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ABSTRACT

fwo effects of free stream turbulence on aerofoils at incidence
were investigated:

(1) The mean loading effect. A survey of the literature

dealing with the effects of turbulence on aerofoil mean loading and
stalling was undertaken. This survey was supplemented by the results of
an experiment in which three symmetric aerofoils, of different thicknesses,
were tested in various turbulent flows. The effects of turbulence
intensity and turbulence length scale were examined separately. For
aerofoils with ultimate leadingedge stall, it was confirmed that the
effect of turbulence on the maximum 1lift is approximately equivalent to
the effect of incoreased Reynolds Number. The variation of this maximum
1ift with length scale was found to be greater than the ~1/5 power law,
suggested by a theory of G. I. Taylor.

(2) The unsteady loading effect. The higher order unsteady

loads arising from the incidence of the aerofoil were investigated from
both the theoretical and experimental viewpoints.

The higher order theory, which includes the effect of gust
distortion by the mean flow field, was initially developed for a
sinusoiéal gust. This result was employed in two ways:

(a) It was applied directly to the problem of the periodic

loading of turbomachine blades. ‘ .

() It was used in the formulation, via Fourier analysis, of

a higher orderlloading theory for an isotrépic turbulent gust.

Thisg latter theory predicts that the higher order admittance of

1ift (1ift spectrum - upwash spectrum) depends on the incidence,

X , to the second power.

In the experiment, unsteady loads were measured on a rigid model at
incidenée CX, and subjected to an approximately isotropic turbulent

flow. The measured admittance of 1ift, due to incidence, was in reasonable

agreement with the theoretical prediction.
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CEAPTER 1. Introduction

In the flow of fluid about a body, an obvious effect of
unsteadiness in the free stream is the production of unsteady aero-
dynamic forces on the body. A larger part of the present investigation
deals with the ungteady loading of aerofoils at high angles of
incidence to the mean flow. Although much theéretical gnd experimental
attention hag been devoted to the case of the thind aerofoil at-zexro
mean incidence t6 the unsteady stream, the higher order effects due to
incidence have been largely ignored., Two types of flow unsteadiness
are dealt with in this study: the sinusoidal gust and ;he random
turbulent gust, the two being related in that the former can be

thought of as a Fourier component of the latter,

A further mean loading effect is produced as a result of the
free streag unsteadiness interacting with the boundary layer on the
body surface. This effect is particularly important for aerofoils at
high incidence when boundary layer separation dominates the mean flow
behaviour, In the present mean flow study; the‘type of free stream
unsteadiness is restricted to random turbulence.

In both the unsteady-load study and the mean-load study, only
two-dimensional aerofoils are congidered; viz, unswept aerofoils of

infinite aspect ratio.

1.1 Effect of Turbulence on the Mean Loading of Aerofoils.

In the early 1930's, someé experiments were undertaken to
determine the effects of free stream turbulence on the aerodynamic.
coefficients of aerofoils. Workers of that time were concerned with
disérepancies between data from different wind tunnels, apparently
attributable to differing levels of tunnel turbulence. The effects of

turbulence were found to be significant, and all effort was made to
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minimize this "background turbulénce" level in later tunnels, Since
this period, the specific problem of the effect of turbulence on the
méan flow about aerofoils has been neglected. However tﬁere has been
extensive work on the effects of free stream turbulence on boundary
layers, directly, and on the flow about other body shapes (for example,
Huffman, et.al.(1972), Bearman (1969)); and this work of course has

relevance to the present problem.

1.1.2 _Areags of renewed interest. Renewed interest in the effects

of free stream turbulence on aerofoils has arisen in two areas:

(1) The design of new wind tunnels. The present generation
of &rangonic ﬁind tunnels is severely limited in Beynolds' Number
capability. Furthermore, the effects of Reynoids- Number on the
transonic flow about aerofoils can be very significant, with the result
that wind tunnel data may differ considerably from the full scale
flight test data. New transonic tumnelswith higher Reynolds Number
capability are on the drawing boards. Achievement of the desired
Reynolds Number by scale or by pressurizatioﬁ will result in a very
expensive facility, so there is interest in methods of artificially
increasing the Reynolds Number at transonic speeds. The high Reynolds
Number simulation method which has been widely used in transonic testing
in the past has been that which employs transition-tripping devices
attached to the body surface. Yet free stream turbulence has of ten
been observed to have an effect approximately equivglent to an increase
in Reynolds Number; and so the introduction of turbulence has come
under consideration as a possible method. So far, any definite
éonclusions regarding the suitability of this method have been precluded
by the dearth of experimental information. |

Transonic tunnels with ventilated walls have a higher level
of background turbulence than their low speed counterparts, Thus

there is a secondary interest in free stream turbulence effects in
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relation to the design of new wind tunnels; viz, the effect of levels
of turbulence normally encountered in transonic tunnels.

(2) The flow in turbomachinery cascedes. Blades in turbo-

machines operate at high angles of attack in flows with a significant
turbulence intensity. The aerodynamic characteristics of single
blades and of cascades as a whole can be altered appreciably from their

values in smooth flow,

1.1.3 The current investigation. It became apparent that the first

requirement for a study of mean loading effects was a comprehensive
literature review to identify the areas of inadequate knowledge. .

This review is presented, on a subject by subject basis, as Chapter 2
of the thesis., Subsequent to the review, an experiment was designed
and undertaken with the aim of providing more conclugive information
on the effect of turbulence on aerofoil mean loading. The details and

results of the experiment comprise Chapter 3 of the thesis,

1.2 The Unsteady Loading of Aerofoils

Examples of situations to which an uﬁderstanding of aerofoil
gust loading can be usefully applied are:

(1) the aeroplane wing in atmospheric turbulence ,

(2) the compréssor or turbine blade in the typically unsteady

turbomachinery flow. ‘

It is noteworthy that both the aeroplane wing and the turbo~blade are
often at high incidence to the mean flow, the configuration on which
attention is being focussed in this study. Atmospheric turbulence is
bes@ represented by ; random turbulent gust; while flow ?luctuations
in a turbomachine have a broad band component (approximated by a

random turbulent gust) and a narrow band, periédic component (approx-
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imated by a sinusoidal gust). In the theoretical analysis of gust

loadé.ng, the cornerstone is the repponse to a general sinusoidal
gust; This response can be used to determine the response to a known

turbulent gust via the method of Fourier analysis.

1.2.1 Notation and definitions. Wavenumbers and distances which carry

—

dimensions are written with overbars; for example, k, and x . In this

report the following forms of non-dimensional wave-numbers and distances
are widely employed: k' = E,C/Z and - x = 3-('2/(; where ¢
is the aerofoil chord length. Algo the angular frequency anci time are
written as w___:CJC/Z and € = %—ZA respectively, wherd w and
T carry the normal dimensions. (Note that w and t are not
dimensionless). Thus  k,x =kx , &% =wt, etco

Two reference frames (with origin at the aerofoil nidpoint)
are employed:

(1) stream-aligned co-ordinates :+ %, ¥, 2 .

(2) aerofoil-aligned co-ordinates: E,'g s Z.

These co-ordinate systems are illustrated in the following sketch.

Components in the x, y and z directions are subscripted with
L = 1, 2, and 3 respectively.

A two-dimensional gust is here defined as one whose properties

do not vary in the z-direction. There can be no component of gust

velocity in this direction, and, further, this is the orientation of
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the gust vorticity vector (although the gust may be irrotational).

The more general three-dimengional gust has three components of both

velogity and vorticity.

A frozen gust is defined as one in which there is variation
of velocity in space but not in time (with respect to axes fixed in the
fluid). An aerofoil tramslating this gust field with velocity,lJoo,
- (or a stationary aerofoil onto which the gust. is being convected at U.)
"senses" a variation of velocity in time. For a sinusiodal gust of
wavenumber, k. y in the x~-direction, the frequency of this variation
is given by: w = k|L)oo . Although a truly frozen gusﬁ"is not
‘a practical possibility, the variation with time of many gusts found
in practice is sufficiently slow for the assumption to be applied
with good accuracy. G.I. Taylor first invokea this assumption, and in
the literature it usually carries his names Taylor's Hypothesis. If
the gust is non-frozen, the aerofoil senses a different variation in
time, An equivalent way of considering a non-frozen gust is as a
frozen gust with a convection velocity which is not equal to the free-
stream velocity, LJ,O « For the non—froéen sinusoidal gust considered
in this way, the following two wavenumbers are introduced:

(1) kg , the spatial wavenumber in the x-direction .

(2) k¢ , defined by w =k¢ Us where W is the

frequency sensed by the aerofoil.

The corresponding relative velocity between the gust and.the aerofoil
is then given by: kf//ks- Us -

The following quantities are used to denote orders of
magnitude:

(1) € , the relative magnitude of the incident velocity
fluctuations. For a simshdal gust, € Uw 1is defined to be equal
to the amplitude; while, for a turbulept gust, it is equal to the r.m.s.

of the fluctuating velocity in the x-direction. In this study it is

assumed, throughout, that & < 1.

f\f
HA
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(2) X, the angle of incidence. Also, OX is assumed < 1.

\ (3) k , the modulus of the wavenumber of a sinusoidal gust;

for example, for a three dimensional sinusoidal gust,

=\/klz+k22+k32 .

1.2.2 Order (€) theories for simusoidal gust loading. To formulate

the response to this order, one need only consider a zero-thickness

aerofoil at zero mean incidence, subjected to a gust whose velocity

vector is in the y-direction; that is, an upwash gust (and then retain
only first order terms in € in the subsequent analysis). The unsteady
theory retains the basic tenets of steady thin-aerofoil theory; for
example, completely inviscid flow is assumed and the Kutta trailing-
edge condition is satisfied at every instant.

The theory for the frozen two-dimensional gust was first

developed by Sears (1941) using a conformal transformation method
which was based on the earlier pioneering work of Wagner, Kusener,
Theordorsen, and von Karman. Sears' result is summarized below:

The two-dimensional upwash gust is of the form:

ERICIE)

and w =k, Us (the frozen gust property).

Sears' result for the unsteady coefficient of 1ift, C:L_,isz

CL(t) 2. Sk). V/U e, L (11)

) [To) =L Tohd] L)

where Sears' response function,fsah) = F{ ( ) F4 G() .
: +L f

and the J's 'are Bessel Functions of the first kind and the
H's are Haenkel Punctions of the second kind.
In later years, the same result was obtained by directly

solving the integral equation which arises from the boundary condition
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on the aerofoil (for example, the solution presented by Bisplinghoff,

et.a%.(1955)). In Chapter 6 of the present dissertation, an analysis
empléying such a method is presented.

Jackson (1970) has measured the unsteady load on an aerofoil
stationed near the wake of a cylindrical bluff bo@y. The flow
unsteadiness in this region approximated to a two-dimensional
sinusoidal upwash gust; and Jackson found reasonable ag;eement between
hig measurement and the theoretical prediction of Sears.

Sears' theory can be simply extended for the case of a non-

frogen two-dimensional gust. This extension was first reported by

Kemp (1952) and the result is presented below:
The gust is of the form:

’G;,_Cb(wt—ksx) where W = k¢ U -

The load response iss

C k) = 2. 5'(k+ ,ks).ﬁyuﬁ;e('w

- (t-2)
H. (kf)[:r (ke)-1J, (ksﬂ +bk{ I(k)
H,(ke) + L Ho(ks)

where the generalized Sears' function,

S ,(kfaks) =

Kemp and Sears (1953, 1955) have theoretically analyzed the
unsteady loading of turbomachine blades, produced by the interference
of other blade rows. They considered the effect produced bys

(1) relative motion between the mean flow fields of blades,

(2) interference with vortex wakes from upstream rows.

(3) interference with viscous wakes from wpstream rows.

In each case it was possible to determine the effective ﬁnsteady
upwash as a Fourier series with terms of the form e °é°t kkx)

and, thus, the blade loading could be calculated using Kemp's resulte.

It should be stressed that the analysis of Kemp and Sears did not take
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into account any effects which arise from the effective incidence of
blades to the mean flow.

The order (€ ) response for a three-dimensional sinusoidal
gust can be formulated by analyzing the case of a yawed gust. This is
an upwash gust with a two wavenumber dependence: k, in the chordwise
direction and k3 in the spanwise direction. BSeveral workers have

determined the response to a frozen yawed sinugoidal gust to various

degrees of accuracy. Graham (1970) has formulated the problem using
an exact unsteady lifting surface theory, and, with this formulation,
he was able to calculate, numerically, the response funciion:
The yawed upwash gust is of the forms
A (l-kx—ksz)
v e with w =k U, ,

and the load response is:

CLlt,2) =21. G(.kn,ka _ % : .cé(wt —ka2)

»
where G(k‘ ,k;,) is the response function which Graham has calculated
numerically. R ’ }
Independently, Filotas (1969) derived an approximate closed form
expression for G<k|,k3) . His theory also yielded an exact
formula for the asymptote of G(k,‘kz,) ag ky — 0Q.

In the present notation this asymptote is given by
—b(k -5 tan 'k A )
W\/k//kuk3 + 4 ksfkike

Ge (kiks) =2 - (1-3)

Mugridge (1971) hag derived an approximate analytical expression for

G (k,,k;) which is the correct asymptotic result for k — 0, -
His analysis is a simple adjustment to that of Sears: it considers the
effe&:t of an additional (streamwise) component of vorticify in ‘the wake,
Mugridge's formula is re-derived, using a somewhat different approach,

in Appendix 1. The formula is presented below in a form which is
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useful for extension to other casges:

G (i) = L(k.,k;)[%(k.)_bjj(k.)] + 0T (k)

weze L (k) = [1+ N1 Tk =L X
(N (s k)] [T+ To (k)] +Yole) - L) S

and  N(kyky) = <1 - L/foﬁ{k wWhiks g )

k ,/k"

The theory for a non-frozen vawed gust follows simply upon the frozen

gust a.naiysis. When Graham's analysis is repeated for this case, it
is found that, when the boundary condition is applied, tems arising
from the gust depend on wavenumber, ks , while those arising from the
wake depend on k-(- . G,(ke,ks,ks) can be calculated numerically
with one simple alteration to Graham's program for the determination
of G (k.,k;) e Similarly, the analysis of Li;gridge can be general-
ized for the non-frozen gust. This general.:i.zatién is also presented
in Appendix 1 and the result is as follows:

The non-frozen yawed gust ist

L (Wt ~kex —kgz)
'@aeb(w TN Witk w=ke Uy,

and the load response is (with Mugridge's approximation):

Colt,2) =2 GM (ke key kz). 217 m "(‘*’C kzz)

+(1:5)
GM (ke, ks ks) = L (ke ks) [J;(ks) oj(ks)] + 0 kyksju(ks)

where

and the function, '— , is defined above.
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1.2.3 Order (O{E ) theories for sinugoidal gust loading. To

formulate the response to this higher order in X , one must consider
a zero-thickness aerofoil at mean incidence,‘C>< « Further complications
ares

(1) components of gust velocity other than the upwash
component (If they exist) can contribute to the load response to
order(CKGi).

(2} if the gust has a wave-number dependence, l<a , in the
upwash. direction, this can affect the load response to order GXE:).
(This dependence is irrelevant in the formulation of the order (€)
response because the aerofoil is at zero incidence to the mean stream)

° (3) if the gust is rotational, it can be distorted by the
mean flow field of the aerofoil, This effect is of order (XE ).
. Horlock (1968) first attempted to evaluate effect (1) for a

two-dimensional gust. Later, Morfey (1970) presented a much simpler

derivation of Horlock's result. Basically there are two additional
load response terms (of order (X€ )) which arise from the gust
component, U; , parallel to the stream. Th; first is the obvious
Sears-type response produced by the component of U which is perpend-
Acular to the aerofoil chord. The second is a crogsg-product term
involving Vi and the ﬁéan disturbance velocity field of the aerofoil
(at incidence (X ). This term is not affected by a change in the -
relative velocity between the gust and the aerofoil; that 1s, it is
the same for both frozen and non-frozen gusts. ‘In‘the present notation,
Morfey's result is:

the frozen two—dimeﬁsional gust considered by lorfey has

components:

5 e L(Wt-kx) 5 6c(oot-klx)

t ) 2 with (A):k'U,o,

The load responge is:

CL.(t) = CL.S + CLM * CLM )
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.

where CLS =277 S(k.)‘ﬁz/um. 6(.,031‘; Sears term, O(é).
CLM:O(Z’W S(k,)% @‘“’fadditional Sears term, O(X€).
Cry=X2m M) By et | tortey's tern, O(E). (8

where

MG = Tolk) +0 T2 ().

For the response to the corresponding non-frozen gust, S'<kf,ks)
replaces O (ki) , and M(ks) replaces M(K) in the above
formulae., A

Giesing (1968) has obtained a complete solution, numerically,
for the case of an oscillating aerofoil in irrotational flow.
Howevér this method, when applied to the problem of an aerofoil subjected
to a sinusoidal gust, will not take account of all of the above-
listed complications.

Very vecently, Goldstein and Atassi (1975) have published a

complete order ((XE) analysis for the case of a frozen two-dimensional

sinusoidal gust. Working independently, the author, as part of the
present investigation, has developed a similar theory and extended it
to encompass the following two cases:
- (1) the non-frozen two-dimensional gust ,
(2) the frozen three-dimensional gust .
Further details of Goldstein and Atassi's work and a comparison with
the author's analysis are given in Chapter 6. |

Holmes (1971) has made measurements of the unst.eady 1ift of
an aerofoil at incidence in a stream with non—frozen transverse (V% )
and streamwise (1% ) periodic gusts. The gusté were irrotational
and two dimensional, and the variation in the y direction was smallj
that is, k.‘,_"—?-‘ 0. As will be demonstrated in Chapter 6, when ka =0
the higher order lift response is comprised of only the ﬁro terms ‘
derived by lMorfey (equations (1.6)). Holmes found that the modulus of

the higher order response due to incidence was reasonably well predicted

by Morfey's theory,
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1.2.4 Gust distortion by the mean field of the aerofoil. Consideration

of this effect (denoted as "complication (3)" in the previous section)
is necessary in any theory of gust loading which is complete to higher
order in X,

1.2.4.1. General principles. Vorticity in a free stream (for

example, a rotational gust) will be distorted by the mean flow field
of a body placed in that stream. This is in addition to the
"blocking effect" resulting from the satisfaction of the boundary
condition on the body surface. The distortion effect can be readily
visualized if vortex lines are used to represent the vorticity: the
mean flow field of a body can stretch, skew, or convect (at different
rabes) the vortex lines.

Lighthill (1956) outlined a method for calculating the velocity
field induced by a body placed in a streanm containing "wegk" vorticity.
The vorticity is defined as being weak when the velocities associated
with it are much less than the free stream velocity, le « In this
case, the first order distortion effect is that produced by the
irrotational flow field which satisfies th; boundary condition for the
hfree stream. This field is denoted by the vector, &{l « Lighthill's
induced velocity field was comprised of four patis:

(1) the flow field, V.

(2) the irrotational flow field which satisfies the boundary

.condition for the free stream vorticity field (the blocking

effect). ‘ . .

(3) the Biot-Savaxt flow field rdsulting from the vorticity

change due to distortion by (1).

(4) the irrotational flow field which satisfies the boundary

condition for flow field (3).

Cleéfly, the process can be carried on "ad infinitum", the order of
the approximation increasing at each stage.

The distortion effect can be evaluated mathematically using
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the vorticity transport equation, which, in turn is derived by taking
the curl of the Navier-Stokes equation. For the calculation of the
first order distortion effect (that is (3) above) for flows of high

Reymolds Number theequation reduces to the following vector form:
T T T :
gg;-,-(y_ﬂ)ﬁ = (3. V)V - ()

T f
where f is the vorticity vector and §[== LLO+EZ,

1.2.4.2 The rapid distorbtion of free sbream turbulence. When

equation (1.7) is applied to a random turbulent gust, the resultant
theory is termed the "rapid distortion theory" and effectively assumes
that each Fouriér component of the turbulence is affected by the mean
flow before it has time to exchange energy with other Fourier components
or decay due to viscous action.

Hunt (1973) has rigorously deiermined the conditions under
which equation (1.7) can be applied to turbulent flows external to a

bodys

(Rel\To.)"1 <<€ <<min (L;’é, 1),§nd (ReNo.)%>> max Gﬁ?‘!).

where & , here, is the turbulent intensity, @Uw N
and L, is the longitudinal integral length scale (a length scale of
the energy—coﬁtaining, eddies).

If the Reynolds Number ig large enough, as it often is in

practice, the conditions reduce to:

€ Lomn(Lygy 1)

The practical usefullness of the theory is limited when L% << 1,

as the allowable turbulence intensity, -& , is then very small.
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1.2.4.3 Previous applications of the rapid distortion theory of

turbulence, Ribner and Tucker (1953) and Batchelor and Proudman (1954)
have analyzed the distortion of turbulence in its passage through a
windtunnel contraction; and their resﬁlts have since been corroborated
by experiment. Considerable effort has also been devoted to the
distortion of turbulence in simple shear flows,

Hunt (1973) has appliéd rapid distortion theory %o the external
flow about a circular cylinder. The complete general calculation was
not computationally feasible, but certain asymptotes and other special
cages were evaluated, Experiments by Bearman (1972) and Petty (1972)
have supported certain of the mgin trends of the theory.

Graham (1975) has considered the distortion of a turbulent
flow by the mean flow field of a porous plate (held perpendicular to
the stream). Because the mean flow disturbance produced by the porous
plafe is relatively small (of the order of the resistance coefficient,
K ,'of the plate), Graham was able to linearize the vorticity
transport equation (equation (1.7)) and thus render the calculation
tractable. He determined the theoretical effect of distortion on the
spectrum of drag of the porous plate, and found this prediction to be
in reasonable agreement with some experimental measurements.

1.2.4.4 Previous applications of distortion theory to sinusoidal

gusts. In the theories of both Hunt and Graham, described.above, the
distortion of a single Fourier component (viz, a sinusoidal gust) is
considered initially. Then Fourier Analysis is employed to establish
the distortion effect for a general turbulent gust.

Goldstein and Atassi (1975) and the author specifically

congider the distortion of a sinusoidal gust in their respective order(@(éi)

analyses of the sinusoidal gust loading of aerofoils. In a similar
marmer to Graham, a linearized version of the vorticity transport
equation is employed; in this case linearized with respect to the

small parameter, X , the angle of incidence of the aerofoil.
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1.2.5 Formulation of the turbulence loading of aerofoils. When

considering the turbulent loading of any body, it is convenient to
calculate the ratio of the load spectrum to a velocity spectrum of
the incident turbulence. This ratio is termed the admittance of the
load. If the body reacts to the turbulence as a linearlsystem, the
admittance, at a particular frequency, will depend only on the length
scale parameter, Lj{i o It is customary (for example, see Jackson

(1970)) to define the admittance of the 1ift of an aerofoil ass
2 (Us\ L(E) _
|A )] -Gy b ®) s - (8)

where | Al is the admittance ,
. Pe (K, ) is the spectrum of 1lift coefficient,
Cbzz(r(-\) is the spectrum of turbulent upwash,

.and k\ '—'—w%u,o is the reduced frequency,

1.2.5.1 Derivation of the admittance from the response function for a

ginusoidal gust. This was first achieved by Liepmann (1955) for the

particular cése of the aerofoil., He used S;ars result for the -
sinusoidal gust response, and thus assumed that each spanwise strip of
the wing responds to the gust as if it were two-dimensional. This
type of approximate formulation is known as "strip theory". The

exact formulation will be based on the response to a general frozen

three~dimensional ginusoidal gust.

The most direct derivation, pioneered by Ribner (1956),
| involves Fourier integrals. Roberts (1971) has rigorously derived
the formula which specifies the load sbectrum in terms of the response
function for a general three-~ dimensional sinusoidal gust. This
formula, as it applies to the unsteady lift of an aeroféil in

turbulence, is presented below in tensor notation:

o0

b (F) = ([0 dy®)dRdls , - - 1-a)
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where (1) {L;is the response function for the i th component
of the frozen sinusoidal gust; that is, if U; is
the amplitude of this component:
Co= NLise™™ . . . (10)
(2) é ¢ (E) is the three-dimensional wavenumber

spectrum of the turbulence. In isotropic

turbulence, @LJ (R) is a real function and Cf‘d :cJ;fJL'

The corresponding formula for the admittance is then:
2 U, \&/2)\2 7
| AR = ?3;) (f) gﬂ’iﬂj Tij (k). dredks . . . (1.10)
- 4

vhere TLJ (l»_() = éc\](g %#zz.(’g) is the normalized three-

dimensional spectrum.

It should be noted that Taylor's Hypothesis has been inw;oked in the
derivation of (1.9): the spectrum formula has been established from
the response function for a frozen sinusoidal gust. Thus the
turbulence is considered to be a frozen pattern in space which is
convected past the body by the free stream. A simplified derivation of
equation (1.9) is provided in Appendix 2.

1.2.5.2 Admittance of 1ift to first order. This admittance can be

formilated from the order (& ) three-dimensional sinusoidal gust
response (and so the spectrum of 1ift is of order ( €% ).

The sinusoidal gust in question is the froien yawed upwash
gusié, and, as discussed in 1.2.2, the corresponding localA 1lift response
iss )

CL (t,z) =21r. GG‘nfﬁ.) ’/\35./0 ) eL@ot’k:“Z)

(-]

For a section of the wing of span, 2b 3
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~u.Jt +b -bkgz
2. G(k.,ig) %5 Sc dz
. -b

Cu(®)

i

21 G(k,)k3) sin fsa %%J ettt - (li2)

ksq oo

where a is the aspect ratio = 2b/c

In the potation of equation (1.10):

in ke
n| = ﬂs :O 3 ﬂz = %O-G(khk3)' 'S'LORTS_Z'E B O!’TOI

ﬂzis a function of k‘ and k3 only.

Substituting into equation (1.11)3

At = % § |Gl S -§zz(h,k3>ar<3 (13

where

SZZ (k f‘fz) CPZZ (k'>k3>/ Za(k\) 3 A

-~
and ¢22(k,)k3) is a two-dimensional upwash spectrum

which ig related to the three-dimensional spectrum bys
—~ - (-]
B = | Fr®dh -

CPZZ(E)E)) for igotropic turbulence, is an even fxfgtion of ks .

Sza (kbl—g) is the Fourier transform of a quantity which can be readily

measured experimentally. This quantity is termed the normalized

upwash cross-spectrum and is denoted here by SZa (k.,Z)_ . It is a
frequency cross specti'um of the velocities at two points which are
sepa:c:ated by a distance ,z, in ’phe spanwise direction. The relation-
ship between §22_ and SZZ. iss

o0

Sealkoks) = 45 (Se(hiz). coskszdz . . . . (119)

[o]
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Jackson, Graham, and Maull (1973) have made a thorough
comparison of this theoretical admittance with the admittance

!
measured on an aerofoil mounted at zero incidence in a turbulent

stream (The experiment was carried out We Jackson (1970) T6 evaluate
the theoretical admittance, 'SZZ k‘)z) was measured and empirical
curves were made to fit the data points. Formulae for S—?.z. (k. k=)
were then derived by taking the Fourier transforms of the equations to
these curves. Values of the'theoretica.l admittance were obtained by a
single numerical integration (equation (1.13) above). Using Graham's
computation of G (kz,ks) (refer to section 1.2.2), Jackson, et,al.
found géod agreement between theory and experiment for thei;:' particular
case in which '-'/C was 0.42.

The approximate strip theory, already mentioned, assumes

that the local 1ift response for a Fourier component of the turbulence

" is given by Sears' two-dimensional theory. Thus, with this approximation,

S(k;) replaces G (k;,k-,) in equation (1.13):

AR * = % S(k)z.i%—%%gz(khiﬁ)dks c e (18)

Hakkinen and Richardson (1957) have made measurements on a small aspect |
ratio aerofoil element to test strip theory, but their results were
inconclusive, Jackson, et.al.have shown that strip theory overestimates

the admittance when L, is of order ¢ . However, as they.have

indicated, the discrepancy will become less as L% increases; and

thus strip theory will be useful in many practical ‘situations where L. >>C.

1.2.5.'3 Adnmittance of 1ift to higher order in X .To the knowledge of

the author there have been no previous measurements of the admittance

of 1ift on an aerofoil at incidence COX . Nor has there been any

attempt to extend the theory to higher orders in X . Both of these

aspecfs are dealt with in the present investigation.

1.2,6 The current investigation. The unsteady-load investigation
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was undertaken with the aim of pfoviding more information on the effect
ofincidence on the gust loading of two-dimensional aerofoils.

The approach usged by Graham in his porous plate study was
adopted for the theoretical analysis; that is,initially, the theory
for sinusoidal gust loading was developed and, subsequently, it was
extended to predict the loading induced by a random turbulent gust.
This approach is particularly worthwhile for the aerofoil, as the
intermediate results for sinusoidal gusts are directly relevant to some
practical situations.

The theory for the turbulent gust was tested by an experiment
gimilar to that of Jackson, but modified to allow measurements on the
aerefoil at various angles of incidence to the mean flow., Some effort
was directed at the ratification of the conclusions of Jackson,

Graham and Maull for the aerofoil at zero incidence.

The chapter format for the unsteady load investigation is as

followss ‘ ’
Chapter 4: The experimental equipment, methods of measurement and
analysis, and the experimental progéam are described.
Chapter 5: A comparison between the zero incidence experimental
results and the established first order theory is presented.
Chapter 6: A second order theory for sinusoidal gust loading is
developed. The frozen two-dimensional gust is considefed
first, and then the theory is extended in two directions:
(1) +to the case of the non-frozen two-dimensional gust.
This result is applied to the problem of turboblade loading .,

(2) to the case of the frozen three-dimensional gust.

Chapter 7: With the three-dimensional gust result of Chapter 6, a
theory for turbulent loading to higher order in CX is
established, Finally a comparison is made beiween the
theoretical and the experimental admittances of 1lift for an

gerofoil at mean incidence, (>(,in a turbullent stream.
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»

CHAPTER 2, Literature Survey: Mean loading

In this survey, ReynoldsNumber and turbulence effects on
various flows; are reviewed, with the hope of establishing as complete
a picture as possible of the likely effects of free stream turbulence
on the aerodynamic coefficients of -aerofoils. Also, the areas of
current interest are expanded upon.
The following abbreviations are widely used:
Re No., : Reynolds Number.

FST $ free stream turbulence,

2.1 [The Laminar Separation Bubble.

'I'h::.s bubble exists on various bodies in a particular broad
Re No. range, For example, it is fqund on mogt romld-noseq aerofoils
at moderate incidence and at Re Nos. of practical inte(rest. Aerofoil
stall development can be eritically dependént on the behaviour of 3
laminar separation bubbleo Tani (1964) has compiled a comprehensive

review of this subject,

2.1.1 General description., The bubble is formed as follows. The
laminar boundary layer separates just downstream of the suction peak
where the pressure gradient is strong}y adverse, The separated laminar
shear layer becomes quickly turbulent, and the sﬁbaequent expanding
turbulent layer reattaches a short distance downstream. - A typical
bubble length, £, is 0.01c (¢ is the aerofoil chord length) on an
aeroi‘oﬁ at a Re No, of the order of 106. However, a better parameter,
which covers a very wide range of Re No., is f/gzs where st is the
boundary layer momentum thickness at s.eparatiop. For a laminar

_ separation bubble, {/gzs is of the order of 102,



27.

tronsition

boundarg bger il

/ / // 7 P/ar?;n /// / / Ledhamrt >

2,1.2 Obgerved bubble properties. Experimental investigation of the

bubble has been extensive (for example, Gault (1955)). Pertinent
properties of the bubble as observed on an aerofoil ares

(a) For a given incidence, the pogition of laminar separation
is independent of Re No.. Thig is in accordance with laminar boundary
layer theory.

(b) For a given Re No., the position of laminar separation
moves upstream as the incidence increases. The bubble length decreases;
and eventually the situation is reached where the turbulent shear layer
fails to rea#tache This phenomenon is known as "bubble bursting" or
"nose stall".

(¢) Por a given incidence, the transition position is very
dependent on Re No.. The length of separated laminar flow decreases
with increase in Re No..

(d) 'Typically, the separated laminar flow length is 0.75
to 0.80 of the total bubble length. The pressure in the bubble is
fairly constant beneath the separa.ted»lamina.r layer, but rises-noticeably

beneath the attaching turbulent layer.

2,1.3. Criterion for bubble bursting. The earlier attempis to establish

guch a semi-empirical criterion (for example Tani (1939), Owen and Klanfer
(1955), and Crabtree (1957)) yeré bagsed on the assumption that, at some
critical boundary 1a;yer Re Yo., there occurred a discontinuity in the
movement of the transition position., Recent experimeptal evidence hag

been against the occurrence of any such discontinuity. Woodward, a
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colleague of Horton (1969), found that transition in the separated
lami#ar shear layer occurred in approximately the same positibn before
and éfter bursting and he suggested that bursting occurs simply as a
result of the sudden failure of the turbulent re-attachment. Horton
has lent weight to Woodward's case with a semi-empirical analysis in
which he assumed that the transition position varies smoothly with

change in boundary-layer Re.No.

2.2 Types of Aerofoil Stall., Low speed, 2 Dimensional

The early identification of stall types was carried out by
Jones (1934) and in more detail, by M°Cullough and Gault (1951).
M°Cullough (1955) later demonstrated the close relationship between

the leading edge and thin-aerofoil stall.

2.2.1 Leading edge (IE) stall., In this stall the maximum 1ift

occurs just prior to bubble bursting, after which the separated shear
layer remains clear of the aerofoil surface. The upper surface
pressure distribution is altered considerably by a complete collapse

of the suction peak; and the aerofoil experiences a sudden loss of

lift.
s LR A
S:
P °
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2.2,2 [Thin-aerofoil (TA) stall, After bubble bursting the separated

she;r layer re-attaches again further downstream. As was discussed in
Section 2.1.3, the bubble bursts simply becanse the turbulent shear

layer fails to reattachs the rate of turbulent ;ayer expansion becomes
insufficient in the steepening pressure gradient, For the thin sections
which exhibit TA stall, bubble bursting occurs at a relatively low angle
of incidence; and this, in turn, means that the pressure gradient further
dowmstrean is cgnducive to reattachment, The region so enclosed is termed
a "long bubble", There is significant re-circulation in the region, and
iﬁs initial length for an aerofoil a% a.Re No. of about 106 is typiecally
0vie. £ 8,5 1is of the order of 10%,

A The\upper surface pressure digtribution is altered: +the suction
veak becomes flatter and broader. There is little or no loss of lift,
although a kink may be evident in the CL vs. X curve,

‘ The  bubble burgting occurs below CL max. As the incidepce
is further increased the long bubble grows in extent, and at CL maxs,

it typically covers most of the aerofoil uéper surface,

s IR A CLA
<fffji:jijjijjiijj:::j:3:§§sggz“vw
AB
s T B
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X

2.2,3 Trailing edge (TE) stall. In this stall, significant separation

of the turbulent boundary layer occurs before any bubble bursting., As
the incidence is increased, the separation point moves progressively

forward from the trailing edge. There is no sudden flow change,



30.

Certainly, in some cases, the transition point is ahead of the
position where the laminar boundary layer would otherwise have separated;
that i:_a, natural transition without the existence of a laminar separation
bubble, But, in other cases, the bubble is present as normal, yet it
does not play an active role in the stall development,

Typically, at C, max, the separation point has reached at least

L
the mid-chord position, _
‘ S LR A CLA B
‘ﬁ s-‘\
s TR B
=4 S

X

2.2.4 Other Stall typeSo

(a) A stall type found commonly in practice is one that has
the features of both the leading edge and trailing edge types. As
incidence increases, significant trailing edge separation occurs, but
ultimatgly the laminar separation bubble bursts and there is a sudden loss
of lift,. ‘

(b) "Reseparation" stall, This resembles the leading edge
stall in many respects; but, instead of the laminar separation bubble
bursting, the attached turbulent bounda;y 1ayer‘separates suddenly a

. short distance downstream of the bubble, This stall type was first
recognized by Wallis (1954), and analyzed in a semi~-empirical way by
Evens and Mort (1959). | |

Te

2,2.,5 8tall of turbo-machine blades. A turbo-machine blade can stall

in any of the ways already described, The Re No., associated with a
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turbo-blade flow is considerably less than that assoclated with an

aeroplane wing flow, with the result that the laminar separation bubble

tends to be much larger (0.2¢ is a typical length). £/ §.s is still
of the order of 102, as expected for a laminar separation bubble.
These larger laminar separation bubbles can have an appreciable effect

on the mean flow through turbo-machinery cascades.

2.,2,6 Three dimensional effects in nominally two dimensional wind

tunnel tests. For many years, two dimensional stall development was

assumed to occur on aerofoils which_exhibited good two dimensional flow
characteristics at lower incidences, Gregory, et.al.(1971) demonstrated
that this assumption was far from correct, and identified three major
problen. areass

(1) Corner separations.

(2) Three dimensional stall cells in separated flow regions

neaxr the trailing edge. 7

(3) Three dimensional nose stall.

(1) The tunnel wall boundary layer causes a reduction in
the circulation on the aerofoil near the wall, and this reduct;on can
be sufficient to allow premature flow separation in the cormer,
Corner separation can be avoided by normgl methods of boundary layer
control; for example; suction or ‘Slowing°

(2) stall cells are regions of re-circulating flow in tﬁe
plane .of the aerofoil. They form, at incidences ﬁeap that correspond=-
ing to maximum 1ift, ig regions of separated flow which have developed
from the trailing edge. The existence of such cells has been explained
in terms of flow stability. Variation of 1lift in the spanwise
direction leads to variation in upwash which can stabilize the variation

in 1ift,
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(3) Wnen an aerofoil stalls via the bubble bursting
mechanism, the initial stall tends to occur over only part of the span
and generally in an asymmetric position. That the laminar bubble should
break down initially at one particular spanwise location is not
surprising? since the laminar bubble i§ "very sensitive to local
conditions, The explanation for the ‘“tendency of the breakdown to be ]
confined to part-span follows that presented for the stall cells above,
When part of the span stalls, 1lift is lost in that part and vorticity
is shed into the wake, Thisg vorticity induces a downwash on the still
unstalled sect:!.ons of the wing and this prevents the stalled region
from spreading.

The stall cells and the three-dimensional nose stall have
been observed on aerofoils with aspect ratios as high as 6, Obviously'
these effects will become more prominent when the aspect ratio is less,
There appears to be no simple way of avoiding the development of such
three dimens;onal effects in wind tumnel tests on aerofoils qf moderate

aspect ratio,

2.3 Reynolds Number Effects on thé Boundary Layer

The Re No. can influence the position of transition and the
development of the turbulent boundary layer, 't_m’c it has no influence on
the aeveloment of the laminar boundary layer., ‘

In this discussion, three properties of the boundary layer

" will be considered; Sa » the momentum thickness; H, the shape
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parameter; and (:{ s the skin friction.

:
1

2.3.1 Effect on transition. Transition can occur either naturally

on the aerofoil surface (natural transition) or via a laminar
separation bubble (bubble transition), In either case, increasing the
Re No. has the effect of causing earlier transition; that is, the

transition position is moved upsiream., This is in accordance with the

theory of stability of laminar shear layers, and it has been confirmed

experimentally. To first order, the effect can be thought of as a
movement of the virtual 6rigin of the turbulent boundary layer upstreanm
(A more precise theory would have to include the altered pressure
gradient effects) Thus, at a particular position on the body surface
downstream of transition, the first order effect will be an increase

in Sz of the turbulent béundary layer.

2.3.2 Effect on a wholly turbulent boundary layer. In zero pressure

gradient, it is well-known that, at a particular position, §, , H,
and (jf are all decreased by an increase in Re No..

These trends remain approximately true in pressure gradients.
Green (1973) has presented results of calculations for a turbulent
boundary layer in a pressure gradient representative of the type which
occurs on an aerofoil upper surface under high loading conditions, 82
and H were determined to be significantly reduced by an increase in

Re ﬁo., particularly in the region of adverse pressure gradient.

2.3.3 Effect on a partly laminar, partly turbulent boundary layer

on an aerofoil.

(2) Aerofoil at low incidence, such that the boundary layver

ig fully attached., It is the skin friction drag which is of prime

interest here, From the foregoing, no definite conclusion regarding
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the effect of Re No. can be made, The predominant cor_fcribu‘cion to the
skin ;_?riction comes from the turbulent boundary layer. An increase in
Re No. tends to decrease the Cf of the turbulent boundary layer, but
the extent of the turbulent boundary layer ig increased because of the
movement upstream of the transition position, The (y can be estimated
quantitatively once a criterion for the position of transition has been
established, A number of workers ha_we attempted this for the case of
@ flat plate parallel to the stream. Prandtl (see Goldstein (1938))
developéd a semi-empiriczl relationship between the C; of a fla.t plate
and the ‘Re‘ No., based on the assumption that transition occurs at a
pa.xrticular value of the Re No., U% o He chose this pa.rticulari value
to fit some experimental data obtained by Gebers, The Prandtl-Gebers
relationghip for the overall CD of a flat plate is presented in
figure 4, and compared with the CD curves for wltlolly laminar and
wholly turbulent boundary layers on a flat plate.

(b) Separation of the turbulent boundary layer on an aerofoil

at incidence, Separation depends on 82 and H: in simple terms, the .
likelihood of separation increases with increasing values of 5, and H.
The precise dependence on 82 and H is very complicated. Again the
effects of Re No. on transition and on turbulent boundary‘layer \
development produce opposing trends: +the former increases 82 s while
the latter decreases Sa and Ho There is surprisingly little experim-
ental evidence, presented in the literature, of thé Re No. dependence _
of the separation o£ a partly lamingr, partly tu:r;'bulent boundary layer.
Later, in section 2.4.3, some experimental load measurements are
presez}ted, from which it is posgible to glean some information on the
Re No. effects on turbulent boundary layer separation.

(¢) Separation of the laminar boundary lsyer on an aerdfoil

4

at incidence (where "separation" refers to large-scale separation as

_ opposed to separation within a laminar separation bubble). This
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separation is controlled by transition and is very dependent on Re No..
When transition occurs naturally, laminar boundary layer separation is
precluded when transition occurs upstream of the calculated laminar
boundary layer separation position., Similarly, for bubble transition, .
the likelihood of bubble bursting is decreased the further upstream
tr_ansj.tion occurse, Thus, for bo‘qh types of transition, an increase in
Re No, allows the aerofoil to achieve a higher angle of incidence

before laminar boundary layer separation (if at all).

2.4 Reynolds Number Effects on the CL. max and CDmin of Aerofoilg

The stall type of a particular aerofoil can vary with Re No,.
For example, at low Re No. the stall may be of the thin aerofoil type.
As Re No., is increased bubble bursting is delayed until higher incidence -
and it is conceivable that the shear layer which separates near th_e
nose may remain clear of the aerofoil surfaces leading edge stall.
And, at still higher Re Nos., bubble burst:z_ng may be deleyed to such an
extent that the separation of the turbulent boundary I_Laarer can dominate

the stall: +trailing edge stall or reseparation stall,

2.4.1 leading edge stall (or the combined leading edge/trailing edge

type)o From the discussgion in 2.3.3 it is c).ea.r that, for this stall
type, Cquax will be very dependent on Re No., igcreasing with increas-
ing Re No.., Von Karman and Millikan (1935) first attempted a theoret-
ical prediction of the dependence of CL.ma:xt on Re No.. They

assumed natural trgnsition and ignored any separation of the turbui-
ent boundary }ayer. - The model was later improved by inciuding the
latter effect. Goldstein (1938) has gresented the results of such
calculations for an elliptic cylinder. The critical boundary layer ‘

Re Ko, for transition, Re Scit ¢ Was a parameter in these studies,
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Goldstein's results are sketched below,

i
i
i
¥

log (ReNo)

" The high sensitivity of CLmax to Re No., over a particular
Re No., range, is noteworthy., Some experimental results are presented

in the next section,

2:4.2 Thin gerofoil gtall. It is expected that the dependence of

CLmax on Re No. will be less for the thin aerofoil stell than for
the leading edge stall. The angle 91‘ incidence corresponding to bubble
bursting will still be highly Re No. dependent, but the maximum CL_ ’
is attained at a higher incic}ence when the long bubble extends over
glost of the aerofoil surface, It is expected that the angle of
incidence corresponding to the Z!.g.tter condition will not be very
sensitive to variation in Re No.. M°Cullough (1955) has experimentally
confirmed these postulates, He has measured both the (. corresponding
to bubble bursting gnd the CLmax on a thin aerofoil over a wide
range of Re No.,. His results provide an excellent illustration of 1_:he

relationship between the thin-aerofoil and leading edge stall types:

TAstall | LEstl NACA 0008
Ce

X CLmax

¢ CLBUBHe bursfmg

log(Re No)
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Further evidence of the small dependence of CL max on Re No,
for the thin aerofoil &all is given in Figure 1. These are experi-
mental results of Stack (1931) for the very thin section, NACA 0006,

This section most certainly has a thin aerofeil stall over this Re No.
range, although Stack did not observe the stall types in his investig=

ation,

2.4.3 Trailing edge stall. It was shown in Section 2.3.3 that fthere

are opposing influences of Re No, on the separation of the turbulent
boundary layer. It igs known that trailing edge stall is exhibited
by very thick sections at Re Nos. of the order of 106. Some experiw-
mental results for CL—max for very thick sections have been reproduced
in figures 2,3,6., Stack (1931) has made measurements on the NACA 0021,
a very thick, symmetric section (figure 2) and on the USA 354, a very
thick, cambered section (figure 3). That the stall type for these
sections is of the trailing edge type is confirmed by reference to the
(:L_vs. CX ocurves published by Stack., Relf (1935) has made

meagurements on the Gottingen 387, a very thick, cambered section
(figure 6). At a Re No. of 106, the Clmax for the symetric section
is increasing slightly with Re No., while the C:LJnax for the cambered
sections is decreasing slightly. Clearly, in the former case, the
effect of Re No. on the turbulent boundary layer development is
predominating; while, in the latter case, the Re No., effect on itransition
has the predoninating influencé. It is speculated that the difference
of behaviour could be attributable to differing types of transitiqn,
bubble transition in one case and natural transition ;n the other,

It should be noted at this stage that these early experiments
were carried out in yariable density wind-tunnels on wing models of
aspect ratio 6. The data was corrected to yield the "equivalent two-

dimensigmal" values for the coefficients. Although the absolute values
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obtgined in‘this way have since been found unreliable, they can be
use& quite Yalidly to indicate relative trends; for example, variation
with Re No.,

| Reseparation stall. From the analysis of Evans and Mort, it
ig inferred that the CL max of aerofoils exhibiting this stall type
will not be very dependent on Re No..

It is concluded that, for both trailing edge stall and

regeparation stall, the maximum lifiﬁ:v coefficient will have only a small

dependence on Re No,..

2.4.4 Overall Reynolds Number effect on CLmax of aerofoils,

Jacobs and Sherman (1937) have measured the CulLmax on a number of
aerofoils of moderate thickness over a wide range of Re No.. Some

results are presented below.

1‘ A: NACA 000g (g2 thick)
’ c
CL"“’" A © B: NACA 0012 (12%thick)
: A

C: NACA oots (15%thick)

1

L
Tod ReNo, 10°

e

The expected connection between the shape of a typical

CLmax vs Re No. curve and the stall type is summarized in the next

gketchs
i L Stall h
*[“ olail Types
LE
, TA or COM TE or RESEP TA thin aercfoil
CLmax LE. ieadms eclge,

COM . combined LE/TE
TE T’r‘aih‘nj edge
RESEP reseparafion

!03 (Re No.)
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2.4.5 Reynolds Number effects on CDmin. For symmetric sections, the

main l

ninimum d2ag is composed enh-an%}y of skin friction drag. Stack has

measured the CDmin for a thin symmetric section (NACA 0006) and a
thick one (NACA 0021) over a wide range of Re No.. These results are
reproduced in figures 4,5. It can be seen that, for both sections,
the dependence of CDmin on Re No. is small, ¥For gome Re Nos.,

CDmin is decreasing with increase in Re No., while, at other Re Nog,
the effect is reversed, This is congistent with the reasoning in
Section 2.3.3. Furthermore, the measured values for the thin seetion
are in reasonable agreemex;t with the theoretical curve for a double-
si.ded £flat plate (with Prandtl-Gebers transition law). The measured

values for the NACA 0021 section are considerably higher,

2.5 Free Stream Turbulence Effects on the Boundary Layer.

In a similar way to Re No., FST can influence transition
and the turbulent boundary layer developmeflt; but the laminar boundary
layer development is largely unaffected. (Lighthill (1954) has developed
a theory of the laminar boundary layer in an unsteady stream. The
velocities within the boundary layer and such properties as the local
gkin friction have time-dependent components in addition to the mean
components which exist in a steady stream. The unsteadiness does not
affect the mean development of the laminar boundary layer in this

theory)

2.5.1 Effect on transition. Free stream turbulence enhances earlier

trangition, whether this be natural transition or bubble transition.
The case of natural transition has been widely resegrchedo Brasglow
(1966) has presented direct experimental evidence, showing that the

. ceritical boundary layer Re No. decreases smoothly for increasing
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levels of free stream turbulence. Gault (1955) has investigated the
effect of free stream turbulence on bubble transition, and found tha*!:
the transition position is moved upstream by the introduction of FST,

At this stage an important general conclusion can be made,
Whenever s property depends primarily on boundary layer transition,
the effect of FST on that property will be equivalent to the effect
of an increase in Re No..

As before, the first order effect of earlier transitioﬁ on

the turbulent boundary layer will be an increase in Sz .

2;5.2 Effect on a wholly turbulent boundary layer. The zero px;essure
gradient case has been the subject of several experimental investig-
ations; for example, that of Huffman, e%. al.(1972). The pertinent
findings are that an increase in FST level increases 82 and Cfbut
decreases H, at a particular position on the surface. Green (1973)
has determined tpa’c the effect on H of‘FST of 1% intensity is equiv-
alent to a Re Noo.increase of some 60%. ’

Again it appears that the zero pressure gradient trends
remain valid in flows in pressure gradient. Green has repeated the
before~-mentioned calculations for the aerofoil upper surface flow, o
using a boundary layer calculation method "speculg,tively modified to
account for the effect of free stream turbulence", He determined that
the FST effect was to significantly reduce H and to slightly increase 82 .

An important conclusion is that the effect of FST on the
turbulent boundary layer is not equivalent to an increase in Re No.,
However, as Green ‘points out, other workers have argued that H is the
parameter which coni:.rols separation on aerofoil Tear surfaces; in
which case the effect of FST on the separation of a wholly turbulent

boundary layer will be similar to the effect of a Re No. increase.

Green emphasizes that the length scale of the FST in previous
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experiments has been of the order of the boundary layer thickness.

He suggest that "if the turbulence scale of the free stream were
increased by an order of magnitudecs..... we might expect the boundary
layer in this situation to respond to the predominant fluctuations as
a large scale unsteadiness réther than as a source of turbulent

energy."

2.5.3 EBffeét on a partly laminar, partly turbulent boundary layer on

an aerofoil,.

(a) Aerofoil at low incidence TFrom the foregoing it is

cgrta,in that gn inqrease in FST level will cause an increase in the
skin friction drag.

(b) Separation of the turbulent boundary layer on an aerofoil

at incidence The FST effects on transition and on turbulent boundary

layer development will both increase 82 , but the effect on turbulent
boundary layer development will significantly decrease Ho Thus there
are opposing effects on the separation of the turbulent boundary layer.

(c) Seperation of the laminar boundary layer on an aerofoil

at incidence This separation is controlled by transition. Thus it is
expected that the effect of FST will be equivalent to the effect of an

increase in Re No..

2,6 Free Stream Turbulence Effects on the CLmax and CDmin of Aerofoils

2.6.1 Leading edge stall. The effect of FST will be equivalent to the

effect of an increase in Re No.; namely, the Clmax will increase with
increasing levels of FST. Millikan (1934) has measured the Cimax of
the NACA 2412 aerofoil in flows of varying turbulence level and over a

~ range of Re No.. His resulis are reproduced in figure 7. From the
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dimensions of the turbulence-producing grid and the working digtances
from the grid, it is possible to estimate the intensities and the
length scale of the FST, using data correlations for grids such as that
due to Baines and Peterson (1951). These estimated intensities and
length scale are included in the figure. (Methods for directly
meagsuring the turbulence parameters were not available at the time of
these early experiments). Millikan did not monitor the stall type,
but, from other investigations of this and similar sections, it is
fairly certain that the 2412 section does have, ultimately, a leading
edge stall over the range of Re No, considered by Millikan.

. Millikan's results indicate just how significant the effects
of R.e.Noo and FST can be'for an gerofoil experiencing leading edge
stall. At a given Re No., CLmax increases smoothly and continuously
with increasing FST intensity. The effect of FST is in the same
direction ag the effect of increased Re No. as expected.

Relf (1935) has measured the CiLnax of an R.A.F. 28 section
‘aerofoil, which is of similar thickness to the NACA 2412, in smooth
and turbulent flows. His results are presented in figure 6, where
again 1':he eétimated intensities and length scales of the FPST have been
listed. These results are similar to those of Millikan for the 2412
section, Of particular interest is the extra information available
as to the effect of different length scales of FST (Relf was not aware
of this). The turbulent flows produced by Relf were of approxima’pely
the same intengity, but differed in length scale‘by a factor of 2, It
is noteworthy that the effect of different length scales is significant,

the effect of FST being greater for the smaller length scale.

2.6.2 Thin aerofoil stall. For the same reasons put forward in section
2.4.2, it is expected that the effects of FST on CLmax will be small.

Stack has measured the CLma.x' of the very thin NACA 0006 section in a
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turbulent flow (figure 1). Tt can be seen that the effect of FST is
indf”—:ed small and has negligible dependence on Re No.. More precisely,
the effect of FST is to decrease the CLmax slightly from its value
in a nominally smooth stream. For a thin aerofoil, CLmax occurs
when the long bubble extends over most of the aerofoil upper surface.
Thus it is speculated that the FST effect is an example of the direct
influence of stream turbulence on a separated turbulent shear layer:

the FST produces a thicker layer at reattachment, hence a wider

aerofoil wake and a lower CL. max.

2.6.3 Trailinc-edge stall It was shown in 2,5.3 that FST affects

both the transition and the d(—;velopment of the turbulent boundary
layer and that the two ei‘gects have opposing influences on turbulent
boundary layer separation, Furthermore, these opposing influences are
different from those produced by an increase in R; ¥o. (although Green
has suggésted: that the differences will be small).

Consider now the experiments with very thick ac_erofoils,
already referred to in section 2.4.3 (See figures 2,3,6). The NACA
0021 section, investigated by Stack, exhibits an increase in CLmax
for an increase in FST level. The effect on CL max is in the same
direction as the effect of an increase in Re No,, yet the increase in

CLmax appears to be greater than would be expected by‘ even a very
large increase in Re No.. The U.S.A. 35A section exhibits a decrease
in CLmax for an increase in FST level, which ié also in the same
direction as the effect of an increase in Re No.. However, Relf's
results on a similar section, the Gottingen 387, are very different:
PST increases the CLmax significan“tly while an increase in Re No.
causes CLmax to deorease, The author has not been able to establish
an explanation for this latter phenom;,non. O*pviously it casts doubt

on Green's hypothesis that H is the boundary layer property which



controls separation under these conditions.

2.6.4 Concept of Effoctive Reynolds Number. When it became apparent

that, often, the effect of FST was similar to the effect of an increase
in Re No.,it was found convenient to measure FST levels in terms of an
effective increase in Re No.. This concept was widely applied as a
method of degignating the background turbulence level in wind tunnels,
It was usual to define, for each wind tunnel, a turbulence factor,T.F:

T.F. = Effective Re No, of the tunnel
Actual Flow Re No.

Turbulence factors were commonly measured by determining the

";ritical Re No." of a sphere placed in the‘tunnel, and comparing this
value with that for a sphere in smooth flow, (The flow about a sphere
will be considered in detail in 2.7.1)° The turbulence factor was
consi@ered as a constant for a particular tummel over a wide range of
Re No.. Thig method of correcting for PST effects was found to be of
limited accuracy (understandable in terms of the discussion in2.6.3),
and greater effort was directed towards the reduction of background

turbulence in wind tunnels.

2.6.5 PST effects on Cb min

’

From the discussion in 2.5.3 it follows that, for symmetric sections,
(:Dnﬁn will be increased by the introduction of free stream

turbulence, This is confirmed by the experimenﬁal work of Stack on the

NACA 0006 and NACA 0021 aerofoils (Figures 4,5). If anything, the

effect of FST is equivalent to an effective decrease in Re No,. It

is interesting to note that, for the very thin aerofoil, the measured

values of C:Dndn;aée in good agreement with the semi-theoretical curve

for a double sided flat plate with wholly turbulent boundary layers.
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2.6.6 F.S.T. effects on the flow in turbo-machine cascades. Large

laminar geparation bubbles can exigt on turbo-blades a2t relevant Re Nosd
and in smooth flow. (Refer 2.2.5). - Yet, in real turbo-machine flows
with high levels of FST, the existence of the bubble is often pre~
cluded by natural transition on the blade surface.

Bvans (1971) has experimentally studied the transition on
turbo~-machine blades in various levels of free stream turbulence,

He has confirmed that natural transition is promoted by either an )
inerease in Re No, or an increase in FST., For example, at a Re No, of
2.10°, a laminar separation bubble of length ~ 0.2c exists with the
PST intensity at 0.25%; but natural transition occurs when the
turbulence intensity has been increased to 2.1%.

Large iamina; separatioin bubbles can impair the aserodynamic
efficiency of cascades. Kiock (1972) argues that cascade performance
is optimum at some "critical level of free stream turbulence", a
level which is sufficient to ensure natural transition of the boundary

layers on individual blades,

2.7 Effect of Reynolds Number and FST on the Flow about Bluff Bodies

2.7.1 Spheres The drag of a sphere falls abruptly at a certain

critical Reynolds Number, Re The flow change that occurs in the

cerit®
neighbourhood of Recrit is similar to that associgted with an aerofoil
leading edge stall, At lower Re Nos. than Recrit? separation‘of the
laminar boundary layer occurs. At higher Re Nos., trangition, via a
laminar separation bubble, occurs, andithe subsequent turbulent
boundary layer separates at a position significantly further dqwnstream;

with the result that the wake is narrower and.the drag is lesse

The Recrit value was found to be very sengitive to the FST
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level., In fact, in the "pre-hot wire" days, it was used as a conven=-
ieni;; meagure of turbulence level. Dryden (1931) measured both RecriJG
and the turbulence intensity ( A/’l‘?f— / Uoo ) in a number of tunnels
and found that they roughly correlated.

Paylor (1936) improved the correlation by including a length
scale parameter ( L,/D ). He determined the functional
dependence of Re, ., on SR / Ueo and L, / D vy theoretical
congiderations which assumed natural transition of the bousdary layew.
Becauge this analysis is relevant. to the present study, it is
summarized belows

1. From the theory of the lam:lna..r boundary layer, the velocity
profile depends only on a parameter, f/_}, H
A= -g_z du _ _ 5 U : local stream velocity.
= vV _dDC PUY ox $ ¢ boundary layer thickness.

2. Taylor assumes that, in unsteady flow, this dependence

holds at every instant, and writes:

(Superscripted variables are

AN - 8 dP+p) .
"/\}' a eUy ox the unsteady components)

The time varying part of the velocity profile should depend only ons

QR S~}

L =70y ox
| [ . $* A%
3. Taylor considers the quantity, A =— e%\) (ax) ‘

For isotropic, grid-produced turbulence one can connect the r*.rm.S.
of the fluctuating pressure gradient to the .rm.S.  of the
fluctuating velocity and a length scale of the energy-containing

eddies (for example, L., )3
/“5‘»—2' _ =z 5. -k 4 L,: Jonsﬁ‘udl’na! irtegral
) (S%) = consf. P(H> L‘ V lengfh scale.

Thus /g = = const, SZU"(@)% L:JZ\)-% (2.1)
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4. At the critical Re No., transition of the laminar
boundaa;y layer will occur at a particular angular position on the
sphere. At this position, U/U. is a constant, and Reg is a fixed

fraction of Re (Re=U.DAY; Reg=U8H ). D : sphere diameter,

5, Finally: Taylor's basic transition assumpiion, namely,

N

there exists a particular functiongl relationship between ,_/}' and

Res which defineg transitiont

/E -89

Substitution of equation 2.1 and re-arrangement leads to the final

r.esult:

o o Begmp = {ﬁ?}uw (D/L.)Jg]

Later experiments by Dryden,et. 31(1937)s have verified that Re rit
and the parameter ~ /U (L/D} do correlate well over a wide range
of '/U - and L/D o Dryden,et. al, investigated the following

ranges of the turbulence parameters:

f“?
: '0/ * 0:007 to 0.045 ,L'/ P o018 to 0464
U D

Fairly reliable values of Re in "still air" ('h:a—/r/ =0 )
crit U-o

are available. It appears that the data curve of Dryden,et, al.is

approaching this value, smoothly and continuously, as ﬁfr_/u » bends

to zero. It is expected, then, that data for O <“’—’?/ Us 400007_

will also correlate with Re in the manner suggested by Taylor.

crit
However it is not so certain thad; Taylor's relationship

will hold for smaller scales of turbulence. In fact, Dryden's

data in the range 0.018 £ ki/D £ 0.046 did not correlate well with

other data., Dryden explained this by the fact that data for these

lowest values of L—/ D was obtained at a distance of 1 foot from the

screen, and "evidently 1 foot is too close a working distance for



sph{eres of this size", Examination of the details of Dryden's
exp;eriment reveals that the 1 foot distance was equivalent to a minimum
of 20 megh length(s. Thus the only dm;.‘bt that can arise concerns the
variation of intensity of the turbulence over ‘the body length: this -
variation :Lvill be greater for the turbulence of{ smaller scale. From
data given by Dryden,et. al, and other workers it is possible to estimate
the variation of intensity over theilength of the sphere for these low
Lo/b fiows: %20 - 25% on®/{), . Although this variation is of the
order of the\before-mention‘ed discrepancy in the correlation, a
realistic correction would be much smaller in magnitude, because "one
would expect the intensity at transition to be the important parameter,
For a sphere, the transition position is very near to the vertical
plane through its centre, the plane at which the intensity was
measured, Thug there is a suggestion from the experimental wo;'k of
Dryden,et. al. that Taylor's correlation is limited to L/py > 0.05,

*‘ From an intuitive standpoint, this is not surprising. For
L'/D<0.05, L, is of order & , the boundary layer thickness. The
interaction of turbulence of this scale with the laminar boundary layer
could well be more complicated than that assumed by Taylor in his
analysis. Also there is the question of distortion of the turbulence

by the mean flow field of the sphere: this effect will become more

.

J

significant as L/D decreases. ‘

Since Taylor formulated hig analysis, it has become known
that transition on a sphere proceeds via a bubbie rather than naturally,
Nonetheless, Taylor's Analysis is valid provided his transitioz}
assumption can bc? applied to the separated laminar shear layer. This ‘
seems reasonable, At Re Nos. releva‘nt to the critical range of spheres,
the laminar bubble length is small in comparison with the sphere

diameter., Beneath the separated laminar shear layer the pressure is

constant and there is little recirculating flow. It is reasonable to
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suppose that, in this case, the separated shear layer resembles a

i
normal attached laminar boundary layere.

2.71.2‘ Cylinders. Circular cylinders exhibit a similar critical drag
range. Bearman (1968) has collected data for the Re .4 of circular
cylinders in various turbulent flows and found that these values
correlate well mth ’/'gf%)a ( D/L‘)é‘. The smallest value of L_'/D was
approximately 0,12,

Goldstein (1938) presents pressure distributions which have
been measured on circular cylindea;s in the critical range, for both
smooth and turbulent free streams. These confirm that the effect of
incree_z,sed free stream turbulence is equivalent to the effect of increased
Re No., not surprising since the type of flow in the citical range is
controlled by transition. _Some pressure distribution data is also
presented for lower Re_a Nos. where complete separation of the laminar
boundary layer occurs. The Re No. effect is small: the base pressure
coefficient deoreases slightly with increase in Re No. due to the
more forward transition in the separgted shear layer, Free stream
turbulence produces a similar effect., Surry (1969) has recently
confirmed that FST affects the subcritical ?}ow of a circular cylinder

in a way equivalent to an increase in Re No..

2,7.3 Flat plates perpendicular to the stream, Bearman (1968)

has experimentally investigated the effect of FST on the mean flow
about such plates. He fourd that FST lowers the ba,se‘pressu.re apprec-
iably,whereas an increase in Re Fo. has little effect., This contrasts
with the observations of the flow al;out a circular cylinder at sub—»
critical Re No. (reporte@ above) where the effects of FST and Re No.
were found to be similar, Bearman co.ncluded ‘tha,t the turbulence, as

well as causing earlier transition, promoted "much greater mixing
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between the wake and the external flow."

2.8 Application of Taylor's Analysis to the CLmax of Aerofoils

The similarities between the flow change occurring on
spheres in f:he critical range and "bubble bursting” stall of aerofoils
are obvious,

Consider an aerofoil, with this type of stall, at fixed
incidence and Re No. varying. For various levels of FST, the values
of Re No, corresponding to bubble bursting can be measured? Then
the dncidence can be altered and the measurements repeated. In this

way a graph similar to the following can be constructed:

bur'sﬁnﬂ
increasing [evel
of turbulence

Cr—

X

The analysis of Taylor can be applied directly to the flow

about an aerofoil at a particular incidence:

R%ubble bursting = f[j%'?/u; (C/L)?]

0f more practical interest is the variation of CLmax
with PST at a particular Re No.. The preceding‘gra',ph can be used to
interpret the variation Qf CI_ max for aerofoils ’which ultimately
stall by bubble bursting. The intersection of the dashed line with
the curves gives tl'fe variation of CX bubble bursting with level of
PST at a particular Re No.. CLmax is directly related to

HKpupble bursting.

Cﬁa%ast o statement likes Clmax = f‘(ﬁ%w (C/L‘)s]
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: obviousl ' .
is not neeeseeaiy true, Nor does it seem possible to devise an

exact functional relationship of this simplicity. The analysis is
greatly complicated by the movement of the laminar separation bubble

upstream as the incidence is increased. At best, one could hope that

b d C X
CL max correlated approximately with j%'—/uﬂ (/L.‘) >

For other stall types, the CLmax is not directly related
to bubble4 'bl_).rsting or transition, and no such approximate correlation
is expected. For ae:r:ofo:}ls with thin aerofoil stall, the CL
corresponding to bubble bursting should have the same dependence on
the turbu].ence parameters as the CLmax for the leading edge stall

aerofoils,

2.9 Comparigon of the Effects of Transition Wires and the Effects

of FST (Low speed flow)

Transition_wires are widely used to simulate higher Re XNo,.
in wind tunnel flows. Thus a comparison of the effects of such
devices with FST effects is useful for the assessment of a method of
simulation which is based on the introduction of FST.

A correctly—designed transition trip device, when placed
upstream of the natural transition position, will cause transition to
occur at the device. In other words, the effect on tra;xsition will
be in the direction of increasing Re No.. An increase in the level
of PST can produce an equivalent effect on the ;cra.nsition.

However the effects of FST and transitic;n wires on the
subsequent turbulent boundary layer development are not exactly
equivalent, In general, transitionl trip devices cause the turbulent
boundary layer to be thicker than it would be if natural transition
had occurred at the position of the device. Klebanoff and Diehl

’

(1951) confirmed this for a flat plate, and also demonstrated that,
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after an initial "settling down" period, the mean velocity profile of
the boundary layer closely resembles the profile of the "undistrurbed"
boundary layer at the same thickness. On the other hand, FST
decreases the value of the profile parameter, H, as well as increasing
the boundary layer thickness, and thus the overall effect differs
from that due to a transition device.

¥n general then, the chief limitation of both methods of
high Re No. gimulation is t@at the skin friction of the turbulent
boundary layer is incrggsede The opposite trend is produced by a
true increase in Re No.. However, Graham (1968) has shomn that, over
a wide range of Re No.,, it is possible to select a transition device

which gives no effective increase in the momentum thickness of the

turbulent boundary layer. Thus, by careful design, it may be possible
to achieve, with transitiqn devices, a better high Re No. simulation
than is possible with FST.

Disadvantages of the transition trip device are:

(1) Prior knowledge of the transition position at the high
Re No. of interest is required to effect an accurate simulation.

(2) The accuracy of the sirmlation must be reduced when
the true high Re No. transition occurs via a laminar separation bubble,

With ?ST, it may be possible to determine, in one test, the
effective Re No. of'g particular turbulent flow ;nd then agsume that
this gffective Re No, will remain approximately unchanged in other
tests. Further, it should be posgible to correétly simulate higher

Re No. bubble transition with FST.

2,10 Separation on Aerofoils at High Speed. Effect of Re No.

As the free stream Mach Number increases from zero,
(1) +trailing edge separation occurs at lower angles of

incidence ,
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but (2) the behaviour of the laminar separation bubble is little
affected,
More dramatic changes occur when the critical Mach Number is
reacheds

(1) the laminar separation bubble is suppressed
and (2) the supersonic region is terminated by a compression
(often a shock), and the interaction of this compression with the
boundary layer may induce a separation just downstream ("shock induced
separation"),

There are two basic supercritical flows in which separation
effects are important., The first is found on wings at high incidence,
with the free stream velocity small compared with velocity of sound;
while the second is found on wings at lower incidence and higher Mach
Number., Taylor (1973), for example, has described these two flows in
détail, and emphasized that, for both, the effect of Reynolds Number
on separation can be very significant., Some effort has been directed
to the task of artificially simulating high Re No., transonic flows
in low Re No. wind tunnel tests. 4n accura%e simulation requires that
the boundary layers at the shock and at the trailing edge should have
profile shapes and thicknesses which match those at full scale,

As yet, only first order simulations (in which the boundary layer is
made to be turbulent at the shock, and is made to match the full scale
boundary layer at the trailing edge) have been attempted. A first
order simulation will only model correctly the initial separation, It
is further limited in the range of flows to which it can be successfully
applied. The transition trip device has been used most widely in
previous simulations,.

Clearly, a method of similation based on increased levels of

FST cannot be expected to be better than a first order simulation.

A djsadvaritage of the transition trip device in transonic flows is
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the local compression of the flow around the device itself. This
prohlem would not arise for FST, but an FST method would have other
difficulties, such as the problem of producing the turbulence in

high speed flows. ) -

2.11 Literature Review Summary.

The previous experimental studies of the FST effects on
aerodynamic coefficients of aerofoils have been few in number and
limited in their conclusions. In the literature review, these ,
experimental resulis were supplemented by the knowledge of the effects
of FST in other flows. In this way, a reasonable picture of the
expectéd trends for aerofoil flows was constructed,

Nonetheless, having completed the review, the author felt it
would be useful to investigate four aspects more thoroughly:

1. The magnitude of poasib%e PST effects, as a function of
the turbulence intensity and length scale. |

2. The influgence of FST on stall,development and type,

3. The approximation of the effects of FST to an effective
increase in Re No. (The review had indicated that exact equivalence
could not be expected, But it was felt that a further evaluation'of
the degree of approximmtion would be useful),

4. Any fundamental differences between the FST effects for a
turbulent flow with L_, of order & and those for a flow with [-;
of order C.

A relatively simple wind tunnel experiment was designed to
provide further information on‘these four aspects. Only the FST
effects on the overall mean loading and stall develoPmenf of aerofoils
were congidered, Although the previous review emphasized the need for
further, more fundamental investigation of FST effects on aerofeoil

boundary layers, this wag considered to be outside the scope of the



present study.

r The details and results of the current experiment are

!

presented in the next chapter.

25.
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CHAPTER 3. The Mean lLoad HExperiment

Simply stated, the objective of the experiment was to
ascertain how the stall type and the mean loads on an aerofoil are
affected by free stream turbulence. Preliminary experiments on
aerofoils which already existed in the Aeronautics Department indicated
that a reasonable variation in the stall type could only be obtained
by employing several aerofoils of different thicknesses, (The wind
tunnel that was used in this experiment is limited in its range of
Re No. for a given model),

o It was decided to test several such aerofoils in various

turbulent flows at a particular Re No., and to compare with tests in

nominglly smooth flow at the same Re No., and at a higher Re No..

3.1 The Aerofoils.

3.1.1 _Description A particular family of agrofoil sections was
chosen; namely, the symmetric NACA 00 series, The preliminary
investigations had shown that three stall types could be obtained
with this aerofoil series for the range of thicknesses from 9 to 15%c.
This range of thicknesses also covers mqst of the aerofoil thicknesses
found in current low speed applications. Thus the following three
sections were chosén: .
NACA 0009
NACA 0012
. NACA Q015 .,
The Agronautics Dept. § ft.x 4 £t wind tunnel was used in
this experiment, Considerations of the desired values of the Re No.

gnd the turbulence length scale parameter lj?é led to a choice of
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1 foot for the chord length of the wings. The wings were constructed

in the workshop of the Aeronautics Department,

3.1.2 Measurements The existing three component load balance was

utilized for the mean load meagsurements, Ioad balancing and variation’
of incidence of a wing mounted on the balance ;an be achieved remotely,
The control panel provides a convenient digital read-out of thg angle
of incidence, the 1ift force, the drag force, and the pitching
moment.
Although a certain amount of information regar&ing stall

.type is provided by the mean load data, it was decided that a flow
visualization technique should be employed for reliable determination
of the stall type. Two methods were investigated in the preliminary
experiments: the wool-tuft method and the o0il/chalk method. The
latter method has the advantage of»providing a clear picture of the
separated flow on the body surface, However it has the following
disadvantagess

e its application is restricted to higher wind speeds.‘

¢ it provides a picture of the time-averaged flow only. No

trangient information.
e it is a time-consuming and tedious method.

The wool-tuft method was found to provide almost as much
information about the separated flow regions without the above
disadvantages. As a laige nunber of visua;izafion runs was planned
for the main experimental program, the tuft method was felt to be
the most efficient way of gathering the required information. The
preliminary experiments, by allowing comparison with oil/chalk tests,
did assist in the interpretation of tuft observations. Ten equi-
spaced chordwise rows of tufts were employed in order to provide a

flow picture of the whole wing span but without undue interference.
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(Refer to Plate 1).

A permanent record of the flow visualization was achieved
by photographing the moving tufts with a 2 second exposure time. The
suction surface of the wing was the lower surface, as mounted in the
tunnel. A photograph of the complete suction surface of the wing
was achieved with the combinatioﬁ of a large mirror located on the

tunnel floor and a camera located in the tunnel roof.

3.2 The Turbulent Flowsg

3.2.1 Description Two turbulencé—produeing grids, with very different
mesh sizes, were designed and constructed for this experiment. The
largest mesh size was limited by the distance between the beginning
of the working section and the wing (as mounted on the balance).
The large mesh size was fixed at 3 inches, which meant that the wing
was located an acceptable 13 mesh 1engthé dowmstream of the grid.
The grid of small mesh was designed to provide turbulence with length
scale of the order of the boundary layer thickness. It was GOnstruqted
from wire screening of mesh length £ inch mounted on a wooden frame.
fhe dimensions of the frame matched the intermal dimensions of the
tunnel working section, thus a}lowing the grid to be placed at various
digtances upstream of the wing, For both grids, the ratio of mesh
length to bar width wag approximately 5. ‘

With these two grids it was possible to investigates
(1) the effect of varying the sGale of the turbulence, by using

both grids , . ‘

(2) the effect of varying the intensity of the turbulence by

varying the position of the %inch grid relative to the wing.

3.242 Measurement A hot wire of the éimple [J-type (Which responds
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predominately to the longitudinal velocity fluctuations) was used,
Analysis of the resultant signal for each flow yielded the
“1ong3'i.tudinal“ intensity, /{? / U oo , and the longitudinal
length scale, L.‘ o Grid turbulence is known to be approximately
igotropic at distances greater than about 10 mesh lengths downstream.
Isotropy was not checked in this experiment but the minimum working
distance from either grid was 13 mesh lengths.

» The DISA anenmometer system and auxiliary equipment wexre -
uged in conjunction with the hot wire. The root mean square of the
output signal was measured, and this value, when multiplied by a
factor détermined in the hot wire calibration, yielded the turbulence
intengity. The length scale was determined from the normalized
power spectrum, éﬁ|,(n) of the signal, a%,(n) was
calculated using the digital method which has become established in
the Department (and which is described ;'.n detail in 4.4 ). An
exanple of a;”(h) for one of the flows is presented in figure 8.

The length scale can be calculated simply by:
A .
l-l = %%3' Cbl\é?) *

AN\
This formula arises from the definitions of L-, and (i)n 6“) with
the assumption that the turbulence is a "frozen" pattern which is
convected downstream (Taylor's Hypothesis). )
The hot wire was mounted on the tunnel centre line at the

position corresponding to the position of the leading edge of the

wing.

3.3 IExverimental Detzilg

3.3.1 Program, Two series of experiments were undertaken. In the
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f;i.rst, 4 flows were investigateds

(1) Nominally smooth flow (free tunnel).
(2) Flow produced with the 3 inch grid 40 inches from the wing.
(3) Flow produced with the % inch grid 40 inches from the wing.
(4) Flow produced with the % inch grid 4.5 inches from the wing.

The Re No. in each case was 0.26.106. In addition the

" smooth flow case was investigated at a Re No. of 0.76.106, which was
the highegt value possible in this tunnel, Hot wire measurements
were made. Then, for each flow and each aerofoil, mean load
measurenents were taken over a wide range of angle of incidence.
Concmently with this, relevant flow visualization photographs were
taken,

In the second series, four more flows, produced by the Zinch
grid in> four intermediate positions, were considered, with the aim of
p;:'oviding more information on the effects of variation in intensity.
In this series,time did not permit hot wire or flow visualization
investigations. The turbulence parameters, /1——’?/ Uee and L/c
were determined by interpolation between the measured values for the
- % inch grid obtained in series 1. This interpolation can be done
with confidence. Various workers (for example, Dryden (1937),

Baines and Peterson (1950)) have demonstrated the power law decay of
turbulence intensity behind grids; and, more specificazlly, Baines
and Peterson have collapsed the data from a wide range of grids by
plotting log ( /5.5/ U,o) against log (%/4;), where x is the distance
downstream from the grid and b is the bar size. The measured values
of intensity from series 1 are in reasonsble agreement with the
curve of Baines and Peterson. Dry.den (1937) and Bearman (1969) have
demonstrated the linear variation of length scale with distance
downstream of grids. Thus, intensity values for the series 2 flows

were determined by logarithmic interpolation, while the length scale
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values were egtimated by simple linear interpolation,
Abbreviated notation will be used for the 9 flows, as

outlined in the following table,

ABBREVIATION DETATLS
GRID DIST. FROM WING Re. No. 1076

Smooth IR - - 0.26‘

Smooth HR - - 0.76

Grid T 3 inch 40 ins 0.26

Grid 8, 1 % inch 445 ins. 0,26

Grid 8, 2 % inch 6.5 ins 0.26

Grid 8, 3 % inch 12 ins , 0,26

Grid 8, 4 % inch 20 ins 0.26

Grid S, 5 % inch 30 ins 0.26

Grid 8, 6 % inch ° "+ | 40 ins 0.26

3.3.2 Endplates. In the main experimental program, the wing was

set between endplates. The chief consideration that prompted the
use of endplates was the flow interference cauged by the wooden frame
of the small mesh grid, particularly when the grid was positioned
near the wing, The interference of the tunnel wall boundary layer
(with the frame absent) was determined to be insignificant. In the
preliminary experiments, the aerofoils completely spanned the tunnel,
yet there was no evidence of premature corner separations., With the
aerofoil mofinted on the ba.lancé, there existed a small gap between
the ends of the wing and the walls. It is thought that "throughflow"
in this gap provided a form of boun&ary layer control, not

dissimilar to "blowing'. One of the aercfoils, the NACA 0015, was
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t%sted without endplates (aspect ratio = 5) and with eggflétes

(aspect ratio = 4). The resultant CLvs X curves for,;wo flows

are presented in figure 9. It is seen that the primary effect of the
endplates is a reduction in the 1ift curve slope, and this is, in

fact, a consequence of the reduced agpect ratio tather than any changes
in the wall boundary layer. A smaller wall boundary layer would tend
to produce a higher ClLmax and there is no indication of that in

the figure. .

Even in (ostensibly) very two dimensional flow conditions,
the 1ift curve slope will be less than the theoretical value of 271
The reason is that the vortex lines representing the aerofoil bound
vorticity cammot terminate on the wall but mugt turg and lie in the
plane of the wall., The effect of these vortex lines on the walls is
less than the effect of trailing vorticity for a finite wing because
there exists an image system for the vorticity on the wall which has
a definite cancelling effect. Nonetheless the effect is measureable
and it increases with decreasing aspect‘ratio. The results in figure
9 are an excellent Illustration of the phenomenon.

The lift curve slopes (when corrected for blockage, etc)
were (i) 5.8 for the wing with aspect ratio 5.0; and (ii) 5.4 for
for the wing with aspect ratio 4.0. According to Goldstein (1938),

a typical value for the 1lift curve slope in a two diménsional wind
tunnel test is 5,7. In spite of the lower 1lift curve slope, it was
decided that the main program would be conducfed with endplates in
order to avoid the uncertain interference effects of the frame of the
small mesgh grid,

The endplates were recténgular: 3 feet long by 2 feet in
height. To allow the small grid to be positioned as close as 4.5
inches from the wing, it was necess;ry to dgsign the endplates so

that 7.5 inches of the leading section of the plates could be detached
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when required. Plate 11 provides an overall view of the equipment:. one
of the wingé mounted on the balance between the foreshortened endplates
and the small mesh grid in position, 4.5 inches from the aerofoil

leading edge, The disturbing effect on the flow of the grid frame can

be appreciated from this photograph.

3.3.3 Dynamic head measurement. The dynamic head of the free stream

must be monitored continuously during mean load measurements. The pitot
tube should be positioned in such a location that the disturbance effect
of the aerofoil is negligible. In the current experiment it was not
always possible to satisfy this requirement and also ensure that the
stream was not being disturbed by the proximity of a grid. However the
latter problem was overcome by cross-calibrating the pitot near the grid
with another pitot\in the undisturbed stream (with the wing removed).

In the final reduction of data, anothér and, it is believed,
more accurate method was used to correct for pitot errors due to the
préximity of grids. The experiment demonstrated that the effect of
PST on the 1ift curve slope is negligible: the pitot tube was well
removed from the grid for the flow which, in general, produced the
greatest FST effects, For other flows in which the pitot reading was
affected by proximity to a grid, the pitot error was corrected for by
matching the measured lift curve slope to the value determined in the
flows with no pitot interference. Corrections made in this way were in
reasonable agreément with those obtained directly from the cross-

calibrations.

3.3.4 Tuft interference. Several mean load tests were conducted with

and without tufts, ahd the effect of tuft interference was found to be
very small, In fact, the effect was negligible prior to the stall,

Tufts were present in all the main experimental runs, even
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those in which no vigualization studies were conducted. Thus a precise

description of this experiment would stipulate that aesrofoils with tufis

were the subject of the investigation,

3+3.5 Variation of intensity over the chord. This problem necessarily

arises when turbulence of small length scale relative to the chord is
being investigated. The variation can be readily accounted for when
the effects of the free stream furbulence are primarily local; for
example, the effects on transition, It is a simple matter to estimate
the intensity of turbulence in any local region on the aeroféil surface.
'(This is\considered further in section 3.5.1). The intensity.variation
is difficult to handle when the effects of FST are not confined to a
local region; for example, when the effects both on transition and
on turbulent boundary layer separation are important.

In this experiment, intensities were measured relative to
the leading edge of the wing. Transition occurs near the leading
edge at these Re Nos. Thus the measured intensities should approximate
t0 the intensities of turbulence which affected the boundary layer

transition,

3.3.6 Stall hysteresis., This phenomenon is associated with a stall

in which there is a sudden loss of 1ift (that is, a flow change).
Only the upper arm of the hysteresis loop was congidered in this
experiment: +this arm includes the true value of (:anx. To ensure
that a flow situation correspond@ng to a point on the lower arm was
avoided, the required flow Re No. was always established firét,‘with
the aerofoil at zero incidence, The angle of incidence was then

increased with no further alteration in Re No,.

3¢3.7 Support interference. The existing support system for the
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balance was used, Some tests proved that both the distiping effect
of the shrouded supports on the mean flow and the effect on the mean

loading of the exposed parts were negligible.

3.3.8 Wall corrections. The corrections referred to here are those

which account for the differences between the loading produced by an

infinite flqw field and that produced by a flow in a duct; that is, a

wind tunnel, The corrections recommended by Allen & Vincenti (1944)

were applied. (These include wake blockage corrections). Only for 1lift

measurements in the vicinity of (:Ldmax were the corrections significant:
e in the range -2% to -4%.

The experimental results have been presented, for the most
part, ag uncorrected datéo As the wall corrections are of the same
order of magnitude and in the same direction for each aerofoil, the
comparative study can be achieved wifhout adjusting these raw mean
load data. However the data for Clmax (Table 2) has been corrected
for the wall effects to enable an accur;te comparison with the (:Ldnax

data of other workerse.

3.4 Results. Stall Type

The basic low speed stall types have been déscribed in
Chapter &, Three of them were encountered in this experiment:
« combined trailing edge/leading edge type ( COM stall)
- e leading edge type (LE stall)

e thin aerofoil type(TA stall)

3.4.1 The COM Stall. Trailing edge . separation began at several degrees

of incidence below that corresponding to (:anx. The separation was

initially two-dimensional in nature; but, nearer the (:mex condition,
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definite three dimensional stall cells had developed (as diécussed
i
earlier in section 2.2.6). This flow is illustrated by Plate 2,
| The extent of trailing edge separation prior to the nose
stall (i.e., CLmax) was strongly dependent on the aerofoil
thickness and less dependent on the Re No, and FST effects,

In the COM stall, it is the bgrsting of the laminar
separation bubble which limits the (:L_. The separation ling is seen
to "jump" forward to a position near the aerofoil leading edge.
Invariably, in this experiment, the nose stall initially occurred
over oﬁly part of the span (Refer to plate 3). Nonetheless, the
consequent loss of 1lift was always sufficient for the initial nose
stall to be regarded as the flow phenomenon which determined the (:Lmax
condition. As incidence was further increased, the nose stall became
more extensive in the spanwise direction. This three dimensional
development of the nose stall has been observed by other workers
(refer 2.2.6).

For some experimental runs a siight unsteadiness in the
.flow near the leading edge (presumably in the region of the laminar
bubble) was observed just prior to the nose stall,

A further feature of this nose stall was observed only in
the turbulent flows of higher intensity. The initial nose stall
(although still defining the CZLJBEX) was unsteady in %ime as well as
being localized in space. In other words, the nose stall occurred
only intermittently., As the incidence was furfher increased, both the
proportion of time in the stall and the spanwise extent of the stall
increased. In gome cases, the intermittent nose stall occﬁrred at
two positions; and the stall was oﬁserved to occasionélly traverse
the span between the two (refer to plates 4 and 5).

The period of the stall intermittgncy was of the order of a

few seconds. Thus it is not clear whether the intermittency resulted
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directly from the unsteady incident upwash (dynamic stall) or whether
ié was an indirect result of the interaction of the FST with the
boundaxry layers. No evidence of this intermittency occurred in the
smooth flow tests; but the smooth flow tests were limited to a
maximm Re No. of 0.76.10° which was less than the effective Re No.

of the higher intensity turbulent flows (refer to figure 26).

3.4.2 The leading edge stalls This stall was only observed for the

smooth IR flow test on the 0012 aerofoil. It is a nose stall with
little or no trailing edge separation. The nose stall developed
asymmetrically in a similar way to that described above for the COM

gtall., (refer to plates 6 and 7).

3¢4¢3 The thin aerofoil stall, This was observed in all tests on the
0009 aerofoil. At an incidence in the range 8% to 100, the upper
gurface flow had become unsteady, with greatest unsteadiness near the
leading edge. In fact, the tufts near the leading edge were observed
to undergo large sideways flicking movements (plate 8), This is
thought to be indicative of the existence of the long sepa;axion bubble,
Other workers (for example, M Cullough and Gault (1951)) have reported
that flow reversal occurs in these bubbles. In the present experiment,
the tuft length was greater than the expected bubble héightc It seems
reasonable that tufts that are situated within a long bubble will be
restricted to these sideways flicking movementé.

The subsequent flow development was similar to that reported
by other workers for the TA stall, with Ch.max occurring when the
long bubble had grown to encompass.most of the aérofoil chord,

However two types of initial bubble.development were observed in ﬁhis
experiment. At lower Re Nos. and in PST flows of lower intensity, the

stall development was remarkably itwo dimensional. The initial long
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b?bble extended across the comple%e span, and was of limited
cﬁordwise extent (perhaps 1/10c). As the incidence was increased the
bubble lengthened uniformly. .(refer to plates 8 and 9).

At higher Re Nos. and in flows of higher turbulence intensity
there was a tendency for the initial long bubble to consist of several
spanwise sections, extending up to Z¢ in the chordwise direction,

The bubblg sections were generally asymmetrically located (refer to
plate 10), It is not clear what phenomena were responsible for this
structure of the long bubble: the formation of long bubbles is known
to occur with little, if any, loss of 1lift and thus stabilizing
downwash effects are not expected to be significant. As the incidence
was increased the region of separation grew first in the spanwise
direction, and then in the chordwise direction.

It should be noted that the final chordwise growth of the
.bubble was not well defined by the movement of tufts. The flow down-
stream of the bubble was quite unsteady. After the long bubble had
growm to a length of about ¢ it became difficult to distinguish

between unsteady attached flow and genuine reversed flow in regions

further aft.

3.4+4 Turbulent boundary layer separation. The movement of the

separation line appeared to be controlled, primarily, by incidence,

The effects of Re No. and PST were small, If anything, increase in
either Re No. or PST slightly delayed the forwérd movement of the
separation line. FST appeared to have a significant effect on the
depth rather than the chordwise extent of the separation region., For
a particular incidence, it was observed (from the tuft-motion) that
the depth was less for the higher lgvels of PST; and, in this way, the
trailing edge separation development was effectively delayed. No

appreciable effect on the depth of the separation region was apparent
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for an increase in Re No..

!

| Ko explanation of this phenomenon has been found. An
explanation in terms pf the interaction of FPST with the aerofoil wake

would contradict Begrman's obgervations for the effect of FST on the

wake of a flat plate perpendicular to the stream,

3.4.5 Summary of Stall Types.

The results of four Tlows are summarized in table 1.

~

3.5 Results. Mean Loading

3.5.1 Lift Coefficient, The complete results for <:L ag a function

of ¢X{ are presented in figures 10 to 13.

The shape of the curves correlates well with the stall type
as determined in the visualization tests, the exception being for
aerofoils exhibiﬁing the intermittent ner stall. In this case,'the
curve is rounded contrary to a curve with discontinuity normally
associated with a leading edge type of stall. A noteworthy feature is
the pronounced "kink" in the curve for the 0009 aerofoil in smooth
flow at the higher Re No. (figure 10). A kink is not evident in the
other cases of thin-aerofoil stall (that is, for the 0609 aerofoil in
otiter flows)., ZExamination of the flow visualization results reveals
that the kink corresponds to the first appearaﬁce of the long bubble,
as expected, No conclusion can be drawn about a connection between
the kink and a particular type of long bubble development (two-‘
dimensional or three dimensional)¥ the 0009 wing in the grid S, 1
flow exhibited similar bubble deyel9pment but there was no kink
apparent in the C Lvs X curve.

The effect of Re No. is presented in figure 10, The 1ift
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curve slope is slightly higher for the aerofoils at the higher Re No..
The effect of Re No. is significant for the 0012 and 0015 sections.

This is consistent with the bubble bursting type of stall that both
exhibit. The Re No. effect for the 0009 gection is smaller as expecte@;
but it is greater than that for the thinner 0006 section as presented
in figure 1.

The effects of the various burbulent flows are piotted in
figures 11, 12, &, 13, No consistent effect of the turbulence on the
1ift curve slope is discernible. (This is true even when the data
which has been corrected for pitot interference is ignored). The

(:L_max results are summarized in table 2, In figure 14 they a?;
plotted against the corresponding values of turbulence intensity. For
each aerofoil in turbulence produced by the small grid, the measured
values of C:Lmax increase smoothly and continuously with increase in
turbulence intensity; in fact, for the 0009 and 0012 the'relationship
is approximately linear, Similar to the effect of Re No., the effect
of FST is less for the 0009 section than for the others. There is
nothing particularly universal about the slopes of these curves. The
slopes are\related to the slopes of the (:L.max vs‘Re No. curves for
the sections at the particular experimental Re No, « At a different
test Re No. the slopes will, in general, be different., (refer fig.26)
The data for the laige mesh grid does not correlate with the data for
the other grid: for a given intensity, the effect on C:Lmax is
greater for the smaller length scale. Also ploﬁted in this figure is
data obtained from the results of Millikan for two Re Nos. (Refer to
figure 7). It is seen that the measured values of (:Lmax foi the
.2412 éerofoil also have an approximately linear dependence on intensity,

In figure 15, values of the (:L corresponding to bubble
bursting for the 0009 aerofoil are piotted against intensity.

Bubble bursting was indicated by the flow visualization studies, and
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so;data was only obtained for the four "series 1" flows. Nonetheless
it{does appear that(ijbdoes vary in a similar way to the Cimax for
the 0012 section; viz, a greater dependence on FST than that for the

(:anxfor the 0009 section. This is consistent with the experimental
observations of 1i°Cullough (refer to section 2.4.2).

In figure 16, the Clmax data is plotted against the
paraneter of Taylor's analysis, dﬁ?;(iﬂ-(syﬁqy% o Although the .
values obtained with the large mesh grid are brought closer to the
data curves for the-small mesh grid, the discrepancies are still
significant. (In fact, Taylor's analysis is not strictly applicable
to the 0009 section which exhibits a thin aerofoil stall). These
results suggest that there is a lower limit on the value ofljé for
applicability of Taylor's theory, even though only an approximate
correlation of Cimax with /\/:‘_’?/ U, (C/[_'):i‘{ was anticipated.
There was a suggestion from the experimental results of Dryden, ef,al,
for spheres that a lower limit value was 0,05, This value would be
consistent with the present trends. In these figures (14, 15, 16)
the intensities are those measured at the "leading edge position', If
the values are adjusted to yield the corresponding intensities at a
position further downstream on the chord, the discrepancy between the
small and large length scale data becomes larger.

It is relevant to consider how large the effeét of distortion
of the oncoming turbulence might be. For the small scale turbulence
(Lyg ~ 0.03), the effect of the asrofoil thickness on distortion will
be of a similar magnitude to the. effect of aerofoil incidence.

‘Unfortunately, although the latter part of this thesis consid;rs'
distortion produced by aerofoil incidence, it is restricted to an

investigation of the effect on the unsteady loading: the distortion

of the velocity field is not considered in dgtail. Séme indication

of the possible distortion effect due to thickness is prowvided by
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theories for the distortion of turbulence along the stagnation stream-
line of a two dimesional body. As Ljé'—*o, the uniform plane strain
theory (for example, Batchelor & Proudman (1954)) can be applied, and
the results are that the components, Nﬁii/ijx, and q/égi/ll” ,
are amplified continuously as the stagnation point is approached,
while the component, “/;g;ijab is attenuated. Bearman (1972) has
measured such intensities along the stagmation streamline of a bluff
body with F}é of the order of 1. He found that, even with this~
relatively high value of L}é,, /sg%j“,was amplified considerably at a
position near the edge of the boundary layer. Thus, in general, it is
fxpected that the r.m.s. of at least one of the velocity components
will be higher in the stagnation region. For the aerofoil, transition
occurs near the leading edge, and so the value of j;ZioreleVant to
transition may be higher due to the distortion effect caused by
thickness. The intensity amplification would be greater for the
smaller scale turbulence, and thus could explain some of the discrepancy

between the data for differing length scales presented in figure 16,

3.5.2 Drag Coefficient. Selected Cx)results are presented in figures
17T to 20. 1In figure 17, the results for the three different sections
in one particular flow are given. Increasing aerofoil thickness
increases (:£>min and delays the abrupt drag rise. For these sections
the abrupt rise in drag follows upon bubble bursting. The differences
between the leading edge and the thin aerofoil étalls are emphasized
by a comparison of the drags at maximum 1lift. For the leading edge
gtall, this drag occurs just prior to drag rise; whereas, foi the thin
aerofoil stall, it occurs after the rise.

The results of four flows have been plotted in figures 18,
19, and 20 to highlight the effects ;f Re Nof and FST. Increase of

Re No. has, for each of the sections, lowered the value of Ch)min and
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dei%.ayed the drag rise; that is, the curves for the flow with FST
cré:ss over the curves for the nominally smooth flow. These trends axe
in accordance with previous findings as outlined in Chapter 2.

In figure 21, all the CDmin déta is plotted against
turbulence intensity. For each section, curves have been drawn through
the small length scale data. The scatter of data points about these
curves is greater than that for the corresponding CLmax curves, due

o larger measurement errors.

The regult for a repeated run is compared with the original
measurement in the figure. This gives an indication of the accuracy
of the CDmin determination in the present experiment. ( CDmin was
determined by plotting, in more aeta,il, the data in the neighbourhood
of zero incidence. Typical such curves are presented in figure 22).

It is seen that the effect of the length scale of the turbulence is

Just as significant for CD min as it is for CLmax (the data points
for the 1a,?ge mesh grid are well removed from the curves for the small
mesh grid), CDmin has a more complicai:ed dependence on intengity ‘
than CLmax hasgs the rate 61‘ increase of CDmin with increasing
intensity is less for the lower intensity values (less than about 2%)
than for higher values. Whether this non-linearity arises from the
turbulence effect on the transition or from the effect on the

turbulent boundary layer development camnot be ascertained from the

- present results.

3.5.3 Pitching Moment Coefficient., For the sake of completeness, the

results for the moment coefficient about the quarter-chord point are
presented in figures 23, 24, 25. Tiaese results give 1ittle additional
information: +the trends for the abrupt decrease in nose-up moment
follow those for the abrupt drag rise considered in the previous

section., The accurgcy of the measured moments at small incidence was
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limited,

3.6 Effective Reynolds Number.

3.6.1 Maximum Lift Coefficient. Originally it had been hoped that

it would be possible to test the universality of the effective Re No,

'concept by comparing the results for the different sections.

However a thorough comparison on this basis was precluded by the lack
of experimental data on the variation of ch_max with Re No. for these
sections., In the 1930's extensive measurements were made on these
aerofoils in variable density wind tunnels (for example, by Jacobs
and Sherman (1937)), but, as pointed out earlier, the data from this
era has since been found unreliable. Abbottand von Doeinhoff (1945)
have made reliable measurements but only for higher Re Nos. (greater -
than 3.106)° The highest Re No. in the present experiment was 0.76.106,
Only for the 0012 section has it been possible to elicit, from the
experiments of other workers, reliable two-dimensional data in the

Re No. range 0.766106 to 399106.

The following evaluation method of the effective Re No,.
concept was devised. Effective Re Nos. were determined with the data
for the 0012 sectioh onlys C:l.max values in the various turbulent
flows were compared with the C:Lmax vs Re No. curve, For the other
two sections, the measured (janx>values were ﬁlotted against these
effective Re Nos. A test of the validity of the concept was whether
these points lay on a smoothhcurve between the measured smoo%h flow
values (Re No. Sg;,0.76.106) and the reliable smooth flow values
from other sources (Re No. :2> 3.0.106). This method has been applied
in figure 26. |

Two data points are significantly displaced from the curves
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which correlate the majority of datas (1) For the 0009 section, the

C:anx value obtained in smooth flow at the higher Re No., is below
the curve of the data obtained in FST flows. Further é%idence that
this difference is a very real one is the fact that a kink in the
CLvs. CX curve is only apparent for the higher Re No. smooth flow,
Thug it is concluded that the effective Re No. concept is not accurately
applicable to an asrofoil which stalls in the "“thineaerofoil way",
This conclusion does not conflict with previous discussion: the
review indicated that the effects of Re No, and FST on the (:Ldnax of
aerofoils with thin aerofoil stall woul@ be small; but no indication
of equivalence of the effects was given. (2) More disappointing is
the displacement of the (:ngx value for the 0015 section in Grid L
flow from the main data curve. Another way of viewing this discrepancy
is that the effect of this turbulent flow on the 0015 section is
relatively greater than its effect on the other two sections. No -
source of measurement error which could explain a discrepancy of this
size has been found.

The previous discussion has indicated that the effects of

Re No, and FST on the (:Ldnax of aerofoils with ultimate leading edge
stall should be equivalent., Two areas of doubt have arisen in this
study. The first is the above-mentioned discrepancy (2). The second
is the intermittent nose stall which was observed only in flows with
high turbulence intensity (although it is not conclusively known that
an intermittent nose stall will not occur in smooth flow at high
enough Re No.). Nonetheless, figure 26 does certainly demonstirate an
approximate equivalence of the effects of FST and Re No. for'the |
(:LJnax of the "LE’stall" sections. When it is noted that the largest
Re No. effects (at 16w speed) occur for this stall type, it is clear
that the approximation should be useful for simulating many higher

Re No, flows involving separation. Certainly an FST simulation method
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csn be applied to those flows in which transition trip devices have

traditionally been usged for the gimulation.

3.6.2 Turbulent Boundary Layer Separation. In the current experiment,

investigation of this separation was limited to flow visuglisation
(section 3.4.4). This visualization study high-lighted differences
between the effects of Re No. and FST. Other workers have-demonstrated
that the effect of FST on the (:anx of aerofoils with trailing edge
stall may or may not be in the same direction as the effect of Re Noo.
It is concluded that, in genexal, the effects of Re No. and FST on

turbulent boundary layer separation will not be equivalent.

30603 Minimum drag coefficient. The concept of FST being equivalent

to an effective increase in Re No. has no relevance to (:E)min. The
effect of FST on (:D min is usually in the opposite direction to the

effect of Re Noo

3.6.4 DPotential for effective Reynolds Number increase in wind-
tunnels, Assuming that the concept can be applied validly, figure 26 \
reveals that the effective Re No. can be increased by a factor 6.0

with the small mesh grid in its nearest position to the wing. The
maximum possible flow Re No. is reduced by a factor of approximately

2,0 due to the flow resistance of the grid. Nonetheless a useful factor
of Re No. increase of about 3 is possible., No éignificant meagurement
problems are introduced by’thé)existence of this sort of flow

unsteadiness in the stream.

3.7 Conclusions Regarding the Mean Load Study
(1) It is not universally true that the effect of FST is
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equivalent to an effective increase in Re No. The present experiment
has shown that, for aerofoils, the equivalence is approximately true
for the 1ift of aerofoils which exhibit an ultimate leading edge stall.
For these aerofoils in a typical low speed wind tunnel, the\effective
Re No., could be readily incre#sed by a factor of three. A FST
gimulation of higher Re No. should be of the same order of accuracy as
a method using a transition trip device. Unfortunately, iﬁ transonic
flow testing, the transition device has been of only limited uséfullness
in the simulation of higher Re No..

(2) With the length scale of the turbulence fixed, the
sffect of FPST on the aerodynamic coefficients incrgases smoothiy and
continuously with increase in turbulence intensity, The FST effect
varies with the length scale of the turbulence, being greater for
smaller scales. For length scales of the order of the boundary layer
thickness, the dependence on length scale appears to be greatér than
the 11/5th power" dependence df Taylor's theory.

(3) Higﬁ levels of FST can introduce unusual effects into

the stall development; for example, the intermittent nose stall.
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CHAPTER 4, The Unsteady load Experiment

The %asic requirements of the wind tunnel experiment were:

(1) a rigidly-mounted two-dimensional aerofoil with variable incidence
capability.

(2) equipment for measuring the instantaneous load on the aerofoil.

(3) production of a turbulent streanm.

(4) equipment for measuring the instantaneous velocity at several
locations.

(5) methods of eliciting the useful statistical properties of the
flustusting signals.

The 5' x 4' wind tunnel, used in the mean load experiment, was also

employed in this unsteady load experiment.

441 Two Fundamental Design Decisions

4.1.1 The force transducers and their position relative to the aerofoil.

This question was congidered in detail by Jackson (1970). Basically,
two types of force transducer are suitable for this application:
piezo-electric crystals and strain gauges. The former provide a betier
gsensitivity and hence permit a more rigid system; and tegperature drift,
which is a serious problem for strain gauges, does not affect their
performance. However, their greater size is a digadvantage. For the
aerofoils of this application, the piezo-electric transducers must

necessarily be mounted external to the wing, This,in turn, accentuates

the problems of support interference yith the flow and wing flexibility.
Jackson decided in favour of piezo-electiric crystals; ané, by careful
design, he was able to arrive at a sufficiently rigid aerofoil test
element with minimal support interference.

Because Jackson's design had been proven in practice, a
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similar force transducer and support system was adopted for the current

investigation.

4.1.2. Dimensions of the turbalenoe—pfoducing egrid and the aerofoil .

Following previous experimenters, it was decided that, in order to
engure satisfactory two-dimensionality of the mean flow field, the
unsteady load should be measured on a part-span element of a wing which
completely spans the tunnel, The problem was to optimize the following
variables ¢+ 8, the span of the test element, ¢, the aerofoil chord
length, T , the maximum aerofoil thickness, and M, the grid mesh
length, within the following constraintss
J (a) To ensure a sufficient magnitude of unsteady load on the
element,
(1) L,, the turbulence length scale, should not be much
less than 8 or ¢ . Otherwise there is lack of
correlation of the turbulence over the test element and
the nett force is smalio
(ii) With satisfactory correlgtion of the turbulence
over the element, s and ¢ should still be large
enough to provide a .-msasurable load. A preliminary
calculation indicated that a fHurbulence intensity of
the order of 5% would ensure a measurable load.
Typically, ten mesh lengths downstream of a gﬁid, the
intensity is of this order, and L, is of the order of
0.4 M,
(b) To provide an adequate test of the theory,
(1) L, should not be mich less than s or c , again for
/ the reason of lack of correlation of the turbulence.
It is expected that any discrepancy between theory and
experiment will become smaller as the correlation over

the element tends towards zero.
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(1i) L, should rot be much greater than ¢ 3 otherwise
'the response to the gust is simply the quasi-steady response.
(iii) L, should be of the order of ¢ to provide a
turbulence distortion c.>i' reasonable magnitude and to which
the rapid distorition theory can be applied. When L1>>c N
the distortion is small. When L<Z c , the rapid
distortion assumptions in the theory break down (the
levels of turbulence intensity are necessarily high).
(iv) the thickness to chord ratio, “¢ , should be much
less than 1, Both the already-established theory and

the theory developed in this study are restricied to
aerofoils of thin section. It was felt that % should
not be larger than 0.15,

To ensure adequate rigidity (that is, a high resonant
frequency) of the test element, the ratio of span to
thickness, 3£ , should be made as small as possgible.
Jackson determined that the main resonance of his model
with S/C = 17.8, was associated with spanwise flexing,
His resultant resonant i‘requen‘cy was 460 Hz, which was
only just beyond the highest turbulence frequency of
interest. The natural frequency of spanwise flexing
increases with decreasing S4-. (In fact, the theoretical
natural frequency of the vibration of a simple beanm
depends on Tg: /g—éz) » Where B 1is the modulus of
elasticity and e is the material density. The test
element was constructed with the aim of maximizing both

T4 and ‘/E/:e , the latter is discussed further in the
next section), Based on Jackson's experience, it was
decided that T4 should be less than 17.8.

To minimize flow interference of the support system

(Jackson's tripod system was to be adopted ), s should
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be large.
(e) To ensure satisfactory two-dimensionality of the mean
flow, the total aspect ratio of the aerofoil should be
at least 4. The total span is fixed at 5 feet by the
dimensions of the wind tunnel, so the equivalent
condition is that ¢ should be less than 1.25 feet,
(£) To minimize blockage effects, ¢ should be small.
(g) To keep the chord Reynolds Number in the range of
practical interest, it was calculated that ¢ should
be made as large as the other constraints allow,
(h) To be able to operate at least 10 mesh lengths down-
stream of the grid, the maximum M is about 6 inches,
Thg working distance of 10 mesh lengths is the recommended
ninimum for reasonably isotropic turbulence and the
limiting condition on M arises from the maximum yorking
length available in the tunnel,
The following solution to the problem was arrived ats
¢ = 6 inches, M= 6 inohes,' s/c = 1.33, T = 0.15,
Jackson employed the same value of TA , but his value for s/c was
twice as large., It was felt that the above design would have two
advantages over Jaokéon's:
(1) The resonant frequency would be higher (%4 = 8.9)
(2) The lower value of s/c¢ would provide a more rigorous
test of the theory. In Jackson's experiment the value
of s/L1 was approximately 6.4 and thus the turbulence ,
was not well correlated over a span-length,
In the present design: a furtper measure was taken to reduce
support interference: part of the test elehent extended into the
dumﬁy wings on either side, and the forward support rods (of the tripod
system) were connected to the extremity of these projections. The

ultimate spanwise separation of these rods was 11 inches. The overall
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K

aspect ratio of the aerofoil was 10, and the chord R;&nolds Number of

the experiment was 0.230106 .

4.2 The Aerofoil

4.2,1 TPTurther details of the wing, Because the theory of this study

doeg not specifically include the effect of camber, a symmetric.

aerofoil section was chosen; namely the standard NACA 0015 profille
(also employed by Jackson).

Once the dimensions of the test element had been finalized,
it was constructed so as to be ag stiff and as lightweight as possible
(in order to maximize E/P, and,in turn, the resonant frequency). A
basic frame was cut from sn aluminium block, and filled out with balsa
wood. The matching dummy wings were cut from heavier timber. A1l
construction work was carried out in the workshop of the Aeronautics-
Department.

A photograph of the measuring elemént of the aerofoil is

presented as plate 12,

4.2,2 The support and load measuring system. There were two basic

parts to the tripod support system: )
(1) A massive "earthed" system resting on springs on the
laboratory floor. This was comprised of (a) a weighted steel
frame (the inertial mass) and (b) tapered pylons, bolted to
the frame, passing through the twmel floor, and terminating
some distance below the mode}.Piezo-electric force transducers
were clamped firmly to the top of these pylons..

(2) Light-weight connecting rods between the transducers

and the measuring element of the aerofoil.

Two of the pylons and the inertial mass used in the current
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experiment were a legacy of a pievious experiment conducted, in the
Department, by Edwards (1972). A feature of the inertial mass was
that it rested on four large helical springs. These springs effectively
isolated the support system from fiobr vibrations, The resultant
resonant frequency of the inertial mass was negligibly small (about
0.5 Hz).

Plate 13 provides a view of the measuring element mounted on
the supporting rods and pylons.

Two original features of the support system of the present
experiment are now described in more detail:

4.2.2.1 Facility for incidence variation. This was achieved with

tweo alterations to Jackson's basic design:
(1) the rear pylon was provided with a capability for height
"and (to a lesser extent) longitudinal position adjustment.

(2) the connecting rods were provided with a capability for

rotation about their points of attachment to the aerofoil, -
Details of these design features are illustrated in figure 27, It
should be noted that, again, resonance oonsideratlons dictated the
limited length (6 inches) of the conneoting rods,

This design allowed the aerofoil to be set up at any incidence
between -5° and +20° , with facility for clamping all support
connections for each set incidence. A basic intention of the design
was that the connecting rods and the force transducers would be
vertically orientated for all incidences of the agrofoil; that is,

primary transducer response would always be to the load perpendicular

to the strean: the 1ift force, i

4.2,2.2 Transducer orientation and mounting., The piezo-electric

force transducer responds primarily to the component of the applied
force normal to the crystal, Yet it ig also sensitive, to a lesser
extent, to any transverse components. In the present experimental

- get-up, the primgry response was to the aerofoil 1ift force, and the
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secondary (undesirable)'responsé was to the aerofoil drag force, A
systematic effort was made to minimize the transducer sensitivity to
this drag force.

This effort took the form of a preliminary experiment in
which, by means of a specially constructed rig, normal and transverse
loads could be applied to a transdidcer by the addition of weights.
Two aspects were investigated:

(1) The uge of diaphragms. For his experiment, Jackson

desirned a transducer "load cell" with two shim-metal diaphragms

placed perpendicular to the commecting rod; the aim being to relieve

the transverse forces and moments on the rod without affecting the

nrmal forces. Edwards employed a 16ad cell with a single diaphragm
located immediately above the trangducer. Various diaphragm thicknesses
and configurations were examined in the present test, and notable

results were as follows: )
(a) With no diaphragms present, the sensitivity to transverse
loads is linear,

(b) With a single diaphragm located some distance above

the transducer, the sensitivity remained linear and was

reduced by the presence of the diaphragm. The optimum
thickness of the diaphragm was 0.005 inches; a thickness

which produced negligible effect on the normal force
gensitivity. This load cell configuration was adopted in the
pregent experiment and is illustrated in figure 27.

(¢) With a single diaphragm located immediately above the
transducer (Edwardd! configuration) the transverse force
sensitivity became non-linear ahd could, in facﬁ, be increased.
(8) With the twin configuration of Jackson, the sensitivity
became non-linear and was decreased. There was no apparent
advantage of this configuration over that of (b) above,

(2) The neutral axis orientation. The piezo-electric
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transducer is insensitive to trénsverse loads applied along one
particular direction, Each transducer, separately, was rotated in the
experimental rig under transverse load, and the neutral axis was
thereby determined and marked., The fegion of neutrality was found to
be very narrow; éignificant transverse reponses were encountered a few
degrees either side of the neutral axis. The transducers were set up
in the tumnel with their neutral axes aligned with the free stream
direction. This was made possible by the design of the connecting
rods: for any transducer orientation, all connections between the
transducer and the aerofoil could be made firm, (refer to figure 27
for details),

. Despite these efforts, the overall drag sensitivity of the
test element, as installed in the tunnel, was about 10% of the normal
force sengitivity. Jackson reported a similar figure for his equipment.
This level of drag sensitivity is acceptable, as the unsteady drag
forces on an aerofoil with attached flow will be an order of
magnitude less than the unsteady lift forces. Further discussion of
the possible error introduced by sensitivi£y to drag is given in

sections 5.4.2 and T.2.4. I

4.2.,3 Tunnel installation. Three aspects require further description:

the installation of the dwmmy wings, the shrouding of the pylons, and
the auxiliary electronics for the transducers,

Bach dummy wing was supported by a single bolt at the tunnel
wall and by four piano wires at the end adjacent to the test element,
The bolt axis corresponded with the forward'support axis of the test
element, thus allowing mutual incidence adjustment of the test eleﬁent
and the dummy wings. The length of the piano wires was sdjustable for
this purpose. Near the test element, each dummy wing was specially
cut out to accommodate the projection of the test element (for the

. forward connecting rods). A clearance of 1/16 inch existed between
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all adjacent surfaces of the test element and the dummy wings. No
attemﬁt was made to seal the gap between thetest element and the
dummyiwings in the main experimental program, A preliminary test,
with the aerofoil at 10° incidence, héd compared the 1ift spectrum
with the gap unsealed with the spectrum with the gap sealed by "slit
cellotape”, and no measurable difference had been detected.

Sheet metal fairings were employed to shroud the support
pylons from the flow., The rear fairing, liKe its partner, the rear
pylon, was adjustable in height. The connecting rods, each 4 inch
in diemeter, were thus the only parts of the aerofoil support system
which were exposed to the flow. The shrouded pylons produced a
measurable perturbation to the mean flow in the viecinity of the
aerofoil. With the aerofoil removed, tests were undertaken to determine
the perturbations to the dynamic head and to the mean flow direction
at the aerofoil station: |

(a) Dynamic head. A pitot traverse over the tesi element

position determined an increase of +5.5%, fairly uniform
over the span.

(b) Flow direction. A yawmeter traverse determined an

incidence in the range +1% to +2.5° , the higher

incidences being measured nearer the forward support pylons.

However, the accuracy of this test was severely limited by

_ the fact that only very small pressure differences were
produced by a 1° rotation of the yawmeLer.

The piezo-electric force transducer is used in conjuction
with a charge amplifier which supplies, as output, an electric signal
proportional to the instantaneous force on the transducer. In the ‘
present experiment, the outputs of the three charge amplifiers were
summea, and the resultant signal was thus proportional to the nett
1ift force on the test element. Calibration was achieved simply by

getting the amplifiers on "long time constant™ and placing known
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weights on the test element. The output was determined to be linearly
dependent on the load and independent of the position of the load on
the element, Calibration factors thus derlved were in good agreement
with those obtained directly from the rated transducer sensitivities

and the set amplifier gains.,

4.2.4 Resonant frequency of the test element, This was convieniently

measu;ed by first exciting the element, as installed in the tunnel, to
vibrate at its natural frequency, and then analyzing the output signa 1.
The excitation was achieved by a stream of tunnel air (no grid
required) and the analysis by measuring the spectrum with an analogue
"spectral analyzer". The resultant spectrum contained a well-defined
peak at a frequency of 780 Hz: the resonant frequency of the test
element as mounted on its supports. This result was regarded as

quite satisfactory: the resonant frequency was well above the highest

frequency of interest for the turbulent loading (about 300Hz) »

4.2.,5 Mean loazd characterigtics. It was important to gain some

knowledge of the mean 1lift characterigtics of the model at the Reynolds
Number and in the level of turbulence relevant to the unsteady load
test. Direct mean load measurement with the test element was not
possible, as the necessary length of time constant was not available

on the charge amplifiers. Instead, during the mean load investigation
described in Chapter 3 of the thegis, measurements were made on
another NACA D015 wing in approximately the same conditions of flow.
Exact equivalence of the flows was precluded by the fact that the
aerofoils were mounted at diffefent locations in the tunnel working'
gection. The following table compares the conditions of fhe two

testés
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N UNSTEADY 1OAD TEST| MEAN IOAD TEST
Reynolds Number 0.23.106 0.26.106
Turbulence Intensity 0.065 0.060
Aspect Ratio of 10.0 5.0

the 2D Wing

The resultant mean (JL vs. X curve, corrected for wall interference
effects, is given in figure 28. This curve provided the following
useful information for the unsteady load studys

(1) Lift curve slope. The value yielded by the mean load test

was 5.8 per radizn. The higher aspect ratio employed in the unsteady
test meant that the 1ift curve slope in this test was nearer to the
theoretical value of 2Tr . (This dependence of the slope on aspect
ratio has been explained in section 3.3.2). Thus the value of 5,8
can be regarded as the lower bound of possible values.,

The theoretical lift curve slope value of 27r is also used in
unsteady thin aerofoil theory. A possible ;orrection to the theory
to allow for the discrepancy between the theoretical and experimental
1ift curve slopes is discussed further in section 5.4.2,

(2) Effective incidence . The bulky support system of the test

element induced an effective mean flow incidence to the aerofoil

(refer to 4.2.3). A further estimate of this incidence was provided

by the mean load data by virtue of the fact that it had been possible

to determine the stalling angle of the test aerofoil by tuft
visualization: a geometric incidence of 14° was the result. The

mean test indicated a stalliﬁg angle of 16° (refer figure 28), though
this value will be somewhat less when account is taken of the difference

in aspect ratios. It was concluded that the average effective

o
incidence was in the range: 0° . o .
@ range: U7 to 42 - , result which was consistent
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with the yawmeter measurement described in section 4.2.3. This range
of e?fective incidence was included in the theoretical calculations

presented in Chapter 7.

(3) Mean load conditions at high incidence. The highest

geometric incidence employed in the unsteady load test was 100,
corresponding‘to an effective angle of incidence to the mean flow of,
at most, 12°, Reference to figure 28 shows that the aerofoil at this
incidence was at the upper end of the linear C:L vse X range.

In the unsteady load test, the intensity of turbulent upwash was
equivalent to about 3.3°:§fs.incidence. Thus it was. expected that the
local incidence would occasionally venture above the stalling angle,
but that the planform, as a whole, would not stall dynamically. This
reasoning was supported by tuft observations which indicated that the
flow was completely attached at the geometric incidence of 100, and
by the findings of the current mean load study (Chapter 3) which
suggested that any dynamic stall behaviour would occur only at set
incidences very close to the stalling angle., Nonetheless i} was
clear that, at some instants, the aerofoil %ould be operating at an
incidence above the linear range of the C}_vs.C>§ curve; and that,

as a consequence, the effective 1lift curve slope at the highest set

incidence may have been less than the slope of the linear range.

4.3 The Turbulence

4.3.1 The grids. The definitive load measurements were made in
turbulence generated by a grid of mesh length, 6 inches.. This grid
had been designed by a previous worker in the Department. Its members
were of square section and the mesh length to bar width ratio was

5.33. The full working section length of the wind tunnel was employed:
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the grid was located at the ent?ance and the aerofoil near the exit,
13 mesh lengths separating the two.

Several unsteady load measurements were also conducted with
the 3 inch grid, which had been desiéned for the mean load investigation
of Chapter 3. The zim was to provide some information on the effect
of a smaller turbulence length scale. The locations of the grid and
aerofoil were as above, the resultant working distance being 26 mesh

lengths,

4.3.2 The turbulence measurements., The required turbulence properties

were as follows: .
. (1) The one-dimensional upwash spectrum, Ctzz(Rb y Was
requi?ed for the experimental admittance calculation via
equation (1.8).
(2) The normalized upwash cross-spectrum, O,,(k,Z), was
required for the zero incidence theoretical admittance
calculation via equations (1.13) and (1.14).
(3) The normalized three dimensional spectrum, |ij(K) .,
was required for the higher order theoretical admittance
calculation via the general equation, (1.11).
Cbzz (Eb and Szz (k.,z.) can be readily measured by experiment, whereas
Tij(k) cannot. However, a formula for Tij(g) can be determined from
a measurable spectrum with an assumption that the turbulence is isotropic,
Wind tunnel turbulence will generally exhibit a certain degree of
anisotropy; a degree which can be appreciated by a comparison of such
measurable spectra as P, (k) and Pup(k) . In fact, a
more reliable formula for Tij(g) has va}ues of the turbulence
parameters which are reasonably consigtent with those of several
different measured spectra. This latter policy was applied to the
current study, the measured spectra being C#),,(Ef) R Cbzz( R.),and Sea(ki,z).

q)"(RQ can be determined from a signal proportional to the
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longitudinal velocity fluctuations, ) C#za(RJ from a signal

propo?tional to the upwash fluctuations, 1, ; and 5531(k|>2) from
two simultaneous signals of the upwash at tﬁb stations separated, in
the spanwise sense, by variable distance, 2. In the first series

of the present experiment, a U-type hot wire was employed to provide
a ¥ signal; while, in the more comprehensive second series, X-type

wires provided signals proportional to U

4.3.3 Hot wire details. The wires were used in conjunction with

DISA brand anemometers and auxiliary units. The standard method of
U-wire calibration was used. For the X-wires, the setting-up and
calibration was achieved with the "matched wires" technique in which
the difference signal of the two wires is made proportional to the
upwash, and the calibration is conducted by a yaw test on the probe
in a steady stream. A typical X-wire calibration curve obtained in
this experiment is reproduced in figure 29.

The hot wire measurements were made with the wing removed,
and at the flow speed of the load test (nameiy, 76 f£t/sec). The
wires were positioned on the spanwise line corresponding to the
quarter-chord line of the aerofoil. Unsteady thin aerofoil theory
predicts that the unsteady load will act through the quarter-chord
point, and thus this position was most relevant for the turbulence
measurements, With both grids, the variation of tarbulenc; intensity
over the wing chord was small: at most an 8% reduction in intensity
from the leading edge to the trailing edge. |

U-wive measurements were conducted with a single wire located
near the tunnel centre-~line. The U-wire probe was mounted on a rod
fixed between the tunnel wall and one of the test element'supportso

X=wire measurements were conduqted, simultaneously, with two

wires at different spanwise separations. A simple rig was designed

to fulfil this task. It consisted of a suport rod, completely
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spanning the tunnel, and a traversing device, The two probes were
mounted on the support rod: one at a fixed position near the tunnel
centre, and the other free to traverse along it. The position of the
latter probe was controlled, from outside the tunnel, by way of a
traversing rod with a screw control. The whole assenbly could be
rotated about the support rod axis to facilitate the yaw calibration
of the wires.

Drift of the tunnel temperature was a problem in the current
experiment, the hot wire response being quibte sensitive to changes in
air temperature. With the grid installed and the velocity of the stream
at 76 ft/sec the tunnel temperature did not stabilize, but continued
to increage with running time. However, after about 250 C, the rate
of increase became noticeably less. It was found that, by minimizing
the run time, the temperature could be maintained in the range, 24.5°C
to 26°C. (In fact, the run time could be made a short as 1 minute,

a 40 second'recording of the signal being sufficient for later analysis)

Negligible chenge in the wire calibration occurred over this temperature

range.

4.4 $Signal Analysis

This sectiog deals with the methods employed to elicit the

spectra, quL(E,), C‘b“({?,), and Ci)zz(f{.) , and the cross spectrum,
Esaa(kaz) , from the respective signals. ‘

The established digital analysis system of the Aeronautics
Department (see Bradshaw (1975)) was utilized for the majority of the
spectral analysis. The stages.of this system are:

(1) Analogue recording of the signal, For a sﬁbsequent

crogs-gpectral analysis, simultaneous iecording of the two

signals on two recorder channels is required,

(2) Digitizing of the signal(s) and recording of the digital
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data. These operations are controlled by a PDP 8 computer,

| different programs existing for different numbers of
simultaneous inputs,
(3) Analysisg of the digitai data on the Imperial College
CDC 6400 computer. The spectral and cross-spectral analysis
programs, currently in use in the Department, were written
by Davies (1975)° These programs employ the "Fast Fourier
Transform"” technique. The spectral program gives, as -
output, the spectrum normalized by the total power of the
signal; while the cross-spectral program yields the "coherence"
as one of its outputs, The coherence is the square of the
modulus of the normalized cross spectrum,

In the present analysis, particular care was taken with the choice of

Nyquist frequency and digitizing sampling rate, in order to minimigze

the aliasing error. The signals were "low-pass" filtergd at the

Nyquist frequency before digitizing,

Examples of output plots for a normalized load sgpectrum and
an upwash coherence function are presented &n figures 30 and 31.
respectively. In the former, the model resonance peak at about 800Hz
is clearly recognizable. Also in the same plot, another irregularity
is discernible in the region of 50Hz., It is discussed further in
section 5.1.2,.

Normalized spectra were also obtained by analogue means using
the Bruel and Kjaer brand "Wave Analyser". The spectra thus obtained
provided a check of the digital analysis; and, in fact, very good
agreement was found between spectra determined by both methods.

Absolute power spectra were ultimately required for the
experimental admittance calculation. This necessitated accurate
signal calibrations znd a measurement of the absolute power of at

least one signal at the pre-recording stage.- The latter was
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nebegsary because of changes of éignal amplitude that can occur in
the énalogue recording and reproducing. This requirement for an
absoiute power measurement is a definite drawback of the Aeronautics
Department system. In the current eﬁperiment a reliable estimate of
power was obtained by the simple expediency of making the measurement
with several of the more dependable R.M.S. meters (for example, DISA,

Solatron, and Bruel & Kjaer brands).

4.5 The Experimental Program

The experiment was conducted in three series. The measurements
of each series are outlined belows
Series 1: (a) Load measurements in the 6 inch grid
turbulence at set indidences of the aerofoil of
0° ana 10°, |
(b) A U-wire flow measurement of the 6 inch grid
turbulence.
)
Series 2: TPlow mneasurements with two X-wires with a range
of spanwise separation from 0.5 cm to 35.0 em
(6 inch grid turbulence).
Series 3t (a) A repeat of the 6 inch grid load measurements
to determine reproducibility.
(b) Load measurements in the 3 inch grid
turbulence at set incidences of 0° ana 10°.
(c¢) Load measurements in the free tunnel (that is,
in nominally smooth flow) over a wide range of

incidence,
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CHAPTER 5. PFirst Order Turbulent Loading

|
This chapter compares the experimentally measured admittance of 1lift
of an aerofoil at zero-incidence with the admittance predicted by the

first order theory,

5.1 The Experimental Admittance

5.1.1 Data reduction. The absolute spectra of 1ift and upwash were

determined from the measured normalized spectra as follows:
At a particular reduced frequency, k1, ‘
the absolute spectral power = (normalized spectrum level) x
(rem.s. of the signa1)2 x
(calibration factor)z.

The admittance calculation then proceeded simply via the equations

“ 2 2 1 ) | ]
Al - (Ys)- Pek)/Pn) 3
the only further complication being that the dynamic head (and so,ll)

were corrected for the support interference error described in section

40203-

5.1.2 Results. The admittance results for the aerofoil mounted at
zero incidence in the 6 inch grid turbulence (both series 1 and 3)

are presented in figure 39. Considering that the data is plotted on
log scale, the discrepancy between the results for series 1 and series
3 is not insignificant. The data curves cross over at a reduced
frequency, k1 , of the order of 1.0. For k1 greater than 1.0,

the series 1 estimate is greater than the series 3; while for k1

less than 1.0, the reversge trend is evident. - Within each experimental

series, tery good reproducibility of data was obtained.
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The experimental procedures of serieg 1 and 3 were identical
with one exception: in series 1 the load signal was low-pass filtered

at the pre~analogue-recording stage with a "high roll-off" instrument

get at a frequency of 400 Hz. Eowevér, one would expect that a
correction for any error introduced by this filtering would tend to
increase the observed high frequency discrepancy. Fur&her, one series
1 load spectrum (an analogue measurement) was obtained without
filtering, and this spectrum was in good agreement with the other series
1 zero-incidence results.

There is some cause to suspect that a diffexmence existed
between the installations of the test element in series 1 and 3.
Some of the series 3 spectra exhibited a small irregularity (a
"dip-peak" combination) in the vieinity of 50 Hz. This has already
been referred to in section 4.4 in connection with the example gpectrum
of figure 30, The irregularity became more prominent in the low
incidence smooth flow tests (figure 50 presents the relevant spectra)
where the ovérall unsteady load was much less. The shape of the
irregularity suggested structural vibration,as the origin rather than
a 50 Hz electrical "hum". The irregularity was not evident in the
geries 1 load spectra; yet there was no clue as to what changes in
the aerofoil installation might have introduced the vibration into the
series 3 tests. In tqrﬁﬁlenﬁ loading gpectra, the irregulari£y was
invariably well imbedded; and thus it is difficult to understand how
it could have been responsible for the discrepanc;es in admittance
which were observed ﬁetween the series 1 and seriesg 3 results over a
wide frequency range.
) Nor does it seem possible that measurement errors could
account for the discrepancy. Thelgreatest uncertainty léy in the
absolute spectral power, and the source of this uncertainty was the

r.m,8. megsurement (The calibrations of the hot wire and the load

balance were found to reproduce accurately). The maximum r.m.s.
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error was estimated at ¥ 5% which could lead to an error of ¥ 10% in
the absolute power., Even if this maximum error were assumed for each
geries, the discrepancy in admittance could not be completely accounted
for, Further, reducing the discrepanéy at one end of the frequency
range (by an alteration in the spectral powers) would, of course,
increase the discrepancy at the other end,

Thus, though there was some evidence that the discrepancy
could be due to some difference in aerofoil installation, it was felt
that the evidence was insufficient for a complete dismissal of the
results of either series.

A further relevant result is the zero-incidence 1oad_spectrum

in smooth flow, measured in series 3 and plotted in figure 50, This

unsteady load has been induced by unsteadiness in the nominally smooth
stream and in the aerofoil wake, and by resonant vibrations of the
model. The general level of this gpectrum is two orders of magnitude
lower than that of a typical turbulent load spectrum. Thus unsteady
loads induced by boundary layers, wakes, etc? could be confidently_

ignored in the determination of the turbulence admittance function,

5.2 Description of the 6 inch Grid Turbulence

It is convenient, for the theoretical admittance calculation,
to be able to represent various spectra of the turbulence by analytical
formulae,

For the zero incidence calculation, such a representation is

not necessary, One can measure the normalized cross spectrum of the

turbulence and calculate a theoretical admittance directly from this
data with a double numerical integration (via equations (1.14) and
(1.13) given previously)., However, if the data can be represented by
a formula which is readily Fourier-transformable, the first integration

can be achieved analytically, and the admittance can be determined with
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a single nmumerical integration. This is the approach employed by
Jaok;son, et, al. (1973) and by the present author,

| As explained in section 4.3.2, the higher order theoretical
calculation does require an analytical formula for the normalized
three dimensional spectrum 'I‘ij(l_g), which, in turn, necessitates an
analytical representation of at least one measured spectrum.(In the
present study, to improve the reliability of the T, j(l_g) representation,
y Pealk)

all three of the measured spectra, P, (k)

and S, (k., Z} were involved). :

54201 The von Karman description. Von Karman derived a semi-

empirical formula for C;b, ,(E,) for the case of grid-produced wind
tunnel turbulence. (See, for example, Hinze (1959)). In the present

notation, the formula is:
L L 3 S * r .
Cbu(k') = Ay L. (l + kTZ)S/G s where kK = F@?L(%)z (L%)k' -+ (5)

In figure 32, the experimental data for <P, (k) has been plotted,
together with the von Karman curve for L/C = 0.44, This curve is
clearly an acceptable representation of the data. The measured value
of the intensity of the longitudinal fluctuations, @ Uy
was 0,065,

When the turbulence is isotropic, the various spectra are
related to each other by analytical formulae., Batchelor (1953), for
example, provides the derivation of several such useful formulae,
Using one such result, a formula for ¢ag(l-<.,) corresponding to the
above expression for Cf),,(}?,) can be deriveds

22

q)az(g) =é/ﬁ' - L, ((? *‘?::')) 5 % 2{? : *e ‘(5'2)

In figure 33, the experimental data for ., (k) has been plotted,

together with curves of the above formulae for two values of L/C :

0.36 and 0.44. Generally, the fit of the formulae to the data is less
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satisfactory than that achieved with the corresponding <, (k) spectrum.
The curve for L'/C = 0,36 provides the best data fit over the frequency
range of interest for the subsequent admittance calculation, (This
range is also indicated in figure 3350 The measured value of the
upwash intensity, ﬁf/ U.. s was 0.058,

A comparison of the (k) and By, (k,) Tesults revealed

several indications of anisotropys

(1) ¥ = o8,

(2) the shape of the curve through the ana data was noticeably

different from that of equation (5.2), whereas, for the &,

case, the shapes were quite similar,

(3) the value of L/C which provided the best curve fit %o

the ¢, data was greater than that for the ,, data.
Nonetheless, the excursions from isotropy could not be regarded as
large.

An analytical expression for the normalized upwash cross
gpectrum, Saa ( khz) can similarly be derived from equation (5.1)
with an assumption of isotropy. (For example, refer to Harris's (1970)

derivation of S,,(k.,z) 3K

Seelid) - 22

»
S
'

;5.{ 6~ 335 K%(z*)} . (53)

where Z*_ r F’a’)(ggé)( I+kaz)i‘,’2 s and-the K's are Bessel

functions of the second kind.

Jackson, et.al.have presented such a formula in their 1973 paper. In
this report, it is subsequently referred to as the "VK formula™ fog

Saa (k“z_) . Experimental data for Sza (k,,z,) for three values of k,
(covering the complete range of interest) has been plotted in figures
34, '35 and 36. In the former two figures, the data has been compared
with the VK formulae for two values of L/C which yield a reasonable

data fit; namely 0.40 and 0.44. In each case, the largest discrepancies
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between the formula and the daté, occured with the middle value of

k, (= 0.804) at large z. This fit did improve as the value of
increased, but discrepancies then appeared at small 5. An L/C value
of 0.44 was considered the highesgt for which the overall fit was
reasonable (figure 35); and, in fact, the value of 0.40 was considered
to provide the best VK fit (figure 34).

Finally, the corresponding formula for the normalized three

dimensional spectrum can be deduced (see, for example, Roberts (1971)).

In tensor notation, it iss

r(s) (kg ki ki .
—]—J (k) {r‘(%) rv(%)} L (3-:'8{{'2) (,+k‘z)} {g ,. } c ‘(54‘)

re). rE) C

vhere K=K koKl and K- {...D_} 2(L)ki

It was not possible to directly determine, by experiment, the value of Lyc.
which would give the best matching of this formula to the 6 inch grid
turbulence., However, from the other spectral measurements, it was
confidently assumed that this best fit va.lu:e would lie in the range

0.36 to 0.44; and the mean value of this range, namély 0.40, was

selected for the higher order theoretical admittance calculation

(described in Chapter 7).

5.2.2 Alternative formula for Saa ( ki s Z\ « This general formula,

with five consgstants to be specified for each k, wvalue, enabled an

accurate curve fit for all the experimental datas

Sealiez) =2 () = 27K ELE Lot [Co(-C)] - 59
wherez =CsZ, and C,=0  except when C4<z'< ’%3 +Cy s

This best fit formula is subsequently referred to as the "EF formula"

for S, (k,,z). The first two terms are a generalization of the
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Vickery (1965) cross spectrum f;)rmula.. This latter formula, alone,
was found to agree reasonably with the data at low and high values of
%z o but to underestimate it at intermediate 2z values, The third
term, a half cycle of a sine fu.nctioﬁ, was added to achieve agreement
in the latter region.Figure 36 presents three such data fits for three
different values of k;.

Nonetheless, it was evident that some uncertainty existed in
the S, (k,)z) formulae (both the VK and EF types) at low k, and
high =z, where accurate experimental data was not available and yet
where Sza(k|,2) was appreciably non-zero. In the next section, it
is demonstrated that this uncertainty leads, in turn, to some unc.ertainty‘

ire the first order theoretical values of admittance at low Kk,.

5.3 The Theoretical Admittance to First Order.

5.3.1 Method of calculation. Equations (1.13) and (1.14), derived in

section 1.2.5.2, were employed; namely:

lA(k.)l" = EIG(k,,k,)lz %‘,;;ﬁ‘—){’- See (koks)dks oo (1)

and S-az (k.,ks) = ";‘f S Saz (k,,z) cos ksZ dz .o (1-34-)

The g—zz(k,,ks) formulae corresponding to the VK and BF formulae for

Szz(k,,z> were deduced by way of standard Fourier transforms:

(1) VK result

rE) (k 2+ k3a+ k:"zks z) .
Sea(kik) = 3Tr { (6)} +hTE)E(+ k35 (3+8K)

where

- ...(5.6)

t . 6 L, T
s PENE (+K5E ke
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() Erestt S (k) =g {0Elpme — ¢ s

+G [cosks —cos (G, +(C5+ka)63) cos kg,C,, — cos (—!@'Cw(Crk;)’c; ]}
2w G+l G-k

where k;,l = E; /Cs .

Several solutions for the sinusoidal response function, G(k.,ks) N
were considered; namely, the numerical solution of Graham and the
approximate analytical solutions of lugridge, Filotas, and Sears (as
detailed in 1.2.2), The necessary integration over k3 to evaluate
the admittance was performed numerically/. The computer program
written to achieve this, with Graham's program for G (ki ks)

as a subroutine, is presented in Appendix 11. Special care was taken
to ensure that the step size and range of integration were suitable

for an accurate estimate of the integral.

5.3.2 Theoretical admittance with G (ki ks) evaluated exactly (that

is, via the numerical method of Graham). These admittance values were
calculated with both of the previously-detailed O (koks) formilae.
For the VK formula, three values of % were considered: 0.36, 0.40,
and 0.44. The results of the calculations are plotted in figure 37.
At large values of k, , the admittances collapsed onto a
single curve. This was expected because the higher frequency components
of the unsteady load a;re independent of the large scale eddy structure.
The admittance at lower frequency was more sensitivé to the Sza(k\,z)
data fit. For the VK case, thg level of the admittance curves at low
frequency increased steadily with increase in L%; as expected. The
VK curve with L%: = 0.44 was nearest to the BF curve (though it
should be remembered that Ly& = 0.40 yielded the best VK £it to the
S.s (kz) data).

An important realization was that the low frequency theoretical

~(5.7)
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admittance calculation is sensitive to the Spp (ki,z) data fit over a
Wideé 7z range: from 2 =0 +to a value of 2z where the spectrum ig
smali and agymptoting to zero., Thig faect is explained as follows:
(a) The integrand in equa.t;‘.on (1.13) falls rapidly to zero
from its value at k’B = 0.
(b) Thus the admittance is very depéndent on the integrand
values near ki =0. _
(¢) These values, in turn, depend on the values of Sj,(k, ki)
near k3 =0. .
(a) 4s ky—0, Sz (iks) — Jn'*’rg Szz (k,2)dz .
S0 the admittance is sensitive to the area under the Saa(k.,z.)
curve.
(e) And thus the admittance result is sensitive to the Sj,(k,Z)
data fit over the range of z in which Opp(ki,z) 1is
appreciably non-zero .
As indicated in section 5.2.2, it was precisely when k, was small that the
experimental Szz(k.,Z) data was not available over a sufficiently
wide 2z range. Thus, even when all the data was well represented by
analytical formulae (the BF data fit), so'me doubt existed for the
calculated admittance at the lowest frequencies,
The difficulty of obtaining accurate Sza(knz) data for
low k, and high 2z will be present in any wind tunnel experiment,
The results of Jackson, Graham, and Maull (1973) were limited in the
same way. In a private communication, Grsham has indicated that his
calculated admittances at the lowest frequencies depended significantly
on the type of curve which he used to fit the data. For the low k,
determinations, he employed an exponential fit to the data as well as

the VK fit described in the Jackson, et. al.paper, and he found significant

differences between the admittances determined with each type of fite

5.303. Theoretical admittance with G(k. ,kz) approximations. These
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admittance values were calculated using the VK §§2a(k”k;) formula with
Lj%é = 0,40. In figure 38, admittance values determined with the
folléwing approximate formulae for C;(knk3) are compared with
those caleulated with the Mexact" response function of Grahams
(1) GM (knks) , Mugridge's formula, defined in equation (1.4)
(2) Gglk k) , Filotas' formila, défined in equation (1.3)
(3) S(k) , Sears' formla, defined in equation (1.1).
This is the two-dimensional sinusoidal response function and
when employed in place of the three dimensional function,
yields the "strip theory" admittance (see 1.2.5.2)
The resultant admittance trends were consistent with the nature of the
approxinations:
(1) Mugridge's forrmla led %o an admittance in good
agreement with the exact theory at the low frequency end, but
one which approached the étrip theory result at high frequency.
These trends are understandable when it is rememebered that
Mugridge's approximation is an adjustment to Sear's formula
and is the correct low frequency aéymptote for (;(k“kQ.
(2) Filotas! forrmla yielded an admittance which, though
over estimating the exact theory over the entire frequency
range, approached the high frequency curve of that theory at
a faster rate than the strip theory admittance. .The
Filotas formula is the correct high frequency asymptote for
Gl ks). |
(3) Strip theory overestimated the exact theory over the
complete frequency range of interest. Jackson, et.al.observed
a similar trend with an ljy& value of the same order.
Overall, considering that most power is at the lgwer
freqﬁencies, the Mugridge formula provided a reasonably accurate and

very convgnient approximation to the first order theoretical admittance,

relevant to this experiment. In many practical situations, the t"yé
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value will be greater than 0.40 and the approximation will be still

better.

5.4 Comparison of Theory and Experiment for the 6 inch Grid Turbulence

5.4.1 The comparison. Figure 39 compares the zero incidence

experimental admittances (series 1 and 3) with the theoretical values
calculated with the exact theory for G (l,ks) and with two S, (k,z)
data fits (the BF fit, and the VK fit with LyC = 0.40).

The agreement between theory and experiment was reasonable,
The theoretical admittance was close to the high frequency data of the
geries 1 experiment and to the low fréquency data of the series 3.
Yet, for either of the individual experimental series, the agreement
wag not as good as that obtained by Jackson, et,al.. The current
experiment, with §/1_1 equal to 3.3, was a more rigorous test of the
theory than the experiment of Jackson ( %/1_‘ = 6.4). Unfortunately,
. because of the scatter of experimetal results, it was not possible to
deduce whether the theory predicts the admittance more or less

satisfactorily for the lower §/1_' value,

5.4.2 Sources of discrevancy between theory and experiment.

(a) Turbulence description. The problem of obtaining a

sufficiently accurate description for the theoretical
admittance calculation at the lowest frequencies has been
discussed in section 5.3.2.

(b) Aerofoil thickness. The order (€)theory for G (k.,k;)

assumes an aerofoil of zero thickness, whereas a 15% thickness
section was employed in the experiment, Thickness will affect
the admittance in two ways: (1) The turbulence at the

positions of the aerofoil upper and lower surfaces will be
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less well correlated. (2) The turbulence will be distorted
by the mean flow field of the thick aerofoil at zero incidence.

(¢) Contridution of non-linear terms in € . Terms in the

ginusoidal 1ift response of higher order in € can contribute
to theoretical admittance. In Appendix 10, it is argued that
a sinusoidal response term of order ( Eiz ) may contribute to
to CbC;_(R') to order ( 63 ); in which case, its effect
on the admittance would be measurable.

(d) Lift-curve slope. The mean 1lift curve slope at zero

incidence was found to be in the range 5.8 to 217 ,
compared with the theoretical value of 2Tr (refer to section
4.2.5). Assuming that the true 1ift curve slope should
replace 27  in the admitténce calculation, the maximum
possible correction to the admittance is -{5%° If this
correction is applied to the present results, the theoretical .
curve still lies within the range of scatter of the experimental
data.

(e) Absolute spectral power. The uncertainty in this

measurement has been discussed in 5.1.2, where the maximum
experimental error was estimated at ¥ 10%.

(£) Variation of turbulence intensity over the chord. This

variation was estimated at about &% maximum (already mentioned
in 4.3.3). “Yet it was felt that the consequent error in the
admittance was much less; the measured intensity at the
quater-chord position being a good representation of the
effective intensity for load calculations.

(d) Drag. To a certain extent the load balance was sensitive
to drag forces (refer to 4.2.2), An estimate of the likely
discrepancy due to unsteady d?ag forces can be made on a
quasi-steady basis, using the mean load results for the 0015

section. The local r.m.s. effective incidence of the turbulence



107.
was approximately 3.30.‘ Considering the changes inldrag and
1ift produced by this sort of mean incidence change about

X = 0° yields ADRAG/ALIF-I':O.OOG. The sensitivity of
the load balance to drag force was about 10% of the 1ift
force sensitivity. Thus the quasi~steady error due to drag
was a negligible I 0.1%.

(h) Wall interference. This arises from the difference

between the infinite flow field and the flow field constrained
inside a duct (the wind tunnel in this case). Following the
practice of the mean load experiment of Chapter 3, the
corrections of Allen and Vincenti (1944) were applied., For
the unsteady load experiment the wall corrections were found
to be negligible even at the highest incidence,

(i) Effective incidence of the supports. In secfion 4.2.5,

a value of, at most, +2O was arrived at. The higher order
theory, which ig described later in Chapter 7 and which
corrects the zero incidence admittance for incidence effect,
was applied for CX =2° The édmittance correction (which
goes as C:)(a ) was found to be negligible,

(j) Unsteady Kutta condition. That the Kutta condition holds

in unsteady flow has been assumed in this and previous studies
with no experimental proof. The issue has been further
confused by the results of recent acoustic experiments
involving flow over a trailing edge: some‘results have thrown
doubt on the validity of the unsteady Kutta condition, while
others (for example, those of Bechert and Pfizenmaier (1971))
have tended to confirm it. Unsteady thin aerofoil theory,
derived with'the XKutta assumption, has, in the pést, been
applied usefully to practical problems. It was thought that,
at this time, the best approach was to.assume the validity of

the Kutta condition, and to admit the dependence on it of all
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the developed theory.

Particularly in view of (a), (b), (c), (d) and (e) above, it
was felt that the zero incidence experimental results gave no
cause to doubt the wvalidity of the first order theory of aerofoil

turbulent loading.

5.5 Results for the 3 inch Grid Turbulence

The admittance results of this series 3 test are plotted in
figure 40, together with the theoretical admittance calculated with the
VK formula for Eza(kuk3).

Detailed measurements of the turbulence were not made for
this case;‘(For the mean load investigation, described in Chapter 3,
parameters of the 3 inch grid turbulence were measured, but at stations
further upstream). Stapountzis, a colleague of the author, has recently
made hot wire measuremenfé in both the 6 inch and 3 inch grid turbulences
at the station relevant to the unsteady load experiment. Some of his
measurements were analyzed in order to determine the ratio of the
intensities and length scales for the two cases, and thus to estimate

the parameters of the 3 inch grid turbulence. The results weres
1%/, =0:037 ad Lyyp =038 .

As indicated in figure 40, the theory with.Fyé = 0,38 was
in reasonable agreement with the experimental data. At the pigher
frequencies the theory has overestimated the admittance, the order of
the discrepancy being similar ﬁo that of the corresponding series 3
test for the 6 inch grid turbulence (refer to figure 39)f

Thus the reésults of the 3 inch grid test were consistent with
the‘more réliable results of the experiment conducted with the 6 inch
grid, Unfortunately, the actual value of the length scale of the 3

inch grid turbulence was greater than the value which had been
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estimated during the planning of the experiment; with the result that

this test provided no additional information for the study.

5.6 Conclusions Regarding the First Order Turbulent Loading.

The present experiment has tended to confirm the conclusions
of Jackson, Graham, and Maull (1973); namely that the first order
theory provides a reasonable prediction of the admittance of 1ift of
an aerofoil at zero mean incidence., Two additional aspects have been
highlighted in this study:

(1) The Magridge formula is a useful approximation for the

response function (3(k“k§) required in the admittance

calculation,

(2) The predicted value of the admittance will tend to be

less reliable at the lowest frequencies of interest for most

practical problems (as a result of the difficulty of

accurately describing the turbulence at those same frequencies)
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CHAPTER 6, Higher Order Theory for Sinsuoidal Gust Loading

6.1 General Assumptions

(1) The flow is assumed entirely inviscid. The undisturbed flow (that

(2)

(3)

is, with the aerofoil absent) consists of a free stream, U , and
a gust velocity field. The gust may be irrotational or rotational:
in either case, the disturbance flow field produced by the presence
of the aerofoil is necessarily irrotational. (For example,
Batchelor (1967) demonstrates that a flow field resulting from
the satisfaction of a boundary condition is always irrotaiional).
In the present case, the disturbance field is equivalent to that
produced by a sheet of distributed vorticity on the aerofoil and
in its wake. Thus the irrotational disturbance field is bounded

by a "cut" which encloses the aerofoil and its wake:

he cut

B =S
T

Lko aerofoil

This higher order theory is concerned only with the effect of
mean incidence , X . The effect of thickness is ighored. In
other worfs, the aerofoil considered in the analysis is a zero=-

thickness two dimensional aerofoil at incidence XA .

The incidence, O , and the relative amplitude of the gust, €,
atre both assumed to be much less than 1.0. FPurther it is

assumed that & ig much less than X ., This latter assumption
permits terms of'order ( €% ) to be neglected in comparison with
those of order (XE ): the order (XE ) terms a.fe the higher

order terms of interest,
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In practice this assumption that €£‘<E§39<<E§11 is meaningful

from ﬁwo view~pointss
: (a) € 1is often sufficiently small., In the current (hBhincudence)
turbulent loading experiment (described in Chapter 4), the
intensity of turbulence was "high", but even then, with
€ 220,06 and X =< 0,2, the above assumption was approximately )
adhered to. In Appendix 10, the possible contribution of the
order ( €% ) sinusoidal response term to the turbulent 1ift
spectrum is éonsidered further.
(b) The order ( €% ) term is independent of incidence.
Thus, when attention is being focussed on the difference
between the unsteady loading at zero incidence and aﬁ non-zexro
incidence (as is the case of the present study) the orderr(éiz)
contribution need not.be considered.
(4) The Kutta condition is assumed to hold at every instant; and
this allows the wake to be modelled by a sheét of distributed
vorticity. In the order ( € ) theories (for example, those of
Sears and Graham described in 1.2.2), this vortex sheet is located
on the extended aerofoil chord plane, which is also parallel to
the direction of the free stream for the aerofoil at zewo
incidence. In the present order ((XE ) theory, the initial
assumption is that the wake vortex sheet lies along the extended
chord plane. Later it is demonstrated that, to order‘( AE ),
the precise spatial location of the wake is not important: the
derived 1ift response would be the same if thé wake ﬁere chosen

to lie in the direction of the. free stream.

6.2 MNethod of Analysis

Without satisfying the boundary condition on the aerofoil

surface, the i th component of the instantaneous velocity at any point
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can be written as:

i Vi + 1+, + OXE, X€)

s

where V{, ig the i th component of the undisturbed steady velocity:O(i) or O(O(),
Ut is the i th component of the undisturbed fluctuating velocity: O(E),
’?91; is the i th componerit of the additional fluctuating wvelocity f
produced by distortion of 1% by the mean flow field: O(O(E).

Vhen the boundary condition is applied, the instantaneous velocity can

be written:
T ' —_
V., = V.+V +’L§'¢-+13'5,+19'¢+%3—£+O(0(61,0<2€) c .. (6)

, ,
where Vi satisfies the boundary condition for the field, Vi : O(X),

2% satisfies the boundary condition for the field, V[ O(e) .

O(xe).

~t
W satisfies the boundary condition for the field, %

The instantaneous vorticity can be written:

Z = S('co +’:§L +O(k0(€?; ko(‘e) (outgide the "cut") . .. (6.2.)

\
where 3i., is the undisturbed vorticity: O(kE).
S is the additional vorticity produced by distortions O(koﬁe,o(e) .
‘ (see,later, 6.3.3.1)
There are no mean components of vorticity (in this pz:oblem)' and no :
components in the disturbance flow fields. Ut is the Biot-Savart
velocity field of X;,. ’
The basic method of the analysis is to substitute the above
expressions for VC_T and X : into the inviscid equations of fluid

motion, and to solve with the aerofoil boundary conditions, retaining

only terms of order (€ ) and order ( XE ).
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6.3 _Theory for the Frozen Two-Dimensional Gust

Thié two~-dimensional gust theory, as well as serving as an
introduction to the more general, and more complicated, three-
dimensional theory, is directly relevant to some practical unsteady

loading problems.

6.3.1 Problam formulation

6.3.1.1 Frames of r'éferenceo The stream-aligned co-ordinate system,

X Y s %2, and the aerofoil-aligned system, E,'g 9+ Z have been
introduced in section 1.2.1. Co;zlponents in the x, y , and 2z
directions are subscripted with ( =1, 2 , amd 3 respectively, while,
for *he €, and 7 directions, the subscripts remain ag é;‘: and 7] -
6.3.1.2 The gust. A general two-dimensional gust, frozen in space,

has velocity componentss

~ —i(kx=k - ~L(kx~k
o= Be L(kix —KY4) ’ e'z='@ae°(kx 24)

When such a frozen gust is convected onto the aerofoil at

the free gstream velocity, Uw , the components becomes

: b x— L{wt~kx-kay)
ms;.-.{},ef(wt hix k23>and ayz:{}ae( ey with w=kU,.
The corresponding gust components in the e)'v] y Z co~-ordinate
system are given by:
Lwt~k'E-k, L(wt-k'E-k,
73’;?-{\9‘1;3 (wt Q"- ?"n)and ,&n___{%c( 5 2.’73),

A A N
where ¥ =, 0SA =V, SinX

&y = B, cosol+ B sincX
' k:: k, COSO(—-kzsinO( "
k; = k, sincX + KpcaseX

~

</
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A A
Vv, and 3 are, in general, complex, and, in order to satisfy the

B% + 81/9’;55 =0 ) are related by:

continuity condition (
N A
"3’2 = - kl/}; 131 .

The vorticity associated with this gust iss

-
~ . e . e !
- tlt-kxtay) _ f kg ki) :

33,0- Ss&

n
LA LA Lt .
where K&ozb 20 —Lkog; = bka’sg—-bk""@"g (from the definition,
§=Vxe)
In this two-dimensional gust theory, only this one component of
vorticity can exist. This is emphasized in the subsequent analysis by
the deletion of the gubscript, 3 , in the expressions for the gust

vorticity; for example, L: ieu(wt-k.x—kzy).

6.3.1.3 The instantaneous velocity at any point. This has already

been synthesized:

(éq_ua.tion (6.1)) )

T ] ] —~ —
correct to order (X€).

6.3.1.4 Vorticity distribution on the aerofoil. The velocity fields N

] ~ .
VC . A% , and v‘;‘,can be produced by replacing the aerofoil (as a

boundary) by distributed vorticity on the chord line.
Aerofoil bound vorticity = K(¥) + ¥ (§,t) + Y (§,t) ,
where K(E) produces the field V;_' v O )
y(§;t) produces the field w2 0
X(ﬁ',t)produces the field ’tNB': E O(D(é)
Because \6/ and S" vary ;tith time, vorticity will necessa;rily be shed
from the aerofoil, and the resultant wak_e will be a two-dimensional

vortex sheet,
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6.3:1.5 Boundary condition on the aerofoil.

. - T: f . t —~ P
On the aezofoil: Vi = Vo + Vo 4y 40 + F+ ) = O,
More particularly, owing to the formulation of the problems

/
V‘g ‘+V1] =0

wo +1)',ﬂ' =0 on the aerofoil,
- )
T+ Ty =0

6.3.1.6 Relationship between velocities and pressures. The relevant

equation of motion, linking velocity and pressure is, in vector

notation:
T

v T
%f(y‘fv_)v_ =-5Yp 6.3

whére, for this two dimgenslional problem, \_/T= Vr;r/i\, + gfj\ _ and
L)%, aa K are the “imit vectors in the § 77 and z airections,
respectively.

This equation ig the form of the Navier-Stokes equation for a

frictionless, incompressible fluid with body forces, such as gravity,

ignored. s
-
Using the identity: JE‘Z(XT\_/_T) = (YTY) \[ + \_/TxS Y

T T TA
where § = _V_'xy_ = 3 k 4 in this case, equation (6.3) becomess

W vy = -~V (N be) T (09)
Integrating this equation with respect to Ff from‘-oo +°}? :N‘
§ ¢ '
d T i T ool ! 2
S%ivi'd? - Sjufdf;’ = - (VT %) e

6.3.1.7 Equations for the aerofoil 1ift. These are formulated by
substituting, in equation (6.5), the velocities at two corresponding

pointé on the aerofoil upper and lower surfaces ("‘ Q; é.“ l )
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! B,
=

. » -

< U, R

aerotail vorticity = K(§)+yE6) +¥(Lt)

On the aerofoil surface: VJ=O and \/g,=3 K/g_ , ’U‘;;"::FX/Z. s ’ll;g =¥ X/a
with the minus signs applying to the aeroféil top surface, and the plus
signs to the lower surface. These latter relationships between the
aerofoil vorticity and the surface velocitiewm follow; from the préperties
of a sheet of distributed vorticity.
Thus, on the upper surface: V;; = V; - K/a + o — ‘6/2 +17’§ - X/?. 5
and on the lower surface: V;: = \/§ + K/a + Uy + X/a <+ "'3'; +% .

It follows that:

V*FLT - vgu-r

and Vgtz* Vg; 2

K+y-=+Y <. . (6.6)

il

2VEK +2Vey +2VeY +2Ky + Ok de?)
— )

When equation (6.5) is applied at the two corresponding points
on the upper and lower surfaces, and one equation is subtracted from
\_

the other, the result iss

f - ' -
%&_S,[W:‘Vs:]d‘?' - - {E -]+ P—g;&} - 68)
(The contribution of the integral from —eo to -1 is the same for the '
upper and lower points).
Substituting from equations (6.6) and (6.7) and writing p = P+ p'(t)

yieldss

3 : ‘ ‘ \
v ' V] F')J () '—PL. bL
—Sa‘ég(x"’wd; =V¥K+V§X +V{3/+wa§ _ ﬂ’?) ®4R) ..(6.q)

The time mean of equation (6.9) iss
O = ViK - R.-P, . .. . (6.10)

Subtracting equation (6.10) from equation (6.9) yields an expression for
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The unsteady aerofoil vorticity will be of the forms X({,t) = g(%)CL .
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the unsteady pressure difference across the aerofoil, correct to order (O(é-):

! { F !
Py—b. - é,g(;ﬁgf)o{?;' +Viy +Vi¥ + K e (6a)
P a3 N
t

Therefore: 3,\65,(; = Lwy and 3~at = bu)y.

The unsteady upwards force/epan,

|
F={ (bl-by)dlt. ’
Therefore:
/ t & - i ' . ’
o = = [t [( (y+D)dgay +Ve[(y+7)dE + [Ksdf] -6
-\ =i ~ =
It is convenient to divide F as follows:
F = FP -+ FD+ FM

where

\O

E \
‘Eé . -—wa‘Sixdgd? -+ Vggb/olg:} N

t

§ ! ~
[Fdidy +Vi{yd] |

§

-t-1

Ené=—[i,w

:—--SK’U’gclg . ‘ -

—

A

F, is of order ( € ) and is the primary response of the
aerofoil to the undistorted gust. Not only does Fp contain the
Sears’ order (e ) response for the aserofoil at zero incidence, but it
algo contains some order (X & ) contributions arising out of the
additional terms (1) and (2), described in section 1.2.3. This further
subdivision of Fp is conducted in the next section. Fp is of order -
(A& ) and is the 1ift response to the "additional" gust produced by
distortion. Fy is of order (O(& ) and is the cross product term -
previously derived by Horlock and I‘-.-iorfey\(refer to 1.2, 3).‘

It is a general result for a gero-thickness aerofoil in
inviscid flow that the overall force, ¥ , has a magnitude which can

be calculated by the addition of pressures on the upper and lower
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surfaces, and a direction which is always perpendicular to the

instantaneous stream, The 1ift force, L , is defined as the force

component perpendicular to the mean stream. The maximum error introd-
uced by assuming L = F is clearly of order (1 - cos € ); that is, of
order (62 ). This error can be ignored within the assumptions of the
analysis.

The analysis for the higher order loading terms (Fp and F, )
can be simplified as follows: The aerofoil cén be considered to be at
zero incidence, with mean vorticity , K(X) = = 2 g K. ‘T':Téx s
distributed along the chord., This mean vorticity arises in the
linearized theory for the steady flow about a flat plate at incidence ,‘0(.
The ®rrors introduced by this simplification are necessarily order (O(ZE)
at least.

The final formulation of the problem is summarized below. A. .
mathematical equation for each of the three components of unsteady
1ift (Lp » Ly s LM) is presented, together with an illustration of the
corresponding flow geometry:

-

(a) Primary 1ift, Le

%

1 ¥ - i ‘
Lj@ = -[_ijg‘x({‘)o!g'd%; + Vi &X(‘Jd?] v o+ (613)

—f -

V«af o Y6 L |
J%Uw Mo) U»oCoso(

1) ——
where X(%) satisfies the boundary condition for 7.3'3 (undistorted).

(b) Lift due to distortion, Lp

Lﬁﬁ’- -[Lw‘j:fy(x')dx'd%( + Uw:{f(x)dx] e .. (6.14)

-1
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S . Y
’§°;_+ (—'vo)%)%) L_x (+1,0)
Ve s
where Y(x) satisfies the boundary condition for ¥ . < is the
additional upwash produced by distortion of Kw by the mean flow

field, The mean flow field is that corresponding to the vorticity

distribution, K(x) = =2 U X /ﬁ N (—'l QX é"'\). )

(¢) The "Morfey 1ift", Ly

g = = [ K- wit0). de C o (6.14E)
. -} y .
%4 oy KO <
. t‘"“““‘“'“’?, 19 - @1,0)
U, & V; (x,0)

where K(x) is as above ,and 1%, is the x-component of the undistorted

gust.

6.3.2 Analysis for Lp . This analysis is an adaption of the theory

of Sears. Sears' result can be derived in several ways: the current
analysis employs the method of Bisplinghoff, et.al.(1955).

6.3.2.1 Vake analysis. It is initially assumed that the shed vorticity

is convected along the extended aerofoil chord line by the component
of the free stream velocity in that direction; viz, Ve = U, cos X.
The wake vorticity is demoted by Y¥,,(F)= i{\w(f) el H
and, for gimple convection at Vg , it must satisfy the equation: ’

28 2. () -
.S%_)-»Vg é';)‘o c )

The total circulation in the flow must remain consgtant

(Relvin's Circulation 'Theorem) .

With the Kutta trailing edge condition, this necessitates thats

AN -
SEF‘ V; Y ll) . 6.16)
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where [@ is the unsteady circulation on the aerofoil = I'“c:“‘“t
where f:‘ = S' 8’(§) o“; » and  Yuw (1) is the wake vorticity at
the trailing ed:gleo
The simultaneous solution of equations (6.15) and (6.16) enables the

wake vorticity to be expressed in terms of the aerofoil circulation:
c k -k ~
C Sgasot _~U Segeot 8
Xw (;) (.os,O(c c " v e . (6-”)

6.3.2.2 Boundary condition. For the determination of Lp , the

boundary condition must be satisfied for Um 3 that is, 'O',J(E,O)-*-r\).é (£,0)=0
on the aerofoil,

(‘*’t k! £) (refer to section 6.3.1.2).

"U:g (5)0) 5 & component of the "disturbance" velocity field,
can be determined by an application of the Biot-Savart law to the
corresponding aerofoil vorticity, Y ., and wake vorticity, Xu'

The result iss
L Yo df
' ! Yw
’L}j(g,()) l .(;l ¥ +fﬂ'§§_§'
!
The boundary condition becomes (with substitution for X“-‘ -

from equation (6.17)):

A ' A —Lk'§ (i 5‘/ s ﬁLKC\O/SO(g’A p \
A 56‘5 = —J.C ' +'/ g ¢~ © < r\dg -(6.(8)
277 E- ¢ b 27 ~t'
4 B ) |

This integral equation can be solved for [ with the help of the

S8hngen inversion formula.

A
When applied to equations (6.18), this formula enables Y to be

A
explicitly expressed in terms of e

R e s o1 CHCE L

When equation (6.19) is integrated with respect to & from =1 to +1,
. A

an equation in one unknown only ( [ ) results. (The mathematical

details are very similar to those of the X = 0 theory: refer to

A

Bisplinghoff, et,al). The solution for M iss
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= 40 [Tolk) =L T(k)]
S g © % [H, (S50 + & Ho(Sape0t)]

.« . (6.20)

6.3.2.3 Determination of Lp . Equation (6.13), derived previously,

is the relevant equation:
} § ]
6 = ~Lw | #E)drag v {y@dr] -
Using the mathematical identity, jgeg olgéu-; = f Xcl‘f - S' ¥&.d o
A =i -

-1
this equation transforms tos I

I%z_[cwﬁ-wgﬁﬂ +Vql‘ﬂ‘]cwt R (XA),

J A
e  The integral, S EYoE  is evaluated by multiplying
<)

equation (6.19) by § and integrating. The result is in terms of the
N
circulation,r“'

.

(EydE = ZGUWIL(T"D _ 1+ Sl 4 ef Seset D (6.22)
5 k k,/cosoX &

Finally, by substituting equations (6.22) and (6.20) into equation

(6.21), an expression for L.p in terms of the known gust properties
is derived, Further substitution of \Ag = cos A ,

A .

Uy = Gycos X + B sin , and  k'= kjcos A = k; sin(

enables the load to be expressed in terms of the gust properties =

referred to the x , v , 2z frame (refer to 6.3.1.2). The result iss:

k "N } A A H
CLP = PL-SZ = aﬂ' H\(féﬂh [_j;(k\)—{,j—,(k.)] + (: %SO( J:(k:?}{chszo(-kﬂlcoso(.SmOQ} tht,
® Hl(%sd) + LHo (‘S‘c/oso() k: Us

dhere 1 - « . o(623)
k. =k‘6050<‘kzs'"\0( .

For KX = 0, this result reduces, as expected, to the Sears' formula
(refer to 1.2.2),
Further simplifications to equation (6.23), correct to order

are possible with the following substitutions:
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cos X = 00320( = 1.0

’

sin X = sinX cosX = XK.
The validity of these substitutions (to order ( & )) is evident when
the trigometrical functions are expanded as power series in X
Further, it is clear that, with’these simplifications, the expression
for CLP is not critically dependent on the wake model: if the wake

had %been assumed to be in the free stream direction, the final

expression for CLP would have been the same, This final expression is:

i

Cie

aw{H () o (kimolk)-CT: (et )]y 2k, T dk;\] { S s 1
Hu(k) + & Ho () otk [o%

o

= 27.5 (ki k- o(k?_){“’a o('U' et ... (6.29)

where S’ is the generalized Sears fun;:tion, which arises
also- in the O( € ) theory for a non-frozen gust, and which has been
defined in equation (1.2).
It is clear that the generalized response fur;ction, SI , Will arise
whenever the spatial wavenumber along the aerofoil chord differs from
the wavenumber defined bys 00/ U, « For the o( & ) non-frozen gust
theory, these two wavenumbers are ks and k¢ respectively. In the
above analysis they are ( Kk, — Ak, ) and k, respectively.

6.3.2,4 Subdivision of CLE . It is convenient to separate CL_p

into its order (€ ) and order ((XE ) components. As a first step:

Ce,p = 277 S/t k) Sg €% + k2T SIB( e

Note that Sl(k.\k\—o(kz) ha;s been replaced by S(k‘) in the second
term: the magnitude of this alteration is necessarily of order (X%€)
at least.

S'(k.,k.—O(kQ can be expanded as a power series in X ,

the first two terms of which are:
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S(ks) + X SA(K.,kz) N

where SA (k.,kz‘) = kz.{H‘ (k\\ [I(RIE“LTT(KD] 4 old 'r(k‘\ -+ 3:952/]}
H () + 6 Ho ) '

| \ .« . (625)
ana Tk = [Tl -To)] 2 -

Details of the expansion are given in Appendix 3. The expression,
S(k\)-!—o( SAG(,,k,_) is the correct asymptotic form of S’<k\,kp—o(kzj
as X tends toward O.
And thus:
CLP = CLs+ CLA1+CLA2. ’
where ~ Lt
Lw
LCrg=2m.S(k). %) . € ,
. ol

. : 6.26)
.CLA‘= X 27 S(k) ”/Uw.c“"? .

( -CLA2= K 2T SA (k., kl) ’G'VUW Céwt.

CLS is the first order (order ( € )) response, previously derived
by Sears. CLAL is of order (A€ ), and is effectively a Sears-

type response to the component of U} which is perpendicular to the

aerofoil chord (that is, it is a type (1) complication described in
section 1.2.3), CLA& is also of order (A& ), and is the extra
response term which arises because the spatial wavenumber of the gust
along the aerofoil chord line differs from WA Uso (a type (2)

complication).

6.3.3 Analysis for Lo

6.3.3.1 The vorticity transport equation. This is employed to determine

the distortion of the gust vorticity. The exact, inviscid form of this
equation can be derived by taking the curl of the equation of motion

given earlier (equation (6.3)):
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T

S DY = DY SEG2

where, for this problem, yT=VT’l: +V§T and S_ = KR .
Although, at the outset of this analysis, completely inviscid flow has
been assumed, the assumption is more questionable when the transport
of vorticity is being considered ( the above equation, (6.27)) than
when the relationship between velocities and pressures is being
considered (equation (6.3)). For the latter, the predominate effects
of viscosity are confined to the boundary layers where vorticity is
generated due to the presence of the body surface. At Reynolds
Numbers of practical interest for aersfoils with attached flow, the
boundary layer is so small that the effect of viscosity on the 1lift is

negligible, On the other hand, free stream vorticity will be affected

by wviscous actiOn‘throqghout the flow field, some viscous dissipation ,
of vortibity occurring simultaneously with the mean field distortion .
described by equation (6.27). Other workers (for example Hunt (1973)
and Grahan (1975))have compared the orders of magnitude of the dissip~
ation effect and the distortion effect; and have found that, in many
practical situations, the Reynolds Number and the scale of the gust are
sufficiently large to allow the dissipation to be ignored in comparison
with the distortion. TFor the case of free stream turbulence, the

conditions are that (Re No.)"1<< E KL min(l;% ,1) and

3 . .

=3 max(C 1) (refer to the previous discussion of the
(Re No.)E > A, ‘

rapid distortion theory, section 1.2.4.2).
Anyway, with the inviscid assumption, equation (6.27) is
completely correct. For the case of the two-dimensional gust, only

the 2z component of this equation is non-trivials

at+v 3§+V %S =0. .+ (6:28)
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A .
Now, as defined in sections 6.2 and 6.3: ST= X«,‘*‘g and \fw:SweL(UJt—k'x_k‘@.

« - (6.29)
If the gust distortion system is a linear one, the distorted velocity
will be of the form:

. A
. =$)‘._(x‘3§.at‘ (W -kx— o y) where Vi is of order (X€)

G‘; is the Biot-Savart velocity field for S s So that A} is of
the form:

A f(x,g)‘ej’(wt’k‘x—k‘y)

. . (631
where f(x)@ = Lk, 3y

Qb
v
Gl
£
o
aQ

fay
Because J¢ will change by an order of magnitude over the order of an

~

aerofoil chord length, the latter two terms of 3 are of order (0(6)
The former terms are of order ( KKAE ).

Consequently, R .
-l = (—Lk.§+ Y C"(Wt-k.x-—klg)
EQ 3%
and

’ 6.32
Q_S- = (—-bkz.g -+ éﬁ )C(.‘((Ut—KgX-'qu) ( )
é'j 'ég

Using the above results and reasoning, the first term in each case

A
(for example, -k, S ) is of order ( K’X&  KXE ) while the second
term is of order (KXE 6 AE ).

Also, from section 6.2:

i

.V'T

' ) .
U+ V, +0 +0) + 0, + D,

6.33)
v,

i

! ! ~ )
Vo + 0, +0, + T, +3,

Substituting from equations (6.29), (6.32), and (6.33) into

equation (6.28), and retaining terms of order ( KXE ), ( KAE),
and (XE ) yields:

. . (630
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Ugo é§ "('.;k\\/\lxtc -Ckz\/a' g» =0 . . .(é)~34)
O (e, ko(é;) oke)y  OKue).

Congider now the three cases:

(1) K of order (1). In this case, the three terms in

equation (6.34) are of similar order, and the equation is

certainly valid.

a“S

(2) _K_is much less than 1. The equation tends to lJ“’bX 2

that is, the distortion tends %o zero, as expected. The
equation is clearly applicable to this case too.
(3) kis much greater than 1. In this case, é%; is
necessarily of order ( K®X& ), the order of the other

terms. This means that some of the order~of-magnitude
analysis leading to equation (6.34) needs reassessment
when K > 1. When this is attempted, it is found that
other non-linear terms, ignored in the original analysis,
need to be included. In other %ords, the linearization
of the vorticity transport equation, resulting in equation
(6.34), is not valid when K)> 1. Even if the equation
were valigd, ifs application when K> 1 would be of
doubtful accuracy because, in a real flow, vigcous
effects would become important with the scale of the gust
much less than the aerofoil chord.

The lineariged vorticity transport equation, (6.34), can be readily

integrated:

$ o) = {Lk‘_g:\l\';dw . <;ka:°%wclx'1 . .. (639)

6.3.3.2 Qutline of the method of analysis. The distortion produced

. —~Uh
by a sinusoidal distribution of mean vorticity, - P( (X) < s

is determined first. Withthis input, the resultant distorted upwash
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gust, ’{?Yz_ s 18 of a simple sinusoidal form; and the lift response to

/
this, CLD , can be readily determined via equation (6.14).

} —¥

(Whereas, if one attempts to analyze directly for K(xX)= ~2U. T

the solution of equation (6.14) is difficult). Fourier analysis methods

are used to determine the required 1ift response, CLD,oorresponding

to K(x)=—2 Uy, X ‘,:i from the expression for C:-u .

However, the Pourier integration in the final step is improper
unless precautionsx are taken. The singularity in the integrand has its
origins im the S V?-‘/u dx' term in equation (6.35). A lifting

o U
aerofoil produces a vortex-like disturbance to the mean flow; that is
Vo ~ L5 as X tends to * oo . Mhus, for any body with
significant nean 1ift, gw\/z'/uwo!x' is improper. Graham (1975)
encountered a similar problem in the vayugdx' term for a body
with significant mean drag. -

Following Grahams

N Vo d o (R (4=0) dy!
v/ cdy' is replaced by { Y3~ dyx'+ ( 2-Va dx’
¢ o o (6.3é)
From equation (6.35): )
X1 X A
" = (1+ik, § ¥g o + ik (M2 ax") 3o
ot Y

- § (g de+ e Vg, |
= correct to order (Ko 6).

The latter step can be proved by expansion of the exponential as a
X
power series. Thus replacing S VL/L/J dx' as above, merely alters
Yol o0
T
the overall phase of the solution for the nett vorticity, 3 s DY a

U Y ( to order ( KXE )),

[+ \ )
where Y = gvl(ﬁi%mdx' , an indeterminate constant.
oo

constant C

The phase of the final 1ift response ( CLp+ C‘-D+ C(_M) '

koY ¢

N .
-t
will thus be referenced to a gust, Eoo - 3 rather than the gust, :S,,a s

original'ly congidered. With a vortex-type mean disturbance in an
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infinite field, the gust which arrives at the aerofoil has originated
at the;point, (—=0 y—~ o0 ). The introduction of the phase shift , eﬁbk{{
means-fhat the gust phase at the aerofoil is related to the gust phase
at the point, (~ oo , some finite y \}alue). This adjustment does
have relevance to real physical flows contained in finite fields., TFor
example, in a wind tunnel experiment, measurements of the gust can
obviously not be made at (—o0 ,~00). One can effectively measure the
gust at "X = = oo " by removing the aerofoil but one has to be
content with a measurement at finite y , or, in the case of a turbulent
gust, to assume homogeneous turbulence.

In the next sub-section, the principle steps of the analysis
and the general form of the results are given. The analysis is

repeated with full mathematical details in Appendix 4.

6.3.3.3 The analysis

' ¢
The mean perturbation velocities, \/I and Vz. s produced by
. _LXX
the vortex distribution, K(x)=¢€ y are evaluated by an

application of the Biot-Savart Law in its one—dimensional forms

«0 \ . .
" ..g/g____i_."_ci._ V. = o (€ Moy ay
: 2T Q( )+ yt 2 am (x =X+ y*

The integra.ls can be evaluated analytically.

Pad
A corresponding expression for E (>< st_.j) is derived by
. x ]
i

Y/
substitution of these results into equation (6,35). The integrals, g )ﬁmdx

and {S}/ dx’ +SV k\j?-(‘i 0) dx } , can also be determined

analytically. _

The extra upwash, 1% (x,0) produced by distortion (that is
corresponding to S ) is détermined by an application of the Biot-
Savart Law in its two-dimensional forms

t-kx'-key'), . |
g §(x (w X =Ky X—X)dx'dg'
(X~—x )a +y!?

T (x,0) =

e~
The analytical evaluation of this double integral is straight-forward

but tedious. The final result has analytical expressions which are
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different in different parts of the complete A range from-oo to +o0o.
'
The 1ift response, CLD , to the upwash, 25, (x,0) ,
is derived by solving the following equation (equation (6;14) formulated

previously):

X

"5 = - [ew S( Fox)dxdx + Uss Sl-g(ﬂdx] L (6a4)
a =

3
Terms in the derived <U;(X,Q0) expression are of two basic forms:

(1) % E_L (wt -k x)

2 k]

(2) @a e(..(but - r_kl-i- >\]X) ,

A .
) where 7, is a function of kK, K;,and A in this case.
The solution of equation (6.14) for an upwash of the form (1)

is provided by the theory of Sears:
% _iut
’ Lw
Cpy= 2T 3(k) >{) ¢ R

while the solution for an upwash of the form (2) is given by the

generalized Sears result, first reported by Kemp:

. A .
C,'_D = 2N S'(k,, ,+\) ﬂ%ﬂe"wt .
The formulae for the response functions, O(k.)and S'<k.,k.+>\)
have been detailed in section 1.2.2, ,
Thus, formulae for C{_D can be wiritten down directly from
the derived ’T)"?_ (>‘<,O) formulae. ~For convenience, CL'D is divided

!
into its even and odd parts as a function of )\ , denoted by CLE

!
and C‘-o respectively:
[} / '

‘ ¢ cwt
where C o = S () B (kkN) €7

wmd oS Bolknk, NERT,

. . 637

i
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5

The -functions By and By are listed in the appendix.
. 1]
. The final 1ift response, CLD is determined from CLD
using a Fourier integral technique, From the properties of Fourier
¢ t —(‘.X%
transforms it can be shown that, if CLD is the response to K(X)=€ N

then the response to a general K(X) is given bys

C = ﬁ | LR(,\) Cig(NdX

where

. . .(638)
RO = ( Keoe™ .
ot
This is the mathematical expression of the process (valid for a linear
system) of building up the response to a general input by superposition
of the responses to'the sinusoidal components of that input,
For the particular case of K(X)= — 2 U@ Jr‘}.}?({ 3

equation (6.38) becomes:

Cio= Uoth | [T +iTM]CLMAA  « . (639

) N A . A
Substituting from equation (6.37), and for Sw =Lk, U — LK,

(refer 6.3):

= X.27 Dik,k, k'%}/ _k\ 3 rot
CLD ( ){ Use ¢ /O""} € . . (640

where [ (ki kz) = EELJ’OOO B0 +J, (N BOO\)JC‘)\ .

0

A complete analytical evaluation of D(k,,kz) has not been
achieved, é,lthough there was sgsome evidence that this may be possible
(Analytical results were found for simpler integrals of the same type).
In this study, numerical integration was employed for the evaluation

of D(k.)kz): some results are discussed in section 6.4.

6.3.4 Analysis for L-M . An analyticalv expression for LM can be

féund directly from the formulation of section 6.3.1:
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LM/P = ~g K (x). 0 (x,0)dx ,

~1

where K(X)='2Uo00( E’E and ’U‘(x,o) - 3_' eL(Lot—klx).

|
Thus, LM, = 2 U X T € Sh‘_‘;‘fz dx .
X
/P =
The integral can be determined analytically and the final result iss

Cupm A2 M B &8 mere M(k) = Tol) +L3 ()
= e (b.41)

This response term has been previously derived by Horlock and Norfey

(refer 1.2.3)>

6.3.5 Summary for the frozen, two-dimensional gust

The total unsteady 1ift coefficient to order (CKE ) iss
CL= CLS+ CLAi + C'-AZ + CLD+ CLM L)

where CLS = 21 S(k)) r@%)w(’.‘;wt: order (€)

CLA?O(Z'TT S(kl) ﬁyuﬁ, 6&0.)'5 : order (O(&)

C Laz =X ZTT SA(k’) kz) % é;m-c‘- order (0&6:) (6 42)

. A »~ b t
CLy= 2T D(k‘,kg{k‘%&-— k‘%iﬁc “order (X &)

A .
cwt
CL =X 27Y M(kb'ﬁ‘/ e w :order@{&)
Mo [
s k_ ©
. L - AP P
with, from the continuity condition, /Uoo /Ka /an
Examination of the formulae in detail shows that SA(k',O)-'—' D(k,,0)=0.
N ’ 3 t“ [x
Thus for a simple upwash gust of the ty‘pe,fl)fﬁ,_eb(w < 23,11 the order@(é)

regponse terms disappear; that is, the Sears result is correct to
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order ((XE ) for this particular gust.

6.4 Comperison with the Theory of Goldstein and Atassi

6.4.1 Description of their theory. Goldstein and Atassi (1975) have

recently developed a complete order ((XE& ) theory for the case of a
frozen, two-dimensional gust. They employed a rigorous asymptotic
expansion method, and were able to present general equations (involving

integrals) which could, in theory, be solved to yield the higher oxrder

ungteady 1ift of an aerofoil of arbitary section at incidence.
However they solved the equabtions in detail only for the particular case
of the zero-thickness aerofoil. Their solution for this case was
fully analytical.

In their analysis, the unsteady velocity, pressure etc. were
expanded as asymptotic series in X . The expansions were shown to
be not uniformly valid at large distances from the aerofoil; and, thus
separate, matching inner and outer expansioné were constructed. The
immer expansion was substituted into the géneral inviscid vorticity
transport equation, and, by retaining terms to only order ((XE ), a -
linearized equation resulted. This equation was solved with the
boundary conditions en.the aerofoil and at infinity. The latter was
not the same condition as that applicable to thé outer golution, but a
modified condition which allowed matching of the immer and.outer
solutions., Goldstein and Atassi effectively solved for 1&14”U£-+{§t+55£
(the present notation) together. A further complication was that their
golution was not uniformly vali& at the aerofoil leading edge and
trailing edge; and this necessitated an application of thé method of
strained co-ordinates (which in turn, introduced an extra term into
their solution). Finally an equation of motion was used to relate

velocities to pressures and thus enable the determination of the
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unsteady 1ift on the aerofoil.

‘Three further aspects oftheir analysis are noteworthy:

(1) Yo mention was made of any limiting conditions (in
respect of the gust wavenumber, K ) for the validity of their
linearized vorticity transport equation.

(2) The inner solution, by itself, did not tend towards the
correct quasi-steady solution as kis Kzg —> 0. This was

~consistent with another statement of Goldstein and Atassi that their
solution was "not uniformly valid in frequency space". The correct
asymptote was recovered by reversing thosge adjustments to the inner
solution which had resulted from the matching of the inner and outer
solutions., This contrasts with the present solution for CL which

does tend to the correct quasi-steady asymptote ( 2T ['3% o 2K "?Vuj)
as K, ,K,—=0; a result which implies that the present solution is
uniformly valid in frequency space.

(3) The outer solution for the unsteady velocity did not
tend towards the correct undistorted gust as X —= — oo , but to a
gust which differed from this by a constant fhase difference,

Goldstein and Atassi stated that the latter "is frozen relative to an
observor moving along the steady state potential flow stream~lines

with a speed Uoo while the -former "is frozen w. r.t. an observor
moving along the real axis with this speed.” }?or a body with
significant 1ift, the steady streamlines which arrive at the body
originate at the point (— e0,~ 00 ); and, thus, this problenm is
equivalent to the singularity problem of the present analysis described
in 6.3.3.2. In fact, in their analysis for the zero thickness aerofoil,
Goldstein and Atassi referenced .the overall phase of their solution to
a datum which is exactly equivalent to the datum resulting' from

equation (6.36) of ‘the current analysis.
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6.4:2 Compsrison of resulis. Goldstein and Atassi calculated a

higher order response function, ™ , of the form (in the current

notation):

A .
o .
/Eﬂ’o(éew')t . . . (6.43)

* ,
(

where Cﬁl is the complex conjugate of the order (XE )

contribution to (:Le The complex conjugate is required

because Goldstein and Atassi consider a gust which has the

opposite sign for the frequency, (0.

Thuss
o * * %
C = CLﬁl CLP\Z.*-‘- CL_D + CLM .
4 —k,E 5 +kE 6
moressing Up= el 0 M UL e

(derived from the definition of € and the continuity condition), and
substituting from equations (6.42) yields the following formula for B

in the notation of the present study:

R = - Sik) + K (k) +kI+ ke .D(k.,k{) M (k)

/K Z+kz JRE+kE J Tk

A computer program was written to perform the necessary

«(6.44)

mimerical integration for O (ki,k,) and to thereby calculateyfﬂ,
via equation (6.44). It is listed in Appendix 11. In figures 41 and
- 42, two derived curves for T, (for two values of k, ) are presented.
These curves were found to be indistinguishable from the corresponding
curves presented by Goldstein and Atassi. This suggests that the
present analysis is equivalent to the analysis of Goldstein and Aiassi.
Also presented in figures 41 and 42 are the parts of R
which arise only from the distortion effect. It can be seen that the
distortion effect term becomes a greater part of B as k, and k;
increése. Goldstein and Atassi stated that their "analysis shows that
behaviour of the response function of a lifting aerofoil is determined

to a large extent by the gust distortion effect", and implied that the
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Morfey response term isg less important. Figure 41 shows that, for
wavenumbers which are low but which are still of practical interest
(e.g. k, =0.5, K, =0,6), the distortion term is smaller than the
other higher order terms. It must also be remembered that the validity
of the linearized distortion theory comes into question when k}ork{§>1.
Two noteworthy trends of the higher order response, ‘R, , are:
(1) As the frequency, f(,,tends to o0 , R tends to zero.
From a physical viewpoint this is to be expected. On any
body of finite size, the nett unsteady 1lift must be zero in
the limit K, = co.
(2) As k, tends to zero with Kk, fixed, R, tends to a
definite limit, which is different from the quasi-steady
limlt with both k, and k, —> O. The latter limit for R
ig = 2,0, The difference is due to the distortion term: for K,
and K, =0, it tends to zero (consistent with the reasoning of
6.3.3.1 and general physical reasoning); but for K,—= 0 and k;
fixed, it tends to a definite non-zero limit (refer again to
figures 41 and 42). This latter beﬁaviour is also consistent
with physical reasoning: one would expect the "steady" gust, &C—Lkzﬁ
%0 be distorted and thus yield an additional steady upwash on
the aerofoil. It has not been ascertained whether the solution
of Goldstein and Atassi behaves similgrly in this limit., They
did not discuss this limit, and their response function curves

were only plotted as far as k; == 0.1 (in the decreasing k,

sense).

6.5 Conclusions Regarding the Higher Order Theory for a Frozen,

TPwo-Dimensional Gust,

The higher order response function, determined with the current

e
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theory is in good agreement with that derived by Goldstein and Atassi

via a,%different approach. This suggests that, wAithin the prescribed
suml‘tions, the present theory is correct to order (XE ).
The current method of analysi's has the advantage of enabling
a ready comparison of the different types of higher order effect. The
effect of distortion is less important thad the other higher order
effects when k is less than about 1.0; but its relative importance

increases with increasing k o

6.6 FExtension of Theory to the Non-frozen, Two-Dimensional Gust.

6.6.1 The gust. The gust has components:

- L (Wl ~KeX —kay) A _C(wl -kex—k
. =r€" e(, (w s 24 — e(_.(u.) sX—kaY)

with wW=kKpUoo +

L (wt —kex~ka)
Similarly, the gust vorticity is foo =S°°e ( s 24 .

6.6.2 The non-distortion response terms.

The Lp response can be written down immediatelys

Ueo « + » (6'45)

cwtl
Crp = 27, S'(ks, ks-atk,) {2 +o<13”}e
This follows because ( kg — Xk, )} is the spatial wave-number
along the aerofoil chord line, and kg = YWy, o Alternatively
this result can be derived by a full repeat of the analysis of 6.3.2
with the altered gust input,

CL-P can be sub-—dividegi as _before:

' ! N t
Co=2am S'(ke k) "ep,e"”
Cupg= %21 Sllke . By, et b.4b)
L(.Qt

CLAZ- X2 Sﬁ (k-f ks, k2 ) %)
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where '/ _ H.(k;\ [3} (kQ - T*(Ks)] - + Tk |
S (k :k55k}) - k { +L'__i :’. KS -+ _‘L—Q .
B - H, (ke + L Ho (ko) ks< ) Ks )

The LM response is not altered:

Cry, =270 Mk) B ™"

6.6.3 The distortion response term. The analysis for LD is more

significantly altered. Full details are presented in Appendix 5.
The extra complications arise from the allered form of the linearized

vorticity transport equation:
L U (ke —ks) S + u,c,éS —ikVE, ik, e S, =0 L L (e

An attempt was made to solve this equation in the manner of the previous
analrsis. A genersl solution of the above differential equation was
determined, but, when the boundary condition, f =0at X=— oO >
was applied, this solution became indeterminate, It was further noticed
that this indeterminacy would arise irrespective of the particular

mean flow field ( V.,V ).

However, a determinate solution was possible by applying the
upstream boundary condition (the gust u_ndistc;rted) at a finite distance, B,
from the aerofoil; that is, at x = —B o+ This solution for the
unsteady lift response due to distortion is outlined fully in the
appendix., The response function was calculated for various B, and
it was clear that, as B tends towards o©O , the response tends to a
definite finite limit. y

For the purposes of comparison, the frozen gust analysis was
repeated for the adjusted upstreanm boundary condition at x = - 8.

It was found that this solution approaches fhe original solution

(of section 6.3.3) as B tends towards o0 , provided that an

additional term , — S\/z(’i‘o .dx', is included in the express:.on forS
. o0

This term tends to the correct additional term, — S V?-@ dx of

the original analysis (refer to 6.3.3.2) as B —+o0 . A noteworthy

feature of the solution for the non-frozen gust is that no such
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additional term need be included: for the non-frozen gust, the fact
that V?_' Ni;z as X —» — o0 does not lead to any phase
singularities (as it does for thé frozen gust).

Thus, the solution for the noh-frozen gust with B=00 can
be estimated (by the current method) to a given accuracy by choosing a
large enough finite value of B , e.g. ,B = 100. However the required
computation time, governed by a numerical integration with respect to >\ s
also increases with increase in the value of BB . For practical
situations in which the gust is "produced" at a finite distance upstream
it is relevant to choose the value of B equal to this digtance. But
it must be stressed that the subsequent calculation of the response
due to distortion is then approximate. Although the upstream boundary
condition will be exactly correct for the given practical situation,

the Biot-Savart integral is applied over the whole field when

deternining the distorted upwash.

Figure 44 compares the response functions (due to distortion)
for a frozen gust and a non-frozen gust ( k,-,‘ = 4.0), for k, = 3.0
and B = 1.4. This value of B is relevant to the case of blade
loading in a turbomachine where the gusf incident on a blade row is,
to a large extent, pro4duced by the row of blades immediately upstream.
(The turbomachine application is dealt with in more detail in section
6.7) Also included in the figure is the response function for a frozen
gust with B= o0 (that is, the original theory): the frozen
gust function for general B will approach this curve as B is
increased from 1.4. In general, the difference between the result for
a frozen gust and the result for a non-frozen gust is not great. The
largest discrepancy occurs as ks —> 0, where the “non-frozgn" result‘
is noticeably less thati the "frozen" one. This is consistent with
physic;al reasoning: one expects the distortion to be reduced as kf/ks

becomes large (refer also to the appendix).
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The mathematical result for the distortion response is:

'l

iCL =X 2.TT D,(kf,k \kl,B) kl;\i?'/ - kz.@i/ ebmt N
® ° { Lo U"“E L. L 6.49)
T Dl k) = [ [L OB +T(NBo(M] A

[
and the functions Bg and B, are listed in Appendix 5.

6.6.4 Summary for the non-frozen, two-dimensional gust.

To order ( X€ ), the components of the response are:.
Cie = 27 S'lkeyed) Bq), €F |
Cun= ek 2T S (ke k) g e2F
Cup,™ X 2T Salke ke k) G‘VLJGO&L“’t - 6.49)
CLp =X 2T D'(kf,k;,kz,B){ks%w— k;%w} e

CLyy = X 27 M. () et

)
A
4

A
and continuity demands that % = - kykv'/ .

00 2z o0

6.7 Application of the Higher Order Theory to the Periodic Loading of

Turbomachine Blades.

]
7

6.7.1 Turbomachine unsteady flow. There are four basic sources of

the unsteady velocity encountered by turboblades:
(1) aerodynamic interference _between moving blade rows.
(2) interference of a moving blade row with the ﬁean viscous
wakes from upstream rows . .

(3) the unsteady velocities in the wakes from upstream rows.,

(4) acoustic sources,
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Kiock (1972) has published measurements of the flow unstead-

iness produced by a rotating blade row. This measured unsteadiness
could clearly be divided intos

(4) a low frequency periodic component .

(B) general turbulence over a wide frequency range,
Significant power was associated with both componenés. In the main,

‘component (4) arises from effects (1) and (2) above, while (B)
arises from (3) and (4) . It is the loading due to the periodic
component which is being considered in the present application.

The quéstion of interest iss which components of the sinus-
oidal gust response (to order ((XE )) are important in the blade
loading produced by the typical periodic unsteadiness in a turbo-
machine? Clearly, knowledge of the typical wavenumbers of the periodic

gust is required.

6.7.2 Periodic gust model. The blade rows are assumed to be two-

dimensional aerofoil cascades {as usual). The geometry of the flow
through a stator/rotor combination is illustrated in figure 43A. The
periodic gust is modelled by 1?1 ef-t*ﬂ*,. (Refer to the figure for
the definition of motation). Betz (see Kiock), using a simplified
cascade model, has showm that the "gust" produced by (1), above, is
of this form; and it is expected that the mean profiles of the stator

wakes will also approximate to this form. In the co-ordinate system

( X' N Y' ), moving with the rotor blades, the gust is:

,{5_ e-—L K(Y"‘- Valt)
=1 where\}(é is the rotor blade velocity.

In figure 458,the flow incident on a single rotor blade is
highlighted. In the (x , y) co-ordinate system aligned with the
relaxive mean stream, the gust is of the following non-frozen,

two~dimensional form:
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Ut —kex koY)
Lias

where w= K|Val| = kelVrl  (that 1s, ke = KNB‘/N ‘)3
. SR
and Kg=Ksin§s 3 kp = Kcos8a .
__\/g is the average incident velocity relative to a rotoxr blade.

SA is the angle between \_/R and the turbomachine axis,.

6.7.3 Typical wavenumbers. From the text of Godsey and Young (1949)

data for Nel / ‘\./R‘ . and SA was elicited. A blade-spacing to
blade-chord ratio of 1.0 was employed (This is a typical machine value).
This led to & value of K of T , and enabled the wavenumbers, kg , Ks
and Kk, , to be estimated for each pair of ly%l/ﬂ\ﬂd and SA values.
The data, which covered a wide range of compressor and turbine blade

types, 1s summarized in table 3.

6.7.4 The calculation. The 1ift response function was calculated for

the following four wave-number combinations which cover the range of

data of table 3.

ks k, ke
0.1 3.0 3.5
1.0 3.0 5.0 ‘
2,0 2,0 3.5
3.0 1.5 2.0

The non-frozen gust theory of section 6.6 was used, with B = 1.43
that is, with the gust considered to be produced at the trailing edge
of the upstreanm blade row, and the rows to be separated by a distance,
0.2c (typioa.l machine case). The first order (order ( € )) response

term was included in the calculation; and an angle of incidence of 10 °
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(between the blade and Vg ) was assumed: turboblades generally
operate at effective angles of attack of this order., In this way, it
was possible to compare the order (€ ) and the order (XE )
contributions. It was not expected that the order (X€ ) term arising
from gust distortion would be estimated to greater then "order of
magnitude™ accuracy. PFirstly, the distortion theory for a non-frozen
gust with a finite value of B is not an exact theory (refer to 6.643).
Secondly it is an over-simplification to consider the gust distortion
by the mean field of a single blade: clearly the neighbouring blades
in the same row will contribute significantly to the distortion of the
onconing gust.

The response function which was determined in this calculation

is defined by:
*
f

R = C%ﬂéefi‘wt

.

where Cl_ is the complex conjugate of the fotal unsteady

response.

That 1s: R = Rig+ R+ Ry * Rp
where 'les = CL:/ETfEC—th "
7%/\ (C:Al +C:A2_)/21Te eﬁLwt, (6'50)
RM = lem/ETTEE:Lwt”

Rp= CiD/Z.'ITE C‘:wt .

"
The response function without distortion, R =Rs+Ra~t Q'm 5

was also determined.
A11 the calculations were repeated for the corresponding
frozen gusts (with the same values of kg and k, ).

The computer program employed for the calculation is listed in

Appendix 11,
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6.7.5 "The results. The results for the four wavenumber combinations
and for both non-~frozen and frozen gusts are presented in table 4.
Rs,Ray Ry and Ry are given as complex numbers, and ITQ,’[ is
compared with {|F%”l}. ‘
Features of the results weres
(1) TFor the non-frozen gusts (with typical turbomachine
wavenunbers) s
(a)_ the higher order terms, R, , Ry, and Rpwere of”
gimilar order in all cases.\
(b) the combined higher order response ( R+ R+ Ry)
was significant, In fact, when ks Was less than ks y
this response was at least as great as the first oxder
response,fas.
(¢) for the four cases considered, neglect of the
distortion resulted, respectively, in the following
alterations to the modulus of total responses +15%,
=25y =%y =32
(2) When the gusts were assumed to be frozen, the calculated
total responses were markedly different from the above, due

to the large effect of the Sears~type responses, f%s and'ﬁLA.

6.8 Conclusions Regarding the Application of the Theory to Turboblade

Loading.

The theory hag been applied to a blade, operating at an
effective angle of incidence of 10° , and subjected to a gust which is
representative of the periodié unsteadiness in a turbomachine. The
calculations have shown that the follow1ng two effects need to be
1ncluded when estimating the unsteady load on such a turboblade:

(1) The effect of the "non-frozen" nature of the gust.
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(2) The effect of the h.igher order (order ((XE )) response
" terms arising in the theory.
Of these latter terms, the distortion term, as formulated in
the present theory, is the least acocurate and the most difficult to

calculate. When RF is greater than ks and when ks and Ra, are of

similar order (a common situation in a tu:cboinaohine), the distortion

term is relatively small, and it is recommended that it be ignored in

this case,

6.9 Theory for the Frozen Three Dimensional Gust

* This theory is developed, primarily, as a basis for the higher

order turbulent loading theory of the next chapter. However the theory
can be applied directly to some problems of practical interest; for

example, to the problem of a two-dimengional gust incident upon a

swept wing. This latter application is considered further in section

6.908.

6.9.1 Additional complications which arise when the gust is three-

dimensional.
6.9.1.1 The gust. The gust has three wvelocity components of the

following form:

A e(, (wt —k\X'kzg -—k3z.) .

Y =

with w = k,Ueo -

Continuity requires that K, U, +k, % +kzO; = 0.

Associated with this gust velocity, there are three components of

vorticitys
X s - 'f. e(‘a(wt"k|x—kz'8’ksz)
Lo Lo
o \ A . A
where Sloo = =tk vs + Lkyo,

o . I . ~
Soe =~k + Lk, 13
A

f

. A . ™
3390 “L'kl'\?'z, + bkz_’l); -
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6.9.1.2 Aerofoil vorticity. The unsteady bound vorticity has, in

general, another component in the chordwise direction, which arises
because of the upwash variation in the.spanwise direction. The shed
vorticity in the wake will also have two such components. Tﬁese
vorticity components are subscripited accordiﬁg to the convention
described in 6.3.1.1,

“The boundary condition for the unsteady upwash is satisfied
by the induced velocities of the unsteady vorticity (bound and shed)

in two co-ordinate directions. The mean flow isg unaltered; that is,
1=K

the steady bound vorticity is still satisfied by K(x)=-2U»X == -

6.9.2 Problem formulation. The instantaneous velocity to order (X&)

iss
' —~ _~
ViT= Vi+Vy 4o+l + 3+,
as before,
Following the two-dimensional analysise
(1) On the aerofoil upper surface:
-r - ~
Vi, = Vi = g — g+~ o
\Q; =0 + the boundary condition
T — kY
\s, = oy —¥os5 + T, — 115
(2) On the aerofoil lower surface; |
T ~~ 3 .
V§L=Vﬁ+%+v§ -+ X)’é_-l-’\)‘g “+ \‘3/2_
T
\/43-"-0
T — g
\/3L= 13'3+\6jé +17§+\6/2

where Xy and Y satisfy the‘boundary condition for the
velocity field, V(,

and’ 8‘5 and X3 gatisfy the boundary condition for the
velocity field,%?;.

The relationship between velocities and pressures is still governed by

b.s)



equation (6.4):

) S Y A ¢

-
o3 Y

2
+2s) .. (64)
In this case, in the ( E., "4 Z )reference frame:
AR A

T Ta 2 T
and ‘S = K;{'L +:§Uj\ '*'Ksﬁ .
and the equation, integrated with respect to I,‘- s becomes:

E T ' ; T T T ,T f r
S IWdr - (W= W TdE (VP Be) . . s2)

Equation (6.52) is applied to corresponding points on the
upper and lower surfaces (using the equations (6.51)). The equations
are subtracted, and terms of higher than order (OAE ) are ignored.
Integrafion of the pressure difference over the aerofoll chord and '
removal of the time mean part of the equation yields an expression for
the unsteady 1lift force. The expression is sub-divided and further

gimplified in the manner of 6.3.1.7, and the'resultant components ares

| E l ' !
@ L= —[tw((vs@adedl ~Ve(nEadi] .. (6539
. ~1 -1 -

where X; ( {’23 and Y3 (§ ,2.) satisfy the boundary condition for U

[} X 1
) Leg=-[iw [(Fattadiex + Ua(Faodx] o . L (5a)
) 13 -1
where g,(x,z) and }?3 (x,z} satisfy the boundary condition for J; ,
and U, is the additional upwash produced by the distortion of

S;w N Sg,o +y and S_rmby the mean field:

= — =%,
K(x) = — 2 Up & X
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(e)

L,M/= ~_§‘K(><)-‘U',(X,0,z}dx .+ < (6.55)

6.9.3 Analysis for l.p . The order (€ ) result of Graham (refer to

1.2.2) is:

, ~ . _k
CL=2m. Gl ko). Dar, e @EHs2)

o

When Graham's analysis is repeated for the zero-thickness
aerofoil at incidence, CX , and equation (6.53) is thereby solved, the
response is of the form:

, A A .

Cop= 2. G (ki k—atk,, kg.{{);—t- d%wk gtttk (6.5b)
G‘ is the generalized Graham function, already considered in section
1.2.2 for the case of the order (& ) response to a non-frozen three-
dimensional gust; Just as for the two-dimensiongl function, S‘ ’ G’
will arise whenever the spatial wave-number along the chord line differs
from LO/U«: o In the above analysis, these wavemumbers are (k,—dlg)
and K, respectively., At this point in time; the "exact' response
functions, G' and (5 , can be evaluated only via a complicated

numerical route,

6.9.4 Analysis for LD o This is a linear analysis, paralleling the

two-dimensional case: the distorted velocity field is determined first,
and then the boundary condition on the aerofoil is satisfied for this
field, Appendix 6 gives the full details.

It is relevant to consider how a Séoo‘vortex element, which
initially straddles the mean stégnation streamline, is distorted by the
mean field. (This component of gust vorticity was not présent in the
two-dimensional problem). Such a vortex element will be stretched
tremendously as it approaches the stagnation point. With the inviscid

flow idealization it will be stretched an infinite amount when it reaches
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the body {although this will require an infinite time). Furthermore,
there;will be a "pile~up"of these greatly stretched vortex elements on

the body surface.

|M
/AU same. vortex element
/ at fime,,'t*-&t-
5. voctex element sTagndfion sfreamline
dar time. ,T.

This "stagnation streamline singularity" has been considered
in detail in the theories of Lighthill (1956) and Hunt (1973) (both for
the particular cése of a circular cylinder). They have demonstrated
that the "infinitely-stretched" vortex element induces an infinite
velocity on the body surface in the gz direction; but the induced

velocity perpendicular to the surface (vefore the surface boundary

condition is satisfied) remains finite.

In tue present analysis, attention is focussed on the calculation
of the upwash velocity perpendiculax to the aerofoil surface, The
distortion theory does not predict any singularities in this component

of wvelocity.

As before, the exact inviscid vorticity transport equation is:

L ()Y = Y 62

Or, for the i th component:

AN ax TN av@ A
S—_E‘ +VI Sx VL 5y V3 ‘Sl ‘a"': -+ Sz. + 83 SZ v (651)

In the determination of the distorted upwash, "f?‘a , only those
components of vorticity that contribute to it, namely S, and Xz ’

need be considered.

If the gust distortion system is linear, then, as demonstrated
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in 6.3.3.1:
A
PN SRR O0 SRR
=(-—t,k,f,;+§;)€ s

where S and %%‘ are of order ( A& , KX€E )e
The derivativas, é%g d BESZ. , are of a similar form,

The expansions for :S: and \/: are substituted into equation
(6.57), and terms of order { K*X& ), ( kA& ) and ( KE ) are
retained. The resultant equations for i =1 and i =3 ares

U2 iV, -tk Wi S = 3.6 4y, 2

Oekale) O(Kxe) o)  OKUE)  O(kAE) (6.58)

U3 — VS - theVi B = O

Following the rea‘soning of the two-dimensional analysis, these
linearized vorticity transport equations will not be valid when k is
much greater than 1.

Integrating equations (6.58) with rc;,spect to x and using the
fact that By,g/s —-3\%X = 0 (Irrotationality of the mean disturbance

field) yields:

~ X ' ' A oA
5, {Ck. € V/‘dex‘ + Uk, g\‘ll/uwdx' -ﬂ%ﬁ;} o ¥ V’-/U 3,0
2o 30

ﬁs = {Lk S dex + Lk, {ﬁgﬂdx‘}iw

The 1ift response, C;_D sy for a sinusoidal distribution of mean

vorticity, K'(x)=¢ Lhx , is determined first. The integral, gx\ﬁlﬁ dx’y
| is calculated as gVU dx' + g[V;_ V, (y= O>1/U dx'
as before,, A.naly:ical expressions for this integral and for S\/'ﬁwdx'., V.',

!
and V?_ have been derived in the two-dimensional analysis. :S, and il

are determined by substitution of these expressions into equations

(6.59).
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The extra upwash produced by distortion, A%, (x,0,z)
is evaluated by application of the Biot-Savart Law in its full three-

dimensional forms

5 (02 = - ([ St oxdandidds’ 1 ([ S0 ) -z ) dwidlyd
o ptitmnn, csunenas, o

Again the algebra involved in the evaluation of the integrals is
complicated though the method is straightforward. Terms in the resultant

G, (X 0,z) expression are of two basic forms:
2 c, t kX -~ kaZ)
(1) F e :

(2) & e (wt ketn]x~kuz)

A

where U, is a function of K, ,ky ,ky, and A.
] . —~ ]
The 1ift response, CLn , corresponding to 'u’z_(x,o,z) is determined
with equation (6.54). The solution of this equation for an upwash of

the form (1) is provided by the theory of Grahams

' 3 U t-ks2)
Cly = 27 Gk ks) Vo e €5

while the generalized theory for a non-frozen gust (refer to 1.2.2)
provides the solution for the case of upwash (2):
Cl f ,%, L.(wt"k';z)
Lp ~ = G (kx,kn+>\;ks) %ch .
! —~
Thus the (|, expression corresponding to 43, (x,0,2)

can be written.down , and finally:

Cry = Un® [ [T +LTOV] CLLMN for Kix)=-2Us0413% -
The result is: |
(.(mt”ksz)
o (66

where the transfer functions, F(_ , can be evaluated numerically via

. R o
CLy= X2m { F,(k‘,k“kg%oo * F,_(k‘,kt,k,)%w +F (k‘)khkv,\

formulae of the following forms

Folkukky = ([t To()-EcO) + TOYOL0) ] <y . (e6d)
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¢
The expressions for Eg_ and (O involve the response functions G and G

They are derived in detail and listed in Appendix 6.

6.9.5 Analysis for L.y

This is identical to the two-dimensional analysis for LM o The

result is:

5 L(wl-k
Cuy = X2 MEY 20, € (wtian)

6:9.6 Summary for the frozen, three-dimensionaLgush

CL= CLp ~ CLD + CLM to order (AE) .

where. .
LI~k
Cip =27 Gk ke dkl,kz){——-eo(u e (
6.63)
C¢D*dZW8%H§ +FL)1+F(@”33LWt%ﬁ

Coip= K2 M) e 0E)

and continuity demands that ¢
k"s, <+ k}_'G;_ -+ k}'ﬁ} = O .
PN | | _— - )
When Kz =0 , G=S anaG=S, and the two-dimensional gust result,
presented in 6.3.5, is recovered., (Appendix 6 should be referred to for

details of the reduction of the distortion term, C|  ,when kj=0).

6.9.7 Use of the lMugridge approximation to G‘ and G for the higher
order terms. In the numerical computation of C‘—D’ the response
functions Gl and G must be evaluated nany times. As these functions
themgelves require numerical comimtation, the calculation of CLD’ as
sbove, is rather lengthy. The Yugridge-type approximations t6 G ana G
are fully analytic (refer to sedtion 1.2_.2 for the formulae derived in
this study); and thus their use enables the computation té be completed

in a reasonable time.
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In many practical situafions, the Mugridge approximation will
provide a good estimate of the response function. An example is \
provided by the current first order turbulent loading study (Chapter 5)
where the use of the Mugridge approximation yiélded a reasonable theoretical
prediction of the admittance. When the approximation is applied only
to the higher order terms, the discrepancies so introduced will be
relatively smaller,

When the lMugridge formula, (5;1replaces C5 , the primary

regponse, (:Lp,can be subdivided in the manner of the itwo-dimensional

analysis (refer to 6.3.2.4):

Cip= Ce+Cupy*Cuypp >

. :
o t-—
where CLs =217 GM(k.,ks)~%oa Cc (wt-kyz) ,

Cop=0RTGw (ki k). B "5

oo

. 3 L{wt -k
CLAz.: O(“ZTT GMA(kI»kZ.»kSB’U&/U e"'(w 3Z3 ]

o0

and

Gl = ke LIsRIT-LT 0] +L [Ty + WY
(For L.(kiks)s see eqn1.4) 3 for Tk , see eqn(6.25))

Thué, with the Mugridge approximation for the higher order

terms, the total response is:

CL= CL5+CLAL+CLHZ+CLD+CLM }

where CLS = 2. G(k\,kg) @l/uwec(wt—kg)

x e uaﬁons
Cop= K21 Gl e B et (- P

L@dt k3z)

C O\ZT" Gualkikz k) }/UM

CL = (A2T {r— (k)'” (&y&h +F, (K\%‘" } ¢ (Wt~ kgz)

(cont. over)
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where the funotions,F%,,are evaluated with the lugridge

approximation,and
. A .
Copy =21 M) B (ot -kaz)

(:Lsis the order (GE ) response to the upwash; Uy o (:LAI is of order
(A& ), and is the response to the component of 1% which is
perpendicular to the chord. (:LAZ is of order ( A& ), and arises
because the spatial wavenumber of the gust along the chord-line has a
component of the wavenumber, K, o Ci is the order (KXE ) -
regponse arising from the gust distortion effecty and CLM is the
order ( XE€ ) "cross~-term" between the mean velocity field and the
gust velocity field.

These response formulae are employed, in the next chapter, for
the theoretical calculation of the turbulence admittance to higher

order.

6.9.8 Application to the swept wing/two-dimensional gust problem.

The geometry of the problem is indicated in the following plan view:

uwstm/l\ e
‘ Uocos A
: U, :

/\ tangle of sweep

The two-dimensional sinusoidal gust has components:

’ , - —kl L __k‘ -0 3
A' c.(mt KX ld\ . A L(w(: X Y
With w = k| UOO

In the co-ordingte frame, X , ¥ , 7 (see above), the gust components
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A L(wt—k.COSA;{"kL "k15‘nAi)
. Vicos/\ € ‘ 4

3 L(WT-kicos AR —kay - Kisin AZ)

Vo

A th-k;COsA;E— Y —ksi 1\.2’.)
QS}SUWJAXCi ( 3 7SN .

The equivalent unswept problem is sketched below (three-

N

dimensional view):

TUE

ngSmJ\ / UQ:COSA
e

LV cos I\

oy sin /\

The analysis can be greatly simplified, at this stage, by
ignoring the mean velocity component, LLnsin.f\. ;3 that is, the
gust, frozen in space, is considered to be gdnvected onto the aexrofoil
by the component,(vLocOS./\., alone. (The frequency sensed By the
aerofoil is still K,U. ). The validity of this simplification for
the aerofoil at zero incidence has been rigorously demonstrated by
Edwards (1972). The author, by initially retaining the ljgosinl\.in
the analysis, has found that the simplification remains valid for non-
zero A 4

With this simplification, the 1ift response can be_written
-down directly from the result for the frozen three-dimensional gust _
(equations (6.63)). The swept wing 1ift coefficient is here defined
in terms of the compoqent of the mean stream perpendicular to the

leading edge; nanely, Uewcos /A . Thus:

C.= L_/P(U‘,ocos/\‘)2
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The result for Ci , to order (A€ ), is:

C\L = CL.p+ CLD+ CLM S

-

E Lt-kanNT)

. . AL 'G'
where C Lp™ 2 Gl(k\(osf\ Jkeos N-dk,  ksin N L/LD’(DJ\:O(-L'L €

- B D, Bton A ) otlwt-ksinAZ)
CLD O(EW{E U@+FZ D-;-COSA+F~5—L—-—-——°° }e ,

where [ = Fi (ks Ak, kisinA) 5 and

Cy,,= X 2T Mlkosn) S 0T HsnnE),

. . . €quations (6.65)
with W=k Uo and kG +k 3, =0.



156.

CHAPTER 7. Higher Order Wurbulent Loading

In this chapter, a higher order admittance theory is developed;
and a comparison is then made between the theoretical admittance and

the experimentally measured admittance of an aerofoil at incidence,CX.

7.1 Higher Order Theory

T7.1.1 Basic formulae., In section 1.2.5, a formula for the admittance

of 1ift of an aerofoil subjected to an isotropic turbulent gust has
been derived. In tensor notation it is:

[AG? = (52)° (&) (fo 00 Ty ki) diodiy « . 040

o0
Sﬁli,is the response function for the i th component of the
frozen sinusoidal gust. It is defined by
Co= Lyt et ‘
L L where (:L;is the sinusoidal response,
and 3 is the amplitude of the i th
component,
The theoretical higher order response to a general, three-dimensional
simugoidal gust is required. In the previous chapter this response
has been derived in the forms
CL(t>z3 = CL_
The nett 1ift response for a section of span 2b is given by:

+b
CL<t) = CLC wt%g Sbe Lk3Z dz

= SH"\ qu wt
CL ksq . ok
where Q = = the aspect ratio.

In this theory, the simusoidal response employed is that with the
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Mugridge approximation for the higher order terms (to enable a feasible
computation \of the theoretical admittagnce). This response has been
detailed in section 6.9.7. Comparing these equations with those above
yields the following formulae for £ Li °

.= T . Sinkza
=5 ") Rios

where Rl = X GM(k.,k3) + X F(kkks) + A M(k) ( )
7.\

B
i

G (kl»k'S) + O( GMA(khk).;k‘b +OC\F'.|._ (kbk‘uk!)
RS = O\FS(R\;RL,RI) .

T,; ] (k\'k,_)l»@ is the normalized three-dimensional spectrum of
the isotropic turbulence, defined in section 1.2.5., In this study,
the formula used for Tij is that which ig derived from the Von
Karman semi~empirical formula for the one~dimensional spectrum, Cb”(k—,) R
(refer to section 5.2 for a fuller discussion). The T, ‘fomula‘ is

ij
(in tensor notation):

Toi (koo k) = 55 _ﬂﬂ_ k*z)(’ K* kKL L s
g ek (AP(S)} (3 +8kfz) (+w% {g } &)

* ‘ »* * * +
k-xz._. B l“‘k?_z‘*k: ; k: __([%(‘__}@1 2(‘;&)}“ .

Substitution for fli and 1,5 in equation (1.11) yieldss

where

#

A]A(k‘)‘z-ii.__('*kt) ggwi‘ﬁeF?R i {&J k}

o &%(3 +8ikY) (ksa)?* ) (l+ k)%

where < . L)
= P(‘L\)r'(%) L. __L. N ** = k(- .
5{F“<Jg>}‘in..’k° 74

T.1.2 Subgtitutiton for Ri* The equations (7.1) express the functions,

Ri in terms of other known functions, The admittance becomes
deter;ninate when these expressions are substituted into equation (7.2).
It should be noted that the rapid distortion theory of turbulence is

effectively being employed in the evaluation of those admittance terms
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whiéh‘involve the response functions, Fi s and thus the validity of
these%terms is conditional upons

(ReNo.)_1<<€ «min(l% 51 ) and (ReNo.)%>> max(%/_‘s V).

‘ (refer 1.2.4.2)

The algebra involved in the substitution for Ri is complicated
and full details are left to Appendix 7. The resultant integrand in
equation (7.25 has a term of order (1) (th; term which arises in the
first order theory) and terms of order (X ) and order (A% ). Some
of the terms in the integrand do not contribute to the integral because
they are odd functions of the wavenumber, k, . In fact it is found
that none of the order (X ) terms contribute to the integral (being
odd in K; ); while 2ll the order (cX*) terms do contribute (being even
in both kK, and ks ). /

From this finding follows the major theoretical conclusion of
this study; namely that, in isotropic turbulence, the theoretical

i

admittance of 1ift is not affected, by changes in incidence X , to

first order in X . The results of the current experiment, in which

the turbulence was approximatély isotropic, were in accordance with
this conclusion: the meaéured effect of incidence on the admittance
was only moderate (see 7.22, later). It should be stressed that,

when the turbulence is non-isotrovic, it is likely that the admittance

will be affected to first order in X ,

It is not entirely surpriéing that in isotropic turbulence,
the admittance does not depend on the first power of O{ . Isotropic
turbulence has no preferred direction, and so the admittance of 1lift,
a "mean squared" property, is clearly the same for + X and for -X,
In other words, the higher order admittance would have to depend on‘(fkl
rather than X , Yet an examination of the present analysis reveals
no me;hanism by which the modulus sign on X could arise.

In contrast to the present results, Graham (1975) has found

that the admittance of drag of a porous plate is affected by the mean



159.
flow field parameter X , to first order. Yet, in this case, the
admit#ance will be different when K , the resistance coefficient; is
negative (for example, with the porous plate replaced by some thrust-
producing device). It is tentatively éuggested that, when the mean
field is asyrmetric with respect to a plane parallel to the stream
(for example, the aerofoil at incidenée) there will be no first order
effect of the mean field on the admittance (in isotropic turbulence);
but that, when the mean field is plane-symmetric (for example, the
two-dimensional pkorous plate) or'axisymmetric, there will be a first
order effect,

It should be noted, in the aerofoil case, that other statistical
properties of the unsteady 1lift in isotropic turbulence, such as the
probability of achieving a certain level of 1ift, may depend on X

to first order,

7.1.3 Evaluabion of the order (7CX2) contribution. It was felt that

this contribution to the theoretical admittance oogld account for the
moderate increase in the measured admittance; resulting from the
increase in incidence, A, (The experimental results are discussed
in more detail in section 7.2.2).

It was realized that, to evaluate the ordeﬁ’(CKa ) contribution
fully, the sinusoidal gust response must be determined cor?ect to
order (A’€). This is necéssary because a crosste;m between an order
(A*€ ) term and an order ( € ) term is of the order of interest; vié
(X?E?) (which leads to an admittance of order ( X?)). It is
questionable whether the linegr analysis can be extended to incorporate
such non-linear terms: in fact, a detgiled analysis of the convergence
of the series in CX would be required to verify the validity.

The feasibility of determining the sinusoidal response to
order (X*€ ) was explored . It was found that some, but not all, of

the extra terms could be evaluated; the difficult terms being those
{
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which involve a higher order (non.-linea.r in X ) distorted velocity.
This velocity clearly cannot be determined with the linearized
vorticity transport equations (equations (6.58)) derived previously.
An  attempt to derive a vorticity transport equation, correct to
order (X'€ ), but more tractable than the complete equation
(equation (6.27)), was not successful. The evaluation of the tractable
(d&é,) terms was undertaken in part, the complete analysis being a
tedious task. This part-evaluation was sufficient fto show that some,
at least, of these order (A€ ) terms would result in an integrand
even in both K, and ky ; that is, they would contribute to the
theoretical admittance to order ( 0(2 ). /
. However it was considered that a full derivé,tion of all
possible (O(le ) sinusoidal response terms was not worthwhile in view
of the facts that:
(1) the theory would be still incomplete to order (A*€ ),
(2) the extension of the iinear sinusoidal gust theory to
incorporate non-linear terms was questionable from a
fundamental mathematical viewpoint.

Nonetheless it was decided that those (O(2 ) admittance terms arising

from the order (XE& ) sinusoidal gust theory should be computed, in

the hope that they would provide some measure of the increment in
2
admittance due to incidence, The sum of those order ( X~ ) admittance
terms can be expressed mathematically as:
2 %2 Bé bt .
2 2 .
lA(kD‘ =K O _LZ (l+k ) snkia | T (k.,khkh‘-/c)dkldkz L (13
°< 3T & (3+81%) )} (ka)
The function, 1 (k,,kz,khL/C) igs listed in Appendix 7. It consists
of 21 terms and involves various combinations of all the response

functions arising in the order (CAE ) sinusoidal gust theory.

|
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T.1.4 Computation details. The order ((7(2) admittance, for each ¥<.

value, was determined via a double numerical integration of the integral
contained in the right-hand-side of equation (7.3). However, imbedded
in the function 1 Oﬂ)kl,ks)Lyé) are the response functions, Fi .
which have, themselves, to be determined with a numerical integration
(refer to 6.9.4). Thus the computation was effectively a triple
numerical in{égration and was fairly lengthy: about 300 seconds of

CIC 6400 time were required for each value of K, .

In the current experiment, detailed mezasurements were made of
the turbulence generated by the 6 inch grid. For this turbulence, the
value of Lq/b = 0,40 was employed in the calculation of the order
(CX?) theoretical admittance. This is the value recommended in section
5.2.1, following examination of the various measured turbulence
spectira.

The admittance was calculated for a range of incidence, X,
f;om 10° to 12°. In the experiment,~the set incidence of thgraerofoil
was 100, but the aerofoil support system produced an additional mean
flow incidence in the range 0° to +2° (as détermined in section 4.2.5)

The program written for the computation is described and

listed in Appendix 11,

7.1.5 Asymptotic admittance formulae for k.~>-0, L*AC-*-CXD

Formlae, corresponding to the previous higher order theory, are derived
in or@er to provide some information on the nature of the turbulent
loading when the length scale of the gust is much larger than the
aerofoil choxd,
To transform equation (#.2) to a form suitable for the application
of the limits, the following substitution (after Graham (1975)) is

emplo&ed:

(R'i.\= kt./@ where @ = \/6z+k|z .
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With this substitution, equation (7.2) becomes:

AGI° -l ([ screfe RERIGE) K {gij_&g;}d@gf

3 REkE
2, @R (1+k RO k®J L1.4)
In the transformed variables, the limits K,—+~ O and Lyc—-voo N
become:
' R’,*—"I and @—’O .
Thus,

Sin® @ ’?30 - 1
(@ hza)* |

The functions, Ri s have been given in equations (7.1)
(In fact, the Mugridge approximation is not necessary: the same
asymptotic formulae are derived if the exact response functions are
retained). In the limit, @ —> 0, the response functions behave as

follows:

G(BK,pk) — Gu(BK, BRs) — 1

GMA(@R"\WMWS)-’O |

Fi. (@E)@Eﬁ.\@ﬁ}) —- 0

M (8K — 1
Thus R; —> 2K , R;—>1, and R;—> 0.
These limiting forms are substituted into equation (7.4), and
the resulting expression for \A(o)‘a can be divided into two terms;
one of order (1) and the other of order (OL? ). (Another term, of order
(CA), has an integrand which is odd in k, and so it does not
contribute to IA(O)P This is consistent with the full theory of
section 7.1.2).

The order (1) term is:

l+k3 dk, dks .

IA(O)‘ 481‘1’ gg(\a—k +R3 )%

This integral can be evaluated analy .tically (Appendix 8),

and the result is:

JA@I: =
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This is the expected quasi-steady admittance for an aerofoil at zeio
incidence. (refer to the admittance definition, equation (1.8)).

The order ((X%?) term is:

TRMK 4R R ,
((!+E‘+k3% Redics

AO = w4

Again the infegral can be evaluated analytically (Appendix 8), and the

4

result is

IA(O)!ZL = 3 O(a .

This higher order asymptotic admittance contribution has its origins
in two of the sinusoidal gust response terms:

(1) The response to the component of 7% perpendicular to

the chord: <:LA1’

(2) The Morfey-type response: C:Lhao
For the same reasong discussed in 7.1.3, this higher order admittance
is not completely correct to order (CKZ). Yonetheless, it does
indicate that, while the effect ofdiétortion,tends to zero as k.—ejO
and l-\/c;4>-c13 s Other higher order effects remain significant

in this 1limit,

7.2 Comparison of Exveriment and Theory

T.2.1 Method of comparison, Because of discrepancies existing between

the theory and experiment at zero incidence (refer 5.1.2), it was
decided to compare the measured increment of admittance with the
theoretical admittance increment. Two forms of graphical presentatién
are useds

‘ (1) 1In figures 46, 47, and 49, the admittance increment is
plotted on a\linear soalg against frequency on a log scale. This

presentation emphasizes the absolute magnitude of the increment,
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knowledge of which is important in those practical situations in which
the overall level of loading power is of interest.

(2) 1In figure 48, the results for the series 3, 6 inch grid
case (which gave the best agreement befween theory and experiment) are
plotted as log of the total admittance vs. log of the frequency. The
total theoretical admittance was here derived by adding the theoretical
increment to %he zero incidence experimental admittance., This
presentation emphasizeg the magnitude of the admittance increment
relative to the first order admittance.

In each case, two different estimates of the theoretical
increment are provided:

(1) The increment comprised of all of the order (cX?)
admittance terms which arise from the ;rder (Ae )
sinusoidal gust response.

(2) The increment, as in (1), but with the effect of

distortion ignored,

T7.2.2 The experimental increment. The experiment has been described

in Chapter 4, and the method of data reduction in section 5.1.1.
Figure 46 plots the experimental results of the series 1 and

the series 3 tests for the case of the 6 inch grid turbulence. There

is a significant discrepancy between the results of the two seriess

a discrepancy that clearly has the same ( as yet undiscovered) source

as the difference between the zero~incidence experimental admittances

for the two series of tests, discussed in detail in section 5.1.2, The
measured admittance increment due to incidence decreases with increasing
frequency; and, even at the lowest frequency, as figure 48 indicates,
it is only of moderate magnitude.

The less definitive data of the. 3 inch grid test is plotted

in figure 49.
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Te2.3 The theoretical increment., This increment, determined both

- with and without distortion, is plotted in figures 46 to 49 for the
band of values: CA= 10° to X = 12° . The sensitivity of the result
to the value of CX (expected because £he increment depends on C&Z)
is clearly demonstrated in the figures.
Comparison of the increments, with and without distortion,
provides the %ollowing information on the theoretical role of distortion:
(1) At lower frequencies, the distortion contribution is-
less than that of the other higher order effects, and leads
to a small reduction in the increment.

(2) At higher frequencies, the distortion effect dominates,

and causes the increment to be greater.

7.2.4 Sources of discrepancy between theory and experiment

(a) Incomplete theory. As discussed in 7.1.3, the higher

order admittance theory is not exact to order (CX*). This is possibly
the greatest source of discrepancy between theory and experiment in the
present investigation.

(b) Use of Mugridge approximation. Inspection of the zero-

incidence admittance prediction obtained with the Mugridge approximation
(figure 38) suggests that the errors introduced into the increment
estimate will, in the main, be restricted to a small overestimation at
the higher frequencies, '

(¢) Viscosity. The present theory has beend&veloped with an
assumption of .completely inviscid flow. As already indicated in 6.3.301
the assumption is most questionable when the transport of vorticity is
being considered (that is, when the distortion effect is being
determined). Bearman '(1972), when investigating the distortion of
turbuience approaching a bluff body, found, in some measured spectra

nesr the body, that the power at the highest frequencies was less than
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the corresponding power in the undistorted turbulence. This he
‘attributed to viscous decay.

i

(@) Limited validity of linearization. In 6.3.3.1 and 6.9.4,

it was argued that the linearized distbrtion theory is not valid for
k >> 1. However, it is felt that the linearization should be
valid for the admittances considered in this investigation: L~l/c= 0.40

and the maximum value of k‘ = 5,0,

(e) Effective incidence of the supports. This potentially
significant. error has been allowed for in the theoretical calculation.
The effective flow incidence should be contained in the range K = 10°
to X = 12°%

(£) Turbulence description. There are two sources of error:

(1) Anisotropy of the turbulence in the experiment. Excursions from
isotropy were small but measurgable (refe;‘ 5¢2.1). (2) The value of L'/C .
Different measured gpectra suggested different values of L/C in the

range 0.36 to 0.44. In figure 46, some theoretical results for this
wider range of L—‘/C have been plotted. It is evident that the theoretinl
increment is only moderately sensitive to the value of L'/C .

(g) Aerofoil thickness/non-linear terms in € . These two

effects were deemed to be potentially large for the zero-incidence
admittance (refer to 5.4.2). However, both effects will be approximately
independent of incidence, and thus ¥ill have little inf}.uex:lce on the
admittance increment,

(h) Lift curve slope. As discussed in section 4.2.5, the

effective mean 1ift curve at X = 10° may have been less than the
value at O = 0° , which, in turn, was less than the theoretical value
of 2Tr us.ed in the theory. For the zero-incidence admittance a
maximum possible correction of -15% to the theoretical prediction was
suggested (refer to 5.4.2). For the increment in admittance, the
required percentage cbrrecj;ion will be somevhat greater.

(i) Absolute spectral power. The magnitudé of the increment
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couid‘be measured accurately relative to the zero-incidence admittaunce,
Thus ?he estimated relative error in the former is the same as that in
the latter; namely <+ 109 maximm(refer 5.4.2).

(3) Drag. This error a:cises‘ from the senstivity of the load
balance to some transverse load. Repeating the duasi-steady analysis
of section 5.4.2, this time for X = 10°, yields: é%%%é%; = 0,064,

a value ten times larger than that for CK==0°. Wonetheless, the
resultant quasi-steady error on the admittance of 1lift is still
negligible: =+ 14, |

| (k) Buffet load. Although it waslascertained that there was
no significant flow separation at the highest set incidence (refer
4.2.5), there was still a possibility that the thickened boundary layer
and wake would contribute to the unsteady load. A load spectrum for
the aerofoil at 10° incidence in smooth flow was meagured, and is
presented in figure 50. The level of this spectrum is higher than
that of the corresponding zero incidence spectrum, particularly at
higher frequencies; but it is still more than an order of magnitude
less than the typical level of a turbulent load spectrum. An estimate
of the possible error on the admittance was made although, strictly, -
one cannot directly:relate boundary layer effects in differing levels
of free stream turbulence. A maximun erﬁor due to "buffet load" of

+ 55 for k) 3.0 was estimated.

Although not directly related to the aims of the present study,
buffet load measurements in smooth flow at higher incidences
approaching the stall were made, and are also presented in figure 50,
As the angle of incidence increases from 10° to 13° s the level of
buffet load increases significantly, indicating separation of flow on

the aerofoil. At X = 140

, the aerofoil is completely stalled, and
the level of buffet load at the low freguencies is of the order of the
level of a typical turbulent load épectrum of the current experiment,

In turbulent flow at the same angles of incidence, the buffet loads
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will be less, as a resilt of the delay of flow separation (This effect
has been considered in detail in the current mean load study:
Chapters 2 and 3). Further details of the buffet test are given in

Appendix 9.

7.2.5 Comparison of the theoretical and experimental increments.

For the 6 inch grid turbulence, the graphical comparison is presented
in figures 46, 47, and 48. These graphs indicate that:

(1) the higher order theory, although not exact to order 3
does predict the correct order of magnitude of the admittance increment.

(2) at the lower frequencies where the increment is greatest
both the "theory with distortion" and the "theory without distortion”
provide a reasonable prediction of the increment; the prediction of the
former theory being marginally better, The agreement between theory
and experiment would be further improved if a correction for the 1lift
curve slope error (error source (h) above) were included.

(3) at the higher frequencies, the'theory without distortion
provides a reasonable estimate; while the theory with distortion tends
to overestimate the admittance. This overestimation of the distortion
effect at the higher fréquencies could have its prigins in one or more
of the following error sourcess

(a) incomplete theory,

(b) wuse of Mugridge approximation,

(c) wviscosity.

These have been outlined in the previous section. It should be noted
that errors arising from (b) and (¢) will lead to, specifically, an’

overestimation of the distortion effect.

An additional, but not rigorous, comparison of theory and
experiment was afforded by the results for the 3 inch grid turbulence,
with Ja/Uoo = 0,037 and LI/C = 0.38 (refer section 5.5 )o

As figure 49 shows, the agreement between theory and experiment is

~
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reasonable; the theory without distortion\providing a better estimate.

It should be noted that the measured increment for the 3 inch grid case

is a little larger than the 6 inch grid increment, whereas the theory

predicts the opposite trend.

7.3

Conclusibdns Regarding the Higher Order Turbulent Loading.

(1) For approximately isotropic turbulence, the increment, due to

incidence, in the admittance of 1ift is only of moderate magnitude.

The higher order theory developed: in this study predicts that, in

isotropic turbulence, the zadmittance does not depend on the incidence,

C?(,to first order; and so the theory is consistent with the

experimental obgervation.

(2) The correct order of magnitude of the increment is predicted by

the order (CA*) admittance terms which arise in the higher order theory

(although the theory is not completely correct to this order).

(3) When the length scale of turbulence is of order ( ¢, the aero-

foil chord) or much greater than ¢ , it is recommended that the

increment be determined by the order (C>(z) theory which does not

include the effect of distortion., The reasons are:

(a) There is no evidence that the theory with distertion
gives a better overall prediction of the increment.

(b) The theory with distortion requires a much greater
computation time.

(¢) The increment is not large compared with the first order
admittance;and discrepancies between the first orde¥r theory
and experiment can be of the same order as the increment,

(4) In many practical situations, the length scale of the
gust, L, , is much greater than c . As Lﬂ/t increases from
0.40 (its value in the current experiment), the distortion

contribution will become a still smalier part of the nett
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order (O{?) increment. This trend has been verified by an
i asymptotic analysis of the higher order theory.
(4) When the length scale of the turbulence is much less than ¢ ,
the measured distortion effect will be greater; but, unless € is
much less than L‘/C , the current distortion theory cammot be applied
validly to predict it (the "rapid distortion" assumptions breakdown).
The distortion effect due to thickness will also become significant when
L'/C is much less than 1. Thus it is not expected that the -

present order (C(X?) theory (with or without distortion) will predict

the increment correctly when L., is much less than c .

v
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CEAPTER 8, Concluding Comments

This thesis has considered several different aspects of the
loading of two-dimengional aerofoils in unsteady streams. Conclusions
and recommendations relevant to each héwe been detailed in the foregoing
text. The reader is invited to revise these with the aid of the
following index.

4

Index to Conclusions -

Effects of turbulence on mean loading: Seotion 3.7 , pe 76.

Higher oxder sinusoidal gust loading theory.

(a) the two dimensional frozen gust: Section 6.5, p. 135.

(b) application to turbo-blade losdings . Seotion 6.8, p. 143.

Turbulent gust loading: theory and expsriment.

(a) aerofoil at zero incidences Section 5.6, p. 109,

(b) aerofoil at incidences Section 7.3, p. 169.

Two overall comments regarding the gust loading of aerofoils can be made:
(1) The first priority for a satisfaotory prediction of the admittance
of 1ift of an serofoil is a correct description of the turbulence over
" most of the frequency range of interest (This study has emphasized the
difficulty of obtaining a sufficiently accurate description at the
lowest frequencies of interest). With this realized, the first order
theory can provide a reasonable estimate of the admittance; an estimate
which can further be adjusted for any incidence effect wiéh the highex
order theory. developed in this study.

(2) For a thin a.erofo'il at mean incidence, X , and subjected to a
gust, the length scale of which is not miuch smaller than the asrofoil
chord, the effect of gust'distortion on the unateady loagl is often less

\
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than the other effects which daper;\d on K.

Two suggestions for future work in this area ares
(1) An extension of the higher order sinusoidal gust theory to the
case of the two dimensional cascade. This theory would be relevant to
the turboblade loading problem.
(2) An experimental study of the effect of distortion when the length
scale of the éust is much smaller than the aerofoil chord. This study
could assist in the understanding of the effeot of small scale turbulence

on asrofoil mean flow behaviour, in particular, the stall.
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LIST OF NOTATION

G admittance of 1ift, defined in 1.2.5.

!A(k)li first order admittance.

LA order (OX®) admittance.

B upstream reference distance, See 6.6.3.

Be,Bo terms in integrand for D(k,k;) .+ See Appendix 4.
.B'E . B'O térms in integrand for D‘(ke,ks,kuB) . See Appendix 5.
BF "best fit" formulae, defined in 5.2

CL 1ift coefficient; locally "‘%EPUw ¢ 3 overall ﬂi‘eéRLlJ‘.uLsc,
Climax maximum 1ift coefficient.

Ciig 1ift coefficient at "bubble bursting".

CLp\ Lm‘»CLA?.‘ LDCLMvarious terms in C_ , discussed in 6.3.1 and 6.3.2,
! CLp for sinusoidal mean flow input.

{:,C'Lo even and odd parts of C(, .
Cp drag coefficient.
Comin minimum drag coefficient .
CMJ; moment coefficient about the quarter-chord point.
Cf- coefficient of skin friction.
C—~Cs constants in the BF formulae. See 5.2,
D sphere diameter.
D(k, k) oD distortion response function., See 6.3.3.
Dl(k'f.tg‘k,,.B) distortion response function; non-frozen gust. See 6.6.3
E: Ef terms in integrand for F¢(k,k,k,) . See Appendix 6.
F upwards force/span.
Folkk, ko) 3D distortion response functions.
FST free stream turbulence.
G(kyky) Graham's response function. See 1.2.2,
G’(kf;ks.ks) Graham's response function; non-frozen gust. See 1.2.2,
G (ki) Mugridge's response function. See 1.2.2.

G:,‘(k;,lg,k,) Mugridge's response function; non-frozen gust. See 1.2.2.
Gmalkk k)  "additional" Mugridge function. See 6.9.7.

Gr (k.ks) Filotas's asymptotic response function. See 1.2.2.
H turbulent boundary layer shape parameter.
M Haenkel functions of the second kind.

I(ki kL) integrand term for .lA(kD\:z .
Jn Bessel functions.
T T-T1/z
K "~ (1) as parameter: resistance coefficient of a
porous plate.
(ii) as wavenumber: that of turbomachine gust. See
figure 454,
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modified Bessel functions of the second kind,
mean aerofoil bound vorticity. )
sinusoidal component of K{x). K'6)=¢& L%

a Fourier transform of K (x) . See 6.3.3.
1ift force/span. ‘
function within  Ou(ki, k) . See 1.2.2,

longitudinal integral length scale = U fo (WV{;; dx
various parts of {_ , discussed in 6.3.1.(_>

See 1.2.2.

ko) o See 1.2.2.

order of magnitude symbol.

terms in integrend for Fi (ki,kz k:) « See Appendix 6.
mean pregsure,

Morfey response function.

function within

general sinusoidal response function for n9;. See T.1.1.
2D higher order sinusoidal response function.

See 6.4.2
AR for non-frozen gust. See 6.7.4.

i
R,Rxs \'RA,RM,QD various parts of R , as defined in 6.7.4.

Reynolds Number based on typical body dimension.
Re.No. corresponding to "bubble bursting". See 2.8.
oritical Re.No. for a sphere.

Reynolds Number based on boundary layer thickness, S.
oritical Re s
normalized A&,
normalized 2%

g Fourier transform of

for transition.
cross spectrum.
cross spectrum, See 1.2.5.
S;2(k,z) .+ See 1.2.5.

See 1.2.2.
Sears' response function; non-frozen gust. See 1,2.2.
“"additional" Sears! function. See 6.3.2.
"additional® Sears! function; non-frozen gust. See 6.6,2.
normalized three dimensional spectrum = @4 (K)/ &y, (k)"
mean free stream velocity.

Sears' response function.

mean velocity external to the boundary layer.
instantaneous velocity: vector.

i th component of instantaneous velocity.

velooity vector = UotV .

i .th component of mean undisturbed veiocity.

mean disturbance velocity.

i th component of \_/_"-

components in 7 directions

components in ; direction.

blade velocity, incident wvelocity, relative velocity

in turbomachine calculation. See figure 45A.
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VK "yon Karman" formulae, defined in 5.2.
(X,Y),(X’,Y') co-ordinate systems in the turbomachine calculation.
See figure 45A,

Y phase change introduced into distortion analysis,
See 6.3.3.
Yn Bessel functions of the second kind.
a aspect ratio of test element,
b ] half span (5/2 ) of test element.
C aerofoil chord length.
L =J=t
ﬁ,{j\,ﬁ unit vectors in the three co-ordinate directions,
ke wave-numbers carrying normal dimensions.
ki dimensionless wavemumbers. k.= k:C/p 1In
particular, when the gust is frozen, k, = wc‘./2 Uo 8
the reduced frequency,
k = [k + K + s
Ks spatial wavenumber in the x direction: non-frozen
: gust,
k¢ = "‘}u_e: non-frozen gust.
W =ki/d
k* = itk ki
Kt =kie/B
K =JR 4 KF <Ry
KE = ka /(3 Ji+K}F)
ké = R_s /Cs
k/ ki gust wavenumbers in the ¥ and ~ directions.
See 6.3.1.
£ length of separation bubble.
n frequency.
P instantaneous pressure,
b' unsteady component of the pressure.
) gpan of test element,
t time with normal dimensions.
t =t2/c v
e i th component of unsteady undisturbed velocity.
. amplitude of ;. (when v, is sinusoidal).
1}"._ i th component of unsteady disturbance velocity.
(for ¢ )e
3, additional . due to gust distortion.

e dieturbance velocity for <, .
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amplitude of gust in turbomachine calculation.

See figure 454,

digtance in streamwise direction.

=‘;2/C (In Chapters 2 & 3, X carries normal

dimensions),

distance in upwash direction,

=492/c

distance in spanwise direction.

=z.dJl+ kK™

=Z\C5

angle of incidence.

o{ corresponding to "bubble bursting." See 2.8,

K set up in experiment,

effective angle of incidence of a turboblade.

= /6% 4+ KkE.

components of unsteady aerofoil bound vorticity,
corresponding tO'Gé(In 2D analysis,g=330nly)
ungteady bound vorticity corresponding to 43;

(In 2D analysis,

’ ? "’Y‘s only

components in the E direction,
vorticity shed into wake,

vorticity amplitudes.

boundary layer thickness.

boundary layer momentum thickness,

Sa at separation.
unit diagonal tensor,
Dirac delta function,

angle defined in figure 45A.

dimensionless distance along chord-line.

)

See 1.2.1.

dimensionless distance perpendicular to the chord

wavenumber of K'(x).

viscosity.

plane,

= [{rd) r@/r&}-cn ]

density.

instantaneous vorticitys vector.

i th component of Et
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i th component of undistorted vorticity (In 2D
analysis, o= $rw Ve

amplitude of S:. (sinusoidal gust).

i th component of additional vorticity due to
distortion (In 2D analysis, o= 33 ).

emplitude of I .

components in § direction.

components in ~) direction.

(i) aerofoil section thickness.

(i1) in correlation functions, the time delays

spectrum of ¥ .

spectrum of "\9’1'

a spectrum in terms of n § b(n) = 41/ b (K) .

a normalized spectrum; €.gZe $u(n§ = <i>”(n)/f3% .

two dimensional upwash spectrum.

three dimensional spectrum (tensor).

spectrum of C,.

angular frequency with normal dimensions.

= 3C / 2

gamma function,

unsteady aerofoil circulation.

emplitude of M. .

(1) sinusoidal gust: amplitude = EUw.

(ii) turbulent gust: [T = €U

engle of swsep.

pressure gradient paremeter: laminar boundary layer .
See 2.7.1.

non~-linear gust response functions. See Appendix 10.

general sinusoidal response function for V.Ses 1.2.5

(1) for time-dependent properties: time mean.

(11) for functions of wavenumber: Fourier transform.
(1ii) for x,y,z,ki w s quantities carry normal

_ dinensions.

complex conjugate, 4
amplitude.

components in the x ,y , and 2z directions
respectively. /
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vector.
tensor.

components in the
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& and v directions respectively.
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TABLES
TABLE 1. Observed Stall Types
FLOW :
Smooth IR | Smooth HR Grid S.1 Grid L.
SECTION
[ oo con coM con
0015
- K- ke Ve P2
INT/MOV INT
0012 _ LE COM coM COM
* {3 %o fo
’ INT/MOV INT/MOV
0009 TA TA TA T4
7.85°,FS | 8.75°,P5 11.25%, Ps | 9.5°%, Fs

LEGENDs
LE

TA

leading edge stall.

thin serofoil stall

COM : combined leading edge/trailing edge stall.

For the COM stall, the approximate chordwise extent of trailing

edge separation prior to the nose stall is indicated by the "fraction co"

below the heading, "INT" indicates intermittency of nose stall, while

"INT/MOV" indicates the more complicated moving stall.

For the TA stall, some details of the long bubble formation
are included, The "angle in degrees" is the angle of incidence associated
with the initial formation of the bubble. "FS" and "PS" indicate,
respectively,‘full span and part span initial bubbles.

Refer to table 2 for details of various flows.



mpiE 2. C ana Cg . data; Re.No. = 0.26.10

Smooth IR| Grid S,1| Grid §,2| Grid S,3| Grid S,4 | Grid 8,5 | Grid S,6| Grid L
Jﬁﬁik/LLm 0.001 | 0,049  |0.036% |0.023% | 0,015% | 0.011* ] 0,009 | 0.059
L/C - 0.020 0.021% |0.025% | 0,031* |0.036% | 0.045 | 0.10
{Jﬁ?ﬁ}tjul {cy/L”)% - 0.107 0.078  |0.048 0.030 | 0.021 0,017 | 0.094
Clyax » 0009 0.85 |1.025 0.975  |0.935 0.905 - 0.89 0.955
Claex, 0012* 0.925 [1.35 .23 | 1.125 1.06 1.02 0.995 | 1.165
ClLpax * %015 1.04 |1.36 1.295  |1.22 1.17 - 1.09 1.30
Cogip * 0009 0.0182 |0.0245 | 0.0230 }0.0190 | 0.0185 | - 0.0187 | 0.0215
Copin * 0012 0.0203 [0.0277 | 0.0249 |0.0229 | 0.0215 |0.0215 | 0,0207 | 0.0241
Coptp, 9015 0.0216 {0.0287 0.0260 {0.0227 0.0221 - 0.0217 | 0.0247

* interpolated values; corrected for wall interference effects

Refer to page ©! in the main test for details of grids.

‘L8l



188.

TABLE 3. Typical Turbomachine Data

EXANPLE \VA! '
{ -B/(X./Rl &a ks ke K¢
COMPRESSOR
50% Reaction - 1.1 45° 2,2 2.2 3.5
10% Reaction: Rotor 0.9 60° 2.7 1.6 2.8
Stator 1.6 25° 1.3 2.8 5.0
Vortex~type s Rotor 0.7 65° 2.8 1.3 2.2
Stator 1.6 25° 1.3 2.8 5.0
TURBINE
50% Reaction . () 1.7 35° 1.8 2.6 5.3
50% Reaction.(B)Root 1,15 | 25° 1.3 2.8 3.6
Tip 1.5 20° 101 3.0 4.7
Impulse-type: Fotor 0.7 55° 2.6 1.8 2,2
Stator 1.1 10° 0.5 3.1 3.5

NOTES: The data for ‘\-/E’l/(\_/g‘and SA (refer figure 45) was elicited from
the text of Godsey and Young (1949). A bladevspacing to blade
chord ratio of 1.0 was assumed. With the model presented in
figure 45, the wavenumbers; Ks,kz,and k¢ were then given bys

‘ . kg =17 8in Sa \ 4
ko= Trcos 4

k¢ = ﬂw%&l .



TABLE 4

Results of the Turbomachine Calculation

A=10°, B=1.4

ks | ke | ke | Re(R)IImR) | Re(R,) | In(R,) Re(Ry)| Im(Ry) | Re(Ry)| Im(Ry)| IR]| |R|
0.1 | 3.0 3.5 (017 | -.056| -.086 | ,288 | =173 | .009 | .144 | .038 | .296 | .342
1.0 | 3.0 5.0 118 | =.620| =.024 | .203 | -.126 .075 S130 | 006 | .351 | .345
2.0 | 2.0 3.5 066 | -.502| .060 -,052 | -.028 | .OT1 | .051 _-.023' 528 | 493
3.0 | 1.5 2.0 -.137 |-.060 | .047 | -.021| .020 | .026 | -.018 | -.041 | .130 | .088
0.1 | 3.0 0.1 027 | 005 | -.140| -.036| -.173| .009 | .188 | .097 | .124 | .288
1.0 | 3.0 1.0 AT | =040| =.016 | =.020 | -.126 | .O7T3 | .144 | 010 | .121 | .029
2,0 | 2.0 2.0 058 | =.189| .061 | -.037 | -.028 | .0T1 | .060 | -.029 | ,240 | .181
3.0 | 1.5 340 =.130 | «.159 | .048 %.052 | 020 .026 | 2,01 | -.028 | ,226 .195

TYPICAL
TURBOMACHINE
GUSTS

FROZEN

GUSTS

"681



190.
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s solution B
——— frozen gust

non frozen gusT ; K=40

FIGURE 43. RESPONSE DUE TO DISTORTION
ks=10 : k. =086 .
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—~——— frozen qust ; Bz 0.

2

frozen qust ; B=14.

o non~frozen gqust ;
. B=14 3 K+=4.0.

FIGURE 44. RESPONSE DUE TO DISTORTION : Kk,=30. ?é




234.

AW

L

Vi @ average incident velocity
Vrk ! average incident velocity reldfive to rofor blade
*  Va: rotor blade velocity
Ke: angle of incidence of rotor blade to Vg
, Sa: angle between VR and the machine axis
In co-ordingte system (X' Y" moving with the rofor blade | the insfarifaneous

incident velocity relative to the rofor is:
Vi + By (7 HI)

FIGURE 45A . TURBOMACHINE MODEL .

A C—LK(Y""IYEJt)

1

, _i(wt —ksx —kay)
In co-ordinate system ( x.g) , the gust is : 1_15'18 ® s

where W = Kl\_/sl = kfl.VRl s
ks = Ksin §a
‘k2=KCOSSQ .

FIGURE 45B. FLOW ON SINGLE BLADE .
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107!

2

At

1072

Exptl. data : Series 3 ; o Ket=0" , & Keer =10°,

Theoretical admitfance .
= Expll. admiffance («(=0")+ theoretical increment.

Li =040 ; band of values : X =10"—=12";

SNNNNN  all ferms .
77777, nhondisiortion terms only.

FIGURE 48 . INCREMENT IN ADMITTANCE :6 INCH GRID.
ALTERNATIVE PRESENTATION.




0121
OJO" ®
* Exptl. dafa : e(Series 3) with VK formula for
P k: %:.037 ) %20.38 .
0.08 ) ‘ L - ' o
Theory : 2x=0.38 ; band of values : X=10—12%;
Increment
in |Aak)? NN N all ferms
0.06 . .
</ /" , nondistortion terms only
0.04
002k - s .
FIGURE 49.
INCREMENT IN
. ADMIT TANCE
0.0L | z = 3 INCH GRID.
| L1 | 1] N
oK 10 ‘ 10 &



1074

1072

Pe,n)
(sec.)

(direcT from
digital
output
plots )

1070

1077

1078

e

I

N

239.

X=14
=70
- specirum of Iiff
V/ in 6 inch grid
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PLATES

DETAILS OF PLATES1—10 (TUFT VISUALIZATION ) :

» Photograph exposure tfime : 2secCs.

Suction surface of aerofoil.

Leading edge at Top.

Approximafe regions of separalion indicated by :

Refer 10 fable 2 for details of the flows .

PLATE 1. Affached flow:

K

! l, L USSR PRy e

PLATE 1. NACAOO15 ; SMOOTH LR ; cX=00°
PLATES 283. Combined lLe./te. stall:

B U1 sl skt . S
PLATE 3. NACAOO15 : SMOOTH LR : X =145°




i ‘ ) X d j e / t) 1 \ ‘
PLATE 4. NACAQO12 ; GRIDL 3 oX=157; A,

v J chalie s O o o)
PLATE 5. NACAOQ12 ; GRIDL ; cX=15%; B.
PLATES 6 7. Leading edge sTall:

X ! P | LN ¢ o 1 v
PLATE 6. NACAOO12 ; SMOOTH LR ; cX=110°

ed ol “.l vl | x
PLATE 7. NACAQO12 ; SMOOTH LR ; cX=11.5"

PLATESBR&S. Thin-aerofoil stall ; 2D:




TV bl RES l
PLATE 9. NACAOOOS ; SMOOTH LR ; cX=85"
PLATE 10. Thin-aerofoil stall ; 3D:

[ i ¥ \ : * L
PLATE10. NACAQOOS :; GRID S1 ; cX=11.75°

PLATE 11. Overall view of mean-load model in funnel.
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ABOVE : PLATE12.
The measuring element;

unsteady liff balance.

AT LEFT : PLATE13.
The measuring element,
mounted on supporting

rods and pylons.
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APPENDIX 1

The Magridge-type Approximastions to G (k. l«z) and G'G@lk;ks)

In this appendix, the formula of Mugridge (1971) is rederived ,

and then extended to encompass the case of a non-frozen gust.
Mugridge's theory effectively adjusts the theory of Sears (1941) for
the effect of an additional streamwise component of wake vortiocity; that
ig, it provides a ';1ifting-11ne, theory" adjustment to Sears theory. The
analysis follows the form of that presented in section 6.3.2 of the
main text,

L2 . R\
(A) Frozen gust
‘ In this order ( € ) theory, the aerofoil is of zero-thickness
and at zero incidence; and the gust ia of the form:

L t -k ;k z
V2 (x,0,2) = By eF (Ot

(refer 1.2.2)
It is assumed that only one component of unsteady bound
vorticity exists; viz, the component ); in the 2z direction,
However, the vortex sheet wake is assumed to have two components: b3
and Y,, ., the latter arising (ag in 1ifting line theory) from the

spanwige variation of the upwash.

¥z will be of the forms

N L (Wt ~ K3 Z)
% (62) = Suppe
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The following three equations are used to express the wake

vorticity, ., and X?wa s in terms of the aerofoil circulation,
wt -k z)
M= fett- §x dx

é_‘: - Uw X3u(‘>z') ( arising from Kelvin's
Circulation Theorem and the

Katta condition )

’SE v 5 (zimple wake convettion at U,o)
_}2—\&'_@_ 4+ % o ) ~ ((continuity of wake vorticity )
DX 2z :

Ay

The solution is:

k2 L(wt-kx-kiz
XM\) =-=Lk|ebkl P Cb(w * h )

4

Yo +L,k€, F’ L(kx - k-,z}
= £

The upwash reéulting from Y3 5 Y., and ¥, can be determined

from the Biot-Savart Law:

oo

Y22 ) (x—x") — ¥ (X, 2 )z-2") dx'dz’
’U’Z(XOZ‘) g( [(x X)2‘+(Z Z_)z]}f

Mugridge makes two further assumptionss

(1) The contribution from ¥z (and X3, ) is evaluated as if
the gust were two-dimensional, that is, for this component, the

Biot-Savart Law becomes: o

- X(XZ) X! -
27 (;x)d . v

(2) The contribution from Y, ; is evaluated as if the aerofoil
were g lifting line; that is, the wake is assumed to originate
at X = 00

Thus, the induced upwash is determined as:
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l J 3 )clx' & [EY = ! :
% (%,0,2) = *‘&gxxz)dx —v,’Z/ngin;}Z)_ ggX (2 (z-2') Avdz

T x4~z 1%

The first two terms arise in Searg": ’t.héory; the third term is Mugridge's
adjustment.,

Applying the boundary condition, U;(X,0,z) + o) (x,0,2z) =0
and substituting for ¥, 6 and Y, , leads to:

Lk ¥z dx' Lk e,“k‘!'h“ °{)':e’.nidk‘x‘CI '
—b = "—""' 2 t X
’U}_ g(x =y T =y g(x——x‘ ‘

The double integral in the last term can be evaluated analytically as

follows:

Let the integral be I. Substituting X =x-x' and Z e« z - 2’

- A
—ol0o . :
I _ ~€kaébkiz gg ecklx Lz
’ oo (x2'+ Z_L);i
Using Sin k32 Z d
o (X*+ZH)*

I—"Z;bk

Z = kKo (kaX) (K is the modified

Bessel function)

L} X
"kx kao(k,x)c dX .,

Using the results:

SK (ks x)s;nk\(ci)( —’jki o log{k+ kl)'kg}

o

gk (kz.b()coskxc!x-\[‘—(—‘—? %
o 3

-

the integral becomes:

. —‘k‘x—'k'z
I = (_,et. C’,b 3 v %‘5 N(k‘)k.‘) -y

where N (ki ky) —-k e (5 - Lz/foj{ﬂ})

z. kl ki ks

The boundary condition equation becomes:
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k,

'Uz.(l + *S._f___._.,_.ﬁf")*“‘: {g‘%}dx‘ +dm-; rg & 3

4 T =% (=

The analysis now parallels the normal two-dimensional Sears analyals
(similar to that of section 6.3.2) with U, replaced by (H ke ‘N kk)\")
= sayy U, (1+T).

The above equation is inverted,; and integrated w.n t.x to

-~
yield the following expression for [

ket NP L Tl L Tk ' .
4 4 TN+ LTolked) = Yol =LY, (k) )

The equation for the 1lift in the Sears theory ié:
. , 2 9 Lwl .
L'/(_., = — Uy [ukll"‘-(.k,g&.x_olx -+ r‘_] e” )
2 .
and the solution is: A ot
_ /v' LW
Co=2m S(k) SRS .

Thus the present solution isg:

G 2SI +T] T e

where
= ke N (b I Nk, kO [ To (k) -2 T (k)] ‘
49, L[('Jf"‘(k\»'ﬁ»(:rn(k\)+bjo(km+Yo(h)-i\\f(k.)]

Equivalently, the result can be written:

€= 27 Gopn (ke k) *J/ e“‘*’t kaz) |

where G, (k.k) = L (ki ks) [jo(k\)—i,j\(k.ﬂ + (k)

Lk, k) = <r+~<h,k3m (k) =LY(k)
(l+N(anx)3(T\(k.)-+LTo(k))-*Yo(k\)*bYt(k)

and N (k, k;) has been defined above,
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(B) Non-frozen gust.

The gust is:
_@zei_(ut~k5x-kgz) N where Lo = k¢ U |
The analysis follows that of the frozen gust case, except that
functions arising from wake terms will depend-.on kg , while those
arising from gust terms will depend on Ks .

The wake vorticity iss

L Yo =+ ks uk-(‘-r., L (wt ~kg x~ k;?.)

N

The boundary condition equation becomes:

s ="'LR’€, k;r L(wit-kex-kyz)

.69, ke NOaje) et - -~k gxs dx' 4 bk{ebkfr‘g & g
L 4 _ ,_(x-x’) N2 [P

3

and the circulation expression:

=

G D - Totkd-i Tk
4B T4 N (310 To (k) + Yo(k L))

The equation for the 1lift is:
L/P = - [(,u) M —cw g Yoxdx U r‘] €b<wt ~s7) (see 6-3.2)

I (l«}t“ k'; Z)

>

= = Uy [tk -tky ( §,xelx +M e
-‘ “
Since. W= keUy .

In this cases ‘ \ -
S_:?axdx =27, {%} + T AN ey Ti(le) —t’-@éff) r +é“"“j£H\(ke)F‘_ .
The resultant 1ift response iss ,
CL=2n Gp‘q (kf,ks,kQ’GVuoo ef.'(wt\*kﬂ)

mere G (ki ko ko) = L( k) [Tl - T)] + K Ty

and where the function, L , has been defined in the frozen

gust analysis.
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. 14
The response function , G (kﬁ ks, Ky) , Teduces to G<K,k3>

when ki = ko= b , and to the generalized Sears function , Sl(tq:, )

- (gee 1.2.2) when Ky= O.
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APPENDIX 2

A Derivation of qbcl,( E\) = SL,O Q‘tﬁj CI)L;_} (E\ d EL d E—s

Tensor notation is used in this analysis.
In this report, the 1lift response to a general simusoidal gust is of
the forms:

_ ~ L0 _
CLiE) = Ll e where I0'= k, L{oo .

If the frequency, (O , is of opposite sign, the response ist
. % ~(B'E
CL@®) = N5, 897,
Thig form is used in the following analysis.
The turbulence is considereé to be composed of Fourier
components. Let i’@ be the amplitude (complex in general) of the
Fourier component of wavenumber, _k_ . (The apatial components of C_I'f_?
and Kk are dG, and k. , respectively). The 1ift response to this
Pourier component iss .
-
- * -lot
dCL(t) = ﬂi, d’tl)\;_,ﬁ oo
The auto-correlation functionof this Fourier component is

(by definition):

N — 7% (WT ;
dCL(.t')~ d CE-+T) = ﬂ: —ﬂ-j . df)}' dv}f e vwhere the overbar denotes
a time mean.
In homogeneous, stationary turbulence, the three _dimensional
gpectrum, d_é c J(E) ', 1is defined by (see for example, Batchelor (1953)):

do,ddf = Py (k) dRdR,dk,.

Therefore: d(, _(t)d C:(E +T) = Di ﬂ) @ LJ (E) GL - td K, dEz di; .
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For the turbulence, as a whole, the auto-correlation function

will be:

CECER = T [dC(®. dCED ]

all g '
- ([ 8@ R,
—ob>

. The spectrum, CFCL( K,) , is related to the auto-correlation

funotion bys ‘

[ d

de (F) = U= [ 0 CEm € TTdT, (w=kUo)

[

o>

- %/SS:S ﬂfﬂj?ﬁ;j @ B

ob

= ggg .ﬂi‘_ﬂ_g @,;J(g)‘.g(m-w')dm' dk,dk;
—od /
since _z'%_g::c-—iﬁ%ol:& = g([ﬁ) sy and G':E U .

Finally, integrating with respect to LT)’ yields:

e (kY = f{ O (L oy (k) dk,diy o |

0
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APPENDIX 3

. ‘i '
Expansion of S ( ki, k- k) to First Ovder in O .

Sk k) = HENTolbim ) -UT(eoti)] | L, T (ot
H, (k) +LHo (k) k, k-ols,  (refer 6.3.2)

Using Taylor's expansion about k, » and retaining only the
first two terms of the meries yieldss A

Jo (k- k)= To (k) - Xk, I/ (k,) (where the superscript

indicates O
T, (k=-Kk)== Ti (&) ._Q(klj‘%k) /gk.)

_ Y o 1ok
Mcmatiey = (=] = 1+

From the properties of Bessel Funotionss

N

j;!(k\) =7 J—l(k‘)
T (k) = [ Told-Tul)] .
Thus, as O( — 0.,

Tolky-olk) — To(k) + Xk, Ti(k)
T (kemotks) = 7 (k) + 0k Ty where T (k) =2 (T1()-To(d)
and

K Tikosk) — T(k) + o Tk + ot Ttk .

k- o(k
Substituting these equations into the equation for O (ki,ki-olk,)

yields the results ; -
ts =0 , S'(kjk-ok) = S(k) + XSa(ki, k)

where

ki k () [Tk = TR |, [T Jk)]
Suli) = ke Hige) + CHo s )}
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APYENDIX 4

The Detailed Analysis for Lo : Two Dimepsionsl Gust Theory.

The integrated form of the linearized vorticity transport

equation is used to evaluate the distortion effect:

b

§(X.3)={CR‘SV/U01>< -MkS Uwc{x + Lk, g\f__\_/sﬂﬁ_@oix}S

~LAR
Initially, the mean flow field due to K=¢ ifa .considered .
The velocities in this fleld can be determined by an application of

the Biot-Sawvart Law:

[ -Q\Xd \ X - ‘.___J/‘ §oe‘—-b>\)(: _;(\,: dx'

.3
V| - Eﬁjng X') '“j ) z f”__ooQ<~X.)l+3L

These integrals can be evaluated analytically by substituting

X=x-x , amd using the standard integral results:

oosih)X.X dX _ Mo >wcos)\><.o{>( ) S .
gc X:+yz 7 > g X4y B 'ége 3 & A>0,470.

The results are:

- : L -k A

V= (5™ 2S00 = (5™ | Ao
L —i> N

+ e *“’ , A0 ~Z2€7T e | NO

where the top signs in the dual sign combinations refer to
y < 0, and the bottom signs to y > O,

J

X
The integrals _(V'/U dx' etec. are evaluated next. The
-0

o
following ma.thematg.ca.l result is employed:

(&™dx = wsO) + 45 .
In the classical ;:eory of integration, this integral is not determinate.
The above assigned value was obtained from Lighthill's (1958) ‘theory of

generalized functions.

Thusgs



B e e e e R T bl S C B Wk JER ¢RI At T el A TalE ek SRR - W R - 4 -~

254,

G -
(e = | =R 7e T = F 80, 00
L N AN \ NO .
oS €T F %IJ@SU > A
V’- olx -+ V__.QL_.’O) S C"L)X 61\3 —1 | " 220
2. A\Uce ‘
—LAX "‘:XJ_ \ {0
. 2)\U ( ‘) 9 <
Substitution yields:
21')\3 —LA.X . . '.!\3 U .
ke deT ALk ~tke TET +Lke (20
S(xtb K = o Dy e v
NG ke e *Aukm—S(kHLkl Lke , MO

The extra upwash due to distortion, ’T)}_(x\ )0) , 18 determined
with the Biot-Savart Law: L

: T
va(x)‘-") = /Z‘?rgg X(X)Q)Ci (
~e0

Q(-)(l)z 4+ 5!L dX dg'

Upon substituting for §(x}g') » the terms in '?}',_(x,o) are
all of the form: i

-uk, (K |
: C( ) ler (x-x) N

X=x")* + y'?

K hag the value kﬁ- A or k.

The integral, > -u< '
g *(x=x" ) d

= Q(_x )Z. 4 5‘1
’ '
has already been considered in the evaluation of V;_ « Its values are
-UKRx A Ky .
{ CITre e E . K > O .
. L Kx Ky' ’
-LTC C:F 4 ) KKLO

Te C(y') terms in the integrand are already different for A >0

. and AN<O . Thus, when K= k, +A , the number of different
golutions is further increased. For .k. >0 (the case of
practical interest), the following three ranges of A yield

different analytical solutions:
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(1) —o0 to -k,
(2) -k to O
(3) 0 to + o0
When the integration w.r.t. x has been carried out, the terms in ;13'1

. reduce to the form:

Le

o
. bWt ~LKx TEY -tky' |,
_....ZUQ__ S‘ D.c € O{ﬂ s where E > O in each case.

‘ot

The following standard integral results are employeds b

¢ ”ES' - ) k . 3 ~Ey' , E
fe™siniydy’ = ke g,c Jeoskuydy = g b £ E20
Witk these results, the above integral bepomess -
. k . +
ZL[D!.E—{-‘T‘-& ; if the sign of D 18 <.
Z’D‘-A—-——-- . itthesiganDis+.
Erak?

Thus a complete, analytical evaluation of s (x,0) 1is

obtained. The full result is given in the follwing table:

N Tange 5, (,0) 5 Lt -k
—Ow ; L
ok, €7 k42X ko €
_ _ 'TTS ] 4._1_ k k
S e B et R N ey B N
~L¥ - -

_ kb€ _m S0 Bk '-—k’k‘ze'— L ke
k to © +>\m e d( k2 k‘] Xk X [krak)

k€™ LSOy K G 6™ ) ke
0 o+ | +5H INGR )Ik k) A[(sza\ﬁk] A [+

The terms in ~J¥;(x,0) are of two basic formss

1) ¥ 3 pdwl-kx) @ % CL(ut-[_k‘i-)\]X)
Y 2 ¢
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The-11ift responses to the two upwashg are, respectively:

(1) CLD 2 S(k‘)v”/un Lwt (2) CLID" BTTS,(M,kﬁ)\)%—SLC;w refer 1.2.2)

1 .
Thus the complete CLD response ¢an be writien down directly from the
i
- above table. For convenience in later calculation, CLD ie divided
t
into its even and odd parts as a function of A , denoted by CLE

!
and CLo respectively. The result iss

v C' e LWl
X\ range BeO) = L% S"°/Uc§§'>'
10k Sk ka)) ' ~L ki S(k) — 17 SO bk, Sl
0 toig |+ [kaany+ k) ‘ (TQTIFT L ¥ )[ﬁ;j)
- k‘ to+00 [+ ] (k\+>\)kms(k|,k+>\) J_(k|‘}‘) k}.S (k ki » _L M_ — b’IT SO‘»__L(_S_@
Nkl X (e2E+k) N Deieks Ttk ]
‘ : A Lot
A range BO O\) N C% j”/Uuoe -

1 (e Wk Sl k)

0 % ko |+
e+ NTCTN DS

+ k, to+co J—Qﬁ"‘)‘)k S(k!;k+/\) J_(k; )kz S(k‘, k=)
[(‘G‘*Z)\)Z-Fk ] A Tkm2 )+ ki

/ —LAX
CLD:I.S the lift response for KOX)=¢€ ?he 1ift responsge, CLD N

to a general input, K(x), is given by:
Coo™ 775 § KOY CLOY ol

where

K@ = ﬁgK(x)c dx
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Thie is proved as follows:
Let - 71 ( X,) be the response of a linear system to the
indicial input, K(¥) = §(X+xXo).
For a general input, X(x)3
(from the definition

K () = { §00x0) K (-xa) o of S()

By linear superposition, the general response, R, +to this input is: ,

S0 1
R = S ’L(Xo) K(‘Xosd)(o
-—w
From the properties of Fourier transforms (see Titchmarsh (19 37))s
®

R= [tk = (70 Kovd

where —

2 (N) = (Z?gh.(xo)e “dxe 3 KON = J/QK(XQe “dx,

Consider, now, the sinusoidal.input,
~ LI >\°¥0

K (xo0) = .
Corresponding to this,
K'0) = mi LK e N = 2T §(ANa)

Thus the sinusoidal response,

R'0 = g $(0-Xe) T(N)dA
=27 L ()
0 = = RO

Substituting for.7f()3 in the equation for R gives the required

That is,

-

result:

R = Jé/; _g'oRm. R'(Y dA

Or, in this case:

Cp= f',/%-g KG) Cly(NdX .
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Por the zero-thickness zerofoil at incidence, X :

K =-2Ue I = —2 U, 'i?i for|x|< 1 (0, otherwise)

Using the following standard Fourier transformss

2 \

§3::O\) cosAXclA = Tiowe tor X &L (0, otherwise)
Q

SIO\\ sin Axd) = J“”T%Zi for X4 1 (0, othermise),

it can be ghown that:

KO = Y Tl = A T

AN

Thusg:

Cip = Uoot{ [-T0) + & ] Cup (NN -

™ S-%J

Substituting for CL’ =
b

(BN + By

o0

and for ¢ : X LA
. \Xoo = Lklﬁ\ -Lk‘ﬁl ’

yields the final result: '
A A Wt
Cip = K27 Dlkke) (R % - %, J e,

T Dk = § [LT0) Bk + T0) Bo(M]dA .

[An analytical solution to this integral has only been found for the

term of B-(\) which containe the function, S()\) (see previous table).
The value of D(k.,k& for this term iss

: ko . .
_ T gy S0
BEO\) is used to denote the function which is BE<D
the SO\B term]

without
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APPENDIX &

Analysis for L—D : Non-frozen Two Dimensional Gust

For this case, the lineariged vorticity transport equation ig:
§ ) ' . A
LU (ke-k) S =+ U ® = LkeW'S, + Lk, Ve Lo

A
that is, a first order linear differential equation in .

(1) Analysis with the method of the frozen gust theory (Appendix 4)

By inspection, the complementary function of the solution to the above
equation is:

g\: G ﬁ—i.(k{“kg)x

where G, is a constant.

A particular integral can be established when V, and Vl' are known,
Following the previous analysis, KI(X) = e—O\X is considered first. The
corresponding expressions for \/,' and VZ‘ ha:ve been derived in
Appendix 4. These expressions suggest the following form for the

particular inlegrals

A

§= (G,e™Me™ | aSo
Gz C—t)\xc;\uj \ NCO

Substituting these into above differential equation leads to an

evaluation of Gz t

A

G\ _ " +ks+bk ) AS O

© +k5*bk7. s }\<O .
“FUN s~ k«,—\)
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The overall solution is

| - ket R VEE 2
X = G,CL({' Qx+62€(, Yoo s 2SO0
ke - A\
G‘e L(k‘f' k$\)x -+ Gze L>\X 6:?' Y \ >\<O..

As usual, G, is evaluated by applying a boundary condition

to g + In the previous frozen gust theory, the boundary condition
A
was effectively S m 0at x = -0, However the above general solution
A

for 3§ is indeterminate when x = - o0, and =0 G. can not be
evaluated. Note that, at x = -c0, the complementary function will
be indeterminate, irrespective of the particular integral. In other
words, this problem will occur for a non-frozen gust in any flow field

to which the above linearized vorticity transport equation can be

appliedo

(2) Analysis with altered upstream boundary condition

N

An explicit solution for S is readily obtained if the

A

boundary condition is altered to: 3 0 at ¥ = ~«B where B is

finite. Thens

GI - Gz ebB()\*k.{.-l-ks\c:t)\H , >\>

N

and the solution for X is:

0.
( €% when M)

- kseﬂs e—u\x sk, o MetB (At -Rs) e.a(k{-kgyx_ _ Lkzeﬂ”é;)x
g . (e >\> 0
S _(L/\»ﬂ)., 4 Lk, et 0- ke slla-x
(ke +k U, < ke e;r)ye_h)x +ke eqc)\g & BO"‘f‘k‘)C“L(*‘f~ks) X ik My e_"‘)x

MOk MO

The analysis now proceeds exactly along the lines of Appendix 4. The

final résult is:

.

, > $ t
Cup= O 27 D'(ht ks ke B) [P -l €70

]
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wheze  IN(kr ks ke, BY = § (LT BL(N) + T B,M] dX.

BIE(X) is given by:

)\ range B;()\)
0 to +k (ks Nk, ST, ket®) _ Sk
AT i iq \Q[(Sk FENC +k: 5 be(N
kto oo |+t (eaNkSlers) ¥ 1 ek Sleked) S b (X
T O\—k{ ks) E(ks-a-a}\\z.\.k ")c-k-(-"‘KQ [(kg2NF + ko 1 el 3

where | L0) = GLGO‘ Ry ¥k (gt ¥ QLB(“X‘K“}@ o (ke kg +N)
(-t rks) [(re+N)™ kI] ke k) (ke ki ]

‘ R
Bo'()\) differs from Bg(\)  only in that the signs indicated by: %
are changed %o +.

A

This solution with S =0 at x =~ 3B is denoted as Solution A.

X 1
(3) Solution B. In the frozen gust analysis (Appendix 4), Sv%wdx
—a0

was calculated as:

j d + g 2=V ¢ O)d (refer also to

UM
‘ 6.3.3.2)

It was decided to repeat the above analysis with an equi,valent change
of time origin +to S(x , ¥)« In the original analysis, the effect of

A
this adjustment was to add the following extra term to the expression forg :
3 . 9
— 2o tha g Y (4=0) dy' :
2 A 2. U -
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N
Thus, in the present analysis, an equivalent adjustment to S is:
A X ) . ,
- e . LG g VL(j:O)dX
2 A 2y Ueo

which approaches the former adjustment as B —~o<o , The latter

simplifies to:

+.K.°_°_.. bk:. — LhB
so e -] Mo
e LB
“ag MLl s Ao
The resultant additional terms to B'E () ana B'OO\\ are
respectively:
_TL _coadBT. _kike _ Sk, . sinAB . Kk, K,
X - ]‘[&*kﬂ ks A [k#k:lsm

A

This adjusted solution with S =0 at x = -B is denoted as Solution B,

(4) Comparison of solutions, Solutions A and B were compared over

a wide range of the value, B , for both frozen and non-frozen gusts.

The following response function was computed: ‘

Rb - Czﬁb/ -L.wt where CL: is the complex
2wee
conjugate of C(, -

The computer program used in the calculation was similar to that employed
for the turbomachine application (section 6.7.4), described in Appendix
11. |

In figure 43, RD values corrésponding to k5' = 1.0 and

ka = 0,6 are plotted. For the non-frozen gust case, a k{. value of

4.0 was employed; while, for the frozen gust, ki = s = 1.‘0.

(a) Frozen gust. As B becomes large, Solution B tends to
the corréct frozen gust solution for B = oo (that is, the original
solution); while Solution A becomes singular (the imaginary part-»-—o0)

This is expected, as Solution B was derived with equivalence to the
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original theory in mind.

(b) - Non-frozen gust. As B ‘becomes large, Solution A

tends to a definite non-zero limit; while solution B becomes singular
in the opposite sense to the above case (the imaginary part —= <+ o0 ),
Thus it is clear that the time origin change required in the original
analysis to avoid the singularity arising from: \/2_‘ *-’J{ as X — —o0 ,
is not necessary for the non-frozen gust case (In fact, its use actually
introduces a singularity into the solution). In other words, the gust
phage \change during convection from y = - oo to the aerofoil is only
infinite when kg = ks . There is a mathematical explanation of this
‘trend. In the frozen gust analysis, the singularity arose at A=0
becauge the integrand (for the integration with respect to A ) had a
factor ./)\ « In the present analysis, the equivalent factor is |/O~‘ Kot ko)
and this will only lead to a singularity in the integral when X = 0
and kg =ke . (No integral singularity occurs when Nkstke =0
but A= 0O ).

) It should be noted that the time required for a numerical
computation of the non-frozen gust response, ‘CLD 3 increases rapidly
with increasing B , as a result of the fact that the required integration
step size must be made smaller for larger B.

From figure 43, it is also evident thats

(1) for the frozen gust, the effect of distortion decreases
as B-v» 0 . This is expected as the f = 0 boundary condition is
being applied nearer to the aerofoil.

(2) for the non-frozen gust (with K¢ /ks‘ = 4.0) the
distortion effect is smaller than for the frozen gust, and it is less
dependent on B , This can be explained by using the fact that a non-
frozen gust being convected at Use is analogoug to a frozen gust being
convected at kf/ks -Uo « It is expectefl that the latter gust will be
distorted less by the mean streamlines when it is being convect‘ed at a

higher velocity than the mean stream; thé.t ig, it is expected that the
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distortion will be reduced when ks / K is increased from 1.0 to
4!0 [ 2
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APPENDIX 6

The Detailed Analysis for LD :  Three Dimensional Gust Theory.

This analysis closely follows the form of the two-dimensional
analysis presented in Appendix 4, and employs a number of intermediate
results derived therein.

The integrated linearized vorticity transport equations, in
this case, are:
A X %

S

{Lk\gv)'/ olx’ —H,k,_g\/;/ dx' + %&}fw +V£/Uw‘§m

_&QD

i

G P e D Y

where SV}'/ dy'is again calculated as jV}de +S\/ b =Nl gu-o dx .

The mean flow field, K'(X\r- €_L>\,xis congidered first.
Corresponding expressions for V.',V;f R gx\,/ﬁncf:{ and SXV;D,OGIX' have been
d_erived in Appendix 4, Thus, express;:ns for f. —;d gs are
obtained by simple substitution. '

The extra upwash due to distortion, 7%, (x,0,2) , is

determined by the Biot-Savart Law in the following forms:

GL ’O =-l/ wss(x‘,ﬂ')z-')(x'x‘)dx‘dl‘iﬁi _ ‘ j(")‘j z’)(Z‘Z)C{X‘dh"O&Z} .
0o 4“%, [x)i 4yt + @20 % % () +y'2 -2 Y%

Upon substituting for 3, (x,y,z) and 3,(x.y,z') , the terns in B, (x,0,z)

are of the form:

_g—t‘.f;t gggc (’«_‘\Cbkﬂj —LHXe‘Lkv,Z _ )dxdﬂ‘dl
87 Us [(x Y')z+3"‘+(z -z’ %

L)

_ka ksz!
ggg (%)Cbkxﬁ N “(2-2) dx'dy'dz’
[(xx'Y + y' +(z-z)2]3’

8‘rrUc°
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The individual values for C.(t:]‘) N Cs( 5‘) and the corresponding X

are as follows:
i

" Cily) Cs(y)

o) »<O0 »> 0 N0
ket h [Tone™ 8. (s s e™ T, |3 s e, |3 hge™ e,
ke ik SO S ik SO T Jrikmsod S ik,
kit |—iiset  Lhikose™S ] i5s e S, [ilese ™S,

ki 'H.’k'/}‘ 31w ~L KA S “'bk"/s\ $sw ALY S f:*.-o
kn"r)\ |+ e*)‘j‘ 3[00 s Cﬂs Sleo
k‘*\' )\ + Dei)‘a‘ S-l.-c - LC?M" S?_w

The double integrals:

L= T"H"e*z( 2-2) dedz' ] =S§ KK ) gty
[(x x'Y 4yt z- 2% & _w[(x-x Yo y'tH(z- ZY']

can be evaluated analytically. In fact, as inspection of the above

integrals indicates, I, can be obtained directly from the result for

2
'.L| by interchanging k3 and K . Consider the evaluation of I1 s
The substitutions X mx -x' and Z =z - 2’ are made as

usual:

-d’(x __L oKX LksZ -
I, =¢€ kzﬂ € _ ZdZdX .
lo Xy +ZJ’

Using the standard integral results

JIRess® = ko)

I‘| becomess

CAUKx -t 2 .1 LKRX
I, = 2Leetlor (Ko[ksfxlw‘ e dX o am1 k-

And using the further standard results

- . ~JKuhky \
Sl<o[k3JX+‘jll]C0$l<XdX :%F c 3 _l___f k3>0) H>O' b

‘i‘k's
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yields:
T P /KRy
- - 1
and thuss
_ . 4 k% o
I, =021 € gt e 32@"”(’““('3 , forall k, and K,
2= “ TR >

Using these resulis, the terms in gz(x,o‘z) reduce to the form

Le,bwtC_LKxc—%ksnge.*Eg "‘k‘t’jd where E > O.
4 Vs

—ol

This form was also obtained in the two-dimensional analysis (Appendix 4)

where J.t was shown that the integral has the values:
ZLIDQ—-s_k-L—s. if the sign of D 1a %.
E 4k,

E
, if the sign of O is +.
Thus an anlytical formula for (x,0,2)  evolves. It is noteworthy
that only two different ranges of A need be considered: AY O and 2 {0
whereas the two dimenéional case was more complicated. However, in this

case, the extra complications are contained within the algebraic

expressiong by virtue of the involvement of square root terms. For
examples
JKi—K = {0,if k>0 or: Kz = (L KHO
g 2K if KO o { Jif KO .
In fact, careful inspection of the present analysis reveals that, when

k

3 = 0, it is equivalent to the two-dimensional analysis of Appendix 4.

The terms of F,(x,0,2) are given in the following tables in

the fomm:
B, (x,0,2) .
SLO& L(bdt*k\%"kgz) 4
Uoo

(over)
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with Q =‘/k§+(k‘+>\);':

Terms in g,d, . Term in gzea
A0 P4 ‘ XS0 740
_1 k ko b C‘L)Y ) by k;kxe:ox + ke (Q44) 6'0)\)( _ s (.Q‘M E’;L)x
AQUON KT | A QQ-N=k] af@+M k] Q(Q-N"+ k]

Lkl TSN | chisiorr SO
S vk abg] |Vhasie eivknig]

Terms in §,,

) kha @e™ LA e A0 X0
Nyl | rafa-nk]

Qx

-Lkl (kr{'}\) k).édx +_1__k| (k&)‘) kx_é
A Q@)+ ki ] M afe-N 4k, ]

J_ M}_—. ___L k\. ki
MirrkieksT | Dowki+ki]
: keSO |k SO)
L ke e | ks R Jks‘*k? [ ks ] | etk [ ket

Qf(a+hy Kk Q@-N)rk: n _
[ 1 [ ! _r_(*«*«“kx@**)e& 1 (kmkt(c;w\)é“\"

M@=k | A aleO k]

_ _]__ k\ k\, : 4+ _|_ kt k\.
A Do b ke MirekE4ke]

The terms in <, (X,0,z) are of two basic forms:

(1) &, S OTTxteD gy e B Tl
2

" The 1ift responses to the two upwashes are, respectively:

O Cop= 260k T WD L @ Cl= 2n Glok-n )Y kD)

2

(refer 1.2.2)

!
Thus the complete C;_D response can be written dom from the previous

tables for ';5;. (x,0,2) . The final 1ift response is given by:

Oy ook [ [T+ TM]CL Y dA -

(refer Appendix 4)
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! ’ '
Again CLD is split into its odd and even parts, and the final result is

A A A .
- 3 3, 3 (wt
CL.D = X2 &F‘(k"k”k‘)ﬂmdf Fl<k;\kx,k3) Uw + F:S(k\)ka;kx)ﬁ; e

b

where each Fi is of the form:

([ To OV Bl o) +T0) Otk kN A

The terms containing the function, SO s can be evaluated

analytically and the form of F i becomes

oo

F = g[f,z"°<xyeg(k.,k,,k,,x) * 30Ot (kb ke, N ] AN =+ di (kb ka) -

o}

where:

El’ (k‘r kl\""}) >\)
* O: (k”k,_,k-,,)\\

i

- k'bVE (X\ -+ kz\NE ()\) + ka. %0‘>
—’k3\/o(\) + kz\)\/o(m

i

5 (ke ke N) =+ ka Ug (D) = ke We () + ks ADY =k, B
Oz (kok kg, W) = + ks Uo (N =k Wo ()

Ea(kobnks, ) = =k U = Ve ) =k A (Y

Ox (koku k) = =K Ua (M) + ki Vo (V).

and:

UE(X\) = A k;_ks (Q-i‘k;)G’(k\,kﬁ-\‘k‘) +~X

1 bk (QK) G (k) ke
2n Ql(@+NF+ki] 2N

Q' [(Q'+N*+ k)

Vo() = — 2@ EIRDR * k@) Glhkiod
CEY 2QLE+y Al ICTNRETR

W) = — bt e Qe (o) Glkodoked X ) (o Wiea [Q- (NG Uirh )
eV TR TRy ke ] Q@Y k]

where Q =\/k31+QT.+>\Y 3 Q'= ,/‘k;"‘ (k=2 .

Us(N) y Vo(N) , and Wo(}X) are obtained by changing the signs

marked % in the above 'expressions for Ue (V) , Ve (N),ana W (X

respectively.
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Also:. A()\\ . k,_kg G(kx,k'b and B(X} = _.L. ks kLG(knk:.>
; A+ et N e vkr kel
and d‘ ()\\ = -——% ke ;G(qu;‘) y dz (A\ :»{-Ba/ k\Km)k;.*k,l G(k«,kz) ,
SRk [k | [kdrkr b

d3(>\)~ T by kbs Gk i)

= -l

& JeEakE K kiake)

This solution for CLD reduces to the two-dimensional result
(ﬁppendix 4) when k3 = 0 , although this reduction is not immediately

obvious (Refer io earlier note in this appendix).
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APPENDIX 7

Details of the Theoretical Admittance to Higher Ordex

The relevant admittance equation is (in tensor notation}s:

nd = v
Al = S5 (Ve ((sinka gfp: K re kEKSY gy
t (ki)\ - BT 61(3+8k7”‘) (( (Kz,QY' RLRJ(\_*k*L)% {S“ k }dk k3 5

vhere o _ P(JZ—_)[‘\(})&L‘ and kZ’: k;/é .
rE) @

Ri “are the sinusoidal gust response functions; viz,
A% cwt
Co=2m R e .
Let: (* z

X= R Ri {Tx v {sbJ ._k‘;f:‘}

Expanding the right hand side, and using the facts that:

R\-“Rz'b R:R, = Z.R&(R.R:) ete, 3 RTR = ‘R,{Z)d'c,.

- IR A 2 btk
X =IR| (\TLF?-—)% +IR.| T+ k“‘") : *IR| U*k“\y

* k k * "'k k3 .
ZQL(Rsz) 1)}. +2 Re(RiRy )(l k“)’t

Now, to order { ¢{& ) and with the Mugridge approximation for

the higher order terms, the response functions ares

R\ - O< GM(kuk'Q + O( Fl (kl)k).)k'S) -+ O( M(kl)
R, = Glh k) + X Gualkka, k) + o R (kok,ks)

Rz = F; k, Ky, ka)
Thus:

[R[*= o |Gul + o [F T+ o M + 62 Re (6uMT) + X2 Re (60 ol 2 Re (R M¥).

IR, 1> = |G+ &G + KPR | +o<2&(66m) + o2 Re. (G F*) +K2Re(GuaF).

lR;P ol Rl % ,

Re (RRY) = AR (GrnG*) +o* Re (G Gpre) +0C Re. (6 F*) + & Ry (F.G* )+o<lﬂa(FGM)
+ o R (F ) + A Re (M.G¥) +o<21f8m(mc;,.,,\) + o' Re. (MEFY.

Re (RyR3) = A Re (GFF) + X Re (Gua ) + o Re (FLRY) .

Re (RRY) = K" Re(GuFy) + K™ Re (F R + o Re (MR
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Subgtituting these expressions into the above equation for X

2

-4
and multiplying by Sin*ksa ields the required integrand for the
plying oy “(R:a%—‘ » Y q foes L
admittance calculation. It can be seen that the integrand contains a
term of order (1) , six terms of order (O() , and many others, all of

order ( X* ). Clearly any terms that are odd functions of either k2

or ¥, will not contribute o the integral (and thus to A (7).

The symmetry properties of the response functions are as follows:

Gk, k)and Gy (k,k)are independent of ky s even in k.
Gualk,k, k) is 0dd in k, , even in kj.
F!(kl,kx)kg) is even in k2 s €ven in k3.

F (k.k k) is 0dd in k2 s even in k3-

. Fz(k\‘k,_,k.i) is even in k2 , 0odd in k3.

M (k) is independent of k, and k3.
Using these facts, the sgymmetry properties of the terms in the integrand ,

%(:-L%S--X , oan be determined. It is found thats
a)t
(1) the terms of order (1) and order ({*) are even in

both k2 and k3

(2) the terms of order (0 ) are zll odd in k, , and thus

and thus contribute to the admittance.

do not contribute.

The order ( X* ) contribution to the admittance can be written:

-t Lo J_Hk*"b sintlga e ke L ,
lA(kl)L(z = 2 62 (3-\-8\'(*1) gg _(_';:_3_&}_. I(k)ku 3)){)dkldk3

I (ki b, ) consists of the following 21 terms:

?.

Lloml™+IF 12+ [M[ + 2 Re (6aM*) +2 Re (64 F*)+2&(FM*)]O+WV

‘!(-
\

+lleml + R 2 R (G RN & km‘y

be® +k
+[“§l ] (l+k*2)y |
(cortfinued over)
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2R (GuGL) + 2 R (GuF) + 2R (FGM) + 2 Re (RESY
~ki ks
(1+k*3)%

+2 R (MGp,) + 2R (MF? )]

# * :—-____.k*k?
+ [2 Re (Gua ") + 2 Re (F, F )] (}_:krz)%

+[2¢2¢(G Py )+z@a(F‘F ) + 2R (MFD)] Q%%
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APPENDIX 8

Evaluation of the Integrals Arising in the Asymptotic Analysig

w(wkﬁ dk dky = I .
(1) Sgw(l-’rkﬁkﬂj’ 3 | 3 say

=Tsin® , k, = T cosB(i.e. changing to

Substituting k 3

2
a polar co-ordinate system) gives:

L4

= (I+’tcos‘8)'{:
- LTOSO)T g g -

[+
Using the result that § " (I+7T (05'0)d0 = R+ | I, sinplifies to:
>4

. =' w(2+-c7-) d
1, ‘rro__——(‘wl)g;t (A

Putting z = T givess

=N (2*+Z
L Zs,(uzw.:

. The following indefinite integral result is employed:

where Z=a+bz.

z 4, = b [—=

a
Zn 9 T e ) 2 +(“—\\Z-“"]

With this result I, can be fully evaluated. The result is

1

_ 48
L= %%

9y Ba&ye

| w(kz‘*kﬁ dic, dke =
(2) _gi(l-*k{-kk{‘w{ [ I

The same method as above is employed. Thereby:

AN
Z

Sl = —&———d
(e drd® = (Eaw
= W36 .

5§55

'IZ—

1
o\
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APPENDIX 9

Details of Buffet Test

The unsteady load on the test element (of the aerofoil described
fully in Chapter 4) was measured with no grid present. The following
set angles of incidence were employed: X = o° , 10°, 13°, 14°.
The resultant 1ift coefficient spectra are presented in figure 50. The

load measured was that perpendicular to the stream, but it must be noted

that the load balance was, to a certain extent, sensitive to drag forces
(refer to 4.2.2), and that these forces were significant at the two
highey incidences.

The tests were conducted with a tunnel velocity of 76.0 ft/sec;
that is, at a Reynolds Number of 0.23.106. The intensity of the back-
ground turbulence in the free tunnel was measured at 0.1%

The extent of flow separation at each of the set incidences .-
was assessed by the tuft visialization technique . The stall type
was determined to be of the combined leading edge-trailing edge type
(refer to 2.2.4 ). At 0° and 10° there was no discernible flow
separation. At 13o there was definiteltrailing edge separation.

However this separation was not uniform across the span of the test

element, probably as a result of the variation of effective incidence

over the span (refer to 4.2.3):
‘ test element (suction surface)
{ \

~

r o

region of separatec flow : (=13°

Thus, for the flow measurement at X = 13° s the mean flow was not two
dimensional. By X = 14° the flow had separated from the leading edge

right across the span.
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The resonant leading peak, at about 780 Hz, has not been
included in figure 50. The power in tlj.is peak wags found to increase
glightly from €X = 0° to A = ‘330 s but to then decrease somewhat with

the complete stall (X = 14°).
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APPENDIX 10

|
Possible Contribution of Non Linear Terms to the Spectrum of Lift

In the sinusoidal gust theory of Chapter 6, higher order terms
of order (XE ) are derived, but the second order non linear terms in €
(that is, those of order ( €% )) are ignored, When the order (&%)
terms are retained in the analysis, it can be ghown that the resultant

1ift response is of the form (in tensor notation)s

CL = ﬂ-f_(@i,éwt -+ ALJ UL U, A* bawt v e (A'i)
O X&) o@ﬂ)

(An attempt to evaluate the response function, AN Ly o Was not successful)

Because this is the response of a non-linear system, it is .
not possible to derive a simple relationship between the load spectrum
and the velocity spectrumfor a random turbulence input to this system
(Admittance functions are defined only for linear systems). One question
raised by the above equation is:
Can a response term at twice the frequency of the input contribute to the
output spectrum? This question can be investigated, to some extent, by
examination of a system with the following form of sinusoidal responset

2wt —Kx—kK, kz
CL-QZAZG,WJ +A2 L , for input 'SZ_CL(wt X=ha™ 3)

Such a gystem is a particular example of a time-varyj;ng linear system.
The response (A-2) is roughly equivalent to the general non-linear
response (A-1) when‘ﬂ-,_‘. is of order (1) and £\, is of order (€ ).
An inx;ut-output spectral rela’.cionship for this syétem has
‘been derived using theory presented by Bendat and Piersol (1966). With

their notation, the derivation is as follows:

The frequency response function, H(f,t), for a time-varying

(a2)
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linear. systen is defined as followss
L2ttt uZﬂft
~ Por input C , the output is H{ft)e
|

In general, when the input to such a system is a stationary

random process, the output will be a non-stationary random process. For

non~-stationary data, the double frequency spectrum is defined:

ba?

~f.t.
Skt = S Ru(tyta) € Lam(ftfts) jo e,
where Rx (t,t2) is the correlation fuction which,

for a non-stationary process, depends on t1 and t2 s rather than the
simple difference, t1 - t2

With this definition, Bendat and fiersol derive the following
equation for the output, 53 (f3,14) , of a time-varying linear

system when the input, Sx(ﬁ_\ , is that due to a stationary process:

Sylfef) = { SR T (ke tiot) T (fi it dfe

Lemft

Tere T(f.£) = ( HED e dt .

For the particular time varying systém which produces response

(Ao - 2), H(f,t) is of the form :

H(Ht) = HE + Af)e s

Substitution of this into the above input-output spectral equation yields:

Sy(fafe) = Su@) [ [H®]" §(-fa) + H'.*A(fgg(afg-m]

+ Sx("‘) (_A H(fx) g(} -f,) -+ !A( “‘c‘r\]

From the form of this expression, it is clear that, in this }iartioulaz:
case, 5'5 is a function of one frequency only. In other words, for this

- particular time-varying linear system, the output is a stationary process.
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Integrating with respect to ‘F.q gives the final result:

Sy(#) = S [IHAI*+ HA®] + S, EHIAGN +LAHE)]-

Translating this result to the notation of this study and to the specific

1ift response of equation (A~-2) gives:

CI)CLCRD = ¢ZZ(E|)[lQZ[Z+n:’-AL] + C#’za(Ei)EElAia +E -/‘Cz-n-a]
o€y o) o) o) oY) o(e)

As may be expected, Cbc,_("?ﬁ depends on &,, at k1 and at Ky

Thus a sinusoidal response term at twice the frequency of the
input gust can contribute to the 1ift spectrum, In fact, the above
equation suggests that a non-linear response term, of order ( e* ), may

contribute to the spectrum to order (63 ).
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APPENDIX 11

Computer Programs

Four programs are ligted in this appéndix, The programs and

their functions are:

(1) ADMITL. This computes the first order theoretical

admittance via the equation:

!A(kl)la = € g QNQ (k;;i 'G k\»k‘s)] Sza<kr,ks\dk3 - . ‘(Hﬂ

<3

(2) TORT 2, This computes the higher order, two-dimensional

e sinugoidal gust response vias

= _ k. -
R= WS(M +m___SA(kn Y + ks Dk j_:__l\/l(k‘) (6.44)

™ Do) = § [(TVBLOY +THOBM]dN (640

- (3) TORT 2I., This computes the non-frozen, two-dimensional

sinusoidal gust response to order (CX€ )3
R = Re+Rpa+Rm +Rp .« .(6.50)

where

________ ¢ ke ™ |
R = /R—S—?S(Kr Ke) : RA Yo O(S(KPKQ m?(sﬂ(ke,ks,kb

I R r—“ "D
QM-_RELOKM(@ L Rip =kt .00 (ke B)

and  D'(Ke ke ke, B) = (ﬁ[i. T BLOY + TO) B d [(6-46)

(4) TORTFG. . This computes the higher order theoretical

admittance vias )
1% = 2z
2 Al L. (t:klii"fgs‘“ K39 T (e ko) digdk
IA(kMdl" STT Qr (3'1'81’{1) (ksa)z. I( TIAT A 3»/(:) Wn3

h = -?L.f" . -*zkt, .
wereé ‘1(%(;,) %i_‘ s ki /6
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The 21 individual terms of I are listed in Appendix 7. The

response functions, Fi , which are imbedded in the function, I , must

be determined with an intezration:

Fo= ([eTOEL +TOO; dn +d -

(refer to Appendix 6 for details)

Further notes on the programs. (refer to the subsequent listings)

(1) ADMITL. The main program performs the single integration of
equation (1.17). The subroutines (INTEQN2, COEFF, and CMAT) compute
the response function, G(k.,k;) ) (‘I’hese were written by Greham (1970))
Features of the mmérical integration of the main program are:
(a) Simpson's method is used.
(b) Two different ranges of integration are dealt with
separately. The first range is for k3 near zero: here SS
is the step size and the number of steps is IX (an odd
rmumber). Then the integration continues with step size, 3BS ,
until the change in the integral value is less than 1%.
As listed in this appendix, the program computes the admittanpe
for 5 inputted velues of k, . For each value of k3 , Gk k) is

determined for the 5 values of k1 . simltaneously. This is significantly

more efficient than evaluating Gk ka) geparately for each of
the five inputs.
Also as presented, the von Karman~type formula for -S—az (ki k)
is employed (refer 5.3.1). ‘
The inputs to the program are:
AR = 9 ,XL=L,,CH=c(L,and o in the same units)
and the five values of WL = 2k1 . . -
The outputs are the corresponding values of WL and AD = ‘A(k)lz.
Further relations;hips between the program variables and

variables of the present report ares
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Sk=k¥ . SU=ks , WM =2k , PHI = 7. 5;, (kok) (Von Karma n)
and G = G(ki Ka)
Recommended values of the integration pé.rameters ares

IX=1 ,S85=02, BS=10.
(2) TORT 2, The program evaluates 7% ; in the main, by direct
substitution into known analytical formulae. The exception is D(kl,ka_b
which is evaluated by numerical integration (via equation (6,40)).
Integrand values are provided by subroutine TORT 1 ; while library
routines are called for the evaluation of the Bessel functions contained
in the formulae.

The numerical integration employs Simpsons method. 'I"he step
size, ¢ SL, and the number of steps, M , are inputs to the program. The
other inputs are Wl = k1 and W2 e k2 s while the outputs are the xeal

and imaginary parts of R, RR and RI respectively.
Also: WL =X, SK=S(k) , BR+U(BI = D(kkd
ER+LEI = Salkuk) & CJTJO=+LCTL = Mk)

C+D+A = BN , C=-D =By
( 8. and R, are presented in detail in Appendix 4)

" The integration parameters, SL and M , must be selected
ca.réfully to ensure an accurate estimate, In the present calculation,
the values SL = 0.2 and M = 99 were found to be suitable (M must

be odd)

(3) TORT 2I. This is a straightforward extension of TORT 2. The inputs

are We=kg , W2=k,, W=kt , BD=3B, A= (radians),

SL and M . The outputs are SER , SEI , SSR , SSI , RMR , RMI , DR

and 5)1 s Where ¢ .
SER + L SET = Ros s SSR+ L SSI =R,§ .
RMR+LRMI = Rm 4 DR+OLDI = Rp .

and HR and TR , where:

TR= R ; HR = |R"].

i
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Alsos

C+D+A+B = B () and  C-D+A-B = Bo(N)

where Bé and a;are presented in Appendix 5.

(4) TORTFG . The integrand in equation (7.3) is A(I, J, K), and the
double numerical integration of it with respect to k2 .and k3 is
done in the main program,

Subroutine TORT % evaluates the response functions, F {0
by numerical integration with respect to A . Itis essentially the
three dimensional version of program TORT 2 above, The outputs of the
subroutine are FX =F, , FY=TF, , and FZ = F,. Msos S(I) = G (K ka) s
VA% UB=Ug()) ,UA-UB=Uo(\), etc (refer to Appendix 6),
AaA,B=B, and DL=d),ete.

The main program has been written to deal with three values
of XL.= Lyc simmltaneously. (The lengthy part of the computation, the

F, evaluation, does not depend on LVC ). For k2 y the integration

i
step size and number of steps are SK2 and M2 ; while, for k3 , they
are SK3 and M3 . Again these must b;e chogen with care. In the present
caloulation it was found necessary to vary these pérameters for different
values of k, . Two examples ares

For k =0.1;SK2=0.35,M2=21,SK3=0.2,M3=13.

1
For k, =5.0; SE2= 1.0, M2 =21, SK3 = 0.5, M3 = 13,
the integration parameters for the )N integratiofl (subroutine
TORT 5), SL and M , were optimized at 0.2 and 49 respectively. These
values were written into the program. .
Thus, the inputs to ’the program are WX1 = k1 s the three
values of XL = Ly, SK2, SK3 , M2, and M3 . The gutputs are the
admittances, AD , corresponding to the three XL values; AD= INGALI /o(z .
Mso: WkZ =k, 4 WK3 =Kz 3 SP =G (kika) o SE = Bualklaks)
T™=M(k), XF=F , YF=F, , ZF=F; ,
WW1L = k* , Wwz =k§ , Www3=ks ,

] , ) )
&= Laerse xy ¢ L2 -k = 20-929T KLY
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value for the aspect ratio,

AR = a = 1.3333 , has been written in; but, with a small adjustment,

AR

can be made an input variable. (Note that M2 and M3 are required to

be odd numbers).

The listings

1e* (1,

ALl =WL
CALL 1
Yilloyhs
Wid=nMt
WH=HH-

g0 35

OJ:) Us
eV =0

Ni=uiX~
D3 Sl

EVvEn=c

o b e pr S T (7 T
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Ne=ix-¢
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o VI(i0,31) 4V 20044100
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FU:Q,XE,ZFQ&Z)
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wla3) GO TO
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YA(LS) =A0{L3)
CINT L NUE u
oF (iPeEUe9) GO0 TS 73
IP=q
MJ=1
60 TO o6l
M= d+ 1l
Hoo=MuS+]
GO iC &9
NF =a50415-1
Prldl 7544F
FORMAT (1X,13)
U Jd Ls=1,5
EXLHT B0 yALLLS) ,A0(LS)
FORHAT{1Ay FbeosnXyblceb)
CQNEINUE
STop
L
SUBRUUTINE INTEWN2 (CL,CH,RL2) ' ”
Ulvcdos 0O Slb?),CKSZ)QQ{Cl,LZC s 3 !§27), iD(Zi’)gAX(Z,Z?)’AS(27)3
gié%i;ﬁl),SM(£93),Dﬁ(Z)yiJ(iyJ Sy AL L27) 03T (1) JATA27),7TT(2153)
L,
13UNPL&X AT S sASsAT gy TyaNyQy TT 9T 4S5y SdCLL,CLUWRT BB,A B5yA5,3yxF,
o
COMAUNFAZ S 3G s Ay OML
COMAONT 57 gy NTs T
AL=(3uuyied
RL=d.693147
P=3e141593
=30 (1):2*‘.%_'
Be(Z2i=0+.5-R.
N=Z&
He=+72
Ni=N+1
JO 16 K=3,y,NZ
BaGiKi==2.d/{&F (R=-1)*{K-2))
INT=D
E - LINT

SAME Ao STANUARDG FUNCTION AND X&MOVES FUMCIION FROM USE

et s e ¢ T e e+ e r % % wARn P e e e gl —m = - o -~ - - - . RO

Lh=CM/2
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CallL CUEF~ (J,b A,LN,?")
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2. TORT 2

PROGRAM TORT2(TNPUTOUTPUT)
DIMENSTON T(200)sU(200)
COMPLEX DD4SK

READ 10sWl W2eSLeM
FORMAT(3F6,64:13)

Wiea001

WX=W1

cat i, BESJ(NIoOquO'.DOOOO@;IER)
CALL BESJ(WleleCJloee0000n1,I1ER)
CALL RESY({u]le0+CYOSTER)
CALL BFSY(WlslseCYLISIER)

D0 20 JsleMm

CALL TORTI (WXoW2eWLeCJOwCJ1sCYDICY12T (J) 2sU(J) 9SK)
Wi=wi +sh

N=Me]

KM=

oDD=0.N

EVEN=0,0

DO 30 Us2e¢Ne2

EVEN=EVEN+T ())

DO 40 U=3sKe2

oldD=00N+T (.1}
ARSSL/3¢®*(T(1) ¢4 PEVEN42,#0DD+T (M)}

ODD=0.0

EVEN=0,0

DO 50 J=2eNe?

EVEN=EVEN+I1 ()

DO 60 U349k 2

oDD=0DD+U()

Al=mSL /3% (U(1)+4aREVEN2 #0D0D+U (M))

DD=SK#34 14 159HWIHWE/ (2,# (W]HH2+WZHu2))
DR=REAL (DD)

DI=AIMAG(DD)

BR=AR+DR

BI=al=D]

P=SQRT (Wi Hu#2eWp##2)

O==W2/SQART (WIHa2eW2#82)

TEWL1/SART(W ] ##pew2#82)

SR=RF AL (SK)

SI=aIMAG{SK)

EE=CJ1+CY0

FE=CJ0=CY1

CALL BESJ(W192+CJ29.000001,IER)
CE=(CJ2=CuJun) /2,

GE=CJ1#CJUl=CE#CY]
HE=CJ1#CYle+CERCI]

FR=W ¥ (EERGE=FE#HE) /(EE##2+4FE##2)
EI'NZ*((CE+CJ1/W1)-(FF“GE0EE*HE)/(EE**?*FE**Z))
RR=PH#HR+Q# rJ0+QR#SR+THER
RI=P#RT=-Q%CJ1=-Q#SI=T#E]

PRINT 704W1sW2,RRsR1T

FORMAT (2(2XsFl0s6))

STOoP

END

SURROUTINE TORTl(RKl RKa;QLeBJO’BdlsBYotBYI,VoN’SA)
DIMENSION S(3).R0(3)sB1(3)sR(3)
COMPLEYX SexsCoeNeAsSA

R(1)=RK1+R|

R(2) =Rk ]1=R|

"R(3)=RK] . -

WLLs=RL
R1=R(1)
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R2=ARS(R(2))
CALL BESJ(21e048B0(1)9sa00000191FR)
CALL BESJ(RIs1eRI(1)sa00000)sIER)
CAt.l. BESJ(WLLe0sBLOs0000n1s1ER)
caLl BESJ(WLLs1eBL1Ive0O00DOYsIER)
BO(3)Y=RJO
Bl (3)=zRJ]
E=RBJ1+BY0
F=RJ0=RY}
IF(RLsLE.RK]1) GO TO 20
CALL BESJIR2+04B0(2)9.000001+IER)
CALL BESJ(R2+1e¢R1(2)340000014IER)
IF(R{Z2) el TuDe0) Bl (2)==B1(2)
WE]
G0 TO 130
20 S(2)=(0e09040)
J=?
30 DO 40 TI=1s20J
G=RJ1#R0(I)=R1(TI)%*BY]
HERN (1) #BY1+B] (1) #BJ)
40 S(I)=(ERGap#H) / (EFR24F4#2)4 (00091 0)*(RK1*81(I)/R(I)~(F*G*E*H)/(E*
1#24FH%2))
CS{1)#R(1y#RK2/(RL* ({RK) 424 #RL ) ##24RKpH##2))
D=ES((2)#R(2YURK2/(RLWH ((RKT1 =2 #RL ) 2+ RK2##2) )
AS=S (3)HRKI#RKP/(RL® (RK1##2+RK2#u#2))
X=(0a0oloO)RBLAR(C*DA) +3 1#(C=D)
T VEREAL (X)
W=AIMAG(X)
SA=5(3)
RETURN
END

3. TORT 21

PROGRAM TORT2I(INPUTLOUTPUT)
DIMENSTON T(%UF)gU(SOO),Gn(3);Gl(3);H(3)oSA(3)
COMPLEX SA.SK
REpD 10sW]l,,W29vFeBDIAPySL M
10 FORMAT(6F6,4513)
WL=.001
WX ]
CALL BFSJU(w1404CJ0F.000600y+IER)
_ CALL BESJ(w1leleCJlea0000611ER)_
CALL RESJ(«1424CJ294000007141ER)
CALL BESJ{F«04FJ02.0000914]1ER)
CALL BESJ(=FeleFJle00G00141ER)
Call BFESY(wFeNaFYQsTER)
caLl. BESY(WF,I;FYI!IEQ’
AE=FJYI+FYQ
AF=FJ0=FY1
AD=AFE##24 AR #&?
Gotl)=FJo
6l(1)=FJ)
Go(2)=CJy p
Gl(2)=cdl
Gn(3)=CJl
G1(3)=(CJ2=CJD) /2
H{1)=FJ1 )
H(2)=CJl#wFr/ul
HI3)=(GLI(3)+CJI/WL) #AF /Wl
DO 18 T=1+7
AG=FJL1#GO(T)=G1(I)¥*FY] ) -
AHEGO (T)#Fv)+B1 (1) #F U} ’
15 SA(I)=(AE#AG=AFHAH) AU+ (0,080 Q) (H(I)m (AF#AG+AE®AH) /D)




en

30

40

50

60

70
71

0.
SKeSA(1) =9

pO 20 Js]ew

CELL TORTL (WX 2o WF oWl oFUnsFJleFYOsFYL,aT(J)U(J)eBDySK)
Wlh=wl QL

N:éﬂ‘».‘l

[

OOD:ﬂ-D

EVEN=0,.0

NO 30 I=2eNe?

FVENZEVENM+T ()

N0 60 =34 el

ODD=0D0LI+T (1)

ARZSL /3% {T (1) +4¥EVEM«2.50DD+T (M)
ODD=0.0

EVENZO D

DO B0 J=Z2eNe 2

EVENSEVEN+ ()

DO 60 J=3exe?2

ODD=0DR+U (L)

AT=wSL /3, *(U(1)+4HEVEN+2 #0DD+U (M) )
P=SHRT (WlHu24enpiit2)
A=eWP/SORT (Wl ¥u24yae2)
T=w]/SQRT (W] ##pepzHe2)
SR=REAL(SA(2))

ST=aIMAG(SA(2))

ERzwp# (REAL (SA(R)))

Flzwes (AIMAG(SA(3)))

SER=T#SR

S§EY=wTu#S]

SSR=(QHSReTHER) ¥AP

SSIz=(R#STLTHET) #AP
RMR=Q¥CJC#AP

RMT==G#CJl#4P

DRsPRARP#AP

DIzPeATHAP

ETR=SER+SSR+RYR

ETISSET+SST+RMY

RR=ZETR+DR

RI=ETI+DI )
TR=SORT{(RR#®D+mTH#Z)

HR=SNRT (ETo#up+pTI##2)

PRINT 704wl ew2sSERISEI 9SSR eSSIyRMR4RMI ,DR4DI
FORMAT(2(2XyFloeh))

PRIMT 7144HRsTR

FORMAT(5XeF1245)

SToP

END

SUARQUTINE TORTI(RK1sRK24RKFsRL9BJoeBI19BYQsBY19VWsDS,SF)
DIMENSTION S(2)+B0(2)sH]1(2)sR(2)
COMPLEX Ses¥XeCoNneAgBaE14ERSF
RN=RL=RKF+RK]

RMzw (=R =RKF+RK1)

R(1)=RK14R|

" R(Z2)=RK1=RE

Wi =RL

R1=RI(])

RP=LBS(R(2))

CALL BESU(D1404RO(1)s400n0NY4I1IER)

CALL, BESJ(qulQRI(1)9.00@ﬁﬂleER) ) -
CALL BESJlwlLeneRLUs 0004801+ IER)

CALL BESJ(wlLLs)leBL1s000NDI¥IER)



‘20

30

40

e R s

t
$obb

(WY

E=zkJ) Y
Fai 0=ty
IF(RLeLEaRx]Y) 0 TO 2¢
CALL BFSJ(RP0+R0(2)s400000141ER)
Call. RESJUIRZ2e14R1(2)setig0Nn01eIER)
IF(R(2) 4l To0a0) BL(2)==R1(2)
J=e
50 TO Ao
S 2)=(0s090,0)
J=1
NO &40 I=1ey
G=RJI*¥R0O(Iy=-R1 (1) *8Y]
HzRA(T)#BY1+B1 (1) #8))
SUI)=(EHGmpdh ) J(FHFZLFHU2 4 (QoO0] ) R(RKF#BI(I)/RUI) = (FRG*E¥A) /(EH
1%2$F%#2))
C=S(L)#R{1)#RKD/(RN#{(RK142,#RL) ##2+RKp#%2))
DES(2)HR(ZYHREP/(RMF( (RK L@ o ¥RL) ##2+RK2%##2) )
Ele=rMPL X (CASIRNENS) e STN(RN2DS))
ER=CMPLX(CNS{RI#NG) y=STIN (RM#DS) )
ZeGFHE ] # (RKF+RK1+RL) #RK2 /(2 ¥RN# ( (RKF R ) ##2+4RK2#4#2) )
AE=SFRE2RRuU2/ (2, % ((RKF+RL ) ##2+RK2#52) )
XZ(0a031e0)#RLO¥(CHN¢A+R) «BLI#*(CoD4A=B)

VeREAL(X)
W=aATMAR(X)
RETURN
END
4. TORTFG
Do s Ton AeE 5803 P e Y XL, 003
DIMoSION FA WA AR EPR O Y I 3y
COMPLEX 52971ty 3Py Tubs S, XFy Yt gZFy KEC, YFC, ZFC 4R HL
RoAD 1&,@&1,3_(1),XL(L),X_(?),5&2,3%0,M2,%3
FOSHMAT (6FDa442:2)
P<INT 11,4K1
FJ)\AAT(&]S, Fbo'%)
Ax=143333 B o
CALL ZEQJ(NK;,:,;Jﬁgn7§¥351’IER)
CALL ?ESJ(NRl)iyEJigtiL{Q?igzzg)
CALL L:E.SJ(N(:!.’;,.?:J?,-_Q‘. t:l,i‘;f{)
CALL oESY(HK132a2Y7 3i5R)
Ce=(Lue=EJ0) /e
Twzidi"'('itbjl:;)#,\}i
TMC=CulidG{TH)
TrHA= (CA55(THM) ) #¥2
W{3=c.031%
DO 20 J=1, M3 )
TY =501 (W1 *2+A<Ees 2) ) i ) i _
RN (K32 /KA TY ) ) * (de~ 1L a s det ) ¥ 2o/ 3236159 AL O LI RKL+TY) /HKE))
L=((1of€§)*EJi*iicgy-i-:)*EYi)/((l.+QQ)*(EJ1+IG.f,1.L)‘:J?)+LY£+(§
edgmie ) FIYL)
SPZ T ZUe¥ e y=1e ) *EI) # (Lo yle ) *EIL
SToWKE P (LF (S at (. viyg=we JFGEI+{7, Lyl ¥ (CE4EJI/UWKL))
SPA=(LARS(S?2)) *=*2
SPC=0INIG(52)
SYA=Hz A (SP*THE)
STA=(CA3S(ST)**2
E4h=rEAL(0E%Tau)
ESA=r.:A. (5E*SPD) L o
CALL TUiTD(AKL,N&Z,RKJ,:JJ,LJL’KYJ,:YI,L,XT,YP,ZF,
AFC=C00NMJIGXT)
YFC=CUNIGLYE)
75 C=CONIG(Z7) _
XFA=(CA2S(XZ))*¥2 |
YEA=(GRAS (YT )} *¥2
LFA=S{CAZS(ZF)) ¥ :
SKA=REAL (SP¥Xr2)
XHA=pz AL (KF¥T10) . -
EYA=RzaL (SE*YFD)
EXA=RTAL(SE¥Xr )
YoA=REAL{YF¥SPD)
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