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Abstract

Quantum computation using continuous-time evolution under a natural hardware Hamiltonian

is a promising near- and mid-term direction toward powerful quantum computing hardware.

Continuous-time quantum computing (CTQC) encompasses continuous-time quantum walk

computing (QW), adiabatic quantum computing (AQC), and quantum annealing (QA), as well

as other strategies which contain elements of these three. While much of current quantum

computing research focuses on the discrete-time gate model, which has an appealing similarity

to the discrete logic of classical computation, the continuous nature of quantum information

suggests that continuous-time quantum information processing is worth exploring. A versatile

context for CTQC is the transverse Ising model, and this thesis will explore the application of

Ising model CTQC to classical optimization problems.

Classical optimization problems have industrial and scientific significance, including in logis-

tics, scheduling, medicine, cryptography, hydrology and many other areas. Along with the

fact that such problems often have straightforward, natural mappings onto the interactions of

readily-available Ising model hardware makes classical optimization a fruitful target for CTQC

algorithms. After introducing and explaining the CTQC framework in detail, in this thesis

I will, through a combination of numerical, analytical, and experimental work, examine the

performance of various forms of CTQC on a number of different optimization problems, and

investigate the underlying physical mechanisms by which they operate.
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Chapter 1

Introduction

The concept of quantum computing (QC) was introduced in the 1980s (Feynman, 1982; Benioff,

1980; Deutsch and Penrose, 1985; Manin, 1980), alongside other advances such as quantum key

distribution (QKD) (Bennett et al., 1983; Bennett and Brassard, 1984) and later quantum

state teleportation (Bennett et al., 1993), as one of the first proposals in quantum information

science for putting quantum systems to practical use. While teleportation and QKD were

quickly understood to be experimentally feasible (with the first experimental implementations

arriving in 1997-1998 (Bouwmeester et al., 1997; Boschi et al., 1998) and 2008 (Dixon et al.,

2008) respectively), it remained unclear for some time whether QC could ever be achieved

experimentally, due to the scale on which the inherently fragile quantum coherence must be

maintained.

In the mid 1990s, a major breakthrough occurred in the development by Shor (1994) of an

efficient quantum algorithm for integer factorization, a problem for which efficient classical al-

gorithms are impossible and which is also a central problem in computer science, being the basis

for much of modern computer security. Shor’s work was the first “useful” quantum algorithm

and, if experimentally feasible, would threaten the security of secure classical communication

and information storage. Around the same time, it was shown (Shor, 1995; Calderbank and

Shor, 1996; Steane, 1996; Knill et al., 1996; Aharonov and Ben-Or, 1996) that quantum error

correction (QEC) could be used to protect quantum computations from local decoherence by

spreading quantum information out non-locally, suddenly making experimental implementa-

tions of QC much more plausible. These two discoveries together kickstarted the race to build

14
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a real quantum computer.

Up to the late 1990s, work in QC tended to focus entirely on the gate model, based on the

prescription introduced by Deutsch and Penrose (1985, 1989), which closely resembles classical

digital computation. In a gate model algorithm, a set of qubits (the quantum analogs of classi-

cal bits that can be in the states |0〉, |1〉, or any arbitrary superposition α|0〉+β|1〉 thereof) are

each prepared in the state |0〉. Then, this qubit register is acted upon by a sequence of unitary

operations, or quantum gates, of arbitrary fixed size, after which a measurement in the {|0〉,

|1〉} basis is performed to read out the algorithm output. The field then diversified, with the in-

troduction of computation by discrete-time quantum walk (Aharonov et al., 2001; Shenvi et al.,

2003) (although at first these were for the most part intended to be run in the standard gate

model setting), measurement-based quantum computing (MBQC) (Raussendorf et al., 2003),

adiabatic quantum computing (AQC) (Farhi et al., 2000), computation by continuous-time

quantum-walk (QW) (Farhi and Gutmann, 1998), and quantum annealing (QA) (Kadowaki

and Nishimori, 1998; Finnila et al., 1994). The latter three forms of QC are known collectively

as continuous-time quantum computing (CTQC), and will be the focus of this thesis.

More broadly, QC is in principle universal, as was shown for the gate model by Deutsch and

Penrose (1985) via the quantum Turing machine construction (a quantum generalization of the

classical Turing machine model). Classical computing is also universal; that is, there is nothing

that can be computed in QC that cannot also be computing in classical computing. Thus, the

ways in which QC is more powerful than classical computing lie not in computability but in

complexity: there exist computational problems that can be solved much more quickly (or with

much less of some other resource) in QC than in classical computing. Most importantly, there

exist some problems which can be solved efficiently in QC but not in classical computing, such

as integer factorization. Other QC models have been shown to be polynomially equivalent to the

gate model, including discrete-time quantum walks (Lovett et al., 2010), MBQC (Raussendorf

et al., 2003), and both AQC (Aharonov et al., 2004; Kempe et al., 2006; Siu, 2005; Oliveira

and Terhal, 2008; Kitaev et al., 2002; Deift et al., 2007) and QW (Childs, 2009; Childs et al.,

2013) in CTQC.

While the universality of QC is very important theoretically, a quantum computer need not be

universal to be useful: a special purpose device intended for specific computational tasks that

is not universal can be much more experimentally feasible in the near term, while still offering
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significant improvements beyond classical hardware. A well studied example is that of quantum

simulation (QS). First proposed in the early 1980s (Manin, 1980; Feynman, 1982) and further

developed by Lloyd (1996), QS involves using a more easily controllable quantum system to

learn information about a less easily controllable one. The study of which Hamiltonians can be

used to simulate which other Hamiltonians goes back to the early 2000s (Wocjan et al., 2001a,b,

2002; Dodd et al., 2002; Nielsen et al., 2002). Remarkably, it has recently been shown (Cubitt

et al., 2018) that all of the physics of every quantum many-body system is replicated in a certain

class of simple, universal quantum spin-lattice models. While the original proposals envisioned

breaking the unitary dynamics of the system under study into discrete gates and performing

them on a universal quantum computer, more recent work (Greiner et al., 2002; Manousakis,

2002; Smirnov et al., 2007; Friedenauer et al., 2008) has focused on continuous-time QS, in

which the Hamiltonian of the system under study is mapped directly onto the Hamiltonian of

a special purpose simulator.

Another major area of interest in special purpose QC is that of quantum algorithms for clas-

sical optimization problems. Such a problem involves finding the input to a cost function,

defined in terms of some collection of real world constraints, that minimizes (either exactly or

approximately) the value of that cost function. While some work (Farhi et al., 2014b) involves

mapping the cost function to a gate sequence to run on a digital device, many approaches involve

encoding the cost functions into Hamiltonians that induce computationally useful dynamics,

a form of continuous-time QC. This has been considered for optimization problems in many

fields, including finance (Marzec, 2016; Orús et al., 2019; Venturelli and Kondratyev, 2019),

traditional computer science (Chancellor et al., 2016a; Choi, 2010, 2011b), machine learning

(Adachi and Henderson, 2015; Denil and de Freitas, 2011; Amin et al., 2018b), scheduling

(Venturelli et al., 2000; Crispin and Syrichas, 2013; Tran et al., 2016), computational biology

(Perdomo-Ortiz et al., 2012), flight gate assignment (Stollenwerk et al., 2019), air traffic man-

agement (Stollenwerk et al., 2020), and hydrology (O’Malley, 2018). Many of these CTQC

approaches to optimization consider devices that implement the quantum Ising model. I will

describe optimization by CTQC in the Ising model in detail in section 2.2. In particular, much

of the experimental work has been performed on the D-Wave devices (D-Wave, 1999–), which

are large (a few thousand qubits) QA devices that operate in a highly dissipative, but still

quantum mechanical, regime.
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More recently, the first credible claim to quantum supremacy was made (Arute et al., 2019)

using a 53-qubit digital gate-model (though too small to be considered universal) device, though

performing useful computations of this size (i.e a quantum advantage) is still unlikely to be

possible in the near future.

In this thesis, I will present a combination of numerical, analytical, and experimental work to

further develop the understanding of CTQC applied to classical optimization problems.

In Chapter 2, I will give an overview of classical combinatorial optimization problems and

describe the examples that will be relevant to this thesis. I will then describe CTQC in the

Ising model setting more completely, giving the relevant mappings of optimization problems

into the model and a detailed explanation of how QWs, AQC, and QA work in this setting. I

will also describe the numerical methods I have used for the work in this thesis.

In Chapter 3, I will explore the ability of QWs in the Ising model to solve optimization prob-

lems by applying them to the Sherrington-Kirkpatrick spin-glass ground-state problem (see

subsection 2.1.3). While studies have previously applied the AQC and QA time-dependent

CTQC methods to optimization problems (Choi, 2010; Crosson et al., 2014; Knysh, 2016), due

to their heuristic similarities with classical optimization methods such as simulated annealing

(Kirkpatrick et al., 1983), QWs, which are time-independent, had not been considered for these

problem types prior to my work, although a similar approach was being explored by Hastings

(2019) around the same time.

In Chapter 4, I will show that the QW results from Chapter 3 generalise to optimization prob-

lems beyond the Sherrington-Kirkpatrick spin-glass ground-state problem by applying many

of the same numerical analyses to the MAX2SAT problem (see subsection 2.1.4). I will also

analyse the performance of AQC on MAX2SAT, and compare to the performance of QW (both

at a whole problem level and on a per-instance basis). Finally, I will demonstrate the perfor-

mance of a powerful classical algorithm, showing the need for finding more advanced CTQC

algorithms (this will be one of the aims of Chapter 5).

In Chapter 5, I will extend some of the results from Chapter 3 away from QWs into the rapid

quench QA regime. While theoretical tools exist to analyse how the slow dynamics of AQC can

solve optimization problems there are relatively few tools to understand the opposite limit of

rapid quenches. In Chapter 5 I will present several results and tools for this regime. I will show
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that sampling from the output state of a rapid quench protocol will always lead to better results

than sampling from the input state, and I will present a theoretical framework for determining

when this improvement will be substantial. I will also show how these tools can provide efficient

heuristic estimates for Hamiltonian parameters, a key requirement for practical application of

quantum annealing.

In Chapter 6, I will explore the potential for QA to solve a particular type of optimization

problem, known as the shortest vector problem (SVP), that is important for the field of post-

quantum cryptography. When Shor (1994) showed that quantum computers would threaten the

security of the widely used cryptographic schemes, the need for new ‘post-quantum’ schemes

that would not be vulnerable to the same kind of attack became apparent. Many such schemes

that have been developed (Regev, 2005; Gentry, 2009; Jeffrey et al., 1998; Goldreich et al.,

1997) rely on difficult lattice-based problems such as SVP. Through experimental work on a

D-Wave device, alongside numerical work, I will demonstrate how an Ising model QA/AQC

attack on SVP can work, and present some preliminary results regarding its effectiveness.



Chapter 2

Background Theory

In this Chapter, I will give an overview of classical combinatorial optimization and describe

the examples that will be relevant to this thesis. I will then describe continuous-time quantum

computing (CTQC) in the Ising model setting more completely, giving the relevant mappings

of optimization problems into the model and detailed explanations of how computation by

continuous-time quantum walk (QW), adiabatic quantum computing (AQC), and quantum

annealing (QA) work in this setting. I will also describe the numerical methods I have used for

the work in this thesis.

2.1 Optimization Problems

A combinatorial optimization problem can be defined as follows. Given a finite set S = {xj}Nj=1

of N candidate solutions xj (which are denoted in bold-face because they are in general specified

by multiple degrees of freedom) and a ‘cost function’ f on S, find an optimal x∗ ∈ S such that

f(x∗) = min[f(xj)]
N
j=1.

Optimization problems need to be solved in a broad range of areas, such as scheduling, route

planning, supply chains and finance. This is often computationally intensive, so the prospect of

quantum enhanced solution methods is an important research direction for practical quantum

computing.

In subsections 2.1.1 and 2.1.2, I will describe two different kinds of classical optimization al-
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gorithm, one which guarantees a true optimal solution in finite time, and one which does not

but can produce solutions faster. Then, in subsections 2.1.3, 2.1.4 and 2.1.5, I will define and

describe the optimization problems that will be relevant for the rest of the thesis.

2.1.1 Classical algorithms: the branch-and-bound framework

Branch-and-bound (Lawler and Wood, 1966) is an algorithmic framework for solving combina-

torial optimization problems by treating the candidate solutions as leaves of a tree-structure,

and computing lower bounds on different branches in order to ‘prune’ them away. Correctly-

configured branch-and-bound algorithms are guaranteed to find the true optimal solution x∗ of

an optimization problem in finite time.

For the branch-and-bound framework, the concept of partial candidate solutions is needed.

This means specifying only a subset of the degrees of freedom, and leaving the others as free

variables. A partial assignment S ⊂ S can be expressed as a subset of candidate solutions that

are identical in the fixed degrees of freedom, but are otherwise different.

To describe a branch and bound algorithm for solving the problem P , three ingredients are

necessary:

• Cost. It should be possible to compute the cost function f that defines the problem P .

It’s hard to imagine how any algorithm to solve P could exist if f cannot be computed.

Moreover, good algorithms require that this can be calculated efficiently.

• Bound. Given any partial candidate solution S ⊂ S, it should be possible to compute

a lower bound on the value of the cost function f obtained from any candidate solution

x ∈ S in the partial solution. It’s usually not possible for this lower bound to be always

tight, but tighter bounds will lead to better algorithms. Also, good algorithms require

that this bound can be calculated efficiently.

• Branch. It should be possible, given a partial solution S, to produce some number of

disjoint partial solutions S1, S2, . . . such that S1 ∪ S2 ∪ · · · = S. Good algorithms require

that this can be done efficiently.

With these three ingredients, a branch-and-bound algorithm is structured as follows:
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1. Initialise a stack (last in, first out) L containing just the empty partial solution, a variable

‘best cost’ to store the best cost found so far (typically initialised to ∞) and a variable

‘best solution’ to store the (full) candidate solution that gave the best cost so far (typically

initialised to e.g ‘None’)

2. While L is not empty, do:

(a) Pop the next object S from the stack (e.g S = L.pop(), S is no longer on the stack)

(b) IF STATEMENT:

i. If S is a complete candidate solution, compute its Cost and possibly update

‘best cost’ and ‘best solution’ if appropriate

ii. Else if S is only a partial solution, compute the Bound. IF STATEMENT:

A. If Bound > ‘best cost’, S cannot contain the optimal solution x∗, and can

be ruled out, so do nothing and go to next loop iteration

B. Else Bound ≤ ‘best cost’, so S might contain the optimal solution x∗, so

branch to find S1, S2, . . . , and append these to L.

3. At this point, all candidate solutions xj will have either been checked or ruled out by a

bound. So, return ‘best solution’ and ‘best cost’.

Algorithms structured this way are guaranteed to find the optimal solution. It can be modified

in various ways, for example by initialising the ‘best ...’ variables with some known guess to

start things off, or by using some sort of (first in, first out) queue or priority (best-first) queue

instead of a stack for L.

Recently, Montanaro (2020) discovered a way to accelerate branch-and-bound algorithms using

gate-model quantum computing. This quantum algorithmic framework can essentially take any

classical branch-and-bound algorithm and produce a quantum version that achieves an almost

quadratic speedup.

2.1.2 Classical algorithms: Simulated Annealing

Simulated annealing (SA) is a probabilistic technique for solving optimization problems (Kirk-

patrick et al., 1983) that does not guarantee the true optimal solution x∗ (except in the infinite
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runtime limit), but can sometimes produce solutions faster than approaches like branch-and-

bound which do have this guarantee.

To describe a SA type algorithm, four ingredients are needed:

• Cost. It should be possible to compute the cost function f that defines the problem P .

It’s hard to imagine how any algorithm to solve P could exist if f cannot be computed.

Moreover, good algorithms require that this can be calculated efficiently.

• Temperature. It is necessary to define a monotonically decreasing simulated tem-

perature. T0 = Temperature(0) should be some moderate to large value, while

Temperature(kmax) (where k indexes the iterations of the algorithm) should be some

small value. A typical choice might be Temperature(k) = T0
ln k

• Neighbour. It should be possible to efficiently choose a random ‘neighbour’ of a given

candidate solution. A typical method of finding a neighbour might be found by randomly

choosing one of the degrees of freedom and changing it by one step (e.g, a single bit-flip

in the case where the candidate solutions are binary strings).

• Probability. It should be possible to efficiently compute an acceptance probability

for a move from candidate solution state a to some other candidate solution b, based

on the Costs of these candidates. A typical choice is to use Boltzmann distribution,

giving Probability[Cost(b),Cost(a)] = exp
[
Cost(a)−Cost(b)
Temperature

]
if Cost(b) > Cost(a) and

1 otherwise.

With these four ingredients, the structure of a SA type algorithm is as follows:

1. Initialise a ‘current state’ variable with a random choice of a candidate solution xk=0 ∈ S

2. For k = 1 to kmax:

(a) set the temperature variable T = Temperature(k)

(b) Pick a new state: new state = Neighbour(current state)

(c) IF STATEMENT:

i. If Cost(new state) ≤ Cost(current state), accept the transition:

current state = new state.
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ii. Else, accept the transition (current state = new state) with probability

Probability[Cost(new state),Cost(current state)]. If rejecting, leave cur-

rent state unchanged

3. Return current state

With sensible choices for the Temperature, Neighbour and Probability, SA algorithms

are guaranteed to produce the optimal solution x∗ in this limit of large kmax. In practice,

however, it might be preferable to use a kmax that is small enough to be practical, perform a

number of repetitions and use the most optimal solution returned. This does not guarantee the

true optimal solution, however. Furthermore, similar but more advanced methods have been

developed, such as parallel tempering (PT). In PT, many different copies of the simulation are

kept at different temperatures, and a probabilistic rule is used to swap configurations between

the different simulations.

2.1.3 Sherrington-Kirkpatrick spin glass

The Sherrington-Kirkpatrick (SK) spin glass Hamiltonian HSK (Sherrington and Kirkpatrick,

1975) is defined on n spins as

HSK = −1

2

n−1∑
(j 6=k)=0

JjkSjSk (2.1)

where Sj are the classical spins (Sj ∈ {−1, 1}) and the couplings Jjk are drawn independently

from the normal distributionN (µ, σ2
SK) with mean µ and variance σ2

SK. Finding the ground state

of this Hamiltonian is NP-hard (Choi, 2010), and uniformly hard, due to its finite-temperature

phase transition (Sherrington and Kirkpatrick, 1975).

It is computationally convenient to break the spin inversion symmetry by adding single-body

field terms of the form
∑n−1

j=0 hjSk, where hj are the field strength values. Like the couplings

Jjk, the fields hj are also drawn independently from N (µ, σ2
SK). When the fields strengths hj

are drawn from the same distribution as the coupling strengths Jjk, the hardness of finding the

ground state follows directly from the hardness of the hj = 0 case. The SK spin glass with such

fields is mathematically equivalent to a zero field spin glass with one more spin which is “fixed”



24 Chapter 2. Background Theory

in one orientation. This is not true in general for different distributions of field strength hj.

There are known examples in which fields can destroy spin glass behaviour (see, e.g., Young

and Katzgraber, 2004; Feng et al., 2014). In particular, if the field strengths are much larger

than the coupling strengths (|hj| � |Jjk| for all j, k), then the energy is minimized trivially

when all the spins each minimize the energy with respect to their individual fields. While the

distribution of field strengths could be used to tune the problem hardness, I will not use it this

way in this thesis; I will only consider cases where the field and coupling strengths are drawn

from the same distribution.

Due to the way I have defined HSK, “un-fixing” the spin which corresponds to the fields (making

all states two-fold degenerate and converting the system to a double cover of the original

system), the new couplings will effectively be on average stronger than the rest by a factor of
√

2. As this increase in coupling strength does not scale with the number of spins, it is going

to become less and less significant as the size of the system is scaled up, and the hardness will

be preserved.

2.1.4 MAX2SAT

Satisfiability problems are an important and well-known class of decision and optimization

problems, many of which are known to be NP-complete or NP-Hard (Karp, 1972). One of the

simplest to define satisfiability problems is MAX2SAT, which is known to be NP-Hard (Garey

et al., 1976).

MAX2SAT can be defined as follows. Let {vj}nj=1 be a set of n binary variables vj ∈ {0, 1}. Let

lj ∈ {vj,¬vj} denote a ‘literal’ involving the variable vj where ¬ is a logical NOT (i.e ¬0 = 1

and ¬1 = 0). A two-literal inclusive-OR clause on literals lj and lk can be written ca = l
(a)
j ∨ l

(a)
k

(a just indexes the clause and will be relevant later) where ∨ is the logical inclusive-OR (i.e

0∨ 0 = 0 and 0∨ 1 = 1∨ 0 = 1∨ 1 = 1). A MAX2SAT problem instance on n binary variables

can be defined by a set {ca}ma=1 of m inclusive-OR clauses and asks the question “what is the

maximum number of the m clauses {ca}ma=1 that can be satisfied (i.e can be made to evaluate

to 1) by any assignment of the n binary variables {vj}nj=1?”
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2.1.5 Shortest vector problem

A full-rank lattice L ⊂ RN can be defined as the discrete set of all integer linear combinations

of some set of N linearly independent basis vectors B = {b1, ...,bN}; that is,

L =
{ N∑

i=1

xibi

}
= {B · x : x ∈ ZN}. (2.2)

Fig 2.1 shows an example of a lattice in two dimensions.

Every lattice contains the zero vector, denoted 0, for which 0 · bj = 0 ∀ 1 ≤ j ≤ N . The set B

of N linearly independent basis vectors together is known collectively as ‘a basis’. Each lattice

has infinitely many bases, and every basis can be mapped to every other basis by a unimodular

transformation (that is, a transformation whose matrix has determinant ±1). There is a notion

of good and bad bases, where good means that the basis vectors are quite orthogonal and quite

short, where ‘quite’ varies according to the context, but can be defined in terms of bounds on

the angles between basis vectors or ratios of their lengths. Knowledge of the specifics of these

conditions will not be important in this thesis, but the key concept to appreciate is that short

and close-to-orthogonal is good.

Necessarily, there are only a small number of good bases (a finite number by any definition of

good), and infinitely-many bad bases. The subject of turning arbitrary bad lattice bases into

‘good enough’ bases is a widely studied topic at the centre of lattice cryptanalysis (Lenstra

et al., 1982; Helfrich, 1985; Schnorr and Euchner, 1994).

With the term ‘lattice’ defined, the shortest vector problem can be defined as follows: given

a basis B = {b1, ...,bn} describing a lattice L, find the closest (non-zero) lattice point to the

origin,

vshortest = argmin{||v|| : v ∈ L\{0}}. (2.3)

This can alternatively be stated as finding the shortest distance between any two distinct points

in the lattice.
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x

y

Figure 2.1: An example of a two-dimensional lattice with lattice points depicted in black.
Red arrows represent a bad basis with long vectors that are far from orthogonal (though still
linearly-independent); green arrows are a good basis for the same lattice, with short and highly
orthogonal vectors. Both bases (by definition) span the lattice.

2.2 CTQC: Ising model and problem mapping

One way to tackle optimization in a quantum setting is to use a device which realises an Ising

Hamiltonian with a transverse field. Computing using the Ising Hamiltonian works as follows:

The optimization problem is encoded into the Ising Hamiltonian ĤI

ĤI = −
n−1∑

(j 6=k)=0

JjkẐjẐk −
n−1∑
j=0

hjẐj, (2.4)

on n qubits, such that the solution corresponds to the ground state of ĤI . In this notation,

the operator Ẑj on the full Hilbert space applies the single qubit Pauli-Z operator Ẑ to the jth

qubit,

Ẑj =

(
j−1⊗
r=0

1̂2

)
⊗ Ẑ ⊗

(
n−1⊗
r=j+1

1̂2

)
, (2.5)

where 1̂2 is the identity operator on a single qubit. The (real) values of the coupling strengths

Jjk and fields hj define the optimization problem, and efficient methods are known for expressing

optimization problems in terms of these coupling and field strengths (e.g., Choi, 2010). The
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transverse field term ĤT

ĤT = −Γ
n−1∑
j=0

X̂j, (2.6)

drives transitions between states, where Γ is a real-valued transverse field strength, and X̂j is

the operator on the full Hilbert space that applies the single qubit Pauli-X operator to the jth

qubit, defined by analogy with Ẑj in Eq. (2.5). The qubits are initialised in the ground state of

ĤT , which is easy to do by applying a strong transverse field to align all the qubits in the state

|+〉 = 2−1/2(|0〉 + |1〉). Then, the computation is carried out by applying the full transverse

Ising Hamiltonian

ĤTI(t) = A(t)ĤT +B(t)ĤI , (2.7)

where t is time and A(t), B(t) are real-valued control functions. To obtain a candidate solution

to the optimization problem, the qubit register is measured after a time tf . For some problems,

sampling from the distribution of low energy states provides the required solution – this can be

done by repeating the computation, which will in general not produce the lowest energy state

with certainty.

The Ising Hamiltonian is a natural choice for encoding problems for two reasons. First, it is

proven to be universal for classical problems (De las Cuevas and Cubitt, 2016). There are

efficient methods for mapping NP-hard optimization problems to the Ising model (Lucas, 2014;

Choi, 2010), providing a practical route to quantum algorithms. Since many optimization

problems are NP-hard, an exponential speed up is not expected, but even modest polynomial

improvements are useful for practical applications. There is increasing interest in how to obtain

polynomial advantages through quantum algorithms (Moylett et al., 2017; Montanaro, 2018;

Ambainis et al., 2019). Interesting results have been presented for a wide range of applica-

tions, such as mathematics (Bian et al., 2013; Li et al., 2017), computer science (Chancellor

et al., 2016a), computational biology (Perdomo-Ortiz et al., 2012), finance (Marzec, 2016), and

aerospace (Coxson et al., 2014). Second, the Ising Hamiltonian can be implemented in a range

of different physical systems. The quantum Ising Hamiltonian is the basic interaction Hamil-

tonian in the D-Wave Systems Inc. programmable superconducting devices (D-Wave, 1999–;

Boixo et al., 2013; Johnson et al., 2011). Implementations in other promising architectures



28 Chapter 2. Background Theory

include Rydberg systems (Bernien et al., 2017a) and trapped ions (Kim et al., 2011). The Ising

Hamiltonian is also the basic tool for specialised optimization hardware, such as coherent Ising

machines (Inagaki et al., 2016; McMahon et al., 2016). Optimization using the Ising Hamilto-

nian can be implemented in digital quantum architectures by using the quantum approximate

optimization algorithm (QAOA) (Farhi et al., 2014b,a; Marsh and Wang, 2019) or quantum

alternating operator ansatz (Hadfield et al., 2019). Studies by Zhou et al. (2018) show how to

exploit non-adiabatic effects in QAOA on early quantum hardware.

There are several known methods for driving the quantum system from its initial state into the

ground state of a Hamiltonian defining the problem to be solved. These methods correspond

to different choices for the control functions A(t) and B(t) in Eq. (2.7). QWs evolve the

system under a time-independent Hamiltonian for a suitable time before measurement of the

final state. The QW will be described in detail in section 2.4. AQC (Farhi et al., 2000, 2001)

keeps the quantum system in the ground state while the initial Hamiltonian is slowly changed

into the problem Hamiltonian. AQC will be described in detail in section 2.5. QA (Finnila

et al., 1994; Kadowaki and Nishimori, 1998) takes advantage of open quantum systems effects

to cool the system towards the ground state. QA will be described in detail in section 2.6.

Computation by QW and AQC are end points of a family of continuous-time protocols that use

the same Hamiltonian terms but are applied with different time dependent modulation (Morley

et al., 2019).

2.2.1 Ising mapping of the Sherrington-Kirkpatrick ground-state

problem

The mapping of the SK ground-state problem described in subsection 2.1.3 into the quantum

Ising model is almost trivial: the classical spin variables Sj in Eq. (2.1) are simply mapped to

Pauli-Z operators. Thus, the problem Hamiltonian ĤSK becomes

ĤSK = −1

2

n−1∑
(j 6=k)=0

JjkẐjẐk −
n−1∑
j=0

hjẐj. (2.8)
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2.2.2 Ising mapping of the MAX2SAT problem

Mappings of the MAX2SAT problem defined in subsection 2.1.4 are known (Lucas, 2014; Choi,

2010), and they are more involved than the mapping for SK. I will present such a mapping

here. The first step is to map the n binary variables on to n qubits by making the following

choice:

Ẑj|v1, v2, . . . , vn−1, vn〉 = (1− 2vj) |v1, v2, . . . , vn−1, vn〉

where Ẑj is the Pauli Z operator on qubit j. That is, one can identify the jth qubit being in

the +1 eigenstate of its Ẑj operator with the variable assignment vj = 0, and similarly identify

the jth qubit being in the −1 eigenstate of its Ẑj operator with the variable assignment vj = 1.

With this definition, it is possible to map the MAX2SAT problem instance onto these qubits

as follows.

A single clause ca can be mapped to an Ising model term Ĉa in the following way:

Ĉa ≡
1

4

(
1− s(a)

j Ẑj

)(
1− s(a)

k Ẑk

)
(2.9)

=
1

4

(
1 + s

(a)
j s

(a)
k ẐjẐk − s(a)

j Ẑj − s(a)
k Ẑk

)
(2.10)

where 1 is the identity operator and s
(a)
j is a ‘sign’ defined as

sj(a) =

1 if variable vj is not negated in literal l
(a)
j

−1 if variable vj is negated in literal l
(a)
j

.

Careful inspection of Ĉa (first line, Eq. (2.9) is clearest) will reveal that

Ĉa|v1, v2, . . . , vn−1, vn〉 = 0× |v1, v2, . . . , vn−1, vn〉 (2.11)

if the variables vj and vk in the state |v1, v2, . . . , vn−1, vn〉 satisfy the clause ca, and

Ĉa|v1, v2, . . . , vn−1, vn〉 = 1× |v1, v2, . . . , vn−1, vn〉 (2.12)

if the variables vj and vk in the state |v1, v2, . . . , vn−1, vn〉 fail to satisfy the clause ca.
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The full problem Hamiltonian ĤM2S can now be defined by simply summing of the clause

operators Ĉa to get

ĤM2S =
m∑
a=1

Ĉa. (2.13)

The eigenstates of ĤM2S are the states |v1, v2, . . . , vn−1, vn〉 and, due to Eqs. (2.11) and (2.12),

the eigenvalue of the state |v1, v2, . . . , vn−1, vn〉 ranges between 0 and m and ‘counts’ the number

of clauses that the variable assignment fails to satisfy. This means that any ground-state of

ĤM2S corresponds to a variable assignment that maximises the number of satisfied clauses.

Thus, finding such a ground-state solves the MAX2SAT problem.

2.3 CTQC: Unstructured search problem

A simple example of a problem that can be solved in the CTQC setting is the search problem.

The problem is to find the marked state, a single bit-string m ∈ {0, 1}n out of N = 2n possible

bit strings. Finding a marked state was shown to have a gate-model quantum algorithm with

a quadratic speed up over classical algorithms by Grover (1996). To map this problem to the

continuous-time Hamiltonian setting, the marked basis state |m〉 is given one less unit of energy

than all the rest of the basis states, by defining the problem Hamiltonian ĤS as

ĤS = 1− |m〉〈m|. (2.14)

By construction, the problem Hamiltonian ĤS has the marked state |m〉 as its ground state.

This construction will be used in sections 2.4 and 2.5 to show that the problem can be solved

by QW and AQC, respectively, with the same quantum speedup as in the gate-model.

2.4 CTQC: Quantum Walks

While both discrete (coined) quantum walks (Aharonov et al., 2001; Shenvi et al., 2003) and

continuous-time quantum walks (Farhi and Gutmann, 1998; Childs et al., 2003) are used for

computation, in this thesis I will only discuss the continuous-time quantum walk.
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2.4.1 Continuous-time quantum walks

A QW is defined on an undirected graph G(V,E), with V = {j}N−1
j=0 the set of N vertex

labels and E the set of label-pairs (j, k) associated with edges. The vertices correspond to the

positions of the walker, and the edges indicate the allowed transitions between vertices. This

is conveniently encoded in the adjacency matrix A of the graph, which has entries Ajk = 1 for

(j, k) ∈ E and Ajk = 0 otherwise. The Laplacian of G is L = A − D, where D is a diagonal

matrix formed from the degree of each vertex, Djj = deg(j), where deg(j) is the number of

edges connected to vertex j. Both the adjacency matrix A and Laplacian L are symmetric

matrices which can thus be used to define a quantum Hamiltonian for the dynamics of the QW

on the graph. In this thesis, only regular graphs are needed, for which deg(j) is constant with

respect to j. For regular graphs, the only difference between using the adjacency matrix A or

Laplacian L is an irrelevant global phase (Childs and Goldstone, 2004). The quantum walk

Hamiltonian ĤG for a quantum walk on graph G can be defined by

〈j| ĤG |k〉 = −γLjk, (2.15)

where γ is the hopping rate between connected vertices per unit time. The states |j〉 , |k〉 for

j, k ∈ V are associated with the vertices of G and form a basis for a Hilbert space of dimension

N . In the Ising model context, the dimension of the Hilbert space is N = 2n where n is the

number of qubits, and {|j〉}N−1
j=0 is the computational basis. For a quantum walk starting in

state |ψ(0)〉, the state of the walker evolves according to the Schrödinger equation, with formal

solution

|ψ(t)〉 = exp{−iĤGt} |ψ(0)〉 , (2.16)

using units in which ~ = 1.

2.4.2 Comparison to classical random walk

Quantum walks can, under some circumstances, explore a graph G significantly faster than the

classical counterpart on the same graph, as shown in (Farhi and Gutmann, 1998) in the context

of decision tree graphs. In this subsection, I will show this phenomenon numerically for a very

simple case: the quantum and classical walks on the line.
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0 1 N/2-1-N/2

Figure 2.2: Finite line with N + 1 vertices (for even N), centred on the vertex with index 0.

On the line, the vertex with index j is connected by edges to the vertices with indices j − 1

and j+ 1 (except the end vertices in the case of the finite line, which are only connected to one

other vertex). For the purposes of this demonstration, I will consider the finite line with N + 1

vertices (for even N), centred on the vertex with index 0. This graph is illustrated in Fig. 2.2.

The walk Hamiltonian ĤG for this given by

〈j | ĤG | j〉 =
γ for |j| = N/2

2γ otherwise
(2.17)

〈j | ĤG | k(6= j)〉 =
−γ if |j − k| = 1

0 otherwise.
(2.18)

Following (Farhi and Gutmann, 1998), a continuous-time classical random walk can be defined

by setting the (classical) probability pml(t) for the walker to go from vertex l to vertex m in

time t when moving between connected vertices with a probability per unit time γ to

pml(t) = 〈m | e−ĤGt | l〉. (2.19)

The dynamics of the quantum walk are given by Eq. (2.16). Choosing the initial state to be

|ψ(0)〉 = |0〉 in both the quantum and classical cases, the dynamics can be simulated.

I have simulated such a classical random walk and quantum walk on a line with N = 521.

Fig. 2.3(a) shows the probability P (tf ) of a measurement at time tf = 100
γ

resulting in finding

the walker at vertex x, in the classical (red) and quantum (blue) cases. It can be seen that,

while the probability for the classical walk is concentrated around the 0 vertex with very little

probability beyond |x| = 50, the quantum walk extends much further from the the 0 vertex,

with significant probability around |x| = 200.

Fig. 2.3 further illustrates the faster spreading of the quantum walk by showing the expectation

distance 〈|x|〉 from the 0 vertex as a function of measurement time tf . It can be seen that the
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expected distance increases linearly with time in the quantum case (ballistic dynamics), but

only increases with
√
tf in the classical case (diffusive dynamics).

2.4.3 Computing using a quantum walk

In subsection 2.4.2, it was demonstrated that a quantum walk can, in some circumstances,

explore a graph significantly faster than its classical counterpart on the same graph. This ob-

servation forms part of the heuristic justification for using quantum walks as a basis for quantum

algorithms for optimization problems. In this subsection, I describe the general framework for

doing this.

The task is to solve an optimization problem whoseN = 2n candidate solutions j are represented

in the computational basis {|j〉}N−1
j=0 , where j is a bit string corresponding to the state of n

qubits. The problem is encoded in an Ising Hamiltonian ĤP , of the form described by ĤI in Eq.

(2.4) and whose eigenbasis is the computational basis. I write the basis state with eigenvalue

E
(P )
a as

∣∣∣E(P )
a

〉
, with a ∈ {0 . . . N − 1}, and adopt the convention that E

(P )
a ≤ E

(P )
a+1. In other

words,
{ ∣∣∣E(P )

a

〉}N−1

a=0
is a reordering of {|j〉}N−1

j=0 based on the corresponding eigenenergies of

ĤP . The encoding is chosen such that the solution corresponds to the ground state
∣∣∣E(P )

0

〉
of

the problem Hamiltonian ĤP .

To use a quantum walk to solve the problem, it is first necessary to choose a suitable state in

which to initialize the system. With no prior knowledge of the solution, the equal superposition

of all basis states

|ψ(0)〉 = N−1/2

N−1∑
j=0

|j〉 , (2.20)

is a sensible choice that avoids bias. More generally, the initial state can be prepared as

weighted or biased superposition, to incorporate prior knowledge about the solution (Perdomo-

Ortiz et al., 2011; Duan et al., 2013; Chancellor, 2017; Graß and Lewenstein, 2017; Baldwin

and Laumann, 2018; Kechedzhi et al., 2018; Graß, 2019). Next, a suitable walk graph G must

be chosen. The main requirement is that the ground state of the quantum walk Hamiltonian

ĤG coincides with the initial state, either biased or unbiased (see section 3.3.2). A simple

way to achieve a biased starting state would be to ‘tilt’ the driver fields so they are no longer

completely transverse. Except where I explicitly state otherwise in Chapter 5, I will only
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Figure 2.3: (a) Probability that a measurement at time tf = 100
γ

after a classical random walk

(red) and quantum walk (blue) (both continuous-time) on a line of size N = 521 will find the
particle at vertex x. It can be seen that the quantum walk is much more likely to be far from
the origin than the classical random walk. (b) Expectation value 〈| x |〉 of the distance of the
particle from the origin at time tf . The expected distance increases linearly with time in the
quantum case (ballistic dynamics), but only increases with

√
tf in the classical case (diffusive

dynamics).
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consider the unbiased case in this thesis. The full Hamiltonian Ĥ is defined by adding the

(scaled version of) quantum walk Hamiltonian γĤG to the problem Hamiltonian ĤP

Ĥ ≡ γĤG + ĤP , (2.21)

where the key parameter is the hopping rate γ. The computation is performed by evolving the

initial state (Eq. (2.20)) under the full Hamiltonian Ĥ for a time tf , then measuring the qubit

register in the computational basis. The intuition, based on the faster spreading of quantum

walks over classical described in subsection 2.4.2, is that the quantum walk dynamics provide

rapid exploration of the basis states, while the energy structure of the problem Hamiltonian

ĤP causes localisation around low-energy states.

The success probability P (tf ) =
∣∣∣〈E(P )

0

∣∣∣ψ(tf )
〉∣∣∣2 of finding the solution state when measuring

will not in general be unity. It will typically be necessary to repeat the protocol multiple times

to obtain a high probability of success over all the repeats.

As I will show in subsection 2.4.5, QWs can solve the search problem (Childs and Goldstone,

2004), achieving the same quadratic O(N1/2) quantum speed up as is obtained by Grover’s

algorithm (Grover, 1996). For particular graphs, QWs can solve problems exponentially faster

(e.g., Childs et al., 2003), and they are now widely used as subroutines in more complex quantum

algorithms. However, in the continuous-time setting, the application of QWs to optimization

problems has not been studied in detail.

2.4.4 Graph choice for quantum walk computing

There are many graph-based Hamiltonians with the initial state |ψ(0)〉 defined in Eq. (2.20)

as the ground state. A common choice is the complete graph K, in which every vertex is

connected to every other. This graph has the quantum walk Hamiltonian ĤK that couples

every computational basis state |j〉 state to every other,

ĤK = N1−
∑N−1

j,k=0 |k〉 〈j|

= N [1− |ψ(0)〉 〈ψ(0)|] . (2.22)
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Figure 2.4: A 3-dimensional hypercube (a cube) graph in which the vertices are labeled by the
23 = 8 computational basis states of 3-qubits, and the edges connect the states with Hamming
distance 1 (single spin flips).

The complete graph is useful because it makes some algorithms analytically tractable (see,

e.g., Childs and Goldstone, 2004). However, for implementation on qubit-based hardware,

the complete graph is not in general practical, requiring higher order interaction terms than

the transverse Ising term (Eq. (2.6)). In this qubit setting, an implementation of the complete

graph requires a sum over every one-body term (e.g X̂j), every two-body term (e.g X̂jX̂k), every

three-body term (e.g X̂jX̂kX̂l) ... up to the n-body term
∏n−1

j=0 X̂j, a total of N terms. One- and

two-body terms are relatively easy to implement, since they correspond to Hamiltonians found

naturally. Terms in three or more Pauli-X operators are much more difficult and generally

require extra qubits to engineer in real physical systems.

A more natural choice of graph for qubits is the hypercube. The n-bit labels are associated

with the vertices of the graph such that the edges correspond to flipping one bit, as illustrated

in figure 2.4. The hypercube quantum walk Hamiltonian Ĥh on n qubits is composed of single-

body terms

Ĥh = n1−
n−1∑
j=0

X̂j. (2.23)

With Ĥh as the graph Hamiltonian, the full quantum walk computational Hamiltonian Ĥ

defined in Eq. (2.21) is a transverse Ising Hamiltonian in the form of ĤTI in Eq. (2.7), with

the control functions A(t) and B(t) kept constant throughout the computation. In this thesis,

I will almost always be using the hypercube graph.
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2.4.5 Solving the search problem using quantum walks

The QW search problem has been analytically solved (Childs and Goldstone, 2004) for several

different walk graphs. For the complete graph and the hypercube graph, a quantum speed up

is obtained for carefully chosen optimal values of the hopping rate γ. For the complete graph

Hamiltonian ĤK , the optimal value is γ
(K)
opt = 1/N , while for the hypercube Hamiltonian, Ĥh,

the optimal hopping rate γ
(h)
opt is given by

2γ
(h)
opt =

1

N

n∑
r=1

(
n

r

)
1

r
, (2.24)

where
(
n
r

)
= n!

r!(n−r!) is the binomial coefficient. For a quantum speed up, the hopping rate must

be set to γ
(h)
opt as defined by Eq. (2.24) with high precision. It has been shown (Morley et al.,

2019) that the fractional tolerance to misspecification of the optimal hopping rate γ
(h)
opt falls as

O(N−1/2).

The measurement time must also be chosen appropriately. In the limit of large problem size

N , the marked state can be found with unit success probability, limN→∞

[
P (t

(opt)
f )

]
= 1, by

measuring in the computational basis at an optimal measurement time t
(opt)
f . For both the

hypercube and complete graphs, the optimal time t
(opt)
f scales with the square-root of the

problem size N as t
(opt)
f ' π

2
N1/2. This corresponds to a quadratic speed up compared to the

best classical algorithm. Due to the absence of structure in the search problem specifically,

such a quadratic speed up has been proven to the best possible quantum speed up (Bennett

et al., 1997).

The variation of P (tf ) with tf is shown in Figure 2.5(a) for search on hypercube graphs of size

N = 230 (i.e., n = 30 qubits) and N = 211 (i.e., n = 11 qubits), using the optimal hopping

rate γ
(h)
opt. The sinusoidal oscillations of the probability P (tf ) occur because the quantum

walk is performing Rabi oscillations between the initial state and the marked state. The two

lowest energy levels of the full Hamiltonian Ĥ with varying γ undergo an avoided level crossing

at γ
(h)
opt and the associated eigenstates |E0〉 and |E1〉 are approximately the orthogonal equal

superpositions of the starting state and marked state, |E0,1〉 ' (|ψ(0)〉 ± |m〉)/2 1
2 . The gap

E1 − E0 scales with the problem size N as O(N−1/2) (Childs and Goldstone, 2004).

These simple, two-level dynamics describe the quantum walk solution to the search problem
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Figure 2.5: The search problem solved using a QW on the hypercube using the optimal hopping
rate γ

(h)
opt given by Eq. (2.24). (a) The probability P (tf ) that a measurement at time tf results in

successfully finding the marked state |m〉 for two different numbers n = 30 (red, dashed line) and
n = 11 (orange, solid line) of qubits (i.e problem sizes N = 230 and N = 211 respectively). (b)
Comparison of instantaneous success probabilities P (tf ) at the asymptotically optimal (blue
squares, dashed line) and numerically determined best (red circles, solid line) measurement
times tf .

well for large problem size N : the oscillations in the N = 230 case have no visible irregularities.

For smaller sizes, finite-size effects due to population of higher energy levels are apparent: the

oscillations in the N = 211 case have lower probability peaks and show some irregular behaviour,

such as the small dip on the first peak. These finite-size effects are further illustrated in Fig.

2.5(b), which shows the instantaneous success probability P (tf ) at the asymptotically optimal

and numerically determined best times. Both probabilities show a pronounced dip around

n = 8 qubits, with smooth behaviour only settling in for n > 12 qubits.

The search problem in the CTQC setting has two important drawbacks. Firstly, implementing

the problem Hamiltonian ĤS directly on n qubits requires O(2n) terms of products of up to n

Pauli-Z operators, similar to the problem with implementing the complete-graph Hamiltonian

ĤK , defined in Eq. (2.22), on qubits. Implementing higher order Pauli-Z terms can be done

using extra qubits as “gadgets”, e.g., (Jordan and Farhi, 2008). An alternative type of gadget,

specifically for permutation-symmetric problems like search, is given in (Dodds et al., 2019),

building on classical problem mapping techniques in (Chancellor et al., 2016a, 2017). Secondly,

it is impossible to map the problem Hamiltonian to qubits without specifying the solution

outright. Hence, the search problem serves as a useful toy problem, especially in contexts

where having analytic, computational, and physical implementations available for comparisons
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facilitates benchmarking and other testbed procedures.

2.5 CTQC: Adiabatic Quantum Computing

AQC is a time-dependent CTQC strategy, first studied experimentally in Brooke et al. (1999);

Brooke and Aeppli (2001) (although the work in these references could be more correctly

described as quantum annealing, see section 2.6) and formalised into a quantum algorithm

in Farhi et al. (2000). In AQC, the system is prepared in the ground state of a problem-

independent ‘driver’ Hamiltonian Ĥdrive which is chosen specifically so its ground-state is easy

to prepare. As with the quantum walks presented in section 2.4, the computational problem to

be solved is encoded in a problem Hamiltonian ĤP , diagonal in the computational basis, such

that its ground-state corresponds to the solution to the problem. Unlike the time-independent

Hamiltonian used for quantum walks, however, AQC is performed with the time-dependent

Hamiltonian

Ĥ(t) = [1− s(t)] Ĥdrive + s(t)ĤP (2.25)

where the control function s(t) is known as the ‘schedule’ and satisfies the boundary conditions

s(0) = 0

s(tf ) = 1 (2.26)

where tf is the total duration of the adiabatic protocol, a parameter that must be chosen. If

the total duration tf is chosen to be sufficiently large (i.e, the schedule proceeds sufficiently

slowly), performing a measurement in the computational basis at the end of the protocol at

time tf will result in the ground-state of the problem Hamiltonian ĤP with success probability

P (tf ) ≈ 1 close to unity. This result is proven in subsection 2.5.1. In fact (Roland and Cerf,

2002), if tf is large enough that the inequality∣∣∣∣dsdt
∣∣∣∣ ≤ ε

g2(s)∣∣∣∣〈 d
ds

ˆ̃H(s)
〉

2,1

∣∣∣∣ (2.27)
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is satisfied, where ˆ̃H(s(t)) = Ĥ(t), g(s) is the gap between the ground-state E1(s) and first-

excited state E2(s) of H̃(s), and
〈

d
ds

ˆ̃H(s)
〉

2,1
= 〈E2(s) | d

ds
ˆ̃H(s) | E1(s)〉, then the success

probability will be P (tf ) = 1−O(ε).

Since then, there have been many advances in the theoretical foundations of adiabatic quan-

tum computing, including proofs that it is universal in certain settings (Kempe et al., 2006;

Aharonov et al., 2009), improved versions of the adiabatic condition (Amin, 2009; Cheung

et al., 2011; Lidar et al., 2009), and an extension of the adiabatic theorem to open systems

(Venuti et al., 2016). A comprehensive review of these and other advances is available in Al-

bash and Lidar (2018a). More recently, it has been shown (Hastings, 2020) that, even when

no sign problem exists, there is a superpolynomial oracle separation between adiabatic quan-

tum computing and classical computing. There have also been recent advances in ways to

map problems; these include parity AQC (Lechner et al., 2015; Rocchetto et al., 2016; Leib

et al., 2016; Chancellor et al., 2017), a collection of methods for encoding more connected

graphs than the native hardware connections using parity. These methods provide possibly

experimentally-easier alternatives to the more traditional minor embedding techniques (Choi,

2008, 2011a).

2.5.1 Proof of the adiabatic theorem

The Schrodinger equation is

d|ψ(t)〉
dt

= −iH(t)|ψ(t)〉. (2.28)

Let |Ej(t)〉 be an eigenstate of H(t) with eigenvalue Ej(t). Then,

H(t)|Ej(t)〉 = Ej(t)|Ej(t)〉. (2.29)

Writing the state |ψ(t)〉 in the eigenbasis of H(t) as

|ψ(t)〉 =
∑
j

αj(t)|Ej(t)〉. (2.30)
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and substituting Eq. (2.30) into the Schrodinger equation (Eq. (2.28)) gives

∑
j

[
dαj(t)

dt
|Ej(t)〉+ αj(t)

d|Ej(t)〉
dt

]
= −i

∑
j

αj(t)Ej(t)|Ej(t)〉. (2.31)

Let αj(t) = βj(t)e
iθj(t) where θj(t) = −

∫ t
0

dt′E(t′). Then

dαj(t)

dt
=

dβj(t)

dt
eiθj(t) − iαj(t)Ej(t). (2.32)

Substituting Eq. (2.32) back into Eq. (2.31) then gives

∑
j

[
dβj(t)

dt
eiθj(t)|Ej(t)〉+ αj(t)

d|Ej(t)〉
dt

]
= 0.

Premultiplying by the eigenstate |Ek(t)〉 gives

dβk(t)

dt
eiθk(t) = −

∑
j

[
αj(t)〈Ek(t)|

d|Ej(t)〉
dt

]
dβk(t)

dt
= −

∑
j

[
βj(t)e

i[θj(t)−θk(t)]〈Ek(t)|
d|Ej(t)〉

dt

]
= −βj(t)〈Ej(t)|

d|Ej(t)〉
dt

−
∑
j 6=k

[
βj(t)e

i[θj(t)−θk(t)]〈Ek(t)|
d|Ej(t)〉

dt

]
(2.33)

Now, differentiating Eq. (2.29) gives

(
d

dt
H(t)

)
|Ej(t)〉+H(t)

(
d

dt
|Ej(t)〉

)
=

(
d

dt
Ej(t)

)
|Ej(t)〉+ Ej(t)

(
d

dt
|Ej(t)〉

)

and premultiplying by 〈Ek(t)| (for k 6= j) gives

〈Ek(t)|
(

d

dt
H(t)

)
|Ej(t)〉+ Ek(t)〈Ek(t)|

(
d

dt
|Ej(t)〉

)
= Ej(t)〈Ek(t)|

(
d

dt
|Ej(t)〉

)
(Ej(t)− Ek(t)) 〈Ek(t)|

(
d

dt
|Ej(t)〉

)
= 〈Ek(t)|

(
d

dt
H(t)

)
|Ej(t)〉

〈Ek(t)|
(

d

dt
|Ej(t)〉

)
=
〈Ek(t)|

(
d
dt
H(t)

)
|Ej(t)〉

∆jk(t)
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where ∆jk(t) = (Ej(t)− Ek(t)). So, Eq. (2.33) becomes

dβk(t)

dt
= −βj(t)〈Ej(t)|

d|Ej(t)〉
dt

−
∑
j

[
βj(t)e

i[θj(t)−θk(t)] 〈Ek(t)|
(

d
dt
H(t)

)
|Ej(t)〉

∆jk(t)

]
.(2.34)

Now, using the definition of differentiation (and recognizing that 〈Ek(t)|H(t)|Ej(t)〉 = 0 by

definition)

〈Ek(t)|
(

d

dt
H(t)

)
|Ej(t)〉 = lim

ε→0

[
〈Ek(t)|H(t+ ε)|Ej(t)〉+ 〈Ek(t)|H(t)|Ej(t)〉

ε

]
= lim

ε→0

[
〈Ek(t)|H(t+ ε)|Ej(t)〉

ε

]
. (2.35)

It is possible to approximate the term 〈Ek(t)|H(t+ε)|Ej(t)〉 using time-dependent perturbation

theory in the eigenbasis of H(t). Let ck,j(t+ ε) be the coefficient multiplying the state |Ej(t)〉

when |Ek(t+ ε)〉 expanded in the eigenbasis of H(t). Then, writing it out order by order gives

ck,j(t+ ε) = c
(0)
k,j + c

(1)
k,j(t+ ε) + c

(2)
k,j(t+ ε) + . . . , where c

(0)
k,j = 0 by definition. Writing Hjl(t

′) to

be the matrix element 〈Ej(t)|H(t′)|El(t)〉, is can be seen that to first order in ε

ck,j(t+ ε) = c
(1)
k,j(t+ ε) +O(ε2)

= −i
∑
l

t+ε∫
t

dt′Hjl(t
′)c

(0)
k,l e

i∆jlt
′
+O(ε2)

= −i
t+ε∫
t

dt′Hjk(t
′)ei∆jlt

′
+O(ε2)

= −i
[
Hjk(t

′)
ei∆jkt

′

i∆jk

]t+ε
t

+ i

t+ε∫
t

dt′
(

dHjk(t
′)

dt′

)
ei∆jkt

′

i∆jk

+O(ε2)

= −e
i∆jkt

∆jk

[(
Hjk(t) +

dHjk

dt′

∣∣∣∣
t

(t′ − t)
)

(1 + i∆jk (t′ − t)) +O
(
(t′ − t)2

)]t+ε
t

+

1

∆jk

t+ε∫
t

dt′
(

dHjk(t
′)

dt′

)
ei∆jkt

′
+O(ε2).
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By definition, Hjk(t) = 0, so this (along with
dHjk
dt′

∣∣∣
t

=
dHjk

dt
) gives

ck,j(t+ ε) = −e
i∆jkt

∆jk

[(
dHjk

dt
(t′ − t)

)
(1 + i∆jk (t′ − t)) +O

(
(t′ − t)2

)]t+ε
t

+ (2.36)

1

∆jk

t+ε∫
t

dt′
(

dHjk(t
′)

dt′

)
ei∆jkt

′
+O(ε2). (2.37)

Consider the derivative
dHjk(t′)

dt′
. Expanding in powers of 1/T gives

dHjk(t
′)

dt′
=

dHjk(t
′)

dt′

∣∣∣∣
1/T→0

+O(1/T)

=
dHjk(t)

dt
+O(1/T)

where, in the second step, the fact that the derivative at time t′ approaches that at time t as the

total duration diverges T →∞ has been used. So, for sufficiently large T , the derivative
dHjk(t′)

dt′

in the integrand of Eq. (2.37) can be treated as constant, taking its value at the beginning of

the integration range. This gives

ck,j(t+ ε) ≈ −e
i∆jkt

∆jk

[(
dHjk

dt
(t′ − t)

)
(1 + i∆jk (t′ − t)) +O

(
(t′ − t)2

)]t+ε
t

+

1

∆jk

dHjk

dt

t+ε∫
t

dt′ei∆jkt
′
+O(ε2)

≈ −e
i∆jkt

∆jk

[(
dHjk

dt
(t′ − t)

)
(1 + i∆jk (t′ − t)) +O

(
(t′ − t)2

)]t+ε
t

+

1

∆jk

dHjk

dt

[
ei∆jkt

′

i∆jk

]t+ε
t

+O(ε2)

≈ −e
i∆jkt

∆jk

[(
dHjk

dt
ε

)
(1 + i∆jkε) +O(ε2)

]
−

iei∆jkt

(∆jk)
2

dHjk

dt

[
ei∆jk(t′−t)

]t+ε
t

+O(ε2)

≈ −e
i∆jkt

∆jk

[(
dHjk

dt
ε

)
(1 + i∆jkε) +O(ε2)

]
−

iei∆jkt

(∆jk)
2

dHjk

dt

[
1 + i∆jk (t′ − t) +O

(
(t′ − t)2

)]t+ε
t

+O(ε2)

≈ −e
i∆jkt

∆jk

(
dHjk

dt
ε+O(ε2)

)
− iei∆jkt

(∆jk)
2

dHjk

dt
(i∆jkε) +O(ε2)
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≈ −e
i∆jkt

∆jk

dHjk

dt
ε+

ei∆jkt

∆jk

dHjk

dt
ε+O(ε2)

≈ O(ε2).

This gives

〈Ek(t)|H(t+ ε)|Ej(t)〉 ≈ O(ε2)

and so

〈Ek(t)|
(

d

dt
H(t)

)
|Ej(t)〉 ≈ N lim

ε→0

[
O(ε2)

ε

]
≈ 0

meaning that Eq. (2.34) becomes approximately

dβk(t)

dt
≈ −βj(t)〈Ej(t)|

d|Ej(t)〉
dt

(2.38)

Now, it can be shown that the term 〈Ej(t)|d|Ej(t)〉dt
has no real part. To do this, start with the

normalisation condition

1 = 〈Ej(t)|Ej(t)〉

0 =
d

dt
(〈Ej(t)|Ej(t)〉)

=
d

dt
(〈Ej(t)|) |Ej(t)〉+ 〈Ej(t)|

d

dt
(|Ej(t)〉)

= 2Re

[
〈Ej(t)|

d

dt
(|Ej(t)〉)

]
.

This means that Eq. (2.38) has the solution

βk(t) ≈ βk(0)eiγkt

where the real valued quantity γk = −i
∫ t

0
dt′
(
〈Ej(t)|d|Ej(t)〉dt

)
represents a phase that can

usually be made to vanish by an appropriate choice of phases on the Hamiltonian eigenstates.

Finally,

αk(t) ≈ αk(0)eiθj(t)eiγkt
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where θk(t) is known as the dynamical phase.

For the purposes of AQC, the initial state is usually prepared as the ground-state of the initial

Hamiltonian. That is, αk(0) = δk,1. This means that, at the end of the adiabatic sweep,

α1(T ) ≈ eiθj(T )eiγkT and the success probability will be

P (T ) ≈ 1.

2.5.2 Solving the search problem using AQC

It can be shown (Roland and Cerf, 2002; Morley et al., 2019) that AQC can be used to solve

the search problem of size N , defined in section 2.3, in a time that scales as O(
√
N), recovering

the quadratic speedup seen in Grover’s algorithm (Grover, 1996) and in the QW algorithm

described in subsection 2.4.5.

Using a transverse field Hamiltonian as the AQC driver

Ĥdrive =
1

2

[
n1−

n−1∑
j=0

X̂j

]
, (2.39)

which is similar to the hypercube Hamiltonian defined for QW in Eq. (2.23), it can be shown

that an optimal schedule

s(c)(t) =
2
√
R2√

N(1 +R1)2
tan

{
8ε
√
R2R

2
1t

n
√
NR2

2

− c
}

+
1

1 +R1

(2.40)

where

R1 =
1

N

n∑
r=1

(
n

r

)
1

r
, (2.41)

R2 =
1

N

n∑
r=1

(
n

r

)
1

r2
, (2.42)

c = arctan

{
(1 +R1)

√
N

2
√
R2

,

}
(2.43)
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run from t = 0 to

tf =
n
√
NR2

2

8ε
√
R2R2

1

[
arctan

{√
NR1(1 +R1)

2
√
R2

+ c

}]
(2.44)

' π
√
N

4ε
for large N (2.45)

will result in a success probability

P (tf ) ≥ 1− ε2 (2.46)

To illustrate these results, the optimal schedule s(c)(t) defined in Eq. (2.40) is plotted against

dimensionless time t/tf in Fig. 2.6 for n = 11 (Fig. 2.6(a)) and for n = 30 (Fig. 2.6(a)). In

both cases, it can be seen that a majority of the schedule consists of very slow change around

some critical value of s, with rapid change only near s = 0 and s = 1. This is more pronounced

for larger values of n.

The probability PAQC = |〈E(P )
1 |ψ(tf )〉|2 that a measurement in the computational basis at

(dimensionless) time τ , following the optimized schedules s(c)(t) with ε = 0.01, would result in

the problem ground state |E(P )
1 〉 is shown in Fig. 2.7 for n = 11 (Fig. 2.7(a)) and for n = 30

(Fig. 2.7(a)). In both cases, it can be seen that the probability PAQC slowly increases from its

initial value PAQC = 1/N to its final value PAQC ≈ 1.

2.6 CTQC: Quantum Annealing

QA (Finnila et al., 1994; Kadowaki and Nishimori, 1998) is a time-dependent CTQC method

that operates similarly to AQC, and is often parametrised the same way according to Eq. (2.25).

However, unlike AQC, the schedule s(t) usually proceeds much faster than the adiabatic limit,

and as such does not benefit from the formal guarantee of achieving a success probably close

to unity, and thus often requires multiple repeats to achieve a high success probability.

QA can be thought of as a heuristic quantum analogue of classical SA (see subsection 2.1.2). In

SA, a Monte Carlo-type method with a gradually-decreasing temperature parameter is used to

‘relax’ a simulated classical system into its minimum-energy configuration amidst a potentially
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Figure 2.6: Analytically calculated AQC schedule s(c)(t) against fractional time τ = t/tf (where
tf is the total duration) for (a) n = 11 and (b) n = 30.
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Figure 2.7: The probability PAQC(t) that a computational-basis measurement on the instanta-
neous state at time t along the analytically calculated AQC schedule s(c)(t) would result in the
solution state, plotted against fractional time τ = t/tf (where tf is the total duration) for (a)
n = 11 and (b) n = 30.



2.6. CTQC: Quantum Annealing 49

Figure 2.8: An illustration of the differing mechanisms by which SA and QA explore an energy
landscape E (plotted here against a 2D configuration space c). Thermal fluctuations in SA can
jump over wide but short energy barriers, whereas QA can tunnel through thin but tall energy
barriers.

complicated energy landscape defined by a problem cost function. To do this, the SA algorithm

jumps around the configuration space, with transition probabilities governed by a thermal

distribution as a function of the temperature T , which is decreased over time, leading the

system into a minimum which is hopefully the global one. However, if the landscape has many

tall barriers, the SA algorithm will get stuck in a local minimum between two such barriers, as

T will become too low to generate large enough fluctuations.

In QA, the simulated thermal fluctuations are replaced by the quantum fluctuations, on actual

Ising model hardware, induced by the transverse field driver Hamiltonian Ĥdrive. This mecha-

nism allows the system to tunnel through the kind of ‘thin but tall’ energy barriers that would

cause a problem for SA, although it would be exponentially suppressed in the case of wide

barriers. The two different mechanisms are illustrated (schematically in 2D) in Fig. 2.8.

Applications of QA have been explored in many diverse fields including traditional computer

science (Chancellor et al., 2016a; Choi, 2010, 2011b), decoding communications (Chancellor

et al., 2016b), finance (Marzec, 2016; Orús et al., 2019; Venturelli and Kondratyev, 2019), error

correction of quantum memories (Roffe et al., 2019), scheduling (Venturelli et al., 2000; Crispin
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and Syrichas, 2013; Tran et al., 2016), computational biology (Perdomo-Ortiz et al., 2012), flight

gate assignment (Stollenwerk et al., 2019), air traffic management (Stollenwerk et al., 2020),

and hydrology (O’Malley, 2018). This has partially been because of the success of experimental

quantum annealing, a notable example being the superconducting circuit quantum annealing

devices produced by D-Wave Systems Inc.

While highly successful, the D-Wave superconducting circuit devices currently operate in a

highly dissipative, but still strongly quantum mechanical, regime. This dissipation can actually

play a positive role (Dickson et al., 2013) and is the driving mechanism behind the new ‘reverse

annealing’ feature which these devices implement (Chancellor, 2017; D-Wave Systems Inc.,

2019b). Furthermore, there is increasing interest in quenches (Amin et al., 2018a) or pauses

(Marshall et al., 2019; Passarelli et al., 2019) in quantum annealing, which effectively run an

open-system version of a quantum walk during part of the computation. Thermal relaxation

effects dominate in the regime currently accessible by flux qubit quantum annealers, which is

the focus of these works.

While QW and AQC have analytical underpinnings, QA has largely been motivated by heuristic

arguments (and experimental successes) of the kind described in this subsection. Chapter 5

will focus on QA, including introducing an analytical approach to determining if a QA protocol

will likely be successful, and to calculating heuristic parameters for such protocols.

2.7 Numerical Methods

Much of the work presented in this thesis has been done via numerical simulation and optimiza-

tion, due to the lack of analytical tractability. All of the numerical work was performed using

the Python language (Van Rossum and Drake, 2003), aided extensively by the IPython (Pérez

and Granger, 2007) interpreter and the Jupyter Notebook (Kluyver et al., 2016) system. Most

of the computational heavy-lifting was performed with the NumPy (Oliphant, 2006) and SciPy

(Jones et al., 2001–) libraries for performing numerical and scientific calculations at a lower

level than available in pure Python. Most of the data-processing was done via dataframes pro-

vided by the pandas library (McKinney et al., 2010). All plots were made using the Matplotlib

(Hunter, 2007) library. Where additional computing power beyond what is available on a per-

sonal computer was required, calculations were run on the Imperial and Durham University
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high performance computing facilities.

2.7.1 Simulation of quantum dynamics

In almost all cases where full simulation of unitary quantum dynamics have been per-

formed, this was done via the quimb (Gray, 2018) library as a convenient interface to the

scipy.integrate.complex ode adaptive time-step integrator using an 8th order Runge-Kutta

method. The exceptions to this are the mixing-time calculations in subsection 3.2.5, for which

the scipy.sparse.linalg.expm multiply method (based on the methods in Al-Mohy and Higham

(2011)) was used to calculate the action of the unitary propagator on the quantum state, and the

numerical results for quantum annealing on the shortest vector problem in subsection 6.3.1, for

which a slow but stable split-step Fourier method was used to overcome numerical instabilities

in the other methods.

The calculation of the infinite time success probability P∞, defined and explained in section

3.2.1, requires full diagonalisation of a Hamiltonian. Where P∞ has been calculated, the diago-

nalisation was performed using scipy.linalg.eigh method for Hermitian matrices, which in turn

uses LAPACK routines in FORTRAN.

2.7.2 Problem instance generation

Chapters 3 and 5 both use the dataset at Chancellor et al. (2019) containing 10,000 Sherrington-

Kirkpatrick spin-glass problem instances for each number of spins 5 ≤ n ≤ 20 (defined in

2.1.3). For each instance, the coupling strengths Jjk and field strengths hj were generated from

a normal distribution with mean 0 and standard deviation 1 using numpy.random.normal.

Likewise, the random energy model instances (also 10,000 at each size) defined and used in

Chapter 3, also contained in Chancellor et al. (2019), were created by generating the N = 2n

problem energies directly from a normal distribution with mean 0 and standard deviation 1

using numpy.random.normal. The generation of MAX2SAT problem instances used in Chapter

4 is described in the opening section of that chapter; the function numpy.random.randint was

used to generate random integers as necessary for generating the clauses. Where ‘scrambled’

versions of problems have been used (i.e for subsection 3.3.1 and Fig. 4.6), the scrambling was
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performed via numpy.random.permutation.

2.7.3 Fitting and optimization

Throughout the thesis, whenever a linear model has been fit to some data, this has been done

using a least-squares method via scipy.optimize.curve fit. For Fig. 5.9, the numerical optimiza-

tion required for finding the lower bound was performed using scipy.optimize.minimize.



Chapter 3

Using quantum walks to solve

optimization problems

3.1 Introduction

In this chapter, I tackle the question of if, and how, a continuous-time quantum walk (QW)

can be useful for practical quantum optimization in the Ising model, using the Sherrington-

Kirkpatrick (SK) spin-glass ground-state problem defined in subsection 2.1.3 as a prototypical

example. This as a useful topic to explore, due to the broad importance of optimization

problems (see section 2.1) and the appeal of the Ising model as a practical route to quantum al-

gorithms (see section 2.2). Furthermore, an algorithm which is essentially a QW on a spin glass,

although presented using different terminology, has been analysed by Hastings (2019). Along

with the same energy conservation arguments I describe in section 3.3.2, Hastings’ findings

suggest that QWs on spin glasses will be interesting to explore.

As discussed in subsection 2.4.5, QWs can be used to solve the unstructured search problem

with the same quantum speedup as achieved by Grover’s algorithm (Grover, 1996) in the gate

model. Given that QWs provide a better performance for searching than AQC, especially

when limited coherence time and other practical factors, such as precision of control settings,

are considered (Morley et al., 2019), it is important to understand how they perform for a wider

range of problems. The SK problem considered in this chapter has features in common with

real life hard optimizations problems which, unlike the search problem, do not typically admit

53
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analytic solutions. The search problem as solved by QWs provides useful comparisons with

these spin glass problems.

Finding the ground state of a SK spin glass is known to be not only NP-hard, but also uni-

formly-hard, as suggested by its finite-temperature spin glass transition. Without a finite

temperature spin glass transition, a problem cannot be uniformly hard, since the lack of a

transition implies that typical cases will be easy for the Monte Carlo family of algorithms, as

discussed in (Katzgraber et al., 2014). As has been shown for a random problem type used in

early benchmarks of quantum annealing hardware (Katzgraber et al., 2014), uniform hardness

is crucial: without this property, randomly generated instances of NP-hard problems are not

necessarily hard to solve (Beier and Vöcking, 2004; Krivelevich and Vilenchik, 2006; Lucas,

2014).

The SK problem Hamiltonian differs from the unstructured search problem by having structure,

produced by the ẐjẐk terms. As a result, the covariances between the energies of two basis states

depends on the Hamming-distance between them (Baldwin and Laumann, 2018). Knowing the

energy of one state gives some information about the energy of states that differ by a small

number of bit-flips. This results in a distribution of the eigenenergies that is almost normal

(as can be seen by plotting the distributions and numerically calculating moments), but which

deviates from normal in the tails of the distribution.

To distinguish the effects of the correlations between energy difference and Hamming distance

in the spin glass from the effects of simply having a more random eigenenergy distribution, a

random energy model (REM) (Derrida, 1980) is used for comparison. A problem with perfect

correlations is easy to solve, like finding the ground state of a spin system with only local fields,

no couplings. A completely random problem, such as finding the ground state of a random

energy model instance, has no correlation to exploit and so is very hard to solve, essentially

requiring random guessing. However, a completely random model is fully characterised by

average values of its properties, and finding exact ground states of specific instances is typically

not interesting. Intermediate problems with some correlations are both hard and interesting,

with complex behaviour and phase diagrams, like spin models with frustration and spin glass

phases. Real optimization problems typically have correlations; they are often hard to solve

but also produce interesting solutions. The inherent complexity of a problem comes from the

structure of the problem and its correlations, not the structure of the solution itself. One
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illustration of this is the construction of hard benchmarking problems with ‘planted’ solutions

defined at the time of construction, which therefore have no special structure related to the

problem’s hardness, see for example (Hen, 2019; Hamze et al., 2019).

This chapter is structured as follows: In section 3.2, I present the main results showing how

QW can find spin glass ground states more effectively than a quantum unstructured search

algorithm. In section 3.3, I identify the computational mechanisms and important aspects of

the problem structure that contribute to the effectiveness of computation by QW. Finally, in

section 3.4, I will summarize the chapter.

3.2 Quantum walks with spin glasses

In order to implement a QW algorithm for finding the ground states of the spin glasses defined

in subsection 2.1.3, I have followed the procedure described in subsection 2.4.3: Choose a

quantum walk graph G and associated Hamiltonian ĤG (and premultiply it by a hopping rate

γ) and add the spin glass Hamiltonian to get the full QW Hamiltonian Ĥ = γĤG + ĤSK. Since

the hypercube is the natural choice of graph for qubit implementations, I have used this graph,

with walk Hamiltonian Ĥh defined in Eq. (2.23), unless otherwise indicated. For the initial

state |ψ(0)〉, I have used the equal superposition (Eq. (2.20)), which is the ground state of the

hypercube Hamiltonian Ĥh.

3.2.1 Defining success probability

In general, it will be best to use different measurement times tf for each repeat. Different

measurement times will produce different success probabilities P (tf ), and varying the measure-

ment time avoids repeatedly measuring at a time for which the probability P (tf ) happens to

be atypically small. More precisely, an average single run success probability P̄ (t,∆t) can be

defined by choosing the measurement time tf uniformly at random in an interval [t, t + ∆t];

that is,

P̄ (t,∆t) ≡ 1

∆t

t+∆t∫
t

dtfP (tf ). (3.1)
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Operationally, choosing the measurement time tf randomly in the interval [t, t + ∆t] samples

success probabilities from the distribution with P̄ (t,∆t) as its mean. Sampling measurement

times in this way means that the protocol typically needs to be repeated Mrep ∼ 1/P̄ (t,∆t)

times to achieve an overall O(1) success probability. Note that it is not generally possible to

check whether the state measured is indeed the ground state of ĤP . However, it is easy to

calculate the energy of the state measured in each repeat. If only the lowest energy state is

accepted, it is only necessary for the ground state of ĤP to be measured once out of all the

repeats. The more repeats, the more confidence is gained that the lowest energy state found is

the ground state.

In the limit of small interval width ∆t, the average success probability defined in Eq. (3.1)

reduces to the single time probability P (tf ) = lim∆t→0 P̄ (tf ,∆t). The long time limit of this

average,

P∞ ≡ P̄ (0,∞) ≡ lim
∆t→∞

P̄ (0,∆t), (3.2)

is particularly useful, because it predicts the short time average well (see subsection 3.2.5), and

can be calculated via a numerical diagonalization of the Hamiltonian, as I will now show.

Writing the spectral expansion of the full QW Hamiltonian as

Ĥ =
N−1∑
a=0

Ea |Ea〉 〈Ea| , (3.3)

with indices ordered such that Ea ≤ Ea+1 and |Ea〉 the eigenstate with eigenvalue Ea, the

instantaneous probability can be written in terms of the spectral expansions as

P (t) =
∣∣∣〈E(P )

0

∣∣∣ exp (−itĤ) |ψ(0)〉
∣∣∣2

=

∣∣∣∣∣
N−1∑
a=0

exp (−itEa)
〈
E

(P )
0

∣∣∣Ea〉 〈Ea|ψ(0)〉

∣∣∣∣∣
2

=
N−1∑
a=0

∣∣∣〈E(P )
0

∣∣∣Ea〉∣∣∣2 |〈Ea|ψ(0)〉|2 (3.4)

+
N−1∑
a6=b=0

[
exp (−it(Ea − Eb))

〈
E

(P )
0

∣∣∣Ea〉×
〈Ea|ψ(0)〉

〈
Eb

∣∣∣E(P )
0

〉
〈ψ(0)|Eb〉

]
.
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Figure 3.1: Infinite time average success probability P∞ (green triangles, dotted line), defined
in Eq. (3.2), for the unstructured search problem at different numbers of qubits n.

Assuming no degeneracy (that is, all gaps Ea − Eb are nonzero), which is justified for the

randomized nature of the SK and REM problems, the oscillatory terms cancel in the infinite

limit (because
∫∞

0
dt exp (−itθ) = 0 for nonzero θ) to leave the infinite-time average probability

P∞ given by

P∞ =
N−1∑
a=0

∣∣∣〈E(P )
0

∣∣∣Ea〉∣∣∣2 |〈Ea|ψ(0)〉|2 . (3.5)

To illustrate that the infinite-time average probability P∞ is a meaningful measure of success

probability, I have applied it to the unstructured search problem described in section 2.3. The

result is shown in Fig. 3.1. As with instantaneous success probability P (tf ) at the asymptot-

ically optimal and numerically determined best times shown in Fig. 2.5(b), the infinite-time

average probability P∞ in Fig. 3.1 shows the pronounced dip around n = 8 qubits, with smooth

behaviour only settling in for n > 12 qubits. The main difference is that the infinite-time prob-

ability P∞ asymptotes to a half instead of 1, due to being an average over the oscillations.

Hence, QW applied to unstructured search with a random measurement time should on average

only need to be repeated twice to locate the marked state; knowing the exact time to measure

for the optimal success probability is not necessary for the success of the algorithm. Fixed

point quantum search algorithms (Yoder et al., 2014; Dalzell et al., 2017) are another approach

that avoids the need to know how long to run the algorithm for.
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In this chapter, I will often use the long time average P∞ as an indication of the success

probability achievable in a single run, and thus the number of repeats required to achieve O(1)

success probability overall. The timescale required to reach this probability in each run will be

addressed separately in section 3.2.5.

An alternative success metric that is often used is the time-to-solution (TTS) (Albash and

Lidar, 2018b), defined as

TTS(tf ) = tfR(tf ), (3.6)

where tf is a chosen duration for each repeat (including any initialisation time) and R(tf ) is

the required number of repeats to amplify the success probability P (tf ) from a single run of

duration tf to some specified constant (e.g 0.99). Typically, TTS(tf ) is optimized over tf to

find the optimal TTS. In order to simplify my analysis, and because I am exploring the QW

mechanism rather than aiming to present an optimized algorithm, I have opted for the simpler

approach of using the various time-averaged success probabilities P̄ (t,∆t) as the metrics of

success.

To see the relationship between P̄ (t,∆t) and TTS(tf ), consider the modified TTS(t,∆t) that

arises from picking a measurement time tf uniformly from the interval of width of ∆t, centred

on t + ∆t/2. The success probability of a single run is P̄ (t,∆t) and so the required number of

repeats is R(t,∆t) = O (1/P̄ (t,∆t)). Using the centre of the time window as the average runtime

of each repeat, a sensible modified TTS is

TTS(t,∆t) =

(
t+

∆t

2

)
R(t,∆t). (3.7)

As I will show numerically in subsection 3.2.5, using a time window for which both t and ∆t

scale at worst logarithmically in problem size N results in a success probability that can’t be

improved upon by using longer times, while the number of repeats required scales much more

harshly. As such, it is reasonable to characterise the total runtime as being ∼ Õ (1/P̄).
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3.2.2 Random energy model

To isolate the effect of the correlations in the SK problem, I will compare it with the random

energy model (REM) (Derrida, 1980), in which the eigenenergies themselves are independently

drawn from a normal distribution. The problem Hamiltonian ĤREM for REM is

ĤREM =
N−1∑
j=0

Fj |j〉 〈j| , (3.8)

with {|j〉}N−1
j=0 the computational (Z) basis and the energies Fj drawn independently from the

normal distribution N (0, 1).

REM has a similar energy level distribution to that of SK, apart from the tails. By definition it

lacks the correlations: knowing the energy of one state gives no information about the energies

of other states. Comparison between these two models highlights the effect of the pairwise

structure in the SK model.

3.2.3 Setting the hopping rate

In contrast to the search problem described in section 2.3, for SK and REM it is impossible

to efficiently calculate the optimal hopping rate γ
(h)
opt that maximizes the success probability.

It is not even clear which measure of success probability should be maximized because, unlike

the search problem, there will be no efficient way to find the optimal measurement time t
(opt)
f

for any choice of hopping rate γ. To bootstrap the investigation, I have chosen to define the

optimal hopping-rate γ
(h)
opt with respect to one of the average probabilities defined in Eq. (3.1);

in particular, I choose the hopping rate that maximizes the infinite-time average probability

P∞ defined in Eq. (3.2). I make this choice because the infinite-time average probability P∞

is numerically convenient to calculate, and because it has been seen to be a relevant measure

of probability in the search example, see Fig. 3.1. I will show in subsection 3.2.5 that the

probability P∞ typically agrees well with probabilities averaged over shorter and more practical

time windows.

Some plots of the infinite-time probability P∞ against hopping rate γ for typical 11-qubit

examples of the SK and REM are shown in Fig. 3.2. Note that the maximal success probability
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Figure 3.2: Infinite-time success probability P∞ against hopping rate γ for 3 typical 11-qubit
examples of SK (left) and REM (right). Also indicated (for one example in each plot) is the

width ∆γ
(h)
opt of the peak.

varies by an order of magnitude between the two problem-types, with REM higher and SK

lower. While the optimal hopping rate γ
(h)
opt is instance-dependent, these plots show that the

dependence of infinite-time probability P∞ on hopping rate γ is typically characterised by broad,

bumpy peaks for SK, and by narrow, well-defined peaks for REM. This implies that a precise

value of the hopping rate γ is needed for REM, while there is some tolerance to non-optimal

values of the hopping rate γ for SK for the sizes studied here.

To investigate the success probability more systematically, I performed a brute-force numerical

search to find the optimal hopping rate γ
(h)
opt that maximizes the success probability P∞ for each

SK and REM instance from the data sets of 10k random instances for 5 ≤ n ≤ 11. This gives

a baseline maximum average single run success probability for the QW algorithm.

The optimal hopping rates γ
(h)
opt correspond to the best a QW algorithm on the hypercube can

possibly do in a single run. For practical algorithms, it is necessary to find a heuristic method

for choosing the hopping rate that can be calculated from the known parameters. For the

QW algorithm for unstructured search, the optimal hopping rate balances the energy between

the two components of the Hamiltonian, ĤP and γ
(h)
optĤh. Guided by this, I define the heuristic

hopping rate γ
(h)
heur for SK and REM such that it balances these overall energy-scales on average.

To do this, I simply matched the energy-spread E
(h)
N−1−E

(h)
0 of the hypercube walk Hamiltonian

Ĥh with the average energy-spread 〈E(P )
N−1 − E

(P )
0 〉 of the problem Hamiltonian ĤP . For the

hypercube Hamiltonian Ĥh defined in Eq. (2.23), the energy spread E
(h)
N−1 − E

(h)
0 is equal to
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Figure 3.3: Histograms (showing relative frequency p(γ
(h)
opt)) of the numerically-found optimal

hopping rates γ
(h)
opt for the 10,000 11-qubit instances of SK (blue) and REM (red). The dashed

and dotted lines show the heuristic hopping rate γ
(h)
heur, calculated according to Eq. (3.9), for

SK and REM respectively.

2nγ; hence, I define the heuristic hopping rate γ
(h)
heur by

γ
(h)
heur ≡

1

2n

〈
E

(P )
N−1 − E

(P )
0

〉
. (3.9)

To demonstrate that this heuristic is sensible, Fig. 3.3 shows a comparison of the distributions

of optimal hopping rates γ
(h)
opt for SK (blue) and REM (red), as well as the heuristic hopping

rates (black, dashed and dotted lines for SK and REM respectively) calculated according to

Eq. (3.9), for the 11-qubit data set. For both SK and REM, the heuristic hopping rate γ
(h)
heur

falls in the centre of the γ
(h)
opt distributions. Note that the SK distribution is much broader than

for REM: not only are the individual peaks for γ
(h)
opt for SK much broader than for REM (Fig.

3.2), but the distribution of the maxima of those peaks is also much broader (Fig. 3.3). This

may seem to be a problem for specifying a heuristic value for γ for SK from average energies,

but as I will show, it is actually REM that fails for the heuristic γ, while SK works well.

For a normal distribution of energy levels, the average problem energy spread can be estimated

as 〈
E

(P )
N−1 − E

(P )
0

〉
' −(2

3
2σ

(energy)
P ) erf−1

( 1

N
− 1
)
, (3.10)

where σ
(energy)
P is the standard deviation of the energy eigenvalues of the problem Hamiltonian.

For REM, the standard deviation σ
(energy)
REM is equal to 1 by definition (see subsection 3.2.2).

For SK, the standard deviation σ
(energy)
SK can be shown to be equal to 1

2
[n(n + 3)]

1
2 . Eq. (3.10)
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is accurate for REM (which has normally-distributed energy levels by definition) but, as al-

ready noted, the distribution of the eigenenergies in SK deviates from normal, especially in the

tails. Through numerical fitting, I have found that there is a multiplicative constant factor of

approximately 0.887 that corrects the formula in Eq. (3.10) for SK for the effects of the non-

normal tails. For the numerical analysis using γ
(h)
heur in this chapter, I have used the numerically

calculated average energy-spread at each number of qubits n.

Fig. 3.4(a) compares the heuristic hopping rate γ
(h)
heur and average optimal hopping rate 〈γ(h)

opt〉

at different numbers of qubits 5 ≤ n ≤ 11. The full width at half maximum (FWHM) has

also been calculated for each instance, to estimate the tolerance ∆γ
(h)
opt to deviations from the

optimal hopping rate γ
(h)
opt (illustrated in Fig. 3.2). The width of the shaded regions in Fig.

3.4(a) corresponds to the average tolerance range 〈∆γ(h)
opt〉 at each number n of qubits. While the

heuristic hopping rate differs slightly from the average optimal hopping rate for SK, the average

tolerance range 〈∆γ(h)
opt〉 is much broader, and does not shrink with increasing number of qubits

n. For REM, however, while there is close agreement on average, the tolerance range shrinks

quickly with the number of qubits n as the peaks (as in Fig. 3.2, right) become narrower. This

means that the heuristic hopping rate γ
(h)
heur is more likely to lie further than 2∆γ

(h)
opt outside

of the actual probability peak for each instance, even though it agrees well with the average

optimal hopping rate 〈γ(h)
opt〉. Consequently, a QW with the heuristic hopping rate γ

(h)
heur does

not perform well for most REM instances.

It is instructive to quantify this sensitivity to deviations from the optimal hopping rate γ
(h)
opt. Fig.

3.4(b) shows log-linear and log-log plots of the average fractional tolerance range 〈∆γ(h)
opt/γ

(h)
opt〉

against number n of qubits for SK (blue circles), REM (red squares) and search (green tri-

angles) on the hypercube. For SK, the fractional tolerance range 〈∆γ(h)
opt/γ

(h)
opt〉 decreases as

approximately 1/n, while for REM and search the decrease is approximately N−0.5. This de-

crease is expected theoretically for search (Childs and Goldstone, 2004). The fitted lines do

not show exactly a square-root dependence (exponent of −0.5) due to the finite size effects for

small numbers of qubits n ≤ 12.

Thus, it can be seen that REM behaves like the search problem in a QW setting. For a precisely

optimal hopping rate γ
(h)
opt, the success probability is high, but this instance-dependent hopping

rate is hard to predict, unlike for the analytically tractable QW algorithm for unstructured

search. Without this precise hopping rate, QWs perform no better than guessing for the search
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Figure 3.4: (a) Average optimal (circles, solid line) and heuristic (squares, dashed line) hopping

rates, 〈γ(h)
opt〉 and γ

(h)
heur, against number n of qubits for SK (top, blue) and REM (bottom, red).

The shaded regions bordered by dotted lines indicate the average tolerance range 〈∆γ(h)
opt〉 to

non-optimal hopping rates, defined as full width at half maximum (FWHM) of the probability

peak surrounding γ
(h)
opt, as illustrated in Fig. 3.2. (b) Log-linear plot (top) and log-log plot

(bottom) of average fractional tolerance range 〈∆γ(h)
opt/γ

(h)
opt〉. REM (red squares, dotted line)

shows an exponential decrease, fitting to a line (red, solid line) with a gradient of −0.583±0.006
in the log-linear plot. SK (blue circles, dotted line) shows a polynomial decrease, fitting to a
line (solid blue) in the log-log plot with a gradient of −1.09± 0.04. The same quantity for the
search problem calculated the same way is also shown (green triangles, dash-dotted line), and
it fits well to a line (solid green) in the log-linear plot with a gradient of −0.546± 0.004.
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problem and for REM. In contrast, QWs applied to SK give a better-than-guessing success

probability P∞ > 1/N for the heuristic hopping rate γ
(h)
heur calculated according to Eq. (3.9).

With the conditions under which a better-than-guessing success probability can be achieved

characterised for the three problem types, SK, REM, and search, I will turn to the scaling of

this success probability with problem size N .

3.2.4 Success probability

Fig. 3.5 shows how the single-time success probability P (tf ) varies with the measurement time

tf for two typical 11-qubit examples of SK and REM. In the REM case, the behaviour is similar

to that shown in Fig. 2.5(a) for search: an oscillatory nature indicating the dominance of a

two-level avoided-crossing feature, but with evidence of the population of other energy-levels

that lead to finite-size effects in search. For REM, these finite-size effects are more pronounced,

and are instance-dependent. The random nature of the REM problems means there is not

such a clear cut off size, as there is for the search problem, above which finite size effects

are negligible. In any case, based on search, it is to be expected that finite size effects to be

significant at n = 11. For SK, the behaviour is quite different from search or REM. There is no

indication of dominant oscillatory behaviour; instead, these plots show unpredictable, highly

instance-dependent fluctuating dynamics for all the sizes I have used. This indicates that for

SK, the behaviour is determined by the excitation of many energy levels.

As with finding a suitable hopping-rate γ, both REM and SK differ from the search problem in

that there is no practical way to find the optimal measurement time t
(opt)
f ; a different approach

must be taken instead. As already noted for the search problem, this can be handled by using

the time averaged probabilities defined in Eq. (3.1). I first consider the infinite-time probability

P∞, as defined in Eq. (3.2), since it is easy to calculate. Fig. 3.6 shows the average infinite-

time success probability 〈P∞〉 against the number n of qubits for the two problems using both

the optimal γ
(h)
opt and heuristic γ

(h)
heur hopping rates. For SK, this gives exponential decay with

the number of qubits n in both cases: the average probability 〈P∞〉 changes with n according

to

〈P∞〉 =

{
Õ(N−0.402±0.001) with γ

(h)
opt

Õ(N−0.417±0.002) with γ
(h)
heur

, (3.11)
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Figure 3.5: Instantaneous success probability P (tf ) against measurement time tf for a QW on

2 typical 11-qubit SK examples (a) and on 2 typical 11-qubit REM examples (b), using γ
(h)
opt.
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Figure 3.6: Blue, left: Log-linear plot of average infinite time success probability 〈P∞〉 against
number of qubits n for SK, using optimal (circles, dotted line) and heuristic (squares, dashed

line) hopping rates γ
(h)
opt and γ

(h)
heur. The data fit log2〈P∞〉 = (−0.402±0.001)n+(−0.174±0.008)

and log2〈P∞〉 = (−0.417 ± 0.002)n + (−0.32 ± 0.01) respectively. Red, right: Log-linear plot
of the same quantities for REM. In this case, the probability stays at constant order for the
optimal rate and decays for the heuristic rate.
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where Õ may neglect factors logarithmic in its argument. That is, using the heuristic hopping

rate γ
(h)
heur instead of the optimal hopping rate γ

(h)
opt has only a minor impact on the average

success probability 〈P∞〉.

For REM, the behaviour is quite different. With the optimal hopping rate γ
(h)
opt the success

probability P∞ is of constant order but with a pronounced dip. This behaviour is similar to

that seen for the search problem, where the dip seen in Fig. 2.5(b) is a finite-size effect. This

similarity is expected, given the similarity between the dynamical behaviour shown in Fig.

2.5(a) for search and in Fig. 3.5(b) for REM. With the heuristic hopping rate γ
(h)
heur for REM,

a significantly reduced success probability P∞ is seen compared to the optimal case. That is,

the heuristic is performing poorly, despite the good agreement shown in Fig. 3.4(a).

The clear difference in behaviour between SK and REM can be explained by the different

tolerances ∆γ
(h)
opt to deviations from the optimal hopping rate γ

(h)
opt shown in Fig. 3.4(a) and Fig.

3.4(b). For SK, the tolerance range is broad enough for the heuristic to lie within it, while for

REM the heuristic hopping rate γ
(h)
heur almost always misses this range entirely even though it

is close to the average optimal hopping rate
〈
γ

(h)
opt

〉
.

3.2.5 Mixing times

The results in subsection 3.2.4 show a numerically determined an average success probability

scaling with problem size of ∼ Õ(N−0.42) for a QW finding SK spin glass ground states, using

the heuristic hopping rate γ
(h)
heur. This is based on the infinite-time success probability P∞, i.e.,

uniform sampling from the distribution of all possible runtimes. I subsequently investigated

the time dependence in more detail to answer the question “is it possible to sample from a

finite run time and still obtain the same speed up?” Since P (0) = 1/N corresponds to random

guessing, there must be a minimum time before which it is not effective to measure.

I have defined a mixing-time τ
(ε)
mix to be the latest time, t, for which the time averaged prob-

abilities P̄ (0, t) and P̄ (0, 2t) at the two times t and 2t differ by a fraction greater than the

fluctuation parameter ε,

τ
(ε)
mix = max{t :

∣∣∣ P̄ (0, t)− P̄ (0, 2t)

P̄ (0, t)

∣∣∣ > ε}. (3.12)
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Figure 3.7: (a) Log-linear plot of the mixing time τ
(0.05)
mix for search, using γ

(h)
opt. The solid line of

best fit is log2 τ
(0.05)
mix = (0.5000±0.0002)n+(3.424±0.006), with finite-size effects dominating at

small numbers of qubits n . 20. (b) Log-log plot of the average mixing time against system-size

n for SK, using γ
(h)
opt. The solid line of best fit is log2〈τ

(0.05)
mix 〉 = (0.74±0.03) log2 n+(2.23±0.08).

This definition of τ
(ε)
mix is based on similar definitions found in prior work (Aharonov et al.,

2001), with modifications for computational convenience. I have numerically estimated the

mixing-time τ
(0.05)
mix for each SK instance up to n = 11 qubits, using the optimal hopping rate

γ
(h)
opt for each instance. To do this, I simulated the QW dynamics for a successively-doubling

duration until a time at which the condition is met was reached. The fluctuation parameter

ε = 0.05 corresponds to a deviation of 5%. To verify that the mixing-time τ
(0.05)
mix correctly

captures the relevant dynamical timescale, I have also numerically estimated it for the search

problem at each system size from n = 5 to n = 30 qubits. QW on the unstructured search

problem can be mapped to the symmetric subspace, allowing larger sizes to be analysed. The

mixing-time τ
(0.05)
mix for search exhibits the expected exponential timescale: the solid green line

of best fit in Fig. 3.7(a) has the expected scaling with problem size N of τ
(0.05)
mix = Õ(N1/2).

For search, the scaling is dominated by the run time, the success probability is O(1). However,

this behaviour only emerges clearly above n ∼ 20. Below this, the behaviour is influenced

by the finite-size effects that arise due to population of higher energy levels. This means it

is not useful to analyse the behaviour of the REM time scaling; finite size effects mask the

scaling behaviour for computationally tractable sizes. However, unlike search and REM, the

SK behaviour is influenced by higher energy levels at all sizes, through the frustration provided

by the random couplings between the spins. Hence, such finite-size effects are not evident in

SK; the behaviour is already dominated by the frustration at small sizes. Fig. 3.7(b) shows a
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Figure 3.8: Log-plot of average success probability using γ
(h)
heur against number of qubits for

infinite-time (blue circles and dotted line) as in Fig. 3.6, and averaged over the short time

window 12.5n
1
2 ≤ t ≤ 17.5n

1
2 (purple crosses and dashed line). The short time data are fit by

log2〈P̄ 〉 = (−0.410 ± 0.002)n + (−0.37 ± 0.02) (solid purple line). The 2−n probability when
measuring at t = 0, equivalent to randomly guessing (solid black line), and its square-root 2−n/2

(dotted black line) are also shown for comparison.

log-log plot of the mixing-time averaged over the ensemble 〈τ (0.05)
mix 〉. The solid blue line of best

fit has a logarithmic scaling with problem size N of

〈τ (0.05)
mix 〉 = O(n0.74±0.03) ' O([log2N ]0.75). (3.13)

Thus it contributes a logarithmic factor to the overall scaling. It is worth emphasising that,

while this single-run timescale is polynomial in the number of spins n, the overall timescale is

still exponential in n due to the exponential number of repeats required to achieve O(1) success

probability.

To confirm the subsidiary nature of the time scaling for each SK run, Fig. 3.8 shows a log-plot

comparing, for the heuristic hopping rate γ
(h)
heur, the success probability P∞ in the infinite-

time case (as in Fig. 3.6) and in the case of an early, logarithmically-scaling (with respect

to N) measurement window 12.5n
1
2 ≤ t ≤ 17.5n

1
2 ≡ (tshort,∆tshort). This n0.5 scaling of the

window is even shorter than the fitted scaling of n0.75, although at these sizes the difference

is not significant. This finite-time probability P̄ (tshort,∆tshort) is similar to the infinite-time
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probability P∞: the solid purple line of best fit in Fig. 3.8 has a scaling with problem size N of

〈
P̄ (tshort,∆tshort)

〉
= Õ(N−0.410±0.002). (3.14)

This should be compared with Eq. 3.11, where the value of the exponent for the average infinite

time success probability P∞ with the heuristic hopping rate γ
(h)
heur is given by −0.417± 0.002.

As the dominant factor in the total runtime comes from the required number of repeats, and

because the single-run timescale contributes only a logarithmic factor, these results constitute

good numerical evidence for an average total runtime which scales with problem size N as

∼ Õ(N0.41) for using QWs to find spin glass ground states, over the range of N in my data sets.

This scaling is better than the best possible (quadratic) speed up achievable for QW applied to

unstructured search. Moreover, it comes without the requirement for exponential precision in

setting the hopping rate that renders practical use of QWs to solve unstructured search difficult

for large problems. In the next section, I will present some insights into where the improvement

over search comes from.

3.3 Computational mechanisms

3.3.1 Role of correlations in SK

To investigate whether the energy correlations with Hamming distance in SK play a significant

role in the computational process of finding the ground state with a QW, I performed three

additional sets of numerical tests.

Firstly, with the same SK instances, I simulated a similar QW but used a complete graph

Hamiltonian ĤK , defined in Eq. (2.22), instead of the hypercube graph Hamiltonian Ĥh. This

removes the correspondence of Hamming-distance between classical states with the distance

between those states on the graph: for the complete graph, every state is one unit (edge) away

from every other state. In terms of the Hamiltonian, the transverse Ising term is replaced by

sums of products of up to n Pauli-X operators that flip up to n qubits at the same time, in all

possible combinations. For each SK instance up to n = 11, I estimated the optimal hopping

rate γ
(K)
opt for the complete graph, and then used it to calculate the infinite-time probability P∞.
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Secondly, I constructed ‘scrambled SK’ instances, denoted sSK, by randomizing which state

corresponds to which energy in the SK instances. The Hamiltonians this produces have identical

energy spectra to the SK instances, but without the correlations between energy difference and

Hamming distance on the hypercube graph. This approach has similarities with previous work

(Farhi et al., 2008, 2011; Hen, 2014). For each sSK instance, I estimated the optimal hopping

rate γ
(h)
opt, which is different from that used for the ordinary SK versions. This hopping rate was

then used to calculate P∞.

Thirdly, I sorted the eigenenergies of each REM instance in increasing size and assigned them to

the computational basis states in the order of a binary-reflected Gray code on their bitstrings, to

arrive at a problem denoted REMGC. This added some amount of Hamming-distance structure

to the problem Hamiltonians by ensuring that the closest energies are assigned to states that

differ by only a single bit-flip. For each REMGC instance, I estimated an optimal hopping

rate γ
(h)
opt, which is different from that used for the ordinary REM problem. This was used to

calculate the infinite-time probability P∞. While REMGC is not a hard problem as defined, it

provides a useful example to compare with how the QW finds the ground state of a SK spin

glass.

These three variants provide separate tests of the influence of the graph structure (choice of

walk Hamiltonian) and problem structure (pairwise correlations in SK). Fig. 3.9 shows how

the infinite-time probability P∞ varies with the number of qubits n for these three variants,

alongside SK and REM on a hypercube graph from Fig. 3.6, while Fig. 3.10 shows how the

average fractional tolerance range 〈∆γ(h)
opt/γ

(h)
opt〉 varies with the number of qubits n, alongside

SK and REM on a hypercube graph from Fig. 3.4(b)

In both cases, the five variants are clearly split into two groups: those with REM- and search-like

behaviour and those with SK-like behaviour. Removing the correlations from SK by scram-

bling the energies (sSK) results in behaviour like REM and search. Moreover, removing the

correspondence between distance and Hamming weight by using the complete graph instead

of the hypercube also changes the SK problem behaviour to be like REM and search. In the

opposite direction, inserting pairwise correlations into REM via a Gray code (REMGC) results

in problems that are much more like SK than like the REM problems on a hypercube graph.

These results imply that that the problem structure (in this case the pairwise correlations in SK)

needs to be matched by a compatible driver Hamiltonian (in this case the hypercube/transverse
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Ising) to obtain better than quadratic scaling. This type of local structure in the solution space

is exploited in many classical algorithms. For example, classical Monte Carlo optimizations that

use a single bit flip update rule are naturally using this hypercube structure. Using a complete

graph instead would correspond to flipping a random number of bits, which is equivalent to

guessing at each step.

3.3.2 Energy conservation dynamics

QW time evolution is unitary, and there is no time dependence in the Hamiltonian that can lead

to energy gain or loss by the system. Hence, it is important to consider how it can find a lower

energy state than it starts in (with respect to ĤP ) with any better-than-guessing probability.

For the search problem, this happens through an analog of Rabi flopping (see Fig. 2.5), cycling

between the initial and solution states. However, the dominant avoided level crossing structure

is not present in the spin glasses to provide this mechanism.

As I will discuss here, there is in fact a very generic mechanism (also described independently

by Hastings (2019)) that relies on starting in the ground state of the walk part of Hamiltonian

ĤG. Let 〈Ô〉ψ(t) for operator Ô be defined by 〈ψ(t)|Ô|ψ(t)〉 = 〈Ô〉ψ(t). Then, by linearity, and

the definition of Ĥ in Eq. (2.21), the energy expectation at time t is

〈Ĥ〉ψ(t) = 〈γĤG〉ψ(t) + 〈ĤP 〉ψ(t). (3.15)

Due to the unitarity of the evolution under a time-independent Hamiltonian, this expectation

energy will not change over time, giving

〈Ĥ〉ψ(t) = 〈Ĥ〉ψ(0). (3.16)

which yields

γ
(
〈ĤG〉ψ(t) − 〈ĤG〉ψ(0)

)
= 〈ĤP 〉ψ(0) − 〈ĤP 〉ψ(t). (3.17)

As |ψ(0)〉 is chosen to be the ground state of ĤG, the LHS must be non-negative. Furthermore,

as |ψ(0)〉 is not an eigenstate of Ĥ, some dynamics are guaranteed to occur and so the LHS

must become positive at early times. Therefore, the RHS must also be non-negative always
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and positive at early times. Thus, taking any final time tf gives the inequality

1

tf

tf∫
t=0

dt〈ĤP 〉ψ(t) < 〈ĤP 〉ψ(0). (3.18)

Eq. (3.18) shows that performing time evolution under the computational QW Hamiltonian

from the initial state |ψ(0)〉 is guaranteed to lower the energy of the system with respect to ĤP

(the expectation value 〈ĤP 〉ψ(t)). This implies that the overlap with low energy eigenstates of

ĤP will increase, at least for short times. A measurement in the computational basis will thus

be on average more likely than a random guess to produce a low energy state.

Starting in a low energy state is thus important for the success of the QW algorithm. This

can be verified by examining the performance of the QW with higher energy starting states.

I have done this by calculating the success probability of short time (as in subsection 3.2.5)

QWs on SK problems with initial states |ψ(0)〉 chosen to be eigenstates of the hypercube graph

Hamiltonian Ĥh of the form |±〉 ⊗ |±〉 ⊗ . . . (in this form, the usual uniform superposition

state is |+〉 ⊗ |+〉 ⊗ . . . ). These states | ± ± . . . 〉 have initial hypercube graph Hamiltonian

expectation values Einit ≡ 〈±± . . . |Ĥh|±± . . . 〉 = 2γ
(h)
heurCount(−)(|±± . . . 〉) where Count(−) is

the function that counts the number of single-qubit |−〉 states in its argument. As these states

have zero problem-Hamiltonian expectation values 〈±± . . . |ĤSK| ±± . . . 〉 = 0, Einit is also the

actual expectation energy with respect to the full Hamiltonian 〈±± . . . |Ĥ| ±± . . . 〉. A typical

n = 11 qubit example is shown in Fig. 3.11, where the data points and error bars describe

means and standard errors taken over samples of states from the different energy manifolds

of the hypercube graph Hamiltonian Ĥh. It can be seen that success probability drops off

rapidly as the energy increases. The linear fit in the logarithmic plot (Fig. 3.11(b)) suggests

an exponential decay of the form P̄ (tshort,∆tshort) ∝ 2(−0.45±0.01)Einit .

The importance of starting in a low energy state implies that encoding prior information into

the initial state will help, provided this is given in the form of a lower energy state than the

uniform superposition state. This could be the final state from a previous run, for example.

It is also necessary to bias the walk Hamiltonian so that its ground state matches this biased

initial state. Since this starting state is a known computational basis state, it is possible to do

this biasing for suitably designed hardware.
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Figure 3.11: (a) Success probability P̄ (tshort,∆tshort) of a short time QW applied to a typical
n = 11 qubit SK instance against the (rescaled) energy Einit of the initial state, which are
chosen to be eigenstates of the hypercube graph Hamiltonian Ĥh of the form |±〉 ⊗ |±〉 ⊗ . . . .
The data points and error bars describe means and standard errors taken over samples of states
from the different energy manifolds of the hypercube graph Hamiltonian Ĥh. The dotted blue
line indicates random guessing probability. It can be seen that success probability drops off
rapidly as the energy increases. (b) The same quantities but with probability plotted on a
logarithmic axis. The solid line is a linear fit, with fit parameters suggesting an exponential
decay of the form P̄ (tshort,∆tshort) ∝ 2(−0.45±0.01)Einit .

For many optimization problem applications, it is helpful to find a low energy state, even

if it is not actually the true ground state. From this point of view, that QWs necessarily

lower the expectation energy with respect to the problem Hamiltonian is very appealing as

a computational mechanism. This argument by itself does not provide a guaranteed scaling

or quantum speed up, but it does explain how the QW dynamics work in this setting, where

there is no way to lose (or gain) energy. It is possible to generalise these arguments beyond

time-independent Hamiltonians (see Chapter 5) to include monotonic functions A(t) and B(t)

in Eq. (2.7).

To illustrate the energy redistribution mechanism, the plots in Fig. 3.12 show how the ex-

pectation value 〈Ĥh〉ψ(t) of the walk Hamiltonian (green solid-line) and the expectation value

〈ĤP 〉ψ(t) of the problem Hamiltonian (red solid-line) vary during a QW. The instantaneous

success probability P (t) (faint grey) is included to show that the timescale used is long enough

for significant dynamics to take place. A typical 10-qubit SK example is shown in Fig. 3.12(a)

and a typical 10-qubit REM example is shown in Fig. 3.12(b), both on the hypercube using

their respective optimal hopping rates γ
(h)
opt. Also shown is the ground state eigenvalue 〈ĤP 〉E(P )

0

of the problem Hamiltonian (red, dash-dotted line) and the ground state eigenvalue 〈Ĥh〉ψ(0) of
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Figure 3.12: The (scaled) expectation value γ
(h)
opt〈Ĥh〉ψ(t) of the walk Hamiltonian (green, thin

solid line) and the expectation value 〈ĤP 〉ψ(t) of the problem Hamiltonian (red, thick solid line)
for a typical 10 qubit (a) SK and (b) REM instance. The ground state energy eigenvalues of
the walk Hamiltonian (green, dashed line) and problem Hamiltonians (red, dash-dotted line)
are also shown. To illustrate that significant dynamics take place over the timescales used, the
instantaneous probabilities P (t) are also shown (grey, faint line). The energy values are on the
left axes, while probability values are on the right axes.

the walk Hamiltonian (green, dashed line). In both SK and REM, the initial evolution takes the

state away from the Ĥh ground state, raising the Ĥh expectation value, and thereby lowering

the ĤP expectation value to a point around which it fluctuates for the duration simulated.

This clearly shows the energy redistribution mechanism at work, and the short time scale over

which it appears.

3.4 Chapter summary

In this chapter, I have shown numerically that computation by continuous-time quantum walk

(QW) is a viable computational method for finding ground states of hard spin glass prob-

lems. I have presented strong numerical evidence for a better-than-search polynomial quantum

speed up over random guessing, with a scaling of the average single run success probability

∼ Õ(N−0.41), using data sets of size 5 ≤ n ≤ 20 spins (32 ≤ N ≤ 1, 048, 576). Moreover, and

importantly, this is obtained without the need to set parameters exponentially precisely, as is

required when applying QWs to the unstructured search problem. The hopping rate γ, that

determines the relative strengths of the walk and problem Hamiltonians, can be estimated from
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the overall energy scales, which are determined by the hardware and encoding of the problem.

To explain why QWs are able to do better than quantum searching in this case, I have compared

variants on the spin glass problems that remove or add pairwise correlations, and compared the

hypercube graph walk Hamiltonian with the complete graph walk Hamiltonian. This showed

that the combination of pairwise correlations in the encoding of the problem and a matching

single spin flip walk Hamiltonian is required to exploit the correlations. The single spin-flips

driven by the transverse field terms X̂j in the hypercube quantum walk Hamiltonian are the

correct operators for the pairwise interaction terms ẐjẐk in the spin glass Hamiltonian. A

single spin flip on either qubit j or k changes the energy for that term from high to low, or

vice versa. Since the way the problem is encoded into the Hamiltonians is a choice made

by the algorithm designer, and there are known methods to convert higher order terms to

pairwise terms (Bremner et al., 2002; Dattani, 2019), this mechanism can be used both for its

computational advantages and practicality for hardware implementation as the transverse Ising

Hamiltonian.

To explain how QWs are able to find low energy states when the closed quantum dynamics

have no mechanism for losing energy, I detailed how starting in the ground state of the walk

part of the Hamiltonian guarantees dynamics that decrease the expectation value of the energy

with respect to the problem Hamiltonian. This also ensures that prior information can be

provided by starting in lower energy states, from which improved solutions can be found.

Exploiting this process will allow an optimal quantum algorithm to be built from multiple QW

runs that use the information gained from prior runs. Performing multiple QW runs in early,

noisy quantum hardware is a more viable approach than maintaining coherence for sufficiently

accurate adiabatic algorithms. QWs may also be simpler to implement since they do not

require time dependent controls. The work in this chapter thus provides a significant advance

in understanding how to exploit QWs in practical hardware for optimization problems.

It is likely that further insights into the computational effectiveness of QWs in this transverse

Ising Hamiltonian setting are to be found in current knowledge of spin glass phases in the

presence of transverse fields. The spin glass transition itself is not fully understood, in neither

the quantum nor classical case (see, e.g., Parisi, 1980; Fisher and Huse, 1987, 1988; Thirumalai

et al., 1989; Larson et al., 2013; Young, 2017; Magalhaes et al., 2017). However, the phases

of interest for computation are not the spin glass phases themselves, but the phases where
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transitions between states are still occurring at a rapid enough rate to find solution states.

Extremely long equilibration timescales are a defining property of all glass phases, including

spin glasses (Bouchaud et al., 1998; Cugliandolo, 2002). Since the equilibration (mixing) times

τ
(ε)
mix found in subsection 3.2.5 for the SK spin glass only scale polynomially with the number of

spins, it is most likely, that at the optimal hopping rates γ
(h)
opt, the QWs are not in a finite size

precursor to a spin glass phase, but rather in a precursor to a paramagnetic phase, for which

equilibration times can be fast. Given that the system should localize more in lower energy

states for smaller transverse fields, it is reasonable that the optimal hopping rates γ
(h)
opt occur

near the edge of the precursor to the spin glass phase. Furthermore, the mild scaling of the

width ∆γ
(h)
opt of the peak around the optimal hopping rate γ

(h)
opt suggests that the regime where

QWs perform well may correspond to the second paramagnetic phase observed in Magalhaes

et al. (2017). Polynomial gaps have been found around the spin glass–paramagnetic phase

transition in a related model in Knysh (2016).

As the work in this chapter is mostly numerical, the question of the asymptotic scaling of

the algorithm is necessarily left open. In particular, I observed a range of hardness in the

SK data sets and future work could investigate what fraction of the instances are actually

hard for classical algorithms. In Chapter 4, I will apply similar techniques to MAX2SAT,

characterise the hardness of small random instances in more detail, and establish QWs as a

tool for hard optimization problems more generally. While general methods are known to speed

up the best classical algorithms (Hartwig et al., 1984) for this type of problem (Montanaro,

2018, 2020), further work is required to determine whether an optimal QW algorithm can be

devised that fully leverages the advantage from the correlations. Nonetheless, the work in this

chapter represents a significant advance in developing QW computation for hard optimization

problems, and provides key insights into the computational mechanisms that can be exploited

over short timescales, well-suited to the limited coherence times of noisy, intermediate scale

quantum hardware.



Chapter 4

MAX2SAT

In this chapter, I will consider an optimization problem defined quite differently than the

Sherrington-Kirkpatrick (SK) spin-glass problem studied in detail in Chapter 3. The problem I

will consider is the Maximum 2-Satisifiability (MAX2SAT) problem defined in subsection 2.1.4,

using the Ising model mapping described in subsection 2.2.2. While the problem is defined very

differently, the resulting problem Hamiltonian ĤM2S when mapped to the Ising model looks

quite similar. The main difference is that the coefficients Jjk, hj takes values in −1, 0, 1 rather

than being drawn from a normal distribution. Much of the structure of SK that was identified as

being important to the dynamics of the continuous-time quantum walk computation (QW) and

performance in Chapter 3 should also be present in MAX2SAT, and therefore similar behaviour

is to be expected. This is one of the questions I will address in this chapter.

In (Crosson et al., 2014), a large number of MAX2SAT instances with n = 20 binary variables

and m = 60 clauses were generated, mapped to the Ising model, and numerically subjected to

a quantum annealing (QA) protocol of the form

H(t) =

(
1− t

T

)
1

2
Ĥh +

t

T
ĤM2S, (4.1)

where Ĥh is the hypercube/transverse field driver Hamiltonian from Eq. (2.23), ĤM2S is the

MAX2SAT instance problem Hamiltonian and T is the total duration, chosen to be T =

100. Of the > 200k instances generated, 137 ‘hard’ instances were selected on the basis that

they produced a success probability P (100) < 10−4, and the authors have provided me with

these instances. It should be noted that, while Crosson et al. (2014) describe the instances as

78
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being hard for adiabatic quantum computing (AQC), the protocol is by definition far from the

adiabatic limit for these instances, and so I will describe them as being hard for QA. To facilitate

a comparison between the instances from Crosson et al. (2014) and some typical MAX2SAT

instances, I have generated 10,000 instances at each size 5 ≤ n ≤ 20 according to the same

prescription: generating m = 3n unique clauses and post-selecting only those instances with

unique optimal assignments. MAX2SAT has also been studied in an experimental QA setting

(Santra et al., 2014).

In section 4.1, I will demonstrate that the behaviour of QWs on SK spin-glass problems seen

in Chapter 3 generalises to other problems by presenting the results of applying to MAX2SAT

many of the same numerical analyses. I will also point out the differences where they exist. In

section 4.2, I will apply AQC to the MAX2SAT instances and analyse the results, and then

compare the AQC results to the QW results in section 4.3. In section 4.4, I will explore a

powerful classical algorithm for MAX2SAT, illustrating the need for moving beyond QW and

AQC to develop more powerful continuous-time quantum computing (CTQC) algorithms, an

effort which will be a major focus of Chapter 5. Finally, in section 4.5, I will summarise the

chapter and conclude.

4.1 Quantum walks on MAX2SAT and similarities with

SK

In this section, I will analyse the performance and behaviour of QW on MAX2SAT problems

in order to demonstrate that the results for QWs on SK spin-glass problems seen in Chapter 3

generalise to other problems. I will also point out the differences where they exist.

I will first consider the how the average success probability for QW on MAX2SAT depends on

the number of variables (equivalently, number of qubits) n. Fig. 4.1 shows a log-linear plot

of the average (over all 10,000 instances at each size) success probability 〈P̄ (0, 100)〉 against

number of qubits n, both with the optimal hopping rates γ
(h)
opt, calculated for each instance by

a brute-force search, and with the heuristic hopping rates γ
(h)
heur for each n, based on the same

‘energy-spread’ calculation used for SK in Eq. (3.9). Lines of best fit are also shown, and their



80 Chapter 4. MAX2SAT

6 8 10 12 14 16 18 20

n

2−11

2−10

2−9

2−8

2−7

2−6

2−5

2−4

2−3

2−2

〈 P̄
(0
,1
00

)〉
γ
(h)
heur

γ
(h)
heur for hard

γ(h)
opt

Figure 4.1: Log-linear plot of average (over all 10,000 instances at each size) success probability

〈P̄ (0, 100)〉, averaged over the time window 0 ≤ t ≤ 100, using γ
(h)
opt (green crosses and dashed

line of best fit) and γ
(h)
heur (green circles and solid line of best fit) against number of qubits n.

The gradients of the fit lines imply scalings of 〈P̄ (0, 100)〉 ∼ O(N−0.416±0.001) and 〈P̄ (0, 100)〉 ∼
O(N−0.4490±0.0005) for γ

(h)
opt and γ

(h)
heur respectively. The red data point is an average over the

n = 20 instances from Crosson et al. (2014).

gradients imply the scalings

〈P̄ (0, 100)〉 =

{
Õ(N−0.416±0.001) with γ

(h)
opt

Õ(N−0.449±0.005) with γ
(h)
heur.

(4.2)

As with the similar results for SK (although with the probability averaged over all time in that

case) in Fig. 3.6 (scalings in Eq. (3.11)), the success probability with the heuristic hopping

rate behaves similarly to the success probability with the optimal hopping rate, although the

difference in scaling exponents is slightly larger for MAX2SAT than it is for SK.

The red data point is an average over the n = 20 instances from Crosson et al. (2014), and

it can be seen that this point is at a significantly lower probability than the typical n = 20

instances. As these instances have been chosen specifically because they are hard for QA, this

suggests that the same problem features that make an instance hard for QA tend to also make

them hard for QW. Further work is required to determine exactly what these features are.

Having seen that the same energy-spread-based heuristic hopping rate γ
(h)
heur as for SK works well

for MAX2SAT, it is informative to examine whether this is for the same reasons, by examining
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Figure 4.2: Infinite-time success probability P∞ against hopping rate γ for 3 typical 11-qubit
examples of MAX2SAT. Also indicated (for one example) is the width ∆γ

(h)
opt of the peak.

the tolerance of the success probability to deviations of the hopping rate from the optimal γ
(h)
opt.

Fig. 4.2 shows the infinite-time success probability P∞ against hopping rate γ for 3 typical

11-qubit examples of MAX2SAT. Also indicated (for one example) is the width ∆γ
(h)
opt of the

peak. Comparing to Fig. 3.2, it can be seen that these low, broad, and bumpy peaks for

MAX2SAT resemble the SK peaks much more closely than the random energy model (REM)

peaks.

On a similar note, Fig. 4.3 shows an approximate probability density histogram p(γ
(h)
opt) of the

numerically-found optimal hopping rate γ
(h)
opt for n = 11 MAX2SAT, inferred based on 10,000

instances of this size. Also shown as a dashed line is the heuristic hopping rate γ
(h)
heur, calculated

according to Eq. (3.9). While the γ
(h)
opt is similarly broad as for SK, the heuristic falls slightly

further from the peak of the distribution, indicating that there is room for improvement in

finding, better more general heuristics - this will be discussed further in Chapter 5. However,

as the curves of success probability as a function of hopping rate, like those in Fig. 4.2, are so

broad, using this heuristic still works reasonably well, as can be seen in in Fig. 4.1.

Examining the tolerance of the success probability to deviations of the hopping rate from the

optimal γ
(h)
opt more broadly than just for a few instances (as in Fig. 4.2), Fig. 4.4 shows both

the mean optimal hopping rate 〈γ(h)
opt〉 (circles, solid line) and the heuristic hopping rate γ

(h)
heur

(squares, dashed line) against number n of qubits for MAX2SAT. The shaded regions indicate
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Figure 4.3: Histogram (showing the approximate inferred probability density p(γ
(h)
opt)) of the

numerically-found optimal hopping rates γ
(h)
opt for the 10,000 11-qubit instances of MAX2SAT.

The dashed line shows the heuristic hopping rate γ
(h)
heur, calculated according to Eq. (3.9).

the average tolerance range 〈∆γ(h)
opt〉 to non-optimal hopping rates. This tolerance is defined as

the full width at half maximum (FWHM) of the probability peak surrounding γ
(h)
opt, as illustrated

in Fig. 4.2. Comparing this plot to Fig. 3.4(a), it can again be seen that MAX2SAT behaves

much more like SK than REM. The only noticeable difference as compared to the SK plot is

the greater deviation of γ
(h)
heur from 〈γ(h)

opt〉 for MAX2SAT, consistent with Fig. 4.3.

The dependence on n of the tolerance 〈∆γ(h)
opt〉 is quantified more thoroughly in Fig. 4.5. This

figure shows (on log-linear axes at the top and on log-log axes at the bottom) the average

fractional tolerance 〈∆γ(h)
opt/γ

(h)
opt〉 against number of qubits n for MAX2SAT. The fact that the

data appear much more linear in the log-log plot implies that the tolerance decreases only

polynomial in n, as is the case with SK (but not REM) in Fig. 3.4(b). However, the gradient

of the line of best fit on the log-log plot implies a scaling of

〈∆γ(h)
opt/γ

(h)
opt〉 ∼ O(n−0.737±0.007) = O([log2N ]−0.737±0.007), (4.3)

which is quite different than the O(n−1.09±0.04) found for SK.

In subsection 3.3.1, I demonstrated the importance of the structure (in particular, the corre-

lation between Hamming distance and problem energy difference between two computational

basis states) for QWs on SK. I did this by making the comparison, among others, between the

original SK problem and a version I called ‘scrambled SK’, denoted sSK, by randomizing which
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Figure 4.4: Average optimal (circles, solid line) and heuristic (squares, dashed line) hopping

rates, 〈γ(h)
opt〉 and γ

(h)
heur, against number n of qubits for MAX2SAT. The shaded regions bordered

by dotted lines indicate the average tolerance range 〈∆γ(h)
opt〉 to non-optimal hopping rates,

defined as full width at half maximum (FWHM) of the probability peak surrounding γ
(h)
opt, as

illustrated in Fig. 4.2.

state corresponds to which energy in the SK instances, completely removing the correlation. I

have done the same to the MAX2SAT problem Hamiltonians, creating ‘scrambled MAX2SAT’

(sMAX2SAT). Fig. 4.6 shows (on log-linear axes) the dependence on the number of qubits

n of the average success probability 〈P∞〉 for original MAX2SAT on hypercube (green) and

sMAX2SAT on hypercube (blue). In both cases, the optimal hopping rates γ
(h)
opt are used (a

new set of optimal rates were calculated for sMAX2SAT as they are not in general the same

as for the raw MAXSAT instances). Comparing to Fig. 3.9, it can be seen that removing the

structure for MAX2SAT instances results in a problem type much more like REM than like

raw MAX2SAT or SK. This indicates that there is structure in MAX2SAT instances playing a

similar role to that in SK.

Turning to the importance of starting in a low energy state that was seen for SK in subsection

3.3.2, Fig. 4.7 shows the dependence of success probability P̄ (0, 100) on the energy expectation

value of the initial state |ψ(0)〉 of the QW. The method used is the same as for SK in Fig. 3.11:

QWs were performed using initial states of the form |±〉 ⊗ |±〉 ⊗ . . . (which are eigenstates

of Ĥh) and the success probabilities were calculated. Fig. 4.7(a) and Fig. 4.7(b) show the

same data, but the latter is on log-linear axes, showing that the data fit well to a linear model,
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opt〉 ∼ O(n−0.737±0.007) = O([log2N ]−0.737±0.007) .
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the points for sMAX2SAT together as a visual aid. The optimal hopping rates γ
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both cases.

indicating an exponential dependence, as was also found for SK. The gradient of the line of

best fit implies an exponential decay of the form P̄ (0, 100) ∝ 2(−1.14±0.04)Einit .

4.2 Adiabatic quantum computing on MAX2SAT

In this section, I will analyse the performance of the AQC algorithm on the MAX2SAT in-

stances. The measure of performance I will consider is the minimum duration T0.99 of a linear

AQC schedule (i.e a schedule of the form in Eq. (4.1)) that produces a success probability of

at least 99%. This will enable comparisons with the QW results from section 4.1 which will be

the focus of section 4.3.

Fig. 4.8 shows plots (on log-linear axes at the top and on log-log axes at the bottom) plots of

the mean duration 〈T0.99〉 at each number n ≤ 11 of qubits. While simulations were performed

for n > 11, a non-trivial proportion of instances at these larger sizes took prohibitively long

and were not completed, and so these sizes have not been included in the plot. Both plots

also show lines of best fit, and it can be seen that the linear fit is more appropriate for the

top plot, suggesting an exponentially growing duration, but the fit is far from perfect, meaning



86 Chapter 4. MAX2SAT

0 1 2 3 4 5 6 7 8 9 10
1

γ
(h)
heur

Einit =
〈
ψ(0) | Ĥh |ψ(0)
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Figure 4.7: (a) Success probability P̄ (0, 100) of a QW applied to a typical n = 11 qubit
MAX2SAT instance against the (rescaled) energy Einit of the initial state, which are chosen to
be eigenstates of the hypercube graph Hamiltonian Ĥh of the form |±〉 ⊗ |±〉 ⊗ . . . . The data
points and error bars describe means and standard errors taken over samples of states from
the different energy manifolds of the hypercube graph Hamiltonian Ĥh. The dotted blue line
indicates random guessing probability. It can be seen that success probability drops off rapidly
as the energy increases. (b) The same quantities but with probability plotted on a logarithmic
axis. The solid line is a linear fit, with fit parameters suggesting an exponential decay of the
form P̄ (0, 100) ∝ 2(−1.14±0.04)Einit .

that strong conclusions cannot be reasonably drawn. As is, the gradient of the line of best fit

implies a scaling of

〈T0.99〉 ∼ O(N0.274±0.005). (4.4)

Fig. 4.9 is similar to Fig. 4.8 but instead shows the median minimum duration Median(T0.99)

rather than the mean. Unlike Fig. 4.8, the linear fit for the median is most appropriate on the

bottom (log-log) plot, suggesting a median duration that only grows polynomially. Specifically,

the gradient of the line of best fit implies a scaling of

Median(T0.99) ∼ O(n0.84±0.01) = O([log2N ]0.84±0.01). (4.5)

If the very different scalings of the mean and median AQC duration T0.99 persist to larger

sizes, they suggest a heavily skewed distribution (becoming increasingly skewed with increasing

size) with a majority of instances requiring only moderate duration (accounting for the mildly

scaling median) and a small number of instances requiring much longer (skewing the mean

toward larger durations).
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Figure 4.8: Log-linear (top) and log-log (bottom) plots of the mean minimum duration 〈T0.99〉
of a linear AQC schedule that produces a success probability of at least 99% at each number n
of qubits. While simulations were performed for n > 11, a non-trivial proportion of instances
at these larger sizes took prohibitively long and were not completed. Solid lines of best fit are
shown for both plots, and the fit appears to be best for the top plot, suggesting an exponentially
growing duration. While the fit is far from perfect, meaning that strong conclusions cannot be
reasonably drawn, the gradient of the line of best fit implies a scaling of 〈T0.99〉 ∼ O(N0.274±0.005).
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Figure 4.9: Log-linear (top) and log-log (bottom) plots of the median minimum duration
Median(T0.99) of a linear AQC schedule that produces a success probability of at least 99% at
each number n of qubits. While simulations were performed for n > 11, a non-trivial proportion
of instances at these larger sizes took prohibitively long and were not completed. Solid lines of
best fit are shown for both plots, and the fit appears to be best for the bottom plot, suggesting
a duration that grows only polynomially in n. The gradient of the line of best fit implies a
scaling of Median(T0.99) ∼ O(n0.84±0.01) = O([log2N ]0.84±0.01).
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4.3 Comparing QW and AQC

In section 4.1 it was seen that the average success probability for QW appears to scale as

〈P̄ (0, 100)〉 ∼ O(N−0.449±0.005), while in section 4.2 it was seen that the average AQC duration

appears to scale as 〈T0.99〉 ∼ O(N0.274±0.005). This indicates that, on average, AQC performs

much better than QW on MAX2SAT instances; however, this does not rule out the possibility

that there are certain kinds of instances on which QW performs better. In this section, I

will compare the performance of AQC and QW on a more fine-grained level, including on a

per-instance basis

For the first set of comparisons, I have separated the MAX2SAT instances at each size n into

‘hardness deciles’ based on their QW success probability P̄ (0, 100); that is, the 10% of instances

with the highest probability have been put into decile 1, then next highest 10% into decile 2,

and so on, until the 10% of instances with the lowest probability have been put into decile 10.

Similarly, I have separated the instances into hardness deciles based on their AQC duration

T0.99; that is, the 10% of instances with the shortest duration have been put into decile 1, then

next shortest 10% into decile 2, and so on, until the 10% of instances with the longest duration

have been put into decile 10.

In the first row of Fig. 4.10, the left-hand plot shows (on log-linear axes) QW success probability

P̄ (0, 100) of the instances arranged into deciles based on that same success probability (darker

points/lines indicates harder deciles) A linear model fits well to the points in each decile,

suggesting an exponential (in n) decay, as with the mean over the whole set of instances (see

Fig. 4.1). The right-hand plot of the first row, shows the scaling exponent κ for each decile,

which has been extracted from the lines of best fit in the left-hand plot. The exponents range

from κ = −0.390± 0.002 (easiest) to κ = −0.551± 0.007 (hardest). The red data point in the

left plot is an average over the instances from Crosson et al. (2014), and it can be seen that these

are roughly as hard as the hardest 10% of the typical instances. As these instances were chosen

in Crosson et al. (2014) as the hardest 137 instances for QA out of around 200k instances, the

position of this point on the plot suggests that these instances are not as extremely hard for

QW as they are for QA.

The second row of Fig. 4.10 is similar to the first, but for AQC duration T0.99; that is, the left-

hand plot shows (on log-linear axes) the AQC duration of the instances arranged into deciles
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based on that same duration (darker points/lines indicates harder deciles). In the right-hand

plot of the second row, the exponents κ range from κ ≈ 0.13 (easiest) to κ = 0.48 ± 0.02

(hardest). It is noteworthy that a big jump occurs between the exponent at decile 9 and at

decile 10. This is consistent with the previous observation (from Fig. 4.8 and Fig. 4.9) that

only a small portion of the instances scale harshly. However, that observation also suggests

that the easier deciles should not scale exponentially, yet they appear to fit reasonably well to

the lines in the left-hand plot. Further work is required to resolve this apparent contradiction.

The left-hand plot of the third row of Fig. 4.10 shows QW success probability P̄ (0, 100)

of the instances, but arranged into hardness deciles based on the AQC duration T0.99. The

darker points/lines indicates harder deciles in terms of AQC duration, but it can be seen that

those deciles are typically also harder in terms of QW probability. The scaling exponents κ

extracted from the linear fits and plotted in the right-hand plot confirm this, ranging from

κ = −0.384 ± 0.002 (easiest) to κ = −0.575 ± 0.004 (hardest). This indicates that instances

which are harder for AQC also tend to be harder for QW.

The fourth row of Fig. 4.10 makes the opposite comparison to the third row: the left-hand

plot shows AQC duration T0.99 of the instances, but arranged into hardness deciles based on

the QW probability P̄ (0, 100). The darker points/lines indicates harder deciles in terms of QW

probability, but it can be seen that those deciles are typically also harder in terms of AQC

duration. Linear models have been fitted to the deciles, but as the points deviate from these

lines more than in the other plots, dashed lines connecting the data points are also included as

a guide for the eye. The scaling exponents κ extracted from the linear fits and plotted in the

right-hand plot confirm that hardness for AQC also increases as the QW deciles get harder.

The exponents range from κ = 0.094 ± 0.005 (easiest) to κ = 0.55 ± 0.02 (hardest). This

indicates that instances which are harder for QW also tend to be harder for AQC.

To compare directly on a per-instance basis, Fig. 4.11 shows a heatmap of the joint distribution

of AQC duration T0.99 and QW success probability P̄ (0, 100) at n = 15, using the 9868 instances

for which T0.99 was successfully calculated. Visually, the heatmap indicates a reasonably high

level of correlation between the two quantities, and numerical measures of correlation confirm

this; for example the Spearman’s rank correlation coefficient is ≈ −0.71. While the level of

correlation is high, it is not perfect. This means that there could be some kinds of instances

that are easy for QW but hard for AQC and vice versa. Further work is required to determine
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Figure 4.10: The MAX2SAT instances have been separated into ‘hardness deciles’ for both QW
success probability P̄ (0, 100) (lowest and highest probabilities in deciles 10 and 1 respectively)
and AQC duration T0.99 (longest and shortest durations in deciles 10 and 1 respectively) at
each number of qubits n. The plots in the left column show (on log-linear axes): (1st row)
QW success probability P̄ (0, 100) of the instances arranged into deciles based on QW success
probability. (2nd row) AQC duration T0.99 of the instances arranged into deciles based on AQC
duration. (3rd row) QW success probability P̄ (0, 100) of the instances arranged into deciles
based on AQC duration T0.99. (4th row) AQC duration T0.99 of the instances arranged into
deciles based on QW success probability P̄ (0, 100). A linear model has been fit (solid line) to
each decile on each plot (dashed lines connecting the points are also shown in the 4th row plot,
as there is more deviation from the fit lines than in other plots). Darker points/lines correspond
to harder deciles. A scaling exponent k has been inferred from the gradient of each linear fit.
Each plot in the right column shows the scaling exponent κ for each decile in the plot to its
left.
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Figure 4.11: A heatmap showing the joint distribution of AQC duration T0.99 and QW success
probability P̄ (0, 100) at n = 15, using the 9868 instances for which T0.99 was successfully
calculated. Visually, the heatmap indicates a reasonably high level of correlation between the
two quantities, and numerical measures of correlation confirm this; for example the Spearman’s
rank correlation coefficient is ≈ −0.71.

what kinds of instances fall into these categories.

4.4 Classical algorithm for MAX2SAT

Sections 4.1, 4.2, and 4.3 considered the QW and AQC continuous-time quantum algorithms

for the MAX2SAT problem, but it is useful to see how well classical algorithms can perform on

this problem.

A powerful algorithm known as MIXSAT was developed by Wang and Kolter (2018) for solving

general MAXSAT problems (defined as I have defined MAX2SAT but with clauses not limited to

containing only two literals). The MIXSAT algorithm follows the branch-and-bound structure

described in subsection 2.1.1. When applied to MAX2SAT problems from a 2016 MAXSAT

solver competition, MIXSAT was found to significantly outperform even the best solvers that

were used in the competition. MIXSAT incorporates a number of heuristic tricks to speed

up the solve. When applied to the n = 5 to n = 20 instances that I have been using in this

chapter, MIXSAT solved the problems so quickly that the runtimes were completely dominated

by overhead, making it impossible to extract any useful information about problem hardness.
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In order to analyse my MAX2SAT instances properly, I have implemented a branch-and-bound

algorithm in the Python language (Van Rossum and Drake, 2003) that incorporates some of

the core aspects of MIXSAT. In particular, the Bound component is based on a semidefinite

programming method known as the ‘Mixing method’ (Wang et al., 2018), which uses a step-

free iteration to hone in on a fixed point. The Branch component simply produces two new

partial solutions by fixing the next variable (in index order) to ‘TRUE’ and ‘FALSE’. The

Cost component checks the candidate solution against each clause and counts the number

that are not satisfied. A major modification compared to the basic structure described in

subsection 2.1.1 is that the output of the Mixing method in Bound is used to produce a ‘guess’

solution that is likely to have a low Cost. This allows ‘best cost’ to be updated much more

regularly, leading to much more pruning, significantly speeding up the solve. I will refer to this

implementation as ‘MixBandB’.

I have applied MixBandB to all of the MAX2SAT instances I have generated, from n = 5 to

n = 20. For each instance, I have calculated a quantity Ncalls. This counts the number of ‘calls’

to the problem; that is, how many times the problem specification is accessed. This is the total

number of iterations of the Mixing method (summed over each call to Bound) added to the

total number of calls to Cost. Ncalls serves as a measure of classical hardness.

The plot in Fig. 4.12 shows (on log-linear axes) the mean, taken over all 10,000 instances

at each problem size n, 〈Ncalls〉 of the number of problem calls for a run of the MixBandB

algorithm at each problem size n. A line of best-fit has been fitted to n ≥ 12, where it fits

well (the line is solid in this region, and dotted at lower n), indicating an exponential (in n)

increase. The gradient of the line of the best fit implies a scaling of

〈Ncalls〉 = O(N0.278±0.002). (4.6)

This scaling is much better than the scaling for QW and possibly comparable to the scaling for

AQC. It should be expected that the scaling for the actual MIXSAT algorithm would be even

better (I check this in Fig. 4.15). The red point is a mean over the instances from Crosson

et al. (2014), and it can be seen that this point is at a significantly higher number of calls than

the typical n = 20 instances. As these instances have been chosen specifically because they are

hard for QA, this suggests that the same problem features that make an instance hard for QA

tend to also make them hard for the classical algorithm. Further work is required to determine
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Figure 4.12: Log-linear plot of the mean number of problem calls 〈Ncalls〉 at each problem size
n for a run of the MIXBandB algorithm. The means are taken over all 10,000 instances at
each size. A line of best-fit has been fitted to n ≥ 12, where it fits well (the line is solid in this
region, and dotted at lower n), indicating an exponential (in n) increase. The gradient of the
line of the best fit implies a scaling of 〈Ncalls〉 = O(N0.278±0.002). The red point is a mean over
the instances from Crosson et al. (2014).

exactly what these features are.

To get a sense of how the number Ncalls of problem calls is distributed, the top plot in Fig. 4.13

is a histogram of Ncalls at n = 20, showing the approximate probability density p(Ncalls) inferred

from all the instances at this size. The 10,000 typical instances form the green histogram, while

the instances from Crosson et al. (2014) form the red histogram. It can be seen that a majority

of typical instances instances require a relatively small numbers of calls, but a small number

of instances form a heavy tail that goes to much larger numbers of calls; this does not appear

to be true for the (Crosson et al., 2014) instances. The bottom plot shows the same data, but

binned and plotted on a logarithmic scale. Here, it can be seen more clearly that the typical

instances form a bimodal distribution, suggesting that the instances separate into distinct ‘hard’

and ‘easy’ varieties. Moreover, it can be seen that the instances from (Crosson et al., 2014)

contain a much higher proportion of ‘hard’ instances. Further work is required to establish

what features differ between the two kinds of instances.

To understand how classical hardness (according to Ncalls) correlates with quantum hardness (at

least for QW and AQC), Fig. 4.14 shows shows two heatmaps. The top heatmap shows, on log-
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Figure 4.13: (top) Histogram for n = 20 (showing approximate probability density p(Ncalls)
inferred from all the instances at this size) of the number Ncalls of problem calls, for the typical
instances (green) and the instances from Crosson et al. (2014) (red). (bottom) The same data,
but binned and plotted on a logarithmic scale.
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log axes, the joint distribution of the number Ncalls of MixBnB problem calls and QW success

probability P̄ (0, 100) at n = 15. The bottom heatmap shows, also on log-log axes, the the

joint distribution of Ncalls and AQC duration T0.99, plotted using the 9868 instances for which

T0.99 was successfully calculated) at n = 15. In both cases, some correlation is apparent, but it

is difficult to see how well-correlated they are. Turning to numerical measures of correlation,

it turns out that the quantities are moderately well-correlated; for example the Spearman’s

rank correlation coefficient is ≈ −0.47 and ≈ 0.52 for the top and bottom plots respectively.

These results, along with the correlation between QW and AQC shown in Fig. 4.11, suggest

that typically the same problem features make a problem instance easier or harder for all three

methods. Further work is required to determine what these features are, and to find features

which only make an instance hard for one of the methods (that the correlations are not perfect

suggests there will be some).

Finally, to see how well the actual state-of-the-art MIXSAT algorithm scales on MAX2SAT, I

have generated 10,000 instances at much large sizes 50 ≤ n ≤ 160 (at these sizes, it was no

longer possible to ensure that each instance has a unique solution). For each instance, I have

run the actual MIXSAT implementation of Wang and Kolter (2018) and recorded the runtime

trun (it was not possible to extract Ncalls from this implementation). Fig. 4.15 shows a log-linear

plot of the mean runtime 〈trun〉 of at each problem size n. A linear model has been fitted to

n ≥ 125, where it fits well (the line is solid in this region, and dotted at lower n), indicating an

exponential (in n) increase. The gradient of the line implies a scaling of

〈trun〉 = O(N0.1143±0.0007). (4.7)

As expected, this is much better performance than the MixBandB algorithm, and is also much

better performance than the QW and AQC quantum algorithms.

4.5 Chapter summary

In this chapter, I have demonstrated that the results found for computation by continuous-

time quantum walk (QW) on Sherrington-Kirkpatrick (SK) spin-glass problems in Chapter 3

generalize to combinatorial optimization problems other than SK by performing similar simu-
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Figure 4.14: Heatmaps (on log-log axes) showing the joint distribution of the number Ncalls

of problem calls and QW success probability P̄ (0, 100) (top) and AQC duration T0.99 (bottom,
using the 9868 instances for which T0.99 was successfully calculated) at n = 15. In both cases,
some correlation is apparent, and numerical measures of correlation show that the quantities are
moderately well-correlated; for example the Spearman’s rank correlation coefficient is ≈ −0.47
and ≈ 0.52 for the top and bottom plots respectively.
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Figure 4.15: Log-linear plot of the mean runtime 〈trun〉 of at each problem size n for a run
of the MIXSAT algorithm from Wang and Kolter (2018). The means are taken over 10,000
newly generated instances at each size (at these sizes, it was no longer possible to ensure that
each instance has a unique solution). A line of best-fit has been fitted to n ≥ 125, where it fits
well (the line is solid in this region, and dotted at lower n), indicating an exponential (in n)
increase. The gradient of the line of the best fit implies a scaling of 〈trun〉 = O(N0.1143±0.0007).

lations on the Maximum 2-Satisfiability (MAX2SAT) problem. While the behaviour of QWs is

qualitatively very similar between the two problems, I have also pointed out the quantitative

differences where they have arisen. The behaviour is very similar because the problems result in

similar problem Hamiltonians when mapped to the Ising model (and a transverse field is used as

the driver Hamiltonian in both cases). While the two problems have different kinds of coupling

and field strengths, normally-distributed for SK and integer valued for MAX2SAT, Fig. 3.9

and Fig. 4.6 show that the correlation between Hamming distance and energy difference in the

spectrum are important in the same way in both cases.

I also moved beyond the QW setting to numerically test the performance of adiabatic quantum

computing (AQC) on MAX2SAT. While it was difficult to find conclusive results for AQC,

it appears that AQC significantly outperforms QW on MAX2SAT, achieving better runtime

scaling. Furthermore, I compared QW and AQC on MAX2SAT at a much more fine-grained

level, including on a per-instance basis, and found that hardness for each method is quite

well-correlated. However, the correlation is not perfect, suggesting that there will be classes of

instances for which one method is much more suitable than the other.
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I also considered a state-of-the-art classical algorithm for MAX2SAT, known as MIXSAT, in-

cluding implementing my own solver that incorporates many of its features in order to assess the

performance on the same instances I used for QW and AQC. The original MIXSAT algorithm

outperforms both QW and AQC considerably, and my own related solver showed that hardness

for both QW and AQC is moderately well-correlated with classical hardness - although the

correlations were far from perfect, suggesting there will be classes of instances for which the

quantum methods could be more suitable than the classical algorithms.

Throughout, I have compared my typical MAX2SAT instances with the n = 20-variable

MAX2SAT instances from Crosson et al. (2014) that were data-mined for their hardness for

quantum annealing (QA). These instances have been consistently harder than the typical in-

stances for QW and the classical algorithm (I have not been able to compare the AQC per-

formance), suggesting that the same features tend to make an instance hard for all three ap-

proaches. That said, the instances from Crosson et al. (2014) do not appear to be as extremely

hard for QW and classical as they were for QA.

Further work is required to back-up many of the results in this chapter. In particular, it would

be useful to see whether the AQC scaling results from Fig. 4.8 and Fig. 4.9 continue beyond the

sizes simulated; ideally, that would take the form of an analytic scaling result, but simply sim-

ulating at larger sizes would be useful, although computationally demanding. This would also

enable comparison of AQC on typical instances with the hard-for-QA instances from Crosson

et al. (2014). In addition, while the comparison of classical hardness with AQC/QW hardness

in section 4.4 is illuminating, it would be useful to confirm that my solver implementation really

finds the same instances hard as the full MIXSAT implementation. This could be done, for

example, by re-implementing the whole of MIXSAT in a way more amenable to extracting a

measure of hardness comparable to Ncalls.

The results in this chapter have shown that classical algorithms can sometimes be very powerful,

highlighting the need to move beyond simple approaches like QW and AQC to find competitive

continuous-time quantum computing (CTQC) algorithms. That AQC seems to outperform

QW considerably indicates that time-dependence in the schedule can be very useful, but fully-

fledged AQC often requires long coherence times that can be impractical on near-term devices.

As such, Chapter 5 will look for advantages in the rapid-quench regime in QA: time-dependent

protocols (although the time-independent QWs can be seen as one limit of them) that proceed
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much faster than AQC. Through numerical and analytical work, I will discuss how to design

effective rapid quench protocols.



Chapter 5

Rapid quenches in quantum annealing

5.1 Introduction

The continuous-time quantum walks (QWs) that were the focus of Chapter 3 can be thought

of as a time-independent limit of quantum annealing (QA). In this chapter, I will move beyond

this limit, into time-dependent QA schedules. The initial framework that I will describe will

include the QW and adiabatic quantum computing (AQC) (see section 2.5) as limits, but the

chapter will focus on time-dependent schedules that proceed much faster than can be treated

by the same analyses used for AQC. Such protocols can be referred to as rapid quenches, a

term I take to include the QW (as in Hastings (2019)).

Rapid quenches can operate in an open-systems context, but this chapter will discuss the

coherent regime of operation, for which the effects of thermal dissipation and decoherence

can be neglected. Such a regime could be experimentally reached either by reducing noise,

implementing quantum error correction (Jordan et al., 2006; Sarovar and Milburn, 2005; Young

et al., 2013; Sarovar and Young, 2013; Freeman et al., 2018; Atalaya et al., 2020; Pudenz et al.,

2014; Bookatz et al., 2015; Lidar, 2008), or quenching on a timescale that is much faster than the

decoherence time. A complementary approach to reduce noise is to implement dynamics which

reduce or eliminate the interaction between the system and its environment though quantum

interference effects, known as dynamical decoupling (Lidar, 2008; Paz-Silva et al., 2012; Quiroz

and Lidar, 2012). Although current superconducting QA hardware operates in a dissipative

regime (Dickson et al., 2013), QA has been implemented in atomic settings where coherence is

101
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easier to maintain than in superconducting circuits (Bernien et al., 2017b), and progress has

been made to reduce noise in superconducting circuit settings (D-Wave Systems Inc., 2019a).

Simple kinds of error correction have also been implemented experimentally for QA (Pudenz

et al., 2014, 2015; Vinci et al., 2015, 2016; Vinci and Lidar, 2018), and there have been efforts

to sidestep limitations on quench rates in superconducting systems (Lanting, 2018).

In the fully coherent regime, the dynamics are straightforward to model theoretically, since

they can be described by a set of qubits (two state quantum systems) under the action of a

Hamiltonian, evolving according to the Schrödinger equation. Conventionally, the Hamiltonian

for this evolution is written as the sum of a problem Hamiltonian ĤP , which is diagonal in the

computational basis, and encodes the classical problem being solved, and a driver Hamiltonian

Ĥdrive which implements quantum dynamics to explore the solution space. In this chapter, two

equivalent forms for the total Hamiltonian are used. First,

ĤAB(t) = A(t) Ĥdrive +B(t) ĤP , (5.1)

where A(t) and B(t) are positive, time-dependent control functions. The total Hamiltonian

ĤAB(t) typically takes the form of the transverse Ising Hamiltonian ĤTI(t) defined in Eq. (2.7),

but is left in its more general form for the purposes of this discussion. While Eq. (5.1) is a

perfectly valid parametrization, typically the crucial feature is what happens to the ratio of

driver to problem strength A(t)/B(t) as the algorithm progresses. As such, a useful alternative

parametrization of the Hamiltonian, equivalent to ĤAB(t) up to an overall (time-dependent)

scaling factor B(t), is

ĤΓ(t) = Γ(t)Hdrive +HP , (5.2)

where there is a single control function Γ(t) > 0 for the ratio A(t)/B(t). Since Eq. (5.1) and Eq.

(5.2) are equivalent, up to a rescaling of the time parameter, results for one form of Hamiltonian

will generalize to results for the other. Both forms will be used in this chapter, with the most

convenient form chosen for the specific problem or example.

Hamiltonians of the form Eqs. (5.1) and (5.2), which begin with A(t) > 0 and B(t) = 0 and end

with A(t) = 0 and B(t) > 0, or equivalently, begin with Γ(t) � 1 and end with Γ(t) = 0, are

used for most types of continuous-time quantum computing (CTQC). The term rapid quench

will refer to protocols that are run on a much shorter timescale than required for AQC.
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The QW, described in section 2.4 and applied to spin glass optimization problems in Chapter

3, is the simplest form of CTQC in the coherent regime. In terms of the general Hamiltonian in

Eq. (5.2), for QW the control functions are time-independent and set so that Γ(t) = γ where

γ is a constant hopping rate. This can be viewed as the limit of an infinitely fast quench, in

which B(0) jumps from zero to A(0)/γ at t = 0 and A(tf ) drops to zero at the final time tf .

The other pure state CTQC which is commonly considered is AQC, described in section 2.5,

for which the control functions A(t) and B(t) are varied slowly from A(0) = 1 and B(0) = 0

to A(tf ) = 0 and B(tf ) = 1. As shown in subsection 2.5.1, the adiabatic theorem of quantum

mechanics means that AQC achieves a success probability (probability of finding the ground

state of the problem Hamiltonian ĤP ) which approaches 1 as tf →∞.

The fully coherent regime has provable quantum speedups in the case of both AQC and QW.

As explained in subsections 2.4.5 and 2.5.2, the unstructured search problem can yield the same

speedup in the AQC (Roland and Cerf, 2002) and QW (Childs and Goldstone, 2004) settings as

the gate based counterpart via Grover’s algorithm. It is possible to interpolate between these

two techniques while preserving the speedup (Morley et al., 2019). For problems which are

closer to real world optimisation, theoretical studies have mostly focused on AQC (Albash and

Lidar, 2018a), likely because the adiabatic theorem provides a general way to show that such

algorithms could in principle succeed with high probability. While theoretically tractable, the

adiabatic regime is difficult to reach experimentally, and contains some counter-intuitive effects

in the deep adiabatic regime (Wiebe and Babcock, 2012; Campos Venuti and Lidar, 2018; Passos

et al., 2020). Assuming P 6= NP, solving NP-hard problems adiabatically will obtain at best a

polynomial speed up. AQC requires the system to remain coherent throughout, meaning that

the exponentially long runtimes for NP-hard problems require an exponentially long coherence

time, which is experimentally challenging for near-term quantum computing (QC).

On the other hand, if a CTQC protocol has a short enough runtime to fit within a constant

or mildly scaling coherence time, the achievable sucess probabilities will necessarily be expo-

nentially low, requiring exponentially many repeats to succeed with high probability. This

approach is a valid one for problems other than search; the QW approach to solving spin-glass

optimization problems presented in Chapter 3 is an example of this. It has also been numerically

demonstrated that rapid quenches can be superior to long quenches for AQC-like algorithms

(Crosson et al., 2014). Recently, Crosson and Lidar (2020) made an important contribution
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to the theory of QA outside of the adiabatic limit by introducing diabatic quantum annealing

(DQA), which formalizes ideas described in Muthukrishnan et al. (2016); Katsuda and Nishi-

mori (2013). DQA relies on a generalisation of the adiabatic theorem from Jansen et al. (2007),

and describes a class of QA algorithms in which amplitude is restricted to a low-energy part of

the Hamiltonian spectrum.

Finally, for algorithms for NP-hard problems that achieve a high success probability with a

single shot, achieving even a polynomial speedup typically requires setting, with exponential

precision, the control functions to values which lead to exponential small gaps in the Hamilto-

nian spectrum. This was shown to be necessary for unstructured search in Childs et al. (2002);

Roland and Cerf (2002); Morley et al. (2019) and for the random energy model in Chapter

3. This requirement is problematic, as there are no general methods for determining where

these gaps occur and because such precise control settings can be difficult to achieve in real

hardware. Recent work by Chakraborty et al. (2018) demonstrates that some of the fine tuning

requirements in unstructured search can be avoided by formulating the Hamiltonian differently,

but it is unclear whether this approach would extend to the random energy model.

Methods which can succeed with limited coherence time will be important for near term QC.

In this chapter, mathematical tools will be developed to improve understanding of how com-

putation is achieved in both the rapid quench regime including in QW protocols. These tools

are important not only for theoretical understanding of when adiabatic algorithms and rapid

quenches will be effective, but also for choosing parameters for the Hamiltonians used. While

some theoretical arguments, such as those presented in Chapter 3 (and also in Hastings (2019)),

can be made for why QW with short runtimes seems to perform well, a theoretical understanding

of rapid quenches with time-dependent Hamiltonians far from the adiabatic regime is essentially

missing.

It has been recently shown numerically (Brady et al., 2020) that the optimal protocol for

solving problems often involves an annealing step where the driver and problem Hamiltonians

are active simultaneously, as opposed to bang-bang controls that alternative between the driver

and problem Hamiltonians. Previous theoretical work based on the Pontryagin’s minimum

principle showed that optimal control patterns would always take the bang-bang form (Yang

et al., 2017), but that these controls would sometimes require un-physically switching between

the driver and problem an infinite number of times in a finite time span. The work done in
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Brady et al. (2020) restricted to cases with a finite number of “bangs” and found that, in this

more realistic setting, protocols involving annealing may be superior.

This chapter is structured as follows: section 5.2 will show some numerical examples to illustrate

the performance gains that can be obtained from well-chosen rapid quenches in QA. This

provides motivation to understand why rapid quenches work, and how to exploit the effects more

systematically. Next, section 5.3 will provide a general set of conditions (essentially requiring

that quenches be monotonic) under which rapid quenches will preferentially seek out high

quality solutions. In section 5.4, this analysis is augmented by studying the transitions between

different computational basis states, from which the level of dynamics that will occur can be

deduced. These tools are then applied to different problem settings, including a discussion

of the conditions for general optimisation problems to yield a significant level of dynamics.

Then, in section 5.5, it is shown that the tools that have been developed here can be used

to construct heuristics for setting the parameters for QWs and rapid quenches. Finally, the

chapter is summarised in 5.6.

5.2 Rapid quench examples

In this section, three illustrative examples showing the power of rapid quenches to solve prob-

lems will be presented to motivate the theoretical tools that will be discussed later. For sim-

plicity and concreteness, this section will focus on monotonic quenches; that is, quenches for

which the control parameter satisfies Γ(t′) ≤ Γ(t) ∀t′ > t.

5.2.1 Two-stage quantum walk

The two-stage QW is a minimal modification to the time-independent QW. It consists of two

time-independent stages of evolution separated by an infinitely fast quench. I refer to it as a

two-stage QW because each time-independent stage is effectively a QW. As before, a simple

transverse field driver Hamiltonian defined in Eq. (2.6) will be used. However, the usual
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Figure 5.1: The annealing schedule for the two stage QWs in Fig. 5.2 (red, solid line), Fig. 5.3
(blue, dot dashed line), and Fig. 5.4 (purple, dashed line). In all cases, the step occurs at t = 10
(dotted line).

constant control function (Γ(t) = γ) is replaced with the time-dependent schedule

Γ(t) =

{
γ1 0 < t < t1

γ2 t1 < t < (t1 + t2)
, (5.3)

which consists of two consecutive evolution stages with two different time independent Hamil-

tonians. Although each of these stages is effectively a QW, the second stage uses non-standard

starting conditions, as its initial state is the final state of the first stage. The standard initial

state is the equal superposition of all basis states, |ψ0〉 = 2−n/2
∑

j |j〉, chosen because it is the

ground state of the driver Hamiltonian, and also represents complete ignorance of which basis

state is the solution to the problem. The schedules used for the two stage QW are shown in

Fig. 5.1 for each of the three examples that will be discussed below.

As discussed in Chapter 3, a QW can be understood from an energetic perspective according to

a mechanism referred to there as the energy conservation mechanism. Being time-independent,

QWs conserve the total energy of the system. To show the effect of changing the hopping rate

γ part way through the walk, thus disrupting the energy conservation, consider the example of

a simple two qubit problem Hamiltonian

Ĥ2Q = −Ẑ1Ẑ2 −
1

2
Ẑ1, (5.4)

where Ẑj is the Pauli Ẑ operator acting on qubit j. The initial state at t = 0 is |ψ0〉 =
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Figure 5.2: Two stage QW using Hamiltonian in Eq. (5.4) with γ1 = 2 and γ2 = 1
2
.

The instantaneous quench occurs at time t1 = 10. Top: energy expectation values EΓ =
Γ(t) 〈Ĥdrive〉+ 〈ĤP 〉 (gold), Γ(t) 〈Ĥdrive〉 (green), 〈ĤP 〉 (blue). Also shown (black, dashed) is a
guide to the eye at 0, and the minimum eigenvalue of ĤP (red, dashed). Bottom: probability
P (t) of being in the ground state of ĤP at time t (blue), probability of random guessing (red,
dashed).

1
2
(|00〉 + |01〉 + |10〉 + |11〉), the two qubit ground state of the driver Hamiltonian Ĥdrive in

Eq. (2.6). Let 〈ĤP 〉ψ(t) ≡
〈
ψ(t) | ĤP | ψ(t)

〉
be the instantaneous expectation value of the

problem Hamiltonian with respect to the state ψ(t) at time t. Likewise, let 〈Ĥdrive〉ψ(t) ≡〈
ψ(t) | Ĥdrive | ψ(t)

〉
be the corresponding quantity for the driver Hamiltonian. Let EΓ(t) =

Γ(t)〈Ĥdrive〉+ 〈ĤP 〉 be the total instantaneous energy expectation value.

Fig. 5.2 (top) shows that the expectation value 〈Ĥdrive〉 for the transverse field is zero initially

(t = 0). As in subsection 3.3.2, the energy conservation mechanism then decreases the expecta-

tion value of the problem Hamiltonian at the expense of increasing the expectation value of the

driver Hamiltonian. When the instantaneous quench is performed, the problem Hamiltonian

expectation value is unchanged, but the driver Hamiltonian expectation value (and therefore

the total energy expectation value EΓ(t)) is reduced. As the minimum eigenvalue of Ĥdrive is

zero, the total energy expectation value EΓ(t) acts as an effective upper bound on 〈ĤP 〉ψ(t).

The net effect is that, even if all of the energy stored in the transverse field were returned to the

problem Hamiltonian, its expectation value would still be less than it was at the beginning of

the algorithm. What actually happens, however, is that the transverse field is able to capture

even more of the energy, thereby reducing the problem Hamiltonian expectation value further,



108 Chapter 5. Rapid quenches in quantum annealing

10

5

0

5

〈 ·〉

0 5 10 15 20 25
t

0.00

0.05

0.10

0.15
P
(t
)

Figure 5.3: Two stage QW on a 9 qubit SK spin glass, ID code ovcjhwbhtcpcvwicox-
pdpvjzqojril from the public repository in Chancellor et al. (2019) with γ1 = 4 and γ2 = 1.
The instantaneous quench occurs at time t1 = 10, (vertical dotted line). Top: energy expec-
tations EΓ = Γ(t) 〈Ĥdrive〉ψ(t) + 〈ĤP 〉ψ(t) (gold), Γ(t) 〈Ĥdrive〉ψ(t) (green), 〈ĤP 〉ψ(t) (blue). Also

shown (black, dashed) is a guide to the eye at 0, and the minimum eigenvalue of ĤP (red,
dashed). Bottom: probability P (t) of being in the ground state of ĤP at time t (blue).

and increasing the average probability of finding the ground state, as in Fig. 5.2 (bottom).

A more realistic problem is the Sherrington-Kirkpatrick (SK) spin-glass (Sherrington and Kirk-

patrick, 1975) ground-state problem investigated in Chapter 3, with the problem Hamiltonian

defined in Eq. (2.8). Fig. 5.3 shows a two-stage QW performed on a nine qubit SK Hamilto-

nian1 from the public repository (Chancellor et al., 2019). In the setting of this larger problem,

the fluctuations after each stage of the QW are smaller relative to the dynamical range than in

the two qubit case, a very early sign of the approach to the thermodynamic limit. Apart from

this, the behaviour is qualitatively similar to the two qubit toy model Ĥ2Q of Eq. (5.4) shown

in Fig. 5.2, and produces a significant increase in the probability of finding the ground state.

5.2.2 Biased two-stage quantum walk

In this subsection, a biased driver Hamiltonian is introduced, similar to the ones used in Duan

et al. (2013); Graß (2019). The biased driver Hamiltonian used here is formulated slightly

1I chose instance ovcjhwbhtcpcvwicoxpdpvjzqojril and used it throughout this chapter for all single SK
problem examples in this chapter.
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Figure 5.4: Biased two-stage QW on a 9 qubit SK spin glass, ID code ovcjhwbhtcpcvwicox-
pdpvjzqojril from the public repository in Chancellor et al. (2019) with γ1 = 3 and
γ2 = 1, using a biased driver (Eq. (5.5)), biased towards the optimal solution of ĤP us-
ing θ = π

8
. The instantaneous quench occurs at time t1 = 10. Top: energy expectations

EΓ = Γ(t) 〈Ĥdrive〉ψ(t) + 〈ĤP 〉ψ(t) (gold), (Γ 〈Ĥdrive〉ψ(t) (green), 〈ĤP 〉ψ(t) (blue). Also shown

(black, dashed) is a guide to the eye at 0, and the minimum eigenvalue of ĤP (red, dashed).
Bottom: probability P (t) of being in the ground state of ĤP at time t. (blue).

differently as

Ĥbias(g, θ) = n1−
n∑
i=1

(
cos(θ)X̂i + gi sin(θ)Ẑi

)
, (5.5)

where gi ∈ {−1, 1} is a candidate (or guess) solution, and takes the value 1 if the ith bit of the

guess solution is 0, and −1 if it is 1. The certainty of the guess is parametrized by 0 ≤ θ ≤ π
2
;

if θ = 0 the guess goes unused and the driver reduces to a transverse field of Eq. (2.6). In the

other extreme, if θ = π
2
, then the ground state of Ĥbias(g, θ = π

2
) is the candidate solution and

there are no dynamics. The ground state of the biased driver Hamiltonian has zero energy for

all allowed values of θ and g, and is a tensor product of spin states which are each anti-parallel

to the fields in Eq. (5.5); this state is used as the initial state. For simplicity, in this example

biasing is only performed toward the most optimal solution (i.e., correct guesses), and the same

nine-qubit SK spin glass as in the previous subsection is used.

As Fig. 5.4 shows, the effect of biasing toward the optimal solution is to lower the initial

values of EΓ and 〈ĤP 〉ψ(t); biasing toward a well chosen guess effectively gives the algorithm

a ‘head start’ with respect to energy expectation values. This is qualitatively similar to what

happens at the beginning of the second stage of the two stage QW, except that the driver
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energy 〈Ĥbias(g, θ)〉ψ(t) starts at exactly zero, rather than having some initial energy left over

from a previous stage. The bias improves the initial stage success probability by a factor of ten

compared with the unbiased QW in Fig. 5.3, while the second stage again provides a (further)

factor of three improvement. This biased two-stage QW example provides proof-of-concept

that the rapid quench mechanism described here can be leveraged on top of a biased search.

5.2.3 Pre-annealed quantum walk

The final example is again in two stages, but this time the first stage is a quantum anneal, and

the second stage is a QW that starts from the point where the anneal stops. The motivating

intuition is that the initial time-dependent annealing stage will prepare an initial state for the

QW that has a lower average problem energy 〈ĤP 〉ψ(t) than the usual uniform superposition

state. If performed too slowly, such a quench will put the system into its instantaneous ground

state according to the adiabatic theorem, and there will be no QW dynamics. If performed

too rapidly, the state will not evolve much during the anneal stage and the resulting QW

will be similar to one without a pre-annealing stage. However, if the anneal is performed

at an intermediate rate, it leads to significant QW dynamics, starting from a lower problem

Hamiltonian expectation value 〈ĤP 〉ψ(t).

Using the ĤAB parametrization defined in Eq. (5.1), the protocol consists of pre-annealing

with a quadratic schedule for a time t1, followed by a time-independent QW; specifically, the

schedule is defined as

A(t) =

{
γ[1 + ( t

t1
− 1)2] 0 ≤ t ≤ t1

γ t1 < t < (t1 + t2)
, (5.6)

B(t) =

{
[1− ( t

t1
− 1)2] 0 ≤ t ≤ t1

1 t1 < t < (t1 + t2)
(5.7)

which is plotted in Fig. 5.5.

Using the same nine-qubit SK problem as before, with its optimal γ value of approximately

1.004, the results for three different values of t1 are shown in Fig. 5.6. Pre-annealing both

decreases the average problem expectation value 〈ĤP 〉ψ(t) and increases the success probability,

but causes the peak values to be reached more slowly. In the longest pre-anneal with t1 = 4, the
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Figure 5.5: Schedule A(t) (solid) and B(t) (dashed) of a pre-annealed QW using γ ≈ 1.004
and t1 = 4 (blue, vertical dotted line), t1 = 0.5 (magenta, vertical dotted line), and t1 = 0,
(red, pure QW).

success probability undergoes small amplitude, approximately sinusoidal, oscillations suggesting

that the dynamics are dominated by a two level subspace. For t1 = 0.5 and t1 = 0, the

oscillations are less structured, indicating that more than two energy levels are playing a non-

trivial role in the dynamics.

The increases in the success probability seen in Fig. 5.6 are relatively modest for this example.

To determine the typical improvement in success probability due to pre-annealing, pre-annealed

QWs were performed on 1, 000 random instances (chosen independently for each data point)

from the set of 10, 000 SK instances at each size from n = 5 to n = 11 from Chancellor

et al. (2019) to compare the success probability averaged over the QW stage using 20 different

linearly spaced pre-annealing times up to t1 = 4. In Fig. 5.7 (top), it can be seen that the

success probability increases with pre-anneal time, up to a plateau, and the relative effect

of pre-annealing becomes larger as n increases. To quantify this effect, the scaling exponent

at each pre-annealing time has been calculated by fitting a linear model on log-linear axes.

The scaling exponent κ is defined such that the success probability psuccess ∝ 2κn. The fitted

values of κ are plotted in Fig. 5.7 (bottom). As the inset of Fig. 5.7 (bottom) shows, the

success probability is modelled well by a simple exponential function, as with the QW success

probability results in Chapter 3. It can be seen that pre-annealing significantly improves the

scaling from κ = −0.405 ± 0.03 for a pure QW, in agreement with the findings in Chapter 3,

to a maximum of κ ≈ −0.276± 0.02. It is an open question whether this scaling will continue

to problem sizes which are of practical interest, but the lack of visible finite size effects in
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Figure 5.6: Pre-anneal performed on a nine qubit SK spin glass, ID code ovcjhwb-
htcpcvwicoxpdpvjzqojril from Chancellor et al. (2019), for pre-anneal times t1 = 4 (blue),
t1 = 0.5 (magenta), t1 = 0 (red), i.e., pure QW. Dotted lines show when the pre-anneal ends.

Top: Expectation values EΓ(t) = A(t)
B(t)
〈Ĥdrive〉ψ(t) + 〈ĤP 〉ψ(t) (dot-dashed), 〈ĤP 〉ψ(t) (solid),

A(t)
B(t)
〈Ĥdrive〉ψ(t) (dashed, colour). The black dashed line indicates the minimum eigenvalue of

ĤP . Bottom: success probability P (t) to be in the lowest eigenstate of ĤP at time t.

Fig. 5.7 suggests that it might. Since very fast quenches can be experimentally challenging

to implement (though methods are being explored (Lanting, 2018)), determining the effects of

quenching at a finite rate is of practical importance. The results here show that such quenches

are potentially a better strategy than trying to speed up or slow down to approach QW or

AQC extremes.

5.3 Energy redistribution mechanism

In all the examples in section 5.2, it can be seen that the total energy expectation value

EΓ(t) never increases during a rapid quench, and that EΓ(t) serves as an upper-bound to the

problem expectation value 〈ĤP 〉ψ(t), assuming that the groundstate of Ĥdrive is arranged to be

at zero energy (the identity term in Eq. (2.6) ensures this). In this section, these observations

are formalised into a mechanism that I refer to as the energy redistribution mechanism. The

analysis extends the energy conservation mechanism described in subsection 3.3.2 to quenches

where the Hamiltonian is not time invariant, and therefore total energy is not conserved.
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Figure 5.7: Top: success probability 〈P 〉 for n = 5 to n = 11 for 21 different linearly spaced
pre-anneal times from t1 = 0 to t1 = 4, darker magenta colour indicates higher n. All data
points are averaged over 1, 000 random instances (chosen independently for each data point)
from the set of 10, 000 SK instances at each size from Chancellor et al. (2019). Bottom: Scaling
exponent κ for a model where psuccess ∝ 2κn extracted from the linear fit on log-linear axes for
different pre-annealing times in the inset. Inset: Scaling of success probability versus n, for the
same t1 values, with t1 = 0 in red, and t1 = 4 in dark blue (same colour coding as the bottom
main figure).
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Consider a closed system QA schedule on a system with a Hamiltonian H(t) defined by Eq.

(5.2):

Ĥ(t) = Γ(t) Ĥdrive + ĤP .

I will show that (for duration tf ≥ 0) the energy expectation value with respect to the problem

Hamiltonian at the end is never higher than at the initial time t = 0,

〈
ψ(tf ) | ĤP | ψ(tf )

〉
≤

〈
ψ(0) | ĤP | ψ(0)

〉
, (5.8)

provided the following conditions are satisfied:

1. (initial ground state) the initial state |ψ(t = 0)〉 is a ground state of the driver Hamiltonian

Ĥdrive

2. (positivity) the control function is non-negative: Γ(t) ≥ 0 ∀t

3. (monotonicity) the control function is monotonically decreasing: Γ(t) ≥ Γ(t′) ∀t′ > t

Condition (1) means that the system is initially prepared in the ground state of the driver

Hamiltonian. This condition is necessary for AQC, and is also standard for QW. Condition

(2) prevents pathological behaviour where the driver spectrum is effectively inverted by taking

negative values of the control function Γ(t). This condition is satisfied in all traditional AQC

and QW settings. Condition (3) is that the quench is monotonic; this condition excludes

methods such as reverse annealing, both the dissipatively driven form proposed in Chancellor

(2017) and implemented on D-Wave devices (D-Wave Systems Inc., 2019b), and the similar

coherent method proposed in Perdomo-Ortiz et al. (2011) which is sometimes also referred to

as reverse annealing. The biased driver Hamiltonians proposed in Duan et al. (2013); Graß

(2019) are compatible with condition (3). The results presented in this chapter do not rely on

the adiabatic theorem and the control function Γ(t) does not need to be a continuous function.

Without loss of generality, the driver Hamiltonian Ĥdrive can be chosen such that its ground-

state eigenvalue is zero. Let EΓ(t) =
〈
ψ(t) | ĤΓ(t) | ψ(t)

〉
be the expectation value of the

energy at time t. Then, it follows immediately from condition (1) that, at time t = 0,

EΓ(0) =
〈
ψ(0) | ĤP | ψ(0)

〉
. (5.9)
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Furthermore, it follows from conditions (1) and (2) that, at any later time t > 0,

EΓ(t) ≥
〈
ψ(t) | ĤP | ψ(t)

〉
, (5.10)

since
〈
ψ(t) | Ĥdrive | ψ(t)

〉
≥
〈
ψ(0) | Ĥdrive | ψ(0)

〉
= 0 can only increase from the ground state

initial energy.

For the next part of the proof, I will show that it follows from conditions (2) and (3) that the

energy expectation value EΓ(t) monotonically decreases with time t; that is,

EΓ(t′) ≤ EΓ(t)∀t, t′ : t′ > t (5.11)

The first step is to introduce a discretized approximation to the evolution as

∣∣∣ψ(q)
k

〉
= T

1∏
k′=k

exp(−iĤΓ(
k′tf
q

)
tf
q

) |ψ(0)〉 , (5.12)

for 1 ≤ k ≤ q and where the symbol T is added to emphasise that the time order of the

product must be preserved, since the Hamiltonians at different times are non-commuting. This

discretized approximation becomes exact in the limit q → ∞. The evolution of a quantum

system under the time dependent Hamiltonian given in Eq. (5.1) from time t = 0 to time

t = tf from the initial state |ψ(0)〉 is broken down as follows: The initial state is evolved under

the constant Hamiltonian Ĥ(
tf
q

) for time
tf
q

to produce a state
∣∣∣ψ(q)

1

〉
which then evolves under

the constant Hamiltonian Ĥ(2
tf
q

) for time
tf
q

and so on, until a final state
∣∣∣ψ(q)

q

〉
is reached.

Then, in the limit, |ψ(tf )〉 = limq→∞

∣∣∣ψ(q)
q

〉
. This kind of discretization can be thought of as an

extension of the Suzuki-Trotter decomposition (Trotter, 1959; Suzuki, 1993) and is therefore

sometimes informally referred to as Trotterization. In the same manner, a discretized version

of the energy expectation value can be defined as

E
(q)
Γ,k = Γ

(
k′tf
q

)〈
ψ

(q)
k | Ĥdrive | ψ(q)

k

〉
+
〈
ψ

(q)
k | ĤP | ψ(q)

k

〉
, (5.13)

Quantum states are only defined up to a constant phase, which is equivalent to choosing an arbi-

trary ‘zero’ for the energy. Hence, without loss of generality, the choice
〈
ψ(0) | Ĥdrive | ψ(0)

〉
=

0 can be made; in other words, the condition semidefiniteness is imposed on Ĥdrive by defining
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its ground state |ψ(0)〉 to have eigenvalue 0.

During each time-independent evolution step, the energy expectation value E
(q)
Γ,k is conserved.

Furthermore, since by definition Ĥdrive is positive semidefinite and Γ(
(k+1)tf

q
) ≤ Γ(

ktf
q

), it follows

that

E
(q)
Γ,k+1 ≤ E

(q)
Γ,k. (5.14)

Repeated application of this inequality results in the more useful inequality

E
(q)
Γ,q ≤ E

(q)
Γ,1. (5.15)

Since E
(q)
Γ,1 is the energy during the whole of the first evolution step, it follows that

E
(q)
Γ,1 = EΓ(t = 0). (5.16)

Furthermore,

lim
q→∞

E
(q)
Γ,q = EΓ(tf ). (5.17)

which means

EΓ(tf ) ≤ EΓ(0). (5.18)

Since this equation holds for all tf > 0, it means that EΓ(t) monotonically decreases with t;

that is, Eq. (5.11) has been proven.

Taken together, the statements in Eqs. (5.9), (5.10) and (5.11) imply

〈
ψ(t = 0) | ĤP | ψ(t = 0)

〉
≥
〈
ψ(t = tf ) | ĤP | ψ(t = tf )

〉
, (5.19)

for final time tf . In other words, the energy expectation with respect to the problem Hamilto-

nian can only decrease compared with the initial state. If the energy expectation of the problem

Hamiltonian decreases, then the probability of measuring low energy states increases.

I have shown that Eq. (5.19) holds for quenches parameterized with the single control function

Γ(t), in the form of Eq. (5.2). However, since the control function Γ(t) is identified with the

ratio A(t)/B(t) of control functions for quenches in the form of Eq. (5.1), the result in Eq. (5.19)

follows automatically for quenches in A(t), B(t) form, except for when B(0) = 0, when Γ(0) is

not well-defined.
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I will now show that the results can be extended to the case where B(0) = 0, with the additional

condition that the driver Hamiltonian Ĥdrive has a finite gap between its ground and first-

excited manifolds (which is automatically true for all Hamiltonians on Hilbert spaces of finite

dimension).

In the case that B(0) = 0, consider the modified Hamiltonians

Ĥ ′drive = Ĥdrive −
ε

A(0)
ĤP (5.20)

Ĥ ′P = ĤP (5.21)

and the modified control functions

A′(t) = A(t) (5.22)

B′(t) = B(t) +
A(t)

A(0)
ε

= B(t)

[
1 + Γ(t)

ε

A(0)

]
, (5.23)

where ε� 1. It can be seen that that total Hamiltonian is unchanged,

Ĥ ′A,B(t) ≡ A′(t)Ĥ ′drive +B′(t)Ĥ ′P

= A(t)Ĥdrive +B(t)ĤP , (5.24)

but it is also true that

B′(0) = ε. (5.25)

Define

Γ′(t) ≡ A′(t)

B′(t)
(5.26)

Γ′(t) =
Γ(t)[

1 + Γ(t) ε
A(0)

] . (5.27)

It can be immediately seen that Γ′(t) is non-negative if Γ(t) is non-negative, and so condition
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(2) is satisfied. Furthermore,

dΓ′(t)

dΓ(t)
=

1[
1 + Γ(t) ε

A(0)

]2 . (5.28)

Thus, Γ′(t) is monotonically-decreasing if Γ(t) is is monotonically decreased, and so condition

(3) is satisfied.

If the protocol were to be started in the state
∣∣ψ′gs

〉
, a ground-state of Ĥ ′drive, condition (1) would

be satisfied and the result would be proven. However, the original protocol under consideration

starts in the the state |ψ(0)〉, ground-state of Ĥdrive. Applying first order perturbation theory

in ε to Ĥ ′drive, gives that Ĥ ′drive has a ground-state

∣∣ψ′gs

〉
= |ψ(0)〉+O

(
ε

A(0)∆

)
|ψ⊥〉 (5.29)

where |ψ⊥〉 is a normalized state vector orthogonal to |ψ(0)〉 and ∆ is the energy gap between

the ground and first-excited manifolds of the actual driver Hamiltonian Ĥdrive. Thus, assuming

the driver Hamiltonian Ĥdrive is not gapless (which is automatically true for all Hamiltonians

on Hilbert spaces of finite dimension), the inequality in Eq. (5.19) is satisfied in the limit as

ε→ 0.

The key result shown here is that, for quenches where the control function Γ(t) decreases

monotonically, the energy expectation value of the problem Hamiltonian ĤP cannot be higher

than its initial value. Put another way, on average, a monotonic quench can never perform

worse than random guessing. This result is important for two reasons. Firstly, although not

being harmful to average solution quality is a rather weak statement, it applies very generally

to a broad class of algorithms. Secondly, and more importantly, this result can be built upon to

determine control functions that can provide a significant improvement, which is important for

algorithm design. To do this, it is necessary to combine the result in this section with criteria

for when the transfer of amplitude between computational basis states will be significant, which

will be obtained in the next section.
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5.4 Ensuring significant dynamics

Section 5.2 showed examples of a quantum quench giving significantly better performance than

pure QWs. This section will consider theoretically how a significant improvement can occur. It

was shown in section 5.3 that dynamics will never be detrimental; this means that, if dynamics

occur, in general it will be beneficial. What remains is to determine the circumstances in which

significant dynamics will occur.

5.4.1 Quantifying the strength of short-time dynamics

In the analytical solutions for unstructured search in a continuous-time setting (Roland and

Cerf, 2002; Childs and Goldstone, 2004), the method involves analysing the dynamics in a

two dimensional subspace. To obtain significant dynamics in this setting, the hopping rate

γ or schedule functions A(t), B(t) must carefully balance the relative strengths of the driver

and problem Hamiltonians, such that the off-diagonal terms in the two dimensional subspace

are maximized. Motivated by this, shorter timescales can be investigated by examining local

subspaces spanned by a pair of basis states. To analyse whether significant dynamics will occur,

a similar analysis to characterise how strong the transitions are to locally redistribute amplitude

has been performed. If these are large for most of the transitions mediated by the driver, then

the system will generate a high level of dynamics on a short timescale; otherwise, it will not,

although dynamics may still occur on longer timescales.

To get a measure of dynamics that can be efficiently estimated at all sizes, I have analysed

individual pairs of computational basis states connected by the driver, to determine whether

significant transfer occurs between them, irrespective of the state in the rest of the Hilbert

space. Note that for classical problems in the setting considered here, the problem Hamiltonian

is diagonal in the computational basis, hence all of its subspaces are, too. Consider two basis

states |j〉 and |k〉 connected by the driver, i.e.,
〈
j | Ĥdrive | k

〉
6= 0, and define an effective

two-level system Hamiltonian

Ĥ
(jk)
Γ (t) = Γ(t)Ĥ

(jk)
drive + Ĥ

(jk)
P (5.30)
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with the local problem Hamiltonian Ĥ
(jk)
P defined as

Ĥ
(jk)
P =

 E(j) 0

0 E(k)

 , (5.31)

where E(j) =
〈
j | ĤP | j

〉
is the energy of computational basis state |j〉 with respect to the

problem Hamiltonian (similarly for k), and with the local driver Hamiltonian Ĥ
(jk)
driver defined as

Ĥ
(jk)
drive =

 〈
j | Ĥdrive | j

〉 〈
j | Ĥdrive | k

〉
〈
k | Ĥdrive | j

〉 〈
k | Ĥdrive | k

〉
 . (5.32)

The extent to which the local subspace Hamiltonian Ĥ
(jk)
Γ (t) can transfer amplitude between

the basis states |j〉 and |k〉 can be characterised by comparing the off-diagonal energy scale to

the diagonal one. Define a local transfer coefficient, which takes values 0 ≤ T (jk) ≤ 1, as

T (jk) = R
[
Γ(t)Ĥ

(jk)
drive, Ĥ

(jk)
P

]
(5.33)

≡
2Γ(t)|

〈
k | Ĥdrive | j

〉
|

2Γ(t)|
〈
k | Ĥdrive | j

〉
|+ |∆jk|

. (5.34)

where

∆jk =
{

Γ(t)
〈
j | Ĥdrive | j

〉
+ E(j)

}
−
{

Γ(t)
〈
k | Ĥdrive | k

〉
+ E(k))

}
is the difference between the diagonal elements in the diagonal basis of the problem Hamiltonian.

Similarly, as implied by the energy redistribution mechanism described in section 5.3, transfer

between driver eigenstates is also important. To capture this, a local driver coefficient D(jk)

can be defined by transforming the local subspace Hamiltonian in Ĥ
(jk)
Γ (t) into the diagonal

basis of the local driver Hamiltonian Ĥ
(jk)
drive and writing a similar expression to Eq. (5.34). That

is,

D(jk) = R
[
U (jk)†ĤPU

(jk),Γ(t)U (jk)†ĤdriveU
(jk)
]
, (5.35)

where U (jk) is a unitary such that U (jk)†Ĥ
(jk)
driveU

(jk) is diagonal.

It is easily shown that, for unbiased drivers such as Eq. (2.6), the local driver coefficient D(jk)
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and local transfer coefficient T (jk) are related by D(jk) = 1 − T (jk). This makes it clear there

is a trade off between the two quantities to obtain significant dynamics under the combined

Hamiltonian. The overall level of amplitude transfer expected can be quantified by the product

of the transfer and driver coefficients T (jk) and D(jk), which is defined as the dynamic coefficient,

Dyn(jk) = T (jk)D(jk). (5.36)

For unbiased drivers, since D(jk) = 1 − T (jk), and 0 ≤ D(jk), T (jk) ≤ 1, it follows that Dyn(jk)

satisfies 0 ≤ Dyn(jk) ≤ 0.25.

The dynamic coefficient Dyn(jk) captures the level of algorithmically useful local dynamics

experienced by the system. In particular, if Γ� 1, then the driver Hamiltonian dominates and

the problem Hamiltonian ĤP will have little effect on the dynamics of the system. Since the

initial state is the ground state of the driver Hamiltonian, the dynamics are driven by the much

smaller problem Hamiltonian on short timescales. This limit is captured by the dynamical

coefficient, as D(jk) ≈ 0, and hence Dyn(jk) ≈ 0. In the opposite extreme, if Γ � 1, then

the problem Hamiltonian dominates, but since it is diagonal, the dynamics will consist almost

entirely of phase rotations in the computational basis, and the amplitudes will change very

little. This limit is captured by the transfer coefficient, as T (jk) ≈ 0, and hence Dyn(jk) ≈ 0.

To characterise the level of dynamics in the entire system, the mean value of Dyn(jk) can simply

be taken over the values of j and k which correspond to a non-zero off-diagonal elements in

Ĥdrive. That is, the average dynamic coefficient is defined as

Dyn = 〈Dyn(jk)〉jk (5.37)

where 〈 · 〉jk represents the mean over all pairs of computational basis states j, k connected by

the driver Hamilton Ĥdrive. Although Eq. (5.37) cannot be exactly calculated efficiently, it

should in general be possible to approximate it efficiently (up to additive error) by sampling.

This follows from the fact that the values of Dyn(jk) are bounded 0 ≤ Dyn(jk) ≤ 0.25, and

therefore the error δDyn can be reduced by the central limit theorem to the range this value

can take, multiplied by the statistical noise in the sample, which scales as the square root of

the number of samples, i.e.,

δDyn ∼ 0.25

N
1/2
samples

. (5.38)
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As the average dynamic coefficient Dyn is calculated by considering only those states that

are directly connected by the driver Hamiltonian Hdrive, it naturally captures only the fastest

quantum dynamics that are present in the system. For example, in the case of the transverse

field driver from Eq. (2.6), Dyn only depends on transitions between states that differ by a

single bit-flip, which will typically be happening much faster than those that involve two or

more bit flips.

The minimum gap between the ground state and first excited state of the total Hamiltonian is

often used in AQC (the adiabatic limit of QA) as an indication of the computational difficulty

of different parts of the schedule. Although inspired by the analytical solution to the search

problem, where balancing the driver and problem Hamiltonians corresponds to this minimum

gap, there is no reason to expect the local Hamiltonians balanced by maximizing Dyn to also

locate the global minimum gap, except in special cases. Fig. 5.8 shows a comparison, for two

different n = 9 SK instances, between the average dynamic coefficient Dyn (red solid line, right

axis) and the gap between the ground- and first excited-state (blue solid line, left axis). The

quantities are plotted against the schedule parameter s(t) in the AQC-like paramaterization

A(t) = 1 − s(t), B(t) = s(t). The maximum of Dyn and the minimum gap are indicated by

the red and blue dotted lines respectively. As in these examples, it is typical, for the SK spin

glasses, for the maximum Dyn value to appear significantly before the minimum gap (i.e., closer

to the driver end of the schedule). This could be related to the fact that the smallest gaps occur

in a spin-glass phase in which dynamics are expected to be much slower, as described in Knysh

(2016) and discussed in relation to the SK problem studied in Chapter 3. Transitioning slowly

through the minimum gap is important for the long timescales of AQC, but it is not necessarily

related to what is needed for maximizing the success probability for shorter run times. Away

from the adiabatic limit, there are different mechanisms at play, as has been highlighted in

Wong and Meyer (2016) and discussed in Chapter 3 and elsewhere (Morley et al., 2019).

5.4.2 Analytical bounds on Dyn

Equipped with the definition of the average dynamic coefficient Dyn, the next question to

investigate is “when is it possible to find a value of Γ(t) such that Dyn is large enough for

significant short time dynamics to be generated?”. For simplicity, I will restrict the discussion

to the unbiased driver case, when the local driver coefficient D(jk) and local transfer coefficient
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Figure 5.8: Comparison, for two different n = 9 SK instances, between the average dynamic
coefficient Dyn (red solid line, right axis) with the gap between the ground- and first excited-
state (blue solid line, left axis). The quantities are plotted against the schedule parameter
s in the AQC-like paramaterization A(t) = 1 − s(t), B(t) = s(t). The maximum of Dyn
and the minimum gap are indicated by the red and blue dotted lines respectively. Left: the
instance with ID code ovcjhwbhtcpcvwicoxpdpvjzqojril from Chancellor et al. (2019), used
in Figs. 5.3, 5.4 and 5.6. Right: the n = 9 instance from Chancellor et al. (2019) (ID code
cpahzppaxangdnisyqutdbbjlkqamc) with the smallest minimum gap.

T (jk) are related by D(jk) = 1− T (jk). In this case, the local dynamic coefficient Dyn(jk) can be

written in terms of the driver strength Γ(t) and a single scaled gap parameter ζjk =
|∆jk|

2|〈k|Ĥdrive|j〉|
as

Dyn(jk) =
ζjk/Γ(t)

(1 + ζjk/Γ(t))2
. (5.39)

Let pζ be the probability density function that governs the distribution of ζjk in the particular

problem and driver Hamiltonians under consideration. It can be shown that the maximum

value attained by the average dynamic coefficient Dyn for any choice of driver strength Γ(t)

has a lower bound which can be stated formally as

max
Γ

(t)(Dyn) ≥ max
0<c<1

[
1− c

(2− c)2

(
1− 1

c2

µ2(pζ)

µ2
1(pζ)

)]
, (5.40)

where µ1(pζ) (µ2(pζ)) is the first (second) central moment of the distribution governed by the

probability density function pζ . To prove this lower bound, it is useful to first prove the following

general result about distributions: assume that the distribution p(x) has a finite second moment

µ2(p) =

∫ ∞
−∞

dx p(x)(x− µ1(p))2, (5.41)
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where

µ1(p) =

∫ ∞
−∞

dx p(x)x, (5.42)

is the first moment (mean). Then, for any choice of values xmax > xmin such that µ1(p) =

1
2
(xmax + xmin), the probability for x to be in the interval [xmin, xmax] can be lower bounded as

∫ xmax

xmin

dx p(x) ≥ 1− 4µ2(p)

(xmax − xmin)2
(5.43)

To see this, first recognise that the distribution q(x) = 1
2
δ(xmin − ε) + 1

2
δ(xmax + ε) has the

minimum possible second moment while having no support in the interval [xmin, xmax], where

δ is the Dirac delta distribution. In the limit ε→ 0, the second moment of this distribution is

µ2(q) = 1
4
(xmax − xmin)2. Thus, if µ2(p) < µ2(q), then p(x) must have some support within the

range [xmin, xmax]. The second moment µ2(p) can be lower bounded as

µ2(p) =

∫ ∞
−∞

dx p(x)(x− µ1(p))2

≥
∫ xmin

−∞
dx p(x)(x− µ1(p))2 +

∫ ∞
xmax

dx p(x)(x− µ1(p))2

≥ µ2(q)

(∫ xmin

−∞
dx p(x) +

∫ ∞
xmax

dx p(x)

)
= µ2(q)

(
1−

∫ xmax

xmin

dx p(x)

)
,

from which the result in Eq. (5.43) follows directly.

Now, the result in Eq. (5.40) can be shown. Let ηjk =
ζjk
Γ

. Furthermore, let pζ and pη be

probability density functions that govern the distribution of the values ζjk and ηjk, respectively,

over a set of problem instances. Let µ1(p) and µ2(p) refer to the first and second moments,

respectively, of a distribution governed by the probability density function p.

The dynamic coefficient is

Dyn(jk) =
ηjk

(1 + ηjk)2
, (5.44)

so, consider the function

f(x) =
x

(1 + x)2
(5.45)
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where x > 0.

Let x be distributed according to the probability density function pη. The expectation value

〈f(x)〉x is then

〈f(x)〉x =

∞∫
0

dxpη(x)f(x)

=

xmax∫
xmin

dxpη(x)f(x) +

xmin∫
0

dxpη(x)f(x) +

∞∫
xmax

dxpη(x)f(x)

= Pη(xmin < x < xmax)〈f(x)〉xmax
xmin

+

Pη(x ≥ xmin)〈f(x)〉xmin
0 + Pη(xmax ≥ x)〈f(x)〉∞xmax

(5.46)

where xmax > xmin, Pη(. . . ) is the probability of its argument being true if η is distributed

according to pη, and 〈f(x)〉ba is the expectation value of f(x) if x is distributed according to a

(renormalized) version of pη with all support on x < a and x > b removed. As f(x) is positive

for all x > 0, this leads to the lower bound on 〈f(x)〉x,

〈f(x)〉x ≥ Pη(xmin < x < xmax)〈f(x)〉xmax
xmin

(5.47)

> Pη(xmin < x < xmax) min
xmin<x<xmax

[f(x)]. (5.48)

Since f(x) is also convex, it is true that

min
xmin<x<xmax

[f(x)] = min [f(xmin), f(xmax)] . (5.49)

Now, let the interval [xmin, xmax] be of width 2c (for some c > 0), and centred on the mean

µ1(pη) (thereby also constraining c < µ1(pη)). That is, xmin = µ1(pη)− c and xmax = µ1(pη)+ c,

and it must be determined which of f(µ1(pη) − c) and f(µ1(pη) + c) is smaller. To do this,

consider under what conditions it is true that

f(µ1(pη)− c) < f(µ1(pη) + c). (5.50)
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It can be shown that Eq. (5.50) is true when

c2 > µ2
1(pη)− 1 (5.51)

This inequality means that, when the mean µ1(pη) is greater than 1, the truth of the inequality

in Eq. (5.50) depends on the value of c, but for µ1(pη) ≤ 1, it is always true. Therefore, making

the choice Γ = µ1(pζ) (the mean of the distribution of ζ rather than η) gives that µ1(pη) = 1,

which means the inequality f(1 − c) < f(1 + c) is always true (where now 0 < c < 1), and

consequently

min
(1−c)<x<(1+c)

[f(x)] = f(1− c)

〈f(x)〉1+c
1−c > f(1− c)

〈f(x)〉x > Pη(1− c < x < 1 + c)f(1− c). (5.52)

Now, since ζjk ≡ Γηjk = µ1(pζ)ηjk, it is true that

Pη(1− c < x < 1 + c) =

Pζ (µ1(pζ) (1− c) < x < µ1(pζ) (1 + c)) (5.53)

where Pζ(. . . ) is the probability of its argument being true if x is distributed according to pζ .

Applying the result Eq. (5.43) gives

Pζ (µ1(pζ) (1− c) < x < µ1(pζ) (1 + c)) ≥

1− 4µ2(pζ)

([µ1(pζ) (1 + c)]− [µ1(pζ) (1− c)])2 = 1− 1

c2

µ2(pζ)

µ2
1(pζ)

. (5.54)

Putting this all together gives

max
Γ

(Dyn) ≥ f(1− c)
[
1− 1

c2

µ2(pζ)

µ2
1(pζ)

]
(5.55)

=
1− c

(2− c)2

(
1− 1

c2

µ2(pζ)

µ2
1(pζ)

)
. (5.56)

While this inequality gives a valid lower bound on Dyn, the greatest lower bound can be found

by maximising over c, which leads directly to the lower bound in Eq. (5.40)
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Figure 5.9: Semi-analytical lower bound (solid, red) on Dyn as a function of ratio of moments
µ2(pζ)/µ21(pζ) of the distribution, governed by pζ , of the rescaled energy gaps ζjk between compu-
tational basis states connected by the driver Hamiltonian Hdrive. Also shown, minimum (0.0,
dot-dashed, green) and maximum (0.25, dotted, blue) possible values of Dyn. The lower-bound
is non-trivial for µ2(pζ)/µ21(pζ) < 1.0 (left of grey dashed line), trivially zero otherwise.

Note that this bound has been obtained by choosing the specific driver strength Γ = µ1(pζ),

i.e., the mean of the rescaled local gaps, which is not necessarily optimal, but serves to produce

a non-trivial lower bound.

It is illuminating to look at the shape of this bound, which can be easily computed numerically

for any given value of the ratio of moments µ2(pζ)/µ21(pζ). The bound is plotted for the interesting

range of the ratio of moments in Fig. 5.9. It can be seen that the lower-bound is non-trivial

when µ2(pζ)/µ21(pζ) < 1.0, but is trivially zero otherwise. This shows that there is a continuous

range where Dyn is bounded away from zero, and hence dynamics will definitely happen on

short timescales, even for non-optimal choices of Γ(t). This bound is in general far from tight,

but still leads to some interesting examples. Next, I will illustrate the calculation of Dyn and

the lower bound in Eq. (5.40) for some specific cases.

5.4.3 Example: two qubit system

As a simple example, consider the problem Hamiltonian

Ĥ
(2Q)
P = −Ẑ1Ẑ2 −

1

2
Ẑ1
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as defined in Eq. (5.4), with a transverse field driver as defined in Eq. (2.6). For this problem

Hamiltonian, there are four two level subspaces connected by the driver, |00〉 ↔ |10〉, |00〉 ↔

|01〉, |10〉 ↔ |11〉, and |01〉 ↔ |11〉, with |∆jk| = 3, 2, 2, 1 respectively. Dyn can thus be

calculated exactly as

Dyn =
1

4

(
3/(2 Γ)

(1 + 3/(2 Γ))2
+

1/(2 Γ)

(1 + 1/(2 Γ))2
+

2
2/(2 Γ)

(1 + 2/(2 Γ))2

)

=
Γ

2

(
3

(3 + 2 Γ)2
+

1

(1 + 2 Γ)2
+

4

(2 + 2 Γ)2

)
, (5.57)

where the time dependence in Γ(t) has been omitted for clarity. The maximum value of Dyn

can be obtained by maximizing the expression in Eq. (5.57) with respect to Γ. This is easiest

done numerically, giving maxΓ(Dyn) ∼ 0.241 for Γ ' 0.941. Comparing with the bound in Eq.

(5.40), the first moment of pζ is µ1(pζ) = 1, while the second moment is µ2(pζ) = 0.125. Using

the ratio
µ2(pζ)

µ21(pζ)
= 0.125, the lower bound is maxΓ Dyn & 0.135. This is just over half the actual

value, but holds for any Hamiltonian with the same moments of the distribution.

5.4.4 Example: Sherrington-Kirkpatrick spin-glass

It is worth considering the SK spin-glass problem Hamiltonian given in Eq. (2.8). Consider the

driver Hamiltonian Ĥdrive to be the transverse field defined in Eq. (2.6). Due to the promising

results presented in Chapter 3 for solving this problem with QWs, as well as for the more general

quenches presented in section 5.2, it can be intuitively expected to be generally possible to find

values of Γ for which the average dynamic coefficient Dyn takes an appreciable value.

The transverse field driver only connects pairs of states j, k that differ by a single bit flip. Thus,

it can be seen from Eq. (2.8) that, for all such pairs, the energy difference can be written

∆jk = −
∑
b 6=a

s
(j)
ab Jab − 2s(j)

a ha (5.58)
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where a is the index of the spin that is flipped between states |j〉 and |k〉, the sum runs over b

which indexes the other spins, s
(j)
ab is the eigenvalue (±1) of the operator ZaZb on the state |j〉

and s
(j)
a is the eigenvalue (±1) of the operator Za on the state |j〉. The gap ∆jk in Eq. (5.58) is

a sum of normally distributed variables with mean 0, and so ∆jk is itself a normally distributed

variable with mean 0, and can be shown to have a standard deviation ς =
√

2(n+ 1)σ, where

n is the number of spins (qubits). Then, since
〈
k | Ĥdrive | j

〉
= 1 for the unbiased transverse

field driver, the scaled gap ζjk is distributed according to the half-normal distribution with

probability density function

pζ(ζ) =
1

ς
√

2π
exp

(
− ζ2

8ς2

)
, ζ ≥ 0 (5.59)

For this distribution, it can be shown that the ratio of moments is

µ2(pζ)

µ2
1(pζ)

=
1− 2/π

2/π
(5.60)

≈ 0.571. (5.61)

It should be emphasised that this is independent of the width ς of the distribution of the scaled

gap ζjk. For this value of the ratio, the lower bound shown in Fig. 5.9 is

max
Γ

(Dyn) & 0.03. (5.62)

While this value is small compared to the maximum possible value of Dyn = 0.25, which is not

unexpected for a hard problem (NP hard), it should be emphasised that it is independent of

the width ς of the distribution of the scaled gap ζjk and thus does not scale with the system

size. Bounding Dyn away from zero for all sizes proves that dynamics will occur over short

timescales for suitable control parameters, thus providing evidence that the scaling found in

Chapter 3 may continue to be useful problem sizes.

5.4.5 Example: unstructured search

It is worth considering the problem of unstructured search on n qubits as a contrasting example.

In the unstructured search problem, a single computational basis state |m〉, out of the total N =

2n basis states, is marked by being given a lower energy, and its simple problem Hamiltonian
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is given in Eq. (2.14). Again the driver Hamiltonian Ĥdrive is taken to be the transverse field

defined in Eq. (2.6). While unstructured search is a well known example with a provable

quantum advantage, the algorithms which yield this advantage all involve coherent operations

on time scales of order
√
N = 2

n
2 rather than the short-time dynamics discussed here. As such,

it is to be intuitively expected that the lower bound in Eq. (5.40) would be large in this case.

Of the n 2n−1 total off diagonal matrix element pairs in the transverse field driver, only n of

these will connect a pair of computational basis states with non-zero energy difference, having

energy difference ∆jk = 1, with the remaining n 2n−1 − n pairs having zero energy-difference

∆jk = 0. Therefore, the distribution of scaled gaps ζjk can be written as

pζ(ζ) =
n

n 2n−1
δ(ζ − 1

2
) +

(
1− n

n 2n−1

)
δ(ζ) (5.63)

Calculating the first and second central moments of this distribution gives

µ1(pζ) =
1

2n
(5.64)

µ2(pζ) =
1

2n+1
−
(

1

2n

)2

(5.65)

and so the relevant ratio of moments is

µ2(pζ)

µ2
1(pζ)

= 2n−1 − 1 (5.66)

Looking at the plot of the lower bound in Fig. 5.9, it can be seen that, for unstructured search

the bound is trivially zero for all n > 1. The exact value can also be calculated, using Eq.

(5.39). For each of the n 2n−1 − n pairs of states j, k with |∆jk| = 0, Dyn(jk) = 0 ∀Γ. For

the remaining n pairs of states j, k with |∆jk| = 1, the choice of driver strength Γ = 1/2 will

maximise Dyn(jk) = 0.25. Thus, the average dynamic coefficient for unstructured search is

Dyn =
1

2n−1
× 0.25

=
1

2n+1
(5.67)

which tends toward the lower bound of zero in the limit as n→∞.

This shows that, for search, most two-level subspaces do not exhibit dynamics and probability
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enhancement of the marked state can only happen through finely tuned control. For AQC,

this is achieved by slowly adjusting the Hamiltonian within a precise range so that the system

can follow a very delicate path, whereas for QW this is achieved by reaching a finely tuned

resonance between the marked state and the rest of a symmetric subspace of the Hilbert space.

While interpolations between these two extremes are possible (Morley et al., 2019), all of the

interpolated algorithms also rely on dynamics of a two level system with a gap proportional

to
√
N = 2

n
2 . In such a system, significant dynamics cannot occur in the timescales of rapid

quenches, O(1) or O(poly(n)).

5.5 Using dynamics to find heuristic quench parameters

As mentioned in section 5.4, the average dynamic coefficient Dyn can in general be efficiently

estimated by sampling. In this section, I will show via two practical examples that this estimate

can be used to develop heuristic methods for setting the control function Γ(t), or equivalently,

A(t) and B(t), for a rapid quench, in both the QW and QA settings. In both cases, the unbiased

transverse field driver Hamiltonian defined in Eq. (2.6) is used. First, the QW algorithm will

be considered, starting with a simplified example of a two qubit system. Then, a heuristic

for the SK spin-glass problem will be developed, and it will be shown that it performs almost

as well as the numerically fine-tuned heuristic described in Chapter 3, without needing any

fine-tuning. Second, a simple heuristic method will be developed for defining a schedule for a

time-dependent rapid quench. This will also be applied to the SK spin-glass, and it will be

shown to outperform a linear ramp.

In all the examples discussed in this section, the average dynamic coefficient Dyn has been

computed numerically using all non-zero j,k pairs, rather than estimated by sampling such

pairs. This is computationally easy to do at these problem sizes, making it possible to separate

the effectiveness of the heuristic from errors due to sampling.

5.5.1 Heuristic hopping rate for a quantum walk

For QW, the average dynamic coefficient Dyn is a function of the chosen hopping rate Γ(t) = γ.

Informed by the result in section 5.3 that dynamics will typically be useful, it follows that by
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Figure 5.10: Average success probability P̄ (0, 100) between t = 0 and t = 100 (blue, solid),
calculated based on 10, 000 independent random points within this range and Dyn (red, dashed)
versus γ for the two qubit system given in Eq. (5.4). Dotted vertical line indicates the value
of γDyn.

maximizing Dyn a heuristic hopping rate γDyn can be obtained, that should ensure significant

dynamics occur over short timescales. For the two qubit Hamiltonian from Eq. (5.4), Fig. 5.10

shows how the average success probaility within 100 dimensionless time units P̄ (0, 100) varies

with γ. For this two qubit system, Dyn can be exactly calculated, see section 5.4.3, and is

shown in Fig. 5.10. The maximum value of Dyn gives a value for γDyn which is a good quality

estimate for the value of γopt. Using bisection and a numerically calculated derivative, it was

found that γDyn ≈ 0.864, while the peak of P̄ (0, 100) occurs at a slightly lower value of γ.

Since the peak of P̄ (0, 100) is quite broad, the discrepancy between γDyn and γopt only reduces

P̄ (0, 100) by a small amount, as can be seen in Fig. 5.10.

To test how well this heuristic hopping rate works for a more realistic example, γDyn has been

numerically calculated for each instance of size 5 ≤ n ≤ 15 of the SK spin glass problems used

in Chapter 3. This was done by performing a bisection optimization to maximise the value of

Dyn as a function of γ for each instance. Following the methods used in Chapter 3, a short-time

QW was performed and the success probability

P̄ (tshort,∆tshort) =

17.5√
n∫

12.5√
n

dt P (t), (5.68)
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Figure 5.11: Log-linear plot of average short time success probability 〈Pshort〉 against number
of qubits n for QWs on the spin-glass dataset from Chapter 3, using the heuristic hopping rate
γDyn derived for each instance by optimizing the average dynamic coefficient Dyn (red). Also
shown for comparison is the probability obtained using the fine-tuned heuristic hopping rate
γheur (blue) described in Chapter 3.

as defined in subsection 3.2.5, was calculated. This is shown (red line) for each size in Fig. 5.11.

Included for comparison (blue line) are the results from Chapter 3 using the fine-tuned heuris-

tic γheur defined there, using properties of the eigenvalue distribution for the spin glass prob-

lem Hamiltonian. It can be seen that, despite γheur being numerically fine-tuned specifically

for the SK spin-glass problem, it performs only marginally better the general method used

here. Fitting the data produces 〈P̄ (tshort,∆tshort)〉 ∼ O(N (−0.411±0.002)) for γheur compared to

〈P̄ (tshort,∆tshort)〉 ∼ O(N (−0.425±0.001)) for γDyn. The eigenvalue distribution used in Chapter 3

would not generally be available to calculate γ for real problems; this comparison shows that

using Dyn is a viable method for determining a useful value for γ in this case.

For the small size instances used here, all the values of Dyn(jk) have been used to calculate the

average in the definition of Dyn in Eq. (5.37). It can be shown that the error in γDyn due to

sampling a subset of Dyn(jk) values stays manageable for larger sizes. Consider a small error

δγ in γ. Doing a Taylor expansion of Dyn(γ) around its peak value Dynmax gives

δDyn = Dynmax −Dyn(γDyn + δγ) = −(δγ)2 ∂
2Dyn(γ)

∂γ2

∣∣∣∣
γ=γDyn

+O
(
(δγ)3

)
, (5.69)
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where γDyn is the value of γ the heuristic would find2 with the exact Dynmax. Using the sampling

error in Dyn from Eq. (5.38) and rearranging yields

δγ ∝ N
− 1

4
sample

(
− ∂2Dyn(γ)

∂γ2

∣∣∣∣
γ=γDyn

)− 1
2

. (5.70)

This is a general expression that can be used for any problem Hamiltonian. For the SK spin

glass, the distribution of the scaled gaps from Eq. (5.59) and the definition of Dyn(j,k) from Eq.

(5.39) can be used together to obtain the average value of Dyn(γ) for SK instances, 〈Dyn〉(γ)

〈Dyn〉(γ) =
1

ς
√

2π

∫ ∞
0

dζ exp

{
− ζ2

8ς2

}
ζ/γ

(1 + ζ/γ)2 . (5.71)

Making the substitution z = ζ/(2
√

2ς), to remove the ς dependence in the exponential gives

〈Dyn〉(γ) =
8√
2π

∫ ∞
0

dz z exp
(
−(z2)

) γ/ς(
γ/ς + 2

√
2z
)2 . (5.72)

Differentiating with respect to γ gives

∂

∂γ
〈Dyn〉(γ) =

8

ς
√

2π

∫ ∞
0

dz z exp
(
−(z2)

) 2
√

2z − γ/ς(
γ/ς + 2

√
2z
)3 (5.73)

and differentiating again gives

∂2

∂γ2
〈Dyn〉(γ) =

8

ς2
√

2π

∫ ∞
0

dz 2z exp
(
−(z2)

) γ/ς − 4
√

2z(
γ/ς + 2

√
2z
)4 (5.74)

This needs to be evaluated at γ = γDyn, at the peak of 〈Dyn〉(γ). It can be seen by inspecting

Eq. (5.72) that this occurs at a fixed value of γ/ς. Hence, the value of the actual integral in Eq.

(5.74) evaluated at γ = γDyn is independent of n, so the scaling with n of the double derivative

at γ = γDyn is determined solely by the ς−2 prefactor in Eq. (5.74). Using this information in

Eq. (5.70) gives

δγ ∝ N
− 1

4
sampleς. (5.75)

2Note that the first order term is absent, and the second order term is negative, because the sampling is
being done at the maximum, and it is implicitly assumed that there are no other peaks in Dyn which take

similar values. If ∂2Dyn(γ)
∂γ2

∣∣∣
γ=γDyn

vanishes, then the next non-zero even derivative should be used.
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Figure 5.12: Left: A heuristic quench schedule of duration tf = 2.0 (red) derived from the
average dynamic coefficient Dyn for a typical nine qubit spin-glass instance from Chapter 3.
For comparison, a linear schedule (also of duration tf = 2.0) is also shown. Right: The
instantaneous success probability P (t) for measuring the problem ground-state for for each
time t as the quench progresses along the heuristic schedule (red) and the linear schedule
(blue).

Recalling from section 5.4.4 that ς ∝
√

2(n+ 1) for these SK spin glasses then gives

δγ ∝ N
− 1

4
sample(n+ 1)1/2. (5.76)

In Chapter 3, it was determined numerically that the peak in the success probability as a

function of γ is very broad for SK spin glasses, and that the width of this peak decreases as 1/n.

Combined with Eq. (5.76), this means the sampling rate to calculate Dyn needs to increase

by a poly(n) factor as n increases, in order to determine γDyn to sufficient accuracy. Since n

corresponds to the number of qubits, this can be done efficiently.

5.5.2 Heuristic schedule for quantum annealing

For a time-dependent rapid quench of the form ĤAB(t) defined in Eq. (5.1) and total duration

tf , a common choice of control functions, inspired by the adiabatic algorithm, is A(t) = 1−s(t)

and B(t) = s(t), where s(t) is a schedule function with boundary conditions s(0) = 0 and

s(tf ) = 1. In the absence of any knowledge about where along the schedule useful computation

can happen, the schedule function is often set to be the linear function s(t) = t/tf . The

average dynamic coefficient Dyn provides a measure of the level of dynamics at each point

along the schedule. Intuition gained from section 5.3 suggests that the linear schedule can
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in general be improved by spending less time in regions where Dyn is small and more time

in regions where Dyn is large. A straightforward way to do this is to choose ds
dt
∝ 1

Dyn
(the

constant of proportionality is set by the boundary conditions s(0) = 0 and s(T ) = 1). I

have approximated such a schedule for a typical nine qubit SK spin-glass instance, as shown

in Fig. 5.12(a) (red line). This was done by fixing the value of the points marked by circles

according to ∆s ∝ ∆t
Dyn

, subject to the boundary conditions, and then linearly interpolating

between them. A linear schedule s(t) = t/tf (blue line) is also shown for comparison. Fig.

5.12(b) shows the instantaneous success probability P (t) for measuring the problem ground-

state as the quench progresses along the heuristic schedule (red line) and the linear schedule

(blue line) for quench duration of tf = 2. It can be seen that the simple heuristic used here

has resulted in a significant improvement in success probability at the end of the schedule. I

have checked sufficiently many of the instances to determine that this level of improvement is

typical for this size of problem and total time duration tf = 2. Further improvements may be

available by varying tf or choosing a different function of Dyn for ds
dt

.

5.6 Chapter summary

In this chapter, I have generalised and extended the work that began in Chapter 3 to time-

varying quantum annealing (QA) schedules. In Chapter 3, I provided numerical evidence

for the ability of the continuous-time quantum walk (QW) to solve NP hard problems using

many repeats of short runs. This strategy scales better than quantum search, by exploiting

the correlations in the problem Hamiltonian. The energy conservation mechanism identified

in Chapter 3 explains how energy conserving QWs can find lower energy states with better

than guessing probability. In section 5.3, I generalised the energy conservation mechanism

to an energy redistribution mechanism that holds for all monotonic quenches which start in

the ground state of the driver Hamiltonian and have non-negative control functions. This

includes a wide range of QA protocols used in both theoretical and experimental work. The

improvements gained by using time-varying rapid quench schedules can be considerable, as

illustrated in section 5.2.

To generate significant energy redistribution, there needs to be significant dynamics driving

the system away from the initial state. To characterise the dynamics, in section 5.4 I defined



5.6. Chapter summary 137

the average local dynamic coefficient that balances the contributions from both the driver and

problem Hamiltonians. This allows the control functions in the Hamiltonian to be optimised

for fast dynamics, and provides a very general way to estimate good values to use for specific

problems. For the Sherrington-Kirkpatrick (SK) spin glass data (Chancellor et al., 2019), I

showed in Fig. 5.11 that such estimates are almost as good as the numerically optimised values

used in Chapter 3. I also verified in subsection 5.4.5 that the average local dynamic coefficient

correctly predicts that the search problem will not have significant dynamics on short timescales.

The average dynamic coefficient have defined in this chapter is just one way to capture the local

dynamics in a QA Hamiltonian system; there are likely other formulations that would serve

equally well. In the transverse Ising setting, it focuses on single spin flips, which intuitively

are likely to provide the fastest dynamics. Settings with driver Hamiltonians applying multiple

spin flips (e.g., (Roland and Cerf, 2002; Childs and Goldstone, 2004)) may prove less favorable

for obtaining fast dynamics, a worthwhile direction for future investigations.

Taken together, the energy redistribution mechanism and the average dynamic coefficient are

powerful tools for understanding, designing, and optimally controlling rapid quench QA algo-

rithms. In subsection 5.5.2, I provide a simple example of how to do this to good effect for

annealing schedules, and in subsection 5.5.1 I verify that it is both efficient and effective for

estimating hopping rates for QWs on spin glasses. While adiabatic quantum computing (AQC)

and QWs for unstructured search have long had theoretical underpinnings, this represents a

significant step in understanding how to exploit QA schedules run for short times. For current

state-of-the-art noisy quantum computers, short run times are a big advantage over the long

coherence times required for AQC, or QW on unstructured search.

I have shown that these tools apply to the biased drivers proposed in Duan et al. (2013); Graß

(2019), which provide a method of incorporating prior information into annealing schedules.

This can produce significant improvements, as illustrated in subsection 5.2.2. On the other

hand, reverse annealing schedules, both as proposed by Perdomo-Ortiz et al. (2011); Ohkuwa

et al. (2018); Yamashiro et al. (2019) and discussed in Chancellor (2017), and as implemented

in the latest D-Wave Systems (D-Wave Systems Inc., 2019b), are by definition not monotonic,

so the tools and mechanisms identified here cannot be applied. Since reverse annealing is a

powerful tool, extending these results to non-monotonic cases is a worthwhile direction for

further research.



Chapter 6

Applying quantum annealing to the

shortest vector problem

6.1 Introduction

As quantum computing (QC) hardware develops and becomes useable on a larger scale, classical

cryptography will be a victim of the exponential speed-up for integer factorisation and discrete

logarithm computation provided by Shor’s algorithm. This is because the security of public

key cryptography requires the existence of a problem that is intractable without a particular

piece of information (known as a key), but can be solved efficiently by a user who possesses

the key. An example of a problem like this is the factorisation of a large integer n = pq with

only two non-trivial prime factors p and q. If one of these factors is known, the integer n can

be efficiently divided by that factor to find the other, but if neither factor is known, then a

much more computationally difficult approach is necessary, such as applying a number field

sieve (Lenstra and Hendrik Jr, 1993), requiring super-polynomial time at best.

The hardness of integer factorization is core to the security of the RSA cryptosystem (Rivest

et al., 1978), while related problems (which have also turned out to be efficiently solvable in

the QC paradigm) provide the security for other schemes such as Diffie-Hellman key exchange,

and ElGamal (Diffie and Hellman, 1976; Bernstein et al., 2009). Thus, new cryptographic

techniques will be required to keep communication and information storage secure as useful

quantum computing develops. This new field is known as post-quantum cryptography (PQC).

138



6.1. Introduction 139

In (Bernstein et al., 2009), five families of problems are outlined that form the focus of the

search for quantum-safe cryptographic schemes. Of these families, a particularly promising one

is lattice-based cryptography (LBC). Twelve of the 26 candidate systems being analysed in

round two of the NIST Post-Quantum Cryptography Standardization process (NIST, 2017) are

based on hard lattice-based problems.

Well known examples of LBC schemes include learning with errors (LWE) problem (Regev,

2005), and its variants. LWE has also been used as the basis for a fully homomorphic en-

cryption scheme (FHE) (Gentry, 2009). Other important LBC schemes include the Nth-dgree

Truncated-polynomial Ring Units (NTRU) scheme (Jeffrey et al., 1998) and the Goldreich-

Goldwasser-Halevi (GGH) scheme (Goldreich et al., 1997). More broadly, the problems in LBC

typically revolve around minimisation of distances in high-dimensional spaces.

Two common classical approaches to solving lattice problems are enumeration and sieving. In

sieving, vectors are drawn from some distribution over the lattice and iteratively combined

to produce short vectors non-deterministically (Ajtai et al., 2001). In enumeration, all the

vectors within a ball of a certain radius around the origin are computed, which, with the

right parameters, can guarantee an optimal solution (Fincke and Pohst, 1985; Kannan, 1983).

Recently (Gama et al., 2010) significant speed-ups have been found by using non-deterministic

forms of enumeration, using a technique known as ‘extreme pruning’.

To date, quantum algorithms for lattice problems have tended to combine pre-existing gate

model quantum algorithms and classical lattice algorithms to provide a quantum speedup.

Grover’s algorithm in the gate model has been combined with classical sieving approaches to

achieve speedups in which the exponent is reduced by around 25% (Laarhoven et al., 2013). A

quadratic speed-up has been obtained (Aono et al., 2018) by applying quantum tree algorithms

(Montanaro, 2020, 2018) to classical enumeration approaches.

This chapter will focus on an LBC problem known as the Shortest Vector Problem (SVP)

which involves searching for the shortest vector in an integer lattice for which a ‘bad’ basis

(long vectors that are far from being orthogonal) is given as the input. The precise definition

for this problem is given in subsection 2.1.5. A new approach to solving the SVP problem

was introduced in Joseph et al. (2020). In that approach, short vectors are found by encoding

SVP into a Hamiltonian of a system of ultra-cold bosons trapped in a potential landscape, and

performing rapid quenches in quantum annealing (QA). In this chapter, a similar rapid quench
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QA approach is considered in the Ising model setting set out in section 2.2.

The chapter is structured as follows: in section 6.2, two different mappings of SVP into the Ising

model are given, along with proofs of their asymptotic space requirements. In section 6.3, QA

on SVP using these two different problem mappings is studied, both numerically in the ideal

closed-system setting and experimentally on the D-Wave quantum annealer (McGeoch et al.,

2019), providing a fully quantum analysis of lattice problems in up to 7-dimensional instances

utilising 56 logical qubits (over 1000 physical qubits). Finally, the chapter is summarised in

section 6.4.

6.2 Ising model mappings for SVP

In this section, two encodings of SVP into the Ising coefficients Jij, hi from Eq. (2.4) are

presented. The coefficients are derived directly from the input basis B, following a similar

process as for mapping of SVP to the Bose-Hubbard model presented in Joseph et al. (2020).

Any lattice point can be written as the vector

v = x ·B = x1b1 + ...+ xdbd. (6.1)

The square of the length of the vector v can then be written

||v||2 = v · v

=
∑
j,k

xjxkbj · bk. (6.2)

The aim is to find the integer coefficients x1, x2, . . . , xd that minimise ||v||2 (for nonzero v,

given the fixed scalar values bi · bj which are the problem input.

To see how SVP can be mapped to the Ising model, first consider an Ising-like device consisting

of qudits rather than qubits; that is, instead of a computational basis consisting of the eigen-

states of Pauli Z operators, the computational basis consists of eigenstates of qudit operators Q̂

with eigenvalues −q,−q + 1, . . . , q− 1, q (how large q needs to be to ensure the shortest vector

is represented in the Hilbert space will be dealt with shortly). With this device, SVP could be
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mapped to the problem Hamiltonian

ĤSVP =
d∑
j,k

Q̂(j)Q̂(k)Gjk, (6.3)

where Gjk = bj ·bk is the (j, k)th element of the Gram matrix for the input basis. The problem

Hamiltonian ĤSVP has eigenstates which correspond to vectors in the lattice and eigenvalues

which correspond to the squared lengths of those vectors. The ground-state thus corresponds

to the trivial zero-vector 0, while the shortest non-zero vector vshortest is represented by the

first-excited manifold. This manifold will usually be at least two-fold, due to the fact that

reflecting any vector about the origin produces another vector of identical length. Atypically for

continuous-time quantum computing (CTQC) algorithms, it will be this first-excited manifold

that will be targeted.

6.2.1 Size of qudit operators

In this subsection, I will address the question of how big the qudit operators Q̂ need to be

to ensure that at least one shortest eigenvector is expressed by eigenstates of the problem

Hamiltonian ĤSVP. This will in general depend on the nature of the input basis. Here, I will

consider a specific type of basis known as Hermite Normal Form (HNF). HNF bases are of

particular interest because of three reasons:

1. They can be described (and therefore communicated) efficiently;

2. Each lattice has a unique HNF;

3. The HNF of a lattice can be efficiently computed from any provided basis.

A basis for a full-rank lattice is in HNF if, when arranged such that the jth basis vector is the

jth column of a matrix H, the matrix H has the following properties:

• Hjk = 0 for j > k;

• The first nonzero term from the left (the pivot) is positive and strictly to the right of the

first nonzero term of the row above;
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• Elements directly below the pivot are zero and those directly above are reduced modulo

the pivot.

The HNF basis of a lattice is described as optimal if there exists only one non-unit pivot. This

means (for a row basis HNF) that there is only one column of non-zero values. Such a basis

looks as follows: 
b1

b2

...

bd

 =


1 b1

. . .
...

1 bd−1

D

 . (6.4)

While not every lattice has an HNF that is optimal, it has been shown (Rose et al., 2011) that a

randomly generated lattice has a probability ∼ 0.435 of having an optimal HNF. Furthermore,

optimal HNF bases are considerably more efficient to communicate than general bases and even

general HNF bases because they can be communicated by sharing a single vector of length d.

For these two reasons, it is reasonable to expect SVP-based cryptographic protocols to be based

on the optimal HNF, and there is precedent for this (Plantard et al., 2008). For the analysis in

this section, optimal HNF will be assumed, but it may be possible to perform similar analysis

on other well-specified basis forms.

The form of a general lattice vector v, written as a linear combination of the basis vectors, is

v =
[
x1 . . . xd

]
·


1 b1

. . .
...

1 bd−1

D

 =

[
x1, . . . , xN−1, (x1b1 + . . .+ xdD)

]
.

(6.5)

Minkowski’s theorem (Minkowski, 2016) provides the bound

||vshortest|| ≤
√
d ·D1/d (6.6)

on the length of the shortest vector vshortest.

Consider the coefficients on the right hand side of Eq (6.5). Minkowski’s bound prescribes a
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sphere about the origin, with radius equal to the bound in Eq. (6.6), in which to search for

the shortest vector. Relaxing this constraint slightly, and applying this weaker version to the

coefficients on the right hand side of Eq. (6.5), it can be asserted that every coordinate xi of

a must be less than or equal to
√
d ·D1/d, which now prescribes a (larger) d-cube around the

origin in which to search.

It follows that

|xj|, . . . , |xd−1| ≤
√
d ·D1/d. (6.7)

For the final component, it is the case that

|x1b1 + . . .+ xdD| ≤
√
d ·D1/d. (6.8)

Since it must be true that

|xdD| ≤ ||vshortest||+ |x1b1 + x2b2 + · · ·+ xdD|, (6.9)

it follows that

|xdD| ≤
√
d ·D1/d +

|x1b1 + . . .+ xd−1bd−1|. (6.10)

Applying the triangle inequality gives

|xdD| ≤ |x1b1|+ . . .+ |xd−1bd−1|+
√
d ·D1/d, (6.11)

and because the bi are reduced modulo D,

|xdD| ≤ |x1D|+ . . .+ |xd−1D|+

|
√
d ·D1/d|. (6.12)

Then by applying Eq. (6.7)

|xdD| ≤ (d− 1)
√
d ·D1/d ·D +



144 Chapter 6. Applying quantum annealing to the shortest vector problem

√
d ·D1/d

≤ d3/2 ·D1+1/d. (6.13)

Thus, the size of the final component xd of the shortest vector vshortest when expressed in the

optimal HNF basis is bounded as

|xd| ≤ d
3/2 ·D1/d. (6.14)

If the qudit operators Q̂1, . . . , Q̂d are set up such that their minimum and maximum eigenvalues

satisfy Eq. (6.7) and Eq. (6.14), then it is guaranteed that at least one shortest vector is

expressed by the eigenstates of the problem Hamiltonian ĤSVP.

In the following two subsections, two different ways to encode the qudit operators Q̂ into the

Ising model Ẑ operators will be described. The results in Eq. (6.7) and Eq. (6.14) will be used

to calculate bounds on how many physical qubits will be needed to ensure that at least one

shortest vector is expressed by the eigenstates of the problem Hamiltonian ĤSVP.

6.2.2 Hamming-weight-encoded Qudits

In this encoding, the qudit operators are defined by a simple sum of qubit operators

Q̂
(j)
Ham =

Mj∑
p=1

Ẑpj
2
. (6.15)

Each computational basis state is assigned an eigenvalue that counts the number of qubits in

the the +1 state, its Hamming weight, shifted so that the possible values are symmetric about

zero.

This qudit mapping is extremely simple and is not optimal in terms of space. This is because

it leads to redundancies, with multiple spin configurations corresponding to the same qudit

value in [−M/2,M/2]. Looking to Eq. (6.7), each qudit operator Q̂(j) for j = 1, . . . , d−1 requires

Mj ≤
√
d·D1/d qubits, while by Eq. (6.14) the final qudit operator Q̂(d) requires Md ≤ d3/2 ·D1/d

qubits. Thus, the total number of required qubits satisfies the bound

n ≤ 2d
3/2 ·D1/d (6.16)
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For the rest of the chapter, the term ‘Ham’ will refer the Hamming-weight encoding, or the QA

SVP algorithm using this encoding.

6.2.3 Binary-encoded qudits

In this encoding, the qudit operators are defined such that their eigenstates are indexed by

the integers expressed in binary by the states of the constituent qubits. An (unsigned) qudit

operator (acting on the jth qudit) then takes the form

Q̂
(j)
unsigned =

k−1∑
p=0

2p
(1− Ẑpj

2

)
, (6.17)

the eigenvalues of which are positive integers integer in the range [0, 2k − 1]. However, for

the purposes of solving SVP, a range that is approximately symmetric about 0 is needed, for

example, [−2k, 2k − 1], and so a signed integer is required. To achieve this, introduce an extra

qubit (doubling the range of eigenvalues) and shift downwards by 2k:

Q̂
(j)
Bin =

k∑
p=0

2p
(1− Ẑpj

2

)
− 2k1

= −
k∑
p=0

2p−1Ẑpj −
1

2
1.

(6.18)

This encoding is maximally efficient in space as each Ising spin configuration corresponds to a

distinct vector in the lattice. This efficiency, however, is at the cost of requiring high quality

qubits, as will be discussed further in section 6.3.

Looking to Eq. (6.7), each qudit operator Q̂(j) for j = 1, . . . , d− 1 requires 2k ≤
√
d ·D1/d + 1,

or

k ≤ log2

(√
d ·D1/d + 1

)
(6.19)

qubits, while by a similar calculation based on Eq. (6.14), the final qudit operator Q̂(d) requires

k ≤ log2

(
d

3/2 ·D1/d + 1
)
. (6.20)
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Thus, the total number of qubits required satisfies the bound

n ≤ (d− 1) log2

(√
d ·D1/d + 1

)
+ log2

(
d

3/2 ·D1/d + 1
)

+ d

= O
(
d log2

(√
d ·D1/d

))
(6.21)

For the rest of the chapter, the term ‘Bin’ will refer the binary encoding, or the QA SVP

algorithm using this encoding.

The bounds given Eq. (6.16) and Eq. (6.21) are upper bounds that guarantee the existence

of a vector with length ||vshortest|| (a shortest vector) within the Hilbert space explored by the

quantum Ising algorithms described in subsections 6.2.3 and 6.2.2. In practice, an attacker may

choose to reduce the complexity of the system by reducing the number of qubits used for each

qudit in order to more easily find ‘short’ vectors, at the expense of the assurance of being able

to find a shortest vector.

It is also the case that Eq. (6.16) and Eq. (6.21) give upper bounds for HNF input bases. Using

different, (classically) better-reduced bases is also likely to require lower numbers of qubits and

so possibly yield better results, but giving a bound for these is not straightforward.

6.3 Results

To analyse the performance of the two algorithms described in section 6.2, Ham and Bin were

implemented on the D-Wave 2000Q quantum annealer, to explore what is possible with the

current state of QA hardware. Numerical simulations of ideal, closed-system versions of these

algorithms were also performed to give an indication of what may be possible in the future. This

numerical analysis was limited to smaller experiment sizes due to the computational constraints

of simulating quantum systems on classical hardware.

To perform both the numerical and experimental analyses, a collection of random full-rank

integer lattices was generated, and a ‘bad’ input basis was obtained by post-multiplying with

randomly generated unimodular matrices. These bad bases were not in HNF, and so the upper

bounds given in Eq. (6.16) and Eq. (6.21) do not apply. Instead, the numbers of qubits used to

construct each qudit were chosen so that each qudit operator Q̂ has eigenvalues in the ranges
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Figure 6.1: Numerical experiments carried out on 20 three-dimensional lattices. The lines show
mean final closed-system probabilities for measuring the system to be in the ground (blue), first
(red) and second (green) excited eigenstates (grouped by degeneracy) at completion for sweep
lengths T , increasing in powers of 2, for the quantum Ising algorithm implemented with (left)
Hamming-weight-encoded qudits and (right) binary-encoded qudits (Bin). The Ham algorithm
nears the adiabatic limit at T = 28, after the shortest vector success probability peak at around
T = 22, which is considerably lower than the peak time for Bin. The Bin algorithm nears the
adiabatic limit past the rightmost data point but not before an encouraging peak in shortest
vector success probability at T = 29. Standard errors across the 20 instances are shown in both
plots by vertical error bars.

[−4, 4] and[−4, 3] for Ham and Bin respectively. This choice was made in order to improve

the overall results by a range of metrics discussed in this section, while also fixing a degree of

freedom to make the analysis easier to perform.

This means that it is not guaranteed that a shortest vector (of length ||vshortest||) is represented

in the Hilbert space for every instance. In fact, a shortest vector is represented in all of the

three-dimensional lattice instances used, and approximately half of the instances in each of

the higher dimensions. This is reflected in the results presented in this section for finding a

shortest vector; no post-selection was performed to choose instances where shortest vectors are

obtainable with coefficients in the specified range of qudit eigenvalues.

6.3.1 Numerical Simulation

Numerical simulations have been performed for both the Ham and Bin algorithms for three-

dimensional lattices for a range of sweep times to investigate what performance could be ex-

pected in the limit of perfect QA hardware.
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The numerical simulations in Fig. 6.1 demonstrate that, in the limit of fast sweeps, the outputs

are of little use: their distribution will be close to uniform across all eigenstates. In the

adiabatic limit, the ground state is observed with certainty. As the ground-state is the trivial

zero-vector 0, this is of similarly little use. However, both sets of results also demonstrate a

‘Goldilocks zone’, similar to that first identified for SVP in a Bose-Hubbard model QA setting

in Joseph et al. (2020). When a sweep time T is picked that is long enough that (at completion)

a significant proportion of probability density is concentrated on low-energy eigenstates, but

short enough that it is not adiabatic (with probability density concentrated on the ground

state), eigenstates corresponding to short vectors are observed with good probability. Both

versions, Ham and Bin, of the Ising SVP algorithm suggest that sweeps which are neither ‘too

slow’ nor ‘too fast’ are optimal for achieving short but non-zero lattice vectors.

This observation is fully consistent with the adiabatic theorem. If a sweep time T is picked that

is short compared to many of the gaps in the Hamiltonian, most of the amplitude will quickly

escape to highly excited states leading to a low success probability. In the opposite extreme,

if a sweep time T is picked that is long compared to the gap between the ground state and

the first excited state, the evolution will be close to adiabatic and most of the amplitude will

remain in the ground-state throughout the sweep, again leading to a low success probability.

However, when a sweep time T is picked that is between these extremes, much of the amplitude

will escape the ground-state but will remain in low-energy states resulting in the algorithm

returning short vectors (including the shortest vector) with non-trivial probability.

The superior solution probabilities demonstrated by Bin can also be explained in terms of the

adiabatic theorem. For Bin, the minimum gap mint(∆E) between the ground-state and first

excited can become extremely small due to the large range of energy scales present in the qubit

coupling coefficients. For Ham, the minimum gap is typically much larger (see Fig. 6.2 for a

typical example) than for Bin, meaning that even moderately short sweeps leave much of the

amplitude in the uninteresting ground-state. This shows that, in the long term, with access to

high fidelity qubits and low noise environments, Bin may perform better, and with lower space

requirements.
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Figure 6.2: Energy gap ∆E between the ground-state and the first excited state at each time
t along a linear sweep of total duration T for the Ham algorithm (red) and the Bin algorithm
(blue). The minimum gap occurs much earlier for Bin and is much smaller.

6.3.2 D-Wave Quantum Annealer

The algorithms Ham and Bin, due to their Ising formulation, can be performed on the D-Wave

2000Q quantum annealer (McGeoch et al., 2019). In this subsection, the performance of the

algorithms presented in this chapter are examined experimentally using the D-Wave quantum

processor. These experiments were performed via the D-Wave Ocean SDK (D-Wave, 2017–) in

Python.

The Ising model encodings described in this chapter assume full qubit-qubit connectivity, but

the D-Wave 2000Q qubits are only connected according to a Chimera topology, in which each

qubit is connected to a handful of nearby qubits that form a cluster, and each cluster is con-

nected to only a few others. Such clusters are represented as the diamond formation of dots in

Fig. 6.3. A problem Hamiltonian requiring full connectivity can be embedded into D-Wave’s

Chimera topology, but this incurs an overhead in the number of qubits required. This embed-

ding is done by creating qubit ‘chains’, which are illustrated in Fig. 6.3. In a qubit chain,

strong (compared to interactions between different chains) qubit-qubit ferromagnetic interac-

tions interactions energetically incentivise each qubit to align in the same direction. When an

error occurs such that not all qubits in a chain return the same value (called a chain break), a

majority vote is taken to decide on the final value.
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Figure 6.3: Diagram, from Boothby et al. (2016) showing logical qubits embedded into the
Chimera topology as chains of physical qubits. The coloured lines indicate which qubits form
the different chains, connected by strong ferromagnetic interactions.

For the experiments presented in this subsection, the default embedding provided by the API

(based on the heuristic techniques described in Cai et al. (2014)) has been used to map from

the fully connected qubit graph specified by the theoretical model described in section 6.2

(the logical qubits), and the QPU qubit graph (the physical qubits). This embedding incurs a

roughly quadratic overhead in the number of physical qubits required, resulting in a maximum

system size for the experiments listed of 56 logical qubits, which maps to over 1000 physical

qubits. To reduce the number of chain breaks during the anneal, a chain coupling strength that

is large compared to the largest couplings in the problem itself is desirable. This is achieved by

setting the chain strength to its maximum possible value on the device, and scaling down the

problem couplings. However, problem couplings that are too small can lead to worse solutions,

due to the finite control precision and the finite device temperature. For the experiments in

this chapter, the problems were scaled down so that the maximum problem coupling strengths

were set to half the chain coupling strengths. A more systematic optimization might have lead

to better results.

The experiments in this chapter were performed using various sweep durations, but it was

seen that the duration had no systematic impact on the quality of the results, suggesting the

dominance of thermal effects over quantum effects at even the shortest times. For the data
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Figure 6.4: Illustrative results from D-Wave for Bin (top) and Ham (bottom) QA algorithms
with histograms showing how the squares of the vector lengths returned by 900 runs with
sweep duration T = 64µs on the device are distributed. The plots on the left show occurrences
for each squared vector length (no binning), while the plots on the right show an inferred
probability distribution (probability density p(log2(||v||2 + 1))) over the natural logarithm of
squared vector lengths from the same data (with binning). The right hand plots show the same
data as the left hand plots, but allow an easier comparison at a glance. The vertical green lines
show where ||vshortest||2 lies, and the vertical red lines show the squared lengths of the input
basis vectors. The heights of the green and red lines have no significance.

shown in 6.4, an arbitrarily chosen sweep time of T = 64µs was used, while for the data in

6.5, the minimum possible sweep time on the device of T = 1µs was used; no systematic

optimization was performed.

Furthermore, the API offers an optimization feature known as ‘spin-reversal transforms’, which

essentially randomizes the sign on the Pauli-Z operators in the problem (and changing any

relevant signs on the problem fields and couplings to compensate) for each run. This is done

in order to mitigate the biasing effects introduced by the implementation of the different cou-

pling signs between the underlying superconducting qubits. This feature was not used for the

experiments presented in this chapter; doing so may have produced better results.
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Fig. 6.4 shows histograms of the squares of vector lengths returned in an experiment consisting

of 900 runs of each algorithm on the same 6-dimensional lattice, all with a sweep duration

T = 64µs. The left and right plots display the same information, but on the right the plots

show an inferred probability distribution (probability density p(log2(||v||2+1))) over the natural

logarithm of squared vector lengths. The top row shows the data from Bin on a representative

six-dimensional lattice example, and the bottom row shows the data from Ham on the same

example.

In this case, Ham appears to return shorter vectors and higher rates of occurrence, with some

coefficient vectors occurring over 25 times, whereas Bin only records a maximum of 4 occur-

rences for any combination. It should also be noted that Ham returns many more vectors in

the ‘somewhat useful’ range (any nonzero vector shorter than the longest input-basis vector).

In Fig. 6.4, this region lies between the green marker (||vshortest||2, log ||vshortest||2) for left and

right plots respectively) and the furthest right red marker (maxi{‖bi‖2},maxi{log(‖bi‖2)} for

left and right plots respectively).

Fig. 6.4 helps to understand what the QA results look like for an individual example, as

well as to qualitatively compare Ham and Bin. For more detailed performance analysis, other

visualisations of results are appropriate, such as in Fig. 6.5.

Fig. 6.5 shows a summary of results obtained for 19 lattices in dimensions d = {3, 4, 5, 6, 7},

according to four key figures of merit (from left to right). Each lattice was run with a sweep

duration of 1µs 900 times, and a measurement was taken at the end of each sweep, producing

900 output vectors. In Fig. 6.5, each data point shows the probability of achieving a certain

figure of merit, averaged over the 19 lattices. The red (green) lines show the performance of

Ham (Bin), and baselines from uniform random sampling of the Hilbert spaces are shown in

black solid and dotted lines (Ham and Bin have different, but asymptotically close, baselines

due to the slight difference qudit operator eigenvalue range). The red lines sit higher than the

green lines, indicating higher success probabilities Ham on the QA hardware.

The top-left plot shows the probability of the annealer returning the zero vector 0. This is not

a directly useful figure of merit, because the zero vector is of no use computationally. However,

the probability of returning 0 can be taken as a measure of adiabaticity. From this point of

view, it can be seen that Ham is much more likely than Bin to return ground states on the

noisy quantum annealing hardware.
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Figure 6.5: T = 1µs for Ham (red) and Bin (green) algorithms performed on 19 randomly
generated ‘bad’ lattice bases in dimensions d = 3, 4, 5, 6, 7, for 4 different figures of merit:
ground state (top-left, not desired), shortest vector (top-right, preferable), shorter than the
minimum length input basis vector (bottom-left), and shorter than the median length input
basis vector (bottom-right). The dotted black line indicates zero probability and is there to
guide the eye. The other black lines are baselines indicating the results from uniform random
sampling of coefficient vectors represented by the mapping Hilbert (dashed for Ham, solid for
Bin), i.e. the proportion of lattice vectors that satisfy the figure of merit.
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The top-right plot shows the probability of obtaining a shortest vector (of length ||vshortest||),

which is the most important figure of merit. It is interesting to observe that Ham and Bin

perform remarkably similarly, (with Ham slightly higher than Bin). As expected, probabilities

for both 0 and vshortest decay as lattice dimension d (and Hilbert space size) increases. To verify

the rate of decay would require quantum hardware that is beyond present capabilities.

The bottom-left plot gives the probability observed of returned vectors having length shorter

than the shortest input basis vector, and the bottom-right plot gives the probability of vectors

having length shorter than the median input basis vector. Both of these figures of merit provide

the opportunity to improve on the bad basis provided as input to the algorithm. The basis

vectors themselves are trivial results (given by vectors of the form (0, . . . 0, 1, 0 . . . , 0)), but only

represent a very small proportion of the outputs. It is encouraging that the probabilities in (c)

and (d) do not seem to tail off as for 0 and vshortest at dimensions 6 and 7, and in fact appear

to increase in (d), but it is unclear what will happen at larger sizes.

The fact that the Ham algorithm consistently outperforms the Bin algorithm on the D-Wave

hardware, despite the larger system size required to search the same solution space, can be

partially understood by considering the energy scales of the J and h coefficients in the problem

Hamiltonian ĤSVP in each case. In the Bin encoding, the strength of qubit-qubit interactions

span multiple orders of magnitude, due to the varying significance of each qubit in the binary

representations they form. This large range means that some of the coefficients are small when

the whole problem is scaled to fit within the range of possible settings on the hardware. If some

of these coefficients become small compared to the errors in the interaction energies inherent

to the device, the QPU is essentially asked to solve the wrong problem (Young et al., 2013),

leading to poorer performance.

In Ham, however, each qubit has equal significance in the qudit it forms part of, and so the

required range only depends on the actual SVP problem instance. This effect may be quite

significant, but it will be tempered by the effects of having a larger system size: longer chains

are required, which means chain-breaks are more likely, leading to more errors

Returning to Fig. 6.5, it is not surprising that the probability of obtaining vshortest tends to

zero as dimension increases, but it is how fast this occurs that is important. A polynomial

decay would be catastrophic for LBC, whereas an exponential decay could even match the

current state of the art for classical lattice algorithms. At this stage, not enough data points
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are available to heuristically estimate the rate of decay. A key observation to note is that

Ham outperforms Bin at almost every data point across the four subplots, demonstrating a

significant improvement on Bin for the current regime of QA.

6.4 Chapter summary

In this chapter, I introduced a pair of novel mappings of the shortest vector problem (SVP)

from lattice-based, post-quantum cryptography into the Ising model, enabling the study of Ising

model continuous-time quantum computing (CTQC) on SVP. This helps to develop the quan-

tum annealing (QA) vector optimisation techniques proposed in Joseph et al. (2020), which

considered the Bose-Hubbard model setting instead of the Ising model. The resulting problem

Hamiltonians differ from those usually used in CTQC (including the others presented in this

thesis) in that it’s the first-excited state that corresponds to the problem solution, rather than

the ground-state as is typical. This means that performing AQC by satisfying the adiabatic

theorem with long-time scales to preserve the system in its ground state throughout the evo-

lution would actually be counter-productive, in addition to being experimentally challenging.

As such, the shorter run-times of QA particularly appropriate for this problem.

Through the numerical application of ideal, closed-system QA on the smallest examples (three-

dimensional lattices), all the way from the shortest quenches up to long adiabatic timescales, I

identified this ‘Goldilocks zone’, on much shorter timescales than the adiabatic limit. This is

consistent with the results in Joseph et al. (2020). Then, by examining the results of a series of

experiments of QA on SVP on a D-Wave device, I was able to show that the algorithm performs

non-trivially better than random sampling at larger sizes (up to seven-dimensions), although

still small compared to lattices of practical interest. Unfortunately, as the D-Wave device

operates in the open-systems regime, and because an additional layer of problem embedding

is required to overcome the limited connectivity of the device, the numerical and experimental

results are not directly comparable.

While the results in this chapter are not conclusive, they represent a novel analysis of lattice

cryptanalysis on real quantum annealing hardware. The results suggest that quantum crypt-

analysis is nearing experimental tractability, moving beyond the purely theoretical realm. The

spatially efficient Bin encoding, coupled with the ever increasing pace of development in quan-
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tum hardware, means that is plausible than in the near future much larger experiments can

be carried out to put quantum lattice cryptanalysis algorithms to the test, whether that is on

quantum annealers as described in this chapter, or on gate model devices. On the other hand,

the Ham encoding requires many more qubits than the Bin encoding, but they do not need

to be as high quality (and their interactions to not need to be set with such precision). This

could make the Ham encoding more suitable for settings where lots of lower quality qubits are

available.

Through the work presented in this chapter, it was not possible to extract asymptotic time

scaling for these algorithms. Finding a way to do this represents an important direction for

future research. Furthermore, while this chapter has focused on SVP, there is an approximate

form, known as SVPγ, which only requires an attacker to find a vector of length polynomially

(poly(d)) larger than ||vshortest||. This is likely to be achievable in an even shorter timescales

than those found here for SVP, and represents another interesting direction for future research.



Chapter 7

Conclusion

7.1 Summary of Thesis Achievements

In this thesis, after defining and explaining continuous-time quantum computing (CTQC) in the

Ising model in Chapter 2, I presented a number of novel numerical, analytical, and experimental

results, which I will summarise here.

In Chapter 3, I numerically explored the application of the continuous-time quantum walk

(QW) to optimization problems, using the NP-Hard (and uniformly hard) problem of finding

the ground-state of a Sherrington-Kirkpatrick (SK) spin-glass Hamiltonian as a prototypical

example. Compared with the well-studied QW algorithm for the Grover search problem, I

discovered a number of key differences. First, rather than achieving O(1) success probability

but requiring a long runtime on each run, QWs on spin-glasses achieve only an exponentially-

decreasing (in the number of spins) success probability, and thus require exponentially many

repeats, but each repeat only requires a polynomially-long runtime, resulting in a runtime

scaling that, while still exponential, is more favourable than that for Grover search. As long

coherence times are currently experimentally difficult to achieve, this behaviour is much more

suitable for near-term application. Additionally, rather than requiring the QW parameters

be set with exponential precision, the QWs on spin-glasses are much less sensitive to the

parameters, meaning it is possible to set them via well-motivated heuristics. Furthermore,

I demonstrated that these differences are due to structure present in the spin-glass problem,

carried over into the very natural Ising model mapping, that is absent in the Grover search.

157
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Specifically, the difference is caused by the correlation between the energy (or cost) difference

between candidate solutions and the bit-flip distance between them. Finally, I demonstrated

analytically an ‘energy conservation’ mechanism that partially explains how QWs work by

showing that the QW dynamics will always improve the output distribution.

In Chapter 4, I showed that the behaviour of QWs on the SK problem generalises to other

optimization problems by applying many of the same numerical analyses to the well-known

problem MAX2SAT. Furthermore, I examined the performance of adiabatic quantum comput-

ing (AQC) on MAX2SAT, offering some preliminary evidence that AQC outperforms QWs on

this problem on average quite considerably. Finally, I described and explored a state-of-the-art

classical algorithm and showed that this outperforms both QW and AQC quite considerably,

illustrating the need to look beyond these two extremes and find smarter CTQC algorithms to

beat what is classically possible. Throughout the chapter, by comparing QW, AQC, and the

classical algorithm on a per-instance basis, including a set of instances provided by Crosson

et al. (2014) that were data-mined to be hard for quantum annealing (QA), I showed that, while

the performance of each is moderately well-correlated, the correlation is not perfect, meaning

that there may be different types of instances for which different approaches work best.

In Chapter 5, I explored numerically and analytically the application of rapid quenches in QA.

These differ from QWs by being time-dependent, but differ from AQC by operating far from

the adiabatic regime, making them suitable for current and near term hardware. By extending

the energy conservation mechanism from Chapter 3 to time-dependent schedules, I showed that

rapid quench dynamics will, under a very general set of conditions, always improve the output

distribution compared to the input state. Next, I developed a (heuristically-motivated but

analytical) framework that in many cases can efficiently quantify the level of dynamics during

a rapid quench schedule, which can be used to identify when a quench might lead to a significant

improvement. Finally, I showed how this framework can often be used (also efficiently) to find

good heuristic choices for QW and rapid quench parameters.

In Chapter 6, I explored numerically and experimentally the application of AQC and QA to

a problem of interest in post-quantum cryptography: a lattice-based problem known as the

shortest vector problem (SVP). First, I presented two novel mappings of SVP into the Ising

model, one being spatially efficient but requiring good quality qubits with precise controls, and

one being spatially inefficient but much more tolerant to hardware imperfections. I gave analyt-
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ical upper-bounds on the number of qubits required for each mapping. Through a combination

of numerical simulation in ideal, closed system context with all-to-all qubit connectivity and

experimentall implementation on a noisy D-Wave device with only chimera connectivity, I was

able to compare and contrast how well the AQC and QA algorithms can perform using the

two mappings. While SVP problems at sizes of practical interest were far out of reach both

numerically and experimentally, the experiments provided an analysis on real QA hardware of

lattice problems of up to 7-dimensions, utilising up to 56 logical qubits spread over around 1000

physical qubits.

7.2 Future Work

Many of the results presented in this thesis, including all scaling estimates, are calculated

numerically, based on problem instances small enough to be accessible to classical numerics on

the hardware available to me. While numerics at these sizes can constitute strong evidence,

it cannot be guaranteed that the behaviour at larger sizes will not deviate. One approach to

resolving this would be to perform numerics at larger sizes using more powerful hardware; state

of the art supercomputing hardware is capable of fully simulating algorithms on around 50

qubits (De Raedt et al., 2019), while compression techniques have been used to reach around

60 qubits with reduced fidelity (Wu et al., 2019). Numerical simulation will, nonetheless, always

be limited in the sizes it can reach. An alternative approach would be to develop analytical

techniques to study the performance of the CTQC algorithms without performing simulations.

Whether based on the ‘fast-dynamics’ framework for rapid quenches developed in Chapter 5 or

on completely different techniques, such an analytical treatment could determine if finite-size

effects are in play at the sizes studied here. Such an analytical approach may turn out not to

be possible, however.

A perhaps more likely direction for future research is to begin testing these results on actual

quantum hardware. While this has been done to some extent in Chapter 6 regarding the QA

algorithms for the SVP on a D-Wave device, the prevalence of open-systems effects along with

the requirement for high-overhead embedding due to the limited connectivity of the interaction

made the results difficult to interpret. Quantum computing (QC) hardware continues to im-

prove. For example, D-Wave’s recent Advantage processor has significantly higher connectivity
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than its predecessors, employing the Pegasus interaction graph (Boothby et al., 2020; Dattani

et al., 2019) rather than the Chimera graph. The qubits remain quite noisy, however.

Other hardware tends to have far fewer but much higher quality qubits than the D-Wave devices.

State of the art superconductor-based quantum hardware by Google (Arute et al., 2019) and

IBM (Mooney et al., 2021) have 53 and 65 qubits respectively, while the latter promises a

device with more than 1000 qubits within a few years (Cho, 2020). A large European project

(QLSI, 2020) has been started which aims to produce and demonstrate a 16-qubit device based

on semiconductor technology, again with the ultimate aim to produce a device with more than

1000 qubits. IonQ, a leader in ion-trap qubit technology, boasts a state of the art 32-qubit device

(IonQ, 2020). While these devices are aimed at gate model applications, it is not implausible

that CTQC algorithms could be run on them. Doing so would require low-level control of the

devices in order to subject them to Hamiltonians other than those used to induce the standard

quantum gate unitaries. As such, any of these or future gate model devices could be used

as test-beds for the CTQC algorithms discussed in this thesis, although limitations on qubit

connectivity remains a problem. It’s difficult how to estimate how many physical qubits are

required to test the results in this thesis. Taking the D-Wave Pegasus graph as an example,

an embedding of an all-to-all problem with 20 logical qubits, calculated by the minorminer

library (D-Wave, 2017-), required 56 physical qubits, while a problem with 50 logical qubits

required 353 qubits. Calculating other sizes, the dependence appears roughly quadratic, scaling

approximately as nphysical = (0.17 ± 0.04)n
(1.96±0.03)
logical . As the transverse-field driver acts on the

individual physical qubits, it is unclear what effect spreading logical qubits out over multiple

qubits would have on, for example, the correlations shown to be exploited by QWs in Chapter

3.

The existence of powerful classical algorithms for optimization problems, an example of which

is discussed in Chapter 4, illustrates the need for clever CTQC algorithm design to compete.

While Chapter 5 began this process by studying rapid quenches in QA at an analytical level,

there is plenty of other research to do in this direction. It would be useful to confirm that

the techniques for efficient heuristic parameter setting described in that chapter really can

be employed for other problems, such as MAX2SAT. More broadly, it is hopefully possible

to develop the ideas in that chapter further to find new insight into the operation of rapid

quenches, and to find new tools. Furthermore, one approach I have not discussed in any detail
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is the hybridisation of CTQC techniques with otherwise classical algorithms. This approach is

already employed in near term gate-model algorithms, such as variational quantum eigensolver

(VQE) algorithms (Peruzzo et al., 2014), which consists of a simple paramaterized quantum

ciruit that is run repeatedly within an outer classical loop that optimizes its parameters. A

very similar combination of classical and quantum components may be possible in CTQC, and

is worth exploring. Another example might involve embedding a biased two-stage QW (see

5.2.2) within a classical loop to optimize the bias angle. Broadly, this approach would allow

harnessing the power of well-developed classical algorithmic techniques, while enhancing with

CTQC whichever components are most amenable, to produce hybrid algorithms that perform

better than either classical or quantum algorithms alone.
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