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PREFACE.,

The work presented in this thesis was carried out in
the Department of Theoretical Physics, Imperial College,
London, between October 1965 and May 1968 under the
Supervision of Professor P,T. Matthews, The author wishes
to thank him, Dr. K.J, Barnes, Dr., H.F. Jones, and
Dr. M,D. Scadron for their continued guidance and
encouragement, without which this thesis could never
have been written,

The thesis is based in part on three papers by the
author and falls into two distinect parts: (i) The
general M-function with applications to superconvergence
which occupies the main body of the thesis, and (ii) a
Current Algebra calculation on meson decays which, as it
is distinct from the rest of the thesis, has been
presented in the form of a reprint of the author'!s paper

on the calculation.

The work described in the text and the reprints is,
except where explicitly stated, original and has not been
submitted to this, or any other University for amy
other degree,

The author is indebted to the New Zealand University

Grants Committee for finamcial support.
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ABSTRACT .

A general method by which superconvergence sum rules
may be obtained for any scattering process is developed,.
Workiﬂg in the tovaridnt four—component spinor formalism,
the M~function expansi&n in terms of kinematic cvovariants
and kinematic singularity free amplitudes is investigated.
The form of these singularity free amplitudes, together
with the relevant equivalence theorems and crossing
matrices, is given in detail for examples of fermion-
fermion and abnormal boson-boson scattering,

The procedure for obtaining partial wave expansions

of invariant amplitudes is summarized and used, in

conjunction with the Regge pole model, in order to obtain
the asymptotic behaviour of the invariant amplitudes,
Superconvergence sum rules are derived, by use of these
results, for NZ —+ N and 7p - pw scattering. The
gemeralization of these‘sum.rules to ofher scattering
processes with the same spin-parity aséignment is
discussed, and the results co@pared with the predictions

of the U(6,6) symmetry scheme,
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INTRODUCTION.

In elementary particle physics, the idea of ''Sum Rules'
has recei;ed congiderablc attention lately. The approx—
imation of a physical system by a sum over simple states
is 2 widely used techrdique of physics, and sum rules of
various kihd# have boen krown for many yecars. In particular)
the development of elcmentary particle physics has seen
the introduction of sums over elementary particle states)
which has.resulted in the derivation of sum rules for ;
many processes in both weak and strong interaction physics, '

Two particularly important general techniques used
for the derivation of sum rules in recent years have been_
respectively the algebra of éurrents and superconvergence,”
Thesec names are to some extent self explanatory. The
algebra of currents is based on the assumption that the
commutation rules of charges, or the currenfs of which
they are the spatial integrals, are those predicted by
some simple model for the currents, such as the quark
model(l)i Superconvergence, on the other hand, arises on
parts of the scattering amplitude which vanish sufficiently
rapidly asymptotically for unsubtracted dispersion relations
to be constructed, both for the particular portion of the
scattering amplitude and its first moment. The asymptotic
behaviour is generally obtained from some model such as

(2).

the Regge polec model « The summation in current algebra

is generally over a set of intermediate states inserted
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between the two components of a current commutator, while
in superconvergence, the sum is over an elementary particle

pole approximation to a dispersion type integral..

(3)e

Following the original idea of Gell-Mann s a large

number of papers appeared in which current algebras were

utilised for the constructéon of sum rules for a Wide

;ariety of interactions(?). Many of these applications

using the partial conservation of thec axial current

(5) (6)

hypothesis and thc soft pion and infigite momen tum

limits have proved remarkably successful, One of the

developments of the current algebra technique was to appl&

(7)

the dispersion theoff of broken symmetries
(8”9 10),

to current

commutators Thxs soon led to a paper by de Alfaro;

(11)

Fubini, Rossetti and Fuflan in which superconvergence

relations were obtaiﬁedi The possibility of superconvergence

was also noted 1ndependent1y by Saloviev(12)

same time, The work of de Alfaro et al.(ll) was quite

at about the

firmly based in the current a2lgebra scheme and some of the

subsecquent work on superconvergence relations has retained

this explicit basis in current algebras(13"18)

waever,
the fact that the possibility of superconvergence can be
seen in a more gencral framework was soon utilised and - _
the connecctions with current algebras ovcrshadowed(19_43);
It has been suggested, nevertheless, that the connection
between the results of superconvergence sum ruleé and the
predictions of higher symmetrics may actually be from

current algebras(ZBl}
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As was mentioned above, superconvergence arises
when parts of the scatfering amplitude, or the T matrix,
have suitable asymptotic behaviour. Some decision has
therefore to be made abdut the way in which the T matrix
will be separated into simpler elements, Two main ways of
dcaling with the ééatt;fing matrix for processes invo;ving

particles with spin have been developed. These are the
(44) (45)

helicity amplitude and invariant amplitude approaches,

In the helicity anéliéude approach, the concept of
"helicity" as the component of a particle's spin in the
direction of its momontumis called, is paramount. This
approach has the advantage that general formulae for any
process are readily obtained and that the physical cross-
section is proportional to a direct sum of the squares of
the helicity amplitudes which are incoherent. On the other
hand, in the invariant amplitude approach, firstly a

d(46,47)

covariant M-function is introducec » This is then

decomposed into a sum of kinematic covariants multiplied

by scalar (invariant) amplitudes. Invariant amplitudes

have thc advantage of simplef analytic and crossing

properties at the expense of a more complex relation to )

physical cross-scctions than that of the helicity amplitudes.
The choice between these alternative approaches has,

on the whole, tended to favour helicity amplitudes, This

is partly becausc of the rclative case of applying the

Recgge pole model to helicity amplitudcs(48’49).

Although the method of Reggeizing invariant amplitudes by



9.
analytically continuing the partial wave expansion obtained

from the consideration of the exchange of a high spin

(50)

isobar has been known for a long time, the difficulty

of constructing the general high spin projection operators

necessary for the partial wave cxpansion was not adequately

resolved until recently(51—53). Since the Jacob and Wick(44)

helicity statcs arc essentially angular momentum states,
their partial wave analysis is immediate and the Reggeization

procedurc rclatively straightforward. Consequently, soon

(19)

after the risc in interest in superconvergence, Trucman

proposed a genecral method fof superconvergence based on
helicity amplitude techniquesi However, much of the work

on supecrconvergence sum rules has been done in the -

(21-24) -

invariant amplitude formalism It is possible; in

fact, that optimum convergence properties may be obtained

from a combination of the two methods(54l;

Since supcrconvergence depends on the analytic prop-
crtics of the scattering amplitude, care must be taken
that in thc decomposition of the T matrix into helicity
amplitudes or the Mrfunctibn and invariant amplitudes;
spurious kinematical singularities are not introduced.
This is possibly the grcatestiéinglc problem of ecither
approach. The problem of constructing kinematic singularity
free (KSF) helicity amplitudes has been cssentially

(55) (56)

solved by Hara and Wang using the crossing

(57,58)

rclations for the helicity amplitudes « The decomp~

osition of the covariant M-function into KSF invariant

(59;6Q5

amplitudes has been treated in a2 general way reccently
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The idea is basically that thc completc set of kinematic
covariants as obtained from perturbation theory does not

(45)

contain any kinematical singularities « Therefore, as
Iong as no explicit sihgularities are introduced in'thc
reduction from the complete set to the independent sct,
the final independent invariant amplitudes will be free of
kinematical singularities and zeros in any kinematic
variable,

The invariant amplitude approach to superconvergence
problems has been followed in this thesis for several
rcasons, Probably the most important of these is the
simplicity of the analytic properties of the invariant
amplitudes. Although it is possible to construct KSF
helicity amplitudes, singularities in only one variablé
may bc removed at any onc time and the helicity amplitudes
must satisfy certain constraint equations at thresholds,
pseudothrcsholds(61_63), and in the forward direction.,
Also the helicity amplitudes appropriatc to the different
channels of a scattering process are not simply related
and the crossing matricc$ arc complicated functions which

o
involve kincmatical variablcs(J?’sa)

« Further, the Lorentsz
transformation propertics of the T matrix for particles
with spin arc complicated by the '"reshuffling' of the

(66)

helicity components by the Wigner rotations + On the
other hand, although the initial difficulty in the M-function
approach of choosing the independent sct of kinematic

covariants such that the invariant amplitudes will be KSF



11,
may be great (since, unlike in the helicity formalism,
there is no general formala for obtaining the correct sect),
once a KSF set of invdr;aﬁt amplitudes has been found, the
problem of kineha%ic éingularitiés and zeros has bcen
solved completecly. Also) the corrcct set of invariant
amplitudes are KSF in both the energy and angle variables
simul taneowsly; they are uncorrelated at thresholds, and
the Lorentz transformation propertics arec simple since the
M-function is an cxplicit Lorentz covariant, while the
invariant amplitudes arc, as thc name implies, Liorentz
scalars. Crossing propertics are also much simpler; the
invariant amplitudes cross one to onec, and the crossing
matrices relating the amplitudes from the M-function
cxpansion in diffcrent channcls can be made frce of
kincmatic variables if the appropriate amplitudes are

(60)

chosen . This latter possibility is oifi great iﬁportancc;
both in guiding thc choice of amplitudes in fermion-fermion
scattering, and in thc proof that the invariant amplitudes
correcctly chosen arc free of kinematic singularities in
both the s and t variablcs simul tancously.

In this thesis; kinematic singulari{y frce amplitudes

1
+z

W

arc obtaincd for both normal and abnormal parity +3

N

scattering as well as for the abnormal parity processes

%+3 > 2+ % and 041 - 141, Supetgonvergence relations are
LN . - - - -

obtained for general 5 +3 —+ 3z +3 and 0 41 -1 .1

processes and an attempt is made to saturate thesc with

low lying meson states. The resulting sum rules arc compared
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. gy U, (67-73)
with the predicdtidns df the U(6,6) symmetry scheme
and somc degrece Of correspondende is found,

The first threc chapters are devoted to a general
investigation of the covariant M-function and invariant
amplitude approach to the scattering of particles with
spin. General kinematical considerations and a review of

(59)

the work of Scadron and Joncs are given in chapter 1)
while in chapters 2 and 3 a dectailed investigation of the
problem in fermion-fermion scattering and a particular
boson—-boson scattering procecss is made. The method of
obtaining the partial wave expansion for invariant
amplitudes by considering general high spin projection

(51) ,

operators is reviewed in chapter 4. The procedurc for

obtaining the asymptotic behaviour of the invariant

(52,53) is also

amplitudes by Reggeizing this cxpansion

discussed, with the results neccessary for the superconverg-

ence problems dealt with in chapter 5 obtained as examples.
There are several ways of obtaining physical

conscquences from superconvergence rclations, and thesc

arc discussed in chapter 5, In the two particular super-—

convergence problems considered here, the results obtained

by saturating the superconvergence reclations with low

lying meson states are compared with the predictions of

the U(6,6) symmetry scheme for the coupling constants.

The agreement is perhaps not as striking as earlier work

(23)

may have suggested "s but possiblc extensions of these

results are discussed,



13,

In two appendices, the general conventions used
for thc metric and ¥ matrices arc given; useful identities
stated, and coupling constants as predicted by the U(6,6)
currents arec givén.

Finally, reprints of two of the author's papers
are enclosed in the back pocket. The first of these, "A
Limitation on the Use of Current Algcebra Techniques for
Meson Decays', shows that the conventional current algebra
method for obtairing meson decay branching ratios is not
immediately applicable to abnormal decays involving 0
and 1”7 mesons. Since this work is not directly related
to the investigation of supcrconvergence relations in

the main body of the theasis, it has not been rewritten

in the text.,



CHAPTER 1.

THE M—FUNCTION.

1.1 Kinematics.

It is well known that we can consider any two particle
scattering process in three independent 'channels'", labelled
by the Mandelstam invariants s,t,or u. The label indicates
which off the threc invariants represents the square of the
centre of mass energy in a partiéular channel. In quantum
electrodynamics, or in any scattering process where the
intcraction potentiai is known, it can be shown that the
three channels arc indeed equivalent and can each be
described by thc same analytic function. Passing from one
channel to another, known as 'crossing', may be ecffected
by analyticolly continuing the scattering matrix clements
of one channel into the kinematic domain of the crossed
channel.

It is a fundamental assumption of strong interaction
physics that, although it cannot be proved rigorously in
a thcory without a known potentizl, 'crossing'" is valid.

In other words, we assumc that the scattering of strongly
interacting particles is dcscribcd‘by the same analytic
function in the s,t,and u channels, For this reason we will
define kincmatic quantities in cach channel in a similar
way. The analysis of any given problem may be done
complctely in terms of the set of kinematical quantitics

of just onc channel, but in the following work it is found
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to be convenient to deal Witﬂ differont aspects of one
scattering process in terms of different channels; Great
simplification of the nccessary crossing relations is
achieved if the threc channels arc treated in such a way
that they manifestly ™look alike!. This "look alike!
principle guides us in the following work, and is found to
be of great significance, especcially in the analysis of
fermion—-fermion scattering.

Throughéut this work we will use the metric
Boop = "Byq T "By = —géB = +1 and our convention for ¥

matrices will be that i'\’/p'fv} = 2g We define

o‘u'u .

_ i . o ’ . 2 _
oy =3 [l and vy = ¥oriv,vss Y = -1,

’ t :
With the hermitian adjoint defined by fu = YOﬁMYO’ it is
clear that Yo and wij; where i,j = 1,2,3, will be hermitian,
while Ys; Yi' and fbi will be antihermitians Several uscful
identities between the ¥ matrices are given in appendix A.

The s—channel for the scattering of particles of any

spin is taken to be
1 '
sy + S, = 8] + 85, (1.1)

where SI; s, etc. refer to the spins of the particles,
cither integral or half odd-intecgral. We describe the

(74-77) wave functions

particles by Rarita—-Schwinger type
and the structurc of these wave functions is investigated
in scction 1,2. We have chosen to work with the Rarita-—

Schwinger formalism rather than the alternative SL(2,C)
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hj o (a7) § .
approach of Hépp " becausc of the extremely simple way
in which discrete symmeiries such as parity invariance cam
be incorporated in the former.
We identify the spin, helicity, momentum; mass, and
possible Dirac spinor indices for the s—channecl as shown in

Fig. 1, where the labels arc written in the order stated.

sl',%l;p:ma'o' sisN P! sm! 0!

85 »7\2;‘:1:@;7' s&:-?\'zslqt B,

Fig,1., The s—chanhel.

With this convention for thec momentum labels, we definc the
Mandelstam invariants s,t, and u by _

s = (p +“CI)2, t = (pt— p)z“,’ and u = (p - q')z’.

If all four of the particles arc fermions, somc
convention must be given for the ordering of the associated
spinors, There is a '"matural" way in which to do this
becausce in many applications we wish to consider the exchange
of singic particle poles in the different channcls, The
calculation of such polc graphs involves the vertex functions
connécting the external particles to the intermediate pole.
These vertex functions are discussed further in chapter 4

and it is sufficient to say that the most convenicnt
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ordering of thc spinors {e that which defines the Y matrices
in a way aépropriaée for the vertices in each channel. It
is obvious éhat the ”naéurai" dcfinition of ¥ matrices for

the s—channel is givcﬁ by the fbllowing ordering of the

| :
L ] . - ‘
spinors, suppressing any possible vector indices,

T ) (rtCl oy W T (@) P fu (@) T T (p); (122)

where T indicates the transpose, and C is the Dirac matrix

such that CT = -~ C and CYﬁC.I

:=~%p. In order that we may
distinguish between the two independent sets ofy matrices
without writing out the spinor indices explicitly, we have
primed ¥ matrices defined between the final state spinors
in the s—channel and left unprimed those defined bhetween
the initial spinors. The matrix QTT acts as a lowering
operator for spinor indices, and its inverse, (c?l)‘T; acts
as the corresponding raising operator. Using thesc matrices

we can define the antiparticle wave functions with

relations like

fw?a.(p) = C,.. 37 (p) 1" (14 3)

As well as nztural ¥ matrices for each channel, it
is convenicnt to define natural momenta. These will be
combinétions of the separate particle momentd appropriate
for the vertex functions mentioned above. For the s—channcl

we define the following natural momenta

A=3zlp~-a); A" =3(p'-q'); K=p+q=rp'+ql. (104)
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. 2
- The square of the centre of mass cnergy is then K = s.
In accordancec with our principle of making the
channels look alike, we definc natural momenta and ¥
matrices in the t-channet in a similar way., With reference

to the s—channel defined in egqn. (1.1), we define the

crossed t-channel as

s +.§'1 -,'_Ez + 83 , (1.5)

where the bar indicates thec antiparticle. The various labels

arc now identified as in Fig. 2.

sl :7\1aP7m:0' 52‘:7\2 sa;ﬂ:"r

BNy 51Ny, ! 7!

Fig,2. Thec t—channel.,

The natural definition of ¥ matrices for the
t-channel is obtained by rcordering the s—channel spinors

of eqn.(1.,2) according to

T @) T @) Ten et T ey (1)

where we have used superscripts (1) and (2) to distinguish
these ¥ matrices from the s-channel set when spinor indices

are suppressed. From (1.6) it is clcar that the (1) refers
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to the ¥ matrices defined between initial state spinors
and the (2) refers to the final state sct,
The natural momenta for the t-channel corresponding
te the set (1.4) are again defined as combinations of initial

and final particlc momenta:

v

P=3p+p'), @=%(q+q'); A=p'-p=gq=- q'(1.7)

with the square of the centre of mass energy in the
t—-channel now A% = t.

For the u-channel, we can again define natural momenta
and ¥ matrices. Taking the u-channel to be

8y + —é ~3 si * -s-z ; (1.8)

we identify the various labels as in Fig.3

51 ,7\1":P;m‘aa“ si‘:')\i:P' "M! ;3"

CYLS YUK SV 8530 s D17

Fip.3, The u-channel,

We again reorder s—channel spinors for the definition
of natural u-channel ¥ matrices in foﬁr fermion scattering
problems.,. We distinguishAtﬁe independent sets of ¥ matrices,
defined between the initial and final spinors, b} the

superscripts (a) and (b) respectively according to
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” ; ) S , : : v :
""r‘ ! s T ] ; ./—-;, P . &
0 ) LT w @5 (@ o)), T w te), (149)
Finally, the corresponding u~channel natural momenta

are defined as the combinations

The square of the centre of mass energy in the u-channel

is nowi{_-2 =

U.
It is to be noted that any one of these three sets

of natural momenta and ¥ matrices is sufficient for the

complete determination of the kfnematics of a given

scattering process. The various quantities defined are not

independent and in particular we have the relation
s+t eus=mgm? g p? g (1411)

Also, there are equations expressing the natural momenta
of any channel in terms of those for the other channels,

For example, we can sec that

A=3P-Q-4A) =1 ~1K! 4+ &), i
A= {;(P—-Q.;.A) == %(K' “‘K-{-E)y (1.12)

K=P+Q = KR,

Various products of the natural momenta in ecach
channel, being scalars,'are simply combinations of the
masses and the Mandelstam invariants. In the s—channel

we have
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Al 5‘:9' = 4t - u)}

2

Ak = dm? - 2% Atk = ? .oy, (1%13)
A% - %(m2 + y.z) -3, A1° = %(m'z + ;1-’2) - 35,
For the t—-channel momenta we have
PR = v = i(s - u),
. 2 . , v .
PA = 3m? - w?), @A =3 - p?); (1.14)

2 1, .2 2 2 2
PP = dm'? 4 m®) - 3, @ = du? o p?) - i,

and similarly for the u-channel,

KXK' =9 = 1(s - t),

KX =3 -p'%), KK =i@'°-pu°), (1.15)
K% = Hm® 4 u1%) = 2a, I = i(m'? 4 p?) - dul

Finally we define the normal vector N, as

3

N# = sM(PQA), (1.16)

where we have used the abbreviation aﬁ(PQA) = suv%pﬁvdkap,

and e N is the four—dimensional Levi~Civita completely

120

antisymmetric tensor defined in appendix A. We can cxpress

N, in tcrms of the natural momenta of the other channcls

oL

as
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| T '
Ny = e (A = 8‘*'('_/'“@ = g, (p'qp). (1.17)

Onc important fcaturc of N, is that ~N° is the

(78) and N2 = 0 dectermines the boundary

determinant of Kibble
of the physical region. The Kibble dcterminant "is related

to the centre of mass scattering angles by

2
N 2 ,2 .2 .
"""_'s — pS pS sin as ? 51.18)

and similarly for the t and u chennels,

12 Definition of the M—~function.

As was mentioned in the prcvious scction, we shall

use the Rarita—Schwingcr(74)

formalism to describe particles
of any spin, In this formalism, thec wave function for any
particle of integral or half odd-integral spin is made up
from elcmentary spin 1 and spin 3 wave-functions. For a

boson of spin s = J, the covariant wavec—function is

given by

[ & SPEY ¢ 4 -
1y SRR T (1.19)

where <h1.«.%j|J;%> is the "parallel coupling cocfficient"

defined by(79’80)
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1

J-N (TeN) L (T-N)L
N AP = [} = :r SN+ (1.20)

with N = Z{hﬂ o In thesc formulac, as before, A is the
helicity label for the wave-functions,

For a fermion, we have a recsidual 3-integral sp &n
which we will describe by a Dirac four—component spinor

u(%%)(p). The general fermion wave—funation can then be

written(77)
(N)o }
u (p) = = R NI NP I R Y
Cyeosiy }\1..7\Jml<7\1 S A
2
% sé21)(p)...s&?3)(p) WMITGy, 12

where J is now the integral part of s,

The phase convention of Jacob and Wick(44) is

followed so that the antiparticle wave-functions arc given

bv

*

8&(7\) (P) = - E’)\ EOC("‘"\)(p)'
v M ip) = e TN (p) (1.22)
= ivgEy, u(;k)(p),

where Ex = (—)S;h.

It is casily scen that the wave~-functions (1.19)
and (1.21) are symmectric, The required tracelessness
condition follows from the form of the coupling coefficient
(1,20). Also, the construction of fhcsc expressions from

clementary wave functions which scparately satisfy the
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subsidiary conditions

p.&(p) = (p.Y -~ m)ulp) = v.ulp) = 0,

ensurcs that the wave functions (1.19) and (1.21) satisfy
the appropriate conditions.
I# we now definc the usual T matrix in terms of the

scattering matrix S by

Sg; = 6gy +im* 6P, —p) T, (1.23)

where i and f refer to the initial and final states
respectively, we can definc the M-function from the

T matrix by
- _ =(N\)=(NY) (™))
+ A1 - =
< sisyNPy LT | sys, > = T T omaeMle M)
' (1.24)
In eqn. (1.24) the dots indicate contraction over all vector

and spinor indices. Throughout this work wc have used the

covariant normalization for particlec states so that

<p'a'| po> = 28(2m) %63 (p1 - p) oot

and E(B) u(p) = 2m, where p is the three-momentum vector.
The S matrix is known to be invariant under
transformations of the inhomogeneous Lorentz group while
the T matrix defined in (1.23) is invariant under the
homogencous Lorentszs grouo. The advantage of defining an
M-function as in eqn.{1.24) is that it is a covariant

function transforming like a tensor—spinor under Lorentz
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transformations. We could have obtained a similarly simple
function by following the SL(2,C) formalism of Hepp(47),
but we have choscn to work in the four-component Rarita-
Schwinger formalism becausc of the simplicity of incorp-
orating discretc symmectries and the relatively greater
familiarity with applying Rarita-Schwinger wave functions
to physical particles. This docs lead to some loss of
clegance in that wec must have subsidiary conditions in order
to ecliminate the redundant components of thc formalism,
but wec prefer to usc the more familiar wave—functions
with covariant vectors and Dirac spinors.

Our approach to the covariant M-ifunction defined in
eqn. (1.24) is determined by the possibility of defining
a set of scalar (in&ﬁriant) amplitudes. The Lorentz
transformation propertics of %] must be the samc as those
of appropriate combinations of momentum vectors and ¥
matrices. In general, therc will bec 2s many such independent
combinations of momenta and ¥ matrices as there are helicity
amplitudes for the process, namely M(2s; + 1), where s are
the spins of the cxternal particles. Discrete symmetries,
such as parity invariance, will reduce this number for any

given process, but there will always be a well-defined

number of independent kinematic covariants., We construct
thesc.cdvariants from the natural momenta and ¥ matrices
defined in scction 1.1 and, as may have been expected,
therc are three ways c¢f obtaining an independent sct, one

way for the natural kinematics of cach channel. It must
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be recmemberced that the threc sets of kinematic covariants
are cquivalent, and we introducc covariants natural to
each channél for convenicnce only.

We can, thercfore, expand the M-function as a linear
combination of these kinematic covariants. For examble, in

the t—channel

mg;az E‘A,i_t)(s;t) KK::Q(P,Q) R (1.25)

where a,8 refer to the vector and spinor indices of the
initial and final states r65pcctive1y. The invariant
amplitudes Aét)(s,t] have a superscript (t) to indicate
that they arc defined as the cocfficicents of natural t-
channel covariants and they arec scalar functions of the
Mandclstam variables s and t anly. The alternative helicity
amplitudcs can also be expressed as lincar combinatiéns of
the invariant amplitudes Aét], but it is of grcat importance
to notice that the corresponding heclicity amplitudes in
different channcls are given by different combinations of
the Aét]. The crossing properties of the helicity amplitudes
are, therefore, complicated, but thec invariant amplitudes
cross onc to onc. In the diffcrent channcls we mercly have
different ranges for the arguments s and t.

The M~function is, howcver, channcl indcpenﬂcnt, and

we can also cxpand it in terms of the natural s-chamnel

covariants :

Ma;a = -EA’(CS)(s,t)]{p',C,a(A,A'), (1.26)
'C 3
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and similarly for the u-channcl. The above remarks about
the t-channel amplitudes apprly equally to those for the
s and u channels as the expansions are completely equivalent,
As we stated previously, a guiding principle in our form—
ulation of a problem in the various channels is to make
them "look alike" and this principle leads to simple
relations between the covariants and amplitudes for
differeht channels, Ve express these relations which give
the amplitudes of one channel in terms of the amplitudes
of the other channels as crossing matrices. These crossing
matrices are distinct from the crossing properties of the
amplitudes in the sense that they arise only because, for
convenience, we introduce alternative expansions of our
M=function, The amplitudes have crossing properties
independent of tlke channel in which they are defined and
of whether amplitudes are defined for expansions‘in other
channel s,

At this point we can introduce a third concept related
to the crossing properties of the invariant amplitudes., This

is crossing symmetry which arises when two of the particles

are identical. Crossing symmetry is then a consequence of
our principle of making the different channels look alike
as far as is possible. From the definitiond of the three
channels it is clear that if, for example, the t-channel
final state consists of two identical self-conjugate bosons,
then the s and u channels are identical and crossing s & u
exhibits a simple odd or even property of the t-channel

invariant amplitudes, Crossing symmetry will be discussed



28.
in greater detail later,

Finally, we come to the problem of kinematic
singularities, This is; perhaés, the greatest single problem
in any discussion of the kinamatics of the T matrix. It is
knéwn that the T métr{x is directly related to the physical
cross—section for a proceéss and that such cross—sections
are finite and smooth. The singdiarities of T are solely of
dynamical origin and we must be very careful to ensure that
in our discussion of the T matrix in terms of an invariant
amplitude expansion of the M-function, we do not introduce
spurious kinematical singularities., Extracting the external
particle wave~functions in the definition (1.24) does not
introduce singularities, but the expansions (1,25) and (1.26)
may, For example, a kinematic covariant could go to zero
and the corresponding amplitude go to infinity in such a
way that the product is finite and smooth. Such a
situation is undesirable and must be avoided,

Much of the work in this thesis is devoted to the
problem of choosing an independent set of kinematic covar-—
iants such that the invariant amplitudes are free of
kinematical singularities (KSF), Because we use the Rarita~
Schwinger formalism, our wave-~functions have redundant
components and satisy subsidiary conditions, This in turn
implies that in general it is possible to construct more
covariants than the known number in the independent sget.
The subsidiary conditions imply various relations between

these covariants known as equivalence theorems. In choosing
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our independent set from the complete set, we must ensure
that no spurious kinematical singularities are introduced.
The general method for dging this is discussed in section
1.4 and it is shown in 145 that if the procedure is
correctly folloWed; the resulting invariant amplitudes

are KSF in both the s and t variadbles simultaneously.

1.3 Symmetry Transformations on M-=Functions.

Before beginning the investigation of the general
method for obtaining KSF invariant amplitudes, we shall
consider some general properties that must be shown by the
kinematic covariants. For any given scattering process,
discrete symmetries such as parity, charge conjugation,
and fime reversal invariance will restrict the possible
forms which cévariants can take., The conditions which arise
from these discrete symmetry operations give us a guide
for obtaining the complete set from which the independent
set is chosen. We also investigate the consequences of the
condition that the S matrix be unitary.

The discrete symmetry most obvious in its effects is
parity. Each particle in a scattering process has an
intrinsic parity and it kas been found convenient to define
the concept of "mormality'" in order to describe the relation
between spin and parity for a partiele, For a particle of
spin J or Jv+ %, we define’the normality as n = (—)J times
(51,81)

the intrinsic parity « A normal particle is then one
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which has m = 1. This is ensured if the particle has
intrinsic parity (---)J so thaty; for bogons, the normal

particles have the.5pin~paritleP = 0+, 17, 2%, etc and

. £ _1r 37 st ;
normal fermions have =% 2%+ 3 s ctc. Abnormal particles
have n = ~]1 and consequently for the same spin, they have
the opposite intrinsic parity to the normal particles,

Abnormal bosons come in the series fP =0, i*¥, 27, etc

%,E,S,etc.

and abnormal fermions in JP =

We can extend the concept of normality to three and
four point functions by defining the normality of a vertex
or scattering process to be the product of the normalities
of the individual particles. A normal vertex then has

n, = nyn,N, = 1, while an abnormal vertex is one with

n, = =1, Similarly, a normal scattering process has -

I

n

g = MyRyngn, = 1 and an abnormal process has n_ = -1,

s
Under the action of the parity operator, the helicity

states of individual particles transform as

fpN >~ g, |-Rs-h >

where 7, is the intrinsic parity; E%’: (~)54x as before,
and p is the momentum which is taken, for convenience, to
lie in the 1-3 plane., The statement of parity invariance

for helicity amplitudes is, therefore,
< =} ,7\:‘1 ;RS aN 1 T ‘ 21,7\1322,'}\2 > =
- n (=)™ Dpt, N sp? NL| T] —py sy Ry s=hys (1027)
8 Rio~M B3 e N | T| -y s D3Ry N (10

where N = %1 - %2 and N! = Ki - ki, and n_ is the overall

normal ity for the scattering process.
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If we now relate the parity reversed wave-functions

tn the original wave-functions by

. N
8& N(‘-p_) = g(a)ea( )(2),

(1.28)
u(4k)(

]

-p) = & v,u'Mp),

where g(a) = (1,~1,~1,~1), we can rewrite (1.27) as a

parity statement on the M—-function:
mﬁa(f!i) = nsg(a')g(ﬁ)Yom,Ba(Pf'Pi)Yo' (1.29)

From (1.29) we can see that if the reaction is normal,
TYl should be expanded in terms of a set of proper tensors
which we shall call JK%, whereas for an abnormal reaction,
TYl musgt be expanded in terms of a set of pseudotensors
j(?. Pseudotensors contain one overallﬂb or one overall
Levi-Civita tensor %MVKP°
Because of this division of a reaction with given
external spins into two distinct categories by the condition
of parity invariance, the number of independent covariants
for a particular rea¢tion is much smaller than the
possible N = H(Zsi + 1). For boson~fermion (BF) or fermione
fermion (FF) reactions, Ni = %N,‘where N* is the number of
independent covariants in the normal case and N the
corresponding number for the abnormal case, For bosénnboson
(BB) reactions we find that N* = 3N 4+ 1) and N = 3(N ~ 1),
This counting agrees with the number of independent
helicity amplitudes under parity conservation in the

various cases,
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In general, the conditions of time-reversal invariance
and charge conjugation invariance do not reduce the number
of covariants required to describe the process; they merely
relate one process to another, However; when we have elastic
scattering, s + 8' =+ 8 4+ s?, or supereiaétid scattering,
8 + 8 =+ 8 + 8, where all four particles are identicai5 these
conditions do, in fact, reduce the number of covariants,
We shall discuss this effect in more detail in our
investigation of normal % 4+ 1 24 4 % scattering in
section 2.1% |

By considering the time~reversal invariaﬁce condition

on helgity amplitudes, we find for the M—function the

corresponding condition:

) ' LT e
TYbacfgz) = M8 g)B(o) T MplTiTE) T, (1.30)

where Op is the product of the time~reversal phases of the

four particles, the superscript T indicates the transpose,

and the matrix T is the Dirac matrix such that Ty T"1 =

u
= g(N)YﬂT; It is clear from this definition that T is
related to the charge conjugation matrix by T ='iYOY5C71;
We can now combine the parity and time—~reversal

conditions to obtain the condition for invariance under tle

combined transformation PT:

Wigg(£,i) = ny ny 87! ?ngﬁ(i,f) B, (1.31)

where B is the Dirac matrix such that By B"1 = Yﬁ, and

‘LL .
thus B = ivC 1,
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Uging relations like (1.3), we obtaim the condition

for charge conjugation invariance for the M~function:
* T f - L] ~1 .
Mpal£28) = 1el=C) Mpy(cE,08) €7, (1.32)

where Nc is the product of the four charge conjugation
phases., Combining eqns. (1.31) and (1.32), we get the

relation for the CPT transformation:

Comparing (1.33) with the result of crossing all four

(59), we get the result that the overall C,P,T

particles
phases are constrhined to satisfy el = +1e

We now consider the unitarity condition in relation
to invariant amplitudes, If the S matrix is unitary, ie.
§st = 1, it is well known that we get a di scontinuity
condition for the T matrix defined in eqn, (1,23) which

reads

ATy -y =33 T T, %0, - 2, (ase)
where the sum is over all intermediate states n. The left-
hand side of (1,34) is the imaginary part of the T matrix,
ImT, and corresponds to the discontinuity across the
unitarity cut. This is an analytic condition independent
of the kinematics of the problem so we would like to be
able to chose our kinematic covariants in the M—~function
expansion so that this discontinuity corresponds directly

to the discontinuities of the invariant amplitudes.
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The condition (1,24) becomes] in terms of the M—function

~3i{ Mpe (£,1) = Fpplin )} =
= 3 SHipln, ) @, Mylm, 1) % o, ~p),  (1.342)
n

where f%l is the product of the spin projection operators
for the intermediate state and ?ﬁ = YO?nTYO' Using the
PT invariance relation (1.31) and the result 7.7y = 1,

we find that

{7nﬂa(f,i) - ﬁﬁaﬁ(i,f)} = {Tnﬁa(f,i) - nC‘B"1 ﬁfga(f,i)B(—)JZ,
| (1.35)
where J is the total number of vector indices on the
M-function,
It follows directly from eqns. (1.34) to (1.35) that

if we always choose our kinematic covariants to satisfy

Koal®s@ = g K (P,Q) B x (=), (1.36)

the unitarity relation can be cast in the form

sy 1 - . ‘4Aa(4) -
(1.37)
which has the discontinuity entirely in the invariant
amplitudes as desired, Equation (1.36) is called the

(59)

discontinuity condition
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1.4 Obtaining KSF Invariant Amplitudesy

We now return to the central problem: how do we
find a set of kinematic covariants so that the invariant
amplitudes are kinematic singularity free? The discrete
symmetry conditiong of section 1,3 guide us in our choice
of possible covariants, but because of the inherent
redundancy of components in the four—component formalism,
we can, in general, write down more covariants than the
number known to be independent, Some obvious reductions in
the number of covaraints follow immediately from the
subsidiary conditions on the Rarita-Schwinger wave~functions,
For instance, the tracelessness condition excludes metric
tensors contracting two indices on the same wave~function,

and from the condition

P/-‘ EP(P) = 0, (1.38)
we get immediately that éw = ZP“. Such reductions

obviously do not introduce kinematical singularities and
since they are so trivial, they will not be mentioned
further.

Again, we can oftem eliminate further covariants by
conditions that Scadron and Jones(sg) call '"abnormal
reductions', Abnormal reductions are simply identities
arising, not from the subsidiary conditions directly, but

from redundancies of the sort contained in qug or N N

v

where we multiply two abnormal-~type covariants together to
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form a possible normal covariant. The value of such
abnormal reductions id that they are reasonably obvious and
there is no doubt as to which covariant must be eliminated
by the identity =~ it is always the one most complicated in
the sense of containing the largest number of momenta, and
expressions like YS%uU%p'

However, even after we have used the subsidiary
conditions in all obvious ways and employed the abnormal
reductions, we may still have redundant covariants, These
must be eliminated by the ''equivalence theorems”(sg).
Equivalence theorems depend in more complicated ways on the
subsidiary conditions and there is no gendral formula for
finding them for all problems. The relevant equivalence
theorems must be found separately for each new problem,
although the work is often simplified by noticing features
of simpler problems which may be carried across into more
difficult situations. Equivalence theorems relate covariants
for which there is no a priori reason for choosing one in
preference to any other. This makes the choice of a set
of kinematic covariants which will give XSF amplitudes
difficult, but there arc certain procedures which, if
followed, make the correct choice possible, Equivalence
theorems will involve kinemaic variables such as vV and t
as well as masses, and it is clear that if we use an
equivalence theorem to eliminate a covariant which is
mul tiplied by such a variable in the theorem, we must divide
by a factor which will give rise to singularities. It is,

therefore, taken as a general principle that only those
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covariants in the equation which-are multiplied by constants
or constant mass factors mmy be eliminated,

Another general principle which guides the choice
of the correct set: of covariants is that the crossing matriees
should not involve kinematic variables such as v and f.

This principle is of pgreat importance in high spin FF
scattering processes where there are many equivalence
theorems and the crossing matrices are very complicated.
We investigate this problem in detail in chapter 3.

In chapters 2 and 3 we also require relations which
are obtained in ways similar tb the equivalence theorems,
but these relations do not involve Xkinematic variables. We
could, therefore, eliminate any of the covariants occurring
in them except that care must be taken not to divide by mass
differences where the masses may become equal. We call these
relations "'spinor identities! because they usually arise
from applications of the Dirac equation, They are important
in FF scattering, but do not cause ambiguities because the
condition of constant crossing matrices is sufficiently
stringent to make the choice of the correct covariants
reasonable obvious,

With these conventions for the eliminatién of

(59)

redundant covariants, Scadron and Jones classify
M~functions according to four types. M~functions of the

first kind are those for the basic reactions (in spin space):
both normal and abnormal 0 4+ 0 =+ 0 +;sé scattering, and

both normal and abnormal 5 +0~ gé + 0 scattering, where

sy and si can take any integer or half odd~integer values
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respectively. For such reactiohs, using the trivial
constraints from the subsidi ry conditions, one can write
down only the correct number of covariants; there are no
redundancies; and no equivaiehce theorems are needed, For
example, normal 0 + 0 » 0 + 1 has the covarian?s Pﬁ and %i,

while the abnormal case has only 3@. Similarly,

2 + 053 4+ 0 has the normal covariants 1 and Q.¥, P.¥
being trivially eliminated by the Dirac equation., The ab-
normal covariants for this reaction are simply Y5 and

YsQ.Y. The possible normal covariant Y5N5Y is eliminated

by the abnormal reduction
TNy = 2(P% Hmm') 2)Quy - (mem')y = Horm')QA, (1.39)

which is cbtained by saturating eqn. (A.5) with P,Q,A,and ¥,
M-functions of the second kind are those for the
"basic reactions: both normal and zbnormal 0 + 1 =+ 0 4 sé;
and both normal and abnormal % 0 = 3 + sys obtained
essentially by compounding reactions with M~functions of
the first kind. For these reactions we require, at most,
abnormal reductions in order to get the independent set of
covariants. For example, the normal reaction 0 + 1 -+ 0 + 1
has covariants ﬁde, thb, Pv%u’ ?uQv, and 8up» where the

possible Nb is eliminated by the abnormal reduction

N
NN, = Mg 4 (0% = (@8)2) P P, 4 (P.0Q.0~ t7){F,Q]
Ly = Vg + 119 £V R Py + (20500 1y

- 200@u- @R [P,Q], + [405FRRN) PR (Pi0)*1q 0,

(1.40)



39.
Similarly, for normal 4 + 0 - % + 1, we have the
- . . %
six covariants RU’ gu, RQQ‘Y$ %uQ’Y’ ﬁu, and 1q&vQ .
Further examples of M-functions of the first and second

kinds are given, with the appropriate abnormal reductions,

(59)

by Scadron and Jones
M-functions of the third and fourth kinds are those

for which redundant covariants remain after all trivial

relations and abnormal reductifions are employed. Thus we

require equivalence theorems in order to obtain the

independent set of covariants., The distinction between

- M—~functions of the third and fourth kinds is that for the

fourth kind, the number of equivalence theorems becomes

of the same order of magnitude as the number of independent

covariants while for the third kind, the number of

equival ence theorems is small, M—~functions of the third

kind arise for recactions like % +0 e-% + 0,

-12-+0-+-§-:+1,%+1»%+1. and 3 + 3 =+ 3 + } in both

the normal and abnormal parity cases. Normal BB reactions.
such as 0+ 2 -0+ 2, 0+ 11+2, and 1+ 1->1+1
al so have M~-functions of the third kind, Scadron and Jones
have given a general treatment of the equivalence theorems
for Méfunctiohs of the third kind and several examples

(21-23,28-30)

occur in the literature « We investigate both

normal and abnormal % + 3 = 3 + § scattering in chapter 2.
digher spin BF and FF reactions in general have

M—functions of the fourth kind, as do abnormal BB
(24)

processes like 0 + 11 +1 investigated in chapter

'3, We a2lso investigate the M~function of the fourth kind
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for abnormal § + 3 - 3 + 2 (60) in chapter 3.

205 Proof of Freedom from.kinematic Singuiéfities;

In section 1.4 the gemeral procedure for obtaining
KSF invariant amplitudes was outlined. It could be argied
that a disadvantage of the approach followed is that no
general'formula can be found which will give the correct
covariants for all processes with spin; the choice has
to be made by reference to the equivalence theoiems which
must be derived separately for each process, It haé not,
indeed been proved rigorously that it is possible, for any
general process, to make a choice of covariants such that
the amplitudes are'KSF; However, in the work of Scadron
and Jones, and that contained in this thesis, general
techniques are employed to obtain KSF amplitudes for a wide
range of procésses, including the most difficult type of
process with M—functions of the fourth kind. For a further
range of processes the KSF amplitudes are trivially
obtained by simple generalizations of this work, so the
conjecture that it is always possible to choose KSF
amplitudes appears to be reasonable.

The claim that the amplitudes obtained by the tech=
niques outlined in the previous section are KSF in both
s and t simultaneously, is based, to some extent, on the
work of Hearn(45); It is considered that the comgiete set

of covariants which would arise from perturbation theory
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have KSF amplitudes. Consequontly, if no explicit singul—
arities are introduced when we reduce this complete set to

an independent set, the independent set of amplitudes

will also be KSF. Thus, the procedure which allows only
those covariants which appear in the equivalence theorems
mul tiplied by constants (or constant mass factors) to be
elimirated, manifestly does not introduce kinematic sing-
ularities. Some effort may be reQuired in order to cast
the cquivalence theorems into a form in which this procedure
may be followed. For example, in normal 1 + 1 - 1 + 1}
scattering considered by Scadron and Jones, we need to
take rather obscure combinations of simple covariants in
order to get two independent combinations multiplied by
masses only.,

We could also show the KSF structure of invariant
. amplitudes by relating them to the helicity amplitudes.

According to Hara(ss) and Wang(56), the singularities of

T{Ei in s are entirely contained in the factors

t 1. '

(cos 3

go that the reduced helicity amplitude

m(t)

i, = eos %at)_lmﬂ" {sin %@t)-l?\'-?\] o(t)

NN
is KSF in s.

We can now find the relation between the helicity
amplitudecs and the invariant amplitudes by considering the
expansion of the M-function in terms of the t-channel

covariants and forming the helicity amplitudes according to
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7(\?7’\( 5,t) *EA(t)(s t)<7\l:’( (®,Q)| N> . (1.41)

If we now consider the t-channc¢l centre of mass framec,

we find the conditions
a(i)(q').@ = s(i)(q)';-Q = s(i)(p' ).P = a(i)(P)‘“-P‘ = 0;
and ;(i)(p’) u(i)(p)

from which we find that the helicity amplitude for maximum

helicity-flip, T(AA) s is proportional to just one

max

invariant amplitude. It has the correct angular factors
' 1

(cos 26 )|%'+%|(s fﬁt)‘%“ N so that the invariant

amplitude ig KSF' in s, Similarly, the next reduced helicity
amplitude will be proportional to a linear combination of
the first invariant amplitude and another one, from which
we conclude that the second invariant amplitude is also

KSF in s. This process may bc continued and the "triangular"
structure of the rclation between helicity and invariant
amplitudes implies that the invariant amplitudes are all
XSF in s.

We can then carry out the cntire procedure cquivalently
for the s—channel reduced helicity amplitudes and the
s—~channel M-function expansion. The same triangular structure
shows that the invariant amplitudes arc KSF in t. Finally,
the s and t channel invariant amplitudes arc rclated by
the crossing matrices. But we have made it a condition
that this crossing matrix does not contain kinematic

variables, so crossing docs not introduce singularities.
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The conclusion is that both A(S)

(t) .
c and AK are KSE in hoth

the s and t variables.

This completes our proof that the invariant amplitudes
are KSF and we also note that they are free of kinematic
zeros. These properties; together with the fact that they
are independent at thresholds and pseudothresholdg
encourage us in the belicf that the invariant amplitude

approach to scattering procecsses is uscfuls.



CHAPTER 2,

M~FUNCTIONS (F THE THIRD KIND.

We recall that M~functions of the third kind are more
complicated than tkose of the first and sccond kinds since,
in order to climinate rcdundant covariants, we require
equivalence theorems. Ihc humber of such rclations between
covariants is, however, small compafbd with the number of
independent covariants required for tLe processi Iﬁ this
chapter we will investigate in detail the M-funéfioﬁ

expansion for both normal and abnormal % + 3 = 3 +

N

scattering. The simple counting formulae given in chapter

1 show that.there arc cight independent invariant amplitudes
for each process, although for normal 1+3154+ 1 it is
possible to hawe elastic or supcrelastic scattéring which
reduces the number of independent amplitudes. We consider
the transition from inelastic, through eclastic, to
superelastic scattering for this case .in some detail, and
express our results in a form such that this transition

is manifest and smooth.

2.1 Normal 2 + 3 51 + 1 Scattering,

(i) Covariants.

Nuclcon-nuclceon scattering is undoubtedly the best

known normal + + 4 - 1 + 3 scattering process and it has



been discussed iﬁ detail by several authors(82—84). It is;
however, a Suberélastic proccss and consequently the
M-function must be invariant under time reversal and also
under the intdrchange of the identical particles in the
initial and fihal stafes. As was mentioned in section 1.3,
such special conditions reduce thc number of independent
amplitudes, and for NN scatterinpg, it is well known that
there arc fivc amplitudes only., For g process such as
NZ - NX, thec scattcering is clastic and there arc six
independent amplitudes, the condition of invariance under
the intcrchange of particles in thc initial or final states
no longer obtaining. In this, and thc following work, we
will choose thc s-chamnel to be the direct particle-particle
scattering channel with thec crosscd t and u channels as
particlc-antiparticle scattering channels and usc thc
gsonventions of eqns. (1.2), (1.6), and (1.9) for the
ordering of thc four spinors and labelling of the indcpendent
sets of ¥y matrices,

The cight kinematic covaraints for the t—channel which

give KSF invariant amplitudes for inelastic scattering are

7-(;1:) = (2,0 g{gt) - (2) 1)
J(gt) = {2 (2) D K %ﬁ(zi)f(ri) _

o (2),.(2),.(1) (1)

= [_ﬁ%).{u 7,77, '{7_, ,
Koy o 2y () X(t) L (py(2) (1) (20 (1)),

!

J{_({t) _ YgZ)P Y(z)r‘é;), 7<}(3t) - Yéz),{gl)@‘,{(l).

(2.1)
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This choice is well known from the literature. For elastic
scattering, thec condition of time reverszl invariance in
the direct channel requires that in the crossed t—channel

the covariants satisfy

K®,) = c!Vc2) K (-p,~q) ict)1icl2)31, (2432)

(1)

where C and C(z) are the Dirac charge conjugation matrices
appropriate to the (1) and (2) sets of spinors respectively,
We find that the condition (2;2) excludes both j(gt) and
j(gt) from the set (2.,1), leaving us with six covariants

for elastic scattering as desired. For superelastic
scattering our covariants must remain unchanged under the

interchange of identical particles, the condition for which

takes thc form of the simple reclabell ing constraint

Kp,Q) = Ka,p), 1) a2, (2:3)

Condition (2,3) further excludes }(ét) from the sct

(84)

(2.1) and we arc left with the familiar GGMW set of

five "Beta—decay invariants!" for supéreiastic scattering,
Instead of defining our s—channel covariants as the
lincar combinations of the set (2.1) given by the t = s

(83)

crossing matrix as in ALV » we follow our "look alike"

principle and go straight to the natural s—channcl covariants.
The form of these covariants may be obtained from (2.1) by

(1) Y.(2)

the simple substitutions ¥ > Y, -+ x', P+ A, and

Q -+ A', giving
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KiS) = 1‘1: K’(LS) = Y"Y:
7@5) = YLY'T5Ys 7{(15) = 370

: (2.4)
KL = vy, KT = (awn - 1y,

it
!

Unfortunately, the set (2.4) ddes not simply satisfy
the conditions of time reversal invariance and identical
particles, Under the time reversal invariance condition

for the s—channel,
K, = K=A',-0),  (v1C) » (71T, (2.5)
(s)

8“

Similarly, the condjtion for supereclastic scattering

we find that J{és) is excluded vhile J(%S) o -K

K(A,At) = CCt K(-p,-At) C eyt (2.6)

allows J(és) to remain and excludes J(gs) and ](gs).
Obviously the covariants J(gs) to J(és) as given in (2.4)
do not show a smooth transition through eclastic to super—

elastic scattering. However, if we take the linear

combinations
7(3(“"') = (YEAY'Yg = YEYEAYY),
7(1((5) = (YLAY'yg + ¥ivgA' oY), (2.7)
xy'®) = (A.m‘— 1'1\.‘.7);

(s) )

it is clear that condition {2.5) excludes JK% and :Ké(s



48,
while condition (2.6) further excludes :Ké(s) and we: have
rcproduced the pattern shown by the t-—channel covariants
(2.1).

A similar situation ariscs with the natural u—-channel
variables., We can go straight to the natural u-channel sect
by the substitutions Y(i) %-Y(a), Y(z)-+ Y(b), P %mK,

Q-+ L', in (2.1) and obtain

KL 2 o)), 242 < @) (o)
KL - Phelb) ladylaly gotu) _ éfﬂi)%ﬂi) ,
2D - xbyla), %4 - (T (B) (a) I(T'a)Ki‘fY(a)"),
K (BIE ) f2)  gela) () Ladg (e
(2.8)

In the natural set (2.8), ](gu) to ;(gu) are, as before,
the appropriate f-decay invariants, but as for the s—channcl

covariants, we find that we necd the combinations

JKé(u) _ (ng)K-Y(b)Yéa) _ Yéb)Yga)K’-Y(a)),

K = wgb’K.Y(b’vga’ r yPhpladge (o)) (249)

Now the time reversal invariance condition for the

u—~channel

K(K,El ) = C(a)c(b) X(_K: ,_‘_K) {C(a) }"Iic(b) }—1’

L), () | (2.10)

excludes ;Q%(u) and j%%(u), while the identical particle
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condition
KELED « KEE, 2 oy, (2.11)

excludes jqa(u) as reqﬂirea.

It is in some ways unfortundte that the combinations
(2.7) and (2.9) of the natural s and u channel coVariants
are required for a smcoth transition from inelastic to
elastic and superelastic scattering as taking them destroys
the symmetry which we could sec when, in the inelastic
case, either the initial two, or the final two particles
of tle s-channel are identical. From eqns. (1.1), (1.5),
and (1.8) it is clear that if, for example, the particles
with spins si‘and sé are identical, then the t and u
channels are essentially the same. Crossing t « u then
simply corresponds to interchanging the identical particles
in the s—channel final state and we would expect the
s—channel covariants to show somec simple propertics under
t & u crossing. These are the crossing symmetry relations

mentioned in section 1,2 and they arise because, in

N!HV
N

normal + - % + % scattering, thc interchange of
identical final state particles in the s—channel makes
t » u crossing simply a matter of fermi statistics., The
s—channel covariants have, thercfore, thc property that

under t + u crossing
(AR - X (A,-A1),  (0iC) » (ore)T, (2.12)

where :Ki(A,AJ) are the set of natural covariants (2.4).

This crossing symmetry is rcflected in the invariant
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amplitudes so that for the natural s—channel amplitudes,

we have ﬁnder teu crossing
| : o
(8) 5.0y - 0s) 5 4), 1=
A‘i ( is) bt _‘(-") Ai _‘v’s), 1 — 1;"'-’8. (2013)

The extra minus sigﬂ in 62;13) arisbs from thd fact that

the M-function must have an bverall sign change under t & u

‘crossing since this involves the interchange of two fermions.
This crossing symmetry'could be seen in an inelastic

process such as NE - 22, but as such processes are comp-

aratively rare, the form in which we have given the covariants

in egqns. (2.1),(2.7), and (2.9) is probably more uscful.

It is well known, though, that we observe this same crossing

symmetry in superelastic scattering where the amplitudes

Ag to Ag are not present. For this casc, eqn. (2.13) (with

i = 1,.4455) reproduces the familiar symmetry of the

s~channel amplitudes for NN elastic scattering under t + u

crossing.,

(ii) The Equivalence Theorems.

We now come to a consideration of the cquivalence

theorems and spinor identities by which such possible

(2)q.¢(1) (2),01), (2)g (1))

covariants as P,y

(z). (1)
Q[.LYV 10‘#7}, ’

independent covariants discussed in thc previous section,

, (Puy and

etc. are eliminated to leave the eight

These relations arc well known from the literature, but we
will reproduce them here for complecteness., They are most

easily derived from the expansion of forms such as
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(2)y pvep, (1) (2)BN proydy (1)
(QY ) ey Yy, e vaﬂA o ot AYU8% , ctc., and
we find three equivalence thecorems and four spinor identities,
If we compare the cxpahsion of ﬁuv(AJIZ)%)gMU(Aﬁii))
according to cgn. (A.l) with the cxpansion obtained from

the usc of eqn, (£,7) for cach g~symbol, we obtain the

cquivalence thecrem

Lmemtaprpt ) [Poy (201 (1) o (20 (1) ) 2(8)
+ F(mrm!) (urpt) két) ~ -’.«;(m—m')(u—fi')ﬂ‘(gt) -
- vﬂgt) 4(m'—u+;u)7{(t’ %(u-ﬂ-')Jx’(t) +
+ 3memt) KLY L (2.14)

Similarly, by considering the form ?uv(QY(z))SMU(PY(l)),

we obtain the second equiwalence thcorem

poyrl (1) v;,((t) L (pzt ) + (mem?)? - t}th)

+ dlmmt) (o) K ~ Elmemt) (e K(E) -
- 3mem KLY - 3 K. (2.15)

The third equivalence theorem is obtained by multiplying

(2.15) by Yéz)YEI) which changes the signs of the masses

m! and @' as well as shuffling the covariants in an obvious

manner., It is

+ 3 )%+ (memt) 2= 37<§_” + V'Két) - i—(mﬂ-m')(ww)ﬂit)"

(2), (1) _ (2)q 1)

- 3 (mim" )P,y Flprpt)e . (2.16)



52.
The spinor identities may D¢ obtained by considering’
: (2} (1)pv
the cxpressions AM’Y‘U
that we can multiply them by 1 = (¥

and 0 (Z)A“y(l)” and the fact
(2)) (Y(l)) . Simple

applications of the Dirac cquation leads to

(2)%,{(2) (1) (1) - %(m*m,)x(t) + ';'(/,H/,U)]{g:t) N

Y5 uv
. p2)5 (1) (2.17)
and
(2) (2)57 Y(1) (1) ‘(u*u’)Y{(t) . z(mﬂn‘)f((t)
1(2)q (1), 2.19)
Multiplying (2.17) and (2.18) by Ygz)yél) lcads to

two further identities

{21l = mem ) K - 3 & 5 KL, (2019)
and

1ol 2p ¢ o dun KLY - e K 4 %L, (2,20

We can readily see that the three equivalence
thecorems (2,14-2.16) and the four.idcntities (2.17-2,20)
satisfy the conditions of section 1.5 for the reducticn of
the complete set of covariants to the independent sect
giving KSF amplitudes.

In the above work we have given the equivalence
theor:ms in terms of the natural t—channecl covariants
because this is their customary form, but because we are
treating these problems in a symmetric way for all three

channels, it is necessary that cqns. (2.14) to (2.20) be
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writtem in terms of the s and u channel covariants as well,

We can obtain the s—channel set by the simple substitutions

m-s>m, ¢4ty m* si; gt >nm', v--9>, t-os,

, _ (2.21)
PoA, QA" Y(Zj—#"{', and "(‘(1)—*'{,

in equations (2.14) to (2&20). For exdmple, eqn.: (2.14)

becomes for the s—channel covariants

Lmeprmte s ) {Aurt s+ 10807} = 85 4 Limeps) (e ) %554

P30 ) KEP) = 2K - 5P o o) K

+ 3wt ) X - 2w K (B (2.22)

Notice that 7(és)' ngs), and ](és) arcec here those of
eqn. (2.4) and not the combinations of (2.7).
Similarly, for the equivalence theorems in the

u-channel, we make the substitutions

mom, [->p, m'o>pt, pten', vov, t-ou,

(2.23)

P+K, -1, Y(Z)-+ Y(b), and (1), Y(a),

in equations (2.14) to (2.,16) and obtain the u-channel

spinor identities by the same substitutions in egns. (2,17)

to (2.20).

(iii) The Crossing Matrices.

The crossing matrices rclate the natural covariants

and inwariant amplitudes of the M—-function expansiorn in onec
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channel to those of the expansion in another channel. For
many processes, these crossing mitrices are almost trivial,
arising solely from the telations between the natural
gBMenta (1:12) with the addition of the subsidiary cond-
itions liké (1138j; For four fbrmion scattering, however,
we have the additional compiic&tion %ﬁat the spinors must
be reorderedjfwe cross from one channel to another. The
matrices expressing this reordering arec known as the Fierz
transformation matrices and we must calculate these in
order to obtain the normal 1+ 353 + 4 crossing matrices,
Once this Fierz matrix is known, it is a reasonably
straightforward calculation involving the usec of eqns, (1,12)
and the Dirac equation to obtain the full crossing matrices..

Cur convention for labelling the crossing matrices

is given by the equation
;;{(s) - r[st]JK(t)’i (2.24)

which means that the 8 x 8 matrix‘r[st] gives the linear
combinations of the t—chammel covariants equivalent to

the s~channel covariants., The suffices [st] merely label

the matrix and are not tensor-like indices so that

rfst] # P[ts]' We assume that the eight covariants,

expressed symbolically in (2.24) as the column vector j{,

are ordered according to equations (2.1) and the combinations
(2.7) and (2.9) are used for the s and u channel sets, The
eight component column vector of the invariant amplitudes,

similarly ordcred, consequently cross according to

als) o

el A(t).

(2.25)
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We also have the obvious combination properties for

the crossing matrices:

Pree] Tles] = Tles] Tlst] = Tltu) Flut] =
ShSLERS (2.26)
- P[su] r[us] = etc. = 1,

and ,
Tlat] = P[su] Plut]? r[ts] = T{yu] Tlus]e oter  (2:27)

We find that cach of the six crossing matrices has

the block form

]
Q
o0
I' = %-—‘-‘.‘.;:_.—.ﬁ. 3
pe |, P

with T? a 5 x 5 matrix of numbers only which crosses the
five f-decay invariants into each other, Fb a 3 x 3 matrix
of numbers only, and T¢ is a 5 x 3 matrix involving the
masses,

There are several ways of calculating the Fierz
transformation matrices, For instance, one could calculate
appropriate traces, but in this work we will base our
approach on the completeness relation for the Dirac

¥y matrices
1 1 t -1
§T67 = %IgwR)(;f (), s (2.28)

where the summation extends over the 16 ¥ matrices and
our convention for these matrices is given in detail in

appendix A,
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Contracting (2.28) with (0!C) ~10,)™, where

s w’w*ic
Ol and 6s_are tHe appropriate combinations of momenta and
¥ matrices to give the ﬁatufél suEhahnei covariants; vie

obtain, after relabelling,
(0tC) (€Yo )™ = in(y,) ., F(oteyic o) 7 (2.29)
s ‘o7t s - 4& ‘Rt s ‘R s'c" * *

which expresses the s—channel covariants in terms of those
of the t~-channel. Use of eqns. (2.29), (1.12), and the
Dirac cquation then leads to the following results for

the crossing matrix F[st];

-1 I -1 -1
2 2 0 4

T?st] = (2.30)

L S N
!
N
|
N
o
™
-

-1 =1 1 1 1
L ' -

. which gives fhc expansion of the five s—-channel covariants
J(gs);...; §S) in terms of the five superelastic t-—channel
covariants. This matrix has been given by ALV in their
definition of the s-channel covariants in terms of the

t-channcl set in nucleon-nucleon scattering. But we have alseo

(2 0 o

N3 = o 2 -4 (2.31)

ot [ I 2.
0 -4 -4

M -3M -M -M 3M
~C
Tlst] = % | 3M!' -M' =3M' M' Mt} , (2.32)

3Mll ld' 1 3Ml ? L{l 1 Nll 1
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where we define M = {m-ppemtsut), M' = (m-p- m'ept}, and
M é:(mt#_m}hﬂl)i ’ ‘ o S

From cquations (2.31) and (2.32) we can see why it
was desirable to take lincar combinations of the s-=chammel
covariants. The crossing matr?ces in the form given above
show:clearly-the "smooth! transition from inelastic to
elastic and superclastic scattering, For ¢lastic seattering,
m = m‘ and 2 = 1!, so that M' = M = 0 and the last two
rows of r%st] vanish. Under these circumstances ;K% and
j(é transform completely independently of the other six
covariants and they can be drepped without di§;gpting the
¢rossing of the other six4 Similarly for superelastic
scattering, when all the masses become equal, Pi t]
vanishes completely so that we can drop ](a, XLy and 7('
without upsetting the transformastions ef the remaining f;ve
covariants. We find that this pattern is followed in all
six crossing matrices, provided always that we employ the
conbinations of covariants (237) and (2:9)s

The inverse crossing matrix, II¢3],,may<bc obtained

by similar use of the Fierz transformation formula

(2}, 7(4(1)y, o :

and the relations (1.12). It turns out that the elements

of r?ts] have the same absolute wvalucs as the elements of
'r?st]" It is not necessary, thercfore, to write out r[a_tsf]
in detail, as it can readily be obtained from jl‘f‘st..] ‘by
inspection since it is the inverse of the matrix (2.30). The

rest of T, 1. fs given by . . ¥

R



4 0 0
b ,
I‘[ts] = 0 2 =2 ’ (2.34)
0 -2 <2
and
€ = 2
r[ts] = 32 X
-3M M -3M M -M

(2m—pi=2mte ') (2mapu—2m' =t )= ( 2m=pi=2m 4Lt ) (2= ) (Zmepi=2mt—2t )| o

~{m=2p-m'+21") (m+Zw—mﬁ—Zﬂ') (eru—n'#Zu')(mrm')(m*2u~m}—2u')
(2.35)

The crossing matrix r[su] is obtained in a similar

way. The appropriate Fierz transformation formula is

(Q4C) 1 (€70 )T = 4 z(o'c:«{R( ToT) L Tlvg) . (2.36)

Once more it is not necessary to write out rfsu] éince it
can be obtained directly from r?st] by changing the signs
of the odd numbered rows, leaving rows 2 and 4 as they are.
This possibility reflects the fact that we have crossing
symmetry on these five covariants if the t and u channels
are identical.

Similarly, P[us] can be obtained with the use of the
Fierz transformatidén

(Oflb))o_‘T(Ofla))T,O“ = 1 Z(Oflb)ynm(a)T)a_ng

(c"1 2077 (2.37)
and again rfus] has elements of the same absqlute value as
those of rﬁst]' It can.b§ obtained directly ﬁrom P?ts] by
changing the signs of the odd-numbered columms which can

also be seen as a manifestation of possible crossing
symmetry. It turns out, in fact, that Tﬁsu] = rfus] and

this matrix agrees with that given by GGMW.
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The remaining portions of r[su] and r[us} axe fouhd

to be
4 0 0
b b _ ”
I‘[Su] = r[us] = 0 -4 0 y (2.38)
‘ 0 0 -4
_ -3M M 3M - -M  -M |
I,C .
[su] = $ |- 3Mt M+ uM* -3MY |, (2.39)
3MMY MTO3MT MY MM
and
- -
3M -M  -3M M M
r‘[’usl = 3 |aM* M* 3 Mt MU'}, (2.40)
L—-M" M Mt MY -3MY

The crossing matrices r[tu] and r[ut] can be

obtained from the Fierz transformation formulae

(2)

(Oiz))fvT(oil))a—to' = IL;(YROt .)O“T(Ynoil))q-’(r (2.41)

l
Al

and

20PN T(vol*h T, (2.42)

(b), T(xla)y o _
(Ou )G* (Ou )T' - R R™u

LS

respcctivcly, or from the relations (2.27). They are

given by

[L=9
|
38
™
o
)

[1=N
N
§
| 8]
o
KN
-

o a.
I‘[tu] = I‘[ut] = (2.43)
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which again agrecs with the matrix given by GGMV,

(4 o ol

b \

g — — A

r[tuz = {0 »2 2 ’ {2,44)
o 2 2]
4 o0 o]

b - - -l

r[utj = {0 =4 4| , (2.45)
0 & 4]

< v . §

r[tu] = 2z X

3M -M 3M M M

(2mtpz—2m!—2') (2m~p~2m* HLt )~ (2mei=2m* =it )~ (=21 ) (2a~f=2mt 40" )
(m42pL~m* -2L¢ )—(m—Z[,L-;m-(—Z/.Lf‘ Y= (m Ru~mt =212 )~ (m~m* )-j(m~2,L1:—m‘ +20L0)
V ' - (2.46)

ana
-M ~3M M -M -3M

C
Tlut] = 3 | 3mr  -Mt  3M! -Me M . (2.47)

M MU =3MTT Mt MM

It will be noted that these six 8 x 8 crossing
matrices do not contain kinematic variables and thus do not
intreduce kinematic singularities. The independent set of
kinematic covariants given in seétion»(i) and obtained
from the complete set by the equivalence theorems of
section (ii) will, thercfore, lcad to KSF invarianf

amplitudes.
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2,2 Abnormal 3 + 3 % + % Scattering.

(i} Covariants.

This process is simply the abnormal equivalent of
the normal 3 + 3 — 1 +3 scattering trecated in section 2.1.
Many of the featurcs of the abnormal case can be abtained
dircctly from the previous results by simple chiral ¥s
transformations. We will assumc that the opposite parity
particle is always in the final state for the s-—channel
process and it is clear that therec is no possibility of
elastic or superclastic scattering. There are, therecfore,
always the full cight covariants and we do not need to
take lincar combinations of thc natural covariants in the

s and u channels,

The eight t—channel covariants are obtained by

multiplying the set (2.1) by yi!) ana Ygz) and we choose
ngt) - TgZ)l(l), J(;t) - ng)Y(Z)‘Y(l),

PG #2’.?;1?7‘1’, KD ool 2ty o
J(ét) _ I(Z)Yél), JKét) - (P.Y(Z)Tgl)- YEZ)Q'Y(I))’
j(gt) - I(Z)Yg”Q.Y“), ]{ét) - Ygz)P'Y(Z)l(z)..

Similarly, the set of s-channel covariants can be
obtained from eqn. {2.4) or dircctly from (2.48) by the

substitutions

W2 s, ) Ly LA, Qaa. (2.49)



o
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The s-channcl covariants then are

;j{gs) I~ 1; | Kgs) e

Ko vy, x42) < teioio,

K 2 g, ) = (i - Y}J_A"Y’fz.so)
J(S"S) = LAY -XéS) =L Aur'l,

which covariants conform with our "look alike" principle.
A possible set of u-channel covariants is obtained

from the sct {2.48) by the substitutions

T(Z)’—-)‘Y(b)p Y(l) —*Y(a), P——)K, Q"‘*K': (2'51)

but this set is not thec most convenient., Crossing symmctry
in abnormal % + %74 i+ 1+ will be observed when the two
initial s—-channel particles are identical. From eqns. (1.1),
(1.5), and (1.8) we scc that if the particles with spins
Sg and s, are identical, the t and u channels are alike,
one in fact being the TCP transform of the other. The
necessity for this TCP transform masks to some cxtent the
possible crossing symmetry and as the covariants obtained
by the substitutions (2.51) arc the natural set for the
u-channcl as given in egn. (1.8}, they do not mzke the
crossing symmctry maniiest. The crossing symmetry can be
made explicit cither by redefiring the u-channel as the
TCP transform of (1.8) or by rcordering the u-channel

covariants obtained from (2.48) by thc substitutions (2:51).

We shall follow the latter approach and the reordered sect
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can be obtained directly from (2.48) by the substitutions

Yu)qgw,,gn Ww% Posh', Q-Lk, -(2.52)

Since this is still a simple relabelling transformation,
the set of u-channel covariants obtained conforms to our
principle of defining the covariants in the scparatce
channels in a similaxr way.

Performing the substitutions {2.52) in the set (2.48),

we obtain our u~channel covariants

Kgu) - 1(b)Y(5a), }((zu) - Y( ).Yﬁa) (a)’

(u) _ (b) (b} . ( ) K(u) = g (b)o_(a))

3 Y5 Y ’ 4 e ’ (2.53)
Kgu) _ ng) 1(a), : ‘Kgu) - (Y(b)A' a)_ K.Y(b) (a))'

K L [IF ) (2) gl ), (a)g (a)

L4

With the covariants as chosen in (2.48),'(2.50), and
(2.53), we obtain explicit crossing symmetry on the s-
channel invariant amplitudes for identical initial s—channci
particles. The derivation of the crossing symmetry rclations
is similar to that given in thec previous section for the
normal case. The result is that the invariant amplitudes

’ 1 .
for abnormal % + % -3+ 3 scattering behave as

Ags)(ﬁ,s) = (=)} Ags)(—ﬁ,s), i=1,40.,8, (2,54)

under t < u crossing.
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(ii) The Equivalence Theorems.

talm

The cquivalence thcorems for abnormal % 4-%-4 % +
arc obtained dircctly from thosec for the mormal scattering
by multiplying by Ygl) or Yéz) in a similar way to that in
which we obtained the abnormal covariants. The cffect of

(1)

the Y5 transformation is to changec thc sign of the mass

(2)

m'! and Y5 changes the sign of 4'. The normal %+%-+ %+%

covariants change in an obvious manner into their abnormal

counterparts and we obtain the threce cquivalence theorems:
%(mfﬂ+m'+ﬂ')iP-Y(2)Yél)'* YéZ) (1)} - UJK(t) .
¢ Hom) (e KL et G K~ 2K

+ v.j(gt) 1(rn —p4mt =2t )j<(t) ’hwﬂn‘)j<(t) x(ﬂ-@')](ét),

(2.55)

(2) P.y )Q Y( 1) oyt - %{(sz')?“ + (m-m') 2 - tU(gt) +

+—,‘;(m—-m')(w+u‘)7<f;) + %;(m-fm')(u—w)ﬂét) +

*‘%([,&#L")j(gt) + 3 (m-m! )P-Y(Z)Tgl): (2.56)

and

P Y(Z)Y(”Q Y(“ = 4(m—m')(..t”1-£‘)7<(t) it (u—zz')2+(m+m')2—-t gtl.-

+v}<(t) 4(nhi-m')(u-/1~')j((t) +2(n-m‘)j<(t)

(2)g (1)

+ 2l Iy g™ Quy (2.57)

We obtain two abmnormal spinor identities in a similar
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way from cqns. (2.19} and (2.20). They arc

gZ)QMYT()Z) !(“1)) - %(m_m')th) - %(#*#')Xflt) _ IJ.Y(Z)Y.l(_)l)'
(2.58)
and
,,(le))PpLY(Sl)Y(l) - gz_(w_u')xét) - %(m+m')}(f:)‘ (2)(:2 1)
' (2.59)

The two further identities for QuYiz)Ygl) ;3) and
gz) Li)?uYil) may also be obtained, but they are trivially
related to (2.58).and (2.59) above and will not be written
out here.
The equations for the s—chananel are obtained from‘
these by the substitutions (2.21) in eqns. {2.55) to (2.59),

but since the u—~channel is now trcated dificrently, we obtain

the u-channel rclations by thec substitutions

m i, 4 -om, m‘_)mti IJ“""M‘: t = 1,
v>v, Pk, Q-X, Y(Z)_)Y(a), and Y(l)%Y(b),

(2.60)

in equations (2.53) to (2.59).

(iii) The Crossing Matrices.

The crossing matrices for abnormal + + 3 o 4% 4 3
‘scattering arc obtained from cquations (1.12) and (2.29) ectc.
We will usc the same notation as in secction 2,1 and we

again find that the six crossing matrices have the block
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form

a . . i
where I' is 2 5 x 5 matrix of numbers whose elecments have

. . . b . .
the same absolutc values in all six matrices, I'" is a 3x3
matrix which has also purely numerical clements of the same

magnitude in all cases, while ¢ is a 5%3 matrix of the

It will not be neccessary to give details of the
calculations as they involve only simple algebra along the

lines described in scction 2.1. The matrix r[st] is given by

C 1 -1 -1 -1 1]
-4 =2 2.0 4
r?st3 = 4 -2 2 0 -2}, (2.61)
6 0 o0 2 6 B
11 1 -1 1
0o 4
rfst] = {2 -2 , (2.62)
-2 -2
and Tfst] = 4 x

( 3me=pi=3rd ) = { 3m—p0 4+ 3ra=4t') (m— 330} (bt —mr )~ (me= 3L —m 310 )

| (omepzo 20 2f) - (mpa# 2009 200} (—mepsw2ede i) = (mpa) - (m~p+2m+2.0)

= (2mt 2pmrtt) - (2me2ptni=l) (2mezu—rind)  (wef)  (2me2uind-if)
| (2.63)
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The inverse matrix P[ts] will not be written out in
detail. As before, r%ts] can be obtained casily by inspection
from r?st] and the samc is truec for r%ts] from r%st}'
Instead of writing out TE}S] in full, we give an ad hoc
prescription for obtaining it from rfst]' If we interchange
4 and m' and simultaneously change the signs of the first
and second rows and the third and fourth columns in rEstJ
of eqn. (2.63), we obtain rEts]' Mo decp significance
would secm to attatch to this prescription.

The crossing matrix r[su] may be obtained from the
Fierz transformation (2.36) and the various momentum rclations.
Howecver, it is not necessary to write this matrix out
since it reflects the t « u crossing symmetry of {2.54).
Remembering that t « u crossing involives the interchange
of p and q so that for rEsu]’ m and [ are interchanged in
rfst]’ we obtain P[su] from r[st] by changing the signs of
the odd~numbered rows. We will usc the notation Tfsu] =
T?st](m « /1) to denote this interchange of masses in future,
remembering that there may also be some sign changes which
will be mentioned explicitly whenever the abbreviation is
employed. The crossing symmetry is also reflected in r[us]
and enables us to write it down from T[ts]'by changing the
signs of the odd-numbered columns and femembering
l11?115] = I“Ets](m “ ).

Finally we find that

a a b b c c
lut] = TLeul’ Tlut] = Tlealr Tlue] = Tlea)lm = #)s
(2.64)
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where these matrices arc given by

a
Mfae] = |4 -2 -2 0 &f (2.65)

0 4 =4
b -
r[ut] = 2 2 2|, (2.66)
-2 2 2
~(3m4u~3m*—u') (3m-u+3mt-ut)
and Pfﬁt] = £ | =(2mtu— m*42u")~(2m—ptm'+2u)
—{m-2u-2m'-u') ~(mLp+2m'-ut)
(m—=3p4m*=3u ') (m—pl=m' +£') (m+3u-m'—=3u")
—(2m+u—mt+ 20 ) (ti-m') (2m—pz 4t 4211 ) . (2,67)

(m—-2p~2m'-ut) (m=p') —(m42u+2mt-ut)

Of course, in the crossing matrices given above, the
covariants arc always ordered as in eqns. (2.48), (2.50),
and (2.53) and we sec that these covariants do cross

simply without the introduction of kinematic variables.
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CHAPTER 3.

M-FUNCTIONS OF THE FOURTH KIND.

According to the way in which,we classified M—~functions
for processes of any spin in section 1.4, we expect
M-functions of the fourth kind to show somec features in
common with those of the third kind, except that the number
of cquivalence thecorems is greatly increased for processes
with Mrfunctioﬁs of the fourth kind. In this chapter we
examine in detail the M-function deccomposition into
invariant amplitudes for two abnormal scattering processecs:
the abnormal BB scattering 0 4+ 1 -+ 1 + 1 (for example
p - pw) and the abnormal FF scattering 3 + 5 + % +#& (for
example NN S NN).

For the BB example, the usual counting procedurecs
show that we must have thirteen independent invariant
amplitudes, but we can construct sixty possible covariants.
This number is reduced to thirty-six by trivial applications
of the subsidiary conditions, but we still require cleven
cquivalence thecorems and twelve abnormal reductions in
order to obtain our independent set of thirtcen.

For abnormal 3 + % -+ % +‘%, it is casily scen that we
require sixteen independent amplitqges. In this case we
find ten cquivalence thecorems and seven spinor identities.
From the multiplicity of possible covariants and the
large numbers of'equivalence thcofcms required, it is clear

that both of the processes considered in this chapter have
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M;functions of the fourth kind, but we show that by
following the procedures outlined above, it is possible to
chcose an independent sct of kinematic covariénts such that
the invariant amplitudes arc KSF.

It is interesting to notec thet, although the crossing
mairices for zbnormal 0 + 1 -+ 1 + 1 scattering are trivial
compared with those for abnormal %+ + 4 + 1 +3 , in both
cases the requirement of simple behaviour of the
covariants under crossing, in the sense discussed above, is
an essential factor in determining the choice of the

indcpendent set of covariants.

3.1 Abnormal 0 + 1 > 1 + .1 Scattcring.,

(i) Covariants,

This problem, for the first time in our detailed
discussion of particular scattering processes, introduces
vector indices, and our convention for the assignment of
these indices to the particular vector particles is given

(%)

in Fig. 4. The s—channel is the direct channel as

(*) Notice that in order to bring the notation into line
with that used in the rest of the thesis, this labelling
differs somewhat from that used in the author's paper '"The
General Scattering PV -+ VV and Superconvergence', Nuovo

Cimento 53, 625 (1968).
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Fipg, 4, Abnormal 0+ 1 - 1 4+ 1 Scattering,

shown, and Uy etc. symbolize the wave-functions for spin
one particles with vector indices {4 etc. The spin zero
particle is associated with the momentum p.

Our thirtecen independent covariants must be chosen
from the twenty-seven of the form sv%(AB)C ’ su%(AB)Cv,
SMV(AB)CK’ the . twenty-scven 'NﬁAvB%, NvAmgu, NiAqu, the
three qugka Nv%u%' NX%UU’ and finally, the three of the

form (A), where in these cxpressions A,B, and C can

SN
be any of the momenta P, Q, or A. Our set of natural

covariants in the t—-channel is chosen to be

Ky = g (PQIP, + 2, (PQIP, 1, X, = {5, (PQIP - &, (PQIP, L,

f

K {am\(pA)p L+ sw\(PA)Pu}, Ky = Lo (PRI - ev%(pmp“;,
K = fg(Qup +e,(@)p)3, K, = {5, QP - &, ()P, ],
X, = e, (PRIQ,, Ky = &, (PAIQy Ko = 5,,()9,,

Kio = oun(®he Ky = np (@0 Ky = 5080,

,7(13 = N)\g#v. (3.1)
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chosen
The sums and diffcrences have been/in order that the
covariants will exhibit simple érossing properties,

It would be possible to writc down similar sets of
kinematic covariants in terms of the s and u channel natural
momenta by making simple substitutions in the set (3.1),
but in general we do not find this necessary for BB
scattering processes. Since we do not have the complication
of different orderings of four spinors and two independent
scets of ¥ matrices for cach channel, the crossing matrices
rclating the covafiants expfessed in terms of the natural
momenta of different channels arc obtained from the usc
of eqns. (1.12) only. Such crossing matrices are rcasonably
trivial, but it is usually easicr to perform calculations
in the s and u channels dircctly in terms of the t-channel
covariants (3.1) than it is to use the natural momenta of
these channels and calculate the necessary crossing matrices.
Such a procedurec using only the covariants (3.1) mcans that

the crossing matrices arc used implicitly before any

calculation in the s or u channels is performed, rather

than explicitly after the calculation is completed. Our basic

principle of treating all channels in a manifestly similar
manner is not in any way disturbed by this use of just one
set of covariants; it is, if anything, made stronger since
we use the samec covariants in cach channel,

Crossing symmetry in abnormal 0 + 1 =+ 1 + 1 takes a
slightly different form than it did for the processes
considered in chapter 2. If, in the s—channel of any

scattering proccss, one initial and onec final statc particle
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are identical self-conjugate bosons, then it is easy to sce
from egns. (1.1), (1.5), and (1.8) that the s and u channels
arc identical. Under thesec circumstances crossing symmetry
iz observed for the t-channcl amplitudes under s « u
crossing. For the problem we arc considering, this will
occur if the particles symbolized by q#‘and qb are identiegal
sclf-conjugate bosons. The effcct of s «+ u crossing is to
interchange and charge conjugatc these particles simultan-

cously. The kinematic covariants then behave as
: T
Ko (2,2 - Kypin 2= (3.2)

and since thc M-function is invariant under the crossing
operation, wec must obtain the crossing property oi the

t—-channcl invariant amplitudes under s « u crossing:
(t) (t)
Ao v,t) = E_ A -V, t), (3.3)

where Kk is the summation index in the M—function expansion
and §_ = z1. For our amplitudes Al(v,t) to A13(v’t) for

abrormal 0 + 1 + 1 + 1 scattering, it is casily secn that

517 5g T 85 = &7 = B9 = BygT £4p= £y3 = 1y (3.4)
while
8y = B3 = &g = Bg = 5y = 41 (3.5)
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(ii) The Egquivalence Theorcms.

We mentionced in the introduction to this chapter that
for abnormal 0 4+ 1 =+ 1 + 1 scattering we can writc down
sixty possible covariants. This list is trivially reduced
to thirty~-six covariants by use of the subsidiary conditions‘

which in cur formalism are

A,LL -3 —ZQ,LL’ Av - ZQV’ A)\ - -2P7\. (3.6)

The remaining twentythree cquivalence thcorems and

abnormal reductions arc all derived from the basic identity

Cuvnobap = CavnpBup 4'§udhpgvﬁ + Euvaptng  t SuvnaBpop (3.7)

by saturating with various momenta. We first contract'eqn.
(3.7) against A%chﬁand use of thec conditions (3.6) leads

to nine equations between twentyone of the covariants. These
equations do not, however, makc it immediately obvious which
of the covariants should be eliminated, as only the threc
covariants J<10’ 3(11, and ](12 arc multiplied by kinematic
factors. But taking linear combinations of thesc equations
makes it clear that the nine covariants on the lecft-hand-
sides of the equivalence thcorems (3.8) to (3.16) may be

el iminated.

2‘1
auv(PQ)P% J(z - vj(lo +P J{“, (3,8)

i

‘euv(PA)P,)\‘ ]{4 - P.AJ<10 +P2,7<12, (3.9)

e, (P = K - PaK o+ 9K, (3.10)
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— 2 Ry ) - 2 1
28, (PAIQ, = =K, + X, + (Q%v+10.00K ) - (PHvspP.A1K

11°
(3.11)
26  (PA)Q. = K, + Ko + (P.8 +Q.0 +202) K, . -
LN v 4 8 . B +2 10
- (P2+ v o+ %P.A)ngz, (3.12)
28, (QA)Q, = -, + K, +(F.0 0.8+ 30K -
KN v 6 9 T2 11
- @+ v+ fa.a)K,, (3.13)
-
260 (PQ)Q, = =3 - K, - (@%- v - 0.0 K, -
- (P% v 4 .00 K, (3.14)
_ - B A 152 -
26, (PAQ, = =K, - Ky + (P.bo - Q.8 4 229K,
- (P - v ¢ K, ,, (3.15)
102
28, (R)Q, = - X, - Ky +(Pud - Qb + 30 )}(11 +
+(Q% - v - XK. (3.16)

Equation (3.7) may be contracted against all possible
combinations oi four of the P, Q, and A and another nine
nontrivial equations arc obtained. Taking linear combinations
of these cquaticns multiplied by P or Q as the casc may be,
and usiﬁg egns. (3.8) to (3.16), we obtain twelve abnormal
reductions climinating cevariants of the form of N
multiplied by two other momenta., We distinguish these
rclations from the cquivalcnce thcorems because the covariants

climinated arc of a different type from the set (3.1).
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28 QP

TN

ZN/.LPUP N

2N Q Q

SATN

ZNMQ“P'}\
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= (@a+3MXK, + v+ X - (@7 +.0 K,
Q.8+ 3%)1 K, - (@2 +3Q.00K, + (v +3P.00 K, +

+ (P?Q.A - vP.A - %(P.A)Z-l—%PZAZ)Ku +

+ (V2 - P%Q?% + 1.0 - %PZQ.A)J(IZ, (3.18)

il

Q.AK, + (P.o4 -;-AZ).KZ - QZJ{_,, - (v +3Q.00K , +

+ oK + (P + oK, +PoK, - v+ sz(g’
(3.19]
“0%K, 4+ (Pa - @K, +e.aK, +Q% - vK, -

il

- fpaK, + (PP - K +PAK, - v, + PH,

(3.20)
= —(Q.8 = 3O, +(@° - K, - v - P.aK,
(3.21)

= (@ - 289K, + (@ - 0K, - v - 2K, -

+ Q- Q%A + 3P0 - 2nPIK ) +

+ WP.A - PRQ.a - d(2a)? 4 252K 4

2N vP h

+ (PZQZ - vz + 3P.A - %PZQ.A)Klz, (3.22)

= QK + .8 +302K, - 2K, - (v + 32.00K, +

r oK + (@° + P 0)K - P, +v K, - szfg,

(3.23)
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--‘2A23(1 - (P.A +QAVK, +—§Q.A.7'(3 + (@2 + 1) 7{4 -

il

ZNvP/,LPk

- éP.A_](5 - (P% 4 V)XG + P.AK, — vKy + P2K9,
(3.24)
2 2
2NQ,Q, = QAK, - Q K, +vK, + 18°K, - 1Q.0K; +

+4P.AK, + (Q%P.A - vQ.s - 3Q.A)7 + 382 K+

+ (PPQ.a - vPs +3PaQua - don®) I, +

+ (v® - %% - 3Q%P.a +hQ.0) K, (3.25)
h 2 2 '
M,Q P, = (P.A - Q. +3)K, - (v - Q% + %Q.A)]{4 -
-~ (v -P* - P MK, + o, - vJK; + P%]{ (3.26)
2FeBI R T FBAy 8 gr 3.
| 2 2 .1 -
2P0, = (P& + Q.8 #3800 K, - (v+ Q% + Ja.8) K, +

+ (v + P2 +PA) K - P./.\.J(7 +v Ky - PZJ(9, (3.27)
' 2 2
ZNAPva' = -(P.A + 34 )]{1 - Q.Aj{z + (v + -’,:Q..A)]{3 + Q }(4 -

- %+ FPLIK - v, +PAK, - v K+ sz{9.
(3.28)
Equations (3.8) to (3.28) give us twentyonc of our
twentythree cquations and the remaining two cquivalence
theorems must be used to eliminate two of the rémaining
threce covariants Nugvx, Nvgxﬂ, and Nhgpv' We choose to

retain ng as our thirteenth covariant becausc from

iy

eqn. (3.2} we seec that s e u crossing involves interchanging

the @ and v indices and Nx

guv has simple crossing properties

while the other two covariants cross into each other. We¢ have
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chosen the lincar combinations of eqns. (3.1) for ](1 to J(6
for similar simplicity mnder s «+ u crossing.

By an appropriate contraction of (3.7), we obtain

Bogty ~ BuyNp = --a;\gY(PQ)Aoc + eﬁY(PA)ch - eﬁY(Q/A)Pa, (3.29)

from which, with appropriate choices of the indices i, v, N
for , B, ¥, and usc of egn., (3.6) and thc other eguivalcnce

theorems, we get our two remaining equivalence thcorcms:
2N = ~2K, + Ky + Ko + K, v2K, - Ky o+
+(2Q2 + 20 - P.A - %AZ)KIO - (2:?2 + 2V + P.A)]{11 +

+(P% + v + FLK,, v2K 0 (3.30)

dnd

ZNvgu%=2K2+K4+]{5'K6 +23"(7 +]<8 +
2 172 2
+(2Q" -~ 2v - P.A - 3A )}{10 +(2P7 - 2v + P'A)J{Il

2 1 A

It is clecar from the above cquations that we have
succeeded in recducing the complete set of covariants to the
independent sct of thirtcen (3.1) without introducing
kinematic singularities and thus, according to our gencral
philosophy, the corresronding invariant amplitudes will

be KSF,.
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+ ;,-' Scattering.

pole

3.2 Abnormal 3 + % =

(i) Covariants,

The seccond process which we will consider with an

3

M-function of the fourth kind is abnormal 3 + 3 —

[

scattering. The physicéliy interesting cxample of this type
of process is, of coursc, NN — NN*. As this is an abnormal EF
process, we expéct it to haove features in common with abnormal
3+ 3> é + 3 considered in scction 2.2. This is indecd the
case, and quitc a lot of the work of scction 2.2 is easily
generalized for the present problem, We will assume that

our spin % particlc is associated with the momentum q' and

is described by the Rarita—-Schwinger type wave~function
uZ'(q') where ¢4 is the vector index and 7' the spinor index.

We obtain sixtecn possible covariants for abnormal

o)

+ 3 >3 +%by multiplying thosc of cqn. (2.48) by P/J. or QI-L'
However, there is also the possibility of some covariaunts
of an entirely new typc and associated new equivalence

thecorems. We require a2 total of sixtecen independent covariants

to be chosenfrom the sixtecn mentioned above and new covar-—

iants like Ygz)y(l) (Z)Yél)Y(l), etc. Note that f&z) can
never appear becausc of the subsidiary condition
yﬁ”u“(q') = 0. (3.32)

The t-=channel sect which we choose is
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j(gt) - Qﬂi(Z)Yél)i j((zt) =Pu1(2)Yé1) ,
th) _ QMYéZ)l(l): th‘) - PMYgZ)l(l),
:Két) - Q“Y(z)_ Y‘(3_1)«‘,(1)- ;{ét) = Py (zzYé‘t) (1)
K;t) - PMY(SZ)Y(Z)'T(U’ th) = a, Y(z) (2) (1)

| (3.33)

Kg:) - iPuY(Z) (2), (1) _ 3%1(2) (1)g, Y(1)}

(t) _ (2), (1) ( )» (2) 2 (1)

xg;) =PM§ (2)Y£1) (2),‘;2 Y(i);‘, j{(t) (2) (1)
(¢) _ ,(2). (1) (1) e () (2),(2)v, (1)

Kis' =1 vty 16 =5 T W o

The combinations in jKil’ JK;Z; and }(13 were chosen so that
the crossing matrices would be free of kinematic variables.
The requirements of simple crossing propertics and crossing
matrices free of kinematic variables impose stringent
conditions on the possible form of the cobvariants in this

casc., We find that we have to choose the three covariants

from the s:."T’Y(Z) (2), (1) Pui( 2) (1)..7(1)
QY(2) e (1)’ Q‘111(2) (1)Q (1) , P, l? Y(?.)Yl(_1) YEZ)Q‘.Y“)},

and QuiP.Y‘Z)YgL) - YSZ)Q-Y(l)}. We shall sec in the next
scctionthat thesc covariants are all multiplicd by constants
in thc ecquivalence theorems so we can eliminate any of them
at will. In order to make our choicec, wec must consider the
form of the crossing matrices, bearing in mind our basic
principle that the covariants in differcent channcls nmust

look alike. The factor of =3 in 7{&1 and 1o comes from
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81.

which togecther mean that the momenta are related by

A = A(P -30) =43k ~a )
A 2 22 T
AL = 3(P = 3K + K' ).
Similarly, for P“ and Q# in terms of A#, Aﬁ, Kﬁ, and Aﬁ,
and Ap and Aﬁ in terms of Pﬁ, Qﬂ, Aﬂ’ and Aﬁ, the factors

~3 and 1 occur , making the choicc of covariants (3.33)

consistent

with our principles.

The s—channcel natural covariants arc obtained from

the set (3.33) by thce substitutions (2.49).

J(gs’ =1,
L.

Kie) = apvyn,

' {s) - ALY YgY,

Kl - A YEXt Y,

J{éS) = A“a(o“ T,

7{(5) = iAanA-Y'l ~ 301ty A i,

j((S) -
]{(s)

J((S) -

by

It

1 l'Y'5'Y ’

For thc u-channel covariants,

arisecs as

. - 1
iAﬂl'Y5A'.Y 304Y

. 1
in abnormal 3

](gs)
j((s)
4
X
Ko
j((s)

1L

5

fhoyiyg = vihtavd,

j((s)

—

+ 3

'A.Y‘l

N

They are

= ‘A‘u’l tYS H

il

ApYél,

o

]

'Y

= At

#YgY'.Y,

(3.34)

It

%A&a(a"o*) ,

i,
K

—_ arl
- (5YM;

v
Tart ™ 3
YeY 10"

a similar situation

+ 3 scattering. Crossing
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symmetry is shown for identical initial s—channel particles
and we again require the TCP of the u~channel defined in
eqn. (1.8). Ve take account of this, as before, by‘ re-
ordering. the natural u-channel covariants and oncc again,
obtain the rcordered sct from (3.33) by the substitutions
(2.52). The set of u-channecl covariants which we shall

use is then

Jqu.) ‘AuY(b) () éu) :K&ijb)l(a),
KD =m0y, (a) i"{ll(b)Y‘(ja)’
K(Su) _ Kqu(jb),r(b).Y(a)' j{éu’ - Ap‘& (b) (b).Y(a).’
j(;u) _ T&Y(b)-Yéa)Y(a): éu) - pr(b).Yéa)Tﬁa)'

=2
£
1

- %K‘LLS(O-(b)O—(a))s K(U) = %;jtus(o_(b)o_(a)), (3.35)

j((u) - (T (6, La)gy () o N SUNCY
X - ! (PIF, B (a) 3Ku1(b)yéa)x‘.y(a)§,

| KW - )y NI SMUMC T (W) _ Y;b)Yga).
(w) Y(sb)Y:Lb) () K - 5) @) ylal,

With this choice of u-~chamncl covariants, the
crossing symmetry rclation for the s—channel invariant
amplitudes under t « u crossing is obtained in the same

way as the previous crossing symmetry rclations, and it is

A(is)(ii,s) = (=) A(S)( ), i=1,...,16. (3.36)
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(ii) The Egquivalence Theorems.

Just as we obtazined scveral of the covariants for
! 1 1 1 3 . s . .
abnormal 3 + 3 =+ 3 + ¥ scattcring by a simplc generalization
of the work of scction (2.2), it is clecar thot we obtain
six cquivalence theorems by multiplying eqns. (2.55), (2.56),

and (2.57) by P, and Q,. Thesc thcorems climinate

[ipar (i1 o pl2)g (1) (205 (2 (1) 5 (2D (1)g (1)
x[P

covariants in the first bracket is multiplied by P, and Q

w 2

to give two covariants for the higher spin process.

M’ ] where the notation significs that cach of the

In exactly the same way, multiplying cqns. (2,58)
and (2.59) by PN qnd Qﬂ gives us four spinor identitics for
abnormgl § + 3 - % +% . Thesc identities climinate
[Yéz)Q%X(z) {;), (Z)P%Y(l) ;1)]X[Pu, Q ]l. Since thesec
ten cquations arc obtained in such 2 trivial manncr from
the previous work, they will not be written out here. It
is casy to sec from cqns. (2.48) and (3.33) how the
covariants of eqn. (2.48) changec under these muitiplications,
The poseibility of the entirely new tvpe of covariant
involving Y(l)mcntloned above doecs, however, mean that
we must have new cquivalence theorems. Thesc arce derived
from the consideration of double epsilon forms as before

and we find four new cquivalence thecorems and three

spinor identities. First we consider the form

(2) (2) (1) (1)
e’ (Qy )Y /xv( RY )

beforc. This lcads to the equivalence thcorem

and expand it in two ways as
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P (Z)Ygl)Q-Y(l) = %(m-m! )]<(t) + % (m+m! );k{t)*_ ij((t)
1(“+m')}<(t) - %i(#+u') + (m#m')® ]<(t)

+vKLE) 4 I(mm')mu-)ﬂ‘” Qu'rgz) ) (33

Multiplying cqn. (3.37) by Yéz)Ygl) lecads to

7 5
- 3 (m~m® )K(t) ]‘((t) ("x-m ) +(M—Aﬁ')2 K(t)
- 3 (m-m! )(u—-;L')K(t) PMYQZ)Q Y( 1), | (3.38)

MEDEW (1)

(2),(2)) (2, (4

(2) v
e’ (Py n

The cxpansion of Yy

leads to

%{-(2) (2)1(1) - %(!Jv-!l')]{ét) + z(lj"hu')]((t)
+ 3mmOK L 4 3mm ) K (Y - dmmt) a0 K ) -

(m—m')(u—u‘)f{(t) t]{(ﬂ QMP.Y(Z)'Y'él), (3.39)

and the fourth equivalence thecorem is obtained by
considering the expansion of Y(z) MV(QY(Z))Sv(PT(I)Y(I)):
3 (ra4m' )th) - %(m~-m! )]{ét) +

(2) (2 (1) (t)
vyt P Paiel) <Ky -

%(uﬂ.z')]{‘()t) (m+m‘)(u+u')]{(t) +v]{‘t) +

(2), (1)
+P/_uP‘Y Yg o - (3.40)
The threc spinor identitics arc similarly obtained
first by considering %MVA(Y(Z))Ygl)Svk(PY(l)), which

gives
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( )Ygl)y(l) J(gt) _ Jth) (u+u‘17<(t)

- %(m+m')j{gz), (3.41)
and multipl (3.4 (2),.(1) »
plying 1) by Yg Y5 leads to the second
identity
§Z)P-Y(2)f;1) - (t) 4_}((t)‘+ é(#—#');(gg) _

- 3({m-m' )ng), (3.42)

(2) (2))Y(1)

(1)
MV( Y )} lecads

. . v
while the expansion of & (Ay

to the third,

(2) (1) (t) t) L (t) (t)
Qvlqﬂv =Ny 2 (mem! lﬁ( + Elu-u )7< .
(..)'. z3)
There arc, of coursc, other equivalent ways of obtain-
ing thesc cquations and also further rclations for covariants
involving the Levi-Civita teansor ?uvkp

these arc casily derivable from the equations above and

rather than 75, but

the ¥ matrix formulac of appendix A,
The corresponding equations for the s and u
channels can be obtained as before by the substitutions

(2.21) and (2.60) recspectively in the above equations.

(iii) The Cxossing Matrices.

1 . . .
Abnormal % + % a-§-+r%.1s a four spinor scattering

process and consequently the crossing matrices are non-

trivial. Our notation is the same as that outlined in
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chapter 2 and as stated above, the calculation of these
crossing matrices is an essential part of the procedure
for finding XSF invariant amplitudes. We must usc the
Fierz transformations (2.29) ctc, but because of the

.. . 3
similarity between abnormal ¥ + 3 - 1 + 5 and abnormal

[T

§.+ -+ % + %, we have essentially already calculated the
appropriate Ficrz matrices for the first thirteen
covariants. The three new covariaonts ]{14, ]{i5, and ]<16
'in fact transform independently of thc other covariants
and the necessary 3 x 3 matrices (I'® below) are easily
calculated. We have, however, the additional new featurc

of a vector index and the rclated momentum subsidiary

conditions. This leads to the rclations

2Q , ! X 2K , 3.44
Au—-a» Qﬂ K#—A»ZAM, '[J'_) Y ( )

which arc also required for the calculation of the full
16 x 16 crossing matrices.
As before, we find that the six crossing matrices

may conveniently be split into the block form:

where T% is a 10x10, and Pb and T are 3x3, matriccs of

numbers only, while Td is a 10x3 matrix of thc masses.

b

The clements of Ta, T'", and T° all have the same absolute

valucs in cach of the six matrices,
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The résult fot P[y¢] i5 given by:

- - . 3 ‘1

3
a -l .2 - -2 - 3.45
r[st] 4 -4 4 4 2 2 2 0 0| ( )
0

. X Z_'t .-.8
™ .= l-2 2 8 (3.46)
[st] '
4 4 0]
(2 a4 -4
¢ 4 4 3.47
r[st] 4 ' 2 ( )
-8 8 0
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—3(m43u~m‘~iu'),(5mﬁu+7¢'+&&') 3(3m+~3mt- ')
I“Est] = 3 —~3(m+3u-m* =3uf )~ (7m+5u+5m' =1t ) 3(3mtu—3m'—pL ')

 3(m-3p-nt 4800 )= (m-3u-m%+ 31 ) =3(3m-u-3mY%ut)

(m—54~5m' =7t )~ 3 (m+34+mt+31 1) (5mﬁH_7m’—5#') (m=54+5m" 4741 )
(St T =m' +511 ) =3 (m+3tm + 301 )= ( Tm+5L4—5m '+ ') (Sm+TU+mt =504")

(3m—p=3mi4 ') —=3(m=-3m'-31') (m=-3u+m'-3') —(3m—-U+3m’'-u?)

3(3mip+3mY% 1) (3m-3u+m'—4') 3(m~it-m'+u')
3( 3mbp+ 3t 4t )= (m—tit 3mt=3u1) 3(mru—mL+ut) . (3.48)

3(3m-~pt3mt=u') (mig-m'-p')  -=3(mep-m'-u')

The inverse matrix r[ts] may be obtained by a
prescription similar to that given in section 2.2. Inspect-
ion of P?st]’ r?st]’ and rfst] leads direcctly to their
inverscs r?ts]’ T[tS], and rfts] since their respective
clements have the same absolute values. We again give an
ad hoc prescription for obtaining r?ts] from r?st]'

T%ts] = P%st}(u o m') with the simul taneous changing of the
signs of the first row and the sccond, fourth, fifth, scventh,
and ninth columns.

The crossing matrix r[su] is obtained in a similar
way from the Fierz transformation (2.36) and the various
momentum rclations. Once again it is not necessary to
writc this matrix out explicitly since it rcflects the
t & u crossing symmectry (3.36). We obtain P[su} from

T[st] by changing the signs of the odd-numbered rows with

r?su] = r?st](m & 4). Similarly, the inversc matrix r[us]
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is obtained from Ftﬁsj by éhangiﬁg the signs of the odd~-
numbered columns with'P?ua] = Fftﬂ](m e d)i

Finally, we find that

a a b b
Tlat] = Tltw] Tfut] = T[tal’ Tlut] = T{tu]"

Tfut] = P?tu](m'H'“)’ (3-9)
and these matrices arc given by
o1 1 -1 1 -1 1 -1 1 1 -1]
3 1 3 1 3 1 -1 -3 1 3
-1 1 -1 1 1 -1 1 =1 1 -1
3 1 3 1 -3 -1 1 3 1 3
rfﬁt] =l -4 4 4 -¢ 2 -2 -2 2 0 0{,(3.50)
12 4 -12 -4 -6 -2 =2 =6 0 0
-12 -4 12 4 =6 -2 =2 -6 0 0
4 -4 -4 4 2 =2 =2 2 0 0
18 6 18 6 0 0 0 0 -2 =6
-6 6 -6 6 0 0 0 0 -2 2
[~z ~2 -3
R R (3.51)
-4 4 0
T
rfut] = -4 4 -4 , (3.52)
-8 -8 0

and.
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3(m=3p-m*+3u )= ( Tm—u+5m' 454 ) =3 (3m=p~3mY ')

Tc[lutjl = 3 [3(m=3u-m'+3u") (5m45u+Tm' =" )~3(3m—p~3mt 41" )

3(m+3p—m' =31 ) (m¥3p-m'=34') =3(3m#u-3m'-ut)

(5mybu-mt+ 74" ) =3 (m+3u+m® +341) (Ym-l-(i~5m' +5140 ) @ 5m=5uemt +TUY )
(m=7p~5m' =501 }=3(ra+3ptm'+ 31! )= ( 5m—5~Trat =1t ) (m 47U+ 5mt =51 )

={3mp=3m' =) 3(m=-3um'=-3u') {(m=3u4m'=3¢') (3m—u £2m't-ut)

~3(3mr3ntHe ') (m=3043m' =21 ) 3 (mblhmm ' = )
~=3( 3ok gt 3m '+ V)~ ( Bm—pFm =34 ') 3(mAU—m =4 1) . (3.53)

3( 3t 3mt =) (m—pt—m'+¥2t?)  3(mept—m4 L)

The work in this chaptcr shows clearly that it is
possible to expand the M-functions for thc processes con-
sidered in terms of invariant amplitudes which arc XSK. All
our conditions have been fulfilled. We have treated cach of
the three channels in a manifestly similar way and have
shown that the crossing propertics of the amplitudes arc
simple and that the crossing matrices do not involve
kinematic variables. The way in which we werec able to usec
many of the results for abnormal % + 323 431 in our
investigation of abnormal % + % - -;- +%, indicates the way
in which the M-function cxpansicn for higher spin processes
may be obtzincd by gencralizing the results for basic low
spin processes, Although this does not constitute a proof
that any process with spin is amenable to this approach
of expanding the M-function in terms of KSF invariant

amplitudes, it docs make it a rcasonable assumpticn.



91.
CEAPTER 4,

REGGEIZATION OF INVARIANT AMPLITUDES.

The M-—function approach to processes with spin
outlined in the previous threc chapters is well suited to
the calculation of dispersion integrals because of the
simple analytic and constraint frec properties of the
invariant amplitudes. In the applicatiors of the M-function
technique which we shall investigate, we are primarily
intecrested in fixed momentum transicr dispersion
intecgrals of the type known as supcrconvergence relations.,
Superconvergence, as the name inmplies, occurs for thosc
parts of the scattering amplitude for a process which iall
off more raéidly asymptotically than does the whole
;mplitudc. It is clear, then, that if we can discover the
asymptotic behaviour of the various invariant amplitudes
for a process, we will be in a position to form super-
convergence integrals on those amplitudes which have an
appropriate asymptotic behaviour.

We shall determine thesc asymptotic behaviours by
"Reggeizing'" the invariant amplitudes. The necessary
technique has been developed by Jones and Scadron(sz‘SB)
and it depends on obtaining a partial wave expansion for
the invariant amplitudes. From this partial wave
cxpansion we can perform a Sommerfeld-Watson transform

in order to analyticaily continuc the angular momentum J.
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The well-known result is that J becomes o(t), the complex
angular momentum, which is a function of the momentum
transfier and is known as the trajecctory of the Regge pole.
The process of Reggeizing the partial wave expansion is not
without difficulties, cspecially in connection with

singularitics at t = 0(85—83)

, but as wec will be interested
in the behaviour of the lcading term in the asymptotic
limit only, we will not discuss thesc problems here and
refer the recader to the litcrature(52’53'89'90).

The covariant partial wave cxpansion of the invariant
amplitudes is obtained by 2 mcthod developed by Scadron(sl).
We consicer the projcction operators for arbitrary spin
intermediate states coupled to gencral covariant vertex
functions. By comparing this with the cxpansion of the
M—function in terms of invariant amplitudes, we obtain
a partial wave expansion in tcerms of 'solid!" Legendre
functions which correspond to the usual d{,%(@) angul ar
functions. To perform this calculation, it is nccessary
to consfruct general high spin projcction operators and

vertex functions and, before procceding and further, we

will give a bricf summary of the thecory of these entitics.

4,1 Contracted Projecction Operators.

The high spin projcction operator in the s-channecl

is defined as
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s (™) AN
P . (K) = = ¥ (K)F
fyonslbgiVyse Vg LTRRE 2 VeV

(X), (4.1)
where ¥ and ¥ arc the Rarita-Schwinger tyﬁe wave—-functions
for either bosons (1.19) or fermicns (1.21), and K is the
exchange momentum. We contract dﬁ:l...“J;vl._-vJ(K) with
with initial momenta pv and final momenta p'“, which
produces the contractecd projecction operator (PS(p',p;K),
with s=J or J+§. If we now take a virtual boson of spim

J to its rest frame, we find e(x)(M).p = py, where the
helicity N = 1,0,~1. Then by aligning p along the third
direction so that in equation (1.20), N = 0, onc can show

that
(PJ(p‘,p;M) = Cy WJ(R' .p), (4.2)

where 53(3'.g) is the "solid" Legendre polynomial

@ lpt.p) = lE"J’ElJ @J(§'~§), (4.3)
< J 11 11
™ | e = EILIL (2.4)
(27)

We can now boost this result up to momentum K,

2

providing Kz = M”, ie, the particle must be on—-shell. The

boost prescriptions are

K K o
61j q-n(%uv - gzv{> % —quv(K), (4.5)

- - b.K
P; = (&U “,Z.Kﬁ > EE—pM(K), (4.6)
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so that
p'ep o =(p'ep - &'—;’?LE ) = —p'(K).p(K). (4.7)

Thus the covariant on-shell result for the contracted
projection operator is cy d% which completely specifies the
spin J boson projection operator coupled to spin zero
particles. We suppress the dependence of the solid harmonic
é%.on its invariant argument -p'(X).p(K) for convenience.

thn the particles to which thc projection operators
must couple have spin other than zero, it is clear that
the projection operator must have free indices. We obtain
these by "frceing" indices from éﬂkp',p;K). The solid
harmonic ﬂ% is a homégeneous polynomial of degree J in
either p' or p and we can free indices by a covariant version
of Zemach's O(3) differential technique(91:ﬁ In this way
we can free indices as required for either /einitial or the
final state. The details of this procedure will not be
recproduced here; the reader is referred to Scadron(sl) for
a full discussion. We are content to quote the results for
the first few projection operators.

Where o is a general initial particle index and S8 a
final particle index, the boson projection operator formulae

are
dpJ(p',p;K) = cy &, 4,8)

C
Pl o' piK) = - -g-;p&(x) Ay + » 2 (K)p (K) Pl (4.9)

i

c 1 {
Fp; (" 2iK) = = o) B + o2 (KIpp) P, (4.10)
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C

(Pﬁ (P'psK) = [ipﬁ(h)pa(h) +pﬁ(k)pa(1\)}0)1 +

J

+{p?(K)py(KIpL(K) + p (ﬂ)pB(K)pa(K)}PJ 1 -
- oK) P - (2040)p4(K)p () P 1, (4.11)
dpfalaz(p ,0;K) = —TE-IT [ P (K)p' (k)d)
]

+p' (K){pal(K)paz(K) +pal(K)P&2(K)}0)J_1+

+D'4(K)P&>(K)Pa (K)GD;*Z -
1 2

- P'Z(K)ga o (K)93;_1 1, (4.12)
172
c 21
@ﬁ,alaz(p 23K) = arcrre Lip'p pfﬁa a, P+

"t

g1 ¥

2 tp'pt; 2} |
+“{(P PP P ﬁalaz
+pf4(1<)pﬁ(1<)pa (K)paz(l‘l)@giz - ler' lgqy “2@; -
1 1
- F(23+1)p’é(K){P'P}a1a2 + P'Z(K)igﬂﬁa o, ]P;- -

_ (23_..1)P|2(K)P’é(1{)pa1(K)paz(K)p;_z +

+ (23+1)pé(K)ga1a2(K) (P;_l 1, (4.13)

. J J

and so on, with 03 - 09 ‘and - .
%1%2 SEPY ogﬁ P%y 5%162'0‘*

when aef and pep'!. In eqn. {(<£.13), the b&acscts § }

indicate symmcfric combinattons such as
ip'p'plﬁala ﬁ(K)pa (K)pa (K) + pﬁ(K)pa (K)pa (K) +

+ pﬁ(K)P&I(K)P&Z(K)’
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and

{p'p'p';p) = p2(K)ph(K)p! (E)p! (K) +

2 1 A 1
+ ! (K);pﬁ(x)pal(K)paz(K) + pﬁ(K)pa (K)paz(K) +

i
+.pb(K)pm1(K)Pa2(K)1.

: . 1 1
For the interaction slq— s2-+ J e-sll+ s2

to consider the above boson projcction opcrator formulac

one ncecds

with at most 5y + Sy frce & labels and s! 4+ s! free B labels.

1 2
Also, the subsidiary conditions mean that wec can replace
P by A and p!' by A' in the above formulae in order to get
the projection operators in terms of the natural s-channcl
momenta. From the s-channcl form we can cross directly to
the t-channecl wherc p' « -q. Thus the s-channcl variables
cross according to the substitutions A = P, A' - -Q, K - -A,
or we can obtain the t—channel forms by thc substitutions
p =+ P, p* - -9, and K =+ -A in cqns. (4.8) to (4.13), noting
that p'.p » -P.Q.

‘In the applications which wec shall investigate, we
reggeize in boson channels, so that we will require only
boson projcction opcrators, It is possible to extend the
above general technique to the calculation of arbitrary
spin fermion projection opcerators, but once again we do
not go into this herc and refer the recader to reference (51).
This rcstriction to bosons also introduces a simplification
in the next scction where we nced consider covariant vertex
functions coupling only cxternal BB or FF states to high
spin bosons. The couplings of cxternal BF states to high

spin fcrmions is not considerced.



97.

4.2 Covariant Vertex Functions.

In this scction we éhall investigate the coupling
of a high spin § particle to other particles. For each vertex
between threc particles of any given spin there will be two
distinct types of coupling as well as several independent
coupling constants. The distinction betwecen the two types is
based on the nofion of normality discussed in secction 1.3,
The couplings of thrce particles of given spin with parity
assignments such that the vertex is normal arc entirely
disjoint from the couplings for the samc spins but abnormal
overall parity.

It is found that thc number of'iﬁdcpcndent couplings
at a2 given vertex depends on the two lowest spins only, so
that the third spin may become arbitrarily large without
incrcasing the number of coupling functions required. This
is obviously of great significance for thc problems which
we shall consider where we wish to investigate the coupling
of two fixed (usually small) spin particles‘to an arbitrary
high spin statc in the derivation of the partial wave
cxpansion of the invariant amplitudes of a scattering process.
Consider the general coupling s, + S5, = s3. We take sy and s2
to be the lowest of the three spins and combine them to
form s = 5, s, so that thc problem is rcduced to couplings
of the form 0 + s — s when lsl - szl<.s < s; + 85+ It is
casy to sce, by going to the rest frame of one of the

particles, that in this form therc arc 2s, + 1 couplings

for on-shell (physical) particles for each valuc of
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s, = min(s,s;). Hence, the total number of reduced couplings

5 . \ .
for sy + 8, = s, is § (usm + 1). It is then casy to show

“m
that if s, + s, < 54, there are
NE = 325, + 1)(2s, +1) (<.14)

independent normal (N") or abnormal (N7) couplings for FIB

interactions, and

N = 4[(2s, + 1)(25, +1) & 1] (4.15)

1

independent normal (N') or abnormal (N7) couplings for EEB

2
intcractions(gu).
On the other hand, if sy + 5, >'s3 but 54 and s, arc
still both less than S39 there arec
NT = 38(S 4 1)  (4.16)

normal or abnormal couplings for FFB or BBB intcractions
where S = Sy ¥ 85, = S, These counting rules will apply to
covariant threce point functions provided that all threec
particles arc on shell with p? = m?. Photon couplings require
a somewhat different treatment and as we will not be
considering processes involving photons, they will not be
discussed here.

In order to study the vertex functions, we consider
effective Lagrangian interactions in momentum space:

=0l o
IR (x) & . . x
| 3 grreCy SHyes by 3V .Yy

3 1 2

X ﬁul"°u33 (p) ﬁy1°"vJ2 (q) +h.c., (4.17)
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for the interaction sl(/p) + si(q) - s3(K), K=p+ q as
usual. In egn. (4.1i7), %G is the function which we shall
call the covariant coupling functidn or the nl8_function".
It will depend upon various combinations of momentz, metric
tensors, and ¥ matrices; the kinematic covariants of
section 1.1. It is clecar that the é—functions defined by
(4.17) correspond to the coupling of the initial to the
intermediate state of our s-channel, so we will usc the
natural momenta ofi (1.4} and natural ¥ matrices as in (1.2).
These ;—fmﬂctiozxs can, of coursc, be writtcn in an
equivalent form for the other channcls. However, as wecll as
the kinematic dependence, the ﬁ-—functions depend on the
independent on-shell coupling constants which are, in fact,
the vertex form factors evaluated for all particles on their
respective mass shells.,

In an obvious notation, we will write the normal
vertex functions as £+ and those for abnormal vertices as
ﬁ-‘. The various indices and spins are written according
to ;'(51,52;53) for the interaction sl(p)“ + sz(q)v - 5,5(K) .
In this notation, the first few vertex functions for the
coupling of two low spin bosons to an arbitrary high spin

boson arc:

+
2%0,0;7) = gh_ ...A, (4.18)
oy oy _
,ﬁ'(o,o;J) =0, (4.19)
+ —
; (1,0;3) = 'A‘OCZ”'ACXJ,{glgoclu + gZAoclAI-L}' (4.20)
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il

L (1,0;7) A’ocz"'A"OCJ gisoal,u(KAH' (4.21)

¥H(2,0;0) = ...A {gy8 + 8,8, , A A4

g, .
T R e ) Cgfy Oty
+gA A AN A Y, (4.22)
1 %2 Ky Hp

A
+ ngo‘zA/“;:}, (4.23)

B (2,0:5)

A-. .« 8 ¥ KA.
Oy AocJ.soc1 ( ){gl ocu

H]

§+(1,1:J) = .A.a .oo.A.
3

+ g3goc1vAoc2“\‘p, + gég/,wA'oclﬂ'ccz g5 oclea A Au 1,

c . _
L8288, B, ., + 8,8, A, A&
o 1 ozl/.z o,V Zoclu oy v

B7(1,1;T) = A «..A lg. be.  (KM)g +c_  _(KA)g P+ |
oc3 on_ 1 oclu, o, ocIv OLo Ll

(K)A (M)A +

+g,8 + g.&
.2 /,leoc1 o, 3 /.woc1 o,

+g4euv(KA)Aa1Aa2 1, (4.25)

and so on. As the wave-functions in eqn. (4.17) are
symmetric in their indices, the }g—functions need not be
symmetric in the ¢, v, or o labels.

The &e-functions coupling two low spin fermions to a
high spin boson arc quite similar to those given above
cxcept that now we have the additional covariant Yp, wherc p
is a boson label, It is important that the spinor indices of
these ¥ matrices be contracted with the indices of the two
spinors involved in the vertex function in which they occur.
It is for this rcason that we definced our natural ¥ matrices

for four fermion processes as in section 1.1. We necd
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consider orly normal coupling functions ¢+ as Zf‘r-r e-
when 1 = v, in the Dirac spin space. Also, covariants like
quv, Syuaﬁ’ and YSSMUQﬁ arc ncver necessary in on-shell
couplings becausc they can be reclated to the other forms by
the identities of appendix A. We write out the first few

FFB interactions with high spin bos

(3,40 =48, . A gy, + g A 1 (4.26)
c: 212 az aJ‘ 1 al s2 al !
g(%::%;‘].) = AOC "'Aa {g-'Ya gO"LL + ng'c( g(x U +
3 J - 7271 2071
+ g..YalAa A, fg‘i aAa A# i, (4.27)
T3 2’2’ =Dy eeeby qiglg‘oc pBa Yo, + 8280 uBa 1v/ta
4 J 1 2 3 1 2 3

+g3ga1‘u‘{ A Av * g4guvYoc1Aoc2Aot3 +

+ 858y Po Loty + BB Ao Bo 4
1u Oy Oty V 6 #vAal o, Oy

+g7Ya A, A AMAU + ggh, AOZAOLSA#AU}. (4.28)

It should be noted that if J is less than Sy + 559
somec of thc couplings in cqns. (4,18~4,28) vanish in
accordancec with the counting rule (4.16). Further rcst-
rictions on the couplings arisc when we impose invariance
under the discrete symmnectry operations on the vertex
functions. Time recversal invariance ensures the reality of
the épproPriatcly choscnbcoupling constants and charge
conjugation invariancé on self-conjugatec states 351,525§1>

implics rclations between some couplings. Charge conjugation
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invariance further c¢liminates half the abnormal couplings
(Ya'Aa)'é (,ya;ﬁAa)._Ié {5 &i&& élcaf.ffdﬁ’thc way in which
we have written the vertex functions that the coupling
constants we usc arc not dimensionless. The power of an
arbitfary mass factor ncccssary to make the coupl ings

dimensionless is, however, casily obtained by counting the

number of relevent momentum factors multiplying cach constant,

4.3 Asymptotic Behawviour.

In applying fixcd momentum transfer dispersion
relations to scattering processcs, one hopes to obtain sum
rules betwecn coupling constants by saturating the super-
convergence sum rules with known elementary particle poles.
If there is crossing symmetry between two of the channels
for the reaction, the same single particle poles will be used
in this saturation for each of the syrmetric channels. It
is, thercfore, obviously desirable to form the superconver—
gcnceiintegral in such a way that we can makc use of this
simplicity. To make clear how we in fact do this, consider
the case of BB scattering. In scction 3.1 we saw that if,
in the t—-channcl of a BB scattcring process, the two
final state particles were identical, then we have crossing

csymmetry on the t~channel invariant amplitudes under s & u
crossing. Under thesc circumstances, the s and u channels

arc saturated with the same single particle polss, although
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the contributions of thecse poles in the dircet s—channel
and the crossed u-chamnel to the crossed t—channel amplitudes
may differ in sign. Conscquently, the simplest approach
is to form superconvergencc integrals on the t-channel
amplitudes and then approximate these integrals by the
appropriatec contributions from the s and u channcl single
particle poles.

A similar situation arises for FF scattering proccsses
where, as we¢ have pointed out in the examples of FF processcs
considered in chapters 2 and 3, crossing symmetry may be scen
for the s-channel amplitudes under t & u crossing. The
s~channel of FF scattering as we have defined it will be the
baryon number 2 channcl for baryon-baryon scattering, while
the t and u channels have baryorn number zero and are thus
saturatcd with meson states, Therefore we reggeize the s-
chanrel amplitudes in IF scattering and form supcrconvergence
integrals on thesc.

We must first obtain the appropriatc partial wave
expansion using thc formulae of sections 4.1 and 4.2.

Sincc we have written thesc in terms of s—-channel variables,
we will, in the first instancc, form the s-channel partial
wave cxpansion. It is clcar from the previous work that

the contribution to the amplitudc of spin J exchange

has thc form
‘nW(J) = Zf(si,si;J) : 0DJ(A,ﬁU;K) : l:(sl;szyJ). (4.29)

As an cxample of this technique, we shall consider
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the partial wave cxpansions of the five amplitudes for

+% with

Nl

nuclcon-nuclecon scattering, ic. normal % + %-4
four identical particles. Since the s-channel exchange can
be either normal or abnormal, and the vertex functions arc
distinct for cither casc, we will get two distinct contrib-
utions to Tn, one from normal cxchange (11&3)) and the
other from abrormal exchangé (TTtJ)). Using the ;:—function
(£.26), remembering that in the final state coupling wec
have if rather than !3, we obtzin for normal exchange

’m(‘” = gfvb@é ofo #8182 rﬁtf’]

N ) .,_P,Oa& +g;2 . (4.30)

!

Using the projection operator formulae (4.8) to (4.11),
the Dirac equation and the equivalence theorems (2.14) to
(2.16), we obtain the following partial wave expansions

for the invariant amplitudes:

3 2¢ 2 2 2 o
Al - 2P e PPy - Cane P ] 4

!

) “ 2 IQ 2
+ 51 gélgz {ﬁ"(PJ + 2m°A gPJ_I} rey g5 O (4.31)

C c '
J J 2 Tt 2.2 t J 1
Aé ) == -i- gliﬁp']. + I A @J"'l - @J} 3 —T glgz m@.]" (4.32)

J
A0 53 25 o p
_ . . . .
J J' 2 2 " J‘ 1
Az(z ) _?_ g2 ,Z_A 63.1-1 + 7 B8y %m 30 (4.34)
c' ‘ 1" Cr 848 1
ald) - g2{m” P + mzf’ + 7 225 (4.35)
J' . e -, R N

A similar partial wavc expansion may be obtained for

abnormal exchange, but as the couplings at cither cnd differ
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only by a factar of Y5 from thosc used in (4.30), the
result is not greatly diffcrcnf and will not bec written
out in dectail here.

Since, in general as in cqns. {4.:31) to (4.35), the
partial wave expansions of the invariant amplitudes involve
just Legendre polynomials and their derivatives, we can,
using the well-known orthogonality properties of these
functions, invert the expansion to give Froissart-Gribov
expressions for the partial wave amplitudes. According to
the prcscriptioﬁs of Frautschi, Gell-Mann, and Zachariasen(502
therefore, we can perform a Sommerfeld-Watson transform to

obtain the form of the Regge pole term:
(o) U at % 1 ;
m = ;(s ,sz;a(s)): Fr,A K (sl,sz;a(S)). (4.36)

In eqn. (4.36), the coupling constants g; of ;:(J) become
the Regge residue functions gn(s) of Yo(c({s)). The Legendre
functions (2(z_) occurring in éPJ(A,A';K) are recplaced by

Bl-z) x 31 = 17 f

sin 7o 7
giving the appropriatc Regge form.,

With the Reggeization of eqn. (4.36), we should notice
that all the covariant residuc functions arec factorized
immediately because of the way in which we obtained our
partial wave expansion with covariant vertex functions.
Alsc, because the projection operators contain only 'solid"
spherical harmonics, the correct threshold factors pa(s),
qa(s) appecar automatically. The problems of singularities

at s=0 which may arisec for the¢ uncqual mass casc when we
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Reggeize in the s—-channel as above; or at t=0 if wec Reggecize
in the t-channecl as in BB scattering, will not be discussed
further here since we arc interested only in the asymptotic
behaviour whith ik dominated by the lcading tcrm in the
expansion.

For normal Regge cxchange in superelastic normal
3+ %54+ 3 scattering, it is clear from eqns. (4.31)
to (4.35), that as D — «, the five amplitudes have the

bechaviour

N S L W A W LA O A 1)

c
. o o o 01 .
since caﬂga»vf’ ’ v&—(Poch’ s ctc. as UV — oo
This behaviour is slightly changed in the unequal mass
inelastic case, and the resulting asymptotic forms for

normal Regge exchange are

(04 =1

A~ 9%, A, ~ 0%,
A3 o v)a—l’ . o g(x,—-l,
5 e~ U » A6 ~ “D »
o-1 o1

Ay ~ B57H, ag ~ B7F,

Similarly, we may obtain the asymptotic behaviours

for abnormal Regge exchange:

=1 o~2
A3 ~ D’.Q"“Z’ A4 - ﬂOC,—Z'

(o4 Ol2 (4.39)
Ay ~ 3%, Ag ~ 777,
Ay ~ 5% 2, Ay ~ %2,
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The differences between eqns. (4.38) and (4.39) are
largely due to the fact mentioned previously that charge
conjugation invariance halves the number of abnormal couplings.
Since both normal and abnormal trajectories may contribute,
the final asymptotic behaviour must be the '"aggragate" of
the behaviours of (4.38) and (4.39). Which will in fact
dominate in any particular casc will depend on the
particular value of o for the lcading Regge trajectory which
can contribute.

We now consider the application of this Reggeization
procedure to abnormal 0 + 1 -+ 1 + 1 scattering. For the
reasons discussed above, we Reggecize the t—-channel of this
process and must reccast our formulac in terms of the t—
channel variables. The partial wavec expansion fer normal

Regge exchange is obtained from
-
M) = 27,10 : € @,~q;-0): B (1,0;). (4.40)
Using eqns. (4.21) and (4.24), wec obtain
(J) _ - nJ P
m; = g, 10, (P (PR) + 8, P (o, (PA)Q +
P e PA)Q + g, f(PT e (PA)g 4
+ 83 Vo oA L €4 ;O ON Euv
J
+ 85 P e (PR Q, | (4.41)

where Byeee+185s and £ are indepcndent coupling constants.
Using eqns. (4.9) to {4.13) and the cquivalence relations
(3.8) to (3.31), we obtain thec partial wave cxpansion for
cach of thc invariant amplitudes. The resulting thirteen

expressions arc ton long to reproduce in detail here and



we give only the asymptotic bechaviour resulting from

following the Reggeization procedurc outlined above,

Ay~ 3, A
Ay~ va"3, A
Ag ~ voc-?.., A
Ay ~ %1, A

~ vapl, A
A~ &1, A
Az ™ v 7,

For abnormal Regge exchange we must consider

M) 2 B t1,1:0): @ @,-a;-0): £11,037).

"1G8.

42 )

(4,43)

Using eqns. (4;20) and (4.25) in the usual way, we obtain

(1) _ J
m> - 81! o inEral ) # e,
J
+ g'zfl oc;?\a/.woc

+ gaflda -}\i‘ (QA) + g

+g‘2£2PJ ,U,voc(A)P% + g312 P] S,U,voc(Q)P?\ +

wherc gi,...,gé, £ and £

ocv7\,¢oc

(&) + gf 6)07\“,)&

3 3
Pav W(QAH—#’ s

17 5 are a different sct of

LR 1Py

(4.,44)

indcpendent coupling constants. The resulting asymptotic

bechaviours for abnormal exchange arc
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o2 o~1
1" 1% ’ Az’ ~ ,
O 2 o
3~V , A4 ~ D ,
o-3 o—~1
5~ ’ Ao ~ V7T
A~ %2, by ~ 71, (4.45)
o1 o
A9 ~ D ’ 10 ~ 'U R |
o o+1
Ayp v Aa v Ty
-2
Agg ~ v

-

Oncc again,whether a given amplitude will super—
converge depends on the aggragatc behaviour of (4.42) and
(4.45) and the particular valuc of & for the dominant Regge
trajectory,

The method given here for obtaining partial wave
expansions of invariant amplitudes and Reggeizing these in
order to obtain asymptotic behaviours is quite general and
mzy be applied to any process. When the partial wave expan-
sions are written out in detail, it is somectimes possible
to discover linear combinations of invariant amplitudes
which fall off more rapidly asymptotically than do the
individual amplitudes. It happens that such combinations do
not a&isc for the examples which we havwe considered. rdowever,
in 7N - pN scattering, for instance, the partial wave
expansions of the invariant amplitudes obtained as above
lead to the same result as the partial wave expansions of the
helicity amplitudes. Supecrconvergence for 7N - pN in the
helicity formalism has becn considered by Graham and Huq(27)
and their results agrec cxactly with those that would be

obtained from thc precsent approach.
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CHAPTER 5.,

APPLICATIONS TO SUPERCONVERGENCE.

We have already introduccd the idea of superconvergence
in the previous chapter in order to explain the motive
behind Reggeizing the invariant amplitudes to obtain their
asymptotic behaviour. The idea of superconvergence arisecs
from ordinary dispecrsion theory. It is well-known that we
can write a dispersion intecgral for a t-channcl invariant
amplitude if, as s - «, the amplitude tends to zero. For
convenicnce we write the dispersion relation in terms of
the variable v = 3(s - u) rather than s. Such a convention
lcads to simplc crossing propertics as we shall see later.

The dispersion relation is then

' 1
Alv,t) = %/‘70 Im A(V!,t) dv s (5.1)
' oo vt —-v
v
0

where the integral extends over the physical region of the
right-hand cut, v, being the threshold cnergy and Im A{w!,t)
the discontinuity across the cut. We saw in section 1.3

that the discontinuity of thc T-matrix is entirely contained
in the discontinuities of the invariant amplitudes provided
the kinematic covariants satisfy the discontinuity condition
(1.36). Our covariants are always chosen to satisfy this
condition so we can always attatch physical meaning to the
dispersion integral (5.1).

However, if the amplitude asymptotically behaves
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& . s s
as v where & 1s some small positive number, we can also

write a dispersion relation for VvA(W,t):

[ . .
') t

VA(Y,t) = %[]”Im Alpl,t) dvt (5.2)
A oyt —yp

It follows immediately that cgn. (5.2) minus v times

eqn. (5.1) gives

Jo, Im A(v',t) dvt = 0. (5.3)
)

Equation (5.3) is known as a superconvergence rclation,

It is obvious that if thc asymptotic behaviour is

- R .
v 2 . this process may be rcpeated, lecading to

‘/‘;" v Im A(v,t) dv = 0, (5.4)
o ‘

or in gencral, if thec amplitude falls off asymptotically

-n—&

as v » we obtain the supcrconvergence rclation
S0 oA, t) av = o, (5.5)
o

We can obviously disperse in the variable ¥ and obtain
superconvergence relations for the s—channel ampiitudcs in
a similar manner if thesc arc desired.

There are several possible approaches to superconver-
gence rclations if onc wishes to use them to obtain physical

(31-35) is to subtract off the

predictions. A rccent ideca
higher Regge bchaviour obtained as in the previous chapter
and from thc much faster convergencc of the residue, obtgin

sum rules which hold for a rangec of values of t, but we

will follow the original approach to superconvergence and
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consider thosc invariant amplitudes for which the Regge
bechaviour allows superconvergence at a particular value of
the momentum transfer. Since for any given Regge pole, the
value of aft) tends to decrcasc as t — 0, in order to
obtain the optimum value, it is usual to take t = 0 in
eqn. (5.5) and saturate the supcerconvergence rclation in the
forward direction. The t = 0 intercecpts of the Regge
trajectories must, thercfore, be known, and carc must be
taken to cnsure that the dominant Regge poles in both the
normal and abnormal exchange cases arc considered in
deciding whether a particular invariant amplitude will
supcrconverge., Carc must also be taken that the presence
of Regge cuts docs not obviatc the asymptotic bchaviour
indicated by thc exchange of only singlc Regge poles(93’94);

Oncc superconvergence rclations of the form (5.5)
with t = 0 have been obtained, we get our physical sum
rules by saturating thesc rclations with direct s and
crossed u channecl elemcntary particle poles. These poles
may actually occur below thc physical threshold for the
scattering process, but wec assume that, in fact, they make
a significant contribution to the amplitudec. If the
saturation is to be complete, wec must, cf course, include
all possible rcsonances and multiparticle states, but the
assumption is made that the amplitude is rcasonably well
approximated by just the well-known low lying elcmentary
particle states. Several authors have, howcver, attcmpted

to include these higher resonanccs(zo’25’26’29—40).
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(25)

Frampton and Taylor found that for pw scattering, the

higher contributions were not necessarily small, but in 2¥o

(29)

scattering, Rivers found that their inclusion did not
recessarily remove all inconsistencics betwecen the sum rules
without the usec of further assumptions, More rccently it has

been suggested that the non-resonant contributions may be

important(37), or that somc Bootstrap-like mcchanism can
be used(36). We do not investigatc these possibilities herc

but assume that the higher contributions are small for at
lcast some of the sum rules if not for all.

It has becen proposedtzs)

that a possible criterion
for sclecting thosc sum rules which arc rcasonably well
saturated by just low lying states is obtained by comparing
the sum rules with the predictions of the U(6,6) symmetry

scheme(67“73)

« If the sum rules arc satisfied by the U(6,6)
valucs of the coupling constants, it is hoped that by
inserting the physical masses, o mcans of obtaining a form

of mass broken U(6,6) would have been achieved. It was also
postulated that superconvergence using ﬁnly isospin

invariancc and saturating with the low lying SU(6) multiplets,
might have some direct conncction with the U(6,6) symmetxy.
We test this hypothesis in the particular superconvergence
sun rules obtained in the following scctions.

5.1 Sum Rulcs for Normal 3 + &

S
+
ol

»

There arc scveral baryon-baryon scattering processcs



which arc of the normal 24 %54+ 4 type. The most

obvious is of coursc NN —» MN for which superconvergence

has becn considered by D'Auria and de Alfaro(21). In the
gencral case, however, we should also consider the processcs
NZ -+ NZ, NZ - NA, 25 -» 2%, NE —» NE, 3E - ZH, EE - HE,

NE - X3, etc. It is to be expected that these various,
scattering processes will be similar in many recspects, and
it is found that, once the sum rules for one of the processes
arc found, it is a simple matter to gencralize them so that
they obtain for the other processes as well. We will,
therefore, investigatc only fhc‘reaction NZ -» N2 in detail,
and mcrely state the corresponding results for the other
processes.

Wz investigatc superconvergence in NZ clastic scattering
in the formalism of the previous chapters but, in addition,
we require the isotopic spin crossing matrices. It is in
thesc isosﬁin matrices that the main differences between
the various proccsses above arise as the various particles
carry different isospins. The relevant crossing matrices

(95)

have been calculated by various authors and herc we

quote the necessary matrices for 2+ 154 41 in isospin

space.
- N
- ! i i (t)
i 3 5 Ao
3 _ . .
A9 T il Lae] (5.-6)
% L J 7]
"and
A§S) _% g A&u)
2 = . : F , (5.7)
A s) 5 % | a u)
L 2 4 ot ? - 2 -
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wherc in an obvious notation, Ags) indicates thc s-channel
amplitudec corresponding to isospin I, ete.

There are six invariant =amplitudes for NI clastic
scattering and their asymptotic behavieour as t -+ o is given
by cqns. (4.38) and (4.39) for normal and abnormal exchangec
respectively. The appropriate values for the parameters ofs)
arc given by the Regge exchange trajectorics in the s—-channcl.
The s-channel has baryon number two, so we expecct the
dominant Regge poles in both the normal and abnormal cascs
to be somc NX rcsonances. Sincc baryons have, in general,
the momentum transfer zero intercepts of their Regge
trajectorics less than zero, it is reasonable to assume
that a{s=0), for both the normal and abnormal resoaanccs
of isospin % and % s, 15 less than zero in this casé. From
cqns. (4.38), (4.39), and the forcgoing discussion, it is
clecar that we can have supcrconvergence rclations of the

form

J Im Ags)(ﬁ,o) daft = o0, (5.8)

for i = 2,3,4, and 6.

We now wish to saturatc cgns. (5.8) with single
particle poles in the t and u chanrncls. Both of thesc
channels have baryon number zero so we saturatce with 0 and
1~ mesons as the lowest meson states likely to dominatc the
sum rulcs. The t-channel has isospin 0 or 1, so we saturate
with the 7, 7, Xo, P, w, and ¢ poles, while the u-channcl
has isospin % or % so we attitempt to saturate this channcl

with the K and K* poles.
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The method of saturation is to consider effective
interaction Lagrangians for cach vertex of a pole graph,
and with the appropriatc spin and isodpin propagators,
calculate the contributions to the various invariant
amplitudes in cach channcl. Wec obtain cxpressions for the
t-channel amplitudcs in tcrms of the masscs and coupling
constants for the 7, p, ctc. poles, and the u-chananel
amplitudes in terms of masses and coupling constants for
the K and K% poles. Ve then usc the crossing matrices of
section 2.1 (iii) and (5.6) and (5.7), in order to find
the contributions of thesc poles to the s—~chammel invariant
amplitudes of cagn. (5.8).

The effective interaction Lagrangian which we usec,
omitting thc isospin couplings fcor thc moment, arc: for

0~ (P} coupling to two %* baryons (B)

KPBB = g?BB EYE,PB: (5.9)

and for 1~ (V) coupling to two baryons

1

chBB = B{ SyppY, * % g.{,BBPui V”B, (5.10)

where £ is a mass scale factor which makes g' of thc same

dimensions as g, and for the u-—channcl, the momentum P# is

replaced by Kp, These cfchtivc interaction Lagrangians

arc rclated to the gﬁdunctions of section 4.2 by cqn. (4.17).
Since we wish to compare our sum rules with the

predictions of U(6,6), wec will absorb the ¢ coupling into

the @ coupling and take the U(6,6) cqual mass limit, with

m thc baryon mass and [ the mcson mass. From eqn (5.8) we
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sec that wec have four sum rules for s—channcl isospin 3

. .3 . <1
and four for isospin T For isospin 3, the sum rule on

Aés) gives

2
(g Ersz * BrmBrzs + ExOnnExO3s T gm;z) -
2

- o ol 1 t - %
(1 4mz)(zc-,orxn\rf-”,ozz + &omBosy T 8Knm! +
2
— % t 1
+202e80mn  tEanBuzs T BNyt (28omeEhrn *28LmeBory +

1 [ - % 'y -
+ EmBusy  teanGene T 28K npExk My = 0- (5.11)

The sum rule on Aés) for I = 3 gives

2
(2emeans + EnmBrss + 8xONnEXOTT + Bxnm! T
2

& -
=2 2EoeBpns + BomnvBans ¥ ei¥ns)

- (1 -

— 2 d — 1 1
2028 nBpss + BamBuss + &Ny T (28omBpms + 28nmEpss +

t — % 1 =
+EnnBuss + GonnBuss T 28k nsfRtNz) = O (5.12)

(s)

The sum rule for A4 with I = % gives

CgnmBrss + 8nmdnes + BxCndxOss ~ gziwz) +
+(1 - Z%Z”Z%NN%ZZ + BBl ~ Ehe)
+(2gp1\mg/322 +285m8p5s * BuneeBans ¥ BannBuns T 28K NmEK Ny
= 0. (5.13)

The sum rule on Ags) for I = 3 gives

— 1 — - . .
28 mBpss T 2BonnBosn + BunnBunn T Copmibezs = 0 (5-14)
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Similarly, the sum rules for isospin 5 in the s-
channel may be obtained. They differ from the above only

in the isospin crossing matrix factors and given in the

samc order, they are

2
(-8 Brss + EmBnss +E8xOmNExCny + 2By +
2
- L— 1 t —— 1 t — L -
+ 4‘1_2)(‘5,01\:1\1%22 BunBozs ~ 28K ys)
- 2(g 8 - & a8 -282*-)—(g g} + 88 -
PNN®pZ3 "WMNEwWES 'K N3 ONN®pZ2 ONN®p3ED

bl t - ! Lod £ 13 =
BBy ~ BurmnBwsze T fBx¥nzpfrtys) = O» .

2
(s - Enminénss ~ BxOnnBxOsn + 28gns) *

2 .
- - ¢ -
+ (1 E"J;M'Z’ (eongoss = Zamnwss *+ 28K Nx)

2
o~ — : — & 1 t -
28 omEpsr * Gubuns T 28™wn) + (8pmBpms * EpnEpzs

- - Ry -
BunnBwss ~ ZonnSwrs * 8k TnxpSknm) = O (5.16)
( - ~— o o - 2 2 )
Emmiéazs T BpmEanzs T Bx°nnBxCEm Bknz! +
#2 | 2
+ 1 =" epadome ~ Sdvdams ~ 2ekTNe)

- s -— t — b =
+lgmloss *EomBons T fonEers T BonnBzs T f8k*nmlk iz
= 0, (5.17)
and

— t - et - fod ) =
gonmBozs T BonnBpss T EamBuzy  +EuvBwzs = O (5.18)

The similarity between these sum rules and those

given in ref. (21) is obvious and it is clear that the only
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diffcrences encountered in writing out the sum rules for
the various other scatterihg processes will be in the iso-
‘spin crossing matrix elements and the actual couplings
involved. In processes where there is crossing symmetry,
it may be the case that some of the sun rules are
identically satisfied by crossing. In’ébtaining the relative
signs of the contributions from the t and u channels to
eqns. (5.11) to (5.18), we must remember that as well as
there being different crossing matrices involved, there is
the éverall sign change from Fermi statistics mentioned
earlier and we also get an additional minus sign from
taking the imaginary part of the amplitude when we cross
t & u.,

Because of the large number of coupling constants
neceded in the above sum rules, their predictive value is
rather small. We could follow the procedure of D'Auria and

&
de Alfaro‘“l)

and make physical assumptions about the
relative sizes of the couplings and then investigate the
degree to which the sum rules are satisfied by the physical
values ci the couplings. We will, however, investigate the
consistency of our sum rules with the prediétions of the
U(6,6) symmctry scheme. Using the values for the coupling
constants obtained from the U(6,6) current as in appendix B,

we find that nonc of the eight sum rules for NI elastic

scattering arc in fact consistent with these values

)
However, if we take out the foctor gz(l +’E§)2(1 - &—5 )

in cach case, where g is the U(6,6) coupling constant, we

find that integral multiples of this factor always cancel;
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and we arec left with only %-or (é)z times this factor. If

. 2
into g~ as somc sort of

we absorb the factor (1 +~%§)2

renormal ization factor, we obtoin consistency in the limit
as (%)‘a 0. It is not clear just what significance this
procedurc has, but consistency with U(6,6) predictions in

this 1imit has been observed in other casew(20’23’26’31).

It
would seccm to be somec generalization of the notion of soft
pions in that we are taking all meson masses to zero in a
limiting theory which has all mecson masses equal in any casc.

The difficulty in obtaining consistency with U(6,06)
couplings appears to arise in the terms linear in %-in the
gﬁBB couplings (see appendix B). In taking %-4 0, we are
essentially simplifying these couplings in the U(6,6) theory.
It is interesting to notice that in this limit, not only do
the eight sum rules (5.11) to (5.18) agrec exactly with the
U(6,6) predictions, but also all the sum rules similarly
obtained for all the other normal %-+ 3 = % + 4 scattering
processes agree with the U(6,6) predictions, whercas none
agree before this 1imit is taken.

It would seem, thcerefore, that there is some general

)

. . . 3 1
consistency in the normal § 4+ 3 -

+ 3 sum rules and that

N

the saturation with only 0" and 1 meson states is a
rcasonable approximation. The contribution from higher spin
meson states cannot be compared with the contributions given
above in the U(6,6) limit, because they are coupled to the
baryons with independent coupling constants in the U(6,0)
theory. The assumption that these higher spin contributions
arc small would scem, however, to be reasonable in view of

the consistency which we have already achieved.



5.2 Sum Rules for Abnormal 0 + 1 -+ 1 + 1,

As wec have mentioned before, in order to make use of
the possible s ¢ u crossing symmetry in abnormal 0+1 — 1+1
scattering, we form our superconvergence integrals on the
t—-channel invariant amplitudes. The asymptotic behavieur for
thesc as s — o has been given in eqns. {4.42) and {(4.45).

As we are now dcaling with processes like wp — pw, ﬂKf'ﬁ pK*,
no -+ pp, Ko - K*w, Ko 4vK*p, WK$ a-wK%, KK - K%K*, etc, we
will have meson Regge trajectories and we must consider the
selcction rules arising from G-parity as well as spin parity
and isotopic spin. In the t-channel, the dominant normal '
trajectorics of positive G-parity arc the p for isospin 1

and the Pomeron for isospin 0. For negative G-parity, the

A, dominates the I = 1 channel and the w dominatcs for I = 8.
The dominant abnormal trajectorics of positive G-parity are
the B meson for I = 1 and the 7 for I = 0. For negative G-
parity, the Al dominates the isotopic spin 1 channcl. and
there is no known trajectory for I = 0. In the following

we will assumc that the t = 0 intercepts of the p, w, Al;
Az, and B trajcctories lic between 0 and 1, the Pomeron
trajectory passes through 1 at t = 0, while the trajcctoriecs
for the  and thc casc where no particle is known, arc less
than zero at t = 0.

From the thirtcen amplitudes (3.1) and the asymptotic
bechaviours of (4.42) and (4.45) with the above assumptions

about a(t=0), we find the following sum rules for processes

with positive G-parity Regge cexchange:
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I Im Ail)(v,o) aw =0, (5.19)
I Im Agoité;o) av =0, (5.20)
J Im Aglf(v;o) dv = 0 (5.21)
[ Im AéO)(v,O) =0, (5.22)
S Im Agl)(v,o) Qv =0, (5.23)

where the bracketed superscript indicates the t-channel
iscspin and the subscript labels the amplitude corrcsponding
to the covariants as in egn. (3.1). For negative G-parity

Regge cxchanpe, we get these same five sum rules plus

S Im A;O)(v,o) av = o, (5.24)
J In AgO)(v,o) av = o, (5.25)
s vim A% w,0) av = o, (5.26)
J vIm Ago)(v,o) =0, . (5.27)

Cncc again the isotopic spin analysis will differ for
the different processes considercd and we refer to

(95)

Carruthers™ for details of thc appropriate crossing

matrices. We also get a relative minus sign betwcen the

s and u channel conributions arising from the fact that we

have taken the imaginary part of the amplitude, but with

bosons we do not get an overall sign change from statistics.
We will aitempt to saturatc the sum rules (5.19) to

(5.27) with 0~ and 1  particlecs in the s and u channels. As

in the previous case, the analysis for the different abnormal
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0 +1 -1+ ! processes is very similar and we will consider
only #p - pw scattering in detail, In this reaction we can
have the pion pole in the #~c¢hannel aﬁd the rho pole in the
crossed u-chamnel. We pcrfofm our saturation as beforc,

using the effective interaction Lagrangians
a b Cp
Lo = 81 180,07 (5.28)

gzva?\d'lr ew\(A X), (5.29)

2
g

= i La Nb Gc ' - .
éz;pp - abcd {53g%¢Au +'g3BUUAR +
1t
+ gy uxaygp g QMANA (5.30)
where a2, b, ¢ = 1, 2, 3 arc isotopic spin indices anc the
momenta for the s and v channecls arc defined as in sec, 1.1.
Since inva - pw scattering we can have only isospin 1
in each channel, thc crossing matrices are trivial and of
the ninc possible sum rules, the only onecs to apply are

(5.19), (5.21), and (5,23). Evaluating thesc in the U(6,6)

equal mass limit, we obtain from eqn. (5,19)

| (g, + 83)g, = O, (5.31)
from cqn. (5.21)

(gy - 83 + 285 - & g"')g2 = 0, (5.32)
and irom eqn. (5.23)
(Gl + g3* 2“‘ 8'”)"2 = . (5'33)

Comparing thesc sum rules with the predictions of the

U(6,6) current given in appendix B, we sec that eqn. (5.31)
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gives the U(6,6).resu1t gy = ~G3» vhile (5.32) and (5.33)
are inconsistent with the U(6,6) predictions. The sum rules
for thc other possible process arc similar to thosec gi?cnv
herc for mp - pw. For cxample, in K" ,K* we find that all
nine sum rules (5.19) to (5.27) arc possible, but (5.19),
(5.21), and (5.24)—(5.27) are identically satisfied bf
crossing. None of the thrée non-trivial sum rules agrecc
with the U(6,6) predictions. Similarly for thc other possible
scattering processes we find that only the sum rule (5.19)
ever pgives the U{6,6) result and then’it is sometimecs
satisfied identically by crossing. There is, therefore, no
geﬁeral consistency with U(6,6) in these results as there
was for superconvergence in normal £ + 4 5 3 + 4 scattering.
The £ - 0 1imit does not help us in this case. But eqn. (5.19)
does always give the U(6,6) valuc or is identically
satisfied, so0 one would hope that this sum rule at least
may be reasonably approximated by just 0" and 1~ meson peles.
The higher resonance contributions tc the other sum rulés
arc probably not small. (cf. Frampton and Taylor(zs)).

Oncc again we do not éalculatc these higher cont-
ributions because they cannot be related to the 0” and 1~
contributions in U(6,6) thcory wherc they introduce a
further arbitrary coupling constant. Also, the multiplicity

of coupling constants introduced by including further

contributions reduces the predictive power of the sum rules.
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5.3 Discussion.

The formalism which we have cstablished in the first
four chapters has been aﬁplied by various authors to obtain
superconvergence sum rules for a large varicty of processes.
It is clear that by using this completely general technique,
one could, in prineiple, determine the superconvergence
relations for z2ll possible sCattcring processes. The
formalism is not, however, of valuc for superconvergence
relations only. The M-function approach gives a possible
mcthod for the analysis of any scattering process of what-
ever spin, which has many attractive features not shared
by the alternative helicity amplitude approach. We have
shown that it is possible to obtain a set of kinematic
singularity free invariant amplitudes for two processes
of the most complicated type; those which have M-functions
of the fourth kind, The conjecturc that it is always
possible to find such a KSF set of invariant amplitudes,
although not proven, secms likely to be true, so that the
mcthod provides a powerful tocl for handling the problems
of kinematic singularities and zeros in processes with spin.

The partial wave expansions oi the invariant
amplitudes obtained covariantly by the method of contracted
projcction opcrators and covariant vertex functions in
chapter 4 is also of obviously grcater general value than
just for finding asymptotic bchaviours. It provides a
possible apprcach to the general problems cof Reggeism,

the occurrence of fixed poles, daughtcrs and consPirators(sz’

53'85), as well as the genceral partial wave analysis of
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scattering processes.

In the present work; however, we have developed the
formalism purely for application to the problem of super-
convergence and hﬁve not considercd the more general aspects
of the theory in any detail. We have limited our
investigation of the superconvergencc swn rules to the
attempt to find if there is any consistency with the pre-
dictions of the U(6,6) symmctry scheme in the results of
superconvergence calculations based on isospin invariance
alone. Earlier work scecemecd to indicatc that there was some
such reclation between the two thcories, and we find that
there is some degrec of consistency in the two general
cases of supcrconvergence considered in sections 5.1 and 5.2.
All the sum rules for normal ¢ 3 >4+ % scattering agrec
in the (%) —+ 0 1limit and there is onc sum rule of nine in
abnormal 0 + 1 =1+ 1 scattering which ecither gives the
predicted U(6,€) values for the coupling constants or is
identically satisfied. Onec would hope that in some cxtension
of the superconvergence sum rules obtained here, those sum
rules which we have found to be consistent with U(6,6) will
in pgeneral be the most readily amenable for obtaining
reasonable physical predictions. Such an investigation has
not, however, comc within the scopec of the work done for
this thesis.

The analysis of abnormal % + % a-% + % scattering in
section 3.2 could be used immediatcly to investigate

superconvergence sum rules for this process. In this way
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we could go on to consider all possiblc processes and
perhaps some pattern would cmerge to enable us to
understand more clearly the physical implications of the
phenomecnon of superconvergence. Consistency with the

predictions of the U(6,6) symmetry scheme is onec possible

general pattern.
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APPENDIX A.

We usc the metric 800 =~ = 1 and

€11 ¥ TB22 T B33

Y matrices such that fu = (YO, Yl; YZ’ Y3 ) and

Yu = (YO, -Yl’ ey —YS), Then we have the anticommutator
{Y‘U-’Yv} = ‘zg‘u_v!

and YS defined by

. . 1_ v N
. 2
with YS = ~1.
Ve define
and the Levi-Civita tensor aﬂv%p such that 80123 = +1 and
Bua Bup Buy Bug
Bva Bpg 8Byy By
1] G = e . (.Aol
HVNO oSS Bxa B Oy B¢ )
Boa Bpp Loy Bpé

With the totally antisymmetric Levi-€ivita tensor we often
usc the abbreviated notation

HaVepP
Suvpr B C%D ,
N

cP,

s( ABCD)

It

v
Suvnptt B

1

g, (ABC)
u(
ete, With this tensor we have thc useful identity

Bap®uvng = BupPanpg + Buguonp * BngSuvop + 8p8%uinat
(A.2)

Products of the sixtcen Dirac ¥ matrices are

decomposed according to the following identities:
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Y-}\O‘uv = i(Gva - g?\vY[,(,) - ia}\ﬂv(YSY)’ (A.3)
~ 1

150,y = 28,0, ‘ (A.2)
O_,uv(TRp = l(gup 5 gﬁ?xo‘,u,o - g,u;'Z\O_Vp —-ngTu%)

(gm\gvp- = BnBup ~ Suvprs)' (£.5)
and
Y51, Y5y = 8y = 10,4 (A.6)
From these it follows that
Ysauv(AY) = —10‘/4 YA + A,ﬂv &vYM

= - YJAIO -~ AY + A Y . (A7)

73] wiy vy

The completeness relation for the sixtcen ¥ matrices

is written

T o — 1 o T
60" 61"' o4 %‘YR)O" (YR)T'

=30 LT LT+ G LT LT v Crgr) Tl LT

+ 3o, (a“” o= rg) ) LTIl (Als)
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APPENDIX B.

The U(6,6) currents from which the symmetry predictions

for the coupling constants arc obtained arc(67_7°), for the

total pscudoscalar current

) -
. 2myr P oo A
ig = g(1 + iz ) [ @nz{(NYSN)D*%F"S + 3D')\'.Y5D for
' N
N %D

3 K
+ ;—7qu Y5q, D+ ——— N # h.c.] -
m .

3ih V,=p N ', V?\ - - _

and for thc total vector currcnt

T
(1 + &) (M0 zg + ol + 22)(F 45 1)

P
S ™ 8 2m 4m

D+-§-F~S +

2 P P
3gP” ﬁk 2m - EID. + 28 %ﬁ 14.22 - 7qPD +
+ L(l*u.”ﬂ #']}\ 7 a 7\)[_( palA iRl Ja p

¢ 2m, .3 N\
+ L (1+ &2 PYqPD™N + h.c. *
sz u,)sprk = c

P q q
iy 7\.(-v A
0 0 4 4 V= -
2 F ¥ 3q (goku govgoM)F;l

3 - A
4 h[-iPILL(QD5Q)5 - gg.)\)F‘*'

ih N L,V .
+ I ?vakaq (0 05 + 050 e (B.2)

In egns. (B.1) and (B.2), the momenta are defined by
v po.N
qg=p=-p', P=p+ p', = %uvpkp qpy Y5, where psp!
denote incoming and outgoing particlc momenta respectively.
The symbols N, D , Qﬂ’ and Pp denote the baryon octet,
decuplet, and vector and pscudoscalar meson octcts

respectively. The F, D, and S couplings arc defined by



(BN = (o - FN)
(T} = (NN + Nn)

(I\I-N)S = Tr(ﬁN) .
The mixing angles for the isoscalar component of the

vector and pseudoscalar SU({3) octets are defined by the

matrices
AT, i~
S 2
and
J%P*'J% " ‘K*‘j
o5 = CEREP- ST N < P 'S (B,4)
L K 0 _ 5’8‘

For the comparison of the superconvergence sum rules
obtained in chapter 5 with the predictions of U(6,6), we
require the couplings NN@S, NN¢M' ¢ﬂ¢v¢5’ and ¢M¢U¢% . With
the notation for couplings used in chapter 5, we find that
5 2m [1.2 -
Sy = 33l + (1 - =), (B.5)

and in terms of this

2 _ .5 5_ 5
B Tj'g NN TégXoNN = '_:;:u,‘,,.zz 53 3655 ;T(;gxozz =
5 5
= S%gNm T W3frmA T TGk T TP8mEm T T W3lpum T

~ 5 _ 5 I
= T60x%mw T OxsE = Walkma = "TIbpaa < Welxoanc (B-
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()
v
»

Therce arc two couplings for véctor mesbns and the

octet of baryons, defined by oqn, (5i10) and we fihd that

i

2
5 2m 12
< —5_ )(1 - 2;5) =
75

5
Byzs = “BgMns T "Kf‘ BosA =

- D = — = B LD - -
=733 B T TOBpmeT T3Bumm < Z0E Bpzz < OK'sw T
__5
- '73781’{ BA T 32 ggo!‘ !
and
Bonn = Senn = O (B.7)
For GQBB’ we find that cach coupling contains the
factor gf1 +'%?) = G, so that
1 3L
SszN = 3;?2 G(é—h"-{ -5): {Ja‘Nl\T v— G( )’ b@NN 0,
1 !
8oz = 3wz Gl —%) = Smmr Cpzw 3 0EE+1) = -Egprys,
gloy = = 7% G 2 G(E- -1), glon = 555 G (32 +1)—
Bosh =T W6 Y+ BKNAT TG BpEr = 302
] RNES S
= Ousmr  Spmm = 3 GG~y e = gy Gl -0
1 : 1 K _ _
ex*mn = WE GERtl)y g W3 G5 Eaan G(‘?LTL;_ 1).
V (B.3)

The three meson couplings are somewhat simpler, and
we find that, in the notation of cqns. (5.28), (5.29;,

3 2
—_ — ~ P £ = £ 2 e = A s ®
Comr = T3 B = 20 = 28Mkyr =~ W5 Bxky = "28wkk = V2lgxx
(B.9)
- 3\/-2 - Py te — - — Y — <]
o = 7 B = 28y 7 28,7k = 2Bk = V20K =



= 23 = 243p = N3 . = 243 % % = NG ,0 =
Epon Bay “Bopi BKK T " PCoex°
N6
— Al = e .
= Nb6g %O = N6g¢pxo =3 gKﬁfoO. (B.10)

The three vector couplings follow immddiately from
eqns. (B.2) and (8.9). For cxample

2 .
3
ppp = 727 Bppp (B.11)

— = i

= - — t
& parar Coop = Cppp
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Summary. — It is shown that for decays involving only 1~ particles and
an odd number of 0- particles, the current algebra approach is not useful.

1. = Introduetion,

Several papers have been published recently (*'®) using current algebra
techniques to derive results for various meson decay modes. In this paper
we shall examine the application of current algebra techniques to a particular
type of meson decay. Our discussion will relate only to those decays which
satisfy the following two conditions:

a) only 1~ or 0~ particles may be involved in the interaction,

b) the over-all number of 0~ particles must be odd.

Our aim is to show that for decays satisfying thesetho conditions, the
application of current algebra techniques does not lead to physically useful
results. '

) (*) The research reported in this document has been sponsored in part by the Air
Force Office of Scientific Research QAR through the Eurcpean Office Aerospace Research,
United States Air Force.
() K. KaWaRABAYASHI and MAHIKO SUZUKI: Phys. Rev. Lett., 16, 225 (1966);
Erratum, 16, 384 (1966).
(3) W. W. Wapa: Phys. Rev. Lelt., 16, 956 (1966).
(®) J. C. TavLor: Oxford preprint.
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2 A LIMITATION ON THE USE OF CURRENT ALGEBRA TECHNIQUES ETC. [769])

Our starting point is the equal-time commutation relations

1y - [A3(@), AL(0)10(20) =it V(@) 60()

(2) ' [A5(@), V(0)18(xy) = te g, A (@) () ,
@) . [Va(@), Vu(0)18(xs) = ieq, Vylw) 69 () , /

whete Aj(x) and Vi(x) are respectively the axial-vector and vector currents
and (e, b, ¢)=(1,2,3) are isotopic-spin indices. Following the method of
Alessandrini, Bég, and Brown (%), for the commutator (1) we write down the
:tmplitude

(4) Th, =i f A exp [ike -210(w,) ol [A%2), A20)]|BD,

where |) and |8) are some meson states, as yet unspecified. From (4) by partial
integration we obtain the equation

(B) KL + iewola| VE(0)] B =
= iJ.d“w exp [ike 218 (w,) {ot] 9, A5(), 112(0)]]ﬁ> +

-+ ifd.‘.’]’z' CGXD [ika ~.I?]0(af)o) <(Z| [apAZ(m)g B,A':.(O)]]/D ]

where we have used eq. (1).
Similarly for (2) we form

(6) Tpy= i]d*w exp ti/c“'m]0($g) <ﬂl[{1Z(w), Vi0)IIB>

and from this we obtain the e(.1u:§1;ion

(7) ES T2, + ieameCotl AZ(0)| B = — f d4w exp [ike-2]0(w0) <x| [Bx A5(w), T3(0)]|B> .
Again for (3) we form

® 18, = i f Qo exp [ik-210(w) <al [V (), VAOY I ,

and obtain

(9) . k;T:w 'i' ieabc<alvvo(0)'ﬁ> =0 !

(%) V. A, ALessanprini, M. A, Big and D, 8. Browx~: Phys. Fev., 144, 1137 (1966).
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[770] ' B. H. KELLETT , 3

ginee we assume that vector currents are conserved. - EquatiOné {6), {(7) ‘and
(9) will form the basis of our discussion. )

2. — Meson interactions.
If we assume the PCAC relation

(10) 3,A%®) = f.9%a) ,
where

Mmiy 4
lefuurn( )

fa=

¢(x) is the renormalized pion field operator, and the other constants are defined
as usual (°), and put ¢ and f§ equal to various 1- and 0~ particle states or the
vacuum state in equations (), (7) and (9) we would hope to be able to get rela-
tions between various physical decay processes. In particular we .are interested
in interactions involving an odd number of psendoscalar mesons and we find
that there are seven ways not necessarily all different, of identifying « and f
50 that our conditions are satisfied.

i) In (5) put aJ(O- particle for « and a 1~ for f.
ii) In (7) put a 1- particle for o« and a 1~ for g.
iii) In (9) put a 0- particle for o« and a -1- for B.

“iv) In (5) put a 0- particle for § and the vacuum for o.
) In (7)
i) In (
) In (

v) In (7) put the vacunm for « and a 1~ particle for f.
vi) In (7) put a 0— particle for « and a 0~ for f§.
vii) In (9) put the vacuum for « and a 0~ particle for .

Because we have the particular situation of processes involving an odd
. humber of pseudoscalar mesons, parity considerations necessitate the use of
the Levi-Civita tensor e,,, in exhibiting the explicit momentum dependence
" of each term of the resulting equations. In each of the seven-cases above we
- have only_ a limited number of momentum and polarization vectors available
for contracting with the indices on €400 804 16 turns out that if we take the limit
@8 some momentum or momenta go to zero in order to get rid of physically
uninteresting terms, the physically interesting terms also go to zero. We will

(°) See, for example, S. A. ADLER: 'Phys. Rev., 187, B 1022 (1965).
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4 ' A LIMITATION ON THE USE OF CURRENT ALGEBRA TECHNIQUES ETC, [771]

N

illustrate this point by considering the decond exainple discussed by KAwA- -
RABAYASHI and SuzukI in which they attempt to relate the coupling constants
for the deeays w —>n'n—n® and o — 7. This is of typé i) in the above clas-
sification where we put ¢ == and f = in eq. (5). The equation then reads *

ik f Q' exp [ile+ -a)0(ag) 0| LA (), A5 0)]]o> + 5w V(0w —

jd‘*m exp [ik* 2] (m,) <°| [0, A [ ( 0)]]w> -
+ ifd“m exp [Tkt - €]6(w,) <[ [0 4 (2),.0,47(0)]| ) ,
where we have used the combinations
— (Ap+ A3 = A’E
\/ (Apt Ap) =

It is clear that we can relate the second term on the left-hand side of (11)
to the decay w—>n% and the second term on the right-hand side to e —
—7tr~nY, so0 it is tempting to take the limit of eq. (11) as both &+ and &~ —0
in order to get rid of the other two terms which cannot easily be related to
known physical processes. That this does not, however, work can be seen from
a closer examination of the dependence of ecach term of (11) on &+ and %=, We
have only four possible veetors available for contracting with the indices on
Epie they are k+ k;, tho momenta associated with the axial-vector currents,
and ¢; and p,, 1espect1vely thc polflrlmtlon and momentum vectors of the o
meson. Consequently each term must involve both &+ and %~ in the same way
and so all terms will fall off at the same rate as &+ and £~ —0.

For the first term of (11) we can write

+ 70—
gspw\aky kv ¢Pq

where ¢ is somo coupling constant. Similarly for the second term which we
relate to the o — =’y decay we write

gmn‘vsyvlak—; kv—ckpa. .

By using POAC and taking the limit of zero 4-momentum transfer squared for
tho pion current, the third term becomes

I -
— 0'ewrak) k5 €aPo
mfl
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Where g’ is again some constant deﬁned by this expression. Slmllarly for the
fourth term, this time using PGAG twice, we obtam ‘

fr

+ -
;ﬁ[ g(ﬂﬂ+ﬂ’ﬂ'8pvh1kp kiﬁelzov-
™

From these expressions it is immediately obvious that each of the terms
falls off at the same rate if we take the limit as %+, k~—0 and we ecan-
not in this way obtain a wuseful physical result because our equation contains
the unknowns g and ¢g'. If, however, some other physical effect depresses these
unwanted terms or if they can be simply estimated, it would be possible to
obtain a relation between the interesting quantities. Some such effect as this
probably explains the good results obtained from the use of this current algebra
approach for these particular problems, but the result does not come from a
current-algebra-type argument alone. '

It can easily be seen that exactly the same situation arises for Kawarabayashi
and Suzuki’s attempt to relate the y —>wtrn® vertex and the n®—vyy decay
and for Wada’s attempt to relate the n—wtm—y and n—>yy decays beecause
these. are also of type i) in the present classification. We would run into the
same difficulty if we attempted to take the limit of some momentum going
to zero in any of the other six cases listed above although some of these: are
of academic interest only since at most one amplitude in the equation can be
-related to a known physical process. Cases ii) and iii) are of this type.

However, TAYLOR (*) has used a different technique from that outlined above
to obtain his sum rule which he claims contradicts p-dominance. His method
is applicable to types iv)-vii) in the above classification and depends on the
fact that in these cases the term obtained from putting states around the right-
hand side of the equal-time commutators does not contribute anything because
from the momentum and polarization vectors available we are not able to:
construct a quantity with the appropriate Lorentz transformation properties.
Our general thesis that one cannot obtain physically useful sum rules from
current algebras applied to any of the seven types listed above is not, however,
upset because the method involves taking the pions to be at rest and under
such circumstances we cannot apply the usual prescription of taking zero-mass
pions to avoid the pole introduced by appﬁeation of PCAC.

We can reproduce Taylor’s argument if we take

(12) ' Ty= ifd‘m exp [— ik -x]<0] [A,fz (a:)’, 77(0)]|w)

. which is of type v) with the w meson for the vector particle. Carrying out the
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6 A LIMITATION ON THE USE OF CURRENT ALGEBRA TECHNIQUES ETC. [773]

~ usual partial integrations on (12) leads to
(13) kT = f A% exp [—ik 2] 0| [8,4,5 (@), V2(0)]w) .

The important feature of Taylor’s method is to now integrate (13) over
f (d4k/k,) (k) which is equivalent to choosing the frame in which .the 3-mo-
mentum k is zero. In doing this, however, we must be careful to remember
that the 4-momentum % must have a finite length; it cannot be the momentum
of a zero-mass pion since we cannot have a zero-mass particle at rest. Carrying
out this integration on (13), the left-hand side gives

(14) 2nzfd4x(5(xu)<0| [-A-Oa(m)y vab(o)]lw> = 2”£abc<0|Avc(O)]w> = 03
where we have used eq. (2). Using PCAC, the right-hand side gives

~—=<0 I[?n ), ,(0)}|(u>=

_f dkﬂp ('V, 710)
=Jn -——nT— EoraoCilo

2
7‘0_ T

(15)

ask ., diz exp [—ik-a]
[ &k o[ L2

where ¢, and p, are respectively the polarization and momentum 4-vectors
of the o meson, F*(y, k?) is some function involving coupling constants and
form factors, and » is defined by

v=p-k.

Equations (14) and (15) together imply that

Y =,
kg—mi

(16) f dko 7™ (v, I5)

Equation (16) as it stands is not obviously inconsistent with p-dominance and
dispersion theory and does not have any immediate physical relevance. We
cannot get rid of the denominator by the usual trick of taking a zero-mass pion
because this would imply integration over a zero interval. Without the denom-
inator, (16) would contradict p-dominance by implying that

tI°%(3) — 0 as  t—>oo,

when ¢ i8 some momentum transfer, but for the ease considered above, current
algebras do not contradict p-dominance.
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3. — Congclusion.

There are many other meson interactions which can be fitted into oneor
another of our seven categories. For instance under v) we could consider deeays
like @ —nty, o-—+nty, p—>7y and under vi) we could congider »—-mtw-y,
Ki—>ni-n:°y, and so on. We have shown, however, that in general one gets
unwanted terms in the equations obtained from the usual current algebra
methods when they are applied to interactions invelving only 1- and an odd
number of 0- particles. It is not possible to get rid of these tefms by taking
the limit as some momentum or momenta go to zero because if one does this
one finds that all the terms in the equation fall off at the sé,me rate, not allowing |
any conclusions to be reached about the interesting terms. On the other hand,
TAYLOR has given an interesting new prescription for eliminating unphysical
terms for interactions in which some of the terms cannot be constructed for
some reason. But it has been seen that this method, although it eliminates
the unwanted terms, reduces the physically mterestlng part of the equatlon to
a form in which it is no longer as useful.

These considerations would also apply to the decays of 0+ and 1+ mesons
if they exist. Any decay of these for which the Lorentz transformation prop-
erties necessitate the use of the Levi-Civita tensor would, if we used eurrent
- algebra techniques, run into similar difficulties. :

The conclusion would seem to be that current algebras are not a useful tool
for dealing with meson inteactions of the type considered.

I would like to thank Dr. K. J. BARNES, Prof. P. T. MATTERWS, Prof. G. -
¥FrropMAN and Prof. S. BERMAN for many helpful diseussions. I would also
like to thank the New Zealand Unlversn;y Grants Committee for financial
support.

"~ Note added in proofs.

After this paper was completed two recent papers (©7) in which the branching ratio °
(n—2ny)/(n—2y) Was caleulated by current-algebra. methods came to the author’s’
notice. This caleulation is of type i) and neither of these two recent papers avoids the
difficulties outlined above.

(¢) M. ApEmorLro and R, Gaxro: Nuove Cimento, 44 A, 282 (1966).
(7) J. PasvrpaTHY and R. E. Mawrsaak: Phys. Lev. Lett., 17, 888 (1966).
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'RIASSUNTO ()

Si dimostra che per decadimenti che ecoinvolgono solo particelle 1~ e un numero
dispari di particelle 0-, il metodo dell’algebra delle correnti non & adatto.

(") Traduzione o cura 'della Redazione,

Orpanwienne na HCOOALIOBANHE TEXHMAKH ANre0PLI TOKOB AJISE PACHAZOB MEIOHOB.

Pesome (*). — ITokasaHo, YTO IS pacmamgoB, BKJIIOYAIOINUX TOJBKO 1~ 4acTHUBL U
yerHOE YHCNIO O~ YacTHI[- MpuCmwkeHne anre6ppl TOKOB HE SBISAETCA MPUTOTHBIM,

(*) Iepesedero pedaxyueil.

B, H, KELLETT
21 Agosto 1967
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The General Scattering Process PV —~VV
and Superconvergence ().

B. H. XKELLETT
Imperial College - London

(ricevuto il 2 Agosto 1967)

Summary. — The general scaftering process PV—VV is analysed in
detail and nine superconvergent sum rules are found. These are sabu-
rated with 0~ and 1- particles for the various possible reactions and the
results are compared with the predictions of Ug. It is found that one

_of the sum rules gives, in every case, either the Uy, result or is
identically satisfied. )

. — Introduetion.

There has been a great deal of interest recently in the idea of supercon-
vergent sum rules. Since DE ALFARO, FUBINI, FURLAN, and ROSSETTI (1)
first derived superconvergent sum rules for pm scattering, a number of papers
have appeared (*3) giving sum rules for many other processes. Superconvergence

{*) The research reported in this document has been sponsored in part by the
Air Force Offico of Secientific Rescarch OAR through the Europcan Office Aerospace
Research, United States Air Force.

(1) V. pE Arraro, 8. Fusini, G. Furraxy and G. ROSSETTI: Phys. Leit., 21
576 (19686).

(3) H. F. JonEs and M. D. ScaproN: Nuovo Cimento, 48 A, 545 (1967); Imperial
College Preprint ICTP/87/17 (to be published in Nuove Cimento). See these papers for
further referenees.

() R. J. Rivers: Imperial College Preprmts I1CTP/67/11 and ICTP/67/18

(%) R. H. GranaM and M. HuQ: Syracuse Preprint.

(®y G. VeEnTURI: Enrico Fermi Institute Preprint.
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626 - B. H. KELLETT

occurs when we apply fixed-momentum-transfer dispersion relations to those
parts of the scattering amplitude for which Regge behaviour in the crossed
channel predicts suitable asymptotic behaviour. The sum rules so obtained
may be gsaturated with single-particle poles in the direct channel and the
resulting relations compared with group theory or experiment.

Obviously, in the study of superconvergence, the Reggeization procedure
is very important and several ways of doing this have been suggested. The
most common method is to consider the Regge behaviour of the helicity ampli-
tudes, but recently SCADRON (%) has given a method by which one can obtain
the Regge behaviour of the invariant amplitudes directly. This method is
particularly useful in the cousideration of scattering processes in which more
than two of the external particles have spin because in this case the relation
between helicity amplitudes and invariant amplitndes is more complicated
than in the casc of processes involving only two particles with spin. Because
helicity amplitudes have to satisfy certain conditions which are automaiically
satisfied by the invariant amplitudes, it would scem that Scadron’s more direct
approach may be useful in considering superconvergence. Also, the fact that
when we have more than two particles with spin, both normal and abnormal (¢)
Regge poles can be exchanged in the crossed channel, introduces complica-
tions not present when the Regge pole has to couple to two spin-0 particles.
Scadron’s method makes clear the differences in asymptotic behaviour arising
from the normal and abnormal pole exchange. For these reasons in the exam-
ination of the general scattering process PV —VV in this paper we will fol-
low Scadron’s prescription for Reggeization. It would perhaps be useful to
point out that we have done the caleulation of the asymptotic behaviour of
the invariant amplitudes for the process w/N' — p " by this method and that
we obtained the same sum rules as were obtained by GrAmayM and Huq (%)
who used the helicity amplitude approach. The PV —VV problem has also
been discussed reeently by VENTURL (°), but his approach is quite different
from that used in this paper. ‘ ‘

In Sect. 2 we consider in detail the A -funetion for a general PV VYV
seattering process, derive the numerouns equivalence theorems required, and
indicate the nature of s-to-w crossing. Section 3 deals with the Reggeization
procedure and the derivation of the sum rules, while in Seet. 4 we consider
the saturation of these sum rules in partienlar eases of PV —VV seattering
atdd compare the results with the predictions of Usg. The snm rules for any
particular case are, in general, incousistent, but there is one sum rule which
in every case either gives the Ugq result ov is identically satisfied.

(°) M. D. Scapron: Imperial College Preprint ICTP/67/23 (submitted to Phys. Rev.).
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THE GENERAL SCATTERING PROCESS PV~ VV AND SUPERCONVERGENCE 627

2. — The M-function.

-~

We take the momenta as shown in Fig. 1, where y, v, and 4 are the spin
- labels of the vector particles, and we define

P=3p+9p), Q@=%a+4d),
A (p,-_—p)ﬁ N,‘: ‘u,rld'P’Qa‘Aa’

(S

and the Mandelstam invariants

Fig. 1.

s=(p+4q?, t=@—p)?, u=(®—4)*
so that
PQ=v=14}(s—u) and A*°=%}.

The amplitude for the process PV —VV is written as

COI : LT =M@ M aet(p)

where &“(p), &(p'), and ¢Yq’) are the vector wave functions for the general
vector particles. The covariant M-function can be expresscd in terms of 13
invariant amplitades as :

@) My = A(62PQQ, + £,0 POQ,) + As(6,,PQQ, — £,:PQQ,} +
+ Ay(e,, PAQ, - £, PAQ,) + Au(e,, PAQ, —e,, PAQ,) +
o Aile,1Q4Q, + £,,Q40,) -+ Ad,04Q, —e,040,) +

+ Ay £, PQP, + Ay, PAP, + 442, QAP, +

-+ Aype,,, P+ Ane,,,Q + Amg,wzd + 41:N,9,,,
where we have used the abbreviations ¢,, 4B = ¢,5,5 A7 B® and e, 4 = ¢,4,,4°.
The reason for this choice of covariants will become clear when we consider
the equivalence theorems by which we can express any other possible covariant
in terms of these 13. Because the process is, over-all, abnormal, we have
to select our 13 covariants from the 27 &,4BC,, £,4BC,, £,ABC,, the
27T N,A,B,, N A;,B,, N;A,B,, the 3 N,g,;,, N,g;,, N;g,, and the 3 ¢,,;4,
where A, B, C can be any of the P, @, A. .

We can reduce this list considerably by applying the subsidiary condition
p*e,(p) = 0, whence ‘
(3) A, —~P A, —~—P,

M n? 14 v?

4, —Q,.

~
©
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628 : . B. H. KELLETT

This leaves us with 36 possible covariants and as we require only 13, we must
have 23 equivalence theorems. We obtain these by saturating the basic identity

(4) Smargaﬁ = gavo-zg;zﬁ + glmatgm? + Euva‘t!]dﬁ + Smoagrﬂ

in various ways.

First we contract eq. (4) against A°B*CP use the conditions (3), and from
the resulting 9 equations between 21 of the covariants obtain, after a little
algebra

(5) E[MIPQQII = (SVAPQQ/; - S#A-PQQ,) _QZE/WAP =+ P'QS/WZ.Q ’
and two similar equations for ¢, PAQ,; and ay;QAQl;

(6) 2e,, PQP, = (8,2 PRQ, —e,, PQQ,) + &, PQP; +
4@+ P-Q—Q-A)e, . P— (P + P-Q)e,a@,

and similar equations for s#gPAP,, and ¢,QA4P,;

() 26, PQP, = (5, PQQ,— ¢, PQQ,) — e, POP, +

+(@*—P-Q—Q- M, P+ (P*—P-Q)g,,, @,
and similar equations for &, PAP, and ¢,QAP,. In these equations, and in
the subsequent work, we assume that the particles with momenta p and p’
have equal mass so that P-4 = 0. The combinations (sv"PQQ#:l:sMPQQ,) ete.
have been chosen for simplicity in crossing as will be seen later.

Next we contract eq. (4) against all possible combinations of 4 of the P, @, 4
and, from the 9 nontrivial equations obtained, after some algebra and the use
of eqs. (3), (5), (6), (7), we get expressions for covariants of the type N, A,B,
in terms of our chosen set. The resulting equations are quite complicated and
we write out here explicitly only 3 of the 12:

(8) 2N, P,P,=—d%,PQP, +(Q:A— P-Q)e, PAP, + Pt¢,,QAP,,
(9)  2N,P,P,=— A%, PQP, + (Q-4 + P-Q)e,, PAP,— P*¢,,QAP;,

(10) 2N,P,P,=DP-Q(5,, PAQ, —¢,, PANQ,) — P*(e,,Q41Q, —,,Q4Q,) —
— A%, PQP; - Q- e, , PAP, + P-Q(Q+ 4 — A% g, P —
— PHQ- A — 196,1Q + (P22 — (P-Q):— P*Q-A)e,y 4.

There is no diffienlty in prineiple in deriving similar expressions for N, P,Q;,
N[[Q' Pb NquQM N,Q”QM N,Q,, Pl! Nv P;AQM Nlpp Qv? Nﬂ Qqu’ and NJ.Q/;Q"

'
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THE GENERAL SCATTERING PROCESS PV— VV AND SUPERCONVERGENCE 629

It is clear now that we have chosen the first 12 of the covariants used in
the expansion (2) of the M-function in such a way as to enable us to express
all the other possible covariants in terms of these without introducing kine-
matic singularities. For our thirteenth covariant we have the choice of N ,g,,,
N,g3,, or N 19,,- By an appropriate contraction of (4) we obtain

(11) 9up Ny — 90, Np = — 5, PQA, +'aayPAQD, —e&,Q4P, ,

from which, with appropriate choices of the indices yu, », 4 for «, 8, y, we get
relations between these three and the other covariants, making use of the
equivalence theorems given above. No kinematic singularities are introduced
in these equations so we could choose any one of the three, but for simplicity
in our crossing relations we have chosen N,g,,. The equations relating N”g,z
and N,g,; to N,g,, and the twelve other covariants then give us our remain-
ing two equivalence theorems. ,

One.of the effects of performing s-to-u crossing on our M- functlon is to
_’interchange the u and » space-time indices. It is for this reason that we have,
where necessary, chosen linear combinations of covariants so that they show.
a definite symmetry or antisymmetry under the interchange of x4 and ». With
the invariant amplitudes as shown in eq. (2), therefore, A4,, 4;, Aq, A,, Ag,
Ay, A, and A;; are all odd under s-to-u crossing, while A,, A, A5, A,
and A, are even.

3. — Reggeization and the sum rules.

The essence of Scadron’s prescription for Reggeization is to consider the
exchange of a particle pole of arbitrary spin. In this way we obtain what is
essentially a partial-wave expansion of each of the invariant amplitudes. and
from this, by letting the angular momentum of the exchanged particle become
complex, we obtain the asymptotic behaviour of each invariant amplitude.
This partial-wave expansion must agree with that obtained by considering
the expansion of the helicity amplitudes in the normal way, but with this
method we can see directly which combinations of invariant amplitudes will
have the best asymptotic behaviour. '

We will, therefore, consider-the exchange of a particle of arbitrary spin.J
in the #-channel of our process PV — VV. The exchanged particle may be ei-
ther normal or abnormal and as the normality of the particles detcrmines the
nature-of the couplings, we split our M-function into two parts and consider
these separately. We will call M* the contribution to M from the exchange
of normal particles and M~ the contribution from abnormal particles. Then
M=Mr+M",

(=3
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Consider M™* first.. This has abnormal coﬁpling at the PV vertex and
normal coupling at the VV vertex so, following Scadron’s terminology, we write

(12) Mt=%"1, 1, )# € (1,0,J).
Using the expressions of ref. (8) for the couplings we obtain

(13) M+ = glf'@;ﬂ;a SD,AQA + g2f'-@;;a:€a1QA-Py + )

‘ +g3f‘@:;a ealQA'P” + g‘ifg;,a ea).QAg,lv + gsfy.:’aealQA'Pqu ] .
where g, anid f are independent coupling constants. From eq. (13), using the
expressions of ref. (*) for the propagators and the equivalence theorems derived
in Sect. 2, after a rather tedious calculation, we obtain the ‘desired expansions
for the invariant amplitudes. These expressions are too long to write out

explicitly here and we give only the asymptotic behaviour of the invariant
amplitudes obtained from the Reggeization procedure in terms of the variable ».

A, ~v*7 Ay~ TR Ay~ T

Ag ~v* | A~y A ~»*1,

-1 - —1
(14) Ay~ Ay~ Ay~
AIDN P , All ~ va-—l , Ala ~ va+1 ,

Ay~

Which Regge trajectory will dominate this behaviour depends on the
@-parity of the external particles, the isospin in the ¢-channel, and the fact
that for M* only normal particles are exchanged. The dominant normal
trajectories of positive G-parity are the g for I =1 and the Pomereon for
I =0. For negative G-parity, the A, dominates the I =1 channel and the
«© dominates for I =0. We take the ¢=0 intercepts of the ¢, w, and 4,
trajectories to lie between 0 and 1 and the Pomereon trajectory to pass
through 1 at ¢t=0.

We must now consider the contributions to 3 through M~ and abnormal
particle exchange. As before we can write N

@) M =€, /)?' 6 1,0,J)=
= 1 1{Zi18a PA + Pl LA} + 1P 28 0n A+
+ 0h P48 pa P — g1 Pre, PA —
— 1 1o{ 08 PAQy -+ P PLUAQS} — G fo T8 Q3 —
~ 0552 Py e PO+ 01 P €,, PAQy

=
-
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THE GENERAL SCATTERING PROCESS PV->VV AND SUPERCONVERGENCE 631

where g:, f., and f, are independent coupling constants, independent of those -
used in eq. (13). Once again, using the propagators and equivalence theorems,
we obtain the expansions of the invariant amplitudes and here write out the
resulting asymptotic behaviour: '

— —1 —
Ay ST Ay~ A~
A4 ~ vzx , A5 ~ v:x-s , Ae ~ v:x-—l ,

(16) Ay ~P72, Ay~ Ay~

a-+1

}Alo""’a y  An~y o, A~

Ay ~*72,

Which abnormal Regge trajectory dominates for M~ depends on G-parity
a8 before. In this case the dominant trajectories of positive G-parity are the B
_ for I =1 and the 5 for 7 = 0. For negative G-parity, the 4, dominates I =1
and there is no known trajectory for 7 = 0. We assume that the ¢ = 0 inter-
cepts of the B and 4, are between 0 and 1 and that for the 7 and the case
where no particle is known, the ¢ =0 intercepts are less than zero.

When we are considering which of the invariant amplitudes or combina-
tions of them will give superconvergent sum rules, we must remember that
for any amplitude the aSyinptotie behaviour will be determined by both M*
and M~, whichever falls off least rapidly. Therefore, from the asymptotic
behaviours given in egs. (14) and (16), we find the following sum rules for po-
sitive @-parity Regge exchange and ¢ close to zero:

(17) fdv ImA®(», ) =0,
(15) f dy Tm AP(y,8)= 0,
(19) ' , f dy Tm AL (», tj =0,
(20) o f dy T A®(», 1) = 0,
(21) ' .fdv Im AP (»,8)=0.

" For negative G-parity Regge exchange we get these same sum rnles plus -

(22) fdv ImAP (v, t)=0,
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(23) ] fdv Im AL, t)=0,
(24) fdv 1Im AP (v, ) =0,
(25) fdv yIm AP (v, 1) = 0.

It might appear that several of these sum rules would be trivially satisfied
from the crossing relations given in Sect. 2, but this is not necessarily the case,
because in some examples of PV —VV scattering different particles are ex-
changed in the direct and crossed channels so there can be no possibility of
their contributions cancelling. '

4. — Saturation of the sum rules.

We now attempt to saturate our sum rules (17)-(25) with 0— and 1~ particles

only for the various possible PV —VV reactions. As all these reactions leL

" obviously have the same spin an-

a ¢ alysis, the only differences being

in isotopic spin and G-parity, we

will consider only the reaction

7p— pw in detail.. In this reaction

woe can have a pion pole in the

.direct channel crossed channel direct channel and the p in the

Tig. 2. crossed channel, In the ¢-channel

the isotopic spin is 1 and G-parity

is negative. Using the momenta shown in Fig. 2, we define the effective inter-
~ action Lagrangians in momentum space as -

H \wv
p P

G —_ ; a b o
"mer - gxwmo,ﬂ Y4 Pp ’

"([)pm'rv =00 anagvlaﬂpa Tp s

"‘(’Pppp = ib‘u»oQZQ;Q;{gﬂghPﬂ + gzllg,mQA + ggPleQo -+ gg’gplQu} ’

where a, b, ¢ are isotopic spin indices and P is half the sum of the incoming
and outgoing momenta and ¢ is the outgoing momentum minus the incoming.
In this context we take for our incoming and outgoing particles those with
momenta q, ¢', k, or k'. We define our Lagrangians in this way in order to
facilitate the comparison of our results with the predictions of the Uss cur-
rent (7). Of our nine sum rules the only ones to apply to wp —> pw seattering
are (17), (19) and (21). Evaluating these at { =0 in the Uss equal-mass

[
t=
o
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limit, we obtain from eq. (17)

(26) ) ’ » (0 + 95)9: = 0,
from (19)
(@) (. — g — M2gs + 203)9: = 0,

and ’from (21)

(28) » (9.4 9 + 27"‘29’:;)92 =0.

Comparing these cquations with the predictions of the U, current in ref. (%)
we see that eq. (26) gives the Us, result g, = —g,, while (27) and (28) are
inconsistent with the Uss predictions. :

If we consider the process wK* — pK* when all nine of the sum rules are
possible we do not find any which give the Us ¢ results but sum rules (17), (19),
(22)-(25) are all identically satisfied by crossing. Similarly, in the other pos-
sible processes np — pp, Kp — K*p, Kp— K*w, nK* - 0K*, and KK* —K*K*,
we find that the sum rule (17) either gives the Us, result or is identically
satisfied, while no other sum rule gives Usq, although some may sometimes
be identically satisfied by crossing. It would seem, then, that the idea of

JoNEs and ScADRoN (%) that there is some close correspondence between the
- results of superconvergence using only isospin’ invariance and the predic-
. tions of Uge is not verified when we have more particles with spin. For the
case of PV —VV scattering we find only one sum rule out of nirie which gives
the regults of Uss. We could, of course, include higher-spin resonances in our
saturation of the sum rules, but because of the multiplicity of conpling con-
. stants at each vertex, the predictive power of such a saturation is small.

* %%

The author should like to thank Drs. JoNES and ScADRON for many helpful
discussions during the completion of this work. -He 'should also like to
acknowledgé financial support from the New Zealand University Grants
Committee. ‘

) R. DELBOURGO, M. A. Rasuip, A. Saram and J. STRATHDEE: Trieste Lectures
in High Bnergy Physics and Elementary Particles (1965). Note that there is a misprint
in the meson part of the vector current on p. 498 of these lectures This part of the
current should read

[(1+ )P (PsPs— PaPa)p + P;.q,qz(%w)p+ 3¢, @ pu— o ¢p)p]-
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RIASSUNTO (%)

~ Si analizza in dettaglio lo scattering generico PV—>VV ¢ si trovano dodici regole
di somma superconvergenti. Queste sono saturate con particelle di 0~ e 1~ per le di-
verse reazioni possibili ¢ si confrontano i risultati con le predizioni di Ug,. Si trova
che in ogni caso una delle regole di somma fornisce o il risultato di U4 oppure & identi-
camente soddisfatta.

(*) Traduzione a cura della Redazione.

O6uwit npounecc paccesuun PV —» VV u ceepxcxoamMocThb.

Pe3siome (*). — IloapobGwo amanuzupyeTcss obmuit mnpoliecc paccesHHa PV > VV n
BBIBOASATCA HEBATh CBEPXCXOAAMMXCA npaBui cyMM. OHM HACHIIIAIOTCS C ITOMOIIBIO
0~ w 1™ yacTull O pa3nUYHBIX BO3MOXHEBIX pEakluif, ¥ pe3yJbTaThl CPABHUBAIOTCH C
npenackasanusMu Ugq. OGHADYXEHO, YTO OJHO U3 3THX NPABHJI CYMM IIPMBOMHT, KaXKABLL
pa3, nubo x peaynsrary Usge; NHOO TOXIECCTBEHHO BLITOJHACTCA.

() Hepesedeno pedaxyueti.
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