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Abstract

Artificial intelligence (AI) has demonstrated substantial success across diverse fields, revolu-
tionizing predictive and prescriptive analytics. Motivated by these advancements, this thesis
explores the application of artificial intelligence within Operations Management (OM), specif-
ically targeting challenges related to choice modeling, assortment optimization, and sequen-
tial decision-making problems. The thesis has three primary contributions. First, a neural
network-based discrete choice model is introduced, tailored for single-choice scenarios, capa-
ble of accurately capturing complex customer behaviors without reliance on traditional model
assumptions. This model can be used successfully for assortment optimization through inte-
ger programming methods. Second, the Transformer Choice Net is developed to handle sin-
gle, sequential, and multiple-choice contexts within a unified transformer-based architecture,
significantly enhancing prediction accuracy and scalability across diverse consumer decision
settings. Third, an Operational Management Generative Pre-trained Transformer (OMGPT)
is presented, adapting GPT-style transformer networks to general sequential decision-making
problems, such as dynamic pricing, inventory management, and queuing control. OMGPT pro-
vides a robust, data-driven, model-free approach, demonstrating state-of-the-art performance
and strong generalization capabilities across varying operational tasks. Collectively, this thesis
underscores the transformative potential of artificial intelligence to enhance decision-making

and analytics in OM, advancing both theoretical understanding and practical capabilities.
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Chapter 1

Introduction

Artificial intelligence, especially deep learning, has achieved remarkable success in many fields,
including computer vision, natural language processing and large language models, recommen-
dation systems, and even physics. It often outperforms traditional algorithms in performance.
Neural networks in particular have been applied with great success to many prediction tasks in
industry, owing to their robustness, minimal need for hand-crafted modeling, and standardized
training procedures. This prowess of deep learning in other domains is motivating a surge of
interest in leveraging similar techniques for complex decision-making problems in operations
management (OM). Operations management typically relies on structured analytical models
and assumptions, but the growing availability of rich data is creating opportunities for more
data-driven decision-making. This highlights the potential of modern AI to enhance OM,
needing novel architectures and methodologies tailored to the unique challenges of operational
decisions. This thesis addresses that need by developing and applying deep learning models to
core OM domains, demonstrating how such models can improve both predictive accuracy and

decision quality in complex operational settings.

In Chapter 2, we develop a neural network-based discrete choice model designed for single-choice
settings, where each customer selects at most one item from an offered set. It is motivated by
the classic assortment optimization problem: a firm must decide which subset of products

to offer in order to maximize revenue, which requires accurately predicting customers’ choice
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probabilities from those assortments. Traditional choice models (e.g. multinomial logit and
its variants) are powerful but often require careful hand-specification of utility functions and
struggle to capture certain complex behavioral patterns. Here we propose a flexible deep neural
network architecture that learns choice behavior directly from data, without requiring a pre-
specified utility structure. A key innovation is the integration of the assortment context into
the model, enabling it to account for how the presence or absence of products influences choice
probabilities. We further formulate an integer programming approach that uses the trained
network’s predictions to find the revenue-maximizing assortment. This approach addresses two
significant challenges: it incorporates assortment effects into a predictive model and ensures
that the “black-box” network can be utilized within an optimization framework. The neural
choice model is evaluated on both simulated data (with ground truths from a variety of choice
models) and real-world case studies across industries such as retail, airlines, and hospitality. No-
tably, it achieves predictive accuracy and revenue performance on par with the best traditional
choice models in most scenarios, even in cases where customer behavior deviates from common
assumptions. These results demonstrate that a carefully designed neural network can serve as
a universal choice model for assortment decisions, capturing complex consumer behavior while

still allowing for tractable optimization of offerings. This work is detailed in [WCLT23].

In Chapter 3, we introduce the Transformer Choice Net, a novel neural architecture based on
the Transformer (self-attention) mechanism [VSP™17]. This model is capable of handling single
choices, sequential choices, and multiple choices within a single unified framework. Such uni-
fication is important because in modern applications, customers may engage in multi-item or
sequential purchasing (for instance, adding multiple products to an online cart over time), yet
existing choice models are often fragmented—different methods are used for one-shot choices,
multiple simultaneous choices, or sequential decision processes. Extending classical discrete-
choice models to multi-choice scenarios is notoriously difficult due to the combinatorial explosion
in the number of possible item subsets and sequences. The Transformer Choice Net addresses
this challenge by leveraging the sequence modeling strengths of Transformer networks: it can
effectively capture complex interactions among chosen items and the influence of the offer set

and past choices on future selections. In our architecture, each alternative (and the context
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of the assortment) is encoded and processed through multi-head attention layers, allowing the
model to “attend” to relevant relationships (such as complementary or substitutable items in
a basket). This data-driven approach eliminates the need for problem-specific modeling for
each choice scenario, providing a single model that can be applied to a wide range of choice
prediction tasks. We empirically validate the Transformer Choice Net on a broad set of bench-
mark datasets spanning different industries and choice behaviors. The results show uniformly
superior out-of-sample prediction accuracy compared to leading discrete-choice models in the
literature. Notably, our Transformer-based model outperforms these benchmarks in predicting
both individual item choice probabilities and entire consideration sets, all without requiring
any customized tuning for each dataset or context. This contribution demonstrates the power
of advanced deep learning architectures in OM: by adopting the Transformer—an architecture
originally developed for natural language and now state-of-the-art in sequence modeling—we
achieve a level of flexibility and predictive performance in choice modeling that was previously
unattainable with traditional approaches. The Transformer Choice Net thus represents a sig-
nificant step toward unifying multiple choice paradigms under one methodological umbrella,
greatly simplifying the modeling process for complex customer choice phenomena. This work

is detailed in [WLT23].

In Chapter 4, we study sequential decision-making problems in operations management, intro-
ducing a GPT-style Transformer model called OMGPT (Operational Management Generative
Pre-trained Transformer). Many OM contexts—such as dynamic pricing, inventory control, re-
source allocation, and queueing managemen—can be formulated as sequential decisions made
over time under uncertainty. Traditionally, these problems have been addressed with special-
ized algorithms (often rooted in dynamic programming or online learning theory) that rely
on problem-specific assumptions and structures. In contrast, OMGPT offers a data-driven,
model-free paradigm: we cast each operational decision task as a sequence modeling problem
in which the goal is to predict the optimal action at each time step given the history of past
observations, actions, and rewards. By doing so, we can train a single large-scale Transformer
on sequences of decisions, in a manner analogous to how GPT models are trained on language

sequences. The Transformer’s ability to capture long-term dependencies and complex patterns
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makes it a natural fit for these decision sequences. Once trained, OMGPT can generate near-
optimal decision policies for a variety of problems without being explicitly told the underlying
dynamics of each environment. This approach marks a shift in how we tackle OM decision
tasks: (i) OMGPT leverages knowledge from potentially vast amounts of off-line training data
(including heterogeneous scenarios), akin to pre-training in large language models, and (ii) it
does not assume any parametric form or simplification of the decision problem, instead learning
the policy directly from data. These properties allow OMGPT to generalize across different
environments and problem types, in contrast to classical methods that must be re-derived or
retrained for each new setting. We evaluate OMGPT on several canonical sequential decision
problems — for example, pricing under unknown demand, inventory ordering under uncertain
demand, and queueing service rate control — by training the model on a diverse set of simulated
task instances. Remarkably, the OMGPT model not only matches or exceeds the performance of
state-of-the-art heuristics and reinforcement learning algorithms on each task, but also exhibits
strong generalization, successfully adapting to new problem instances it was not specifically
trained on. Furthermore, we provide a theoretical interpretation of OMGPT’s learning behav-
ior through a Bayesian lens, showing that under certain conditions it approaches Bayes-optimal
decisions and that the variability due to finite training data can act as an implicit exploration
mechanism with performance guarantees. Both practical performance and theoretical insight
suggest that GPT-style deep networks can serve as powerful universal decision engines for a

broad array of operations management challenges.



Chapter 2

A Neural Network based Choice Model

for Assortment Optimization

2.1 Introduction

What goes on in the consumer’s mind during the purchase process?” How, and why, do they
decide to purchase? What features of the product or environment encourage them to purchase?
Given the heterogeneity and idiosyncratic thought processes of customers, these questions are
unlikely to be answered definitely. Nevertheless these are fundamental questions of interest
to marketers, behavioral psychologists, economists, and operations researchers. Hence, for
operational and algorithmic purposes, a number of stylized or reduced-form models have been
proposed in the literature to explain individual-level decision outcomes as well as collective

aggregate purchase behavior.

Discrete-choice models are one such class of models, widely used in marketing, economics,
transportation, and revenue management, especially suitable for situations where customers
choose at most one of several alternatives. They are typically parsimonious models, based
on micro-economic utility maximization principles in a stochastic framework, and expressive
enough to incorporate product, customer, and environment features, and tractable enough for

estimation and incorporation into optimization models. The classical Multinomial Logit choice
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model (MNL) is an early and prominent example that, along with mixed-logit, nested-logit,
and probit, has found widespread application in many fields, both in theoretical models as well
as in empirical studies. New alternatives to MNL, that are more flexible or more expressive,

such as Markov chain choice [BGG16] and Exponomial [AS16], have been proposed recently.

One could potentially design more elaborate choice models, folding in many known aspects
of the purchase behavior. However, this line of development has some natural limitations as,
one, the models have to be specialized and tuned to a particular industry or even to a firm’s
purchase funnel; two, would require developing and hand-coding its estimation which may be
difficult both in theory and practice; and finally, using the model in an assortment optimization

method may be computationally infeasible.

So, given the fundamental indeterminacy in how and why a customer chooses to purchase, our
inability to observe all the data required by some of these models, and as the process itself is
opaque and liable to change by industry and context, a reasonable research proposition is to
search for a robust universal model that requires minimal tuning or expert modeling knowledge
and works as well as behavioral models across all contexts and industries. Naturally, machine
learning methods, specifically neural networks, come to mind. They have been applied with
great success for many prediction tasks in industry precisely because they do not require fine-
grained modeling specific to a situation and industry, are robust, and come with standardized
training algorithms that work off-the-shelf. With enough data they also have proved to be very

good performers in many areas, sometimes proving to be superior even to hand-crafted models.

In this paper, we develop a neural network based choice model suitable for assortment op-
timization. The firm has to offer an assortment of products, potentially customized to each
individual customer, and the customer either chooses one of the offered products or decides
not to purchase. This problem arises in a wide variety of industries where customers choose
at most one item, such as hotel rooms, airline seats, or expensive one-off purchases in a single
category such as automobiles, laptops, or mobile phones. (We leave extensions to multi-item

purchases for future research.)

The challenges are the following: First, the data is not at a scale typically required for neural
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network training; a hotel for instance has only a few months of seasonal data it can use for pre-
dictions. Second, the neural network predictions have to be used subsequently in an assortment
optimization problem—essentially revenue-optimal subset-selection—and a neural network out-
put promises no structure to make this optimization efficient. Consequently, we want a network
as compact as possible so the optimization—in an integer programming formulation that we

develop—is tractable for a reasonably large number of products.

Our contributions in this paper are the following:

1. We tackle the above-mentioned challenges and develop a neural network based choice
model under two settings: (i) a feature-free setting where no additional features on prod-
ucts or customers are used in prediction and (ii) a feature-based setting that can utilize

both product and customer features.

2. We formulate an integer program over the trained neural network to find an assortment

that maximizes expected revenue.

3. We perform extensive numerical simulations that compare the predictive and optimization

performance under the following scenarios:

(a) Synthetic simulations where the ground truth is generated by a panoply of models
in the choice literature—MNL, Markov chain, non-parametric, mixed-logit—choice
models and cross-validate them, both on raw prediction of choice probabilities, as

well as the quality of the optimized assortment.

(b) Situations where the customer behavior does not follow the models’ script or ra-
tional economic behavior, but is documented experimentally and empirically in the

literature.

(c) Real-world assortment and sales transactions data from the following important
industries: physical fashion-retail, airline, hotel, and transportation, and compare
the predictive performances of the popular discrete-choice models vs. our neural

network.
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4. We develop a meta-learning trick that allows us to obtain good robust prediction per-
formance from a compact neural network even when trained on limited transactional
purchase data. Moreover, we show a well-trained network can be warm-started when

adding new products to the pool.

Our numerical results suggest that the neural network gives comparable performance to the
best choice model in most cases, both in simulations as well as on real data. Some of the
parametric models do perform better in simulations, unsurprisingly, when the ground-truth
data generation coincides with the model. We find a similar pattern for real-world data, where
on a hold-out sample our neural network gives robust predictions across the different industries.
Moreover, we find that a one-layer neural choice model can capture what may be considered
“irrational” purchase behavior—documented to occur in experiments and empirical studies—
that cannot be explained by random utility models. In summary, shallow neural networks enjoy

both prediction power and computational tractability for assortment optimization.

2.2 Literature Review

Probabilistic choice models originated in economics based on a stochastic utility model of the
consumer. The oldest and still widely used discrete-choice model is the MNL, with alternates
and generalizations proposed to overcome its known limitations, such as the nested-logit and
mixed-logit. We refer the reader to the seminal paper [MT00] and the book [BALS5| for

background on discrete-choice models and their economic motivation and estimation from data.

We review the literature in Computer Science and Operations Research next on neural network

modeling of discrete choices and assortment optimization.

2.2.1 Neural Network Models in Utility Modeling

In the Computer Science community, [BM00] use a neural network to capture the non-linear

effects of features on the latent utility. Recently [WMZ20l, HZPBA20, SLA20, WE21l, [AD22],
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AKAP23| study different application contexts and explore different neural network architectures
for the feature-utility mapping. In addition to the product and customer features, [GT22] also
encode history purchase information. [CGT21] and [CM22| take a different route and consider
the random forest model as the mapping function. [VCWVT22| discuss the potential avenues
for further integrating machine learning into choice modeling with a comprehensive review of

the existing literature.

We term this line of works as deep learning based utility modeling instead of choice model-
ing, because these works mainly focus on predicting the unobserved product utilities with the
observed features and applying an MNL-style operator for predicting purchase probabilities (ex-
cept [AD22], who use a mixture of a set of estimated utilities to mimic the mixed-logit model).
What is missing is the assortment effect on utilities—the interactions between the products
within (and possibly outside) the set of offered products. This has two negative implications:
First, some of the neural network models require all the training samples to have a fixed-size
assortment. This requirement is simply not met in many application contexts such as hotels,
airlines, or fashion retail where the assortments change frequently. Second, it fails to capture
the effect that the assortment has on the product utilities. Intuitively, a product’s utility is not
only determined by product and customer features, but also affected by the assortment offered

to the customer which is a distinguishing feature of our neural network.

Another common drawback of the existing deep learning approaches is that they all require
the availability of product or customer features. When there are no features available, most
of the models degenerate to a uniform choice probability. In contrast, our neural network
based choice model is designed to handle the feature-free setting. Importantly, we make a
distinction between the feature-free model and the feature-based model not by the availability
of the features, but by whether the downstream application is interested in a population-level

or personalized choice model for its assortment optimization.
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2.2.2 Assortment Optimization

Assortment optimization is an important problem in operations management, used in the air-
line, hotel, and fashion retail e-commerce. For more on the history and applications of assort-
ment optimization, we refer readers to the books [TVRVRO04, [GT19]. Here we briefly review

the complexity of the problem under some of the aforementioned choice models:

Multinomial Logit Model (MNL): Under the MNL model [TVR04] show that the optimal
assortment is a revenue-ordered nested assortment and thus the optimal policy is to order the
items by their revenues to form a nested set of assortments and choose the assortment with the
largest expected revenue in that nested set. [RT12] show such revenue-ordered policy (RO) is

robust against the uncertainty in MNL parameters and solvable under a cardinality constraint.

Markov Chain Choice Model (MCCM): [BGG16] give a polynomial-time algorithm for
finding the optimal assortment under this model by repeatedly using a Bellman operator until
convergence. [FT17] further prove that the optimal assortment can be found by solving a linear
programming. With constraints, [DGSY20] prove that this assortment optimization problem

is NP-hard and introduce algorithms with a provable worst-case approximation ratio.

Mixed-Multinomial Logit model (MMNL): [BMDV09] show that even without con-
straints, the assortment optimization problem under MMNL is NP-hard and then provides
a column-generation method to solve the problem. [RSTTI4] show that a revenue-ordered
policy can obtain the optimal assortment in MMNL when the choice model has some special
structures. [MDMBVZ14| propose a branch-and-cut algorithm for solving the optimization

problem.

A General Choice Model: When the revenue function underlying a choice model is a black-
box function, algorithms for finding the optimal assortment cannot be tailored by utilizing the
structure. [Jagld] purposes the ADXOpt algorithm which repeatedly finds the best action in
adding (A), deleting (D), and exchanging (X) based on the current assortment with provable
approximation ratio under some conditions. [Udw23] defines submodular order functions and

develops several heuristics for assortment optimization under various types of constraints. With
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mild conditions, the heuristics have bounded approximation ratios.

In this paper, we show that in the context of assortment optimization, (1) a shallow network
is enough to recover existing choice models and (2) good performance and robustness are
achievable with a standard neural network and integer programming when dealing with different

choice models compared to customized heuristics.

2.3 Problem Setup

The firm has a set of n products N' = {1,2,...,n} that can be offered to customers. An
assortment S C N is a subset of N/ that the firm decides to present to the customer. In
practice, the assortment can be determined by the product availability or the seller may decide
the assortment to maximize profits by limiting the choice of the customer. The choice model
gives a prediction of the probability of the customer choosing product ¢ conditional on the
assortment S:

P(i|S) for all i € N and S C V.

In particular, we assume that P(i|S) = 0 for i ¢ S, i.e., the customer cannot choose a product

not offered in the assortment. In this way, a choice model
M =A{P({|S): S C N} (2.1)

dictates 2" — 1 probability distributions, each of which corresponds to one possible nonempty
assortment. In all applicable business contexts, there is usually a “no-purchase” option where
the customer chooses not to purchase any of the items from the offered assortment. The no-
purchase option can be captured by one product (say, indexed as n) in N and we can always

have n € S.

A tabular parameterization of the choice model M generally requires §2(n - 2") parameters.
Additional structures are therefore imposed to facilitate efficient estimation and revenue opti-

mization.
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2.3.1 Random Utility Models (RUM) and Beyond

The random utility model (RUM) is the dominant framework for choice models in practice. It
assigns a random utility for each product and models the consumer’s choice behavior according

to the principle of utility maximization. Specifically, the utility of the i-th product
U, =u; +¢ fori e N.

Here u; is deterministic and represents the mean utility (to the customer) of purchasing the i-th
product among the population. The random quantities, ¢;’s are assumed to have a zero mean
and can be correlated among products, to model unobservable factors as well as heterogeneity
across products. We note that customer heterogeneity is also modeled by assuming the random

part is specific to the product as well as the customer. Under the RUM,
P(i|S) =P (Ui = max Uj) fori e S. (2.2)
j€

For simplicity, we assume ties are broken randomly. Different distributions of ¢;’s specialize in

this general RUM framework into different choice models as in the following.

Multinomial Logit Model (MNL): The MNL choice model assumes ¢;’s are i.i.d. from a
mean-zero Gumbel distribution with scale parameter 1. Then the choice probability for : € S

has a nice closed-form solution:

exp(u;)

BIS) = = cxp(wy)

(2.3)

When there is a feature vector f; associated with each product, one can also represent the
deterministic utility u; = @7 f; and obtain the linear-in-attributes MNL model. Several recent
works model u; with a neural network function of the feature f; [BMOQ, SLA20, WMZ20),
AKAP23].

Although MNL model is simple to estimate and optimize for an assortment, the model’s as-

sumptions make it restricted to the independence of irrelevant alternatives (ITA) property: for
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any i,jeScC 8,
P@ES) — P@S)

P(j|S")  P(jlS")
This means the ratio of two products’ choice probabilities is independent of the other products

in the assortment. We illustrate the effect of this for prediction and contrast it with the other

methods.

Table is an example to illustrate the limitation of the ITA property: In case I there is one
product A with a no-purchase option. In Case II, when we add another product A" identical to
the product A, we assume the customer who would purchase product A in Case I will have an
equal probability to purchase A or A’ in Case II. From the predicted probabilities, we can see

the estimated MNL model cannot capture this purchase behavior due to the ITA property.

Product True Prob. | Ny MNIE)—INIE/?LE? roﬁCCM—EM
No-purchase 40 42 46 40
Case I A 60 | 58 54 60
No-purchase 40 42 .32 .38
Case II A 30 28 38 32
A .30 .30 .30 .30

Table 2.1: Example illustrating the effects of the ITA property of MNL. Column True Prob.
is the true choice probabilities in each case and Pred. Prob. is the predicted probabilities
from each method: NN is a one-layer Gated-Assort-Net neural choice model (that we introduce
later), MNL-MLE is the MNL model calibrated via Maximum-Likelihood, while MCCM-EM
implements the expectation-maximization algorithm [ST1§| to fit a MCCM model. All choice
models are estimated based on 8000 training samples where each sample’s assortment is ran-
domly picked with equal probability.

The following three RUM models (along with many others) were developed to mitigate this.

Mixed-Multinomial Logit Model (MMNL): The MMNL choice model [MT00] is a gener-
alization of MNL to multiple segments. It assumes there are several customer types and each
type has its own deterministic utilities; the random terms are still assumed to be i.i.d. and
Gumbel distributed. We denote C as the set of customer types and . as the probability (for

a customer) of being ¢’s type. Then the choice probability for i € S is:

P(i1S) = 3 ap s )

20 s expluc,)

For a continuous distribution of customer types, the summation is replaced by an integral.
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[IMTO00] show any RUM can be represented by an MMNL choice model under mild conditions
and thus MMNL also has a large model capacity. However, the estimation of an MMNL is

challenging and many of the methods proposed in the literature fail to recover the latent types’

parameters [JSV20, [HSLY?22].

Markov Chain Choice Model (MCCM): The MCCM [BGGI16] defines a discrete-time
Markov chain on the space of products N and models each customer’s choice through the
realization of a sample path. Specifically, it assumes a customer arrives at product ¢ with
probability A; (interpreted as the initial state of the Markov chain). Then if the product is in
the assortment S, the customer purchases it and leaves. Otherwise, the customer transitions
from product i to product j with probability p;;. Naturally, > ;.\ A =1 and > .\ pij = 1 for
all i € M. Let X; € N denote the product (state) that the customer visits at time ¢, and define

the first hitting time 7 = {t > 0 : X; € §}. Then, under the MCCM,
P(i|S) = P(X, = ).

The MCCM is a generalization of MNL, in the sense MNL arises for a specific form of the \’s
and p’s. It has more parameters and hence has a larger model capacity to capture more complex

choice behavior. [Berl6] establishes MCCM as a RUM through a random walk argument.

Non-parametric (NP) Choice Model: The NP choice model or random orderings model
has origins in classical microeconomic demand theory based on preference rankings [BM59]
and recently reintroduced with a new estimation proposal in [FJS09, [FJS13]. The model
assumes that there exists a distribution A : Permy — [0, 1] over the set Permys of all possible
permutations of the products. There are n! customer types and each customer type has a
preference list of the products corresponding to one permutation in Permys. Customers always

purchase the most preferred product in the preference list. The choice probability is given by

P(i[S) = Y Ao)

o€Perm;(S)
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where the set

Perm;(S) = {0 € Permy : (i) < o(j) for all j #i € S}

contains all customer types/permutations under which product i is the most preferable product

in the assortment S.

The NP choice model has exponentially many parameters and thus a larger model capacity than
both MNL and MCCM. Indeed, [BM59] show that any RUM choice model can be represented
by an NP model, and vice versa. Moreover, the estimation method proposed by [EJS09, [FJS13]
needs to solve a linear programming with size n!. Although the linear programming enjoys good
theoretical properties, it is computationally infeasible when n is large and has to be further

simplified or approximated by the sampling or representation method.

Non RUM models: RUM models have a reqularity property: if we add a new product to the
assortment S, then the purchase probability of all currently offered products will never increase.
However, as remarked by [CM22], there is an increasing body of experimental evidence which
suggests that the aggregate choice behavior of customers is not always consistent with this
regularity property, and thus often violates the premise of RUM. For instance, [SPU19] use
the seminal experiment of [TK85] and [CM22] quote the behavioral experiment of [AJO§] to
motivate the development of choice models beyond the scope of RUMs. Here we use the
examples from the above two behavioral experiments to show the limited capacity of RUM,

while the neural choice model’s potential to pick up such behavior in the data.

e Table[2.2|is an implementation of the experiment in [AJ08]: The price column shows the
price of each option. In Case I, an assortment has two available products, while in Case
IT, a clearly inferior option of Print-Only is added. The addition of Print-Only twists
customer utilities for the other two options, which is reflected by the change in the true

choice probability.

e Table[2.3]is an implementation of the gambles example in [TK85]: The Win Prob. column
shows the winning probability of each gamble and the Payoff column indicates the winning

payoff. There exists a preference cycle over three gambles A, B, C with different winning
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probabilities and payoffs, where A is preferred to B, B is preferred to C based on the
expected payoff. However, C is preferred to A since the winning probability of C is

significantly larger than A.

Option Price | True Prob. NN MNE—rf/[dLE]jDrOﬁCCM—EM

No-purchase — 14 14 14 14

Case I TInternet-Only  $59 57 58 43 43
Print-&-Internet  $125 .29 .28 43 43
No-purchase - 14 13 14 15

Case 1T Internet-Only $59 29 31 43 43
Print-&-Internet  $125 57 .55 43 42
Print-Only $125 .00 .01 .00 .00

Table 2.2: The experiment setup is the same as Table

Gamble Win Prob. Payoff | True Prob. NN MNE—II%?LEP,) rOﬁCCM_EM
Gsel 5 s §s | m |3 g
S T S T O - B 55
Caselll 2 % oo 0 |50 o4 %

Table 2.3: The experiment setup is the same as Table [2.1

In sum, a parametric model that fits observed purchases in all situations is unlikely. Certainly,
more elaborate models of consumer search and decisions exist, but their estimation, based on
unobservable factors and limited firm-level data, and subsequent optimization is daunting, and
certainly will require a lot of development resources. Hence, it is worth striving for a flexible
large-capacity learning engine to predict the purchase probabilities directly without worrying

about getting the precise consumer behavior modeling right.

With this in mind, we develop neural network models that allow the utilities to be dependent
on the assortment with or without including customer and product features. Hence our neural
choice model allows violation of the regularity property, letting the utilities change depending

on the assortment that is offered.
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2.4 Neural Choice Model

2.4.1 A Feature-free Neural Choice Model

In this section, we introduce our feature-free neural choice model defined simply as a neural

network function that maps the assortment input S € {0,1}" to the output Y € [0, 1]

Y =g(S;0)

where 0 encapsulates all the model parameters. The input S = (s, ..., s,,) is the binary encoding
of an assortment S where s; = 1if i € S and s; =0if ¢ ¢ S. The output Y = (V;,...,Y,,) is a

vector supported on the probability simplex with Y; = P(i|S).

F———— - ——— —
assort. S res. block, - :
[n] — assort. = |
! v |
! |
! |
! |
! |
! |
I intermed. |
: layer  [n] 1
final » :
layer |
l [n] q !
i 1
EIemer-'t-W-l se | severalres. blocks !
multiplication |

e e e e —
normalization
normalization

choice :
rob choice
prob. ) prob.  [n]
(a) Gated-Assort-Net (b) Res-Assort-Net

Figure 2.1: Neural choice models. [n] denotes the dimension of the corresponding layer.

We consider two neural network architectures illustrated in Figure 2.1} For both architectures,
we let W, € R™*"™-1 and b; € R™ are the weight matrix and bias vector respectively for layer [
with n; nodes in the [-th layer, and n; = ny, =n. We let 2, = (211, ..., 21,n,) € R™ be the output
of the [-th layer and the input for the next layer. The parameters L and {n;, [ = 1,..., L} need
to be specified. (But we will show that L = 1 and n; = n can perform well in both the real

data and simulated data across different generative models.)

The final layer’s output z, = (21, ..., 2L.n) are to set the choice probabilities given by a gated
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operator

exp(zr,i) .
v = ) Tocsewte ! €S,
=

0, i¢S.
While this may appear to be a standard MNL-like function, and hence suffer from the ITA
property, etc., it in fact does not; we note an important difference: The z; is a function of
zo = 8, i.e., the assortment effect is encoded into each z;; and subsequently in Y¥; through
the neural network layers. (We should hence be representing z; as z;(S) but for avoiding

cumbersome notation, just write as zy.

The differences in the architectures are as follows.

2.4.1.1 Gated-Assort-Net (GAsN).

The GAsN model is a fully-connected neural network designed specifically for the discrete-
choice model. It adopts the classic structure commonly found in traditional neural networks,
making it straightforward to implement. It takes the assortment vector S as its input layer and
runs through a number of fully connected layers. Finally, it uses the assortment S to create an
output gate to ensure P(i|S) = 0 if i ¢ S. We initialize zy = S as the input layer and for each
layer [ =1, ..., L,

2= Wiz +b)" (2.4)

where (-)7 = max{-,0}.

2.4.1.2 Res-Assort-Net (RAsN).

The RAsN model incorporates the concept of residual learning, which has demonstrated a
remarkable enhancement in image recognition compared to the performance of plain networks
[HZRS16]. As in the GAsN, it is initialized by zy = S and finally uses the assortment to create

an output gate to ensure P(i|S) = 0 if i ¢ S. However, for each layer [ = 1, ..., L in RAsN,

zZ] = (VVlZl_l + bl)+ + 2Z1. (25)
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Here z; = (21, ..., z1n) € R™ is the output of the [-th layer and the input for the next layer,
W, € R™™"™ and b; € R" are the weight matrix and bias vector, parameters of the neural network
model. Note we require the dimensions n; = n for all [ = 1, ..., L for making the operation of

adding z;_; in ([2.5]) available.

Compared to (2.4), the additional (directly added) z_; € R" in represents the residual
effect. Intuitively, directly adding it in can avoid forgetting/distorting the information
extracted from previous layers with extreme W, (e.g., all entries are close to 0) during the
training, which can hopefully further lead to a more robust training process and a better

trained network.

2.4.1.3 Computational Experiment Design.

We give a preview of our numerical experiment methodology and also demonstrate the model ca-

pacity of the two neural choice model architectures (full details are presented in Appendix |A.1]).

MCCM NP MMNL

, MNL
‘ # Samples ‘ IN|=20 |N]=50

V=20 |N|=50][N|=20 |N|=50|N|=20 [N|=50
Uniform \ - | 251 34 | 252 344 | 250 343 | 248 3.40
1,000 1.87 2.65 1.96 0.50 1.73 2.50 1.95 2.41
MNL-MLE 5,000 1.86 2.63 1.96 0.50 1.71 2.48 1.96 2.37
100,000 1.86 2.62 1.95 0.52 171 2.47 1.96 2.36
1,000 1.86 2.67 1.92 0.54 1.67 2.35 1.86 2.27
MCCM-EM 5,000 1.86 2.66 1.88 0.53 1.60 2.35 1.88 2.23
100,000 1.87 2.66 1.88 0.51 1.62 2.37 1.88 2.22
1,000 2.00 3.04 1.97 0.54 1.69 2.71 2.01 2.66
Gated-Assort-Net | 51000 1.89 2.81 1.88 0.48 1.55 2.43 1.87 2.30
100,000 1.86 2.63 1.84 0.40 1.50 2.23 1.82 2.08
1,000 2.05 3.05 2.03 0.61 1.80 2.79 218 2.96
Res-Assort-Net 500 1.93 2.82 1.91 0.56 1.56 251 1.97 253
100,000 1.86 2.64 1.84 0.41 1.49 2.22 1.82 2110
Oracle \ B | 1.86 262 | 1.82 038 | 1.42 213 | 1.80 2.04

Table 2.4: Feature-free choice modeling performance. The training data are generated from
the model of MNL, MCCM, NP and MMNL, with randomly generated true parameters. The
number of samples refers to the number of training samples, and additional 5,000 samples are
reserved to validate the training procedure. The reported numbers are the average out-of-sample
cross-entropy (CE) loss over 10,000 test samples and 10 random trials. The row Uniform denotes
the performance of a uniform distribution for predicting. MNL-MLE implements the standard
maximum likelihood estimation to estimate a MNL model, while MCCM-EM implements the
expectation maximization algorithm to fit a MCCM model. GAsN and RAsN both have one
hidden fully-connected layer. The row Oracle denotes the CE loss of the true model.

We first generate training data from four models: MNL, MCCM, NP and MMNL. We then

compare the predictive performance of our two neural choice models, GAsN and RAsN, against
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three benchmarks and an oracle that has knowledge of the true generative model (equivalently,

the negative entropy of the true distribution). Table [2.4] shows the results.

First, both neural choice models benefit from a larger sample size, while the performances of
maximum likelihood estimation (MLE) and expectation maximization (EM) do not improve
much as the sample size increases. Second, when the true model is MNL, we know the method of
MLE is provably asymptotically optimal and this is unsurprisingly verified from our experiment.
But when the true model becomes more complex, such as NP and MMNL, the neural network
models show their advantage. Third, the learning of a choice model requires a large sample size
when the underlying true model becomes more complex. For example, under the true model of
MCCM, NP, or MMNL, none of these methods give a satisfactory performance when the sample
size m = 1000. Finally, the neural choice models perform consistently well in recovering these
true models with a large amount of data, m = 100000. They have the model capacity to capture
complex structures and they are also capable of fitting a simpler true model such as MNL. In
comparison, the MNL choice model suffers from too little model capacity to capture them.
Meanwhile, it is widely acknowledged that the models of NP and MMNL are certainly flexible
and can model behavior realistically, but lack an effective learning/estimation algorithm given
the number of variables that are unobservable in their stories, hence making them ill-suited for

operational purposes.

2.4.2 Theoretical Analysis

In this subsection, we briefly discuss some theoretical properties of the neural choice model in
terms of its parameter estimation. Throughout this subsection, we will focus on the model of
GAsN. We remark that the RAsN can be analyzed in the same way. First, we recall that the

neural network model can be written as

Y = 9(5,9) - (91(S§ 9)7 7gn<S70))T
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which maps the assortment S € {0,1}" to the choice probability vector Y € [0,1]". The

parameters 0 are estimated through empirical risk minimization on a dataset

D = {(i1, 1), sy (irm; Sin)}

where (ig, Sg)’s are i.i.d. samples from some unknown distribution P. Specifically, we define

the risk as the negative log-likelihood function (also known as the cross-entropy loss)
r((i,S);0) = —log g:(S; 0)
where g¢;(S; 0) gives the probability that the i-th product is chosen under parameter 6.

The estimated parameters 0 are obtained by maximum likelihood estimation as follows

1 m
0 = argmin R,,(0) = — g r((ix, Sk);
0co - m —1

where the function ]:Zm() is also known as the empirical risk. Here the set © is defined as
follows:

O = {0 Willeo W, |1b1|lse < b, for I =1, ...,L}

where W, and b, are the weight matrix and the bias vector of the [-th layer of the neural
network. Here for a matrix W € R™*"2 we define |W||o = max;=1,_n, 252, [Wi;| and for a
vector by € R™, ||by]| o = max;—1__n, |b;]. The restriction to this bounded set usually improves
both the stability of the training procedure and the generalization performance of the neural

network.
Also, we define the ezpected risk as
R(0) =E[r((4,5);0)]

where the expectation is taken with respect to (i, S) ~ P. The expected risk can be interpreted

as the expected negative likelihood on some unseen/new data sample. We further define 8* as
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1ts minimizer:

0" := arg min R(0).
0co

The theorem below shows the gap between R(é), the expected risk of the learned parameter,

and the optimal risk R(6*).

Theorem 2.1. The following inequality holds with probability 1 — 0,

A 4n <_ W)t —1 2log(8/9)

R(0) < R(6" b 2W)"/21og(2 5C
) < ro)+ = (5 SESE 2o ) +
where C'is the upper bound of risk function such that |r((i,S);0)| < C holds for all (i, S) € D

and 0 € ©.

Theorem shows the excess risk of the empirical risk minimizer 6. The proof is based on the
standard analysis of neural networks [WZZ 713 INTS15, [GRS18], but we need to customize it to
GAsN due to the special gated operator in the final layer. We defer the proof to Appendix [A 3]
By exploring the structure of the risk function, we can further bound the distance between the

true distribution of choice probability and the estimated choice probability by 6:

Corollary 1. The following inequality holds with probability 1 — 9,

21og(8/9)

E KL(PS,Q-(S;é))] < E[KL(Ps, ¢.(S;6°))]+ in (b(QW)L —1

Jm ST — 1 + (2W)*F 210g(2n)) +5C

where C' is defined as in Theorem[2.1], Pg is defined as the distribution of choice probability given
assortment S, KL(-,-) is defined as the Kullback—Leibler divergence over two choice probability

distributions and expectation is with respect to S.

Proof. Given an assortment S, the Kullback—Leibler divergence over the true choice probability

Ps and ¢.(S;0) is

KL(Ps, g.(5:6)) = Y _ P(ilS) (log(P(ilS)) — log(:(S:8))),

€S

where P(i|S) is the choice probability of i-th product given assortment S.
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Note that
E |- P(ilS)log(s:(S;0)) | = R(6),
€S
where expectation is with respect to the S, with Theorem [2.1] we complete our proof. O

The term E [KL(Ps, g.(S;0*))] is usually referred as approzimation error, which depends on
the capacity of function family {g.(S;0) : @ € ©}, and the remaining two terms with order
O(1/y/m) are usually together referred as estimation error, which depends on the number of
training samples m and also the capacity of function family through W, b and L. In general,
with fixed training samples, a larger function family {g.(S;0) : @ € O} (i.e., deeper and wider

networks) will reduce the approximation error but will increase the estimation error.

2.4.3 Feature-based Neural Choice Models

product  prod. 1 prod. n cust. customer

features [d] o] feature

encoded encoded
product e-prod. 1 M e-prod. n e-cust. , customer
features * l feature

dot product
o)< (o)«

latent util.
Figure 2.2: Feature encoder. Product features and customer features are encoded and then
taken inner product to obtain the latent utility for each product. d is the dimension of the
product features, and d' is the dimension of the customer features. Both features are encoded

to h-dimensional latent features, and the latent utilities are obtained by the inner product of
the corresponding latent features.

Now we extend our neural network models to the setting with features. We first make a

distinction between product features and customer features:

e Product feature: there is a feature vector ff € R associated with each product i € N.
We also refer to these features as static features as they usually remain unchanged over

all the samples in the training data D.
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e Customer feature: Sample in D represents different customers, each of which is associated
with a feature vector f € R? for k = 1,...,m. With these features, the dataset is

augmented as

D = {(ir, Sk, fO), k= 1,...,m}.

We refer to these features as dynamic features as they may vary across different samples.
Modeling-wise, if there are product features that change over time, we can simply view

them as dynamic features.
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(a) Gated-Assort-Net(f) (b) Res-Assort-Net(f)

Figure 2.3: Choice networks with features. The networks take (i) the latent utilities from the
feature encoder (in Figure and (ii) the assortment vector as inputs.

Figure and Figure describe our choice networks with features. The neural networks
inherit the architectures in the feature-free setting, but both take an additional vector of inputs
which we call latent utilities. Both feature-based networks of GAsN(f) and RAsN(f) encode
product features and customer features to obtain one latent utility for each product. The
product encoder is an L-layer fully-connected network shared by all the products (L is 1 or 2 in
our experiments). By default, the number of nodes in the intermediate layers of the encoder is
the same as the dimension of the encoder’s input. When there is no available customer feature,

we can simply treat the customer feature as 1 for all the samples.
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MNL(f) MCCM(f)

|
MNL(f)-MLE | 2.903 2.212
Gated-Assort- Net 2.921 2.010
Gated-Assort-Net(f 2.918 2.010
Res-Assort- Net 2.914 1.988
Res-Assort-Net(f 2.914 1.984
Oracle | 2.900 1.932

Table 2.5: Choice modeling performance with only product (static) features. The training data
(with n = 50, m = 100,000, and d = 5) are generated from the feature-based version of MNL
and MCCM. All networks have two-layer structures (for the networks with features, the encoder
part has one layer). The reported numbers are the average out-of-sample cross-entropy (CE)
loss over 10 random trials. The benchmark method implements MLE for the featured-based
MNL model. More details about experiment setup can be found in Appendix B.1.

2.4.3.1 Unnecessity of Static Features.

Table presents a synthetic experiment with only product (static) features to illustrate a
new insight for choice modeling with features. The experiment first ignores all the product
features and trains GAsN and RAsN as in the feature-free setting. Then it takes into account
the product features and trains the feature-based version of the two neural networks. We
find that both versions of the networks are capable of recovering the true model from the
comparison against the oracle performance, and that the two versions of each neural network
achieve a similar performance. This might seem counter-intuitive at first sight, because the
product features may contain useful information about the product’s utility, and ignoring the
features may accordingly hurt the performance. However, we argue that the product utilities
are essentially encoded in the choice data (i, Sg)’s but not in the product features. In fact, the
experiment shows that such utilities can be learned by the neural networks of GAsN and RAsN
without explicitly accessing the product features. An alternative interpretation is that the
product utility here should be viewed as a population-level utility that reflects the preference
or popularity of a product over the whole population. Things become different when customer
features are also available. In that case, the choice behavior of each data sample is determined

by the personalized utilities, and thus the product and customer features become indispensable.

We emphasize that whether to include the (dynamic) customer features in choice modeling is

determined not by the availability of the features, but by the downstream application. For
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example, the assortment optimization problem aims to find an assortment that maximizes
profits under a choice model. For a brick-and-mortar store or an online retailer where the
personalized assortment is not allowed, customer features should not be used to fit the choice
model even if they are available, because one is more interested in the population-level choice
behavior. It also underscores the potential of feature-free networks of GAsN and RAsN despite

their simple architectures.

2.4.4 Comparison on Real Datasets

In this subsection, we test the predictive performances of our neural choice model with several
benchmarks on four real datasets, two private datasets from revenue management industries
without features and two public ones with features. We repeat all experiments 10 times, choos-
ing the train/validation/test sets independently and randomly, and report the averaged results
below. In Section [2.5.2| we perform extensive numerical experiments on synthetic datasets to

jointly test prediction and optimization performance.

2.4.4.1 Feature-free Neural Choice Model.

We conduct numerical experiments on two private real datasets: airline data and retailing data.
The airline data contains three flight markets and the offered products are different bundles, i.e.,
the bundle of seats, food, etc. The offered assortments are decided by both the selling strategy
and remaining seats. The retailing data is collected from a fashion-retailing company, where
the products are clothes (from the same category and thus most customers purchase at most
one item) and the assortments are decided by the inventories. Both datasets contain records of
purchase transactions only, so we add no-purchases as in [ST18]: for each purchase, we create
four no-purchases with the same assortment as the original transaction but as choosing the

outside no-purchase option. The summary statistics of the dataset are given in Table 2.6

The testing result is summarized in Table 2.7, where the reported numbers are out-of-sample

cross-entropy loss of two benchmark methods (with the same configurations as in Table [2.4))
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| Flight 1 | Flight 2 | Flight 3 | Retailing

# Samples 90634 37075 70600 17200

# Products 25 25 25 20
# Train Samples 60000 30000 60000 10000
# Validate Samples 1000 1000 1000 1000

# Test Samples 10000 5000 10000 5000

Table 2.6: Description of flights and retailing data.

and the two neural network models with one layer.

We observe that our neural networks achieve the best performance on these datasets where
the generative model is unknown and likely complex. One interesting observation is unlike
other numerical results in this paper, MNL-MLE is better than MCCM-EM for the airline
markets. One potential reason for the relatively poor performance of MCCM-EM might be the
complicated assortment generation: in Subsection [2.6.1] we numerically show the performances
of MCCM-EM are correlated with the assortment distributions, which are special in the airline

markets due to their nested booking-limits selling strategy.

| Flight 1 | Flight 2 | Flight 3 | Retailing

MNL-MLE ‘ 2.798 ‘ 2.490 ‘ 2.547 ‘ 1.073
MCCM-EM 3.972 3.470 3.596 1.063

Gated-Assort-Net 2.738 ‘ 2.436 ‘ 2.489 ‘ 1.063

Res-Assort-Net 2.734 2.434 2.490 1.060

Table 2.7: Performance on the airline data and retailing data. The reported numbers are out-
of-sample CE loss.

2.4.4.2 Feature-based Neural Choice Model.

For the case of estimation with features, we perform numerical experiments on two pub-
lic datasets — SwissMetro and Expedia Search. These two datasets contain dynamic cus-
tomer/product features; that is, the features associated with each training sample may be

different.

The SwissMetro dataset is a public survey dataset to analyze traveler preference among three
transportation modes, and the Expedia dataset consists of hotel search records and the asso-

ciated customer choices. More details of datasets, experiment setup, and benchmarks can be

found in Appendix
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| SwissMetro | Expedia

MNL-MLE 0.883 2.827
MNL(f)-MLE 0.810 2.407
TasteNet 0.681 2.436
DeepMNL 0.741 2.374
Random Forest 0.633 2.458
Gated-Assort-Net(f) 0.598 2.403
Res-Assort-Net(f 0.607 2.325

Table 2.8: Performance on the SwissMetro and Expedia. The reported numbers are out-of-
sample CE loss.

We implement a number of benchmark models: MNL, feature-based MNL, TasteNet [HZPBA20]
DeepMNL [WMZ20, [SLA20], random forest [CGT21]. The MNL and feature-based MNL are
learned by MLE. TasteNet and DeepMNL model the product utility u; as a function of the
product and customer features and map the utility to choice probability via MNL . Tas-
teNet assumes the utility u; is a linear function of product features and uses the customer
feature to determine the coefficients of the linear function, while DeepMNL concatenates the
customer and product features and feeds both into a fully-connected network to obtain the

utility u;. Both models bring assortment effects only through the MNL part.

From the results in Table [2.8] our two neural networks give a better performance than the
benchmark models. Even though the benchmark models include neural networks in this case,
the key difference is that our models explicitly take the assortment as an input. This experi-
ment result shows that even with the presence of product and customer features, incorporating
assortment effects can help to better explain customer choices. Comparing the two datasets,
the Gated-Assort-Net(f) performs better on SwissMetro, while Res-Assort-Net(f) performs bet-
ter on Expedia. Recall that the Res-Assort-Net(f) makes a stronger usage of the assortment
vector throughout the architecture than Gated-Assort-Net(f). Accordingly, one explanation
can be that for the transportation setting, customer choices are less affected by the available
options but more by their personal preference, but for the hotel search, the customer choices
are more affected by the provided assortment, which gives Res-Assort-Net(f) more of an ad-
vantage. As for the random forest model, it is trained as a discriminative model using both
features and assortment as input, so we believe it also has better potential with some further

model recalibration.
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2.5 Assortment Optimization for Neural Choice Model

An important downstream task after the estimation of a choice model is the assortment opti-
mization problem, where the seller aims to find an assortment that maximizes the profits
max Rev(S) = %; 1 P(i|S) (2.6)
K3

where p; is the profits/revenue of selling one unit of product i. The problem usually has

additional space or cardinality constraints.

The literature on assortment optimization fixes an underlying choice model M and devises
algorithms with provable performance guarantees. However, in practice, the underlying choice
model is unknown a priori and a model has to be selected first and its parameters estimated
from data D. In this case, the suboptimality of a proposed assortment may come from two
sources: (i) the approximation error: the inaccuracy of the choice model estimation, and (ii) the
optimization error: the optimality gap induced by solving the assortment optimization problem

under the estimated model. The following bound shows the intuition:

Rev(S*) — Rev(S) < [i - dist(M, M) + Opt. Gap . (2.7)

Vv TV
Model Approx.Error Opt. Error

Here M denotes the true choice model and M is the choice model estimated from the data D.
S* is the optimal assortment obtained from using the true model M, and S is obtained
from M via some assortment optimization algorithm, where the term Opt. Gap refers to the
suboptimality induced by the algorithm for assortment optimization. The function dist(,-)

refers to some (pseudo-)distance function between two models, and fi := max;ep ;-

We use the inequality to emphasize the decomposition of the revenue gap into the approx-
imation error and the optimization error. The existing works on assortment optimization have
striven to improve the optimization error, while assuming the approximation error is zero. We
make the case that both errors should be taken into account when measuring the performance

of an assortment algorithm as the firm is interested in the combined performance. In light of



2.5. Assortment Optimization for Neural Choice Model 47

this, we measure the performance of our neural choice model illustrating the tradeoff between

these two errors.

2.5.1 Integer Programming Formulation of the Neural Choice-based

Assortment Optimization

In this section, we present a mixed integer programming (MIP) formulation for the assortment
optimization problem under the neural choice model. Denote p = (p1, ..., 1t,)" € R™ as the
revenue vector as in (2.6). Throughout this section, we will focus on the model of GAsN.
We remark that the RAsN gives a similar MIP formulation and numerical performance. We

formulate the assortment optimization problem under the GAsN as follows,

max Zizl HiZo eXp(ZL,i) (2.8)

Z?zl 20,i eXp(ZL,i)

s.t. zZ] — E.'l = VVlZl_l + bl, for [ = 1, ...,L,
0<z SMCla OS%! SM(]'_Cl)7 fOI‘l:17...,L,
¢ e{0,1}™, forl=1,.., 1L,

zZy) = (20,1, ceey Z(),n)—r € {O, ]_}n,

where the decision variables are z; € R™, 2, € R™, { € {0,1}™, all for [ = 1,..., L, and
zo € {0,1}". The decision variables z; for the input layer provide a binary representation of
the assortment decision, and z; represents the values of the intermediate layers of the neural
network. The equality constraints describe the forward propagation of the neural network
layers, and the inputs W; and b; are the parameters of the neural network learned from the
data. The objective function describes the mapping from the final layer of the network to the

revenue under the assortment zg.

The (auxiliary) decision variables Z; and ¢; implement the big-M method [CCZT14, [F.J17] where

the value of M is a large positive number obtained by some prior estimate. These two jointly
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ensure that

zi= Wiz + bz)+ .

It is well known that the choice of M affects the running time of solving the MIP [BBFT16]. In
our numerical experiments, we follow the methods in [F.J17] to tighten the upper bound. Also,
additional linear constraints can be added to incorporate the cardinality or capacity constraints.
When there is a no-purchase option, one may introduce an additional constraint of zp, =1 (n

being the index of the no-purchase option).

We remark that the constraints of the MIP ([2.8)) are all linear, and the objective function resem-
bles that of the MNL model. For a better numerical performance, we replace the exponential
function in the objective function with its second-order approximation exp(z) ~ 1 + x + x?/2
[BGVT20]. Though the problem ([2.8)) cannot be solved in polynomial time as is the case for
some of the other models such as MNL and MCCM (when there is no capacity constraint), it
does provide a formulation that allows us to take advantage of off-the-shelf integer programming

solvers.

2.5.2 Numerical Study of Joint Estimation and Optimization

In this subsection, we provide a comparative study of the four models (MNL, MCCM, 1 and
2-layer GAsN) along with their corresponding estimation methods and assortment optimization
algorithms by running them on a total of 9600 different synthetic problem instances generated
by a mix of ground-truth strategies. Since there are no computationally efficient estimation
methods for NP and MMNL choice models, we do not include them here. Each problem instance
is a combination of historical sales and revenue data, and additional capacity constraints (if
any), and the algorithm(s) output a recommended assortment following this data-to-decision

pipeline:

D = {(ix,Sk), k= 1,....,m}, (111, ..., itn,), Constraints — Recommended Assortment S.
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The numerical experiment is to test performance where the true model is unknown and has to

be estimated from data.

We generate the training data D from four different choice models as ground truth, MNL,
MCCM, NP, and MMNL with the number of training samples fixed at m = 30,000 for all
the trials. The exact optimal assortment &* is computed with the knowledge of the generative

model, and then the recommended assortment S is evaluated by the optimality ratio

A

. Rev(S)
Opt. Ratio := Rev(S)’

For each problem instance, we consider both unconstrained and constrained settings and
implement several benchmark methods as follows. For the estimation part, we implement
the maximum-likelihood estimation to estimate the parameters of the MNL model, and the
expectation-maximization algorithm to estimate those of MCCM. We provide more details of

the experiments in Appendix [A.4] Below are the assortment optimization algorithms:

e Unconstrained: The estimated choice model is used to solve for a recommended assort-

ment through the assortment optimization specific to the method.
e Constrained:

— Revenue-ordered policy (RO): All the n products are ordered in a decreasing order
by their revenues to form a nested set of assortments and the feasible assortment

with the largest expected revenue is picked from that nested set [TVRO04].

— MNL-MIP: A mixed integer programming is solved based on the estimated MNL
model [MDMBVZ14].

— ADXOpt: The ADXOpt algorithm proposed by [Jagl4] is a greedy algorithm to solve
assortment optimization under a general choice model. We implement the algorithm
on the estimated Markov chain choice model. In our implementation, we increase
the removal limit (the maximal number of times for a product to be removed from

the assortment) from 1 in [Jagl4] to 5 so as to boost the algorithm performance.
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— Markov Chain Capacity-Assort (MC-CA): We implement the algorithm given in

[DGSY20] on the estimated Markov chain choice model.

— Neural Network Optimization (NN): We implement the MIP (2.8) on the fitted
GAsN with 1 or 2 layers (denoted as NN(1) and NN(2)).

The results of our numerical experiments are given in Table 2.9 and Table[2.10] In general, the
neural network with MIP formulation performs well in all underlying choice models achieving
the best performance in several cases (averaged over different numbers of products), with and
without a capacity constraint; and under MNL choice model, the (averaged) approximation

ratios of NN(1) are above 95%, both with and without constraint.

The advantage of a neural network is more apparent when the generative models are compli-
cated: with data generated by NP and MMNL and with constraints, the averaged approxima-
tion ratios of NN are 92.55% and 84.79%, where the best averaged performance of the other
methods are 88.28% and 67.14%. The relatively poor performances of the other methods can
be due to the limited expressive power or the hardness of the subsequent optimization. The
structural limitations of MNL are well known, and hence is not surprising that it cannot ap-
proximate NP and MMNL generated data. For the MCCM, [BGGI6] show that the worst
case error bound of MCCM to approximate a choice probability of an assortment in MMNL
is negatively correlated to “the maximum probability that the most preferable product for a
random customer from any segment belongs to that assortment” (Theorem 4.2). Thus, when
the offered assortment includes many “preferable products”, the estimated MCCM may not
approximate the underlying MMNL choice model well. Also, constraints make approximation
ratios worse by making the optimization harder; this can be observed by comparing Table
and Table 2100

Comparing NN(1) with NN(2), NN(1)’s average approximation ratios are better than NN(2)’s
in all cases except MCCM with constraint. In fact, we observe the overfitting of NN(2) during

the training in some cases, which is a plausible explanation for its worse relative performance.

In summary, when trying to model and optimize the assortment optimization problems, our
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finding is that, when evaluating joint estimation and assortment optimization, a shallow network
may be preferable to a deep neural network, as it reduces overfitting and leads to a more
manageable optimization problem. Of course, if its estimation error is large, one can try

adding more layers to enlarge the capacity and expressive power of the neural network.

Model MNL MCCM
V] 20 40 60 | Avg. | 20 40 60 | Avg.

MNL (MLE) | 99.94 99.36 99.11 | 99.47 | 93.54 94.26 94.59 | 94.13
MCCM (EM) | 99.70 99.44 99.65 | 99.60 | 93.88 96.80 97.77 | 96.15
NN él—layer% 99.71 98.49 97.80 | 98.67 | 96.93 95.78 97.68 | 96.80

NN (2-layer) | 98.03 91.14 86.60 | 91.92 | 96.60 90.46 91.83 | 92.96
Model NP MMNL
V] 20 40 60 | Avg. | 20 40 60 | Avg.

MNL (MLE) | 91.10 92.17 92.88 | 92.05 | 79.87 88.59 92.17 | 86.88
MCCM (EM) | 92.89 92.88 92.99 | 92.92 | 84.36 89.24 91.12 | 83.24
NN gl—layer; 95.36 93.65 93.84 | 94.28 | 89.22 90.81 91.35 | 90.46
NN (2-layer) | 95.80 87.00 78.65 | 87.15 | 92.15 83.40 75.28 | 83.61

Table 2.9: The approximation ratios (x100%) of heuristics for assortment optimization without
capacity constraint. Each reported value is averaged over 100 trials.

Model MNL MCCM
V] 20 40 60 | Avg. | 20 40 60 | Avg.

RO | 83.27 76.82 77.93 | 79.34 | 77.44 74.70 90.36 | 80.83
MNL (MLE)  yip | 99702 0936 9902 | 99.43 | 80148 92.01 03.22 | 91.57

MC-CA | 92.25 89.98 83.01 | 90.03 | 85.83 87.33 95.05 | 89.40
MCCM (EM) - ADXOpt | 9691 96.89 96.04 | 96.61 | 90.26 92.07 9448 | 9227

NN gl—layer; MIP 99.14 98.73 98.85 | 98.91 | 93.58 92.03 92.71 | 92.77

NN (2-layer MIP | 97.49 9620 94.33 | 96.01 | 93.17 93.51 97.08 | 94.59
Model NP MMNL
V| 20 40 60 | Avg. | 20 40 60 | Avg.

RO | 77.82 78.03 7447 | 76.77 | 59.81 47.37 45.46 | 50.88
MNL (MLE) 4P | 8686 9037 8720 | 88.14 | 75.30 6544 60.60 | 67.14

MC-CA | 84.96 85.06 84.49 | 84.84 | 70.54 55.26 56.17 | 60.66
MCCM (EM)  ADXOpt | 8902 8881 87.02 | 88.28 | 73.60 61.70 5926 | 64.85

NN (1-layer MIP 93.90 93.28 90.47 | 92.55 | 92.76 84.99 76.63 | 84.79
NN (2-layer MIP 94.80 91.27 87.53 | 91.20 | 91.58 77.59 68.28 | 79.15

Table 2.10: The approximation ratios (x100%) of heuristics for assortment optimization with
capacity constraint. Each reported value is averaged over 100 trials.



52 Chapter 2. A Neural Network based Choice Model for Assortment Optimization

2.6 Extensions and Discussions

In this section, we discuss several properties of neural choice models gained from our experience
with the experiments, including robustness under the assortment distribution shift in the testing
data and the effects on the depth and width of the networks. We also list some tricks for
deploying neural choice models when we need to add new products or the training samples are

not sufficient. We defer the details of all experiments in this section to Appendix [A.5]

2.6.1 Assortment Distribution Shift in the Training Data

A very practical but often neglected aspect of learning a choice model is the assortment distri-
bution in the training data D, i.e., the distribution of S;’s. Figure 2.4] gives empirical evidence
that the learning of an MCCM using the EM algorithm (implementing [ST18]) is affected by
the assortment size of the training samples. Intuitively, a smaller assortment size means it
will take longer for the Markov chain to hit the exiting state, and thus the E-step needs to
impute larger unobserved quantities which may result in larger variance. Alternatively, we find
the performance of the neural network model is quite robust in terms of the generalization on
the assortment domain. Specifically, in Appendix we train the neural network model
with one distribution to generate the assortments Sj’s (in training data D) and find that it
performs surprisingly well on the test data where the assortments are generated from a different

assortment generating distribution (an aspect of out-of-domain performance).

2.6.2 Depth and Width of the Neural Networks

Throughout the paper, we use one-layer or two-layer neural networks for our neural choice
models, i.e., L = 1 or 2. We find this provides a sufficiently good fit for both synthetic and
real data. For the number of neurons/nodes in the intermediate layers, we set n; = n for all
I’s by default. In Appendix [A.5.2] we provide more numerical results that the performance

of the neural choice models remains stable with more number of layers and wider width for
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Figure 2.4: Smaller assortment size leads to larger estimation error. In the experiment, the
total number of products n = 20, and the training data consists of m = 10, 000 samples with a
fixed-size assortment ||Sy||. The x-axis gives the assortment size and the y-axis represents the
mean error. The plotted curves are based on an average of 10 independent trials.

the intermediate layers. Generally, it is not recommended to have many layers for the neural

network, as it results in a bad landscape for the loss function and consequently, bad local

minima that do not generalize well [KMNT16].

2.6.3 Network Augmentation with Warm Start

One drawback of the models proposed in this paper is that they all require the universe of
available products to be fixed, i.e., N'={1,...,n} is fixed. When an additional set of products
N = {n +1,..,n'} is available, the model has to be retrained on the new product set of
N UN’. One option is to initialize the weights of the new network according to the previously
well-trained network of N as a warm start. Figure [2.5] shows that the well-trained network of

N can provide a good warm start for retraining the new network.

2.6.4 Neural Choice Model as a Meta Choice Model

From our numerical results in Table 2.4 we gain a new perspective, namely, to use the neural
choice model as a meta-choice model. Table 2.4l shows how the neural choice model can benefit
from large data sizes but can also be outperformed when the data size is small. In this case,
we can use the estimated choice model with the smallest validation error to generate synthetic

data to re-train another neural choice model and fine-tune it with the real training data. The
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Figure 2.5: Validation losses using cold start and warm start. The left panel uses 2, 000 samples
for retraining and the right panel uses 100, 000 samples.

pseudo-code is given in Algorithm [I] Intuitively, the strong representation ability of the neural
choice model can make its performance arbitrarily close to the well-fitted generative model in
the re-training step and can be further improved by real data in the fine-tuning step. Since
the re-training step is indeed learning the trained choice model M- with the best validation
error from all other trained models M, which has the best training error of the corresponding
choice model class My, we name this algorithm Learning the Best of the Bests. In this way,
the neural choice model is not trained as a competitor to the existing choice models, but more
as a complementary meta choice model. In Appendix we implement Algorithm [Ijon a

public Hotel data [BFG09| as an example.

2.7 Conclusion and Future Directions

The existing literature on choice modeling in the feature-free and feature-based settings have
been largely separate from each other. In this paper, we propose a neural choice model, a
unified neural network framework that applies to both settings through a binary representation
of the assortment and feature encoders. In addition, we provide an MIP formulation for the

assortment optimization for a trained neural choice model.

From extensive numerical experiments, we gain insights into the performance of the various

methods and summarize them into the following three points: First, a single neural choice
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Algorithm 1 Learning the Best of the Bests

1: Input: Training data Dy, validation data Dy, a set of choice models {(My, £i)}E
where each choice model My, is equipped with a learning algorithm L. (M, L) corre-
sponds to neural choice model.

2: %% Training phase

3: for k=1,..., K do

4: %% We omit the training details such as cross-validation

5: Fit the k-th candidate choice model using dataset Dy, and algorithm Ly
6: Denote the trained model as Mk

7: end for

8: %% Comparison phase

9: Compute the test performance of all M},’s using Dy
10: Let k* be the index of the model with best test performance
11: if k* =1 then

12: Let Mgpag = Ml
13: else
14: %% Re-training and fine-tuning
15: Generate m/'(= 100,000) new training samples as Dy, from the model M-
16: Use Dj,,;, to train (re-train) a neural choice model thp from scratch

17: Use Dipain to further train (fine-tune) /\/ltmp and obtain ./\/ll

18: Let Mg be the better one among Ml and ./\/lk*

19: end if
20: Output: Mgna

architecture is capable of recovering all the existing choice models, with a standard learn-
ing procedure. The neural choice model becomes particularly effective when the underlying
model/training data is too complex to be described by a simple model such as MNL and when
there is a sufficient amount of training data. Second, the neural choice models are robust under
the assortment’s distribution shift and can serve as a meta-choice model. Third, the combined
calibration and assortment optimization regime based on the neural network can outperform
other optimization heuristics, especially when the underlying model is complex and when we
have capacity constraints; the drawback nevertheless is that as it is based on a MIP, the size
of the optimization cannot scale to more than around a hundred products; we need further

research and new optimization algorithms to scale beyond this.

Moreover, we conclude with the following two future directions:

e Multiple-purchase choice model. The existing choice models focus exclusively on

modeling the single-choice behavior where only one product is chosen from the offered
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assortment. The multiple-purchase choice model is usually studied under an inverse
optimization framework in the literature of revealed preference [ZR12, IACD™ 15, [BLS22].
The deep learning-based choice models provide a natural framework to study the multiple-

choice behavior, and they can fit such training data by modifying the loss function.

Pricing optimization. Although we equip our neural networks with an assortment
optimization MIP, in a retailing context, the product price is another important factor
that affects customer choice. Our current models do not account for this factor but assume
prices as fixed. It is an interesting research problem to study optimal pricing under the

neural choice model.



Chapter 3

Transformer Choice Net: A
Transformer Neural Network for

Choice Prediction

3.1 Introduction

Firms are interested in understanding the choice behavior of their customers as well as forecast-
ing the sales of their items. When customers choose at most one item per shopping instance,
discrete-choice models estimate the probability of the choice, either at a segment level or indi-
vidual customer level, based on a latent utility function of the features of the item, the customer,

and the provided assortment.

However, there are many situations where customers choose multiple items on a single shopping
instance, either from the same category or across categories. The firm may be aware of only
the final choices made by the customer (as in physical retail) or the precise sequence of those
choices (such as in an e-commerce setting). Multi-choice models are used for the former case, to
estimate the probability of choosing a subset of items, amongst all possible subsets of the given

assortment, considering potential interactions amongst the items and their features. Sequential

o7
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choice models consider the sequence of choices, taking into account not only the item and
customer features but also what the customer has chosen till then to predict the subsequent

choice(s).

Modeling and predicting the choice probabilities for these situations is challenging: the com-
plexity of the sequential and multi-choice models is considerably more than in the single-choice
case because of combinatorial explosion in the number of possible customer journeys and final

choices, and consequently models for multiple choices are less widely adapted in practice.

In this paper, we introduce the Transformer Choice Net, a neural network using the Transformer
architecture [VSPT17], as a data-driven solution that works under any of the three models:

single, sequential, and multiple.

The key contributions of this paper are as follows:

e We develop the Transformer Choice Net, a neural network-based framework capable of
encompassing all three choice paradigms—single, sequential, and multiple choices. This

unification simplifies the traditionally fragmented approach to choice modeling.

e We empirically validate the prediction performance of our model across diverse industry
benchmark datasets. Our architecture shows uniformly superior out-of-sample prediction
performance compared to the leading models in the discrete-choice literature, without
requiring any custom modeling or tuning for each instance. Moreover, our architecture is
scalable, showing an ability to learn and predict multiple choices over a large assortment

size, overcoming the limitations of many sequential and multi-choice models.

e We show theoretically the universal representation capacity of the Transformer Choice

Net across the three choice paradigms.
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3.2 Literature Review

This section reviews the literature for single, sequential, and multiple choices, and also the

literature on neural networks for predicting the choice probabilities.

Single-choice models. For general background on discrete-choice models, see [MT00] and

the book by [BALS5].

A plethora of models have been proposed for the single-choice case starting from the popular
Multinomial Logit (MNL) choice model: to name a few, the Probit [Dagl4], the ranking-based
choice model [BM59, [F.JS13], the Negative-Exponential (also called Exponomial) model [AS16],
and the Markov-chain choice model [BGG16].

From a machine learning perspective, the single-choice case can be viewed as a classification
task where we assign probabilities for the various items (classes) to be chosen. From this point
of view, researchers have applied random forests [CGT21} [CM22], embedding methods [SPU19],
and assortment context vectorization [YMCD™20, TB21, NJUZ23, BB20] with the latter trying
to overcome some known weaknesses of the MNL model. [VCWV™22| provide a comprehensive

review of the current literature on integrating machine learning into single-choice modeling.

[BMOO] give an early effort to use neural networks for single-choice modeling. [WMZ20),
HZPBA20, SLA20, WEF21l, AKAP23] investigate different neural network architectures to cap-
ture the relationships between the items’ features and utility in the MNL choice model. Several
recent works try to capture more complicated assortment effects: the RUMNet [AD22] mimics
the mixed-MNL model instead of the MNL model, and the AssortNet [WCLT23| encodes the
entire assortment into the choice probability via ResNet architecture. [PGHH22, ROS20] em-
ploy the Deep Set architecture [ZKR™17] to allow permutation variations in input assortments

(see also WFET19] and §3.4]).

Sequential and multi-choice models. Sequential choice is typically based on purchase
history data, often from assortments with only a small number of items (< 10) [MAG99, |Gup88§].

Despite the growth of e-commerce and the availability of click-stream data, it is somewhat
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surprising that there are relatively few models for sequential choice behavior: The SHOPPER
model [RAB20] stands out as a probabilistic representation of consumer choice, aiming to
forecast sequential choices based on variational inference. Another noteworthy approach is due
to [JFD21], where they compress purchase history data into purchase motivations and then
employ variational inference for model deductions. [GT22] design a neural network that takes
each customer’s history as input to predict the next choice, but like [JED21] the architecture

does not encode the customer and item features.

There is a slightly richer body of research on multiple choices, i.e., without knowing the se-
quence of choices [CGWW23|, BFST23, LWXX23| [JLNZ23|, [TSKP23]. [BKTI1S8] expand the
random utility maximization model from single to multi-choice scenarios. [TSKP23] take a
different approach, quantifying pairwise item interactions within each potentially chosen sub-
set through a linear sum. [ASC23|] bridge point processes with subset-choice models, encoding
pairwise interactions using the logdet function. [LLW22] augment the ranking-based choice
model [BM59) [FJS13] to multiple choices, but they do not explicitly model item or customer
features. A common limitation for all these models is scalability: as we have to predict the
most likely amongst an exponential number of subsets, the size of the assortment they can

handle is small.

Transformer architecture. First introduced by [VSPT17], the Transformer architecture has
emerged as a ground-breaking deep learning framework. Initially tested on machine translation
within the realm of natural language processing (NLP), it has since expanded to a broad range

of NLP tasks as expemplified by ChatGPT [Ope23| for text generation.

The Transformer architecture has also excelled in computer vision [HWC™22|, audio processing
[DXX18], and integrated multimodal tasks [RPGT21]. For a survey, we refer to the review
by [LWLQ22]. Relevant to this paper, [LLKT19] design the Set Transformer, which ensures
any permutation of the input to yield identical outputs (see for more discussions). Re-
cently, [PRZ24] introduce a modified Transformer-based choice model designed explicitly as
a simulator for evaluating assortment optimization algorithms within revenue management.

This facilitates rigorous assessment and comparison of various decision-making models, includ-
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ing Multinomial Logit (MNL) and DeepFM, under controlled yet realistic scenarios. However,
their model primarily addresses single-choice scenarios and focuses on model evaluation through
simulation rather than direct prediction of consumer choices across multiple paradigms (i.e.,
single-choice, sequential-choice, and multi-choice models). Consequently, their approach neces-
sitates a different architectural design in deep learning/Transformer frameworks, underscoring

a key distinction from the general-purpose Transformer Choice Net proposed in this study.

3.3 Problem Setup

3.3.1 Preliminaries on Choice Models

3.3.1.1 Single-Choice Model

Consider a ground set of n potential items N = {1,2,...,n}. For completeness, we can let
n denote the no-purchase option which (when selected) means the customer chooses none of
the offered items. A seller chooses an assortment S C N to offer to the customer, and in the
single-choice case the customer will choose at most one item from it. A single-choice model
prescribes the probability of choosing item 4 conditional on the assortment S (where we can

assume the no-purchase option is always in the assortment):
P(i|S) for all i € N and S C V.

In particular, P(i|S) = 0 for i ¢ S, i.e., the customer cannot choose an item not offered in the

assortment. In this way, a single-choice model
M ={P@{|S): S C N} (3.1)

dictates 2" — 1 probability distributions, each of which corresponds to one possible assortment

(excluding when S is an empty set).



62 Chapter 3. Transformer Choice Net: A Transformer Neural Network for Choice Prediction

3.3.1.2 Sequential Choice Model

The sequential choice model is an intermediate between the single-choice model and the multi-
choice model, and it also serves as a useful model by itself. Consider a customer shopping at
an e-commerce who may choose more than one item for purchase and the items are chosen
sequentially one after another from an assortment. To capture this scenario, we define the set
of currently not chosen items as candidates (denoted by C), while the set of initially offered
items as assortment (denoted as §). Thus C C S and the set S\ C is the set of chosen items
so far. The single-choice model then can be viewed as a special case where C = S. The
sequential choice model describes the probability of choosing item ¢ from candidates C given

the assortment S

P(i|C,S) for alli e N,C C S C V.

Let P(i|C,S) = 0 for i ¢ C, i.e., the customer can only choose an item from the candidates set.

In parallel to (3.1]), the sequential choice model encapsulates the following distributions

M = {P(i|C,S):C C S C N} (3.2)

3.3.1.3 Multi-Choice Model

The multi-choice model considers the purchase of a basket of items, i.e., a subset of the given

assortment. Hence, we are interested in the following distributions

M = {P(B|S): S C N} (3.3)

where B C N denotes the basket of (chosen) items and S is the given assortment as before.
As earlier, we assume P(B|S) = 0 if B € S; in other words, the chosen basket can only contain

items from the assortment.
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3.3.2 Learning Task

The learning task, the focus of our paper, refers to estimating the choice model M from m

observed samples D:

(

{(ig, Sk), k=1,...,m} single choice,

D = ¢ {(ix, {C,Sk}), k= 1,....,m} sequential choice,

{(Bg,Sk}),k=1,...,m} multiple choices,

\

where each observation, depending on the model to be estimated, consists of the final choice(s)

(i, or By), accompanied by the assortment information (Sg or {Cg, Sk}).

Item/product feature. We assume that there is a feature vector associated with each
item/product. Such a feature vector encodes characteristics of the product such as color,
size, brand, price, etc. When no such feature is available, one can still obtain such a vector by

a one-hot encoding of the items.

Reduction to sequential choice model. The goal of our paper is to develop one single
transformer model that fits all three choice modeling scenarios. In this light, we discuss here
how the single-choice model and the multi-choice model can be reduced to the sequential choice
model in terms of both learning and inference so the transformer model can be based only on

learning and predicting a sequential choice model.

The reduction of the single-choice model to the sequential choice model is straightforward. As
we pointed out earlier, we simply set C = §, i.e., to predict the first item to be chosen given
the initial assortment. For the estimation part, the sequential choice model can be estimated
from the single-choice training samples {(ix, Sk), k = 1, ..., m} by simply augmenting it into the
form {(ig, {Sk,Sk}),k = 1,...,m}. For the inference part, one can infer the probabilities of the

single-choice model by using the probability P(i|S,S) from the sequential choice model.

The reduction from the multi-choice model to the sequential choice model is a bit more com-

plicated. First, we note that the multi-choice model can also be mathematically represented
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by the sequential choice model. To see it, we can introduce a sequence ¢ to denote the order
of items being added to the basket. Then we can decompose the choice probability of a basket

by sequential choice probabilities:

|B]

P(BIS) = Y [[Pleslcs?,S) (3.4)

oc€Permp j=1

where Permp contains all possible permutations over the set B, o; is the j-th item in the
permutation o, and qu,s =S\ {o;:i < j}, ie., the candidates when adding j-th item to the

basket.

With this representation in mind, we first consider the learning of a sequential choice model
from multi-choice training samples {(By,Sk}),k = 1,...,m}. Since the sequence in which the
items are added to the basket By is unobserved, we cannot directly use the data to train a
sequential choice model. One remedy involves an iteratively random selection of items from the
basket, designating it as the sequential choice, and then constructing its associated candidates.
For example, we are given a multi-choice sample {B,S} and we start the sample generation
(for the sequential choice model) by setting C = S. Say, the first randomly chosen item from
B is iV); then we obtain one sample of {i!Y,(S,S)}. Then we move on to generating the
second sample, {i®, (S\{i™V},S)} where i is randomly picked from B\{iV'}. By continuing
this process, we generate training samples for the sequential choice model from the original

multi-choice sample {B,S}. A similar sampling method is also applied in [RAB20].

To predict the multiple choices of a given assortment S from a sequential choice model, the
set of predicted choices can be sequentially generated by reversing the above sampling method.
Specifically, we can start with C = S and either sample a product i!) following the distribution
P(-|C,S) or select the item with the largest choice probability, and then remove i) from C.
By continuing this process, we can sample multiple items and add them to the predicted set
of choices, until a stopping rule is met. This stopping rule can be enforced either when a

pre-determined size of the basket is met or a virtual “stopping item” is sampled.
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3.4 Transformer Choice Net

Now we introduce the Transformer Choice Net (TCNet) for the sequential choice model (which
as we pointed out covers both single and multi-choices). Mathematically, the TCNet is denoted
as fTON a function that maps the candidate set C and the assortment S to the choice probability

fEON(C, S) for each item i € C.

3.4.1 Attention Mechanism

The attention mechanism has become a fundamental component of modern deep learning to
solve various tasks of natural language processing and computer vision. In this subsection, we
provide some preliminaries on this mechanism (see [NZY21] for more details) and show how it

can be adapted for choice modeling.

An Attention function Att(Q, K, V) takes three matrices as input: the matrix of queries @) €

R5%¢ the matrix of keys K € R%*? and the matrix of values V € RS %4

Att(Q, K, V) = ¢(QK ")V,

where d is the feature dimension. The function ¢ is an activation function to QK ', with
Softmax being the most prevalent choice. The matrix QK ' is termed the (unnormalized) score
matrix, the (4, 7)-element of which quantifies the influence of item j on item ¢. Intuitively, the
attention mechanism empowers a model to selectively focus on specific segments of its input,

guided by the score function, to generate an output.

Self-attention is an exemplification of the attention mechanism where all the three matrices

above depend on the input feature matrix X:

FAYX Wo, Wi, Wy) = Att(XWo, X Wi, XWy), (3.5)

where Wg, Wi, Wy, € R4 are trainable parameters. For simplicity, we abbreviate the param-
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eters and use fA*(X) to denote this self-attention function.

3.4.2 Architecture of TCNet

Figure illustrates the architecture of the Transformer Choice Net fT°N. The network’s
input comes from two sources: the assortment set S of size S and the candidate set C of size
C. At noted in , we suppose each item i is associated with a feature vector z; € R? (either
product feature or one-hot encoding of the product id). Then the input matrices of TCN are
X° € R and X¢ € RE*? and the output is a vector of choice probabilities for each item

i eC.

The TCN consists of three main parts: assortment encoder, candidates encoder, and utility

decoder.

The assortment encoder processes the input X° and encodes both the original feature X¢ and
the interaction effects (from the assortment) into a latent feature matrix X ¥ € RS*%. Here
each item i is associated with a latent feature vector X f € R%. In this feature transformation,
the assortment encoder can contain L layers (which is a hyperparameter), and each with three

sub-layers:

First, an optional embedding sub-layer processes the original input X by an element-wise
fully connected feed-forward network layer applied to each item in the input assortment matrix

separately, via two linear operations and an activation function ¢:
SN (@) == Wag(Whz + by) + by,

where W; € R%*? W, € R®*% and b € R% are trainable parameters. The dimension d,

controls the embedding’s complexity.

Second, a self-attention sub-layer implements the attention mechanism defined in (3.5). This

layer captures the interaction effects between the items within the assortment.
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Third, a fully connected feed-forward network layer f¥¥N(x) (similar to the first part) is applied

to each item separately to further process each item’s latent features.
Assortment Encoder
Embedding Self-
(Opt.) Attention

AssortmentF»
Candidates Encoder y Util. Decoder

) Embedding Self- : Feed Feed
CandldatesF»{ (©Opt) H - H Attention H Forward Softmax F’

Forward
Figure 3.1: Architecture of Transformer Choice Net (TCNet). We omit the residual connections
within each sub-layer.

Feed
Forward
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The candidates encoder processes the original input X¢ in a similar manner as the assortment
encoder. It processes the original feature and captures the interaction effect between items
within the candidate set through three modules as the assortment encoder: an optional em-
bedding sub-layer, a self-attention sub-layer, and a fully-connected feed-forward layer. One
special point is an additional cross-attention sub-layer that mingles the assortment set and the
candidate set. Specifically, this assortment-candidate attention sub-layer takes (i) the output
of the assortment encoder X° € RS*®% and (ii) the output X of the self-attention sub-layer of
the candidates encoder as input, and then maps them to a latent feature matrix X s € ROxdv

that is aware of the assortment context. Mathematically, this is represented by

FAC(X) = At (X W, X Wi, X W)

where Wo, Wi, Wy, € R%*% are trainable parameters.

The wutility decoder processes the output latent features from the candidates encoder into some
latent utilities for each item in C. Ideally, the output latent feature X iC'S from the candidates
encoder has encoded both the candidate set effect and the assortment set effect. The utility
decoder transforms each of this latent feature vector X Z-C'S into a (scalar) latent utility @;, and
the transformation shares the same weight/parameter across different items. Here we apply a
fully-connected feed-forward network, which can be replaced by other network architectures.

Lastly, an MNL model/softmax layer converts these latent utilities into choice probabilities.
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3.4.3 Remarks on TCNet

We make the following remarks on the TCNet.

Assortment size flexibility. One advantage of the attention mechanism is that it can handle
input (e.g., assortment set and candidate set) with varying sizes. This is useful in a choice
modeling context because the assortment and the candidate sets may have variable cardinality.
Moreover, the number of parameters in TCNet does not depend on the total number of items
|IN| which makes it attractive for the case when there are a large number of items or newly
added items. As long as the item/product feature of a new item/product is available, the

TCNet can be used seamlessly for assortments with newly launched products.

Permutation equivariance. For any permutation o applied to the rows of X (such as in-
terchanging the first and second row), the fA" satisfies Permutation Equivariant [LLKT19],
which is defined as fA%(o(X)) = o(f2%(X)). This ensures that each output choice probability
remains invariant to the ordering/position of the input. This is useful for choice modeling
context where the items in the assortment/candidate set are presented to the customer all at
once. In this case, there is no ordering of the products and thus the customer choice should
be permutation equivariant. Of course, when the position/order does matter in determining

choice, one can encode the position/order as a feature.

Model ‘ # parameters ‘ Variable size ‘ Assortment effect
TCNet (Ours) O (dd, + Ld?) Yes Yes
DeepMNL[WMZ20] SLA20] | O (dd, + Ld2) Yes No
AssortNet [WCLT23] O (|V||dd, + Ld?) No Yes
SDANet [ROS20] O (dd, + Ld?) Yes Yes
FATENet [PGHH22) O (dd, + Ld?) Yes Yes
DLCL [TB21] O (d?) Yes Yes
RUMNet[AD22] O (dd, + Ld2) Yes No

Table 3.1: Comparison on the model complexity. d and d, are dimensions of item and latent features
respectively, L is the number of layers, and ||\ is the total number of items.

Comparison against other NN-based choice models. In Table 1, we make a comparison

between TCNet and several other neural network-based choice models (for single-choice) from
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several aspects. The column “variable size” refers to whether the model requires a fixed assort-
ment size or allows a variable size. The column “assortment effect” refers to whether the model

captures the assortment effect, i.e., the interactions between items within the assortment.

In terms of the number of parameters, we can see that TCNet has the same order of the number
of parameters as other models, thus its empirical advantage (in the numerical experiment)
should be attributed to its architecture rather than model size. In particular, we note that
SDANet [ROS20] and FATENet [PGHH22] essentially implement the Deep Set [ZKR*17] for
choice modeling, and thus capture item-wise interaction on a coarser scale than our TCNet.
DLCL [TB21] explicitly models product interactions through linear functions and does not

introduce a neural network architecture.

Transformer specializations for choice modeling. The Transformer [VSPT17] is origi-
nally designed for seq2seq tasks, such as machine translation and text summarization. The
model predicts the likelihood of the subsequent word from the vocabulary list. In comparison,
the TCNet is designed for a set-to-member task, where the goal is to forecast the item(s) to
be chosen from the candidate set and thus it requires the permutation equivariance. This ne-
cessitates modifications to the input’s structure and the utility decoder. Similarly, [LLK™19]
introduce the Set Transformer which is designed to model interactions within an input set.
Different from TCNet, the Set Transformer aims for permutation invariance (f(X) = f(o(X))
for any permutation o over an ordered set X) which keeps the whole output invariant through
permuting inputs. In the language of choice modeling, permutation invariance assumes that
the assortment effect will take place through the assortment set as a whole S (or C) and keep
same for all items, while the permutation equivariance allows a finer interaction between the

items.

Training: We use the cross-entropy loss (CE loss) for the training. With dataset D =
{(ik, {Ck, Sk}), k= 1,...,m}, the CE loss is defined by

Lcg = —% Zlog(fiCN(Ck,Sk)). (3.6)
k=1
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Several tricks/techniques are used in the original Transformer [VSPT17] such as layer normal-
ization, multi-head attention, residual connection, and dropout. We also implement them for

TCNet.

3.5 Expressiveness of TCNet

The seminal work [Man77] shows that any single-choice model can be represented by O(2" x n)

utility parameters: {u$,i € N',§ C N'}. Specifically, for alli € S and S C N,

exp(uy)

P(Z’S) = Z'Eg eXp(Uf)

(3.7)

where the utility u represents the contextualized utility of the i-th item under the assortment S.
[BP85| further show that the utility u$ can be decomposed into a sum of item-wise interactions

among the subsets of the assortment which is also recently discussed by [SPU19].

Theorem 3.1 ([BP85]). For any {u$ :i € N',S C N}, there exists a unique set of parameters

{v7 11 €8,8 SN} where 35,507 = 0,¥S C N, such that for alli € S and S C N,

S _ s
uy = E (D

S'CS\i

The above theorem shows that to estimate a single-choice model, it is enough to estimate the

interaction effects of each item i, i.e.,

(b, (ot je NG A}, MY

Here the constraints ) i¢s vf = 0,VS C N ensure the uniqueness of the parameters (noting the
scale-invariance of the utilities in (3.7))). Based on the level of interaction, we call {v;} as 0-th
order interaction, {Uz{j }} as 1-st order (or pairwise) interaction, and so on. The classic MNL
model captures only 0-th order interaction, and several studies [SPUL9, BB20, YMCD™20),

TB21), INJUZ23| explore diverse formulations to capture lst-order interactions {vz{j }}. In this
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sense, TCNet can capture L-th order interactions with L the number of layers in the self-
attention module. Thus L provides a statistical handle for controlling the model complexity

and also a modeling handle for controlling the level of item-wise interactions.

In parallel, one can parameterize any sequential choice model with utility parameters:

exp(u; )

P(i|C,S) = :
(Z| ) Zjec eXp(ujC-’S)

where the utilities can be further decomposed by

uZ-C’S = Z USI’S.
CrCeNi
Here the term vf/"s captures the interaction effects of (i) the candidate subset C’ towards item
i and (ii) the assortment effect from S. The interaction from the subset C’' can be viewed as
a candidate interaction effect, while the interaction from & can be viewed as a background
contextual effect. This decomposition provides intuition for why the TCNet architecture is
suitable for the choice modeling task: the assortment encoder encodes the global contextual

effect from S, and the candidate encoder encodes the local candidate interaction effect.

Theoretically, this utility decomposition also provides a guarantee on the model expressiveness

of TCNet for the choice modeling task as follows.

Theorem 3.2. Any sequential choice model can be represented by a Transformer Choice Net.
Specifically, for any sequential choice model defined by (3.2)), there exists a Transformer Choice
Net fTN such that

P(Z’C,S) = fz’TCN(CvS)

holds for alli € C,C C S and S C N.

The proof is deferred to Appendix . It is inspired by [LLKT™19] which proves the approx-
imability of the Transformer Set for the permutation invariant function family (but not the
permutation equivariant needed here for choice modeling). Combined with our discussion in

§3.3 we yield the following result.
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Corollary 2. Any single-choice model or multi-choice model can be represented by a Trans-

former Choice Net.

3.6 Numerical Experiments

In this section, we present numerical experiments to demonstrate the performance of TCNet.

Then we give visualizations and interpretations of the learned TCNet.

3.6.1 Numerical Performance on Real Datasets

We evaluate TCNet’s performance against multiple benchmark models for the three choice
modeling tasks we consider in this paper: single-choice, sequential choice, and multi-choice.
We emphasize that for all the models and datasets, we use a single architecture of TCNet to

showcase its power of “one-size-fits-all”.

Each experiment is conducted 5 times, with training, validation, and test data randomly split
at ratios of 60%, 20%, and 20%, respectively. The reported numbers are based on the average
values over the test data, accompanied by the standard deviations. Further details on the

datasets, the implementation, and the hyperparameter tuning are given in Appendix [B.2]

Single-choice prediction. We use the cross-entropy (CE) loss to train the TCNet
and also as the performance metric to report the test performance in single-choice prediction.
We compare the TCNet against several benchmark models: DeepMNL [WMZ20|, [SLA20], As-
sortNet [WCLT23], SDANet [ROS20], FATENet [PGHH22], Mixed-MNL [MT00], and DLCL
[TB21]. These benchmarks represent the state-of-the-art methods of single-choice modeling.
Our experiment includes the public datasets used in these existing works: Car [MTO00], Sushi
[Kam03|, Expedia(book), Hotel [BEG09], SFwork and SFshop [KBO06]; as well as two private

datasets Flight, and Retail.

Sequential choice prediction. We also use the CE loss as the training objective and the

performance metric in sequential choice prediction. We consider two public datasets com-
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monly used in existing works: Expedia(click) and Bakery. These two datasets are originally
multi-choice datasets without purchasing sequence information. We transform them into the
sequential choice data by a method described in Appendix Though several algorithms
are developed for sequential choice prediction, their limitations make them inapplicable with
these specific datasets. As a result, for benchmarking purposes, we formulate sequential choice
prediction as a single-choice prediction problem and utilize the above-mentioned benchmark

models.

Specifically, for a sequential choice dataset denoted as D = {(ix, {Cy,Sk}), k = 1,...,m}, we
drop Sy and recast it as a single-choice dataset: D = {(i,Cx),k = 1,...,m} for both the
training and testing of the single-choice benchmark models. In essence, these models predict a
single-choice from the candidate set C as the assortment and omits the original assortment S,
which may cause the information from what have been chosen unavailable (i.e., the assortment

context) and only focus on modeling the candidates effect.

To assess the implications of overlooking the assortment context, we train two variants of the
Transformer Choice Net: TCNet(Var) and TCNet, where ”"Var” denotes the variant version.
The former is trained as the single-choice model based on the above method while the latter is

trained by minimizing the CE loss (3.6)) over the original sequential choice dataset.

Multi-choice prediction. We adopt the F1 score loss as the performance metric for multiple
choices prediction, in line with the approach in [PGHH22]. Given the dataset D = {(By, Sk), k =

1,...,m}, the F1 score loss is defined by

B, N By |
=12y RO
|Bk| + |Bk
Here, By, represents the algorithm’s predicted multiple choices. This loss provides a balanced
measure of model performance on imbalanced datasets, which is the case for most choice mod-

eling data (far fewer chosen item(s) than unchosen ones).

We focus solely on the Expedia dataset here. The Bakery dataset, due to its consistent as-

sortment and unvarying item features, results in identical multi-choice predictions across all
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samples when deterministic prediction methods are employed which renders it unsuitable for

algorithmic comparison.

As discussed in §3.2, models designed for multiple choices become computationally expensive
with increasing assortment sizes. Following the strategy in [PGHH22], we adopt several single-
choice models for multi-choice prediction: if an algorithm can produce interim utilities, u$ for
exp(uf)

W—) . And resultant

Uy

each item ¢ within assortment S, then the item’s choice probability is
predicted multiple choices are

S
ieS: eXP(Ui)

Treod) (3.9)

> p

Here, the threshold u is a tunable hyperparameter. In this case, the training loss remains the
CE loss, yet is applied to each item’s choice outcome independently. We use TCNet to denote
the TCNet trained by the method discussed in §3.3.2| and use TCNet(Var) as the one trained

by the above method.

Task Data | TCNet | TCNet(Var) | DeepMNL | AssortNet | SDANet | FATENet | Mixed-MNL |  DLCL
Car 1.517+0.026 - 1.5784:0.013 | 1.58540.032 | 1.51740.026 | 1.52140.024 | 1.57940.029 | 1.5170.025
Sushi 1.74740.011 - 1.78940.007 | 1.91440.016 | 1.747+0.013 | 1.75040.010 | 1.76440.008 | 1.76340.007
Expedia(book) | 2.31440.021 - 2.40840.014 | 2.389£0.021 | 2.32840.020 | 2.36040.019 | 2.3510.020 | 2.34040.017
Sin. Hotel 0.7780.008 - 1.3212£0.041 | 0.85120.008 | 0.778=0.006 | 0.803£0.006 | 0.882+0.004 | 0.885+0.003
SFwork 1.53940.031 - 1.90240.167 | 1.667+0.026 | 1.54240.027 | 1.5704+0.033 | 1.664+0.022 | 1.683+0.014
SFshop 0.821£0.006 - 1.26540.140 | 0.928:0.024 | 0.8210.010 | 0.83140.015 | 0.909+0.022 | 0.8944-0.011
Flight 0.412:0.007 - 2.819+0.051 | 2.75140.049 | 0.427+0.007 | 0.477+0.006 | 0.47640.005 | 0.477+0.006
Retail 0.982:£0.021 - 1.42940.073 | 1.03240.008 | 0.992+0.022 | 0.99640.023 | 0.997+0.023 | 0.997+0.023
Seq Bakery 2.738+0.024 | 2.710+0.029 | 3.81740.006 | 2.767+0.016 | 2.79240.009 | 3.808+0.006 | 3.557+0.001 | 3.81140.006
" Expedia(click) | 2.86320.017 | 2.89040.023 | 2.913+0.020 | 2.92240.015 | 3.06740.023 | 3.074:0.023 | 2.9244:0.024 | 2.93740.012

Mul.  Expedia(click) | 0.576=£0.005 | 0.5830.003 | 0.65940.003 | 0.6530.005 | 0.5930.002 | 0.63940.005 | - | -

Table 3.2: Test performances (J) on three tasks: single-choice (Sin.), sequential choice (Seq.),
and multi-choice (Mul.).

Results. The performances on the test sets across all the experiments are summarized in
Table[3.2] The Transformer Choice Net (TCNet) exhibits superior performance across all three
tasks and datasets. Ome interesting observation is about the sequential choice prediction on
the Bakery data: the TCNet(Var), which is trained without feeding the assortment information
outperforms the standard TCNet, which enjoys the assortment information. One explanation
is that the uniformity of assortments in all Bakery data samples allows an implicit encoding

of this invariant assortment information. Conversely, in the Expedia(click) dataset, where
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assortments largely vary across samples, the provision of the additional assortment information
appears beneficial, enhancing the performance of the standard TCNet. Also, as noted in the
last section, the TCNet has a comparable number of parameters as the benchmark networks,

so its advantage should be attributed to its explicit modeling of the item interaction.

3.6.2 Probing into the Representation of TCNet

We train a TCNet on the Bakery dataset which contains a total of 50 items, including food
(e.g., cakes with different flavors, and snacks like cookies) and drinks (e.g., different coffees).
The original dataset contains 4 item features. However, we train the model without these
features and only use a one-hot encoding for each item. We then extract the latent features of
each product from the assortment encoder and do linear probing [Bel22] of the model through
running linear logistic regression for two tasks: (1) identify cakes from snacks; (2) identify
drinks from food. Due to the limited space, we only show the first here and defer the second

to the Appendix.

Figure [3.2| showcases our results: Figure [3.2a] shows the predicted probabilities to be the cake,
and Figure uses t-SNE [VAMHOS] to visualize the top-10 latent features with largest
absolute coefficients from the logistic regression. Both figures are based on the testing samples.
We note that the latent representation indeed has the ability to identify Cake from Snack,
although this is not explicitly included as the feature (only implicitly encoded in the choice).
This shows that by learning the choice model from customer behaviors, the latent features can

uncover useful properties of items, such as their categories and characteristics.

3.6.3 Attention Visualization

The attention scores in TCNet across various attention sub-layers reveal the degree of ”atten-
tion” allocated by the model to each item (whether from an assortment or candidates set) while
processing a specific item of interest. Essentially, these scores give insights into the influences

and correlations (such as substitutes) of items on the final choice prediction. Moreover, they
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Figure 3.2: Probing the latent representation of TCN.

can help to verify whether the model is concentrating on the important items as we expect.
In this subsection, we visualize the attention scores from a trained TCNet as an example to

demonstrate how we can understand and explain them.

The TCNet is again trained on the Bakery dataset. Figure |3.3| shows two sets of self-attention

scores (Figure [3.3af and |3.3b]) and two cross-attention scores (Figure and [3.3d) from the

candidates encoders. We make the following observations:

Comparing Figures and [3.3b], we can see Cake 1 and Cake 2 put extremely high weights on
the lemonade in Figure [3.3b]in contrast to the Cake 3 offered in Figure [3.3al This aligns with
one’s intuition when making the choice: Lemonade, as a drink, represents a new category dif-
fering from the other candidates and can impose a substantial influence on the final choice. For
instance, a thirsty customer might randomly choose one cake in Figure but will definitely
choose the lemonade when it is offered as in Figure [3.3b]

In Figures [3.3d and [3.3d], the first observation is consistent with the above: all three cakes

assign substantial weights to Coffee 1, which is a drink, in both figures. Another observation
is on the weight of Coffee 1: its weight on Coffee 2 in Figure is double of that on the
Pie in Figure 3.3dl Given that both Coffee 2 and Pie are purchased items, this implies that
buying Coffee 2 has a greater influence on choosing Coffee 1 than purchasing the Pie. This is

reasonable, as consumers typically do not buy two coffees but may purchase a coffee alongside
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a pie.

In summary, examining the attention scores enables us to validate whether the model adheres

to our common sense and allows us to get insights into the relationships between items.
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Figure 3.3: Candidates encoder’s (self) attention and cross-attention scores. For the second row, the
side items are from candidates C and the bottom items are from assortment S. Each row indicates
the normalized attention scores for the side item.
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3.7 Conclusion and Future Directions

The existing literature on single-choice model, sequential choice model, and multi-choice model
have been largely separate from each other: the current sequential choice models have there
own limitations, and the current multi-choice models become impractical when dealing with a

large assortment.

While the research on single-choice models is vast, the literature on predicting sequential and
multi-choice is noticeably less developed. Our paper introduces the Transformer Choice Net as
a unified neural network framework capable of addressing all three types of choice behaviors.
Notably, it is the first Transformer-based architecture tailored for sequential choice(s) predic-
tion tasks. We prove its universal representation capacity and, through extensive numerical
experiments, demonstrate its superior performance over several benchmarks. We conclude with

the following future directions.

Assortment optimization. One important downstream application of choice prediction is
assortment optimization, which optimizes the offered assortment to maximize the expected
revenue for the seller. Given the Transformer Choice Net’s strong prediction performance, an
intriguing avenue to explore would be the optimization of assortment offerings for a trained

Transformer Choice Net model.

Exploring alternative Transformer-based structures. The Transformer architecture has
increasingly shown its significance within the deep learning realm, showcasing its adaptability
across diverse tasks. While the Transformer Choice Net represents an initial endeavor in inte-
grating the Transformer framework into choice modeling, we believe there is still large potential

in exploring other Transformer-inspired architectures.



Chapter 4

Operational Management Generative

Pre-trained Transformer

4.1 Introduction

We study the problem of sequential decision making, where a decision maker interacts itera-
tively with an unknown environment. At each time period ¢t = 1,...,T, the decision maker
observes a context vector, makes a decision, and receives a reward and possibly other feed-
back. The decision maker’s objective is to maximize cumulative reward. Examples of such
problems include the network revenue management problem with unknown demands [Jas15],
the newsvendor problem with unknown demand distribution [HR09], and the dynamic pricing

problem with unknown demand function [DBI15].

A central challenge in these problems is balancing learning about the environment (exploration)
and earning rewards (exploitation). This is often referred to as the exploration-exploitation
trade-off. Most existing works tackle this problem through the online learning paradigm,
where they assume specific structures in the underlying problem to design decision algorithms
or policies. These algorithms often come with theoretical performance guarantees and can be
optimal under certain conditions and definitions. However, this approach has two limitations:

(i) it relies on assumptions of the underlying problem, and more relaxed assumptions often

79
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require the design of more complex algorithms, and (ii) it cannot easily incorporate the decision

maker’s prior knowledge about the environment into the decision making process.

Alternatively, in this work, we propose a supervised learning paradigm to solve sequential
decision making problems, which leverages generative artificial intelligence (GenAl) techniques
to train a deep learning model. We re-frame the decision making problem as a sequence
modeling task, where the goal is to predict optimal actions based on historical data. Specifically,
by utilizing the decision maker’s prior knowledge, we can generate pre-training data and train
a transformer/GPT-based neural network, named the Operational Management Generative
Pre-trained Transformer (OMGPT), to sequentially predict the next optimal action. The key

contributions of this work are as follows:

e We propose a new supervised learning paradigm for sequential decision making problems
using GenAl techniques. Unlike existing methods, our paradigm does not assume any
specific problem structure and can incorporate the decision maker’s prior knowledge.
Specifically, we design a GPT-based architecture, OMGPT, with a unique pre-training

scheme for solving sequential decision making problems.

e In numerical experiments, OMGPT (i) consistently outperforms well-established bench-
marks across multiple operational decision making tasks, (ii) demonstrates strong gen-
eralization ability when the tested environments differ from the decision maker’s prior
knowledge, (iii) handles non-stationary environments and multiple environment types,
showcasing its strong capability, and (iv) can also provide valuable side information be-

yond predicting optimal actions, such as demand forecasting.

e Analytically, we study the behavior of OMGPT as a decision algorithm, showing that (i)
asymptotically, it behaves as a Bayes-optimal decision maker, (ii) the pre-training loss
functions can serve as surrogates for regrets, which are defined as the reward gaps between
the OMGPT and the optimal decisions, and (iii) prediction errors due to finite pre-
training samples can provide an inherent exploration mechanism, leading to performance

guarantees.
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The remainder of the paper is organized as follows. Section presents a brief review of
the literature; Section gives the formal definition of the problem, along with performance
measures and examples; Section proposes the supervised learning paradigm using OMGPT,
introducing its architecture, pre-training, and testing. Section[4.5]analyzes pre-trained OMGPT
as a decision algorithm, focusing on its working mechanism and performance analysis. Finally,
Section provides numerical experiments to evaluate its performance and capability with

interpretation results, and Section concludes the paper.

4.2 Literature Review

4.2.1 Sequential Decision Making

Sequential decision making encompasses many well-studied problems in operations manage-
ment, including revenue management [TVRO6, (GT19], dynamic pricing [DBI15] [KZ14], inven-
tory management [AxsT5], queuing control [CYT01], etc. Below, we briefly review two of them

as examples:

e Dynamic pricing involves setting prices to discern the underlying revenue function and
make revenues, typically defined as the product of demand and price. Algorithms that rely
purely on the exploitation of historical data tend to be suboptimal, and they may converge
to non-optimal prices with positive probability [KZ14]. Therefore, random exploration
is crucial to more accurately understand the demand function and to avoid settling on
suboptimal prices. Various algorithms address this exploration-exploitation trade-off to
achieve near-optimal regret under different settings. See [HKZ12, [DBZ14, BZ15, [CLPL20,
WTL21] for examples of such algorithms, and [DBI15] for a comprehensive overview of

dynamic pricing.

e Inventory management (or the newsvendor problem) requires the decision maker to
decide on the quantity of inventory to order to meet a random demand with an unknown

distribution. There are various settings, such as perishable inventory, where the unsold



82 Chapter 4. Operational Management Generative Pre-trained Transformer

inventory expires at the end of each period, and non-perishable inventory, where the
unsold inventory can be carried to the next period. Additionally, the achieved demand
can be censored or uncensored. In an uncensored setting, the decision maker observes
the actual demand in each period. In a censored setting, when demand exceeds inventory
levels, unmet demand is not observed, leading to lost sales. In this case, the optimal
decision policy must balance the exploration of observing the realized demand and the
exploitation of reducing the cost, sometimes requiring higher inventory levels to gather
more demand data, but not so high that exploration costs become excessive. Near-optimal
policies with O(\/T ) regret bounds have been developed under various assumptions about

lead times and demand models, as shown in works such as [BS00, [GPO1l, [ZCS20, [AJ22].

4.2.2 Deep Learning in Operations Management

Another related line of literature is about using deep learning tools to address problems in
operations management. For example, [BM0Q, [AD22] apply neural networks to study customer
choice behavior and predict customer decisions, and [WCLT23| develop a neural network ar-
chitecture to both predict customer choice and optimize assortment decisions. Additionally,
[QSQ ™23, [GBVMZ22, [ONST22] develop deep learning frameworks for solving inventory con-
trol problems, [LWW™24] adapt deep reinforcement learning to dynamic assortment planning,
[MCG24] propose using reinforcement learning for choice-based network revenue management,
and [HHS23|] provide a theoretical framework for analyzing theoretical guarantees in terms
of excess risk bounds in newsvendor problems. [CLM22] propose a general framework that

leverages deep neural networks to solve data-driven stochastic optimization problems.

The main contribution of our proposed method to this body of literature is that our neural
network is trained as an algorithm, meaning it does not require any data from the testing envi-
ronment and can operate across different environments. In contrast, while the works mentioned
above may also tackle sequential decision making problems like inventory management, they
typically rely on collecting data from the testing environment and learning a policy that works

only in that specific environment. In this sense, our model is more aligned with generative arti-
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ficial intelligence: it can sequentially generate different (good) decisions for various (unknown)

environments.

4.2.3 Transformer for Reinforcement Learning

The earliest efforts to apply transformers and supervised learning approaches to reinforce-
ment learning can be found in the area of offline reinforcement learning [JLI21l, (CLR21]. In
this paradigm, offline reinforcement learning is effectively converted into a supervised learn-
ing problem through pre-training, where actions are predicted based on trajectories in the
offline dataset. During the evaluating/testing phase, actions are generated by the pre-trained
transformer, conditioned on the so-called “return-to-go”, which is often chosen as the cumula-
tive reward from “good” trajectories in the dataset. This approach allows the transformer to
retrieve information from training data trajectories with similar return-to-go values and per-
form imitation learning from high-reward offline trajectories. Building on this idea, several
works further examine the validity of return-to-go conditioning and explore its mechanisms
[EEKL21, IADG™22, BBB™22, [LBM23], and proposed alternative methods to improve or ex-

tend the approach to other settings [LWO™22, BFBNB24, [ZZG22, WWH24].

The most closely related work to ours is [LXP724], which also proposes utilizing transformers to
predict optimal actions for reinforcement learning problems. However, our proposed paradigm
differs in several key aspects, including the studied underlying tasks, the data generation/pre-
training step, and the neural network architecture. These differences are tailored specifically to
operational decision makings and provide us with the ability to analyze the working mechanisms

and performance. We elaborate more discussions in Appendix
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4.3 Problem Setup

4.3.1 Sequential Decision Making

In this section, we introduce a general formulation for sequential decision making problems. A
decision maker makes decisions sequentially in an environment with a horizon T'. At each time
t=1,...,T, the decision maker first observes a contezt vector X; € X (also known as covariates
or side information), takes an action/decision a; € A, and then receives an observation O, € O,
where X', A, and O denote the spaces of contexts, actions, and observations, respectively.

Specifically, at each time t =1,...,T,

1. The decision maker observes a context X; € X.

2. Based the historical information H; (including the context X;) available at ¢,
Hy = (X1,a1,01, ..., Xe1, a1, Op-1, Xy),

the decision maker makes a (non-anticipatory) decision/action a; € A following an algo-

rithm f, i.e., a; = f(H;).

3. Next, the decision maker receives an observation O; € O as a random outcome of X; and

Qg.

We remark that the algorithm f is very general in that it takes the whole history which is of
a varying length as its input. Also, unlike the development of many online learning algorithms
the implementation and analysis of which require the horizon T to be large, our model still

works even when 7' = 1, i.e., a static decision making problem.

Environment Dynamics.

Throughout the paper, we assume contexts X;’s are independently and identically distributed
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(i.i.d.) across t and observations O,’s follow a conditional distribution given X, and a,

iid.
Xy~ P’Y(')? Oy ~ ]P)’Y('|Xtvat)’ (4.1)
where the environment parameter v encapsulates all the parameters for these two probability

distributions. In particular, the parameter v is unknown to the decision maker.

At each time ¢, the decision maker collects a random reward R; = R(X}, a;) which depends on
Xy, a;, and also some possible exogenous randomness. The observation O, includes R; as its
first coordinate and it may or may not include other observed information as well. The goal of

the decision maker is to maximize the cumulative reward over the decision horizon

T

T
Z R, = Z R(Xt, at)'
t=1 t=1

We define the expected reward by (X, a;) = E[R(Xy, a;)| Xy, a;]. Specifically, this reward func-

tion r(-, -) is unknown to the decision maker and it also depends on the underlying environment

.

Performance Metric.

The performance of the decision maker’s algorithm f is measured by the notion of regret, which

is defined by

T
Regret(f;7) Z (X, a;) — r( Xy, ar) (4.2)

where the action af is the optimal action that maximizes the expected reward

a; = argmax (X, a) (4.3)
acA

and the optimization assumes the knowledge of the underlying environment, i.e., the param-
eter 7. In the regret definition (4.2)), the expectation is taken with respect to the underlying
probability distribution (4.1)) and possible randomness in the decision algorithm f. We use

the arguments f and v to reflect the dependency of the regret on the algorithm f and the



86

Chapter 4. Operational Management Generative Pre-trained Transformer

environment 7. Also, we note that the benchmark is defined as a dynamic oracle where a; may

be different over time.

4.3.2 Examples

Here we provide two well-studied sequential decision making problems as examples.

e Dynamic pricing: The context vector X; describes the market-related information at time

t. Upon the reveal of X;, the decision maker takes the action a; € A C R as the pricing
decision. Then the decision maker observes the demand D; = d(X;, a;) + ¢ where ¢ is
some zero-mean noise random variable and d(-,-) is a demand function unknown to the
decision maker. The random reward R(Xy,a;) = D; - a; is the revenue collected from
the sales at time ¢, and the observation O; = (R, D;). The expected reward r(Xy, a;) =
E[R(Xy, a;)| Xy, ay]) = d(Xy, at) - a;. The parameter v governs the generation of X;’s and

also contains information about the demand function d and the noise distribution.

Newsvendor problem: As the dynamic pricing problem, the context vector X; describes
the market-related information at time . Upon its reveal, the decision maker takes the
action a; which represents the number of inventory prepared for the sales at time ¢. Then
the decision maker observes the demand D; = d(X;) + ¢; where ¢, is some noise random
variable and d(-) is a demand function unknown to the decision maker. The random
reward is the negative cost R(X¢,a;) = —h - (a; — D)™ — - (Dy — a;)* where (-)" is the
positive-part function, h is the left-over/overage cost, and [ is the lost-sale/underage cost.
The observation O; = (R, D;) and the expected reward r(Xy, a;) = E[R(Xy, ar)| X, ai]
with the expectation taken with respect to ¢;. The parameter v governs the generation of
X,’s and encodes the demand function d, the noise distribution, and the (possibly known)

cost parameters h and [.
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4.4 Supervised Learning for a (Good) Algorithm Using

OMGPT

In the literature on sequential decision making problems, a common paradigm, often known as
online or reinforcement learning, is to assume some structure for the underlying environment
~ and/or the reward function r. Based on these assumptions, decision algorithms are then
accordingly designed. This means that different algorithms are crafted for different sets of
assumptions. In contrast, this work proposes a paradigm for learning policies instead. In
this section, we introduce the Operations Management Generative Pre-trained Transformer
(OMGPT) as a method for solving sequential decision making problems. It is important to
note that OMGPT is not merely a model or an algorithm; rather, it represents a paradigm
for potentially solving all sequential decision making problems using a supervised learning
approach. Similar to a common supervised learning task like regression, this approach involves
optimizing a family of GPT models to predict the optimal actions a; based on the historical
data, and the optimization is based on minimizing the empirical training loss over the generated

training samples.

4.4.1 A (Good) Algorithm as a Sequence Function

Recall that at each time step ¢, the decision a; made by an algorithm f is given by a; = f(H;).
Thus, an algorithm f can be viewed as a sequence function whose input is Hy, a sequence of
any length. To illustrate this, we first consider the case where the environment v is known and
given. Ideally, we aim to find a sequence function f* such that for any t = 1,...,T and any

possibly sampled H; as defined in Section
fT(Hy) = af,

ie., f* can predict the optimal action a; based on any possible H; at each t. Under the

assumption the environment v and thus the reward function r is known, this can be satisfied
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by setting f*(H;) = argmax,. 4 7(X}, a) (recall X, is included in Hy).

More generally, we can formulate a sequence function optimization task aimed at predicting
optimal actions. Given a candidate family F of sequence functions, our goal is to find a
sequence function } € F that minimizes the divergence between the predicted action f(Ht)

and the target (optimal) action a;:

T

} = arg minZE(Ht,af) [l<f(Ht)’ CL:)] ) (44)

A

where the expectations are with respect to (Hy, a;)’s (recall af depends on X; in H;) and l(a, a’)
is the loss function to measure the divergence between a and o’: it should be non-negative and
only be zero when a = d’. For example, the Ly loss (i.e., [(a,a’) = |la — d'[|2) or the absolute

(Ly) loss (i.e., l(a,a’) = |la — d'[|1).

In an environment where the reward function is “smooth” with respect to the action—meaning
that the single-period regret incurred at time ¢ decreases as the action a; approaches the optimal
action af—a sequence function f which is optimal in minimizing the prediction loss for the
optimal actions should also perform well in terms of regret. In particular, if f* € F, we have

f=f*and Regret(f*;v) = 0.

However, in sequential decision making problems, the environment 7 is unknown, making the
formulation in (4.4]) invalid. To address this, one approach is to consider a distribution P, such
that v ~ P,. Here, P, can be viewed as the decision maker’s prior knowledge or belief about
the environment. The existence of such prior knowledge is a typical assumption in operational
sequential decision making problems (e.g., [BCRS09, HKZ12, [FSLW18]). In this case, we define

the expected loss of the decision function f under the environment specified by v as
T
L(fi7) = S By yomy U (), ) (4.5)
t=1

where (H, a{"*)’s are derived with respect to the environment v and f. Then we can formu-
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late the sequence function optimization task as:

~

J = argminE,p. [L(f:7)]. (46)
feF

The redefined f should approximate the optimal actions for each possible environment v ~ P,
(as much as possible) to become the minimizer of (4.6]), thereby handling unknown environ-

ments. However, there are still several challenges for applying (4.6)) to find a (good) algorithm

~

f:

1. Choosing F: We need F to include a sequence function j‘ that can accurately predict the
optimal actions for different and unknown +’s. However, even with a known ~, mapping a
high-dimensional and unstructured input H,; approximately to a; is complex, requiring F
to have a large capacity. Additionally, 7 must be a family of sequence functions, which

can handle variable-length input sequences.

2. Solving : There are multiple challenges in solving . First, this stochastic
optimization problem involves complex randomness in both the environment sampling
v ~ P, and the environment dynamics H;’s. Second, the dynamics H;’s themselves
depend on the decision variable f, and this dependence is also complex. Third, optimizing
over the complex function family F is difficult. These difficulties collectively make it

challenging to even approximately solve (4.6)).

3. Understanding }: It is crucial to understand the algorithm we intend to use, particularly
to avoid extreme decisions and to evaluate its performance. Even if we assume that (4.6))
can be solved, we still need to know what the resulting algorithm f will be and how it

performs in terms of regret.

In the following subsections, we will address these challenges.
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4.4.2 Preliminaries on (Original) GPTs and OMGPT

In this work, we select the GPT architecture, which stands for Generative Pre-trained Trans-
former [RNST18|, as the sequence function family F to learn a good algorithm. GPT, a
variant of the transformer architecture for deep learning [VSPT17|, was originally designed as
a language model due to its two key properties: high expressiveness and the ability to model
sequences. Specifically, GPT can be efficiently scaled to billions of parameters, providing a high
degree of expressiveness and the capacity to capture complex patterns, such as those in natural
language. Additionally, its structure allows it to handle inputs of varying lengths, making it
well-suited for sequence modeling. These properties align precisely with the requirements for
the function family F in . Here, we provide a brief introduction to the original GPT

architecture, followed by an overview of the OMGPT architecture, with detailed information

deferred to Appendix [C.1.1]

Attention Mechanism. The key component of the GPT architecture is the attention mech-
anism/function. The input to an attention function is a set of embedding vectors {z,}._;, all
sharing the same dimension, and the output is a set of processed embedding vectors with the
same dimension, denoted by {Z,}{_,. Let Z = [21,29,...,2]" be the matrix composed of the

embedding vectors {z,}._;. The attention function is then defined as
AN Z; Wo, Wi, Wy) = Softmax (2 WoWxZ) Z Wy.

Here, the Softmax function is applied to each row of the matrix Z'WoWx Z, and Wg, Wi, Wy,
are trainable square parameter matrices, commonly referred to as the query weight, key weight,

and value weight, respectively, which have the same dimensions as the embedding vectors z,’s.

Intuitively, the attention mechanism connects each element from the input sequence using the
Softmax function and the weight matrices, allowing each output vector to embed informa-
tion from the entire sequence. Additionally, the attention mechanism supports variable-length

inputs.

GPT architecture. The GPT architecture is built with multiple layers that share the same
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structure. Each layer consists of an attention function fA%* followed by an element-wise, fully
connected feed-forward network sub-layer. Each embedding vector z, from the attention func-
tion for 7 = 1,...,t, is individually processed through this sub-layer, which uses trainable

matrices Wy, W5 and vectors by, by, all matching the input dimension of z,:

Z; = ngb(le’T + bl) + bz, (47)

where ¢ is an activation function to add the non-linearity (like ReLU or GELU [HG16]) and
the outputs z.’s form the input sequence for the next layer. By stacking multiple layers, GPT

gains the capacity to “understand” more complex relationships within the data.

The GPT architecture also includes a layer at the beginning to transform input elements (e.g.,
words/tokens in natural language or actions in sequential decision making tasks) into embedding
vectors, and an output layer at the end to convert these embedding vectors (typically the last
one) into the desired output elements (e.g., tokens or actions). These layers can be structured
as linear layers similar to , with dimensions of trainable parameters adjusted to match the

inputs and outputs.

OMGPT. Unlike the original GPT, which is designed for natural language modeling with a
single type of input and output (words/tokens), OMGPT is tailored for sequential decision
making tasks and must handle different types of elements as input (actions, contexts, obser-
vations) and output only actions. Therefore, modifications to the OMGPT architecture are
required to accommodate these different elements. Details on these modifications are provided
in Appendix [C.1.1} Additionally, other neural network architectures, such as Long Short-Term
Memory (LSTM) [Hoc97], can also be applied as F, as they are also capable of sequence
modeling and can handle inputs of varying lengths. In Appendix [C.4.1.3] we evaluate the per-
formance of OMGPT by replacing the transformer with LSTM, and the results demonstrate
that the transformer performs better. This finding is consistent with observations from the

literature on natural language modeling/large language models [ZZL723].
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4.4.3 Supervised Learning for OMGPT

We denote the OMGPT architecture by TFy, where 6 encapsulates all the trainable parameters
(we assume that the hyperparameters, such as the number of layers and the dimension of the
embedding space, are given and not included in #). We assume there exists a parameter space
O for 6 and set F = {TFyp}pco. The sequence function learning task for the OMGPT
architecture can then be reformulated as:

min,p, [L (TFg;7)]. (4.8)

As mentioned earlier, this stochastic optimization problem is challenging to solve (even approx-
imately) due to the complex randomness in v and Hy, as well as the high dimensionality of the
parameter space ©, which can consist of millions or even billions of dimensions. To address
this, we can adopt a supervised pre-training approach, similar to the training of large language

models (e.g., ChatGPT), to learn a parameter 6 that serves as an approximate solution to (4.8§]).

4.4.3.1 Pre-training Data Generation

The supervised pre-training first constructs a pre-training dataset

D = { (B0 a0, (G905 ... (19, a57) )

=1

In particular, we assume the parameter v (see (4.1])) that governs the generation of X; and

O, are generated from the environment distribution P,. Then, we generate n environments
denoted by 71, ...,7,. There are two key aspects regarding the generation of Dpr:

e Target action aﬁ”“*: For this paper, we generate al(f”)* as the optimal action specified

by , which requires knowledge of the underlying environment ;. A common property

of all these sequential decision making problems is that the optimal action can be often

¥i)*

easily or analytically computed from the generated v;’s. Alternatively, ag can also be
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generated based on expert algorithms such as Thompson sampling or upper confidence
bound (UCB) algorithms [LS20, WWTL21]. In this case, the action a\"’* = Alg(H)
where Alg(-) represents the algorithm that maps from Ht(%) to the action without utilizing
the knowledge of +;. These target actions can be viewed as “labels” to predict in the

supervised learning task.

e History H™ = (Xl(%'), a0 x 0 b OEZ?,X?“): Here, XUs and OU")s

are generated based on the parameter ; following (4.1). The action ol is generated

based on some pre-specified decision function f in a recursive manner:

o0 = F (), B3 = (HO, 0,000, X)) (19)
for t = 1,...,T. It is important to note that a,E’”) can differ from the target action

agw)*. The pre-specified decision function ]7’ can be chosen to randomly select an action

or as another expert algorithm. In general, the history Ht(%) generated by :f should be
representative of the histories encountered during the testing phase where we will deploy
the learned/pre-trained OMGPT. Intuitively, the pre-training data should resemble the
testing situations to ensure that the pre-trained OMGPT generalizes well during testing.
These histories can be viewed as “features” in the supervised learning task. Further

discussion on the choice of ]~“ and its influence on pre-training TFy is provided in Appendix

[C2

Formally, we define a distribution P 7 that generates H; and a; as

X, ~P,(), ar = f(H,), O ~P, (| X;,0a,), Hry1 = (Hra;,0., X711) (4.10)

for 7 =1,...,t — 1 and a; is specified by (4.3). The parameter v and the function f jointly
parameterize the distribution P_ ;. The parameter v governs the generation of X; and Oy just
as in (4.1). The decision function f maps from the history to the action and it governs the

generation of a,’s in the sequence H;. In this way, the pre-training data is generated with the
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following flow:

Py —vi— 73%} — {(Hl(%), aw)*) ey (H:(F%), aéﬂ”’k) } )

4.4.3.2 Supervised Pre-training

Optimal Yoot ) e e s i
Actions 72% )
Prediction
[ OMGPT TF, J
AN AN AN AN

. . r}/l ----- Xt—l a1 Xt ----- . .
Histories 12 - .t
Tn \ .,

Figure 4.1: The pre-training phase of OMGPT. We first generate different environments ~;.
For each ~;, we generate the corresponding histories and optimal actions. The histories serve as
the inputs to the OMGPT, which then uses them to predict the corresponding optimal actions.
The goal of the pre-training is to minimize the empirical prediction errors.

Figure illustrates the supervised pre-training phase of OMGPT. Based on the dataset Dpr,
the supervised pre-training refers to the learning of the sequence function TF; through mini-

mizing the following empirical loss

n T

). L CONRNCAR
0 = arg min — ZZ[ (TF(; <Ht ) ,ay ) (4.11)

0€0 i=1 t=1

where the loss function I(-,-) : A x A — R specifies the prediction loss. Thus the key idea

of supervised pre-training is to formulate the sequential decision making task as a sequence

(73)* )

modeling task that predicts the optimal action a; """ given the history Ht(% . Further discussions
on how different loss function / influences TF; and how the pre-training loss relates to the regret

are deferred to Section [4.5]
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Figure 4.2: The testing/application phase of the pre-trained OMGPT. We iteratively input the
history H; into the pre-trained OMGPT TF; to obtain an action a;. This action is then applied
to interact with the testing environment -, generating a new observation O;. The cycle is then
repeated with the updated history H;,;.

4.4.3.3 Testing

Figure illustrates the testing (or application) phase of a pre-trained OMGPT. In the testing
phase, a new environment vy (which is unknown) is sampled from P, and we apply the learned

decision function TF;. The testing procedure is described by the following dynamics:
X7~ ]P)'y(')v ar = TF@(H‘r); OT ~ ]P)’y <'|XT7 a'r) ’ HTJrl = (H‘m Qr, OT7 XTJrl) . (412)

The only difference between the test dynamics (4.12)) and the training dynamics (4.10)) is that

the action a; (or a,) is generated by TF, instead of the pre-specified decision function f.

4.4.4 Difference from Online/Reinforcement Learning

In this subsection, we discuss the key differences between the proposed OMGPT paradigm
and traditional online/reinforcement learning approaches for sequential decision makings in the

following aspects:

e Learning-based Paradigm: OMGPT represents a learning-based approach, while most
online/reinforcement learning algorithms are manually designed. Through a supervised
pre-training phase, OMGPT learns an algorithm, TF;, that can function like a decision

algorithm when interacting with an unknown environment, and can even achieve better
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performances than well-established online algorithms, as demonstrated in Section [4.6]
This means OMGPT discovers new algorithms during pre-training and has the potential

to offer valuable insights and guidance for the design of future online learning algorithms.

Utilization of Prior Knowledge and Pre-training Data: Many online/reinforcement
learning algorithms rely on setting hyperparameters and can only utilize limited prior
knowledge of the testing environments, such as parameter bounds. They only learn the
optimal actions through the data collected from the testing task. This restricts their abil-
ity to incorporate more detailed prior knowledge, such as a prior distribution of the testing
environment. While some algorithms, like Thompson Sampling, can use a prior distri-
bution, embedding more complex prior knowledge (e.g., demand functions can change
unpredictably during the horizon) can be challenging. OMGPT, however, can handle
such complex prior knowledge by generating pre-training samples based on simulations.
This ensures that the pre-trained TF; can effectively leverage the prior knowledge when
making decisions based on the data collected from the testing task. Numerical results

demonstrating this advantage are provided in Appendix [C.4.1.2]

Flexibility: Unlike online algorithms designing, which are based on specific assumptions
and often require redesign when those assumptions are not met, OMGPT serves as a
universal paradigm. Regardless of the assumptions or prior knowledge at hand, the same
framework can be applied to pre-train an OMGPT model and utilize it effectively, thanks
to its large capacity. This universality means OMGPT can work across various problems
without relying on predefined analytical model structures or assumptions. Our numerical
experiments in Section [4.6] demonstrate its strong versatility across various problems and

structures.

4.4.5 Discussions and Extensions

We provide the following discussions and extensions to the proposed supervised learning paradigm.
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4.4.5.1 Extending to Longer Testing Horizon

Our paradigm can be generalized to a longer testing horizon (beyond the length of the pre-
training data) by introducing a context window. Specifically, we define a context window size
W and limit the input to the last min{W,¢} timesteps of the input sequence H, to predict
a; during both the pre-training and testing phases. By considering only the latest min{W,t}
timesteps, we enable the model to handle testing sequences of any length, even when ¢ > T

This technique is commonly used in the literature (e.g., [CLRT21]).

In general, a larger context window provides more information for predicting the optimal action
but requires more training data, longer training time, and potentially a larger model size. We
provide numerical performance results in Section [4.6] and believe that its theoretical analysis
(e.g., determining the optimal window size for a random testing horizon) is an important and

interesting future research direction.

4.4.5.2 Extending to State-dependent Context

Although in Section [£.3] we assume that the contexts X;’s are i.i.d. generated, the OMGPT
paradigm can be extended to handle Markov Decision Processes (MDPs), where X, encapsulates

the state of the decision process and is sampled through a Markov process:

Xt ~ ]P)('|Xt_1, at).

For this extension, no changes to the paradigm are required to accommodate such non-i.i.d.
X;’s, and we can follow the same procedure to generate pre-training data, as well as to conduct
pre-training and testing. In Section [4.6, we provide numerical experiments that demonstrate
the performance of OMGPT in common operational decision making problems involving states,

including queuing control and revenue management.
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4.4.5.3 Extending to Observation Prediction

In addition to predicting optimal actions, OMGPT can be pre-trained to also predict obser-
vations, O;, with some modifications. These predictions can be valuable for decision makers
in certain scenarios. For example, in a dynamic pricing task, while the main target is to find
the optimal prices, the decision maker may also need to predict the resulting demands to plan

manufacturing or storage.

To enable it, an additional output layer is added to OMGPT to predict observations, while
the original output layer continues to predict optimal actions as usual. Specifically, with this
added output layer, OMGPT becomes a sequence function that maps a sequence H to both an

action a € A and an observation O € O, i.e., TFy(H) = (a, O).

When predicting observations, the input sequence is modified to H; U {a;}, incorporating the
taken action to provide the necessary information for the observation prediction, rather than
just H; as used for predicting optimal actions. Additionally, during pre-training, the training

loss function must account for the prediction error on observations:

n T
h . 1 ~(73)* i )% A (i) (1)
0 := arg min — l (a(%) ,a(%) ) + 1 (O L0 ) . 4.13
%e@ T ZZI ; t t t t ( )
Here, I'(-,-) is a loss function that measures the prediction error of observations. As defined
carlier, """ = TFy,(H"") is the predicted action, and (A),E%) = TFoo(H ™ Ua{) is the

predicted observation, where the subscripts 1 and 2 in TF indicate the first and second outputs,

respectively.

Compared to the original loss function in (4.11]), which only accounts for predicting optimal
actions, the revised loss function in (4.13]) includes an additional term to capture the prediction
error on observations, which ensures that the pre-trained OMGPT can effectively predict the

observations through the pre-training.
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4.5 Understanding Pre-trained TF; as an Algorithm

In the previous section, we discuss using a supervised learning paradigm to learn a pre-trained
TF; as an algorithm. Now, we return to the perspective of sequential decision making and
analyze the properties and performance of TF; when being deployed as a decision algorithm.

The proofs in this section are deferred to Appendix [C.3]|

4.5.1 TF; as a Bayes-optimal Decision Maker

For a given distribution P, we define the Bayes-optimal decision function Alg* as follows:

Alg*(H) = argmin E, [l(a, o) |H} (4.14)
acA

= argmin/l(a,a,@*)P(ﬂH)dv
acA ¥

= argmin/l(a,afﬁ)*)P(Hh)de
acA ¥

for any history H € H, where
H == {(Xl,al,Ol,. .. ,Xt_l,at_l,Ot_l,Xt)|Xt € X,at - A,Ot - O,t = 1,. .. ,T},

is the space of all possible histories.

In the definition of Alg*, recall P, is the environment distribution that generates the environ-
ment v, and the optimal action ap)* depends on both the history H (or more precisely, X;) and
the environment v (as defined in (4.3))). P(H|vy) is proportional to the likelihood of observing

the history H under the environment ~

t t—1
]P(Hh/) X H]P)W/(XT> : HP’Y<OT|XT7 ar)
=1 =1

where H = (Xy,a1,01,...,X;1,a4-1,0;_1,X;) for some t € {1,...,T} and the distributions

P,(-) and P,(-|X,,a,) are as in (4.1)). In the last line of definition, the integration is with
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respect to the environment distribution P,, and each possible environment 7 is weighted with

the likelihood P(H|7).

We refer to Alg* as the Bayes-optimal because its definition follows Bayes’ law (as seen in
the last line of (4.14))). And the following proposition, which relates Alg* with the pre-training
objective, further justifies why it is called the optimal decision function. Recall that the decision

function f is used to generate the actions in H;.

Proposition 1. The following holds for any decision function f:

T

Alg (") € arjg IjrrlinEVpr ZE(HhaZ)NPy,] L(f (Hy),ay))
€ t=1

where F is the family of all measurable functions (on a properly defined space that handles

variable-length inputs).

Proposition (1| states that the function Alg* is one minimizer of the expected loss under any
decision function f (given P,). To see this, Alg* is defined in a pointwise manner for every
possible H. The probability P 3 defines a distribution over the space of H. The pointwise
optimality of Alg* naturally leads to its optimality for any decision function f. Furthermore,
this implies that Alg* is also the optimal solution to the expected training loss (i.e., the expec-
tation of the objective function of ) This means that if the OMGPT class {TFy}gco is
sufficiently rich to cover Alg* (for instance, by increasing the number of layers and embedding
dimensions), and with an infinite amount of pre-training data, the supervised pre-training will
result in Alg* at best. Thus, we can interpret the property of the supervised pre-trained TF;
by Alg* as a proxy. Figure shows an example of that Alg* and TF, are closely matched.
This notion of a Bayes-optimal function and the Bayesian perspective has been explored in
various settings within the in-context learning literature for large language models and GPTs

[XRLM21| ZZYW?23, [JLLVR24].

In addition, the corollary below characterizes the exact behavior of Alg* (and thus approxi-
mately of TF,) under different loss functions [ in (4.14)). This corollary can serve as a guide

when pre-training OMGPT to target one specific algorithm.
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Figure 4.3: TF, nearly matches the optimal decision function Alg* in dynamic pricing tasks with
concentrated deviations. Figure (a) shows one decision trial for Alg* and TF, ,where the optimal
actions change over time because X;’s are different for different time ¢. Figure (b) shows the histogram
of TF; — Alg® over different environments. The experiment setup and more results are deferred to

Appendix

Corollary 3. Alg" behaves as

(a) posterior sampling under the cross-entropy loss;
(b) posterior averaging under the squared loss;

(c) posterior median under the absolute loss;

where the posterior distribution is with respect to vy and it is defined by P(vy|H) o< P(H|v)- Py (7).
Detailed definitions of posterior sampling, averaging, and median are provided in Appendiz

(L 1.5

4.5.2 Regret Analysis

The previous section analyzes the behavior of TF;. In this subsection, we study its performance

in terms of regret, as defined in (4.2)).



102 Chapter 4. Operational Management Generative Pre-trained Transformer

4.5.2.1 Surrogate Property of the Prediction Error

We begin with the following proposition, which establishes a relationship between the prediction
error and the regret of any decision function f (where f = TF, is not necessarily required).

Recall we define

T
L(f;iv) = ZE(HE”,@?)*) [l(f(Hﬁ)),a@*)]
=1

as the testing prediction error of f for a specific environment ~.

Proposition 2 (Surrogate property). We say the loss function [(-,-) satisfies the surrogate

property if there exists a constant C' > 0 such that

Regret(f;v) < C - L(f;7)

holds for any sequence function f and . Then under mild conditions (see Appendiz , We

have

(a) The cross-entropy loss satisfies the surrogate property for the multi-armed bandits problem.
(b) The squared loss satisfies the surrogate property for the dynamic pricing problem.

(c) The absolute loss satisfies the surrogate property for the linear bandits and the newsvendor

problem.

We provide the definitions of these problems in Appendix Proposition [2] gives a first
validity of the supervised pre-training approach. The surrogate property is an attribute of the
loss function and is independent of the distribution P, or the decision function f. Specifically,
it establishes an upper bound on the regret in terms of the action prediction loss. This result
is intuitive, as a more accurate prediction of the optimal action naturally leads to lower regret.
One key implication is that this result guides the selection of the appropriate loss function for

different underlying problems.
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4.5.2.2 Linear Regret of Alg"

Although Proposition [2| provides an upper bound on the regret using the action prediction error
for each individual environment ~, it does not imply that the minimizer Alg* of the expected
prediction error with respect to some distribution P, will have sub-linear regret in the horizon

T. This is illustrated by the following proposition:

Proposition 3. There exists a linear bandits problem instance and a dynamic pricing problem
instance, i.e., an environment distribution P, such that the optimal decision function learned

under the squared loss incurs a linear regret for every vy, i.e., Regret(Alg*;y) = QT') for every

Y-

Proposition |3 states a negative result that the optimal decision function Alg*, albeit being
optimal in a prediction sense (for predicting the optimal action), does not serve as a good
algorithm for sequential decision making problems. To see the intuition, the decision function
is used recursively in the testing phase (see ) While it gives the best possible prediction,
it does not conduct exploration which is critical for the concentration of the posterior measure.
This result does not contradict Proposition 2 While Proposition [2] provides the action predic-
tion error as an upper bound on the regret, in the instances described in Proposition [3| both

the prediction error and the upper bound are linear in 7'.

This highlights a key difference between sequential decision making and single decision making
problems (e.g., [CLM22, [HHS23, [BR19, [F'S23]) when applying machine learning or deep learning
tools. In single decision making problems, where only a single decision needs to be inferred for
a single time (rather than an “entire” algorithm for a horizon), the collected training samples
(analogous to the context-action-observation tuples in H;) are i.i.d. generated, and this results
in a convergence/concentration of the posterior to the true model/environment . However,
in sequential decision making problems, the dynamics of induce dependencies across the
history H;, and it may result in a non-concentration behavior for the posterior. This is the
key insight behind constructing the linear-regret example in Proposition [3| and the examples

are also inspired from and share the same spirit as the discussions in [HKZ12]. It is also worth
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noting that such a lack of exploration may not occur in discrete action spaces, as studied in
ILXP*24]. This is because for discrete action space, the output TF; (or Alg*) can give the
posterior distribution as a distribution over the action space. The distribution output will lead

to a randomized action and thus can automatically perform exploration.

4.5.2.3 (Sub-linear) Regret Analysis on TF;

There are simple remedies to address the linear regret behavior of the optimal decision function,
such as using an e-greedy version of it and explicitly adding some exploration. However, even
without any further modifications to the pre-trained TF;, we do not observe this linear regret
behavior in any of our numerical experiments (as will be demonstrated in Section . In this

section, we provide a theoretical framework to explain the observed sub-linear regrets of TF,.

We begin by informally stating the regret upper bound of TF; to provide intuition on why it
performs well without explicit exploration. We assume P, is a uniform distribution over a
bounded support I' € R? and recall v € T is the sampled testing environment, which generates
H; through and decides the reward function r. For simplicity, we denote the conditional
distribution of the observation O, given the history H; and a, = TF;(H;) (or a; ~ TF,(H,)) as
P (-|Hy, TF,) for any environment 4" € I' (which is not necessary the true testing environment
7). Under conditions on restricting smoothness of P./(-|H;, TF;), we can establish the following

result:

Theorem 4.1 (Regret Upper Bound (Informal)). Suppose there exists constants A pggpioi and

A Bupiore Such that for any v € T C RY and H,, TF; and Alg*(H,) satisfies

o E[r(X,, Alg"(H,)) — r( Xy, TFy(Hy))|Hi] < Apupioir, where the expectation is taken with

respect to the possible randomness in Alg* and TF.

e The KL divergence

KL (P (-| Xy, TFy (Hy) [Py (X, TF(H1))) = Apapiore|y = 7113
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for any~" € I, and the log-likelihood ratio between P (-| Xy, TFy(H;)) and P/ (-| Xy, TF;(H;))

is sub-Gaussian for any v € T'.

o Elr(Xy,af) — r(Xy, Alg"(H,))|[He] < O (Ey([lly — +'l3|H:]), where the expectation on the
left side is taken with respect to the possible randomness in Alg* and the expectation
E./[-] on the right side is with respect to the posterior distribution over the possible testing

environment ' given H;.

Then we have

d
Regret(TFy;v) = O (AEzploitT + A )

Ezxplore

for any v € T', where the notation O(-) omits logarithm terms in T and d and the parameters

in assumptions (e.g., boundedness parameter) .

We should first note that Theorem provides a worst-case regret bound since it holds for
any possible testing environment v € I'. Thus, it also serves as an upper bound for the
expected regret E, p_ [Regret(TFy;)]. To better understand Theorem , we first examine its
three key conditions. The first condition is that TF; behaves closely to Alg* and the (reward)
deviation between these two is bounded by Agyploit. The deviation could arise due to finite
pre-training data or the limited function space F during the pre-training phase. This condition
can be justified by Figure 4.3 The second condition characterizes the exploration intensity of
TF,, ensuring it can distinguish between the true environment and any other environment by
bounding their KL divergence with Agypiore. The last condition characterizes the performance
of Alg* in terms of the posterior distribution of the possible testing environment given H;.
As the posterior distribution concentrates on the true testing environment -, the reward of

Alg*(H;) converges to that of the optimal action.

Under these conditions, intuitively, TF; can be viewed as the optimal decision function Alg*
plus some deviation. These deviations can be considered as random noises: while they may
distort the performance of TF; when the posterior is concentrated (first and third conditions),

they can play the role of exploration and helps the posterior to concentrate (second condition).
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In particular, TF; deviates from Alg* by an amount of Agypie in terms of the reward, and
this deviation accumulates over time into the first term in the regret bound. On the other
hand, this deviation also gives an exploration whose intensity is measured by Agypiore, and the
second term captures the regret caused during the concentration of the posterior onto the true

environment.

These conditions serve as a stylized model for analyzing the behavior and performance of TF,.
In many online learning algorithms, such as UCB or Thompson sampling, the constants Agxploit
and Aggplore should have a dependency on ¢. Nevertheless, these conditions give us a perspective
to understand how the pre-trained TF; works as a decision algorithm and why it can have sub-
linear regret. For example, when Apyploit = Apxplore = O(1/ ﬁ), this regret upper bound is in
the order of O(vV/T ). In the following part, we will elaborate on the assumptions required for

these conditions and provide a formal result for the regret upper bound.

Assumptions We first present the assumptions needed for the regret analysis.

Assumption 1 (Environment Space). We assume there exists a space I' C RY of environment

parameters such that

e There exists a constant 7y such that sup.cr [|v[l2 < 7.

e There exists a constant T such that SUp,cy seaer T(T,a;7) < T, where we use r(x,a; )

to denote the reward function of environment ~.

o P, is a uniform distribution over I'.

The above assumptions characterize the space of possible environments. The first two assump-
tions bound the space I' and the maximum possible reward, which are commonly applied in
the literature (e.g., [DB15, [HR09]). The last assumption concerns the decision maker’s prior
distribution over the testing environment. We remark that this assumption can be relaxed to
allow for any general distribution. However, such a relaxation would introduce an additional

multiplier in the resulting regret bound. This multiplier would be proportional to the upper
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bound of the likelihood ratio between two possible environments in I'. Intuitively, this repre-
sents the (largest) effort needed to correct an incorrect prior. A larger ratio indicates that more
exploration is required to concentrate the posterior distribution on the true environment in the

worst-case, leading to higher regret.

Assumption 2 (Observation Distribution). Denote S‘i as the space of positive semidefinite
d x d matrices and recall 7y is the true environment. Then we assume for any X € X, a € A

and v € T':
o There exists a function A : (X, A) — S% such that
KL (P (-|X, )Py (| X, @) = |7 = 7' A¢xa) (4.15)

where ||z||acx.a) = V2TA(X, a)z for z € RY.

e There exists a constant Cy2 such that for any~' € T', the log-likelihood ratio log (%),
¥ )

where O ~ P, (-| X, a), is Co2 ||y — ¥'|| a(x.a)-sub- Gaussian.

e log IP’V/(O‘X, a) is concave in ' € I'. Further, there exists Cr > 0 such that for all X € X,
ac€Aand O € O,
V2, log P/ (O] X, a)||5 < Cr.

The first two assumptions above characterize the statistical properties required for the log-
likelihood ratio, log (%), and the last one assumes the smoothness of the log-likelihood
function log IP’W/(O‘X ,a). Specifically, in the first two assumptions, Eizl A(X,,a;) can be in-
terpreted as the information matrix from (X,,a,)’s. For example, in dynamic pricing with
Gaussian noise and a linear demand function (i.e., d(X,a) = a' X + 8" X -a where v = (a, 3)),
we have A(X;,a,) = (X;,a:X;)(X;,a,X;)". The second assumption is necessary to bound
the rate at which the posterior distribution concentrates around the true environment. The
last assumption requires the log-likelihood to be smooth with respect to the environment pa-

rameters. These assumptions are commonly satisfied in tasks like dynamic pricing and bandits

with generalized linear demands or rewards under Gaussian noise.
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Assumption 3 (Reward Gaps). We assume for any v € T' with its corresponding reward

function r:

o There ewists a constant Apgyoi such that TF; satisfies
E[r(Xy, Alg"(Hy)) — r( X, TFy(Hy)|Hi| < Agaploit

for all possible H;, where the expectation is taken with respect to the possible randomness

in Alg* and TF.
o There exists a constant C, such that Alg* satisfies
E[r(Xe, a7) — (X, ALg" (Ho) [ Hi) < CEy[[ly — 7' lI31Hd),

where the expectation on the left side is taken with respect to the possible randomness
in Alg* and the expectation E. [-|H,] on the right side is with respect to the posterior

distribution over the possible testing environment ' given H;.

The first condition bounds the reward deviation between Alg* and TF,, which can be potentially
caused by the finite pre-training samples and is numerically justified by Figure[4.3] The second
condition indicates the performance of Alg* in relation to the posterior distribution (which is
further decided by the history H;): as the posterior distribution of " under H; becomes more

concentrated around the true testing environment ~y, the performance of Alg* improves.

Regret Upper Bound

Theorem 4.2 (Regret Upper Bound). Denote Ay = Apin (Ztr=1 A(XT,aT)) as the minimum
eigenvalue of the matrix ZtT:1 A(X,,a,) foreacht =1,...,T, andty = min{t =2,...,T| 1 >

0} (here we let tg =T + 1 when {t = 2,...,T|N_1 > 0} = 0). Under Assumption[1], [3 [4, we
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have for any v € T’

T T
log (2K, T
Regret(TFy; ) < AppionT + FE[to — 1] + C,E | e + 16C,(4C,, + DE | > log K T) | | 40,7
t=to t=to t-1

=0 (AE:vploitT +E

t=to

At—1 A¢t—1 min{\/€¢,1}

tation is with respect to the potential randommness in Ay and tq.

_ oo d
where € = )\1t6_d1 10g (327@(01‘&71)4’)\15—1)); K, = max {1, <52’Y\/3(Cr(tfl)+/\t—1)) }7 and the expec-

Theorem [4.2] follows the same spirit as Theorem [4.1]and can also be decomposed into two terms:
the first term O (Agxpioir]’) captures the regret caused by the deviation of TF; from the optimal
decision Alg*. The second term O (E [to + ZtT:to %D represents the regret incurred during
the concentration of the posterior distribution towards the true environment 7. Specifically,
A¢ is the minimum eigenvalue of the empirical “information matrix” Zizl A(X;,a,), which
controls the rate of the posterior distribution convergence to the true testing environment (see
Corollary . The random time t; is required for the availability of A; > 0 and is influenced by
both TF; and the generation of X;. The proof of Theorem and further discussions on its

technical contributions are deferred to Appendix [C.3]

Our analysis offers a complementary understanding of how the pre-trained TF; works in litera-
ture. While [LBM23] provide a statistical learning framework for analyzing the performance of
transformer-style models in decision makings, they show that when (i) agm*’s in the training
data are no longer the optimal actions a; in our setting but generated from some algorithm
Alg and (ii) the decision function f = Alg in the distribution P., . the pre-trained transformer
TF, — Alg as the number of training samples goes to infinity. We note that this only implies
that the transformer model can imitate an existing algorithm Alg. In other words, such setting
brings the theoretical benefits of consistency, but it excludes the possibility of using the optimal
a; in the pre-training and thus makes it impossible for the pre-trained TF; to perform better

than the algorithm Alg. To better see it, as shown in Proposition [3| Alg* can incur linear

regret (for numerical results, see Appendix [C.1.3)), a behavior that is not numerically observed
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with TF;. This discrepancy cannot be explained by [LBM23] when setting Alg =Alg*. Our
assumptions and analysis provide a stylized explanation for such a sub-linear regret behavior

of TF,, as shown in the following example.

Example: Dynamic Pricing Here we adopt the contextual dynamic pricing problem [QB16],

BK21] as an example to show the application of Theorem .

Example 1. Consider a dynamic pricing problem, where the demand is given by Dy = o' X; +
BT X, - a; + €. Here ¢ Y N(0,1) and v = (o, B) € T C R*. We suppose that Alg* performs
posterior averaging. In addition, for each time t, we assume with some constant C, TF;(H;) =
Alg*(H;) + Ay, where

CT=Y*  w.p. 1/2,
At —

—CT~ Y4 wyp. 1/2
for any possible history Hy and t = 1,...,T, and A, is independent of H,, Alg*(H,),~y, and
previous A, for 7 =1,...,t — 1. If we further assume some boundedness on the parameters,

then by Theorem[{.3, we have
Regret(TFy,v) = O(dV'T)

forally €T

We make the following remarks for Example : (i) The derived upper regret upper bound
matches the regret lower bound in terms of the order of T, as established in [KZ14]. This illus-
trates that, with an appropriate deviation between Alg* and TF,, TF, can achieve an asymp-
totically optimal (worst-case) regret bound. (ii) The assumption TF,(H;) = Alg*(H;) + A,
introduces a (random) perturbation term A; to Alg*(H;). These perturbations act as explo-
rations to learn 7, and the assumed rate ©(T~/*) effectively balances the exploration and the

exploitation to bound the regret.
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Regret Upper Bound on Finite Environment Space In the following, we present the

regret upper bound for a special case where I' contains only a finite set of environments.

Theorem 4.3 (Regret Upper Bound on Finite Environment Space). Assume I' = {~1,...,v}.
Under Assumption (1], [3, [3, we have for any v € T':

o (Problem-dependent bound). We denotet; = min{t = 2,... 7|3\ H”Yi_'YHQA(XT,aT) >

16C,2 log(nT?)} (we let t; =T + 1 when the set is empty), then

T
_ _ v =13
Regret(TFy; ) < 40,7 +A pupoi T+7C, Z E[t;—1]+C, Z E Z =1 22
iy vy Lt=t; > v VHA(XT,QT)
(4.16)

e (Problem-independent bound). Recall \; = A\pin (Zizl A(X-,a;)) as the mini-
mum eigenvalue of the matriz Y . A(X,,a,) for each t = 1,...,T and t, = min{t =
2,...,T|\—1 > 0}, then

T

Regret( TF@? ’7) < 407“:)/2 + AEavploitT’ + TACT‘E[tO - 1] + nCrE Z

t=to

16C,2 log(nT?) + 4
At—1

(4.17)
Here the expectation is with respect to the potential randomness in Ay and t;, 1 =0,...,n.

Compared to Theorem [£.2} (i) The regret bounds in Theorem depend on the number of
environments n rather than the dimension of the environment d. This is because, with a finite
structure, we only need to identify v from a finite set, rather than from an infinite set of
possible environments as in Theorem [4.2] whose complexity is controlled by d. Technically, the
shift from n to d arises from using a covering number technique in Theorem to discretize a
bounded continuous space into a discrete space, where the covering number depends on d. (ii)
It is difficult to say whether Theorem provides sharper bounds than Theorem without
specifying the underlying problem or the structure of I'. For instance, when n > d, the bounds

in Theorem [4.3] can be worse.

We refer to (4.16]) as the problem-dependent bound and (4.17) as the problem-independent

bound. This is because (4.16]) accounts for specific candidate environments (e.g., the term
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7 — 7||3), whereas does not depend on such specific problem structure. These two
bounds are similar to the problem-dependent and problem-independent bounds in multi-armed
bandits [LS20]. However, it is important to note that in the multi-armed bandits problem,
there is a finite action space, and the problem-dependent bound relates to the action rewards.
In contrast, here we assume a finite number of environments, and the bound relates to these

environments.

The following example shows that, given a specific problem structure, the problem-dependent
bound can sometimes provide a sharper regret upper bound than the problem-independent

bound.

Example 2. Consider a dynamic pricing problem without context, where the demand is given
by Dy =+ B-a,+¢. Heree "~ N(0,1) and v = (o, 8) € T C R%. We further assume that
TF, = Alg* and Alg* performs posterior averaging. If we suppose I' = {(1,-1),(1,—-2)} and

assume some boundedness on the parameters, then by applying (4.16]), we have
Regret(TF;,v) = O(logT)

forally €T.

This example illustrates that a regret bound of O(logT') can be achieved by applying ,
which is smaller than the typical regret upper bound of O(\/T) found in dynamic pricing
problems (e.g., [BR12, [KZ14, WTL21]). Indeed, through a similar analysis as in Example ,
Theorem 4.2/ would also result in a regret upper bound of O(v/T) for Example .

To understand the O(log T') regret, intuitively, there are no “uninformative prices” [BR12] for

; 4lvi—l3
t7
2 H’Yi_PYHQA(X-,-,aT)

identifying « due to the specific structure of I'. Consequently, the regret term ,
which typically arises from uncertainty of v, will decrease at a rate of O(1/t) for this specific
space I, even when making greedy optimal decisions with A1g*(H,) that involve no exploration.

This example also illustrates how TF; (or Alg*) can outperform benchmark algorithms due to

the special structure of I'.
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4.6 Numerical Experiments

In this section, we conduct numerical experiments to evaluate OMGPT’s performance from
various perspectives and investigate its internal mechanisms when making decisions. All ex-
periment details can be found in Appendix [C.4] In all figures, where applicable, the shaded
area represents the 90% empirical confidence interval, and the reported values are based on 100

runs.

4.6.1 Performance Evaluation

We first assess OMGPT across several operational decision making tasks and examine its gener-
alization ability in testing environments with longer horizons than those used in the pre-training.
Additionally, we evaluate its performance in environments that are generated in a way different
from the pre-training ones. We further test its capacity to handle non-stationary environments
and environments with multiple demand types, highlighting its potential as a solution to the
problem of model misspecification. Lastly, we show that, beyond predicting optimal actions,
OMGPT can also serve as a predictor for some side information, such as the demand in dynamic

pricing problems, to provide valuable auxiliary insights.

4.6.1.1 Basic Performance

We evaluate OMGPT across a variety of operational decision making tasks, including dynamic
pricing, the newsvendor problem (with censored demand), queuing control, and revenue man-
agement. The settings of these problems are deferred to Appendix [C.4.2] It is important to
note that both the queuing control and revenue management problems feature state-dependent
contexts, as defined in Section [4.4.5.2] In these tasks, the context or state—such as queue
length in queuing control or available resources in revenue management—depends on both the
previous context and the actions taken. These tasks are used to validate OMGPT’s ability to

effectively handle operational decision making problems with state-dependent contexts.
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The pre-trained OMGPT, TF;, is compared against well-established benchmark algorithms for
each task. Figure presents a summary of the results and more details (e.g., experiment setup
and benchmark algorithms) are deferred to Appendix . It is important to note that while
the testing environment is sampled from the decision maker’s prior distribution, P, which also
generates the pre-training data for TF;, the distribution is assumed to have infinite support.
This implies that the testing environment, v, differs from the pre-training environments, ~;’s,
with probability 1. This setup ensures a fair comparison and provides a more challenging

scenario to assess OMGPT’s robustness and generalization ability.
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Figure 4.4: The average out-of-sample regret (first row) and action suboptimality, i.e., |aj —Alg(H;)|,
(second row) of TF; against benchmark algorithms (see details in Appendix . The numbers in
the legend bar are the final cumulative regret. The last two tasks can have negative regret during the
horizon since they are MDP problems where the optimal actions may achieve a lower single-period
reward than the applied algorithms, although they maximize the final cumulative expected reward.
For revenue management, since the exact optimal actions are computed at a high computation cost,
we use the actions from the Adaptive Allocation Algorithm (Ada) from [CLY24], which can achieve
constant regret, to approximate optimal actions in both the pre-training and testing (and thus not
show the suboptimality of the Ada algorithm in (h)), and use their upper bound of the optimal
cumulative reward to compute (an upper bound) of the regret used in (d).

From Figure , we observe that OMGPT, TF,, consistently outperforms the structured bench-
mark algorithms across all tasks. What makes this result particularly remarkable is that TF;

does not merely replicate or imitate the performance of the benchmark algorithms; rather, it
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uncovers a new and more effective approach. This highlights the effectiveness of using the

optimal actions, af, as the target during pre-training.

We further attribute the OMGPT’s advantage over the benchmark algorithms to two key
factors: the incorporation of prior knowledge from pre-training data and its more greedy ex-
ploitation strategy. First, the OMGPT effectively leverages the pre-training data, making it
well-suited to the decision maker’s prior knowledge of the testing environment (see Sectionm
and Appendix . In contrast, all the benchmark algorithms face a cold-start problem.
Second, while the benchmark algorithms are designed for asymptotic optimality, potentially
sacrificing short-term performances, OMGPT takes a greedier approach, similar to Alg*, which
does not explicitly encourage exploration. This greedier behavior can lead to better perfor-

mances when the time horizon 7' is short, particularly when 7' < 100 as shown in Figure

E4

4.6.1.2 Impact of Model Scaling and Task Complexity

In this section, we explore the performance changes when tuning both model size and task
complexity. Specifically, we adjust the number of layers to control the model size and the
problem dimension (the dimension of the context) in a dynamic pricing task to control the
task complexity, where the number of unknown parameters is twice the context dimension.
Since the optimal reward may scale differently across dimensions, we provide a relatively fair
comparison by evaluating the advantage of OMGPT relative to the best-performing benchmark
algorithm. This advantage is defined as the reward improvement rate of OMGPT compared to
the best benchmark algorithm (the one among ILSE, CILS, and TS that achieves the highest
reward). Thus, a positive value indicates the pre-trained OMGPT TF; outperforms all bench-
mark algorithms, and a larger value indicates a better performance of TF;. We test three model
sizes (4, 8, and 12 layers) and three problem dimensions (4, 10, and 20), while keeping other

hyperparameters the same. The results are presented in Figure [4.5]

From Figure , we observe the following: (i) TF, consistently outperforms the benchmark

algorithms, and this advantage grows as the complexity of the problem increases. (ii) Increas-
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Figure 4.5: The advantage of OMGPT compared to the best benchmark algorithm in dynamic
pricing, across different model size (number of layers) and problem complexity (problem di-
mensions).

ing model size consistently improves the performance of TF; across all problem dimensions,
indicating that larger models are generally preferred. This highlights TF;’s superior ability to
handle more complex tasks and these observations align with the scaling law [KMHT20| for

large language models.

4.6.1.3 Performance under Horizon Generalization

In practice, the testing environment may have a different time horizon from the pre-training
data. In this part, we evaluate OMGPT’s generalization ability when the testing horizon is
longer than that seen during pre-training. As for a shorter testing horizon, OMGPT can simply
run until the end of the horizon, and Figure [4.4] demonstrates strong performances in such cases,

particularly when the horizon is less than 100.

Technically, during testing for ¢ > 100, we limit the input sequence H; to the last 100 timesteps
to predict a;. As discussed in Section 4.4.5.1] this restriction aligns with the input sequence
length used during pre-training, enabling OMGPT to effectively handle longer testing horizons.

Figure shows the performance when the testing horizon is extended from 100 (pre-training
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Figure 4.6: Performance under horizon generalization in newsvendor problems with uncensored
and censored demands. The pre-training samples have a horizon of 100. It shows the average
out-of-sample regret (first row) and action suboptimality, i.e., |aj — Alg(H;)|, (second row)
of TF; against benchmark algorithms. The numbers in the legend bar are the final regret at
t = 200.

horizon) to 200 in the newsvendor problem with uncensored demands (first column) or censored
demands (second column). In the censored setting, which requires exploration of actions as
discussed in Section we indeed evaluate whether OMGPT can maintain good performance
despite the limited input sequence (i.e., the last 100 timesteps) possibly leading to forgotten
explorations. The results demonstrate that OMGPT generalizes well in this extended horizon

scenario, even in the censored demand setting where exploration is essential. Its actions remain
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nearly optimal beyond ¢ = 100, resulting in lower regret compared to benchmark algorithms.

4.6.1.4 Performance under Shifted Environment Distribution

In practice, the prior knowledge of the decision maker, P,, may not exactly match the distri-
bution of the testing environment. This is often referred to as the out-of-distribution (OOD)
problem. In this section, we evaluate OMGPT’s generalization ability under such conditions,
using dynamic pricing problems as the test case. Specifically, we define the demand functions
in the pricing problems as D; = o' X; — 3" X, -a; +¢;, and adjust the generation of testing envi-
ronments by altering the distributions of the noise term ¢, and the (generation of) parameters

(o, B) to deviate from those in the pre-training environments.
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Figure 4.7: Performance under different testing noise variances, which may deviate from the
pre-training variance of o2 = 0.2. It shows the average out-of-sample regret (first row) and
action suboptimality, i.e., |a; — Alg(H,)|, (second row) of TF; against benchmark algorithms.
The numbers in the legend bar are the final regret at ¢ = 100.

We first test OMGPT in three different problem settings with varying testing noise distributions
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€ ~ N(0,0?) while keeping the pre-training noise ¢; ~ A(0,0.2) for all of them: o2 = 0.2,
which matches the noise variance used in pre-training; o> = 0.1, which is smaller than that used
in pre-training; and o2 = 0.3, which is larger. Figureprovides the results. We do not observe
any significant sign of failure in OMGPT’s OOD performance: across all three settings, the
benchmark algorithms consistently incur higher regret than OMGPT. Although OMGPT shows
some variation in mean regret across OOD settings (specifically, lower regret when o = 0.2 and
higher regret when o2 = (.3), this is partially due to the varying “difficulty” of the underlying
tasks. As expected, higher noise variances, which need more data for accurately estimating the
demand function compared to lower variance cases, lead to worse performance for all algorithms
tested. However, these variations should not be interpreted as evidence of OMGPT failing to
handle OOD issues. In fact, all benchmark algorithms show similar performance fluctuations

under these conditions, further demonstrating OMGPT’s robustness.
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Figure 4.8: Performance under the different levels of out-of-domain shifts g in the testing
demand function generation. It shows the average out-of-sample regret (first row) and action
suboptimality, i.e., |a; — Alg(H;)|, (second row) of TF, against benchmark algorithms. The
numbers in the legend bar are the final regret at ¢ = 100.

We further evaluate OMGPT under distributional shifts in the generation of parameters (o, ),
considering both out-of-domain and in-domain shifts. During pre-training, these parameters

are sampled per environment as a ~ Unif([0.5, 1.5]%) and 8 ~ Unif([0.05,1.05]%). In the testing
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Figure 4.9: Performance under the different levels of in-domain shifts pgn in the testing
demand function generation. It shows the average out-of-sample regret (first row) and action
suboptimality, i.e., |a; — Alg(H,;)|, (second row) of TF, against benchmark algorithms. The
numbers in the legend bar are the final regret at ¢t = 100.

phase, two types of shifts are introduced, parameterized by the shift level pugpig:

Out-of-domain shifts: Here, the test parameters (o, 3) can be sampled beyond the
original training ranges to simulate scenarios where prior knowledge fails to encompass
the true environment space. Specifically, we generate o ~ Unif([0.5 + fignige, 1.5 + fsniz]®)
and 3 ~ Unif([0.05 + penire, 1.05 + penie]®). Four shift levels are evaluated: pgpnige = 0

(matching the pre-training distribution) and pgie = 0.1,0.5, 1.

In-domain shifts: For these shifts, sub-intervals of length (1 — pspir;) within the original
training ranges are randomly selected, and parameters are sampled uniformly within these
sub-intervals. Specifically, for a given pigpir, we sample 1 ~ Unif([0.5, 1.5 — (1 — pspire)])
and ky ~ Unif([0.05,1.05 — (1 — penir)]). Then, we draw o ~ Unif([r1, k1 + 1 — penir]®)
and 3 ~ Unif([ka, ke + 1 — penire]®). This approach simulates a scenario in which the
prior knowledge is conservative, assuming a broader feasible space than the true space
that generates the testing environment. A larger pgpng corresponds to more conservative

prior knowledge, implying a larger expected feasible parameter space than the actual
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one. We consider four shift levels: g, = 0 (matching the pre-training distribution) and

Mshife = 01, 02, 0.3.

Figure 4.8 and Figure 4.9]illustrate OMGPT’s performance under out-of-domain and in-domain
shifts, respectively. For out-of-domain shifts (Figure , we observe a performance decline

at higher shift levels (usnie = 0.5,1) in (o, 5). This effect is reasonable, as (a, ) directly

T

determines the optimal price, 2";3%%. Therefore, the parameters sampled outside the training

distribution’s support may lead to optimal decisions that the model has never encountered
during training, resulting in performance degradation. For in-domain shifts (Figure , we
observe no significant indications of failure of OMGPT in this case. Interestingly, the regret
performance of OMGPT and benchmark algorithms improves slightly under these shifts. This
enhancement may stem from the shifts leading to («, ) values that are more centered within
the range, thereby reducing the occurrence of parameters near the original boundaries that
would otherwise be too large or too small. As a result, this shift reduces the likelihood of

encountering “corner” environments where optimal decisions involve extreme values.

In practice, we recommend adopting more conservative prior knowledge to generate a broader
range of training environments, as this approach minimizes potential distortions in out-of-
domain performance, as observed in Figure [4.8] while only potentially incurring little sacrifice

as suggested by Figure 4.9

4.6.1.5 Solution to Model Misspecification

Most sequential decision making algorithms, including all benchmark algorithms used in our
experiments, rely on structural or model assumptions about the underlying tasks. For example,
in pricing and newsvendor problems, demand functions are typically assumed to be linear with
respect to the context. When these algorithms are applied to misspecified environments, where

such assumptions do not hold, the performance can degrade significantly.

In contrast, OMGPT provides a potential solution to model misspecification. For example,

for newsvendor problems where both linear and non-linear demand functions can appear, by
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generating pre-training samples from both types of environments, a single pre-trained TF; can

leverage its large capacity to make near-optimal decisions across different types of environments.

In this section, we test OMGPT in two different scenarios: non-stationary environments and en-
vironments with multiple demand types. Specifically, we pre-train and test TF; on environments
where (i) demand functions may abruptly change at a random time 7 < T' (non-stationary set-
ting) or (ii) there are two types of demand functions: linear and square (detailed in Appendix
C.4.2). We compare TF, with benchmark algorithms that are well-studied but specifically

designed for stationary, linear demand cases.

Figure illustrates the performance in the newsvendor problem with uncensored demand,
tested in environments where (i) the demand functions remain consistent throughout the hori-
zon (first column) and (ii) the demand functions are non-stationary and may change unpre-
dictably during the horizon, causing benchmark algorithms to face model misspecification is-
sues (second column). Figure shows the performance in newsvendor tasks in environments
where demand functions are either (i) linear-type (first column) or (ii) square-type, where
benchmark algorithms also encounter model misspecification issues (second column). The re-
sults demonstrate that benchmark algorithms, which are designed for stationary, linear demand
environments, struggle when faced with model misspecifications. In contrast, OMGPT lever-
ages its large capacity and pre-training to learn and adapt to changes in the environment or
different demand types, effectively handling them during testing. These findings highlight the
potential of TF; to effectively address model misspecifications and perform robustly in diverse

environments.

4.6.1.6 Demand Prediction as By-product

In practice, decision makers may require additional side information beyond the optimal actions
to better understand the testing environment. For instance, in dynamic pricing, the decision
maker might want to learn the demand given a particular price to manage inventory or plan
manufacturing. In this section, we evaluate OMGPT’s ability to predict demand in a dynamic

pricing scenario (with 8 unknown parameters), showcasing its potential to provide useful side
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Figure 4.10: Performance in stationary environments ((a), (c¢)) and non-stationary environments
((b), (d)), where benchmark algorithms encounter model misspecification issues. The same
TF, is applied in all figures. It shows the average out-of-sample regret (first row) and action
suboptimality, i.e., |a;y — Alg(H;)|, (second row) of TF, against benchmark algorithms. The
numbers in the legend bar are the final regret at t = 100.

information.

We modify OMGPT to predict demand as discussed in Section [4.4.5.3| and compare its perfor-
mance to ridge regression (with a regularization term of 0.1) as a benchmark. We use ridge

regression instead of ordinary least squares since the number of parameters can exceed the
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Figure 4.11: Performance in environments with linear demand ((a), (¢)) and environments
with square demand ((b), (d)), where benchmark algorithms encounter model misspecification
issues. The same TF, is applied in all figures. It shows the average out-of-sample regret (first
row) and action suboptimality, i.e., |a; — Alg(H,)|, (second row) of TF; against benchmark
algorithms. The numbers in the legend bar are the final regret at ¢t = 100.

number of samples in some cases. We first test the models in environments with linear de-
mands. Figure shows the prediction errors with varying input sequence lengths, and
consequently, varying numbers of observed ((X;,a;), O;) samples in the input (as the training
samples in the demand regression task). The results indicate that OMGPT performs similarly
to ridge regression when the number of samples exceeds 10. However, with fewer than 10 sam-

ples, OMGPT outperforms ridge regression. We attribute this advantage to OMGPT’s ability
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to leverage prior knowledge from its pre-training.

To further evaluate the capability of (a single) pre-trained OMGPT, we pre-train and test it

in a more complex scenario where demand functions can be either square-type or linear-type,

each with a probability of 1/2. Figure [4.12b| and [4.12¢| presents the prediction errors with

varying numbers of observed ((X%, a;), O;) samples in the input sequence for different demand
types, but using the same TF,. While ridge regression slightly outperforms OMGPT in the
linear-type demand cases (Figure , it performs significantly worse in the square-type
demand cases (Figure 4.12¢|), where a linear model fails to capture the square demand function
accurately. This highlights one single pre-trained TF;’s superior ability to predict observations

across different types of environments.
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Figure 4.12: Out-of-sample demand prediction error comparison between OMGPT (TF;) and
ridge regression across different scenarios. (a): Single demand type, where TF; is pre-trained in
environments with linear demand, and both methods are tested on linear demand environments.
(b) and (c): Two demand types, where TF; is pre-trained in environments with a mix of linear
and square demand (50% each). Both methods are then tested on either linear demand (b) or
square demand (c).

4.6.2 Mechanisms Interpretation

In Section we analytically demonstrate that the pre-trained TF; behaves similarly to the
Bayes-optimal decision maker Alg* and numerically observe such alignment between them (see

Figure and Appendix|C.4.1.1)). In this section, we further explore and interpret the internal

mechanisms of TF; when predicting optimal actions.
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Specifically, recall that the Bayes-optimal decision maker Alg* is defined as:

Alg"(H) = arg min/l(a, al"*YP(y|H)dy.
acA vy

It selects the optimal action that minimizes the expected divergence from the true optimal
action ap)*, with the expectation with respect to the posterior distribution of the environment
P(v|H). This formulation consists of two key components: (i) an environment inference part,
which infers the testing environment based on the history H (i.e., P(y|H)), and (ii) an optimal

decision inference part, which infers the optimal action ap)* for each environment v based on

the current context X,.

In this section, we demonstrate that when the pre-trained TF; predicts optimal decisions, it
implicitly mirrors these two components. This suggests that TF; not only (finally) produces
actions that align with the Bayes-optimal decision maker Alg*, but its internal mechanisms
also operate in a similar manner. In essence, these findings provide further numerical support

for the analysis presented in Section [4.5]

4.6.2.1 Environment Inference

There Exists Environment Inference We first investigate whether environment inference
is conducted by TF;. To explore this, we pre-train a 12-layer TF; on dynamic pricing tasks where
the demand functions can either be linear or square, each appearing with a 50% probability.
After pre-training, we visualize the output embedding vectors from each layer using the t-SNE
method (with the 0-layer representing the input vectors to the GPT model, see Appendix|C.1.1]).
The visualization is based on 500 randomly sampled testing histories, each with a length of
T = 100, using the embedding vector corresponding to Xig9. Among the 500 samples, half
have linear demand and the other half have square demand. Figure presents the results.
We observe that while the embedding vectors from the input layer and the first layer (Figures
(a) and (b)) do not show a clear separation between linear and square demand functions, by

layer 2, the vectors are well-separated. This indicates that as the input sequence is processed
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through the layers, the pre-trained model begins to infer the environment information.
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Figure 4.13: The vectors corresponding to different demand function types become clearly sepa-
rated starting from layer 2, indicating that environment inference occurs during the processing.
Additional visualizations for other layers are provided in Appendix |C.4.1.4

Optimal Decision Prediction Aligns with Environment Inference Next, we investi-
gate whether the pre-trained model utilizes the inferred environment when predicting optimal
decisions. For this, we use the linear probing technique [Alal6], a commonly used method
to understand the internal workings of deep learning models. Similar to visualizing embed-
ding vectors from intermediate layers, linear probing tests whether intermediate layer outputs
contain specific information by linearly regressing or classifying quantities of interest (as the
target) based on the intermediate embedding vectors (as the input) and analyzing the predic-
tion error. Intuitively, smaller errors indicate that the embedding vectors from that layer can
recover the relevant information through simple linear regression/classification, suggesting that

the embedding vectors contain such information.
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Figure 4.14: Normalized prediction errors of demand type, demand parameters, and optimal
actions across layers, using linear probing. The prediction errors for demand/environment
parameters (green, dashed line) and optimal actions (red, solid line) follow similar trends, which
suggests a strong correlation between environment inference and optimal action prediction.

We apply linear probing to the same pre-trained TF; from Figure and probe three values:
demand function type (i.e., linear or square), demand function parameters (i.e., the unknown
parameters of the demand function), and optimal actions. The linear probes are trained using
1024 randomly sampled environments and histories. The input embedding vectors to train
linear probes correspond to Xjgo’s in the histories. Among the training samples, half have
linear demand and the other half have square demand. The reported values are the averages
over 256 randomly sampled (testing) histories, with half having linear demand and the other
half having square demand. Figure shows the normalized prediction errors from linear

probing, with values scaled between 0 and 1 for comparison. The results show that:

e A minor observation is that the prediction error for the demand function type becomes
relatively small after layer 1, aligning with our observations in Figure [4.13] This occurs
earlier than the layer where the demand function parameter prediction error becomes
small (after layer 7), which corresponds to the natural flow of estimation—first identifying

the model class (linear or square), then estimating the model parameters.

e More importantly, the prediction errors for both the parameters and optimal actions
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follow a similar trend: both decrease quickly before layer 7 (with similar rates across
layers) and then stabilize at a relatively low level. It is important to note that the
pre-training only requires the OMGPT to predict the optimal actions, not the exact
demand parameters. For example, in a linear demand model, the optimal price can be
computed using f‘2;—TXX (where «, 5 are the unknown demand parameters), so exact values
for v and § are unnecessary. (The divergence in prediction errors between the demand
parameters and optimal actions after layer 9 can be attributed to this “distillation”:
model “distills” unnecessary information to better predict optimal actions.) This similar
trend between the predictions of parameters and optimal actions suggests that optimal
decision prediction is highly correlated with parameter/environment inference. While we

cannot establish a causal relationship, the result suggests that optimal decision prediction

is closely related to environment inference.

4.6.2.2 Optimal Decision Inference

In this section, we investigate whether the pre-trained TF; performs optimal decision inference.

Specifically, we rewrite the input sequence of TF; as follows:
Hy = {(X1,a1,01),...,(Xiz1, 0021, 01) U { Xy} = Hy U {X:}

where H, | = {(X1,a1,01),...,(X¢-1,a,-1,0;_1)} contains all previously collected samples
before t and can be used to infer the unknown environment v (which generates H;). Assuming

X, is generated independently of 4 conditional on H,_;, we want to verify whether:
TFy(H,) = a* (X, 5(H,-1)) (4.18)

holds for some functions 4 (representing environment inference) and a* (representing optimal
action inference). If this holds, it implies that the pre-trained TF; does not simply memorize
pre-training data. Instead, it follows a decision rule a*(X;,7) that maps from the current

context X; and the inferred environment 4 (based on H +—1) to the predicted action, thereby
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performing optimal decision inference.

To investigate this, we manipulate the history sequence to create H, = H,_; U{X!} by altering
the original sampled context X; to X, (while keeping v and H, unchanged), and meanwhile
we ensure that no similar pairs (f{ +—1,X/) are seen during pre-training. We then compare the
behavior of TF, in these manipulated histories with that in non-manipulated histories (which
are generated in the same way as the pre-training data). If TF; behaves similarly in both cases,
predicting nearly optimal actions, it suggests that TF; performs optimal decision inference
rather than simple memorization, as it has not encountered any similar pairs (H,_, X/) during

pre-training.

In the experiment, we create such manipulated histories in a newsvendor problem with non-
perishable products (details provided in Appendix . The context is generated by X; =
q(H,_,), and the optimal action is af = a*(X;,v) with some deterministic functions ¢ and
a*. We pre-train OMGPT on un-manipulated data (X, = ¢(H,_;)) and test it on both un-
manipulated and manipulated histories. In the manipulated case, we set X, = ¢}, where €, is
independently sampled from a uniform distribution over the range [0, 10] and is independent of
H,_,. Figure shows the distribution of a*(X},v) — a*(X;,y) at t = 50, i.e., the changes
of optimal actions after manipulation, over 1000 randomly sampled +’s. It shows most optimal

actions are shifted after manipulations (not around 0).

We then compare TF;(H;) — a; before (a; = a*(X;,7)) and after manipulation (a; = a*(X7, 7))
to check if there exists a significant change in TF;’s behavior after manipulations. Figure 4.15bf
presents boxplots of TF;(H;) — a;. While the variation increases after manipulation, the pre-
dicted actions TF,(H,)’s are concentrated around the optimal actions in both cases, as opposed
to the significant shift observed in the optimal actions in Figure [£.15a] This indicates that
TF, can still perform nearly optimally, even after the manipulation of contexts. These results
demonstrate that TF; does not rely on memorizing pre-training data but instead (implicitly)

performs optimal decision inference.
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Figure 4.15: (a) Histogram of optimal action changes due to the manipulation of the context
X¢. (b) Boxplots comparing TF,’s behavior (TF;(H;) — a;) before and after manipulations.

4.7 Conclusion

In this work, we frame sequential decision making problems as sequence modeling tasks, where
we predict optimal actions based on historical data. We propose a supervised learning paradigm
that does not assume any analytical model structure and can easily incorporate the decision
maker’s prior knowledge. Specifically, we (i) design OMGPT, a GPT-based neural network
architecture for sequential decision making problems, (ii) introduce a new pre-training scheme
tailored to these problems, and (iii) demonstrate through numerical and analytical results that
OMGPT exhibits strong performance and capabilities, positioning it as a promising solution

for a wide range of operational decision making applications.



Chapter 5

Conclusion

This thesis has explored the intersection of artificial intelligence and operations management,
demonstrating that deep learning models and neural network architectures can significantly
advance both predictive and prescriptive analytics within operations management. Through
a series of targeted studies, we have demonstrated the applicability and effectiveness of deep

learning in choice modeling, assortment optimization, and sequential decision-making tasks.

In the first contribution, we presented a neural network-based discrete choice model specifically
designed for single-choice assortment optimization. Unlike traditional parametric models, this
approach is capable of capturing complex and nuanced consumer behaviors, explicitly account-
ing for assortment effects. Our proposed integer programming formulation allowed for effective
operationalization of neural network outputs into optimal assortments, achieving competitive

performance against well-established choice models across simulated and real-world scenarios.

Building on this foundation, our second contribution developed the Transformer Choice Net,
a versatile neural architecture capable of addressing single, sequential, and multi-choice deci-
sion paradigms. This unified transformer-based framework significantly outperformed existing
benchmarks, simplifying modeling efforts across various consumer choice contexts. The flexibil-
ity and scalability of this approach allow it to be broadly applicable, with minimal requirement

for customization to specific choice modeling problems.

132
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The third and final contribution introduced OMGPT, a GPT-inspired transformer architecture
designed to address general sequential decision-making challenges prevalent in operations man-
agement. OMGPT offered a significant paradigm shift from traditional model-based methods
towards a fully data-driven approach. By training on extensive simulated decision sequences,
OMGPT effectively learned robust decision-making policies, delivering near-optimal solutions
across diverse operational problems such as dynamic pricing, inventory control, and queuing
management. Additionally, theoretical analysis established connections between OMGPT’s
predictive accuracy and Bayesian optimality, providing a foundational understanding of its

high-performance capabilities.

In summary, this thesis has demonstrated that artificial intelligence can serve as a power-
ful methodological bridge, enhancing and even surpassing traditional operations management
approaches. The integration of data-driven deep learning techniques into operations manage-
ment practices can enable more accurate modeling, improved decision-making capabilities, and
greater adaptability to real-world complexities. Moving forward, the methodologies introduced
in this thesis set a foundation for future research directions, potentially expanding into even
broader applications and fostering increasingly autonomous, intelligent, and responsive opera-

tional decision systems.
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Appendix A

Appendix for Chapter 2

A.1 Appendix for Numerical Experiments without Fea-

tures

A.1.1 Model Details for Table

In this subsection, we describe the experiment setup of Table [2.4l For all neural networks
trained in all experiments in the paper, we always set the batch size of training as 100 with

learning rate as 0.0005 and training epoch as 100.

A.1.1.1 Data Generation.

The assortments (in samples) are generated by first deciding its size with a uniform distribution
and then randomly select the items in the assortment. The parameters for different underlying

choice models are generated in the following way:

e MNL: We sample the mean utility u; € R for each product + = 1,...,n i.i.d. from the
standard Normal distribution N (0, 1).

152
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e MCCM: To distinguish the underlying true MCCM from an MNL model (which as we

mentioned is a special case of MCCM), we consider the following generation mechanism:

We first set ¢ to control deviation (¢ = 2.5 for dataset n = 20 and ¢ = 4 for dataset
n = 50). We divide products into groups with a cluster number ¢,y (¢uum = 4 for dataset
n = 20 and ¢y, = 10 for dataset n = 50) to denote the number of groups. Then arriving

probability A is generated by:
exp (1)
Z?:l exp(f1;) ’

where p;, i = 1,...,n is identically and independently (i.i.d.) sampled from a Normal

)\i:

distribution A/(0,0?%). And the transition matrix p is generated row by row. For all the

n rows, each row p; is generated following:

o= exp(v; ;)
MY exp(vig)]

where v; ;, i,j = 1,...,n is independently sampled by Normal distribution N (7; ;, %) and

200 Y(i,7) € {(3,5)|3k € {0, ..., coum — 1}, kn/cpum < 4,7 < (k+ 1)n/Chum } ,

Vij =
0  otherwise.
The intuition for the above is the following: We assume the set of all products can be

divided evenly into several groups, and when a wanted product turns out to be unavailable,

the customer is most likely to choose an alternative within the same group of this product.

e NP: The non-parametric (NP) choice model assumes that there is a fixed number of
alternating schemes/types amongst customers. Each alternating scheme denotes a per-
mutation of the total set of products, and following this scheme customers will check
from the first product to the last until they find a product that is in the assortment.
The formal definition is introduced in Section Let nperm denote the number of
candidate permutations with positive probability, we set npem = 10 for dataset n = 20
and npem = 20 for dataset n = 50, and the parameters for the underlying model are the

Nperm Permutations of {1,...,n} and their corresponding probabilities. These parameters
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are randomly uniformly generated, and following the ground truth non-parametric model

we generate synthetic samples.

e MMNL: We assume there are 5 customer types with equal sampled probability, i.e.,
a. = 0.2 for all ¢ = 1,...,5. For each type ¢, we set the mean utility u.; € R for each

product i =1, ...,n as:

(

N(e+21) (c=1n/5+1<i<cen/5,

Uei ™~ 40 1 =0,

—50 otherwise.
\

Thus, each customer type ¢ will (almost) only consider a fixed set of products belonging

to (c—1)n/5+ 1 <i < en/5, and we set no-purchase’s mean utility as 0 for all types.

A.1.2 Benchmark Algorithms

e MCCM-EM: We follow [ST18]’s EM algorithm to estimate the parameters of the MCCM.
In summary, the algorithm starts with some random initial transition matrix p and arrival
probabilities A. For the expectation step, and based on the current transition matrix and
arrival probabilities, the algorithm computes the expected probability of being interested
in each product when a customer arrives and the number of times that a customer tran-
sitions from one product to another during the decision process for each sample. For the
maximization step, it maximizes the likelihood to update the transition matrix and arrival
probabilities by treating the previous two expected values as true values. The algorithm
repeats the above two steps until it converges. In our experiments, the initial transition
matrix and arrival probabilities are chosen by uniformly randomizing each entry and nor-
malizing them to a stochastic matrix or distribution vector. We terminate the algorithm
when the mean changes of updating the transition matrix and arrival probabilities are

smaller than 0.01.

e MNL-MLE: We assume the underlying choice model is the MNL model and ignore all
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observed features (if any). We estimate the unknown mean utilities of products by max-

imizing the likelihood (MLE).

A.2 Appendix for Numerical Experiments with Features

A.2.1 More Details for Table 2.5

A.2.1.1 Feature-based Choice Models.

Given an assortment S C A/ and an input feature vector z; € R? for product i € N (which can

be product features along or the concatenation of customer features and product features):

e Feature Based MINL Choice Model: The mean utility u;(z;) for product i € N is

where 3 € R? is the coefficients of features.

e Feature Based Markov Chain Choice Model: This model is from [BB22]. For

product i € NV, the arriving probability \;

exp(z/ B)
>y exp(z] B)

)\z(zz) =

where 3 € R%. And the vector p; in transition matrix

N GXI)(A]'ZZ‘)
pl,](zz) - 2?21 eXp(Ajzi)’

where A € R"™?% and A; is j-th row of A. Then the choice probabilities can be computed

as in MCCM based on \'s and p’s.
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A.2.1.2 Data Generation.

For the features, we generate the j-th feature z;; of product ¢ from ii.d. standard Normal
distribution A(0,1). For parameters 3 in feature-based MNL and (A, 3) in feature-based
MCCM, we generate their entries also from i.i.d. standard Normal distribution N (0,1). The
assortments (in samples) are generated by first deciding their sizes with a uniform distribution

and then randomly select the items in the assortment.

A.2.1.3 Architecture Tuning.

MCCM | Gated configuration | CE loss | Res configuration | CE loss

Oracle 1.932 Oracle 1.932

Benchmark | /N1 MLE(F) 2212 | MNL-MLE(f) | 2212
[50,50] 2.010 [50,50] 1.988

Assort-Net [50] 2.017 [50] 1.997
50,50,50] 2.015 [50,50,50] 2.000

[100,50] 2.009 100, 50] 2.008

[1], [50,50] 2.010 [1, [100,50] 1.984

5 ], (50, 50 2.010 5 1], [100 50 1.985

1], (50,50 2.008 1], 100,50 1.985

Assort-Net(f) 5,5,5,1], [50,50] 2.007 | [[5,5,5,1], [100,50]] | 1.984
10,1], [50,50 2.008 10,1], [100,50 1.984

15.1], [50,50 2.009 15.1], [100,50 1.986

20,1], [50,50 2.008 20,1, 100,50 1.983

[[ 1], [50]] 2.017 [5,1], [50] 2.018

[[5,1], [50,50,50]] 2.019 | [[5,1], 100 100,50]] | 1.987

[5.,1], [100,50] 2.010 ([5.1], [100,50]] 1.985

Table A.1: The data is generated by feature-based MCCM.

Table [A.1] extends Table 2.5] with more neural network architectures. We find the model per-

formance is quite stable with respect to architecture tuning.

We use Linear(a, b) as an affine function with ReLu as the activation function, there the input
dimension is a and the output dimension is b. For neural networks without features (un-
der “Assort-Net”), the model configurations for Gated-Assort-Net, [50] denotes a one layer
Linear(50, 50), and [50, 50] denotes a two-layer network, Linear(50, 50) followed by a Linear(50, 50).
[50, 50, 50] denotes a three-layer network, and [100, 50] denotes a two-layer, Linear(50, 100) fol-

lowed by a Linear(100, 50). For the Res-Assort-Net part, [50] denotes one residual block, [50, 50]
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denotes two residual blocks, [50, 50, 50] three residual blocks, and [100, 50] denotes a Res-Assort-
Net with one residual block but contains a hidden layer of size 100 (so each block contains more

than one layers, which is different and extended from Figure 2.1|(b)).

For neural networks with features (under “Assort-Net(f)”), in the “Gated configuration” and
“Res configuration” columns, the first list ([1] or [5,1] or [5,5,1] etc.) denotes the structure
of the product encoder, and the second list ([50] or [50,50] etc.) denotes the structure of
the assortment network. The meanings of the configuration lists for the assortment network
are generally the same as the feature-free cases, though some additional explanations need
to be given for the Res-Assort-Net(f). According to the network structure, the assortment
network takes as input the concatenated vector of latent utilities and assortments, leading to a
vector of length 100. [100, 50] indicates one residual block with the linear part Linear(100, 100)
and an ending layer Linear(100,50). [50] indicates no residual block and just an ending layer
Linear(100, 50). [100, 100, 50] indicates two residual blocks with linear part Linear(100, 100) and
an ending layer Linear(100, 50). The first list gives the structure of the product encoder. Recall
that the length of the product feature d = 5, and product features are encoded into latent utility
values by several layers of the fully connected network. [1] denotes a single layer Linear(5, 1),
[5,1] denotes a Linear(5,5) followed by a Linear(5,1). [10,1] denotes a Linear(5, 10) followed

by a Linear(10,1). The rest follow similar rules.

A.2.2 More Details on Real Data Experiments

A.2.2.1 Data Description.

e SwissMetro. The SwissMetro Data Set is a public survey data set collected to analyze
preference between the Metro system against the other transport modes car and train.
The description of the dataset is given in [Biel8]. For the convenience of network train-
ing, we clean the data by removing samples whose features are taking abnormal values.
To be specific, we only keep samples whose “CHOICE” (final choice) is not 0 (which

indicates unknown), “WHO” (who pays the ticket) value is not 0 (which indicates un-
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known), “AGE” is not 6 (which indicates unknown), “INCOME?” is not 4 (which indicates
unknown), and “PURPOSE” is in [1,2,3,4] (1: Commuter, 2: Shopping, 3: Business,
4: Leisure). After cleaning, there are in total 9,135 samples and the number of alter-
natives in the assortment varies from 2 to 3 as only when owning the car the customer
can have that choice. The sample sizes in the train, validate and test process are 7,000,
1,000 and 1,000 correspondingly. There are 8 customer features and 3 product features,
shown in Table . For product features. Note that “CAR” has no “HE” (Headaway,
which means interval time between two consecutive train/metro/car arrivals) feature in
the original dataset, so we set it to 0. This is reasonable since for private cars the waiting
time is always 0. In this dataset, the product features are not static, as they vary among

different types of customers.

Expedia Search. The Expedia Data Set is a public data set from a Kaggle competition
“Personalized Expedia Hotel Searches - ICDM2013”. It contains the ordered list of hotels
according to the user’s search. We clean the data by dropping the searches with outlier
prices (> $1,000) and days of booking in advance (the gap between booking date and
check-in date > 365) and also the features with missing values. After cleaning, there are
in total 386,557 searches where the size of the offered hotel /searched results list (i.e.,
the number of alternatives in one assortment) is between 5 to 38, and 136,886 unique
hotels. The sample sizes in the train, validate and test process are 200, 000, 20, 000, and
20,000 correspondingly. There are 6 customer features and 7 product features as shown

in Table [A.2]

For assortment vector S, we encode the ranked positions in assortments (1 —39 with 39 as
a no-purchase option) and if some position has no shown product, we assign their product
features as 0. Thus the assortment vector captures the ranking and assortment structure
within the assortment. Notice that we only use the positions of products in offered
assortments instead of the products themselves. There are several reasons: The number
of unique products is too large (136,886 unique hotels in 386,557 offered assortments
after cleaning) to be covered as assortment vector; Also in practice, hotels with different

locations would never be included in the same assortment and the assortment effect
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from such hotels should be ignored; Further, the neural choice model can utilize the
product features (with customer features) to identify hotels’ utilities and also explore the

assortment effect from the different ranked positions thanks to the architecture.

Data \ Customer Feature Product Feature
Gender Travel time
Age Headaway
SwissMetro Income Cost

First class or not
Who pays (self, employer...)
Purpose (commuter, shopping...)

# luggages
Owning annual ticket or not

# nights stay Hotel star rating
# days boo%{ing in advance Hotel chain or not
Expedia # adults Location score (by Expedia)
# children Historical prices
# rooms Price
Saturday included or not Promotion or not

Randomly ranked or not (by Expedia)

Table A.2: Features in SwissMetro and Expedia.

A.2.2.2 Tuning Architectures for Neural Networks and Performance.

The performances of different models on the SwissMetro and Expedia datasets are summarized
in Table [A.3] which is extended from Table The configurations of both our assort-nets
and the benchmark nets are given in the form of channel arrays. For our assort-nets, the first
array denotes the structure of the customer encoder, the second array denotes the product
encoder, and the third denotes the assort-net part of the whole network. For instance, for the
gated-assort-net in the configuration list [[30, 10], [10, 10], [30, 30, 3/39]], the first array [30, 10]
denotes the structure of customer encoder, having one hidden layer of size 30 and a final layer
of size 10. The second array [10, 10] denotes the structure of the product encoder, having one
hidden layer of size 10 and a final layer of size 10. The size of the final layer of the customer
encoder equals that of the product encoder. The third array [30,30,3/39] denotes that the
assort-net part has two hidden layers of size 30. The size of the final layer is dependent on the
number of total products n, which is 3 for SwissMetro and 39 for Expedia. The Res-Assort-

Net follows the same way to denote the configurations of the customer encoder and product
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encoder. To denote the configuration of the Res-Assort-Net part, take the last configuration
[6/78,60,6/78] * 2 for example, it denotes that there are 2 residual blocks, each containing a
hidden layer of size 60 and the input and output of one block both have dimensions 6/78. Note

there is a final (fully-connected) layer with input dimension 6/78 and output dimension 3/39

We defer the description of benchmark algorithms in Appendix [A.2.3] The configurations
([100,9] or [100, 30]) denote the corresponding network structure, having a hidden layer of size

100 and a final layer of size 9 or 30.

For Random Forest, the hyper-parameters including a number of trees and maximum depth
are chosen by validation dataset performance. Specifically, the number of trees is tested among
{10, 20, 50, 100, 200, 400}, and the maximum depth is tested among {4, 6, 8,12, 16, 18,20}. Other
parameters are set as default values in the Python package scikit-learn’s function ensem-

ble.RandomForestClassifier.

We restrict all three parts of our network (product encoder, customer encoder, and assort-net)
to a depth of no more than 2. The widths are tuned a little bit loosely (due to their relatively
lesser effect on the model performance), but no more than 200. The architecture of TasteNet
follows the original paper [HZPBA2(], in which they used 110 hidden units. The architecture

of DeepMNL is set to keep some degree of similarity with the architecture of TasteNet.

A.2.3 Benchmark Algorithms

e MNL(f)-MLE: We assume the underlying choice model is the feature-based MNL choice
model introduced in Appendix , where the i’s feature vector z; = (f¢, fF) is a con-
catenation of customer feature f¢ (which may vary in different samples) and product

feature f. We estimate the unknown parameters by MLE.

e TasteNet: We follow the architecture introduced by [HZPBA20]. We train a neural
network gy(+) to encode the customer feature vector f© € R? into a vector (a, ..., o) =

go(f¢) € R™, where a; € R? is interpreted as the coefficient vector of product features



A.2. Appendix for Numerical Experiments with Features 161

Model \ Config | SwissMetr | Expedia
[ [[10],[]1?],[?{3?]] ] 0.696 2.479
100,10],[10],[3/39 0.638 2.468
Gated-Assort-Net(f) 10],[10,10],[3/39 0.673 2.458
10],[10],[10,3/39 0.708 2.463
[100,10],[10,10],[10,3/39] 0.598 2.458
[130,10],[10,10],[30,30,3,/39]] 0.623 2.403
[[100, 10], [10, 10], [6/78, 6/78]*1] 0.607 2.468
Res-Assort-Net(f) | 11100, 10], [10, 10], [6/78,60,6,/78]*1 0.608 2.355
200, 20], [20, 20], [6/78,60,6/78]*2 0.610 2.325
MNL-MLE | - | 0.883 | 2.827
MNL(f)-MLE | - | 0.810 | 2407
[100, 9] +MNL 0.691 -
TasteNet 100, 9] +MNL(f) 0.681 | 2436
(100, 30] +MNL 0.751 -
DeepMNL 100, 30] +MNL(f) 0.741 2.374
Random Forest | — | 0.633 | 2.458

Table A.3: Performance on the SwissMetro and Expedia (extended from Table .

fF. For product i € {1,...,n}, its mean utility is encoded by:

This utility vector u € R™ is then passed to a softmax layer (i.e., an MNL operator),

giving the predicted choice probability.

e DeepMNL: We modify the architecture introduced by [SLA20]. We train a neural network
go(+) to encode the concatenated feature vector (f¢, ff’) € R of customer features
f¢ € R" and product features ff € R? into scalar go ((f€, f)) € R as the mean utility
of product ¢ in MNL model. This utility vector is then passed to a softmax layer, giving

the predicted choice probability.

e Random Forest: We follow the work [CGT2I] to apply the random forest method to
predict customer choice. Specifically, for each sample assortment, we concatenate the
assortment vector S, customer feature and all product features as its input (thus same
as Gated-Assort-Net(f) and Res-Assort-Net(f)). For the products not offered in the as-

sortment, we assign their product feature values as 0.
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A.2.3.1 Dealing with Missing Products for TasteNet and DeepMNL.

Due to the fixed size of input vectors when training the neural networks, the DeepMNL and
TasteNet cannot be applied directly when the size of the assortment changes across different
samples. For the SwissMetro dataset, TasteNet and DeepMNL are only trained based on the
samples with full assortments where all products are offered. The number of such samples in the
dataset is 7, 839. We predict the full assortments choice probabilities by using trained TasteNet
or DeepMNL, and use trained MNL-MLE or MNL(f)-MLE to predict the other assortments
(with missing product) where the sample size is 1, 296 in the dataset. We denote the correspond-
ing prediction models as TasteNet(DeepMNL)+MNL and TasteNet(DeepMNL)+MNL(f); For
Expedia dataset, since there are only 9 out of 386,557 samples are full assortments, we can-
not use the same method as in SwissMetro due to the lacking data (otherwise we are almost
reproducing the MNL-MLE or MNL(f)-MLE). Thus, we just assign 0 to the missing entries of
product feature vectors, which is the same as Gated-Assort-Net(f) and Res-Assort-Net(f). Since
these methods are recovering the missing feature vectors by 0 and the last layer is softmax, we

also name them TasteNet(DeepMNL)+MNL(f).

A.3 Proof for Subsection 2.4.2

The idea of obtaining a generalization bound for neural networks via Rademacher complexity
is not new [WZZ"13, INTST5, (GRSI8]. We customize the previous analysis to the case of
GAsN—the key is the peeling argument (see [NTS15] for an example). We first introduce the
definition of empirical Rademacher complexity which captures the complexity of a function
class as a machine learning model. It is called as “empirical” because the complexity measure

is contingent on the underlying dataset, and thus is a random variable itself.

Definition A.1 (Empirical Rademacher Complexity). The empirical Rademacher complezity

of function class G with respect to a dataset D = {x1, ..., x,} is defined as

~

%D(g) = lE

m

sup Z Gkg(wk)]

9€9 k21
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where the expectation is taken with respect to €,’s — a sequence of independent Rademacher

random variables with P(e;, = 1) = P(ep = —1) = 3.

The derivation of the generalization bound of the neural network reduces to the calculation of

the corresponding Rademacher complexity.

Lemma 1. Suppose |r((i,S);0)] < C holds for all (i,S) € D and 8 € © for some C > 0,
and (ix, Sk) € D is i.i.d. sampled from distribution P. Then the following inequality holds with

probability 1 — 6,

R(0) < R(6") + 2%p({r(0) : 6 € ©}) +5C 21%(8/5).

Proof. See Theorem 26.5 of [SSBD14]. O

The following lemma presents a basic property of the Rademacher complexity (with respect to

the composition of a Lipschitz function).

Lemma 2. Let X be an arbitrary set and G be a class of functions g = (g1, ...,g,) : X — R".
Suppose hy : R™ — R has Lipschitz constant k with respect to Euclidean norm for k =1,....m.

Then, the following inequality holds for any fized (x4, ..., x,,) € X™,

E supZekhk(g(a:k)) < V2KE supZZek,igi(wk) :
geg k=1 9€9 k=1 i=1
where {€;} k=1, m and {€x;}r=1,. m fori=1,..,n are independent Rademacher sequences. Here

the expectations on both sides are taken with respect to these Rademacher random variables.

Proof. See Corollary 4 of [Maul6]. O

For convenience, we rewrite the risk function r((i, S); @) as a function of L-th layer’s output

4
exp(zr,i)
Zi/es eXp(ZL,z")

o ((i,8),z1) = —log =r((i,9);0)
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Given a data sample (i,.5), the following lemma says that ¢ ((7, S), z1) is a Lipschitz function

of zy.

Lemma 3. ¢ ((i,S),z1) has Lipschitz constant /2 with respect to zy under the Euclidean

norm.

Proof. For simplicity, we drop the subscript L. Then the j-th component of ¢((i,S),z)’s

gradient with respect to z is:

exp(z;) B .
2iles exi)(z]-/) 1’ J=1
Vo((i,S), 2)); = 4 et o
(Vol(0.S) ) = { 2o jesyi
0, j¢s.
\

Thus
IVe((i, S), )3
2 2
exp(z; exp(z;
(520 S (s 7em)
ires CXP\Zi jes/i ires CXP\Zi
< Zi,esexp(zi/)Q
— 2 —
(Zi’es eXp(Zi’))
By the mean value theorem, the proof is completed. O

Note that for [ = 1,..., L, the [-th layer’s output z; is a function of @ and S. We can define

function classes as follows

Gi ={8€{0,1}" — 2,(S;0) : 0 € ©}

forl=1,..,Landi=1,...,n.

The following corollary relates the Rademacher complexities after and before the softmax op-

erator in the last layer.
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Corollary 4. The following inequality holds,
Ro({r(10):0 € 0}) <2> Rp(Gr.).
i=1

Proof. Denote

G ={S€{0,1}" — 2,(S;0) : 0 € ©}.

Let G = Gp, g(-) = 2z1(-;0) and hy(-) = ¢((ix, Sk),-) in Lemma 2] Together with Lemma [3| we

have the following

Y 2 n m
Rp({r(;0):0 € ©}) < EE iugzzﬁk,izbi(sk;e) ;
€9 =1 k=1

where expectations are with respect to €. Then for any sequence {e;},

Sup > Y eri224(Ski0) <> sup > erizi(Si; 0),

0€0 27 k=1 i—1 9€9 31

where ¢, ; are i.i.d. Rademacher random variables. Finally by definition of E)Afip(g ;) we complete

the proof. O

Then we can apply the standard analysis of fully connected networks [WZZ™13, [NTST5,
GRS1S]:

Lemma 4. Fori=1,...,n,
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Proof. All expectations below are with respect to €. We begin with the last layer:

1 m
Ro(G1.) - zgg E_ €x21,i(Sk; 0)
1
=—F S0 by )"
p- 2285 €k ’wLZZL 1(Sk; ) + br:) ]
T
<—E S.: 0 br;
<— 216182 en(wy ;z1-1(Sk; 0) + by;)
1E-s g w; .z;_1(Sk; 0) —i—lE s gm b (A1)
=— up > € ; : — up erbril - .
m et FELFLIS M brl<b o

Here the first inequality comes from the contraction property of Rademacher complexity and

the fact that ReLU is 1-Lipschitz (see Lemma 26.9 of [SSBD14]).

For the first term of (A.1)),

zugZekszzL 1(Sk; 0) < sup w1
€

Z €xz1-1(Sk; 0)

k=1

o0
m

Z €xzr—1(Sk; 0)

k=1

< W sup
6o

o0
m

Z €r2-1,i(Sk; 0)

k=1

I
=

sup
i=1,..n_1,0€0

m

> erzr-11(Sk; 0)

k=1

< W sup
0co

?

< W sup [Z €,21-1,1(Sk; )
0coO =1

+ W sup [— Z €x25-1.1(Sk; 0)

6cO =1

where the first inequality follows the Cauchy—Schwarz inequality, the second inequality comes
from |Jwy ||y < W, the third inequality comes from Gr-11=6Gr-12=..=Gr_1,, , and the

last inequality is because G includes the zero function.
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Then we note that € and —e have same distribution,

su ewzz S.:0)| <WE |[su €121-11(Sk;0)| + WE |sup — €rz2r-11(Sk; 0
eegz kWi 21-1(Sk; 6) oEgZ k21-1,1(Sk; 0) oeg ; k21-1,1(Sk; 0)
= QWE Supz €ELZ1—1 1(Sk, 0)

6co

= QWm%D(gL—m)

For the second term of ({A.1]), we have

E | sup Zekbw <E| sup €x| oLl
lbr,il<b %1 bL,il<b | =1 ]
m m 2
<ia|Sa| <z | | (30 )
k=1 \ k=1

where the second inequality is from Jensen’s inequality and the last inequality is the definition

of Rademacher random variables.

Combining these two parts,, we have %D(QLJ-) < QWDA%D(QL,M) + \/;bm for i =1,...,n. We can

repeat this process L — 1 times. From Lemma 26.11 in [SSBD14] and by noting ||.S||« < 1,

- _ [2log(2 b
RAp(Gr1) <2W og( n) + T

Thus we complete the proof. O

Proof for Theorem [2.1]

Proof. Combining Lemma [I] Corollary [} and Lemma [4] the proof is completed. O
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A.4 Appendix for Assortment Optimization

For each underlying choice model with a fixed number of available products (|N| = 20,40, 60),
we randomly generate 5 datasets/instances (with different parameters in the generating choice
model) and for each dataset, we randomly generate 20 revenue vectors and constraints (if any).
Thus, each underlying choice model has 100 randomly sampled optimization problems. Each
method has two steps: the estimation step and the optimization step. The estimation step
estimates the parameters of the choice model based on the training data and the optimization
step treats such estimated choice model as the true one and (approximately) optimize it. The
precise generation methods, estimation methods, and assortment optimization formulations
with corresponding used parameters are introduced below. For the optimization step, we use
Gurobi version 9.5.2 for solving all MIPs and LPs. Optimizing the assortment with trained
Gated-Assort-Net can be slow since the relaxed problem is not convex. As discussed in Sec-
tion [2.5] we tighten the upper bounds of decision variables (the big-M) following the methods
from [FJ17], use exponential function’s second order approximation 1+ x + 2?/2, and set the

maximal solving time limit as 300 seconds.

A.4.1 Data Generation

Each instance has a training dataset with 30,000 samples for estimation. The offered assort-
ment S, is generated by first randomly choosing assortment size |Sy| in {1,...,n}, and then
randomly picking products from n and form the assortment Si. The choice iy is generated by
corresponding choice models including MNL, MCCM, NP, and MMNL, with the same gener-

ating process as in Appendix for their parameters.

For the revenue vector, the i-th product’s revenue is generated uniformly in the interval [10, 50]

and we always set the revenue of the no-purchase option as 0.

For the capacity constraint (if appliable), the constraint is defined by a’zy < ¢, where a € R"
has non-negative elements and c is a positive scalar. We call the i-th element a; as the coefficient

of i-th item and c¢ as the budget. The i-th product’s coefficient is generated uniformly in
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[10,50] and we always set the coefficient of the no-purchase option as 0. The budget ¢ is

generated uniformly among max{%, lla]|s} and max{@, lalls}, where |laly = >, a;

and ||a||.c = max;—1__,a;. Note such a budget can make every product available to be offered

,,,,,

in the assortment.

A.4.2 Estimation Step

The estimation step includes Neural Network (NN), MNL-MLE (MNL), and MCCM-EM (MC).
For the neural network estimation method, we test one layer (NN(1)) and two layers (NN(2))
Gated-Assort-Nets with width in each layer equal to the number of products. For MNL-MLE

(MNL), and MCCM-EM (MC), they apply the same process introduced in Appendix [A.]]

A.4.3 Optimization Formulation

Below are the methods implemented to solve the (true) assortment optimization problems of

each underlying choice model:

e MNL and MMNL: When there is no constraint, we use the revenue ordering method
[TVRO4] to get the optimal assortment for MNL and use the MILP formulation in
IMDMBVZ14] for solving the assortment optimization problem for MMNL. We remark
that MNL is a special case of MMNL and we can easily add the corresponding capacity

constraint in the above MILP for both models.

e MCCM: When there is no constraint, the optimal assortment of MCCM can be computed
by repeatedly using Bellman operators [BGGI6] or by solving an LP [FT17]. The lat-
ter LP method can be extended to an MILP when there exists a cardinality constraint

[DGSY20].

e NP: When there is no constraint, the assortment optimization problem can be formulated

as a MILP:
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Lemma 5. For an NP choice model with revenue vector w, distribution vector X on
permutations Permyr, and permutation matric P; € {0,1}"*" for j = 1,...,|Permy|,
whose element P,y = 1 if i'-th item is ranked in position i and otherwise 0 in j-th
permutation, the assortment optimization problem can be formulated by following MILP

with optimal assortment as solved s:

| Permp|
T
max Y An] P
8,8,M —
]:

s.t. Pis=3;, Vj=1,.. |Permy|

n; < 3;, Vj=1,....|Permy]| (A.2)

N <1—=38j0, Yj=1,..,|Permy|, i=1,...n, i =1,..,i-1 (A.3)

s €{0,1}", mj = (M1, sMjn) =0, Vj =1,..., | Permy|

Proof. Given an assortment vector s € {0,1}" whose element equals 1 means the cor-
responding product is included in the assortment, equality constraint sets s; to recover
the available positions in permutation j: if ¢-th position’s item is offered, then s5;;, = 1
otherwise 0. Constraints and will together push 7n;’s elements into 0 if the
corresponding position is not available (by ) or if any of former positions is available
(by (A.3)). Thus, since the objective function is maximizing a linear function of n; with
positive coefficients, n; will be a {0, 1}" vector with only one element 1 whose position
is the chosen position (the first available position) under assortment vector s under j-th
permutation. By noting P;p will return the revenues of each position in j-th permutation,

the objective function is the expected revenue given assortment s. O

Note that with additional capacity constraints, we can directly add it into the above

formulation to get the optimal assortment.
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A.5 Appendix for Section

A.5.1 Appendix for Subsection [2.6.1
A.5.1.1 Details for Figure [2.4

Both the sample generation of the underlying MCCM and EM algorithm implementation are
introduced in Appendix[A.T] We compute the mean of absolute differences between estimations
and true values as estimation errors, shown on the y-axis. We independently train 10 times
based on different training data: the training data size is always set as 10, 000 with total product
number n = 20, but the assortment size (used in training) is varied and chosen from 2,4, 6, 8, 10
as shown on the x-axis. The products in each sampled assortment are randomly chosen. The

reported value in the figure is averaged over 10 independent trails.

A.5.1.2 Out-of-domain Performance under Assortment Distribution Shift.

In this experiment, we demonstrate whether a different distribution of generating assortments
between training and testing will affect model performance, also known as the out-of-domain
generalization. Specifically, we use one distribution to generate the assortment in the training
data and test the performance with assortments generated from another distribution. Intu-

itively, this shows whether the model is capable of generalizing over the domain of assortments.
In the experiment, we generate four groups of training data:

e For the first dataset D-1, assortments are generated by first randomly choosing s = |S],

and then randomly picking s products from N to form the assortment S.

e For the second dataset D-2, assortments are generated from a Bernoulli distribution.
That is, for each product, with probability 1/2 it appears in the assortment independent

of others.
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e For the third dataset D-3, the assortment is given by first randomly specifying either the
first half (product 1 to product n/2, suppose n/2 is integer for convenience) or the second
half (product n/2+ 1 to product n) of the total products will definitely not appear in the
assortment. Then we generate the assortment within the other half following the same

rule as in D-1.

e For the last dataset D-4, we require all the assortments to have a size of n/3 or n/3 +
1 (again assume they are integers for convenience) products, and then pick products

randomly into the assortment. This design is inspired by the results of [GH20].

The total number of products n = 30 and each training dataset consists of m = 100,000

samples. The underlying true model for generating the data is the MCCM model.

| D-1 D2 D3 D4

D-1 | 2364 2603 1820 2.298
D-2 | 2.366 2.600 1.819 2.298
D-3 | 2.636 2.781 1819 2.383
D-4 | 2434 2619 1829 2.297
Mix | 2.366 2.604 1.819 2.299

Oracle | 2.358 2.595 1.817 2.293

Table A.4: Out-of-sample CE loss for out-of-domain performance of Gated-Assort-Net. Row
headers denote the training dataset and column headers denote the testing dataset. The “Mix”
header denotes a randomly mixed training set with equal proportion from the 4 datasets, and
the “Oracle” header denotes the performance of the true model.

We train a neural network model with each of the training data and test its performance on the
other datasets. In addition, we train a neural network model with a mixture of training data
from the four datasets. Table summarizes the out-of-sample CE loss for each training-test
pair. For illustration, we train a 1-layer Gated-Assort-Net. The row headers denote the training

dataset, and the column headers denote the testing dataset.

The result shows that, except for the dataset D-3 (the third row), Gated-Assort-Net performs
well in out-of-domain datasets. It is understandable that the datasets D-1 and D-2 are informa-
tive enough for a neural network model to catch the whole picture of the true underlying model.
The dataset D-4 also enjoys this privilege, which is a bit surprising but also reinforces the find-

ings in [GH20] (though not in an exact same spirit). The distribution of D-3 clearly fails to
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capture the interplay between the first half and the second half of the total products, and thus

cannot reach the performance of the oracle or generalize to different assortment distributions.

Details on the true model generation. The training data is generated from an MCCM.

The arriving probability \; for product ¢ is generated by:

exp (i)

A= e
Zj:l eXp(Mj)

where p;, i@ = 1,...,n is identically and independently (i.i.d.) sampled by standard Normal
distribution N'(0,1). And the transition matrix p is generated row by row. For all the n rows,

each row p; is generated following the same rule:

i = exp(v;;)
M exp(vig)]

where v; j, 7,7 = 1,...,n is i.i.d. sampled by standard Normal distribution A (0, 1).

A.5.2 Appendix for Subsection [2.6.2

In this subsection, we present an experiment on the depth and width of the neural network.
Arguably, a wider or deeper neural network gives a larger model capacity. However, for the task
of choice modeling, we do not recommend a too wide or too deep neural network, mainly for
several reasons. First, a complicated neural network architecture requires a larger number of
samples to train, and there might be not enough amount of samples in the application contexts
of choice modeling. Second, the customer choice behavior may not need a too complicated
neural network to describe. In addition, the assortment optimization’s MIP prefers a smaller

size one.

Figure presents an experiment on varying the width and depth of the four networks to fit
an MCCM with product features. We do not observe a significant change in performance by

further widening or deepening the architecture.

Experiment details of Figure [A.1} The underlying model is an MCCM with product
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Depth

Width

—— Gated-Assort-Net
Res-Assort-Net
Gated-Assort-Net(f)

---------- Res-Assort-Net(f)

Figure A.1: Network structures and corresponding CE losses.

features. The sample generation method is the same as that of Table 2.5l We set the total

number of products n = 50, and the length of product features d = 5. For choice networks with

features, we use an encoder containing one middle layer to encode each product feature vector to

its latent utility. The product encoder is (fixed as) a fully connected layer Linear(5, 5) followed

by another fully connected layer Linear(5,1). And for choice networks without features, we

ignore product features and simply take assortments as input.

We carry out our training on 100,000 samples and the testing set has a size 10,000, and we

tune the structure of each neural network model to compare their performances on the testing

set.

e Gated-Assort-Net: Depth = 1 indicates a network with no hidden layer, just a fully

connected layer Linear(50,50) that takes as input the assortment and outputs the final

layer. Depth = 2 indicates a network with one hidden layer, which is a Linear(50, 50)

followed by another Linear(50,50), and Depth = 3 indicates two hidden layers. For the

experiment that tunes the width, we fix Depth = 2, which is one hidden layer. And we

tune the size of the hidden layer. Width = 2 indicates a Linear(50, 100) followed by a

Linear(100, 50), and Width = 3 indicates a Linear(50, 150) followed by a Linear(150, 50).

e Res-Assort-Net: Depth is exactly the number of residual blocks. For the experiment that

tunes the width, we fix that there is one residual block, though this block contains one

hidden layer. Width = 2 indicates that the fully connected part of the residual block is a

Linear(50, 100) followed by a Linear(100, 50), and Width = 3 indicates a Linear(50, 150)

followed by a Linear(150, 50).
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e Gated-Assort-Net(f): Following the same rule introduced above, product features are
encoded into a vector of latent utilities. The meanings of depth and width are exactly

the same as in Gated-Assort-Net.

e Res-Assort-Net(f): According to the structure of the Res-Assort-Net with feature, latent
utilities and assortments are concatenated into a vector of length 100, as the input of the
residual blocks. Set aside the ending fully connected layer Linear(100,50), the rest parts
of the residual blocks are exactly the same as the ones in Res-Assort-Net. So depth is the
number of residual blocks, and width indicates the size of the hidden layer. Width = 2
indicates that the fully connected part of the residual block is a Linear(100,200) fol-
lowed by a Linear(200,100), and Width = 3 indicates a Linear(100,300) followed by a
Linear(300, 100).

A.5.3 Appendix for Subsection [2.6.3

We compare the training procedure of the following two plans:

e Cold start: We ignore the previous network of A/, and train a new network from scratch

for the new set NV U N”.

e Warm start: We initialize the weights of the new network according to the previously

well-trained network of N.

Figure [2.5] presents the validation losses under the two training schemes for the two models
with the old set |N| = 20 and the new set |N’| = 5. The experiment shows that when there
is an abundant amount of data for augmented models, warm start training will converge to
the optimal solution faster in the starting stages as the right panel. More importantly, when
there is not enough data, warm start training will not only be faster but also produce a better
solution. The second observation can be practically useful, as the retailers may carry out

small-scale experiments to test if it is profitable to introduce more products to their shops. The
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experiment shows that the neural networks can be trained with a small amount of new data if

most of its parameters are inherited from a well-trained model.

Experiment details of Figure [2.5; We use MCCM to generate the synthetic data for
Figure 2.5, We first generate the arriving probability A and the transition matrix p for the
underlying MCCM. We consider 25 products and so A € R?*® p € R?*26 a5 product 0 (the
no-purchase option) needs to be included in addition. Following this MCCM we generate
200, 000 pieces of samples, with each sample containing an assortment and the corresponding
choice probability and the one-hot encoded final choice vector. We call this synthetic dataset
D-augment. Then, based on the A and p for the D-augment, we can do some modifications to
classify product 21 to 25 into product 0. We get \' € R?! such that A, = \; for i = 1,...,20 and

R2121corresponding to a shrunk version

Ay = Ao+ 2?221 Ai. In similar manners, we get p’ €
of the original MCCM, i.e., a new MCCM with a total number of products n = 20 plus one
no-purchase option. For this new model, we also generate 200,000 pieces of samples, and we

call this dataset D-shrink.

We first train models on dataset D-shrink, the Gated-Assort-Net has one hidden layer of size 50,
that is a Linear(20, 50) followed by a Linear(50,20), and the Res-Assort-Net has one residual
block, also with one hidden layer of size 50. We train the Gated-Assort-Net and Res-Assort-Net
on 100,000 training samples. After that, we consider the augmented dataset D-augment, and
we train Gated-Assort-Net and Res-Assort-Net with one hidden layer of size 50. However, we
consider two methods for training the augmented model. One is the cold start method, in
which we randomly initialize the model parameters and train the model on D-augment; the
other is the warm start method, in which we initialize parameters at corresponding positions
with the models trained on D-shrink and then train the model on D-augment. The results are
given in Figure [2.5] on which we plot how validation loss varies with training epochs. The left
panel is the training on D-augment with training sample size m = 2,000, and the right panel

is the training with sample size m = 100, 000.
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A.5.4 Appendix for Subsection [2.6.4; Hotel Data Example

We apply Algorithm [I| to a public hotel dataset. The data is from [BFGO09| and it is originally
collected from five U.S. properties of a major hotel chain. For each customer, the offered
products in the assortment are the different room types, such as king room smoking and 2
double beds room non-smoking. We preprocess the data as in [ST18], removing purchases
without matched room type in the assortment, room types with few purchases (less than 10),
and adding an auxiliary no-purchase option (create four no-purchase records for each purchase

record). The summary statistics of the dataset are given in Table [A.5]

| Hotel 1 | Hotel 2 | Hotel3 | Hotel 4 | Hotelb

# Samples 8935 870 6180 1330 1065
Products 12 7 17 8 7

rain Samples 6000 600 4000 900 800

# Validate Samples | 1000 100 1000 100 100

# Test Samples 1000 100 1000 200 100

Table A.5: Description of Hotel data ([BFG09]).

Table demonstrates the performance of two benchmark methods and the two neural network
models. The experiments are repeated over 10 times varying the training and test sets randomly
and the averaged results reported: each time the train/validation/test sets are independently
and randomly separated. In this experiment, we train our Gated-Assort-Net and Res-Assort-
Net for each of the hotels using only samples for the hotel. Both networks are taking the simplest
configuration: Gated-Assort-Net has no middle layer and Res-Assort-Net has one residual block.
Compared to the benchmark MCCM-EM algorithm, we observe that our models have better
performance on the dataset of Hotel 1 and Hotel 3. This is due to the fact that these two
datasets have a much larger number of samples than the other 3 hotels. This coincides with
our previous observations that, a moderately large number of samples is necessary to fully
show the advantage of a neural network model. When the number of samples is small, or
possibly, the customer choice pattern is simple, the more analytical model of MNL-MLE or
MCCM-EM is preferable. To improve the performances of the neural choice model, we can
apply Algorithm [I} we generate abundant synthetic data from the well-trained MCCM, which

has the lowest losses in validation data, to feed our neural choice model. Specifically, for
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each hotel in Hotel 2, Hotel 4, and Hotel 5, we generate 150,000 samples as training dataset
Dirain = {(ig, Sk), k = 1...,150,000}. The offered assortment Sy, is generated by first randomly
choosing assortment size |S| in {1, ..., ||}, and then randomly picking products from N and
form the assortment S and the choice i, is generated by the corresponding fitted MCCM for
each hotel. We re-train a new neural network on the synthetic data i)train and fine-tune it on
Dirain- We report the performances on Table by Algorithm [1} using the neural choice

model as a meta choice model can outperform or at least as good as the benchmarks.

Dataset
Model Hotel 1 Hotel 2 Hotel3 Hotel 4 Hotelb
MNL-MLE 0.775 0.902 0.980 0.661 0.660
MCCM-EM 0.757 0.856  0.945 0.656 0.655
Gated-Assort-Net 0.748 0.869 0.934 0.678 0.680
Res-Assort-Net, 0.748 0.879 0.928 0.688 0.679
Gated-Assort-Net(Meta) - 0.856 - 0.647 0.648
Res-Assort-Net(Meta) - 0.876 - 0.648  0.648

Table A.6: Performance on the Hotel data. The Meta means using neural networks as meta
choice models by Algorithm |1 I and the reported number is the out-of-sample CE loss.

A.6 More Extensions

A.6.1 Assortment Effect Processed by Fully Connected Layers

Assortment effect in SwissMetro Assortment effect in Expedia
2501 Gated-Assort-Net(f) Gated-Assort-Net(f)
N Res-Assort-Net(f) 2501 N Res-Assort-Net(f)
200+
- >_‘200-
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Change of utility (normalized) Change of utility (normalized)

Figure A.2: Effects of fully connected layers in SiwssMetro and Expedia. A larger absolute
value means a larger assortment effect from fully connected layers.

In practice, we want to understand how the neural networks leverage assortment effect into pur-
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chase prediction. Recall the feature-based neural choice models in Figure the latent utilities
are processed by fully connected layers with assortment information propagated through logic
gates in Gated-Assort-Net(f) or directly as input features in Res-Assort-Net(f). To interpret
such processing, we compute a normalized difference between the input latent utility and out-
put utility of each network. Such a difference reflects the assortment effect in the network. We

denote such difference as Au and plot the histograms of Gated-Assort-Net and Res-Assort-Net
in Figure[A.2]

From Figure [A.2] we find that effects from fully connected layers will vary due to different
dataset structures and networks. For the SwissMetro data set, the majority of changes in
normalized utilities Au are located in 0 for both networks. One plausible reason is that there
are only three products and only a small number of samples (13.5%) do not offer all the products.
Thus, the effect of assortments through the fully connected layer is very small. However, since
the Expedia data has more complicated assortment patterns, the Au’s do not concentrate at
0 anymore and have more variance. This also explains why the Res-Assort-Net(f) which has a

stronger involvement of the assortment vector, shows an advantage on the Expedia dataset.

Further, by comparing Gated-Assort-Net(f) and Res-Assort-Net(f) in both data sets, there
are two interesting observations: (1) There are more £1’s in Res-Assort-Net(f), which means
more dramatic changes in normalized utilities after passing the fully connected layers; (2) The
histograms of Res-Assort-Net(f) are flatter than those of Gated-Assort-Net(f), which means
the influences of fully connected layers have more variations. Both of the above observations
can be partially explained by the architectures: the Gated-Assort-Net(f) only uses assortments
as logical gates but Res-Assort-Net(f) also concatenates it as input features and can squeeze
more information to process the input latent utilities, which leads to potentially larger degree

of influence with more variations.

Experiment details of Figure [A.2} For each offered product i € S, we first normalize

its input and output utilities of the fully connected layers (from Gated-Assort-Net(f) or Res-

Assort-Net(f)) by
_1/0 _ ui[/o — MiNjes u]I-/O

i 1/0 . 1/0°
maXjes ;' — Miljes U;




180 Appendix A. Appendix for Chapter 2

where u! denotes input utilities and «© denotes outputs of the fully connected layers. Note
that the normalization is within assortment: different assortments may have different scales on

utilities and what matters is the relative value.

Then we compute the difference:

0 _ =
Au; =, —

for each 7 € S of the fully connected layers. Au; = 0 means the normalized utilities are the

same before and after the processing of fully connected layers. If Awu; is —1 or 1, product ¢ is

dramatically influenced: before processing it has the largest utility (smallest utility), i.e. @ = 1
~ 1

(w; = 0), but after processing it becomes the smallest (largest).

We randomly choose 200 samples from the test data to plot Figure[A.2] The configurations of
Gated-Assort-Net(f) and Res-Assort-Net(f) are chosen as the ones with the best performance
shown in Table [A.3l

A.6.2 Model Calibration

Another important aspect of overall performance is the matter of calibration. Ideally, we hope
the predicted probability matches the empirical/true probability. For deep learning models, a
high accuracy may often come with overconfidence in predictions (overestimation of the true
probabilities) [GPSW1T], which is called miscalibration. Figure is the calibration plot of
predicting Metro for the SwissMetro dataset, and we observe that all the neural network models
stay mostly below the 45-degree reference line, i.e., suffer from an over-confidence in predicting

the probability.

Table [A.7 summarizes the calibration performances of different models averaged for all choices.
In general, both Gated-Assort-Net(f) and Res-Assort-Net(f) have good performances in cali-
bration, which complements the low out-of-sample CE losses shown in Table in the sense

of reliability.

Metric calculation for Table We use the Adaptive Expected Calibration Error (ACE)
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Calibration plot of Metro

=
(=]

—— MNLI(f)
DeepMNL
-------- TasteNet
—— Gated-Assort-Net(f)
Res-Assort-Net(f)
—— Benchmark

e 2 o
i = [

Empirical purchase probability

Q
=]

0.0 0.2 0.4 0.6 0.8 1.0
Mean predicted purchase probability

Figure A.3: Overconfidence of predicting Metro. The predicted probabilities of the test samples
are binned into 20 bins with the same number of samples. For each bin, we compute the mean
predicted prob. as the x-axis and the mean empirical prob. as the y-axis. The benchmark is
the black solid line where z = y.

Datasets
Model SwissMetro Expedia

MNL-MLE 4.56 0.79
MNL(f)-MLE 6.22 0.61

TasteNet+MNL 5.50 -
TasteNet+MNL(f) 4.66 0.60

DeepMNL+MN 8.19 -
DeepMNL+MNL(f) 7.26 0.59
Random Forest 7.56 0.41
Gated-Assort-Net(f) 4.67 0.39
Res-Assort-Net(f 4.65 0.42

Table A.7: Calibration errors on SwissMetro and Expedia by ACE (x1072).

as our metric to measure calibration performance [NDZ719]:

n B
1 . .
ACE = @ E n; bE 1 |acc(b, Z) - Conf(b’ Z>”

=1 =

where m, B,n are the number of samples (assortments), bins, and products. Here n; is the
number of assortment samples where product 7 is included, acc(b, i), conf(b,7) are the mean of
empirical purchase probabilities (confidence) and mean of predictions (accuracy) in b-th bin for
product ¢. Further, for each product i, the bins are chosen by equal mass, i.e., each bin will

contain the same number of samples.

For Table [A.7, we choose the number of bins B = 25. The configurations of models are chosen

as the one with the lowest CE losses in Table[A.3] The training and testing data are the same
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as in Appendix
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Appendix for Chapter 3

B.1 Proof for Theorem [3.2

Proof. For items N = {1,2,...,n}, assume the underlying sequential choice model is repre-
sented by parameters {uS°} for (8.8). Then it is sufficient to prove the output virtual utilities

of some TCNet (with specific parameters) ﬂic,s =

uic,s for all 7,C,S. Since the items are finite,
without loss of generality, we assume the input feature of each item 7 is the one-hot vector with

dimension n where only i-th element is 1 and all others are 0’s.

We first focus on the assortment encoder part. We construct a one-layer assortment encoder
without the embedding sub-layer. For the self-attention sub-layer, we set its query weight
matrix Wy as zero matrix, value weight matrix Wy as identity matrix, activation function
¢(r) = 1+ Relu(z) and without any residual connection. Under the above setting, the self-
attention sub-layer just sums all rows in the input matrix X¢ for each item: for any item i € S,

its output is a vector with dimension n: ) ._s ;. Then for the following feed-forward sub-layer,

jES

we set all parameters as 0 to "mute” this sub-layer and set the residual connection to make
~ S - .

sure the final outputs of the assortment encoder X~ has each row ¥ = 3 jes ©j- Indeed, this

output uses 0 and 1 to encode the assortment information: the positions with value 1 indicate

the items in the assortment S, and all other positions are the items not in the assortment.

183
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Then for the candidates encoder part, we also construct it with only one layer and without
the embedding sub-layer. For its self-attention sub-layer, we use the same structure as in the
assortment encoder’s self-attention except that we add the residual connection. Thus, with
residual connection, the self-attention’s output for item 7 is x; + jec ©j- For the following
assortment-candidates attention sub-layer, we again set its query weight matrix Wy as zero
matrix, value weight matrix Wy, as identity matrix, with residual connection, but the activation
function is now Softmax. Thus, this attention itself (without residual connection) will output
the mean of all rows in )~(S, ie., Zjes xj, for each item ¢ € C. With residual connection, the
final output for each item i of this sub-layer is just x; + Zjec x; + ZjeS x;. We should notice
this output vector uses four values to encode all input information: the position with value 3
indicates the item i we focus on, value 2’s indicate the items as candidates by noting C C S,
value 1’s indicate the items are not candidates but were from the assortment (i.e., items in the
basket), and 0’s indicate the items not in the assortment. Finally, as in the assortment encoder
part, for the following feed-forward network, we set all parameters as 0 to "mute” this sub-layer

and set the residual connection to make sure the final outputs of the candidates encoder are

still 255 = @ + Y co @ + 2 jes T

Now we only need to show that the utility decoder can perfectly decode the input information

:Z’ZC'S to approximate uZCS We utilize the universal approximation theorem [Hor91] to prove it.

We set the utility decoder with one layer:

decoder(z) = 37 uf® (Relu(w% ~369) 1) + Relu(w (z — 5) + 1)~
SCN,CCS,ieC

)

2 x Relu(w' (z — :T:C'S))> ,

7% maps the input information

where w = (41,42, ...,4") € R™. Thus, the linear operation w

(7,C,S) uniquely to an integer. And by noticing the operation

Relu(w' (z — 2%°) — 1) + Relu(w ' (z — 25°) + 1) — 2 x Relu(w ' (z — #5%))
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~C-S ~C'-S

and 0 for all z =

equals to 1 when z = 7 " where (,C',S") # (i,C,S), we can conclude

that @°° = decoder(i$°) = uS°. O

B.2 Appendix for Section |3.6.1

This appendix provides detailed information about the datasets and their preprocessing steps,

model implementations, training processes, and hyperparameter tuning methods referenced in

33.6.1}

B.2.1 Dataset

‘ Single Choice ‘ Multiple Choice
‘ Car Sushi Expedia(book) Hotel SFwork SFShop Flight Retail ‘ Bakery Expedia(click)

# Samples 4,652 5,000 40,000 9330 5,029 3,157 40,000 17, 200 20, 000 8,041
# Features 21 7 13 0 0 0 0 13
Largest Assortment Size 6 10 39 17 6 8 38
Mean Assortment Size 6 10 25.90 10.99 4.38 7.20 10 58 17 20 26.85
Largest Chosen Subset Size 1 1 1 1 1 1 1 8 10
Mean Chosen Subset Size 1 1 1 1 1 1 1 3.55 4.95

Table B.1: Summary statistics of datasets.

Table summarizes the datasets used in the experiments and the details are as follows:

e Car: The data is avaliable at http://qed.econ.queensu.ca/jae/2000-v15.5/mcfadden-train/.
Each observation contains the single choice from six cars with varying features. We use 21
item features: Prices divided by log(income), Range, Acceleration, Top speed, Pollution,
Size, "Big enough”, Luggage space, Operating cost, Station availability, Sports utility ve-
hicle (SUV), Sports car, Station wagon, Truck, Van, Electric Vehicle (EV), Commute | 5
times for EV, College times EV, Constant for Compressed Natural Gas (CNG) ,Constant

for methanol, College times methanol. The details of the features can be found in [MT00].

e Sushi: The data is avaliable at https://www.kamishima.net/sushi/. We use the dataset
sushi3b.5000.10.0rder, which shows the top-10 ranked sushis for each customer. We use

these top-10 sushis as the assortment and the top-1 as the final choice. We use 7 item


http://qed.econ.queensu.ca/jae/2000-v15.5/mcfadden-train/
https://www.kamishima.net/sushi/
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features Style, Major-group, Minor-group, Heaviness, Frequency-eaten, Normalized-price,
Frequency-sold, and 6 customer features Gender, Age, Time to fill the survey, Most Long-
Lived East/West ID until Age 15, Current East/West ID, Match of Long-Lived and Cur-

rent Region. The details of the features can be found in [Kam03].

e Hotel: The data is avaliable at https://pubsonline.informs.org/doi/abs/10.1287/
msom.1080.0231 and from [BFGQ9]. It is originally collected from five U.S. properties
of a major hotel chain. Each observation contains different room types to be chosen and
the final choice. We use the Hotel 1’s dataset. We preprocess the data as in [ST1§],
removing purchases without matched room type in the assortment, room types with few
purchases (less than 10), and adding an auxiliary no-purchase option (create four no-

purchase records for each purchase record).

e SFwork and SFshop: The raw data is available at https://github.com/tfresource/
modechoice and originally from [KB06]. We use the cleaned version from https://
github.com/arjunsesh/cdm-icml. The datasets contain the choices of transportation
to commute to shop or work around the San Francisco. Dataset features are not used in

our study.

e Flight and Retail: These are two private real datasets without features. The airline data
contains the offered choices of offered bundles, i.e., bundle of seat, food etc. The offered
assortments are decided by both the selling strategy and remaining seats. The retailing
data is collected from a fashion-retailing company, where the items are clothes (from a
same category and thus most customers purchase at most one item) and the assortments
are decided by the inventories. Both datasets contain records of purchase transactions

only, so we add no-purchases following the same way as Hotel dataset.

e Bakery: the data is available at http://users.csc.calpoly.edu/~dekhtyar/466-Spring2018/
labs/1ab01.html. All observations share the same offered assortment containing 50 items
from a bakery and the final (multiple) chosen items. We also encode each item with a
unique one-hot encoder as the feature. We use the 20000 folder’s dataset with 4 item

features: Flavor, Food Type, Price, Food or Drink. To construct the sequential choice


https://pubsonline.informs.org/doi/abs/10.1287/msom.1080.0231
https://pubsonline.informs.org/doi/abs/10.1287/msom.1080.0231
https://github.com/tfresource/modechoice
https://github.com/tfresource/modechoice
https://github.com/arjunsesh/cdm-icml
https://github.com/arjunsesh/cdm-icml
http://users.csc.calpoly.edu/~dekhtyar/466-Spring2018/labs/lab01.html
http://users.csc.calpoly.edu/~dekhtyar/466-Spring2018/labs/lab01.html
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dataset, we randomly sample one item from the chosen subset as the final choice, and

add other unchosen items as the candidates (and the assortment are still all 50 items).

e Expedia: the data is avaliable at https://www.kaggle.com/c/expedia-hotel-recommendations/
overview. It contains the ordered list of hotels according to the user’s search, and the
clicked and final booked (if any) hotel of each search session. We clean the data by
dropping the searches with outlier prices (> $1,000) and days of booking in advance (gap
between booking date and check-in date > 365) and also the features with missing values.
Weuse 7 item features Hotel star rating, Hotel chain or not, Location score (by Expedia),
Historical prices, Price, Promotion or not, Randomly ranked or not (by Expedia) and
6 customer features # nights stay, # days booking in advance,# adults, # children,#
rooms,Saturday included or not . We also use the rankings (in the website) of each item
as a feature. To construct the single choice dataset, we choose the booked hotel as the
final single choice, and add the no-purchase option if there is no booking. For the multiple
choice dataset, we use the sessions with total clicks in the range of 2 to 10, and use clicked
hotels as the final choices. For the sequential choice dataset we use the same construction

method as in the Bakery dataset.

In addition, due to the computation resource limitation, we truncate all datasets (Expedia and

Flight) with more than 40000 samples to 40000 samples.

B.2.2 Models, Hyperparameters, and Training

e TCNet: Our implementation of the Transformer Choice Net contains a single-layer can-
didates encoder and an assortment encoder with one embedding sublayer. The utility
decoder also contains a single layer but without an activation function. We employ
multi-head attention, layer normalization, residual connection, and dropout as described
in [VSP™17], with the number of heads being a tunable hyperparameter and dropout

rate 0.1. When inferring multi-choice model, we add a virtual stopping item during the

training as discussed in §3.3.2]


https://www.kaggle.com/c/expedia-hotel-recommendations/overview
https://www.kaggle.com/c/expedia-hotel-recommendations/overview
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e DeepMNL: We modify the architecture by [WMZ20l [SLA20]. We use a neural network g
to model the (mean) utility of each item 4 as a function of its features x;: u = u; = g(x;)
for alli € N and S C N. The architecture we implement has two layers for the NN. This
design is specific to scenarios with observed features; otherwise, it reduces to the MNL

model.

e AssortNet: We implement the AssortNet architecture by [WCLT23]. In the absence of
features, AssortNet uses a neural network g as an assortment encoder, which directly maps
the assortment § into the assortment-specific utilities. Specifically, for any assortment S,
the output g(S) € R™ models u$ = ¢;(S) fori € S and uf = —cc for i ¢ S. When features
are present, feature encoders are employed to embed these features. The architectural
implementation comprises a single layer for the assortment encoder and two layers for the

feature encoders (if needed).

e SDANet: We implement the Set-Dependent Aggregation Net (SDANet) by [ROS20],

S

;=

which uses two neural networks w and ¢ to model the assortment-specific utilities:
w(S) - ¢(z4,S). The exact implemented architecture follows the default setting of the
posted code. https://drive.google.com/file/d/1KZVbqfVR6QNIpv38y4e8ptzVdbi_

GQH4/view.

e FATENet: We implement the First Aggregate Then Evaluate Net (FATENeT) by [PGHH22],
which uses two neural networks U’ and ¢ to model the assortment-specific utilities:
ug = U’ (xi, 2 ics qﬁ(xj)) . The exact implemented architecture follows the default set-

ting of their posted code. https://github.com/kiudee/cs-ranking.

e Mixed-MNL: We train a featured mixed-MNL model [MT00] by setting the number of
customer types the same as the number of item features, and each customer type’s utility

on item ¢ is a linear function of its features. Th is follows the setting in [TB21].

e DLCL: We implement decomposed linear context logit (DLCL) by [TB21], which is an
extension of Mixed-MNL such that each customer type’s utility on item ¢ is a linear

function of both the item 7 itself and the averaged features over all items in the assortment.


https://drive.google.com/file/d/1KZVbqfVR6QNIpv38y4e8ptzVdbi_GQH4/view
https://drive.google.com/file/d/1KZVbqfVR6QNIpv38y4e8ptzVdbi_GQH4/view
https://github.com/kiudee/cs-ranking

B.3. Appendix for Section [3.6.2 189

The number of customer types is still set by the number of item features, which follows

the setting in [TB21].

B.2.3 Training Process and Hyperparameters Tuning

We train all models using the Adam optimizer [KB14], targeting the minimization of training
loss specified in The learning rate decays exponentially at a rate of 0.95 every 10 epochs.
The initial learning rate is tuned from the values 0.001,0.0005, and 0.0001. All trainable
parameters are initialized using the uniform Xavier method [GB10]. Training has a total of 100
epochs without early stopping, utilizing a mini-batch size of 256. The model with the lowest
validation error over the 100 epochs is chosen for testing. Additionally, for models DeepMNL,
AssortNet, SDANet, FATENet, and TCNet, we tune the width of the hidden layers from 32,
128, and 256. For the number of heads in TCNet, we tune it from 4, 8, 16, and 32. For the
DeepMNL, AssortNet, SDANet, FATENet, and TCNet in multiple choices prediction task, we
tune the threshold defined in from 0.1, 0.3, 0.5, 0.7, 0.9.

B.3 Appendix for Section [3.6.2
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Figure B.1: Probing the latent representation to identify drink from food.

Experiment details. We train the TCNet with 4 heads on all attention sub-layers, and
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we choose the initial learning rate as 0.0005 and the hidden dimension as 64. All other
hyperparameters, training process, and dataset details are the same as in Appendix [B.2
For training the linear logistic model in Figure |3.2] we select the cakes Strawberry Cake,
Truffle Cake, Napoleon Cake, and Apple Pie (not cake but still more expensive and larger
compared to snacks), and the snacks Ganache Cookie, Gongolais Cookie, Raspberry Cookie,

and Lemon Cookie as training set. The testing dataset for both Figures [3.2a] and [3.25 are

shown in Figure [3.2b] For training the logistic model in Figure [B.I], we select the items
with indices from 35 to 44 as the training set, where the first 5 items are food and the
others are drinks. The testing dataset for Figure contains all other samples, which in-
cludes 35 types of food and 5 drinks, and testing dataset for Figure contains the other
5 drinks and the food items with index from 0 to 10 (items information can be found in

http://users.csc.calpoly.edu/~dekhtyar/466-Spring2018/labs/1ab01.html).

B.4 Appendix for Section 3.6.3

B.4.1 Experiment Details

We train the TCNet with a single head on all attention sub-layers, and we choose the initial
learning rate as 0.001 and the hidden dimension as 32. All other hyperparameters, training

process, and dataset details are the same as in Appendix [B.2]

B.4.2 More Visualization Examples

We use two more examples to showcase how the attention scores in each attention sub-layer

help TCNet encode important items.

We construct a sequential choice model for four items N = {A, A’, B, L}, where B indicates
a benchmark item and L indicates the 'leave’ option. We assume items A’, B and L have

constant utility 1 independent of C and S. However, the utility of A can be boosted as follows:


http://users.csc.calpoly.edu/~dekhtyar/466-Spring2018/labs/lab01.html
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In the first example, the utility of A equals to 100 if A’ € C and otherwise equals 1. This
indicates an (extreme) case that the appearance of A’ as a candidate can boost the utility of

A. A similar choice behavior can be found in the experiment by [AJO§].

In second example, the utility of A equals to 100 if A’ € S\ C (and otherwise equals to 1).
This indicates an (extreme) case that the utility of A will be boosted when A’ has been chosen.

This describes the “buy one (A’) and get another (A) free” situation.

We train two TCNets based on these two choice models. Figure and output the

attention scores of two examples respectively.

Example 1: Figure illustrates the (normalized) attention scores derived from the trained
TCNet for two inputs: (S1,Cp) and (S3,Cs), where §; = Sy = {A, A, B, L}, C; = {A,B, L},
Co = {A, A", B, L}. Recall that the attention scores can basically quantify the influence of one
item on another. Figure presents the candidates encoder’s self-attention score matrix,
displaying relatively uniform attention allocated to all three candidates in C;; In contrast,
Figure [B.2b| exhibits a significant increase in attention towards A for both B and L when A’
is included among the candidates. This shift can reveal A’ € Cy significantly alters the choice
probabilities, unlike in the first scenario where the absence of A’ results in fairly balanced

attention among the remaining candidates. Figures [B.2d and [B.2d| represent the candidates

encoder’s cross attention score matrix. There is a noticeable rise in weights on A for all three
items A’, B, L as depicted in Figure |B.2d, compared to Figure |B.2c¢, This elevation in weights
demonstrates the substantial impact A has on the choice probability, attributed to its high

utility value.

Example 2: Figure shows the attention scores derived from the TCNet again for two inputs
same as in Example 1: (S1,C;) and (Sz,Cs). Figure and Figure display the assortment
encoder’s self-attention score matrix for two inputs, which are identical since §; = S;. One
observation is the large attention on A’ for A, which reveals the potentially large influence of A’

since it appears in the assortment (while the assortment encoder is currently unknown whether

A’ is already chosen or not). Figures [B.3c| and [B.3d| represent the candidates encoder’s cross-

attention score matrix. There are extreme weights on A for B, L as depicted in Figure [B.3d|,
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compared to Figure This indicates that the large influence of A on the choice probability,
due to the fact that A" € &\ Cy, is encoded in ; While when A" ¢ S; \ Ci, because the
(true) choice probabilities are equal among all candidates in Figure the weights are more

balanced.

0.00 <- 0.22 0.26 0.25 0.27
0.00 < - 0.38 0.03 0.24 0.35
0.00 m- 0.03 0.03 0.03
0.30 0.00 —- 0.02 0.02 0.02
A A B L A A B L
(a) Candidates attention of (Sy,Cy). (b) Candidates attention of (S, Ca).

< -+ 0.29 0.23 0.25 0.23 0.10 0.10 0.12

< - 0.00 0.00 0.00 0.00 0.01 0.01 0.02
0.10 0.10 0.15

0.01 0.00 0.01

0.56 0.13 0.12 0.19 0.01 0.01 0.02

A A B L A A B L
(c) Cross attention of (S1,C1). (d) Cross attention of (Sz,Ca).

Figure B.2: First example: candidates encoder’s (self) attention and cross attention scores for two
inputs (S1,C1) and (S2,C2), where S; = So = {A, A", B, L}, C; = {A,B,L}, Co = {A, A’, B, L}. Each
row indicates the normalized attention scores for the labeled item. If the row’s corresponding item is
not available, we set its attention scores as 0.

Below are the experiment details:
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m- 0.33 0.10 0.37 0.19 m- 0.33 0.10 0.37 0.19
—- 0.37 0.12 0.15 0.37 —- 0.37 0.12 0.15 0.37

A IN B L A A B L
(a) Assortment attention of (Sy,Cq). (b) Assortment attention of (Sg,Cs).
0.55 0.20 0.11 0.15 < - 0.16 0.36 0.19 0.29

0.00 0.00 0.00 - 0.20 0.17 0.30

0.02 0.01 0.02 0.16 0.08 0.19

0.95 0.02 0.01 0.02 - 0.25 0.14 0.29
A IN B L A IN B L

(c) Cross attention of (S1,C1).

(d) Cross attention of (Sz,Cs).

Figure B.3: Second example: assortment encoder’s self-attention and candidates encoder’s cross at-
tention scores for two inputs (Sy,Cq) and (S3,Cs), where §; = S, = {A, A, B, L}, C; = {A,B, L},
Cy = {A, A", B, L}. Each row indicates the normalized attention scores for the labeled item. If the
row’s corresponding item is not available, we set its attention scores as 0.

Training data generation: We generate 24,000 samples for both training datasets, where all

samples’ assortments are independently and identically sampled by including each item A, A’, B

with probability 0.5 and always including L. The candidates are similarly sampled by including

the items in assortments with probability 0.5 while always including L. Conditional on the

sampled assortment and candidates, the final choice is sampled by the underlying two choice
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models respectively. TCNet architecture and training process: Both trained TCNets contain
a single-layer candidates encoder and an assortment encoder with one embedding sub-layer.
The utility decoder also contains a single layer but without an activation function. We employ
single-head attention, layer normalization, residual connection, and dropout (with dropout rate
0.1) as described in [VSPT17]. The hidden dimensions of all sub-layers (if available) are set
as 6. The training process is the same as in Appendix except there are only 20 training

epochs and we apply 0.002 initial learning rate and 0.0005 weight decay on the optimizer.
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Appendix for Chapter 4

C.1 Model Architecture and Alg*

C.1.1 Model Architecture for OMGPT

[Output Layer}
OMGPT GPT-2
N\ N\
Action Feature Action Feature
Emb. Emb. Emb. Emb.
Input =+ = @2 Ot 9, X4 dt-1 (O¢—1,X1)

Figure C.1: The architecture of OMGPT, where all actions a, and the combined “feature”
elements (O,_1, X,) in H; pass through the same action embedding layer and feature embedding
layer, respectively. The resulting embedding vectors are then processed by a (trainable) GPT-2
model, which summarizes them into a single embedding vector. Finally, this embedding vector
passes through the output layer, transforming it into the predicted action a;.

We adopt the transformer architecture for regression tasks from [GTLV22] to solve sequential

decision making tasks, with modifications tailored to our specific setting. The architecture is

195
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summarized in Figure [C.1]

Input Sequence Structure. Since we have three types of elements (contexts, actions, and
observations), and the actions are the “label type” we want to predict sequentially, we first
combine the contexts and the observations into “features”, similar to a supervised learning
task. Specifically, instead of directly using H,; as the input sequence at time ¢, we construct

two types of elements derived from H;:

e “Feature” elements combine the context X, € R at each time 7 < t with the
observation O,_; € R% from 7 — 1 (with Oy set as a zero vector in our experiments).
Formally, the feature elements are {(O,_1, X;)}._, C Ré%+4x and they serve as the input

“features” for prediction.

e “Label” /action elements are the actions {a,}'_| from H; that were predicted in the

testing phase (or generated in the pre-training phase).

Thus, the input sequence becomes {(Og, X1), a1, ..., (Oi_2, Xi_1),a:_1, (01, X¢) }, which con-

tains 2¢ — 1 elements in total to predict a;.

Architecture. The transformer is based on the GPT-2 family [RNST18|. It uses two learnable
linear transformations to map each “feature” and “label” element into vectors in the embedding
space respectively. These transformations are referred to as the feature embedding layer and
the action embedding layer. The output embedding vectors, which share the same dimension,
are processed through the GPT-2’s attention mechanism, resulting in a single vector that
encapsulates relevant contextual information. This vector then undergoes another learnable
linear transformation, referred to as the output layer, moving from the embedding space to the
action A, ultimately resulting in the prediction of a;. In our experiments, the GPT-2 model
has 12 layers, 16 attention heads, and a 256-dimensional embedding space. The experiments

are conducted on 2 A100 GPUs with DistributedDataParallel method of Pytorch.
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C.1.2 Difference from [LXP"24]

While |[LXPT24] also propose a supervised learning approach using transformers for general
reinforcement learning/Markov decision process problems (e.g., game playing), there are four

key differences between their work and ours:

e Pre-training data generation: In pre-training, we develop a novel data generation
method specifically tailored to these sequential decision making processes, as detailed
in Appendix [C.2] In addition, [LXPT24] propose constructing input sequences for pre-
dicting a; using a set of tuples (X,,a,,O;, X;11), which are sampled from a trajec-
tory and are not contiguous or in chronological order. Intuitively, the goal is for the
pre-trained transformer to implicitly learn the transitions and environment dynamics
represented by the progression from (X, a,,0,) to X,., thereby “informing” its de-
cision making process. In contrast, our approach generates contiguous sequences, i.e.,
Hy = (X1,a1,01,..., X 1,a4-1,0;_1, X}) to predict a;. This approach offers two bene-
fits: (i) It aligns with the testing phase, where decisions are made in chronological order.
Such alignment is often necessary in the classic machine learning framework [SSBD14].
(ii) The chronological order itself can contain important information in operational de-
cision making. For example, in a market where the demand model changes abruptly at
some point ' (e.g., a lockdown during a pandemic), the decision maker (and OMGPT)

should focus more on the histories after ¢ to learn the new market conditions.

¢ Underlying problems: We focus on sequential decision making problems that do not
have a transition probability matrix, unlike Markov decision processes. The advantage
here is that the optimal action is either available in closed form or can be efficiently
solved. This allows us to use the optimal action as the prediction target in the training
data, making the supervised learning paradigm more practical for real-world operational
applications. In addition, [LXP*24] focuses primarily on problems with discrete action
spaces, whereas we conduct experiments and provide analyses for both discrete and con-

tinuous action spaces.
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e GPT model architecture: Due to the different data generation methods and the special

structure of the underlying problems, we employ a different GP'T architecture.

e Analysis: The distinctions outlined above align our proposed paradigm more closely with
sequential decision making in operations management and in-context learning literature
[DLD™22]. This alignment grants us deeper analytical insights into the underlying mech-
anisms and performance of our OMGPT model. More details are elaborated in Section

4.5l

C.1.3 More Details on Alg*

In this subsection, we study the behavior of TF; by comparing regret performances on TF; and
the algorithms utilizing the posterior distribution P(vy|H) of environments. Besides Bayes-
optimal decision functions as defined in Section [4.5.1} we can also name the later algorithms as
the oracle posterior algorithms as they are assumed to know the posterior distribution P(vy|H)

(or equally, the prior distribution P, ).

We first present a general framework for these oracle posterior algorithms in Algorithm [2}
posterior averaging, sampling, and median. For simplicity of notation, we omit the subscript ¢
and only consider a finite space I' of environments, while the algorithms can be easily extended

to the infinite case. For the posterior median algorithm, we assume the action space A C R.

Figure presents the testing regret and action suboptimality for TF, compared to oracle
posterior algorithms. Generally, all algorithms exhibit good regret performance. However, we
observe that TF, is (i) superior to posterior sampling in multi-armed bandits, as shown in (a),

and (ii) outperforms posterior averaging in linear bandits, as shown in (c).

Specifically, (b) shows that posterior sampling has higher action suboptimality during the initial
time steps compared to TF;. This suggests that the exploration inherent in the sampling step
of posterior sampling can introduce additional regret, which might be unnecessary for simpler
problems. Conversely, (d) indicates that the decisions from posterior averaging do not converge

to the optimal action a; as quickly as those from TF; and posterior sampling. This suggests
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Algorithm 2 Posterior averaging/sampling/median at time ¢

Require: Posterior probability P(y[H) and optimal action @ for each environment v € T,
algorithm Alg € {posterior averaging, posterior sampling, posterior median}
%% Posterior averaging
1: if Alg=posterior averaging then
2 a=Y POIH) -
%% Posterior sampling
3: else if Alg=posterior sampling then
a = a3, where 5 ~ P(-|H)
%% Posterior median
5: else if Alg=posterior median then
6: Sort and index the environments as {%}El such that the corresponding optimal actions

are in ascending order: a7 <aj, <...< az .-

7 Choose a = min {am S Py |H) > 0.5}
8: end if
9: Return: a

that posterior averaging may be too greedy, thus failing to sufficiently explore the environment.

This second observation also numerically supports Proposition [3]

These observations illustrate that TF, can outperform oracle posterior algorithms in certain
scenarios. This further demonstrates that the advantage of TF, over benchmark algorithms is
not solely due to its use of prior knowledge about the task. Rather, TF; discovers a new decision
rule that achieves better short-term regret than oracle posterior algorithms. It can be more

greedy than posterior sampling while exploring more than posterior averaging.

Setup. We consider a multi-armed bandits task (with 20 arms) and linear bandits task (with
2-dimensional actions) with 4 environments. The results are based on 100 runs. The details of

tasks with their specific oracle posterior algorithms are provided in Appendix [C.4]

C.2 DMore Details on Pre-training

C.2.1 Generalization Issue in Pre-training

We first point out a subtle point of the supervised pre-training setting presented in Section

4.4.3] Unlike (traditional) supervised learning, the expected loss (4.5) may not be equal to the



200

Appendix C. Appendix for Chapter 4

w

N

Cumulative regret

[

Posterior Samp. : 1.85
—— TFs(}): 1.38

10

Cumulative regret

0 20 40 60 80

100
t

(a) Regret for multi-armed bandits

Posterior Samp. : 1.49
Posterior Avg. : 3.29
— TFp(-): 2.02

- -
0 20 40 60 80 100
t

(c) Regret for linear bandits

Posterior Samp.

.l — TFs()
z
© 3|
£°
o+
Q
o
e}
@2
c
iy
0
<

1,

07\

10° 10! 102
t

(b) Action suboptimality for multi-armed bandits

2.001

1.751

=
ul
o

=
N
ul

Action suboptimality
o =
~ o
Q‘l o

I
ol
o

Posterior Samp.
Posterior Avg.
— TF4(")

10°

(d) Action suboptimality for linear bandits

Figure C.2: Performances of TF; and oracle posterior algorithms. The numbers in the legend
bar are the final regret at ¢ = 100 and the shaded areas indicate the 90% (empirical) confidence
intervals.

expectation of the empirical loss (4.11)). As noted earlier, this is because in the sequence H;,

the action a; = TF;(H;) as in ([#12) during the test phase as opposed to that a; = f(H,) as

in (4.10) for the pre-training data Dpr. Taking expectation with respect to 7 in (4.5)), we can

define the expected loss as

L(TF@) = ]E«/pr [L(TF@; ’y)] .
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However, the expectation of the empirical loss (4.11)) is
L3(TFg) = Eqnp, [L7(TFg;7)] (C.1)

where

Ly(TFp;7) = E(a, ap)~ [Zl TFp (H,) at)].

Here f is the pre-specified decision function used in generating the pre-training data Dpr.
We note that the discrepancy between L(TFg) and L3(TFg) is caused by the difference in the
generations of the samples (H;, a;), namely, P, r, versus P 7> which essentially reduces to how
the actions a;’s are generated in Hy. In the training phase, this is generated based on f, while
measuring the test loss requires that the actions to be generated are based on the transformer
TFy. This discrepancy is somewhat inevitable because when generating the training data, there
is no way we can know the final parameter 0. Consequently, there is no direct guarantee on the
loss for L(TFy;y) or L(TF;) with 0 being the final learned parameter. This out-of-distribution

(OOD) issue motivates the design of our algorithm.

Algorithm 3 Supervised pre-training transformers for sequential decision making

Require: Iterations M, early training phase M, € [1, M], number of training sequences per
iteration n, ratio k € [0, 1], pre-training decision function f, prior distribution P, initial
parameter 6,

1: Initialize 6; = 0,
2: form=1,..., M, do
%% Early training phase
3: Sample 71,79, . . ., ¥, from P, and S; = {(Hl(i), agi)*> . (H}i), aly )} from P
4: Optimize over the generated dataset D,, = {S;}_, and obtain the updated parameter
0m+1
5. end for
6: for m=My+1,...,M do
%% Mixed training phase
7: Sample v1,7y2, ..., 7, from P,

8: Fori=1,...,kn, sample S; = {(Hf”,&*) , (H:(F),agp )} from P 5

9: For i = km,...,n, sample S; = {(Hl(i), agi)*) . <H¥), ajf)*>} from P, 15,

10: Optimize over the generated dataset D,, = {Si}izl and obtain the updated parameter
em—l—l

11: end for

12: Return: § = Orrin
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Algorithm [3] describes our algorithm to resolve the above-mentioned OOD issue between train-
ing and testing. It consists of two phases, an early training phase and a mixed training phase.
For the early training phase, the data are generated from the distribution P_ 5, while for the
mixed training phase, the data are generated from both P 3 and P, rr,, with a ratio controlled
by k. The decision function f can be chosen as a uniform distribution over the action space
or other more complicated options. Intuitively, the benefits of involving the data generated
from P, rr, is to make the sequences Ht(i)’s in the training data closer to the ones generated
from the transformer. For the mixed training phase, a proportion of the data is still generated
from the original P, ; because the generation from P, rr, costs relatively more time. For our

numerical experiments, we choose k = 1/3.

. . ~Alg*
60 —— w/ mixed training 10 Be e @
‘ w/o mixed training 0 1&" e = 2T “
. Iter. 50 (k=1), a ~ TFg,, &
“ —m mixed start Iter. 70 (k=1/3), a ~ TFa,,
5 * lter. 80 (k=1/3), a ~ TFq,, ¢
* lter. 110 (k=1/3), a~ TFg,,,
o 20 % Iter. 120 (k=1/3), a~TFq,, ©
E} N
o ) . y 0
'{j |1t [0p] ’ %
@30 | = A
200 '
-10
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0 25 . '.:')0. " 75t' 100 125 -30 —50 10 0 10
raining iteration t-SNE 1
(a) Training dynamics (b) t-SNE of the generated Hsp's

Figure C.3: (a) Training dynamics. Orange: My = M = 130. Blue: My = 50 and M = 130. It
shows the effectiveness of injecting/mixing the transformer-generated sequence into the training
procedure. (b) A visualization of the H; with a,’s in H; generated from various TFy, . For each
TFy,,, we generate 30 sequences. The decision function Alg* is defined in the next section. We
observe (i) there is a shift over time in terms of the transformer-generated action sequence,
and thus the training should adaptively focus more on the recently generated sequence like the
design in Algorithm (3} (ii) the action sequence gradually gets closer to the optimal decision
function Alg*. The experiment details and setups are deferred to the end of this subsection.

Algorithm [3| from an optimization perspective can be viewed as an iterative procedure to
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optimize

T
By, | Bty a)owP, 14+(1-1)Py 15, [Z L (TFq (Hy) 7af)”

t=1
where both the input data pair (Hy, a;) and the prediction function involve the parameter
0. This falls into the paradigm of performative prediction [PZMDH20, TYZ21, MDPZH20]
where the prediction model may affect the data generated to be predicted. In the literature of
performative prediction, a critical matter is the instability issue which may cause the parameter
0, to oscillate and not converge. [PZMDH20] shows that the matter can be solved with strong
conditions such as smoothness and strong convexity on the objective function. However, we
do not encounter this instability in our numerical experiment, and we make an argument as
the following claim. That is, when the underlying function class, such as {TFy : § € O} is rich

enough, one does not need to worry about such instability.

Claim 1. The instability of a performative prediction algorithm and the resultant non-convergence

does not happen when the underlying prediction function is rich enough.

To see this claim, consider the following setup where a feature-target pair (X,Y’) is generated

from some distribution Px y(#). Then we consider the minimization of the following loss

mgin Epy v 0) [[(fo(X),Y)]

for some loss function [ : R x R — R.

Under this formulation, both the data generation distribution Px y (¢) and the prediction func-

tion fp are parameterized by 6. This describes the performative prediction problem [PZMDH20].

In addition, we note that in our pre-trained transformer setting, the joint distribution can be
factorized in

Pxy(0) = Px(0) - Pyx.

That is, the parameter 6 only induces a covariate shift by affecting the marginal distribution of
X, but the conditional distribution Py|x remains the same for all the 6. This exactly matches

our setting of pretrained transformer; to see this, different decision functions, f or TFy_, only
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differ in terms of the generation of the actions a,’s in H; (for 7 = 1,...,t — 1) which is the

features X in this formulation but the optimal action a; will only be affected by X, in H,.

Also, under this factorization, we define the Bayes-optimal estimator as
£4(X) = minEp,,,[i(y, V)|X],
Then it is easy to note that when f* = fp« for some 6*, and have
0 € argemin Epyy@onl(fo(X),Y)]

for any ¢'.

In this light, the oscillating behavior of the optimization algorithms in [PZMDH20] will not
happen. Because for all the data generation distribution Px y (¢'), they all point to one optimal

0.

Back to the context of the pre-trained transformer, such a nice property is contingent on two
factors: (i) the transformer function class is rich enough to cover f*; (ii) there are infinitely
many samples, or we can use the expected loss. Also, the above argument is connected to the

argument of Proposition [1}

C.2.1.1 Details for Figure

Figure (a). In Figure (a), we independently implement Algorithm (3| to train two
OMGPTSs on a dynamic pricing task, which has 6-dimensional contexts (more details can be
found in Appendix . For both OMGPTs, the training parameters are identical except
for the My in Algorithm [} the first curve (blue, thick line) uses My = 50, while the second
curve (orange, dashed line) uses My = 130, meaning no transformer-generated data is utilized
during training. All other parameters follow the configuration detailed in Appendix[C.2.2 The
figure shows the mean testing regret at each training iteration across 128 randomly sampled

environments, with the shaded area representing the standard deviation.
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Figure (b). In Figure (b), we consider a dynamic pricing task with a pool of 8 linear
demand functions and has 6-dimensional contexts (more details can be found in Appendix
. We generate 30 sequences from TFy across different training iterations for this task:
before using the transformer-generated data in the training (m = 40,50) and after using such
data (m = 70,80,110,120). All generated sequences share the same context sequence {X;}7_;
to control the effect of contexts on the chosen actions and the resulting observations. We
stack the first 20 actions and observations into a single sample point and use t-SNE method to
visualize these high-dimension points as shown in Figure (b). We further apply the same

method to generate points from Alg*.

We can observe that: (i) compared to the points from TF which have not been trained on self-
generated data (i.e., TFy,,, TFy,, ), the points from the trained ones are closer to the Alg*’s, i.e.,
the expected decision rule of a well-trained TF; (ii) When being trained with more self-generated
data, the points from TFy_  get closer to the Alg*’s. These observations suggest that utilizing
the self-generated data (like in Algorithm |3)) can help mitigate the OOD issue as discussed
above: the data from TFy_ can get closer to the target samples from Alg* during the training

and thus the pre-training data is closer to the testing data.

C.2.2 Pre-training Implementation

During pre-training, we use the AdamW optimizer with a learning rate of 10~* and a weight
decay of 10~%. The dropout rate is set to 0.05. For implementing Algorithm [3] in our exper-
iments, we set the total iterations M = 130 with an early training phase of My = 50. The
number of training sequences per iteration is n = 1500 x 64, which are randomly split into 1500
batches with a batch size of 64. The transformer’s parameter 6 is optimized to minimize the
averaged loss of each batch. As suggested in Proposition [2] we select the cross-entropy loss for
the multi-armed bandits, squared loss for the dynamic pricing, and absolute loss for the linear
bandits and newsvendor problem. Further, we select the squared loss for the queuing control

and the revenue management.

To reduce computation costs from sampling histories during the early training phase, instead of
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sampling a new dataset D,, in each iteration (as described in Algorithm , we initially sample
105 data samples before the pre-training phase as an approximation of P, 3. Each sample in

the batch is uniformly sampled from these 10° data samples.

To reduce transformer inference costs during the mixed training phase, we reset the number
of training sequences to n = 15 x 64 per iteration and set the ratio x = 1/3, meaning 10 x 64
samples are from P, e, and 5 x 64 samples are from P, ; (sampled from the pool of pre-
generated 10° samples as before). Consequently, we adjust the number of batches from 1500 to

50 to fit the smaller size of training samples, keeping the batch size at 64.

Decision Function f in Pre-training. To mitigate the OOD issue mentioned in Section
, we aim for the decision function f to approximate Alg* or TF;. However, due to the high

computation cost of Alg* and the unavailability of TF;, we set

f(Hy) = a; + ¢ (C.2)

where €, is random noise simulating the suboptimality of Alg* or TF, and independent of H;.
As we expect such suboptimality to decrease across t, we also reduce the influence of €, across

t. Thus, in our experiments, €, is defined as:

2
o 0 w.p. max{0,1 — 75},
t

Unif[—1,1] w.p. min{1, \/%},

where for discrete action spaces we replace Unif[—1, 1] by Unif{—2, —1, 1,2} and for continuous
discrete action spaces with dimension d > 1 we apply the uniform distribution of the set

[—1,—1]%. We further project f(H,) into A when f(H,) ¢ A.

Curriculum. Inspired by [GTLV22] in the regression task, we apply curriculum training to
potentially speed up Algorithm[3] This technique uses “simple” task data initially and gradually
increases task complexity during the training. Specifically, we train the transformer on samples

with a smaller horizon T = 20 (generated by truncating samples from P, or P, 15, ) at the
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beginning and gradually increase the sample horizon to the target T = 100. We apply this
curriculum in both the early training phase (m < 50) and the mixed training phase (m > 50).
The last 30 iterations focus on training with 7' = 100 using non-truncated samples from P, 15,
to let the transformer fit more on the non-truncated samples. The exact setting of T is as

follows: )

20 x (m%10+1) whenm =1,...,50,

~e
I

20 x (m%10 —4) when m = 51,...,100,

100 when m = 100, ..., 130.

\

C.2.3 More Experiments on Pre-training

In this section, we present ablation studies to explore the impact of two key factors: the decision
function f used for generating pre-training data, and the mix ratio & applied in Algorithm .
Figure summarizes the results, where we pre-train and test models in multi-armed bandits

problems defined in Appendix [C.4.2]

e Effect of f: We evaluate the influence of different decision functions f on the performance
of OMGPT in a multi-armed bandit task. Three types of decision functions are considered:
the one we designed, as defined in , the UCB algorithm for multi-armed bandits
[LS20], and a 50/50 mixture of both. The training dynamics for each function are shown
in Figure [C.4al We observe that all three approaches achieve similar final performance
once training ends. While it is possible that some decision functions could lead to faster
convergence or better performance after pre-training, we did not encounter any training

failures due to the choice of f.

e Effect of x: We also conduct an experiment to numerically investigate the impact of
different mix ratios k. The results are presented in Figure [C.4b] We test four values of x
(10%, 33%, 66%, 90%), keeping all other hyperparameters constant for a multi-armed ban-
dit task. The findings show that OMGPT’s performance remains robust across different

values of k, except when k = 0.9, where performance declines. This supports our earlier
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discussion in Algorithm [3] highlighting the importance of mixing a non-trivial amount of

self-generated data (i.e., non-trivial value for 1 — k).

180 : - 180
UCB ratio in K
—— 100% — 10%
160 160
— 50% — 33%
140 — 0% 140 — 66%
---- mixed start 90%
T 120 ] mixed start
= =1 120
g g
1 100 100
& e
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(a) Impact of f (b) Impact of

Figure C.4: (a) The effect of f (decision function for generating the pre-training data), where
we mix the UCB algorithm [LS20] and decision function (C.2) with different ratios to create
the pre-training data. (b) The effect of k (ratio of samples generated by f in the mixed training
phase).

C.3 Proofs for Section 4.5

C.3.1 Proofs for Subsection 4.5.1]
Proof of Proposition

Proof. The proof can be done with the definition of Alg*. Specifically, note

T T T
E | Uf(H)ap) | =E | EI(f(H),ap)|H]| >E | Y E[l(Alg"(H,), a;)|Hi]
t=1 t=1 t=1
for any f € F, we finish the proof. ]

Proof of Corollary
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Proof. Since Alg* is a function of any possible history H;, we omit the subscrpit ¢ for the

optimal actions for notation simplicity, and use a("* as the optimal action of ~.

e Posterior sampling under the cross-entropy loss. We assume that A = {ay,...,a,}
and the output of Alg* is a probability vector (p1, ..., ps) such that Z;.le p; = 1, meaning

the probability of choosing each action. Then

Alg*(H) = argmin /—log (Pan+) P(H|vy)dP, = argmin Z —log pj))/{ " }]P’(H]'y)dp
vy v alV*=j

J
Zj:lpjzl Z] 1pj=1 7j=1

By nothing [ ( 3 P(H |y)dP, is the probability such that action j is the optimal ac-

~v: a(M*=j
tion conditional on H (i.e., the posterior distribution of the optimal action), we are indeed
minimizing the cross-entropy of the posterior distribution of the optimal action relative
to the decision variables p;. Thus, the optimal solution p} = [ {7 a@=j} P(H|v)dP, for

each j and Alg*(H;) behaves as the posterior sampling.

e Posterior averaging under the squared loss. By definition,

Mg’ (H) = axgmin | [la — o |[BR(H )P,
acA o

[, a"B(H|y)dP,
[, P(H|7)dP,

—E,[a™"|H]

where the second line is by the first order condition.

e Posterior median under the absolute loss. By definition,

Alg*(H —argr;nn/|a—a “|P(H |)dP
ac

Then by zero-subgradient condition, we can conclude that Alg*(H) satisfies

P(H|y)dP, = / B(H|y)dP

{r: mgr(H)2a*}

/{7: Mg (H)<a(M*}
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Divide both sides of this equation by f7 P(H|vy)dP,, we can conclude that

aP (4|H) = / aP (+|H)

{3 Mg ()20}

where P (y|H;) is the posterior distribution of 7. Hence Alg*(H) is the posterior median.

C.3.2 Proof of Proposition

To prove Proposition [2] we assume the following mild conditions. First, for all these problems,
the noise random variable ¢; has mean 0, isi.i.d. across time, and is independent of the action a;.
Second, for the linear bandits problem, the L., norm of the unknown parameter w is bounded
by D. Third, for the dynamic pricing problem, we assume the demand function is differentiable
with respect to the action coordinate, and both the absolute value of the first- and second-order

derivatives is bounded by D. Further details regarding the problem formulations can be found

in Appendix [C.4.2]

Proof. Since both the regret Regret(f;~) and the prediction error L(f;~) are the sums of
single-step regret and prediction error over the horizon, it is sufficient to prove the single-step
surrogate property of the loss function. Therefore, in the following proof, we will focus on

proving the single-step surrogate property and omit the subscript ¢ for simplicity.

e For the multi-arm bandits problem, without loss of generality, we assume A = {ay,...,a,}
and the optimal arm is a;. For 1 < ¢ < J, let p; be the mean of the reward distribution
for arm j, and define A; = p; — p; as the reward gap for arm j. Define Ay =
max {Aq, -+, Ay} as the maximum action gap. Under cross-entropy loss, we denote the

output distribution of decision function f is (pi,...,ps). Then the single-step regret can
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be bounded by:

E [T (Xa CL*) (X f( ZPJILLJ Zp]A < Amax(l pl) < Amax log(pl)

where the last step is by the inequality 1 — x < —log(z) for 0 < < 1. Then by the

definition of cross-entropy loss, we finish the proof.
e For the dynamic pricing problem, we have
r(X,a") —r(X, f(H)) = Var(X,a")(a" = f(H)) + Vor(X,a)| f(H) —a"[* < D|f(H) —a"[*

where @ is in the line of f(H) and a*. Here, the first step is by the Taylor expansion, and
the second step is by the first order condition of a* and the assumption. Then by noting

|f(H) — a*|? is the square loss, we finish the proof.
e For the linear bandits problem, we have
r(X,a") = r(X, f(H)) =w'a" —w' f(H) < [[wl|ll|lf(H) — a*[ly < D||f(H) — a*[]1,

where the second step is by the Holder’s inequality and the last step is by the assumption.

Then by noting || f(H) — a*||; is the absolute loss, we finish the proof.

e For the newsvendor problem, we have

r(X,a") —r(X, f(H)) < max {h, [} Ex [Ja” — d(X) — f(H) + d(X)]]

= max {h,l}|a" — f(H)|

where the first line is because the (random) reward function is max {h,{}-Lipschitz in

a — d(X). Then by noting |f(H) — a*| is the absolute loss, we finish the proof.
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C.3.3 Proof of Proposition

Proof. For the linear bandits problem, we consider the following example. Suppose we have
two environments, 7, 72, each with standard normal distributed noise and unknown parameters
w,, = (1,0) and w,, = (0, 1), respectively. Let the action space be A = [—1,1] x [-1,1]. The
optimal actions for the two environments are aV* = (1,0), a2* = (0,1). We assume the

prior distribution P, is given by P,(v1) = Py (y2) = %
Then if Alg* is the posterior averaging, we have

where the posterior distribution P, (v;|H,) is given by

Z?’:l HtT_:11 P, (O-la-) ’ ’

Py (vilHy) =

We now use induction to show P, (v;|H,;) = % for any ¢ > 1 and i = 1,2, where H; can be
generated by either v, or 5. This results in a; = %a('”)* + %a(W)* = (%, %), which does not

change with respect to ¢ and will cause regret linear in 7.

Step 1. Since P, (vi|Ho) = Py (i) = 1, we have a; = 2a* + 1a02* = (4,1), and the

conclusion holds for ¢ = 1.

Step 2. Now assume the conclusion holds for ¢, i.e., P, (v;|H) = %, and a; = (%, %) Since

1 2
wl a; = wr a; = 1, we have P, (O,]a;) = —= exp _(03) for i = 1,2. Observe that
2 Vi \/ﬂ

7t = Py 2

Py(vilHep1) = = i (Ol aesr) Py (i Hy) -,
Zi/:1 Pw (Ot—irl |at+1)7)7 (%” |Ht>

which implies a;,1 = (%, %), and the conclusion holds for ¢ + 1.
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Thus, the conclusion holds for all ¢ > 1. Then the regret is

T
1
Regret(Alg™; ;) = E X, X, =T
egret(Alg"; vi) ;7" tay) — (X, ar) 5

fori=1,2.

For the dynamic pricing problem, we can construct a similar example. Suppose we have
two environments without context X;, denoted by 71,72. The demands O, of them are set to

be Oy =2—a;+ ¢ and O; = % — = - a; + € respectively, where ¢; RS- N(0,1) and a; is the price.

1
5

Accordingly, the optimal actions are then a"* =1 and a(?)* = 2.

Then if Alg* is the posterior averaging, we have
a; = Alg"(Hy) = Py (mi|H,) - a7 + Py (2| Hy) - a0,

where the posterior distribution P, (v;|H;) is given by

[1,—, P.(O-|as)
Z' 1Ht | 1 Py (OT|ar)7

Py (vilHt) = i=1,2.

with P, (O;|a,) as the normal distribution N (2 — a;,1) and P.,(O,|a,) as N (%

=, 1).

Observe that a; = %a(“)* + %am)* = % satisfies 2 — a1 = 4_5“1. Following a similar analysis

as in the linear bandits example, we can conclude that P, (v;|H;) = % for any t and 7 = 1, 2,

where H; can be generated by either v; or ~,. Therefore, a; = % for all £ > 1 and the regret is

T
. . 1 1
Regret(Alg";vi) = E | > r(X;,a7) —r(Xp,ar) | = AL = b+ 56T Ty = 2}

t=1

fori=1,2.
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C.3.4 Proof and Discussions of Theorem 4.2

We first introduce a few key lemmas for proving Theorem We denote Py(-) = Py(-|Hy), i.e.,
the posterior distribution of the (testing) environment at time ¢, which generates H; through
(£.12), conditional on the history H;. And let E,[] denote the corresponding conditional ex-
pectation. Then under Assumption [T} 2] B] we have the following lemmas. Their proofs can be

found in the end of this subsection.

Lemma 6 (Concentration Inequality). Recall Ay = Anin (Ztr=1 A(XT,aT)) s the minimum
eigenvalue of the matriz 23:1 A(X,,a,), and v € T is the environment to generate Oy and X,

through (4.1). Then givent >0,y € I' and 1 > § > 0, with probability 1 — 6,

‘ t
S Py(O:]Xra7) \ ]

| y\Yr|Ar, Ur > - A2 _AC 1] 1/5
2 og <P7'<OT|XT,CLT)) = 2;”7 VA, an -2 log(1/0)

1
My = v'||3 — 4C,2 log(1/6),

v

for any possible a_s € A.

This lemma provides a concentration inequality for the log-likelihood ratio between the true
environment and any other environment, in terms of the “exploration intensity” A; and the
distance between the two environments. The proof is based on the standard martingale con-

centration inequality, along with some algebraic manipulations.

Lemma 7. For any v1,7%2,7 € ' such that v, ++',v% +~" € I, we have

log <]P)71+7’(O‘X7 a)) —log (Pszrv’(O‘Xv a)

<C / / _
T N )‘_ el (17l + Il = 92l2)

forany X e X, ae A and O € O.

This lemma bounds the difference in log-likelihood changes between two environments, v; and
~2, when both are shifted by +’. On the one hand, this difference is affected by the shift ~/,

where a smaller shift results in a smaller difference. On the other hand, it is also influenced by
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the distance between the two environments. The proof is based on the smoothness assumed in

Assumption [2]

C.3.4.1 Proof of Theorem [4.2

Proof. Recall E,[-] = E./[-|H,] is the expectation with respect to the posterior distribution over
the possible (testing) environment + conditional on H;. The regret can be decomposed as the

following

Regret(TFy;7) = ) E[r(Xy, Alg"(Hy)) — r(Xe, TRy (Hy))] + Y E[r(Xe,a7) — r( X, Alg"(H,))]

t=1 t=1
T
< AT + 3 Elr(X, af) — r(X;, Alg" ()

t=1
T
EZGEMW—Vﬁq

t=to

< Apgpioit I + 7Eftg — 1]+ E

= AExploitj—' + TE[tO - 1]

+E

T T
> G 17 = VI Ltz | + D G [l - ’V'”gﬂ{uw'naxt}]l
t=to t=to

T

D

t=to

S AExploitjﬂ' + T’E[tﬂ - 1] + CT‘]E +E

T
Z CrEy[||y — /y/”%]]'{’y—’y’H%Zet}]]

t=to

where in the last two lines we use a sequence {¢};_, (which is defined in Theorem to
decompose ||y —7'[13 into [|[v — V3L (1—yz<ey and |7 = Y31 —y 22} at each t > t;. The
first term is automatically bounded by ¢, Thanks to the concentration inequality in Lemma [6]
for the second term, the tail event ||y —~/||3 > € will have a probability exponentially decreasing
in € > ¢, which is shown in Lemma |8 below. And the second term, as its expectation, can be

accordingly bounded by Corollary [5

Lemma 8. Conditional ont > tq, for e > ¢ and 1 > 6 > 0, with probability 1 — 0,

K

AR>S < Tt
Pt(H/y 7”2—6)— Kt—l—C't(e,(S)
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where
1
Ci(€,0) = exp <—4002 log(K;/d) + 1_6)\t_16) :
and K, is defined in Theorem and is an upper bound of the covering number of I' (with a

radius as a function of €, and \y_1 and Ly norm).

Corollary 5. Conditional on t > ty, for 1 >4 > 0,

16 _
]E []Et |:H"y — fy,H%]l{H’Y—’Y'”ngt}]} S ]E [m lOg (2Kt(Kt/5)4Co,2)) + 4’}/26,

where the expectation on the right-hand-side is with respect to the potential randomness in \;_q

and K, is defined in Theorem [{.3

By combining all together and choosing § = 1/T', we have

T

>

t=to

" og (2K,T
Z g ( )

t—1

Regret(TFy; v) < Apxpioit ] +7E[to—1]+C,E +16C,.(4C,,+1)E +4C,72.

t=to

Discussions on Technique Contributions The key challenge in the proof is to uniformly
upper bound the likelihood ratio % for all 4/ € T". However, the commonly used covering
number technique from the machine learning literature, which creates covering balls to discretize
and approximate continuous spaces by their centers, encounters several issues when directly

applied here. Thus, we developed new techniques for the proof of Theorem [.2] Specifically:

e Dependence of the covering set on v: In traditional covering techniques, the covering
set (or sets, as in Dudley’s theorem, which will be discussed later) is constructed inde-
pendently of . In this case, 7/ and 7 could fall within the same ball, and approximating

both with the same center could yield an upper bound for z;tt(&l)) of 1, which is meaningless.

The failure arises because traditional covering techniques focus on a single point (e.g., v),
while we are interested in two points, 7' and ~. In our proof, we construct covering sets

that depend on the underlying environment =, allowing us to isolate it from other balls.
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e Larger ball for ~: In traditional covering techniques, each ball has the same radius,
and this radius is used to uniformly bound the approximation error across all balls when
using their centers to approximate any point within them. However, in our case, due to
the ~-dependent covering set, the ball centered at v may overlap with other balls (e.g.,
B(#¥,€)), which could lead to large approximation errors. This is because points in B(7, €)

could be arbitrarily close to v, resulting in a likelihood ratio of 1, which could be far from

(%)
pe(y

the approximation . To address this, we adjust the boundaries of ¥’s ball, ensuring

~

that points from other balls are sufficiently distant from ~.

e Our “chaining trick” differs from Dudley’s theorem: Dudley’s theorem (also

known as chaining, see Lemma 27.4 of [SSBD14]) is typically used to sharpen bounds,

pt(v)
()’

such as the uniform bound of by constructing a sequence of covering sets with
decreasing radii. However, as mentioned earlier, Dudley’s covering sets are independent
of v, whereas our approach requires the dependence. Our strategy is to reformulate the
desired result as E, ||y — +/[|3] = [, Pe(lly=7lI3 > €)de and construct a sequence of cov-

ering sets related to e. This technique is inspired by [KZ14], which bounds the estimation

error of an estimated optimal action rather than the likelihood ratio as we do.

C.3.4.2 Proof of Example

Proof. We first assume there exists constants 7, X, a, @ > 0 such that I' = {y € R>|||v|» < 7]},
X = {X € RY| X2 < X]}, A = [a,a], and P, is a uniform distribution in I'. We further
assume the minimum eigenvalue of the context’s covariance matrix is lower bounded by A > 0.
Then we verify the assumptions in Theorem one by one. For notation simplicity, we denote

Z=(X,a-X)7.

Assumption [I This is automatically satisfied by the above assumptions.
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Assumption . We define A(X,a) = 1ZZ". Then we have

oy (BOIX, @)\ _—(Di—a X = 3TX )+ (D= o X = BTX - a)?
S\P,(0X.a)) ~ 2

=y =Y laxa — (v —=7)"Z - &,
where v = (a/, 8'). Then

e Since ¢; has 0 mean and is independent from Z, we have

KL(P, (-|X, a) [Py (-|X, @) = Ee, [l = vV Axay = (0 =70 Z &) = Iy = 7 A xa)

e For the term (y—9')" Z ¢, it follows a Normal distribution with variance ((y —+')"Z )2 =

v = Y1152 = 2ll7 = V' lA(x.a)- Thus, we have C,2 = V2.

o logP,(0|X,a) = _(Dt_O‘IT);_ﬁ/TX'a)Q which is concave in 4" € I'. Further, we have

_ 4
IV3 10g Py (O] X, a)ll; = 122"l = || Z]l; < (1 +@*)°X

due to the boundedness assumptions on X and a. Thus, we can assign Cr = (1+a?)?X !

Assumption . For notation simplicity, we denote Alg*(H;) = a;

e By assumptions,

E [r(X;, Alg™(H,)) — (X, TF,(Hy )| Hy]
=E [a; ("X, + BT X, - a)) — (@] + Ay) (o' Xy + BT X, - (@) + Ay)|Hy)
=E [-Aia' X, + 28" X, - a}) — BT X, A7 | H |

=—E [8' X;A}|H,]
Y A~ (2

SXVC'
VT
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where the second last line is because A; is zero mean and is independent of Hy,a; and

v, and the last line is because of the boundedness assumptions. Thus, we can assign

X75C?

ZxExploit = VT °

e By the proof of Theorem 2 in [BK21] and Jensen’s inequality, there exists a constant

Co > 0, which depends on the boundedness assumptions, such that

E[r(X,a;) — r(X,, Alg"(H,))|H] = =8 X,E[(a — a;)* | H{]

< CoVXEy(lly =7 ll51H4]

where the last two lines are because of the boundedness assumption. Thus, we can assign

621:36bﬁja.

erefore, all assumptions in Theorem [4.2] are satisfied. We now need to compute E[ty +
Therefore, all ptions in Th I tisfied. Wi d to compute Eff

t
S 5]+ We first bound the value of St _(a; —a,1)?% where a;, = # is the mean of

actions/prices. This will later be shown to serve as a lower bound for A; with high probability.

Since a, = Alg*(H,) + A,, we have

t t

D (ar—a,0)" =) (Mg (H,) + Ay — ary)°

T=2 T=2

t
= A2+ 2A (Alg (H,) — G,—1) + (Alg"(H,) — Gr_1)°

T=2

By assumptions, the sequence {A,(Alg*(H,) — a,_1)}’_, is a martingale difference sequence
with respect to F,_1 = (Alg"(Hy),Aq, ..., Alg"(H,—1),A;_1,A1g"(H,)). Thus, by Theorem
2.19 in [Wail9] and the union bound, we have that, with probability 1—1/7", forallt = 2,..., T,

¢

. ~ 4(a+ C)log TVt
E A (Alg"(H;) —ar—q1) > — ( T)1/4 .
T=2
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Thus, with probability 1 — 1/7", we have for all t =2,...,T,

t

t
> (ar—a,9)* > > A2+ 2A (Mg (H,) — Gr)

T=2 T=2
t  8a+0) log T/t
20%VT A '
And when ¢ > 512(a + C)?C*log® TV/T, we have ' _,(a, — a,_1)? > QCQt\/T (H?ll/igT\[ >

402tﬁ‘ Thus, with probability 1 — 1/T, we have t, < 512(a + C)?>C*log® TV/T.

Further, by Lemma 1 of [BK21] and the analysis in Example 1 of [KZ14], for each ¢, there exist
constants C, Cy > 0, related to the boundedness of the parameters, such that with probability
at least 1 — dexp (—C4 St (ar — ar-1)?),

t

)\t 2 02 Z(ar - C_1‘1'71)2'

T=2

Thus, by the union bound, for all ¢+ > max{512(a + C)>C*log> TV/T, W}, we have
A = Q(t/\/T) for all t = 1,...,T with probability at least 1 — % With Agypioit = O(l/\/T),

we can complete the result by Theorem [4.2] O

C.3.4.3 Proof of Theorem [4.3

Proof. For both of the two regret bounds, we first decompose the regret:

T
Regret(TF;;v) = ZE[T(Xt,Alg*(Ht)) — (X, TFy(Hy))

t=1

r(Xi, ar) — r( Xy, Alg*(Hy))]

IIM’%

T
< AExploitcr + CT'E Z Z P(%‘Ht)n% - 7”% )

t=1 iy

where the last line is by Assumption

Now we apply the union bound and Lemma [6] to 4; for i = 1,...,n and for t = 1,...,T: with



(C.3. Proofs for Section 221

probability 1 — 1/T, foralli=1,...,n,and t =1,...,T

=
P(vilHe) < P(y|H;) - exp <—§ Z |vi — 7||2A(XT’CLT) +4C,2 10g(nT2)> ,
T=1

Since P(vi|H;) + P(y|H:) < 1, we have with probability 1 — 1/T, for all ¢ = 1,...,n, and
t=1,....T

1

P(rilH:) < p—— ; :
1 +exp (5 > i — 7||A(X77a7) —4C,2 log(nT2)>

For the first regret bound, recall t; = min{t = 2,..., 7| 37" H”Yi_'YHQA(XT,aT) > 16C,2 log(nT?)},

and thus for:=1,...,n,
T T
E Y P(ylH)|v - vllgl <FY Elti—10+ > E > PlulH)lv - WIISI
=1 ViFEY ViFEY t=t;
<4y’ +7> Eft; -1+ ) E S Iy = 915
> &Y i L i1 )
N vy =t L+ exp (Z > |l — 7||A(XT,aT)>
o~ A=l
_9 _ i 2
<47 +7Y Elti-U+ ) E|Y) ]
ViFY viFy L=t Zrzl i 7HA(Xnar)

where the second inequality is because ||y — ;|| is bounded by 452, and the last inequality is

because z < exp(z) + 1 for # > 0. Thus, we can conclude the result.

Now for the second regret bound, we think about two situations for each : = 1,...,n and

t:to,...,T:

o If Ny 1|7 — 7|3 < 16C,2 log(nT?), then since P(v;|H;) < 1, we have

16C,2 log(nT?)

P(vilHe) v — Il < A .
t—1
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o If \i_1]|vs — 7|3 > 16C,2 log(nT?). Since exp(z) + 1 > x for z > 0, we have

1
PilH) v — 3 < v —ylE < —.
=l < e ) RS
Thus, we can conclude that
d 9 9 T 16C,2 log(nT?) + 4
E Z Z PvilHo)llvi — 3| < 45" + 7E[to — 1] + nE Z N

t=1 vi#y t=to

and finish the second regret bound.

C.3.4.4 Proof of Example

Proof. We first assume there exists constants a,a > 0 such that A = [a,a] and the potential

11

5,7 € A, and P, is a uniform distribution in I'. Then by a similar analysis as in

optimal actions

the proof of Example [I], all the assumptions in Theorem [4.3] can be verified, where Agypoit = 0,
1 a

Coo=+2,v7=15,7= i, and A(X,a) =

aa2

Without loss of generality, we assume v =7, = (1,—1). Then, we have

72 — ’YHQA(X@) =a*>d’

for all a. Thus, we have t; < %, and for all t =2,...,T,

472 — 12 __ 4
—1 >~ .
S e =R e, = Da?
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Therefore, by (4.16)), we have

T

, , Al =113
Regret(TF; v) < 40,7 + AgypioiT + 7C, Z Elt; — 1]+ C, Z E Z =1 22
Ny iy t=t; Z‘r:l Hr)/l - 7|’A(X7,af)
16v2C, rlog (2T?) a
472 —
<AY T a Z (t — 1 a2
t=2
= O(logT)
which completes the proof. O]

C.3.4.5 Proofs of Lemmas

Proof for Lemma

Proof. By the Bernstein-type concentration bound for a martingale difference sequence (The-
orem 2.19 in [Wail9]), under Assumption [2| we have for any o/ € I', ¢ > 0 and 1 > § > 0 with

probability 1 — 6,

O ‘XT 0/7-) P'Y(OT‘XT aT) t
’ — ’ > —, | 20,2 —~||? log(1
Zlog ( o|XT,aT>> E{k’g (Pwofrxﬂaf) > =20 2 7 = Vs 08(1/9),

=1

L(0:1X,,a,) : t
ZE[log( e )]:ZKL (B () 2 3210 = 7 P

We think about two situations:
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o 10/ 17 =7 ) 2 21/2C52 10g(1/), then

+(0:1 X7, a ! 1 o
Ty YT /112 /12
Zlog it ava) EDDILEL(-USREL) LA 0N
1 : 1112
= B Z v = HA(X,,aT)
=1

t
1
> 531 = VM) — ACo2 log(1/0).
T=1

o If \/Zizl 17 = Y A(x, a0y < 21/2C52log(1/0), then

(O:1 X7, a d
Zlog( Oey) > D= s~ 4Ceslos(1 9

—_

t
5 Z 17 =Y [A(x, .ap) — 4Co2 10g(1/6).

]

Thus we get the first inequality. Since S°0_, ||y _7/||2A(X7—,a7-) =(v=7)" (L, AXrar) (v—

) > Melly — 7'||3, we can get the second inequality. O

Proof for Lemma

Proof.

log Py (0] X, a) ~log Py (O] X, a)
P, (0]X, a) P.,(0]X, a)

<|V,log(P,, (0| X, a)) ™y — V,10g(Py,+v (0| X, a))"

=|7""V210g(P5(0| X, a))(m1 =72 — )

<Crllyll2(11ll2 + 1y = 2ll2)

where the first line is by the concavity under Assumption [2] the second line is by the mean value

theorem for vector value functions (see Section 12.11 of [Apo74]) with ¥ in the line between 7,
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and 79 4+ 7/, and the last line is by the definition of Cr in Assumption [2] ]

Proof of Lemma

Proof. With little abusing of notations, we use p;(7’) as the density function of the posterior
distribution of possible (testing) environment +' given H;. Recall H; is generated through (4.12))

with environment ~.

nmv—w@zaz/' (7).

=~ l13>e

Let T' = {y1,..., 7} as the largest packing set of I including v with || - || norm and a radius
¢’ (i.e., all other packing sets including v have a size no larger than k). The choice of € will be

specified later. Without loss of generality, we suppose 7, = 7.

Then I is also a covering set of I' (with the same norm and radius). The proof follows a
standard analysis based on definitions: if 3y € I' such that ||y — |2 > ¢ foralli =1,... k,
then we can add 7/ into I’ to construct a new packing set containing ~, which contradicts T is

the largest.

Thus by the definition of the covering set, for all 4/ € I, there exists 7; € I such that 7/ €

B(vi,€), where B(v;, €') ={y € T : |7 — vll2 < €}, i.e., the ball with center v; and radius €.

Since the interested set {7/ € T : ||y — /|3 > ¢} C T, we can find I = {(V,..., 7} C T which

is the smallest subset of I" such that {7/ € T': ||y —~||3 > €} C Uflzl B(v., €).

Now we apply the union bound and Lemma [6] to the density ratios of 4/,i = 1,..., k. Recall

under Assumption (1} the prior is a uniform distribution. Then with probability 1 — 9,

mw_ﬁcww&w>

1
N <exp (| —5Aalvi =7l +4Cs 1o k’5) Vi=1,... K.
) = (Fiom o) <o (-3l =7l + 10 osti o)

Then we can bound the interested probability by applying the above result: with probability
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1-,

kl
[ war<y | py)dY
lv—'I3>e i1 Y I =l2<¢

k/

= Z/ PV, +)dy
Illa<e

1=

_ Zpt(%) / pt(7+7’)-pt<%+7>- pe(v) o
IV ll2<¢€

p:(7) p(v) ey +7)

/

! _ _ / 6/ M ! !
gggwmaf@ Dy =+l + DQW)AN%JM7+VMV

k/

1
g}:mpCmpmgkmy+aﬁﬁ—DWV-%M+fU—§Nﬂw_%%)/i|| !
r\/’yg<€

i=1
where the second last step is by Lemma [7| with ||7/||2 < €.

A¢—1 min{\/e,1}

= Sor(i—D 1o Ve have

Now by choosing ¢ =

/ Ai—1min{\/€,1} _ min{ /¢,1}
< - 2

¢ € 2X¢—1

o 2Cre(t—1) < ’\’Zl v — il for all i = 1,...,k". To prove this, we first note that for all
i=1,.. K

Iy =il > Ve—€ > €.

Otherwise, if there exists v, such that ||y — v/l < /e — €, then B(y,,¢)({7 € T :
|7v—7'||3 > €} = 0 and we can drop 7/ in T but still keep the correspondingly constructed
union of balls covering {7 € T : ||y — 7/||3 > €}, which contradicts the fact that I is the

smallest subset. Thus, we have

Xt il =20k (- 1) = 22 (e — ) — 20kt - 1)
>i Ai—1vVe — (8Cp(t — 1) + 21 )€')
i A_1ve — N1 min{ /e, 1})
> 0.
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Thus, with probability 1 — ¢

/ pt(’/)d’/
ly—>'l13>e

k.l

<D _exp (4002 log(k'/0) + 2Cre'(t — 1)|ly — %Ilz——& 1y = %Hz)/ ” pe(Y)dy
= |l2 <€

=1
k/

/ 1 ! / !
<> ew (41080 = 7e-lly = 113) [ ntn

= |l2<¢€

<k exp <4C’02 log(k/§) — 1—6/\t 16) /” H pe(7)dy
Y= l3<€

where the last inequality is because k¥’ < k and ||y — 7}z > Ve — € with € < %g

In the following, we bound k which is the size of the constructed packing set I'. We use Np(é)
and N¢(€) to denote the packing number and covering number of I' with || - || norm and radius

€ respectively.

ol
IA
5
RGN

IN
Z

I
z
/\w

tlmm{\/_ 1}
16Cr(t — 1) + 4Ny

At 1m1n{\/_ 1}
16CT(t — 1) + 4N+

| /\

< ] 329Vd(Cr(t — 1) + A1) ‘
e Ae—1 min{/e;, 1}

where the first line is from the definition of the packing number, the second line comes from the
relationship between covering and packing numbers (Lemma 4.2.8 in [Verl8]), the third line is
from the definition of €, the fourth line is by ¢ < ¢, and the last line is from Example 27.1 in

[SSBD14] for upper bounds of covering numbers in Euclidean (sub)space.

Recall the notations

329/d(C; 1)+ A ‘
K, =max <1, 7V F(,t — D+ ,
Ar—1 min{\/e;, 1}
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Cile,6) = exp (—4002 log(K.,/6) + %GA) .

Then we have with probability 1 — 4,

K,
pe(7)dy < / pe(7)dy.
/'vv’||§>6 Ci(€,0) Jjy—vr3<e

Since
/ pe(y)dy + / pe(¥)dy =1,
lv—=~"113>€ lv—"l13<e
by rearranging the term we can conclude the result. O]

Proof of Corollary

Proof. For any given € > ¢; and 1 > § > 0, we denote the event £ = {Pt(Hv -5 >€) < #2(65)},

which holds with probability 1 — § by Lemma |8, and its complementary event as €. Then

E B Iy =3V vizze) | =B | [ Pl =713 2 e)de}

L 6261}

=/ [ Plv-Bz 0+ ﬂgﬂde]
L EZEt

_ Kt /
<E ————de| + od
- LS e>es Kt + Ct(Ev 5) €:| 0<e<4~2 ‘
- Kt ,
_E B ge] a8,
L/ e>et Kt + Ct(€7 5) 6] 7

where the third line is because Py (||y—~'||2 > €) < 1 and P;(||[y—+'||3 > €) = 0 for € > 4%, with
the probability of £ being 6. The expectation in the last line is with respect to the potential

randomness in A\;_i.

We now bound the first term. Note that for any C7,Cs > 0, we have

e _ Log(Ch + exp(Caer)).
Cy

>¢, C1 + exp(Cae) Cy @

/ 4 _ log(Ch + exp(Cae;))

By plugging Ci(¢, ), we have E [Lzet #@de} <E [% log <Kt(%)4cgz + exp()‘tf—é“)ﬂ _
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For ¢, = % log <32;“/g(cf\it_zl)+’\t‘l)), we have for all ¢ > ¢,

)\t—let _ dlog 32’7\/&(0{*@ - ].) + )\t—l)
16 At—1

329V d(Cr(t — 1) + A1)
< dlog ( A1 min{ /e, 1} )

= log K,

< log (Kt(Kt/é)wg)

where the last inequality is because K; > 1 and § < 1. Then we have

Kt 16 4C
< 2
B |: €>et Kt + Ct((f, 5)d€:| - E |:>\t—1 IOg <2Kt(Kt/5) ))

C.4 Appendix for Numerical Experiments

C.4.1 More Numerical Experiments
C.4.1.1 Matchings of TF, and Alg"

Here we provide more results regarding the matching of TF, and Alg* across different tasks:
Figure provides more examples comparing decisions made by TF, and Alg* at sample path

levels, while Figure compares them at population levels.

We plot the actions generated from TF; and Alg* on the same environment with the same
contexts in Figure across multi-armed bandits, dynamic pricing and newsvendor tasks.
Each row has a different number of possible environments with positive probability by P, (See
Appendix for the definition of such a finite pool of environments). The population-

level differences {TF;(H,;) — Alg*(H,)}/_, are presented in Figure We observe that across
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Figure C.5: Examples to compare the actions from the transformer TF; and the optimal decision
function Alg*.

different tasks: (1) TF; nearly matches Alg*, but (2) the matchings are not perfect. The actions
from TF; and Alg® are not exactly the same, and their differences increase as the underlying

problems become more complex, as seen by comparing the first and second rows in Figure [C.6]

Setup. For Figure [C.5], each subfigure is based on a sampled environment with a sampled
sequence of contexts {X;}3°, from the corresponding task. The data generation process follows
the description detailed in Appendix [C.4.2 Both the pre-training and testing samples are
drawn from P,, ie., from these fixed 16/100 environments. The remaining setups for these

tasks follow the methods provided in Appendix [C.4.2]

For each task shown in Figure we generate 100 sequences of {TF;(H,;) — Alg*(H;)}%,
i.e., each subfigure is based on 10000 samples of TF;(H;) — Alg*(H;). For dynamic pricing and

newsvendor, actions are scalars and thus TF,(H,) — Alg*(H,) is also a scalar; For multi-armed



C.4. Appendix for Numerical Experiments 231

3000 @ Mean i Mean | | m Mean

| 2500 0.6
25001 2500

1 2000
2000- 2000

0.0

1500-

Frequency
Frequency
—
&
>
3
Frequency
=
&
S
3

TFs—Alg* (dim 2)

1000 1000+ 1000

4 .
500 500+ 500 [
-06
. Mean
0 0 0

0.0 0.5 1.0 15 2.0 25 -15 -1.0 -05 0.0 0.5 1.0 -4 -2 0 2 4 -04 -03 -0.2 -0.1 00 0.1 0.2
TFs—Alg" TFs—Alg™ TFg—Alg* TFs—Alg* (dim 1)

(a) Multi-armed ban- (b) Dynamic pricing, 4 (c¢) Newsvendor, 4 envi- (d) Linear bandits, 4 en-
dits, 4 environments environments ronments vironments

rrrrrrrr M e M M :
2500- ] ean 1750 ean 1400 ean 08 Mean

1500 1200 06
2000 0.4
1250 1000

1500

1000-

500

Frequency
Frequency
=
v w4 ©
S & o
s o &
Frequency
N B o
S 5 3 3B
S &8 & &
TFs—Alg" (dim 2)
S 5 o
> N o

N
o
=)

- -0.6
()

-4 -2 0 2 4 -2 -1 0 1 -4 -2 0 2 4 -0.75-0.50-0.25 0.00 0.25 0.50 0.75

o
o

TFs—Alg* TFs—Alg* TFs—Alg™ TFg—Alg" (dim 1)
(e) Multi-armed ban- (f) Dynamic pricing, 100 (g) Newsvendor, 100 en- (h) Linear bandits, 100
dits, 100 environments environments vironments environments

Figure C.6: TF,(H,) — Alg*(H,) across different tasks with various numbers of possible envi-
ronments. More possible environments lead to a harder decision making problem.

bandits, the action space is discrete and we use the reward difference associated with the chosen
actions (by TF,(H,;) or Alg*(H;)) as the value of TF,(H,;) — Alg*(H;). We use histograms to
summarize the samples from them. For linear bandits, the actions are 2-dimensional and thus

we use the scatters to show TF;(H;) — Alg*(H,) in Figure (d) or (h).

C.4.1.2 Benefit of Utilizing Prior Knowledge

Here we present further results on the performance of TF; to demonstrate the benefit of utilizing
prior knowledge P,. Specifically, we compare TF; with benchmark algorithms on (i) simple
tasks, which include only 4 possible environments in both pretraining and testing samples
(Figure [C.7), and (ii) more complex tasks, which involve either 100 possible environments
(Figure (a), (b)) or 16 environments with two possible types of demand functions (Figure
(c), (d)). See Appendix for the definition of finite environments used here.

Figures [C.7] and illustrate the consistently and significantly superior performance of TF;

and Alg* across all tasks compared to the benchmark algorithms. These results underscore the
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advantage of leveraging prior knowledge about the tested environments.
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benchmarks can be found in Appendix

Setup. All figures are based on 100 runs. We consider four tasks with 4 environments (i.e., the
support of P, contains only 4 environments) in Figure and two tasks with 100 environments

in Figure (a), (b). The setup for these tasks follows the generation methods provided in
Appendix [C.4.2]

For the tasks in Figure (¢), (d), there are 16 environments included in the support of P,,
where 8 environments have demand functions of the linear type and the other 8 have demand
functions of the square type (see Appendix for the definitions of these two types). Both

the pretraining and testing samples are drawn from P,, i.e., from these 16 environments. The
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remaining setups for these tasks follow the methods provided in Appendix [C.4.2]

C.4.1.3 Impact of Network Architecture

Here we investigate the effect of different network architectures on performance. Specifically, we
replace the transformer/GPT-2 architecture used in OMGPT with Long Short-Term Memory
(LSTM) [Hoc97], a popular neural network architecture for sequence modeling before the rise

of transformers [VHMN20].

We maintain the overall architecture of OMGPT, as described in Appendix except for
replacing the transformer/GPT-2 module with LSTM. We evaluate two LSTM variants: a 5-
layer LSTM and a 12-layer LSTM (for comparison, the tested transformer also has 12 layers).
Typically, LSTM architectures should be shallower than transformers in practice, which is why
we also include the 5-layer version. Other hyperparameters like embedding space dimension
are kept the same across all models. We pre-train and test these models on dynamic pricing
problems (see Appendix for the experimental setup), and the pre-training procedure is
identical to the one outlined in Appendix

Figure presents the testing regret for the three models. The results indicate no significant
difference between the 5-layer and 12-layer LSTM models. However, the transformer consis-
tently performs better than both LSTM variants. This outcome aligns with the transformer’s
superior performance in other domains, such as natural language processing, and suggests that

transformers are more effective for sequential decision making tasks as well.

C.4.1.4 More Results for Figure [4.13

Figure presents the complete results corresponding to Figure [4.13
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Figure C.9: Comparison of the average out-of-sample regret between using the Transformer
and LSTM architectures in OMGPT.

C.4.2 Sequential Decision Making Problems and Environment Gen-

eration

We provide the formulations of the sequential decision making problems studied in this paper,
along with their generation methods in experiments. We set the time horizon T = 100 for all
tasks except Figure [4.6| and the revenue management task, where we set T = 50 to reduce the

computational cost of running the benchmark algorithm and generating the pre-training data.

Stochastic multi-armed bandit There is no context, i.e., X; = null for all . The action
a; € A ={1,2,...,k} denotes the index of the arm played at time ¢. In experiments, We
consider the number of actions/arms |A| = 20. The environment parameter v encapsulates
the expected reward r, of each arm a = 1,...,20, where the reward of arm a is sampled from

N(r4,0.2). Thus, the environment distribution P, is defined by the (joint) distribution of
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(r1,...,720). We set g S N(0,1) for each action a. The optimal arm is a* = argmax, r,.

Linear bandits There is no context, i.e., X; = null for all ¢. The action a; € A C R? is
selected from some pre-specified domain 4. The random reward R(X;, a;) = w' a; + €, where ¢
is some zero-mean noise random variable and w € R? is a vector unknown to the decision maker.
The observation O; = R(X},a;) and the expected reward r(X;, a;) = E[R(Xy, )| X, a) =
w'a;. In experiments, we consider the dimension of actions/arms d = 2 and A = B(0,1),
i.e., a unit ball centered at the origin (with respect to the Euclidean norm). The environment
parameter 7 encapsulates the (linear) reward function’s parameter w € {w € R? : ||w|y = 1},
where the reward of arm a is sampled from N (w'a,0.2). Thus, the environment distribution
P, is defined by the distribution of w. We set w to be uniformly sampled from the unit sphere,

and the corresponding optimal arm being a* = w.

Dynamic pricing In experiments, we set the noise ¢ BN (0,0.2) and the context X;
to be sampled i.i.d. and uniformly from [0,5/2]¢, with d = 6 as the dimension of contexts
(except Figure , where we set d = 4,10,20 and accordingly change the dimension of the
following introduced parameters), and A = [0,30]. We consider the linear demand function
family D; = o' X; — 87X, - a; + ¢, where o, 3 € R? are the demand parameters. Thus,
the environment distribution P, is defined by the (joint) distribution of (a, ). We set «

to be uniformly sampled from [1/2,3/2]% and 3 to be uniformly sampled from [1/20,21/20],

OtTXt

AR We also consider a square demand function

independent of a. The optimal action a; =
family, which will be specified later, to test the OMGPT’s performance on a mixture of different

demand-type tasks.

Newsvendor problem In experiments, we set the context X, to be sampled i.i.d. and
uniformly from [0, 3]¢ with d = 4, and A = [0,30]. We consider the linear demand function
family D, = w' X, + €, where w € R*. Under uncensored demand setting, the observation
O; = Dy, while under the censored demand setting, the observation O; = min{D;, a;}. The

iid.

environment parameter 7 encapsulates (i) the upper bound € of the noise €, where ¢, "~
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Unif(0,€); (ii) the left-over cost h (with the lost-sale cost [ being 1); and (iii) the demand
parameter w. Accordingly, we set (i) € ~ Unif[1, 10]; (ii) h ~ Unif[1/2,2]; and (iii) w uniformly
sampled from [0,3]*. The optimal action can be computed by af = w' X, + o7 [DHR24],
which is indeed the HLh quantile of the the random variable wT X, + ¢. When implementing
OMGPTS, we add the information of A into the context (since it is known), i.e., X; = (h, X,).

We also consider a square demand function family, which will be specified later, to test the

OMGPT’s performance on a mixture of different demand-type tasks.

In the non-perishable setting applied in Section 4.6.2.2) any unsold products can be carried
over to the next period, becoming part of the inventory. Specifically, let I; denote the inventory
at the beginning of each period ¢, with I; = 0. This leads to several adjustments: (i) the
action a; must satisfy a; > I, for each t; (ii) the context now includes I;, which should be
considered when making decisions, i.e., X; = (I;, h, X;); (iii) the optimal decision is now a} =
max{0,w" X, + = — It} (iv) Iyn = max{0,a; — D;} (under uncensored cases). In the

experiment, we follow the same generation method but allow the action space A to vary over

time as [I;, 30 + I;].

Queuing control We consider a service rate controlling task for a single queue, which is
adopted by an example of [DEVRO3| (Section 6.1). We assume the queue begins with the
empty state at ¢ = 1. At the beginning of each time period ¢, the decision maker can first
observe the length of queue, and then decide the service rate a; € {0,0.2,...,1} to process
the customers in the queue. Then right before the end of the time period, one customer will
arrive with an unknown arrival rate A. We assume the queue has a maximum length 4 and set

the observation O; by the length of the queue at the end of the time period ¢, then we have
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O =1{0,1,2,3,4}. Given the service rate a;, the transition matrix of the length of the queue is

0 1 2 3 4
0 1—A A 0 0 0
Il (T=XNa; (1=X)(1—ay)+ Ay A1 —ay) 0 0
2 0 (1= MNay (1=XN(1—ay) + Ay A1 — ay) 0
3 0 0 (1= MNay (1=XN1—a)+rar A1 —a)
4 0 0 0 (1 —XNay 1—a;+ Ay

The reward function is a minus cost function with a known cost parameter c:

r(Xy,a) = —(Op1 + ¢ af),

where the context X; = (O;_1, ¢) feeding the information of the cost parameter to the decision

marker. In our experiments, the parameters are uniformly sampled from

A ~ Unif ({0.1,0.26,0.42, 0.58,0.74,0.9}),

¢ ~ Unif ({5, 16,27, 38,49, 60}) .

Thus there are in total 36 possible environments.

Revenue management We consider a revenue management problem [TVRO06, Jas15] with
horizon T" and budget constraints on J types of resources. In each time period ¢, a customer
arrives, with their type i.i.d. sampled from a pool of K possible types according to an unknown
distribution, and requests a certain amount of each resource with a reward 7;,. The decision is

whether to accept or reject the customer’s order. Specifically, the problem is modeled using
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the following linear program:

T
max Zﬁyt (C.3)
t=1
T —~
S t Z Atyt < T 1
t=1

where A; = (A4, ..., Aj:)" € R’ represents the resource consumption and the decision variables

are y = (y1,...,yr) € {0,1}7. There are J constraints and T decision variables.

In this decision problem, the action a; € [0, 1] represents the probability of accepting an order,
and X; represents the revealed customer type, i.e., X; = (?t,At) € X, where X contains K

distinct elements. The reward is defined as r(X;, a;) = 74 - a;, and the observation at time ¢ is

Ot - Xt.

In our experiments, we set J = 3 (the number of resource types) and K = 3 (the number of
potential customer types). Each vector element in the space X is independently and identically

sampled from a uniform distribution in the range [1,2]*. Additionally, the unknown distribution

. 1. . H1 12 13
for the arrival probability of each customer type is generated as (u1 wrwy e Sreern +,u3)’

where pi1, fi2, pi3 are independently sampled from a uniform distribution over the range [0, 1].

Other settings

e Finite Pool of Environments. To study the behavior and test the performance of the
OMGPT on finite possible environments (e.g., to see if and how TF, converges to Alg*),
we also consider a finite pool of environments as the candidates of v. Specifically, for some
tasks we first sample finite environments (e.g., v1,...,74) i.i.d. following the sampling
rules previously described. We then set the environment distribution P, as a uniform
distribution over the pool of sampled environments (e.g., {71,...,74}). We should notice
this pool of environments does not restrict the context generation (if any): in both the

pre-training and testing, contexts are generated following the rules previously described
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and are independent of the given finite pool.

e Tasks with Two Demand Types. To test the OMGPT’s performance on tasks with
possibly different demand types, we also consider the square demand function family for
the newsvendor tasks. Specifically, besides the linear demand function family, we also
consider d*4(X;,a;) = (w'X;)? in the newsvendor problem. Thus, with a slight abuse of
notation, we can augment « such that it also parameterizes the type of demand (linear or
square) and the type is unknown to the decision maker. In experiments related to multi-
type demands, the probability of each type being sampled is 1/2, while the distributions

over other parameters of the environment remain the same as in the linear demand case.

e Non-stationary environment. To evaluate OMGPT’s performance in non-stationary
environments, we modify the demand function in the newsvendor problem, where d'(X;, a;) =
w, X; varies over time due to changes in the unknown parameter w;. Specifically, we
assume there exists a random time 7 < T, uniformly sampled from [1,T], such that
w; = we = ... = w, and w;y; = Wryo = ... = wp. The parameters w; and w,,; are
independently sampled using the generation method described earlier for the newsvendor

problem.

C.4.3 Benchmark Algorithms

C.4.3.1 Multi-armed bandits

e Upper Confidence Bound (UCB) [LS20]: Given H;, the action a; is chosen by a; =
V2log T

min{1,nq}’

argmax,e 4 7o + where n, is the number of pulling times of arm a before time ¢

and 7, is the empirical mean reward of a based on H;.

e Thomspon sampling (TS) [RVRKT18]: Given Hy, the action a; is chosen by a; = arg max,¢ 4 74,
where each 7, ~ N (f“ —VQIOgT> is the sampled reward of arm a and 7,,n, follow the

@) min{1,nq}

same definitions as in UCB.

e Alg*: Given H, from a task with a pool of |I'| environments {v1,..., v}, the action a; is
g Y Y|
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chosen by the posterior sampling defined in Algorithm [2l The posterior distribution can

be computed by
o exp(=gm 30 = 1i))
Sl exp(— & Y0, =11 )2

where 7! is the expected reward of a in environment ~; and o2 is the variance of the noise

P(vi|Hy)

(which equals to 0.2 in our experiments).

C.4.3.2 Linear bandits

e LinUCB [CLRSI11]: Given Hy, we define ¥, = 32" a,al + 021, where o2 is the variance

T=1
of the reward noise. The action a; is chosen by a, € arg max,. 4@, a + v/21log Talls-1,

where w; = %, 1(Zt_11 O, - a;) is the current estimation of w from H;.

T=

LinTS [AGI3]: Given H,, the action a; is chosen by a; = arg max,. 4 ﬁ)tT a, where w; ~
N (fvt, V2log T, 1) as the sampled version of w and wy, ¥; follow the same definitions
in LinUCB.

Alg*: Given H; from a task with a pool of |I'| environments {v1,...,7r/}, the action a;
is chosen by the posterior median defined in Algorithm [2] The posterior distribution can

be computed by

_exp(— g5 Y (0; —wlar)?)
S exp(— & YL (0r — w)ar)?)

P (i Hy)

bl

where w; is the reward function parameter in environment -; and o2 is the variance of

the noise (which equals to 0.2 in our experiments).

C.4.3.3 Dynamic pricing

All the benchmark algorithms presented below assume the demand model belongs to the linear

demand function family as defined in Appendix (which can be mis-specified when we deal

with dynamic pricing problems with two demand types).
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o Iterative least square estimation (ILSE) [QB16]: At each ¢, it first estimates the unknown
demand parameters (a, 3) by applying a ridge regression based on H;, and chooses a; as
the optimal action according to the estimated parameters and the context X;. Specifically,
we denote (&, —f3,) = S0 O, - 2;) as the estimation of (o, —3) through a ridge
regression, where z, = (X,, a, - X;) serves as the “feature vector” and ¥, = Zi_:ll ZTZTT +

0214 (02 is the variance of the demand noise). Then the action is chosen as the optimal

&) Xy

one by treating (&, 3,) as the true parameter: a, = X
t t

e Constrained iterated least squares (CILS) [KZ14]: It is similar to the ILSE algorithm

except for the potential explorations when pricing. Specifically, we follow the notations

in ILSE and denote a; = % as the optimal action by treating (dy,3,) as the true

t t

parameter (the chosen action of ILSE), and denote a;_; as the empirical average of the

chosen actions so far. Then the CILS chooses

1
G-1 +sgn(6) S, if 0] < Lt T,
ay =

ay, otherwise |,

where §; = a; — a;_;. The intuition is that if the tentative price a; stays too close to
the history average, it will introduce a small perturbation around the average as price

experimentation to encourage parameter learning.

e Thomspon sampling for pricing (TS) [WTL21]: Like the ILSE algorithm, it also runs a
regression to estimate (a, ) based on the history data, while the chosen action is the

optimal action of a sampled version of parameters. Specifically, we follow the notations

in ILSE and then TS chooses

o7
ay = ~

2-0
where (&, 8) ~ N((&] X, B, TX,), f];l) € R? are the sampled parameters of the “inter-

cept” and “price coefficient” in the linear demand function and

T -1
) X 0\ . [x o

Zt — Et
0 Xt 0 Xt
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is the empirical covariance matrix given X;.

e Alg*: Given H; from a task with a pool of |I'| environments {vi,...,7|}, the action a,
is chosen by the posterior averaging defined in Algorithm [2 To compute the posterior
distribution, we follow the notations in ILSE and denote w = («, ) as the stacked vector

of parameters, then the posterior distribution is

eXp(—ﬁ Zi_zl (07 —w 27)?)
P(71|Ht) = IT| 1 1t—1 T 2’
D i exp(—; > r1(Or —wy 2:)?)

where w; is the demand function parameter in environment 7; and o2 is the variance of

the noise (which equals to 0.2 in our experiments).

C.4.3.4 Newsvendor

All the benchmark algorithms presented below assume the demand model belongs to the linear
demand function family as defined in Appendix (which can be mis-specified when we deal

with newsvendor problems with two demand types).

e Empirical risk minimization (ERM) [BRI9]: Since the optimal action a; is the {15 quan-
tile of the random variable w' X;+¢; [DHR24], ERM conducts a linear quantile regression
based on the observed contexts and demands {(X,,0,)}} to predict the 14%11 quantile

on Xt.

e Feature-based adaptive inventory algorithm (FAI) [DHR24]: FAI is an online gradient
descent style algorithm aiming to minimize the cost S, h - (a, — O))* 4+ 1- (O — a;)*
(we set [ = 1 in our experiments). Specifically, it chooses a; = @, X;, where

I —L'thly if 01 < a1,

_ Wi—1 Vi
Wt =

Wy_1 + \/Li - X;_1, otherwise,

is the online gradient descent step and g can be randomly sampled in [0, 1]%.
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e Alg*: Given H; from a task with a pool of |I'| environments {vi,...,7|}, the action a,
is chosen by the posterior median as shown in Algorithm To compute the posterior
distribution, we denote €, and 3, as the noise upper bound and demand function param-
eter of v at 7 <t —1, and define the event &, ; = {0 <0, - 535(7 < E} to indicate the
feasibility of environment ~ from (5( -, 0;), and denote &, = ﬂ:;} &, - to indicate the

feasibility at ¢t. Then the posterior distribution of the underlying environment is

ILE' . El—t
P(vi|Hy) = T S .
ZL’Ll ﬂgwi/,t ) 6%’2‘_’t

C.4.3.5 Queuing Control

e Random: The algorithm samples an action a; uniformly from the action space A at each

time step t.

C.4.3.6 Revenue Management

e Adaptive Allocation Algorithm (Ada) [CLY24]: This is a re-solving-based algorithm that
recalculates a linear optimization problem at each time step, using the sample counts as

estimates for the unknown arrival probabilities, as outlined in Algorithm [4]
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Algorithm 4 Adaptive Allocation Algorithm|[CLY24]

1: Input: T, X = {(#*, A*)}K |
2: Initialize By =T -1, by = B,/T
3: Setyp =1
4: for t =2,...,T do
5: Compute B; = B;_1 — At—lyt—l
6: Compute by = By /(T —t+ 1)
7: Solve the following linear program where the decision variables are (v, ..., y%):
(k)
max ; 1k (C.4)
K
ot Z n;—_l(f)Ak: i < b,
k=1
0<y, <1, k=1,.,K
8: Denote the optimal solution as y,* = (y/f:t, - y}?t)
9:  Observe (7, Ay) and identify (7, Ay) = (7*, A¥) for some k
10: Set

_ )1, with probability y;;:t
#70,  with probability 1 — g,

when the constraint permits; otherwise set y; = 0.
11: Update the counts

ny(k) = {"HW +1,if (7, Ag) = (77, AF)

ny_1(k), otherwise

12: end for
13: Output: y = (y1, -~-a?/T)
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Figure C.10: Visualization of output embedding vectors from different layers. The vectors
corresponding to different demand function types become clearly separated starting from layer
2, indicating that environment inference occurs during the processing. We omit the layer 12
here.
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