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Abstract— This paper focuses on the problem of observability
and observer design for linear stochastic systems. To introduce
our idea, we first construct an idealistic observer. This idealistic
observer is not causal as it requires perfect knowledge of the
Brownian motion. However, after introducing an a posteriori
method to reconstruct the variations of the Brownian motion
in discrete time, we propose a realistic hybrid observer which
approximates the idealistic observer. The performance of this
hybrid observer can be made arbitrarily close to that of the
idealistic observer. Numerical simulations illustrate the results
of the paper.

[. INTRODUCTION

The problem of observability and observer design of
dynamical systems has been widely studied. It consists in
constructing an estimation of the state of the system that
converges to the true value of the state. When the dynami-
cal system is described by stochastic differential equations,
the problem becomes remarkably more difficult due to the
presence of unknown Brownian motion in the dynamics of
the system.

Several estimation techniques for stochastic systems have
been proposed in the literature. An early approach based
on a Lyapunov-like method to solve the stochastic estima-
tion problem was proposed by Tarn and Rasis [1]. Later
on, several approaches have been developed for related or
generalised classes of stochastic systems, such as discrete-
time nonlinear stochastic systems [2], stochastic time-delay
systems [3] and networked control systems [4]. In addition
to these extensions, several classes of observers have been
proposed for stochastic estimation. For instance, in [4]-[8],
the observer design problem is changed into an optimization
problem where the observer gains are selected by solving
linear matrix inequalities (LMI). Other stochastic observers
include Luenberger observers [9], reduced-order observers
[10] and hybrid observers [11].

In this paper, we focus on the problem of observer design
for linear stochastic systems, with the objective of obtaining
improved state estimation with respect to the state of the art.
We begin by recalling the difficulties of stochastic observ-
ability and recalling that perfect state estimation is possible
only by using an “idealistic”, but non-causal, stochastic
observer which has complete access to the Brownian motion.
Of course, this last assumption (knowledge of the Brownian
motion) is unrealistic. Thus, our objective is to find an
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alternative causal approach that approximates the behaviour
of the idealistic observer. We note that although the Brownian
motion is not measurable, it is possible to approximate
the variations of the Brownian motion in discrete time.
To this end, we introduce an a posteriori approach that
reconstructs the variations of the Brownian motion discretely.
By combining this reconstruction with the idealistic observer,
a hybrid observer is constructed. The performance of this
hybrid observer depends on a sampling period. This sampling
period is related to how frequently the variations of the
Brownian motion are approximated and, for an idealistic zero
sampling period, the behaviour of the idealistic observer is
recovered. Although the zero sampling period is not achiev-
able in practical use, by definition of asymptotic stability
in probability, the probability of a large estimation error is
guaranteed to be small by using a small enough sampling
period.

The remainder of the paper is organized as follows. In
Section II we first recall the difficulties of stochastic observ-
ability and we then formulate the problem. In Section III
we construct the hybrid observer and solve our problem.
Section IV contains numerical simulations that illustrate the
results of the paper. Section V contains some concluding
remarks.

Notation: The symbols R and C denote the fields of real
and complex numbers while the symbol Z denotes the set
of integer numbers. The identity matrix is denoted by I. AT
is the transpose of the matrix A while Af represents the
Moore-Penrose left pseudo-inverse of A. 0,,x, represents
the m X n zero matrix. ||-|| denotes the simple absolute value
norm. (€2, F,P) is a probability space given by the set (2,
the o-algebra F defined on 2 and the probability measure P
on the measurable space (£, F). A stochastic process with
state space R™ is a family {x, t € R} of R™-valued random
variables, i.e. for every fixed ¢t € R, x4(-) is an R™-valued
random variable and, for every fixed w € Q, z.(w) is an
R™-valued function of time [12, Section 1.8]. For ease of
notation, we often indicate a stochastic process {z, t € R}
simply with x; (this is common in the literature, see e.g.
[12]). With a slight abuse of notation, any subscript different
from the symbol “¢” indicates the corresponding component
of the vector x4, e.g. x; is the ¢-th component of the vector x;.
z(t; xo,to) denotes the solution of a stochastic system with
zero input and initial value x( at to. The solutions of the
systems are intended in It0 sense (see, e.g., [13, Definition
3.1.4]).



II. PRELIMINARIES

In this section we provide a formulation of the problem
that we aim to solve. We first start with the motivation of
this paper and explain the potential of a hybrid approach for
stochastic observability. To this end, we recall the difficulties
involved with stochastic observability which are discussed,
for instance, in [14]. Consider a stochastic linear system with
two outputs

dzy = (Azy + Buy)dt + FadWy,

ey
y? = Cal't,

y? = Cbxh
where z; € R" is the state, u; € R is the control input, yi €
R and y? € R are the system outputs, W, is the Brownian
motion, A € R"*" B ¢ R»*1 F ¢ R"*", (C, € R1*" and
Cp € RY*™, Assume that our objective is to find an observer
such that the estimation error of the state converges to zero
asymptotically. A first attempt for achieving this is to use a
traditional deterministic observer, namely

diP = (AP 4 Bu; + L(y? — C,aP))dt, )

where & is the estimation of x; and L is the observer gain.
Interconnecting the deterministic observer (2) with system
(1), we obtain the error dynamics

deP = (A — LC,)ePdt + Frdw,, 3)

where eP = x,—32P is the estimation error. Although (3) has

a stable equilibrium point with a suitable L, the stochastic
term Fx:dV, may keep exciting the error dynamics. In
particular, e” will not converge to zero unless the state x;
converges to zero. In this paper, we focus on the general case
of non-zero system state z;. Therefore, the deterministic ob-
server (3) cannot achieve our estimation objective. To over-
come this problem the literature has focused on achieving
mean-square stability of the error dynamics by Lyapunov-
like methods [1], [5]. In particular, [5] indicates that although
perfect observation cannot be achieved by a deterministic
observer, the estimation error can be exponentially bounded
in the mean-square sense.

In this paper we follow a different approach. To properly
introduce this approach let us assume that for now we can
construct an idealistic stochastic observer of the type

dil = (Az! + Buy + Ly (yf — Cuzl))dt

Y “ Ny “)
+ (FZ; + La(yg — Coy))dWy,

where i:tI € R™ is the estimation of the state, L.y and Lo are
observer gains and W, is the Brownian motion. One can see
that this observer is unrealistic because WV; is unknown in
practice. By interconnecting (1) and (4), we obtain the error
dynamics

de} = (A — L1Cy)eldt + (F — LyCu)eldWs,  (5)

where e/ = x; — #! is the estimation error. Then it is clear

that if the gains L; and Lo are chosen such that (5) is
asymptotically stable in probability or mean-square, then the

estimation error will go to zero asymptotically in probability
or mean-square.

In summary, while the idealistic observer (4) can achieve,
with opportune choices of L; and Lo, a zero estimation error
in probability, it is unrealistic because it requires knowledge
of the Brownian motion. In this paper we propose a new
practical observer with the objective of approximating the
behaviour of the idealistic observer (4). First of all, consider
the quantity AW, (k) = Wy, — W;, _,, where € =t — {1
is the sampling period. For simplicity, from now on we
abuse the notation and indicate with W,,, x; and so on the
quantities W;, , x4, and so on. The idea that we want to
formulate is the following: if we can construct an approxi-
mation AW, (k) of AW, (k) and we can find an appropriate
concept of convergence, then it could bgl)ossible to construct
an observer based on the quantity AW, (k) which has the
property of behaving as the idealistic observer (4) when
€ goes to zero. To precisely formulate this problem, we
introduce the hybrid observer

difl = (A2 + Buy + Ly (yf — Coaf'))dt,

it =2+ (P + Lolyfoy — Cadi ) AW (h),

(6)
where #" indicates the value of & after the jump. Thus,
the hybrid dynamics of (6) flow from t;_l to t; according
to the law of the deterministic observer (2). At time tj there
is a jump and the state of the hybrid observer is updated
according to the second equation in (6). We note that if
AW, (k) = AW, (k), then by definition of the It6 integral
the limiting solution of (6) as ¢ — 0 is the solution of
the idealistic observer. In summary, if we can design an
opportune approximation AW, (k) of AW, (k) then we can
recover the idealistic convergence in the limit. In other words,
we want to solve the following problem.

Problem 1. Consider system (1), the hybrid observer (6) and
their associated estimation error system with state ef’. The
problem of e-approximate stochastic observer design con-
sists in designing the parameters of the hybrid observer (6)
such that if ¢ — 0 then the associated estimation error system
is asymptotically stable in probability.

Note that from a practical point of view the limiting
behaviour is not achievable. However, by definition of
asymptotic stability in probability we have the property that
for all @ > 0 and v > 0, there exists # > 0 and 1 > 0, such
that for all ¢ < 8 and § > 7 we have that

P {sup||eH(t,eo,t0)| > ’y} < a.
t>6

In other words, we can always guarantee that the probability
of a large estimation error is small, by picking a small enough
¢. In the rest of the paper we design AW, (k), L1 and Lo
to solve Problem 1.

IIT. HYBRID STOCHASTIC OBSERVER

In this section we solve Problem 1. We first focus on the
scalar case. This is of course just a toy example (as the



observation problem is trivial in the scalar case) but since
this case is simpler, it provides easier to understand insights.
Then we solve the general case.

Now, we start by designing AWE(kz). Previous research
shows that if one was access to the state, then AW, (k)
can be constructed from the diffusion term of the system
dynamics. Consider system (1), assume that there exists
§ > 0 such that |Fzy| > ¢ almost surely for all k € Zxo.
Then, an approximation of AW (k) is given by [15]

AW, (k) = (Fa_1) [Azy, — (Azp_1 4+ Bug_1)e], ()

where Ay, = x), — xx_1. As discussed in [15], AW (k)
converges to AW, (k) weakly as ¢ — 0. One can see that
this approximation is not an available solution for Problem 1
as the system state is unknown. Note that when AW, (k)
is being computed, all the estimations of the state before
time ¢, are known. Therefore, a first attempt for constructing
AW, (k) is to approximate (7) by replacing the state with
its estimation. However, this is still unrealistic as ﬁkH T is not
available at time ?; and, according to the hybrid observer
(6), Az}, cannot be approximated until time ¢;” when &' T is
provided. For this reason, (7) cannot be used for constructing
AW, (k) of the hybrid observer (6). However, it gives us an

idea about how to construct AW, (k) from the diffusion term.

In our approach, instead of using the diffusion term of
the system dynamics, we consider the diffusion term of the
output dynamics dy? = Cydz;. This is motivated by the fact
that the quantity Ay,g = yZ - yz_l, which is the variation
of a measurable output y?, can be easily acquired. Similarly
to the assumption for (7), the associated diffusion coefficient
CpFx)_1 should be non-zero. Considering that this diffusion
coefficient is approximated as CbFQEkH_Jrl for constructing

AW.(k), it is reasonable to assume the following.

Assumption 1. Consider system (1), there exists § > 0 such
that ’CbkaH+| > § almost surely for all k € Z>o.

This assumption guarantees that the approximation of the
output diffusion coefficient is non-zero at every sampling
time. Note that if the system state x; converges to zero, as
discussed in Section II, observation can be simply achieved
by a deterministic observer. Therefore, we focus on the case
in which the system state z; and the corresponding state
estimation ﬁcf * do not converge to zero. One may also find
that if Cp,FF = 01x4, then Assumption 1 does not hold at
any sampling time. This simply indicates that the system
output contains no information of the Brownian motion and
thus cannot be used for constructing AW (k). In addition to
this, Assumption 1 may still be invalid for some k € Z>.
From a practical point of view, if CbFi"kHjl = 0, then we
can skip the sampling at ¢; and postpone it to ¢j1. With the
absence of AW, (k) at tj, our hybrid observer would simply
degenerate to the deterministic observer at the sampling time
ti;. Now let Assumption 1 hold, AW, (k) is designed as

AW, (k) = (CoF )" Ay — Cy (A2 + Buy_1)e).

®)
It is clear that this approximation is improved as the esti-
mation of the state is improved. In particular, if the perfect
observation :i:kH_'*'l = xy_1 is achieved as € — 0, then in (8)
we would have

A@(kj) = (CbFl‘kfl)_l[Ayz — Cb<Axk,1 + Bukfl)E]

= (Cbeszﬂ_le[Axk — (Awkfl + B’ukfl)i]g.)
Now recall the forward-Euler discretization of system (1)
[16]

oy —xp_1 = (Azp_1 4+ Bug_1)e + Fap_1 AW, (k) +o(?),

(10)
where o(g?) is a higher-order term of £2. Substituting (10)
in (9) yields

AW (k) = (CoFap_1) ' Co[Fap_1 AW (k) + o(e2)]
= AW, (k) + o(e?),

which implies AWE(k) converges to AW, (k) weakly as
e — 0. Then as discussed in Section II, the behaviour of
the idealistic observer is recovered in the limit.

Now combining (8) with (6), a hybrid stochastic observer
is constructed. Note that two different outputs y;* and gg are
used in this hybrid structure, one for computing AW, (k)
and another one for estimating the state. The need for two
outputs is motivated later in Section III B. Now, we focus on
the design of Ly and L5 for solving Problem 1. For a better
understanding of this hybrid observer, we first focus on the
scalar case.

A. Scalar Case

First of all, note that in the scalar case the observation
problem is trivial because z; = y¢/C,. However, this study
of the scalar case is helpful to understand the general case
later in this section. Now we introduce a proposition for
designing the observer gains L; and Ls.

Proposition 1. Consider system (1) and the hybrid observer
(6) in the scalar case. Let Assumption 1 hold. The associated
estimation error ef! converges to zero asymptotically in

probability as € — 0 for any L1C, > 0 and Ly = 0.

Proof. For the time being, we focus on the discretization

of the estimation error dynamics e// and denote e/t =

xy — &7+ (because ), = ;). Note that the forward-Euler
discretization of the hybrid observer (6) is given by

PPt =20+ (A2 + Bupy + Li(yp_q — Codfh))e
+ (Fah + La(yi_y — CaitfI5) AWL(K) + o(<).
(11)
By interconnecting (10) with (11), we have
eft =eft + (A~ LiC)ef e + Fap_1 AW (k)

- FikH—ﬁAWs(k) - LQCaekHjlﬁw\g(k) + o(g?).
(12)



To simplify (12), we first focus on the term Fiy | AWE(k‘).
Recall the expression of AW, (k) from (8) and observe that

in the scalar case F#i' T, (C, iy ") ~! = C, Y, thus
Fal AW, (k)
= Cy 'k — yi1) — Ob(AZ; + Bug—1)e + o(e?)]

= (z — p—1) — (A, + Bug_1)e + o(e?).
(13)
Note that the term (zj —x_1) is given by the forward-Euler

discretization of system (1). Substituting (10) in (13) yields
F‘%kH—ﬁAWe(k) = (Azp—1 + Bup_1)e + Fop_1 AW. (k)
— (A2 + Bug_1)e + o(£?)
= Aef’ e + Fap 1 AW (k) + o(<?).
(14)
Finally, substituting (14) in (12), we have the error dynamics

LyCoel™ AW (k) + o(£?).
15)
Thus, if 0 < L1C, < 2 and Ly = 0, then e " will
converge to zero asymptotically as € — 0. Now we look at
what happens between sampling times. The estimation of the
state between sampling times is given by the deterministic
observer (2) Without loss of generality, consider the time
interval (t; ,,tx), the error dynamics of e/ is given by

def!l = (A~ L,C,)ef dt + FxidWVy, (16)

where ¢t € (t/_,,tx). Note that the increments of the
Brownian motion follows normal distribution with zero mean
and variance (¢ — ¢ ) < (tx —t;_,) = e. Therefore,
consider the error dynamics (16), the variations of e{{ are
bounded in probability for ¢ € (¢ _,,t;), which means that
for any o > 0 and > 0, there exist 5 > 0 such that for all
¢ < B we have that

H+ _
ey ek - L1C, e,C 15

P sup |l (t,ef ) —ef N > < a

te(ti_ 1 tn)

The probability of large variations in the estimation error is
guaranteed to be low by picking a sufficient small sampling
period €. In other words, we can always guarantee that for ¢ €
(t  ot), el is close enough to e}/ *, with high probability.
In conclusion, e will converge to zero asymptotically in
probability as ¢ — 0 with any observer gains satisfying
L:C, > 0 and L, = 0 and Problem 1 is solved for the
scalar case.

]

Remark 1. From a practical point of view, € cannot be
exactly zero. For any finite ¢, we require 0 < L,C, < 2

g
as per proof of Proposition 1.

B. General Case

We are now ready to consider the general case. The main
difference is that (13) is not valid for the general case and
thus the error dynamics of ekH * cannot be simplified as (15).
However, we can still obtain the estimation error dynamics
in a similar way.

Proposition 2. Consider the linear stochastic system (1) and
the hybrid observer (6). Let Assumption 1 hold. The forward-

Euler discretization of the error dynamics e is given by

ekH+—ek 1+ (I =¥ )A—-L1C, ]ek 15—1—0( %)
+ (I = Uy Fel™ AW, (k) — LyCoel™ AW, (k),
(17)
where Uy, = FAH+(CZ,F56£+)*1CZ,.

System (17) is a discrete time-varying stochastic system.
The stability problem of this type of systems is complex.
However, a stability criterion is provided, for instance, in
[17]. Thus, L; and Lo can be designed by applying [17,
Theorem 3.1/4.1]. Once the discrete error dynamics (17) is
guaranteed to be stable in probability by using suitable L
and Lo, we again look at what happens between the sampling
times. As discussed before, the probability of large variations
in the estimation error is low for sufficient small sampling
period. Therefore, el will converge to zero asymptotically
in probability as € — 0 and Problem 1 is solved for the
general case.

We conclude this section with a series of observations.

Remark 2. If Proposition 2 is applied to the scalar case, we

note that
Uy = Fag YO FafH)~10, = 1. (18)
Substituting this expression in (17), yields
et — et _ [,Chel e — LyCoel™ AW, (k) + 0(e?),

i.e. the error dynamics (15) of the scalar case is retrieved.
In other words, the error dynamics (17) can be simplified as
(15) in the scalar case and the two results are consistent.

Now based on the error dynamics (17), we can explain the
need for the two outputs y¢ and y? for solving Problem 1.
For simplicity, we again set Ly = 0y x1.

Proposition 3. If C, and Cj are linearly dependent, then
the dynamics of (17) is not influenced by L.

Proof. If C, and C} are linearly dependent, then there
exists a # 0 such that C;, = aC),. We observe that

Cp(I — Up_y) = Cy — CoF i (CyFif 1) 71Cy (19)
=Cp — Cp = 01xn
Thus, multiplying C}, on the both sides of (17) yields
Coer ™ = Coey ™ + Cy[(I — Wi—1)A — L1 Colef e
+ Cy(I — Tp_1)Fef ", AW (k) + o(?) 0)

= CbekH_Jrl — CbLlcaekH_Jrlg + o(e?)

H H 2
= Cye; ) — (aCyL)Chey * e + o(€7).
Denoting Ej = CbekH+, the previous scalar system is
rewritten as

Ep = E._1 — (CoLy)Ex_16 + o(£?). 21)



Note that if ekH * converges to zero, then Ej, converges to
zero, but the opposite may not hold. Applying the results
of Proposition 1, for C,L; > 0 and ¢ sufficiently small we
have that E}, converges to zero. Furthermore, since E, = 0
is a stable equilibrium point of the scalar system (21),
{ef|Crell = 0} will be an invariant set as ¢ — 0. In
particular, if ekHjl belongs to this invariant set, then

ey T = e+ (L= Upor)Aef e

22
+ (I = Wg_q)Fey AW, (k) + o(e?), (22)

where we have used that L;Chef’t, = aLiEy_1 — 0.
Note that Uy,_; = FikHj(CbFikHj)’le. Thus, the error
system (22) is completely decided by the estimated state
and the sampling period. Tuning the observer gain L; is
ineffective and the estimation error will either converge to
zero or keep increasing inside the invariant set. Therefore,
two outputs y¢ and y? with linearly independent C, and C},
are required.

Remark 3. Consider Proposition 3 in the scalar case. For any
non-zero Cy, Ej, = CbekH+ = 0 is equivalent with ekH"r =0.
Thus the result of Proposition 1 is retrieved. This means that
one output y¢ is sufficient for solving the scalar case.

IV. EXAMPLES OF DETERMINISTIC, IDEALISTIC AND
HYBRID STOCHASTIC OBSERVER

In this section, we illustrate our results by means of
numerical simulations.

Consider a three-dimensional system described by matri-
ces

-0 7 3 1
A=102 -10 9 |, B=|2|, F=05A4,
0 1 -10 1

Co=1[1 3 2],C,=[2 1 3].
The input and initial values are set as
w =10, ;=2 0 17, do=[1 1 1]".

For both idealistic and hybrid observer, the observer gains
are setas L1 = [—1,2,1]T and Ly = [0,0, 0]T. The observer
gain of the deterministic observer is set as L = [9,6,6]T to
guarantee that the estimation error is bounded in the mean-
square sense [5]. Two sampling periods € = 10~* and ¢ =
103 are tested for the hybrid observer. The simulation step
(for the integration of the stochastic differential equations) is
set at 1076, The estimations of the state and of the associated
estimation errors of the deterministic, idealistic and hybrid
observers are given for z; (Fig. 1), e; (Fig. 2), 22 (Fig. 3),
eo (Fig. 4), 23 (Fig. 5) and e3 (Fig. 6).

The figures confirm that the hybrid observers perform
well and, as expected, similarly to the idealistic observer.
Moreover, they confirm that for our hybrid observer, the
estimated state is improved by using a smaller sampling
period €. For instance, the oscillations of the estimation error
decrease as the sampling period € — 0.

General Case: estimation of the state x,

0 02 0.4 0.6 08 1
Time (seconds)
Fig. 1. Time history of the state x1 (green) and of the corresponding

estimated state .’i‘lD (purple), i{ (yellow) and :f:{l (red and blue) for the
general case of deterministic, idealistic and hybrid observers, respectively.

General Case: estimation error e,
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Fig. 2. Time history of the estimation error ef’ (purple), e{ (yellow) and
e{l (red and blue) for the general case of deterministic, idealistic and hybrid
observers, respectively.

General Case: estimation of the state x,,
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Fig. 3. Time history of the state x2 (green) and of the corresponding
estimated state :EQD (purple), ai’é (yellow) and ig’ (red and blue) for the
general case of deterministic, idealistic and hybrid observers, respectively.



General Case: estimation error e,
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Fig. 4. Time history of the estimation error 32D (purple), eé (yellow) and
ef (red and blue) for the general case of deterministic, idealistic and hybrid
observers, respectively.

General Case: estimation of the state x,
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Fig. 5. Time history of the state x3 (green) and of the corresponding
estimated state 231? (purple), :Eg (yellow) and a%? (red and blue) for the
general case of deterministic, idealistic and hybrid observers, respectively.

General Case: estimation error e,
1

He=107)

0.8 efl(e=107%)
ol

D

€

0.6

"l
b

0.2
0
0.2

4 . . .
0 0.2 0.4 0.6 0.8 1
Time (seconds)

il
ML‘ | lM f i “ﬂb‘ H M

W' ‘,ﬂ* sl

-0.4 !
-0.6

-0.8

Fig. 6. Time history of the estimation error e? (purple), eé (yellow) and
e? (red and blue) for the general case of deterministic, idealistic and hybrid
observers, respectively.

V. CONCLUSIONS

In this paper, we proposed a hybrid observer for linear
stochastic systems. We first recalled the difficulties arising
in the problem of stochastic observability. Then, to properly
introduce our approach, we recalled an idealistic observer
which assumes that the Brownian motion is known. This
idealistic observer is non-causal. Thus, we introduced an a
posteriori method to approximate the variations of the Brow-
nian motion. Based on this approximation, we constructed
a hybrid observer which approximates the behaviour of the
idealistic observer. The associated estimation error converges
to zero asymptotically in probability as the sampling period
€ — 0. Although this limiting behaviour cannot be achieved
in practice, the probability of a large estimation error can be
guaranteed to be small by using small enough ¢.
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