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ABSTRACT

The problém of inventory control in a stores complex consisting of
a central store supplying a number of sub-stores upon which demands are

made has received comparatively little attention in the literature.

This thesis looks into the problems of control from an overall
point of view and proposes heuristic rules drawing from the experience
of an author in this field., These rules are tested and refined on
simple yet fairly representative models of a real-life complex and com-
parison of performance under the proposed control rules is made with the
control proposed by J.A, Cran, who recently has developed ideas which

he has shown to improve considerably on traditional methods.

It is shown that the rules proposed here are not only likely to
lead to lower costs than the Cran control but are flexible enough to
regpond well to sudden changes in demand at any sub-store. The advantage
of an anlytical procedure to obtain the instant the complex should order
further stock benefits over the Cran control in which reorder level for

the complex does not respond to change in demand rate at any sub-store.

-
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CHAPTER ONE

INTRODUCTION
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This chapter discusses where the central store/sub-store complex is

encountered in business and the types of policy decisions which have to

be made in controlling it.

1.1 Introduction to the Central Store/Sub-store System

The stores system or complex under consideration consists of a central
store and a number of sub-stores, the. latter being dependent on their
supply from the former, and where demands on the sub-stores are stochastic.

The situation is depicted in the diagram below.
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There are many real situations in business where such a complex
occurs. For example, the 'central store' may be a warehousé at a con-
venient location supplying a very large number of stores retailing to the
public. In this case, the retail stores are the 'sub-stores' of the
complex. Alternatively, the 'central store' may be a warehouse attached
to the factory's production unit supplying to district warehouses (the
'sub-stores') over the country, on which requisitions from retailers are
-made. It should be noted here that if these retailers are part of the
same company operating the central store and the districtAwarehouses,
then the problem becomes more complicated in that the demands on the sub-
stores from the retailers are not completely random, since control can,
and is, exercised over them. However, the complex depicted in the dia-
gram still has application in this case because the retailing store may -
be considered as the 'sub-store' and the district warehouse as the

'central store'.



1.2 Introduction to the Problems of Control

The basic control problem is to match supply and demand at the sub-
stores in the most economical way. An excess of supply over demand is
costly because of the inventory investment, and an excess of demand over
supply is costly either because of the loss of a sale or (where backorders
are backlogged) because of the extra cost incurred in fulfilling back-
orders. In order to circumvent the problem, stock is usually held at
some or all nodes of the complex, i.e., at the sn;b-store,s and/or the cen-

tral store.

Some of the basic problems will be introduced here so the reader can

gain some insight into the overall difficulties.

When stock ordered for the system arrives at the central store, a
decision has to be_made as to whether or not it should be immediately
distributed out to the sub-stores, and if so, whether all or only a frac-
tion of it should be distributed. Also the allocation decision for each
sub-store has to be made. In searching for a solution to this problem,
it will be seen that a distribution to the sub-stores of all the avail-
able stock in the central store will be unwise since in the event of a
new order for the system not being available at the sub-stores for a
long period, a sub-store low in stock will be in either of two situations

(i) It must suffer a stoék;out;

or (ii) It can receive a redistribution from some other sub-store.
Generally either of these alternatives are excessively costly, and it
pays to retain stock in the central store to be av;ilable for replenish-
ing needy sub-stores. It may be seen that the problem can in many
instances be overcome by keeping a high level of éverage stock in the
complex (i.e. by following on one stock order by another in less time
than otherwise) so that sub-stores are replenished when their stocks
are generally fairly high, but not only is this likely to be costly in
terms of holding inventory costs, if the variance of sub-store de-
mand is high, shortages may still ocecur.

When deciding on the quantity to be issued to a sub-store due to
be replenished, it is clear that this issue quantity must relate to the
inventory positions of all the other stores in the complex. Clearly
when there is liberal stock in the complex, the sensible procedure is
to try to aim that the quantity allocated will suffice the sub-store
until stock from the next system delivery can get to this sub-store.

In this way we attempt to minimise the overall cost of deliveries.

On the other hand, when an issue is triggered by the sub-store reaching



a reorder level whilst the complex is low in stock (the latter point may
be made more specific by relating it té those instances when a stock
order for the complex is outstanding) the more important problem now is
to try to ensure that the issue is not so high that shortages result in
the other sub-stores. Thus a policy of 'rationing' should exist at
such times. The problem may be seen to resolve into balancing the ex-

pected shortages of all sub-stores and the costs of replenishment.

Further, it is clear that sub-store reorder levels should decrease as
the time that the order for the complex is due to arrive gets nearer.
The reason for this is that it may well be cheaper to wait for a large

delivery rather than trigger a small one.

The order for the system should itself be triggered by some function
which encompasses the inventory position of the whole complex. Central
store stock may be seen not to be a sensible trigger; it is costly in
inventory holding to‘trigger-an order when central store stock is low
when sub-stores have plenty of stock. The total inventory existing in
the complex is better but not really satisfactory as a trigger because
this would make a system with uneven distributions of stock over the

sub-stores appear falsely safe.

The variables which will be determined by the control method are as
follows:-

(i)> ‘number of replenishments to sub-stores

(ii) number of shortages and time of shortages at sub-stores

(iii) - number of stock orders for the complex

(iv)  inventory holding costs related to the average level of

inventory maintained in the complex.

'Panmnetcts -
The warismbles which essentially define the problem are:
(1) lead time for replenishments to sub-stores

(ii) lead time for the stock order to the complex
(iii) number of sub-stores

(iv) nature of demand at each sub-store

(v) cost of stock holding

(vi) penalties for shortages

(vii) cost of item itself

(viii) cost of replenishing sub-stores

The controlling decisions, of which some may be established heuris-
tically, are as follows:
(i) when to trigger the order for the complex

(ii) quantity of stock ordered for the complex



(iii) amounts delivered to sub-stores

(iv) when to replenish sub-stores.

1.3 Chapter Summary and Introduction to Chapter Two

" It is hoped that the reader will have some idea of the problems
this thesis attempts to solve. In the relevant literature on this subject
two distinct approaches are made. The first, the dynamic programming

9,10

approach, considered by Clarka’ >*~ and his colleagues, is presented in

Chapter Two.



CHAPTER TWO

REVIEW OF THE LITERATURE PERTINENT TO

THE CENTRAL STORE/SUB-STORE PROBLEM:-

CASE OF

THE DYNAMIC PROGRAMMING APPROACH

© 10



11

2.1 The Work of clark and Scarf

2.1.1 Summary éf work

This work develops a dynamic programming model to produce decision rules
for a stores complex consisting of a central store, a factory for supply of

a procurement, a repair facility, and a number of sub-stores.

Demands occur at the sub-stores and are asﬁuméd stochastic and inde-
pendent from sub-store to sub-store and from one period to another. De-
mands can be time dependent and distributions may be different between sub-
stores. Stock review takes place at discrete instanges in time, and lead .
times for replenishment and procurement and repair lead time are all taken

to be fixed integers times the interval between stock reviews.

Costs of stockholding for any period are taken as proportional to the
end~of-period stock at the particular sub-store but the unit cost may differ
between sub-stores. Shortages cost a fixed amount times the total number
of shortages experienced, and the cost of any shipment in stock is con-
sidered proportional to the quantity shipped. There is a restriction on
movement of stock - only downwards in the stores hierarchy (not from sub-
store to sub-store). . Clark only considers costs up to a finite time

horizon.

The technique of solution is to set up a sequence of one-dimensional
dynamic programming equations. In these the expected discoupted future
cost for period n for an echelon K is a function of the total stock of
echelon K and depends on the function for period (n+l), echélon K and the
function for period n, echelon (K-1). This rebresentation of costs is

admitted to be approximate’ though it is claimed to produce good results.

2.1.2 Introduction

-

In 1958, A.J. Clark published his report8 in which a dynamic program-
ming model was proposed for the solution of the control problems of the
complex depicted below.
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The arguments employed by Clark in establishing his model were heuris-
:tic, and no claim of optimality was made. In 1959, Clark and Scarf to-
gether showed® that Clark's model was optimal for the case of an un-
branching series of stores, and that it was probably good for the central
store/sub-store problem.A Later still, in 1961, Clark and Scarf went %n

10 . s s : .
to show™ how one of their more restrictive assumptions could be relaxad.

2.1.3 The single echelon model

The case of a single store is introduced first. Stock is considered
at discrete review instants. The criterion is the minimization-of dis-
counted costs up to a finite planning horizon. The discount rate is w.
Holding costs are assumed proportional to the stock after each decision

is made.’

A vector Ej is defined thus:
(H.). = (h.x for x> O
AR (3
(0 forxgO
(Hj)x is the holding cost associated with a virtual stock x at time 7;
hj is the unit holding cost at time j. Depletién costs are assumed
' proportional to the number of shortages experienced, and thus a depletion
vector Dj is similarly defined:
(p.). = (0 for x>0
J X, (
(—djx for x <0
Demands are assumed captive.

A demand matrix Pj is defined thus:

(P)xy = Egj(x—y) X2y

(o X <y
where gj(i) is the probability of a demand of i units between time
j and (j+l).
Then, if gj denotes the cost of the best policy from time j onwards,

and assuming zero lead time, the following equation is given:

C: = f(H, + P.D. + w P.C, ) (1)
=3 £y + PyDy =i+ _
f being the ordering function or ordering policy.

We put T. = H. + P.D. + w P.C. and so:-
Put ot I ot =j+1°
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E% 'is a vector whose xth element is the expected future cost if the
stock at time j is x, and if no ordering action is taken at time j, and .

if an optimum policy is thereafter followed.

It has been shownll that if the ordering cost is proportiocnal to the

quantity ordered then the least cost ordering policy, £, is as follows:-

ft.,x) = (t. for x 3 S,
- ] (],X J

. + v.(S.- £ S. 2
(tJ,Sj vJ( 5 x) for x < 5 (2)

wher S. = Max .x s (. - t. > v, 3
© ] (2 € I.x 3,%-17 J) 3

3
and vj is the unit ordering cost at time j.
Thus the ordering policy is:
Do not order if x 3 Sj

Order (Sj—x) if % < Sj

If the ordering cost for q units is CR + qvj, then
3

'j(tjix) = (t, % for x > 8

¢ 3 | .
t. o, +t v.(S.,-%x) + C, for x ¢ s, (4
( 3,55 J( 3 R, or x 5 )
where s, = . - —vols ~x)) s o (5)
3 Max {x: (tj,x tj,SjVj(Sj x)) 3 CRj} o

Equation (1) leads to C, = H. +P. D. + f(wP. C." | (6)
quation (1) g Hi + B, D, + Z(WP, -j+l)

2.1.4 The Multi-echelon problem
The model proposed here considers the complex depicted in 2.1.2

although it is said to have application to many different stores complexes.

Suppose the time horizon to be n intervals. Let tP’ tR’ be the num-
ber of intervals in the production lead time and repair lead time res-

pectively. Then, for this complex,

> >
tP tR 2 1

2.1.4.1 Echelon definition

An echelon is defined as a store and all stores fed directly or

indirectly from it.



If s = Total Sub-store Stock,

s
Sc = Centfal Store Stock,
Qg = Repair stock with "a" intervals before availability at
the central store, '
Qpy, = Production stock with "b" intervals before avaiiability
at the central store,
we have: tR >a>1l
>h %
tP b 1.
Echelon "K" is defined as containing EK as follows:-
E—l ; Ss
E = 8 + 8
o) s c
K K
E = S +S + I q,. *+ I qu.; lgKgt ()
K s. ¢ a=1 Ra b=1 Pb R
tr K , .
EK = Ss + Sc + E qRa + E Qpp 3 tR< K« tP
a=l b=1
E T ®
p

2.1.4.2 Assumptions
(a) For Echelon -1

It is assumed that the costs of supply to a sub-store are identical,

whether the supply be from a sub-store or from the central store.

(b) For Echelon 0

It is assumed that the supply costs are identical, whether from pro-

duction or repair.

(c) There is no fixed ordering cost for any echelon except the

highest one.

-

2.1.4.3 Heuristic formulation of the model

Consider the Kth echelon. It will be clear from the definition that
the stock present in this echelon is contained in all echelons of higher

order.

The holding cost charged to the Kth echelon is thus not the complete
cost of holding its stock but just the increment in holding cost as a
result of having stock at echelon K rather than at echelon (K+1). The
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summation of such stock- holdlng costs then is correct for the whole complex.
Similarly, the unit shortage cost charged to the K th echelon is the
dlfference between the cost to the system of a demand not being met, unéil
the (K+l)t echelon instead of the Kth

There 1s, further, the extra cost involved if the stock at the Kth

echelon is insufficient to supply the required stock at the (K--l)th
echelon when the latter makes its order. The cost assigned to echelon
K is the difference in the expected costs of working echelon (K-1) with
the optimum stock level and with the stock available.

2.1.4.4 The analysis for echelon -1

Consider echelon -1 and suppose there are N sub-stores. gﬂ 1 is the
?

holding cost vector for period j at sub-store i. D. . is the correspond-

~J.1
ing depletion cost vector.
CR is the unit ordering cost
3,1
gj 5 is the demand probability distribution
?
21 is the lead time from central store to sub-store - which is

to be either zero or unity.

Then Sj T which is the maximum stock level for sub-store i, can be
? .

obtained by the use of one~dimensional dynamic programming on equation

(6).

Now if all or part of the order of the sub-store cannot be satisfied,

then the sub-store incurs more costs than assumed by the ordering policy.

These extra costs, B. are given by:-
—j,1i
B. =(¢t N £(t, . ' if 2, =0
3,1 ( _(—3’1) 1
( i (8) -
- j,lgjfhl f-(Pj,5_-9-';34-1,5.) ;=2

This cost vector simply represents the expected cost of sub-store i
being forced to operate below its optimum inventory level, i.e. if x is
the notional stock of sub-store i plus the quantity at the central store
free for allocation to sub-store i at the time j, then the penalty charged
to echelon 0 as ap extra depletion cost is {Ej,i}x‘ If thefe exist

N .
cj = iilsj’i serviceable items in echelon O 4t time j, then no such penalty
is to be charged to echelon O.
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It is to be noted that the extra depletion cost charged to echelon *

0 will be a total over all sub-stores. It is important to note that

Clark is only able to obtain a unique answer on the assumption of optimal

deployment of stock among the sub-stores (even if this means redistributing

stock amongst them).

are denoted by Gj-
2

A vector A,
—J»

2.1.4.5 (Clark's treatment of the problem of optimal deploy-

ment -of stock amongst sub-stores

-1 is given such that the elements of the vector, which

-1,x are glven by

(0. for x 2 o,
5. = ( J
J.71.x% ( b. ., for x < g, (9)
Js1LY J
where bj,i,y is the yth element of Eﬁai and i,j are chosen so that

8

Je=l,x-1 ? 6j s=1l,x

>0 ,forx<0j

The elements of éﬁ _ increase in value as the amount of serviceable
3

1

stock, x, decreases. For stock positions below Uj’ these constitute the

depletion cost chargeable to echelon O.

2.1.4.6 The analysis for higher echelons

It is assumed that the following are available.

Ht
=j.k

D,
=J,k

G,
3.k

tbe holding cost vector at echelon K.
the depletion cost vector.

the unit ordering cost

the fixed production set-up cost.

(applies to echelon (tP-l) only).
the demand probability matrix.

It is assumed that the holding cost is proportional to the cash value

of the stock balance. The additional cost of holding x units of inventory at

echelon K rather than at echelon (K+1) is

v

Jak

. : E Vs kX for x> O
3ok, x (o for x ¢ O
where W is the unit holding cost per unit of increased value, and

is the value added to the item by ordering it into echelon K.
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Gj k(x) represents demands (or "losses" in the context of Clark's
?

work) to the echelon during the period j. For 0 £ K & tR'it includes
all failures, and for tR £ Kg tP, it includes just the condemed failures,

Each echelon is treated as a single echelon problem using the follow-

ing dynamic programming recurrence relations:

(10)

¢ = K541 7

. H. +
=i,k —=j sk

A, + P, D, + f(wP .
=Jsk~1 jsk =] sk _'( 3

where 0 ¢ K < tP and f is defined just as in the single echelon problem

(equation (2) or (4)).

For 0 & Kg t -1

P
A, . = wp, C... . - E(wP. ,C. 11
=3,k WP],k—j+l,k - WPJ,k*3+l;k) (11)
From these recurrence relations, Eﬁ K and the echelon ordering para-
b4
meters Sj K for 0 € J<n, 0gK< tP’ can be obtained.
? .

2.1.5 The central store/sub-store problem

With the assumptions of the Clark model holding, the sub-store stocks
together comprise the lower echelon, and the higher echelon comprises éll
the stock in the complex (i.e. sub-store stocks plus central store stock).
It is ﬁecessary to the model to obtain a unique penalty function (which
depends only on the stock of thé higher echelon), to penalise théAhigher
echelon for inability to supply the \lower to optimal levels. To do this,
Clark was compelled to make the assumption that inventory was easily
exchangeable amongst sub-stores, and the value of the extension of the
Clark model to this problem is limited by the extent to which this assump-

tion is invalid.

2.1.6 Comments on the work of Clark and Scarf

The work of Clark and his echelon cencepts is a major contribution to
" the literature for inventory control in a hierarchy of stores. Lampkin,
in his 'thesis,3 specifically disagrees with Clark on his construction of
the vector Aj,-l in equation (9). This author agrees with Lampkin in

noting that the costs defining Gj _ should contain the costs for not
3

1,x
allocating the optimal stock from the quantity available summed for all

sub-stores (not just for one sub-store).

In considering the application of Clark's model to the central store/
sub-store problem it has been stated that Clark was forced to assume easy
exchangeability of stock between sub-stores to get over the problem of
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assigning a unique penalty for a higher echelon stock less than cj;
However, in doing this, the future stocks at any sub-store become dependent
on the stock level at all other sub-stores, since any of them might be
short of stock and require shipments to them, - The lower echelon model is
thus incorrect, since it treats each sub-store separately and independently
of other sub-stores. The usefulness of Clark's model applied to the
central store/sub-store problem is thus limited by the extent to which

. transshipments would be a good idea in practice.

In many instances in practice, inter sub-store distribution will often
not occur, and so the model due to Clark will be nearly correct and should
itficult . . .
produce good results. There is the éewﬁiaéé that this dynamic programming
model may not be acceptable to some managements for running a central store/

sub-store complex because of the considerable computation necessary.
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2.2 The Work of A. Gradwohl

2.2.1 Introduction

In 1959, Gradwohl published a reportl6 in which the nature of solu-
tions to the multi-echelon inventory problem was investigated through case
studies. This particular work is a straightforward exposition of the
paper due to Clark and Scarfg, in which the latter authors considered the
mathematical aspects of the formulation of the multi-echelon inventory
problem and established conditions under which the policies determined were

truly least-cost (viz, in the case of an unbranching series of stores).

After Clark and Scarf introduced a modification to their first for-
mulationlo relaxing one of their more restrictive assumptions (in which
fixed order costs at lower echelons were allowed yielding policies appro-
Ximating the least-cost policies for the case of zero fixed order cost
at lower echelons), Gradwohl (also in 1961) published a report2u dealing

with several aspects of this formulation.

* This latter report describes the technique for computing the approxi-
matgﬁpblicies in non-mathematical terms. The sensitivity of these pol-
icies (and their costs) to parameter changes is then investigated.
Finally, the effect of the implementation of these approximate policies

in a central store/sub-store complex is studied in an attempt to determine

the cost increase over the theoretically optimum.

2.2.2 Technique for computing approximate policies

2.2.2.1 A simple example

A simple example demonstrates the method. The case of a sub-store
ordering from a central store is considered. It is now assumed the sub-

store incurs zero fixed ordering cost.

A purely arbitrary cost curve is considered. If the cost associated
with a level s at the sub-store exceeds that with one unit less by more
than the cost P of a unit, then at least this level of inventory should be
maintained. Thus it is required to find

(Max s : C(s) - C{s-1) > v) , where v is the per unit ordering cost.,

A

Thus if we denote this level of s by s, if it is found that the stock

level is less than s, stock is ordered up to s.

% In this review, the present author feels an indication of the fype of
consideration in hand by general terms (rather than the particular case
given by Gradwohl) to be more appropriate.

“% Approximations are used becausetrue least-cost solutions require compu-
tation which cannot economically be allowed.
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If, however, an order for this stock difference cannot be met by the
central store, . the sub-store will be expected to experience greater
costs than otherwise. If it is at a level so(s° < ;) then its expfcted
c?st is C(so). If the order had been filled, t?e c?st would be C(s) +
(s - s . It is suggested that a cost of {C(s)+(s—s°}~0(so)} be charged
to‘the supply store because. it has failed to supply. This is termed the
'implied shortage cost'. This charge occurs at any time the total number

of units at sub-store and centralstore is less than .

2.2,2.2 Case of non-zero fixed order cost at sub-store (c. )~

The analysis here is analogous to that above with the exception that
wg now have an (s,S) policy where S equals ; and s is

sﬁDL = (Max s: C(s) - {C(; + (;—S)V+ cR} > (ﬂ .
The implied shortage cost must now be computed. If total stock at cen-
tral store and sub-storeST is sqch;that ?Ts SROL’ then the implied
shortage cost would be C(ST) - {C(s) %»(S*ST)V+ cR} . This cost will be

incurred because the sub-store is sure to be at its reorder point.

2.2,2.3 Case where ST exceeds SROL

The implied shortage cost is more difficult to compute .for this case
because it depends on the distribution of stock between central store and
sub-store. It is argued that the implied shortage cost should be charged

if the sub-store is at or below s L? its reorder point,and not if it is

RO
above reorder point. This distribution of stock can be taken into account
but means excessively long computation, and so to decide whether or not
to charge an implied shortage cost to the central store, the following

procedure is adopted.

Whenever ST exceeds 8 L? sub-store stock s is considered to always be

RO
described by:

either (i) s QﬂSROL

or (ii) 8 » s

ROL
Case (i) results in a "maximum implied shortage cost" and (ii) a

"minimum implied shortage cost'.

2.2.2.4 Control at the central store

It is assumed that control at the central store is an (s,S) policy.
For this store, s and S are computed twice with independent computations.
The first considers the maximum implied shortage.costs idded to the cen-
tral store future costs and then the minimum implied shortage costs added.

From each pnew cost curve the (s,S) values are obtained. Neither (s,S)
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policy, of course, represents the optimal policy because neither the

implied shortage costs of Cases (i) and (ii) are correct.

The unknown optimum cost is shown to lie somewhere between the two
possibilities, and the feasibility of using the central store'"maximum
policy" (Case (i}) with the assurance that the increase in costs over
the optimum policy does not exceed that over the "minimum policy"

(Case (1i)).is argued. It is shown that similar assurance is not

possible if the "minimum policy" is used.

It is clear then that the central store "maximum policy" must be
used since the margin by which the cost of this policy exceeds that
of the least~cost policy can be calculated.

2.2.2.8 Exceptions to use of a "Maximum Policy" at the

central store

It is stated that for very cheap items where it is economical to
order a supply to last for a long time, the "minimum policy" is the

more correct policy.

2.2,3 Sensitivity of Policies

The sensitivity of policies and costs to parameter values is inves-
tigated to identify regions in the parameter space where the maximum
and minimum central store policies lead to expected costs which are not
significantly different. In these regions both these policies approxi-

mate the unknown optimum policy.

2.2.3.1 Method of.investiggtion

A nominal case with nominal parameter values is fixed and each are
varied systematically about this nominal one at a time. The parameters
gonsidered are

(1) Mean demand per review period

(ii) Sub-store fixed order cost

(iii)”~bentral store fixed order cost

(iv) Sub-store shortage cost

(v) Central store shortagé cost

(vi) Replenishment cost

(vii) Number of sub-stores

(viii) Distribution of demand among sub-stores

(ix) Lead time to central store
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2.2.3.2 Result of investigation

The foll&wing parameter values lead to good approximations to the
optimum policy:

(a) High Mean Demand per period

(b) Low Sub-store Fixed Order Cost

(c) High Central Store Fixed Order Costs

- (d) High Replenishment Cost

(e) Few Sub-stores

(f) Imbalance of Demand among Sub=-stores

(g) Long Central Store Lead Time

2.2.4 Application of Policies

The evaluation of the practicality of the-application of the suggested
approximate policies is made by computing both the costs of controlling
the complex with the central store maximum and minimum levels and com-
paring. In this way (with the assumption that the central store maximum
levels are used for the entire stock) the cost increase over the optimum
is estimated (assuming optimum cost and central store minimum level cost
are equal). Then since the cost increase over optimum attributable to
traditional control policies is roughly known through experience, savings
attributable to the approximate policies may be estimated. A simple
hypothetical multi=echelon complex (a central store/sub-store complex was
used) was chosen for this evaluation. It was found that the cost asso-
ciated with the maximum policies was 2.5% greater than with the minimum
policy. Thus yse of the maximum policy results in a maximum increase of

2.5% over the optimum cost.

.

Notably, the factor keeping this difference so low is the high-value
nature of the stock. Gradwohl goes on to suggest traditional inventory
policy costs range from 20-30% above optimal, and can be expected almost
always to excedd 2:5%. It is concluded that implementation of the appro=-

ximate policieé is likely to result in significant savings.

2,2.5 Comments on the work of Gradwohl

This work is valuable in that it shows up (in very general terms) the
regions in which the control model due to Clark and Scarf will produce
fairly substantial savings over traditional controls. The same criticisms
apply as in the review of the work of Clark (2.1); the ideas established

are purely heuristic and (s,S) controls at sub~stores and central store

may be improved upon.



23

Gradwohl has indicated that for very cheap items a "minimum policy"
at central store is the preferred policy. There are likely to be other
regions over the parameter space wﬁere this policy is to be preferred to
a "maximum policy", It may be a good idea if these could be explicitly
defined. ‘

The results of the investigation into the sensitivity of policies over
the parameter space again are not very explicit, and for the cdnverse of
those parémeter values cited in 2,2.3.2, Gradwohl states that the "maximum
policy" poorly approximates the optimum policy. This thus tends to res-
trict the usefulness of the ideas in Clark's model when applied to prac-

tical cases where these paramters ‘occur.

As Gradwohl himself suggeéts, an "approximation'" to the approximate .
policies to allow direct computation‘of policies for non-dynamic cases is
a suitable area for further research, in order that the lengthy itera-
tions of the suggested dynamic programming procedure may be eliminated for

these cases,

2.3 Chapter Summary and Introduction to Chapter Three

The very general model due to Clark is applicable in the case of a
policy decision for stock to be reviewed periodically and simultaneously
at all stores. It is important to note that it will, necessarily, entail
considerable computation for each item considered, and can really only

sensibly be used for expensive and important items.

Most of the literature appertaining to controlling the central store/
sub-store complex under consideration takes a steady state approach and

these works are dealt with in Chapter Three.
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3.1 The Work of I'. Hanssmann

3.1.1 Introduction

The work of F. Hanssmann as described here is found in a paper to
'Operations Research' and in his book2. This work considers the problem
of inventories of partially finished goods but this is exactly analogous
to the central store/sub-store problem, and the ideas are written here in

the language of the latter.

Hanssmann assumes that when shortages occur, no direct cost is involved,
but that demand is related to the average waiting time of customers, and
this relation is assumed known, being estimated empirically. It is assumed

that demands are captive.

Stock is reviewed simultaneously at all sub-stores after equal time
intervals. Demands on the sub-stores are continuous, and demands in
separate weeks are independently normally distributed. Stock is ordered
each week from the sub-stores, and also from the central store, the for-
mer orders being independent of each other, the latter order assuming

full knowledge of the sub-store orders.

As with a few authors in this field, Hamnssmann develops his ideas
by considering firstly a single store, secondly two stores in series, and
then thirdly the central store/sub-store problem. For comprehensive-

-

ness, and convenience for the reader, these ideas will be taken in order.

Initially two functions are introduced:

I—I
(1)

H

An(In)

/51? o

I
(2)

- B (I )
.“ regpecd‘u/ej the, mean mvetory Ty Level

o »4
OV\C‘ fwz» s*’hé Ve e«laﬁm\ o?’ 5u.1> s'fjore deva/
hese are, respectlvely, the normallsed overage and normallsed

shortage.

3.1.2 The single store

Let V be the starting stock, the lead time £ weeks, dj is the demand
in the jth week, and qj is the amount ordered by the store in week (j-2),
i.e. qj arrives at week j. Then the virtual inventory level at week i
is I, where:-
i
i .
I, = V+ I (q —d ) (3)
j=1
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Action by the store at time zero affects the stock level at time g,
but not before. Thus q, (the stock ordered at time zero for arrival in .
week L) is chosen so that at time 2, the store holds a -target level of

inventory Io'

*
Thus we have: E(IL) = Io
) L
Using (3) then, I = V+ e{ I (q.-d.)}
o - P T
. J—
L
.. I = V+ ~eld, u
i.e o 'El {qj e( J)} (%)
. J—
From (4) q may be found: .
2~1 : L
I = V+ £ q.+q, - L e(d.)
° cgm R g
L -1 ‘
and q, = I+ -E e(dj) - {v + R qj} (5)
i=1 J"‘l
‘ L )
Now (3) shows that I = V+ 3 (q.-d;)
. 2 ‘...l J J
J-—
.and so, using (#) Iz = Io + jﬁie(dj)-dj} (6)

If qj , is,N(u,az), then I Eis cho,ggzy.

3.1.2.1 A simpler ordering rule than (5)

From equation (5) we obtain the stock to be ordered at week i, viz.

qi+1: ,
isg i+g-1
q; = I + ze(d)-({I;+ = q:}
= S
i+g-1 :
i.e. = - I, - . 7
ie. q, ;Io + o - I j=§+1 %y (7)
o di4p-2
? - - - 8
Also, 9 g1 I+ w - I, jii ?} ' _ (8)

by replacing i by (i-1) in équation (7) ‘and so:-

Uag™ Yag-y = Tiop ~ I3 +95 = 94407

X & indicates ' Expeciéd Value of "
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and, = I - I tgq \ ; (9)

U+g i-1
But from (3)
L S Liaty g

and so (9) yields:-

Uy * di . (10)

Thus, the rule is, "originally order as indicated by (5), and sub-
' sequently order the quantity demanded in the previous week".

3.1.2.2 Analysis to establish thimal‘lo

Hanssmann computes holding cost from inventory left at the store at the

end of a week.

Mean stock left over at the end of a week, the "Mean Overage" is given
by A:-

A = { I exp - (11 ) /2002 41
av2anh .
- oa | (11)
Similarly "mean shortage" B is /& o B (12)

If the mean potential sales rate is s, and the empirical function of
decay is u(f) such that a real sales rate su(t) is experienced, where
an average “customer delay time t is maintained (0 g u(t) < 1) then the
standard deviation of weekly demands s is assumed to be gu(t) and I
.will thus be
NI, 2(u(t)o)?} | : (13)

The average waliting time is defined as the total amount of wamtmng
time d1v1ded by the total number of demands

ie. t = -B/su(t) = —BnJE o/s
and so: B_ = -ts/V% 0. -

If p is the profit per unit (excluding consideration of holding"

or shortage):-

We have expected weekly profit as a function of (t) equalling P(t):-

P(t) p 3 u(t) - h A u(t)

p s ult) - b /T oult) A (14)
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Now A is a monotonic function of I, and so An[Bn—l (x)) is a well-
defined function. Hence (14) may be written thus:-

P(t) = psu(t) - h/Zgu(t) An(Bn-l(-ts//Eb))

The optimum value of t, t, can be found numerically. Optimal Io is

given by
I = gou(t) B -l(-ts//ib).
o n
3.1.3 Two stores in series
Virtual
Stock wo ‘ .
9

11 1At

Ug-1 DY

Supply —=—= - ¥ -+ - GStore 1 -®-- % - P28 Srope 2
9 -1 9

v
o

End of Week O

Virtual Stock
- ! -
W EW tql-Xx
Supply ---#--% & ® -~ Storel & o v e—a— Store 2

1 t 1 e ——
U1 U 93 9 Y41 2 93 92
- Vo+ql

Start of Week 1

Eigare

Using the notation as in the previous section, we have in addition

target inventory levels for stores 1 and 2, Jo’ Io respectively.
. the above 'ﬁgure,
At the beginning of week 1, as shown in Figuwe=R, Q1 is ordered

by store 2 and qi+l by store 1 on the supply. The leadtimes to stores
2 and 1 are % and k respectively. It should be noted that qi is avail-

&

able for issue in store 2 against the order for Qg 4y OB it.
The ordering process is as follows:-’

Given the quantities in stock and in the pipelines, a quantity x
is computed which is the order from store 2 on store 1. Immediately x
is decided upon, store 1 orders from the supply a quantity based on its
new virtual stock (which will be w, = wo+qi—x) and on the pipeline stock

1

to it, viz. q! The assumption is made.that the supply always

1
2 °"" ki
holds sufficient stock to meet orders in full.
Store 1 may experience shortage of course, and at the beginning

of week 1, the quantity placed in the pipeline to store 2, viz. q, .,
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can differ from x.

If the virtual stock befofe the arrival of qi was negative (i.e.,
store 1 was depleted) then we would like the shipment quantity to be
Wt X, and, since Fhe quantity available in the'store is qi we will have:
Qyp = Min {qi, x—wo} for W, < 0
On the other hand, if w3 0, then no demands are outstanding on store .
1, and there is a physical quantity of qi t Wy available with a desired

amount X ordered; so

= Mi !
9.1 Min {ql + wo,x} . for w3 0.

3.1.3.1 The effect of a request for x on future inventory

levels at store 2

The week in which the effect-'is felt depends on the shortage at store
1. This shortage is a consequence of the target J, and can be character-
ised by the average time k' taken to fill an order x. It is assumed

that k' is an integer.

Then the first inventory level at store 2 over which control can be

exercised is VZ+k’+1 and
2 k 2+k '+l
2 = V. + £ g, + Zql+=x- I d, (15)
L4k +1 ° - i §=1 1 i=1 i
Hence an ordef rule is chosen to make
a(v5?.+k'+l) - Io 2 k!
i.e. I = V_+ I q.+ I q!+x- (L+k'+1) su(t) (16)
o o] . i . i
i=l i=1l

where t is the average delivery time maintained at store 2.

After x has been found from équation (15), g, @D be computed and
then qi+l is determined by the order rule:-
k+l

+ I q! - (k+1) su(t)
S i
i=2

Jo (17)

"1

The inventory in store 2 will be normally distributed thus

{Io; Ye+k'+1 ou(t)}.

Since the weekly output from the system at store 2 is a normally dis-
tributed random variable with parameters {su(t), oul(t)}, it is assumed
further that the output Qg1 from store 1 can be approximated reasonably
well by the same normal random variable.
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It then follows from (17) thai the virtual stock at store 1 is nor-
mally distributed with parameters {JO; vk+1 ou(t)}. . Qw)

The expected shortages at stores 1,2 are given respectively by
-k'su(t) and -tsu(t).

As with the reasoning for the single store case, the expected profit

per week is given as:-

-

e(P) = psu(t) ~h /T KT+ ou(t) A (B~ (—2—))

o/aHkT+I -
-1 k's
—hl.&ﬂ ou(t) An{ B, ( )} (19)
,fE-}-lo

where hl’ h2 are the holding costs at stores 1,2 respectively.
The problem is now reduced to that of maximizing e(P) with respect to

the variables t and k' subject to the following restrictions:-

(0 <t < k'+2
(
(0 ¢k' < k R

3.1.4 The central store/sub-store problem

The method of control and general details of the model are as for the
stores in series model, the difference lying in store 2 being repiaced by
N independent sub-stores. The lead time for each sub-store is assumed to
be & weeks, and policies are restricted to those giving the same expected
delivery time t to customers at each of the N sub-stores. The same .decay
function u(t) is assumed for all sub-stores. The holding cost fOr‘the i?h

sub-store is h21, The mean potential sales rate on sub-store i is s’.

If Iol is the target value at the J'.ﬂ-1 sub-store the inventory level
is normally distributed with parameters {Iol, Ve+k'+1l oiu(t)}
i=1,2 ... n

The expected shortage is

Bt = -—tstu(t)
N $ 5 N .

Taking ¢ as /{& (a*) jand S as I sl, analogy with earlier con-
i=l i=1

siderations yields e(P), the expected weekly profit:-
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h 1 Ya+kt+1 ciu(t)

e(P) = psSult) - = 5
i=1
i
x A {B L (—E___
non ke ot
-n AT ou(e) A (B "t (=K,
1 ‘ .Y k+L ¢

where 0 & t < 2+k', 0 ¢ k' < k.

3.2 The Work of W. Lampkin Specifically Related to the Work of

F. Hanssmann

Lampkin, in his unpublished university thesi33 and in a paper to
Operations Researchl+ has pointed out weaknesses in Hanssmann's work and

corrected some mistakes. This work is given below.

3.2.1 Corrections to fianssmann's work

Lampkin feels that Hanssmann's reasoning becomes invalid at the deri-
vation of equation (15). ‘Suppose that at the end of week zero, store 1 .
is empty and qi, qé sen qL* are all needed to meet demands on store 2 which
have already been placed. Then it is true that demands at the start of
week one cannot affect any stock level at store 2 before V2+k*+l but what

is not true is that this order determines V If the order does not

L4k%+1’
allocate all of qé*+l, then a later order may allocate more of"@ﬁ*+l and

this will affect v£+k*+l'

It is pointed out that-the ordering rule for the quantity x (equation
(16)) includes the expected number of outstanding orders by store 2, i.e.

L k!
(z a + 5 qi) rather than the true number. This, Lampkin says, throws

a%g% neari§1all feedback and produces violent oscillation in stock levels.

It is concluded that the intended ordering rule is

V, + stock outstanding on order + x - (e4+k'+1) su(t) = I,

i.e. x = I+ (L+k'+1) su(t) - vV, - stock oustanding on order.
This is said to be equivalent to the simpler equation:-
X = SO; where SO is the demand in week zero.

Lampkin goes on to correct expressions (17), (18), (19) by replacing
k+l by k in each of them, giving (17'), (18'), (19'),
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The equation W, =Wt qi - x and equation (17') together imply

! = i = [
Yy T and since x So’ we have

q]'<+l = Sy .
These considerations are said to lead to the following very simple
control of the system:- A
"Once the notional stocks have been set to the required levels, sub-
sequent control proceeds as follows: if §; denotes demand in the i?h |
week, orders for an amount Si are placed by store 2 onstore 1 and by store

1 on the supplier."
At this stage, two new constants are introduced.

Iy

it

Jo + ksu(t) \ : (20')

"

I

v I+ (L4k'+1) su(t) | (21")

For the moment the dependence of the demand distribution on t is

suppressed. Let the demand distribution in a week be N(s,oz).

Then the initial ordering rules are:-

x = Il - Vo - orders by store 2 outstanding (22')
k - _ .
1 = - _ ' 1
Y1 T Iy T ¥, iEl a; * % o (237)

Then for T >2+k we have:-

T-1

W, = J S (24')
T 1 i=T-x *
Stock + Outstanding
Outstanding Orders
Orders
d
& T
. = - . Tty
Vo I, ot d. o+ Min (wy_,, 0) (251)
. i=T-¢2
Stock + Outstanding Outstanding
Outstanding demands from demands from
Orders start of week before start of
T-2+1 to start week T-£+1
of week T
. T ‘ T-2~1 g
= - 3 - t
N 1, ) ~d1 +.Min {J; 5 ;> 0} . (26')

i=T-¢ i=T-k-%

Let y denote [ di; y 1s a normal deviate with parameters
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{(L+l)s, Y41 o}

‘ L
Let z denote - I
L

i.; z is a normal deviate with parameters
i=T- .

-k
{ks; VX o}

and y, z are independent.

It is clear that w, is a normal deviate with parameters {Jgs /K ol

which agrees with the corrected result of Hanssmann's equation (18).

3.2.2 The distribution of V

T
The distribution of VT’ called v for convenience, is to be found.
) ( Il -y for z ¢ Jl
v = (

( Il + Jl ~-y~z for =z > Jl

Thus the distribution of v is

J.=ks  I.-v-(2+l)s

W(v) dv = {—=— P(E—) z(-2 —)
o/L+l 0/72 oyl
@ _ I.+J. -v-z-(g+l)s
+ -5——£~——— z(2 ks.)Z( t 21 ) dz} dv
o vk(2+1) Jl g gv/L+l :
" 2
X 12 ax; - 1 =X
where  P(X) = — [ e dx; Z(X) = o e
Vor - m
Using this equation, it can be shown that
[+ 7]
ev) =[ wilv)dv = ¥
= = -_— - 1
= J (1-P)) + I, (L+1)s -ovk zZ, (27")
_ 2 2
Also Var(v) = (2+l)0” + ko (l—Pl)
. - — t
+ (I P+ avk 2,0 _(1-P,) avk zZ)) (28')
I, J
where P, = P(—=) and 3z, = 7(—-)
UV/}_(‘ , [

The integration in the expression for y(v) dv may be achieved and

yields: -
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1 Jl—ks Il—v-(z+l)s
p(v) dv = { P( ) 7 (————————)
o/2+1 vk Vo4l
£J. +kv-kI J_+I_-v-(g+k+l)s
$—L— (1-P(—2 L)) g2 )} v
oV L+k+1 avk (2+1) (2+k+1) oV +k+1 .

3.2.3 Comparison of the VT disfributions of both Hanssmann and
Lampkin

The question posed here is how does this distribution of v compare

with Hannsmann's solution that v is a normal deviate with parameters
{Io; Ye+k'+lg} where

Jd
o= -9k 5 (o,
S nc'

Evaluation of k' in terms of the P; Z functions yields:-
- - -
sk ovk z, - J,(1-P,)
and so equation (27') reduces to:-

g(v) = - (2+l)s - k's = I

I

and so agreement is established with Hanssmann on the mean of the distri-

(o]

bution, viz. Io.
The variances differ, however. Hanssmann's result is;:-

2
g

2
?
I (2+k'+1)o

]

2
2 . g o - .
(2+1l)o” + E-{UVE Z, Jo(l Pl)}
which is not the same as (28').

Lampkin comments that Hanssmann's result is a function not only of
%y k, 02, Jo, as his own, but also of s. He then gives the following

argument to indicate that the variance should not depend on s:’

Suppose each weekly demand ﬁas augmented by a furtherlarge invariant
weekly demand. If the target levels I and Jo were retained, it is -
clear that the stock levels in both stores would not be affected. The
distribution of v and hence the variance would be unaltered.

The next step Lampkin considers is that of investigation as to
whether the shape of the v distribution is roughly normal, and if a normal

distribution could féasonably be used as an approximation to Y(v).

Firstly, it is stated, the region of doubt is where (JO/OJE) is low

since Jo/oﬁ?*-w leads to W(v) dv approaching a normal distribution with



35

parameters {Io; V241 o}. A value of JO/G/E-"as low as would be met in
practice" is investigated and the corresponding ¢(v) compared to a normal
distribution with the same mean and variance. It is ghown by graphing the

two distributions that the two distributions show a marked resemblance.

From the expressions for e(v), Var(v), and from Wy = N(Jo; vk a), the
following cost function, suggested as an improvement to that postulated

by Hannsmann, is derived.

J
. _ _ -1 ,~tsu(t)
§(P) = psu(t) - hye(J_,t) A (B ——3——-)—)} n,vkou(t) A { " oulté}

where E(Jo,t) is given by:-

J
£20 ,8) = (Do uP 1)+ ko2ul(t) (1-P(—2—))
© Ykou(t)
J J
+ {J P(——2—) + gu(t)/k 2 (—=—)}
Ykou(t) Ykou(t)
J Jd -
x {J_ (1-P—=—)) - ou(t) k 2(—>—))
Vkou(t) /Ebu(t)

where 0 € t € k+2 and the minimum value of E(P) is to be found over
the (Jo,t) plane. ’

3.2.4 The central store/sub-store problem

Lampkin's rule for sharing to sub-stores follows:-

"The quantity available shall be issued in such a manner that for
each sub-store, the amount by which the total in the pipeline to the sub-
store falls short of the quantity outstanding on order shall be propor—

tional to the average demand from the sub-store."

It is said that this i

ually, but not always, possible. In -

tice, this conditioh would be met as closely as The following

at sharing according to the

8 1s presented on the assu

given rule is al B8sible, and thus it is said to be in error to this

3.2.4.1 The distribution of YT

As in the case of two stores in series, the dependence of the demand

distribution parameters in t is suppressed and

wT is the stock at store 1 at the end of week T
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V% is the stock at sub-store i at the end of week T
Jo is the target stock for store 1
Ioi is the target stock for sub-store i

§%’is the demand at sub-store i in week t.

N
i
S = I S
t i=1 t
Then if J, =J_ + kS
1l o
i_ i ' i
and Ip =1+ (24k'+1) S
, T-1
Then W, = J, - L S
T 1 =Tkt
s T . i
O i _ 5 .
and Vo = I I S *3 (min fwo_ys 0})
t=T-2
R T . i T-2-1
= Ii - I si +-§ (min {, - IS, 0})
t=T-2 . t=T-k-g
T 4
Let y denote z St 3 ¥ is a normal deviate with parameters
t=T-2

{(z+1)si~; Y2+l ci}

T-2-1
Let z denote z S. 3

£ Z is a normal deviate with parameters
t=T-2-k

{ks; vk o} and ¥, z are independent. Replacing VT by v we have:-

( I% -y for z ¢ J
= 1 1
v = ( gl
( I -y + §-(Jl—z) for z > J,

The distribution of v is given by

J.-ks 1 _g-(re1)st

I
yv) = —E—p-L 3 g (L }
L+l ok oVe+1
o Ii- -(2 si s:'L J. - )
+-7E—J£_____ 7{ZKksy z{ 1’ (i+l) Y z)/§ dz
o ovk(2+1) J, ovk o /o+1
which leads to:-
4 ; st
elv) = Iy - (a+l) s* 4+ 3 (3,(2-P)) - o/k 2,)
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i
Var(v) = (097 (141) + o k G )7 (1-P))

i

+(JPl+ of—Z)(J(lP)+-g o/i'zl)

where P, = P(J_fo/K); 2, = Z(J_fokk).

3.2.4.2 The profit function

The following expected weekly profit is given as a suggested improve-

ment over that presented by Hanssmann:

e(P) = pSu(t) - h Jﬁbu(t) A {

o/Eh(t)
n i i -1 ,-tS u(t)
- I h,mE7(3_,t) A (B (—=)}
121 2 M SC AR
where Ei(Jo,t) is given by:-
i 72 (s) o :
{¢ (Jo,t)} = Co ) (2+l)u (t) +c (t) k (l-PG——————O)
vikou(t)
Jo Si Jo
+ {J_P(———) + 3 ovk 2 (——) x
° ovkult) vkou(t)
J i J
x {Jo-(l-P(-——-—) t3 S ok 2(—2— )}
ovku(t) o/—'u(t)

Thus €(P) is now a function of J_,t, and the maximumvﬁrofit results

from the use of those Jo,t values which maximize e(P).

3.2.5 Discussion of the work of F. Hanssmann and the work of

W. Lampkin applied to Hanssmann's paper

The combined works of the two authorsare open firstly to criticism on
the assumptions made initially. Firstly the assumption that demand is re-
lated to the average waiting time of customers is a perfectly feasible
alternative to the usual concept of a shortage cost resulting if a demand
cannot be made ex stock at the store on which the demand is made. How- -
ever this assumption does limit the field of applicability of Hanssmann's
model. There are many instances where the penalty for a shortage is felt
on the demand side in the form of (a) fixed cost because unit is not avail-
able when demanded or (b) fixed cost plué time dependent cost or (c) time

dependent cost only (i.e. cost type (b) where the fixed cost is zero).
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The demand does not necessarily have to drop off because of the non-immedi-
ate character of delivery. This is especially true when the demand is
from a source which is under the same ownership as the central store/sub-
store’ system itself. Even where the model is applicable, it is suggested
that practical estimates of the function u(t) are likely to be inadequate.
If the demand distribution is seen to vary in practice, it will be very
difficult to assign just what proportion is due to the custon@r'ﬁaiting
time function u(t) and what is due to other changes of a dynamic nature,
except for those distributions which are statiocnary. (These are rather

limited.)

The assumption that demands are captive is necessary for the analysis,
and although this assumption is restrictive, it does not uynduly limit the
applicability of the model. The assumption of normal distribution of the
demands makes the analysis simpler, especially in that it allows employ-
ment of the normalised overage and shortage functions. However it is felt
that requiring a normal distribution of demands wmakes the model unfortu-
nately restrictive, from the overall contribution to the point of view of

control of stock in a central store/sub-store complex.

The next point, namely that stock is reviewed simultaneously at all
sub~-stores after equal time intervals and is ordered on the central store
without knowledge of the other sub-store orders, represents a very large
rest.riction on policy considerations. Firstly, reviewing at equal time
instants immediately precludes reorder level considerations, which are
shown by Lampkin3 to result in Poverwhelming advantage ... in the costs of
stockholding and shortages at the sub-stores". Further, (although of
course this requires centralised knowledge of stocks at various sub-stores)
the control can be made much more efficient at sub-stores by taking into

account the stock positions of all other sub-stores.

Hanssmann develops his analysis with the assumption of attaining
target inventory levels at all stores (central and sub-store), and then
optimizing ordefing decisions. It is not clear that the use of the cri-
terion of target inventory is very useful; no support or evidence is
offered to indicate the value of this policy. However the analysis pro-
ceeds to the development of an expected profit function in terms of t (the
average customer waiting time) and k' (the average time to £ill an order
from a sub-store).  Search over the (k',t) plane yi1l provide the k',t
to maximize this function. From these the target inventories are obtain-
able. The method of analysis development, namely considering firstly a

single store, then two stores in series, and then the central store feeding
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sub-stores is a rather useful approach.

Some of the resultsof Hanssmann's work are clearly wrong and Lampkin
corrects these. The present author feels that Lampkin does a useful job
in strengthening the model presented by Hanssmann by showing up and correct-
ing some false thinking. Lampkin's rﬁlé for sharing stock out to sub-
stores in those cases when the total order on the central store is too much
to be met completely is thought to be appropriate to the type of control
being considered. The final expression for expected profit as presented
by.Lampkin is a function of the target stock for the central store and t,
and thus searching over the (J;,t) plane to yield the optimal'Jo,t is

required.

TheAaSsumption made by Hanssmann when extending his "Two Stores. in
Series" Model to "The Central Store/Sub-store Problem", (namely, that pol-
icy considerations would be: restricted to those having the same t value
at each sub-store) is, of course, very useful in permitting simplification
of analysis. Howevér, it placés‘the final control policy further away

from optimal.

‘ Other assumptions, implicit in Hanssmann's model (e.g. lead times.to
sub-stores constant and identical, lead time from supply constant) may all
be criticised from the point of view of being restrictive, but this does
not mean that they are unnecessarily so. It is recognized that models

often require recourse to such restrictions to be workable.

3.3 The Work of Lawrence, Stephenson, and Lampkin

3.3.1 Introduction

We deal here with the work of Lawrence and his associates at the
Naticnal Coal Board. Inventory levels for spare parts for coal-face
machinery were calculated and the work published in a paper to Operational

Research Quarterly.5

The central store was operated on a reorder- level sygﬁem,triggered by
central store stock. The sub-stores were controlled by a base stock
method. The demands on the sub-stores were from independent Poisson
processes and were captive. The lead times to N sub-stores were identi-
cal and constant, and the central store lead time was congtant. A fixed
shortage cost-of csl resulted every time a demand on a sub-store could
not be met ex sub-store stock but could be met ex central store stock.

A cost of e resulted if neither of these stores could meet the demand.

As is usual in such models, the holding cost was proportional to average
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inventory. No transfers between sub-stores were allowed.
3.3.2 S ols

The following symbols appear throughout the work:

Q = nreorder quantity at central store
Ai = annual demand at sub-store i
N
A, = LA,
T 1=1 1

= price of item

P

L, = central store lead time

) = sub-store lead time )

h = fraction of the price of an item which is the cost of holding
it for one year

mi = maximum stock level at store i

it = reorder level at central store

c = cost of an order at the central store

U = RA,
i

3.3.3 Analysis for the sub-stores

Attention is concentrated on one sub-store. The assumption is made

for the present, that the central store never fails in its ability to
supply.
The number of annual shortages® is:-

o T . ,
Az eV (1), dropping the suffix "i"
n=m .

215

The sub~store average stock is:-

m .n m-1 -
mi 9 eY-y : g-n,-eu , (2)
n=o ™ n=0 °

If v denotes the average cost of a shortage at the sub-store, we may

write:-

r = rl(l-w) + W

where rys T, are the unit shortage costs if the shortage is respectively

2
met or not met by the central store. w is the proportion of shortages

not met by the central store.

* Here this author thinks that the word "expected" is omitted. - -
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The average annual cost at the sub-store is then

m-1 n m n
C. AT -A(F#PhL) © = e U + Phm I = e O
m . N.
n=0 n=0
whence: n .n m
- Uy -U = U -U
Coyp = Cp = Ph nE ST € I\ I oe (3)

The boundary between the decision to hold stock m and stock {(m+l) will

be when:-

Ph&/r = ————— = f {U, m}

A (Ph&/r) vs. U chart can be drawn up to give the optimum base level
of stock m to be held.

3.3.4 Analysis for the central store

It has been shown6 that in a reorder level system the average stock is

given by:-
M Q+l
F(M,Q) = & (M+ 5= - s) A(s)
s=0
1 M
+ 35 ° (M+Q+1-3)(M+Q-=38) A(s)
T s=M+l

and the average number of demands not met immediately per annum is given by:-

M L MR
6(M,Q) = A, (1- I AG)-Z I (M4Q-s) A(s))
s=0 s=M+1 :

where A(s) is the probability of s demands in time y,,

For a Poisson distribution of demands, these functions become:

F(M,Q) = %5 ( (M+Q) (M+Q+1-A L)P(A L, M+Q+1)

~ApL(M+Q- ATL YP( ATL?PH-O) -M(M+1-2, L) P(A L, M+1)

FApL(M-AL)P (AL, M)
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and G, = Ay (1- § (MHQPOLL, MrQrD)

T

= ApLP(ApL, M4Q) -MP(A,p, M+l) + A 1p(A;1, M)

c-1 ms -m
z _S-'- e .
s=0 ) '

where P(m,c)

The system cost function is thus:-

C(MQQ) PhP(MaQ) + RG(MaQ) +d,_./\T/Q

where R is a notional run-out cost, not known at the moment.

3.3.5 The calgulation of R

Let e* be the average time period from the instant the central store
is depleted until it receives stock. Then the average time sub-stores

have to manage without being replenished is e! = e® + 2.

@¥% is the expected part of the lead time that the virtual stock at the

central store is zero or less (given that this state is attained).

Hence
et = 1,{1- a/b)
® (@S ME T e S AT
R M T T _ T T
where a = A X 5T e and b = z T e
T s=M+l : s=M * '

Each sub-store i has a notional stock of m at ‘the begiﬁning of the

period. The cost of shortages in the'period is thus approximately:

N o “(e'r,)" ' -e‘Ai
b X (s—mi) e

1
{ = s=m.+1l :
i=1 i

In normal circumstances the shortage costs would have been:

N ™

G, = I rllie' z (2?
i=l s=m, '

5
e

The shortage at the central store forces an average saving in stock
holding costs at the sub-stores of approximately:
A

C, = Ph(e'-2) z- (e'-2)

.The average cost of the system being forced to last for e' without

extra supplies is:-
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c = e
C.- G~ G

The average number of items demanded from the central store in the

period e' is e'A, and so the average cost of an unmet demand is R = C/e'AT.

Il

T
Note that the calculation of R entails knowledge of the sub-store

stock levels m, and the central store parameters (M,Q).

3.3.6 The calculation of

w = the proportion of emergency demands (after sub-store run-out) which

cannot be met by the central store = G(M,Q)/AT, and v = rl(l—w) + r, w.

3.3.7 Reconciliation of the Calculations

Note that

(a) To'calcu;ate the m,, we need r.

(b) To calculate (M,Q) we need R.

(c) To calculate r we need (M,Q).

(d) To calculate R we need the'mi and (M,Q).

~

It is argued that the definitions are circular. An iterative pro-
cess is suggested which has been found to converge. No theoretical proof

for convergence is offered.

3.3.8 -Comments on the Lawrence paper

By stipulating a base-stock system at sub-stores, Lawrence immediately
establishes sub-optimal operation of the whole complex. Delivery costs
to sub-stores are now no longer considered since delivery policy has al-

ready been ‘decided.

Treating the analysis in terms of two models, one for sub-stores, the
other for the central store, is a useful idea but.for the fact that the '
two analyses are not really independent (hence the circular definitions
resulting finally). Maintaining a reorder level policy at the central
store and not allowing inter sub-store replenishment, leads to the usual
criticism of overall noﬁ-optimélity, but of course, Lawrence -is not sug-

gesting the latter anyway.

The analysis for the central store presupposes that shortage costs
vary directly as the number of orders not met immediately ex central store
stock. However, a few shortages are likely to be of little consequence
cost-wise whereas a large number (thus making a penalty of r, more

likely) ‘would cost more then proportionately more, on average.
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3.4 The Work of P. Winters

In a paper2l published in 1960, Winters considers the control of stock
in a stores complex without a central store. Procurement of further stock
is obtained from a factory production unit. An extension of this work to
cover the case of the central store/sub-store complex problem is considered

in his unpublished thesis7.

]

Winters divides control consideration into two individual considera-
tions. Firstly, he considers the criterion for triggering a procurement,
and secondly, the procurement quantity and how to split this up for delivery
to the stores. This is done by establishing two cost equations, the-first
of which involves only the stock levels at the different stores for making
the procurement order decision. It is admitted that this entails ignoring
the interaction between procurement quantity and the procurement order

trigger.

In order to build these cost equations the cost of holding buffer stock
for the length of time in any procurement cycle other than the procurement
lead time is ignored. Also, the individual store reordér quantities
(breakdown of the procurement guantity) are chosen without reference to the

expected costs of shortage.

‘ The cost considered for establishing the trigger includes the expected
sum of holding and shortage costs in the respective stores' procurement
lead times. Couched for simplicity in terms of a complex with only two

stores, Winters gives this cost sum as:-

2
1h.Py_{2s 1t £(1.) dA
M1 1 1

l—Alzl} +-%(hlP + o ) f

1 s./%

: g = (5,7h,8 )2
+ 2h,P2,{2s,-

272 .
1 — s 2
SPLy{25,-2,2.) + H(hyP + e ) [ - £(2,) dx,
. 2 " s,/% 2,
2772
where, for store,xbi,
Exi is the holding cost per unit cost per unit time
%&i is the jlead. time
5.4 is the inventory at time of triggering procurement
A_. 1is the demand rate
T3
P is the cost or price of a unit of stock

cq is the unit shortage cost per unit time®
®’i
f({xg is the probability distribution of demand

* Note Winters' model is only applicable for shortage cost being a linear
function of time short.
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1° 8 which minimize this

expected cost during the lead time are given by the following equation:

Winters goes on to show that the values of s

h 5. = s.-A,T
1 1 1M1t ;
T {zl + (1+ W P)] v fl(Al) dxl} A
2 1 sl/z 1 , ]
1
C
s o . SA—A.T
oA, {2, + (1 —2) [ 222 £ )a} =0
2 ‘72 h_P A 272 2
2 82/2.2 2

This "trigger equation" is an implicit function of the stock levels
and generates a curve on the $495, plane which is hyperbolic in form.
If the 8128,

be ordered. (This point is generalised in Winters' thesis to a function

combination point moves below this curve, a procurement should

""" of the stocks at the stores. Whenever this function changes sign

from positive to negative, the procurement order is placed.)

To obtain the procurement quantities for the various stores, the

following total cost function is built:

= ] I.- 1 I -
T.C. = cp + gh P{2(I,-A,2,) + Q) + 3h P{2(I,-2,8,)+ Q,} L,

~

where Il’ I, are the inventory levels at time of procurement trigger

2

for stores 1,2 and where Ql’ Ll’ Q2, L, respectively refer to the proF

2
curement quantity and cycle time (time between arrivals of stock) for

stores 1 and 2. p is the procurement cost. Clearly, it is argued,

L, = L_. The imposition of this restraint uéing the Lagrange multiplier

1 2
technique in forming the function ¢ = Lc., A(L —LQ), taking partial de-

Ll 1

rivatives, and setting them equal to zero yields optimal Q,, Q2:

2
/{2cPAl /P.(hlA +h A )}

@, = 1% ’
A e (ig)
@ = @& X

The extension of the idéas to cover the case when the stores complex
is supplemented by a central store regards the procurement as being trig-
‘gered when there is no way of allocéting the central store stock to the
sub~stores so that the trigger function calculated on the new levels re-
mains positive. The ﬁrocurement quantity and its distribution to various

sub-stores is established as ahove.
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3.4.1 Comments on the work of P. Winters

This work suffers from the distinct error thatithe two functions, the
trigger and the procurement quantity are computed independently. The
error that the trigger equation ignores the cost of holding the buffer
stock outside of the procurement lead time is a very important error for
fhose cases when the lead time‘?cycie time ratio is not lafge. Further,
the cost of shortages should be taken into account in the choice of pro-

curement quantity.

3.5 The Work of Hadley and Whitin

3.5.1  Summary
In 1961, G. Hadley and T.M. Whitin published12 their model for a single

echelon, multi-store supply problem for items of extremely low demand
governed by a stationary Poisson process. Information on the overall stock
position of this stores complex is held éentrally, and both procﬁrement
(supply to the complex) and stofe redistribution® (either of two modes)

lead times are assumed constant. The complex is operatéd as a base stock
system and decision rules are developed for allocating the unit procure-
ment, for redistribution of stocks amongst the stores, and for establish-
ing how much stock should be retained at each store. These rules are
éstablished by the criterion of minimizing the expected overall costs of

deliveries and shortage.®®

Store lead time is supposed to comprise both an administration and
deli§ery time, and when more than a single unit is on order, the allocation
of a unit ready to be delivered is determined by the solution of a dynamic
programming problem. (It does not automatically go to the store ini-
tiating the procurement order.) In the case of only a single unit on
order by the stores complex, the optimal allocation procedure is reduced
to allocating the unit to that store which has the greatest probability
of deménding it in a time period equa} to the procurement lead time L

plus (l/AT), where A is the total demand rate in the stores complex.

T

3.5.2 Stock objectives

Shortage costs are denoted by csi per unit time for store i, (i=1,2
...N) at each of the N stores. Additionally, a.cost g is assumed to
occur per unit time if there is no physieal stock in the complex. The

ate
w

i.e., from another store.
#: This author feels that holding costs should be included here.
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maximim stock of the base-stock system is m. It is stated that the optimal
value of m may be determined by balancing stock holding costs against the
costs due to shortage and redistribution. Procurement costs are said to

be irrelevant since for a base-stock system the procurement quantity will

be fixed. '

3.5.2.1 The case of zero store lead time and zero cost of

redistribution

This trivial case is considered as an introduction to the general
approach. Firstly, the only shortage costs are those due to shortage in
the stores complex. Clearly, individual store maximum stocks are irre-
levant. The maximum stock in the complex, m, is obtained by balancing

holding costs against shortage costs for the complex.

The expected physical stock in the complex at any random Instant of

time will be:-

m ] _Cornplex
z {(m-x) x {Probability of demand im—compiex of x[in time L}
x=0
m % e—ATL
= E (m~x) (ATL) =
x=0

The expected number of backorders will be:-
© -ATL
I (x-m) (ATL)x E*;r-

x=m+l '

The total cost per unit time will then be:-

m o0
TCl(m) ‘= hP I (m-x) p(x) + ¢ £ (x-m) p(x) (1)
- ss .
x=0 x=m+l

where hP is the holding cost per unit stock per unit time and

~A.L
pix) = (J\TL)x e T /x! .

Equation (1) leads to optimal m being the minimum fmsatisfying:-

o

o oplx) < (2)
hP+c .
X=m+l ss

3.5.2.2 The general case of non-zero lead time of

redistribution with cost attached

The purpose of redistribution is said to be the elimination of
shortages in the time interval between allocations. The assumption is

now made that a redistribution is néver made to a store until it acquires
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'

a backorder. Attempt to justify this is given by the statement that since
the complex is stocking low-demand items, stock levels at most stores will
frequently be either O or 1. The assumption is also made that when
shbrtage occurs, a redistribution will always occur, and that the shortage
lasts for the full length of this redistribution lead time (and therefore

that no allocation from a procurement will arrive during this time).

With these assumptions, the cost associated with a shortage at store
iis:-
5 T et oty ) ‘ (3)
where C, is the cost of redistribution by the appropriate mode of
transportation® and 2X is the redistribution lead time. Both Cx‘ Zx are
averaged values, since they depend on which store does the redistribution

to store i.

3.5.2.2.1 Diétribution of demand at a store between

allocations

The time period between allocations will have the same distribution
as the time period between demands in the complex (viz. ATe_&Tt for a

Poisson process) since the procurement lead time is assumed constant.

The probability of a demand d on store i between allocations is then:

oo (Ait)d -2t -ATt
pba.(d)' = i e (ATe )dt
1 [o]
Al d A
- i T )
=G5 e s 420 ()
i°T T

from integration by parts,

where Ai is the rate of demand per unit time for store i.

3.5.2.2.2 Expression for overall cogt ofgghortages and

redistribution

-

Suppose there exist £ units at store i when an allocation is received;
the expected shortages (further) occurring in the time period between

allocations will be:-

<]

I (d-§)
d=g+l

pbai(d) (5)

* to be discussed later.
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If the probability of existence of £ units at store i when an alloca-

tion is received is pe.(g) then the expected further shorages between allo-

. . i
cations is:-

©

r .p-.(E) L (d-g) Pha (@) - (6)
£ i d=t+1 i

The number of different allocations per unit time is ),, and so, the

T
overall expected cost of shortages and redistribution per unit time is:-

N o
A £ c_ I p_ (&) z  (d-g) p,._ (d) (7)
=1 Sig °i a=gel bay

No attempt is made to compute Pg (£). The procedure adopted is to

i

let s; be the safety stock maintained at store i (i.e. maximum stock at
store i is si+AiL). Since ATL will be the average stock on order by
the stores complex, the maximum stock for the complex is given by

N
m = AL+ I s, (8)
T . 1 -
i=1

Now the assumption is made that since the item is -low-demand by
nature, s. will be O or 1 for most stores; and so an approximation for

the virtual stock at store i after an allocation is 55— Assumgtion (a)

Expression (7) is thus approximated to:-

N ©
A, I ¢ I (d-s,;) p. (d) (9)
T =1 53 d=s, +1 1" "bay

3.5.2.2.3 The total cost expression

The total costs per unit time are then

N [
TC(m) = TCl(m) * A .E °s. . z (d—si) pba.(d) (10)
. izl i —si+l i

where TCl(m) is the expression given by equation (1).

In order for any given set of s, to minimize (10) it is necessary

that:- ‘

ATC(s.) = TC(s,+l) - TC(S.) = O
1 1 1

ATC(s,-1) < O, i=1, ... N

Thus the smallest N (i = 1,2,..., N) is chosen so that:-

ATC(s,) = hP-(hP+c__) - L p(x) -A.c r p..(@ 30
i 55 x=mtl Tsy d=si+l ba

(11)
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If the complex shortage cost, css’ is negligible, then the smallest

si is chosen so that:-

o

b
d=s.+1
i

NCORE ,

i1
'—l
-

P, ceesy N) (12)

and hence m, by use of equation (8).

3.5.2;3. Case where procurement lead time is less than

redistribution lead time

Hadley follows on by pointing out that 'if the procurement lead were
ever less than the redistribution lead time, redistribution would never be
used (Hadley's model implicitly assumes that the supply to the complex
never fails). In this case thevoptimal store maximum stock levels are

m, for store i such that m, is the smallest m, satisfying:-

i
[+ -]

hP
I p,(d) €
d=m 41 hP+e,

where Pi(d) is the probability of a demand for d items at store i in
the procurement lead time. The given inequality is obtainable by mini-

mizing the costs of holding and shortage for each store individually.

3.5.2.4 The decentralised model and the centralised model

3.5.2.3. gives’a clear instance where the '"centralised model" considered
prior to 3.5.2.3 would not be sensible. Hadley points out that for cases
where procurement lead time is greater than redistribution lead time, the
decentralised model of 3.5.2.3 may possibly still lead to lower expected

costs. In these cases, the decentralised model is clearly'to be preferred.

3.5.2.5 Conclusion of Hadley's work

The work is concluded by the treatment of the problems of (i) selection
of mode of transportation from the source, (ii) rules of allocating the
unit stocks on order to the various stores,and (iii) whether to redistribute

or not, and if so, by what mode of transportation.

For (i) Hadley's result is quoted. The optimal mode of transporta-

tion from the supplier or spurce is the one that minimizes:-

N
z
i=1

where cis is the cost of shipping one unit from the source to store

r N
e ki + TCl(m)

i by mode r and m is thatVa¥ue of m appropriate to the mode of transporta-

tion considered.
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For (i) two cost expressions are compared, and their difference AC
is considered. If AC 3 0, no redistribution should be made since this
is more costly than awaiting the procurement arrival. If AC < 0, redis-
tribution should be made by that store and mode. of transportation that

minimize AC.
The result for (ii) is quoted in the summary at 3.5.1.
3.5.3 Discussion of Hadley'and Whitin's work

{3)7 page SO . '
The assumptionAin 3.5.2.2 may be criticised. It does not follow

that since stock levels at most stores are O or 1, redistribution does not
occur until there is a backorder. This surely depends on the redistribu-
tion rule itself.  Further, stock levels are not necessarily usually O

or 1. The cost case Hadley considers itself has safety stock levels of

2 and 1.

Clearly, it is more likely that redistribution will be required for
'a store experiencing a backorder than for the case where a backorder is
not produced by a demand, but the assumption that a redistribution
necessarily occurs is not supported, and does not appear generally reason-

able.

The cost of such a redistribution and the corresponding shortage

cost is:
o] + c 2 .
x 8; X

The cost of awaiting the procurement is

t.
e t',

i
where t' is the earliest time a procurement which has not been allo- '

cated can get to this store.

Clearly if t' < lx, there is never any point in redistribution; neither

is there if:-

. s. %
* c
ioe- t' \< ‘—>S’ + l
cg %
i e,
Redistribution then should occur if t'> T + zx
: . ' s,

A i
and then the back order will clearly last the time zx; this is not an

assumption, as Hadley states.

Thus the cost associated with every shortage at store i is:-



53

c
. . pYs
¢ +c £ if t! — 2
X S, X ? c + X
i S,
i
cx !
c_ t' if t' <~ + 2
S, c X
i - s,
i

Thus the expression for &s will be less than that given by (3).
‘ i

3.5.3.1 Criticism of expressions (5), (8), (7)

The expression (5) would give the expected shortage occurring in the

time period between allocations correctly only for £ 3 O.

In the case of & < 0, the expected extra shortages in this time per

iod would be:- )

e

I dp (4)

a0 P¥
However, both expressions ignore the dependence of pbai(d) on £. Clearly
if £ is wvery low (negative), then the time interval between allocations
must be correspondingly low and so it follows that the summation of (6)
cannot be used to compute a general expression for the expected (extra)

shortages between allocations,

Further, this author feels that‘'in expressions (7), (9),‘(10), (11),
Hadley has mistakenly written cg, for 68‘. The inequality (12) seems to

. i i
be in order.

3.5.3.2 Criticism of the expressions (9), (10), (11), (12)

Little support is given for taking s; as an.approximation for the
physical stock at store i after an allocation. Clearly there will be many
cases where this virtual stock is either negative or greater than 8, in
which case equation (9) will not hold. This means (10), (11), (12) are

not strictly correct.

3.5.3.3 Why not incorporate a central store?

Such a base stock system keeps down the overall inventory commitment;
this is likely to be a good idea for those cases where inventory holding
costs are high. There are numerous shipments in this model, arising
from the very nature of a base-stock system and also because of inter-

store redistributions. The latter arise because of the length of the

procurement lead time.
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‘Completely'discounted, however, is the feasibility of holding some
stock in a central store from which a shipment instead of a redistribution
could take place. The cost of extra stock holding involved may be more

than offset by the saving of redistributions.

If Q items were suitably shipped to the central store at a cost of
e and then delivered in unit amounts to the stores, (at a cost of cR)

the cost of this policy per unit time is

(i) approximately hPQ in stock holding:

N A N -
. T . . . s
(ii) .E Aep * 3 p .E A;€y » in delivery costs (may be a saving
1=l i =1 i
if ey > CR.):
i i

(iii) extra shortage costs by shipment from central store instead of

redistribution (may be negligible or even a saving).

Savings equal to the total expected cost of redistribution would

resulty

In the above, CRs is the cost of a delivery from central store to
l -

store i and Cy. is the cost of a delivery from source to store i.
i

3.6 The Work of M. Shakun and Commernts

3.6.1 Summary
In a paper published in The Journal of Industrial Engineeringl3

Shakun compares two types of inventory control for a multi-store complex.
He classifies the two types as (i) "Independent", wherein each store orders
according to its own economic order quantities and reorder levels, these
being set independently of each other, and (ii) "System-Wide", wherein

a "System Economic Order™ is triggered by the total stock in the complex,
and a decision is made as to how to split this order up into the alloca-
tions to the various stores. No central store 1s incorporated, and so
rules for inter-store shipments to balance out the store stocks as stock-
out approéches are developed. The paper reaches the conclusion that con-
siderable savings are to bé gained by use of a policy of "System-Wide"

control.
3.6.2 Comments

The work of Shakun has not been covered other than superficially be-
cause it is felt that it is not a particularly valuable contribution to

the literature on the central store/sub-store system inventbry-control.
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This is not to say that the paper does not cléarly show a saving in éosts.
by "System-Wide" operation over independent store operation. It is such
a result that has led on to the present author presenting this thesis for
governing the central store/sub-store inventory problem other than by

independent sub-store operation.
b .
It is felt thatzéncorporating a central store within Shakun's complex,

substantially better control is possible. Shakun already makes the point
that "it is better to delay the allocation until near the end of the lead
period". Why not delay the allocation until as late as possible, until

a store reorder level is met? This will entail, of course, keeping part
of the system procurement in a store (i.?. the central store) to be called
upon when necessary. Further, it is to be recognised that intef—sub-
store shipments are costly to the system if the cost per item of shipment
is significant. This is because they are extra costs as opposed to ship-
ment from a central store, where only the fixed cost is relevant (the per
unit variable cost is irrelevant since this cost must necessarily be in-
curred, if not now, then in the future). No indication is given as to how
the system reorder point or individual store reorder levels are established.
Neither is it clear whether the system "Economic Order Quantity" takes into
account the cost of shortages or not. Further, it is not clear at all
from which store and with what quantity, a store dropping to. its reorder

level will be replenished.
to censider & redisbrbution to @ stere when this store

It éppears wrong
vV.'\\\ 5"!6Ft.lj (=03 reP‘eh.s.hec\ Froyy. S

procuremeat..

which-is on order. This might lead one to assume that the ledd time for
inter-store shipments is zero. However, although no figure for the lead
time is given, it cannot be zero, othgrwise there would be no point in
considering redistribution until a backorder were experienced. If the
redistribution lead time is tr’ then there is no point in considering
redistribution for those store reorder pdints which occur when the time
until the procurement will arrive at the store is less than t,. The

analysis appears in error in this respect.

3.7 The Work of W. Lampkin

3.7.1 Introdﬁction

In 1963, W. Lampkin presented his thesis3 for the M.Sec. degree in the

University of London.

in—a-hlerarchy of stores is veviewed. In the third chapter eight control
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procedures for the central store/sub-store problem are considered, and

it is this work which is particularly pertinent to this thesis.

Lampkin commences his discussion for the problem by considering an
(s,5) system at each sub-store and an (s,S) system at the central store.
He suggests that this simple scheme might prove difficult to improve on

in practice. '

3.7.2 Suggestions fop control policy

Some suggestions of ideas intuitively likely to cause improvements

over the above control policy are msw put forward.

3.7.2.1 Suggestion 1: Use of a cyélical review system

at sub-stores.

An (s,S5) control system at the sub-stores will cause bunching of orders,
and hence a high variance of orders on the central store.  Hence the cen-
tral store would have to hold high levels of safety stock if it were to meet
most orders. This problem would be got over if a cyclical review control

& at each sub-store.
system at sub-stores (with review perlods-eq%s%%§=3§aeed) were used.
The orders at the central store would be much smoothed with a correspond-

ing reduction in safety stock for the same service level to sub-stores.

Specifically, the suggestion:is to review store i at the time in-
stants tx(i/N + r) where r =(O,l,2 ..),N is the number of sub-stores,
$—s—{i525———5¥) and t is the review period for sub-stores. It is re-
cognised that the cyclical review system is, in general, inferior to the
reorder level system in that sub-sitores would require to hold more stock

to give the same protection against shortage.

3.7.2.2 Suggestion 2: Use of an (5,S,t) system at sub-

stores.
Pr o reasorable cowprom.sa beheaen the advadages of >n (s S) syslem and o
cycheal  review SySI'r,’m <A Se By wsing an Cs =) sslem a Su.bstore.s

3.7.2.3 Suggestion 3: Schedule sub-store reviews so that

demand in the lead time is reduced.

It is supposed that the central store works on an (s,S) system and
the sub-stores on a cyclical review system according to Suggestion 1.

Suppose that the central store procurement lead time L is almost a multi-

plte of (+/N), say L =m(t/N).

Now since a central store order must be triggered by a sub-store order,

then if LN/t > t, wé have m sub-store reviews in the lead time whereas if



56

LN/t < m, we have (m~-1) reviews. Thus it may be possible to reduce the

number of veviews at sub-stores in the lead time by a small change in t.

3.7.2.4 Suggestion 4: Trigger the central store ordering

by the total stock in the whole system.

If knowledge of the sub-store stocks is available, the above suggestion

is a simple way of utilizing this information.

3.7.2.5 Suggestion 5: Keep a running account of the probability
that the central store virtual stock will be below zero
in time L, and let the central store order when this

probability drops to a certain level.

This is said to be equivalent to the central store ordering at

"comparable" stock positions for the sub-stores.

3.7.3 Model and operating rules

The above suggestions were investigated by simulating their application

in the following model:

5 Sub-stores.

Sub-store Demands Poisson, Mean Rate 10.

Sub-store Lead Time zero.

Central Store Lead Time .4.

Captive demands at both levels.

Shortage costs at sub-stores proportional to backup.

Holding costs proportional to average stock.
Central store ordering costs proportional to number of orders.

The following operating rules were stipulated.

(1) No inter-sub-store deliveries.

(2) If the quantity in a central store is less than the sub-store
order, the amount ayailable is shipped, the balance remaining captive,
and delivered as soon as stock becomes available. The latter delivery
is termed 'extra' (aépopposed to ‘normal') and there are different asso-

ciated costs.

3.7.4 Restrictions on policies

The point is made that, apart from Suggestion 3, the suggestions given
do not involve mention of the order quantities, either of the central store,
or of the sub-stores. It is reasoned that these quantities will be, in A
the main, governed by the costs of ordering and delivering, respectively,
and so should be about the same for each control system based on the

different suggestions.
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It was then decided to restrict attention for the specified model to
policies with a fixed average order quantity of 30 for the central store

and 5 for the sub-stores.

A cyclical review system at sub-stores will:generaily.result in over-
shoot at the central store, and so some additional arrangement was re-
quired in order to make the systems comparable, since now it was not always
possible to ensure an average order of 30. It was arguéd that for the
results of comparison to be meaningful, it would not be sensible for one
control system to show up best for certain values of the cost parameters
mly because its average central store order quantity was nearer to optimum
than that of the other system. It was suggested that the problem be over-
come by fixing the central store order cost such that the optimum reorder
quantity is about 30. This suggegtion was supported by the fact that
the cost curves are flat near the optimum, so small differences in the

average order quantities for the central store have negligible consequences.

3.7.5 Approach to the problem

The following policies were simulated for the central store/sub-store

complex.
Policy Type " Central Store Policy Sub-store Policy
(s,S) system, S5s = 30 (s,S) system, S-s = 5
(s,8) system, S-s- = 30 Cyclical Review System
t = .4965 ‘
C (s,S) system, S-.s = 30 Cyclical Review System
t = .5001
D (s,5) system, S-s = 30 (8,S,t) System with
' | S-s = 4, t = .2001
E (s,Sj system worked on total (s,S) System, S-s = §
complex stotk; S-s = 30
F (s,S) system worked on total Cyclical Review System
complex stock; S-s = 30 ' t = .4965
G (s,S,t) system-taking advantage Cyclical Review System.
of precise scheduling; orders ’ t = .5001
triggered on total complex
stock
H Continuous review; "Order when (s,S) system, S-s = 5

probability of central store
stockout time L hence reaches

trigger level"
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Each policy-type was simulated for a period of at least 300 years and

the following were observed:-

(a) the distribution of stoék in the central store;
(b) the distribution of stock in the sub-stores;
(e¢) the number of normal deliveries;

(d) the number of extra deliveries;

(e) the average size of a central store order;

(£f) the average size of a sub-store order;

(g) the distribution of central store stock just prior to delivery.

(g) is designed to see if Suggestions 1 and 5 have their desired
effect.

3.7.6 Average reorder quantities for a (s5,S,t) system with Poisson

demands

Some of the policy-types to be simulated have cyclical review or
(s,S,t) systems controlling sub-stores. It is necessary to be able to
predict the average reorder quantity from the s,S,t levels in order that

it can be made equal to 5.

If sub-store demand rate is Ai’ then the expected size of the next

order from a sub-store is found to-be:-

_ m = (@A )" -t
Q = I Ait {1- I ——T%—-—e
n=0 j=q **

where q is the nominal reorder quantity (S-s).

The values of t for which Q = 5 were pbtained from this expression

by a plot of Q versus Ait and interpolation. The results are givénhbelow:—
S-s t

L4965

. 4758

.3982

.2001
0

N OFE W N

3.7.7 Discussion of the policy types

3.7.7.1 Policy Type-A

This is the method of control described as an 'obvious first thought'.
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3.7.7.2 Policy-Type B

This is an adoption of Suggestion 1 - a cyclical review system at sub-
stores. The reviews at sub-stores are .4965 time units apart. Since
there are 5 sub-stores, a central store receives an order from a sub-store
every .0993 time units. During each central store lead time, there will

be four orders on the central store.

3.7.7.3  Policy-Type C

This is an adoption of Suggestion 3. By increasing the spacing of re--
views to .5001, the average order size of sub-stores is negligibly changed,
yet now only three orders occur on the central store during its supply lead

time.

"3.7.7.4 Policy-Type D

This is a dual adoption of Suggestion 2 and of Suggestion 3. There
are three possible (s,5,t) systems for the sub-stores (see the (S~s) vs.
t table above) intermediate betweén policies of reorder level and cyclical

review. The combinatien (S-s = 4, t = .2001) was chosen since:

(i) .2001 was the most neérly intermediate between zero and .4965:
(ii) the value, t=.2001, enabled the precise scheduling of Suggestion

3 to be incorporated.

3.7.7.5 Policy-Type E

This is the application of Suggestion 4.

3.7.7.6 Policy-Type F

This is an application of Suggestions 1 and 4.

3.7.7.7 Policy-Type G

This is an application of Suggestions 1,3,u4. Central store orders
are triggered by the total stock in the stores complex according to an
(s8,S,t) policy where the review instants are such that they occur just
after each sub-sfore review. In this way stock will have just arrived

in the central store when a sub-store orders.

3.7.7.8 Policy-Type H

'

This is an attempt at adopting Suggestion 5, with a reorder level
system at sub-stores. Simulation time was deemed too much for calcula-
tions after each demand to obtain the probability'of the central store
stock dropping below zero in the following time L (= .4 time units). The

following alternative suggestion was adopted.
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7ach sub-store has five possible notional stock positions 0, 1, 2,
3, 4. Each of these positions has associated with it an expected number

of orders by that sub-store in the following time L and also a variance
about that mean. ‘ .

After each sub-store demand, the mean and variance of the total orders

on the central store in the following central store lead time was calcu-. ..
lable by use of the means and variances of the individual sub-stores' orders.

The ordering rule adopted was:-

. "Order if 5 x Mean Number of Orders + 5 x k x Standard Deviation of

Number of Orders is greater than the Notional Stock at Central Store".
The parameter k was varied between -0.7 and 2.80 in steps of 0.35.

3.7.8 Simulation results

3.7.8.1 Variance of central store stock just prior to

delivery e .

It is shown that, in respect of variance of virtual stock at. the

central store just before a supply of stock to this store, those policy-
types incorporating cyclical review at sub-stores are best. Additionally,
of these, those using the total stock to trigger the céntral store order
(viz. policies F,8) are best. The same is true of the policy-types using

a reorder level policy at sub-stores. The more complicated policy-type
H is not better than E.

It thus appears that Suggestion 1 has some merits, whilstSuggestien
2does—not—werk—at—all. '

3.7.8.2 Service given by central store

Three criteria of this measure are considered:-

(i) avarage central store backup“

(ii) proportion of sub-store. orders not met completely
(iii) proportion of sub-store orders not met at all.

Each criterion of measure is plotted against the total cost of stock
holding and ordering at the central store. Policy-types F,G are almost
identical in performance (i) whilst policy-type D is worst, corroborating

opinion on Suggestion 2.
By use of criterion (ii) policy-type G is best, with C runner-up.

F performs badly. Criterion (iii) has G best with C runner-up.

3‘(l‘:wve-a\e-,ra\ﬂe,a‘ Fumber of uniks ordered on @itial store ard not 5'thPed at once,



61.

3.7.8.3 Costs of the best policies

. Lampkin tabulates the annual costs of operation for the‘optimal com-
bination of parameters (the latter being reorder level at sub-store and
the central store control parameter). The cost of ten deliveries (since
all policy-~types are committed to at least ten deliveries per annum) is

deducted throughout.

The results clearly show that all the policy-types incorporating cycli-
cal review at the sub-stores are inferior to the worst of the reorder level

at sub-store policy-types.

The policy-types with a reordeé level policy at sub-stores have two
advantages. Firstly, better sub-store performance results and, secondly,
stocks can be arranged so that the central store always contains a multiple
of 5. In this way it is said that the delivery totals can be minimized;
either there is a normal delivery of five units and no extra delivery is
necessary, or no stock is available, whence the cost of a normal delivery

is saved.

Lampkin expects, then, that the reorder level based policy-type to

show up best when:-

(a) cost of shortages at sub-stores is high:

(b) extra deliveries cost no more than normal. _ '

Two examples are chosen, one when (a), (b) hold true, the other where
the converse is true. Even in this second example, it is shown that the
reorder level-based policy-types work better. The advantage is seen to
be in the costs of stockholding and shortages. The conclﬁsion is drawn

that Suggestion 1 is of no value.

Also noted is the fact that for many cost combination performances,
the second advantage of the reorder level based policy-type (viz. the
ability to arrange stocks so that the central store always contains a
multiple of 5) is not utilized in many cases. The reason given is that
holding one unit extra over the multiple of 5 enables the central store
to supply a needy sub-store. When the central store runs out, the sub-
stores have to manage until the next supply arrives at the central store.
The latter time is generally short and often just one unit would be
enough to save a shortage. I+ is shown that aven where delivery costs
are high, it is often worthwhile having extra deliveries to prevent

shortage.

It is suggested that a rule to ration stock when the central store

is low might prove a good idea. In concluding the discussion of the
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results, Lampkin puts forward his view that, whilst not being able to provide
information regarding the reliability of the figures in his table of results,
policy-type H is best, and probably could further be improved by allowing

central store stocks to be other than multiples of five,
3.7.9 Conclusions

Lampkin concludes from his work the following points related to his

specific suggestions:-

1. The use of evenly spaced cyclical review policies at sub-stores, al-
though reducing the variance of demands on sub-stores, is inferior due to
the basic inferiority of cyclical review compared with reorder level based
peolicy.

2. The 'compromising' use of an (s,S,t) system at sub-stores with evenly

spaced reviews does not reduce the central store orders' variance much.

It is said, however, to be better than cyclical review.

3. The use of precise scheduling seems valuable at first sight, but for

practical applications, seems difficult to utilize.
4, The use of total stock for central store trigger seems valuable.

5. The use of a policy-type triggering central store orders by a target
level for the probability of the central store stock being depleted time
L in the future seems slightly better than triggering the complex order

on total system stock. However, this conclusion is not stated with com-

plete confidence.

6. It is not usually a good idea to arrange central store stock to be
a multiple of sub-store order; one or two units above the multiple is a

more sensible idea.

3,7.10 Comments on the work of Lampkin

valuable
This author feels that the work of Lampkin is a wsefux contribution

to the literature on the problem of controlling a central store/sub-store
complex., Ftis—veryuseful—£fer Operational Researcher;lto know the effect
of different policies to control such a complex, and with Lampkin having
done the basic research work for a wide range of policy-types and cost
combinations here is a good guide for the choice of a policy-type to suit
a particular need. However, the practical applications do appear to be
somewhat restricted by the assumptions, especially the one specifying zero
lead time. It is felt that a justification of the assumptions and an
attempt to indicate their non-engendering of speciality for overall prac-

tical application would have been worthwhile. It is, of course, recognised
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that .the assumption of no inter-sub-store replenishments was necessary -
otherwise much more work would be entailed to establish a more realstic

model.

All the suggestions presented initially by Lampkin appear feasible,
and it is only simulation that can show up the performance of the complex
under control of the different policy-types. It might have been useful

to apply some significance tests to the results.

Most important of all, this author feels, is that the simulation re-
sults show the overwhelming superiority of policy-types E, H. Both in-
corporate a reorder level policy at sub-stores and E has the order for the
complex (procurement) trigger on total complex stock whilst H tries to
utilize more information regarding sub-store stocks. Thus this points

Sensible - . .
the way to more useful criteria for triggering the complex order.

Lampkin in concluding his thésis, suggests that the order trigger
should take into account the sub-store individual stocks. Clearly this
is the more sensible thing to do, when the information regarding the
latter is available centrally. When it is not, one can fall back on ©one
of the other policy-types. When this information is held centrally,
even greater improvement is available over E and H. The size of the order
to the sub-store can now not necessarily be constant, as in E, and H;
rather, it can vary to take into account the stock positions of all stores
in the system. This is just what Lampkin advocates - rationing stocks to
stores in difficult times (when not much stock is available over the whole

stores complex).

3.8 The Work of K.F, Simpson, Jr.

A 3:8.1 Summary
In a paper to Operations Research, Simpson15 considers the problem of
allocating a procurement to a series of stores. A further procurement
is expected to arrive at a known time in the future. The demand statistics
at the stores are known. Simpson proposes a model for two management
objectives and gives, with a proof, a theorem of allocation for each case.
No central store is assumed, but the decisions are made by some central

agency.

3.8.2 Simpson's model

The allocation to be made from the procurement Q must last a known
time T for the case of a cyclical reorder scheme. For reorder level sys-

tems, the time T will not be known, but Simpson assumes it can be estimated



64

sufficiently accurately from demand forecasts. The quantity to be allo-

cated is assumed given.

3.8.3 The first management objective considered.

The case of "Emergency Replenishment"

This objective is the case of replenishing a sub-store when it reaches
an emergency reorder level, set high enough so that shortage at a store

is seldom experienced.
The sources of this "emergency replenishment" considered are:-

(i) original source:

(ii) another store with surplus stock.

Whatever the source, the cost of the emergency replenishment procedure
is said to be approximately proportional to the number of emergency replen-

ishments. Simpson's model assumes exact proportionality.

Further, Simpson assumes that the initial allocation is always suffic-
iently high that a particular store will not require to be "emergency
replenished" more than once in any given "replenishment period".® Then if
the cost of emergency replenishment is R and the initial allocation to
store i is Ai’ then the probability of an emergency replenishment is de-
noted by P(di > Ai - ri) where r, is the reorder level for store i and di
is the demand on store i before stock from the new procurement can arrive
there.

The costs then per replenishment period are in total

N
I c

121 8y

P(di;A -r,) (1)

i i
for the N stores.

3.8.3.1 The optimal allocation policy for the "Emergency

Replenishment" case

The above will be found from the minimization of (1) subject to Aia 0,

The following theorem, Theorem 1, proved in an appendix, is given:
"The optimal allocation requires that cp P(di = A, - r,) is equal for
i i i

each store."

®* i.e. before it gets its next "normal replenishment" or allocation.
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3.8.4 The second management objective.

The case of '"No Emergency Replenishments"

This case deals with a policy of having no reorder level and allowing
stores to incur shortages without any action being taken until the next
procufement is available. The shortage penalty gy is assumed time-
independent. If the density function of demand at the i™ store is gi(d')

then the expected cost of shortages for store i is

4

1 1
fA csi(d A;) g;(d') dd
1

whence the total cost of shortages is:-
N oo
| B ] 1
z f cg (d' - A7) g.(d") dd (2)
i=1l A,

i
i

3.8.4.,1 The optimal allocation policy for the "No Emergency

Replenishment' case

The problem of establishing the A; such that expression (2) is mini-

mized is said to be analogous to the previous problem.
The following theorem, Theorem 2, is given:

- "The optimal allocation r;quires that the weighted probabilities

e P(di a.Ai) be equal for all stores."
i

3.8.4.2 The case of equal ¢

51

If all the cg; are equal, then the optimal allocation policy is such
that the probability of a demand on ahy store being greater or equal to
the amount allocated is the same for all stores. Distinction is made
between this result of equalising the distribution function P(di 3 Ai)
and the result of equalising the probability density function for the case
of emergency replenishment (for the case when the reorder levels r, are

all zero and the cp are identical).
i

3.8.5_ Applications of given theorems

Equaliéation of probability density functions is admitted to be im-
practical for the case of large numbers of items. It issaid that fore-
cast errors at different stores, normalized by dividing by the standard
deviation of forecast errors, frequently have the same distribution for
all stores. When three conditions are met, the theorems have greater
applicability. These conditions relate to the density function f(x)

of the common distribution referred to above. They are:-
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(1) £(x) decreases in (0,»):
(2) f(x) increases in (-w,0):
(3) f£(0) s 3.

The normal distribution satisfies these conditions.

3.8.6 The "Emergency Replenish' case

The case where the common distribution f(x) of forecast errors meets

conditions (1) to (3) inclusive is considered.

The probability of a demand between A; and (A+dAi) at store i is:
(/o) £{A;-F;)/0,} dA,
where Fi is the forecast of demand at store i in the period T and 04 is the

standard deviation of past forecast errors.
The function £(x):

g{r) = ( f£(x) for x3 0
(1-£(x) for x<0 ,

is defined and the conditions (1) to (3) imply f(x) to be decreasing over
(-0 @),

Theorem 1 is said to be extendable to show that equating
(cRi /oi)g{(Ai~Fi)/ci} for all stores is both a necessary and surficient
condition for the allocation resulting to be optimal. The computation of
the allocation quantities by an iterative method is said now to lie within

the reaches of electronic computation.

3.8.7 No-Emergency-Replenishment Case

By similar means to the foregoing case, where the cg, are equal, a
i
common forecast error distribution is all that is needed to reduce Theorem

2 to the solution:

r

a; = ((@-1zxF)/te;) o, + F,

(which is the same result for the Emergency Replenishment Case for the

special circumstances where g /ci are nearly equalfor all i).
i
3.8.8 Comments on the work of K.F. Simpson, Jr.

The above-described work is really only peripheral to the problem in
hand, in as much as it only deals with the very specialised problem of how to
allocate an amount of stock, once very important decisions have already
been made. These decisions are that either the reorder level of stores will
be r, or that stores will be allowed to experience shortage without replen-

ishment to them taking place. Even with these pre-established policies it
\
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is nét made clear what quantity to give to a store (in the case of
emergency-replenishment). This is of no little significance if holding
cost is itself not unimportant in the case that the stock comes from the
original supplier.® In the case of supply from another store, there is
again a substantial problem of deciding on the quantify, since the store
from which the stock comes may be jeopardised by too high a quantity
shipped out of it. Too little stock shipped may mean that further distri-
bution is necessary. To state that only one (at most) emergency shipment
per replenishment period for any given store will occur does seem rather

a restrictive assumption since actual demand may well exceed forecast

demand.

Where the cost of stock holding is minimal and where stock for the
emergency distribution comes from the supplier at short notice, Simpson's
work has some applicability. It is clear, however, that it may be ex-
pedient to hold some stock back instead of distribute out all the procure-
ment initially. This stock may be held either at a central store or at

some other store.

To summarise, this author feels that Simpson 1s establishing control
of a'Egg-well specified system. The fact that the arrival time for the
next procurement is assumed to be known means that the buffer stock for
the system is already specified. This may well be too high. The r, may
be either too high (such that a replenishment which might not really be

needed could be saved) or too low, so shortage occurs in the lead time.

The present author tackles essentially the same problem.of how to
allocate a procurement amongst sub-stores and although the control necess-
arily prohibits inter-sub-store replenishment and requires a central store,
and the allocation formula is in no sense optimal, it does try to esta-
blish reorder levels, quantities distributed, when to order a procurement,
etc., not from management objectives, but from an overall view of attempt-
ing to optimise the combined procedures in control of the stores complex.
All these considerations are interrelated and should surely be considered

as such.

* Or perhaps the quantity supplied is assumed a fixed quantity, and the
cost associated with the replenishment takes into account an average extra
stock holding cost. This will not strictly be correct since extra
holding cost would necessarily, for a particular instance of a delivery,
have to relate to the expected extra holding time, and thus the holding
cost would differ appreciably for different delivery decisions.
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3.8 The Work of S.G. Allen

3.9.1 General

This work was published17 in 1958. The complex that is considered
consists of N stores, each of which holds stock, and no more stock is

available to replenish thiscomplex until time T.

At time zero stock may be redistributed over the stores as wished,
with cost proportional tovtotal number of units of stock moved. The
objective function is the total cost of redistribution and shortages dufing
- the period T. This function is required to be minimized. What occurs

beyond T is ignored for the purposes of this minimization.
3:9.2 Notation

Cost of moving 1 unit from store i to store j is cij'
Probability that demand does not exceed I' in time T for store i is

P.AT).

Each shortage costs cé.

3.9.3 Analysis

Total redistribution cost is:-

N N
C = I I C,.X,.3
RT izl §=1 13743

where xij is the redistribution quantity from store i to store j.

Total expected shortage cost is:-

N <
= 1 -
Cor ot I _[,’ (r-s;) dp.(r)
i=l si

where si is the stock at store i after the redistribution.

The objective function is thus CRT+CST’ which is to be minimized
subject to:-
o N N ( ) )
5, = g, - Ex..+ & x., [(i1=1,2...N (1)
i i j=1 ij 521 i

where si0 is the stock at store i before redistribution.

The further restriction, xij > 0, (2)

is given.

It is stated that the assumption,

35 Cix * % (3),
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(which imples that it is always cheaper to ship directly from a store
i to j than by any other indirect route) is sufficient to prevent the need

for additional restrictions like:-

since this is implied by equations (1) through (8).

If the value of xij’ which minimises TC = C__+C is xij’ either

RT ST
2(TC) . = 0
0X. .  |xX..
1] i3
or 3(1C " > 0 and &.. =0
axi. X, . i3
J 1]

- 1 P
where B(TC)/Bxij cs{Pj(sj). Pi(si)} + cij
is satisfied for each pair (i,j).
It follows that if:~
o o
1 Pi(si ) 2 1 Pj(sj )

there cannot be any transfer from i to j. This means that redistribution
will only occur when the receiving store has a higher probability of short-

age than the shipping store.

3.9.4 Computational procedure

The suggested method is to vary just one of the xij (with the others
held constant) until a conditional minimum is attained. This procedure
is then repeated for the remaining xij in cycles until a convergence

criterion is satisfied.

3.9.5 Author's comments on the work of S8.G. Allen

As this is essentially a publication peripheral to the work in this

thesis, comments will be brief.

There are two basic criticisms. Firstly, there is the non-provision
of a further chance for redistribution within the period T sholld a store's
stocks get to a level where the shortage cost can clearly be reduced

by such a redistribution.

Secondly, there is the possibility that the total cost of operation
of the stores complex can be reduced by incorporating a central store which

receives the procurement and ships some stock to stores out of each newly
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arrived procurement. Further distribution from the central store or re-
distribution could then occur at strategic times in the time period T.

As a result of the implementation of this central store, the total cost of
.shortages and deliveries might well be reduced to a figure below the op-
timum corresponding to the specific control considered by Allen. There

is the further point that the value of T is itself a restrictionm.

Relaxation of this restriction could itself lead to a cheaper cost of opera-

tion overall.

3.10. The Work of S.A. Bessler

3.10.1 Summary

Besslerlg considers the case of a "Polaris type" multi-echelon supply
complex consisting of a central store and N sub-stores. Replenishment of
the central store and the sub-stores is periodic. Emergency replenish-
ments also occur to a sub-store whenever a backorder occurs at that sub-

store. No inter-sub-store shipments are allowed.

The o¢ptimal multi-echelon inventory procedure is a vector ;; such that
at the order time, the ith sub-store orders that amount of stock to bring
its notional stock to ;i (the latter being the ith component of y).

Bessler constructs an algorithm with which to obtain y for a complex with
a central store and three sub-stores., He goes on to compute optimal
inventory procedures for various data combinations (unit cost, shortage

cost, etc.).

3.10.2 Introduction

An item has a unit cost P and the cost of an emergency replenishment
is eg - If the central store is unable to supply the sub-store (because
e .
it is depleted) when an emergency replenishment is ordered, a cost Cl re-

sults. The case considered is:-

P/cR = 10 C,/c = 153
e e

where the cash discount factor is B per period and where the demand
comes from nine sources for sub-store 1, six sources fof sub-store 2, and
three sources for sub-store 3. The source demand pattern follows the bino-
mial distribution where the probability of demand for a unit in the in-
terval between replenishments is .0l. The result of the application of
Bessler's algorithm gives y = (1,1,0,0), i.e. §; = 1 (i.e. order to a level

1 for central store), and ;i =1, ;é = §3 = 0.
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3.10.3 The model

Let notional stocks for the central store and the N sub-stores be
denoted by R, ® (Xot’ Xyps ...,th) at the iineral instant when ordering
is taking place, say the begimning of the t = period (i.e. the suffix zero
refers to the central store). Notional stocks after the order will be

Ve = Wops Yyes «ovs Tyged-

The actual demand in the tth period over the N sub-stores will be
some vector dt = (dlt’ cens dNt)' This demand is assumed to be identically
distributed between periods with a joint probability function of

p(d., 4., ... dN).

Now let the vector of stock levels at the end of period t be é(yt, dt)'

Let s, = Max((y,, - d,), 0)
and si, = Max((d; . - ¥;5,)s O) , 1=1,2, ..., N.

Then if the ith'component of s(yt,dt) is Si(yt’dt)’ we have:-

so(yt,dt)

si(yt,dt) = S5 i=1, 2, ..., N.

This assumes all demands to be captive.

3.10.4 The cost function

Costs incurred during the tth period consist of a "regular" replenish-

ment cost, "emergency' replenishment cost and shortage costs.

3.10.4.1 "Regular" replenishment costs

The costs associated with the regular replenishment at the beginning
of the o0 period, quantity (yt-xt), are

N

P x igo (yit - xit)' Thus, it is seen that P is strictly the

delivered cost of the item. (Production set-up costs are proportional to

the number of units produced and are included in P.)

3.10.4.2 "Emergency" replenishment costs
N
> ]
These are cp X Mln( .E Sige yot] .
<] 1=1

3.10.4,3 Shortage costs

N

. 1 -
These are c, x Max'(izl Siy " Yor o 0)




The sum of the emergency replenishment and shortage costs for the tth

period will be denoted by g(yt,dt).

3.10.5 Ordering policies

The information available at the beginning of the tth period is

e K3 Vs Ypu o eee Yoopb dl’ d2, oo dt—l)’ The ordering

Ht = (xi, Xys o
policy Y = (Yl, Y2, ...) is a sequence of vectors. Yt is defined on Ht’
i.e. Yt = Yt(Ht) and (Yt - Xt) will be the order vector for the central

store and sub-stores at the start of period t.

Clearly, we are concerned with those policies such that Ytz Xt

Such policies are termed feasible.

3.10.6  Method of analysis

Let W(y,d) = g(y,d) - BcR s(y,d). Suppose ft(X1/Y) denotes the

. . e , s, . .
expected discount cost during periods 1, 2, ... t, when the initial inven+-

tory is Xy and the feasible policy Y is followed. Then we have:
t i t+l
ft(xl/Y) = egzl B (cRe(yi-xi) + g(yi,di) - B cRe xt+l) .

The term Bt+l CR  %y4y Trepresents the disposal value for items left

after t periods (i.e., the cost of satisfying the demand remaining after

completion of the tth}period). Bessler goes on to show that f(xl/Y), defined
by
lim £ (x /Y) = L Ble(G(y.)), » wWhere G(y) =c_y +£(W(y,d)) s
t 71 . i R 7.
oo ‘ 1=1 e

exists for all Y.

The problem i1s now reduced to finding a poliey Y* such that

f(xl/Y*) = Min f(xl/Y)
Yey

where y is the class of feasible policies. If such a policy exists it is

termed "optimal".

3.10.7 The optimal procedure

Bessler now proceeds to show that an optimal policy of particularly
simple form exists for the problem described. If there exists a vector

y = (};, ;i, v }&) minimizing G(y) over the set Yl, then the optimal policy

is:-

k) =y



73

where Hﬁ is the stock information available up to period t when following
the optimal policy Y®*. Thus for a complex of N sub-stores, the optimal
policy is defined by a critical vector y = (§;, §i, R §&).- Then if
at the beginning of an order period the notional stock x5 is ‘less than Yy
at sub~store i, an order for (yi - Xi) is placed. For all stores we then
have a total ordered quantity of

N

T (v, - x,).
izt 1
Thus it must be shown that there exists a vector erl for which

G(y) = cp ¥ t e{gly,d) - Bep s(y,d)}
e e

is minimized. A theorem is given to ‘establish this point.

The problem of determining an optimal policy has now been translated

into one of minimizing a function of the single period costs. That is, the
vector y for which G(y) = Min G(y) is sought where
yaYl
N ’ N
Gy) = ¢ (1-8) I y; +e(g(y,d) + o I d,)
e 1=0 e 1=l
To minimize e(g(y,d)],: .,dy(= Yor Yyo oov yN) is formulated and solved
by an N-stage dynamic programming problem.
3.10.8 Algorithms derived
For the case N = 2 a very simple algorithm is developed. It is para-
phrased as follows: "At each stage provide an additional unit to the sub-

store for which the return is greater. If there is no advantage gained
from a supply of an additional unit to either sub-store, then stop."
This algorithm has the feature of substantially reducing computations re-

quired to determine yﬁ(the vector corresponding to minimal g(y)).

Bessler goes on to develop a computational procedure for the case N=3.
For more than three sub-stores an optimal distribution ; is obtainable from
the general method of solution. It is stated that a very desirable result
would be the determination of restrictions to be satisfied to have a simple
algorithm similar for the case N=2. Although this problem has been active-

ly considered, no solution is yet available.

3.10.9 Comments on the work of 8. Bessler -

The way in which Bessler takes into account the holding cost of the
item is somewhat interesting. Whenever a sub-~store orders a quantity,q say,

then the cost of ordering for this sub-store is assumed to be Pq (where P
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is the delivered cost of the item). - Clearly it is not sensible to associate
the actual cost of an item with an ordering sub-store. Account should be
taken of the cost of the capital tied up with stocks at the ordering sub-

store, but this is just a percentage of the actual item cost.

It may be more expedient to trigger an "emergency' replenishment before
a sub~store receives a back order. Thus in no sense are Bessler's rules
optimal. from an overall sense. However apart from the aforegoing criticisms,
the "optimal" policy suggested with the assumptions requisite for Bessler's

model is likely to be useful for slow-moving items.

3.11 The Work of D. Hoekstra

3.11.1 Introduction

Hoekstra considers20 a multi-echelon supply system for aircraft engines.
The ability to support a given state of readiness of the aircraft popula-
tion is said to depend on the frequency of engine shortages, the length of
time these shortages last and how many aircraft are grounded as a conse-

quence.

Hoekstra tackles the problem from the point of view of "average customer
waiting time", waiting time being the time a replacing facility has to wait
for a replacement engine after removing an engine due for repair or over-

haul from an aircraft.

The model considered is basically a specialized central store/sub-store
problem except that the central store may be considered as the repair facil-
ity as well as a storage agent.When an item is sent to the central store
for repair the sending sub-store is replenished as soon as possible from the

central store.

zi is the lead time for replenishment to sub-store i from the central
store® and tp is the time to repair an engine at the central store (taken
as the time period between when the engine leaves the sub-store and the time
it is in repaired condition at the sub-store). Both are averaged times.
tr is the average time for repair at a sub-store. zni is the average time
in filling a demand at sub-stores as the result of stock not being available

at the central store.

The rate of demand for sub-store 1 is li in total, of which Ai are re-
turned to the central store for repair (instead of repair within the sub-

store). The total rate of replenishment. orders on the central store will

% When the central store is not out of stock.
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then be £ Ai, termed ART' The amount of stock in the central store

(serviceagle physical stock plus stock in the repair cycle) is SM. r,
designates the stock level at sub-store i equalling sub-store repair stock,
physical stock, and transit stock from the central store. SN is the
Physical stock in the central store less backorders from the sub-stores;

the probability of SN is designated by p(SN). The stock at sub-store i
which is the sum of serviceable stock less backorders is n,, the probability
of which ishp(ni)-

The average number of shortages in sub-store i is denoted by bi and

average time to fill a demand is T,

3.11.2 A note on central.store availability

The mean number of items in the central store repair cycle will be

ARTtR' Clearly there will be times when the stock in the repair cycle

exceeds A to an extent that the central store is depleted. When this

RITR
occurs, replenishments to sub-stores are delayed.
The probability distribution of '"net stock" SN at the central store is:-
Su™Sx
(ARTtR) -
(1)

(sM—sN):

“Arrtr
e

p(SN) =

resulting in the average time to fill a demand when the central store has no

stock of:-

[ R T (-s,.) p(s,.) (2)
RT s.=-1 N N

3.11.3 Average time to fill a demand

The average number of items tied up in the pipelines attached to a sub-

store i is:-

pt o= (Ai—ki) t, + A} (tR + lDi) . (3)

but fluctuates about this because of the Poisson distribution in demands.

The inclusion of the factor kigDi reflects the fact that the sending of an
item for repair from sub-store to central store may not immediately be
followed by a replenishment from the latter, since the latter may be depleted

of saerviceable stock.

Sub-store shortage will always result if the number of items in the
pipelines attached to a sub-store i (notional stock plus repair stock)

exceeds the level ri.
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The expression for the probability distribution of n; s sub~-store i's

serviceable stock less backup, is given as

t (P.-ni)

U i
e

p(n,) = d (%)
* (r,-n,)!
i i’

The average number of backorders in sub-store i is given as
- o0
bi = L (-ni) p(ni) , (5)

1
t = — % b.
W EAi ; 1 (8)

3.11.4 Approach to the solution

One problem which may require solving is that of allocating a given
total I items over the complex to yield minimal average time to fill a
demand, i.e. find M, ri’ (i = 1,2 ...) such that tw(SM’ri) is minimum,

Y

subject to S, + L 1, ¢ I.
M A

Hoekstra considers the following as characteristics of the optimum

solution: -

(i) Subtracting one item from any sub-store and adding to another

sub-store will not improve the function €,

(ii) Subtracting one item from the central store and adding it to

a sub-store does not improve tw’ whatever sub-store is considered.

3.11.5 The iterative procedure for the solution

The following iterative procedure is given as one for which convergence

to the optimum results:

M-Iy T T 0 for all i. Compute tw: A
(ii) For k = 1,2,3..., compute tw with SM one less than before

and r, One more than before, leaving r, unchanged, for all i # k:

(iii) Is Min t < t_?
x v

If yeg; Put t, Tt and n =n t 1
k
Return to (ii):

If No; t, is optimal.
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3.11.6 Conclusions/Results

It is found that the decision as to how much stock to allocate to the
central store has a distinct effect on the performance characteristics of
the complex. Secondly, the stock level SM being retained by the central

store is said to be surprisingly low for optimum complex performance.

It is suggested that it is advantageous for the central store to be
congidered more as a repair facility than a storage depot, with stocks moving
rapidly out of it once repaired. The point is made that for many types of
item,the central store represents a relatively small part of the flow of
stock. It is conjectured that the high level of protection against shortage
at the central store (which characterises most "economic procurement quantity"

models in use today) is largely unnecessary.

3.11.7 Comments on the work of Hoekstra

The work of Hoekstra considers a closed self-sustaining complex with
no procurement problems, but the distribution of a given inventory investment
over the central store and sub-stores. As such, the aid to management of
an average time to fill a demand as a function of this inventory management
is extremely valuable. The iterative procedure for obtaining the optimal
distribution (i.e. of obtaining SM’ ri) such that the average waiting time

to fill a demand is minimised, is remarkably simple.

Although it appears sensible to replenish immediately a sub-store which
ships an item to the central store for repair, no suggestion is offered that

this procedure is optimal.

For the operations system considered by Hoekstra this paper does seem

to represent useful control.

It does appear that equation (4) is not strictly correct. The reason
for this is that the effective lead time is a random variable, and its mean
Eﬂgiven by (3) is used as.a constant in equation (4). A more accurate
version would be

~E r.~-n.
AR

e
L eme————
g (rymgh
where £ is the effective lead time and its probability density function is

$(&).

p(ni) =

3.12 The Work of E. Berman

3.12.1 Introduction

Berman, in a paper published in Operations Research22, considers the

problem of controlling stock in a complex consisting of a number of stores
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with an initial even stock distribution and subject to a Poisson distribution
of demand. No procurement from any central store or elsewhere is considered.

Only redistribution between the stores is permitted.

In each time period, the redistribution decision between a pair of stores
is made using an analytical solution which takes into account the redistribu-
tion cost, the stocks on hand, the cost of shortage; and the demand probabil-
ity function at the two stores. In addition a control parameter Bt is in-
corporated representing the value of the redistribution in time periods be-
yond an artificial time horizon (i.e., it gives the fraction of the rédis-
tribution cost charged in the tth period). The expected total cost of
operation of the compléx with different values of § is then determined by
Monte Carlo Simulation. The ideas are extended to cover the case of the

redistribution decision among three or more stores.

3.12.2 Establishing the analytical solution to the redistribution

decision

The current redistribution decision is assumed responsible for shortages
" occurring between the time of arrival of stock redistributed now and the

time of arrival of stock redistributed in the next decision period. The
artificial time horizon for period t is the length of the period of the

model plus the redistribution lead time.

Thence, the cost associated with a stock (notional) at store i of
s in time period t is:-
®
Ci(s,t) = c'i x=2+1 (x-s) fit(x)
where cé. is the unit shortage cost® at store i and fit(x) is the
probability dénsity function of demand at store i between the present period

R . . t .
t and the artificial time horizon for the t h period.

3.12.3 Consideration of two stores

It is argued that if C(s,t) has a greater slope for store i than for
store j then the consideration of a stock redistribution can only be from

store j to store i, mot vice versa.

A decision is to be made to ship a quantity q, (30). The costs of

this decision are
CA(qr,t) = Ci(si+qr’t) + Cj(sj-qr,t)

+ Bt%peqr + crf) for ¢ > 0 (1)

* This takes into account the cost of an "emergency redistribution™ as well
as the actual cost because the item is needed and is not immediately available.
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where S:» sj are the stocks at stores i,j before redistribution, and

c. s C,_ are, respectively, the variable (i.e. per unit) and fixed costs
e

of the redistribution.

If q, = 0 (i.e. no redistribution),
CB(qr,t) = ci(si,t) + cj(sj,t) (2)

3.12.4 Method of proceeding to the solution

Berman argues that the function CA(qr’t) is either increasing or convex,
whence in the former case, the solution is Q. = 0. In the case that the
function is convex, the q, minimizing the function C(qr,t) is obtained,
say Q , and then CA(ar,t) is compared with Cg(0,t).  If CA(&r,t) < cg0,1)
then the decision is a redistribution of size Qs otherwise there is no

redistribution.

3.12.5 A note on the Bt function

The basic reason for this function is the need to allow for the fact
that there exists the distinct possibility that the considered redistri-
bution, if not occurring now, may well be required between the same two

stores (and in the same direction) at some later period.

The Bt functions considered are characterised by the initial value of
B (i.e. that in period one) and the shape of the function between this per-
iod and the last period conslidered in the model. Clearly Bt functionss

can be seen to reach a value of unity in the last period.

3.12.6 Extension of the ideas to multiple-store redistribution

Consideration of redistribution from two or more stores to one store
is first made. The q, items considered come successively from those stores
which have the least value of Ci(s,t) slope. If three stores are con-
sidered shipping to one store, equations (1), (2) are respectively modified

thus:
For store 1, cost of a redistribution of q, to this store,

cA(qr,t) = Cl(sl+qr,t) + C2(s2-q2,t) + 03(33~q3,t)

+ Cu(su—qu,t) + Bt%reqr + k crfJ (3)

where k is the number of stores contributing to the Q..

cB(qr,t) s Cl(sl,t) + C2(s2,t) + Cs(ss’t) + Cu(su’t) (4)
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where qu taztaq, = q

(qp 05 943 %0, q, %0

and are established according to the criterion given above.

In the case that redistribution is considered from one store to two or
more stores, each incremental item considered for the various q, must go
to the store offering the greatest marginal saving (i.e., that having the

greatest slope of Ci(s,t)).

3.12.7 Comments on Berman's work

Berman's work is designed only to cope with the rather specialized pro-
blem of interdistribution between stores where no further procurement from
any source will arrive in the future. ~ The length of the decision periods is

unfortunately neither defined nor suggested.

It is very difficult to see the exact type of comparison which is sug-
gested in the extensions of the ideas to multiple-store redistribution. It
is not made clear whether shipment from the store with the lowest value of
C(s,t) is considered before shipment to the store with the highest value of

C(s,t).

Neither set of decisions necessarily yields the optimal solution.
A very large number of combinations of redistribution combinations is

necessary for this.
To illustrate this point, the optimal decision for a period t may be:

Ship 5 from store 2 to store

Ship 2 from store 3 to store 1.

Berman shows no way in which this type of result is obtainable except
by the (obvious) method of considering every combination of inter-store

redistribution available.

3.13 The Work of K. Borech

3.13.1 Introduction

In an ar'ticle23 in the Academy of Management Journal, Borch considers

the problem of inventory decisions in a hierarchial inventory situation.

The situation considered in @ simple model is that of a retailer and
wholesaler.

3.13.2 The model

If demand exceeds stock, the retailer can order an amount up to z from

a wholesaler and he makes a profit of a, on the resale of these units.

2
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a, is the profit he makes on stock demanded ex retail:stock: The retailer's
expected profit is given as '
+z y+z

E y y
P(y,z) = a, [ x £f(x) dx + alyf f(x) dx + a2f (x~y)£(x) dx
' ° y y

-]

+ (aly + a2z) / f(x) dx - b,y
vz

.where y is the retail stock held by the retailer, bl are the storage

costs per unit, and f(x) is the probability density function of demand.

For the case that the retailer knows z, his optimal stock is determined

by
3p/3y = a,{1-F(y)} -aQ(F(y+z)—F(y))—bl = 0
v +Z
where F(y) = [£(x) ax  and F(ys7) = [T0x

Further, 3P/0z = a,(1-F(y+z)) 3 O,

and so the retailer's expected profit increases with z. Thus, the retaller
gains by the wholesaler~ holding large-inventories which can be called on

when needed.

By similar analysis, it is shown that the expected profits of the

wholesaler will decrease as the stock y held by the retailer increases.

3.13.3 Results of the situation and approach to the solution

The retailer cannot decide on optimal y unless he knows the wholesaler's
choice for z. Similarly, the wholesaler cannot find an optimal z until he

knows the retailer's choice for y.

Two methods of analysis are considered by Borch. The first of these
analyzes the situation as a learning process, the second as a Two-Person

Game.

The first method leads to an unsatisfactory solution, unsatisfactory
since there exist a number of other combinations of y,z for which both
parties receive higher profit. The second method employs the usual Game
Theory assumption that parties are allowed to co-operate, and that they in
some manner batgain their way to an arrangement which both accept as the
best they can hope for in the given situation. This limits the range of
considered (y,z) combinations, but to establish the eventual "agreed" com-

bination, additional assumptions are required.

Borch continues by discussing ways in which to generalize this model.

s

The introduction of price and the "general public'" is cited.
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3.13.4 Comments on the paper of Borch

The hierarchial decisions involved here are interesting since they do
have some rélevance to a central store/sub-store problem where the supply
to the central store is by a wholesaler. The models suggested by Borch
can then to some extent aid a simplified model of the central store/sub-
store problem to be built in which some estimate of the stock available to

supply the complex can be obtained.

3.14 The Paper of J. Magee

3.14.1 Introduction

In an article18 in the Harvard Business Review Magee considers a spe-
cific central store/sub-store complex with supply from a factory under the

same ownership as the complex.

It is strictly a case study and the way in which service was improved

and production stabilized are the most important features.

Originally central store and sub-store stock control was very much a
haphazard process. A suggested improvement was a reorder level based
control for both sub-stores and central store, the reorder quantity for sub-
stores equal to /53;3;7E§'where g is the fixed ordering cost, Ai is
the sub-store i demand date and hP is the holding cost per unit time.

The reorder quantity for the central store was made equal to
/EE;X;7E§'where c

is the cost of a supply (procurement) and Ap = Age

L

P i
Under this control, production fluctuations were no larger than
before, but the average change in production was equal to 80% of the aver-

age production level, leading to excessive production costs.

3.14.2 Stabilization of production:: Control 2

A new control was established with cyclical review at sub-stores.
The central store would order the issued quantity from production, and
receive the order within two weeks or by the beginning of the next review

period, whichever was the greater.

The review period was established by considering the amnnual cost of
operation with different review periods and then choosing that period

yielding minimum total costs. Assumptions were:-

(i) Sub-store buffer stock was such that there existed 0.25% chance

of a shortage in any one week.

(ii) Central store buffer stock was set to allow a 1% risk that it

"would be unable to replenish all sub-stores immediately".
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(iii) Central store stock would average at half the average demand in

a sycle plus its buffer stock.

(iv) Production change costs were proportional to change in produc-
tion level between cycles - equivalent to change in overall demand on

the complex between cycles.

3.14.3 Results of the new control

With the data relevant to the specific case considered about 60% of the
former cost of operation was cut. Although total inventories were
reduced by 70%, most of the savings was obtained from smoothing production.
Further savings resulted since the reductions in production fluctuation
made possible production deadlines to be met regularly, which cut the sub-

store lead time allowing small reductions in sub-store buffer stocks.

3.14,. 4 A further suggestions for control: Control 3

In a new suggestion for control, the sub-stores "report" stocks at
periodic time instants and the factory produces according to the demand.
in the previous périod. Replenishment to Sub-stores only occurs from
the central store when the "reported" demand '"totals" an economic shipping
quantity. It was hoped that (i) this control would reduce production
fluctuation and buffer stock needs still further and (ii) fewer sub-store

replenishments would be necessary.

3.14.4.1 Policy decisions required

3.,14.4.1.1 Period between reporting demands

for sub-stores

By considering the costs associated with reporting intervals of one
week and two weeks respectively (these costs were taken as the sum of
inventory holding cost, production change cost and clerical costs) and
taking the interval giving the least cost, the period between reporting

demands (it turned out to be 1 week) was decided upon.

3.14.4,1.2 Size of replenishment to sub-stores

By balancing inventory holding cost against replenishment costs and

ignoring cost of backup, an economic order quantity is established.

3.14.4.2 Results of this control suggestion

Over 20% cost reduction of the previous control is the result quoted.

3.14.5 Ideas for further production stabilization: Control 4

The production level under Control 3 was being adjusted each week to

account for the full change in inventory due to demand fluctuations in



84

the complex. The proposal here is to limit the adjustment in production
to some fraction of the difference between actual demand and average
demand. As the production is smoothed, the buffer stock will be corres-
pondingly greater. Study showed that the total cost of production change
and buffer stock could be minimized with a response or reaction rate equal
to .125, i.e. wheretthe production adjustment is limited to .125 times

the difference between actual demand and average demand in the period

since the last repdft.

3.14.5.1 Results of the application of Control 4

Another total cost reduction by about 18% of that with the previous con-

trol is claimed.

3.14.6 Comments on the paper of Magee

As this paper is not intended to be a significant contribution to the
theoretical literature, its non—generallty cannot be a major criticism.
In showing that considerable savings may be obtained by/sen81ble inventory

tie T
control procedure, zSZdoes excellent work.

There are several minor criticisms, however. The first of these is
that the economic order quantity for both sub-stores and the céntral'
store does not take into account the cost of backorders (which may or may
not be significant in the case of Control 1. Clearly this decoupling
of control and establishing of independent ordering rules is not very
sensible anyway. In consideration of Control 2, inability of the central
store to "replenish all sub-stores immediately" does appear to be some-
what ambiguous. Presumbly it means "being able to supply the whole of
the order", and in this case, one presumes the central store would issue

out all the stock it has.

Control 3 includes an economic order quantity which again does not
account for backup. Further, it is likely that (for other than short-
length periods between reporting demands) when replenishment to sub-stores
occurs "reported demands" significantly exceed the economic order quantity.
This in turn leads to either backup or unnecessarily high buffer stock,

whence high inventory holding costs.

The general computation throughout the paper of an economic order
quantity is to be criticised. It is not clear that the computation takes
into account all the relevant gosts. The amount delivered and when to
deliver to sub-stores are interrelated, and clearly the shipment quan-
tity should not necessarily always be the same when the distribution of

stock over the complex is different.
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It is not clear that the reporting of demands in Controls 3 and 4 for
sub-stores means simultaneous reporting for sub-stores or lagged reporting
times, Clearly there are some savings to be gained from the latter al-

ternative.

The final point is that this case study deals with the special case
of supply to the complex under the same ownership and most of the savings
occurred from smoothing production. Control for this case is required
to be adapted .accordingly, and it is not necessarily true that this type
of control is best suited to other cases where procurement comes from an

independent concern or where production smoothness is not so important.

3.15 The Work of J.A. Cran

3.15.1 Introduction

bythe Pregﬂ author
This work has been treated(rather differently than previous works, in

that whilst presenting this author's work, discussion takes place along-

side it. This is because it is felt that Cran's approach to the problem
is a really useful step forward along interesting lines and the ideas for
his control will be used as a basis of comparison for the ideas developed

in this.thesis.

3.15.2 Summary

Cran's work was triggered by the existence of a two-level distribution
problem, i.e., a problem concerning the central store/sub-steore complex,
for the factory warehouse (central store) to the thirty sales branch ware-

houses (sub-stores) of Massey-Ferguson Ltd., Toronto.

Cran's model of the real complex consisted of a central store and ten

sub~stores subject to equal random demand and separated from the central

store by a two week (constant) lead time.
(apad 8lso the presedl author) . .

pest, Crangexcludes the possibility of transshipments between stores. .

He gives the reason that the unit cost for such transshipments is so much

greater than shipment from the central store.

Stock to the complex ¥ia the central store occurs, as in the author's
model in one batch, the 'procurement' which,in Cran's case, is subject to
a variable peorder lead time of known distribution. Demands on the com-
Plex come only in the form of retail demands on the sub-stores, with back-
ordersbeing accumulated. Procurements and deliveries between cgntral
store and sub-stores cost fixed amounts. Inventory holding charges are
(as with the author's model) independent of whether the stock is held at

central store or sub-store.
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In his paper on this subjecth Cran states that "at first glance it might

seem that this system could be controlled on a two-level E.0.Q. basis" with

each branch ordering from the central warehouse in E.0.Q's based on its uwn
forecast sales and the redistribution set-up cost. Howevers—he—£ails

goes on to show the lack of rationale in a two-level E.0.Q. basis of con-
trol, this lying within the fact that when deciding on the quantity of
shipment between central store and sub-store, the cost of holding stock
should not be considered, as no additional holding costs result from that
decision. One might add that even if additional holding costs did result
from the decision on quantity of shipment the E.0.Q. rule would still not
take into account expected costs of shortage at the other sub-stores,
these, apart from &ther factors, being dependent on the amount of stock

remaining at thé central store.

However, two important points require making at this stage. Cran
notes that in widespread commerical applications of the complex under
consideration each store (including central store) is controlled inde-
pendently on high/low limits (presumably on an (s,S) rule). Secondly,
he recognizes that such independent commercial operation is irrational for
a complex under single ownership, and that a more sophisticated control
involving a 'rationing' to the sub-stores is required so as to offset the
excessive cost of shortége which cén result from independent store opera-

tion on (s,5) rules,

3.15.3 The proposed control rule

When a procurement arrives at the central store, distribution to sub-
stores occurs at once according to the following procedure. The total
stock in the system (including the procurement) is summed and back-orders
subtracted. This gives "%zftem Stock. Having a forecast of total
system demand rate, th§7%?%e until the total system stocks out, the '"mean
stock~time”*is calculated. Then, in order to find the value of the stan-
dard deviation of sub-store demand during the actual stock+time, he makes
the following approximation, making the assumption that the distribution

of demands is Poisson:-

2 /= 2 =2 2
ogrp, = (Toygpp J* 4T ogy
i i
where Ogrp. = standard deviation of sub-store demand during stock-time
i
T = mean stock-time

* |f The téta! sStoak v the systes s S awd N\ s The total syden damamna Rﬁey
vhean stock-Tine 19 §//\’r _ StockTme 15 the Detval Thve weitil the sysher Shekes o (5‘0),
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Ai = forecast of sub-store demand rate during mean stock-time
Ogp = standard deviation of stock-time
IMSTD standard deviation of sub-store demand during mean stock-time
i

The method of stock allocation will now be described. Each sub-store
is allocated its mean stock-time demand (i.e. expected demand in the mean
stock-time) less a 'hold-back'. The sum of the hold-backs from all the
sub-stores is kept at the central store and is used for redistributions

to needy sub-stores as stock-out of the complex approaches.

The hold-back is defined as a control parameter multiplied by the stan-
dard deviation of the relevant sub-store demand during stock-time. Thus
the allocation® to sub-store i is Ai?l- KbSTD. where A is the control para-
meter which Cran wishes to optimize. * ‘

3.15.4 Criticism of "Mean Stock Time"

The logic behind the idea of "Mean Stock Time" is apparently to ensure
that no sub-store has too much stock by the time the whole complex is
when shovtage aosb s ot small
short. The criticism of this is that/the w olecomplexis llkely to be
short quiterarely since a new procurement is likely to arrive well before

stock-out time. This policy is then guarding against a danger which
vhen shtqesarecest]
ir—many instanges dées not occur.

There are a few instances where Cran's policy has relevance, and
is likely to provide good control. This is where both the unit shortage
cost is small and replenishment is cheap. Then good policies will
necessarily entail sub-store shortages and the complex may have numerous

deliveries without incurring high total delivery costs.

3.15.5 Criticism of holdback

There is little rational support for making the holdback proportional
to the standard deviation of stock-time reguirements.  Presumbly, the
logic is to ensure that each sub-store has (roughly) the same (small)
chance of being overstéekédwﬁhen the whole complex is very short of stock.
We have already shown however that this is guarding against an almost
non-existent danger, and to do this to the same degree in everyﬁgubfstore

is not & major virtue.

3.15.6 Sub-store reorder point T e

Cran's proposed rule considers redistribution from the central store
to a sub-store whenever the stock level of the latter reaches a reorder
level. The latter is established as a minimum stock level for a branch

such that redistribution can beeffected from the central store in the three

* Note that this implies that shipment quantities equal allocation less
notional stock for any sub-store.
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week lead time (consisting of one week review plus two week redistribution)
with little fear of a stock-out. The sub-store is then shipped the
difference between the allocation and its virtual stock except when the
allocation is less than three weeks' mean demand on the sub-store, when-
the allocation is altered to three weeks' mean demand. Redistributions
'continue on this basis until the central warehouse (i.e. central store)
stock is exhausted!'. (Presumably, Cran also means "or until the central
store receives a procurement, and then the redistribution cycle recommences".)
Allocation, in the case of redistributions, is calculated in the same way
as for the initial distributions to sub-stores occurring at the time of
procurement arrival. That is, for each redistribution necessary, mean
stock~time is calculated, and the estimated value of the standard deviation
of that sub-store's requirements during the actual stock-time computed from
the given approximating equation, holdback being the factor 'A' multiplied

by this standard deviationm,

3.15.7 Procurements for the complex

Procurements for the complex are considered whenever the total system
stock falls below a reorder level M. The amount of a procurement quan-
tity is Q, and the three control parameters, viz. A, M, Q of the model

are to be optimized.

3.15.8 Some criticisms

there is no absolute necessity to distribute stock as soon as a procure-~

ment arrives at the central store. Secondly;—in—a—fully computerined

op

ek o ne ead me—h

. . .
] R—I3 L OCK nange~ L RNIQrNdg On--bhe1ng PaNsSmi ad = OmDY

Second! . . e .
agedsy-) Zhéedéﬁi the author feels that greater justification for

raising the minimum sub-store allocation to three weeks should be offered.

Ry

It is recognized that deliveries to sub-stores should carry a high value
of stock if possible in order to reduce overall transport costs, but when
overall stock in the complex (i.e. gystem Stock) is low enough that the
calculated allocation is less than three weeks' mean demand, raising the
allocation to an arbitrary three weeks can well increase the risk of
run~out at other sub-stores. égg;:éiy, it would be more helpful to rea-
ders if Cran were more specific about the establishment of the gub-store
reorder level than quoting it as "that level such that redistribution can

be affected in the three week lead time with little fear of run-out".
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If it can be assumed that this implies that there will be only a small pro-
bability of the Poisson demand exceeding the reorder level in“the three
weeks lead time, this probability being decided upon by management and

a policy variable (using such data as extra costs of holding stock versus
drop in probability of run-out), then this is satisfactory, but should be
made explicit, It might, however, be a better idea, to make such a pro-
bability~of-run-out a control variable, but inherent difficulties owing

to the extra cost of optimizing a four-variable function are recognized.

3.15.9 Determination of optimal cost of parameters and the asso-

ciated total cost of control

Cran obtained an approximately optimal combination of the Q, M, A
parameters by simulation. He wished to obtain an improved method which
could establish the optimal combination for a variety of combinations of

costs and demand rate.

per unik tme.
In order to do this a Total Cost function{ T.C., was built:-
A Q-e(N.)

T S
T.C, = 5—-(cP +e(Co) + elNp) x ep) t (=

RJ + (¥-A L)) bP
. (a)
where AT is the total demand per unit time
cp is the procurement cost
E(CRO) is the expected cost of shortage per procurement egual to
e(NS) x ¢d
e(NR) is the expected number of replenishments per procurement
s(NS) is the expected number of shortages per procurement
L is the procurement lead time
hP is the holding cost, per unit time

R is the wait—peplonishment costof o replevishment.

Cran then proceeds to obtain from the results of simulation graphs
of the total number of replenishments Yg Versus System Stock S for several
values of the holdback factor A. The probability of reaching a particular
value of System Stock and hence incurring the corresponding Yr will be
governed by both the reorder level M and the distribution of System lead

time demand.

For a particular value of X; the expected total number of replenish-

ments per procurement, e(NR), is obtained from the following simulation:

o]

e(NR) = function (M,A) = & yR(s,K) x F(M-S) (b)
S=M

where f(M-S) represents the probability that the total demand in the pro-

. curement lead time is (M-S).
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By a similar method which uses the result of ten simulator runs for
total number of backorders Yg experienced versus Total System Stock S,

Cran obtains by approximate integration a value for the expression:-

e(N;) = function (M,R)

He makes the point that strictly the YR® Yg» &re also functions of
Q, but he considers the dependence to be sufficiently slight over the range
of Q "involved in proceeding to a solution” that this effect can be ig-

nored.

3.15.10 Differentiation of the total cost function

Setting the partial derivatives with respect to Q, M, and K'respectively

equal to zero, yields the following set of equations:=-

Q = Y2g{cp + o xeN) + cp x e(N)J /bP (c)
QhP d 3 _ GhP

(9-1-12 - ¢!} a—__ {e(¥W )}- ¢ é—_—_— {e(N,_)} = 0 (e)
2\ 5 .3 S R o3 R

where cé is the unit cost of shortage. This analysis is only appli-
cable where cé e(NS) = e(CRO), i.e. shortage cost is dependent on number

of run-outs only and there is no time dependent cost factor.

3.15.11 Method of obtaining the optimal combination of parameters

Equation (c), being very stéble provides a value for Q when M,A are
guessed.,  Substitution of this Q in equation (d) yields M. Iterations
between these two equations are said to settle down quickly to limit values
for Q and M. Substitution of these in equation (e) yields A, The pro-
cedure now is to return to equation (c) and use the new M,A and commence

iterations again.

This procedure can be used to obtain optimum Q, M, & for various

(el!, P, h, Cps CR) combinations.

Cran is particularly interested in knowing the cost of operation for
different unit costs. P as the value of service (gauged as fraction of de-
mands which are immediately met) is varied. The method by which these
results are obtained is interesting. The equations (d) and (e) are eval-
uated with various unit shortage costs Cé' The performance of the complex
with regard to backup thus correspondingly varies, and the relevant para-

meters M, A and Q are obtained. However since the actual cost of filling
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a backorder is essentially fixed, the total cost of operation in equation

(a) is evaluated with the true value of cé.

3.15.12 Comments on the method of determination of optimal

‘combination of parameters

It is clear that the method given is restrictive. 'Firstly, it is
able to deal only with those rules of demand in the stores complex for
which the graphs e(NR), e(NS) were established. There is no evidence
to suggest that these curves will be identical for the stores complex if
the individual demand rate Ai changes and similarly these curves would re-
quire to be re-established for any other stores complex in which the in-
dividual Ai were not identical with those employed in the one specific

case considered by Cran.

Secondly, the E(NR), E(NS) curves are said to be dependent on Q, A,
M, but the dependence on Q is slight "over the range of Q involved in
proceeding to a solution". The implication is that teo obtain Q for any
one value of hP, the curves may be considered as essentially independent
of Q. However when coming to use the curves to obtain the optimal com-
bination of parameters for different values ofhP (other than that for
which the e(NS), e(CRO) curves were constructed) it will be seen from
equation (¢) that the range of Q can be gquite high, with Q varying as the
inverse square root of hP. Clearly, the dependen%ifgigsmisgg?gﬂe new
range involved in the change ofhP is not slight. ' Hence it may be wrong

original . .
t¢ use the curves for the new iterations.

Thirdly, by utilizing the E(NR), e(NS) curves in proceeding to a solu-
tion for the optimal parameter combination, the same reorder level for the
same sub-store must be used throughout (there can be no postponements of
a delivery to try and save the cost of a delivery by waiting until the
procurement arrives at the central store) otherwise undesirable randomness
+is likely to be introduced inteo these curves. Similarly a change igagg%%cy
to one which ships out plenty of stock when the Complex has .adequate stocks;
easily be incorporated if reliance is to be placed on the €(NR¢), €(NS)

curves.

Fourthly, the'method of obtaining the optimal combination of parameters
does rely at present on the fact that overall shortage cost is directly
proportional to the number of experienced shortages. To cater for the
case when overall shortage cost is time dependent, two curves would have
to be considered, viz. (i) the expected number of shortages versus S, and
(ii) the expected cost of shortages vepsus S. It is likely however that

the latter curve may require many more simulation runs to provide a good
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aGerage, since it is likely to be much more variable,

3.15.3 Criticisms of total cost of control equation (a)

* Equation (a) is presented as the total cost equation for operation.
It purports to account for the occurrence of backorders in the holding
cost term. If the number of shortages which is expected per procurement
is g(NS), then we expect (since this backup is captive) that e(NS) of the
Qitems. arriving in the central store are earmarked for immediate ship-

nment out of the complex.

The stock time graph for the physical stock in the complex is given

“.below. 4 ol
v ‘[
Parsichn |
S A ‘ —I * t}‘ e i( V;
Ciorelr£X s LBl
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Me gl

The average value of stock held in the complex is the value
M- A L +e(N,) + Avea ABEDC/AB

Area ABEDC = 3AB(Q-s(Ng)} + e(Ng)2
_ : e(NS)E

- - a - ] —————
Average stock = M= L + e(NS) + 3Q zc(NS) + 5
Now AB is the average time complex demands Q-e(Ng) items
| Q- (M) - :

Ap

_ whence average stock ,
‘ e(N.) . e (NI,

= ' S
ToEAgh e B Ty

1f the product e(N )12 is small with respect to Q-e(N ) the jast’

term can be 1gnored but the average holding cost per unlt time resolves

into

Q + e(NS)
{ 5 + (M'ATL)} hP, ’

in contrast to the expression: for average holding cost given by Cran in

equation (a).
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3.16  Summary of Chapter Three and Introduction to Chapter Four

This chapter has presented the works taking the steady state approach
in controlling the central store/sub-store complex. The works by autﬁors
who do not deal with this particular complex but with similar stores com-
plexes are also reviewed, It was felt worthwhile to include them since
some of the ideas presented are relevant. For example the papers of
Hadley and Whitin and of Shakun deal with a chain of stores without a
central store, In both cases, the present author shows how the incorpora-

tion of a central store is likely to improve control.

The.model due to Hanssmann, and the work related to it by Lampkin is
applicable where demands are normally distributed in review periods, and
both central store and the set of sub-stores are controlled by cyclical

review systems with simultaneous reviews.

The model due to Lawrence applies where demands are from a Poisson
process, sub-stores work on a base stock policy, and the central store

stock is controlled by a reorder level system.

Lampkin considers several control policies applied to his model in
which the demands on sub-stores are from the same Poisson process and where
the lead time out to sub-stores from the central store is zero. From con-
sideration of control with the different policies over a wide range of
cost combinations, he concludes from his model that a reorder level based
policy at sub-stores and a trigger taking into account the levels of stock at
the central store and at the sub-stores are likely to prove to be valuable

ideas,

The model due to Cran is applicable where the sub-store demands are
from a Poisson process, and where the sub-stores are controlled on a re-
order level policy. Cran triggers the order for the complex on the com-
bined stock of central store and sub-stores and piocneers a rationing
rule which modifies the amount to be shipped to an ordering sub-store by
an amount proportional to the standard deviation of the demand of the sub-
store in the "mean stock time". This latter concept is the expected time
until there would be zero stock in the complex if the complex were not to

be replenished from outside,

In the following chapter, the author's own model is presented. The
assumptions are discussed, and the data are given. The latter are ini-
tially taken to be comparable with one of Lampkin's cost combinations,

and the combination of assumptions plus data is referred to as the "model",



CHAPTER FOUR

ASSUMPTIONS OF THE INITIAL MODEL OF THE COMPLEX

L
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4.1 Assumptions of the Model of the Central Store/Sub-stores Complex

in which the Control Rules were Developed

4.1.,1 Sub-stores have identical demand distributions

This is no doubt an assumption which has significant practical limita-
tions, but, as has been mentioned above, this does not interfere with the
usefulness of the model either in the comparison of operating rule costs
or in indicating the method by which optimal parameters are calculable.

It is admitted, however, that some concepts introduced may need slight
modification when considering non-identical demand distribution on sub-

stores,®

4.1.2 Demand on sub-stores is Poisson distributed and stationary

This neglects within the model the possibility of seasonal variation
and of predictable growth or decay in the demand rate, and hence the con-
trol rules adopted in their present form are not applicable to these cases.
It will be shown later®®, however, that the rules developed are robust

enough to deal with minor unpredictable changes in demand rate.

4.1.3 Fully computerised operation of the complex

This means that all data related to the substores within the complex
will be held centrally and will be up-to-date. In practice this implies
that a real-time operative computer will control the complex, and, of

course, no autonomous sub-store decisions will be allowed.

This may not be the situation in practice for complexes of this
nature at present but the author is mnoting that such 'automatic' control
is rapidly growing, and there is a need for methods to control such

systems.

4.1.4 Demand on sub-stores is for one item per demand

Once again this assumption limits the practical significance of the
model. However, when the control rule is applied to a more real-life
complex, where several items might be requested on every occasion of de-

mand, its basic form will not change.

4.1.5 (i) Lead time between suppller and central store is constant

(15i) Tead +i Lot rpal st 1 suh-st e
eonstant—and-the—same—foreach-sub—stere

In some complexes of the type under discussion we may find that edgher
of the assumptioqﬂ'above is mot applicable. However, the basic control

o

% Example, "Free Stock" (see Chapter 5)
#%  Chapter 16.
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this  ponl .
rules developed here are independent of these—peints.

4,1.6 No shipments of stock between sub-stores

There may be times in practice when the shipment of stock from one
sub-store with a high level of stock to another requiring réplenishment
seems a good idea, but this has not been considered, as it»présents an
additional complication to the main elements of the control rule.
However, it is recognized that, in the event of a run-out at a sub-store
concurrent with a run-out at the central store, the best decision might

well be to ship between sub-stores.

4,1.7 Items are treated independently

This assumption results in the model dealing with one item only.
The practicality of this assumption is not, as might appear at first

sight, limited to'complexes wherein only one item is stored.

The question to be asked is:-
"Under what eircumstances can the inventory positions of other items

be ignored when dealing with an item?"

For the case of slow-moving items or where not many items are held,
it is unlikely that a shipment of another or other items will be a good
idea at the same time as the shipment at present undertaken. The value
of using the present shipment to include some other item or items will
diminish as the cost of the item goes up and as the cost of delivery goes

down.

In the case that the complex stocks many items there are likely to
be shipments to each sub-store regularly. In this case the cost of a
shipment of an order, whenever the order is made, will only be the rele-
vant marginal cost, viz. packing, stock movement records, requisition-
ing costs and loading, unloading and binning costs. Whereas for slow-
moving stock one might, in a rare instance, save the whole cost of a
lorry's movement, in this latterfcase of many items, nothing is to be

gained,

We thus have two practical cases where the present model is appli-

cable to a multi-item central store/sub-store complex.

It is in the case where there are several items (neither few nor
many) that treating items independently is open to criticism. In this
situation, the decision at every sub-store order time will have to be
made as to whether or not the stock of any other item held at this sub-

store should be replenished or not. The factors to be considered for
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this decision are the savings available from the possible saving of
‘deliveries and the penalty of cost of maldistributing stock by replenish-
ing this store with other items earlier than otherwise. = Although it is
an interesting problem, interdependence of items will not be considered

further in this thesis.

4.1.8 Run-outs at sub-stores can be dealt with only by sub-stores

It may occur that a run-out has occurred at a sub-store and that the
overall cost of run-out can in practipe be cut by dispatching the goods
direct from central store to thedemandiﬁgcustomer than via the sub-store.
In the general case, however, when there exists stock in the central store
over and above the sum of sub-store back-up the shipment to the sub-store
is greater than its value of back-up, so that it will then have some stock
on hand. This, then, will reduce the possibility of ineurring a saviﬁg
by dispatching direct from central store to customer as indicated above.
The iimitingfactor will be the relative costs of delivery, run-out etc.
The possibility of such saving has not been considered.

4.1.9 Cost of stock-holding proportional to cash value of average

stock held
Strictly the costs of holding stock are the costs of labour to man

stores, the overhead and maintenance of the stores, and the opportunity
costs of keeping capital tied-up in stock. With the reasconable assump-
tion that over the range of stock that will be held within the complex,
labour, overhead, and maintenance costs will remain independent of stock
on hand, then the cash tied up in stocks remains the only significant
factor. At any one instant the cash value of stock held in the complex
will represent capital tied up in stocks, and in the long run this cost
will be the cost of holding unit stock times the time-averaged value of

the stockvtime function.

4,1.10 Demands on sub-stores are captive

In the case that the demands on the sub-store of the complex occur
from plant under the same ownership as that of the complex, run-out costs
are clearly measurable in terms of lost production, and it is likely that.
their being proportional to time outstanding is a good estimate, at least

within a simplified model.

When, however, the demands on the complex sub-stores are from out-
side of the complex ownership, two possibilities occur. fither the de-
mand is dropped, the cost of run-out being then equal to the tangible
loss in sales profit plus cost of loss in customer goodwill or the

demand is held 'captive' and the customer seeks supply when the latter
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is possible. The longer the demand is outstanding on the sub-store in
this case, the greater the loss in customer goodwill. The actual value
of this loss of goodwill is considered quite significant by sophisticated
management for it is evident that run-out will breed lack of confidence
and lower the future volume of the complex's business. In the case of
'captive' demands, it may be expedient to make the delivery to xhe.cus-
tomer by means other than would normally be the case, in order to reduce
incremental run-out costs by the demand being outstanding for longer than

is physically necessary.

The latter point will be ignored as it represents a complication to
the main formulation of the control rules, but its significance can be
invoked at a later stage. For the purposes of a simplified model, only
the situation where demands are captive will be considered, as this is
the situation considered by Cranlu, with whose work the control rules
suggested by the author are to be compared. The control rules need no

modification to deal with the situation of non-captive sub-store demands.

4,1.11 Cost of supply to sub-stores is constant; same for each
sub-store

Even in the case that the transporation medium is such that the
delivery costs are of the form:- Constant plus Constant times quantity
delivered, the quantity-dependent part of the cost may be ignoredd for
comparative purposes, since the total quantity delivered to any store is
independent of the control rules when demands are captive and hence this
cost would be incurred for any control decisioﬁ made. It is unlikely
that the cost function will involve powers of the quantity delivered;
hence for the great majority of practical cases, the shipment cost is

unaffected by shipment quantity.

There is, further, an implicit assumption that the costs of supply
to sub-stores are independent of the day or time-of-day at which supply
takes place. Clearly, this is an approximation (though, it is suggested,
a good one) for one can envisage a sub-store delivery on a Friday after-
noon in congested traffic costing more than a delivery at a more peaceful

time in the week.

Rather more important an assumption is that costs of supply to
different sub-stores are the same. In the case of postal deliveries,
this assumption is reasonable. In the case that the fixed costs of
delivery vary between sub-stores, it would be prudent to reflect this in

the control rules, but this point is ignored in the model.



This means that the results from consideration of this model are
strietly not applicable to models where there are different costs asso-
ciated with deliveries to sub-stores. In answering this criticism,
the author simply feels that to commence with, restrictive assumptions
have to be made, and this particular one is thought not to detract sig-

nificantly from the value of the work.

4.1.12 Cost of complex procurement (i.e. central store supply)

constant

The quantity of the complex procurement will be invariate®, and
provided the supplier to the complex does not change its geographical
location, cost is only liable to vary insignificantly (on time of day
or day of week of replenishment) though the more likely situation is
that a fixed cost will be quoted for every procurement, if this comes

from an outside supplier.

When, on the other hand, the procurement comes from the production
of a factory under the same ownership as that of the complex, the pro-
blem of costing the procurement is more difficult. In addition to the
costs of transportation and paperwork etc. the costs of change-over of
tooling for the batch-production run (assuming that the factory is en-

gaged in batch production) should be taken into account.

The timing of a central store order on its supply channel (viz.
procurement order) to take into account the savings possible by making
the order when the change-over cost is minimal represents a significant
task to develop, and appears to be beyond the scope of the present work.
Suffice it to say that for the purpose of the simplified model and for
models of systems (i.e. complexes) to be considered under the proposed
control rules, the most realistic cost of procurement will be the mean
of the costs over a large period of change-over costs, transport and
paperwork costs, taking the case of supply from a factory under common.
ownership. If supply is from an outside supplier, the mean charge

should be used.

4.1.13 Costs of run-out proportional to time backorder is

outstanding

In many cases of the stores complex serving a production facility

it is reasonable to suppose that costs are being incurred throughout the

full length of time the demand is outstanding. In other cases (for

example, where a demand occurs for an item of equipment for a machine

* developed in the control rules.
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just finishing a batch) the costs of a backorder are not a function of the
whole length of time the demand is outstanding but more strictly a func-
tion of the time the facility placing the demand is rendered redundant

by this failure to supply.

In most cases of supply to a production facility, it is felt that it
is reasonable to assume that if a backorder occurs, the cost is a function
of the total time the demand is outstanding. The exact nature of this
function is likely to differ for different production facilities, but the
one that is felt most likely to represent the majority of cases is the
function proportional to time outstanding. It is recognized that a
function equalling "constant + time-proportional factor'" may also suit
many cases and even a quadratic time function is possible in other in-
stances, but since a unique form has to be assigned to the model, the choice

of the first-mentioned is made.

Additionélly recognized is the fact that when the complex does not
serve a production facility the cost of the backorder may well not be de-
pendent on the length of time the demand is outstanding. Since there are
naturally many business instances falling into this category, a constant
penalty for each shortage cannot be dismissed. Indeed, in Chapters
16 and 17, we investigate whether the control rules developedwork well

under the assumption of a constant for each shortage.

h.1.14% Penalty function for shortage identical for each sub-store

This assumption is made, as with many others, not to particularise
the model, but to ensure it does not become overburdened with complications
which are not likely to make a great deal of difference to the overall
manner of operation. This is not to say that certain modifications to the
control rules will not be necessary to incérporate different shortage pen-
alty functions at the various sub-stores, but it is felt that for the
purposes of this thesis, the modifications which would be entailed are not

major.

4.2 Data for Model One

For the first model, these were taken as those employed in a data
3
configuration considered by Lampkin, in order that some kind of comparison
might be made between the results of this work and those with Lampkin's

best method of control.



Hence we have:

Item Value = 1 Unit

Cost of Procurement = .5

Cost of Supplying a Sub-store = .3

Cost of Sub-store Run-out = U40% Item Value per day

Cost of Stock Holding = 10% Value of Average Stock per year
Mean Demand on Sub-store = 1l0/Year, Poisson Distribution
Number of Sub-stores = 5

Working Days/year = 250

Lead Time for System = .4 year

Lead Time for Sub-store = zero.

’ Five
4.3 Summary of Chapter and Introduction to Chapter Hasse
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Chapter Four discusses the assumptions that were felt to be necessary

to establish a workable model of the stores complex. At a later stagew,

some of these assumptions will be relaxed.

In Chapter Five policies for controlling the complex are considered,

and a first method of control is established,

% Assumptionlu.lul in Chapters 16, 17.
Assumption 4,1.2 in Chapter 16.
Assumption 4.1.13in Chapters 16, 17.
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CHAPTER FIVE

FIRST ALTERNATIVE METHOD OF CONTROL
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5.1 Initial Considerations

The restrictive nature of assumptions necessary to build a simple
enough model to develop and test control rules has been discussed in
' Chapter 4. Despite thesé restrictions, it is argued that rules developed
and tested on this model will be easily generalised to control real com-
plexes of stores. The method of establishing the optimal values of the
control parameter for models of actual commercial complexes is similar
to that for obtaining the optimal values of the control parameters in the
author's simplified model. Some modifications to the control rules to
make them applicable to more general complexes are discussed in Chapters

16 and 17.

There are five main decisions to be made in controlling the complex.
The solutions to the following problems form the mainstay of the control
rules proposed. The point is once again made that there are no auto-
nomous sub-store decisions, all decisions being made centrally with over-

all knowledge of the complex stock positions.

5.2 Five Main Problems of Control

1. How much stock should the complex reorder? i.e. what is the

"Procurement Quantity', Q?
- 2. At what instant should the complex reorder?

3. At what instant should a sub-store reorder?

y, How much stock should be allocated to an ordering sub-store?
5. Should distribution be made to sub-stores necessarily imme-

diately stock arrives at the central store?

To begin with, it was recognized that, inevitably, there would be a
necessity to search over a wide range of combinations of the control
parameters to obtain the approximately-optimal combination resulting in
minimal total-cost of operation. This, in turn, led to the recognition
that much effort and much computing time could be saved by diminishing
the field over which search for the optimal parameter combination would

be necessary.

5.3 Reorder Quantity for the Complex

An expression for the rationally correct value of the Reorder
Quantity of the complex Q can be obtained by considering the cost of

running the complex per unit time.
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If the procurement quantity is Q, then there will be a holding charge
for the inventory in which capital is tied up. This will occur if the
procurement arrives ffom an independent supplier or from a factory batch
production line under the same ownership as that of the complex, since
the decision to order a procurement means further capital to be tied up

in stocks. The annual value of this

B) %
Inventory Holding Charge = Egg%izgl’

where h = rate per annum cost of capital to operating company

P = cost per unit inventory
Q = procurement quantity
B = average buffer stock held in complex.

Now with every cycle (the latter being defined as the time between arrivals
at the central store of successive procurements) will be associated certain
costs, viz. the cost of procurement, the replenishment costs of the sub-
étores, and an expected cost of run-out for the sub-stores. The number

of procurements per annum will average at (i&/Q) where: -
A = mean total demand on sub-stores per annum
Then, if ¢, = cost of procurement

and if cost of a replenishment (i.e. delivery) to a sub-store

1"

thén:if's(NR)

expected number of sub-store deliveries per procure-
ment

expected cost of run-out at sub-stores per procurement

1"

and E(CRO)
we have

Annuyal Total Cost of Operation of Comﬁlex

= kY
- hP(Q+2B) T

> T {cP+c: X e(NR) + e(CRo)}

R

Now B is independent of the value of Q, but e(NR) will depend on the rules
governing sub-store distribution. These have not, as yet, been dis-
cussed in this thesis, but suffice it here to say that they are dependent
on the total stock within thé‘system. Thus it is seen that E(NR) is
dependent on Q, but the relationship is complex. It is probably more
difficult to discover the relation between e(CRO) and Q, other things
being equal, but it is likely that for high Q (i.e. long time between
procurements), e(CRO) will be higher than for shorter periods of time,
i.e., for lower Q. The variability of s(CRO) over the range for which

Q can seriously be considered is of small magnitude, and so for convenience

% Here the effect on the holding charge of the occurrence of shortages is
neglected.
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and introducing small error, e(CRO) will be taken as a constant. The
expression for the total cost of operation will be considered again in

5.9, after showing how an approximating value for e(NR) is estimated.

5.4 Reorder Level for the Complex

The reorder level for the complex, M, should obviously be related to
the form of the criterion which triggers reorder for the complex.
However, the adopted trigger criterion is not a simple function of the
stock levels at the various sub-stores, and hence the mathematical com-
plexity of achieving an analytically optimal value for M is enormous,

and M will be considered as a control parameter to be optimized.+

5.5 The Trigger Criterion for the Reorder for the Complex (Procurement
Order)

Lampkin3 concludes from a number of gimulations involving several
triggers that the trigger "... should contain information, if possible,
about stock at the central store and sub-stores'. It is not difficult
to see this point. It is not prudent to trigger a procurement if there
is liberal stock in the central store yet little in the sub-stores.

On the other hand, it is unwise (because of the extra inventory holding
costs) to make a procurement order if the central store has little stock
while the sub-stores have plenty. Lampkin's triggers® fall into the
required category. The (s,S) system worked by the total stock in the
complex is similar to the trigger used by Cran, except that the amount
of the procurement in the former case may exceed (S-s), whereas the

latter keeps a fixed value.

5.5.1 Why total stock is not a good criterion for triggering a

procurement order

There is one great failing in triggering a procurement on the total
stock in the~complex. This is that stock distributions of very dif-

ferent strategic value are treated as the same.

In the first model, the expected number of demands on each sub-
store between the procurement order placement and receipt of stock from
the procurement in a needy sub=store (viz. L + %, i.e. 100 days) is
4 each. The reorder level of the complex would be 35, for a buffer of
15. The following stock configuration in the complex can be envisaged:-

. . ) 19,2,3,8,13, Sub-store Stocks (Notional)
Configuration 1 ) 0, Central Store Stock

ot

%* Policy-types E,F,G,H in Review of Ref.3, see 3.7.5.
+ In Chapter 17, this problem 1s solved on an analytical basis.
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System Stock, defined as total physical stock in the complex less total
backorders, is U45. Reorder cannot occur before 10 units are demanded
in the complex. In this time the expected sub-store demand is 2 éach,
resulting in a situation where the expected stock levels of two of the
stores are zero and one unit, respectively. Yet the central store has
zero stock and no stock can get to these needy sub-stores for 100 days,
in which time an expected four more demands will be made on each. Thus,
when the configuration of stock is as in this example, the indicated
buffer is palnfully inadequate. It is to be noted that the possibility
of achieving such a stock confiéuration in a real stores complex is

not minimal; forecast demands help towards this situation.

On the other hand, we do not wish a system reorder level much in
excess of 35 because this undoubtedly represents excessive costs of
inventory holding when stock configurations (in which stocks are fairly
evenly distributed) similar to the following example occur.

. . ) 4,7,2,5,5, Sub-store Stocks (Notional)

Configuration 2 ) 15, Central Store Stock

Here, System Stock is 38. Provided that a good method of allocating
stock to sub-stores is in operation, it is likely that the complex can
afford to reach a System Stock level of 35 or less before making an order

for a procurement, without much likelihood of run-out at a sub-store.

In one case, then, we have a complex of total stock 45 where reorder
is overdue and one where total stock is 38, where reorder is not yet re-
quired. Thus information of the total stock in the system alone is in-
sufficient as a good trigger for system procurement. It is recognized
that this problem is not alleviated by raising the system reorder level
to take into account stock configurations of the first type indicated
above, for excessive inventory charges will accumulate, as has been

)

shown, when configurations like Configuration Two occur.

5.5.2 Suggestions for the trigger for the complex supply

Thus a trigger for the complex is required that ﬁill better indicate
the need of the complex to be replenished. An important rdle of this
trigger is that it should be closely related to the likelihood of the
system acquiring penalty owing to a run-out at one or more sub-stores.

It i1s apparent that with the first stock configuration considered, the
reorder point of the system should have been reached, yet it has not,
the prime reason being that the whole system falsely appears to be
'safe' because of the high stock levels of 19 and 13.

‘a
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Two suggestions come to mind to conquer this problem.

5.5.2.1 Suggestion One

The first suggestion is to ignore the "excess stock" of any sub-store,

"excess stock" being taken in the following formula:-
"Excess stock of a sub-store"
= Max[O,(Notional sub-store stock - Average stock of sub—stores))
where Average stock of sub-stores = System stock/No. of sub-stores
Thus for Configuration 1,

45-10-0-0-0-4
= 31

System stock - Sum of Excess stocks

and for Configuration 2,

38.

1]

System stock - Sum of Excess stocks

Although this appears to be a fair indicaticn of the stock level in the
complex to be used for a trigger for the second configuration, the first
value of 31 appears still to be too high, for there exists in this con-
figuration the two stores with stocks two and three respectively which
will be out of stock in an expected time of fifty days and seventy-five
days respectively, yet even if a procurement is ordered at this value
of the trigger (i.e. 31) there is an expected high cost of run-out that

will be involved,

Now it is recognized that for most complexes in commercial undertak-
ings, the ratio of the run-out cost to inventory holding cost is very
‘high, and the first model of the complex thus established this ratio as
.4 times Item Cost per day to 10% times Item Cost per year, i.e. ratio
= 1000 (taking working year as 250 days). Hence the above first sug-
gestion of a trigger criterion is unsatisfactory because it still over-
estimates the 'safety' of the system relative to run-out. This sug-
gestion can be seen to be further modified by taking'the value of
{System stock - Sum of Excess stocks), viz. 31, for the first-considered
configuration, dividing by the number of sub-stores, and obtaining the
integer value of the result, thus 31/5 = 6.2 giving 6. Neglecting the
stocks of stores above this value, wé have 6+243+6+6 = 23, the new
"modified system stock value'. However, these modifications to obtain
a more realistic value of stock within the system to compare with a
trigger quantity, although heuristically acceptable, are believed to be

inferior to the next suggestion to be considered.
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5.5.2.2 _ Suggestion Two

A second suggestion, which gets over the criticisms lodged against
the first, recognizes that the sub-store with a stock of 2 in the second
stock configuration is not much more likely to incur any backorder cost
(owing to running out of stock).than is the sub-store with stock 5, or
the one with stock 7, because stock exists in the central store to
supply this sub-store. The suggestion to obtain a 'realistic stock
level' of the system is to obtain a new stock configuration by & hypo-
thetical "equalising stock distribution" from the central store. ' -Thus
in the case of configuration 2, there are lé items in the central store.
A stock of 2 is required to bring the stock level of the sub-store of
lowest stock value up to that of the sub-store of next-lowest stock wvalue.
Thus for configuration 2 originally

Central Decrease Increase to 4
store 15 by 2 8, 7, 5’ 5, 5
giving: 13 in central store and 4, 7, 4, 5, 5 in the sub-stores.

The next step is to consider the stock levels of the sub-stores with stocks
of 4 raised in equal increments, if possible to the stock level of the
sub-stores of next-lowest stock value, i.e.5, and so-on, until the stock

in the central store is exhausted.

"If possible" means "if there is sufficient stock left in the central

store for this to be possible'.

Thus, for configuration 2, we have

Central Store Sub-store
Stock Notional Stocks
13 4, 7, 4, 5, § -+
12, 5 7, 4, 5, 5 =+
11, 5, 7, 5, 5, 5 ~+
1o, 6, 7, 5, 5, 5 =+
9, 6, 7, 6, 5, 5 -+
8, 6, 7, 6, 6, 5 -+
7, 6, 7, 6, 6, & + ...

It is clear that finally with O &t the central store, the following

configuration obtains:-

0 8, 8, 8 7, 7.

s

One notices, then, that if a stock level of some store were actually,

say, 13, then a configuration like ...
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0, 8, 13, 8, 7, 7 might result.

By this hypothetical share-out process, that stock which may be neglected
in the figure to represent the total stock state of the system stands

out. In the last example considered where the stock levels are:-
8, 13, 8, 7, 7 with 0 at central store

We can compute a representative level of stock by ignoring stocks above

the minium stock, whence we would have:-
7, 7, 7, 7, 7. with O at central store.

A representative stock = 7+ 7+ 7+ 7+ 7 = 35,
or we can ignore stocks in excess of one unit above the minimum stock
thus:-
8, 8, 8, 7, 7 with 0 at central store.

An alternative measure of stock is thus 8 + 8 + 8 + 7+ 7 = 38.

The latter method of computation was thought to be more reasonable and the
stock level thus obtaining was termed "Free Stock', denoted in the Thesis

by F, and sometimes termed "F-value".

5.6 Answerto. the Question: "What Quantity should be Allocated to a

Sub-store at its Reorder Point?"

5.6.1 The Cran allocation

Cr'anlu proposes to allow the ordering sub-store an allocation egqual
to the mean demand until the system stock reaches zero minus a hold-back
amount. The latter equals a factor times the standard deviation of the
stock-time demand for that sub-store. The lack of rationale implicit
in the consi&eration of both standard deviation of stock-time demand,

and stock-time demand itself, fostered some new thinking.

5.6.2 Allocation when a procurement order is not outstanding

5.6.2.1 A criterion of allocation

A suggested criterion for allocation when the complex: does not have
an order for a procurement outstanding is to ensure that an ordering
sub~store receives an allocation® such that there is a fixed (high)
probability that the allocation will last the sub-store until stock from

the next procurement is available there.

* 1i.e. the sub-store is shipped 'an amount such that the resulting sum
of transit stock and physical stock equals the allocation quantity.
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Making this probability high will induce a relatively high number of
items in a delivery. Thus the probability that the sub-store needs to
order again before new stock arrives at the central store is lowered,

and hence overall delivery costs are reduced.

Too high a value for this probability will result in an unnecessarily
large stock level at the sub-store, and System Stock will exceed Free
Stock. In this situation (which will be called "maldistribution of
stocks") either stocks or backorders or possibly both will be excessive.
An unnecessarily low value for the probability will give excessive re-

plenishment costs.

The same probability rule will be used to determine allocation quan-
tities to sub-stores both when they reach their reorder level, and when
they are being replenished immediately after the central-store receives
its procurement (if this is to be done). Nothing has yet been said to
indicate the relative merits of a "necessarily replenish" ruling and of a
"not necéssarily replenish" ruling for the situation immediately follow-
ing central store replenishment; these will be considered later. The
probability in question will be required to be optimized as a control

parameter.

At this stage, a difficulty arises. Firstly, the distribution of
the demand on a sub-store between the time it reorders and the time
stock from the next procurement is available at that sub-store (this

time is referred to as the coverage time®) is not exactly known.

5.6.2.2 The problem of the distribution of sub-store

demand in the coverage time

As an approximation, the distribution of sub-store demand in the
coverage time is taken to be a normal distribution in which the mean is
equal to the mean demand on the sub-store until complex reorder point,
plus mean demand in the sum of procuremegf'and sub-store lead times.:
(Note that this demand is the same for both‘hnecessarily replenish"” and

"not necessarily replenish" policies.)

Now since reorder point of the complex is triggered by Free Stock,
a first approximation to the mean demand on sub-stores to the time of

reorder for the compléx is given by (F-M)/N

where I denotes Free Stock
the Reorder Level Free Stock Trigger for the Complex

and N is the number of sub-stores.

% It is equal to the time to arrival at the central store of the next
procurement plus sub-store lead time.
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(This assumes equal mean demand on sub-stores, as with the model under

consideration. )

Hence the best approximation to the mean demand at a sub-store in

its coverage time is:-
(F-M)/N + A, (L + &)

where li is the mean sub-store demand rate (per unit time)
L is the lead time from supply to central store

and £ .is the sub-store lead time.

5.6.2.3 The variance of the distribution of sub-store demand

in coverage time and an expression for the alloca-

tion quantity

The variance of thisg distribution is difficult either to describe
or to obtain mathematically. A consideration and discussion of an

attempt to obtain it by simulation is given in Appendix Two.

With the assumption of a normal distribution for sub=storet “demand
in the coverage time, a fixed probability of the allocation lasting the
sub-store until stock from the next procurement is available there is
equivalent to allocating the sub-store its coverage time mean demand plus
a factor times the standard deviation of its coverage time demand. If
this factor is the control parameter, gz, then the allocation quantity
A(F,M,%) is given by:-

ALLOCATION QUANTITY

A(F,M,z) = (F-M)

N

where ¢ is the a@uare root of the variance of the demand in the coverage

+ Ai(L + 2) ¥ zo

time. An approximation for ¢ is the square root of the variance of the
demand in the coverage time if the complex were triggered on System
Stock, *

5.6.2.4 Rules of operation in difficult circumstances

Rule 1: When the intended shipment quantity exceeds the central store

stock level, the former is made equal to the latter.

Rule 2: In the case of "necessarily replenish" control, the stock of a
sub~store may already exceed its allocation. In this case, no shipment

is made.

Rule 3: When the sum of intended shipment quantities at any one time
exceeds the central store stock, backorders are dealt with first, and
then the method of allocating the rest of the central store stock is to

see that the sub-store stocks are equalised as much as possible.

% The method of obtalning this variance is given in Appendix One.
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5.6.3 Shipment guantities to sub~stores when a procurement order

for the complex is outstanding

In this case, the subject of rationing is very important, and any
delivery to an ordering sub-store must not put other sub-stores in jeo-

pardy of running-out of stock.

5.6.4  Suggestions for ration quantity

5.6.4.1 Suggestion One

First thoughts led to a delivery quantity equal to:

Expected Extra Stock for ordering sub-store
Sum of Expected Extra Stocks for all sub-stores

Central store stock x

where "Expected Extra Stock' is taken as
Max @O, (Expected Demand in Coverage Time - Notional Stock Level))

Let us first consider a stock configuration for which we really would
N
like this rationing rule to show up well, i.e., a situation close to the

time of arrival of procurement stock into the central store.

Example 1 : Central Store Stock 7
. Sub-store Stocks -1, 0, 0, 0, 1
Coverage Time T + £ = 26 days
Sub-store No.l is at reorder point

2.04 )

S OB+L.00+1.0041.06840.00 X 7

Delivery Quantity is computed as (

= 3 (to nearest integer)
resulting in:

Central Store Stock 4
Sub-store Stocks 2, 0, 0, 0, 1

This does appear to be a sensible sort of delivery quantity for
.this stock configuration example. To ensure that this ration rule
deals with other stock configurationsin the correct fashion, we would
need to build into the delivery quantity formula an element involving
the relative weights of ghortage cost and delivery cost.  Without
analysis (which is not presented here) or empirical weighting this

appears impossible.

An example of a situation in which this particular suggestion for

a ration rule tends to "overdeliver' is given below.
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Example 2: Central Store Stock 7
Sub-store Stocks 5, 7, 12, 8, 2
Coverage Time T + & = 70 days (in this time mean sub-
store demand is 2.8)

Sub-store No.5 is at reorder point.
The "Expected Extra Stock" for all sub-stores is:
0, 0, 0, 0, 0.8, respectively.

The Delivery Quantity for sub-store No.5 is (0.8/0.8) x 7 = 7 resulting
in:- "

Central Store Stock O

Sub-store Stocks 5, 7, 12, 8, 9.

5.6.4.2  Suggestion Two

At this stage, the usefulness of the Free Stock concept came to
mind. If Tree Stock indicates the 'useful' level of stock in the sys-
tem and ignores amounts of stock in individual sub-stores over a "certain
level", then surely a ration quantity equal to this latter ""certain
level" would not be overdistributing? The sub-store in question ﬁould
then be no more likely to run out than any of the other stores. A case
of overdistribution or 'maldistribution' can be argued in as much as
there exists the possibility that this store will, as a result of this
distribution, still have stock in hand, when the central store is
depleted and another sub-store has run out of stock, There is a small
possibility of this occurring - we do not expect such a rationing rule
to guard against every case, but on average it is expected to work well.
If the other extreme of 'underdistribution' is adopted and the ration
rule specifies a quantity less than that 'certain level' obtained from
the Free Stock calculation mentioned above, this type of control runs
the risk of incurring an extra replenishment to this sub-store. As
has been-said before, the relative costs of run-out and delivery figure
here, but for a éeneral purpose rule the rationing formula specifying
the individual stock level in the Free Stock calculation appears likely

to be satisfactory and worth testing by simulation.

It is interesting to see how this formula works when controlling

the stock configuration of Example 1 (in 5.6.4.1). For this example,
Free Stock = 7 = (1 +1+ 1+ 2+ 2)

The Ration Quantity® is then either 1 or 2. Arbitrarily, the decision

¥ Ration Quantity is defined as the sum of delivery quantity and
present notional stock at the sub-store.
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was made that when the ration quantity value, computed as (Free Stock/
Number of Sub~stores) is non-integer (as in the case above) it will ' '
be rounded down. (It was considered better in general to underdistribute

rather than overdistribute.)
The resulting stocks for this configuration are:

Central Store 5

Sub-store Stocks 1, 0, 0, 0, 1, respectively.

This, it is suggested, is a sensible sort of resulting distribution.
Considerations of other differing stock configurations led to the con-
clusion that this rationing rule for sub-store delivery quantities when
a procurement is on order would be employed. This latter ration rule

will be known as the "Share' Rule.

5.7 Reorder Point for Sub-Stores

Lampkin3 concludes that cyclical review based systems of control
for sub-stores are not advantageous, and usually have worse performance
than control with a reorder level. In the work here the consideration
of cyclical review systems is excluded, and attention is restricted to
reorder level control for sub-stores.® In the case of the first model
(in which lead time to sub-stores is zero) there is no need to replenish
a sub-store before it oceurs a backorder since this backorder can be
filled immediately (assuming the central store has stock) without in-
curring shortage cost. In the case of non-zero lead time,.the reorder
level can be made a control parameter. (At the first stage of the work
consideration was limited to complexes where the sub-store lead times
and demand distributions are identical, so this control parameter could

be made identical for all sub-stores.)

5.8 Should sub-stores necessarily be replenished as soon as the pro-

curement arrives at the central store?

In general, it was thought that a firm answer to this question
cannot be given. One notes that if, at the time of procurement arrival,
sub-store stock levels are low enough, the reorder level control itself

will require stock to be sent out to the substore.

The advantage of replenishing sub-stores immediately upon arrival

of the procurement at the central store is that this reduces the overall

% i.e. a shipment of stock is considered whenever the sub-store notional
stock has dropped to its reorder level.
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number of times that sub-store stocks are allowed to run down to their
reorder levels and hence reduces the cost of backorders in this manner.*
However, by making this decision to replenish sub-stores earlier than
otherwise, there is the likelihood of one or more sub-stores having more
stock than they need later on when other sub-stores are in need of

stock. That is, we have a case of maldistribution throughout the com-
plex which in turn leads to higher stock holding costs (since Free Stock
will be low when the total stock in the complex is high) or, alternatively,

run~out costs at the sub-stores in need.t

It was proposed to test the merits of the conflicting advantages of
the two types of control by simulation of the complex separately using
both policies termed '"necessarily replenish" and '"not necessarily re-

Plenish" for sub-stores at the time of stock arrival at the central store.

It was recognized that the merits of ''necessarily replenish" ruling

in reducing these backorders of the type specified below® would be ab-

sent in the case of zero lead time to sub-stores.

5.9 Reorder Quantity of the Complex

From the considerations of 5.3, we wish to obtain the reorder quantity

of the complex.

Differentiation of the expression for the annual total cost of opera-

tion obtained in 5.3 and ?lacing the derivative equal to zero, yields:

3

h ©oadel + e, x e(NL) + e(C o))
np/2 = L P R R RO
Q2
OPTIMAL -
2ap(ep + cp x €(N2) + e(Cp))

from which UprimaLn © V{ }

hP
where QOPTIMAL is the optimal choice for the procurement gquantity.

Initially several points were noted. Firstly, for different costs
of replenishment and run-out, s(NR) and e(CRO) would tend to vary, and

thus the method of determination of Q was unlikely to lend itself

OPTIMAL
to very general treatment- Secondly, the Annual Total Cost of Operation
of the Complex versus Q curve is quite flat in the optimal region, and

the slope magnitude is less for Q > QOPTIMAL' The implication is that

% i.e., these backorders occurring as a result of the sub-store demand
exceeding the numerical value of its reorder level in the sub-store
lead tima.

+ The central store stock may be depleted.
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a bias toward overestimating Q is acceptable, with a fair degree

OPTIMAL
of certainty that the resulting Q is close to the optimal. Further,
the parameter Q is one of most insignificant related to the overall pro-
blem of controlling the complex, and it was felt that successive itera-
tions by simulation in order to perfect Q were not worth the computing

time involved.

‘We would like to choose e(NR) such that the complex suffers this
chosen value of e(NR)‘sub—store deliveries per procurement for optimal
choice of the control parameters. A few trial runs on the author's
firat model using a Q value computed,by taking e(NR) equal to 10 and
e(CRO) equal to 0, showed that the number of sub-store deliveries rose
to well above 10 for combinations of the control parameters which were
far off optimal, but dropped back appreciably for more sensible para-

meter combinations.

It was noted that the cost of run-out per cycle, CRO’ tended to be
minimal for sensible choice of the parameters; hence e(NR) was taken
as 10 and e(CRO) taken as zero, and the resulting Q used for the pro-

curement order guantity.

As a last note, it is pointed out that simulations of the complex
using a reorder quantity of the complex that is non-optimal for optimal
choice of the control parameters will not purposely affect the compara-
tive performance of the complex operated under different types of con-
trol rules. It is expected that the Q values employed® will be no
 nearer to the optimal for Cran's cvontrol than they are to the optimal

for ‘the author's control rules.

5.10 Summary of Chapter and Introduction to Chapter Six

At the outset of this chapter the five main problem areas of

control policy are specified. Each one is dealt with in turn.

In 5.3 and 5.9 the annual total cost of operation of the complex
is considered, and it is shown how the procurement quantity that the
complex orders from its supply is computed from this cost function.
In 5.4 the level at which the complex will make its reorder is considered,
and 5.5 follows on by considering criteria for triggering the order for
the complex. Methods by which a "representative' stock for the whole
complex may be obtained are discussed, and the final choice of "Free

Stock" as trigger is made.

% These will, in the first instance, be the same for Cran's control
rules as for the author's control rules.
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The problem of what quantity should be allocated to an ordering
sub-store is éonsidered iﬁ 5.6. It is shown that this problem is
appropriately divided into two policy considerations, firstly policy
when a procurement is not on order and, secondly, policy whilst a pro-
curement is on order.x In the former case the quantity to be allocated,
known appropriately enough as the "allocation gquantity" is es%ablished
as the mean demand on tpe sub-store in the coverage time plus a para-
meter, z, times the standard deviation of the demand in this time.

A formula is givenm at 5.6.2.3, In the latter case, a policy of ration-
ing is shown to be all-important, and suggestions for a ration quantity
formula are considered. The adopted ration quantity known as "Share"

is taken as the integer value of (Free Stock # Number of Sub-stores).

In 5.7 the reorder point for sub-stores is discussed, and Lampkin's
conclusion that reorder-level based systems of control at sub-stores
are to be preferred is cited. It is shown that for zero lead time at
sub-stores, the stock level for reorder (both virtual and notional) can
be minus one. The final conéideration of whether all sub-stores should
necessarily be replenished immediately following the arrival of the
procurement at the central store is then considered. It is suggested

that the merits of each be tested by simulation.

A series of policies to cover all the problem areas has now been
suggested and in the next chapter the merits of the proposals will be
tested by studying the results of a simulation of the operation of the
complex under the suggested control policies and comparing them with

control as proposed by Cran.
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CHAPTER SIX

THE COMPARATIVE SIMULATIONS
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6.1 Summagz

The control rules established in Chapter Five were compared with
those of J.A. Cra%uin Experiment One by simulating the complex under each
type of control for a period sufficient enough for any non-generality
engendered by the starting stock configurations to be ironed out and
for a representative average annual cost of operation to be established.
These simulations were executed by electronic computation either employ-
ing the simulation language C.S.L.( "Control and Simulation Language")
for use on the Imperial College IBM 1401-7090 installation or the
Fortran language using a special set of subroutines ("Simon" simulation)

for use on the Management Engineering Section's IBM 1130 installation.

6.2 Techniques of Comparing Methods of Control in the Simulations

The eriterion of comparison was, in the main, the Total Cost of
Annual Operation, this being the sum of the costs incurred per annum
in procurements, delivaries to sub-stores, run-out costs and costs of
holding stock in thé complex. This total cost was taken as the average
annual cost from a ten-year simulation (in some cases a four~year

simulation).

In order to make the starting conditions as equivalent as possible
between simulations of different M (reorder level of complex) for all
methods of control of the complex, it was decided to make the times of
triggering a procurement identical. This was ensured by starting the
complex off with a total stock of M+35, M+1l0 of which was at the central

store, and 5 each at the 5 sub-stores.

The times of demands on sub-stores came from a random number gener-
ating stream, which produced random variables from a Poisson Distribu-
tion with the mean as specified in the model data. In establishing
the average annual cost of operation of the complex, the average over
more than one such random number” generating streams was taken. This
was to ensure that any peculiarities or specialities in the timing of

demands did not affect the appraisal of performance of the complex.

6.3 Description of the Simulation for Model One® >

6.3.1 General description

The simulation started off with the stock configuration as described

in 6.2. Times of the first demand at each sub~store are obtained from

* A similar procedure is adopted for all other experiments.
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the Poisson Distribution using the random number generating stream. The
clock is updated to the first of these times, the stock level of the
sub-store receiving the demand is reduced by 1, and the time until the
next demand at this sub-store computed as a random variable from the
same Poisson distribution. The time of the next-occurring demand

over all sub-stores is now noted and the clock updated to this time,

the sub-store stock is reduced by 1, and so on, until either the Free
Stock (in the case of the author's control) or System Stock (in the

case of Cran's control) reaches the level M, or until a sub-store reaches
its reorder level. In the former case, a time equal to the central
store lead time hence is associated with the arrival of the procurement
for the complex. In the latter case, a delivery of stock to the sub-
store is made, the desired delivery quantity being decided by the rele-
vant control rule ('Allocation' or 'Share’' in the case of the author's
control rules). If the desired gquantity exceeds the central store
stock, it is made egqual to the latter. If the central store is de-
pleted of stock, then the sub-store at its reorder level must wait until
stock arrives at the central store before shipment to it is further con-
sidered. If, at any time, a sub-store cannot meet a demand, then this
demand is 'shelved' or held captive until the store first receives
stock, at Whlch time the time period within which the demand was held
captive is noted and then multiplied by the cost per unit time of run-

out to compute the cost of that particular backorder.

6.3.2 Inventory holding costs

The method by which the inventory holding costs were computed is
worth noting. If "h" times the capital tied up in stocks is the annual
stock-holding cost then the inventory holding cost over a Y-year period
is equal to Yh times capital tied up in inventory. The latter
(inventory capital) will equal the cost per item times gquantity of stock
items held. The quantity of stock held will vary from its maximum at
time of procurement arrival to its minimum just before procurement
arrival, but its time-averaged value will be the time+averaged value of
the total physical stock in the complex (this takes the stock levels
of sub-stores with backorders ag zero, and is denoted by G). To obtain

this from the simulation, the following method was employed:

At the time of the first demand on the complex, the G-value before
this demand was met was multiplied by the time the complex existed with
this G-value. The G-value is then decreased by 1 (since the sub-store

stock has been reduced by 1). Whenever a stock change occurs in the
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complex to affect the G-value of the complex, then this computation is

made.

Mathematically, we have:

Y year

1

Inventory Cost

Yh x Cost of Unit Stock x Average G-value

t=250Y days

Yh x Cost of Unit Stock x [ G(t).dt /250Y

t=0

—— x {(Cost of Unit Stock) x (Area of Grtime function in

unit days)

6.4 Illustrations of Simulation of the Complex with Data of Model I

6.4-1

"Control-and Simulation Language" simulation dsing author's

control rules -~ Case of "Not Necessarily Replenish' policy

SECTORS: INITL (Initial Sector) plus following activity sectors
(ordered list):-

Title of Sector

CWDD

DSS

SYRO

SSRO

SSDD

RESU

Description of Purpose of Sector

If procurement is due, brings procurement into central

store.

If a sub-store demand is due, demand is made on sub-

store.

If complex is at its reorder levél, order for a pro-

curement is made.

If a sub-store iz at its reorder level, redistribution

is ordered.

If a sub-store delivery is due, stock is brought into

sub-store.

If simulation time-~of-finish is due, Total Cost of

Operation calculated.

The flow diagrams for these sectors are given in Figs. 1 to 6 respectively.
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FIG. 6
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6.4.2 The complete program for the C.S.L. simulation for Model I
with control lA {see 6.8)

This is given in Program 1.

6.4.3 The "Simon" simulation program

The flow diagram for the "Simon" simulation program for Model III
is very similar to that for the C.S.L. program. The activities CWDD,
DSS, SSDD, RESU are considered in the A-phase; the timeset containing
times associated with each activity is scanned in the A-phase and the
clock updated to the least of these times. The B-phase constitutes the
execution of that activity, followed by the C-phase where the activities
SYRO and SSRO are considered. Return is then made to the A-phase. As
with the C.S.L. program, the initial data necessary to describe the

model and commence the simudlation is at the beginning of the program,

‘and comes before the A-phase.

6.4.3.1 Simon simulation process

Initial data, including sampling from Poisson distribution to obtain

times of first demands on each of substores

A-Phase. Scan timeset containing starting times of activities
CWDD, DSS, SSDD, RESU. Find minimum time and update clock to this

value

B-Phase. Execute activity with minimum time found in A-Phase

(if RESU activity, then simulation is terminated)

C-Phase. Test for SSRO and/or SYRO if activity of B-phase results
in a possibility of SSRO or SYRO test being positive

Return to A-Phase.

-

6.5 Method of Searth for Optima of Simulations

At first, a search for low values of the total cost functions for
different combinations of the control parameters was made. This indi-
cated those parameter combinations for which the total cost function
was expected to be near-optimal. Simulations incorporating these para-
meter combinations were made, from which further interesting combinations
were shown up. For the author's first two models, three random number

generating streams were employed each in four-year simulations over
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which the annual cost of operation was ayeﬂgged. Convexity of the total
cost function with respect to both z and HBF was generally assumed.
Because of simulation noise, it proved impossible to predict the optimum
total cost by interpolation between near-optima, and.thus a decision had
to be taken as to the increments between z values and HBF values to be

employed in optima searches.

For Model One, where the optimum value of M turned out to be 35 in

. the case of the author's control rules (and 40 for Cran's control) the
range of F for which the Allocation Rule is expected to be used is 35 to
75. If the increments of z are i, then the differences befween alloca-
tions are, on average, iv/.24(F-35)*H ranging from 3.7i at F = 75% through
3.01 at F = 55 to 2.0i at F = 357, If corresponding increments of HBF

are j then the differences between Cran's allocation quantities are

jrsystem Stock ranging from j¥80 = 8.9j at System Stock = 80* to 6.3j at
System Stock = 40.

The j-values in the optimum region were made 0.l (i.e., increments of
HBF of 0.1 were considered). In order to make the search for the opti-
mum for the author's control rules with about the same degree of thorough-
ness as with Cran's (to ensure that comparisons were meaningful) an i-
value of 0.3 (corresponding to increments in z of 0.3) was employed in the

' optimum region.

6.6 Concept of a Test Stream of Random Numbers

It was noted that, one of the chosen random number streams.used for
generating time intervals between demands gave rise to a period of rather
high demand in the sum of the sub-store and central store lead times (in
the case of Model One, 28 demands on sub-stores in a time period of 100
days with an expected demand of 20). Thus the mean performance over three
simulations with the same control parameters but different random number
generating streams was largely governed by the performance with this par-
ticular stream, for these rules which were poor in coping with tendencies
of sub-stores to ru; out were liable to result in heavy run-out costs.
Since the mean performance was largely governed by the ﬁerformance of the
complex under rather higher demand than usual, the stream producing the
latter was considered as a test stream; that is, the performance of the

complex was first considered for this stream alone.

* Expected F-value or System Stock value immediately after procurement
delivery at central store.

+ Expected F-value or System Stock value at complex reorder level.
#% The Cran hold-back factor(sec Appevc‘c«& l.3)
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6.7 A Note on the Presentation of the Results

The symbols are given in the Summary of Symbols in Appendix Eleven.
'Area' indicates the area under the stock-time function for the length

of the simulation.

A breakdown of the costs is given for the lowest-cost combination

of parameters.

6.8 Summary of Experiment One

4 YearSimulation of Model I with Controls 1A, 1B, 1C using
IBM 1130 System with "Simon" Simulation Language

Model I Description (as detailed in 4.2.1)

Item Value = 1

Cost of Procurement = .5

Cost of Supplying Sub-Store = .3 '
Cost of Sub-Store Run-out = 40% x Item Value per day
Cost of Stock Holding
Mean Sub-store Demand
Number of Sub-stores = 5§
Working Days/year = 250

1]

10% Value of Average Stock per year held

10/year; Poisson distribution

Lead Time for Complex = .4 year
Lead Time for Sub-stores = O

Control Descriptions

All controls have sub-store reorder level of ~1, and central store
reorder quantities equal to 60. For each control, reorder level is

the parameter "M",

Control 1A: Author's suggestions with "Not Necessarily Replenish Policy"

Sub-store Reorder Quantity
Case 1: Procurement on Order : "Share" Ration Rule (see 5.6.4.2)

Case 2: Procurement not on Order: "Allecation" Rule (see 5.6.2.3)

Criterion of Reorder Level for Complex : "Free Stock" (see 5.5.2.2)

Control 1B: Author's suggestions with "Necessarily Replenish Policy"

Sub-store Reorder Quantity )

i i 1 1A,
_Criterion of Reorder Level for Complex ) 25 foF Comtro



Control 1C:

Sub~store Reorder Quantity: Cran Allocation Rule (see 3.15)

Criterion of Reorder Level for Complex: "System Stock!"

6- 8.1

Table 6-1

Cran's Control Method

Control 1A Applied to Model One

Results for Test Stream No.l1729

30

35

LO

4

-0.86
-0.3
+0.0
+0.3

‘0.3
+0.0
+0.3

+0.0
+0.3
+0.6
+0.9

W W W w = |

[O)]

[¢}]

W W W W

g

32
27
22
20

28
24
22

25
23
18
16

Total Costs for Various Stream Numbers

M

35

40

Z

+0.3
+0.0
+0.3

+0.3
+0.6

1729

27.6588
26.4586
33.2672

28.1588
31.7808

Breakdown. of Costs at Optimum

M

35

0.0

Stream N
1729 3
1821 3
1147 3
Mean 3

Cro

30.0

28.0

2u.4

68.4

0.0

0.0

8'l+

0.0

0.0

4.8

18.8

1921

27.0452
26, 4452
26. 7464
28.2452
27.7460

Np Cro

o 0.0

23 0.0

23 0.0

23.3 0.0

Area

39472
39499
39586
39808

44397
44397
4uL18

49397
49397
u9y52
49627

1147

27.0186
25.8196
25.5196

27.8196
26.3196

Area

L4397
45113
43549
L4353

Mean Total Cost 26.24

130

T.C.

56,8888
53.3996
Lg.3344
91.8232

27.6588
26,4586
33.2672

28.7588
28.1588
31.7808
44,9508

Mean

27.2412
26.2411
28.5107

28.7045
28.6155

T.C.
26,4586
26.u4452

25,8196
26.2411
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6.8.1.1 Comments on the gppliéation of Control 1A to

Experiment One

The optimum value of M for the above control ('mot necessarily
replenish" policy), with M being considered in 5 unit intervals turns
out to be 35. The next lower value 6f M, viz. 30, results in a heavy
cost of run-out. It is interesting to note that this is not because
the total demand in the complex in the combined lead time LC exceeds
30 in any simulation. The maximum demand in this time noted was 28,
and the run-out is occurring because of a maldistribution of stock

within the complex.

6.8.1.2 Maldistribution Types

It was considered useful to establish a categorization of maldis-
tribution types to enable the workings of the various types of control

to be more clearly viewed.

6.8.1.2.1 Maldistribution Type 1

If, at the time of complex reorder, System Stock exceeds Free Stock,
then a maldistribution has occurred because an extra cost of stock-

holding results. This is known as "Maldistribution Type 1".

6.8.1.2.2 Maldistribution Type 2

If a run-out is experienced at a sub-store, as a result of the cen-
tral store being depleted of stock, and there exists stock in any one
or moré of the other sub-stores (which could be used to replenish the
d epleted sub—store, but for the condition prohibiting inter-sub-store
replenishments), then a maldistribution of type 2 is said to have

occurred.

This type of ﬁéldistribﬁ%ion can be seen to stem from two sources
in the case of the author's control. The sub-store(s) with stock at
the time backorder costs are being incurred at another sub-store can
be considered to have been shipped too high a quantity at its last
replenishment. If the last shipment quantity was decided by the
'allocation' rule then the chosen z value may well be too high for the
M-value being employed.® If the last shipment quantity was chosen by
the *Share rule'’ then the latter, in combination with the other para-

meters employed, may be responsible for the run-out (whether the latter

% Type 2A Maldistribution
+ Type 2B Maldistribution
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is a bad thing will of course depend on the relative costs of run-out
and distribution, but in general it is to be expected that it is expedient
to try to prevent Maldistribution Type 2).

6.8,1.2.3 Maldistribution Type 3

This type of maldistribution occurs in the cases of non-zeroc lead
time, &, to sub-stores where the sub-store receiving a distribution incurs
a démand in time % exceeding the stock level at which the order for stoék
from the central store was placed. It was considered as a maldistribu-
tion because the latter might have been prevented if shipment occurred at
a higher reorder level. The probability of this type of maldistribution
occurring is easily obtained, if required, from the Cumulative Poisson

Distribution.

6.8.1.3 An illustration of the three types of maldistri-

bution

Consider the following stock configurations within the complex

Sub-store Central

Stocks Store Stock
Configuration Ne.1l 12, 6, 7, 6, 5 11 F = 44 System Stock = 47
Configuration No.2 9, 6, 7, 6, 5 11 F = b4 System Stock = uy
Configuration No.3 0, 6, 7, 6, 5 20 F = 44 System Stock = L4

Configuration No.l will incur maldistribution cost of type 1 on in-.
ventory holding if such an excess of System Stock over Free Stock F exists

at complex reorder level.

Configuration No.2 may appear equivalent, superficially, to Configura-
tion No.3. However, in the case of configuration No.2, maldistribution
of type 2 is more likely because we have the likelihood that before any
stock from the next procurement can reach sub—stéres, any of sub-stores
No.2 through 5 may have incurred shortage costs,whilst sub-store No.l -
still has a finite stock level. If the sub-store 1 had been allocated
a quantity less than 9 (whether this was from the allocation rule -
Maldistribution Type 2A, or from the rationing rule - Maldistribution
Type 2B) then some or all of these Maldistribution Type Two costs might
have been saved.

Sub- Lead Time Central
store 2 days Store

5 in transit
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The figure above represents a sub-store and its link to the central
store. The probability of its run-out in the lead time®* is the proba-

bility of its experiencing a demand of 5 or more items in £ days, which

is:
) k
I et %T where u = Ail = 1 for Model Three

This probability equals (1 - e = (1 + u + p2/2 + u°/3 + u'/w))

= 1 - 3.083/e

The associated expected cost of run-out, ¢.¥(s,2), is obtained by
. J

use of the expression for ¥(5,L,A) given in Appendix 5.

6.9.1.u Further comments on the results of Control 1A
applied to Model I

N6 type 3 maldistribution was in evidence in the results of Table
6-1, since Model One has the sub-store lead time, £ = O.

Type 1 Maldistribution was noted for those z-values which were
too high for the M-value employed. This was seen to bBe as low as .

z = -0.3 for M = 30.

Maldistribution Type 2 was in evidence for M-values of 30 and 35 and
for the ﬁigher z-values (+0.6 and over) of the M = 40 simulations. For
Y = 30, M = 35, it was not removable by adjustment to z since low z-
values, whilst tending to ensure an evenness of stock distribution amongst
sub-stores at complex reorder point, were hampered by the fact that the
'Share' rule would now operate on more sub-storesand at an earlier point
in time than for higher z-values. This is a poor situation, because
'Share' used thus is a poor rationing rule. Too high a z-value gets
over this difficulty but leads to maldistribution by the time of complex
reorder level, and tends to leave too little (if any) stock in the cen-
tral store for emergency 'Share' distributions. The z-value around 0.0
tends to minimize the sum of these disadvantages, and the optimum turns

out to be z = 0.0 at an M-value of 35.

As-was expected, for a given M, replenishments tend to drop in num-
ber, as z is increased. An interesting phenomenon not disclosed in
the results list is that as z is decreased to well below zero for qlose-
to-optimal M, backup increases because of the early application of 'Share!

(as mentioned in the previous paragraph).

%*i.e., of it incurring maldistribution, type 3.
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6.8.2 Table 6-2

Control 1B Applied to Model I

Results for Test Stream No. 1729

—— —

M z ﬁ} N Cro Area T.C.

35 -0.3 3 30 2.4 L4403 30.2612
+0.0 3 27 2.0 L4402 29. 3608
+0.3 3 25 12.8 44512 41,6048

540 +0.0 3 28 0.0 49397 29,6588
+0.3 3 25 0.0 49397 28.7588
+0.6 3 21 5.2 49613 32.8452
+0.9 3 19 20.4 49737 47,4948

Total Costs for Different Stream Numbers

M 2 1729 1921 1147 Mean

35 -0.3 30.2612 27.8460 27.6196 - 28.5756
+0.0 29.3608 27.3452 26.7196 27.8085
+0.3 41,6048 27,3464 25.8196 © 31.5903
40 +0.3 28.7588 27.9452 28.7196 28.4745
+0.6 '32.8y52 29.14320 29.3288 30.5353

Breakdown of Costs at Optimum

q z Stream ﬁ% Ny Ceo Avea T.C.

35 +0.0 1729 3 27 2.0 NI, 29.3608
1921 3 26 0.0 45113 27.3452
1147 3 26 0.0 43549 26.7196
Mean 3 26.33 . 0.7 44355 27.8085

Mean Total Cost 27.81

6.8.2.1 Comments on the application of Control 1B to
Model "I

The main benefit of ﬁnecessarily replenish" poligy over "not nec-
essarily replenish" is absent when the sub-store lead time is.zero.
An attribute to the credit of thié former policy is that it is known that
just after procurement arrival each sub-store has sufficient stock to
last it for an expected time. Therefore the probability of a sub-store

needing replenishment immediately after the next complex reorder point
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(at this time the 'Shave' ration rule is likely to be too high) is calcu-
lable. Except for low z, this probability will be much lower than

with "not necessarily replenish" ruling. This advantage has to be.
balanced against the disadvantage of replenishing earlier than necessary
(additional overall replenishment costs and higher maldistribution costs
types 1 and 2A).

The optimum turns out to be (M=35, 2=0.0), as for "not necessarily
replenish” ruling, whilst the replenishment costs are up on average.
However, the run-out costs, én average, are down, leading to an overall

total cost result worse than for a "not necessarily replenish" policy.

6.8.3 Table 6-3

Control 1C Applied to Model I

Results for Test Stream No. 1729

N C Area T.C.

i HBF ﬁ% v RO
35 3 45 0.0 44397 32.7588
3 36 5.8 uLLOY 32,8616
3 29 6.4 Bis13 3k, 3652
3 23 9.6 yuu2l . 35,7684
40 0.6 3 e 0.0 149397 32.2588
3 29 0.0 49397 28.9588
3 25 0.8 49399 29.5596
) 3 " 20 3.6 49LO6 30. 8624
0.2 3 18 20.4 HOuLS 47.0792

Total Costs for Various Stream Numbers

M HBF 1729 1921 1147 Mean -
35 0.6 32.8616 29. 7452 29.1196 30.5755
34.3652 27.6452 27.3196 29.7767
35. 7681 27. 94614 26.1196 29.9448
40 0.5 28.9588 29.9226 29.3196 29,4003
29.5596 287926  97.B8196 28. 7006

30.862Y4 27.5226 27.7212 28.7021
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Breakdown of Costs at Optimum

M HBF Stream ﬁé Ng Coo  Area T.C.

40 0.4 1729 3 25 0.8 49399 29.5596
1912 3 24 0.0 50113 28.7226
1147 3 23 0.0 48549 27.8196
Mean 3 24 0.27 49354 28.7008

Mean Total Cost 28.70

6.8.3.1 Comments on the results of the application of
Control 1C to Model I

Maldistribution Type One is absent in Cran's control. Although for
an M-value of 35, Cran's control can result in zero backup, a high hold-
back factor HBF is required, and inevitably high replenishment costs
result. The disadvantage of the latter tends to outweigh  the advantage
of the former, and the optimum is at the next higher value of M,viz., 40,
(where zero backup 1is noted for the three stream simulations at a HBF
value of 0.5).

A veduction in HBF to 0.4, whilst resulting in a run-out of 2 item-
days for one particular random number stream, leads to an overall lower—
ing of replenishment costs, and it is at this value that the Optimum
Total Cost is to be found.

In general with Cran's control, as HBF is reduced, so are replenish-

ment costs but at the expense of higher shortage costs.

6.8.4 Significance of difference between cost of operation for

Model One under the different control types

6.8.4.1 Control 1A compardd with Cran's Control 1C for
Model I

The result due to Cran will be tested here against the author's

better control policy;‘viz. Control 1A, by the "t!" significance test.

Control 1A Cost Control 1C Cost Difference di Stream No.

26.4586 29.5596 3.1010 1729
26. 4452 28.7226 2.2774 1921
25.8196 ©27.8196 2.0000 1147

The average difference d = 2.4595

The value of t is given by 37/{2(di—a)2/ﬁ(ﬁ;l)} where N is the number

of observations.
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Therefore t = 10.21, dof =2,

The improvement afforded by the author's control "not necessarily
replenish" policy over Cran's policy is judged significant at the
0.5% level,

6.8.4.2 The extent to which the above improvement in

performance is due to the use of a "not necessarily

replenish" policy as opposed to a 'necessarily

replenish" policy

The 't' significance.test will be applied to the results of the
author's control with a policy of "necessarily replenish" and to Cran's

control to see whether there is a significant difference in this comparison.

Control 1B Result Control 1C Result = Difference di Stream No.

29,3608 29.5596 0.2288 1729

27.3u52 28.7226 1.3774 1921

26,7196 27.8196 1.1000 1147
Average difference 4 = .8987

t is given by EVVTZ(di-E)Q/ﬁtﬁ;l)}

= 2.54 , dof = 2,

The improvement is judged significant at the 7% level.

6.9 Conclusions from the Simulation of Model One

The advantages of 'mot necessarily replenish" as an alternative
individual policy over 'mnecessarily replenish" policy for the author's
control are cobvious in the case of zero lead time so it was not surprising
that the former turned in a better performance. The 't!! test was also
used to test the significance between Cran's control and the author's
control with a "not necessarily replenish'" policy, and it was encouraging
to see that the improvement over Cran's result could be judged signifi-

~ cant at as low a level as 0.5%.

It is apparent that further consideration of ""necessarily replenish”
policies for zero lead time at sub-stores is not really valuable and thus

further consideration in this case was dropped.
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6.10 Chapter Summary and Introduction to Chapter Seven

This chapter introduces the method of comparison for the author's
and Cran's control policies, simulation(by electronic computer)techniquas
for making possible the comparison are given, and this is followed by
a general description of the simulation. Details of flow diagrams for

procedure in the C.S.L. Language are presented.

The method of search for the optimum combination of parameters is
discussed and the concept of a test stream of random numbers is intro-

duced.

Three control types were considered and described as Experiment One.
These are all on Model Number I and consider the operation of the model
of the complex under (a) the author's control with a "not necessarily
replenish" policy for sub-stores following procurement arrival, '
(b) the author's control with a "necessarily replenish" policy, and
(c) Cran's control, Tables of results for different parameter com-
binations are given and a breakdown of costs for the minimum cost com-
bination for each control is given. Discussion of the. various simula-

tions is accompanied by a categorization of Types of Maldistribution.

The author's control as in (a) proved better than with (b), which
in turn gave better performance than Cran's control. "t -gignificance
tests were applied to the results, and ''mecessarily replenish" policy
with the author's control was judged significantly better than Cran's
control at the 7% level. As was to be expected, '"mot necessarily

replenish" policy again improved performance.

In Chapter Seven the data of the first model are altered to be such
as to favour Cran's control. Two controls are considered in this
chapter and together form Expériment Two. Cran's control is compared

with that of the author with a "not necessarily replenish" policy.
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CHAPTER SEVEN

MODEL TWO AND EXPERIMENT TWO: COMPARISON OF CRAN'S

CONTROL AND AUTHOR'S CONTROL WHEN MODEL DATA FAVOUR CRAN
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7.1 Introduction to Model Two

It was recognized that, in Model One, Cran's control tends to be

relatively expensive because,compared with the author's control, deliveries

" to sub-stores tend to be more numerous at the same M-value and the same

backup figure, and since individual deliveries at a cost of 0.3 each are
rather costly, so the total delivery cost is'correspondingly excessive.
Working on a System Stock trigger for complex reorder, Cran tends to in-
cur more run-outs than for the same M-value on the author's control.
Now, if both rum-outs and deliveries are not so costly, Cran's performance
will tend to be better. The author's control will still be tending

(by means of the ideas behind the 'Allocation Rule') to reduce delivery
numbers (although it is admitted that the z-value parameter allows the
control to enjoy a not insignificant flexibility in this region) and the
Free Stock trigger will act to minimise run-outs; the savings resulting
from these tendencies will be smaller than for Model One. It was ex-
pected, in addition, that the superiority of a Free Stock trigger over
a System Stock trigger would be lessened in the case of high average

demand rate.

Thus, in order to test the performance of the author's control
against Cran's under conditions favourable to Cran, the changes to the

data of Model One are:

Replénishment Costs : Reduced to 10% original value
: Now each cost 0.03
Run-out Costs : Reduced to 25% original value
: Now each cost O.i per item—day shortage
Demand Rate : Increase in Ratio 2.5:1
' : New Mean Time between sub-store demands: 10 days

The performance of the author's "not necessarily replenish" ruling

control and Cran's control are compared in Experiment Two.

7.2 Summary of Experiment Two .

4 Year Simulation of Model II with Controls 24, 2C using
IBM 1130 System with "Simon" Simulation Language

Model II Description (as specified in 7.1)

Item Value = 1

Cost of Procurement = .5

Cost of Supplying Sub-store = .03

Cost of Sub-store Run-out = 10% x Item Value per day



141

Cost of Steck Holding = 10% Value of Average Stock per year held
Mean Sub-store Demand = 25/year; Poisson Distribution

Number of Sub~stores = 5 '

Working Days/year = 250

Lead time for Complex = .4 year

Lead time for Sub-store = 0

Control Descriptions

All controls have sub-store reorder level of -1, and central store
reorder quantities equal to 85. For each control, reorder level is

the parameter "M",

Control lA: Author's suggestion with '"Not Necessarily Replenish Policy"

- Sub-store Reorder Quantity:
Case 1: Procurement on Order: "Share'" Ration Rule (see 5.6.4.2)

Case 2: Procurement on Order: "Allocation" Rule (see 5.6.2.3)
Griterion of Reorder Level for Complex: "Freé Stock" (see 5.5.2.2)
Control 1C: Cran's Control Method

Sub-store Reorder Quantity: Cran Allocation Rule (see ‘3.15)

Criterion of Reorder Level of Complex: "System Stock"

7.2.1 Table 7-1

Control 1C Applied to Model II

Results for Test Stream No. 1729

M HBF ﬁ} N, Ceo Area T.C.

60 0.7 6 122 1.6 49783 28,1731
0.6 6 105 1.7 49784 27.7635
0.5 6 91 1.6 49783 27.2431
0.4 6 72 2.1 49788 27.1751

65 0.5 6 7h 0.0 54767 27.0268
0.4 6 61 0.0 54767 26.6368
0.3 6 55 0.7 54774 27.2596
0.2 & 37 2.9 * 54796 29, 2284
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Total Costs for Different Stream Numbers

M HBF 1729 1921 1147 Mean
65 0.6 27.4468 27.6832 26.9479 27.3593
0.5 27.0268 27.3232 26.6479 26.9993
O.4 26.6368 27.0232 - 27.8943 27.1848

60 0.7 28.1731 26. 4844 29,3616 28.0064

Breakdown of Costs at Optimum

M HBF  Stream W, W, G, Area  TiC

65 0.5 1729 6 74 0.0 54767  27.0268
1921 6 71 0.0 55483  27.3232
1147 6 7% 0.1 53320  26.6479
Mean 6 73  0.03 54523 26,9993

Optimal Mean Total Cost 27.00

7.2.2 Table 7-2

Control 1A Applied to Model II

Results for Test Stream No. 1729

M z NP NR CRO Area T.C.
65 -0.3 6 54 0.0 54767 26.5262
+0.0 o 48 0.3 54770 26.6480
+0.3 6 4y 3.1 54798 29,3392
Total Costs for Different Stream Numbers
M Z 1729 1921 1147 Mean
" B5 -0.3 26.5262 27.3556 26.3791 26.7536
40.0 26.6480 27.0649 25.9879 26.5669
" Breakdown of Costs at Optimum
M z Stream NP NR CRO Area T.C.
65 0.0 1729 6 u8 0.3 54770 26.6480
1921 6 49 o.4 55487 27.0649
1i47 6 52 0.1 53320 25,9879
Mean 6 49,7 0,27 54526 26.5669

Optimal Mean Total Cost 26.57
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7.3 Comments on Model Two

With Model Two, neither Cran nor the author were expected to achieve
a good performance with an M-value of 60, since in the central store
lead time a demand of 62 leading to a minimum achievable backup of 16
item-days was experienced with the random number generating strean
1728. At the next higher M-value, viz. 65, at a HBF value of 0.5, Cran
was able to cut average backup costs to 0.03, while incurring average
replenishment costs of 2.19 {corresponding éo 73 sub-store deliveries on
average). Lowering the HBF factor to 0.4 resulted in delivery total
savings but backup costs rose. Cran's optimum was for an HBF of 0.5,

at which parameter, costs of 27,00 in total resulted.

| At the same M-value of 65, the author's control incurred a small
backup cost ‘for each random numberp generating stream at the optimal z
of 0.0, yet this was for an average sub-store replenishment number of
50. Although unit delivery costs were small in this Model, the cost
savings resulting from the savings in delivery totals was significant
enough to establish a performance superior total-cost wise to that of

Cran's control.

As with Model One, reduction of z from the optimum leads to higher
run-out costs of maldistribution type 2B and an increase in z beyond

the optimum leads to higher maldistribution costs type 2A.

7.4 Significance Testing the Results

The t-test is applied to the- results for the optima

Author's Result Cran's Result Difference di Stream.No.
26.6480 27.0268 0.3788 1729
27.0649 27.3232 0.2583 1921
25.9879 26.6479 0.6600 1147
- = T2 AR

t = d:./{z(di—d) /MN -1)} = 3.3 dof = 2

The improvement afforded by the author's control is judged signi-

ficant at the 5% level.

7.5 Conclusions from Experiment Two

It is felt that the Rationing Rule "Share" can lend jtself to improve-
ment but the next issue will be the consideration of how the author's
control compares with Cran's in the case of non-zero lead time at sub-

stores, the more general case.
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7.6 Chapter Summary and Introduction to Chapter Eight

This chapter has considered the application of both the author's
and Cran's control suggestions to a model of the complex with data
specifically designed to favour Cran's control ~ Model Two. It is
encouraging to see that the improvement afforded by use of the author's

suggestions is significant at the 5% level.

The next chapter deals with the more general problem of non-zero

lJead time at sub-stores.
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CHAPTER EIGHT

MODEL THREE AND EXPERIMENT THREE: COMPARISON OF CRAN'S
CONTROL WITH AUTHOR'S TWO ALTERNATIVE TYPES OF CONTROL

FOR THE CASE OF NON-ZERO SUB-STORE LEAD TIME
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8.1 The Problem of Sub-store Reorder Level in the Case of Non-Zero

Sub~store Lead Time

The new problem arising in considering a model with non-zero sub-store
lead time is that of determining the reorder level of sub-stores. Whereas,
in the case of zero lead time, backup was only like to occur if the sub- .
store reached its reorder level and the central store was empty at the same
time, in this case backup will occur if the sub-store's demand in the lead
time exceeds the stock level at which it reorders. The latter, it will be

remembered, results in Maldistribution Type 3 costs.

Initially, the sub-store reorder level was made a fixed quantity for
all stock configurations; i.e.,, it was made an additional control para-

meter,

8.2 Model III and the 'Allocation'! Rule

Model III is identical to Model I with the exception that sub-store
lead time is now 25 days. The coverage time demand on a sub-store is

assumed to be distributed thus:-

Mean = L,2(Fr-M) +AiLC
= L2(F-M) + 5 for Model III
Variance = .24 (F-M) + AiLC

= J2u(F-M) + 5 for Model III

Allocation Quantity is then:

+2(F-M) + 5 + zv/(,24(F-M)+5)

for Model III

8.3 A Note on -the Simulation for Experiment Three

-~

The simulation runs in this experiment were carried out for a simu-
lated period of 10 years and the averaged 10 year total cost was obtained
from the mean of four runs with different random number generating streams
being employed for sampling times between sub~store demands from the

Poisson distribution relevant to this model.

8.4 ’A Note on the Papameter Intervals Considered in the Search for Optima

of Experiment Three

The hold-back factor interval considered in the optimal regions was

0.05, and the corresponding z interval to be employed to make the searches

% Appendix One shows how this result is established.
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directly comparable was 0.1, calculated in the same way as for models One

and Two (as indicated in 6.5).

8.5 Summary of Experiment Three

10 Year Simulation of Model III with Controls 2A, 2B, 2C
using IBM 7090 Computing System with "C.S.L.'" Simulation Language

Model III Description

Item Value = 1

Cost of Procurement = .5

Cost of Supplying Sub-store = .3

Cost of Sub-store Run-out = 40% x Item Value per day:
Cost of Stock Holding
Mean Sub=-store Demand
Number of Sub-stores = 5
Working days/year = 250

10% Value of Average Stock per year held

10/year; Poisson Distribution

Lead Time for Complex =4 year
Lead Time for Sub~stores = 25 days

Control Decisions

All controls have a parameter “ROLSS" for sub~store reorder level,
and central store reorder quantity equal to 60, For each control, reorder

level is the parameter "M",
Control 2A: Author's suggestions with "Not Necessarily Replenish Policy"
Sub~store Reorder Quantity

Case 1t Procurement on Order: "Share" Ration Rule (see 5.6.4,2)

Case 2: Procurement not on Order: "Allpocation" Rule (see 5.6.2.3)
Criterion of Reorder Level for Complex: "Free Stock"
Control 2B: Author's Suggestions with "Necessarily Replenish Policy™

Sub~store Reorder Quantity )

Criterion of Reorder Level for Complex ) as for Control 24

Control 2C: Cran's Control Method
Sub-store Reorder Quantity: Cran Allocation Rule (see 3.15)

Criterion of Reorder Level of Complex: "System Stock"



8-5.1 Table 8_1

Results for Test Stream No.lll5

Control 2A Applied to Model IIX

40

40

40

45

45

ROL

2

Ss

0.0
0.1

O.4

0.1
0.2
0.3

0.5
0.6
0.7
0.8
0.9
1.0

0,2
0.0
0.2
0.3
O.4
0.5
0.6
0.7
0.8
0.9

=

71

60

105
93
9y
85
79
76

69
67
60
61
57
54

111
98
87
85
78
80
75
68
62
59

RO

16.0
37.2

11.2
6.0
0.0
5,2
1.6
9.2

49.6
34.0
22,0
14.8
3.l
29.2

b.y
Oo.4
0.4
2.8
O.4
2.8
13,2
2.4
LI
16.0
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T.cl

96,29
100.59
98,95
91.09
110.69

95.50
86.98
8l.49
84,29
78.59
85,30

93.10
91.60
87.34

127,92
111.71
98,51
91.62
111.77
105.93
95.28
87.37.
84,07
86.07
87. 80
84, 93
93,91
81.50
82,09
9,16

cont,.



Results for Test Stream No, 1115(cont.)

M ROLSS b4

45 4 -0.2
0.0

0.2

0.6

0.7

0.8

0.9

1.0

Total Costs for Different Streams

M R.OLSS Z
4o 3

15 3
u5 i 0.7

Breakdown of Costs at Optimum;

1115

81.49
78.59

81.80
81.50
82.09

81.42
80.18

R

128
116
102
8y
75
70
63
58

1729
95. 56
92.10

90,45
83.u4
81.23

86.79
83.uk

RO
3.2
by
2.4
1.2
0.0
0.0
1.2

15.8

1147

82.64

78.87

82.01
78,04
77.38

81.04
80.13

Average over 4 Streams

M z ROLSS

45 0.7 3

¥,

p

7.75

Nr

61

c

RO

1.6

Average

Stock

56.66

T.C.

99.18
96.78

- 90.86

84,81
81,u2
80.18
90.79
96.03

1921

86.05
83.47

87.65
78.76
86.29

80.60
81.66

Optimal Mean Total Cost 80.43

1459

Mean

86.43
83.26

85.48
80.43
81.75

82,31
81.35



Control 2B Applied to Model I1I

Results for Test Stream No.lLlS

M- ROLSS z

4o 2 0.0
0.1
0.2
0.3
O.4
0.5
0.6

&0 3 -0,2
+0.0
0.1
0.2
0.3
0.4

+0.0
0.1
0.2
0.4

45 2 0.4
0.5
0.6
0.7
0.8
0.9
1.0

g5 3 -0.2
0.0
0.2
0.3
O.4
0.5
0.6
0.7
0.8

=

87
82
77
73
70
66
61

107
93
91
87
8l
75

129
111

81
76

72
68
65
62
58
53
57

111
100
89
81
80
77
73
65
61

RO
21.2
18.8

3,2

3.2

7.2
27.2
54,0

b4
4.0
7.2
3.2
3.6
7.6

9.2
0.4

15.2
25.86

2.8
3.6
9.2
7.6
16.0
25.2
28.8

3.6
4.4
0.k
0.0
0.0
0.0
0.0
0.0

11.2

TOC.

f
100.49
96.81
79.81
78. 80
82,48
102.24
127.80

89.29
85.08
87.90
82.81
81.60
84,38

100.70
87.27
99,10
96.02

102,84

82.80
82.51
87.41

86.18:

93.74
103.81
109.42

94,48
91.98
85.27
82.40
82.39
g8l.61
80,60
79.47
88,65

-
e

150

cont..



Results for Test Stream No. 1115 (cont.)

M

40

ROL

Ss

i

=0.2
+0.0
0.2
O.4
0.6
0,7
0.8

=

. 130

119
97
81

RO

2.4
3,2
0.0
0.0

Total Costs for Different Random Number Streams

40

40

40

45

45

45

RO

L

2

S5

z

0.2

0.3

0.2
0.3
O.u

0.1

0.5

0.6
0.7

O.S
0.7
0.8

1115

79.81
78,80

‘82,81

81.60

84, 38

99.10

82,51

80.60
79.47

84.85
80,21
90,46

Breakdown of Costs at Optimum:

1729

101,91
99. 76

84,94
81.08
93.80

104.36
92.10

88.64

80.08 .

84,15
88.77
86.61

1147

87.28
84,78

82.97
83.07
88.57

82.09
89.88

82,23
83.06

84.63
84.58
86.64

T.C.

98,97
96.48
87.27
85.39
84,85
80.21
90.46

1921

76.62
77.25

77.62
77.55
80.16

81.86
80.83

83.40
85.01

83.91
83.74
83.57

Average Over 4 Streams

M

40

0.3

ROL

3

Ss

Yp

7.75

Ny

70.5

CRO

3.1

151

Mean

86.40
85.15

82.08
80.82,
86.98

91. 35
86.33

83,72
81.90

84,39
84,57
86.07

Average Stotk
zHolding Cost T.C.

52.70

Optimal Mean Total Cost 80,82

80.82
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Table 8-3

Control 2C. Applied to Model III

Results for Test Stream No. lilS

M

40

u5

45

50

50

ROL

3

S8

HBF

0.2
0.3
O.u
0.5

0.2
0.3

0.1
0.2
0.25
0.3
O.u4
0.5

0.1
0.15
0.2
0.25
0.3

0.15
0.20
0.25
0.30
0,35

D.40 -

0.20
0.30
0.40

=]

74
101
126
135

82
116

58
70
8u
91
105
123

57

75

103

RO’
17.%6

B4
11.2
43,2

47.6
11.2

21.6
9.2
1.2
O.h
4,0

10.0

22.8

1.2

0.0

152

T.C,

92.39
87.28
101.58
136, 32

124,82
98.58

96.59
87.78
83,97
85.27
93.08

104,48

97.49
78.57
81.27
86.07
88.47

82.37
84,27
8u., 37
86,37
91,22
90,77

83,57
90,77
94,37
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Total Costs for Different Random Number Generating Streams

M ROLc HBF 1115 1729 1147 1921 * Mean
u5 3 0.25 83.97 106. 84 130.98 79.72 100.38
u5 n 0.15 78.57 121.66 165,02 76.72 110,49

0.20 81.27 86. 42 131.18 79,12 94, 50
0.25 86.07 89, 32 132,08 81,22 97.17
50 3 . 0.15  82.37 85,32 116,07 79,92 ° 90.92
0,20 84,27 87.12 99,25 81.12 87.94
0,25 84,27 © 85,02 100.15 82,02 87.86
0,30 86.37 86.52 92.64 84,12 87.41
0.35 91,22 88,73 88.37 85,32 88,41
0.40 90.77 93,92 88,03 87.42 30.03
0.50 - 99,02 - 91,43 -
50 . "“ 0020 83.57 - 100095 - -
0.30 90,77 - 96. 44 - L -
0.40 94,37 - - 91.83 - -

Breakdown of Costs at Optimum: Average Over 4 Streams

= = - Average
M HBF R'OLSS NP NR CRO Stock

50 0.30 3 7.5 68 2.7 60,56 87.41

Optimal Mean Total Cost 87.41

8.6 Comments on Model Three and Expériment Three

Cran'svcontrol is unable to prevent backup with modest use of buffer
stock. Low HBF tends to result in high initial deliveries, reducing
central store stock appreciably to begim.with (after procurement arrival).
High HEF tends to result in, as well as high delivery numbers and hence
costs, more sub-stores than otherwise requiring a second (or even third)
delivery before next procurement arrival. This means an overall large
number of times +that reorder level is experienced by sub-stores, and
hence a corresponding larger chance of run-out, overall, than otherwise.
Cran's optimum requires a buffer stock of 35, corresponding to an M~value

of 0.3, Raising HBF over this value results in higher delivery costs,
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and lowering HBF incurs a heavier contribution to run-out, Cran's sub-
store reorder level at optimum was 3. A level of 2 led to heavy run-out
costs In the lead time, whilst a level of 4 although reducing the effect
of run-out of Maldistribution Type 3 in the lead time, inevitably led to
Maidistribution Type 2, by replenishing too early.

As with Cran's control, the author found that for both his "necessarily
replenish" and "not necessarily replenish" policies, optimal balance be-

tween the Maldistribution Types 2,3 was obtained for a sub-store reorder
level of 3. .

A shift in the optimal z (compared with the author's control for
Zero sub-gtore lead time) was noted for both types of policy considered.
The shift was upwards (to 0.7 for "™not necessarily replenish" and 0.3 for
"necessarily replenish"). At these z-values, application of the 'alloca~-
tion' rule did not lead to excessive maldistribution of type 2A, and the
number of times reorder lewvel was experienced (and hence maldistribution
costs type 3) was cut, compared to close-to-zero z~values. For the case
of "not necessarily replenish', the author required an M-value of 45,
corresponding to an overall buffer stock of 20 for his optimum.  Whatever
the (z, sub-store reorder levél) combinations applied to an M-value
of 40, run-out led to excessive costs. ' In the case of a "necessarily
replenish" policy, rumn-out costs of maldistribution type 8 were cut down
by the reduction in number of times sub-stores experienced running-down
to their reorder levels, but, of course, at the expense of maldistribution
type 2A costs. The optimal M-value was found to be lower than for a

"not necessarily replenish" policy.

As was to be expected, the allocation parameter, z, was not able
(without excessive costs) for a "necessarily replenish" policy to be as
high as a "not necessarily replenish" policy. At optimal it was 0.3,
compared with 0.7, with, as expected, higher overall replenishment costs.
Additionally, Maldistribution Type One was ekperienced for both types of
the author's control at their optima, and, as would be expected, was
greater for the case where lower buffer stock was retained (viz., the

"necessarily replenish" policy case).

8.7 Testing to See if the Obszerved Improvement over Cran is Significant

The improvement of the "not necessarily replenish" policy over the
"necessarily replenish" policy is obviously insignificant. Here the
t-test is applied to the results of the author's control with the former



155

policy and to the results of Cran's control to see whether these two

results are "significantly" different.

‘Control 2A Control 2C di Stream No.
81,50 86,37 b, 87 1115
83.44 86,52 3.12 1729
78.04 92.64 14.60 1147
78.76 84,12 5.36 1921

2

The value of t is given by”a//{E(ELdi) /N(N-1)} where N is the
number of observations.

Hence t = 4,58, dof = 3.

The improvement afforded by the author's control is judged significant
at the 1% level,

8.8 Summary of Chapter and Introduction to Chapter ﬁine

This chapter has considered the application of the author's control
(and also Cran's control) to a more general model of the complex in
which the lead time to sub-stores is non-zero, The latter modification
to the model results in an additional consideration, that of sub-store
reorder level. This, in the first instance, has been made an extra

control parameter.

The simulations considered constitute Experiment Three and the re-
sults indicate that therve is little to choose between the two types of
policy considered by the author when applied to this model., However,
the improvement of either over Cran's control is significant at as low

a level as 1%.

To avoid the involvement of an extra parameter for a reorder level
at the sub-stores, an attempt at some analysis to establish a policy for
this problem was made for those instants when the order for the complex
.1s outstanding. This work is described in the next chapter along with
some experiments to see whether performance is improved using the newly

adopted approach.



CHAPTER NINE

INTRODUCTION TO THE FIRST DYNAMIC PROGRAMMING MODEL TO
ESTABLISH THE REORDER LEVEL OF SUB-~STORES AS A FUNCTION
OF TIME TO PROCUREMENT ARRIVAL AT THE CENTRAL STORE

(FOR THE CASE OF PROCUREMENT ON ORDER). INCLUDES THREE

EXPERIMENTS TO IMPROVE OVERALL CONTROL USING THIS MODEL.,

156
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9.1 Introduction

For the case when a procurement to the complex is on order, the pro-
blem of when to order a shipment of stock to a sub-store may be resolved
into the problem of balancing the cost of run-out at the sub-store by re-
plenishing it too late (as a result of maldistribution type 3) against
the cost of a delivery which if replenishment does not occur now, may be
saved. If delivery (a replenishment) occurs whilst the procurement is
on order, the delivery quantity is small since the Free Stock is low.
Hence it is likely that a delivery will again be necessary shortly after

the procurement arrives.

On the other hand, if replenishment is postponed until after the
procurement arrives, then it follows that the cost of a replenishment
is saved. There is the further consideration that the expected cost
of run~out at other sub-stores is not guite independent of the decision
whether to replenish any particular sub-store or not, since the latter
decision will affect the availability of stock to buffer the other sub-
stores' stocks. Maldistribution type 2B, with some expected associated
cost, is liable to result in general. In order to establish a gen-
eral decision method for the reorder level of sub-stores whilst a pro-
curement order is outstanding, the maldistribution type 2B costs will

be ignored.

9.2 Establishment of the Dynamic Programming Decision Method

9.2.1 Costs associated with replenishing a sub-store and postponing

replenishment

The problem in 9.1 is resolved as follows: consider a notional
stock level at the\sub-store under consideration equal to s (this will .
equal actual sub-store stock plus any stock in transit to that sub-
store) whilst the time until the procurement is delivered at the central

store is T.

There are two alternative decisions for any (s,T) couple; either
a decision to replenish the store at that time instant, or a decision
to wait until the next time instant before considering the situation
again. Let the cost of the former decision be CA(s,T) and of the
latter, CB(S,T). The cost of the better of the two decisions, to be
known as the'Cost of the Best Decision'", will be denoted by C(s,T).

Then €(s,T) = Min {CA(S,T); CB(S,T)}
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If, of course, C(s,T) = CA(s,T), tﬁén it ié cheaper to replenish now and
the Decision Function associated with the decision is unity, i.e.

b(s,T) = 1. If C(s,T) = CB(s,T), then the decision is to wait until
the next time instant before review, the associated decision function

being zero, i.e. D(s,T ) = O.

If the expected number of item-days of shortage for a sub-store with
a notional stock level 8 when the decision is made to replenish is de--
noted by y(s,%), % being lead time from central store to sub-store, and
the cost per item-day of shortage is Cys then we have:-

CA(s,T) = cé¢(s,z) + cp

where‘bR is the cost of a sub-store replenishment.

CB(S,T) is the cost of the decision to wait before furtper review
until the next time instant. Strietly, this is an infinitessimal time
8T hence, in which time the sub-store sustains an expected demand of
iiGT, where Ai has its usual meaning in this thesis, that is, the mean
‘rate of demand per unit time on a sub-store. Now assuming that in
this time 8T, no more than one demand may be received at any one sub-

store, we have two states which may exist at.-time 8T, viz.:-

state 1 (8,T-8T)
state 2 (s-1, T-6T)

The probability of occurrence of state 1 is (l-AiGT) and that of state
2 is AiGT.

Hence CB(S,T) = (l-Ai6T) C(s,T-6T)
+ (A,8T) c(s-1, T-8T) (1)

For the purposes of simulation where the individual time units

are in days, equation (1) may be modified thus:-

CylssT) = (2°X()C(s,T-1) + X,C(s~1,T-1)

—

where Ai now represents mean sub-store rate of demand per day.

9.2.2 Boundary conditions

To establish the dynamic programming method, it is necessary to
have knowledge of the bounding conditions, i.e.- what the cost of the
best decision is when T=0. For the case of "necessarily replenish"
ruling, sub-store deliveries are always ordered immediately the central

store receives its procurement at T=0.
Then we have:

C(s,0) = csw(s,l) for "necessarily replenish" ruling.
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In the case of '"not necessarily replenish" ruling, no decision to
replenish sub-stores is taken as a matter of course at T=0. However,
the expected stock level of a sub-store at T=0 will, in general, be
sufficiently low for the sub-store to require a replenishment in the
next cycle (i.e. before further stock drrives at the central store from
the next-ordered procurement). It is not an unreasonable assumption,
then, that the cost of the best decision at T=0 is equal to the cost
- of replenishing at that time. (Analysis formulated later for the case
of the model data of Model Three shows that for the expected sub-store
stocks at time of procurement arrival within the complex, deliveries

will be' required immediately to be sent out to the sub-stores.)
Hence C(s,0) = csw(s,z)
also for the case of "not necessarily replenish" ruling.

The nature of yY(s,2) is described in Appendix No.S. Appendix No.6
tabulates the function Y¥(s,%) for a particular case and ghows8 how the

decision functions are calculated for a few interesting cases.

9.2.3 Decision functions of (s,T) states from the dynamic _

programming method applied to Model III

For Model III, cR/Aicgz = ,3/(.04 x4 x 25) = .75 and the types
of calculation illustrated in Appendix No.6 give for all T, D(0,T) = 1.

The other decision functions over the region for which T is defined

as«calculated are:-

) T " D(s,T)
1 1 0
' 2 + 100 1
2 + 6 0
7 + 100 1
3 1+ 22 0
23 + 100 1
y 1+ 61
62 + 100

5 1+ 100
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9.3 The Problem of Sub-store Reorder Level for the Case when Complex

Procurement is not on Order

The large amount of computing done for Experiment Three (described
in Chapter Eight) owing to the extra control parameter (viz. gyb-store
reorder level) convinced the author of the value of eliminating the latter

in subsequent work.

When a procurement is not on order, we do not know the fime until
the central store receives further stock. However, the time until the
complex orders a procurement can be estimated and hence an estimated T
(time until procurement arrival in central store) can be obtained.

If the Free Stock level at any time is F, with complex reorder M, then,
the estimated time until complex reorder is (F~M)/AT, AT representing, as
usual, the mean rate of demand on the ecomplex. The estimated T is thus
(F-M)/A; + L. ‘

The range of considered T was 0-40O. Within this range, the
decision functions for s-values from 1 upwards were calculated and the
complex was simulated using the obtained decision functions for sub-
‘store reorder level control and employing the data of Medel III. The
simulation is known as Experiment 4 and embraced both the author's alter-
natives of '"not necessarily replenish" ruling and 'mecessarily replen-

ish" ruling.

9.4 Summary of Experiment Four

10 Year Simulation of Model III with Controls 3A, 3B
Using IBM 7090 System with "C.S.L." Simulation Language

Full Description of Model Given in 8.5

Control Decisions

All controls have a central store reorder quantity equal to 60,
and have reorder level as a parameter "M". ’

Control 3A: Author's suggestions with "Not Necessarily Replenish Policy"

Sub-store Reorder Quantity
Case 1: Procurement on Order: "Share Ration Rule" (see 5.6.4.2)

Case 2: Procurement not on Order: "Allocation Rule" (see 5.6.2.3)
Criterion of Reorder Level for Complex: "Free Stock"
Reorder Level for Sub-stores

Case l: Procurement on Order: "1lst D.P. Model Decision Rule" (see 9.2)

Case 2: Procurement not on Order:



161

An estimate of the T parameter in 1lst D.P. Model is made and the

decision rule worked on this T.

Control 3B: Author's suggestions with "Necessarily Replenish Policy" -

Sub-store Reorder Quantity
Criterion of Reorder Level for Complex

Reorder Level for Sub-Stores

9.4.1 Table 9-1

Control 3A Applied to Model III

as for Control 3A.

Results of 'Test Stream No.lll5

M z
40 0.3
0.4
0.5
0.6

watts

45 0.4
- 0.5

0.6

0.7

0.8

0.9

Np

82
81
70
60

83
80
73
mn
61
57

Cro
31.2

26.14
L*.O
63.2

0.0
0.0
3.2
0.0
0.0
17.2

Total Costs for Diffevent Stream Numbers

3

M z
40 0.5
45 0.6

0.7
0.8

1115
79.57
83. 80

80.84
78.03

1729
112.41

82.93
8l1.82
81.42

Optimal Mean Total Cost 80.76

(occurring at M = 45, z = 0.8)

T.C.
109.53

64.43

79.57
137.89

83.29
82.51
83.80
80. 84
78.03
95.65

1147

82.51
80.28
80. 44

1921
78. 82
82.18

81.95
83.16

Hean

82.85
81.22
80,76
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9.4.2 Table 9-2

Control 3B Applied to Model III

Results for Test Stream No.lliS

M .z ﬁk Cro T.C.

40 -0.1 "125 1.6 91.89
0.0 114 0.4 87.77
0.1 101 8.0 91.70
0.2 91 . 10.4 91,22
0.3 82 4O, 4 118. 74

45 0.3 87 2.8 87.00
0.4 8i 0.0 83.59
0.5 84 0.0 82.21
0.6 72 3.2 83.50
0.7 66 0.0 79.91
0.8 63 1.2 90.46

Total Costs for Different Stream Numbers

M z 1115 1728 1147 1821 Mean
45 0.5 82.21 86.19
0.6 83.50 83.27 82,14 82.20 82.78

0.7 . 78.91 8l.95 82.48 82.54 81l.72

Optimal Mean Total Cost 81.72

(occurring at M = 45, z = 0.7)

9.5 Comments on Experiment Four

Both types of altermative policy used by the author, "not necessarily
replenish" and '"necessarily replenish" policies, did not perform as well

in Experiment Four as they'did in Experiment Three.

Comparative results are given below for mean optimal total costs

over the 10-year simulation.

Necessarily Replenish Not Necessarily Replenish
Expt. 3 80.82 80.43

Expt. 4 81.72 80.76
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As the policy of "necessarily replenish" failed to perform as well
as '"not necessarily replenish" in both experiments, it was thought of

;ittle value to consider this as a viable type of control any further.

The main reason why the results of Experiment 4 were poor (compared
with Experiment 3) overall became apparent when studying the details
of the simulation. Sub-stores were being replenished too early,
that is, often at stock levels of six or seven, when the complex did not
have a procurement order outstanding. Costs of maldistribution of
types 1, 2A (seé 6.8.1.2) are definitely not negligible in the case of
replenishment to sub-stores before procurement order. (It will be re-
membered that the Dynamic Programming Method was established for T-
values up to [, i.e. for use whilst a procurement is on order, when
there would be no resulting maldistribution of type 1 or 2A possible,

(with 'YShare' being the rule employed for deciding reorder quantity).

9.5.1 Change in the formula for reorder level at sub-stores when

an order is not outstanding

" In order to circumvent the problem, the reorder level of sub-stores
for the case when the procurement is not on order was made equal to
that in existence when the procurement is ordered; this lends to con-
tinuity in the reorder level vs. time to procurement arrival function.
For the data case of Model Three, 9.2.3 shows this stock level to be
equal to 4. The complex was simulated with the above change in Experi-

ment Five in 9.6.

9.5.2 A modification to the 'Share’ ration rule

Another proposal, the merits of which are considered in Experiment
Six, was to modify the "Share'" rationing rule such that the resulting
notional stock level at the ordering sub-store does not exceed the value

that the allocation rule would yield.
"It will be recalled that:-

Allocation = Mean Coverage Time Demand

+ z x Standard Deviation of Coverage Time Demand,

When this is translated into the terms of the case when a procure-
ment is on order, due in time T, then this allocation is equal to
Ai(T+2) + zvxi(r+gj, Hence the new ration rule for the case of five

sub-stores is:~

Share MK.II = Min{I(F/¥) , (A;(T+2)+z/X_(T+2))}*

* where I indicates "Integer value of",
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The expected benefits of this proposal are the reduction in costs
of maldistribution of type 2B (as a result of ensuring that "Share" is not
excessive in its delivery quantities), but it is expected that further de-
livery numbers and also, possibly, an increase in maldistribution costs
type 3 will result. The greatest benefits are of course likely to be
noted where the maldistribution type 3 is absent and replenishment costs

are low (Model Two fits this category).

The value of this proposal was tested independently of any improvements
resulting from the use of the First Dynamic Programming methed, in order
to see whether the overall performance for the case of fixed reorder level
at sub-stores could be improved. It was also tested in the case of the
First Dynamic Prograr_nming method. Both tests are considered in Experiment

Six in 9.7.

9.6 Summary of Experiment Five

10 Year Simulation of Model III with Control 4A Using IBM 7090 :
System with "C.S.L." Simulation Language

Full Description of Model Given in 8,5.

Control Decisions

The central store reorder qQuantity equals 60 and the reorder level for

the complex is the parameter "M",
Control 4A: Author's suggestions with "Not Necessarily Replenish Policy"
Sub-store Reorder Quantity

Case 1l: Procurement on Order: "Share Ration Rule” (see 5.6.4.2)

Case 2: Procurement not on Order: "Allocation Rule" (see 5.6.2.3)
Criterion of Reorder Level for Complex: "Free Stock"
Reorder Level for Sub-stores: e ‘ e

Case 1l: Procureément on Order: "lst D.P. Model Decision Rule" (see 9.2.)
Case 2 Procurement not on Order:
Reorder Level made equal to that corresponding to T = L

(when procurement order is initiated) from the lst D.P. Model.
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9.6.1 Table 9-3

Confrol 4A Applied to Model III

Total Costs for Different Stream Numbers

M z 1115 | 1729 1147 1821 Mean
L5 0.6 - 92.84 - 80.00 -
_ 0.7 82.10 81.58 78.96 78. 36 80.25
0.8 . 78.43 78,75 78.21 79.78 78.79
. 0.9 81.75 82.41 - - -

Optimal Mean Total Cost 78.79

(occurring at M = 45, z = 0.8)

Breakdown of Costs at Optimum: Average Over 4 Streams

M z N N C. Holding Cost Mean
P R RO Average Stock

45 0.8 7,75 57 1.33 56.49 78.79

Optimal Mean Total Cost = 78,79

9.6.2 "t" test to determine whether the observed improvement of

Control 4A over Control 24 is significant for Model III

Opt. Result Opt. Result

For Control 2A For Control u4A di Stream No.
81.50 78.43 3.07 1115
83.44 ) 78.75 4.69 1729
78,04 78,21 -0.17 11u7
78,76 79.78 -1.02 1921

The value of t = 1.21; dof = 3,

The difference is insignificant at the 5% level.

9.6,3 Comments on Experiment 5

As was expeéted, throughout the range of (M,z) combinations worth
considering, the maldistribution of types 1, 2A, was much reduced by
cutting the reorder level of sub-stores whilst a procurement order was
not outstanding to 4, Maldistribution costs of type 2B were, in general,
down; this was due to the fact that by postponing shipments to sub-

stores until their stock levels dropped to 4, more stock was held in the
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central store when the procurement order was made; if "Share" did teﬁd to
be a little over-generous, this did not tend to lead to as much run-out at.
other sub-stores as was the case with a lesser amount of stock being

held at the central store. The increase in maldistribution type 3, as

a result of any such above-average demand in the lead time to sub-stores
was insignificant for cases of replenishing sub-stores whilst the pro-

curement order was not outstanding.

It was concluded that the establishment of the recrder level for
sub-stores whilst a procurement order was not outstanding at that level
of reorder obtained from the Dynamic Programming Method at time of complex

"reorder (T = L) was a valuable idea.

It was clear where the savings were occurring. The original Dynamic
Programming approach of Experiment Four in 9.4.1 led to decisions to re-
plenish sub-stores at the following stock levels:-

Sub~store notional stock Replenish if estimated T

7 T3 298
6 T3 206
5 T3 125
M T> 62

In general, shipments were ordered at stock levels of six and five
and the average system stock existing at the complex reorder level of 45
(optimum) worked on Free Stock was in the region of 48 or 49, When the
stock levels, 7, 6, 5 were excluded for consideration of sub-store reorder,
the system stock at complex reorder level dropped to the region of U6,
L7. This represented a saving of about 2 units of stock on average,

‘resulting in a two unit cost saving over 10 years.

9.7 Summary of Experiment Six

10 Year Simulation of Model III with Controls 5A, 5B using
IBM 7090 System with "C,S.L." Simulation Language

Pull Description of Model Given in 8.5,

Control Decisions

Both controls have central store reorder quantity equal to 60, and the

reorder level is equal to the parameter "M".

Control 5A: Author's suggestions with "Not Necessarily Replenish Policy"
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Sub-store Reorder Quantity

Case 1l: Procurement on Order: "Share MK II" Ration Rule (see 9.5.2)

Case 2: Procurement not on Order: "Allocation Rule" (see 5.6.2.3)
Criterion of Reorder Level for Complex: "Free Stock"
Reorder Level for Sub-stores

Case 1l: Procurement on Order: )

the same parameter "ROLSS"

Case 2: Procurement not on Order )
Control 5B: Author's suggestions with "Not Necessarily Replenish Policy"
Sub-store Reorder Quantity

Case 1: Procurement on Order: "Share MK II" Ration Rule (see 9.5.2)

Case 2: Procurement not on Order: "Allocation Rule" (see 5.6,2.3)
Criterion of Reorder Level for Complex: "Free Stock"
Reorder Level for Sub-stores:

Case 1l: Procurement on Order: "Lst D.P. Model Decision Rule" (see 9,2)
Case 2: Procurement not on Order:
Reorder Level made equal to that corresponding to T = L

(when procurement is initiated) from the lst D.P. Model,

9.7.1 Table 9-4

"Control 5A Applied to Model I11

Total Costs for Differént Stream Numbers:

M ROLge z 1115 1729 1921 1147 . Mean
40 3 0.1 111,11 105.11 82,57 83.62 85,60
0.2 105,63 100.05 79,55 78,19 90,85
0.3 99,43 102.06 82,35 79.52 90, 84
0.4 102,83 83.67 - 79.03 -
40 n 0.3 101.65 91.85 80,98 78.36 88,21
0.4 100,47 90,06 79.09 79,23 87,21
0.5 93, 82 76,76 77.77 82.59 84,23
45 2 0.8 102,19 95,96 80,03 91.92 92,52
u5 3 0.6 . 94,32 99.58 79.52 80.30 88,43
87.48 80, 4L 78.51 80,21 81.66
0.8 83, 84 85, 77 76.66 86,57 83,21
45 y 0.7 90.62 93.77 79.68 79,26 85,83
0.8 85,28 80. 32 79.23 81.86 81.67
Optimal Mean Total Cost 81.66
(at M = 45, z = 0.7, ROL__ = 3)

SS
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9.7.2 Table 9-5

Control 5B Applied to Model III

Total Cosfs for Different Stream Numbers

M z 1115 1729 1147 1921 Mean
4o 0.4 98,62 89.08 89,37 79.02 89,02
0.5 92,08 95,19 86,67 = 79,72 88, 4L
s 0.6 - 93,03 80.81 86,98 -
C 0.7 - 82.72 81.48 86.16 -

9.7.3 Comments on Experiment Six

At its best performance modification to the rationing rule of 'Share!
to 'Share MkII' as proposed in 9.5 was unable to improve the results of
the simulations. This applies to both tests of Experiment Six, that
is, for fixed reorder level at the sub~stores and for the dynamic pro-
gramming method for reorder level at sub-stores, The simulations
showed that when thé modified share rule "Share Mk II" was-employed, the
shipment quantities were, as expécted, lower than when "Share" was em-
ployed. This indeed aids the positions of the other sub-stores with re-
gard to run-out since more stock is held back at the central store, thus
reducing maldistribution type 2B.

However, an interesting phenomenon is noticed. In the case of
fixed reorder level at sub-stores, even though a sub-store is down to
this level of this level of stock, its 'Share Mk II' ration quantity is
likely to be less than this level, and hence replenishment is postponed
until the notional stock level of the sub-store drops below the ration
quantity designated by 'Share MkII', whence the difference. (generally one
unit) is shipped. In the case of the dynamic programming model for
obtaining the sub-store reorder levels, the model is based on the assump-
tion that delivery will always occur at the step-line in 9.2.3 or below
it. This implies then that the rationing rule must always allocate to
the ordering sub-store a quantity in excess of the notional stock level
‘at which reorder takes place. One can see that, with the employment
of 'Share MKII' as a rationing rule this is not the case. Because
sensible (close to optimal) z-values are in the region of 0.7 (higher z-
values necessarily exclude themselves because of the associated costs
of Maldistribution Type 2A) a sub-store with a notional stock level of

2 at a T=value of, say, 10,% will be allocated the minimum of

% 9,2,3- shows that this store is at its reorder level.
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{I(F/N) 4 (Ai(T+£)+z¢Ai(T+£))}, which is most likely to be the second
quantity, viz. 1.4 + z/Y1l.4 egualling (when rounded), 2. Hence shipment
does not take place, contrary to the decision of the dynamic programming

model,

It is clear then, that by employment of'Share' thus modified, mal-
distribution of type 3 is more common than with the 'Share' rule and the
heavy resultant shortages necessarily preclude this proposal for modi~

fying the rationing rule from further consideration.

9.8 Summary of Results for Controls on Model I

Optimal Optimal z Optimal
Cost or HBF ) M
Control 1A (Table 6.1 at 6.8.1) 26,24 z = 0,0 35
- 1B (Table 6.2 at 6.8.2) 27.81 z = 0.0 35
" 1C (Table 6.3 at 6.8.3) 28.70 HBF = 0.4 40

Control 1A (author's'not necessarily replenisH'poliey) significantly
differs from Control 1C (Cran's control) at the 0.5% level.

Control 1B significantly different from Control 1C at the 7% level,

9.9 Summary of Results for Controls gnp Model II

Optimal Optimal z Optimal

Cost or HBF M
Control 1A (Table 7.1 at 7.2.1) 27,00 HBF = 0.5 65
Control 1C (Table 7.2 at 7.2.2) = 26.57 z = 0.0 65

Control 1A significantly different from Control 1C at the 5% level

("t" significance test).

9,10 Summary of Results for Controls on Model III
Optimal Optimal Optimal z Optimal

Cost ROLSS or HB? M
Control 2A (Table 8.1 at 8.5.1) 80,43 3 z = 0.7 45
Control 2B (Table 8.2 at 8,5.2) 80.82 3 z = 0.3 40

Control 2C (Table 8.3 at 8,5.3) 87.41 3 HBF = 0.3 50

Control 2A (author's suggestiéns) significantly different from Control: 2C

(Cran's control) at the 1% significance level.
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Optimal Optimal Optimal
Cost b M
Control 3A (Table 9.1 at 9.u4.1) 80.76 0.8 45
Control 3B (Table 9.2 at 9.4.2) 81,72 0.7 45
Control 4A (Table 8.3 at 9.6.1) 78,79 0.8 45

Control u4A (application of dynamic programming model for sub-store reorder
level) improves over fixed reorder level Control 2A, but insignificantly

at the 5% level. ("t" significance test.)

Optimal Optimal Optimal
Cost Z M

Control 5A (Table 9.4 at 9.7.1) 81.66 0.7 45

9,11 Summary of Chapter and Introduction to Chapter Ten

It is stated initially that when the complex has an order outstanding,
the problem of establishing sub-store reorder level may be resolved into
the problem of balancing the cost of shortage at the sub-store by deliver-
ing too late against the cost of the delivery which may be saved if re-
plenishment does not occur now. A Dynamic Programming method is developed

to give the reorder level of sub-stores as a function of time until the

" protirement arrives at the central store,

The experiments using this Dynamic Programming method still faced the
problem of what to do about the reorder level of sub-stores when the order
for the complex was outstanding., The first of these experiments, Experi-
ment 4, estimated this time T to be (F-M)/AT + L and considered the author's

control using the two alternative policies of "necessarily replenish" and

. "not necessarily replenish, The results of the latter experiment® were

poorer than for Experiment 3, and this effect was traced to the fact that
obtaining the reorder levels for sub~-stores as a function of the estimated
time until procurement arrival made use of an assumption which just does

not hold true. It was proposed to make sub-store reorder level for T-

values greater than L equal to that level corresponding to T = L in the

Dynamic Programming method in the next experiment, Experiment Five.

In Experiment Six, another proposal (that of making the Ration Rule
formula not exceed the formula which the 'Allocation' Rule would yileld
when the procurement is on order) was also tested for Model Three for the
cases of fixed reorder level for sub-stores and for thé Dynamic Programming
method for sub-store reorder level. The result of Experiment Five was en=
couraging for the Dynamic Programming method but the ideas for modifying

%It was seen that '"necessarily replenish" was again the poorer policy, so
it was excluded from further consideration.

'

|
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the rationing rule 'Share' were unsuccessful.

In Chapter Ten, an attempt at some analysis to improve the Rationing

Rule is given.
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CHAPTER TEN

REORDER QUANTITY FOR SUB-STORES WHEN A PROCUREMENT IS

ON ORDER: ALTERNATIVE TO 'SHARE' RATION RULE
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10.1 Introduction to Chapten Ten

In Chapten Ten, an attempt at some analysis to establish the reorder
quantity for sub-stores when a procurement is on order is presehted.
Hitherto, the reader will recall, the rationing rule known as 'Share'
has been employed. Attempt at modification to 'Share Mk 1I* was not

successful in the caée of Model Three.

Basically, the main idea is to balance the cost of a further possible
replenishment to the sub-store in question as a result of issuing too
.little stock against the cost of run-out at other sub-stores in the com-
plex as a result of Maldistribution Type 2B. Since the best results so
far have been obtained by employment of the Dynamic Programming approach
of Chapter Nine, attention will be restricted to control types using
this method for sub=-store reorder levels whilst the procurement is on
order within the complex.

10.2 A Specific Case to Illustrate the Ideas

The situation considered 1s an actual case from the simulation of
the complex with Model Three. Sub-store No.l is at its reorder level
and the problem is to determine the r&tion quantity. The stocks for

all the stores are given in the table below:-

Sub-store Stockg# Central Store Stock
Notional 3,4,6,6,6 3
After Hypothetical
Redistribution 5355,646,6 0
F = 28

10.2.1 The costs associated with a particular ration guantity

Consider a ration quantity for sub-store No,l of 3 units (i.e. no
shipment). The resulting Free Stock is 28, the corresponding individual
sub-store "fair share" defined by F/y being 5.6. The assumption is made
that those sub-stores whose present notional stock levels exceed %his
"fair share" value will suffer zero cost of rumn-out until stock from
the next procurement is available, . The expected costs of run-out,
in this time are assumed, therefore, to be confined to sub-stores Nos.
1,2. Ve cannot, however, say that the expected cost of run-out at sub-
store No.l is that resulting from a stock level of 3 with (T+&) days

to go before next possible delivery date. This is because there exists

*First number refers to store 1, second to store 2, etc...
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a stock of 3 at the central store for possible delivery to sub-store 1.
The same applies to sub-store 2 with its stock level of u.

The assumption is now made that the position with respect to run-out
of sub~stores Nos.l-,2 and the central store is equivalent to that for a
special, single store. This store will have a stock level equal to the
combined level of the individual notional stocks of sub-stores Nos. 1 and
2 and the central store stock itself and a rate of demand équal to double
(since we are dealing with two sub-stores) that of a single sub-store.
Thus, in the case considered above, the expected costs of run-out of the
complex stemming from an allocation of 3 to sub-store No.l is that of
a store of stock level 10 and the rate of demand egqual to .08 (=2 x .04)
in the case of Models One and Three. The value of this expected cost
of run-outc (5 = 10; L = T+L) for a rate of demand value X of ,08 may

be computed from the function described in Appendix Five.

10.2.2 Implications of merging the stock levels of stores

The implication, of course, of this assumption is complete inter-
changeability of stock between the two sub-stores and the central store.
This means that by éonsidering the two sub-stores as a single store one
of the sub-stores cannot expérience shortage whilst the othérjholds stock.
Unless. deliveries are always in unit amounts, then it is'posaible for
one store to run-out whilst the other has stock (even if not pfesent at
the store itself, then in transit to it). Thus, treating the two sub-
stores as a single store assumes zero cost of run-out resulting from mal-
distribution within the two stores themselves. It also assumes that
the two stores do not expefrience maldistribution of type 3 (maldistribu~
tion due to the finite time,stock takes from the central store to a sub-
store). It is expected that the performance of the complex utilizing
this assumption will be influenced strongly by how close to the truth

the assumption comes.

In order to compute the expected extra cost of replenishment asso-
ciated with this allocation under consideration, recourse is made to the
table at 9,2,3. This- is the representation of the redrder level
vs, T function. if the reasonable assumption is made that the sub-store
being replenished at this stage will sustain, at the most, one extra
delivery before the procurement arrives at the central store, then the
expected extra costs of replenishment equal the cost of a single replen-
ishment times the probability of again crossing the veorder level ws, T
step function line, The method of calculating this latter probability
Ms,2) is given in Appendix 7B.
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10.2.3 Obtaining the ration quantity "Share Mk III"

The first ration quantity considered is that equal to the present value
of the sub-store notional stock level.® The sum of expected cost of
run-out and expected cost of extra delivery is obtained as degcribed
above. The ration quantity is then raised by one and the corresponding
sum of these two costs computed. As soon as this cost sum becomes
greater than the previous-computed cost sum, the computations are com-
plete, and the chosen ration quantity®* is equal to the one with the
minimum cost sum. This, of course, assumes convexity of the cost

sum functions,

10.2.4 A table of results for the decision method in the case of

the reorder point described in 10.2.1 is givén below:-

’
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3 1.0 0.300 5.6 2 10 .006 . 306
L 931 0.279 5.6 2. 10 .006 .286
5 . 819 0.246 5.6 2 10 .006 . 252
6 « 795 0,239 4.8 1 L « 246 . 485

The optimalration quantity is 5, resulting in a shipment quantity
of 2,

10.3  Summary of Chapter and Introduction to Chapter Eleven

In this chapter, the ration quantity for sub-stores whilst a pro-

curement is on order is reconsidered. Attention is restricted to the

* This means that initially the cost of not making a replenishment at all
at this stage is computed. This takes the probability of another re-
order before stock arrives in the central store as unity.

*#* To be known as Share Mk III.
%%* See Appendix 7B.
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author's sub-store reorder level policy which obtains this level from

Dynamic Programming analysis,

Different ration quantities, from the value of the reorder-level up-
wards are considered. It is assumed that the sub-gtore under considera-
tion will experience, at most, one more reorder level in the time until
the procurement arrives. It is shown how, given the reorder 'level vs.
time function, the probability of another replenishment can be calculated,
and thus the corresponding cost of extra deliveries as a result of the

considered ration quantity is obtainable.

As the ration quantity alters, so does-the resulting Free Stock level
of the complex. Shortage costs are considered for only those stores _
whose notional stock will be less than the "fair share" level (computed,
as usual, by F/N). The sum of the expected cost of shortages and extra
replenishments is obtained for each ration quantity. €onvexity = of this
sum with respect to ration quantity is considered, and theqoptimal’choice
of ration quantity is taken as '"Shakre Mk III" where the cost sum turns

upwards.

Chapter Eleven goes on to consider the problem of sub-store reorder

level for the case when a stock order for the complex is not outstanding.



177

CHAPTER ELEVEN

REORDER LEVEL OF SUB-STORES IN THE CASE WHEN A PROCUREMENT

IS NOT OUTSTANDING
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11.1 Introduction to Chapter Eleven

At this stage, some sense of dissatisfaction was felt with regard to
the rather arbitrary sub~store reorder level in the case of a procurement
not on order being made equal to the sub-store reorder level at time
T = L* obtained from the Dynamic Programming Model. Some relevant analysis

was required,

Since an order for a procurement is not outstanding, the prime concerm
at this moment when considering the reorder level of a particular sub-
store is not with the prevention of shortages at other sub-stores, but
rather the prevention of run~out at this particular sub~store whilst attempt-
ing to ensure that, as a result of replenishing now, maldistribution is not
engendered. Whilst stating that the immediate concern is not with other
sub~-stores' shortage possibility, the author wishes the reader to yecall
that this problem is considered important once the procurement has been

ordered.

It can be seen that the tendency of the allocation rule to issue a
stock quantity to a sub-store which results in maldistribution is related
to both the present notional stock level of the sub-store, and the allo~-
cation quantity itself, the latter being a function of F, M, =z, For a
given couple of control parameters (M,z), then the decision whether to
replenish a sub-store must depend on both notional stock and F.  The
problem can be seen to resolve into a Dynamic Programming Decision Model
somewhat similar to that employed when the procurement order is outstand-

ing.

11,2 Formulation of the Dynamic Programming Decision Model to Establish

the Reorder Level of Sub-stores Whilst a Procurement Order is Not

Outstanding

The cost of the decision to replenish a sub-store at a notional stock

level s, when Free Stock is F, is

C,(s,F) cp *+ Total Expected Costs of Maldistribution

s ep + csw(s,z) + Expected Costs of Maldistribution
Types 1,2 _ (1)

The cost of the decision to wait one day before reviewing the situa-~
tion (one day being as in the previous Dynamic Programming model the mini-

mum time unit of simylation) is:-

* i,e. T =100, in the case of Model Three.
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CB(s,F) = XiC(s-l,P-l) + uﬁTAC(s,F-l) + (l—SXi)C(s.F) (2)

where C(s,F) represents the cost of the best decision for any (§,F)

couple.+
C(s,F) is then the least of the two above costs:
C(s,F) = Min{CA(s,F); CB(S,F)}

The decision D(s,F) is 1 ("Replenish now'") or O (''Wait") according to

whether C(s,F) equals CA(s,F) or CB(s,F), respectively.

Note that CB(S,P) is defined on the assumption that by the next day,
there is the chance that only one demand at most may occur on the complex
(a reasonable assumption in the case of a total mean demand of 0.2 per day
as for Model Three). The probability of this demand occurring; (a) on
a sub=-store other than the one under consideration is 45&, resulting in
a state (8,F-1); (b) on the sub-store in question, is 7&, resulting in
a state (s-1,F-1). The probability of no demands at all is‘(l-SX£)

resulting in the initial state (s,F); hence equation (2),

11,3 Boundary Conditions

" The cost of the best decision for an (s,M) couple is clear for s~
values less than or equal to the reorder level when T = L (say s < s, and
s, = 4 for Model Three) from the previous Dynamic Programming model.

The decision Ffunction for these s-values is unity and the costs C(s,M),

s & s s @re ¢ +csw(s,2) + Expected Costs of Maldistribution Type 2B.

R
Now the latter maldistribution costs (resulting from the over-
distributing effect of 'Share') as in the case of the previous Dyndmic
Programming model, will be ignored. (It will be recalled that the main
considerations of the former Dynamic Programming model were those of bal-
ancing the cost of run-out of the sub-store in question against the cost
of delivery which might be saved by not delivering until the procurement
arrives at the central store.,) It was envisaged that this was likely
to be a good assumption where the "right sort®*" of buffer stock (reflected
in the M-value of the complex) was employed. This assumption was sup~
ported both in the control of Model Three with the employment of the
Dynémic Programming approach and with 'Share' in Experiment Five, where
an extremely small run-out cost at the optimum was noted, (This was of
Maldistribution Type 24,) By far the major factor for close-to-optimal

couples was maldistribution of type 1.

* In general, for N sub-stores, "4" is replaced by (N-1),
%% Tmplying close-to-optimal.
This is an appoximaton. b = possible for a level (s-1) to be reached wilh the
Fee Stock remaini at F .
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Now we have D(s,M) for s~values greater than the reorder level corres-
ponding to T=L from the previous Dynamic Programming model (i.e. s > S, in
general) to be equal to zero., The cost of the best decision in these
cases is less, then, than the cost of immediately replenishment, i.e.

C(s,M) < csw(s,z) +c s>s8 .

R; o
But C(s,M) 2 csw(s,z), since whatever time at which the sub-store is

replenished, it must sustain an expected cost of run~out equal to csw(s,z).

Thus csw(s,x) + ¢, > Cls,M) > csw(s,l)

R

The approximation:

%
C(s,M) = csw(s,ﬂ) +oop X P(s,%) is suggested, where P(s,L) is the
probability of a sub=-store with a notional stock level s ordering in the

central store lead time L.

1ll.4 Consideration of Maldistribution Costs

From the results of Experiment 5, the decision to assume expected costs
of Maldistribution Type 2 as negligibje was supported in the case of control
with near-optimal (M,z) operating couples, The author is not too bothered
that it is not & good assumption when (M,z) couples are not near optimal,

since a commericial complex would never be operated with such a couple
anyway

Equation (1) of 11,2 thus is translated into:=-

Cpls.F) = cp t csw(s,l) + Expected Cost of Maldistribution Type 1,

R
and attention is now focussed on the method of computing the expected costs

of Maldistribution Type 1 for an (s,F) couple.

11.4,1 Maldistribution Costs of Type 1

Consider the expected stock~time function for a comple® when maldis-

tribution of type 1 occurs. TFigure 7 illustrates this.

If the complex reorders with a total stock level exceeding M by 4,
then it is clear from the Figure that the extra area under the total stockn
time graph is Q. A/AT. '

The corresponding cost of extra inventory holding is then hPAQ/AT.

The probleﬁ now is to obtain the prohabilities of occurrence of A.

If we decide to replenish a sub-store, then the allocation 'A" is a funec-

tion of F,M,z; for any given control then where the (M,z) ‘eouple- is fixed,

we have A = A(F).

* fThe method of computation is given in Appendix 74,
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FIG. 7

GRAPH SHOWING THE EFFECT IN TERMS OF EXTRA STOCKHOLDING
OF MALDISTRIBUTION TYPE 1
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The ways in which this allocation can result in maldistribution

of type 1 are now considered. At the time of reorder for the complex,

we will have, assuming that maldistribution (if any) occurs at only the
one sub-store under consideration in the coverage time* (this is a fairly
reasonable occurrence; it is seen from the simulations that for any given
time between procurement arrivals, the likelihood of maldistribution of
type 1 occurring as a result of two 'over-distributions'! is very small
indeed), a stock level of (A~i), where izamount of demand on the sub-store
in question between the time of its allocation and time of reorder for the

complex,

Provided that (A-i) > .2M, in the case of 5 sub-~stores, then maldis-

tribution has occurred.

Remembering assumption (a), we have:-

the cost of maldistribution (type 1) is given by Cy where;
1
A-.2M
c, = %EQ I (A-i =2M) . p(i)
1 T i=0
A-,2M~1
= ZL 1 (aisa0) . p(d)
T i=0

where p(i) denotes the probability of the cccurrence of i,

Now immediately after the allocation A to the sub-store, the sum of
the notional stocks at other sub-stores and the central store stock is
(F-A). At the time of complex reorder, the combined notional stock of the
other four sub~-stores and the central store must equal 0.8M-1, (Note that
it is not 0.8M, sinte with fhis value and with the remaining sub-store
having a stock exceeding 0.2M ~ we are taking this store to be the one with
maldistribution - the Free Stock of the complex is M+l, and the complex is
not yet at reorder point.) Thus the four stores in total have sustained
a demand of (F-A) - (.8M-1), i.e., (F~A-0.8M+1l); hence p(i) is the pro-
bability of a demand 1 at one sub-store when the coﬁbined demand on the
other (four) sub-stores is this. quantity (F~-A-0.8M+l).

Now the probability density function of the time in which a quantity

K is demanded over four sub-stores is

)L g
e

' ‘g
PEE B Atdt 4 where A' = u;i .

% Assumption (a).
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The probability generating function (p.g.f) of the demand in this time

on the sub-stores in question is:-

A'K

{(A'+Ai)-k.z§K
1
= GRS 7 (eaLzs G0 e S
i i i

If A /(X'+li) 1s denoted by q, A! /(A'+A ) by p = 1-q, then this
p.g.f. is p /(l qz) , which is the p.g.f, of the Negative Binomial Distri-

butien.
Hence p(i) = (K+i-1)! pK q /(K=-1)1 it
A-.2M-1 . '
and ¢, = %59 L (A-i-.2M) (K#i-1)1 PN ¥ /(k~1)! il (A)
1 T i=0

where K = P-A-,8M+l, and p = .8, q = .2 appllcable for K > > 1, and
for A 3 (.2M+1).

Obviously, if A § 0.2M, then C,, 1s zero. If A is sufficiently

My
high (due to a high z-value) as to set off a procurement order immediately,
ice. if K = 0, then C, = (2o3)(F-M).*
Y Ar

Further, note that in the case that A = 0.2M+l, the expression (A)

for C,, yields:-
My

- K
CMl = (hPQ/AT).p .

A note on the method of computation and a table of the solutions for
the dynamic programming approach for reorder levels of sub-stores whilst
the procurement is not on order are given in Appendices Eight and Nine,

respectively.

11.5 Chapter Summary and Introduction to Chapter Twelve

This chapter has presented a Dynamic Programming Method for obtaining
the reorder level at sub-stores as a function of the Free Stock level.
The ideas of this chapter and of Chapter Ten are tested by simulation in’

the next chapter.

* for the case of Model Three, where hP = .1, Q = 60, Ap= 50, Cy = J12(F-M).
1
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CHAPTER TWELVE

TESTING THE IDEAS OF CHAPTERS 10 AND 11
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12,1 Introduction to Chapter Twelve

The merits of the ideas presented in Chapters 10 and 11, that is
(a) the new Rationing Rule "Share Mk III" to establish the reorder quan-
tities of sub-stores whilst a procurement is outstanding, and (b) the
Dynamic Programming method to establish the reorder level of sub-stores
when the procurement is not on order, are evaluated in this chapter,

in Experiment Seven, for the case of non-zero sub-store lead time.

12.2, summary of Experiment Seven

10 Year Simulation of Model III with Control 6A Using IBM 1130

System with "Simon" Simulation Language

Full Description of Model Given in 8,5,

Control Decisions

Central store reorder quantity équals 60, and the reorder level for

the complex is the parameter ''M'".
Control 6A is defined thus:

Case 1: Procurement on Order: Ration Rule "Share Mk III" (see 10.2).

Case 2: Procurement not on Order: "Allocation Rule",
Criterion of Reorder Level for Complex: "Free Stock".
Reorder Level for Sub-stores:

Case 1! Procurement on Order: Function of "T" from lst D.P. Model.

Case 2: Procurement not on Order: Funetion of "F" from 2nd D.P. Model.

12.2.1 Table 12-1

Control 6A Applied to Model III

Total Costs for Different Stream Numbers

M z 1115 1729 1147 1921 Mean

45 0.6 82,03 83.95 79.25 78.62 80,96
0.7 82.71 81.02 78.56 77.92 80.05
0.8 78,75 77.31 78.25 78.03 78.08
0.9 80.04 80.29 - - -

Breakdown of Costs at Optimum (Average over 4 Streams)

= - - . Average
i z Np Sr “ro stock  1*C
45 0.8 7.75 57.867 1.25 55.76 78,08

Optimal Mean Total Cost = .78.08
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12.2,2 Note that for the employment of this Second Dynamic Pro-
gramming Model for Model III, the expected Free Stock level at time of
procurement arrival (viz, 85 for M=45) is such that at this time the ex~
pected reorder level for sub-stores is about 8 (remember that this reorder
level is a function of F, M, and z, and thus for a given (M,z) will be
defined as a function of F) for near—optimal z. The expected notional
sub-store stocks at this time are 5 or less each (the expected F~value
immediately before procurement arrival will be 25); and thus in general
sub~-stores will be replenished immediately following the central Store receiv-
ing the procurement.It is with this in mind that the simulation starting

conditions were made thus:
Each sub-store has A(M+4Q)%
equal to ,2(40) + 5 + 2/, 24 (40 ) +5
ie. 13 + 2/TH 6 for Model III

and the central store has M+40 -~ Sum of sub=-store stocks.

12.3 Comments on Experiment Seven

When compared to the previous best performance for Model III (obtained
in 9.6.1 with Control 4A) a definite improvement is noted in respect of
inventory holding costs. Run-out and replenishment cost alter insig-
nificantly. Overall, the improvement did not appear to yield results
commensurate with the sophistication of the ideas proposed for control-

ling the complex.

Detailed study of the simulation showed that the new rationing rule
employed was still over-generous in its general operation; indeed, in
the great majority of instances, its operation was identical-to the
"Share" formula itself.

12.%  Illustration of the Working of the Latest Ration Rule, "Share
Mk III"

Reference is made to the stock configuration for the complex given
in 10.2.

Central Store Stock Notional Sub-store Stocks
3 3, 4 6. 6. 6.

The Free Stock is 28, and hence the 'Share' formulaproposes a ration
quantity equal to I1(28/5), viz. 5, resulting in:- )

* The expected F-value at time of procurement arrival is M+uO,
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Central Store Stock Notional Sub-store Stocks
1l 5. 4, 6. 6. 6. Configuration "A"

The choice for a ration quantity greater than the fair share value
computed as 28/5 (=5.6), say a choice of 6, results in an actual configura-

tion as below:-
Central Store Stock Notional Sub-store Stocks
4] B, L, 6. 6. 6.

The resulting Free Stock is reduced to 24, and the store to receive
the replenishment has a notional stock level exceeding its "fair shdre"
level (which will be 4.8). Only subegboreNi2is the one for which shortages
are considered, and, naturally enough, the cost associated with one store
with a stock of 4 to last (T+£) days is considerasly higher than the con-
sidered run-out costs for the next lower ration quantity. (These short-
age costs will be those associlated with configuration "A" resulting from
a single store with a stock of 10 to last (T+R) days, with an expected
demand rate of double Ai).

This effect of a sudden increase in shortage cost (which nearly al-
ways is go important that the combined expected cost of shortage and
extra replenishment is greater than for the previous-considered ration
quantity) is seen to occur for the first ration quantity greater than the
"fair share" value of the stock configuration existing in the complex

before the considered replenishment.

.The ration quantity adopted is therefore that stock level equal to
the value of the "Share" ration quantity itself, This result occurs for
the majority of cases in the simulation and so the run-out costs due to

Maldistribution Type 2B are not removed.

The improvement in performance over that from the control suggested
in Experiment Five must therefore be attributed to that afforded by the
Second Dynamic Programming Method (which establishes the reorder levels

of sub-stores whilst a procurement is not on order).

12.5 Chapter Summary and Introduction to Chapter Thirteen

This chapter has invoked the ideas of Chapters Ten and Eleven in con-
trolling the complei. The results indicate that the ideas for the new
Rationing Rule are not useful, since the "overdistributing effect" of the
"Share" Ration Rule is often repeated, However an improvement in over—

all cost indicates that the ideas for the Second Dynamic Programming
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Method for obtaining the reorder level at sub-stores whilst a procurement

is not on order may be useful,

In the next chapter, this Second Dynamic Programming Method is re-
tained and a more sophisticated approach for rationing sub-stores whilst

the complex is awaiting a procurement is considered.
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CHAPTER THIRTEEN

AN ALTERNATIVE TO "SHARE MK III'"; THE NEW RATIONING RULE
FOR SUB~STORE DELIVERY QUANTITIES WHILST THE PROCUREMENT

ORDER IS OUTSTANDING



190

13,1 Discussion of the Ration Rule "Share Mk ITI" and Introduction to
the New Ration Rule "Share Mk IV"

The last-considered Ration Rule "Share Mk III" was based on the assump-
tion that whatever the ration quantity considered, the sub-store under con-
sideration would only receive one extra delivery, at most, before arrival

of the procurement in the complex., This assumption is now relaxed, .

Further, this Ration Rule assumes that the costs of Maldistribution
Type 2, occurring as a result of any tendency in the Ration Rule to ''over—
distribute'", were negligible for all future sub-store deliveries. The
same assumption will apply to the new Ration Rule, since it is expected
that if the latter is sufficiently useful, such maldistribution will be
minimal, )

Maldistribution Type 3 (where shortage is experienced in the sub-store
lead time) was not considered for either Share Mk III or Mk IV since the
quantity sent out has little direct effect (unless it is very low) on this

maldistribution,

With "Share Mk III" the costs of maldistribution were assumed confined
to those (K) sub-stores with notional stock levels less than the value of
"Fair Share" (equal to F/5) resulting from the consideréd ration quantity.
This cost was equated to the expected cost of shortage for these K stores
taken as a single store with demand rate Kxi, stock level equal to the

_sum of the sub-store‘notional stocks plus central store stock, and with
supply not available until the coverage time hence.

13.2 The New Ration Rule,"Share Mk IV"

13.2.1 General ideas

The reorder level has been met some time T° before procurement arrival
(L > TO> 0) as shown in Figure 8. Suppose B is chosen as the ration
quantity. We would like to know as a result of this ration quantity
what the ration quantity is likely to be for other values of T < To' A
reasonable approximation is assumed to be the straight line joining the
point X (corresponding to value B at time TO) to the point y (correspond-
ing to one unit more than reorder level at T=l). To view the consequences
of the decision to allow a quantity of B to the ordering sub-store differ-
ent demands in future time (To-l) will be considered. Attention is res-
tricted to linear through time demand rates. These demands will have the

random variable d from the Poisson distribution with mean Ai(To-l).

% i,e. K sub-stores,
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FIG. 8
ILLUSTRATION OF EXPECTED EXTRA REPLENISHMENTS POSSIBLE AS A
SUB=STORE RESULT OF THE CONSIDERED RATTON QUANTITY
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13.2.2 Consideration of Further Reorder Points

The line XA of Fig.8 illustrates a particular demand d of XP/PA
units/day. As a result of the (d,B) combinations further replenishments

to this sub~store are expected at times Tl’ T2 and Ts. If the number of
such further replenishments is, generally, denoted by K(d,B) and the quan=
tity of stock delivered in such extra deliveries are denoted by bi’

(i = 1,2,,.. K(d,B)) we have a total of

X(4,B) ‘
ST -B~- I bi items to last the other (N-1) stores for a time
i=1 .

period equal to TO+ 2(at which time stock can first get to them from the

procurement now on order),

The cost of shortages associated with this stock position is estimated

at:~
- —_ %'
Cs,(daB) = S‘J’Go L, .ﬂ
_ K(d,B)
( s = §,-B-~- 1% b,
( T 1=1 i
¢ _
where ( L = T + &

( o
( X o= (N-~l)Ai = uki for 5 sub~-stores,

13.2,.3 Cost considerations

.The combined cost of extra deliveries and shortage cost of the

complex until the coverage time is reached is thus estimated at:i-
c(8) = I p(d) (T (d,B) + K(d,B) x cp)
a s

where p(d) denotes the probability of the random variable d.
Putting AiTo equal to u we have

- —d
e u

p(d) = /d!
. It is assumed that C(B) is convex,*%* Optimal B is thus given by
B where B = (Min B: C(B+L)-C(B) > 0) (1)
% Sp is the total virtual stock in the complex at time T=T o

#%  The function 1]J(§, L, ﬂ is given in Api)endix 5.

#%% rLie was seen to be true from the results of Experiment 8,
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13.2.4 Assumptions of this analysis

This analysis assumes the sub-store under replenishment consideration
itself does not incur shortage. In the event of high d however, this
assumption does not hold true and we wish toconsider the effect of B on
the combined cost of shortage and extra deliveries when shortage is ex~

perienced at the ordering sub-store, say for 4 > do'

~

Equation (1) is transformed thus:~ B = Min B such that

d

z p(d) (' (4,B+1) - C_(d,B) + {K(d,B+1)-K(d,B)} x ¢

a=o0 ®

©

+ & p(d) [Combined Shortage Cost and Delivery Cost for ration
d—d0+l quantity B+l - Combined Shortage Cost and Delivery

Cost if ration quantity is B) >

If the term withinrthis latter bracket is referred to as y, then the
[

latter summation is I p(d)y and for d values greater than d,s it
i d=d +1 :
o]

is clear that p(d) itself is small, and the vy term is also small (since

if shortages do occur at the considered sub-store it is because the com-
plex itself is short of stock and so the comblned shortage over all stores
is likely to change minimally whether B or B+l be employed as the ration
quantity). Clearly the différence in replenishment cost is minimal,.

The product p(d)y is theréfore minimal and the second summation is
thus neglected for do for which the cumulative probability

-~

I p(i) <,05,
i=d
(o]

13,2,5 Consideration of detail in Fig.g

This detail is shown in Fig.9 and allows a formula for the number of

deliveries to be established for the zero gyb-store lead time case.
1l or more extra deliveries corresponds to a demand 4 > B+l (1)

2 or more extra deliveries corresponds to d > (B+1)+(1-B/d)(B+l)
(2)

and so for K or more deliveries, we have:-

a 3 (B+1) (14(1-B/a)+(1-8/a)° + ... (1-B/0)¥7Y)
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"FIG. 9

_ DETAIL-FROM FIGURE 8
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BT (B+1) “

TIME
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N.B. SLOPE OF DEMAND LINE = u
SLOPE OF XY = v
B=1=-v/u
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i.e. d > (B+l)(l+B+82+ ces +BK-1) where 8 = B/d
‘ K-1
f.e.  d 3 (B+1) {FB_
1-8

Utilization of (1) and (2) leads to:~

(1-8) +1 > d/(B+l) 2 1; K(d,B) = 1
(1-8)% + (1-B) +1 > d/(B+1) 3 1+ (1-B);  K(d,B) = 2.
In general:-
K(d,B) . K(d,B)-1 .
1+ jil (1-8) > a/(B+1) 2 1+ ji (1-8)

corresponds to K(d,B) deliveries.

13.3 Summary of Experiment Eight

4 Year Simulation of Models I, II with Control 7A Using IBM 1130
System with "Simon" Simulatién Language

Full Description of Model I Given in 6,8.
Model IT Given in 7.2.

Control Decisions

Central store reorder gquantity equals 60 for Model I and 85 for Model

IT, Complex reorder level is a parameter "M" in both cases,

Control 7A

Sub-Store Reorder Quantity

Case 1: Procurement on Order: Ration Rule "Share Mk IV" (see i3.3.)

Case 2: Procurement not on Order: "Allocation Rule"
Criterion of Reorder Level for Complex: "Free Stock"
Reorder Level for Sub~-stores

Case l: Procurement on Order )

Case 2: Procurement not on Order ) Reorder Level = -1 .
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13.3.1 Table 13-1

Control 7A Applied to Model I

Results for Test Stream No. 1729

M z NP NR CRO Area T.C.
30 -0.3 3 33 2.0 39402  29.1608
0.0 3 29 4.8 39589 30.8536
+0.3 '3 25 52.0 39767 76.9067
35 0.0 3 28 0.0 414397 27.6587
0.3 3 - m 0.0 44397 26..4586

0.6 3 22 16.0 44857 42.0427

Total Costs for Different Stream Nos.

M z » 1729 1921 1147 Mean
35 0.0 27.8587 27.0u452 27.0196 29.2412

0.3 26.4586 26.1452 25.5196 26.0411

Breakdown of Costs at Optimum

M z Stream ﬁé Np Cro Area T.C.

35 0.3 1729 3 24 0.0 44397 26.4586
1921 3 22 0.0 45113 26,1452
1147 3 22 0.0 43549 25.5196
Mean 3 22.7 0.0 44353 26.0411

Mean Total Cost 26.04
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13.3.2 Table 13-2

Control 7A Applied to Model 11

Results for Test Stream No. 1729

— — —

M z NP NR CRO Area T.C.
65 -0.3 6 59 0.0 54767 26.6767
+0.0 6 53 0.0 54767 26.14967
+0.3 6 48 1.8 54785 28.1539
Total Costs for Different Stream Numbers
M z 1729 1921 o 11u7 Mean
65 ~0.3 26.6767 26,9631 26.1275 28.5891
+0.0 26.4967 ‘ 26.7831 26.1079 26.346%
0.3 28,1539 26.2831 26.2995 26.8122
Breakdown of Costs at Optimum
M- z Stream NP NR CRO Area T.C.
65 0.0 1729 6 53 0.0 54767 26.4967
1921 6 53 0.0 55483 26.7831
1147 6 56 0.1 53320 26.1079
Mean 6 54 0.03 54523 26.3469

Mean Total Cost 26.35

13.4 Significance Testing the Improvement Obtained by Use of the'"Share
Mk. IV" Ration Rule Instead of "Share Mk I" in the Application
to Models I, II

13.4.1 Application of "t" significance test for Control on Model I

Share Mk I Result Share Mk IV Result di Stream No.
{Control 14) (Control 74)
26.4586 26.4586 0 1729
26. 4452 26.1452 .3 1921

25.8196 L 25.5196 .3 1147
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t is given by E/{z(di—'&)z/'ﬁ'(‘ﬁ_l)}, dof = 2
.t = 2.0,
The improvement in cost is judged significant at the 10% level.

13.4.2 Application of "t" significance for Control on Model II

Share Mk I Result Share Mk IV Result di Stream No.

{(Control 1a) (Control 74)
26.6480 26.4967 .1513 1729
27.0649 26.7831 .2818 1921
25.9879 26,1079 -.1200 1147

t = 0.889, dof = 2,

The improvement is Insignificant at 5% or 10% levels.

13.5 Comments on Experiment Eight

Application of "Share Mk IV" to Model I (for Results, see Table 13-1
at 13.3.1) represents a 2% improvement in total cost result over the pre-
vious best control for Model I (viz. that in 6.8.1). However most of
the costs comprising the total cost are irreducible anyway. (A substan-
tial inventory holding cost and fair-sized replenishment and procurement
cost cannot be eliminated whatever the control type.) As was expected
with "Share Mk IV", delivery numbers are increased, but with the benefit
of reducing backup substantially, leading to lower overall costs of con-

trol, with a higher z-value.

The same type of result is noted in the application of '"Share Mk IV"
to Model II. Replenishment costs are increased, but backup is reduced,

and an overall cost saving is noted.

The "t" significance test shows insignificant improvement in savings
due to the use of "Share Mk IV" rather than "Share" in the case of Model

II yet a significant improvement at the 10% level for Model I.

13.6 Chapter Summary and Introduction to Chapter Fourteen

This chapter has established a new Ration Rule "Share Mk IV" considered

to be superior to the last ration rule "Share Mark III".

For different considered ration quantities, various future demands
(the probabilitiesiof occurrence of which are known) are considered and a
model proposed which estimates the expected cost of extra replenishments
required for the sub-store in question. (Clearly, this will be non-zero

)
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unless the quantity distributed is high.) ‘The cost of shortage in the
complex is obtained by taking several factors into account to obtain a stock
value (say Sg) and computing the shortage cost as that for a single store
with stock Sg’ demand rate (N-l)ki, at which stock will arrive in the cover-

age time hence.

The’flow diagram used for the Ration Rule is phrased only for the con-
text of zero lead time at sub-stores, and the ideas are tested on Models |
I, II. An improvement‘is noted over control with "Share(Mk.”I)", insigni-
ficant for Model II, but passing the "t" significance test at the 10% level
for Medel I7

-~
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CHAPTER FOURTEEN

EXTENSION OF THE NEW RATIONING RULE "SHARE MARK IV"

TO COVER THE CASE OF NON-ZERO SUB-STORE LEAD TIME
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14.1 Introduction to Chapter Fourteen

Following the success of the rationing rule of "Share Mk IV" (developed
in Chapter Thi;%een for deciding on the amount to issue a sub-store which
has reached its reorder level whilst the complex is awaiting the procure-
ment arrival) in the case of zero sub-store lead time, this chapter is de-
voted to the extension of the rule to govern the case where the sub-store
lead time is non-zero, Model III applies. _Basically the ideas are véfy
much the same,with the additional complication of having a reorder levei

which depends on how long to go before the procurement arrives.
\ .

14.2.1 The rdtion rule "Share Mk IVB"

This is identical to the ration rule of the previous chapter except

that it is applicable to non-zero sub-store lead time cases. .

The situation is as in Figure 10 and as before the ration quantity
line is assumed to run from the point (B,To) to the point (f+l,'ls where
f corresponds to the reorder level at the time T = 1.% ° The analysis
of Chapter Thirteen other than that of 13.2.5 is applicable.

A flow diagram for the computation of the values Zbi, K(d,B) is given
in Fig.17 (at EhaelaeS)."The expression "e(n)" as a function of reorder
level "n" gives the T-value at which the reorder level step drops from

level "n" to level (n-1) from the 1st Dynamic Programming Model.

14.2.2 Computation of the ration quantity . function -

The Expected Ration Quantity Line has the equation:-

R(T) = (£41) + g3 (B = (£+1))
(o]

14,2.3 Computation of the value E;, the expected cost of shortage

for the other sub-stores in the complex when a sub-store

ration quantity is being decided upon

The procedure uses the expression established in Appendix 5,

= K(d,B)
v(s,L,A) where s = g - L

b, - B, L =T_ 4%, ’i":uxi.
- T 1=

1 o

It is better to replace 2L by p in the expression whence:-

—_—— S“l“‘j vy .
C..(d,B) = ¢ L (-t & eu)
S s = 2 cem 0
j=0
L s -5 = =—2-—  sl-j =
-S5T (- @ e M+EE (- 1 L M
j=o0 J° 2 §=0 3

* If £ is not defined, f is taken as O.
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FIG. 10

JLLUSTRATION OF EXPECTED EXTRA REPLENISHMENTS AS A RESULT OF
THE CONSIDERED RATION QUANTITY IN RATION RULE "3SHARE MK.IVB":
CASE OF NON-ZERO LEAD TIME AT SUB=STORES
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14.3 Experiment Nine

This experiment 1s a similation of Model III of the complex with
similar contol to that used in Experiment Seven (see 12.2) where the best
results so far have been achieved. Here, however, the new Ration Rule,
"Share Mk IVB", as described in this chapter, replaces the "Share Mk III"

Ration Rule.

14.3.1 Summary of Experiment Nine

10 Year Simulation of Model III with Control 8A Using IBM 1130

System with "Simon" Simulation Language

Full Description of Model given in 8.5.

Control Decisions

Central Store Reorder Quantity equals 60, and the reorder level for

the complex is the parameter '"M".
Control BA is defined thus:-
Sub-store Reorder Quantity:-

Case 1l: Procurement on Order: Ration Rule "Share Mk IVB" (see 14.2)

Case 2: Procurement not on Order: '"Allocation Rule"

Criterion of Reorder Level for Complex: "Free Stock"

Reorder Level for Sub-stores:

Case 1l: Procurement on Order: Function of "T" from lst D.P. Model
Case 2: Procurement not on Order: Function of "F" from 2nd D.P. Model
14.3.2 Table 14-1

Control 8A Applied to Model III

Total Costs for Different Stream Numbers

M z 1115 1729 1147 1921 Mean

45 0.9 78.35 77.91 76.45 77.03 77.44
1.0 77.35 77.11 76.16 76.75 76. 84
1.1 77.48 76.67 76.69 76.47 96.83

1.2 78.20 77.14% - - -



204

Breakdown of Costs at Optimum (Average over U4 Streams)

T = = Holding Costs
N
i 2 P NR RO  Average Stock

45 1.1 7.75 55.67 0.4 "55.86 ;. .76.63

T.C.

Mean Total Cost = 76.83

14,4 Significance Testing the Improvement Afforded by the Use of the -

New Ration Quantity Rule

The result must be compared against the result obtained by usage of
the identical control but with the previous-best ration rule. This was

the control simulated in Experiment Seven at 12.2.

Result: Control 6A Result: Control 8A di Stream No.
78.85 77.48 1.27 1115
77.31 . 76.67 0.64 1729
78.25 76.69 - 1.56 1147
78.03 76.47 1.56 1921
78.08 76.83 d = 1.25 Mean

The value of t is givenpy ‘a‘/{z(—cffdi)z/ﬂ'(N'-l)}
t = 6.2, dof = 3.
The improvement afforded by "Share Mk IVB" Ration Rule is judged
significant at the 0.5% level.

14,5  Comments on Experiment Nine

The previous best operation of the complex was achieved by use of" Share
Mk III"coupled with the two Dynamic Programming Models for, sub-store reorder
level (for the two respective cases; procﬁrement on and not on, order)
at 12.2.1 in Experiment Seven. This represented nearly a 1% improvement
in total cost over the result of Experiment Five (where the Second Dynamic
Programming Model was not employed, and where the Ration Rule was "Share"
(see 5.6.4.2). A further reduction in total cost from 78.08 (Experiment
7) to 76.83 is achieved by employment of the rationing rule "Share Mk IVB"
along with the Second Dynamfc Programming Mcdel (sub-store reorder level

as a function of Free Stock) in 14.3.1 of Experiment Nine.

In general, as with Experiment Eight for models of the complex with
zero lead time to sub-stores, replenishment totals are increased with
control using Share Mk IVB but savings in backup are achieved. The con-

trol responds to this by allowing a higher z (which tends to a reduction
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in delivery totals) whilst performing very well in'reducing backup. The
optimum turns up at z = 1.1, where the average backup cost in a ten-year
simulation is equivalent to only one day of shortage. At higher z-values,
the increase in backup cost is greater than the decrease in replenishment

costs.

In the next section a suggestion to improve the present Ration Rule
(Share Mk IV for zero sub-store lead time, and Share Mk IVB for non-zero

lead times) is given.

14,6 Ideas for Modifying the Ration Rules "Share MK IV, IVB"

i4.6.1 The disadvantage of computing the shortage costs of the re-
maining (N-1) sub-stores as the expression in 13.2.2 and 14.2.3 is that due
to combining or "lumping' the stock levels of the individual stores to- ...
gether and considering the shortage of a hypothetical store with the lumped
stock and (N-1) times the individual demand rate.

Consider the following stock configurations for the four® remaining

sub-stores and central store

T = 100 )3, 3, 3, 3, (20)% No.1l

2 =25 ) .

A = .0 )6, 6, 6, 6, (8) No.2

Mean demand is 5 )

in coverage time )

for each sub~store 8, 8, 8, 8, (0) No.3
)

For Case 3, "lumping'" the stocks together and approximating the short-
age as that fora storewith demand rate .16 with a mean démaqd in the cover-
age time of 20 and with a stock level of 32 will givé a lowef cost of
shortage than summing the expected costs of shortage for four stores each
with stock levels 8 and mean demand 5 in the coverage time. Ih th;s case

the correct estimate is naturally the latter.

For Case 2, the stock of 8 at the central store is available to re-
plenish the needy sub-stores and so lumping all the four sub-stores' stocks
together (and in effect stating that complete interdistribution without

cost is possible) is not such a poor assumption.

For Case 3, it is probably a closer approximafion to reality to con-
sider the stores"lumped together into one store" rather than take the sum

of the expected costs of shortage for four stores each with stock 8.

*  Equal to (N-1) for éompiexes in this thesis. k(d.B)
?

*% The bracketed value is central store stock.less the value I less the
shipment quantity to the considered sub-store. This stock i=l
is known as the "left stock™.
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14.6.2 Where to "Draw the Line" between the "Lumping" and !"Non-

Lumping'" of Stocks

The problem of"where to draw the line" between lumping the stores- to-
gether and considering the run-out..costs of the separate stores now arises.
By "lumping the sub-store notional stocks together" this makes a configura-
tion like No.3 appear falsely safe. By conéidering the stores separately

a configuration like No.l appears falsely unsafe.

A suggested "line" is where the value of "'lefb stock "exceeds the sum
of the four sub-store notional stocks. Thus only configuration No.l would

be considered as a single store.

14.6.3 How to compute shortage costs when stores aPe considered

individually

The problem now arises as to how to estimate the costs of run-out for

a configuration such as:-
8, 7, 9, 5, (5)%

The stock in brackets will be assumed distributed amongst the sub-

stores "in such way as to equalise stocks".
Thus we have:- -

8, 9, 9, 8, from which the individual stores' run-out

costs are computable.

The Ration Rule "Share Mk IVB" thus modified is termed "Share Mk V'.

14.7  Summary of Chapter and Introduction to Chapter Fifteen

This chapter has considered in Experiment Nine ‘the application of the
latest ration rule for the decision of how much to ship an.ofdering sub-
store wHilé the complex has stock on order. The analysis follows along
the same lines as Chapter Thirteen, but the computationé for expected
extra replenishment numbers and expected future shipment quantities are
made somewhat more lengthy owing to the step-function nature of the recrder
level of sub-stores in the future.(the latter is a function of time to go

until procurement arrival).

Application of control using the resulting Ration Rule "Share Mk IVB"

leads to a significant improvement ("t" test yields this result for a
0.5% significance level) over the previous best control (with Share Mk III’
in Experiment 7). An improvement (Share Mk V) whichsuggests a criterion

for either "lumping" sub-store stocks together or considering sub-stores in-

Again, the bracketed stock level refers to "left stock".
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dividually for the purpose of estimating future shortage costs until the

coverage time is finally suggested.
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CHAPTER FIFTEEN

INTRODUCTION OF NEW MODELS, TO TEST THE WORKINGS

OF THE AUTHOR'S CONTROL OVER A MORE GENERAL FIELD
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15.1 Introduction to the New Models IV, v

Further models, with variations in data were introduced in order that
the performance of these with control as suggested by the author may be

determined.

In Chapter Fourteen we have been dealing with Model III in which the

data is as below:-

Replenishment Cost: 0.3

Demand Rate: 10 per year per sub-store, 5 sub-stores,
i.e. AT = 50 wnits/yr

Procurement Cost: 0.5

Holding Cost: 10% item value per year

Shortage Cost: 0.4 per item-day of shortage

Procurement Lead Time: 100 days (.4 year)

Sub~store Lead Time: 25 days (.1 year)

The data for Model IV is identical except that the cost of replenish-

ment is reduced to 0.03,

It is felt that this means that more replenishments per procurement
are likely and this is reflected in the calculation of Q%, the procurement

quantity, which is 45 for this model.®%*

The data for Model V is identical to that for Model IIT with the ex-
ception of the lead time being increased to 50 days.®#* It is expected
that shortage costs will necessarily increase and this is reflected in

the computation of Q*, taken as 75.

15.2  Summary of Experiment Ten

4 Year Simulation of Model IV with Control 9 Using IBM 1130

System with "Simon" Simulation Language

Full Deséription of Model given in 15.1

Control 9 identical to Control 8A (see last Experiment No.9 at 14.3.1)

with following exceptions:

% See Appendix 10

#%  The value (hPQ/Ap) figuring in the calculation of Cy for the Second
D.P. Model now has values .08, .15 respectively forlModels v, V.

#%% In which mean sub-store demand is 2.
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Sub-store Reorder Quantity:-

Case 1: Pprocurement on Order: Ration Rule "Share Mk V' (see 14,6)
in Exhibit 'B' follewed by "Share Mk VA" in Exhibit 'C'.

Complex Reorder Quantity:

Q = 45.

15.3 Analysis of Sinulation Details

Analysis of the operation of the Ration Rule "Share Mk V" shows that
the rule is too liberal when the sum of the sub-store stocks exceeds the
central warehouse stock. This is clearly seen in Exhibit 'B'. This
simulation shows that at procurement arrival, the sub-store stocks are,
respectively, 3, 7, 1, 2, 3, a clear case of a poor distribution of stocks
over the sub~stores. The high level of stock at sub-store 2 can be traced

to too high a distribution from the 'Share Mk V" rule at a time of 125
(see Exhibit 'B’7).

15.4 Introduction of Share Mk VA

Following the observance of this phenomenon, the Ration Rule '"Share
Mk VA" was introduced. In this rule, the shortage costs at the other
sub-stores are always computed by hypothetically sharing out the "left stock"
from the central store to them in as equalising a way as possibie, and
then taking the sum of the expected costs of shortages for each sub-store
with the resulting stock levels.

Exhibit *C' records the simulation using "Share Mk VA" and it is

seen that the problem discussed above (with "Share Mk.V") is alleviated.

4

15.5 Observance of Inefficient Use of Buffer Stock

In Exhibit 'C' one can see that with stock levels of 2, 5, 2, 3, 4
for the sub-stores at time of procurement arrival, we have an unsatisfac-
tory situation with regard to shortages for sub-stores 1 and 3. This
is seen to be the case £rom the result that a cost of 4.4 is sustained as
a result of one backorder existing for 11 days at sub-store 1l. Sub-

store 3 does not acquire backup.

What is happening i8 that Share Mk VA is not efficiently using the
buffer stock. At a clockitime of 169 in the simulation (lines "a",
Exhibit "C") the Ration Rule depletes the central store and there exist
6 units for each sub-store to last until a simulation time 250 (§ after

procurement arrival).
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15.6 Results of Experiment Ten (incorporating Ration Rule Share Mk VA")

15.6.1 Case of above average demand in coverage time

Exhibit 'C' using Share Mk VA, had the following information extracted

from it.
Clock Time (Noizgzzlcgggigtgizigzocksi Central Store Stock
161 6 6 6 6 6 5 °
161 5 5 6 6 6 5
6 6 6 6 B 4
163 5 6 6 6 6 4
6 & 6 6 & 3
168 6 5 6 ) 6 3
6 6 6 6 6 2
168 3] 3] 6 6 5 2
6 ] 6 6 6 1
169 6 6 5 3 6 1
6 6 6 6 6 0
Procurement
Arrival /
225 2% 5 2 3 4 0

15.7 Reasons for Inadequacy of Share Mk VA

The Ration Rule "Share Mk VA" is still not equipped to deal with
the problem of distinguishing between the desirability of having a stock
configuration of (a) as opposed to (b) below:

(2) 3, 3, 3, 3, 3, (10)"*
Stock configurations
(») 5, 5, 5, 5, 5, (0)

- - It has been shown (see reference to Exhibit 'B' on last page) that
"lumping" the stocks to compute the expected cost of shortage for a
configuration like (a) is incorrect. Yet by doing the other alternative
(viz. considering stock to be distributed from the central store in
an equalising manner and computing shortage costs correspondingly) we
are saying that the above two configurations are equal in terms of ex-
pected shortage costs. Clearly forr times before procurement arrival,
(a) is better than (b) since stock is available in the central store to

% This store receives a backup of cost 4.4 units in next £ days.

%% Central store stock.
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supply to those stores really in need as time of real shortage in the com-
plex approaches. It should of course be recognised that we cannot afford
to keep too much stock back at the central store since individual Stores
will then be holding too little stock with consequent risk of shortage in
the lead time.

15.8 How Can the Ration Rule be Modified to More Efficiently Use.the
Buffer Stock?

The Ration Rule has to be modified so as to more efficiently distri-

bute the last few units of stock from the central store.

Clearly it is only for the last few units of stock in the central
store that the problem is really acute, and some "stronger rafioniﬁg" is
required. If we were to incorporate this "stronger rationing" at an
earlier stage, the risk is run of incurring extra replenishments ané
maintaining dangerously low levels of stock at sub-stores over fairly
long periods of time: It is seen from the simulation details that for
most caseé, the present ration rule'"Share Mk VA' is adequate when central

store stock is not very low.

Clearly, any ideas proposed must not be solely suitable for spec-
ialised cases, but must be such as to reflect the relative costs of

shortage and replenishment.

15.83 Ideas Adopted to Modify "Share Mk VA" to Y"Share Mk VIV

After many hours of search for an analytical solution, the task was
abandoned as being too difficult; a heuristic approach was adopted.
To be acceptable, the Ration Rule must be able fo strike the correct
balance between overall shortage and replenishment costs for different

combinations of unit shortage and unit replenishment costs.

15.10 Heuristic Determination of the "Stronger Rationing" Ideas for.
"Share Mk VIV

\

We do not want to let the stock at sub-stores get dangerously low,
but we do not want other sub-stores to incur shortage as a result of
maldistribution. This applies irrespective of unit replenishment cost.

It is solely concerned with efficiently using the buffer stock.

At any time we can compute what stock will be expected to exist in
total in the complex when the procurement is just about to arrive at the

central store. If an estimate of this figure is 19 say, we can do no

- ¥ N . . .
Spealically, ¥is “stranger rabioning" is mvelied (F cedlisl stere oleek
equ\ou‘.:s MR total c\eh\ancj ar Lhe Sul::»-t‘f?/c:*ra [rad Thee Ny , ot less
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better than expect to have a configuration such as 3, 4, 4, 4, 4 at the
sub-stores at this time. This means that the buffer employed is such
that we are not expecting to have the sub-store stock level drop below

3 with replenishment due 2 days hence. Hence it is unreasonable to let
any sub-store stock ever drop below 3 before replenishing. Clearly a
replenishment of one unit is the only one to be sensible, otherwise mal-

distribution is very likely.

The rule thus resolves into:one of restricting the rétion quantity
to one more than the value of "Expected Stock at Procurement Arrival + N".
For the case cited above, this restriction in stock value will be-X + 19/5
= 4,.8; the integer value is taken (éince the value of 5 would be above

the restricted value) and so the ration quantity is thus restricted to 4.!

15.11 Consideration of the "Stronger Rationing Ideas"

It is hoped that this rule will tend to result in an even distribu-
tion of stock when the procurement arrives in the central store. In the
period equal to the sub~store lead time after this time instant is the’
time when shortages in the complex are most likely, so it is important
to try to ensure thaé 3t this time there is even distribution of stocks

amongst the sub-stores.

If overall stocks are low when the "stronger rationing" rule is in~
voked, we expect shortages anyway, but we are minimising the overall
cost of shortage. Where shortages do not matter very much, the lst
Dynamic Programming Model reflects this in making the sub—sto?e reorder

level low anyway.

15.12 Is the Stronger Rationing Rule Excessively Liberal in Replenishment?

An argument may be voiced that by restricting the quantity rationed
out to an ordering sub-store, another replenishment at a later date will
t
be necessitated. This question will now be considered for the cases

where (i) expected buffer is high and (ii) expected buffer is low.

-,

The following comments are felt to apply equally well whether unit

shortage cost is high or low.
Case (i) Buffer High.

The replenishment consists of several units, and the possibility

of further replenishment is minimised.
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Case (ii) Buffer Low

The replenishment is correspondingly small in terms of unité of stock-
shipped, but another replenishment to the sub-store is not really likely,
since with buffer low, the other sub~stores are likely very soon to be at
their reorder level, and the remaiq}ng few units in the central store can,

for most cases, be considered "reserved" for these sub-stores.

15.13 Incorporating the New Ration Rule

The New Ration Rule, known as "Share Mk VI'", is used for the simula-
tion of Models IV and V and was seen to be be;efécial, although .it cannot
always be expected to result in an even distribution of stocks. The
simulation of Model IV with the new Ration Rule "Share Mk VI" will be
known as Experiment 10A and the control known as Control 10A.

15.14  Summary of Experiment 10A

4 Year Simulation of Model IV with Control 10AUsing IBM 1130 ‘
System with "Simon" Simulation Language

Full Description of Model given in 15.1

Control 10A identical to Controls BA, 9 (see Experiments Nos. 9,10)

with following exception:
Sub-store Reorder Quantity:

Case 1 : Procurement on Order: Ration Rule "Share Mk VI" (see this

chapter).

15.15 A Note on the Results of Experiment 10A

The results of the application of Share Mk VI to Model IV for tﬂé
cage (M = 50, z = 0), are very illuminating. In comparing it with the
results from Exhibit 'C' using Share Mk VA, we note a more even distri-
bution of stock at the critical time, just prior to stock arrival from

the mew procurement.

Criticism may still be given that at procurement arrival sub-store
1 has a stock level of 2 whilst sub-stores 2 and 6 each have 4.
Careful consideration of the simulation will, however, show that to avoid
this occurrence, one would have had to have retained a policy of non-
replenishment for all sub-stores from clock-time 193 onwards . This
would mean waiting for stock levels of 2 before replenishment. This

would mean considerably more shortage cost then the present policy (of
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the new "stronger rationing" rule) leads to, where only once does such

a dangerously low stock level occur before replenishment follows.

15.16 An Extraction from the Simulation of Experiment 10A
Application 6f '"Share Mk VI to Model IV for the Case M = 50, z = O

Clock Time Sub-store Stocks Central Ration Quantity
Store from
Stock Share Mk VI

161 6 5 6 6 ) (5) 5
163 5 5 6 6 6 (5) 5
168 5 5 6 5 6 (5) 5
168 5 y 6 'S 6 (5) b
169 5 - 4 6 5=~ 5 (5)
173 5 45 . 5 5 (5)
175 5 i 4 5 5 (5) u
177 5 n n 5 4 (s) n
179 y n n 5 4 (s) u
185 y 4 y Y 4 (5) 4
193 ) 3 Y Y 4 i (s) 4

) n y 4 n y (4)
189 ) 4 Y 3 Y 4 (W) "

) N y 4 N y (3)
206 ) 4 b u i 3 (3) u

) Yy 4 N 4 Yy (2)
207 ) i 3 L Y 4 (2) 4

) 4 4 4 y Y (1) ’
212 ) n Y 4 3 Y (1) 4

) y 4 Yy N Yy (0)
212 ‘ 3 n 4 y 4 (o)}
216 3 n y 3 4 (0)
218 2 4 n 3 L (0)
223 ) 2 b 3 3 4 (0)

225 )



15.17 Results of Experiment 10

A

15.17.1 Table 15-1

Results for Test Stream No. 1729

M z NP
Y5 -.6 5
-.3 5
0 5
+.3 5
+.9 5
+1.2 5
50 .6 "5
1.2 5
1.5 5
55 1.2 5
1.5 5

Stream No. 1115 Results

M b4 NP
50 1.2 L
58, 1.2 u

Mean of 2 Streams

M z NP
50 1.2 4.5
55 1.2 4.5

The latter is the optimum of these results,

15.18 Summary of Experiment 11

=

122
103
84
69
37
31

56
35
27

31

-4

34

KL

VR

4.5

37.0

4 Year Simulation of Model V with Control 108Using IBM 1130

{

RO
13.6
13.6
13.6
13.6
13.8

"20.4

4.4
4,y
11.6

0.0

T

RO

CRO
2.2

0.0

System with "Simon" Simulation Language

Full Description of Model given in 15.1

Area

48926
48926
48926
48926
49511
51193

53903
53903

55181

58892
60163

Area

55431

60431

Area
54667

59661

216

T.C.

39.3303
38,7603
38.1903
37. 7404

. 37.0143
44,3071

©30.1411

29,5112 (N.BE.)
36.9823%

27.2567 (N.B.)
31.8951%

T.C.
25.1923

27.1923

T‘c.
27.3517

27.2245

* Central store initially depleted;

Store.

No buffer available from Central
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Control 1OB identical to that for Experiment 10A (see 15.14) with following

exception:

Complex Reorder Quantity Q = 75.

15.19 Results of Experiment 1l

Table 15-2
CasB‘M=59 z St;i?m v, N, T H.C. T.C.
0.3 1115 3 43 0.0 26.40 40. 80
) ( 1115 3 3u 0.0 26. 85 38.55 ..
0.6 E 1729 3 36 20.8 27.42 60.52
(  Mean 3 35 10.4 27.13 49.53
( 1118 3 19 1.2 29.85 38.25
1.2 E 1729 3 20 41.6 26.47 79.57 !
( Mean 3 19.5 21.4 28,16 58.91
Case M=55 ( 1115 3 31 0.0 28,40 39.20
0.6 E 1729 3 38 1.6 28.41  u42.91
( HMean 3 34.5 0.8 28.40 41.05
(15 3 24 0.0  30.26  38.96
0.9 g 1729 3 32 1.6 29,40 42.10
(  Mean 3 28 0.8 29.83 40.53
( 1115 . 3 23 1.6 29.51 39.51
1.2 E 1729 3 24 1.6 32.31 42.61
( Mean 3 23.5 1.6 30.91 41.06
Case M=60 ( .1115_ 3 25 0.0 30.43 39.43
- 0.9 E 1729 3 33 0.0 . 30.40 41.80
g { Mean 3 29 0.0° . 30.u42 40.62
( 1115 3 22 0.0 30.85 38.95
1.2*§ 1729 3 25 0.0 31.39 40.39
( Mean 3 23.5 0.0 31l.12 39.67
1.5 172§ 3 24 1.6 32.31 42,61

cont..

% This is the least-cost result,
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Table 15-2 (cont.)

. Stream _ _
Case M=65 Z No. NP NR CRO H.C. T.C.
( 1115 3 25 0.0 32.37 41.37
0.9 E 1729 3 29 0.0 32.40 42,60
( HMean 3 27 0.0 32.39 41.99
( 1115 3 23 0.0 32.40 40. 80
1.2 é 1729 3 27 0.0 32.40 42.00
( Mean 3 25 0.0  32.40  4l.40
( 1115 3 22 0.0 33.24  41.3y4
1.5 é 1729 3 21 0.0 3u.34 43,14
( Mean 3 21.5 0.0 33.79 42,24

15.20 Detalls of Computing Procedure for Models IV, V

1. Use Program "NNNN" with subroutine "SUBX" to obtain the lst D.P. Model.
Use this information in Programs, "DSJF", '"MMMM".

2. Run program "DSJF" to obtain off-line the D.P. Model 2. Store this
information in the machine data file. )

3. Follow on immediately with the simulation program "MMMM'" with its

various subroutines.

The complete simulation program for Experiment 1l is given as Program
2. This is the program of control type 10B incorporating the latest-
modified Ration Rule "Share Mk VI". ‘This control, apart from this ration
rule, and a use of Q = 7§ (due‘to a difference in model data), is identi-
cal to that of Control 8A described in 14.3.1. It is applied to Hodel V
(details of which are.given at 15.1) and the results are illustrated by
means of equi-cost curves in Fig.l2. Figure 11 shows the variation of
the cost of an (M,z) policy with the parameter M for a close-to-optimal

7z value.

15.21 Details of Program 2

Flow diagrams are given for the maijn programs ""NNNN", and '"MMMM"
(referred to above in 15.20) and for the more important and interesting

subroutine calculations.

The proposal here is to list all the programs and subprograms used
in the complete simulation program for Experiment 11, with a brief des-

cription of their purpose.



219

FIG. 11
AVFRAGE 4 YEAR COST OF (M,z) POLICY FOR CLOSE-TO-OPTIMAL.
2 (2 = 1.2) PARAMETER FOR ‘EXPERIMENT 11

COST OF POLICY

60‘;

40

1 1 ' i |-

50 55 60 . 65

LEGEND
QO POINTS OBTAINED BY SIMULATION

. POINTS OBRTAINED BY CUBIC APPROXTMATTON UJING
SIMULATION POINTS

POINTS A, B, GIVE POINTS A, B, FOR FIG. 12
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FIG. 12 .
EQUI~COST CURVES FOR EXPERIMENT 11 (SIMULATION OF MODEL V)

"

60

55
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FIG.13 FLOW DIAGRAM FOR OFF LINE COMPUTATION OF THE

FIRST DYNAMIC PROGRAMMING MODEL: "NNNN /SUBX”

| EXPERIMENT 11.
—

ADD

|" 170 T 1
D(S,T)=1 D (ST )=0
CISTICa CISTHC g
S (ST)

READ IN
DATA f=xil
[
OBTAIN K for mz1,9; Call this SIG(n)
C, (ST)=C(S,01#CR =%, 7 LA e S
Cag B,T)=l1-"M)C(ST) C(1,0={%pl(1-6#)-2 (1-e* 516 (1))
+20C (S1,T) + L (164 SIG (2))}x Cs
No *
Is
Yes T>9,00 Cal11) = C(1,0)+Cp

Cg (L= (1-xi) CULO) +'2 LN Cs

DL 1)=1
C (L1)=C, 01}

°

D(S,1)=1 DI(S1)=0
C(S,1=CA(S)) C {S))=CB(S))

DLI)=0 :
C U1y =Cylil) Y

C, (S,1)=C(S,0)+CR
Ca (S1) = (IFAXCIS0)+X
Cc (S“I:O)

ADD!I TO0 T

COMPUTE C (S,0)=
1,7)=Cyl,0)+
}2/11(1-"”516(54) Gl T )= G0+ Cp

= =M 1L, T

“sg(-e#siG (s)) LTI =(-xyxcll, 2)

+ 550 (142 s16 + AL X{Cg“ C5Xy¢}
20 %4 [ Cg i

ADD170 s

D (1,T)=I

D(L,T)=0 ‘
sToP C (LT )=Cgll,T) }
T
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FIG.14 FLOW CHART FOR SIMULATION IN EXPERIMENT 11.

[N
READ IN M,Z
¥ -
READ IN REORDER
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FILE FOR SUB -
STORES AS |
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ADD 1
EACH SUBSTORE ——1 0 fp
1
COMPUTE . PROGURE —
FREE STOCK 'F SBTAIN TIME S .
DEMAND FOR ™% |08 'oROER
SUB-STORE J 2 -
FROM ‘GEN’ $$§'}’£§T COMPUTE
ADD | TO J THIS BACK- . . ~Ves|2hdar e
THIS DELIV- BACK-UP | ]
z HAS
€ XPERIEN CED)
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REDUCE STOC TRANSIT STOCK
ADD Q TO BY Qs COST AND
§ NOTIONAL CEN TRAL o ADD T0 Cpp
STOCK BY 4 STORE STOCK ADD STOCK
T T ARRIVING TO
SUB STORE
DEMAND ON| |DELIVERY AT STOCK. _
SUB-STORE CENTRAL DELIVERY AT
J | STORE SUB~STORE J
l | , | )
A B C
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T | D "
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FIG.15 FLOW élAGRAM FOR COMPUTATION OF INDIVIDUAL
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SHORTAGE COST Cgy (S L >\) JN EXPERIMENT 1
"CALCS (ISDA,ILDA, RLAMD)

a= & L/j2

az= =§1T

Q= S (S+1)
2 A

CQST:ESI' Yes
(Uj2-5)
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Yes
Ist TERM =
Q| (l"e‘” )
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\
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T

1=0
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Se o~
a -8 eM u'/
3{L=0 e # /L,}
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FIG.16 FLOW DIAGRAM FOR UPDATING OF AREA IN EXPERIMENTS 224"

11,12.
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FIG.17 FLOW CHART FOR COMPUTATION OF K, 24 IN EXPERIMENTS 11,12
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FIG.18 FLOW CHART FOR COMPUTATION OF RATION QUANTITY
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IN EXPERIMENTS 112
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FIG.19 FLOW DIAGRAM FOR FREE STOCK

LIST Sk, k=1,5
NOTIONAL STOCK
LEVEL AT SUB-
STORES

|

PUT RR =

CENTRAL
STORE STOCK

COMPUTATION FOR
SUB PROGRAM "SFRS

H=1
SW | TCH=zOFF
Neo
Yes
INTERCHANGE| ' ©
SH» SHH
+ No
N,
SWITCH=ON | ADDA| o |
|TO H
No
' No [H=!
SW ITCH{—g ]
= OFF | -
Yes
Mzt No~ IS
- S' = Sz ? ~f—
Yes
Yes A
H=3ru“|iﬁili"
Yes .
H=4 Ng¢ Yes
‘ N
REDUCE| YeS No
Y o |HEY!
ADD { TO Sy fYes
* No

SUBTRACT |
| FROM RR

v

RESTRICT S,,
S3, 54.) 55 TO
Si*1 AND THEN
]
F:E Sk
K=l



228

15.21.1 Program "NNNN" + Subprogram "SUBX":

Off-line computation of reorder level at sub-stores as a fuynction of
time to arrival of procurement at central store. Actually the decision
function for different notional stock level and T combinations are given,
but this amounts to the same thing. The flow diagram for this computa-

tion is given in Fig. 13.

15.21.2 Program "DSJF" + Subprograms ''DSJG'", "SUBA", "SUBC"

Off-line computation of reorder level at sub-stores as a function of

Free Stock. This information is kept on a data file.

15.21.3 Program "MMMM":

Main simulation program, consisting of the initial conditions plus the
three phases of the Simon Simulation Procedure. The flow diagram is given

in Fig. 1u.

15.21.4 Subprograms called from "'MMMM"

(i) "CALCS (ISDA, ILDA, RLAMD)"

This subprogram computes the expected cost of shortage for sub-stores
in the coverage time as a result of a possible ration quantity. The
three arguments are respectively the values of S, f; X used in the
v( S, L, A) computation. The flow diagram for this subprogram is given
in Fig.15. ‘ '

(ii) "CALG"
This subprogram computes the G-value of the complex and updates the

value of the total stock~time area function "Area'. Figure 16 gives the

flow diagram for this computation.
(iii) "CALKB(D)"

This computes the expected number of extra replenishment K(d,B) as
a result of a ration quantity B when experienced demand until the time
T=1l is d, and the total number of shipped items in these extra deliveries,

K(d,B)
b bi’ The flow diagram is given in Figure 17.
i=1
(iv) "GEN"

This takes a random variable from the Poisson distribution of sub-
store demands and associates the time of the next demand at a sub-store

which has just experienced a demand as this time value hence.
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(v) "PNOO™
This subprogram calculates the Allocation Quantity A(F,M,z).
(vi) "POOL"

This subprogram calculates the Ration Quantity. It is described by the
flow diagram in Fig. 18.

(vii) "SFRS"

This represents the computation of "Free Stock™ F. The relevant flow

diagram is given by Fig. 19.
(viii)  "ssSro"

This subroutine tests whether any sub-store is at its reorder lavel
and calls the relevant subprogram, either "PNOO" or "POOl1", if positive.

(ix) "SYRO"

This checks to see if Free Stock is less than the reorder level of the

complex and, if so, initiates a procurement order.

(%) "PLAN, ADDL, BEHE, GROU, HEAD, MEMN, REFN, SCA, QUEUE, SETT
SIZE, TIMV, SIMO, DELE, ENTI"

are the special purpose subroutines of the "Simon" Simulation procedure.

15.22 Comments on the Results of Experiment Eleven

- For the case of stream 1729, in the first cycle, a buffer éf'ls at time
of procurement arrival® spread over 5 sub-stores means an average of three
to each sub-store, and so in the days when the central store stock is be-
low 10 (in the region of half the central store lead time prior to procure-
ment arrival) sub-store reorder level is made by the rationing rule equal
to 3. The probability of a demand of greater than 3 in the sub-store lead
time (when mean demand is 2) is as much as 0.14! Hence not only does

this buffer spell shortage in the sub-store lead time immediately following
procurement arrival at the central store, but also in the sub-store lead

times prior to procubement arrival.

The "stronger rationing rule" "Share Mk VI" although of some obvious
merit, is felt to be unacceptable for future considerations because of its
heuristic context, and is dropped from future considerations. The pre-
vious best Ration Rule "Share Mk VA" will be employed in the following '

work.

Note that ‘Chapter 18 gives a summary of the Ration Rules used in

this thesis.

% Corresponds to M=50.
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15.23 Summary of Chapter Fifteen and Introduction to Chapter Sixteen

Chapter Fifteen introduces the two new models, Models IV, V, the
controls of the author are applied to each and the reéults are presented.
The application of "Share Mk V' to Model IV, as shown in Exhibit 'B' re-
sults in a poor stock distribution at a critical time. This situation
is seen to improve with modification to "Share Mk VA", and an extract froﬁ
Exhibit 'C' is given which shows this. Further modification for the pur-
pose of improvement of performance is suggested, and Experiment 10A con-
siders the latest suggestion "Share Mk VI" in its application to Model IV.
Experiment 11 uses this Ration Rule on Model V. A full program for the
simulation for Experiment 11 (control type 108)is given. A summary of
the details of this program is given at 15.21 and flow diagrams for the

important operations are given.

The results of Experiments 10A and 11 (given in Tables 15-1, 15-2
respectively) show that a low overall cost with zero expected shortage is
possible for use of low buffer stock in the complex. An extraction from
the simulation of Expériment 10A is given at 15.16 in which the operation

of the all-important ration rules may be viewed.

Chapter Sixteen turns to a more general model of the complex. At
the sub-stores the demands are forecast from past data. The performance
of the author's control rules is to be tesfed in their control of this
model. An interésting point is that a jump in mean demand rate is applied

to one sub-store within the time of control of the simulation.
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CHAPTER SIXTEEN

CASE OF CONTROL WHEN DEMANDS COME FROM AN UNKNOWN DISTRIBUTION

AND ARE SIGNIFICANTLY DIFFERENT FOR SUB-STORES
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16.1 Introductory Remarks

This next phase of the work considers the application of the author's
control to a model of the complex in which sub-store demands are forecast
from past data. Additionally, the model must cope with the mean demand
rates at sub-stores being different. In fact the model will feed in ran-
dom variables from given distributions, but the control will work in ignor-

ance of the latter, just making forecasts of demand rates from past data.

The model will work with the assumption of shortage cost at sub-stores
being proportional to the number of demands not met immediately. The time

factor in shortage will not be considered as contributing to cost.

16.2 Model VI

This model considers shortage costs to be independent of time and each
shortage occurring will be considered to cost cé = 0.4, The mean demand
rate Ai vector for the five sub-stores is (.0l, .02, .03, .04, .05) units/

day, Poisson distributed for sub-stores 1 to 5 respectively.

The lead time to sub-stores is 25 days, and the procurement lead time

(as with all other models) is 100 days.

The value of R is .3, cp = .5, hP = .1.

Four-tenths of the way in the 4-year simulation, the value of Aa changes

suddenly to .06/day.

Knowledge of sub-store demand rates is only gained from demand occur-

rence data. Future sub-gtore demand rates are forecast for each sub-store.

16.3 Modification of Concepts to Cater for the Change in Model Conditions

16.3.1 Trigger of reorder for the complex

This is still "Free Stock". However, now stock from the central
store is considered distributed (hypothetically) to the sub-stores in such
a manner as to attempt to equalise the expected time stock will last sub-

stores ("stock-lasting time").

When no more stock is available in the central store in this hypo-
thetical distribution, Free Stock is taken as the product of the minimum
of the resulting "stock lasting times" and the total demand rate, AT’ of
the complex.

A flow diagram for this computation is given in Fig. 26.

16.3.2 Demand rates

Since for Model VI, no exact knowledge of the distributions from which

the sub-store demands are coming is assumed, the demand rates require to
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be forecast.

It is convenient.to consider inter-arrival times of demands, and work
a forecasting procedure on these. Sub-store demand rate will then be
the inverse of this forecast inter-arrival time. The total demand rate

for the complex, AT’ is found by summing Ai over all sub-stores.

The forecast used here is that of exponentially smoothing the inter-

arrival times. We have for a particular sub-store: -

T = « T + (1l -a)T
fn fn—l p
where Tf is the new forecast
n
Tf is the old forecast
n-1

TP is the last inter—-arrival time observed
a is the smoothing constant.

16.3.2.1 Obtaining the initial forecasts

Demands over a period equal to the length of time that the model is
being simulated over are fed in for each sub-store, and these are exponen-
tially smoothed. The resulting Tf and its inverse represent the ini-
tial inter-arrival time forecast anﬁ demand rate, respectively. This is

done for each sub-store.

16.3.3 Reorder level of sub-stores

Case One: Procurement on order

This employs the off-line computation of the reorder level a time
function for "strategic" values of the demand rate Ag- (The values of
M
tion is stored in the computer by associating the time at which the step
'drops' with the level at which this occurs. Thus, in Fig. 10 (see 14.2.1)
the value of the step-end "e¢'" for level sp would be equated to Tpf’

= .0l to .10 are considered for this model in .0l steps.) This informa-

(Note that the value of "e'" for the level %mmediately above that corres-
ponding to the time T=L is not equated to L; rather the exact value at
which this step drop occurs is found in the dynamic programming off-line

computation.)

For every value of sub-store notional stock existing the "e" value
is estimated by linear intérpolation between the strategic values for
which accurate dynamic programming "e" values of the complex are stored.
Reference to Fig. 20 shows this to be a good approximation. This figure

%* i,e. the function a(Ai,sﬁ ) = Tp .
1 1
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FI1IG. 20
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FIG. 21 :
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. Rk
shows the reorder level regions on the &i ~ T plane.¥® The "e" value
for any given Ai v notional stock level 's' combination is found by obtain-
ing the (s,s-1) boundary for this Ai and taking the corresponding value
of T.

Thus when forecast demand is, say, .07234 and notional stock s is
6, estimated ¢ is .2345(.07, 6) +. .766e(.08,6). If the actual value of
T is such that T » estimated ¢, the sub-store is deemed to be at its re-
order level, and its issue quantity is decided by the subprogram "POOX"
utilizing the Ration Rule.

A flow diagram for the computation of € is given in Fig. 2u.

The reorder level A time function for Case One requ1res the use of

a 3rd Dynamic Programmlng Model.

16.3.3.1 The Third Dynamic Programming Model

This is very similar to the 1lst d.p. Model, The only basic change
is that the shortage cost is noﬁ'independent of time and a cost e; occurs

only at the instant a backorder is experienced.

The analysis is identical ‘to that given in 9.2, except that the ex-
pected cost of shortage of a sub~store with stock s when replenishment
will definitely arrive in time % is not the function csw(s,l, Ai) but
the function c;¢(s';2, Ai) where: -

o

£ (x-3) p(x)
x=sh1

(5,2, li)

A2 (A8)F
e T — and  is Max {s,0}

H

where - p(x)

16.3.3.1.1 Decision functions for negative notional

stock

Appendix 6.5 shows that for the lst d.p. Model D(-n,1l) = 1 for all

n 2 1 where cp < cs(n+Ai£).

Appendix 6,3 shows that if D(s,1l) = 1 for a general s, then D(s,T) = 1
for all 1 £ T & L.

In a similar manner to Appendix'6.%, consider the (s,T) state (-n,l)
for the 3rd d.p. Model. As before, CA(s,T), CB(s,T) refer respectively
to the cost of not replenishing and the cost of replenishing a sub-store

at the state (s,T).

%. This graph -is determined -from the -3rd d.p. Model, details of which are
given in 16,3.3.1.

%% The reorder level regions which would exist if in fact shortage costs
are dependent on time are shown in Fig. 21 (case ¢, = 0.4). :



For all n » 0, we have

1]

CA(~n,l) c. + cé (0, &, Ai)

R

cg(-n,1) (1—{i)c(-n,0) + {iC(-BTi, 0) +Ajel

H

ey 605 £, 45) # rgel

Thus D(-n,1) = 1 for all n 3 O only where Aic; > ¢p (for no cases

in Model VI can we ever expect Ay > cR]c;).

If we denote c;¢(k, 2, xi) by csk; then for T = 2,

CA(—n,2) = o t e
Cg(-n,2) = (1-x;)C(-n,1) + };C(-T+1, 1) + Agcl
= Q= 1) (r105*e50) Py (seqtegg) My
= 2Aic; * %0
Similarly,
CB(-n,T) = TAic; t ey,
CA(-n,T) = cptoe

For Model VI in particular, we have

D(-n,T) 0 for Tr.c' < ¢
i’s

R

D("n’T)

]
1 for TAics > CR

The decision boundary is T, where

b
C
- R
Ty = o,
s'i
= .75/Ai for Model VI.
For T Ty, C(-n,T) = cp * Cq
- = v’
T < Tb’ C(-n,T) Tlics t e,
16.3.3.1.2 Some other cost functions
CA(l,l) = ep t ey,
CB(l,l) = (l—Ai) Cey ¥ A%
c(n,0) = ¢ for all n where n' = max(n,0).

sn!
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16.3.4 Reorder level of sub-stores

It is considered satisfactory to make the reorder level in the period
when the complex does not have stock on order equal to that corresponding
to the time T=L (the time of initiation of the procurement order) from the
3rd Dynamic Programming Model. A dynamic programming model similar to
the Second Dynamic Programming Model of this thesis with reorder levels
as a function of Free Stock is not available to cope with the modified
concept of Free Stock. (Further, at this stage, the value of this Second

Dymamic Programming Model is itself considered to be minimal.)

This suggestion for reorder level does work well. It tends to be
better at avoiding Maldistribution Type 2 (by postponing replenishment
until really considered necessary) than the 2nd d.p. Model. The resulting
reorder level versus demand rate function (ROL ~ Ai) is the step function
illustrated in Figure 28. (Figure 27 illustrates the step function which
would result if the cost of backup were proportional to time of shortage
for the case cg = 0.4 and otherwise the same data of Model VI.)

16.3.1.1 Reorder level for very low Ai

The 3rd d.p. Model shows that for Model VI, the decision at T = L is
never to replenish" for Ri bélow the level .0075. Clearly, we cannot
sensibly establish a reorder level at sub-stores which is less than 0O
whilst a procurement is not én order. For those Ais cR/c;L (see the
analysis for the negative stock decision boundary in 16.3.3.1.1) the
reorder level for the period when procurement is not on order is equated

to 6;'“

16.3.5 Reorder guantity for sub-stores

Case One: Procurenment not on order

The Allocation Quantity is the expected demand in the coverage time

plus "z" times the standard deviation of demand in this time.

Thus assuming that the mean and variance of demand in the coverage
time when working on a Free Stock trigger can be approximated to that
when the trigger works on System Stock (as for all previous models con-

sidered) we have, with the aid of Appendix 1,
A,
= - —t
Mean = (F-M) AT + AiLc

Allocation = Mean + zY¥ar
A

iy2 A
(F-¥) ['X;) + (F-—M)[—i;) Ly

where Var
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If we put rs Ai/AT, R = F-M, hi‘ = Rri + A Lc

Allocation hy +z 7{3;12 +h

;1

It is clear that on arrival of the procurement in the central store,
whatever the employed z value, the allocation should be restricted to the
value of (Ai/Af)P. Otherwise, for these stores not beang<neplen£shed at
this particular instant there will be no stock available to ship to them
when they are short of stock (as they generally will be) in this cycle.

\

16 3.6 Reorder quantlty for gub- stores

,Case Two: Procupement on order

Again, we must ration sub-stores. The cost function for a ration
quantity B if T = T, is as before:~

a _
(o]

c(B) = p(d) {Eg(d,B) + k(d,B) % cR}
=0

;

To compute both k(d,B), (i.e. the expected number of -extra orders)
and the émount bi for’each of these orders for a given d, the following
procedure is adopted. The £-valuesfor all those notional stock levels
for which € & L dwm first established from the subprogram "CAIEXY and used
to estimate the future reorder level vs. T function. The procedure fol-
lows on as before. The flow diagram for the computation of ¥(4,B) and
Ib, is given for the subprogram "CALBX(D)"{in Fig.17.

To obtain p(d) some forecast of the future distribution of demands
" has to be made. It is assumed hbre that from analysis of past demands,
a reasonable approximation will be the Poisson distribution, hence p(d)

is given as follows:-

d
-Ai(To-l) {Ai(To-l)}

p(d) = e i

B is taken as that value minimizing the C(B) function. Convexity -
pod 3 1 N - R
of C(B) is assumed.*‘ C&(A,L‘S) s Cc'n-anu:tecl~ as (or Share M“C-‘//“\‘ (58@ 45.4).
This 'Ration Rule' is known as "Share Mk VIA",

16.3.7 Reorder quantity for the complex

As before, in previous models of the complex this is taken as

/2AT{cP+cR X eka) + e(CR02§/hP where s(NR), s(CRO) are estimates.

% and seen to be true in practice.



240

16.3.8 Should sub-stores necessarily be replenished immediately

following the procurement arrival in the complex?

The better policy in this prespect is assumed to be identical to that
for the contreol of previous models, viz., "Not necessarily replenish"

policy.

16.3.9 Reorder level of the complex

As before, we would like to make this a control parameter. However,
since the forecast demand will vary (and the actual mean demand may itself
vary) the reorder level of the complex "M" would be required to be different

at various instants of time.

To overcome this problem, we note M to be closely related to buffer
stock held in the complex. For any given control, we want to employ a
certain buffer stock so that there is a given (small) probability of the
demand in the combined lead time L _exceeding this buffer. If this pro-

. . rclattd te & s ay wr e, . . .
bability is *he parameter "y, we » Since mean demand in time Lc is
ATLc;

Moo= AL oty X YVariance of Demand in time L,
ie. M = n +y/ny where n = A L

16.4 Summary of Experiment Twélve

4 Year Simulation of Model VI with Control 11 Using IBM 1130
System with "Simon"” Simulation Language

Full Description of Model given in 16.2.

Control Decisions

Central Store Reorder Quantity egquals 60.
Control 11 is defined thus:-

Case 1: Procurement on Order: Ration Rule Share Mk VIA (see 16.3.6.)

Case 2: Procurement not on Order: "Allocation Rule"
Criterion of Reorder Level for Complex: "Free Stock"
Reorder Level for Sub-stores:

Case 1l: Procurement on Order: Function of "T" from 3rd d.p. Model
Case 2: Procurement not on Qpder; Made equal to reorder level for

instant T = L from 3rd d.p. Model.
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Results of Experiment 12
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In the following results the breakdown of the costs are given for

three values of «, the response factor in the exponential smoothing fore-

cast routine.®

total cost curves for the three a-values in Figs, 29, 30, 31.
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L.y
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H.C.
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23.41
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23.52
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23.13
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23.63
24.50
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16.12
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31.55
30.13
31.50
32.20
32.05

30.25
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32.01
32.53

31.12
30.38

- 31.68

32,34
30.78
33.10

31.87
32.43
32.92
30.33
31.79

33.80
31.32
31.78

28.65
28.21
30.07
31.25

Case

a = .80
z = 0.0
.Case

o = .80
z = 0.3
Case

a = .80
z = 0.6
Case

« = .80
z = +0.8
Case

a = .80
z = #1.0
Case

a = .90
A —0-6

* The results give the average over two simulation runs (employing streams

111s, 1729).
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Case

a = .90
2z =-0,3
Case

o = .90
z = 0.0
.Case

a = ,90
z = 40.3
Case

a = ,90
z = +0.6
Case

a = .95
z. = -0.3
Case

a = ,95
z = 0.0
Caze

a - 095
z = +0.3
Case

u : 095
z = +0.6
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y N, N, % H.C. T.C.
0

-0.5 3. 1y 4.0 20.63 31.58 ' Case

+0.0 3 15.5 4.6 20.60 31.35 « = .95

0.5 3 4.5 4.0 21.40 31.25 z = 40.9

1.0 3 17 3.8 21.63 32.03

1.5 3 15 3.4 21.51 30.91

1.0 3 15.5 .0 21.58 31.73 Case

1.5 3 15.5 4.0 22.84 32.99 a = .95
= +1.2

2.0 3 16.5 3.0 23.02 32.47 z

16.5 Details of Program 3

This describes the work for Experiment 12. The Third Dynamic Pro-
gramming Model is given by Program "NNNY" and subprograms "SUBY" , ''CAL"
(see Flow Diagram in Fig.22). This is computed off-line and the results
are used in the main simulation prgram "MMMX" (see Fig. 23 for flow chart)

and its subprograms.

16.5.1 Subprograms called from the Main Simulation Program ''MMMX"

(i) HCATEX"

This subprogram computes for sub-stores the value "¢" for the relevant
demand rate and notional stock level by linear interpolation between those

e values for the nearest defined A. The flow chart is given by Fig. 24.

(ii) "CALCX (ISDA)™

This subprogram is analogous to ''CALCS" in Program 2. It computes

the expected cost of shortages in the coverage time as a result of a
possible ration quantity. The flow diagram for this calculation of
cé¢(§;fti) is given by Fig.25.

(iii) "CALGX"
This subprogram computes G and is described by the flow chart in

Figure 16.
(iv) "CALBX(D)"

This is analogous to "CALKB(D)" of Program 2 and its flow diagram is
given by Fig. 17.

(v) "'"GENX"

This subprogram is identical to "GEN" and contains the imstructions
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FIG.22 FLOW DIAGRAM FOR OFF-LINE COMPUTATION OF THE
3rd DYNAMIC PROGRAMMING MODEL: NNNY/SuBY"”
EXPERIMENT 12
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FIG.24 FLOW CHART FOR COMPUTATION OF THE VALUE € IN
- EXPERIMENT 12
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FIG.25 FLOW DIAGRAM FOR COMPUTATION OF INDIVIDUAL
SHORTAGE COST Cs{ (S,L,%\ IN EXPERIMENT 12
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FIG.26 FLOW CHART FOR COMPUTATION OF FREE STOCK FOR
! EXPERIMENT 12
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SUB=STORE REORDER LEVEL FOR TilE CASE WHEN AN ORDER FOR A
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S5UB-STORE REORDER LEVEL WHILST A PROCUREMENT IS NOT

OUTSTANDING VERSUS FORECAST DEMAND RATE FOR EXPERIMENT
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FIG. 29

EQUI-COST CURVES FOR CONTROL APPLIED TO .MODEL VI -
IN EXPT. 12 (CASE ®= 0.8)

ESTTMATED MIN COST = 29.5
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FIG. 30
EQUI-COST CURVES FOR CONTROIL A2 APPLIED TO MODEL VI
IN EXPT. No. 12 (CASE = 0.9)

ESTIMATED MIN COST = 27,5

eee
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FIG. 31

EQUI-COST CURVES FFOR CONTROL APPLIED TO MODEL VI
IN EXPE. No. 12 (CASE : o = 0.95)
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for establishing the time of the next demand for a sub-store which has just

experienced a demand.
(vi) "PNOX™

This is the pompu{ation of the allocation quantity, fully described
in 16.3.5.

(vii)  "POOX"

This is the computation of the Ration Quantity analogous to '"POOL"

for Experiment 11 (Program 2) and is given as a flow chart in Fig.18.
(viii) VSFRX"

This is the computation of "Free Stock"” F. The flow chart is given
by Fig. 26.
(ix) "SSRX!

This is analogous to "SSRO" in Program -2 and tests whether any sub-
store is at its reorder level or not.

(X) "SYRX"

This is analogous to "SYRO" in Program 2. . It computes M from the
expression in 16.3.9 and tests whether Free Stock < M. I1f so, a procure-

ment order is initiated.

(x3i) "PLAN, ADDL, BEHE, GROU, HEAD, MEMN, REFN, SCA, QUEUE, SETT, SIZE
TIMV, SIMO, DELE, ENTI" are the special-purpose subroutinés of the "Simon"

Simulation procedure.

16.6 Comments on the Results of Experiment 12

Cost of computer simulation prohibits simulation with further random
number generating streams. The two employed for this experiment produce
meaningful equi-cost gurves and from these one can see that the o= 0.9
parameter is able to produce control for a wide area of (y,z) cémbinations
for which total cost is less than the best achieved for both the a= 0.8
and o= 0.95 cases (see contour lines for Total €ost = 29.5 in Figs. 29, 30,
31).

Good estimates of the best parameter combinations and their expected
total costs are obtained from these equi-cost graphs. These are
y = -0.1 )

) Cost = 29.5
+0.3 )

o« =0.8

Lo W W

4
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(y = -0.1)

a = 0.9 ( ) Cost = 27.5
(z = -0.3)
(y = +0.4)

o = 0.95 ( ) Cost = 29.5
(z = +0.5)

It is fair to generalise that the results indicate an optimal result
in the region of zero y and zero z. This may appear somewhat surprising
since, on the surface, zero y seems to mean very small buffer and zero

z seems to indicate that replenishment costs will be high.

16.6.1 Implication of the results that the optimal is for zero y,

Zero z

Let us refer to the least-cost result recorded from the simulation
runs., This occurred at a = 0.9, z = -0.3, y = zero. Raising y for this
z reduces the cost of shortage butnot to a significant extent. However
it clearly results in an increased overall replenishment cost. Lowering

y means more shortage and more hoiding costs.

Keeping y = zero, and raising z reduces the number of replenishments
but results in extra holding costs and (to a lesser extent) extra shortage

cost.

The result that (for the least-cost case) y is zero, does not really
mean that there is little buffer stock; it merely means that the control
ié responding to the low-level (relative to expected démand) of stock
which has occurred in one particular sub~store when initiating the procure-
ment order. Exhibit "D", which records the simulation details for the
least cost result admirably demonstrates this point.- At a clock time
of 798, the third request for stock for the complex is made. Since y = 0,
M= ATLc and since forecast AT = ,172, M = .172 x 125 = 21.5. The sub;

store stocks (notional) are:-
)
2’ 5’ 7’ ll’ llu

Respective forecast demand rates Ai are: -
.010, .019, 064, 034, ouy,

The minimum value of notional stock/li is for the 3rd store, 7/.064,

whence the hypothetical "equalising distribution” from the central store
results in:- the new minimum value of 8/.064, with zero stock at the
central store. As usual, the value of F is computed as this value,
8/.064, times AT; i.e. 8/.064 x .172 = 21.5, whence F = M and the pro-
curement order is initiated. At the least-cost result, the average

buffer stock maintained is 13.4. Attempts to reduce this buffer with this
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control must be made by keeping z down - whence the expected optimum result

is for a low z, viz. z = 0. \

[

16.6.2 Consideration of the parameter o

Clearly, making the value of o very low has the undesirable effect of
making the forecast demand rates too responsive to the random nature of
the individual times between demands. Too high a a (close to unity) means
that the control takes an excessively long time to respond to the type of
jump in demand that is experienced in the workings of Model VI. The
expected best choice for a can be seen (from a cubic approximation from
the minimum cost estimates for those valueé of a employed in Experiment 12)
to lie in the region of 0.88, for which an estimate of annual total cost

of operation is 6.75 cost units.

16.7 Conclusions from Experiment 12

The ideas of modification to the concepts of the earlier chapters for
their application to a model of the complex with demand rates which are
forecast and different over the sub-stores produce sensible results.

The Exhibit "D" can be used to check the details of the control for a close-
to-optimal parameter combination; the ration rule can be seen to decide
én the "right sort" of shipment quantity. Further,-thenideauto;make the
reorder level for sub-stores in the period when the procurement isvnot on
order equal to that at the time:instant when the order is first mdde is
clearly an important contribution. It results in delaying tﬁe decision
to replenish sub-stores until about the right sort of time. Replenishing
earlier (at a higher notional stock level) is likely to lead to both
higher cost of Maldistribution Type 2 and extra stock-holding costs (the
latter is particularly variable and poor distribution of stock over the
sub-stores can result in high maldistribution cost, type 1) whilst result-

ing in minimal savings of Maldistribution Type 3.

16.8 Experiment 13

This experiment represents the simulation of the previous model for
a period of 8 years (2000 days) but here the jump in demand for sub-store
No.3 (from a mean rate 0.03 to 0.06) occurs at the half-time instant.
Two simulations are run. The Ffirst of these uses the stream 1111 for the
occurrence of demands in the simulation with stream 1113 for the occurrence
of demands to obtain the initial forecast. The sgcond uses streams 1115,

1117 respectively for these two purposes. As with the previous experiment,
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the initial forecast represents that resulting from the consideration of
four years' demands. The parameters (y =-.1, z = .3, @ = .9), which are

the optima from Experiment 12, are employed.

16.9 Results of Experiment 13

Figure 32 represents the forecast demand rate for sub~store No.3 when
plotted against time. Fluctuation about the mean AB is noted for the
period in time O + 1000 days and the lag in time for the forecast to reach

the mean CD is noted from 1000 days onwards.

Figure 33 shows how the virtual stock for sub-store No.3 varies
through time. The occurrence for three backorders at time 1130 is to be

noted in one of the simulations.

16.10 Conclusions from Experiment 13

The response and stability of the control rules may be judged from
the Figures 32 and 33. The forecast demand rate reacls fairly quickly to
the demand jump and there is no disastrous onset of backup at the critical

period (just after time equals 1000 days).

16.11 Experiment 14

This experiment represents the simulation of Model VI with those
parameters which yielded the least-cost result in Experiment 12.% Here
the demand jump is not applied. It is a lengthy simulation over 20 years
and is primarily designed to show the sort of variation in stocks and
number of replenishments per procurement that is likely as a result of

the control.

A cycle is defined as the time between procurement arrivals. The
cycle for the consideration of maximum and minimum virtual stock at sub-
stores is advanced by the sub-store lead time on the defined cycle.

That is to say the cycle for this case begins time £ after procurement
arrival (when sub-store stocks are critically low) and finishes time £

after the next procurement arrival.

16.12  The Graphs for Experiment 14

Figure 34 records for the thirteen different cycles System Stock

at interesting instants in time, viz.

* (viz. y=-.1, z = -.3, ¢ = .9)
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i) time of procurement in central store

(ii) time of order of new procuremeﬁt

(iii) immediately prior to arrival of new ﬁrocuremsnt.
It also graphs the number of replérishments for each cycle.

Figure 35 records the length of each cycle.

Figures 36, 37 record the maximum and minimum virtual stock levels .

for the five sub-stores over each cycle.

16,13 Summary of Chapter Sixteen

This chapter has considered the extension of the control rules as
proposed in this thesis fo a model in which demands at sub-stores are
different and are forecast. A further innovation is to introduce a
sudden change in demand at one sub-store. The response to this may be
altered by changing the parameter 'a' in the exponential forecast pro-
cedure. Equi-cost graphs for three different values of a are given
and a detailed simulation for a close-to-optimal parameter combination
is shown in Exhibit "D". S ‘

The variation in the forecast demand rate and the vibtual;stook
level for the sub-store experiencing the demand jump are illustrated
graphically. Also represented graphically for a similar model of ‘the
complex in which no demand jump is experienced are the variation in
stocks and number of replenishﬁents per procurement over a lengthy.

period of time.
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CHAPTER SEVENTEEN

AN ANALYTICAL APPROACH TO OBTAINING THE TRIGGER FOR PROCUREMENT
ORDER AND COMPARISON OF PROPOSED CONTROL IDEAS WITH THE CONTROL

OF CRAN
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17.1 Introduction to Chapter Seventeen

In this chapter a comparison is made between the optimal solutions
using the author's suggested control with the control that Cran would -
achieve when following the procedurelH (involving the drawing of graphs
and solving a series of equations by the suggested iterative method) to

locate his optimal solution.

17.2 Method of Comparison

The comparison is to be made on a non-zero lead time model in which
shortage costs are time-independent. This latter point is important since
Cran's procedure is given only for the case of time-independent shortage

costs.
There are two alternative comparisons which may be made:

(i) The author's control rules may be applied to the specific model
considered by Cran and simulation performed to locate the expected optimal
parameters. Use may then be made of Cran's graphs to locate the para-
meters which will yield his optimal solution. A comparisogkis then
possible by simulating the model (a) with Cran's control rules and his
optimal parameters, and (b) with the author's control rules, using opti-
mized parameters. The same random number streams should be used for (a)
and (b).

(ii) The author's control rules may be applied tec any suitable model
for which Cran's control is applicable and simulation performed to locate
the minimum cost solution, The graphs Cran requires which will permit
the location of his optimal solution are obtainable by simulating the model
and determining the expected number of replenishments (YR). and number
of backorders (YS), occuring when System Stock is allowed to run right down
to zero. The same number of simulator runs as suggested by Cran over
which to average will be used to obtain the relevant graphs in this case.
These graphs from the simulation will be used in the method indicated by
Cranlu to locate those parameters he claims will yield his optimal solution.

P \ et ) g Y
Thia is Lallowred [r‘::\/' e Co»-».i;:ar\:‘,om* ir7 (:.) Sbkove .

17.3 Factors Affecting Choice of a Model for Comparison

As has been said before when considering the model favouring Cran with
zero lead time to sub-stores, Cran's control will work well when shortages
and replenishments are not costly. This then includes those complexes

for which it is correct to incur shortages, We would expect that for such
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complexes, the cost of holding stock is high compared with shortage cost.
Clearly, low buffer must be maintained for sensible control. Whether Cran
has holdback (i.e. whether his holdback factor exceeds zero) will depend

on whether the savings in shortage costs as a result of holdback are worth
the extra replenishment costs required. (This depends on the relation
between the unit costs of each.) If Cran is striking a correct balance
between inventory holding and shortage for his control, the author's con-
trol, which has been generally orientated towards shortage prevention

(but flexible enough in the z-parameter to respond to cases where it is
correct to have shortages) is expected to be little better than Cran's.

The regions in which possible gains can be made are:-

(i) Ensuring that reorder for the complex occurs at stock configura-
tions of comparable strategic value (unlike Cran's control with a fixed
System Stock level where the procurement is likely to be trigger at dis-~

similar strategic values with regard to shortage).

(ii) Not necessarily replenishing sub-stores following procurement
arrival in the central store. As a result of this, there is generally
stock "held back" in the central store after procurement arrival. This
has the advantage that for some period of time there will be stock avail-
able in the central store to buffer any needy sub-store; this benefit

is "free'", i.e., it is not necessary either to:

(a) incur more than one delivery to sub-stores per procurement on
average;
or (b) keep stock in the central store held back at the critical time

just prior to next procurement arrival.

If Cran has holdback, either (a) or (b) must occur, and so, in this
respect, the author's control has advantage. However, when cé/cR is suf-
ficiently low, it is generally not worth a replenishment to save a possible
shortage, and the benefit of a period of: "free buffer" for sub-stores in
this case does not exist since it is not generally sensible to utilize

this stock in further shipments in the same cycle.

17.4 Model VII

The model for comparison will be designed to incorporate data features
where Cran's control is expected to work well compared with the author's,
Model VII, with the data for Model VI (without demand jump) fits this
category. This model is realistic in that sub-stores have differing aver-
age demand rates (Poisson distributed) although the distribution is sta-

tionary. This latter point is assumed for control purposes, and the real
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average demand rate and Poisson nature wlll be assumed obtainable from past

demand figures.

The A, vector is (.01, .02, .03, ,04, .05) units/day and hence
.15/day or 37.5/year. The shortage penalty c; is O.4/unit and
= 0.3, ¢, = 0.5, hP = 0.1, & = 25 days, L = 100 days.

o]
'

17.5 The Author's Control Compared with Model VI

It will be recalled that for Model VI, three parameters of control
(viz. a, ¥, 2z), Wwere required. Since demand rates are not forecast for
Model VII o is not required. Further, reversion to a fixed value of M
is now possible since the total demand in the the combined lead time LC

is assumed to have a stationary distribution.

17.6 The R6le of "Free Stock™ as Criterion for Triggering a Procurement

Order

It has been shown in this thesis that "Free Stock" is a good criter-
ion for triggering a procurement order for cases where shortage cost is
time-dependent. It is adaptable to cases of differing demand rates and
applies to cases where shortage costs are time-independent (as for Model
VI). However, it is clearly orientated towards shortage prevention,

The argument that it is a parameter and can be changed to adapt to the
different cost data for different complexes does not detract from the fact
that it will not work so well for cases where it is correct to have short-

ages as 1t will where it is costly to have them,

Free Stoék responds to the stock figure of the store with lowest
stock, | (If stock is present in the central store, the'"lowest stock" means
lowest stock.after the usual hypothetical "equalising distribution" from
the central store.) If the sensible¥ amount of buffer stock for the
complex is generally about 50% of the combined lead time average demand
(results Bhow this is of the correct order), thig figure is often likely
to be reached when Free Stock is lower than the mean combined lead time Lc

demand.

Clearly, we would like to establish M in the region of 15-17 for a
Free Stock trigger criterion in the case of Model VII., There are times,
however, when a sub-store of helow average demand has experienced a high
demand in a short period of time resulting in its stock level dropping

to unity or below. This may set the procurement order trigger off even

# balancing shortage costs against holding costs.
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if high levels of stock exist in the other sub-stores. To prevent high
associated holding costs as a result of this, a higher level of holdback
can be retained in the central store; this can be induced by (i) dowering -

the parameter z.

Alternatively (ii) the parameter M may be reduced (but for typlcal
cycles this policy means numerous shortages occur as a result of orderlng
the procurement too late). The best policy may be nelther of the two
cited herej rather it may be: 'Do not order a procurement and let this
sub-store run down its stock". Since its average demand is low the ex-

pected shortage penalty resulting from its-run-out is low.

The savings in overall replenishment costs as a result of not adopt-
ing policy (i), or in shortage costs as a result of not adopting policy

(ii) are likely to be substantial.

Thus "Free Stock" may be improved on for the role of criterion for
procurement order trigger, The suggestion made now is not only to en-
sure that stock bon?isu:i-at‘icr\&:-.»:w at time of procurement order are
strategically equivalent, but also to obtain the approximatély correct

level by analysis.

17.7 Analysis to Establish When to Trigger a Procurement

For any given stock configuration, certain costs are expected to
accrue as a result of waiting until another unit is demanded somewhere

in the complex,

17,7 1 The addition to shortage costs by waiting

The expected shortage costs at present are in total approximately:-

n M=

! 1 ] =
o I elsiye Ios Ads sty = Max {sgy, 0}
i=]1
whare 84y represents the hypothetically equalised stock at store i. The
increment in expected shortage costs as ‘a result of waiting until the
next demand approximates to:-

Ac = ¢

SH s (6(s=1s Ls Ay) = d(slys Loa A))

- . - . Lty
(If (siH 1) < 0, the function ¢(siH 1, Lc. Ai) is taken as unity )

This expression follows since the probability of the next demand in
the complex reducing the "hypothetically equalised" stock at store i to
[} - [3
(sIH 1) is (Ai/AT).
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17.7.2 Savings in holding cost by walting

The savings in holding cost by this postponement of fﬁ{ggeping the pro-
curement are approximately® hPQtP, where tp is the time of postponement
(in years). tps which will be the time until the next demand on the
complex is exponentially distributed with mean (l/AT) and*“tHerefore the
probability of tp is AT e‘ATtP. The expected savings in holding cost
are then: '

® “Artp
BPQA, | o~.-l:P e dt,

1"

ACqay

hPQ/)\T

if ACSH > ACSAV (1)

procurement order should be triggered now, and not be postponed.

17.8 Effect of the Suggested Trigger Criterion

M is now redundant as a ﬁarameter. This means a really useful sav-
ing in computing time since z is the only remaining parameter, The
Allocation Rude requires an estimate of the time to reorder level of the
complex, Hitherto, this time is taken as (F—M)/AT where F is the pre-
sent Free Stock. M, the System Stock level at which procurement order

occurs will now vary.

17.9 Use of the Level M

A few trial runs on the computer can give an estimate for the average
level of System Stock at which procurement order occurs whilst using the
new trigger criterion, This average value is used for M in the Alloca~
tion Rule. Furthermore, the test (1) of 17.7.2 is not considered (to

save unnecessary_ computing) until F drops to the level M+fo.

It is clear that now F may be less than M without the procurement
order having been triggered. 1f this is the case, then F is made equal

to M, and the allocation computed with the usual formula.

17.10 Hethod of Location of Optimal =z for Author's Method of Control

A 14 year period of control for the complex with z varying around
the optimal region (which was determined by employing justtwo random number

\ ) Ng1tNs)

% More correctly, this expression is hP[Q—(-—-?Z——-)]tP where Ngq» st
are respectively the numbers of shortages expected if order occurs

now or when the next unit is demended . Generally for (M-AqL,)> O, this
expression is well approximated by hPQtg,
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streams) in 0.3 intervals was simulated until convexitsjizwas noted for the
averaged total cost values (three random number streams). A cubic appro-

ximation on these total cost figures indicated an estimate for optimal z.

17.11 Random Number Streams Chosen for Comparison with Cran's Control

These were other than those which were employed in obtaining an esti-
mate of optimal z. They were Nos. 1811, 1831, 1891, The simulations
were long enough such that at least twelve procurements would be experienced,
14 years was the length of time the complex was simulated for, for each
random number stream, Each control was started off-with the expected
stock after a procurement arrival, spread over the stores according to the

respective control rules.

17.12 Results of Location of Optimal Parameter z Ffor Author's Control

Initial Trial Runs (M guessed as 24 in first instance) ylelded
M = 24,

Q was estimated at 47 (see Appendix 10).

17.12.1 Location of optimal z

Table 17.1 Total Costs for Different Stream Numbers

z 1711 1731 1751 MEAN
0.0 84,77 96.90 - -
0.3 88.u2 83.58 - -
0.6 87,20 84,54 88.68 86.81
0.9 81.90 82.34 86.u48 83,57
1,2 8u.77 85.29 86,27 85.44

A cubic approximation yielded estimate for optimal z of 0,95.

17.13 Cran's Method of Location of the Optimal Parameters (A, B) for

His Control

It is sufficient for Cran's control to know the ). values, the lead
times and the sub-store reorder levels before the simulations can proceed

to establish the Ygs Yg characteristic curves,

The reorder level for sub-stores was set as low as possible subject
to the condition that the probability of a shortage occurring during the
lead time does not exceed O, 0l.. For Model VII, these reorder levels
were (3,4,4,5,5) for sub-stores 1 to 5, respectively, with demand rates

(Al, Az, Aa, A

q',ks)' This is consistent with Cran's suggestion, although
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he does not quote a figure for this shortage probability.

17.13.1 The simulator to produce the charattaristic-corves

At first Monte Carlo Simulation was attempted, but the work was tedious,
especially for higher holdback factor & values. Minor modifications to
the main simulation program allowed the accumulation o?yshortages and re-
plenishments which would occur if System Stock were allowed to run down be-
yond zero to be recorded. The value of the initial System Stock was vaiied
between 60 and 87 in steps of 3 over 10 simulations and each simulation
employed different random number generating streams. For values of S
between 90 and O in S5-unit intervals, the averages over the ten simulator
runs_of the cumulative number of shortages Yg and replenishmentg YR were
plotted against System Stock S. This was done for various holdback fac-
tors A. The plot of Yg against S is given in Fig. 38,

The expected number of shortages and number of replenishments are

obtained from the Ygs Yy curves by the summations e(Ns) = I YS(S)f(M-S)‘
S

and e(NR)= z YR(S)f(M-S), where f(x) is the probability of demand x in
s
the combined lead time Lc' Cran states that this was performed by appro-

ximate summation. The method used here was to obtain the product
y(S)f(M-S) for S values over the range of S and the values of e(Ns),
S(NR) were obtained by the areas under the respective graphs of ysf(M—S)
and YR(M-S) versus S. The e(NS), e(NR) curves are given by Figures 40,
b1,

17.13.2 Use of the characteristic curves to locate the optimal

solution

The extra information relating to the costs is utilized here. Follow-

ing the method suggested by Cran, the procedure adopted is as foldows:

(i) Guess M = 24, A = O:
Figs. 40, 41 give NS =2.5, NR = 5.
Equation (c)* gives Q = 47;
Equation (d)*® gives

55 (e} = -0.37:
Graph 40 gives M = 241

Iteration
(i4) M = 24, B = O:
Equation (e)* gives -0,337 E:ﬁe(NS)} = cR-g: {e(Np)}
%A %A

% gsee the review of Cran's work, 3.15.10.
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Figs. 40, 41 give & = O

Hence, final solution is (A = 0, M = 24, Q = 47).

17.14 Results of Experiment 15: The Comparative Performance with
Cran's Control of the Author's Control applied to Model VII -

17.18.1  Summary of Experiment 15%

li~year Simulation of Model VII with Controls 12A, 12C Using IBM 1130

System with "Simon" Simulation Language

Model VII Description

Item Value = 1

Cost of Procurement = 0.5

Cost of Supplying Sub=store = 0.3

Cost of Sub-store Shortage = 0.4

Cost of Stock Holding = 10% Value of Average Stock per year held.
Number of Sub-stores = §

Lead time for Complex =0.4 year

Lead time for Sub-stores = 0.1year

Sub-store Demand Rates (0.01, 0.02, 0.03, 0.04, 0.05) items/day.

17.14.2  Author's suggestions (Control 12A)

Sub-store Reorder Quantity:

Case l: Procurement on Order: '"Share Mk VIA" (see 16.3.6)

Case 2: Procurement not on Order: "Allocation Rule"

Procurement Order Quantity (see Appendix 10 for computation) 47 units

Criterion of Reorder Level for Complex: Analysis (see 17.7)

Reorder Level for Sub-stores:

Case 1: Procurement on Order: Level in 3rd D.P. Model corresponding
to T =1L ,

Case 2: Procurement not on Order: Found from:3rd D.P. Model.

* The complete computer programs for this experiment are given in
Program Y. :
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Table 17-2 Control 12A Applied to Model VII for Comparison Streams

NP NR CRO H.C. T.C. Stream-No.
12 60 12.8 41.56 84.36 1811
13 70 19.6 44,61 91.71 1831
13 65 17.8 46,62 90.23 1891
12.7 85 16.7 44,93 88.77 MEAN

17.14.3 Control ' 12C: Cran's control

Sub-store Reorder Quantity: Cran Allocation Rule

Criterion of Reorder Level for Complex: System Stock

Reorder Level for Sub-stores: As low as possible, such that the
probability of a shortage in the lead time does not exceed 0.01.

Table 17.3 Control 12C Applied to Model VII for Comparison Streams

NP NR ‘ CR0 H.C. T.C. Stream No.
lé 60 17.2 44,16 85.37 1811
13 65 23.6 43.04 92.64 1831
13 60 -~ 22,0 by .76 9}1.27 1891

12.7 61.7 20.9 - 43.98 89.76 MEAN

17.15 Lead in Triggering Instants Over Cran's Control

Since procurement quantities are identical for both controls (this
is a chance occurrence), the instants of triggering procurement order are
comparable. The following.are the period in days by which the suggested
trigger precedes Cran's trigger. Note that the average demand on the
complex is 1/6.7 days.

Table 17-4

Procurement Numbers
Stream No. 1 2 3 4 5 6 7 8. 9 10 11 12

1811 18 12 0 0 13 3 20 6 3 25 5 11
1831 20 =10 6 -27 2 27 1 7 4 4 20 'y’
1891 42 38 18 6 O 2 -16 23 17 -19 4 O
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17.16 Significance Testing the Results: '"t" Test

Control 12A Result Contpol 12C Result di Stream No.
84.36 85.37 1.01 1811
91.71 92,64 0.93 1831
90.23 91.27 1.04 1891

t = 30.43 dof = 3.

The improvement over Cran's control is judged significant at the
0.05% level.

17.17 Conclusions from Chapter 17

The author's optimal result in general has an average reorder level
in excess of that of Cran, although there are instances when the pro-
curement order is triggered later than for Cran's control. It is to
be expected, then, that holding cost will exceed that for Cran's control.
Slightly higher than one sub-store delivery per cycle for the authc;r's
control indicates that on rare occasions, it is considered worthwhile to
effect a second distribution to=a sub-store. (This is a result of the
"free" benefit of buffering sub-stores by "not necessarily replenishing"
all sub-stores following procurement arrival.) The fact that higher
Zz leads to an expected worse result indicates that too much of the stock
""held back" (in the author's control) in the central store would be
shipped to the first sub-store (i.e. first after the initial shipments
to needy stb=stores on arrival of the procurement) which runs down to its

reorder level. -

The ability to achieve a significantly better result than Cran for
this model which is specifically designed to favour Cran's control is
felt to significantly strengthen support for the ideas in the suggested
control policy. The suggestion to remove the reorder level M as a con-
trol parameter appears valuable since much computing effort to locate the
optimal control solution is saved. This idea can be applied to the
author's control generally. (This implies that for real complexes where
demand rates are forecast, only the optimal parameters (a,z) need to be

located before controlling the complek with these values.)
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CHAPTER EIGHTEEN

SUMMARY
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18.1 Summary of Experiment Details

Experiment No. Model Nog%. Reference Controls Considered
1 I 6.8 IA, 1B, 1C.
2 IT ‘ 7.2 1A, 1C
3 IIT 8.5 2A, 2B, 2C
4 III 9.4 3A, 3B
5 III 9.6 LA
6 III 9,7 54, 5B
7 III 12,2 6A
8 I, II 13.3,1 7A
9 III 14.3,1 8A

10 Iv 15.2 9
10A Iv 15,14 10A
11 \ ' 15.18 10B
12 ( 6.4 )
( )
13 VI ( 1.8 ) 11
( )
14 ( 16.11 )
15 VIiI 17.14 124, 12C

18.2 Model Descriptions

Model No, Description Reference

I Zero [ead Time for Sub-stores 6.8

II Zero Lead Time Costs favouring Cran 7.2
Control

111 Non;zero Lead Time for Sub-stores B.5

IV " 1;5 .1

v " 15.1

VI Different Demand Rates/Non-zero Lead 16.2
Time

ViI " 17.4



18.24 Summary of Control Rules

Control Sub-Store Control Control for Complex
Ref Reorder Level Quantity Allocated
Pagef No Reorder Level Reorder Qty.
Procurement Procurement} Procurement | Procurement
on Order not on Order on Order not on order
129 | 1A - 1 only Share 1 Allocation 2 Free Stock3 Q using an Expressionr
Quantity Parameter M for optimal Q
see p. 115 (5.9)
129 | 18 ~lor upecn Share + | All-cation® Free Stock® — Ditto -
Procurement Quantity Parameter M
. Arrival
130 | 1C ~ 1 or vpon Cran Allocation Qtya6 System Stock
Procurement Parameter M ~- Ditto -
Arrival
3
147 | 2A - 1 only Share Allocation2 Free Stock Ditto
Quantity Parameter M - ot B
147 | 2B - 1 or upon Share * | Allocation® Free Stock> .
Procurement Quantity Parameter M - Ditto -
Arrival
147 | 2C - 1 or upon Cran Allocation Qtya6 System Stock
Procurement Parameter M - Ditto -
Arrival
160 |3A 1st d p model Share 1 Allocation2 Free Stock3 Ditt
variable Quantity Parametey M - bitto -
161 | 3B 1st d p model4 Share * Allocation2 Free Stock
variable Quantity Parameter M ~ Ditto -
or on Proc. Arrival
164 laa [ 1st d.p © RoL when Share + | Allocation? Free Stock>
‘ : Model Proc. Quantity Parameter M Ditt
variable ordered - Pitto -
) (from 1st
i dep Model)

o e -
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Control Sub-Store Control Control for Complex
Ref. Reorder Level Quantity Allocated
Page No. Reorder Level Reorder Qty.
Procurement| Procurement Procurement | Procurement
! ~ on order jnot on Order on order mot on Order
166§ 5A Parameter Share MK II | Allocation® Free Stock® Q using an Expression
] (similar to Quantity Parameter M for opt’ 7 Q
i 'sharet': sesg see p,115 (5.9)
? P163, 9.5.2)
167{ 5B Parameter cr on Proc, | Share MK II Allocation'2 Free Stock®
j Arrival (similar to| Quantity Parameter M - Ditto -
i Yshare'!: see
: P163, 9.5.2)
i
185§ BA. 1st d.,p,4 2nd d.,po5 Analytical Allocation2 Free Stock3
X Model vble.| Model vble, Ration rule Quantity Parameter M - Ditto -
: Share MK IIT]
! (p175,10,2,3) |
1955 7A - 1 only Analytical Allocation2 . Free Stock:j
‘ Ration rule Quantity Parameter M - Ditto -
§ Share MK IV
! (p190, 13.2)
e 7 5 T 5
203 . 8A 1st d.p-. 2rd d.p Share MK Allocation Free Stock3
Model vble.] Model .vble, v Bii ’ Quantity Parameter M ~ Ditto -
4 ’ see p., 201
¥ Z 5 . 2 3
209 9 1st d.p. 2nd d.p- Share MK Allocation Free Stock
' Model vble.} Model vble. v Alo Quantity Parameter M - Ditto -
214 4 4 > S 3
OA 1st d.p. 2nd d.p. Share MK Allocation Free Stock .
216 iOB Model vble.|] Model vble. VI9 Quantity Parameter M ~ Ditto -
{
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Control

Sub~Store Control

Control for Complex

.. JRef

Reorder Level

Quantity Allocated

i |Page; No

|

H

Procurement

Procurement

on order POt on order

Procurement
on Order

Procurement
not on order

Réorder Level

Reorder Qty.

240 |11

3rd dop;7

Model vble.

RoL when
Proc. is
Ordered,
from 3rd
d.p. Model

]
|
|

Share MK

VI A8

Allocation2
Quantity

Parameter y
r?%ates to

M

see p.

Q using an Expression
for optimal Q
115 (5.9)

276 1124

3rd dcpo7

Model vble.

RoL when
Proc. is
Ordered,
from 3rd
d.p. Model

Share MK
vr a8

Allocation2
Quantity

Analysis
(see 17.7,
p. 269)

- Ditto -

2 77 j12C

As low as possible
subject to"probability
of shortage in lead time
<.01" and Proc. Arrival

Cran Allocation Rule

System Stock
Parameter M

Parameter

Q

Share =
A =

to.minimize shortage cost,

(9.2.3.)
(11.2)
(3.15.3)
(16.3.3.1)
(16.3.6.)
(15.10)
(15.4)
(14.2)
(16,3.9)

See po
See p.
See p.
See p.
See pa
See po.
see po
See p.
See po.

159,
178,

86,
236,
239,
212,
210,
201,
240,

Truncated V- .lie ¢f Free Stock
Mean Demand + Z x Std. Deviation of Demand in coverage time.
Free Stock F 1s computed by a hypothetical stock distribution from central store
See pages 108-~109 for further detaills.

= No.

of Sub-S*:ores.

to sub-stores
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18.3 Summary of Experimental Results

Expt.8:

Expt.10:

Significant Improvement over Cran's Result for "t" test at
0.5% level,

" " n " " " " 1 5% level.
" " 1] " " ] ] " 1% level.

Use of lst d.p. Model: Results worse than for Experiment 3:
Fault in d.p. Model: Improvement suggested.

Use of amended d.p. Model: Improvement on Result for Unamended
d.p. Model significant: Improvement in result over Control 3A
(fixed r,o0.l. at sub-stores) but insignificant.

Suggestion for a new Ration Rule "Share Mk II" without d.p. Model
not a good idea.

Use of the new Ration Rule "Share Mk III" plus use of two d,p.
Models for sub-store reorder level gives small improvement. over
Control 4A (Expt.5) but Ration Rule still needs improvement.

A new Ration Rule "Share Mk IV" a good idea ("t" test indicates
significant improvement compared with "Share" for zero lead time

models I, II at 5%, 10% levels, respectively).

New Ration Rule "Share Mk IVB" a good idea for non-zero lead
time Model III ("™t" significance test positive compared with
previous Best result (Control 6A) at 0.5% level). Further

improvement on Ration Rule suggested.

Two suggested modifications ("Share Mk V") tested both improve

performance but a further improvement is possible.

Expts. 1l0A,1l: A new Ration Rule "Share Mk VI" applied to Models IV, V

produced improved .. performance. However, "Share Mk VA"
deemed to be best so far ("Share Mk VI" is strictly to be dis-

counted because of its heuristic context).

Expts., 12,13,14: Modifications to concepts to allow for different and

Expt.15:

forecast demand rates over sub-stores (Movel VI) with shortage
costs time-independent and where jump in demand is applied to a
particular sub-store. Demonstrates the stability of the Control

Rules.

(Comparison with Cran for a non-zero lead time, shortage cost
time~independent model for different demand rates. Author!s

model incorporates analysis for trigger criterion and this model ‘
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favours Cran control.) An improvement over Cran's control is

judged by "t" test to be significant at the 0.05% level.

i8.4 Ration Rule Summary

"Share" = I (Free Stock/N)
M'Share Mk II" = Min{Share, Allocation} as in 8.5.2,
"Share Mk III" = Analytical Ration Rule as in 10,2.

"Share Mk IV" = Anélytical Ration Rule, distinct improvement over last
Ration Rule, specified in 13.2, ...:..

"Share Mk IVB" identical to "Share Mk IV", except for modification to
take into account the step~function reorder level for sub-stores (case
T § L) - see 14.2,

"Share Mk V" as "Share Mk IVB" except shortage'cost computation con-
siders a criterion which decides whether to consider individual stores'
shortages or lump their stocks together and compute shortage accordingly -
see 14.6).

"Share Mk VA" always computes the shortage costs of the sub-stores
individually (see 15.4).

"Share Mk VI" incorporates a stronger rationing idea, limiting the
ration quantity when central store stock droﬁs below a "critical level"
(See 1508)0

18,5 General Summary and Conclusions

This thesis was written in the belief that it fills to some extent
a large gap in the literature in the field of controlling inventory ship-
ments and storage quotas for a stores complex consisting of a central store

feeding a number of stores (sub-stores).

Chapter One introduces the reader to the nature of the complex and in-
dicatés the problem of control, Chapters Two and Threa review the liter-
ature pertinent to the subject. In Chapter Four the author presents the
assumptions 6f the models of the complex to be used in this work and
Chapter'Pive puts forward the author's first alternative method for con="
trolling the complex, Chapter Six discusses the simulation techniques
employed for comparing méthods of control and details the simulation of
control on the first model (Experiment One). Chapters Seven and Eight
consider the author's second and third models and give the results of their
éimulation, comparisons being made (as in Experiment One) with Cran's con-
trol.
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Chapters Nine, Ten, and Eleven present analysis consisting of two dyna-
mic programming methods to establish the reorder level of sub-stores in two
types of situation and put forward an alternative to the "Share" Ration
Rule for sub-stores formulated in Chapter Five, At the end of Chapter

Nine appears a short summary of the conclusions reached at that stage.

Chapter Twelve considers the simulation of the author's third model
with the control rules governed by the analysis of the past thféé chapters,
and concludes that the Rationing Rule to sub-stores can be further improved.
Chapters Thirteen and Fourteen develop and test the new Ration Rule and pre-
sent the results of the simulation of the complex when govermed by this
rule for each of the first three models.

This work is followed by the testing of suggested improvements to the
Ration Rule, Chapter Fifteen introduces two further non-zero sub-store
lead time models on which the author's control is tested. In the follow-
ing chapter, a more generalized model in which the sub-store demand rates
are forecast and different is introduced. For this model, the response

of the control to a sudden increase in demand at a sub-store is observed.

In Chapter Seventsen, some analysis is formulated to establish the
trigger for the procurement order. (This is felt to be particuiarly val-
uable.) The comparative performance of the author's suggestions and
Cran's control is then observed on a representative model of the complex,

in which the data is specifically designed to favour Cran's control ideas.

In conclusion to this thesis, the author puts forward the view that
the potential cost savings inherent in applying sophisticated control ideas
such as proposed in this work to a commerical complex are well worth the

effort involved,

If all the information prerequisite for this type of control can be
held centrally, the control decisions can be made at this point. The re-
quired control couple (z,0) can be obtained by simulation of a model of
the commercial complex as demonstrated in this thesis, and then used in

the control rules for on-line control of the complex.

The extent of programming necessary to include all the control rules
is not too substantial for a medium-gized electronic computer.
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APPENDIX ONE

THE MEAN AND VARIANCE OF SUB-STORE COVERAGE TIME DEMAND WHEN
SYSTEM STOCK IS THE PROCUREMENT TRIGGER, AND A NOTE ON THE

CRAN HOLD-BACK FACTOR
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1.1 Introduction

This appendix establishes the mean and varilence of the
demand at a sub-store in the coverage time*® when System Stock is t

the procurement trigger.

1.2 Computation of Mean. and Variance of Sub-Store Demand

in the Coverage Time

The complex reorder is triggered by System Stock at a
level M, and the present System Stock is S, The sub-store
demand affects the time until the complex reaches the trigger
point, Let this time be t, so that there are R = S«M demands

during t. Let r be the demand at sub-store i during this time.

The probability of R and r during time t is
- N! -
-3t aghyE ME(arg) R
e where )\' = (N-1)

r! (R —-r)!

Hence the probability of r gi en K is
RY Xir A RTEy g (R—r)l)\TR

. . . - =
which has mean R N j/), and varience R Ai C = A0)/05,

The sub-store demand during the combined lead time Lc is
Poisson and independent of demand prior to this time. Hence mean
and variance during Lc are both :XLLc . Since demand in the
coverage time is the sum of two independent parts (viz, during
time to trigger and during the combined lead time) its mean is
(S=M) A, /X, A;Lc. The variancg is (S—M))@{AT-}U/A¢2+>qLQ

For the case A.:= N, , this expression for the vari;nce
becomes (S-M) ( 1/N - 1/N2) + AML.. As a check, when N=1,
variance is due only to demand during the lead time, and the
variance should be independent of N,

The glven expression satisfiles this check.

For the particular case of 5 sub-store§,

Mean = 0,2 (S=-M) + N Lo

Variance = 0,16 (S=-M) + A“th

Time until Stock from the next Procurement can arrive at the

Sub~Store.
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APPENDIX TWO

METHOD OF SEEKING THE DISTRIBUTION OF DEMAND ON A SUB-STORE IN THE

COVERAGE TIME WHEN FREE STOCK IS THE PROCUREMENT ORDER TRIGGER
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2.1 Introduction

This appendix describes the method by which the distribution of the
demand on a sub-store in the coverage time was sought when "Free Stock"
is employed as the procurement order trigger. Although this method was
found impractical in this case, the ideas appeared interesting enough to

warrant insertion in an appendix.

2.2 The Problem of Variance of Sub~store Demand in the Coverage Time

The variance of this distribution is difficult to obtain mathematically.

For a given AT’ Ai, Lc’ we have from Appendix One the variance of coverage
time demand with a trigger of System Stock to be a function of (S,M).

Now the latter variance is known to be less than that of the distribution
required here. This is because when System Stock is the trigger, reorder
cannot occur for the complex until exactly (S-M) items are demanded over

the sub-stores, whereas with Free Stock as the trigger reorder can occur
when a total number of units either less than or greater than (S-M) have

been demanded,

2.3 Approximations for Variance

A first approximation to the required variance could be to use the

variance from Appendix One. If this expression is denoted in general by:
a + b(s-M),

a better approximation to the required variance is:
a + b(F-4),

where F is the "Free Stock" level. The mean is assumed to be satisfac-

%
torily approximated by (P—M)/N+L6Ai.

2.4 The Suggested Method to Obtain the Variance of Demand

A more correct value of the required variance could possibly be ac~-
quired by the following method. The complex is simulated with an initial
estimate of this variance as a+b(F-¥). When a sub-store reorder level
is reached for the first time (say when Free Stock = Pl) the Allocation
Quantity 1s computed using the constants (a,b). At a time £ after the
procurement arrival, the actual figure for demand on this sub~-store since

shipment will be available.

% for the case AT = NAi.
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As time advances, Bo reorder for a sub-store will occur for another
F(F ¢ Fl), say I = F,s when the deviation frommean will be some value, say

devl(Fz) which is the difference between d. and {(F2—M)/N+LcAi}.

2
Now the variance vs,(F-M) relation may be re-estimated by linear re-
gression between the points Idevl(Fl), (F1~M)],(devz(F2),(F2—M)) The result-

ing relation may be denoted thus:
p + q(F-M).

As time advances with the Allocation Quantity being decided using the
new constants p,q, so more values of deviation from mean for various F
values will be available. At any instant, if the experienced deviations

from mean for a level Fj are
devl(Fj), devz(Fj), vee devk(Fj),

then the best estimate &f variance Var for the point (Fj-M) is

k
1z devi(F.).
X i=1 J
Again, the best estimate of the constants p,q, at any time will be

found by linear regression on the{Yar,(F-M)JCOUPles which are available.

2.4.,1 Difficulties with initial estimates of p,q

Obviously, as the simulation begins, estimates of variance for differ-
ent (F-M) values are poor and so the p,q constants in the Varv(F-M) rela-
tion are correspondingly poor. It is envisaged that the beginning of
the simulation will yield such poor estimates of p,q, that if these were
to be used for the Allocation Rule, sensible estimates would only be

obtained after a prohibitively long simulation run.

In attempting to overcome this problem, whenever-p+q(F-M) is less
than a+b(F-M), the allocation formula uses the constants a,b. This is
because it is known that the variance of the required distribution will

always exceed at+b(F-M),
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APPENDIX THREE

DETAILS OF THE LINEAR REGRESSION IN APPENDIX TWO



293

For convenience we put R = (F-M). " The best straight line through
the graph of points of Var vs. R in order to secure the best available
approximation to the constants p,q (of the Var. R relation of Appendix
Two) to date,is obtained by regression analysis. The procedure is as

follows:

All the different values of R for which an estimate of variance is
available are summed, to yield IR, The number of differant values of R
is denoted by n. The sum of R2 is called ZRQ. The product of R-and
Var for each (Var,R) couple is computed and summed over all values of R
to yield IProd. The sum of the squafes of variance values is called

IVarsqd.

If the best straight line through the points on the Van.R graph of
points is called p+qR, then p,g are given by:

1}

P (ZRZXVarsqd - IRIProd)/E

(nLProd - IVarsqdZR)/E

q
where .E = nERzé (ZR)2
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THE NATURE OF y(S3L,X) AND y(s,%)
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5.1 Introduction

This appendix gives the method of computation of w(g;ﬁ;ij; the number
of item-days of shortage resulting from replenishing a store with stock
level S, when its rate of demand is A and when stock will arrive at it in
time T,

For the'épecial case of A = Xi, T =2, S = s, this function is simply
referred to as y(s,4).

Obtaining the expression for (S,L)

T © — 3 —
yEIX) = & (i—S)-LLE%— et at
o i=z=S+1 *
LT i -
= r (i-8) (Ait) et at (1)
1=5+1 o ¢
I i = L == \d - -
Now & (gt)‘» oAt 4 = _—l;f -(>:t)“ oAt ) ar
(o] ° A [»] (t)“-c
= :é {Probability that (i-l-l)th demand occurs between O and L}
X :
= %; {Probability that (i+l) or more demands occur by time L}
A - .
0 ---j ol
- é 5 ():'L) eA L (2)
A j=itl 3

Using equation (2), (1) becomes:=-

(- - o .._._j ———
vEID = £ (B (18 (A'I:) T )
i y sl jeiel  9°

If we introduce a function p(x) defined as follows:-

. — _
- (AxL) e-AL = o(x),

> i

then (3) becomes:-

(i-5) © (P

$ (5,L,X) L
i=S+1 j=i+l

1
™
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This summation can be seen to lead to:-

Y(S,L,x) = p(S+2) +30(S+3) + 6o (S+4) + 10p(S+5) + ...
——— F-1)(m-% T )0 AL '
i.e. yEID = é L (m-8-1)(m-S) (A L) o (1)
A m=S+2 2 m!
Now (m~S-1)(m-S) = m(m-1)-2mS + EQ + S. and (4) resolves into:-
voo —— m —— —
VEET = 2 p mEd) QL) L
A m=S+2 '
[
1 as A" AT
- = 2 m} €
A m=S+2
— © -7 — m - —
1 S™4S () L) -x» L
+ = L 2 o e
A m=S+2 *
which in turn resolves into:~
—— rf? S-1 (I -I:)j e"—-f:
P(S4Ly) = —= {1 - 1 3! }
2 j=
g - —
—— J -
_ET (1- 1 (J\'I',) e Ly
. 31!
j—
2.z o xmi rr
L5 L G AT, ()
A j=0 ¥

The form of equation (5) is the form best suited to computational

methods,
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APBENDIX SIX

DETAILS OF THE FIRST DYNAMIC PROGRAMMING MODEL
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6.1 The y(s,2) Calculation for a Few s-Values

For the particular case of Model III we have:

Ay = .04, &= 25,

s~1
Then p(s.2) = 12,5 {1-Ai T p(i)}
= §=0

s
-258 {1-xi I o(3N}

©3=0
5 s+l
+12,5(5+s) {l-Ai r p(j§)} (1)
3=0
from equation (5) of Appendix 5.
Let (1) be called:~
P(s,2) = 12,5A' - 25sB' + ¢'D!

where ¢! = 12.5(52+s).

Then the component parts of the function are tabulated below for a

few s~values,

s Al B! c D! P(s,L)
1 63212 .26424 25 .08030 3.3026
2 . 26424 .08030 75 .01899 0.7123
3 .08030 .01899 150 .00366 0.0189
4 .01899 .00366 250 .00059

5 . 00366 .00059 375

6 .00059

6.2 Illustration of Computation of a FPew Cost Functions (refer to 9.2.3)

An interesting example to consider is C(1,1).

In the case of Model III, where the shortage cost, Cg» equals 4 we
havet-
CA(l,l) = eg p(1,8) + e = O.4 x 3.3026 + 0.3 = 1.6210

CB(l,l) (1- &)0(1,0) + AiC(0,0)

(1% Degh(1,8) + X e, $(0,8)
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Equation (1) yields ¢(0,2) = Ai12/2 = 12.5 for Model III.

«96 x .4 x 3,3026 + .04 x.4 x 12.5
1.u682.

Then CB(l,l)

1]

Since CB(l,l) < CA(l,l),

we have C(1,1) = CB(l,l) = 1,4682, and the decision function associated
with the state (s,T) of (1,1), viz. D(1,1) is O (i.,e. wait until the next

time instant before further review).

- Consider now the (8,T) state of (1,2)

CA(l,Z) cs¢(l,£) toep ® 1.6210

cB(1,2) = ,96 C(1,1) + .0u C{0,1)

.96 x 1.4682 + .04 C(0,1)

We require the value of c(0,1).

"

Consider CA(O,l) Csw(O,ﬁ) $c, = .4x 12,5+ .3 = 5.3

R

cy(0,1) = .96 C(0,0) + .04 C(-1,0)
= .96 x 5.0 + .04 x c(v(0,8) 2]
= 4,8 + .,0b x .4 x 37.5
= 5.4
Thence - C(0,1) = CA(O,l) = 5,3
and cB(l,z) = ,96 x 1.4682 + .04 x 5.3
= 1.6215
Thence ¢(1,2) = Min [c,(1,2); Cp(1,2))

1.6210

and the Decision Function D(1,2) is (marginally) 1.

6.3 To Show that, if D(s,T) = 1 for T = 1, then it is also 1 for
allL>T> 1

Consider the state (s,T) for T 3 2.

CA(s,T) = csxp(s,z) + cp (a)
Cpls,T) = _(1—ii) C‘s,T—l) + i;c(s—l,T~l) | (b)
Equation (b) shows CB(s,T) > C(s,T~1) (c)

- since it is clear that C(s-1,T) > C(8,T) for alls,T.

(a) implies CA(s,T) = CA(s,T-l) (d)
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From (e¢), (d), it follows that if C(s,T-1) = CA(s,T—l) {(which implies
D(s,T-1) = 1 ). then

CB(S,T) > CA(S,T),
i.e. D(s,T) = 1.
Now the original supposition gives us D(s,1) = 1, and so D(s,T) = 1

for all L >T > 1.

6.4 Method of Computation of the D(s;Tj Values

(i) Ccaleculation of C(1,1):

CA(l,l)

1"

e + CUCTEY T

¢, (1,1) (171, )C(1,0)+ {;c(o,o)

(1—xi)cs¢(l,z) + Aicsw(o,z)
hence C(1,1) and D(1,1).

(i1) Calculation of C(1,2):

cA(l,z)

]

cp t csw(l,z)

(l—Ai)C(l,l) + AiC(O,l)

Cé(l,2)

(ii.a) Sub-calculation for C(0,1):

as in 6.2, hence C(1,2) and D(1,2).

(iii) Calculation of C(1,T) for all defined T > 2:

c(1,T) = CA(l,T) = csw(l,z) + Cps independent of T

(iv) Calculation of C{s,1) for all s > 2 (in order; s = 2,3,..):

CA(s,l) = éR + csw(s;z)
cp(s,1) = (1-2)C(s,0) + {ic(s-l,o)
Hepce C(s,1) = Min (CA(s,l); CB(s,l))

and D(s,l)

(v) Calculation of C(s,T) for all remaining s,T is obtainable from
results included in (i) to (iv).
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6.5 Consideration of Decisions for Negative Stock Levels

It is not true, as might have been considered obvious, that for all
cases where a sub-store has a negative stock level, it should necessarily

be replenished forthwith.

6.5.1 The (s,T) state (~-1,1)

¢, (-1,1) = ~cR + cs{%xi 22 2}

Cyl=1,1) = (1=4,)C(=1,0) + 3,0(~2,0) +
= (1—;i){cs{%xi22+z)}+ ;i{cs (%Aizz + 22} + g
= cs(%kizz ) + eg(1r2)

C(=1,1) = CA(-l,l) ) ONLY IF cp/Sg < (1+Aiz)

D(-1,1) = 1 )

6.5,2 The (s,T) state (~2,1)

C(-2,1) = e + e thrn® + 2)

CB(—Z,l) = (1—ii)c(-2,o) + {;c(—s,o) + 2cg
= (1-£;9{cs(ixi12 + 22) }+ i;{cs(gaizz + 3) h+ 2¢g
= g (%A122+2L) *+ cg(2n,2)

c(-2,1) = c,(-2,1) g ONLY IF cp/cg < (2+A.2)

D(-2,1) = 1 - (

In general D(-n,l) = 1 for negative n only if cR/cS< (n+Aiz).

~Simitarly D(-~1,2) = 1 and D(s,T) = 1 for all L 2 T3 1, and 8 £ O,
in the case cR/cS < (1+Ai£).

6.6 Model III Specialities

The fact that D(0,1) = 1 (since CA(O,l) < CB(O,l) in 6.2) and the
theorem of 6.3 together give D(0,T) = 1 for all 1 ¢ T & L.

Since for Model III, r

< cs(l+Ai£), we have, for all negative s,
.and all 1§ T < L, Ds,T) = 1.
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APPENDIX SEVEN

THE PROBABILITY FUNCTIONS P(s,2); P'(s,2)

THE PROBABILITY OF A SUB~STORE WITH A GIVEN NOTIONAL STOCK LEVEL

's' AT TIME OF PROCUREMENT ORDER RUNNING DOWN ITS STOCK TO REORDER

LEVEL IN CENTRAL STORE LEAD TIME - THE PROBABILITY P(s,%)

THE PROBABILITY OF A SUB-STORE WITH A GIVEN NOTIONAL STOCK LEVEL
's? AT TIME T(T < L) BEFORE PROCUREMENT ARRIVAL RUNNING DOWN ITS
STOCK TO REORDER LEVEL WITHIN TIME T HENCE:~ THE PROBABILITY

P'(s,2)
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74  The Probability P(s,%)

Consider a sub-store with a notional stock level 's' at time of the re-
order level of the complex. The probability* of it reaching a reorder
point again before the ordered procurement arrives®®* is equal to the pro-
bability that the sub-store exberiences demand such that the reorder level
step function line is crossed before procurement arrival. This function

is illustrated for Model III by Fig. 39.

Let the step lengths be of time values ty» tz... tg etc., as in Fig.
39, The demand in time intervals tl, t2, ete., will be rys T, etec.

The probability of the notional stock level of the sub-store meeting

or going below the step-line will equal:-

(Probability of incurring such a demand that the stock level drops
below the step-line in the interval tl) +

(Probability of a demand in t, such that the stock level crogses

the step-line in time interval t,, for all possible values of

29
1 > u, i,e, of ry £ s-5) +

Probability of crossing step-~line in intervals tas tu, ts

s=r

-]

i.e. P(s,8) = _Z pl(rl)
T =s-4
1
s~5 ) .o
+ . io pl(rl) i =s§r . p2(r2)
1 2 1
5-5 g=r,=4 L
v R py(ry) R P,(ry) r =s—i -1, -2 P3(ry)
r.= 3 3757 17
1
55 s-rl-u s—r-l-rz-r-3
+ Z_ pl(rl) {O p2(r2) . io ps(rs)
o Fo= 3
i r, =8=-r Er -r -3 pu(ru)
i l1 7273

% This probability, P(s,2) is required for use in the 234 Dynamic Program-
ming Model.

*% If the reorder point is in fact met, the assumption is made that the
Ration Rule will decide upon a RationQuantity which is greater than the
present notional stock, i.e. a shipment will always eccur when the reorder
level is met,
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1

FIGURE 39

THE REORDER LEVEL VS. T STEP FUNCTION FOR MODEL IIT -
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sS=y.=r. -r, -4

s=5 S S=ry~rp-3 172"
X
+ rz=o pl(rl) Eo p2(r2) . 55 p3(r3) - o pu(ru)
1 o 3 4
I ps(rs)
rs-s-rl-rz-rs—ru-u
where pk(rk) indicates the probability of a demand of Ty units in the time
interval tk' Thus, for Model III we have:-
r
-n vy 1
p(ry) = e — 3 4y SAgty = .04 x (100-62) = 1.52-
ro!
1
-u2 r2 e e . e e re—
pQ(rQJ = e “2 /Tyt 5 m, T Agt, = Ohx (62-25) ='1iss
- T _ - -
Palrg) = e ug /gt 3 omg = Aty = (23-7) x .04 = 0.64
by
RN -yt = )
r
—us 5 ' ‘ _
ps(rs) e “5 /egt s omg T Nt E (2-1) x .04 = 0,04,

The probability of crossing the

given by:
P(sd)
s~5
=1 - X_ pl(r )
rl=0 1
s=5 ( si;l-u }
. _
* r, = pl(rl) ' r,.+0 P2(P2)
17 2
85 s-ry7h 8T
t I Be(r.) ) Polr,) {1~ z
=0 %71 o 289 -0
I‘l r2_0 r
E““" A el ‘v-‘:“ B ™
s-rl-r2fr3
+ A X B z
r3=0

e

step-line at

all, then, P(s,%) is

s-rl-r b A

3
p3(r3) {1~ b pu(ru)}

ru=0



s-rl-rz—r3-2 , sS- rl r2 r3 ru -1

+ A x B. X C z Pu(ru) {1~ z ps(r

This is not too difficult a function for electronic computation.

7B The Probability B'(s,.)

The probability of a sub-store with a given notional stock level and

309

;)

at a given time Tl before procurement arrival running down it stock to re-—

order point before the procurement arrives is a more generalized case of
the probability considered in 7As

If we require P'(s L) for a sub~store at time T=T o? then we requlre the

y* Ts

l’ and

probability of crossing the step-line in intervals t a’ t2. ts, t
(see Fig, 39). This probability is as given in 7A where t, =

thus y = Aita. If P'(8,2) is required for Too > T > T._ then we require

10

the probability of crossing the step-line in intervals T t t

30 Ty Ty

The latter probability is equal to:-
(Probability of the notional stock level meeting or going below the

step~line in interval tb) +

{Probability of a demand in t, such that the stock level cfosses the
3’

- step-line in time interval t,, for all possible values of s=ry > .3,

l.e. of rb‘S s~4)%e 4

(Probability of crossing step-line in intervals t,, ts)
(-]
) T =i-3 pb(rb)
b
5""‘" «©
+ I (r,) L (r,)
rb-O =s—rb~2
s~ s-rb-s @
+ I (r) I 1 opulr,) z (r,)
r =0 r,= 3 r, =s-r ~r -3
b 3 y
i s*rb~3 §=r, -Tr -4 .
+ rF=O pb(rb) . E p3(r3) E pu(r4) . Xr . p5(r5)
b 3" Ty” i N W T

% T}, represents the demand in time interval t.
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As in 7A pk(rk) represent the probability of v demands in time

period t r

k* - b
b b =
e ;—' H ub = litb
bl
-
.— ""l
fiom
e A——

1
I‘l.

Thus pb(rb)

1
]

pl(rl) Aty ete.

s . .
Similar summations for P'(s,%) when Tlo > TO@? T20 are obtainable

in the game way.
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APPENDIX EIGHT

A NOTE ON THE METﬁOD'OF COMPUTATION OF REORDER LEVEL OF SUB-
STORES IN THE CASE WHEN A PROCUREMENT ORDER IS NOT OUTSTANDING

(THE SECOND DYNAMIC PROGRAMMING MODEL OF CHAPTER ELEVEN)
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For any (s,F) couple,

CA(s,F) = cR-*—P%STkO + cSw(s,ﬁ) + Cy (F) is easily computed.
1

We have, also,

cB(s,F) = i;c(s-l,r—l) + 4{;C(S,F—l) + (l—sfg)c(s.r) _ (A)

Thus, if C(s,F) = CA(s,F)

this implies C,(s,F) < Cy(s,F)

i,e. that C(s,F) < i;c(s-i,r-l) ¥ uiic(s,r-l) + (1-5i;)c(s.r)

and the implidation is then that
SAiC(s,F) < Aic(s-l,F-l) + WA C(8,F-1)

E CA(S,F) < .2C(s-1,F-1) + .8C(s,F-1)
_The test theﬂ is:- —
is Cy(s,F) < .2C(s-1, F-1) + .8C(s,F-1) ?
If true, then C(8,F) = CA(B,F)
whence the decision D(s,F) = 1 (replenish now)
If false, then C(s,F) = CB(s,F) (§:3

Using (&), (B) is thus transférmed ...
C(s,F) = A,C(s=1,F-1) + 4 A,C(s,F-1) + (1-5X ;)¢(s,F)

i.e. C(s,F) = ,2C(s-1,F-1) + .8C(s,F-1)
and D(s,F) = 0 (wait)

The first requirement for solution of the dynamic programming model
is the mature of D(0,F). For most cosls and lead time data combinations
(certainly for that of Model III) it is clear that D(0,F) = 1 (replenish

now).



APPENDIX NINE

FURTHER NOTES ON THE 2ND DYNAMIC PROGRAMMING MODEL

(SOME TABULATED VALUES FOR THE SOLUTION OF THE DYNAMIC
PROGRAMMING MODEL FOR THE REORDER LEVEL OF THE COMPLER
WHILST A PROCUREMENT IS NOT ON ORDER (PLUS AN INDICATION

OF THE TESTING PROCEDURE FOR OBTAINING COSTS OF BEST

DECISIONS IN THE MODEL))

313
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8.1 Tabulated Data for Solution of the 2nd d.p. Model for Model III

for the Case (M = 50, z = 0,8)

s
P(s,2)t

csw(s,z)

F

51-57

58-60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75

It will be Been that the ROI~F function is not monotonic.

1

1.0

2

1.0

3

1.0

n

1.0

5.

. 894

1.321 0.285 0,051 0.008 0,0001

A(F)

Various
10
10
10
10
10
11
11
11
11
11
12
12
12
12
12°

12

c, (F)
My

0
0
,0034
.0027
.0022
.0017
.0100
»0083
.0069
.0057
.00u7
.0165
,0139
.0118
.0100

.0268
.0231"

ROL(F)

n

5
5
5
5
5
4
n
‘5
5
5
3
n
N
5
3
4

F

76
77
78
79
80
81
82
83
8L
85
86
87
88
89
90

91

92
93

~A(F)

13
13
13
1L
14
1L
14
15
15
15
15
16
16
16
16
16
17
17

6 7

.675 .u33

¢, (F)

.0199

0171

0147
0341

.02861

.0117
. 0034
0040
.0006
.0003
,0002
.0003
.0002
.0002
.0001
.0001
000X
.0001

© N W WW WO ® D Um M FEW Ko

8 9

«239 .116

ROL*(F)

As with

10

.050

the CM(F) function, this is a result of the step nature of the A(F) func-

tion, What occurs is that when the allocation quantity steps up one as

F is increased, the associated cost of Maldistribution Type 1 increases,

and the dimamic programming model reflects this in lowering the reorder

level of sub-stores (hence tending to prevent a replenishment).

+ See Appendix Seven.
# Reorder Level at Sub-stores as afunction of Free Stock.



9.2 An Example of the Testing Procedure for Obtaining Costs of Best

Decisions at a

Few s~values for an F=value of u46

Test: 1Is CA(s,

For s=1, CA(i,

The test, then, i

?
F) < .,2¢(s-1,F-1) + .8C(s,F-1)

46) cs¢(s,z) + c

R

1,321 + .3 = 1,621

Si-
?

: 53
Is 1.621 < .2(%) + .8(1.521)

Answer: Y

Hence C(},46) =

For s=2, CA(Q,
c(1,u4

The test is:-

Is 0.585

Answer: Y
Hence C(2,46)
D(2,46)

1t

[}

The result is sim
But for s=5%

CA§55“5)
C(4,45)

The test is:-

Is .301
i.e, Is .,301
i.e, Is .301
= Is ,301

Answer: N

Then C(5,46) =

The reorder level for

es
cA(l,us) = 1,621
D(1,46) = 1.
46) = csw(2,2) toep = .585
5) = csw(l,z) tep @ 1.621
? ' 0. 585
< ,2(1.521) + .8(1.821)
es
. 585
1.

ilar for s=3, 4,

i

csw(S,l) + cp

,001 4+ .3 = .301
csw(u,z) + c

R

= ,308 .
?
< ,2(.308) + .8C(5,u45)
?
< ,2(.,308) + .a{w(s,z)q; cp ¥ P(s,2)}
? <ocool.
< ,2(.308) + .8(,001 + .3 x .8939)
? 27
< 2897
O

2762

.2692; D(5,46) = O (Wait)

an F~value of 46 is thus 4,

315
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APPENDIX TEN

CALCULATION OF REORDER QUANTITY OF THE COMPLEX FOR THE

VARIOUS MODELS
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10,1 Summary of Reorder Quantities for the Complex (Procurement Order

Quantities) for the Various Models

These incorporate the computation:

Q = V(2Ap/hP {c, + ¢

Table A

Model No.

II
III

Iv

Vi

VII

AT p
units/yr
50 0.5
125 0.5
50 0.5
50 - 0.5
| 50 6.5
37.5 0.5

R

hP

0.1

O.l

L
days

25
25
50
25

25

x e(No) + e(CRO)}]

Estimates

e(Cp)) (M)

S 10 .4

10
10
20
15
10

5.5

Q

60
85
60
45
75
60

7



318

APPENDIX ELEVEN

LIST OF SYMBOLS
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11.1 Introduction to the List of Symbols

In the text of the thesis, many symbols are defined wherever they occur.

However, a large number have universal application. It is these that

the author has particularly in mind in compling this list, This list,

does, however, include symbols often defined where they occur in the work.

1l.2 List of Symbols

A, A(F"Msz)) A(z)" A(F)M,Z

A

b i = 1,2’3 * e

i
~
B
B
B

C(s,T), CA(S,T), ?B(S.T)

C(s,F), CA(S,F), CB(S,F)

C.(d,B)

D(S|T)

dof

Allocation Quantity

Cran Hold Back Factor (related to HBF
in Appendix One)

Values of Extra Delivery Quentities
Optimal Value of B

Considered Ration Quantity

Average Buffer Stock Maintained in Complex
Costs involved in First Dynamic Pro-
gramming Model

Costs involved in Second Dynamic Pro-
gramming Model

Costs assoclated with a Ration Quantity B
Cost of Maldistribution Type One

Cost of a unit procurement

Cost of a unit replenishment

Cost of Run~out per procurement

Cost of Run~out per Simulation

Cost of shortage per item~day

Cost of unit shortage (Experiment 12)
Total cost of shortages a s function of
d,B

Random variable of Demand in time (To-l)
Decision function in lst .d.p. Method
Degrees of Freedom for "t" significance

test



ad

D(s,F)

€x)

HBF

H.C.

I(x)

k(d,B)

=

[~ -t it

=l

=

I

=4

i

=4

el

P(s,2)

P'(s,2)
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Average difference in "t" significance test
Decision function in 2nd d.p. method.
Expected value of x

Free Stock

The Physical Stock in System at any time
Rate per annum cost of capital

Cran Hold Back Factor

Holding Costs for the length of a simula-
tion run

Integer value of x

Number of extra deliveries if Ration
Quentity is B

Lead time to Sub-stores

Argument in (§,§,T) computation
Procurement Lead Time

Combined Lead Time (= L+2)

Reorder Level for Complex

Number of Sub~stores

Number of observstions for the;"t“ '
significance test

Number of Replenishments per procurement
Number of Procurements per simulation

Number of Replenishments per simulation

‘Value per unit inventory

Probability used in the 2nd d.p. Model
Probability used in the Ration Rule

"Share Mk III"

Procurement Quantity



PTIMAL

ROL, ROL_

s

<]
o]

2

> >
R I

>

A'

v(s,2)

321

Optimal Procurement Quantity
Sub-store Reorder Level

Sub-store Notional Stock Level
Sub-store Reorder Level at T=L

System Stock

Argument for stock level in ¢ (S,L,X)
computation

Time before Procurement Arrival
Decision Boundary T in Experiment 12
Total Cost of Control in a Simulation
Control Parameter for Reorder ievel in
Model VI

Control Parameter in Allocation Rule

Mean Sub-store Demand Réte per unit time
Mean Sub-store Demand Rate per day
Argument for Demand Rate used in

$(S,L,A) computation

Defined as (N--l)}\i

Mean Total Demand Rate in complex per unit
time

Mean Total Demand Rate in complex per éagf
Difference between Free Stock and System
Stock at time of reorder for the complex-
Expected cost of shoftéée for a store

with stoek S with replenishment due time
T fence, with a demand rate X

As y(S,T,X) where

11
W

Experimental Smmothing Factor as used in

Experiment 12
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Value of "Step~End" (see 16.3.3)
Defined as ATLC in Experiment 12
As ¢ function except shortage cost is not

time-dependent.
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APPENDIX TWELVE

GLOSSARY
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Allocation

When a sub-store reaches its reorder point whilst no procurement is
on order, it is "allocated" a certain quantity of stock. This quantity
is called the "Allocation Quantity" and the actual quantity to be shipped
will equal the Allocation Quantity less the Notional Stock of the Sub-
store. The Allocation Quantity is denoted by A, where A = A(F,M,z)

Cogglex

This is the name given to the whole system of stores.

Configuration

This is the complete description of the stock levels for all stores

in the complex,

Coverage Time

This equals the expected time until a sub-store can next be replen-
ished from the next procufement. Thus when a procurement is expected in

time T, the coverage time is (T+2).

Demand

Demands are in unit qudntities and occur on sub-stores -only.

Decision Function

In the First Dynamic Programming Model, Decision Functions are func-
tions of notional sub-store stock 's' and time before procurement arrives
in the complex, *T'. For all the three Dynamic Programming Models,
Decisions Functions may be either O 'or 1, zero corresponding to "do not
replenish" and unity corresponding to "replenish now'".

Free Stock

This is a stock level of the complex especially conceived to repre-

sent a useful stock level. It is denoted by F, and is sometimes termed

the F~value,

Falyr Share

This is equal to the value of F divided by the number of sub-stores,
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Maldistribution

Whenever the stock is distributed over the sub-stores in a non-optimal
fashion and either shortages result or extra inventory holding occurs (as
a consequence of ordering a procurement when the System Stock exceeds M)

then maldistribution is said to have occurred.

"Necessarily Replenish" and "Not Necessarily Replenish" Policies

The above policies are the alternative procedures adopted for sub-
stores when the ordered procurement arrives in the complex at the central

‘store.

Notional Stock

The sum of a store's physical stock and stock on order less any back-

orders.

Order and Reorder

The above synonyms refer to the decision to consider shipment from
the next higher level to the store under consideration. If a sub=-gtore
is at a "reorder point", then an order from the central store is consid-
ered for it.

Procurement

The name given to the order for the complex. It is received -at the

central store.

Ration Rule

The name given to the formula or procedure for establishing the amount
to be "rationed" to a sub-storé when the complex has a procurement on
order, The quantity shipped equals the Ration Quanfity less the notional
stock of the sub-store. '

Replenishment

The name given to-a sub-store delivery.

System Stock

The sum of the central store stock and sub-store notional stocks.
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Trigger

The mechanism deciding when to order a procurement.

Virtual Stock

The stock present at a store less any backorders.



EXHIBIT B:

EXHIBIT C:

EXHIBIT D:

APPENDIX THIRTEEN

EXHIBIT DETAILS

Extract from Simulation of Experiment 10
Control 9 applied to Model IV
Shows unsuitability of "Share Mk V" (see 15.3)

Extract from Simulation of Experiment 10 with
Control 9 (using ''Share Mk VA") ~ see 15.4 to 15.6

Simulation Details for Control 1l applied to
Model VI for a close-to-optimal parameter combinasw

tion (Experiment 12, see 16.4)
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Exhibit B
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Exhibit C




=

1
H -

305
0

)m&%gtx

_F

=
7 9
9. R
F=—=¢
2 9]
===ty

e

el

2O

3 5 o
_ |
g i h _
o {allo]lo Jialla tatlolta o To ls o Yo T oue i)
i |
Wi | . i
, il _ _ i | |
i | H i (113 4
T wi i it i b_._.w__jSh_. .u...u.%ii%i;%ﬂ ) ot
: Wi i : ! :_h i i I [it -
i | I T
{ : t __ it ! , #. ._:___ i A | __: i
i ﬁ T ! “ w : _Mm { u i Wi _ i r _ it r__ x“_: N 4
i (I i | 2 OB OV LIESE S OO S OO
M i i i . T 3
i i i i . (it i
! 1 ik i1 i i Hi
i 18 ! W i i S I B
1 - i i | LN OB O o
i e
i i ! N T
! ._..M: _ i b i
it 1 RS
I hi | i s 4t {
all g i D000 oo
{ " : [H
} _: ; M_, i
i ,:” i

L0==

= % =
}

10

22 l0===0=2 10




I LTI . m

Bl “
_1, _T :_ ;,_W ‘

T

il r :E ;

*:_2 P e

&~
Z
2-____._
2
0
0
=0==
0
0
0
0}
0
0

L
L=

=
9
18‘:‘

I E

7

“0 — -:_7 E

=

i

A

fi

‘7

- g
=9
—"

v
0
0
1
1
}f :
& :
1
0

7
7
:
/
7

==

e

) ““- 0~—:‘:——7

S

= 9=

E

St P

BRI i i
N o A
vyt b . : ]
IR I ; dit N " 1l
e [ T i ! B

1 FR BN i .
e N S N il LT A S HEF R S N R . LI B
QITWAIN NN LNININGD = SHXO D r et A MM N S N 000 O _08h.”.u.8n31 Y D000 CQ SO CACN G YNV LN P CCNLNS 2200




_“_‘—_‘::'}0 e

,w“%;.é __.-

.'lj.'

t

\J

, .
3

+

1=
5
Z

== =10

Al

=5

N

151

$4

0

1 = praey
! T T T

LT -

R ’ .
i ey
R
‘

o




335

Exhibit D
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Program 2:

Program 3:

Program u:

APPENDIX FOURTEEN
PROGRAM DETAILS

The C.S.L. Simulation of Model 1 with Control 1A
(see 6.4.2, 6.8)

The "Simon" Simulation of Model V with Control 10
(see 15,18, 15.20)

The "Simon" Simulation of Model VI with Control 11
(see 16.4, 16.5)

The "Simon" Simulation of Model VII with Cran's
and author's best control policies
(see Chapter 17)
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/77 JOB
7/ FOR
EONE WORD INTFGERS
X10CSI(TYPEWRITER)Y
*10CS(CARD 1132 PRINTERDISK)
REAL LAM(S) sLAMTRA(S)
INTEGER IROL(S)
INTEGER TAILMeSTATE+TIMES+ONORD ¢ SYPRO(2) ¢ CWSTK«DEM(S42) 4GeBeVBsVCe
1CLOCKIMASTI (2009 ¢yMASTLI200) sNOSTR(S) e TRSIS )T
INTEGER STOCK(S)
INTEGER :
1o TEINCTIMVIREFNsMEMN 4 Q
DIMENSTON NUMIS) « KCHET(S) «ND(5)
COMMON NIMsTATILMsMASTY +MAST2 +STATE+NAME ¢« TIMES s CLOCK s MEMBE
COMMON CBO«BeCWSTKDEMF G ISTRE ¢ Js JCoKAUNT«LAMILAMT 4L CoeLSSeMsKASN
1 +NOSTK+ONORDIRA «+SYPROIVA:VRBIVC s Y1 ZKCHEC+CRaTRS ¢ NOPRC ¢ IEXeT
171 READ(2:88) MeISTRE+QeTFINIPRIHBC s CP
88 FORMAT{414¢3F4.2)
CALL. S1MO
CALL GROU (DEMesSet)
CALL GROUIDEL +2S.a)
AREFA=0
CcB0=0
KOUN=0
39 DO A8 K=1+58
46 RA(K)==1/(,01%K)
LC=1258
LSS=25
L=100
CR=¢3
G=0
NOPRC=0
KA ==850
REPTO=0
IROL(1)=3
IROL (7)Y =4
TROL(3) =4
IROL (4 =5
IROL(SY =5
NOTON=0
ONORD = t
VC=12
NDEL =0
CALL ENTI(SYPRO+2)
CALL ENTIIEVENT+ 7)Y
CALL ENTIIFING3)
CLOCK=0
SYPRO(STATE Y =NOTON
CALL SETT(FINI(NAMFEY s TFIN)Y
CALL ADDL (FINI(NAME )} s TIMESY
CALL SETT (EVENT(I(NAMFY «D)
DO 3523 K=1+5
3523 LAMIK) =D 1¥K
LAMT=415
FaMul AMTRL4Q4+e5
CWSTK=F
DO 217 J=1.+S
KCHFEC(J)Y =0
CRA=LAM(J)Y /L AMT

REPTO«TRIS+10) +DELI25:2)3FIN(2) sEVENTI2)



14
466
465

217
888

79

11111

500
RrOO
116

Q0

910
10
374
1000

262

104
1

B=FACRA«HABCXSORT(FX (CRA+CRARCRAY Y445
STOCKIJ) =8B
IF (B«CWSTK) 465+ 4654466
STOCK(J)=CWSTK
CWSTK=0
GO TO 888
CWSTK=CWSTK=~B
CONTINUE
DO 79 J=1.+5
CALL GENX
ND(JY =0
TRStJY=0
NOSTIJI=TRS{JII4LSTOCK (J)
NUMT )y =0
DO 79 K=1+10
TR{J«KY=0
GO TO A001%
CALL SCA (TIMESeMEMBE +CLOCK)
K=REFN (MEMBE )
CALL DELE {(MEMBE +TIMES)
CALL CALGX
AREA=AREA4GH (CLOCK~TIMYV (EVENT(NAME) )
CALL SFETT (EVENTI(NAME) «CLOCK)
GO TO (142430434 K
Ao PHASE
DEMAND ON SUB~STORE
J=MEMN (MEMBE )
STOCK{J)=STOCK ( Sy -1
NOSTKI{JY=NOSTK ( J)=~1
FORMATI3F 76¢3+16)
F=NOSTK (1 IJ4NOSTK(2) +NOSTK{3)4+NOSTK {4 ) +NOSTK IS5 +CWSTK
IF (STOCK(JY) 10410004100
CRO=CB0O+.4 ‘
FORMAT(2F 10,.,6)
CALL GENX
GO TO 4000
DELIVERY AT CENTRAL STORE
CWSTR=CWSTK+0Q
SYPROISTATEY=NOTON
VC=t?2
GO TO 4001
FINISH SIMULATION
CALL CALGX
AREA=AREA4GH*({CLOCK~TIMVY (EVENT(NAME) )
HC=4,00042PR*AREA
TCOST=CP%#NOPRC+ CR¥REPTO+CBO+HC
WRITF(1 262 1NOPRC+REPTO«CBOsHCy TCOST
FORMATI(? NOPRC=0,14¢0 REPTO=14144¢ CBO=t*¢FBesb4e¢* HC
1ST=¢ 4,F1244)
GO TO 171
DELIVERY AT SUBRSTORE
NN=MEMN [ MEMBE )
J=DELINN«STATE)
NUMT I =NUME S+ 1
K=NUM{J)Y
IF (K«10) 91.104,91
NUMC ) =0
STOCKtIY=STOCK ( JI4+TRL JaK)
TRSIMN=2TRSIUI=TRI JoK)

420

=4 9F 10620

TCO



4000
4001
304
305

306
307
a0

210
613
513
713

223
222

653

GO TO 4000
C-~PHASE

TEST FOR SURSTORE ORDER OR SYSTEM ORDER
IF (SYPRO(STATE)I=NOTON) 304+4001 304
CALL SYRY

1F (CWSTK) 11111¢11111+305

DO 777 J=1.:5

1F (CWSTKY 11111.11111.306

IF (VC=12) 307440 ,307

IF INOSTREJI=IROL(J)) 40040777
F=NOSTK{1)+NOSTK(2)+NOSTK (31 +NOSTK (2} +NOSTK (5)+CWSTK
CRA=LAM(J) /L. AMT

B=F*CRA-HRCX*SOQRT(F* {CRA+CRA¥XCRA) Y+ .5
1F (Bl AMIJ)*L.SS) S0+60460
B=LLAM{ I} #1554+ ¢5

B=BR=NOSTK ( J)

IF (B-CWSTK) 8847

B=CWSTK

GO TO 118

IF (B) 777¢777+118

NDIJY=ND(JY+1

1F (JU=5) 71342104713

I1F (HBC) 713+4613,713

IF (VC=12) 71345134713

B=CWSTK

KT=ND(J)

1IF (KT=10y 222.223.272

ND () =0

TRIJWKTHI=R

TRS(U) =TRS{ I} 4B

NOSTKI{J) =NOSTK ( J) 48

REPTO=REPTO+1

FOMATI{I16+F640)

NDEL =NDEL +1

CHWSTK=CWSTK=B

1F (NDEL~28) S55456455

NDEL =1

CALL SETT (DELINDFL«NAME) + (CLOCK4L. SS5Y)
CALL ADDL (DEL (NDEL sNAME )+ TIMES)
DELI(NDEL +STATE )Y =

FORMAT (1215)

CONT INUE

vC=0

GO TO 11111

END

421




/77 DUP

*STORE WS uUa MMMC

77 FOR

*#10CS{CARD+1132 PRINTERDISK+TYPEWRITER)

*ONE WORD INTEGERS

171
a8

39
a6

REAL LAM(IS)+LAMTRA(S)

INTEGER TAILMeSTATE«TIMES +ONORD +SYPRO(2) s CWSTKIDEM(S¢2)4GsBeVBeVC o
1CLOCKsMAST1(200) +MAST2(200) +sNOSTK(S5) s TRS(S) e T

INTEGER STOCKI(S)
INTEGER REPTOTR(S
1o TEINs TIMVAREFN s MEMNGQ

«10) +DELI25+2) sFIN(2) +EVENT(2)

DIMENSTON NUM(5) ¢+KCHEC(5) s NDI(5)

COMMON NIMeTAILM¢MASTYI sMAST2
COMMON CBOBCWSTKDEMsF 1G+ISTRE e J
1 s NOSTKsONORD +RASYPROIVAIVRIVCsYeZ
READ(2+:88) MesISTRE+QeTFINPReZeCP
FORMATIAT1A4¢3F4,2Y

CALL SIMO

CALL GROU (DEMs+sSet)

CALL GROUI(DEL +2544)

AREA=0

CRO=0

KOUN=0

DO 46 K=1+5

RA(KY == /(4,01%K)

LC=12%

. LSS=xp5

3523

201
200

L=100

CR=43

G=0

NOPRC=0

KA ==50

REPTO=0

NOTON=0

ONORD =1

vC=12

NDEL. =0

CALL FNTIISYPRO.2)

CALL FNTI(EVENT+ 7)Y

CALL ENTII{FIN3)

CLOCK=0
SYPRO(STATE ) =NOTOM

CALL SETT(FIN(NAMEY s TEIN)Y
WRITE(I+88Y) Ms ISTREsQeTFINIPReZCP
CALL ADDL (FININAME)«TIMES)H
CALL SETT (EVENT(NAMEY 40
DO 3523 K=145
LAM(K) = 012K

LAMT=z=418

FoaMat AMTRL4$Q465

CWSTK=F

DO 217 J=145

KCHEC(J)Y =0

CALL PNOX
IB2FRLAMIJY /LAMT .5

IF (B=~189 2004200,201
B8=18

STOCK(JY =B

IF (B~CWSTK) 4654465 4466

+STATE « NAME 2 TIMES ¢ CLOCK ¢ MEMBE
s JCoKAUNT o LAMsL AMT oL C oL SSeMKA N
sKCHEC+CReTRS ¢ NOPRC+IEXsT



466 STOCK(J)=CWSTK
CWSTK=0

GO TO 888
465 CWSTK=CWSTK-B
217 CONTINUE
838 DO 79 J=1.5
CALL GENX
ND(JY=0
TRS(JY=0
NOSTKUJY)=TRS{JI4+STOCK ( J)
NUM( ) =0
DO 79 K=1410
TO TR(J«K)=0
GO TO 4001
11141 CALL SCA (TIMES«MEMBFE +CLOCK)
K=REFN (MEMBE 3
CALL DELE (MEMBE +TIMES)
CALL CALGX
00 AREPA-AREFALGRICLOCKT IMY (EVENTINAME Y S
800 CALL SETT ,(EVENT(NAME )+CLOCK)
116 GO TO (1424344) 4K
AePHASE
DEMAND ON SUB~STORE
1 J=MEMN (MEMBE )
69 STOCK(J)=STOCK (J) =1
NOSTK(J)=NOSTK ( 4§ =1
90 FORMAT(3F7¢3¢16)
910 IF (STOCK(J)Y) 104100041000
10 CBO=CBO+44
1000 CALL GENX
GO TO 4000
c " DELIVERY AT CENTRAL STORE
2 CWSTK=CWSTK+Q
SYPRO(STATE ) =NOTON
vC=12
GO TO 4001
c FINISH SIMULATION
3 CALL CALGX
AREA=AREA+GH(CLOCK~-TIMY (EVENTINAMEY })
HC =+ 0004 XPR%* ARE A
TCOST=CP*NOPRC+ CR¥REPTO+CRO+HC
WRITE(1+262)INOPRC +REPTOSCBOsHCe TCOST
262 FORMATI(t NOPRC=1,14¢¢ REPTO=14144¢10 CBO=FEslst
1ST=0,4F12,4)
GO TO 1Tt
c DELIVERY AT SURSTORE
4 NN=MEMN (MEMBE )
J=DEL(NN+STATE)
NUMC JY =NUMEJ Y41
Ke=NUM{J)Y
1F (Kk=10) .91+104,01
104 NUM({ J)=0
91 STOCK(J)=STOCK (J)+TR(JK)
TRSE I =TRSTJI=TR( JoK)
GO TO 4000
c C«PHASE
c TEST FOR SUBSTORFE ORDER OR SYSTEM ORDER
4000 IF (SYPRO(STATE)-NOTON) 304+4001 4304
4001 CALL SYRX

a0

HC

=t 4F10e2s? TCO




304
308

306
111
497
338
48
40

339
38

118

223
222

56

IF (CWSTK) 111114111114305

DO 777 J=1.+5

1F (CWSTKY 11111411111.+306

IF (NOSTK(J)= 5) 1114111777
CALL SSRX

IF (KAUNT=04) T777+338+339
CALL SFRX

CALL PNOX

IF (VC=12) 38.+.48,38
IB=F#_AM(J) /LAMT 445

1F (B+1I8) 38+38449
B=18

GO TO 238

CALL POOX
B=R=NOSTK (.}

IF (B=CWSTK)Y 848,77
B=CWSTK

GO TO 118

1 (8 T777:777.1tn8
ND(JY=ND(J)+1
KT=ND(J)

IF (KT=10) 222273222
NDtJUY=0

TRUJ«KTY=B
TRS(JI=TRSIJ)+R
NOSTKK(JY=NOSTIK{ Uy 4B
REPTO=REPTO+1

NDEL =NDEL+1
CWSTK=CWSTK-B

1IF (NDEL«26) 55356¢55
NDEL =1

CALL SETT (DEL(NDEL +NAME)+ (CLOCK4LSS))
CALL ADDL (DEL(NDEL «NAME}+TIMES)

" DELI(NDEL +STATEY =

175
Ty

FORMAT (1215)
CONTINUE
vC=0

GO TO 11111
END

424



425

/7 DUP -
*STORE ’ WS UA MMMY
/7 FOR
* ONE WORD INTEGERS
SUBROUTINE SFRX
REAL LAMIS) +LAMT
REAL RA(S)
INTEGER KCHEC(5)
INTEGER TAILMsSTATE+TIMES+sONORD «SYPRO(2) sCWSTK «¢DEMISG¢2) s GoaBs VB VC e
1CLOCKIMASTI(200) «MAST2(200) +NOSTK(S) e TRS(S) o T
COMMOM NIMaTAILMeMAST) +MAST2 +STATE «NAME « TIMES+CLOCK+«MEMBE
COMMON CBOB+CWSTIKeDEMeF sG+ ISTRE ¢ Jo JC ¢ IKAUNT ¢ LAMoL AMT ¢ LC o LLSSeMeKA N
1 «eNOSTK s ONORD sRASSYPROsVAIVBsVCeYeZsKCHEC+CR+TRS » NOPRCIEX, T
DO 1 K=145
1 SIK)=NOSTKI(K)I/LAMIK)
RR=CWSTK
2 1=1 -
K=2 :
11 IF (St13=-SiK)) 3,2.8
3 K=K4+1
IF (KeB) 11e¢77
8 I=x
GO TO 3
7 IF (RR} 34,34,21
21 St1Y=501)+1/7L.AM{ 1}
RR=RR~1
GO TO 2
34 F=S(T1)*_AMT
RETURN
END



* ONE

34

80

170

707
434

180

111

7/ DUP
2STORE WS UA SFRX
/7 FOR

WORD INTEGERS

SUBROUT INE SYRX
REAL LAM(S5)¢LAMT
REAL RA(S)

INTEGER KCHEC(5)

426

INTEGER TAWLMsSTATE +TIMES JONORD ¢ SYPRO(2) sCWSTKeDEM(S 42 4 GeBeVB2VC

DIMENSION S(5)

COMMON NIMsTATLM MASTY] +MAST2

1CLOCK«MASTI{200) sMAST2(200) sNOSTRIS) s TRSIS) T

s STATE « NAME ¢ TIMES 4 CLLOCK ¢y MEMBE

COMMON CBOBICWSTICIDEMIF eGe ISTRE ¢ Je JC o KAUNT ¢ LAMSLAMT 3L . Coel SSeMaKAWN

1 +NOSTK e ONCRD ¢+RAsSYPROIVALVBVCaY s Zs

NO 1 K=1+5

S{K)=2NOSTKIKY /LAMIK )
RR=CWSTK

1=1

K=D

IF (S{11«S(K)) 347348

K=K+ 1

IF (K=6) 1147¢7

1=K

GO TO 3

IF (RRY 34,324,271
S{1y=St1)+1/LAMIY)Y

RR=PR-1

GO TO 2

FeS(1Y* AMT

IF (F=M} B0+480+4111

TOT=0

NO 434 K=1.:5
ISDA=S{KIM AM(K )+ 5
INDE=1SDA

1L.0A=L.C

RLAMD =t AM(K)

CALL CALCX{ISDAILDAWRLAMD)Y
Vi=va

1SDA= INDE=~1

CALL CALCXUISDA+IL.DARLAMD)Y
FORMAT(2F23.6)

IF (1SDAY 707+434,434
VA=VA4+4

TOT=( VA~V I X_AM(KK I /L AMT+TOT

1F (TOT=4,7/37.5) 11141804180

KCHEC+CR«TRS NOPRC¢I1EXs T

CALL SETT (SYPRO (NAME) + (LC~LSS+CLOCK)Y)

CALL ADDL (SYPRO (NAME) ¢+ TIMES)

NOPRC=NOPRC+1

SYPRO (STATE) =ONORD
WRITE(1+9) CLOCKNOPRC
FORMATI(216)

RETURN

END
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/7 DUP
*xSTORE WS UA SYRX
/77 FOR
*ONE WORD INTEGERS
SUBROUT INE PNOX
REAL RA(S)Y
REAL LAM(S) o LAMT
INTEGER KCHEC((S)
INTEGER TATLMsSTATESTIMES¢ONORDsSYPRO(2) ¢CWSTKeDEMI(S22) +GeBeVBeVC e
1CLOCK+MASTI(200) «MAST2(200)+sNOSTK(S)I s TRS(S) T
COMMON NIMTAILMsMAST] «MAST2 +STATE+NAME s TIMES « CLOCK s MEMBE
COMMON CBO«BsCWSTIKIDEMIF 4G ISTRE 4 Jes JCoKAUNT s LAMGLAMT ¢LC e LSSeM¢KA N
1 sNOSTK+ONORDsRA«SYPROsVA+VBIVC Y1 ZsKCHECICRITRS NOPRC+1EX T
RL=LAM( I3 /L AMT
SRB=F =M
1F (SRB)Y 7¢8.+8
7 SRB=0
8 HI=SRB*¥RL+LAMIII®LC
Bl +ZRCONTISRAXD_ 2R _4+HT Y45
RETURN
END
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/7 DUP
XSTORE WS UA  PNOX

77 JOB

(=7 OKSAIT 11Y2IX/XOXR(PETPRTIP (XX (PIPM=X{ XTR¥O)T2TIPXt7IPX=T( TPIX=//
7/ FOR -
*ONE WORD INTEGERS
SUBROUT INE GENX
REAL LAM(S)+sRA(S) 4LAMT
INTEGER KCHEC(5)
INTEGER TAILMesSTATE s TIMES +ONORD » SYPRO(2) « CWSTKIDEMIS+2) ¢GasBeVBsVCe
1CLOCKsMAST (2009 ¢ MAST2(200) +NOSTK(S) ¢+ TRSIS) o T
COMMON NIMsTATIL MyMAST] «MAST2 +STATE ¢« NAME ¢ TIMES o CLOCK ¢ MEMBE
COMMON CBO+BeCWSTKsDEMsF 21Ge ISTRE ¢ Js JCoIKAUNT sLAMILAMT ¢LCsLSSeMsKA SN
1 «NOSTK s ONORD ¢ RA +SYPROsVAIVBsVC s Y4 Z 1 KCHECICRsTRSs  NOPRCIEXeT
21 FORMAT(F1246413)
CAM=ALOG (RANDY ({ 1STRE § )
. INT=CAMRRA( ) +.8
6666 INTA=CLOCK+INT
CALL SETT (DEM(JsNAME)« INTA)
CALL ADDL (DEM{JsNAME )+ TIMES)
RETURN
END



azg

/7 bup

*STORE WS UA  GENX
/7 JoB

/7 DUP

*DELETE MMMC
/7 JoB

/77 DUP

*DELETE MMMY
/7 FOR

*ONE WORD INTEGERS

76

o)

-0 b

11
14

13
16

15
18

17
20

19
21
26
27

41
52

42
43

34

SURROUT INE SSRX

REAL RAIS)Y L AMISY L AMT

INTEGER KCHEC(S)

INTEGER TAILMeSTATE ¢ TIMES +ONORD ¢ SYPRO(2) s CWSTKeDEM(5¢2)4GeBeVBIVCo
1CLOCKeMAST 1 L200) 4 MAST2{200) +NOSTKIS)I e TRS(S) T
INTEGER TIMV

COMMON NIMJTAILM MAST! «MAST2 +STATE +NAME ¢« TIMES WCLOCK ¢ MEMBE
COMMON CBOBesCWSTKIDEMIF eGeISTRE ¢ Je JC o KAUNT+LAMILAMT ¢LCaLLSSeMeKA SN
1 s NOSTIK+s OMORD s RASYPRE«VALVRBAVE Y4 ZKCHEC+CReTRS » NOPRCJIEXS T
C=LAMLL )

IF (SYPRO(STATE)«ONORD) 78441441

IF (C=eDO5) Te4646

1R=8

GO TO 21

IF (C=e083) Se444

1R="7

GO TO 21

IF (C=eOT71) 20101

IR=6

GO TO 21

IF (C=e059) 11e12417

1R=5

GO TO 21

IF (Cw«e0D486) 13414414

I1R=4

GO TO 21

IF (C=e035) 15416416

T1R=«3

GO TO 21%

IF (C~e025) 17+18+18

IR=2

GO TO 21

IF (LAM(JU)=e015) 19420420

TR=1

GO TO 21

1R=0D

IF (NOSTKIJY=1IR) 26426427

KAUNT=04

RETURN

KAUNT=0

RETURN

N=NOSTK(J)

T=TIMVISYPRO{(NAMFE § ) «CLLOCK

IF (N)Y A424.42,4,43

IF (T=e7S/C) 26+9%5:95

CALL CAIEX

IF (TeIEX) 27:¢95,4,95

KAUNT=05

FORMAT (212}



RETURN
END

430
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7/ DUP
%*STORE WS UA SSRYX
/7 FOR
#ONE WORD INTEGERS
SUBROUTINE CATEX
REAL RA(S) L AM(S)Y) o LAMT
INTEGER TE(12+11)
INTEGER KCHEC(S)
INTEGER TAILMeSTATEsTIMES ¢+ONORDsSYPRO(2) s CWSTK«DEM(S56¢2) 0GeBeVB ¢V o
{CLOCK«MASTI(200) yMAST2(200) «+NOSTKIS) s TRS(S)sT
COMMON NIMsTAI{L MeMASTI «MAST2 +STATE «NAME s TIMES ¢ CLOCK ¢ MEMBE
COMMON CBOsB+CWSTIKeDEMsF sGeISTRE ¢ Je JCsKAUNT s LAMILAMT 4L CoLSSeMeKAWN
1 +NOSTKsONORD ¢+ RA s SYPRO VA :VRsVCsYeZ+KCHECsCR+TRS NOPRCIEX T
IF (KAY 30.444444444
30 DO 75 K=1412
DO 75 I=1.11
75 IE(KsTY=11111
TEC1+13=160
IE(P+1 =68
1E(2+23=125
1 (3+1)=38
1E(342)=74
TIE(343)=138
IE(Ae1)=26
1E(8.2) =45
TE(4,43)=82
IE(d4e¢a) =137
1E(S+1)=19
TE(5.,2)231
TE(S5+3) =53
TE(S+4)=89
TIE(S5«5)=138
TE(6eY =15
1E(6e2)=22
IE(6e3)237
IE(He43=62
TE(6+45)=07
1E(646)=140
TE(T7¢1)=13
1E(7¢2Y=17
TEC7¢3)Y=27
1Et(T7e4)Y=45
1£(7e¢5)=70
IE(7¢6)=103
TE(Be1)=11
1E(Be2) 214
1E(8+3)=21
1IE(8+s4)=34
1E(B«S)=53
1E(8+6)278
IE(Be«TYI=100
1€(0¢1)=10
1E(Q¢2)¥=17?
1IE(Qe¢3)=17
1E(S¢4)=26
1E(9¢5)=40
IE(9¢6)=60
1E(9+7)=8S
TIE(9+8)=141



45484

TE(1041)=0
IEC10+42)=1)
T1E(10+3) =14
IE(1044)=220
1E¢10¢5) =31
1IE(10+6) =46
IE(10e7)Y=67
1E(1048)=02
KA=100
FLAM=100%LAM( )
TLAM=FL AM
TLAMI=TLAM+1
As=FlL AMa I AM
TEX=ARTE( TLAMNI4+ (1 —~AYXTECILAML oN)
RETURN

END



433

/7 DUpP
2STORE WS UA CAIfFX
/77 FOR
XONE WORD INTEGERS
SUBROUT INE CALCXCISDA« ILDAWRL AMD)
REAL LAM(S)I+sLAMT RA(S)
INTEGER KCHECL(S)
INTEGER TANMSTATESTIMES ¢ONORD ¢ SYPRO (23 s CWSTKIDEM(S 423 ¢GeBeVB eV o
1CLOCKeMASTI(200) ¢MAST2{ 2001 s NOSTKI(S) s TRSIS) T
COMMON NIMTATLM MAST ] sMAST2 1 STATEWNAME ¢ TIMES « CLOCK s MEMBE
"‘COMMON CBOIB+CWSTKIDEMIF +Gs ISTRE s Joe JCo+XKAUNT ¢LAMMLAMT JLCLSSeM4KAWN
1 o NOSTKsONORD sRAISYPRO s VASVBeVC e Y3 ZsKCHECIsCRsTRS » NOPRC+IEX T
A=0
Cc0=0
RMUDA=RLAMD¥*IL DA
TM=EXP («RMUDA)
GO TO S
3 A=A+1
TMe TMRERMUMNA /A
IF (1ISDA)Y B1+¢S:5
81 1SDA=0D
S IF (A~ISDAY 34344
4 Cl=TMR{ALTISDAY %44
CO=CO+C1
IF (Cl=e01) 7973
7 VA=CO
70 FORMATI3F 10:6+16)
RETURN
END



/7 DUP

*STORE WS UA CALCX
/7 FOR

¥ONE WORD INTEGERS

23

100
21

11
32z

17

o1

SUBROUT INE POOX
REAL LAMI{S)+LAMT RA(S)
INTEGER KCHEC(S)

<34

INTEGER TAILMsSTATE+TIMESsONORD«SYPRO(2) ¢+ CWSTKIDEMIS42) 4GeBaVBsVCo

1CLOCKeMAST1(200) «MAST2(200) +NOSTK(S) e TRSIS) s T

DINMENSION S(5)

COMMON NIMeTAILM«MASTL ¢ MAST2

UsLAMIUIR(T=1)
B=NOSTK{J)+1

D=0

PTM=EXP { «U)

JC=0

ve =0

IF (D) 31+31773
CALL CALBX(D?
RR=CWSTK«{(B+VB=NOSTK (J))
DO 23 K=1+5

SKY) =NOSTIK(K Y /L AM(K
S(J)Y=9999

1IF (RRY 01491421

1=1

K=2

1IF (ST{11=S(K)) 32.328
K=K+1

IF (K=S5) 1141717
1=K

GO TO 3

RR2RRw-1 ~
S(13¥=S(19+t/LAMC Y
GO TO 100

vT=0

DO 20 K=1+5

20

183

18

19

I1F (K=J) 72047
ILDA=T+LSS
ISDA=SIKI ¥ _AM(K)
RLAMD =1 AM(K)

CALL CALCX{(ISDA+t1L DA+RLAMDY
VT=VT+VA

CONTINUE

VA=VT

TC=VA+JCHCR

IF (DY {8+18419
SUM=2TCRXPTM

SIGP=PTM

GO TO 2

PTM=UXPTM/D
S1GP=S1GP+PTM
SUM=SUM+TCHPTM

IF (SI1GP=95) 2433 .
D=0+1

GO TO 773

IF (B=NOSTK(JUY=-13 372237
SUMOL =SUM

+STATE « NAME ¢« T IMES ¢« CLOCK ¢ MEMBE
COMMON CBOsBsCWSTKsDEMF ¢Gs ISTRE ¢ Jo JC oK KAUNT ¢ LAMsLAMT ¢ LC ¢ LSS s Mo KA o N
1 +NOSTK+ONORD sRA «SYPRO VAL VRBIVC oY 4 Z+KCHEC+CR s TRS NOPRC+1EXT




80

37
a1
700

I (ReNOSTK(JY-CWSTK)
B=0+1

GO TO 786

IF (SUM=SUMOL.Y 22.,81.:81
A=Ba-1.

RETURN

END

7S+7%5481
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/7 DuUpP
*STORE WS UA  POOYX
/7 FOR
*ONE WORD INTFGERS
SURROUT INE CAL GX
REAL RA(S) LAM(S)Y 4LAMT
INTEGER KCHECTI(S)
INTEGER TAILMsSTATE s TIMES ONORD ¢ SYPROU(2) s CWSTK ¢DEMIS542) ¢GeBaVBaVC e
1CLOCKsMAST1(200)«MAST2(200) +NOSTK(S )2 TRS(S) T
INTEGER SUMS
COMMON NIM,TAIt M MAST] +MAST2 +STATE s NAME 4 TIMES 4 CLOCK ¢ MEMBE
COMMON CBO«B+CWSTK«DEMIF +GrISTRE ¢ Jo JC o IKAUNT 21 LAMSL AMT oL CsL.SSeMeKA N
1 +NOSTKIONORD ¢+ RA s SYPROsVAIVB IVC sV eZsKCHECICR s TRS NOPRC+IEX. T
SUMS=0,
DO 2 K=1+5
KS=NOSTK(K)=-TRS({K)
1F (KS) 24248
8 SUMS=SUMS4+KS
2 CONTINUE
G=SUMS+TRS{1I1+TRS{2)14+TRS{Z)I+TRS(4)+TRS(S) +LWSTK
RETURN
END




/7 bup

*¥STORE WS UA CALGX
/7 FOR

*#ONE WORD INTFGERS

34

33
35
30
3
130
13
s

SUBROUT INE CALRX(N)
REAL RA(S) L AMIEY 4L AMT
INTEGER KCHEC(S)

4=7

INTEGER TAILM+STATE+TIMES +ONORD+SYPRO(2) ¢ CWSTKeDEM(542)4GeBeVBVCo

1CLOCKsMASTII200) sMAST2(200) +NOSTKIS)I s TRS(SY T
DIMENSION IENC12Y

COMMON NIMsTAILMeMASTI sMAST2 +eSTATE+«NAME ¢« TIMES s CLLOCK ¢« MEMBE
COMMON CBOsBsCWSTICeDEMF sGeISTRE ¢ Je JC o KAUNT s LAMGLAMT oL CHL.SSeM KA N
1 s NOSTKeONORD s RA +SYPROIVAIVBeVCeY e ZsKCHEC+CRsTRS, NOPRC+IEXs T

vB=0
JC=0
I1BL=R=NOSTK (J)
TW=NOSTK(.J)
1T=T
DO 33 N=t.12
CALL CATEX
TEN(NYI=TEX
IF (IEX=100) 33433:32
KN}
GO TO 35
CONT INUE
1FL=0
V=2D/FLOAT(T=1)
1IF (1WY 13041304171
IF (VRUIT=e7S/LAM(I) 1-1BL)Y Sed04
IF (VHIITSIEN(IWS )Y ~IBL)Y) S5e4¢4
1IF (IW=IFL) 64146
IBL=1BL+1
IW=tW-~1
GO TO 3
I T=1T=FLOAT(IBL Y /V+e5
JC=JC+1
IBL=C(IFL+1 Y+l IT=1 )X (FLOAT(B~IFL~1))Y/FLOATI{T~1)+¢5~1W
IF (IBLY 27427428
I1BL=1
VB =VA+IRL
ve 1S SUM OF {ITTLF B
IF (ITW=TIFLY) 3¢l
RETURN
END
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/7 DuUp
*STORE WS UA  CALBX
/7 FOR
¥ONFE WORD INTEGFRS
SUBROUTINE ENTI(NM)
INTEGER NIMesTAILMsMASTILI200) «MAST2(200) « STATE « TIMESSCLOCK
DIMENSION N1)
COMMON NIMeTAILMsMAST ] «MAST2 e STATE « NAME « TIMES ¢ CLLOCK + MEMBE
IFINIM.23105141051+1050
100 FORMAT(32H MASTER LIST EXHAUSTED IN ENTITY)
1081 WRITE(3+100)
CALL EXIT
1050 N{1)=TAILM
TAILM=MAST2(TAILMY
JEMAST2TTAILM)
NiM=NIM=p
MASTI(TATLMY =M
MAST2ITATLMY=TANLM
TAtL M=
IM=N(1)
MASTI(IMY=at
WRITE(1+453)INIM
453 FORMAT(¢ NIM=¢,.14)
RETURN
END



/7 Dup

*STORE WS UuA  ENT?Y

/7 FOR

FONE WORD INTEGFRS

1001

SUBROUT INE SIMO

INTEGER NIMsTATIELMIMASTI(200) sMAST2(200) +STATE + TIMES+CLOCK
COMMON NIMeTAILM¢MAST] +MAST2

1=0

FORMAT(14}

DO 1001 J=141990
MAST2(JY=J+1
NIM=198

TAILM=1
WRITE(1e1) 1
STATE=2

NAMF =1
WRITEl(1+1) 1
CALL QUEUE(TIMES)
WRITE(1+1)
RETURN

END

v

1 STATE +NAME ¢« TIMES ¢ CLOCK s MEMBE

2




77 DUP
%S TORE WS UA SIMO
/7 FOR
#ONE WORD INTEGERS
INTEGER FUNCTION MEMN( IE)
INTEGER NtM.TAtLM.MASTttzooa.MAST?tzoO).STATE.TIMES-CLOCK
COMMON NIMsTATLMsMAST1 sMAST2 + STATE s NAME » T IMES « CLOCK ¢ MEMBE
K=MAST2( 1E)
MEMN=MAST2 (K )
RETURN
END



441 .

/7 DUP .

*STORE WS UA MEMN
/7 FOR

*ONE WORD INTEGERS

INTEGER FUNCTION S1ZE(L)
INTEGER NIMSTAILM MASTI(200) s MASTZ2(200) ¢ STATE ¢ TIMES ¢CLOCK

COMMON NIMsTATLMsMAST ¢+MAST2 «STATE +NAME s TIMES ¢ CLOCK « MEMBE
SIZE=MAST1 (L)

RETURN

END
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/7 bup
*STORF wS UA Sti1ZF
7/ FOR
*ONE WORD INTEGERS
SUBROUT INE QUEUE ({_})
INTEGER NIMsTAILMMASTI(200) +MAST2(200)«STATE ¢ TIMESCLOCK
COMMON NIMsTAILMyMAST] +MAST2 ' STATE«NAME « TIMES o CLOCK ¢« MEMBE
IF (NIM)Y10104101041011
100 FORMAT(20H MASTER LIST EXHAUSTED IN SET)
1010 WRITE(34+100)
CALL. FXIT
1011 L.=TAILM
Je=b,
TATLM=MAST2(J)
NIM=NT Mt
MAST1(J)Y=0
RETURN
END
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: |
/7 bup |
*STORE WS UA QurFyr
/7 FOR |
INTEGCER FUNCTION HEAD (L)Y
INTEGER NIM.TAILM.MAST!(EOO)cMASTE(ZOO)oSTATEoT!MESoCLOCK \
COMMON NIMTAILM MAST «MAST2 +STATE « NAME ¢+ TIMES ¢ CLOCK s MEMBE |
1F(MASTIC(LY I3 12
1 WRITE(34+100)
100 FORMATI 18H HEADOF EMPTY L13T)
CALL EXIT
3 WRITE(3+200)
200 FORPMAT{14H HEADOF ENTITY)
CALL EXIT
2 K=MAST2 (L)Y
K=MAST2(K)
HEAD=MAST1 (IKK)
RETURN
END




/7 DUpP
*STORE WS UA HEAD
/7 FOR

*ONE WORD INTEGFERS

INTEGER FUNCTION TIMVIN) .
INTEGER NIMsTAT{L MeMASTI1(200) s MAST2(200)+STATE+ TIMES+CLOCK

COMMON NIMsTAILMsMAST] +MAST2 ' STATE +« NAME ¢« TIMES ¢ CLOCK«MEMBE |
TIMV=—=MASTI (N) -1

RETURN

END




/7 DUP
2STORE ws UA  TImy
/7 FOR
XONE WORD INTEGERS
INTEGER FUNCTION REFN(ITE)

INTEGER NIMeTATILMaMASTL(200) sMAST2(200) ¢+ STATE s TIMES«CLOCK

COMMON NIMsTAILMeMAST] +sMAST2
K=MAST2(1E)

REFN=MAST1(K)

RETURN

END

+STATE «NAME » TIMES ¢« CL OCK ¢ MEMBE




/7 DUP
*STORE WS UA REFN
// FOR
| *ONE WORD INTEGERS
| SUBROUTINE BEHE (L)
‘ INTEGER NIMsTATLMsMASTI(200) +MASTZ2(2003 +STATE+TIMES «CLOCK
| COMMON NIM,TAILM MAST1 +MAST2 sSTATE «NAME « TIMES ¢ CLOCK § MEMBE
\ IF(MAST1(L)11030,1030+1031
100 FORMAT( 18H BEHEAD EMPTY LISTY
1030 WRITF(3.100)
CALL EXIT
1031 K=MASTZ2 (L)
J=MAST2(K})
MAST2(K)=MAST2 ( J)
MAST2(J)Y=TAILM
TAILM=U
NIM=NTM+1
MASTI(LY=MASTL (LYt
RETURN
END




447

/7 Dup

*STORE WS UA BEHE
/7 EFOR '

*ONE WORD INTEGERS

100
1076

1071

101
1072

1073

1074

1075

SUBROUTINE ADDL (M.L)

INTEGER NIMsTATILMMASTI(200) sMAST2(200)+STATE+TIMES4CLOCK
COMMON NIMsTATLM.MAST] +MAST2 +STATE«NAME s TIMES » CLOCK s MEMBE
IF(NIMI10704107041071

FORMAT (334 MASTER LIST EXHAUSTED N ADDLAST)
WRITE(3+100)

CALL EX1IT

J=TAILM

TAILM=MAST2(J}

N1IM=NT M-

MAST1(JY =M

IFIMASTIILYIY1I072.1073¢1074

FORMAT (18 ADDLAST TO ENTITY)

WRITE(3:.101)

CALL EMIT

MAST2(JY=J

MAST2ML Y=J

MASTIC(L ) =1

GO TO 1075

MASTI L Yy =MASTI (L Y+1

K=MAST2(L}

MAST2(J)=MAST2 (K)

MAST2(K)=J

MAST2(LY=J

RETURN

END




/7 bup
*STORE
/7 FOR
*ONE W

40
a2
a4
ae
1080
100

1081

1084
1085

1083
1082

WS UA  ADDL

ORD INTEGFRS
SUBROUTINE DELE(M.1S)

INTEGER NIMsTAILMsMASTEI(200) sMAST2(200) «STATE« TIMES+CLLOCK

COMMON NIMsTAIL MeMAST I «MAST2

J=MAST1 (15}
D0 1080 1=1.J
K=MAST2(1S)
K=MAST2 (K

IF(MAST] (K)=M) 10RO+ 10R14+ 1080

MASTZ2(1S)=K

FORMAT ( 204 MEMAER NOT PRESENT IN DELETE)Y

WRITE(3,100)

CALL EXIT
K=MAST2(1S)
KK=MAST2tK)
MAST2LK Y =MASTD tiKiK )
MAST2(KKY=TAILM

TA L M=KK

NTIM=NIM+9
MASTITIS = 1
IF{1«1)1084.1082,1084
t=J=~1t
1IF(1Y10Aa5.1082+10A%
DO 1083 K=141

KK =MAST2(1S)
MAST2LISYI=MAST2 KK}
RETURN

END

+STATE ¢ NAME » TIMES ¢ C1_OCK « MEMBE
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/7 DUP

*STORE WS UA DELF
/7 FOR

* ONF WORD INTEGFRS

a0

111

SUBROUT INE SYRY

REAL LLAMISY LAMT

REAL RA1S)

INTEGER KCHEC(5)

INTEGER TAILMsSTATEsTIMES +ONORD ¢ SYPROL(2) s CWSTKDEMIS+2) 1 GeBaVBVC e
1CLOCKIMAST 1 {200) ¢ MAST2(200) +NOSTKI(S) s TRS(S) o T

COMMON NIMsTANL M MASTI sMAST2 2 STATE « NAME ¢ TIMES ¢« CLLOCK ¢ MEMBE
COMMON CBOBICWSTIcsDEMeF 9G o ISTRE 9 Je JCsIKAUNT o LAMeL AMT oL C oL SSeMesKKAN
1 s NOSTK s ONORD s RA+SYPRO« VA VB e VC s Y4 Z+KCHEC+CR ¢ TRS ¢ NOPRC 4 TEX s T
F=NOSTK (1 I4NOSTI(2Y4+NOSTK{3I4+NOSTK (4 4+NOSTK (S5 ¥+CWSTK

IF (F-M3} 80.80+111

CALL SFTT (SYPRO (NAME) ¢« (LC~LSS+CLOCKY)

CALL ADDL (SYPRND (NAME)Y «TIMFES)

NOPRC=NOPRC+1

SYPRO (STATE Y =0NODD

WRITEF(1e1) CLOCK«NOPRC

FORMATI(216)

RETURN

END




/7 DUpP

450

*STORE WS UA SsvYry

7/ FOR

*ONE WORD INTEGFRS

456

100
1050

1091

1007

10062

SURROUTINE SCA{IS.IMeILY

INTEGER NIMsTAILM«MASTI(200) sMAST2(200)+STATE s TIMES CL OCK .
CONMMON NIMTATILM MAST] «MAST?2 sSTATE«NAME + TIMES « CLOCK ¢ MEMBE
NIS=MASTI(1S)

IFI(NIS)I 1000+ 109041091

FORMAT(185H SCAN EMPTY SET)Y

WRITE(]+100)

CALL EXIT

I1P«MAST2(1S)

1L ==20909

DO 1092 U=1eN15

M=MAST1(1P)

L=MASTI M)

1IF(L=11..9Y109241092+1063

T =L,

IM=M

1P=MASTZ2{ 1P)

L2el1-1L

RETURN

END




/77 DUP

/7 FOR

45|

*STORE WS UA  SCa
|

*ONE WORD INTEGERS

213

SUBROUTINE SETTINM)

INTEGER MIM«TAILMIMASTE(200) s MAST2(200) +STATE«TIMES+CLOCK
COMMON NIMsTATLMsMAST1 «MAST2 s STATE s NAME 9 TIMES ¢« CLOCK ¢ MEMBE |
MASTI(N)=~M~1
FORMAT(3110)
RETURN

END




7/

1150
100

1154

1152

bup

*STORE ws  UA  SETT
s/ FOR

*ONE WORD INTEGERS

SUBROUTINE GROUCTF e INe1IL)
INTEGER NIMsTATL M MASTI(200) s MAST2(200) +STATE+ TIMESCLOCK
DIMENSION 1E(141)

452

COMMON NIMsTATIMeMASTI +MAST2 «STATE «NAME ¢ TIMES + CLLOCK s MEMBE

IFINIM=2%INI 115041151 61151

WRITE(3.100)
FORMAT(37H MASTER LIST EXHAUSTED tN GROUPENTITY)
CALL EXIT

DO 1152 J=1+1IN
IE(Je1y=TAILM
TANLM=MAST2(TATLMS
K=MAST2(TAILM)
MASTIC(TATILMY =T
MAST2ITAILMY=U
TA1LM=K

KetE(Js 1)
MASTI (K =1
NIM=NTM<D%IN
RETURN

END
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