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ABSTRACT

A space )< of sequences %, %, X' ' of "letters?
chosen randomly from a finite "alphabet" together with a
probability derived from a probability functi#n on events
VXX, %X 2X  xF ﬁ?onstltutes the type of measure space
studied in informatlon theury.

This thesis investigates such measure spaces when |
sequences with the same "history" are identified, when the

'1etters are not necessarily chosen randomly and when the

| a.lphabet is at most countably infinite.

Each space of this type ¢ i.e. each 'partit‘ion system )
is shown in CE\~2 to be a thick subset of a partiiion
system isomorphic with the unit interval together with a

_transformation T where Toc = H";L) andf can be chosen

either as a strictly increasing continuous function in its
domain with range [o‘, 0 or as a strictly decreasing continuous
function in its domain with range ij \) . _i:ioreo_v_gr,if '

Y= K2 oo then the isomorph pf ?cjis (?lcoq.-—g(m-!-..))’
where P is the monotonic extension' of \Q +. These
expansions include the —expansions studied by A, Renyi
and this latter claés, examples of which are continued
ffactions and "decimals" , are characterised in terms of the
behaviour of sequences under the shift transformation. These
expansions are "valid" if and only if To-= }(‘f"ar,) is
topologically transitive, ( but not necessarily ergodiec ) .

In CQ\ 3 four examples of f-expan‘slons are considered.
In each case l is ergodic , in fact weakly mixing, and the
invariant measures are yielded by the solutions of a cer'ba,ln
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functional equation. | Most of this work is well known )
The frequency of digits in ‘g -expansions can therefore be
calculated.

Finally in th.4 and k. s ﬂ —-expansions { or generalised -
decimals ) are studied more closely. Those /é wvhich have a
recurrent tails in their & -expansions yield invariant
measures of a particularly simple character. Such

/% -transformations can be characterised by a matrix and the
invariant measures equivalent to Lebesgue measure are
integrals of step functions , obtained from eigen vectors of
this matrix with value /O .
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"CHAPTER O PRELIMINARIES

A, MEASURE THEQRY

—

The elements of Measure Theory assumed in. this thesis
are to be found in [1 7.,

<)<,0(,'h) is a measure space means i . _

i) K is a ¢ -algebra  of subsets of )< iee. & is closed -
under differences and countable unions and-x is an element
of &£ . |

ii) Wmis a meas‘ure functioln i.€6¢ W1is g non-—nega,tiire function
with domain X and w\¢=0 and if '{(4,‘1 < ( AoaB. = Q/
‘when wa#v )  then  w L)A‘_\ =T oAy .

A

iii) W is & -—finite iees there exists {ﬂ, zc_ﬁ( with
By, €20 and D A =X .

| (X/o(/ w\) 'is said to be a ( finite ) normalised
~ measure space and W a ( finite) normalised measure

function when ( w\)( oo )X =1\ ., Evidently a
finite measure spa._cev is normalised when the values of the

‘measure function are divided by wmX . A normaliedd
" measure ( space ) function is sometimes called a
~ probability ( space ) function.

1f (X,o( is a measure space and A’ZO( A is said to
be an atom when A > 3 C A implies either (3 "A;é
or w({A(— E\ T ¢ « An algebra with ( without ) atoms is
said to be atomic ( non-stomic ) . A measure ( function )




space  whose algebra ( dompin ) is ptomic is snid to bo.
atomic, ' R

If Yy W\‘) is a measure spnca i;lmro is an aseocigted
. metric space (o( d\\ where @ l—) v E_\' v F- E)
- (El F ¢ 0() and (2</,{ wx) is said bo ne ‘se;mrnble :‘iff'
ihe associated metric space d\ is qepora,ole. :

1f all subsets Of sets of measure zoro are measurcble

" { isc. belong to X ) the measure spacc,measure furction

- and alyebra are said to be complete., Ir CX/P(, ""‘) §

. is a measure space and ' is the set of all b\'_:— N U 'N—E)
where Lio( Nc Mo, “‘"Hlﬁ A S
I(r Nut\l F'):ME/
then (‘x ,,(/ ’) is a completc measure space -~ the conplebion

of (X X, .,..\)

A real valued function \ﬁ with (lomﬁ,lll X is sa:d to be
'Borel { Lebesnue }  measurpble 1if "g E £A& for all Horal e
~ {Lebespue € 7 on the real line. A {ransformation T o X
" onto itsclf is seid to be monsurable = if TE, T'E £

~for all Eex. ' ' '

If Y are two measure functions wiih the same domgin g .
is said to be absolutely continuous with re.,;mét to v
( <<y ) if B (O whenover v E= ., Vo
are said to be equivalent/ﬁ 1f/—\ <<V  and ~ <</*—\ ‘o
M,V are said to be mutually .s:l.mrulnr ' '/‘,\_J. ~ ) if

ithere is !Sﬁh‘n-inlth/mA- VA= » < AC':X-A\
. vis the Cmnp,lar‘?emjg of A . ‘




B. ' ERGODIC THEORY

A measurable transformation | of Q(/o(, w) onto itself

is said to be non-sinpular if ~\H% = O gna MTf"-AV-—' O
when ~Hh =0 I

If |is e non-singular measurable transformation Qf @/4, m)-
onto itself a set V-}s;o( is said to be a wandering set of
positive measure  if w A S © and T A AT™H ’;;4{
for non-negative oA, M Evidently if A isa
wendering set of positive measure 1 A ATMA‘Q/for all
integers W, v tw , for it suffices {o note that ifw 3z O and
R70, T4 AT H2) c T"AAT A C'r%pf)

' = T(AnT"A)

-
hat *

- : -' "
A measure function w is invariant when w~E:wmlEfor

" ‘all measurable E . A measurable transformation is ergodigc

" means that invariant sets ( i.e. sets A such that #=T"A )
or their complements have measure zero. The orbit of g set [T
under T is the -smallest invariant set 0[15) contai,invinggE: .

[ dE) :&%oT \(“L\)Zo TWE) )  If ~r_j.s'non---s:i.ngulla,:r DCE) has
measure zero when E has measure zero., The orbit of a
“point X is the orbit of the one point set {7:.2 and is a

countable set., Moreover, O(3%) '—’OC?S ity g 0(:4) and

Gy 000y = @iz y { OGe) .

C. . ' HILBERT AND BANACH SPACES

, The elements of Hilbert and Banach 8pace Theory‘ are
to be found in Cz'{ . ’
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b.)

c.)

T

4.

A Hilbert space P is & set of elements satisfying

is @ linear space i.e., multiplication of

‘elements by complex scalars and addition of elements

are defined and is closed under these operations.
ﬂ:F is a metric space whose metric is derived from

a scalar product i.e. to every pair 9 s<H there

is associated a number (-?, 3 -~  the scalar product of*f

and ? and @ ) satisfies 1 N

Q?x = ) for every scalar & .

n) QM, h) z Qe, \q) ~@.\)

iii) (P, ’@

i¥) )70 tor vHo and (§f) = o tor ~(> o

The norm of -0 is defined as - = Y ~(’) =

and the distance between -f is defined as \\-—F < W
D\’_ is complete in the sense that every Kauchy

sequence converges to an element in $t .

A Banach spa,ce(ﬁ is a set of elements satisfying

conditions a.) and ¢,) of the definition of Hilbert
 space and instead of b.) satisfies :

b!)

itself obgys TG(Q-\—/B%)

There is associated with every element -Foféj a
non-—negatlve number \( - the norm of , such that

It +g 0 <H H%l\\o \q\\{ larCa scaarﬁ

and \\*Q \= O if and only 1f =)

A linear transformation | of a Banach space Z% ‘into

TP 43T (3 Scalag, {92

)

and is said to be bounded if ‘T\\ o9 where \\‘\‘\\ =Sy \T-j H

1w I\ is the norm of T Pf \\-{’.\\
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/8.
If | is a bounded linear transformation of a Hilbert
spaceﬂ%here is a unique bounded linear transformation "T'"

such that Cr{)) \ @) T#'

for every . ‘H' y whlch is called the adjoint of | .
Moreover \\T \\ - T\\ .

Il is a bounded linear 'bransforma.tlon of a Ba,na.ch

space 8 and | - ( D
where o %v() 3 @ and/"\ is a complex scalar , "( is said to
"~ be an eigen vector of | with eigen value s

The resolvent set of ~ | is the set of all compléx v
_ -1
scalars . for whichcr"/m"f) exists and is bounded.
The complement of the resolvent set in the complex plame is

H‘e spectrum of T. The radius of the smallest closed
disc with cenyre +the origen , which contains all the

spectrum is called the spectral radius .

Imitating the definition of +the radius of convergence
of a sequence of complex numbers we define the radius of
convergence R of a sequence fﬁ»ug in a Banach space as
- the least upper bound of \/j\taken over all those /S (complex)
 such that Ao+ R Vel Azﬂ 4. converges. Similarly the
Césaro radius of convergencep of Zﬁ- § is the least upper
‘bound of \/L taken over all those /$ (complex) such 'hhe,‘b

\ V‘" '

' converges,
A
= w r(s , ‘

. Ve note that A’ "'A(A’&’ convergeé for all \0\ P
and .L? Ilrr(g Cenverges Tor all \[? < Q ~

":o
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CHAPTER 1 INTRODUCTION

| - This chapter is devoted to the exposition of basic
measure and ergodic theorems and the proofs of some elementa'ﬁy
consequences of these theorems,

Ae _ ‘ ‘ ABSOLUTI: CONTINUITY AND SINGULARITY

oot

* THEOREM . R.N. ( Radon - leodym ) [i.7j]
1£ __~, ¥ are two measure functlons (d’-—flnlte )

| _“wrth the same domain v( and ~ <€\7there exlsts a finite
" valued mea,suta.ble (o) func‘bion ‘F such that

- (1.1) /M E = S _?{,:_) 9{\9 - , for eirery' =P
The functlon "? is unique in ‘bhe sense. that it
, N Sr‘ % é::.) Av ' o ' for every . Cia(
then { % f\,t ice. V() Cﬂ excep‘b on a set of v measure zero)

Any one of the functions def:med by (1.1) is called o
derivutlw of _u with reSpect oV and wmtten flﬁ:,.. x

THEOREM . L [ 1.7] - -
If _+, ¥ are two measure functions

( o= ~finite ) with the same doma.inx, there exists two
uniquely determined measure functions _~, , ~< such thet

(1.,_2)/'{ E A A and/vt'<<')’zmd /H.,_J_v .

The decomposition (1.2) is called the Lebesgue decbmpo-
s8ition,
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B, MEASURABLE TRANSFORMATIONS -
LEMMA 1

If v,V are non-trvial (i.e. not identically
zZero ‘) measure functions wuth the same domain & and T‘ is
a measurable (y() an’dv non-singular ;“‘) trensfermation and -1V ,
there exist \ invariant sets W, 13 with AUTR = X ( the
whole space ) and HraB = Ié such tha.t/m\‘\=0 end v 3= 0O,

PROOF .

By the definition of singularity there exist two disjoint
sets C/I‘ 2,0/ such that Eoe =X a.nd/—»E © and VI =0 .
o Let - OCE\ and R=K~" , then A =0 and since F2AS=Q
i "\? % = 0 , » A— T-S are obviously—r’ invariant.

- LEMMA 2 _ L o :
' Let (X,"\,/M) be a non-trivial complete measure
space and measurable non-singular (/u) transformation and ~
a non-trivial measure function with domain A . If/Q,L_'\/
- there are wandering sets of positive measure. ' ‘

~ PROOF® | |
Let A‘,E be an invariant decomposition of X with
=0 ‘and’ ~R=0. Every subset of Ibr belongs to

' . Let \/ be a selection ( admisseble by the Axiom of
Choice ) of points , one from each of the distinct orbits of
points in A . Obviously T \VaT"V= gé £ wntl
‘Moreover OW) = A . Should WV= we would have
vA— = O and ¥V would be trivial, Therefore \/ is a
wandering s¥@) of positive measures. ‘
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THEOREM 1 .

- If Q{, //..) is a complete non—trlvia.l

mea:ure space and | is a preserving and/-" ergodlc
transformation and 11‘ Y is a measure funct:.on with domaln &
“invariant under "\ and admitting no wanderzng ‘sets of posfuve v
“measure ( in fact, if the s:.ngula,r par’b of V admits no
wandering sets of positive measure ) then v \»L/L. for some
finite scalar R . | |

PROOF |
By Theorem L. there exist two measure functions Ve Y
with domain (. such that ™ = \),-\—‘)—,_ and "V, e
and v L A . If there are no wandering sets of positive
v, measure ( which happens in particular when there are no
wvandering sets of posl‘biVe ~ measure ) by Lemma 2
: Vw = ©  and therefore ~ <M,
By Theorem R.N. there exists a non-negati%}e finite
valued function VF ‘such that for all € £«

v E }’:S ..() 0’\/..‘

. ’ il |
and since v TflE— - (S\'\""lE— ‘R ‘i/h = SE ‘P(ﬂLy"l\,/"" ’
and ¥ E = TE

we have again by Theprem R.N. ~P(,,_) f("";‘:) C~]

By altering the values of on a set of 4 measure zero we '

can write VE = SE_" L\(.,Q 4/‘_4 - forell E g X

wheie“«,bu} = L{:rn,) everywhere and L. is finite valued.



16

Let S ,32 \\(n)cqg . For all 3¢, u@w‘

if and only if \«\(T»Q < & ’ consequently TS = Se ’
‘and by the ~ ergodicity of V. , ~ Sa or_m(X-= Sc,) O.
- S‘_ ? © - for some rational number ¥~ , otherwise L,

would not be finite valued. Let S = sepfry~Sr=olthen
- < - | : |
Py (X : Si’w o for > S a.nd/v\ S =0 for & ;./ -

’ra,tional.' X - g - gx, L\Cn_) ?

and x S D X- S if \- < v
'bherefore ' -
S % \-\(x) > S? >_s (X -S )
_ - m—"u\.»vQ :
and /"“‘ g p o L\Cn) > S 75 o
Moreov.ve:r 7% W) < SK }é)g S.
- reckione

oi’r

'Consequently L»C"*CJ Y
and

therefore /M Evc ‘. Léc S’;i
J

,5 LC—,L)/LM = ",‘"

m

Con‘balned in the statement and proof of Theorem 1 is
the following corollary .

COROLLARY 1.1

, e\ is ™ ergodid and vV  are invariant
under | and ~ <</L¢‘ then V/ = \Q/L_, for ste ‘finite scalar 12,
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We consider in this thesis transformations which are
not necessarily one - one. For the one-one case, however, it
is well known (3 ] that +the existence of a finite or \
O ~finite invariant measure ~ equivalent %o a given measure s “
depends on the existence of a solution of a functional equation.
e concern ourselves in the next theorem with an analégous
functional»equation, for the least complicated of many -one
_transformations, | o
If_r is a one-one measurable hon—singular transformétion
of C&,K,/Jw,/;réeéiA;E » consequently by Theormm R.N, ﬁgﬁzf
_éXists a finitg valued pon—negatifg measurable functiqn%such
that ATTE=l wad A ises AT L ww) |
[ ' ‘ ,0’\/" '

The measures ~ invargdnt under | and equivalent to

are given by v E ;‘SC hix) d v

where \« satisfies

o< \-\(m,} - \4 @:c) .QD () Ca)

THEOREM 2. : o v

- | Let T be a non-singular measurable ‘transi’brmation
of (X ,°(/ \M\ onto itself such that X = _OX“/(X,\I\XM}‘-¢; Wi ""‘)
vhere % X_&are measurable and "1 sends e“a.nch)(l;one-pne on‘_bd. '

TR, .y | '
VE"'S}-_— Ledd~ =V TR for all = su

if and only if

o |
\f\ LvL\ - § \/\ (T\..‘ 7L‘B Q\—\ (7C) C/M j
w=o
where T,_ () is the unique pointy ¢ X_with TZ) =X if it exists
and LW, (x) = D otherwise and @k(x)fﬁ_{»-:ﬂ { i.e./;ru E T T'EnX.,
' ‘ A a1l © £ o ,)
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. PRO0P

For any pair of measurable sets Ev =

EATE D fo xs B % TLa)EFY e
bt df ¢ ¢ TF and T 60 § ¥ we have 1 6N =
. Consequently T (EATF) = T, fx it ES 692 FY

and /‘.\@ e /\F) /A—\Q‘“(‘ /\xhn\‘)
= ATT(EATEINRL 7T (E/\TF\
BN A (' ~s E =\—~\-f") "'-‘—VS

ie S_%;E”xp\ngajﬂ ’SEPX (xﬂ aj/:\‘

For simple functions ( i.e. finite linear combin-
ations of characteristic functions ) é? therefore ,
we have -

_(1f3) \S\ Fbu\d/.,. S’ _P@;cx)),j/ﬂ\

By an elementary cont1nu1ty arguement it  follows that
(1le3.) -holds for all non-negative mecasurable functions f
and therefore

| (1.4} . ‘§ S__ chmﬂ j (E T cx))éf- |
i — JE <\§°\AT_\4,L) q;zﬂ)"{/‘-

If YE=VT'E for all S_O< and

.-L?s)r, 5 W) ol i then DT™E = <T C,\XB
g_r E\’\éx—f)ﬁl/"' 5 ( i L\ T, () &2 C?L))ﬂ"/‘-v
s gE = L@Qd,u s ( by(1.4) )

\—-

\?\.(’L\ - S‘ \,\—ECJL—X.&D‘_‘f"L’),. C/Aj

i.€.
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On the other hand if \,\&) - %Q \_’\T.,(m_) to ) Q—\j

end VE = S¢ LG b for all B i

then VE = SE ( :{: LTS 60) Q“C;L)) A ‘
— e | " | ( by (1.4) )
‘ - Z ' ST‘E'L‘L’“)‘A/"" ‘ v y ‘
. ol u».av b
- 57 V@HE) - ’\)TP\ E

It is quite clear that in case T is one-one the
above theorem reduces to the remark préceding it.

Co HILBERT AND BANACH SPACES

The following theorem implies and is a consequence
of Theorem B.N. (1.7 po 178 Bx. 3. [2],(5 )

THEOREM R. ( The Riesz representation theorem,)

If A is a continuous positive linear

functional on L."'{/a) wvhere ~ is a finite measure ,

4

then there exists d L L?‘ f/"‘) - depending only 'om}\
such that f\ve = 5'()"3 A ~ for all .,% < LL,
Moreover, is unique in the sense that if

| /\v{—,g L, 4 2ox 8.11'_% s L*  then % ;L\ E/{)

The following two theorems are statements about.
" the spectral properties of a bounded linear operator and
the iterates of that operator.
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THEOREM 3, L
"~ Let P be a boundea linear. transfoimation of a
Banach space 63 and denote the radlus ‘of cunvergence

61‘ {\0«"‘1 by (2 , the Cesaro radlus _of convergence
of 1 A‘”‘{"by R‘/ » ‘thé least upper bound of ‘the radii
of convergence of $A {3 taken aVe"' all J{ 8 by RY, ena |

. ) the spcc‘bral radlus of Wby S s ‘then Q R’ {2” \/S '

PROOF :
We note f:.rstly tha‘b 1f{M§1s 8 sequence in a Bana,ch
space and Uy M:H is bounded then ? V\M/V‘

- converges for \ i<\ . (4])p. 368 Ex.14, = It follows
easily, that the radius of convergence of a sequence

ZV\V”?S is the same as the Césaro radius of convergence

of i V\f&,

If S is the sTectral rad:us of A

\A—-)ob \ pr/s - = E’?. ] .
and therefore . \\ 6/,,(‘)""‘ \\'\” = 5\;‘“ \< <\ for all.
sufficiently 1arge wy . Consequently Z‘_ \\ ('44( w\\
converges and - &/o() is bounded and
| _,_ i (lbr/o()““ ’ 1s bounded 2 -53)

Therefore g @— and A— """-a(_)_ - comverges
for lﬂ\? \d\> | e ﬁw | (:.

@/,(\M'ﬁ converges for all —Pi Zﬁ

> A'/o/ . converges. It remalns/therefore/to
show that Z‘@/Y‘“ does not converge for |\ << .

@'/ ~ converges there is a constant C

- such 'I:.ho.t 1 Z @ ) \ < C forall La, A

and therefore -\ exists and is bounded,
@ <T)
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Consequently for every %X in the spectrum of A/ Zzb@é’)
does not converge. This implies the existence of an
Wrbh absolute value abbitrarily close to , such that

/ )w does not coaverge and since the _
convergence of A’/A)h ( for \u’\? 1/31 ) entalls
'the convergenee of g 4{ w; it follows that

2‘ @/x) does not converge for |« |< § .

We restrict oub attention in the following theorem
to the Hilbert space LLQ’\) where/ﬂ is a.»finite measure,

THEOREM 4,
' Let & be a bounded linear transformation of

Lz'(/‘-\\ such that —@’{) = \}"‘;’Q *-L' S A f(““ﬂﬂ““"‘?“g

exists for all '? Lﬁ L
If G‘ is a bounded linear transformetion such that

= & /uj for all «rsLi
then -f SFG"Q"L‘*= € %‘Poj/\n | ’

for a fixed depeudmg only on G and

A’* % = (a (/)is the adjoint of A ).

If,moxjeover, A-’r <= f only when ~P is constant E/""j)
then G = G(\) A T~]

e,nd K’Q : S %.{)O'i/h/cg\%oj/"‘ | l;/"‘j for a,lbl‘-PtLZ
_.;‘1.,e. @) /eq) = gc;joap./gm)dﬂ cy

On the other hand if @ L ~7] then
/K

satisfies GA»—? and J&-Pd/.. 3(? '|D°/1/“
_for all ‘f&U‘ .



PROOF o
By Theorem R. thero oxists ¢ Lt depending only

on & such that g‘ C—*?"ﬁ/"‘ fSECa‘PDL“

Therefore S \q—*‘c}\,\aﬂﬂ S%A\’\GL«\ JGPr\«m[/‘-\‘-‘S@L‘”.{/«
= § gk ai,u for all hglt |
Therefore \q*a = ‘a :/"‘j . o

A’K ‘? E/""j ) 1mphes "Q is constnnt 1;".7 is
“equivelent to the rwqulrementf’ that A'e is constant \;hj
) for é}.ll ° P

0= AP = GAL
.f’ cap - CM__HGC\) o~

M oon

since A’ '? is constant,

iee G”Q G’C\) w
| N '{) is cl)nstnnt Caiee A"‘() ] (——{)) CeJ

and thereforo ‘@ is o continuoue positive linear i’unctionul

and by Theorem Ity () S‘ L'[)d/"‘ E»-»j

~ whore \,\ is independent of

§64 4~ fee) B id-- fetde SI«PdM Sh(waw)ﬁm
. 9 =k Set)d- mT

But gG—Cl)d/« S% "{/"‘ therefore h = %/S ci/«n D"‘J
ieor F = Scaw"%m/faoim L~

ond G,;L . GOEL - )of

G-C1) 5
On the other hand ir W+ =g then Afdm

=l 1% QGA;M»« I ij@r*‘ “gPd-
B =N Sa%et«fiaﬂ”;%-

w300
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Under the conditions of *the above theorem it 1s clea,r
that all eigen vectors of f\ with value 1 s are ylelded

B 'by operators G such that Gﬂf = C'f E/J | ,forf all
| ‘( e L5 . | | SR

Suppose T  is iac measurable non-singular point

transformation of (X °<//"L)  onto itself such that
..L Ny — 2 . L:L
n Zo f(T )&) ‘converges in L for all /fé',
then . . o the induced transformation )

satisfies the 1n1tla,1 condition of the theorem, The
requlrementé that A ’( ']0 imply f is constant '
is the ergodlc condition and J.n this case the only G
vith G A= CF for all { & L™ are the
‘oransforma.tions of type A /'\ . '

SR {dp = el (§9340) = wmw

for some . zL,-L depending only on A— ’ whez-e h is a
constant depend:mg on |4 .+ Therefore the only eigen
vector with value | of Aﬁ" is the unique functlon % such

that ﬁ {) - g\cd‘Pd/h ij

L it A’ 1‘5‘*‘-_} then itV is ea.sy to show that
NE= g‘t

Consequently we have the well l;nown result ¢

COROLLARY 4.1 N .
Iz = g '{)@ ")A converges in L

for every -Pf L.Z then there exists an invariant measure
equivalent to Mt , VE = SEC’& A where % is a

non-triviel, non-negative solution of @ =

is an invariant measure equlvalent B,

( where A is the induced linear transformations) iz | is

ergodic the solution is unique.
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- De - ERGODIC THEOREMS

" The first ergodlc theorem proved y the so-called

| mean-ergodlc theorem, is due to Von-Neumann [-6 j ,' who
‘made use of the fact ,' dlscovered by Koopmann C'? ], that

" an operator ﬁ on Lz(/hs( where ., is a finite measure )
induced by an invertible measure preserving transformation \

‘is unitary i.e. A”' = !A where AR *-?(JL\ "Q CTJL)

l‘\”‘~? DTy

Corollary 4.1 can be vieved as a converse to
“Von-Neumann's theorem, ' '
THEOREM N, ( The mean-ergodic theorem. Von-Neumann )
o if Q(/a(,/\) is a finite measure space and

T is a one-one w preserving transformation of X
onto itself then for all ~{> : L)
- L f ﬁ \, ‘{)*GC) exists (mean convergencc)

ey

and ‘{)ﬁ‘ \ £ L’LOM\

Actua,lly the above ‘bheorem is true When L *-\) and ‘
‘its norm is replaced by LP( ) and its norm for any P P 4’ [8]

Birfkhofi" ( 1nd1v1dua.l ) ergodlc theorem is cdncerned

with poxnt—wise convergence in the case where T
‘preserves the finite measure C9 j . Hopf generalised'
this to the case where | preserves a ¢- —~finite measure
e Clo] ' The most gevnera,l result in this direction

is due to Hurewicz Cll jwhose theorem is concerned with

the point-wise convergence of weighted averages, when the
hypothesis of an invariant measure is dropped. We will
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state the theorem in a form given it by Oxtoby Clz-] and
Halmos ClB] for one-one transformations and extended to
the many-one case by Y.N. Dowker [14 .Ja v

N - [
In the one-one case we can define mecasures W T,
absolutely continuous with respect to w so that

w T E ;JE’C\J‘CN)?!% - for all Ei_p(
where (., (x) depends on WV but not on E. It cen be
shown that’ C\:‘_\Cx) = W T“,}_‘) A (':L) v where

o) = s, )

VWhen Tisno‘b one-one, MT is not necessarily a
measure function, It is a measure however when its
domain is restricted to T"Q{) and in this case it
is absolutely continuous with respect to w1 , Conse-
guently there is a function (k) unique among T"(o{)
measurable functions such that : S
WTE: fplbdem e E€tw)
Defining formally (o, 00) = c\_s('['_"‘;“_ ce ()
‘Hurewicz 's ergodic theorem in its most general form statess

THEOREM = Hu., ( Hurew»ic'z's ergodic theorem )
| If | is a measurable no;i-singulo.r many-one
transformation of X/o(, M-\) onto itself and if *]D is
integrable and 2, is non-negative and measurable and such
" that %(X)+3ﬂ—ac-+--.=°<> CmJ =
. - ﬁihq) (y o o
thgn b ‘-f (275 B SRR {) %, (A.‘)_._‘r v) - Ll[,‘_) < od (‘M]

el - e

| QY+ - - Fgt) w00
exists y ( point-wise convergence ) , and g(:c_) L\[x)
is integrable. ‘ ’

JF: f(:c) G :‘[E %(") L\(’c) d | for every invarient set =
such that 5 : ) ‘
SE‘ ‘(:J &) a(*-—\ < ad
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The above theorem certainly reduces to Hurewicz's
‘when | is one-one., - If wmis invariant and & -finite
then W¢e) = | O] and we have Hopf's ergodic theorem
( which we refer to as Theorem Ho. ) which in turn -

.~ reduces to Birkhoff's erpgodic theorem ( whlch we referx 'bo
“as Theorem B, ) when W is finite,

ar us-e-?-.\

The following theorems'\when proving the existence
of a finite invariant measure equivalent to a given finite

| measure.

THEOREM D. M o ( Dunford and Miller . ) C15j

1t (X «, M—\) is 'a finite measure space and—r
1s a measurable non-singular many-one transformation

the following two statements are equivalent ¢

i ) There exists a constent ™ such that ’
LT -TTE ¢ M B forall i, M),
ii) If is integrable then so is .—P(Tag and '

L\ 6@ converges in the mean [ (L‘«\)

5 .

. ach of the above statements implies :

—;‘- Q— 3 " . converges point-wise [t«]for every
’1nteprab1e f ‘

THEOREM C. ( Caldéron. ) (16,
. - 1r /0</ L«D is a finite measure space and

is a many-one non-singular measurable transformation ,
a necessé,ry and safficient condition for the exAistence of

a finite invariant measure eq_uivdient to W is that either
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_ i) '____“"‘__ W\-T—HA 5 O for all B with w. A) o
or ii) |w -LE:‘“—»T';A70 for all A vith w. A 50
‘ . T owe ' ' ' T

‘Y.H, Dowker (17 ] states the following theorem for
o’ne-one 4ransformations, It is true,however, for many-one
transformations 3 +the proof is exactly the same as in (17?
" and is based 1ilgexvise on Theorem C. y whilst noting that
the latter theorem is true for many-one ‘transformations,

THEOREM D, ( Dowker .) _
If (X,o{,u—\) is a finite measurc space and
is a many-one transformation of X onto itself/a necessary

and sufficient condition for the e;iiétence of a finite
invariant measure equivalent to g is that

Jom —\l: ;’q T 'R 5 o for all P
‘Yith. V\»\A’7 O .
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CHAPTER 2 ISOMORPHISMS AND RLPREb}NTATIONb

Isomorphisms between two measure spaces are of two
kinds ;3 set isomorphisms and point isomorphisms. A
’neceésary and sufficient condition that a normalised
measure space be set isomorphic with the unit ‘interval is
that i'b be seperable and»non-—aﬁbomic. El -], [—18_.7.7

Halmos and VOn-Neumann in CIS:] define a concept of

normallty for non-atomlc seperable measure spaces, which,

roughly speaking, requires measurable functions to have
" measurable ranges on the real line. IRohlin has also
studie@ the nature of spaces isomorphic with the unit
interval. CIQK 20} The Lebesguc spaces defined in
[193,[203 ( which are seperable.) = have the property that
it is precisely measurable subsets which constitute Lebesgue
sub-spaces, Conséquently in order that a seperable spaCe
be a Lebesgue sbace, it is necessary and sufficient that
it be absolutely measurable i.e., measurable in every
seperable space containing it. Rohlin alldws ufbms in
Lebesgue spaces , but since they are at most countable their
union can be dealt with seperately. " Rohlin's result states,
essentinlly, +that a normelised non-atomlc Lebcsgue sPace is
isomorphic with the unit interval.

If Q<'/ £ ) ™ ) and (XUX,_/ b ) are measure spaces,
a point isomorph:.sm between 2( and X?_ is a one-one
- mapping from almost all of ><l onto almost all of X 5
such that [5 € &« if and only if TE £0o/; , and
_ then hq E = » 77:. If such a mapping exists ><I and
)(Z are 901nt isomorphic.




L
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An "M —space is a complete measure space (X/o(/ w\>
on vhich a metric is defined so that topologically it is
a complete seperable space and which satisfies :

i ) The mecasure of a non-empty open set is positive,

ii)  Por every measurable £ , -
B o= f FeuU ! UDE U aqen
i.es "Mis regular ( with respeet +to open scits.)

A normalised W -~space is isomorphic with the unit
interval, in fact the isomorphism samsl S the entire
space onto almost all of the unit interval, Claj, [19],
(20],[217] p. 269 , [22]) p. 301 .  The first proof of a
theorem which implies this was due to Hausdorff, who also
defined +the notion of an absolute Borel set , which is
the set or topological equivalent of an absolutely |
measurable set EIBJ, [20] or a set measurable in itself ﬁBj.

A, o ISOMORPHISMS

Let<></?<, W\) be a normalised measure space and

XX gttn wk X2 wf §mE D EDY Erad ]

Ut | , | ; |
( ines X is a thick subset of X ) . If &' is the set
of all & Z\x/ with E Lo | and W\,,/ EAXR = E .
it is known that » ‘is unambiguously defined and
(X; 0(// v«-«') is o normalised measure space, ( a thick
sub-space ~ of _,(X/d,w') ) N‘._B.‘ wW/E = wFE for
a11 € ¢ ./ (187, (10],[23] LT
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if ’/(/ w\) is a measurable sub-space of an Wl —gpace
(‘i.e. ( /o(lw\x is an W —~sub-space ) then it is easy
to see that m' is regular with respect to sets X'n V\J‘ Y
open. ‘ ‘ :

'We have remarked that normalised w -—spacesva.re
isomorphic with the unit interval ) our first result
shows thet normalised W -spaces essentially typify svp'a:ceé
isomorphic with the unit interval y in fact ¢ ‘

THEOREM &
| ' A measure space (X/a(, Wv) is isomorphic with
a thick sub-set />\)/«« of the unit interval if and only
if <)</P<,‘%) is a thick sub-space of a normalised WA ;-space.
<M/M) is isomorphic with the unit interval if and j‘only
if (){/x/ w\) is a measurable thick subset of a normalised
™ -space.

PROOF | | |
Let | be an isomorphism of (X/a(, M«) onto a thick
subset L of the unit intervall_i . By reducing X and 1 -
each by a set of measure zero , if neceséary, we suppose T
‘sends the entire space X onto L. 1If ’is the Lobesgue
- N i : -
measure on L and %Y & X) define oi(a:/ ?J =M (T’ch% ) :
’ X/ AJ is a seperable metric space whose completion we
denote by ()(; / l) . If we extend | toT/by continuity
so that the domain of T/ is X! then the range of T i1l be I/
end T’ will be one-one. Moreover, T and the inverse of |
will be continuous, Therefore we can induce the order of T_-'/
on X/ « Let /5 be the Borel sets generated by open sets in
X’ . Since T’/ is o homeomorphism [($AX £&  if T3 {/?
. Ve define 9 [R=w{RaAX so that (xj/g)v> is
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a/ measure ‘space j its measure completlon we denote by
X o( W ), and we show that (X o( ’ 1s a,n WA -space, and
X X, h—\) is a thick sub-space of ( X 0( w') .

X/ is a complete seperable metric space.. (X-LM,"*")
is a normalised complete measure space, - If [ ¢,/
EaXs o and ~ ‘B = wEaX s if T £ there
 exists B f,o( suech that F = E‘/\x . e U is a
'non-eéﬁbty“ op’én set in X’, (7 X is a non-empty open set
in X , therefore \M’V\ W UAX . IE B g/

:.{""EEMT/V\" W>E, V\f\\bf«wxl?
:‘M-‘C 3/«-\\//\1‘.‘ V'DT’E)‘\/a—\ro,‘,.L-—IZ
-‘““{?wv " VD2TE, UWHIE
A {TE)

]

_ . - ( since TE is.a Lebesgue ‘measurable
W@(E /\—IB subset of 1 ‘. )
= w (B aX)
= w'E,

Therefore WA is regular with respect to open sets and
(K g - ) is an W4 ~space . It is elear that if L is a

Lebesgue set thenx is a measurable thick subset of X ‘.,
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On the other hand suppdse (X/o(/ \M) is n..thick sub-space

of a normalised " -sub-space (Xfﬂ(; w’

A normalised
WA -sub-space is isomorphic to the unit interval, sivhce a
measurable sub-set of a normal space is itself 'a normal
space. ElBj 1t follows immediately that (X o, 14.,) is
" isomorphic with & thick sub-space of the unrb 1nterval.
- Clearly if X is a measurable subset of X then ()(/(/w)

isomorphic with the unit interval itself.

Incidentul to the proof of Theorem 5 we have proved :
COROLLARY 5,1

A . thick sub-space of a normalised W -sub-space

is a thick sub-space of a normalised W -space.

In our next result we replace the complete seperable
metric space by a linearly ordered space.

" THEOREM 6

If ()@(Jw\) is a normalised non-atomic measure
space where is linearly ordered so that ) is the
| 5" ~algebra generated by the intervals and M is regular
with respecvt to open sets and positive on non—-empty open
sets then (X/D(J w) is point isomorphic with a thick sub=-set
of the unit interval, ’

PROOF

Déflr'lve ~{>(>¢) = w\-fua ‘647‘1

‘F[?L) is strictly increasing ( 'except on a countable set
- which we exclude for convenience ) Since W iS’pc_:sitive

on non-empty open intervals. If X T 76/ \P[xh)f _@_»P(:Q)
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and since 241 4<% INTy 034753
Abed= =By erg a g T gy er]

R < ‘-X..\a“l/?L / ?(’ﬁh) 'P(’“)/ o
" and since {ga \647CZS\1/3%'LA£13;
and Wi is non-—a.tom:.c (>C ) Vv \FC’C) |

? maps X into [on

The distribution of ;]D is defined as
[‘(q) w“ § 5 Plx)< ag
1t ?Cta)) FCa) = e §x! -?(x)<-P(‘;) 3 |
= !«‘gx x<‘a§ "PCYJ) a,

it is known , and it.is easy to show , that F@ is
continuous from the left, The points \-P(\a)) 3 E'X are

' evcrywheré dense in Co, | for otherwise there would exist
an interval.(a, b) such that ‘-PCE)) <4 or P(U)? b for a11
3 X 1f &\ is the least upper bound of \P(‘Q) such

that -()[ )(6\ and | / is the greatest lower bound of -P(.ﬁ)
~ such that P(5)75 then  a‘¢ o 4'[-9 € b7 . Le'b ’xh’[‘ and

ld \!/ so that f(;ck)'[”q and P[«a L then

M/\(x..,,‘a._,')v=b’a>o _
Since wi is non-atomic there exists F such that DC < }-(76‘_‘_“
for allV\M - ':““Z‘(j""—s/\ﬂ(xhz'jn) S o and
o A= iy e (x,y0) >
P s~ g Ty exic- “"Q?‘A,‘%J.—.?T -

= albcf . b d.
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. I ‘ _
i,ee A& < J\)(% < \9/ . ThlS 1s ev1dent1y in contra-
diction with the definitions of 4, L on the assumptlon “bha,t
there is no bix with a4¢ 'FCU) < b .

(o\) =4 in an everywhere dense set in C@l]
and since rC“) is continuous from the left Fé\) 6\ for all
a ¢ (o \_'_] .

Since the points Pc‘a)/\.a £x» are dense in l'_'oj \j ’
J=97K is a sub-interval of , for every sub-
interval KK of [‘O \ . - Moreover, if ) is a sub-lnterva.l
oz Xy J-= %(f@)) <, |
where \< is a sub-interval of Co v, ( viz. the closure
of ‘P(J‘B save: pcrhaps at end p01nts. ) This is suf ficient

to establish ‘P /3\30(’ and NPCO(} >3 N ‘f(}() where /3 is the

class of Borel subsets of (I, 1], i.e. of = —[ - /S and
/3, A-E(X\ = ’(\Co() |

It follows from the regularity of W and the propertles
of the dltributlon function f:Cﬂ) ¢l , that if A L
" then -P 'F(X) for some |\ 2/3 and
M B,\—{)(X -/MB ( Borel measure ) and wa A = A TZA-P(X)

: The proof is complete » Since (P(X),A/\‘{)(X),/Mljis a
thick subset of CO \j y by virtue of the fact that if
W is open in (o, lj and U\ D‘F()q then ~{) 'Y ’>X ~ and
wm P Uy
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B. ~ PARTITIONS

- "
- If (X/“, k") is a finite measure space and ECL,E is

a sequence of measurable pa:‘bitions ( a'h = v(ﬁr“‘) .:‘,- - )
; . _
- we call sets of the form 'A"‘o’\ \Q,:l Ao nﬂ,‘w cylinders

wA -is said to be regular with respect to c_y_linders if
when I ¢ and T 9% O we can find a sequence of
cylinders ECV\S such that UC_>E  and o

- (uc, - E) <5

LEMMA 3

- 1z % is generated by the sets of § (1" § and
o (></°(/ w) is a normalised measure space so that wa is
- regular with respect to cylinders then wy is non-atomic if
and only if - v
© .
WA (A b\aﬂ ' y\‘ N- - ) = O

for every

»

' sequence V\O/V\‘J . .

 PROOF

" If there cxists an atom £, then. either CAE =@ (=]
or C5 E [w7) for all cylinders € ., Since £ is
approximable from outside by unions of cylinders, [ is
approximable.[m] from outside by single cylinders, There-
fore there ig a S?quence Ha/"‘u’ -  such that

AKQAAP\IA"' . - E C"‘".J

. (V’\iof\ IQL“(\-- ) YO0

and
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On the other hand if <>< /°< w\) is non~atomic we have

MA(A n o ,qp \ [d]mh.A.paﬂm
W« Dda e v o
If e g p‘"‘o N p’»\.f\ S we say that
“o,M,,"+ + 1is the representation of X . ( It is easy to
_see. that each ) has one and only one representation by.
virtue of the OLM' . being parbitions. ) We write
' 7('1\,' V\o”;"" o _.f ' A

We say xm\,a, ( ¢ is equivalent to \/} )  when
,)(_/L«} ‘have the same representation; and say that the

representation of a point X is yalid if the set of |
~points with the same representation , ( which is
measurable ) , has measure zero., Evidently by Lenma 3 ’
all representotions are va,lid if and only if ()(/p(/ > is
non-atomic.

The equivalence classes we denote by.Z and >< denotes
the collection of all equivalence classes.

LEMMA 4

Let (></°() V"\)be a measure spzce where X is generated

_ l{)e‘r a sequence of partitions . If 25 B soX oy
X < E ‘
- PROOF

Let /.’; be the collection of sets Few such that
either FD?{ or \:,\52 = }25 . If A‘}E fﬁ-‘then

A-R EA . >< E.A BRI & ¢ A“i/s arildAo}ne of
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Ah?jﬁ- then UM#, 77C— a nd UV\.,‘ Zﬂ . If Annz ¢
for all A’M y then 'DC_/\ V#h, = ¢ and ) |q,“..z
Therefore (g is a o -algebra. Moreover, if 2 - = Be Ank
~and C = ’Awo"" nQ:n then C D x_ if and only lfw\ ¢y\ 4
and if v, * n; for some | < \q cCn& :¢ . Thereiore
/& contains all cylinders and hence_ /$ = 0( ,', '

¥

isle

: If we write [  for the set of 7L such that 'x_g E .

and o( for the.set of all \-— such ‘T\Em\' Ee and “r E 2w B
for = ©.of (i.e. Ti £ X ), ('X . l«) is a measure space
which is the quotient with respect to A’ , and we call it

the representation quotient. Evidently the representation

quotient is non-atomic if and only if the original space is

non-~atomic.

In the remainder of this section we consider a normalised
non-atomic measure space (X/o(/ w)where A is gengra,’de’d “by a
sequence. of partitions gcc‘i where each partition has the
same countable or finite number of components and such that
W is regular.yjt‘;ﬁreslaect 4@ cylinders. and positi’v‘e .on non-

- empty . cyllnders, and no two poz,nts have the sa,me |
representatlon. '

It is poss:.ble to lJ.nea.lly order X in two d:.s*blnct ways;
D.0, The direct ordering.

Ve say V\o‘h| I A A :
when for the first .| . such that 'V\; #-m; wve have W' <& M'l|' .
X (.‘} if the representation of > is less than the

representation of \;t .

- A.O. The alternating ordering.

We B,y e, o g wa
when for the first ( such that W, *ws we have V! 7 m ' if
1 is even, nr < if l is odd. '>(;<1} is the
1 _ R



38.

reprsentation of X less than the representa tion of L&

Lét X~ Uota -+ - then \d)/x if and only if
qs(U w ) n( Y A gw

N BEau, H‘>My\ |
therefore

Te LYty 72y e
Similarly
2y yerdex

Therefore open, closed, and half—open lmlf-closed
, 1ntervals are mea,sura,ble.

Since (X

)18 non—a‘bomlc, if C is any non-empty
" ecylinder
|n " Zn? ta<fjgf NC = o
W

wde Y ys2z A C =0

Kot -2;1'2 < C;

so that
"Mita Y <. 3nC < A

\ME% ta>'z N & \H

P

| 24
' then (xh "'...\,C_ and A (:x._,‘é s} >W\C V

C tw t
?.‘he:;efore v Cx“/‘é“) — ~ (except perhaps at xxé poin s)
| 'l‘kilerei’ore7 every cylinder is the union of intervals .

LEMMA 5.

{ Is the class of Borel sets penerated by the open
sets, and Wy is regular with respect to open sets.

LEMMA 6. ‘

L v 0 for every non-empty open interval T
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PROOIK .

T IEE I I
a.nd x,\’ Xo)i‘)" . .
& 7 Qesdiy

» 2 -zal‘z-l)",' . ‘

o) %, XL, <& 2, 2 < R
therefore - - ba : ‘3 -

(%,4) > Azn . ART P2

~and ‘since \MC 70 for eVery non-empty cyllnder C_ 2 wI SO

for some g

Ve say tha,t(X)(/ )ha,s an. assodiated transformation if
when A n A e . is non-—empty) Aog\l r\' Al..\,'_n e .
is non—empty a,nd A (\ Az « 1is non-empty.

' ,The associated ’transformat;on is de¢fined as _H: td,
where %NV\VM?;-' - ) it ‘AN Ao . Obviously "I is a
trensformation of X onto itself; we note that if ;‘9‘3 < A?,.
then S . '

(2.1) [T« T"j ( p.0. ) if X €U (p.0.)
| Ty )T? ( 4.0, ) if x < % (A.0.)

-W\
T }Dr is the sc¢t of all ¢ with representatlon of
‘bhe form : ')(./v e U, N @
ices TW‘A" = AW‘

and . therefore

(2.2) T C(, GLW

: . N ‘ - , - ‘)
,(2'3) T is :one~one from bb,m e A (= A —r(

°“t°"ilrmm?«°" ’ "'\-T"W")A ( T Ao n AT 14 .)

for if

l—\n't-l

P L T A h,‘__.

e |

. \6«) V\Q e 'V\m-; Sen -
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then waz = N -

Tu-\ = S - . |
and. T = = 'T”‘.,J " if and only if r-_; - = S_--
j_!e_,v;c_:% o |

LEMMAT.
: T is measurable.

PROOE,

= It suffices %o show that | L and ‘T"'L " afe
me'a,surable‘x;rhen.' L is an interval, for if T, is an
.j;n‘t‘,emral contained in, AM- and /3 (_I\.) is the class of
all measurgble subsets & of "L such that TE and

T € oaie measurable, then /5(1‘\_‘3 is thk O -algebra
of subsets of 1., containing all sub-intervals of L,
(utilising the fact that |  and |~ both distribute

over unions and differences since | is one-one on L '_  .)

We show that 1 .L a nd VL are measurable for every
interval . . ' '

o = L»g (A“‘AI') therefore | - = \2 T.-“C‘Au N I)
and | T = L‘)A','T‘(A,\/‘—I_]. A, AL is the union of an
increasing scquence of intervals contained- in Ah and"
therefore we need only show that T &, 7 "L  are.
mepsurable when LS A and L is an interval. * By (2.1)

T I (S an interval and using (2.1) it is ecasy to see that
T"IA.A,,AM is a union of an iicreasing sequence of intervals
or empty or a single point for every ,A"\ . For _j_{. 39% ET"&AA,‘\
Tx/’ﬂj and all points in between belong to T = .
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C. PARVITION SYSTEMS.

In this section we suppose (X/dl V\'\) 'is a normalised
non-atomic measure space and T isa mea.sura,ble .
transformation of X onto itself,’ where K is genc: ated
by a. purtition a and its inverse .iterates such that no
two po:.n'bs have the same representatlon ( with’ respec’b to
- the sequence of partitions C(, T 6\_) | )y W dis
regular with respect to cyllnders and 15 pO&:].'LlV'G on non-
empty cylinders., The space together wrbh the transformation
are said to form a partition system, '

By our previous construction of an associated
transf.rmation it is clear thati

w) has an a.s.:oc:.a‘bed
transformation and ‘uha.‘b this transforma,tlon is | o Ve

remark also “bha,‘h in the above had . e not supposed distinct
points to ha,ve dlstznct representatlon our. conszderatlons

would agply to the representation: quot:.en“b.

‘Define gﬁ&. =-"‘“i‘(j %‘x”i

where the- orderlng is direet orx alternntlng. By Lemma 5
and Lemmab,( X/N, ) satisfies conditions of Theorem 6,
consequently: R

THEOREM 7.

(X/(’(/ 'M) is painti ’isomorph.icj.nnder ¢ Writi,a
thick subset of the unit J‘.nterva‘l'.‘ This subset can be taken
to be the ewlire unit . 1nterVa,l when and only when the range
of ;f is measurable.
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¢Z’C> ¢/%) If and only if there are no po:mts between
7_ « There arc only a countable number of such pairs
(DC, 1 N is o selection of one point from each such
pair. a'nd OKN) is the smallest Tlnvarlant set conta:m;mg

'\) ¢ then. OCN) is .a countable set. Lxcludlng this set

trom X we may assume | senés)(onto itself and ¢[’z) is

‘ t.rictljr‘ increasing., We can also. assume that )( has no
maximal element, by e‘ccludlng it and its 1*bera,tes 1.:6 it

exists. In fact we exclude W la rger countable set‘ff

vig. the smallest invariant set (!"‘I contalnlng end points

of cylinders H -« Ve define a transformation ofﬁS(}()C_ (e, J
onto itself using the same symbol, without confusion, as for
the transforma,tlon of X onto itself:

TEG) = #()

'.lwo partltlon systems CX,/(XU .) ))0(1/”(1)W1)‘L>
are said to be point isomorphic under ¢ (where % is the
' isomorphism) if (:%6\ ﬁ)(&c\m\andé( ,e(uml_are point isomorphic uwdes /(/ ‘

. 3 o .

anq ¢-tT“¢ T E"ﬂ,’j

From theorem 7 it follows :

COROLLARY - - T,1.

(X/ K, b, ‘ ) is point isomorphic under
with a thick subset of the unit interval together with the

tra,nsformatlon‘, T#[x‘) _ p/ﬁ%)

| Ir 2\ X %0(/"] w here ‘Z.,‘ & %(A— >def1ne x= [“‘ Toe
which exists since ’e, Vi (D.0.) and. 'T?CH'i\ ii’ (A 0.).
(if T[o) is not defined, which can only happen ( A, 0.) case
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when {ﬂ,k is an infinite sequence, define 1¢e)= O  .)
Let [ = Le, 1] - ¢(O[”))-' T sends .= onto itself,
moreover, one can show that T is continuous from the left
and continuous from the right everywhere in I_ y and
consequently that | is Boral measurable. |

- Let /ﬁ} denote the topological closure of A .
D.0. Direct Ordering. |

Let _ — | o

do = %CA0> 4 “Q/I:(OJ?CJ'A-L

L= gj(?\.‘) NI = (-_:c,)z;)/\:l:
‘bh.enlOf'JCi<x,_"' S‘

Detine Q=M+ Te) iz L,

then ’\f sends - one-one 6WAi@r |/ T;/ where
,J:/ = 'J‘“n(I—H,\) and I_'\g is an interval contaihed in
[y\, h-\—\) . I /(Z) = /}é "(x) ;ohen "() s strictly
increasing function sending U Ju' onto I . Furthermore
‘f. ! is continuous on each U’hj . VWe may extend the |
domain of / so that the extended function —
A. : is a continuous, strictly incréeasing function
with domain . UJ‘,‘ and range LO; l) where -
Tuz @) clywn) and Toes (P7%)  gor x e T end
), T waodd ‘ = EO/ l) ( C'—"D g The —Fvac fox\q\ \:nrlr o—{- z)

A.O. Alternating Ordering.

' Similarly there is e functinn ‘? such that
B.. \-g is a.strictly decreasing continuous function with
_ domain ) . » where “J_ ’—‘-‘G(_‘ b,:JC (M/ V\-\-lj and range
EO)"I\], such that T3 = ( “Le) for mmx e 1T and U J;, weel l:Co;')
(Should this be ambiguous for = ¢ ~ 3} 1¢») = © vhen



44.

-l |
Py =0 ).
Corive_rsely ‘it is easy to show that:

LEMMA 8. : :
. If is a function sa,tig{iying A. or p_.‘then T = (-P',L_)
for 2w ¢ Co, l) is a measurable transformation of [, \)
onto: itself. I ' ST

D REPRESENTATIONS,

Let ‘? satisfy A. We note that if X € ['_0)0
T = &1 T“‘br—\) -
a.nd__im define ;. 0= [ -t \xj '
~denotes the monotone continuous extension of £ to tlhe

dom&in \:OfoOj .

S S —
Cy © >'T D

Lot | AP = -'{;(s, (x) '—-{)—CEL{X)+;-~ +‘—(’—(€u‘x\))>

then ')44(7‘) is non-decreasing as L1 increases for evcry_'x:(:c)/O'

and ’)Lh lac,) is non-decreasing for a fixed v\ as =
increases, and sisve X = ‘{)(EL-’;— I “(J(EH’J‘T“L’%)) )
.(}A\[x,) € X for cvery ¢ ' :
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Suppose E L ) €& \ o
then \% ~PCE-\- CE‘+ )_\-S \4 )(. for some S 70
cand g, ¢ -( Cs, v )< s""(‘a) < -—E (=)
therefore (fﬂ' ) < Ty < Toe . and ‘5 Cou), <, (\3)
Again \?({2.\. ¢ Y+ § \<T‘ ¢ T for some §. 7 O
A‘and St (2+ N < &)T <~9 e

‘?Cz Foo )Ty & Tl 0 and % ¢’Q 51“3)
Proceed:mg in thls manner we get <. Cx) S (_\a) vyfor
% . .
. .Covn‘se.quently ~ . o | o , '
(204.) o (400) = Wal) for w <L
and. SMC%("Q) = {mvb‘-) . for € b1

Si‘nce‘ ?Lu.\"‘ is nq;n-degmﬁimg for a :vfixed, WA as >¢ increases :
Yl = o Ful)) Eopn (Fom) € A Ge)
(2.5.) leyl:é!refore f)k_\(x\ = ’)k., C')L[n)) , and 5.‘_‘")&‘= L2

‘and . » '
(260 Apx) = HLpos).
A.0, |
' ’ - -1

. Let f sa,tlsfy B. Ve note thut T"C - T [’)

for 705, CO I‘) and define (':c) L—"r (T—‘x)]
.denotes the contlnnouq monlbtone exten51on of

the domain ['_d nOJ ’ ' \&) '

—
. ' — *  ® ¢
. 1]
-.v-% . : T i

(]\\ (]"'C U—i

. ,}&% [‘2:,)‘ - :[_5({‘ Cz_)-i— +-$(i..‘(3=))> |

Define



46.

’%“(n) is non~decrea51ng a s w increas'i.s for every
X 3 f\l&mm‘(x) is non-increasing as «u decreases for every
2C 3 .\7;_‘ (L)  is non-decreasing as 1ncreases for a
Tixed W . .

~ Bince X = *’F(Z +-oot 'Pff'“"'_rhﬂ"))) o
/\/./Zubf') < ¢ ’%’Ll—\-\-l (7") ' S ;t'md“ o

%{)p = B 7;.) "{ ’% (Z ": h"}ob %h.“ K

, E:uppose ‘ % - ﬁh(’f-) <5 &) . , o .
then¥® lj f(g+ F‘(£+ 2 - g‘) <o . for some S SO

fee. 5 EP(er *”%>4 2
'since :F-CEL ) Sl < | . | . :
f(f b ) S POk )-8 = T‘a > Tx- ' and. iK?Q:s'%).

'lheroi'ore)for some g 70

{7(z+{>()+sg> \a>|>c_ o
R L N <P
and ‘F(Es'k”v'.) <\ j < T?'?’C. | a.nd“é,z\(xj:&q)‘

Ve proceed in the same manner and have g ) = ‘i (lﬂ)) 1€ 2u

Therefore - (’\A\ () ) ’\Z/M C’ﬂ : for all V—« £ 2y
(this is trivially true for the case:T'scz o for some ¥ T

- - v —— - t—— s s, o o ——— o o — o - ——— - —— e 2t

ey (PGt )) we mean .m e *‘f( *“TD {E“\))
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suppose 7%“_\"13 5k (when “Q (0) =X 'We
'supposeT 170 for all | ¢ 2u4 | ) then for some S, > o

%"'ch*'-'ﬁ(\'\-g))x |
i.es E+"€C£a’\‘ )-\-S —P-‘Zj" <'P | | .
- \DCH- DHE =Ty <o o mEssly)

V‘Agaln ve continue in the same manner and have ¢;(x) =€:(y)
for all 1< 7Zn4| . Consequently L («/u‘“(x))

= ., (x) for all w € 2u 4
(This is trivially true when T'> =0 for some 1 £2u)\s)
| Quite generally, therefore, for all and for all

(2.7) M (3 = A )

and

£ (’V&—«[’Q) = f v(::)

’)4,\_‘(1) is non-decrea,unn as X increases for a fixed
w therefore ' '

) = H) ) Fl «ﬂx) Fuls)
. Therefore , ~ .
(2'.8) ’%M ('f(‘)u\) = ’)4:‘_‘ C"JL) and f‘__f = {‘__'
and - : , -
(2.9) (#0602 FX)
and ' - ' o

o) ¥ (p60)) = )
Slmllarly ’)A...("‘/ C:c—)) ?4...[“")

(2.11) and S V=&
and ‘

(2.12) N (EM) = jfc»)

t o and

(21 .,,w»m>l—-¢¢c> o
}))=—- e e e —— —————

#By prfl'f?&"f"_ )) we mea.n ’>’0 "f(?'i' ‘]O( +70(2;‘1_“)>)
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“'According to Lemma 8, if h‘f satisfies A '., T e
measurable transformation of Eo ), onto itself. In
this case let Q, denote the partltlon é-?('})‘,)?of CO I>
Y sa‘blsi’les _T_S_! , T .is n measurable transformation
of [ ) onto.itself, where ?_‘:_i_s'the set of ¢
such tha'b T'x O for some |. , when “F-'CO) - pb  and
D, ;ﬁ -when . In this case let

- denotd the partltion 3{(3‘) 'P-S of (o l) 'P o

Recalllnp our definition of representatlonl 2 A M4 -

R

means >C t‘\D(J')/ 3 g-P(cT > when~P satisfies A.
and Y gP({f\ P ‘erf(a—- 3_? vwhven ..,[) satisfies B.
In either case ;(_.\,, Wy e mea.vnvs ’ - i
g2 =
i Cz) = "‘L

— -

THEOREM 8.

It ‘f satisfies A y the representations are valld
for all "x ¢ (g !j if and 1 only if

x = ~{Cs(x_)+ NIgA-SE ))

for every %2 C‘o

S ¥ £ satisfies. [3. , the ?epre’sentgﬁir)ns are valid
for.all 2¢ & (o, ') such that T';Li/ O for all | , if and

ly if
oé y_lv ~.10(€C>c)~i‘f( ))
for every 25§ CO I) .
PROOR,

it f satisfies A, for 211 Y1 , %L ')L[l) ?(x)
(1f ~£ satisties B. for a.ll 1, S;’)L’ = E"\ - 2 /)&

. Thefeforc; /%[x,) = X | ’)7;/70) =» Z,;”)f[x) ) if apd .
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only if the set of points with representation & ¢,
is of measure zero, i.e, if and only if representatlons are
valid for all »$ Ce, ) ( all x3ro,0) - ? .)

_ We canassociate, as 1ndlcated a,bove, with any *{2 for
which x = f(? oo ) - for all X , a partition system whose

representations are evzdently Va.lld.

iﬁ. - REPRESENTATION OF l’AH TITION SYSTiMS.

In C. we defined a partitioh system and showed that
every partition system is point 1somorphlc with a thick
subset of the nnit interval together w1‘bh a translormatlon.
Corresponding to each of the two 1somorphlsms derived from
the direct ordering and the alterablnp orderlnp} there are
two transformations of a 't.hick subset of lhe unit interval
onto itself, . Iach of these transformations were altered on
a countable set and extenled to the ‘whole of (& ‘)' .
Moreover, these extenslon were shown to be representable a
({)7& \ and (‘P; . ) where .‘{). . and ‘-P.z'_ 'satisfiod', |
condltions A. and B, respectively,

g,( GOt : ‘ : '
HF ( X) * —{) (i ™ 35 for a,ll’ = £ LO/\>
if and only if -{> Cf C'x.«)-{-"ﬁ(i O"H‘ )) =X for all X

belonging to #ZX y since %61,) is non—decreaelnﬂ'.

blmlla,rly ]Oz(f + - ) 20 for all = <€ CO l
if and only if -_F qu -) =0 - for all X< ¢(7<)

By Theorem 87 therefore, and since the represeutations i
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a partition system are always valid,

L) e 49

and =P o - for
=P ler )
Therefore |
THEOREM 9. . - S . -
i) pf partition system (X,o(,' W, T) is isomorphic
with a thiclp subse’({ of unit interval together with I
transformation ( \ x| and for every X g ¢[x) "y where %

is the \isolmorphi smy X = -ﬂ (f‘”"r ‘ﬁ (Eb-f . )3 N Whett:’exﬁ| c.is a.
sirictly increasing continuous function with domain T y

,3—“: [q“/.bh) c E"‘I""*'»‘) and range Co, ‘3 ~and -P| is the

continuous monotone extension of to the domain ['_O,oéj
and where ‘ -
76 N~ E‘ E-L’ -t '
Cii) A bqrtition system é(,'o(,\Mj,\ ) is isemorphic with

a bthick subset of unit interval together with a transformation
(ﬁ-")b _elr.ld for_evei*y‘ xS y;(x))where ;ﬁ is tlhe ‘isomorphism,

X = -(’z(f'{-'ﬂ’(i.‘_-{--.)) . where -‘O_L' is a strictly deercasing
continuous function W(byo___domain W) T ) T = (qw-\ohjc (h/y\_,,ﬁ
and range [0\ and ¥, is a continuous monotone
exténsion of ) to the domain Eo/ o{)J and where

Ko~ S S0 - -

The question arises as to whe'hher'ﬂxe H:H‘GLP subset of CO, l)
in 'theox.*em 9 is in fact almust all of Co) l) ¢ Tollowing ‘
the Proof of Halmos and Yon-Neumann E‘LBJ, who proved the

existence of an unmeasurable thick subset of (o, ') with

/inner measure zero, invariant under all one-one measure

‘

\



51.

preserving transformation, we havesgd

~ THEORKM 10.

w1 is a transformation of Co, l) onto itself,
thcre exz.sts a thick unmeasurable subset inva,rlzmt under T

with inner measure zero.
PROOF,

The sety of Borel sets of positive mecasure may be well
ordered,so that to each ordinal /5< I th'e- first
uncountable ordinal ) there corresponds a Borel set of
positive measure 13 . Let O(») he the orbit of > under

T. If Uottoéc) , O0Y) = oc) it WOcoc),ogx)nozy):y/ :

. By transflnlte 1nduct10n we define Q%i% 'x is
‘chosen. in B‘ r Y is chosen in 3 - but not in OCx) .
The choice.is possible since

is an uncountable set and:
O[x.) is countable.:

{ -

It ’f/s,‘ﬁ/s are defined for all /$ < )/4.52 we deflne
OC. as follows: ‘
/$< (O(ac 3 v O("é/&)) is countmble and we may choose Dca,e‘\?
8o that Xy is not in this set. Add Ol ) to this set
and choose. %/ s0 thut bﬁ)’ < E)" »but Lﬂ/’Y is not in ‘ohe

larger’set.

b/ .

Points ?C/s are now defined for a,ll/$ cSe . It
is clear that Obcd‘) and 0[64/3) are disjoint for all ,(ﬁ
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Defi = U_0O |
Dei"lne A LR (Zo(>
13 = ‘U OC\Q(&)
A’ 3 are dls;;o:mt and since A'D Zﬂ and 13D %ﬂ for

every 3 <3 . and [{  each have at least. one point

in common wlth every Borel set of positive measure. Therefore

ﬁ and B ea,,cvh contain no Borel set of vposr‘b::._vvo, measure.,
_ A< N c
| | Therefore /,,»M * pl = = 0O
and /H*A";/K—\#'B'::.’
~ and ek V:\-E_/‘—\*B=O

( M*)/ * Borel inner and outer measure resyectlvely)
It is obvious that both A and [ are invariant under T .

Lomblnlng theorem. 9 and theorem 10 and the method of
extensa.on adopted in C. and D. we have:

THROREM 11.

Every partition system isomorphic with an unmeasurable
thick. subset of unit interval together with a transformatlon
of 'bype ( 7(.) can be émbedded in a partition sys’oem
‘isomorphic with the entire unit interval together wrbh a.

_ transformation <® l—;(_) where j is an extension of

. Every.partition system isomorphic with the entire unit

“interval together with a transformation of type (4’ 'lzc

- contains a partition system isomorphic with a thlck

unmeasurable subset of the unit interval tOgether with a
transformation (:‘() o where 'g_ is a restriction of ‘3_ :
) ' N




F, ‘ FULL PARTITION SYSTEMS.

Evidently to s_tudy partition systems is equivalent to
studying representations, since the correspondence between
points of the partition system and their representations is

obviously an isomorphism. .

B "o N S \\/ /
Let . £ . denote the direct ordering and -<  the
elternating ordering, If 8 is a collection of sequences
of inbegers we define: S<UP fq‘ a, - 'é, 8 }: a(l p(L

Wherg c,(' = sulpfq' laa,-- gef

«, = . :
D(L SUP Zq?, ! o/‘qz" 265
'§‘? 5‘2?,;;%; ﬁa(gxétjs"'é'ﬁ?§>

L ) IQ'F quqz'” E\GE :/&,/@L .
where : o : .
B AT “*'F?Ol’:alq Sf}
B /'Sf—’-‘t -FjO‘I.L /.t' {. gg}

S\JP iq ol Ef;

n
3
o

whervre

0’,:11—»-{\?0(.,&1” geg
Tv = sup Sy ioa £ &f
B V;??d‘ql 5—65 K _C"té'

11

1C z@f

-L’ N
s ————— —

‘t‘vherei —Cli {y B - 2 ﬁ;

(N.Bs o0 may appear among the infime and suprema.)
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it X is a space of representations and (x ¢, W T)
is a partition system wherc;r —~1is the shift transformatlon
and the partition is iq'&(where Au'—' E".Zz"‘ ¢ ) = ;V\} )

let Y Yo' ® \M'F Saa,- i)c-g
g\{l"' = Sup Za\‘ql...z>c-§

with respect to the order <L . &by " is said to
be allowable with respect to <& if

X\Xl"' S AuQupm 0 € gt S?_”

for every W . )( is said to be full with respect to <&
CAif. X contains all allowable sequences.

. We have definitions of allowable and full with respect
/

to\.< , if we replace < by 4 in the above definitions,
. «

Ir ¢ is the isomorphism of a full partition system

)( - J_nto Ea |] and * X.¢ [:o Ij .corresponds to no’
member of )(_ under ¢ » then

Ao = sUP faa, . 1dbla,q,. DR é%
ol sae gy 53T 4 X

It follows casily from this that T 2= O or | 'y for
some Wy, , where T is the extension of the i‘somor‘ph' of |
to \:0 |) . €onsequently /(é sends >< onc-one onto the
wvhole unit interval with the cxception oi’ a countable set.

We suppose X. is full‘. If Y+ is the number of

components of the partltlon peneratlng o{ I

. aﬂ = Ml g‘, = O , {'P
and \ 2| . (It may happen that W= .)

m———
P
—————

* —le er.\/tal «F’D\M < ot A .
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If fA,}sis the partition generating K where

Aoz Saay - e X! a=my

and if 6w & W-) there is a sequence A\ Ay -

with large enough so that '

K\Xt"' <"‘"S\"'Sr Ara Ay 0 <vg‘ SL' co

and g\"',gr q'__’_.-c\'.__‘:_‘: ’ E)( , , ‘

therefore wa %l"sr“m'{ @X (by definition of S\ 21‘.- cooand yx .. .)
If VS wm S|y there is a sequence let,’_ﬂ. ;

with © large enough so that

XlYt"“‘”“ Vi Y "r--;-.' o & g" S.L~ ..
and b«l.,,gr+‘_ e 3(

. therefore WA T\ ,,; br-{-;. b i )(

’ . Inducing the partition structure of )( onto d?é(y):ff}l) -N

where N is a countable set, and vetaining without

confusion the same notation, we see that |. | = sends M,

onc—one onto an interval with right end point | , (except

for o countable set)y, 1 .sends A.,\ one—one onbto an interval

with left end point ¢© , (except for a countable set) and
T . sends .Ah, ( © €wi<¢un ) one-one onto C@’l)

(except for a countable setb).

Defining ,f\’bfw) = lM-\'-r)C.. for X ¢ Au—./ ,% is o
strictly increesing continuous function sending CO} l)
_onto [T(o)/ VH—TC;)) (except for a countable set).

AIO. ‘

em—————

Similarly if )( is full with respect to the

alternating order and we induce on CO‘{\ the partition
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 structure of )( by the isomorphism derived from the
alternating order, then . A ,
/%C':Q = w15 I for =C§ Aw\
is a strictly decreasing continuous function sending Co, \)

onto (TC\)) V\-\-T(o\j (except for a countable set.)

In either case “?: ’)ﬁ-l is (except for a countable set)
a strictly monotone function (decreaéing or increasing)
sending an interval ( (q) \g] or;v[:a) \o) ) onto [_"a/' \)
(where o< \and b-a.2 | .) . o]

On the other hand if f is a strictly monotone
function (decreasing or increasing)sending an intv‘e‘rval
(<c\)b1 or [ﬂ,.\?) Jonto (o, \) (where a'<¢’| = and
bo-a 7 ) ) and_such that_ 4 - |

. X = 'P(f;(")ﬁ' -{’(Ezéc,)—l——-)) for every 7C
then )( = Zaft,. . '1 ~ ds full., B :

The above statements are simple cohsequences of the
definition of a full partition system and the continuity of

G. ' ‘ TOPOLOGICAL ThANSITIVITY.

}
We..cohsider ih this section tragnsformations |  of
EO.J [) _onto itself where |27 (‘e'-l:g and is either
as) an increasing function sending Q/b) onto Lo, ')
“where A 4( ‘a,nd.,lo.-ﬂ 7/ | s O S ‘ ‘
b.) a decreasing function sending @\)ibij\ onto FO/ f) where
A ¢\ and b—éﬁ/ [ | ‘ :

A study. of such transformations amounts to a,-study of



full partition sy stems,

l is said to be topblopically transitive when the
smallest invariant set containing an open set is essentallly
(:0) 0 for ;A . ‘

I : La*ﬂ’--\ and is measure preserving.

a.) f incregsing.

Sincé T /“‘EO)T"') e [-0 TOJ) o [TC‘))/ Tk')
Teo 3
= _w Do, o) +/M[To ) \) -\-/\-\[:O,Tn.) *\> thefwisf
T = w00, Te)d_ =T lo,x) mod |
: = 0( +/V\ l:OJ 7() vv\.oOl \

= & + 2% w»od
' ' vhere & = _+ C%TB)

i 0( is ra{;ionnl there exists an interval 1such
that VoI  lies entirely in A'o. or entirely in -L\., for
‘all W . Therefore the representations are not ‘valid and

T is not topologically transitive. On the other hand I{
| X,) \/} have the same repi'_e_sentation ‘b_h.en_r: C'JCJ ta) has
the property that TMI= 1l or TM\M\ L= ¢for all "
and so & is rational. \ﬁoreo#ei, it is well—knoxm that if
o is irrational then .V is ergodic,
“be) \-P decrea.s:.n;r ‘

We can show similarly that TX_ H’d - DC-V"‘DA l
and rupresestations are valid if and only if T is ergodlc

and/or &  is irrational. Consequently



THEOREM 12%

A full partition system -generatéd by a one-one
'bransi‘ormation is isomorphic with the unit interval together
with an ergodic transformation Tx = 7L+o( Mbd | where &
is dirrationaljand is 1somorphlc with the unit interval o
together with an ergodic transi‘orma,t:.on -TJL. = H"/S x where

/33 is 1rra,t10na,l ' ' '
- IX. = o \O 7 \ in Which case T is not one-one.

If P.generates a partition system then by (2.4) and
(2.7) of '_13., W~ &8 implies
-{’C?,‘\’“P(EL"'")) .

and 1290 Cka )=Z (_:L) for all wm < 1 vhere
[’(f tooh vf(&))

1t -‘f is increasing and T :L:{ O for all I/ o
L ~ ¢ €, ‘
then for anflnltely many h

..() (st +PCto 4—«))_( l

for all wm ¢ |y .+ For otherwise there exist‘s f\/ such that

for all there is an W\ W  and therefore o least m S
with = \-?—(Z PR (E.,.-i—l)) .
Consequently

I ¢S +f(s+ +€(s+n)) ey +1>( )<l

- o w—— o -t W ot 2t et s . ot ot s A —— o — e e o gt

*Actunlly without the a,bsump'b:.on of fullness, such a

partition system J.S isomorphic with a thick subset of the

unit interval. together with 1= X4 'MOC/“ $ and with a

thick subset of the unit interval “together with Tx= \+/$ 7‘-“\“”
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for T‘A w-| end it follows that wi-| ¢ Nl  in which case

e 4(? g -{)(sq)“

has a finite expansion and so T's¢ = O feor some ' , which
~contradicts our hypothesis. '

‘We have therefore infinitely ma,nyv - for which

=-'\)C€,-\-- L+ 'fCt.,-H))

is defined, and clearly i‘- Cz“a: f‘. (2,)

for all 1<+v .

is decreasing and e § S - then -

_1f |

P+ +9(8)) < e +.(>(zu+|)) Ple - *\O(m.\\)
and G +f(fm\\ > P +-—f(z‘t++|>>/‘ffz+4~f( )
therefore ?[Pu) f (Z) ' it 2 = \F(iﬁ- + —V(i‘ -}-I))

(i<n)
LEMMA 9.
1f (increasing or decreasing) generates a partition
system and A=0 ‘07 |  ( where the domain of is either
(a,b)  or (a, b] ) oend XA 6 (£<LL] for

infinitely many W ) and T';(__j O for all | then for
infinitely many W1 , T“I = (o, l) where L. _ is the

interval wm.th@ﬂpoz.nts -‘D(i‘ t +-f(; ) -|0(€+ v ‘-lo(i‘ -l-l))

which contains D[ .
PROOF.

We have shown that Tor 1n11n1‘oe1y many ¥ 5. (DC)" E (Z

fér i <m it -P €+ +—()({—f~1))

and for all | sw/ s(n) £ (Y., )

i Yu = of (i-f —+-f(z )

- (
T T . is therefore an interval with end pomnts f)
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and (?d— \w Ir is increasing we can write for these
-;(q m P lea+1)

If -~ . is decreasing for infinitely many \ | -RC{ -\-\) can be

-wrl‘hten ‘chw\' l) ,'{or otherwise ¢ _ = Cb] for all vn ) N

which contradlcts the hypothe_s:.s. Therefore T"*L , = Ce, |>

LIEMMA 10,

CIf (1ncrea,s:mg or decreasuxg) generates 8 pa,r'b:.tion
system and &= ° ‘9 % | and W is open then T“ U= Lo, \) or

sSome, V\ .
moozv‘.

For all but a countable number of E ¢ U » &n interval
"I'., with end points \P(F-& -}\f’[{' \) s‘ (c,+ ._.+.f(§;+ 0)
(\\here F < C‘o-_] ) is contained in U . ‘

'l‘Hz‘SOIiEM 13.

— representations are valid if and only if \
~is topologically transitive. | |

PROOF .

By virtue of Lemma .10 it suffices to show that
topological transitivity implies the validity of

representations,

In fact if the reprc.senta,t1on of a point Y is not
valid, (X ~gg.--)

then /H(Azb/\——'/‘]s‘n YV 0
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61.
Let J = As /\T-\ A;_ A

- e v
~then T“_‘:yc Qi ,\‘T—pt{ N -

-

and therefore either - .

i) T3 < D) - for some w30 , or
)T ATy = T (TAT) = #

for all v and (1,].1\/\—\70. o

i) If wv is the least integer for which T T < J‘ ‘a.nd
T JT=J  then Ju - - Ol T

is not the whole space for if it were | A, = ‘UT"H"L"I

/ _ ,
for some sequence of "W, , O%g n< and therefore

THA = (o) = UTHrn g o UTHT = A,

which is impossible, since a partition must have at least
two components. Therefore if : DU e uT "o =01
and | 'R :B ﬁ/}{; s, | is not topologically
transitive. On the otiier hand T "'R -1}  and
T'® - FS > L

where L! is some interval. In
this case T‘M - /\Tw'\"\" L = ¢, Ry O - for all wA

This case we consider with,
m-'r\z

for all w»m» , RYO,

~ Let M,\/ be two disjoint open intervals con‘bained in
. If ' ’ '
3 G=UoTuu:.. ‘ _
- Lvidently if E - u T-\"G. , , :
: )

y0

ard F: L/ T-hl-{

M7, 0
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T E - - o |
r T r r Should ~« § = A - there would
exist an V\ such that Y ¢ TG AT \:-l

= ’“Ccr AH)

Consequently —r is not ‘bopologically 'bransn.tlve..;.

COROLLARY 13,.1.

If | is ergodic then f-“representatioﬁﬁ’{s&g\

valid.,

Ly

[
\' B

if f satlsi‘les either A. or B. and T::L ({) \pc)‘H.f
i’x, T‘Jc_- 50““'2—‘-2““\‘ | A
when "Pi satisfies B. a nd = 2 a,nd ‘ ;Z/)E
otherwise, and if for 2ll = L fo | _
= PLCE P e+ )3 |
CO I) - ’ together with "F" is a partrblon sy\cm which
wve say is generated by - .

~ Our next iw-zstxlt is a counter .example‘:'
THEOREM 14.

There exists a pa,rtrbn.on system grenera‘bed ny gq\\functlon
f ’ which is strictly increasing ﬁ;«con‘blnu?us aﬁd sends
foJ 2) onto fd ) , such that | = (7& 7C,) is \uo‘b
ergodic, (but which is topologlcally ‘bransltlve).

~ N ]
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PROOYK .

We first show there exists a Borel set [$c(o, ') such

that M8 a L0 zmd/"‘r&cf\_\. 3O  for every interval
I. ’ whe;e/»n is Lel?esgue measure, and /‘*Bf——\z » |

Let o<lbe the length of an interval T (% 3 symme tric
‘about o «nf the length of each 1nterval .L('L‘>) ¢r)
where T ( ﬂ I(}-\ are symmetric about centre.a of the
intervals complementa,ry to T( 1_) ; let 0" be the
length that each interval X(¢ g) 1‘, J 4 g)/ J_Cg) where
I(P)/ I(j Ss’ %) are symmelric about the centres
of the 1n“ber\rals comylem nb'l,ry to IZ )VI(-L) U __L(:S—)

and so on.

Thie union of these ihtervals is a Boreléet Ea with

measure ."(o/- +'Z,,("4_ pr({ 4o

Ve proceed agein in the same ‘manner with each of the

intervalsv ,.,X replac:mg CO ) y the proportlans, .
(3
‘instead oi’ o//) 0(4) 0{ .. 3 this time being ﬂ(g) ' /ML/ e

"If W is odd, the union of tlle&UJ@i-lntervals of I(——{w,>

. 2
is a Borel set of t_neasgre """I (‘s(5 b '2‘,(,,‘ 'f'qdz_ + -
and. consequently the total union taken over all the sub-—

~intervals of all intervals I( is a Borel set B

of measu?e ("(6( +'2“"+ )(b/ L'P“( 4 - )

We label these sub-intervals in an analogous manner by

ST T
zml -Lm,_
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Proceeding again as before with proportions ” o ’

with éub-interva,ls r(\_"-l- W A, 61‘.‘ -.Y_(:‘L. ny
| ) g ) =) T

we arrive at a Borel set Bz of measure

XCA *Zo!,‘ Fo)(KEtax?s. .)(xf ¥4 )

Inductlvely we arrive at a sequence of Borel ‘sebs BH
with 13, < €, ana |

Pt B\—\ = (_‘\’a+ 20('14,, ) "(M:H.l-'?,a.(r'k,',.-f-) ,

Let "\3‘: Q\ TS"\ ' ‘- o "‘v'
then/""@"’P!PL"' whe;‘e P‘-=G<¢,4—20(,4">

Let (,\/ (D/ )J*I . then (Pl‘ - 0("/—-2-0(5'
Lt /=Lt s py= €7 )
| and P‘ PL. . _e

T i /
! ol of
1l _..l.. ___‘ i | \ | W [ 1- l"l"‘“”"‘“""—“"‘
= IR LI Y
/. / i
A A A oix! A
Let C;&L be the class of sub-intervals I/_'lt, Vlj,H .
29
Choose an interval ':T— arb:.tra,rlly. If An @:.—/\ T) S0
and I s ﬁ there is a sub-interval of f s say ¢ @ ".L
such that T; K » and if.-the length oi‘ W is ./(7/ ol’*.
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Therefore ]3 and B intersect l’( in sets of positive
measure and consequently B and B intersect J in scts
of pos:.tlve measure,

By +the construction, . —J_".L >C> - for some ,LE @@,
‘_Therefore @ and TZ = intersect cach :mterva,l in sets of

positive measure,

“Let B - ZJ-x.?‘ >c£5’3§; TZZ: {:tJr,L: xz-@.}

thenE, v B?. and its complement Qg 03) intersect every

“interval in a set of positive measure. Moreover

B S PR SN MRS SO R §

¢(Z) = [B X (\@.VBL)~ sends TZ‘ v B\L ~ onto almbst
all of CDJ ,1_> . .

‘ " Let N/ be the zero subset not in the ranze of
' rmd let O(N) be the smallest f invariant set containing

N/ where S‘x - 29C Maﬁ“—i‘

It is well known that O(N) is a set of measure zero and

_ I [0 ,—> O(N) is S . invariant, and is contained in
~the range of ?/ , and/HM 0 where [ = (E, UBL —-%'_/_f

‘since ¢ preserves measure by the isomorplhism theorems.
| 1f CI": /3,"’_7' and CZ = I’EL—- H

the: "y, ‘

~then ¢ (,0) :/H[O/Dc) 1 (C‘ uCL)

. has the same value on (v( and % sends Cl-t/ CZ.



one-one onto .l , ¢ - sends C one~one_onto @—D-/\J—
and Q'/S sends ‘C.L one-one onto [J‘:r)'zll) nl .

/
Define Ti = Y ¢ (ac

for ¢ '§ C vy then T~ sends C‘ onto C,Uq and sends
C, onto C, V( . Mor?er if . 793 ¢, and Xx¢& g—
T a if . an - TSy « If
T-)C(‘? and if 3¢ '2,2 and ‘2_‘(%_) { 2¢c |g

ECC‘ is measurable e

and if [EC C‘L is measurable /MTE = 'Z_/«-« = .

It is easy to extend the definitinn of I to po:.nts of

ED I) C,u € so that the extended [ is continuons from

the 1ei‘t and from the right in each point of [__OJ LY. y [7_,() .
’ z

Let ')ﬂ(x) T it (o)
. [T 3 x2[g)1)

'()é%) /\10 (x is a strictly increasing continimus '
function (since neccssarlly T(‘L) T/o) = ¢ ) and sends

.CD 2) onto EO l) TL' (—f) )

It u is”open and invariant then M contains the
-smallest invariant set containing U (C.,u CL which is
:C( v C by'virtue of . the crgodidity of Sl = 2x \MAJL_
on CO ,L and (/\ contains the smallest invariant set
canta:.n:m(r MA CC LJC.L> (which is @ uC.L) ) £or the
same reason. . Therefore U= E@ i} ~and T is
topologically transitive. Iéher‘e:[‘ore generatbes a
partition system. On. theother hand | is not ergodic '
since C;‘l/ C‘L l_is iuvariant and /M@ (/.C-‘,_) -.:/Q B, vV EZ)

l
——

—

-




T 67.

CHAPTER 3. FREQUENCY, ERGODICITY, AND INVARIANCE.

A FRIQUIENCY.
ir. & ¢&,-- - is the rcpresentation of 2C in a
partition system genera ted by a function satisfying

A. or B. -F(i-i— VCQL'\' )) is called the ‘é, »-‘

expansion of >( .

It is important to find a megsure injr:xria.n'b under T '
and equivalent to Lebesgue measdre; (if one exists) so that

the frequency of digits in % expansions may be calculated.

o [
Let gé_‘ (74—) be the number of "' $ gppearing i_r>1 .
the first i places of the ~expansion of % €[4 D"‘" .

Ve define ¢f ") = | B Cx) (if it cxists)

W= e

asdithe frequency of Wi as t'.hef £ ~e¢xpansion of 2¢ .

ir the representa‘blon of X is K~ L

igt Y=l T et s (ivon Aty (R

= O otherwise . F A “"i
then ol (T ) = | if and only if €. (x) = b
Therefore — _ M-l
. & m - 7, (T x)
e-mdv , %"‘"[x,) b\.”)aO ,1_: 2 ')&WC JC)

which exists almost everywhere if there exists a finite
invariant measure WA equivalent to Lebesgue measure, by
virtue of Theorcm B.
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_-ru,,

Furthermore if "W is normalised and is ergodic

qs\mbu) = Sz)b,_\b:,)d\ o almbst everywhere,

If -r is ‘Lopologicéily transitive (which happens when

the domain off%. is of the form Lo, F) ok I wvhen ~
is increasing, and when the domain of -g is of the form (o \-:]/
= \ when g is decrea.suxg),
?’ ')LH(T "') . almost evei:'y{vhere, (if_~W30
- -
since if we put E.= /\ U T OA U T—‘)A
Ve w\ \) -—\1 .
T _‘| E - :
_ . | - . "‘ and
therefore /ﬁ"" Eu S | /"* Lebesgue mea,sure)
and E,VE = A O TR
' ' R ‘) =l :
Thls latter set is the set of points which belong to
‘infinitely many T 'Or . Consequently for almost all

Xt To \3 !

R SCORE

Jr.b

The relative frequency of digits. W to W is defined as
S/JPZH‘CZ'B o if it exists.

3 ‘ kh(w)

u\—m
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By Theorem H , if W is a O"-. finite invariant
measure equivalent to Lebesgue measure and «/{\4 is wm

1ntegrab1e y

b Q- VC) —_ %M/HC%) ~ exists almost

=D \'
B «Nrg

everywherc,-when ¢. "7//-—\ <T'—u) almost everywhere
.which happens when the doma,:m ofg is [O }-) or (CJ) \-j

>l

_ ‘Mo:i;eover if ’7// é(,) is WA integrable
S ')//.M () duns = S’Wu (x) ‘]{ ‘oY d“—ﬂ

In the ergodlc case, % t,c) is constant almost everywhere }'
and therefore

gS""‘/ H(}_Lj - Jy“’" ("Ddh"/f')én(")d{““‘ almost everywhere.

‘B, | ERGODICITY.

We remark- that there ié no mere generality in assuming.

to have domain [, Wi ) or (N, n+ ] , F21 o,
than in assuming .Y +to have domain Co, \") or (O) \—j y
|—\)| .y since the difference is only in the choice of
alphabet.

. A. Renyi [247hns formulated conditions for the

existence of j) -~ expansions the existence of finite

—— -l

measures invariant under | 2 = ( "F 3
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épd equivalent %0 Lebesgue measure and for the ergodicity

‘ of* T?L = (“‘f - 763 " ¢ when ha'é domain,EOj *‘) , i"'.?l

i when . is.increasing and domain <\) | + F]"when ~£ is |
decreasing., His results generalise those of Bissenger'fzsj

‘(who studied the case where f is decreasing‘ ). a2 nd Everett [:2(_5]
‘{who studied the case where is increasiﬁg ).‘, ‘

_; With the exception of a I‘Sarticulukr, class of ‘P
(‘ ‘EC’&)"-’L/& '-Yo( X cﬁ . which we will deal with
‘1';£\r,ter) ‘R'enyi considered the ergodic and invariance problems
oné;y for the cases where I is an integer o} infihity.
In these cases he defined . ]

ot ) = A Plaear . 4 faedrt))

. i (o< ke -\)
and imposed the condition! :

Q. There exists a content C in&ependent of > and ki
such that ' o B |
Masc \ H.\(ic, ) l

 X°§+<W

P LG E) |

oskel

¢, C. | for all":L/l—'*]

This condition, however, implies the existence of a
~finite invariant measure equivalent to Lebesgue measure,
and the ergodicity of ‘ / simultanefously.

" In the following we generalise C, to the case where
"‘ fs_not necessarily an integer or in;finity, and a t the
same time separate the problem of invariance from that

of erpgodicity.
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We assume TF to generate a partition processs

I_*‘rom' Lemma -9, except for a countable set N of »¢ ,
fir ihfini‘bely many "1 the interval I C'X) lwi'bh end parts
f(i,(x)-y cek -FC& ) uf(i + -4 -f(s..+|)) has the
property that ”"‘htyc) \) + ¢ £ L., C:L) .

Let Cé_ be the class of such 1ntervals . Cx_) . Clearly
C generates the class of Borel sets and for all T (2:_) S_CJ
there is an essentially unlque functlon La (‘-3)

{(by Theorem R.M.) such that "

AT AT ) =, 90 (g) I
for all Borel sels A.

In the case considered by Reﬁy:l. we note that

T AN T = JH‘O“*‘rfo-H-))\M

Renyi's condition C . therefore n moun‘os to

) 2

o Toe |20
Faa | @Oy ()]

Evidenfly C .. implies
\ h .
.F“"l‘«’»c"a) l > ._\_..._.
o _L (:u) <

Since</> (::.) S‘w (‘330_1/,,‘ 4 M“,;‘ (/*5 (‘2)

We replace this latter condition by a weaker onej;

c C

=

_g_f {hf\/ i w;(‘ﬂ' S O
764‘ - .
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THEQOREM 15,

I -|7(—=("P DC) u,ndvg satisfies - C,/-

then \  is ergodic.

PROOF.

C_, implies for all 2 # N

\{E:- v—w,c“\cb‘]: 7/ W (\a ) where L‘\(‘a )

is positive almost everywhere.
For each 7(. # C‘a) l\[a)for :mflnltely many h o

/"‘I Cx.)

'If R is invariant and $ 50 , then EC may be
covered by a countable union W of disjoint sets I“(x)ig
satisfying

©l) 14[5) ¢ sothab _w(U-Ec)k s

v o L L)
Since o E/\I\A(X—) —/\-«T'M /\ I Cx)
s SE': C‘Q) dl/q

2 Jo hdr L6
we have S

f7/vxt/\V‘ S L\C(—é)dm/v"/t
Therefore either /V\E O or /‘*\ E.C =




REMARK The same method, which imitates Renyi'_s
use of a Theorem of Knopp CZ?] can be used to show
that T_XT is ergodlc and hence that l is weakly

mixing [_3 7

N

If we strengthen C.  but weaken C . so that for

e ——y

all pa i'\/ and all W

C_ -"%C:j) > L\(n where l/v.[v) is posit:.ve almost everywhere,

_L C‘JL)
then ¢
THEOREM 16
et i p o
C:< implies the existence of an invariant

‘measure equivalent to Lebesgue measure.
For efery'Borel A with _w A O
“

i.e. /V\ T A-/\ H[x) 59 L‘[fj)ét/"‘/“-—l— [.t)
;smgd summing over dlsjoint .L (x) for a fixed b1 we have
TR J,q hiy)d

and therefore lb\__‘ o 'IT'“A > I,

and by Theorem C . there ex:.sts o finite invariant measure
equivalent to Lebesgue measure.,
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- C. o INVARIANCE

Tiet .-be a function satisfying A, or B o
The partttlon {“{)( J‘_)f of EO ‘) . has the property that
is one~one on each Y J',‘ .+« We can write

Xo= (j\-.) and use Theorem 2 , It is easily seen
that for every L , S

L\(T\«DL)'M“(Z)', L\(‘-P(-:L-}-u l—f (:(_4.;.. ’

( see. Theorem 2 for notation, ) As a corollary to
Theorem 2 we have ¢

THEOREM 17

I£ V) is o measure equnra.lent to Lebesgue |
measure then

T~
‘ V‘— j\ L\(’L')g/"‘ and =~/ | F—=— VE
| for.all Lebesgue sets E  , if and only if

‘) L\('L)"' é- L\("r[%%"‘))"f /’L'f‘"}} L7

- Ol <

It is easy to see that | 3(,) |  setisfies (3.1) when -
Pl = X-e¢ K €x < lidor () =\ k-2 olcx < lhe(

i.e., when 7—7(,: x+o(ml(or' ‘T?L: H—a(- p 4 w\ioa” ,

In the remainder of this section we find solutions
of the equation (3.1) for the following four cases



]D(x) Continued fructions;
7(—-\— | ‘ |

The representatlon of real numbers by ‘J? ~expansions
‘P ). —~-— ) SL.5.0 )  are the cont:mued ‘fraction ,
represen‘bat:.ons » prevz.ouslﬁ ‘studied by P, Levy Ezaj, C29J 30],

A, Khintchine [31]/ [32 C33 C. RyllNardzewsky C34J CBSJ ’
E. Marczewski (3567 , and S. Hartman CBS 6_7 .

- An inva.riant.mea.sure equivalent 1o Lebesgue méasure is
yielded by any positive function |4 satisfying ,

| o) | |
l/\é"—) - ‘\.‘E:-o L‘( 96+-t—x+() QC-{—"—'-*— )2
I L‘C°°) i 76-!—! ) » »

Z G a2 Gy

Wy
? —_\/_,_____ - l = L\ (DL) ,
WAt | p A SR e |

f
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Consequent.ly v E = 5\_.. A d/“/.,fa-a P

is. g normalised invariant measure equlvalent to LebeSgue
measure, - The ergodicity of (‘-P ) has been =
proved by various authors and therefore ¥ is ( to
within a constant factor of mul'ybip'lica'bion ) the only

g ~finite invariant measure equivalent +to Lebesgue

measure,
11. P(,L') = \— -~ Alternating Lont:.nued I‘ractzons
We consider *g —bexp’ansions(where ~P(x) = l—élz;‘
for 32 ¢ ) of real numbers . in the form
= | —_1 '
B S

£1+7.—-

&

whé?é - E‘(xs(: E"f —1%7‘ = [- :-c:rg 7
L6 = [47(4%)]

o or

ete .

Any invariant measure equivaien'ﬁ to Lebesgue measure
will.be yielded by positive solutions of y '
(3.2.) | (x)= ? L/t — | 3( \
- ) ( Aty )\ PR
Let L\c%) then
x.

Z L\L?n@,l ;c+u\+|\ (—gﬂ_‘“)q_ | S -@+H)C:¢+\«+s)

oo

7¢hw < e 2C
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Sin‘celj; LC-:L)aj,.\:adand L&) < 20 : for (S O
VE = J‘E /1?,,:0\ A is a ¢ -finite infinite

invariant measuré_ ‘equivdlént to Lebesgue measure, “M‘breover-
Y is ( to wi%hin a constent factor of multiplication )
the only ) -flnite invariant measure equn.valent to
Lebesgue measure and () = l/x_ .is an essentially
unique. positive solution of equation (3.2) as we will
show by proving that T is ergodic,

I xXg CO,D et T, R, be the polynomials
in {l. . fg - such that , ‘
o — _|
’Pl-\ Qh» = l : mf}‘{*l—- {
ey
Y

R B . TH
[« I | &1

Suppose PP\-—. _ Q—\+ ’2‘_‘([4---"\“?4-1)
| Q. Ezh_\—\- s. () +- -+ QL

P = R+ (£.+) “H‘*ﬁri)('.“— ' '+P">
&‘—_“H Runy + (E = ,‘+.+|>(H— QH—Q

= P+~ ‘Z_+(<[-¥- . +P>
CQ“+-E“*‘(|+~~+CQH>'

then
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- By the prlnclple of induction

'\>\-\ = R \'\' z'\--( '\“?.-\)
Gu= Quit t. (\+. .+v<:z.._.)

. for a,ll 1ntegers W
,f(f"f A \O(&\“’)) Yook Cer O 1+

‘-\-l'\‘ Cf;_ﬂ-\*)(‘,;‘__v

i

h'-\

..+Qh.g
= Rk k(4P D
S At (i ral)
Therefore H (‘K,’r) - @ C\,\_ —\—'Pk-)ﬁf p(l'{* + Q.. $)
| A A Ry I
and

OTJLZ\ Holx, b) Qi+ +R) "R+ o)
| (14 + Qe+ QL)

Q. 1+ +P)-B (14 +Q)'

A <Q ARk

Al

il

, I+ B,
+t@n \ i Far =
= e _. T C‘DL) . '
Q. | .
where. L(ﬁc)_ is the 1nterva1 E‘F(f $. +_10({ ))) F[;+ _;_7/)[ 'H))
Similarly H&/a(_ t..l (9( ‘_) [ 4. +a. I (
| o _a<k<( C CQL_‘ _/Ls L..:f.).
El.hez-ei'ol‘e hﬁ—:c H (’9 ) ' - I . +& A
N‘ “~ .HAGC/_ ) | ( & C .

There exists % such that QJr i +G2~.>1

is arbitrarily large, for large \n and therefore .

is
not satisfied,
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In fact Qu = Qo+ g (Ir- -\—Qg_)
and if .= 0 then QH = Qi ‘
Suppos_e, S.= T = 0 = ¢,= O './. » o | ) s‘i}nce

p\'-‘- i‘ l' Q\:- E\'\‘\)‘ ‘CQM'-?.@;,.-\‘:"“':‘ Q|‘=‘ \

i.es . AT SR NI T
- - \4-\-\
B )

However , <’ is satisfied since

Meg Ho6yH) _ <H— 4+ 8N = Q- Quly o) N

m““ H\-\ [’CJ *‘) Zu Q.
| _ B lf ZM%O
2
( iu—k\ } & zL — 4_

.e.wa (>c H> it . t0.

/'—\j: C‘:c.} . - '
For each irrational X & [_—O l) this is so for a,n
infinity of W® . Therefore = l-l__b_g___)

) . o Ta ) (

if  xis irrational and <t is

spbtisfied ie.c. | is ergodic.

. The alternating fraction expansion has been noted
previfusly by A Renyi [37'.], who proved  that the
relative frequency ‘of w to 1 is -

Loy (o] /-'eo'g o if v, O

. W..(W‘.H_ V\Clﬂ-l—'z) ‘ .

and the relative frequency of © 4o " for W P O is
infinite. These results are obtained by a simple
application of Theorem Ho,
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‘III.‘ o RS /6 —ekpansioné.
'f)(?t.) =f7£-/ﬂ' _ for W27 |
When /é = is an integer , /5 ~cxpansions are the -

well known ﬁ/nadic expansions or " decimal " expansionsg

C3s] . -
v{’[sm +f(s +E)) = %"'" _‘_ng

':bhéréfor; Hs-\ (x, "') = l/(&h

and Mag Ho0uk) = | and consequently T

M H._‘(u, k)

is ergodic. There is. therefore, ( to within a constant
factor of multiplication ) at most one invariant measure
" equivalent to Lebesgue measure and essentially at most

one positive solution‘ Lxéc)
CG—XJ
= [ (?L—l—- ta )

(3.3, )L\&) s [7_4,..‘)_!/3_

OcAt < |
_ s ,
Ve show that * __LyC?L) = iz 'L'qu
v | | ‘ 2T A ,
( whgré ‘To(,')» = | ) T'(l) = (/g) ) satisfies (3.3).

Iri ‘fact, more generally 3

THEOREM 17

If the /$ --expa,nSion of/57,15
A Lt g = 0s]
and, o . is any. complex solution of

—— v —

% This is & Salbus ‘vfunct‘ion. For properties see CZJ.
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2‘{"(’9\-’(-

z ’ .
A
and \’\C?f:) i /,,(."‘ :
<t (1) R
L Cpsa) ‘ “\ ) . L (>
then A+ A= ¢/
o 1«;(,.-_7;) L= ko)
PROOF . . |
) A(H - L aw)
- 744'[‘ (\) o h=e X©
where @, (%) = | if  x <. T“‘(\)
, = QO , o'bherw1se .
‘Letb qv",w\(x) Cif o Al <.'T'~/1> |

|
O _ otherwisé .
-
o, = %Jg’o qhw(x.) l
= = T - X
_ = . Lo & Wiz X
- 2_ (2 q,‘lp‘_‘ (’7L))
e
L"/;—?L'J . ,
u{ q“r\*’\"‘) ' is.the number of w1 such that

At T"'"CQ (i.e. such that = 4/51—.“‘(\)—'7& )

‘ | —r

and this number is H‘ VST (‘)j if 2 < (/$T [I})—T(;‘)

. _and T j otherwise. '
x:!
Therefore %" le Cac) = qwh (N + E.,\..
since _
‘ E/s T“"Ct')j :
and  {p-r a, . )+ ¢
| (J JJL\(%-#M)_,— C?: Y| s ’tm

k"o
e
= hey — e+ o € Z’.i‘:.._

= )= a. & ®/y h ()

Since qa = l .
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o | N/ b

It is easy to see that L\C?L) = i ' //3
| X< T"‘fl) :
is bbunded  and therefore . o
vE Jr““ﬁ"“/ll«AAu ‘& normalised 1nvar1ant measure

equlVa,].en‘b to Lebesgue measure.

REMARK - . ‘ "hag a recurrent tail  in its A ~expansion
if. and only ig T =T" (l) for some W,
Consequently W (7&) is a step function wmth a i’;m.te,
number of steps if and on,ly.i_i’,/&l has e recurrent tail,

If has a recurrent tail in i"bs/G ~expansion then
= (f/b+ +£._A=/4"“‘""(2‘/L+ —+(>for sope W o b
: Lcﬂ‘ = ] |

COROLLARY - 17 i

If o is any solution of |
w1
2o (5,2 +f3 R )

theﬁ | W C,L) s . 1/D< safisfies,
< C| P
Cr2-2c
Ju(vwﬂ VAN
wzo | /&‘ &3 , |

Ve omit the proof as it 1m1ta‘bes the proof of
Theorem 17. '

IV. &lternating A —expansions

FZ%)— | - z/ y X <371 S
o+ - - = = l"'(f | .= <. |
«P(ak +-P[t_,+L)) /: )‘+- ’ | | ) €& +e7




S
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and \ H W [’C) }—)\ = \/ﬂ " S and therefore
“%\HJ’U \—)\ = | Consequently 1 is ergodic.
Fes THa 0 |

C/

Let L\Cx)

X7 T"‘( )

l/t(?(,) is a Saltus function. L 2 7 and is therefore
continuous from the right everywhere.and con‘blnuous from
the left except at points T (O) .

- | A - . . .
| W)=z (/75) = | e _T_"‘[o)} o
for all W72 0 . It "‘(o) =0 for some positive .

integer .\ .then.there is o least myosuch that T ™o)z=o0 .
The only positive A for which T'eCo) d are mul‘tlples
of w\consequently

L\(é f /} - F "Q)M"?O

An invariant measure equlvalent to Lebesgue measure
( if it emists ) is yielded by a. posfolve solution

how)ot , tpexey

) htx) = 20 L= wm)

Rsal solutions of (3.4) are ei’bher ' non-negatlve OT non=-
positive , by the ergodicity of™| , and if we show that

hWix) = mZ; o) ( ﬁ)l—l

is o solubion of (3.4) , it will follow that hésr) is
non-—nega.‘bijre since L\[o') ;7 O and L-‘()L).;.s continuous
from the right. ' o

It is clear that L\[’J/ls bounded and ‘bherefore

Sr Lt(n f L[x)”j/"’

will.be“.( except for a constant factor of mu_]_.'biplica,'bion )
the unique invariant measure equivalent to Lebesgue measure
and \)will be normalised.
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Ve show more generally

THROREM 18
' 12 the alternating /5 -expansion of  is
/,S (54\) (_f_—_l'_)+ - S, = (a7
. and o« is any complex solﬁhicn of
2 - (EH) (§+l)+

and L\(m. = Q___
7C7 T (o)

thvn l«\(l x-l»'-t)\ = L(:) excepd - perhdpa ot points TH(o) )
h _

PROOF - I |
We note tha.'b . (7/5) t/&( | =T 5(Co) )7
and suppose - ( 4 IB (S ) ) + .
| 24
\Jrlr@ o] {7(.) if X7 T [o)
: - (9 otherwise
and o, ) = | if 1= (xtn) 5, T [o)
e = O o‘bhcrwy;e- 2
. xta\ L = ""_[_2‘01__‘_(”_6’/
Mu(l ﬂ)“cp»{v 2 =09 (%
: 5 .«( i Apr, i () )
o F/:-v(.]
But ? n, m(x) is the number of U such that

I—Zli/,sﬂ,.)/ W(o) ( i.e. such that /5(1—7‘“‘/0)) = 3 1)

This number is = I:/BO "o )j it ) w(‘ —T"‘?’o)))

_:TV_A-!—I(O) ”'E‘,,d.,g w ¥ ]_ ,‘ ~ otherwise,
Therefore V‘Z‘:t »\/w(’(—> S +{-4q L.\+,(7L\

if Y f: g‘—r (D)z and at suvch X



:A‘)LJ:L\(‘ -tk _l:< 7_% ‘l;( (—';', )w(g_.-ﬁ-\ “qM+.(?§)> E
_ - - = - s
= _‘;( i (i.__,-\-\) Qﬁ—) + = . Q;L-B L"'w-‘i-‘t‘c’t)

[PV

= L () o since e, C}':g) = |,

REMARK 3 In the above four cases we were able to
asstpe  the validity of representations, since in each

case | is ergodic and hence topologically transitive.
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CHAPTER ¢ /% - TRANSFORMATIONS

- .In this. chapter we.make a. special study of. /@~~ex‘pénsions.

We omit.the parallel study which could be made of alternating
/6 ~expansions, ' '

Those (8> | which have recurrent tails in their
A ~expansions we call 8 -~numbers and those /$>\
which have zero tails in their /@ =expansions ( which
happens when TM(\). = O  for some wY O ) we eall

simple ﬁ -numbers,

Renyi has studied the class of simple ﬂ; -numbers of
e | PR N .
the form & = /2 +1 . (39] »  The results in
Chapter 3. concerning ﬁ ~expansions together with the
results in this "chap'ber have been submitted for publication C40]

Ay /3 ~NUMBERS AND THEIR CHARACTERISTIC
| EQUATIONS
- If (“o,‘h,i" ') ~ and (lo” by, . )  are finite’

or infinite sequences of non-negative integers with the same
number of terms , we write

(qn; “u" e ) < (l’ﬂ B"'. '. )

wvhen 4. < lo.,.‘ for the first Y for which 4. +# lﬂs.“ .

We also write (7,4, - )(A)  for Fot G 4. . .
7 .
LEMMA 11 |
It /&: ptd, 4 - C where (ﬂcﬂ-qJ..- ) is a sequence '_of,"

‘%



a7.

i8 a sequence of

heon-negative integers and if (lﬂo, . )
<(01,Jqu. . > for all

non-negative integers with (\9..\,1:.4_“)
e | , then

‘ (b“) may )(/5) (q"‘-) )(/5) vhenever
S A T R

unless /5 ='6\o+:1l+ . +___‘1/ and the tail of { ‘o..,-i

with Fc % . (¢ =4, ar {iowo,{pl/ _
= -l if n‘scw-oa{a,).’

‘coincides

PROOR v
We first prove tha,t Qo (/5 (61 )@) whenever
(.\} ) (q__u I by showing

_ ("Du\, En-ﬂ—f‘)(/}) (4...1 . 4‘.‘_,,'\)(%;) Wheflevgr |
(4.2) § b b {(0\.._,-’--4,“”)

In the case T= o, (bh <(5h._.3 implies Oo QA) 19 <4
@ . Therefore ' (4,2) holds for all w1 where
We suppose ‘(4+2) holds for all M, when

™ < b
If Qa,./ . “‘“‘!\ (q qwu,_) either b = 4. and
lom C e ..,.u,_) —("l...\, q_\.“‘ ( in which case (Ia.,,;,,. -lgh_%)&{)
< (O\MU u-\+»;)(ﬁ) by hypothesis )  or b,<a_ « In

the latter case , since (b%u »..m) (‘Ia, ah_l)‘ and again

by hypothesis we have

(4. - : h
o o) € (o 2 J00) € (om0 o)



TR

The central inequallty in (4 3) holds by virtue of the

rclation
a
- T I ~a.,
= /% | .
- We note that equality holds throughout (4 3) when and only
when '
/b= qaf,%;:f o A w—d\(lm., b )= (o, -, )

However this is excluded by the condition (i, .. ) <
(5‘:,‘ ) for all w3 |

Consequently (4,2) is prOVed and it follows immediately

tha,t N
( \)VS) Cau-\, )&S) "~ whenever
SuPPOSe (lm-., . > ((q..,,. ) 'bhen for some P,ﬂ//}o We .gL w20

(b Y € Copy s, Y 6) €(90 e, 0, CR)

and strict equality holds throughout only if

Agel = Cqur o - = 0
In this case /; = a, 4 + ey,
= Cc+f_L_+"" ' }where C|~ = Ay if |.=-L vaafcl/
= . . —
=q -\ if 1 E O wed
3 %

a,ﬁd c;nseéuently Q°h/ .. )(/5) 4 (Cm, o '3&3);(4»-.;‘ )(ﬂ)
w;'henever Qo._\/-—-)< CC»-..,--')

But é’u, ) (ﬂ...‘, ) implies either the tail of. fb {
coincides with §C. 3 , or C - < (C.,w ) ‘
This completes the proof,
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THEOREM 19

if /55 | ana the /& ~expansion of /4 is |

and if (\go, by, ) is a sequence of non-negative numbers
whose tail., in case the /4 ~expansion of % is finite,
does not coincide with EC‘;& ( see Lemma 11 )., a
neccssary and sufficient condition for the esistence of
2 with /3 -expanslon '

‘ s bt by o

A TR
is ‘bha“b (Ew\)u‘," 3 <(‘lo;- . ) for all w 2>\ .

In part:.cular (4.,, . >(("‘lbl -)I’ovrvall M .

PROOF | :
If _‘ there exists“ 2. with /A ~expansion = LOJ".."?‘_L;‘- Cen
for every W 2, ) ‘
__19,1_4. | " o f,\ -:51 + €, F oo
~ AT AT

Consequently for every W 3, l

' Q”u By - ) #F (”‘0/ u' o )
Let F2 be the first integer with bH-H—; —% 0112 then

»’0»\+a+ buchti ;.. & At Ane 4 -
e ey

and since 0\‘2“_‘_%&‘2_‘, e l we have lr?u‘+l1,< q,i-\-[
s Vel

‘i"e' b"""l’l < &l‘z



()Oq

By Lemma 11 for all

l/\'>/| ( l’h-H ')<(¢l0/qu”'>
1mplles 'au "l'l’h-kf A <A, ta, 4 .. \ and there exists-)L

| . AR 7> (3” |
with /3; ~expansion

X = ID-Fjot L-’z‘-l—-

Se—y

rsvﬁ"

.. In the following Corollaries [Cfa’,al,}-“) is a sequence of .
non-negative integers with &, € 4, 2 I" for a1l n 3 6

It. should be noted that under this condition there is a

unique solution /3% | of the equation
A= Aot A+ Ay - |
= e+

and this solution lies between 9, and dGy+|

By Lemma 11 and Theovem 19 we have s

COROLLARY 19,1

The unique solutxon ﬁ> ‘ of
A= At A4 |
| _ 7.6

has for its /;S --expa’.nvsio‘n '
/5 = dptd + -
if and only if(ﬂ-\,qhﬂ)‘--)( Cﬁa)61|1"' : ) for a,l‘l“_ n >/} .
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We omit the proofs of the following:cqrollai'j.'és..

- COROLLARY 19, 2 | o

The unlque solution of /55 Y

(4 4) x = i ﬁETz : (»‘ where Sy 1 1 T Aurly
fe=p - : :
20, 0l < )
o b & ' ’ ' o 7
has ,/S‘= b e for its /& -expansion if and
: ez e /&‘1 A
only if ‘ v
: @a/ ' n-\-....\) > (q., S T qﬁhﬂ)

(4.5) T

(Qa')"' " Ak l\ D (ah,,_; L FPe p(h')B

| Céol.- a+~-) 7 CqH+MII 'Eth+>Gﬂu"4y>

where

Tk)z R wuedu -

COROLLARY 19,3

The unique solution ./’55 \ of

WUt Stk % | . ' :
o -—-(6107(_ h"'"'""qn*w\—n=>L—(‘1°>Lml"+qh-">
=P (whore | |
hos />=. 2 - (th'ere,b Attty = Auagyy
ezo ﬂh‘ ‘ . ‘

for its A ~expansion if -and only if (4.5) holds.
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COROLLARY 19 4

The unique ‘'solution ﬂ> l of
=a, +q‘ I q‘Lk has for its /S —~expansion
> ';Zu : ‘ ‘ :

/g =t 4. + Au if and only if

z AR
: (4o, - &) »(a, - a.o)
(4.6) - - - -
(a,,- -+ A) D (A, aq,0: O)
(a,, a.) 7 (a0 o)

(4.,6) is equ:umlen‘b %o

) (qo;' \—\—t) (‘i.) . Ot-)
(4.7) (qo; - k);/ (fl‘z , q_‘>

(4)>, (4)

If/l is a non-simple /5 -nuinber withA -gexpansion
o) o
/3) = Z . ( where Ao tramly = qn-\»lt

le=o /517_ : v » /

70, © £l < im

the equation 2 (qozpwh"'l h-l-m) - (C( W | ">

is termed the characteristic equa,‘blon of /S
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Li.lcew:n.se y if /0 is a simple ﬂ -number with

ﬂ ~expansion

/= Aot 4. 440
| T Ae
the equation ' '

- 2" -Cct,,l + 4.%)

is termed the ehara.cter:.stlc equation of/$

LEMMA 12

I2. .4 is a simple Enon-—mmple] ﬁ ~number with
characteristic equation

H+H” Céo H+‘.“ ‘ + EH-\--«— \ =

o
E ""ZD\,— {Soih—i..+ 2“'5]

the. conjugates /’;”‘. .,/Shw\“_l of /5 with respect to the
characteristic equation , satisfy

(4.8) 2™ b TO)EFTL 4T0) = O
[ = 27 TO)L .4.1“-‘@

1l

PROOY -

. This is ea..sily verified by multiplying both sides of
(4.8) by CZ-/&) and adding T v 3 \_\(
o . [= T

40 both sides. This gives the characteristic equation

of/\k
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THEOREM 20, . |
. The conjugates of afn/d_v-number with respect
to its characteristic equation have absolute value less
than 2 % '

PROOF L
Using +the notaulon employed in Lemma 12 = the.
conjugates. of fﬂs with respect to its characterlstlc

equation satisfy
2o T () T e L HTG) -

[v T Mty -+T"‘"(t?] o

: If Y "L\)l (\2\ '\)"Zk '+T(\)'LL‘ z+ +T“"(|>I

< =Vl s |
i.e. \z“”#ﬁ%ﬂ)z“*+¢- +'T“”n)\ < g
Therefore EREE (\ \T(l)'z +Th Vi)

< _ + lzJ5'L~| = ="
‘.'zl" = -1 b=\ — )
; 1= N

i,e, \_Z_\ y ,_Z

L In this respect /g ~numbers resemble Pisot-Vijayaraghavan
numbers ( [417] p.pi 133 - 144 ).  defined as those algebraic
integers greater than olf¢,’ with conaugates of maximun
absolute value less than one.
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If we define analogously thc characteristic function
of a non-ﬂ - number with ﬂ ~expansion -
/Z - zlb + El +" E . {-
7

as Z = €0+€,'.|;..
2.

its solutions.. must have. absolute value _greater than one.
( By the properties of convergence, )

. .On the other hand. +there are /v.S ‘~numbers “whose-
conjugates have absolute value less than one :
i ) The simple & ~number given by /é"": /H"l

The conjugate of % S is |-AS  and
R : =
—| « \"'VS c O
.

ii) The non~simple /3 ~number given by/$z‘-'§/$4|-—j/?—'z
The conjugate of /S 5.1 is R ~-Ns

Cand O<3-A3 < | . B
2

: L-ew\w\q l? Q.
It can be proved as :m Theorem 20 that the con,]uga,t-eé.

of the non~- /5 -number /.S satlsfy

LT s T v - = O

g _'2.7'

- . l N |
And cozvlseqvuen'bly | < I—-IZT ( l \L oY T-'?_—,-gj— - )
i.c. _['C ___l_.__ and |..LI'.-<” > .
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B.  DISTRIBUTION OF /3 ~NUMBERS

L

THEQREM 21

_ The set of simple /S ~numbers isrbex}erywhere_
dense in (l/ oo) '

- Every ﬁ?l has a /S écxpdnsion

o :
and accordlng to Lemma 12,

/, = St €. _‘,‘, o : where Z;%) - ‘gh ); he=ol,

( ) 7(59./5‘&-“)'”.) for w2 “'

‘and therefore GO/" E') 7(5”--_ =7 O>

Cz,,/»- 5.) S (tup, - o)

Consequently by Corolla,ry 19 4 ’ohere is a simple
/S ~number /S(\o\) with /3[» -expansion
_/s(u) S S T R R T
3l ) ) A(u—)
It suffices therefore to show that ll;“\ AG) "/3 /4("\)
is non-decreasing as " increases for otherwise
) sl @ ok B bk B o R Gl
' o 0t) Al 4 o
Suppose there exists b with A(.) ¢ k<4 for all Y

then /500) ) %, th- kL for all v and therefore
KH ) .
K?/ ft« /”?;(-—\)7/ 4'f.‘,'+€. ...) Gt &g :ﬁ
e .

" Thls con’oradlctlon shows that |i~ /}[u) -ﬂ and this
‘comple‘bes 'bhe proof, '
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Ce ' THE NORMALISING FUNCTION

. The . frequency of each digit exists and is the same for
almost all X and is expressed by the function 75(\4

(4.9) Pl-) = V[/})“Fl) ig n o< A

| :»[%L,\)' ig = A7
v’zlrh‘e“r.e v’E -‘:j%oga‘@ /F&s) .z;.nd Ff,) is the ﬁo:}ma;‘iisi':‘lg
factor , by G dhac . |

Ve ﬁote the follow:mg formulae

= L da = 1N ol
POy = bbb 3oy, 7007 |
= jo'( ?‘;D q}f:: ) J«- (where a Cac) =| it s <T “(l)
_ od ..l_. . | '
- M% /5"‘ Io Autx) ﬂ{/)c ' = O otherwise )
- _ LT :
) - Zn /ﬂ ‘ " ’ , '
(4.10) - ? (nt) i) ( since T (l): i“‘_@"" 5:::% +
‘ y me /bl—\ /5 ’ 272.

, for all w7 O )
We have therefore \:Cu\)'-: \, €or 4” Y

and 1€ F(r) < :uﬁ.%-lf«-- = A=l

and consequently

(4;11) /l‘:oo l—:([ﬁ) =



v8.
LEMMA 13 _
If the A =-expansion of « is
0< et C\D-\-ﬂl_.'\- e *

and the ﬁ

éexpansion of /b is

/S = b&"‘" lﬂ\ + -
then o< 7% if end only if (“o,q., )7(l9¢,b., )
PROQF

Suppose on the contra,ry K< @B and (qaq SR IEN ([,_., by, )
( The case of equa,lity is trivially dismissed ) ‘

If W is the ffirst integer With a. v lo
butbuy 4. < loutl AL cajtan,,
P
thercfore ’ . »
}'/3 Ea-l-l;:-(- <‘==1°+'3/Z.'4-.-.<qoi-gs_\-\-ig-f---.—-o(

ol . KT
This contzadiction completes the proof.

LEMMA 14

If the A4 -expansion of /S
/’/S - E‘p"'i +7. .

is

I S YO

I——rs oy

~ e

for every J‘V there exists o = oX(+) with
- {4.12) Q-H)h-(

o =expansion

| . (vhere %5, = &, for 0§
s 3 - B T o0s Fén.
M=o ol =5 ~| ‘
. : a,pd Srntn-p Tu= for ocs <™ )
‘and °((PM\/.S'

as ‘P‘—-)odt



T
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|

CpmooE . | |

| (fo) . g“‘")7 (xs'z)' ' gu-l'l o, O> o
i.c. v (561 T |> (fh‘ g 0, ;O>
Thqréfore

(a°" ,' qc"‘“')“"') >(q‘1 “(»H)n-n" O) '
where the 4, S are defined in (4. 4)

By Corollary .19,4 there existso=o/(v with
o{ —expansion (4.12)s Evidently ‘

p(‘:,(fov'l"&-l---.[.‘fu-l'rl I'I‘,_l_. 4 -‘-_L_
~ ) ";(""t-\-l o -4

ot Tw
- (f@t—f_._.,,;, 4..&"_[)(1- \/a((t«u‘)u,
o ey -
| S o [ — \/D(h
According to Lemma 13 , °<(h) is non-decreasing as T
increases. Let ¥ = SUP o (1) then '
, {+_L.-\- "r{u-\ |
Y- ( .G 3—*-' | - ‘/@r
i.e, = ic:""EL,...-\- R -
| Y Y —z;'.:-:.

and therefore
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THEOREM 22

If /S is a s:.mple (5 ~number with
A —expansion : '

fo St el 4g
T e BG) = FOY(AT )

- PROOF S
. If &= o(Cv~) b/</3 ( V(C'b) defmed in - (4 12) )

' 'b/ will have in its b/ -expanqion ‘the same. Q[‘+ \3 b
initial digits as ¢><CS) for all sz v 'g ( B}y Lemma 14.,-

Therefore

I S W £ SO el ]
b (o ?f i "5_—:) (YN‘ e Y-Q‘*\Bh-‘
. ~ Q\-’-\jh .
R &
and 5 +28 4. .. & (D n(s. - D (‘FC})
e /5"— - /Sﬂ—l)‘—\
= o+ 28 4 ...+ V‘+l)h(£h_,-—l.) (Whereq_\‘;H 9 )
———a N _(0 M
> T3 s e ‘ - |
€ %27 4 () k C%h."\) N C) ii
X (¥ o<(!‘+ D‘—' ) l.

I‘L sufflcea to show * H

b Fled)= I (54 e JB ~Fpa”
| Pﬁﬂg | 'g \\'Q4“¥l)

T < T0-

~* In what follows the dependence of X on: ™~/ sh\puld be
noted. l‘_(m.) denptes (o{‘x\) . SRR ‘

i
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@@' xc-,-), fat £1_+- +th-. \)

and o€ /(r) = e ?..E‘..."’ .+ ‘—\('E.__‘-\)

Si;lc;t f-‘(;«»-ﬂ —x O ) C"‘_.*”_‘_)_ﬁe R ) LN (e ‘) |
=

WI<II Y-
RN R AR RV E R AR *f‘“(j;::") |
=L W1 0) + r(o(crﬂ Eém—o&, +oog (s, ,-I)B
o( o Th+l oL &0
- _,_____R:V\T (L + T_(.x(v-)) “)M ’Mq:('-) + x(ﬂ?]
we “have N
b TR (1) -\;-\ {_L(&,HHL +f___—_l>(l '/XM)}
-oa R = e
‘ :’__L_‘ ( é'o-f-i.,... + f. .'l) l /
A N i ‘/ﬂ )
and h\n—\ xl(ﬁ\ = _E_g__-{-— e "‘(i...-; |
_ e ‘ /S -
Pz
Therefore ‘M-\ F | _"I'..'l__' =_§,_4_ SR S
. 5o (KM){ o/“) o~ AT

S r(p((,s)) /‘//s)ﬂ‘“
| ) a1
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THEOREM 23

| | then ||t~, = ( =
15 ﬂ> #l o ?r) 647

a‘rlld if /é is not o s:.mple &) -numbef
llt« T—C ) "F@
7 ) B)

PROOF : .
An either case suppose. that l'b' /a‘\ ¢§ and let = H(S) be
 the number. of. 1ni‘b1n,1 consecutlve digits common to both the

Y- -ex pansion of )y~ and the b? ~cxpansion of /)7 By
Leama 13 it is easy tp see that g’»—\ V‘(S_)
L ' o

) r( ‘/s" /{-_,H . Wherel:;oé = O
| )’ < L - vhere | -
A b A= o
| F) - n:czf)\ IL Lt(:+zs(J~+,L)+ o, @»r;l))
| + o, +525t_'
< \—L ¢ +7_'lg o4y,
| A ( ‘ :5_.) -\—‘95*_@/”
< "ﬂlﬁ Ll vewd e mmpy)

Therefore | r(Z [—C/s) it ’$ 'is not & simple

‘ //,Z -‘-num\{)er and‘(l\l_b,“ﬂ FQ) {/‘ for all % S \ .
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THREOREM 24

L \’C) O
XR/\ ’

- PROOY . ; . .
Let us write /Q '-‘-/SCM) for the positive solution of

tvhén /SCM) deéreases as V1 increases énd | y40) =

For if | o | k—?‘o » |
(n) ¢ (\-‘-H) Cax1) €| —l-._l_;' < \'-\—‘-l = /5C)

At 6 AL O &

And if 4(-) % k>l | fvor.all}L m/'
' W) ¢ l"“" b1 = ]
u)m/4(> =D sl

: Therei’ofe y by virtie of the continuity from the 'right
of F&,) at points /S 7 l ,‘ it sufflces to show 'bha'h

e r—(/sfu))

w20 o
(_&5(“‘)) = l + _b_tt—-q'we show that \lw n = D .
/,}(H) /5() _ w0 ﬂ(\-\)

Suppose_,'l... K for infinitely many W | then /g(h)lq
A0y - |

L\n
= (1L Ve (1R YO
| /5(‘4)‘” A(H)"' |
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for infinitely many W . But

b (] +_l \K/“‘Q“

0

w2 /jg."_..)'*,, |
converges to et since |liw /5(:—\)“: o0,

by virtue of the relation /ﬁ(u)h = _____‘_____ '

) -1

Therefore there exists arbitrarily large W with

e . e -

: ﬁ("‘) < € : and yet \u«.‘ ﬂ(u) = =0
- ‘ =254

This contradiection establishes the Theorem.
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CHAPTER 5 3 —NUMBERS AND MATRICES,

Throughput this Chapter & is assumed to be a

/3 ;-number ice, . /g 5 [ - and satisfies an equation
of.the form | ' |

(5.1 . ‘
(8:2) o ot v)= A A (e )

0“_: CD

' . : ' ot '
.Let » be the least Rk so that | l(l) ~ appears
among . .O/T(l')»)' T k(\) and.let ”()c; Co .;().,1 | be the
lenghts of 1+ | disjoint , consecutive intervals

Io’ o T | with  end points 9 vl_,'fd)).. -T0) .

Virite “‘\é w Wy 4 Pn ‘ where W, is a non-negative
1n1@erﬂ and L Clb/' . -If the end ‘points of Iy

are 7‘»:;7%“ ( =7, < >Cian v ) then

Lx, % ).. L : M-
) Xptr ) = *Cy,, +l>vu.. .ufx+ le, >¢..\..M
| i 2TRTR) T e /3 > L‘)

}
Py h+l

W——

T maps each of [ Xyl e+ 1
., o - "/ ﬁ)’ N y "‘:ED

/s
one-one onto Co, \) and maps ['_"t’-\,;“ “n Y ) o'ne—one” ‘

= [O)T(Dck,”“ v ET[’LLJ) ‘3

othervise,



Tl e
e
L]
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In any case Ih ~ is composed of Mh: isdisizxjoin'b,'
consecutive intervals of length ,I/g a,_m‘i‘&a, further
interval of length less then ,L,_,, » . The, firét n,

‘intervals are mapped one-one onto Ce, I) and the last
interval is mapped one-one in‘bo (e, 1) .

. Ve characterise this beha,viour of T 'by a,\matr:.x
A ..in the following wa.y H

_ Beﬁ:me Sh fao where | ih4 = Vl,;+_¥
if ' = g
otherwise , hin

( N.B. S\z is composed of intervals from ' E:E_,g-i

and define o :
% ZO - 5\:)

Let L\(':c—) be a step function the bp%oni whose
steps are the intervals r') 'a.n_d the heights ,ol{ij‘:,\;whose
steps on the ‘ihfberVals ':L‘)._ ;af’re s L

J

-— -~ — —

K(‘?c \ ': EGGLO_{'.'.Y' + E;to L‘-—‘

fow Lo+ o+ b L\—\
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If .-xi._T._‘k o, 2\ .of..the;pqints,in‘T"!éc).are\.in I.

f,, ©f the points in T74) are in T,
Therefore if | | ‘

g B . %-.’d .

fah L‘o+' ) + ihb. Iﬂh = 2,. \4(\6) = i ‘ﬂ(’&i:

Ty'-‘x

Let us denote the operator on functions

° (:c.+w|> . by H.

VH

Y

There is a one—one corresspondence between the step functions

ACIYR

described above and the vectors :("."’ ©in V.,
. L;_‘ .
{ the space of vectors (k“ ) ,'a)ndfrom ‘.:.\,:(.5.2)‘ it
(L:a corresponds to h(x) then A : horré“awonds to
h., L\(‘t)

With the natural interpretation of the word "isoqu‘phism" ’
we have | S

THEOREM - 26

The set of step func'hions vhose steps rest on
I together with the operator A is isOmorphi\c"*wi’oh‘ e
J - BT
\/\—\-\-\ tqge.thqr with the matrix A 6
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By Corollary 17.1 all solutions of the characteristic

equa‘tion"of‘“/@ , are éigen values of A and therefore
eigen values of @4 .  This is some justification for

using the term . " characteristic equation

It follows f£rom Theorem 25

- THEOREM 26 y | |
' | Y is &n invariant measure equivalent to

Lebesgue measure if and only if

VE:X Wodebn ,‘v\vht:ere ,”“?‘7 is a step function
with jilﬁéé\ H;'>Q ‘oﬁ ]i;‘qﬁ¢  | |
()=
W Y

: ,;Wé‘have‘therefore o simple method of evaluating
invariant measures for the case of./ds ~numbers:
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