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Abstract

Artificial Intelligence (AI) is increasingly deployed in high-stakes domains such as healthcare,
finance, and public policy, where decisions have far-reaching societal consequences. Ensuring trust in
these systems requires moving beyond opaque, pattern-driven predictions to methods that are both
effective and interpretable, while aligning with expert knowledge. Causal discovery, which uncovers
cause-and-effect relationships from data and represents them as graphs, plays a central role in achieving
these goals as a foundation for trustworthy Al

This thesis introduces three novel methodologies to advance causal discovery and enhance the
robustness, transparency, and accountability of Al systems. First, we propose Contestable Neural
Networks (NNs), a framework that empowers domain experts to contest NNs, by validating and
refining their mechanisms, using causal graphs. By exposing the causal relationships learned by the
NN, this approach unlocks transparency and aligns model outputs with expert knowledge, enhancing
robustness and accountability.

However, as systems grow complex, placing the entire burden on experts becomes impractical.
To address this, we develop the Shapley-PC algorithm, which enhances constraint-based causal
discovery by improving the identification of v-structures. By integrating Shapley values, a game-
theoretic measure of variable contribution, the algorithm mitigates errors caused by noisy or limited
data, ensuring robust causal graph recovery while maintaining theoretical guarantees.

Building on this foundation, we introduce Causal ABA, an Assumption-Based Argumentation
framework that resolves conflicts between statistical evidence and expert knowledge. While Shapley-PC
improves robustness in finite-sample settings, Causal ABA ensures stronger consistency guarantees
between causal discovery outputs and input data. By combining structured reasoning with transparent
conflict resolution, it unifies diverse information sources to produce trustworthy causal graphs.

Together, these contributions firmly position causal discovery as a cornerstone for trustworthy
Al By aligning data-driven insights with expert input, improving reliability, and ensuring transparency,

this work lays a solid foundation for AI decision-making in high-stakes domains.
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Chapter 1

Introduction

The transformative impact of Artificial Intelligence (AI) on modern society is undeniable. From
reshaping everyday life to revolutionising industries, Al has become integral to critical sectors such
as healthcare, finance, and public policy (Bhatnagar and Gajjar, 2024; UK Government, 2024; West
and Allen, 2018). Its potential to improve decision-making and optimise processes has become evi-
dent (Bryant, 2023). However, as Al systems increasingly influence high-stakes decisions, pressing
questions arise regarding trust, accountability, and the broader consequences of automated deci-

sions (Bernstein and Raman, 2015; Brynjolfsson and McAfee, 2017; OECD, 2021).

Central to AI’s success is its ability to strengthen decision-making processes (Bhatnagar and Gajjar,
2024; Meissner and Narita, 2023). By processing vast amounts of data quickly and accurately, Al
systems generate insights and recommendations that enhance efficiency (Cavalcanti et al., 2024), reduce
human error (Gursel et al., 2023; Shademan et al., 2016; Yal¢in et al., 2023), and uncover hidden
patterns (Davies et al., 2021; Jumper et al., 2021; Kovalevskiy et al., 2024). These capabilities have
driven their adoption in critical domains, such as medical diagnostics, consumer finance, and legal

judgments, where decisions often have far-reaching consequences.

To ensure that these benefits are realised without compromising ethical and societal values,
Trustworthy AI has emerged as a guiding framework. Attributes such as transparency, robustness,
accountability, and fairness are essential to ensure AI’s responsible and reliable deployment (High-Level
Expert Group on Al, 2019; National Institute of Standards and Technology, 2023). Transparency
ensures that Al systems are understandable and their decisions traceable, while robustness guarantees
reliable operation under diverse conditions. Accountability enables the individuals or organisations

deploying these systems to be audited and held responsible for their actions and decisions. Finally,
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Chapter 1. Introduction

fairness ensures that Al systems operate equitably and respect user rights. These principles are
vital for building public trust and managing risks as AI becomes increasingly embedded in critical
decision-making processes (European Commission, 2021b).

International efforts reflect a growing consensus on the importance of these principles. The European
Union (EU) has spearheaded initiatives such as the Ethics Guidelines for Trustworthy AI (High-Level
Expert Group on Al, 2019) and the Al Act (European Parliament, 2024), emphasising key areas such
as Human Agency and Oversight, Accountability, Transparency, Technical Robustness
and Safety, and Diversity, Non-Discrimination, and Fairness to align Al development with
societal values (European Commission, 2021a,b).

Similarly, in the United States (US), the Al Risk Management Framework by NIST (National
Institute of Standards and Technology, 2023), outlines principles including Accountability and
Transparency, Explainability and Interpretability, Validity and Reliability, and Fairness
with Managed Bias. The EU and US frameworks share significant overlap, underscoring a global
commitment to ensuring Al systems are reliable, transparent, accountable, and aligned with
societal values.

Across these initiatives, a shared understanding emerges of robustness, transparency, and account-
ability as foundational pillars of trustworthy AI. Collaborative efforts by organisations such as the
OECD (OECD, 2024a,b) highlight the global resolve to align AI systems with ethical and societal
expectations. By adhering to these principles, trustworthy Al empowers stakeholders—including
consumers, governments, and domain experts—to evaluate and engage with these systems effectively,
enabling their ethical integration into society.

This thesis builds upon the foundational principles of trustworthy Al by addressing critical challenges
outlined in the EU and US frameworks. It focuses on three key attributes: robustness, transparency,
and accountability. These attributes collectively ensure that Al systems are reliable, open to scrutiny,
and aligned with societal values, fostering public trust and enabling their deployment in high-stakes
domains such as healthcare, finance, and policymaking. Transparency, in particular, serves as a
foundation for other attributes, as it allows stakeholders to evaluate and understand Al systems,
thereby enabling accountability and reinforcing robustness.

A central concept in this work is contestability, which empowers stakeholders to challenge and
refine Al decisions. Rooted in global AI ethics frameworks, such as those from the OECD (OECD,
2024c) and ACM (Baeza-Yates and Matthews, 2022), and supported by regulations like GDPR (Euro-

pean Union, 2016), contestability is especially crucial in high-stakes contexts such as credit scoring

16



1.1. Al for Decision-Making

and parole decisions, where errors or biases can have profound societal impacts. By creating mecha-
nisms for oversight and redress, contestability allows users—whether decision-makers, regulators, or
domain experts—to interact with and influence Al systems. This alignment with human expectations,
ethical norms, and domain requirements directly promotes accountability and strengthens public
confidence (Hicks, 2022).

Contestability fundamentally depends on transparency, as stakeholders can only meaningfully
engage with decisions they fully understand (Hicks, 2023; Yurrita et al., 2023b). The synergy between
these attributes also advances fairness (Yurrita et al., 2023a). Transparency reveals the inner workings
of AI systems, while contestability empowers stakeholders to address biases and inequities. Together,
these mechanisms empower stakeholders to ensure ethical outcomes, reinforcing trustworthiness in
high-stakes applications.

This thesis identifies causal discovery as a critical enabler of transparency, accountability, and
robustness. By uncovering relationships between variables and presenting them as interpretable causal
structures, causal discovery makes complex Al decisions understandable, particularly for domain
experts. Rooted in causal reasoning, it enhances robustness by ensuring reliability under noisy or
changing conditions. Importantly, causal discovery provides a clear and actionable foundation for
contestability, allowing stakeholders to validate, challenge, and refine model behaviour.

The next section builds on these foundational principles to explore how Al systems enhance
decision-making processes. It examines their dual role in analysing data and designing interventions,

highlighting their transformative potential across diverse domains.

1.1 Al for Decision-Making

AT has transformed decision-making processes across diverse domains, significantly enhancing the ability
to analyse and act on complex data (Bryant, 2023; Meissner and Narita, 2023). By processing vast
datasets efficiently, Al can unearth patterns and insights that were previously inaccessible. However,
these systems fulfil two distinct functions in decision-making: predictions and causal inference.
Prediction involves estimating the likelihood of future events based on historical data, the primary
domain of Machine Learning (ML), which excels at identifying patterns and trends to forecast outcomes.
In contrast, causal inference seeks to uncover the underlying causes of observed phenomena, guiding
decisions about effective interventions. While prediction anticipates trends, inference provides the

insights necessary to design strategies that actively shape outcomes (Pearl and Mackenzie, 2018).
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Chapter 1. Introduction

This distinction is captured by Pearl and Mackenzie’s Ladder of Causation, which categorises
reasoning into three levels. At the first rung are associations, addressing questions like “what if I see...?”
The second rung focuses on interventions, asking “what if I do...?” The third and highest level involves
counterfactuals, exploring questions of the likes of “what if I had done...?” Prediction aligns closely with
association, while causal inference operates at the levels of interventions (doing) and counterfactuals
(imagining). This progression—from recognising patterns to understanding mechanisms—highlights
the complementary roles of prediction and causal reasoning.

A practical example of prediction in high-stakes decision-making is credit scoring. Financial
institutions use ML models to evaluate the creditworthiness of loan applicants, analysing factors like
credit history and financial stability to estimate the likelihood of default. These models automate
decision-making, enabling faster and more accurate credit assessments and expanding access to credit.
However, while ML excels at predicting likelihood of default, it is limited to identifying correlations
and patterns. For instance, an ML model can rank applicants by risk but cannot determine which
loans to approve to minimise overall default rates. Questions like “what if I do...give this customer a
loan?” require causal inference, which reveals the mechanisms driving observed outcomes and informs
actionable strategies (Pearl and Mackenzie, 2018). To illustrate, consider the following example, which

highlights the need for causal reasoning in lending decisions.

Example 1.1.1 (Berkson’s Paradox in Lending Decisions). A bank seeks to redevelop its score model
to better predict the likelihood of loan approval and target creditworthy customers more effectively. Loan
approval is determined by two main factors: the applicant’s credit score and the bank’s lending policy.

The score aggregates financial metrics such as payment history (PH), time on electoral roll (ER),
and credit utilisation (CU), which aim to assess creditworthiness. Meanwhile, the policy evaluates
contextual factors like employment status (ES), affordability (AF'), and loan amount (LA), ensuring
alignment with the bank’s risk tolerance and strategic goals.

These relationships are depicted in the causal graph below:

Approval
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1.1. Al for Decision-Making

In this context, the score is calculated using an ML model trained on data from approved loans,
as this is the only subset where complete information is available. Howewver, this training process
inherently conditions on the approval outcome, which is determined by the policy. This introduces a
significant challenge: the approval process acts as a collider, creating a spurious correlation between the
score and the variables influencing the policy. This phenomenon, known as selection bias or Berkson’s

paradox (Berkson, 1946; Peters et al., 2017), can distort the relationships learned by the model.

For example, within the approved population, the bank might observe a negative correlation between
the score and employment status (ES). This misleading relationship could suggest that applicants with
unstable ES are more likely to be approved, even though this bias arises solely from the conditioning
effect. Relying on such flawed correlations could lead the bank to adjust its lending criteria in ways

that perpetuate biases and unfairly disadvantage certain groups of applicants.

To address this selection bias, financial institutions often train an auxiliary model, with fewer data,
where the approval outcome is the target variable. This model is trained on applicant data that includes
both approved and rejected applications (Baesens et al., 2016), allowing it to capture the influence of the
policy. The auxiliary model then predicts the likelihood of approval for the entire applicant population.
These predictions are used to adjust the score, ensuring it reflects the applicant’s financial stability

independently of the selection process.

Integrating causal inference provides a more principled approach to understanding and mitigating
such biases. By leveraging causal discovery, the bank can identify the true relationships between variables
and disentangle spurious correlations introduced by the selection process. This causal insight enables
the bank to refine both its score model and lending policies, ensuring they better represent the general
applicant population. Such adjustments not only improve the fairness of lending decisions but also

enhance their effectiveness.

The loan approval example highlights a broader challenge in data-driven decision-making: biases
inherent in the data itself. Selection bias, as illustrated in the example, is one of many forms of bias
that can distort the relationships learned by ML models, leading to spurious correlations and flawed
predictions. In this case, conditioning on a collider—loan approval—introduced a false correlation
between policy factors and credit scores. More generally, historical data often embeds systemic biases
or reflects the policies and processes that shaped its generation. These limitations underscore the need
for approaches that move beyond surface-level pattern recognition to uncover the causal mechanisms

driving outcomes.

19



Chapter 1. Introduction

This thesis takes a dual approach to address the challenges of bias and reliability in decision-making
systems. It focuses on enabling transparency and accountability in predictive models while facilitating
causal reasoning through the discovery of causal graphs. These graphs reveal the underlying mechanisms
that drive observed outcomes, feeding into causal models and guiding the refinement of decision-making
processes. By tackling these challenges, this work provides a foundation for developing Al systems
that align more closely with ethical and societal values, particularly in high-stakes applications such as
credit scoring.

The interplay between ML and causal reasoning, as demonstrated in the earlier discussion and the
loan approval example, underscores the complementary strengths and limitations of these paradigms.
To fully understand how these approaches intersect and where gaps remain, the following section
examines their respective capabilities and challenges in greater depth. This analysis sets the stage for

the thesis’s focus on advancing causal discovery as a unifying framework for trustworthy Al systems.

1.1.1 Machine Learning and Causal Models

ML has transformed industries such as healthcare and finance by leveraging data to identify patterns
and make accurate predictions. For example, diagnostic tools powered by ML achieve expert-level
performance in detecting diseases from imaging data (Esteva et al., 2017), while fraud detection systems
monitor millions of transactions in real time to flag anomalies (Le et al., 2024). The scalability and
efficiency of ML make it invaluable for tasks that require rapid and precise pattern recognition in
data-rich environments. However, ML models primarily focus on associations, limiting their ability to
address questions on the second and third rung of the Ladder of Causality.

Causal models, in contrast, aim to uncover the mechanisms driving observed phenomena, enabling
actionable insights. These models are indispensable in contexts where understanding root causes is
essential for designing effective interventions. For instance, causal reasoning can optimise public health
campaigns by identifying disease drivers (Lewis and McCormick, 2012) or inform environmental policies
by evaluating human impacts on climate (Stott et al., 2004). By focusing on causation rather than
correlation, causal models enhance interpretability and robustness, particularly in high-stakes settings
where actionable insights are essential (Peters et al., 2017). However, causal models often struggle
with scalability and big data, where ML excels.

We compare the strengths and limitations of ML and causal models in Table 1.1, highlighting their
distinct attributes and implications for trustworthy Al systems.

Causal models stand out for their high transparency, achieved through explicit representations
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Table 1.1: Comparison of Machine Learning and Causal Models

Attribute Machine Learning Causal Models
Interpretability Limited High
Predictive Accuracy High Moderate
Generalisation Moderate High
Actionable Insights Limited High
Data Requirements High Moderate
Scalability High Low
Expert Knowledge Moderate High

of cause-and-effect relationships. This clarity supports interpretability by enabling stakeholders to
scrutinise decision-making processes, fostering accountability in critical domains. In contrast, ML
systems are often opaque, which complicates efforts to ensure transparency and restricts stakeholder
engagement in validating or contesting decisions. These limitations highlight the importance of

balancing ML’s efficiency with the interpretability and actionability offered by causal reasoning.

Predictive accuracy is a key strength of ML, driven by its ability to process large datasets and
identify fine-grained patterns (Goodfellow et al., 2015). However, its focus on correlations often limits
its ability to provide actionable insights essential for accountability. Causal models, while less focused
on prediction, excel in explaining the mechanisms underlying observed outcomes, enabling targeted
interventions that align with desired goals. This explanatory capability bolsters robustness, as causal
models generalise effectively under distributional shifts, which drive changes in correlations, by relying
on stable relationships—the causal mechanisms. In contrast, ML systems frequently encounter challenges

such as overfitting and degraded performance in dynamic environments (Magliacane et al., 2018).

Scalability is another area where ML demonstrates significant advantages, allowing it to handle large-
scale, automated applications with ease. However, this scalability comes with high data requirements,
which can limit its relevance in resource-constrained settings. Causal models are more efficient with
data and integrate domain expertise to explicitly define relationships, further supporting transparency
and accountability. At the same time, causal models require expert knowledge, which often limits their
scalability. While ML incorporates expertise indirectly through feature engineering, this approach

often lacks the directness and clarity provided by causal reasoning.

The complementary strengths of ML and causal models suggest that integrating these paradigms

can address many of the challenges associated with trustworthy AI. For example, in healthcare, ML
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can efficiently process large patient datasets to identify risk factors, while causal models provide
explanations for these risks and guide interventions (Morris et al., 2019). This synergy is particularly
critical in high-stakes domains where both predictive power and interpretability are essential. By
combining ML’s scalability and accuracy with the transparency and robustness of causal models, it
becomes possible to design Al systems capable of more reliable and ethically aligned decision-making.

However, leveraging this synergy requires addressing persistent challenges that stem from the
limitations of each paradigm. Issues such as opacity in ML, difficulties with noisy data, and the
integration of domain expertise remain barriers to creating systems that meet the demands of high-
stakes applications. These challenges reflect trade-offs between scalability, interpretability, and the

ability to incorporate domain-specific knowledge, which must be carefully balanced.

1.1.2 Challenges and Opportunities

While ML and causal models have complementary strengths, their inherent limitations can hinder
broader applicability in decision-making contexts. Integrating the strengths of both paradigms while
mitigating their weaknesses is critical for developing systems that are both accurate and interpretable,

as well as adaptable to complex, real-world conditions.

Scalability ML models are scalable because they only require more data to improve their performance.
However, this scalability comes at the cost of interpretability, as the models become increasingly complex
and opaque (Assis et al., 2025). Causal models, by contrast, are less scalable due to their reliance on
expert knowledge, not always available or easy to elicit and codify at scale. This limitation can hinder
their applicability when the problem is complex enough that expert knowledge is insufficient to capture

all relevant causal relationships (Sgaier et al., 2020).

Opacity and Lack of Interpretability The opacity of ML models, particularly Neural Networks
(NNs), undermines stakeholder trust by limiting transparency and accountability (Rudin, 2019). While
efforts can improve interpretability, they often fall short of the explicit clarity provided by causal
models. Even causal models, despite their structured nature, can face difficulties when attempting to

represent complex systems (Rago et al., 2023). However, their structure remains accessible.

Handling Noisy and Conflicting Information Real-world data is frequently noisy and inconsistent,
posing challenges for both paradigms. ML models risk overfitting to noisy patterns, leading to reduced

generalisation (Szegedy et al., 2014). Causal models are instead more robust. However, the discovery
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of causal assumptions can be challenging, particularly when data is noisy and statistical evidence is

inconsistent (Tsagris, 2019). Reconciling these conflicts remains essential for robust decision-making.

Incorporating Domain Expertise Driving accountability, the integration of expert knowledge is a
critical requirement for trustworthy AI. While causal models explicitly leverage domain expertise, they
can encounter conflicts between data-driven discoveries and stakeholder insights (Alrajeh et al., 2020).
ML, conversely, often lacks mechanisms to directly expertise, relying instead on feature engineering
or other inductive biases (von Riiden et al., 2023). These gaps hinder contestability and limit the

alignment of Al systems with ethical and societal values.

Addressing these limitations is crucial for advancing trustworthy AI. By enhancing interpretabil-
ity, managing data uncertainty, and integrating domain expertise more effectively, it is possible to
create systems that are both scalable and reliable. The following sections outline the strategies and

contributions proposed in this thesis to tackle these challenges.

1.2 Thesis Objectives

Both ML and causal models face challenges in high-stakes decision-making contexts, such as a
lack of interpretability, difficulties with noisy and inconsistent data, and limited mechanisms for
integrating domain expertise. These issues hinder their robustness, transparency, and accountability,
limiting their ability to support ethical and reliable decision-making. This thesis addresses these
challenges by developing methodologies that improve interpretability, strengthen reliability, and
promote accountability, enabling stakeholders to critically evaluate and refine Al decisions.

The primary objective of this thesis is:

To develop methodologies that strengthen the robustness and transparency of both ML and

Causal Models, while empowering human agency and fostering accountability.

This overarching goal is supported by six thematic objectives, each addressing pivotal gaps in stakeholder

engagement, interpretability, and reliability, contributing to the advancement of trustworthy Al systems.

Human Agency and Accountability Ensuring that Al systems empower stakeholders is crucial

for aligning decision-making processes with societal and ethical standards.

e Objective 1: Develop contestable systems that allow stakeholders to scrutinise and refine

decisions.
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¢ Objective 2: Provide formal guarantees for the alignment of expert knowledge and statistical

methods.

Transparency and Interpretability Improving interpretability ensures that Al systems remain

transparent and open to scrutiny, fostering trust and enabling effective oversight.
e Objective 3: Enable interpretable representations of NN decision-making processes.

e Objective 4: Enable interpretability of Causal Discovery methods.

Robustness and Reliability Ensuring robust and reliable performance in noisy or data-scarce

conditions is critical for the safe deployment of Al systems.
e Objective 5: Improve the robustness of NN models in noisy or data-scarce settings.

e Objective 6: Ensure causal discovery remains reliable under noisy or insconsistent data.

1.3 Thesis Contributions

The methodological choices in this thesis were driven by our objective to address key limitations
in AI systems. NNs were chosen for their demonstrated capability in predictive tasks (Goodfellow
et al., 2016), underpinned by their capability to approximate any function (Hornik et al., 1989). This
universal approximation property allows NNs to model complex relationships across diverse domains,
making them suitable for a wide range of applications. Additionally, causal regularisation was shown
to improve NNs performance and generalisation capabilities (Kyono et al., 2020), demonstrating the
value of causal discovery in enhancing NN robustness.

For causal discovery, the PC-Stable algorithm (Colombo and Maathuis, 2014) was selected as our
base algorithm due to its theoretical guarantees (Harris and Drton, 2013; Kalisch and Biithlmann,
2007; Spirtes et al., 2000), which align with the principles of trustworthy AI. The algorithm’s modular
structure and ability to handle high-dimensional data make it particularly suitable for real-world
scenarios. To enhance causal discovery, Shapley values and Assumption-Based Argumentation (ABA)
were employed as complementary frameworks.

Shapley values were chosen for their interpretability and ability to decompose the contributions of

individual components within a system. Originally developed in cooperative game theory (Shapley,
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1953), they have become prominent in ML for attributing importance to features in complex mod-
els (Lundberg and Lee, 2017). Their framework of players, coalitions and marginal contributions was
pivotal in extracting more granular insights from statistical tests in causal discovery.

Finally, ABA was employed for its ability to resolve conflicts through non-monotonic reason-
ing (Cyras et al., 2017). This framework can integrate statistical evidence and expert knowledge,
allowing for the formal representation and resolution of disagreements. By reconciling diverse sources of
information, ABA has the potential to increase systems’ transparency and consistency. This capability
is critical in noisy datasets, ensuring that the resulting outputs are robust, interpretable, and aligned
with stakeholder expectations.

These methodological choices underpin the contributions of this thesis, addressing key gaps in

predictive modelling and causal discovery.

Theoretical Contributions

This thesis introduces principled methodologies to enhance the robustness, transparency and account-

ability of NNs and causal discovery frameworks.

o Causal Knowledge Injection (Chapter 4): This contribution formalises the integration
of causal knowledge into Feed-Forward Neural Networks (FFNNs). This approach provides a
principled mechanism for leveraging expert feedback, aligning predictive systems with domain
insights, hence fostering accountability.

Addresses Objectives: 1, 2.

» Robust Causal Discovery Rules (Chapter 5): A novel Shapley-based decision rule to orient
v-structures given the skeleton of a causal graph is introduced. This interpretable rule reduces
the reliance on single independence tests, enhancing robustness in causal discovery under noisy
conditions, while retaining theoretical guarantees.

Addresses Objectives: 4, 6.

o Framework for Causal Argumentation (Chapter 6): A novel ABA formalisation integrates
statistical evidence with expert knowledge, enabling transparent argumentation about causal
relationships. This framework identifies and resolves conflicts within data and between data and
external knowledge, improving the interpretability, robustness, and contestability of discovered
causal graphs.

Addresses Objectives: 1, 2, 4, 6.
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Novel Algorithms and Methodologies

Building on these theoretical foundations, this thesis introduces practical algorithms and methodologies

that operationalise these concepts, demonstrating their application in real-world scenarios.

o Contestable Neural Networks (Chapter 4): A human-in-the-loop framework is proposed for
extracting and injecting causal graphs into FFNNs, enabling stakeholders to contest and refine
predictions. This two-way interaction strengthens the robustness, interpretability, and domain
alignment of NNs in decision-making contexts.

Addresses Objectives: 1, 2, 3, 5.

o Shapley-PC Algorithm (Chapter 5): Building upon the PC-Stable algorithm (Colombo and
Maathuis, 2014), the Shapley-PC algorithm incorporates our novel Shapley-based decision rule
to improve robustness in noisy and quasi-unfaithful settings. It provides superior causal graph
extraction capabilities while retaining formal guarantees.

Addresses Objective: 6.

o« ABA-PC Framework (Chapter 6): By combining argumentation and causal discovery, the
ABA-PC framework handles noisy and conflicting datasets. This integration of formal methods
and statistical metrics improves the consistency and transparency of causal graph reconstruction,
providing a principled approach to integrate external knowledge and facilitate contestability.

Addresses Objectives: 2, 6.

Impact and Results
The proposed methodologies translate theoretical advancements into practical solutions, addressing key
limitations in predictive modelling and causal discovery. Each approach has been rigorously validated,

demonstrating measurable improvements in robustness and transparency:
e The Contestable NNs framework achieves up to a 2.4x improvement in predictive performance
and an 85% reduction in model complexity on real and synthetic datasets.

e The Shapley-PC algorithm improves causal graph reliability by addressing errors in independence
tests, improving v-structure identification up to a 6x compared to PC-based predecessors, while

using the same statistical tests results from data.

e The ABA-PC algorithm reduces structural error by up to 100% compared to state-of-the-art

methods, while providing formal guarantees and greater transparency.
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These contributions demonstrate the potential for deploying transparent, robust, and accountable Al
systems in high-stakes domains. By addressing core limitations of both MLand Causal Models, the
methodologies empower stakeholders—including medical professionals, regulators, and policymakers—to
better understand the causal mechanisms underlying predictions, ensure fairness in automated decisions,

and derive actionable insights more aligned with ethical and societal values.

1.4 Thesis Structure and Bibliographic Notes

This thesis is structured to address the challenges of robustness, transparency, and accountability in
Al systems, progressing from foundational concepts to methodological innovations and their validation.

Chapters 2 and 3 lay the groundwork for the research. Chapter 2 introduces essential concepts,
including causal discovery, NN regularisation, Shapley values, and argumentation frameworks. Chapter 3
critically evaluates the literature on contestable Al and causal discovery, identifying gaps that further
motivate the proposed methodologies.

Building on this foundation, Chapter 4 presents Contestable NNs, enabling stakeholders to
inspect and refine predictions through causal graphs. Chapter 5 addresses robustness in causal discovery
with the Shapley-PC algorithm, designed to handle noisy data effectively. Chapter 6 introduces
Causal ABA, an argumentation-based framework that integrates expert knowledge with statistical
evidence, producing consistent and transparent causal graphs.

Chapter 7 concludes the thesis by summarising key contributions, reflecting on their implications
for trustworthy AI, and outlining future research directions.

This thesis builds upon several peer-reviewed publications that underpin the research presented

herein. The following papers contributed directly to the development of the methodologies and findings:

e Chapter 4 builds on:

1. Russo, F., & Toni, F. (2023). Causal Discovery and Knowledge Injection for Contestable
Neural Networks. In Proceedings of the 26th Furopean Conference on Artificial Intelligence
(ECAIT 2023), FAIA, vol. 372, pp. 2025-2032. I0S Press. (Russo and Toni, 2023a)

2. Leofante, F., Ayoobi, H., Dejl, A., Freedman, G., Gorur, D., Jiang, J., Paulino-Passos, G.,
Rago, A., Rapberger, A., Russo, F., Yin, X., Zhang, D., & Toni, F. (2024). Contestable Al
needs computational argumentation. In Proceedings of the 21st International Conference on
Principles of Knowledge Representation and Reasoning (KR 2024). pp. 888-896. (Leofante

et al., 2024).
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e Chapter 5 builds on:

3. Russo, F., & Toni, F. (2024). Shapley-PC: Constraint-based Causal Structure Learning
with Shapley Values. arXiv preprint arXiv:2312.11582. Submitted to the 4th Conference on
Causal Learning and Reasoning (CLeaR 2025). (Russo and Toni, 2023b)

e Chapter 6 builds on:

4. Russo, F., Rapberger, A., & Toni, F. (2024). Argumentative Causal Discovery. In Proceed-
ings of the 21st International Conference on Principles of Knowledge Representation and

Reasoning (KR 2024). pp. 938-949. (Russo et al., 2024)

5. Russo, F. (2023). Argumentation for Interactive Causal Discovery. In Proceedings of the
32nd International Joint Conference on Artificial Intelligence (IJCAI 2023), pp. 7091-7092.
(Russo, 2023)

In addition, the following publications provided high-level motivation, discussed in §3.3.4, and informed

future research directions discussed in Chapter 7:

6. Rago, A., Russo, F., Albini, E., Baroni, P., & Toni, F. (2021). Forging Argumentative
Explanations from Causal Models. In Proceedings of the 5th Workshop on Advances in
Argumentation in Artificial Intelligence 2021 co-located with the 20th International Confer-
ence of the Italian Association for Artificial Intelligence (AIzIA 2021), CEUR Workshop

Proceedings, vol. 3086. (Rago et al., 2021)

7. Rago, A., Russo, F., Albini, E., Toni, F., & Baroni, P. (2023). Explaining Classifiers’
Outputs with Causal Models and Argumentation. FLAP, 10(3), 421-509. (Rago et al.,
2023)
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Chapter 2

Background

In this chapter, we introduce the key concepts and foundational theories that underpin the methods
and contributions presented in Chapters 4, 5, and 6. We begin by outlining the fundamentals of
causal graphs (§2.1)—a central theme of this thesis—and their connection to statistical methods
(§2.2). These foundations naturally lead to the PC algorithm (§2.3), a pioneering method for causal
discovery that underlies the enhancements proposed in Chapter 5. We then explore the role of causal
discovery as an auxiliary task (§2.4) in improving the robustness of FFNNs, which supports the
Contestable NNs introduced in Chapter 4. Following this, we introduce Shapley values (§2.5), a
game-theoretic measure of variable contribution that we integrate into the PC algorithm to address
finite-sample challenges and improve its robustness (Chapter 5). Finally, we present Assumption-
Based Argumentation (ABA) (§2.6), a knowledge representation formalism that supports the

argumentation-based causal discovery framework developed in Chapter 6.

2.1 Causal Graphs

Causal graphs are central to this thesis, providing a unifying framework for representing and reasoning
about cause-and-effect relationships. At their core, causal graphs capture the structure of causal
relationships within a system. Nodes represent factors of interest, while directed edges denote the
causal influence of one factor on another. This structure facilitates the construction of graphical causal
models (Peters et al., 2017), such as Structural Equation Models (SEMs) and Functional Causal Models
(FCMs) (Pearl, 2009; Spirtes et al., 2000), which are capable of simulating interventions and analysing
counterfactual behaviours. These capabilities make causal graphs a foundational tool for understanding

complex systems and designing interventions across domains.
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The history of causal graphs is deeply rooted in disciplines such as epidemiology, economics, and
social sciences, where they have been used for decades to formalise causal relationships (Spirtes et al.,
2000; Wright, 1934). More recently, causal models have been used to improve ML models’ performance
on tasks such as optical caractecter recognition or gene perturbation (Peters et al., 2017). This
interdisciplinary relevance underscores their utility as a framework for reasoning about causality in
both theoretical and applied contexts.

The structured representation provided by causal graphs not only enhances interpretability and
transparency, but also enables contestability by providing stakeholders with a clear view of the
underlying relationships forming causal assumptions. These properties align closely with the principles
of trustworthy AI, making causal graphs a critical component of the proposed methodologies.

To illustrate the practical implications of causal graphs, the following example demonstrates their

application in modelling socioeconomic factors.

Example 2.1.1. An illustrative example of a causal graph is shown in the figure below, where nodes
such as Education, Race, Occupation, and Income are connected by arrows that represent causal
relationships between these variables. In this hypothetical scenario, an individual’s Education and Race
both influence their Occupation, which in turn directly impacts their Income. Additionally, Education

has a direct effect on Income.

- /‘

In this scenario, we could estimate the causal effect of Race on Income by observing its indirect
impact through Occupation. For instance, systemic biases may restrict access to certain occupations
for individuals of different racial backgrounds, even when their levels of Education are comparable.
Similarly, the direct influence of Education on Income highlights its role in providing opportunities for
career advancement and access to higher-paying roles.

A policymaker analysing this graph might identify targeted interventions to address income disparities.
For example, efforts to reduce racial bias in occupational opportunities or to improve access to quality

education could have measurable impacts on income equality between different demographic groups.

This example highlights how causal graphs enable reasoning about complex interdependencies and
the effects of potential interventions. In the remainder of this section we introduce basic terminology

and notions for graphs in general, and causal graphs in particular.
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In this thesis, causal graphs are used as analytical tools for integrating expert knowledge into
predictive models and as desired outputs of causal discovery methods. Causal discovery algorithms aim
to infer the structure of causal relationships from observational data, providing data-driven approaches
to constructing causal graphs. These algorithms leverage statistical methods to identify patterns in
the data that reflect causal relationships, enabling the construction of causal graphs that capture the
underlying mechanisms of the system.

For instance, in Example 2.1.1, causal discovery seeks to determine the relationships among
Education, Race, Occupation, and Income from observational data, reconstructing the causal structure
represented in the graph. This process is fundamental for formulating the structural assumptions
required to build causal models (Pearl, 2009; Peters et al., 2017), but also to improve predictions, as
we demonstrate in Chapter 4. In this section we cover the graphical and statistical foundations of

causal discovery, while a review of the literature is presented in §3.3.

Graph Types and Terminology A graph is a pair G = (V,E), where V = {1,...,d} is a finite set
of nodes and E C 'V x V is a set of edges. Our graphs are simple, meaning they have no self-loops or
multiple edges between nodes (Lauritzen, 1996, p.4). Edges can be either directed or undirected: an
edge is undirected if both (i,7) € E and (j,47) € E, denoted i — j, while an edge is directed if (i,7) € E
but (j,7) ¢ E, denoted i — j.

Graphs can be classified as directed (containing only directed edges (5)), undirected (containing
only undirected edges (—)), or partially directed (containing both types). The skeleton, denoted C, of a
(partially) directed graph is obtained by replacing all directed edges with undirected ones. A graph is
complete if every pair of nodes is connected by an edge (Pearl, 2009, p.13).

A path between two nodes i and j is a sequence of distinct nodes ¢ = k1, ko, ..., k, = j such that
(km,km+y1) € Eforallm=1,...,n—1. A cycle is a path where i = j. A path is directed if it contains
only directed edges and undirected if all edges are undirected (Peters et al., 2017, p.82). A graph is
acyclic if there is no directed path that begins and ends with the same node. Such a graph is called a

DAG, or a Partially Oriented DAG (PDAG) if it is partially directed.

If an edge exists between two nodes, then these nodes are adjacent or neighbours. The degree of a node
is the number of its neighbours. The set of nodes adjacent to 7 in the graph G is denoted by adj(G, ). If
one of these adjacent nodes, j, points to ¢ with a directed edge, j is called a parent of i. The set of parents
of node i is denoted by pa(G,i). A node i is a descendant of node j if there is a directed path from j to

1, and an ancestor if the path is in the opposite direction. Non-descendants of a node are all nodes that
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are not its descendants, including the node itself (Lauritzen, 1996, p.6). In Example 2.1.1, the adjacency
set of Race is adj(G, Race) = {Occupation}, while adj(G, Occupation) = { Education, Race, Income}.
The parent set of Occupation is pa(G, Occupation) = { Education, Race}, while Race is an ancestor of

Income. Finally, Income is both a descendant (via Occupation) and a child of Education.

Causal Graphs A causal graph is a graph where nodes represent factors or entities in a system, and
edges represent relationships between these factors (Pearl, 2009; Spirtes et al., 2000). For instance,
Example 2.1.1 illustrates socioeconomic factors using a causal graph, where nodes correspond to
variables like Race, Fducation, and Occupation, and edges capture causal relationships between them.
A triple (4, j, k) is called an Unshielded Triple (UT) if two nodes i and k are not adjacent, but both
are adjacent to the third node j, denoted i — j — k. A v-structure, also known as an immorality, occurs
when i — j < k, making j a collider. When graphs are causal, then a collider is also referred to as a
common effect (Pearl, 2009, p.17).
Definition 2.1.2 (Collider). Let G = (V,E) be a DAG, and n = iy,...,in a directed path. If
(ig—1,ix) € E and (ig+1,ix) € E, then iy is a collider wrt 2, and the UT ip_1 — i — ig41 @S a

v-structure: ix_1 — i ¢ tgt1-

If two nodes i, k have a common ancestor j, i.e., there is a directed path from j to both ¢ and k that
does not pass through either ¢ or k (Peters et al., 2017), then j is called a confounder or common cause.
This means that ¢ and k are dependent but not causally related, as j is ‘confounding’ the relationship
observed between ¢ and k.

Example 2.1.3. In Example 2.1.1, the triple (Education, Occupation, Race) forms a UT that becomes
a v-structure when considering the orientations of the arrows Education — Occupation < Race.
Intuitively, given the causal graph in the example, if we know the occupation of an individual, as well as
their race, we can infer their level of education. Education, instead, is a confounder for the relationship

between Occupation and Income, affecting both these factors.

Infer (In)Dependencies from Causal Graphs The relationships between nodes in a causal graph
depend on the paths connecting them and whether these paths are active or blocked. To understand how
causal relationships between variables are represented in graphs, and how information flows between
them, it is essential to define an active path (Pearl, 1989, p.118). Intuitively, an active path allows
information to flow between two nodes, depending on the presence of colliders along the path and
whether these colliders or their descendants are included in the conditioning set, which represents the

current state of knowledge. Formally:
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Definition 2.1.4 (S-active Path). Let G = (V,E) be a DAG, and let 72 be a directed path between
distinct nodes i,j € V. We say that p is S-active for a conditioning set S C V \ {i,7} if and only if

the following conditions hold for each node k € r:

1. If k is a collider (i.e., i — k < j), then either:
e k€S, or

e a descendant of k is in S.

2. If k is not a collider, then k ¢ S.

An active path is one in which no node acts as a collider, unless it is conditioned upon, or one of
its descendants is in the conditioning set. Colliders block paths, but conditioning on them opens the
path, making them active.

Using these notions, we can define d-separation (Pearl, 1989, p.117): two nodes ¢ and j are

d-separated given a set S if no S-active path exists between them. Formally:

Definition 2.1.5 (d-Separation). Let G = (V,E) be a DAG. Two distinct nodes i,j € V are said to
be d-separated given a conditioning set S C V \ {4, j} if there is no S-active path between i and j in G.
We denote this as i llgj|S. Conversely, if an S-active path exists between i and j, they are said to be

d-connected, denoted asigj|S.
We illustrate these key concepts with an example:

Example 2.1.6. Consider the causal graph in Ezample 2.1.1. From the graph structure, using

Definition 2.1.5, we can deduce the following d-separation relationships:

e d-Separation without Conditioning: In the path Education — Occupation < Race, both
Race and Education influence Occupation, which acts as a collider. Without conditioning, Race

and Education are d-separated, meaning Race provides no information about Education.

e Collider: In Education — Occupation < Race, Occupation is a collider. If unconditioned,
Education and Race are independent (d-separated). Conditioning on Occupation opens the

path, making Education and Race d-connected, introducing an artificial dependency.

e d-Separation with Conditioning: Conditioning on Occupation blocks the path Race —
Occupation — Income. Once Occupation is known, Race provides no additional information

about Income, rendering them d-separated.
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e Multiple Paths: The direct path Education — Income ensures that Education and Income
remain d-connected, even if Occupation is conditioned upon. This indicates Education still

influences Income directly, regardless of Occupation.

This example demonstrates how d-separation enables us to deduce conditional independencies from
a graph structure. With this understanding, we can now explore the statistical tools needed to infer

graphical relationships from data.

2.2 Causal Graphs and Statistics

As we mentioned, causal graphs encode the causal relationships between factors in a system. These
factors, when measured and recorded, assume an aleatoric nature that is represented by random

variables (Casella and Berger, 2002; Pearl, 2009).

Conditional Independence We denote a set of random variables as X = {X1,...,X4}. Each
variable Xy, for k € {1,...,d}, takes values in A}, C R if they are continuous and in X} C Z if they are
discrete, with X = &7 x ... x &;. Intuitively, two variables X;, X; are conditionally independent, given
a conditioning set S C X\ {X;, X}, if fixing the values of the variables in S, X; or X; does not provide
any additional information about X; or Xj, respectively. In this case, we write X; 1L X; | S (Dawid,
1979; Lauritzen, 1996). Otherwise, the variables are dependent and are denoted by X; U X; | S. If
the conditioning set is empty, we write X; 1l X; and X; X X, to denote marginal independence and

dependence, respectively. We can formalise the notion of independence in probabilistic terms as follows:

Definition 2.2.1 (Conditional Independence). Let P(X) be a joint probability distribution, X;, X; € X
and S € X\ {X;, X}, then

XZ‘JLXJ' | S «— P(Xi,Xj | S) = P(XZ ‘ S)]P)(X] ‘ S) (2.1b)

The formulation in Equation 2.1a reflects the intuition we mentioned earlier: the conditional
probability of X; given X; and S is the same as the conditional probability of X; given S alone, i.e.
knowing X; does not provide any additional information about X; beyond what is already known in
S. The formulation in Equation 2.1b implies that two variables X;, X; are independent if the joint

probability distribution of Xj;, X; can be factorised into the product of the marginal probabilities of
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each variable. Lauritzen (1996, p.29) provides alternative formulations and more details. We use this
latter definition to establish the connection between a DAG and the joint probability of the variables
represented in the DAG. Indeed, the connection lies in how we can factorise the joint probability of all

variables, given the structure of the DAG, as we discuss next.

Markov Property A distribution is said to be Markovian with respect to a graph when this graph
encodes the conditional independencies that are implied by the graph’s structure (Peters et al., 2017,
p.100). In essence, the conditional independencies found in the distribution must align with the

d-separation relationships entailed by the graph (Peters et al., 2017, Def. 6.21).

Definition 2.2.2 (Markov Property). Let G = (V,E) be a DAG and P(V) be a joint probability

distribution. With respect to G, P(V) is said to satisfy the following:

(i) The global Markov property if, for all disjoint subsets X, Y, Z C V, we have:
XUgY|Z=X1LY|Z

(i) The local Markov property if each variable is independent of its non-descendants, given its

parents.

(iii) The Markov factorisation property if:
d

P(V) = [[P(Vi | pa(G. V7))

i=1
Here is what these properties mean in simpler terms:

(i) The global Markov property states that if two sets of variables are d-separated in a graph,
then they are independent in the distribution, generated by that graph. This is a powerful

property that allows us to deduce independencies from the graph structure.

(ii) The local Markov property states that each variable is independent of its non-descendants,
given its parents. This simplifies the consideration of dependencies to direct relationships,

reducing the search space for causal discovery algorithms (see §2.3).

(iii) The Markov factorisation property shows that the joint probability of all variables can be
broken down into simpler terms—each variable is conditionally dependent only on its direct
parents. This drastically simplifies the calculation of joint probabilities, reducing it to the

product of these conditional probabilities.
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The Markov property connects d-separation relationships to conditional independencies. However,
different DAGs can encode the same set of conditional independencies. When this happens, the DAGs
are said to belong to the same Markov Equivalence Class (MEC) (Peters et al., 2017, p.102).

A compact characterisation of MECs is provided in (Verma and Pearl, 1990, Theorem 1), providing

the necessary and sufficient conditions for DAG equivalence:

Theorem 2.2.3 (DAG Equivalence). Two DAGs are Markov equivalent if and only if they have the

same skeleton and the same v-structures.

This concept is crucial for understanding the limitations of causal discovery using observational
data alone. Observational data cannot distinguish between DAGs in the same MEC, as they represent
the same set of conditional independence relationships. This ambiguity, known as observational
equivalence (Pearl, 2009, Theorem 1.2.8), arises because the conditional independencies encoded by a
DAG depend only on its skeleton and v-structures, not on the directionality of all edges. Consequently,
the boundaries of causal discovery from observational data are defined by the inability to determine
edge directions beyond these constraints.

To resolve this ambiguity, additional information—such as expert knowledge or experimental data
from randomised control trials—can be used to orient the edges in the graph. Notably, there are also
cases where relationships deduced from observational data cannot be established through experiments
alone (Spirtes et al., 2000, Ch. 9). This happens when observational dependencies arise due to a
specific Data Generating Process (DGP) that the experiment could not fully replicate.

To represent MECs we use CPDAGSs (Chickering, 2002b). A CPDAG is a PDAG with the following

characteristics (Peters et al., 2017, p.102):

Definition 2.2.4 (CPDAG). Let G be a DAG and MEC(G) be the set of all DAGSs in the MEC of G.
CPDAG(G) = (V,E) is the CPDAG of G, where (i,7) € E if and only if i — j in one of the DAGs in
MEC(G).

This definition implies that:
e The skeleton of the CPDAG is the same as the skeleton of the DAG.

e Directed edges correspond to edge directions that are consistent across all DAGs in the MEC.

e Undirected edges represent arrows that are oriented both ways in the DAGs of the MEC.

CPDAGs provide a compact way to represent all the DAGs in a given MEC. They capture the

essential features of the equivalence class while acknowledging the limitations of observational data.
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Example 2.2.5. In Example 2.1.1, the only v-structure of the graph is Education — Occupation <—
Race. The remaining edges (Education — Income, Occupation — Income) could be oriented in either
direction without violating the conditional independencies (d-separations) implied by the graph and

cannot be distinguished from observational data alone. Hence, the CPDAG would be the following:

- /'

The MEC of this DAG would include all the possible orientations of the edges between Occupation

and Income, totalling four DAGs.

Infer DAGs from (In)Dependencies Another important concept in relating graphs and data
is Faithfulness. As the converse of the Markov property, this assumption ensures that all and only
the independence relationships in the data are reflected in the graph, enabling us to infer the graph

structure directly from the (in)dependencies. Formally (Peters et al., 2017, Def. 6.33):

Definition 2.2.6 (Faithfulness). Let G = (V,E) be a DAG and P(V) be a joint probability distribution.
P(V) is faithful to G if, for all disjoint X, Y,Z C V:

XY |Z=X1U5Y|Z

A distribution that is Markovian but not faithful to a DAG G arises when two paths cancel each
other out. This can occur when the combined effects through different path sum to zero, leading to an
independence relationship in the data that is not captured in G. In these scenarios, the graph fails to
represent the observed independence relationships in the data. Peters et al. (2017, §6.5.3) provide more
details and examples. However, Spirtes et al. (2000, Theorem 3.2) demonstrate that such scenarios
where the causal effects work against faithfulness occur with probability zero in linear models with
coefficients drawn randomly from positive densities.

Ramsey et al. (2006) decompose the faithfulness assumption into two components: adjacency
faithfulness and orientation faithfulness. This breakdown is useful for understanding how graph
structures can be inferred from data. Additionally, this decomposition serves as a foundation for testing

and validating our causal discovery algorithm in Chapter 5.
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Definition 2.2.7 (Adjacency Faithfulness). Let P(V) be a joint probability distribution Markovian
with respect to a DAG G = (V,E), and let X;, X; € V. Then:

This property ensures that if two variables are adjacent in the graph, they remain dependent
given any conditioning set. It guarantees that the graph captures all and only the undirected paths
necessary to create dependencies among variables. Furthermore, it justifies the adjacency search phase
of constraint-based causal discovery algorithms, which we will discuss in §2.3. A similar formalisation

can also be found in (Spirtes et al., 2000, Lemma 5.1.2).

Definition 2.2.8 (Orientation Faithfulness). Let P(V) be a joint probability distribution Markovian

with respect to o DAG G = (V,E), and let X; — X; — X}, € G be a UT. Then:
(Z) If X; — Xj +— X €3G, then X; U Xy ’ S for all S C V\ {X“Xk} UXj.
(it) Otherwise, X; 1L Xy, | S for all S C V\ {X;, Xj, X;}.

Orientation faithfulness ensures that the role of colliders in opening or blocking paths is consistently
reflected in the observed dependencies. When a collider is conditioned upon, it opens the path between
its parent nodes, making them dependent, regardless of the other variables in the conditioning set.
This property underpins the v-structure orientation step of constraint-based causal discovery and is
the focus of Chapter 5. Spirtes et al. (2000, Lemma 5.1.3) provide a similar formalisation.

Faithfulness, combined with the Markov property and notion of d-separation, enables us to orient
edges in a DAG based on conditional independencies observed in data. For instance, by analysing
dependencies, we can infer whether a UT can be oriented as a v-structure: conditioning on a collider
X renders the path X; — X; <— X}, active. Hence, if we observe X; 1L X}, and X; )L X}, | X; we can

infer that X is a collider for X; and X}, and can orient the UT.

Example 2.2.9. Let us illustrate how the graph structure in Example 2.1.1 can be inferred from

observed conditional independencies:

e Adjacency Faithfulness: If we observe Race 1l Education, we can infer that there is no edge
between these variables in the graph. Similarly, if Race L Income | { Occupation, Education}, we
can deduce that no direct edge exists between Race and Income. If these were connected, they
would be dependent given any conditioning set, since the path driving the dependency would be

open no matter the conditioning set.
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o Orientation Faithfulness: If we then observe Race . Education | { Occupation}, we infer that
the UT Race — Occupation — Education should be oriented as Race — Occupation < Education.
Under orientation faithfulness, we would also expect Race ). Education | { Occupation, Income},
as conditioning on the collider Occupation opens the path between Race and Education, making

them dependent.

This example demonstrate how observed (in)dependencies, coupled with the faithfulness assumption,

allow us to infer the underlying causal graph structure from data.

Causal Sufficiency Another important assumption when working with causal graphs is causal
sufficiency (Spirtes et al., 2000). Causal sufficiency holds if all relevant variables are included in the

analysis, particularly those that might act as latent confounders if omitted.

Example 2.2.10. Consider again our DAG from Example 2.1.1, focusing on the relationship between
Occupation and Income. Observational data might show that individuals in higher-status occupations
generally earn higher incomes. However, omitting the variable Education, which influences both
Occupation and Income, could lead to an incorrect estimate of the direct effect of Occupation on
Income. Specifically, Education confounds this relationship because it impacts both the type of jobs an
individual is eligible for, and their potential income. Including Education in the analysis enables us to

correctly infer the direct relationship between Occupation and Income.

Failing to ensure causal sufficiency can lead to paradoxical results, such as those exemplified by
Simpson’s paradox, where aggregate data trends differ from subgroup trends (Peters et al., 2017,

Example 6.37). Let us formalise the causal sufficiency assumption (Spirtes et al., 2000, p.45):

Definition 2.2.11 (Causal Sufficiency). Let V. = {Vi,Va, ..., V4} be a set of variables, with X ¢ V as
a common cause of V;,V; € V. Let X take values in domain X, and let P(V) be the joint probability

distribution of V. The set 'V is causally sufficient if and only if:
PV|X=2x)=P(V) VxeX.

In essence, the joint distribution of the variables in V remains invariant across the values of any
common cause X that is not included in V. This invariance is critical for correctly modelling the
causal relationships without introducing bias from unobserved confounders.

While the causal sufficiency assumption is used throughout this thesis, the proposed algorithms can

be extended to relax this requirement. Additional rules such as the ones from Fast Causal Inference
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(FCI) (Spirtes et al., 2000) (see §3.3), or incorporating additional prior knowledge, could address cases
where the assumption does not hold.

A key implication of the faithfulness and causal sufficiency assumptions is the one-to-one corre-
spondence between variables in the data and nodes in the true causal graph. Consequently, we use the
terms wvariable and node interchangeably and, where context permits, use a variable’s index to refer to

the variable or its corresponding node.

Conditional Independence Tests (CITs) Identifying conditional independencies from data is
central to constraint-based causal discovery. As we showed earlier, given faithfulness, a MEC can be
reliably inferred from a set of independencies. However, these relations must be determined empirically

from the observed sample if no prior knowledge is available. This is where CITs play a pivotal role.

Definition 2.2.12 (CIT). Let X;, X; € X be two random variables, S C X\ {X;, X;} be a conditioning

set. A CIT tests the hypothesis:

Ho: Xi lLX; | S wersus Hi: X; L X;|S.

We denote a CIT by I(X;, X; | S), and assume it outputs a valid p-value p € [0, 1] (Casella and Berger,
2002, Def. 8.3.26 and 8.3.27). For a chosen significance level o:

I(X;,X;|S)=p>a = X; UL X;|S, (fail to reject Hy),

I(X;,X;|S)=p<a = X;LX;|S, (rejectHy).

In statistical hypothesis testing, a Type I error occurs if one rejects Hg when it is actually true, and
a Type II error occurs if one fails to reject Hp when H; holds (Casella and Berger, 2002, Def. 8.1.3).
Under Hy, the p-value distribution is uniform in idealised conditions, thus allowing to control the Type
I error rate through the significance level a. Under H;, p-values are typically skewed towards zero,
making small p-values more likely as the departure from independence increases (Hung et al., 1997).
Consequently, p-values are monotonically informative: smaller values provide stronger evidence against
Ho (Casella and Berger, 2002, p.397).

The probability of correctly rejecting Hy when H; is true is given by the power function (Casella
and Berger, 2002, Def. 8.3.1), which characterises the CIT’s overall efficacy. An ideal or perfect
CIT—discussed in Chapter 5—would have zero Type I error and perfect power, though this ideal is

unattainable in practice. Typically, one fixes a to limit Type I errors, and relies on larger samples or
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more sensitive tests to enhance power and mitigate Type II errors (Wasserman, 2004).

Numerous CITs have been proposed. Fisher’s Z-test (Fisher, 1970) is widely used due to its simplicity
and efficiency in the Gaussian setting (Colombo and Maathuis, 2014; Ramsey et al., 2006; Spirtes et al.,
2000). Alternatives include the x? test (Pearson, 1900), rank-based methods (van der Waerden, 1940),
kernel-based tests (Gretton et al., 2007), and various non-parametric approaches (Chen et al., 2024;
Shah and Peters, 2018; Zhang et al., 2023, 2011). For the empirical evaluations in Chapters 5 and 6,
we use Fisher’s Z-test (Fisher, 1970) as our CIT, however, the methods proposed in this thesis are
flexible and can accommodate alternative CITs as needed.

In summary, CITs provide the statistical foundations for discovering and validating the conditional
independencies that underlie causal structures. By identifying where conditional independencies hold
or fail, these tests supply the building blocks necessary to constrain the space of candidate models. In
the next section, we build on this foundation by introducing the PC! algorithm (Spirtes et al., 2000),

which leverages such constraints to infer causal graphs from observational data.

2.3 The PC Algorithm

The PC algorithm is a foundational constraint-based causal discovery method (Spirtes et al., 2000).
Constraint-based algorithms leverage CITs (the constraints) and graphical rules based on d-separation
to recover the ground-truth causal graph, providing provable guarantees under specific assumptions.

The PC algorithm operates under three core assumptions: acyclicity, faithfulness, and sufficiency.
Under these assumptions, the algorithm has been shown to be sound and complete (Spirtes et al., 2000).
Furthermore, consistency in the large-sample limit has been proven under additional assumptions
about the DGP, specifically for Gaussian (Kalisch and Biithlmann, 2007) and Gaussian Copula (Harris
and Drton, 2013) distributions.

The algorithm proceeds in three main steps: skeleton construction, v-structure orientation, and

pattern completion. Pseudocode for the PC algorithm is provided in Algorithm 1.

1. Skeleton construction via adjacency search: Starting from a complete graph, the algorithm
performs CITs for each pair of adjacent variables. If an independence is detected, the edge
between the variables is removed, and the separating set responsible for the independence is
recorded. This step produces a skeleton, denoted as C. Leveraging Definition 2.2.7—which states

that adjacent variables are dependent given any conditioning set—the algorithm prioritises

'From its creators’ names: Peter Spirtes and Clark Glymour.
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Algorithm 1: The Peter-Clark (PC) Algorithm

Input: I(X;, X; |S)V X;,X; € V,SCV\ (X;, Xj);
Step 1: Adjacency Search

=(V,E), E=V xV > Complete Graph over V
=0

> Separating Sets

r X; € Cdo

for X; € adj(C, X;) do
for Se N do
if 1(X;,X;|S) > a then
Remove edge from C
C=CuS

return C > Skeleton

Step 2: Orient v-structures
9: for Xi—Xj—Xk €Cdo

10:
11:

if X; ¢ C then
orient: X; — X; + X},

return C > PDAG

Step 3: Pattern Completion
12: Apply Meek’s rules (Meek, 1995) to C until no more edges can be oriented

return C > CPDAG

marginal independence tests, as they are both computationally cheaper and statistically more
reliable (Casella and Berger, 2002). It incrementally increases the size of the conditioning sets
only after testing all pairs of adjacent variables, yielding significant efficiency improvements

compared to the earlier SGS? algorithm (Spirtes et al., 2000).3

. Orienting v-structures: Using the principle from Definition 2.2.8—that a collider is not

included in any separating set of the other two variables in a UT—the algorithm examines each
UT X; — X; — X}, in the skeleton C output from step 1. If X; is not in any of the separating

sets saved in step 1 for X; and X}, the UT is oriented as a v-structure: X; — X; < Xj,.

. Completing patterns: Following the v-structure orientation, the algorithm analyses all

triangles (sets of three adjacent variables) and kites (sets of four adjacent variables) in the graph.
It applies the orientation rules described in (Meek, 1995) to deduce further edge directions. These
rules ensure that the resulting graph is a sound and complete CPDAG, accurately representing

the true MEC under the faithfulness assumption (Meek, 1995).

The PC algorithm represents a foundational constraint-based causal discovery method, offering

strong theoretical guarantees in the sample limit. However, in finite-sample settings, PC has been

2Named after its inventors: Peter Spirtes, Clark Glymour, and Richard Scheines
3The part of the procedure relative to the size of the conditioning set is omitted from Algorithm 1 for conciseness. It

can be found in (Colombo and Maathuis, 2014, Algorithm 3.2).
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extended in various ways, such as guaranteeing order-independence (PC-Stable (Colombo and Maathuis,
2014)) or making sure that step 2 did not violate faithfulness (CPC (Ramsey et al., 2006)). See §3.3
for more details on the various extensions to PC.

In this thesis, we build upon these advances and propose a novel enhancement to constraint-based
causal discovery, the Shapley-PC algorithm (Chapter 5). By integrating Shapley values into the
v-structure orientation phase, Shapley-PC mitigates finite-sample errors while maintaining theoretical
guarantees. This approach strengthens the reliability of causal graph recovery, addressing key limitations

of existing methods.

2.4 Causal Discovery as an Auxiliary Task

Having examined contraint-based causal discovery, we now explore the integration of causal discovery
with predictive models, focusing on FFNNs. In Chapter 4, we will introduce Contestable NNs, which
leverage causal graphs to enhance interpretability, contestability, and robustness via expert knowledge
injection. We begin by introducing our prediction setting.

Consider a prediction task with input variables X = {X7,..., X4} and a target variable Y. Each
input variable X} takes values z; € X C R, while the target variable Y takes values y € Y C R for
regression tasks or Y C Z for classification tasks. The input space is defined as X = A1 x ... x Ay.
This setup is a specialisation of the general one in Section 2.2, where the target variable Y is treated
separately for prediction purposes, and the input space is assumed to be continuous, while the target
can be either continuous or discrete.*

A predictive model learns a function fy : X — ) that maps input values [z1,...,x4] to a predicted

target value y. In practice, fy is learned from a training dataset:

D:{(le,...,l‘jd,yj) ’jZI,...,N;l‘j eé’(,yj Gy},

drawn from a joint probability distribution P(X,Y") over the input and target variables.

In this setting, NNs can be leveraged to model the relationship between X and Y. Among
various NN architectures, FFINNs—consisting of multiple layers of interconnected computational units
(neurons)—form a foundational class (Goodfellow et al., 2016). Each neuron computes a weighted sum
of its inputs plus a bias term, followed by a non-linear activation function. By stacking several layers,

FFNNs can approximate a broad class of functions, capturing highly non-linear DGPs. Under suitable

“We keep d input variables instead of d — 1 for ease of exposition.
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conditions, FFNNs are universal approximators (Hornik et al., 1989). In this thesis, when the context
is clear, we use NN and FFNN interchangeably.

Training a NN involves optimising its parameters (weights and biases) to minimise a loss function
that quantifies the task’s objective. Gradient-based algorithms such as back-propagation and Stochastic
Gradient Descent (SGD) iteratively adjust these parameters to achieve better performance on the train-
ing data. Once training converges, the resulting model can predict target values for previously unseen
inputs. Beyond this initial training, a well-trained network may also be fine-tuned for related tasks or
to adapt to new domains, enabling more efficient and flexible reuse of learned representations (Yosinski
et al., 2014). We explore both these aspects in the context of contesting NNs in Chapter 4.

Despite their strengths, NNs often require large datasets (Picha et al., 2023), typically operate as
black boxes that limit interpretability and make it difficult to incorporate domain knowledge (von Riiden
et al., 2023), and may struggle with generalisation (Szegedy et al., 2014). A common methodology
to improve generalisation and stability is regularisation (Hastie et al., 2009, Ch. 7). Given the
complementary strengths of causal models when compared to ML (cf. Table 1.1), a natural way
forward is to consider integrating causal insights into the training process. Indeed, (Kyono et al., 2020)

demonstrated the value of embedding causal discovery into FFNNs, as we see next.

Causal Structure Learning (CASTLE) Kyono et al. (2020) introduce CASTLE, a neural
architecture that integrates causal discovery as an auxiliary task alongside the primary prediction
objective. This dual-task approach enables the model to predict a target variable while simultaneously
uncovering the causal structure among input variables by leveraging causal discovery as a form of
reqularisation. Specifically, CASTLE penalises weights that would create cycles in the graph representing
variable relationships, thereby inducing a DAG structure. This encourages the learned relationships to
adhere to causal principles while maintaining low prediction error on the target variable.

While traditional causal discovery aims to identify genuine causal dependencies, CASTLE demon-
strates that enforcing acyclicity alone can significantly enhance predictive performance. Empirical
evaluations on both synthetic and real-world datasets show that encouraging the NN to learn an
acyclic representation of inter-variable relationships leads to improvements in both accuracy and
generalisation (Kyono et al., 2020).

The CASTLE architecture, illustrated in Figure 2.1, simultaneously predicts a target variable Y
and reconstructs the input variables X. It comprises d 4+ 1 subnetworks, each with d input neurons

corresponding to all but one of the variables. Each subnetwork excludes a specific variable (among
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Figure 2.1: Joint NN Structure. Green arrows refer to the highlighted subnetwork 1, predicting Y
(Output layer), while having Y masked (grayed out in Input layer). Biases are omitted for clarity of
presentation.

X1,...,Xg,Y) from its inputs (indicated by a grayed-out neuron in Figure 2.1) and must reconstruct
that excluded variable. Thus, each subnetwork learns to infer one variable solely from the others,

without direct access to the variable it aims to recover.

All subnetworks have M +1 layers, and differ only in their input and output layers. The intermediate
layers (layers 2, ..., M) are common across all subnetworks, enabling the model to efficiently capture

inter-variable relationships. We refer to this design as the Joint NN.

During training, the weights of all layers are optimised to achieve the best performance across all
subnetworks simultaneously, thereby encoding the structure of interactions among all variables. This
design draws inspiration from multi-task learning, where shared representations enable related tasks to
inform and improve each other (Maurer et al., 2016). In the context of CASTLE, this shared learning
mechanism facilitates capturing common patterns across variable relationships, which enhances both

predictive accuracy and allows the estimation of the causal structures.

As in standard NN training, optimisation employs back-propagation and SGD. However, CASTLE
introduces additional components into the loss function to achieve its dual objectives of prediction and
causal discovery. The total loss combines two key elements: the prediction loss and the DAG loss. The
prediction loss evaluates the accuracy of the predicted target, using Mean Squared Error (MSE) for

regression tasks and cross-entropy for classification tasks.
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The DAG loss, adapted from (Zheng et al., 2018), can be subdivided into three components:

e The reconstruction loss, calculated as the MSE for the outputs of each subnetwork, assuming

they are continuous.

e The acyclicity loss, a regularisation term that penalises cycles in the graph structure. This is a

function of the weight matrix and induces the resulting graph to be a DAG.

e An L, sparsity loss that encourages sparsity in the weight matrix, promoting simpler and more

interpretable models.

This combination of prediction and reconstruction tasks allows CASTLE to balance predictive
performance with structural regularisation (Kyono et al., 2020). However, the causal graph inferred by
CASTLE is solely data-driven and derived directly from the weight matrix, resulting in limited control
over the relations discovered and used by the NN for prediction. In this thesis, we address this limitation
by focusing on the explicit construction of the weight matrix and its subsequent translation into an
actual causal graph that can be both inspected and validated. The weight matrix is a crucial component
of our Contestable NNs framework, introduced in Chapter 4, where it serves as the foundation for
building interpretable and contestable NN models. Let us formally define the weight matrix and its
associated Weighted Adjacency Matriz (W), as used in CASTLE.

The sets of weights for each layer [ € {1,..., M} are denoted by ©;, where «9[“ represents the
individual weight connecting neuron ¢ in layer [ to neuron j in layer [ + 1. Additionally, Qi’j k refers

to the weight from input neuron ¢ in the first layer to neuron j in the first hidden layer of the k-th

subnetwork. Then, the adjacency matrix W is defined as follows.

Definition 2.4.1 (Weighted Adjacency Matrix). Given a NN with weights ©, where h = |03,
j=1,...,h, and i,k € {1,...,d+ 1}, the (i, k)-th entry of W is defined as:

S ()

j=1

Hence, W is a square, hollow matrix of order d + 1, holding a non-negative weight for each variable,
including the target, in relationship to all others. Each entry, w;, for ¢,k € {1,...,d+ 1}, is calculated
as the square root of the sum of the squared input layer weights across all hidden neurons.

For standardised input data, each entry w;; € W represents the magnitude of the effect of variable

i on variable k within the NN. The causal interpretation of W relies on the acyclicity term in the
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loss function, which induces W to approximate a DAG. However, within the CASTLE framework,
acyclicity is not strictly enforced but merely encouraged through the loss function. This means that if
the acyclicity loss is not exactly 0, the resulting structure may still contain cycles. This limitation
contrasts with the Contestable NNs framework proposed in this thesis, where acyclicity is strictly
enforced to ensure a valid DAG.

To illustrate these limitations, we revisit Example 2.1.1. The weighted adjacency matrix, constructed
according to Definition 2.4.1, does not directly produce a DAG that faithfully represents the causal
relationships in the data. However, the resulting graph remains a close approximation to the underlying

causal structure.

Example 2.4.2. Consider the following weighted adjacency matrix as output by CASTLE when fitted

to synthetic data generated from the DAG in Example 2.1.1.

Income Education Race Occupation
Income 0.05 0.02 0.07

Education _ 0.00
Race 0.06 0.00

Occupation 0.08 0.07

The matrix illustrates the magnitude of the relationships learned from the data, where each cell w;

quantifies the influence between variables. Higher values indicate stronger connections. For instance:

o The strongest dependency is observed between Occupation and Income (0.21), with Occupation

exerting a significant influence on the prediction of Income.

o The effect of Education on Income is both direct (0.11) and indirect, through Occupation (0.15).
We know that Education is confounding the relationship between Occupation and Income in the

true causal graph.

o The indirect effect of Race on Income is captured as if it were direct (0.06), although the effect

on Income is mediated through Occupation (0.12) in the true causal graph.

While the adjacency matrix provides some insights into the relationships between variables, inter-
preting it as a (causal) DAG introduces challenges. A thresholding process is often applied to convert a
weighted matriz into a binary adjacency matriz, identifying the presence or absence of edges (Zheng
et al., 2018). This process is not part of the CASTLE framework, which focuses on weight regularisation
for predictive performance. As a result, the inferred graph structure may contain cycles, rendering it

unsuitable for causal interpretation.
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Threshold selection can significantly impact the resulting graph structure, introducing a hyperparam-

eter that requires careful tuning. For example:
e A threshold of 0.1 recovers the true causal structure.
o A threshold of 0.2 only retains the edge between Occupation and Income, missing 3 edges.
o A threshold of 0.05 introduces 4 spurious edges, and as many cycles.

Thus, while CASTLE can produce weighted adjacency matrices that reflect variable relationships, its

inability to directly enforce acyclicity or ensure valid causal graphs limits its utility for causal reasoning.

These limitations highlight the need for systematic approaches to translate weighted adjacency
matrices into valid, inspectable DAGs that accurately represent causal relationships. In Chapter 4, we
address these challenges through Contestable NNs. Our proposed framework enables the extraction of
meaningful and verifiable causal graphs from NN weights, fostering contestability and interpretability

through expert engagement.

Having explored the integration of causal discovery with NNs, underpinning the contestation
algorithm in Chapter 4, we now shift our focus to the methods used to develop transparent and robust

causal discovery frameworks in Chapters 5 and 6: Shapley values and ABA.

2.5 Shapley Values

Understanding how each variable influences an outcome is fundamental to developing interpretable
and trustworthy models. The Shapley value, a concept rooted in cooperative game theory (Shapley,
1953) and later adapted for ML explainability (Lundberg and Lee, 2017), is a well-established method
for quantifying and attributing contributions to individual variables.

The Shapley value provides a fair method for distributing the total value generated by a team
among its individual players, based on their unique contributions. It captures the marginal contribution
of a player ¢ € N when joining any potential coalition S, averaged across all possible combinations to
build S. Contributions are weighted by the likelihood of each coalition forming (Shapley, 1953).

Consider a team N of players working together to achieve a collective value v(N). The function v

assigns a real number v(S) to any coalition of players. Formally:
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Definition 2.5.1 (Shapley Value). Let N = {1,...,n} be a set of players, SC N, andv:S— R a

value function. The Shapley value ¢, (i) of player i € N is defined as:

[St(n — S| - 1)!
|

$u(@) = ) -[u(SU{i}) —v(S)].

SCN\{i} v

The weighting factor W

represents the probability of a coalition of size |S| forming,
accounting for all possible orderings of players. This ensures that every coalition is treated equitably,
and the contribution of a player is evaluated independently of the coalition’s composition.

The Shapley value satisfies four key properties (Shapley, 1953):

* Symmetry: ¢,(i) = ¢o(j) if v(SU{i}) = v(SU{j}) VS € N\{i,j}.

« Efficiency: Y ;o ¢0(i) = v(N) — v({}).

Additivity: ¢uv(i) = du(i) + ¢y(i) for any value functions u, v.

e Nullity: ¢o(i) = 0if v(S U {i}) = v(S) ¥ S C N\{i}.

These axioms ensure fair and consistent credit attribution. Symmetry guarantees that players
contributing equally to all coalitions receive identical Shapley values, while Efficiency ensures that the
total value created is fully distributed among all players. Additivity allows for consistent attribution
when combining value functions, and Nullity assigns a Shapley value of zero to players who contribute
nothing to any coalition. Due to these properties, Shapley values are widely regarded as a fair and
robust solution for credit attribution (Young, 1985).

To illustrate their application, we revisit the causal graph from Example 2.1.1, demonstrating how

Shapley values can quantify contributions in an ML context, as proposed by Lundberg and Lee (2017).

Example 2.5.2 (Shapley Value Calculation for Income Prediction). Consider again the causal
graph from Example 2.1.1, and the task of predicting the likelihood of changing Income based on the
input variables Education (E), Race (R), and Occupation (O). Shapley values quantify the marginal
contribution of each variable to this prediction by evaluating the model’s output across different subsets
of inputs.

Let the value function v for each subset S C {E, R, O} represent the predicted probability of achieving

a higher Income, with values in the range [0,1]. These values are:

o(0) = 0.5, v({EY) =07, v({R}) =065 ({0} =06,
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v({E,R}) =0.75, v({E,0})=0.72, v({R,0}) =068, v({E,R,0}) =08.

Using these values, the Shapley value for E is computed as follows:

)= Y BIBZISIZUN g my) us).

|
SC{R,0} 3

Calculating the marginal contributions of variable E for each subset S:

e For S =0, contribution: v({E}) —v(0) = 0.7 — 0.5 = 0.2, weighted by .

For S = {R}, contribution: v({E, R}) — v({R}) = 0.75 — 0.65 = 0.1, weighted by ¢.

For S = {0}, contribution: v({E,O0}) —v({O}) = 0.72 — 0.6 = 0.12, weighted by .

For S ={R,0}, contribution: v({E,R,0}) —v({R,0}) = 0.8 — 0.68 = 0.12, weighted by

Lol

Summing the weighted contributions gives:
1 1 1 1
bo(E) = 3(0.2) + £(0.1) + £(0.12) + 5(0.12) = 0.143.

Hence, the Shapley value for E is approximately 0.143. Similarly, the Shapley values for the other
variables are:

The Shapley value calculation in this example demonstrates that Occupation contributes the most
to predicting Income, with a Shapley value of 0.157, followed by Education and Race. These results
reflect the relative importance of each input variable, highlighting that Occupation is the strongest
predictor. By fairly attributing each variable’s contribution, Shapley values provide interpretable

insights into how input factors influence the prediction, enabling informed analysis of model behaviour.

2.6 Assumption-Based Argumentation (ABA)

Chapter 6 explores how knowledge representation techniques offer an alternative to purely statistical
methods for causal discovery. These techniques provide structured frameworks for representing
complex relationships, integrating domain expertise, and handling inconsistencies in data (Brachman

and Levesque, 2004). Among these, Computational Argumentation has emerged as a formal model
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for reconciling differences in non-monotonic reasoning and constructing interpretable models and
explanations (Dung, 1995; Toni, 2014).

Argumentation Frameworks (AFs) are particularly valuable for causal discovery due to their ability
to systematically evaluate and resolve conflicts, a frequent challenge when dealing with diverse and noisy
data sources. Furthermore, their transparency supports the construction of coherent and interpretable
models, even in the presence of uncertainty (Amgoud and Prade, 2009; Krause et al., 1995).

The two most prominent frameworks within computational argumentation are Dung’s Abstract
Argumentation (Dung, 1995) and ABA (Bondarenko et al., 1997). Abstract Argumentation considers
arguments as abstract entities, focusing on their relationships without regard to internal structure.
ABA, on the other hand, extends this approach by incorporating assumptions and rules, allowing
arguments to be explicitly defined and enabling more detailed reasoning processes.

This thesis leverages ABA as a formal mechanism for managing inconsistencies and combining
insights from both data and expert knowledge in the construction of causal graphs. Its structured
approach facilitates the representation and resolution of conflicts inherent in causal reasoning (Alrajeh
et al., 2020). By integrating ABA into causal discovery, this work seeks to derive interpretable causal
graphs that align with both empirical evidence and domain expertise, enabling reliable and transparent
decision-making.

Let us introduce the basics of ABA necessary to understand our proposed Causal ABA (Chapter 6).
A more detailed account can be found in (Cyras et al., 2017).

We assume a deductive system (£, R), where L is a formal language, i.e., a set of sentences, and
R is a set of rules defined over £. A rule r € R is expressed in the form ag < ay,...,a, where each

a; € L. The head of the rule is head(r) = ag, and the body is body(r) = {a1,...,an}. Formally:

Definition 2.6.1 (ABAF). An ABA Framework (ABAF) is a tuple (L,R,A,~), where (L,R) is
a deductive system, A C L is a set of assumptions, and ~ : A — L is a function mapping each

assumption a € A to a sentence in L (contrary function).

A sentence g € L is tree-derivable from S C A and rules R C R, denoted as S bg g, if there exists

a finite rooted labelled tree T satisfying the following conditions:

e The root of T is labelled with ¢;
o The set of labels for the leaves of T" is equal to S or S U{T};

e For every inner node v of T', there exists a rule r € R such that:
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— v is labelled with head(r),

— The number of successors of v is |body(r)|,

— Each successor of v is labelled with a distinct a € body(r) or T if body(r) = 0.

When the rule set R is clear from the context, we simplify notation and write S F ¢ instead of
S'CStgrq.
The contrary function captures the negation of an assumption, allowing for the representation of

conflicting information, formalised by the notion of attack.

Definition 2.6.2 (Attack). Let D = (L,R,A,”) be an ABAF. A set S C A attacks T' C A if there

exists ' C S and a € T such that S’ -a. A set S defends T if it attacks every attacker of T.

With a slight notational abuse, we say that a set S C A attacks an assumption a € A if S attacks
the singleton {a}, and we define S = {@ | a € S}.

A fundamental property in ABA is the closure of assumption sets. A set S C A in an ABAF D
is closed if S F a implies a € S, meaning all assumptions derivable from S are contained in .S. This
property ensures consistency and completeness within the reasoning framework.

Building on closure, flatness characterises the nature of assumption sets in an ABAF. Specifically,
an ABAF is called flat if every set S C A is closed; otherwise, it is called non-flat. Flat ABAFs
are easier to analyse due to their straightforward reasoning paths, whereas non-flat ABAFs may
contain circular dependencies, where assumptions indirectly support each other, creating loops that
complicate the analysis of their relationships. This distinction influenced the implementation of the
causal discovery algorithm in Chapter 6, where we employed Answer Set Programming (ASP) and the
clingo framework (Gebser et al., 2019) to handle such complexities.

ASP provides a declarative programming paradigm suitable for encoding and solving complex
combinatorial problems inherent in non-flat ABAFs. As we will detail in Chapter 6, there is a mapping
between stable models (solutions of ASP) and stable extensions (solutions of ABAFs). We leverage
this mapping to implement our Causal ABA in clingo, a powerful solver for ASP programs, which
enables efficient grounding of rules and the search for stable models, thereby facilitating the resolution
of circular dependencies.

To reason effectively within ABAFs, it is crucial to identify sets of assumptions that are admissible.
Admissibility builds on the notions of attacks and defence to define which sets of assumptions can

coexist without internal conflicts and are capable of defending themselves against external attacks.
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Definition 2.6.3 (Admissible Set). Let D = (£, R,A,”) be an ABAF. A set S C A is conflict-free if

it does not attack itself. S is admissible if it is conflict-free and defends itself, denoted as S € ad(D).

Intuitively, admissible sets consist of assumptions that neither attack one another nor permit
undefended attacks from external assumptions. These sets form the foundation for defining different
ABA semantics, which provide criteria for determining which assumptions to accept or reject within
an ABAF.

In ABA, semantics offer various perspectives for analysing ABAFs. Extensions—sets of assumptions
acceptable under a given semantics—capture these perspectives. Below, we describe four key ABA

semantics: grounded, complete, preferred, and stable (denoted as gr, co, pr, and stb, respectively).
Definition 2.6.4 (ABA Semantics). Let D = (L, R,A,”) be an ABAF and S € ad(D). Then:

o S € co(D) if S contains every assumption it defends.

o Seygr(D) if S is C-minimal in co(D).

o Sepr(D)ifS is C-mazimal in co(D).

o S e sth(D) if S attacks each {x} C A\ S.
Each semantics reflects a different reasoning standpoint (Baroni et al., 2011):

« Complete extensions strengthen the admissible definition by including precisely the arguments

that the set collectively defends.
¢ Grounded extensions are the C-minimal complete extension, the most conservative stand.

o Preferred extensions are the least conservative, aiming at maximising acceptance (C-maximal

complete extension).

o Stable extensions adopt a more defensive approach, requiring that accepted assumptions attack

all assumptions not included in the set.

These semantics are central to understanding and analysing ABAFs. By examining different
semantics and their corresponding extensions, we can explore how varying degrees of conservatism and
aggressiveness in accepting assumptions influence the resulting extensions/conclusions. Relationships
between these semantics have been extensively studied, with findings such as ¢f(D) 2 ad(D) 2 co(D) 2
pr(D) D stb(D), as detailed in the comprehensive overview provided by Cyras et al. (2017), which

highlights their implications for reasoning within ABAFs.
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In Chapter 6, we leverage these semantics to develop a method for reasoning with causal structures

and statistical relationships in the context of causal discovery.

Graphical ABA Representation To visualise the attack structure between assumptions in the
ABAFs introduced in Chapter 6, we employ AF's with Collective Attacks (SetAFs) (Nielsen and Parsons,
2006). SetAFs generalise Dung’s abstract AFs by allowing sets of arguments to collectively attack other
arguments, making them particularly well-suited for representing the attack relations in ABAFs, as
demonstrated by Konig et al. (2022).

Formally, an AF with Collective Attacks (SetAF) is a pair (A, R), where A is a set of arguments and
R C 24 x A is an attack relation. The attack relation specifies that a set of arguments S C A attacks
an argument a € A if (S,a) € R. An ABAF D = (L, R, A,”) can be instantiated as a SetAF by setting
A = A and defining the attack relation R as follows: S C A attacks a € A if S+ @. This representation
captures the underlying interactions and dependencies between assumptions in a graphical manner,
enabling intuitive reasoning about conflicts and defences (Koénig et al., 2022).

Let us consider an example ABAF to explore the extensions derived from its attack structure and

illustrate the utility of Set AFs.

Example 2.6.5 (Collective Attacks and Extensions). Consider an ABAF (A, R,™) with assumptions

A={a,b,c,d}, contrariesa=1p, b=q,c=r,d=s, and rules:

p+b;, qg<a; r<ab s+ c

This ABAF can be represented as a SetAF, capturing the attack relations between assumptions:

o {a,b} collectively attacks c as {a,b} = r;

b
o a attacks b as {a} - q;
c—— (
( o b attacks a as {b} + p;
a o c attacks d as {c} b s.

Next, we examine the extensions derived from this ABAF under different semantics:

e Conflict-Free Sets: These include all sets of assumptions that do not attack each other:
0,{a},{b},{c}. {d},{a,d},{b,d},{a,c}, {b,c}. Note that sets such as {a,b} are excluded because

a and b attack each other.

o Admissible Extensions: Admissible sets are conflict-free and defend themselves against attacks:

0,{a},{b},{a,c}, {b,c}. For instance, {d} is not admissible because it is attacked by ¢ and does
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not defend itself. {a,d} and {b,d} are not admissible because they do not defend d against the

attack from c.

o« Complete Extensions: Complete extensions are conflict-free sets that include exactly the
arguments they defend: 0,{a,c},{b,c}. The empty set ) is a complete extension because all
arguments are attacked, leaving no opportunity to defend all arguments in the set while staying

conflict-free. Sets like {a} and {b} are not complete because they defend d but do not include it.

e Grounded Extension: The grounded extension is the C-minimal complete extension: ()

o Preferred Extensions: Preferred extensions are the C-maximal complete extensions:{a,c},{b, c}

e Stable Extensions: Stable extensions are admissible, and attack all assumptions outside the

extension: {a,c},{b,c}

This example demonstrates how different semantics yield varying sets of accepted assumptions.
Conflict-free sets avoid internal attacks, admissible extensions defend against external attacks, complete
extensions fully incorporate defended assumptions, and grounded extensions represent the most
cautious approach. Preferred extensions, on the other hand, strive for maximal acceptance, while stable
extensions require that every assumption outside the set is attacked, making it the most aggressive
form of defence.

As detailed in Chapter 6, we use ABA to reason about observed (in)dependence relations and
causal relations extracted from data or provided by experts. This mix of statistical and graphical
relations serve as assumptions, which we combine with d-separation rules to infer causal relationships.

Stable semantics play a key role in our work as they identify the strongest possible positions in an
ABAF, aligning with the need for robust decision-making in causal discovery. It is worth noting that
stable extensions may be absent in some cases due to their strict requirements. However, in some cases
also multiple stable extensions may exist, reflecting the non-uniqueness of stability.

Another reason for focusing on stable semantics is their correspondence with stable semantics in
Logic Programming (LP) (Caminada et al., 2015; Schulz and Toni, 2015), recently extended to non-flat
instances (Rapberger et al., 2024). In standard ABA-LP translations, assumptions are linked to default
negated contraries, e.g., an assumption a € A with contrary a. € £ corresponds to the default negated
literal not a.. Our framework extends this approach by leveraging ABA’s expressive power while

utilising efficient LP tools for reasoning with non-flat ABAFs. This enables the implementation and
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evaluation of our causal discovery algorithm, using existent LP solvers to calculate semantics for our

Causal ABAFs.

2.7 Summary

In this chapter, we provided an overview of the foundational concepts necessary to understand the
methods presented in this thesis. These concepts included causal graphs, causal discovery, regularised
NNs, Shapley values, and ABA. Building on this foundation, the following chapters introduce novel
methods that integrate these concepts: injecting and contesting NNs using causal graphs (Chapter 4),
leveraging Shapley values for causal discovery (Chapter 5), and employing ABA for causal discovery
(Chapter 6). Before delving into these contributions, we first review the relevant literature in Chapter 3

to contextualise our work within the broader research landscape.
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Related Work

This chapter reviews three key areas foundational to this thesis: Contestable AI, Knowledge
Injection, and Causal Discovery. We position this work within the existing literature, highlighting
critical gaps that motivate our research.

We begin with Contestable AT (§3.1), examining frameworks and challenges in enabling stake-
holders to scrutinise and refine Al systems. Special attention is given to operationalisation and
redress. Next, we explore Knowledge Injection (§3.2) particularly as a mechanism to support
contestability and stakeholder-driven redress. Finally, we turn to Causal Discovery (§3.3), providing
a high-level overview of the field before delving into its three key methodological families: continuous
score-, constraint-, and logic-based approaches. Within logic-based methods, we investigate the role of
Computational Argumentation as a framework for enhancing explainability while advancing causal
discovery. Together, these intersecting areas frame the challenges and opportunities addressed by this

thesis in advancing trustworthy Al systems.

3.1 Contestable AI

Contestable AT emphasises the importance of enabling stakeholders to interact with, challenge, and
revise Automated Decision Systems (ADSs) for a safe and equitable deployment AI. Contestability is
unlocked by transparency and fosters accountability—core principles of trustworthy AI. This section
examines contestability through the lenses of the framework established by Leofante et al. (2024), which
provides the foundation for the methodologies proposed in Chapter 4 to operationalise contestability
for NNs. The choice of this framework reflects its comprehensive formalisation of contestable Al,

addressing key dimensions such as contested and contesting entities, as well as methods of engagement.
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Contested Entities Contestability in ADSs spans various aspects, including:

o System design, focusing on ADSs’ structure (Alfrink et al., 2023b; Almada, 2019; Yurrita et al.,
2023b).

o Training data, addressing the provenance and fairness of data (Kluttz et al., 2020).
o Inputs, scrutinising the data provided for specific predictions (Alfrink et al., 2023b).

o Outputs, examining the system’s decisions (Henin and Métayer, 2022; Hicks, 2022; Hirsch et al.,
2017; Lyons et al., 2021; Ploug and Holm, 2020; Tubella et al., 2020).

o Entire ADSs, engaging with the holistic operation of the system (Alfrink et al., 2023a; Lyons
et al., 2021; Vaccaro et al., 2021).

Existing research on contestability predominantly focuses on static entities, such as outputs or
inputs, rather than entire ADSs. While the literature acknowledges the need for contesting ADSs as a
whole, operationalising such contestability remains largely unexplored, with the exception of (Ioannou
and Michael, 2024), which applies argumentation to dialogues for arbitration purposes. This thesis
addresses these gaps by operationalising contestability for NNs as an example of a complete ADS.

Our approach in Chapter 4 enables a dynamic, iterative two-way learning process facilitated by
causal graphs. This allows experts to contest the NNs while simultaneously addressing gaps in their
own knowledge through learned relationships. Although the contestation of experts by the ADS is not
supported—a limitation noted in (Leofante et al., 2024)—the collaborative interaction fostered by our

methodology promotes robust, interpretable, and adaptable Al systems.

Contesting Entities The literature identifies several types of contesting entities, including;:

e Decision subjects, individuals affected by ADS decisions, who benefit from simplified explana-
tions and accessible interactions (Almada, 2019; Henin and Métayer, 2022; Hicks, 2022; Lyons

et al., 2021; Ploug and Holm, 2020).

e Third-party representatives or collective actions, enabling group-based advocacy and

oversight (Alfrink et al., 2023b; Lyons et al., 2021).

o Subject-Matter Experts (SMEs) and regulators, whose technical expertise is critical for
contesting decisions in high-stakes domains (Alfrink et al., 2023a; Kluttz et al., 2020; Tubella

et al., 2020).
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In Chapter 4, we prioritise SMEs as contesting entities due to their ability to provide technical
scrutiny and domain-specific insights. Our methodology equips SMEs with causal graphs learned by
the NN, enabling them to challenge and refine model relationships during training. By integrating
expert input, our approach introduces a novel form of Human-in-the-loop (HITL) debugging,
addressing calls for more meaningful and impactful contestation methods (Henin and Métayer, 2022;
Leofante et al., 2024). Our methodology is further motivated by the value of human input in shaping
robust and trustworthy Al systems (Kluttz et al., 2020).

Although Alfrink et al. (2023b); Lyons et al. (2021) highlight the importance of enabling collective
actions, our focus is on individual SMEs or small groups that can reach consensus during the iterative
process that refines the model relations. Arbitration methods, such as those proposed by Ioannou and
Michael (2024), offer a promising direction for extending our methodology to support group-based

contestation in the future.

Contestation Methods The literature highlights various methods supporting contestation, including
participatory design (Alfrink et al., 2023a; Almada, 2019; Vaccaro et al., 2021), operation logs (Hicks,
2022), and model explanations (Almada, 2019; Kluttz et al., 2020; Ploug and Holm, 2020). Explanations
are particularly crucial for contestability as they enable stakeholders to challenge decisions beyond
examining outputs alone (Leofante et al., 2024; Lyons et al., 2021).

Among explanation methods, process-centric explanations (Yurrita et al., 2023b) stand out by
providing context-specific justifications tied to the reasoning behind decisions. These explanations
explicitly connect inputs, conditions, and mechanisms driving outcomes, enabling stakeholders to
engage meaningfully with the decision process. In high-stakes domains, such as healthcare or finance,
process-centric explanations are particularly valuable for fostering critical debate and iterative feedback.
By contrast, post-hoc methods like counterfactual explanations (Venkatasubramanian and Alfano,
2020) often lack the depth to reveal underlying reasoning or support dynamic engagement.

In Chapter 4, we propose causal graphs as a process-centric explanation method. Causal graphs
offer a structured and context-aware representation of a NN’s learned relationships, mapping how the
model interprets data relative to real-world causal mechanisms. By clearly highlighting the processes
influencing the NN’s behaviour, causal graphs allow experts to scrutinise, challenge, and refine model
assumptions. This approach produces actionable and interpretable insights, directly addressing the
need for process-driven contestability (Yurrita et al., 2023b). Additionally, we argue that computational

argumentation’s intrinsic characteristics naturally supports contestability (Leofante et al., 2024).
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Post-hoc and Ex-ante Contestability Post-hoc contestability involves retrospectively reviewing
ADS decisions, often in regulatory contexts (Lyons et al., 2021; Tubella et al., 2020). By contrast,
ex-ante contestability is a design principle that enables stakeholders to interactively contest decisions
during system operation (Alfrink et al., 2023b; Hirsch et al., 2017). Both paradigms address different
stages of contestability but are rarely integrated into a cohesive framework.

Our proposed contestation framework in Chapter 4 bridges these two paradigms. It enables
contestation after the NN training, conceptualised as a form of post-hoc contestability that allows
stakeholders to challenge learned model relations. Simultaneously, it embodies ex-ante contestability
by guiding the development of improved ADSs through contestation during the learning process. This
dual focus facilitates a more comprehensive contestation framework that supports both retrospective

analysis and proactive system refinement.

Interactivity and Iteration Interactive contestation is critical for fostering engagement with ADS
decisions at both development and deployment stages. Kluttz et al. (2020) highlight how interactive
approaches, particularly in high-stakes domains such as healthcare, enable professionals to better
understand and influence algorithmic decisions. Interactivity empowers stakeholders to scrutinise
decisions following their intuition and reasoning. When coupled with access to faithful explanations and
contextual information, this trait closely aligns with the principles human agency and accountability.
Furthermore, iterative interaction facilitates the integration of human knowledge and preferences into
the training process, a concept widely supported in prior research (Hirsch et al., 2017; Leofante et al.,
2024; Lyons et al., 2021).

Our contestation methodology in Chapter 4 operationalises this principle by enabling iterative
refinement of model relations until alignment is achieved between the NN and expert knowledge. This
iterative and interactive framework supports a collaborative process for building robust and trustworthy

systems, while encouraging experts’ accountability.

Redress A significant gap in the literature is the lack of mechanisms for redress in contestable
AT (Fanni et al., 2023; Ogunleye, 2022). While some works propose normative reasoning (Tubella et al.,
2020) or process modelling (Kluttz et al., 2020) to support contestation, few address corrective actions
for ADS decisions that fail to align with stakeholder expectations. The absence of formal methodologies
for addressing such misalignments limits the practical utility of contestable AI frameworks.

To address this gap, we propose a novel algorithm for Causal Graph Injection into NNs, introduced

in Chapter 4. This algorithm provides a principled approach to redressing learned model relations that
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deviate from expert knowledge. By leveraging causal links within a causal graph, our method ensures
that model corrections are transparent and grounded in domain expertise. This approach advances
the principles of transparency and accountability, offering a practical mechanism for aligning model
behaviour with stakeholder expectations.

With this foundation, we now turn to the literature on Knowledge Injection to contextualise and

further motivate our approach to redress NN relations through causal graphs.

3.2 Knowledge Injection

Knowledge injection involves integrating domain expertise into ML models to improve their inter-
pretability, robustness, and performance. von Riiden et al. (2023) provide a comprehensive taxonomy
for Informed ML, categorising knowledge injection along three dimensions: knowledge source, rep-
resentation, and integration. These dimensions capture the what and how of knowledge injection,
while the authors also address the why, emphasising motivations such as reducing data requirements,
improving interpretability, and enhancing performance. Our work aligns with this taxonomy under the

following categories:
« Knowledge source: Expert knowledge, specifically causal relationships provided by SMEs
« Representation: Human feedback, specifically on causal relationships, represented as graphs
e Integration: Learning algorithms that incorporate causal graphs into NN training

We extend both the why and how of knowledge injection by introducing a novel methodology:
knowledge injection empowered by causal discovery. This approach not only enhances causal
understanding and predictive performance, but also enables contestability by allowing stakeholders to

scrutinise and refine model relations.

Knowledge Injection for Contestability Incorporating feedback into models is essential for
contestability, as it provides a mechanism for redress. While contestability often focuses on data
subjects (e.g., end-users contesting decisions) (Almada, 2019), extending it to include technical experts
and professionals has been strongly advocated (Henin and Métayer, 2022). Existing methods range
from structured interactions and model explanations (Kluttz et al., 2020) to normative reasoning
and process modelling (Tubella et al., 2020). However, the nature of interactions must be tailored to

the expertise of the user (Henin and Métayer, 2022). For instance, data subjects require simplified
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explanations, while technical experts benefit from detailed insights, such as causal graphs, feature
attributions or counterfactual explanations, to scrutinise and refine model behaviour.

Our approach enables technical experts to contest a NN model at any point during its development
cycle. By leveraging causal graphs, experts can validate or disable spurious relationships that the model
learns. This form of HITL debugging goes beyond traditional HITL tasks, such as annotation (Wu
et al., 2022), by directly influencing the learning process itself. For example, Lertvittayakumjorn et al.
(2020) propose FIND, a method where practitioners disable spurious filters in convolutional NNs using
word clouds. In contrast, our methodology refines connections between features through causal graphs,
enabling experts to guide model behaviour with a deeper understanding of its internal relations, as
compared to what experts expect in the real world. This represents a distinctive and advanced form of

HITL interactive model development, improving both transparency and robustness.

3.2.1 Causal Knowledge Injection

Integrating expert knowledge into causal discovery is a longstanding challenge (Meek, 1995). We show
that this integration is critical for enabling HITL debugging, fostering contestability, and aligning NN
models with domain-specific insights. In the broader causality literature, the integration of expert
knowledge has been a central theme, with the modelling process often starting from a set of causal
assumptions or constraints (Pearl and Mackenzie, 2018). However, the integration of expert knowledge
and data-driven causal discovery remains an open research question.

Early work by Meek (1995) introduced background knowledge into causal discovery tasks, a
concept advocated since the inception of structural causal models (Pearl, 1989). Constantinou et al.
(2023), evaluate the impact of incorporating prior knowledge into causal discovery across multiple
algorithms, while Chowdhury et al. (2023) specifically analyse this effect for a specific causal discovery
algorithm. These studies highlight the importance of integrating expert knowledge into causal discovery,
particularly in high-stakes domains where domain-specific insights are critical (Rudin, 2019).

Our Contestable NNs build on these insights by enabling SMEs to iteratively refine causal structures,
representing the NNs’ “view of the data” during training. This differs from CASTLE (Kyono et al., 2020),
which focuses on regularising the NN’s weights to induce acyclicity, without visibility or constraints
over the discovered causal structures. Our approach extends this by enabling direct contestation of the
learned relationships, placing SMEs in control of the model’s causal structure.

The deep learning literature offers various strategies for integrating domain knowledge into NN,

modifying loss functions and adjusting hyperparameters (Borghesi et al., 2020), or, introducing inductive
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biases to approximate structural assumptions (Goyal and Bengio, 2022). CASTLE (Kyono et al., 2020)
directly influence the learning process, and could be seen as a form of inductive bias. However, we
provide acyclicity guarantees as well as transparency and a structured approach to contesting the
learned relationships, which is not addressed by CASTLE.

Other works address injecting causal knowledge as alternatives to CASTLE. For example, Geiger
et al. (2022) propose Interchange Intervention Training (IIT), which aligns NNs with counterfactual be-
haviours derived from causal models, while Zhang et al. (2020) introduce the deep C'Ausal Manipulation
Augmented model (CAMA ) to make NNs robust to input space manipulations.

Unlike these methods, which assume access to a complete causal model and rely on data augmenta-

tion, our approach:
e Focuses solely on the causal structure without making further assumptions about the DGP;
e Modifies model weights directly based on extracted causal graphs and guided by expert feedback;
e Actively involves humans in discovering causal relationships from the data.

This thesis introduces a methodology that integrates causal discovery with knowledge injection to
facilitate contestability and improve the robustness of NNs. By enabling SMEs to contest the learned
model relations, we provide a novel approach to HITL debugging and principled model refinement.
This aligns with the broader objectives of trustworthy Al, fostering transparency and improving the
robustness of NNs through contestability. Additionally, it facilitates stakeholder engagement and
accountability. Let us now explore the broader landscape of causal discovery to contextualise our

methodology within this field.

3.3 Causal Discovery

Causal discovery seeks to uncover the presence and direction of causal relationships between variables
from observational data, revealing the underlying causal structure through statistical methods and
graphical criteria (Glymour et al., 2019). Such structures are fundamental for constructing causal
models, which integrate probabilities or functions to quantify the causal effects depicted in the
graph (Pearl, 2009).

The field has developed around three main categories of approaches (Glymour et al., 2019; Guo
et al., 2021; Spirtes and Zhang, 2016; Zanga et al., 2022): constraint-based, score-based, and
Functional Causal Model (FCM)-based methods. Constraint-based methods rely on CITs and
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graphical rules to construct causal graphs (Colombo and Maathuis, 2014; Spirtes et al., 2000). By
contrast, score-based methods optimise a predefined score, such as Bayesian Information Criterion
(BIC), to identify the best-fitting graph (Chickering, 2002b; Ramsey et al., 2017). Finally, FCM-based
methods assume specific functional relationships between variables to infer causal graphs (Bithlmann
et al., 2014; Peters et al., 2014).

Within the constraint-based paradigm, logic-based methods provide an alternative perspective, focus-
ing on formal consistency when addressing conflicts arising from multiple and noisy data sources (Eber-
hardt, 2017). Similarly, continuous optimisation methods extend score-based approaches by incorporat-
ing gradient-based techniques from ML, enabling scalable and efficient discovery of causal graphs while
satisfying acyclicity constraints (Vowels et al., 2022).

This section reviews these approaches and their extensions, focusing on three families of methods
central to this thesis: continuous optimisation methods, leveraged in Chapter 4 to integrate
causal discovery into predictive modelling tasks; constraint-based algorithms, forming the basis
for the novel approach developed in Chapter 5; and logic-based methods, which underpin the
argumentation-based framework proposed in Chapter 6. Comprehensive surveys such as (Eberhardt,
2017), (Glymour et al., 2019), (Vowels et al., 2022), (Guo et al., 2021), and (Zanga et al., 2022) provide

further context for foundational methods, algorithmic scalability, and applications.

3.3.1 Score-based Methods

Score-based methods treat causal discovery as an optimisation problem, aiming to maximise a predefined
score to identify the best-fitting graph. Greedy Equivalence Search (GES), introduced by Chickering
(2002b), is a foundational method in this category, optimising the BIC when evaluating the addition or
removal of edges, or changes in causal direction. Under the assumptions of faithfulness (independencies
in the data reflect the true graph), acyclicity (causal graphs are non-recursive), and sufficiency (no
latent confounders), GES has been shown to be sound and complete (Chickering, 2002b).

Scalable adaptations, such as Fast Greedy Search (FGS) (Ramsey et al., 2017), extend GES’s
applicability to high-dimensional data, while generalised scoring functions (Huang et al., 2018) broaden
its scope to more complex functional forms. Extensions by Ng et al. (2021) and Rolland et al. (2022)
relax the faithfulness assumption, enabling exact search under linear Gaussian and non-linear effects,
respectively. These methods, while often classified as score-based, also assume specific functional forms
of variable relationships, situating them near FCM-based approaches, discussed in §3.3.5. In Chapter 6,

we use FGS as a baseline due to its availability and scalability.
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Continuous optimisation methods extend traditional score-based approaches by reformulating
the acyclicity constraint into a differentiable form, enabling the use of gradient-based optimisation
techniques such as SGD. NOTEARS (Zheng et al., 2018), which initiated this line of research, introduced
a differentiable acyclicity constraint, enabling efficient causal discovery in high-dimensional settings.
Subsequent works have extended NOTEARS to non-linear settings (Lachapelle et al., 2020; Zheng et al.,
2020) and addressed uncertainties in mapping continuous matrix outputs to binary structures (Ng
et al., 2022). NOTEARS-MLP (Zheng et al., 2020), a baseline in Chapter 6, exemplifies the scalability
and flexibility of these methods. Despite their advantages—including the relaxation of faithfulness
assumptions—continuous optimisation methods lack guarantees of recovering the true causal structure,
even in the sample limit, due to their stochastic nature (Vowels et al., 2022).

Integration of causal discovery with predictive modelling further extends the utility of these methods.
For instance, CASTLE (Kyono et al., 2020) incorporates the acyclicity constraint as a regularisation
term in its loss function, treating causal discovery as an auxiliary task to predictive modelling (§2.4).
By employing a masking scheme to prevent self-loops, CASTLE ensures variables cannot predict
themselves, though it does not eliminate other cycles. While CASTLE improves the predictive accuracy
of NNs compared to methods like dropout (Srivastava et al., 2014), L1/L2 regularisation (Hastie
et al., 2009), and batch normalisation (Ioffe and Szegedy, 2015), it focuses primarily on predictive
performance rather than on causal discovery. Furthermore, it lacks transparency and a mechanism for
incorporating expert feedback to modify learned relationships.

Other works, such as (Lachapelle et al., 2020) and (Ng et al., 2022), have applied masking schemes
for structure recovery—targeting entire paths (Lachapelle et al., 2020) or leveraging matrix-wide
probabilistic distributions (Ng et al., 2022). Building on these approaches, in Chapter 4, we propose a
novel masking scheme for NN weights that integrates the benefits of CASTLE’s predictive modelling
with the structure-recovery focus of these methods. Our approach introduces an interactive mechanism
for SMEs to refine both relationships and predictions, aligning discovery with domain expertise and

advancing continuous score-based methods by fostering contestability and integrating expert input.

3.3.2 Constraint-based Methods

Constraint-based methods construct causal graphs by leveraging CITs and graphical rules derived
from d-separation. A notable method in this category is the PC algorithm (Spirtes et al., 2000),
which efficiently discovers causal relationships in large-scale settings (see §2.3 for details). Earlier

algorithms, such as SGS (Spirtes et al., 2000) and Inductive Causation (IC) (Pearl, 1989), provided
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strong theoretical guarantees but are computationally prohibitive. In contrast, the PC algorithm
achieves computational efficiency, particularly for sparse graphs (Kalisch and Bithlmann, 2007), and is

sound and complete under the assumptions of faithfulness and sufficiency (Spirtes et al., 2000).

However, the results of PC can be sensitive to variable ordering in finite samples, due to the
iterative update of the graph throughout the search. This limitation is addressed by extensions such as
PC-Stable (Colombo and Maathuis, 2014), which ensures order independence in the adjacency search
(Step 1), by removing edges only after all variables have been tested for a given conditioning set size.
This modification ensures that the computed skeleton is stable and invariant to the order in which
variables are tested, addressing a key limitation of the original algorithm. Other works improve the
efficiency or robustness of Step 1 of the PC algorithm. For instance, Tsagris (2019) propose to use
heuristics to prioritise tests based on probabilistic measures, while Abellan et al. (2006) introduce
Bayesian-inspired methods for edge selection and removal. For Step 1, our proposed Shapley-PC
algorithm (Chapter 5) adopts the strategy of PC-Stable, which serves as a baseline for our empirical

study.

In the v-structure orientation phase (Step 2), various decision rules have been developed to address
the challenges of finite sample variability. Conservative-PC (CPC) (Ramsey et al., 2006) ensures rigorous
orientation by requiring that all separating sets confirm adjacency faithfulness (see Definition 2.2.7),
while Majority-PC (MPC) (Colombo and Maathuis, 2014) adopts a less stringent approach by orienting
v-structures when the collider appears in fewer than half of the separating sets. PC-Max (Ramsey,
2016) selects the conditioning set with the maximum p-value to guide v-structure orientation, and
MLAC (Dai et al., 2023) frames the problem as a supervised learning task, using synthetic data to
predict orientations. CPC offers a conservative approach, MPC introduces a middle-ground rule,

PC-Max is guided by statistical significance, and ML4C leverages ML to enhance decision-making.

Below, we give a detailed overview of the variants of PC closest to our proposed Shapley-PC
(Chapter 5). These methods retain Step 1 (using either the original or stable version) and Step 3 of the
PC algorithm and only differ from ours in the v-structure orientation rule. Notably, they carry out the

same CITs in all phases, and hence serve as baselines for isolating the impact of our novel decision rule.

o Conservative-PC (CPC) (Ramsey et al., 2006): builds on the distinction between adjacency
and orientation faithfulness (Ramsey et al., 2006), assuming adjacency faithfulness (i.e., edges
are correctly identified, Definitions 2.2.7) and explicitly checking for orientation faithfulness

(Definitions 2.2.8). Specifically, for a skeleton C and a UT X; — X; — X}, the potential collider X is
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deemed valid only if it is found in none of the separating sets S, with S C adj(C, X;)\{X;}VvS C
adj(C, Xi) \ {X;}. This additional check makes CPC more robust in scenarios where orientation
faithfulness might not hold, adding a relatively small computational overhead (Ramsey et al.,

2006), as confirmed by our the complexity analysis in Chapter 5.

o Majority-PC (MPC) (Colombo and Maathuis, 2014) relaxes the stringent orientation faithful-
ness check of CPC. For a skeleton C and a UT X; — X; — X}, it orients X; as a collider if it appears
in fewer than half of the separating sets S, with S C adj(C, X;)\{X;}VS C adj(C, Xi)\{X;}.
This approach balances strict adherence to orientation faithfulness with the flexibility to handle

data with limited consistency.

o PC-Max (Ramsey, 2016): focuses on the CIT with the maximum p-value for a given UT and
the same conditioning sets analysed by CPC and MPC. PC-Max decision rule orients the UT
as a v-structure only if the conditioning set for the selected CIT does not include the variable
under consideration. This modification follows the insight that higher p-values indicate lower
chances of dependency (Hung et al., 1997), aiming at minimising the likelihood of Type I error.

Additionally, PC-Max includes a check before orienting a v-structure to avoid bi-directed edges.

PC-Max has been shown to outperform the other variants of the PC algorithm in terms of edge
orientation accuracy, with no additional computational overhead compared to CPC and MPC (Ramsey,
2016). However, as with CPC, its reliance on a single independence test introduces brittleness into
its decision rule, particularly in the presence of noisy or conflicting data. This highlights a broader
limitation of existing constraint-based methods: their sequential structure can amplify the impact of
erroneous independence tests, propagating inconsistencies throughout the estimated causal graph.

To address this limitation, we propose a novel Shapley-based decision rule to orient v-structures.
By aggregating information across independence tests, our decision rule mitigates the reliance on single
tests, providing a more robust foundation for causal discovery. The resulting Shapley-PC algorithm,
introduced in Chapter 5, adopts the PC-Stable modification for Step 1 and incorporates the bi-directed
edge check from PC-Max. This combination improves both reliability and interpretability, while still
allowing for efficient computation. Additionally, the CITs performed during Shapley-PC are leveraged
as external knowledge to instantiate the Causal ABA framework introduced in Chapter 6.

Despite these advancements, Shapley-PC shares a common limitation with other constraint-based
methods: it does not guarantee consistency between the output DAG and the observed independence

test results (Spirtes et al., 2000; Tsagris, 2019). This lack of consistency can lead to situations where the
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estimated causal graph contradicts the statistical evidence, undermining robustness and interpretability.
These limitations highlight the need for a structured approach to conflict resolution, particularly in
settings where noisy or conflicting data are unavoidable.

Addressing these challenges requires moving beyond traditional constraint-based algorithms to
methods that can formally reason about inconsistencies and ensure outputs that are both statistically
and causally consistent. This motivates the introduction of Causal ABA in Chapter 6, which represents
causal discovery as a structured set of rules and assumptions within an argumentative framework. By
refining the outputs of Shapley-PC, Causal ABA resolves conflicts in independence test results while
incorporating expert knowledge to enhance accountability and robustness.

Constraint-based methods have also been extended to handle latent confounder and cycles. The
FCT algorithm (Colombo et al., 2012; Spirtes et al., 2000) relaxes the sufficiency assumption, producing
Partial Ancestral Graphs (PAGs) that represent latent confounders with bi-directed edges. Variants
such as FCI-Max (Raghu et al., 2018) adapt PC’s decision rules to settings with latent confounders,
while adaptations of FCI (Mooij and Claassen, 2020) and the CCD algorithm (Richardson and Spirtes,
1999) extend constraint-based methods to handle cyclic structures. While these extensions demonstrate
the adaptability of constraint-based methods, addressing latent variables and cycles lies beyond the
scope of this thesis. However, these challenges highlight promising future directions for enhancing the
applicability of constraint- and logic-based algorithms.

By focusing on reliable decision rules and modularity, constraint-based methods provide a robust
foundation for causal discovery. These strengths underpin the development of Shapley-PC and motivate

its further refinement through logic-based methods, as explored in the next section.

3.3.3 Logic-based Methods

Causal discovery methods must address inconsistencies in statistical metrics caused by noisy or
conflicting data. For example, the original PC algorithm assumes no inconsistencies, and once an
independence is found between two variables, it will not test the pair again. However, erroneous results
can lead to inconsistencies in the output graph, violating independence constraints (see Example 6.1.1
for an illustration).

Formal reasoning frameworks, such as Boolean Satisfiability (SAT), Answer Set Programming
(ASP), and constraint or dynamic programming, tackle these challenges by deriving causal graphs that
respect a set of constraints. These frameworks align with the argumentative principles proposed in

Chapter 6, which prioritise conflict resolution and consistency in outputs, providing stronger guarantees
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than constraint-based methods.

SAT-based methods like ¢cSAT+ (Triantafilou et al., 2010) and COmbINE (Triantafillou and
Tsamardinos, 2015) encode (in)dependencies as path constraints, leveraging SAT solvers to ensure
sound and complete outputs in the sample limit. Extensions such as (Zhalama et al., 2017) implement
these approaches in ASP, achieving significant efficiency gains. However, these methods primarily
ensure consistency across datasets and do not address the acceptability of statistical and causal
relations—central goals of our work in Chapter 6.

Hyttinen et al. (2013) extended SAT-based methods to support directed cycles, latent variables,
and background knowledge, demonstrating their flexibility. ASPCR! (Hyttinen et al., 2014) builds
on this foundation, encoding conditioning and intervening declaratively in ASP and optimising test
results as weak constraints. While ASPCR excels at constraint optimisation, it does not prioritise
transparency or stakeholder engagement. Scalability remains an issue, with support limited to six
variables. Although Hyttinen et al. (2017) proposed a Max-SAT solver to improve efficiency, the
absence of a public implementation limits its practical utility.

Logical inference methods further extend the capabilities of logic-based causal discovery. Logical
Causal Inference (LoCI) (Claassen and Heskes, 2011) uses propositional rules to identify invariant
features in PAGs under latent confounders or selection bias. By introducing minimal (in)dependence
relations and translating them into logical statements, LoCI provides a conceptual framework for
deducing PAG edges and directionality. However, its practical utility is limited due to the lack of an
implementation. Additionally, LoCI does not address conflict identification or resolution, nor does it
incorporate external knowledge into its reasoning process.

Building on LoCI, Ancestral Causal Inference (ACI) (Magliacane et al., 2016) extends logical
characterisations to produce PAGs and encodes them in ASP. ACI supports external knowledge
integration and benefits from an available implementation, making it more practical than LoCI.
However, ACI also lacks mechanisms for transparent conflict resolution in its reasoning process. These
gaps reduce its utility in scenarios where stakeholders require interpretable and contestable causal
graphs.

Our Causal ABA framework builds upon these advancements by addressing the limitations of both
ASPCR and ACI. Using ASP to calculate extensions, Causal ABA dynamically incorporates external
knowledge while explicitly identifying and rejecting unacceptable inputs. This ensures both consistency

and transparency in output causal graphs, addressing gaps in conflict resolution and interpretability.

!Acronym is ours, for ASP Causal Representation, as we use this method as a baseline in Chapter 6.

69



Chapter 3. Related Work

Unlike ASPCR and ACI, which focus primarily on constraint optimisation, our approach balances
scalability, stakeholder engagement, and principled conflict resolution.

Other methods, such as ETIO (Borboudakis and Tsamardinos, 2016), tackle specific challenges like
missing data to generate DAGs but similarly fall short in addressing conflicts or promoting transparency
in reasoning. Meanwhile, Entner et al. (2013) and Watson and Silva (2022) focus on adjustment set
selection or managing confounding variables. While these approaches underscore the adaptability of
logic-based methods, they highlight the need for frameworks like ours, that extend their applicability
to diverse causal discovery scenarios.

By leveraging the strengths of existing logic-based methods while addressing their limitations, Causal
ABA offers a principled and scalable solution for conflict resolution and external knowledge integration.
The next section explores how argumentation supports causal discovery and the implications for

transparency and accountability in Al systems, contextualising our work in Chapter 6.

3.3.4 Argumentative Methods

Computational argumentation captures reasoning and decision-making processes by constructing
arguments and evaluating their acceptability. Beyond its non-monotonic reasoning capabilities, it is
inherently transparent and contestable—key attributes of trustworthy AI. An overview of argumentation,
particularly ABA, is provided in §2.6. In the context of causal discovery, argumentation can be seen as a
specific application of logical reasoning frameworks, which prioritise both consistency and transparency.
This section highlights both their role in causal discovery and their broader contributions to Explainable

AT (XAI), providing context for our use of argumentation in Chapter 6.

Argumentation for Causal Discovery The first application of argumentation to causal discovery
was proposed by Bromberg and Margaritis (2009), marking the introduction of logic-based methods
in this domain. Their Argumentative Independence Test (AIT) selects a subset of independence test
results performed by the PC algorithm, excluding less trustworthy tests. AIT combines preference-based
argumentation (Amgoud and Cayrol, 2002) with deductive reasoning, as reviewed in Besnard and
Hunter (2018).

AIT relies on graphoid axioms (Pearl and Paz, 1986) to derive additional independence relations from
observed ones. Conflicts arise when inconsistencies occur between data-driven and derived independence
relations. These are resolved using heuristics-driven preferences to break bi-directed attacks within

the AF. However, as graphoid axioms are incomplete (Studeny, 1989), some inconsistencies remain
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undetected and unresolved. This limitation constrains the reliability of AIT’s outputs.
Our work builds on and extends this foundational idea by introducing the Causal ABA framework

in Chapter 6. Specifically, we address key limitations of AIT by:
e Encoding d-separation rules as ABA rules, ensuring a complete representation of DAGs.

o Using stable semantics to reject unacceptable independence tests, ensuring a one-to-one corre-

spondence between accepted tests and the output DAG.

o Allowing the integration of external knowledge, aligning causal discovery outputs with domain

expertise and enhancing stakeholder engagement.

Through these advancements, Causal ABA resolves conflicts more comprehensively and represents
causal graphs as structured, argument-driven objects. This framework facilitates a sound, interpretable,
and contestable causal discovery process, enabling stakeholders to engage with and challenge the causal
graphs. These features promote transparency, trust, and alignment with domain expertise, which are

critical for explainable and accountable Al systems.

Argumentation for Explainable AT Beyond causal discovery, computational argumentation plays
a broader role in XAI, providing structured explanations for reasoning processes. Unlike post-hoc
explanation methods, which often offer limited insights into model behaviour, argumentation delivers
layered, interactive explanations that stakeholders can explore in detail (Rago et al., 2020).

Cyras et al. (2021) categorise argumentation’s contributions to XAl into three primary areas:
e Building intrinsically interpretable models;

e Developing complete post-hoc explainers;

e Constructing approximate post-hoc explainers that balance accuracy with interpretability.

Our work aligns with the first category: the Causal ABA framework in Chapter 6 transparently
models the reasoning process underlying causal discovery algorithms. By encoding d-separation rules
and incorporating domain knowledge, the framework produces inherently interpretable arguments,
representing both statistical evidence and causal relationships. These arguments empower stakeholders
to scrutinise and refine causal assumptions, promoting transparency and trustworthiness.

Argumentation has also been applied to models such as Causal Bayesian Networks (BNs) (Rago et al.,

2021, 2023), which extend causal graphs by associating probabilities with causal relationships (Pearl,
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2009). These applications demonstrate the versatility of argumentation in enhancing the interpretability
of complex systems while adhering to formal principles that support trustworthiness.

While these approaches motivate and inform our work, they address different challenges. Specifically,
our focus lies in leveraging argumentation to improve causal discovery by systematically resolving
inconsistencies, integrating external knowledge, and transparently producing robust causal graphs.
This distinctive focus sets our work apart and underscores its contributions to both causal discovery

and XAI

3.3.5 Other Methods

The landscape of causal discovery extends beyond score-, constraint-, and logic-based methods,
incorporating approaches that rely on specific functional assumptions about the DGP or explore
entirely new paradigms. Among these, FCM-based methods represent one of the original categories
of causal discovery (Glymour et al., 2019). These methods assume specific noise distributions as well
as functional forms for the relationships between variables, enabling guarantees on the recovery of
ground truth causal graphs under strong, but testable, assumptions (Biithlmann et al., 2014).

Examples of FCM-based methods include the Causal Additive Model (CAM) (Bithlmann et al.,
2014), which employs regularised regression for variable selection and restricted maximum likelihood
for causal order estimation. The weights derived from the variable selection are then used for pruning
the graph and avoid cycles, method that has inspired our DAG mapping function in Chapter 4.
Linear Non-Gaussian Additive Models (LINGAM) (Shimizu et al., 2006), Post Non-Linear (PNL)
models (Zhang and Hyvérinen, 2009), and Additive Noise Models (ANMs) (Hoyer et al., 2008) handle
different combinations of linearity, noise distributions and functional forms. While FCM-based methods
rely on stronger assumptions than constraint- or score-based methods, their model assumptions can
serve to build SEMs used as synthetic data generators. For instance, ANMs are used in Chapter 5 to
evaluate our proposed methodology.

Hybrid methods combine elements of independence testing, scoring, and functional assumptions
to perform causal discovery. Bayesian approaches such as (Claassen and Heskes, 2012; Triantafilou
et al., 2014) model constraints probabilistically, incorporating priors to guide graph estimation and
have probabilities on outputs. Max-Min Hill-Climbing (Tsamardinos et al., 2006) and COmbINE (Tri-
antafillou and Tsamardinos, 2015), integrate CITs with scores, aiming at leveraging strengths of both
methods while addressing complementary weaknesses. These approaches exemplify the benefits of

integrating diverse techniques to address the limitations of individual methods in causal discovery.
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Beyond these foundational and hybrid approaches, alternative paradigms have been developed that
expand the scope of traditional causal discovery. Leveraging emerging technologies, these methods offer
complementary tools and perspectives, exploring novel ways to represent and solve causal discovery

tasks. Some of these methods include:

o Permutation-based methods, e.g., (Andrews et al., 2023; Lam et al., 2022), which assess variable

relationships through reordering,

o Amortized Inference, e.g., (Lorch et al., 2022), which uses variational autoencoders for scalable

causal learning,

o Supervised Learning, e.g., (Dai et al., 2023), which predicts causal relationships using pre-trained

models,

o Bayesian methods, e.g., (Rittel and Tschiatschek, 2023), which incorporate structured priors for

improved inference,

o Reinforcement Learning, e.g., (Sauter et al., 2023), which learns causal graphs by optimising

decision policies,

o Generative Flow Networks, e.g., (Deleu et al., 2022), which explore graph structures using

flow-based models, and

o Optimal Transport, e.g., (Tu et al., 2022), which aligns data distributions to infer causal

relationships.

While these approaches demonstrate the diversity and innovation in causal discovery, they are
not directly aligned with the methodologies or contributions of this thesis. This work focuses on
enhancing constraint-based and logic-based methods, providing provable guarantees to foster trust. In
addition, it integrates causal discovery with predictive tasks to improve transparency, robustness, and

accountability in NN-based systems, aligning with the broader goals of trustworthy Al.

3.4 Summary

This chapter reviewed the foundational literature underpinning the methodologies developed in this

thesis, situating the proposed contributions within three key research areas: contestable AI, knowledge
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injection, and causal discovery. By contextualising these domains, the chapter identified key challenges
and gaps, laying the groundwork for the novel methodologies introduced in subsequent chapters.

The section on contestable Al highlighted the importance of enabling stakeholders to challenge and
refine Al decisions. Existing approaches often focus on static explanations or post-hoc analysis, limiting
their ability to support dynamic, iterative contestation. Additionally, there is a gap in operationalising
contestability, particularly in mechanisms for redress. This thesis addresses these gaps by integrating
causal discovery into NNs to create Contestable NNs, which enable interactive contestation and
refinement of model outputs.

The discussion on knowledge injection examined its role in informed ML, particularly in improving
interpretability, robustness, and contestability through the integration of domain expertise. While
existing methods incorporate domain knowledge into ML models, they lack mechanisms for transparent
and iterative causal graph integration that enable contestability, while representing both model and
real-world mechanisms. This thesis fills this gap by combining causal discovery with expert feedback,
enabling dynamic interactions between humans and NN systems to refine causal graphs, improve
transparency, and align model behaviour with domain expertise.

The review of causal discovery methods focused on three main approaches: continuous score-
based, constraint-based algorithms, and logic-based methods. Continuous score-based can integrate
causal discovery with predictive tasks, but lack interpretability and theoretical guarantees. By
contrast constraint-based algorithms rely on statistical tests but struggle with noisy data. Logic-based
methods provide stronger formal guarantees but often lack mechanism for stakeholder engagement
and contestability. This thesis extends constraint-based methods to handle noisy and quasi-unfaithful
data, improving robustness. Additionally, it bridges the gap in transparency and guarantees by
allowing experts to contest continuous score-based causal discovery methods. Finally, we leverage
computational argumentation for conflict resolution and knowledge integration, delivering stronger
theoretical guarantees and a methodology designed for contestability.

In summary, this thesis integrates causal discovery and expert feedback into cohesive frameworks to
enhance transparency, robustness, and accountability. By addressing gaps in contestability, knowledge
injection, and causal discovery, it advances trustworthy AI and its suitability for high-stakes decision-
making contexts. The subsequent chapters detail the methodologies developed to achieve these goals,

towards more trustworthy Al systems.
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Contestable Neural Networks

In this chapter, we introduce Contestable NNs, a methodology to allow stakeholders to challenge
NNs through causal graphs and knowledge injection. This work builds on the method introduced
in (Russo and Toni, 2023a), while extending it with a formalisation of the contestability process based
on the framework proposed in (Leofante et al., 2024). The technical methodology remains consistent
with (Russo and Toni, 2023a), but the formalisation provides a conceptual extension.

We organise our approach within a formal Contestation Framework (§4.2), leveraging causal
discovery and knowledge injection to enhance transparency, accountability and robustness. To initiate
the contestation process, we propose a global explanation method that employs discovered causal
graphs (§4.3). This is followed by the development of two key algorithms. The first algorithm injects
expert knowledge into NNs via causal graphs, enabling the redress of contested models (§4.4). The
second algorithm supports human-Al collaboration during training, allowing practitioners to contest
predictions using the estimated causal graphs (§4.5). We evaluate these algorithms on real and synthetic
tabular datasets, focusing on regression and classification tasks (§4.6), to then discuss the impact for

prediction, causal discovery and stakeholder engagement (§4.7).

4.1 Motivation

NNs have demonstrated exceptional performance across a wide range of ML tasks (Goodfellow et al.,
2016). However, concerns persist about their ability to accurately encode the DGP and capture
the causal structures governing the data. This shortfall is evident in their vulnerability to data
perturbations and adversarial attacks (Goodfellow et al., 2015; Szegedy et al., 2014), which challenge
their robustness and reliability in high-stakes automated decisions, such as credit scoring or parole

evaluations (Rudin, 2019).
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Three core weaknesses limit the deployment of NNs in these critical domains: a lack of robustness
in noisy or low-data settings, restricted transparency in understanding how input features influence
predictions, and, critically, insufficient contestability to allow stakeholder challenge. While there has
been significant progress in addressing transparency (Ali et al., 2023), and robustness (Huang et al.,
2020), the challenge of contestability remains largely unaddressed, with no algorithmic frameworks
proposed to operationalise it. To overcome these limitations, this chapter proposes a methodology
focused on enhancing all three attributes, aligning with the objectives set out in Chapter 1.

Our methodology leverages knowledge injection to integrate human expertise with data-driven
models, addressing the inherent limitations of data-only learning. Knowledge injection has been shown
to improve generalisation (Roscher et al., 2020), reduce data requirements (Borghesi et al., 2020), and
enhance interpretability. Building on these principles, we propose a novel framework for rendering
NNs contestable by combining knowledge injection with causal discovery.

Causal graphs are central to our framework, providing interpretable and transparent representations
of the NN’s learned relationships (Objective 3). These graphs enable stakeholders to evaluate,
challenge, and iteratively refine the causal assumptions driving model predictions (Objective 1),
fostering a dynamic form of human-Al collaboration. This focus on contestability ensures that models
align with domain knowledge (Objective 2), allowing stakeholders to validate and refine learned
causal relationships and make interventions that influence model behaviour.

The foundation of our approach is the CASTLE model (Kyono et al., 2020), which uses causal
discovery as a regularisation mechanism during NN training. While CASTLE enhances accuracy
and generalisation to unseen data through causal discovery (see §2.4), it does not allow stakeholders
to modify or refine learned causal relationships. Our method overcomes this limitation by enabling
iterative interactions between Subject-Matter Experts (SMEs) and NNs, refining causal graphs with
domain expertise. This iterative refinement improves robustness in small-data scenarios and ensures
resilience to noise, directly addressing Objective 5.

This approach also addresses ethical concerns in automated decision-making systems. Stakeholders
can inspect and modify causal representations to uncover and rectify biases, promoting fairness and
accountability, in alignment with global principles of trustworthy AI (High-Level Expert Group on Al
2019; National Institute of Standards and Technology, 2023). For instance, SMEs can identify and
remove causal links that unfairly discriminate against protected attributes, such as race or gender,
ensuring equitable and legally compliant Automated Decision Systems (ADSs).

To demonstrate the practical implications of our Contestation Framework, we now present a case
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study on real data. This study builds on Example 2.1.1 and showcases how causal graphs, derived

from data, enable stakeholders to scrutinise and refine the relationships driving model predictions.

4.1.1 Case Study: Predicting Income from Demographic Data

We use the Adult Income Prediction dataset from the UCI Machine Learning Repository (Becker and
Kohavi, 1996), which contains demographic information such as race, education, and occupation, to
predict whether an individual earns more than $50,000 annually. The adjacency matrix in Figure 4.2
provides the list of variables in the dataset, and further details can be found in the UCI repository.

The prediction of income based on demographic features holds practical significance in domains such
as finance, marketing, and social policy, where understanding determinants of income is critical. For
instance, financial institutions assess loan eligibility using predictive models, which must comply with
regulatory guidelines regarding responsible lending, specifically in regard to affordability (Financial
Conduct Authority, 2024).

Unlike causal inference tasks that evaluate the effects of interventions (e.g., “how does improving
education influence income?”), our focus here is on predicting income levels from observed demographic
attributes, answering the question: what if we see...?. This classification task predicts the likelihood
that an individual earns more than $50,000 annually.! While correlation-based predictions may achieve
high accuracy, such models risk relying on spurious associations that undermine robustness, fairness,
and ethical decision-making.

To mitigate these risks, our methodology prioritises the extraction and evaluation of causal
relationships learned by the model to ensure that its predictions are both meaningful and reliable.

We begin by fitting a CASTLE model to predict income, leveraging causal discovery as an auxiliary
task (see §2.4 for details). Given its state-of-the-art performance in predictive tasks compared to
mainstream regularisation methods (Kyono et al., 2020), CASTLE serves as the baseline model for
this study. The model achieves an Area Under the Curve (AUC) of 0.76 on a held-out test set,
demonstrating moderate predictive performance.

However, before deployment, it is essential to verify that the model’s learned relationships align
with domain knowledge and ethical standards. To this end, our Contestation Framework enables
stakeholders to evaluate, challenge, and refine these relationships systematically. We introduce this

approach in the following section.

!This task could also be formulated as a regression problem if the income variable were not thresholded, with no
changes required to make it work in our proposed framework.
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4.2 The NNs’ Contestation Framework

In this section, we propose a structured approach to enabling contestability in NNs. Building upon the
analysis by (Leofante et al., 2024), this framework identifies the key stakeholders, the elements of the
NN subject to contestation, and the tools and techniques that facilitate effective interaction, including

mechanisms for redress.

Contesting and Contested Entities The primary stakeholders in this framework are SMEs, who
possess domain-specific expertise essential for evaluating and refining the NN’s behaviour. Unlike
technical practitioners such as data scientists or engineers, SMEs focus on ensuring that the NN aligns
with domain knowledge, ethical principles, and regulatory requirements. Their role extends beyond
scrutinising individual predictions to assessing the causal assumptions underpinning the NN’s global
behaviour. For instance, doctors can evaluate whether medical diagnosis models align with established
knowledge, while risk managers and underwriters can scrutinise credit scoring models for compliance
with financial risk standards. By involving SMEs, the NN remains grounded in real-world expertise
and ethical considerations.

In this framework, SMEs evaluate and refine the NN’s predictions, focusing on its overall behaviour
rather than individual outputs. This is critical for ADSs performing large-scale classification or
regression tasks. Hence, we propose a method for contesting the NN’s behaviour as a whole, ensuring
it adheres to domain-specific requirements and ethical standards, beyond achieving high predictive
accuracy. Through iterative evaluation and targeted feedback, SMEs have the opportunity to enhance
the NN’s transparency and trustworthiness, while ensuring compliance with relevant regulations.

Note that our experiments in this chapter are aimed at demonstrating the feasibility of this approach,
and we do not involve real SMEs in the evaluation. We discuss the potential for real-world applications

and user studies investigating collaboration and interaction aspects in Chapter 7.

Contesting Methods and Redress Mechanisms Operationalising contestability requires pro-
viding SMEs with interpretable and actionable explanations of the NN’s learned behaviour (Yurrita
et al., 2023b). This is achieved using causal graphs, which act as global process-centric explanations
by summarising the inferred relationships across the dataset (§4.3). These graphs allow SMEs to
systematically evaluate the model’s causal assumptions, identify questionable or misaligned links, and
provide targeted feedback.

Feedback from SMEs is integrated through the Graph Injection Algorithm (§4.4), which refines the

NN by adjusting its weights to align with expert input. This ensures that the model’s predictions rely
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Legend:

Start Start/End

Process

Decision

NN is Trained on Data and Causal Graph is Computed

Present: Causal Graph to SMEs (§4.3)

Contest: SMEs Evaluate Causal Graph and Provide Feedback (§4.5)

J

Are NN and SMEs Aligned? Redress: Inject NN (§4.4)

End

Figure 4.1: Contestation Framework Flowchart showing the iterative process that allows SMEs to
contest NNs by challenging the relations in the causal graph that the NN has extracted from data and
is using for prediction.

only on validated variables and relationships, effectively closing the contestation loop. By enabling
iterative interactions between SMEs and the NN, this process not only resolves identified issues but

also improves the model’s reliability and robustness in noisy or low-data scenarios (§4.6).

Interactive and Iterative Contestation The contestation process, illustrated in Figure 4.1,
involves iterative interactions where SMEs, aided by estimated causal graphs and empowered with the
tools to influence them, challenge and refine the NN’s causal graph during model training. This iterative
loop ensures that the NN evolves to reflect both robust predictive performance and interpretable causal
relationships.

The flowchart in Figure 4.1 outlines the components of the framework. The process begins with the
NN being trained on data and the generation of a causal graph to be presented to SMEs for evaluation
(§4.3). SMEs scrutinise the causal relationships, contesting any edges or directions that conflict with

domain knowledge (§4.5). If the feedback reveals misalignments, the graph injection algorithm updates
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the model’s parameters and causal graph. The revised graph is then re-evaluated, and the process
repeats until alignment between the NN and domain expertise is achieved. We begin by detailing the

graphical interface that initiates the contestation process.

4.3 A Graphical Interface into a NN’s Causal Reading of the Data

In §2.4, we introduced CASTLE, a regularisation method that enhances the generalisation capabilities
of FFNNs by leveraging causal discovery as an auxiliary task (Kyono et al., 2020). While CASTLE
focuses on predictive performance, our methodology builds upon its framework to provide a graphical
interface that visualises the NN’s causal interpretation of the data. This interface is a key element
of our contestation framework, enabling stakeholders to evaluate and refine the causal relationships
inferred by the NN.

Central to this interface is the weighted adjacency matrix Wg, which encodes the strength of
relationships between variables in the dataset as learned by the NN, through the optimisation of its
weights © using the DAG loss. FEach entry w;, in Wg represents the influence of input variable i
on output variable k, where i,k € {1,...,d + 1}, with d input variables and the target variable. For
details on our predictive modelling setup and CASTLE, refer to §2.4.

To construct a DAG from W g, we apply two key steps: thresholding and cycle removal. Thresholding
eliminates weaker, potentially spurious connections, while cycle removal ensures the resulting graph is

acyclic. These steps are formalised below.

Definition 4.3.1 (Edge Creation Function). Given Wg from Definition 2.4.1, a threshold T > 0, and

i,k e {l,...,d+ 1} a set of nodes, the set of edges E-(Wg) encoded by Wg is defined as:

E-(We) = {(i, k) | wir > wps A wig, > T}

The edge creation function identifies directed edges (i, k) where wj;, exceeds both wy; and the
threshold 7. This process removes 1-step cycles (of length 2) and weaker links. If cycles involving longer
paths remain, they are resolved by iteratively removing the weakest edge in each cycle until acyclicity
is achieved, as shown in Algorithm 2. The procedure uses Definition 4.3.1 to extract directed edges
from the adjacency matrix, followed by cycle finding using Johnson’s algorithm (Johnson, 1975), as
implemented in the Networkx package (Hagberg et al., 2008). The algorithm then iteratively removes
the weakest edge in each cycle until the graph is acyclic, making sure that only necessary edges are

removed (lines 6-7). The arg min function on line 8 breaks ties lexicographically.
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Algorithm 2: DAG Mapping Function

Input: Weighted adjacency matrix Wg, threshold 7 > 0.
Function: I'(Wg, 7):

1. €&+ & (We) > Extract directed edges using Definition 4.3.1
2: G« (V, 5)

3: while G contains cycles do

4: C «+ find_cycles(G) > Johnson’s algorithm
5: for cc C do

6: if 3(¢, k) € ¢ such that (i, k) ¢ £ then

7 continue > Skip if cycle was already broken
8: (i, k)* = argming p)c. wik

9: E—EN{G, k) } > Remove weakest edge

10: G+ (V,&)
11: return ¢

Output: DAG G

Unlike methods such as (Zheng et al., 2018, 2020), which rely solely on thresholding and can allow
cycles, our approach explicitly enforces acyclicity using a mechanism inspired by (Biithlmann et al.,

2014), which uses penalised regression to calculate the weights that we derive from the NN.

Facilitating Stakeholder Engagement The DAG resulting from Algorithm 2 offers a transparent
representation of the NN’s causal relationships, forming the basis for stakeholder scrutiny and refinement.
SMEs can leverage this interface to challenge causal assumptions, refine specific relationships, and
iteratively align the model with domain knowledge.

The threshold 7 plays a critical role in this process, controlling the sparsity of the graph. Setting
7 = 0 retains all relationships in W, while higher values filter out weaker connections. By iteratively
adjusting 7, practitioners can initially focus on the most significant relationships, and progressively
explore less prominent, but plausible, connections.

This interface bridges complex NN architectures with actionable insights, enabling the contestation
process outlined in §4.2. To demonstrate this first step of the methodology, we return to the income

prediction case study introduced in §4.1.1.

Example 4.3.2. (Eztracting a DAG for the Income Prediction Case Study) In Figure 4.2,
we show the adjacency matriz generated using CASTLE’s weights and Definition 2.4.1 for the Adult
dataset (Becker and Kohavi, 1996). Gray cells indicate the exclusion of self-loops, while darker blue
shades represent stronger relationships between variables. For clarity, weights below a threshold of

7 = 0.08 are omitted, simplifying the matrix to highlight the most significant relationships.
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(1) (2 B) (4 (5 (6) (7) (8 (9 (100 (11) (12) (13) (14) (15)

(1) 00] 0.2 0.1 3.7 income

(2) 16| 03115 race

(3) 0.1 1.9 | 0.4 ] 163 sex

(4) 08| 01| 2.0 |age

(50| 0.0 11| 02| 4.9 native-country
(6) 0.0 0.6| 0.2| 4.0 |occupation

(7) 1.2 | 0.3| 6.4 workclass

(8) 0.8| 0.1| 3.6 hours-per-week
(9) 0.5| 0.2 | 5.5 |education

(10) | 0.0 27| 0.4 | 6.9 |education-num
(11) | 01 20| 03 marital-status
(12) 0.0 0.0 0.1 0.0 0.0 0.1 0.0 2.6 0.5 | 15.0 |relationship
(13) 0.1 |capital-gain
(14) 0.2 0.5 |capital-loss
(15) fnlwgt

Figure 4.2: Weighted adjacency matrix Wg obtained using Definition 2.4.1 from the weights © of a
Joint NN, fitted on the Adult data (Becker and Kohavi, 1996). ¥ = income. Darker shades indicate
stronger relationships between variables. Weights below 7 = 0.08 are blanked for readability. w;z = 0.0
indicates weights that are between 0.08 and 0.1.

From this weighted adjacency matriz, a binary version can be derived and mapped into a DAG
using Algorithm 2. The resulting DAG includes an arrowhead for every blue cell, irrespective of its
shade, capturing the causal relations learned by the NN from the Adult dataset.

The resulting DAG is shown in Figure 4.3. The figure represents a DAG that captures the causal
relationships between variables in the dataset, as learned by the NN. For instance, the DAG indicates
that the number of years of education and marital status have a direct influence on income, while
income in turn causes financial indicators like capital gain and loss. However, the NN has also learned

anti-causal (spurious) relationships (purple arrows), such as income causing age and sex (i.e., gender).

status tive-country
race
education
fnlwgt capital-loss capital-gain hours-per-week

Figure 4.3: DAG obtained from the adjacency matrix in Figure 4.2 using Algorithm 2 with 7 = 0.08.
The parents of the target variable (income) are highlighted in green, the children of the target are in
blue while in purple are the spurious (anti-causal) relationships.
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Algorithm 3: Inject Causal Graph

Input: Training Data D; NN with M layers, h neurons in the first hidden layer, trained for ¢ steps
with final weights ©;; max number of steps T'; patience Ty < T'; causal graph G=(V, E)
Function: inject_graph(D,0:,T,Ts,G):

1. forie{l,...,d+1}, fork e {1,...,d+ 1} do,

2: for j€{1,...,h} do

3: ifi,keV & (i,k) ¢ E then

4: G)letfl +~0 > Mask anti-causal relations
5: else

6: Lpest < 00

7 ts < 0

8: while t < T and t; < T, do

9: @i’i’f_l — update(@i’g;k, D) > Update causal relations
10: for me {1,...,M} do

11: Om,i+1 < update(O,, 4, D)

12: t—t+1

13: if £; < Lpest then

14: Lpest < Lt

15: ts < 0

16: else

17: ts —ts+1

18: Og «+ O,

19: return O¢g
Output: Injected NN with weights Og

As shown in this example, causal graphs provide a transparent representation of the model’s inferred
causal relationships. By visualising these relationships, practitioners can assess the validity and ethical
alignment of the model’s predictions, facilitating model refinement and more informed decision-making.

Next, we introduce our method to incorporate expert feedback into the NN.

4.4 Redress: The Graph Injection Algorithm

To close the contestation loop and facilitate redress in response to experts’ contestations, we need a
method to incorporate expert feedback into the NN. This is achieved through the Graph Injection
Algorithm, which incorporates constraints from a causal graph directly into the NN’s weight parameters.

We outline the injection process in Algorithm 3, which accepts three primary inputs:
e A training dataset D with d 4 1 variables, including the target variable, and n samples;

e A Joint NN with d + 1 stacked subnetworks each predicting one of the variables without using it

(see §2.4, Figure 2.1). The NN’s weights O are either randomly initialised or pre-trained on D;
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o A causal graph G = (V,E), with V =d + 1,E C V x V representing either causal relations

about all variables or partial knowledge.

The training dataset D is, as usual, split into training and validations sets. The NN’s weights ©;
can be either randomly initialised or pre-trained on (a subset of) D. In the pre-trained scenario, our
method acts as a fine-tuning process, adjusting the NN to comply with the causal constraints specified
by the input DAG, while leveraging its prior optimisation for the task. The input DAG serves to
constrain the relationships used by the NN, focusing training on accepted relationships.

The NN is trained using backpropagation, represented by the update function in the algorithm.
This process iteratively updates the NN’s weights to minimise the loss function on the training data
while adhering to the constraints defined by the input DAG. Training continues for a maximum of T°
steps or until a patience threshold Ts < T’ is reached, indicating no improvement in validation loss.

In many practical scenarios, obtaining a complete DAG that describes all relationships among
variables is unrealistic. To address this limitation, our approach supports partial causal graphs that
constrain only a subset of input variables, enabling the discovery of additional relationships during
training. In exploratory settings, where no prior causal knowledge is available, the framework can
operate with a complete graph, represented as an adjacency matrix with zeros on the diagonal and
ones elsewhere. In such cases, the framework relies solely on the DAG loss, which encourages sparsity
and acyclicity (see §2.4), to infer causal structures.

From the combination of initialisations and causal knowledge availability we explore two training

modalities:

e Partial Knowledge: A randomly initialised NN constrained by a PDAG encoding a subset of

variable relationships.

e Full Knowledge: A pre-trained NN fine-tuned to align with an input DAG.

In a third scenario, we envisage a complete graph with a randomly initialised NN, which is equivalent
to training a CASTLE model from scratch. We experiment with this scenario to explore the process of
extracting an interpretable causal graph from a NN with no a priori causal knowledge (see §4.6).

The output of Algorithm 3 is a Joint NN with weights ©¢, that we call an Injected NN. An Injected
NN exclusively utilises the relationships specified in the input causal graph G, through a targeted
masking scheme that sets the weights in the input layer to 0 for any pair of input neurons (or variables)

ik

i, k where (i,k) ¢ E. Specifically, for all neurons j in the first hidden layer, we set ©7”" = 0, resulting

in w;; = 0 and effectively eliminating the direct influence of variable ¢ on variable k.
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Note that Algorithm 3 handles the presence and absence of directed edges within an input graph
to be injected differently. The algorithm masks weights corresponding to the absence of directed edges,
thereby enforcing the NN to adhere to the causal constraints that specify the absence of certain causal
relations. However, it does not enforce the influence of a variable on another when an edge is present.
This is because the NN continues to learn the weights associated with existing edges, as the algorithm
does not intervene in their learning process.

Effectively, our algorithm restricts the NN from utilising relationships that are not present in the
input graph, while allowing it to learn weights for the existing edges. Consequently, specifying the
anti-causal relationships (i.e., the absence of edges) plays a more pivotal role in steering the training
process than specifying the causal relationships themselves.

Introducing edges that the NN found to have minimal significance during training into the input
causal graph of a trained model may lead to limited changes in the model’s behaviour. This is likely
because the model has already converged to a local minimum in the loss landscape. In contrast, when
training begins from scratch, the inclusion of edges in the input graph increases the likelihood that
the model will incorporate and utilise these specified edges during the learning process. We discuss
potential refinements to the treatment of present edges as part of future work in Chapter 7.

A PDAG can be injected by specifying only a subset of the variables and their relationships. In
this case, the algorithm will mask the weights corresponding to the absence of directed edges between
the specified variables, while allowing the model to learn the weights associated with the existing edges.
Line 3 in Algorithm 3 ensures that the algorithm only masks weights for variables specified in the
input graph, while allowing the model to learn the weights associated with the remaining variables.
This way, we can accommodate knowledge about a subset of relations between the variables, enabling
the discovery of additional relationships during training, while adhering to the specified constraints.

Computationally, the primary distinction between Algorithm 3 and CASTLE’s training loop lies in
the focused training on weights corresponding to accepted edges, i.e., the causal relationships. This can
be conceptualised as a “selective causal” dropout method. While CASTLE induces the NN to prefer
using causal parents over children and siblings for its predictions (Kyono et al., 2020), Algorithm 3
enforces this preference strictly. By reconstructing each variable and predicting the target using only
its parents, we avoid predicting variables using their children or siblings, whose relations may be
unstable (Pearl, 2009).

Our proposed masking scheme encodes responses to causal inquiries. For example, consider the

question: Does education influence income? If the answer is negative, the corresponding weights are
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Algorithm 4: Contest Computed Causal Graph

Input: Training Data D, NN with weights O, trained for ¢ steps; maximum training steps 7', patience
Ts < T, and Fxpert Knowledge.

Function: contest_graph(D, 0, T, T, Expert Knowledge):

1: contested < True

2: while contested do

3: G« I'(Wg,,7) > Extract causal graph (Algorithm 2)
4: G, T + revise_graph(G, Expert Knowledge) > Present to SME and revise G
5 if G, # G then > Contested?
6 ©; «+ inject_graph(D,0:,T,Ts,G,) > Redress using Algorithm 3
7 else

8 contested < False

9: return G,, Oy

Output: Refined DAG G, and Injected NN weights ©;

set to zero, thereby preventing education from directly influencing the prediction of income in the NN.
Importantly, while direct effects are masked, indirect effects can still be captured through the hidden
layers, enabling the NN to model complex causal relationships without relying on direct connections
that the SMEs decided to exclude.

We hypothesise that the structure of the Joint NN and the masking scheme will naturally guide
the NN to prefer the bespoke subnetwork for predicting each variable, with the middle layers playing
a reduced role in these predictions. This preference could help mitigate potential issues, such as the
NN using indirect relationships to capture spurious correlations. While this hypothesis would limit
the issue, the lack of control over indirect relations remains a limitation of the current approach.
Addressing this challenge presents a compelling direction for future work, discussed in Chapter 7.

Next, we combine the introduced methods to construct and present the NN’s causal graph and to

redress the model’s behaviour based on feedback from SMEs, culminating in our contesting algorithm.

4.5 The Contesting Algorithm

This section formalises our contestation framework through the Contesting Algorithm, enabling iterative
interactions between the NN and SMEs to validate and refine the model’s causal understanding of
the data, either during or after training. The algorithm, outlined in Algorithm 4, orchestrates the
collaborative process by integrating SME feedback to progressively align the NN with domain expertise.
A high-level overview of this process is presented in Figure 4.1.

Algorithm 4 extends the functionality of Algorithm 3, replacing the static input causal graph G
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with dynamic Fxpert Knowledge. This knowledge, provided by SMEs, reflects domain-specific insights
into the relationships among variables and guides the refinement of the causal graph extracted from
the NN. The refined graph ensures alignment with SME expertise and adherence to domain-specific
ethical and operational requirements.

The process begins by extracting a causal graph G from the NN using Algorithm 2. This graph
reflects the NN’s current causal representation, which may be based solely on the training data
or include prior causal constraints if the NN has already been injected with an input graph. The
revise_graph function facilitates stakeholder engagement by presenting G to the SMEs for evaluation

and refinement based on their domain expertise, operating in two stages:

1. Graph Presentation: The current causal graph G is visualised and shared with SMEs, enabling
them to scrutinise the estimated causal relationships. SMEs can evaluate individual links, groups

of connections, or the overall structure.

2. Feedback Collection and Revision: Feedback from SMEs is collected in two forms:

e Threshold Adjustments: SMEs may modify the threshold 7 to control the sparsity of G,
filtering weaker relationships to focus on the most significant links, or exploring less strong

but possibly relevant relations.

e Direct FEdge Modifications: Specific edges in G can be added, removed, or reoriented based

on SMEs’ domain insights, allowing precise refinements to the causal structure.

The output is a revised graph G, and an updated threshold 7, based on the collected feedback.

This iterative refinement process enables SMEs to tailor the causal graph G to align with their
domain expertise, focusing first on the most influential relationships and gradually exploring weaker ones
by adjusting 7. These feedback mechanisms allow SMEs to systematically improve the interpretability
and validity of the NN’s causal assumptions. The revised graph G, serves as input to the inject_graph
function (Algorithm 3), which updates the NN’s weights and causal graph to reflect the proposed
refinements.

By embedding SMEs’ feedback into the training process, the Contesting Algorithm fosters a
dynamic, two-way learning interaction between the NN and its stakeholders. While the NN refines
its causal assumptions and predictions based on SME input, the graphical representation of the NN’s

causal understanding can also provide SMEs with novel insights about potential relationships in the
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data. This collaborative process ensures that the model evolves to align with domain-specific expertise
while offering stakeholders a deeper understanding of the underlying data structure.

This synergy enhances interpretability, ethical soundness, and robustness, creating a feedback loop
where both the model and stakeholders benefit from iterative refinements. Additionally, embedding
SME feedback into the model’s training process can significantly improve predictive performance,
particularly in low-data regimes where expert knowledge compensates for sparse information, further
highlighting the value-add of HITL training of ML models.

In the next section, we evaluate the performance of our Contestable Neural Networks on real and
synthetic datasets, completing our case study on income prediction (§4.1.1) and demonstrating the

broader applicability of our framework on other real and synthetic datasets.

4.6 Empirical Evaluation

In this section, we evaluate the Contestable NN framework to demonstrate how practitioners can
leverage the Contesting Algorithm to develop NNs that are both principled and predictive. Our
evaluation is structured into two sets of experiments, using both real and synthetic data to assess the
benefits of our proposed methods.

Firstly, we discuss the results of our case study on income prediction (§4.1.1) across three scenarios:
No A Priori Knowledge, Partial Knowledge, and Contesting a Computed Graph. For the first scenario,
we present results from additional real datasets in the financial sector: one more classification and two
additional regression tasks. For classification, we use the Adult dataset from the case study and the
FICO Home Equity Line of Credit (HELOC) dataset (FICO, 2017) for credit risk assessment, predicting
loan repayment likelihood. Instead, for regression, we predict house prices using the Boston (Harrison
and Rubinfeld, 1978) and California (Pace and Barry, 1997) housing datasets. These results, detailed
in §4.6.1, showcase the effectiveness of our injection and contestation algorithms in refining the NN’s
causal representation and enhancing its predictive performance, even in the absence of prior knowledge.

Secondly, we perform experiments on synthetic data (§4.6.2), demonstrating that prior knowledge
can improve both predictive performance and causal discovery, particularly in low-data regimes. These
findings align with prior work on causal discovery (Chowdhury et al., 2023; Constantinou et al., 2023),
which we evaluate in our prediction setting as well, highlighting the importance of causal knowledge
injection in refining NN performance. More details on the datasets and the implementation, including

links to code, are provided in Appendix A.1.
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4.6.1 Experiments on Real Data

To demonstrate the versatility of our contesting framework in creating transparent and robust NN,
and its capacity to refine their “causal understanding” through human-AI collaboration, we designed

three experimental scenarios to evaluate performance under varying levels of prior causal knowledge:

1. No A Priori Knowledge: Extract a causal graph solely from data using threshold optimisation,

without leveraging any pre-existing causal assumptions.

2. Partial A Priori Knowledge: Integrate predefined causal constraints derived from common-

sense assumptions or domain expertise to guide the NN during training.

3. Contesting a Computed Graph: Refine a computed causal graph by incorporating the

partial knowledge from Scenario 2, demonstrating the effects of expert feedback integration.

These scenarios allow us to systematically investigate how varying levels of causal knowledge
and expert intervention influence the NN’s ability to model causal relationships and affect predictive
performance. In the absence of a true DAG for the real datasets, our quantitative metric is predictive
performance, namely MSE for regression and AUC for classification tasks. All results are reported
with observed significance levels for a ¢-test for difference in means (details of the testing procedure are
provided in Appendix A.1.1).

Our objective is to demonstrate that predictive performance is not necessarily impacted by knowledge

injection, which can, in turn, help to build more transparent and trustworthy NNs.
No A Priori Knowledge

In this scenario, we evaluate the performance of our Contestable NN framework in the absence of
prior causal knowledge. Algorithm 4 is used to iteratively construct potential DAGs by optimising the
threshold parameter 7 within the I'; function (Algorithm 2). These DAGs are then injected into the
NN, and the predictive performance is measured for several thresholds.

To identify optimal thresholds, we systematically generate a set of candidate thresholds 7 for each
dataset through a binning approach. Specifically, the range of weights in Wg is divided into n equal
intervals, corresponding to n candidate thresholds, with n = 10 in our experiments. For each threshold,
we evaluate the NN’s performance and the sparsity of the resulting DAG. The selection of the “best”
DAG balances predictive performance with interpretability by jointly considering the NN’s accuracy
and the DAG size. For regression tasks, we favour lower MSE, while for classification tasks, higher

AUC is prioritised. In cases of comparable performance, sparser graphs (fewer edges) are preferred.
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Figure 4.4: Threshold optimization for the Adult dataset. The plot shows the change in AUC for
different thresholds 7 in the range [0,0.4]. CASTLE, corresponding to the injection of a complete graph,
is used as a baseline. 7 = 0 corresponds to preventing cycles using Algorithm 2, but not enforcing
sparsity. The chosen threshold is 7 = 0.08, producing a DAG with 46 edges and AUC=0.86.

Figure 4.4 illustrates the interplay between predictive performance and sparsity for the Adult
dataset in our case study. The x-axis represents varying thresholds 7, while the y-axes depict the
number of edges (left, red line) and AUC (right, blue line). As expected, increasing the threshold
monotonically reduces the number of edges, resulting in sparser graphs. However, changes in AUC
reflect dataset-specific trends, highlighting the importance of evaluating both dimensions in tandem.
Further comparisons across datasets are provided in §A.1.1, Figure A.1.

As shown in Figure 4.4, for the Adult dataset, 7 = 0.08 retains the highest AUC while reducing
the number of edges by more than 50% compared to 7 = 0. Increasing 7 further yields marginal
improvements in parsimony (fewer edges) but begins to negatively impact performance.?

The CASTLE model, used as a baseline for comparison and positioned to the left of the z-axis,
exhibits significantly higher edge counts than all injected models, and a lower AUC than several models
with varying thresholds. Further details of this evaluation, along with plots for the other datasets, are
provided in Appendix A.1.1.

For this scenario, the contesting process described in Algorithm 4 concludes with a DAG selected
through a semi-automatic procedure. The goal is to evaluate whether fixing a plausible—but not
human-validated—DAG can enhance predictive performance and how these improvements vary with
sample size. To this end, the structure of the NN remains fixed, while datasets of varying sizes are

sampled to assess the impact of sample size on the performance of the Contestable NN.

2For instance, a threshold of 7 = 0.12, the second marker to the right of 7 = 0.08 in the plot, produced a DAG with 37
edges and AUC = 0.85. This would have been an equally good candidate for further evaluation. A systematic weighting
of DAG size and AUC could better guide the choice of 7, but outside the scope of this experiment.
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Table 4.1: Experiments with real data. We report mean AUC or MSE + Standard Deviation (std)
for regression and classification, respectively, across different sample sizes of the training data (V)
and 5-fold nested cross-validation. When N is larger than the available samples, the cell is left empty.
Best results are in bold. Observed significance levels against CASTLE are reported with the following
intervals: 0 “*** 0.001 “**7 0.01 “*’ 0.05 < 0.1 *’ 1. |V is the number of variables/nodes and |E| the
number of edges in the injected DAG for our method and in the graph built using Definition 2.4.1
for CASTLE. Injected refers to No A Priori Knowledge, Partial to Partial A Priori Knowledge, and
Refined to Contesting a Computed Graph.

Metric | Data & Method |N=100 N=500 N=1K N=2K N=5K N=10K N=20K

Adult (V] = 14)
CASTLE (|E| =210) | 0.67£0.03 0.724+0.04 0.75+0.03 0.74+0.03 0.75+0.03 0.75+0.02 0.76+0.02

«| Injected (|E| = 46) | 0.69. 0.74%* 0.76 0.77%%% 0. 79%k* (,85%¥*  ( 8***
O| Partial (|E| =116) | 0.66 0.71 0.74 0.76* 0.76 0.76. 0.77.
3 Refined (|E| = 30) | 0.69. 0.74%* 0.76 0.77+%% 0. 79%%* (,85%¥*  (,86%**

HELOC (|V| = 23)
CASTLE (|E| = 552) | 0.75+0.02 0.79+0.01 0.78+0.01 0.79+0.01 0.79+0.01 0.80+0.01
Injected (|[E| =85) | 0.74 0.78%%% .78 0.78%%% .79 0.79%%*

California (|V|=38)
CASTLE (|[E|=172) | 7.05+£12.81 2.334+1.39 2.96+4.12 3.86+3.68 4.91+7.41 1.74+1.70 0.66+0.08
Injected (|B] = 31) | 2.94%%* 2,25 1.68%*  1.71%%* 1. 51%%* 1.16* 1.02%%

Boston (|V| = 14)
CASTLE (|E| = 182) | 112.0491.1 21.95:£6.84
Injected (|E| = 48) 86.17*** 20.45%*

MSE |

Results Table 4.1 reports the results for all four datasets we consider: Adult, California, Boston,
and HELOC. These results demonstrate the impact of our contestable NNs framework on predictive

performance and model parsimony across datasets, with comparisons to the CASTLE baseline.

For the Adult dataset, the injected NN consistently achieves higher AUC than CASTLE, with
improvements of up to 13% (N = 20K). These improvements are statistically significant for most
sample sizes and are achieved using only approximately 20% of the relationships that the unconstrained
CASTLE network employs (|E| = 46 vs |E| = 210 for the injected NN and CASTLE, respectively).

This reduction matches the reduction in the NN’s weights at the input layer.

In the California dataset, the injected NNs significantly outperform CASTLE in MSE across all
but the largest sample size and N = 500, where the difference in means is not significant. Importantly,
the injected NNs achieve these improvements with a 40% reduction in the computed DAG’s edges,
highlighting the benefits of parsimony. For the Boston dataset, injection reduces edge count by
approximately 75%, while the injected NN significantly improves performance compared to CASTLE

across both considered sample sizes.

Finally, for the HELOC dataset, the injected NNs achieve AUCs comparable to CASTLE in half

the cases, with a maximum reduction of 1%. However, the edge count is drastically reduced, with the
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injected NN retaining only 15% of the first-layer weights compared to CASTLE. While this sparsity
aligns with principles of minimality (Pearl, 2009) and parsimony (Vandekerckhove et al., 2015), some
beneficial relationships may have been excluded. Future refinement could explore reintroducing selected

edges to balance performance and parsimony more effectively.

Overall, simulating the use of Algorithm 4 without prior knowledge produced parsimonious NNs
with an average of 75% fewer connections in the input layer. Moreover, predictive performance generally

improves significantly or, in the worst case, worsens by at most 1%, regardless of sample size.

As previously mentioned, the strategy for selecting DAGs to inject is purely mechanical in this
initial scenario. However, as illustrated in Figure 4.3, the DAG chosen for our case study on income
prediction reveals that the NN can learn spurious relationships, such as income influencing age or sex.
This underscores the importance of incorporating contestation and expert judgment to guide model

validation and refinement.

The adopted strategy is meant to gauge the impact on predictive performance without a qualitative
assessment of the validity of domain-specific causal assumptions, a task that SMEs should carry out.
We envisage this strategy as a useful starting point in the absence of causal knowledge defined a priori.
However, in real-life applications, we envisage the use of Algorithm 4 by a panel of SMEs, iteratively
assessing intermediate outputs to refine the NN in light of previous experiments, leveraging their

experience and knowledge of the modelling task while learning more about it.

Next, we continue our case study and provide examples of how our Contesting Algorithm 4 can
work in a human-Al collaboration setting, with SMEs constraining and contesting DAGs computed by
the NNs. We run these experiments only on the Adult dataset, as it contains variables such as race, sex,
age, and native-country that lend themselves to the construction of common-sense causal assumptions
by lay users (e.g., sex cannot be caused by age). This way, we avoid formulating domain-specific

assumptions while providing a tangible example application.

Partial A Priori Knowledge

In this scenario, we consider the case where some causal knowledge is available a priori, and we aim
at assessing the impact of injecting this knowledge into the NN on predictive performance. We build
a simple yet intuitive partial set of constraints (G,) for the Adult dataset. The graph G, is used to
constrain the NN’s learning from the start, adhering to the following assumptions (reflected in the

adjacency matrix in Figure 4.5):
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Figure 4.5: Adjacency matrix W, representing partial causal knowledge for the Adult dataset. Blue
represents edges (wj; = 1); missing edges are shown in white (hard constraints, w;; = 0).

e race, sex, age, native-country cannot be caused by any variable, i.e., these variables cannot have

incoming edges. As a result, columns 2 to 5 of the adjacency matrix in Figure 4.5 are blanked

(wir = 0).

o occupation and hours-per-week cannot cause fnlwgt (demographics index), education, education-

num, relationship, and marital-status; the respective cells in Figure 4.5 are blanked.

o The target variable (income > USD50K) cannot cause any variable, and capital-gain and

capital-loss can only affect the target. Thus, rows 1, 13, and 14 in Figure 4.5 are blanked.

Note that some of these assumptions could easily be challenged, for example, by arguing that the
target variable income can cause variables such as capital-gain and capital-loss. We adopt these
assumptions solely to illustrate their effects on the adjacency matrix and to simulate a scenario in which
the modeller tests whether the algorithm identifies relationships in the data that aid the prediction
task. As discussed in (Pearl, 2009; Pearl and Mackenzie, 2018), the ability to extract and enforce such
assumptions, or simply discuss them, has the potential to make models more transparent, robust, and
representative of the world’s causal mechanisms, ultimately rendering them more trustworthy.

We report the AUCs of the NNs injected with the graph in Figure 4.5, and trained on dataset of
varying sizes, in Table 4.1, under the label Partial. The “causal constraints” result in performances
that are generally not significantly different from CASTLE, but with a computed DAG that has about

half the edges of the unconstrained NN resulting from fitting CASTLE (|E| = 116 vs |E| = 210).
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Overall, we obtain a sparser NN that adheres to common-sense causal knowledge based on our
assumptions, making its recommendations more understandable and trustworthy while maintaining

performance comparable to a regularised, but unconstrained NN.

Contesting a Computed DAG

This final experiment on real data demonstrates the process of contesting and refining the causal
graph computed and used by the NN, as facilitated by Algorithm 4. Starting without prior knowledge
about the problem, we use the same threshold optimisation strategy from the No A Priori Knowledge
scenario. In the initial runs of Algorithm 4, the revise_graph function adjusts only the threshold T,

terminating with selecting 7 = 0.08.

With 7 = 0.08, a DAG is extracted and presented to the SMEs, as shown in Figure 4.3. In this
DAG, the target variable (income > 50K) erroneously appears to cause several variables, including

sex and age (see purple arrows). This violates common-sense and causal reasoning principles.

The contestation process focuses on addressing these specific edges, and the revise_graph function
produces a refined DAG (G, ) by removing the spurious purple edges. This refined DAG is then injected
back into the NN, resulting in the predictive performance detailed in Table 4.1, under the label Refined.
Importantly, the refined DAG aligns with common sense and causal principles and maintains the same

predictive performance as the injected NN using nonsensical relationships.

Additionally, when compared to the unconstrained CASTLE models, the refined NN is seven times
smaller in the input layer, and achieves up to 13% higher predictive accuracy across varying sample
sizes. This highlights the dual benefits of improved performance while significantly reducing model

complexity, aiding interpretability.

This case study demonstrates how our framework allows causal knowledge to be contested and
injected within the NN’s structure. By leveraging partial knowledge or contesting nonsensical computed
DAGs, the framework can improve predictive performance and interpretability. Additionally, the
contesting process empowers stakeholders to identify and challenge incorrect or unethical relationships

learned by the model, fostering greater transparency, accountability, and ethical compliance.

In the next section, we use synthetic data to showcase another advantage of injecting causal

knowledge: the improved ability of NNs to retrieve the ground-truth causal graph underlying the DGP.
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4.6.2 Experiments on Synthetic Data

To further validate the findings from our real data experiments, we assess the effectiveness of our
proposed method using synthetic data. This set of experiments is designed to address the following

questions:
Q1. Does knowledge injection by our algorithms improve predictive performance?
Q2. Can we reconstruct a DAG, known to be underpinning the DGP, using Algorithm 47
Q3. How well can Algorithm 4 fill the gaps in an input graph contributing only partial knowledge?
Q4. How does knowledge injection performance change across different data size regimes?
Q5. How resilient are our algorithms to noise?
To answer these questions, we generate synthetic data from known DAGs as follows.

Synthetic Data Generation We generate synthetic data adhering to a series of randomly generated
DAGs of varying sizes, following the methodology described in (Kyono et al., 2020). This process
involves creating Erdos-Rényi (ER) graphs (Erdés and Rényi, 1959), which have uniform probability of
edge existence, and then transforming them into DAGs by removing cycles. The DAGs are then used
to generate data by initially assigning Gaussian noise to all variables and then, in topological order,
adding the sigmoid of parent values to their corresponding children.?

The synthetic DAGs and corresponding data vary along three main dimensions: the number of
nodes in G (|V| € {10,20,50}), the number of edges (|E| = |V| x e, where e € {1,2,5}), and the sample
size (N = |V| x s, where s € {50, 100, 200, 300, 500}). We refer to s as the proportional sample size.

To ensure comparability, the data is standardised so that all variables have a mean of 0 and a
std of 1. As noted by Reisach et al. (2021), this standardisation can lead to conservative estimates
of reconstruction accuracy, as it removes information that continuous score-based causal discovery

methods might otherwise use to infer causal ordering.

Evaluation Metrics We use the average and std of MSFE to evaluate predictive performance (Q1, Q4,
Q5). To evaluate reconstruction accuracy (Q2, Q3, Q5), we analyse the distribution of the percentage
of estimated edges that match the true DAG. Each scenario, involving a combination of |V|, e, and s, is
run 10 times. Results are presented as boxplots in Figure 4.6 and compared with the baselines detailed

below. As in the real data experiments, statistical significance is assessed using a two-sample t-test.

3For details, refer to Appendix B.1 of (Kyono et al., 2020).
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Baselines CASTLE’s predictive performance has been extensively compared with leading regularisa-
tion methods for NNs (Zhang et al., 2021), demonstrating superior results in both classification and
regression tasks across synthetic and real datasets. Thus, for predictive performance, our baseline is a
state-of-the-art regularised NN: CASTLE.

For reconstruction accuracy, however, CASTLE alone is insufficient as a baseline. Instead, we
introduce a derived baseline called CASTLE+, built upon the adjacency matrix extracted from
CASTLE’s weights. Specifically, using CASTLE’s weights ©, we compute the adjacency matrix Wg
according to Definition 2.4.1. This adjacency matrix is then converted into a DAG G = I';(Wg) using
Algorithm 2, with an appropriate threshold .

The key differences between CASTLE+ and our proposed Algorithm 3 are as follows:

e CASTLE+: The NN is trained unconstrained, and the causal graph is only extracted post-
training by applying the adjacency matrix definition (Definition 2.4.1) and transforming it into a

DAG with a selected threshold 7.

e Injected NNs: The NN is trained with constraints provided by Algorithm 3. A PDAG,
reflecting partial causal knowledge, is used as input. This PDAG masks a proportion of anti-
causal relationships in the true graph, ensuring that only non-masked weights are optimised

during training.

Effectively, CASTLE+ can be interpreted as using Algorithm 3 with a complete graph in input,
meaning all causal directions are initially considered valid. In both CASTLE+ and our method, the
threshold 7 is selected to minimise mismatches in reconstruction accuracy.

This comparison allows us to evaluate the advantages of incorporating causal constraints during

training, as opposed to inferring causal graphs only after the model is trained.

Simple DGP Using Algorithm 4, we represent the FExpert Knowledge as an input graph G encapsu-
lating partial a priori causal knowledge among a subset of the input variables.

In the experiments shown in Figure 4.6, we inject a 20% random sample of the total edges in the
true DAG; experiments with 10% and 50% of true edges injected are reported in Appendix A.1.2,
showing diminishing returns for increased injected knowledge. Once the known edges are selected, the
corresponding edges in the adjacency matrix W are set to 0 in the opposite direction, e.g., if X; — X

is known, then (i,j) € E and wj; = 0.
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Figure 4.6: Reconstruction Accuracy and MSE for varying proportional sample size s = N/|V| €
{50, 100, 200, 300, 500} and number of nodes |V| € {10, 20,50} in the causal DAG. Darker (grey or
blue) colours refer to the no-noise scenario, while lighter colours indicate the noisy DGP scenario.
Each combination of |V|, s, and e = |E|/|V| € {1,2,5} is run 10 times. Boxplots (left y-axis) show
Min/Max/Median (solid lines) and Mean/std (dashed lines) for reconstruction accuracy. Bottom bars
(right y-axis) show the MSE (std). Solid horizontal lines re-base the CASTLE+ mean to account for
the advantage that our Injection methodology knows 20% of the edges. If the mean of Injected is
above/below the horizontal lines, the average increase in reconstruction accuracy is more/less than
proportional to the amount injected.

The results for this scenario, presented in darker colours in Figure 4.6, show two metrics: predictive
performance (MSE) represented by the bottom bars, and reconstruction accuracy represented by
the boxplots. The results vary across the proportional sample size s. Analysis of changes in other
dimensions (e = |E|/|V] and |V]) can be found in Appendices A.1.2 and A.1.2.

From Figure 4.6, we observe that injection significantly improves predictive performance in low-data
regimes, with gains of up to 15% for sample sizes s < 200 (statistically significant for s = 50 and
s =100 at the 0.05 level: ¢(178) = 2.226,p = 0.027 and #(178) = 2.464,p = 0.015, respectively). In
contrast, no statistically significant differences in predictive performance are observed for larger sample
sizes. The largest improvements in reconstruction accuracy also occur in low-data scenarios. Notably,
the number of correct edges increases beyond the proportion of edges injected by up to 10%, as shown
by boxplots lying above the grey longitudinal lines. However, for higher values of s, no statistically
significant differences in reconstruction accuracy are detected.

These results answer Q1 through Q4: Algorithm 3 improves DAG reconstruction (Q2) and fills
gaps in partial causal knowledge (Q3) without decreasing prediction performance (Q1), but primarily

for low-data regimes (Q4).

Noisy DGP To assess the robustness of Algorithm 3 to noise (Q5), we add variables to the training
data that amount to 20% of the number of nodes in the DAG used to generate the data. These

additional noisy variables are sampled from a standard normal distribution and are disconnected from
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the other variables in the data. The results are presented in Figure 4.6, comparing the no-noise and
noise scenarios. As shown in the bottom bars, the MSE for the target variable Y remains effectively
the same across different proportional data sizes (with no significant differences in mean). Similarly,
reconstruction accuracy (top boxplots) shows no significant differences in means. This aligns with
findings in (Kyono et al., 2020) for prediction. We conclude that our algorithm is resilient to noise in
both reconstruction and predictive performance (Q5).

In this section, we demonstrated that Contestable NNs achieve significant improvements in trans-
parency without sacrificing predictive performance. By reducing parameter size, improving causal graph
reconstruction, and empowering stakeholders to identify and challenge problematic causal relations,
our framework aligns predictive performance with interpretability and accountability.

We now summarise the key contributions and outcomes of this work, positioning them within the

broader context of trustworthy Al.

4.7 Summary

This work introduces a principled framework to make NNs contestable through the integration of expert
knowledge, facilitated by causal graphs. The proposed methodology enables SMEs to challenge NN
models based on causal assumptions discovered from the data, addressing key challenges in robustness,
transparency, and accountability for Al systems.

Two algorithms were developed to achieve this goal. The first incorporates expert feedback into
NN training by modifying NNs’ weights according to causal graphs representing them. The second
algorithm uses computed causal graphs to elicit stakeholder input, allowing SMEs to refine assumptions
and inject domain expertise into the NN. Together, these algorithms address Objective 1 by making
models accessible and contestable, while also enhancing interpretability through causal graphs, in line
with Objective 3 and ensuring formal consistency between data-driven and expert-informed causal
representations, as per Objective 2.

Empirical results on financial datasets demonstrate that these methods yield parsimonious NN,
which are more interpretable and easier to debug, while either significantly improving or minimally
reducing predictive performance. Additionally, synthetic data experiments reveal that knowledge
injection enhances causal discovery in low-data scenarios and under noisy conditions, contributing to
Objective 5 by strengthening model robustness.

The broader impact of this work lies in fostering trustworthiness in AI. The framework equips NNs
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with mechanisms for causal graph integration and stakeholder interaction, enabling exploration and
refinement of the relationships underlying model predictions. This capability leads to models that
align more closely with domain knowledge and stakeholder priorities.

Future research could explore interactions between latent causal effects and hidden NN layers, refine
uncertainty quantification using Bayesian learning, and incorporate multiple expert perspectives into
consistent causal graphs. These directions, further discussed in Chapter 7, promise to enhance the
robustness and applicability of contestable NNs in high-stakes decision-making contexts.

In conclusion, this chapter establishes a foundation for creating interpretable, accountable, and
effective NN systems that support high-stakes decision-making while aligning with stakeholder values.
By integrating expert input, we enable stakeholders to validate and refine causal relationships discovered
during NN training, fostering contestability and trust.

However, the reliance on stochastic methods presents a notable limitation: the lack of formal
guarantees on the causal structures extracted by the NNs. Additionally, expecting SMEs to shoulder
the entire burden of validation is impractical, particularly in complex systems. To overcome these
challenges, we now shift focus to causal discovery methods that offer formal guarantees. These methods
provide a principled foundation for extending both the applicability of Contestable NNs, and more

broadly, the construction of causal models.
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Chapter 5

Constraint-based Causal Discovery with

Shapley Values

In this chapter, we introduce a novel constraint-based causal discovery method that leverages Shapley
values to improve the identification of causal graphs from observational data, building on the approach
proposed in (Russo and Toni, 2023b). We begin by outlining the motivation for enhancing current causal
discovery methods, in line with our objectives (§5.1). Next, we propose an innovative Shapley-based
decision rule for orienting v-structures in causal graphs (§5.2). Building on this, we introduce the
Shapley-PC algorithm (§5.3), which integrates our decision rule into the PC algorithm to enhance
its robustness in finite-sample settings. We also examine the theoretical properties and guarantees of
Shapley-PC, highlighting its contribution to advancing constraint-based methods. Finally, we validate
the effectiveness of Shapley-PC through an extensive empirical evaluation, showcasing its performance
improvements over existing algorithms (§5.4). We conclude with a discussion of the broader implications

of our approach for causal discovery and its alignment with the objectives of this thesis (§5.5).

5.1 Motivation

In Chapter 4, we demonstrated how integrating expert feedback into causal discovery enhances Neural
Networks’ interpretability and robustness. This flexible approach combines data-driven discovery
with expert input to foster transparency, stakeholder engagement, and performance. Additionally,
our experimental results revealed that having partial knowledge about the true causal graph can
significantly aid discovery in low-data regimes. However, the stochastic nature of NNs prevents formal

guarantees on structure recovery—an essential requirement in high-stakes decision-making.
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However, requiring SMEs to validate complex systems can be impractical, highlighting the need
for trustworthy data-driven methods to complement expert knowledge. Beyond prediction with
Contestable NNs, causal graphs form the backbone of causal reasoning, and are required for robust
causal inference (Pearl, 2009; Peters et al., 2017). While domain experts can provide valuable
assumptions about causal relationships, eliciting complete and correct information remains a challenge
in complex systems. Robust causal discovery algorithms offer a principled starting point for identifying
these relationships, which can then be refined with expert input (Spirtes et al., 2000).

In this chapter, we focus on constraint-based methods, such as the PC algorithm (Spirtes et al.,
2000), which provide theoretical guarantees for identifying causal structures—a critical requirement
for trustworthy Al systems. These methods are modular and transparent, making them well-suited
for fostering the understanding of the causal discovery process. However, despite their soundness and
completeness guarantees, constraint-based methods are sensitive to finite-sample errors in CITs, which
can propagate multiple edge orientation errors (Ramsey et al., 2006; Tsagris, 2019).

State-of-the-art PC-based methods, such as PC-Max (Ramsey, 2016), address these challenges by
prioritising v-structures based on statistical significance (see §3.3). Yet, they remain vulnerable to
errors, particularly in low-data regimes, underscoring the need for further improvements in robustness.

To address this limitation, we propose a novel approach that integrates Shapley values (Shapley,
1953) into the PC algorithm to enhance v-structure identification. Shapley values (covered in §2.5)
quantify the contribution of each variable to an observed outcome, making them ideal for analysing
CIT results. While Shapley values have been widely applied in fields such as economics (Ichiishi, 1983)
and machine learning (Frye et al., 2020; Heskes et al., 2020; Lundberg and Lee, 2017; Teneggi et al.,
2023), their use in causal discovery remains unexplored.

By extracting additional information from statistical tests, our proposed Shapley Independence Val-
ues (SIVs) mitigate finite-sample errors, improving the reliability of v-structure orientations within the
PC-Stable algorithm. This enhancement strengthens the robustness of causal discovery (Objective 6)
while producing results that are inherently transparent (Objective 4) due to the interpretability
of Shapley values. Such transparency also provides a foundation for contestability, as it enables
stakeholders to better understand and scrutinise the causal relationships identified by the algorithm.

While Contestable NNs integrate expert feedback with continuous score-based causal discovery to
improve predictions and alignment to social standards, here we focus on extracting reliable causal
assumptions from data. These methods serve distinct but complementary roles, providing stakeholders

with transparent and robust tools for validating causal assumptions and fostering trust in Al systems.
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5.2 Shapley Values to Detect Colliders

In this section, we propose a novel strategy for detecting colliders and orienting v-structures in causal
graphs using Shapley values. By leveraging the Shapley value of a candidate collider, we assess
its contribution to the observed association between the two disconnected variables in an UT. This
approach leads to the definition of Shapley Independence Values (SIVs) (§5.2.1), which quantify how
the conditional independence between two variables changes when a potential collider is included in
the conditioning set. This mechanism provides a robust and generalisable decision rule for v-structure
orientation, applicable to any causal discovery algorithm that relies on a skeleton and an association

measure between variables (§5.2.2).

5.2.1 Shapley Independence Values (SIVs)

As discussed in §2.5, Shapley values quantify the contribution of individual players to the outcome of a
cooperative game. Here, we introduce the Independence Game, which consists of three fundamental
components: players, coalitions, and a value function. In this game, the players represent variables
adjacent to disconnected nodes in a UT, coalitions correspond to subsets of these players forming
potential conditioning sets, and the value of the game is the conditional independence between the
disconnected nodes given a coalition.

The Shapley value of a variable within this game, which we term the Shapley Independence Value
(SIV), quantifies its marginal contribution to the independence between the disconnected nodes across
all possible coalitions. Below, we formally define the components of the independence game and the

resulting SIVs.

Players and Coalitions Setup In the Independence Game, the players are variables that have the
potential to influence the independence between two other variables, when included in a conditioning

set. These players are selected based on their adjacency to the disconnected nodes in a UT, as follows:

Definition 5.2.1 (Players). Let C be the skeleton of a DAG, and X; — X; — Xy, a UT in C such that
Xi, X, X, € V. Then, the set of players P is defined as:

Coalitions, as per the original Shapley value framework (§2.5), are all possible subsets (powerset) of

the players. In our Independence Game, these subsets correspond to potential conditioning sets used
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to evaluate the conditional independence between the disconnected nodes X; and Xj;. By leveraging

the structure of the skeleton, we focus only on subsets of the adjacency sets of either X; or Xj:

Definition 5.2.2 (Coalitions). Let C be the skeleton of a DAG, and X; — X; — Xy, a UT in C such
that X;, X, Xy, € V. Then, the set of coalitions C is defined as:

C={S |8 Cadi(C.X:)\ {X;} VS C adj(C, Xi) \ {X,}}.

This targeted definition encourages computational efficiency and aligns with the theoretical guaran-
tees provided by constraint-based causal discovery methods. Spirtes et al. (2000, Lemma 5.1.3)
prove that if X; and X are not adjacent, there exists a set of vertices S that either satisfies
S C adj(X;,G) \ {Xi} or S C adj(X,G) \ {X;}, such that S d-separates X; and X} in G. This
property ensures that the adjacency sets of X; and X} are sufficient to determine the conditional
independence between these variables given any subset of their respective adjacency sets. By restricting
coalitions to subsets of adjacency sets, Definition 5.2.2 improves tractability in the computation of

Shapley values, while adhering to the theoretical guarantees of the PC algorithm.

Value Function The next step in defining the framework for our Independence Game is specifying
the value function. The value function quantifies the conditional independence between two variables
when a third variable is included in the conditioning set. To investigate the properties of our method
under ideal conditions, we begin with an assumption of perfect independence information. This is
formalised through the concept of a Perfect Conditional Independence Test (Perfect CIT), which acts

as an oracle, providing accurate results for conditional independence relationships.

Definition 5.2.3 (Perfect CIT). For any X;,X; € V and S C V\ {X;, X;}, the Perfect CIT I, is
defined as:

1 if X, 1LX; S,
Io(Xi, X | S) =

0 otherwise.
This idealised test provides a binary output, indicating whether two variables are conditionally
independent given a set of other variables. By rooting the value function in Perfect CITs, we can isolate
the theoretical contributions of a candidate collider under ideal conditions, enabling precise analysis of

SIVs’ properties. Given all the components of the Independence Game, we can now define the SIVs.
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Definition 5.2.4 (SIV). Let C be the skeleton of a DAG, X; —X; — X}, be a UT in C, with X;, X;, X}, €
V, n = |P| as per Definition 5.2.1, C as per Definition 5.2.2, and I (-) a Perfect CIT as per
Definition 5.2.3. The SIV ¢r_ of X; in the UT X; — X; — X}, is given by:

O (X5, { X5, Xk }) = D> w§[Too(Xi, Xi | SU{X;}) — Lo Xy, X5 | S)],
SeC

_ [S]{(n—[S|-1)!
- n!

where wg is the Shapley weighting factor as defined in Definition 2.5.1.

The SIV quantifies the unique contribution of the candidate collider X; to the conditional indepen-
dence between X; and Xj. A negative SIV signifies that X; induces conditional dependence between
X; and Xj, identifying X; as a collider. With this formalisation, we now state a key theoretical result

regarding the behaviour of SI'Vs under perfect conditional independence information.

Lemma 5.2.5. Given a skeleton C, a UT X; — X; — Xy, € C, X;,X;, X, € V, and a perfect CIT I,
the SIV of variable X; ¢r.(X;, {Xi, Xi}) <0 if and only if X; is a collider for X; and Xj.

Proof. Assume a perfect CIT I (Definition 5.2.3). The marginal contribution of X; € V for a

conditioning set S € C (Definition 5.2.2) is: Ax;(S) = Ioo(Xi, Xk | SU{X;}) — Loo(Xi, X | S).

(=) Assume Xj is indeed a collider for X;, X} and consider the cases based on whether S blocks
paths other than the one passing through X;:
Case 1 (S blocks all other paths)

Conditioning on X; opens a previously blocked path, inducing dependence:

Too(Xiy Xi | S) =1, Lno(Xy, X [ SU{X;}) =0, Ax,(S)=-1

Case 2 (S does not block all other paths)

Conditioning on X; opens an additional path, not altering dependence:
Ioo(Xi7Xk | S) :Ioo(Xz‘;Xk | SU{Xj}) =0, AXj(S):O.

Given the UT configuration, X; ¢ adj(X}), and adjacency faithfulness (Definition 2.2.7) ensures that

at least one S blocks all paths. Hence:

b (X5, {Xi, Xi}) = D w§Ax,(S) <O0.
secC
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<) Assume, instead, that X is not a collider for X;, X}, and again by case distinction:
J g Y

Case 1 (S blocks all other paths)

Conditioning on X; blocks the only open path, inducing independence:

To(Xi, Xi | 8) =0, Ioo(Xy, Xi | SU{X;}) =1, Ax,(S)=1.

Case 2 (S does not block all other paths)

Conditioning on X; blocks one of the open paths, but does not alter dependence:
By adjacency faithfulness:

O1.e (X5, {Xi, X)) = D w§Ax,(S) > 0.
sec

Therefore, ¢r(X;, {X;, X}) < 0 if and only if X is a collider for X; and Xj. [ |

Beyond the setting of perfect independence information, SIVs do not always guarantee the correct
identification of colliders due to inaccuracies in CITs. However, a negative SIV reflects the relative
contribution of a candidate collider to the conditional independence between two variables, offering
a principled basis for comparing multiple candidates systematically. While our theoretical analysis
of SIVs focuses on the asymptotic setting, where the weighting scheme of Shapley values does not
influence results, the framework defines and aggregates contributions in a principled manner.

In the next section, we introduce our Shapley-based decision rule for orienting v-structures in causal

graphs, leveraging SIVs to systematically identify colliders.

5.2.2 Shapley-based Decision Rule

Lemma 5.2.5 established that a collider in a UT exhibits a negative SIV, reflecting its role in contributing
to the conditional dependence between two other variables. Based on this insight, we propose the

following Shapley-based decision rule:
For any UT X; — X; — X, declare X a collider if its SIV ¢7(X;, {X;, X;}) <O0.

We illustrate this rule with two examples: one in an idealised setting with perfect independence

information and another under realistic conditions with potential inaccuracies. These examples use the
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causal graph from Example 2.1.1, represented here with variables Education (E), Race (R), Occupation
(0), and Income (I).

Example 5.2.6 (Collider Decision with Perfect Information). Consider again Example 2.1.1; we show

the true DAG (left) and its undirected skeleton C (right) again for reference:

(&y (®)

Our goal is to determine whether O is a collider in the unshielded triple E — O — R. Based on
the skeleton’s adjacency sets, adj(C,E) = {O,1} and adj(C,R) = {O}. The following test results are
available (e.g., for oo =0.05):

e Io(E,R)=1>a (ELR),

Io(E,R|0)=0<a (EJLR|O),
« Io(E,R|)=0<a (ELR|I),

Io(E,R|{0,1})=0<a (EJLR|{0O,1}).

Given n = 2, wg = 0.5, the SIV of O is computed as:

= 0.5(0 — 1) +0.5(0 — 0)

= —0.5.

Since ¢1. (O, {E, R}) <0, O reduces the conditional independence between E and R, correctly identi-

fying O as a collider and orienting the v-structure as E — O < R.

With correct tests, as shown in Example 5.2.6, the decision rules of all CPC, MPC, PC-Max, and
Shapley-PC algorithms correctly infer the v-structure from the marginal independence £ 1L R and the
conditional dependencies between E and R given all subsets of other variables. This demonstrates that
under ideal conditions, these methods are all capable of identifying colliders accurately.

However, in more realistic settings where test results are noisy or inconsistent, some algorithms may
fail to orient v-structures correctly. In contrast, the Shapley-PC algorithm, by aggregating information

across tests, retains its robustness to such inaccuracies. This capability is illustrated next.
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Errors in Test Results In real-world scenarios, test results are often subject to noise and inconsis-
tencies due to finite sample sizes, high-dimensional data, or other limitations (Xia et al., 2024). For
example, as the size of the conditioning set increases, the corresponding data slices may shrink, leading
to less reliable estimates of conditional independence. This is particularly relevant in constraint-based
causal discovery, where accurate orientations depends heavily on reliable CITs (Shah and Peters, 2018).

Building on established interpretations of p-values (Hung et al., 1997; Raghu et al., 2018; Ramsey,
2016), we assume that a higher p-value indicates a greater likelihood of independence. Consequently, a
lower ¢7(X;, {X;, Xi}) suggests a reduced contribution of X; to the conditional independence between
X; and Xy, increasing the likelihood that X; is a collider. By leveraging p-values as proxies for
the strength of association—as common in constraint-based causal discovery (Tsamardinos et al.,
2006)—our decision rule enables more fine-grained evaluations of independence.

Furthermore, the Shapley-based approach aggregates information across multiple tests, mitigating
errors from individual inconsistencies and providing a robust mechanism for collider identification.
This stands in contrast to methods like PC-Max (Ramsey, 2016), which rely on a single test result for
v-structure orientation and are thus more vulnerable to noisy conditions.

The following example illustrates how our Shapley-based decision rule can identify colliders even

when faced with noisy or inconsistent test results.

Example 5.2.7 (Collider Decisions with Noisy Information). Consider the causal graph from Exam-

ple 5.2.6, and assume the following test results for a = 0.05:
e I(E,R)=0.7> « (thus E1LR),
e« I(E,R|0)=001<a (thus ELR]|O),
e I(E,R|I)=01>« (thus ELLR|I),
e I(E,R|{0O,I})=0.75>« (thus ELLR|{O,I}).

These results reflect realistic inconsistencies. For instance, I(E, R | I) is just above the threshold o
while it should be 0; I(E, R | {O,1}) is instead entirely incorrect, possibly due to data fragmentation
from larger conditioning sets.

The SIV for O is computed as ¢1(O,{E, R}) = —0.03. Despite noisy test results, the negative SIV

correctly identifies O as a collider. Other decision rules fail to orient the v-structure:

e MPC and CPC do not orient the v-structure due to the inconsistency between E L R | O and
E1 R|{O,I}.
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e PC-Mazx does not orient the v-structure because the mazimum p-value test includes O. If
instead I(E,R | {O,1}) < 0.7, PC-Maz would have also identified the marginal independence

I(E,R) = 0.7 as the mazimum p-value and correctly oriented the v-structure.

This example demonstrates the reduced reliance of our proposed decision rule to single (possibly
erroneous) tests. However, the Shapley-based decision rule is not immune to errors in test results.
We illustrate this in the following example, where the Shapley-PC algorithm fails to orient a chain

structure due to inconsistencies in the conditional independence tests.

Example 5.2.8 (Chain Decisions with Noisy Information). Suppose now that the same triple E—O —R
considered in the previous example was not a v-structure, but instead a chain E — O — R. Under

perfect conditional independence tests, we would observe:

EUR, ELR|O, EWRI|I, EIR|{O,I}

However, if again two tests were incorrect such that I(E,R) =08, I(E,R|O0)=0=I(E,R|I) and
I(E,R |{0O,I})=0.7, then:

o Shapley-PC would calculate a negative SIV for O (¢r = —0.05), wrongly deeming it a collider.

o PC-Max would pick up the wrong signal, as the highest p-value is p = 0.8 (a wrong test).

e CPC and MPC would not orient the structure due to the inconsistency between the tests

involving O and {O,1}.

This highlights the conservativeness of the decision rules of CPC and MPC' as a desirable trait, preventing
false positives when orienting v-structures. Their stricter decision rules, which require consistency

across multiple conditioning sets, act as safequards in cases where tests are unreliable.

Overall, these examples highlight the strengths and limitations of various decision rules, illustrating
how each balances conservatism and informativeness while leveraging data through CITs. The Shapley-
based decision rule demonstrates its ability to aggregate information across tests, enabling it to correctly
identify colliders even under noisy conditions. This approach is particularly advantageous as it mitigates
the influence of individual inconsistencies in conditional independence tests.

In this section, we introduced the Shapley-based decision rule for v-structure orientation and
illustrated its ability to identify colliders even with noisy test results. By comparing its performance
against other decision rules, we demonstrated its robustness and flexibility. In the next section, we

embed our Shapley-based decision rule into the PC algorithm, resulting in the Shapley-PC algorithm.
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Algorithm 5: Shapley-PC
Input: I(Xl,X] ‘ S) v Xi,Xj eV,SC V\ (Xi,Xj); o
Step 1: Adjacency Search (Colombo and Maathuis, 2014)
. C=(V,E),E=V xV > Complete Graph over V
2: Cs = @
3: for X; € C do

4 for X; € adj(C, X;) do

5 1:=0

6: for S C adj(C, X;) with |S| =1 do

7: Cs =CsUI(X;,X;|8) > Store CIT Results
8 l=1+1

9: for S € Cs do

10 if 1(X;,X;|S) > a then

11: Remove edge from C > Remove only after all tests for size [
12: return C, Cg > Skeleton, and CIT Results

Step 2: Orient v-structures (Our Decision Rule)
13: for XZ‘—X]‘—Xk €Cdo

14: for S¢ CsNC do > Test all coalitions in Definition 5.2.2
15: CS:CSUI(XZ‘,X]' | S)

16: if ¢[(Xj, {XZ,Xk}) < 0 then

17: if X; — X, — X}, not fully directed then

18: if do not add a cycle or bi-directed edge then

19: orient: X; — X]‘ +— X5

20: return C > PDAG

Step 3: Pattern Completion (Meek, 1995)
21: Apply Meek’s rules to C until no more edges can be oriented
22: return C > CPDAG

5.3 Shapley-PC Algorithm

We introduce our end-to-end causal discovery algorithm, Shapley-PC, which integrates the Shapley-
based decision rule outlined in §5.2. This enhancement builds on the foundation of the PC-Stable
algorithm by leveraging Shapley values to improve collider identification.

The Shapley-PC algorithm, presented in Algorithm 5, retains the three main steps of the PC
algorithm: adjacency search, v-structure orientation, and pattern completion (cf. §2.3, Algorithm 1).
At each step, the algorithm progressively refines the causal graph, with the Shapley-based decision rule

playing a critical role in Step 2 by accurately identifying colliders.

Step 1: Adjacency Search The algorithm begins by conducting an adjacency search similar to
the original PC algorithm (Spirtes et al., 2000), resulting in an undirected skeleton C over the set of
nodes V. As discussed in §2.3, we use Stable-PC (Colombo and Maathuis, 2014) for this phase, as

this modified adjacency search ensures order independence. At a high level, we start from a complete
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graph (line 2) to then test each pair of variables X; and X; connected in C, evaluating their conditional
independence given subsets S of adjacent nodes. If I(X;, X; | S) > a, we remove the edge between X
and X in C (lines 3-11).

Instead of storing the separating sets, we store the p-values of the independence tests for each
pair of variables (line 7), which are then used to calculate the SIVs in the next step. To minimise
computational complexity, the size of the conditioning sets is incrementally expanded (line 8). The
key difference in this step, as compared to the original PC algorithm, is that edges are removed only
after all tests for a given size of the conditioning set have been performed (line 9-11). This ensures the

algorithm is order-independent (Colombo and Maathuis, 2014).

Step 2: Orienting v-structures Once the skeleton C is constructed, we identify UTs X; — X; — X, €
C. For each such UT, like CPC, MPC, and PC-Max, we perform additional tests beyond those used in
the adjacency search. Specifically, we test the independence between X; and X}, given all the coalitions
from Definition 5.2.2 if they have not already been tested in the adjacency search (lines 14-15). We
then calculate the SIVs for the candidate collider X; using Equation 5.2.4.

If X; has a negative SIV ¢7(X;,{X;, Xi}), we declare it a collider and orient the triple as
X; = X < X}, (lines 16 and 19). This step directly implements our Shapley-based decision rule
defined in §5.2. Additionally, we introduce two extra checks: at line 17 we ensure we are not overwriting
previously oriented triples (Ramsey, 2016), and at line 18 we check that no bi-directed edges or cycles
are introduced (Ramsey, 2016; Tsagris, 2019).

Step 3: Pattern Completion Finally, we apply Meek’s orientation rules (Meek, 1995) to iteratively
orient additional edges in the graph until none of the rules can be applied any more. This step produces

the final CPDAG representing the MEC of the true causal graph.

Compared to our reference versions of the PC algorithm in the literature, Shapley-PC introduces key
refinements in the v-structure orientation step. Unlike CPC (Ramsey et al., 2006) and MPC (Colombo
and Maathuis, 2014), which rely on dichotomous independence tests, our approach uses a continuous
characterisation of the degree of independence. Additionally, we incorporate checks for cycles and
bi-directed edges to avoid creating invalid DAGs. While PC-Max (Ramsey, 2016) also uses p-values
to detect colliders and checks for bi-directed edges, it relies on the test with the maximum p-value,

making it more prone to mistakes than our proposed method.
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5.3.1 Theoretical Guarantees

Shapley-PC retains the theoretical guarantees of the original PC algorithm: soundness, completeness,
and asymptotic consistency. These properties ensure that the algorithm correctly identifies the MEC

of the true causal graph under faithfulness and perfect conditional independence information.

Theorem 5.3.1 (Correctness of Shapley-PC). Let P(V) be a joint distribution faithful to a DAG G =
(V,E), and assume access to perfect conditional independence information for all pairs (X;, X;) € V
gien subsets S C V \ {X;, X;}. Then the output of Shapley-PC is the CPDAG representing the MEC
of G.

Proof. The proof follows straightforwardly from Lemma 5.2.5 and two additional results in the literature.

Assume faithfulness and perfect CITs, then:
o Step 1: The skeleton is guaranteed to be correct (Colombo and Maathuis, 2014, Thm. 2).

« Step 2: Given a correct skeleton, by Lemma 5.2.5, ¢7(X;, {X;, Xi}) < 0 correctly identifies

colliders in v-structures.
o Step 3: Given a PDAG, Meek’s rules are sound and complete (Meek, 1995, Thm. 2 and 3).

Thus, Shapley-PC outputs the correct CPDAG. |

High-Dimensional Consistency Shapley-PC inherits the high-dimensional consistency guarantees
of the original PC algorithm, which apply under specific assumptions about sparsity and data properties.
These guarantees hold for sparse graphs and certain distributional assumptions, such as multivariate
Gaussian distributions (Kalisch and Biithlmann, 2007) or Gaussian copulas (Harris and Drton, 2013).

As outlined in (Colombo and Maathuis, 2014, 4.5), high-dimensional consistency applies when the
number of observed variables d, and hence the size of the DAG G, grow with the sample size IV, such
that dy = O(N?) for some 0 < a < oo. Let d =dy, V=Vy = (Xn1,...,XNdy), and § = Gp.
The corresponding CPDAG is denoted by Cp, while én(aN) represents the estimated CPDAG at
significance level ay.

The consistency result ensures that, under sparsity and suitable data properties, there exists a

sequence ay — 0 (N — oo) such that:

A

P(Cn(any)=CNn) — 1, (N — o). (5.1)
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This result is a property of the original PC algorithm (Kalisch and Biithlmann, 2007) and is
referenced here to establish that Shapley-PC retains the same guarantees under the same assumptions.

The sparsity assumption necessary for these guarantees is minimal, requiring only that the neigh-
bourhoods in the DAG are of lower order than the sample size (Kalisch and Biithlmann, 2007). This
ensures that the size of the conditioning sets used in CITs is computationally manageable and statisti-
cally reliable. Shapley-PC adheres to these requirements by limiting the size of conditioning sets in
CITs to the degree of the graph, aligning with the sparsity assumption.

In summary, while these assumptions are necessary for consistency, they are not unique to Shapley-
PC but are inherited directly from the original PC algorithm. Consequently, Shapley-PC retains the

high-dimensional consistency guarantees of PC under appropriate data conditions.

5.3.2 Additional Properties

This section examines additional key properties of the Shapley-PC algorithm, focusing on its finite-

sample behaviour and computational complexity, highlighting both its strengths and limitations.

Order-Independence Shapley-PC, like CPC and MPC, is order-independent. This means that
the orientation of v-structures is unaffected by the order in which variables are considered during the
execution of the algorithm. While theoretical guarantees under perfect information or infinite samples
are not affected by order-dependence, practical inconsistencies can arise with sample data (Colombo
and Maathuis, 2014). By aggregating information from all adjacent nodes before determining causal

directions, Shapley-PC ensures consistency and avoids the pitfalls of order-dependent methods.

Reduced Dependency on Significance Threshold The significance threshold «, affecting the
outcomes of CITs, is a key parameter in constraint-based causal discovery (Colombo and Maathuis,
2014). Selecting an appropriate o can be challenging, as highlighted in statistical literature (Mudge et al.,
2012). Shapley-PC reduces reliance on « during v-structure orientation by aggregating information
across multiple tests using SIVs. This approach mitigates the effects of false positives or negatives from
individual tests, offering a more robust alternative to methods like CPC, PC-Max, and MPC, which

rely on single test results or majority votes.

Computed DAGs Validity Shapley-PC is robust to noisy data also due to additional checks in the
decision rule. Specifically, it ensures that no cycles or bi-directed edges are introduced, upholding the
acyclicity assumption. This property, shared with methods like (Tsagris, 2019) for the acyclicity checks

and inspired by (Ramsey, 2016) for bi-directed edges, enhances robustness under noisy conditions.
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Limitations of Skeleton Estimation The computation of ¢7(X;,{X;, Xi}) depends on the ad-
jacency sets of X; and Xj. Errors during skeleton estimation in Step 1 of Algorithm 5—caused
by violations of adjacency faithfulness (Definition 2.2.7)—can exclude relevant variables from the
conditioning sets used in Step 2. This limitation, shared by all PC-based methods, underscores the

importance of accurate skeleton estimation for reliable v-structure orientation and graph estimation.

Limitations of p-values While p-values are widely used as a measure of association in causal
discovery (Tsamardinos et al., 2006), they have intrinsic limitations. Primarily, p-values provide a
basis for rejecting the null hypothesis of conditional independence but do not directly quantify the
strength of association. Instead, they measure evidence against independence (Casella and Berger, 2002,
8.5.2). This asymmetry introduces susceptibility to spurious results, particularly when high p-values
incorrectly confirm independence.

The advantage of using p-values in our Shapley-based decision rule lies in their comparability under
the alternative hypothesis (dependence), which allows us to avoid optimising « as a hyperparameter.
However, under the null hypothesis (independence), p-values are uniformly distributed (see §2.1),
meaning that a high p-value may incorrectly signal independence. Given a significance level «, such
misclassifications may occur in up to an « proportion of the number tests, introducing noise into the
orientation process.

Nonetheless, for this chapter, we use p-values as a pragmatic and accessible choice for evaluating
SIVs, given their established use in constraint-based methods. This facilitates benchmarking against
our baselines and isolating the contribution of our decision rule to the change in performance. We

discuss potential alternatives to p-values in Chapter 7.

Complexity

The computational complexity of Shapley-PC, like other PC-based methods, is primarily influenced
by the graph’s sparsity and the cost of CITs. As highlighted by Spirtes et al. (2000) and Kalisch and
Bithlmann (2007), it is hard to define tight complexity bounds, given the interplay between structure
and amount of CITs to perform. However, we analyse the complexity of each step in Shapley-PC to
provide upper bounds that can help the comparison between the different variants considered, and

make sense of the empirical results we perform in §5.4.

Step 1: Skeleton Estimation Within this step, the algorithm considers all pairs of variables

(X, X;) and tests for independence conditioned on subsets of other variables. For a graph with n = | V]|
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nodes, there are () = O(n?) pairs to consider. For each pair, subsets of neighbours are considered
as conditioning sets. Let k denote the maximum degree of any node in the graph. The number of
such subsets grows combinatorially as Z?:o (";1) Thus, following the analysis in (Spirtes et al., 2000,

§5.4.2.1), the number of CITs in Step 1 is bounded by:

2(3) 3 (” - 1) ~ 0 (n2(n - 1)),

=0

where O((n — 1)¥) accounts for the exponential growth in subsets, assuming k < n.

Step 2: V-Structure Orientation For each node X there are (g) = O(k?) pairs of neighbours to
form a UT. Since there are n nodes in total, the maximum number of UTs across the entire graph is
%(k*l) = O(nk?). For each UT X; — X; — Xy, there are k — 1 possible choices for both X; and X,
as each can be connected to up to k — 1 other neighbours excluding X;. Consequently, for each UT,
the algorithm tests all subsets of these neighbours for independence, leading to 2* possible subsets per

UT. Therefore, the total number of CITs introduced in Step 2 is bounded by:
O(nk? - 2%)

SIVs Calculating Shapley values is generally expensive due to the need to evaluate all subsets of
players (Lundberg and Lee, 2017). For m players, the number of subsets is 2. However, in Shapley-PC,
SIVs are computed ezactly only for the UTs identified in Step 1. This targeted computation reduces
the number of Shapley calculations significantly. Crucially, the computation of SIVs does not involve
additional CITs; instead, it aggregates results from existing tests in Step 2 using lightweight operations
like summation and weighting. Consequently, the cost of SIV computation is negligible compared to

CITs, leaving the overall complexity of Shapley-PC unchanged.

Cycle Checking Shapley-PC includes an additional step to ensure that no cycles are introduced
during edge orientation (line 9 of Algorithm 5). For sparse graphs, where k£ < n and the number of
edges e = O(nk), cycle detection using Depth-First Search (DFS) scales as O(n + ), which simplifies
to O(n) under the sparsity assumption. Over O(e) edge updates, the total cost of cycle checking
becomes O(n?). Notably, this step serves as a conservative safeguard to ensure acyclicity and operates
independently of the rest of the algorithm. In practice, this check could be performed at the end only,

reducing the cost to O(n), or removed if the acyclicity is assumed.
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Step 3: Pattern Completion This step is computationally lightweight compared to the previous
steps, as it only involves a series of local checks to orient edges if specific configurations of three and

four edges are found (Meek, 1995).

Combined Complexity Combining the costs of Step 1, Step 2, and cycle checking, the overall

complexity of Shapley-PC for sparse graphs is:
@) (nz(n —)* k28 4 n2)

As highlighted by Ramsey (2016), the computational cost of the PC algorithm is dominated by Step 1,
where the majority of CITs are performed. Shapley-PC inherits this trait, as it relies on the same
adjacency search process to construct the skeleton. Step 2 introduces additional costs to perform the
extra tests necessary to check orientation faithfulness (Ramsey et al., 2006), which, while non-negligible,
are asymptotically smaller than the exponential growth driven by Step 1 in most sparse graph scenarios.

Crucially, our Shapley value computations (SIVs) and the (optional) cycle-checking step contribute
negligible overhead within Step 2. Consequently, while Shapley-PC incurs slightly higher complexity
than the original PC algorithm, its overall cost remains comparable to other variants, such as CPC,
MPC, and PC-Max, while providing enhanced robustness in v-structure orientation. We evaluate its

empirical performance in the next section.

Practical Implications While the theoretical bounds describe worst-case scenarios and assume
k < n, many graphs in practice are sparse, with relatively small k. This significantly reduces the
number of subsets tested in Steps 1 and 2. Furthermore, the upper bounds assume no two variables are
independent for conditioning sets of size less than k, which is unlikely in real-world datasets (Spirtes
et al., 2000, §5.4.2.1). The average number of CITs is therefore much lower than the theoretical
maximuim.

Additionally, parallel computation techniques (Ramsey, 2016) can distribute the computation of
CITs, further improving runtime efficiency. Note also that CITs can significantly vary in complex-
ity (Zhang et al., 2011), and the actual runtime of Shapley-PC will depend on the specific type and
implementation of CITs used.

In the next section, we evaluate the performance of Shapley-PC against our reference PC-based
algorithms using synthetic and pseudo-real data. Specifically, we assess its ability to identify v-structures,

recover causal directions, and compare its computational efficiency (Table 5.2).
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5.4 Empirical Evaluation

In this section, we conduct a comprehensive simulation study to evaluate Shapley-PC against reference
PC-based algorithms, including PC-Stable, CPC, MPC, and PC-Max (see §2.3 for background).
The evaluation is performed on synthetic data generated from diverse graph types, sizes, and noise
distributions. Additionally, we compare Shapley-PC against these baselines on pseudo-real data
generated from BNs publicly available in the bnlearn package (Scutari, 2014).

All methods use Fisher’s Z test (Fisher, 1970) as the CIT. Following Ramsey (2016), the significance
threshold « is adjusted based on the number of nodes in the graph: « = 0.1,0.05, 0.01 for | V| = 10, 20, 50,
respectively. Full implementation details and code for reproducing the experiments are provided in

§B.1 of the Appendix.

Data Generating Process (DGP) We designed our synthetic data experiments to rigorously
stress-test Shapley-PC under challenging conditions, where the data are “close-to-unfaithful to the
true graph” (Ramsey et al., 2006). Such scenarios, characterised by weak links between variables,
pose significant challenges for causal discovery algorithms (Robins et al., 2003; Zhang and Spirtes,
2003). Weak links refer to edges in the true graph that are difficult to detect due to low signal-to-noise
ratios, resulting in inconsistent separating sets in CITs and violations of the orientation faithfulness
assumption (Definition 2.2.6). These experiments enable us to evaluate the robustness of Shapley-PC
to noisy and finite-sample data.

For each experiment, we generate 10 random graphs by varying three key parameters:
e Graph Types: two widely used random graph models are employed:

1. ER graphs (Erdds and Rényi, 1959): Edges are added between node pairs with a fixed

probability, producing relatively uniform degree distributions.

2. Scale-Free (SF) graphs (Barabasi and Albert, 1999): These graphs feature a few highly

connected hub nodes alongside many nodes with lower connectivity.
o Graph Sizes: we consider three graph sizes, with the number of nodes set to [V| € {10, 20, 50}.

o Graph Densities: three levels of graph density are evaluated, d € {1,2,4}, where the total

number of edges is |E| = [V] x d.

All generated DAGs have a maximum degree of 10 to ensure sparsity and computational feasibility.
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For each ground truth DAG, data are simulated using an Additive Noise Model (ANM) (Hoyer
et al., 2008) defined as:

X; = fi(pa(G, X;)) +uj, Vie{l,...,[V[}

where f; is a linear function of the parent variables pa(G, X;), and u; represents additive noise. The
weights of the linear functions are sampled randomly from a uniform distribution with parameters
[—1.5,—0.5]U[0.5, 1.5] for 95% of the effects, while the remaining 5% are sampled from [—0.001, 0.001], to
simulate the presence of weak edges (Ramsey et al., 2006). We vary the noise distributions, considering
Gaussian, Exponential, Gumbel, and Uniform distributions.

To assess how sample size impacts performance, we vary the number of samples (N) relative to
the number of nodes (|V|). Specifically, we evaluate N = s x |V|, where s € {100,500, 1000} is the

proportional sample size. This setup allows us to explore the data-efficiency of the algorithms.

Experimental Design For each combination of parameters (graph type, size, density, noise dis-
tribution, and sample size), we generate 10 datasets. Compared to prior work (Ramsey et al., 2006),
we reduced the range of graph sizes and densities to allow for a deeper exploration of graph types,
noise distributions, and sample size effects. This design ensures a comprehensive evaluation of the
robustness, scalability, and accuracy of Shapley-PC and baseline algorithms. Full details of the DGP

are provided in §B.1.2 of the Appendix.

Evaluation Metrics In line with (Ramsey, 2016; Ramsey et al., 2006), we evaluate the performance

of Shapley-PC against our baselines along two dimensions:
o Ability to identify v-structures.
o Ability to recover the direction of causal arrows.

To these ends, we use two primary metrics: V-structure F1 (V-F1) and ArrowHead F1 (AH-F1). V-F1
specifically evaluates the ability to identify v-structures, which is the main focus of our algorithm,
while AH-F1 measures how well the methods recover the direction of all arrows in the graph. As a
reminder, the F1 score is the harmonic mean of precision and recall, balancing the trade-off between
false positives and false negatives. Specifically:

e Precision: The ratio of correct orientations among all estimated directed edges.

e Recall: The ratio of correctly oriented edges among all true edges.

e F1 Score: The harmonic mean of precision and recall, balancing these two aspects.
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Table 5.1: ArrowHead (AH) and V-structure (V) F1 Scores £ std for ERd and SFd graphs of nodes
|V]e {10,50}. d is the number of edges per node in the true DAG. Bold if significantly different from

the runner-up according to a t-test (see Appendix §B.1.2 for details).
Observed significance intervals: 0 “*** (0.001 “**’ 0.01 **’ 0.05 © 0.1 *’ 1.

| Method | ER2 ER4 SF2 SF4

PC-Stable | 0.3640.28 0.15+0.16 0.67+0.23 0.32£0.27

= CPC | 0.42+0.26 0.15+0.17 0.74+0.13 0.34:£0.23

e MPC | 0.42+0.26 0.15+0.17 0.74+0.13 0.36+0.23

o < PC-Max | 0.5+0.22 0.07+0.12 0.73+0.2 0.39+0.26
i Shapley-PC | 0.63+£0.16**  0.25+0.16**  0.82+0.08**  0.54+0.16**

> PC-Stable | 0.4640.36 0.22:£0.32 0.81:£0.29 0.49+0.41

~ CPC | 0.59+0.33 0.23+0.33 0.88+0.18 0.54+0.36

g MPC | 0.58+0.34 0.22:£0.33 0.88+0.18 0.59+0.36

> PC-Max | 0.67+0.3 0.09+0.24 0.9+0.22 0.59+0.4
Shapley-PC | 0.86:+£0.16***  (.36+0.42 0.99+0.02*%  0.84+0.23**

PC-Stable | 0.2540.3 0.04+0.09 0.63+0.37 0.25+0.35

= CPC | 0.440.36 0.06+0.1 0.53+0.44 0.4+0.39

T MPC | 0.35+0.34 0.04+0.09 0.51+0.44 0.360.39

o < PC-Max | 0.63+£0.27 0.05£0.11 0.56+0.44 0.59+0.37
i Shapley-PC | 0.75£0.06**  0.19£0.15%**  0.940.04*** 0.83+0.07***

> PC-Stable | 0.3140.37 0.08+0.17 0.67+0.4 0.28+0.4

— CPC | 0.5+0.44 0.14:0.24 0.58£0.48 0.46£0.45

g MPC | 0.42+0.41 0.08+0.18 0.57+0.49 0.42-£0.45

> PC-Max | 0.81+0.34 0.12+0.27 0.61£0.48 0.69+0.43
Shapley-PC | 0.98+0.03**  0.48+0.36***  1.0+0.0***  0.99+0.03***

All metrics are computed on the output CPDAGs. Details about the metrics are provided in the

Appendix (§B.1.1), alongside results breakdowns of F1 into precision and recall (§B.1.2).

Results

We present the performance of Shapley-PC and baseline algorithms for ER and SF graphs

with 10 and 50 nodes in Table 5.1. Additional results are provided in the Appendix (§B.1.2): for

V] =20 and s € {100,500}, as they corroborate those in Table 5.1, and for d = 1 where no significant

variations across methods are observed due to the near-optimal performance.

As visible in Table 5.1, Shapley-PC outperforms other PC-based algorithms for both ER and SF

graphs with densities d € {2,4}. The improvement in v-structure identification (V-F1) is up to 6x

for ER4 graphs and 3.5x for SF4 graphs and more than 3x higher ArrowHead F1 scores (ER2) when

compared to PC-Stable.

Pairwise t-tests highlight the best results in bold if significantly different from the runner-up

(a = 0.05). Stars indicate the bin where the p-value belongs (details in Appendix §B.1.2).

Performance varies across graph types, densities, and sizes:
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Table 5.2: Runtime comparison for the experiments presented in Table 5.1: median elapsed time in
seconds for ER and SF graphs with nodes |V| € {10, 20, 50}.

ER SF
V|10 20 50 |10 20 50

PC-Stable | 0.1 0.6 4.7 0.1 06 24
CpC |01 07 55|01 08 4.3

MPC | 0.1 0.7 54|01 08 44
PC-Max | 0.1 0.7 55|01 08 4.5
Shapley-PC | 0.1 0.7 6.3 |01 08 5.2

e« Graph Type: ER graphs are generally more challenging to retrieve than SF graphs, possibly
due to the uniform degree distribution and lack of highly connected hub nodes which can simplify

the dependence structure around fewer variables.

e Density Impact: Increasing density in ER graphs has a larger negative impact on performance

compared to SF graphs, as evidenced by a steeper drop in performance from d = 2 to d = 4.

e Graph Size: For the same density d, larger graphs result in improved performance. For example,
. . . s o1 | VI(IV-D)

d = 4 corresponds to 40 edges in a 10-node graph, approaching the acyclic limit =—~5— = 45.

In contrast, for a 50-node graph, 200 edges represent only about 15% of the maximum edge

capacity, making the graph sparser.

PC-based methods generally perform best on sparse graphs (Kalisch and Biihlmann, 2007). However,
Shapley-PC demonstrates improved performance also on denser graphs, possibly due to its robustness
in aggregating information across multiple tests and reducing reliance on single, potentially erroneous
tests for orientation decisions.

The runtime comparison for Shapley-PC and baselines is summarised in Table 5.2. The table
presents the median elapsed time in seconds for experiments on both ER and SF graphs, with varying
node set sizes (|V] € {10,20,50}). As expected, runtimes increase with graph size across all algorithms,
reflecting the growing computational burden of evaluating CITs as node and edge counts rise.

For smaller node sets (|V| = 10 and |V| = 20), runtime differences across algorithms are minimal.
However, for |V| = 50, a pronounced gap emerges between PC-Stable and the other algorithms,
particularly for SF graphs. This highlights the impact of the maximum degree (k) on runtime, as SF
graphs, with their high-degree hubs, necessitate more extensive evaluations of subsets during Step 2.

Shapley-PC consistently exhibits runtimes approximately 15% higher than PC-Max for |V| = 50.

This difference is primarily attributable to the additional cycle-checking procedure, which scales with
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PC = CPC = MPC = PC-Max * Shapley-PC
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Figure 5.1: Mean and standard deviation ArrowHead F1 score for pseudo-real BNs from the bnlearn
repository.

the number of nodes (O(n?) for sparse graphs). While the computational cost of cycle checking remains
minor compared to CITs, its role is crucial in ensuring acyclic graph outputs, particularly for larger,

more complex graphs.

Overall, the results underscore the influence of graph structure and degree distribution on runtime
performance. For ER graphs, the uniform degree distribution limits &, leading to fewer subsets
and shorter runtimes. In contrast, SF graphs demand higher computational effort due to their hub-
dominated structure. Despite these challenges, Shapley-PC maintains competitive performance and

provides enhanced reliability, reinforcing its suitability for causal discovery in diverse graph settings.

Pseudo-Real Data To further validate our findings, we test Shapley-PC on datasets from the
bnlearn repository, which represent a broad range of real-world structures. These datasets are
sampled from BNs with fixed conditional probability tables and categorised into discrete, Gaussian,
and Conditional Linear Gaussian BNs. We sample 50,000 examples with 10 different random seeds.
The results, summarised in Figure 5.1, show the AH-F1 scores along with standard deviations.
Shapley-PC consistently outperforms the other methods across all categories, achieving the highest F1
scores. On discrete datasets (Alarm, Insurance), Shapley-PC significantly outperforms competitors at
the 0.05 significance level. For continuous data (Ecoli70), it is on par with PC-Max, and better than
the other methods. Finally, on mixed datasets (Mehra), Shapley-PC achieves results comparable to
CPC while outperforming all other methods. Details on the datasets, results for V-F1, and additional

datasets from bnlearn are provided in the Appendix, §B.1.3.
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Overall, the results demonstrate the effectiveness of Shapley-PC in recovering causal structures
from finite samples, even in challenging scenarios where traditional PC-based methods may struggle.
The algorithm consistently outperforms its predecessors in identifying v-structures and recovering
causal directions, showcasing its robustness across diverse graph types and data distributions.

While Shapley-PC introduces some computational overhead compared to simpler algorithms like
PC-Stable, it achieves competitive runtimes relative to improved variants such as PC-Max and CPC.
The added cost, driven by features like cycle checking, ensures reliable and valid graph outputs. With
50-variable datasets processed in under 7 seconds, the runtime differences are minor and do not hinder
scalability or real-world applicability. These findings highlight the practicality and robustness of

Shapley-PC, making it a valuable tool for causal discovery in diverse settings.

5.5 Summary

In this chapter, we introduced the Shapley-PC algorithm, a novel causal discovery method that
incorporates a Shapley-based decision rule to improve the robustness of constraint-based causal
discovery. By leveraging Shapley values, our decision rule systematically evaluates the contributions of
adjacent variables to conditional independence relations, addressing key challenges in finite-sample and
quasi-unfaithful settings. Integrated into the PC-Stable framework (Colombo and Maathuis, 2014),
Shapley-PC retains the theoretical guarantees of soundness, completeness, and consistency offered by
the original PC algorithm (Spirtes et al., 2000) while significantly enhancing its robustness in orienting
v-structures. These advancements directly address our Objective 6 by mitigating statistical errors
and enabling the generation of more accurate causal graphs.

The empirical evaluation conducted in this chapter demonstrates that Shapley-PC consistently
outperforms its PC-based predecessors in both v-structure identification and overall causal direction
recovery. By reducing susceptibility to finite-sample errors, the algorithm generates more reliable causal
graphs, facilitating the creation of robust causal models. This improvement positions Shapley-PC
as a key contribution to the advancement of constraint-based methods, with significant potential for
underpinning transparent and trustworthy Al systems.

In addition to robustness, the Shapley-based decision rule introduces a principled mechanism for
analysing inconsistent tests within v-structure orientation. By systematically evaluating statistical
associations, it offers a transparent and interpretable approach, addressing Objective 4. Furthermore,

by producing reliable causal graphs whose reasoning for v-structure orientation is accessible for
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evaluation and refinement, the algorithm aligns with Objective 1, with potential to supporting domain
experts in validating and contesting causal graphs.

There are several promising directions for enhancing Shapley-PC. Extending its principles to the
skeleton estimation phase could reduce errors in adjacency determination, while incorporating Shapley
values into pattern completion could address remaining ambiguities in edge orientation (Tsagris, 2019).
Additionally, integrating domain expert feedback into the workflow would further strengthen human-Al
collaboration, enabling iterative refinement of causal discoveries. These advancements would broaden
the applicability of Shapley-PC in high-stakes decision-making contexts, as outlined in Chapter 7.

Despite its strengths, Shapley-PC does not guarantee consistency between its output DAG and
the results of independence tests—an inherent limitation of its efficient variable selection (§2.3).
Addressing such inconsistencies requires a systematic approach to resolving conflicts in test results,
further enhancing the robustness of the computed causal graphs. Besides, while constraint-based
methods are inherently interpretable due to their reliance on CITs and rules, they lack a formal
mechanism to establish how various tests from data relate to causal assumptions in a unified framework.

To address these limitations, in the next chapter, we propose representing causal discovery as a
structured set of rules and assumptions within an argumentation framework. This leads to Causal
ABA, a novel method able to refine Shapley-PC’s outputs, ensuring consistency, while incorporating

expert knowledge to promote accountability and robustness.
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Chapter 6

Argumentative Causal Discovery

In this chapter, building on (Russo, 2023; Russo et al., 2024), we introduce Causal ABA, a novel
argumentation framework that accepts both statistical and causal arguments, guaranteeing robust causal
discovery. After motivating the need for consistency guarantees in causal discovery (§6.1), we formalise
causal graph properties within the Causal ABA framework (§6.2). This methodology systematically
integrates statistical evidence and expert knowledge, ensuring that the resulting causal graphs are both
interpretable and formally consistent with the data. We establish a formal correspondence between
the extensions of Causal ABA and DAGs, along with their implied (in)dependencies via d-separation.
We then present the ABA-PC algorithm (§6.3), an instantiation of Causal ABA, which uses the
statistical tests from Shapley-PC to construct causal graphs. In our empirical evaluation (§6.4), we
compare ABA-PC with Shapley-PC and other state-of-the-art methods, demonstrating its ability to
reliably recover causal graphs. Finally, we reflect on how these methods address our objectives and

contribute to advancing causal discovery (§6.5).

6.1 Motivation

In Chapter 5, we explored how finite-sample limitations impact causal graph recovery, even for
algorithms that are sound and complete in the infinite-data setting. While Shapley-PC mitigates
statistical errors, a key challenge remains: inconsistency between independence relations derived from
data and the CPDAG output by constraint-based algorithms such as PC (Tsagris, 2019). These
algorithms interpret test results locally, without enforcing global coherence across the full set of test
performed, leading to causal graphs that can deviate from both the ground truth and the observed

data. To illustrate this issue, we present a motivating example.
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Example 6.1.1. Consider again our Income (I) prediction Example 2.1.1. After collecting data, we
conduct CITs that correctly report Education (E) and Race (R) as independent (E L R). However, the
tests also indicate independence when conditioned on Occupation (O) (E LR | {O}), which contradicts
intuition. Given the assumed graph, Occupation must depend on either Education or Race. Hence,
knowing one should inform the other, making them conditionally dependent. Below, we depict the
ground truth causal graph (left) and the output of Majority-PC (Colombo and Maathuis, 2014) (middle)
and Shapley-PC (Chapter 5) (right), when run on a dataset sampled from a Bayesian Network with the
ground truth structure.
True Graph Majority-PC Shapley-PC
e~ =~ s
00 020 020
(®) (®) (®)

Since the conditional independence test incorrectly reports E 1L R | {O}, it becomes impossible to

retrieve the ground truth while satisfying all reported independence relations. In fact, there may be, as

in this example, no graph that faithfully represents all test results.

To resolve the conflicts illustrated in the example, we propose a structured argumentative approach
based on ABA. By integrating statistical outputs and domain knowledge into an ABA framework,
our method identifies all DAGs consistent with the provided causal and statistical relationships. The
workflow for this approach is summarised in Figure 6.1, which highlights how statistical methods and
expert domain knowledge interact to produce interpretable causal graphs.

The Causal ABA algorithm addresses Objective 2 by ensuring formal consistency between
statistical evidence and domain expertise. It supports Objective 4 through the intrinsic transparency
of ABAFs and their ability to support interaction and interpretability, by providing arguments in the

form of causal directions, (in)dependencies or combinations thereof, deriving from inference rules.

Statistical methods \ /
8 a1 ey Y z1 lzy € Y,

z1 Ly | {z3} —O argument

@ -'\:r:lJng [{z3}} —> conflit
.1 ~ - -
38

—» causal arrow|

Data

. Output 1 "f Output 2 :":
Argumentation process (fragmenw \ g e /

Expert knowledge

Figure 6.1: Overview of the workflow of our Causal ABA algorithm, which combines statistical methods
and expert domain knowledge with non-monotonic reasoning to output causal graphs consistent with
reported causal and statistical relationships.
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Additionally, Causal ABA tackles Objective 6 by improving robustness in handling noisy or
conflicting data with formal consistency guarantees. Finally, as argued in (Leofante et al., 2024), the
inherent transparency of Causal ABA, and its structured approach to resolving conflicts, provides a
“contestability-ready” approach to causal discovery, aligned with Objective 1. Through this integration
of formal and statistical methods with expert knowledge, we aim to advance the trustworthiness and

applicability of causal discovery in complex, high-stakes domains, such as finance or healthcare.

6.2 Causal ABA

We formalise causal graphs using ABA. Recall that an ABAF is a tuple D = (£, R, A, ), where (L, R)
is a deductive system, L is a language, and R is a set of inference rules. We omit explicit mention of
the language £ for simplicity. The set A contains assumptions, and ~ is a contrary function mapping
each assumption a € A to a contrary @ € L. Each assumption a has a unique contrary a., and for
clarity, we write @ instead of a. when it does not cause confusion. See §2.6 for background.

In this chapter, we present results using several argumentation semantics, including conflict-free,
admissible, grounded, complete, preferred, and stable ABA semantics (abbreviated cf, ad, gr, co, pr,
stb, respectively). The stable semantics will play a crucial role in our approach since we theoretically
show one-to-one correspondence between extensions and DAGs, and we used it in our experiments,
leveraging its correspondence to stable models in ASP. Throughout the chapter, we assume a fixed,
arbitrary set of variables V with |V| = d.

As in the previous chapter, we assume sufficiency (no latent variables) and acyclicity. To start
with, our goal is to capture the set of all DAGs with d nodes. To achieve this, we first represent DAGs

within an ABAF, through assumptions and inference rules.

6.2.1 DAGs Representation

We formalise the graph-theoretic properties needed to represent DAGs, since our intended outcome—the

extensions of the ABA framework—are graphs. In this setup, the assumptions of our ABAF are arrows:

Aarr = {CL?"?"zy ‘ T,y € V,.%' 7é y}

To ensure acyclicity, we define the following ABAF:
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Definition 6.2.1. Let Dgqq = (Adag: Rdag, ) be an ABAF, where
Adag = Aarr U{noeyzy | © #y,{x,y} C V}

And the set Rgqqg of inference rules contains the following:
1. @< b, where a # b, a,b € {arryy, arry,, noeg,}, and z,y € V;
2. WTTgzi41 & QTTzyzsy - -5 ATy gy, fOT any sequence x1 ... 1y with x1 = xg, for all 1 <i < k.

Here, noe,, represents the absence of an edge between x and y. Note that we only need to define
one atom noe,, for each pair of variables x, y. The first set of rules enforces a choice between noe,,

arrgy, and arry,. The second set ensures that no extension contains a cycle.

Example 6.2.2. Consider V = {x,y,z}. The corresponding ABAF D g4, contains 9 assumptions: for
each pair of variables u,v € V, we have arryy,, arryy, and noeqy,.

There are two cyclic sequences of length > 2: (1) ¢1 = zyzx and (2) co = xzyx. Both cycles attack
every arrow they contain. The attack structure of the ABAF is depicted below.

noegy

arryz ATTyy «—— NO0Ey,

~ 7

aTT 4y

The figure shows the ABA representation of a DAG, not a DAG itself. In this representation,
the nodes correspond to assumptions, and the arrows signify attacks rather than causal relationships.
This accounts for the presence of cycles and double-headed arrows in the diagram. The double-headed
arrows represent symmetric attacks between assumptions, as produced by the first set of rules in
Definition 6.2.1. The colourful arcs represent collective attacks against cycles, deriving from the second
set of rules. For example, the thick, purple arrows pointing to arr,, represent the attack from the set

{arryy, arry, array} to the assumption arry, based on the derivation {arryy, arry,, arr.,} & arirg,.

We show that D 444 correctly captures the set of all DAGs of fixed size d. This correspondence holds

for all (cf, ad, co, pr, stb), except the grounded semantics. Below, the assumption arr,, represents the

arrow (x,y).
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Theorem 6.2.3. {(V, SN Aur) | S €0(Daag)} ={G | G is a DAG} for o € {cf, ad, co, pr, stb}.

Proof. By the relations between argumentation semantics reported in (Cyras et al., 2017), i.e., ¢f(D) 2
ad(D) 2 co(D) 2 pr(D) 2 sth(D), it suffices to prove the statement for conflict-free and stable

semantics.

(C€) Let S € ¢f(Ddag)- By definition, S cannot contain cycles; hence, S corresponds to a DAG.

(2) Let G = (V,E) be a DAG. Let S = {arry, | (x,y) € E}. By acyclicity of G, we obtain that

S is conflict-free.

o (0= sth)
(C€) Let S € stb(Dgqq). By definition, S cannot contain cycles; hence, S corresponds to a DAG.

(D) Let G = (V,E) be a DAG. Let S = {arryy | (z,y) € E} U{noeyy | (z,y), (y,z) ¢ E}. Note
that S contains exactly one of arryy, arry,, noeg, (since G does not contain a bi-directed edge
and S contains noez, only if  and y are not linked in G). Therefore, S attacks each assumption
which is not contained in S. Moreover, S does not contain cycles by acyclicity of G. Therefore, S

is conflict-free. [}

Note that the grounded extension corresponds to the fully disconnected graph G = (V, () since the
empty set is complete.

The correspondence between DAGs and the extensions of the ABAF is one-to-many for complete,
admissible, and conflict-free sets. A single acyclic graph corresponds to several complete extensions.
Specifically, the absence of an edge between two variables z,y can be achieved either by accepting

noegy or by accepting none of noeyy, arryy, or arry, in the extension.

Example 6.2.4. In the ABAF from Example 6.2.2, the fully disconnected graph (V,0) corresponds to

23 complete extensions; i.e., each subset of {noexy, N0y, noe,, } represents one extension.

For preferred and stable semantics, the correspondence between DAGs and extensions is one-to-one.

In fact, the semantics coincide in D444, as formalised below.
Lemma 6.2.5. 0(Dgag) = 7(Dgag) for o, € {pr, stb}.

Proof. Since pr(D) 2 stb(D), it suffices to show pr(Dgqq) C stb(Dgag). Let S € pr(Dgqg).
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To prove the equivalence, exactly one of noegy, arryy, or arry, must be in S, for each pair of

variables z,y € V. Towards a contradiction, suppose that there exists a pair x,y € V such that:

S N {noegy, arryy, arry, } = 0.

Now consider the set S" = S U {noegy}. S’ is conflict free because noey, is only attacked by arry,,
arrye, neither of which are in S’; and noe,, defends itself against these attacks, ensuring 5" € co(Dgqg)-
Since S C ', this contradicts S € pr(Dgqy) (C-maximal complete set). Therefore, for each pair
x,y € V, exactly one of noegy, arryy, or arry, is contained in S. Thus, S € stb(Dgq4), and we conclude

Pr(Dgag) = stb(Dgag)- [

Corollary 6.2.6. Let o € {pr, stb}. Each set S € 0(Dgq4q) corresponds to a unique DAG G if and only

if G corresponds to S.

This corollary establishes a one-to-one correspondence between DAGs and the extensions of the
ABAF, enabling us to encode the structure of DAGs within the AF. Building on this, we incorporate
independence assumptions to connect DAGs with conditional independence relations, through d-

separation (Definition 2.1.5).

6.2.2 Encoding d-Separation

Having encoded DAGs in the language of ABA and established their unique correspondence with the
(preferred and stable) extensions of our ABAF, we now link DAGs with data via d-separation. The
first step in representing d-separation is to extend our ABAF with independence statements. We add

the following set of assumptions:

Aing ={(zlly|Z) | ZC V,z,y € V\ Z}.

Conditional independence x Ly | Z is violated if the variables x and y are d-connected, given the

conditioning set Z. We want to formalise:

x1ly|Z if there exists a Z-active path between z and y.

By Definition 2.1.4, a Z-active path is a path where the variables in Z do not block the connection

between z and y.
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To express d-separation in ABA, we formalise directed paths using the following rules, which are

incorporated into the set Rpqm:

dpath, < arryy dpath,, < dpath,,,, arr,.

Ty’

Cry < ATTgy €ry < ATTyz MO0Cry < €y

Here, e,y represents the existence of an edge between x and y.
Next, we introduce collider-trees, which generalise the notion of paths by adding branches from

collider nodes.

Definition 6.2.7. Let G = (V,E) be a DAG, and let z,y € V. An z-y-collider-tree ¢ is a subgraph of

G satisfying the following:

(a) £ contains an x-y-path py;

(b) For any u € £ not on py, there exists a collider v € pys such that u is a descendant of v.

A path from a collider ¢ € ps to a leaf 1 ¢ {x,y} is called a branch of Z. For a set of variables Z C 'V,

we call ¢ Z-active if p; is active with respect to ¢ U (V,0).

In the remainder of the chapter, we refer to an ‘x-y-collider-tree’ simply as a collider-tree whenever

it does not cause confusion. Let us illustrate the notion of collider-tree with an example.

Example 6.2.8. Consider a causal graph G with five variables x,y, z,u,v, as depicted below (left),

and some collider-trees (right):

{1: r<«—1Y

@)
e @ a f9g: T e—Y —2z<—u
@ 13: T—>2z<«—Y

U — v

The collider-trees Z1 and £ are active with respect to (), as they have no colliders blocking the paths.

The tree ¢3 is active for sets containing z, u, and/or v.
We can now define the Causal ABA framework as follows:

Definition 6.2.9. Let the Causal ABAF D g5 = (Ags, Ras, ) include assumptions and rules such that

Ads = -Adag U -Aind7 and  Rgs = Rdag U Rpath U Racts
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where Rger contains rules (xlly|Z < ¢) for each Z-active z-y-collider-tree ¢ with x # y, and

ZCV\{z,y}.

Example 6.2.10. Let us go back to Example 6.2.2 with V = {x,y, z}. Extending our ABAF with siz
independence assumptions and their corresponding contraries, we depict the attack structure below for

the pair x,y:

zlly vlly[{z}

noegy noey,

arrey

arrgy

arr .y Noey,

Here, the assumption (x1ly) is attacked by arryy, arryz, and all z-y-paths with inner node z except
for the collider, which blocks the path between x and y. Instead the assumption (xlly|z) is attacked
by arryy, arryz, and the collider {arry, arry.}, as conditioning on the collider z activates the path.

Attacks for the other pairs are analogous.

The formalisation of d-separation in the ABAF allows us to establish a correspondence between
the extensions of the ABAF and the conditional independences in the graph. We show that the stable
extensions of D4 include only the conditional independences implied by the graph. Let us first define

the graph corresponding to a set of assumptions S.
Definition 6.2.11. For a set of assumptions S, we denote its corresponding graph G as G(S) = SN Agpr.

Theorem 6.2.12. Let o € {pr,stb}, S € 0(Dys), z,y € V, ZC V \ {z,y}. Then:

(zlly|Z) € S« (v gy [Z)

Proof. By Lemma 6.2.5, it suffices to prove the theorem for stable semantics. This is because the
attack structure of the ABAF Dgy,, was not affected by the introduction of independence assumptions,

which can only be attacked by the graphical elements of the ABAF.
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(=) Suppose (zlly|Z) € S. Towards a contradiction, assume that G(S) implies z U gy |Z. By
definition of d-connection, there exists a Z-active path z between z and y in G(S). Consequently,
there exists a corresponding Z-active x-y-collider-tree ¢, where 2 serves as the connecting path (i.e.,
2= 7).

By Definition 6.2.11, every arrow (a,b) in 7 must satisfy arrq, € S. This means that S+ 2z 1ly|Z,

which contradicts the conflict-freeness of S. Hence, no such Z-active path can exist, and we conclude

vlgylZ.

(<) Suppose G(S) implies x llg y|Z. To prove that (x1lly|Z) € S, we need to verify that any set of

assumptions T, with 7'+ xlly|Z, is attacked by S.

For T W, there must exist a Z-active xz-y-collider-tree Z, and a path z; connecting x and
y in ¢ such that every arrow (a,b) in z2; must satisfy arry, € G(T'). Instead, at least one arrow in 7
must not be in S, otherwise G(S) would imply = ) y|Z, contradicting x 1lg y|Z.

Let (a,b) be an arrow in z; such that arry, ¢ S. Since S € stb(Dys), the stability of S ensures
that: {arrqp, arree, noeg} NS # 0. Given arrq, ¢ S, it follows that either noey, € S or arry, € S. This
means that S attacks the assumption arry, € T, thereby invalidating z, as a Z-active path.

Since ¢ was arbitrary, all sets of assumptions 7' that derive m are attacked by S. Therefore,
(rlly|Z) is defended by S, and we conclude that (xlly|Z) € S. [ |

Having established the correspondence for stable and preferred semantics, we now note that we

cannot guarantee the correspondence for complete semantics.

Example 6.2.13. In the ABAF from Example 6.2.10, S = () is complete because D45 does not contain
any assumptions that are unattacked. The corresponding graph is G = (V,0) (c¢f. Example 6.2.4). In G,

all pairs of variables are d-separated; however, S does not contain any independence statements.

This example illustrates that, without C-maximality, we lose the reverse direction of the correspon-

dence. However, the forward direction is preserved, as shown in the following proposition.

Proposition 6.2.14. Let S € co(Dys), x,y € V, ZCV \ {z,y}. Then

(lly|Z) € S = (aligy|Z).

Proof. The proof follows the same reasoning as the forward direction in the proof of Theorem 6.2.12.

Suppose (zlly|Z) € S. Towards a contradiction, suppose G(.S) implies x gy | Z. Then there exists a
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Z-active path z between z and y in G(S). Consequently, there is a Z-active z-y-collider-tree ¢ where
72 is the connecting path between z and y (i.e., 2 = 7). By the definition of G(S), each directed edge
in G(5), and hence in z, is contained in S. Hence, S F x1ly|Z, contradicting the conflict-freeness of S

as a complete extension. |

Thus, if a complete extension contains an independence statement, that independence must be

reflected in the corresponding graph.

6.2.3 Integrating External Knowledge

Our proposed ABAF can be integrated into any causal discovery pipeline to ensure that the discovered
graph provably corresponds to the relations found in the data. To achieve the integration of information
from external sources—whether derived from statistical methods or expert knowledge— we treat them
as facts, that are assumed to be true.!

So far, we have introduced an ABAF that faithfully captures d-separations in causal graphs. We
have shown that an independence statement (zlly|Z) is contained in an extension S if and only if it
is consistent with the graph corresponding to S (using the arrow assumptions). This correspondence
also extends to dependencies in the graph: = and y are dependent given Z if and only if (zlly|Z) ¢ S.

For an ABAF D = (A,R,”) and a rule r, we write D U {r} = (A,R U {r},”) to represent the

extension of D with r.

Example 6.2.15. Consider the three-variable scenario from Example 6.2.10. Suppose we learn that x

and y are marginally independent. We incorporate this information by adding the rule:

(xlly «).

This rule ensures that each extension contains (xlly). Since extensions must be closed and conflict

free, no active path between x and y can be accepted.

We can similarly incorporate specific causal relations into the ABAF, in the form of directed and
undirected edges. In doing so we ensure that the graph inferred from the data is consistent with the
external knowledge, while mantaining the correspondence between the graph and the extensions of the

ABAF. We formalise this as follows:

!This approach assumes the reported data is sufficiently accurate. In our final system (§6.3), we assign weights to the
reported independence statements to account for statistical errors.
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Proposition 6.2.16. Let z,y,a,b € V, Z C V\ {z,y}, W C V\ {a,b}, 0 € {pr,stb}, and

r € {(xlly|Z <), (arryy <)}. For each S € o(DgsU{r}), it holds that:
(allb|W) € S <= (allgb|W).

Proof. By Lemma 6.2.5, it suffices to prove the proposition for stable semantics. Since S is conflict-free
and closed under the rules of Dy U {r}, the addition of r ensures that S consistently includes the

assumption x1ly|Z or arry,, as required. The result then follows directly from Theorem 6.2.12. W

However, incorporating external facts has implications for the structure of the ABAF. Specifically,
the ABAF is no longer flat, as independence and arrow literals may now appear in the head of rules.

Now, what happens if we incorporate any (in)dependence or causal relations from an external
source? Suppose we discover that x and y are marginally dependent. Adding the rule (zlly <)
successfully renders (x1ly) false; however, this introduces a limitation. We lose the correspondence
between the (in)dependence statements and the graph of a given extension: adding the contrary of
(zlly) does not, in the framework presented so far, prevent us from simultaneously accepting one of
the arrows arryy or arry,.

To address this, we need to generalise the framework and ensure that our ABAF remains sound

when dependencies are added as facts.

Blocked Paths

The ABAF Dy, correctly captures that an active path implies dependence. To guarantee soundness,
we also need to formalise the opposite direction: independence between two nodes x and y implies that

all paths linking them are blocked. To achieve this, we introduce new assumptions:

App = {bpmz | 72 is an x-y-path,Z C V \ {z,y}}

with contraries defined as:

bpp\Z = app|Z'

Two new sets of rules are required: the first to require that independence between = and y given Z

implies that all paths between them must be blocked; the second to specify when a path is Z-active.
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Definition 6.2.17. For z,y € V, x #y, and Z C 'V \ {z,y}, we define Reyt = Ras U Rayz, where

Rauyz contains:
o xlly|Z + bp 1 \zs - -+ by |z Where 221, ..., g2 denote all paths between x and y;
e ap,z < 7¢, for each Z-active x-y-collider-tree ¢ with underlying z-y-path 7.
Let us illustrate the new rules with an example.

Example 6.2.18. Consider Example 6.2.10, but now (x Ly | z) is observed. Adding (zlly|z <)
prevents all bp, .\ assumptions from being accepted simultaneously. Since each extension S is closed,
the assumption (x1ly|z) cannot hold, since it leads to a conflict.

At least one of the bp (- assumptions is attacked, meaning that some path between x and y must

be active. In fact, the following paths are {z}-active:

21 — Y J2:'1r «— Y 3° 0 —> z «— Y

As shown in Example 6.2.10, these paths attack (zlly|z). According to Definition 6.2.17, each
path z2; derives ap |z, which attacks bp, 7. Thus, each extension S must contain at least one of these

paths, ensuring consistency with the observed dependency between x and y.

Definition 6.2.19. For z,y € V and Z C V \ {z,y}, we define the extended Causal ABAF D‘Zflz =

(»Acslv Rcsl77)7 where:
-Acsl — Ads U -Ab;n

Rest = Rewt U{xlly|Z «}.
The extended Causal ABAF is both sound and complete, as shown in Theorem 6.2.20.

Theorem 6.2.20. Let x,y,a,b €V, Z C V\{z,y}, W C V\{a,b}, o € {pr,stb}, and S € J(Diglz).

Then:
(allb|W) € S <= (allgb|W).

Proof. Let r =zl y | Z <+ and o = stb. The proof for ¢ = pr is analogous.

(=) Following the same reasoning as in Proposition 6.2.16, since S is conflict-free and closed under
the rules of D"YZ U {r}, the addition of r ensures that S consistently excludes the assumption z1ly|Z,

csl

since its contrary must be included. Then the result follows directly from Theorem 6.2.12.
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(<) For the reverse direction, suppose G(S) implies a llgb | W. We proceed by case distinction.

Casel (a=xz, b=y, W=1Z)

Towards a contradiction, suppose zlly|Z ¢ S.

Since S is closed, there must exist an z-y-path 2 such that bp,z ¢ S, otherwise, S+ zlly|Z,
generating a contradiction.

As bp 7 ¢ S, it follows that S attacks this assumption, by stability of S. Specifically, this happens
if S derives ap,z- By definition of D4, such a derivation occurs when S contains a corresponding
Z-active x-y-collider-tree Z.

Thus, = and y are d-connected given Z, which contradicts that G(S) implies zllgy|Z.

Case2 (x #aory#borZ#W)

The proof proceeds as in Theorem 6.2.12. To prove that (allb|W) € S, we need to verify that any
T such that T F allb|W is attacked.

For any T such that T+ m, there must exist a W-active a-b-collider-tree 7, and a path s,
connecting a and b in ¢, such that every arrow (u,v) in z; satisfies arry, € G(T'). At least one arrow
in z2; must not be in S, otherwise G(.S) would imply a Lg b| W, contradicting a 1Lg b| W.

Let (u,v) be an arrow in z; such that arry, ¢ S. Since S € stb(Dgs), the stability of S ensures
that: {arryy, arryy, noey,} NS # 0. Given arry, ¢ S, it follows that either noey, € S or arry, € S.
This means that S attacks the assumption arry, € T, thereby invalidating z; as a W-active path.

Since # was arbitrary, all sets of assumptions T' that derive alLb|W are attacked by S. Therefore,
(allb| W) € S, as required. [ |

Together, Proposition 6.2.16 and Theorem 6.2.20 guarantee that external knowledge can be
integrated in a faithful way. These results ensure that the extended specification allows us to incorporate
(in)dependence facts and arrows while maintaining the consistency of the Causal ABAF.

Independence facts and arrows can be added directly without requiring additional modifications
to the framework. However, when incorporating dependence facts, additional rules, as specified in
Definition 6.2.17, are necessary to preserve soundness and completeness.

We note that, by Theorem 6.2.20, it is sufficient to add rules only for the dependence fact we want
to introduce. For instance, when adding the fact (W <), only the rules in Definition 6.2.17 for =,
y, and Z need to be included. This plays an important role in the efficiency of the framework, as we

can limit the number of rules added to the ABAF.
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We define the extended Causal ABA framework Dg;l as follows:

T Z
Dcsl =Dgs U U Dgcggl )
(zlly|Z+)eT

zyZ

where T is a set of (in)dependence and arrow facts, but D)

is updated only for the dependence facts
in T.

Corollary 6.2.21. Let T be a set of (in)dependence and arrow facts, o € {pr,stb}, z,y € V,
Z CV\{x,y}, and S € o(DL)). Then:

(zlly|Z) € S = (zllgy|Z).

We remark that the ABAF D;rsl is potentially non-flat because assumptions can now be derived.
Specifically, independence, arr, and bp assumptions may appear in the head of rules. The flexibility of
the extended ABAF allows the integration of external knowledge, such as statistical results or expert
knowledge, while maintaining the correspondence between the ABAF and the causal graph.
However, the non-flatness of the presented ABAF complicates the computation of extensions. We

address this issue in the next section, where we present an instance, as well as an implementation, of

the extended Causal ABAF.

6.3 Implementation

In this section, we present an instance of our Causal ABA algorithm, which combines the Causal ABAF
presented in the previous section with heuristic approaches to select the independence facts provided

as inputs. The pseudocode for our proposed method is in Algorithm 6, which is structured as follows:

T
csl

1. The algorithm’s core function, causalaba (lines 9 and 12), constructs the Causal ABAF D
using the number of nodes (d) and a set of facts (T). This framework, detailed in §6.2, is
implemented with ASP encoding in clingo (Gebser et al., 2019), where stable extensions

represent candidate DAGs. The ASP implementation is detailed in §6.3.1.

2. The algorithm takes as input the graph size d, a significance threshold «, and a set of

(in)dependence facts (Z). The process of extracting these input facts is described in §6.3.2.

3. To address potential inconsistencies caused by errors in statistical tests, we incorporate a fact
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Algorithm 6: Causal ABA (with independence facts)
Input: Z,«,|V|=d

T+ [ }
cforp=1I(z,y|S)€eZ do
s < |S|
if p > o then
T < T + [(indep(z, ¥y, S),S(p, a, s,d))]
else
T < T + [(dep(z,y,S),S(p, a, s,d))]
T « sort(T,S) > Sort elements of T by strength S
M = causalaba(d, T)
while M = () do
T+ T[2...|T|] > Drop fact with lowest S
M = causalaba(d, T)

: for G € M do
Sg=0
for p=1I1(x,y|S)e€Zdo
s+ |S|
if(p>anzllgy|S)Vip<aAzlgy|S) then
Sg + Sg+S(p,a,s,d)
else
Sg + Sg — S(p,a, s,d)
: G < argmax(G € M, Sg) > Select G with max Sg
return G

= =
o=

I e S e

[\]
—_

selection mechanism. This mechanism assigns weights to facts (lines 2-7) and uses these weights
to optimise candidate extensions (via weak constraints in causalaba) and rank the resulting

DAGs (lines 10-20). We detail this process in §6.3.3.

Algorithm 6 is a sound procedure for extracting DAGs given a consistent set of independence facts,

as formalised in the following proposition:

Proposition 6.3.1. Let 'V be a set of variables, T a set of (in)dependence tests, o a significance
threshold and T the output of the evaluation of T wrt « (lines 1-7 of Algorithm 6). Then, if T is

compatible with a (set of) MEC(s), Algorithm 6 outputs a DAG consistent with T.

Proof. By Corollary 6.2.6, each stable extension S € stb(D444) corresponds uniquely to a DAG G(S5),
and vice versa. Algorithm 6 constructs the Causal ABAF DT, using the facts T derived from the

evaluation of Z with threshold «. Specifically:

p>a = (zlly|Z+<+) and p<a = (zlly|Z «+).
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Independence Facts:

For each evaluated (zlly|Z <) € T, Proposition 6.2.16 ensures that:

(xlly|Z) € S <= z lgy|Z.

Dependence Facts:

For each evaluated (zlly|Z <) € T, Theorem 6.2.20 guarantees that:

(xlly|Z) e S <=z Ugy|Z.

Therefore, for every S € stb(DZT)), the corresponding graph G(S) satisfies all (in)dependence
relations encoded in T, which are consistent with Z. Thus, Algorithm 6 outputs a DAG consistent

with Z, as required. |

The guarantees provided by Proposition 6.2.16 and Theorem 6.2.20 ensure that the output of
Algorithm 6 is a DAG consistent with the evaluated (in)dependence facts. Specifically, each stable
extension of the Causal ABAF corresponds uniquely to a candidate DAG, representing an acceptable
set of assumptions that align with (a subset of) the input relations.

While the algorithm is sound and complete under perfect data and tests, practical challenges arise
with finite samples and statistical noise. In the next section, we describe the implementation of this

procedure using ASP.

6.3.1 Encoding Causal ABA in ASP

Stable ABA semantics and stable semantics for LPs are closely related (Caminada et al., 2015; Schulz
and Toni, 2015). Importantly, this correspondence has been extended to non-flat instances in (Rapberger
et al., 2024).

In standard ABA-LP translations, assumptions are associated with their default negated contraries:
an assumption a € A with contrary a. € L corresponds to the default negated literal not a.. These
translations generally consider atomic logical languages. To leverage the full power of ASP, we make
adjustments to standard translations while ensuring consistency with the ABA model. For instance, the
contrary of an arrow is encoded as the opposite direction of the arrow, and we employ more descriptive

contrary names for clarity.
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Following our approach to constructing the Causal ABAF, we represent the framework in ASP by:
1. Encoding DAGs: Each stable model (or answer set) corresponds to a DAG.

2. Encoding d-separation: Nodes x and y are independent given Z if and only if x and y are not

connected via a Z-active path.

We briefly outline the standard translation from ABA to LP. Assume an ABAF D = (£, A, R,”)

with precisely one contrary for each assumption. For an atom p € £, we define:

notp, ifpe A,
rep(p) =
a, ifp=ac A

We extend this operator element-wise to ABA rules:

rep(r) = rep(head(r)) < {rep(p) | p € body(r)}.

For an ABAF D = (L, R, A,7), we define the associated LP:

Pp ={rep(r) |r € R}.

Following the standard ABA to LP translation, each ABA atom arr,, is translated to not arry,.
With a slight deviation from the Causal ABAF, to enhance the clarity of the LP, we identify “not
arry,” simply with arrow(x,y) and “not noeg,” with edge(x,y). Listing 1 contains our DAG encoding,
where the predicate var(-) indicates variables.

In Line 1, the program enforces the choice between an arrow or the absence of an arrow; the
remaining lines enforce acyclicity. The code faithfully captures the basis of our Causal ABAF: each
answer set of Module Il4,, corresponds to precisely one DAG of size |V| for a given set V of variables.

To link data and DAGs, we encode the d-separation criterion. Using ASP, we represent sets (k-th

Listing 1: Module II,,4

1 arrow(X,Y) larrow(Y,X) |not edge(X,Y) < var(X),var(Y), X!=Y.
edge(X,Y)+ arrow(X,Y), X!=Y, var(X), var(Y).

edge(X,Y) < edge(Y,X), X!=Y, var(X), var(Y).

< arrow(X,Y), notedge(X,Y), var(X), var(Y).

< edge(X,Y), notarrow(X,Y), notarrow(Y,X), var(X), var(Y).
< arrow(Y,X), arrow(X,Y), X!=Y, var(X), var(Y).
dpath(X,Y)+ arrow(X,Y), X!=Y, var(X), var(Y).
dpath(X,Y)< arrow(X,Z), dpath(Z,Y), var(X).

< dpath(X,X), var(X).

UL W N

© 0
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set S C V) with predicates in(k,x). Module II., in Listing 2 encodes colliders and collider descendants,

leveraging natural specifications of the arrow and dpath (directed path) predicates.

Listing 2: Module 11y

1 collider(Y,X,Z) <« arrow(X,Y),arrow(Z,Y),X!=Y,var(X),var(Y),var(Z).

2 coll_desc(N,Y,X,Z) < collider(Y,X,Z),dpath(Y,N).

3 nb(N,X,Y,S) < in(N,S), collider(N,X,Y).

4 nb(N,X,Y,S) < notin(N,S),coll_desc(Z,N,X,Y),in(Z,S),var(N),var(X),var(Y).

5 nb(N,X,Y,S) < notin(N,S),not collider(N,X,Y),var(N),var(X),var(Y),set(S),N!=X,N!=Y,X!=Y.

Next, we introduce non-blocking nodes. A node n ¢ {x,y} in an x-y-path is non-blocking, given S,

if:
e n is a collider and n € S, or
e nis a collider and a descendant of n, z € S, or
o n is not a collider and n ¢ S.

Lines 3-5 in Module II.,; in Listing 2 encode these rules.
For each pair ,y € V and each set S\ {z,y}, we add rules IL,,(z, (vi)i<x) as specified in Listing 3

to ensure that if x and y are connected via a Z-active path, then they are dependent.

Listing 3: Module II,, (72, (vi)i<k)

1  ap(ui,vg,2,8) « (arrow(v;,vi4+1))i<k, notin(vi,S8), notin(vy,S), set(S), (@b(v;,v;i—1,Vi+1,8))1<i<k-
2 dep(v1,vg,S) < ap(vi,vi,2,S).

Listing 4: Module Iy, (x, y, (2)i<k)

1 indep(x,y,S) <+ (not ap(x,y,2i,8)) i<k, notin(x,S), notin(y,S), set(S).

To capture the reverse direction of the correspondence (if dependency, then Z-active path), we use
Module IIy,(x, y, (72:)i<k) in Listing 4. These rules ensure that the absence of an active path implies
independence. (72;)i<; denotes the list of all paths between z and y. The Module I, in Listing 4
encodes the blocked path rules defined in Definition 6.2.19. The indep(-) and dep(-) predicates take
two variables z, y, and a set S of variables as arguments.

The number of paths between two variables can grow exponentially (up to |(d — 2)!e|), posing
a significant computational challenge. To mitigate this, we leverage the observation that fixing
independence facts effectively removes edges between nodes. This observation is commonly utilised in
the adjacency search phase of constraint-based algorithms (Spirtes et al., 2000) (see §2.3). When fixing
independence facts (alLb| W <), we restrict our analysis to paths in the skeleton that exclude the

edge (a,b).
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By Theorem 6.2.20, fixing dependence facts requires only the addition of the corresponding blocked
path rules. Specifically, when adding the fact (allb| W), it suffices to introduce the rules I1o, (22, (vi)i<k)

and Iy, (a, b, (72i)i<k) to ensure correctness.

6.3.2 Sourcing Facts: The ABA-PC Algorithm

As outlined in §6.2, the proposed ABAF efficiently generates all DAGs compatible with a set of fixed
facts, which can represent both conditional /marginal (in)dependencies and (un)directed causal relations
(arrows and edges). In the instantiation of Causal ABA as ABA-PC we consider here, we input a set
of (in)dependence facts, weighting them according to their p-values. This weighting scheme prioritises
the most statistically robust relationships, ensuring a principled integration of data into the causal

discovery process.

A DAG with d nodes is fully characterised by 1d(d — 1)2?~2 (in)dependence relations, leading to
exponential growth in the number of relations as the number of nodes increases. Consequently, it is
computationally infeasible to carry out all possible tests, as implemented in ASPCR, (Hyttinen et al.,
2014). To address this computational challenge, several efficient strategies have been proposed in the
Causal Discovery literature (Colombo and Maathuis, 2014; Spirtes et al., 2000; Tsamardinos et al.,
2006) (see §3.3).

Approaches like those in (Colombo and Maathuis, 2014; Spirtes et al., 2000; Tsamardinos et al.,
2006) rely on conditional independence tests such as Fisher Z (Fisher, 1970). Alternatively, score-based
methods like (Chickering, 2002a; Ramsey et al., 2017) employ statistical metrics to assess the value of

adding or removing an arrow, returning arrow weights as a measure of fit.

In this instantiation, we utilise the proposed Shapley-PC from Chapter 5 to source facts. As
detailed in §3.3, the independence tests carried out by Majority-PC (Colombo and Maathuis, 2014),
Conservative-PC (Ramsey et al., 2006), PC-Max (Ramsey, 2016) and our Shapley-PC are the same;
we will refer only to Shapley-PC for conciseness. Under the assumptions of sufficiency (no unmeasured
confounders), faithfulness (data represents a DAG), and perfect conditional information (no estimation
error), CPC, MPC and Shapley-PC are provably capable of recovering the ground-truth CPDAG from

data. The following example illustrates the use of Shapley-PC in our motivating example.

Example 6.3.2 (Collider Decision with Noisy Information). We run the Shapley-PC algorithm on the
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scenario described in Example 6.1.1, performing 23 out of 24 possible tests, including the following:

ELR|{I} RILT|{E} ELR

E1 R|{0O} RUI|{E, O} ELR|{0,1}

Among these, only E 1L R is correct. The sole other valid d-separation in G, R 1LgI | {E,O}, is
mistakenly classified as a dependence. The remaining 17 tests correctly yield dependencies.

Based on these erroneous results, Shapley-PC produces the graph shown in Example 6.1.1 (right),
which deviates from the ground truth. Crucially, this graph fails to capture the independence relations
listed above. In fact, no single graph can satisfy all the test results, as it is impossible for E and R
to be independent given any set (implying they are disconnected in the graph) while simultaneously
ensuring that E and I, as well as R and I, are dependent (indicating connectivity). The dependencies

imply a path between E and R, resulting in a contradiction.

Algorithm 6 is flexible regarding the source of facts. For example, it could leverage the tests
performed by (Tsamardinos et al., 2006) or, with minor modifications, incorporate arrow weights from

score-based methods such as FGS (Ramsey et al., 2017).

6.3.3 Weighting Facts

In this subsection, we outline our strategy for weighting the results of independence tests based on
their p-values and the size of their conditioning sets. These weights are used as weak constraints to
rank both facts and extensions. As a result of using stable semantics to evaluate our ABAF, wrong
tests can render empty extensions if they contradict another (set of) test(s). Our goal is to exclude
such erroneous tests that create conflicts and prevent the framework from producing a valid extension.

To rank p-values from independence tests, we use a simple heuristic that is independent of whether
the p-value falls below or above the significance threshold «. The ranking is defined by the following

normalising function:

2pa —1 if p < a,
(P, a) =
2a0—p—1

5a—T) otherwise.

The plot of v over the p-value interval, for three commonly chosen levels of «, is shown in Figure 6.2.
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Figure 6.2: Plot of the normalising function ~(p, «) for different significance levels a.

The function « follows the intuition that uncertainty is highest around the significance threshold
p = a (Berger, 2003; Sellke et al., 2001), which corresponds to the lowest value of v = 0.5. The further
the p-value moves from «, the more confident we become about whether the test indicates dependence
or independence. The final weight of the (in)dependence facts is determined by scaling the output of ~

by a factor penalising larger conditioning set sizes S:

179 p.a), (6.1)

S(p, o, 8,d) = d=2)

where s = |S] is the size of the conditioning set, and d = |V| is the total number of variables in G.

The scaling factor reflects the intuition that the accuracy of independence tests decreases as the
size of the conditioning set increases (Sellke et al., 2001), due to the need for more precise estimation

of frequencies when conditioning on additional variables.

Using these weights S, we rank the tests performed by the Shapley-PC. Our strategy is simple:

Exclude an incremental number of the lowest-ranking tests until the returned stable

extension is not empty.

This approach systematically removes tests that are more likely to be erroneous, ensuring that the

ABAF remains consistent and outputs valid extensions. Let us illustrate our strategy with an example.

Example 6.3.3. Consider again Example 6.1.1. The results of the independence tests from Shapley-PC

(using Fisher’s Z (Fisher, 1970) and o = 0.05) have the following p-values. We show the same subset
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of the 23 tests carried out by the algorithm, as in Example 6.3.2:

ELR p=0.45 S=0.71
EIR|{I} p=0.52 S =0.37
E1R| {0} p=10.33 S =0.32
RIT|{E} p=0.05 S=0.25
E1R|{0,I} p=0.39 S =0.00
RUT|{E,O} p=0.03 S =0.00

We apply Equation 6.1 to calculate S. Ranking the tests by S, as shown above, the highest-ranking
test is the correct one. However, fixing all the tests results in no solution.

We start excluding the test with the lowest strength and progressively exclude more until we find a
model. In this example, the correct DAG is obtained by excluding 9 of the 23 tests performed, including

the bottom five of the list above, while retaining the 14 strongest tests.

In this example, we obtain exactly one DAG by excluding approximately 40% of the tests performed
by Shapley-PC. If multiple models are returned, we score each of them using the approach outlined
in Algorithm 6, lines 13—21. Additionally, we encode the (in)dependence facts as weak constraints,
treated as optimisation statements within ASP (Gebser et al., 2011), to prioritise optimal extensions.
Our weighting method resembles the function proposed by Bromberg and Margaritis (2009), with two

notable differences:
1. We re-base the strength around 0.5 instead of 1 — «, allowing for finer discrimination.

2. We incorporate the size of the conditioning set irrespective of the test’s result, rather than
considering it only in the case of dependence. This ensures that we account for the reduced
accuracy of independence tests with larger conditioning sets, and avoid trusting that p-values

reflect the probability of Type I errors even when conditioning on multiple variables.

We remark that classical independence tests are inherently asymmetric. Dependence can only be
inferred when the null hypothesis is rejected (p < «), with an expected Type I error rate corresponding
to a. Conversely, when p > «, no strict inference can be made, as p-values are uniformly distributed
in [0, 1] under the null hypothesis (Hg). However, higher p-values are less likely to occur under the

alternative hypothesis of dependence (Hung et al., 1997), which justifies the use of v to rank p-values.
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As highlighted by Bromberg and Margaritis (2009) and Hyttinen et al. (2014), directly using p-
values as strength is common but neither sound nor consistent. Transforming p-values into probability
estimates (Claassen and Heskes, 2012; Jabbari et al., 2017; Triantafilou et al., 2014) could address this
issue. However, we leave this as an interesting avenue for future research.

We now turn to the empirical evaluation of ABA-PC, comparing it against established causal

discovery methods on pseudo-real datasets.

6.4 Empirical Evaluation

The goal of this evaluation is to assess the overall performance of ABA-PC in learning causal graphs
from data, gauging its ability to process data supported by its strong consistency guarantees. We
compare ABA-PC against established baselines using datasets from the bnlearn repository (Scutari,
2014): Asia, Cancer, Earthquake, and Survey. These datasets represent real-world decision-making
challenges across medical, legal, and policy domains (see Appendix §C.1.1 for details).

Unlike Chapter 5, which focused on evaluating decision rules for v-structure orientation and graph
retrieval, this chapter broadens the scope to evaluate algorithms’ overall performance in causal discovery
tasks. Note that, compared to Chapter 5, we used smaller datasets due to the current implementation
of ABA-PC, which can handle datasets with up to 10 variables. Future work to improve scalability is

discussed in Chapter 7.

Baselines We compare ABA-PC against three baselines, representing diverse causal discovery

approaches (see §3.3 for an overview):

o Shapley-PC (SPC): Our proposed constraint-based algorithm from Chapter 5, that uses the

same independence tests results that feed into Causal ABAF as input facts.

o Fast Greedy Search (FGS) (Ramsey et al., 2017): A score-based algorithm using the BIC to

measure fit between graphs and data, and to guide a greedy search.

« NOTEARS-MLP (Zheng et al., 2020): A continuous score-based method that leverages NNs

to learn causal structures, granting good flexibility to capture non-linearity in data.

To ground results, we also use a Random baseline as in (Lachapelle et al., 2020), which consists
of randomly sampled graphs with the correct dimensions (V, E). Additional baselines, including

MPC (Colombo and Maathuis, 2014) and ASPCR (Hyttinen et al., 2014), are presented in the Appendix
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(§C.1.3), as the methods do not outperform the ones presented herein. While a direct comparison with
the only other argumentation-based approach to causal discovery (Bromberg and Margaritis, 2009)

would have been ideal, no implementation is available.

Evaluation Metrics To quantify performance, we use Structural Interventional Distance (SID) (Pe-
ters and Bithlmann, 2015), which measures the discrepancy between the estimated and true CPDAGs
in terms of interventional distributions. SID evaluates how errors in causal graph estimation translate
into downstream errors in causal inference, making it a meaningful proxy for real-world impact and an
important metric in causal discovery evaluation (Reisach et al., 2021). Specifically, it quantifies the
number of falsely inferred intervention effects. Since SID is sensitive to graph size, we normalise it
(NSID) by dividing by the number of edges in the true DAG, enabling comparisons across datasets
with varying numbers of variables.

As discussed in §2.1, CPDAGs represent MECs, which define the upper bound of what can be
inferred from a set of independence relations. To ensure consistency in evaluation, we compute SID on
CPDAGES for all methods. For ABA-PC and NOTEARS-MLP, which output DAGs, we transform these
into CPDAGs by isolating skeletons and v-structures. This transformation ensures that the evaluation
is conducted on a comparable representation. Nonetheless, comparisons on DAGs are provided in
Appendix §C.1.3.

NSID values can exceed 100% because SID counts discrepancies at the level of intervention effects
rather than edges. A single edge misrepresentation in the graph can result in multiple incorrect
interventional implications due to the transitive nature of causal relationships. Details on metric
calculations are in Appendix §C.1.2, and additional results based on other commonly used metrics

such as Structural Hamming Distance (SHD), F1 score, precision, and recall are in Appendix §C.1.3.

Results The results of our experiments are presented in Figure 6.3. Best and worst-case SID are
reported for each dataset, where lower NSID values indicate better performance. The number of edges
and node is displayed below the dataset name on the x-axis.

ABA-PC achieves strong overall performance, ranking among the top-performing methods in most
of the experiments. In the worst-case scenario, ABA-PC achieves the lowest values on the Earthquake,
Survey, and Asia datasets, significantly outperforming all other baselines, including Shapley-PC,
on Earthquake and Asia (as confirmed by t-tests for mean differences; see §C.1.4). On the Survey
dataset, ABA-PC matches the performance of NOTEARS-MLP, while Shapley-PC remains competitive,

performing closely to the top-performing methods.

148



6.4. Empirical Evaluation
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Figure 6.3: Normalised Structural Interventional Distance (NSID) for four datasets from the bnlearn
repository. Lower values are better. Low (resp. High) represents the SID for the best (resp. worst)
DAG within the estimated CPDAGs.

In the best-case scenario, ABA-PC again demonstrates strong performance. It achieves the lowest
NSID values on the Earthquake and Asia datasets, significantly outperforming all baselines with
reductions of up to 100% for Earthquake, where it makes no mistakes. On the Cancer datasets,
NOTEARS-MLP perform slightly better, but ABA-PC remains competitive, with performance close
to the leading methods. Shapley-PC also shows solid results in the Best SID case, particularly on the
Cancer and Survey datasets, where it significantly outperforms all baselines.

Overall, ABA-PC demonstrates consistent performance across diverse datasets, particularly excelling
in the worst-case scenarios where it estimates the ground-truth graph more effectively than the other
methods for three of the datasets. Shapley-PC remains a strong baseline, especially in the best-case
scenarios. Together, these results highlight the improvements introduced by Causal ABA, while
reaffirming the strengths of Shapley-PC.

We note that, even if the empirical results do not uniformly see ABA-PC outperforming all baselines,
the method’s stronger consistency guarantees and robustness to worst-case scenarios make it a valuable
addition to the causal discovery toolbox. Additionally, the ability to refine and contest causal graphs

through argumentation provides a unique and valuable feature that is not present in other methods.

Scalability In Figure 6.4 we show the runtime (log scale) as a function of the number of nodes,
recorded for the experiments in Figure 6.3 over 50 repetitions per dataset. While ABA-PC achieves

promising results in terms of accuracy, it does not scale when increasing the number of nodes.
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Figure 6.4: Mean and std of log elapsed time by number of nodes, averaged over 50 runs.

Improving the computational efficiency of ABA-PC without sacrificing its stronger consistency
guarantees is a critical direction for future work. Nevertheless, the algorithm’s ability to achieve
superior accuracy and consistent causal graphs—particularly in worst-case scenarios—highlights its

value as a robust and theoretically sound approach to causal discovery.

6.5 Summary

In this chapter, we introduced Causal ABA, a novel argumentation-based framework for causal
discovery that systematically addresses inconsistencies in data while ensuring formal consistency
between statistical evidence and domain expertise. By leveraging the non-monotonic reasoning
capabilities of ABA, Causal ABA formalises the properties of causal graphs, offering a principled
approach to resolving conflicts in independence test results and incorporating external knowledge.

A key theoretical contribution of Causal ABA is its formal correspondence (Objective 2) between
stable and preferred extensions of ABA and causal graphs, enabling rigorous reasoning about causal
relationships in a structured framework. This general framework provides the foundation for ABA-
PC; a practical instantiation of Causal ABA that uses the Shapley-PC algorithm (Chapter 5) as its
underlying statistical engine. By embedding statistical outputs within an argumentative structure,
ABA-PC produces transparent causal graphs (Objective 4) that stakeholders can refine and contest
(Objective 1). Moreover, the structured reasoning of Causal ABA enhances robustness Objective 6
by resolving ambiguities and conflicts.

Empirical evaluations demonstrated that Causal ABA, instantiated through ABA-PC, can outper-
form existing methods in terms of generating consistent and accurate causal graphs. Unlike approaches
such as Majority-PC (Colombo and Maathuis, 2014) or our Shapley-PC, which often tolerate ambigui-

ties to manage inconsistencies, Causal ABA resolves such conflicts systematically, ensuring that the
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resulting causal graphs are both grounded in evidence and free from contradictions.

Looking ahead, several promising research directions emerge. Enhancing the scalability of Causal
ABA is a key priority, particularly through optimised processing of extensions and incremental solvers
for large-scale graphs. Extending the framework to handle latent variables, feedback loops, and
alternative ABA semantics would further increase its flexibility and applicability. Finally, integrating
domain expertise interactively could strengthen alignment with stakeholder values, fostering greater
trustworthiness for high-stakes decision-making. We expand on these directions in Chapter 7.

In conclusion, Causal ABA represents a significant theoretical and practical advancement in causal
discovery. By bridging statistical evidence and domain knowledge through a robust argumentation
framework, it lays the groundwork for creating interpretable, consistent, and contestable causal graphs.
This foundational contribution provides a stepping stone for the development of trustworthy Al systems

capable of supporting complex real-world decisions.
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Chapter 7

Conclusion

This chapter concludes the thesis by summarising its key contributions (§7.1), outlining potential
directions for future work (§7.2), and discussing the broader implications of the research findings
(§7.3). The methodologies developed in this work tackle critical challenges in Al systems, empha-
sising robustness, transparency, and accountability while aligning with international principles of
trustworthy AI. By integrating causal discovery, expert knowledge, and computational argumentation,
this research advances Al systems from predictive tools to robust and interpretable decision-support
systems designed to tackle real-world challenges. These advancements have significant implications for
high-stakes domains such as healthcare, finance, and public policy, providing a foundation for broader
adoption and further innovation. The following sections detail the thesis’ contributions and propose

specific opportunities for expanding its scope and impact.

7.1 Contributions

This thesis addresses fundamental challenges in trustworthy Al, specifically robustness, transparency,
and accountability, through innovative methodologies that integrate causal discovery, ML, game-theory,
computational argumentation, and knowledge injection. By enhancing the trustworthiness of causal
discovery to the benefit of both prediction and causal inference, this work advances the design of Al
systems aligning data-driven insights with expert knowledge. The thesis introduces game-theoretic
and argumentation-based approaches to enhance the robustness and transparency of causal discovery,
alongside frameworks for making NNs contestable, bridging predictive accuracy with interpretability
and accountability. We evaluate the thesis’ contributions in relation to the objectives set out in

Chapter 1.
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Contestable Neural Networks The first contribution of this thesis is the introduction of Contestable
NNs, a principled framework to explore and challenge NNs. Unlike traditional “black-box” ML models,
this approach directly involves Subject-Matter Experts (SMEs) during or after model training, through
interfaces designed to scrutinise the model’s discovered relationships and injecting domain-specific
causal knowledge. Through the contestation process, stakeholders gain practical tools to interrogate
and influence predictive models. This contribution fills critical gaps in transparency and accountability,
advancing the integration of NNs into high-stakes decision-making processes.

In this context, causal graphs act as the central representation of the model’s “understanding” of
the DGP, enabling stakeholders to contest predictions and align the model with expert insights. This
work transforms an existing NN architecture by embedding expert feedback directly into its causal
graph representation, moving beyond conventional weight regularisation. By incorporating causal
discovery as a foundational step in training, the approach provides a transparent and interpretable
framework that strengthens both predictive performance and stakeholders’ comprehension of the
underlying phenomenon.

As detailed in Chapter 4, this methodology enhances transparency through a graphical interface
and induced model parsimony, while enhancing predictive performance and fostering active stakeholder
engagement through knowledge injection. These advancements fulfil Objective 3 (transparency),
Objective 1 (contestability), and Objective 2 (formal consistency). Empirical evaluations
further demonstrate robustness to noisy and small datasets, directly contributing to Objective 5

(robustness).

Shapley-based Casual Discovery The second contribution is the development of a Shapley-based
approach to causal discovery, introducing a novel decision rule for causal orientation in constraint-based
algorithms. Central to this contribution is the study of Shapley Independence Values (SIVs), which
we establish as theoretically relevant for the accurate identification of v-structures—a critical step in
causal graph orientation.

The Shapley-based decision rule is integrated into the PC-Stable algorithm, a sound and efficient
constraint-based method for causal discovery, resulting in the Shapley-PC algorithm. By leveraging
the game-theoretic concept of Shapley values to quantify and weight independence tests, the algorithm
mitigates errors in statistical tests, significantly improving the reliability of causal discovery, even under

noisy or quasi-unfaithful conditions.
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Crucially, the Shapley-PC algorithm retains the soundness, completeness, and consistency guarantees
of the original PC framework while delivering superior empirical performance in v-structure identification
and causal direction recovery. Its robustness is validated through extensive experimentation on synthetic
and pseudo-real datasets, where it consistently outperforms existing methods, in scenarios characterised
by finite-sample noise or quasi-unfaithfulness. These results highlight Shapley-PC’s ability to perform
reliably under conditions that challenge traditional causal discovery methods.

As demonstrated in Chapter 5, these advancements contribute to Objective 6 (robustness)
by improving reliability in noisy settings where common assumptions might fail. Additionally, the
integration of Shapley values offers a transparent rationale for algorithmic decisions about causal
directions, aligning with Objective 4 (transparency) and paving the way for future contestable

causal discovery systems that support Objective 1 (contestability).

Causal ABA The final contribution of this thesis is the creation of Causal ABA, a novel approach that
combines Assumption-Based Argumentation (ABA) with causal discovery methods. This framework
provides a structured mechanism to reconcile inconsistencies and align causal graphs with both
statistical evidence and expert knowledge.

The core contribution of Causal ABA is its ability to represent both causal and statistical hypotheses
as arguments within an ABA framework. Conflicts between these arguments, such as those arising from
noisy data or statistical inaccuracies, are resolved through a formal reasoning mechanism that ensures
consistency and transparency. This approach effectively manages noisy datasets while integrating
diverse sources of information, tackling key limitations of traditional methods.

We instantiate Causal ABA with the statistical tests generated by our Shapley-PC algorithm,
resulting in ABA-PC. Empirical evaluations demonstrate that ABA-PC can improve the accuracy of
causal discovery while guaranteeing outputs that identify the most reliable statistical relationships and
the graph(s) which are consistent with them.

As demonstrated in Chapter 6, Causal ABA systematically resolves conflicts in the input data,
ensuring outputs that have consistent statistical and causal arguments, thereby achieving Objec-
tive 2 (formal consistency). It improves reliability by excluding input arguments prone to errors,
contributing directly to Objective 6 (robustness). Furthermore, the framework’s transparent
argumentation-based methodology has potential to allow stakeholders to engage with, and refine,
the resulting causal graphs, fulfilling Objective 4 (transparency) and fostering Objective 1

(contestability).
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By introducing Contestable NNs, Shapley-PC and Causal ABA for prediction and causal discovery,
this research equips stakeholders with tools to actively engage with Al systems, bridging the gap
between predictive accuracy, robust causal inference and interpretability. These methodologies provide
practical solutions for high-stakes decision-making, while aligning with ethical standards and stakeholder
needs. Moreover, the findings of this work highlight opportunities to further develop and adapt these

innovations to real-world contexts.

7.2 Future Work

Building on the contributions of this thesis, several avenues for future research emerge, aimed at
enhancing scalability, expanding real-world applicability, and deepening integration with emerging
technologies. These directions not only stem from the findings of this research but are also inspired by

the evolving challenges of advancing trustworthy Al systems.

7.2.1 Contestable Neural Networks

A promising direction of work involves the further development of Contestable NNs. While this
thesis demonstrates the feasibility of integrating causal graph injection into NN training, some
methodological aspects would benefit from further investigation. One key direction is to explore
the indirect causal effects that may emerge within the hidden layers of injected NNs. Such effects,
including latent interactions and spurious correlations, could obfuscate the true causal relationships
under analysis. Adapting techniques like GranDAG (Lachapelle et al., 2020) could help identify and
mitigate these effect through path analysis, thereby improving the interpretability and reliability
of contestable NNs. In addition, incorporating the Gumbel-Softmax trick from (Ng et al., 2022)
alongside our thresholding approach could enhance the process of identifying the most significant causal
relationships within the model. While the threshold would remain valuable for interpretability, the
Gumbel-Softmax approach could serve as a principled and automated starting point for this analysis.

Incorporating Bayesian learning into the NN weights estimation presents another promising oppor-
tunity to advance human-AI collaboration. Bayesian techniques, such as those proposed by Gal
and Ghahramani (2016), would enable the model to quantify uncertainty in both its predictions and the
extracted causal assumptions. This feature would allow stakeholders to assess the reliability of estimated
causal structures and refine injected knowledge accordingly, thereby strengthening contestability and

trustworthiness.
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Moreover, incorporating mechanisms for aggregating diverse expert perspectives into a consistent
causal graph would enhance the usability of contestable NNs in collaborative decision-making scenarios,
such as policy development or interdisciplinary research. Approaches like our proposed Causal ABA,
the one proposed by (Alrajeh et al., 2020) for causal models, or by (Ioannou and Michael, 2024) for
dialogue arbitration could serve as a foundation for such advancements.

Expanding the debugging capabilities of contestable NNs is also critical. High-stakes decision-
making models require detailed explanations and robust interaction mechanisms to ensure reliability and
fairness (Miller, 2023). Future research could explore the design of intuitive interfaces and interaction
modalities that enable SMEs to effectively interrogate, contest, and refine model outputs.

An Ewvaluative AI framework, as proposed by Miller (2023), where various options are analysed to
elicit expert feedback, could be adapted to build effectiveness and unbiased interfaces for contestable
NNs. Evaluating these interfaces in terms of ease of use, effectiveness, and their ability to foster
stakeholder trust would provide valuable insights for deploying contestable NNs in practice. Additionally,
the contestable NNs framework could incorporate argumentative explanations, such as those proposed
in (Rago et al., 2021, 2023), to aid deeper understanding of model relations during model refinement.

The scalability of contestable NNs also warrants attention. Extending the framework to accom-
modate high-dimensional datasets and more complex causal relationships will require optimisation
techniques that maintain effective collaboration between models and SMEs. The uncertainty quantifi-
cation capabilities mentioned earlier could guide SMEs towards the relationships that require the most
attention, creating a dynamic and efficient feedback loop. We hypothesise that these enhancements
would enable contestable NNs to accommodate the demands of large-scale, real-world applications.

In the empirical evaluation of Chapter 4, I played the part of the SME to illustrate how the
contestation process could work. To assess the value added of Contestable NN, user studies could be
conducted to evaluate the impact of our method on model understanding, error detection, debugging
effectiveness, and usability. Participants—domain experts—would be divided into two groups: one
using a standard NN with feature importance explanations and another using a contestable NN with
causal graph injection and interactive debugging tools. Their performance would be measured through
tasks such as explaining model decisions, identifying erroneous causal assumptions, and refining model
outputs. Key metrics would include time and effectiveness in detecting errors, change in performance
of refined models, and subjective ratings of trust and usability. By comparing both groups, this study
would quantify how contestability improves interpretability, facilitates expert-driven refinements, and

fosters trust in Al-driven decision-making.
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Another promising direction is the development of NNs capable of not only predicting out-
comes—corresponding to the bottom rung of Pearl and Mackenzie’s Ladder of Causation—but also
reasoning about the causes of outcomes, aligning with the top rung. Achieving this goal would require
extending the Contestable NNs framework to incorporate counterfactual reasoning, enabling models
to simulate interventions and provide causal explanations.

To this end, Zhang et al. (2024), inspired by our Contestable NNs, propose a framework for
causality-informed neural networks (CINN) that integrates causal DAGs into NN architectures and
loss functions. Their method incorporates domain knowledge to enable reasoning about interventions
and facilitating “what-if” analyses for decision-making and risk assessment. Notably, their approach
to embedding the “causal roles” of the variables into the loss function offers a pathway to equipping
Contestable NNs with counterfactual reasoning capabilities.

Complementary approaches, such as those in (Germain et al., 2015), propagate structural assump-
tions through models to estimate intervention effects and could be adapted to refine this capability.
Similarly, techniques proposed by (Pawlowski et al., 2020), which focus on counterfactual modelling
but require input causal structures, offer additional avenues for enhancing counterfactual reasoning.
Finally, methods like those in (Geiger et al., 2022; Xia et al., 2021; Zhang et al., 2020), which enforce
interventional distributions in NNs through various mechanisms, address remaining challenges and

could help fully realise the potential of counterfactual reasoning within Contestable NNs.

7.2.2 Shapley-based Causal Discovery

Our proposed Shapley-PC Algorithm offers several promising directions for future research. While
its current implementation focuses on the orientation of v-structures, extending Shapley-based
rules to the skeleton estimation phase could significantly improve robustness by reducing susceptibility
to errors in adjacency determination. By incorporating Shapley values into edge inclusion tests, the
algorithm could prioritise edges with higher explanatory power, thereby increasing the accuracy of
causal skeletons. Furthermore, extending the use of SIVs to the third phase of the algorithm, where
edge orientations are propagated through the graph (Meek, 1995), would provide a principled approach
for assessing the conflicting orientations highlighted in (Tsagris, 2019).

Studying the value of Shapley-based rules using association measures alternative to p-values is
another compelling opportunity to explore. Measures such as mutual information or other information-
theoretic criteria (Glielmo et al., 2022; Shah and Peters, 2018) may offer a more robust assessment of

association strength and improve causal discovery performance. Similarly, score-based metrics like the
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BIC, often used in score-based causal discovery methods like GES (Chickering, 2002a; Ramsey, 2016),
could replace or complement p-values in our Shapley-based decision rule. This integration could reduce
the risk of spurious orientations and strengthen SIV-based structure identification.

Customising the Shapley-PC algorithm for specific applications represents another interesting
avenue. Extensions to handle latent variables, feedback loops, or additional inputs from
complementary algorithms such as GES (Chickering, 2002a) could expand its applicability to more
complex causal structures. Such efforts have already shown promise in the literature, for instance, by
extending the PC-max decision rule for GES (Ramsey, 2016) or adapting it to accommodate latent
variables (Raghu et al., 2018). Incorporating these extensions into Shapley-PC would broaden its
relevance for real-world datasets and complex scenarios.

The algorithm’s flexibility also allows for context-dependent adaptations. For high-stakes
domains like medicine, a more conservative approach could be developed, prioritising minimisation
of false positives to ensure reliability and safety. This might involve considering only the lowest SIVs
as colliders, and flagging other potential structures for review. Conversely, for exploratory scientific
research, an alternative mode could emphasise hypothesis generation, facilitating the discovery of novel

causal structures. These domain-specific adaptations would boost the algorithm’s versatility.

7.2.3 Causal ABA

Causal ABA also presents numerous opportunities for future development. One critical challenge
lies in its scalability, as the current implementation is limited to datasets with up to 10 variables.
Overcoming this limitation will require optimisations in the processing of ABA extensions. Incremental
solving techniques that avoid re-grounding rules during updates offer a promising solution. Additionally,
approximate methods for handling large-scale ABA problems, such as those proposed by Cibier and
Mailly (2024) using graph neural networks or graph attention networks, could be adapted to enable
the analysis of more extensive datasets and complex causal graphs.

Extending Causal ABA to account for latent confounders and feedback cycles is another
promising direction. Real-world systems can be influenced by hidden variables and exhibit cyclic depen-
dencies, particularly when temporal factors are involved. Incorporating approaches like RFCI (Colombo
et al., 2012) for latent confounders or methods specifically designed for cyclic graphs (Mooij and
Claassen, 2020) would significantly expand its applicability to dynamic and intricate environments.

Exploring alternative argumentation semantics could also yield valuable insights into resolving

conflicting evidence and reconstructing causal structures. Diverse semantics would enhance the

159



Chapter 7. Conclusion

framework’s flexibility to various problem domains, offering various degrees of conservatism. Native
ABA solvers, such as the one implemented by Lehtonen et al. (2024), support alternative semantics
and represent one promising avenue, though they may require separate grounding of the ABAF, posing
scalability challenges. Gradual semantics, like those proposed by Rago et al. (2024) for structured
argumentation, could be adapted to incorporate quantitative measures into the reasoning process.
Furthermore, integrating weighted arrows and edges—generated by score-based and hybrid
methods (Chickering, 2002a; Magliacane et al., 2016; Ramsey et al., 2017)—would enable more nuanced
causal modelling, embedding quantitative confidence levels into the argumentation framework.
Another exciting area of exploration involves interactive extensions to Causal ABA. As envisaged
in (Russo, 2023), incorporating real-time feedback from multiple experts would enable the framework to
reconcile diverse perspectives into a consistent causal graph, resolving conflicts and fostering consensus-
driven causal discovery. This human-in-the-loop approach bridges the gap between algorithmic insights
and expert knowledge, enhancing the transparency and contestability of the resulting causal structures.
Such capabilities would be particularly impactful in interdisciplinary research and policymaking, where

synthesising diverse viewpoints into actionable insights is crucial.

7.2.4 Integrations and Deployment Challenges

Integrating the methodologies developed in this thesis presents an opportunity to create a unified
framework for causal discovery and prediction. Contestable NNs, Shapley-PC, and Causal ABA share
foundational principles, and their combination could significantly enhance the capabilities of Al systems.
For instance, contestable NNs could incorporate causal graphs generated by Causal ABA or Shapley-PC
to refine predictions while ensuring interpretability. Embedding SIVs within Causal ABA would enable
the framework to prioritise arguments based on statistical significance, improving the precision of
conflict resolution and bolstering the robustness of causal graphs. Together, these integrations could
form a cohesive system that aligns with the principles of trustworthy Al, providing both predictive
accuracy and interpretability.

However, implementing these techniques in real-world settings presents notable challenges. Issues
such as managing high-dimensional data, ensuring scalability, and adapting to domain-specific workflows
require careful study. Additionally, fostering trust and ensuring ease of use for diverse stakeholders are
critical for successful adoption, particularly in high-stakes applications. By addressing these challenges
and exploring the outlined directions, future research can build on the foundations of this thesis, driving

advancements in trustworthy Al to meet the demands of complex, real-world scenarios.
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7.3 Concluding Remarks

The research presented in this thesis advances the growing field of trustworthy AI by filling key gaps
in robustness, transparency, and accountability. By integrating contestability (Leofante et al., 2024),
XAT (Ali et al., 2023), robustness (Tocchetti et al., 2024), and fairness (Caton and Haas, 2024), this
work contributes to a multidisciplinary effort aimed at aligning AT systems with societal values and

ethical principles.

The methodologies introduced—including Contestable Neural Networks, the Shapley-PC algorithm,
and the Causal ABA framework—demonstrate how causal discovery, expert feedback, game theory,
and computational argumentation can be systematically incorporated into Al system design to improve
reliability, interpretability, and stakeholder engagement. These contributions establish a foundation for
deploying trustworthy Al across high-stakes domains such as healthcare, finance, and public policy,

where the alignment of technical and ethical considerations is particularly paramount.

As Al continues to influence critical areas of decision-making, the importance of trustworthiness
cannot be overstated (Bryant, 2023; Meissner and Narita, 2023). This thesis demonstrates that
trustworthiness is not merely a technical property but a dynamic interplay of reliability, transparency,
and stakeholder engagement. By equipping Al systems with tools to explain their decisions, integrate
expert insights, and resolve uncertainties in their reasoning, this work envisions Al as a responsible
and equitable partner in advancing societal goals. For example, the development of contestable
neural networks enables stakeholders to interrogate and refine Al predictions, ensuring alignment with

domain-specific knowledge and fostering trust through robustness, transparency and accountability.

Beyond methodological advancements, this thesis contributes to the broader discourse on trustworthy
Al Our findings demonstrate that transparency and accountability are not abstract ideals but practical
imperatives that can be realised through innovative design and implementation. For example, the
combination of causal graph injection with expert feedback ensures that neural networks respect domain
knowledge while maintaining high predictive performance, challenging the traditional transparency-
accuracy trade-off (Rudin, 2019).

Similarly, the Shapley-PC algorithm and the Causal ABA framework provide robust, interpretable
tools for causal discovery, addressing critical challenges in data-driven decision-making (Matovski,
2024) by providing more reliable causal assumptions. Furthermore, Causal ABA’s ability to integrate
diverse forms of statistical evidence and expert feedback positions it as a transformative tool for causal

discovery in high-stakes domains.
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In conclusion, this thesis highlights the transformative potential of Causal Discovery for Trustworthy
Al. The contributions made here represent significant strides toward realising this potential, while
the proposed directions for future work point to a horizon rich with innovation and discovery. By
establishing a foundation for robust, transparent, and accountable Al systems, this work aspires to

shape a future where Al empowers society to make more informed and equitable decisions.
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Appendix A

Appendix to Contestable Neural

Networks

A.1 Further Details for Experiments

For all experiments! we choose 3 hidden layers (M = 3) of sizes 2 * |V|,2/3 % |V|,2 * |V| respectively,
with ReLLU activations. Experiments with smaller networks are provided for synthetic data in §A.1.2.
All networks are initialized and seeded identically and use the Adam optimizer with a learning rate of
0.001 for a maximum of 1000 steps (7'). A patience (T5) of 50 steps on the loss on the validation set is
used to stop training. Results for the synthetic dataset are then reported for 10 randomly generated
DAGs. For the real data experiments, given the hyper-parameters optimisation of the threshold 7, we

have used 5-fold nested cross validation and we report the average over the resulting 25 runs.

A.1.1 Experiments with Real Data

Here we provide additional details for the experiments in §4.6: we start from the datasets to then cover
the optimisation of the threshold 7, part of experiment (i) in §4.6.1.

We report details for the datasets in Table A.1. For the regression tasks, with Boston (Harrison and
Rubinfeld, 1978) and California Housing (Pace and Barry, 1997), we used the data out of the box from

scikit-learn?. For the classification tasks, with HELOC? (FICO, 2017) and Adult Income? (Becker and

!Our code is available at: https://github.com/briziorusso/causal-injection-FFNN/tree/main
*https://scikit-learn.org/stable/datasets/toy_dataset.html
3D . . . . . . .
ata and pre-processing mapping (keys.csv) is downloadable from our repo at https://github.com/briziorusso/
causal-injection-FFNN/tree/main/data/fico/;
“Data and pre-processing mapping are from Penn Machine Learning Datasets repository at https://github.com/
EpistasisLab/pmlb/blob/master/datasets/adult/
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Appendix A. Appendix to Contestable Neural Networks

Table A.1: Real-world dataset details. Type is Regression (R) for real-valued target or Classification
(C) for binary target.

Dataset Sample Size Features Type
Boston Housing (BH) 506 14 R
California Housing (CH) 16512 8 R
Home Equity Line Of Credit (HELOC) 7844 23 C
Adult Income (IN) 48842 14 C

Kohavi, 1996), we used pre-processed data. Additionally, for Adult, we sampled 20000 observations and

we balanced the proportion of positive and negative examples in target feature to 50-50 (from 25-75).

Details on Statistical Tests

This section provides the details necessary to reproduce the observed significance levels reported in
Table 4.1 of the main text. Table A.2 summarises the means and standard deviations for all experiments,
complementing the results in the main text.

As described in the main text, a two-tailed, two-sample t-test was used to assess differences in
means. Each sample consisted of 25 runs within a 5-fold nested cross-validation setup, yielding 48
degrees of freedom for the Student’s t-distribution. The calculated t-statistics and corresponding
p-values for these tests are presented in Table A.3, providing a detailed account of the statistical
validation of our results.

Table A.2: MSE or AUC (std) for regression and classification, respectively, across different sample
sizes of the training data (N). We report the mean + std across different training data sample sizes
(N). Best results are in bold.

‘N:lOO N=500 N=1K N=2K N=5K N=10K N=20K
Adult
CASTLE |0.6740.03 0.724+0.04  0.75+0.03 0.744+0.03 0.75+0.03 0.75+£0.02 0.76+0.02
< | Injected [0.69+0.04 0.74+0.02 0.76+0.03 0.77+0.01 0.79+0.03 0.85+0.01 0.86+0.01
O| Partial 0.66+£0.02 0.714+0.02  0.74+0.03 0.764+0.03 0.76+0.02 0.76+£0.02 0.77+0.02
?ﬂ Refined |0.694+0.04 0.744+0.02 0.76+0.02 0.77+0.02 0.79+0.03 0.85+0.01 0.86+0.01
HELOC
CASTLE |0.75+£0.02 0.794+0.01 0.784+0.01 0.7940.01 0.79+£0.01 0.8040.01
Injected |0.7440.04 0.78+0.01 0.78+0.01 0.78+0.01 0.7940.01 0.79+0.01
California
—| CASTLE |7.05+12.81 2.33+1.39 2.96+4.12 3.86+3.68 4.91+7.41 1.74+1.70 0.66+0.08
% Injected |2.94+2.63 2.25+1.07 1.68+1.14 1.71+0.57 1.51+0.62 1.16+0.31 1.024+0.35
E Boston
CASTLE [112.04491.06 21.95+6.84
Injected |86.174+13.75 20.45+5.12
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Table A.3: t-statistic (p-value) comparing each column of Table A.2 against the respective CASTLE
baseline for each dataset and sample size.

Adult HELOC California Boston
Data Injected Partial Refined Injected Injected Injected
100 2.000 (0.051) 1.387 (0.172)  2.000 (0.051) | 1.118 (0.269) | 1.571 (0.123) | 1.405 (0.167)
500 2.236 (0.030) 1.118 (0.269)  2.236 (0.03) | 3.536 (0.001) |0.228 (0.821) | 0.878 (0.384)
1000 1.179 (0.224) 1.179 (0.244) 1.387 (0.172) | 0.000 (1.000) |1.497 (0.141) NA
2000 4.743 (0.000) 2.357 (0.023) 4.160 (0.000) | 3.536 (0.001) | 2.887 (0.006) NA
5000 4.714 (0.000) 1.387 (0.172) 4.714 (0.000) | 0.000 (1.000) |2.286 (0.027) NA
10000 22.361 (0.000) 1.768 (0.083) 22.361 (0.000)|3.536 (0.001) |1.678 (0.100) NA
20000 22.361 (0.000) 1.768 (0.083) 22.361 (0.000) NA 5.014 (0.000) NA

Threshold Optimisation

This section details the optimisation of the threshold 7, used to select a DAG without making qualitative
causal judgments, as part of the experiment in §4.6.1. Results for all datasets are shown in Figure A.1.
The optimisation evaluates the impact of 7 on the number of edges (red) and the predictive performance
metric (blue), with 7 increasing along the z-axis, progressively masking more edges. As expected, the
number of edges decreases monotonically with higher 7, while MSE/AUC trends highlight the trade-off
between parsimony and predictive performance.

For the Adult dataset (Figure A.la), 7 = 0.08 is selected as it retains the highest AUC while reducing
the number of edges by over 50% compared to 7 = 0. Increasing 7 further leads to diminishing returns
in parsimony and a decline in performance. Similarly, for the FICO HELOC dataset (Figure A.1b),
7 = 0.004 achieves the best balance, minimising edge count without sacrificing AUC. Although 7 = 0.1
and 0.01 are viable alternatives, these thresholds trade slightly better parsimony for a more significant
reduction in predictive performance.

The Boston dataset (Figure A.1c) follows a similar pattern, with 7 = 0.13 chosen to minimise MSE.
Beyond this threshold, MSE increases significantly, indicating reduced performance. The California
dataset (Figure A.1d) exhibits a different trend: injecting edges consistently worsens predictive
performance. Here, 7 = 0.05 is selected as it achieves the lowest MSE. Notably, Table 4.1 in the main
text shows that smaller sample sizes mitigate this negative effect for injected NNs.

These findings illustrate the importance of carefully tuning 7 to balance parsimony and performance,

with optimal values varying by dataset and experimental context.
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Figure A.1: Threshold 7 optimisation for experiment in §4.6.1. Here 7 < 0 corresponds to the
application of “unconstrained” CASTLE Kyono et al. (2020). Chosen thresholds are in bold on the
x-axis. The number of edges and the predictive performance of the network injected with the DAG
derived with the chosen 7 are reported on the y-axes.
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A.1.2 Parameter Study for Synthetic Data

This section expands on the results reported in §4.6.2 of the main text, which focused on a fixed

proportion of edges injected (20%), presenting additional analyses to explore the impact of varying:
e The percentage of edges injected.
o The proportion of edges to nodes (e = |E|/|V|) in the DAG.
e The number of nodes in the DAG.

e The size of the NN.

The results of these analyses corroborate the findings in §4.6, providing further insights into the

behaviour of our proposed method under different scenarios.

Percentage of Known Edges

Figure A.2 compares the performance of our algorithm and CASTLE+ when injecting different
proportions of edges (10%, 20%, and 50%). Injecting 50% of edges results in diminishing returns, as
the average reconstruction accuracy does not increase proportionally compared to the injected amount.
By contrast, injecting 10% of edges often results in disproportionately higher gains, particularly for
denser DAGs (e € {2,5}), where reconstruction is more challenging. These findings highlight that the

optimal amount of injected edges depends on the density of the underlying DAG.

Proportion of Edges to Nodes in the DAG

The effect of varying the proportion of edges per node (e = |E|/|V|) is shown in Figure A.2. Sparse
DAGs (e = 1) yield the highest reconstruction accuracy, averaging around 75%, while denser DAGs
(e = 5) show significantly reduced performance, with accuracy dropping below 40%. These results
mirror the trends observed for small sample sizes (s = 50), as reported in Figure 4.6, emphasising the

challenges posed by denser graphs for both CASTLE+ and our method.

Number of Nodes in the DAG

Figure A.3 presents results for different numbers of nodes (|V]) in the DAG. For small DAGs (|V| = 10),
both CASTLE+ and our method perform above the average reconstruction accuracy observed in
Figure 4.6. However, as the DAG size increases, CASTLE+ experiences a sharp decline in performance,

whereas our method demonstrates greater resilience to the increasing complexity of the graph.
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Figure A.2: Reconstruction Accuracy and MSE by the proportion of edges over nodes (see §A.1.2).
The amount of known edges injected is 10%, 20% (as in Figure 4.6) and 50% (see §A.1.2).

Network Size

In addition to analysing the number of nodes, Figure A.3 compares the performance of NNs with
three hidden layers (used in the experiments of §4.6.2) to smaller networks with a single hidden layer
containing neurons equal to 3.2 times the input features (M = 1,h = (d + 1) % 3.2). Interestingly,
while smaller networks improve the MSE for the target variable Y, they result in lower reconstruction
accuracy for the causal graph. These findings suggest that better predictive performance does not
always align with better causal discovery, underscoring the need for careful consideration of network

size in causal discovery tasks.
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Figure A.3: Reconstruction Accuracy and MSE by the number of nodes in the DAG underpinning the
data (see §A.1.2) and the numbers of layers (M=3 in Figure 4.6, see §A.1.2).

20 50
|V| (Number of Nodes)

196



Appendix B

Appendix to Shapley-PC

B.1 Further Details for Experiments

In this section we provide additional details for the experiments in §5.4 of the main text. We provide
an implementation of Shapley-PC based on the causal-learn python package (Zheng et al., 2024).
Within causal-learn, we define a new PC function that accommodates our decision rule. The
code is available at the following repository: https://github.com/briziorusso/ShapleyPC. In the
repository, we also made available the code to reproduce all experiments and we saved all the plots,
presented herein and in the main text, in HTML format. Downloading and opening them in a browser

allows the inspection of all the numbers behind the plots in an interactive way.

Hyperparameters For all the methods we used Fisher’s Z test (Fisher, 1970), as implemented in
causal-learn, with significance threshold o = 0.01 for the bnlearn dataset and with decreasing « for
increasing number of nodes in the fully synthetic simulations: we used o = 0.1,0.05,0.01 for number of

nodes |V| = 10, 20, 50, respectively.

B.1.1 Evaluation Metrics

In line with (Ramsey, 2016; Ramsey et al., 2006), we analyse the ability to identify v-structures
(colliders), which is the focus of our proposed algorithm, alongside the overall performance in recovering
the causal arrows of the true graph. All the metrics are calculated on the output CPDAGs hence the
(binary) adjacency matrices can have entries for both (X;, X;) and (X, X;), in which case the edge is
undirected.

For the accuracy in classifying v-structures, we use precision and recall in classifying correctly
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identified UTs and summarise it with the F'1 Score. Specifically:

o V-Precision = V-TP/(V-TP + V-FP)
e V-Recall = V-TP/(V-TP + V-FN)
o V-F1 Score = 2 x (V-P x V-R)/(V-P + V-R)

where V-True Positive (V-TP) is the number of correctly estimated v-structures; V-False Positive
(V-FP) is the number of UTs wrongly deemed as v-structures; V-False Negative (V-FN) is the number
of v-structures not deemed as such.

Also to evaluate the accuracy in identifying causal directions in the true graph we use F1, but

calculated on the number of (in)correct arrowheads (AH-F1) as follows:

o AH-Precision = AH-TP/(AH-TP + AH-FP)
« AH-Recall = AH-TP/(AH-TP + AH-FN)

o AH-F1 Score = 2 x (AH-P x AH-R)/(AH-P + AH-R)

where AH-True Positive (AH-TP) is the number of estimated edges with correct direction; False
Positive (AH-FP) is the number of extra arrowheads; False Negative (AH-FN) is the number of missing
arrowheads.

In addition to the metrics focusing on orientations and v-structures, we report two other com-
monly used metrics in CSL (see e.g. Constantinou et al. (2023)): Structural Hamming Distance
(SHD) (Tsamardinos et al., 2006) and Structural Intervention Distance (SID) (Peters and Biithlmann,
2015).

SHD = E + M + R, where Extra (E) is the set of extra edges, Missing (M) are the ones missing
from the skeleton of the estimated graph and Reversed (R) have incorrect direction.

SID quantifies the agreement to a causal graph in terms of interventional distributions. It aims at
quantifying the incorrect causal inference estimations stemming out of a mistake in the causal graph
estimation, akin to a downstream task error on a pre-processing step where the task is causal inference
and the pre-processing step is finding the right graph to inform it. Both missing/extra edges and
incorrect orientation will play a role in the incorrect causal inferences. See Definition C.1.1 for the

formal definition of SID and a discussion on its properties.

B.1.2 Synthetic Data
Here we provide detail for the simulation study presented in §5.4, in particular Table 5.1 and 5.2.
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DGP Details

In each experiment, we first generate 10 random graphs with maximum degree of 10 for each combination

of three parameters:

o graph type: Erdos-Rényi (ER (Erdés and Rényi, 1959)) and Scale Free (SF (Barabési and Albert,
1999));

o number of nodes: |V| € {10,20,50};
o density: d ={1,2,4}, with |E| = |V| x d.

Given the ground truth DAGs DAG, we simulate Structural Equation Models (SEMs) belonging

to the Additive Noise Model, formally:

X; = fj(pa(DAG,X;))+u; Yjel,...,|V] (B.1)

where f; is linear function with coefficients W and u; are samples from a noise distribution.

The coefficients W are sampled from a uniform distribution with parameters [—1.5, —0.5] U [0.5, 1.5]
for 95% of the effects, and [—0.001,0.001] for the remaining 5%. Sampling effect magnitudes from
the range [—0.001,0.001] simulates the presence of weak edges to induce violations of orientation
faithfulness (see §5.4 and (Ramsey et al., 2006)).

Finally, we sample X = W7 X +u where the noise u is generated from the following four distributions:

o Gaussian: u ~ N(0,1) o Gumbel: u ~ G(0,1)
» Exponential: u ~ E(1) e Uniform: u ~ U(-1,1)

We vary the number of drawn samples (V) in function of the number of nodes N = s x |V,
s € {100,500, 1000} and refer to s as the proportional sample size. After sampling from the described
DGPs we standardise the data using the standard scaler from sklearn. Code to reproduce the

simulated data is provided in our repository.

Statistical Tests

Here we provide details for the statistical tests used to measure the significance of the difference in the
results presented in Table 5.1 in the main text. In Tables B.4, B.6, B.5 and B.7 we provide t-statistics

and p-values for graphs ER and SF graphs of 10 and 50 nodes, respectively.
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Table B.1: AH-F1 and V-F1 Scores + std for ER1 and SF1 graphs of nodes |V|e {10,50}. No
significant differences according to a t-test, o = 0.05.

Method ER1 SF1
V| =10 V] =50 V| =10 V| =50

PC-Stable | 0.91£0.14 0.82+0.14 | 0.9£0.12  0.91+0.07
CPC | 0.97£0.08 0.87£0.11 | 0.99£0.03 1.040.01

MPC | 0.96£0.09 0.87£0.11 | 0.984+0.05 0.9940.02
PC-Max | 0.96+0.09 0.874+0.11 | 0.95£0.08 0.96+0.04
Shapley-PC | 0.93+0.12  0.9£0.07 | 0.95£0.08 0.96£0.04

PC-Stable | 0.97£0.09 0.924+0.16 | 0.99£0.03 0.98+0.04
CpPC | 1.0£0.0 0.93£0.13 | 1.0+0.0 1.0£0.0
MPC | 1.0£0.0 0.93+0.13 | 1.040.01 1.0+£0.0
PC-Max | 1.0£0.0 0.97£0.08 | 1.040.0 1.0£0.0
Shapley-PC | 0.9940.03 1.0£0.02 1.0+0.0 1.0+£0.0

AH-F1

V-F1

In each table we present pairwise comparisons of means, for V-F1 and AH-F1 scores presented in
Table 5.1 of the main text. We use two-sample, unequal variance t-tests, with degrees of freedom of 39

(10 seeds and 4 noise distributions, minus 1).

Additional Results

Sparsest Graphs (d=1) The results presented in Table 5.1 in the main text show AH-F1 and V-F1
for ER and SF graphs of density d = {2,4}. Here we complete the picture and provide results for the
sparsest graphs analysed: d = 1. We can see from Table B.1, that all methods perform quite well
of very sparse graphs. This result is in line with (Kalisch and Biithlmann, 2007). Given the limited

opportunity for improvement, no significant differences between the various methods is observed.

Graphs of 20 Nodes The results presented in Table 5.1 in the main text show AH-F1 and V-F1 for
ER and SF graphs of 10 anf 50 nodes. Here we complete the picture and provide results for graphs of
20 nodes. The results corroborate the ones presented in the main paper. From Table B.2, we can see
that Shapley-PC outperforms all other methods on ER4, SF2 and SF4. On ER2 it is not significantly

different from PC-Max (according to a t-test, & = 0.05), but better than all other methods.

Proportional Sample Size The results presented in Table 5.1 in the main text show AH-F1 and
V-F1 for proportional sample size s = 1000. The proportional sample size is the number of samples
per node in the dataset, with total number of samples N = s % |V|. Here we show the trends for
s € {100,500, 1000}, in Fig. B.1 and Fig. B.2 for AH-F1 and V-F1, respectively. From the plots, we

notice that the trends are mostly flat, demonstrating that none of the methods is very “data-hungry.”
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Table B.2: AH-F1 and V-F1 Scores + std for ER2, ER4, SF2, and SF4 graphs of 20 nodes. Bold if
significantly different from the runner-up (according to a t-test, a = 0.05).

| Method | ER2 ER4 | SF2 SF4
PC-Stable | 0.2840.26  0.08+£0.10 | 0.59+0.30  0.2240.25
= CPC | 0.3740.25  0.11£0.11 | 0.52+0.35  0.25+0.27
e MPC | 0.31+0.26  0.11£0.11 | 0.504£0.36  0.25+0.26
< PC-Max | 0.51+£0.24  0.08£0.11 | 0.63+0.32  0.37+£0.28
Shapley-PC | 0.56+£0.19 0.17+0.12 | 0.81+0.04 0.61+0.09
PC-Stable | 0.35+0.35  0.14+0.21 | 0.71+0.37  0.31+0.38
~ CPC | 0.52£0.36  0.23+0.26 | 0.63+0.43  0.36£0.40
= MPC | 0.42+0.37  0.19+0.24 | 0.60£0.43  0.36+0.38
> PC-Max | 0.71£0.34  0.2240.32 | 0.77+0.39  0.54£0.41
Shapley-PC | 0.82+0.27 0.4240.33 | 0.99+0.02 0.97+0.05

Noise Distributions Plots by noise distribution are provided as interactive plots in our repository,
as they would not be easily displayed on A4 paper. No major differences are observed across noise

distributions.

Additional Metrics

Precision and Recall The results presented in Table 5.1 in the main text show F1 scores for
arrowheads and v-structures’ classification. Here we provide a breakdown of the F1 scores into their
components: Precision and Recall. In Table B.8 we can see that Shapley-PC is significantly better
(according to a t-test, & = 0.05) than all other methods, for both precision and recall wrt ArrowHead

classifications. Results are analogous for v-structure classifications, shown in Table B.9.

SHD and SID In addition to the results that focus on the v-structures and arrowhead orientations,
as presented in main text and the additional results in this section, we also present results using
SID (Peters and Bithlmann, 2015) in Table B.10 and SHD (Tsamardinos et al., 2006) in Table B.11.
Both metrics measure error, hence the lower the better. Since we calculate all metrics on CPDAGs,
SID estimates a best and worst scenario (SID-Low and High, respectively) depending on the orientation
of the undirected edges in the output CPDAG

From Table B.10, we can see that Shapley-PC is significantly better than all other methods for the
best case scenario (SID-Low) on 10 nodes graphs. For the worst case scenario (SID-High) all methods
are on par for ER4, and Shapley-PC and PC-Max are on par, and better than all others for SF4.
Shapley-PC is significantly better than all other methods for the remaining types of 10 nodes graphs.

For 50 nodes graphs, which are sparser (see results discussion in the main text §5.4), Shapley-PC is
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better than PC, CPC and MPC, but not significantly better than PC-Max.

Comparison of Shapley-PC with our baselines based SHD are shown in Table B.11. We can see that
PC-Stable is significantly worse than all other methods for ER1, ER2 and SF2, while no significant
differences are observed for the remaining three graph types.

Overall, Shapley-PC is never worse than any other baseline, based on both SID and SHD.

We remark that SHD and SID are more general graphical metrics, that do not take into account
that there can be errors in skeleton and orientations, and that these can be isolated one from the other.
With ArrowHead F1, we measure the orientation capabilities of the different methods, that with these

metrics are confounded by errors in the skeleton.

B.1.3 Pseudo-Real Data

Table B.3: Details of the BNs from bnlearn used to generate the pseudo-real datasets in §5.4

Dataset Name Type Cat | Cont |N| |E| d
ALARM Discrete 37 0 37 46 1.24
CHILD Discrete 20 0 20 25 1.25
HEPAR2 Discrete 70 0 70 123 1.76
INSURANCE Discrete 27 0 27 52 1.93
ARTH150 Gaussian 0 107 107 150 1.40
ECOLI70 Gaussian 0 46 46 70 1.52
MAGIC-IRRI Gaussian 0 64 64 102 1.59
MAGIC-NIAB Gaussian 0 44 44 66 1.50
MEHRA | Linear Gaussian 8 16 24 71  2.96
SANGIOVESE | Linear Gaussian 1 14 15 55 3.67

bnlearn datasets

For the experiments on pseudo-real data, we used ten datasets from the bnlearn repository. This
repository is widely used for research in Causal Discovery and hosts a number of commonly used
benchmarks, some of which result from real published experiments or from the collection of expert
opinions on the causal graph and the conditional probability tables necessary to create a BN. The
BNs used in our experiments are from all three categories in the repository: Discrete, Gaussian and
Conditional Linear Gaussian. The number of nodes varies from 15 to 107 and the number of edges from
25 to 150. Details on the number of nodes, edges and density of the DAGs underlying these data are
reported in Table B.3, together with links to a more detailed description from the bnlearn repository.

Having downloaded all the .bif or .rda files from the repository, we load the Bayesian network and

the associated conditional probability tables and sample 50000 observations, with 10 different seeds.
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We encoded the labels using the label encoder from sklearn for categorical variables and applied
standard scaling from sklearn for the continuous ones. The BNs, together with the code to reproduce

the dataset, is provided in our repository.

Statistical Tests

Here we present details of the statistical tests used to measure the significance of the difference in the
results presented in Fig. 5.1 in the main text. In Tables B.12 and B.13 we provide t-statistics and
p-values for the Alarm, Insurance, Ecoli70 and Mehra datasets. In each table we present pairwise
comparisons of means (shown in brackets together with standard deviations), for the AH-F1 and V-F1

presented in Fig. 5.1 of the main text.

Additional Metrics

In Fig. 5.1 in the main text, we show the results on four of the ten dataset detailed in Table B.3,
according to ArrowHead F1 Score. In this section we report additional metrics, in line with the
experiments on synthetic data. In particular, we visualise V-F1 (Fig. B.3), SHD (Fig. B.4) and SID
(Fig. B.5). Precision and Recall are left out because they show very similar trends to AH-F1 and V-F1
presented herein, but are provided in our repository as interactive plots.

In Fig. B.3, we report V-F1 scores for the same set of datasets as in the main text. For AH-F1
(Fig. 5.1 in the main text), Shapley-PC is significantly better than all other methods on Alarm and
Insurance. For V-F1, Shapley-PC is better than all other methods on Alarm, Insurance and Mehra.
For Ecoli70, we are on par with PC-Max, and better than all others. According to SHD (Fig. B.4) and

SID (Fig. B.5), no significant differences are observed across datasets and methods.

Additional Datasets

The results presented in Fig. 5.1 show AH-F1 for four datasets out of the ten analysed. We show results
for the remaining six datasets (Arth150, Child, Hepar2, Magic-irri, Magic-niab and Sangiovese) in
Fig. B.6 (AH-F1) and Fig. B.7 (V-F1). Out of these six datasets, Shapley-PC results to be significantly
better than all other methods according to AH-F1 on Arth150 and Sangiovese. According to V-F1,
Shapley-PC is better than all others on Sangiovese, and on par with CPC, improving on all other
methods, on Arth150. No significant differences are observed on the remaining four datasets, apart

from PC-Stable being worse than all other methods on the Magic-irri and Magic-niab datasets.
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https://github.com/briziorusso/ShapleyPC/tree/mainpub/datasets/bayesian

Appendix B. Appendix to Shapley-PC

Table B.4: Two-sample, unequal variance t-tests for difference in means for ER graphs with |V| = 10.

Significance levels: 0 "***’0.001 "**’, 0.01 *’, 0.05 "7, 0.1’ > 1. DoF: n, = np = 39.

Type | Metric ‘ Methods Means+Std t ‘ p-value
PC-S vs CPC [0.46 £0.4 vs 0.59 +£0.3 | —1.64 | 0.104
PC-S vs MPC |0.46 £ 0.4 vs 0.58 £ 0.3 | —1.54 | 0.128
PC-S vs PC-M [ 0.46 + 0.4 vs 0.67 + 0.3 | —2.80 | 0.006**
PC-S vs SPC [0.46 4+ 0.4 vs 0.86 + 0.2 | —6.53 | 0.000***
V-F1 CPC vs MPC [0.59+£0.3 vs 0.58 £0.3 | 0.11 |0.916
CPC vs PC-M | 0.59 £ 0.3 vs 0.67 £ 0.3 | —1.12| 0.265
CPC vs SPC [0.594+0.3 vs 0.86 £ 0.2 | —4.73 | 0.000***
MPC vs PC-M | 0.58 £ 0.3 vs 0.67 £ 0.3 | —1.23 | 0.222
MPC vs SPC | 0.58 +0.3 vs 0.86 £ 0.2 | —4.85 | 0.000***
ER2 PC-M vs SPC [ 0.67 0.3 vs 0.86 + 0.2 | —3.66 | 0.001 ***
PC-S vs CPC | 0.36 £0.3 vs 0.42+ 0.3 | —0.98 | 0.331
PC-S vs MPC | 0.36 £ 0.3 vs 0.42 £ 0.3 | —0.89 | 0.377
PC-S vs PC-M | 0.36 +£ 0.3 vs 0.50 + 0.2 | —2.52 | 0.014*
PC-S vs SPC [0.36 + 0.3 vs 0.63 £ 0.2 | —5.39 | 0.000***
AILF1 CPC vs MPC |0.42£0.3 vs 0.42£0.3| 0.09 |0.926
CPC vs PC-M |0.42+£0.3 vs 0.50 £ 0.2 | —1.52 [ 0.133
CPC vs SPC [0.4240.3 vs 0.63 £ 0.2 | —4.42 | 0.000***
MPC vs PC-M | 0.42 £+ 0.3 vs 0.50 £ 0.2 | —1.62 | 0.109
MPC vs SPC |0.42 4+ 0.3 vs 0.63 £ 0.2 | —4.54 | 0.000***
PC-M vs SPC [ 0.50 + 0.2 vs 0.63 + 0.2 | —3.08 | 0.003**
PC-S vs CPC |0.23£0.3 vs 0.23 £ 0.3 | —0.08 | 0.940
PC-S vs MPC |0.23+£0.3 vs 0.22£0.3| 0.03 |0.973
PC-S vs PC-M [0.23 +£0.3 vs 0.09 +0.2| 2.15 |0.035*
PC-S vs SPC |0.23£0.3 vs 0.36 £0.4 | —1.64 | 0.106
V-F1 CPC vs MPC |0.23+£0.3 vs 0.22+0.3| 0.11 |0.915
CPC vs PC-M | 0.23+0.3 vs 0.09 0.2 | 2.19 |0.032*
CPC vs SPC |0.23+0.3vs 0.36 £0.4|—1.55|0.125
MPC vs PC-M | 0.22 £ 0.3 vs 0.09 +£ 0.2 | 2.05 |0.044*
MPC vs SPC [0.224+0.3 vs 0.36 £ 0.4 | —1.64 | 0.106
ER4 PC-M vs SPC | 0.09 + 0.2 vs 0.36 + 0.4 | —3.54 | 0.001 ***
PC-Svs CPC |0.15£0.2 vs 0.15£0.2| 0.01 |0.989
PC-S vs MPC | 0.154+0.2 vs 0.15+0.2| 0.09 |0.930
PC-Svs PC-M | 0.15+0.2 vs 0.07 £ 0.1 | 2.45 [0.017*
PC-S vs SPC [0.154+0.2 vs 0.25+ 0.2 | —2.73 | 0.008 **
AILF1 CPC vs MPC [0.15£0.2 vs 0.15+0.2 | 0.07 |0.943
CPC vs PC-M | 0.15+ 0.2 vs 0.07 0.1 | 2.38 |0.020*
CPC vs SPC |0.154+0.2 vs 0.25+ 0.2 | —2.70 | 0.009**
MPC vs PC-M | 0.15 4+ 0.2 vs 0.07 £ 0.1 | 2.26 |0.027*
MPC vs SPC |0.154+0.2 vs 0.25 + 0.2 | —2.74 | 0.008**
PC-M vs SPC [0.07 + 0.1 vs 0.25 + 0.2 | —5.59 | 0.000***
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B.1.

Further Details for Experiments

Table B.5: Two-sample, unequal variance t-tests for difference in means for SF graphs with |V| = 10.

Significance levels: 0 "***’0.001 "**’, 0.01 *’, 0.05 "7, 0.1’ > 1. DoF: n, = np = 39.

Type | Metric ‘ Methods ‘ Means+Std ‘ t ‘ p-value
PC-S vs CPC [0.81 £0.3 vs 0.88£0.2 | —1.36 | 0.179
PC-S vs MPC |0.81 £0.3 vs 0.88 £0.2| —1.35|0.183
PC-S vs PC-M [0.81 £0.3 vs 0.90 £ 0.2 | —1.55 | 0.125
PC-S vs SPC [0.81 +0.3 vs 0.99 + 0.0 | —3.93 | 0.000***
V-F1 CPC vs MPC [0.88+£0.2 vs 0.88£0.2| 0.01 |0.989
CPC vs PC-M | 0.88 £+ 0.2 vs 0.90 £ 0.2 | —0.36 | 0.721
CPC vs SPC [0.884+0.2 vs 0.99 £+ 0.0 | —3.73 | 0.001 ***
MPC vs PC-M | 0.88 £ 0.2 vs 0.90 £ 0.2 | —0.37 | 0.712
MPC vs SPC | 0.88+0.2 vs 0.99 £ 0.0 | —3.72 | 0.001 ***
SF2 PC-M vs SPC [0.90 +0.2 vs 0.99 £ 0.0 | —2.56 | 0.014*
PC-S vs CPC |0.67+£0.2 vs 0.74+£0.1| —1.72 | 0.091
PC-S vs MPC | 0.67 0.2 vs 0.74 £ 0.1 | —1.73 | 0.090
PC-S vs PC-M | 0.67 £0.2 vs 0.73 £ 0.2 | —1.32 | 0.191
PC-S vs SPC [0.67 £ 0.2 vs 0.82 £+ 0.1 | —3.95 | 0.000***
AILF1 CPC vs MPC |0.74£0.1 vs 0.74 £ 0.1 | —0.01 | 0.992
CPC vs PC-M |0.74£0.1 vs 0.73£0.2| 0.20 |0.840
CPC vs SPC [0.744+0.1 vs 0.82+0.1 | —3.36 | 0.001**
MPC vs PC-M | 0.74 4+ 0.1 vs 0.73£0.2| 0.21 [0.834
MPC vs SPC |0.74 4+ 0.1 vs 0.82 + 0.1 | —3.34 | 0.001 **
PC-M vs SPC [0.734+0.2 vs 0.82 +0.1 | —2.57|0.013*
PC-S vs CPC [0.49+£0.4 vs 0.54 £ 0.4 | —0.52 | 0.606
PC-S vs MPC | 0.49 +£0.4 vs 0.59 £ 0.4 | —1.09 | 0.280
PC-S vs PC-M [0.49£0.4 vs 0.59 £0.4 | —1.12 | 0.266
PC-S vs SPC [0.49 4+ 0.4 vs 0.84 + 0.2 | —4.67 | 0.000***
V-F1 CPC vs MPC | 0.54 £0.4 vs 0.59+ 0.4 | —0.61 | 0.546
CPC vs PC-M | 0.54+ 0.4 vs 0.59 + 0.4 | —0.66 | 0.511
CPC vs SPC [0.54 4+ 0.4 vs 0.84 +0.2 | —4.43 | 0.000***
MPC vs PC-M | 0.59 £ 0.4 vs 0.59 0.4 | —0.08 | 0.936
MPC vs SPC | 0.59+ 0.4 vs 0.84 £ 0.2 | —3.70 | 0.000***
SF4 PC-M vs SPC | 0.59 + 0.4 vs 0.84 + 0.2 | —3.38 | 0.001 **
PC-Svs CPC |0.32£0.3vs 0.34£0.2|—-0.29 | 0.774
PC-S vs MPC |0.32 4+ 0.3 vs 0.36 = 0.2 | —0.69 | 0.493
PC-S vs PC-M | 0.32 £ 0.3 vs 0.39 £ 0.3 | —1.16 | 0.252
PC-S vs SPC [0.32 4+ 0.3 vs 0.54 + 0.2 | —4.52 | 0.000***
AILF1 CPC vs MPC [0.34 £0.2 vs 0.36 £ 0.2 | —0.44 | 0.662
CPC vs PC-M | 0.34 £ 0.2 vs 0.39 £ 0.3 | —0.96 | 0.341
CPC vs SPC [0.34 0.2 vs 0.54 + 0.2 | —4.74 | 0.000***
MPC vs PC-M | 0.36 £ 0.2 vs 0.39 £ 0.3 | —0.55 | 0.583
MPC vs SPC |0.36 0.2 vs 0.54 £ 0.2 | —4.25 | 0.000***
PC-M vs SPC [0.39 +0.3 vs 0.54 + 0.2 | —3.23 | 0.002**
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Appendix B. Appendix to Shapley-PC

Table B.6: Two-sample, unequal variance t-tests for difference in means for ER graphs with |V| = 50.

Significance levels: 0 "***’0.001 "**’, 0.01 *’, 0.05 "7, 0.1’ > 1. DoF: n, = np = 39.

Type | Metric ‘ Methods Means+Std t ‘ p-value
PC-S vs CPC [ 0.31 £0.4 vs 0.50 +0.4| —2.05 | 0.043*
PC-S vs MPC [0.31 £0.4 vs 0.424+0.4| —1.26 | 0.210
PC-S vs PC-M [ 0.31 0.4 vs 0.81 0.3 | —6.24 | 0.000***
PC-S vs SPC |0.31 0.4 vs 0.98 £ 0.0 | —11.45 | 0.000***
V-F1 CPC vs MPC |0.50£0.4 vs 0.42+0.4| 0.79 |0.429
CPC vs PC-M | 0.50 £ 0.4 vs 0.81 £ 0.3 | —3.53 | 0.001***
CPC vs SPC [0.50+0.4 vs 0.98 +£0.0| —6.95 | 0.000***
MPC vs PC-M [ 0.42 £ 0.4 vs 0.81 0.3 | —4.56 | 0.000***
MPC vs SPC [0.424+0.4 vs 0.98 +£0.0 | —8.56 | 0.000***
ER2 PC-M vs SPC | 0.81 £0.3 vs 0.98 +0.0| —3.13 | 0.003**
PC-S vs CPC [0.25+0.3 vs 0.40+0.4| —2.02 | 0.047*
PC-S vs MPC [ 0.254+0.3 vs 0.35+0.3 | —1.32 | 0.191
PC-S vs PC-M | 0.25 £ 0.3 vs 0.63 0.3 | —5.86 | 0.000***
PC-S vs SPC |0.254+0.3 vs 0.75 £ 0.1 | —10.22 | 0.000***
AHF1 CPC vs MPC |0.40+0.4vs0.35+0.3| 0.70 |0.485
CPC vs PC-M | 0.40 +£ 0.4 vs 0.63 0.3 | —3.21 | 0.002**
CPC vs SPC [0.40+0.4 vs 0.75+0.1| —6.12 | 0.000***
MPC vs PC-M | 0.35 £ 0.3 vs 0.63 + 0.3 | —4.11 | 0.000***
MPC vs SPC [ 0.354+0.3 vs 0.75+ 0.1 | —7.42 | 0.000%**
PC-M vs SPC | 0.63 0.3 vs 0.75+ 0.1 | —2.75 | 0.009**
PC-S vs CPC [0.084+0.2 vs 0.144+0.2| —1.38 [0.172
PC-S vs MPC [0.08 £0.2 vs 0.08 £ 0.2 | —0.06 | 0.954
PC-S vs PC-M | 0.08 £ 0.2 vs 0.124+ 0.3 | —0.88 | 0.380
PC-S vs SPC | 0.08 0.2 vs 0.48 £0.4 | —6.32 | 0.000%**
V-F1 CPC vs MPC | 0.14 £0.2 vs 0.08+0.2| 1.30 [0.198
CPCvs PC-M |0.14+£0.2vs 0.12£0.3| 0.35 |0.731
CPC vs SPC |0.144+0.2 vs 0.48 +£0.4 | —4.86 | 0.000***
MPC vs PC-M | 0.08 £0.2 vs 0.12+ 0.3 | —0.82 | 0.414
MPC vs SPC | 0.08 0.2 vs 0.48 £0.4 | —6.21 | 0.000%**
ER4 PC-M vs SPC [0.12 4+ 0.3 vs 0.48 + 0.4 | —4.96 | 0.000***
PC-S vs CPC [0.044+0.1 vs 0.06 0.1 —1.10 | 0.275
PC-S vs MPC [0.04 0.1 vs 0.04 £0.1 | —0.08 | 0.933
PC-S vs PC-M | 0.04 £ 0.1 vs 0.05 £0.1 | —0.48 | 0.635
PC-S vs SPC [0.044+0.1 vs 0.19+0.2 | —5.63 | 0.000%***
ALF1 CPC vs MPC |0.06 £0.1 vs 0.04+£0.1| 1.00 |0.320
CPC vs PC-M | 0.06 £0.1 vs 0.05+0.1| 0.55 |0.584
CPC vs SPC [0.06 0.1 vs 0.19+0.2| —4.52 | 0.000***
MPC vs PC-M | 0.04 £ 0.1 vs 0.05 +£0.1 | —0.39 | 0.695
MPC vs SPC |0.04 +0.1 vs 0.19 £0.2 | —5.50 | 0.000***
PC-M vs SPC [ 0.05+0.1 vs 0.19+0.2| —4.91 | 0.000***

206



B.1.

Further Details for Experiments

Table B.7: Two-sample, unequal variance t-tests for difference in means for SF graphs with |V| = 50.

Significance levels: 0 "***’0.001 "**’, 0.01 *’, 0.05 "7, 0.1’ > 1. DoF: n, = np = 39.

Type | Metric ‘ Methods ‘ Means+Std ‘ t ‘ p-value
PC-S vs CPC [0.674+0.4 vs 0.58 £0.5| 0.85 |0.397
PC-S vs MPC | 0.67 £0.4 vs 0.57£0.5| 1.03 |0.307
PC-S vs PC-M | 0.67 £ 0.4 vs 0.61 £0.5| 0.56 |0.579
PC-S vs SPC | 0.67 +0.4 vs 1.00 £ 0.0 | —5.30 | 0.000***
V-F1 CPC vs MPC |0.58£0.5vs 0.57+0.5| 0.17 |0.864
CPC vs PC-M | 0.58 £ 0.5 vs 0.61 0.5 | —0.27 | 0.787
CPC vs SPC [0.58 0.5 vs 1.00+ 0.0 | —5.44 | 0.000***
MPC vs PC-M | 0.57 £ 0.5 vs 0.61 £0.5| —0.44 | 0.661
MPC vs SPC | 0.57+0.5 vs 1.00 £ 0.0 | —5.58 | 0.000***
SF2 PC-M vs SPC | 0.61 0.5 vs 1.00+ 0.0 | —5.08 | 0.000***
PC-Svs CPC [0.634+0.4vs0.53+04| 1.07 |0.290
PC-S vs MPC [ 0.63+0.4 vs 0.51 +0.4| 1.29 |0.201
PC-S vs PC-M | 0.63+0.4 vs 0.56 £ 0.4 | 0.75 |0.454
PC-S vs SPC | 0.63 +0.4 vs 0.90 £ 0.0 | —4.58 | 0.000***
AHF1 CPC vs MPC |0.53+£0.4vs 051 £04| 0.21 |0.832
CPC vs PC-M | 0.53£0.4 vs 0.56 £ 0.4 | —0.29 | 0.773
CPC vs SPC |0.53 4+ 0.4 vs 0.90 £ 0.0 | —5.26 | 0.000***
MPC vs PC-M | 0.51 £ 0.4 vs 0.56 £ 0.4 | —0.50 | 0.617
MPC vs SPC |0.51 +0.4 vs 0.90 £0.0 | —5.50 | 0.000***
PC-M vs SPC | 0.56 4 0.4 vs 0.90 + 0.0 | —4.85 | 0.000***
PC-S vs CPC [0.28+0.4 vs 0.46 0.4 | —1.87 | 0.065.
PC-S vs MPC [0.28 +0.4 vs 0.424+0.4| —1.39 | 0.167
PC-S vs PC-M [ 0.28 £ 0.4 vs 0.69 + 0.4 | —4.34 | 0.000***
PC-S vs SPC | 0.28 0.4 vs 0.99 £ 0.0 | —11.16 | 0.000***
V-F1 CPC vs MPC | 0.46 £0.4 vs 0.42+0.4| 0.46 |0.649
CPC vs PC-M | 0.46 + 0.4 vs 0.69 0.4 | —2.28 | 0.025*
CPC vs SPC |0.46 +0.4 vs 0.99 +£ 0.0 | —7.40 | 0.000***
MPC vs PC-M [ 0.42 +£0.4 vs 0.69 + 0.4 | —2.75 | 0.007**
MPC vs SPC |0.424+0.4 vs 0.99 £0.0 | —8.07 | 0.000%**
SF4 PC-M vs SPC [ 0.69 + 0.4 vs 0.99 + 0.0 | —4.42 | 0.000***
PC-S vs CPC [0.254+0.4 vs 0.40 0.4 | —1.80 |0.076.
PC-S vs MPC [ 0.254+0.4 vs 0.36 £ 0.4 | —1.29 | 0.201
PC-S vs PC-M [ 0.25 £ 0.4 vs 0.59 + 0.4 | —4.12 | 0.000***
PC-S vs SPC [0.254+0.4 vs 0.83 +0.1 | —10.12 | 0.000***
ALF1 CPC vs MPC |0.40+04vs0.36 £0.4| 0.50 |0.619
CPC vs PC-M | 0.40 £0.4 vs 0.59 0.4 | —2.15 | 0.034*
CPC vs SPC [0.40+0.4 vs 0.83+0.1| —6.77 | 0.000***
MPC vs PC-M [ 0.36 0.4 vs 0.59 + 0.4 | —2.68 | 0.009**
MPC vs SPC |0.36 0.4 vs 0.83 £0.1 | —7.57 | 0.000%**
PC-M vs SPC [0.59 +0.4 vs 0.83+0.1 | —4.04 | 0.000***
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Appendix B. Appendix to Shapley-PC

Table B.8: ArrowHead Precision and Recall for ERd and SFd graphs of 10 and 50 nodes. d is the
number of edges per node in the true DAG. Bold if significantly different from the runner-up (according
to a t-test, @ = 0.05).

| Method | ER2 ER4 SF2 SF4

o | PC-Stable | 04403  0.16+0.18  0.73+0.25  0.42+0.35

2 CPC | 0.46£0.29  0.16+0.19  0.82+0.14  0.44+0.29

e MPC | 0.45+0.28  0.16+0.19  0.82+0.14  0.47+0.29

s £ PC-Max | 0.55£0.24  0.08+£0.13  0.80+0.23  0.50+0.33
I Shapley-PC | 0.70+0.18 0.29£0.20 0.91+0.11 0.71+0.20
> PC-Stable | 0.3440.26  0.14+0.15  0.62+0.22  0.26:£0.22
= CPC | 0.39£0.25  0.14+0.16  0.68+0.13  0.28+0.19

5 MPC | 0.39+£0.25  0.14+0.16  0.68£0.13  0.30+0.19

= PC-Max | 0.47£0.21  0.07+0.11  0.68+£0.19  0.32+0.22
Shapley-PC | 0.59+0.16 0.22+0.14 0.76+0.08 0.4440.14

o | PC-Stable | 0.29£0.35  0.06+0.13  0.65+0.38  0.27+0.38

2 CPC | 0.46£0.41  0.11+0.18  0.56+0.46  0.44+0.42

E MPC | 0.40£0.39  0.06+0.14  0.53£0.46  0.39+0.42
g £ PC-Max | 0.724£0.31  0.08£0.18  0.58+0.46  0.63+£0.40
I Shapley-PC | 0.86+0.05 0.33+0.25 0.93+0.04 0.89+0.07
> PC-Stable | 0.2240.27  0.03£0.06  0.61£0.36  0.24:£0.33
= CPC | 0.36+0.32  0.044£0.07  0.50£0.42  0.38+0.37

8 MPC | 0.31£0.30  0.03£0.07  0.49+0.43  0.34+0.36

= PC-Max | 0.56£0.25  0.03£0.08  0.54+0.42  0.56+0.36
Shapley-PC | 0.67+0.07 0.144+0.11 0.86:+0.05 0.79+0.08
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B.1. Further Details for Experiments

Table B.9: V-structure Precision and Recall for ERd and SFd graphs of 10 and 50 nodes. d is the
number of edges per node in the true DAG. Bold if significantly different from the runner-up (according
to a t-test, @ = 0.05).

| Method | ER2 ER4 SF2 SF4

o | PC-Stable | 0.464+0.37  0.35+£0.41  0.88+0.27  0.56:£0.45

2 CPC | 0.60+0.36  0.32+0.41  0.96£0.09  0.65:0.42
e MPC | 0.6040.37  0.31£0.40  0.95+0.09  0.68+0.40

s £ PC-Max | 0.72£0.33  0.19+0.39  0.92£0.22  0.65+0.42
] Shapley-PC | 0.85+0.21  0.55+0.47  1.0£0.01  0.86+0.25
> PC-Stable | 0.4840.37  0.27+0.39  0.774£0.30  0.47+0.40
= CPC | 0.60+0.35  0.2540.36  0.84£0.22  0.50:0.36
g MPC | 0.6040.35  0.24+0.37  0.85+0.22  0.56+0.37

= PC-Max | 0.67£0.32  0.09+£0.24  0.88+0.23  0.56+0.39
Shapley-PC | 0.91+0.14 0.35+0.42 0.994+0.04 0.8440.24

o | PC-Stable | 0.3240.38  0.07+£0.16  0.70+0.41  0.31:£0.42

2 CPC | 0.50+£0.44  0.12+021  0.59+£0.49  0.47+0.45

E MPC | 0.42+0.41  0.07+0.16  0.57£0.50  0.42+0.45

g £ PC-Max | 0.80+£0.34  0.12+0.26  0.62+£0.49  0.69+0.43
I Shapley-PC | 0.97+0.04 0.44+0.34  1.0+£0.0  0.98+0.03
> PC-Stable | 0.30£0.36  0.09£0.20  0.64£0.39  0.27+0.38
= CPC | 0.50+0.44  0.18+0.30  0.58+0.48  0.46+0.44
g MPC | 0.42+0.42  0.10£0.23  0.56£0.49  0.4140.44

= PC-Max | 0.82+0.35  0.13+0.29  0.61+0.48  0.68+0.43
Shapley-PC | 0.99+0.02 0.53+0.39  1.0+£0.0  0.99+0.02
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Appendix B. Appendix to Shapley-PC

Table B.10: Structural Interventional Distance (SID, the lower the better) for ERd and SFd graphs of
10 and 50 nodes. d is the number of edges per node in the true DAG. Bold if significantly different
from the runner-up (according to a t-test, a = 0.05).

Method | ER2 ER4 SF2 SF4

_ | PCStable | 42417 7247 14410 37414

& cPC | 39+14 7046 13410 42412

1 MPC | 40413 7046 13410 42412

o 2| PC-Max| 35+11 7149 1147 36414
| Shapley-PC | 29413 65410 744 28412
> | PC-Stable | 59+14 7846 27412 57414
oD CPC | 57411 645 26412 60+14
= MPC | 57410 7645 2%6+11 57415
% PC-Max | 5648 7946 2248 50413
Shapley-PC | 51411 7746 2047 48413

_ | PCStable | 7924196 19064155 189484 3944172

& CPC | 5594168 19044180 128459 308116

1 MPC | 6444156 18804157 119457 3154107

2 a PC-Max | 4944127 16824197 113+57 2164109
f Shapley-PC | 4714140 1569+172 93443 173485
> o | PCStable | 10734254 21104139 263496  484-189
a0 CPC | 9004244 21884110 221474 4264155

T MPC | 95342290 213642120 199464 4194143

g PC-Max | 8034251 20124191 186475 3114147
Shapley-PC | 7924268 1962+172 170454 2724125
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B.1. Further Details for Experiments

Table B.11: Structural Hamming Distance (SHD, the lower the better) for ERd and SFd graphs of 10
and 50 nodes. d is the number of edges per node in the true DAG. Bold if significantly different from

the runner-up (according to a t-test, @ = 0.05).

Nodes ER1 ER2 ER4 SF1 SE2 SF4
10 SHD SHD SHD SHD SHD SHD

PC-Stable | 1.3£1.8  13.0£4.2 354+3.6 | 2.0£1.9 6.5+24 18.5+3.4
CPC | 09+£1.3 12.8+4.1 34.9+3.1 | 1.6£1.5 6.2+24 20.4+3.4

MPC | 0.9£1.3 13.1£4.2 34.843.0 | 1.6+£1.6 6.24+2.3 20.1£3.4
PC-Max | 0.9+1.3 12.0%+3.1 36.7£25 | 1.7£1.6 59423 18.3+3.6
Shapley-PC | 1.1£1.6  10.7£4.1 34.4+£3.5 | 1.6£1.6 4.9+1.8 17.1+3.2

20

PC-Stable | 6.9£4.1  53.3£8.6  188.0£10.8 | 5.5£2.5 17.5£5.9 34.6+13.0
CPC | 4.8+2.3 42.5+£9.9 180.5%£8.7 | 4.5+1.8 14.6+4.0 31.7£11.4

MPC | 4.9+2.5 454484 183.3£12.6 | 4.6+1.8 14.6+4.5 32.6+11.2
PC-Max | 4.842.4 39.5£7.6 178.1£8.5 | 4.7+1.9 13.5£4.0 28.7£13.1
Shapley-PC | 4.9+2.4 38.5+8.1 171.7+£11.0 | 4.7£2.0 13.8+4.7 26.7+11.9
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Figure B.1: ArrowHead F1 scores by proportional sample size (s € {100,500,1000}) for the fully
synthetic data in §5.4.
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Figure B.2: V-structure F1 scores by proportional sample size (s € {100,500,1000}) for the fully
synthetic data in §5.4.
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Further Details for Experiments

Table B.12: Two-sample, unequal variance t-tests for difference in means for Alarm and Insurance

Data. Significance levels: 0 "*** 0.001 ***’, 0.01 **’ 0.05 7 0.1’ 1. DoF: ng, = ny = 9.

Dataset | Metric ‘ Methods ‘ Means+Std ‘ t ‘ p-value
CPC vs MPC [0.53+0.4vs0.24+0.4| 1.75 |0.098.
CPC vs PC-S [0.53+0.4 vs 0.18 0.3 | 2.37 |0.030*
CPC vs PC-M |0.53+£04vs0.24+0.4| 1.73 |0.101
CPC vs SPC [0.53+0.4 vs 0.85+0.1 | —2.67 | 0.024*
V.F1 MPC vs PC-S [0.24 £ 0.4 vs 0.18 £ 0.3 | 0.39 |0.700
MPC vs PC-M | 0.24 £ 0.4 vs 0.24 £ 0.4 | —0.01 | 0.991
MPC vs SPC |0.24 +0.4 vs 0.85 £ 0.1 | —5.04 | 0.001 ***
PC-S vs PC-M [ 0.18 £ 0.3 vs 0.24 £ 0.4 | —0.40 | 0.692
PC-S vs SPC [0.18 +0.3 vs 0.85+ 0.1 | —7.19 | 0.000***
PC-M vs SPC [ 0.24 + 0.4 vs 0.85 + 0.1 | —4.97 | 0.001 ***
Alarm
CPC vs MPC [0.37+0.3 vs 0.16 £0.3 | 1.78 | 0.091.
CPC vs PC-S [0.37£0.3 vs 0.13+0.2| 2.33 |0.032*
CPC vs PC-M |0.37+ 0.3 vs 0.16 £ 0.3 | 1.80 |0.089.
CPC vs SPC [0.37£0.3 vs 0.57+0.0 | —2.38 | 0.041°*
ALLF1 MPC vs PC-S [0.16 £ 0.3 vs 0.134+0.2 | 0.33 |0.743
MPC vs PC-M | 0.16 £0.3 vs 0.16 £ 0.3 | 0.01 |0.994
MPC vs SPC |0.16 0.3 vs 0.57 £ 0.0 | —4.81 | 0.001 ***
PC-S vs PC-M | 0.13 £ 0.2 vs 0.16 £ 0.3 | —0.33 | 0.749
PC-S vs SPC |0.134+0.2 vs 0.57 +£ 0.0 | —6.64 | 0.000***
PC-M vs SPC | 0.16 0.3 vs 0.57 + 0.0 | —4.84 | 0.001 ***
CPC vs MPC [0.05+0.1 vs 0.024+0.1| 0.73 |0.474
CPC vs PC-S |0.05£0.1 vs 0.03£0.1| 0.31 |0.757
CPC vs PC-M | 0.05+£0.1 vs 0.07£0.2 | —0.35 | 0.732
CPC vs SPC [0.05+0.1 vs 0.42 4+ 0.2 | —4.54 | 0.001 ***
V-F1 MPC vs PC-S | 0.02£0.1 vs 0.03+£0.1| —0.34 | 0.736
MPC vs PC-M | 0.02 £ 0.1 vs 0.07 £0.2 | —0.89 | 0.391
MPC vs SPC |0.024+0.1 vs 0.42 £ 0.2 | —5.17 | 0.000***
PC-S vs PC-M | 0.03 £0.1 vs 0.07 £ 0.2 | —0.59 | 0.567
PC-S vs SPC |0.03 4+ 0.1 vs 0.42 +£0.2 | —4.71 | 0.000***
PC-M vs SPC [ 0.07 £0.2 vs 0.42+ 0.2 | —3.83 | 0.001**
Insurance
CPC vs MPC [0.04 +£0.1 vs 0.024+0.1| 0.72 |0.484
CPC vs PC-S |0.04£0.1vs0.02£0.1| 0.59 |0.563
CPC vs PC-M | 0.04 £0.1 vs 0.04 £0.1 | —0.10 | 0.920
CPC vs SPC |0.04 4+0.1 vs 0.21 +£0.1 | —3.78 | 0.002**
ALLF1 MPC vs PC-S [0.02+0.1 vs 0.02+0.1 | —0.11]0.911
MPC vs PC-M | 0.02 £ 0.1 vs 0.04 £ 0.1 | —0.75 | 0.465
MPC vs SPC |0.024+0.1 vs 0.21 £ 0.1 | —4.76 | 0.000***
PC-S vs PC-M [ 0.02 £ 0.1 vs 0.04 £ 0.1 | —0.64 | 0.532
PC-S vs SPC |0.02 4+ 0.1 vs 0.21 £ 0.1 | —4.54 | 0.000***
PC-M vs SPC [ 0.04 £ 0.1 vs 0.21 0.1 | —3.47 | 0.003**
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Table B.13: Two-sample, unequal variance t-tests for difference in means for Ecoli70 and Mehra Data.

Significance levels: 0 ***'0.001 ***’, 0.01 ** 0.05 " 0.1 >’ 1. DoF: n, =ny = 9.

Dataset | Metric ‘ Methods Means+Std t ‘ p-value
CPC vs MPC |0.01 0.0 vs 0.60 + 0.1 | —19.57 | 0.000***
CPC vs PC-S | 0.01 £0.0 vs 0.29 +0.2 | —3.93 | 0.003**
CPC vs PC-M | 0.01 +£0.0 vs 0.72 £ 0.3 | —7.88 | 0.000***
CPC vs SPC |0.01 0.0 vs 0.89 + 0.1 | —23.53 | 0.000***
V-F1 MPC vs PC-S [ 0.60 £0.1 vs 0.29+0.2| 3.88 |0.002**
MPC vs PC-M | 0.60 0.1 vs 0.724+0.3 | —1.33 | 0.210
MPC vs SPC |0.60 +0.1 vs 0.89 £ 0.1 | —6.19 | 0.000***
PC-S vs PC-M [ 0.29 £ 0.2 vs 0.72+ 0.3 | —3.72 | 0.002**
PC-S vs SPC [0.294+0.2 vs 0.89 £ 0.1 | —7.39 | 0.000***
. PC-M vs SPC [0.72+0.3 vs 0.89 £0.1 | —1.74 | 0.108
Ecoli70
CPC vs MPC |0.01 0.0 vs 0.55 + 0.1 | —27.65 | 0.000***
CPC vs PC-S [0.01 £0.0 vs 0.32+0.2| —4.27 | 0.002**
CPC vs PC-M | 0.01 +£0.0 vs 0.60 0.2 | —8.52 | 0.000***
CPC vs SPC [0.01 £0.0 vs 0.73 0.1 | —28.17 | 0.000***
ALLF1 MPC vs PC-S [0.55+0.1 vs 0.32+0.2| 3.12 |0.011*
MPC vs PC-M | 0.55 + 0.1 vs 0.60 0.2 | —0.68 |0.510
MPC vs SPC |0.55+0.1 vs 0.73 £ 0.1 | —5.64 | 0.000%**
PC-S vs PC-M | 0.32 £0.2 vs 0.60 0.2 | —2.82 | 0.011*
PC-S vs SPC [0.324+0.2 vs 0.73+0.1 | —5.42 | 0.000***
PC-M vs SPC | 0.60 £0.2 vs 0.73£ 0.1 | —1.80 | 0.099.
CPC vs MPC [0.45+04vs0.26+04| 1.04 |0.311
CPC vs PC-S [0.45+0.4vs 0.01+0.0| 3.49 |0.007**
CPCvs PC-M |045+£0.4vs0.28+£0.5| 091 |0.377
CPC vs SPC |0.45£0.4vs 0.76 £0.3| —1.98 | 0.065.
V-F1 MPC vs PC-S | 0.26 £0.4 vs 0.01 £0.0| 1.88 |0.092.
MPC vs PC-M | 0.26 0.4 vs 0.28 0.5 | —0.10 [ 0.925
MPC vs SPC [0.26 +0.4 vs 0.76 £ 0.3 | —3.10 | 0.007**
PC-S vs PC-M | 0.01 £0.0 vs 0.28 £ 0.5 | —1.89 | 0.091.
PC-S vs SPC [0.01 0.0 vs 0.76 £ 0.3 | —8.30 | 0.000***
PC-M vs SPC [0.28 £0.5 vs 0.76 + 0.3 | —2.85 | 0.012*
Mehra
CPC vs MPC [0.27+0.2vs 0.144+0.2| 1.24 [0.230
CPC vs PC-S [0.27+£0.2 vs 0.01 +0.0| 3.49 |0.007**
CPCvs PC-M |0.27+0.2vs 0.15£0.2| 1.18 |0.253
CPCvs SPC |0.27+0.2vs 0.41+£0.2| —1.45 |0.166
ALLF1 MPC vs PC-S [0.14 +£0.2 vs 0.01 £0.0| 1.82 |0.101.
MPC vs PC-M | 0.14 £ 0.2 vs 0.15+£ 0.2 | —0.04 |0.965
MPC vs SPC |0.14 +0.2 vs 0.41 £0.2 | —2.99 | 0.009**
PC-S vs PC-M | 0.01 £0.0 vs 0.15£ 0.2 | —1.83 | 0.100.
PC-S vs SPC |0.01 £0.0 vs 0.41 +£0.2 | —8.24 | 0.000***
PC-M vs SPC [0.15+0.2 vs 0.41 +£0.2 | —2.87 | 0.011*
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Figure B.3: V-structure F1 for the datasets in Fig. 5.1 in the main text.
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Figure B.4: SHD, the lower the better, for the datasets in Fig. 5.1 in the main text.
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Figure B.5: Normalised SID, the lower the better, for the datasets in Fig. 5.1 in the main text.
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Figure B.6: ArrowHead F1 for additional datasets in the bnlearn repository.
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Figure B.7: V-structure F1 for additional datasets in the bnlearn repository.
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Appendix C

Appendix to Causal ABA

C.1 Further Details for Experiments

We provide an implementation of ABA-PC using clingo (Gebser et al., 2019) version 5.6.2 and
python 3.10. The code is available at the following repository: https://github.com/briziorusso/
ArgCausalDisco. In the repository, we also made available the code to reproduce all experiments and
we saved all the plots, presented herein and in the main text, in HTML format. Downloading and

opening them in a browser allows the inspection of all the numbers behind the plots interactively.

Hyperparameters We used default parameters for all the methods. For MPC, Shapley-PC and
ABAPC (ours) we used Fisher Z test (Fisher, 1970), as implemented in causal-learn, with significance

threshold o = 0.05.
C.1.1 Pseudo-real Data

For our empirical evaluation (see §6.4), we used four datasets from the bnlearn repository. Specifically,
we use the Asia, Cancer, Earthquake and Survey datasets, as reported in Table C.1, which represent
problems of decision-making in the medical, law and policy domains. The datasets are from the small
categories with number of nodes varying from 5 to 8. Details on the number of nodes, edges and
density of the DAGs underlying the BNs, together with links to a more detailed description on the
bnlearn repository can be found in Table C.1.

Having downloaded all the .bif files from the repository, we load the BNand the associated
conditional probability tables and sample 5000 observations with 50 different seeds to measure variance
and confidence intervals. We also run all the experiments shown with 2000 samples and resulted in

analogous results, hence omitted.
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C.1. Further Details for Experiments

Table C.1: Details of dataset from bnlearn.

Dataset Name ‘ IN| |E| |E|/|IN]

CANCER | 5 4 0.8
EARTHQUAKE | 5 4 0.8
SURVEY | 6 6 1
ASTA | 8 8 1

C.1.2 Evaluation Metrics

We evaluated the estimated graphs with five commonly used metrics in causal discovery (as in e.g.

(Colombo and Maathuis, 2014; Lachapelle et al., 2020; Ramsey et al., 2017; Zheng et al., 2020)):

o Structural Intervention Distance (SID)

Structural Hamming Distance (SHD) = E + M + R
o Precision = TP/(TP + FP)

e Recall = TP/(TP + FN)

o F1 = 2xPrecision*Recall/(Precision+Recall)

The Structural Intervention Distance (SID), introduced by (Peters and Bithlmann, 2015), evaluates
how well an estimated causal graph aligns with a ground-truth graph in terms of interventional
distributions. SID measures the potential errors in causal inference arising from inaccuracies in the
estimated graph, effectively treating these errors as downstream task failures caused by mistakes in the

pre-processing step.

Definition C.1.1 (SID (Peters and Bithlmann, 2015)). Let G be the space of DAGs over d variables.

Structural Intervention Distance is defined as

SID:GxG—N, (G,H)— #{(i,7),i# j | the intervention distribution from i to j

is falsely inferred by H with respect to G}

SID counts discrepancies at the level of intervention effects rather than edges. A single edge
misrepresentation in the graph can result in multiple incorrect interventional implications due to the
transitive nature of causal relationships. For example, an erroneous edge may propagate its effects

across downstream nodes, leading to several falsely inferred intervention distributions. As defined,
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SID does not satisfy all properties of a metric, particularly it is not symmetric. However, Peters and

Bithlmann (2015) show that it is a (pre-)metric, and can be simmetrised.

In contrast, the Structural Hamming Distance (SHD) is a graphical metric that quantifies dis-
crepancies between an estimated directed graph and the true graph by counting the number of edge
insertions, deletions, and reversals needed to transform one into the other. Specifically, SHD consists
of three components: Extra (E), representing superfluous edges; Missing (M), denoting edges absent in
the estimated graph’s skeleton; and Reversed (R), capturing edges with incorrect orientations. A lower

SHD indicates a more accurate causal graph.

While SHD focuses on the correctness of individual edges, SID assesses the ability of a graph to
predict the effects of interventions. Since interventional distributions can often be estimated using only
the causal ordering (Biithlmann et al., 2014), SID is less sensitive to arbitrary choices in edge-pruning
procedures or thresholds. Intuitively, SID prioritises the causal order, whereas SHD prioritises the

accuracy of individual edges.

Precision and Recall measure the proportion of correct orientations based on the estimated graph
and the true one, respectively. In the formulae, True Positive (TP) is the number of estimated edges
with correct direction; False Positive (FP) is an edge which is not in the skeleton of the true graph.
True Negative (TN) and False Negative (FN) are edges that are not in the true graph and correctly
(resp, incorrectly) removed from the estimated graph. Finally, F1 score is the harmonic mean of

precision and recall.

We carried out the evaluation in the main text on CPDAGs. As discussed in §2.1, CPDAGs represent
Markov Equivalence Classes. MECs are all that can be inferred from a given set of independence
relations, since multiple DAGs can entail the same set of independencies. Both our method and
NOTEARS-MLP output DAGs rather than CPDAGs (which are the output of the other two baselines
used, FGS and Shapley-PC). For the methods returning DAGs, we first transform the DAG to a CPDAG
(isolating skeleton and v-structures) and then calculate the metrics presented above. Evaluation on

DAGs is provided in §C.1.3 for completeness.

C.1.3 Additional Results

Here we provide results that complement the ones in §6.4 in the main text. Specifically, we evaluate

our method based on SHD, F1 score, Precision and Recall (see §C.1.2 for details).
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Figure C.1: Normalised Structural Interventional Distance (NSID) for four datasets from the bnlearn
repository. Lower values are better. Low (resp. High) represents the SID for the best (resp. worst)
DAG within the estimated CPDAGs.
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Figure C.2: Mean and standard deviation of elapsed time (log scale) by the number of nodes, averaged
over 50 runs.

Additional Baselines

In Figure C.1 we show the results of the SID metric for the additional baselines. Specifically, we add
MPC and ASPCR to the comparison. These were excluded from the main text because the results are
not significantly different from the other baselines. It is still interesting to compare the performance of
our method with these two additional baselines as MPC is the closest method to Shapley-PC, and
ASPCR uses as well ASP. Note that the results for ASPCR are missing since the method is not able
to handle the datasets with more than 6 nodes. In Figure C.2 we show the runtime comparison of the
additional baselines. We can see that MPC has runtime comparable to Shapley-PC, while ASPCR is

significantly slower and can only process datasets with up to 6 nodes.
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Figure C.3: Normalised Structural Hamming Distance (SHD, left y-axis) and F1 score (right y-axis)
for the estimated CPDAGs for four datasets in the bnlearn repository. Lower is better for NSHD and
higher is better for F1.

Additional Metrics

Additionally, to the results shown in Figure 6.3 in the main text, we evaluate our proposed method
with four other metrics commonly used in Causal Discovery: SHD, F1 (Figure C.3), Precision and
Recall (Figure C.4). Furthermore, we show the average size of the estimated CPDAGs in (Figure C.5).
From Figure C.3, we can see that, according to Normalised SHD, ABA-PC is the best method for the
Earthquake dataset and not significantly different from MPC (ranking first) for the other datasets.
In terms of F1 score, ABA-PC is significantly better than all baselines for the Earthquake and Asia
datasets, on par with all the others for Cancer and ranking second, after MPC, for the Survey dataset.
Precision and Recall provide a breakdown of the F1 score (which is their harmonic mean), hence
follows similar patterns. From the estimated graph size (the number of edges in the estimated graph)
in Figure C.5 we can observe that ABA-PC is generally in line with the true graph size, apart from

the Survey dataset for which some of the edges are missed.

DAGs Evaluation

In the main text, we evaluated our method based on the estimated CPDAG compared to the ground
truth one. Here, for completeness, we report results based on DAGs. Indeed, both our method and
NOTEARS-MLP have DAGs in output. Note that this evaluation penalises the methods outputting

CPDAGSs. In transforming CPDAGs to DAGs, we had to only select the directed arrows in order to
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Figure C.4: Precision (left y-axis) and Recall (right y-axis) for the estimated CPDAGs for four datasets
in the bnlearn repository. Higher is better for both metrics.

extract DAGs from the output CPDAGs (see Figure C.5 and C.6 for the average size of the estimated
CPDAGs and DAGs, respectively).

We report the evaluation of DAGs in Figure C.7 (NSID and NSHD) and Figure C.8 (Precision
and Recall). The plot of the F1 score is provided in our repository both as image and interactive files.
According to NSHD, we can see that ABA-PC performs significantly better than all baselines on two
out of the four datasets (Survey and Survey). For the Earthquake and Asia datasets ABA-PC is on
par with MPC and significantly better than the other baselines. According to NSID, ABA-PC is not
significantly different from MPC, ranking 1%¢ for the Earthquake and Asia datasets, and in line with
all other baselines for the other two datasets. According to precision and recall, ABAPC is better
than MPC for three out of the four datasets when evaluating on recall, while maintaining the same
precision, again, three out of four times. For the Asia dataset ABAPC trades some precision for a

significantly higher recall.

C.1.4 Statistical Tests

Here we present details of the statistical tests used to measure the significance of the difference in the
results presented in Figure 6.3 in the main text. In tables C.2, C.3, C.4 and C.5 we provide t-statistics
and p-values for the Cancer, Earthquake, Survey and Asia datasets, respectively. In each table we
present pairwise comparisons of means (shown in brakets together with standard deviations), for the

best and worst case SID (High and Low, resp.) presented in Figure 6.3 of the main text.
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“ True Graph Size ® FGS = NOTEARS-MLP = MPC ® ASPCR ® SPC (Ours) ® ABAPC (Ours)
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Figure C.5: Number of edges in the estimated CPDAGs compared to ground truth.
10 “ True Graph Size ® FGS = NOTEARS-MLP = MPC ® ASPCR ® SPC (Ours) ® ABAPC (Ours)
8
o
2
s 6
)
o
|53}
G
4
3
|
z
| i
0 ++ . +
Dataset: CANCER EARTHQUAKE SURVEY ASIA

[VI=5, [El=4 [VI=5, [E[=4 [VI=6. [E|=6 [VI=8, [E|=8

Figure C.6: Number of edges in the estimated DAGs compared to ground truth.
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C.1. Further Details for Experiments

“ Random ®= FGS = NOTEARS-MLP = MPC ® ASPCR ® SPC (Ours) ® ABAPC (Ours)
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Figure C.7: Normalised Structural Hamming Distance (SHD, left y-axis) and Structural Intervention

Distance (SID, right y-axis) for the estimated DAGs for four datasets in the bnlearn repository. Lower
is better for both metrics.

“ Random ® FGS = NOTEARS-MLP = MPC ®= ASPCR = SPC (Ours) ® ABAPC (Ours)
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Figure C.8: Precision (left y-axis) and Recall (right y-axis) for the estimated DAGs for four datasets
in the bnlearn repository. Higher is better for both metrics.
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Table C.2: Two-sample, unequal variance t-tests for difference in means for Cancer dataset.

Significance levels: 0 ***’0.001 "**’, 0.01 *** 0.05 > 0.1 *’ 1.

Metric Methods Means+Std t p-value
APC vs ASPCR | 98+22vs6.8+34 5.247 | 0.000***
APC vs FGS 9.8+22vs6.3+1.9 8.722 | 0.000***
APC vs MPC 9.8+2.2vs39+1.8 | 14.833 | 0.000%**
APC vs NT 9.8+22vs93+1.6 1.476 |0.144
APC vs RND 9.8+22vs7.9+3.6 3.169 |0.002**
APC vs SPC 9.8+22vs3.9+1.8 | 14.833 |0.000***
ASPCR vs FGS | 6.8+£3.4vs6.3£1.9 0.976 |0.332
ASPCR vs MPC| 6.8+34vs39+1.8 5.360 | 0.000%**
ASPCR vs NT | 6.8+34vs9.3+1.6 | —4.621 |0.000%**
NSID ASPCR vs RND | 6.84+34vs7.9+3.6 | —1.586 |0.116
(low) ASPCR vs SPC | 6.8+34vs39+1.8 5.360 | 0.000%***
FGS vs MPC 6.3+19vs39+138 6.503 | 0.000***
FGS vs NT 6.3+1.9vs9.3+1.6 | —8.706 | 0.000%**
FGS vs RND 6.3+1.9vs7.9+3.6 | —2.871 |0.005**
FGS vs SPC 6.3+19vs3.9+18 6.503 | 0.000***
MPC vs NT 3.9+ 1.8vs9.3+1.6 | —16.024 | 0.000%**
MPC vs RND 39+1.8vs 7.9+3.6 | —7.078 | 0.000%**
MPC vs SPC 39+18vs3.9+18 0.000 | 1.000
NT vs RND 93+1.6vs79+3.6 2.401 |0.019*
NT vs SPC 9.3+1.6 vs3.9+1.8 | 16.024 | 0.000%**
RND vs SPC 794+3.6vs3.9£1.38 7.078 | 0.000%***
APC vs ASPCR | 11.0 + 2.1 vs 12.7 £ 2.7 | —3.521 | 0.001***
APC vs FGS |11.0+£2.1 vs 16.3 +1.9 | —13.231 | 0.000***
APC vs MPC [11.0+2.1 vs 13.9+ 1.8 —7.315 | 0.000***
APC vs NT 11.0+2.1vs 10.24+0.4| 2.794 |0.007**
APC vs RND |11.04+2.1 vs 14.0+3.0 | —5.801 | 0.000***
APCvs SPC |11.0+2.1 vs 13.94+1.8| —7.315 | 0.000***
ASPCR vs FGS |12.74+2.7 vs 16.3+ 1.9 | —7.651 | 0.000***
ASPCR vs MPC | 12.7 +2.7 vs 13.9 + 1.8 | —2.523 | 0.013*
ASPCR vs NT |12.7+2.7vs10.24+0.4| 6.584 |0.000***
NSID ASPCR vs RND | 12.7 £ 2.7 vs 14.0+ 3.0 | —2.300 |0.024*
(high) ASPCR vs SPC [12.7+2.7vs 13.9+ 1.8 | —2.523 | 0.013*
FGS vs MPC | 16.3+1.9vs 13.9+1.8| 6.503 | 0.000***
FGS vs NT 16.3+1.9 vs 10.2 £ 0.4 | 22.465 | 0.000***
FGS vs RND |16.34+1.9 vs 14.0+3.0| 4.442 |0.000%**
FGSvs SPC  |16.3+£1.9vs 13.94+1.8| 6.503 |0.000***
MPC vs NT |13.9+1.8 vs 10.24+0.4| 14.130 |0.000***
MPC vs RND [13.94+1.8 vs 14.0+3.0| —0.321 |0.749
MPC vs SPC | 13.9+1.8 vs 13.94+1.8| 0.000 |1.000
NT vs RND 10.2+0.4 vs 14.0 £ 3.0 | —8.934 | 0.000***
NT vs SPC 10.2+0.4 vs 13.9 + 1.8 | —14.130 | 0.000***
RND vs SPC | 14.04+3.0 vs 1394+ 1.8 | 0.321 |0.749
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Table C.3: Two-sample, unequal variance t-tests for difference in means for Earthquake dataset.

Significance levels: 0 ***’0.001 "**’, 0.01 *** 0.05 > 0.1 *’ 1.

Metric Methods Means+Std t p-value
APC vs ASPCR | 0.0£0.0 vs 11.6 2.5 | —33.074 | 0.000***
APC vs FGS 0.0+0.0vs4.6+1.4 |—23.742|0.000***
APC vs MPC 0.0+ 0.0 vs 5.0£0.0 —oo | 0.000***
APC vs NT 0.0+0.0vs4.6+3.3 | —9.741 | 0.000***
APC vs RND 0.0+£0.0 vs 7.9 £2.9 | —19.347 | 0.000***
APC vs SPC 0.0+ 0.0 vs 5.0£0.0 —oo | 0.000%**
ASPCR vs FGS | 11.6 £2.5 vs 4.6 = 1.4 | 17.470 | 0.000***
ASPCR vs MPC | 11.6 £2.5 vs 5.0 £ 0.0 | 18.818 | 0.000***
ASPCR vs NT | 11.6 +2.5 vs 4.6 £3.3 | 12.036 | 0.000***
NSID ASPCR vs RND | 11.6 +2.5vs 7.9+2.9 | 6.921 |0.000***
(low) ASPCR vs SPC | 11.6 £2.5 vs 5.0+ 0.0 | 18.818 | 0.000***
FGS vs MPC 4.6+1.4vs50+0.0 | —2.065 |0.044*
FGS vs NT 46+1.4vs4.6+3.3 0.079 |0.937
FGS vs RND 46+1.4vs7.94+29 | —7.272 |0.000%**
FGS vs SPC 4.6+1.4vs504+0.0 | —2.065 |0.044*
MPC vs NT 5.0+ 0.0 vs 4.6 £3.3 0.940 |0.352
MPC vs RND 50+0.0vs 7.9+2.9 | —7.071 | 0.000***
MPC vs SPC 5.0+ 0.0 vs 5.0£0.0 NaN NaN
NT vs RND 46+33vs7.9+29 | —5.351 |0.000%***
NT vs SPC 4.6+3.3vs50+0.0 | —0.940 |0.352
RND vs SPC 7.9+29vs50+0.0 7.071 | 0.000%***
APC vs ASPCR | 9.3 +£4.5 vs 181 +2.2 | —12.373 | 0.000***
APC vs FGS 9.3+4.5vs15.0+0.5 | —8.796 | 0.000***
APC vs MPC | 9.3 +£4.5vs 15.0+0.0 | —8.847 | 0.000***
APC vs NT 9.3+4.5vs13.5+4.0 | —4.812 | 0.000***
APC vs RND | 9.3+4.5vs 13.9+3.5 | —5.649 | 0.000***
APC vs SPC 9.3+4.5vs15.0+0.0 | —8.847 | 0.000***
ASPCR vs FGS |18.1 +£2.2 vs 15.0+0.5| 9.894 | 0.000%**
ASPCR vs MPC | 18.1 2.2 vs 15.0 £ 0.0 | 10.138 | 0.000***
ASPCR vs NT |18.1+2.2vs13.5+4.0| 7.187 |0.000***
NSID ASPCR vs RND [ 18.1 £2.2 vs 13.9+3.5| 7.356 |0.000***
(high) ASPCR vs SPC | 18.1 +£2.2 vs 15.0 £ 0.0 | 10.138 | 0.000***
FGS vs MPC |15.0£0.5vs 15.0£0.0| 0.000 |1.000
FGS vs NT 15.0+0.5vs 13.5+4.0| 2.669 |0.010*
FGS vs RND |15.0+0.5vs 13.9+3.5| 2.266 |0.028*
FGS vs SPC | 15.0+£0.5vs 15.0£0.0| 0.000 |1.000
MPC vs NT | 15.0£0.0 vs 13.5+4.0| 2.689 |0.010**
MPC vs RND [15.0+0.0 vs 13.9+3.5| 2.289 |[0.026*
MPC vs SPC | 15.0+0.0 vs 15.0£0.0| NaN NaN
NT vs RND 13.5+4.0vs 13.9+3.5| —0.558 [0.578
NT vs SPC 13.5+4.0 vs 15.0 £ 0.0 | —2.689 | 0.010**
RND vs SPC | 13.9+3.5vs 15.0+0.0| —2.289 [0.026*
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Table C.4: Two-sample, unequal variance t-tests for difference in means for Survey dataset.

Significance levels: 0 ***’0.001 "**’, 0.01 *** 0.05 > 0.1 *’ 1.

Metric Methods Means+Std t p-value
APC vs ASPCR | 14.2+3.6 vs 11.5 £2.7| 4.211 |0.000***
APCvs FGS |14.2+3.6 vs 13.7+3.2| 0.819 |0.415
APC vs MPC | 14.24+3.6 vs 5.1 +£3.4 | 12.854 | 0.000***
APC vs NT 14.24+3.6 vs 17.0 £ 0.0 | —5.386 | 0.000***
APCvs RND |14.24+3.6 vs 13.1+4.2| 1.405 |0.163
APC vs SPC 142+ 3.6 vs 5.1 £3.4 | 12.854 | 0.000***
ASPCR vs FGS | 11.5 £2.7 vs 13.7 £ 3.2 | —3.640 | 0.000***
ASPCR vs MPC | 11.5+2.7 vs 5.1 +£3.4 | 10.387 | 0.000%**
ASPCR vs NT |11.5+2.7 vs 17.0 + 0.0 | —14.405 | 0.000***
NSID ASPCR vs RND | 11.5 £2.7 vs 13.1 £4.2 | —2.284 | 0.025*
(low) ASPCR vs SPC | 11.5£2.7 vs 5.1 +3.4 | 10.387 | 0.000***
FGS vs MPC 13.7+3.2 vs 5.1 £3.4 | 12.940 | 0.000***
FGS vs NT 13.7+3.2vs 17.0+£ 0.0 | —7.450 | 0.000***
FGSvs RND |13.74+3.2vs 13.1£4.2| 0.730 |0.467
FGS vs SPC 13.7+3.2vs 5.1 £3.4 | 12.940 | 0.000***
MPC vs NT 5.14+3.4vs 17.0 £ 0.0 | —24.593 | 0.000***
MPC vs RND | 5.1 4+3.4 vs 13.1 £4.2 | —10.490 | 0.000***
MPC vs SPC 51+34vs51+34 0.000 | 1.000
NT vs RND 17.0+£0.0 vs 13.1 £4.2| 6.595 | 0.000***
NT vs SPC 17.0£0.0 vs 5.1 3.4 | 24.593 | 0.000***
RND vs SPC 13.1+4.2 vs 5.1 £3.4 | 10.490 | 0.000***
APC vs ASPCR | 16.4 + 2.8 vs 18.9 2.4 | —4.797 | 0.000***
APC vs FGS | 16.4+28 vs 20.7+3.5| —6.764 | 0.000***
APC vs MPC | 16.4+2.8 vs 20.1 4.4 | —5.065 | 0.000***
APC vs NT 16,4+ 28 vs 17.0+£ 0.0 | —1.481 [0.145
APC vs RND |16.4+2.8 vs 22.4+4.4| —8.092 | 0.000***
APC vs SPC | 16.4+2.8 vs 20.1 4.4 | —5.065 | 0.000***
ASPCR vs FGS | 18.9 +2.4 vs 20.7 + 3.5 | —2.910 | 0.005**
ASPCR vs MPC | 18.9 +2.4 vs 20.1 +4.4| —1.700 |0.093.
ASPCR vs NT [18.9+24 vs 17.04+0.0| 5.587 |0.000***
NSID ASPCR vs RND [ 18.9 2.4 vs 22.4 +4.4| —4.848 | 0.000***
(high) ASPCR vs SPC | 18.9+2.4 vs 20.1 £4.4| —1.700 |0.093.
FGS vs MPC | 20.7+£3.5vs20.1£4.4| 0.686 |0.494
FGS vs NT 20.7+3.5vs 17.0£0.0| 7.480 |0.000%***
FGS vs RND |20.7+3.5vs224+44| —2.151 [0.034*
FGS vs SPC  |20.7£3.5vs20.1+4.4| 0.686 |0.494
MPC vs NT |20.1+4.4vs17.04+0.0| 5.060 |0.000***
MPC vs RND [20.1 £4.4vs224+44| —2.560 |0.012*
MPC vs SPC | 20.1+4.4 vs 20.1 £4.4| 0.000 |1.000
NT vs RND 17.0+0.0 vs 22.4 +4.4 | —8.633 | 0.000***
NT vs SPC 17.0 £ 0.0 vs 20.1 +=4.4 | —5.060 | 0.000***
RND vs SPC | 22.4+4.4vs20.1+44| 2560 |[0.012*
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Table C.5: Two-sample, unequal variance t-tests for difference in means for Asia dataset.

Significance levels: 0 ***'0.001 ***’, 0.01 ** 0.05 " 0.1 *’ 1.

Metric‘ Methods Means+tStd t ‘ p-value
APC vs FGS | 11.7+6.8 vs 32.3 £5.0 | —17.164 | 0.000***
APC vs MPC [ 11.7+6.8 vs 15.2 £ 5.6 | —2.828 | 0.006**
APC vs NT [11.7+6.8 vs 16.5 +4.2| —4.243 | 0.000***
APC vs RND | 11.7 £ 6.8 vs 25.0 + 7.0 | —9.622 | 0.000***
APC vs SPC |11.7+6.8 vs 15.2 £ 5.6 | —2.828 | 0.006**
FGS vs MPC |32.3+5.0 vs 15.2£5.6| 15.960 |0.000%***
SID FGS vs NT [32.3+5.0vs 16.5+4.2| 16.895 |0.000***
(low) FGS vs RND |32.3+£5.0 vs 25.04+7.0| 5.970 |0.000***
FGS vs SPC [32.3+5.0 vs 15.2£5.6| 15.960 |0.000%***
MPC vs NT |15.24+5.6 vs 16.5 +4.2| —1.290 | 0.200
MPC vs RND | 15.2+ 5.6 vs 25.0 = 7.0 | —7.690 | 0.000***
MPC vs SPC | 15.2£5.6 vs 15.2£ 5.6 | 0.000 |1.000
NT vs RND |16.5+4.2 vs 25.0 £ 7.0 | —7.322 | 0.000***
NT vs SPC |16.5+4.2 vs 15.2+5.6| 1.290 |0.200
RND vs SPC |25.0 £ 7.0 vs 15.24+5.6 | 7.690 |0.000***
APC vs FGS 335+ 7.9 vs 41.7 £ 2.8 | —6.883 | 0.000***
APC vs MPC [ 33.5+7.9 vs 41.0 £ 3.8 | —6.046 | 0.000***
APC vs NT [33.5+£7.9vs41.1+5.0| —5.739 | 0.000***
APC vs RND |33.5+7.9 vs 37.2+6.1 | —2.633 | 0.010**
APC vs SPC [33.5£7.9 vs 41.0 £3.8 | —6.046 | 0.000***
FGS vs MPC [41.74+2.8 vs 41.0 £ 3.8 | 1.023 |0.309
SID FGS vs NT [41.7+2.8 vs41.1+5.0| 0.745 |0.458
(high) FGS vs RND [41.7+2.8 vs 37.2+6.1| 4.702 |0.000***
FGS vs SPC |41.7+2.8 vs 41.0£3.8| 1.023 |0.309
MPC vs NT |41.0+3.8 vs 41.1 +£5.0| —0.091 | 0.928
MPC vs RND | 41.0 £3.8 vs 37.2 4+ 6.1 | 3.732 |0.000***
MPC vs SPC [41.0£3.8 vs 41.0 £ 3.8 | 0.000 |1.000
NT vs RND [41.14+5.0vs 37.2+6.1| 3.478 |0.001%**
NT vs SPC |41.1+5.0 vs 41.0+3.8| 0.091 |0.928
RND vs SPC | 37.2£6.1 vs 41.0 & 3.8 | —3.732 | 0.000***
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