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The flow pattern for the general case of steady 

laminar motion of an incompressible viscous flow can be 

obtained from the solution of two non-linear simultaneous 

partial differential equations. 	The motion is at so high 

a speed that neither inertia or viscosity may be neglected. 
The solution is obtained in terms of a stream function and 

a vorticity function. 	The two problems considered are 

those of viscous flow in the inlet length of a cylinirical 

pipe of circular cross-section, and viscous flow past a 

sphere. 	In both cases there is axial symmetry, and the 

governing equations are written in terms of cylindrical 

polar co-ordinates. 

For the flow in a 'Ape the equations of motion 

are solved for high Reynolds' numbers. 	The flow patterns 

change as the Reynolds' number R increases; but an intro-
duction of variables which depend on R makes the change in 

patterns relatively slow. 

3mall values of R are taken wh en the viscous flow 

past the sphere is considered. 	An initial conformal trans- 

formation changes the independent variables from r and z to 

o(and 	, the velocity-potential and the stream function 

respectively for irrotatienal flow past a cylinder of circular 

cross-section. 
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A numerical solution is obtained to the above 

equations u ing relaxation methods. 	'A two-diagram technique' 

in which the values of the stream function and the vorticity 

function are modified alternately, is used. 	For the case 

of the sphere difficulties arise when the boundary-  condition 

for points 'at infinity' is expressed in terms of finite 

differences. 	By comparing the solution found by relaxation 

methods with the exact solution for one value of Reynolds 

number a satisfactory condition is obtained. 

A solution 13 also obtaine:4  to another non-linear 

partial differential equation. 	The solution of this 

equation gives the flow pattern when a plane step shock 

travels round an infinite plane convex corner and is diffracted. 

The motion is assumed to be irrotational, and values of the 

velocity potential are obtaned using relaxation techniques. 
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Introduction 

The derivation of the equations of motion of a 

visoous incompressible fluid, which is generally accepted 

today, is given by Lamb (Ref. 9), who states, "The dynamical 

equations were first obtained by Navier and Poisson on 

various considerations as to the mutual action of the ultim— 

ate molecules of the fluid". 	This method, adopted by Lamb, 

"which is free from all hypotheses of this kind, appears to 

be due in principle to de 8aint—Venant and 8tokes". 	It 

obtains the equations by considering the forces acting on an 

elementary rectangular parallelopiped. 	By calculating the 

change produced in the mass included in this rectangular parall-

elopiped by the flax across the boundary, we obtain a further 

kinematical relation between the components of velocity add the 

density. 	The solution of these equations, together with the 

boundary conditions gives the flow pattern for any particular 

problems. 

As they are so complex, the equations of viscous 

flow hove only been solved in particular eases, using 

approximate methods. 	The relaxation method of solution was 

suggested by Allen and Soathwell (Ref. 3) when the flow 

patterns for the plane laminar motion past a circular cy'inder 

were computed. 	It was shown that this method cf solution 

can be applied for Reynolds' number, R, of any magnitude. 	In 



this thesis, relaxation techniques have been used to obtain 

a solution for certain values of R to two problems; the 

flow in the inlet length of a straight pipe of circular Sectioi 
In 

and the plane laminar motion past a sphere of a viscuuls pom-

pressible fluid. 

Before considering in detail some of the ciethods 

used to obtain a solution to the two problems stated above, 

it is necessary to establish a basis for the assumption which 

is made at the surface of contact of a solid body and a 

viscous fluid. 	During the nineteenth century several 

theories were put forward and finally the condition of 'no 

slip' (i.e. all the components of velocity zero) on these 

boundaries, was accepted, for it was found that slip if it 

did take place, was too small to make any observable differe- 

nce to the calculations. 	It was found also that this theory.  

was the one most generally supported by experimental results. 

There exists an exact solution to the viscous flow 

equations in certain cases. 	The investigation of the steady 

flow of a liquid through a straight pipe of uniform circular 

section, when the velocity 13 assumed psrallel to the axis 

of the pipe, is simple, since the flow pattern can be obtained 

from the solution of an ordinary second order linear differers. 

tial equation. 	This solution is given by Lamb (Ref. 9). In 



the inlet length of the pipe th!7: velocity is no longer 

independent of the distance z, measured along its axis, add 

so far as is known there is not a complete algebraic solution 

of the equations of viscous flow in this case. 	By oenereli— 

zing Blasius' solution of the two dimensional boundary layer 

equation, Goldstein (Ref. 6) has obtained an expression for 

.3tokes' stream function IP. 

Before applying relaxation techniques to obtain a 

numerical solutl-n to the equations of motion for a viscous 

incompressible fluid in the inlet length of a straight pipe 

of circular section we first write them in terms of the 

cylindrical polar co—ordinates r and z and the solution is 

obtainel in terms of tot, the stokes' stream function and 5, 

the vorticity. 	To facilitate the reloxation solution, we 

change the independent variable z measured along the axis of 

the cylinder to one which depends on R, since the flow 

patterns change as R increases. 	This transformation makes 

this change in the patterns relatively slow once thereby, for 

example, the accepted solution for R = 100 is made a good 

starting assumption for R = 10. 	We have obtained solutions 

to the viscous flow equations for the cases R = 10, 100 and 
o ve.‘oetry 

R 	0 . 	The axial component,wae then evaluated and the 

results compared with those of Goldstein (Ref. 6). 
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Another problem, which h:s received attention is 

that of viscous flow past a sphere. 	The first attempt to 

obtain a solution was made by Stokes, Who assumed that the 

inertia terms in the dyhamical equations were negligible 

compared with the viscosity term for a slowly moving fluid. 

In his Hethod, Stokes expressed his stream function t in 

terms of szherical harmoniCs. 	From this solution, the 

ratio of the neglected inertia terms to the viscosity was 

found to be up/v, where U is the velocity of the undisturbed 

flow, pis the listenee from the centre of the sphere and 

v, the kinematic viscosity. 	This term increases indeFinite- 

ly with p , however small U may be. 	Thus in the neighbour- 

hood of the sphere both terms are comearatively small and 

the character of the motion is unlikely to be seriously 

effected in. these regions, but at a large distance away 

from the sphere this solution isinaccurate. 

This riticism was rut forward by Osemwho made en 

interesting innovation in the treatment of the subject intro-

ducing u U for u, and neglecting terms of the second order 

in u, v, w oniy. 	The inertia terms are thus to some extent 

taken into account, but it is to he remarked that although 

the approximetion is undoubtedly teproved at infinity, where 
LS 

u = v = w = 0,min some degree impaired at the surface of 



-v- 

theaphere, where now we have u = -U. 	A method of solving 

these approximate equations for the ease of viscous flow past 

a sphere, is given by Lamb, (Ref. 9). 	The components of 

velocity a, v, w are obtained in terms of two functions Y. end 

ax 2k ax  

v = 	
°Lay 2k 

w = 	1  41 
az 	2k az.  

where 

V
2 

= 
, —k(in —x) 2 

p = x y2+e, and k = U/2vo  

 

Lamb writes for id an expresoion, which includes only negative 

zonal harmonics and obtains values for the constants of inte- 

gration when kp is small. 	Thus, r_Li in dtokes' method, 

it will be noticed that the condition for the success of the 

approximation is that R = Uajv should be small. 

Goldstein (Ref. g) has also obtained expressions for 

g and 	. 	These include Legendre and Bessel functions. The 

condition of no slip on the noundary is written in terms of 

the radial, up  , and the cross-radial, ail, components of 

velocity and is used to obtain the value of the constants of 

integration. 	Tomotika and Aoi (Ref. 13) used the up  and 

given by Goldstein (Ref. 7) to obtain en expression for 

Stokes' stream function 41. 	After detailed numerical calcula-

tions they found, for small Reynolds' numbers, the following 
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approximate expression for *4 

101  = 	
i 	

32  —14P1— 	1§talatb2  1—k - 	pi) + 	/4;7) cosei 
Li / 	fl 

where *1  = *Aa2  and p  m ft/a. From this expression for *1 

we con see that *1  is not constant over the surface of the 

sphere. 

Numerical values of +1  were computed and the flow 

patterns mund the sphere btained. 	It was found that a 

stationary vortex ring is formed behind the sphere for the 

case R = 1. 	further numerical calculations were carried out 

for smaller Reynolds' numbers and it was found that even 

when R assumed very small values, such as 0.1, the stationary 

vortex ring, though of very weak strength was still formed 

behind the a here. 

The flow pattern for the case of viscous flow past 

a sphere for R m 20 has been computed by Mitutosi Kawaguti 

(Ref. 11). 	The method of solution used is one described by 

Thom (Ref. 12), and numerical values are found for stokes' 

stream function * and the vorticity 	at the nodal points 

of a luare mesh, which covers the field of flow under con- 

sideration. 	Initially values of * end s are assumed at 

these nodal points, then using the governing equation * and y 

are evaluated at the centre of the squares. 	These latter • 
at t 0L p 

values are then used tov!caloulate values of * and !„. This 

process is then repeated until the values all over the field 
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have settled. 	From the streamlines and equi—vorticity lines 

calculated for the flow round a sphere there W8J no evidence 

that there exists a stationary vortex ring behind the sphere. 

To reduce the number of independent variables 

from three to two in the equations of .otion for viscous 

flow past a sphere we 'rite these equations in terms of r 

and z and 3tokes' stream function is introduced. 	The other 

dependent variable is the vorticity 3 • 	In order to 

satisfy the boundary conditions more easily a conformal 

transformation is uoed, which changes the independent variablen 

from r and z to V and 	the velocity potential and the 

streari function for irrotationol flow past a circular cylinder 

.:1olutions are obtained for the case R = 0, 1, 10, 20. 	For 

the case R = 0, there exorsthe solatton obtained by 	okes. 

The twosolutions are compared and certain improvements are 
to 14iii Titjay..€01011 rfttl3/4"P 

suggeated A so that the boundary conditions at infinity M0.4 e. 

satisfied more accurately. 	Finally a method is described 

by which the equations of viscous flow can be solved for 

plane laminar motion past a body with axial symmetry. 



2ART I. 

THE RELEVANT THEORY OF FLUID DYNAMICS. 
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1. 	Fundamental iiivat ons 

The fundamental equations of this thesis ar obtained 

from the application of the principles of conservation of mass, 

momentum and energy to the hydrodynamical continuum ((oldstein, 

Ref. t ). 

Theae may be written 

+ div (pt) = 0, 	(conservation of mass) 	(1.11 

Jo 	 Jbly 441, az 

n  t  = py + fre•Y 	L-ys,  •••••(1•2) 

ax 	ay 	az ' 

(conserlmIlon of momentum) 

wher A 
	(q.grad) 

and 
1 

L,J + (.grad) + 	c-154)  + q.grad at 	at 2 T 	 Q 
P 

( 1. 3) 

    

(conservation of energy) 

= dissipation function 

= 2(allt) + 2(AI) 	+ 20.E)2  + (sai + .0.)
2 
+ Oa + L2% 2  

mi. 2 	a 

ax 	ay 	az ay az az ax' 

+ (a! + j2-q' - i( div ci) a  
ax ay 3 

where 

	(1•14) 
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The equation of state is taken as 

p = 

The following notation is used:— 

t = time 

(x,v,z) = space coordinates 

r  = density 
T = te7iperature 

p = pressure 

 

(1.5) 

 

q = velocity vector (u,v,w) 

F = body force vector (x,Y,z) 

rs = stress tensor 	(r,$) = (x,y,z) 

R = gas constant = CP—Gv 

op = specific heat at constant pressure (assumed constant) 

Cv  = specific heat at constant volume 

r  = cp/cv  

= internal energy per unit mass = Cl/2 for olytropic gases 

µ = coefficient of viscosity 

k = coefficient of heat conduction 

= heat added. 

The assumptions are made that the stresses are linear 

functions of the rates of strain and the usual conditions of 

isotropy are used so that the stress In the x—direction on a 

face perpendicular to this direction can be expressed as 

xx = — p — 2H-tv cl./3 + 21.Lax 
(1.6a) 



- - 2  ay 3 

- f2 - 2  kJ, 
✓ Dt

Dw 	
P-  	 3 aer." 

div 

div 11) 

I Dt 
• Dv = 

/0 1.  

-3. 
and the shearing forces in the x-direction on the other two 

faces of the elementary cube are 
... „I 	AR 

ax ay) 
.....(1.6b) 

;X = ,(ar + All)  axaz 

Substituting for the stresses in equations (1.2), we obtain 

P Dt = r X - 	- 	div 11). + 211ax —(09) + LitgAl + A2) ] ax 3 ax 	ax 	ay ox ay 

ax 	it) is,  

;r:YI  

An alternative form of the energy equation is obtained by 

introducing the entropy S (Courant and Friedrichs, Ref. 4- ). 

The entropy is defined by the equation 

DE = T DS - pDT 

where l'' is the volume per unit mass, i.e.r 	= 1, 

so that (1.8) can be written 

= T 	- 0( ) , 	(1.8 
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and equation (1.3) is then 

11..( ' 
	r

E1 + Ira J11 = Xv2T 	y, Q
Dt  

The left hand aide of (1.3)' is Tit by (1.8)e; 

therefore 	XV8T 	+ p 
For polytropic gases the expression for 3 is 

3 — 8o  = Cy log( 71'4  ) • 



2. 	Axially=ibymmetric Viscous Flow, 

For steady incompressible flow 	= 0 and p= const. 
at 

so that equations (1.1) and (1.7) take tho form 

A2 + 	+ 	= 0, 
aY az 

and 

	

(u4— 	+ 

	

- ax 	ay oz 

=TAiiitt7"1"ElP(X,Y,Z) + v V2(UOT,W), 	 (2.2) 

	

where v = 	is the kinematic viscosity of the fluid. 	Oz is 

taken vs the axis of the flow and r as the radial coordinate 

.....(2,3) so that 	ra  = x' + y2, 

tang = y/x. 

qhere there is no variation with respect o Gi we denote the 

radial component of velocity by V and of the body force by T 

so that 

.....(2.1) 

u = V cos 9, "" 

v = V sin 9, 

X = T cos 9, 

Y=T sin G. 

From (2.3) it follows that 

= COBOL — eing 
ax 	ar r a() 

L. = 	sag .0...„; 
ay 	ar r aw 

and 
( 2.5) 



hence 

A2 	a 	
A2 	2 

137 + By 84  17 + i ar + ra 
ad.' 4.4,4..(2.6) 

When we substitute (2.6) in (2.1) we obtain the equation of 

continuity in the form 

= 0 
ar az 

therefore A-(rV) + A—(rw) = 0. az or 

Thus a stream function • can be introduced (Lamb, Ref. 9 ) 

such that 

w = r ar 
(2.7) 

and 	V = r az 

Again, from (2.L) and (2.5), 

QA- + TA- 
ay 

= 
az 	or 

Ilkiireoloo(24,8) 

When we use (2.L), (2.5), (2.6), ( 2.8) the first two of equa-

tions (2.2) take the same form: 
u 	2 

VSLYr  + willi = _ 1 AR 	1 or T+v(...,&.+4L. + az  .a_ri. _ 2-.) .7.  
a 	az 	P ar 	or- r  

The third of (2.2) gives 

VAN 4. on = _ lila 4. z  
+ (air + i fi + az ar 	az 	r  az 

It It is assumed that a body force potential SL exists: 

= 	T = - 
az 	or 

( 



We now eliminate p and .n. from (2.9) and (2.10) and obtain 

the following equation: 

a a 4. vex_ + 	+ 	- 	- 	- /ZAN . 
az ar 	azar az az 	az 	ar or 	ar4 	az ar 	azar 

	

= yr.L. 	A- + 	- 1  RAY - 

	

6ara 	r ar 	az 	az 	ar."' 

When we introduce the vorticity 43)and write 

= s =AY ALF 
az or 

41sio s.(2.12) 

the equation (2.11) takes the form 
2 	2 

+ )3 . 	(vi- 1043 = v( 	- 7N/ 7R iT 	i7 	' ar az 	ar 	az r 

and with the use of (2.7) 
2 

(.1L. 1  + v-ar2 - or az" 
= IA + 

ar 	
- 1 	r az r az a 	r- az • • $ • 2.13) 

Also, when we substitute in (2.12) from (2.7),  

(a 	ow ate) .-4 2-7)* 	_%. 	00411!0•0( 2014) 

In relation to axi-symmetrical flow equations (2.13) 

and (2.14) have to be satisfied in conjunction with appropriate 

boundary conditions. 	The equation of continuity is automatica- 

lly satisfied by the introduction of 

To facilitate the numerical computations all quan- 

tities are made 'non-dimensional'. 	L is used to denote 

some representative dimension of length (e.g. the diameter of 

a sphere or cylinder) and U to denote the velocity of the 

fluid far upeteeam. We therefore write 

(2.11) 



-8- 

r = 	z = Le, V = UV', w = Uwl. # 

Then, according to (2.14), 

x = Uxl, 

= UL
2 
 

  

(2.15) 

  

 

.....(2.16) 

where % 
= f

ar  	Iv i4)110, _AT_ 

and, according to (2.13), 
a 	a 

(40 NM 

R ar 2 	r ar 	az 
2 az.00 711.  az 	• 

1  At:=  
r ar' 

jae  
73ir 

....(2.17) 

where R (the 'Reynolds' number of the motion) = UL/v. 
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II. 	Plow in  a Straight Pipe of Uircular Section, 

3. 	General Equations 

We take as the equations which govern the flow 
2 

1 — 41 
ar 	r ar a 

00410*(3411) 

2 . 	2 
4ix) —7 — ar 	r or 	az2 	r or az 	razor 	lea az 

 

(3.2) 

 

In the equations (3.1) and (3.2) the diameter of 

the pipe is taken to be the representative dimension of 

length L, and U is the average velocity of the flow, therefore, 

R = El. 

The variable z is replaced by Rx (Allen and south—

well, Ref. 3 ) so that equations (3.1) and (3.2) take the 

form 

ar2 	r ar 	R2  ax- 
	 ,....(3.3) 

2 	2 
4_41 2 ALL 	4_4 = 1 Li LA — 	Azs 	lax 
ar 	r or 7,2r  ax2 	r ar ax r ax ar 	r-  ax 

Equations (3.3) and (3.4) are to be solved for y and A using 

relaxation methods. 	The boundary values of A aid # have 

still to be determined. 

The velocity at entry to thectrcular pipe is assumed 

to be constant over the cross—section. 	At a sufficient 

distance from the entry the flow wiril become uniform end first 

an approximate solution to equations (3.3) and (3.4) when # 
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and x are independent of z must be obtained. 	The area of the 

full solution will then be extended in the x-direction until 

the values of and A reach these uniform flow galues. 
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Uniform Visoo as Flow in a Circular Pipe. 

When x end • are independent of x equations 

(3.4) are 

 

and 
( 3. 3) 

  

(14.1) 
AL/ _ 
a rs 	r 

The diameter of the pipe is taken as 1 so we require 

a solution for 0 r 1/2, with boundary conditions that 

at r = 0, * = x= 0p 

 

(4.2) 

   

and at r = 1/2, aVar = 0 and * = 1/8. 

The value * = 1/8 follows from the fact that if the 

velocity were independent of r it would be everywhere equal to 

1, and then * w:ald be r31/2. 

The condition War = 0 on r = 1/2 is used to 

provide a boundary value for x. This is given by 
a 

-x = 	-1 or 	r 	ar 

= 114 

An exact solution has been obtained to the equation (4.1) 

(Goldstein, Ref. 6 ), viz. 

= - 2r*  + ea 	x = 16r8 ,) 
In a relaxational treatment equations (14.1) have 

jut 
a r 0 , 
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to be replaced by approximations in finite differences: in 

the notation of 'residuals' these are:- 

F* = *2[1  - 7171,7] 4' *4[1  AT)]  - 
Fx = K211 - 2r0 4' x4[1  AT)]  - 

2*0 	h2  % 

 

(4.5) 

 

2%0) .....(4.6) 

for a typical point 0, and mesh length h. 

The finite difference approximation for the boundary 

condition (4.3) is 
*2 	21ko 

o = 

But War = 0, i.e. *2  = *4  so that the fictitious value *2  

can be eliminated from (4.7) giving 

+ xo  = 2(100  - *4)/h! 	.....(4.8) 

In the first instance h was taken to be . 1/10. 

Equations (4.5) and (4.6)  are then 

F* = *2[1 - 	+ + x0/100 .....(4.9) *40. liT)] + 	j 	2*0  

Px = x2[1  - 	x411  20] 1 
"•••(4.10) 4' "KV - 2% 

for r0  = 1/10, 1/5,  3/10, 2/5, 

and the boundary condition (4.8) is 

xo  = 200(4+0 	*4).  111004110(4011) 

We introduce a multiplying factor of 103  for both 

x and 10 so that the boundary conditions (4.2) are 



r = 0, 

 

(4.12) 
r = 1/2, 

 

When we substitute the values of ro  into (4.10) we obtain the 

following set of 

r = 1/10 =4c 

r = 1,45 = P 

r = 3/10 =I 

r = 2/5 = 8 

equations 

[Fx] 

LIFIL) 

LFx] 

lAda 

= xp/2 — 2x.(  
= 3xt/4 + 57cA/4 

= 574/6 + 7191/6 

= 77ct/8 + 97V8 

 

(4.13) 

 

where r= 1/2 = E . 

It can be seen from (4.13) that 

x
tt 	25 

= 1§x t 
	

x
k 	2 

= 3x 	x
/1 

= 
4  	25 6  

*hen Fit  = 0)  

1 
X4 

= 
 7P'(4•14) 

To obtain a solution to equations (4.9) and (4.10) 

values of • were assumed at the points r = 1/10, 1/5, 3/10, 

2/5. 	A vane of xe  was then calculated from (4.11). 	The 

other values of x were obtained from the relations (4.14), 

Using (4.9) values for F*  were calculated and then the ea were 

altered so as (temporarily) to liquidate the residuals. A 

new value for x, 	was then obtained and the process repeated. 

From (4.11) it can be seen that large alterations to #s vRuld 

make xE 	change rapidly and care had to be taken in the #- 

relaxation at the point r = 2/5 to prevent the two functions 

oscillating. 
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The solutions of (4.9) and (4.10) subject to the 

boundary conditions (4.11) and (4.12) are given in the first 

two columns of Table I. 
Next, h was taken to be 1/20 and multiplying factors 

of 10,000 for * and 1000 for x were introduced. The residual 

formulae in this case are 

I?* = *2[1  - 111/4) + *411 + 0r0]2*0 	x0/40, 	oo...(4.15) 

Fx = 1211  - 601 7‘141  TIAV 2x0, .....(t}.16)

with boundary conditions 

 

r = 0, 

r = 1/2, 

x = 0 = 
* = 1250, 

   

(4.17) 
?CE  = 80000  *4) 

 

When the values of r0  are substituted into (4.16) and 

the equations 11/4  = 0 solved for i it can be seen that 
Ad =

100  
X' xp kt_c. 

100 etc. 	.....(4.18) 

Thus the same process can be used to solve equations 

(4.15) and (4.16) subject to the boundary conditions (4.17) 

as for the case h = 1/10. These values are given in the 3rd 

and 4th columns of Table I. 

Similarly for h = 1/40 we again introduce a multiply-

ing factor of 10,000 for * and 1000 for A. The residual 

formulae in this case are: 



F* = *2Ll 

—15— 

_  	
*l L +  80ro, + 4 	80r 1  J — 2*0  + 

   

(4.19) 

   

   

Fn  = R2̀ 1 1 	1 
Otero]   ▪ "14.{1 (-8-570] 

   

*0 ,0 6 0(4020) 

r = 0 	n = 0 = ) 
.....(4.21) 

r = 1/2 	= 1250 	xE  = 160(*0—*4)‘  

The corresponding values of ' and n 9re given in the fifth 

and sixth columns of Table I. 

In the final two columns of Table I the values of 

* and A obtained from the exact solution to equations (4.1) 

are given. 	It can be seen from here that the smaller the 

values of h the nearer the values of * and w approach their 

exact values. 

a_cid on 



ft E 	i o 	solo) TioN 

10s.  10as 10*. 103z 

25 39 

10 144 	98 156 

214 3511 

36 576 366 624 

544 975 

	

72 1296 	734 11404 

920 1911 

	

7 2304 	1083 '2496, 

1201.25 3159 

1/40 

1/20 

3/40 

1/10 

1/8 

3/20 

7/40 

1/5 

9/40 

1/4 

11/40 

3/10 

13/14 

7/20 

3/8 

2/5 

17/40 

9/20 

19/40 

11,611 	oLT OI  

10.# 1041* 440 	10' 

7 10 6 10 

25 40 25 40 

55 90 56 90 

98 160 98 160 

152 250 151 	250 

215 360 215 360 

287 490 287 490 

367 640 368 640 

453 810 455 820 

545 1000 547 1000.  

640 1210 642 1210 

736 1440 738 	1440 

831 1690 833 	1690 

923 1960 925 	1960 

1009 2250 1011 2250 

1087 2560 1088 2560 

1153 	2890 1154 2890 

1204 	3240 1205 3240 

1237.5 	3610 	1238 3610 

-TABLE No. 

- 
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5. 	Boundary Conditions for Viscous Flow in a circular pipe. 

Having obtained the values of * and x which satisfy 

equations (4.1) we can now give completely the boundary con—

ditions for the equations (3.3), (3.4) for all galues of R. 

On r = 04 	= * = O. 	 *....(5.1) 

On r = 1/2)  *2= 	='
2  

osow.(54,2) 

1._i= 	- If iT 

= Lf0i =17(10 0 — *4))  
since * = const, Li = 0 on the boundary. ar 

On x = 0 it is assumed that the velocity is constaat 

so that 

41011 0 ea.C.)1114) 

On x = a (i.e. when the flow becomes uniform) the values of 

x and * are given in Table I. 
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6. Viscous Flow in a Circular Pike for large Reynolds'  
numbers 

Equations (3.3) and (344) are now solved for very 

large R (the terms containing a, may be neglected). subject 
R.2  

to the boundary conditions p. 	In this case equations - 

(3.3) and (3.4) are 
2 

ar2  7 ar 

 

	(6.1) 

 

1 .0 . Li 	Ai Al 
ar4 	r ar 	r ar ax r ax or 

  

(6.2) 

  

ax 

 

'CA 

A 

F1G. 	I. 

D 	C 7_ 

On Al) let the mesh length be h2  where h2  = 1/10 = 10h, 

" CD fl 
	

if 	111 
	

If 
	

h1  = 1/100. 

Then the residual formulae corresponding to equations (6.1) 

and (6.2) are 

F = *211 - 1  
20rJ 4. *141 	2 

- 1 	 -  20r0  2ro 1 

1 
J 

 

2 	x0/100. 

L [1 + 
20r0  

 

(6.3) 

    

 

x2Li 

  

I + 

  

- 2%011 + 
2r02(* 

 

(6.4) 
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4e now introduce a multiplying factor of 103  for both * and 

A, 	The boundary conditions given in 5 in this case 

reduce to 

=0  	(6.5) 
= 1/2, * = 125, = 200(*0-44), (6.6) 

x = 0, • = r/2, 	= 0, 

r 	1/10, * = 1/200, 1000* = 5, 

r = * 	1/50, 1000* = 20, 	
(6.7) 

r = 3/10, = 9/200, 10(O 	= Llijr 

r = 2/5. * = 4/50, loco* . 80. 

As x • 01))  the values of * and A are given in Table I. 

.iihea we substitute for r in (6.4) the residual formulae take 

the form 

-' 2n 40n 3 A 
1 	1 

+ 	77..on1/ 4  4'1 

L 2 	 n1* 3)i 
	

Y4) 

where n = 1, 2, 3, 4. 

A 'two diagram technique' in which * and A were 

modified alternately was used to obtain a solution to equa-

tions (6.3) and (6.8))described by Allen and 3outhwell 

(Ref. 	At the end of a stage of A-relaxation the Flo 

had altered in accordiuee with the last trm of (6.3) and the 
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were then altered so PA (temporarily) to ligaiUte the 

residuals; then, with the. altered values of *, the boundary 

vEduea of n changed in accordance with (6.6) end the co 

efTicients of A in equation (6.8) also changed, giving a new 

set of e4untion8 (6.8)' say. 	The values of x were then 

modified in. accordance with (6.8)' and so on. 

To avoid the values of 10 and x oucillatingit was 

usual to relax completely the i residuals with the pos.  ible 

exception of the Ft 	on r = 2/5 arra to under-relax the 

T-Tesidwals especially on r = 2/5. 	In praetice, it vies 

useful to accumulate n-residaals at points on r m 2/5, relax-

ing almost compltely “ic other A  and then nitering both 

and n on the line r 2/5 so th 	,Fir/5 were apparently 

zero. 	Then the *-residaals were recalculated before any 

further modifications were made to the value of n. 	The 

values of * were then changed and the process repeated. 

The solution of equations (6.3) and (6.8) is given 

Fig. ..,.. 

On the line r = 2/5 it wa., necessary to Introduce 

decimal figures into the value of * so that the function n 

on the boundary was smooth. 

From Fig. 	it can be seen that the values of 10 



I C 

80  

125 
4700 

101.5 

125. 
4122 

104 .39 

125 
3880 

105.6 

125 
3774 

106.13 

I26_ 
3660 

106.7 

3620 

106.9 

ILZ 

36'4 

106.93 

1 47 

3610 

106, 95 

I 	a IL 

3606 

106.97 

3604 

106.981 

3600 

107 

3600 

107 

3600 

102... 

0 2 177 2394 2386 2376 2336 2313 2309 23071 2306 2 305 2304 2304 2304 

6P 70 71 71 72 72 72 72 72 72 72 72 
45  
0 

64 
79 8 1101 1217 1 272 1287 1289 1292 1293 [ 294 1295 1295 1296 1296 

20  30 33 34 35 35_ 36 36 36 3_6_ 36 36 36 36 

0 214 371 463 518 547 560 567 571 573 574 575 576 576 

—__5 8 9 9 9 9 10 10 10 10 10 10 _1O 10 

0 32 68 96 115 129 135 139 14 I 142 143 144 144 144 

0 .. 0 0 0 0 0 0 0 0 0 0 0 0 0, 
_ 	 _ 	— 	,, 	" 	 ,-, 	n 	 (-) 	 c) 	0 

0 0 

FIG. Na. a. 



and x vary most between x = 0 and x = 1/50. Consequently 

when a finer net was introduced in the x-direction it was 

restricted to the range 0 A x 4 1/50. 	In the r-direction 

the mesh-lengths were halved. The network is given in 

Fig.40.. There are three different types of residual 

formulae: 

1. in the region 0 A x t 1/50 where the mesh length in the 

x-direction is 1/400 and is 1/20 in the r-direction. 

2. along the line x = 1/50. 

3. in the region x > 1/50 where the mesh length 	in the 

x-direction is 1/100 and is 1/20 in the r-direction. 

For 1, 2, 3 the *-residuals can be calculated from 
1 	 1 F* = *2[1 	 5117J 	T 

* 
2L

r 1  1. 07J - 2*0 	(6.9) 

The corresponding x-residuals are obtained below 

1. (0 4 x k l/50) 

Fx  = x2L1  - ec  Miio(*143)."411 Tpro  - "1-51/4(q-*3)) 

2.  

x0[2  
(x = 1/50) 

hj  

(*1- 

h. 

-034-- 	.743) .....(6.1o) `r  

hv 

- yk-.0(.2-4,4) (zi-x3).  
h2 = 1/20 

hi  = 1/100 

h3  = 1/400 

h, 

FIG.NO.3 
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2 	2  

= A 	h (—) 	
hi 41_,L  ax 

1 	0 	1 az o 2 (az2)0 
hA2, 2x 

x3- 	
0 	.1 aZ 
- h7(123 0  ) • "' C) o 	t) 	• ••a•• 

.* 	 2 az2  

Therefore, when we neglect terms of 0(113), 
ax  

Al + LIA3 = 5/co + 1is1to(i7)°) 

i.e. (1213)0  = 16,000(xl  + 47E3  az2  
- 	157E0  + it( 21)0, 

= 20(ni  - 161E3  + 157E0)0 

Hence the finite difference approximation to equation (6,2) is 
1 	1  Fx  = n21.1

40r0 	20 000r (*1-16*3+154110)] 
0 

-1" 	A 4 Ll ,FOro  20,000r 
	(*1-16*3+15*0)] 

.29%0. + 	1  --7(* -16* +1:4 )] 
o  200,000r 1 3 o 

_  1  4  
20,000r0̀  )(A1-16A3+15w0). 

1/50) 

- 1  
O 

4.
ro  ' 4,10r-c;"1 3)]  

4.'x4L1  176-  174'17-006.-413)]  0 
itoi2  7-.1bP-01- 3).1  4.1o*To(*244)('1-x3)‘.... 

The boundary conditions are given by (6.!)), (6.7) and the 
third and fourth columns of Table I. 

On r = 1/2, 	* = 1250, 	no  = 8040  - *4), 

Now„ 

xi  . 16x3  = 

i.e. 

3. 	(X > 

F')1  = n20. 

.(6.12) 

(6.6)' 
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The -method of solving equations (6.9) (6010 Oen) 

610 (6.12; for theoe boundary c-:nditins •is the scle a the 

one used previously and the solution is 4.!iven in Pig. 40- 

Frodi tbi solution we calculated values of the axial 

cu7:ionent 	velocity and compared the values obtained with 

thoue ,.,;iven by Goldstein (Ret. 6 ). 	The to graphs ere Liv4111' 

in I.0.34 0  and the values of u are recorded in Table -1-1 • 

Aa c8n be seen the two sets of ruults do not agrec For 

O 	x 	//)0. 	Unfortunately the val de of 'Reynolds number is 

not given by Goldatein. 

To see if we could obta.n values of the axial 

component t-_;f velocity wh ich compared more favourably with 

those of LicAdstein the mesh length in the r-direction was 

taken to be 1/40. 	The residual formulae in this case aret- 

#2(1  .411  4.  14* - 0 + A0/16. 	(6.13) 

1. 	(0 X G 1/0) 

1 

z2[1  1r617; * 	 + 	1 3 --1---(# -# )1+ 4 1 1  + Sir - 40oro(*1-#3)] F. x14M0r0 	 o 
1  

-"oil  + 80.000,0".1"3))  " 2ooecoro(*2-4̀14)(2‘1"3)) • •(6)10 









0.10 0.20 0.30 	0.35 0.40 0.45 

0.0025 1.34 1.33 1.25 	1.14 0.94 0.57 

0.050 1.45 1.44 1.29 	1.13 0.87 0.50 

0.0075 1.53 1.49 1.30 1.11 0.83 0.45 

0.0100 1.59 1.52 1.30 1.09 0.80 0.43 

0.0125 1.64 1.55 1.29 1.07 0.78 0.42 

0.0150 1.69 1.57 1.29 1.05 0.76 0.41 

0.0175 1.72 1.58 1.28 1.05 0.75 0.40 

0.0200 1.74 1.60 1.28 1.04 0.75 0.40 

0.03 1.81 1.62 1.27 1.02 0.73 0.39 

0.04 1.85 1.83 1.26 1.01 0.72 0.38 

.05 1,87 1,64 1.26 1.01 0.71 0.38 

.06 1.88 1.64 1.26 1.01 0,71 0.37 

.07 1.88 1.64 1.26 1.00 0.71 0.37 

.08 1.89 1.64 1.26 1.00 0.71 0.37 

.09 1.89 1.65 1.26 1.00 0.70 0.37 

.10 1.89 1.65 1.25 1.00 0.70 0.37 

.11 1.89 1.65 1.25 1.00 0.70 0.37 

Values of u for h2  = 1/20, R -000 

TABLE NO. 11. 



FIG, NO. 5" 

R—) to, 	1/2a 

0.03 	'0.04 10.06 	'0.07 '0.02 0 X0.05 0.01 

2.0- 

0.5- 

T=0 45 

0.3 
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2. (x = 1/50) 
1 	1 	fur

1-164'3i-15*o)] P = 2 1 - 	11.0,000r0vf  

16*3+15*0) 44c4L1  8Pr 40,LOro 
.2A011 + 	1 (* -16* +15* ) + 	 (* 804000r02 1 	3 	0 2x40,000r0 2 4 

1 	(a 16n )(*, * ) 40,000r0  1 	3 2 4 

3. (x 1/50) 
1  1;l2  = n2[1 - 	+ 

0  16,000r0(4'1-413)  

 

(6.15) 

 

80r0  16,000r0(4/1-*3)]  

1 	 1  -2x0L1 + 320,000r:0/i43n 	16,000r0(*2-*4)(7L1-A3 

	(6.16) 

When a multiplying factor of le is introduced for * and 102  

for a. 	The multiplying factor of 	is reduced in this 

manner to simplify the n-relaxation. 	The function * is of 

more .interest and we only want the a-contribution to F. Using 

this multiplying factor gives it sufficiently accurately. The 

boundary condition corresponding to (6.6) is 

* = 1250, 	R = 32(*o — *4). 	(6.6)' 

The vaiies of 10 and a which satisfy equations ( 6.13), 

(6.14), (:_6.15) and (:,6.16) are given in Fig. b. 
Comparing the three solutions of * and n given by 



-26- 

Figs.a.k4q 4 it can be seen that the function * is increasing 

as the mesh length is decreased in the r-direction. 	The 

change in * from the first network to the second is approxim-

ately 6 per cent and the change from the second to the third 

varies from approximately 3 per cent near the centre of the 

pipe to 1 per cent (approximately) near the walls. 	4e are 

therefore approaching the solution to this problem when we 

take h2 = 1/40. 	If h2 is reduced further to 1/80 then 

the vie. of * ob,ained will be within 1 per cent of the 

correct solution. 

The changes in x are not so uniform as those for 

For 0 	r 0.4 the function x increases. 	The value of x 

at the wall is smaller and this has influenced the x- 

function in the region 0.4 	r 4 0.5. 	The decrease in x here 

is due to the more accurateappromimation to the equation 
a t  

= 	• from which we obtain this boundary value. 	4hen or 
the change in * is large then the formulae 

ar — 	2h 	' 

gives a very crude approximation to the true value. 	A 

better approximate value can be obtained by introducing second 

and third differences. 	To obtain these differences for * at 

the boundary it is necessary to extrapolate or use graphical 

methods. 
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As an alternative method we can expand * as a 

power series in r air this boundary, viz. 
*= *0 + a (r - 	+ p(r 	4).3 	.....(.6.17) 

This satisfies automatically the condition that sit = On on ar 

+ 	ha - ft hap  

+ 4.th
a 
 - eip b. 

The position of the point 12 is given in Fig. 7, 

10 

2 

II 3 I 9 

4 

12 

1 r = r, Then 

*L =*o 

*12 a' *o 
	( 0.18) 

FIG.NO 
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Solving the equations ( 6.18) for al we have 

= 	1 r 510, 

WL
'",14 - '12 	7*0]. .....( 6.19) 

Therefore on the boundary 

A-1 2ck 
are 

I (Al  
= -2.17%-'14 - *12 - 7Woi• 

Therefore x 0 - 42444 '12 - 

6.20) 

..... ( 6.21) 

If we substitute 44  = 1238.11 and *12  = 1204.88 in (6.21) then 

the corresptnding value of xo  is 4000. 	Thus we obtain a value 

of * which is nearer the correct solution. 	(See Table 7: 
This increa5e in * yields a corresponding increase in the 

other values of * and we obtain a solution which is within 0.5Z 

of the correct one. 

The value of the axial 	component of velocity is 

also given for the case h2  = 1/40 in Table. 	. 	This is 

calculated from the formula; 
+2 7  u 	104.  
JOOro  

A graph of the variation of u along the pipe is given 

in Fig. W , 	These curves can be compared with those obtained 

when h2  = 1/20. 	It can be seen that the maximum value of the 

velocity on the line r = 0.3 has moved further away from the 

point of entry, the 0.4 and 0.4J u-carves are almost identical 

)• 



and that there is a slight increase in the magnitude of the 

velocity near the centre of the pipe. 

This second set of curves therefore differ from 

those given by Goldstein (Ref. b ). 	We must assume that the 

experiment was carried out at a different Reynolds' number 

from the one ased here. 	In the following sections two 

further values of R are taken to obtain the variation in u. 



-i - - - - -

0.45 J'(" 0 . 10 0 .20 0 .30 I 0.35 0 . 40:!Co !- -, --- -
.0025 1.40 1.37 1. 29 i 1.15 0 . 94 0 .57

I,
. 0050 1.54 1.47 1.31 1.14 0 . 88 0 . 48 I

. 0075 1.60 1.51 1.31 1.11 0. 83 0 . 46

. 0100 1.66 1. 53 1.31 1.09 0 . 81 I 0 . 44

. 0125 1.70 1. 55 1.31 1.08 0 .80 I 0 . 43

. 0150 1.74 1.57 1. 3C · 1 . 07 0 . 79 0 .42

. 0175 1. 76 1.59 1.29 1.06 0 .78 0.42

. 02 1. 76 1.61 1.29 1.05 0 . 77 0 . 41

. 03 1.80 1.64 1. 29 1.04 0 .75 0.40

.04 1.86 1.65 1.29 1.03 0 . 73 0 .39

. 05 1.90 1.66 1.28
I

1.02 0 . 73 0 . 38
I

. 06 1.90 1. 66 1.28 I 1. 01 0 .73 I 0 .38
I

. 07 1. 92 1. 66 I 1,.28 1. 1•01 0.72 I 0.38

1. 66
1

0 . 72
!

0 . 37. 08 1. 92 1. 28 1.01 I

. 09 il.94 1. 66 1.28 '1 . 01 \ 0 . 72 0 . 37
I

.1 1.94 1. 66 1.28 1. 01 0. 72 0 .37

\

Value of \1 for R~ cc .' h2 = 1/40

TABLE NO•ill



I.0 

b 10,4 10,8 

1 0.3 

c • 0.45 

x. 

T'0.2 

FIG. NO. 

2.0 

0 •3 
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7. 	Viscous Flow in a Circular Pipe for any Reynolds'  
number 

Having obtained one solution to equations (3.3) and 

(3.4) for one value of the Reynolds' number the other aolus. 

tions followed quite quickly. 

of R the finite difference aoproxima— For any value 

tion to (3.3) and (3.4) 
02 	h2 

F' = 	*1420- - V TI T 

are 
02 	h2 4- --7-R-03414 0. + ---- i 

hi   
h2 	2 

-.. 24f0L1 + 2 - 2] + /Coh2, 
hilt  

(7.1) 

and 2 
h2 Fx  = x1 1-1-sr 

h 1 

h2 
4h1r0(*2-*4)]."2[1  

h2 
h2  fr xi 2r0  Lihirovfl—*3).1 

r  ht 	h2 	 h2 
4.x34777 Lihiro(*2-414)] 	2r 1 	 0  

a 2h2 	h2 
7%L2 —TR7 777(*1-11/3)],  hi 	1 o 

h2  
4hlro(lif 1 	)] 

where hl  is the mesh length in the x—direction, and h2  is the 

mesh length in the r—direction. 

The boundary conditions are the same as those given 

in §5. 

As h2 = 1/20 gave a good approximation to the axial 

velocity for the case of large Reynolds' numbers it was 

decided to use this value of h again. 	The values of 2 
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h1 are taken as 

(1) 	0 (- x < 1/50 h1  = 1/400 	(Ii) 	x 1/50 hi  = 1/100 

When R = 100 and the multiplying factor of 104  was introduced 

for * and 108  for 7t) the residual formulae are as follows: 

1. (0 x < 1/50) 

F = 0.04*1  + *2L1 - 4-t3701 + 0.04*3og4L1 + 41.77) 	2.08*0  + 17:0  

g = s1[0.04 	
1 	 1  	(iit At 1 2000r (• *2 *4)) 	x20- 	1  40ro  2000r0  "1-T3/ 1J 

+x3  0.04 + --2"--(*2-*4)] 1 
+ 4• 11  1767; - 1  (* -* )) 2000ro 	 2000ro  1 3  

	

-A012.08 zo,Lorow (*1-*3) ]* 	tempeoll( 704) 

2. (x > 1/50) 

F*  = 0.0025*i + *2E1 -
or r) 0.0025*3  + *40. `0 

+ 7c-rroi  

- 2.00025* + xo 
0  )40* """) 

1 	3. Fic - = x1[0,0025 -. rotbi7(*244)+7c2L1 - .07  + Trats0(prp3)) 
0 	0  

ot3[0.0025 + adit7;
(*244)]"14L1  + air - 8010 ro(*1-*3))  

.x0[2.005 + 11.67m5* 1 	(41143)]* ;  

 

(7.6) 
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3. 	(x = 1/50) 
As before 12--27( = 16,00o(x, az2 400 0(7.7) 

and = 20(n 
az 

- 16x3 + 15 o)  

 

(7.8) 

 

so that the expressions for the residuals are 
1 	 1 = 0.004*1142L1  - 757-0)+0.016*3++411 ----j-2.02*0+x0/40 40r0  

tillte;0(709) 

and 

Flt  = x110.004 	- "2-44)]  4-  42[1 	40ro 
+ 	 

20,000210 	 20,000r0  

(*1-143+15*0)] 

+x310.016 + 	16 	 r 
4' 

N1  + x4L1  1.  1 	_ ,  
20,000r0" ' 	Oro 20,000r0  

(*1-16*3+15*0)] 

-x012.2 + 	1 	1033 100,000r02 (16+1*)  4.  4000ro2'(*2-*4)J*  

*....(7.10) 

The only difference between equations (7.3) and (6.9) is a 

term 0.04(*11-*3-2*0). 	From Fig. L),  it can be seen that the 

value of (*1+*3-2*0) is small. 	Consequently the solution 

obtained for very large Reynolds' numbers is a good am)roxima- 

tion to the solution of equations (7.3). 	For x 7 1/50 the 

value of (+1+103-2*0) is even smaller and consequently there is 

no variation in the values of 46. 
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The value of 0.4(x1+x3-2x0), which is the term by 

which (7.4), (6.10) differ is slightly larger. 	Consequently 

the changes in x near the entrance to the pipe are comparative- 

ly large. 	These do not affect the *-residuals to a large 

extent since x mast bhange by 40 before F*  changes by 1. 

The values of * and x which satisfy equations (7.3)- 

(7.10) are recorded in Fig.% 

The axial component of the velocity was also cal- 

culated and the values are given in Table.1R 	. 	A graph of 

u varying with distance is also given and it can be seen that 

the values of u are approaching those given by Goldstein. 

Finally the values of Reynolds' numLer luau taken to 

be 10. 	Substituting R = 10, h2  = 1/20, hl  = 1/401*1-1/100, 

we obtain the following residual formula:- 

1. 

= 

Fx  = 

(0 

4*1 + 

x114 

x t 1/50) 

*211 - 	n ----g+ 443 + *41-1   1 
40ro j 4 ---- 	- 10*0  + x0/40 0ro  

•....(7.11) 

-1
•  
00
1  
0ro

AA,  
2-A,.  4)J 4"`2L4 	4 o 	2000r043)] 

'-3' 
+ 	(*2-*4)14.4%1.1  Th; 2000r0  IT - 	(4"I-*3 2000r0   

-x0110 + 	,(*1-*3)1* 	.....(7.12) 
1001,00r0 







0.10 0.20 0.30 0.35 0.40 0.45 

.0025 1.27 1.29 1.24 1.15 0.96 0.61 

.0050 1.44 1.42 1.29 1.13 0.87 0.49 

.0075 1.53 1.49 1.30 1.11 0.82 0.45 

.0100 1.59 1.52 1.30 1.09 0,80 0.43 

.0125 1.64 1.55 1.29 1.07 0.78 0.42 

.0150 1.69 1.57 1.28 1.05 0.76 0.41 

.0175 1.72 1.59 1.28 1.05 0.75 0.40 

1.73 1.60 1.27 1.04 0.75 0.40 

.03 1.80 1.62 1.27 1.02 0.73 o.39 

.04 1.85 1.63 1.26 1.01 0.72 0.38 

.05 1.87 1.64 1.26 1.01 0.71 0.38 

.06 1.88 1.64 1.26 	1.01 0.71 0.37 

.07 1.88 1.64 1.26 	1.00 0.71 0.37 

.08 1.89 1.64 1.26 	1.00 0.71 0.37 

.09 1.89 1.65 1.26 	1.00 0.70 0.37 

.10 1.89 1.65 1.25 	1.00 0.70 0.37 

Values of u for R = 100, h2  = 1/20. 

TABLE Wo. IL 
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= 0.i 

 

= 0.2 
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0.4 
0.45  
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2. (x 1/50) 

= 0.25 *1 	)+0.25*3444[1 42[1 

	

	rib; ]-2.5*0+1t /40 4Lo  
	(7.1? 

Fx  = 7c1[0.25 	aspOor0( *2-*4)].*'2[1 	la0g0(*1-43)] 
+x3[0.25 + 00101,0(*2-*4))+%4[1 	- mio-r,;(*143)] 
...X0[24,5 * N] 40,00.0r0 • 

3. (x = 1/50) 

 

(7.114) 

 

F 0.4 144
, 
 - 	)+2+1.6103++4(1  = 10- Tin; Tek)-4*0 xo/40  

.....(7.15) 
Fx  = x1 .4 - 	1  	lit  

20,000ro" 4" 
ot2L1 	1  (* -16* +15* ) 40ro 0,000ro  1 3 o 

16 	x +x3[1.6 + 20,000r0  %*2-.4/a 

1  001_143+15*o)] * 1 
"4[1  ' 4157; 20,000,0  

-7 0
14 4.  100,000,0

...  40,300r (*2.44)] _001 16*3+15To; 	00e 4  

From Fig. 9a it can be seen that, 

when 0 4  x 4 1/50 the value of (*143-2,00) is larger than be-

fore. However the solution for R * 100 proved quite a good 

guess for the case R = 10. The 10-residuals were larger this 

time,but the relaxation pattern had ohangecland moving 

residuals to the 
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boundary was .guch easier. 	It was in this particular problem 

that the accumulating of residuals on r = 2/5 was found to be 

of the greatest use. 	The values of i,  and x are given in 

Fig. ila.. Again, values of the axial velocity were calcul— 

ated. 	These are given in Table V; and graphically, in Fig. 

11. 

These values of u suggest that the Reynolds' number 

of the motion used in the experimental work lies somewhere 

between 10 and 100. 	(The experimental results are shown 

graphically in Fig. 13). 

0 001 001 003 00¢ 005 006 001 00$ 01. 013 

Vic mo 13. 

For large values of R, Goldstein (Ref. 6) expanded 

the stream function it in a series. 	From here he obtained the 
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axial component of velocity and these results are given in 

Fig. 114. 

r 1 G 1144 

The values of u are given in the region L.,/  0.015 
aR 

(x is the co-ordinate in the direction of the axis of the pipe 

and tal is the radius of the pipe). For this region 

aR 0.015 the two sets of results compare favourably. 	When 

conditions of uniform flow are established the vales of u given 

by Goldstein are greater than those obtained from the algebraic 

solution and those obtained by the relaxation method are 

smaller. 









0.45 

0.89 

0.79 

0.70 

0.63 

1 0.57 

0.53 

0.49 

0.47 

0.41 

0.39 

0.38 

0.38 

0.37 

0.37 

0.37 

0.37 

0.37 

r-- 	' 
T , 

x. 1  0.10 0.20 0.30 0.35 0.40 

.0025 1.08 1.07 1.06 1.05 1.02 

.0050 1.15 1.14 1.12 1.09 1.02 

.0075 1.22 1.21 1.17 1.12 1.00 

.0100 1.29 1.28 1.21 1.13 i 	0.97 

.0125 1.35 1.34 1.24 1.13 0.93 

.0150 1.41 1.39 1.26 1.13 0.90 

.0175 1.46 1.43 1.28 1.12 0.87 

.0200 1.51 1.47 1.29 1.11 0.84 

.03 1.68 1.56 1.29 1.06 0.77 

.04 1.78 1.61 1.27 1.03 0.74 

.05 1.83 1.63 1.27 	1.01 0.72 

.06 1,86 1.64 1.26 	1.01 0.71 

.07 1.87 1.64 1.26 	1,01 0.71 

.08 1.88 1.65 1.25 	1.00 0.71 

.09 1.88 1.65 1.25 	1.00 0.70 

1.89 1.65 1.25 	0.98 0.70 

.11 1.89 1.65 1.25 	0.98 	, 0.70 

Values of a for R = 10, h2  = 1/20. 

TABLE N00-7 



2.0 

-r. O. 1 

1.8 

0.2 
1.6 

1.4 

0.3 
2 

`r..0.45 

0 - 10.01 	1 0.02 10.03 10.04 10.05 10.06 10.07 10.08 10.09 

.x 
I' 14. NO. I. 

R to. 	4,1  x 1 /2.0 , 



For the region .4- < 0.015 Goldstein says that his 
aR 

results are inaccurate. 	Using a relaxati(n treatment it has 

been seen that the values of u do not change very mach when a 

finer net i6 introduced in the r-direction. 	If a finer net 

is introduced for 0 $ x 4 1/200, say, the variation of u in 

thi3 region can be obtained more accurately. 

It is, of course, possible to go on and find a solu-

tion for the case R = 1 starting with the solution for R = 10. 

A glance at the residual formulae in this case shows that the 

coefficients of 41  and *3  have the value 00 and the coeffic- 

ient of #0  is 802. 	Working with elements of this size in a 

relaxation pattern is not easy and in thin case it is better 

to return to the original equations (3.1 ) and (3.1 ) 	As 

the second problem of this thesis deals with viscous flow past 

a sphere for small Reynolds' numbers the solutions of the 

present problem for R = 1, 0 have not been worked out. 



PART III 

Viscous Plow past a Sphere 



-39- 

General .Wquations 

When we are considering the problem of slow viscous 

flow (i.e. small values of R) we take the governing equations 

to be of the form 
2, 	, 	a 

!TA r az 

and 
a 	2 

- 
4-e 	r ar aZ2 

  

r 	i 112.1 	Ai AZ 4. Rv1 hi. or az  - r az ar r 
Aix] 
az 

These equations (8.1) and (8.2) are to be solved, 

for viscous fluid flowing past a fixed sphere of diameter 1 (in 

non-dimensional terms) .1 

G 

direction of flow 

C 

F(G. NO. is-. 

A 
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The flow is symmetrical about the line AE so that 

only half of the field of flow is considered. 
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9, Boundary Conditions 

The boundary drawn with a. broken line EFGA in Fig.15 

is intended to ba taken so far from the sphere that the flow is 

unaffected by it. 	The ctream function 4  then satisfies, on 

this boundary, the following conditions:— 

(1) 	a*/az = 0 	 , 	(9.1) 

(2)- 	a*/ar = r 	(9.2) 

The viscosity effects near the boundary EFGA are 
n I-Vic in-sr intance., 

negligible sox we take n to be zero there. (see 161) 

The curve ABODE is a streamline so that * has a 

constant value along it *itch we take to be zero: 

= O. 

Along BCD both the components of velocity are zero, 

therefore 

	

az 	ax' -0 
	 I....(9.4) 

On AB and DE, r = 0, therefore 

r 	= 0 	 a....(9.5) 
On BCD it is possible to calculate values for x from 

(8.1) as * is known there. 	Difficulties arise as this boundary 

is curved. 	These are illustrated even if the case R = 0 is ca 

sidered. 	For the equations (8.1) and (8.2) become then 
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2 

r ar az 

SUS + 	= 0. 4-- are _ 
r ar az• 

(9.6) 

1)) T i  

S Do.) 

F 1G NO. 'L. 

Consider the point Q near the boundary point T. We let 

QT = I h(0 c I < 1) so that 

*T 22  So s' I h(g)(4  

therefore 
ajh 	 Oa  '" 4"11  

= 1 
* 
110 +1) * 

olt)  *i++T  2+0  
az2  = 	

- 

(9.7) 

004100(968) 



Hence the the finite difference pproximations to equations (9.6) 
can be obtained and the corresponding re3idual formulae for 

the point Q are;- 

	

10 2r, 	h 	WT  

	

+1 	2r0J 	 +i 11  ' 2r0J 

2W0Ll + 0 + 	.....(9.9) 
and 

VA 
x 

= T
i
71 I. 	- 	TTIT r L1 	o- 

	

-2x0L1 -0 ]. (9.10)  L i 	 ' 2 2r 

The residual F.,o  is easily calculated from (9.9). 	To obtain a 

value for Fit  at (4 it can he seen from (9.10) that a value of x 

is needed at T. 	This valte can be obtained from the first of 

equations (9.6)e 

At T, we have 
2*,2  (Ali)T  "  

	

ar2 	hg 	(ar)T = 	2h ' 
	(9.11) 

 

with corresponding expressions for ()T, 	)T in terms of 

*0 *p and 1 . 
=21 

When we substitute these values of 3"4, ar- Or,  aZ2  

into (9.6) we obtain an equation of the form: 

,....(9.12) xT = f(Wp,WQ,WR,Ws, )4P 

The quantities *s and 	can be eliminated from (9.12) using 

the boundary conditions (9.4). 	The value of * at R has still 

to be interpolated and the obvious scope for inaccuracies to 

accumulate are such that it was therefore decided to use a 

transformation for Wich the half-circle BCD would become a 

straight line, 



10. Change of Independent Variables 

Thom (Ref. 1  ) suggested that the variables r, z are 

changed to d and p , the velocity potential and stream fun-

ction for irrotational flow past a sphere or a cylinder with 

circular cross-section. 	The boundary of the aection is then 

a stream-line p = const. = 0 (say) i.e. a straight line in 

the (oC,, ) plane. 	Thus the field of computation is trans- 

formed into an infinite plane containing a rectilinear slit. 

The variables a add fi are conjugate plane-potential functions, 

so that ( c 19, 	p ) is a function of (z + ii'). 	Accordingly 

= AR 	‘22.1. 
az 	or' 	ar - az * • • • (10•1) 

and 	V2 a 
Then 

= v2 /3 
= 0 • 

 

(10.2) 

 

az az 	az a4 + az op 	ar 	or a*. 	or ofi 
Therefore 

a 
- 1 	+ 

r2 	r or 	az2 

..•••(10.3) 

= (131.)3  a r 
2 

(4g)2ji774 	Kill)2  

r ar atk 	rar • - •(3.0.14) 



add 
.1.  	lc  

aq2 ads 
—L. LAS. AZ.‘ + Ad Ail 

ar alt 	a r 

and 
.1 Ai ,A21 ♦ .1 At Al + 2 sits
PAZ ar r ar az 	az 

—
80,  Op a2 	or 

Alci(AA) 2 	(A1) 2 ) 4.0 fi(11)2  

.& 
 W h 

icrAi 
a' az — ar op." 

Consequently (8.1) and (8.2) are transformed into 

 

(10.5) 

 

	

e* 	ass* 	1  rag Ai AA 

	

1T = 577 	—rH c7 r act 	ar afi" 
.....(lo.6) 

 

= 	— 	*Li! —a *it 40000.(10.7) 
where H2 sl  (g)a 	= 	(g)

2 
 . 

  

(10.8) 

  

By use of (9.4) and (10.3), the transformed boundary conditions 

are seen to become: 

* = R = 0 at all points of the of —axis (0( 	 (10.9) 

Ai = 	= 0 on that part of the axis ( / = 0) which corresponds 
ai ap 

to the circular cross—sections  (01 /4 4.1). 	 (10.10) 

For aaphere of radius 

okz. I 1  

p=r 2 11_   

1/2, 

00,040.(10.11) 

.....(10.12) 

16(r2 + 

1  
8(r2  za)3/2 ]/2 



• • 	* • ( 10•15) 
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and for a circular cylinder of radius 1/2, 

= zz].41/4
1

r° + z2)' 
( 10.13) 

= ril - 1(e 	zw)]. 

From (10.6) and (10.7) it con be seen that values of I-18  az, 

ar  etc. are needed •ald hence the transforalation, from the 
(r,z) coordinates to the (a 	) coordinates should be as 
simple as possible. 	Thus the transformation was taken to 

be (10.13) 

This yields 

-rz  
or 	2(1,2 	.....(10.14) 

- 4 
- ar 

2 	z2 

4 	+ 'z4  

In order to obtain a numerical value for the ce-

eFFi6tilts in (10.6) and (10.7) Values of r and z had to be 

obtained which satisfied equatit)ns (10.13) for different 

values of 	and ft  4, 	An iterative process was used to do this. 

&Itiations (10.13) were written in the form 

z = 	[1 4, 	1  	1-1 
1404  + z2) 

r 	3 1  - 	 
4(11.  + z2) 

]-1 



_47- 

Values were assumed for (r,z) and substituted in 

the right-hand side of equations (10.15) and (10.16). Another 

set of values for r and z were thus obtained. 	The initial 

guesses for r and z were changed in the light of those results. 

It WEIS found that if the second values of r and z were sub-

stituted into the right-hand sides of equations (10.15) and 

(10.16) in order to obtain a third set of values of r and z, 

the values obtained did not as 

about the true values of r and 

(10.15) and (10.16) for tt, = 0 

in the tables in Appendix I. 

a rale converge but oscillated 

z. 	The solutions to equations 

- 5, 	0 - 23/4 are given 



11. 	Non-Viscous Flow past a :.'iphere 

For non-viscous flow, * = 0 and equations (10.6) and 

(10.7) reduce to 

4 4- 	— 	
r ar 	Ai 	r ar 	= 0 

Ad a  apt 	at" 	(lei)* I. (it)2 a' 	(ar) a  + (az) 
all 

 

1404.0,*(11.1) 

When we substitute for IX, lit etc. from (10.114) we obtain the ar az 
following equation: 

14.12111  73-fira2*  + 2(r2  + z2)7  + r2  - z2  + 1/6 aat 

v * li.).‘ + 	(...e•-• -3.1.)/4. 	= 0 .....(11.2) rt(r* + z2)2  + (r2  - z2  + i/8)/2) a,p 

We defint the symbols A and B as follows; 
. 1  At 

	

z 	r ar  A = 	 .....(11,3) 2(ed + za 	+ r2 	+ 1/8 	2 	at a ' 
ar 	+ (a) 

1 
B =  - 	(ra  + z 	 +- AI 

r ar 	(11.4) 

	

tea? + z2)2  + 	z 	al 
or 

la  + (az 
44 

)
UP 

so that equation (11.2) takes the form 

+ 	= 0. 

	

ap 	eat. 	aP 
Numerical values of A and B for different values of CO, and/ 

are given in the Tables in Appendix I. 

The boundar,y conditions in this case are: 

(11.5) 
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On et = 0 )  IA  = 0 (by symmetry)  aoL  
On /4 = 0 ) * = 00 

And as a2 + fi •---0  
o4 	az 	a , 	r 

therefore Ai -4,0, 	and O ---> r. 
J14 	44  

The finite difference approximation to (11.5) is 
Bh 

*1[1 +'P0 + *2E1 - 2Dil ] + 11(30- 
KA  

- 7-) + *LP + 7] - 4* = 0. 

The mesh length is taken to be 1/4. 	We thus have the follow- 

ing expression for Fo- 

F* = *1[1 	i] 	'2[1  - 	*3L1  ti 4' *411 	441°' 
...(11.9) 

On at= ©*1  43  so that the fictitious value lir 3  can be 
eliminated from the residual formula (11.9) viz. 

F = 2* + * 11 * 	1 	2 
_ Bi  

/1J 	*411 4. /130 - 4*0  ofp...(11.10) 

When a 	*1  = *3, so the fictitious Wit) *1  can be 

eliminated from the residual formula (11.9) viz. 

= *211 - i] + 2*3  + *411 +g) - 404, 	......(11.11) 

When /2 --I) a) 	
adP 

= r, i.e. *2  - 104  = 2hr, so that the 

fictitious value *2  can be eliminated from (11.9) viz. 

F4  = (1 + 1)*1  + (1 - 1)45 + 2414  + r(1 -Ig)12 - /40  (11.12) 

The required values of r(1 i)/2 are given in Table-71 

.....(11.7) 

(11.8) 



0 
0.2 
0.50 
0.75 
1.00 
1.25 
1.50 
1.75 
2.00 
2.25 
2.50 
2.75 
3.00 
3.25 
3.50 
3.75 
4.00 
4.25 
4.50 
4.75 
5.00 

2. 3 5." 
1.238 1.480 2.835 
1.237 1.479 1..835 
1.236 1.479 2.834 
3..2314 1.477 2.834 
1.231 1.476 2.834 
1.228 1.4714 2.833 
1.225 1.472 2.8.33 
1.222 1.469 2.833 
1.219 1.467 2.832 
1.216 1.465 2.832 
1.213 1.463 2.831 
1.211 1.461 2.830 
3..208 1.459 2.830 
1.206 1.457 2.829 
1.205 1.455 2.829 
1.203 1.454 2.828 
1.202 3..453 2.827 
1.200 1.452 2.827 
1.199 1.450 2.826 
1.198 1.449 2.826 
1.198 1.448 2.825 

Values of r(1 - 1)/2 

TABLE NO.v_L 
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The solution of equation (11.9) subject to the boundary con- 

ditions (11.6), (11.7), (11.8) is given in Fig. r). 





(12.4) 	

(12.) 

	(12.6) 
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12. 	General -; ur.-41011 roc 	0 

4hen R la 0 equations (10.6) and (10.7) reducc to 

4112.4 Alt 4. AL! _ BA/ . -vet  ait. 	by 	ay. 	op 
qn1 

A415. 	(12.2) No a 810. 8 

where 

11-2 	(r2  + z2 ) 2/1L, + z2 J4  + (? 	z2 	1/8)/4 	(12.5) 

Values of c/1.6 ( = 1/16e ) arc liven in 2,ppendix I. 
The bodndary conditions for this case are; 

tic = 0 , LI ad. oak 
since the flow is 1:;ymmetrica1 about 	= 0, 

on 11 =c, 0 	< 1#  

40 = C D  

ond Al = at 
oat Op 

therefore, using (12.1) and (12.6) 
2 

on 

0, 

*-0 

 

7..1) 

 

ot 	= 0, 	x = rs = 0, since r = C, 

ef( 

The finite 

0, 111  r, x 	.....(12.8) f i 
liffereneeqTroxinvitiorvi to the equations (12.1) 

nnd (12.2) nre 



*iLl + 8]I-412p. = 0 (12.1' 

and 

xl[l 8]+x2L1  - ii+x3L1 8]oc4[1 	 ) Lixo = 0 • 

We introduce a multiplying factor of 1000 and replace 1000* b$ 

* and 100% by -a. The residual formulae obtained from equations 

(12.1) and (12.2) then take the form: 

F* = *1 + 

and 

B 8]+.2[,1 - 314-413[1 	t]+*14[1 + 14 00)(12.11) 

8]+x2E1 il+x3L1 - Mot4L1 + 4a0. ....(12.12) 

The residual formulae for points on of = 0 are :-

Y*  = 2$1  + *2[1 - i] B, Cao 4. *4E1 + 	- 	- 4*0  
Fit  = 2x1  + x2[1  - 1] + x4[1 !] 	Lixo. 	(12.14) 

The *-residual formula for points on the line it= nh4 	is 
Cito 

F*  = *2[1 - I] +2*3 + *4[1 + t] 	(12.15)  

The *-residual formula for points on the line i% 12/ x  14,  is 

P* = *111 	+ *311 - 	+ 2414  - 4*0  91-7,4 + r(1 -41 	(12.16) 

The required values of r(1 - 8)/2 for particular values of oc 

are given in Table Vi • 

The finite difference approximation to (12.7) is 

= 

	

_,011, 	4 	 = 	= 12.8(1 - 4e)*2 

$ 	The se UntS 	OT 	rine 4•Alresn41 6.%Jfl Cvetti on ON e. 	ec- t I on dt+,1 	cc. 

• • • (12.13) 



For 

4 = 0, z = 0, and xo  = + 12.8*0. 

d = 1/4, z = 1/8, and xo  = + 12*0. 

a = 1/2, z = 1/4, and xo  = + 9.6*0. 

4 = 3/4, z = 3/8, and xo  = + 5.640. 

A 'two diagram technique as described in Ref. 

.....(12.18) 

was em.. 

ployed to obtain a solution to equations (12.11) and (12.12) 

subject to the boundary conditions (12.13), (12.14), (12.15) 

(12.16)„ and (12.10). 

The first guess was the solution obtained when 

x = 0 everywhere. 	Large positives-residuals were obtained et 

the points 0(= 0, 1/4, 1/2, 3/4, it = 1/4. 	These residuals 

were partly modified (by a,. proximately one quarter of their 

original value) using the approximate relaxaticn pattern given 

in Fig. 

FIG, NO.It. 

Except at the points ac = 0, 1/4, 1/2, 3/4, 	= 



all the x-residuals are 'liquidated'. 	The 41-residuals had 

then altered in accordance with the last term of (12.11). This 

change was quite large. 	It should be noticed that if x is 

changed by 1 then the corresponding 41  residual changes by 

approximately -0.6. As all the changes in x had been positive 

all the *-rolduals were negative, giving a large total negative 

residual. 	The only boundary over which this residual could 

be 'pushed' was /I= 0 	>, 1 since all the other boundaries 

were subject to a normal gradient condition. 	The problem of 

reducing a total negative residual to zero was made easier 

since a change of 2 in * on 	= 1/2 only changed the residual 

on 	f= 1/4 by 1. The easiest way of decreasing the 

residuals was by using graded block relaxation. 	* was given 

constant values along lines 	fi = const. but gradually decreas- 

ing in absolute value as /0 decreased. 	These changes in 9i were 

quite large. 	Consequently the values of * at the points ot, = 0. 

1/4, 1/2, 3/4, 	= 1/4 (hanged. 	As these changed negatively, 

the value of 4'  was less and the corresponding value of x from 

(12.18) was decreased and the positive x-residual at these 4 

points was also decreased. 	This cycle was then repeated until I 

both the 4'  and n-residuals were liquidated. 	The calculation 

of residuals in this case was easier than in the solution of 

the flow through a cylindrical pipe as both equations are 

linear and the coefficients of x1' 2t etc. do not depend on 



the changes in *. 

The amount of n—residual to be left at the four 

points could only be estimated with any degree of accuracy 

after the cycle had been repeated several times. 	The 

tendency was to leave too large w—residuals and to under—relax 

*. 	It was generally 	possible to have a total positive *— 

residual but this was not sufficiently large. 	Though the 

convergence was slow, by proceeding in this way, the functions 

* and A did not oscillate about their true values. 

The solution of the equation (12.11) and (12.12) 

subject to the boundary conditions is given in Fig. 11'1- 
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13. Finite Difference Equations for flow round the sphere 
with non-zero R 

To obtain the governing equations in a form which 

can be used to solve the problem in (d,-, p) plane we sub- 
111 J. 

stitute for 171, tit. etc. from (11.3) and (11.4) in (10.6) 

and (10.7). 	This yields 

aka 	= 
ace sie  as

_ - Cx, 	(13.1) 

and 

A3 Ai i 	
a _ 	Ai 2:7L 1.2.1 + A43 - BA3  = RL 430, a,' aa ap arc at aP 2x kat 4- Rai p a/2 	at 

	(13.2) 

The flow is no longer symmetrical about the axis 

4:= 0. 	Consequently the area of solution is extended to 

include points for which 0 4 0. 
The boundary conditions are thus given by: 

(i) as a -a -co - 	= 
aK 

(ii) as et 4-03 	= 
01/4  

(iii) as 	--›+ co 	= 

(iv) on 	= 0
) 
	<  

0, and x 7 01  

0, and x 

r, and x —) 0, 

1 	* 	0, and s21 = 0, 
aft cx = 

* = 0, and x = 0. 

.....(13.3) 

(13.4) 

( 13. 5) 

• • • ( 130 6) 
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The finite-difference approximations to equations (13.1) and 

(13.2) are:. 

11] 	*2L1 - tj + #3L1 10 + *4[1 + 11] - 440  

+ Cx0/16 = 0,(13.7) 

and 

x1[1 + t] 	x211 - 	x3[1  - i] 	x4[1  t] - Lixo  
R xo 

- t(xl-x3)(*2-44)1x2"4)(11(1-103) - i LA(412-414)+B(*1-4(3)]=o, 

.....(13.8) 
and from equation (13.6) 

on /9=0,  -14..c 4 	1, 

we find Ito  = .128(1-42).2. 	(13.9) 

We multiply equations (13.7), (13.8) and (13.9) by 1000 and 

replace 1000, by # and 100x by -x. We therefore have the 

following residual formulae:. 

F*  = *10. + ti442L1 - 11 + *30. t] *4[1 + 13]-40-Cx0/1.6 
.....(13.10) 

AR ru, 	r 
8 4161.0"2"4/J0c2l1  

R 
"3[1  - 

A 
 4000(*2-*4)]"4[1  

B R 
Teibb(*1-*3))  

B R 
- roau(*1-*3)) 

Fx  = 7:111 

-x014 4t0Or(*2-44)  lets—frie(*1-4t3)] 

From equation (13.9) we have: 
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/ = 0, 	ico  = +5.6*2, 

	

id = O, 	xo  = +9.42. 

	

P = 0, 	A0  = 1-1424, 
	(13.12) 

	

= 01 	X0  = 12.8e0. 

On the boundary 0( = 5 we satisfy the condition (13.4). 	In 

terms of finite differences this gives *1  = *3. 	Thus the 

residual formula for points along this line is 

Fir  = 2*-1-* 3 211  - 1)+104[1  i]-4*0  Cx0/1.6. (1211 
.....(13.13) 

en the line p = 5.75 we satisfy the conditionsxon this 

boundary. 	This gives for the fictitious value of 

is, *2  = 104 	r/2. 	Hence the residual formula for points on 

this line is 

Pip = 41111 	1104311 -.]+21x4 	2r(1 11) - Cx0/1.6. 	(13.14) 
The values of r(1 1)/2 which are required in the solution of 

8 
equations (13.10) and (13.11) are given in Table 

(1)  for cx = -3/4, and 

(2)  for a = t1/2, end 

(3)  for d= -1/4, and 

(4)  for 0( = 0, and 
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114. 	Solution for the  case R = 1 

The only equation which depends on the value of the 

Reynolds' number is equation (13.11). 	When R = 1 it becomes 

1  4000(*2-*4) 1 +x2L1  - 	emoill-*3)) 
f, 	1E I 

"311 	 400024' J+6  -4 - 	8 - 1400013) J  

00r 4)  4000r(*1-4(3)] 	(14.1) 40 

Initially the values of # were taken to be those 

obtained for the case R = O. 	These values were symmetrical 

about the line 0( = O. 	The values of n were modified as it 

was obvious from equation (14.1) that in this example n 

would tend to zero more quickly in the direction o( 

than in the direction a —) + 	, 	In equation (14.1), 

the difference 4f1  3 was small at all points compared with 

4000. 	Hence the contributions from the terms n2, n4  to Fx  

would be approximately the same au when R = O. 	The difference 

on the other hand, varied from about 1000 to 3000 

on the. lines fi = 2 to ft = El, 	This means that the co-

efficient of xi  is smaller and the coefficient of n3  greater 

than was the case for R = O. 	For R = 0, x was a decreasing 

function as of  increased from tot = 0. 	consequently for 

0, Xi 	2(30, 	Thus, for 0A. 	0, the values of Fx 	old 

have been positive here 	for 	4, 0, however, n3 	xl 
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and the values of FA  would have been negative, if x had been 

taken in this case to be the same as had been obtained for 

R = 0. 	The values of x taken from the solution for R = 0 

were therefore initially increased at the points for which 

at.> 1 and made to tend to zero more slowly. 	The boundary 

also was extended from 	el= 17/4 to 0(  = 5. 	At the poLnts 

for which 0 	gic.t. 	1 the values of x were decreased slightly 

so that x remained a smooth function. 	For (A‹ 0 the 

function x was made to decrease rapidly so that it took the 

value zero when et = 	The values of F, were then cal- 

culated and the values of * were modified so as to (temoorar- 

ily) liquidate the F4.- The changes in the values of 	at the 

points • 	= 	3/4, ... + 1/2, + 1/4, 0, ft = 1/4 were small. The 

coefficients [1 -4- t. 4ia5(4,244)) etc. in equation (14.1) 

were then calculated. 	(A typical set which has been obtained 

from the final solution is given in Table. 	Others can 

be obtained from the author if required.) 	The values of F 

were then calculated. 	It was found that there was still a 

large total positive residual in the region g 7 1 and a 

total negative residual in the region c“ 1. 	As the total 

positive residual was larger than the negative, the function 

Was altered positively at first. 	It soon became apparent 

that the area of solution would have to be extended in the 

c(-direction. 



06=3/2 

A 
1/4  

1/2 

3/4 

1 

5A 
3/2 

7/4  

2 

9/4 

5/2 

11/4  

3 

13/4  

7/2 

1.)/4 

17/4  

9/2 

19/4  

5 

21/4  

11/2  

23/4 

C cE FF ictENTS 

A.
2 

1.01218 0.51056 

0.97392 0.76399 

0.94419 0.84708 

0.90927 0.88677 

0.87395 0.90946 

(1.83799 0.92371 

0.80223 0.93300 

0.76663 0.93957 

0.731o6 0.94386 

(.69616 0.94691 

0.66167 0.94956 

C.62767 0.95179 

0.59402 0.95375 

0.56091 0.95580 

0.52807 0.95778 

0.49576 0.95948 

0.46371 0.96122 

0.43217 (.96252 

0.40089 0.96416 

0.36937 0.96541 

0.33810 0.96680 

0.30708 0.96784 

0.98782 

1.02108 

1.05581 

1.09073 

1.12605 

1.16201 

1.19777 

1.23337 

1.26894 

1.3(384 

1.33813 

1.37233 

1.4059 8 

1.43909 

1.47193 

1.50424 

1.53629 

1.56783 

1.59911 

1.63063 

1.66190 

1.69292  

14 

Md. 

1.48944 4.03455 

1.23601 4.02132 

1.1.)292 4.01334 

1.11323 4.c103 

1.09052 4.c.0683 

1.07629 4.00735 

1.06700 4.00007 

1.06043 3.99970 

1.05614 3.99935 

1.05309 3.99916 

1.05044 3.99919 

1.04821 3.99904 

1.04625 3.99918 

1.04420 3.99924 

1.06222 3.99922 

1.04052 3.99920 

1.03878 3.99960 

1.03748 3.99959 

1.03584 3.99960 

1.03459 3.99960 

1.03320 3.99961 

1.03216 3.99961 

1.03121 3.99961 

-rAs 00. ln 
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Consider Fig. 1° . 	The function x is made to tend 

to zero as tt4 	5, ,i2 —0 23/4. 	The residuals are as 

given. 	An increment lir = 1 must be made at points A and B1  

living at G and U other residuals of 3 (approx.). 	These in 

their tarn were relaxed and in so doing, it was found that 

the area had again to be extended. 	Hence the condition 

114  = 0 on the boundary 
atk 

= 5, was taken as being more 

p.SS 

f3= 5.2 

s 
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appropriate than it = 0. 

The values of • and which were obtained as a 

solution to equations (13013) and (14.1) are given in Fig. 
Figs. 1lb and We- show the stream-lines and the equi—

vorticity lines. 
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15. Case R = 10 

Equation (13.11) now takes the form 

F 	= 	[ + 	 1  ( •#  x 	1 1 	8 - 1765-  2 - *4)] + x211 	8 
- 	(4r

* 
400 1 - •3

)1
- - 

4-x3[1 8f**2 - *4)] x4[1 4. - 	 ( ]. 
-x031,4 + 1Dtro-i(*2  - *4) 	egui(*1  *3)). 	(15.1) 

The values of * and x obtained as a solution of equations 

(13.W) and (14.1) were taken as the initial guess for this 

case, and the doefficients Ll + - 445(*2-104)] etc. from 

(15.1) were calculated. 	Here, the difference (*2-#4) was 

much greater than 400. So, along the lines for which x was 

an increasing function, in particular in the area 3 6 j1 	5, 

.3 .1. 0. $ 6, Fx  was found initially to be very negative. 

When these residuals were relaxed, it was found that x 	0 

for e = 7 /2, 	= -2. The positive residual in the region 

0 4 /11  * 2, 4 > 1 was relaxed before the F* were recalculated. 

These were then 'liquidated' and the coefficients in equation 

(15.1) recalculated and the whole process repeated. 	A 

typical set of coefficients is given in Table VIII 	In 

this case as in the previous examples it was advisable to 

build up residuals at the points 0( = 3/4, 	1/Z, 1/4 ) 0  
p = 1/4 for both functions and then relax the two together. 

The solution al)pears in Fig. 2.4)., 



7/2 

7/4  

2 

9/4 

A.1 
nirt 0P 

72 x
3 

0.83468 0.51931 1.16532 1.48069 

0.55942 0.77924 1.44058 1.22076 

0.41169 0.85383 1.71831 1.14617 

.0.18073 0.86853 2.18073 1.13147 

.0.58130 0.05923 2.58130 1.14077 

-0.9572 ('.84946 2.95572 1.15054 

-1.29702 (.845,-5 3.29702 1.3.5475 

.1.61537 0.1.14)& 3.61537 1.15418 

-1.92094 0.84711 3.92094 1.15289 

ofo= 3/2 

4.31104 

4.2020, 

4.12449 

4.06807 

4.03259 

4.0130* 

4.00379 

3.99932 

3.9970c 

MILE. Wo. 
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lja. 	Case R = 20 

Finally a solution was obtained for R = 20. 	The 

values of * and x for the case R = 10 were taken as the initial 

guess. 	The coefficients [1 + -4 - -1-{* -* 	were calculated. 
8 200 2  4 

(A typical set of these coefficients is given in Table 	) • 

The values of F1  were thenobtained. 	These residuals were 

not very large and a solution was obtained quite qkickly. 

The values of the functions 	and x which satisfy the equa— 

tions of viscous flow for 	= 20 are given in Fig. 23... The 

streamlines andequi—vorticity lines have also been drawn and 

are given in Figs. 1110  and 51,, 



cfterPtctEwm 	oF 

Al 	
42 3 4 

1/4 0.65218 0.52931 1.34782 1.47069 

1/2 0.(8692 0.78674 	1.91308 1.21326 

374 -0.6781 0.83833 	2.67581 1.16117 

-1.52073 0.8083 	3.:Q.073 1.19147 

V4 -2.30880 0.77173 	4.30880 1.28Z1 

3/2 -3.00076 0.74696 5.0c076 1.25304 

7/4  -3.63202 , c.73.32 5.632o2 1.26725 

= //2  

0 

4.60867 

4.37336 

, 4.22334 

4.10829 

4.04741 

1 4.01686 

4.00162 

--r A 	o. ii  









-69- 

16. 	The algebraic solution for irrotational flow past a 
sphere 

For irrotational flow round a s_,,here the governing 

equation is 

_ 	.11#1 
ar2 	r ar = 0 	.....(16.1) 

It can be shown that the function 41, given by 

= r2tl — 8(r2 +1z2) 	3/2J/2 
	

4404,..(16.2) 

satisfies (16.1) and the boundary conditions of d90  

In Figure 2.4 the values of 41 are given at the inter— 

sections of the ot, 	curves for 0 	11/4: 

0 	# $ 11/4. 	These numbers can be compared with the vaues 

of )0 obtained using relaxation methods given in Fig. 11 It 

can be seen that in general the values of is given in Fig. 11 

differ by approximately 2 per cent from their true values. 

This discrepancy can be accounted for in one of two ways: 

(1) either the finite difference approximation to the original 

differential equation is not sufficiently accurate, or 

(2) the finite difference approximation to the boundary 

conditions is not good. 

In Fig. 4 1,t the values of F4,, where 

F*  = (1 + 014(1 — f)+2+(1 — ) 4'3  +(1 + g) *4-4410  

	(16.3) 

are also recorded. 	These residuals areapproximately zero and 
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are reasonably well distributed. 	Only near the ,t-axis is 

there a residual greater than 2. 	This is due to rounding 

off errors. 

On the curves oc = 5/2, 	= 5/2, there are three 

residuals given. 	The loweStone is obtained When we apply 

either the condition 	= r or the condition LI = 0, to eli- 
az 

urinate the values of * at the fictitious points. 	These 

residuals have a high positive value and are obviously the 

source of the error obtained in. our solution for *, 	The 

reason is that the finite difference approximation to the 

boundary conditions, viz. 

*1 	 - *4  r  
az - 2h 	- °' 	or - 2 h 	- 

does not give the correct relation between the values of 

for uniform flow. 	This inaccuracy is due probably to the 

finite difference approximation to the first order derivative. 

A better value for the derivative can be obtained by using 

a difference table as suggested by Fox (Ref. 	) or by ex- 

panding 10 ins power series, which includes terms of the 

fourth order as on page a7 

As an alternative method,we introduce different 

boundary conditions. 	These include only second order deriv- 

atives. 	(The finite difference approximation to these 

derivatives is more accurate than that to the first order 

a 



It can be shown that 

= 2zr2  
are 	 (re + ast)4 	+ as)* 

-z 
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derivatives which is used in equation (16.4)). 

In this problem the bouhdary conditions can be 

written in the form 

fz40, 4....(16.5) 

A21-1 ar2  = 1. 

In terms of the (0( ./a) coordinates, equation (16.6) becomes 

( eit 	+ 	1.  (.)3  4) 	At )11 
ar 	a% 	ar a" ackais 	Tio  ay. 	are 

 

and 
.434  
ars = 2(r2  + z2)4 	+ z2  

The expressions for the other coefficients are given by (10.14) 

It can be seen that when -I- 2  + 1, 2  —OW 	the only non-zero 

coefficients are it and 4 and these both have the value 1. 
az 	ar 

Hence when the flow is unifiorm 
2 	a 

?a llf 
a 

	
cC 

lir 	a lir. 	(16.7) e.2 	 a "A 
Hence the equations (16.5) end (16.6) take the form 

= 	( 

	

dc2 0, 	
16.8) 

 

2 

	

11—t = lo 	 oi,..4,(16409) 
ap 
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On the boundary 0 = 5/2 the point 1 is fictitious. Hence 

we use the equation (16.8) to eliminate the value *1  from 

equation (16.3). 

From (16.8) 

*1 = 24̀ o - *3 
	.....(16.10) 

Substituting in (16.3) we have 

Fw  = (1 - p#2  . A#34 + #4(1 + 	- 24(0(1 - 1) 	(16.11) 

Hence the values of P*  can be calculated at points on a = 5/2. 
The approximate relaxation yattern for points on the line 

of = 9/4 is given by Fig. 2.6 

FIG. NO.15• 

The value of A/4 is small so that only small changes 

are made to the residuals at points on K = 5/2 when the values 

of * on g = 9/4 are altered, thus making it easier to reduce 

the total residual. 	When, as in this problem, there are 

three boundaries on which normal gradient conditions apply then 

very large changes in the value of the function have to be 

made before the total residual is reduced, and it is difficult 

todecide when the best solution to the finite difference equa-

tions has been obtdned. 
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When the point 2 is fictitious as on the line 

p = 5/2 the boundary condition is taken in the form (16.9). 

When a multiplying factor of 108  is4sed the finite difference 

approximation to this is 

*2  + *4 	2*0  = 62.5. 	.....(16.12) 

Therefore,when we eliminate *2  between (16.3) and (16.12) we 

have for F*' 
1%, + (1 + t)*1+(1 - $) *3  444 - **(P. + 1.15) 

+ 62.5(1 - 

Thus for ol = 0, 

Fy  = 24111  + 0.09285*4  - 2.092840*0  + 59.59875, 

with similar expressions for the other points on 	= 5/2. 

Again, there will be very small changes in the 

residuals on 	= 5/2, when the values of *I on /?= 9/4 are 
altered. 

These residual formulae and patterns have not been 

used in the solution of any example. 	Using the residual 

formulae, given by (16.11) and (16.13) on g = 5/2 and 

3 = 5/2 respectively we suggest that the following method 

be used to obtain the solution for * for the case of irrotat- 

ional flow past a sphere. 	The values of * on the boundary 

are obtained fiNwIthe equation 

* = r2  2 
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then the values for * are guessed at the other points of the 

area and the residuals are calculated from the exact formulae. 

Using an approximate relaxation pattern the values of * at 

all internal points are changed, assuming that the values of 

* onthe boundary are fixed, until the residuals are 'reduced 

to zero'. 	The residuals are then recalculated using the exact 

formulae and the values of * on the boundary altered to 

satisfy the conditions on 0( = 5/2, 	= 5/2. 	This process 

is then repeated. 	Using thiG method it is thought that the 

liquidating of residuals will be easier that via6 the case when 

obtaining the solution given in Fig. 	,where we had to 

satisfy a normal gradient condition on three boundaries. 

The values of the residuals obtained when the values 

of * given in Fig. 14 are substituted in the equations (16.11) 

and (16.13) are given by the top number on the lines 	5/2, 

/6  = 5/2. 	The middle set of numbers gives the residuals 

when the value of * is known at the points on the curves 

= 11/4 and f = 11/4. 	These tv sets of residuals differ 

very little, and if the formulae (16.11) and (1C;.13) had been 

used in the first instance a much more accurate value for the 

function 4 muld have been obtained. 
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17. 	Alternative Methods of solution of the Viscous Flow 
equations for the case R = 0 

When the Reynolds' number is zero there are no 

product terms in the opverning equations (3.1) and (3.2). 	It 

is then possible tc obtain an algebraic expression for the 

functions A and *. 	Larab (Ref. ' ) 4, 

In terms of cylindrical polar co—ordinates the 

equations satisfied by * and n are 

= 0.0t, 	 41.41000(1701) 
are 	r ar az- 
2 	2 

L• 	S)21  12,--1-‘= are 	r ar 	az2  004100(1702) 

If we change to spherical polar coordinates (A 0) where r  ,  
r = (4. Biro, 	a = pcosA, 	 00.11. (17.3) 

then since 

ar 
cos A 

a7g 

and 	
az = 00817 - 2,11e L. 

the equations (3.1) and (3.2) are 

1
ap 	OP 

.a11..1 221g 	 ****e(17,14) P2   P2  a 
2 .1.3 + 1 	- _c_ag si = and o. 	.....(17.5) ap2 	,2 	10 2 	a   

Eliminating n between (17.L4) and (17.) we have an equation 

for *, viz. 
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a 1- 221g 11-‘)24 

a°  

.....(17.6) 
bae 

17  --, e 

Equation (17.6) is satisfied by 

# = sin2# 

provided 

 

(17.7) 

 

lf;fr -127)21.(c) = 0. 	(17.8) 

The solution of this equation (17.8) is 

f(f) = 	Bp . CP+.214p*, 	(17.9) 

where A, B, C, D are constant. 

In the case of uniform flow at infinity we must have 

• =2UP sie# when io 	co , whence 

D = 0, 	C = + 1U. 	.....(17.10) 
2 

If we denote by u
/2  the velocity along the radius vector, and 

by 4.0the velocity at right angles to the radius, we have 

uP 	18 sin  = 	= u0030  2000(6 BN 
fa " 

add 

= —1 ti = Using + psing ap (, 

When there is no slipping on the surface P = a, we find from 
(17.11) 

A = Us8/4, 	B = —3Ue/4. 	.....(17.12) 

Therefore 
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* = 1141 — 3a/2 f, + 0/2/i3 sin2/5. 

 

(17.131 

 

Heace from (17.4) 

= 3aUsin2)6/2/D. 	(17.14) 

In order to compare the solutio,,s obtained for * and 

x by relaxation methods with these analytical solutions we 

put U = 1, a = 1/2, giving 

* = Li — 3/4e 	+ 1/19N/42sin2 /2, .....(17.15) 
= 3 sin2j (17.16) 

or in terms of cylindrical polar co—ordinates 

* = 	— 3/4 Vr2 	+ 1/16(14  + z2)3/2]/2, ....(17.17) 

= 3/4(r2 	z2) I/2. 	(17.18) 

These expressions have been evaluated at the points 

of intersection of the (O.—, ) curves 0 4 (4 4 1, 0 6/ $ 6, 
These values are given in Fig. 14, The values of * are mult— 

iplied by 103  and those of x by —102. 	Comparison of the 

two solutions shows that there is a considerable error in the 

Telaxatic41 solution. 

There are two main reasons for this:- 

1) the function 9% does not tend to zero sufficiently slowly, 

2) the boundary condition on 04, 2  + /1 2 	is not given 

sufficiently accurately by the finite difference 

approximation. 

The first source of error gives a residual of 
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approximately —6 at all points for which fi 	3, and the 

second source gives a large negative residual at all points on 

at = 5 and fi = 23/4. 	In eliminating these residuals the 

values of * would tend to their true values. 

The numerical values of * and A obtained from 

(17.17) and (17.18) have been substituted in the finite 

difference approximation to the equations (17.1) and (17.2). 

The104, obtained are recorded in Fig. 	These residuals 

are mainly due to rounding off errors. 	For the line 4= 2544 

there are three sets of residuals. 	The lowest one is the one 

which is obtained when the value of * along fi= 6 is sub— 

stituted in the residual formulae. 	The middle one is obtain— 

ed when the boundary condition Li = r is used to eliminate 
or 

the fictitious value *2  from the expressions for F. 	The 

top one is the result of eliminating the fictitious *2  using 
tv,is crks 

or2 	1.The residual formulae obtained,are of the form: 

F = (1 + )*1  + (1 — 8  

i• e• 

at 	=0, 

1% = 41  + 0.0428144 — 2.0428140  + 61.1612.5 — 0.61579% 

with similar expressions et the other points. 

These are of similar form to those obtained for 

.8  
A)*

3 	4 
+ b*

14 
- 2* (1 + B) 

+ 62.5(1 — 	cx0/1.6 ..(17.19) 



.1-21 and 	2,1r = 0, 	a—•:: = 0. ar2 	az* 

2  
.....(17.21) 
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irrotational flow past a sphere. 	Thus we see that in flow 

problems of this type, the boundary condition which must be 

used to eliminate the fictitious value td2 i 15 

2 
either JI.4 = 1, 	or La ,.. 0. 

ar 	az2  

Within this area, it is not possible to satisfy the 

condition that x —0 0 on the boundary ad hence for further 

problems boundary conditions for A must be stated, so that the 

values of x at the fictitious points in the residual formulae 

can be eliminated. 	From Fig. 2.4 it is obvious that such con— 

ditions are 

.....(17.20) 

Also from Fig. 44 it can be seen that the condition 

(17.21) can be applied nearer theisphere, viz, on the curve 

= 15/4- 	Thus reducing the rea over which the solution 

need be obtained, since usually the region which is of great—

est interest is roun] the sphere. 

There is also another small source of error. 	This 

is again due to the finite difference approximation to the 

first order differential coefficient. 

On the boundary of the sphere the value of it is 

obtained from 
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i.e. 	=  *2 + *4 - 2*()),  
h2  00000(171622) 

and the fictitious value *4  eliminated)  using the fact that.  

Ai = 0, i.e. *2  = #4  on fize 0. 	The values of x obtained in 

this way are given by the middle set of figures on 	= 0. 

Again the error is large) and these x are greater than their 

true values. 	Thus the values of x at points on /3 = 1/4 are 

greater than their true values. 	This gives a greater negative 

contribationtothe. F* 	/2  = on 	1/4  and explains why the two 

values of $r on this line are almost the same, when those on 

= 1/2 differ considerably. 

To obtain a more accurate value of x from $ we 

expand * as a power series in /2 , viz. 

* = a/3 	+ bps, 	 .....(17.23) 

which automatically satisfies the conditions that 

* = 	= 0 on ia = 0. 
8fi 

From equation (17.22)we have, on /1 = 0, 

(it!) 0 	= 2a. 	
°... (17.24) 

Also from (17.23) 

*2 = 	+ bhs 	 •.•••(17.25) 

*10 = 4ah2  + 8bhe  	(17.26) 

where the points 2 and 10 are as in Fig. 7. 

If we eliminate b from (17.25) and (17.26) we have 

the following expression for 'a': 
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4012  = 42  — 010* 

 

(17.27) 

 

Therefore 

+ 	= 3.2(42 — *10)(1  — 4z2), 	.....(17.28) 

when a multiplying factor of lea  is introduced for * and 

—102  for x. 	The values of x obAdned using this approxima—

tion are given by the lowest set of figures on of.= OhA  It 

can be seen that they are much nearer the true values. 

When the stream function * is found as a solution 

to a problem, the values of the velocity components are 

usually calculated. 	From these the distribution of pressure 

and stresses can be obtained. 

The components of the velocities in terms of r and 

z are given by 
a  = 1 

r ar 

= 1 — 

1 
r 

3 	 1  
4(ra + z2)I/2 	16(r5 	z2)372 

2  L77-- 	 3  
32(r2  z2)J/2) r 	 , 

az° 

= r 3 	 
2 	Z2)-V2 	32(r2 + z2)D/2110  .....(17.30) 

The values of u, v have been obtained on of = 0, 
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e4, = 1/4, from (17,29) and (17.30) and are given in the last 

two columns of Tables X. cvnti 

in order to obtain values of u and v from the 

relaxation solution u and v must be writtenin a finite 

difference form 

= r ar' 

 

= 1.A1 At 
r 	ar ap ar * 

	

= 1101 ""' 1031 	Ajef *2 	*41  
ar' ihr 	J 	ark 2hr 

.....(17.31) 

where 

Al = _ AR 	-rz  
ar az krt zz)8°  .....(17.32) 

Mid 

. r2  z2  
ar 	

z 
	4(r2 	

Z2) 2. 

Similarly 

v=- 	(1/ 1  - *3) 
az 2hr 	az 2hr / 

„ 	( 17.33) 

The values of u and v)obtained from the function * 

given in Fig. 16 are 	given in Tables T. 	)01. 

It can be seen from these tables that in the region 

of the sphere the finite difference approximation to the first 

order differentials is not sufficiently accurate. 	As the 
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function * varies more in the P.-direction it is only nec- 

essary to obtain a better value of Ai„ 
aP 

Along any 0-carve the function * can be expanded 

as a power series in /9 	viz. 

* = *0  + 	+B,? + Cps + D/e. 	,,...(17.34) 

*2  = #0  + Ah + Bh2  + Chi  + 

*4 = *0  - Ab + Hh2 	Ch8  + 

Therefore 

*2  - *4  = 2Ah + 2C h8  

*10 = +0  + 2Ah + 4Bh2  + 8Ch2  + 16h8D 

* 12 = *o - 2Ah + Ohs  - 8C h9  + 16h4D.  
Therefore 

*10 - *12 = 4Ah + 16Che  

We thus have the following expression for A: 

	

A  = 1E8(12 	*4) 	(*10 	*12)] 3 

for h = 1/4 

Therefore (A1)A=0  = 102 *4) 3  .1410 - *12) .....(17.35) aft / 	3  

This can be applied at all points except those for the curve 

	

/2 = 1/4. 	Here the point 12 is fictitious. 	In thiscase 

we take 

* = *o  + A/1 + Bfr + 	.....(17.36) 



This gives 

(Ai),= 1/4 = 3(6*2 - 3*o -! *10) * 

Using the above approximation the value of a at the 

point dl= 1/4, A = 1/4 was found to be 0.2914 and at the 

point at = 1/4, p= 1/2 to be 0.4750. Both of which am- 

pare favourably with the exact values. 	If * had been expanded 

in a similar manner in the 0k-direction even more accurate 

results would be obtained. 	As the contribution from kt is 
aoc 

small, this is not thought to be necessary. 

s....(17,37) 



   

TABLE 	 (N= 0 

From FigelL From (17.29) 

.1 0 	lu_tth _th 	U 	U 
r ali 	2h "2 T4J 	1 

2.513479 	125 	0.31419 	0.295143 
1.708189 	284.6 	0.48615 	0.477146 

1.250000 	479 	0.59875 	0.59375  

0.97)0557 	6914 	0.67357 	0.67157 

0.737889 	922 	0.726143 	0.72612 

0.661063 	1160 	0.76683 	0.76598  

0.79614 0.568587 	0.79716 

:24 0.819145 0.498448 	 0.81966 

	

0.83829 	0.838145 0.443542 	1890 

0.399450 	2138 	0.85402 	0.85378 

0. 363236 

	

:4 36834 

	0.86607 	0.86650 

0.333102 

	

0.87739 	0.87722 

0•307535 	288/4 	0.83693 	0.88637 

0.285604 	3130 	0 • 89394 	0.89430  

0.266588 	3380 	0.90107 	0.90115 

0.21499143 

	

3630 	0.90729 	0.90720  

0.235251 	3878 	0.91230 0.91256 

0.222190 

	

4130 	0.91765 	0.917314 

	

4378 	0.92150 0.210502 	 0.92163 

	

0.199981 0.92551 	0.92549 

0.190461 	

14628 

	

4873 	0.92907 	0.92900 

	

0.1818065126 	0.93194 	0.93219 

   

   

   

 

1/4 
1/2 

3/4 

 

  

 

1 

5/4 

3/2 

7/4  

2 

9/4 

5/2 

11/4  

3 

13/4 

7/2 

11)/L4 

14 

17/4  

9/2 

19/4 

5 

21/14 

11/2 

 



0.450757 

0.20295:e 

0.095718 

125.8 

266.4 

430.2 

0.6 
3.2 

8 

0.048227 696 10 

0.026010 924 14 

0.014933 1160 16 

0.009056 1402 18 

0.005757 1646 16 

0.003811 1890 13 

0.002611 2138 13 

0.001844 2386 18 

0.001336 2632 13 

0.000990 2832 /6 

0.000748 3130 16 

0.000575 3380 16 

0.000449 3630 14 

0.000356 3878 16 

0.000285 4128 14 

0.000231 4378 14 

0.000190 4628 14 

0.000157 4878 12 

0.000131 0.28 141 

P az  

	

1/4 
	

2 .44453 

	

1/2 
	

1.674967 

	

3/4 
	

1.234561 

1 
	

0.963246 

	

5/4 
	

0.784258 

	

3/2 
	

0.659164 

	

7/4 
	

0.567537 

2 
	

0.497837 

	

9/4 
	

0.443172 

	

5/2 
	

0.399215 

	

11/4 
	

0.363133 

3 
	

0.332999 

	

13/4 
	

0.307464 

	

7/2 
	

0.285554 

	

15/4 
	

0.266551 

4 
	

0.249916 

	

17/4 
	

0.235232 

	

9/2 
	

0.222175 

	

15/4 
	

0.210490 

5 
	

0.199972 

	

21/4 
	

0.190454 

	

11/2 
	

0.181800 

TA131-E tJo  6.) 



Fig.2b (17.29) 	(17.30) 

a 

0.54527 

0.06228 

0.05450 

0.04415 

0.03509 

0.02796 

0.02253 

0.01839 

0.01522 

0.01276 

0.01083 

0.00929 

0.00809 

0.00703 

0.00619 

0.00548 

0.00489 

0.00440 

0.00396 

0.00359 

0.00327 

0.00299 

1/4 0.3073 0.5817 0.28878 

1/2 0.4791 0.0635 0.47053 

3/4 0.5921 0.0558 0.58835 

1 0.6699 0.0432 0.66772 

5/4  0.7243 0.0350 0.72341 

3/2 0.7644 0.0279 0.76406 

7/4  0.7955 0.0229 0.79476 

2 0.8193 0.0174 0.81864 

9/4 0.837.5 0.0152 0.83768 

5/2 0.8535 0.0128 0.85319 

11/4 0.8664 0.0109 0.86604 

3 0.8764 0.0095 0.87686 

13/4 0.8861 0.0078 0.88608 

7/2 0.8838 0.0069 0.89403 

15/4 0.9009 0.0062 0.90096 

4 0.9072 0.0051 0.90704 

17/4  0.9122 0.0051 0.91242 

9/2 0.9171 0.004.3 0.91732 

19/4 0.9215 0.0040 0.92149 

5 0.9255 0.0037 0.92540 

21/4 0.9290 0.0031 0.92892 

11/2 0.9323 0.0032 0.93212 

'TABLE 	rq 
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18. Flow round sphere  R = 0 

When the boundary conditions (17.20) and (17.21) 

are used in the solution of a problem the question arises as 

to how far to extend the area of solution. 	libr the case of 

a sphere it is possible to transform the governing equations 

so that a solution can be obtained over the complete field of 

flow. 

The equations satisfied by 4  and x are written in 

the form given by equations (17.4) and (17.5),viz. 

f14,4, .plt. 
	-t 
	= 	 .....(18.1) 

12z Ltti = 0  
a,r2 pa op 	t 2 	• 

A fu,ther change of co—ordinates is made. We 

write 

x= log 	 oo.4,.(18.3) 

so that the circle p = 1/2 becomes the straight line x = 0. 

From (18.3) we have 
A2 = 	2 .0.— ._ e—x .a.— 	el-2x(i-- — ALA of - axt 7 	.Nav ax" 

Thus equations (18.1) and (18.2) now take the form: 

A2* 	AR* 	1 
tx-  t — Sal + 17, — cotitlig = — ze2x9t  

0.1,..(18.2) 

.....(18.4) 

,....(18.5) 



— 	+ 	- cot a4 0. ex.exop. 

The boundary conditions are:- 

(1) on )1 = 0, 	* =0 =x, 

(2) on aid = x/2, 5 a 	m 0 (by symmetry)  

•....(18,6) 

.....(18.7) 

.....(18.8) 

(3) on x = 0, = . = 
ex 	81d 	d a  

x = 4(4-2x01.11 
ax2 

(4) x —Deo * -4 ie2Xeina d rs 

-4 0, 
• • • .0. (18.10) 

For even small values of x it can be seen that the 

function 4c  will increase rapidly and as a consewence any 

finite difference approximation to (18.5) will not be suffic-

iently accurate. A chuge is thus made in the dependent 

variable:- 
= 1E e2x.  

Then equation (115.5) becomes 

A!: + 	+ 2T + 	- cot ax 	ax 	a 

and the boundary conditions are 

(1) on Al = 0, 	= 0, 

(2) on IS = x/2, 	. 0, 
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(3) 	on x = 0, 	"k = 0, 	= 0, 	(18.15) 
2 	. 	eiX 

= 4e2XE.A.A1 	, 12 .....(18.16) • ars- ,02 

(Li) 	as x 	T is independent of x. 
Thus we mast first obtain an approximate solution by Relaxa-

tion Methods to the equation 

2! + 	ootAii = 0 0 a   

The finite difference approximation to the equation (18.18) is 

(1.6211-0.1592cotfi0)ri2  + (1.6211+0.159200V0)i4 
- 3.1173% = 0, 

with = 0 for /6 = 0, and for 0 = x/2, ri 2  = 4•The solup. 

tion of this equation is given on the line x = 8.75 in Fig. 27/ 
We now know either a value of 	and x on the bound- 

ary or have a normal gradient condition,so we can obtain a 

solution by relaxation methods to equations (18.12) and (18.6). 

The finite difference approximation to equation (18 

is 

S1+ 	- 2io 
h2  1 

+ 
2h1(g1 —T3) + 2 % + 

 

+ 	— 2 fo- 
ha 2 

 

cotkrro 4.  ;2 
—-( 2 z  2 

where hl  = 1/4, h2  = x/16. 



The expression for the *-residual is therefore 

F = 1.37551  + (1.6211-0.1592cotA)) 2  + 0.6259.73  
+ (1.6211 + 0.1592c000) T4 — 5.1173%, + 124') 	(18.19) 

and for the x-residual is 

Fx  = 0.875% + (1.6211 - 0.1592cot00)x2  + 1.125x3  

+ (1.6211 + 0.192cotS0)%4  - 5.2423%. 	(18.20) 

The boundary condition (18.16) must also be expressed in 

terms of finite differences. 	The function t can be expressed 

as a power series in x, viz. 

= o>; x' + /g20 + 21 x4  	(18.21) 

(This automatically satisfies (18.15).) 

Henoe 

= och2  + t? ha  + 	, 
3 	0 	I 	9 	13 

= 4012  + 8Ph3 + 16h* t, 
FIG. NO. lgx. 

lE 13  = 90.0-  + 27h5y4  + 8100 

where h = 1/4. 	The points 1, 9, 13 are shown in Fig. 

When we solve these three equations we obtain the following 

expression for K : 

L= 3 

	

6hril0 8 	— 274379 	4ii3 ], 

and hence 

O ldhm = 	[108 	- 27i
9 + 47.5]* 

The solutions of equations (18.19) and (18.20) are 

given in Fig. %1  The functions 	and x hate a multiplying 
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factor of le. 

The values of 	and it have been calculated from 

equations (11.1r ) and (0.142 ) and are given in Fig. 

These two sets of values compare favourably. 	The greatest 

variation in 	occurs for large values of x. 	It is obvious 

that a much better solution will be obtained using relaxation 

methods if say, a multiplying factor of 105  is used for T. 

The changes in S along x = const., for x 	4 	are large. 

Hence it is also necessary to use a better finite difference 

approximati6n to the governing equations. 	Here it will be 

advantaLeous to introduce the second, third and fourth 

differences as suggested by Fox ( 5' ). 	There will be no 

need to use graphical methods or extrapolation to obtain 

values of 	for 15 	R/2 or A 4  0 as 	ts symmetrical about 

both these two lines. 	Also these differences need only be 

calculated for those lines on which 	has large variations. 

Wear the sphere the values of 	obtained from the 

relaxation solution are almost equal to the exact values of 

From these values of + a value of 	on the sphere is 

calculated using (18.22) and it can be seen that these com-

pare favourably with those obtained from the algebraic 

solution. 

It therefore appears that this is a suitable method 
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to use to obtain a solution over the whole field for the case 

of a sphere. 	The modificatiomto the finite difference 

approximation have riot been used to obtain a better solution. 

If we had tried to obtain a solution for i and x for other 

values ofReynolds' number then we would have introduced these 

modifications. 	These values oi R mild have been small, since 

for large R, x tends to zero very 4uickly and the non-zero x 

are confined to the boundary layer. 

The components of velocity have also been calculated. 

The values given in Fig.al are from the algebraic solution. 

To obtain values from the relaxation solution we use the 

equations 

.....(18.23) 

and 

ti,t5 = 	(11f + 21.). s 1.46 a x 

 

(18.24) 

  

To obtain a finite difference approximation to 

(l8.23) we expand I as a power series in )4 , viz. 
+ aA be + ce + D/540 

Therefore 

(1) =a 13=0 
where h = 

8(12 - TO 1:h A. CF o  
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Hence 
= 16 t8cio  -TO 

3xsin ER ( 18. 25) 

On IS = x/2, uP  = 0 from symmetry. 

On = 
16
..?5, the point 10 is fictitious, but because of sym- 

metry 

g 10 = 	O 
Therefore fbr fO = 7v16 

Lap] ■ 16t8(q2 -TO - (T  o '1  12 1/3xsin 7x/16 	(18.26) 

On 	2S--, the point 12 is fictitious. 	Again S" is symmetri— 
cal about 40 = 0, giving 0  = D. and hence 

a 	= 16(802 	- (Elo -T:0)f/3xsin x/16 . 	(16.27) 

On Ai = 0, both sin"' and a are zero. 	Hence we calculate 

u from the equattm 
2 

u r  = 	/cool .....(18.28) 

S ince 	o = 0, 	
3:1 	Tio = 112 on  = 0, the 

finite difference approximation to (18.28) is 

uP  = (321E2  - 2/3.0 )/3h2 , 

ti ere h =g x/16. 

In the x-direction the largest changes in F occur 

near the sphere. Hence we use two different finite differ- 

ence approximations to (18.24) depending on the difference 

- C3). 
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When (Ti  —cE3) is small we write 

apf = 8( -q3 + 0)/614 

For 	E3) large we expand 	as a pogrer series in x, viz. 

=To  + ax + bx2  + oxa  + dx*, 	•••••(18•29) 

from which 

a = L8(Ti  - 	- (T9 - gi.1))/3. 
Hence 

up =-4[8(TI .43) - (T9 -1E11) 	610]/31310 
For points on x = 1/14, the value of IT at the 

point 11 is fictitious. 	To obtain the value of 'a' in this 

ease we use the four equations 

I.  l = 0  + ah + bha  + oh* + dh4, 

3 = 0  — ah + bh2  —eh* * dh*, 

9 
	t 0  + 2ah + Libha  + flee + 16dh*, 

and 

(tx=—h In 0 at a 2bh + 3cha  Lide. 

From the above equations the following value is obtained for 

'a': 

a = 	— 17f3 	9%]/I8h. 
Since t  3  = 0, it follows that, 

= 4tnioli[18T1  36% - 2`;9]  

 

(18.31) 

 

We calculated values of 0 and u: using equations 
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(18.31) and (18.30) and these are given in Fig. 30 • 	The 

values of 	which were used in this calculation were taken 

from Fig. 23. 

The values of ti,A,  and up obtained from (18.31) and 

(18.30) agree reasonably well with the values given in Fig. an. 

The main disadvantage in using the above formulae (or any 

other finite difference approximation) to calculate u 0 and 

up. is that the values obtained for the velocities do not, in 

general, increase smoothly. 	For this reason it is advisable 

to work with numbers which have more significanfigures. 

Alternatively the values of u1  and u,0  can he substituted in 

the finite difference approximation obtained from equations 

(2.2) and the errors eliminated in this way. 	This method is 

discussed in the 	section. Q-L- 
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19. 	Discussion of the results obtained to the equations of 
viscous flow for  non-zeroW6a117'  numbers  

As there is no algebraic solution to the equations 

of viscous flow for non-zero Reynolds' numbers, it is not 

easy to estimate the accuracy of the solution obtained by 

relaxation methods. 	4e know that the vorticity function tends 

to zero more rapidly when R is non-zero. 	Hence we do not 

expect a large error in the w -function due to the values of x 

being too small. 	This applies particularly to the cases 

when R = 10 and R = 20. 	For all the solutions, the boundary 

conditions when et 2  4. it? 4 —P OD were taken in the form 

Ai got r 	Ai = G. 	(19.1) ar 	az 

This has been shown to be a source of error for the 

cases of rrotational flow and slow viscous flow past a 

sphere. 	The values of # given in Figs. Ala., Aft , and 2.3a 

are consequently too high. 	The pattern of the streamlines 

in Figs. 40) ,Alb , and 136 will Awt t  however, change as the 

function # will be altered by a proximately the same amount 

on each line /3 = const. 	The streamlines will be closer 

together. 	The vorticity lines in Figs. ale , 2.1c., and 

are a good aT,proximstion. 

Comparing the streamlines for the three values of 

Reynolds' number it can De seen thwt there is very little 
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difference between them. As R increases, the turning point 

on any streamline moves further downstream away from the 

sphere. 

From Fig.liethe equi-vorticity lines are of approx- 

imately the same shape for all values of the Reynolds' number. 

As R increases it can be seen that the effects of viscosity 

are found more in the region of the sphere. 

For the case R = 20, the functions * and s have been 

obtained by Mitutosi Kawaguti (Ref. 	) using the method 

suggested by Thom, which is discussed in the introduction to 

this thesis. 	The streamlines and equi-votticity lines obtain-

ed from the solution are given in Figs.22t and %le 

As the values of $ and g are not given at the mesh 
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points of the area of solution it is difficult to compare the 

two sets of results. 	The shape of the streamlines and eeui—

vorticity lines is approximately the same. 

The equations (8.1) and (8.2) have not been solved 

for any higher values of R, as the coefficients of Alt  A3  in 

the expression for P increase and the area over which x is 

non—zero decreases. 	Hence, before any higher values of the 

Reynolds' number are taken, it is advisable to make a farther 

change of independent variable. 	This means that a new set 

of coefficients in the expressions for the tp— and x—residuals 

has to be calculated and an initial guess made for * and %. 
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20. 	The a, 7, p  method of solving the ovations of viscous 
flow 

An alternative method which can be used to solve 

the viscous-flow equations for the case R = 0 is given by 

Allen and Dennis (Ref. 1 ). 	The velocity components and the 

pressure are used as variables, anj the governing equations 

are taken to be (1.7) with the cross-product terms neglected, 

viz. 

a 
+ u ell. 1112 

ax2ay 	az2 	ax' 

2 	2 	2 
LI 4- AZ. + LI . - IX 
ax41  ay4  az2 ay'  

2 	2 

ax ay2 az2 az.  

 

(20.1) 

 

To satisfy the equation of continuity ( 2.1) 
2 2 en 

1_2 	i_2 	= O. 
ax2  ay2  az 

(20.2) 

These equations can be used in this form on a 

three-dimensional net to obtain a solution for the flow pest 

the sphere - the advantage being that relaxation patterns are 

simple and the boundary conditions easy to satisfy. 	On the 

other hand the oymmetry is not used. 	We therefore transform 

to cylindrical pllar co-ordinates (r,z). 	In this case 

equations (10.1). (20.2) take the form; 



2 

b..J* 4. 1 	v 	L_Y = —s32 
ar2 	r ar 	r2 	-az2 	Ar 

2 	2 
.11.2 	4. 
ar2 	az2 	r ar — 	az 

 

(2003) 

 

11

2 
	SAP + A131D 

-i# 	ar W = o. 

The boundary conditions in this case are:- 

(1) 	w = V = 0. on the sphere. 

(2) = 	= 0 (by symmetry) on z = 0.  
az az 

(3) V 	0 and w 	U, as r2  + z2 	•  

(4) V = 0, 

	

	= 0 for r = 0 	z a 1/2.  
ar 

() 	the pressure p is atmospheric for r2  + 22  

and this can be taken as zero. 

(6) = 0 (by symmetry) on z = 0. az 

(7) 	p = 0)  r = 0)  z 	1/2. 

(8) 	the valLke of the pressure p on the sphere is obtained 

from the governing equations (20.3) since w and V are both 

known there. 	Again there is the difficulty found in section 

9 and a further transformation of co-ordinates is needed in 

order that the circle r2  + Z2  = 1/4 be made a straight line. 

If a solution is required over the whole field they 

the transformation to the, (x4) co-ordinates must be used. In 

this case the governing equations are 
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2 	2 
11_2( ALI 
ax2  ax a,02  

+
a 
 = ex(cos012  — sin 

2 	ax 

.2 	2 

aX2  ax 
V 

s in = 22!(sin02 + cosqp..(20,4) 2 	ex 
2 	2 Aq 4. a 4. a  
ax ax a#,  

+ cot = 0. 

The equations are of a similar type to (18.) end 

(18.6) except that in this case we have three variables. 	It 

seems therefore that for a case of flow which is symmetrical 

about an axis it is easier tomork with the variables W  abd x. 

Using these latter variables the viscous flow equations for 

non—zero R can be obtained directly from those for which R = 04 

Using the u, v, p equations, however, for non—zero R, alters 

the governing equation for p. 	The equation (20.2) is re—

placed by an equation which includes products of the first and 

second order derivatives. 	Though equations of this t pe are 

not difficult to solve using relaxation methods, the time 

Laken in the re—calculation of residuals is considerable. 

However the variables * and x cannot be used for 

general three—dimensional viscous flow and in this mse the 

ut  v, w, p equations mast be used, starting with the case 

R = 0, and using the solution in this case as a good guess 

for farther values of the Reynolds' number. 



21. 	Conclusion 

For plane laminar motion past an axi-symmetrical body 

of a viscous incompressible fluid, it has been shown in the pre-

vious _stetions, that the variables* and n can be used to obtain 
dvett. 

the flow patterns. 	The comoutationst,related to a sphere, but 

the method described in sections 10-17 is applicable to any 

body with axial symmetry. 	For the case of a sphere, the 

initial conformal transformation changes the independent varia-

bles from r and z to It and p , the velocity-potential and 

stream-function for irrotational,flow past a circular cylinder. 

This transformation can be used for a cross-section of any 

shape. 	If there is not an algebraic expression for ". and# , 

then the values of War, aikar and H2 can be obtained using 

relaxation methods (Allen and Evenett, Ref. 1- ). 

A solution to the equations of motion for viscous 

flow past a sphere was obtained for the Case R = 0. 	Algebraic 

expressions for * and n exist in this case and it was possible 

to compare the two sets of results. 	It vas found that the 

solutions did not agree, and that the reason for this discrep-

ancy was that the conditions of uniform flow at infinity were 

not satisfied, when the boundary conditions were written in 

terms of first order differentials. 	it has been shown that if 

these boundary conditions are expressed in terms of second order 
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differentials then the agreement between the two sets of 

results is good. 

By considering the residuals given in Fig. 26 

it can be seen that, if the solution had been obtained by 

relaxation methods, then the largest errors in y would have 

been near the sphere, and in particular on the line 0(= 1. 

From Fig. 26 we notice that in this area, we have the largest 

distance between two mesh points. 	Hence, to obtain a better 

solution, a more accurate finite difference approximation to 

the differential equations must be used. 	If a graded net is 

introduced then further vauea of the modulus of the trans- 

formation will have to be calculated. 	Another method is to 

use 	difference tables. 	Finally, it is possible to expand 

the function under consideration in e power series up to 

terms of the fourth order and to bring the values of the 

function at the points 9, 10, 11, 12 into the residual 

formula. 	ve do not think that it is necessary to introduce 

these points into the relaxation pattern as the contribution 

from them is small. 	The value is used as a correction term 

in the re-calculation of residuals. 

Thus, by using relaxation techniques, we have a 

method of obtaining a solution to the equations of :otion for 

viscous flow past an axi-symmetric body. 	The re-calculation 

of residuals is tedious but the convergence of the two 

functions is reasonably rapid. 



PART  V 

The diffraction of a plane step shoe4 round an infinite 
plane convex corner of angle 8 



-105.. 

22. 	Introduction 

The problem considered in this section is that of a 

plane shock, followed by uniform flow, which is moving into 

still air bounded by a semi-infinite wall perpendicular to 

the shock. 	At some line parallel to the shock this plane 

wall gives place to a second semi-infinite plane wall, in- 

clined to it at an angle 	, and forming a convex corner. 	As 

the shock passes this corner it begins to be diffracted, and 

thereafter will not be a plane, being weaker near the wall 

than elsewhere. 	The viscous stresses and heat conduction 

can be reasonably neglected, since neither wiLl have time to 

produce substantial effects during the extremely rapid 

passage of the shock. 	In consequence the only physical 

constants defining the problem are the original shock velocity, 

the pressure and density in still air, and S • 	Since these 

cannot be combined to produce a fundamental length-or-time 

scale, it follows that while, in this two dimensional problem, 

each physical quantity is a function of the two space co-

ordinates x,y (with the corner as origin) and the time t, 

these variables can only occur therein in the combinations 

x/t, y/t, i.e. the flow is pseudo-stationary. 

In a note on this problem, Doris M. Jones, P. Moira 

E. Martin and C. K. Thornhill (Ref. 8) list the papers where, 



-106— 

when the pseudo—stationary property ,is assumed, the existing 

experimental and theoretical knowledge can be found. 	Light— 

hill Ref. m ) has obtained a solution, by tssuming that '8 

awl hence also the variations in velocity and i)ressure behind 

the shock, are small'. 	As yet, no complete solution for the 

whole field of flow has been given. 	It is the purpose of 

tils investigatin to see if a solution to this problem can 

be obtained using relaxation techniques. 



23. 	The Equations of pseudo-stationary compressible flow 

In order to have the governing equations inia form 

suitable for applying relaxation techniques we also assume:- 

(1) that the shock is of moderate strength only, and that 

the shock equations can be replaced by an approximate set of 

relations, such that the entropy has the same value at all 

points of the flow, 

(2) that the effects of viscosity, heat conduction, etc. 

can be neglected, so that the flow is thrrotational, 

(3) that the flow separates at the corner, leaving an area 

of zero pressure, bounded by a free streamline. 

Equation (1.10) can be written as 

= const., 	(23.1) 

using assumption (1). 

The equations of motion (1.7) for two dimensional 

motion are:- 

sIll. + 	- 
at 	ax 	ay 	ax 

(23.2) 
Lit .1. Ltai 	val = _ 	112 
at 	ax 	aY 	p ay 

using assumption (2). 

The equation of continuity is 
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14 4. 11—(p 	+ AL-9*v) 	o. at ax ay 

 

(23.3) 

 

A flow is called pseudo-stationary about the origin 

of co-ordinates, if in terms of the new variables, 

3= ./t, 	= y/t, 	s = t, 

it is independent of 

From equation (23.14) we have 

.....(23.4) 

.....(23.5) = ir 	= 	IT - lh • 

The motion is independent of 3 , so combining (23.2), (23.3) 

and (23.5) we obtain the following set of equations:- 

01  - 	( v 	 0, 	.••..(23.6)  

(a -(v -1)1.1.1  = - 	A2 	 ...(23.7) 
al 	al 	p aj 

and (u 	(v -1)f! = -
P

AR* 	 s....(23.8) 
al 

We now put u - 1 = a', 	v - 1 = v't  

Thus equations (23.6), (23.7) and (23.8) become 
alial v'1121 	= - l 112, 
al 	afi 

atm.!. + vlAil yl  = 1  AR 
83 	al 	P al, 

+
l 
 + 2 - 1  toe 	I  =  _fa, + v ipl. 

al 	 -1  

a • ...(23.9) 
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The motion is assumed irrotational, so a velocity potential 

exists such that 

at  = 	
' 

12-0 v = , 

	

ai 	al 
i.e. S21-1-1 — Av'. 

al 	83 

Equation (23.10) now becomes 

L0421. + 	+ Lg 	11.2 = -1 ,glat 
a3 	al 	al 	P al 	k-1. 

where a
2 
 = 	is the speed of sound, 

This equAtion can be integrated with respect to 	, viz. 

i(t12  + v'2) + 	+ 	= conat.= 0 (say) 
1 	.....(23.14) 

Equation (23.11) can be integrated with respect to 	, yield— 

iag the same result. 

Substituting for u' and v' in terms of 0, and for 

in terms of a2, in (23.12) we obtain the following equation for 

01 
.12 

( a2  - 	) 	+ 1) + 2/ v12)(24 + 1) — 	o. al 	
-
4343,4 

.....(23.15) 
Hence. equations (23.14) and (23.15) are to be solved, satisfy—

ing the boundary conditions, which have still to be stated in 

order todotain the flow pattern for this problem. 

„...(23.13) 
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24. 	Shock Relations 

Certain relations exist between the pressure, 
density etc. in the regions to the right and left of a plane 
shock which is moving into still air at a speed Sao. 	The 
method used in obtaining these relations is given by Courant 
and Friadrichs (Ref. 11- ). 

We use the suffix o to denote the quantities dep, a 
in the region to the right of the plane shock and the suffix 1 

to denote the same quantities to the left of the shock. 
The on-coming flux of matter must be the same as 

the departing flux of matter, viz. 

ei(Sao 	I11) = p osao. 
where ul  is the speed at any point behind the shock. 

The difference in the pressure thrusts on a small 

line element dt must be equal to the normal flux of momentum 
through dt , viz. 

P1 - Po = Po(S ao)2 	r1(SIto - a1)2. 
Seoul. 	 (24.2) 

The flux of energy is equal to the rate at which 
work is done by the pressure thrusts, viz. 
pi(sao_u1)—poSelo  = poSa0LE0  2(Seo)21 

3.(s ao-ui) LE, + -24E a 	‘21 
2 	cr./1V is 

 

(24.3) 

  

24.1) 
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where E is the internal energy =-1-it,from the definition on =it, 

page 2. 	Combining (24.1), (24.2) and (24.3) yields 

 

, r ip' .2 	
7 

	

Po 	1 2 

	

p 004aoc ir 27; 	 1] = plat. 

Equations (24.1), (24.2) and  (24.4) 
and al, giving ut  

can be solved for 	

(24.5) 

as1  = o 	+ A.2(82  - 1)111 + (1 + A$) (S2 -  1)]/82, 	(24.6) 

where 1.2  = 

If we take r  = 1.4, then for equations (24.5) and 

(24.6) we have 

ul/al = 25(82  - 1)2/(5 + S2 )(782  - 1) 	(24.7) 

and this gives ut  ( al , if S < 2.068 and ul > al  if S > 2.068. 

When al < al  we have the case of uniform flow behind the un-

disturbed shock FB in (x,y,t)-space, being sub-sonic. Om. r.1.31 

ul  = ao(1 - X2 )(S2  - 1)/S, 
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25, The behaviour of the function /3 

Fig. 	illustrates the field of flow. 	It can be 

seen from the diagram that the area under consideration can be 

divided into four parts: 

(i) 	the region ABCEO, there the equations (23.14) and (23.15 

govern the flow 

( i) 
	

the region to the right of the shock FBC 

The flow is isentropic and supersonic throughout the 

region. 	Since the flow is undisturbed, the velocity at any 

point X(3 ni) is directed towards the corner 0 and is equal 
ro 	2 	\ in magnituded OX = ( 1 	m2)1/2 	ve therefore have that 

= 

V = 

a = ao  

Therefore, from equation (23.14), we have 

= — 	2  +12 )/2 	e--1) 	.....(25.2) 
(iii) 	the region to the left of the carve GABF 

Behind the shock there is an area GABF Which is un—

aware of the existence of the corner 0 and which corresponds, 

in (x,y,t)—space to uniform flow behind the undisturbed shock. 

In this region it can be seen that the velocity at any point 

,A1) is directed towards the point D(111,o) and has mag— 



shock 
tangent. 

I1 	1 

F IG NO. 31. 
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nitude MCA - ul)
2  + 12.'1/2. 

4e have therefore that 

u' =-3+al, 

Vt = 1 	(25,3) 

a = al. 
Hence from equation (23.14), we obtain the following 

expression for 515: 

= - 	(i al) 2  + 2 j/2  - a20 ?i° -1) 	.....(25.4) 

(iv) 	the region between the curve OE and the wall. 	The 

behaviour of /6 is only needed on the boundary OE, to obtain 

the flow pattern over the area ABCEO. 

In order that relaxation techniques can be used 

to obtain the flow pattern in the region ABCEO we need to know 

the conditions which /6 satisfies on those boundaries. 	The 

function J6 is continuous over the carve AB, and when C.K. 

Thornhill suggested this droblem, he gave the following proof 

that /6 was continuous across BC. 
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Fig. 32. gives the directions of flow at a point on BC. 

The shock BC is considered to be at rest. 	PQ is 

the shock tangent at a point on BC with co—ordinates (X,Y). 

The motion to the right of the shock is denoted by suffix 1 

and the motion to the left of the shock by suffix 2. 	is 

the anile the velocity makes with the shock tangent. Similar 

relations to (24.1), (24.2) and (24.4) exist for flow normal 

to the shock, viz. 

= 
12  sin 62 = Rft sinei, 	(25.5 

P2(easidilr2 P2 am Rfl sinte 1 4-  Pit 	.....(25.6) 

and 

q'ssin2T2  + LoT 	= lesin2ei + 4- Pl. 	.....(25.7) 
01 -  /32 r-1 X01 

where el/  = u" + v12, R
2 
= 3 2  +12. 

These equations can be solved for q', giving 

q'sincr2  = sop, + X2 (M2sins tri 	1))/Misin6l 	.....(25.8) 

with Ml  = R/ao. 

The component of the velocity tangential to the shock is the 

same; 

q'cos(2  = . Rcosoi, 	 Odrosio(2.5.9) 

Equations (25.5), (25.6), (25.7) can be used to obtain a value 

for A, the speed of sound just behind the shock at (X,Y), 

viz, 
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Aa = [ 1+Aa  (Mls in*  tri -1) ] Li+( i+x21 [ 0118  in2tr 1-1) ]  
"...IR' 
a; 	 Wisin,T1 	 (?5•10) 

 

From (25.8). (25.9) and (25.10) it can be shown that 
aa  

A2 	+ -in" = 4( e + Ys ) + ir--2., 	 (25.11) :1 	' 
and that therefore A is continuous across the shock BC. At 

any point on the shock BC, 

fif = - (x' + Y2 )/2 -i-71 	.....(25.12) 

from (23.14). 
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26. 	Boundary Conditions 

The simplest type of flow, compatible with the 

boundary conditions, is a flow in which the pseado-stationary 

streamlines concur at a point E on the wall as illustrated in 

Fig. 3 	This satisfies the conditions that the flow has no 

normal component at the wall, and that the flow along the wall 

is directed away from the corner 0 just beyond 0 but towards 

the corner at the shock. 	We therefore have to satisfy the 

following conditions at the point E. 	Since E lies on ,the 

tree streamline OE 

a = 0 at E, 

and 	(f')E = (07)E• 	(26.1) 

Since also E lies on EC 

4sinS 4goos8 ss 0 at E. aj 	al 	.....(26.2) 
There are two possibilities; 

(a) 	that. a and t4 al are both non-zero at E, and a] 
Aisia + A4083 = 0 on every streamline ooncurring at E. 
al 	al 

i,e. all streamlines concurring at E, including the free stream 

line OE, must enter the wall tangentially. 	In this case 

v4:127cos8 
.....(26.3) 

= 477FsinS a=4, 
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2egainacosg 
a3aN 

2 a + 1=0 

or (b) 

= 4g = 0 an a = 0 at E, and it follows that )6 = 0 at E. 
a3 	al 

At the point 0, we have a = 0, and Lh = 
al 

(26.5) 

e have the following conditions on. the other boundaries;- 

(1) on OA the flow is parallel to the wall, therefore 

Wal = 0 	OS .6) 

(2) on the curve AB, ff is given by the equation (25 	 1f). 

(3) on the curve BO, )6 is given by the equation (25 	 12). 

(4) on EC, the flow is parallel to the wall, 

therefore v'/u' = - tan 8, 

i.e. asin S lloos 6 = 0. 	(26.7) 
ai 	al 

(5) On OE, a = 0 	since we have assumed that we have an 

area of zero pressure near the pol.nt 0, and the velocity 

is parallel to the tangent st any point: 	Hence 

• = 4 a* 
61X 	u• = 

where (X,Y) denotes any point on the streamline OE and SX, 

SY are differentials along the streamline OE. 

(264) 

Therefore from equation (23.14) 

(*2  + 2g = o al 
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Hence we have the following two equations satisfied 

by 3 , and Al  
01)2  01)2  
a! 	al 	2,d = 0, 	(26.9) 

	(26.10 
an al 

where tan* = faz. 

Therefore from equations (26.9) and (26.10) we have 

cos* ATA, .....(26.11) 

and 

= 	sin* 11:17 	 (26.12) 
81 - 
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2 	The equation of the arc AB 

The arc AB marks the outermost limit to which the 

knowledge of the existence of the corner may be transmitted 

to the flow in the absence of another shock outside JCB. 

The equation of the arc is 
a 	a 	2 

The co-ordinates of the point A are therefore L-(al-u1),0j. 

The point B is at the intersection of the arc AB and the line 

a•Hence the co-ordinates of B are given by 
2 	2,1/2 sac, 1 = La1 - (sao - u1  ) j 	• 	•••••(27.2) 
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28. 	The finite difference approximations to the equations 
of compressible flow 

The governing equations in this case are; _ 	 a 	_ 
(as  - u2 )(A4 + 1) + (a2 	v2 )(. 4 + 1) - 2uvs1-2- = o, (0.1) al 	 a3ati 

and 

1, 
201St + v8 ) + ti + 7as  7 1 = 0. 	 •....(28.2) 

We write aa - u.2  = 01, 	ea 
- 1 r

2 
ta C2, 	lay = 03 .....(28.3) 

then equation (28.1) takes the form: 

cl(a
.12  

+ 1) + 02(A-f + 1) - 4 	= o. alam 

F IG NO. IL 
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Hence the finite difference approximation to egaation (28.4) 

18 

c1 	+ /3h2
--=  + 1) + 02()62  + 161k: 2,6o  t  

C3(115 -  ISA +267  -AR)  =p, 

where the points 5, 6, 7, 8 are shown in Fig. 7h 

Hence 

Ffli = C11d1  + 0202  + C353 + 02,614 	2(Ci + C2),S0  

+ 03(- /35  + 166 - 167 + 168) + h2 (C1  + 02) 
.....(28 .5) 
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112. 	The Relaxation Treatment 

For this particular example the value of 8 is tken 

to be 1.34, the angle a to be 900, and ao  to be unity. 	We 

therefore have the case of subsonic flow behind the undisturbed 

shock in (xyt)—space. 

	

al  = 1.102832, 	u1 = 0.494776. 	(29.1) 

'Therefore A is the point (-0.608056, 0), 
o 	If 	(1.34, 0.708403). 

Hence the boundary AB is the circle with centre (o.494776 , 0) 

and radius 1.102832. 

The function 0  is continuous over the boundary AB 

and is given by 

= 	1, 	- 	112 
]" 

,,., 
— al/ 
	— 	 .....(g).3) 

outside AB. 	Hence we calculated values of A at mesh points 

outside the boundary. 

The boundary BC is not known. 	The function Jo is 

also continuous over this boundary and is given by 

= 	
2 . 2 )/2 — a20/( 	1) 	(29.4) 

outside BC. 

Initially we guessed a position of this curve and 

calculated values of i5 at mesh points outside it. 	These 
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values of jo from (29.3) and (29.4) give a good indication as 

to the initial guess for A in the region OABC. 	(We found 

that this guess was improved if we assumed u = v = 0, a = 1 

and relaxed over the whole field using a 4,1,1,1,1, pattern). 

A curve OE was then introduced. 	We then obtained values 

for the velocity couponents u and v from 

01 - 163 and v = tg )1/2  -  
2h 

' 
	 al 	2h 

 

(29.5) 

 

Values of a2 were then obtained at each mesh point using 

equation (28.2). 	Finally 'the quantities Cl, 02 and 03 

defined in (28.3) were calculated and the residual' at all 

points in OABC were obtained. 	(The residual formulae for 

points near the boundary will be given in the next section). 

These residuals were then reduced to zero, using approximate 

relaxation patterns. 	The positions of the curves BC and OE 

were then altered to satisfy the boundary conditions there. 

new values were obtained for Cl, 02, C3  from the new /3, and 

the Fp were recalculated and again reduced to zero. 	This iJro- 

cess was3-tpeated until the boundary conditions were satisfied 

on OE and BC and all residuals were zero. 
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30. 	The Residual Formulae for points on or near the boundaries 

On the wall EC, we have from equation (26.4), 

= 0, i.e. SI  = S3. 
Hence the residual formulae for points on the bound— 

ary EC is 

F,6 = CA + 2C103 + C2,d4  2(C1  + C2)00  + h2(C1 + C2). 	(30.1) 

For points near the boundary AB we use equation 

(28.1) to calculate the residuals. 	We know the values of the 

functions /5 outside AB and that the function fl5 is continuous 

over it. 

On the wall AO, we have to satisfy equation (26.6). 

This yields 02  = J64. 	Hence the residual formulae for points 

on AO is 

F0 = CIS' + 20202  + C1,13  — 2(Ci + C2)00  + h
2 (C1 + 02) 	(30.2) 

Next we consider the residual formulae for points 

near the boundary OE. 	Initially the curve OE crossed more 

mesh lines than is shown in Fig. 35 and several nodal points 

became fictitious. 	The appropriate one of the boundary con—

ditions (26.11) or (26.12), (or a combination of both) was used, 

(depading on the direction of the mesh line crossing the 

boundary) to calculate the values of /3 at these points. 	This 

led to several values of /3 at each fictitious point and the 

appropriate one was used in the calculation of the F0. 
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The formulae given below are those used in the 

final solution. 	The first set give the values of ;5 at the 

fictitious point O. 	The second set are the residual 

formulae for the boundary points near OE. 	The points affected 

are shown in Fig. 33  

(1) point1R 

For P the point 0 is 'fictitious'. 	We first expand 

ie as a power series in i viz. 
) 

	

= o  + Al + B32 	 .....(30.3) 

where A = ( l - ;33)/2h, 	B = (gi 	g
3 

- 2A0)/2h2  

From (30.3) we have the following expression for avaj at 0: 

= A - 2Bh, 

- 	- 3443:+ /40)/211. 	 .....(30.4) 

At 0, we have to satisfy equation (26.). 	Hence 

we have the following equation from which to obtain a value 

for 153  

+ 36 — 40)2  = — 8h20s3 , 	 .....(30.5) 

when h = 0.1, and we introduce a multiplying factor of 100 

for 0, equation (30.5) is: 

M Q L 

0 P FIG. 'Jo. 	33. 

S N 
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(Al 3163 - 4160)2  = 303 

(2) 	point 4 

 

(30.6) 

 

For (4 the point 0 is fictitious. 	By expanding A in 
a power series in 1 , and satisfying the boundary condition 

that aA/al  = 0 at 0, we obtain the following equation from 
which to obtain a value for 04: 

02 + 304 - 400  xi 0. 

{3) point R 

For the point it we obtain a forffiula for the value of 

at 0 by interchanging the suffixes 1 and 3 in equation (30.6); 

(301 + 03 - 400)2  =  

11) 	Point 3  

Before we couli obtain a value for Fs at S, we had to 

decide whether )6 satisfied the equations (26.3) or was zero at 

the point E. 	When the a2  were calculated after the function $ 

had been relaxed for the first time, it was obtious that A 
satisfied the equations (26.3). 	By imposing the condition, 

= 0 at E p  we found that wal  was so large, that the values 

obtained for as  from equation (28.2) were negative. 

The second of equations (26.3) was used to obtain the 

value of 0 at 0 for the point 3. 	The point l'J; W68 given co- 

ordinates L041,0) 0 <0 c 1], with the point S as origin and the 

function 0 expanded in a power series in 	. Using the method 
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which vies applied to obtain the value of A at the first three 

points we obtained the following e;3uation from which the value 

of 02  was calculated. 

1(1+29)0 (1-29))54-4GAof =  

	(30.9) 

since 8 90 0. 

Then these values of A were known at the point 0 

then vale3 of the quantities u, v were calculated at the 

points 20 	R and 	from eckuations (29.5). 

The expression for F/J at the points L, M, N includes 

the value of A at the point 0. 	At 	and 	the finite differ- 

ence approximation to a-g- includes the differences (40448) 8161 
and (AF-AR) respectively, and there is a discontinuity of 40 

ot C. 	e therefore obtained other expressions for 
alai 

at these points. 

4e expand 40  as a poker series in 

A = Ao  + Al + Bei + cla  + Dig  + 

where 

 

(30.10) 

 

A = (401-A3)/2h, 	C = (Al + 16,3 	2Oo)2h2, 

B = 032-0414h, and 	D =( 2  4. #4 - 200)2h2  

...(30.11) 
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From equation (30.10), we have 

a 
#6 	Ao 	A2  *4' 11/3  - Eh  

2 
= 	Ao 	163  + ,d14  .4. Eh 

and /38 = - 00 04 + Ai - Eh2. 

 

(30.12) 

 

Hence, we obtain for se.A. at L, i, F the following 
a/al 

expression: 

_ 	
Ai #8 - A2 	 )/2h2,  

= 	(30.13) 

and at Li and : 

- #6 - Al  + i63)/2h2. 	(30.14) 
alai 

Thus, the residual formulae for the points L, N, P is: 

F0 = ClAi + C2#2  + C1#3  + C2/34  - 2(C1+C2)/30  

+ 2C3(-A5-06842-A) + h2(0l+C2). 	(30.15) 

and for points M and 	is: 

Fig = U1#1+C2/52+C1A3+C24 	2(C1+02)/10  

+ 2c3(454041-,63) + n2(cl+02) 	e....(30.16) 

All the quantities in the above expressions are 

known and hence we can calculate the residuals at all the 

points near the boundary OE. 

Finally, there is the boundary BC. 	v4e,  have shown 

that the function /3 is continuous over BC. 	The coNponents of 

velocity a and v are not, since the velocity, normal to the 
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ahock tangent is discontinuous. 	If Ax  denotes the 

at some point on BC, then we have, et points near 

boundary BO, the following expressions for u, v and 

derivatives: 

(G-1)44 	032 	-A01-02)A0  
u 	 v = 

value of 

the 

their 

9(G+1)h 
	

G(G+1) h 	(30.17  

 

2(GAI+Ax7-(1+0)A and  21g. 20,524Y7(1")00  
P 	aor h0(1+G) 

(30.17) all the quantities are known 

h2e(144) 
04. 

In equations 

with the exception of ii) and G. 	In section 29, we stated 

that it is necessary to make an initial guess for the curve 

C. 	Thus we know a value for P and A can be calculated from 

the equation 

A = 	(X2  + Y2 )/2 - al/( 	— 1), 	(30.18) 
where (X,Y) are the co-ordinates of a point on the curve BC. 

value for atg- is obtained from one of the ex-

pressions given in (30.11) , (30.12) or (30.13). 
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jl. 	The equations which determine the position of the 
curves BC and OE 

In section 29 we state that after the residuals have 

been reduced to zero the poeitionuct the curves BC and OE 

are altered to 6atisfy the boundary conditions there. 

For the boundary OE we use one of the equations 

(26.11) or (26.12) to calculate the residuals near 0E. 	The 

other equation is used to check the position of the curve. In 

the final solution we have to satisfy the condition 

0A/A) = 0 at the point E. 	At the 	with co-ord .  

(0, -0.1) the function A is expanded in a ')ower aeries es in 
equation (30.10). 	Relative to the point (0,-0.1) the point E 

has co-ordinates (0041h). 	Therefore, 

(01  - 153)/2h + 0(08 + Ao  01 - 04)/h al & 0. 

At the point (0,-0.1), the flow is normal to the 

wall. Hence 

Al = 03' 

Therefore, to satisfy the second boundary condition 

at S, we nust have 

Ao 	/118 = /h 	,S40  
wheywherc the point o has co-ordinates (0,-0.1) relative to 0. 

For the boundary BC, we -know that the component of 

velocity parallel to the shock tangent is continuous. 	Hence 

nates 
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costp + sinia = - Xcoa* — Yeintp, 
aj 	al 

where tan* = AX, and is known for the curve BC. 
ax 

 

(31.2) 

 

4e can obtain a value to the left hand side of the 

equation (31.2) using the values of A which lie within the 

area OABC. 

	

	Thisresalt can be compared with the value of the 

right-hand side of this equation anl the boundary BC adjusted. 

The finite differenceroximation to equation (31.2) 

is found by expanding /5 in power series in terms of j andel 

/5 = /Jo  + A3 + Btri + 	D12 	E31' 	(31.3) 

where A, B, C, D are given by (30.11))  or in the cae of an 

iri'egular star' by (30.17), and E can. be  obtained from 

(30.12). 	Hence the right-hand side or the equation is given 

by 

coatipd + sinAg = (A + 2C3 + E•lcos* + (1 + 2Dell + Ensin*, 

the quantities ABCDE being evaluated at the mesh point near 

the boundary. 

As an alternative ,iethed l'or checking the position 

of the boundary BC, we expand /5 on a line 	= const in terms 

of I : 

 

+ B 	D I 2  

 

(31.5) 

where 

 



•+132q.' 

= (-3160410+42)/2h, 	1) = (60410..202)/2h
2  

Therefore if a point on the boundary has co—

ordinates (Ph,1), 

215y.  = (0+2)(0+1)/50  + 0(0+1).410  — 20(0+2)/52 	..... (31.6) 

with a similar expression for points on a line 1 = const. 

The value of 15 obtained from equatim (31.6) can be 

compared with the value obtained from (30.18) and the boundary 

3a altered. 

The position of the curves OE and BC are given in 
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Gonclusiona 

The solution of equation (23.4 which satisfies the 

boundary conditions is given in Pig. 3)4. 	In the region of 

the point 0, a multiplying factor of 100 has been used in 

obtainAl this solution, elsewhere thiu factor is 1000. 	In 

Pig. 3  the values of a2  are given, and curves of constant ae 

have been drawn. 

The chief difficaltusencountered in obtaining this 

solution were in the region near C, elsewhere the function 

aonverged to the final solution quickly. 	It was found, that 

for small changes in 0 at one of the points i, ,a, J given 

in Fig.33  the coefficients 01  and 02 changed considerably and 

it %yea very difficult to eatimate the effect of changing 

the value of at any one of these points. 	(This is the 

main reason for the smaller multiplying factor introduced in 

this region). 	also, when calculating the value of se at 0 

from equations (30.6) end (30.8) we obtained two solutions for 

0. 

	

	The value of whichaade oval . onitive at 0 was taken. 

From Fig. 3  it can be seen that the value of all  

at the point (-0.2,0) is too large. 	The reason is that the 

values of 	at (-0.2,0) and (-0.1,0) mast be approximately the 

same to obtain a reasonable value of A from equation (30.8). 

This applies at the other mesh points surroundina 0. 	This 
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difficalty will be partially overcome if n finer net-work is 

introduced in the area near 0, since the values of it; will 

not chele so rapidly. 

By introducing this finer network in the region 

near 0, it should be possible to obtain a more accurate 

curve OE. 	From this investigation we know that the curve 	is 

parallel to AO at 0, and to OE at S. 	The position of the 

point S is (+0, -0.02). 	C. K. Thornhill has a photograph 

which shows the shape of OE to be like an 'inverted comma' 

and 0 = 0.04. 

In connection with this. problem, experiments have 

been carried out in the Physics Department of Princeton Uni- 

versity (Ref. 14 ). 	A typical set of results is given in 

Fig. 36. 	A diagram comparing the experimental and calculated 

positions of the shock BC is not E;iven as the two curves 

obtained are practically indistinguishable. 	The most oar 

curve differs from the experimental one is by 0.1 of a mesh 

length. 

Curves of constant density cre also given in Fig. 

36. 

	

	These Correspond to our curves of constant a2, since 

= (t)i".1  aa 
= (1 + 0v4-.1)/-1, at 	

Po 

and it can be seen from the diagrams that they are of the 

same pattern. 	Near the c;oint B the value of al" has been 



calculated as 1.216 from the experimental results and near 

the point C the value of a2  is 1.0575. 	In either case the 

value of a2  obtained from the relaxation solution is higher 

but is within 1 per cent of the experimental values. 

The main area of disagreilment is near the point 00. 

From Fig. 36 it can be seen that there is no curve for 

which a2  = 0, and that the smallest value of grk. is away 

from the wall OC. 	it apnears from the values of 52 
 
cal 

culatel from the relaxation solution that
C
a
)
may be zero et sotri 

some point other than at points on the curve O. 	For the 

relaxation treatment it is not necessary to have a boundary 

cnndition at 0 and it would be interesting to see the varia—

tion in A along the wall BO in this case. 

Thus, we have shown that it is possible to obtain 

a oolation to this problem, using relaxation methods end 

that over s large part of the area our results agree 

favourably with the experimental ones. 
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0 0 

z 

0.50000 

A B 

= 1 

0/1.6 

11110 

1/4 0.39108 0.73489 1.05224 2.80803 0.85957 

1/2 0.65012 0.81240 0.36399 1.53381 0.65646 

3/4 0.89516 0.86047 0.17419 1.08196 0.60148 

1 1.13601 0.89308 0.09564 0.84526 0.58364 

5/4 1.37588 0.91618 0.05687 0.69740 0.57928 

3/2 1.61603 0.93301 0.03573 0.59521 0.58034 

7/4  1.85691 0.94556 0.02341 0.51983 0.58354 

2 2.09868 0.95509 0.01588 0.46167 0.58741 

9/4 2.34134 0.96245 0.01109 0.41528 0.59130 

5/2 2..58482 0.96823 0.00794 0.37737 0.59492 

11/4  2.82902 0.97282 0.00581 0.34576 0.59818 

3 3.07387 0.97653 0.00434 0.31900 0.60106 

13/4 3.31928 0.97955 0.00330 0.29604 0.60358 

7/2 3.56518 0.98205 0.u02.)4 0.27613 0.60577 

15/4 3.81149 0.98412 0.00199 0.25870 c.60768 

4 4.05817 0.98587 0.00158 0.24331 0.60935 

17/4  4.30517 0.98735 0.00127 0.22962 0.61031 

9/2  4..)5244 0.98861 0.00103 0.21738 0.61209 

19/4 4.79996 0.98970 0.00084 0.20636 0.61321 

5 5.04769 0.99064 0.00070 0.19639 0.61420 

21/4 5.29561 0.99146 0.00058 0.18733 0.61508 

11/2 5.54370 0.99218 0.00049 0.17906 0.61586 

23/4 5.79193 0.99281 0.00041 0.17148 0.61655 



. 5/4  

0 

fi r 

0 1.00000 

A B 

ON. 

C/1.6 

1/4 0.31878 1.02817 0.55430 3.73353 0.90484 

1/2 0.59928 1.07235 0.27575 1.78470 0.73201 

3/4 0.85912 1.10912 0.15027 1.18307 0.65608 

1 1.10987 1.13741 0.08872 0.89440 0.62192 

5/4 1.35653 1.15898 0.05548 0.72400 0.60639 

3/2 1.60145 1.17553 0.03622 0.61065 0.59982 

7/4  1.84575 1.18335 0.02447 0.52926 0.59772 

2 2.09002 1.19838 0.01701 0.46766 0.59787 

9/4 2.33452 1.20633 0.01213 0.41922 0.59912 

5/2 2.57938 1.21268 0.00883 0.38002 0.60084 

11/4 2.82463 1.21782 0.00656 0.34760 0.60271 

3 3.07029 1.22202 0.00496 0.32030 0.60457 

13/4 3.31633 1.22549 0.00380 0.29698 0.60633 

7/2 3.56272 1..2838 0.00296 0.27681 0.60796 

15/4 3.80942 1.23080 0.00234 0.25921 0.60943 

4 4.05642 1.23285 0.00186 0.24369 0.61077 

17/4 4.30367 1.23460 0.00150 0.22992 0.61196 

9/2 4.55116 1.23611 0.00123 0.21761 0.61303 

19/4 4.79885 1.23740 0.00101 0.20654 0.61400 

5 5.04672 1.23853 0.00084 0.19653 0.61486 

21/4 5.29476 1.23952 0.00070 0.18744 0.61563 

11/2 5.54295 1.24039 0.00059 0.17915 0.61632 

23/4 5.79127 1.24115 0.00050 0.17156 0.61695 



Y.= 3/2 

Pr 	z 	13 	c/1.6 

0 0 1.30902 

1/4 0.28970 1.31921 0.25744 3.92550 0.81178 

1/2 0.56678 1.34190 0.17539 1.90612 0.73565 

3/4 0.83123 1.36646 0.11352 1.24932 0.67959 

1 1.08741 1.38840 0.07415 0.93178 0.64570 

5/4 1.33875 1.40674 0.04956 0.74613 0.62636 

3/2 1.58739 1.42173 0.03396 0.62433 0.61569 

7/4  1.83459 1.43388 0.02381 0.53802 0.61011 

2 2.08110 1.44374 0.01705 0.47343 0.60750 

9/4 2.32733 1.45176 0.01244 0.42312 0.60660 

5/2 2.57353 1.45833 0.00925 0.38273 0.60669 

11/4 2.81984 1.46375 0.00698 0.34951 0.60732 

3 3.06632 1.46824 0.00535 0.32167 0.60822 

13/4 3.31302 1.47200 0.00415 0.29798 0.60924 

7/2 3.55993 1.47516 0.00327 0.27756 0.61030 

15/4 3.80707 1.47785 0.00260 0.25977 0.61134 

4 4.05441 1.48014 0.00209 0.24412 0.61232 

17/4  4.30195 1.48210 0.00170 0.23025 0.61324 

9/2 4.54967 1.48380 0.00139 0.21787 0.61410 

19/4 4.79755 1.48528 0.00115 0.20674 0.61488 

5 5.04559 1.48657 0.00096 0.19669 0.61560 

21/4 5.29377 1.48770 0.00080 0.18767 0.61626 

11/2 5.54207 1.48870 0.00068 0.17926 0.61686 

23/4 5.79049 1.48958 0.00058 0.17164 0.61741 



fI 

0 

r z 

1.59307 

A B 

SON 

= 7/4  

0/1.6 

:1/4 0.27626 1.59810 0.13916 3.97086 0.75304 

1/2 0.54727 1.61086 0.11045 1.95538 0.71801 

3/4 0.81137 1.62694 0.08140 1.28609 0.68328 

1 1.06956 1.64313 0.05843 0.95667 0.65680 

5/4  1.32352  1.65790 0.04183 0.76268 0.63875 

3/2 1.57469 1.67076 0.03017 0.6354 0.62711 

7/4  1.82408 1.68170 0.02201 0.54553 0.61989 

2 2.07242 1.69091 0.01627 0.47861 0.61561 

9/4 2.32015 1.69864 0.01219  0.42676 0.61324 

5/2 2.56757 1.70513 0.00925 0.38532 0.61208 

11/4 2.81486 1.71058 0.00711 0.35138 0.61169 

3 3.06214 1.71519 0.00553 0.32305 0.61178 

13/4 3.30949 1.71910 0.00435 0.29901 0.61215 

7/2 3.5)693 1.72243 0.00346 0.27834 0.61268 

15/4 3.80450 1.72528 0.00278 0.26036 0.61330 

4 4.05220 1.72774 0.00225 Q.24458 0.61395 

17/4 4.30004 1.72987 0.00184 0.23061 0.61460 

9/2 4.54801 1.73172 0.0012 0.21815 0.61523 

19/4 4.79610 1.73334 0.00126 0.20697 0.61584 

5 5.04432 1.73476 0.00106 0.19687 0.61641 

21/4  5.29265 1.73601 0.00089 0.18772 0.61695 

11/a 5.54108 1.73712 0.00075 0.17938 0.61745 

23/4 5.78961 1.73811 0.00064 0.17174 0.61791 



=2 

0 

r 

0 

z 

1.86603 

A B c/1.6 

1/4 0.26885 1.86395 0.08447 3.98605 0.71809 

1/2 0.53512 1.87681 0.07246 1.97646 0.70007 

3/4 0.79748 1.88762 0.05815 1.30566 0.67895 

1 1.05589 1.89945 0.04497 0.97221 0.66004 

5/4 1.31102 1.91105 0.03420 0.77425 0.64522 

3/2 1.56369 1.92173 0.02539 0.64381 0.63445 

7/4 1.81460 1.93125 0.01964 0.55161 0.62698 

2 2.06432 1.93956 0.01499 0.48302 0.62198 

9/4 2.31327 1.94676 0.01153 0.42997 0.61876 

5/2 2.56372 1.95295 0.00895 0.38768 0.61677 

11/4 2.80989 1.95826 0.00701 0.35314 0.61564 

3 3.05790 1.96283 0.00554 0.32437 0.61508 

13/4 3.30585 1.96677 0.00442 0.30001 0.61491 

7/2 3.55381 1.97017 0.00356 0.27910 0.61499 

15/4 3.80180 1.97311 0.00289 0.26095 0.61523 

4 4.04986 1.97567 0.00236 0.24504 0.61558 

17/4 4.29800 1.97791 0.00195 0.23097 0.61597 

9/2 4.54622 1.97987 0.00161 0.21844 0.61 640 

19/4 4.79454 1.98159 0.00135 0.20720 0.61683 

5 5.04293 1.98312 0.00114 0.19706 0.61726 

21/4 5.29142 1.98447 0.00096 0.13737 0.61768 

11/2  5.53999 1.98567 0.00082 0.17950 0.61803 

23/4 5.78364 1.98674 0.00070 0.17134 0.61846 



0 0 2.13278 

A 

.1.111 

B 

= 9/4 

c/1.6 

••• 

1/4 0.26428 2.13465 0.05552 3.49233 0.69590 

1/2 0.52713 2.13985 0.04976 1.98642 0.68i10 

3/4 0.78764 2.14739 0.04221 1.31629 0.67249 

1 1.04552 2.15612 0.03449  0.98175  0.65930 

5/4 1.30098 2.16516 0.02756 0.78209 0.64784 

3/2 1.55441 2.17390 0.02178 0.64997 0.63868 

7/4  1.80628 2.18201 0.01713 0.5634 0.63174 

2 2.05698 2.18935 0.01348 0.48662 0.62668 

9/4 2.30686 2.19588 0.01064 0.43270 0.62311 

5/2 2.55615 2.20164 0.00844 0.38976 0.62066 

11/4  2.80505 2.20669 0.00674 0.35473 0.61904 

3 3.05371 2.21111 0.00541 0.32559 0.61802 

13/4 3.30221 2.21498 0.00438 0.30096 0.61744 

7/2  3.55064 2.21836 0.00356 0.27984 0.61715 

15/4 3.79904 2.22133 0.00292 0.26154 0.61708 

4 4.04744 2.22393 0.0(241 0.24550 0.61716 

17/4 4.29588 2.22623 0.00201 0.23134 0.61733 

9/2 4.54435 2.22825 0.00168 0.21873 0.61756 

19/4 4.79288 2.23005 0.00141 0.20744 0.61783 

5 5.04146 2.23165 0.00119 0.19726 0.61812 

21/4 5.29011 2.23307 0.00102 0.18803 0.61842 

11/2  5.53882 2.23434 0.00087 0.17963 0.61872 

23/4 5.78759 2.23548 0.00075 0.17195 0.61902 



0(= 5/2  

p 	r 	z 	A 	B 	0/1.6 

0 0 2.39564 11.1. IMP 

1/4 0.26123 2.39692 0.03863 3.99541 0.68093 

1/2 0.52161 2.40055 0.03558 1.99160 0.67470 

3/4 0.78050 2.40599 0.03132 1.32234 0.66613 

1 1.03761 2.41255 0.02665 0.98768 0.65689 

5/4 1.29295 2.41963 0.02215 0.78735 0.64822 

3/2 1.54669 2.42674 0.01814 0.65439 0.64075 

7/4  1.79911 2.43357 0.01473 0.55993 0.63469 

2 2.05047 2.43995 0.01192 0.48948 0.62996 

9/4 2.30101 2.44578 0.00964 0.43497 0.62638 

5/2 2.55096 2.45104 0.00781 0.39154 0.62376 

11/4 2.80046 2.45575 0.00635 0.35613 0.62187 

3 3.04966 2.45994 0.00518 0.32670 0.62056 

13/4 3.29865 2.46366 0.00425 0.30183 0.61968 

7/2 3..)4750 2.46697 0.00351 0.28054 0.61912 

15/4 3.79627 2.46990 0.00291 0.26209 0.61880 

4 4.04499 2.47250 0.00242 0.24595 0.61865 

17/4  4.29371 2.47481 0.00203 0.23170 0.61862 

9/2 4.54242 2.47687 0.00171 0.21903 0.61869 

19/4 4.79116 2.47870 0.00145 0.20768 0.61881 

5 5.03993 2.48035 0.00123 0.19745 0.61898 

21/4 5.28874 2.48182 0.00106 0.18819 0.61917 

11/2 5.53759 2.48314 0.00091 0.17977 0.61939 

23/4 5.78648 2.48434 0.00078 0.17207 0.61959 



0 0 2.65587 

A B 

o(= 11/4  

c/1.6 

1/4 0.25909 2.65679 0.02806 3.99707 0.67032 

1/2 0.51763 2.65943 0.02631 1.99452 0.66630 

3/4 0.77518 2.66347 0.02377 1.32596 0.6052 

1 1.03151 2.66849 0.02084 0.99143 0.65395 

5/4 1.28652 2.67408 0.01786 0.79091 0.64742 

3/2 1.54030 2.67988 0.01507 0.65754 0.64146 

7/4  1.79299 2.68561 0.01257 0.56262 0.63633 

2 2.04475 2.69110 0.01043 0.49172 0.63211 

9/4 2.29577 2.69625 0.00862 0.43680 0.62875 

5/2 2.54620 2.70099 0.00713 0.39303 0.62613 

11/4  2.79618 2.70532 0.00590 0.35734 0.62415 

3 3.04582 2.70924 0.00489 0.32767 0.62268 

13/4 3.29522 2.71277 0.00406 0.30262 0.62161 

7/2 3.54444 2.71595 0.00339 0.28117 0.62085 

15/4 3.79354 2.71880 0.00284 0.26261 0.62034 

4 4.04256 2.72135 0.00239 0.24637 0.62002 

17/4 4.29153 2.72364 0.00202 0.23204 0.61983 

9/2 4.54047 2.72570 0.00172 0.21931 0.61976 

19/4 4.78942 2.72755 0.00147 0.20791 0.61975 

5 5.03836 2.72922 0.00126 0.19765 0.61981 

21/4 5.28733 2.73072 0.00108 0.18836 0.61990 

11/2 5.53631 2.73208 0.00093 0.17990 0.62003 

23/4 5.78533 2.83331 0.00081 0.17218 0.62017 



0 0 2.91421 

A 

ON. 

B 

111. 

q/1.6 

1/4 0.25752 2.91490 0.02107 3.99803 0.66252 

1/2  0.51467 2.91688 0.02000 1.99625 0.65980 

3/4 0.77114 2.91996 0.01841 1.32819 0.65577 

1 1.02673 2.92388 0.01651 0.99389 0.65101 

5/4 1.28135 2.92835 0.01450 0.79334 0.64607 

3/2 1.53502 2.93309 • 0.01253 0.65980 0.64134 

7/4  1.78779 2.93790 0.01070 0.56463 0.63709 

2 -  2.03978 2.94262 0.00907 0.49346 0.63343 

9/4 2.29110 2.94713 0.00765 0.43828 0.63038 

5/2 2.54189 2.95137 0.00644 0.39427 0.62790 

11/4  2.79223 2.95530 0.00542 0.35836 0.62593 

3 3.04223 2.95893 0.00456 0.32852 0.62440 

13/4 3.29196 2.96224 0.00384 0.30332 0.62323 

7/2 3.54150 2.96525 0.00324 0.28175 0.62235 

15/4 3.79089 2.96799 0.00275 0.26308 0.62171 

4 4.04017 2.97047 0.00233 0.24676 0.62125 

17/4 4.28937 2.97271 0.00199 0.23237 0.62095 

9/2 4.53853 2.97475.  0.00170 0.21958 0.62075 

19/4 4.78766 2.97659 0.00146 0.20814 0.62064 

5 5.03678 2.97825 0.00126 0.19784 0.62060 

21/4 528589 2.97977 0.00109. 0.18851 0.62061 

11/2 5.53501 2.98114 0.00095 0.18004 0.62065 

23/4 5.78414 2.98239 0.00083 0.17229 0.62073 



13/4 

r z 

3.17116 

A B 0/1.6 

016 

1/4 0.25633 3.17169 0.01625 3.99862 0.65660 

1/2 0.51240 3.17322 0.01557 1.99736 0.65469 

3/4 0.76799 3.17563 0.01453 1.32964 0.65180 

1 1.02293 3.17873 0.01326 0.99554 0.64829 

5/4 1.27715 3.18234 0.01187 0.79503 0.64451 

3/2 1.53062 3.18625 0.01046 0.66144 0.64077 

7/4  1.78338 3.19029 0.00911 0.56614 0.63727 

2 2.03547 3.19434 0.00787 0.49480 0.63414 

9/4 2.28698 3.19828 0.00676 0.43945 0.63144 

5/2 2.53801 3.20205 0.00578 0.39528 0.62916 

11/4 2.78862 3.20561 0.00494 0.35922 0.62729 

3 3.03890 3.20893 0.00421 0.32924 0.62577 

13/4 3.28891 3.21200 0.00359 0.30392 0.62456 

7/2 3.53870 3.21484 0.00307 0.28226 0.62362 

15/4 3.78834 3.21744 0.00263 0.26351 0.62290 

4 4.03785 3.21982 0.00225 0.24712 0.62235 

17/4 4.28727 3.22199 0.00194 0.23267 0.62195 

9/2 4.)3662 3.22398 0.00167 0.21983 0.62166 

19/4 4.78592 3.22579 0.00145 0.20835 0.62146 

5 5.03519 3.22744 0.00125 0.19802 0.62134 

21/4 5.28445 3.22895 0.00109 0.18867 0.62128 

11/2 5.53370 3.23033 0.00095 0.18017 0.62126 

23/4 5.78294 3.23159 0.00083 0.17240 0.62127 



0 0 

z 

3.42705 

B c/1.6 

1/4 0.2.5541 3.42746 0.01281 3.99893 0.65200 

1/2 0.51062 3.42867 0.01236 1.99809 0.65062 

3/4 0.76549 3.43058 0.0.1166 1.33062 0.64849 

1 1.01988 3.43308 0.01078 0.99667 0.64585 

5/4 1.27371 3.43603 0.00980 0.79623 0.64293 

3/2 1.52696 3.43928 0.00878 0.66263 0.63996  

7/4  1.77962 3.44269 0.00778 0.56727 0.63709 

2 2.03174 3.44617 0.00683 0.49585 0.63444 

9/4 2.28336 3.44961 0.00596 0.44038 0.63208 

5/2 2.53454 3.45295 0.0c517 0.39610 c.63003 

11/4 2.78534 3.45615 0.00447 0.35994 0.62829 

3 3.03583 3.45917 0.00387 0.32986 0.62683 

13/4 3.28606 3.46201 0.00334 0.30445 0.62564 

7/2 3.53607 3.46466 0.00288 0.28271 0.62468 

15/4 3.78591 3.46711 0.00249 0.26389 0.62391 

4 4.03562 3.46938 0.00216 0.24745 0.62330 

17/4 4.28522 3.47147 0.00187 0.23295 0.62283 

9/2 4.53475 3.47339 0.00162 0.22007 0.62248 

19/4 4.78421 3.47515 0.00141 0.20855 0.62222 

5 5.03362 3.47678 0.00124 0.19819 0.62203 

21/4  5.28301 3.47827 0.00108 0.18881 0.62190 

11/2  5.53238 3.47963 0.0009.5 0.18029 0.62183 

23/4 5.78174 3.48089 0.00083 0.17251 0.62179 

7/2 



15/4 

0 

r 

0 3.68210 

A 

/MD 

= 

c/1.6 

••• 

1/4 0.25467 3.68243 0.01029 3.99931 0.64835 

1/2 0.50921 3.68340 0.00998 1.99856 0.64732 

3/4 0.76348 3.68495 0.00949 1.33129 0.6,,572 

1 1.01739 3.68699 0.00887 0.99746 0.64370 

5/4 1.27087 3.68943 0.00817 0.79709 0.64142 

3/2 3.69214 0.00742 0.66351 0.63904 

7/4  1.77642 3.69504 0.00666 0.56813 0.63669 

2 2.02851 3.69803 0.00593 0.49665 0.63446 

9/4 2.28017 3.70104 0.00524 0.44113 0.63241 

5/2 2..)3144 3.70399 0.00461 0.39677 0.63059 

11/4 2.78238 3.70686 0.00404 0.36053 0.62900 

3 3.03302 3.70961 0.00353 0.33045 0.62764 

13/4 3.28342 3.71221 0.00308 0.30491 0.62649 

7/2 3.53361 3.71467 0.00269 0.28311 0.62554 

15/4  3.78362 3.71697 0.00235 0.26423 0.62475 

4 4.03350 3.71911 0.00205 0.24774 0.62412 

17/4  4.28326 3.72110 0.00179 0.23320 0.62361 

9/2 4.53294 3.72295 0.0e157 0.22029 0.62321 

19/4 4.7854 3,72466 0.00137 0.20874 0.62290 

5 5.03209 3.72624 0.00121 0.19835 0.62266 

21/4  5.8160 3.72770 0.0c106 0.18895 0.62248 

11/2 5.53107 3.72905 0.00094 0.18041 0.62236 

23/4 5.78053 3.73030 0.00083 0.17261 0.62227 



0 0 

z 

3.93649 

A 

mop ION* 

X = 4 

e/1.6 

1/4 0.25408 3.93676 0.00839 3.99947 0.64540 

1/2 0.50806 3.93755 0.00817 1.99890 0.64462 

3/4 0.76183 3.93882 0.00783 1.33178  0.64339 

1 1.01533 3.94051 0.00738 0.99804 0.64182 

5/4 1.26849 3.94254 0.00686 0.79773 0.64002 

3/2 1.52128 3.94483 0.00630 0.66417 0.63810 

7/4  1.77368 3.94730 0.00573 0.56878 0.63617 

2 2.02570 3.94989 0.00516 0.49728 0.63429 

9/4 2.27736 3.95251 0.00462 0.44172 0.63253 

5/2 2.52869 3.95513 0.00411 0.39731 0.63093 

11/4  2,77971 3.95770 0.00364 0.36102 0.62949 

3 3.03047 3.96019 0.00322 0.33082 0.62824 

13/4 3.23099 3.96257 0.00284 0.30530 0.62715 

7/2 3.53132 3.96484 0.00250 0.28345 0.62623 

15/4 3.78147 3.96698 0.00220 0.26453 0.62545 

4 4.03149 3.96900 0.00194 0.24800 0.62481 

17/4  4.28139 3.97089 0.00171 0.23343 0.62428 

9/2 4.3119 3.97265 0.0c10 0.22048 0.62385 

19/4 4.78092 3.97429 0.00133 0.20891 0.62350 

5 5.03059 3.97582 0.00117 0.19850 0.62323 

21/4 5.28021 3.97725 0.00104 0.18908 0.62301 

11/2 5.52979 3.97857 0.00092 0.18052 0.62285 

23/4 5.77934 3.97979 0.00082 0.17271 0.62273 



0 

r 

0 

z 

4.19034 

A 

IMO IWO 

4(= 17/4 

0/1.6 

1/4  0.25360 4.19056 0.00694 3.99952 0.64298 

1/2 0.50711 4.19121 0.00678 1.99917 0.64237 

3/4 0.76047 4.19227 0.00653 1.33212 0.64142 

1 1.01361 4.19368 0.00620 0.99846 0.64018 

5/4 1.26649 ,.19J39 0.00581 0.79820 0.63874 

3/2 1.51906 4.19734 0.00539 0.66467 0.63719 

7/4  1.77132 4.19946 0.00495 0.56929 0.63558 

2 2.02326 4.20170 0.00451 0.49778 0.63401 

9/4 2.27489 4.20400 0.00407 0.44219 0.63250 

5/2 2.52623 4.20632 0.00366 0.39975 0.63109 

11/4 2.77731 4.20862 0.00328 0.36143 0.62981 

3 3.02814 4.21087 0.00293 0.33119 0.62866 

13/4 3.27876 4.21304 0.00260 0.30563 0.62766 

7/2 .J2919 4.21513 0.00231 0.28374 0.62678 

15/4 .5.77946 4.21712 0.0020 0.26480 0.62603 

4 4.02960 0.21901 0.00182 0.24,323 0.62539 

17/4  4.27961 4.22079 0.00162 0.23363 0.62485 

9/2 4.52953 4.22247 0.00143 0.22066 0.62440 

19/4 4.77937 4.22404 0.00127 0.20907 0.62403 

5 5.02914 4.22.52 0.00113 0.19864 0.62373 

21/4 J.27886 4.22689 0.00101 0.18920 0.62349 

11/2 5.2853 4.22818 0.00090 L18063 0.62330 

23/4 5.77817 4.22938 0.00080 0.18281 0.62315 

".1 



9/2  

0 

r 

0 

z 

4.44374 

A B 

ONO 

= 
0/1.6 

1/4  0.25319 4.44393 0.00581 3.99974 0.64097 

1/2 0.50633 4.44447 0.00569 1.99932  0.64049 

3/4 0.75933 4.44536 0.00550 1.33238 0.63974 

1 1.01217 4.44655 0.00525 0.99877 0.63875 

5/4 1.26479 4.44800 0.00496 0.79855 0.63759 

3/2 1.51716  4.44967 0.00464 0.66505 0.63632 

7/4  1.76928 4.45150 0.00429 0.56968 0.63499 

2 2.02113 4.45345 0.00395 0.49817 0.63365 

9/4 2.27271 4.45547 0.00360 0.44257 0.63236 

5/2 2.52405 4.45753 0.00327 0.39811 0.63113 

11/4 2.77515 4.45959 0.00295 0.36176 0.62999 

3 3.02603 4.46162 c.00266 0.33150 0.62896 

13/4 3.27672 4.46360 0.00239 0.30591 0.62803 

7/2 3.52723 4.46552 0.00214 0.28400 0.62721 

15/4 3.77759 4.46737 0.00191 0.26503 0.62649 

4 4.02782 4.46913 0.0(171 0.24844 0.62587 

17/4 4.27793 4.47081 0.00153 0.23382 0.62533 

9/2 4.52795 4.47240 0.00136 0.22083 0.62488 

19/4 4.77788 4.47389 0.00122 0.20921 0.62450 

5 5.02774 4.47531 0.00109 0.19876 0.62418 

21/4 5.27755 4.4(1663 0.00097 0.18932 0.62392 

11/2 5.52731 4.47788 0.00087 0.18073 0.62371 

23/4 5.77703 4.47904 0.00078 0.17289 0.62353 



0 

r 

0 

z 

4.69677 

A 

ant 

B 

WO 

= 19/4 

C/1.6 

4101k 

1/4 0.25286 4.69693 0.00491 3.99968 0.63928 

1/2 0.50566 4.69739 0.00482 1.99948 0.63890 

3/4 0.75837 4.69814 0.00468 1.33256 0.63830 

1 1.01094 4.69915 0.00449 0.99901 0.63750 

5/4 1.26333 4.70040 0.00427 0.79833 0.63655 

3/2  1.51553 4.70183 0.00401 0.66534 0.63550 

7/4  1.76750 4.70342 0.00375 0.56999 0.63439 

2 2.01926 4.70513 0.00347 0.49848 0.63326 

9/4 2.27079 4.70691 0.00319 0.44288 0.63215 

5/2 2.52210 4.70874 0.00292 0.39841 0.63108 

11/4 2.77320 4.71059 0.00266 0.36204 0.63007 

3 3.02411 4.71242 0.00241 0.33176 0.62914 

13/4 3.27485 4.71423 0.00218 0.30615 0.62829 

7/2 3.52542 4.71599 0.00197 0.28422 0.62753 

15/4 3.77585 4.71770 0.00177 0.26523 0.62685 

4 4.02616 4.71934 0.00160 0.24862 0.62626 

17/4  4.27635 4.72091 0.00144 0.23398 0.62574 

9/2 4.52645 4.72241 0.00129 0.22097 0.62529 

19/4 4.77646 4.72383 0.00116 0.20934 0.62490 

5 5.02640 4.72518 0.00104 0.19888 0.62490 

21/4  5.27629 4.72645 0.00094 0.18942 0.62430 

11/2  5.52612 4.72765 0.00084 0.18082 0.62407 

23/4 5.77591 4.72878 0.00076 0.17298 0.62388 



0 

r 

0 

z 

4.94949 

A B 
= 5 

0/1.6 

WI& 

1/4 0.25257 4.94962 0.00419 3.99979 0.63785 

1/2 0.50510 4.95002 0.00412 1.99957 0.63755 

3/4 0.75755 4.95066 0000401 1.33271 0.63705 

1 1.00989 4.95153 0.00387 0.99919 0.63640 

5/4  1.26208 4.95260 0.00369 0.79904 0.63562 

3/2 1.51411 4.9)385 0.00349 0.66558 0.63475 

7/4 1.76595 4.95523 0.00328 0.57024 0.63382 

2 2.01761 4.95673 0.00306 0.49873 0.63286 

9/4 2.26908 4.95831 0.00284 0.44312 0.63190 

5/2 2.52036 4.95994 0.00261 0.39865 0.63097 

11/4 2.77145 4.96160 0.00240 0.36228 0.63008 

3 3.02238 4.96326 0.00219 0.33198 0.62924 

13/4 3.27314 4.96490 0.00200 0.30636 0.62847 

7/2 3.52376 4.96652 0.00181 0.28441 0.62777 

15/4 3.77424 4.96809 0.00164 0.26540 0.62713 

4 4.02460 4.96962 0.00149 0.24878 0.62657 

17/4  4.27486 4.97109 C.00135 0.23412 0.62607 

9/2 4.52503 4.97250 0.00122 0.22110 0.62563 

19/4 4.77511 4.97334 0.00110 0.20946 0.62525 

5 5.02512 4.97513 0.00099 0.19899 f.62492 

21/4  5.27508 4.97634 0.00090 0.18951 0.62464 

11/2  5.52498 4.97750 0.00081 0.18091 0.62240 

23/4 5.77483 4.97859 0.00074 0.17305 0.62420 
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