∞
(∧k(T ∗Rn)

)
, which is a smooth section of the alternating

(0, k)-tensor bundle
∧k(T ∗Rn). In coordinates, a k-form can be expressed as

α(x) =
n∑

i1<···<ik

αi1,...,ik(x)dxi1(x) ∧ . . . ∧ dxik(x), x ∈ Rn. (A.2.1)

Exterior product. Given a k-form α and an l-form β, one can construct

a (k + l)-form α ∧ β, defined as

(α ∧ β)(v1, . . . , vk, vk+1, . . . , vk+l)

=
1

k!l!

∑
σ∈Sk+l

sgn(σ)α(vσ(1), . . . , vσ(k))β(vσ(k+1), . . . , vσ(k+l)),

where n = k + l and the operation “∧” is called the exterior product.

Notion of integration. Differential k-forms are especially important in

differential geometry since they allow to extend the notion of integration to

general oriented manifolds. For a k-form α ∈ Ωk(Rn), we define its integral

over Rk by ∫
Rk
α =

n∑
i1<···<ik

∫
Rk
αi1,...,ik(x)dxi1 . . . dxik ,

where dxi1 . . . dxik is the Lebesgue measure. We note that all of the above no-

tions can be defined in a coordinate-free manner on arbitrary k-dimensional

smooth oriented manifolds (see for instance130). We also review some ele-

mentary operations defined on tensor fields, and in particular, on vector fields
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and k-forms.

Exterior derivative. Given a k-form α ∈ Ωk(Rn), which in coordinates

is written as α(x) = αi1,...,ik(x)dxi1(x) ∧ . . . ∧ dxik(x), its exterior derivative

dα is the (k + 1)-form

dα(x) =
∂αi1,...,ik
∂xl

(x)dxl(x) ∧ dxi1(x) ∧ . . . ∧ dxik(x), x ∈ Rn,

where we are summing as in (A.2.1) and also in l = 1, . . . , n. Hence, the

exterior derivative is a map d : Ωk(Rn)→ Ωk+1(Rn).

Contraction. Given a vector field X and a k-form α with k ≥ 1, we

define the contraction of α with X, which we denote by ιXα, as the (k − 1)-

form

ιXα(x) = X l(x)αl,i2,...,ik(x)dxi2(x) ∧ . . . ∧ dxik(x), x ∈ Rn,

where again we are summing as in (A.2.1) and also in l = 1, . . . , n. Given a

vector field X, the contraction is a map ιX : Ωk(Rn)→ Ωk−1(Rn).

Pull-back and push-forward. Let ϕ : Rn → Rn be a smooth diffeo-

morphism. The push-forward ϕ∗X of a vector field X ∈ X(Rn) with respect

to ϕ is the vector field (i.e., an element of X(Rn)) defined as

(ϕ∗X)(ϕ(x)) = X i(x)
∂ϕj
∂xi

(x)
∂

∂xj
(ϕ(x)), x ∈ Rn,

where we are summing over repeated indices as usually, and the pull-back

ϕ∗α of a one-form α ∈ Ω1(Rn) with respect to ϕ is the one-form (i.e., an

element of Ω1(Rn)) defined as

(ϕ∗α)(x) = αi(ϕ(x))
∂ϕi
∂xj

(x)dxj(x), x ∈ Rn.
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One can also define the pull-back of a vector field as ϕ∗X = (ϕ−1)∗X, and

the push-forward of a one-form as ϕ∗α = (ϕ−1)∗α.

For a general smooth (r, s)-tensor field T , we define its pull-back ϕ∗T with

respect to ϕ by

(ϕ∗T )(x) (α1(x), . . . , αr(x), v1(x), . . . , vs(x))

= T (ϕ(x)) ((ϕ∗α1)(ϕ(x)), . . . , (ϕ∗αr)(ϕ(x)), (ϕ∗v1)(ϕ(x)), . . . , (ϕ∗vs)(ϕ(x))) ,

for any α1, . . . , αr ∈ Ω1(Rn), v1, . . . , vs ∈ X(Rn), and x ∈ Rn. Similarly, we

define the push-forward of an (r, s)-tensor field as ϕ∗T = (ϕ−1)∗T .

It follows immediately that ϕ∗ ◦ ϕ∗ = id. For simplicity, we will employ

the notations ϕ∗T (x), ϕ∗T (x) instead of (ϕ∗T )(x), (ϕ∗T )(x), respectively.

Figure A.1: Example of a diffeomorphism on the square.
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Figure A.2: The pull-back of a volume form.

Lie derivative. Let T ∈ C∞(T (r,s)(Rn)), and ϕt be the (local) flow of the

vector field X ∈ X(Rn), this is, the local solution to the ODE

ϕ̇t(x) = X(ϕt(x)), ϕ0(x) = x.

The Lie derivative of T with respect to X is the (r, s)-tensor field defined by

the relation

(LXT )(x) = lim
t→0

1

t
(ϕ∗tT (x)− T (x)) ,

which is a map LX : C∞(T (r,s)(Rn)) → C∞(T (r,s)(Rn)). We employ the

notation LX(x) instead of (LX)(x) for simplicity. Below, we list the global

coordinate expressions of some common examples of Lie derivatives on Rn

that we will employ. In the following formulas, x should be understood as
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any element in Rn. We assume summation over repeated indices.

• For a function f ∈ C∞(Rn) and a vector field u ∈ X(Rn), we have

Luf(x) = ui(x)
∂f

∂xi
(x).

• Given two vector fields u, v ∈ X(Rn), we have

Luv(x) = [u, v](x) =

(
ui(x)

∂vj

∂xi
(x)− vi(x)

∂uj

∂xi
(x)

)
∂

∂xj
(x),

where [·, ·] is the standard commutator of vector fields (Lie bracket of

vector fields).

• Given a one-form α ∈ Ω1(Rn) and a vector field u ∈ X(Rn), we have

Luα(x) =

(
uj(x)

∂αi
∂xj

(x) + αj(x)
∂uj

∂xi
(x)

)
dxi(x).

• For a density D ∈ Ωn(Rn) with coordinate expression ρ(x)dnx and a

vector field u ∈ X(Rn), we have

LuD(x) =

(
∂ρ

∂xi
(x)ui(x) +

∂ui

∂xi
(x)ρ(x)

)
dnx.

• In coordinates, the Lie derivative of a k-form α ∈ Ωk(Rn) with respect

to a vector field X ∈ X(Rn) is given by

LXα(x)(v1(x), . . . , vk(x)) = X l(x)
∂αi1,...,ik
∂xl

(x)vi11 (x) · · · vikk (x)

+
k∑
j=1

αi1,...,ik(x)
∂X ij

∂xl
(x)vi11 (x) · · · vlj · · · v

ik
k (x), v1, . . . , vk ∈ X(Rn).

(A.2.2)

For a k-form α ∈ Ωk(Rn) and a vector field X ∈ X(Rn), we have the identity

LXα = d(ιXα) + ιXdα.
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This is called Cartan’s magic formula.

We note that the Lie derivative commutes with the exterior derivative, with

the pull-back, and with the push-forward. Moreover, for tensors T, S ∈
C∞(T (r,s)(Rn)), X ∈ X(Rn), we have the property

LX(T ⊗ S) = LXT ⊗ S + T ⊗ LXS. (A.2.3)

Remark 133. We have defined different geometric operations which require

derivation such as the Lie derivative or the exterior derivative for smooth

tensors, but this can be done of course under much weaker regularity as-

sumptions. Indeed, differentiability is enough and even weak notions of some

of these operations can be defined by merely imposing weak differentiability

of the tensor components.
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B
Proof of generalised estimates for

linear operators

In this appendix, we collect the proof of Proposition 32, which is very use-

ful, for instance, when deriving Sobolev bounds for equations with transport

noise depending on the gradient of the solution. This result was initially

motivated by the H2-estimates for the three-dimensional Lie derivative ap-

pearing in49 (see Lemmas 27 & 30). In our proof, we modify their argument

to be more general. More precisely, we provide an extension of their re-

sult to higher or fractional order pseudodifferential operators P and linear

differential operators Q of first order.

Proof. We start by establishing (1.3.7). Indeed, this follows after a straight-

forward computation, since

〈Q2f, f〉L2 = 〈Qf,Q?f〉L2 = −〈Qf,Qf〉L2 + 〈Qf, Ef〉L2 , (B.0.1)

where Q? denotes the adjoint operator of Q under the L2-pairing and we
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have employed the notation

Q∗ = −Q+ E (B.0.2)

where E is a zero order operator. (B.0.2) follows from the general theory of

differential operators. Now just note that the last term on the right-hand

side of (B.0.1) can be rewritten as

〈Qf, Ef〉L2 =− 〈f,QEf〉L2 + 〈f, E2f〉L2

= −〈f, EQf〉L2 − 〈f, T0f〉L2 + 〈f, E2f〉L2

= −〈Ef,Qf〉L2 − 〈f, T0f〉L2 + 〈f, E2f〉L2 ,

since

QE − EQ = [Q, E] = T0,

where T0 is a zero order differential operator and we have employed the fact

that 〈Ef, g〉L2 = 〈f, Eg〉L2 , for L2-integrable vector-valued functions f, g.

Hence,

|〈Q2f, f〉L2 + 〈Qf,Qf〉L2| = (1/2)|〈f, T0f〉L2 + 〈f, E2f〉L2| . ||f ||2L2 .

Next we show inequality (1.3.8). We define

T1 = PQ−QP = [P ,Q].

The classical theory of pseudodifferential operators states that the resulting

commutator is of order s (c.f.,105,152). Following the same idea, let us define

T2 = T1Q−QT1 = [T1,Q],
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which is also an operator of order s for the same reason. Therefore,

〈PQ2f,Pf〉L2 = 〈(QP + T1)Qf,Pf〉L2 = 〈QPQf,Pf〉L2 + 〈T1Qf,Pf〉L2

= −〈PQf,QPf〉L2 + 〈PQf,EPf〉L2 + 〈T1Qf,Pf〉L2

= −〈PQf,PQf〉L2 + 〈PQf, T1f〉L2 + 〈T1Qf,Pf〉L2 + 〈PQf,EPf〉L2 ,

where we have taken into account the definition of T1 and (B.0.2). Therefore,

〈PQ2f,Pf〉L2 + 〈PQf,PQf〉L2

= 〈PQf, T1f〉L2 + 〈T1Qf,Pf〉L2 + 〈PQf, EPf〉L2 .

Once again, manipulating the above equality, we obtain

〈PQ2f,Pf〉L2 + 〈PQf,PQf〉L2

= 〈QPf, T1f〉L2 + 〈T1f, T1f〉L2 + 〈T1Qf,Pf〉L2 + 〈PQf, EPf〉L2

= −〈Pf,QT1f〉L2 + 〈T1f, T1f〉L2 + 〈T1Qf,Pf〉L2

+ 〈PQf, EPf〉L2 + 〈Pf, ET1f〉L2

= 〈(T1Q−QT1)f,Pf〉L2 + 〈T1f, T1f〉L2

+ 〈PQf, EPf〉L2 + 〈Pf, ET1f〉L2

= 〈T2f,Pf〉L2 + 〈T1f, T1f〉L2 + 〈Pf, ET1f〉L2 + 〈PQf, EPf〉L2 .

Notice that the last term on the right-hand side in the last equality seems to

be singular as well. However, one can treat it as follows:

〈PQf,EPf〉L2 = 〈(QP + T1)f,EPf〉L2 = 〈QPf,EPf〉L2 + 〈T1f,EPf〉L2

= −〈Pf,QEPf〉L2 + 〈Pf,E2Pf〉L2 + 〈T1f,EPf〉L2

= −〈Pf,EQPf〉L2 − 〈Pf, T0Pf〉L2 + 〈Pf,E2Pf〉L2 + 〈T1f,EPf〉L2

= −〈EPf,QPf〉L2 − 〈Pf, T0Pf〉L2 + 〈Pf,E2Pf〉L2 + 〈T1f,EPf〉L2 ,

where we have employed (B.0.2) and the commutators constructed above.

Hence,

2〈PQf, EPf〉L2 = −〈Pf, T0Pf〉L2 + 〈Pf, E2Pf〉L2 + 2〈T1f, EPf〉L2 .
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Finally, by making use of Hölder’s inequality, together with the fact that

T1, T2,P are differential operators of order s, and E, T0 are zero order oper-

ators, we conclude that∣∣∣∣〈PQ2f,Pf〉L2 + 〈PQf,PQf〉L2

∣∣∣∣
=

∣∣∣∣〈T2f,Pf〉L2 + 〈T1f, T1f〉L2 + 〈Pf, ET1f〉L2

− 1

2
〈Pf, T0Pf〉L2 +

1

2
〈Pf, E2Pf〉L2 + 〈T1f, EPf〉L2

∣∣∣∣. ||f ||2Hs .

Remark 134. It is easy to check that inequalities (2.9) and (2.10) in49

represent a particular case of inequalities (1.3.7) and (1.3.8) in Proposition

32, respectively. Indeed, let Q = Lξi and f : T3 → R3. Then we have

Q? = −Q, yielding (2.9). Inequality (2.10) follows by taking Q = Lξi, P =

Λs. It is also worth noting that although we have proven our estimates for

scalar-valued functions f defined on the periodic domain Tn, they extend to

the whole space Rn without the need of modifying the argument. Moreover,

since all the commutator properties are also available on compact manifolds,

we expect these estimates also to be available in that context.
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