
A Hybrid Observer for Practical Observability of Linear Stochastic
Systems

Zilong Gong and Giordano Scarciotti

Abstract— This paper focuses on the problem of observability
and observer design for linear stochastic systems. To introduce
our idea, we first construct an idealistic observer. This idealistic
observer is not causal as it requires perfect knowledge of the
Brownian motion. However, after introducing an a posteriori
method to reconstruct the variations of the Brownian motion
in discrete time, we propose a realistic hybrid observer which
approximates the idealistic observer. The performance of this
hybrid observer can be made arbitrarily close to that of the
idealistic observer. Numerical simulations illustrate the results
of the paper.

I. INTRODUCTION

The problem of observability and observer design of
dynamical systems has been widely studied. It consists in
constructing an estimation of the state of the system that
converges to the true value of the state. When the dynami-
cal system is described by stochastic differential equations,
the problem becomes remarkably more difficult due to the
presence of unknown Brownian motion in the dynamics of
the system.

Several estimation techniques for stochastic systems have
been proposed in the literature. An early approach based
on a Lyapunov-like method to solve the stochastic estima-
tion problem was proposed by Tarn and Rasis [1]. Later
on, several approaches have been developed for related or
generalised classes of stochastic systems, such as discrete-
time nonlinear stochastic systems [2], stochastic time-delay
systems [3] and networked control systems [4]. In addition
to these extensions, several classes of observers have been
proposed for stochastic estimation. For instance, in [4]–[8],
the observer design problem is changed into an optimization
problem where the observer gains are selected by solving
linear matrix inequalities (LMI). Other stochastic observers
include Luenberger observers [9], reduced-order observers
[10] and hybrid observers [11].

In this paper, we focus on the problem of observer design
for linear stochastic systems, with the objective of obtaining
improved state estimation with respect to the state of the art.
We begin by recalling the difficulties of stochastic observ-
ability and recalling that perfect state estimation is possible
only by using an “idealistic”, but non-causal, stochastic
observer which has complete access to the Brownian motion.
Of course, this last assumption (knowledge of the Brownian
motion) is unrealistic. Thus, our objective is to find an

*This work is partially supported by Shanghai University under the
“Foreign Expert Program” of Shanghai University (No. 21WZ0109).

Zilong Gong and Giordano Scarciotti are with the Department of Elec-
trical and Electronic Engineering, Imperial College London, London, SW7
2AZ, UK. {zilong.gong18, g.scarciotti}@imperial.ac.uk

alternative causal approach that approximates the behaviour
of the idealistic observer. We note that although the Brownian
motion is not measurable, it is possible to approximate
the variations of the Brownian motion in discrete time.
To this end, we introduce an a posteriori approach that
reconstructs the variations of the Brownian motion discretely.
By combining this reconstruction with the idealistic observer,
a hybrid observer is constructed. The performance of this
hybrid observer depends on a sampling period. This sampling
period is related to how frequently the variations of the
Brownian motion are approximated and, for an idealistic zero
sampling period, the behaviour of the idealistic observer is
recovered. Although the zero sampling period is not achiev-
able in practical use, by definition of asymptotic stability
in probability, the probability of a large estimation error is
guaranteed to be small by using a small enough sampling
period.

The remainder of the paper is organized as follows. In
Section II we first recall the difficulties of stochastic observ-
ability and we then formulate the problem. In Section III
we construct the hybrid observer and solve our problem.
Section IV contains numerical simulations that illustrate the
results of the paper. Section V contains some concluding
remarks.

Notation: The symbols R and C denote the fields of real
and complex numbers while the symbol Z denotes the set
of integer numbers. The identity matrix is denoted by I . AT

is the transpose of the matrix A while A† represents the
Moore-Penrose left pseudo-inverse of A. 0m×n represents
the m×n zero matrix. ∥·∥ denotes the simple absolute value
norm. (Ω,F ,P) is a probability space given by the set Ω,
the σ-algebra F defined on Ω and the probability measure P
on the measurable space (Ω,F). A stochastic process with
state space Rn is a family {xt, t ∈ R} of Rn-valued random
variables, i.e. for every fixed t ∈ R, xt(·) is an Rn-valued
random variable and, for every fixed w ∈ Ω, x·(w) is an
Rn-valued function of time [12, Section 1.8]. For ease of
notation, we often indicate a stochastic process {xt, t ∈ R}
simply with xt (this is common in the literature, see e.g.
[12]). With a slight abuse of notation, any subscript different
from the symbol “t” indicates the corresponding component
of the vector xt, e.g. xi is the i-th component of the vector xt.
x(t;x0, t0) denotes the solution of a stochastic system with
zero input and initial value x0 at t0. The solutions of the
systems are intended in Itô sense (see, e.g., [13, Definition
3.1.4]).



II. PRELIMINARIES

In this section we provide a formulation of the problem
that we aim to solve. We first start with the motivation of
this paper and explain the potential of a hybrid approach for
stochastic observability. To this end, we recall the difficulties
involved with stochastic observability which are discussed,
for instance, in [14]. Consider a stochastic linear system with
two outputs

dxt = (Axt +But)dt+ FxtdWt,

yat = Caxt, ybt = Cbxt,
(1)

where xt ∈ Rn is the state, ut ∈ R is the control input, yat ∈
R and ybt ∈ R are the system outputs, Wt is the Brownian
motion, A ∈ Rn×n, B ∈ Rn×1, F ∈ Rn×n, Ca ∈ R1×n and
Cb ∈ R1×n. Assume that our objective is to find an observer
such that the estimation error of the state converges to zero
asymptotically. A first attempt for achieving this is to use a
traditional deterministic observer, namely

dx̂D
t = (Ax̂D

t +But + L(yat − Cax̂
D
t ))dt, (2)

where x̂D
t is the estimation of xt and L is the observer gain.

Interconnecting the deterministic observer (2) with system
(1), we obtain the error dynamics

deDt = (A− LCa)e
D
t dt+ FxtdWt, (3)

where eDt = xt−x̂D
t is the estimation error. Although (3) has

a stable equilibrium point with a suitable L, the stochastic
term FxtdWt may keep exciting the error dynamics. In
particular, eDt will not converge to zero unless the state xt

converges to zero. In this paper, we focus on the general case
of non-zero system state xt. Therefore, the deterministic ob-
server (3) cannot achieve our estimation objective. To over-
come this problem the literature has focused on achieving
mean-square stability of the error dynamics by Lyapunov-
like methods [1], [5]. In particular, [5] indicates that although
perfect observation cannot be achieved by a deterministic
observer, the estimation error can be exponentially bounded
in the mean-square sense.

In this paper we follow a different approach. To properly
introduce this approach let us assume that for now we can
construct an idealistic stochastic observer of the type

dx̂I
t = (Ax̂I

t +But + L1(y
a
t − Cax̂

I
t ))dt

+ (Fx̂I
t + L2(y

a
t − Cax̂

I
t ))dWt,

(4)

where x̂I
t ∈ Rn is the estimation of the state, L1 and L2 are

observer gains and Wt is the Brownian motion. One can see
that this observer is unrealistic because Wt is unknown in
practice. By interconnecting (1) and (4), we obtain the error
dynamics

deIt = (A− L1Ca)e
I
t dt+ (F − L2Ca)e

I
t dWt, (5)

where eIt = xt − x̂I
t is the estimation error. Then it is clear

that if the gains L1 and L2 are chosen such that (5) is
asymptotically stable in probability or mean-square, then the

estimation error will go to zero asymptotically in probability
or mean-square.

In summary, while the idealistic observer (4) can achieve,
with opportune choices of L1 and L2, a zero estimation error
in probability, it is unrealistic because it requires knowledge
of the Brownian motion. In this paper we propose a new
practical observer with the objective of approximating the
behaviour of the idealistic observer (4). First of all, consider
the quantity ∆Wε(k) = Wtk −Wtk−1

, where ε = tk − tk−1

is the sampling period. For simplicity, from now on we
abuse the notation and indicate with Wk, xk and so on the
quantities Wtk , xtk and so on. The idea that we want to
formulate is the following: if we can construct an approxi-
mation ∆Ŵε(k) of ∆Wε(k) and we can find an appropriate
concept of convergence, then it could be possible to construct
an observer based on the quantity ∆Ŵε(k) which has the
property of behaving as the idealistic observer (4) when
ε goes to zero. To precisely formulate this problem, we
introduce the hybrid observer

dx̂H
t = (Ax̂H

t +But + L1(y
a
t − Cax̂

H
t ))dt,

x̂H+
k = x̂H

k + (Fx̂H+
k−1 + L2(y

a
k−1 − Cax̂

H+
k−1))∆Ŵε(k),

(6)
where x̂H+

k indicates the value of x̂H
k after the jump. Thus,

the hybrid dynamics of (6) flow from t+k−1 to tk according
to the law of the deterministic observer (2). At time tk there
is a jump and the state of the hybrid observer is updated
according to the second equation in (6). We note that if
∆Ŵε(k) = ∆Wε(k), then by definition of the Itô integral
the limiting solution of (6) as ε → 0 is the solution of
the idealistic observer. In summary, if we can design an
opportune approximation ∆Ŵε(k) of ∆Wε(k) then we can
recover the idealistic convergence in the limit. In other words,
we want to solve the following problem.

Problem 1. Consider system (1), the hybrid observer (6) and
their associated estimation error system with state eHt . The
problem of ε-approximate stochastic observer design con-
sists in designing the parameters of the hybrid observer (6)
such that if ε → 0 then the associated estimation error system
is asymptotically stable in probability.

Note that from a practical point of view the limiting
behaviour is not achievable. However, by definition of
asymptotic stability in probability we have the property that
for all α > 0 and γ > 0, there exists β > 0 and η > 0, such
that for all ε ≤ β and δ ≥ η we have that

P
{
sup
t≥δ

||eH(t, e0, t0)|| > γ

}
< α.

In other words, we can always guarantee that the probability
of a large estimation error is small, by picking a small enough
ε. In the rest of the paper we design ∆Ŵε(k), L1 and L2

to solve Problem 1.

III. HYBRID STOCHASTIC OBSERVER

In this section we solve Problem 1. We first focus on the
scalar case. This is of course just a toy example (as the



observation problem is trivial in the scalar case) but since
this case is simpler, it provides easier to understand insights.
Then we solve the general case.

Now, we start by designing ∆Ŵε(k). Previous research
shows that if one was access to the state, then ∆Ŵε(k)
can be constructed from the diffusion term of the system
dynamics. Consider system (1), assume that there exists
δ > 0 such that |Fxk| ≥ δ almost surely for all k ∈ Z≥0.
Then, an approximation of ∆Wε(k) is given by [15]

∆Wε(k) = (Fxk−1)
†[∆xk − (Axk−1 +Buk−1)ε], (7)

where ∆xk = xk − xk−1. As discussed in [15], ∆Wε(k)
converges to ∆Wε(k) weakly as ε → 0. One can see that
this approximation is not an available solution for Problem 1
as the system state is unknown. Note that when ∆Ŵε(k)
is being computed, all the estimations of the state before
time tk are known. Therefore, a first attempt for constructing
∆Ŵε(k) is to approximate (7) by replacing the state with
its estimation. However, this is still unrealistic as x̂H+

k is not
available at time tk and, according to the hybrid observer
(6), ∆xk cannot be approximated until time t+k when x̂H+

k is
provided. For this reason, (7) cannot be used for constructing
∆Ŵε(k) of the hybrid observer (6). However, it gives us an
idea about how to construct ∆Ŵε(k) from the diffusion term.

In our approach, instead of using the diffusion term of
the system dynamics, we consider the diffusion term of the
output dynamics dybt = Cbdxt. This is motivated by the fact
that the quantity ∆ybk = ybk − ybk−1, which is the variation
of a measurable output ybt , can be easily acquired. Similarly
to the assumption for (7), the associated diffusion coefficient
CbFxk−1 should be non-zero. Considering that this diffusion
coefficient is approximated as CbFx̂H+

k−1 for constructing
∆Ŵε(k), it is reasonable to assume the following.

Assumption 1. Consider system (1), there exists δ > 0 such
that

∣∣CbFx̂H+
k

∣∣ ≥ δ almost surely for all k ∈ Z≥0.

This assumption guarantees that the approximation of the
output diffusion coefficient is non-zero at every sampling
time. Note that if the system state xt converges to zero, as
discussed in Section II, observation can be simply achieved
by a deterministic observer. Therefore, we focus on the case
in which the system state xt and the corresponding state
estimation x̂H+

k do not converge to zero. One may also find
that if CbF = 01×n, then Assumption 1 does not hold at
any sampling time. This simply indicates that the system
output contains no information of the Brownian motion and
thus cannot be used for constructing ∆Ŵε(k). In addition to
this, Assumption 1 may still be invalid for some k ∈ Z≥0.
From a practical point of view, if CbFx̂H+

k−1 = 0, then we
can skip the sampling at tk and postpone it to tk+1. With the
absence of ∆Ŵε(k) at tk, our hybrid observer would simply
degenerate to the deterministic observer at the sampling time
tk. Now let Assumption 1 hold, ∆Ŵε(k) is designed as

∆Ŵε(k) = (CbFx̂H+
k−1)

−1[∆ybk − Cb(Ax̂H+
k−1 +Buk−1)ε].

(8)
It is clear that this approximation is improved as the esti-
mation of the state is improved. In particular, if the perfect
observation x̂H+

k−1 = xk−1 is achieved as ε → 0, then in (8)
we would have

∆Ŵε(k) = (CbFxk−1)
−1[∆ybk − Cb(Axk−1 +Buk−1)ε]

= (CbFxk−1)
−1Cb[∆xk − (Axk−1 +Buk−1)ε].

(9)
Now recall the forward-Euler discretization of system (1)
[16]

xk−xk−1 = (Axk−1+Buk−1)ε+Fxk−1∆Wε(k)+o(ε2),
(10)

where o(ε2) is a higher-order term of ε2. Substituting (10)
in (9) yields

∆Ŵε(k) = (CbFxk−1)
−1Cb[Fxk−1∆Wε(k) + o(ε2)]

= ∆Wε(k) + o(ε2),

which implies ∆Ŵε(k) converges to ∆Wε(k) weakly as
ε → 0. Then as discussed in Section II, the behaviour of
the idealistic observer is recovered in the limit.

Now combining (8) with (6), a hybrid stochastic observer
is constructed. Note that two different outputs yat and ybt are
used in this hybrid structure, one for computing ∆Ŵε(k)
and another one for estimating the state. The need for two
outputs is motivated later in Section III B. Now, we focus on
the design of L1 and L2 for solving Problem 1. For a better
understanding of this hybrid observer, we first focus on the
scalar case.

A. Scalar Case

First of all, note that in the scalar case the observation
problem is trivial because xt = yat /Ca. However, this study
of the scalar case is helpful to understand the general case
later in this section. Now we introduce a proposition for
designing the observer gains L1 and L2.

Proposition 1. Consider system (1) and the hybrid observer
(6) in the scalar case. Let Assumption 1 hold. The associated
estimation error eHt converges to zero asymptotically in
probability as ε → 0 for any L1Ca > 0 and L2 = 0.

Proof. For the time being, we focus on the discretization
of the estimation error dynamics eHt and denote eH+

k =
xk − x̂H+

k (because xk = x+
k ). Note that the forward-Euler

discretization of the hybrid observer (6) is given by

x̂H+
k = x̂H+

k−1 + (Ax̂H+
k−1 +Buk−1 + L1(y

a
k−1 − Cax̂

H+
k−1))ε

+ (Fx̂H+
k−1 + L2(y

a
k−1 − Cax̂

H+
k−1))∆Ŵε(k) + o(ε2).

(11)
By interconnecting (10) with (11), we have

eH+
k =eH+

k−1 + (A− L1Ca)e
H+
k−1ε+ Fxk−1∆Wε(k)

− Fx̂H+
k−1∆Ŵε(k)− L2Cae

H+
k−1∆Ŵε(k) + o(ε2).

(12)



To simplify (12), we first focus on the term Fx̂H+
k−1∆Ŵε(k).

Recall the expression of ∆Ŵε(k) from (8) and observe that
in the scalar case Fx̂H+

k−1(CbFx̂H+
k−1)

−1 = C−1
b , thus

Fx̂H+
k−1∆Ŵε(k)

= C−1
b [(ybk − ybk−1)− Cb(Ax̂H+

k−1 +Buk−1)ε+ o(ε2)]

= (xk − xk−1)− (Ax̂H+
k−1 +Buk−1)ε+ o(ε2).

(13)
Note that the term (xk−xk−1) is given by the forward-Euler
discretization of system (1). Substituting (10) in (13) yields

Fx̂H+
k−1∆Ŵε(k) = (Axk−1 +Buk−1)ε+ Fxk−1∆Wε(k)

− (Ax̂H+
k−1 +Buk−1)ε+ o(ε2)

= AeH+
k−1ε+ Fxk−1∆Wε(k) + o(ε2).

(14)
Finally, substituting (14) in (12), we have the error dynamics

eH+
k = eH+

k−1 − L1Cae
H+
k−1ε− L2Cae

H+
k−1∆Ŵε(k) + o(ε2).

(15)
Thus, if 0 < L1Ca < 2

ε and L2 = 0, then eH+
k will

converge to zero asymptotically as ε → 0. Now we look at
what happens between sampling times. The estimation of the
state between sampling times is given by the deterministic
observer (2). Without loss of generality, consider the time
interval (t+k−1, tk), the error dynamics of eHt is given by

deHt = (A− L1Ca)e
H
t dt+ FxtdWt, (16)

where t ∈ (t+k−1, tk). Note that the increments of the
Brownian motion follows normal distribution with zero mean
and variance (t − t+k−1) < (tk − t+k−1) = ε. Therefore,
consider the error dynamics (16), the variations of eHt are
bounded in probability for t ∈ (t+k−1, tk), which means that
for any α > 0 and γ > 0, there exist β > 0 such that for all
ε ≤ β we have that

P

 sup
t∈(t+k−1,tk)

||eH(t, eH+
k−1, t

+
k−1)− eH+

k−1|| > γ

 < α.

The probability of large variations in the estimation error is
guaranteed to be low by picking a sufficient small sampling
period ε. In other words, we can always guarantee that for t ∈
(t+k−1, tk), e

H
t is close enough to eH+

k−1 with high probability.
In conclusion, eHt will converge to zero asymptotically in
probability as ε → 0 with any observer gains satisfying
L1Ca > 0 and L2 = 0 and Problem 1 is solved for the
scalar case.

□

Remark 1. From a practical point of view, ε cannot be
exactly zero. For any finite ε, we require 0 < L1Ca < 2

ε
as per proof of Proposition 1.

B. General Case

We are now ready to consider the general case. The main
difference is that (13) is not valid for the general case and
thus the error dynamics of eH+

k cannot be simplified as (15).
However, we can still obtain the estimation error dynamics
in a similar way.

Proposition 2. Consider the linear stochastic system (1) and
the hybrid observer (6). Let Assumption 1 hold. The forward-
Euler discretization of the error dynamics eHt is given by

eH+
k = eH+

k−1 + [(I −Ψk−1)A− L1Ca]e
H+
k−1ε+ o(ε2)

+ (I −Ψk−1)FeH+
k−1∆Wε(k)− L2Cae

H+
k−1∆Ŵε(k),

(17)
where Ψk = Fx̂H+

k (CbFx̂H+
k )−1Cb.

System (17) is a discrete time-varying stochastic system.
The stability problem of this type of systems is complex.
However, a stability criterion is provided, for instance, in
[17]. Thus, L1 and L2 can be designed by applying [17,
Theorem 3.1/4.1]. Once the discrete error dynamics (17) is
guaranteed to be stable in probability by using suitable L1

and L2, we again look at what happens between the sampling
times. As discussed before, the probability of large variations
in the estimation error is low for sufficient small sampling
period. Therefore, eHt will converge to zero asymptotically
in probability as ε → 0 and Problem 1 is solved for the
general case.

We conclude this section with a series of observations.

Remark 2. If Proposition 2 is applied to the scalar case, we
note that

Ψk = Fx̂H+
k (CbFx̂H+

k )−1Cb = 1. (18)

Substituting this expression in (17), yields

eH+
k = eH+

k−1 − L1Cae
H+
k−1ε− L2Cae

H+
k−1∆Ŵε(k) + o(ε2),

i.e. the error dynamics (15) of the scalar case is retrieved.
In other words, the error dynamics (17) can be simplified as
(15) in the scalar case and the two results are consistent.

Now based on the error dynamics (17), we can explain the
need for the two outputs yat and ybt for solving Problem 1.
For simplicity, we again set L2 = 0n×1.

Proposition 3. If Ca and Cb are linearly dependent, then
the dynamics of (17) is not influenced by L1.

Proof. If Ca and Cb are linearly dependent, then there
exists α ̸= 0 such that Ca = αCb. We observe that

Cb(I −Ψk−1) = Cb − CbFx̂H+
k−1(CbFx̂H+

k−1)
−1Cb

= Cb − Cb = 01×n

(19)

Thus, multiplying Cb on the both sides of (17) yields

Cbe
H+
k = Cbe

H+
k−1 + Cb[(I −Ψk−1)A− L1Ca]e

H+
k−1ε

+ Cb(I −Ψk−1)FeH+
k−1∆Wε(k) + o(ε2)

= Cbe
H+
k−1 − CbL1Cae

H+
k−1ε+ o(ε2)

= Cbe
H+
k−1 − (αCbL1)Cbe

H+
k−1ε+ o(ε2).

(20)

Denoting Ek = Cbe
H+
k , the previous scalar system is

rewritten as

Ek = Ek−1 − (CaL1)Ek−1ε+ o(ε2). (21)



Note that if eH+
k converges to zero, then Ek converges to

zero, but the opposite may not hold. Applying the results
of Proposition 1, for CaL1 > 0 and ε sufficiently small we
have that Ek converges to zero. Furthermore, since Ek = 0
is a stable equilibrium point of the scalar system (21),
{eHt |Cbe

H
t = 0} will be an invariant set as ε → 0. In

particular, if eH+
k−1 belongs to this invariant set, then

eH+
k = eH+

k−1 + (I −Ψk−1)AeH+
k−1ε

+ (I −Ψk−1)FeH+
k−1∆Wε(k) + o(ε2),

(22)

where we have used that L1Cae
H+
k−1 = αL1Ek−1 → 0.

Note that Ψk−1 = Fx̂H+
k−1(CbFx̂H+

k−1)
−1Cb. Thus, the error

system (22) is completely decided by the estimated state
and the sampling period. Tuning the observer gain L1 is
ineffective and the estimation error will either converge to
zero or keep increasing inside the invariant set. Therefore,
two outputs yat and ybt with linearly independent Ca and Cb

are required.

Remark 3. Consider Proposition 3 in the scalar case. For any
non-zero Cb, Ek = Cbe

H+
k = 0 is equivalent with eH+

k = 0.
Thus the result of Proposition 1 is retrieved. This means that
one output yat is sufficient for solving the scalar case.

IV. EXAMPLES OF DETERMINISTIC, IDEALISTIC AND
HYBRID STOCHASTIC OBSERVER

In this section, we illustrate our results by means of
numerical simulations.

Consider a three-dimensional system described by matri-
ces

A =

−10 7 3
0.2 −10 9
0 1 −10

 , B =

12
1

 , F = 0.5A,

Ca =
[
1 3 2

]
, Cb =

[
2 1 3

]
.

The input and initial values are set as

ut = 10, x0 =
[
2 0 1

]T
, x̂0 =

[
1 1 1

]T
.

For both idealistic and hybrid observer, the observer gains
are set as L1 = [−1, 2, 1]T and L2 = [0, 0, 0]T. The observer
gain of the deterministic observer is set as L = [9, 6, 6]T to
guarantee that the estimation error is bounded in the mean-
square sense [5]. Two sampling periods ε = 10−4 and ε =
10−3 are tested for the hybrid observer. The simulation step
(for the integration of the stochastic differential equations) is
set at 10−6. The estimations of the state and of the associated
estimation errors of the deterministic, idealistic and hybrid
observers are given for x̂1 (Fig. 1), e1 (Fig. 2), x̂2 (Fig. 3),
e2 (Fig. 4), x̂3 (Fig. 5) and e3 (Fig. 6).

The figures confirm that the hybrid observers perform
well and, as expected, similarly to the idealistic observer.
Moreover, they confirm that for our hybrid observer, the
estimated state is improved by using a smaller sampling
period ε. For instance, the oscillations of the estimation error
decrease as the sampling period ε → 0.
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Fig. 1. Time history of the state x1 (green) and of the corresponding
estimated state x̂D

1 (purple), x̂I
1 (yellow) and x̂H

1 (red and blue) for the
general case of deterministic, idealistic and hybrid observers, respectively.
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Fig. 2. Time history of the estimation error eD1 (purple), eI1 (yellow) and
eH1 (red and blue) for the general case of deterministic, idealistic and hybrid
observers, respectively.
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Fig. 3. Time history of the state x2 (green) and of the corresponding
estimated state x̂D

2 (purple), x̂I
2 (yellow) and x̂H

2 (red and blue) for the
general case of deterministic, idealistic and hybrid observers, respectively.
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Fig. 4. Time history of the estimation error eD2 (purple), eI2 (yellow) and
eH2 (red and blue) for the general case of deterministic, idealistic and hybrid
observers, respectively.
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Fig. 5. Time history of the state x3 (green) and of the corresponding
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general case of deterministic, idealistic and hybrid observers, respectively.
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Fig. 6. Time history of the estimation error eD3 (purple), eI3 (yellow) and
eH3 (red and blue) for the general case of deterministic, idealistic and hybrid
observers, respectively.

V. CONCLUSIONS

In this paper, we proposed a hybrid observer for linear
stochastic systems. We first recalled the difficulties arising
in the problem of stochastic observability. Then, to properly
introduce our approach, we recalled an idealistic observer
which assumes that the Brownian motion is known. This
idealistic observer is non-causal. Thus, we introduced an a
posteriori method to approximate the variations of the Brow-
nian motion. Based on this approximation, we constructed
a hybrid observer which approximates the behaviour of the
idealistic observer. The associated estimation error converges
to zero asymptotically in probability as the sampling period
ε → 0. Although this limiting behaviour cannot be achieved
in practice, the probability of a large estimation error can be
guaranteed to be small by using small enough ε.
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