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 a b s t r a c t

Connections between port-controlled Hamiltonian (PCH) systems and differential games are explored 
in this paper. First, it is shown that a given differential game can be associated with a family of PCH 
systems. Second, the converse is demonstrated namely that a given PCH system can be associated with 
a family of differential games. Third, combining these insights, we present a strategy for assigning cost 
matrices of a differential game, and the free parameters that arise in the context of PCH systems, to 
achieve a specific closed-loop behaviour, characterised by a desired closed-loop energy function. The 
construction of the resulting control laws only requires solving linear matrix inequalities. Finally, the 
latter ‘‘integrated approach" is extended to provide a method to design decentralised control laws for 
a class of networked multi-agent systems.

© 2026 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Port-Hamiltonian systems provide a powerful framework for 
modelling and control of complex physical systems, particularly 
those characterised by energy exchanges taking place between 
interconnected components. Several control design techniques for 
port-Hamiltonian systems have been developed, such as energy 
shaping and power shaping methods,  control by interconnection, 
and interconnection and damping passivity-based control (IDA-PBC) 
(see, e.g. Castaños et al., 2009; Ortega et al., 2008, 2001, 2002; Ro-
dríguez et al., 2001). The aforementioned techniques are aimed at 
designing a system’s control input, such that the closed-loop sys-
tem is a port-Hamiltonian system, referred to as a port-controlled
Hamiltonian (PCH) system, and they have in common that they 
provide meaningful intuition and interpretations in terms of en-
ergy and related concepts. However, these control techniques 
often involve free parameters, and selecting them is often neither 
straightforward nor intuitive (see, e.g. Fujimoto & Sugie, 2001; Or-
tega et al., 2002; Ortega & García-Canseco, 2004; Ortega & Spong, 
2000). Differential games, on the other hand, arise in scenarios 
where multiple decision-makers (referred to as players) influence 
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a dynamical system in a competitive setting. Each player aims 
to optimise their own objective while accounting for the actions 
of other players (see, e.g. Başar & Olsder, 1999). The so-called 
Feedback Nash Equilibrium (F-NE) solution is one of the most 
common solution concepts for dynamic games (see, e.g. Başar & 
Olsder, 1999; Engwerda, 2005). However, obtaining such solu-
tions is generally a challenging task, often requiring one to use 
iterative algorithms or settle for approximate solutions, even in 
the context of linear-quadratic (LQ) problems, (see Cappello & 
Mylvaganam, 2020; Engwerda, 2005; Li & Gajic, 1995; Nortmann 
et al., 2024). Moreover, similarly to what is the case when se-
lecting the cost functional in the context of optimal control, in 
practice, the process of designing these may be based on trial 
and error, making it a non-trivial and potentially costly and time-
consuming process. Nevertheless, control techniques based on 
either PCH systems or differential games have gained interest for 
several applications, including networked systems (see, e.g. Arcak, 
2007; Cappello & Mylvaganam, 2019, 2022; Gu, 2008; Li & Hu, 
2022; Vos, 2015). Yet, the aforementioned challenges associated 
with these techniques – such as systematically assigning free 
parameters, constructing solutions of differential games, and de-
signing individual cost functionals for each subsystem that also 
capture the desired overall behaviour of the networked system – 
remain unsolved.

With the above in mind, the primary contributions of this 
paper are twofold. First, we establish novel connections between 
PCH systems and differential games. These connections can be 
seen as a generalisation to multi-player settings of the results 
presented in Vu and Lefèvre (2018) and Ortega et al. (2002) that 
icle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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are specific to single-player settings. While such connections can 
be drawn for general, nonlinear systems, we focus our attention 
on linear systems, so that assigning the free parameters and/or 
constructing the resulting control laws can be done based solely 
on the solution of linear matrix inequalities (LMIs) that are readily 
solved. Specifically, we start by showing that a given differential 
game can be associated with a family of PCH systems. Subse-
quently, we redirect our focus to the complementary problem, 
demonstrating that a given PCH system can be associated with 
a family of differential games. Finally, bringing together these 
insights, we provide a strategy to assign the cost matrices (in 
the context of differential games) and the free parameters (in 
the context of PCH systems) and thereby design a control law 
that achieves a certain closed-loop behaviour, represented by a 
desired closed-loop energy function. This ‘‘integrated approach’’ 
showcases the collective strengths of both methodologies and 
is a novel contribution that has not been pursued, even in the 
context of single-player optimal control. The approach also leads 
us to the second key contribution of the paper. Namely, we 
specialise the result for application to networked multi-agent 
systems (MAS), where the inter-agent communication is repre-
sented by a static graph. More precisely, leveraging the identified 
connections between PCH systems and differential games, we 
propose a technique to design decentralised control laws for each 
agent via the (offline, centralised) computation of a solution of an 
LMI. The remainder of the paper is organised as follows. Some 
preliminaries are recalled in Section 2. The first contribution 
of the paper is introduced in the following three sections: in 
Section 3 we demonstrate that a differential game can be related 
to a family of PCH systems; in Section 4 we demonstrate the 
converse; in Section 5 we demonstrate that the gained insights 
can be combined to overcome the challenges associated with the 
two control methods in isolation. The second key contribution of 
the paper, namely a method to design decentralised controllers 
for networked MAS by combining insights from PCH systems and 
differential games, is presented in Section 6. Finally, in Section 7 
we demonstrate the efficacy of the latter control design strategy 
in the context of a formation control problem involving a MAS 
made up of a network of mass–spring–damper systems, before 
some concluding remarks are provided in Section 8.

Notation. The set of real numbers is denoted by R. Given a 
matrix A ∈ Rn×n, A > 0 (A ≥ 0) indicates that the matrix 
is positive definite (positive semi-definite). A block matrix M is 
denoted by M = [M jk

], where M jk is the j−th row, ith column 
block of M , whereas M = [M j·

] and M = [M ·j
] denote the 

jth row block and the jth column block of M , respectively. A 
diagonal matrix with diagonal blocks A1, . . . , AN  is denoted by 
blkdiag{A1, . . . , AN}. Let f : Rn

→ R be a differentiable function, 
then ∂ f /∂x = [∂ f /∂x1, . . . , ∂ f /∂xn]⊤ denotes the column vector 
of partial derivatives of f  with respect to x = [x1 , x2 , . . . , xn]⊤ ∈

Rn.

2. Preliminaries and contributions

In what follows we consider systems influenced by N ≥ 0
control inputs, characterised by the dynamics 

ẋ = Ax +

N∑
i=1

Biui , (1)

where x ∈ Rn denotes the state of the system and ui ∈ Rmi

denotes the ith control input, A ∈ Rn×n and Bi ∈ Rn×mi , for all 
i ∈ I, where I = {1, . . . ,N}. Let x0 denote the initial condition of 
system (1), i.e. x(0) = x0. We focus on two different methods for 
designing the control inputs ui, i ∈ I, based on differential game 
theory and on PCH systems (IDA-PBC in particular).
2

2.1. LQ differential games

In the framework of differential games the system (1) is seen 
as a system influenced by N players, via their individual con-
trol inputs, also referred to as strategies. Namely, ui represents 
the strategy of player i. In the following we briefly recall the 
main components of a differential game. The interested reader 
is referred to Başar and Olsder (1999), Starr and Ho (1969) for 
details.

Consider the scenario in which each player i ∈ I is associated 
with a quadratic cost functional 

Ji(x, ui) =
1
2

∫
∞

0
x⊤Qix + u⊤

i Riuidt , (2)

where Ri = R⊤

i > 0, Qi = Q⊤

i , which it seeks to minimise via its 
control input ui, while taking into consideration the strategies of 
all other players. The dynamics (1), along with the cost function-
als (2), for all i ∈ I, form a N-player LQ, non-cooperative, infinite 
horizon, differential game. Considering linear strategies only (as is 
common in the context of LQ differential games, see, e.g. Başar & 
Olsder, 1999; Engwerda, 2005; Starr & Ho, 1969), a F-NE solution 
of the game is given by the set of strategies 
u⋆
i (x) = −R−1

i B⊤

i Pix , (3)

for all i ∈ I, where Pi = P⊤

i  constitute a solution to the set of 
coupled Algebraic Riccati Equations (AREs)
0 = PiA + A⊤Pi + Qi + PiBiR−1

i B⊤

i Pi (4)

−Pi

⎛⎝ N∑
j=1

BjR−1
j B⊤

j Pj

⎞⎠ −

⎛⎝ N∑
j=1

PjBjR−1
j B⊤

j

⎞⎠ Pi ,

for all i ∈ I, such that the stability condition 

σ (A⋆
cl) = σ (A −

N∑
i=1

BiR−1
i B⊤

i Pi) ⊂ C− (5)

holds. Obtaining a solution to the coupled AREs is, as discussed in 
the introduction, challenging, see e.g. Cappello and Mylvaganam 
(2020), Possieri and Sassano (2015). Moreover, the selection of 
the weighting matrices Qi and Ri in (2) may, in practice, require 
costly tuning via a trial-and-error process.

2.2. PCH systems and IDA-PBC

IDA-PBC, instead, is aimed at designing a control law such 
that the resulting closed-loop system is a PCH system. In the 
following, we recall the main ideas behind the approach. The 
interested reader is referred to Ortega et al. (2001), Ortega and 
García-Canseco (2004), van der Schaft and Jeltsema (2014) for 
further details. To streamline the presentation, note that (1) can 
be re-written as 
ẋ = Ax + BIDAuIDA , (6)

where BIDA = [B1, . . . , BN ] ∈ Rn×m, with m =
∑N

i=1 mi, and 
uIDA = [u⊤

1 , . . . , u⊤

N ]
⊤

∈ Rm. Loosely speaking, the aim of IDA-PBC 
is to identify a feedback control law uIDA(x) so that system (6) 
in closed loop with uIDA(x) assumes a desired, closed-loop form 
given by the PCH system 

ẋ = (Jd(x) − Rd(x))
∂Hd

∂x
, (7)

for some Jd(x) = −Jd(x)⊤ and Rd(x) = Rd(x)⊤ ≥ 0 representing the 
desired interconnection structure and dissipation, respectively, 
where the closed loop Hamiltonian function Hd : Rn

→ R
represents the total stored energy and has a minimum at the 
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origin (see, e.g. Ortega & García-Canseco, 2004; van der Schaft & 
Jeltsema, 2014). In the following, because (6) is linear, we restrict 
our analysis to linear control strategies and quadratic closed-loop 
Hamiltonian functions. Namely, we consider control strategies of 
the form 
uIDA(x) = KIDAx , (8)

and quadratic energy functions, i.e. 

Hd(x) =
1
2
x⊤Qdx , (9)

with Qd = Q⊤

d > 0. In this setting, the functions describing the in-
terconnection and dissipation structure are not state-dependent 
and, thus, the system (7) reduces to 
ẋ = (Jd − Rd)Qdx . (10)

We refer to Jd, Rd and Qd as the interconnection, damping and 
closed-loop energy matrices, respectively. For linear PCH systems 
described by (10), the conditions Qd > 0 and Rd ≥ 0 imply 
passivity and, therefore, also stability, see van der Schaft and 
Jeltsema (2014, Chapter 7). The latter can be demonstrated by 
considering 
V (x) = Hd(x) > 0 (11)

as a candidate Lyapunov function and noting that V̇ =

−x⊤QdRdQdx ≤ 0 . Thus, by LaSalle’s invariance principle, the 
trajectories of the closed-loop system converge to the largest 
forward invariant set M contained in 
Ω = {x ∈ Rn̄

| V̇ (x) = 0} , (12)

see e.g. Sastry (2013, Chapter 5). Moreover, if M = {0}, the 
closed-loop system (10) is asymptotically stable. Thus, given a 
solution of the so-called matching equation 
A + BIDAKIDA = (Jd − Rd)Qd , (13)

the origin of system (6) in closed loop with (8) is stable or 
asymptotically stable.

While the matching equation (13) can be readily solved, it 
involves several degrees of freedom i.e. the matrices Jd, Rd, Qd and 
the solution KIDA, which is generally not unique. How to assign 
these design parameters and/or the target system (10) system-
atically is still largely an open issue. In practice, Jd and Rd are 
often treated as free variables – subject only to the requirements 
of skew-symmetry and positive semidefiniteness, respectively – 
while Qd may be either partially or fully specified, depending on 
the problem. (see, e.g. Fujimoto & Sugie, 2001; Ortega et al., 2001, 
2002; Ortega & García-Canseco, 2004; Ortega & Spong, 2000 for 
further details).

2.3. Contributions

We have highlighted some inherent challenges associated 
with designing control laws via differential games or via PCH 
systems (and, IDA-PBC in particular), e.g. in terms of designing the 
cost functionals (2), determining a F-NE solution or in assigning 
the free parameters defining the target system (10). In the fol-
lowing sections we leverage insights garnered from both control 
methods to overcome these challenges.

As detailed in Section 1, the key contributions of the paper are 
twofold. First, we draw certain connections between differential 
games and PCH systems: in Lemma  1, we relate the solution 
of a game to a family of PCH systems, whereas in Proposition 
1 we do the converse. Note that the former can be seen as a 
special case of the results presented in Ortega et al. (2002, Section 
4), and while similar results exist for single-player settings (see 
also Vu & Lefèvre, 2018), they have not yet been established 
3

for settings involving multiple players. While interesting per se, 
these insights further lay the foundations for the development 
of a strategy to design a control law that achieves a certain 
desired closed-loop behaviour, based only on the solution of an 
LMI. We stress that the method does not require tuning of free 
parameters or solutions of any coupled AREs. Moreover, it allows 
for the inclusion of additional constraints, for instance to ‘‘shape’’ 
the distributions of individual players’ efforts strategically (e.g. to 
account for settings in which players have heterogeneous control 
capabilities). This represents a novel contribution, which does not 
have a counterpart even in the single-player setting. Moreover, 
it is particularly well-suited for applications involving networked 
systems, which leads to the second key contribution of the paper: 
a method to design decentralised control laws for networked 
MAS.

Remark 1.  We focus our attention on linear systems, solely 
because the resulting design processes involve LMIs, for which 
several efficient solvers exist. Nevertheless, connections between 
differential games and PCH systems can readily be established 
for general, nonlinear systems following ideas identical to those 
presented herein. However, the resulting design processes will 
involve nonlinear partial differential equations or inequalities 
in place of LMIs, which are significantly more computationally 
demanding to solve.

3. On the relation between a differential game and a family of 
PCH systems

We next demonstrate that under certain conditions, a differen-
tial game can be related to a family of PCH systems. Significantly, 
the solution of a differential game can be used to assign the 
interconnection and damping matrices, i.e. Jd and Rd, of (10) and 
(13) in a systematic fashion (for a family of closed-loop energy 
matrices Qd).

Lemma 1.  Consider the differential game defined by (1), (2), for all 
i ∈ I, and suppose it admits a F-NE solution (3), with Pi satisfying 
(4), for all i ∈ I, and (5). Then (1) in closed loop with (3), for all 
i ∈ I, satisfies the same dynamics as the family of PCH systems with 
closed-loop form given by (7), with 

Jd =
1
2
(A⋆

clX − XA⋆⊤

cl ) , (14)

Rd = −
1
2
(A⋆

clX + XA⋆⊤

cl ) , (15)

Hd =
1
2
x⊤X−1x , (16)

and with X any symmetric matrix satisfying the LMIs {
X > 0
A⋆
clX + XA⋆⊤

cl ≤ 0 .
(17)

Proof.  Let xG denote the state of the closed-loop system (1)–(3) 
and let xPCH denote the state of the PCH system (7) with Jd, Rd
and Hd given by (14), (15), (16) and (17). Substituting (3) into (1) 
yields ẋG = A⋆

clxG . Noting that by (5) a solution X of (17) exists, 
substituting the corresponding (14), (15) and (16) into (7) yields 
ẋPCH = A⋆

clxPCH , which concludes the proof. □

Remark 2.  As noted in Remark  1, results similar to that in 
Lemma  1 can readily be established for nonlinear systems. In 
fact, such results are a direct consequence of Ortega et al. (2002, 
Lemma 1). However, therein the closed-loop energy function Hd
is assumed known a priori in order to construct J  and R  (as 
d d
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reported in Ortega et al. (2002, Section 4)), whereas in Lemma 
1 it is obtained from the LMIs (17). If Hd is, instead not known, 
the result in Ortega et al. (2002, Lemma 1)) would involve solving 
a PDE, which is significantly more difficult than solving the LMIs 
(17) that arise in the LQ setting.

Lemma  1 is related, as detailed in Remark  2, to the observation 
that a system with an asymptotically stable equilibrium point 
can be represented as a PCH system (7) (Ortega et al., 2002, 
Section 4), and it provides a link between a solution of a certain 
differential game, via a solution of the coupled AREs (4) and the 
corresponding A⋆

cl, and a family of PCH systems, parameterised in 
the solution X of the LMI (17). Namely, the statement essentially 
provides a systematic procedure to assign the interconnection 
and damping matrices according to (14) and (15), for a given 
closed-loop energy matrix X−1 via the solution of the differential 
game. Then, to design an overall control input via IDA-PBC the 
matching equation (13) can be solved for these specific desired 
interconnection, damping and closed-loop energy matrices.

Remark 3.  Whereas the above discussion provides some insights 
on how a differential game can be utilised to assign desired 
physical properties of a PCH system (thereby facilitating, e.g.
control via IDA-PBC), it should be noted that the result in Lemma 
1 also allows us to indirectly, via the solution of the coupled AREs 
(4), i ∈ I, relate the parameters defining the cost functionals 
(2), i ∈ I, to physical properties of the closed-loop system. This 
sets the inspiration for the constructive control design framework 
developed in the later sections (Theorem  1 specifically).

4. On the relation between a PCH system and a family of 
differential games

We now demonstrate that under certain conditions, a given 
PCH system (10) (e.g. controlled via IDA-PBC) can be related to a 
family of differential games. To streamline the presentation, let 
Si = BiRi

−1B⊤

i , S−i = [S1, . . . , Si−1, Si+1, . . . , SN ] and let S−i⊥ ∈

Rn×n be a corresponding left annihilator matrix, i.e. such that 
S−i⊥S−i = 0, for all i ∈ I.

Proposition 1.  Consider a PCH system (10), such that σ ((Jd −

Rd)Qd) ⊂ C−. Suppose there exists PPH
i = PPH⊤

i , such that ⎛⎝ N∏
j̸=i

S−j⊥

⎞⎠ SiPPH
i =

⎛⎝ N∏
j̸=i

S−j⊥

⎞⎠ (A − (Jd − Rd)Qd) , (18)

hold, for all i ∈ I. Let Ri = R⊤

i > 0 be given,1 and consider the 
resulting differential game defined by (1), (2), with 
Qi = −PPH

i A − A⊤PPH
i − PPH

i SiPPH
i

+ PPH
i

⎛⎝ N∑
j=1

SjPPH
j

⎞⎠ +

⎛⎝ N∑
j=1

PPH
j Sj

⎞⎠ PPH
i ,

(19)

for all i ∈ I. Then, the feedback strategies 

ûi = −R−1
i B⊤

i P
PH
i x , (20)

for all i ∈ I, constitute a F-NE solution of the differential game, and 
the system (1) in closed loop with (20), for all i ∈ I, satisfies the 
same dynamics as the PCH system (10).

1 Note that this is without loss of generality, since it is the relative weightings 
between Qi and Ri in (2), i ∈ I, that essentially determine the resulting 
closed-loop behaviours.
4

Proof.  To begin with note that Pi = PPH
i , i ∈ I, constitute 

a solution of the coupled AREs (4), with Qi given by (19), for 
all i ∈ I. Moreover, PPH

i , i ∈ I, are such that (Jd − Rd)Qd =

(A −
∑N

i=1 SiP
PH
i ) . Thus, since, by assumption, the origin of the 

PCH system (10) is asymptotically stable, (5) holds and it follows 
that (20), for all i ∈ I, constitute F-NE strategies for the game 
defined by (1), (2), with Qi given by (19), for all i ∈ I. The final 
part of the claim can be shown following steps identical to those 
in the proof of Lemma  1. □

Proposition  1 provides a link between a certain PCH system 
(e.g. controlled using IDA-PBC methods) and a solution, in terms 
of F-NE, of a differential game. It should, however, be noted that 
S−j⊥  is generally not unique and that (18) may admit several solu-
tions PPH

i . Namely, Proposition  1 entails that a given PCH system 
may be related to a family of differential games, characterised by 
solutions of (18), for all i ∈ I. The statement provides a systematic 
procedure to design the cost functionals (2), i ∈ I, of a differential 
game via a given PCH system, with predefined interconnection, 
damping and closed-loop energy matrices.

Remark 4.  The relations (18) and (19) are linear in the variables 
PPH
i  and Qi, i ∈ I, respectively. Thus, the conditions are readily 

satisfied.

Remark 5.  The result in Proposition  1 relates the closed-loop 
dynamics (10) to a differential game and, thus, can be interpreted 
as an instance of inverse differential games (i.e. the multi-player 
equivalent of inverse optimal control).

5. IDA-PBC and differential games: a combined approach

The results presented in Sections 3 and 4 establish connections 
between PCH systems and differential games. These connections 
provide some insights and intuition that can assist in assigning in-
terconnection, damping and closed-loop energy matrices (Lemma 
1), or in assigning the cost functionals of a differential game 
(Proposition  1). However, it should be noted that a solution of the 
game, and thereby of the AREs (4) is the starting point of Lemma 
1, whereas suitable Jd, Rd and Qd (i.e. satisfying the matching 
equations (13)) are required in Proposition  1. These requirements 
represent precisely the main bottlenecks associated with the two 
control methods, as discussed in Section 2. Motivated by this, in 
this section, we combine the insights gained from Lemma  1 and 
Proposition  1 to overcome these bottlenecks, as detailed in the 
following statement.

Theorem 1.  Consider the system (1) and its alternative represen-
tation (6). Let Ri ∈ Rmi×mi  and Qd ∈ Rn×n, such that Ri = Ri

⊤ > 0, 
for all i ∈ I, and Qd = Qd

⊤ > 0 be given. Let Xi be a solution of the 
LMIs ⎧⎪⎪⎨⎪⎪⎩

N∑
i=1

(SiXi + X⊤

i Si) ≥ AQd
−1

+ Qd
−1A⊤ , (21a)

XiQd = QdX⊤

i , (21b)

 for all i ∈ I, and let 
P̂i = XiQd , (22)

be such that Âcl = A −
∑N

i=1 BiR−1
i B⊤

i P̂i satisfies 

σ (Âcl) ⊂ C− . (23)

Then, the feedback control laws 
ûi = −R−1

i B⊤

i P̂ix , (24)

for all i ∈ I, are such that the following statements hold.
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(i) The control law uIDA = [û
⊤

1 , . . . , û⊤

N ]
⊤ is such that system 

(6) in closed loop with uIDA is a passive PCH system with 
closed-loop dynamics given by (10), where 

Jd =
1
2
(S − S⊤) , Rd = −

1
2
(S + S⊤) , (25)

with S = AQd
−1

−
∑N

i=1 SiXi .
(ii) The control laws (24), for all i ∈ I, constitute a F-NE solution 

of the differential game defined by (1)–(2), with Qi given by 
(19), with PPH

i = P̂i.

Proof.  Adopting a notation similar to that used in the proof of 
Lemma  1, let xPCH denote the state of the PCH system (6), and let 
xG denote the state of the closed loop system (1)–(24), i ∈ I. We 
demonstrate first that statement (i) holds. Namely, substituting 
uIDA = [û⊤

1 , . . . , û⊤

N ]
⊤ into (6) yields 

ẋPH = ÂclxPH . (26)

Note that Âcl = SQd = (Jd − Rd)Qd , where the first equality 
follows from (22) and the second inequality follows from (25). 
Noting that (21a) implies that Rd ≥ 0, it follows that (26) is a 
passive PCH system of the form (10), with Jd, Rd and Qd as specified 
in the statement. Consider now statement (ii). Substituting (24) 
into (1) yields ẋG = ÂclxG. Note that (21b) implies that P̂i, i ∈ I, 
is symmetric. Consider Qi given by (19), with PPH

i = P̂i, for all 
i ∈ I, and note that Pi = P̂i, i ∈ I, constitutes a solution of 
the corresponding coupled AREs (4), for all i ∈ I. Noting that 
xG and xPH evolve according to the same dynamics, and by (23), 
the origin of (26) is asymptotically stable, it follows that (24), 
i ∈ I, constitute a F-NE solution of the considered game, which 
concludes the proof. □

Remark 6.  Whereas positive semi-definiteness of Rd and positive 
definiteness of Qd implies that the closed-loop system (10) is 
stable, the condition (23) ensures asymptotic stability, which is 
required of any Nash equilibrium solution (see (5)). Given a solu-
tion of the LMIs the condition can be readily verified, e.g. as done 
in Section 6 in the context of a formation control problem. Alter-
natively, the condition (23) can be omitted by imposing instead a 
more conservative, ‘‘sign-definite version’’ of the condition (21a), 
thereby ensuring that Rd > 0. Since Qd > 0 is assumed, this 
implies QdRdQd > 0, which in turn implies asymptotic stability.

Theorem  1 enables the design of control laws for the system 
(1) through two distinct lenses. Firstly, via PCH considerations, 
it enables a systematic approach to assign damping and inter-
connection matrices given a desired closed-loop energy matrix, 
and to design a feedback control law of the form (8) without 
requiring a solution of the matching equation (13). Secondly, 
via differential game considerations, it enables the systematic 
design of cost functionals (2), thereby avoiding the any need for 
manual tuning, and enables the construction of F-NE strategies, 
without requiring the solution of the coupled AREs (4), for all 
i ∈ I. Moreover, the dual representation allows us to view 
the closed-loop dynamics not only in terms of total energy – 
thanks to the PCH interpretation – but also in terms of individual 
efforts and interactions between multiple players – thanks to the 
differential game interpretation. This is particularly appealing for 
applications that involve systems made up of multiple, interacting 
subsystems, such as networked MAS which are considered in the 
following section.

Remark 7.  Given a solution of the LMIs (21), Vi(x) =
1
2x

⊤P̂ix
represents the value function for player i. Thus, by definition of 
5

value function, the total cost incurred by player i, from any given 
initial condition x0, is 

Ji(x0, ûi) =
1
2
x⊤

0 P̂ix0 =
1
2
x⊤

0 XiQdx0 . (27)

However, for fixed Qd, which represents the closed-loop energy 
via (9), the LMIs (21), i ∈ I, may admit more than one set 
of solutions Xi, i ∈ I. The different solutions of these LMIs 
correspond to different ‘‘distributions of costs’’ amongst the play-
ers. That is, via the different solutions of (21), i ∈ I, Theorem 
1 yields a family of differential games for which (24), i ∈ I, 
constitutes F-NE strategies. The different games correspond to 
different distributions of individual costs for each player, while 
maintaining the same closed-loop energy function (9).

Remark 8.  In light of the observations made in Remark  7, 
additional convex constraints can be added to the LMIs (21), i ∈ I, 
to achieve a certain distribution of costs amongst the players, 
while preserving the desired energy of the closed-loop system. 
This is, for instance, advantageous in settings where players have 
heterogeneous control capabilities. For example, recalling (27), 
one can easily enforce that player i incurs at least a βi-fraction 
of the cost incurred by player j, via the additional LMI constraint 
x⊤

0 (XiQd − βiXjQd)x0 ≥ 0 , (28)

with the parameter βi > 0 determining the relative cost alloca-
tion between the two players. Since Ri is fixed, this mechanism 
can be used to capture settings where certain agents are known to 
have more or less control effort available, effectively distributing 
the control burden according to each player’s capabilities. E.g. in 
the simulations presented in Section 7.2 this mechanism has been 
used to account for ‘‘fast’’ and ‘‘slow’’ agents.

6. Decentralised control of networked multi-agent systems

We now extend the (centralised) results of the previous sec-
tion to settings involving networked MAS, i.e. MAS that are sub-
ject to communication constraints. More precisely, following the 
observations made in Remarks  7 and 8, additional constraints can 
also be added to the LMIs (21), i ∈ I, so that the control law of 
each agent i, i.e. (24), only depends on the information (locally) 
available to it. This results in a framework to design decentralised2 
control laws.

Namely, we consider a system of N agents, each associated 
with a cost functional of the type (2), i ∈ I. The communication 
between the agents is described by the graph G = (V, E), where 
the node set V = {1, . . . ,N} represents the agents, and the edge 
set E = {1, . . . , E} represents the communication flow between 
the agents. That is, if agent i has access to the state of agent j, and 
the dynamics of agent i may be influenced directly by the control 
input of agent j, then (i, j) ∈ E . The incidence matrix B = [bik] ∈

RN×E is commonly used to represent the connections between 
nodes and edges. More precisely, we use the convention that if 
(i, j) ∈ E , the edge connecting nodes i and j, which represents the 
information flow, has a head at node i and a tail at node j (see 
e.g. Mesbahi, 2010). The matrix elements bik are then given by 

bik =

⎧⎨⎩
+1 if node i is the head of edge k ,

−1 if node j is the tail of edge k ,

0 otherwise ,

(29)

2 More precisely, we propose a method to design control laws that, based 
on a centralised (offline) computation, allows the construction of control laws 
that are decentralised in the sense that they only depend on locally available 
information.
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for i = 1, . . . ,N and k = 1, . . . , E. In the following, let Ni = {j :

(i, j) ∈ E} ∪ {i}. Each agent is described by 

ẋi = Ai +
∑
j∈Ni

Bjiuj , (30)

where xi ∈ Rni  is the state of agent i and uj ∈ Rmj  is the control 
law of agent j, for j ∈ Ni, for all i ∈ I. Similarly to what has been 
done in Cappello and Mylvaganam (2022), let the local state of 
each agent i be defined as 
x̂i = Nix = [x⊤

j1, . . . , x
⊤

j|Ni|
]
⊤ , (31)

where x̂i ∈ Rn̂i , Ni ∈ Rn̂i×n, n̂i =
∑

j∈Ni
nj and j1, . . . , j|Ni| ∈ E , 

where j1 = i. Moreover, given a matrix Xi ∈ Rn×n, consider the 
matrix partition Xi = [X jk

i ], where X jk
i ∈ Rnj×nk , for j = 1, . . . ,N

and k = 1, . . . ,N . In the remainder of this section we consider 
decentralised control laws, defined as follows.

Definition 1.  Consider the MAS (30), for all i ∈ I, and the 
communication graph G. A set of feedback control strategies 
{u1, . . . , uN} is said to be decentralised if each strategy ui relies 
solely on the local information available to agent i, i.e. ui(x) :=

µi(x̂i), where µi : Rn̂i → Rn
i , for all i ∈ I.

The result presented in Theorem  1 can be extended to the 
setting of decentralised control, as detailed in the following state-
ment.

Theorem 2.  Consider the MAS described by the dynamics (30), for 
all i ∈ I. Let Ri ∈ Rmi×mi  and let Qd = blkdiag(Q 11

d , . . . ,Q NN
d ) ∈

Rn×n, such that Ri = R⊤

i > 0 and Qd = Q⊤

d > 0, be given. Let Xi be 
a solution of the LMIs (21), with the additional constraints {
XiQd ≥ 0 , (32a)

Xkk
i = 0 , for all k /∈ Ni , (32b)

 for all i ∈ I, and let P̂i given by (22) be such that Âcl = A −∑N
i=1 R

−1
i B⊤

i P̂i satisfies (23). Then, the feedback control laws (24), 
are decentralised, namely 
ûi = −R−1

i B⊤

i P̂ix̂i , (33)

for all i ∈ I, and they are such that (i) and (ii) of Theorem  1 hold.

Proof. The proof lies in demonstrating that the control laws (24), 
are equivalent to the control laws (33), for all i ∈ I, when Xi is 
the solution of the LMIs (21), (32). First, note that the left-hand 
side of (32a) can be re-written as 

XiQd =

⎡⎢⎣X11
i Q 11

d · · · X1N
i Q NN

d
...

. . .
...

XN1
i Q 11

d · · · XNN
i Q NN

d

⎤⎥⎦ . (34)

Furthermore, by (32b), Xkk
i = 0 for k /∈ Ni. Thus, noting that Xkk

i , 
k /∈ Ni, is placed on the diagonal of (34), for the matrix (34) to be 
positive semi-definite (and thus satisfy (32a)), the corresponding 
row and column blocks, Xk·

i  and X ·k
i , for all k /∈ Ni, must be zero 

(see e.g. Dattorro, 2010; Horn & Johnson, 2012). Recalling that P̂i is 
given by (22), it follows that P̂ixi = P̂ix̂i, and that (24) is equivalent 
to the control law (33), for all i ∈ I. The remainder of the proof 
follows directly from Theorem  1. □

7. Formation control of networked mechanical systems

In this section we illustrate the efficacy of the results pre-
sented in Section 6 on a problem involving the formation con-
trol of a networked MAS. In the literature such problems have 
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been studied using a variety of approaches, including differential 
games (see e.g. Cappello & Mylvaganam, 2019, 2022; Gu, 2008; Li 
& Hu, 2022) and PCH systems theory (see e.g. Arcak, 2007; Vos, 
2015). This section consists of two parts, the first dedicated to the 
control design procedure and the second dedicated to numerical 
simulations.

7.1. Background and control design

We consider a class of MAS that arises in various domains in-
cluding, for instance, robotics and spacecraft control (see e.g. Bullo 
et al., 2009; Cortes et al., 2004; Mei et al., 2006). Namely, we 
consider a network of fully actuated mechanical systems, with a 
communication graph satisfying the following assumption.

Assumption 1.  The communication graph G is a tree graph (see 
e.g. Mesbahi, 2010, Chapter 2), i.e. it is connected, acyclic and 
undirected, namely (i, j) ∈ E if and only if (j, i) ∈ E .

The considered tree graph can be associated with an incidence 
matrix B with bik defined as in (29), by arbitrarily designating 
one end as the head, which receives a positive sign, and the other 
end as the tail, which receives a negative sign. This approach is 
commonly used in graph theory (see e.g. Jafarian et al., 2015; 
Mesbahi, 2010; Vos et al., 2014). A consequence of Assumption 
1 (see, e.g. Dharwadker & Pirzada, 2011, Theorem 10.5) is that 
the incidence matrix satisfies ker(B) = 0. Then, each agent is 
described by the dynamics [
q̇i
ṗi

]
=

[
0n×n M−1

i
0n×n −Da

i M
−1
i

][
qi
pi

]
+

[
0n×n
In

]
ui , (35)

where Mi = miIn ∈ Rn×n corresponds to the inertia matrix and 
Da
i ∈ Rn×n, Da

i = Da
i
⊤

≥ 0 represents the linear viscous Coulomb 
force acting on the system, and where ui ∈ Rn is the control input 
associated with each agent i, i ∈ I. The overall system of N agents 
is then described by the dynamics [
q̇
ṗ

]
=

[
0Nn×Nn M−1

0Nn×Nn −DaM−1

][
q
p

]
+

N∑
i=1

B̄iui , (36)

where M = blkd(M1, . . . ,MN ), Da
= blkd(Da

i , . . . ,D
a
N ) and

B̄1 = [0Nn×n, In, . . . , 0n]
⊤ , . . . , B̄N = [0Nn×n, 0n . . . , In]⊤.

The system (36) constitutes a mass–spring–damper system (see, 
e.g. van der Schaft & Jeltsema, 2014, Chapter 12 and Vos, 2015). 
In what follows we consider the problem of obtaining and main-
taining a certain configuration of the agents, as detailed below.

Problem 1.  Consider the MAS (35), i ∈ I. Let zk ∈ Rn denote the 
relative position between agents i and j, such that 

zk =

{
qi − qj , if node i is the positive end of edge k ,

qj − qi , if node j is the positive end of edge k ,
(37)

and let z⋆
k ∈ Rn denote the desired relative position, for (i, j) ∈ E , 

k = 1, . . . , E. Determine decentralised control laws ui, for all 
i ∈ I, which are such that the agents reach the desired formation, 
i.e. such that limt→∞ zk(t) → z⋆

k , for all (i, j) ∈ E , k = 1, . . . , E, 
and limt→∞ pi(t) → 0 , for all i ∈ I.

By Assumption  1, and from the corresponding definition of the 
incidence matrix B, the relative displacement between the agents 
z = [z⊤

1 , . . . , z⊤

E ]
⊤

∈ REn is given by z = (B⊤
⊗ In)q. Considering 

then the error coordinates x1 = (z − z⋆)⊤ ∈ REn, x2 = p⊤
∈ RNn, 

where z⋆
= [z⋆

1
⊤, . . . , z⋆

E
⊤
]
⊤, (36) can be re-written as [

ẋ1
ẋ2

]
=

[
0En×En (B⊤

⊗ In)M−1

0Nn×En −DaM−1

][
x1
x2

]
+

N∑
B̃iui , (38)
i=1
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where

B̃1 = [0En×n, In, . . . , 0n]
⊤ , . . . , B̃N = [0En×n, 0n . . . , In]⊤.

The relative position between the agents zk, and the desired 
relative position z⋆

k , for k = 1, . . . , E, can be analogised to 
the elongation of a spring and its natural (unstretched) length, 
respectively (see e.g. Jafarian et al., 2015; Vos, 2015; Vos et al., 
2014). Based on physical principles, we consider a desired closed-
loop energy function of the form Hd =

1
2x

⊤

2 M
−1x2 +

1
2x

⊤

1 Kcx1, 
where Kc = blkdiag{Kc1 , . . . , KcE }, with Kci > 0, for i = 1, . . . , E, 
represents the desired stiffness matrix of the springs. In this 
formulation, the first term in Hd corresponds to the kinetic en-
ergy associated with the agents’ motion, while the second term 
represents the potential energy stored in the springs. Recalling 
(9), it follows that 

Qd = blkd{Kc,M−1
} . (39)

The result in Theorem  2 can then be utilised to design decen-
tralised control laws that solve Problem  1, as detailed in the 
following statement.

Corollary 1.  Consider the MAS (35), i ∈ I. Let Ri = In, for all i ∈ I, 
and let Qd be given by (39). Moreover, let Xi ∈ R(En+Nn)×(En+Nn) be a 
solution of (21), (32), for all i ∈ I. Then, the feedback control laws 
given by (33), with P̂i given by (22), for all i ∈ I, solve Problem  1.

Proof.  Under the condition that σ (Âcl) ⊂ C−, the result follows 
directly from Theorem  2. Thus, the proof lies in demonstrating 
that the condition indeed holds. To streamline the presentation, 
recall that by Theorem  2 (and Theorem  1), the overall system rep-
resented in error coordinates, i.e. (38) with uIDA = [û⊤

1 , . . . , û⊤

N ]
⊤

and ûi given by (24) can be written as (10), with Jd and Rd given 
by (25), where 

A =

[
0En×En (B⊤

⊗ In)M−1

0Nn×En −DaM−1

]
, Si = B̃iB̃⊤

i , (40)

for all i ∈ I. Then, with a slight abuse of notation, consider the 
partition of Xi given by 

Xi =

[
X̄11
i X̄12

i

X̄21
i X̄22

i

]
, (41)

where X̄11
i ∈ REn×En, X̄12

i ∈ REn×Nn, X̄21
i ∈ RNn×En and X̄22

i ∈

RNn×Nn. The product term SiXi can then be rewritten as 

SiXi =

[
0En×En 0En×Nn

ΩiX̄21
i ΩiX̄22

i

]
, (42)

where Ω1 = blkdiag{IN , 0N , . . . , 0N}, . . . , ΩN = blkdiag{0N , . . . ,

0N , IN} . Substituting (39), (40) and (42) into (25) yields

Rd = −
1
2

([
0En×En B⊤

⊗ In
B ⊗ In −2Da

]
(43)

−

[
0En×En

∑N
i=1 X̄

21⊤

i Ωi∑N
i=1 ΩiX̄21

i
∑N

i=1 ΩiX̄22
i + X̄22⊤

i Ωi

])
≥ 0 ,

where the inequality follows from positive semi-definiteness of 
Rd (implied by the condition (21a) as established in the proof 
of Theorem  1). Noting that the first block entry of (43) is the 
zero matrix, it follows from positive semi-definiteness of Rd (see, 
e.g. Horn & Johnson, 2012, Observation 7.1.10) that 

B⊤
⊗ In =

N∑
X̄21⊤

i Ωi . (44)

i=1

7

The desired interconnection and damping matrices, Jd and Rd
given by (25), can then be written as 

Jd =

[
0En×En B⊤

⊗ In
−(B ⊗ In) 1

2

∑N
i=1

(
−ΩiX̄22

i + X̄22⊤

i Ωi

)]
, (45)

and 

Rd =

[
0En×En 0En×Nn

0En×En Da
+

1
2

∑N
i=1

(
ΩiX̄22

i + X̄22⊤

i Ωi

)]
. (46)

Consider now the Lyapunov function (11) with Hd(x) given by 
(9) and Qd given by (39). It follows from (39) and (46) that the 
set Ω in (12) is given by Ω = {(x⊤

1 , 0)⊤ | x1 ∈ REn
}. Substituting 

x2 = 0 and ̇x2 = 0, (39), (45) and (46) into (10) then yields that on 
the forward invariant set M, −(B ⊗ In)Kcx1 = 0 . Recalling that 
(by Assumption  1) ker(B) = 0, and that ker(Kc) = 0, it follows 
that M = {0}, and thus that σ (Âcl) ⊂ C−. □

7.2. Simulations

We now provide some simulations to demonstrate the efficacy 
of the result in Corollary  1. To this end, consider a network of 
N = 5 agents whose dynamics are given by (35), with n = 2. 
Each agent i, for i = 1, . . . , 5, is such that mi = 0.150 kg and 
Da
i = 2I2 kg/s. The agents are interconnected via a tree graph 

with E = 4 and

B =

⎡⎢⎢⎢⎣
−1 0 0 0
1 −1 0 0
0 1 −1 0
0 0 1 −1
0 0 0 1

⎤⎥⎥⎥⎦ .

The desired relative displacement between the agents is set to 
be z⋆

k = 0.165I2 m, for k = 1, . . . , 4, whereas the desired stiff-
ness matrix is chosen to be Kc = blkdiag{20In, 20In, 20In, 20In}. 
Recall that the corresponding Qd is given by (39). Considering 
the error coordinates (38), two sets of simulations – one cor-
responding to the control design presented in Corollary  1, with 
additional constraints as suggested in Remark  8 (referred to 
as Case I), and one corresponding to a direct solution of the 
matching equation (13) for the given Qd (referred to as Case 
II) – are presented. For all simulations we consider z(0) =

[z⋆
k cos(

π
4 ), z

⋆
k sin(

π
4 ), z

⋆
k cos(−

π
4 ), z

⋆
k sin(−

π
4 ), z

⋆
k cos(

π
6 ), z

⋆
k sin ( π

6 ),
z⋆
k cos(−

π
6 ), z

⋆
k sin−( π

6 )]
⊤ and z⋆

= [z⋆
k , 0, z

⋆
k , 0, z

⋆
k , 0, z

⋆
k , 0]

⊤. We 
suppose that the agents are initially at rest, i.e. p(0) = 0. This 
corresponds to the initial conditions x1(0) = z(0)−z⋆ and x2(0) =

0 in the error coordinates. Considering Case I, let Xi, i = 1, . . . , 5, 
denote a solution of the LMIs (21), with the additional constraints 
(as in Remark  8) x⊤

0 (X1Qd−5XjQd)x0 > 0, x⊤

0 (X2Qd−5XjQd)x0 > 0, 
for j = 3, 4, 5. These constraints are included to reflect a setting in 
which the agents have different ‘‘control authorities’’, resulting in 
a set of ‘‘fast’’ (agents 1 and 2) and ‘‘slow’’ (agents 3, 4, 5) agents. 
The control laws corresponding to Case I are then given by (33), 
with P̂i given by (22). Considering instead Case II, we note that 
for the same choice of Qd as in Case I, a possible selection of 
interconnection and damping matrices is given by

Jd =

[
0En×En B⊤

⊗ In
−(B ⊗ In) 0Nn×Nn

]
, Rd =

[
0En×En 0En×Nn

0En×En Da
+ Dd

]
,

with Dd any symmetric matrix such that Da
+ Dd

≥ 0, and a 
corresponding control law can be computed by solving (13) for 
KIDA to obtain the control law (8). In the following we take Dd to 
be a randomly generated matrix with entries in [0, 1] and such 
that Dd

= Dd⊤
> 0. Note that, since not every selection of 

J  and R  results in a decentralised control law, the (randomly 
d d
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Fig. 1. Time histories of the error coordinates x1 and x2 corresponding to
Case I.

Table 1
Control efforts corresponding to Case I and Case II.
 ū1 ū2 ū3 ū4 ū5  
 Case I 0.11 0.32 0.015 0.018 0.019 
 Case II 0.16 0.60 0.44 0.08 0.25  

generated) Dd will not generally result in a decentralised control 
law and, in fact, in the simulations presented herein, they do not. 
The simulations have been run for T = 2 seconds. The time 
histories of the error coordinates x1 and x2 of system (38) in 
closed loop with the controllers corresponding to Case I and Case 
II are shown in Figs.  1 and 2, respectively. The error coordinates 
that are related to the ‘‘fast’’ agents 1 and 2, i.e. the first (2D) 
components of x1 and the first two (2D) components of x2 are 
depicted by red lines, whereas the remaining components of the 
state, which relate to the ‘‘slow’’ agents, are depicted by blue 
lines. It can be clearly appreciated that in Case I the fast agents 
converge quickly with respect to the slow agents. In Case II, the 
same is not observed. Focusing on Case I, the costs (given by (2) 
with Qi given by (19), i = 1, . . . , 5) at the end of the simulation 
are J1 = 1.77, J2 = 1.20, J3 = 0.18, J4 = 0.15 and J5 = 0.1, i.e. the 
desired distribution of individual costs is achieved, as dictated by 
the additional LMI constraints (see Remark  8). Consider next the 
total control effort of each agent by the end of the simulation, 
namely ūi =

∫ T
0 u⊤

i uidt , where i ∈ I. The values of ūi for each 
agent i are reported in Table  1. In Case I, as expected, the control 
efforts incurred by players 1 and 2 are higher than those incurred 
by the remaining agents, whereas the same is not observed for 
Case II.

The presented example highlights the benefits of the combined 
perspective presented in Theorem  1 and utilised in the MAS set-
ting in Theorem  2 and Corollary  1. Namely, based solely on the 
solution of LMIs, one can construct decentralised control laws 
effectively coordinate a team of MAS, accounting for different 
capabilities amongst the agents. Notably, this is achieved without 
requiring the direct computation of a solution of the coupled 
AREs (4), i ∈ N , associated with the differential game, and also 
without requiring any tuning of the interconnection and damping 
matrices associated with IDA-PBC.

8. Conclusion

We have explored connections between PCH systems and 
differential games. Namely, we have demonstrated that a given 
8

Fig. 2. Time histories of the error coordinates x1 and x2 corresponding to
Case II.

differential game can be related to a family of PCH systems and, 
conversely, that a given PCH system can be related to a family of 
differential games. Building on these insights, we have provided a 
strategy to assign the cost matrices (within the framework of dif-
ferential games) and the interconnection and damping matrices 
(in the context of PCH systems) to achieve a desired closed-loop 
behaviour, represented by a specific closed-loop energy function. 
The corresponding control laws are obtained via the solution of 
a system of LMIs. Finally, we demonstrate that this ‘‘integrated 
approach’’ is amenable to decentralised control of networked 
MAS. The efficacy of the latter result is demonstrated on a for-
mation control problem involving a MAS composed of a network 
of mass–spring–damper systems.
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