EFFECT OF DYNAMIC RESPONSE
ON IMPACT DAMAGE

BIJAN DJAHANSOUZI, B.Sc. (Eng), A.C.G.L

May, 1988

A THESIS SUBMITTED FOR THE DEGREE OF

| DOCTOR OF PHILOSOPHY OF THE UNIVERSITY OF LONDON
AND FOR THE |

DIPLOMA OF IMPERIAL COLLEGE

Department of Aeronautics
Imperial College of Science and Technology
Prince Consort Road

London, S.W.7



ABSTRACT

A theoretical-experimental investigation into the dynamic response of beams
subject to transverse, low velocity impact has been conducted, aimed at developing
a simple parametric model to aid in the design of structural components under

impact conditions.

A uniform Bernoulli-Euler beam with an attached impactor mass has formed
the basis of a parametric study which has identified the parameters that govern
dynamic response. The effect of the individual parameters on the beam’s response
has been examined by adopting a modal synthesis solution technique. Results of
this study have indicated that the maximum bending stress can be predicted using

a simple energy formulation.

A comprehensive finite element program has been implemented to validate
the modal analysis, and to facilitate the inclusion of shear and rotary inertia
effects and the prediction of impact-induced shear stresses, not possible using the
modal approach. Contact loadings are also predicted by modelling the multiple
bouncing of impactor on the beam. A specially developed high-order Mindlin beam
element has been found to be ideally suited for dynamic response calculations

where complex shear and bending stress variations are encountered.

Drop-weight impact tests have been conducted on a simply-supported, alu-
minium beam Specimen, varying the main governing parameters, namely impactor
mass, impactor velocity and beam length. Bending and shear stresses, displace-
ment and contact loading have all been monitored and recorded. Low velocity
impact tests have also been conducted on composite laminates to establish thresh-
old energy levels to initiate damage and to monitor the resulting bending stresses

and contact forces.



Experimental results show good correlation with theoretical predictions and
highlight the effectiveness of the proposed models for estimating impact-induced
stresses. The implications for scaling of response and various factors that limit

the range of applicability of the proposed models have also been discussed.
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NOTATIONS

Arbitrary constant. Defined where used

Matrix of constants (a). Defined where used

Breadth (width) of beam

Wave propagation velocity, .(= \/:f—-)

Effective wave propagation velocity in composites, (= %)
Depth of beam

Matrix of strain-displacement operators

Belleville disc-washer height

Unit vector

Arbitrary function. Defined where used

Vector of functions (f)

Index referring to layers in a composite

Arbitrary function. Defined where used

Vector of functions (k)

Index

Index

Coefficient of Hertzian contact law

Effective cross-sectional shear correction coefficient
Coefficient for the shear variations across the beam width
Half length of beam

Total length of beam, (= 2!)

Distance from beam support to element centre

Impactor mass

Number of harmonics

Numerically determined exponent of impactor/beam mass ratio

Number of element sampling points
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r Nodal displacement

r Vector of nodal displacements

t Time

u Transverse displacement

u Displacement field

v Impactor velocity

w Distributed loading function

we Amplitude of distributed load

w External nodal load vector

z Cartesian coordinate along the beam length

y Cartesian coordinate along the beam depth

z Cartesian coordinate along the beam width

A Cross-sectional area

A Stress smoothing matrix

B Vector of coefficients. Defined where used

C Damping coefficient

C Damping matrix

D Elasticity matrix

E Modulus of elasticity

E, Effective modulus of elasticity for composites, (= 3 ) —E—%IQ)
g=

Matrix of functions ( f)

Shear modulus

Arbitrary constant. Defined where used
Matrix of constants (H)

Second moment of area

Iteration matrix

Impact energy

oS 2o~ m QM

Stiffness

10



R

B

g<:c:é~3'~3m:d:u©‘v2gag§hﬁ

> Q™ R OR

m

Modified stiffness, (= %[K(t) + K(t + At)))
Stiffness matrix
Element length

Beam mass

Additional mass due to displacement flag and protecting channel

Mass matrix

Number of nodal freedoms
Point force

Bending moment

Nodal force

Nodal force vector

Shear force

Period of vibration

Period of highest frequency
Strain energy

Volume

Kinetic energy

Constant defined as LY

L
Matrix of strain shape functions, (= dw)

Constant defined as xl

2L
Arbitrary constant. Defined where used
Local indentation due to contact
Allowable error
Strain
Direct strain
Shear strain
Strain matrix

Dimensionless time interval, (= -,f-.-)

Hermitian polynomial
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0 Cross-sectional rotation due to pure bending, (= %‘:—)
K Radius of gyration, (= \/%)

A Beam frequency parameter, where A\* = %}LA

N Constant defined as -—gﬁ

v Poisson’s ratio

3 Local non-dimensional element coordinate, (= 27’")

™ Universal constant, (= 3.1415926536...)

P Mass density

Pe Effective mass density for composites, (= i nga)
c Stress =

Ozz Direct stress

o Stress matrix

T Time interval

¢ Shear/bending stiffness parameter, (= —Glj—%)

X Arbitrary function. Defined where used

P Cross-sectional rotation due to shear

w Shape function

w Matrix of element shape functions

T Number of layers in a composite

A Arbitrary function. Defined where used

$ Dynamic response function for bending. Defined where used
v Dynamic response function for shear. Defined where used
9] Circular frequency in radians per second
SUBSCRIPTS

e Effective
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cr
dyn
min
max
gst

sym

Index referring to layers in a composite
Index |

Index

Nodal point

Sampling point

Transverse displacement

Bending

Damping

Exact integration
Failure

Impactor

Stiffness

Mass

Reduced integration
Shear

Target

Rotation

Critical
Dynamic
Minimum
Maximum
Quasi-static

Symmetrical
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OPERATORS

[] A row or column vector, or a rectangular or square matrix
{} A column vector, when written horizontally to save space

-1 Inverse of a square matrix

t Transpose of a matrix
Time differentiation, first derivative

Time differentiation, second derivative

Virtual quantity

~ Smoothed quantity

- Intermediate value of a quantity during iteration
A Small change in a given quantity

0 Partial derivative
ABBREVIATIONS

CFRP Carbon fibre reinforced plastic

CH Channel

CIIA Cubic interpolation of inertia algorithm
CT Composite specimen test case

DC Direct current

DOF - Degree of freedom

ETB Engineer’s theory of bending

FE Finite element

MT "~ Metal specimen test case

SGA Strain gauge amplifier

TDR Transient data recorder

14



UNITS

m (or M)
cm

mm

psi

s (or S)

ms (or MS)
C

Kg

Kgf (or KGF)
N

MN

GN

Hz (or HZ)
KHz

MHz

n*

Metre (unit of length)

Centimetre (= 10~2 m)

Millimetre (= 10~ m)

Pound per square inch (unit of pressure ~ 6895N/m?)
Second (unit of time)

Milliseconds (= 1073 s)

Celsius (unit of temperature)

Kilogramme (unit of mass)

Kilogramme force (= 9.8 N)

Newton (unit of force ~ 0.102Kg m/s?)
Meganewton (= 10° N)

Giganewton (= 10° N)

Hertz (unit of frequency = 1 cycle per second)
Kilohertz (= 10° Hz)

Megahertz (= 10° Hz)

Volt (unit of electrical potential)

Ohm (unit of electical resistance)
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Chapter One

INTRODUCTION

1.1 GENERAL OVERVIEW

The past decade has witnessed an increasing activity in aeronautics in the
field of impact and impact related phenomena. This newfound interest originates
primarily from the increasing importance that has been placed on the use of fi-
bre composites as structural material in aircraft, helicopters, and aero-engines.
Although composite materials have been around for quite a long time, their use
has been restricted to secondary structural components. Extensive research into
various aspects of behaviour and mechanical properties has given confidence to the
designer to take advantage of what these non-homogeneous materials have to offer
and the aerospace industry has been among the first to appreciate the potential of
composite materials as structural components. The economic advantages of such
high-strength lightweight materials and the flexibility they offer to designers for
“tailor-made” material properties have lead to their increa;ing use for primary
lbad—carrying structures. In service, such components may be subjected to impact
loadings arising from dropping of tools or runway stones which can be classified
as low velocity impact and also engine debris and small arms fire which constitute
high velocity impact. The impact energy transferred to the target can cause it
to deform elastically as well as inelastically. Metals can deform plastically and

retain much of their original strength up to the point of failure. Composites, in
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comparisons, can absorb energy inelastically only by fracture processes which in-
herently will lead to a degradation of their mechanical properties. Low velocity
impact in particular, can cause sub-surface damage in laminates which can result

in reduction of both strength and stiffness without any sign of visible damage.

Many investigators, adopting a variety of different approaches, have con-
tributed to the study of impact but much of this work has been related to ballistic
type impact, where wave phenomenon and Hertzian contact effects are dominant
due to the high velocities involved. These efforts have provided a basis for a design

manual as compiled by AVERY (1).

A survey of the literature reveals that the low velocity aspects of impact have
received considerably less attention, with much of the interest being directed to-
wards the understanding of the material response of fibre composite targets at the
contact zone. The inherent complexity associated with the analysis of compos-
ite laminates coupled with complex dynamic effects that form part of the impact
process have diverted the research efforts away from the analytical approach in
favour of the experimentalists. DOREY and his associates (2-7), among others,
have concentrated much of their efforts on studying the degradation of mechan-
ical properties of impacted composite laminates, which is regarded as being of
primary importance to the designer. Considering the projectile kinetic energy to
be the predominant response parameter, they proceed to perform numerous im-
pact tests on laminate specimens to establish threshold levels of impact energy, at
which either the strength or stiffness is significantly reduced or sufficient damage
is sustained to affect the life of the component. The various failure mechanisms
commonly encountered in impact damaged laminates such as dela.mination; fibre
cracking and matrix crushing have also been investigated with regards to their
effect on the threshold energy. DOREY’s efforts also entailed examination of the
effect of ply orientation, stacking sequence, ply thickness as well as fibre, matrix

and interface properties on the promotion of any particular mode of damage thus
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affecting established threshold energies. The use of a single quantity, such as en-
ergy, as a measure of a components ability to survive damage is a simple concept
which has some validity if all of the energy is absorbed by the damage process.
Clearly if a sufficient reservoir of elastic energy is available, this approach may
not be valid, provided the structure can respond sufficiently quickly to absorb the
energy before the local impact force causes damage. This possibility depends on
the stiffness of the structure, the mass of both the impactor and the structure,

and the impacting velocity. In other words the dynamic response.

The dependency of impact damage on target geometry and flexibility as well
as impactor mass, velocity and even impactor geometry has also been examined
by a number of researchers (8). These studies have primarily concentrated on the
aspects of material response to impact in an effort to provide an insight into the
phenomenon of impact damage in fibrous composites and also form a valuable base
from which to search for new impact resistant hybrid composites. In addition, the
resulting information may provide a basis for a design guideline but falls short of

providing a proper understanding of the physical concepts of impact.

Impact phenomenon involves both material response at the contact zone and
the structural response in the form of stress waves, and it is the former aspect of
impact which has received most of the attention. Although the dynamic struc-
tural response of laminates can be neglected for ballistic type impact, the validity
of such an assumption, when applied to low velocity impact, is rather doubtful.
However, it is evident that in studying the material response aspects of impact,
the structural response aspects of the problem have been conveniently undermined,
thus casting doubt on some of the findings. The vast majority of this work has in-
volved drop-weight and ball gun impact tests, conducted on coupon sized specimen
typically 50 mm long and 25 mm wide for reasons of economy of material. This
approach is justifiable only if it can be established that the effects arising from im-

pact loading are localised and that the dynamic response of the entire specimen is
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negligible. In the view of the author, it is questionable as to whether the assump-
tion of negligible dynamic response can safely be applied to situations involving
low velocity impact. In fact, preliminary work by CANTWELL et al. (9,10) has
shown that impact as well as post-impact response of carbon fibre composites
is dependent on its geometry, and confirms the authors belief that the coupon
tests may be excessively pessimistic. This claim has been further substantiated
by HILAIRE and SOULEZELLE (11), who recently embarked on studying the
influence of test methods on the damage produced by low velocity impacts on
composites. They investigated the impact damage in carbon/epoxy composites
as a function of specimen dimension, initial damage energy threshold, specimen
deformation and projectile mass, and report that their analysis shows that the free
length of specimen has a marked influence on the results. Another assumption sub-
ject to criticism is that of regarding the impact energy as being the predominant
parameter. Based on their findings, CANTWELL et al. (9) argue that impact en-
ergy is not the sole parameter and that impact performance is also affected by

projectile mass, momentum and the target response.

The finite element technique forms the basis of much of the analytical effort
on the subject of impact. A complete analysis of the impact phenomenon will in-
volve local contact stresses, three-dimensional stress wave propagation, transient
structural response, failure theories and even fracture mechanics. The finite el-
ement (FE) method is very versatile and well suited for complex analysis, not
possible by other analytical methods. It permits detail modelling of the contact
zone where the stress state is predominantly three-dimensional. Non-linearities in
material properties, resulting from the progression of impact damage and geomet-
ric non-linearities arising from large local deformations can also be incorporated.
The drawbacks include the vast computer resources necessary to perform such
complicated analysis, bearing in mind that the dynamic equations of motion have
to be solved iteratively for every timestep and that the complete analysis will re-

quire many thousands of timesteps, especially for the case of low velocity impact

19



where peak stresses which may lead to failure may not occur until sometime after
the initial impact. Finally, the results of the analysis have to be carefully inter-
preted in view of the short-comings of the modelled mesh and that of the element

type that has been employed.

GRESZCZUK (12) studied the impact response of both isotropic and com-
posite plates by using the FE computer solution to determine the internal stresses
in the target caused by a time-dependant surface pressure distribution under the
impactor. This pressure distribution he obtained by analytically combining the
dynamic solution of the problem of impact of bodies with the static solution for
the pressure between two bodies in contact. Details of various analytical meth-
ods for estimating the contact pressure distribution, contact area and duration of
contact for both isotropic and compo‘site targets are presented in Reference (13).
The internal stress distribution will enable the determination of failure modes and
the failure envelope by applying the appropriate failure criteria. Currently static
failure criteria are assumed to apply since an experimentaily verified dynamic fail-
ure criteria does not exist. GRESZCZUK, in collaboration with CHAO (14), later
applied this solution technique to investigate the parameters that influence ma-
terial response and thus control the type and spreading of impact damage. The
approach outlined by GRESZCZUK (12) represents a common basis for analytical
efforts involving the finite element concept and so the emphasis is put on devel-
oping simpler solution techniques, improving the modelling of the contact loading
and developing special elements to model the variety of structural effects arising
from the non-homogeneity of the target material, in an effort to reduce solution

cost and thus render the FE method a viable alternative.

HUMPHREYS (15) attempts to develop an analytical procedure to calculate
damage accumulation in composites during low velocity impact. The procedure
incorporates damage, as it is predicted, into the displacement solution. Assuming
a perfectly plastic impact, the impacting mass was lumped and subjected to an

initial velocity. The mesh was modelled by thin shell elements and laminate theory
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provided the stress distribution. Predicted damage was found to be far in excess of
experimental findings. To improve the predictive capabilities, HUMPHREYS and
GOERING (16), employed a shear flexible plate bending element with material
bending/extensional coupling facilities and also incorporated a non-linear spring

to simulate Hertzian contact.

SUN and his associates (17,18) have also applied similar techniques to study

laminate response and damage initiation with varying degree of success.

These examples serve to highlight the difficulties in the use of such analytical
techniques and although detailed analysis is possible, one has to bear in mind that
the complexity of the solution may hide useful information concerning the general
underlying physical phenomena of interest to the designer and furthermore the
expense involved in the use of such methods may not be justifiable under normal

circumstances.

Application of more conventional, analytical techniques to the impact study
of laminates is rarely encountered in the literature. BOSTAPH and ELBER (19)
have combined fracture mechanics and large deflection plate theory to examine the
influence of plate thickness, support condition, and matrix toughness on the onset
and propagation of delamination in impacted composites, while CHOW (20) has
derived the dynamic equations of orthotropic laminated plates and applied these to
study the propagation of flexural waves and the transient response resulting from
a normal impact on composite plates. Analytical solutions of this kind have been
used exténsively in past for studying impact. Works by ERINGEN (21), LEE (22),
ZENER and FESHBACH (23) and BARNHARDT and GOLDSMITH (24) on
transversely impacted isotropic beams represent some of the earlier contributions
to this subject. Their main aim was concerned with developing methodologies
to predict contact force, target response and impact induced stresses and the ap-
proach most favoured was based on solving the equations of beam vibration, rep-

resenting dynamic effects, in conjunction with force-indentation laws, representing
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contact effects. A detailed account of the various analysis methods applied to the

study of impact is contained in GOLDSMITH (25).

Few researchers have attempted to investigate the subject of low velocity
impact with the aim to provide an understanding of the underlying physical phe-
nomena. McQUILLEN, GAUSE and LLORENS (26) have reported that low ve-
locity, transverse impact is primarily a structural dynamic response phenomena,
at least to 6 m/s which indicates that inplane and transverse wave effects are not
important. They found no detectable damage or measurable reduction in resid-
val strength due to impacts below failure level, which is an indication that local
Hertzian contact effects are of secondary importance. Tests showed that dynamic
failure mechanism was identical to the static failure mechanism (i.e. longitudinal
tension in the 0° plies) and also that impact energy was not the only factor con-
trolling failure. Based on their observations, McQUILLEN et al. (26) proposed a
structural dynamic response model based on a uniform Bernoulli-Euler beam and
a rigid impactor mass which provided good correlation with their experimental
results. In an experimental investigation, ELBER (27) has found that under low
velocity impact, the dominant deformation mode of thin composite plates is the
first, or static, mode and that the extent of delamination as well as distribution and
amount of fibre damage were similar for impact and static tests. These findings
are in agreement with those reported by McQUILLEN et al. (26). CAPRINO,
CRIVELLI VISCONTI and DI ILIO (28,29) have also observed that the dynamic
behaviour of composites at low impact velocities can be predicted by simple static
tests. They have considered situations ushu~< impactor mass is large in compari-
son with target mass, so that structural response is not significantly affected by
target inertia. As a result, a simple model, based on energy considerations, was
proposed for the purpose of predicting the maximum contact force during low

velocity impact between an impactor and a composite plate.
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1.2 PROJECT OBJECTIVES

The findings reported in References (9,10,26-29) are significant in that these
highlight the importance of structural response in situations involving low velocity
impact. This aspect of the problem has generally been neglected while attention
has been focused on aspects of material response. It is essential to realise that if
the results of experimental tests are to be applied to real structures, the effects
of structural response have to be considered and included. Identification of the
important — hopefully non-dimensional — PomomjL«s which govern the dynamic
response of structural elements to impact by a moving mass would be of valu-
able assistance to the designer. If these parameters can be summarised then it
will enable the result of coupon tests to be extrapolated to other structures with
different lengths, thicknesses, densities, rigidities and lay-ups and impacted with
different masses and with different velocities. The results of coupon tests — such
as residual strength — are usually quoted in terms of projectile energy and it is
therefore relevant to be able to quote the separate effects of mass and velocity and

how to apply an energy criterion to other structural configurations.

The objective of the present study has been to investigate the structural re-
sponse aspects of impact with the aim of identifying the governing factors to serve
as effective indicators as to the importance of dynamic effects. For this purpose,
attention has been focused on the problem of transversely impacted isotropic beam

and this has been studied in detail, both numerically and experimentally.

To begin with, a detailed numerical investigation has been carried out on
a uniform isotropic beam of rectangular cross-section, simply supported at the
ends with a concentrated mass at the centre. The differential equation for the
lateral vibration of this particular beam, excluding effects of shear and rotary
inertia, has been solved subject to an initial input velocity imparted to the centre
mass. In the process a number of variables which affect the lateral vibration of

the beam have been identified. These have been further examined to establish the

23



exact nature of their contribution to the beam’s response, thus highlighting the
important variables or group of variables. On the basis of this numerical study a
theoretical model has been proposed which relates the maximum impact induced

stresses to the various governing parameters.

The numerical study has been taken a step further by employing a specially
developed finite element package to overcome some of the limitations of the above
simplified approach by providing a capability for a more detailed and realistic
modelling and analysis. Spring elements have been utilised for the modelling of
local contact and estimation of contact loads, including the multiple bouncing of
the impactor which has been observed experimentally. High order Mindlin beam
elements have also been implemented to allow the prediction of transverse shear
stresses, for which the modal approach and the standard beam elements have

proven unsuitable.

To complement the numerical investigation, a series of dropweight impact ex-
periments have been performed to cover a wide range of test configurations, aimed
at providing a sufficiently comprehensive experimental database to facilitate de-
tailed comparisons with numerical findings. In this respect, attention has been
focused on highlighting the separate as well as combined effects of the various pa-
rameters identified by the numerical study. The impact tests have been conducted
on simply-supported aluminium and composite beam specimens, monitoring and
recording the contact forces, the bending stresses at various positions along the
specimen and, where appropriate, the transverse shear stresses and the centre

point deflections.

Finally, the numerical and experimental results have been compared with a
view to confirm the relevance of the identified parameters and to establish the
applicability of the proposed models for predicting the impact-induced stresses.
Implications of the findings, in particular the goemetrical factors relating to scaling

of the test results to different structural configurations, have been considered and,
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furthermore, any limitations that may arise from the dominance of secondary

effects have been discussed and put into perspeétive.
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Chapter Two

NUMERICAL ANALYSIS (I) :

Parametric Study

2.1 INTRODUCTION

In the past, investigations relating to the subject of impact behaviour of
isotropic targets (25) and more recently of composite targets (9,10,26-29) point
to the fact that low velocity impact is a predominantly a structural response phe-
nomenon. It seems appropriate that the parameters that govern the dynamic
response be identified and the nature of their contribution be examined. A study
of this nature does not appear to have been previously undertaken and would
contribute towards a better understanding of the underlying physical concepts of

impact.

Research into the structural response aspects of impact has been extensive
as regards isotropic targets, and while experimental efforts (35) have considered
the influence of variables, such as impactor mass and velocity, on target response,
analytical studies have concentrated on devising and improving methods for pre-
dicting the contact force, target deflection and induced stresses as a function of

time — generally by combining dynamic effects with local contact effects (21-25).

The problem of a simply-supported, isotropic beam of rectangular cross-
section, transversely impacted at the centre by a rigid striker has been tackled

by numerous authors and forms the basis of the current parametric study.
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The most simplified approach to dynamic response is to replace the beam by
a massless linear spring with the appropriate stiffness representing the static force
required to produce unit transverse beam deflection. The maximum deflection
can then be estimated by equating the initial kinetic energy of the impactor to the
maximum strain energy stored by the spring at the instant of maximum dynamic
deflection. To include the inertia effects of the beam, an equivalent beam mass
can be estimated based on the assumption that the dynamic deflection mode of
the beam is geometrically similar to the static mode. This approximation can
be justified for impact involving a heavy striker on a light mass and leads to the
Cox equation (see GOLDSMITH (25)). For impact of light striker on a heavy
beam there may be high local curvature even before the maximum displacement
is reached and the above simple approach is no longer valid. To realise these more
complex local deformations, the higher harmonic responses must also be considered
and this is possible when the transverse impact is analysed on the basis of beam

vibrations.

For the purpose of the present numerical study, a linear modal synthesis ap-
proach has been adopted utilising the Bernoulli-Euler equation for the transverse
vibration of beams, and so it had to be assumed that the beam remains elastic,

and that deflections are small compared to the span.

2.2 LIMITATIONS OF ANALYSIS

An exact analysis is extremely complicated and the complexity of the solu-
tion may hide the useful information which the numerical study is designed to
extract. It is imperative that simplifications be carefully introduced in order that

the problem can be solved in a practical fashion.

In the immediate vicinity of the impact point, the transient stress state is

highly three-dimensional in character due to two separate effects, namely stress
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waves and contact loading. The propagation and reflection of stress waves will
have significant contributions only if thev impact .velocity (v) is of the order of the
wave velocity (¢) or if the rise time is of the order of (£), (d) being the beam
depth. In contrast, while the impactor and beam are in contact, there exists a
local three-dimensional stress field even under static loading conditions, but as long
as the contact stresses are small in comparison with the bending stresses, these
contact stresses may be ignored. Thus, subject to low velocity impact conditions,
and provided that either the beam remains elastic throughout or any material
response is limited to the immediate vicinity of the impact point and damage does
not extend across the entire cross-section, then neglecting the three-dimensionality
of the transient stress state in the impact region will not detract appreciably from

the accuracy of a study of overall beam behaviour.

Away from this localised region, the stress distribution is two-dimensional
and the variation of stress is primarily along the length of beam and through
its depth as characterised by bending, with the distribution of stress across the
width being reasonably uniform. This beam-like action extends over the entire
beam, including the impact region, once contact ceases. Approximating the stress
distribution within the beam as two-dimensional will reduce the problem to one of
plane stress. GOLAND, WICKERSHAM and DENGLER (30) point out that an
exact solution of this plane stress beam problem involves Both symmetrical and
anti-symmetrical cross-sectional stress distribution about the beam mid-height
plane. In addition to these fundamental modes, an infinite number of higher mode
classes are also present which are characterised by having more than one neutral
plane, each class being associated with a certain number of such zero stress planes.
By centering attention on the bending action, one may neglect the symmetrical
stress system in comparison with the anti-symmetrical counterpart, but an exact

theoretical solution, even of this simplified plane-stress problem, poses a great

difficulty.
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The next order of approximation focuses on the fundamental anti-symmetric
mode and ignores all higher order modes, so that the problem is reduced to a

one-dimensional analysis, relating to the stress variation along the beam length.

The Timoshenko equation of transverse beam vibration has been utilised by
many authors (32,33) to study the impact response of beams. It differs from the
elementary Bernoulli-Euler bending theory by introducing approximate correc-
tions for effects of shear and rotary inertia. GOLAND et al. (30) comment that
the Timoshenko mechanism permits excellent approximation of the transmission
char‘acteristics of the fundamental class of beam modes and affords a reasonable
approximation for that of the next highest class of modes, and have confirmed the
applicability of this approach by comparing predicted results with experimental
data. The conclusion to be drawn is that the higher mode classes do not contribute

significantly to the stresses in beams in bending.

The simplifications which have been introduced thus far imply that localised
effects in the contact region cannot be properly estimated, but otherwise do not

profoundly alter the overall beam response in the velocity range to be investigated.

2.3 SELECTION OF ANALYTICAL APPROACH

The Timoshenko method has extensively been applied in the past to the study
of transverse impact on isotropic beams and its suitability has been demonstrated.
The method solves the equation of forced transverse beam vibration, where the
time-dependent forcing function is derived from Hertzian type contact law. The
equation of beam vibration is derived on the basis of elementary Bernoulli-Euler
bending theory, but may include secondary effects like the Timoshenko equation
which introduces shear and rotary inertia effects as approximate corrections. It
should be noted in passing that the presence of shear results in a beam cross-section

that is not perpendicular to the neutral axis and, in fact, will be warped from the
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planar configuration. The Timoshenko shear correction, however, is derived on the
basis of retaining the fundamental concept of pl@e sections of the beam remaining
plane but relaxing the constraint relating to the section remaining perpendicular to
the neutral axis. These kinematics do not permit the warping of the cross-section

and thus the shear correction has to be considered as an approximation.

The influence of these second order effects have been investigated by a num-
ber of authors, including TRAILL-NASH and COLLAR (31), BOLEY (32) and
CHRISTOPHERSON (33). The effects of rotary inertia are generally considered
to be negligible. Shear flexibility was shown to have a notable influence on the
bending vibration of beam for cases where the sectional shear stiffness was of the
same order as the bending stiffness. BOLEY (32) argues that the beam motion
will contain high-frequency components in the immediate vicinity of the contact
point and that effects of shear and rotary inertia are of great importance in this
region. This claim follows from a study of the orders of magnitude of the var-
ious terms in the basic equation and indicates that outside a short boundary
layer, immediately following the disturbance front these second order effects can
be neglected. The length of this layer is of the order of the cross-sectional di-
mensions of the beam. On this basis, BOLEY (32) proposed an approximate
method whereby the Timoshenko equations are used withinrthis boundary layer,
while for the remainder of the beam the Bernoulli-Euler theory should be ad-
equate. The point raised by BOLEY (32) is backed by experimental evidence
due to MASON (34), ARNOLD (35) and VIGNESS (36) who indicate the appli-
cability of the Bernoulli-Euler theory of bending to lateral impact of beams. It
therefore appears that shear and rotary inertia play a somewhat limited role as
regards overall beam behaviour, though it should be remembered that the inclu-
sion of these terms is essential to a study of wave propagation, for this elementary
bending theory will otherwise predict a physically impossible result of an infinite

velocity of propagation for very short waves.
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Based on the above discussion, and for this Chapter’s parametric study only,
the contributions of shear and rotary inertia will henceforth be omitted from the
analysis as well as those due to lateral contraction and internal damping to sim-
plify the mathematical solution. The problem is thus reduced to one of obtaining
a solution to the Bernoulli-Euler equation of forced transverse beam vibration.
This is a relatively straightforward task if the time-dependent forcing function is
known, but for situations involving a falling mass impacting on a beam compli-
cated interactions arise in which mass of the impactor in relation to the beam mass,
vibrations of the impacting mass, and the degree to which the two bodies would
stick together due to plastic deformation would all be factors. Under these cir-
cumstances, the unknown forcing function has to be either arbitrarily chosen, for
example assuming a short-duration impulse loading represented by a Dirac Delta
function, or determined from conditions relating the displacement of the striker
to that of the beam. The latter approach is far more desirable but results in an
integral equation which unfortunately can not be solved in closed form, requiring

numerical integration and a suitable force-indentation relation.

The solution to this problem has been attempted by numerous authors (21—
24), generally employing the Hertzian contact law and a small-increment method
to extract the contact force variation from the integral equation. The accuracy
of the results and computational labour is directly dependent on the number of
harmonics that have been included and the fineness of the chosen time interval.
ERINGEN (21) and LEE (22) have suggested approximate solution techniques
based on simplifying assumptions while BARNHARDT and GOLDSMITH (24)
have devised a method to account for the effect of an infinite number of harmonics.
The influence of various force-indentation laws have also been investigated and

shown to affect the results.

The solution process can be considerably simplified by assuming an analytical
form for the contact history. This method has been adopted by some (21-23) and it

has been observed that the beam deflection is virtually insensitive to this forcing
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function, but as regards the bending stress, being the second derivatives of the

displacement function, serious errors may result.

An alternative approach to this forced-vibration problem that brings in some
of the mass-beam interaction aspects, avoids the need to solve an integral equation
and also does not require the inclusion of some sort of contact law, is to replace the
equation of forced vibration by a problem in the free vibration of a beam where
impacting mass effects are brought in via added boundary conditions. In other
words, the striking mass is lumped at the impact node on the beam by assuming a
fully plastic impact — that is striker remains in contact with beam after impact.
The modified boundary conditions concern the discontinuity in the beam shear at
the contact point which must now equal the inertial effects of the striker and an

appropriate initial velocity condition for the beam-impactor system.

This simplified free-vibration problem yields a series solution which implies the
existence of an infinite number of bending modes. However, BARNHARDT and
GOLDSMITH (24) question the physical significance of the higher modes in view
of the fact that the elementary bending theory does not take account of vibration
modes other than those due to bending and also excludes internal damping. This
theory thus fails to predict a limit to the number of modes which are physically
realistic and it is necessary that a limit be imposed in order that a solution to
the problem be obtained. BARNHARDT et al. (24) have devised a method to
allow the contributions of the higher modes to be included, but in the current
investigation the distribution of energy amongst the system’s eigenfunctions is

used as a guideline for setting a limit on the number of harmonics that should be

considered.

It is obvious that whichever approach is adopted certain assumptions and
approximations have to be made. With this in mind and realising that the objective
of this study is aimed at identifying the parameters that govern the overall beam

behaviour, the last approach based on free vibration analysis has been regarded as
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being more appropriate and simpler to treat mathematically. It is admitted that
the assumption of fully plastic impact is not realised in practice and experimental
evidence by MASON (34) and ARNOLD (35) confirm the existence of multiple
collision for cases involving a heavy striker on a light beam. However, for the
case just mentioned, the response is dominated by the fundamental mode and
maximum stress is expected to occur at around maximum deflection. For a light
mass striking a heavy beam only a single collision is observed and the excitation
of the higher harmonics will mean that the peak stress is likely to be reached
much earlier in the response. In Chapter (3), a comparison with the finite element
technique, for which a completely numerical integration with respect to time is
used, will show this modal prediction approach to be quite accurate. In addition,
the results of this parametric study will also be shown subsequently to justify the

choice and applicability of the present analysis method.

Lastly, it should be pointed out that contact deformations, vibrations of the
striker and the static deflection due to the attachment of the impactor mass are

all excluded from the analysis.

2.4 BEAM-IMPACTOR FREE-VIBRATION ANALYSIS

The analysis utilises the Bernou]]f—EuIer equation of lateral beam vibration
for reasons outlined in the previous discussion and the derivation of this equation
can be found in standard textbooks on dynamics of continuous systems. Subject
to the well-known Bernoulli-Euler assumptions, the governing differential equation

for the free lateral vibration of a beam is given by :

du  pAd%u
ozt = EI ot?
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where E =material elastic modulus
p =material density |
I =second moment of area of the cross-section
A =cross-sectional area
u =lateral beam displacement

The general solution to equation (2.4.1) gives the lateral response of the beam as:

©0

u(z,t) = Z(al; cosh \;z + ag; sinh A\; + as; cos A\;z + ay;sin A;z) (2.4.2)
=1 o
X (as; cos it + ag; sin Q;t)
pA
where A == ﬂ?-E—I- (2.4.3)
and ); = vibration frequency of the *® harmonic

(@1, a2:, aa;, ay;) are arbitrary constants for the 1*? mode and are to be determined
from the boundary conditions, while constants (as;) and (ae;) are evaluated from
the initial conditions of the problem. The summation extends over all values of ‘¢’
for which (Q;) is a solution of equation (2.4.1). Due to symmetry of the problem,

only half the beam will be considered here.

l.l.(I,O) =v
u Yy
t 1
T éfﬁ? dI 2

L =2 J

Diagram (2.1) — Simply-supported beam with attached centre mass
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Referring to the above sketch, the relevant boundary conditions are as follows :

at £ = 0: displacement u(0,t) =0 (a) Y
bending moment EI%%-‘ (0,t) =0 (d)
o > (2.4.4)
at z = I: slope F:EI 1,t) =0 ()
3%y _ _md3u
shear force EI—aTcg’ (l, t) = 75{2— (l,t) (d) J
where m = total impactor mass

Enforcing the first three boundary conditions (2.4.4a), (2.4.4b) and (2.4.4c) results
in :
a;; =a3; =0

cosh A;l (2.4.5)
cos \;T

Q4; = —Aa2;

Applying the remaining boundary condition one obtains

m

E mQ0%ay; (A,-l cos \;l tanh Ayl — Alsin A\l + 2pAl cos A;l) =0 (2.4.6)

=1

and for a non-trivial solution (i.e. a4; = 0), equation (2.4.6) requires that

Ajlcos Al tanh A\;l — A;lsin Al + 4::41 cos ;=0

It is evident that (121) does not represent a solution to this equation and it can be
rearranged to give
(2pAl)  2M

/\,-l(tan A;l — tanh AJ) =2 = (2.4.7)
m m

The transcendental characteristic equation (2.4.7) must be solved either graphi-

cally or numerically to extract the eigenvalues of all the possible modes of lateral

vibration for the beam in question.
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Combining equations (2.4.2) and (2.4.5) gives

- . h Al . .
u(z,t) = Z az; (smh Az — ccojs Wik A.-:c) (@s;: cos Q;t + agisin;t)  (2.4.8)

=1

The initial conditions to be enforced require that

at t = 0: displacement u(z,0) =0 (a)
velocity %% (z,0) =0 for z # 1 )] (2.4.9)
o= ©
Hence, from (2.4.9a) as; =0

and equation (2.4.8) reduces to

= . cosh \;l
u(z,t) = Z H; (smh Az — cos il

i=1

sin A;z) sin ;¢ (2.4.10)

Equation (2.4.10) represents the lateral response of a vibrating beam with an
attached central lumped mass. The constant (H; = az; X ag;) is determined
from the second initial condition (2.4.9b) regarding a central velocity imparted
to the attached mass. The velocity equation from which the constants (H;) are

determined is given by

du 2 . cosh ;1
gt-(.'l:, t) = ; N:H; (Slnh Az — cos Ml

sin A;a:) cos ;¢ (2.4.11)

The expression for the bending stresses can now be derived by differentiating
equation (2.4.10) twice with respect to (w.r.t.) ‘z’ and using the Engineer’s theory
of bending (ETB) to relate stresses to bending moments, giving

cosh A;l
cos A;l

o0
op(z,t) = Z Ey)\?H; (sinh Az +

=1

sin A,-a:) sin ;¢ (2.4.12)
The corresponding shear stress requires the third derivative w.r.t. ‘z’ of equa-
tion (2.4.10) and is given by

cosh A;l
cos Al

© 2
os(z,t) = Z - Ex ,\?H,- (cosh iz +

- cos A;z) sin ;¢ (2.4.13)

=1
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where x =radius of gyration of the cross-section

k. =shear correction factor for the cross-section

2.5 INTERPRETATION OF EQUATIONS

Identification of the variables that influence the beam stresses, as given by
equations (2.4.12) and (2.4.13) is not straightforward and requires that these equa-

tions be suitably rearranged.

Concentrating on the bending stresses, equation (2.4.12) can be rewritten as

> A; 2 cosh Al
op(z,t) = Ey)? Z H; [(T) (sinh Az + pv— /\:l sin )\,-z) sin Q,-t]

=1

©o
= Ey)\?)_ H;h;

=1

The above equation can be expressed in matrix form

og(z,t) = EyA*hH

where h isarow matrix=1[hy hz hs ... hy,]
H isacolumnmatrix={H, H, Hs ... H,}
and n = max. no. of harmonics

Substituting for (A2) from (2.4.3) results in

o5(z,t) = VEp (%)h OH (2.5.1)

The expression for velocity (2.4.11) can be expressed as

S ; h )l
‘3—':(3,@ =0) H; (%‘) (sinh Az — c::s 7 sin A,-x) cos ;¢
i=1 3

= ﬂiHifi

=1
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In matrix form u(z,t) = OfH (2.5.2)

where fixn)=[fi fo fs ... fal

To solve for the coefficients (H;), the initial condition given by (2.4.9b) have to be

enforced.

Depending on the number of harmonics that are to be included, an equal
number of points along the beam length have to be chosen and the initial velocity
at these points be specified. The resulting velocity vector for the particular case

of central impact would be
a=v{1 0 0 O ... 0}=wve

where (v) is the magnitude of the central impact velocity.

Thus, equation (2.5.2) will become
i = OFH (2.5.3)
where Fnxn)={fi f. f5 ... £,}
From equation (2.5.3) it follows that
0H=F la=vFle (2.5.4)
Finally, substituting from (2.5.4) into (2.5.1) produces
op(z,t) = \/E;(i—)v[hrle] =VEp (%)v@ (2.5.5)

The factor (& = hF~le) is a complicated scalar function of time which depends

on boundary and initial conditions amongst other things and it also contains the
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system’s eigenvalues and indirectly the impactor/beam mass ratio. Similarly, the

shear stresses can be shown to be given by

os(z,t) = VEp (—f—) %\Il (2.5.6)

where (¥) is a different scalar function but similar in nature to (®).

Apart from material properties, equations (2.5.5) and (2.5.6) indicate that
both bending and shear stresses increase linearly with impactor velocity and also
depend on the impactor/beam mass ratio. The bending stresses are shown to be
inversely proportional and the shear stresses are difectly dependent on the radius
of gyration. Furthermore, the shear stresses are also affected by the length of the

target beam.

Before proceeding to examine the nature of the contribution of the identified
variables which control the induced stresses, it would be interesting to compare
these findings against the predictions of a simplified approach that is formulated
on the assumption that the beam will respond in a static mode and that the total
input kinetic energy of the impactor is eventually converted into the strain energy

of the beam in this mode.

2.6 QUASI-STATIC APPROACH

The strain energy of a simply-supported beam of length (2!) and loaded by a

concentrated force (P) at the centre can be shown to be

P23
= 12EI

The force (P) is related to the bending stress (0p) ot the nlne L“ ETE

Ply

°B =31
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Assuming that the force acting on the beam is a direct result of a falling weight (m),
then the input energy (%mvz) of this falling weight will be equal to the work done
by the resulting force, which in turn will be absorbed into the strain energy of the
beam. Hence equating energies and substituting for the force (P) gives

mv?  o%Il

—

2 3Ey?

but letting I = Ax?, then

Equation (2.6.1) can alternatively be expressed in non-dimensional form as
op Y mif(v
— 3 — — —-—
7 =V ()

where ¢ = wave propagation velocity = 4/ —
p

A similar expression can be derived for the average shear stresses (¢s) as compared

to the bending stresses in the beam. Assuming that

_ P
T 24k,

os

and substituting for the force (P) from the above relationship, will eventually

result in the following expression

e REENED e
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or, again in non-dimensional form

=R EVE)

The expressions in (2.6.1) and (2.6.2) relate to isotropic beams, but similar

expressions can be derived for composite beams. Expressed in a general form, the
bending and shear stresses in any beam, be it isotropic or composite, can be shown

to be given by :
ZBg _ Yo miv
E, \/§< Ic) M (Ce) (26.3)

2 EEEE e

where the subscript ‘g’ refers to layer ‘g’, and

— - Egl, - 3 Pghg _  [Ee

E‘e—‘?;:1 =, pc—gz::l T =y
The observation to be made is that this simple approach identifies the same
parameters that were associated with the free vibration analysis with the exception
of the variable involving the impactor/beam mass ratio, which in the free vibration
analysis is concealed within the complex functions (® and ¥). Bearing in mind
that for a large impactor mass the response of the beam is expected to be mainly
confined to the fundamental mode it would not appear to be too presumptuous to
expect these functions to behave like (\/J\:"}:) under such circumstances, and then

the quasi-static approach would be a fairly good approximation.

In order to examine the exact nature of the above-mentioned complex func-
tions, it will be necessary to perform a series of numerical test cases and these will
involve varying all the identified parameters to establish the degree to which these

parameters influence the functions (® and ¥) and hence the induced stresses in

the beam.
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2.7 IMPLEMENTATION OF THE ANALYSIS

The equations that describe the response of the system being analysed are in
discretised form and require the superposition of all the harmonics of the system
for a complete solution. A numerical solution is called for, and this is best achieved
on a computer. The objective of this numerical study is merely to examine the
contribution of the parameters that govern the response of the beam-mass system
and so the accuracy of the results are only of secondary importance. By limit-
ing the number of harmonics that are included, the analysis can be performed
on a microcomputer, thus greatly reducing the solution cost. The BBC micro-
computer was used for this task, but due to the presence of hyperbolic functions,
the equations had to be manipulated to permit inclusion of up to 20 harmonics
of the system. This will be shown to be sufficient for the purpose of the current

investigation.

The eigenvalues of the system are obtained from equation (2.4.6), which is
solved using the standard Newton-Ralphson iteration technique and are only de-
pendent on the impactor/beam mass ratio. Table (2.1) lists the first 20 eigenvalues
for a range of mass ratios. It can be observed that the mass ratio affects only the
first few modes while the eigenvalues ();l) for the higher modes remain unaf-
fected, tending to almost identical values irrespective of mass ratio. For these
higher modes the spacing between the eigenvalues tends to the value of ‘x’. This

suggests that the higher modes are independent of the boundary conditions.

The bending and shear stresses can be computed once the coefficients (H;)
have been determined and this requires that the velocity distribution along the
beam at the start of the motion be known. Depending on the number of harmonics
that are to be included an equal number of ‘node points’, uniformly distributed
along the beam, have to be selected and the starting velocities at these points
must be specified. For the case of central impact, the resulting velocity vector will

be zero at all nodes except for the centre node for which the impactor velocity is
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specified. It is worth noting that the initial conditions as stated in (2.4.9b) can not
be realised unless an infinite number of harmonics are included. In practice the
higher harmonics are truncated and this leads to an approximation to the required
initial condition. Improvement to the initial velocity distribution as depicted in
Figure (2.1) can be achieved at the expense of including more harmonics. However,
there is little point in trying to make (1(z,0) = 0) except at (z = I), since such
a discontinuous behaviour would require bot.h shear resistance and rotary inertia
near (z = I), and these are excluded anyway. As a consequence, the initial kinetic
energy of the system will be in excess of the kinetic energy of the impacting mass by
an amount that represents the initial kinetic energy of the beam arising from this
approximation of the initial velocity distribution and thus is directly dependent
on the number of harmonics being considered and also on the ratio of beam to

impactor mass.

The distribution of energy into the various modes is used as a guideline to
indicate whether sufficient harmonics have been included. At the start of the
motion, the total kinetic energy is the sum of the beam kinetic energy and the

kinetic energy of the lumped central mass, giving

dz+ = (_‘zﬁ) i
(z,0) 2\t

il 2
W:ﬂ/ (@.)
2 J, \at

(1,0
which eventually leads to
W= ; J};l H;H;0,Q;cosh \l[Ay + Ap + Ag + Ag + Ag] (2.7.1)
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[ Ajl 1
= Al i
where A A+ )2 + 204 + Ajl)] cosh Al tanh A;l
[ Xl 1 2 1.
Az = | (Asl)2 + (A1) + 2(Al + A0 - -A-,—l] sinh 4,1
[ 2 Al
A3 = /\_,l "R (A,-l)2] cosh Al tan A ;1
_ Ajltan A;l sin (A;l + Ajl)
A= | = 2T Oul)2 ~ 20l + Ay0) cos el cos agt | <0 Ad!
Ae = [ coshA;lsin(Ad —A;l)  sinh (A= Ajl)
57 [2(Ml = Ajl) cos Aslcos A;l ~ 2(Agl — A1) cosh Al

Equation (2.7.1) yields the energy distribution of the system and this has been
computed for the various test cases and are presented as a percentage of the total
energy in Table (2.2). As can be observed, the energy distribution is primarily a
function of impactor /beam mass ratio and while for a large impactor to beam mass
the energy is mainly confined to the first mode, as the impactor mass is reduced
relative to the beam mass more of the input energy enters the higher modes and
the effect of these higher harmonics on the beam response become important and
have to be considered. Consequently, either 10, 15 or 20 harmonics were taken
into consideration, depending on the impactor/beam mass ratio, when analysing
the various numerical test cases. For the range covered, this has meant that the
highest harmonic that has been included always contains less than 0.2% of the total
energy of the system and is considered as a sufficiently suitable cut-off criterion. It
should be realised that this guideline for imposing a limit on the highest mode is
quite arbitrary,‘ but its suitability has been checked and demonstrated by analysing
one of the test examples, for which a considerable proportion of the total energy
is contained in the higher modes, to include 5, 10, 15 and 20 harmonics. The
resulting stress histories, which are much more sensitive to the higher harmonics
thanthe displacements, are shown in Figures (2.2-2.5) and it can be observed that
no significant difference exists between including 15 or 20 modes and even 10 modes

would appear to be sufficient. The differences in peak stress are also within an
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acceptable tolerance for the purpose of this investigation bearing in mind that

accuracy is of secondary importance.

In all the numerical examples, the analysis was performed up to the quarter
period of the fundamental mode of vibration to establish the stress history and
obtain the peak stress. In order that the effects of the higher modes be properly
taken into account, the stress sampling interval was chosen to be a quarter of the
period of the highest harmonic that has been included. Shorter sampling intervals
were also considered but the resulting difference in peak stress was found to be

less than 1% which is well within the accuracy tolerance of the analysis.

2.8 CONVERGENCE OF STRESSES

A problem that was highlighted during this numerical investigation concerns
the transverse shear stresses. It was found that the shear stresses are very depen-
dent on the number of modes that are considered and increase as more harmonics
are included and there does not appear to be any sign of convergence, even for
the cases where the response is dominated by the fundamental mode. In fact,
GOLDSMITH (25) presents a normal mode solution for the problem of free vi-
bration of a beam-mass system for which he shows that the displacement is given
by

sin)\;z _ sinh \;z
4l — 1 cos )i.'l cosﬁxl ;1 .
u(z,t) = Z R 2M sin {1;t
pA (a)?

cos® Al cosh2 Al )

and so the bending and shear stresses at the beam mid-span are respectively

derived as
' 21 tan \;! + tanh A\l
op(l,t) = — Z -x— g i I sin ;¢
,, =17 o Al cosh? Al T (Aul)?
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2 co 2
os(l,t) = ME T I N I sin (1;¢

pA ‘=1 cos? Al “coshZXd T (Nd)?

It can be observed (see Table (2.1)) that for large values of ‘4’, the term (\;!)
is of the order of ‘4’ and all the other factors in the above expressions approach a
constant value. Thus, the series solution for the bending stresses is slowly conver-
gent while the shear stresses are represented by a non-converging series. In view
of this convergence difficulty the numerical investigation utilising this modal syn-
thesis technique has concentrated on examination of the induced bending stresses

and how these are influenced by the variables previously identified.

2.9 NUMERICAL EXAMPLES

The beam-mass free vibration analysis utilising a modal superposition tech-
nique has been carried out for a range of test cases in which the beam properties
and dimensions as well as impactor mass and velocity have all been varied. Ta-
bles (2.3-2.7) list both the configuration of the system and the results for the
various test examples that have been analysed. Due to symmetry only half of the
system has been used for the analysis and the peak stresses have been calculated
at the centre of the beam. Peak stresses at positions away from the centre were
obtained but found to be lower than that at the beam mid-span. Peak stresses as

predicted by the quasi-static approach are also presented for comparison.

The first series of tests (1-15) (see Table (2.3)) the impactor mass and ve-
locity have been kept constant and only the beam length has been altered, which
directly affects the impactor/beam mass ratio. The calculated energy distribution
(Table (2.2)) as well as the stress histories (see Figures (2.6-2.20)) clearly indi-
cate the increasing contribution of the higher harmonics with decreasing (—A"%) and

this is also reflected in the dynamic peak stress as compared to that predicted

. . . OB 4 m OB dyn
- =B dyn _ m ;o ZBdyn _
by the quasi-static approach (i.e. OB qut 1.3 for large M to OB qut 2.0 for
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small —11‘4-) The excitation of these higher modes has also meant that while for
large impactor/beam mass the peak stress is reached towards the quarter period
of the fundamental mode, for small (—Rn-l-) a high stress level is reached much earlier
in the response of the beam. For these tests, both impactor mass and velocity
were unaltered, so that the input energy and momentum would be identical in all
cases and thev findings suggest that the latter two parameters are not the sole or

even dominant factors controlling the beam response.

Next the beam length (and hence its mass) and the impactor velocity were
held constant while altering the impactor mass to obtain the same (—X%) as for test
examples (1-15). The results for these tests (16-30) (see Table (2.4)) are found
to be identical to those of the previous cases, both from the point of view of peak
stresses as well as stress history, though the absolute time scales will differ, and
this time the input energy and momentum are different in the various examples.
These findings suggest that the impactor/beam mass ratio is the dominant factor

controlling the dynamic response of the idealised beam-mass system.

Figure (2.21) represents a logarithmic plot of the variation of the calculated
peak stresses with impactor/beam mass ratio, highlighting the linearity of the

relationship. The ‘Best Fit’ straight line to these data points indicates that

0.3908
m
OB max & (-ﬁ)

The quasi-static approach in comparison gives

0.5
m
ozme o (57)

which supports the claim that mainly the fundamental mode is influenced by the
impactor/beam mass ratio and the boundary conditions while the higher harmon-

ics are much less affected.
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Apart from length, the beam mass is also dependent on the cross-sectional
dimensions and the density of the beam material. Keeping beam length, impactor
mass and velocity constant, the effect of varying the cross-sectional dimensions are
considered — see Table (2.5). As expected, the cross-sectional dimensions do not

independently influence the beam response but affect it indirectly, by altering the

beam mass.

The influence of material properties are considered next (Table (2.6)). From
equation (2.5.5) it is evident that density affects the peak stress and indirectly
alters the response by altering the target mass. By doubling the density one would
expect the response for test case (34) to be identical to those of cases (5 and 20),

but the peak stresses would be up by a factor of v/2, and in fact this is confirmed
by the findings.

Test example (35) represents the effect of altering the material elastic modulus

and as expected only the peak stresses are modified while the response remains

unaltered.

The final set of tests (Table (2.7)) examine the contribution of the impactor
velocity. The results reveal that response remains unaffected while peak stresses
increase linearly with impactor velocity as suggested by equation (2.5.5) and shown

in Figure (2.22).

In conclusion, it is believed that this numerical exercise has successfully iden-
tified the parameters that control the global response of beam-type structural
components to impact by a rigid body. The importance of each parameter as
regards the peak stresses has also been examined in detail as well as the role of
the higher harmonics of the system. Furthermore, it was observed that although
the response of the beam is markedly different for a light impactor as compared
to a heavy one, and the peak stresses may occur anywhere between the initial

impact and the quarter period, nevertheless these peak stresses that cause failure
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do seem to be related by an expression similar in nature to that derived on basis

of quasi-static arguments which can be summarised as

0B max X VEP (-i—) (-;-;)pv (2.9.1)

This is highlighted in Figure (2.23) where the stress histories for two extreme
cases, namely test example (1) with the highest (—}"”2) and test example (15) with
the lowest (—]\’%), have been scaled in accordance with the above expression (2.9.1)
50 as to yield the same value of (/Ep (%) (A—"}-)p v) in both cases (where p = 0.39
as determined earlier). It is clearly evident that although the responses are quite
different in the two cases, tl}e peak stresses are more or less identical, irrespec-

tive of when during the response these occur, confirming that the correct scaling

parameters have been identified.

49



Chapter Three
NUMERICAL ANALYSIS (II) :

Finite Element Method

3.1 INTRODUCTION

In the previous Chapter, é parametric study was undertaken which identified
and investigated in detail, the parameters that influence the low velocity impact re-
sponse of beams. The analysis was based on a modal synthesis approach, utilising
the Bernoulli-Euler equations, to provide an inexpensive method for this type of
numerical investigation. However, all theoretical analyses are subject to limitétions
and this is especially true of simplified methods designed to provide .a fast, inex-
pensive approximate solution such as that employed for the aforementioned para-
metric study. One major shortcoming of the numerical technique of Chapter (2)
was that the transverse shear stresses in the impacted beam could not be calcu-
lated. Shear deformation is not separately accounted for in the Bernoulli-Euler
formulation so fhat the shear stress distribution along the beam can only be esti~
mated from the derivative of the bending moments and this was shown to lead to
a solution involving a diverging series. Another uncertainty concerns the lumping
of the impacting mass at the impact node requiring the assumption of perfectly
plastic impact which is difficult to justify in view of the experimental observations
of the author, as well as MASON (34) and ARNOLD (35), with regard to mul-

tiple bouncing between impactor and target. As a direct consequence of such an
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assumption, the all-important contact force history can not be obtained on the

basis of such an analytical technique.

In this Chapter, the finite element (FE) method, which is widely used in en-
gineering applications, will be presented as an alternative analysis technique to
overcome the deficiencies of the numerical approach used previously. The finite
element method models a complicated continuum by a series of simple elements
or components for which the properties and behaviour are/or can readily be de-
fined. Inclusion of shear deformation in the definition of the elements that ﬁake
up the continuum to be analysed will facilitate the calculation of the transverse
shear stress distribution within the system. In addition rotary inertia effects,
damping, geometric non-linearities due to large deformations as well as material
non-linearities arising from plastic flow or progressive failure can all be modelled,
though at a much increased computational cost. The assumption of perfectly plas-
tic impact can also be relaxed since contact between impactor and target can be
incorporated into the analysis in a number of ways. The major disadvantage of the
FE method is that it requires vast amount of computer resources making the anal-
ysis rather costly and this is much more noticeable for dynamic impact analyses,
since a closed form solution is not possible, requiring a step-by-step integration of
the equations of motion which may, depending on the selected algorithm, have to

be iteratively solved for each and every timestep.

The finite element method has been introduced, not to replace either the
modal approach or the experimental testing of specimens, but rather to compli-
ment these techniques by providing a capability for a more detailed and realistic
modelling and analysis. In doing so, it has facilitated comparison between the
alternative theoretical approaches to establish the accuracy of the numerical tech-
nique employed for the parameter study and to highlight the contributions of
shear and rotary inertia on impact response and in particular on the impact in-

duced stresses in the beam target. In addition, the FE analysis has been employed
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as an effective tool for checking the correctness of the experimental set-up and ver-
ifying the results of the impact tests which form the basis for the validation of the

theoretical predictions of the proposed stress models of Chapter (2).

A specially developed finite element package has been implemented and the
analysis has been restricted to one dimension, namely variation of stresses along
the length of the beam only. Although it is certainly true that in the vicinity of
the point of contact the state of stress is three-dimensional — and the FE method
could be used to perform such an analysis though prohibitively expensive — the
objective of the current research is to consider the global response of the impacted
beam target rather than to concentrate on local effects. Facilities for the inclusion
of some of the local effects that may have a direct effect on the beam’s response
(e.g. bouncing of impactor on beam) have been provided in a simple but effective
way, in the form of a spring element for which the stiffness variation can be defined
in accordance with the non-linearity that is to be modelled. In addition various
beam elements have been considered for application to the present impact problem
and in assessing the suitability of these elements it has been recognised that the
importance of shear, especially where composites are concerned, requires elements
that enable accurate estimation of the shear stresses. In existing beam elements the
tendency has been to include the effects of shear and rotary inertia as some form of
additional correction which, in general, is sufficiently accurate for applications such
as calculating the deflection or vibration modes of thicker beam and for the higher
modes of any beam. These correction terms are generally obtained by imposing
additional constraints on the element (see Section (3.3.2)) and, in the main, this
takes the form of enforcing a constant shear along the element. However, where the
evaluation of shear stress distribution is the main objective, these constant shear
elements may be at a disadvantage, in particular in dynamic impact problems
where high order harmonics may be excited that result in complex shear stress

variations. In view of this, it has been found necessary to develop high order,
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shear-flexible Mindlin beam elements, of which the 4-noded cubic element has

been shown to be a very worthy and effective cdmpetitor.

3.2 GENERAL OUTLINE OF THE FE METHOD

In the displacement formulation of the finite element method, the displace-
ment field, u(z, y, z), within the element is uniquely related to the element’s nodal

displacements (r) by an appropriate set of interpolation functions (w). Thus
u =wr (3.2.1)

Enforcing the necessary and proper compatibility relations, the strain variation (g)
within an element will completely be defined in terms of the nodal displacements.

This can be expressed as

€ =du

or €= (dw)r=ar (3.2.2)

Using the constitutive properties of the material (D) the state of stress in the

element will be related to its state of strain, giving
0 =De =Dar (3.2.3)

Now for a set of external applied forces (R) and internal set of stresses (¢) and
a system of displacements (r) and strains (€) the principle of virtual work states

that :
FR = / EodV (3.2.4)
v

where ¥ and & denote virtual quantities.
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Substituting equations (3.2.2) and (3.2.3) into (3.2.4) yields
'R = / r'a'DardV (3.2.5)
v

Quantities ¥t and r are independent of the integration variable. In addition, F* is
a virtual quantity and can be arbitrarily chosen. Equation (3.2.5) can therefore

be written as

R= (/V a*DadV) r (3.2.6)

 The first term in the right-hand side of equation (3.2.6) is the familiar element

stiffness matrix, denoted by K.

ie. K= / a'Dadv (3.2.7)
v

The same interpolation functions can be used to prescribe the velocity varia-

tion within the element in terms of its nodal velocities, so that
a = wr (3.2.8)

The total kinetic energy (W) of the element is given by :

W= /V (%ﬁ‘pﬁ) dv

rt ( /V w'pw dv) 'y (3.2.9)

DD =

It follows that

M= / wipw dV (3.2.10)
v

where M is the element mass matrix.
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Element property matrices can be assembled according to element connectiv-
ity to form a global property matrix for the entire system, which can be used in
conjunction with the correct boundary conditions and knowledge of the external
applied loading to solve for the unknown nodal displacements of the system and

then obtain the stresses or strains using equations (3.2.3) or (3.2.2) respectively.

3.3 BEAM ELEMENT FORMULATION

The characteristics of an element is greatly influenced by the number of nodes,
the nodal variables and the selected interpolation functions and this in turn de-
termines the suitability of the element and the range of its application. Various
beam elements that have been implemented for use in the finite element code for
the impact problem under investigation will be presented in this Section together
with their respective mass and stiffness matrices. For the purpose of this research
program, attention has been confined to the one-dimensional case for which the
bending action is limited to one principal plane only, resulting in the sole direct

strain component, namely €., (see Diagram (3.1)).

Diagram (3.1) — Beam loading and resulting strain

Transverse motion and rotation in this principal plane are considered to con-

tribute to this strain component while contributions due to axial deformations
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are excluded altogether. Furthermore, the beam cross-section has been chosen to
be solid and rectangular (thus symmetrical about both principal axes), so that
warping effects can be neglected and loading in the principal plane does not result
in twisting of the cross-section. In addition, the axis of the beam element has
been considered to be straight, and sectional properties do not vary with distance
along the axis of the beam in order to appreciably simplify the calculation of the
element matrices. Homogeneity of the element material has also been assumed

throughout.

Suitability of the presented elements will subsequently be evaluated by means
of a series of test cases which should also highlight any problems that may be
inherent in the formulation of any particular element — e.g. shear locking of the

low-order Mindlin element.

3.3.1 The classical Hermitian beam element

This element is well-established and applicaﬁle to a wide range of beam prob-
lems. Detailed derivation of it can be found in many standard textbooks and the
intention here is to present an outline of the particular version of this element as

implemented in the present code, utilising the displacement approach.

Neutral axis

Loy

Diagram (3.2) — Deformation of beam section excluding shear effects
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The derivation of this beam element is based on the Engineer’s theory of
bending (ETB) and thus shear effects are excluded from the formulation. The ETB
— assuming small deflections — relates the beam’s cross-sectional rotation (6) to

its transverse displacement (u) by :

du
= (3.3.1)
so that the strain
di d?y
€2z = —Y== = (3.3.2)

dz —y;l;;

In order that the integral of equation (3.2.4) can be evaluated, the above con-
ditions impose the c!-continuity (in displacement field) requirement upon this

element (i.e. both displacements and rotations must be continuous across element

interfaces) — see ZIENKIEWICZ (37).

Now, considering a two-noded element with two degrees of freedom per node
(1 transverse displacement and 1 rotation, defined on the neutral axis of the el-
ement) as shown in Diagram (3.3), a cubic polynomial is necessary to relate the
displacement field (u) within the element to the nodal variables (ry,rs). This can

be expressed in the following manner

1
U =Wwr= [w1 wo w3 wyq ] : (3.3.3)
r4

where the displacement functions of the element are

w=0-0%2+0  w=Za-gra+g
v =50+ 928 w= {;—(1+ €*(&~1)
and €= EE-
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Diagram (3.3) — Two-noded beam element

Using the expression for the strain as defined by equation (3.3.2) and substi-
tuting from (3.3.3), it follows that

_[ 6yé y(1-3§ 6yt y(1+3¢)
a= |- E - e B ] (3.3.4)

The stress-strain law is simply
0z =FE €xx

i.e. D = [E]

Employing equation (3.2.7), the stiffness matrix of this beam can be written as

4 ol
K=9’i/’ / atDadt dy
2 _% -1

which upon explicit integration results in

12 6L -12 6L
K=EL|6L 4L —6L 2L°
T 18 |-12 -6L 12 -6L

6L 2L? -6L 4L2

The mass matrix for this element, excluding rotary inertia effects, can be obtained

directly from (3.2.10) using the interpolation functions given in (3.3.3). Explicit

integration gives

156 220 54 -13L
Mo PAL | 2L 4L 13L -3I?
420 | 54  13L 156 —22L
—13L -3L? -22L 4L?

58



3.3.2 Timoshenko beam element

In situations where one deals with short, thick beams and in dynamic problems
where the higher modes of vibration may be excited, the second order contributions
due to shear and rotary inertia become increasingly more important. In order to
account for these effects, the formulation of the beam element has to be based
" on the Timoshenko bending theory (38). The cross-section is still assumed to
remain plane, but to incorporate the shear deformation, the slope of the deflection
curve which represents the total cross-sectional rotation is composed of the cross-

sectional rotation () due to pure bending and that due to shear, namely .

Neutral axis

~-2

Diagram (3.4) — Beam deformations including shear effects

It is evident from Diagram (3.4) that

du

T=0+y (3.3.5)

Thus the bending strain is given, as before, by

db
Egz = —y""i; (336)
and the shear strain is expressed as
du
€zy = t/J = -&; -0 (3.3.7)
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This shear strain is uniform as a consequence of the assumption of plane deforma-

tion. The total strain energy (U) is therefore given by

1 [F do\? k. [ du 2
U=- EI{— + = G —_— = .3.
/0 ( ) dr /(; A ( 0) dz (3.3.8)

where the first term represents the bending energy and the second term expresses
the shear energy contribution. The factor (k.) is referred to as the shear coefficient,
dependent on the distribution of shearing stress in the beam cross-section. The

choice of an appropriate value for ‘k,.’ will be discussed in Section (3.4.1).

A variety of existing beam elements, based on the Timoshenko theory out-
lined above, have been reviewed by DAWE (39) and THOMAS et al. (40) and it
appears that the basic Timoshenko element is widely favoured for general appli-
cations in which shear effects may be of importance. PRZEMIENIECKI (41) and
DAVIS et al. (42), among others, have determined the stiffness characteristics of
this element by exactly satisfying the differential equations governing the bending
of a beam in the presence of shear and unloaded between its ends. This approach
permits shear corrections to be conveniently incorporated, while SEVERN (43) has
a.rgued that a straightforward application of the more conventional displacerﬁent
method may result in an erroneous solution. NARAYANASWAMI et al. (44) re-
sponded by presenting a displacement formulation for this element, in which the
moment equilibrium equations were introduced as a form of constraint in order to
couple the bending and shear deformations. Details of this formulation are given

by NARAYANASWAMI et al. (44) expressing the resulting coupled displacement

field of this two-noded element (see Diagram (3.3)) as :

T

n= [“] — |W11 Wiz Wiz wWig
] Wo1 W2z Weo3 Wog
Ta
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where  win = 7o (1= 0@+ O + 201~ €)9)
viz = g (1 - 0%+ + (1+ 01— 0)9)
o = gy (L + 67— 0 +2(1+6)9)
o= g (@+ O~ (1- 90+ ©)¢) e
va = g gy €~ DE+Y
oss = gy (@€ -1 +20- 9)
wzo = zL(1+¢)(5+ N-¢)
oz = gy (BE-DE+D +20+89)

2 12E
and also €= z , ¢= P Ai2

The shear/bending stiffness parameter (¢) can be seen to be of the order of
(radius of gyration/beam lengt:h)2 and so has to be visualised as a small correction

to the following terms in the stiffness and mass matrices.

Using the interpolation functions (3.3.9) in conjunction with the appropriate

strain definition as given by (3.3.6) and (3.3.7), it can be shown that

__6y¢  y(B¢-1-¢) 6yt _y(3¢+1+¢)
2 2
o | TOFA TLOE - LO+e) L0+ |
¢ __¢ ¢ 9%
L(1 + ¢) 2(1+¢) L(1+¢) 2(1+ ¢)

The stress-strain relationship for this element is expressed as

D = “;7 g] (3.3.11)
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Again, the stiffness matrix follows from an explicit integration of equation (3.2.7).

Thus
12 6L -12 6L
K- LI 6! L?*(4+¢) —6L L*(2-¢)
T L1+ ¢) | 12 —6L 12 —6L

6L L?*(2-¢) —6L L34+ ¢)
The corresponding mass matrix, including rotary inertia contributions, is deter-
mined from the application of equation (3.2.10), using the appropriate interpola-

tion functions given in (3.3.9). It follows that

Y1 V2 73 Y4

where

71 = 312 + 588¢ + 28042
~3 = 108 + 252¢ + 14042
vs = (8 + 140¢ + T¢%)L?
7 = 36

Yo = (4 + 5¢ + 104%) L?

__ PAL Y2 Y5 V4 e
840(1+¢)2 |¥3 — 14 N -2
Y4 Y6 —Y2 s

2| Y8 T1 78

+ pAL ( f_ ) Y8 Yo —Y8 1o

360(1+¢)2 \ L —Yr —1vY8 Y1 s

Y8 Yo T8 Vo

Y2 = (44 + T7¢ + 35¢°)L
s = —(26 + 63¢ + 35¢2) L
Y6 = —(6 + 14¢ + T¢%)L?
Ns = (3 — 15¢) L

"0 = (—1 — 5¢ + 5¢4%)L?

3.3.3 Mindlin beam elements

An alternative displacement formulation for incorporating the effects of trans-
verse shear and rotary inertia is based on the Mindlin concept (45). Accordingly,
the transverse displacement (u) and the cross-sectional rotation (f) are assumed
to be unrelated, enabling the independent interpolation of the field variables (u,).
Utilising the Timoshenko beam theory, the element strain fields are defined by en-

forcing the compatibility relations (3.3.5)-(3.3.7), and equation (3.3.8) expresses
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the element strain energy. The present procedure forms the basis for the formu-

lation of a number of beam elements, both low and high order, to be described

next.

3.3.3.1 Linear element

The simplest of the shear-flexible beam elements has four degrees of freedom
associated with two nodes as shown in Diagram (3.3). The displacements and

rotations are defined by independent linear shape functions, presented here in

matrix form as

. .1_;._6. 0 }_%_f_ 0 r
u= [ ] - : (3.3.12)

b 0 1-¢ 0 1+¢ r

2 2 ¢

The element strain field follows from equations (3.3.5) to (3.3.7)
yd
€zz | L df u
€= Lw] “|2a | [0] (3.3.13)
Ld¢

y y

to give a i L ’ L (3.3.14)
gi = 3.
J1 (-9 1 _(1+9
L 2 L 2

Evoking the definition for the stiffness matrix (3.2.7) in conjunction with the stress-

strain relationship as expressed by (3.3.11), will, upon explicit exact integration,

yield :
12 6L -12 6L
_GA | 6L 12u+4L> -6L -12u+2L?
E= 121 | -12 —6L 12 -6L
6L —12u+2L° -6L 12u+4L?
where = EI
€ h=Ga



As always, explicit integration of equation (3.2.10), on substituting for the shape
functions from (3.3.12), will yield the appropriate mass matrix, including rotary

inertia effects.

3.3.3.2 Shear locking and reduced integration

In Section (3.4) it will be demonstrated that the exactly integrated stiffness
matrix (Kg) suffers from what is termed as shear locking, tending to produce éb—
normally stiff elements that lead to worthless results. The existence of this locking
phenomenon is widely known and practitioners in the field of finite element have
found, mainly by experimenting, ways to remedy the problem, although providing
a convincing explanation as to the exact cause of this type of misbehaviour has
proven much more challenging. PRATHAP et al. (46) have investigated the prob-
lem of shear locking in the linear Mindlin element of Section (3.3.3.1) and have
demonstrated that the use of exact integration in conjunction with the usual shape
functions, result in a spurious shear-related bending-energy term, which arises due
to the discretisation process, and which for a finite size element grossly modifies
the bending rigidity of the element. Following an extensive investigation into the
causes of element misbehaviour, in particular locking and spurious stress oscilla-
tions, PRATHAP et al. (47,48,49,50) have proposed a conceptual scheme referred
to as the ‘field-consistency’ principle and an operational procedure, called ‘func-
tional reconstitution’, for devising field-consistent (i.e. well-behaved) elements. In
general, the problematic elements tend to be associated with the modelling of
multi-strain field problems, where the behaviour of the continuum needs to be
described by more than one strain-field, and these strain fields are defined in
terms of two or more independent nodal field variables (e.g. shear strain field in

the Mindlin beam elements). Physical behaviour, however, may require that any
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number of these strain fields be constrained in particular ways under certain con-
ditions (e.g. shear strain and its associated enefgy term must vanish in the limit
of very thin beams to recover the Kirchoff constraint, § = ‘;—'; and Ug = 0, to
give U = Ug) and failure to do so leads to an ill- conditioned element that exhibits
such characteristics as locking, spurious stress oscillations, etc. and is referred to
as field-inconsistent. To ensure field-consistency, all the terms in a strain field
expression must have associated with them, coefficients containing contributions

from all the independent interpolations of the field variables that appear in the

definition of the strain field. Thus, for the linear Mindlin element :

U= Qy) + Qy2T 3 6= Qg1 + Ap2T
do
hence €z = ~Y 75— = ~Yao1 (a)
du
Ezy = E -0 = (au2 - a01) + ap2z (b)

The expression in (b) is field-inconsistent, since the coefficient of the term ‘z’ has
only contributions from ‘0’ and not ‘u’. According to the new concept, the most
consistent approach to enforcing the field-consistency requirement, involves the use
of appropriate substitute shape functions, which in this case would be (6 = ay) in

the definition of ‘e’ alone to give :

Ezy = Qu2 — G9 (<)

Alternative techniques for introducing field- consistency have been considered
by PRATHAP (47,49), including reduced integration. To be effective, an optimal
integration strategy needs to be established for the particular element that is
being considered that will integrate all the contributions from the consistent terms
and remove all the contributions from the inconsistent terms in the strain field
interpolation. Although there may be cases where it may not be possible to achieve

true field-consistency by such an integration scheme, HUGHES et al. (51) have
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successfully employed reduced integration as a means of alleviating shear locking
in the linear Mindlin element and PRATHAP et al. (46) have shown that for this
particular element, underintegrating the shear contributions has an identical effect
to using modified shape functions to achieve field-consistency. Consequently, the
two-point Gaussian quadrature, necessary for an exact integration, is replaced
by a one-point integration, which still exactly integrates the bending terms while
underintegrating the shear contribution. The modified stiffness matrix for the

field-consistent, linear element thus becomes

12 6L —12 6L
K.~ GA|6L 12u+3L% -6L -12u+3L7
R=12L | -12 —6L 12 —6L

6L —12u+3L%? -—-6L 12u+3L2

3.3.3.3 Quadratic element

Examination will reveal that the linear element is capable of modelling a
linear shear variation along the element length compared to the constant shear
offered by the Timoshenko element. However, this apparent advantage is offset by
the fact that the linear element can only predict a constant bending stress with
length, while both the Hermitian and the Timoshenko elements can represent a
linear variation. In order to overcome this shortcoming, it is necessary to opt for
a higher order element. This move may also help to mitigate the shear locking

problem encountered by the low order element.

*'l u]‘ r s ;’
. ;C1 ........... fae" L - »}’,‘G. d I L—-—oz
2 L “p -

Diagram (3.5) — Quadratic beam element model
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The quadratic element has an extra centre node as depicted in Diagram (3.5),
giving a total of six displacement and rotational freedoms. The field variables (u,),

now independently interpolated by second order polynomial functions, can be

expressed as follows

- 0 1—¢2 0 (+¢ 0 1
2 2 ‘

The strain field is defined by equation (3.3.13) giving

y 4y¢ y
o 0 ——E(ZE—I) 0 I 0 —3(26+l)
(2¢-1) £-€ 4 —(1- ) (26+1) £+
L 2 L L 2
(3.3.15)

Substituting from (3.3.11) and (3.3.15) into (3.2.7) and explicitly performing the
exact integration will finally yield the element stiffness matrix. This can be ex-

pressed in the following format

K= K1 +K2
" 140 30L —160 40L 20 —10L 1
30L 140 —40L —160p 10L  20u
" K. = GA | —160 —40L 320 0 -160 40L
where 1=60L | 0L -160p 0  320u —40L —160p
20 10L —-160 —40L 140 -30L
| —10L 20p  40L —160p —30L 140y
0 -0 O 0 0 0
0 8L%2 0 412 0 -2L2
K GA|lo 0 O o0 O0 o
27 60L |0 4L%2 0 3212 0 4I2
0O 0 O 0 o0 o
|0 —2L2 0 412 o0 8L2? |
EI
and 0= A
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Based on the chosen interpolation functions this element can be shown to
be field-inconsistent (Section (3.3.3.2)) and thus is expected to be plagued by
shear locking. Although far less severe, it is evident from test results (see Sec-
tion (3.4)) that locking is present and once more reduced integration has been
found to alleviate the problem. The two-point Gauss quadrature only affects the

stiffness components relating to the shear contribution, so that in the modified

matrix (K;) becomes :

"0 0 0O 0 O 0 7
0 40L? 0 40L? 0 -20L?

K. = GA |0 0 0O o0 0O 0

2= 360L |0 40L%2 o0 160L%2 0 40L?
0 0 o 0 O 0
[0 —20L2 0 40L® 0 40L2 J

The mass matrix for this element can be derived as before, and is given by :

r164 O 84 0 —4A4 0 7
0 16 0 8 0 —4I
M-PL|84 0 64 0 84 0
120 0 8 O 64 0 &I
—44 0 84 0 164 0

L 0 —4I o 8 o0 167l

3.3.3.4 Cubic element

In dynamic problems, especially when the higher harmonics have been excited,
the spatial variation of the strain fields will be quite complex and the application
of the higher order Mindlin type elements appears an attractive proposition. In an
article by DAWE (52) on the vibration of plates using Mindlin theory, it has been
suggested that the use of higher order elements based on independent interpolation

of the primary field variables (u,8) would result in an increase in efficiency.

The cubic element has four equally spaced nodes with two degrees of free-

dom (u,f) per node as shown in Diagram (3.6) below
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Diagram (3.6) — Four-noded cubic element model

Following the already familiar procedure, cubic shape functions will be used

to express the spatial variation of transverse displacement and rotation for this

element, so that

ri
u—[u]— wy 0 w2 0 w3 0 wg O
- 0 - 0 Wi 0 wo 0 w3 0 Wa
rs

where w; = —-11—6(953 —9t%2 - £ +1) wo = -1%(363 ~¢2-3¢+41)

wp = (=365 @+3E+1)  wy= (06> +967 — £~ 1)

The strain field, defined by equation (3.3.13), is simply

dwl dla)z dws dw4
0 -y— 0 —y—=2 0 —-y— 0 -—y—
2 Vag a Y ag Y dg
L dw1 Lw1 d&& sz dw3 Lwa dW4 Lw4
d¢ 2 d¢ 2 d¢ 2 d¢ 2

Using the stress-strain relation of (3.3.11), the above strain interpolation matrix

and equation (3.2.7), the exactly integrated stiffness matrix of this cubic element

will be given by :

GA
3360L

(K1 + L2K2)

K;; K¢ ]
h K, = 12
winere 1 ‘:K 12 Kzg
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Kz =

12432
1680L
—15876
2394L

4536
—1008L
—-1092
294L

36288
0
—15876
2394L

0
256
0
198
0
—-72
0

OO0 O0OO0O0O0OO

38

1680L

12432
—2394L
—15876

1008L
4536

—294L

—1092

0
36288

—2394L

OCO0OO0OO0CO0OO0OO0OO

—15876

0
198
0
1296
0
—-162
0
—72

—15876
—2394L
36288
0

—24048
3402L
4536
—1008L

—15876
—2394L
12432
—1680L

0
-72
0
—162
0
1296
0
198

(= I = I = B« i o B« B = o]

2394L
—15876
0
36288

—3402L
—24948
1008L
4536

2394L
—15876
—1680L

12432

0 -
38
0
-T2
0
198
0
256

OCO0OO0CO0OO0OO0OO0O

The performance of this cubic element too is improved by ‘underintegrating’ the

shear related stiffness components using a three-point Gauss quadrature, thus

ensuring field-consistency (Section (3.3.3.2)). The resulting modified (K2) matrix

becomes

COCOo0O0O000CO0O0O

—

0
231.7
0
270.9
0
—144.9
0
62.3

o000 0O00O0

270.9

1077.3

56.7

—144.9

0 0 0 0 1
0 —-1449 0 623

0 0 0 0

0 567 0 -—1449
0 0 0 0

0 10773 0 2709

0 0 0 0

0 2709 0 231.7 ]

The mass matrix for the element is obtained directly from the application of equa-~
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tion (3.2.10), which upon explicit integration yields :

-

2564 0 1984 0 —T72A 0 384 0 7

0 2561 0 1981 0 —72I 0 381

1984 0 1296 A 0 —-1624A 0 —-T2A 0

M=—8—L—- 0 1981 0 12961 0 —1621 0 =721
3360 | —724 0 —-1624 0 1296 A 0 1984 0

0 =721 0 —1621 0 12961 0 1981

38A 0 —-T72A 0 1984 0 256A 0

L 0 381 0 —T72I 0 1981 0 2561 J

3.4 ASSESSMENT OF ELEMENT PERFORMANCE

The various low and high order beam elements presented in the previous Sec-
tion will next be applied to the analysis of specific numerical examples in order
to evaluate and compare the performance of these elements and identify any in-
herent limitations or misbehaviour that may exist. The ability of the elements to
correctly pred:lct displacements and stresses will be judged on the basis of static
analysis results of loaded beam systems. A further consideration, in dynamic anal-
ysis, is the effectiveness of an element in successfully modelling the harmonics of a
system. The accuracy with which the various elements meet this requirement will

also be examined by application to the calculation of natural frequencies.

An inherent characteristics of the finite element analysis is that in general
using a greater number of smaller elements to model a system can lead to an im-
proved solution accuracy but also an increased solution cost. In static analysis, the
general practice is to compromise by refining the mesh (arrangement of elements)
in and around regions of expected high stress concentration (e.g. near point loads).
In contrast, transient dynamic analysis (e.g. impact) involves the propagation of
stress fronts and thus a much more uniform mesh is required to avoid spurious
reflections at discontinuous element stiffnesses (see Section (3.6)). In view of the

fact that the beam elements are ultimately to be applied to impact analysis, the

71



numerical tests will be conducted on uniform mesh idealisations. In addition, an
equal number of degrees of freedoms will be used in each case, so as to enable a

direct comparison of efficiency of the different beam elements.

3.4.1 Shear coefficient

In formulating the beam elements to include shear effects, the shear strain
is assumed constant across the cross-section-a.nd expressed in terms of the nodal
variables (u,#), defined along the elements neutral axis (see equation (3.3.7)). At
this stage, a correction factor, dependent on the shape of the cross-section needs
to be introduced to account for the non-uniform nature of the cross-sectional shear
strain distribution. For a rectangular cross-section, the elementary beam theory
predicts a through-the-depth parabolic shear distribution, while a more accurate
representation (see TIMOSHENKO (53)) includes an additional complementary
strain system associated with the variation of shear across the width of the cross-

section.

Traditionally, the shear coeficient (k.) has been regarded as the ratio of
the average shear strain on a cross-section to the shear strain at the centroid,
and assuming that the basic parabolic distribution is sufficiently accurate, this

“leads to (k. = %) for a rectangular cross-section. A brief survey of earlier work
(see COWPER (54)) has indicated that this conventional value of ‘k.’ has fre-
quently led to unsatisfactory results when used in the calculation of the high-

frequency spectrum of vibrating beams and consequently arbitrarily adjusted val-

ues of ‘k.’ (0.822-0.87) have been employed to give better results.

COWPER (54) has presented a formulae for the shear coefficient that emerges
as a by-product of an analysis whereby the Timoshenko equations are derived by
integration of the three-dimensional elasticity equations. Using the appropriate

function to represent the ‘complete’ shear distribution on a rectangular cross-
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section, in conjunction with this formulae, yields :

_10(1+v)

ke = 12+ 11v

(3.4.1)
giving (k. = 0.851) for (v = 0.33). In a subsequent paper COWPER (55) has
demonstrated that far better accuracy can be achieved using the coefficient as
defined in (3.4.1) as compared to the customary value of (k. = -:2;) and that

discrepancies tend to increase with increa.siﬂg depth to length ratio of the beam.

Henceforth, the appropriate value for the shear coefficient will be based on

COWPER’s formulae (3.4.1).

3.4.2 Eigenvalue tests

Finite element idealisations, employing the different beam elements, have been
applied to the calculation of the natural frequencies of a simply-supported, uni-
form beam. Details of the mesh configurations are given in Table (3.1) and one
should point out that in conducting the tests, only one half of the beam has been
modelled, thus restricting the analysis to the symmetric harmonics of the system.
The dimensions and material properties of the beam have been based on that of

the specimen to be used in later impact experiments. The parameters used are :

E = 720 GN/m® £ = 144 m
G = 210 GN/m? d = 00181 m
p = 2720 Kg/m® b = 00192 m
v = 033
k. = 0.851

With an aspect ratio (length/depth) of nearly 80:1, the beam is very thin and
provides an extreme, but realistic, test of shear extraction when the beam response
is dominated by bending deformation. Frequencies for the first 10 harmonics have
been obtained for each test case and the results compared with values calculated

from the solution of the Timoshenko beam equations (see TIMOSHENKO (56)),
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the exception being the case involving the Hermitian element for which the ap-
propriate comparison has been based on values fesulting from the Bernoulli-Euler
equation. The findings, expressed as percentage error in frequencies, are sum-
marised in Tables (3.3,3.4) and where applicable results for both reduced and
exactly integrated stiffness matrices are included. A comparison of predicted fre-
quencies based on the Timoshenko and Bernoulli-Euler theories is also presented
in Table (3.5) to highlight the importance of shear and rotary inertia effects. These
secondary effects can be seen to mainly influence the higher harmonics, leading to

a period elongation.

The results in Table (3.3) clearly indicate that the performance of the shear
flexible Mindlin elements is significantly improved if the stiffness matrix of the
element is appropriately underintegrated to ensure field-consistency, as suggested
by PRATHAP (47). In spite of the very noticeable improvement, the predictive
capabilities of the linear element, as regards natural frequencies, remains unim-
pressive, requiring many more elements if better accuracy is to be achieved. In
this respect the quadratic elements’ performance is much more reassuring, espe-
cially in dealing with the lower harmonics, while the cubic element is shown to be

undoubtedly the most superior of the Mindlin elements.

One common characteristics of the Mindlin elements emerges from the graph-
ical comparison of the performance of the different beam elements, presented in
Figure (3.1). Despite the use of reducéd stiffness matrices, it is evident that for
this class of elements the errors increase more rapidly with increasing harmonics
then for either the Timoshenko or Hermitian elements. Thus, although the cu-
bic Mindlin element, on the basis of the current findings, is the most accurate in
representing the lower vibration modes (see Table (3.3)), the Timoshenko element

appears to be a better all around contender.
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3.4.3 Static tests

A centrally-loaded, simply-supported beam has been analysed using the finite
element idealisations employed in the eigenvalue tests and presented in Table (3.1).
Dimensions and material properties of the beam are as outlined previously (Sec-
tion (3.4.2)). The total central load has been taken as (P = 400 N) and again
only one half of the beam has been considered for analysis purposes. The resulting
finite element predictions for the displacements and stresses have been compared
with theoretically expected values. These theoretical estimates are based on the
elementary beam theory and, where applicable, displacements are corrected to
account for shear deflection, evaluated from strain energy arguments. The appro-

priate expressions are listed in Appendix (A).

Concentrating on displacements first, the findings conclusively demonstrate
(see Figure (3.2)) that for the linear Mindlin element the exactly integrated stiff-
ness matrix causes severe shear locking. Underintegrating the stiffness matrix is
shown to restore credibility to the element, reducing the observed discrepancies to
around 0.5%. The ‘exact’ stiffness matrix for the quadratic element also suffers
from shear locking, though to a far lesser extent (see Figure (3.3)), and the appli-
cation of reduced integration technique can be seen to remedy the problem. For
the cubic element, locking is not evident on basis of displacement results and both
‘exact’ and ‘reduced’ stiffnesses tend to predict the beam deflection with extreme

accuracy, as do the Timoshenko and Hermitian elements.

As regards stresses, the predicted bending stresses resulting from the applica-
tion of the cubic Mindlin, Timoshenko and Hermitian elements have been found to
be in excellent agreement with theoretical estimates, while the two former elements
also correctly represent the expected constant shear stress along the beam length
and with similar accuracy. The linear Mindlin element, based on exact integra-
tion, tends to underestimate the bending stresses as demonstrated in Figure (3.4)

and the use of reduced integration is shown to lead to a dramatic improvement
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in the performance of this element. As for the discontinuities in bending stresses
evident in Figure (3.4), these will be present irfespective of the order of integra-
tion employed, since this particular element can only handle a constant bending
stress field (see Section (3.3.1)). However, the quadratic Mindlin element should
be capable of representing a linearly varying bending stress, but as shown in Fig-
ure (3.5), if the exact stiffness matrix is used, this leads to stress discontinuity at
the element boundaries. Underintegrating the stiffness matrix to remove the mild
shear locking of this element can be seen to eliminate the stress discontinuities

too.

Another problem associated with the lower order Mindlin elements is high-
lighted in Figures (3.6,3.7). The static analysis is expected to produce a constant
shear stress along the length of the beam between the supports and the central
load, and as can be observed the nodal shear stresses obtained by using the linear
element give rise to large discontinuities at interelement boundaries, oscillating
about the expected theoretical value. Although no longer discontinuous, the os-
cillating nature of the shear stress prediction is also evident in the case of the
quadratic element. Reduced integration has been found to be ineffective in over-
coming this particular difficulty. Further investigations have indicated that in
order to recover the correct shear stress distribution some form of stress smooth-
ing technique is called for. This topic will be considered in the following Section

where the cause of this apparent misbehaviour will also be briefly discussed.

3.4.4 Application of smoothing techniques to stress

recovery

The fact that the displacement formulation of the finite element technique
may deliver a stress field that is discontinuous along the element boundaries is
common knowledge. These errors in stress computation may originate from two

entirely unrelated sources and it is important to distinguish between the two. The
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first type of error is characterised by a discontinuity in stress at element junctures
and stems from an inherent feature of the disi)lacement based FE formulation.
In this formulation, the assumed function representing the element displacement
field satisfies compatibility across elements, thus maintaining displacement conti-
nuity across the element interfaces, while the application of virtual work criterion
ensures that in general the equations of equilibrium are satisfied only in the mean
throughout the element, and point-wise equilibrium is satisfied neither within the
element nor along the element periphery. Consequently stress components are
not expected to be continuous across element boundaries, although these stress
differences decrease as the finite element idealisation is refined and in practice, av-
eraging of element boundary stresses usually give acceptable results. This sort of
stress discontinuity serves as a useful indicator in establishing whether refinement

of a finite element mesh model is required.

The second and more serious kind of error, encountered by numerous au-
thors, arises due to an embedded characteristic of certain class of elements, re-
sulting in spurious oscillations (e.g. as observed in Figures (3.6,3.7)). An expla-
nation for this misbehaviour by these elements has recently been provided by
PRATHAP et al. (49,50), based on the failure of these elements to satisfy the re-
quirements of field-consistency formulation (Section (3.3.3.2)). According to this
concept, the problematic elements are associated with the modelling of constrained
multi-strain field problems, for which the inconsistently represented constrained
strain field can result in oscillatory stress variations. These stress oscillations are
considered to represent the mechanism by which the spurious stiffening energy of
locking is distributed as a self-equilibrating stress field within the element. Ex-
perience has shown that under these circumstances the element nodes apbear to
be the worst stress sampling points, although there exist positions within the el-
ement, usually at the Gauss integration points, where stresses may be correctly

sampled. In these situation, the application of smoothing techniques can prove
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very effective in extracting useful information provided that the optimal sampling

locations can be identified.

The smoothing process can be applied either globally over the entire finite el-
ement domain or locally over each individual element and it is the latter approach
that has been adopted here. Local smoothing techniques rely on individual ele-
ment information only and consequently do not lead to unique stresses at nodal
points, so that some form of nodal averaging will be required to ensure continuous
nodal stress values, but are simpler to implement and less expensive to perform
compared to their global counterparts, while generally producing very satisfactory
results (see HINTON et al. (57)). The important step in a smoothing scheme is
the identification of the correct sampling positions within the element, while the
rest of the procedure is essentially a curve-fitting exercise in which an appropriate
interpolation function is chosen to relate all the values at the sampling points and

subsequently used to extract the nodal point values.

Thus, ‘g’ sampling points would need a polynomial of order ‘g—1’ with ‘¢’ num-
ber of coefficients. Expressed in matrix notation, the stresses at the sampling

points are given by :

o, =a,B

where o, represents a column vector (g X 1) of sampling point stresses

B represents a column vector (g X 1) of coefficients

2 q
1 aql a’ql e o aql
1 a2 agp ... ay
a, =
q
1 ay a Ggq
and aqg represents the position of the 1*# sampling point

The nodal stresses can also be expressed in terms of the same polynomials so that :
o, =a,B
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where a,, is a matrix of nodal positions (a,). Hence, it follows that :

and the matrix (A) is referred to as the smoothing matrix and is only a function

of the sampling positions (a,) and nodal positions (a,).

Different schemes for the selection of appropriate sampling points have been
proposed by BARLOW (58) and HINTON et al. (57). The procedure adopted
by BARLOW (58), imposes on the element a complete polynomial displacement
field that is an order higher than the highest complete field the actual element
can exactly represent based on the shape functions employed in its derivation.
The objective is to identify unique positions within the element at which the
stresses have the same degree of accuracy as the nodal displacements. BARLOW
has applied this technique to a..- range of elements and consistently found that
the optimal stress points coincide with the Gauss points of the element, which
has led numerous authors to conclude that this approach provides justification for
sampling element stresses at the Gauss points, as experience had suggested. When
this scheme was used in conjunction with the Mindlin beam elements, as expected,
the reduced Gauss integration points emerged as the optimal sampling locations for
the linear and guadratic elements, but this was not the case for the cubic element
for which a different set of points resulted (Table (3.6)). HINTON et al. (57)
favour an alternative approach, arguing that stress oscillations are a result of
the least square nature of the FE displacement method and propose a smoothing
technique based on a least square fit approach. To ensure that the smoothed stress
function, &(£), of order ‘¢’ is a least square fit to the element stress function, o(¢),
which is an order higher, the latter needs to be sampled at ‘q’ locations given by

the g-point Gauss rule. This is stated as

1,2,...,q9

1
/ (c-8)¢tde=0 i
-1

79



and is applied in turn to all values of ‘s’ up to and including ‘¢>. When applied to
the Mindlin beam elements, the sampling pointé are found, as expected, to be the

reduced Gauss integration points for the elements, listed in Table (3.6).

The two schemes outlined above for locating optimal sampling points for
use in stress smoothing operation are based on heuristic arguments and it is not
surprising that different schemes may predict different sampling points, as ob-
served for the cubic Mindlin element. However, according to PRATHAP’s (50)
field-consistency concept, an element defined in a field-consistent manner (see Sec-
tion (3.3.3.2)) should not exhibit stress oscillation and thus the application of stress
smoothing ought to be unnecessary. Although in deriving the stiffness matrices of
the present Mindlin elements (Section (3.3.3)), the field-consistency requirement
was enforced by employing an appropriate reduced integration scheme, the fact
that substitute, field-consistent shape functions were not employed has meant that
stress recovery has been based on the field-inconsistent shape functions which con-
sequently have resulted in the spurious stress oscillations that have been observed.
In fact, subsequent investigation has revealed that the shape functions necessary
to enforce field-consistency in these Mindlin elements are identical to those that
emerge from the stress smoothing operation based on the reduced Gauss points of
the element. It is thus evident that for these particular elements, stress smoothing
using the reduced Gauss points, has the effect of enforcing field-consistency at the

stress recovery stage.

The stress smoothing matrices for the various elements, as implemented in
the present code, are given in Section (c) of Appendix (A) and the technique
has been applied to the results of the previous test example. It is evident from
Figures (3.6,3.7), that the violent shear stress oscillations observed for the linear
and quadratic Mindlin elements have been ironed out to recover the theoretically
expected stress values, irrespective of whether ‘reduced’ or ‘exact’ stiffness ma-
trices are employed. This seems to indicate that shear locking affects only the

displacement and bending stress predictions and not the shear stress results. As
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regards the remaining elements and the bending stresses in general, these had not
exhibited any ill-effects and as expected, were not found to be affected by the
smoothing scheme. In fact, it can be shown that for the present beam elements
the smoothed bending stress function is identical to the elements bending stress
function, thus independent of the choice of sampling points and unaffected by the

current smoothing scheme.

3.4.5 Additional static tests

In dynamic problems, the stress variation aloﬁg the length of a heavy beam
will be influenced by the presence of inertia effects and deemed to be rather more
complicated than the one analysed in the first test example. Consequently, in this
Section, some higher order stress field problems have been analysed, employing
the various beam elements, to further examine the ability of these elements from

the point of view of future application to dynamic impact problems.

Two test cases have been considered. The first involves a uniformly loaded,
simply-supported beam as shown in Diagram (3.7a) in which the loading can be
regarded as representing the beams static weight and for which the shear stress is
expected to vary linearly and the bending stresses quadratically along the beam
length. The magnitude of the loading has been taken as (w, = 280 N/m), so
as to give a total load of approximately (403 N), similar to that used in the test
example of Section (3.4.3). In the second test case shown in Diagram (3.7b), the
beam loading is made up of a sinusoidal distribution, which can be regarded as
representing the inertia loading of a beam vibrating in its fundamental mode, and
a concentrated central load, that can be assumed to be due to the dead weight of
an impactor. Again the loading has been chosen such that the two contributions
are of similar magnitude — a central load of (P = 400 N) and a distributed

loading (w. = 400 N/m), giving a total distributed load of approximately 366 N.
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(a) (b)

Diagram (3.7) — Schematic representation of test cases

Finite element idealisations, beam dimensions and material properties are as
used for the previous tests. The distributed loadings, however, have been modelled
in the finite element analysis, by kinematically equivalent nodal forces, which are
functions of both element type and mesh idealisation. The appropriate expres-
sions for these forces and resulting loading vectors for the different load cases and
the various beam elements are given in Section (b) of Appendix (A). Theoretical
estimates of stresses and displacements for comparison with FE predictions, are

based on the elementary beam theory and also presented in Appendix (A).

The results of these tests are presented in Figures (3.8-3.31), and the following

observations can be made :

a) Hermitian element :
Displacements are fractionally underestimated (Figures (3.8,3.9)), but the
bending stresses are good (see Figures (3.10) and (3.11)). (Note that theoret-

ical estimates exclude shear effects for this element)

b) Timoshenko element :
Displacements are slightly lower than theoretically predicted, as can be seen
from Figures (3.8) and (3.9), but the bending stresses (Figures (3.12,3.14))

are correct. This element can only model a constant shear along its length
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d)

(see formulation), so that a discontinuity in shear at element interfaces is
expected. However, the averaged shear stresses compare well with theory, as

is evident from Figures (3.13,3.15).

Linear Mindlin element :

As previously established, reduced stiffness matrix and stress smoothing are
essential for this element. Subject to these restrictions, the displacements are
found to be underestimated (see Figures (3.8,3.9)), while averaged bending
stresses, presented in Figures (3.16) and (3.18), and the smoothed, averaged
shear stresses in Figures (3.17,3.19) are reasonably good. Stress discontinu-
ities at element junctures result from the fact that this element can only repre-
sent a constant bending stress along its length and smoothed shear stresses are

sampled at the mid-point only and thus are also constant along the element.

Quadratic Mindlin element :

The ‘reduced’ stiffness matrix has been used in the present tests and both the
displacements (Figures (3.8,3.9)) and the bending stresses in Figures (3.20)
and (3.22) are found to be in close agreement with theory. The smoothed

shear stresses are also seen to be accurately predicted (Figures (3.21,3.23)).

Cubic Mindlin element :

The difference in performance based on the use of exact and reduced stiffness
matrices has been found to be very small for this element. However, as was
explained in Section (3.3.3.2), all of the Mindlin elements suffer from locking
effects, although the severity of this problem diminishes rapidly with increase
in the order of the element, and for the cubic element locking has been found
to be extremely mild. Neveﬁheless, using the reduced stiffness matrix leads
to marginally more accurate predictions. The displacement results shown in
Figures (3.8,3.9) and the bending stress estimates (Figures (3.24,3.28)) are

in excellent agreement with theory, but the shear stresses can be seen to
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require smoothing (Figures (3.25,3.29)). As indicated in Table (3.6), different
sampling points emerge for the cubic element, depending on which technique is
used. Here, both schemes have been considered and it is evident, comparing
Figures (3.26,3.27) and (3.30,3.31), that smoothing based on selecting the
Gauss points as the sampling points give far superior results, consistent with

expectations from PRATHAP s field-consistency concept (see Section (3.4.4)).

3.4.6 Summary of findings

The static and eigenvalue tests have demonstrated that the Mindlin beam
elements exhibit an erratic behaviour, leading to locking and violent stress oscil-
lations, though the extent of these ill-effects is dependent on the order of the
particular element and generally diminishing with an increase in the order of
the element. Reasons for this misbehaviour have been briefly outlined in Sec-
tions (3.3.3.2) and (3.4.4) and these have been remedied by use of reduced inte-
gration in the derivation of the stiffness matrices and smoothing techniques for the
recovery of stresses. Such treatments have stabilised and dramatically improved
the performance of these elements, with\ the cubic element, in general, showing
closest agreement with theory. The cubic element is also far better suited to the

calculation of eigenvalues compared to either the linear or the quadratic elements.

The Timoshenko element is on the whole well-behaved and quite accurate,
especially in representing the higher frequencies of the system, the only limitation
being that it can only model a constant shear stress. Consequently, the accuracy of
the shear stress prediction may suffer wheﬁ applied to problems involving rapidly

changing shear stress fields, unless a large number of elements are used.

The Hermitian element, as expected performs quite well, the drawback being

that it does not model shear and rotary inertia effects.

On the basis of superior performance, the cubic Mindlin element is the most

suitable for application to the dynamic impact problem. Although the Timoshenko
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element is better in modelling the higher harmonics of the system, the cubic
Mindlin element is more accurate in calculating the lower eigenmodes and the
displacement field (Figures (3.8,3.9)), while also capable of coping with higher or-
der stress fields, shear as well as bending. Bearing in mind that under low velocity
impact conditions, mainly the lower modes will be excited, it is the cubic element

that will be the favoured choice.

3.6 SOLUTION OF THE DYNAMIC EQUATIONS

The equation of motion governing the dynamic response of a structural system
represents an equilibrium condition at any instant in time (t), between the inertia
forces (Ras = MF), damping forces (R = Ct), elastic stiffness forces (R = Kr)
and externally applied loads (R(t)). For a discretised system of finite elements,

these set of equilibrium equations are expressed as :

Ry+Rec+Rg =R
(3.5.1)
or Mr+Cr+Kr=R

It is evident that by ignoring the inertia and damping forces, (3.5.1) reduces to the
static equilibrium equations, and the task of solving for the unknown displacements
and hence stresses, is greatly simplified.  In its present form, (3.5.1) represents a
system of second order linear differential equations for which standard solution
procedures do exist. However, in general finite element applications a large set
of these equations need to be solved and to keep computational cost down it
is essential that specific, effective procedures, designed to take advantage of the

special properties of the coeflicient matrices, are adopted.

BATHE (59) and COOK (60) have reviewed a range of widely popular al-
gorithms, which can be classified into two classes, namely direct integration and

mode superposition techniques. The latter approach uses the systems eigenvectors
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to transform the equations in (3.5.1) from a finite element displacement basis into
a generalised displacement basis, thus effectiveiy de-coupling the set of simulta-
neous equations in (3.5.1). These can then be solved very efficiently in the new
domain and the calculated response will then be transformed back to the origi-
nal domain for superposition with the other components. Although such modal
techniques can be adopted for non-linear analysis (see BATHE (59), COOK (60)),
these are most economical when applied to linear analysis of inertial problems in
which the response is known to be confined to a few harmonics. The parametric
study of the previous Chapter was based on a modal approach, but here, a direct
integration scheme will be utilised, since these methods are better suited to shock
and wave propagation problems in which a large no. of high-frequency harmonics
are excited, and just as effective for vibration problems. Non-linearities can also
be incorporated and there is no restriction on the form of the damping matrix (C)

as is the case with modal methods.

The direct integration algorithms can be further subdivided into explicit and
implicit schemes. In explicit methods, the state at a time (¢t + At) is predicted
by using the equilibrium conditions at time (t) in conjunction with some form of
extrapolation functions, expressing the accelerations and velocities of the system
at time (t) in terms of displacements at various times up to an including that
at time (¢ + At). Such schemes, of which the central difference method is the
best known one, usually produce equations that are cheap to solve by avoiding
the need to invert (or factorise) the system’s stiffness matrix and if damping is
excluded and a lumped mass idealisation is adopted, the calculations can be per-
formed at element level without the need to assemble or factorise any global coef-
ficient matrices. Limitations include conditional stability which severely restricts
the timestep of integration and the fact that accuracy may suffer in non-linear
applications due to the failure to satisfy equilibrium at time (¢ + At). Implicit
techniques (e.g. Houbolt, Wilson-§, Newmark-f) enforce the equilibrium condi-

tions at time (¢ 4+ At) which is much more accurate, but this inherently involves
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the factorisation of the stiffness matrix which increases computational costs. This
is even more pronounced in non-linear problems where factorisation needs to be
performed continually as the system stiffness properties alter and where in order
to satisfy equilibrium at time (¢ + At), iterations are required. To limit computa-
tional cost, implicit methods can be made unconditionally stable which will allow
a much larger integration timestep to be chosen, but this is achieved at the ex-
pense of introducing artificial period elongation and response amplitude decay. It
is argued that since finite element discretisations do not accurately represent the
high harmonics of a system, such numerical effects, if not divergent in nature, will
not appreciably affect the systems response especi#lly if this is dominated by the
lower modes. NICKELL (61) has compared the performance of the various pop-
ular implicit methods listed above and concluded that the Newmark-# technique
is in general superior, but, as is evident from the brief foregone discussion, the
choice of a suitable solution procedure is very much a function of the problem to

be solved and the finite element idealisation that is adopted.

The direct integration procedure chosen for the present purposes is based
on the cubic interpolation of inertia algorithm (CIIA) originally presented by
ARGYRIS and CHAN (62), which although not as widely known as some of the
previously mentioned methods, possess some desirable features and represents an
attractive alternative. This algorithm can be regarded as implicit in the sense
that it uses the equilibrium conditions at time (t + At), but does not involve the
factorisation of the stiffness matrix, thus ideally suited for non-linear problems.
In fact, the only matrix to be inverted or factorised is the mass matrix and this
is only done once at the start of the solution even for non-linear problems, unless
the non-linearities are such as to gﬁ'ect the inertial properties of the system. If a
lumped mass idealisation is adopted the solution can be completely performed at
element level greatly reducing storage requirements. As its name suggests, inertia
forces over each timestep are interpolated by cubic Hermitian polynomials so that

the truncation errors are at least two orders less than that of the more commonly
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used Newmark-8 method. Applied to a number of shock and vibration problems
by ARGYRIS et al. (63), this algorithm has cohsistently shown far superior ac-
curacy compared with the more commonly used methods. The more accurate,
though computationally more expensive, conditionally stable version of this algo-
rithm has been implemented here, but minor alterations to the basic equations
can yield an unconditionally stable version as presented by ARGYRIS et al. (63),
the penalty being, as before, an artificial period elongation which for this partic-
ular algorithm is far less severe than for a.ny of the aforementioned schemes (see
ARGYRIS et al. (63)). Solution of the equations of this CIIA method is by means
of iterations for both linear and non-linear problems and thus for linear problems
it may well be computationally less efficient than schemes like the Newmark-3

method, though for non-linear problems the latter will also require an iterative

solution.

3.5.1 Cubic interpolation of inertia algorithm

The algorithm is based on the assumption that the inertia forces (M¥) vary
according to a prescribed function of time, in this case as a cubic function, within
a small time interval (7). To define this variation, the four coefficients of the cubic
function are determined by the conditions at the beginning and the end of this

time interval and these conditions relate to the inertia forces (Ras) and its first

time derivative (Ryp = 5 tM)' Consequently, the cubic variation of inertia can
be written in the form
R = mRumo + 127Raso + nsRagt + na7Ran (3.5.2)

where ‘n;’ are Hermitian polynomials expressed in terms of a non-dimensional time

variable (¢ = -,t;) and given as

n=1-3¢%+2¢° N2 =¢—22+¢° 553
ns = 3¢2 — 2¢° ne=—¢2+¢°
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so that each produces a unit value for its associated coefficient while zero for all

others. Also, the subscripts ‘0’ and ‘1’ in (352) denote values at the beginning

and the end of the time interval when (¢ = 0) and (¢ = 1) respectively.

Integrating equation (3.5.2) with respect to time and substituting for the
inertia forces (i.e. R (t) = MF), it follows that

Mi = Mo + TR2M° (26 —2¢ +¢*) + @2“‘—‘(2;3 —¢*) W
2R 2R
+ 0 (6% — 86° + 3¢%) + T (—46° + 3¢%)
12 12
2
Mr = Mr, + 7¢M#o + - f::m (20¢% — 10¢* + 4¢°) (3.5.4)
2 31
+ I—Iﬁf—l(mg4 —4¢%) + T—B—‘ﬁ(mgs —10¢* + 3¢5)
40 60
+ o (-5¢* +3¢%) J

Substituting the value of (¢ = 1) into the equations of (3.5.4) will yield the dis-

placements (r;) and velocities () at then end of the interval, which are expressed

as
2nn-1 ) . )
ri =ro+7rg + 60 (21RMO+3TRMO+9RM1 —2TRM1) =To +dr
. . ™! 8 ' . . . )
ry=Fg+ D (6Rao + TR M0 + 6RAry — TRAf1) = Fo + di
¥ = M—IRMl J

(3.5.5)

The above set of equations can not be solved explicitly since they are de-
pendent on the inertia force and its time derivative at the end of the interval,
namely Ramand Rz ,which in turn, according to equation (3.5.1) and its deriva-
tive, depend on ry, *; and ¥; which themselves are being solved for. The situation
may be further complicated by the fact that the stiffness matrix, damping matrix
and even the mass matrix may or may not be functions of r{, ¥; and ¥;, depending

on the problem being solved. Hence, an iterative solution for each timestep will
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be necessary. This iterative procedure starts by assuming that at the beginning

of a time interval

R = Rao and R = Rago + 7R

These first approximations enable r; and f; to be determined using (3.5.5), which
in turn are used to obtain a second estimation for the values of R and R M1
and this process is repeated until the results converge to within a set tolerance
level. The calculation proceeds by using the end values of the current cycle as the

initial values for the next time increment.

3.5.2 Stability of the CIIA method

Numerical integration schemes are considered as stable if any perturbations
in the solution at a time (t) (e.g. due to round-off or truncation errors, etc.) do not
grow due to the integration, thus adversely affecting the results. The integration
timestep is generally the critical factor in controlling stability. Schemes for which
the stability condition is satisfied independent of the timestep of integration are re-
ferred to as unconditionally stable schemes, whereas conditionally stable methods

require that the integration timestep be below a critical value to ensure stability.

A systematic procedure for investigating the stability of iteration algorithms
is given by BATHE et al. (64). The equations of integration are expressed in a

recurrence form, such as
R(t + At) =IR(t)

and it becomes clear that in order to ensure that errors in R do not propagate
diversely, the spectral radius of the iteration matrix (I) has to be less than unity.
ARGYRIS et al. (63) presented a detailed stability analysis for the CIIA method

based on this procedure. By considering the solution of an undamped, linearised
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system, the present form of the CIIA technique has been shown to be conditionally
stable, subject to the restrictions that (At < %Tmin), where Tiin refers to the
period of the highest frequency. The effects of damping and varying stiffness
on At.yyt have also been examined and it has been suggested that using a value
of (At < 0.3Tin) should ensure stability in the presence of such non-linearities.

In the present code, the integration timestep has been chosen as (At = 0.2Tiin)-

3.5.3 Implementation and practical considerations

The flow-chart in Diagram (3.8) depicts the way in which the CIIA integration
scheme has been implemented into the present code. To apply the CIIA method
to the solution of non-linear problems (e.g. bouncing (see Section (3.7)), etc.),
the elastic forces (Rx) and damping forces (R¢) can not be evaluated directly
at each step, but need to be accumulated as the solution proceeds. The non-
linear effects can be introduced at two different positions in the iteration cycle,
marked (a) and (b) on the flow-chart (Diagram (3.8)). The first is located at a
stage where estimates for the new displacements (r;) and velocities (1) have been
evaluated, which may be used to calculate and undertake any necessary changes
to the structural property matrices, before these are used to derive the dynamic
force vectors. As an alternative to making changes to the actual matrices, the
dynamic force vectors may be modified directly to take account of non-linearities

and the necessary alterations can be introduced at the position marked (b).

A criterion for the termination of the iteration cycle has been proposed by
ARGYRIS et al. (63) which uses a measure of the vector norm of the change in

the Rz vector.
[Bacs — o] =[(Faes — ae)” (R ~ rae ) <

where ‘e’ is a measure of allowable error
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RKO = -‘Kro , Rco = —Ci‘o s Rapo = RKO - RCO + R(to)

Fo = M R0 F—LIBUE Jamping ?
¥

RMQ = —Ki'o - Cfo + R(to)

t

FALSE

1* approx. Ras = Ran , Ran = Ran+ AtRap
|

di = %M-I(GRMO + At Ry + 6Rary — At Rypy)

dr = Atk + AEMH(21R 0 + 3A¢ Rao + 9Ran — 28t Rany)

i‘1=M—1RM1 , T3 =To+dr , r, =ro+dr

—

update K , C if required @

Rx1 = -Ryo—Kdr , Ry = Ky
Rc1 = —Reo— Cdr , Rey =Ci,y
|
update Rg; , Rci if required @

iteration ?

R = Rx1 + Ror + R(E + At)
Ry =R +Rer + R(t + At)

FALSE

restart
iteration ?

update stresses, etc.
| TRUE

output r; , Fy , ¥y

calculation ?

Rmo=Ran , Rmo=Ran , t=t+At

ro=r, , fpo==r , Rko=Rk: , Reco=Roc:

Diagram (3.8) — Flow-chart for the cubic interpolation of inertia

algorithm as implemented into the present FE code
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This, as shown by ARGYRIS et al. (63), ensures that the out-of-balance forces
at the end of the iterative cycle (i.e. ﬁMl — Rpr1) are much smaller than the
tolerated errors in flM, namely by the order of the integration timestep and the
accuracy of the estimated velocity and displacement increments is much higher
still. To ensure that each individual equation of the set has converged to within
the set tolerance, the present implementation checks that the errors in R M as well
as those in Ras for every equation are within the allowable tolerance. Thus, the

present termination criterion can be expressed as

Ry —R ‘
ML ML <€
R t

< €

for t=12,...,.N

A cbmplication that may arise is that either (I‘t M1)i or (Rag1); may tend to
zero (for example if either #; or r; tend to zero). Under these circumstances it may
prove very difficult to attain the desired accuracy limit for the particular equation
in question and the iteration cycle may repeat indefinitely. To safeguard against
such situations a second termination criterion is invoked when necessary, based on

the absolute allowable error, so that

|RM1 - RM1I : < €2

‘RMl —Ruil ; < e

Furthermore, a limit on the number of permissible iteration cycles will automat-
ically terminate the program if all other measures fail. Using a tolerance limit
of (0.001%), it has been found that in general linear problems require 2-3 itera-
tions to converge to within the set limit, while non-linear problems may require

up to 7 iterative cycles.
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A check on the total energy level of the system has also been included which
will enable the reliability of the calculation to‘be verified. Monitoring the en-
ergy contents of the system as the calculation proceeds will also help in identify-
ing any problems that may originate from the way a particular non-linear effect
(say, bouncing) has been implemented. The kinetic energy (-%i‘*Mi’) and the strain
energy (%rtKr) make up the system’s totai energy which should remain fairly con-
stant unless external work is being done on the system by applied forces or some
energy dissipating mechanism, such as damping or plasticity, is present. The _strain

energy should be accumulated over the time sequence so as to apply to both linear

and non-linear problems, using
AU = %(Rxo + Rg1)Ar

Finally, the accuracy, reliability and stability aspects of the present imple-
mentation of the CITA integration scheme have been tested and verified on the
basis of numerical examples. The undamped vibration of a simple, linear oscilla-
tor has been traced for some 150 complete cycles, monitoring the displacement,
velocity, acceleration and energy balance of the system, and these were found to
remain in excellent agreement with theory. Also considered, was the response of
a simply-supported, uniform beam vibrating in its fundamental mode. The anal-
- ysis followed the beam’s response, starting from it being released from an initial
deflected shape corresponding to that of its fundamental mode shape, and pass-
ing through the undeflected state after a quarter of a period. Once again, the
nodal quantities and system energy that were monitored were found to be in close

agreement with theoretical expectations.
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3.6 FE MODELLING FOR DYNAMIC ANALYSIS

The general approach to finite element discretisation is to employ a fine mesh
in regions of expected steeper gradient of field variable with a coarser mesh rep-
resenting the other remaining areas, in order to optimise solution cost without
sacrificing the accuracy in the process. Application of such modelling techniques
in dynamic analysis however, is subject to certain restrictions which arise due to
the presence of elastic waves, not encountered in static analysis. The topic of
elastic waves in solids has been covered in detail by KOLSKY (65) and it suffices
to say that when such waves impinge on a boundary between two media, both
reflection and refraction take place. Thus, when a homogeneous elastic contin-
uum is modelled by a series of discrete finite elements, any difference in the size
of adjacent elements can cause a spurious wave reflection which would not exist
in the continuum. The subject of spurious wave reflection in non-uniform finite
element meshes has been investigated by BAZANT (66,67) and a number of guide-
lines for the selection of appropriate finite element meshes for dynamic analysis
have emerged. It has been shown that the phenomenon of spurious reflection is
significant where there exists a difference in size between adjacent elements even if
this difference is very small (less than 10%). An attempt by CELEP et al. (68) to
implement a variable mesh by carefully introducing a transition zone with grad-
ually varying elements between two uniform mesh regions has indicated that this
approach mitigates the problem to a limited extent, but to eliminate spurious re-
flections completely requires the use of uniform meshes. The analysis in (66,67,68)
also reveal that spurious reflections are only significant for relatively small wave-
lengths (less than ten times the size of the larger element). Thus, in practice,
for transient analyses a uniform mesh should be adopted while for those dynamic
analyses where the response is expected to be quasi-static or dominated by a few
low harmonics some degree of mesh non-uniformity can be tolerated. In addition,
it has further been demonstrated that spurious wave effects are less pronounced

for higher order elements and where a consistent mass representation is used.
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3.7 CONTACT-SEPARATION MODELLING

Detailed impact analysis of deformable bodies represents an extremely com-
plicated and costly structural problem that requires the modelling of non-linear
contact effects and may also involve other geometric and material non-linearities
(see HUGHES et al. (69)). Considering that the present task is confined to the
case of low velocity impact of a mass on a beam, for which the response is expected
to be dominated by the global contribution, such a detailed analysis would be of
limited use and can not be justified. A more realistic approach would be to intro-
duce the contributions of some of the aforementioned, local effects through some
simplified, approximate means into the global structural response of the system,
which although sacrificing the local details, is infinitely more cost-effective, far

easier to implement and more appropriate for the present purposes.

Modelling of contact-separation between impactor and target as well as the
associated local effects can be accomplished through the use of a spring element

as depicted in Diagram (3.9).

«~— Impactor mass

Spring element — Beam elements

S K K
=

Diagram (3.9) — Idealisation for impact of a mass on a target beam

The impactor can be considered as rigid and idealised as a single lumped mass,
while the flexible target beam will be modelled by a series of beam elements. A
single connecting spring element should be sufficient for a small contact area,

although additional spring elements can be employed as necessary, if for instance

96



the area of contact between impactor and target is expected to spread to the
adjacent nodes. The stiffness of these spring elements can be manipulated and
made to vary in any fashion in order to simulate the various local effects that
are to be included. Changes to the spring stiffness can be established at every
step of the calculation and directly introduced into the assembled global stiffness
matrix. An alternative scheme, and one that has been implemented into the
present code, introduces the modifications directly into the internal nodal load
vector (Rg = Kr), updating the terms corresponding to the spring contributions
at the two nodes ‘s’ and ‘;5°. Bearing in mind that the CIIA solution technique is
being adopted, the internal nodal load derivatives (Rx = K#), need to be adjusted

also.

Diagram (3.10) — Typical non-linear force-displacement relationship

Assuming that the spring element is required to follow a force-displacement
relationship as shown in Diagram (3.10), a non-linear iteration procedure would
be required since the stiffness ‘K’ depends on the displacement ‘ry’ which in turn
is a function of the stiffness variation. The problem can be linearised by assuming
the stiffness to remain constant and equal to (K,) over the interval (Ar) but this
is only applicable if (Ar) is small enough (thus a small timestep) for changes in
the stiffness to be small over the interval. ARGYRIS et al. (63) have proposed

an improved approximation by using [%(Ka + K3)] in place of (K,) which would
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account for second order variations in (Rg) as well. Using this latter scheme, the

required modifications take the form of

Ry:(t + At) = Rg;(t + At) + [-;—(Ka + Kp) — Ko] (ri —15)

Ryi(t + At) = Rg;(t + At) + (Kb — Ko)(F; — 75) L (3.7.1)
Rk ;(t + At) = Rk, (t + At) — [%(Ka + Kp) — Ko] (rs —r5)

Ryt + At) = Ry (¢t + At) ~ (Kb — Ko)(: — #5)

where ‘Ko’ represents the initial spring stiffness as used in the assembled global

stiffness matrix. Also note that for the nodal load derivatives it is more consistent

and far more accurate to use the actual stiffness (K3) instead of the approximated

value of [%(Ka + K3)).

The specific problem regarding contact-separation modelling can now be dealt
with. As long as the spring element remains in compression, this implies contact
between impactor and target and the calculation can proceed normally with non-
linear effects being introduced if and when required. Tension in the spring signals
a state of separation and the equations governing the motion of the two bodies
(i.e. impactor and target) have to be de-coupled by merely removing the spring
element. All that this requires is to set (K, = Kp = 0) in equations (3.7.1) and
the calculation will thus effectively track the motion of the target and impactor
independently until contact is once more established. The transition from a state of
contact to that of separation and vice versa requires special care so as to minimise
any errors that; may inherently be introduced. During the transition interval,
the sudden change in the spring stiffness (K — 0 or 0 — K) implies a very
rapid variation of ‘Rg, over the interval, which as earlier stated, can only be
accommodated by the present approximations if the interval is suitably reduced,
otherwise gross errors may be introduced during such a step. Tests were performed
to establish the seriousness of such adverse effects and it emerged that by reducing

the integration timestep by a factor of ‘10’ during the transition stage any resulting
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errors could effectively be contained. This was found to work satisfactorily for
the present purposes, but if very high spring stiffnesses are employed it may be
necessary to reduce the timestep even further. Once transition is complete, the
timestep is reset to its original value. The flow-chart in Diagram (3.11) outlines

the way contact-separation has been implemented into the present code.

3.8 COMPARISON OF NUMERICAL TECHNIQUES

The Bernoulli-Euler modal technique has been employed for the parametric
study in Chapter (2) and it was felt that a brief comparison between this numerical
method and the present FE analysis would help to demonstrate any deficiencies
that may be inherent in either method and, in addition, would provide an insight
into the importance of shear and rotary inertia effects on response, not included in
the Bernoulli-Euler formulation. The test example chosen for this purpose is that
of a long beam (£ = 1 m), simply-supported at either end with an attached, central
lumped mass (m = 0.3 Kg) and subjected to an initial step-velocity excitation
applied at the beam centre (i.e. test case (25) of Chapter (2)). For this particular
test case, the ratio of impactor mass to beam mass (—R"Z = 0.317) is quite low and
so a number of higher harmonics are expected to be excited (see Table (2.2)) which
is desirable if the effects of shear and rotary inertia are to be properly assessed.
The FE analysis has been repeated for three different beam elements and details
of the various mesh configurations that have been used are listed in Table (3.2).
Analysis based on the Hermitian element is to enable a direct comparison of the two
numerical techniques, while the use of the Timoshenko and cubic Mindlin elements
has been aimed at illustrating the contributions resulting from the inclusion of
shear and rotary inertia effects, providing a means of predicting the shear stress
history and for comparing the performance of these two shear-flexible elements

when applied to dynamic problems.
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Diagram (3.11) — Flow-chart for implementation of contact-separation

into the present FE code
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The bending stress history as calculated from the modal approach and the
FE analysis using Hermitian elements are presénted in Figures (3.32) and (3.34)
respectively and it is evident that in general the agreement between these two
numerical techniques is good. Close inspection does reveal slight local differences
in stress amplitude, which represent the combined effects of various sources of error
inherent in the nature of the solution methods, but otherwise have an insignificant
effect on the overall response. These sources of error include the truncation error
resulting from limiting the modal solution to only the ‘n’ lowest harmonics, the
error due to the chosen FE discretisation (i.e. mesh configuration and type of
element) which directly affect the accuracy with which the beam harmonics are
modelled, errors relating to the solution algorithm and the fact that sampling the

stresses at discrete time intervals may inevitably lead to stress peaks being missed.

The Timoshenko and the cubic Mindlin elements both take account of shear
and rotary inertia effects, and it has already been mentioned in Section (3.4.2) that
these secondary effects noticeably reduce the vibration frequency of the higher har-
monics relating to beam flexure. However, a comparison of the bending stress re-
sponses obtained by the use of these elements, Figures (3.35) and (3.37), with that
of the modal approach (Figure (3.32)) and that due to the FE analysis employing
the Hermitian elements (Figure (3.34)), demonstrates a remarkably close agree-
ment all-around and even the maximum peak stresses can be seen to correlate well
despite the aforementioned sources of error. This implies that as regards bending
stresses, the effects of shear and rotary inertia are insignificant, even though for
this particular case, the modal energy distribution shown in Table (2.2) indicates
a significant proportion of the modal energy as being distributed in the harmonics
‘other than the fundamental. On the basis of these findings, it appears that the
choice of the Bernoulli-Euler formulation for application to the low velocity im-
pact response calculation of Chapter (2) has been appropriate and that shear and
rotary inertia effects can safely be assumed to be unimportant as far as bending

stresses are concerned.
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Regarding the shear stresses, estimation on the basis of using the bending
stress derivative in the modal approach was shown to be inappropriate (Sec-
tion (2.8)), resulting in a non-converging series solution which meant that the
number of harmonics that are included in the solution greatly influence the shear
stress results. Using the shear-flexible beam elements in a FE analysis will yield an
estimate of the shear stresses directly from the displacement field and this was con-
sidered to be more suitable. However, both the shear stress histories obtained from
the FE analysis (Figures (3.36,3.38)) and that calculated from the modal solution
(Figure (3.33)) predict a shear stress response dominated by the high harmonics,
leading to extremely rapid fluctuations in shear stress level. In particular, it can be
observed, in Figures (3.36,3.38), that the different mesh configurations used in the
FE analysis (see Table (3.2)), appear to influence the shear stress response. The
finer mesh used in conjunction with the cubic Mindlin elements can model more of
the higher harmonics and this ability can be seen to be reflected in its prediction
of the shear stress variation (Figure (3.38)). The fact that the high harmonics sig-
nificantly affect the predicted shear stress response, suggests that for the present
test example, the solution is either non-converging or convergence is extremely
slow, as shown in Section (2.8), and independent of the solution method that is
adopted. This is not entirely surprising, considering that a step-velocity excitation
applied at the beam centre in effect represents a delta function force excitation at
the centre node, which would require a very large number of harmonics to model
it satisfactorily. It appears that the present test case is not well suited for study-
ing the shear stress response, due to such severe and unrealistic loading condition
th;t is involved. In practical situations, the finite contact stiffness between the
impacting bodies and the fact that the loading will be distributed over the contact
area will reduce the severity of the loading, enabling a more realistic estimation of
the shear stress response by numerical techniques. This point will be more clearly
demonstrated in Chapter (5), where the FE analysis has been employed success-

fully in predicting the shear stress response in a range of experimental impact
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tests. In addition, the inevitable presence of some damping — not included in the
present analyses — is also expected to contribute to the reduction of stress peaks,

in particular where the stress variations are related to high frequency modes (see

Chapter (5)).
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Chapter Four

EXPERIMENTAL INVESTIGATIONS

4.1 INTRODUCTION

A number of parameters that control the dynamic response of transversely
impacted beams have been identified in Chapter (2), forming the basis of models
for the prediction of impact-induced stresses within the target beam under low ve-
locity impact conditions. Detailed numerical investigations that followed examined
the effect of the various parameters on the beam’s response and the resulting stress
variations, thus providing an insight into the phenomenon of impact and confirm-
ing the applicability of the proposed bending stress model. The Bernoulli-Euler
based modal approach used in this investigation proved unsuitable for verifying the
shear stress model, requiring the shear prediction capabilities of the FE method.
Confidence in the numerical findings was further increased when comparison be-
tween the simplified modal approach and the more detailed finite element analysis
demonstrated a reasonably good agreement (see Section (3.8)). Numerical exami-
nations of this kind with comparison between different techniques are very useful
in providing an understanding of the underlying physical concepts of impact and
enhancing the credibility of the theoretically established results, but the validity
of such theoretical treatment can best be ascertained by comparison with experi-
mental observation, and since theoretical methods are based on assumptions and
approximations, agreement with experimental findings would also justify any sim-

plifications that have been introduced thus promoting a better understanding of
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the problem. In addition, there are several factors that only experimentation can
determine, namely percentage damping if any, to indicate the corresponding filter
needed to apply to the high frequency results of the FE analysis, and als»o whether
static failure threshold for strain are applicable under dynamic loading conditions,

or if strain rate effects are important.

Experimental studies on various aspects of transversely impacted metal beams
have been conducted by several authors (34-36) in the past and more recently
on fibre-composite beams (3,4,7,8,10,26,28,29). However, except for the work of
ARNOLD (35), no other experimental effort has been found to have focused atten-
tion on the particular ideas that have been numerically approached in Chapter (2),
so as to be of any assistance in validating these theoretical results. In view of this
fact and the uncertainties surrounding some of ARNOLD’s (35) measurements (in
particular those that relate to stress and load variations) as a result of using rel-
atively crude instrumentation compared to today’s standards, it was considered
appropriate to undertake an independent experimental investigation to examine
and assess the relevance and accuracy of the theoretical findings, including the

validity of the proposed stress models and any limitations that may exist.

The experimental phase of the present study, to be described in this Chapter,
is concerned specifically with drop-weight impactb testing of centrally impacted
simply-supported, isotropic and composite beams. Impact tests have been de-
signed and conducted to cover a wide range of test configurations, by carefully
selecting appropriate combinations of the impact velocity (v), impaqtor mass (m)
and beam length (and hence beam mass (M)), which were identified previously as
the parameters of primary importance, and in eéch case the time-dependent impact
loads, bending stresses, shear stresses and beam deflection have been monitored
and recorded for the entire period of the impact event, resulting in a sufficiently
comprehensive experimental database to enable detailed comparisons with numer-
ical findings. Details of the instrumentation, measurement techniques and other

practical considerations as well as test configurations and results, will be presented
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and discussed qualitatively, but quantitative comparisons between theoretical pre-
dictions and experimental observations have been deferred until Chapter (5), where
in addition some of the present impact tests have been modelled and analysed by
the FE method in an effort to confirm the accuracy of the experimental data as
well as illustrating the predictive capabilities of the implemented FE code and also

to highlight all-around agreement between the various approaches.

The major portion of the present experimental work has been conducted on
an isotropic beam specimen presented in Part (I) of this Chapter, while additional

impact tests performed on carbon-fibre beams will be considered in Part (II).

Part (I) — ISOTROPIC TARGET

4.2 DETAILS OF TEST SPECIMEN

A metal beam specimen of reasonably uniform, solid, rectangular cross-section
(on average approximately 1.81 ¢cm deep and 1.92 cm wide) and a total initial
length of 144 cm has been machined from a piece of high-strength aluminium
alloy, designated as ‘DTD 5054 TF’ (material property details are listed in Ta-
ble (4.1)). The drop-weight impact tests have all been conducted on this single
specimen, the length of which was varied by gradually cutting the specimen to
size as and when it was required, so as to consistently limit the overhang at the
simple supports, which can have a marked influence on the beam’s response, to
a maximum of 2 cm, sufficient to ensure that the specimen does not drop off the
supports when deflected. Apart from the obvious economical benefits, the use of
a single specimen means that material properties and cross-sectional dimensions
are consistent for all impact tests and no erroneous effects are introduced due to
slight differences in these parameters, which would be very likely if a number of

different specimen were to be used. To survive the multiple impact tests in tact,
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the specimen had to be protected against local indentation at the point of impact
(see Section (4.5)) and in addition plastic deformation had to be inhibited by en-
suring that an adequate margin of safety existed between the maximum expected
impact-induced stresses and the material’s yield stress. Hence the need to use a
high-strength alloy in conjunction with a suitable beam geometry to enable the
impactor energy to be safely absorbed, while still reaching a sufficiently high stress

level which is desirable for accurate stress measurements.

4.3 IMPACT TEST RIG

An overall view of the test rig, including the monitoring equipment and the
mounted test specimen, can be seen in Photo (4.1). The specimen is mounted on
a horizontal platform that forms part of the main support framework of heavy
gauge steel construction, while the taller box section frame is part of the impact
mechanism. The impactor is in the form of a light-weight aluminium carriage, to
which weights can be added, and when released, falls under gravity, guided by two
tensioned vertical steel rods connected between the two frameworks, and there is
a choice of three different carriages depending on the additional mass that is to be
carried. The drop-height can be varied up to a maximum of about (1.8 m) and an
electrically operated release mechanism has also been provided, though not used

in the present experiments.

Photo (42) presents a close-up view of the experimental set-up, including
the aforementioned drop-weight carriage assembly and the system adopted for
supporting the specimen. To simulate simply-supported end conditions, the spec-
imen has been sandwiched between a round-edged wedge shape metal block and
a grooved nylon roller (see Photos (4.2,4.4)). This arrangement ensures that the
specimen does not lift off its support during impact, nor moves sideways or twists,

but still permits axial movement and a limited degree of end rotation. By defi-
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nition, true simply-supported end conditions must allow complete rotational free-
dom at the supports, but simple geometrical arguments will show that this re-
quirement is not exactly satisfied in the present support system. As depicted in
Diagram (4.1), during deflection, a contact load (P) will be generated between the
beam and the restraining roller of the support system and, in addition, the point
of contact will change. The combined effect of this is to produce an opposing end

moment that increases with an increase in the end deflection.

............. j Simple
_ e support

Diagram (4.1) — Local details of the simple-support mechanism

The rotational stiffness that is inevitably being introduced at the supports is
mainly a function of the end rotation and also depends on the rigidity of the
support assembly. The choice of a nylon roller has been aimed at reducing the
latter, while end rotations are generally small for the low harmonics of the beam
and it is the lower modes that are expected to dominate the response under low
velocity impact conditions. Consequently, any local end-effects due to the support
mechanism are not expected to significantly influence the global response of the
impacted beam, a fact that is endorsed by the comparisons between experimental

results and FE predictions, presented in Chapter (5).
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4.4 IMPACT DATA MEASUREMENTS

4.4.1 Measurement of contact force

A load-cell, shown in Photo (4.3), has been used for measuring and monitoring
the time-history of the contact force that develops between the impacting mass and
the target beam at the point of impact. This load-cell is a single unit, machined
from aluminium alloy and embodying a short, thin cylinder reinforced by a circular

flange at one end and an end plate at the other (see Diagram (4.2)).
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Diagram (4.2) — The load-cell and impactor head assembly

The flanges at either end each have four tapped holes for connecting the load-cell to
the drop-weight carriage assembly and for mounting the impactor head assembly,
which consists of a solid cylinder with a hemispherical end, some 12.7 mm in
diameter, and attached to a flat end plate, both made of hardened steel (also shown
in Diagram (4.2)). The applied load is measured in the normal fashion utilising

strain gauges of type ‘FLA-2’ (see Table (4.2)) which have been positioned around
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the thin cylindrical cell at regular space intervals (see Photo (4.3) for details). A
total of eight gauges sample the strains at the 'various locations around the cell
helping to filter out effects due to local load-cell imperfections and generally giving
an improved measure of average strain. Alternate gauges measure the longitudinal
strain and the transverse strain, resulting from Poisson’s ratio, and are connected
into a bridge circuitry in such a manner as to increase the effective sensitivity and

to eliminate temperature effects.

The proportionality constant between measured strain and applied load has
been obtained by calibrating the load-cell assembly in a compression testing ma-
chine under static loading conditions. The calibration was repeated for three

different configurations of the load-cell assembly :

a) load-cell without the impactor head
b) load-cell with small impactor head (6 mm diameter)

c) load-cell with large impactor head (12.7 mm diameter)

The calibration results are presented in Figure (4.1) and clearly illustrate that the
presence and size of the impactor head have a marked effect on the performance
of the load-cell. This can be explained by referring to Diagram (4.2), where it can
be seen that under an applied load, the impactor head support plate will deform
in bending and the extent of this deformation is directly related to the size of
the impactor head. The resulting bending moment at the plate support (load-cell
flange) will superimpose a bending strain field which is in addition to the direct
strain field induced by the applied load. These strain components add on the
inside of the cell walls but subtract on the outside, to which the strain gauges are
fixed, resulting in a lower strain reading for a given load. This bending action will
inevitably reduce the safe maximum load capacity, but for the present load-cell
using an impactor head, as is evident from Figure (4.1), has the advantage of

leading to a linear calibration curve. The arrangement employed for the present

110



test purposes uses a large impactor head and appears to behave in a linear fashion

over the expected load range with a calibration factor of 8416.5 N/m.

4.4.2 Measurement of impact velocity

Impactor drop-height can be used to get an estimate of impact velocity, but to
minimise errors due to frictional losses in the vertical impactor guides, the impact
velocity has been measured directly, utilisingla digital timer and a small electronic
unit, shown in Photo (4.4), which features two light beam triggers separated by
a pre-set distance of 5 cm. The unit has been stationed close above the specimen
and a small flag fixed to the impactor serves to activate/deactivate the timer as it
passes the trigger points. The time taken to travel the distahce between the two
triggers, recorded to the nearest micro-second, can then be converted to yield the
impactor velocity at the half-way position between the triggers which subsequently

has to be extrapolated to obtain the actual velocity of the impactor at the point

of impact.

Comparisons between measured impact velocities and that calculated directly

from impactor drop-heights have revealed discrepancies of up to 3%.

4.4.3 Deflection measurement |

The transverse deflection of the beam specimen at the point of impact has
been monitored utilising a non-contacting displacement transducer. As illustrated
in Photo (4.5), a flag, made of Balsa-wood to minimise the added inertia, has been
secured to the beam specimen to reach the transducer which has been mounted
directly beneath the point of impact. This is an optical transducer, built by the
Aeronautics department, incorporating a light source and photoelectric cells and
has a fast response time, a requirement for any dynamic measurement. During

specimen deflection, the flag cuts across the light source altering the amount of
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incident light reaching the photoelectric cells and the induced power output of
these cells gives a direct measure of the deflection. The transducer has been set
up and calibrated to ensure a linear relationship between deflection and output
voltage over the maximum measuring range of 5 cm (see Figure (4.2)) resulting in

a calibration factor of 0.01126 m/V.

4.4.4 Stress measurement

Impact induced stresses have been méasured at a number of positions along
the test specimen by employing standard strain gauges as shown in Photo (4.3).
Bending strains are obtained using pairs of single wire gauges of type ‘PL-10’ (see
Table (4.1)), cemented to the top and bottom surfaces of the specimen at distances
of 5, 10, 15, 25 and 35 cm from the point of impact and connected into opposite
arms of amplified bridge circuits to eliminate any axial strains, with dummy gauges
in the two remaining bridge arms to balance the bridge and provide temperature
compensation. For the shear strain measurement, pairs of rosette foil gauges of
type ‘FCA-6’ (see Table (4.1)) have been fixed to either side of the specimen, at
distances of 5 and 10 cm from the point of impact, such that the rosette gauges lie
along the principal strain direction, at an angle of 45° to the longitudinal beam
axis. The gauges of each rosette have been connected into one half of the bridge
circuit amplifiers, in adjacent arms, to give a full bridge that eliminates bending

and axial strain effects as well as providing temperature compensation.

The strain gauge amplifiers that have been referred to above are purpose
designed hybrid low noise low drift linear DC amplifiers specially configured for
resistive bridge measurement and having a wide frequency response bandwidth
of 400 KHz at unity gain. The particular version used here has a gain of 500,
calibrated to produce a one volt output per 1000 micro-strains for a fully active

bridge configuration.
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Based on the above arrangement, the conversion factors for obtaining the
bending and shear stresses from the measured voltage, after accounting for gauge

factor and the bridge configuration, can be shown to be as follows :

000 x 10~¢ 2.0
98 _ (1 X ) ( ) E = 1904.76 x 10~SE

volts 0.5 5_1_
os _ {1000 x 10~ 2.0\ Ek, _ —¢ [ Ekw
volts ( 1.0 31) Trp - P20\

The correction factor (k) has been included to account for the variation of shear
across the width of the beam. Bearing in mind that the rosette gauges that measure
shear strain are positioned on the side walls, it will be necessary to obtain the
shear stress along the beam neutral axis in order to enable a direct comparison
between experiment and theory. Elementary theory predicts only a parabolic
shear distribution through the depth of the beam, but no variation across the
width. TIMOSHENKO (53) has shown that this is applicable in the case of deep,
narrow beams, though as the beam width increases, a secondary stress system,
resulting in the variation of shear across the width, gradually becomes important.
TIMOSHENKO (53) has derived a formulae, based on the theory of elasticity, to
account for this effect, and for the rectangular cross-section of the present test

specimen, this leads to a correction factor k,, = 1.178239668.

4.4.5 Data recording system

A schematic representation of the instrumentation used for monitoring and
recording the impact test data is shown in Diagram (4.3). Three dual channel
strain gauge amplifiers (SGA) have been used in conjunction with dual chan-
nel transient data recorders (TDR) for collecting strain information over a pre-
specified time interval. The transient recorders are of type ‘DATALAB DL-902 ’,
capable of digitising and storing waveforms at a maximum sample rate of 1 MHz

per channel. Once triggered, the recorders sample each incoming signal at the
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TDR 1 TDR 2 TDR 3
] ]

HP-85 microcomputer

Diagram (4.3) — Configuration of the data recording system

pre-set rate for a total of 2048 record samples. Synchronisation of the transient
recorders has ensured simultaneous triggering of all recording channels. Pre-test
trials have indicated that internal triggering, based on the load-cell signal, was
to be preferred to using the signal from the velocity detector, which activates the
electronic timer, to externally trigger the recorders. The rapid increase in load
on impact thus provided a reliable trigger signal and using the pre-trigger facil-
ity on these recorders has meant that the initial pre-trigger part of the incoming
signal would also be captured. The recorded information is then subsequently
transferred to a ‘HEWLETT-PACKARD 85 ’ microcomputer interfaced with the

recorders where it can be viewed and permanently stored on magnetic tape for

further processing.

4.4.6 Measurement accuracy

The various equipments that have been used in the measurement of the present

impact test data are all subject to limitations and these may adversely affect the
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accuracy of the measured data. In this respect, the responsiveness of a measuring
system is a critical factor when trying to measure rapidly varying quantities under
dynamic conditions. To ensure an accurate measurement, the system’s response
needs to be fast enough to keep up with the variation in the quantity it is intended
to monitor. To provide some means of assessing the measurement accuracy, a
rough estimation of the likely frequency content of the signals which are expected
to be encountered during the present set of impact tests has been obtained based
on the numerical approach of Chapter (2) and this is presented in Table (4.3)
for two of the most demanding test cases. The first considers the case of the
lowest (—X"?), which excites the greatest number of harmonics, while the second

relates to the shortest beam specimen with the shortest vibration period.

Based on the estimates in Table (4.3), it is evident that the transient recorders
(Section (4.4.5)), with 2 maximum sampling rate of 1 MHz, are capable of captur-
ing signals of up to 250 KHz in frequency, which is far in excess of the expected
frequency range shown in Table (4.3). The only source of inaccuracy as regards
these recorders is related to the fact that the incoming data signal is stored in
digital form, thus imposing a resolution limit of 1 in 256 (i.e. a maximum error of

approximately 0.2% of the total scale voltage selected).

The displacement transducer (Section (4.4.3)) has a frequency response range
of up to about 10 KHz and this should be quite sufficient bearing in mind that the
energy content in the higher harmonics (i.e. those above 10 KHz) of the impacted

beams is negligibly small as shown in Table (4.3).

The strain gauge amplifiers used in the measurement of loads and stresses have
a frequency bandwidth of 400 KHz at a gain of unity, but the gain of the units em-
ployed for the present tests was increased to about 500 which later emerged to have
resulted in the lowering of the 3 DB-point of these amplifiers to around 800 Hz.
The frequency characteristics of these units were subsequently established and

Figures (4.3,4.4) show the variation of signal attenuation and phase shift with
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frequency for these units. Using the estimates in Table (4.3) as a guideline, it
would appear that some of the high frequency harmonics may be attenuated or
even filtered out by the strain gauge amplifiers, but in view of the relatively small
percentage of total energy that is expected to be contained in the higher modes it

is unlikely for the resulting inaccuracies to significantly modify the measurements.

However, to obtain a more realistic assessment of the effect of the ampli-
fier characteristic on the experimentally measured data, the test results for the
two extreme test cases outlined in Table (4.3) have been further processed us-
ing Fast Fourier numerical technique to compensate for attenuation and phase
shift that may be introduced in the amplification stage. The procedure adopted
has been to transform the measured time-signal into the frequency domain using
Fast Fourier transform, correcting the magnitude and phase angle of the indi-
vidual Fourier coefficients in accordance with the amplifier characteristics shown
in Figures (4.3,4.4) followed by an inverse transform to yield the corrected time-
history for the original signal. One precaution that had to be taken at the cor-
rection stage was to realise that the measured input signal had been stored by
transient recorders which digitise the signal and thus inevitably, the signal, when
transformed, will contain spurious frequency components that originate due to the
digitisation process. Thus to avoid erroneously correcting these spurious compo-
nents, a limit had to be imposed on which frequency components to consider, and
since the maximum digitisation error, as mentioned earlier, is approximately 0.2%
of the full scale, it was decided to correct only those frequency components for
which the Fourier coefficient was greater than 0.5% of the highest coefficient in
the signal. Of the two test cases considered, the first, as expected, did not indicate
any noticeable change in the measured data signal as a result of the amplifier’s
limitations. For the second test case, relating to the shortest beam, however, even
the fundamental mode frequency is sufficiently high for the measured signal to be
affected by the amplifiers and this is demonstrated in Figure (4.5) presenting the

measured and corrected bending and shear stress histories for this case. It can be
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seen that the main effect is a phase shift in the data while the magnitude is still
not significantly influenced. Consequently, it would appear that for the present
test range, the limitations of the strain gauge amplifiers do not, in general, under-
mine the accuracy of the measured data, though in the tests on the short beam
specimen, a slight underestimation in the absolute magnitude of measured data is
anticipated. In addition, while testing, it has been observed that the strain gauge
amplifiers register a low level noise signal as shown in Figure (4.6), which appears
to be a characteristics of the amplifiers. Fortﬁnately, in the majority of test cases
this does not introduce any noticeable error, the exception being the shear stress

measurements for the longer specimens due to the low magnitude of the impact

induced shear stresses.

Finally, another factor that can affect the measurement accuracy relates to
the size of the particular strain gauges employed. These gauges provide an average
measure of strain, so that the smaller the gauges, the higher the spatial resolution
leading to an increased accuracy. However, gauge size becomes only important
when dealing with very short wavelengths and since in the present impact tests
only the first few harmonics are expected to be excited, the choice of strain gauge

size should not be too critical.

On the whole, however, the possible sources of error listed above do not appear
to significantly undermine the accuracy of the experimentally measured data and
this has been further confirmed by comparisons with predictions based on the

finite element analysis of a number of test cases presented in Chapter (5).

4.5 ADDITIONAL EXPERIMENTAL DETAILS

As mentioned previously, a single beam specimen has been used for conducting
the full range of impact tests and as a result it was necessary to protect the

specimen against local damage that could arise. An early attempt was to utilise a
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small piece of hard rubber that was placed and firmly secured to the beam specimen
at the point of impact to dampen the blow from the impactor, protecting both
beam and impactor. One major drawback of this arrangement was the complexity
of modelling it by the finite element technique, primarily due to the various sources
of non-linearities associated with the use of such a rubber damper. These non-
linearities arise from a non-linear stress-strain relationship, a non-linearly varying
contact area between rubber damper and the hemispherical impactor head and a

dependency of the rubber stiffness on strain rate.

Adopting a simplified approach, the rubber damper was initially modelled by
a linear spring element and this was followed by implementing into the FE code,
experimentally established variations of the rubber stiffness which would combine
the effects of the various non-linearities. However, an added complication emerged
in relation to contact-separation modelling, namely that the stiffness of the damper
on subsequent contacts is a function of the recovery of the compressed rubber
damper during separation which is not fully understood. Finite element analysis
results however indicated that although the local response near the point of impact,
in particular the contact force time-history, is affected to some extent by the
modelling of the rubber damper, the displacement and bending stresses are not
greatly influenced and compare well with that measured experimentally. This
finding is encouraging especially since it implies that the introduction of such a
rubber damper as a specimen protection device has not adversely affected the

global response of the specimen being investigated.

In order to improve FE predictions of contact forces which have a direct
bearing on the induced shear stresses in the specimen would require alleviating
the aforementioned modelling difficulties resulting from the non-linear behaviour
of the rubber damper. This was achieved by employing an alternative arrangement
as shown in Photos (4.2,4.3). The rubber damper has been replaced by a piece
of hardened steel in the form of a channel fixed to the specimen for protection

against local indentation, while the load-cell carrying the impactor head has been
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mounted on a relatively stiff coil spring of known linear stiffness which also helps
with reducing the ringing resulting from the impact. The advantage of using
such an arrangement is that it greatly simplifies the FE modelling of the impactor
assembly, whereby a simple spring-mass system can be employed for approximating

the dynamic response of the whole assembly.

v; (Impactor velocity)

m; (Impactor mass)
41 K; (Impactor stiffness)

mq (Target mass)

7 Ko (Target stiffness)

Diagram (4.4) — 2 DOF system to model impact of drop-weight on

beam specimen

Such a representation inherently assumes that the spring element dominates the
response of the assembly while the dynamic response of the remaining components
in the assembly (e.g. load-cell or impactor carriage) is only of secondary impor-
tance. The accuracy of the model is thus determined by the extent to which the
above requirement is enforced, which in turn depends on the stiffness of the cho-
sen spring in relation to that of the constituent components of the assembly. This
would suggest a lowering of the spring stiffness to improve accuracy, but on the
other hand, reducing the spring stiffness could affect the impact response of the
specimen by elongating the loading period. To ensure impact loading conditions,
that is to say a loading period short in comparison with the fundamental vibra-

tion period of the impacted specimen, would require increasing the spring stiffness.
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These two contrasting requirements impose upper and lower bounds, thus limiting
the choice of suitable springs. The appropriate spring stiffness required to ensure
a loading period of less than at least (1/10)" of the fundamental period of the
specimen vibration was established for every test case, based on the transient re-
sponse analysis of a two degree of freedom (DOF) spring-mass system shown in

Diagram (4.4) and subject to an initial constant velocity excitation.

It emerged that in order to satisfy the requirement relating to the loading
period for every test case configuration, a total of four different springs would
suffice. The practical difficulties involved with finding coil springs that have the
required stiffness as well as suitable dimensions has meant that only the lowest
rated spring was in the form of a coil spring and for the rest a Belleville spring
assembly that would permit the desired stiffness to be made up from a multitude
of Belleville disc springs was constructed. The complete Belleville spring assembly

is shown in Photo (4.5) and a sectioned view is shown in Diagram (4.5).
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Diagram (4.5) — Sectioned view of Belleville spring assembly
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Typical stiffness characteristics of disc springs is given in Figure (4.7), which
for small deflections is approximately linear. To limit the deflection of the individ-
ual disc springs, discs of suitably high stiffness were employed and by stacking a
number of these discs in series (see Diagram (4.5)), both linearity and the required
stiffness was accomplished. Table (4.4) lists the various configurations that have
been employed to achieve the desired stiffness characteristics as determined by the
2 DOF model of Diagram (4.3) and their experimentally determined stiffness for

use in later finite element analysis.

4.6 PRESENTATION AND DISCUSSION OF IMPACT
TEST RESULTS

A total of 43 drop-weight impact tests have been conducted on the simply-
supported aluminium beam specimen to cover a wide range of possible combi-
nations of the previously identified response parameters (v,m,M) giving a total
range on the value of the impact parameter (v\/-ﬁ-_) of (1.758-4.714). Table (4.5)
summarises the various configurations that have been examined. Starting with an
initial beam length of 140 cm, this has been gradually reduced in steps of 10 cm,
down to a final length of 20 cm, and at every stage a number of different impact
tests have been performed, the majority of test conﬁgurations having been based
around length’s of 140 cm, 80 cm and 20 cm, representing long, medium and short .
beam targets respectively. The impact tests have been carefully designed not only
to assess the effects of the parameters of primary importance, namely impactor
velocity (v), impactor mass (m), and beam length (£) (and hence beam mass (M)),
on the beam’s response but also to highlight the dependence of maximum stress on
just two parameters, the velocity (v) and the mass ratio (%"l—), as suggested by the
numerical findings and to investigate the role, if any, of impactor energy (%mvz)
and momentum (mv) as potential controlling parameters in predicting impact re-

sponse. Quantitative discussion on the effect of the individual parameters (v,m,M)
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on the beam’s impact response and identification of the main unified controlling
parameter, expected to be (v\/_ﬁ-—-) based on éarlier numerical findings, will be
presented in Chapter (5), while in this Section the emphasis will be placed on
a qualitative discussion of the experimental findings and any consequences that

these may entail.

4.6.1 General observations

In conducting the impact tests detailed in Table (4.5), various quantities that
include contact force, beam centre-point deflection, bending and shear stresses
at a number of positions along the beam, have all been monitored and recorded.
A selection of these experimental results are presented in Figures (4.8-4.56) to
illustrate some of the typical features that have been observed generally as well as
those relating to changes in the parameters (v,m,M). In all tests, data acquisition
was continued for a long enough period to ensure that the dominant response
characteristics have been captured. Guided by the displacement measurements,
the beam’s response has in all cases been monitored from the start of impact past
the point of maximum central deflection. A common feature observed in all test
cases, except for those involving the very short beam specimen, is the occurrence
of multiple impacts between impactor and the target, during what appears, to the
naked eye, as a single blow (see Figure (4.8)). The presence of such sub-impacts has
also been reported by the likes of MASON (34) and ARNOLD (35), and these sub-
impacts appear to be affected by the mass and elasticity of the impactor and that of
the target. It is also evident from the experimental data, that the maximum impact
load does not necessarily occur on first contact, but that subsequent sub-impacts
may give rise to a higher contact force, once again depending on the configuration
being tested (compare Figures (4.8) and (4.25)). Comparison between the load and
displacement traces clearly show that sub-impacts tend to occur when the beam is

about to return to its undeflected position, and the effect these sub-impacts have
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on the subsequent response of the target is determined by the target’s elasticity

and the inertial properties of both impactor and beam.

Presented shear stresses have been measured at a position 5 cm from the point
of impact which for the long and medium length beam specimen can be considered
to be close enough to the point of impact and the shear variation can be seen
to closely follow the variations of the contact load, without being significantly
affected by dispersion. Figures (4.22,4.23 and 4.20) compare the shear stresses
at 5 cm and 10 cm from the point of impact and the load history for a 40 cm beam
specimen and the effect of dispersion is clearly evident, helping to iron out the
contributions of the higher freque‘ncy components. The effect of dispersion is even
more noticeable when it comes to the very short specimen (see Figures (4.37,4.39))
where the measured shear stress variations are found to be quite smooth, no longer
reflecting the more rugged nature of the loading pattern. However, the magnitude
of the measured shear stresses is as expected, generally small in comparison to the
much higher bending stresses, except for the very short beam specimen, and even

then their magnitude is about 3 to 4 times smaller compared to the corresponding

bending stresses.

Bending stresses have also been recorded at different locations along the beam
and the influence of dispersion on the stress peaks as one moves away from the
point of impact is clearly demonstrated (see Figures (4.11,4.12,4.13)). A further
interesting observation is that the bending stress records for positions distant from
the point of impact register an initial negative stress which changes to positive as
the impact proceeds (see Figures (4.13,4.19)). This implies that on impact, a
portion of the beam specimen at each end bends initially upwards and at this
instance the deflected shape of the beam and consequently the bending stress
distribution along it are rather complicated and by no means equivalent to the
straight line distribution of a centrally-loaded beam. A similar finding has been
reported by ARNOLD (35) which is in agreement with the predictions of the

FE analysis presented in Section (5.2) where for the cases that have been analysed
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the beam deflection for various instances in time have been calculated, exhibiting
the upward bending of sections of the beam early on in its response with the beam

deflection gradually approaching the fundamental mode response.

4.6.2 Effect of beamn length on response

Figures (4.8-4.24) represent the experimental results that have been obtained
for test cases (MT5MT23,MT33) where imp;'zctor mass and velocity are identical,
the only variable being the specimen length (140 c¢cm, 80 cm and 40 cm respec-
tively). The increase in beam stiffness and the reduction in target mass resulting
from a shortening in beam length is seen to reduce both the period of contact and
that of separation between successive sub-impacts, which eventually merge to re-
sult in a single blow as observed for the very short test specimen in Figure (4.37).
The magnitude of the contact force can also be seen to increase with decreasing

beam length (see Figures (4.8,4.14,4.20)).

As already mentioned, the shear stresses tend to follow the loading pattern,
but their magnitude is found to remain relatively small, although a definite in-
crease in peak shear stress with reduction of beam length is clearly evident from
Figures (4.10,4.16,4.22). It appears that significant shear stress levels can only be

expected in very low aspect ratio beam targets.

As regards impact-induced bending stresses, Figures (4.11,4.17,4.24) clearly
demonstrate that increasing the specimen length results in higher harmonics being
excited as was predicted by the numerical study of Chapter (2). While for the
short beam the bending stress is dominated by the fundamental mode, the long
beam specimen exhibits a significant contribution due to the higher harmonics
superimposed on the contributions resulting from its fundamental mode. The
presence of the higher harmonics is also evident for the medium size beam target,

though far less dominant.
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4.6.3 Effect of impactor mass on response

To isolate the effect of impactor mass on the target’s response requires that
impactor velocity and beam length be kept constant for different drop-weights.
A number of different test cases satisfy this requirement and here a few config-
urations to represent the long (MT1,MT8), the medium (MT22,MT28) and the
short specimen (MT36,MT40) have been selected to highlight some of the gen-
eral features. The recorded time-variations of impact load, displacement, bending
and shear stresses for these cases are presented in Figures (4.25-4.40). Com-
paring the response of the long beam to drop-weights of 6.0 Kg and 1.5 Kg in
Figures (4.25-4.30), highlights a substantial increase in the response period of the
target impacted by the heavier mass as would be expected on the basis of the earlier
numerical investigation of Chapter (2). The contact force history also exhibits a
greater number of sub-impacts for the heavier impactor, although the magnitude of
the maximum contact force does not appear to have been significantly affected by
the impacting mass. It is evident that impactor energy and momentum are trans-
ferred to the target in stages and the higher energy and momentum associated with
the heavier impactor thus requires more sub-impacts to achieve the transfer. The
medium length beam (80 cm) has been impacted by 3.0 Kg and 1.0 Kg weights
and the respective responses are compared in Figures (4.31—4.36), showing the
expected period elongation associated with the heavier drop-weight. On the basis
of the observations relating to the longer specimen, the load history of the 3.0 Kg
impactor is expected to exhibit a greater number of sub-impacts. However, as
mentioned in Section (4.6.2), the decrease in beam length reduces the separation
periods, as a result of which the expected sub-impacts have merged to give more
load peaks though fewer actual sub-impacts. For the very short specimen (Fig-
ures (4.37-4.40)) period elongation is less noticeable and sub-impacts no longer
take place so that impact loadings are similar though now a higher contact force
registers due to the higher impactor energy and momentum imparted to the target

by the heavier mass.
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Shear stress variations are once again seen to reflect the loading pattern, espe-
cially for the long and medium size beam targets, with stress levels still remaining
generally low. In the case of the very short specimen, the relative position at
which shear stresses are sampled is sufficiently far away from the point of impact
for dispersion to have a noticeable effect and smooth out any local shear stress
variations resulting from the contact load at the point of impact. For this short

target, shear stress levels are much higher tending to increase with increase in

impactor mass.

The effect of impactor mass on bending stress is clearly highlighted for the long
specimen in Figures (4.28), where the lighter mass is seen to promote a response
in which the contribution of the higher harmonics is quite significant while the
heavier mass results in a response dominated by the fundamental mode, although
evidence of the higher harmonics having been excited is still visible. This agrees
with findings of the numerical investigatioxi where it was demonstrated that as the
ratio of impactor/beam mass is reduced more energy will progressively find its way
to the higher response modes. Figures (4.34 and 4.40) also compare the bending
stress for different impacting masses relating to the medium and short specimen
and it can be observed that the presence of the higher modes diminishes rapidly
as the beam is shortened. This is due to the fact that for these cases the ratio of
impactor/beam mass is relatively higher than that considered for the long beam
and according to the numerical study of Chapter (2), most of the energy should

be contained in the fundamental mode as is found to be the case here.

In general, it is clearly observed that specimen deflection and impact-induced
stresses tend to increase with increase in impactor mass as would be expected due
to higher impactor energy. However, the increase in amplitude is not in direct
proportion to the increase in impactor mass (e.g. a four fold increase in mass in
the case of the long test specimen has led to only an approximate doubling of the

stress level, as seen in Figure (4.28)).
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4.6.4 Effect of impactor velocity on response

To examine the role of impact velocity on the behaviour of the beam tar-
get, a number of impact tests have been conducted in which impactor mass
and beam length were kept constant, only varying impactor drop-height and
hence velocity. The resulting variations of contact force, deflection, bending and
shear stresses, with time associated with impact tests on the long (MT1,MT3),
medium (MT22,MT24) and short specimen (MT36,MT38) are compared in Fig-
ures (4.41-4.56). The findings clearly demonstrate that for any given impactor
mass and beam length, the time-history of the various measured quantities does
not alter as a result of increasing or decreasing the impactor velocity, the only
difference being in the magnitude. These observations conclusively confirm the
prediction of the numerical investigation, that impactor velocity merely affects
the magnitude and not the actual response of the beam target, as long as this
is limited to low velocity impact, for which the response can be considered to be
quasi-static. Under these conditions, the beam can survive the initial local re-
sponse due to impact, but if the impact velocity is high enough to cause extensive
local damage it is conceivable that the resulting changes in the beam properties

can greatly modify the target’s response.

Part (II) — FIBRE-COMPOSITE TARGET

4.7 DETAILS OF COMPOSITE TEST SPECIMEN

For the present experimental investigation into the low velocity impact re-
sponse of composite laminates, attention has been limited to 16-ply (with a stack-
ing sequence of [(0,0, +45, —45)2],ym) carbon-fibre reinforced plastic (CFRP) lam-

inated beam specimen based on the Ciba-Geigy XAS-914C system. This consists
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of surface treated, high tensile Grafil XA-S carbon fibres from Courtlands Ltd. in-
corporated in Fibredux 914 matrix resin systerﬁ from Ciba-Geigy, in the form of
epoxy resin pre-impregnated wrap sheet of uni-directional carbon fibres. The cho-
sen material system and lay-up are favoured for possessing characteristics of lam-
inates commonly used in the construction of many aircraft secondary structures.
The prepreg sheet is cut and laid up according to the specified stacking sequence
to form laminated panels (330 mm x 300 mm). These panels are then cured in

an autoclave using the following cure cycle, recommended by RAE Farnborough :

a) Heat panels under vacuum to 140°C in 50 minutes
b) At 140°C apply 60 psi pressure and vent panel to atmosphere.
Continue heating to 175°C

c) Cure for 1 hour at 175°C and cool under pressure until 60°C

This process is then followed by post-curing for 4 hours at 190°C in an air-
circulating oven to improve machinability and yield optimum high temperature
performance. The expected mechanical properties as provided by the manufac-
turers for this product, designated as Fibredux 914-XAS-5-34%, are listed in Ta-
ble (4.6). The resulting composite laminates have a total thickness of 2 mm with

a 60% fibre content by volume.

The manufactured panels were subsequently checked for overall quality using
an ultrasonic scanning machine to reveal the presence and location of any small
voids or defects, so that these could be avoided in the test specimens. The test
specimen were cut from these panels using a diamond tipped slitting wheel. The
width of the specimen has been limited to 15 mm, only slightly wider than the
impactor head (12.7 mm), in order to minimise plate-type behaviour. Impact tests
have been conducted on specimens, simply-supported over a distance of 5, 10, 15,
20 and 25 cm, and in each case the test specimen has been cut to size, only allowing

for an overhang of 1 cm at either end.

128



4.8 APPARATUS AND DATA MEASUREMENT

Drop-weight impact tests on the composite specimens have been conducted
utilising essentially the same set-up as was used in the tests on the metal specimen

(see Part (I)) except for a few minor difference to be outlined below.

The modified set-up in Photo (4.6) shows the different supports that have been
employed in tests involving the composite specimen. This change was necessary
since the supports used for the metal beam (Photo (4.2)) were too bulky and could
not be placed close enough to support the short composite specimen. However,
apart from their physical dimensions, the two support systems are very similar in
all other respects, namely preventing the specimen from bouncing off the supports,
preventing lateral displacement and twisting, and allowing a limited degree of end

" rotation as discussed in Section (4.3).

The fact that a number of composite specimens were available for testing
purposes has meant that the steel channel, used to protect the metal specimen
against local damage was no longer required. In any case, such a protection device
could not have been employed due to its substantial inertia compared to the total
mass of the laminate. Also absent is the spring assembly employed in tests on the
metal beam, which was mounted between the drop-weight carriage and load-cell
(see Photo (4.3)), the primary purpose of which had been to aid the FE modelling
by allowing the whole carriage assembly to be effectively modelled as a simple

spring-mass system of known mass and stiffness (Section (4.5)).

As regards data measurement, only the impact load and the bending stresses
have been monitored and recorded, while the impact velocity has been calculated
from impactor drop-height information. The impact loads have been measured
by means of the load-cell as described in Section (4.4.1), while bending strains
were obtained at two positions along the specimen employing single wire gauges of
type ‘FLA-3’ (Table (4.1)) in conjunction with strain gauge amplifiers as discussed

in Section (4.4.4). A single wire gauge was placed on the bottom surface of the
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specimens directly below the point of impact and a pair of gauges were connected
to the top and bottom surfaces of the specimens at a distance of 1 cm away from
the point of impact to measure the bending strains. The large strains associated
with these composite specimens has also meant that the gain of the strain gauge
amplifiers had to be reduced in order to avoid saturation. The gain was thus
lowered to 200, producing a 1 volt output per 2500 micro-strains for a fully active
bridge configuration. This has the added advantage of increasing the frequency
response range of the amplifiers, thus mitigating the problem of signal attenuation
as explained in Section (4.4.6), though for the composite specimens employed here,
this should not present any problems. The measurement of impact induced shear
stresses is impractical in these thin composite specimens and has been omitted,
although C-scanning technique has been employed to monitor the specimen and

detect any delamination that may initiate as a result of high shear stresses.

4.8.1 Ultrasonic C-scanning technique

The C-scanning method is a non-destructive damage detection technique,
widely used in the aerospace industry for inspecting composite materials in order
to identify manufacturing faults (e.g. voids, bonding defects) and in-service defects
such as delamiration. Basically, the technique involves monitoring the signal at-
tenuation resulting from the transmission of high fréquency sound waves through
the specimen. The ultrasound waves interact with the specimen, its boundaries
and any defects that are present and these cause both reflection and refraction of
the incident signal leading to an attenuation in signal strength. It is possible to
either monitor the attenuation in the transmitted signal or that in the reflected
signal and the latter technique, referred to as ‘pulse-echo’, has been adopted in
the present programme, utilising a Meccasonic pulse-echo ultrasonic scanner in

conjunction with the arrangement depicted in Diagram (4.6).
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Diagram (4.6) — Typical C-scanning set-up and sample output

The complete set-up is immersed in water which provides a suitable medium
for coupling the ultrasound into the specimen, and in addition, as shown, a flat
glass plate placed below the specimen acts as a perfect reflector of the sound waves
due to the mismatch in the acoustic impedance between the glass and the water.
A spherically focused transducer positioned approximately 50 mm above the spec-
imen is used to emit high frequency sound waves (10 MHz) which are reflected
off the various boundaries returning to the transducer. The echo of the ultrasonic
pulse that passes through the specimen and is reflected off the glass plate to pass
through the specimen a second time is generally well separated in time from the
other reflections and it is relatively easy to monitor the attenuation in this signal by
setting a time gate around it. The amplitude of the gated signal controls an elec-
tronic quantiser that generates an appropriate electric current for an electric pen
which plots the information on a current sensitive drawing paper, with the mag-
nitude of the current directly affecting the plot density. A complete C-scan map
(see Diagram (4.6)) can be generated by traversing the transducer in a rectilinear
fashion in a plane parallel to the specimen, yielding a planar view of the composite
and highlighting the lateral extent of any region of damage that may be present.
The C-scan technique can not differentiate between the various damage mecha-

nisms and neither does it provide any information about the through-thickness
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position of any defects. In this programme, the C-scan technique has been em-
ployed to assess the overall quality of the test specimens, detecting the presence
of any localised impact damage and monitoring the initiation and propagation of

delamination.

4.9 IMPACT TEST ON COMPOSITE BEAMS

To complement the experimental efforts of Part (I), a number of additional
impact tests on composite laminate beams have been conducted in the low veloc-
ity regime to examine the effect of the various parameters on dynamic response,
thereby enabling a more complete assessment of the applicability of the impact
parameter (v %) and that of the proposed models of Chapter (2) for predict-
ing impact-induced stresses. The tests set out to separately illustrate the effect
of impactor velocity (v) and target length (and hence target mass (M)) on the
impact response, by varying the drop-height as well as the specimen length. The
impactor mass has been kept constant (m = 0.75 Kg), since investigating the
effect of impactor mass (m) on the response of the composite specimen entails
complications associated with the fact that these specimens have a very low mass
and so a meaningful study of the effect 6f varying the impactor mass would be
beyond the task of the present research programme. Depending on length, the
present composite specimens weigh between (2.25-11.25 grams) and in order to
highlight excitation of the higher harmonics due to a low impactor mass would
require (ﬁ— < 1), meaning an impactor mass of only a few grams or less, which
would need to travel with an impact velocity in excess of 15 m/s to give it suffi-
cient energy for reliable measurements to be possible. CANTWELL (70) has

conducted finsive tests on similar composite specimens to study the
initiation and development of damage in composite laminates under both low and

high velocity impact conditions,. and although CANTWELL (70) did not monitor
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the impact-induced stresses in the impacted laminates to allow a direct compari-
son with predictions based on the proposed streés models, some of the findings of
CANTWELL (70), particularly those relating to high velocity impact conditions
provide useful clues as to the applicability of the stress models under low mass,
high velocity conditions and any inherent limitations, which are discussed in detail

in Chapter (5).

Two sets of impact tests have been conducted on the present composite spec-
imens and details regarding the test specimens and the apparatus are given in
Sections (4.7 and 4.8). The first set of tests were intended to establish the thresh-
old energy to damage initiation in the various test specimens. For each length, a
specimen was repeatedly impacted at increasing incident energy levgls until dam-
age was observed. After each impact the specimen was C-scanned to check for
delamination. Once the energy level to cause damage was obtained, a virgin spec-
imen was impacted at this energy level to verify that repeated impacts had not
deteriorated the specimen. In all the tests, no deterioration of the specimen was
observed and the initial damage was consistently in the form of top surface crack-
ing running perpendicular to the fibre direction near the edge of the contact area
between the impactor head and the composite beam target. The C-scan tests did
not detect any delamination prior to this visible surface cracking which suggests
that the impact induced shear stress must be low as would be expected according

to the predictions of the proposed shear stress model of Chapter (2).

The testing of the long composite beams (£ =20,25 cm) presented some prob-
lems. Due to the large strain to failure of these laminates, the transverse deflections
were so large that the simple support mechanism would lock the specimen in the
deflected shape, as depicted in Photo (4.7). This was found to result in substantial
frictional energy losses and consequently a considerable amount of extra incident
energy was required to initiate damage and even then, the damage was found to

initiate at the supports. This complication has meant that for these long test

133



specimens, the threshold energy for damage initiation, which is representative of

the energy absorption capabilities of the specimen, could not be determined.

Having determined the energy level to cause damage and confirmed that mul-
tiple impacts do not deteriorate the specimen, a second set of impact tests were
carried out in which the specimens were fitted with strain gauges, as discussed in
Section (4.8), and both the impact force and the impact induced bending stresses
were monitored and recorded to enable the effect of impactor velocity and beam
length (and hence beam mass) on response of composites to be examined and
in addition to assess the accuracy of the proposed stress model in predicting the
impact induced bending stresses in composite specimens. A detailed quantitative
analysis of the present test results will be deferred until Chapter (5), while here the
emphasis will be placed on a qualitative discussion of some of the general findings

that have emerged from the various experimental test cases, details of which are

listed in Table (4.7).

4.9.1 Effect of impactor velocity on laminate response

The different composite beam specimen have each been impact tested for a
range of different impactor drop-heights to assess the role of impactor velocity on
loading and bending stress response. To illustrate some of the general observations,
the results for the 20 cm and 5 cm specimens (CT5,CT6 and CT18,CT19), which
represent the two extremes of long and short specimens in the context of the
present set of impact tests, are presented in Figures (4.57-4.60). Although a 25 cm
specimen has also been tested, as can be seen from Table (4.7), the severity of the
aforementioned locking of the simple support mechanism has meant that there
is insufficient data to illustrate the effect of impactor velocity for this longest

specimen.

Examination of the measured response in Figures (4.57-4.60), clearly demon-

strates that varying the impactor velocity does not alter the composite beam’s
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response, but rather affects the magnitude, be it loading or bending stresses. This
finding is in agreement with that observed for the metal beam specimen in Sec-
tion (4.6.4) and more importantly with the expectations based on the numerical

investigation of Chapter (2).

4.9.2 Effect of specimen length on laminate response

To highlight the way in which the specimen length (and hence its mass (M))
influences the impact response of composite beam speciinens, the results for the 25,
15 and 5 cm long specimens have been presented in Figures (4.61-4.66). For these
test cases (CT1,CT11 and CT19), although the impactor mass (m) is identical, the
impactor velocity (v) is different as can be seen from Table (4.7). However, since
impactor velocity has been shown (Section (4.9.1)) only to affect the magnitude of
the response and not the response itself, the difference in impactor velocity should

not matter in a qualitative assessment of the effect of specimen length.

Inspection of the results presented in Figures (4.61-4.66), indicate that the
response of these composite specimens is dominated by the fundamental mode, as
would be expected on the basis of the earlier numerical study in situations where
the impactor mass (m) is very much larger than the target mass (M) (i.e. ﬁ > 1),
which is the case in the present tests. In addition, it can also be observed that
as the specimen length increases (and hence -]'—‘nl— is reduced), the higher harmonics
start to be excited and gradually contribute towards the overall response for both
the loading and the bending stresses. Once again, these findings are similar to

those for the metal beam specimen presented in Section (4.6.2) and in agreement

with the numerical predictions of Chapter (2).
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Chapter Five

DISCUSSION AND CONCLUSIONS

5.1 INTRODUCTION

The present research project has been conducted on two fronts, involving de-
tailed numerical studies and an extensive experimental investigation. The numeri-
cal work has included a parametric study, presented in Chapter (2), for identifying
the various parameters that influence the low-velocity impact response of beam
targets and to provide an insight into the nature of their contributions, thus form-
ing the basis of proposed stress models for predicting the impact-induced stresses
in transversely impacted beams. In addition, the finite element method, detailed in
Chapter (3), has also been utilised as part of this analytical investigation in order
to facilitate a more detailed and accurate modelling, to establish the importance
of secondary effects (such as shear and rotary inertia) on impact response which
had been omitted in the parametric study; to enable a direct estimation of the
induced shear stresses and contact forces not possible on the basis of the previous
numerical approach and to provide an extremely valuable tool for assessing the

accuracy of both the parametric study and that of the experimental investigation.

This numerical effort has been complemented by a detailed experimental im-
pact study involving both isotropic and composite target specimens as outlined
in Chapter (4). Experimental findings have been presented and qualitatively dis-
cussed (see Chapter (4)), highlighting a number of features that are common to

both experimental observations and numerical predictions, with special emphasis

136



on the role of the various identified parameters in affecting the beam’s impact

response.

In this concluding Chapter, the results of FE analysis of a number of ex-
perimental test cases will be presented and discussed, to verify the suitability of
the experimental set-up and the accuracy of the test results and to illustrate the
effectiveness of the shear-flexible cubic Mindlin beam element for predicting in-
duced shear stresses and for this sort of calculation in general. Furthermore, the
different controlling parameters (v, m, M) and the single unified impact param-
eter (v\/%) that have previously been identified, the proposed stress models of
Chapter (2) as well as alternative parameters like momentum and energy will be
compared on a quantitative basis with experimental impact test results for both
isotropic and composite beams. This will demonstrate the applicability of the
parameters and stress models that have emerged from the present work, highlight
the inadequacy of energy and momentum as suitable response parameters and il-
lustrate the quasi-static nature of low velocity impact. In view of the findings,
the prediction of damage threshold and type of damage in composites, based on
the quasi-static approach, will be discussed, with special emphasis on the scaling
of coupon test results — relating to the energy to initiate damage and the resid-
ual strengths — for application to larger structural configurations. Finally, the

range of applicability of the quasi-static approach, the impact parameter (v, /%)

M
and the resulting models for predicting impact-induced stresses, will be reviewed
to identify the limitations that are imposed upon their use by various external

factors.

5.2 FE PREDICTION OF IMPACT-INDUCED BEAM
RESPONSE

The specially developed finite element package, which has been described in

detail in Chapter (3), has been employed for predicting the response of centrally
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impacted beams and the results compared with experimental measurements to
enable an assessment of the accuracy of the experimental set-up, to indicate the
effectiveness of the cubic Mindlin beam element and to provide an insight into the
general dynamic response of transversely impacted beams. In order to minimize
computing costs, only a limited number of test cases have been analysed using the
finite element method, and these represent the extreme and most demanding cases
that have been considered experimentally. The first test case (MT4) considers a
simply-supported beam of length (1.4 m), centrally impacted by a 0.5 Kg mass
travelling at a velocity of 3 m/s (v\/—g = 1.7582), which being the longest beam
(and thus the heaviest) and impacted by the lowest mass, is expected to have a
significant portion of the incident energy concentrated in the higher harmonics due
to its low (lnM-) (see Table (4.1)). It also represents the case with the lowest value
of the impact parameter (v \/_ﬁ—) (see Table (5.1)). The second test case (MT29)
is that of a (0.8 m) long, simply-supported specimen that is impacted by a 6.25 Kg
mass with an incident velocity of 1.5 m/s (i.e. v\/——%— = 3.7904), which due to its
high (%"l—) is expected to exhibit a response dominated by the fundamental mode
(see Table (4.1)). The final test case (MT38) relates to a simply-supported beam
of (0.2 m) length, centrally impacted by a 0.75 Kg mass travelling at a velocity
of 2.5 m/s (v\/l":nl-_ = 4.0031), which being the shortest beam tested, has associated

with it high frequency low harmonics as well as one of the highest values of the

: m
impact parameter (v, / M)

On the basis of preliminary tests presented in Chapter (3), the target beams in
all three test cases have been modelled by a series of cubic Mindlin beam elements
of equal length to yield a uniform mesh which should ensure that the spurious wave
reflections of Chapter (3) are eliminated. The choice of element size was further
constrained by the need to arrange that either an element node point or Gauss
point would coincide with the positions for which the experimentally measured
data was available (i.e. require node or Gauss points at 5 cm, 15 cm and 25 cm

from the beam centre point). Taking advantage of symmetry, only one half of
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the beam has been used in the analyses and the 2 cm overhang at the simple
supports (see Chapter (4)) has also been ignored. The resulting meshes employed
in modelling the target beams are outlined in Table (5.2). The difficulty arises
with modelling the contact between the impacting mass and the beam. As is
evident from Photographs (4.2,4.4), the impact carriage assembly is a complicated
arrangement comprising the drop-weight, the load-cell and a high stiffness spring
to reduce ringing between the impactor and target. As mentioned in Chapter (4),
the high stiffness spring was introduced not; only to reduce ringing but also to
dominate the overall dynamic response of the impactor assembly thus enabling
the whole assembly to be simply modelled by a spring-mass system. Adopting
this simple model, the load-cell has been considered to be infinitely stiff and the
impact carriage to have an effective stiffness identical to that of the spring damper,
with the total impacting mass lumped together to form a concentrated point mass
(see Diagram (5.1)). Furthermore, a second point mass, attached at the beam
centre, is to represent the total mass of the displacement flag and the protecting

channel (see Section (4.5) and Photo (4.3)) used in the experiments.

Initial impact

velocity, v
point mass representing Spring element representing
impactor assembly mass™, impactor assembly stiffness
/ point mass representing
Cubic Mindlin beam the combined mass of the
elements to model target displacement flag and the

./I\. ~~  Pprotecting channel
Ili-fi L Tl 1 1 1 1 ]

Element node . |
Simple support

Diagram (5.1) — FE model used in the analyses
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The results for the first case (light impactor)are compared in Figures (5.1-
5.6). The fact that the impact carriage assembiy has been simply modelled by a
single spring-mass system has meant that the experimentally observed high fre-
quency transients present in the load history could not be predicted, but only an
averaged smooth variation of the general response. Despite this simplification,
it appears that the general loading pattern is reasonably well predicted, though
the second main impact is seen to occur somewhat later than is observed exper-
imentally and the few minor sub-impacts are also absent. Looking at the centre
node displacement in Figure (5.2), it is evident that experimental and FE results
show very close similarities, especially for the first 20 milliseconds (i.e. past the
quarter period) which is just prior to the second maln impact. The fact that the
FE analysis predicts a greater centre displacement provides the clue as to why the
FE prediction of the second main impact is delayed when compared to experimen-
tal observations and why the sub-impacts are altogether absent. The discrepancy
in the centre displacement seen in Figure (5.2) indicates that the FE model pre-
dicts a greater portion of the energy of the impacting mass being imparted to the
target beam on first impact than is observed experimentally, leaving the impact-
ing mass with less kinetic energy than it would otherwise retain in practice. This
results in a greater deflection of the target beam with the slowed-down impacting
mass unable to catch up with the beam. Consequently, the minor sub-impacts
that have been observed experimentally (see Figure (5.1)) fail to occur in the
FE model and the second main impact is delayed. A further consequence of this
can be seen in Figures (5.4,5.5,5.6) where the measured and estimated bending
stresses at positions 5, 15 and 25 cm from the point of impact are compared.
Although agreement is seen to be quite good, especially for the initial 20 millisec-
onds prior to the second main impact, there is a discrepancy in magnitude of the
bending stresses, which is directly attributable to the fact that too great a portion
of impactor energy is being transferred to the target beam in the FE model. In

addition, it can be seen that the period associated with the stress variations is
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somewhat longer than that predicted by the FE analysis (see Figure (5.4)) and
this is even more noticeable when comparing the results of the shear stresses in
Figure (5.3). This is not surprising when one considers that as a result of the
minor sub-impacts observed in practice, the impacting mass will effectively be in
contact with the target beam for a longer period, which inherently will lead to an
elongation in the period of vibration, when compared to the case of the FE model
in which these sub-impacts are absent. The presence of damping, ignored in the
present FE analyses, may contribute to some.of the observed discrepancies, but in
general it is believed that damping would have a more notable effect on reducing
the stress peaks than to cause the observed phase shift in Figures (5.3-5.6). In
fact, additional FE analyses, not included here, have revealed that the inclusion
of the additional point mass representing the combined mass of the displacement
flag and the protecting channel (see Diagram (5.1)) has a very noticeable effect
on reducing the phase shift, supporting the belief that the observed discrepancies
are more the result of inaccurate contact modelling rather than due to damping.
The present comparison clearly demonstrates that although the FE prediction of
impact response is generally in quite good agreement with experimental findings,
the accuracy with which the contact loading between impacting mass and beam is
modelled can have noticeable consequences, with a far more significant effect on
the predicted shear stress history than either tile displacement or bending stress

responses.

The results for the second test case (heavy impactor) considered are pre-
sented in Figures (5.7-5.12). Again the simple spring-mass model for the im-
pactor carriage provides an average smooth variation to the general load response
(Figure (5.7)) which except for the excessive peak to trough variation reflects the
general loading pattern quite well. As can be seen the high frequency transients
rapidly die away which is indicative of the presence of some damping, most proba-
bly due to the frictional losses between the Belleville disc washers that make up the

Belleville spring assembly employed for these test cases in the experiments. The

141



presence of these large load fluctuations can be seen to somewhat affect the predic-
tion of the centre node displacement in Figure (5.8) and the bending stress vari-
ations at different positions along the beam presented in Figures (5.10,5.11,5.12).
However, the observed discrepancies do not appear to seriously influence the gen-
eral displacement and bending stress responses which are well predicted. As previ-
ously mentioned, the inaccuracies in modelling the loading have a more marked in-
fluence on the shear stresses and this is highlighted in Figure (5.9), where although
the overall response is very similar to that measured experimentally, the peak to
trough fluctuations that were present in the loading response are also evident here,
thus significantly over-estimating the magnitude of the shear stresses. To confirm
that the discrepancies in the predicted shear stress history are not due to misbe-
haviour on the part of the cubic Mindlin beam element, but rather the result of
inaccuracies arising from the modelling of the impact loading, the finite element
analysis for this test case was repeated using the well-established, shear flexible
Timoshenko beam elements (see Chapter (3)). Being lower order beam elements,
a finer uniform mesh was employed, so as not to sacrifice accuracy. The results of
this analysis when compared to that based on the cubic Mindlin beam elements
were found to be identical, which indicates that the aforementioned discrepancies
are entirely due to modelling inaccuracies in the impact loading resulting from
the use of a simple spring-mass system to represent the complex response of the

impactor assembly.

Figures (5.13-5.16) compare the theoretical FE estimates with the experimen-
tally measured response for the final test case (largest value of v\/%) As already
pointed out in Section (4.6), for the tests conducted on the very short beam spec-
imens (0.2 m long), the frequency of the fundamental mode is sufficiently high to
be affected by the attenuation of the strain gauge amplifiers used in measuring the
response, so that some error in the experimental data is anticipated. Consequently,
in Figures (5.13~5.16), where appropriate, the FE predictions have been modified

to account for the behaviour of the SGA, using Fast Fourier transform technique,
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and both modified as well as original FE results are presented. It is evident from
Figure (5.13) that the use of the simple spring-mass model in this case is not
sufficient to properly model the contact loading giving a rather poor estimation.
However, this is not entirely surprising because for this test case the total response
time is of order of 2 milliseconds and if one looks closely at the loading history of
the earlier test cases (Figures (5.1) and (5.7)) for a similar period of time it is seen
that during this time interval the loading is dominated by the dynamic response of
the impactor assembly while the simple spring-mass model can only yield a smooth
average approximation to the loading. In earlier test cases the beam’s response
period is long compared to that of the impactor assembly while in this case the
two response periods are of the same order, thus highlighting the deficiencies of
the spring-mass model. In contrast, the FE prediction of the central displacement
(Figure (5.14)) is extremely close to that measured over the initial response period
and although thereafter, due to inaccuracies in modelling the impact loading and
damping, the predicted displacement response is seen to start lagging behind the
observed response, the displacement variations are still in good agreement. In
addition, the modified bending and shear stresses agree reasonably well with the
measured data, despite the inaccuracies that were present in modelling the contact

loading.

In an effort to improve the modelling of the contact loading, attempts were
made to use the statical Hertzian contact law, which has been employed by various
authors (24,71,72) to model the contact between impactor and target. Hertzian
contact law relates the contact force to the relative displacement between the two
contacting bodies as P = kv/562% where ‘k’ is a function of material properties and
the local geometry of the two bodies and ‘6’ is the relative displacement between
them. This characteristics can easily be modelled by means of a non-linear spring,
the stiffness of which can be expressed as a function of the relative displacement,
hence K « /6. FE analysis including modelling of Hertzian contact were con-

ducted on the aforementioned test cases but the results that were obtained were
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rather disappointing. Whereas previously the predicted load history generally re-
flected the measured response in the mean, when Hertzian contact was included
the results deteriorated and high frequency, high amplitude force variations were
predicted that resulted in several short duration micro-impacts over a period for
which previously only one single impact had been measured and predicted. The
close coupling between loading and the shear stresses meant that the shear stress
history now also contained very high frequency transients of large magnitude and
consequently the predicted bending stress and displacement variations were also
adversely affected, though to a much lesser extend. The reason for this is that con-
tact force is dependent on the relative displacement between impactor and target,
which in turn is a function of the dynamics of both impactor and target. Thus, it
is obvious that any inaccuracies in modelling of either impactor or target will have
a significant effect on the contact loading which in turn will influence the subse-
quent dynamics of both contacting bodies. In fact, in the past, authors, who have
successfully applied this technique, have limited their calculation to a very short
initial period of order of 50-100 microseconds and used a rigid mass as impactor.
Here the calculation extends over a far longer period so that errors accumulate
and most importantly the impactor assembly is a complicated arrangement, the
dynamics of which can not easily be modelled, as well as additional complications
due to the presence of the protecting channel, completely ignored up to now. Var-
ious attempts at modelling the behaviour of the impactor assembly by using a
series of spring-mass systems did not succeed either in representing the dominant
response characteristics of the assembly and in view of these difficulties it was
decided to use the simple spring-mass model and accept the limitations that it
has. After all, the main purpose of the FE analysis was to confirm the fact that
the experimental instrumentation is capable of correctly measuring the impact re-
sponse and to assess the suitability of the cubic Mindlin beam element for use in

dynamic calculations.
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In spite of the aforementioned complexities associated with the proper mod-
elling of the actual experimental set-up and the simplifications that have been
introduced to approximate the contact loading, the resulting predictions by the
FE analysis compare quite well with experimental observations, especially those
relating to displacement and bending stresses. Even the variation of the shear
stresses are generally reasonable and this in spite of modelling inaccuracies to
which the shear stresses seem to be extremely susceptible. Overall however, the
present findings clearly indicate that the shear-flexible cubic Mindlin beam element
is stable and quite suitable for dynamic calculations, especially when determination
of the shear stresses is of importance. The foregone comparison further suggests
that the experimental instrumentation is sufficiently accurate for present purposes,
though as shown here in Figures (5.13,5.15,5.16) and in Section (4.4.6), the at-
tenuation of the strain gauge amplifiers does appear to lead to slight inaccuracies
in the experimentally measured data relating to the very short test specimens.
However, as mentioned in Section (4.4.6), the rest of the experimental test cases
on longer specimens are not expected to be adversely affected by the amplifier
limitations. To further confirm this, the FE predictions for the first two test cases
analysed here have also been subjected to a similar treatment as performed for the
third test case relating to the very short specimen, namely correcting the FE re-
sults, using Fast Fourier technique, to account for the amplifier characteristics.
As had been expected, and in contrast to the findings of thé third test case, the
original and corrected FE predictions for the two former examples which relate to
longer test specimens were found to be virtually identical. This clearly supports
the belief that signal attenuation by the strain gauge amplifiers does not pose any
problems in the majority of experimental impact tests conducted as part of the

present research work.

Finally, to provide a better insight into the dynamic response of impacted
beams, the entire beam deflection and the spatial distribution of bending and

shear stresses along the beam for different times after impact are presented in
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Figures (5.17-5.22) comparing the responses of a long to that of a short beam. It
can clearly be seen that, in both cases, initially the beam’s response is very localised
which then gradually spreads to the rest of the beam. As a result, the beam
experiences an initial reverse curvature at positions away from the point of impact
causing an initial reversal of bending stress (Figures (5.18) and (5.21)) consistent
with experimental observations (see Figures (5.5,5.6)). This reversal in bending
stress is also observed for cases where the response is expected to be dominated
by the fundamental mode and is not confined to situations for which a number of
higher harmonics are excited (e.g. Figure (4.40)). As regards the bending and shear
stress variation along the beam these are shown in Figures (5.18,5.19,5.21,5.22).
Comparing the longitudinal distribution of the bending and shear stresses for
the two cases presented, it is clearly evident that while in the case of the short
beam, the distribution is seen to reflect the dominance of the fundamental response
mode, for the long beam target, the distribution of stresses clearly illustrates the
noticeable presence of the higher harmonics and this is in complete agreement
with expectations based on the findings of the simplified numerical investigation
in Chapter (2). It should be noted that the changes in the shear distribution
with time are most important for composite laminates in determining whether

interlaminar shear failures scale from coupon size test specimens to full scale.

5.3 EVALUATION OF THE IMPACT PARAMETER
AND PROPOSED STRESS MODELS AS
RESPONSE PREDICTORS

Numerical investigation into the way in which the various parameter (m, v,
M, E, p, etc.) influence the response of transversely impacted beams, presented in
Chapter (2), illustrated the existence of a unified parameter (v\/-llt_nl:)’ referred to
here as the impact parameter, that was numerically demonstrated to govern impact

response, especially the development of maximum bending stresses in impacted
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beams. In order to confirm the numerical findings and verify the applicability of
this impact parameter, a detailed experimental investigation was undertaken to
cover a broad range of test configurations and to include both metal and compos-
ite specimens. The experimental findings have been presented and qualitatively
discussed in Chapter (4) with emphasis on the role of the three main parameters
(m, M, v) and the way these affect the impact response of beams. The compari-
son of numerical and experimental results on a quantitative basis follows next to
highlight that the isolated impact parameter (v\/%) is in fact the correct pa-
rameter as compared to impactor energy or momentum which have been used by
other workers in dynamic response predictions and to validate the suitability of

the proposed stress models.

5.3.1 Prediction of impact response for isotropic beams

Knowledge of the maximum stress levels which are likely to be realised un-
der various loading conditions is of primary importance in the design of structural
components, this being even more so in the Aircraft industry where weight penalty
severely limits the margin of safety that can be tolerated. Although the main con-
sideration is to ensure the integrity of the components under the specified operating
conditions, predicting the likely mode of failure once the limiting conditions have
been exceeded may also have a direct influence on the design, since certain modes
of failures may result in far more devastating consequences than others, and again
information regarding levels of stress and its distribution are very necessary. Thus,
in the present research, attention has been focused on predicting the maximum
stresses that develop in beams as a result of low velocity, transverse impact and
how these are affected by various material and structural properties. On the basis
of the numerical study of Chapter (2), a model for the prediction of maximum

bending stress has been proposed, whereby

op v\/_-]'g- | (5.1)
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The quasi-static arguments that have led to equation (5.1) suggest a similar ex-

pression for the prediction of maximum shear stresses, that is

v [m
== 5.2
Is X 5\ 37 (5.2)
although this latter model could not be substantiated numerically due to the un-
suitability of the chosen numerical technique. Experimental results of Chapter (4),

however, provide a sufficiently broad basis for the examination and evaluation of

the predictive capabilities of the proposed stress models, presently to be consid-

ered.

The experimental investigation regarding an isotropic target has covered a
wide range of impact configurations and in each case both the bending and shear
stresses at a fixed position, 5 cm away from the point of impact (from now on
referred to as station (1)), have been monitored and recorded. This has enabled the
maximum bending as well as shear stresses, that develop during the impact period,
to be determined and these are tabulated, together with other relevant information
in Table (5.1). It is evident that the majority of tests have been carried out at
selected beam lengths of 140 cm, 80 cm and 20 cm, representing long, medium
and short specimens respectively, although some tests on other intermediate beam
lengths have also been performed. For these three selected beam lengths, the
experimentally obtained maximum bending stresses and maximum shear stresses
at station (1) have been plotted against a variety of parameters, some of which have
been used by other workers and include impactor velocity, square-root of impactor
mass, momentum, impactor energy and the impact parameter (v\/I_";—-) These
plots are presented in Figures (5.23-5.37) and where appropriate, a theoretical
estimation based on the stress models (equations (2.6.3),(2.6.4)) has also been

included, subject to certain assumptions regarding the stress distribution along

the beam, to be discussed later.
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With reference to equations (5.1) and (5.2), it is evident that both the impact-
induced bending and shear stresses are expected to increase linearly with increase
in impactor velocity. Figures (5.23—5.25) present the variation of stresses with
impactor velocity for different beam sizes but same impactor mass based on the
experimental findings of Chapter (4), and these clearly demonstrate the linear de-
pendency of impact-induced stresses on impactor velocity as suggested by both
the numerical study of Chapter (2) and the proposed stress models. It can fur-
ther be observed that the theoretical prediction of bending stresses is quite good
and that the prediction of shear stresses, though not accurate for the long speci-
mens, improves rapidly as the specimen size decreases. For the longer specimens,
the higher resistance to the impactor mass (m) associated with the increased tar-
get inertia (or mass (M)), leads to larger contact forces and consequently higher
shear stresses. Inertia forces are of course completely ignored in the quasi-static

predictors (equations (5.1) and (5.2)).

Apart from impactor velocity, the impactor mass has also been shown nu-
merically to affect both the bending and shear stresses. In fact, induced stresses
are expected to vary linearly with the square-root of impactor mass (see equa-
tions (5.1) and (5.2)). Experimental results highlighting the variation of bending
and shear stresses with impactor mass for various beam lengths but same impactor
velocity are presented in Figures (5.26-5.28). The findings clearly illustrate that,
as expected, both bending and shear stresses tend to be linearly dependent on
the square-root of impactor mass. As before, the stress models are more accurate
in predicting the bending stresses, though the accuracy of the shear stress model

improves rapidly as specimen size decreases.

The relationship between induced stresses and the single unified impact pa-

rameter (v —1’3—) can be examined on the basis of experimental results as presented

in Figures (5.29-5.31). These fully support the findings of earlier numerical in-

vestigation that impact-induced stresses are directly proportional to this impact
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parameter as expressed by equations (5.1) and (5.2), forming the basis of the pro-
posed stress models. Once again, the results highlight the accuracy of the bending
stress model and the fact that an increase in target inertia leads to a deterioration

of the predictive capabilities of the shear stress model.

In contrast, and as expected on the basis of the parameter study in Chap-
ter (2), it is immediately evident that neither the bending stresses nor the shear
stresses correlate in any obvious form with the impactor momentum (see Fig-
~ures (5.32-5.34)). Consequently, impactor momentum — suggested in Refer-
ences (5,7) as a parameter of possible significance — does not appear to be a

suitable control parameter in the prediction of impact response.

Impactor energy is a parameter that has in the past been associated with pre-
dicting impact response by some researchers. Using the test data of Chapter (4),
variations of both bending and shear stress with impactor energy for different
beam length have been considered and are presented in Figures (5.35-5.37). At
this stage, and based on the results presented, it is not justifiable to discard energy
as a governing parameter. However, it should be realised that in the form the data
is presented, the effect of beam mass (or length) has not been properly accounted

for, since each plot refers to a given length of beam.

In order to verify that the correct parameter, namely (v 1"—"{-), as compared
" to impactor energy, has been identified it will be necessary to compare results of
different length of beam, which is only possible if stresses ér straihs are known
at similar relative positions for the different lengths of beam. However, in the
tests that have been performed, the strain gauges were fixed at absolute positions
along the beam (i.e. 5 cm away from the boint of impact). Thus as the beam is
cut shorter, the relative position at which the strains are measured is altered, so

that direct comparison of results of different beam lengths is not a straightforward

matter. Had the strains been measured at the beam centre this problem would
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not have arisen, but as the displacement flag (see Chapter (4)) had been attached

at this position, strain gauges could no longer be placed there.

To remedy the situation to some extent and permit comparison of stress data
for the different length of beam, certain assumptions have to be introduced. For a
simply-supported light beam, loaded statically at the centre, the shear force, and
hence shear stress, does not vary along the beam length, while the bending stresses
will vary linearly with beam length. If one therefore assumes, that since the impact
response appears to be a quasi-static phenomenon (see Chapter (2)), that the
maximum shear stresses are reasonably constant along the beam and the maximum
bending stresses diminish linearly from the beam mid-point to the supports, then
a direct comparison for the results of different beam lengths becomes possible. At
this point it should be clarified that this assumption does not suggest that shear
stress distribution along the beam at any instant of time is constant or that the
bending stress distribution at any instant of time varies linearly with distance
along the beam (Figures (5.17-5.22)). This, as clearly shown by the FE results
of Section (5.2), is not the case and the dynamics of the problem gives rise to
more complicated distributions as stress waves traverse the length of the beam.
Instead, what is being assumed is that the maximum shear stress measured at
different positions along the beam are expected to be equal in magnitude, be it
that these occur at different instances in time. Similarly for the bending stresses
it will be assumed that the maximum bending stress occufs at the beam mid-
point and this decreases linearly down to zero at the beam supports. Thus the
maximum bending stresses monitored at different positions along the beam can be

extrapolated to yield the expected maximum bending stress at the beam centre.

Based on the above assumptions the shear stress (wherever measured) is ex-
pected to vary linearly with the bending stress per distance from the simple sup-
port.‘ In order to examine the validity of the above assumptions, one such plot has
been presented in Figure (5.38) using the experimentally measured maximum shear

and bending stresses at a position 5 cm away from the beam centre (i.e. point of
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impact). What the results indicate is that for the shorter beam lengths the above
assumption is clearly applicable, though nearer 'the origin (0,0) where the results
correspond to those of longer beam specimens this assumption appears to become
less accurate. This is expected since strictly speaking the foregone assumptions
apply to a light beam for which the beam inertia is negligible in comparison to the
loading. However, it should be emphasised that the extrapolations are still over a

relatively small distance, especially so for the longer specimens.

The above assumptions regarding stress distributions along beams have been
used in evaluating the theoretical estimates in earlier Figures (5.23-5.31) and also
to enable the data for all the various beam length to be combined on single plots.
These are presented in Figures (5.39,5.40), where variations of shear stress with
impactor energy per length and (%\/—%) as well as those of centre-point bend-
ing stress with impactor energy and (v\/—%) have been considered. Concentrat-
ing on the results concerning the shear stress (Figure 5.39), it becomes obvious
that (%\/%) as predicted, is indeed the controlling parameter rather than en-
ergy/length. there is some scatter near the origin, and indeed the clear linear
relationship does not pass through the origin as theory would have it. The reason
for this is that points near the (0,0) position correspond to large ‘M’ (i.e. long and
heavy beam) and in these cases the beam inertia forces become influential and
the assumption of a light beam with constant shear, on which the derivation of
the shear stress model has been based, breaks down. Looking back at earlier plots
(Figures (5.23-5.31)) depicting the variation of shear stress with various quantities
(v, m and v\/%) for the three different length of beam, it can clearly be seen
that for the longest beam the shear stresses are significantly underestimated by
the theory by more than a factor of ‘2°, but that these theoretical estimates rapidly

improve as the beam length (and hence its inertia) is reduced.

The variation of bending stress with impact parameter (v, /—Aml—) and with
impactor energy are presented in Figure (5.40) and again quite clearly (v, /—A'%) is

the governing parameter as compared to energy. The prediction of the bending
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stress model can also be seen to-be in good agreement with the experimental
findings and unlike the shear stresses, the bending stresses appear to be much less
sensitive to beam inertia. This is to be expected since the error in shear is due to
the approximation adopted in estimating gradients (2%) by (-}-) which in turn is
governed by deformation due to inertia. Referring back to earlier plots in which
the variation of bending stress with the different quantities (v, m and v A—"}-) was
considered for the various lengths of beam, it is clearly evident that the theoretical

estimates based on the proposed stress model are in very good agreement with

experimental results.

5.3.2 Prediction of impact response for composite beams

To further extend the generality of the simple stress predicting models and the
use of the impact parameter (v \/%) to include non-isotropic beams, a number of
impact tests have been conducted on 16-ply CFRP laminates covering a range of
different configurations. Experimental details and a qualitative discussion on the
results that were obtained have been presented in Chai)ter (4), while presently the
emphasis will be placed on a quantitative comparison of the results with predictions
based on the proposed stress models, in order to establish the applicability of the

stress predictors to both isotropic and composite specimens.

The impracticality of measuring shear stfesses ifx these thin composite spec-
imens by conventional means has meant that no data on impact-induced shear
stresses in these specimens is available for a direct comparison with the proposed
shear stress mode]. However, on the basis of the proposed models, it can be shown
that for the specimen configurations presently employed, the flexural response is
far more dominant and no shear failure is likely to occur even if theoretical pre-
dictions are inaccurate. This is confirmed by the C-scan results of the tested
laminates which did not reveal any delamination prior to visible surface damage

indicating that the impact-induced shear stresses are low as expected. A discussion
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on the factors that affect the change from flexure to a shear dominated response

will follow in Section (5.4).

The maximum bending stresses measured at the mid-span of the various
specimens have been plotted against the impactor velocity and are presented in
Figures (5.41-5.45), together with theoretical predictions based on the bending
stress model. Note that for the 16-ply (0,%:45) laminates used in the impact
tests, the theoretical estimates are obtained on the basis that p, = 1500 Kg/m?
and E. = 106.8 GN/m?. As expected, the variation of bending stress with velocity
is linear and in general the agreement between experimental results and theoreti-
cal prediction can be considered as extremely good. For the long specimens some
experimental points fall below the theoretically predicted line but these points cor-
respond to those test cases where the large frictional forces in the supports kept
the specimen in the deflected shape, with the consequence that this energy loss
would result in a lowering of the maximum bending stress that is reached (refer to
Table (5.3)). The results of the various tests have also been combined into a single
plot of bending stress versus impact parameter (v \/%‘), and are presented in Fig-
ure (5.46). The data points corresponding to those test cases where locking was
observed have been excluded from this last plot. Once again the expected linear
relationship between impact-induced bending stresses and the impact parameter
is clearly highlighted and the prediction based on the stress model can be seen to

be in excellent agreement with experimental results.

A point of interest also emerges from this test data. In Chapter (4) it was
pointed out that for some of the specimens tested (Table (4.7)), impact tests were
conducted on the specimen in the presence of an already visible crack (i.e. after a
visible crack was noted, the specimens were impacted again from an increased drop-
height) and the data points corresponding to these cases are separately highlighted
in Figures (5.41-5.46). The results indicate that such surface cracks have not had
a serious influence on the impact resistance of the specimens. Thus, as regards

prediction of impact-induced bending stresses within the specimen, the results
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confirm that a quasi-static argument based on ETB is indeed applicable, and that

the impact parameter (v, /ﬁ) can be employed even in the presence of limited,

localised damage.

5.4 PREDICTION OF DAMAGE THRESHOLD AND
TYPE OF DAMAGE

The findings of the present research work have already demonstrated that low
velocity impact-induced stresses in target beams can be successfully predicted on
the basis of the proposed models (equations (2.6.3),(2.6.4)). However, at present,
the common approach, when studying impact resistance behaviour of compos-
ites, is to establish energy thresholds for the onset of damage or the reduction
in residual strengths and use these measures of the energy absorption capability
of the composite to serve as indicators to the effectiveness of the composite in
withstanding impact. The fact that the low velocity impact respoﬁse has been
shown to be a quasi-static process and the proposed models have been derived on
the basis of energy arguments, means that the absorbed impact energy can be ex-
pressed as a function of failure stress, material properties and the ta.fget geometry.
This can be achieved by simply rearranging equations (2.6.3,2.6.4), relating to the

impact-induced stresses, which yield

2 2 2 ‘
for flexure J=2 (i) (-0-39-) M (a)
6 \yg E,
. , 5.3)
czkf Os (4
for shear J= -3'4—— (E) M (;) (b)

The expressions in (5.3) ignore the energy absorbed by the failure process (i.e. fibre

fracture or delamination) and thus should predict :
(i) damage threshold
(ii) failure if the damage energy is negligible compared to the elastic energy
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(iii) failure if damage is proportional to the elastic energy provided that

‘equivalent’ stresses are used.

So in order to analytically predict the energy to failure using equations (5.3),
it will be necessary to introduce an appropriate value for the respective failure
stresses, namely op = rpop and os = ros. The statically measured failure
stresses for the present type of laminate are listed in Table (4.6), and concentrat-
ing for the time being on flexural type damage, it would appear that the limit
ought to be a compressive fibre failure stress of 1350 MN/m?2. Looking at Fig-
ure (5.46) clearly indicates that there is a definite failure threshold, above which
damage is observed, although the stress level that ‘deﬁnes this threshold can be
seen to be substantially higher than the statically expected value. This point is
further highlighted in Figure (5.47), where the theoretical prediction, based on the
static failure stress of 1350 MN/m?, is shown to greatly underestimate the energy
absorption capability of the tested composites. However, the theoretical line in
Figure (5.47) can be made to coincide with the experimental results, by selecting

a value of 1940 MN/m? to represent the failure stress.

To examine the reasons for the above discrepancy, it will be necessary to
consider the measured bending stress at the mid-span of the tested specimens at
the onset of visible damage and these are listed in Table (5.3). It can be observed
that the measured stress in the outer fibres is consistently higher than the allowable
strength for even the tensile stress (see Table (4.6)), although no damage has been
detected on this lower surface in any of the tests conducted as part of the present
research work. This suggests that the material may be strongly rate-sensitive and
this complicates the analytical prediction of failure threshold. However, in spite
of this, the present findings indicate that the energy to failure can be predicted
using quasi-static arguments, provided that an appropriate failure stress is chosen
which is in agreement with experimental findings (in this case 1940 MN/m?),
rather than the expected static values. Adopting such an approach, it will then

be possible to establish an appropriate failure stress value from laboratory tests
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on small specimens and use this information in conjunction with equations (5.3)
to predict the energy to failure in larger, more reélistic composite structures. This
is important in as far as both damage threshold and residual strength are directly
influenced by the ability of the target to absorb energy elastically, which according
to equations (5.3), is expected to be dependent on target geometry as well as failure
threshold. A discussion on scaling to account for differences in target geometry

and impact conditions is deferred to Section (5.5).

In the above discussion on predicting the energy absorption capability of com-
posites, attention has been focused on situations where the target response will be
dominated by flexure and some form of flexural failure ensues (in the present case,
this having been a local compression-buckling failure on the top surface close to the
point of impact). However, as the specimen size is reduced the targets response
is expected to become more shear dominated and failure expected to be in the
form of delamination. In fact, equations (5.3) indicate that the transition from a
flexure to a shear dominated response is related to the beam’s span-to-depth ratio
and the ratio of the interlaminar to fibre strength of the material, as suggested by
DOREY (2). For the 16-ply (0,445) laminates used in the present experiments,
the transition to a shear dominated response falls outside the range of specimen
sizes tested here, so that the validity of equation (5.3b) for predicting the energy to
cause a shear failure in these composites can not be directly established. However,
in spite of the lack of direct experimental evidence, the fact that delamination
was not detected prior to first visible damage for the specimens that have been
tested, is in complete agreement with expectations based on equations (5.3). Fur-
thermore, the fact that the quasi-static nature of low velocity impact has been
confirmed and, in addition, the impact-induced shear stresses in the tested metal
specimen (see Chapter (4)), predicted by the proposed model are in good agree-
ment with test resuits, would suggest that the shear response of composites ought
also be predictable by means of the same model. Consequently, if this is the case,

then the energy to initiate a shear failure in composites can be estimated using
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equation (5.3b). However, as before, the success of an analytical prediction of
damage threshold, this time for shear, may reiluire that a representative shear
failure stress be established by conducting suitable impact tests rather than to

rely on the static values of the interlaminar shear strength.

5.5 EFFECT OF TARGET GEOMETRY ON DAMAGE
THRESHOLD AND RESIDUAL STRENGTH

It is common practice, when studying the impact resistance behaviour of com-
posites, to establish energy thresholds for the onset of damage and the reduction
in residual strengths, based on impact tests performed on coupon size targets
(usually 50 mm x 25 mm). Applying the results of such small scale laboratory
tests directly to largerv structures inherently assumes that the energy absorption
capability of the impacted target is independent of target geometry. However,
in the present investigation, numerical and experimental studies have confirmed
that low velocity impact response is quasi-static in nature, as a result of which
the impact response has been shown to be predictable on the basis of the impact
parameter (v \/%) Consequently, the target mass (M) and hence target geome-
try (length (£), depth (d) and width (b)), is expected and has already been shown
to affect the impact response. In addition, the energy to initiate damage is also
expected to be dependent on target geometfy as indicated b& equations (5.3), be

it a flexural or a shear response.

The influence of target length (£) on the energy absorption capability of com-
posites can be demonstrated using the test data of Chapter (4). For fixed cross-
sectional properties, the variation of impact energy to cause damage has been
plotted for different length specimen (Figure (5.47)). For the specimens tested,
the dominant response is flexure, and it is clearly evident that the ability of the
laminates to absorb energy elastically increases linearly with specimen length in

accordance with expectations based on equation (5.3a). This finding brings into
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question the current practice of conducting impact tests on small coupons to
establish the incident energy level to initiate damage and the threshold energy
for loss of residual strengths, which are then considered to represent an upper
limit, irrespective of the specimen dimensions. In fact, Figure (5.47), illustrates
that, at least under low velocity impact conditions, larger specimens can absorb
a greater quantity of incident energy in elastic deformation before the onset of
damage when compared to shorter ones. Similar results have also been reported
by CANTWELL (70) for low velocity impact conditions. Thus damage thresh-
old and residual strengths are directly affected by target geometry and should be
scaled accordingly to allow for specimen size, when applying coupon test results
to other configurations. In general coupon tests relate energy to residual strength

as depicted in Diagram (5.2) below.

Residual
strength L
z :
c |
F Damage -J
threshold '

1
L— Perforation

max. absorbed—-;

energy :

Incident energy, J

Diagram (5.2) — General pattern of the variation of residual strength

with impact energy for composite laminates

Now if damage starts to occur at a certain stress level in a quasi-static fash-
ion, it should be possible to scale the impact energy (J) to allow for specimen
size. So if damage is due to flexure (say, fibre fracture), then with reference to

equation (5.3a), J o< 03¢ for a fixed cross-section, and if the residual strength
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in tension is governed by fibre failure, then should be plotted against (%) in order
to account for the effect of specimen length. Similarly, if residual strength is gov-
erned by delamination (say, the residual compressive strength which depends on
the amount of delamination) indicating a shear response, then once again accord-
ing to equation (5.3b), J o 0%£® for a fixed cross-section, and the appropriate

factor would appear to be (2775)

Apart from length, the cross-sectional dimensions of the target are also ex-
pected to affect its energy absorbing ability, as indicated by equations (5.3).
Changes to cross-sectional property have not been considered as part of the present
impact tests presented in Chapter (4) and, to date, little work has been undertaken
to provide suitable data to fully assess the influence of cross-sectional property on
the ability of laminates to store elastic strain energy. However, as part of a recent
experimental study by CANTWELL (70), the effect of target geometry has been
investigated and some of the more relevant results — to the present study — that
have emerged have been briefly summarised for completeness and are presented in
Table (5.4). Concentrating on the effect of laminate thickness in the (+45) com-
posites, it is clearly evident that for target thicknesses up to and including 2 mm,
the energy to initiate damage increases approximately linearly with increasing tar-
get thickness, as would be expected from equation (5.3a) for a flexural response.
For thicker laminates above 2 mm, the energy to first damage can be seen to re-
verse trend and actually decrease with any further increase in target thickness.
This change in characteristics can be explained by the fact that unlike the thin-
ner laminates, failure no longer initiates in the matrix between the lower surface
fibres due to flexure, but is in the form of top surface matrix cracking between
fibres and most likely the result of local contact stress field. This clearly suggests
that as target thickness increases, local contact forces become more important and
thus undermine the basic assumption on which the quasi-static theory is based,
namely that flexural response is dominant. Aside from such limitations which will

be discussed more fully in Section (5.6), the fact that for thinner laminates, for
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which flexure is the dominant mode of response, target thickness has been shown
to directly influence damage threshold energy and hence residual strength means
that the above argument, regarding scaling with respect to target length, would
also apply to scaling with respect to target thickness. In this case the appropriate
scaling factors would be (‘—5—) and (Jd) respectively, for a given specimen length

and width (see equations (5.3)).

With regards to the effect of laminate width on the energy to damage, the
lack of appropriate test data excludes a thorough, conclusive examination. How-
ever, the mere fact that low velocity laminate response has already been demon-
strated to be a quasi-static phenomenon and that the effects of specimen length
and thickness on energy to failure, in general, appear to be in agreement with
expectations, suggests a strong possibility that the effect of width on the en-
ergy absorption capability of laminates may also be predictable on the basis of
equations (5.3). Consequently, provided that laminate width is limited so as to
minimize plate-type behaviour, the appropriate scaling factor for impact energy
allowing for different specimen width should be (—'l-) for both shear and flexure

b

according to equations (5.3).

In view of the foregone discussion and in order to simplify matters, it is sug-
gested that scaling of impact energy be generalised with respect to target geometry

as a whole rather than the individual components. This can be achieved by using

Jd?
M2
the dominant mode of damage (or response) as already explained above.

the appropriate scaling factors (—1{7) and ( ) in Diagram (5.2), depending on

Fiﬁally, although scaling of damage threshold and residual strengths to ac-
count for specimen size has been shown to be appropriate for low velbcity impact
response, certain limitations rega.fding its application have already been high-
lighted. The range of applicability of the present proposals will next be discussed
in detail to consider the restrictions imposed not only by target geometry, but also

by impactor mass and velocity.
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5.6 RANGE OF APPLICABILITY OF THE
QUASI-STATIC APPROACH

The quasi-static arguments leading to the proposed impact parameter(u-\/%)
and stress models has been shown to be applicable to beams impacted at low veloc-
ities in the range tested (i.e. up to 6 m/s), whether it be metal or composite. In the
derivation of the impact parameter, contact effects were considered to be localised
and the material assumed to be able to survive the local contact stresses and even
if it could not, then the energy dissipated would still be small compared to the
total strain energy stored by the whole beam. This assumption should be valid so
long as the localised damage does not seriously alter the properties of the beam.
In this respect metals present less of a problem than do fibrous composites, which
as shown by CANTWELL (70) can be susceptible to contact loading resulting in
top surface matrix cracks and leading to planes of delamination that adversely
affect the integrity of the laminate and undermine its impact resistance. However,
for the present low velocity impact tests on composites the initial damage was in
every case caused on the top surface due to local compressive fibre buckling and
the stress model successfully predicted the resulting bending stresses. This was
even true of specimens tested in the presence of damage. This latter observation
confirms the aforementioned assumption that as long as secondary effects or dam-
age are localised, the use of the impact parameter (v\/ﬂ-) and the quasi-static
approach appear to be valid. It should be emphasised that one must differentiate
between applying the impact parameter to estimate bending stresses — for which
it is truly applicable — and using it to estimate incident energy to cause initial
damage as suggested in Sections (5.4,5.5) — for which it can be used (although
it may not be strictly applicable) by choosing an appropriate failure stress. The
difference, as mentioned earlier, is due to the inherent assumptions of the theory
as regards type of failure since strictly speaking, theory assumes that the chosen

failure stress relates to a flexural-type damage.
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Placing a limit on the range of applicability of the impact parameter and stress
models is somewhat difficult. Neither the quaéi-static nor the Bernoulli-Euler
theory of Chapter (2) are capable of predicting this limit, which must certainly
depend on the point beyond which the inherent assumptions can no longer be
justified. This requires investigation into secondary effects which have up to now
been excluded, such as contact and stress wave effects which give rise to a complex
three-dimensional stress field in the vicinity of the point of impact, to establish the
point at which these effects can no longer be ignored and undoubtedly material
considerations will play as important a part in the determination of the relative

importance of these secondary effects as do the structural concepts.

To highlight the difficulties associated With‘imposing an absolute limit it is
appropriate to briefly examine some of the findings that have emerged from an
extensive experimental study by CANTWELL (70) on the impact response of
composite laminates to include both low and high velocity impact regimes. As
previously mentioned in Section (5.5), for the (+45) laminates (see Table (5.4)),
the results indicate an initial increase in energy to cause damage with increase in
laminate thickness up to and including the 16-ply laminate, followed by a drop in
incident energy to damage for the thicker laminates. This change in characteristics
has been explained by CANTWELL as being due to a change in the nature of
the initial damage from one of lower surface matrix cracking caused by flexure
to one of top surface matrix cracking resulting from a local contact stress field.
For the (0,£45) laminates, a similar trend is evident. However, in this case the
change in the mode of damage is seen not to result in an immediate sharp drop
in incident energy to first damage. This suggests that although contact loading
may be locally dominant, this has not yet significantly detracted from the flexural
response of the laminate. Eventually, with a further increase in thickness up to
32-ply, contact loading is seen to dominate the response, leading to a substantial
reduction in the energy needed to initiate damage. The results further indicate

that, apart from laminate thickness, the lay-up and ply-orientation may also have
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a direct influence on secondary effects such as contact (compare results for the

16-ply (+45) and (0,%45) laminates in Table (54))

Ideally , to estimate the change-over from flexure to a contact dominated
response would require a suitable model to express contact-induced stresses in
terms of all the governing variables. However, using simplifying assumptions, it is
possible to roughly estimate this cross-over point for certain conditions. Contact
stresses depend on the contact force for a fixed geometry of stamp face, and for
static Hertzian contact this force can be expressed in terms of the local material
properties and is an upper limit for a half-space. Flexure-induced shear and bend-
ing stresses depend on target response, but for static loading or for low velocity
impact on laminates, where the combination of a low velocity and a heavy im-
pactor (compared to the weight of the laminate) results in a fundamental mode of
response (see Chapter (2)), these stresses can be expressed in terms of the target
flexural stiffness which is a function of target geometry and the material properties.
Consequently, the point at which contact effects start to dominate the response
may be approximated, though this should be considered as an upper bound, since

factors such as impactor mass and velocity may lower this cross-over threshold.

Let’s consider what limitations will be imposed by the impactor mass and
velocity on the range of applicability of the impact parameter (v\/—%) and the
quasi-static approach and in what way. CANTWELL (70) has observed that for
low velocity impact, the energy absorption capacity of laminates increases with an
increase in size and appears to be in agreement with the findings of the present
study (see Section (5.5)), indicating a quasi-static response. However, the high
velocity impact tests have demonstrated that in this velocity range the specimen
length does not affect the energy to initiate damage in the laminates, although as
discussed in Section (5.5) and according to the numerical findings of Chapter (2),
the longer specimen should be capable of absorbing more energy. For a high
impact velocity and a low impactor mass, a substantial amount of incident energy

will be present in the higher harmonics (see Table (5.5)), but the effect of higher
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harmonics was included in the numerical study and shown to result in a maximum
stress earlier on in the response, rather than later as is the case when most energy
is concentrated in the fundamental mode, and this maximum bending stress was
shown to be predictable by a quasi-static energy argument irrespective of when it
occurred. Now the specimen used by CANTWELL (70) to investigate the effect
of length on energy to initial damage was the 16-ply (0,+45) laminate for which
damage, even at low impact velocities, is on the top surface as a result of local
contact stresses (see Table (5.4)). At higher ifnpact velocities, these contact effects
are expected to be even more dominant and consequently the stress field in the
vicinity of impact will be very different to that based on the Engineer’s theory of
bending (ETB) which is the underlying assumption in the derivation of the impact
parameter. Furthermore, the lower impactor mass also contributes to promoting
a local contact response by virtue of the fact that reducing impactor mass, as
shown, results in higher harmonics being excited which raises the effective flexural

stiffness.

In contrast, if one examines CANTWELL’s results for tests on 8-ply (0,£45)
and 8-ply (+45) laminates, it is found that these laminates exhibit a flexural-type
damage for both low and high velocity impact. This indicates that the contact
stresses in this case have a much diminished effect due to the target flexibility and
reduced target inertia, and one would expect therefore that the impact parame-
ter (v\/%) should be applicable in this case. Indeed, if one examines the energy
required to cause first damage in the 8-ply and 16-ply (0,+45) laminates at high
velocities, the former is found to exhibit a flexural-type damage as compared to
the contact damage found in the latter two specimens, which explains why the
8-ply laminate is capable of absorbing 20% more energy before damage initiation
when compared to the other two laminates. This confirms the belief that when
contact stresses are of secondary importance, the specimen can respond in flexure,
at high as well as low velocities. Actually, the fact that in the 8-ply (0,4+45) lam-

inate the initial damage changes from one of lower surface fibre cracking at low
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impact velocity to one of lower surface matrix splitting at high impact velocity
is of particular interest. Table (5.5) shows that for this 8-ply specimen at higher
impact velocities, greater proportion of incident energy is expected to be present
in the higher harmonics due to the lower impacting mass. These higher harmonics
have a shorter wavelength associated with them, and in fact, the wavelength of
the second mode for this specimen is of the order of its width, so that bending
stresses will exist locally in both directions. However, the fibres run in only one
direction and the weaker matrix material caﬂnot sustain the stresses generated in
the cross-fibre direction as a result of which damage in the form of matrix splitting
occurs. Thus, although this specimen appears to behave more in accordance with
expectations relating to the numerical study of Chapter (2), it is the material
properties that impose a limitation on the range of applicability of the impact

parameter.

It is apparent that laminate thickness plays a more dominant role in promoting
and amplifying contact effects than do impactor mass or velocity, and as the above
findings indicate, thin laminates can respond in flexure even at high velocities. In
this case, DOREY (2) suggests that the threshold conditions for maximum flexural
response be based on when the specimen is deformed at its resonant frequency (of

the fundamental mode), resulting in the following expression

-5 >

which, for the present laminates, would yield a transition velocity of approximately
70 m/s. It should be realised that the expression (5.4) does not account for im-
pactor size (and hence incident energy) and nor does it include target geometry
(thus no information regarding the energy absorption capacity of the laminates).
Consequently, it is possible for target penetration to occur before this transition
velocity is reached. In fact, CANTWELL (70) has found that the 4-ply laminate

will be penetrated at an incident energy of about 1.2 Joules which yields an impact
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velocity of roughly 50 m/s as compared to the expected 70 m/s transition velocity.
Thus provided that contact effects are not dominant and the laminate responds in
flexure, and that the incident energy is not sufficient to lead to penetration, then
the transition velocity based on equation (5.4) may be taken as an upper bound
on velocity, beyond which the flexural response and the quasi-static approach will

cease to be applicable.

On the other hand, when dealing with thick laminates, in addition to local
contact effects, another phenomenon, namely through-thickness stress waves can
begin to contribute to the local stress distribution at higher impact velocities, thus
leading eventually to tensile (spallation) failure near the lower surface. In this
case, a crude analytical measure, for the onset of significant stress waves through
the thickness, can be obtained by imagining the impact zone confined to a small
cylinder under the impactor. The compressed face — advancing at a velocity (v) —
will produce a strain of order (%) where ¢ = \/_%_ (see JOHNSON (73)). For the
present composite laminates, taking the modulus (E) to be that of the matrix and
assuming a typical failure strain of the order of 1%, this would lead to an incident
velocity of about 25 m/s. Experimental evidence obtained by CANTWELL (70)
clearly demonstrates that for the thicker laminates subject to high velocity impact,
damage initiates in the form of top surface matrix cracking as a result of local
contact stresses, subsequently followed by extensive through-thickness damage and
fibre spallation which are indicative of the presence of through-thickness stress
wave effects. The impactor velocity associated with this form of ballistic-type

damage has been found to range between 25 m/s and 50 m/s.

The foregone discussion demonstrates the difficulties associated with impos-

ing an upper bound on the range of applicability of the quasi-static approach, the

impact parameter (v, /%) and the proposed models for predicting impact-induced

M

stresses. As indicated, this is controlled by the relative contributions of secondary

effects, such as contact stresses and through-thickness stress waves, which in turn
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will depend on target rigidity, inertia, impact velocity, etc.. In addition, mate-

rial constraints such as non-homogeneity and strain-rate effects may also notably

influence local stress distributions and magnify the importance of the secondary

effects. It would appear that further research of the kind performed as part of

the current project will be necessary to establish similar simplified models which

could be used to estimate the contributions of these secondary effects.

5.7 CONCLUSIONS

The present research programme has considered in some detail the dynamics

of transversely impacted beams by a low velocity projectile, both theoretically and

experimentally, and the main findings are summarised below :

2)

b)

The main parameters that govern the dynamic response of transversely im-
pacted beams have been identified as the impactor velocity (v) and the ratio of
impactor mass to target mass (-3"7) The impactor velocity has been shown to
only affect the magnitude of the response and the mass ratio to directly con-
trol the distribution of energy in the various harmonics, so that for high ( ﬁ-)

the response will be dominated by the fundamental mode while low (ﬁ)

results in the excitation of the higher harmonics.

The maximum impact-induced stresses have been found to be dependent on

P
some unified parameter of the form v(m—) , irrespective of whether the

M
maximum stress occurs early in the response or at a much later stage which
is determined by the value of (ﬁ) On the assumption that low velocity
impact is mainly a quasi-static process, energy arguments have been used to

derive simple models for predicting both the maximum bending and maxi-

mum shear stresses. These models are expressed as a function of the impact
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parameter (v, /X"}—), so that

o ocu,/—"i
B M

v /m
O0s X —4[—

LY M

The applicability of the above models has been confirmed experimentally for
isotropic and composite beams, though the accuracy of the shear stress model
has been found to deteriorate somewhat with increase in target inertia. This
however, should not present a serious drawback, since in general, the bend-
ing stresses are the dominant stress component and shear stresses tend only
to become significant in short specimens, for which inertia is normally low

anyway.

The present study has confirmed that under low velocity impact conditions,
the ability to absorb elastic energy is directly related to target size, as sug-
gested by the proposed models. This is in contrast to current practice in
which tests are conducted on small coupons (25 mm X 50 mm) to establish
the incident energy to cause initial damage and to relate the residual strengths
to impact energy, the results of which are then taken to represent an upper
limit, irrespective of specimen dimensions, and applied to different structural
configurations. It has been proposed that scaling of test data to incorporate
size effects be facilitated in accordance with the findings of the quasi-static

approach, by relating the damage threshold and residual strengths to (-‘—I—)

M
when dealing with flexural-type failure and to (j’-l%) when considering shear-
related damage, rather than just impact energy (J) alone. Also based on the
quasi-static approach, the change-over from a flexural to a shear dominated
response has been shown to be a function of the span-to-depth ratio and the

ratio of interlaminar to fibre strength of the material. It has further been

demonstrated that by establishing an appropriate failure stress through tests
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d)

on small specimens, the proposed models can be utilised to estimate the en-
ergy to first damage, allowing for size differences that may exist between the
specimen and the configuration of a real application. However, using the pro-
posed models for the purpose of predicting this damage threshold may not be
strictly valid, unless the failure stress relates to a flexural damage, consistent

with the inherent assumptions of its derivation.

The range of applicability of the quasi-static approach, the impact parame-
ter and the proposed models have been examined with a view to highlight
the various factors that impose limitations on their use. In the main, these
restrictions are associated with the relative importance of secondary effects,
such as Hertzian contact and through-thickness stress-waves, which in turn
will be dependent on the structural and material properties of the impacted
target. In this respect, target thickness has been found to be very prominent

in promoting the dominance of contact effects, so that while the low velocity

‘impact response of thin composites is flexure dominated, the thick laminates

exhibit contact-related failure modes. Similarly, high impact velocities ’tend
to introduce additional effects due to through-thickness stress waves in thick
laminates resulting in ballistic-type damage, whereas thin composites seem to
continue responding in flexure even at elevated impact velocities. However,
high impact velocities are generally accompanied by a low impacting mass and
this, as shown, leads to the excitation of the higher harmonics which tend to
increase contact forces and can also induce transverse stresses that may ex-
pose weaknesses in the laminate lay-up configuration (see Section (5.6)). It
is apparent that estimating the contributions of these secondary effects is of
primary importance in determining the exact range over which the present
proposals would be applicable and it is suggested that future work be directed
towards establishing éimple models for assessing the significance of the various

secondary effects.
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e)

f)

g)

The dynamic response of beams subject to low velocity impact has also been
studied with the aid of the finite element method, permitting a greater flex-
ibility in modelling of the target and impact loading conditions. The initial
target response has illustrated a local response near to the point of impact
resulting in a reverse curvature away from the contact point. Eventually, the
natural modes begin to dominate the response and which modes are excited,
as anticipated, will depend on the value of (%) The effects of shear and
rotary inertia on target response have beén shown to be negligible unless very

high harmonics are excited.

Of the beam elements investigated, the shear-flexible cubic Mindlin element
has proven to be very suitable for use in dynamic calculations, especially
if the shear stress response is of importance (e.g. in composite laminates).
In deriving the Mindlin family of elements, the presence of shear locking
has been dealt with by under-integrating the shear contributions to yield a

‘field-consistent’ formulation ensuring that the elements are free from spurious

effects.

Modelling the impact loading conditions has also been found to be a major
obstacle, since any inaccuracies in loading are prominently reflected in the
prediction of the shear stress response. However, displacement and bend-

ing stress response are not significantly influenced by approximations in the

loading conditions.
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APPENDIX (A)

A.1 THEORETICAL ESTIMATES

Theoretical estimates, used for comparison with FE predictions, have been

derived from the elementary theory of bending, for displacements, bending and

shear stresses of loaded beams. A brief outline of the relevant results will be

presented here.

A.1.1 Simply-supported, centrally loaded beam

.
th

From force equilibrium

S = ——123- for 0<z< g
P
that = —
so tha Os AR,
Moment equilibrium requires that

d2u B Pz

=FEI = ——

Q dz? 2
giving op = % = ___Pz:;y

(A1)

(4.2)



Integration subject to the following boundary conditions

at

8
i

0: up = 0
£ du,B _
andat =z = 3’ I = 0
. Pe? 4z3 3z
yields up = 4BEI (——F + 7) (A.3)

The deflection due to shear can be estimated using the definition for shear angle

p=2us S
T dr = GAk

€

and the boundary condition that atz=0,us=0

to give Uug = — Pz
g S = ~3GAk. (A.4)

A.1.2 Simply-supported, uniformly loaded beam

oy |

N . £
Force equilibrium requires that for 0 < z < =

2
C dBug
dz3 WeT 2
t
where P= / wedz = wyl
0
S wl [z 1 '
t = = e [ - — =
so tha os AF. - Ak, (l 2) (A.5)



d2uB

Integrating subject to the condition that atz=0, a7 = 0
z
. _Qy _ dup wlly( 2 =z
Bves BT T T et
Further integration using the remaining boundary conditions
at z=0: up =0
£ du B
d at == — =0
andat z=g e
wlt ¢ 22° «z
ields = —= —_—t— -
yie “B = REI ( S e)
As before, using the definition for shear angle
p=Ss __ wl [z 1
dx GAk. \ ¢ 2
in conjunction with the boundary condition that atz=0,ug=0

yields upon integration

__wl (2 =z
US = ToGAK \ 2~ 1

A.1.3 Simply-supported, sinusoidally loaded beam

Force equilibrium requires that for 0 < z < -g
d3up z T P
p—td —E 3 in — —_——
S I 725 / w, sin 7 dz 7
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where P = / We sin — da: = 21:"2

5o that wetk Tz

Cos —

Akc 7rAke £

Integrating subject to the condition that

atz =0, —=
. dPup _ wly
gives ogp =EI 2 = g SR

Further integration using the remaining boundary conditions

at z=0: ug =0
£ duB
d at ==: =0
apdat = 2 dr
) _wltt | wz
yields up = iE] sin 7
Again, using the definition of the shear angle
o= dus _ wl T

dz _ nGAk, ¢

and integrating subject to aforementioned boundary conditions yields
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A.2 KINEMATICALLY EQUIVALENT FORCES

In finite element idealisations, distributed loading can only be represented by
concentrated forces at the element node points. The distribution of these nodal
forces must however be determined in a manner as to correctly reflect the effect of
the original distributed loading. A consistent approach for satisfying this require-
ment is to derive the nodal forces on the basis that the work done by the actual
loading over the element is identical to the work done by the equivalent system
of nodal forces. The resulting nodal forces are termed ‘kinematically equivalent
forces’ and in this section these will be derived for the various beam elements
of Section (3.3) used in the modelling of the test cases outlined in Section (A.1)

above.

" Thus, for a system of nodal forces (R) and nodal displacements (r) and a set
of element displacements (u) and corresponding distributed loading (w) it follows

from the application of virtual work that

1t
IR = -/ a‘wd¢
2/

where ¥ and @* denote virtual quantities and ¢ = 2z

L
Using the element shape functions (w) the element displacements (u) can be

expressed as

u=uwr
1 !
and hence R=2c / w'w d¢ (A.13)
-1
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A.2.1 Uniform loading

For a uniform distributed loading over an element W = w,

Now using the element shape function in equation (A.13), the equivalent nodal
forces for the Hermitian, Timoshenko and the linear Mindlin elements will be given

by

R=—

w;L{l 0 1 0}

For the quadratic Mindlin element, the nodal forces are

R=-—

ng{l 0401 0}

and for the cubic Mindlin element

R=—"’§L{1 030301 0}

A.2.2 Sinusoidal loading

UEc i W0
l L—L—o

Here, the loading over an individual element is expressed as

W = —w, (sin acos B¢ + cos asin f€)
nl, wl
where a= T and g = 3T



The equivalent nodal force vectors for the various beam elements can be shown to

be as follows

a) Hermitian element :

R=—%°r£sinasin/3{1 0 1 0}

—w—;%'-cosa(cosﬂ+%cosﬁ¥§§sinﬂ>{1 0 -1 0}

b) Timoshenko element :

R=- wcLsinasinﬂ{l 0 1 0}
L
—walcosa{l 0 -1 0}
. 3 3si
where 51 = cos f — ¢sin B cos 3 sin 8

BI+9)  F+9 B+
¢) Linear Mindlin element :

L
R=——u—);°r—sinasinﬂ{1 0 1 0}

L

w sin
——c—cosa(cosﬂ— p
T

B

){1 0 -1 0}

d) Quadratic Mindlin element :

R=—1v-;-‘;£sina{xl 0 —x2 0 x; O}

sin 8

B
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2cosfB 2sinf

where =sinf +
X1 ﬂ ‘ ﬂ ﬂz
__4cosf B 4sin g
X2 ﬂ ﬁz

e) Cubic Mindlin element :

w.l .
R=—4L1rsma{xl 0 x2 0 x2 0 x1}

w.L
—ﬁCOSQ{X:a 0 x4 0 —x4 0 —xs3}

O9cos _ 9sin

where X1 =4sinf +

p p?
9cosf = 9sinf
S
13sinf 27cosfB 27sinf
X3 =4cosf — 5 - 57 + g
X _27sinﬂ+81cosﬂ_81sinﬂ
T8 p? B3
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A.3 ELEMENT STRESS SMOOTHING MATRICES

The underlying principle that forms the basis of the stress smoothing tech-
nique has been described in Section (3.4.4) and here the resulting smoothing ma-
trices for the various beam elements that have been implemented into the present

FE code will be presented.

A.3.1 Hermitian beam element

sampling points :

1 1
6 - \/g 9 E - V’S'
smoothing matrix :
A= ay az
as ax
where a; = M , as = (i:@
2 T2
A.3.2 Timoshenko beam element
sampling pdints :
1 1
£=— 7 , €= 7

smoothing matrix :

ay 0 a; O
0 a; O as
a2 0 a;y O
0 ay O a
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1 3
where a; = L_’%\/_l R a; =
A.3.3 Linear Mindlin beam element
sampling point :
§=0
smoothing matrix :
10
01
A= 1 0
01
A.3.4 Quadratic Mindlin beam element
sampling points :
1 1
6 - \/g ’ E - \/5
smoothing matrix :
fa; 0 ay 07
0 ai 0 as
__ | as 0 as 0
A= 0 as 0 as
aa 0 a; O
L 0 an 0 ap
1 3 1-+/3
where oy = (_+2_\Q C ay= (_2_\/_)
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A.3.5 Cubic Mindlin beam element

smoothing matrix :

ay 0 as 0 ag 0
ags 0 as 0 a4 O

az 0 a; 0 a, O
. O as 0 as 0 a; J

a) Least square approach :

sampling points :

and a 1 45+27\/§ "2—‘3
1= 54 3 3
a ! (5+9\/§)
1 5 4= = =
= — |45 —-274/ = 54 3
a3 54( 7\/;)
1 5
4 ae——(S—Q\/:)
05—54 54 3

b) Barlow’s approach :

sampling points :



SR L
o
s L] D
S g ]

and
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TABLES AND FIGURES

— for Chapter (2) —

196



TABLE (2.1) — Variation of the modal eigenvalues, relating to the

beam-mass model, with impactor/beam mass ratio

1 | 15.860 | 7.9344 | 3.9672 | 2.2670 | 1.5869
MODE EIGENVALUES ()
1 | 0.6544 | 0.7726 | 0.9059 | 1.0216 | 1.0966
2 | 3.9424 | 3.9575 | 3.9861 | 4.0252 | 4.0603
3 | 7.0774 | 7.0861 | 7.1028 | 7.1268 | 7.1494
4 |10.2163|10.2224 | 10.2342 | 10.2514 | 10.2679
5 |13.3565|13.3611 [ 13.3703 | 13.3837 | 13.3967
6 |16.4972|16.5000 |16.5084 | 16.5194 | 16.5301
7 ]19.6382 | 19.6413 | 19.6476 | 19.6569 | 19.6660
8 | 22.7793|22.7820 | 22.7875 | 22.7955 | 22.8034
9 | 25.9206|25.9230 | 25.9278 | 25.9349 | 25.9419
10 | 29.0619 | 29.0640 | 29.0683 | 29.0747 | 20.0809
11 | 32.2033 | 32.2052 | 32.2001 | 32.2148 | 32.2205
12 | 35.344735.3465 | 35.3500 | 35.3552 | 35.3604
13 | 38.4861 | 38.4878 | 38.4910 | 38.4958 | 38.5006
14 | 41.6276 | 41.6291 | 41.6321 | 41.6366 | 41.6410
15 | 44.7691 | 44.7705 | 44.7733 | 44.7775 | 44.7816
16 | 47.9106|47.9110 | 47.9145 | 47.9184 | 47.9223
17 |51.0521(51.0533 [ 51.0558 | 51.0504 | 51.0631
18 | 54.1936 | 54.1948 | 54.1971 | 54.2005 | 54.2040
19 | 57.3352|57.3363 | 57.3384 | 57.3417 | 57.3449
20 | 60.4767 | 60.4777 | 60.4798 | 60.4829 | 60.4860
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TABLE (2.1) — continued

M 1.0579 | 0.7934 | 0.5290 | 0.3967 | 0.3174
MODE EIGENVALUES (A;l)
1 1.1803 | 1.2369 | 1.3102 | 1.3564 | 1.3884
2 4.1116 | 4.1555 | 4.2266 | 4.2818 | 4.3258
3 7.1843 | 7.2162 | 7.2721 | 7.3194 | 7.3598
4 10.2941 | 10.3186 | 10.3632 | 10.4028 | 10.4380
5 13.4175|13.4373 | 13.4742 | 13.5078 | 13.5384
6 16.5473 | 16.5640 | 16.5953 | 16.6243 | 16.6512
7 19.6808 | 19.6950 | 19.7222 | 19.7477 | 19.7716
8 22.8163 | 22.8288 | 22.8528 | 22.8755 | 22.8969
9 25.9533 | 25.9644 | 25.9859 | 26.0063 | 26.0257
10 29.0912 | 29.1012 | 29.1206 | 29.1392 | 29.1570
11 32.2298 | 32.2389 | 32.2566 | 32.2737 | 32.2900
12 35.3689 | 35.3773 | 35.3936 | 35.4093 | 35.4244
13 38.5085 | 38.5162 | 38.5312 | 38.5458 | 38.5599
14 41.6483 | 41.6555 | 41.6695 | 41.6831 | 41.6962
15 44.7884 | 44.7951 | 44.8082 | 44.8209 | 44.8333
16 47.9286 | 47.9349 | 47.9472 | 47.9592 | 47.9708
17 51.0691 | 51.0750 | 51.0866 | 51.0979 | 51.1089
18 54.2096 | 54.2152 | 54.2261 | 54.2369 | 54.2473
19 57.3503 | 57.3556 | 57.3660 | 57.3761 | 57.3861
20 60.4910 | 60.4961 | 60.5059 | 60.5156 | 60.5251
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TABLE (2.1) — continued

af | 02645 | 0.2267 | 0.1984 | 0.1763 | 0.1587
MODE EIGENVALUES ()
1 | 14120 | 1.4301 | 1.4445 | 1.4562 | 1.4659
2 | 4.3617 | 4.3915 | 4.4167 | 4.4382 | 4.4568
3 | 7.3048 | 7.4253 | 7.4521 | 7.4758 | 7.4970
4 |10.4695|10.4978 | 10.5234 | 10.5466 | 10.5677
5 |13.5664 |13.5921 | 13.6157 |13.6375 | 13.6576
6 |16.6761|16.6994 | 16.7210 | 16.7412 | 16.7601
7 |19.7940 | 19.8151 | 19.8349 | 19.8536 | 19.8712
8 |22.0172|22.9365 | 22.9547 | 22.9720 | 22.9885
o |26.044226.0619 | 26.0787 | 26.0948 | 26.1102
10 | 29.1740 | 29.1903 | 29.2059 | 20.2209 | 29.2352
11 |32.3057 | 32.3208 | 32.3354 | 32.3494 | 32.3620
12 | 35.4390 | 35.4531 | 35.4667 | 35.4799 | 35.4926
13 |38.5735 | 38.5867 | 38.5095 | 38.6119 | 38.6239
14 | 41.7090 [ 41.7214 | 41.7335 | 41.7451 | 41.7565
15 | 44.8453 [ 44.8570 | 44.8684 | 44.8794 | 44.8902
16 | 47.9822|47.9933 | 48.0040 | 48.0145 | 48.0248
17 | 51.1196 | 51.1301 | 51.1404 | 51.1504 | 51.1601
18 |54.2575 | 54.2675 | 54.2773 | 54.2868 | 54.2061
19 |57.3958 | 57.4053 | 57.4146 | 57.4237 | 57.4326
20 |60.5344 | 60.5435 | 60.5524 | 60.5611 | 60.5696

199




impactor/beam mass ratio

TABLE (2.2) — The variation of the modal energy distribution with

%nj 15.869 | 7.9344 | 3.9672 | 2.2670 | 1.5869
MODE PERCENTAGE OF TOTAL ENERGY
1 97.3587 | 94.8653 | 90.2767 | 84.2448 | 79.0492
2 1.5714 | 3.0207 | 5.5955 | 8.7811 |11.3230
3 0.4934 | 0.9692 | 1.8707 | 3.1068 | 4.2173
4 0.2358 | 0.4666 | 0.9135 | 1.5488 | 2.1445
5 0.1352 | 0.2685 | 0.5295 | 0.9074 | 1.2695
6 0.0849 | 0.1689 | 0.3347 | 0.5772 | 0.8128
7 0.0553 | 0.1102 | 0.2190 | 0.3795 | 0.5368
8 0.0356 | 0.0710 | 0.1414 | 0.2460 | 0.3493
9 0.0209 | 0.0418 | 0.0834 | 0.1457 | 0.2078
10 0.0089 | 0.0178 | 0.0357 | 0.0626 | 0.0898
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TABLE (2.2) — continued

inl' 1.0579 | 0.7934 | 0.5290 | 0.3967 | 0.3174
MODE PERCENTAGE OF TOTAL ENERGY
1 70.6717 | 64.5809 | 55.3215 | 48.6148 | 43.5441
2 14.2737 | 16.3871 | 18.8406 | 19.9477 | 20.3482
3 5.7494 | 7.0481 | 9.0234 |10.3942 | 11.3448
4 3.0400 | 3.8355 | 5.1710 | 6.2296 | 7.0702
5 1.8619 | 2.3865 | 3.3139 | 4.1011 | 4.7688
6 1.2466 | 1.6137 | 2.2834 | 2.8760 | 3.3997
7 0.8838 | 1.1517 | 1.6512 | 2.1057 | 2.5188
8 0.6501 | 0.8513 | 1.2324 | 1.5864 | 1.9147
9 0.4888 | 0.6426 | 0.9374 | 1.2155 | 1.4776
10 0.3709 | 0.4892 | 0.7181 | 0.9370 | 1.1459
11 0.2802 | 0.3706 | 0.5472 | 0.7179 | 0.8827
12 0.2070 | 0.2747 | 0.4077 | 0.5377 | 0.6647
13 0.1452 | 0.1933 | 0.2885 | 0.3827 | 0.4757
14 0.0906 | 0.1210 | 0.1819 | 0.2429 | 0.3041
15 0.0401 { 0.0539 | 0.0820 | 0.1107 | 0.1400
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TABLE (2.2) — continued

X'n}“ 0.2645 | 0.2267 | 0.1984 | 0.1763 | 0.1587
MODE PERCENTAGE OF TOTAL ENERGY
1 38.4266 | 35.5080 | 32.5732 | 30.2177 | 28.4418
2 19.8645 ) 19.6117 | 18.6640 | 18.7180 | 18.3239
3 11.5616 | 11.8695 | 12.3428 | 12.3291 | 12.4127
4 7.4162 | 7.9100 | 8.4393 | 8.6628 | 8.8585
5 5.2511 | 5.5918 | 6.0318 | 6.4000 | 6.5935
6 3.7809 | 4.0953 | 4.5513 | 4.8089 | 5.0230
7 2.8549 | 3.1290 | 3.5379 | 3.7620 | 3.9298
8 2.2309 | 2.4614 | 2.8002 | 2.9916 | 3.1413
9 1.7835 | 1.9791 | 2.2553 | 2.4230 | 2.5630
10 1.4491 | 1.6173 | 1.8409 | 1.9882 | 2.1237
11 1.1892 | 1.3363 | 1.5150 | 1.6465 | 1.7802
12 0.9793 | 1.1101 | 1.2525 | 1.3703 | 1.5013
13 0.8053 | 0.9228 | 1.0363 | 1.1409 | 1.2668
14 0.6587 | 0.7639 | 0.8547 | 0.9459 | 1.0628
15 0.5333 | 0.6262 | 0.6982 | 0.7762 | 0.8806
16 0.4243 | 0.5042 | 0.5595 | 0.6254 | 0.7148
17 0.3273 | 0.3937 | 0.4331 | 0.4880 | 0.5613
18 0.2383 | 0.2905 | 0.3154 | 0.3594 | 0.4160
19 0.1540 | 0.1903 | 0.2038 | 0.2352 | 0.2743
20 0.0711 | 0.0891 | 0.0949 | 0.1110 | 0.1307
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TABLE (2.3) — Numerical tests for investigating the effect of varying

beam length

Note : for all the following cases

72.0 GN/m’®
27.0 GN/m?
2720.0 Kg/m®
0.0192 m
0.0181 m
1.5 Kg
443 m/fs

¢ I aacd QO
|

TEST EXAMPLES OBREOREOREOREG

BEAM LENGTH (m) 0.1000 | 0.2000 | 0.4000 | 0.7000 | 1.0000

i 15.860 | 7.9344 | 3.9672 | 2.2670 | 1.5869

DYNAMIC STRESS (MN/m?) |956.65 | 784.04 | 604.04 | 543.64 | 462.59

QUASI-STATIC STRESS (MN/m?) | 740.88 | 523.88 | 370.44 | 280.03 | 234.29

NO. OF MODES USED 10 10 10 10 10
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TABLE (2.3) — continued

TEST EXAMPLES e | (1 | (8 | (9 | (10)

BEAM LENGTH (m) 1.5000 | 2.0000 | 3.0000 | 4.0000 | 5.0000

M 1.0579 { 0.7934 | 0.5290 | 0.3967 | 0.3174

DYNAMIC STRESS (MN/m?) | 344.10 | 314.66 | 247.99 | 225.39 | 220.44

QUASI-STATIC STRESS (MN/m?) | 191.29 | 165.67 | 135.27 | 117.15 | 104.78
NO. OF MODES USED 15 15 15 15 15
TEST EXAMPLES (11) | (12) | (13) | (14) | (15)

BEAM LENGTH (m) 6.0000 | 7.0000 | 8.0000 | 9.0000 | 10.0000

i 0.2645 | 0.2267 [ 0.1984 | 0.1763 | 0.1587

DYNAMIC STRESS (MN/m?) |207.35|202.09 {195.12 [ 179.45 | 165.71
QUASI-STATIC STRESS (MN/m?) | 95.65 | 88.55 | 82.83 | 78.10 | 74.09
NO. OF MODES USED 20 20 20 20 20
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TABLE (2.4) — Numerical tests for investigating the effect of varying

impactor mass

Note : for all the following cases

= 720 GN/m?
27.0 GN/m®
2720.0 Kg/m®
0.0192 m
0.0181 m

10 m
443 m/s

o

e m o Nl
Il

TEST EXAMPLES (18) | (17) | (18) | (19) | (20)

IMPACTOR MASS (Kg) 15.000 | 7.5000 | 3.7500 | 2.1430 | 1.5000

_Rn_{ 15.869 | 7.9344 { 3.9672 | 2.2670 | 1.5869

DYNAMIC STRESS (MN/m?) 956.65 | 784.04 | 604.04 | 543.64 | 462.59

QUASI-STATIC STRESS (MN/m?) | 740.88 | 523.88 | 370.44 | 280.03 | 234.29

NO. OF MODES USED 10 10 10 10 10
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TABLE (2.4) — continued

TEST EXAMPLES (21) | (22) | (23) | (24) | (25)

IMPACTOR MASS (Kg) 1.0000 | 0.7500 | 0.5000 | 0.3750 | 0.3000

j",}‘ 1.0579 | 0.7934 | 0.5290 | 0.3967 | 0.3174

DYNAMIC STRESS (MN/m?) | 344.10|314.66 | 247.99 | 225.39 | 220.44

QUASI-STATIC STRESS (MN/m?) | 191.29 | 165.67 | 135.27 [ 117.15 | 104.78
NO. OF MODES USED 15 15 15 15 15
TEST EXAMPLES (26) | (27) | (28) | (29) | (30)

IMPACTOR MASS (Kg) 0.2500 | 0.2143 | 0.1875 | 0.1667 | 0.1500

-1""7 0.2645 | 0.2267 | 0.1984 | 0.1763 | 0.1587

DYNAMIC STRESS (MN/m?) | 207.15|198.99 | 196.62 | 177.59 | 165.96
QUASI-STATIC STRESS (MN/m?) | 95.65 | 88.55 | 82.83 | 78.10 | 74.09
NO. OF MODES USED 20 20 20 20 20
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TABLE (2.5) — Numerical tests for investigating the effect of varying

beam cross-sectional dimensions

Note : for all the following cases

E = 720 GN/m’

G = 270 GN/m®

p = 27200 Kg/m®

L = 10 m

m = 1.5 Kg

v = 443 m/s
TEST EXAMPLES (31) | (32) | (33)
BEAM WIDTH (m) 0.03840 | 0.0384 | 0.0192
BEAM DEPTH (m) 0.00905 | 0.0181 | 0.0362

i (.5869 | 0.7934 | 0.1934

DYNAMIC STRESS (MN/m?) 462.59 |314.69 | 314.69
QUASI-STATIC STRESS (MN/m?) | 234.29 | (65.67]165.47
NO. OF MODES USED 10 10 10
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TABLE (2.6) — Numerical tests for investigating the effect of varying

beam material properties

Note : for all the following cases

G = 270 GN/m’

b = 00192 m

d = 00181 m

L = 10 m

m = 1.5 Kg

v = 4.43 m/s
TEST EXAMPLES (34) | (85)
ELASTIC MODULUS (GN/m?) 72.0 | 144.0
DENSITY (Kg/m?3) 5440.0 | 2720.0
M 07934 | .5364

DYNAMIC STRESS (MN/m?) | 445.00|654.19
QUASI-STATIC STRESS (MN/m?) | 23429 |331.33
NO. OF MODES USED 15 | 10
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TABLE (2.7) — Numerical tests for investigating the effect of varying

impact velocity

Note : for all the following cases

E = 720 GN/m®
G = 270 GN/m®
p = 27200 Kg/m®
b = 0.0192 m
d = 0.0181 m
L = 1.0 m
m = [«5 Ka
TEST EXAMPLES (36) | (37) | (38) | (39)
IMPACT VELOCITY (m/s) 1.5000 | 3.0000 | 6.0000 | 8.0000
‘I'In,f 1.5369| 1.5869]1.5869]1.5869

DYNAMIC STRESS (MN/m?) |156.63 | 313.26 | 626.53 | 835.37

QUASI-STATIC STRESS (MN/m?) | 79.33 | 158.66 | 317.32 | 423.09

NO. OF MODES USED 10 10 10 10
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TABLES AND FIGURES

— for Chapter (3) —
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TABLE (3.1) — Finite element mesh configurations used in the assess-

ment of element performance

Type of beam No. of | Element | No. of freedoms| Total no.
element elements | length per element | of freedoms
(m)

HERMITIAN 18 0.04 4 38
TIMOSHENKO 18 0.04 4 38
LINEAR MINDLIN 18 0.04 4 38
QUADRATIC MINDLIN 9 0.08 6 38
CUBIC MINDLIN 6 0.12 8 38
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TABLE (3.2) — Finite element mesh configurations used in the analy-
sis of a simply-supported beam with an attached cen-

tral mass subject to an initial step-velocity excitation

Type of beam No. of |Element | No. of freedoms | Total no.
element elements| length per element | of freedoms
(m)
HERMITIAN 20 0.025 4 42
TIMOSHENKO 20 0.025 4 42
CUBIC MINDLIN 8 0.0625 8 50
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TABLE (3.3) — Percentage error in predicted frequency compared to

the Timoshenko theory

LINEAR MINDLIN
MODE | TIMOSHENKO
Exact |Reduced
1 1.33 x 10~° 60.056 | 0.0952
2 1.36 x 103 60.869 | 0.8598
3 0.0104 62.496 | 2.4032
4 0.0392 64.939 | 4.7545
5 0.1045 68.200 | 7.9571
6 0.2264 72.274 | 12.068
7 0.4272 77.146 | 17.158
8 0.7293 82.776 | 23.305
9 1.1548 89.088 | 30.589
10 1.7237 95.939 | 39.074
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TABLE (3.3) — continued

QUADRATIC MINDLIN CUBIC MINDLIN
MODE
Exact Reduced Exact Reduced

1 0.0705 |1.87x10~*|1.78 x 10~%[—-7.92 x 10~7
2 0.6388 0.0154 0.0143 3.41 x 1074
3 1.7979 0.1154 0.1081 6.98 x 1073
4 3.5903 0.4259 0.4037 0.0492
5 6.0694 1.1094 1.0588 0.2036
6 9.2696 2.3478 2.1797 0.6100
7 13.105 4.3316 4.5971 1.4846
8 16.934 7.2407 7.4986 3.0826
9 16.775 10.982 11.725 5.7362
10 56.415 18.304 17.301 9.8208
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TABLE (3.4) — Percentage error in predicted frequency compared to

Bernoulli-Euler theory

MODE | HERMITIAN
1 —6.48 x 1073
2 -0.0581
3 0.1595
4 -0.3073
5 -0.4963
6 -0.7200
7 -0.9706
8 -1.2392
9 -1.5163
10 -1.7919
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TABLE (3.5) — Percentage difference in frequency calculated from the
Timoshenko theory compared to that based on the

Bernoulli-Euler theory

MODE | % difference
1 0.02685
2 0.24120
3 0.66755
4 1.30130
5 2.13591
6 3.16319
7 4.37371
8 5.75719
9 7.30290

10 8.99994
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TABLE (3.6) — Sampling points for stress smoothing based on differ-

ent techniques for different beam elements

element least squares Barlow’s

type technique method

1

HERMITIAN ~VEVE | -V
1 /1

TIMOSHENKO VI /E |-V Vi

LINEAR MINDLIN 0 0

1 1 1 1

QUADRATIC MINDLIN| —-V3:V3 | ~V3:V3
5
cusic MiNpLIN | -v/3,0,/3 --‘/3—2-,0,4
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FIG. (3.31) - Shear stresses in a simply-supported
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distributed load, modelled by cubic Mindlin beam
elements with stress smoothing, using the reduced
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TABLE (4.1) — Material properties of the metal beam specimen

Material :  Aluminium alloy DTD-5054-TF ( B.A.-703 )
Composition : 0.5% Cu, 2.7% Mg , 5.7% Zn , 0.16% Cr

Treatment : Solution treated , aged

Mechanical Properties :

Elastic modulus : 720 GN/m?
Shear modulus :  27.0 GN/m?
Poisson’s ratio : 0.33

Density : 27200 Kg/m?®

Ultimate tensile strength : 520.0 MN/m?
0.1% Proof stress :  450.0 MN/m?
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TABLE (4.2) — Strain gauge details

Gauge pattern = == EE:

Gauge type WIRE FOIL FOIL FOIL
Gauge designation PL-10 FLA-2 FLA-3 FCA-6
Gauge length (mm) 10 2 3 6
Gauge width (mm) 3 1.5, 1.8 2.4

Gauge base (mm) 21 x7 6.5x3 9x 3.5 g 14
Strain limit (%) 2 3 3 3
Nominal resistance (%) | 120-+0.3 120+0.3 120+0.3 120+0.5

Gauge factor (approx.) 2.1 2.1 2.1 2.1
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TABLE (4.3) — Frequency and energy contents of two extreme test

cases as calculated from modal synthesis

a) Long beam — (Test case MT4) :

MODE [ FREQUENCY (Hz) | % ENERGY
1 16.24 49.54
2 160.80 20.93
3 468.88 11.03
4 946.26 6.62
5 1594.66 4.31

b) Short beam — (Test case MT38) :

MODE | FREQUENCY (Hz) | % ENERGY
1 '351.15 90.28
2 6798.05 - 5.59
3 - 21585.10 1.87
4 44812.43 0.91
5 76483.94 - 0.53
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TABLE (4.4) — Details of the various impactor assembly springs used

in impact tests on the metal specimen

a) Die spring :

Material : chrome vanadium steel
Wire diameter : 16.0 mm

Hole diameter : 32.0 mm

Free length : 38.1 mm

Max. load : 4233 N

Spring stiffness : 371300 N/m

b) Small Belleville disc-washer :

Material : alloy steel (50 Cr V4)
Disc diameter : 500 mm

Hole diameter : 183 mm

Disc thickness : 20 mm

Disc height () : 1.5 mm

Max. load : 5594 N

Disc stiffnesses a) at0.25¢p : 5106667 N/m
b) at 0.50eq : 4516000 N/m
c) at0.75¢0 : 4056889 N/m
d) at1.00e, : 3729333 N/m

c) Large Belleville disc-washer :

Material : alloy steel (50 Cr V4)
Disc diameter : 70.0
Hole diameter : 405
Disc thickness : 5.0
Disc height (eq) : 1.2
Max. load : 44471

“BEEE

Disc stiffnesses at 0.25¢p : 38460000 N/m
at 0.50ep : 37860000 N/m
at 0.75¢9 : 37392222 N/m

at 1.00eq : 37059167 N/m

RN
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TABLE (4.4) — continued

Note : The compressive stiffness of the various springs listed below were
experimentally determined in a compression testing machine un-

der static loading conditions.

COMPRESSIVE

CODE | CONFIGURATION
STIFFNESS (N/m)

A linear die spring 366855

6 small Belleville
B disc-washers 721267

stacked in series

single small
C Belleville 4462391

disc-washer

single large
D Belleville 15936615

disc-washer
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TABLE (4.5) — Details of impact test configurations for the metal

beam specimen

TEST | SPRING| BEAM |IMPACTOR |IMPACTOR
CASE| CODE |[LENGTH| MASS |VELOCITY
(m) (Kg) (m/s)
MT1 A 1.40 15 2.0
MT?2 A 1.40 1.5 3.0
MT3 A 140 15 4.0
MT4 A 1.40 0.5 3.0
MT5 A 1.40 1.0 3.0
MT6 A 1.40 2.0 3.0
MT7 A 1.40 3.0 3.0
MTS A 1.40 6.0 2.0
MT9 A 1.40 1.0 4.43
MT10| A 1.40 1.375 3777
MT11| A 1.40 1.375 3.231
MT12| A 1.40 1.75 3.348
MT13| A 1.40 1.75 2.531
MT14| A 1.30 1.0 3.0
MT15| A 1.20 1.0 3.0
MTi6| A 1.10 - 1.0 3.0
MT17| A 1.10 1.375 3.777
MT18| A 1.10 1.375 3.231
MT19] A 1.00 10 3.0
MT20| A 100 | 175 3.0
MT21| B 0.90 1.0 3.0
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TABLE (4.5) — continued

TEST | SPRING| BEAM |IMPACTOR |IMPACTOR
CASE| CODE |LENGTH| MASS |VELOCITY
(m) (Kg) (m/s)
MT22| B 0.80 1.0 2.0
MT23| B 0.80 1.0 3.0
MT2¢| B 0.80 1.0 4.43
MT25| B 0.80 0.75 3.0
MT26| B 0.80 1.5 3.0
MT27| B 0.80 2.0 2.5
MT28| B 0.80 3.0 2.0
MT20| B 0.80 6.25 1.5
MT30| C 0.70 10 3.0
MT31| C 0.60 1.0 3.0
MT32| © 0.50 1.0 3.0
MT33| C 0.40 1.0 3.0
MT34| C 0.40 1.5 2.0
MT35| C 0.40 3.0 1.5
MT36| D 0.20 0.75 1.5
MT37| D 0.20 0.75 2.0
MT38| D 0.20 0.75 2.5
MT39| D 0.20 1.0 1.5
MT40| D 0.20 1.5 1.5
MT41| D 0.20 2.0 1.0
MT42| D 0.20 3.0 1.0
MT43| D 0.20 6.25 0.7
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TABLE (4.6) — Material properties of the composite specimens

Material : Fibredux 914C-XAS-5-34
Composition : High tensile treated GRAFIL XA-S fibres
in FIBREDUX 914 epoxy resin matrix to give

a 60% fibre content by volume when cured

Mechanical Properties at 20°C :

0° Tensile modulus 135.0 GN/m’
90° Tensile modulus 8.0 GN/m®
0° Flexural modulus 125.0 GN/m?
90° Flexural modulus : 75 GN/m?
Shear modulus : 59 GN/m’
Major Poisson’s ratio : 0.31

Mean density : 1500.0 Kg/m3

0° Ultimate tensile strength : 1650.0 MN/m®
90° Ultimate tensile strength :  79.0 MN/m?®
0° Ultimate compression strength : 1350.0 MN/m?
90° Ultimate compression strength : 230.0 MN/ m?
0° Ultimate flexural strength : 1900.0 MN/m?
90° Ultimate flexural strength : 1100 MN/m?
Interlaminar shear strength : 78.0 MN/m?

Note : The above mechanical properties are affected by the curing cycle
employed, the test temperature as well as ageing and humidity

conditions. For details of the effect of these variations refer to :

Information Sheet No. FTD819-B, CIBA-GEIGY, (1981)
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TABLE (4.7) — Details of impact test configuration for the composite
beam specimen (Note : Impactor mass = 0.75 Kg for

all the following test cases)

TEST| BEAM | DROP |IMPACTOR EXPERIMENTAL
CASE | LENGTH | HEIGHT | VELOCIT OBSERVATIONS
(m) (m) (m/s)

CT1 0.25 0.30 2.426 _

CT2 0.25 0.60 3.431 onset of specimen locking
CT3 0.25 1.00 4.429 . |locking in deflected position
CT4 0.25 1.50 5.425 locking in deflected position
CT5 0.20 0.24 2.170 ' _—

CTe | 0.20 0.50 3.132 —_

CT7 0.20 0.80 3.962 onset of specimen locking
CTs8 0.20 1.10 4.646 locking in deflected position
CT9 0.20 1.30 5.050 locking in deflected position
CT10 0.15 0.18 1.879 ———

CT11 0.15 0.40 2.801 _

CT12 0.15 0.75 3.836 small top surface crack
CT13 0.15 0.90 4202 top surface crafck e?ctenc?ed,

: onset of specimen locking

288



TABLE (4.7) — continued

TEST| BEAM | DROP |IMPACTOR EXPERIMENTAL
CASE | LENGTH | HEIGHT | VELOCITY OBSERVATIONS

(m) (m) (m/s)
CT14 0.10 0.12 1.534 —_
CT15 0.10 0.30 2.426 —_—
CT16 0.10 0.50 3.132 small top surface crack
CT17 0.10 0.65 3.571 top surface crack extended
CT18 0.05 0.06 1.085 —_—
CT19 0.05 0.15 1.716
CT20 0.05 0.25 2.215 small top surface crack
CT21 0.05 0.35 2.621 top surface crack extended
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PHOTO. (4.1) - Test rig and instrumentations
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PHOTO. (4.2) - Experimental set-up for the metal specimen
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-up
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PHOTO. (4.4) - Support mechanism and velocity measuring system
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PHOTO. (4.8) - Displacement measuring system
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-

PHOTO. (4.8) - Experimental set-up for composite specimens
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PHOTO. (4.7) - Composite beam locked in

deflected position
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FIG. (4.10) - The experimentally measured variation of

shear stress with time, at 5 cm from the
point of impact, for test case (MT5), using the long
(1.4 m) metal beam specimen.
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FIG. (4.11) - The experimentally measured variation of
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point of impact, for test case (MT5), using the long
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FIG. (4.12) - The experimentally measured variation of

bending stress with time, at 15 cm from
the point of impact, for test case (MT5), using the long
(1.4 m) metal beam specimen.
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FIG. (4.13) - The experimentally measured variation of

bending stress with time, at 25 cm from
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(MT23), using the medium length (0.8 m) metal beam
specimen.
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FIG. (4.15) - The experimentally measured variation of

displacement with time, at the beam
centre, for test case (MT23), using the medium length
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FIG. (4.16) - The experimentally measured variation of

shear stress with time, at 5 cm from the
point of impact, for test case (MT23), using the medium
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FIG. (4.17) - The experimentally measured variation of

bending stress with time, at 5 cm from the
point of impact, for test case (MT23), using the medium
length (0.8 m) metal beam specimen.
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FIG. (4.18) - The experimentally measured variation of

bending stress with time, at 15 cm from
the point of impact, for test case (MT23), using the
medium length (0.8 m) metal beam specimen.
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FIG. (4.19) - The experimentally measured variation of

bending stress with time, at 25 cm from
the point of impact, for test case (MT23), using the
medium length (0.8 m) metal beam specimen.
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contact force with time for test case

(MT33), using a metal beam specimen 0.4 m long.
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FIG. (4.21) - The experimentally measured variation of

displacement with time, at the beam
centre, for test case (MT33), using a metal beam
specimen 0.4 m long.
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FIG. (4.24) - The experimentally measured variation of

bending stress with time, at 5 cm from the
point of impact, for test case (MT33), using a metal
beam specimen 0.4 m long.
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(MT1) and (MT8), showing the effect of impactor mass on
response for the long (1.4 m) metal beam specimen.
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FIG. (4.26) - The experimentally measured variation of

displacement with time, at the beam
centre, for test cases (MT1l) and (MT8), showing the
effect of impactor mass on response for the long (1.4 m)
metal beam specimen.
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FIG. (4.27) - The experimentally measured variation of

shear stress with time, at 5 cm from the
point of impact, for test cases (MT1l) and (MT8), showing
the effect of impactor mass on response for the long
(1.4 m) metal beam specimen.
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FIG. (4.28) - The experimentally measured variation of

bending stress with time, at 5 cm from the

point of impact, for test cases (MTl) and (MT8), showing
the effect of impactor mass on response for the long

(1.4

m) metal beam specimen.
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FIG. (4.29) - The experimentally measured variation of
bending stress with time, at 15 cm from

the point of impact, for test cases (MT1l) and (MT8),

showing the effect of impactor mass on response for the

long (1.4 m) metal beam specimen, B
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FIG. (4.30) - The experimentally measured variation of

bending stress with time,
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at 25 cm from
for test cases (MT1l) and (MT8),

showing the effect of impactor mass on response for the
long (1.4 m) metal beam specimen.
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FIG. (4.31) - The experimentally measured variation of

contact force with time for test cases
(MT22) and (MT28), showing the effect of impactor mass
on response for the medium length (0.8 m) metal beam
specimen.
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FIG. (4.32) - The experimentally measured variation of

displacement with time, at the beam
centre, for test cases (MT22) and (MT28), showing the
effect of impactor mass on response for the medium
length (0.8 m) metal beam specimen.
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FIG. (4.33) - The experimentally measured variation of
shear stress with time, at 5 cm from the
point of impact, for test cases (MT22) and (MT28),
showing the effect of impactor mass on response for the
medium length (0.8 m) metal beam specimen.
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FIG. (4.34) - The experimentally measured variation of

bending stress with time, at 5 cm from the
point of impact, for test cases (MT22) and (MT28),
showing the effect of impactor mass on response for the
medium length (0.8 m) metal beam specimen.
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FIG. (4.35) - The experimentally measured variation of

bending stress with time, at 15 cm from
the point of impact, for test cases (MT22) and (MT28),
showing the effect of impactor mass on response for the
medium length (0.8 m) metal beam specimen.
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for test cases (MT22) and (MT28),

showing the effect of impactor mass on response for the
medium length (0.8 m) metal beam specimen.
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FIG. (4.37) - The experimentally measured variation of

contact force with time for test cases

(MT36) and (MT40), showing the effect of impactor mass
on response for the short (0.2 m) metal beam specimen.
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FIG. (4.38) - The experimentally measured variation of
displacement with time, at the beam
centre, for test cases (MT36) and (MT40), showing the
effect of impactor mass on response for the short

(0.2 m) metal beam specimen.
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FIG. (4.39) - The experimentally measured variation of
shear stress with time, at 5 cm from the
point of impact, for test cases (MT36) and (MT40),
showing the effect of impactor mass on response for the
short (0.2 m) metal beam specimen.
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FIG. (4.40) - The experimentally measured variation of

bending stress with time, at 5 cm from the
point of impact, for test cases (MT36) and (MT40),
showing the effect of impactor mass on response for the
short (0.2 m) metal beam specimen.
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FIG. (4.41) - The experimentally measured variation of
contact force with time for test cases

(MT1) and (MT3), showing the effect of velocity on

response for the long (1.4 m) metal beam specimen.
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FIG. (4.42) - The experimentally measured variation of

displacement with time, at the beam
centre, for test cases (MT1l) and (MT3), showing the
effect of velocity on response for the long (1.4 m)
metal beam specimen.
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FIG. (4.43) - The experimentally measured variation of

shear stress with time, at 5 cm from the
point of impact, for test cases (MT1l) and (MT3), showing
the effect of velocity on response for the long (1.4 m)
metal beam specimen.
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FIG. (4.44) - The experimentally measured variation of

bending stress with time, at 5 cm from the
point of impact, for test cases (MT1l) and (MT3), showing
the effect of velocity on response for the long (1.4 m)
metal beam specimen.
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FIG. (4.45) - The experimentally measured variation of
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the point of impact, for test cases (MT1l) and (MT3),
showing the effect of velocity on response for the long
(1.4 m) metal beam specimen.,
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FIG. (4.46) - The experimentally measured variation of

bending stress with time, at 25 cm from

the point of impact,

for test cases (MT1) and (MT3),

showing the effect of velocity on response for the long
(1.4 m) metal beam specimen.
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FIG. (4.47) - The experimentally measured variation of

contact force with time for test cases
(MT22) and. (MT24), showing the effect of velocity on
response for the medium length (0.8 m) metal beam
specimen.
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FIG. (4.48) - The experimentally measured variation of

displacement with time, at the beam

centre, for test cases (MT22) and (MT24), showing the
effect of velocity on response for the medium length
(0.8 m) metal beam specimen.
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FIG. (4.49) - The experimentally measured variation of

point of impact,

shear stress with time,
for test cases (MT22) and (MT24),

at 5 cm from the

showing the effect of velocity on response for the
medium length (0.8 m) metal beam specimen.
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FIG. (4.50) - The experimentally measured variation of

bending stress with time, at 5 cm from the
point of impact, for test cases (MT22) and (MT24),
showing the effect of velocity on response for the
medium length (0.8 m) metal beam specimen.
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FIG. (4.51) - The experimentally measured variation of

bending stress with time, at 15 cm from
the point of impact, for test cases (MT22) and (MT24),
showing the effect of velocity on response for the
medium length (0.8 m) metal beam specimen.
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bending stress with time, at 25 cm from
the point of impact, for test cases (MT22) and (MT24),
showing the effect of velocity on response for the
medium length (0.8 m) metal beam specimen.
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FIG. (4.53) - The experimentally measured variation of
contact force with time for test cases

(MT36) and (MT38), showing the effect of velocity on

response for the short (0.2 m) metal beam specimen.
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FIG. (4.54) - The experimentally measured variation of

displacement with time, at the beam
centre, for test cases (MT36) and (MT38), showing the
effect of velocity on response for the short (0.2 m)
metal beam specimen.
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FIG. (4.55) - The experimentally measured variation of

shear stress with time,

at 5 cm from the

point of impact, for test cases (MT36) and (MT38),
showing the effect of velocity on response for the
short (0.2 m) metal beam specimen.
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short (0.2 m) metal beam specimen.
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FIG. (4.57) - The experimentally measured variation of
contact force with time for test cases

(CT5) and (CT6), showing the effect of velocity on

response for the 20 cm composite laminate beam specimen.
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FIG. (4.58) - The experimentally measured variation of

bending stress with time, at the beam
centre, for test cases (CT5) and (CT6), showing the
effect of velocity on response for the 20 cm composite
laminate beam specimen.
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FIG. (4.59) - The experimentally measured variation of
contact force with time for test cases

(CT18) and (CT19), showing the effect of velocity on

response for the 5 cm composite laminate beam specimen.
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effect of velocity on response for
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FIG. (4.61) - The experimentally measured variation of
contact force with time for test case
(CT1l), using the 25 cm composite laminate beam specimen.
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bending stress with time, at the beam
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laminate beam specimen.
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FIG. (4.64) - The experimentally measured variation of

bending stress with time, at the beam
centre, for test case (CTll), using the 15 cm composite
laminate beam specimen.
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FIG. (4.65) - The experimentally measured variation of

contact force with time for test case

(CT19), using the 5 cm composite laminate beam specimen.
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FIG. (4.66) - The experimentally measured variation of

bending stress with time, at the beam
centre, for test case (CT19), using the 5 cm composite
laminate beam specimen.
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TABLES AND FIGURES

— for Chapter (5) —
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TABLE (5.1) — Details of the experimental results for impact tests on

the metal beam speéimen

Notes : a) Impact parameter defined as v ﬁ-&n—m-
where M, = nmass of displacement flag

+ mass of protecting channel

= 0.086 Kg

(also see Tables (4.1,4.5) and Section (4.4.3))
b) Tabulated values of max. bending and shear stresses

are as measured at 5 cm from point of impact

TEST | IMPACTOR IMPACT MAX. BENDING | MAX. SHEAR
CASE | VELOCITY [ PARAMETER STRESS STRESS
(m/s) (MN/m?) (MN/m?)
MT1 2.0089 2.0725 89.2779 1.7713
MT?2 2.9947 3.0895 133.3774 2.3163
MT3 3.9680 4.0936 174.2511 3.1338
MT4 2.9519 1.7582 62.9248 1.8054
MT5 3.0107 2.5360 104.3369 1.4647
MTé6 2.9901 3.5620 150.5874 2.4185
MT7 2.9285 4.2726 179.6292 2.5888
MTS8 1.9494 4.0222 186.0830 2.2141
MT9 4.4288 3.7306 150.5874 2.4526
MT10 3.7505 3.7045 157.0411 2.6570
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TABLE (5.1) — continued

TEST | MPACTOR IMPACT MAX. BENDING | MAX. SHEAR
CASE | VELOCITY | PARAMETER STRESS STRESS
(m/s) (MN/m?) (MN/m®)

MT11 3.2436 3.2038 137.6799 2.2482
MT12 3.3521 3.7353 159.1924 2.4526
MT13 2.5494 2.8408 122.6211 1.9416
MT14 2.9966 2.6133 104.3369 1.7372
MT15 2.9978 2.7137 104.8747 2.1120
MT16 3.0039 2.8311 106.4881 1.9076
MT17 3.7617 4.1573 154.8899 2.8614
MT18 3.2320 3.5719 131.4530 2.9635
MT19 2.9535 2.9084 91.9670 1.5669
MT20 2.9845 3.8878 134.4530 2.6229
MT21 2.9445 3.0423 94.1183 2.0098
MT22 1.9804 2.1580 67.2274 1.6351
MT23 2.9272 3.1897 100.0343 2.3163
MT24 4.3263 4.7142 150.5874 3.2020
MT25 2.9276 2.7627 84.4376 ' 1.7713
MT26 2.9971 3.9998 134.4530 2.5548
MT27 2.5158 3.8769 136.6043 2.5548
MT28 2.0186 3.8098 135.5286 2.5548
MT29 1.3914 3.7904 135.5286 2.3845
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TABLE (5.1) — continued

TEST { IMAPCTOR IMPACT MAX. BENDING | MAX. SHEAR
CASE | VELOCITY [ PARAMETER STRESS STRESS
(m/s) (MN/m®) (MN/m?)
MT30 2.9144 3.3705 ~105.9503 2.9976
MT31 2.9151 3.6070 110.7907 2.8614
MT32 2.9151 3.9002 118.3186 3.6448
MT33 2.9040 4.2628 123.6968 3.6448
MT34 2.0205 3.6324 110.7907 3.3382
MT35 1.5145 3.8506 118.3202 3.4404
MT36 1.4655 2.4600 43.8322 3.9855
MT37 1.9243 3.2301 59.1601 5.2458
MT38 2.3848 4.0031 74.7568 6.8980
MT39 1.4763 2.8499 52.1684 4.6667
MT40 1.5129 3.5624 » 68.3030 6.5743
MT41 1.0000 2.7134 53.7819 5.2458
MT42 1.0000 3.3163 58.0844 5.6546
MT43 0.7000 3.3435 : 77.4459 7.6643
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TABLE (5.2) — Mesh configuration details relating to the FE analysis

of experimental test cases

Elastic modulus =  72.0 GN/m’
Shear modulus =  27.0 GN/m®
Density = 2720.0 Kg/m3
Shear coefficient =  0.851

Element width = 0.0192 m
Element depth = 0.0181 m

Note : The mass of the displacement flag and that of the protecting
channel have been included by means of a point mass of 0.043 Kg

at the centre node.

TEST CASE MT4 |MT29| MT38
IMPACT PARAMETER 1.7582 | 3.7904 | 4.0031
BEAM LENGTH (m) 1.40 0.80 0.20
NO. OF BEAM ELEMENTS 7 4 4

LENGTH OF ELEMENTS (m) | 0.100 | 0.100 | 0.025
IMPACTOR MASS (Kg) 0.250 | 3.125 | 0.375
IMPACTOR VELCOITY (m/s)| 3.0 | 1.5 2.5
SPRING STIFFNESS (N/m) |183428 | 360633 | 8000000
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TABLE (5.3) — Details of the experimental results for impact tests on

composite beam specimens

m
Notes : a) Impact parameter defined as vy/—

M

(also see Tables (4.6,4.7))

b) Tabulated values of max. bending stresses are as measured

at the beam centre (i.e. below the point of impact)

TEST | IMPACTOR IMPACT MAX. BENDING
CASE | VELOCITY | PARAMETER STRESS
(m/s) (MN/m?)
CT1 2.4261 19.8091 897.4862
CT2 3.4310 28.0143 1078.9865
CT3 4.4294 36.1663 1472.2620
CT4 5.4249 44.2945 1573.1019
CT5 2.1700 19.8091 912.6124
CT6 3.1321 28.5920 1290.7502
CT7 3.9618 36.1663 1552.9339
CTS8 4.6456 42.4087 1573.1019
CT9 5.0503 46.1031 1633.6058
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TABLE (5.3) — continued

TEST | MPACTOR IMPACT MAX. BENDING
CASE | VELOCITY | PARAMETER STRESS
(m/s) (MN/m?)
CT10 1.8793 19.809:1 963.0330
CT11 2.8014 29.5296 1452.0940
CT12 3.8360 40.4351 17142777
CT13 4.2021 44,2945 1694.1097
CT14 1.5344 19.8091 993.2853
CT15 2.4261 31.3209 1512.5979
CT16 3.1321 40.4351 1915.9574
CT17 3.5711 46.1031 2036.9652
CTi18 1.0850 19.8091 1018.4956
CT19 1.7155 31.3209 1583.1858
CT20 2.2147 40.4351 2218.4770
CT21 2.6205 47.8435 2521.0287
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TABLE (5.4) — Summary of the experimental findings presented by
CANTWELL (70) rélating to impact tests on compos-

ite laminates

LOW VELOCITY IMPACT DAMAGE

COMPOSITE ENERGY TO TYPE OF

SPECIMEN | INITIAL DAMAGE DAMAGE

(Joules)

4-ply (£45) 0.22 lower surface matrix damage

8-ply (+45) 0.63 lower surface matrix cracking

16-ply (+45) 1.20 lower surface matrix damage

32-ply (+45) 0.40 top surface matrix cracking
64-ply (+45) 0.48 top surface damage
8-ply (0,+45) 1.00 lower surface fibre cracking
16-ply (0, £45) 1.61 top surface matrix cracking
32-ply (0, £45) 0.51 top surface damage

HIGH VELOCITY IMPACT DAMAGE

COMPOSITE ENERGY TO TYPE OF

SPECIMEN | INITIAL DAMAGE DAMAGE

(Joules)

4-ply (£45) 0.17

8-ply (£45) 0.40 lower surface matrix cracking
16-ply (+45) 0.61

32-ply (+45) 0.38 top surface matrix cracking
8-ply (0, +45) 0.50 top surface matrix splitting
16-ply (0, +45) 0.40 top surface matrix cracking
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TABLE (5.5) — Estimation of the modal distribution of energy in the
composite specimens employed by CANTWELL (70)
for high and low velocity impact tests. Calculation

based on the numerical technique of Chapter (2)

Laminate material = XAS-914C
Laminate thickness = 2.0 mm
Laminate width = 25.0 mm
Laminate length = 50.0 mm
Effective density = 1500.0 Kg/ m’

a) Low velocity impact

impactor mass 0.75 Kg
impactor velocity = 2.0 m/s

MODE|] 8-ply | 16-ply | 32-ply

99.89% | 99.78% | 99.57%
0.06% | 0.13% | 0.26%
0.02% | 0.04% | 0.08%
0.01% | 0.02% | 0.04%

— 10.01% | 0.02%

[SL 00 I~ B ZCR B - )
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TABLE (5.5) — continued

b) High velocity impact

impactor mass
impactor velocity

0.001 Kg
200 m/s

MODE | 8-ply | 16-ply | 32-ply

54.82% | 38.57% | 24.66%
18.12% | 20.03% | 18.04%
8.86% |11.52% |12.26%
5.15% | 7.48% | 9.27%
3.20% | 5.15% | 7.05%

Gt | W N |

372



4.20

Legend

.60

EXPERIMENT
--—FE ANALYSIS
3

3.00

(x10 %)

2.40

1.80
TIME ( SECONDS )

.20

o
I ] 1 | 1 1 1 JJ 1 .

00091

00°0z1 00°08  00°0¥ 00°0 00°0v—

(,01x) (N ) 30404 LOVdWI

FIG.

(5.1)

- The finite element prediction of the
contact force variation with time compared

with the experimentally measured response, for the case
of the long (1.4 m) metal beam specimen (Test case MT4).
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FIG. (5.2) - The finite element prediction of the

displacement variation with time, at the
beam centre, compared with the experimentally measured
response, for the case of the long (1.4 m) metal beam
specimen (Test case MT4).
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FIG. (5.4) - The finite element prediction of the
bending stress variation with time,

at 5 cm from the point of impact, compared with the

experimentally measured response, for the case of the

long (1.4 m) metal beam specimen (Test case MT4).
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FIG. (5.5) - The finite element prediction of the
bending stress variation with time,

at 15 cm from the point of impact, compared with the

experimentally measured response, for the case of the

long (1.4 m) metal beam specimen (Test case MT4).
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FIG. (5.6) - The finite element prediction of the
bending stress variation with time,

at 25 cm from the point of impact, compared with the

experimentally measured response, for the case of the

long (1.4 m) metal beam specimen (Test case MT4).
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FIG. (5.7) - The finite element prediction of the

contact force variation with time
compared with the experimentally measured response,
for the case of the medium length (0.8 m) metal beam
specimen (Test case MT29).
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FIG. (5.8) - The finite element prediction of the

displacement variation with time, at the
beam centre, compared with the experimentally measured
response, for the case of the medium length (0.8 m)
metal beam specimen (Test case MT29).
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FIG. (5.10) - The finite element prediction of the
bending stress variation with time,

at 5 cm from the point of impact, compared with the

measured response, for the case of the medium length

(0.8 m) metal beam specimen (Test case MT29).
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FIG. (5.11) - The finite element prediction of the
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(0.8 m) metal beam specimen (Test case MT29).
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FIG. (5.30) - Variation of maximum shear and bending
stresses with impact parameter for the
medium length (0.8 m) metal beam specimen. Theoretical
estimates are based on the stress models and
experimental stress data are as measured at station (1).
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FIG. (5.31) - Variation of maximum shear and bending

stresses with impact parameter for the
short (0.2 m) metal beam specimen. Theoretical estimates
are based on the stress models and experimental stress
data are as measured at station (1l).
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FIG. (5.32) - variation of maximum shear and bending

stresses with impactor momentum for the
long (1.4 m) metal beam specimen. Theoretical estimates
are based on the stress models and experimental stress
data are as measured at station (1).
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FIG. (5.33) - variation of maximum shear and bending
stresses with impactor momentum for the
medium length (0.8 m) metal beam specimen. Theoretical
estimates are based on the stress models and
experimental stress data are as measured at station (1).

405




(x10%)
600.00 800.00 1000.00

400.00

MAXIMUM SHEAR STRESS ( N/M?)
200.00

1 J, ] N 1 N 1

.00 2.00 3.00 4.00 5.00 6.00
IMPACTOR MOMENTUM ( KGM/S )

0.00

(=)
(=]
o

(x10°%)
40.00 60 .00 80 .00 100.00
]
o

MAXIMUM BENDING STRESS ( N/M?)
20.00

.00 1.00 2.00 3.00 4.00 5.00 6.00
IMPACTOR MOMENTUM ( KGM/S )

0.00

o

FIG. (5.34) - variation of maximum shear and bending

stresses with impactor momentum for the
short (0.2 m) metal beam specimen. Theoretical estimates
are based on the stress models and experimental stress
data are as measured at station (1).
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(1.4 m) metal beam specimen. Theoretical estimates are
based on the stress models and experimental stress data

are as measured at station (1).
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FIG. (5.36) - variation of maximum shear and bending
stresses with impactor energy for the
medium length (0.8 m) metal beam specimen. Theoretical
estimates are based on the stress models and
experimental stress data are as measured at station (1).
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FIG. (5.37) - Variation of maximum shear and bending

stresses with impactor energy for the
short (0.2 m) metal beam specimen. Theoretical estimates
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FIG. (5.38) - Plot of maximum shear stress against

maximum bending stress gradient for the
metal beam specimens. Theoretical estimate is based on
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FIG. (5.40) - variation of maximum bending stress with

impactor energy and impact parameter for
the metal beam specimens. Measured stress data at
station (1) have been extrapolated to yield the stress
at the beam centre.

412




® — Specimen locking
4 .50 .25 6.00

3.75

3.00
IMPACTOR VELOCITY ( M/S )

2.25

Legend
.50

0O EXPERIMENTAL DATA
0-.75

— THEORETICAL ESTIMATE
1

o
o
s 1 1 } A ! r] - 2 ‘b .

o

00°0SZ 00°00¢ 00°0S1 00" 00T 00°0S 00°0
(,01%)  ( ,W/N ) SS3HIS INIANIE WNNIXYA

FIG. (5.41) - Variation of maximum bending stress with

impactor velocity for the 25 cm composite
laminate beam specimen. Theoretical estimate is based on
the bending stress model and experimental stress data
are as measured at beam centre.
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FIG. (5.42) - variation of maximum bending stress with

impactor velocity for the 20 cm composite
laminate beam specimen. Theoretical estimate is based on
the bending stress model and experimental stress data
are as measured at beam centre.
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FIG. (5.44) - Variation of maximum bending stress with

impactor velocity for the 10 cm composite
laminate beam specimen. Theoretical estimate is based on
the bending stress model and experimental stress data
are as measured at beam centre.
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FIG. (5.45) - variation of maximum bending stress with

impactor velocity for the 5 cm composite
laminate beam specimen. Theoretical estimate is based on
the bending stress model and experimental stress data
are as measured at beam centre,
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FIG. (5.46) - variation of maximum bending stress with

impact parameter for the composite
laminate beam specimens. Theoretical estimate is based
on the bending stress model and experimental stress data
are as measured at beam centre.
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FIG. (5.47) - Energy to initiate damage in the composite

laminate beam specimens as a function of
beam length. Theoretical estimate is based on the
bending stress model.
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