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Response times the processor sharing (PS) queueing discipline. A numerical solution for the response time

distribution in two parallel PS queues with JSQ scheduling is derived for the first time.
Using the generating function method, two partial differential equations (PDEs) are obtained
corresponding to conditional response times, where the conditioning is on a particular traced
task joining the first or the second queue. These PDEs are functional equations that contain
partial generating functions and their partial derivatives, and therefore cannot be solved by
commonly used techniques. We are able to solve these PDEs numerically with good accuracy
and perform the deconditioning with respect to the queue-length probabilities by evaluating a
certain complex integral. Numerical results for the density and the first four moments compare
well against regenerative simulation.

Generating functions

1. Introduction

Join-the-Shortest-Queue (JSQ) is a scheduling policy that assigns arriving jobs to the shortest of a number of parallel queues and
breaks ties by assigning jobs randomly with a given probability. JSQ — also called Least-Connection scheduling in a load balancing
context — is the policy of choice for many network providers, cloud servers, and traffic management systems, where individual
queues are served under processor sharing (PS) queueing discipline. For example, JSQ is offered by Cisco IOS Server [1], Azure
Application Gateway [2], Kubernetes [3], and AWS Application Load Balancer [4]. Despite the ubiquity of JSQ scheduling, there is
still a lot unknown regarding its behaviour quantitatively.

Consider a system of two parallel queues where Poisson arrivals occur at rate A and join the shorter of the two queues, or, if
the lengths are equal, join queue 1 with probability a; and queue 2 with probability a, = 1 — a,. Each queue has an independent
server with exponential service times, and parameters ,, u,. In other words, consider a pair of parallel M /M /1 queues with JSQ
scheduling. This apparently simple problem was first considered by Kendall almost 70 years ago in the symmetric case when the
queueing discipline is FCFS [5], i.e. where a; = a, = 1/2 and y; = u,. Later, Flatto and McKean obtained a complex closed-form
solution for the queue-length distribution and mean response time in [6].

In a FCFS system, once a customer joins the queue, no later arriving customer can overtake it. This means that in order to calculate
the cumulative distribution function of the time it takes the customer to leave the queue, there is no need to track the customers
joining the queue after said customer. Therefore the calculation of response time distribution in an FCFS system is straightforwardly
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Fig. 1. Two JSQ-PS queues in parallel where the arriving task joins the shorter queue. The arrival rate is 4, the service rates are y, and u,.

reduced to obtaining just the equilibrium queue length probabilities. Functional equations leading to the generating function of the
equilibrium queue length probabilities for a pair of JSQ-FCFS queues have been obtained and solved recently in [7].

Now, take Kendall’s model and modify it ever so slightly by replacing the FCFS queueing discipline with PS at the individual
queues. This is a natural next step, as PS is often the preferred queueing discipline in practice. PS and FCFS have the same mean
response time but the higher moments of PS are larger so that users experience greater variability. However, PS favours short jobs
considerably and a user’s mean response time at equilibrium is proportional to its own service requirement [8]. This inherent fairness
is the reason why PS tends to be favoured over FCFS. Obtaining the response time distribution of the PS version of Kendall’s ‘simple’
problem above remained unsolved for decades and is the focus of this paper. In fact, we solve a more general version of Kendall’s
model with PS queueing discipline.

The rest of the paper is organized as follows. Functional equations for the Laplace-Stieltjes transform (LST) of the response time
distribution are obtained in Section 2. The functional equations are transformed into a problem in linear algebra and subsequently
solved in Section 3. The model is evaluated in Section 4. Two optimization methods are introduced and subsequently evaluated in
Section 5. Conclusions are drawn in Section 6.

2. Functional equations for the response time of two JSQ-PS queues

As outlined above, the queueing model under consideration consists of two parallel queues each with exponential service times
and service rates of y; and u,, respectively. Both queues use PS discipline locally. Arrivals are Poisson with rate A, assuming
A < u; + u, for stability, and join the shortest queue. If at an arrival instant, the queues are of equal length, the arriving job is
routed to queue 1 with probability a; and queue 2 with probability a, = 1 — a,. Fig. 1 displays the above network at an arrival
instant when queue 1 has length i = 6 and queue 2 has length j = 4. The arriving task is therefore joining queue 2.

The goal is to derive the LST of the response time probability distribution, which is then inverted numerically to obtain the
distribution (or density). In order to do that, we first derive two functional equations. These functional equations are then solved
in Section 3.

2.1. Generating function for the queue-length distribution

To deal with response times at equilibrium, one first needs to obtain the joint steady-state queue-length distribution. This is
derived for JSQ servers with FCFS queueing discipline in [7], but PS has exactly the same balance equations for the queue length
probabilities in a Markovian model, and hence the same solution. Let G(x,y) denote the generating function of the steady state
queue-length probabilities, that is G(x,y) = Y2, Z;-io 7, ;x'y/ where =, ; is the probability of i and j customers in the first and
second queue, respectively, at equilibrium. In this paper, we assume G(x, y) is known.

2.2. Generating functions of conditional response time densities

Our next step is to obtain functional equations for the generating functions of the LST of response time distributions, conditioned
on whether the customer is in the first or the second queue. Let the random variables U, ;, for i, j > 0, denote the remaining time
to completion of service of a particular customer in queue 1 when there are i and j other customers present in queues 1 and 2,
respectively. Let U; ; have probability distribution function U, ;(#), with LST U;i(s). We define V; ;,V; ;(t) and V(s analogously for
a tagged customer in queue 2. We denote the generating function of U;;(s) by E(x,y,s) and the generating function of Vi(s) by
F(x,y,s).

In order to derive functional equations for E(x,y,s) and F(x, y,s), in Definition 1, we define certain related Taylor series, each
holomorphic in unit disks centred at the origin. Some of them are termed “partial generating functions” because they are power
series in two variables that are not summed over the full first quadrant {(i,j) | 0 <i < 00,0 < j < c0}. We use the following notation
for functions f(x,y) = Y70, Z;io a;;x'y/ and for binary operator ~:

fm= z aiﬁjxiy/

inj
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Note that f~, where ~ stands for one of <,>,=, can be expressed using f=<(x,y), f=(x,y) and f(x,y). For example, f=(x,y) =
FES+ (%97 = f(x, ).

Definition 1. Generating functions corresponding to Ul.*j(s) and VI.’;(s), and related analytic functions:

1. Generating functions

E(x,y,5) := 2 Z Ui’fj(s)xiyj

i=0 j=0
and F(x,y,s) is defined similarly for Vif}(s).

2. Partial generating functions

E5(x.y.5) 1= 3, P UL ()XY

I

i

Analogous expressions are defined for EZ, and for F=<, FZ, replacing U by V on the right-hand side.
3. Related analytic functions

ap(x,y,9) = Z 2 F XY 7E( Y. 9) 1= 2 Z PO
i=l 0]—0 i=l 0]

Pe(x,y,s) = Z Z ,j+1(s)xiy/ Op(x,y,8) = Z Z I]+2(s)xiyj
i=0 j=0 i=0 j=0

and ap(x,y,s), Bp(x, v, ), yp(x, ¥, 5),6p(x, y,s) are defined by replacing U by V' on the right hand sides.
4. Partial versions of related analytic functions

00 o o i
Gy )= D) Y U (XY GG y9) = D) Y Uy (XY
i=0 j=i i=0 j=0
Similarly for ﬂf_,ﬂg,yg,yg,&é,&% and for ap, f,yp. 6y by replacing U by V.

The following lemma shows how the related analytic functions can be expressed in terms of the original generating functions E
and F. It is easy to derive by appropriate change of variable over the summation domains.

Lemma 1.
1 1 oE
ap(x,y,5) = — [E(x,y,5) = E0,y,5)] rE(X,y,8) = — [E(x, ¥,5) = E(0,y,5) —x==(0,, S)]
x X ox
1 1 oE
PE(x,y,8) = 5 [E(x,y,5) = E(x,0,5)] op(x,y,8) = 7 [E(x, ¥,8) = E(x,0,5) — yd—y(x, 0, S)]

Analogous expressions can be obtained for ar, pr,yp. 8, replacing E by F on the right-hand sides.

Partial generating functions can be computed as follows [7]:

fS(Xano) — ZL S (xoYo/¥,¥) dy
miJe,  ¥=Yo
where f(x,y) is a two-parameter function that is analytic for all x, y with |x| < r|,|y| < r,. Furthermore, |x,| < r{, |yy| < r, and the
contour C, is the circle with radius r,. Again, a similar expression can be derived for /2.
We now have the following result for the generating functions E and F corresponding to the LST of conditional response time
distributions for a task joining queue 1 and queue 2, respectively.

Proposition 1. The generating functions E(x,y,s) and F(x,y, s) satisfy the following equations:

( S+HA+A =)+ A =y ) (E(x,y, s)+x(;—f(x,y, s)) - yz(E(x,O, s)+x?)—f(x,0, s)) - A%(x,y, s)
- D
apz OE= _ 96 “ (
- l(ﬂ%(x,y, s)+xa—f(x, Vs s)) —Aalw(x,y, 5)— /lazy(ég(x, v, s)+xa—xE(x,y, s)) = m

and

>
(s+ A+ =0+ (1= ) (Fx, 9,5 +yf)i;(x,y, 9) = 1y (FO,,9) +y‘f)—F(o, ¥,8) - A%(x,y, 5)
. ¢ @

oa oF= ¥ H
- A (x, y, —L(x3,9) = Aty T —(x, y,5) — 4 : : —
(a5 y.9)+y 55 (6 5)) = Aa, oy ey ) = ax(rp(x.y.9) + y—- (x 7.9) = Ty
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Proof. Suppose that at time ¢, the tagged customer is in queue 1 with i other customers and there are j customers at queue 2. Then,
in the infinitesimal interval (7,7 + h] there are a number of possible events, one of which occurs with non-zero probability to first
order in A:

. An arrival to queue 1, if i + 1 < j, with probability Ah;

. An arrival to queue 2, if i + 1 > j, with probability Ah;

. An arrival to queue 1, if i + 1 = j, with probability a, Ah;

. An arrival to queue 2, if i + 1 = j, with probability a,Ah;

. A departure from queue 2, if j > 0, with probability u,h;

. A departure from queue 1 of a customer other than the tagged customer, if i > 0, with probablhty = by

. Completion of the tagged customer’s sojourn with probab1hty T

0 N oUW N

. No event occurs with probability 1 — (4 + p + upI;5)h

We therefore have the following equation to first order in 4 for i, j > 0, with terms ordered according to the above list of events:
U, ;t+h)= hAIH_KjUH_U(t) +hAli5;U; )+ hAa ;Ui j(0) + hAay iy U g (0 + huo s 0U; 5 (1)

hy
+ hpuy g ——U,_y (0 + l+—'1 + (= h(A+ py + wyd 500U, (1)

+1

where I is the indicator function, i.e. I is 1 if B is true and O otherwise. Rearranging, dividing by 4 and taking the limit » — 0
then yields

2O = M1 Ui j O+ Mo Uy i O+ A0 L Up jO + 20011020 O+ i LisoUn O+ i Lo
Hy

+ T—()~+I41+ll2 10U, (1)

i1 l I/(t)

Taking the LST and multiplying throughout by (i + 1) we get

(s+ A+ p+py)l + l)U.*.(s) Hadjmo(i + DU (s) = ALy ;i + DU, j(s) + Al ;0 + 1)UU+1(s) +Aa LG+ DU ™
+ Ay Ly DU )+ Lo+ DU () + iy LsgiU () +

L,

where U;(s) is the LST of the distribution function U, ;(r). Multiplying by x'y/ and summing over 0 < i, j < oo, with appropriate
changes to these summation variables, yields (dropping the argument s for brevity):

[Se] (s (s (8] [se] o0
(s+ A+ u+up) <x Z U,.*jzx' Ly + Z Z U,.fjx"y"> - Uy <x Z U,.”‘Oix"’1 + Z U:Ox’) =4 Z Z U,.fjix"’lyf

i=0 j=0 i=0 j=0 i=0 i=1 j=i+1
+A<xi [ Ul*j-#l X'~ 1y’+zz ”+|xy’>+/1a12U*tx‘ 1 ’+/la2y<infi+2ix"_]yi+iU’.’fi+2xiyi>
i=0 j=0 i=0 j=0 i=0 i=0
[s+] (o] o0 [se] o0 (o]
+/42y< ZZ ,*/ ’ly’+ZZU xy’)+u1x<x22U*1x' Yy + 22 iy’>+/4122xi)fj
i=0 j=0 i=0 j=0 i=0 j i=0 j=0 i=0 j=0

Plugging in the definitions for E(x,y), E~(x,y), Br(x.y) and 85(x,y) and moving everything but the last term to the left-hand side,
we get Eq. (1) as required.
The proof of Eq. (2) follows the exact same steps; it is omitted for brevity.

Note that the above equations have at most one solution due to the uniqueness of the steady-state distribution in the underlying
Markov process. So far, we have derived functional equations for E in Eq. (1) and F in Eq. (2). Our next task is to combine these
generating functions in order to express the LST of unconditional response time distribution.

2.3. LST of the unconditional response time distribution

The functional Egs. (1) and (2) are solved for generating functions E and F in Section 3. However, it is still not straightforward
to express the LST of unconditional response time distributions in terms of the above generating functions. This is because in the
case of PS discipline overtaking might occur. Overtaking means that a customer that joins a queue can finish its service before some
or all the customers that were already in the queue at the time of its arrival. It has a crucial effect as the rate at which a customer is
being served at either queue at any one time is dependent on the number of customers in its queue—given i customers in queue 1,
say, the rate at which a single customer is served is y, /i. The value of i in turn is dependent on the length of the other queue since
arriving jobs always join the shorter of the two queues. Calculation of response time distribution under PS is therefore significantly
more complicated than for FCFS. PS discipline requires the tracking of later arrivals to either queue whereas FCFS does not. As a
result, the conditional LSTs are not geometric expressions and so more work is needed to perform the deconditioning. The required
Laplace transform is given by the following proposition.
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Proposition 2. The Laplace transform of response time density in a pair of M/M/1 queues with JSQ-PS scheduling, omitting s from the
integrands for brevity, is

2z 27 2z 21
W*(s)—(2 7 / / E<(rie",r1e"2)G(rye™", rye™")dt, dt2+/ / F”(rie",re)G(rye™  rye ")dt, dt,
P

27 27 27 27
+/ / alEz(rle”‘,rle’lz)G(rze_”',rze_”z)dlldtz+/ / a2F=(r1e”‘,rle”Z)G(rze_”‘,rze_”z)dtldt2> 3
0 0 0 0

1

+ . . . .
where r; < 1,r, = — < M2 and 1 is the imaginary unit.
1

Proof.
[se] [se]
W=y Z (IKIU* (5) + I V5 (5) + Ty UF (5) + Iizjazlf,.j"'j(s)) i,
i=0 j=0
Z Iy ()7, ; +ZV () +ay ZU,J(s)ﬂ,]+a22V ($)7;
i<j i>j

“.

Omitting s for brevity and using the notation as before for a binary operator we focus on the U, terms first. In order to be

able to express ), . U Ul we need to extract coefficients that satisfy i = i’ and j = j’ from the below sum
(s 0
o
E"(x.)G(z.9) = Z 2 X Ulmpx'yz g
i~j i'=0j'=0

The trick is a carefully chosen complex integral that filters out unwanted terms from the product of the generating functions. This
can be achieved by applying Lemma 1 in [9], which is stated in a more generic setting. Here we provide an alternative, shorter
argument for our specific case. Given r; <1,r, = 1/r; < @, we have

1 2 2
@ / / E~(rie",re")G(rye™"  rye ")dt, dt,
0 0

1 /27! /27: 2 i i U i ( nl)i—," r/rl/ ( l’z)j_j, did
" @ i (e e t,dt

(27[)2 0 0 P i"j 1" \dt,

B et (& ) (3
- i~j i'=0 j'=0 B 2 2z Jo 1 . o )
=2 Uy rir)™ = Z Ui

inj &

where for the penultimate equality, we used the fact that

2 .
/”e”kdt: 0 if k#0
0 2z if k=0

The sums containing the V.’ terms are obtained similarly.

In this procedure, the choices of r; and r, are important. The conditional Laplace transforms’ generating functions (E(x, y, s)
and F(x,y,s)) diverge at r;, = 1 when s = 0, each then being equal to 1/((1 — x)(1 — y)). Similarly, G(x, y) diverges at its radius
of convergence, which we took to be (y; + u,)/4. We chose a value for r, halfway between 1 and G’s radius of convergence,
ie r,= ’H"z‘% However, note that for heavily loaded systems, 4 ~ yu; + u, so that r, ends up near 1 and r, near G’s radius of

convergence. Hence, significant numerical errors can be expected at high loads.
3. Solving the functional equations

In Section 2, we stated three functional equations for the generating functions of conditional and unconditional response time
distribution LSTs, namely Egs. (1), (2) and (3). To solve these functional equations numerically, we transform them into a problem
in linear algebra.

Consider a bivariate functional equation of the form:

a(x, y)f(x,y) = b(x, y) + c(x, ) f (x,0) + d(x, )4, f (0, y) (€]

where a(x, y), b(x,y), c(x,y) and d(x, y) are known functions of x and y, and 4, denotes partial differentiation with respect to (wrt)
y. This is a complex equation that might be solvable by Boundary Value Problem (BVP) methods, but a numerical solution would
appear problematic. Our numerical approximation method is the following.

Let C, and C, be contours in the complex planes of x and y. Typically, C, and C, are circles. The interior of C, is then a
disk D,, and similarly for C,, D,. Now, the value of a function f(x,y) at any point (x, y,) inside the Cartesian product of the
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-Step 1:find f(x) for & points

Step 2: interpolation on 8 known
-~ values to get f(x) on the circle

X4 Re[x;

X7

‘Step 3: Cauchy's integral formula
to get f(x) inside the circle from
known values on the circle

Fig. 2. Steps to approximate f(x) from 8 known values around the unit circle.

Table 1

Matrices representing operations in the summands of the functional equation for

S p).
Operation Matrix
Identity operator giving f e
Multiplication by known function A(x,y) A(A)
Differentiation wrt x M,
Differentiation wrt y M,
Evaluation at an internal point u, € D, v,
Evaluation at an internal point v, € D, Vo
Partialization giving f< P
Partialization giving fZ P>

contours, C, x C, (i.e. with x, € D,, and y, € D,), can be obtained by Cauchy’s Integral Theorem applied twice in two dimensions,
provided f(x,y) is known for all x € C,,y € Cy; see [10,11] for example. We therefore first seek an interpolation for f over
{(x,y) € C, x C,} by choosing two sets of discretization points x,...,x, € C, and y,,...,y, € C,. We take m = n to simplify
the notation; the analysis is no more complicated when m # n but is more cluttered. Choosing C, and C, to be circles means
the interpolation can be done easily on the real-valued arguments (angles) of the discretization points, giving more precision.
Moreover, interpolation on reals is directly supported in most mathematical software packages. We found linear interpolation to be
sufficient in our numerical experiments, producing very accurate results; however, higher-order methods could also be employed.
An approximation to f(x,b) on C,, for fixed b € C,, is an interpolation over the points x|, ..., x, of the values f(x,,b), ..., f(x,,b),
and similarly for f(a, y) at fixed a € C,. We order the point-pairs alphabetically by subscript, {(x;, »1), ..., (X1, ¥)s %2, ¥1)s oev s (X ¥}
and say that f = (fCepsy1)s e s S 9 (X2, 31)s - f (x5 ¥,)) is @ vector representation of f on C, x C,. The vector representation
can even be symbolic, i.e. /' = (f};,..., f,)- Fig. 2 shows how the approximation works in one dimension. Note that, since we
are initially interested in solving the functional equation for a finite set of input values, a linear approximation of all the operators
present in the equation for f(x,y) naturally leads to matrix representations. We refer to these as the operators’ matrix representations,
allowing us to rewrite the functional equations as a matrix-vector equation. For example, multiplication by a fixed function a(x, y)
is represented by a diagonal matrix of the multiplying function’s values at the discretization point-pairs, ordered alphabetically, and
we define

A@) = Diag(a(x,.,yj) [1<i<ml<j< n).

Matrices for the operators of differentiation and partialization (i.e. producing a partial generating function) were obtained in [7] by

considering each point x,,...,x,, y, ..., ¥, in turn, distorting the contour to go around it, and applying Cauchy’s Integral Theorem.

The details are not reproduced here, apart from Table 1, which lists the matrices corresponding to each operator of interest. Note
that all the matrices in Table 1 are constant, applying to any functional equation solved for the given n discretization points in both
complex planes. Eq. (4) above is thereby transformed to:

(A@) - AQV ) — AWM, U)f = A(b)
giving a vector representation
(A@ - A@V — A@ M, U,) " AG)

for the solution-function f(x,y) on the contours.
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Table 2
Matrices representing the operations corresponding to the related analytic functions of
Definition 1.

Operation Matrix
a;(x,3) = L [f(x,) = £0,)] A
By =1 f(x3) = f(x,0)] grmxem
1 =5 [F& - 109 -x 2 0.y crmam
5y =+ [f&n = fx 0=y 2 10| prm

3.1. Conditional response times

In order to transform the equations for functions E(x, y, s) and F(x,y,s), we need to define new matrices for the related analytic
functions given in Definition 1.

Proposition 3. Define the following operators associated with function f(x, y):

a6, ) = T /059 = £O. ) 1) = = [£60) = £0.3) = x 22 7(0.)

Br(x) = i [f(5.9) = F(x.0)] 5/(x,y) = # [f(x, M= fx0) - ya%f(x,O)]
and let A, B,C and D be the corresponding matrix representations, respectively, given by:

A= AQ/BD (1 —U,) C = AQ/)A™" — Uy — AG®UM )

B = AQ/H(I - V) D = AQ /P — V= AGV Mo

Equipped with these new matrices, the transformation of the equations for E(x,y,s) and F(x,y,s), albeit more complicated,
follows the same procedure introduced above. Introducing the notation

o 1 . )
c-(—(l_Xi)(l_yj)|151Sn,1£/£n> 5)

where the column vector on the right-hand side is ordered alphabetically as usual, after replacing operators by their corresponding
matrices in Tables 1 and 2, Eq. (1) becomes:

;)8 =pué ©
where ¢ is the vector representation of E(x,y,s) and
_ - 22 - - 22
T =AG+ A+ =Hu + A= D) (I + ADM o) — 1, (Vo + AGV oM o) — AM | o(I"™ X" — P?)
— A" 4+ AG)M | ) PZB — Aa; M| (P~ — Ja, AGII" " + AG®M ) P=D
Similarly, for the vector representation f of F(x,y,s), we obtain
I'7\$)f = uye @)
where ¢ is given by Eq. (5) as before and
_ - 22 22
T =AG+ A+ =Fu + A= W) (I + AGM ;) = pu (Ug + AGYUGM,) — AM o (1" — PS)
— AT £ AGMy, ) PSA - day My P= — da; AT + AGM,,; ) P=C
We can now approximate the functions E(x, y, s) and F(x, y, s) by an interpolation of their respective vector representations I' p(s)u;¢
and I p(s)u,¢ over the discretization set pairs {(x;,y;) | 1 <i,j < n}.
3.2. Unconditional response time
Let &< = (I — P3)e, f> = - Ps)f,?e: = P=¢ and f= = P:f. Then Eq. (3) for W*(s) in Proposition 2 can be transformed as
follows, omitting s from the integrands for brevity:

1
T2

2z 2z 2z 2z
W*(s) (/ / JE@)(rie", re")3(@)(rye ™", re"2)dt dt, +/ / J(f7)r ", r e")3(@)(rye™" re™"2)dt dt,
0 0 0 0

2r 2r 2r 2n
+/ / alf)’(é’:)(rle"l,rle”Z)J(g)(rze”’l,rze”’z)dtldtz+/ / azj(f=)(r1e”1,rle”2)3(§)(r2e”1,r2e”2)dtldt2>
o Jo o Jo
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where J(e™), J( f ~) and J(g) are two-variable interpolations of the above defined &>, f ~ and g vectors, respectively.

One can choose the contours on which the original discretization points lie to match the circles of this double integral that
calculates W*(s) according to Eq. (3). That is, the circles used in the estimation of E and F have radius r; and the circles used to
estimate the pgf G have radius 1/r|. This leads to a straightforward evaluation of the integral by interpolating the discretized values
around the circles.

3.3. Moments

The kth moment of response time is (—1)¥ multiplied by the kth derivative of W*(s) evaluated at s = 0. This requires the partial
derivatives of E(x,y,s) and F(x,y,s) wrt s at s = 0, which are determined below in Lemma 2. First, recall that the solution for the
vector representation of E(x, y,s) in Eq. (6) is € = I'g(s)u,c. The results for F(x, y, s) are similar.

Lemma 2. The kth partial derivative of E(x, y, s) wrt s at s = 0 has vector representation &, given by the recurrence:
G =Tz,
8= —kT 5O (™ + AGIM 0 ) &

where ¢ is given by Eq. (5) and I ;(0) is defined by Eq. (7) with the substitution s = 0.
Similarly, the kth partial derivative of F(x,y,s) wrt s at s = 0 has vector representation fk given by the recurrence:

fo=TrOuc

S =—kI'p(0) (f"zxnz + A(ﬂMo,l) Fit

where ¢ is the same as before and T (0) is defined by above with the substitution s = 0.

Proof. First, as already noted, ¢, = I' ;(0)u, ¢. Differentiating Eq. (1) k times wrt s (denoted by the superscript (k)), noting that the
variable s appears in only one coefficient and that the right-hand side is constant, yields, for k > 1,

(k) (k) (k)<
(54 4+ (1= X + (L= ) (EP(x, p,5) + Xagx (x,3,9) = p (E®(x,0,5) + x()gx (x,0,5)) — Aaix (x.9.5)
5502 SE®= as=
- A(ﬂg)z(x, y,8)+x ;;C (x,y, s)) - Aay ox (x,y,8)— ﬂazy(ég‘)=(x, y,8)+x ;;C (x,y, s))

(k—1)
= - k(E(kfl)(x, y,8)+ xaE

(x,9.9))

The left-hand side is the left-hand side of (1) with E replaced by E®). Hence, if we replace ¢ with
(k—1)

o - oE
G = <—k(E(k 1)(x,v,y/v,0)+x,~ ox

(x;,9;,0) | 1<i<n1 5j5n>

we find that &, = I';(0)¢,. The result then follows for &, using the operators in Table 1. The proof for f; is similar.

We note that there is no need to recalculate the inverse of a matrix for each moment; the same inverse matrix I' ;(0) or I (0)
is all that is needed. As a result, once these inverses have been computed, any number of moments can be calculated quickly.
The unconditional response time moments are obtained by deconditioning according to Proposition 2, replacing W*(0) by the kth
moment M,, E by E® and F by F®; actually, for k =0, W*(0) = M,, = 1, providing an accuracy check.

4. Evaluation

In order to evaluate the methodology presented above for estimating the response time distribution of two JSQ-PS queues, we
perform several experiments. First, the numerical response time moments and density are obtained for two networks, one with
a medium load and one with a high load. The results are then compared against simulation. Next, JSQ scheduling is compared
against static scheduling methods. This is followed by a section devoted to finding the optimal value of a,, the probability of a
customer joining the first queue given that the queues are of equal length. Finally, the algorithm’s accuracy and computational cost
are considered, and an optimized version of the algorithm is presented to further enhance its accuracy.

4.1. Comparison with simulation

We first evaluated our model by calculating response time densities for two sets of parameters. These parameters were chosen
to test the model in both a medium and a heavy load scenario. The expectation is to have higher accuracy in the case of medium
load. We inverted the Laplace transforms numerically using the Fixed Talbot inversion method to obtain the probability density
functions [12].

For the medium load scenario, the parameters used are A = 1, 4; = 09,4, = 1.1,a; = 0,a, = 1, giving 50% utilization. Notice
that in this case all arrivals are directed to the faster server when the queue lengths are equal; more details are given regarding the
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Fig. 3. Response time density w(r) (vertical axis) against ¢ (horizontal axis) for two JSQ-PS servers with parameters A= 1,4, =09, u, = 1.1,a, =
0,a, = 1: comparison with simulation.
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Fig. 4. Response time density w(r) (vertical axis) against ¢ (horizontal axis) for two JSQ-PS servers with parameters A =1, y; =04, 4, =0.8,a, =
a, = 0.5: comparison with simulation.

particular choice of routing probabilities a;, a, in Section 4.3. We used 64 points around the circle for both coordinates when solving
for E and F. The density obtained was then plotted against corresponding simulation results. For the latter, we used regenerative
simulation with 500,000 regeneration cycles; see [13]. Following [14], these sets of cycles were partitioned into batches, the sizes
of which are chosen equal to the square root of the number of cycles, or nearest integer; here 707, giving a total of 707 batches as
well. Fig. 3 shows that the model’s accuracy is remarkable in this case.

For the heavy traffic scenario, the parameters used are A =1, y; = 0.4, u, = 0.8,a;, = a, = 0.5, so either queue would be saturated
on its own since 4 > u, > u;; the scheduling strategy is therefore more critical. As before, we compared the results with the
corresponding simulation. The densities are shown in Fig. 4 and still show good agreement. Note, that the numbers of points used
to calculate E and F were increased from 64 to 120 to achieve sufficient accuracy.

Finally, we used Lemma 2 to compute response time moments up to the fourth by differentiation of W*(s) at s = 0. This is much
more efficient than calculating the response time densities as it only requires the model to run for a single s-value, namely s = 0.
This is in contrast to estimating the density, where, at each time-point ¢, we need to calculate W*(s) for at least 16 s-values in order
to be able to invert the LST with reasonable accuracy. Table 3 compares the first four moments of response time to those obtained
from the corresponding regenerative simulation in the case of heavy traffic. The model results show very good accuracy for higher
moments, well within the 95% confidence intervals, and the first moment just outside. Moments for the medium load scenario along
with a detailed discussion on optimal routing probabilities are given in Section 4.3.

4.2. Static scheduling models

It is interesting to compare this JSQ model with other, static scheduling policies for the same two servers with total arrival rate
4. The obvious policy would be to split the arrival stream so that each queue gets arrivals at a rate proportional to its service rate;
i.e. arrival rates p;4 and p,4 to queue 1 and queue 2, respectively, where p; = u,/(y; + 1) and p, = py /(4; + u,). The two queues
then have known response time densities [15]. Notice that not any choice of probabilities p,, p, give equilibrium, which requires
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Table 3
Response time moments for two JSQ-PS queues with parameters A = 1, y; = 04,
Hy =08, a, =a,=05.
Moment JSQ/PS model Simulation 95% CB
Ist 6.15533 6.0914 +0.022648
2nd 125.622 124.991 +1.31098
3rd 5472.74 5547.67 +128.633
4th 403965 422517 +19382.9
Table 4

Comparison of response time moments for JSQ/PS, JSQ/FCFS, static load balanced with
PS and static load balanced with FCFS; parameters: A =1, u; = 0.4, u, =0.8,a, = a, =0.5.

Moment JSQ/PS JSQ/FCFS Static/PS Static/FCFS

1st 6.15533 6.07415 10.0 10.0

2nd 125.622 79.3979 385.714 225.0

3rd 5472.74 1678.18 35127.6 8437.5

4th 403965 49942 5862020 455625
Table 5

Moments as the probability, a,, of joining queue 1 at equal queue lengths varies; model parameters:
A=2,u =14, =3.

Prob. of joining Moments

queue 1, a, (in the form: model [simulation])

0.0 0.731 [0.728] 1.638 [1.637] 7.455 [7.466] 53.204 [52.871]
0.1 0.761 [0.757] 1.787 [1.777] 8.461 [8.439] 62.185 [62.735]
0.25 0.813 [0.798] 2.038 [1.983] 10.099 [9.817] 76.474 [74.304]
0.5 0.865 [0.858] 2.360 [2.319] 12.604 [12.228] 101.432 [96.921]
0.75 0.920 [0.911] 2.694 [2.643] 15.215 [14.746] 127.729 [121.712]
1.0 0.969 [0.957] 3.009 [2.931] 17.794 [17.045] 154.705 [145.464]

p1A < py and pyA < py;ie. 1 — pp/A < p; < py/A Hence in our higher load case, we require 0.2 < p; < 0.4. The load balanced
choice above has p; = u; /(yy + up) = 1/3, p, =2/3 and yields equal utilization 0.8333 at the two queues. The response time in the
static scheduling model has first four moments (obtained by differentiating the known Laplace transform of the density function)
10, 385.714, 35,127.6, and 5,862,020, very much higher than those achieved by JSQ scheduling (see Table 4).

4.3. Finding the optimal routing probabilities

In this section, our goal is to find the value of a; — the probability of an arriving task joining queue 1 given that the queues have
equal length — that produces the best performance, that is, one that corresponds to the lowest moments. In the case of two identical
queues (4; = pp), it is straightforward to see that the optimal routing is a; = a, = 0.5, otherwise, one of the servers becomes slightly
overloaded. However, when the service rates are different, a; = a, = 0.5 is not expected to be optimal. One obvious candidate to
try is splitting arrivals in proportion to each queue’s service rate, similar to the static scheduling model above, making a;, = ”l’:m .

The set of parameters used for this experiment is A = 2, u; = 1, u, = 3, and we take several values of a; between 0 and 1. The
results are displayed in Table 5. The rows of Table 5 correspond to different values of a; and the moments computed using simulation
are in brackets right next to their model-based counterpart. Before focusing on the optimal row of Table 5, one observation to make
is that the moments calculated by the model are extremely accurate.

The a, value corresponding to the lowest moments is a; = 0. This suggests, perhaps not surprisingly, that when the service rates
differ widely - in the current example queue 2 serves customers three times as fast as queue 1 — the optimal strategy is to send
everything to the faster server when there is a choice.

We reran the experiments with parameters A = 1, u; = 0.9, y, = 1.1 to see if this is still the case when the service rates are much
closer together; now queue 2 is only slightly more efficient than queue 1. Table 6 shows the results. Again, the moments calculated
by the model remain spot on.

The first row corresponding to a; = 0 remains the one with the lowest moments, suggesting that sending everything to the faster
server is still the optimal strategy, even when service rates differ ever so slightly.

These findings prompt us to think about variations of JSQ scheduling itself. One can imagine a scheduling similar to JSQ where,
given u; < u,, arriving customers go to queue 1 if i < j — 1 and to queue 2 if i > j — 1, and routing probabilities are used to break
ties when i = j — 1. More generally, we can shift the difference in the number of jobs by k, and route customers to the slower server
when its queue is k customers shorter than the faster server’s queue. A natural question to ask is what is the optimal value of k for
a given pair of service rates.

10
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Table 6
Moments as the probability, a,, of joining queue 1 at equal queue lengths varies; parameters:
A=l =09, =11

Prob. of joining Moments

queue 1, g, (in the form: model [simulation])

0.0 1.399 [1.396] 4.584 [4.574] 25.778 [25.690] 215.724 [214.135]
0.2 1.406 [1.407] 4.640 [4.630] 26.332 [26.079] 222.872 [218.336]
0.4 1.434 [1.427] 4.818 [4.773] 27.765 [27.361] 238.088 [232.156]
0.5 1.443 [1.431] 4.883 [4.795] 28.371 [27.468] 245.269 [232.094]
0.6 1.452 [1.443] 4.951 [4.902] 29.019 [28.872] 253.074 [257.151]
0.8 1.469 [1.457] 5.094 [4.998] 30.43 [29.414] 270.534 [258.434]
1.0 1.486 [1.478] 5.247 [5.199] 32.021 [31.501] 290.419 [280.881]

4.4. Accuracy and cost

As per [7], we know the worst-case errors for each of the matrices given in Table 1. The worst-case errors of Table 2 are covered
by the same propositions, since using Proposition 3, the matrices can be expressed as linear combinations of matrices in Table 1.
The operation with the largest asymptotic error corresponds to calculating derivatives with a worst-case error of @(n~!) for each
element of the matrix. Once the functional equations are transformed into a system of linear equations, the matrix on the left-hand
side is inverted. In our numerical calculations, the condition number of this matrix is low so that the error of the inverted matrix
remains of the same order. Finally, the inverted matrix is multiplied with a vector that is known exactly. Therefore, the error of the
sum is of order \/nO(n~') = O(n~'/?) where the multiple of /n comes from the Central Limit Theorem and @(n~") is the individual
error of each term. However, we found the error to be around 10-100 times smaller in practice; this is unsurprising because the
above error estimates correspond to the worst-case scenario, not the average.

Regarding the cost of the algorithm, each of the matrices in Tables 1 and 2, corresponding to the operators in Egs. (6) and (7),
has size n*> x n* and is calculated element-wise. Therefore, each requires storage and has computation time of order O(n*). We used
approximately 100 points in each contour, so this is in the region of 10%. However, these constant matrices need only be calculated
once for any given n and then can be stored and reused. To get the final equations of form A(s)X = b, a linear combination of
these individual matrices needs to be calculated, which depends on s, but these calculations are much faster than the calculations
of the matrices in Table 1. However, for every time-point ¢ in the density function, we need approximately 16 — 32 values of s,
and corresponding matrices A(s), to be able to invert the Laplace transform numerically. The product of 32 and the number of
time points required to approximate the density function well is significantly larger than » in our calculations, so the overall cost
exceeds O(n’). Next, the linear equations need to be solved for each s-point, which requires the inversion of the matrices A(s) — a
cubic operation in the dimension of the input matrix, in our case giving O(n®) cost. This is the dominating factor, but in practice,
we found the time needed to be of the same order as calculating the A(s) matrices. This may be partly because A(s) requires the
calculation of several matrices that each take O(r°) time. The remaining operations, e.g., inverting the Laplace transforms to obtain
the densities and the calculation of moments, are negligible in comparison. Optimization of these calculations is possible and would
likely decrease the computational cost several-fold. Finally, note that the corresponding simulation results have run for several days.

5. Optimizations
In this section two possible optimization methods are considered to increase the accuracy of our algorithm.
5.1. Optimization I: inversion of operator order

The first optimization inverts the order of some of the operators in Egs. (1) and (2). These equations have several terms involving
a derivative of a partial generating function. We evaluate the efficacy of performing the differentiation first and then transforming the
resulting generating functions into partial versions. This could improve accuracy as the generating functions are Laplace transforms
— smooth functions whose derivatives, when approximated, are likely to retain high precision. In fact when s = 0, as in the
calculation of moments, the Laplace transforms are the constant function 1, with easily approximated derivative 0 everywhere.
To facilitate this inversion, we need the following auxiliary lemma.

Lemma 3. If H(x,y) is a two-parameter function that is analytic for all x,y with |x| < ry,|y| < r,, then for any x,, y, with |x¢| = r; and
[yol =12

1 H(xyy0/y,¥)
H” (xp,yp) = — Gy A #d}’ 8)
y
and
1 H (x,xqy0/%)
HGop0)= =72 ¢ x_—oxzdx ©

where the contours C,, C,, are, respectively, circles centred on the origin and lying in the annuli of analyticity of H(x,xoyo/x), H(x¥o/: ),
with radii less than ry, r,.

11
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Fig. 5. The contour of integration (in blue) — a distorted circle going around y, on the inner side; and the area of convergence (in grey) — a
punctured annulus with inner radius * and outer radius 1. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

Proof. Let H(x,y) = Y2, 2;’;0 a;;x'y/ with radii of convergence R,, R, so that r; < R, and r, < R,. Then the annulus of analyticity
of H(xyyy/y,y) is the region between the circles D(0,rr,/R,) and D(0,r,). Noting that |y| < |y,| for y € C,:

H(x0y0/:¥) H(xoy/y.y) 1 < .
jé#dy: —?fc 0’0 o f [ZZ a5 (xo90)' ¥~ ] [;)(y/yo)]dy

Y=Y Yo

y ¥ i=0 j=0
© 0 0 o i1
jl{ [Z > aijygl(xoyo)iﬂ‘i+"y5"] dy= - Y{C [Z D aijygl(xoyo)"y‘ly(’)“_'] dy = —2ziH”(xo, )
20 j=0 n=0 v Li=0 j=0

Eq. (9) follows by symmetry.

Remark. For Eq. (8) (respectively (9)), the integration contour lies in the annulus of convergence of H(x(y,/y,y) (respectively
H (x,xy,/x)) and encircles the origin, passing inside the point y,. Since H(xyy,/y.y) and H(x, x,y,/x) are analytic in the annuli of
convergence, the Cauchy-integral around a small closed contour y, say, oriented counter-clockwise, that encloses the points y, x, in
the respective cases, each evaluates to 2zi H(x, y,). Consequently, since H=(x,, yy) + H> (x(, o) = H(x(, yy), application of Cauchy’s
integral theorem to the counter-clockwise oriented “inner” contour C, joined onto y, which converts C, into an “outer” contour,
yields the result by application of Lemma 2 of [7].

Corollary 1. Lemma 3 extends to the case where the contours C,,C, are, respectively, the circles centred on the origin with radii ry,r,,
distorted to go around the points x, y, on the inner side.'

The proof follows by continuity since in the region D(0, ;) x D(0, r,) and on its boundaries (x = r; or y = r,), H(x, y) is analytic.
The following result now provides the necessary formulas for inverting the order of differentiation and partialization.

Proposition 4. If H(x, y) is a two-parameter function that is analytic for all x, y with |x| < r, |y| < r, then for any x,, y, with |x,| = |yy| = r
2 J z 2 d <
0—H>(Xo, Yo) = <—H(X0, ,V())) EHS(X()’ Yo) = (aH(Xo» ,V())>
3 _
S 00 = 1= (g B )

aiH 2(x0,¥o) and %H <(xg, ) can be derived from the above, using the linearity of differentiation, e.g., %H 2(xg, Vo) = %H > (xgs Yo) +
% H ™ (x0.¥0)-

1 j.e. the distortions (typically semi-circles with vanishing radius) traverse the point on the side towards the origin.

12
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Proof. Using Lemma 3 and its corollary, we have

a
P P) 1 H(xo¥0/7,9) 1 o Hxovo/v.) y,
ZH (xgy) == m= p —2V gy )= — g & T "Dy,
0x 0x 2ri Je, Y=o 2zi Je, Y=Y y

where the contour of integral C, shown in Fig. 5 goes around y, on the inner side. Now, let x = x,y,/y and note that this change
of variable transforms C, into a clockwise contour C, that goes around x, on the outside. Therefore, we get

J J
1 SHx000/%) yox [ x0¥0 1 5 H (x. x0y0/x)
& (- )dx=— ¢ E—— dx
CX

2ri c, XoYo/X—¥o Xo¥o x2 T 2xi X — Xq
>
This is exactly the integral given by [7, Lemma 2] for (%H (xg- y0)> . The other two equations can be proved following similar

steps.

Similar equations can be derived for partial derivatives with respect to y, by symmetry. In matrix form, Proposition 4 is applied
by, for example, substituting M, (P~ with A(1/X)P~A(X)M, in the definition of I'z(s) in Eq. (7).

5.2. Optimization II — simplification of the partialization operator

When s = 0, the LST of the sojourn time of a task at queue 1, U;;(s), simplifies to the integral of the density function
of the random variable U, ; and therefore Ul.’fj(O) = 1. Furthermore, for R(s) > 0, IUi’fj(s)I < 1, for all i,j > 0 as |U‘.’fj(s)| <
& f®lesdt = [ f0eR@dt < 1; of course the same applies to V5 (s). Thus, E(x,y,0) = F(x,»,0) = (l—x)lT—y)
R(s) > 0, |E(x,y,5)] < m We define E(x,y,s) = (1 — x)(1 — y)E(x,y,s) and F(x,y,s) = (1 — x)(1 — y)F(x,y,s). Then we

have E(x,y,0) = F(x,y,0) = 1. These constant functions are numerically more desirable than E(x, y,s) and F(x, y, s) with their sharp

and for

peaks near x = 1 and y = 1. This approach is motivated by the improvements seen in [7, Section 4.2] where similar transformations
greatly improved the accuracy of the obtained response time distribution for a tandem pair of PS and FCFS queues.

Note that E(x,y,s) = (1 —x)(1 —y)E(x,y, s) is a linear transformation of E(x, y, s). In vector-matrix notation, & = A((1 — ¥)(1 — 3))é.
This defines a linear map ¥ — ¥ on the vector space V¥ of complex vectors of length mn. Then, each operator matrix M of (6) and
1

(7) in V is mapped to the matrix M= A((1 =X -Y))M A(m) in V. The equation we solve in Y, with mapped vectors and

matrices, remains the same. Our aim now is to calculate and simplify the matrices for some of the operations in the new vector
space directly. For differentiation and evaluation at x = 0 or y = 0, this is straightforward. For example,

_ ) 1 (L
MLO-A«l—x)(l—i))Ml,oA(m) ‘A< x> Mo
and

1
(1=%1-Y

In order to calculate the matrices for partialization in the new vector space, we derive equations in the following lemma that relate

Uy = A1 - D)1 - H)U,A < ) = A1 -,

the partialized versions of generating function E to those of E.

Lemma 4. Letr=r; =ry, <1 and |xy| = |yg| =r. Then

E>(X Vo) = X()ES(I,XOy()) E~'>(x0,y0) B E>(x0y0, 1 o
0707 (o = Doy =1 (o= Do— 1D (g = Dxoyp — 1)
E=(x0,¥0) = YoE=(xo30, D E<(xp.y0)  E<(Lixox) an
070 3y = Dlxgyo =1 (o= D=1 (xg = Dixgyg = 1)
__ - .
E=(x0.y0) = E=(x9, y9) + E” (x99, 1) + E=(1, x0¥0) (12)

1= xp¥

Proof. Let C, be the circle centred on the origin with radius r,, distorted to go round y, on the inner side as shown in Fig. 5. Using
Lemma 3 and its corollary, we have

13
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Table 7
Comparison of the optimized method with the original algorithm for calculating
response time moments (model parameters: A =2, 4, = 1, 4, =3 and a; =0.5.).

Moment JSQ/PS model Opt. I Opt. I + 1I Simulation

Ist 0.865 0.863 0.862 0.858

2nd 2.360 2.343 2.340 2.319

3rd 12.604 12.447 12.438 12.228

4th 101.432 99.603 99.648 96.921
Table 8

Comparison of the optimized method with the original algorithm for calculating
response time moments (model parameters: 4 = 1, y; = 0.9, 4, = 1.1 and a; =0.5.).

Moment JSQ/PS model Opt. I Opt. I +1I Simulation

Ist 1.443 1.441 1.44 1.431

2nd 4.883 4.871 4.866 4.795

3rd 28.371 28.266 28.228 27.468

4th 245.269 244.102 243.676 232.094
Table 9

Comparison of the optimized method with the original algorithm for calculating
response time moments (model parameters: 4 = 1, y; = 0.4, 4, = 0.8 and a; =0.5.).

Moment JSQ/PS Opt. I Opt. I +1I Simulation
1st 6.155 6.127 6.10848 6.091

2nd 125.622 126.327 125.966 124.991
3rd 5472.74 5597.28 5629.87 5547.67
4th 403965 423419 434455 422517

S 1 E(x¥0/9.) 1 yE(x¥0/9.)
E”(x0.y0) = 5= dy=— y
2zi Je, (1= xoy0/9)( = D& = y0) 2xi Je, (v = Xoy)(y = D = ¥p)
Noting that y,, xyy, and 1 are three distinct values, we can decompose the integrand into partial fractions. Omitting the repeating
E(x¢y0/») factors for brevity, we have:
y _ Xo 1 1 1, 1 1

=%y =D —y9) (o= DGoyo—Dy—x0¥30 o—DOo—Dy—yy G- D&oyg—-Dy-1
The first of the ensuing three integrals is given by Lemma 2 of [7] as x,y, lies inside the contour C,, whereas the other two integrals
are calculated using Lemma 3 as y, and 1 both lie outside. Hence

1 yECxoy/y:9) X -
— = E<(1, +
251 o, = von0 - D0 =30 = Go = Doxgro =11 00

1

B |
Go-Digrg =D~ Fo¥o D

I SR _
YDy =D o0

Eq. (11) follows by symmetry and Eq. (12) by using E= = E — E~ — E<, noting that E=(x,, yo) = E=(1, xg¥) = E~(x¢yp, 1).

Using Lemma 4, matrix P~ in the new vector space, for example, becomes

-5 -7

1 — Xy xy,1 1xy

~= o _ 1
P =A-X){-y)P A ———)=4
(@ =na-m <(1 -5 —i)) (

>(P+P> + P<

where P>
Xy,

, Is the matrix corresponding to the linear approximation of the operation H~(xyy,, 1) = — L fcy Hixoxo/y) 4 y.

i y—1

5.3. Numerical experiments

We evaluated the optimizations presented above on three queueing models: two operating under medium load (50% utilization),
as shown in Tables 7 and 8, and one with heavy load (~83% utilization), displayed in Table 9. At medium load, we found 64
discretization points to be sufficient on both the x- and y-contours, but for the high load parameterization 64 points gave poor
accuracy and we used 120. For all three models, two rounds of testing were carried out. In the first round, Optimization I was run
by itself. The results are shown in the third column of Tables 7-9. There are improvements in accuracy across all moments compared
to the original algorithm, achieved without any increase in the running time. It is important to note, however, that in the case of
heavy load, the simulation results — especially the higher moments — are prone to error, and we believe that the moments calculated
by our model provide more reliable estimates.

Motivated by these findings, we ran Optimizations I and II together in the second round of testing. The results are displayed in
the fourth column of the tables. While combining the two optimization methods further enhances the accuracy of the results (with
occasional exceptions, such as the fourth moment in Table 7, which is slightly less accurate), this improvement comes at the cost of
a significant increase in running time. Moreover, the gains compared to using Optimization I alone are relatively minor. Therefore,
we conclude that Optimization I is the most effective approach.
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interpolation2[alx_, aly , tabv_, {ol_, 02_}] :=Module[{ipl]j, ipi2}, iplj = Interpolation[Thread[List[alx, tabv[All, #]]], InterpolationOrder + o1] &;
Function[x, ipi2 = Interpolation[Thread[List[aly, ((iplj[#][x]) & /@Range[Length[aly]])]], InterpolationOrder -+ 02]] [#1][#2] &];

Fig. A.6. Mathematica code for 2-dimensional linear interpolation.

6. Conclusion

JSQ-PS is a widely used scheduling policy but its response time density — even in the simplest case of two queues — has not
been obtained up until now. We have used a novel numerical approximation technique to obtain the response time moments and
density function for a pair of JSQ queues with PS discipline. The steps are as follows. First, functional equations for the generating
functions E and F of conditional response times are derived, where the conditioning is on whether the arriving tagged task joins
the first or the second queue. These functional equations are then solved numerically by transforming them into linear algebra.
The generating function G of the initial equilibrium queue-length probabilities is available from [7]. Once the generating functions
G, E, F are approximated, together with their modifications (e.g. E™), the evaluation of a complex integral is required to express
the LST of the unconditional response time distribution, from which the density itself is obtained by numerical inversion. Moments
are obtained very efficiently in a straightforward manner by recursively calculating derivatives of W*(s) at s = 0. In Section 4, we
demonstrated that our numerical method accurately computes the response time density and corresponding moments under both
heavy and medium loads. Furthermore, in Section 5 we showed that changing the order of some of the operators and applying
the transformation E(x,y,s) = E(x,y,s)(1 — x)(1 — y), and a similar transformation for F, the accuracy of the algorithm is further
improved.

Future work plans to explore variations on JSQ scheduling prompted by the experiments in Section 4.3 corresponding to finding
the optimal values of a; and the offset parameter k. These variations can be thought of as shifted versions of the original JSQ
scheduling policy, where the faster server automatically receives new arrivals until its queue is k customers longer than the slower
server’s queue. In addition to calculating the response time density for a shifted JSQ system, it is also interesting to try and find the
optimal k value for a given set of service rates.
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Appendix. Mathematica code for two-dimensional interpolation
See Fig. A.6.
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