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ABSTRACT 

A space )( 	of sequences -.1%1  '4e, X-t " ' of "letters" 

chosen randomly from a finite "alphabet" together with a 

probability derived from a probability functidn on events 

ix:;e7..xx.-0(.)Ix..,plonstitutes the type of measure space 
studied in information theory. 

This thesis investigates such measure spaces when 

sequences with the same "history" are identified, when the 

letters are not necessarily chosen randomly and when the 

alphabet is at most countably infinite. 

J1,ch space of this type t i.e. each partition system ) 

is shown in Ct.2 to be a thick subset of a partition 

system isomorphic with the unit interval together with a 
transformation 17 ; 	where rx_1... 	u and i)  can be chosen 
either as a strictly increasing continuous function in its 

domain with range Cod ') or as a strictly decreasing continuous 
function in its domain with range Coi l) . 	Moreoverlif 

,co,c1  • , 	then the isomorph of 'X is 1)6ce,Jr. i6t1+"..)) 
where g is the monotonic extension of 	. 	These 
expansions include the f -expansions studied by A. Renyi 

and this latter class, examples of which are continued 

fractions and "decimals" , are characterised in terms of the 

behaviour of sequences under the shift transformation. 	These 
AI expansions are "valid" if and only if /  x r_ - ,t) is 

topologically transitive, ( but not necessarily ergodic ) 

In Ck.3 four examples of f)  -expansions are considered. 
In each case 1 is ergodic 	in fact weakly mixing, and the 

invariant measures are yielded by the solutions of a certain 



functional equation. t, Most of this work is well known 

The frequency of digits in 	—expansions can therefore be 

calculated. 

Finally i d'4,4 andest1.5 	A —expansions ( or generalised 
decimals ) are studied more closely. 	Those /t which have a 

recurrent tails in their 4 —expansions yield invariant 

measures of a particularly simple character. 	Such 

A-transformations can be characterised by a matrix and the 
invariant measures equivalent to Lebesgue measure are 

integrals of step functions 	obtained from eigen vectors of 

this matrix with value 	• 
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CHAPTER 0 	PRELIMINARIES 

A. 	 MEASURE THEORY 

The elements of Measure Theory assumed in this thesis 
are to be found in El 

(X/D(i 14`) is  
is a Cr -algebra 	of subsets of .1‹ 	i.e. 	is closed 

under differences and countable unions and X is an element 
of a{ 

IAA is a measure function 	i.e. tivl is a non-negative function 
with domain 0( and v..0:0 and if 	c-- 	4.,,f1 	= pC 
when 	) 	then 	v... L) 0.. 4- , 

iii) 11,-% is ,cr -finite 	i.e. there exists 	14.GAS with 
4.0 and y h  X 

is said to be a ( finite ) normalised 

    

measure space and 14.‘  a ( finite) normalised. measure 
function when ( 	G at) ) 	 . 	Evidently a 
finite measure space is normalised. when the values of the 
measure function are divided by v-0( 	A normaliedd 
measure ( space ) function is sometimes called a 
probability ( space ) function. 

If \)0( / v,A) is a measure space and kia , A is said to 
be an atom when 	3 13 cHnt implies either '4^ C-3  '16  
or w•OA- 	r 93' 	An algebra with ( without ) atoms is 
said to be atomic ( non-atomic, ) 	A measure ( function ) 

a measure space means 



space whose a e“lbra ( domain ) is atomic is nftid 
atomic. 

if 	/01., 4^-) is a measure space there is an associated  
metric space  (a, A) whore A(g, 	- t= u F- E.)  
(E)  F t 	neLd is said to 	seporable if 
the associated metric space Coy  Ok) is superable. 

If all subsets Pf sets of measure zero ore measurable 
( tae. belong to vC ) the measure space,measure function 
and 04:ebra are saici to be complete. 	If (X/o(, 6") 
is a measure space and c,  is the set of all 	- N 
where E. S. a 	 4,e 	1.-1  7 

Cc." N 	- 	E 

then 0( 	1 1) is a cOmpletk measure space - the co,aple ion  
of (Xi'oc'tm)'• 

A real valued function 	with domain X is :sad to be 
novel ( Lebesgue ) measurable if 	t. o< for all Horol 
(Lebesgue E .1 on the real line. A transformation 	of 
onto itself is said to be measurable 	if T -E_ g • / 
for all E 

lf/AW are two measure functions with the same domain "4-1 
is said to be pbsolUtely continuaua with respect to 
( 	< •%9  ) 	if /A-,  E = C whenever -N2 E = O 	 t--% V 

c.,ev,") 	V 
are said to be equivalent, 	if v4-, c N)  and 	4z,-.1 

'i%) are said to be mutually sinaular ( 	 ) if 

there is a ,3-Betb`i.11-q 0(wth ,  .A-fv 
is the c om Fite-001'k of 



B. 	 ERGODIC THEORY 
111.1.111. 

A measurable transformation -V of /0<1  vin) onto itself 
is said to be non-singular if --TO 74  0 and 1— 7- 
when 

onto itself a set 4  to( is said to be a wandering sot of  
positive measure 	if w,  4 s) CI and "r" 4 fc-r- 	"ec 
for non-negative vt, vs" v't IM • 	Evidently if 14  is a 
wandering set of positive measure I 	ft-r PrIfor all 
integers ‘11 0-11  ti^4 , for it suffices to note that if vt}, 0 and 

67—"+' it) c 	14 () 	CT `1- Pr) 
T"(tot n -T-LtA) 

,1 
A measure function 	is invariant when 	Favk.lEfor 

all measurable E . A measurable transformation is ergodic  
means that invariant sets ( i.e. sets 	such that ? 	1 141 ) 
or their complements have measure zero. The orbit of a set PE-
under 1 is the smallest invariant set D(E) containing E 
( 	T 	) If l is non-singular OCE) has 147/o 
measure zero when E 	has measure zero. The orbit of a 
point 	is the orbit of the one point set ? ,c..1 and is a 
countable set. 	Moreover, 06c-) r--- 0(Lg ) if 	g 0(,c.) and 
C6c,) 4%) = yi if y 06c) . 

HILBERT AND BANACH SPACES 

The elements of Hilbert and Banach Space Theory are 
to be found in [27 

If --r is a non-singular measurable transformation of 	6,4) 



A Hilbert space 	is a set of elements satisfying 
a.) 	is a linear space i.e. multiplication of 

elements by complex scalars and addition of elements 
are defined and 14- is closed under these operations. 

b.) 	94-  is a metric space whose metric is derived from 
a scalar product i.e. to every pair 	9  LSLI there 
is associated a number 01) OW OM the scalar product of .1 
and aj, , and q),66.) satisfies 
i) 	(t.hi),7) 	 for every scalar 
i i )ELN ‘.1) 	11) 4--,(,  ) 
iii) (±) 	cca_ .$) 
iv) 0 for -O and lef) ---- 0 for .4) 
The 	norm 	of •1 is defined as IL-f 11 = C--c))  6-e) a- 
and the distance between -i ) e i, is defined as 11 4' c4 11 

c.) 	c4 is complete in the sense that every Cauchy 
sequence converges to an element in 4 

A Banach spacetZ is a set of elements satisfying 
conditions 	a.) and c.) of the definition of Hilbert 
space and instead of b.) satisfies : 
B:) There is associated with every element of 66 a 

non-negative number 1\f 1( -- the norm of 	such that 
111+111 	112 	, 	Htl Ca  Ccc.4 la r) 
and \\ 	0 if and only if 	0 

A linear transformation t of a Banach space ZS, into 
itself obeys 	(oe 	71 	= oCr-c ±(3T (00 S 	-.Z1(3) 
and is said to be bounded if tr e. ,0 where \h-- k ----Sup 117 U 

is the norm of I . 	 T 	1.1 



ST • 

If is a bounded linear transformation of a Hilbert 
space there is a unique bounded linear transformation -1-* 
such that CT-c)) 	CA")) "cal 
for every k)  1-14- , which is called the adjoint of I . 
Moreover A T 1\ 

If 7 is a bounded linear transformation of a Banach 
space a and 	r--/A. 
where p t t 6S and /4't is a complex scalar , 	is said to 
be an eigen vector of T with eigen value  

The resolvent set of 	is the set of all complex 
scalars "A.-% for which 	) 	exists and is bounded. 
The complement of the resolvent set in the complex plaie is 
Vie 	spectrum of T . 	The radius of the smallest closed 
disc with cenjre the origen , 	which contains all the 
spectrum is called the spectral radius  

Imitating the definition of the radius of convergence 
of a sequence of complex numbers we define the radius of 
convergence R of a sequence 	\ in a Banach space as 
the least upper bound of 	taken over all those (S (complex) 
such that 4-0+ A-I tsk A-, /2_ 	. converges. 	Similarly the 

tr, / 
C‘saro radius of convergence It" of f 4-Hi is the least upper 
bound of VI1  taken over all those (S (complex) such that 

c, 

We note that A-01-  4 f 	• • K-1 
and 	Pr

r
(11- 	5es for all 

converged for all 101 < P 
10 I e 

converges. 



CHAPTER 1 	INTRODUCTION 

This chapter is devoted to the exposition of basic 

measure and ergodic theorems and the proofs of some elementary 

consequences of these theorems. 

A. 	ABSOLUTE CONTINUITY AND SINGULARITY 
00•111111•1011. 

THEOREM . R.N.  ( Radon - Nikodym ) r1.7 
If ,A Y are two measure functions (er-finite ) 

with the same domain fA and/-%<e17there exists a finite 

valued measurable ( a ) function i)  such that 

(1.1) 	E 	04.v 	 for every E E de 

The function 	is unique in the sense that if 

E 	c 	a& AV 	for every F Ecie u r a 
then 	a ry ( i.e. = C except on a set of y measure zero) 

Any one of the functions defined by (1.1) is called a 

derivative  of 	with respect to 11 and written 0/-i 

THEOREM . L  1.1 
s)  are two measure functions 

( tY"--  -finite ) with the same domainCie  there exists two 

uniquely determined measure functions .„A- t 	such that 

(1.2)7." 	0.1--....„4" ti„ 	ancl/tA 	and. 	# 

The decomposition (1.2) is called the Lebesgue decompo-

sition. 



• -• 

B. 	MEASURABLE TRANSFORMATIONS 

LEMMA 1 
If 	%; are non-trvial (i.e. not identically 

zero ) measure functions wuth the same domain A< and' 	is 
a measurable() and non-singular ,-s) transformation and 
there exist 7-  invariant sets 4, B with 1A-O76=--• X ( the 
whole space ) and Pt-6% = such that,-, A.' 0 and 	0 • 

PROOF. 

By the definition of, singularity there exist two disjoint 
sets EiP E. De such that 17- J P- 	 0 and N.)t,=-" zr--- p 	. 
Let 16, OBE) and 2 7= A- c-  then 	6 and since F. A 

0 	. 	, 	13 	are obviously -7 invariant. 

LEMMA 2  

Let Viok i/A) be a, non-trivial complete measure 
space and T  measurable non-singular (/t.) transformation and -N) 
a non-trivial measure function with domain 04 	If vt... 
there are wandering sets of positive measure. 

PROOF' 
Let Ar/C3 be an invariant decomposition of X with 

0 and N? 	0 	Every subset of 14 belongs to 
0( . 	Let V be a selection ( admissable by the Axiom of 

Choice ) of points f  one from each of the distinct orbits of 
points in 	Obviously 	v it 1 61 V = 9' if 104"*.l• 

Moreover ON) 7_,  A 	. Should v = D we would have 
and 11 would be trivial. 	Therefore \/ is e, 

wandering si@i-  of positive measures. 

p 



16. 

If 6.5/0<i/..) is a complete non—trivial 

moa sure space and T is a 	preserving and ,'- ergodic 

transformation and if 	is a measure function with domain oe 

invariant under "7 and admitting no wandering sets of positive 
measure ( in facts  if the singular part of ')admits no 

wandering sets of positive measure') then 	k.,/t. for some 

finite scalar 12 

PROOF 

By Theorem L there exist two measure functions 

with domain 	such that 	—1) r- --,) 1 4-- -N)-L. and '6), ed/L,  
and Nil,  2-/A-1 . 	If 'there are no wandering sets of positive 

measure ( which happens in particular when there are no 

wandering sets of positive 	measure ) by Lemma 2 

— 0 and therefore --)4e,,/ta • 

By Theorem R.N. there exists a non—negative finite 

valued function — such that for all E re, 

and since 

Th) " 
we have again by Theprem R.N. 436,-) 	C 	c,- 
By altering the values of 	on a set of,„4..N measure zero we 

can write "N) T---,  = y t-‘(7c..) 	for all TE c oC 

where LI%) t--- (7—g._) everywhere and L is finite valued. 

THEOREM  

and 



/6. 

Let 	SA  :-. 	C c13 	• 	For all )(..) I- 1(Qc c71 
if and only if lnCT;c.) < 	, consequently 7"Ste, Sc. 
and by the/-% ergodicity of 	/*4- SA =- d  or,,,--•CX- 	• 

O 	for some rational number 	, •otherwise 
would not be finite valued. 	Let S = SuFfrv-Sr,:olthen 

- S 	0 for 	S 	ands, S i_ o for 
rational. 	= 	L, Gam)V-3 

and X -- 	 if 	eui 

therefore 	2.  I. 	 ( X 
k-).5 

and 
	

I  , 101 CI 	S 	° 
Moreover 	X : 624) S 

t-rk-4-LON-c--1 
therefore 
Consequently IN  6,c,) 
and 

v ••• 

Contained in the statement and proof of Theorem L is 
the following corollary 

COROLLARY 1•1 

under "T-  and 
If T is ,An ergodic and/A^)  \) are invariant 

then *)) = \QA,., for some finite scalar 12 • 

    



l3. 

We consider in this thesis transformations which are 

not necessarily one - one. 	For the one-one case, however, it 
is well known 	C3-3 that the existence of a finite or 

U-finite invariant measure 	equivalent to a given measure/A-1 
depends on the existence of a solution of a functional equation. 
We concern ourselves in the next theorem with an analogous 

functional equation, for the least complicated of many -one 

transformations. 

If 1 is a one-one measurable non-singular transformation 
of 	, consequently. by Theorem R.N. there 

A.) ch.) 
exists a finite valued non-negative measurable function such 
thatr7  7-E 	i . e 

The measures -) invar*Ant under 1 and equivalent to 

are given by 	-1)7-- S7  l'%(17(,)CA,,  

where ‘1 satisfies 

C. t 	[-A.) 	LIT7c.) 	(x-) 	c/%-.) 

THEOREM 2.  

Let 1 be a non-singular measurable transformation 
of ()CA v.A) 	onto itself such that Xr- 	>(,., 

r. 	
(X 0 	

' v,1 "A) 
wherearemeasurableand -T-sendseachXone-pne onto 
TO( 

bc.) 7s 
' 	for all 171_ N( 

if and only if 	

In 	

„ 

r- 0  

where ..11() is the unique point ti 	with 1 7-N..if it exists 
and 1,.‘"7,, (t.) r- 0 otherwise and G.,,,q,6c)7-41,-1,( 	e 	E 	T'El X ,., 

I"' all S._ 



, 

and 

ations of characteristic functions ) 

we have 

(1.3) 

therefore 

1 

PROOF 

For•any. pair.of measurable sets 	Fl  
7  ATI=  ? 	E t 	C-F 
but if 7(..7,1_ 	and 77-,Gc: 4 T 	we have 	'eh.) 6X 
Consequently TL., 	 7c. A. E 	T., 

For simple functions 	( i.e. finite linear combin- 

By an elementary continuity arguement it follows that 

(1.3.) holds for all non-negative measurable functions 
and therefore 

04n, 
(1.4) 

 

(,L)) 

( 	.;11,6L) 
o 

C IE 

for all VE.7-4_0( 	and 
ck,k, then -,77\---%E. 	- 	1.1 

F 	 kz 

v.% e-x_.) 	= S ( 	1-1 -FL, 6c)  co, 6c.))c,,t 

6=0 6-4— 	 ( by(1.4) ) 

0<> bc-) , 

If 

• — 	e r. 



19. 

On the other hand if 
	

?t^ T,,ex) co, C%_) c/-j) 

and 'q E._ 	cle,) 	for all 

then _ t.E-  ( r0  LI; ( ,-) 

1.4:_ a 	E 

( by (1.4) ) 

2_ 

It is quite clear that in case T is one-one the 

above theorem reduces to the remark preceding it. 

-C. 	HILBERT AND BANACH' S'ACES 

The following theorem implies and is a consequence 

of Theorem R.N. 	Ll.] p. 178 Ex. 3. C.2105 ) 

THEOREM R. ( The Riesz representation theorem.) 

If A is a continuous positive linear 

functional on Ltd.) where 
7
. is a finite measure , 
, 
61 

then there exists b z L
„  
'fr-) 	depending only on 

such that Ai .,-.- E -i 1 ai-t- 	for all 	7_ LI-, 

Moreover, 	is unique in the sense that if 
q 7._ g\el  6.,,,.., 	for all i i L.' 

..?
then C8 v--1-1 P-D , 

The following two theorems are statements about 

the spectral properties of a bounded linear operator and 

the iterates of that operator. 



20. 

THEOREM 3. 
Let Pt be a bounded linear, transformation of a 

Banach space 	and denote the radius of convergence 
of 	ilf"." -t by R , the C‘Saro 'radius of convergence 
of 	by 	, the least upper bound of the radii 

Q' of convergence' of ,4,`"'.0 tgken OVen. all ,4 Ile' by 	, and 
the spectral radius of 	by S 	then far,Rit-tra' ,,--  t/S 
PROOF 

We note firstly that if Itiqis a sequence in a Banach 
V„V„.k.. • • 4- space and _ LOY 	s bounded then T: t4,,,,,-,  LA ..4. 	 i  

converges for k1 C ‘ . C4 3 p. 368 Ex.14. 	It follows 
easily, that the radius of convergence of a sequence 

. L/1: 	is the same as the Ce'S-aro radius of convergence 
of 	kA14; . 

If S is the spectral radius of A. 

and therefore_ \\ .._/oe y"." Wcz,  = sv,--p---. 	v< 4  \ 	for all- 
sufficiently large w+ • Consequently 2, \\ C44Y  \\ 
converges and ‘ 2 ter/oer is bounded and. ,--, t....-t 

	

( r4 	is bounded eLi 1 ?SS ) 
T

/•-,  

	

lerefore IF 	 7,, ..1 	and 1-  t.- / ..\`'--) 
C 	

converges 
o 	0 ) for i (14 ) \,,,,4\ ) li 	„ 

If Y Qaciarj)  converges for all _ i  c3, c  
i. 	 4)/)% 	converges. It remains therefore / to 
show that f WI' does not converge for k \ C c 

	

,--, 	, 	v.., 
If 	

_ 
 F110,) 	, converges there is a constant C-- 

such that 	t eJoe) \\ <‘ C for all 1,-) / 
and therefore ctot..... ,,z. 	)--1exists and is bounded. 



21. 

olD 
Consequently for every 0( in the spectrum of 4 i  f .„ 140 
does not converge. 	This implies the existence of an 

abbitrarily close to 	such that 
does not converge and since the ex) 	, 

convergence of 	2 C/A ) 	( for Ical 7 	) entails 0 
the convergence of 	V.14.< j  it follows that 

does not converge for ioe e S 

We restrict out attention in the following theorem 
to the Hilbert space L2-‘/`") wherVi is a finite measure. 

THEOREM 4.  
Let 4\  be a bounded linear transformation of 

L-H 	such that 	Tr 	 pi_61 ("‘"--0- a•-•••.- C-0%. Q•49.9^- CC") 

exists for all 'VI 14). 
If G is a bounded linear transformation such that 
6-  A 	E/'-‘ 	 for all 	Ll  

then 

for a fixed 1 f- L depending only on G  and 
14* 	 (his the adjoint of 11 

then 

and 	= 	fl 	/St cJA•A c/i-t] for ail 	L 
i.e• 

Gq)k() 	 D  
On the other hand if Ogi = 	7 then c• E 13 
satisfies 	 -C/‘••.3 and  
for all it 	. 

with absolute value 
(/ )1°'-‘ 

c_144-y, 

)• 

If 'moreover, 	only when 9 
G-E G_ci) 

is constant c./".:3 



Therefore 

22. 

PROOF 

By Theorem R• there exists A C LI  dependinn only 
on G' such that 

CJ 

Therefore 

• 

equivalent to 
for all f° 

I 	G rew-(*) 
	

C.- 	-7-- IT 4 , 6-6t) 	c=/":7  

since 
	

is constant, 

i.e. 
	

G-6 

is constant P-.4] 
and therefore \`4 is a continuous positive linear functional 
and by Theorem R, 

where 	is independent of 	• 

slk 	6-6) 	l 	 P-1 a .c-(001-).-f) 
i.e. 

and 

nut S 6-(1)(4,-' 	Et 01,4- 	therefore IA 	 2-1  

" 16-t 	,sca 

\L-N 	14 67,3 01 	L4-$  

On the other handlif 	thor1.‘ 	1-617-f 

o0 I" 7) 

oci) 	rt-P 	s 
6--c 	- G-co 	Ts.cr<o 

\L•% 	LY1 	 1/‘t 

S Pr+1, 	 tn 	SG-14 
S 	 for ail k Lz 

implies 	is constant ciis 
the rrquirement0 that Tt 	is constant 



23. 

Under the condition's of the above theorem it is clear 
that all eigen vectors of A, 	with value 1 	are:yielded 
by operators G such that Gs  A f -= cf [t] 	tor*:all 

Suppose T ipoint - 
transformation 	

measurable non-singular point 
 of ' ()( o(''4,0 H onto itself such that 

O -W- 	 I-2 .44x) 	
I 1/ 
converges in 	- for-allfEC- „.. 

then 	( the induced transformation ) 
satisfies the initial condition of the theorem. 	The 
requirement that A f= f imply f is constant 

is the ergodic condition and in this case, the only a 

c _,Q with 	Aff 	for all 	c 12-  are the 
transformations of type h h 

ckAfcip, 7-= 	kePJA.,  (cc 4)1 ai,‘‘) 17- 	6-1) (11,4)  

for some 1 E L-2- depending only on 4 , where i2 is a 
constant depending on k . Therefore the only eigen 
vector with value 	of (4(1” is the unique Function 	such 
that 	

C-4-1] 
If 1it?‘ 

Consequently we have the well known result : 
COROLLARY 4.1 	1....-1 

If 	 .7,: c 4Cr_ v1C) 	converges in 1.1" 
for every i) r 0 	then there exists an invariant measure 
equivalent to / , -- JP_ T.....41.° 	where 1,"---, 	is a 
non-trivial, non-negative solution of  

d-  ( where A is the induced linear transformat/  ion.) 	If 7 is 
ergodic the solution is unique. 

c-j then it is easy to show that 

is an invariant measure equivalent 



24. 

D. 	ERGODIC THEOREMS 
6.••11.1111 

The first ergodic theorem proved 0  the so-called 
mean-ergodic theorem, is due to Von-Neumann [6:] who 
made use of the fact 	discovered by ICoopmann C7 .), that 
an operator lot on L2(A...)( where 	is a finite measure ) 
induced by an invertible measure preserving transformation 1 
is unitary i.e. 	= A-1  where Pt ibt.) = 	(-1-4 	and 

7L) 
Corollary 4.1 can be viewed as a converse to 

Von-Neumann's theorem. 
THEOREM N. 

	

	( The mean-ergodic theorem. Von-Neumann ) 
If (X/ X1/,%) is a finite measure space and 

T 	is a one-one wl preserving transformation of X 
onto itself then for all 

1-  r -ftr-7 ) 	-r(Ac) 	exists (mean convergence) 
and i* 6L) 	(y,A) 

2 1 Actually the above theorem is true when L v-,) and 
its norm is replaced by LAC  -) and its norm for any p), Ca 

Birkhoff's ( individual ) ergodic theorem is concerned 
with point-wise convergence in the case where 1- 
preserves the finite measure 	C:9 	. 	Hopf generalised 
this to the case where T preserves a d- -finite measure 

lAn 	C10•). 	The most general result in this direction 
is due to Hurewicz C11,2whose theorem is concerned with 
the point-wise convergence of weighted averages, when the 
hypothesis of an invariant measure is dropped. 	We will 
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state the theorem in a form given it by Oxtoby C.3.2] and 
Halmos 0131 for one-one transformations and extended. to 
the many-one case by Y.N. Dowker [l4 

In the one-one case we can define measures IA" T 
absolutely continuous with respect to vul so that 

S4-1. 6,-) 01- 	for all E 
where L.5, C7,-) depends on vl but not on E. 	It can 
shown that 6-'60 .-.-_ 	 - • Cs-) (:)c--) 	where 

) 	C)c.) 

When T.  is not one-one, s•,-,i is not necessarily a 
measure function. 	It is .a measure however vrhen its 
domain is restricted to 1-1)  and in this case it 
is absolutely continuous with respect to 14-1 . 	Conse-
quently there is a function &)6) unique among 7"---( 60() 
measurable functions such that 

T 	= 	66) al 
E 	 for all E 1"6,e) E.  

Defining formally 	C,c.) 	 c.%-D (X) 
Hurewicz is ergodic theorem in its most general form states: 

THEOREM Hu. 	( Hurewicz's ergodic theorem ) 
If T is a measurable non-singular many-one 

transformation of (.)c// v.%) onto itself and if '- is 
integrable and 	is non-negative and measurable and such 
that 	(0 6.) 	+. 	. 	cie.)  C- 
then 	 lac.) • 	 r.."; 	1,16c-) < 

C") + • • • 4-  (t17,1c kk.-k (:)c) 
exists 	( point-wise convergence ) , and ek) I,fix) 
is integrable. 
Sr fek) CE- 

16(-)L60 GI w,for every invarient set r .̂  
such that 

6X) at"-% 4 oao 

.0( 
be 
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The above theorem certainly reduces to Hurewicz's 

when -ris one-one. 	If wt is invariant and 4r-finite 

then C-Jeu..) 	and we have Hopfts ergodic theorem 

( which we refer to as. Theorem Ho. ) which in turn 
reduces to Birkhoff's ergodic theorem ( which we refer to 

as Theorem B. ) when LA.., is finite. 

t-e.. 4.4 s4L41 
The following theorems when proving the existence 

of a finite invariant measure equivalent to a given finite 
measure. 

THEOREM D. M .  ( Dunford and Miller . ) C15 

If (X icc u4) is :a finite measure space and -T 
is a measurable non-singular many-one transformation 
the following two statements are equivalent : 

) There exists a constant 	Ni such that 
-I- 5" "- T  "."If C. 	1'1 	E 	for all 	ka7 toed  2. • • 

ii) If is integrable then SO is -p(r,c)and 

converges in the mean L 
0 	• 

Each of the above statements implies : 

1.1 c "ft6.17C) 	converges point-wise [i-,•]for 
integrable f 

every 

    

THEOREM C.  ( Cald‘ron. )C16) 
If Q< 	L4-i") is a finite / / 	measure space and 

1 is a many-one non-singular measurable transformation p 
a necessary and sAfficient condition for the existence of 

a finite invariant measure equivalent to Vel is that either 
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T 1  

t 2-  --si- ' 4')o 
for all A. with 
for all p, with 

c)  
tA-,  A 7 

     

Y.N. Dowker C17;3states the following theorem for 

one-one transformations. 	It is truelhowever, for many-one 

transformations ; the proof is exactly the same as in C17:1 
and is based likewise on Theorem C. whilst noting that 

the latter theorem is true for many-one transformations. 

THEOREM D. ( Dowker .) 

If (X/°\//w,) is a finite measure space and 
is a many-one transformation of X onto itself f a necessary 

and sufficient condition for the existence of a finite 
invariant measure .equivalent to vul  is that 

T 	) 0 	for all 
es  

with Pr '> C) 
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CHAPTER 2 	ISOMORPHISMS AND REPRESENTATIONS 

Isomorphisms between two measure spaces are of two 

kinds ; set isomorphisms and point isomorphisms. A 

necessary and sufficient condition that a normalised 
measure space be set isomorphic with the unit interval is 
that it be seperable and non-atomic. Cl .], F183. 

Halmos and Von-Neumann in [18], define a concept of 

normality for non-atomic seperable measure spaces, which, 

roughly speaking, requires measurable functions to have 

measurable ranges on the real line. 	Rohlin has also 
studied the nature of spaces, isomorphic with the unit 

interval. 0.93, [20.3. 	The Lebesgue spaces defined in 

[193,D0] ( which are seperable ) 	have the property that 

it is precisely measurable subsets which constitute Lebesgue 

sub-spaces. Consequently in order that a seperable space 

be a Lebesgue space, it is necessary and sufficient that 

it be absolutely measurable i.e. measurable in every 

seperable space containing it. 	Rohlin allows atoms in 

Lebesgue spaces but since they are at most countable their 

union can be dealt with separately. 	Rohlin's result states, 
essentially, that a normalised non-atomic Lebesgue space is 
isomorphic with the unit interval. 

	

If 0.( I) 10(1  i l'I's ) 	and CPCL)kt:, 14A L 	are measure spaces, 

a point isomorphism between 2(( and K2  is a one-one 
mapping from almost all of )( i  onto almost all of )e I 

such that E t of 	if and only if -RE E. (104e L 	, and 

then W.,
r 	- E - "...,.L  TE• 	If such a mapping exists )( I  and 

Z are point isomorphic. X  
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An 01 -space is a complete measure space (X/c4/ I") 
on which a metric is defined so that topologically it is 
a complete seperable space and which satisfies : 
i ) The measure of a non-empty open set is positive. 
ii) For every measurable E 

E 	f 	LA e- ., 
i.e. 	is regular 	( with respect to open sets.) 

A normalised 161 -space is isomorphic with the unit 
interval, 	in fact the isomorphism stitioei S the entire 
space onto almost all- of the unit interval. 018.1, C193, 
0203, C21] p. 269 , L22] p. 301 . 	The first proof of a 
theorem which implies this was due to Hausdorff, who also 
defined the notion of an absolute Bore], set , which is 
the set or topological equivalent of an absolutely 
measurable set E193 , C20] or a set measurable in itself 5.8j • 

A. 	ISOMORPHISMS 

Let(X/o<i  "1) be a normalised measure space and 
X 	frith LA,Orr- 	6N4-11 	*))( E Coe,3 

( i.e. A is a thick subset of 	) . 	If t( is the set 
of all E X/  with E Ca 	and 1.-•-•/  F A X = 14^ 
it is known that 1.-1 is unambiguously defined and 

(X/  cie/  $A-i i) is a normalised measure space, 	( a thick 
sub-space 	of (X, a, 	) 	N.B. L.,/ 	E for 
all E 	C187, ci93 {-23 



If 	) 
( i.e. ( /X i  
to see that wi g  
open, 

is a measurable sub-space of an WI -space 
is an %AA -sub-space ) 	then it is easy 

is regular with respect to sets X,I6 t.4 )  

We have remarked that normalised v..1 -spaces are 
isomorphic with the unit interval ; 	our first result 
shows that normalised wi -spaces essentially typify spaces 
isomorphic with the unit interval , in fact 

THEOREM 5  

A measure space Ke/ 11-,) is isomorphic with 
a thick sub-set (/ ))",..,) of the unit interval if and. only 
if 

 ()
( 1",) is a thick sub-space of a normalised -space. / I 

(4/A/  .A-N) is isomorphic with the unit interval if and only 
if / / 01) is a measurable thick subset of a normalised 
vv% -space. 

PROOF 
Let 7 be an isomorphism of

1 
 (X/A/A onto a thick 

subset 1 of the unit interval- . By reducing X and ,.L 
each by a set of measure zero , if necessary, we suppose 1 
sends the entire space 	onto ...L. 	If r,/ is the Lobeague 
measure on I and --xd a 14 E X ) define oiC i  ig) :": "--, c ' n-1 T:a ) . 

cXi  di) is a seperable metric space whose completion we 
denote by 0( f)  /t I) . 	If we extend i to 7 / by continuity 
so that the domain of T/ is XI  then the range of T will be T/  

, 
and 7-1  will be one-one. 	Moreover, T and the inverse of -r-  / 
will be continuous. 	Therefore we can induce the order of I- 

• Let (6 be the Borel sets generated by open sets in 
Since T/  is a homeomorphism a/1X 	if rS (A 

We define 	v4-4 	so that 	Y) is 

on 

x/  
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a measure space ; 	its measure completion we denote by 
XI/  ,e " i) p and we show that (X1  oe'im') is an 14,1 -space, and i  
X/ 4<, k-4) is a thick sub-space of (X. oe,

„ 
 IAA') . 

X is a complete severable metric space. ( >e. a/ ' t-) 
is a normalised complete measure space, 	If E i  ' ,, i 
E AX i of and IA” / E.-  7--- 6*-,  E n A 	; if F L ac there 
exists E. t, ce such that F .-,.. E: /1 	If l/1 is a 
non-empty open set in X p IA A X 	is a non-empty open set 
in X , therefore vusi  1/1 -..- IA., lil /1 X 	If 	E E a / 

0.\-( c ..-..-T-1  V\ ' tn.) E, w e ,,,,,.., L,, x li 
k-4 1 /,-, VA r: v .7-/E, V c- 	't- I 11 
' *k , -A- 1  V 	V 'D T!  E / 0 cra-... ,I.... Ill 

mrtr.)-4 tr Ai) 
= 	(IF (\ X 

( since T IE is .a Lebesgue measurable 
subset of 

Therefore v" t is regular with respect to open sets and 
(X t,k I  v., 0 is an KA -space . 	It is clear that if]: is a 
Lebesgue set then X is a measurable thick subset of X f. 
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On the other hand suppose (x,, t.,) is a. thick sub-space 

of a normalised v%4 -sub-space W eek/ 	A normalised 

Wi -sub-space is isomorphic to the unit interval, since a 
measurable sub-set of a normal space is itself a normal  
space. C18.] • 	It follows immediately that (x,oe,k,) is 
isomorphic with a thick sub-space of the unit interval, 

\i/  
Clearly if X is a measurable subset of is then (X.A1.4-,) is 

isomorphic with the unit interval itself. 

Incidental to the proof of Theorem 5 we have proved : 

CO1OLLA1tY 5.1  

A thick sub-space of a normalised 01-sub-space 

is a thick sub-space of a normalised 141-space. 

In our next result we replace the complete separable 

metric space by a linearly ordered space. 

If 691(iv6.) is a normalised non-atomic measure 

space where is linearly ordered so that p( is the 

U.-algebra generated by the intervals and k%.is regular 

with respect to open sets and positive on non-empty open 

sets then (Xlc(, t^^) is point isomorphic with a thick sub-set 

of the unit interval. 

- THEOREM 6  

PROOF 

Define C 

f6(,) is strictly increasing ( except on a countable set 
which we exclude for convenience ) 	Since k is positive 

on non-empty open intervals. If 	-xi  -e66,,) < e6(;) 
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and- since fl( 	x,1 11‘ 	x.1 

If 	L 	 fCx") 
and since 

and wt is non—atomic 	C,C,) 	(7C) 
maps X into COA • 

If 

The distribution of 	is defined as 

FCci) r- 	ex) < -pCid )3 
I.- 	x x < ‘1 

It is known and it . is easy to show that Fe is 
continuous from the left. The points .46.0), ry are 
everywhere dense in CO)  0 for otherwise there would. exist 
an interval. 6cA)  10) such that ‘M) e c or fr. )> 	for all ' 

t6 E 	. 	If GI ' is the least upper bound of ‘1)() such 
that %) < e, and 6 is the greatest low :r bound of -f6d) 
such that ,P63) 7 6 then . 	e 6 	Let W„..:1` and 
td, 	so that fbc,,y(‘ Aland Mt.,) A_  v b then 

Since vvi is non—atomic there exists I- such that 
for all Ai w't 

x < e 
C 	Z, e 4- 3 n 	( 	) 	and 

tek 
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r) , 
i.e. 	< k 	< ,/ evidently in contra-

the assumption that 
This is 

diction with the definitions of10 on 
there is no iX with 4.< -( )C0 <_ 

	

F(a) t--- ct 	in an everywhere dense set in 
and since FCc) is. continuous from the leftCe.i) r- at 

c-I 	Co)  I] 	• 

Since the points ec.,),,6  .>( are dense in Co, g 

	

T  = ID -1  x 	is a sub-interval of X, , for every sub- 
a sub-interval 

( viz. the closure 
of t(3) save perhaps at end points. ) This is sufficient -1 \  
to establish fi7.3)70( and +0.) '>4 n lbc) where d is the 
class of Borel subsets of CO, O , i.e. of r. --I) -1(1 

It follows from the regularity of VIA and the properties 
of the ditribution function rc4) :-.-. 0 , that if A E D( 

then .4) ( PO 7-,  rL n f (X) 	for some 1:3 S('`.:3 	and 
i 

/v113 146() -7.4? (,,t-a Borel measure ) 	and 1/4-1  rl .=....-1  11 /1'PCX) 

The proof is complete , since (e6,),(2( (x)), \ , is a 
thick subset of C Cy  CJ 	, by virtue of the fact that if 

is open 	Co0 and Ut "f(,)(1) then q -i tii ..- X 	and 
WI i --1,,,i„.4. 	. 

C°.ilD 
for all 

where K  is a sub-interval of Cci  

interval K of Co 1] 	Moreover, if T is 
of X)  3-  if-Ks)) = 	) 

and 
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PARTITIONS 

 

If 	* L") • 	 is 
11-p 

/ i 	is a finite measure space and 	L./L.3 
a sequence of measurable partitions ( cc-1 r. 4'A A• • • • 

A  0 	 A t•ui t ) 	"1- 
we call sets of the form ' rt,,,0  A A '1  A - • • 6 11„ 	cylinders  L.., 

Vtek is said to be regular with respect to cylinders if 
when E. i. 0‹ and E.) 0 	we can find a sequence of 
cylinders f C '. such that Lk._ --) E ‘.1 	 t-t 	and 

LEMMA 3 

If 	is generated by the sets of 	and 

/0.< 14-I) is a normalised measure space so that tA" is 
regular with respect to cylinders then Al is non-atomic if 
and only if 

A ° t-to  .1 t.1  = for every 

sequence V‘o?lij " 

PROOF 

If there exists an atom E 	then. either CA 

	

or. L.'
, 

 E Cm."3 for all cylinders C • 	Since e is 
a.pproximable from outside by unions of cylinders, E is 
approximabie Cwij from outside by single cylinders. There-
fore there is a sequence 114/0 )- . such that 

0; 	A Itr 6 	 Li^ 
and 

town ( 14°  A A 	. ) ) 
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On the other hand if O( ^) is non—atomic we have 

'A'N (A°  A • n P1' 

	

0 	LT>. A. p.172. 
v•-\ --)ct 	a 

,no 
If 	E 	A L,, A. • • . 	we say'that 

V‘l. t) 	• is the representation of —4 . 	( It is easy to - 
see. that each X. has one and only one representation by. 

virtue of the CA21 	. being jartitions. ) 	We write 
7(r., 140 	• 

We say 7_"A ( xis equivalent to 	) when 

7Cv4 have the same representation; and say that the 

representation of a point X is valid if the set of 

Points with the same representation , ( which is 

measurable ) r  has measure zero. Evidently by Lemma 3 

all representations are valid if and only if6K 41( v‘,..) is 
/ / v‘  

non—atomic. 

The equivalence classes we denote by,1: and >c denotes 

the collection of all equivalence classes. 

LEMMA 4  

Let (/(/(11j 1m) be a measure space where O( is generated 
z by a sequence of partitions 	If  

X E 

PROOF 

Let 	be the collection of sets F E- Dt/ 	such that 

either. F D (.... or FA X_ = 56  - 	. 	If 14-)1.  0 then 
. 	If A 	and one of 
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16), 31 76. then U A,,, --)7c-•and. UA L  E 	. If 14'11 
for all 4t, , then "SLIA U 4 	0 	and 0 14.‘.,  
Therefore 	is a a- -algebra. Moreover, if 2- Act in .1  „ 

and C 	6.„. A  . 	1,1 A" 	then C 	if and. only if ,t4 h
i)
‘ 

and if Kovi  "t• 1,1 1. for some 	i e 	c_ n 	. Therefore 

A contains all cylinders and hence /6 r 0( 

If we write E for the set of X such that 7C-g E 
and .c? for the set of all E 	such at E£Cie and 27 	E 

0•10. 
for F. oe (i.e. ra. EoC 	) ( e2- / 	is a measure space 

which is the quotient with respect to A-) 	and we call it 

the representation quotient. Evidently the representation 

quotient is non-atomic if and only if the original space is 

non-atomic. 

In the remainder of this section we consider a normalised 

non-atomic measure space (X.0?? v*,)where A is generated by a 
/ 

sequence of partitions cdC where each partition has the 

same countable or finite number of components and such that 

l/,% is. regular WI respecttols; cylinders and positive on non- 

empty cylinders, and no two points have the same 

representation. 

It is possible to lineally order X in two distinct ways; 

D.O. The direct ordering. 

We say 	Inc  ht . • 	< 

when for the first A such that 01 tikk;we have Y1 	WI,' • 
_7C (,.1. if the representatien of X. is less than the 

representation of V. 

A.O. The alternating ordering. 

We say 	VI,t, ti1 	- • e 	 • • 

when for the first ( such that Vi; vti.• we have Ali 	frti 	if 
I 	is event  1/1 -1  < k4 if 1 	is odd. 	x 4. N is the 
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reprsentation of X. less than the representa tion of 

Let 	X.."' V1/40  1,i 1 - • 	then 

u 
bto 	 u intt 

1-6 	t0 	 ho h, 
therefore 	Z.  : U 7i z 23 Ereb- 
Similarly

I. 	13 
Therefore open, closed, and half-open 

intervals are measurable. 

if and only if 

c)/ 

half-closed 

Since ( )( IN/  1m is non-atomic, if Cis any non-empty 
/ / 

t—,  f 11  ., td e xy n C .... o 
, 

C- f  ?z3 
rl  c = Q 

E Cl 	so that 

then. Nki  1/46 	C. and v."-'N (x )  
Therefore u CxM C (excep 

)"(.3%-4 
t perhaps at two points). 

Therefore every cylinder is the union of intervals . 

LEMMA 5. 

Is the class of*Borel sets generated by the open 

sets, and WI  is regular with respect to open sets. 

• LEMMA 6. 

)0 for every non-empty open interval 7".. 

cylinder 

get 

2- 1-1 
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is one-one from 

onto 	u%'64‘"  r‘ • • L.to  

,C. et./ vt o  hi  
ht • • 

(z• IA° itIon 	" 

for if 
• , 

V\  VA 

11 
14.1 

PROOF. 

If 	I (X)  Li) 
and 	x, A• 	j  -)ct  ; • 

for some 1"...1  

7C.f)); )' 	 • 	c• • • -̀j 
therefore 

(X) L6 .") Pf°z  el • • n 14"' 	-z.. d  
and since h., C 7  0 for every non-empty cylinder C s vu-al  > 

Vie say that(KO? 1A-1) has an associated transformation if / ,A 	 tA when ,FIKo tor ,,‘14. • . 	is non-empty rt 	n 	,.,,z/1 • ) 
is non-empty and A n t\ m•••"-  n • • 	is non-empty. 

The associated transformation is defined as 7:%._ 7.: Lj.,_ 
where 1 e1/ 4-,  LA I  Li z.  - - , ) if 7(,. A'"Vibfrli• • • . Obviously 1-  is a 
transformation of X onto itself; we note that if I  vi i Pi cl)  
then 

	

	
a 	1.-1 

1 ( 2.1 ) 	T%.. Ti.a. ( P.O. ) if X e t-j- (D.O.) 

1--)6_ ') -r- tj.  ( A.O. ) if 	X... 4 V. 	(A.0.) 

.-1-•"%01.„ 
I 	rto  is the set of all X with representation of 

the. form 	)L 's' 	'L'11  • - . V.1‘,...1  G vl . • r 
...1.' 1 

i.e. 	7- - im v — 
and . therefore 
( 2.2 ) 	7 - ' ot°  

3Ck. 

< 

.̀"im  
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then 	7- "*.z_ 

and. T",C- = -1-̀ 4"1 
i.e. 

s, 
if and only if 

LEMMAi.  

Tis measurable. 

PROOF. 

It suffices to show that 	and :17  IT 	01DEP 
measurable when 	is an interval, for if 	is an 

interval contained in, 14,, and A CY,...) is the class of 

all measurable subsets E. 	of _L., such that 1711 and 

7--I  El ow measurable, then 
of subsets of 2:, containing 
(utilising the fact that 1- • 
over unions and differences since -T-  is one-one on I- 

We show that 7-1I-  a nd TT are measurable for every 
interval I 

(4,, A 	therefore 1- 
and 1'77 V -17(A,11. 	-L is the union of an 

increasing sequence of intervals contained in 46, and 

therefore we need only show that 1-77i  1 -T. 	are 

measurable. when 1c Pr,, and -I is an interval. By (2.1) 

IS an interval and using (2.1) it is easy to see that 
14 t,i  is a union of an i. creasing sequence of intervals 

or empty or a single point for every KVh 	For if...4 g7-16,10 

TX 	and all points in between belong to 1 

/SC-1-6,) is 	er-algebra 

all sub-intervals of Z., 

and -1--1  both distribute 

-C-4(14-6,nI) 
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C. 	PARTITION SYSTEMS. 

In this section we suppose X 0( ,,N is a normalised 

non—atomic measure space and T is a measurable 

transformation of x onto itself where ,00,( is genu.ated 

by a partition CA. and its inverse,  iterates such that no 

two points have the same representation ( with respect to 

the sequenCe of partitions a T—I) 	), 04 is 

regular with respect to cylinders and 	is positive on non— 

empty cylinders. The space together with the transformation 

are said to form a partition system. 

By our previous constructio of an associated 

transf,rmation it is clear that Xoe
/ 
 tivt) has an associated /  

transformation and that this transformation is -7—  . We 

remark also that in the above had .e not supposed distinct 

points to have distinct representation our considerations 

would apply to the representation quotient. 

Define 	6c) .7. ku,  i tj 	C. Xi 

where the-ordering is direct or alternating. By Lemma 5 

and Lemma 6) / 0(0(/  ii-) satisfies conditions of Theorem 6 /  
consequently: 

THEOREM 7. 

()</) is point isomorphic under 0 1,14 a 

thick subset of the unit interval. This subset can be taken 

to be the%kare unit interval when and only when the range 

ofis measurable. 
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6() NIf and only if there are no points between 

. There are only a countable number of such pairs 

(x4) 	bi is a selection of one point from each such 
pair .and OCN) is the smallest 7—invariant set containing 
INJ 	then ON) is a countable set, Excluding this set 
from l( we may assume 7 sends/onto itself and ceN is 
strictly increasing. We can also, assume that Y has no 
maximal element, by excluding it and its iterates if it 
exists. In fact we exclude 06 la rger countable set* 
viz. the smallest invariant set° 01 containing end points 
of cylinders 11  .. 	define a transformation of fe()C-rel,g 
onto itself using the same symbol, without confusion, as for 
the transformatioh of )( onto itself: 

11*-7 

Two partition systems 0( 0 0< t/ '44 1 	I)) (X7.1 4e2.) 
are said to be point isomorphic under 	(where 
isomorphism) if* iKelhand(;(tiL,  m)are point isomorphic wiloIeJ ) 	, 	f  
and 	ri-1  7-  7, 	, 2 	,7.= 	-T-7 	Cfr" 3  ,  

From theorem 7 it follows : 

COROLLARY 7.1. 

(X/ oc l'-%/I ) is point isomorphic under 
with a thick subset of the unit interval together with the 
transformation 1-0K) -r- 	)). 

If 7(6,4/ Z fi0(iTrijw here X, EOL)define 
which exists since 	4/ 	if (D.0.) and -FX.6,1' if (A.0.).. 
(if 7-(0) 

t) L I ) 

it the 

is not defined, which can only happen ( A.0.) case 
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when 	is an infinite sequence, define Teo) 
Let I 	cs, 0 — ,i/i6)(7-1)). 	T sends .1 onto itself 

moreover, one can show that T is continuous from the left 
and continuous from the right everywhere in 	and 

consequently that 1--  is Boral measurable. 

Let A denote the topological closure o 
D.O. Direct Ordering. 

Let 
-Lo = iz0-0) 	41-z- opc 

I 	F.4  @-) c)1,- = (7e ,)%:) 

then ce,c,c x, • • < 

Define y-N-= ii-1-76..) if 7C. 	Li  

/ 
then 	sends I- one-one 6art4tr (,) -7, where 

- 	- -..i 	r  ,j,.., tz d, na-i- k . ) and T., is an interval contained in 
OA vt.i..1) . If fi(t) = 4F.16x,) then 	-I)1 	is a strictly 
i 	 -t- 

increasing function sending U 0,, onto :: . Furthermore 
-1° 	is continuous on each Zr„ . We may extend the 

domain of i)/ s0 that the extended function 

A. 	is a continuous, strictly increasing function 
with domain L'31, and range Cel) where 

... a-,, , Ca„, 12,,) c CL4, t4+1 ) and Tx 	ix  
r 0 ) for ;C. E T. 	and 

U .37.., k.,,, 6,4 I .-z- Co, t •) ( c •-z 1 t s .1-Lc ,--ec.,c-4- Cc,. 4. \ \-x, ri.  4 Z. 

A.O. Alt ernating Ordering. 

Similarly there is a function 	such that 

B. is a.strictly decreasing continuous function with 

domain U ..I,, , where -0-: =0,, 6,:jc 0-1, vi+g and range 
CO)  1) 	such that r7c...  -_-_, ( ..r-4,L.) for ,pA. z t j_ and() cT, imoci 1 '1 Di ) 

(Should. this be ambiguous for X..:-- 0 " ; -7-6:?) t-- 0 when 
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-1-(b) iop ) 

Conversely it is easy to show that: 

LEMMA 8. 

If `Qis a function satiSfying A. or B. then 
for 	"X t. Ce3,, t) is a measurable transformation of ro, 
onto itself. 

REPRESENTATIONS. 

D.O. 

Let satisfy A. We note that if X C 

and we define i 1  (x.) r_ L q -IT  ),...: 
.i."-  , denotes the monotone continuous extension of 	to the 

domain [0,00 c] . 

./‘ 

C ) C 	C. ) 

	

I) 	C-x. Let 	A/- 67_. 7 '1' C Cx.)-f 	Cit..6c-)+ • • 4-1 	.)) 
then -Afx) is non-decreasing as. IA increases for every 7c 1` CO, 
and 	6c_) is non-decreasing for n, fixed 1.1 as x_ 
increases, and tii i& X. = *-c)(f i,i- • • 	"f (11,+-1-1460) 

for every )c 
i.e. 

, 
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Suppose 	-.., 'New, CC)  e 
then 	—(,E.1 + 7(St.+. .1 C ) < X for some 
and 	2 t 	%i (ti) C 	"(x.) 
therefore .701. 4. 	T7C- 	and 4 t  Get-) Si  (% 
Again 	-fi)(c.4. 41 )+ Si ,1„) < -T- t1  < T;g_ for some S.,7 0 
and £.2,4L-c(Sli.• •.) e 	< "r"Tx-- 
and 	.1-  (Es  	 . 	< 	I Dc._ 	and 	(.7c2) 	E (1) , 
Proceeding. in this manner we get 5..; Cx) 	CL3) 	..for 

1 	IA 	• 

Consequently - 
(2.4.) 	(24 	6(..) for 

and. 	(4<„,,(u.) 	 for 
	4 Let  

Since 7t 	non—ileciteAtivl for a fixed 04 as 	increases 

-)k,,( -) 1.(e'fr,(' ) g- 1/<— 	< 	) 
(2•5.) Therefore .)1,-;,(X) 	11<„„,. 6464) ) 	and 
and . 
(2.6.) 	")4(t) 	v)el ) ) . 

A.O. 

Let 	satisfy. 13. Vie note that T 
for ^ 7C.- 	CO,  I) 	and. definett-  (lc) 

denotes the continuous mondtone 
the domain DI te)) • 

extension of 

1 ,  

(X.) = :(5 	6x) 	4— 4)  ( 1„6e) 
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1/-11,,,6L) is non—decreasing a s lot increases for every 
; Alb 6c) -1.1-14t 
; 	(10 

fixed l/1 

is non—increasing as vi decreases for every 
is non—decreasing as -X increases for a 

Since 	X 	--1)( 2.1 +' 	 "'t'c) ) )  
and 

1-60 	 I.,  (AL) 

Suppose 	*. a„) 	4. 
then* La = f(ii+ 	2 - Et ) < 7C 	for some S > 

i.e. 	4-1)  (CI+ 	gt 
since 	ci 0- • 	g 	1 

f(rz  • ..) -> 	(£1. 4- - • ) 	-1-va 	T7 
Therefore1  for some 5,1,  -) 0  

f( 	 ) Inc 

74, 

and f (7c3 N) 

i.e * 	(f5 4-..) 	 "r- 

 

and 	f (Es+ . . 	2. -) 	G 1 	,.a C 	7(.... 	 and i.2.(7,--) :: 4(1) 

\Ye proceed in the same manner and have 1  .()c) I-. 
• (.1 
.(t/i ))  1   2,1  

Therefore ^-1.--,.. (IA, e"c•-) ) "' --\//,-,-. Or-) 	, 	for all 1----t ... Li-A  
(this is trivially true for the case;r`x..:_ o for some ' < z 1,1  . ) 

A(-  By 	 )) 	mewl 	 1--P (  1-1)('IL))) 



suppose 	7: 7b2w,r(I X-) 	 L. (when 1 -1(0) --at, we 
suppose "r;.‹...-, p for all ‘ 	21-14-1 ) then for some t l .> 0 
*- 	= -k) Ct i +. 	( 	4-c,) 
i.e. 	:REt 	 < 	I7C 
and 

 

Again we continue in the same manner and. have 1; Cx..) = i"1.(La 
for all 	I 	. Consequently 	(Y)I-Li(`)) 

for all 	'at-, 41 
• 

(This is trivially true when T' 	 for some I 	.) 

Quite, generally, therefore, for all 	and for all 
(2:7) 
	

4.„ 	) = 	5(.) 

and 	I-, (-\4,6t:)) 	z_ez) 
14,,bc.) is non—docrea,sina as x increases for a fixed 

ta..4 therefore/ 

and. Lt) = c ,C‘6) 

Therefore 
(2.8) 	("t 6t-)) =-• 	bc.) 
and 
(2.9) 	(1-6c-) = /7;(X-") 
and 
(2.10) 	(eY' 6c..)•:t &) 

Similarly .--)4,(1--Cpc.) ) =- 	(%-) 
(2.11) 
and. 
(2.12) 
and 
(2.13) 

*By f(ii t 

^/' (1t76--)) = ')4"bc--) 

NT(')76L) ec--6̀ ) 

and 

and 

we mean /1. -u.;#  10'1 +7( +.10424,4,))) 
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According to Lemma 8; if 1 satisfies A. , 	T tGolt 
measurable transformation of 	COi  i) onto itself. In , ‘ 
this case let CA.., 	 ii)( 

	

denote the partition 	:D1,)i of CO., I) 
If 	• satisfies  3 	, T is a measurable transformation 
of C1) -7 	onto itself, where .:71)  is the set of --x_ .  	, 
such that. 1.-  1 x  :._ 0  for some I. , when •- co) 	e>6 	and 

when .-( -1(p 4 04 	In this case let CL 
denote the partition /(1)...-Pi 	'n of c I) — ? 	• 

Recalling our definition of representation1  7C."-,  144  biz: • 
means x C f (I,)/ I  Z £ -pc3-,7_)  ) - • . 	Tihen• 	satisfies A. 

and x C{YU,,i) -?)x- C `()(3:,7)--.P) „, when --i
)  satisfies 8. 

In either case 7c. ,.- Il i  lit  , . , 	means 

i lk.' T-- Li 
f  1, Cx) ' 11 E- 

THEOREM 8. 

	

If 	satisfies 4 , the representations are valid 

	

for all 	c C 	I) if and only if 
X = -7(  T1  Cx) + 	cx.) 4- • 

for every x / Ca)  . 

	

If 	satisfies 11. , the representations are valid 

	

for all 	Co, i) such that 11c  0 for all I 	if and. 
only if 

for every 

PROOF. 

E 05 I) 	• 
) ) 

    

If -9  satisfies- .A..for all 1/1 
(If 	satisfies B. for all vi , 	 -.1 2 

Therefore 6C) 	Z 	( ')/-/CPC) 	 ) if and. 



, 	for all -ALC 0 

if and only if 	fi 	2t6c")+.. 	=-̀ X- for all it 

belonging to 
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only if the set of points with representation gl il 
is of measure zero, i.e. if and only if representations are 

valid for all 	('O" I, ( all' x. 	1) 

We canassociate
) 
 as indicated above, with any 	for 

which. 	 f(F1 4.- ) 	for all X. p a partition system whose 

representations are evidently valid. 

E.. 	• REPRESENTATION OF PARTITION SYSTEMS. 

In C. we defined a partition system and showed that 

every partition system is point isomorphic with a thick 

subset of the unit interval together with a transformation. 

Corresponding to each of the two isomorphismsi derived from 
the direct ordering and the alterating ordering there are 
two transformations of a thick subset of the unit interval 
onto itself. Each of these transformations were altered on 
a countable set and extented to the whole of Cc,' 	. 
Moreover, these extensions were shown to be representable a 

A -1  ('Pi  7C ) 	and (T-i. 	) where 	and %-1P.L satisfied 

conditions A. and B. respectively. 

b) , since 1)b6c) is non-decreasing. 

SitilarlY pz 	• • ) 	 for all x Co 

if and only if ••_10., (i1 + • 	 for all 'PC /3(4 
By Theorem 8, therefore, and since the re resentations 



ii) 	A partition system D‹ ‘01,6 	) / / 
a thick subSet of unit interval together 

(191,  7C.) and. for every 	eX))where 

4),Ci,i--VA- • •).) 

is isomorphic with 
with a transformation 

is the isomorphism, 

where -() 	is a strictly decre4sing "2.. 
continuous function Vlici 	domain U TV 	-,---- Cc) to D c 61 vi+D ) I 7  ., 	t..)  h 	i 
and range' Coi l 	and f1 

 is a continuous monotone 

extension of 
1 
 to the domain co, b.6.3 and where 
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a partition system are always valid, 

7- •-•,- 4)1 	+- • 

and 
	

fL.0 	' • ) 

Therefore 

for all x £ scz(,>() 

THEOREM 9. 

i) 	hpartition system (X1Vi v,k 1 -11) is isomorphic 

with a Chic{ subset of unit interval together with 101 	1  

(11-1  transformation 	I x.) and for every X £ ?(X) 	, where citi 
is the isomorphism, x..... 4I (-,I -,.. i)16.1.+ •j)

) 
where l i 	is a 

strictly increasing continuous function with domain L)71., /  

-3-1^- [A.,/  lo,,) C. Eini vv.i.t) and range CO)  1) 	
and il 	is the 

continuous monotone extension of 3 	to the domain Lod o.d) 

and where 
7C 	'E t 	- • 

The question arises as 10 whether 	t46.subset of C0 1) 

in Theorem 9 is in fact almost all of CDC) l) • Following 

the Proof of Halmos and Yon-Neumann[2.81, who proved the 

existence of an unmeasurable thick subset of. Co/ I) with 

inner measure zero, invariant under all one-one  measure 
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preserving transformation, we have:n 

THEOTWAI 10. 

If 	7 is a transformation of Co, I) 	onto itself 
there exists a thick unmeasurable subset invariant under 7 
with inner measure zero. 

PROOF. 

The set4. of Borel sets of positive measure may be well 
ordered1so that to each ordinal 	< 	( the first 
uncountable ordinal ) there corresponds a Borel set of 
positive measure 13(s . Let 06c) be the orbit of X_ under 
T . 	t. 	, c4) = • so bc.) 	if 	 OCR) , c(x)f, 06) 

By transfinite induction we 
chosen in 13, 	► is chosen in 
The choice is possible since 13/  
0&,) is countable. 

define etis ilp.i.b3 . —X is 
13 	but not in Obc1 ) 

is an uncountable set and 

If 	X7s, t14  are defined for all 7(  c 	..32 
'X as follows: 

vLL07-6)) (aid LI is countable and we 
/-) 	\ 

") 
So that. 2f..4„ is not in this set. Add 06:2r) 
and choose /j1, so that 1 ), Ry  but 	is 
larger set. 

e define 

may choose "c i,1 3e 
to this set 

not in the 

Points 7CA tit I- are .now defined, for all //t 	It a  
is clear that Obeix ) and (,(t.j(1) are disjoint for all ,l/2 



Define 	4 = u oCze,e ) 
nn  e 

u oc‘j 

A-, FS are disjoint and since A--) 3a  and 3 7 	for 

everYit <52 . A. 	and B 	each have, at least one point 

in common with every Borel set of positive measure. Therefore 

A C  and 2 e.  each contain no Borel set of positive measure. 

Therefore 	4 ti  
and 	4 	)(r 	I 

and 	•-""*- 	44  13 = o 
(,40+X. )/`^* Borel inner and outer measure respectively) 

It is obvious that both 4 and 13 are invariant under T 

Combining theorem .9 and theorem 10 and the method of 

extension adopted in C. and D. we have: 

THEOREM 11. 

Every partition system isomorphic with an unmeasurable 

thick subset of unit interval together with a transformation 

of type (4-IX) can be imbedded in a partition system 

isomorphic with the entire unit interval together with a 

transformation (erx) where / is an extension of 

Every partition system isomorphic with the entire unit 

interval together with a transformation of type CT I NI) 
contains a partition system isomorphic with a thick 

unmeasurable subset of the unit interval together with a 

transformation 	,c) where 	is a restriction of 6 



= 1: 

where s 	 E 
(7,1 	 CLa, 	41;  E %61 

F. 	FULL PARTITION SYSTEMS. 

Evidently to study partition systems is equivalent to 

studying representations, since the correspondence between 

points of the partition system and their representations is 

obviously an isomorphism..  

\\ 	oy 	 \\ j  // 
Let 4: denote the direct ordering and --"c the 

alternating ordering. If 	is a collection of sequences 

i 	3 	01; 4c  of integers we define: Sup 2c1, cll.  - • 	f = 	• 

where 
SQ P 	Ci l 	 g  

SUP IC11 : 	01 2. - 	E 

s  i attlea 

where 

where 

••••• 

I 1, f 	. • . 

f 
C1-2.  I. Ai PI;•• E E 3 

0-1 	5 tin- 	ot 	E (e? 
P 	 E 

(LB. 6Z may appear among the infima and suprema.) 
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If Y is a space of representations and (X c'ei 
is a partition system wheraWis the shift transformation 

and the partition is c_CI \(where t4 :: 1 7c . . X 1 7C = h ) 

c2.•• 	sup licit ett- • • 

with respect to the order < • eit e z. — , 	is said to 

be allowable with respect to 4 	if 

• .4 61 
	• • . e  c g 

for every ti . 	is said to be full with respect to 

-if- X 	contains all allowable sequences. 

We have definitions of allowable and full with respect 

to 	/, if we replace ,4 by 	in the above definitions. 

If I . 	 4- 
is the isomorphism of a full partition system 

)( . into- Co 1j 	and ' X-g Co l] 	corresponds to no 
, 

) 	/ 
member of X under 	, then 

/101,, . 	= sup et, cll.  . . 	‘61  t cll. • ' ) 4 )C- 1  k-)( 

It follows easily from this that Mc_ = b 	or 	for 

some t ,.where -r-  is the extension of the isomorph of T 
to CO 	. consequently 	sends X one-one onto the 

whole unit interval with the exception of a countable set. 

We suppose JC. is full. If 14-1 	the number of 

components of the partition 
?), 

E 0 

generating P‹ ; 
I f 	, 
f 

and v\ 	. (It may happen that V\ r- 

- frotA., G o 	• 

let 
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D.O. 

If TA  is the partition generating 
D( where 

ck eAteti.•- 	c)C. 
and if o < IAA S 	 there is a sequence 	1"-.1: 1 1:; i-+1: 
with 	large enough so that 

% rt.- . 	S, • . Sr el 

and 5; % 	£r  
therefore vi.A 	(by definition of c‘ 	and it. 

If 1 V-% < 	there is a sequence 6 6 r4-1 

with i` large enough so that 

• 	r, 	- ' 

and 	• • 6• • • 
therefore tA.,„ 	b +, 

Inducing the partition structure of )( onto 

where 	is a countable set, and retaining without 
confusion the same notation, we see that : 1--  sends AO  

one—one onto an interval with right end point 	(except 

for a countable set) r.sends 441.1  one—one onto an interval 

with left end point 0 , (except f9r a countable set) and 

.sends 74,.„ ( a 4 	) one—one onto CoJ O 
(except for a countable set). 

Defining 	e) c. 	TX_ for 	V-- 	 is .a 

strictly increasing continuous function sending Co)  

onto ciw  141.-1-()) (except for a countable set). 

A.O. 

Similarly if X is full with respect to the 

alternating order and we induce on [oi l) the partition 



-where 

We consider in this section transformations 

CO t 	onto itself where Ti.. 7  (i-.7c. and 1, 	is either 

a..) an increasing function sending 61/  
I 	or .  GI 	( 

b.) a decreasing function sending ftl)i1111031 onto Cof  
A 4 	and 	1D .-et ?/  

• 

onto C.0)  1) 

where 

of 
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structure of X by the isomorphism derived from the 

alternating order, then 

6(..) 	‘A•N 
is a strictly decreasing continuous 

onto (7-(1) J V1+-17(0):3 (except for 

for X. 4 
function sending Co)  t) 

a countable set.) 

'In either case 

a strictly monotone function 

sending an interval ( (61)  lo] 
(where 	\ and to ct  ), I • ) 

is (except for a countable set) 

(decreasing or increasing) 

or CA)  1) ) onto Co ) 

On the other hand if 	is a strictly nonotono 
C 

function (decreasing or increasing)sending an interval 

( (c003 	or 	).t.p) )onto C6,0 	(where 66:1 	and 
10 -ct ..?( 1 ) and such that__ 

	

X r 	--() (it (x).- -f' (22 cx-) 4-  . )) 
then X 7. iii rz.,. , 1 	' is full. 

The above statements are simple consequences of the 

definition of a full partition system and the continuity of 

G. 	TOPOLOGICAL ThANSITIVITY. 

for every 7(... 

A study of such transformations amounts to a study of 



is measure _preservin 
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full partition systems. 

-T-4  is said to be topologically transitive when the 

smallest invariant set containing an open set is essentailly 

CO) 1) 	for 

a.) 

tz--6‘ 7- \ and 7 

increasing. 

Since T 	C )  Tx..) =jam 	Ercq -rx.) 

7 	
if 76) ED)  T 	0 	#:‘••4 [0/  Tip - I 	otherwise 

To) 	Co, x) 	e'  
Oi  C) to1.04- 0 01 

where g 	[tire) 

If a is rational there exists an interval 1 ;such 

that 1-64-= lies entirely. in 40  or entirely in41  for 

all 	V1 . Therefore the representations are not valid and 

is not topologically transitive. On the other hand 

X. L4 have the same representation then I= C7c)  ) has 

the property that -7'.71.7= I_ or -1"-- I A 1 . = - O for all 141 

and so 0( is rational. Moreover, it is well-known that if 
a is irrational then 71--  is ergodic. 
b.) 	decreasing. 

We can show similarly that I x_71 	- 
and ruprese.tations are valid if and only if -7 is ergodic 
and/or 0( 	is irrational. Consequently 
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THEOREM l2t- 

A full partition system generated by a one-one 
transformation is isomorphic with the unit interval together 
with an ergodic transformation Tx = x+ 1.-,64 where a< 
is irrational;and is isomorphic with the unit interval 
together with an ergodic transformation -Tx.. I*(& 	where 

/S is irrational. 
II. 	= OJ  k 7 	in which case 	is not one-one. 

If -.generates a partition system then by (2.4) and. 
(2.7) of B., 	ri. • 	• 	 implies 

?C- 	--FCC14-  -T) 	+ • .) ) 
N.-) for all w,  L h where 

1.4 	-To", 	. 	-15Cti) 
If 1 is increasing and 1 

1
,c,... 4- 6 for all I 

.......  

n..- c., f'2... . . . 
then for 'infinitely many_ 1 

.--C (f, 4- - 	,-pCf ‘,4-1)) e 
for all .i... < ti 	. For otherwise there exists N) such that 
for all 	there is an Vi .4 14 	and therefore a least 141 .. 11 

with 	,--75Y gv., •f• • . +- --1-CC,-1-1) ) = I 
Consequently 

	-.{) (Er ''. 4 Ta_s+ - 4_ f6.4- I) ) ) - -Tay. 4- - . + 
*.Actually without the assumption of fullness, such a 
partition system is isomorphic with a thick subset of the 
unit interval together. with-TX-7- X-4--41 tA•400 	; and with a 
thick subset of the unit interval -together with TX.-7- 	7""A I. 

and 

-7(4,..if 	1 



• 4- -f 
T is therefore an interval with end points 	Cr,,) 

We have shown that for infinitely many 0 ' 

for 	f < 1'1 	if 	Z 	(ci +- • 4 -r 	)) 
and for all 	.C.• 	I Cv,) 

if 

• 
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for is1.;vA..\ and it follows that wn.1 < j 	in which case 

6v. 	-TO' t. . - 4_ i (g.,,,)) 

has a finite expansion and so Mc= 0 for some i , which 

contradicts our hypothesis. 

ie have therefore infinitely many 	for which 
r- 	.# -? C£,,+-1) 

is defined, and clearly 	f; (7..t,);T: 	(%_.) 

for all ;4 11 

Ifdecreasingand 	F F 
i 	

then 

(c1 	

is  	

c,) _Tc 	--f (27,4' 0)5  (F14-- 430?„)) 

and 	 61 + • 

therefore i. /7‘) 

  

  

  

if =--• + -Tcc,1,-H)) 
LEMMA 9. 

If 	(increasing or decreasing) generates a partition 

system and OC":-0 ) 6) 1 	.( where the domain of ,p is either 
Ca j.6) 	or (q‘j  6] 	) and 7c.._",  t", ii:  • , . 	( Eli< ELJ for 

infinitely many k ) and T ipLt- if3 	for all. I then for 

infinitely many V1 , 	-1-`"_L,-,  .7- Co)  I) . where -r is the 
interval with434oints f Ol t • • + :fa)), 106-,+...+ ,..r Ci- 

Tel  4- I)} 
which contains 2(, . 

PROOF. 
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written 	I' • -for otherwise 	C bp for all v-, 

and -()(5,+ 	If 

If 	is decreasing for infinitely many "a 	I) can be 
VI I -rcLt I) 	Cr. 4

- is increasing we can write for these 

which contradicts the hypothesis. 	Therefore T-141 H Ccs„ 

LEMMA 10. 

If i)  (increasing or decreasing) generates a partition 
system and a = of  7 and IA is open then "1" h U = Coi  1) for 
some. vl 

PROOF. 

For all but a countable number of X- E 	f, an interval 
I 61  with end points 7f, -t • • 4 (0) , -1(r 	-rah+ 0) 
(where 	00j ) is contained in LA 

TitiOREM 13. • 

(i)  — representations are valid if and only if 

PROOF. 

By virtue of Lemma 10 it suffices to show that 
topological transitivity implies the validity of 
representations. 

In fact if the representation of a point x is not 
fv  fa  i f ' • ' 

then 	(A 411dfa 	i 4 

is topologically transitive. 



= V LITV v 

Ei 	1-  "G. 

F= L) 
1-17, o 

Evidently if 

a nd 
r"1-1 

61. 

Let 	7 = poi 	T-1 

then T kA Z. 0 A t., N 7 14‹,#A1  

and therefore either 
ruyPetz. 	

for some r%;; o 	, or. 
T A 7h  y = 17 ' ("z--  /NT' 	12  

for all v\ and all 0-170 	, 
i) If V  is the least integer for which ir 	c 	and 

"` T.= 	then U.' 	' Li 
	„ 

is not the whole space ̀for if it were F1 = L.) 7 N: 
for some sequence of • t/VI 	0 $ 	and therefore 

T' 
	

Co 1) 	u 	11 ; 4'4.1 U T 

which is impossible, since a partition must have at least 

two components. Therefore if 	 "1" 
and 	13 Wy./  , 77 is not topologically 
transitive. On .the Ober hand -1--1 	and 

7' — 	L 
where L is some interval. In 

this case 7'"Ln7"i+6 L 	k-e 7 0 
	

for all m 

This case we consider with; 

ii) When there exists an interval "Z-  such that -1-"^ KT m+12, 

fez' all 11, 	p ir2 	. 

Let IAN be two disjoint open intervals contained in 

If 	
= LA 1—LA 0 



representatioh a 

we say is generated by 

Our next result-is a counter example: 

THEOREM 14. 

• 

6 • 

T 	E T'F;-.F, should -)c E \= 
	

there would 

exist an V. such that 	1'6  Cr /1 1--4  

cs 
Consequently T is not topologically transitive. 

COROLLARY 13.1. 

If 	is ergodic then 

valid. 

If 	satisfies either A. or B. and -rx.., 
? = Ix, ;""ri %...,t, p sou....ei 

when -p satisfies B. a nd —f =06 and 

otherwise, and if for. 	X.._ E.0 all •oi  f j--1)  

3 
. 	,C, r_ .---r Ci I  -i-  1 (£t.+ 

Cg () -- -p 	together with 	is a partition s.4em which 

, 
.There exists a partition system generated ,by function 

f , which is strictly increasing Ci*.continucus :intl. sends 
-1 

i COi 	onto Co, I) , such that lx:.7 (/ 2c, 	s ilot 

ergodic, (hut which is topologically transitive). 
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PROOF. 

We first show there exists a Borel set 13 C. CO/  I) such 
that „A•1% A ) D and .„--4" Tea(' 	0 	for every interval 

, where // is Lebesgue measure, and t 
/ Let (4 be the length of an interval -T- 0:7-..) symmetric 

about .11 ; c:11 the length of each interval 1C 4.) ) I(rt) 
where 1-0-4.) )  n-rt) are symmetric about centres of the 
intervals complementary to TC•ii;) 	; let 0.(2,1 /  be the 
length that each interval    TM,  ))1:(3-1r))  100 / -1- ei) 	where 
IN), 'Nil (_50) /  .1-e8 )  	are symmetric about the centres 
of the intervals complem ntary to 1614.Vr(i) u 	 ; 1 	...) • ' P- l- 
and so on. 

The union of these intervals is a Borelset 136  with 
d o f 	4- 44-  0(2/.  + • • 

We proceed again in the same manner with each of the 
intervals 	(%—ts., replacing Co 1) 	, the proportions, 
instead of Ai e / 	this time being wig t" Pr 

	

r› 	
) 	I) 	z, 1 .  ) "s 

2),...) 11.4 If 14 is odd, the union of the 	intervals of a:,..— 
, / 	.2. 	2. is a Borel set of measure oc, . 1  ( cell  4- 7 a1  4- 4- az_ 4 • • ) 

and consequently the total union taken over all the sub- 
intervals of all intervals ly-±-1— is a Borel set T3 '"  of measure (,,e

6 
 + 24  ,,e  1  4.. 

)(°167 +74 12.  + ' ' 

We
/

label these sub-intervals in an analogous manner by 
) fr17. 
' 	`4^•:- 

measure 

• 
	• 



o 
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Proceeding again as before with proportions 
with sub-intervals of IC ' 

2'‘ 	) —3 	2. I s 

we arrive at a Borel set 	of measure 

/ y),16  4-20e )61062  24k)1 2 	(0e6.3  za ,1  + • 

Inductively we arrive at a sequence of Bevel sets 13 Li  
with 13c k 	and 1,4+  

t.-% ::- (04'4- 2a/li  4- — ) - 	• (w,i-i-H.t. -id"4-1 ..„.,...,1-  

, 	n 'f -  in  Let  
then .,,,,,...i  13 - pi  pl.  • .. , 	where 

Let 	, 1.-. (0161  )L) 4" I 
J

then 

P 

let disi  

and 

and  

then  1 -  

— 	- I +1 	+ • 
• "2- 	3 	'I- 

tilI 
It 

az! 

bet 	ev.  be  tie class of sub-intery ls ) 	.1/1,141,  
-7.2"11 

724.11,4  
Choose an interval Z arbitrarily. If 
and r 	efr 	there is a sub-interval of 
such that -y .7 	and if the length of 	is 

7 say IKE 
--()/ 



6 5 . 

n C  
Therefore Z and 0 	intersect < in sets of positive 
measure and consequently 3 and R c  intersect u-  in sets 
of positive measure. 

By the construction, 	*) 65 	for some :LE ffep 
Therefore f  and 2 C  intersect each interval in sets of 
positive measure. 

Let 1tx. 	ae3L 
then g 	and its complement Q.:3, 032.  ) intersect every 
interval in a set of positive measure. Moreover 

Co/j1...) - 1313 	32. -- /c"' E+) I) - 131- 

966) =,,,i-%.Q')A:)(1(3 1131,)  sends 7"--  u r3„... 	onto almost 
all of 

CDei  l' 

j_._) . 

Let N be the zero subset not in the range of 
and let 004) be the smallest ..I invariant set containing 
IV/  where 	S-x_  _ 

-2,C 14-LOGO--' 

It is well known that 106\J 	is a set of measure zero and 
) 	

iL 

r C°/ i  -I--) --CYN) i s  S 	invariant, and is ontained in 
the range of 	, and/4-1 i/1== 0 where ri = 131  k)132..  - 	-1.1-) 
since 	preserves measure by the isomorpliism theorems. 

If C.71:  = 	and 	C r- 	- 

/ (c.) 	coi 	4 Cifl 	) 
us7i has the same value on 	riL. 	and • I, 	7 

then 

sends C v 
CL 
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one-one onto .1.. a 	sends
\  

C I 	one one onto Crii-i.) 4 1. 	p 
and /5 	sends 	C 2  one-one onto C.1--

4-) 
,I, ) n'---j_ L. 	. 

	

/ 	N 
Define Tx = /6 - , 5 	6c..) 

for "X1 C1  t./ .1..  then 7 sends Ci  onto ci ug and sends 
CI_ onto ( 4)(.  . Moreover if X.)  N g Ci 	and X 4 - 

r-)c. 2-(, and if 7c4 i f",z 	and 2,;.' e... ta, ) T-7c_ ery 	If 
Ec C, i  is measurable 

..---,-4 T E- 7- R.......„.A... 
,,..,.., E and if r".:7-C CI, is measurable 	ye  -._. R_ 	i ..--A-s  

It is easy to extend the definitinn of .-1--  to points of 
co)  I) - CI  (..) Ci, so that the extended T is continuous from 
the left and from the right in each point of [O.5.,.) 	I 0i) 

Let 	e.) -7-' M. 	if 	Z. i Ca)  )4-_-) 

	

7-- I 4--Tz.. 	if 	X- I. Pt)  1) 

-1)67(,):=  1;-1(X) is a strictly increasing continuous 
function (since necessarily rk.) -;:-' "r(p) -_,.. 65 ) and sends 

	

COi 2.) onto Cc) ) 1) and 	M r..... (.1 -k) ti  

If t.1 .. is open and invariant then (A contains the 
. smallest invariant set containing tit 4 Cc, u C..) which is 
C( L) C 	by virtue of .the ergodidity of S7c_:-- _ -2.7c. t.4.41,94J- 

r. 	 L 
on LO j-.) and 0 contains the smallest invariant set ) L. 	 C- containing (11/\ 	0 CL.) 	(which is (..cI_ (..)C1  ) c-  .) for the 
same reason. Theref?re L(-.:- Co, 1) 	and -7 is 
topologically transitive. 	1 Therefore generates a 
partition system. On.theother hand -I-  is not er odic 
since 	Ct  Li C.-2,  is iLvariant and ..,,,A4 L.; CI) •=7„/LA T31 L.)  TS ) 
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CHAPTER 3. FREQUENCY, ERGODICITY, AND INVARIANCE. 

A. 	FREQUENCY. 

If  kl Ea.. • 	is the representation of '7C in a 

partition systemxpnera ted by a function 	satisfying 

A. or B. -?(it 	+- • ,) 	is called the 

expansion of X. . 

It is important to find a measure invariant under 7- 
and equivalent to Lebesgue measure, (if one exists) so that 

the frequency of digits in !it — exyansions may be calculated. 

Let 0""(%) 	be the number of 	S appearing in 
the first 1.0A places of thet 

	
x- —expansion of -CCI=30T)  — . 

..^4 / We define (6"Yx) =-̀16...., 	Y'Lt-2) 	(if it exists) 

asdthe frequency of Ifin  &s the 	—expansion of ,C 

If the representation of 2(.. is *X.."Et £2. . . 

let 	1;...,6,C;I:= I 	if 	to  Lx) =IAA (i.e.elk..61-)=X (%) 

= 0 	otherwise 	 fro' "'I 

then 	
k .n I  

—1̂ , 
7 	I 	if and only if 	T.„ Lx) 1:-.,  1,11 

i
Thereforel 
	ii 7 	, \ 

/ ' \ 
.1-1(2("'') = 16-% 1 f -24.477')c,) 

, 0 
which exists almost everywhere if there exists a finite 
invariant measure ‘1,1 equivalent to Lebesgue measure, by 
virtue of Theorem B. 

and 



almost everywhere, (if,,V4-'2o 
(›t 	

A V fit E, V.% 

68. 

Furthermore if Vh is normalised and 	1 is orgodic 

almost everywhere. 

If 	is topologically transitive (which happens when 

the domain of 	is of the form Co) 	*? I 	when 

is increasing, and when the domain of 	is of the form CO ) 	) 
when 	is decreasing);  

)6v., 

since if we put 

	

E7 , 	
,.... 
t: k 	and 

therefore 	....% F ,, -I 	( e/A1  Lebesgue measure) 

and 	E , NU E 7- (1.L..) r -' 4 
12.:-._ 1  d  = k. 

7his latter set is the set of points which belong to 

infinitely many. 	I -j 0 	. Consequently for almost all 

x t. .-od  I) : 

C`tZ 

C-b T ) 4  o 

The relative frequency of digits Vet to L1 is defined as 

k0 06 
Pt. 

if it exists. 
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By Theorem H 	if W  is a 	0-- finite invariant 

measure equivalent to Lebesgue measure and 	is 

integrable , 	/ 

17- 
'Y—Q.-17c) exists almost 

1=-0 	r-C% 

everywhere, when 	'Yin 	almost everywhere 
Ir. 0 

which happens when the domain of is Co 	or , (c5  
I 

	

Moreover if 	67(,) is 14.1 integrable 

L., 
In the ergodic case, 	6., /e,) is constant almost everywhere 

and therefore 
almost everywhere. 

le1.1 

96  '"()c-) S ')I-64-)01147,1y,„(7,)01 

ERGODICITY. 

We remark that there is no mere generality in assuming.  

Tr  to have domain D1 fri .- I") 	or (vs)  kl 4- 4-] 	I  I-  ? i 1 
than in assuming T to have domain CO)  h) 	or ( c::),, •-*J 

1— ') i . , since the difference is only in the choice of 

alphabet. 

A. Renyi C24 lhas formulated conditions for the 

existence of 	expansions the existence of finite 

measures invariant under 1--"X.- = 



70, 

and equivalent to Lebesgue measure and for the ergodicity 

of 	1,7t. -:. (q -l x:) 	, when li has domain EQ!)9 p '''71 
, — 

wheh 	is increasing and domain (1)  14 12] when q is 

decreasing. His results generalise those of Bissenger 0257 

(who studied the case where - is decreasing ).a nd EverettX 

(who studied the case where 	is increasing ). 

With the exception of a particula r class of 

f tor- )1,/ .cc4 x 	which we will deal with 

later) Renyi considered the ergodic and invariance problems 

only for the cases where 	is an integer op infinity. 

In, these cases he defined 

and imposed the condition: 
	e. 1- 	1) 

C. There exists a content C independent of x, and I-1 
such that 

1.144c, 	1-) 
,o< 	 for all 	kl 

1.-t „ CxJ !-) 
<1-c 

This condition, however, implies the existence of a 

finite invariant measure equivalent to Lebesgue measux:ep 

and the ergodicity of "17-; 	simultan4ously. 

In the following we generalise C, to the case where 

I-  is not necessarily an integer or infinity, and a t the 
same time separate the problem of invariance from that 

of ergodicity. 
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We assume 	to generate a partition process.- 

of X 

with end parts 

CVA 6‘) -I- • • .1- TC Elm ) ) ) 	CE + • • 1- 	E,.."1"-  ) 	has the 
property that T " 	C 	1) 1- 	I C'") 
Let 	be the class of such intervals I Cx..) . Clearly 

generates the class of Borel sets and for all 11,(X) 2 
there is an essentially unique 	7c.  6-8 
(by Theorem R.M.) such that 

for all Borel sets A. 

In the case considered by Renyi we note that 

ci 	A  sPc't  • f cF6-1-  
AA- 

Renyi* s condition C.. ,  therefore a mounts to 

C. 	rid.oc 	Cu-j) 

h(4/4- 	(---)Z 61)1 
Evidently 
	

implies 

ri t4-  e-0,(  "c1) I 

i•-) 

Since 	
Cj;ct.i  6i) 	e"-'c ‘' .̀2c1Y1J ' 

1)- 
We replace this latter condition by a weaker one; 

From Lemma 9, except for a countable set 

for infinitely many 11 the interval 	ex.) 
N 

function 

akA 

C 
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THEOREM 15. 

If
r) - 1 

I x.  ( 	) and 
then 7 is ergodic. 

satis ies 

 

  

PROOF. 

CI  implies for all 
\—, where In CL-• L..)22-' 	( %8 

126%  
is positive almost everywhere. 

For each pC 4 ..1) 	116 for infinitely many 1,1 

If Tz' is invariant and )0 9  then E may be 
covered by a countable union LA of disjoint sets 3116)(:)E 

satisfying 	
Cci0 	t> tel  

Since 	E rlA  Cx-.) 
c5 E.  

(b) 	,/ 

we have 

E 	cx) 

Vt' 

Therefore either 	CD 	or 	E r- 



--/ 
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REMARK  : 	The same method, which imitates Renyies 

use of a Theorem of Knopp C27] p can be used to show 

that 173<17 is ergodic and hence that 	is weakly 
mixing C?:]. 

If we strengthen C, 	but weaken ( , so tht for 
all Z N) and all 14 

LoLLIa) 	(% 	where 1•1() is positive almost everywhere, 

then 

THEOREM 16  

C. , implies the existence of an invariant 
measure equivalent to Lebesgue measure. 

PROOF 

For every Borel 	with 	Pt 

t1- 	 4 
/14 	 /4-•' 

and summing over disjoint d_ k  Cx) for a fixed 1.1 we have 

S14 	) oi.,ti 
and therefore 

and by. Theorem C. there exists a finite invariant measure 
equivalent to Lebesgue measure. 
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C. 	INVARIANCE 

Let T1  be an  function satisfying A. or B. 
The partition f`t j-4.)i of C6)1) 	has the property that 
T 	is one-one on each f(D-,) 	We can write 

	

k t(71,) and use Theorem 2 	It is easily seen 
that for every k 

(x) = 	) 

( see. Theorem 2 for notation. 	As a corollary to 
Theorem 2 we have : 

THEOREM 17 

If '")? is a measure equivalent to Lebesgue 
measure then 

E 
for- all. Lebesgue sets 	if and only if 
( 3.1) 	

1,1( 	671-F-'-‘)') 	") 
o e 	< I 

It is easy to see that 14 .)()7.-.._ \ satisfies (3.1) when 
ftX.) = X.--0()  oC  '.X.<11,g or 	6..) 7. I iroe- X ) a G % < 14W 

i.e. when T;c:: x+e4 mai tor 
	X VA..‘ pail 

In the remainder of this section we find solutions 
of the equation (3.1) for the following four cases 

and 	E. WM, 

c/t-, 



cp4t, 

0 	. K4- 	I•t -I--  01  

.1)C1-1.1+11) 

15,. 

(e)(:) 	i  

PL.4.1 

==. ,C 	for 

f6Z) 	for 

K
mo,
S  

c 

'X- 

Continued fractions. 

  

The representation of real numbers by 	—expansions 

	

'7L-) 	are the continued fraction 
7G4-- I / 

representations previouslz.  studied by P. 14;y [28:1(-P31;0,), 
A. Khintchine C313/[321D3J 	C. RylliWrdzewsky [343/  C353 
E. Marczewski ['?5 	, 	and S. Hartman C353/ b6.3 

. An invariant.measure equivalent to Lebesgue measure is 
yielded by any positive function k satisfying 

pen ( II 	 
X4-61.1-:) (2c -I-  

If 	k 	1  



, 	("c+  6, 4- 1)z i,1•6 

.••••••••••4•0•Of )7C-I--  I-A -I- 1 

G9+ 

E I 
1.1. T.-- 0 (2_C 	 t) 

()c„) 

.•=11 

76. 

Consequently 	E 

is a normalised invariant measure equivalent to Lebesgue 

measure. The ergodicity of 	(..r17c) has been 

proved by various authors and therefore ••,) is ( to 

within a constant factor of multiplication ): the only 
er —finite invariant measure equivalent to Lobe gue 
measure. 

II. 	()ex) -.1 Alternating Continued Fractions 

le consider 	—expansions(where Tex.) = I — 
for 	)C 0 ) 	off real numbers )4._ in the form 

I 

4 4.1— I 
ro- • • • 

where il ex)= c—( 	17cL, 

etc . 

Any .invariant measure equivalent to Lebesgue measure 

will—be yielded by positive solutions of p 

(3.20) 	
16c).::.  

1•1 	) 

1,‘C,L.) _,I Let 	then 



?.., 4- (1,, + 	,1 	i- 	71_,) 
(L-4- 	i+1  )(I  

2„ 	l 4- - • 4-- 

then 

77. 

Jo 
, 

Since o 	
,

pa and 1.6t) < dJ 	for 	0 
sl) E_ 	 is a d- -finite infinite 

F 7C- 
invariant measure equivalent to Lebesgue measure. Moreover 
V is ( to within a constant factor of multiplication ) 

the only er -finite invariant measure equivalent to 
Lebesgue measure and 1467-) "=-- AL 	is an essentially 
unique positive solution of. equation (3.2) as we will 
show by proving that T is ergodic. 

in 
let R., 61,, be the polynomials 

such that I  

+' a-- 

     

-- 	- I 	---- ci  
Suppose 7) Z t...(t+ • • -1-11 -1) 

t 	5, (I 	- - • 
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By the principle of induction 
= 	(14-- • +- R-i) 

for all integers vi 

-()( 	f CE„ 1--)) 	?h,...1 	( E, 	( I 4-  • • # 

P, 	}- 	I 4- • • + r.P4  

("c.) 	T.- 0 	14-•+'?„._ 4.  --pt., (1 
C a,.,4- 

_ a (i 4- . +1).1) --R,(1+..  fowl) 
(I +.. 	.k.- a,._.-1-- a,..,)2- 

7---  cz‘.. C i +- • + P.) — Ri  (1+ • . -1-  Q‘,.) 

0.71_ . • .+. ,c1,.,--)1 

1 4- --1-6Zi-, \ H-  - -I--  C;),.. 	C3,,) 

where 	6c-) is the interval Cf(Ti  + ..+-fa,„)))  frfri.  • + f651.'"9 
Similarly )1(L-?c H,, ex, 0 --- I 4- - -± Q -  __A.... L L..6e) • 

CQ 

There exists z such that I 	 /. • 
i   

is arbitrarily large, for large VI and therefore 	is 
not satisfied. 

Therefore 

and 

CPct-t 

Therefore 	 L, 
TICU'c H4()C1 ) 	

I 	+ 



7 • 

In fact 	0,, 	(t • .4- 
and if 	then 
Suppose, 5 ' • 	7.7-- (cr.- 0 1  

77‘._ 	i 	r- 	j 
i•e. 	„ 	01.  

--) 
flowever 	C' is satisfied since 

since 

(x)  
mt., Ft, 6e., 

+ I) 

(11— .+- 

i.e. h H  bcd 	if 

For each irrational "X_g [0 i) this is so for an 

infinity of VI . 	Therefore 	L tom, 	4-)  

if Xis irrational and GI is 

satisfied i.e. 	
r

is ergodic. 

The alternating fraction expansion has been noted 
previalusly by A Renyi C3717, w4o proved that the 

relative frequency of vi.,, to VI is 

perei 	1)1. 	if 1.4-1 1.-1 .7 

and the relative frequency of 0 to oel for LA..% '? n is  

infinite. These results are obtained by a simple 

application of Theorem Ho. 

et 



/6 —expansions.  

for ,L.e. (1'7 I 
When /4=9/  is an integer 	,4 —expansions are the 

well known ak—adic expansions or " decimal " expansions. 

C38] • 

+ • 	E)) 	CI 4- • 
Ks 

therefore 	Ljx)  I—) .7-- tl(IL  
and tit2:15: and consequently 

is ergodic. 	There is/  therefore, ( to within a constant 
factor of multiplication ) at most one invariant measure 
equivalent, to Lebesgue measure and essentially at most 
one positive solution 14(X) of 

(3.3.) IACx) = 
oex.4.1-1 <1 

We show that 	C-x) r  Li6  

( where T°(I) 
	

C ) 
	
(4) 	) satisfies (3.3). 

In fact, more generally 

THEOREM 17  

If the /t .-expansion of/S, I is - 
7'S f2, SL. 	 c/N.D 

•- 	• 
and ,, P( . is. any. complex . solution of 

This is a Saltus function. For properties see 

rfs-xj / 
1,1 (7c4"^ 

4 	--c: 



PROOF 

6-1 Ii1 -a 

€31 . 

+ 	. 

and 	1,‘ bc) 	 Voe 

then 
	

C3-'C) 
10,1  / .4+  \ 

where 01, L,C) 
= O 

'Let 	(7d.) 
r_. 0 

let 7- 4 

I 	743  
CLi

,.... 000 1  
l..." 1.- b 	r"' 	t•-t r. c) 

if -4.4.7-4C 
otherwise 

C7-64-(1) 
otherwise 

bc-) 

pkto 	
046, 

e)< 

61-) 

C/4.-X3 CI 
	(79 

I:- 
76+ VI 4 1'6) 

and this number is 	4- c T 6.-Ct 

Therefore 	 (-)c) 	6%) 
since • 
and 

k v.-. 0 
	 / 
tn 610 	0 	

'•-• ti.. r- 0 	P‹ w. 

1., 

is. the number of Vi such that 
(i.e. such that 1A. G (3T CI --x  

if '2C., ((L7‘71) 
otherwise. 

(4-)— 40 P</p 	cx) since 

    



then 	
c) 

1/c)4 74-< T"6 ) 

4:›e 
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It is easy to see that 1,167L) 
1/(2  L., 

rAn) 
is bbunded and therefore 

E_ 1.7SF I" c' ,../-11.14,„,is a normalised invariant measure 
equivalent to Lebesgue measure. 

REMARK 	 has a recurrent tail in its (j -expansion 
if and only if -r"..̀ "C I) = 7 ( ) for some k-A-% *1-1 
Consequently 1 CX.) is a step function *filth a. finite 
number of steps if and. only if 	has a recurrent tail, 

If 	has a recurrent tail in its /(i -expansion then 

(e4-1— (fa /117‘4- • •4 1‘,,/1 +-!-00/16-14-,  4 c) for solpe I4-% 4: I.-1 

COROLLARY 17.1  

If o< is any solution of 
( Ea 	• 	 + 	(ge, 	— -1— 

satisfies 

Vie omit the proof as it imitates the proof of 
Theorem 17. 

IV. Alternating 

fe7t-) 	I ) 

3 -expansions  e 
4_ 	I 

) 	- 
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and 	VA t4  ()C-.) 	 and therefore 

1144(-1 N.J") 	, Consequently 	is ergodic. 

1-TT-75T,J;;;)1 

Let 
T"Co )  

14(4 is a Saltus function L 2 ,) and is therefore 
continuous from the right everywhere ;and continuous from 

the left except at points T' Co 
'6°) 	ocTi-b 	1  

for all tom. 	If 	"r `'Co) 
integer*I.,then.there is a least 1/4 t7,6 such that T`Yo)=-0 . 

The only positive ( for which 1-47( =Care multiples 
of ktqconsequently 

1.2.L.‘, 

C. lit r.6 	I 

An invariant measure equivalent to Lebesgue measure 

( if it enists ) is yielded by a positive solution 

1,16K-) of 	, 
(3.4) 	1,, 	

/3 

Real solutions of (3.4) are either non-negative or non- 

positive 	by the ergodicity of-T--, and if we show that 

1"6X) 

	

N:z,1-61e 	(- 

is a solution of (3.4) , it will follow that L160 is 

non-negative since 1,1(0) j C) 	and 1.1‘x) is continuous 

from the right. 

It is clear that LA is bounded and therefore 

if T 'Co) 
for some positive 

Yr, in 6L.),q 
Jo 

will be -( except for a constant factor of multiplication 

the unique invariant measure equivalent to Lebesgue measure 

and V will be normalised. 
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We show more generally 

'T111qi1flEM 18  

 

 

If the alternating -expansion of 	is 

ct4 	- (E,+ I)  4. . 	J 	0 	C/1 D 
and of is any complex solttion of 

(iO 4- I) . 	- 1.1-1) 

and 	I" 6L  
26. 7/7 6•6),,e )  

then a 14i - 	except posh a s at points 1-  Co) ) 
totr-6 

PROOF 

Me note that: 
	

) 	 —r"Co) 
and suppose 	

oe = (re,4 	-  	+ - • 

virik q,(g) ---- 1 	if 	-,c. "?, T. '(5) 
r._ 0 otherwise 

and 	CI -.1- i-i) >, "T' " (0) (-x.) 	I 	if 	1 - 6c  
- 0 otherwise. 04)  _ 

CA —N3 	 l.m 
2- 	14 (1-x4._-____ - c '`.3.1- 27  at 	C,c.) (.• I/ ) 

Oe.. ,.... :-..,, 	/ 

	

Li ......, 	at/ Li . 0 	/5 / of 	6, ,-- g 

w,. : 0  
reS—IL) 

But 	2 	et fr, ..,l)e, ) is the number of vi such that 
ti - es  

1 - *X"f"1 - 77/) ) 	( i.e. such that /3(1 --7- Y0)) -7L P/ 0  ) 
--. 

This number is 	C,„,,., :-- ,..1-,_ - , 
Li 
iD) i  ] if '(_,) 0 (1-7'"2'0)1 L/  A(1 --r ( \ ) 

t rrlA 4-'1  (0) and 	Fl...‘.  4- I 	 otherwise. 
cts--)0 	i 

 c.) 
N  

	

:: 	ti  L. Therefore 	2- 	n , p., 4-  ( - g IA  .1_ ( (7c.- ) ,,.., = v. 	iv 
and at such x. 
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Calc) sAA  

"<- 	hot :7 p 
( el., 4-►6.) 

at, 

1-16K) —cto (x.) 

= 	(.1L) 	 since 

REMARK 	.In the above four cases we were able to 

asstigte 	the validity of representations, since in each 

case T is ergodic and hence topologically transitive. 
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CHAPTER 4 	A - TRANSFORMATIONS 

In this Chapter we_make a. special study of ,A -expansions. 
Me omit the parallel study which could be made of alternating 

/A -expansions. 

Those 	1 which have recurrent tails in their 

/3 -expansions we call 4-numbers and those 76)  1 
which have zero tails in their /g -expansions ( which 
happens when 1-"Yl) T2- 0 	for some 	7 0 	we call 
simple /8 -numbers. 

Renyi has studied the class of simple /S -numbers of 
the form (6"1 = /g` 4-- 	59] . The results in 
Chapter 3. concerning. (3-expansions together with the 
results in this chapter have been submitted for publication (.461 

A. 	/3 -NUMBERS AND THEIR CHARACTERISTIC 

EQUATIONS  

If (Plo/liv.:) 	and (60, III) • • ) 	are finite 
or infinite sequences of non-negative integers with the same 
number of terms , we write 

(C31111) 41) • • • 
	 Ono 'Pi) • 

when 61, < 106 	for the first '1 for which 41.., 
We also write 00,elu 	)0) 	for olo  G I  4 

LEMMA 11 

If /4 = 	. 	where )) ) is a sequence of 

/3 



integers and if (60,1 1)  • • ) 	ie a sequence 
integers with (6,v10,+,)  • • .) 4  kid 
then 

<((16,,, )•••)((&) 	whenever 

' )f 	(ci--) -  • .) 
unless 	rcio+el t 	and the tail of 	coincides 

	

.(1 	( 31- 
( 	ct ,  = C1; 	if 	i t 0 w. oe4 

if 	= 0 w—avick ). 

. 	< (4.2) 

In the 

1ff 4) 
',N= 0 	• 

At- <  

case i'-=-0) 	<.(ci 	 611  <gi.‘„  

	

Therefore (4.2) holds for all Ps-A, 6-1 	where 

	

We suppose . (4.2) holds for all 14111-1 	when 

°)(($) 	a-4-k)0) 

If 	(.6,, • • L+1.11  < 6314,1• • • Cl....4.1% ) either 	104 = q,4,, 	and 
(6.,,• • • b".4..4.) 	Lel.,-; • • • 	( in which case (19,.,4_,, • -. 61.,+1/4)(4 
< 	 c-(„+1„2)(M by hypothesis ) 	or lo,, < 	. 	In 
the latter case , since (Va,+.1) ... 	(016,  . .012.4 ) and again 
by hypothesis we have 

(4.3) 

tit >, , 

with 

PROOF 

We first prove that (12t., • ' ')(") -5  (61..i...)) 
(c 	 by showing 

Nbi) ' • ' 6bN 4- f-)Q3) < ( "1. 	4‘1-+P)(A) 

of 
for all 

q 

whenever 

whenever 

14Cm-negative 
non-negative 



8 • , 

The central inequality in (4.3) holds by virtue of the 
relation 
—4 4- • • .4- 	I 

We note that equality holds throughout (4.3) when and only 
when 

t 	 69,341 .-.1-044-LL)- Cc% 0, 
However this is excluded by the condition (6,, . . < 

	

for all 	v't 

Consequently (4.2) is proved and it follows immediately 
that 

) ((s cc 	((s) 
E21-, 

 

Suppose (L(10‘.. 1 . • .) 	• .) then for some Pi  . 1  10-1•1 ek- 14.1. 0 

( 	• .)‘) 	(6P) cl° 	) Q3 ) 	(c cfr) C'i 	elet0-4) ..)(,) 
and strict equality holds throughout only if 

r.  
41, 	I 	A 1/ 41  -- 

In this case c‘ o 4- clt 4- • • 	4-7 c14, 
71" 	7s 9/ 

whenever 

where = Co  4 C I  
(z 

and consequently (i_o hi' 

whenever 	Ceti, • 
	

) 

f 	0 10•-••• 0 GA CI, 

- 	if 	i 	G. 

)((1)  4 Cc'i —)63) (cLi )(4) 

C C ,•-, • • • ) 

But („,• • • ) e(et,, • • • ) implies either the tail of I 
coincides with 	re,.,k , or 	- .) G  61.,‘,- • ) • 

This completes the proof. 
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THEOREM 19  

	

If 	t and the /& —expansion of 	is 

	

cab 	4-- • 

	

and if Cl•26) iv i) • • .) 	is a sequence of non negative numbers 
whose tail,, in case the (t —expansion of 7S is finite, 
does not coincide with 	C61 ( see Lemma 11 a 
necessary and sufficient condition for the existence of 

with /S —expansion 
1•26 +- 1=1 4 

(1" 
is that 00 h 	<Cci.,- • 	for all et ?/ 

n particular (G,,, • • • ) eCctoi • - • ) for all 1'17,• 

PROOF 

  

If there exists X with 	—expansion 
for every VI 'Pt ) 

12.-H.-1 	e 	 C't 	4- • 
(S 	(3 t- 

Consequently for every lA 1 / 

C.10..„~k-f- , J 	- • ) 	(noi 

L1 4. • • 
73-- 

Let 1.-4. be the first integer'with 	-•# al b then 

and since cl i24.1 4 ah.t.02. 	4 	we have lo„ 	I 

i,e. 



• 300 

By 	Lemma 11 for all 	VI 	t i 	ivii+ 1 . 	4(eio,cI I ,• • .) 
implies 1,,h 	+. 	f clo÷ 	-I- • • 7'- 

0' 	Ks l- 	7 (3  
with A—expansion

) 

In the following Corollaries(eibiei,..) is a sequence of 
non—negative integers with a k 	41 0  >, I for all 14 >r 

It should be noted that under this condition there is a 
unique solution (?, 	I 	of the equation 

+ el ÷ 

and this solution lies between % and Cie, +- 

By Lemma 11 and Theorem 19 we have : 

COROLLARY 19.1 

The unique solution 
x 	46 +T Cli 	• 

 

has for its /6 —expansion 

	

C2 -F- et t 	• 
(1' 

if and only if Cei.,,c(k.,, )- .) 	(' 0, 

and there exists 



We omit the proofs of the following corollaries. 

COROLLARY 19..2 

The unique solution of 
c>t) 

(4.4) X-- 	ol ( where ci 1-1-6 1--1A4442. 	‘14.- r4  
^1` 	 le 4. wi 

has 
att. 

/6  ‘E 

 

for its 	—expansion if and 

   

only if 

(4.5) 
. ' 	4. 	cl 	cl 1- 4-- N Cfra 

( 4;1 	- • 	 • 	14-1-t• (114- 	- 

where 

kut 

COROLLARY 19.3  

The unique solution //`7 I 	of 

7C..k""m.-- (eta 	- 	1) 
0-Z) 

has 
= (3 

for its 	—expansion if and only if (4.5) holds. 

(where 	 ck ,14.12  
•>, 	6) 	< 1A-1. 



• CI 

6A0,  

Ccro, (4.7) 

92. 

COROLLARY 19.4  

The unique 'solution of 

= .clo  + , 4., 	ch.t_ 	has for its A -expansion 
7C- 	7C. " 

610  4-  CI 

(4.6 

(4.6) is equivalent to 

+- ai l., 	if and only if 
TA 4  

• • cl,) > (At) ' 4 - 

. • el..) '7 	•• 

• • • cl) 	( ct,i, 	• 

o 

o) 

If A is a non-simple (1  -number with 	-expansion 

( where al ,L4.4-- 

k lAn 

the equation "Z 	ct 	+ - 
114-t4a 	1.1-1-1ft k,'Lk4-"  • • + 01,,..,) 

is termed the characteristic equation of /43 



O 

• 4-
- 

• 
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Likewise,, if /g is a simple /? —number with 
—expansion 

C16 4- 41 1 	. . 4- cis., 

the equation 
0 

is termed the characteristic equation of/4 . 

LEMMA 12 

If A is a simple Cnon—simplej ,/  —number with 

characteristic equation 
z  ‘q 4- 

thee  conjugates 	. . 

characteristic equation . 

of 	with respect to the 

satisfy 

(4.8) -2.  in+ 	- Ti t)-441::Ii.`", .4T6'4"-̀ (,) =L 	C 

[ = 	" 	T6)124  ":41_ 	. 

PROOF 

This is easily verified by multiplying both sides of 

(4.8) by 	and adding T"'"(1) 	C) 
1—Y1).] 

to both sides. 	This gives the characteristic equation 

of 



1-6) 	• • + T 	) 

+ 17_1 I 
	

I"  
1-z.1 - 	1 -0 

Therefore 

THEOREM 20.  
The conjugates of a' /4  -number with respect 

to its characteristic equation have absolute value less 

than 2 * 

PROOF 
Using the notation employed in Lemma 12 	the 

conjugates of 4 with respect to its characteristic 

equation satisfy 
"z'44^^-1 4  TO) -2"6"-2-4- • • • +"T"`"'16) 

[ 	-2_"-̀  4- 	4-1-4"0.3 

If 	175t ) 1 
,s_ ) 	Teo .1.• 

e 	4. • 

• • 	r"-.16 )1 

i.e. 	Zt."14-7(1 	 - 

i.e. 	-.te Z 

In this respect A -numbers resemble Pisot-Vijayaraghavan 
numbers 	[4173 p.p; 133 - 144 ) 	defined as those algebraic 

integers greater than oft, with conjugates of maximun 

absolute value less than onei 
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If we define analogously the characteristic function 

of a non-4 - number with A -expansion 
1 4-11 .1_ • . 

as 

its solutions must have absolute value greater than one. 
( By the properties of convergence. 

.On the other. hand. there are 	-numbers whose. 
conjugates have absolute value less than one : 

i ) 	The simple (6 -number given by 	(S4- 1 

The conjugate of 	is t-iri 	and 

I 	e.  0 

ii) 	The non-simple /,& -number given by/SL- 
The conjugate of (1 	1 is ZS 
and 	d ‹. 3 —/st":5 	1 # 

2- 

1? 9,  
It can be proved as inA  Theorem 20 that the conjugated-

of the non- lS-number /1 satisfy 

+- "r(I) 4- TYI  4- • 

And consequently 
	e 	( 1 

i.e. 
	

4  
	and 	1 -z. 1 



96. 

DISTRIBUTION OF 	—NUMBERS 

THEOREM 21  

The set of simple /3 —numbers is everywhere 
dense in (t) NC)) 

PROOF 

Every A I has a 	—expansion 

Tb+ 	 where El, 0) 	1-1 T. 4.1 • ' 

and according to Lemma 12 ) 

01 	I 
	

E44-1) . • 	for 	1-A„,, I ) 

-arid therefore 	- • r,-.) 	" 	o) 

> Lp,•• 6) 

Consequently by Corollary, 19.4 there is a, simple 
—number t 6.1) with 	/S(4)—expansion 

6.1 ) 	+- 
716-i) 	7S6^)" 

It suffices therefore to show that IN" (('-') =12 /36-1) 
is non—decreasing as 1,1 increases for otherwise 

/V"'") <yset-1) e co+ —L.( 	• + F.- 1 A 

Suppose there exists k with/Se•-,) 4 1.<4( for all v't 

then 661) ) -t-J 4. . 	f'~ for all H 	and therefore 
k' " 

K 	/4,6-,) 	r„ 4.- 	. )  
-$ 

This contradiction shows that I'- /11%) r. 	and this 
%—).o 

completes the proof. 



since (4.10) 
wee 

6._4+011,0) 
(s6., 
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THE NORMALISING FUNCTION 
....port 

The 	frequency of each digit exists and is the same for,  

almost all X and is expressed by the function Fe")  s 

(4.9) 06-,  ) = -.%) C.t.1" ) 14.-t-1  ) (N 

:_ "V [.541 ) l 	if 	lA 1:-. C/1 ] 
P 

where 1) t= htst.,q0174/1:7 $) 	and P1) is the normalising 

Sp y  factor oci 	ot.,4  

We note the following formulae 

- C- f I 	

c'k 

	

0 	VI  

	

f l 	CIL, C,X) 44C 

	

Had(1''' 0 	, 

(where cl ex.) = I if 	7c,_ CT '-'6) 

0  otherwise ) 

if 	< C/1] 

for all PC,/ CY 

We have therefore 	17-(1.1 )= t l  cot Atl 

Glt.,41 	r-- 0) ‹. 	 A6- 

and consequently 

(4.11) 	j"."--' 	F  
pp oO- 



LEMMA 13 

If the of -expansion of e< is 

	

OC t: cke, *el % 	• 

and the A -Lexpansion of 7S is 

e- 	+ 

then 	c' 	if and only if &t ad  el • • .) 	6di 61) 

PROOF 
Suppose on the contrary a< e 	and (eta  et,. • .) > (I, 0  tow  -) 

( The case of equality is trivially dismissed .) 

If h is the first integer with cs> 6, 

6,4- 64," 4_, . 	4 to„4-1 	< 61-6 	, 
(S 	 (‘. 

therefore 

/S 	6, 4- 6v 4- • . 	G 	cl 	. • C 01 6 .6 	t  
- 	 ;74 

This contradiction completes the proof. 

LEMMA 14 
If the A -expansion of (f 	is 

7• 1;4- 1-• • • 4. 
3* 	l" 

for every 4-  there exists fi< 7: ye CI-) with 	7( -expansion 

(4.12) 6:4-1 )1,-( 	 (where ois ,„, 4. &  tt le  for 0 S S' 
c) .5 4- 4, 

ex, 
and. 	cis.„44,„ 	r,_,- I for c 	5 	r- 

and 	0( (r) t 15 	as I*--) at) 
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• ' 6.-1) 0/ . 
PROOF 

 

Therefore / 
61°)  " 616N-011  - • 	' 

where the GI. S are defined in (4.4) 

By Corollary 	19.4 there exists c(!zo/(-) with 
a -expansion (4.12). Evidently 

0.( T.:1m 

— 

According to Lemma .13 . 0( 6-) is non-decreasing as t. 
increases. 	Let 	r. SI? p of Li-) 

),- 	( 10 + SI_ * . .÷ f,..‘ - 1 

i.e. 	= f + £, 4-  .. 4- 

and therefore 

then 

4.1,) 



QL--+ t 	 kwhere 	 i._ 	(;) ) 

OC 	771- 
2-f + • • • 	EL+ 	k 
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THEOREM 22  

 

If 	is a simple 
-expansion 

-number with 

then 

56 4- 	F, 
A 	/s" 

() 	Lidt"' 
\(s,   

PROOF --....  
If of =0.4*-) .,),' 4(d ( v( 6--) 	defined in (40.2) 1  1 
will have in its 

initial digits as 404:65) 

Therefore 

(56-hlt 	• 	4- 

'r,  
for 
-expansion the same 

all 	s, T- 

4-  ( 5°  
.60 1.6, 

 + i) k 
.( By:, Lemma 14. , 

64 • 

I  

C  Cr=f-i)u, 	. 

It suffices to show * 

F Ca``) 	( Co 4- - • 	,67+ 

77-70577- 

In what follows the dependence of p( on 	should be 
noted.

r denptes (0 x, . •  



and 

..1"f•-vi 

F(p<rv-) 

F(0e6-)) i•e• I I i:•-• 

Therefore 

Z0 • 

a  4- E t 	, 4. 	) 
e,e 	0.1 

X 16—) v•- (VI 4' I) to 

+ 2",,- I 	fe 	- 
k 

cie 	 P.  (Deci-)) 

Since 	17-7(c46-)) 

Ckf 16 4".  " 	-0 

we have 

At--Doo 
111"-t 	(1 	— I f 	 rot-S1 	. 

0.< 

( 1.°+- 	+ • 
/1"-1  

and it 	X.-16—) 	Co + • • 	(C, 



1 then Ii 
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THEOREM 23 

and if is not a simple /..,S —number ,  

11L-. 	574) zrA 
.r1\  

PROOF 
in either case suppose that 11"-A 4  g and. let vt =6-4) be 

the number of initial consecutive digits common to both the 
r..--expansion of r and the r2 —expansion of 	. By 

1.14,;uana, 13 it is easy tp see that 	14  CS ) = 4).6 
g Jo 

1-72(6) 	c4- 	+ 1-1 	+ c), 
7ts 

r--(k) 7- To 4- 2 f t_ -1- 	4- 1•1 4_ where 2 ;..O  

--i 1,
3—ft-)"' •• 

4 k 	— 	• +-1-- )) 

(56 + -2.1. te, + 

	

4 i41 	4- (5), +- 

K 
	 where 	L4-1 L-(3 d  

Therefore 
	
17:4) F ) if ("S is nota simple 

-numberand I k^ rz4) 	EcA 	
for 

 rto 

where 	 „ 
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THEOREM 24  

1 It, 	4,0 
)/ 4/ I 

PROOF 
Let us write /g 7561) for the positive solution of 

T..- I 4- V,2 L., 

then 7C1-1) decreases as t increases and Iv— (361) I= I 
k-40c 

For if 

71(k) .73 	; (C6,+- 	I 4- 1- 	< 	I 	) 7364-14- 	(L6,)" 

And if A6,) 1"‹ ) for all t't 

6-) 
I 

  

   

Therefore , by virtlite of the continuity from the right 

of FO) at points 	it suffices to show that 

oC) 
t-N —)44z, 

FON) "."-- 	2.±_1-9-  we show that tl t". 
4(-1)"+1 	 (1•A) " 

Suppose 	< \"‹ for infinitely many VI then (3(") 
46-,)" 



10,1. 

for infinitely many 	V.1 . 	But 

taw, 	14-_1_ 2 k/S6")14  
736") ) 

converges to .e." 	since 

by virtue of the relation /(t.%)"  

Therefore there exists arbitrarily large V1 	with 

and yet kL.u., Kg CL. 

This contradiction establishes the Theorem. 
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CHAPTER 5 	-NUMBIRS AND MATRICES. 

Throughput this Chapter 	is assumed. to' be a 

-number i.e. /g 	and satisfies an equation 
of . the form 
(5.1) m.. 

( 	( F0  f>"-}- 	(&I"  — 	/"'"4. 

ci- 	c)  

. Let Vt be the least 	so that 	appears 
among CD,T(I))  . .-T!'a(1) 	and. let -t. . 	" 	be the 
lenghts of 04- I 	disjoint consecutive intervals 

• "r1. L., 	with 	end. points of  0.'())  . . 	"6 ) 

Write 	--ty2 	VI  tt 4. r•-k  
in•ter# and 

) are 	7C1,L+ 

Lx_ 

where ti v.2.  is a non-negative 
If the end points of =i..c  

) then 

>c_ 	V) 
) rs) 

1.7  

7C_ < Ve4 I 

  

 

maps each of C,cit)  

.one-one onto 	Co., t) 	and. maps D-C.,,t+ 	,c.ti.4:t) 	one-one 
onto 	S.t1 	 if (1-r-Lx-4_) < 1 6 

C 11.4t)  

[OT-(x 44 n U E-F6, , 1) 
otherwise. 



' 	$1.0 1,1 

10, 
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In any case 2C 
• lz 

is composed of 012:  'diSjoint, 

and a further 

The first N 

and' the last 

consecutive intervals of length 

interval of length less then J1-4 • 

intervals are mapped one-one onto C i) 

interval is mapped one--one into Coy l) 

7" 	4 ive characterise this behaviour of 	by matrix  

in the following way 

Degine 	C = 
if 

otherwise, 
	2.1111 

( N.B. 	S is composed of intervals from 

and define 

 

be a step function the brIscilTlf whose 

steps are the intervals 	' and the heights of, whose 
steps on the intervals '1,. are 	k. 

) 

Let 1,1,(x.) 
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If 7c irk 	of the po :its in T-!C,L) are in -Lo 

r W. of the points in "1—‘6c.) are in 71:$1  

Therefore if 

(5.2) 
(01.2 1,16+ • • •+ ln C1 /4 ) 

r...!  0 

Let us denote the operator on functions 

by 	, 

There is a one-one corresspondence between the step functions 

(described above and the vectors 	11d 	in u1-.+1 
) 

( the space of vectors 	0 	) 	and front'k5°2)  if 

L. 	

corresponds to ..,(x) then 41 ( t1- corresponds to 

THEOREM:. 25 

The set of step functions whose stopti wirest on 

together with the operator 	is isomorphic with 

togethqr with the matrix A 

    

Cis -x"3 

wit Q  

h 

With the natural interpretation of the word isomorphism" , 
we have : 



10H. 

By Corollary 17.1 all solutions of the characteristic 

equation of 	, are eigen values of 14 and therefore 

eigen values of A 	This is some justification for 

using the term 	characteristic equation ° 

It followS from Theorem 25 

• THEOREM 26  

)? is in invariant measure equivalent to 

Lebesgue measure if and only if 
where 	kCx.) 
	

a step function 

E 
with values 	on 1... and 

We have therefore a simple method of evaluating 

invariant measures for the case of. 	—numbers. 
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