Biometrika (2024), 111, 3, pp. 989-1011 https://doi.org/10.1093/biomet/asad065
Advance Access publication 2 November 2023

On inference in high-dimensional logistic regression models
with separated data

By R. M. LEWIS*™ anD H. S. BATTEY

Department of Mathematics, Imperial College London,
South Kensington Campus, London SW72AZ, UK.
rebecca.lewisl S@imperial.ac.uk  h.battey@imperial.ac.uk

SUMMARY

Direct use of the likelihood function typically produces severely biased estimates when the
dimension of the parameter vector is large relative to the effective sample size. With linearly
separable data generated from a logistic regression model, the loglikelihood function asymp-
totes and the maximum likelihood estimator does not exist. We show that an exact analysis
for each regression coefficient produces half-infinite confidence sets for some parameters
when the data are separable. Such conclusions are not vacuous, but an honest portrayal of
the limitations of the data. Finite confidence sets are only achievable when additional, per-
haps implicit, assumptions are made. Under a notional double-asymptotic regime in which
the dimension of the logistic coefficient vector increases with the sample size, the present
paper considers the implications of enforcing a natural constraint on the vector of logistic
transformed probabilities. We derive a relationship between the logistic coefficients and a
notional parameter obtained as a probability limit of an ordinary least-squares estimator.
The latter exists even when the data are separable. Consistency is ascertained under weak
conditions on the design matrix.

Some key words: Binary response; Complete and quasi-complete separation; Conditioning; Regression; Suffi-
ciency.

1. INTRODUCTION

1.1. Background

The analysis of binary response data commonly assumes a logistic regression model for
which the distribution of response variables Y1,..., Y, is

x?ﬁ*
pr(Yi=D)= ————, pr(¥;=-D)=1-pr(Yi=1), (1)
14+e%iP

for some unknown parameter 8* € R? and covariates xi,...,x, € R, treated as fixed.
This was proposed by Cox (1958) and is the unique model for binary data yielding the
same simple sufficient statistics for the regression coefficients as in a normal-theory linear
model. His exact conditional inference based on combinatorial calculations evades maxi-
mum likelihood fitting and simultaneously achieves relevance and elimination of nuisance
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parameters. See Chapter 4 of Cox (1970) or Mehta & Patel (1995) for a more explicit and
general exposition than that of Cox (1958).

Motivated by high-dimensional models arising in modern scientific applications, notably
genomics, there has been increased interest in theoretical treatments that allow for a notional
double asymptotic regime p,n — oo. Even prior to the genomics applications, this setting
interested Bartlett (1936, 1937), who used it to illustrate serious difficulties with maximum-
likelihood-based approaches and advantages of using marginal and conditional likelihood,
when available. The approach of Cox (1958) is in this vein. It has some practical limitations,
notably a possible degeneracy when covariates are continuous, and also the computational
difficulty associated with the combinatorial quantities involved; see § 3.1.

Perhaps for these reasons, the exact conditional analysis is not widely used. Instead, the
prevailing approach to inference in logistic regression models, and more generally, is based
on maximum likelihood estimation and asymptotic calculations local to the null hypothesis,
following Wald (1950). It is well known that the resulting estimates and confidence intervals
are asymptotically calibrated when p is fixed and 7 is large. However, there exist both practi-
cal and theoretical difficulties with this approach, particularly in high-dimensional regimes.
The first is that the maximum likelihood estimator does not exist if and only if the data
can be separated, that is, whenever the outcome-covariate pairs (yl,x{)T, vees Oy x))T are
such that y;x]B > 0 for all i and some nonzero 8 € R? (Albert & Anderson, 1984). For
centred Gaussian covariates, Candés & Sur (2020) derived the limiting probability that the
data can be separated in terms of the relative dimension p/n — « and a function of the
signal strength. This probability converges to one when « exceeds a threshold, illustrating
the difficulties encountered in high-dimensional regimes.

Issues are also encountered when the maximum likelihood estimator exists. In the same
limiting setting p,n — oo with p/n — « > 0, Sur & Candés (2019) showed that the maxi-
mum likelihood estimator can be severely biased when the design matrix is treated as random
with independent and identically distributed entries. They further showed that standard
error estimates based on fixed-p maximum likelihood theory underestimate the true vari-
ability, and that the X12 limiting approximation to the distribution of the likelihood ratio test
statistic is poor. Related work is due to Zhao et al. (2023), who obtained similar results for
Gaussian designs with arbitrary covariance structures. Similar ideas have been explored in
more general models by Coolen et al. (2020), who sought to correct the average bias in the p
maximum likelihood estimates using ideas from statistical physics, and Tang & Reid (2020),
who clarified the extent to which classical higher-order inference based on the so-called r*
statistic continues to hold under the p,n — oo regime.

Motivated by the issues summarized above, this work clarifies the extent to which infer-
ence is possible in logistic regression models with separated data and proposes an alternative
to maximum likelihood estimation valid for these settings. We begin by studying the exact
conditional inference of Cox (1958), showing that in the presence of data separation, at least
one of the exact conditional confidence intervals is of infinite length in at least one direc-
tion. The results are then extended to arbitrary exact confidence sets. Such conclusions are
not vacuous and are the best that could be hoped for without further assumptions or data.
In high-dimensional regimes, however, it is common to make further restrictions that allow
for consistent estimation of the unknown regression parameter. We introduce an approach
based on least squares that is consistent in both the ¢, and £, norms when p,n — oo with
p < n, under weak conditions on the design matrix. These guarantees are shown to apply
to cases with separated data.
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1.2. Our approach

Our work is concerned with settings in which the true model is thought to be logistic,
but that separation precludes logistic likelihood fitting. Because the sufficient statistics are
the same in logistic regression as in a notional linear-in-probability model, the maximum
likelihood estimates of the logistic coefficients, if they exist, are recoverable from the ordi-
nary least-squares estimates obtained by treating the model for the probabilities as linear, as
shown in Proposition 6. This suggests an approach to inference on the logistic coefficients
based on the ordinary least-squares estimator.

We establish a relationship between the logistic regression coefficients and the limiting
values of the ordinary least-squares estimates, and use this as a basis for componentwise
estimation on S*. In particular, assuming the existence of a consistent estimator of X 8%,
this typically being easier to obtain than an estimate of the entries of 8%, we manipulate
the least-squares estimator to obtain a corrected least-squares estimator whose entries con-
verge uniformly to those of the parameter of interest. Whilst biased, we then show that the
lasso (Tibshirani, 1996) estimate of B* produces a consistent estimator of X 8* when the
unknown parameter is suitably sparse and max/_, lx/ B*| < ci(log n)1/2 for some ¢; > 0.
These conditions bound the entries of the unknown parameter, thereby avoiding the issues
caused by separation. Assumptions of this form are natural in high-dimensional regimes;
see, for example, van de Geer et al. (2014).

Least-squares fitting of a linear regression model to binary data has been explored by
Cox & Wermuth (1992) and Battey et al. (2019). The latter work parameterized the linear-
in-probability model as

pr(Y: =y) = (1 +yx78%/2,

under the restriction that, for all data x, |xT8°] < 1. Ordinary least squares was the
recommended approach for estimating the unknown parameter 8° as this is more robust
than maximum likelihood estimation to observations that invalidate the condition |xT 8% <
1. While there are advantages, notably of interpretation and existence of estimates, there
are difficulties in treating the linear-in-probability model as generative. Indeed, the restric-
tion to data x satisfying [x"8°] < 1 violates the formal definition of a statistical
model given by McCullagh (2002). For this reason, we consider the generative model as
logistic and use a relationship between the logistic coefficients and the probability limit
of the ordinary least-squares estimator to obtain a consistent estimator of the logistic
parameters.

1.3. Related work

To avoid the issues encountered by maximum likelihood estimation in the logistic
regression model, a number of methods have been proposed for use. When the max-
imum likelihood estimator exists, Sur & Candés (2019) introduced the Probe-Frontier
method to correct the bias and consistently estimate f* when p is large. Yadlowsky
et al. (2021) remarked on the computational difficulties involved in using the Probe-
Frontier method and proposed an alternative named SLOE. Both approaches rely on the
existence of the maximum likelihood estimator and so are unsuitable for settings with
separated data.

When the data are separated, the bias reduced estimator of Firth (1993) has been
recommended for use; see, for example, Heinze & Schemper (2002). Kosmidis & Firth (2021)
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showed that Firth’s estimator always exists and established an analogous result for a more
general version obtained by penalizing the logistic loglikelihood function using a Jeffreys-
prior penalty with arbitrary tuning parameter. Additionally, when p is fixed and n — oo, the
first-order asymptotic distribution of Firth’s estimator coincides with that of the maximum
likelihood estimator (Firth, 1993). It is unclear how Firth’s estimator behaves when the max-
imum likelihood estimator does not exist and there are currently no theoretical guarantees
when p,n — oo.

Although not proposed with this situation in mind, maximum likelihood estimation with
certain forms of penalty on B8* ensures existence of an estimator when data are separated.
Such estimators have been shown to have low composite estimation and prediction errors
with high probability under sparsity assumptions (e.g., Duffy & Santner, 1989; Fan & Peng,
2004; Meier et al., 2008; van de Geer, 2008); however, their components are biased for
,B;k, j = 1,...,p. We make use of this observation to construct a consistent estimator of
logistic regression coefficients using a consistent estimator of X 8*, the latter typically being
easier to obtain. Unlike the inferential procedures of van de Geer et al. (2014), Ning & Liu
(2017), Cai et al. (2021), Ma et al. (2021) and Shi et al. (2021) that entail correcting the bias
of penalized estimators and require a consistent estimator of 8* in either the £; or £, norm,
our procedure only requires that X' 8* be estimated consistently, making it applicable to a
broader range of settings; see, for example, Raskutti et al. (2011).

2. NOTATION AND LIKELIHOOD FRAMEWORK

Let n observations on p variables be represented as vectors xi,...,x, € R, and let
X e R™? be the matrix with rows x]. We assume throughout that X has full rank, a
condition that can always be checked once the data have been observed and that does
not affect the presence of separation. Let Col-Sp(X) denote the column span of X and
Py = X(X"X)~'XT the projection matrix onto Col-Sp(X). Each element of the response
vector Y = (Yi,...,Y,)T, taking values in {—1, 1}, is assumed to be an independent
random variable with distribution given in (1). A realization of Y is written in lower case.
Define ' € R™” to be the diagonal matrix with (7, i)th entry given by I';; = var(Y;).
Let ,3* be the maximum likelihood estimator, MLE, when it exists, of g*, and let BO =
(X"X)"'XTY be the ordinary least-squares, OLS, estimator. Define 8° to be the limiting
value of A% as p,n — oo with p < n. Unless otherwise specified, this is the notional limiting
operation assumed throughout.

For a function /: R — R and a vector v, we use f(v) to denote the vector with ith entry
f(vi). The vector £1, £, and £, norms are given by || - |1, || - |2 and || - ||eo. If the argument
is a matrix, these refer to the matrix norms induced by the corresponding vector norms.
The Frobenius norm is written || - ||r. The minimum and maximum eigenvalues of a square
matrix are written Amin (-) and Amax (), respectively. For a set S € R”, the notation S refers
to its orthogonal complement

St={weR" u'vy=0forallveS).
For a univariate random variable Z, the sub-Gaussian norm is given by

I1Zly, = supq~ V2(E|Z|9)1/4.
q>1
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3. EXACT INFERENCE WITH SEPARATED DATA

3.1. The exact conditional analysis of Cox (1958)
In the logistic regression model, the loglikelihood function at an observation y =
1, ...,yn) " is given by

exp(X7_ 1i8) }

LB) =logy ——————
(B) = log { [Tl 1 eh)
where #; = Y xjzi and z; = (y; + 1)/2 € {0,1}. Let 7; and Z; be the random ver-
sions of these quantities, obtained by replacing y; by Y;. When the data are separated,
the loglikelihood function asymptotes and so inference via maximum likelihood fitting is
unavailable.

Suppose that only inference on the first component B; is of interest, with the other entries
B3, ..., B, being regarded as nuisance parameters. When all entries of B* are of interest,
each entry may be treated in turn as the single interest parameter. Cox (1958) argued that
inference on B} should be based on the conditional distribution of 77 given T3,...,T,
given by

c(ty, ..., tp)e‘ﬁfﬁtl

ZueTl cu,tr, ..., tp)eﬂlu

pr(ly =t | Th=t,....,Ty =1y =

where

n
c(tr, ... tp) = {Ee {0, 1}": Zx,-kii:tkforallk: 1,...,p”
i=1

is the number of realizations of the outcome variable that produce the same observed values
of the sufficient statistics 77, ..., T), and

n n
T = {Zx,-lii: Ze C1}, C = {5 € {0,1)": D xuZi = ty for all k = 2,---,17}-
i=1 i=1

Let

cv, t1,..., tp)ebV
> uer, CUs o, 1p)ebu

S lb)=
be the conditional probability that 7 = v when B} = b, and let

Fi(t | b)=Y f0v|b),  Fati|b)y=) f(r]b)

v=h V<t

be the conditional probabilities that 77 > ¢ or 77 < t. On replacing 71 by 77 in the
definitions above, Cox (1970) constructed a (1 — 9)-level exact confidence set for B} as
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(By (Th), B (T1)), where
FI{T | ,Bl_(Tl)} =0/2 if tyin < T1 < fmax,
B, (T1) = —o0 if T = tmin,

and
BTy | B (T} =9/2 if tmin < T1 < fmax.
B (T)) = o0 if T = tmax.

with #i, and fmax the minimum and maximum values of set T'.

Let (B, (1), B 1+ (11)) be the observed confidence interval for 8}. We show that the observed
value of 1 coincides with either or both of 7,;, and #ax When the data are linearly separable.
It follows that the exact conditional confidence interval defined above is of infinite length.
When the data are completely separated, that is, when there exists 8 € RP\{0} such that
yix;B > 0foralli=1,...,n, the interval may equal the whole real line.

PROPOSITION 1. Suppose that the data are separated by some vector § € RP\{0}. If 1 > 0
then the upper limit of the confidence interval satisfies ,81+ (t1) = oo andif By < O then the lower
limit of the confidence interval satisfies B (t1) = oc. If, additionally, the data are completely
separated with By = 0, the conditional likelihood satisfies

pr(T1=t1 | Th=1ty,....,T,=t)) =1 forall Bf €R
and the exact confidence interval is the trivial interval (B (11), :31+ (r) =R

The result above only requires ex1stence of one such B. If the data can be separated by
multiple vectors, say 1V, B e R? with ,31 <0< ,31( ), then the result may be applied to
each vector separately to conclude that (8, (71), ,31 (1)) = (=00, 00).

In § 3.2 below, we show that all exact confidence sets necessarily contain infinite half inter-
vals, irrespective of how they are constructed, and thus the restrictions outlined above are
limitations of the data and not the method of analysis.

3.2. Other forms of exact analysis
Define CS;I) (T1) € R to be an arbitrary (1 — ¢)-level exact conditional confidence set for

By satisfying
priff e CSYV(T) | Ta=tr,..., Ty =1, > 1—0 forall g € R.

Let CS;I)(tl) be its observed value. The following result outlines the form of these sets in
the presence of separation.

THEOREM 1. Suppose that the observed da[a are separated by € RP\{0}. If B1 > O then
there exists B > 0 such that [B, o) C CS (11) and if B1 < O then there exists B > 0 such
that (—oo, —B] C CS (t1) If, addmonally the data are completely separated with 1 = 0,
the conditional llkellhood satisfies

pI‘(T1=tl|T2=tz,...,Tp=tp):1 forall,BfeR

and the exact confidence set is CSS)(Il) =R
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Similar results are obtained when an unconditional analysis is performed. This makes use
of the distribution of the response vector Y rather than the conditional distribution of 77
given Ty, ..., T). Define CSy (Y) C R” to be a (1 — ¢#)-level exact unconditional confidence
set for B* satisfying

pr{B* € CSy(Y)} >1—v forall B* e R’

with observed value CSy (y) C R”, and let CSI(,I) (¥) be the projection of CSy (y) onto its first
component.

THEOREM 2. Suppose that the observed data are separated by B € RP\{0}, and let m €
{0,1,...,n} be the number of observations satisfying x! B = 0. Assume that & < 27" If

B1 > 0 then there exists B > 0 such that [B, 0c0) C CS(I)()/) and if B1 < O then there exists
B > 0 such that (—oo, —B] C CS( )(y) If, additionally, the data are completely separated by
B and B1 = 0, then CS () (y)

Theorems 1 and 2 show that all confidence sets with exact coverage guarantees, either
conditional or unconditional, contain at least one unbounded interval of the form [B, 00)
or (—oo, —B], where B > 0. In some settings, these sets are equal to the whole real line. As a
result, only limited information about the unknown parameter is available from data that are
linearly separable. The most severe setting occurs when the data can be completely separated,
by some B € RP\{0} with 8; = 0, in which case there is never enough evidence to reject a null
hypothesis concerning only 8}, whatever this might be. Even when the data can be separated
but not completely separated, one-sided hypotheses of the form Hy: B > by or Hy: B} <
by for by € R cannot be rejected, depending on the sign of the first entry of the separating
parameter. Any refinement requires either additional data or further assumptions.

The nonexistence of finite confidence intervals also affects estimation as, for example, it
is impossible to guarantee that an estimate of an entry of g* lies in a small region about
the unknown parameter with a predetermined probability. Indeed, if there existed such an
estimate f8; of B satisfying

pr(lfi —Bfl <e)=1—v forall g} eR

forsomee > Oand ¢ € (0, 1), then [,31 —€, ,31 + €] would be an exact (1 —)-level confidence
interval for B} with bounded support. Markov’s inequality implies that the variance of any
such estimate is unbounded as a function of the unknown parameter.

In high-dimensional settings, restrictions on X 8* are natural and often made. These jus-
tify our approach to estimation based on least squares, to be presented in § 5 below, which
has statistical guarantees even when the maximum likelihood estimator does not exist or
exhibits poor performance. Our results are asymptotic, allowing both the dimension p and
the sample size n to diverge simultaneously.

4. PRELIMINARY RESULTS

We begin by studying the limiting behaviour of the least-squares estimator ° in the logis-
tic regression model. This motivates a construction that allows consistent estimation of the
logistic coefficient of interest. Since the dimension p is allowed to grow under the notional
operation n — oo, the limit distribution of B° is not well defined. Instead, we consider the
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behaviour of linear functions &' 8%, where choices of particular interest are « equal to one
of the canonical basis vectors for R” or representing simple contrasts of the entries of °.
Thus, assume that « € B, for some d > 0, where

Bi={a e R': Jlallo < d, [lell2 < 1}

is the sparse ¢> ball of radius one in R”. The following result shows that linear functions of
the least-squares estimator converge in probability to similar functions of

B = (X"X)" ' X" tanh(X B*/2).
PROPOSITION 2. Define

Xp = {X: sup [la™(XTX) "1 XT)2 < Bn_l}

aeBy

for some constant B > 0. When d = o(n), dlog(p/d)/n = o(1) and t > 0,

sup pr{ sup " (" — 8% > 1} = o(1),
XEXB aeBd

The result in Proposition 2 is stated uniformly over all design matrices contained in the set
Xp. Justification for this will be provided at a later stage. For now, it is sufficient to consider
a single design matrix satisfying | (XTX) "1 X T||% = O(n 1), for which it follows that

18° = Bloc = 0p(D),  p7 218" = B2 = 0p(D),
provided the diagonal entries of (XTX/n)~! are asymptotically bounded above under no
restrictions on p beyond p < n. This may be seen by setting d = 1 in Proposition 2. Propo-
sition 3 below strengthens the latter result, showing that the rate of convergence in the ¢,
norm is of order p~!/2.

PROPOSITION 3. Suppose that Amax {(X"X /n)~'} = O(1). Then,
P~ 2IB" = B%lla = Op(p~'1%)
and, when p = o(n),
1B = BOlla = op(1).
For inference on the entries of 8*, the limiting distribution of the least-squares estimator
1s of in‘Eerest. Proposition 4 below shows that, after suitable normalization, the distribution
of aT(B? — BY) is asymptotically Gaussian.

PROPOSITION 4. Let B, = ||a™(XTX)~ ' XTT'1/2||5, and define R C R? to be a set satisfying

sup B, T (X" X)X |5 = o(1). 2)
aER
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Then,

sup sup pr{B, & (B’ — %) < x} — ® ()| = o(1).
aeR xeR

Assumption (2) arises when the quantity of interest is expressed as a sum of independent
random variables and central-limit-type arguments are used to derive its asymptotic dis-
tribution. It is closely related to a Lindenberg condition. Similar assumptions are made by
Huber (1973) and Lei et al. (2018) to establish the asymptotic normality of the least-squares
estimator in a different context. To understand when this assumption holds, suppose that the
rows of X are independently and identically distributed as centred, multivariate normal ran-
dom variables with covariance matrlx ¥ and focus on the limiting setting where p,n — oo
with p/n — « € [0,1) and ,B* ¥B* — y2 for some y > 0. This is a setting that will be
considered further in § 7 below. Let R consist of the standard basis vectors of R”. Theorem
2.16 of Bai (1999) shows that

sup o (X"X) T X7 = 0p(n'/?).
a€ER

Furthermore, max/_, |x; 8*| = Op{(log n)1/2} and so
—log(mln F”) maxlx B = OP{(logn)l/z}

As B, > min]_, Fl.li/ 2T (XTX)~1XT||,, a sufficient condition for the left-hand side of (2) to
be op(1) is

1/2
sup laT(XTX) " X |loo = op(n~1/2e=clogm'?)
aeR

for all constants ¢ > 0. Although the distribution of (XTX)~!XT is unknown, if we assume
that the entries of (X"X/n)~' X7 are sub-Gaussian with bounded norm, then

lo" (X" X) T X oo = Op(n~" (logm)'12) = op(n~!/2ec00en ™)

for all ¢ > 0 and so the condition is satisfied.

5. MAIN RESULTS
5.1. The corrected least-squares estimator

The previous results motivate a corrected least-squares estimator, which is shown in the
present section to be consistent in both the £+, and scaled ¢> norms, and to have some pre-
dictive guarantees. The considerations involved in obtaining stronger inferential guarantees
are also briefly discussed and assessed by simulation.

Section 4 showed that the probability limit of a linear function of the least-squares
estimator is a linear function of g% = f(8*), where

f(*) = (XTX)"1XT tanh(X B*/2).
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If this function f were invertible then a consistent estimator of each entry of 8* could poten-
tially be obtained using £~ (8%). The function is not invertible; however, we show that it can
be rewritten as

f(B%) = cB* +36

for some ¢ € Rand § € R” depending only on X 8*. Whilst the entries of * are difficult to
estimate, estimation of X 8* is simpler and leads to an estimator of a'8* in the form

§_1aT(EO - S)’

where ¢ and § are estimates of ¢ and § to be defined.
Write

tanh(XB*/2) = c XB* +u+ A,

where ¢ XpB* is the projection of tanh(XA*/2) onto XB*, u € Col-Sp(X)* and A is the
projection of tanh(X 8*/2) onto the subspace

Col-Sp(X) N Col-Sp(XB*)*t = {cXB* +u: ¢ € R, u € Col-Sp(X)*}+.

Such a decomposition exists uniquely because the subspaces Col-Sp(Xg*), Col-Sp(X) N
Col-Sp(X B*)* and Col-Sp(X)' are orthogonal and span the whole of R”. It follows that

1/2, Xp*=0,

- )T . A = (Py — Pyg+) tanh(X */2),
g (Xﬁ)uizliﬁfﬂ 2 xprxo, o = Papry anh(T/2)
2

where, to correspond with the definition of ¢, we use the notation Pyg«tanh(X8*/2) to
mean X 8*/2 when X 8* is the zero vector. On defining § = (X" X) "1 XTA,

BY = (X"X)"' X" tanh(X B*/2) = ¢cB* +35.

Based on this observation, define the corrected least-squares estimator to be

pr=2¢"1(B" b
where ¢ and § are given by

1/2,
¢ =1 #Ttanh(/2) § = (X"X)"!X"Ptanh(7/2),
17113

>
Il
o

>
+
o

with P = Py — Pj; and 7 a consistent estimator of n* = X 8* to be discussed next.
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5.2. Assumptions

To ensure that the corrected least-squares estimator may be used to estimate 8*, assump-
tions are required in addition to X being full rank with p < n. Define

Xy = (X € R™7: max[¢™", Amax (X" X/m) "'} < B}
for a constant B > 0. This set satisfies Xg) C Xp, where Xp was defined in Proposition 2.

Condition 1. The unknown parameter satisfies

(@) p~121B*2 = 0(1) or
(B) 18%0e = O(1).

Condition 2. There exists a nonempty Hp C Xg) such that, for all # > 0,

sup P{h(,n") > t} = o(1),

XeHp
where n* = X8* and
17— n*ll2, n* =0,
h(f,n*) = A—n* A —n*
m x{Iln ] IIzjlln n IIz}’ —_—
(7P Vn

Condition 1 makes restrictions on the unknown parameter that avoids the issues outlined
in § 3. Part (a) follows from part (b), although there will be settings where only part (a) is
needed and we identify these throughout. Assumptions of this form are common in high-
dimensional regimes; for example, Condition 1 is implied when 8* contains at most s = O(1)
nonzero entries of bounded magnitude, but may also hold for dense vectors.

Condition 2 ensures the existence of a design matrix X € Hp for some B > 0. For this
matrix,

max[s ™!, Amax (XX /m) "1} = O(1)

and there exists i where 4(n, n*) = op(1). This second statement guarantees that a consis-
tent estimator of n* = X 8* is available for estimation of ¢ and 8. The former allows the
behaviour of the least-squares estimator to be controlled, as in Propositions 2 and 3, and
limits the accumulation of error when correcting the estimator using ¢ and §. It is some-
times sufficient to replace the eigenvalue condition by a weaker one, but, for notational
simplicity, we do not do this here. When the rows of X are treated as independent and
identically distributed observations from an appropriate distribution and g* + 0,

-1 n UYL (] B)?
~on UYL xTA* tanh(xT B*/2)

S

and the weak law of large numbers may be applied to both the numerator and denominator
to deduce that ¢~! = Op(1); see Lemma S8 in the Supplementary Material for details. In
§ 6 below we identify suitable choices of 7 and H p that ensure that Condition 2 is met.
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For most of the analysis, it will be sufficient to focus on a single X € Hp. However, in
§ 7 below, we consider the validity of our results in settings with separated data, focusing
on the accuracy of our estimator in terms of the £,, norm. As our results are asymptotic
and the limiting probability of data separation has not yet been considered for fixed designs,
§ 7 treats the design matrix as random. To extend our analysis to this framework, we show
that consistency in terms of the £, norm in the fixed design setting holds uniformly over all
X € Hp. It follows that our estimator consistently estimates the entries of 8* with respect to
certain joint distributions for X and Y, even in settings where data separation occurs with
probability converging to one. For clarity, we use pr(-) to denote the probability conditional
on the observed value of the design and pry y(-) when considering the joint distribution.
The latter only appears in §7.

Our assumptions make no explicit restrictions on p relative to n beyond p < n. However,
there may be some implicit constraints. Section 7 below considers a more refined setting
where p/n — «k € [0, 1) to evaluate the validity of our approach when the data are linearly
separable.

5.3. Consistent estimation

Under the assumptions in §5.2, the corrected least-squares estimator * is consistent,
both entrywise and in terms of the £> norm. We refer to the latter as the composite estimation
error. This is established in Theorems 3 and 4 below. In light of the comments in §5.2,
consistency in terms of the £, norm is established uniformly over design matrices X € Hp
in Theorem 3. All other results focus on pointwise convergence.

THEOREM 3. Suppose that Conditions 1(b) and 2 hold. For all t > 0,

sup pr( sup la"(B* — B > 1) = (1)
XeHp aeBy,,

as p,n — ocowithp < nandd = O(1). In particular,

sup pr(l|f* — B*loo = ) = o(1).
XeHp

THEOREM 4. Suppose that Conditions 1(a) and 2 hold. If there exist B, N > 0 such that
X e Hpforalln > N then

P~ = Brll2 = op(D)
asp,n — oo withp < n.

To derive these results, the estimation errors were decomposed into terms involving % —
B°, & — ¢ and § — §. The results in §4 and Condition 2 ensure that these quantities converge
to zero in probability.

For the purpose of variable selection, it is the first result that is of most interest. Pro-
vided that the nonzero entries of B8* are sufficiently large, a variable selection procedure
that selects the § indices corresponding to the entries of * with the largest magnitudes will
asymptotically prioritize signal variables over noise variables. For a more formal Wald-based
test of ,5]?“ = 0 with appropriate calibration, the asymptotic distribution of the corrected
least-squares estimator is needed.
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5.4. A remark on inference

Proposition 5 below provides initial insights into the limiting distribution of the corrected
least-squares estimator, probed further by simulation in § 8 below.

PROPOSITION 5. Suppose that Condition 2 holds and that there exist B, N > 0 such that
X e Hpforalln > N. Assume that o € B; with

B, " (X X) T X o = o(1).
Then, under the null hypothesis Hy: a*B* = 0,

a(B* — p*)

= H l‘[ 1 ,
caT(XTX)—1XTT1/2|, 1+ I+ op(1)

where
M > N©O,1), Ty=—¢/éB a6 —6).

Proposition 5 shows that, up to the term I, the limiting distribution of a scaled version
of our estimator is standard normal. In § 8 below, we conduct simulations whose results
suggest that IT, is negligible in the particular cases considered. They also suggest that a
normal approximation to the distribution of the corrected least-squares estimator may be
accurate even when a'B* £ 0. Neither observation has yet been established theoretically.
Part of the difficulty arises in the term B;l, which up to the quantity I' is of order n!/2.
Then, for I, to converge to zero in probability, we would require

n'?a"(§ = 8) = op(1);
however, we have only shown that
n'2a™ (8 — 8) = 07 — n*Il),

which is not expected to be op(1) in high-dimensional regimes.

If a closed-form approximation to the distribution of the corrected least-squares estima-
tor cannot be derived, a bootstrap algorithm may serve to estimate p-values. This has not
been considered in detail, and presents an avenue for future work.

5.5. Prediction error

Although the primary aim was estimation of the unknown parameter, the prediction error
of the corrected least-squares estimator, defined by

n V2 X B — X B,

may be of interest. This is somewhat misleading terminology, as X 8* is the vector of logistic
transformed probabilities. Theorem 5 below shows that the above quantity converges in
probability to a value that depends on the relative dimension p/n and the signal strength.

THEOREM 5. Suppose that there exist B, N > 0 such that X € Hp for alln > N. Then,
n X B = B2 = 2T IPYT 2k + op(1)

when p,n — oo withp < n.
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When p = o(n), the error is op(1) as || PxT'!/2||F is bounded above by ||Px|F = /D-
When p/n does not converge to zero, there exist values of g* where the prediction error does
not decay to zero. As a result, whilst the corrected least-squares estimator may be usefully
employed for estimation and variable screening, it is less suitable for inference on the logistic
transforms of the individual probabilities. This is unproblematic as Condition 2 assumed the
existence of an alternative estimator suitable for this purpose.

Starting with an initial estimate 71 of n*, consider an iterative version of our estimator
where, fori=1,2,...,

1/2, 7 =0,

¢ =1 @M tanh(5* /2)
17913

80 = (X" XTI XT{Py — Pyo}tanh(7?/2),

BO = (B0 — 5Dy 20, FEHD — Y B0

. 7D F0,

In view of Theorem 5, the iterative version need not perform better than the once-corrected
version, as j = X B* violates the convergence condition in Condition 2. This conclusion was
also checked by simulation, but not reported.

6. POSSIBLE CHOICES OF 1)
6.1. Maximum likelihood estimation

When the data cannot be separated, the maximum likelihood estimator exists and may
be used to correct the least-squares estimator. Proposition 6 below shows that our estimator
obtained by setting i to X 8* recovers the original maximum likelihood estimator.

PROPOSITION 6. Suppose that the logistic maximum likelihood estimator B* exists, and let
n = XB*. Define

1/2, =0,

¢ =1 iTtanh(/2) . § = (X"X)"'xTPtanh(5/2),
x5 n 5

>

_H_

112
715

where P = Py — Pj. Then, p* = ¢~ Y(BY — §). That is, the corrected OLS estimator recovers
the logistic maximum likelihood estimator.

This result only serves to supply insight and is of no practical relevance. The equivalence
to maximum likelihood estimation in this setting demonstrates that the corrected OLS esti-
mator, without exploiting further assumptions, is subject to the same considerable bias as
maximum likelihood estimation. In the next section, we show that, when this estimator is
combined with a version of 7 that exploits constraints on X' 8*, bias is substantially reduced.

6.2. Penalized regression
To operationalize 8*, a consistent estimator 7 of n* = Xp* satisfying 4(7), n*) = op(1)
is needed. A penalized regression may be used to obtain such an estimator even when the
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maximum likelihood estimator does not exist. This entails setting 7 = X *), where

AP = argmin{—n""¢(B) + Ap(B)}, A =0, 3)
BeR?

and p: R? — R s a penalty function that does not depend on the data, but ensures a unique
maximiser exists. See Duffy & Santner (1989), Fan & Peng (2004), Meier et al. (2008) and
Kosmidis & Firth (2021) for examples including the ridge, group lasso, Jeffreys-prior and
nonconcave penalty functions, respectively. Unless strong conditions are imposed on the
design matrix that limit the amount of correlation between covariates, 8 rarely provides
an accurate estimate of the individual entries of 8*; see §8 below for numerical examples.
Nevertheless, under much weaker conditions, X consistently estimates n*. The corrected
least-squares estimator that makes use of X B™ to estimate n* improves estimation of the
entries of B* over that of ™.

As an example, consider the lasso estimator that maximizes (3) with p(8) = 8l.
Lemma 1 of Meier et al. (2008) shows that ) exists whenever 2 > 0and 0 < Y7, y; < n,
which includes cases with separated data. Furthermore, under a suitable sparsity assump-
tion, the lasso estimator produces consistent predictions whenever the design matrix is
contained in

T ox*x "
Xg) = 1 X € R’ max | max AT ,m}ZlXI’nl;:lX _ bl ,
i=1 (logm)1/2” i=1 j=1 (logn)!/2
n'21{g* + 0}

: ‘ZX}@},
xge, P )

where S = {j: ,ijk + 0}, s = |S], Bs is the vector with entries equal to those of B for all
indices in S and 0 otherwise, and

IXBl5s

P (X) = in :
0 (BeR: B30, IBsel1<3lBs ) n]l Bs|?

This is established in the following proposition.

PROPOSITION 7. Let A = A{(logplogn)/n}'/? with sufficiently large A > 0. For t > 0,

sup prih(Xg™, Xp*) > t} = o(1)
XGXE,;Z)

when
se2Blogm!/2 {(logplogn)/n}'/* max{1, (2Bllogn)? {(logplogn)/n}'/?} = o(1).
The proof of this result closely follows the arguments in Theorem 6.4 and Lemma 6.8 of
Bithlmann & van de Geer (2011, pp. 130-4). We make minor modifications to account for

our slightly weaker assumptions; see the definition of Xg) compared to the assumptions in
Lemma 6.8 of Bithlmann & van de Geer (2011).
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Proposition 7 establishes conditions under which Condition 2 is satisfied, with
= XD, 3y =xP XD,

As a result, the least-squares estimator, after correction by the lasso, is consistent with
respect to both the £, and £, norms whenever there exists B, N > 0 such that X € Xg) N Xg)
foralln > N. We call this the OLS-LASSO estimator. In the following section we show that
when the rows of X follow a multivariate Gaussian distribution and ¢ > 0, there exist suit-
able constants B, N > 0 such that the probability that X € Xg)) N Xg) is at least 1 — 7 when
n > N. Thus, the set Xg) N Xg) 1S nonempty.

6.3. Other approaches

Any consistent estimator of n* = X 8* can be used for correction. Thus, if * is sparse,
Proposition 7 shows that a lasso penalty yields an estimator with appropriate behaviour.
If, instead, B* is dense, but X8* is well approximated by a small number of left singular
vectors of X, then it may be possible to consistently estimate n* using a sparse singular
value decomposition of X. We do not explore this here, although it highlights our method’s
potential validity under a variety of sparsity assumptions.

7. RELEVANCE TO SEPARATED DATA

The applicability of our method to separated data is considered here, focusing on the
OLS-LASSO estimator defined in §6.2. As no restrictions on the observed response y are
made in §5.2, and §6.2 only assumes that 0 < "7, »; < n, the occurrence of separability
does not affect the existence of our estimator. To ensure that our asymptotic guarantees are
also valid, it is necessary to verify that the limiting probability of separation is nonzero. If
this were not the case then, for any ¢ > 0,

pr(lB* — B loc = 1) = pr(llB* — B*llo > 1, data are not separated) + op(1),
and so consistency may be achieved irrespective of the value of the estimator when the
data are separable. The probability of data separation has not yet been studied for fixed
designs and so we adopt the random design setting introduced by Candeés & Sur (2020) and
summarized in the following condition.

Condition 3. The joint distribution of (Y, X) is given by

iid. et B
Xi ~ NP(Ou %), pr(Yi=1]x) = 1—xTﬂ*’
+ et

and, for some « € [0, 1) and y2 > 0,
pin—k,  pTE -y

as p,n — oo.
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Let pry y denote the probability under the joint distribution of ¥ and X. Candés & Sur
(2020, Theorem 2.2) showed that there exists some decreasing function /(y) where

kK >h(y) ==  pryy(dataare separated) — 1,
k <h(y) == pry y(data are separated) — 0.

Our aim is to show that the OLS-LASSO estimator is consistent with respect to the £,, norm
even in these settings where the limiting probability of separation is one. For this, we also
assume that the following condition holds.

Condition4. (a) The unknown parameter satisfies || 8*||oo = O(1) and || *|lo = O(n'/?>~%)
for some & € (0,1/2).

(b) There exist constants Ay, 0max > 0 such that

P
Amin(X) > Amin, mjllx Yjj < Omax-

For every k € [0, 1) and y > 0, there exist choices of X and * satisfying the conditions
above. For example, let 8* € R? have exactly one nonzero entry taking the value y > 0
and let ¥ = (1/4)11" + (3/4)1,x,. Thus, Condition 4 makes no further restriction on the
limiting probability of separation.

Proposition § shows that in this random design setting, the corrected least-squares esti-
mator is consistent. If « is sufficiently large compared to y then consistency is achieved
alongside separation.

PROPOSITION 8. Suppose that Conditions 3 and 4 hold with y .,k > 0. Let B* be the OLS-
LASSO estimator. Then, for all t > 0,

pry x(18* = B*llos = ) = 0(1).
In particular, when k > h(y),
er’X(HB* — B*lloo < t, data are separated) — 1.

Similar results are expected to hold for other quantities of interest, for example the com-
posite estimation error, although we do not derive a result of this form. Instead, given our
preference for conditional analyses, we highlight the importance of characterizing the lim-
iting probability of separation for fixed designs to ensure that similar guarantees can also
be provided in these settings.

8. NUMERICAL PERFORMANCE

Results of extensive numerical experimentation are reported in the Supplementary
Material. In §4.1 in the Supplementary Material, different versions of the corrected least-
squares estimators were obtained from various estimators of n* = X 8*. For each estimator,
error rates were examined as a function of the sample size n when p,n — oo with p/n kept
constant. Cases with separated data were included. The results show that both the com-
ponentwise and composite estimation errors converged to zero, whilst the prediction error
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remained stable at a nonzero value, coinciding with the analysis in § 5. The small-sample
performance was analysed in §4.2 within the Supplementary Material, where the average
composite estimation and prediction errors of the corrected least-squares estimators were
recorded in multiple contexts, keeping n fixed. The results were compared to those of the
maximum likelihood and the estimator of Firth (1993).

The remainder of this section fixes n = 700 and p = 70 and provides a comparison to
other available methods. Based on the results in the Supplementary Material, we focus on the
smoothly clipped absolute deviation, SCAD, (Fan & Li, 2001) correction to the least-squares
estimator, denoted OLS-SCAD, as it outperformed other corrections. The following four
approaches were also considered: a SCAD-penalized regression (Fan & Li, 2001), Firth’s
bias-reduced estimator (Firth, 1993), the desparsified lasso (van de Geer et al., 2014) and the
LSW estimator (Cai et al., 2021). The first comparison serves to illustrate bias removal from
penalized estimators. Other penalties were examined and exhibited similar performance;
therefore, the results are not reported. The methods of van de Geer et al. (2014) and Cai
etal. (2021) also aim to remove bias from penalized estimators in high-dimensional settings,
although data separation was not explicitly considered.

The data were generated as defined in § 7, with the rows of X sampled independently from
a p-dimensional multivariate Gaussian distribution with mean zero and covariance matrix
¥ to be specified. The outcome Y was generated from a logistic regression model with log
odds equal to XB8*. The following three examples were considered.

Example 1. The covariance matrix and parameter vector were given by

1 if i =7, 1 ifi=1,3,
X;=1095 if {i,j} ={1,2}, Bi=43-1 ifi=2,
0.5 otherwise, 0 otherwise,

to ensure the presence of a pair of highly correlated signal variables with small marginal
correlation with the response.

Example 2. The covariance matrix and parameter vector were given by
1 if i = Js '
1 1 f | — 1’ 2’ 3’

) 0 otherwise,
0.5 otherwise,

to ensure the presence of a signal variable that is highly correlated with a noise variable.

Example 3. The covariance matrix and parameter vector were given by

booati=, 1 ifi=1,2,3
1=
¥ =1095 if {i,j} = (1,2}, ﬁ;":{ o

) 0 otherwise,
0.5 otherwise,

to ensure the presence of a pair of highly correlated signal variables with equal signal
strength.

Because of the dependence structure among the covariates, these scenarios exemplify situ-
ations where the individual entries of B* are difficult to estimate accurately. In R = 500
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Monte Carlo replications, we obtained the aforementioned estimates of g*. To probe the
inferential capabilities beyond point estimation, for all except the SCAD-penalized regres-
sion, we also computed 95% confidence intervals for 8 and B}, the former corresponding
to a signal variable and the latter to a noise variable. Motivated by the results in § 5.4, we
defined a ©¥-level test for the hypothesis Hy: o' 8* = b based on the least-squares estimator
of the form

0 if |7 < z1-9)2, T — a' B* — by

V(Y;9,a) = . = = ,
1 if [T > z1_9)2, ST (XTX) -1 XTI/2,

where z1_y /2 js the (1 —19/2) quantile of the N (0, 1) distribution and [ is the diagonal matrix
with entries I';; = 1 — tanhz(ﬁi/Z) fori = 1,...,n. Approximate confidence intervals were
constructed by inverting this test. No guarantees have been provided for this construction
to date; the numerical results serve only to gain insights into the relevance of the term I, in
Proposition 5. The R functions cv.ncvreg, logistf, lasso.proj in the hdi package
and LF in the STHR package (R Development Core Team, 2024) were used to compute
the estimates and confidence intervals. As ncvreg necessarily includes an intercept term
whereas lasso.proj does not, we fitted all models without an intercept except SCAD.
This is likely to marginally favour the SCAD and OLS-SCAD results.

The left column of Fig. 1 shows the average estimated signal strength of entries 1-6 of g*
for each example. The right column shows the distribution of estimates of B obtained via
SCAD and OLS-SCAD. The results show that OLS-SCAD was able to correct the bias in
the SCAD estimates. In Example 1, the SCAD estimate of 8* failed to accurately character-
ize the two signal variables that were only weakly marginally related to the response variable,
whereas OLS-SCAD was able to estimate all signal strengths accurately. In Example 2, the
estimates of the highly correlated noise and signal variables were less biased for OLS-SCAD
than for SCAD. This was because SCAD estimated the signal strength of the second signal
variable to be zero in a nonnegligible portion of cases. Finally, in Example 3, SCAD often
assigned most of the signal strength corresponding to the two highly correlated signal vari-
ables to a single signal variable, whereas OLS-SCAD spread the signal more evenly across
the two variables. The other three estimators performed similarly to OLS-SCAD in terms
of estimation.

Whilst the examples show that OLS-SCAD is able to estimate the effects of signal vari-
ables with improved accuracy over the estimator obtained directly via SCAD, it is often the
case that the latter has smaller cumulative estimation and prediction error, particularly when
p is large and B* is sparse. This is because the corrected versions of the OLS estimator are
not sparse and so error is accumulated across all entries of the parameter vector.

Table 1 shows the average length and coverage probability of the confidence intervals.
The power is also recorded. No intervals were obtained for SCAD due to the bias and highly
non-Gaussian distribution of its estimates observed in Fig. 1. The intervals obtained from
OLS-SCAD and Firth’s approach performed similarly and moderately better than the other
two approaches, with OLS-SCAD producing slightly shorter intervals than Firth’s approach
on average for a coverage close to 95%. The LSW method produced the largest confidence
intervals, resulting in uninformative intervals that contained both zero and the true nonzero
signal strengths in a large number of cases. The desparsified lasso produced the shortest
intervals; however, this sometimes resulted in coverage probabilities substantially below the
nominal level 0.95.
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Fig. 1. Left column: average estimated signal strengths of entries 1-6 of 8* in each example obtained using OLS-

SCAD (black-dashed), SCAD-penalized regression (black-solid), Firth’s estimator (grey-dotted), desparsified

lasso (grey-dotdashed) and LSW (grey-dashed). Error bars show one estimated standard deviation. True signal

strengths are marked with black crosses. Right column: histogram of estimates of 8* obtained via OLS-SCAD

(black) and SCAD penalized regression (grey) for the second signal variable in each example. The black dashed
line represents the true signal strength.
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Table 1. Average length ||, coverage probability pr(B € 1) and power pr(0 € 1)
of the confidence intervals obtained via the different methods. Standard errors are
given in brackets.

Method Z| pr(B; € 1) \Z| pr(Br € ) pr(0¢ 1)

(Null variable) (Signal variable)
Example | OLS-SCAD 0.49 (0.01) 0.94 (0.24) 1.14(0.02) 0.94(0.24) 0.93 (0.26)
FIRTH  0.50(0.01) 0.94(0.24) 1.19(0.03) 0.94(0.23) 0.93 (0.26)

DLASSO  0.44 (0.01) 0.95(0.21) 0.81(0.01) 0.81(0.39) 0.97(0.17)
LSW 0.54(0.02) 0.97(0.16) 1.28 (0.05) 0.96(0.20) 0.84(0.37)

Example2 OLS-SCAD 1.39(0.04) 0.97(0.18) 1.36(0.04) 0.95(0.21) 0.83 (0.37)
FIRTH  142(0.05) 0.96(0.20) 1.45(0.05) 0.96(0.19) 0.80 (0.40)
DLASSO  0.99 (0.03) 0.92(0.27) 1.00(0.03) 0.95(0.21) 0.99 (0.11)
LSW 2.55(0.47) 0.98(0.13) 2.76 (0.72) 0.99 (0.09) 0.26 (0.44)

Example 3 OLS-SCAD 0.63(0.02) 0.96 (0.20) 1.45(0.04) 0.96(0.20) 0.76(0.43)
FIRTH  0.64(0.02) 0.95(0.21) 1.53(0.06) 0.96(0.19) 0.76(0.43)
DLASSO  0.55(0.01) 0.98(0.15) 1.07(0.03) 0.92(0.27) 0.96 (0.20)
LSW 1.44(0.28) 0.99 (0.10) 3.67(0.92) 0.99 (0.09) 0.09 (0.29)

OLS-SCAD, the corrected OLS estimator; FIRTH, the method of Firth (1993); DLASSO,
desparsified lasso; LSW, the approach of Cai et al. (2021).

9. DiscussioN
9.1. Extension to cases withp > n

A limitation of our analysis is that corrections of the least-squares estimator can only be
used for inference in settings with p < n. The result is nevertheless relevant in the sparse
p > n setting. For instance, Cox & Battey (2017) fitted a large number of low-dimensional
regressions, the motivation being that if a variable is causal, its explanatory power is, to
a certain extent, preserved regardless of which other variables are included. Indeed, the
original motivation for studying the problem of the present paper came from the difficulties
in applying logistic regression in the context of Cox & Battey (2017) due to separable data.
The corrected least-squares estimator may be used as an alternative to logistic regression in
this context.

9.2. Extensions to other models

Beyond its relevance to settings with separated data, there are additional benefits of the
new approach that may be of interest beyond the logistic regression model. The method
converts an estimation and inferential problem on the entries of g* to a predictive one
on X jB*, the latter typically being easier to solve without assuming strong conditions on
the design matrix. As a result, the performance is favourable even in settings where covari-
ates are highly correlated in sample. The numerical results of §8 exhibit this most clearly,
providing examples where a penalized regression estimator fails to accurately character-
ize the entries of the unknown parameter, yet when this estimator is used alongside the
least-squares estimator, the performance is improved.

Another favourable aspect is the method’s adaptability to different forms of sparsity.
In our analysis, sparsity is only assumed to ensure that a lasso-penalized regression pro-
duces a consistent estimator of X 8*. However, by making use of an alternative estimator of
X B*, there is considerable flexibility in the form that this assumption takes. This was briefly
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outlined in §6.3. It would be of interest to determine whether a version of the corrected
least-squares estimator can be used with similar benefits in other models.
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