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ABSTRACT 

Theoretical and experimental work on thin shallow hyperbolic 

paraboloid shells are reviewed and discussed. In dealing with the 

hyperbolic paraboloid shell supported along straight line generators, 

and for which no known direct solution exists, the homogeneous 

form of the differential equation involved is studied assuming the 

existence of the typical edge effect phenomenon in which disturbances 

from an edge may be considered independently of those emanating 

from other edges. In particular, it is shown that the approximations 

introduced by Loa 	are really equivalent to the Scherer Type 

approximation. 

An account is given of tests carried out, within the elastic 

range and to failure, on a reinforced cement mortar hyperbolic 

paraboloid shell supported on straight line generators. The behaviour 

of the shell was studied when the latter was subjected to certain 

types of edge loading, to uniform loading over half of the shell, and 

to uniform loading over the entire shell. In the tests involving the 

latter type of loading, the stiffnesses of the tie and edge beam 

were varied. 

Comparisons are made between theoretical and experimental 

results. The existing approximate methods of analysis failed to 



predict the behaviour of the shell tested. 
	 3 

The shell behaviour is compared with that of a flat plate 

with different types of boundary conditions. With rigid edge beams, 

the deflections in the central region of the shell were reasonably 

nredicted by regarding the shell as a flat plate with clamped edges. 

Attempts are made to separate the edge beam and tie bar influences. 

It is shown that the stiffer edge beam favourably affects the stress 

distribution and deflections throughout the shell', although there 
• 

is not much to be gained by the use of a very rigid edge beam. 

The results reveal that torsional stiffness of the edge beam i 

of little importance but this may have been attributable to the 

manner in which the detachable edge beams were fixed at the edges. 
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CHAPTER 1 
fraliteelnymoWs11.111.000" 

1.1 	INTRODUCTION 

The advantages of the use of shell roofs to cover largI areas 

have long been recognized. Formerly, such structures were restricted 

mainly to domes and cylindrical shells; but, recently, much attent:on 

has been paid to other shells of double curvature and in particular, 

to hyTerbolic paraboloid shells. The popularity of this type of shell 

is due to the e2siting architectural possibilities it has to offer, 

as well to the ease of construction resulting from the fact that the 

surface can be generated by a system of straight lines. 

It is unfortunate that the development of the analysis 

relating to shell problems has not kept pace with the structural devel-

opment of shells. Even in cases for which solutions have been found 

the labour involved in the computations is considerable. However, 

with the development of the electronic computer this drawback has been 

removed, and the problem now consists mainly in achieving realistic 

solutions of a particular problem. 

102 	DE.SCRIPTION OF HYPERBOLIC PARABOLOID SMUTS 

The work in this thesis is conoerned with the hyperbolic 



paraboloid shell. The hyperbolic paraboloid is the surface generated 

when a parabola translates on another parabola, their curvatures being 

opposite in sign...Muss  the product of the principal curvatures, 

known as the Gaussian Curvature, is a negative quantity; and such 

shells are therefore referred to as shells of negative Gaussian 

Curvature 

The classification of hyperbolic paraboloid shells, for 

purposes of this thesis, is based on the shape of the edges. In 

translational sh]lls (Fig. 141 (a)), the edges coincide with the para-

bolic generators of the surface, while ruled surface shells are bounded 

by straight linc3. The basic unit of the ruled surface shell is shown 

on Fig. (1.1 (o)), from which it can be seen that the ruled surface may 

also be generai:el by a straight line traversing two othe:' skewed 

straight liner2,0 There are many ways in which this basic unit may be 

combined; cauia )f these are shown in FiG. (1.2). TYpe 	1.2 (a) 

is the one on wh.ch the tests reported in this thesis were carried out. 

1.3 	GENERALts  1PPROACH TO  SHELL PROBLEIS tkazieve-Acos 	,xr 

Early at empts at shell analysis were based on the momentless 

theory, admittin5 in some cases the existence of bending moments in 

the.edge regicos of the shell. However, the limitations of this theory 

could not be tolwated for long, and hence a general theory has been 

developed in whi:h bonding effects are taken into account. The problem 

15 
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is necessarily made mere c 	.1 - 	I-  ajw cases eimplificationa . 

have to be introduced in order to achieve a solution. 

In tippl;inE 	momentiess theory to the hyperbolic paraboloid 

shell;  there ze ulta a second order partial aifferentia:. equation of 

hyperbolic 172213 wh;cb corresponds to an ini'Aal value problem 

requiring c'et care with respect to boundary conditions. Generally;  

these condf,41=cautt)t be satisfactorily met;  and it is therefore 

necessary to a-gly the more complicated bencIlng theory from the 

beginning. EYO; th::1;  realistic solutions have been obiained only in 

the case of tmzslconal shells with ccrtaLl types of (dse structure. 

In the case of lypeolic .c.raboleide ou:ported along their straight 

line generstou, no hnown diect seluticu ex:Ists br whi(h realistic 

bout-Leary coLditoaE, can be satisfied; it is then aecescary to introduce 

approNimatica,3 f2 o:Oer to crrive at scna so:'_ution. 

The gllirral Tending theory of d.cably ourrel shells involvirs 

finite dlsp3arixent*. yiolde two four 	%-der non-lnear partial differ- 

ential equati*nk. 	neglecting the non-lin.1,ar to:ms tkl resulting 

'Aluaticils can 't;e comUned to give an eigath order Linea' par.bial differ 

entia% ecyaticn, Th non-homogeneous fo-Nn of this equatkon L3ives a 

aolution fo tz taa loadfx(41 and anu solution thus obtained is called 

a Poo-tiorla; cOltie. If the particular solution also 3atisfies all 

the boulldar5,  colt:V.:las, it then becomes the complete solution of the 

problem, In 	ra:_;  however;  this will not be the casc, and in order 



to satisfy the boundary conditions actions and displacements have to 

be applied at the edges of the shell° Such actions and displacements 

are referred to as - edge disturbancesr  and are obtained by considering 

the complementary solution resulting from the homogeneous form of 

the eighth order equation. For this reason such a solution is often 

called the Edge iisturbance solution. 

An edge disturbance diminishes with increasing distance from 

the edges; when rapid damping takes place the phenomenon is known as 

the edge effect. In many cases the momentless solution is a good 

approximation as a particular solutions  and in considering the comple-

mentary solution, approximations may be made which effectively reduce 

the order of the equation and consequently the number of boundary con= 

ditions to be satisfied. In view of the requirement of rapid damping 

associated with the typical edge effect problem it follows that this 

state of stress is represented by large roots of the characteristic 

equation. In shills of positive Gaussian curvature an approximation 

method separates the problem into two parts - a second order elliptic 

equation (momentLess solution) requiring one boundary condition at each 

edger  and a fourth order equation for which two boundary conditions 

are specified at each edger  thus simplifying the problem considerably° 

in hyperbolic paraboloid shells, however, the hyperbolic nature of the 

equation of the aomontless solutionpreclud,,, the above simplification. 

The valillty of approximations introduced into the analysis 

,oay be chocited bo controlled tests. Such tests are of oarticular 

18 



19 
significaance in cases where no exact theories have been developed, 

and may be useful in providing answers to such questions as the 

relative importcace of parameters, effects of edge bowler  and importance 

of different boundary conditions. 

1.4 	SCOPE O1 RESEARCH  

1) To study the effects of certain types of edge leading 

on Rule( SurZace shells. 

2) Investigation of the Stress Distribution of Ruled Surface 

shells t2der uniform loadingo  with varying edge beam atifgneas 

and tie a:17 rtiffness. 

3) To invotigate the behaviour of a ruled surface shell 

tested to failure =der uniform loading. 

Zn all cases, compaY'isons are made between experimental results 

and these obtalzed Irom known approximate solutions. 

Xt was .i.:ound convenietato adapt the loading system to teat the 

shell under unAform loading over half of the surfaco and the results 

for this cace a a naco reportedo 



OHAFTE'R 

2.1 	REVIEW OFHEORETICAL WORK 

The Elastic analysis of doubly curved shells is dealt with, 

special emphasis being placed on shallow, thin shells of negative 

Gaussian curvature. The historical development is considered under 

the following headings. 

a) The Membrane (Momentless) Theory. 

b) The Bending Theory. 

e) Approximate Theory. 

Cowdinate axel and loading convention are shown in 1 .g8o (2.1) 

and (202), and (1.1) 

202© 	THE MEABRANE (MOM7NTLESS) THEORY 

In thL3 context the membrane theory refers to considerations 

in which the shell is assumed to have negligible betding stiffness. 

Strictly spealtmg, the term "momentless" theory should be applied 

when shells of finite thiCkness are being considered. As this theory 

is old, the lierature in this field is prolific° When applied to 

doubly cuwed ohells the following equation is obtained for normal 

loading : 

20 
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In the case of elliptic paraboloid shells whose middle surface is 

given by :- 

2  2 

b2 

the equation (2.1) becomes elliptic, and behaves reasonably when 

boundary conditions are taken into account. In the case of translational 

hyperbolic paraboloid shells described by :- 

2a 
2 

L. 
2 

= 
a2 	b

2 

or or. Ruled Surfloo shells having the equation : 

equation (2.l) b000mos hyperbolic, and as such requires much caution 

with respect to Oeundary conditions. 

The hers 	of equation (2.1) when applied to shell theory, 

has been studied by augge and aeylin '. They have shown that for 

the olliptio paraboloid shell with simple boundaries the °elution is 

reasonably corre3t over a large area of the shell. However, when 



translational hyperbolic paraboloid shells are considered, it is 

shoon that inextensional deformations are obtained when the ratio  a 

• has a critical. value - a condition which exist° for most values of 

this ratio. claen the shell is submitted to normal loading, the 

solution obtailed exhibits severe discontinuities which make such. 

a solution unraalistio. Recourse must therefore be made to the 

bonding theorN in order to eliminate these discontinuities. 

The mcmentless theory of Hyperbolic Paraboloid shells, 

bounded by straight line generators, has been dealt with by several 

writers inclu Lng Parme2 	and Vroedenburgh .• who have suggested 

that, staticallyr  these shells may be analysed by assuming that the 

load is dividcl between a system of intersecting arches and catenaries. 

The resulting 3tross system yields compressive forces in the arch 

direction andlensile forces in the catenary direction. These 

forces when ocAbined give constant shear nq  throughout the shell. 

This can also ')e deduced more directly from equation (2.1) by 

observing that for the Shallow Ruled Surface Shell : 

2 	a
2
s 	(3

2 
;13 

c. 
	K p 	

02 
	0 	(IP 
	 Ic 
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The momentless theory of ruled surface shells involving finite 

displacements has been dealt with by Tottenham(29)0 After deriving 

the two governing non-linear equations, he suggests how variational 

and successive approximation methods may be applied to solve these 

equations. 

24 



2.3 	THE BENDING THEORY 

The wor% in this field for doubly curved shells follows 

the theory developed by Narguerre in 1938 and later by Vlasov3  

in 19440  which :yields two non-linear fourth order partial differ- 

ential equation5. There is no known direct method of solution 

for such equations and the tendency has therefore been to disregard 

the non-linear t..erms. Thus, Vlesov3  reduces these equations to 

the following farms in considering normal loading G 
e 

0 

0.(2.2) 
Eta 
V3.4  L(  c9 d 

where t 	nickness of.shell 

E I'aung®s modulus of shell material 

a 
L. 

o4 2 
am2ap 

a 

ap 
 

Vlasov took the a and p coordinates as coinciding with the lines 

of principal-curvature of the middle surface prior to deformation. 

Vunro derives the General Eighth Order equation for the 

Lincar Annlyeic of thin, shallow ohello in the fors :., 

23 
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app  

where: 

C7R4  VR2  
V8 

77 V714  '11 71 
He employs curvilinear coordinates set on the middle surface of the 

shell and formed by the projection of the x-y set of a suitable 

orthogonal Cartesian triad, and derives the Vlasov Equation (2.2) in 

terms of this curvilinear coordinate system.. Particular integral 

solutions of equation (2.3) are then obtained for translational and 

ruled surface shells and these compared with the corresponding partic-

ular solutions from the membrane theory. Finally, it is shown that in 

the case of translational shells the particular solution becomes 

the complete solution when the shell is supported along its parabolic 

generators by deep, thin, inextensible gables. However, for ruled 

surface shells supported on their straight line generators a set of 

unrealistic boundary conditions are necessary for the particular solution 

to be regarded as the complete solution, For this type of shell, there-

fore, it is esseItial to obtain a complementary solution if realistic 

boundary conditions are to be satisfied. 

%PP 

3 
C" 2\74 

VI  ac, ap 
..(2.3) 



Ambartsumyan6 converts the Vlasov equations for thin 
	27 

shallow shells into a different form and employs a stress-displacement 

function to obtain a solution for translational shells subjected to 

normal loading and having simply supported boundaries. He expresses 

the loading in the form of a double Fourier Series and then, 

following a method first suggested by Hhachaturyan„ separates the 

plate solution from the shell solution, thus taking advantage of the 

rapid convergence of the remainder. A numerical example of an elliptic 

paraboloid shell is worked out. 

After following a method similar to that of Ambartsumyan, 

Flugge and Conrad? give results 02 worked examples of shells of 

positive and negative Gaussian Curvature under concentrated load. They 

infer, in particular, that the stiffness of the byporboloid is roughly 

equal to that of the flat plate. 

Boum8 uses a Levy Type Solution for the complementary function 

of the eight order equation resulting from the combination of the 

Vlasov equations (2.2)0  applied to shells of positive, zero and 

negative Gaussiaa Curvature. This solution therefore requires that 

the shell be supported on deep thin, inextensible gables on at least 

two opposite paraboYic edges. 

Ao in Etuma's.work, a Levy Type solution has been applied by 

Apoland-10  to eclvo translational shells supported on two opposite 

parabolic edges. An influence coefficient method, whereby edge 



disturbances are conveniently studied b is deVeloped for solvirg 

actual boundary conditions along the other tWo opposite edges. 

By plotting the real roots of the characteriaticsquation against 

certain shell paraneters2  it is shown that edge distUrbandes in 

hyperbolic paraboloid shells are damped at a much slower rate than 

shells of positive Gaussian Curvature. 

2.4 	APPROXIMATE METHODS 

2.4a HYPERBOLIC PARABOLOIDS SUPPORTED ALONG PARABOLIC 

GENERATORS. 

After carrying out an exact analysis Boum. approttimates 

the roots of the amilliary equation of the elliptic and hyperbe 

paraboloid translational shellsn Be shows that the. method of analysis 

whereby a solution is obtained by the combination .of the membrane 

theory. and the theory of the elastically supported beam is applicable 

only tothe elliptic paraboloid shells supported on four shear 

diaphragms. AL approximate method for use in other cases is suggested. 

2.4b HYPERBOLIC PARABOLOID &JELLS SUPPORTED ALONG STRAIGHT 

LINE GENERATORS. 

In 	 13- conz,ider:Log those sholis Relooner 	in. the first instance 

[AG:aromas the enf...ste-Jp,e of the typt:tal od3e eZfecto Ho enalyeeo these 



29 
effects for the shell supported oh deep, thin, inextensible • 

structures, and concludes that each effects are admissible Pro7 

vided that the ratio of the shell thickness to shell rise is small° 

However, the bending and membrane stresses in the edge zones are 

shown to be of comparable.ordere He points out, however, that 

the obVious criticism of this approach is the fact that the consider- 

ations leading to his conclusions are not rigorous, since it has 

been assumed that outside the edge zones only the membrane state 

of stress exists. 

Gerard12  has obtained solutions for three types of Ruled 

Surface Shells supported on straight lines. The diaplacement com-

ponents um  , u , u . are assumed in the form of polynomials, 

Which satisfy the boundary conditions only partially° Although 

Equilibrium conditions are, not fulfilled he applies. energymethods to 

determine the constants of the displacement components, and points 

out that the results of the solution for one type of shell con- 

sidered compare very favourably with teat results. A serious criticism 

of.Gerard's work, is that in meeting boundary conditions he considers 

the mean value of an error function, instead of the preferable 

method of minimising the square of this functions 

Ras Guptali  enpresses-in non-dimensional form the two fourth 

order equations governing the bending of a Ruled Surface shell. 

ISL'ing Finite DifZerenoe methods he obtains a solution for c3Ampod 

edges and remarks that the results are in agreement with those obtained 
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from a test reported by Jones
a  °. The method could be extended 

to deal with flexible edges, and more accurate results in the 

important edge regions, could be achieved by using a closer mesh 

in these regions. 

The Levy Type solution used by Apeland and Ploptv9  for 

translational shells is extended to deal with hhyperbolio paraboloid8 

supported on their straight line generators. However, in order to 

achieve a solution, a set of unrealistic boundary conditions are 

assumed along one pair of opposite edges. Despite this fact the 

method proves convenient for studying edge disturbances emanating 

from the other two edges. 

An attempt to study the effects of bending disturbances 

at the edges of Ruled Surface Shells has been made by Rleich and 

.14 Salvador 	who who use Energy Methods to derive the three governing 

equations. For G 	G m 0, and assuming the solution in the 

form u 	m 0 the three equations reduce to one similar 

to that for the plate supported on an elastic foUndation. The 

reduction of this equation to one siOlai to that of the elastically 

supported beam is effected by assuming that the disturbances in 

coordinate directions are independent of each other. Ac in Reissenr's13  

work, the membrane and bending stresses are shown to be of the same 

order in the edge regions of the shell.  

In a brief discussion of bending effects in Ruled Stwfaco 



Shells, Vreedenburgh(1)  in a manner similar to that of Bleich 

and Salvadori, reduces the eighth order homogeneous equation to 

a fourth order one similar to that of the elastically supported 

beam. It is suggested that for this purpose the shell may in a 

small region be regarded as a translational surface of circles 

having radii equal to the principal radii of curvature. 

With the assumption that u = u
p 
 = 0, Munro(28)  applies the 

variational method due to Kantarovitch to solve, for certain 

boundary conditions, the fourth order equation obtained for the 

hyperbolic paraboloid shell bounded by straight line generators. 

He compares these solutions with that of the ordinary differential 

equation resulting when it is assumed that the typical edge effect 

phenomenon is present, and then shows that the solution obtained 

for the partial differential equation by using polynomial functions 

is dependent on the selected polynomial. His work includes the 

application of Rayleigh functions to solve the fourth order equation 

by the methods due to Galerkin and Kantarovitch. 

31 



In applying an extended Levy Type solution to a hyperbolic 

paraboloid shell supported along straight lines, Loof(/6) assumes 

the following boundary conditions: 

1) a

.= Up = uy = 0 at all edges 

2) 

(a). 	= np  = uy  = 0 on (3 edges 

(b) up  = nm = uy = O on a. edges 

Also 
---g= 0 at midpoint of edges ap  

These boundary conditions are more realistic than those used by 

Apeland and Popov(9)1  since tangential shear stresses are transmitted 

to the boundaries. A modified collocation method is used to satisfy 

the four boundary conditions at six points in the interval of 

one-half edge and the resulting 24 equations solved on a computer. 

The behaviour of the edge moment is then examined for large values 

of a shell parameter, which reveals that the two sets of boundary 

conditions assumed yield almost identical results. Further, the 

moments display a highly damped character, 



He, therefore, infers the negligible effect of transverse 

displacement at the edges, and then considers bending disturbances 

from one edge only, independent of effects from adjacent edges. 

The results of this approximation give very good agreement with those 

obtained from the more elaborate collocation method. A rapid method 

is also proposed for dealing with such factors as tie bar extension 

and edge beam movements. In this thesis an attempt is made to 

check the vaidity of this approximate method against test results. 

205 	REVIEW OF EXPERIMINTAL WORK 

Up to the present time, very few tests have been reported 

on shells of negative Gaussian Curvature, and the majority of such . 

testa have been carried out on models as an aid the design of prototype 

shells. 

Leicester and Masseyl8  have described tests on a 1 : 16 

scaled model of a system of hyperbolic paraboloid shells consisting 

of'six "petals" resting on six supports. The model was made from . 

polyester resin. The results presented are not' sufficiently detailed 

to permit general conclusions. 	However, they did indicate the 

presence of quite large. bending moments Oven in regions well removed 



from the boundaries of the shell. There ware also a marked tendenej 

for the notions to concentrate tovards the low Corners of the model. 

An attempt was Made by the authors - though with only qualified 

success - to compare results from the model test with the actual 

behaviour of the full scale structure. 

Flint 9a has reported tests on a 13. scaled model of one of 

a set of five separate quasi-hyperbolic paraboloid shells. Different 

loading conditions were investigated. Their results show that the 

stresses were not in agreement with the membrane theory, the deformation 

of the boundaries playing an app rently significant role in the shell 

behaviour. 

A series of test carried out on three scaled models of 

hyperbolae paraboloid shells supported on their straight line generators 

is .reported by Rory 19b.One of the structUres was a Multishell 

in the form of an inverted umbrella and another in the form of a grillage 

of beams. Finally, a shellWithout edge beams was tested for 

research purposes. In the multi-shell test, asymmetrical and edge 

loadings were considered. No attempt was made to compare any of the 

results with a bending theory, but•thoyshoradthat• the bending Stresses 

were of the same order as the membrane ttredses even at points well 

removed.  from the edges. {morally, the membrane theory proved unsatis-

factory in predicting the behaviour of these shells. 



Included in the report by Rewe19b  was a test on a one-tenth 
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scale model of a hyperbolic paraboloid shell on straight line 

generators. The test has been more fully reported by Jones20  . The 

model represented one.luarter of the actual structure and ag-in 

the prototype the edges wore thickened. Two lj. t/ dia. Lee McCall 

Bars wore used to simulate rigid abutments. Mere again, thetest 

showed that bending stresses in the interior of the shell were of the 

same order as the membrane stresses, both types of stresses increasing 

rapidly in the vicinity of the edges. An interesting point brought 

out, was that although the tangential shear stress ( 114) was not 

constant throughout the shell, its magnitude in the interior was in 

reasonable agreement with its value frOm the membrane theory. This 

theory, however, when applied to parts near the edges gave results 

very different from those obtained in the test. The actions tended 

to concentrate towards the low corners; and the important influence 

Of sic° of tie bar was bourne out. The main - criticism is that 

the boundary cenditions in the model did not conform to those of the 

prototype. .Hence much caution must be exercised when predicting 

behaviour of the latter from those of the former, dime boundary 

conditions are of such great importance in this type of shell. 

Lauletta190 reports tens carried out on a brick hyperbolic 

paraboloid shell supported on straight line generators. The tests.  

wore intended to study thestatics• of this type of shell under uniformly 

distributed lorv3ins. The author i fere that the shell behaviour 



differed considerably from that predicted by the membrane theory, 

and approached that Of a plate. Another important conclusion is 

that the state of stress was sot influenced to a great extent by 

Change in the rigidity of the edge beam. This, incidentally was 

not bourne out in similar toots, reported in this theeis, in which 

the edge beam rigidity exerted considerable influence on the shell 

behaviour° On the basis of his test results, Laulotta has proposed 

an approximate method of design whereby the entire load is assumed 

carried by the arches having downward concavity, with their ends 

regarded as hinged. The Bending Moments are then approximately assessed 

by assuming that the curve of pressure in these arches scarcely 

reaches the extremity of the inertia's kern. 

The first systematic.tests reported on shells of negative 

Gaussion Curvature were made by Munro and Abuja19d and 21, Tests 

wore conducted on two types of hyperbolic paraboloid shells of 

reinforced concrete mortars  both shells having approximately similar 

dimensions. The first Shells  8' - 10TY :: 8° - 0" 	0.78" 

thick and supported on parabolic generators:  was constructed to simulate 

simply supported boundaries and was tested under various loading 

conditions. The second shell 8° squares  r thick, was supported 

along straight lines by flexible stsol edge beams, and was construeted 

in such a manner that vertical and horizontal displacements could 

be imposed at the corners of the shell. Studs wore incorporated 



in the flexible edge beams, so that edge stiffness could be varied 
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by affixing additional edge beams. In the first shell shrinkage was 

significant, mainly because of its considerable effect on shell 

geometry. The main object of the test on the translational shell 

was to check whether by expressing uniform normal loading in the form 

of a double Fourier Series the particular solution obtained could 

be regarded as the complete solution as is the case in theory. 

It was found that the displacements obtained experimentally showed 

quite good agreement with theory except near the corners where non-linear 

tendencies wore evident. Test moments and forces, however, did not 

show such good agreement. The Ruled Surface shell was tested with 

imposed horizontal and vortical displacements at the low corners and 

under uniform vertical loading. It was shown also that the shell 

displacements were almost entirely dependent on the horizontal stiffness 

of the low corners; and that therfore any form of solution for this 

shell which does not attempt to satisfy the corner conditions, could 

not be regarded as satisfactory. 

In continuation of the Series of tests being carried out at the 

Imperial College of Science and Technology, in connection with shells 

of negative Gaussian Curvature, Scrivener 23  tested a reinforced 
q dement mortar hyperbolic paraboloid shell 8' - lei" n 7°  -.4!, 	u 

 

thick, and bounded on parabolic generators. The testswero intended 

to chock whether the Levy Type Solution for theseshells as reported 

by Eouma8  is satisfactory. Thus two opposite edges of the shell woro 



supported on supports ithich simulated deep, thin, inextenbible 

diaphragms, while different boundary conditions could be imposed 

along the other two edges, each of which took the form of a flexible 

steel edge beam provided with studs to take additional stiffening 

beams. The experiments showed that the size and shape of the edge 

beams had considerable effect on the shell behaviour and that any 

attempt to analyse this type of structure by the membrane theory 

alone would be grossly inadequate under the boundary conditions of 

the tests. From the point of view of displacementa the theory predicted 

reasonably the behaviour of the she/1. 

2.6 	Discuss-1m or PAST REZEARCII 

The majority of test reported so far have been carried out on 

models as an aid to design. Therefore, these testewere designed to 

favour investigation of parameters appropriate to the particular 

problem under consideration. Although the results from such tests 

have been of great value to the designer, especially in cases where no 

exact theories exist, it is difficult to formulate on such basic any 

theory for a problem consisting of so many parameters. 

The inadequacy of the membrane theory for shells of negative 

Gaussian curvature has been confirmed by tests. IA some cases, this 

theory gives an indication of the magnitude of shell stresses in the 

interior of the shell, but proves useless in the important odgo 
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regions. Only in isolated cases was the typical edge effect 

observed experimentally. In the majority of the tests the moments, 

for instance, tended to increase away from the edges of the shell„ 

instead of being rapidly damped. 

There were several problems common to all experiments in 

.which electrical resistance strain gauges were used. Their behaviour, 

particularly in connection with their use on concrete shells, has 

been so erratic, that any conclusions based on forces and moments 

deduced from these gauges have been made with much reservation. 

The formulation of a theory from such results would, therefore, be 

open to question. 

It appears that, as yet, no satisfactory theory exists for 

hyperbolic paraboloid shells supported on straight line generators 

and having realistic boundary conditions. All tests on such shells 

confirm the tendency for the load to be carried by the supports at the 

low corners. The important influences of corner stiffness, tie bar 

stiffness, and horizontal foundation movements, on this type of 

shell, have been amply bourne out by tests. It is significant that 

the test reported by Lauletta19c reveal the relative unimportance 

of edge beam stiffness; the opposite effect has been observed in 

tests carried out by the authors.  

Solutions have been obtained for hyperbolic paraboloid shells 

supported on their parabolic generators, with simple 8u-sports on all 



fdlo e It  es or on two opposite edges only. So far only two sets 

of enperiments have been reported for this type of shell a  and the 

ezporimental restate agree :reasonably with theory 
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CHAPTER 3 

3.1 	GEDIRI, 

In tho following the general linear theory of shallow, 

doubly curved:  thin shells of constant thickness, and having middle 

surface of second orders  is considered. Particular emphasis is 

paid to shells of negative Gaussian curvature with special reference 

to those bouned by straight line generators. 

The Ccordinate system shown in Figs. (2.1) and (2.2) is 

that used by Eunro5  

no  yo  m is a suitable orthogonal cartosian system 

a,, (3 are the curvilinear coordinates on the middle 

surface of the shell, obtained by projection of 

the o  y set. 

1.8 the direction perpendicular to the ( a, p ) 

13et. In the case of shallow shells, the 

Pp y) set may be regarded as orthogonal. 

a2s  a. s 	a2  2 

For seGond order surfaces 	- have W• 	• -2 ° 
ay 	arAy 

constant valmn everywhere on the surface, and .in the case of shallow 



shells the following apnr=imations are valid : 

2  
1 = K 

a= 

2 a . z 
K 

2 a,z 
1 	

= 	orm.aracv. 

8=ay 

where _ap  7: the twist. 

2 	and R, are the radii of curvature of the middle aurfaco 

in the e an 3 directions, respectively. 

The second ord awlaces considered are the hyperbolic paraboloids 

given as 

2 	2 
TraDslattenal Surface) 	: 2z = 

a  b 
 

Puled Svrface 	z = 

3.2 	DII.PERIATIA4 EQUATIONS 

Munro5 has shown how to derive a linearly independent set 
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+ 
am a, 

43 
of eleven equations in terms of the eleven variables shown in 

Fig. (2.l), in which the popitive directions and axes are also 

indicated. 

1213  p u are displacements of the middle surface. 

All forces and moments are given per unit length of shell measured 

in curvilinear coordinate directions. 

as p 

0  
mi3  ' 4 

G G G a r pr y  

are tangential fortes. 

are normal shear forces 

are moments. 

are loads per unit area of shell surface. 

The eleven equations derived, after neglecting second order 

terms in expressions obtained from the equilibrium, strain= 

displacement and stress-strain relations are :- 

an 	an40,  

am 	ap 

an
al3  

an 

am 	a p 

an 

ap 

+ a 

0 

..(3.2) 

0.(3.3) 



ammo .1.  TA  

am 	ap qp 0 	 .0(3.4) 

aq 

aa, 
(1 

ap 
+ 

R, 
00(305) 

au 
a 	m Et (-24 	-X) 
a 

am 

Et  au, 	au 
--L3t) - Et -L- 

2 al ap 	aQ 

np 	Et (au°  
ap 

P 

a Et3   

	

12 	aa2 

a2u 
mp  = 

	

12 	asap 

3 a2uy Et 

	

la 	ap2  

	

whore 	t m shell thickness 

E u Youngs modulus for the shell material 

In this thesis only normal loading Gy  is considered:, 

i0o00  G a Cep  m 0 

(5) 
The eleven equations above0  may be combined 	to give 

the following eighth order linear equation in terms of n, 

..(3.6) 

0.(3.7) 

00(3.8) 

.0(3.9) 

00(3.10) 

00(3011) 



V,  2 

V/ 4 v 

Et3  

22 

+ Et 0 

R 0  ..(3.13) 

.0(3.14) 

a 7G 
.C3.12) 

`711'Vlib 

a 	 3.4  nd 	- 	(34 
P
4
4 2 

	

am 	am ape 	ap 

The eighth order equation in terms of u
11 
 can also be 

derived as tyy fourth order equation viz 

where 
ffi 

1  a2 

	

2 a2    a2 

an  am 	R 	ac ap 	ap 
‘19 

0 is the Airy Stress Function defined as 

a 	a'  P 	 a 0, 	L.L. no  
ap  am  

asap 

In the case where the G  and f axes coincide with the 

lines of princi3a1 curvature, the equations (313) and (3.14) give 

the Vlasov equations 

V2r 	Et3 V4 
t's 1 try 12 



4 
4 

46 
(3.16) 

where Vr2 1 a
2 1 a

2 

R am
a  R apt  

Emma8 further combines these equations to give :- 

.22.2  V18 
uY + Et  Vri+ fly 
	 ..(3017) 

or + 	
V" 0 
	- Et V G 

\-7 2 	2 r 
 

.0(3.18) 

 

where 

 

Equations (3.13) - (3.18) apply to translational shells bounded 

by parabolic generators. 

Moro genernllya  equations (3.13) and (3.14) combine to 

give :- 

Et3  
3.2 

+ Et V4  u y GY 
..(3.19) 

For Ruled Surface Shells :. 

2 
-2 K 

amap 

WI} 	T2 all' 
VR = amap 

 



and equation (3.19) becomes' :- 

a 
l t  
12 	

8
V1 ly  • 4 Et W- 	= V14. eir  

aeap" 
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3.3. 	PARTICULAR SOLUTIONS 

3032Translational H/porbolie Pmnako120 

A particular solution of equation (3.12) is obtained by 

eriaessing the 1oadin5 G in the form :. 

• Y 	"LS 	
Z COS MM COS 2 	0.‘,(3021) 

P1,3D5 q01005 

uhe2?e m 	n 	aa 
	

(p and g Odd) 
26 

and 1c  Ip  are tho spans in the 	and p directions 

reopcctively

2 

 

lm 

1 p 

• ,D  p) COS 	C 
c 7t 

1p  

o (L p) Cos c Cos np da ep 



(m2  + 

For uniform loading Gy  

2 
Cos MG CoO np da dp 

Ife 

10.1f3 

which gives :- 

= 
	
1. 	 C p and q odd ) 
pq 

Taking the first term of the series gives :. 

16G 
. ...X 

A2 

Since for translational shells : 0 0© then :- 

   

1VR2  
1  Si 
913  aa.2 

1 a2 

Ra
? 

Equation (3.21) with (3.12) give the particular solution for such 

shells as :- 

214 12 m2  
t2 R

P 

n2  )2 
Rc4  

Z cos ma Cos lap 
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3 

1  

C 
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=
K0 2  is3  n3  Z Sin 

112 
 Si a

2
n 
o 	o 

=2., 
ac apt e 0  

54'4 IC. In. n3  
n = 
• G 

t2  

Z Sin mm Sin np 

FVOQ ommtion (308) with G, = 0 :- 

. 	Jo an 	 3 ? 
- • 

a2sl 
o  

as 	
a 	q4-7 	7.3 Sin pa UO3  

am 	ap 	t
2 

0 
• nap 

24 It Li2 
n
2 

t2 C 
Co6 mM Cb3 11P 

Puttins 3.  
= 0 in (306) : 

0 

	

an'0, 	n 

	

aa 	Et 

2b. 	n3 
0 

u 

	

a 	
EC 

Prom equation (306) :- 

Z Coo mm Sin np 

• 	2a ns 
= 

ap 	nt 

24 g m3  
VI,0 . 	'a5. 

. 	or Z Sin mm Coo np 
P 	Et3  C 



o. 	a 2Ft K ap 

ECIPKIMMIJATAS/11.,31. 

Equations (3,,6) and (3.8) combine to give :- 

'2u 

aa,  

24Kea  ran 2  2 
'‘ 	32 ) 71 Sin ma Sin np 

t 

Z Cos ma Con TIP 

noments aro obtained by differentistiafrom equations (3.9) - (3.11) 

as fellows :- 

o 
2, 2 2 2  ra n) 

2; Coo ma Coo rip 
C 

rx2(r:12  .1- 112 ) 
a 

1.11,9001•00314.011V1.01132=Tfar 
	Z Cos ma 	Cos np 

C 

0 caleVirc, 	  Z Sin ma S:tn np 
C 

Now, on examining the above expressions for actiona and 

displacements, it is seen that for the particular solution to 

become a complete solution the following boundary conditions must 

be satisfied :- 
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54  2 2 4458 	28 x 10-6  
Z 00o OM cos n3 

20023 x 10 2 927.394 633 2 10" 

aich gl.ves 
0 n 	.029 314 Z Cos ma, 	Cos n3 

-4 	m3  n n3a 	s, 	t- 	Z Sin ma Sin np 
C 

-6 
• , 	.24 n 3.038 194  x 10 3  g 10146  882 g 10 	- 

6 mn ma, 

- 0160 309 Z Sin mo, sin np 

24 K m 
Z Sin ma, Sin np 

t
2 

n 	.160 309 Z Sin ma Sin TIP 

a 
ap 

24 	N
40 

 m2 a2. 

t27  
Z Cos rum, COS TIP 

nap° 	.16D 309 Z Cos ma Cos v3 

0.5625 g 927.394 633 x 10-12 
np 

o 24 It0S 113 Z Cos ma Sin np 

 

C 

24 g 3.038 3.!:z1. 7 113  7 30504 60 g 10- 
2.025 000 x.10 	927.394 633 g 10 - 

2 2. Con rg,, Sin rp 

0 na 	.136 07l x 10 - 	Cos ma Sin Eli 



IA,0  
211. • 	m3 

z 
C 

Sin mm Cos np 
Et' 

m .136 074 x 10-2  Z Sin MQ COS 113 0 
Up  

LIZ Z Cos mci, Coa np 
C 

Pg702 ?,56 10 	n 104, z  

927.394 633 2C110-2  
Cos ma, Con 0 

• .0 m 	13 5.29753 Z CO3 MO, CO3 np 

2 
n2(m2+ n2) 

Z Co0 MM Coo n
C 

 

m 	= 5.29753 Z Cos im Cos up 

Sin mm Sin np 
C 

5.29753 Z Sin MG Sin np 
up 

For the firot germ of the ceries 

16 .3325 05086 lb/112  Z 

The rrinzt:traun valueu of the wztions and c3.iop1aeenent,E; rire givca 



below :- 

n.° 	= - .160 309 Z z 1.03 	0 - 81.2 lb/in0 at corners 

n ®  n 	m - 0160 309 Z n 103 	m - (ilea lb/in0 at corners a 

naps 
• 	.160  309 z x 103 	81.2 lb/in0 at centre of shell 

zero at edges 

.136 074 x 10-2  Z 	m .6894 n 10-3  ir. at midepan of,  edge 

ft 

0 ta 	H. 	.029314 Z 

• 5629753 Z 

npo  = 5.29753 Z 

map
0 	- 5.29753 Z  

m .6894 x 103  in. 	It 

00149 in. 	at centre of shell 

3,  2.684 	iu./in. 	ft 

2,6810. 	to 

m-2.684 lbb iu./ins at corners 

In comparison, the membrane theory v  dealt with in the next section, 

gives :® 

m moo  

• 0 	0 
a, 

0 

at all points on the shell 

     

51.43 lb/in. 
2Kep 	2 x 3.038 194 n 10-3  



Tie Bar Force 	2nao  x 96 Cos 45°  = 6981. 	.3 lbs 
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3.4 	THE MEMBRANE THEORY OF RULED SURFACE SHELLS 

This subject has been covered in some of the references cited 

in the bibliography. However, the theory will be briefly dealt 

with here in order to show how the shell should behave if the 

membrane theory is applicable. 

With Ga  = Go  fa 0, and neglecting gla  and go, 

equations (3.1), (3.2) and (3.5) become :- 

an 

am 

n  

anCO 	0 	 .0(3.24) 
ap 

• anT.  
• .P =  0 	 ..(3.25) 

ap 

• !l ▪ a e  G= 0 	 ..(3026) 
Rao  

On introducing Airys Stress Function 0 the above equations can 

be reduced to the form :- 

V n 
	0 	 .0(3.27) 



7/ 4 
V1 1113  .0(3.28) 

The Stress - Displacement equations (306) - (3.8) nay be combined 
	58 

to give :m 

or 
	r-7 	Et a u 	0 	0.(3.29) Vil  

It is well known, (e.g. (1))0  that this .equation (3.27) gived 

acceptable 	when rapped to shone  of positive Gaussian Curvature; 

in which cao the equation is of elliptic type. In the case of 

isholls.of negative Uaussian curvature, the equation becomes a 

hyperbolic one, and it is difficult for general boundary conditions 

to be met. The solution of the problem is unrealistic, and it is 

therefore necessary to apply the bending theory. 

In particular,' for Ruled Surface Shells, 

	

e2 
	 0 0 	 and 

equation (3027) becomee 

11:a a2d m 
4•V•61,1:2= 

aaap 

or 
	2 	0 	

3..30) 
. 2",1 



30 
p 	f (m) 

dm 	2Kap  

0 n 	0  nn -r 	f (m) dm + f
2 
(p) 

2N4 

The general solution is thorefore 

0 	_X.. 	ap 	fl  (m) + fa  (p) 
2K 

where 2
1 

and f
2 are arbitrary functions of m, and p 

respectively. 

Hence 

n, 

a 
a20 
apt 

a20 

am  

4
2
f2  

dpi  

d2f1  

dal  
—(3.31) 

a20 
n —X-- 
ap 	aa,ap V 0hp 

In this resultant simple stress system the action n mo 

for e: ampler  is constant along a particular generator (m), and 

only varies along the other generator (p). Thus, if at any 

ode 	m = 	, it is specified that na = 0 (flez.ible edge 



beam) then it follows that n vanishes throughout the shell. 

The corresponding result also holds for np 	so that, in the 

case of flexible edge beams, n 	no,  n 0 over the entire 

shell. In this case the resulting stress system is given by :- 

a 

2No  

0 

 

   

It would appear that by trimming the edges of the shell 

in such a manner that the supportingstrueture . is able to resist the 

tangential shear forces a 	the membrane state of stress can aP 
be achieved. However, if the deformations of the shell and of 

the edges are such that continued fit is not ensured, then distur-

bances in the membrane state of stress will.deVelop. This is 

generally the case in practice. 

For purposes of comparison with results of the tests carried 

out, some important points regarding the membrane behaviour of 

Ruled Surface Shells are summarised :- 

1) When the. membrane state of stress exists the tangential 

stress resultant acting in the direction of a 

generator io constant along that generato. 

2) The action n (or u,) may assume any arbit.,?ay alu 
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along a particular generators  provided that this 

arbitrary value is also prescribed at the edges of 

the shell. In the case of stiff edge beamss  for 

examples  since na  and nn  are not zero at the 

edges, then these stress resultants shoUld have a. 

value, along a generator, equal to that at the edges. 

In the case of flexible edge beams (um  and up  0) 

at the edges), these stress resultants should vanish 

throughout the shell. 

3) If the conditions in (3032) are fulfilled (flexible 

edge beams) then at an angle of 43°  to the generators 

the principal stress resultant& (tension or 

compression) are everywhere numerically equal to 

net)* 

4) As with other shells, in general, the membrane theory 

admits of small deflections and bending moment 



APPROX/NATE SOLUTIONS FO2 RULED SURFACE SHELLS %mu...Arm 

It appni:i0 th-T4z cAtIpXiltory thoory Imo yet boon evoliret3. 

hymbolic 71.4-tholoid choll3 bet 	st-,:olzht line ce=rater;s:  

nnd hav 	rtc benuCary 	:011070:0, n ntnber of 

lk 15 16 at",:cspts 1,a7e been made a'S azrpa-.17,imato nolutions (00G0 	p 

YEmediately :.t imt be pointed out that In all enooc; the banY2ary 

conditions acfsum5a- in oz,c1c12:. to achieve a solution a,w; noZ; ran.Y.stic. 

The method poyescd by Ioa-216  considers ap-a..-ar'imately the effcat 

of-  edge beam defamation. • 

It 2ay0  hoer, be inutvuetiva to cam-i:are the 02:pw,ImeLa1 

behaviour of the ahol.i with that predicted from the apo=.rnatQ  

solutions and for this z'ensen the latte:,-.,1 are noW considercd. 

3.5 a Nethad bV 3Ith and Sa17nderf; 

e so-7ernirlg cquatioas have boon der.i7ed by Dleicyh an 

Saltqadomi14, usinE ene.rey methods5. These eouat:teals are doriv6,7; 

below from the set of eqintionct (3.1) - (3.11) for the rIzled Pstiace 

givon by :- 

a 
	

Lty 

Fam eTntionS (34)t  (507) (308) and (3.1) 
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Substituting from (3.7) into (3.36) gives 

24  arra
o
(14 ) 
ap 	t 	y 

am 
12  a ( 
to 

 aa 

22 
0 	0.1}.37) 

t'" 

65 
ar-mt, 	a2u 

.--cjz 4. 	( 	) 	G 	 00(3.33) as 
4 	2 	a aaap 	ap 

a_uo  
apt 

a2u a2ua  
) 	e 0 	. "(3.34) 

a0 aa,ap 

Uvations (3.3) and (3.4) comh2.no with (3o9) - (3.11) to givs :y- 

a% aqa  

ac 	ap 

Et3  
4,11.  

12 
0 3.35) 

(3633) • and (3.5)1, putting 
Re, 	.10 

	 0 

Et,  N7 	2%6.  
1
4 

tiy 	= 	0 	..(3.56) 12 ap 
• 

Now considapcquations (3.33)A  (3.34) ana (3.37) with no 

solution &Lyon by :. 

u Oa  assuming 0a 	0 
	

00 

.Thm, (3.33) anei (3051'e) n7:0 catisfisa, whilo (3.37) ;Tiole:3 



\hk uy  + 2  24  It2 u,r  
12 

.1100mbeit G 
£3 Y 

0 .38) 

Equation (3.38) is similar in form to that for a plate supported 

on•an elastic foundation, vim:- 

It 

UT 

12 0  

Et 4Y 
..(3.39) 

which shows that under the assumed conditions the equation for the 

shallow shell can be deduced from that for the elastically supported 

plate° 

The particular solution of (3.38) is tat en in the form : 

0 L.  

22t L2 
00(3A0) .  

If further u is to be zero at the edges of the shell, then by 

eliminating uy° at the edges bonding disturbances are introduced 

in the shell. Also, if it le athsumed that those bending disturbances 

in a direction at right angles to an edge are affected only to a 
N2 	N2  

small extent by those parallel to the edge (i,00 	11X) 
, • 	 aa? 

then equation (3.38) reduces to :- 

24 0 12 
u = 

da t2 	Et3  

u 



.,(3642) 

where 4 .3* 

_t Ln nou cec1.1 that cuation (3,42) Jo am l£ to that 2o1.1 a 

bean on °lactic .2oundation, The oolutione thi2 equation awaTro 

in ran y otandard te%tboolz, e.g. TimoGben!to27. 

V& the by 	paraboloid thou equnre .1.n plan equation 

(5.1A) m71.7 can be wlAtten in the fol,m 

G 

where C = 170,andation ModulUno  deanod by Vrocenburcb:5  

2 
112  J 	2Et L. 	in t11,1; case. 

and 	are local principal curvaturee andj  1 

X = nomont 02 Inertia for unit width o2 chell. 

Equation 	(5.45) becoms 

b. 
(2.,a 	C n_ 	C}  .. 

	

, + __ g 	 E 
olc,
4 



LAO° . 
	. 0076 

or A n 

slot, 	C 	12 G 
or 

dm 	Eta/l? 	Et,  

	

By definition, the characteristic length 
	

is given by .- 

9076AF 

The genoral solution of equation (3043) io 

-Wm u 	= 	o 	(C1  Cos Wm .1. 02 	8 Sil ‘..) r?) 

00(3044) 

(C, Cos ? 	C4 Sin NI) 

where C1p C2° C3  and C4   aro related constants0 

If the disturbances from opposite edges are independent of each other, 

(typical edge effect) then the Constanta C
1 and C are zero, and 

equation (3044) reduces to :- 

0 	Co1 X% 	C4  Sin Wm) 

66 
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The boundary conditions to be invontigated are thonr,  corresponding 

to hinged edges and clamped edges 

HINGED EDGES 
4•10.1.9.11••••=rtitarelk.../11aaiam.••• 

Lot P = Shear at Edge. The convention adopted is as 

shown in Fig. (3.1). 

It follows from the definition of Foundation Nodulus C 

that at a great distance from the edge the deflection io given by : 

0 uY  
C 

The net deflection u
Y 

at any point c , may therefore be 

obtained from the superposition of the co7:stant deflection u o • 

and the upward deflection caused by the edge shear P alone. Hence 

the following boundary conditions 

nt 
	

G 	0 : 	u
Y 	

0 

Edge Shear 
	

go 

In the following the solutions for uTD  P otc. are derived Iron 

expressions given by Hetenyi42  and Den 110rtog26. Firstly, the 

following e:Trosoions are defined 
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ACT/OA/5 

FIG. 3. 1 . 

6r  /kin. 

founatio/7 /Vada/us = C roamiat/on /Vockihis C 
AY  

APEILECTION DEFLECT/0 N  

M 	 /v/t  dfri 

SEMI- INFINITE BEAM ON ELASTIC FOUNDATION 

FOCE MIN CEO 

17e-rionis 

,EDGE nig/m:0E49 

FIG. 3.2 



C 

(H) 
F1  (Aci) = 	0-7°1  (Cos Wa 4. Sin ha) 	.0(3.47.a) 

F2 (ha) = a-XI  (Sin Wm) 	 0.(3.47.b) 

F3  (Wm) = 	(Cos ha - Sin ha) 	0.(3.47.c) 

(Wm) 	= 	e- m  (Cos ha.) 	..(3.470d) 

Due to edge shear P 

2hP 
uY  = v 	r (Wm) 

C 
• 0 3.48) 

Y(net) 	
uy 

¢ 
u 

2WP 
-X - 	F4 (7m) 
C 	C 

From substitution of theboundory conditions :- 

a 	2M' 
F
4  (

0  ) 
C 	C 

Edge Shear P = -X 
2A 

And deflection at any point a, is given from (3049) :- 

00(3.50) 
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{ 	F4  (To) 	00(3.51) 

C 
i.e0 u 	0 

Y(net) 

El 

C 
0013171149 

k 

G d 

C dm 

G W 
F1  (AG) 

. .c 

du 
Moment = — El 	= 21c2 	gG 	F (Wm) 

da 	y C   2 

But by definition 

M = 20 —Y r2 (m) 

The maximum B.M. occurs at Wm = I, ri 	i 0 	T 4X ° 

This gives F2  (Wm) = .3224 
0016 

Max B.M. = .3224 	= 

CLAMPED EDGES 

27 
This case has been worked by Timoshenko . With the 

convention shown in Pig. (3.2) 

It 

.0(3052) 

..(3.53) 
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LIT 
e 

21? DI 
P Cos tut .0 7 Mo  (Cos 7uz - Sin kt) 

 

   

    

1 
i0o0 127  

27ti El 
..(3.54) 

  

 

[_PF1 (Xa) - 2X too  F am) 

 

CP .0(3.55) 

     

If there were no edgeforces the deflection everywhere would be : NI* 

t3 	a 	-X 	
0 0 3056) 

Now impose edge actions to bring the resultant deflection, and 

slope of the edge to zero, i.e., the following boundary conditions :- 

At m = 

00(3057) 
du 

S 0 
dm 

Substituting from (3.57) into (3.54) and (3o55)  given 

G 
M = ., ,X- 0 	20 

0 
P 	- -X. 

X 

..(3.58) 
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Combinirq the Particular solution (3055) an .(3.54) :" 

'Cnot) 

..(3.59) 

 

From (3.59) :- 

u 
N- 2 

G 

(?,$) 
2 	) 

• ' ?1 

The e:mression (3.60) may be written in the form :- 

•A'. 1  (:)-7L  Gob (7. o, tt.• 

Eqm..tion (3.61) is the expressien. for M Given by Vreedenbul,-.D1 

N.B. 

Two important assumptions have been made in ardor to arrive 

at a solution° Thcao aro 

(1) u 	u, m 0 at all edges, which gives a l'ourth Order 

equation, iast6ad oz the eighth order one which would 

result from combination of ociuntionu (3.33), (3.34) and (3.37). 

(2) Disturbances from cue edge are assumed to be randy &loped 

an inclopondont of those =matins fl,oal acljaoell eda-s. 



This conditio could be Zulfilledo  whoa considering 

disturbances from the e-edges, in the case of a 

rectangular hyperbolic paraboloid shell having the span 

(10„) much greater than the other (1.). By this assumptiOn 

the partial differential equation is reduced to an ordinary 

one. 

Numerical Calculations From Section (3.3 b) 

 

1 	= K 	it 3.038 194 X 10--  in 
1  
- 

k2  x. 	9.261 005 x 106  

C 	u 	2Et It2 = 66.679 236 lb./1n2. 

	

2K2 
	

418.522 010 x 10-6 
	

9.9673 x 10-2  

	

076 t 
	

0076 x .866o25 

0 12 
.prX 3.135232 

X 	.099673 

1.567 626 05125 U 150727 226 2 
.019870 • 

.3123 
-X = .0047 ins. - 
G • 	66.679236 



Hence the following resets :- 

CLAMPED EDGES 

Edgo Moment Mo 	15.73 lb in. U1 

15.73 F7,  (X%) 

0 
Edge Shear 0 
	

341k lb lin. 

HINGED EDGES 

14
`cts 	

= 	0 

03224 13,,e  
NM= = 	......N. 

20 
5007 lb. in./111 

15073 F2 (WO 

Qo 
= 	m 1.57 lb/in. 

271, 

C3 	•RIC 	 00047 inso 
C 

A r 
	

= 	.0047 1 	174 (X0.) 

The Uumorical valuos of oxproosions for tho actions and 



displacements derited in this section have been tabulated in 

Tables Nose (1) and (2). They have been plotted in Fig. (3.3). 

Instead of moments the curves are plotted for differential 

strains, i.e. (g 	6 1 	2
), 

75 

where strain in extreme bottom fibre0 

strain in extreme top fibre. 

= 	e ) 2  where K 	.2227 x 106 

In Micrestrains„ 
4-  02 

M m 106 
401•113WeeuVeationg. 

222667 
4049:1 N. 

  

This facilitates comparison with experimental results. 



TABLE NO. 1 MOMENTS 

. EWES CLAMPED 	1 EDGES HINGED 
, mans ) 

r.urr/vAa 
P3( xcia) tie, 	 train 

6 
16°' 2211LE!It 

r (mc ) 
1' 

. 

ma  
oh,in,bri).:C§s)31°  

Do. Sirelin 

% 	CP 

0 0 1.000 15.73 70.64 0 0 0 	. 

.4 4.013 .356 5.60 25.14 .261. 4.14 18.46. 

.3/4 7.85 0 '0 .0 43224 5007 22477 

.8 8.026 -.009 41.14 -0.63 .522 5.07 . 22,77 

1.0 10.033 V 	t.0111  _1075  4..7086 „I„Ilo 4.ca 21.92 

1.4 14.046 -.201 -3.16 &14019 024.5. 5.82 17./6 

u/2 15.70 -.2079 -5.27 -14.69 .2079 3.27 14.69 

1.8 18.059 ..199 -3,13 --14.C6 .161 2.53 11.56 

2.0 20.066 -.179 -2.82 -12.65 I 	.123 1.93 6.67 

rm/4 23.55 -.131t2 .,2,11 .9.48 .0671 1.05 4.76 
2.;4 24.079 -.128 -2.01 ..9.03 .061 0.95 4.31 

2 a  8 28.092 ..O78 71.25 -5.52 .020 0.31 1..59 
501. 30.099 -.056 -0.88 .7.95 .007 0.11 0.49 

3.4 34.112 -.024 -0.38 -1.71 -.009 -0.14  L-0.65 
3.3 38.125 -.00!:. -0.06 .0027 -.014 -0.22 -0.99 
4.0 40.132 .5.,002 +0.03 0013 -.014 .0.22 .0.99 

4.4 44.145 +.008 +0.12 0.53 -.012 '0.19 -0.85 
4.8 48.150 +.008 +0.12 0.53 -.008 -0.13 -0.58 
5.0 50.165 +.008 +0,12 0.53 -.007 -0.11 -0.49 

Eoto : Tao oidn convention of the moments for clamped edges in the above. 

table is oppouite to that usod in experiments. To compare theorotioa/ 

and experimental restates  revered tho eigne for n 01)017c. 



TABLE NO. 2 DEFLECTIONS 

MOPS CLAMMTO BD= lanom 	, 

Xtt of,. Pi  (Ate.) Lir  CoIra") 

.0047(t-1104 
r. 12 . F;1.05 0 (vv Om) 

o o o o 0 0 	• 

0,2 0.035 el6r26  00.98, 0 • 9:7,;.7:10"3  

004 t; a 016 .122 .57 .383 2,0801:20.-," 

0,6 .237 1.12 	" .547 2.57 	" 

/4 7.85 .3552 1.67 	r; .6776 3.18 	" 

0.8 8.052 .555 1.72 	" .685 3.22 	" 

100 10.04 .492 2.31 	" .801 3.75 	" 

.4 14.05 .725 3.56 	" .953 4.50 	" 

it/2 15.70 97921 3.72 	" 1.000 4.70 	" 

1.8 18.07 .877 4.2.2 	" /438 4.88 	" 

2.0 20.03 6933 4.39 	" 2.055 4.95 	'I 

2.4 24.10 1.006 4.73 	" 1.067 5.01 	" . 

2.8 28.11 2.037 4.87 	" 2.057 4.97 	" 

.7,0.0 30.12 log42 4.90 	" 1. 	.9 4.93 	" 

3.4 34.14 1.041 4.0 " 1.032 li,  0 83 	" 

3.9 2.031 4.85 	" 1.018 4.78 	" 

4.0 40.16 1.026 4.82 	" 2.032 4.76 	" 

4.4 44.13 1.016 4.73 	" 3..004 4.72 	t, 

4*.8 48.20 1.008 4.74 	" .999 4.70 	1; 

5.0 53.21 1.005 4.72 	" .995 4.70 	" 

. .1 4.7 	" 7 4.70 	" 
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SOLUT ION BY BLEICH AND SALVADOR I S METHOD 
F IG. 3. 3. 
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3.3 b MEWHOD BY LOOF 

In this method16 a rather simplified approach has been 

used in order to achieve a solution of two fourth order equations. 

The problem will now be examined more fully. 

Consider equation (3.19) rewritten below : 

Et3 	8 	" b u 	 u 1 y 	 y 	 Gy 12 (363.9 

By assuming that the bending stiffness of the shell is 

email:  that is Et3 	Ot  then equation (3.19) becomes :-

12 

V G  y .0( .62) 

Equation (3.62) can be derived directly from the membrane theory 

by eliminating 0 from equations (3.27) and (3.29). 

In many shell problems the solution of equation (3.62) may 

be taken as the particular solution of (3.19). The remainder.of. 

the problem then constitutes the solution of the homogeneous form 

of (3,19), i.o. of the edge disturbance problem represented by :- 

Et3  
18 uy  4- Et 12 

u 

ar 	1 	
-q u 	0 	..(3A3) 

y 
t
2 	1 LI

" 
 1,/- 
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The bending effects in Ruled surface shells has been 

, studied by ',col,16  in an approximate method which is more refined 

than that of Bleich and Salvadorio Again, for purposes of com-

parison with experimental results the method will be outlined. 

Consider equation (3.20) viz 

EL3  N718  uy 
2  a4uy  

4. 
18-2 	2 2 t ad ap 

..(3.20) 

The particular solution is taken in the form :- 

G, . o = 

2ak2  

In considering the homogeneoUs form of (3.20) loof assumes the 

following solution, which takes symmetry into account :- 

ir 
u 	n 	 An ei4 	o'41-131 Sin mm 

1 

0-Pm 0-(1-m Sin mp 

where 
	

(n 1, 3, 5, 	) 

The edges are assumed clamped co that :- 

Um  0 UT  
aaix  

ap 
Or  along a edge 

tap  O, along an m-edge. 



The following two alternatives are considered for the 

fourth boundary condition :- 

(1) u 

a 0 

(2) np  = 0 

U 
ea 

along a 18-edge 

along an amedge 

along a f3 -edge 

along an m-edge 

A modified collocation method is then employed to satisfy 

the boundary conditions at six points within the interval of 

one-half edge. 

The second set of boundary conditions given above are not 

realistic; but since they permit the transmission of tangential 

shear at the edges, they are more realistic than those used in 

Apeland and Popov's work9. 

The solution of the twenty-four equations resulting from 

the above were carried out by Loaf on a computer, and the clamning 

moment derived at the midpoint of an edge, yields only slightly 

different results for the alternative sets of boundary conditions. 

Further the bending moment displays a highly damped character for 

large values of the parameter 
	R12 

	
In view of this it is 

considered justifiable, in considering a bending disturbance 



originating from the modpoint of a p-edgo, to tako tho eolution 
81 

n77. 
1 

in the form :- 

0t-PP ("4 0.,n 

where m 

.0(3.65) 

(n 	1, 3; 5p 
	) 

and for rapid damping only large valuoo of p need be oon2idered. 

Substituting (3.65) into the homogeneous form of (3.20) gives : 

o`b 2  2 48 t m- 0 

or 	(97.- - 1) - 8 
tn
4  0 	 .(3.66) 

Equation (3.66) may be written 

	

tam 
Cdr 	 ) 

or 	03,, 4 v A (a 4. 1) 	. 	0 	 ..(3.67) 

2 
where ‹v› 	- 	) 

and A = 48i1  

The relationshipbetween A end g is  shown in the gramh in 

Fig. (3.4). In this case ocuation (3.67) is written in the form 

A 

(3.67.a) 
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It Is seen that for. large valuesofE„ A become large,* The 

line e = -1 is an asymptote, and turning points occur at 

0, and E c -4/30 

Farther observations can also be made regarding the roots of 

equation (3.67), by. eNaminiog the points of intersection of the 

following curves 

A( + 1) 

These are plotted in Fig* (305). The two curves have one point 

of intersection in the vicinity of rc, = -1, which Is therefore a 
first appro:timation to a solution of equation (3.67)0  

a 
Eut 	1 1.  e 

m
2 

2 
when g --tP -1 from above* 

hence two of the roots of equation (3.66) are very small. In view 

of the rapidly damped character of the bending disturbances for 

R12 
large values of p a 	then these small roots may be neglected 

when considering the typical edge effect. Also, since disturbances. 

are being considered from one edge only, when one of the four boundary 

conditions at this edge may also be neglected. The more elaborate 

collocation method employed by Loof Shoes that the effect of 

84 
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transverse displacement on bending moment is negligible, henbe 

the boundary condition pp 	0, may be neglected when con-

sidering a bending disturbance at the edge p = 0c 

Now consider the solution of equation (3067) for large values 

of ps This equation may be written in the form : 

g 	AE + A 	+ 	+ r)(e 	+ s 	..(3,670b) 

Aa 	A 	e 	(r +s  q
2
)g
2 irt(ts r)S + rs 

Equating coefficients 

r s mq2 

q(s r) m -A 	 00(3067.c) 

ra 	A 

giving :- 	+ 
	

q 

A 
1.1 

q 

2r 

2s 

= 2 .„ A 
q 

2 	A 
.0(3.67.d) 

Substituting from (3.670d) in (30670c) :- 

kA 



A2 
c m 

2 

d 

• 

3 

CG 
3  (q 	Agq3  - A) R or 	 -441(12  

q6 	4Aq2 = A2 	0 	 00(3.67.o) 

This is a cubic in q2 viz : 

(ci2) 	4A(c!2) a A2 	0 	..(3.67.f) 

Now every equation of odd degreeXhas at least one real root 

whose sign is opposite to that of the lasttnrm; therefore it 

follows from that (3.67.f) has one real positive root. 

The Discriminant of (3067.0 is :- 

 

-(27A1+ 61.A9) where A n 
t21114  

   

which is -ve. 

Hence) equation (306700 has one real, positive root, and two comple:i 

roots. 

The real root of (3.67.f) can be written as 

K2 	c d 

where :- 

afr"? Aavirty Ie-61 Go 



C? 
10  .1. .2.  16.  

." 27A ) 

1 
• '413 	00(3.67.g) 

Putting 	m 

• 2  
ri] 3 

r- 
q 	p( _012  +ga) 00(3.67.1) 

3 
E 

4 

. a 

The problem of solving (3.0670f) therefore resolves into the 

solution of the following two equations :- 

4, 2 + 	tkci 	, ÷ 	0 	Go(3067oh) 

and 

c 2 q E 	i(q2  - 0 	00(30670j) 

n-om the last equation : 

+ it 2 	2 -q 	q 	2(q = -) 

2 ,2  

or 

a 2 
..(3.67.k) 

  

Similarly from (30670h) 



3. 

c 

Now examine the expression for M given by : 

2 
tI 	a 	+. 1 27A 

2 
For 240119_Laluor 	: 

88 

and q2 
2 
2 

1 
&
2
2? ,A2  

3. 
A2,3 

° 2 2 

2 

ice. q
2 	A 

q  

1 	a 

A3  ; 2A 	2A3 
q 

Substituting for q in (3,67.10 : 

  

1 
-A3  

 

   

   



Similarly :- 

89 

..(3.6701) 

2 
But 	r 

=1 
R,,. G. 	— 1 
m2 

P2 = ni2( E + 1), 	P . n E + 1 
(taking +vo root) 

also A 

Substituting in (3.670m) :- 

C1—) b8 0 3  ( 4 + 
t2a2  

2 
:1.00 (a-  

m  

1 
ka )   k2 1k 3 ( —1 
t2m2 

But 

2 
(a--2  - 1) 

Pt 2  3 ( 4  
IP%4  

145) 

kl 
where p n 



me 	+,2-- yi which for large values of 1, may 
1 

90 

be written :- 

m4 

 

1 
2 g 

3. 	xikatt. 4 + p1  

   

1 1 
102_ itr  

2 

(k8 n21z2) 6 p3  -1 R 	 `""'''''"..""' 	3. 	(1 + iri

1 

 
2 

0 02) p3 	(1  ÷ ic") 
4 

Similarly 
1 1 -1 

C2, _2_21 u p  

Similarly from (30670m) :- 

1 1 
p3 	(48 2a2n2) p3  1 

l 	, 
2( DT 

48 	2 11.  2 
1 	I 



Pi} 

P2 

Z 4  
P3 	2(A n2n2  6p3  

91 

P4 0 

Putting g 

1 
a 	n2n2) 6 p3 1 	in the above expressions, gives :- 4 

g (1 ¢ ilp ) 

..(3.68) 

P4 

Those are the roots given in Loofs paper16. 

It is interesting to note that the expressions given in 

(3.68) are also the roots of the equation :- 

- 48 k2 m2 0 

t2 

This is the chnracteristie equation for :. 

a6u„,„ 	48 k2 a2u 
0 	 .0(3.69) 

ap t2 am 

6 
P 



48 0 a
2uv  

alb 	t2 	aQ 2  
giving : 0 

92 
when the solution is taken as (3065)0 

Equation (3069) may be obtained from (3063) by neglecting a  — n  
am 

compared with 	in the expression for 
ap 
	

1 0  

This is equivalent to the Schorer type approXimation 

used in cylindrical shell analysis* Thus (3063) becomes':- 

a8u 	48 0- 	aku 

7 	t2 °  as opt 
	0 

which is the same as (3069). 

Thus®  the original eighth order equation is reduced to one 

of sixth order requiring. three boundary conditions at each edge. 

However, the more elaborate Method by Loof indicates which of the 

four boundary conditions at an edge may be neglected, without 

much effect on the bonding moment in the shell. 

From the roots (3.68) of the characteristic equation it 

is inferred that the complementary solution is :- 

14(1 - `SNP 
A
2 

o A
3 
o sin ma, 

A, A
2  and A3  are -arbitrary constunts. 

.0 

[

74(1 43-h3  
Al  e 

where 



au 
Q 	X D 	

a2u 
 

ap 
derived. These are and 

ape 

93 
The solution for u

Y 
 may also be written in the form :- 

-214 
Y A e 	+ B e 	C041 613 0, 	Sin ma, 	..(3,;7O) 

where the third constant is absorbed in the phase 

angle 25, 

ACTIONS AND DISPLACEMENTS 

The actions and displacements necessary to establish the 

boundary conditions for c4mped and hinged edges will now be 

From (3070) : 

I 

-21-LP 	-1-113  
.24 A 0 	+ B .11 e 	coggpir + )4) 

r-- 
e Sin(113-  pf3 	+ 0) 

du 

ap 

Sin ma, 

This may alternatively be expressed in the form :- 

=or 

a, 
-211, 

ap 

, 1-- ,,, 
Ao-24P +Be 	cosk431 3 	11/ Sin ma, 



Similarly : 
	 94. 

a2Ix .," 
IA2 2 = 4  

a p 

• A e-21-3 B e-413  Cos(µPAr5 	- 	Sin mc4  

  

It is obvious therefore that each successive differentiation 

of u merely multiplies the result of the previous differentiation 

by -2R while the phase angle is decreased by 3 . 

••m 

A  II 	2F113  
Ar At!! 	+ B o 	Cos(RpokiF 0) Sin ram 

   

Differentiating (3.7) twice co.r.to a. and from equation (3.1) 

with. G ts 0 :- 0. 

a2n  
a
2 	Et a3u a3u 

C=CEr ( winSEE 

amap aa2  2 am3 aa2ap 

Bt 

R a,p 

Similarly from (3.8) (with if 
	

Tr 

a3ur4  a3u 	2 a
2u„ 	a3u 

- 2 
am3 	am2ap 	R 	am2 amap

2  
mp 

Differentiating thrice m.r.t. (3 : 

a
6un 	a

6u 	a5  u 	2a
6u 

21; 	T 
amdar 	am2ap4 	am

2 
 ap
3 	

amap5  



But from (3.1) and (3.2) :- 
	 95 

a2 	82 

8 
= 

nd  

a2 apt 

Substituting in the preceding expression and then 

integrating twice w.r.t. a gives 

V14  
a3u, 

= . 2K 
ap  

Since the solution has been assumed rapidly damped 

(large values of p) in the p — direction, then near the midpoint of 

an edge it may be assumed that derivatives w.r.t. a are 

a
4 4 negligible. 	then becomes --- and the 1,tst expression 
0  

becomes :- 

aka  
app' 
	2K -4 	giving 

a3u 

ap)  

a, •=-- 	2K 
	u dp 

4r 

Substituting from (3.70) for u 
Y
2  gives :- 

 

—20 
A e 	210.f e 	Cos Sp n, 3 p + 15) dp 

 

O Sin ma. 	.. 3.71) 

   

Now consider the integral on the right-hand side of 



(3.71), integrating by parts 
	 9G 

-11P 
o Cos (pp 	dr3 

1 
0 Cos(pPer5+1$.)- 

3 I 
01113  sin(143434) (113 

Again integrating by parts 

o 
1  0-0 Cos(0 	+ -45  0=4  sin(015.  )4) 

cos  (4p f3"-+ ) dP 

) ap m ©1 0-43 C°8(1.0 47 + 0) "' sirr Sin(Of5+ 

L 

2e143 Con(141115+ ) 3.) 

Substitution in (3.71) gives : 

o , J.- A Ae 	+Be CoswP 3+ r÷ —  Sin Mc, 

   

Hence summarising : 

   

U T 
-PP Cos (µ Ae 	+Be Sin ma, 

   

Cos (143 

0 0 
3 

au nt  
-211  

ap 

143  
Ao +Bo Cos(1 

3.72) 3 a {  Sin ma 



au 
.—.X 
ap2 

d'uv  

of33  

1412  

- 	3  84 

41,411. 

Ac 

n O. 

.124Lj3. r-- 
+Be 	Coe kill 3 P + 0 "47c-3 )1' Sin ma' 

. co6(tIPtip + 0) -r Bo Sin mm 0C3.72) 

 

=AAP 
A e - Be Costp. 

, 

 

It 
Sin mm 

   

roof has derived the expressions for moments in the cases 

o± clamped and of hinged edges may be in the form of a Series, as 

follows 

CLAMPED EDGES 

1 

	

c. 	,..._ 
a  ) 	 

ml) ,,. .- 	-- G 12 p  
. 9A 	T 	af,133D55.. 

20 	-143 	r--  n k 
0 2o Cos(l)13  

 

Sin ma 
3 At a g, 

The
3  

edge moment modse  41 	
2.511 G 1 p 

This moment is first reduced to zero at a distance from the edge 

given by : 

/ 
p i oc4o p 3  1. 

9? 
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?a 
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io 

/5.92' 
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FIG.3.6. 
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8 

1/.6' 

I/'2  /4 5 al Inc/72 e /7745 a)1  , edye. 
1/2,1 at 8 are .cor Case /- 

24-7" 
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Then follows positive moment up to a diistance given by :- 

I 
p 	V 	1.58 p 	I. 

4 
Max positive moment R .167 G 12 p 3 

	
occurring at 

 

p 

1 - 
 • 0.85 p 	1. 

Edge shear 

 

-1 
= 	1.732 GT  1  P 

HINGED EDGES 

2 
3 

	

.4 	1 
3 	- 5 143  

G 	p 	n 	e 	Sin 413 3 Sin ma. 
Y 	

19595 

with a R 412  : 

At p 	- 3 0.55 P 	19
fllaX 

• 1-  .149 G 12 p 

1 
The moment first becotes zero at = 1.39 p 3 1. 

Edge shear 
	

0.577 G 1 p-1 

Note 

It is important to observe that in this approximate analysis 

it has. been assumed that the bending disturbance in the vicinity 

of an edge is unaffected by disturbances from the other edges. 
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The analysis is aimed mainly at determination of moments and normal 

shear forces. The boundary conditions assumed are not realistic, 

especially in the case of hinged edges, and the solutionsobtained 
k 2 

are restricted to large values of a parameter p 0 --- 

EDGE BEAM DEFORMATION 

Loof has proposed an approximate method for taking into 

account the possibility of edge beam deformation. The moments deduced 

in the case of rigid edges are multiplied by a magnification factor A 

defined as 

!c11 2a UP2 UPI+ 
2kb 	2ka 	1.7(11Y1 	tlY2 4*'11Y3 	11114)  

100 

A Le 
	1 

la 
T 

. where the points 

1 and 3, 2 and 4, represent 

the midpoints of the p edges, 

and a edges, respectively 

(see Fig. 3.7), and the above 

deflections refer to those at 

the edge structure regarded 

as separate from the shell. 

In the case of rigid edges, A ts /0 

.0(3.73) 

Fig. 3e70 
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The above expression for A, which has not yet been 	Ac7540475ara. 

experimentally, takes into account such displacements as those duo 

to tie bar extension, settlement of supports and self weight of 

edge beams. In view of the several combinations of edge beam and 

tie bar stiffness in the tests there was ample data from which to 

chects the validity of the formula proposed for A, though only for 

one particular value of the parameter p, 

The procedure is first to determine the proportion of the 

load carried by slab action alone and then to regard the remainder 

as carried by membrane action 

Calculations based on Loof°s method have been carried out 

in the appendix7for the shell tested. The results of these calcul.-

ations are summarised in the next section. 



ZAL3L.211.9.2...3.  
SUMMARY OF NUMERICAL CALCULATIONS BASED ON LOOF'S WORK 

102 

CoA/DinoN5 

Ee
lve

  B
e a

m
  

ar
ey

  a
t 

m
e/s

pa
/7  

(/ 0
5)

  -4,.... 
.. 
4:-- v 
Kliikl  
A '5' 

1, 
Z ...c%  3. 	--. ra,...,,--N 

10 	14 
.: 

t• Z :14. 

- it‘` j  Va
lu

e  
of

  R
.  PV15/01,2 Of 

Load Mo 	165.H. 
lel 5/74V1  
0, in,/m) 

d 

le 
(..) 

Slak 
Rdion 

Aferzilfm- 
Rd' n 

Restrained Edges 
Box Section Beams 

.29.04 edgct 

Edge Beam Supported 2709 0 0 2.4694 .4571 .5429 10.05 at B I 
No Corner movement 

(2005) (4024) 
Hinged Edges 
Box-Sections 4012 0 0 3.1759 .1959 .804/ 10.89 at D 1A 
Edge Beam Supported 
No Corner movement (2005) (40e4 

Restrained Edges -35.61edga 
Channel Sections 
Beam Supported 

2192o5 0 3.0285 .5606 .4394 12.34 at B 2 
No Corner movement (2194) (3108 

Hinged Edges 
Channel Sections 
Beam Supported 3477 0 0 4.9360 13045 06955 17.14 at D 2A 
No Corner movement (2194) (3108) 

Restrained Edges 
Box Sections -16.61edge 
Beam Unsupported • 3685 .0078 1284 1.4128 , .2615 .7385 5.34 at B 3A 
No Corner movement (2005) (40e4) 

Hinged Edges 
Box Sections 
Beam Unsupported 4491 .0089 490 106189 .00999 .9001 5.55' at D 3B 
No Corner movement (2005) (4024) 

Restrained Edges -11°80 edge 
Channel Sections 
Beam Unsupported 4063 .0103 912.4 1.0038 .1858 .8142 3.80 at B 4A 
No L. Corner movement (2194) (3108 

Hinged Edges 
Channel Sections 
Beam Unsupported 4650 .0114 33401 1.1306 .0681 .9319 3,18 at D 4B 
No 	L. Corner movemen,  • (2149) (3108)  

N i3 exibee;rnenkt r e5a It.s oar hmelc ex!s• 
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TABLE NO. 3 (Con'd.) 

CONDI 770 i;1 
4. s  .: 	t% 	• .._ 

	

‘ 	'4  

tJ.1-• 44. 
Q 	1 , . . . . 	t71 

43  
-?.Nlqj  

. 

'''.k1 	" 	'' % . _ 	. 	3. .1 

N.  

i• 

to  

-')• 

Division 
Zoo 

o 
d fag. BM: 

 .. 	;i4 

.5he/Witian e)  
.... 

NI   
'1/41-1 	' 

  t 

Restrained Edges 
Box Sections' 
Beam Unsupported 
Eltivement at L.C. 

2539 .0146 166.6 2.6531 .4911 .5089 

-31.20edg • 
10.19 at B 5A 

Hinged Edges 
Box Sections 	• 
Beam Unsupported 
Movement at L.C. 

. 4U49 .0168 -2612.7 3.0563 .1886 .08114 10.48 at D 5B 

Restrained Edges 
Channel"Sections. 
Beam ..Unsupported 
Movement at L.C. 

2578 

(2460) 

.0235 -46.7 

(5753) 

2.2862 .4232 .5768 
-26.89 edg ti 
8.79 at B 6A 

Hinged Edges 
Channel Sections 
Beam Unsupported 
Movement at L.C. 

4166 

(2460) 

.0276 -287309 

(5758) 

2.6754 .1651 -.8349 9.18 at D 

Restrained,Edges 
Flexible Edge Beam 
Beat Unsupported 
No Movement at L.C. 

A770 

(1835) 

.0152 4001 

(790) 

. 
.2385 .0441 

. 
.9559 

2.80&is6: 
0.9 at B 

Hinged Edges 
Flexible Edge Beam 
Beam Unsupported 
No Movement at L.C. 

4194 
(1835) 

.0156. 
, 

13.3 
(790) 

. 	. 
.2440 

- 

.0151 ;9849 0.15 at D 7B 

Restrained Edges 
Flexible Edge Beam 
Beani.thsupported 
Movement at L.C. 

2756 

(2150) 

.1545 -239.5 
(1395) 

204182 .5524 .4476 
«2801+4 edge 
8.09 at B 

. 
8A 

Hinged Edges 
Flexible Edge Beam 
Beam.  Unsupported 
Movement at L.C. 

4118 

(2150) 

.1809 F2784.6 

(1395) 

2.8310 01747 08253 9.71 at D 8B 

L.C. 	Low Corn©r 



TIE BAR FORCE 

From the membrane theory :- 

Tie Bar Force ,a 6981.3 lbs. 

If the total load is considered as taken by slab and membrane actions  

thens  

Theoretical Tie Bar Force g? 6981.3 z (Portion of 

Load carried by membrane action) 

The resulting theoretical tie bar force for the different cases dealt 

with are summarised below :- 

TABLE NO. 4 

CASE NO. 1 lA 2 2A 3A 3B !}A 4B 

Portion carried by 
membrane action 

.5429 .8041 .4394 .6955 .7385 .9001 .8142 .9319 

Theoretical Tie 
Bar Force 

3790.1 5613.7 3067.6 4855.5 5155.7 6283.9 3684.2 6505.9 

Experimental 
Tie Bar Force 2237 2237 2535 2535 2236 2236 2535 2535 

CASE 5A 53 6A 63 7A 73 8A 8B 

Portion carried by 
membrane action 

.5089 .8114 .5768 .8349 .9559 .9849 .4476 .8253 

Theoretical Tie 
Ear Force 

3552.8 5664.6 4026.8 5828.1 6e7.5.4 6875.9 3124.8 5761.7 

acperioental Tie 
Bar Force 719 719 889 889 2843 2843 1252 1252 



105 
3.6 	FLAT PLATE SOLUTIONS 

quite large in the central region. 

advisable to compare the behaviour 

having similar dimensions and with 

conditions. 

observed experimentally wore 

The moments in particulars  were 

It was therefore considered 

of the shell with that of a plate 

different types of boundary 

The deflections and moments 

considered very high for the shell. 

The well-known plate equation is 022 

 

77 4 u 
G 

1If 1 T 	Et3/12 

 

3. 74 ) 

3.6.a PLATE WITH SIMPLY  SUPPORTED EDGES 

The solution is given for 

a uniform loading of Gr  m 451b/ft2  

(.3125 lb/in2 ). 

This case has been consid-

ered by Timoshenko27 who employs a 

Levy type solution to give the 

following results: 

\LD 
Cif 
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En= Sin --- a 

Deflection 

4G alt.  
It5D 	le3,5  

m 
tann 	2 

2 Cosh am  

2a y 
Cosh "IL 

b 

a 	2y 	2m y 
sinh 

2 Cosh am b 

..(3.75) 

where mnb a = 	= 
2a 12 

Et3  

Taking the first term of the series (i.o0 m = 1) and for y = 0 : 

4G a4 a tanh a 	2 
- 	

 

n5D 	2 Cosh ah  
Sin nn 

. For the square plate : kam  = r%  

 

Oa. 

Geo 

0 0 

G a4 
8 -X__ SLn 

a 

where 5 is taken from Table No. 8 of 

Timoshenko's book27 to be 0.00408. 

G a4 it= 
.00406 -X-- Sin — 

D 	a 

4G all' 

n5D 
1 

2n Tanh 	2 2  

2 Cosh - 2 

   



Putting D = Et3
n 1.67 x 105  and substituting for values of 

12 

G and a 

uY 
= z9a21:—WLE12§11Tcx Sin  

1.67 x 103 	a 

i.e. u = .6457 Sin ---a  

v
(max) = .6457 inch. at midepan 

TABLE NO. 5 

DEFLECTIONS 

x 
a 

180x.  
a 

(Degrees) 

Sin /x 
a 

u_ 
T 	(ins) 

0.1 18°  .30902 .1997 

0.2 369  .58778 .3795 

0.3 54 .80902 .5224 

0.4 72 .95106 .6141 

0.5 90 1.00000 .6457 
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108 MOMENTS 

Moments are derived from Table No. 6 of Timoshenko27  

for 1  1 and at y = Oa a 

M o pl G  a2 e  whore values of pit are given 

in the Table referred to above* 

m y 	p1   x .3125 x (96)2 0 2880 p1 

Similarly : 

Mz  = pi1 x.3125 x (96)2 m 2880 p 

TABLE KO. 6 

,1 M 

lb* in/in.) 

D117. STRAIT' 

t. 4.491M 

0.1 .0209 .0168 60020 270.4 

0.2 .0343 .0303 98.78 443.6 

0.3 .0424 .0400 122.10 548.4 

0!4 .0466 .0459 134.20 602.7 

0,5 .0479 .0479 137.95 619.5 



mny 
Tanh a Cosh — ). 

a 
..(3.76) 

109 3060b PLATE WITH CLAMPED EDGES 

This case has also been worked out by 

Timoshenko
2  70 The previous case of simply 

supported edges is used as the particular solution. 

Particular Solution 

u 	m .6457 Cos 52.1  a 

Ora this must be superimposed the deflections due to moments applied 

at the edges of the plate, these moments being adjusted in such a 

manner to satisfy the boundary condition. Firstly;  the deflection 

due to moments applied along two opposite edges of the plates  is 

obtained. This is 

     

  

a2 

  

 

( -1 ) 	MAX 	army 	arty 
E 	  Cos — --- Sin — 

103,5 m m2 Cosh aM: 	a 	a 	a 

  

  

      

The coefficients E are taken from Timoshenb27  page 201. 

mnb oh - 2a 	2 for evaro pinto. 



At =. -o.  
m1 

(1) 	a2 	(-1) 2 	R21ty 	Mny 

E'Pm 
U
Y 

	

	 2  
- 

271 D 1p3p5p7 	m Cosh mm 	a 	a 

my0) 
- aM Tanh mm Cosh --- a 

where 	003722 K. 	et,  -0,0580 K. 

0c(3.77) 

	

E2  ._ f- -0,00178 K. 	E n -0,0085 E. 

"G a2  

	

and 	EH = _ .LX-- 
113  

The value of the series (3.77) has ,aeon calculated for different values. 

of zlap ant for m = 1p 3p  5s 7. Tho results arc given below : 

TABLE NO. 7 

EVALUATION OF SERIES 3.77 

Z-_-•; 

2 D 10505p7 

7/0. 
S for mal 

(s) 

S for ma3 

(S.,) 
, 

S for r5 

(S
5
) 

S for m=7 

(S
7
) 

-i 
ACJI 	 n.  

0 

002 

0.4 

005 

.'021369K 

-,19479E 

-010523E 

0 

=,000056K 

-0000745E 

-.0001561K 

0 

,, ,, 
fi 

M 

-.... 

c... 
n 

-621405K 

'-.195.54E 

-.10538K 

o 
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111 The total deflection along a line, say x = 0, is the sum of the 

+ a 
2 9  

- b., 

(1) Joe, 	= u 	+ u
y
(2) 

° Along x n 
0 

C  1) , 	(2) ,( COO UT 	11i 	1:311.  
Y  (a) 

(2) 

Y (max) 
-.21405 K x a2 

271:2D 

 

L.G a2  
-.21405 

7'1  

 

0\ 

     

  

2 2D 

  

    

_a  (2) 

Y  (max) 

.042810 Clo 

D 

G s' 
-.00140 -1= 

D 

Thi comparcseNaotly with the value given in Timeahenka27. 

C1) Dvm to u . 
Y 

 

2 

2n2D 
Dofleation at y/a r: 0.2 	-.19554K 

  

deflections due to moments applied at both edges, x 

-.39108 G o4 

a5D  

G ° 
-.00128 rL- 



a 	 112 

( 

Deflection at y/a = 004 	-.10538K --12--,• 
2eD - 

.210760 e  -.000690 a' 
szt 	 _ 	 

D 

Deflection at yia 	0.5 IT 0 

Total deflection due to moments applied at all edges is 

'a 	: u (1) 	(2) 	Cos y  
(max) 	a  

The values of u due to edge moments are given in the table below :- 

TABLE no. 8 

Y/1 0 0.2 0.k 0.5 

(1)  u -.00140 -000128 -000059 0 

(2)  u 	coz nrsyla -000140  -000113 -.00043 0 
Y(max) 

Sum -000280 -000241 -000112 0 

Sum x D(ins) -044532' -.38330 -017815 0 

Particular Solution +.6457" .3224 .1997 0 

Net DEFLEGTIOU .2004 .1391 .0216 0 



G /D 0x125  x 9&IF  . 159.04379 
1.67 x 10' 

On taking symmetry into accounts, 

the not deflections are as 

follows, along the axes and 

diagonal : 

• 

0  

C 
A 

a 	20 	440 0  54  

113 

a 

go: 

TABLE NO. 9 

Point A B 0 D E 

II II 11 ft II 
Deflection(net) 01391 .0216 0 012/6 00059 .2004 

Bandio Moments 

worn Table 35, Timoshenko27, page 202 

Moment at midspan 	.0231 G a2 

of shell 	00231 N 63125 (95)2 
	

66.53 lb.in/in. 

Moment at midapan 	
-00513 G a2 n -147.74 lb.in/in. 

of edges 



3.6.0 PLATE 'SIMPLY SUPPORTED ON ELASTIC EDGES 
	114 

The theory covering this case has been, fully dealt with-by 

Wood23 and. 24 who employs a finite difference method to solve the .  

plate equation with the appropriate boundary conditions viz: 

(a) Equal and opposite reactions between slab 

and edge beams. 

(b) Zero moment at edges of the slab. 

The work is carried out in non-dimensional forms, which 

reduces the biharmonic plate equation to the form :- 

G L3  

as

D  

axe' 

® 7), 	 .0(3.78) 

where X-7 ti 
2 a4w 	P  

2 ax2  al 

X rs 

and L is a convenient representative length (dog. short span of 

a rectangular slab). In this case w is used instead of u to 

represent deflection. The convention used is shown in Fig. (368)o 
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For a mesh length a : 
	 116 

174 20:~w © - 8(11 Yi - 	 1 2 W4) 2(W5 w6 t18 

(119 
w
i0 

w 	) 
11 -12 

qr. 
..(3.79) 

Equation (3.79) may be expressed in the following non-dimensional 

form : 

aowo - 8(u + u + 	+ 	) + 2(1/ + 	+ u + 	) 1 2 3 4 5 6 7 8 

(J9 	u 10 11 

0,1? A
4 . 	20t ©- 8 ‘142,31,1, 	 , 2 //,n'"„wic pr„,,,, 	n 1 7„,..."n „1.".0d.„2 	.0(3.8o) 

where, in the usual manner, (Fig. 3.7) the point 0 is 

at the centre of the pattern. 

The procedure is, therefore, to apply the finite difference 

pattern shown in Fig. (3,9) at each of the mesh points into which 

the slab surface is divided; thus giving an equation of the: form (3.80) 

at each point. 'The only real difficulty lies in the satisfaction of 

boundary conditions. At 	in the vicinity of an edge, the finite 

   

D L A k 

 

   



difference pattern has to be adjusted in order to take the,  boundary 	117 
conditions into account. The variation of the pattern in such cases 

is given by Wood and 24 

Thus, in considering a 6 x 6 mesh shown in Fig. 3.7, after taking 

symmetry into account, ninslinearly independent equations are obtained, 

in terms of W = ° L- The stiffness of the edge beams and slab are inclu 
Ebit, 

ded in the parameter yet rap in the case of the square panel with 

four identical edge beams. 

The following are the nine equations obtained 

At 9: 20w9  - 32148  + 41
7 
+ 8w

5 
+ Ow 

4 
 + ow2 + ow

6 
+ OW3  + OWL  A4  

At 8: -8w9  + 	
"' 

25%.0 	817  - 16w5  + 6w4 	
m6  

At 7: 	- 8w + 19w7  + 415  16w4  + 2112 0 6W6 	4113  A ga 

 At 5: 2W
9 

	

1618  + 4117  + 22W5 16114  + 2W2 	▪ 2W
3 	

A4A 
 

At 1i: 	3W8  - 8W
7 
- 8w5  + 22114  - 8w2 	2146  - 6113 	3W1 = A

k 

At 2: 	2t 7  + 2113  - 16W4. + 18W2 	+ 4W
3 
 - 12W1 	

A4X 

At 6: 	2W - 12W
r7 	

▪ 8144  .1(16 	36y)W6  -(16 -3- 48)w, 
A4X 2 m  

At 3: 4W
71.5 

= 12W 	414 
4 

+(17 + 421rN 

442 4' 1241-/ 1 

<48 + 241.)% 

-(8 + 24,0W1  
Fe A4-1. 

At 1: 	 6114  0  12W2  +(1  6y)W6  

-(8 24y)W3 	+(191-30T) 

..(3.81) 



11.8 
The nine equations were solved by inversion of the matrix on 

a computer, for different values of y corresponding to those in the 

tests carried out on the ruled surface shell. The programme was .  

(23) 
checked for results for the known case of y s  1 	0- It was found 

convenient to consider two different values of D, namely D 0086 x 106 

and D 131.67 x 1050 The former was obtained from the Moment-Deflection 

relationship of the test slab; while the latter was obtained from 

the strain-moment relationship. 

For a 6 x 6 mesh : 

	

a 	1 A rz 

G L3  G L3 
B  

D 1296 D 

For 	D B 0.086 x 106 	A 	Thg x  ;:18: x 	© 
 2.480620 x lo —3  41  

G 	,3125 lb/in 	4;s% A4m, a 1238140 

1129 x 3 
1027745 
.61=1•2= Ma • rmf 	 

lops  - 
0086 x 1 

For D B .167 :c l06 

Also 

A14.A
-  1296 

AA AL AL 74 

2E. I b 
kirb.  (Sib) 
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TABLE NO. 10 

VALUES OF T INVESTIGATED 

EDGE BEAMS 

1 

I 
rbib 

D a 9086 X 105  
1 
 D m 1.67 x 105  

IL 
4815 

e 
' 
 Y 

.1 
r 48D 

"In-situ" 
boa:t 701190x106  

1 
Ti0217165  

t 
10734 560 

1 
0.888 099 80.16x105  

"In -situ's + 
Channel 6.17191107  14.951 308 71695 476 

"In -situ"4-
Box Section 11.6319x107  28.178 050 140510 853 

N.8 . R/I litres in /4611-marA 

In the calculations the right hand side of equation (3.81) 

was put equal to unity in all.cases so that the output obtained for 

the deflection (W) had to be multiplied by A40 to obtained the 

actual deflections (w)0 

MOBENTS IN' SLAB 

Consider, for example, the point 0 shown in Fig. (307)0 

Then : 

2 
D( 1Z) a 

2W0 
0 	aX

2 o 	a 
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••• 612)0 	°' 	1 

(W 2W0  wi) 
A L 

Since calculations have been carried out in terms of -I— 
A W 

Men : 

(M 	)• • at = 
D  
A
2 

ux 	2W 4.  a 

— 	
0 

—L 	A  47A 	A4A 	AkX 

A4G L3  

D 

ioo. 	(Mx) 
0 G L2[

X.0  
1 1 	2W 

A4X ;41 

Similarly : 

a 0  [I W  
:97-  0  

144 AA 
.=*.ewas 

A4x  

MOMENTS IN BEAMS 

For the beams' parallel to the I: axis 

la (NB) 
(a2w) 	a2  ti) 	A47,,  

= 
0
Ebiy a'x2 o 	AL 	a 7c2  0 

2 
A4X 

2 3 ,Nc A G L 

3 

The results of the above calculations are given in the Tables 

Noso 11 and 12 



TABLE NO. 11 
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RESULTS FOR D a .086 N 106  11).1110 
	Ziebt==. 

Point U 

11111

Homont r (inn.) M: (1b. 
Amlit7). 

E 7  (lb.; 
easin.//n.) 

in 
E,0  beam  a  
4./1,0 

9 13.527 575 '0221 457 156.41 156.41 
8 12,550 031 2.988 664 152.40 140.51 
7 9.817 336 2.537 500  141.05 90.43 

1.724 560 5 11.597519 2.761 833 136.74 136.74 10334.7 
FD-It alo 4 8.935 769 2.127 964 126.13 88001 (at Midepan) 

2 6.477 544 1.51:2 562 80.55 80.55 
6 5,954 197 1.417 932 0 

3 50173 902 1.252 113 0 
1 3.012 401 0.717 373 0 

9 6.489 997 1.5'15 528 111.74 111.74 
8 5.791 599 1.579 211 99.95 103.56 

7 3.798 695 0.90%,  621 72.87 66.52 
1105,- 508 5 50/67 056 1.230 b85 92.77 92.77 1565.4 
(Chan2o1s .-., 4 3.382 938 0.805 608 61.82 65.76 (ta. midvpa0 
7lat) 2 2.191,  361 0,322 565 44.40 44,40 

6 0.89P4 957 0.213 2.25, 0 

3 0.776 765 0.184 975 0 
I 0.450 865 0.107 .,59 0 

5.918 793 1.409 501 103.12 103.12 
8 5.243 070 1.248 585 95.65 100.58 
7 3.310 018 0.788 272 60.43 71.4' 

28.178 050 5 4.645 239 1.106 217 89.20 3-.?,.20  846.80 
.at 4 2°932 421 0.693 327 56.59 6398 ter/ im'aii444) 
B:: 2 lo 8y7  361 0.4:9 531 41.49 0,019 

6 00/i63 840 0.1)5 2212 v  

5 0.419 905 0.0S.'9 5-3$ 0 
1 21  0..5 GY-1, av°:' 	:2E 0 
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RESULTS FOR D 106? n 

Y Point U yams.) il;APtk ii 

P41//4) 
li 
Y 

Moment in 
Edgo Boom 

ilk.  WO 

9 18.145 569 2.225 282 185.67 185.67 

8 16.985 117 2.082 970 186062 16,4.72 

7 13.765 614 1.688 146 189.31 102.33 

5 15.818 738 1.939 931 165.6o 165.60 

4 12.582 400 1.543 043 168.13 102.91 

0.888 099 2 9.297 557 1.140 207 104.72 104.72 8234.3/6,07. 
Flat alono 6 9.255 938 1.136 151 193.16 0 

(at midar n) 

3 8.059 663 0.988 397 171.89 0 

1 4.703 763 0.575 8!6 1o7.83 0  

9 7.574 754 0.928 930 118.63 118.65 

8 6.833 302 0838 002 108.04 109.23 
7 4.726 512 .579 635 78.08 75.51. 
5 6.158 057 .755 193 99c54 99.54 

7.699 476 4 4.238 521 .519 791 71.76 69.16 13070.126d0 
Flat -:- 2 2.853 586 0349 950  49092  49.92  (at midspan) 
Channol 6 1.675 519.205 477 35.36 0 

3  4 1.54 485 .178 371 31.11 0 
1 0.81A 610 0103 579 1E08 0 

9 6.526 205 0,.800 341 111.97 111.97 
8 5.826 370 .714 517 100.20 103.75 
7 3.829 666 .469 651 66.91 72.95 
5 5.200 135 .637 719 92.99 92099  

14.510 353 4 3.411 476 .418 355 62.15 65.87 15554.854A 
Flat + Eon 2 2.216 361 .27/ 803 44.58 44.58 (at m109 nn) -P 

6 0.922 018 .112 949 19.46 '0 
3 0799 388 .098 033 17.10 0 
1 0.46b., 003 05,6 503 10.20 0 



CHAPTER 4 

4.1 OBJECTS AND DESIGN OF EXPERIMENTS 

The experiments were conducted on, a-Hyperbolic Paraboloid Shell 

whose boundaries coincided with straight line generators. All four 

corners of the shell were supported, and a tie bar was incorporated 

across the low corners. 

The objects of the experiments were as follows: 

(1) To investigate the behaviour of the shell under uniform 

loading when the stiffnesses of the edge beams and of the 

tie bar were varied. It was also convenient to study the 

shell behaviour when uniform loading was applied over half 

the shell surface. 

(2) To study the effects of certain edge disturbances. 

(3) To study the behaviour of the shell tested to destruction 

under uniform loading. 

The shell was therefore designed so that different edge beams 

could be attached at the edges which were originally trimmed with 

relatively flexible steel beams. The tie bar details were such that 

the stiffness of the tie could be varied as desired. 
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E
L  

EY
/ 7

77
0
N

 

8 

/2.51 

-e low 

PzgN, 

LPL4--1/87/oN 
cover •  

4,i6 2-C/c  	 ..r f  i4  Mover 

5//4--4.4 SECT/0A/  

SHELL DIMENSIONS 	 FIG. 4.1. 



14 
4.2  DESCRIPTION OF SHELL 

The shell, which was of reinforced cement/sand mortars  was 

constructed by B.M. Ahuja and described in his thesis(21). Certain 

preliminary tests carried out by him on this model were alsi reported 

in his thesis. 

4.2  a SHELL  DIMENSIONS AND MATERIALS 

The shell was 8'0" square by 0.75" thick, with edges stiffened 

by flexible mild steel edge members. Such members were of course 

necessary at least to take the tangoatiol shear stresses (ii) 

resulting resulting from the membrane theory. 

The rise between the low corner and high corner of the shell 

was 14 inches, the corners being constructed so that vertical and 

horizontal movements could be imposed at these points. The rise 

to span ratio vas originally chosen zo as to accentuate the bending 

moments in the shell. 

Reinfercement consisted of four layers of 1/4" diameter steel 

ha"s at 2" ceatres. Cover to reinforcement was 1/8". Details of 

reinforcement and shell dimensions see shown in. Fig (4.1). 

The alegregute/coment ratio of 3,11 was used in the cement/sand 

mor,.eir of chic the shell was consteucted. All particles of the 



sand aggregate passed through the No.14 R.S.Sieve. In order'to 
	126 

reduce shrinkage to. a minimum, a lOw water/cement ratio of 0.365 

was adopted when casting the shell. During curing, elaborate 

precautions were taken to reduce the shrinkage stresses in the 

shell. 

411112412;12 	 FRAME 
The main part of the loading frame consisted of four R.S.J. 

columns which took the reaction from the four shell corners. These 

columns were braced horizontally by two R.S.J.beeme running parallel 

to two opposite shell edges. Spanning horizontally across these 

berms were four R.S.J3e which sereed as further bracing to the 

frame, as well as to provide bearing for the hydraulic jacks which 

were used to apply load to the shell. A flat plate was welded to 

the head of each column, and by further welding four vertical 

flat plates to the periphery of this plate, a walled enclosure was 

formed which contained the ball seating of the shell supports, The 

horizontal flat plate on each column head was provided with four 

3/4" diameter holes through which passed 3/8" diameter bolts. 

Tho latter, when tightened, clamped the shell corners in position; 

and, when slackened, permitted small horizontal movement at the shell 

corners. The vertical sides of the walled enclosure were provided with 

tapped holes and screws, so that controlled horizontal corner 

movements could also be imposed by manipulation of these screws. 



The four corners of the shell wore kept clamped in position during 

testing except during stages of the test to destruction. The general 

ate 	of the testY frame is shown in Plates (1) and (6). 

.4.04.RIRDETAILS 

As shown in Fig (4.2) and Plate (2), the corners were elaborately 

designed to permit both horizontal and vertical movements and 

rotations as required. Care was taken to reduce friction in the 

bearings to a minimum. The ends of the four in-situ flexible steel 

edge beams were welded to a 2" diameter vertical stem, the top of 

which was provided with a tapped hole. Into this hole was screwed 

an externally threaded C.C.L. pre-stressing cone. One end of a 

H.T0S. ele:e of 0.276" diameter was anchored into the cone, while the 

other end was supported at a point cortically above the cone by 

means of a specially made large nut placed on a cantilever-like 

bracket welded to the column head. 3y means of the four suspension 

wires, the shell corners could be lifted vertically, after the bolts 

clamping the base plates to the colarnu heads were released. This 

facility however, was not used in the series of tests reported in 

thin thesis. 

The lower ends of the 2" diameter stems, which supported the 

steel edge beams, were provided with a universal ball-jointed seating 

as shown in :'Fig (402). 
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DETAIL_ OF EDGE BEAMS 
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1,1 
4.22.....L.TGSBEit_AD_ETAILS 

Initially the shell was supported along the edges by flexible 

1" 1 steel beams 2 	"- x— thick, the ends of which were welded to the 2" 
4 4 

diameter vertical stems at the shell corners. To the outside face 

of each of these edge beams were welded 3/4" diameter screwed studs 

which enabled additional stiffening beams to be fixed to the edges. 

To the other side of the flats were welded two layers of 1/8" 

diameter mild steel bars 5" long which lapped with the main reinforcement 

of the shell thus ensuring continuity of reinforcement at the edges. 

The variation of edge beam stiffness was achieved by fixing 

two sets of edge beams to the 3/4" diameter studs provided along 

1" the in-situ beam. The additional sections took the form of a 3"x 3.- 2 
x 4.60 lb. channel q  and a 3"x 3" beam of box section made up from two 

channels welded toe-to-toe. The details of sections of additional 

edge beams and their method of fixing are shown in Figs (4.3  and 4.4). 

In the case of the box sectional  the length of the 3/4" diameter 

studs was inadequate to enable them to be bolted in a manner 

similar to that of the channels, hence the detail of fining had to 

be altered. Elongated nuts were made which passed through enlarged 

holes on the outer face of the box section and screwed onto the studs 

which passed through holes in the inner face of the section. Ari 
attempt was made, without much success, to establish some degree of 

continuity at the corners of the additional edge beams, this problem 



being made greater by restricted clearances at the shell corners. 

An L-shaped elbow was made from 4"x 2" channels. These elbows were 

provided with two slightly elongated holes in each'leg, through 

which passed two studs which were welded to the ends of each edge 

beam. After being bolted into position, the elbow and edge beams 

were prevented from moving relative to each other by wedging tapered 

washes into the spaces between their toes. A view of the elbows is 

shown in Plate (3) from, which it will be seen that the welded 

joint at the junction of the legs of the elbow was reinforced by 

plates welded to the webs and toes of the section. 

In order to clear the bearing pads at the corners of the shell, 

it was necessary to weld to the ends of the edge beams special 

short lengths inclined at an angle to the axis of the beam. This 

also shown in Plates(4),(4A), and (..B). 

TIE BAR DETAILS 

Two different sets of tie bars were used in the experiments. 

The first were relatively flexible ties comprised of two 0.276" 

diameter H.T, steel wires, while the 	 " second consisted of two 1g 
diameter Lee McCall Bars. 

4a6 221,EILIELTIE 
The two 0.276" diameter H.T.Steel wires spanned across the low 

corners of the shell. The method of fixing is shown in Fig (4.5) 
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134 
and Plate (2). These tie bars were supported at their ends in such 

a mnnner that any tendency to twisting of the tie, when being 

tightened l  was reduced to a minimum. The wires were held by C.C.L. 

grips supported on sleeve pipes through which the cables passed. 

Those pipes wore threaded externally to engage a specially designed 

1 large nut. The load in the tie was transferred to a 2"x 2"x 5— " long 

steel pad via the large nuts by menrs of a thrust race. The bearing 

fitted into a special recess provided in the nut which served to 

protect the bearing from dust. The pad in turn bore centrally on the 

2" diameter stem at the shell corner. By means of this arrangement 

it was possible to apply a force to the tie bar by manually manipulating 

the large nuts9  since the friction in the system was low. The force 

in the tie bars could be equalised by rocking the steel pad. A similar 

arrangement was used to support the vertical suspension wires at 

the shell corners. Throughout the tests these vertical wires were 

slackened so that all the reaction at the shell corners was transmitted 

directly to the vertical columns of the loading frame via the steel 

bearings at the column heads. 

44,6 b  RIGID TIE 

1" This consisted of two l diameter Lee McCall Bars threaded 

at the ends to accomodate Lee McCall Nuts. As shown in Fig (4.6) these 

1" 1" nuts bore on washers which rested directly onto a 2-2  x 2-2  x 8" long 

steel pad. This pad transferred the load to the vertical 2" diameter 

stem at .ho shell corner. No special precautions were taken to avoid 



lee Haeall (Vats 
Ai/7 washers 

2 72".5q. k/9"  /0/25 
AI: S. 8/.0c... 

	2 /VD. /Varia, 
Barg, 

Edge ge,:zre2 

a2` 
.- 126/1  corwee. 

No/e jrO 7g"dia. 

PLAN 

2" 	"  

ELEVARON DE 

ANCHORAGE OF RIGID TIE BARS. 	FIG. 4 

/3g 



136 
twisting in these wires when the nuts were tightened; but as described 

in the noxt•chapters  steps were taken to ensure that at the beginning 

of a test these bars were identically stressed. 

ig LOADING TECHNI U' 

It was necessary to design the loading system to be as flexible 

as possible. It should be stable at all stages and should be capable 

of loading tho shell at a rate which could be easily variods  while 

eliminating at the same ti 	any possibility of impact loading. 

The hydraulic systems  Fig (4.7)s  used in the tests met these requirements 

idesllys  especially in view of the• restricted headroom in the laboratory. 

407 a Inizvolm LOADING LND HALF LCADING 

Thin was simulated by point loads applied at 64 points on a 

1 ?oot gsid over the shell surface° The load was applied through 

16 interscomsected hydrsulic jacks each of which applied load to 

four loading points on the dhell. One end of each jack was fitted 

with a steel plate which could be clamped to the RoS.Jo's provided 

in the loading frame to take the thrust of the jacks. The other end 

of oh jack was provided with a screwed fittings  the end of which 

was recessed to accorToCate a li2° diameter steel ball. The latter 

rested in another recess at the central point of a H-Frama comprised 

of a Tschaped beam resting through a bnll joint on the mid-point of 

another transverse beam. 



The four tips of the H-Frame were connected through turnbuckles 
137 

to four loading Points on the shell by means of a looped suspension 

wire. At the shell end, each suspension wire passed through a small 

hole provided in the shell, then through a central hole in a 6" 

square wooden pad and finally around a 6" long, 1/2" diameter 

steel bar, This bar rested on the wooden pad; thus the thrust from 

the jacks was distributed equally to four points on the H-Frame 

and then via the four suspension wires to four points on the shell 

surface* "Tiluma" cement was used to fix the wooden pads to the shell 

surface. The arrangement of the jacks, H-Frame, and suspension wires 

is shown in Plate (5), Levelling Of the H-Frame was achieved by 

manipulating the turnbuckles. 

The jacks were connected by 1/4" diameter flexible hosing to 

a 3/4" diameter ring main. This system was then connected to an 

electrical pump through a length of flexible hosing and two control 

valves. The latter served to control the rate at which pressure was 

built up in the system, and hence, also the rate of loading of the 

shell. Further, the combination of the large diameter amain  and 

flexible rubber hosing absorbed any shock transmitted to the system 

due to pulsations resulting from the operation of the electrical 

pump. A constant length of hosing was used to connect the jacks to the 

ring main, hence the friction loss along the hoses was constant. The 

two valves incorporated in the ring main made it possible to isolate 

8 of the 16 jacks from the pressure system, thus providing loading 



over half of the shell surface. Provision was made for "bleeding" 
	2 8  

air from the system at the point most remote from the inlet. TWo 

calibrated pressure gauges were used to record pressures, one being 

placed near the inlet and the other near the "bleeding" point. The 

difference in pressure between these gauge readings represented the 

friction loss in the system. 

The capacity of the electrical pump was low, therefore, a large 

capacity hand pump was used initially to fill the entire system with 

oil at atmospheric pressure. The two pumps were connected through 

a valve which when closed, isolated the hand pump from the hydraulic 

system; therefore the electrical pump was used to increase the pressure. 

since the capacity of the ring main and jacks was so great relative 

to that of the electrical pump it was possible to increase the 

pressure at a slow rate. This rate could be further varied by 

manipulation of the two valves through which the electrical pump 

was connected to the hydraulic system; or, if necessary, by using the 

hand pump. 

In order to maintain the hydraulic pressure constant over any 

period of time it was necessary to rid the system entirely of air. 

By continuous pumping and then bleeding at each nipple, the ring 

main was filled with oil at atmospheric pressure. The jacks and 

connecting hosing, after being filled with oil, were then connected 



to the system and then all air removed by further bleeding. Any 
	l9 

leaks wore easily detected and eliminated. Thus on testing the 

system under a pressure of 40 psi over a period of eight hours 

a loss in pressure of only 1 psi resulted. 

42,..71jaGE LOADING 

The loading of an edge was achieved by jacking against seven 

of the studs provided along the in-situ flexible edge benms. The base 

of each jack was supported on a steel ball accurately positioned 

on a horizontal plate fixed to the testing frame. The other end 

of the jack bore onto the stud through a 1/4" thick plate having 

a "U" end formed by cutting diametrically across a chamfered 7/8" 

diameter hole. This detail is shown in Fig (408). It was thus 

possible to apply a point load to each of the seven studs, either 

directly against the face of the edge beam or at a predetermined 

distance from it, thus inducing shear only, or shear together with 

moment, at the edge. The point on the loading frame vertically 

below the point at which the loading was to be applied to the shell 

edge was determined by a plumb-bob. At the commencement of the 

tests the screwed fittings at the heads of the jacks were adjusted so 

that the "U" ended plates were just touching the studs on the shell 

edges. The general arrangement of the edge loading system is shown 

in Plate (6). 
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4.7 c CALIBRATION OF JAMS AND L-RESSURE GAUGES 
	141 

The pressure gauges used in the tests involving edge loadings 

of the shell were graduated in 5 psi intervals up to 100 psi. Those 

used in the uniform loading tests were graduated in 10 psi intervals 

up to a maximum of 300 psi. 

In order to translate pressure gauge reading to the force on 

the ram of the jack it was necessary to calibrate the gauges against 

known loading applied to the jack. Each gauge was connected to a jack 

by means of a flexible rubber hose. Known weights were placed on the 
.• 

jack and the corresponding pressure gauge reading noted, thereby 

giving a relationship between loading and pressure gauge reading. 

Results were obtained for each gauge connected in turn to five 

different jacks and the law obtained in each case showed very little 

variation. This mainly to friction in the system, the law obtained 

with increasing load was different from that obtained for decreasing 

load, the latter showing greater variation than the former. Consequently 

it was decided to take readings only with increasing load on the shell. 

Ideally the pressure gauges should be calibrated in the hydraulic 

system when all 16 jacks were connected but this obviously was not 

practicable . 

Al§ STRAIN MEASUREMENT , 

The 214 electrical resistance strain gauges fixed by Ahuja in 



his prelimieeny experiments have been employed in the preaent tests 

to measure strain. Of ihesel four circuits of 48 gauges each 

were fixed to the shell surface. These wore arranged so that the 

readings of any particular gauge could be checked by at least one 

other gauge in another position on the shell surface. Symmetry was 

not assumed. The remaining gauges were attached to the in-situ edge 

beams and tie bars, and suspension bars. Only one gauge was placed 

on each tie bar and suspension wires while four gauges were fixed to 

each edge beam at midspan, 

In addition, four strain gauges were attached at midspan of 

each of the stiffening edge beams used in the series of tests now 

being reported. The majority of gauges were of Technograph 1" linear 

foil type of 80 ohm nominal resistance. The six gauges on the 

suspension wires and flexible tie bars were 1/2" gauges of paper-

backed type. Some typical gauges on the concrete were checked for 

drift whf.ch was quite small over a period of several hours, hence it 

was concluded that no deterioration of the bond had taken place. 

The following technique was adopted in fixing the gauges to the 

shell edge beams: All scale and rust were removed from the surface 

by means of a wire brush. The surface was then washed clean with 

acetone and allowed to dry. A thin layer of Araldite MY573 was 

then applied to the prepared surface, and the gauge was washed in 

142  



acetone and left to dry. The back of the gauge was then painted 
	143 

with Araldite and the gauge fixed in position on the surface before 

the Araldite on both surfaces had commenced to set. Care was taken 

to ensure that no air bubbles were trapped between the back of the 

gauge and the surface to which it was fixed. The gauge was finally 

covered with a strip of polythene sheeting on top of which was placed 

a rubber pad and weights. The entire assembly was left undisturbed 

for at least two days, to allow the Araldite to harden. The leads 

were then soldered to the gauge which was finally covered with a 

protective layer of Araldite. 

The gauges on both surfaces of the shell were arranged in rosettes 

so that complete information on shears, moments, and direct forces 

could be deduced from readings obtained from gauges at the point 

concerned. The position of gauges on the shell surface and on the 

edge beams are shown in Fig (4.9) and (4.10). 

For tests with uniform loading, one of the circuits (No.5) 

was permanently connected to a Peekel 540 DNH Strain Recorder 

through a 48-way switch box. For the first series of tests with the 

flexible tie bars the other circuits were in turn connected to a 

Savage and Parsons 50-way Strain recorder. In order to select any 

particular circuit for measurement, a Mercury switch box was used 

in conjunction with the Savage and Parsons recorder. All necessary 
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precautions were taken to ensure that the former was not disturbed 

during testing. It was possible to check the reliability of readings 

obtained through the mercury switch box by comparing readings obtained 

from gauges in different circuits during a test repeated on different 

days. The accuracy of the loading technique and of the readings of 

the gauges in the permanently connected circuit No.5 could also be 

checked by comparing readings obtained for this circuit on different, 

days. 

In the Savage and Parsons system of strain measurement all the 

gauges were continuously excited by direct current, the voltage across 

the bridge being maintained at 5 Volts. Each active gauge required 

a dummy gauge which was, fixed to a slab cast at the same time as 

the shell. This slab wee of the same thickness as the shellq, was 

reinforced similarly and was cured under identical conditions. In 

the Peekel system of strain measurement, the voltage across the bridge 

was 5 Volts A.C. and the current passed through one active and one 

dummy gauge only during measurement, hence only two dummy gauges were 

required for use with a switch box which was divided into two halves, 

each taking 24 gauges. 

During the first series of tests it was observed that the 

closing errors of gauges connected to the Savage and Parsons recorder 

were in most cases so large that the readings obtained were useless. 



Since all the gauges in a circuit were tasted for drift before 

measurement commenced the large olosing errors were attributed to 

faults either in the mercury switch box or in the strain recorder 

or a combination of both. Fortunately however, in the second series of 

tests involving the rigid tie bars, another type of Peekel strain 

recorder was available and was used for circuits which were connected 

to the mercury switch box and Savage and Parsons recorder. In these 

circuits a set of Peekel transistorised Strain Indicators were used. 

In this system the Bridge operated on 1 Volt A.O. and 12-way switch 

boxes were used to select the gauges for measurement. As in the first 

series of tests the 5 Volt A.C. Peekel Strain recorder was also 

attached to circuit No.5 perminently, Very good strain readings were 

obtained with the 1 Volt A.C. Peekel,Strain indicator since the drift 
4nm 

in this case was considerably reduced/lit—The small current passing 

through the gauges at the time of measurement. The number of these 

recorders available was very limited and it was necessary to repeat 

several times the tests in the elastic range in order to cover e. 

reasonable number of gauges. It was therefore decided to eliminate 

certain gauges and to provide checks on the readings of certain 

gauges by rearranging the circuits. For this reason only three 

circuits were used in the second series of tests; these circuits 

are shown in Fig (4.11). 
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Precautions were taken to reduce drift in gauges to a minimum, 
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As far as was possible, tests were carried out on mid-week afternoons 

when the temperature of the laboratory was practically constant. All 

lights in the laboratory were switched on from the evening preceding 

the day of the test and draughts were controlled by closing all doors 

and by keeping the number of persons in the vicinity of the shell to 

a minimum. Atmospheric temperature was observed continuously, throughout 

a test by means of two thermometers placed near to two opposite 

edges of the shell. The temperature el-winces over a period of testing 

of about 4 hours were not greater than +.3 degrees Centegradee The 

zero strain readings wore taken at the beginning of a test and again 

at the end; and the difference between the two sets of zero readings 

was distributed proportionately to the intermediate readings. In 

some cases, especially when small strains were being measured, the 

drifts were numerically greater than the strain readings. 

409 MEASUREBENT OF DEFLECTIONS 

A maximum number of 131 dial gauges were used to measure deflections; 

all gauges were of the John Bull Type. The gauges Nos. 1-49, measuring 

vertical deflections over the shell surface, were of 1" travel and 

graduated to 0001 inch. All other gauges were graduated to .0001 inch 

and had 1/2" travel. The arrangement of dial gauges is shown in 

Fig (4.12). 	Vertical deflections along the edge 

beams and at shell .corners were recorded by gauges Nose 53-840 At each 

corner of the shell, four dial gauges were used to measure rotational 



as well as horizontal movements in coordinate directions. Horizontal 
150 

movements along the edges were measured in some of the tests by 

gauges Nos. 87-91 and 96-100. Deflection readings were taken at' 

every loading stage of a test, and since the majority of tests were.  

repeated more than once, there were ample checks on the deflection 

readings. 

The gauges were supported on a framework of "Handy-angles" with 

steel flats used to support this framework at its periphery. The 

entire frame supporting the dial gauges was independent of the shell. 

A 1/2" wood screw was fixed with "Durofix" to each point at 

which deflection was to be measured and the gauge was set by eye 

to measure deflection in the appropriate direction. The spindle of 

each gauge was fitted with a specially made flat smooth anvil, which 

was initially made to rest approximately centrally on the tips of 

the screws fixed to the deflection points. This ensured that only 

the component of deflection parallel to the stem of a particular 

gauge was recorded. Since the gauges remained in position for long 

periods, the spindles were frequently cleaned to keep them free of 

dust. 
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2212422E2ETEgs 
Ten tests were carried out on a hyperbolic paraboloid shell 

supported along straight line.  generators. The tests include certain 

types of edge loadings  uniform loading over half the shell, and uniform 

loading over the entire shell with varying tie bar stiffness and 

edge beam stiffness. Finally the shell was tested to failure. 

The first series of six tests. was carried out with the flexible 

tie described in Chapter 4o In the other four tests, a rigid tie 

was incorporated between the low corners. 

5,,2 TESTS WITH FLEXIBLE TIE 

5..2(1) TEST No.1: VERTICAL SHEAR APPLIED AT EDGE OF SWILL 

The vertical force was applied along edge No. 2 (see Fig 4010) 

by jackiing against bolts provided in the flexible steel edge beam. 

This was considered the most convenient method in view of the 

limited clearance between the shell edge and the horizontal joist 

of the loading frame. 

The method of loading has already been described in Chapter 4. 

To check on the accuracy of the jacking system and on the symmetrical 

behaviour of the shell the experiment was repeated at edge No.l. 



159 The results obtained in both cases compared very favourably. An 

attempt was made to take strain readings, but except for gauges 

on the edge beamss  the strains were so small as to make them useless. 

'02(2) TEST No.2: SHEAR AND NONINT AT EDGE No.2 

The method of loading adopted was similar to that used in 

1" Test No.1, with the jacking force applied at a distance of 1—
a  from 

the flexible edge beam. 

In both tests involving edge loadings  it was essential that 

the shell should not develop any cracks; hence the maximum load 

applied at the edges was comparatively low. The base plates at the 

shell corners were kept clamped in position during these tests. 

The results of the first two tests are shown in Figs (6.1-6.8). 

5.2(3) TEST No.': UNIFORM LOADING OVER HALF OF argi.T, 

This test is useful in assessing the ability of the structure 

to withstand asymmetrical loading due to winds  snow etc. The load 

was increased from zero up to 29.51b/ft2  and deflection and strain 

readings were taken at each stage. The results are shown in Fig. (6.9 

-6.14)0 

1.44221§112141  , and 6: UNIFORM LOADING WITH VARYING EDGE 

BENZ STIFFNESS 

These tests were intended to assees the effect of variation 



of edge beam stiffness on shell behaviour with a flexible tie. 

The shell bases were kept clamped throughout. The flexible tie was 

made just taught at the beginning of each test and the load then 

increased in four approximately equal stages up to a maximum of 

about 45 lb/ft2. This loading was chosen as a standard for comparison 

of shell behaviour in all tests involving uniform loading. In 

cases where this standard loading was not exactly attained, the 

results for this load were obtained by interpolation. After removing 

the load from the shell, an interval of at least 10 minutes was 

allowed before final  zero readings were taken. This measure ensured 

that effects of creep were reduced to a minimum. 

Each experiment was repeated at least three times on three 

different days, thus providing checks on deflection and strain 

readings. The 5-Volt A/C Feekel Strain recorder was permanently 

connected to Circuit No.5. 

Test No.4 was conducted with the shell edges supported by 

the flexible "in-situ" edge beams only. This test was also done 

by Ahuja, but it was considered advisable to repeat it because of 

possible changes having taken place in the structure during the 

tests involving edge loadings. Further, the loading equipment 

had been altered, and shrinkage had taken place in the shell since 

Ahuja carried out his tests. Strain readings were taken over all 
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five circuits:  but the closing errors in the gauges connected 

through the Mercury suitehbo= to the SaVego and Parsons Strain 

recorder were in many oases so largo as to render their readings.  

worthless, This was also the case in Tests Nos.. 5 and 6; in fact:  

the Savage and Parsons equipment exhibited considerable drift oven 

when observed over a period of about one hour prior to testing on 

different days. 

In Test Ne,5 the ehnrmel beams were fixed to the flexible edge 

beams and the shell stain subjected to uniform loading. Care was 

taken to ensure that all nuts were screwed up against the edge bee= 

to aporozimately the same (=tent. This:  together with the fact that 

the nuts 11070 tightened up just sufficiently to keep the edge hoes 

gi=17 in position:  eliminated the possibility of large 6ATOOt 

foreosbing transmitted to the shell edges. 

Beams of box section were added to the flexible edge beariR 

in Test No,60 As the weight of these sections was considerable:  

care was taken to avoid shock-loading of the Shell while the beams 

were being placed in position. 

503 USTS Nos.71,81, and 9: UNIFORM LOADING cam RIGID TIE AND 

VARYING EDGE BEAM STIFFNESS 

• The unreliability of the strains obtained through the Savage 
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and Parsons strain recorder was fully recognised in the previous . 

tests. Advantage was therefore taken of a 1 Volt A/G Pookel strain 

recorder which became available together with a 23-way switchbox • 

and a 12-way one. These were used to cover circuits Nos. 3 and 4 

and the other circuits Nosol and 2 were omitted due to the limited 

number of switchboxes available 

The size of the tie bars and the details of fixing at their 

ends were such that torsional stresses might be induced during the 

tests, and some step had to be taken to eliminate them, or at least, 

to reduce them to a mmum. Each tie was provided with two strain 

gauges fixed on opposite sides of its horizontal axis. Prior to 

testing, the strains in these gauges were observed at stages of 

increasing load. The nuts at the ends of the bars were adjusted 

at each stags, until the average strains of both sets of gauges 

wore equal, The process was repeated goa loading decreasing down 

to zero, which became the starting point of a test. This method 

proved effective in equalising the load transmitted to each of 

the ties. 

Test Noel involved the in-situ flexible edge beam only, with 

rigid ties between the low corners of the shell. With the use of a 

23-way and of a 12-way switchbon, only 46 gauges could be accommodated 

from circuit No.40 Switchpoints 1-32 were rosertTed for the gauges on 



edge besele, and 55-56 for those on the tie bars. Points 37-46 were 
165 

connected to gauges Nos.13-18 and 25-48 of Circuit H0.2q  thus 

providing a means of checking the corresponding gauges of Circuit 

N0.5 . However, all 48 gauges in Circuit No.3 were covered since at 

the time of this test, and subsequently four 12-way switchboxes were 

available. The latter grouping, of strain gauges was adopted for the 

remaining tests. 

In Test No.8 the channel edge beams were added, the rigid tie 

still being in position. 

Test No.9 was carried out after the benele of box section were 

added to the flexible edge beams. 

5.4 TEST No.10: TEST TO FAILURE 

The shell was tested to failure under uniform loading, with the 

edges supported on the flexible steel edge beams. Only after three 

attempts was it possible to fail the shell. 

In the first attempt, all the base plates were clamped in position. 

Deflection readings were taken on all gauges and strains observed 

in circuits Nos. 3,4, and 5. The load-deflection relationship at 

midspan was linear up to a load of 51 lb/ft2, beyond which the elope 

of the curve changed abruptly, though the relationship remained 
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linear up to the maximum load of 134.2 lb/ft2 which could be applied. 

Very largo rotations were observed especially at the high corners, 

but only a few minor cracks had formed. The ties were then released 

tut the only effect noticeable vas increased rotation at the corners 

and failing off of the load. 

The load was removed from the shell; the ties nominally tightened 

and all four bass plates released before load was then again applied. 

311 this case linearity was observed up to about 40 lb/ft' loading, 

with the load deflection curve up to this point coinciding with that 

obtained in the first attempt. At the latter loading the slope of the 

load-deflection relationship again changed abruptly, and with the load 

.. at 129.5 lb/ft2  0  it was observed that the high corners of the loading 

frame had lifted some 2" off the floor, which was Probably the cause 

of the abrupt change in slope of the ella'ves referred to above. 

Ele base plates at the high corners of the loading frame were 

fixed ;:o the floor, and the shell subjected again to uniform load 

increasing up to a maximum of 2004 lb/ft'. The four corners of the 

shell were released in this attempt at failing the structure. The 

load-deflection relationship (Fig 6.45) was linear up to 133 lb/ft2. 

At the 200.4 iblft2 load, large diagonal cracks, which were audible, 

-1" appeared on the top surface of the shell, 0.pproximptely 	from the 

low corners at an angle of about 45 degrees to the edge beams. These 
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were accompanied by crushing of the shell material along the corresponding 

lines on the bottom surface. 

The load was removed•and restored after the ties were completely 

released. Observations wore made on deflection at midspan of the 

shell and on strains of the tie bars up to a loading of 264 lb/ft2. 

At this point, the deflection of the shell was so large that some 

jaCks in the middle region were transmitting no load. However, the 

pressure of the system was increased, and strains in the tie bars 

observed until the pressure gauge reading was 1800 psi which would 

correspond to a distributed loading of 477.6 lb/ft20 At this point, 

the ring main failed. 

The dial gauge framework and loading equipment were removed 

and the crack patterns marked out for both surfaces. Those are shown 

in Figs (6.46) and (6.47). Views of the shell after failure are 

shown in Platss (7) to (12). -  

,505 TESTING OF SPECIMENS  tram 

j5. a TEST SLABS 

 

At the time of casting of the shell, a number of slabs 20"x 

6":c 3/4" thick: had been cast from the shell material. The reinforcement 

to these slabs, and the conditions of curing were identical to those,  

of the shell. Some of the slabs had been tested at the end of Ahuja9s 
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tests, and the two which remnined were tested under uniform bending 

moment to give the characteriatics of the shell section. The apparatus 

used for the test is shown in Fig (5.1). 

Strains were measured by four strain gauges,- two on each face - 

fixed longitudinally at midspan0 Each slab was supported on rollers 

16" apart, and equal point loads were applied at the third points 

by means of a calibrated jack, thus giving , a constant bending moment 

for a given load over the middle third of the span. Deflection gauges 

1" reading to .0001" were sot up 2.2 on either side of the midspan0 In 

order to minimise friction at the rollers and to facilitate distribution 

of load, building paper was placed between the slab and the rollers. 

Deflection and strain readings were taken at different stages 

of increasing load. Cracks which were formed in the early stages 

were audible though not visible. The load. was then decreased and 

new zeros obtained. Readings were then taken for load increasing and 

decreasing over several cycles. Finally, the slab was tested to failure. 

As shown in Figs6(502) and (503), the equivalent E values obtained 

for the slab differed considerably for deflections and for strains. 

In fact, different values of E were obtained for the compression and 

tension sides of the slabs. Further, these results were different 

for both slabs. In view of the fact that small cracks wore observed 
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prior to testing on both faces of one of the slabr3 it was decided to 

diseard the readings for that slab0 

The E values varied from 4.8x106 lb/in2 in bending to 205x106 113/±0 

for the moment vs deflection relationship. The former valise which was 

adapted for use in the shell calculations also represented the average 

of values of E obtained separately from observations of strain on the 

top and bottom surfaces of the slab. Ideally slabs should also be tested 

in tension but no specimens Were available for this DVXVOS00 

a,.12._TEST CUBES 

Four 4" cubes were tested in compression. he average compressive 

strength was 11t750 lb/in2. 

505p )5NDIRECT TENSILE gosT 

Only one 6u diameter cylinder remained on which to carry out this 

tests The result obtained was 585 lb/in. 

5A ,dTEST ON LEE HcCALLBAR 

A 2 ft0 length of Lee McCall Bar was tasted in tension to determine 

en E value for use in the second series of tests. Strains were measured 

by to gauges fixed at midsnanv  and the M value of 25.0x106 lb/in2 was 

obtained over sevoral cycles of loading and unloading. This figure compares 

favourably with 24.72:106 lb/in
2 given by the manufactures in their 

handboTh. The bar dieter (1.156") is the average of several micrometer 

rDadino, 



Plato ?. View of shell after failure. 

Plate 3. View of shell after failure. 
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Crack on top face at low corner 1 

Crushing of mortar on bottom face-low corner l 
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Pla(3d Crack on top face at low corner 7 0 

Crushinj; of moI'tar on bottom face-low corner 3. 
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araactnalaevomoeur 

pRESEUATION O] RESULTS 

The results of experiment and comparisons with theory are 

presented in the following mnnaorg 

Testa 1 and a - Al results are based on deflections and 
aro given in Figs 6,1 - 6.8, 

Test 7  Figs 6,9 - 6.14 inclusive. As the strain readings 

in this case showed definite trends the strain results 

aro included in Figs 6.13 and 6.14. 

NattLiCiaL- The encerimmtal results for these tests ar 

included in Fiss 6,15 - 6,44 inclusive. Each test has boon 

systematically reported as follows: 

a) illypical Defiection Profiles 

b) Vertical deflections for stendard loadills of 4 1b/ft2„ 

c) Vortical deflection contour for U.D.74, of 45 lbift2. 

•Such diagrams indicate whether or not thc structure 

behaves symetrically &Irina testh. 

d) Average of strains on bo4ten- and top sues of the 

shell from which the force eistribution ns7 be dorivod. 

o) Difference of stra4rn in bottom and top eurfocon, Ftom 

these the 0411tribution of =manta over the shell can 

be obtained. 

Toot 10 - Load deflection curvoo and crooning rttern o at 

failure are indicated in Figs 6.45 - 6.48. 
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COMPARISON OF RESULTS 

Results for apcts 4 - 6 involving the irloniblo ti s and variation 

of odgo beam otiffhoes v  are compared in Figs 6.48 - 60540 Similar 

comparicons are made in Figs 6.55 - 6060 for Teats 7 - 9 in tyhioh 

the rigid tie was used. 

C=parisons of Tcsto 4 - 9 inclusive =*o made in Figs 6.61 - 

6.67. 

Firmaly in Fig s 6.68 - 6O71 co23 are enito iith at, 

plate solutions. 
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CHAPTER 7 

7.1 DISCUSSION OF TEST RESULTS AND OBSERVATIONS  

74.1 EDGE LOADING - TESTS Nos. 1 and 2 

The results for teats with edge loading are given in Figs. (6 

to (6.8) inclusive. It is seen from Fig (6.8) that'a disturbance 

in the form of an edge deflection (u) dies out reasonably rapidly 

with distance from the disturbed edge. Further , such disturbances 

have very little effect on deflections at the other edges. This fact 

is clearly revealed in the displacement contours in Figs. (62) and 

(6.5) the forms of which suggest that bending moments were confined 

to the vicinity of the disturbed edge region. The effect of edge 

moment on deflections appeared to be negligible (Fig. (608), however, 

in the Test No.2, the importance of avoiding cracking of the shell 

made it imperative that only relatively small moments should be applied 

at the edge. The strains produced in the shell for an edge shear 

and moment of 26.4 lb/ft and 39.3 lb.in./ft. respectively were very small. 

The edge beam obviously played an important part in the ability 

of the shell to withstand such edge loadings. However, in view of the 

very small flemural rigidity of the edge beam used in the test it 

may be inferred that such shells exhibit considerable rigidity as 

far as these types of edge loadings are concerned. 



Typical deflection profiles plotted for different loads, 
	211-7 

(rigs0(6.3) and (6.6) ), together with load-deflection curves shown 

in Fig.(6.7) for gauges nos.28 and 65, reveal the linear behaviour 

of the structure under the applied edge loads. 

7.1.2 HALF LOADING - TEST No.3 

Figs (6.9) to (6.14) relate to this type of loading for which 

linear behaviour is revealed in Figs (609) and (6.10). The structure 

has accommodated this type of unsymmetrical loading up to 29.5 lb/ft2  

(65N of the maximum uniform loading in subsequent tests) without 

any serious effects. 

7.1.5 UNIFORM LOADING 

In order to compare the results effectively, Tests Nos04 - 9 

are discussed collectively. The results are incorporated in Figs (6.15) 

- (6.44) and (6.48) •- (6.71). 

2.2.10a  ACTIONS  

In view of the erratic behaviour of m=any of the strain gauges 

attached to the concrete surface, particularly when small strains 

were being measured, any comments on results based on strain readings 

can only be general. It is possible to observe general trends 

especially in cases where large strains occurred, og. at centre of 

the shell and in the vicinity of the low corners. 



In practice, for the type of structure tested, it is customary 
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to provide edge beams having small torsional rigidity, and to restrict 

the movements at the low corners as much as possible. These conditions 

were most nearly met in Test No.7, in which the rigid tie was used 

in conjunction with flexible steel edge beams. Thus, as shown in 

Chapter 5, the direct forces at the edges of the shell should in 

this case be zero; especially at points, far removed from the edges. 

Therefore, if the extensional theory is applicable, it could be 

anticipated that the direct forces along any generator would vanish, 

while the bending moments throughout the shell should be negligible. 

However, Figs (6.50) and (6.56) show that this was not the case in 

the tests. Along the generator ap0, for example, no  has a relatively 

smcill value near the edge; its value tends to increase towards the 

centre of the shell. 

In the other tests in which the more rigid edge beams \fere used, 

the extensional theory appears to be more nearly satisfied, sc. far 

as direct forces were concerned. Fig (6.50) S.4ows that in Tests 5 

and 6 the value of the direct stress-resultant np  along m=0 does 

not change appreciably along the generator. 

The tangential action nap  is by no means constant along a 

generator (Fig (6.55)); rather, its value tends to Oscillate about 

zero with rapid increase in its magnitude towards the low coraero 

of the shell. There appears to be bettor agreement with the extensional 



theory in the quadrant of the shell near the high corners. This 
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was particularly so in Tests Nos. 8 and 9, involving the rigid tie 

together with the channel sections and with the box-section edge beams. 

The actions in general, tend to be reduced in the middle 

regions when the edges of the shell were stiffened. A very interesting 

point emerges from Figs (6.56) and (6.57); that is, with the rigid 

tie there is a marked reduction in the magnitude of the actions 

when the flexible edge beams were stiffened with the channel sections. 

On the other hand, when the box-sections were added to the flexible 

edge beams, the actions were almost identical to those obtained 

for the case of channel sections. This would seem to indicate that 

with a rigid tie no useful purpose is served by also using a very 

rigid edge beam. With the flexible tie however, this effect is not quite 

as marked, due, no doubt, to the more important role of the 

edge beam stiffness under these conditions. Incidently, this point is 

also brought out from a study of the vertical deflections in the 

next section. 

Again, in Figs (6.50) and (6.56), it is seen that the effect 

of the more rigid beam is for the moments to increase in the edge 

regions while decreasing towards the middle of the shell. It was 

not possible to observe strains in the shell beyond a point 3" away 

from the edge beam, however, the increase in moments near the edges 

may be explained if the connection between the shell and edge beam 
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is regarded he approanhing a hinged one. With the more rigid edge 

beam, the deflections at the edges of the shell are reduced; this 

reduction may be achieved by applying an upward shear at the edge, 

which would tend to increase the positive bending moment in the edge 

region. This means, however, that the torsional rigidity of the 

beams is negligible, which was probably the case in the test, since 

the ability of the bolt to transfer torsional stresses across the 

gap in the edge beam was questionable. The bolts in the steel flats 

were not necessarily perpendicular to the latter, therefore, it 

was found necessary in some instances to make the holes in the 

additional edge beams larger than would otherwise be required in 

order to accommodate the bolts. The nuts used to secure the edge beam 

in position on 'the bolt, were tightened onlynominally, otherwise high 

direct forces might have been transferred to the shell edges. 

In all cases, actions tended to concentrate about the low corners 

of the shell (Figs (6.51) and (6.57)). Along the line joining the two 

low corner's, the actions were considerably reduced in the middle 

region whnn the more rigid edge beams were attached. This effect of 

damping 7as more marked in the stress resultant n, particularly 

when the rigid tie was used. Again, however, the reduction in actions 

along the low diagonal was negligible when the channels were replaced 

by thn box beams. 



70103b DISPLACEMENTS 
	 251 

Vertical deflections were observed in all tests while horizontal 

displacements at the midpoints of two edge beams were noted in Tests 4, 
5 and 6. Corner movements were recorded by dial gauges appropriately 
placed. Figs (6.15) - (6.44) include the deflections for the different 

tests, Typical deflection profiles for each stage of loading as well 

as vertical deflection contours have been plotted for each test as 

aids to the study of shell behaviour with regard to linearity and 

symmetry. 

As strain readings of gauges on the concrete surface were in 

many cases unreliable, the deflections constitute a more reliable 

basis of comparison of such effects as those due to edge beam 

stiffness and tie bar stiffness. By combination of the results 

from the different tests, it is possible to separate out certain 

of these effects. However, deflections are not necessarily a good 

guide as to the magnitude of bending moments in the shell although 

they may give a reasonable indication of general distribution of 

moments. 

It is obvious from the results that the use of the more rigid 

edge beams resulted in a more rigid structure with consequent 

reduction in displacements. This can be seen in Figs (6.48) and 

(6.55) for Tests 4, 5 and 6 and Tests 7,8,9 respectively, in which 
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are compared deflections at the centre of the shell and at midspan 

of the edge beam. These diagrams also reveal that the deflections 

are net necessarily directly proportional to edge beam stiffness. 

In particular, the deflections for the tests involving channel sections 

and those involving box sections show very little difference despite 

the fact that the box was twice as stiff as the channel in bending, 

while the torsional rigidity of the former was several times that of 

the latter. It has already been pointed out that the shell actions 

also displayed this characteristic. This would seem to indicate that 

flexural rigidity of edge beam is more important than torsional rigidity. 

This, however, is not necessarily the case in practice. By thickening 

the edge region of the shell and eliminating the gap in the edge beam, 

the torsional stiffness of the latter would assume greater importance. 

7.1.3c CORNER MOVEMENTS 

(i) Horizontal Movements: These are shown in Fig (6.66) in which 

is plotted load vs. total Corner movement along the diagonals,at low 

and high corners. It is true that these do not necessarily represent 

the movements at the level of the tie bar. Neverthel ss, they do provide 

some indication of the horizontal stiffness of the corners. It can be 

seen that in all cases involving uniform loading, the low corners 

moved outwards while the high corners moved inwards; also, except in 

Test No.6, (flexible tie with box sections) the movement at the high 
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corners was about twice as much as that at the low corners. There is 

very little difference between the movements obtained with the channel 

sections or with the box sections, which again suggests some upper 

limit to the desirable rigidity of the edge beams. The considerable 

influence of the tie in restricting corner movements is brought out 

by a comparison of Tests 4 and 6 with Tests 5 and 8 and with Tests 

7 and 9. The displacement profiles along the edge beams for different 

stages of loading, Figs (6.15),(6020),(6025),(6.50),(6055), and (640), 

indicate a high degree of fixity at the low corners. 

(ii) Corner Rotations: These are indicated in Fig (6.67) from 

which the rotations for Tests £os. 4 and 5 have been omitted because 

of the erratic nature of certain deflection gauge readings. The curves 

represent averages of corner rotations. The above remarks in connection 

with horizontal moments also apply here, with Test tio.6 providing no 

exception to the general trend. 

7.1.3d  SEPARATION OF EDGE BEAM AND TIE BAR  INFLUENCES  

An attempt has been made to separate the edge beam effects from 

those of the tie bar. This is done in Figs (6.62) to (6.65) inclusive. 

For example, by substituting the deflections for Test No.8 (channel 

sections with rigid ties) from  those for Test No.5 (channels with 

flexible tie), the eeflections due to the change in the tie bar are 

obtained. Similarly for Tests Nos.6 and 9, and also for Tests Nos.4 and 7. 
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It must be borne in mind that the effect of edge beam stiffness 

in the first series of tests (4,59 6) was not necessarily the same 

in the second series (785?9)® This point is evident in Fig (6.64). 

The influences of tie bars and of edge beams have been studied at 

three renresontative points; namely, at the centre of the shell 

(gauge no.25), at midspan of an•edge beam (no.65) and at a point in 

the vicinity of a low corner (no.49). 

Figs (6.63) and (6.64) give respectivelythe proportion of the 

total deflection due to changes of tie bar and of edge beam, while 

Fig (6.,65) can be used to *assess the relative importance of the tie 

bar and edge beams. The effect of tie bar change (59% - 47— ) is of 

equal Lmportanco neer the low corners as at midspan of the edge beam 

(Gauge No.65) where the effect varies from 58% with the flexible 

beam to 52.V., with the box sections. Thus the effect of tie bar change 

was practically constant when considering the low corners and the edge 

beams. At the centre of the shell however, the effect of changing the 

tie bar varied from 0,4„ with the flexible edge beam to 30.5% with 

the more rigid channel and box section beams. Fig (6.65) therefore 

brings out the fact that the Less rigid tie, by allowing greater 

movements at the corner, also caused larger deflections in the central 

portion of the shell. Fig (6.64) shows that the importance of edge beam 

stiffness was lowee'od with the more rigid tie, the effect of edge 



beam change on vortical defleotions being approxiMately th& same 

a;:, all points on the shell. 

The effect of edge beam stiffness on deflections at the centre 

of the shell and at midzpan of edge beams is shown in Fig (6.62). 

The great importance of tie bar stiffness on shell behaviour is 

again clear. A study of Fig (6.62) in conjunction with the moment 

diagrams in Figs (6.50) and (6.56) reveals that with a rigid tie/  

rolatively 
aiiioxible edge beam is not detrimental/  and from the point of view 

of economy/  may even be more desirable than the more rigid ledge 

beam which leads to only small. reductions in moments and deflections. 

Since strain gauges on the edge beams and tie bars fared much 

better than those on the concrete surface/  it is possible to make 

more definite remarks as far as edge beam moments and forces are 

concerned. Figs (6.53) and (6.59) show that the moment at midspan 

of the edge beam increases with edge beam stiffness though the 

variation is not linear. Thus in Fig (6.59)  the midspan moment 

with the box sections (Test 14-).9) is not much greater than when the 

less rigid channel section is used (Test No8). Unfortunately it was 

not possible to include the results for Test No.6 in Fig No. (6.5) 

since the strain readings in this test exhibited large zero errors, 

apparently due to a disturbance in the zero setting of the strain 

reading oquipmont. These diagrams also indicate that the effect of 
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increase in tie bar stiffness was to reduce the bending moments 
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in the edge beams by about one-half. This redUction in moments was 

also accompanied by a large reduction in the magnitude of m near 

the edge beam (Figs (6050) and (6.56)). 

Since strain gauges were attached to the edge beams only at 

midspan, it is not possible to make any pronouncement as to the 

distribution of moments and forces along the edge beams. However, 

the extensional theory has been applied to determine the direct forces 

in the beams, assuming that such forces vary linearly from zero at 

the high corners to a maximum at the low corners, and the results 

have been plotted in Figs (6.52) and (6059). It is remarkable that 

in both cases the above assumptions give a fair indication of edge 

beam force at midspan. This was especially so when the channel sections 

were attached to the edges.With the flexible tie, these assumptions 

gave the edge beam :'once almost exactly (Fig (6.52)). 

701.3c TIE BAR FORCE 

The behaviour of the tie bar is shown in Figs (6.52),(6.58), and 

(6.62.). This force was reasonably constant for each series of tests, 

though higher in the second series (Tests 7,8,9) than in the first 

(Tests 4,5,6) in which a flexible tie was used. In neither case was 

a good agreement obtained win the value of tie bar force predicted 

by the extensional theory. This discrepancy could be due to the fact 
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that the tie bar was not allowed to take up the total movement at 

the corner because the clamped bases of the shell provided some 

restraint. In this respect it would have been more desirable if the 

shell corners were designed to permit free movement horizontally 

in the direction of the tie bar. 

7.1.4  TENT TO FAILURE 

The shell failed in bending in the immediate vicinity of the low 

corners. At each low corner, a large crack formed on the top surface 

running at right angles to the diagonal and meeting the edge beams 

1 'at .a point about 32 from the corner (Figs (6046) and (6.47)). This 

was accompanied by severe crushing of the mortar along the same line 

on the bottom surface, resultimg in the reinforcement being exposed. 

The pattern of failure at the low corners is also shown in Plates 

( 9 	12). 	The cracking pa .tern in these regions is similar to 

that of the corresponding flat plate with edge beRms supported at the 

four corners. The direction of these cracks indicate the existence of 

high twisting moments in these: regions. 

There was a complete absence of cracks along the catenary diagonal. 

The cracks here were at right angles to this diagonal and particularly 

near the high corners, cut right through the shell - an evidence of 

high tensile forces along the diagonal in these regions. 



A large crack formed near to edge No.1 in the bottom surface 

running from the low corner in a direction parallel to the edge. 

Crushing on the top surface also occurred along this line. This 

was probably due to uneven distribution of load. This crack occurred 

after those in the low corners had formed and after several of the 

jacks in the other regions of the shell were observed to be fully 

extended and were no longer contributing to the loading. 

The spacing of cracks along the straight line generators exactly 

coincided with the reinforcement. Some of these cracks were barely 

visible prior to the test, but those near the centre of the shell 

opened up considerably during the test. 

ZaL GENERAL REMARKS 

7.201 LINEARITY AND SYMMETRY IN TESTS 

In all the Tests 1 - 9 inclusive, the results indicate linear 

behaviour of the structure, except in regard to the horizontal 

displacements at midspan of edge beams (Fig (6.54)). Some slight 

degree of non-linearity is also displayed in the horizontal corner 

movements (Figs (6.66)), but this could have been due to errors 

involved in using dial gauges to measure such small movements. All 

tests were repeated at least twice, and in each case the deflection 

curvet ebtained for a particular test repeated itself almst wzactly. 
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The symmetrical behaviour of the structure has been amply 

revealed in all the tests. 

ILE121021.1.11TE 
Although the loading system functioned smoothly, there were 

certain disadvantages inherent in the method Of loading. One great 

disadvantage is that the lower surface of the shell was rendered 

inaccessible by the suspension wires of the loading system, except 

in the regions near the edges of the shell. It was therefore not 

possible to trace the development of cracks except in a relatively 

small area. In the test to failure this constituted a serious defect 

in the loading system. This disadvantage was aggravated by the nature 

of the framework supporting the deflection gauges. This made the upper 

surface of the shell almost inaccessible. The versatility and 

dependability of the loading system were demonstrated in the tests, 

and these factors offset the above disadvantages to a great extent. 

The method of loading the shell by an air bag together with the dial 

gauge assembly adopted by Scrivener(22) renders one surface of the 

shell accessible throughout testing; but the other surface is entirely 

inaccessible. Father, the behaviour of the air bag is very dependent 

on atmospheric conditions - e fact which could lead to uncertainty 

in accurate estimation of loads. 
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22,3 STRAIN GAUGES 

The behaviour of many of the strain gauges fixed to the concrete 

surface left much to be desired despite the man elaborate precautions 

taken to control drifting in <ehe.gauges© It is unlikely that this was 

attributable to deterioration of bond between gauge and concrete or 

to the possibility of cracking of the shell. The lattek can be ruled 

out since this would be reflected in deflections; further, the behaviour 

of the slabs tested in order to determine characterisicS of the shell 

section showed that after minor initial Cracking the load-deflection 

relationship was linear and repeated itself during several cycles 

with lead increasing. The possibility of breakdown of bond between 

gauge and concrete was not overlooked. Prior to commencement of the 

first series of tests, checks carried out on several of the gauges 

indicated that the bond was still quite satisfactory. The use of 

mechanical strain gauges was precluded owing to the small magnitude 

in the strains to be measured, and the low headroom in the laboratory 

malthig it difficult to obtain readings at points away from the shell 

edge. Further, the large number of points at which strains were to 

be measured would make the use of mechanical gauges a moat time-

absorbing effort. 

Strain readings were generally acceptable in the case of gauges 

attached to steel and in most of the gauges recording large strains..  

The unreliable behaviour of the Savage and Parsons equipment used ' 
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in the earlier tests have already been described in Section 4.8. 

The difficulties described above in the use of eleCtrical strain 

gauges on a concrete shell were also encountered by Scrivener(22) 

This would lead one to consider seriously the point put forward 

by him; namely, that before testing such a large-scale shell structure 

in concrete, it may be advisable to test smaller models made from 

material more elastic than concrete such as steel or perspex. However, 

the difficulty of forming a hyperbolic paraboloid shell surface from 

such materials must not be under-estimated. 

7. 3 COMPARISON OF THEORETICAL AND EXPERIMENTAL RESULTS 

7,2A91 EXTENSIONAL THEORY 

In no case did the extensional theory predict, even reasonably, 

the behaviour of the shell except in the tie bar force in Teats 

Nos.4 and 5. The actions, in some CaSO3D  were small at the edges but 

they all tended to increase towards the middle region of the shell. 

The force in the tie bar was much less than that predicted by this 

theory. Deflections in experiment were too large to be explained by 

this theory. 

7.3.2 PARTICULAR SOLUTION 

The experimental results were on the whole much larger than 

those given by the particular solution in section 3.30 Further, the 



distribution of actions and displacements in most cases shows no 	262 
similarity to that specified by the particular solution. 

7.3.3 Al,PROXIMATE SOLUTIONS 

The approximate solutions  discussed in Chapter 3 assume the 

existence of the typical edge effect problem in considering the 

complementary solution. This phenomenon of rapid damping away from 

the edge was not evident in any of the tests involving uniform loading 

moments, in particular, increased away from the edges. There is evidence 

of rapid damping in the actions occurring at the shell corners both 

in a direction along the generators as well as along the low diagoi& 

(Figs (6.51) and (6057)). 

The magnitude of tie bar force predicted by Loof's method is 

conservative; however, the effect of clamping of the shell bases 

during test would be to reduce the tie bar force. Though the method 

gives reasonable estimation of edge beam forces, the experimental 

value of edge beam moments is underestimated. If Leers method of 

analysis were acceptable, one would expect reasonable agreement in 

Tests Nos.7 and 8 with rigid ties and rigid edge beams5 houever, this 

is not borne out by the results of these experiments. 

An attempt has already been made in Section 7.1.3a to explain 

qualitatively the behaviour of the c2 in Figs (6.50) and (6.56)0 An 

appeoximate analysis has been carried out in Appendix 2 in which 

it is assuund that the change in edge shear associated with the change 



in edge beams may be deduced from the method given by Bleich and 
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Salvadori (Section 3.5a), the edge of the shell being regarded as 

hinged. The load on the edge beam at midspan is obtained by considering 

the shear necessary to produce the change in deflection observed for 

the different edge beams. This loading is applied to the edge beam 

in a,sinusoidal manner and the midspan deflection compared with the 

actual results of the experiment. It is shown that for this approach 

to be correct for the shell tested, a very rigid edge beam would be 

necessary. This approximate method has been extended to take into 

account the effect of fixity at the low and of the edge beam and of 

moments at the shell edge. 

7,,3.4  PLATE SOLUTIONS 

In Figs (6.68) to (60?/), the deflections obtained in experiment 

are compared with those predicted by regarding the shell as a flat 

plate with edges fired or sim:?ly supported. This comparison was prompted 

by the magnitude of deflections observed experimentally especially 

in the middle region of the shell. 

From Fig (6.68), it is seen that with the rigid tie and flexible 

beam, the deflection at the centre of the shell is predicted to 

within 30% accuracy by a plate solution involving fixed edges. When 

the rigid tie is replaced by the flexible one this comparison is not 

good and shell deflections would then be more reasonably predicted 



by assuming simple supports at the edges of the plate. This condition 

would give zero deflection at the edges which is not the case in 

exneriment because flexible edge beams were used. 

Fig (6.69) deals with the comparison with the plate solution 

when the shell edges are comprised of the combination of flat steel 

beams and channel sections. The agreement in the deflections at 

midspan is quite good when the plate is assumed to have clamped edged. 

The discrepancy at the edges in Fig (6.68) is then reduced by the use 

of a more rigid edge beam. 

The case of box-sections is shown in Fig (6.70). With the rigid 

tie, there is very good agreement between the experimental results 

and the plate solution for fiaed edges. The discrepancy at the edge 

is further reduced and it would appear that the introduction of an 

edge fixing moment in the shell would eliminate the discrepancy in 

the diagrams° 

The comparisons between theoretical and experimental deflections 

across the diagonals are made in Fig (6.71). The comparisons in the 

case of tho flexible tie bar are not good; however, in the tests in 

which the rigid bar was used (Tests 7,8,9), the plate solution for 

fixed edges gives a very good approximation to the deflections along 

both diagonals of the shell. The comparison of movements however, 
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does not yield such good agreement. In the case of a plate with 

clamped edges, there should exist a relatively high negative bending 

moment at the edge (-477 lb.in./In.), becoming positive (66.53 lb.in./in., 

at the centre. Figs (6.50) and (6.56) show that this magnitude and 

distribution of moment is not fulfilled in experiment. In the case 

of the simply supported plate, the theoretical moments far exceed 

the experimental ones. 

The analysis for the flat plate supported on elastic edges 

gives results that are much too conservative when compared with 

those obtained experimentally for the shell. 
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CONCLUSIONS 

(1) The hyperbolic paraboloid shell tested displayed considerable 

rigidity when subjected to edge loading in the form of vertical 

shear and moment. This was the case despite the fact` that a 

very flexible edge beam .las used in the tests involving edge 

loading. In practice, a Deem with large flexural stiffness 

about its horizontal axis3 would be used for such a shell, and 

it would therefore be pemissible to hang moderate loads 

at the edges of the shell. The loaded edge affects the other 

edges only to a very small extent, therefore it would appear 

that there is some sup&o?t for the method whereby in studying 

the effect of disturbances from an edge, it is assumed that the 

effect of adja:cnt edges may be neglected. 

(2) The shell also exhibited high rigidity to half loading. It has 

boon deduced from a comparison of readings obtained for this 

case of loading and for .zotal uniform loading, that this type 

of shell is quite capable of accommodating unsymmetrical loads 

due to wind, snow etc. up to the value of the uniformly distributed 

load for which the shell is designed. This is relevant in practice, 

since such shells besides being used as roofs, have also been 

used in foundations whore the distribution of soil reaction 

is unpredictable, 
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(3) The tie bar exerts a very important influence on the behaviour 

of such shells. The more rigid tie by limiting corner movements, 

also produCes a much more favourable stress distribution throughout 

the shell. Its effect in reducing actions in the important low 

corners of the shell is significant. There is not much to be 

gained by using a very r:.gid edge beam in conjunction with a 

rigid tie. 

(4) In the tests carried out, the flexural stiffness of the edge 

beam about its horizont&. axis was of much greater importance 

than its torsional stiffness. As this may have been due to the 

defects in the junction between the flexible edge beam and th 

detachable edge beam, no attempt has been made to translate 

this to practiee. 

(5) There is a tendency for actions to be concentrated in the low 

corners of the shell, wh:.le actions at the high corners are, in 

most cases, negligible. 'le possibility of using a rigid tie to 

reduce the stress conceaeration in the low corners has already -

been pointed out. 

(6) The extensional theory fails in all respects to predict the 

behaviour of the shell, though it gives a reasonable indication 

of the forces in the edge beam (midspan) if it is assumed that 

the force varies from zero at the high corner to a maximum at 

the low corner 
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(7) The particular solution of the bending theory is not acceptable 

as a complete colution or the problem. The range of variation 

of edge beams used in the tests covers most of the boundary 

conditions specified for this particular solution to be regarded 

as a complete solution. The only such boundary condition not 

approximately covered is that in resect of nGe. It could be that 

this boundary Fcondition has a great effect on the solution. 

(8) All the approximate solutions dealt with failed to predict 

shell behaviour. In particulars  the typical edge effect 

phenomenon did not exist, 

(9) The deflections in the middle region of the shell are reasonably 

predicted by regarding the structure as a flat plate with 

clamped edges. This could be of practical significances  since 

codes of practice usuall:r specify maximum allowable deflectione. 

However this point =ode further e:zperimental investigation. 

8,2 SUGGESTIONS FOP, FURTHER RE6EARCH 

The tests have shown that the shell tended to behave like a 

flat plate. The low rise/span ratio was deliberately chosen so that 

the bending effects would be accentuated; therefore, it would be 

interesting to investigate the extent to which similarity with plate 

behaviour is evident when several parameters of the problem are varied, 
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particularly the rise/span ratio. The effect of variation of edge 

beam and tie bar stiffness cotld also be simultaneously studied 

for different values of this ratio. Such a series of test could also 

be useful in determining whether the typical edge effect phenomenon 

exists for such shells. 

It would be instructive to observe experimentally the extent to 

which the particular solution of the bending theory is satisfied by 

testing a shell constructed ir such a manner that the nap  action at 

the edges can be released. 

It is probable that by restricting corner rotations, the stress 

distribution in the shell would be affected to some degree - certainly, 

the deflections would be reduced. Tests designed to determine the 

exact effects of corner rotations would therefore contribute to the 

study of behaviour of hyperbolic paraboloid shells. 

In concrete shells it is necessary to limit the strains to low 

ranges in order to avoid cracking. It may be advisable, therefore, 

to test much smaller shells from a more elastic material, embracing 

at the same time, variation of the different parameters. The results 

of such a test would then provide a reliable basis of comparison when 

the larger concrete shell is tested. Of course, with small models, 

inaccuracies in shell construction could have a large effect on shell 

behaviour, in particular, shell thickness would have to be critically 

controlled. 
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APPffiDIX I 

NUMERICAL CALCULATIONS BASED ON LOOP'S METHOD 

The following calculations refer to the approximate method given 

in Section 3.5b. 

The calculations are made for a uniform loading of 45 lb/sq.ft. 

(.3125 lb/sq.in.). 

k = 3.038 x 10-32.n71  

n 	= 	= 2 x 3. °;11  038 x 10-3 25 	51.43 1b/in. 
.400 	2k 	= 

Actual length of shell edge = (96)2+ (14)2  = 97.02 ins. 

Total force transmitted to edge = 97.02 x 51.43 = 4989.7 lbs. 

Horizontal component of this force = 96 x 51.43 . 4937.28 lbs. 

Tie bar force = 4937.284F = 6981.3 lbs. 

The force in the beam is assumed =to vary from zero at the high corner 

to a maximum at the low corner. 

Vertical component of force = 14 x 51.43 = 720 lbs. 

Vertical reaction at two low corners = 2 x 720 x 2 = 2880 lbs. 

Total load on shell = 45 x 8 x 8 = 2880 lbs. 

Vertical equilibrium is checked. 

1.
3 

The parameter p = 	9 8  1°
- 	62 

 
0a7, 

. 37.33 

The value of p is within the limit for which the approximate formulae 

for shear and moments have been derived by Loof. 

In the experiment, the loading was vertical. Tnis loading is to be 



corrected by the factor ---- 	= 09791 at the edge beams. 
( 	

2 

97.02) 
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Hence effective loading at edge GI
Y  = .9791 x .3125 = .3050 1b/sq.in. 

For rigid boundaries and no moment whatsoever along the edge beam 

the magnification factor A = 1 (see eqn. 3.73), hence the following 

from Section 3.1b: 

CLAMPE) EDGES 

-4/3 = .511 x 30.5 107i(97.02)(37.33)-4/3  

The moment first becomes zero at distance 

= 11,76 lb.in./in. 

= '4061/3xt 

= *40  x 97.02 x (57035)-1/3  

= 11.6 ins. 

moment = .167 04'4/3  = 3.846 lb.in./in. 

-1/30 = 0.35 19 	A/ = 24.7 ins. at distance 

Normal edge shear (q) = /0732G:1 	10z52 x 3005 x Co 	9.2,292 1;P 
3703jr 

= 1.373 lb/in. 

Vertical edge shear r = q x 	= 1.0106r = 1.388 lb/in 
96 

Total vertical edge shear = r x 96 x 4 = 533 lbs. 

03 Portion of load carried by edge shear (slab action) = 260 

This proportion of the load carried by edge shear has been 

with A = 1, hence generally:- 

Portion of load carried by slab action = .1851 A 

= .1851 

derived 

.......(A2) 

Portion of load carried by membrane action = (1 ® .1851 A)0.0(A2) 

medge = .511 G' T 

Maximum +ve 

This occurs 



272 
HINGED EDGES 

In this case:- 

Normal edge shear q = .577 	= .4574 lbs/in0 

Vertical edge shear r = 1.0106 q = 04622 lbs/in. 

= .0617 of total load 

Generally: 

Portion of load carried by slab action = .0617A.000...00.0(A3) 

Portion of load carried by membrane action = (1 .0617A).00(A4) 

Max. +ve B.M. occurs at 005471/3t = 15092 ins. 

rValue of max. -1-ve BON. = .149 U2 4/3 3.429 lb.in./in. 

In the above formulae, = length of edge of shell. 

The following cases have been investigated:- 

CASE 1 

Edges fully restrained ane, supported by edge beams comprised of 

box section. and flexible in-situ beam. 

All beams are assumed subported along their lengths. (i.e, no 

normal deflection at edge.) 

No movement is allowed at low corners. 

CASE lA 

Aa in Case 1 but edges.  hinged. 

CASE 2 

(a) Fully restrained edges. 

(b) Edge beams comdrised of "in-situ" flexible beam with chnnnel 

sections attached. 



(e) All beams supported along their lengths. 
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(d) No movement allowed at low corners. 

CASE 2A 

As in Case 2, but edges hinged. 

CASE 3A 

(a) Fully restrained edges. 

(b) Box sections attached to "in.situ" flexible beams. 

(c) Edge beams supported et their ends. 

(d) No movement allowed at low corners. 

CASE  

As in Case 3A, but edges hinged. 

MLR 
(a) Fully restrained edges. 

(b) Channel sections attached. 

(c/ 
As in Case 3A 

(d) 

CASLO 

As in Case 4A but edges hinged. 

CASE 5A 

(a) Fully restrained edges 

(b) Box sections attached. 

(c) Edge beams supported at their ends. 

(d) Movement allowed at low corner, equivalent to that observed 

in corresponding experiment. 
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CASE 5B 

As in Case 5A, but edges hinged. 

CASE 6A 

(a) Fully restrained edges. 

(b) Channel sections attached. 

(c) Edge beams supported at their ends. 

(a) Movement at low corner, equivalent to that observed 

in experiment. 

CASE 6B 

As in Case 6A, but edges hinged. 

21107A 

(a) Fully restrained edges. 

(b) Flexible edge beams only.  

(c) Edge beams supported at their ends. 

(d) No corner movement allowed. 

CAME 7B 

As in Case 7A, but edges hinged, 

CASE 8A 

(a) Edges fully restrained. 

(b) Flexible nin-situ" edge beams only, 

(c) Edge beams supported at ends only. 

(d) Movement allowed at low corner as observed in experiment. 

CASE 8B 

As in Case 8A, but edges hinged, 
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In view of the low torsional stiffness of the flexible edge beam, 

it is doubtful whether condition (a) in Cases 7A and 8A vould he met. 

CASE 1 

Since no movement is permitted at the low corner, then movement 

at the mldspan of the beam is given by, 

u = J 
SbEb 

N  -1-- 
SbEb 

whore N = Total axial force on beam 

= n 
ae . 

S
b= Area of edge beam 

b.0 

3. 	 Nx 

r 	Fib= Young s sIlociultu3 of beam 

1 	HI,: 	g 2 4"ip 

311X4 I 8.6 
b b 

boam xmc: 

2A" x 1" tk. plate 
4 4 
2/ 3"x l M.S. Channels at 4,60 lb/ft 

= 0.5625 sq.in. 

= 2,70 sq.in. 

Total Area S, 

N x 
u r4  "5:E625 2: 36 xio6  = 3,7172 x 10-7N 

= 3.2625 sq.in. 



Since the load is carried by a combination of slab and membrane 

action, then from (A2), 

N = (1 - .1851A) xtotal load in edge beam assuming 

1 membrane action only. 

... N = (1 - .1851A) x 4989.7 lbs. 

u 	3.7172 x 10 -7N 4.9897 x 103(1 - 01851A) 

. 1.8548 x 	-. 01851A) 

u 	0 along edges (supported edge beam) 

From symmetry, in expression (3.73), 

udl = ua2 = U 

P3 	 P4 
= u 

A , 1 2u 2n 
= 	÷ •"` 	'"'""`" 

UO 2ka 2kb 
Y 
2u :. A 1 7171--6 for square shell 
y 

But u°  = .0047 ins. (from Section 3.5a) 

2(1 - ,185111) x 1.8548 x 10-3  
.. A = 1 	

30038 x 10-)  x 96 x .0047 

A = 1 + 2.7063(1 - .1851A) 

from which A = 2.4694 

.. Portion of load carried by slab action = .1851A = .4571 

Portion of load carried by membrane action = (1 - .1851A) = .3429 
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(A = 1), in which no longitudinal extension of edge is possible; 

are now to be multiplied by the factor A . 2.4694. 

= .5429 x 4989.7 = 2708.9 lbs. 

Edge moment = - A x .511 A
j
ft.4/3  

Y 

= 2.4694 x 11.76 = - 29.04 lb.in./in. 

Referring to Fig (306):- 

At 11.6 ins. from edge (point A), moment = zero 

Gli At 24.7 ins. from edge (point B) m, max =167 q4/3  ° .  

. .167/.511 x 11.76 

= 10,06 lb.in./in. 

The moment again becomes zero at 45.8 ins. from edge. 

CASE 1A 

In this case the edges are considered hinged. 

Proceeding as in Case 1:- 

A = 1 2.7063(1 - ,0617A) 

which gives A = 3.1759  

Max. +ve moment occurring at 15.92 ins. from edge (point D) = 3.429i 

= 10.89 lb.in./in 



These values have been plotted in Fig (5.6) and this diagram will 

be used as a basis for the other cases. 

Portion of load carried by membrane action = (1 - ,0617A) 

= .8041 

N = .8041 x 4989.7 = 4012.2 lbs. 

CASE 2 

This is similar to Case l but channel sections are used instead 

of box sections. 

Area of edge beam = (.5625 -:- 135) = 1.9125 sq.in. 

u - 	N 	
3.7172 , 1" " 

bb 1. .125 

. u 3.1641 	- 01851A) 

A = 1 (/07059 x 2.7063)(1 - .1851A) 

rh.t-h gives: 

A =  3,0285 

Partion of load carried by slab actior. = .1851A = .5606 

" membrane 	. (1 - 01851A) 	.4394 
N = o.094 z 4989.7 = 2192 5 lbso 

Tho magnitude of the moments are derived by multiplying those in 

Case 1 by the factor =,3,0285.  = 1.2264 
2.4694 
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CASE 2A 

Problem similar to Case 2 but edges hinged. 

A = I + 5.6167(1 - .0617A) 

giving A .7_422:560 

Accents are increased over Case lA in the 'ratio of /12136- 3.175§' = le"42 

Portion of load carried by membrane action = (1 - .0617A) = .6968 

N = .6968 x 4989.7 . 3476.8 lbs. 

N.B. In the four cases investigated above, it is seen that with 

the edge beam supported along its length, the moments in the shell 

are increased when the cross-sectional area of the edge beam is 

decreased. Hence, under such conditions it is advantageous, in 

practice, to use as large an edge beam section as possible, thus 

approaching the condition of rigid boundaries assumed in theory, 

CP,SE 1A 

In this case the edge beams are taken as tmsupported along their 

lergths. The high corners of the shell are supported by rocker 

collImus, while the low corners are fi7wd. 

In the case of restrained edges and perfectly rigid boUndaries 

1), then the vertical loading along the edge beam is given by, 

r = 1.588 lb/in. 
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tkvo,e3 A 	k, 

In the general case therefore, 

r = 10388A lb/in. 

The edge beam can therefore be 

analysed as a uniformly loaded 

prepped cantilever 	a standard. 

case. 

Thus:- 

Reactionat? = 5/8 rL 

so 	 it Q . 3/8 r 

Resolving r at right angles to the edge beam axis and taking moments 

at 

1/8 rte - 1/8 rate 
AJ 

= —* 1/8 x 1.388A x 96 x 970o2 

M = T 1615.97A 

The Max. +70 B.M. occurring at a distance 3/8Lfrom P is: 

0 = 	9/128 raks  max. 

M 	= 9/128 x 10388 x9'002 :2: 96 A = 90$0© 9805max. 

Me deflection at any point is: 

,P3 
( m - >m3  2m4) Y bIb 

whore m = 	U = 	= ra 



At midspan (x6 = 1/2 = m); 

u -(1/2  - 3/8 1/8)  8EbIb 	12 X_ b b 

i.e. tly 1§ax-- 

For the flexible edge baam with box section attached: 

&b  lb   = 11.6319 x 107  lb.sq.in. 
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1. 38811a, 

Co 
1.388 x 96 x (7.02)3L At midspan: u = 

Y 	192 x 11.6319 z 107  
A = .0055A 

u 	- u0 u
02 

 - u 
From  7--- 	-om Case 1: 	o 	?1-"2 	,• J 

'. -nfL- 
P. 

u  
Y 

2u 
= 11u° 

 

Iron (A3), 

A = 1 2.7063(1 - .1851A) -.005a  ma, 
which gi7os A - 1a 4.128  

:. Portion of load car i ed by slab action = .1851A = .2615 

42 
	

" mmmbnane " = (: - .1851A) = 07385 

N = .7385 n 4989.7 = 3584.9 lbs. 

Cheek on equilibrium: 

Due to N, R = ,0:62  368409 	. 5317 lbs. 
Due to R, l = r x 1.4128 x 1388 x 97.02 	= 118.9 lbs. 

Total vertical reaction at low corner = 2(531.7 118.9) = 1301.2 lbs.. 

LIQ  

Duo to 	3/8 1-9 71.5 Mc,. 



.% Total vertical reaction at high corner = (2 x 71.3) = 142.6 
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Total vertical reaction at 4 corners = 2(1301.2 + 142.6) = 2887.6 lbs. 

This reaction should be 2880 lbs., hence the check can be regarded 

as satisfactory. 

Deflection at midsnan of beam = .0055A = .0055 x 1.4128 = .0078 lbs. 

m 	= 908.9805A = 1284.2 lb.in. max. 

Edge moment in shell = -11.76A = - 16.61 lb.in./in. 

At point A (Fig (3.6)), Moment = 0 

At point B, max, eve B.M.= .16Z, 751i A 16.61 = (.3268 x 16.61) = 5.45 lb.in./in. 

CASE 3B 

Conditions similar to Case 3A, but edges hinged. 

kortion of load carried by membrane action = (1 - .0617A) 

A = 1 + 2.7063(1 .0617A) - $(3°52a .0047 

giving A = 1.6189 

Portion of load carried by slab action = .0617A = .0999 

ti 
	

4f 	U 	If 
	

" membrane tt 	 = .9001 

:0 N = 4989.7A 	= 4491.2 lbs. 

In Fig (3.6): 

Moment at edge of shell = 0 

At point D, moment = 3.429A = 5.55 lbein./in. 

Deflection at midspan of edge beam = .0055A = .0089 ins. 

B.H. near midsoan of edge beam = 9/128 x .46224a = 302.70A = 490 lb.in. 
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CASE 4A 

Conditions as in Case 3A but channel sections fixed to flexible 

edge benm9 instead of box sections. 

EbIb  = 6.1719 x 107  lbesq.in. 

Following the computations for Case 3A, the following have been 

derived: 

A = 1.003§.  

N = 4989.7(1 - .1851A) = 4989.7 x .8142 = 4062.6 lbs. 

At edge of shell, moment = e 11.76A = s 11.80 lb.in./in. 

At point B (Fig (3.6)) moment = .3268 x 11.80 = 3.80 lb.in./in. 

B.M. near midspan of edge beam = 908.9805A = 912.43 lb.in. 

Deflection at midspan of edge beam = .0103 in. 

CASE 4B 

Conditions as in Case 3B, but channels instead of box section 

attached to flexible edge beams. 

In this case, A = 1..10.6 

Portion of load carried by membrane action = (1 - .0617A) = .9319 

N = 4989.7 x .9319 = 4649.9 lbs. 

Max. +ve B.M. occurs at D (Fig (3.6)) = 3.429A = 3.78 lb.in./in. 

Deflection at midspan of edge beam = .0114 in. 

Max. +ve B.M. in beam near midspan = 334.1. lb.in. 
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CASE 5A 

In thisdabe the edges are taken ab fully-restrained with box 

sections attached to the flexible "in-situ" edge beams. These are 

regarded as supported by rocker columns at the high corners® 

The shear deformations of the edge structure and of the shell 

are first considered separately, and the actual bending moments in 

the shell derived by eliminating the disorot)ancy. 

The total deformation is therefore divided as follows:. 

(a) Deformation of edge structure due to the extension of the 

tie bar, The edge structure is regarded as being completely 

Stiff , the low corners supported on spherical hinges and 

the high corners on rocker columns. 

(b) Deformation due to deflection of the edge structure resulting 

from the vertical edge shear. Here again, the high earners are 

taken as supported in rocker columns; but no movement is 

allowed a the low corners. 

(c) Deformation due to compression of the edge beam, with no 

movement allowed at the low corner, 

It should be noted, however, that in (a) above, any relative 

movement of the opposite edges in the a or p directions introduce 

an additional gap to be closed. Hence, the extensional rigidity of 
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edge structure has been assumed detached from the shell, but,'since 

this is actually not the case, the presence of the shell will certainly 

affect the deformation of the edge structure as deduced from conditions (a) 

thus comilicating the problem. Loof overcomes this difficulty by 

considering the midspan of opposite edges connected by inextensible 

cables - a reasonable assumction in view of the considerable stiffness 

of the shell in its plane. For the shell under consideration, the 

condition of "inextensible cables" is exactly fulfilled since extension 

of tie bar under the specified conditions results simply in a rotation 

of the vertical plane of the edge structure without any alteration 

in the distance between the midpoints of opposite edges. It is 

concluded, therefore, that so far as bending moments are concerned, 

the three types of deformation (a),(b),(c) are compatible, and therefore 

the magnification factor A defined in (3.73) may be applied. The 

calculations for this case follow:- 

(a) Extension of tie 

Let d be outward movement of low corners. Then as shown 

in Ref.(16) the total contribution to u
al and upl in the 

expression for A is: 
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Note: 

The contribution of tie bar extension to the term u 

in the expression for A (3.73) is small compared with,  its 

contribution to u and upl. This can be shown to be al  

which is small in comparison to the preceding 

(b) Deflection of 	Beam 

The vertical edge shear as in previous cases is 

r = 1.388A lb/in. 

The deflection at midspan has been derived in Case 3A. 

The contribution due to this deflection in the expression 

for A is .12  Ma 12Q 
T 

Near midspan, B.N, = 908.9805A. 

(c) Compression of Ede Beam  

u 	Sra 	= 3.7172 x 107N 
bib 

where N = (1 - .1851A)(Total load in Edge Beam assuming 
membrane action only) 

u = 1.8548 x 10-3(1 - .1851A) 

Since the movements at opposite edges have opposite signs, 

and also in view of the symmetry of the edge structure, the 

contribution to 	and u in the expression for A is: 
/ 

1 	4u, 
2ka 

4P 

,72,96 x 10-3 --------- (1 - 01851A) 

   

417 —52  dla 
Y - 
expression. 

From Case 1 , 
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From (a),(b)(c) above, 

 

d  152(226  E2f2 
2ka 	ka 	(1 - 01851A) m  00055A A = 1 

  

from which: 
= 203.80571:11A999 

From 2nperiment No.9:- 

Average strain in tie bars at a loading of .3125 ib/eq,ine = 45 x 10 

0°. Observed extension of tie = 96,2 x 45 x 10 6  = .0061 in, 

A = (20308057 x 00061) 104099 = 

Portion of load carried by slab action = .1851A = .491/ 

PP 
	

PS 	Pt 
	

" membrane " 	= (1 - .1851A) = .5089 

0'0 T1= .5089 N. 4989.7 = 2539 lbs. 

Deflection at midspan of beam = 00055A = .014.6 in. 

Bono near midspan of beam = 908.9805A = 2411.61 lboin. 

So far, no account has been taken of the eccentricity of the tie 

bar and of the shell and edge beam. In the experiment, the latter 

is nero. 

If eccentricity of tie = et, and x is distance from the high corner 

measured along the edge beam, 

Men }1 = 
N e 

At midspan N = N 
Mr et 
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11.1 th e, 	1075 ih20 

x 97.02 n 1,75 
an 

o 
„, 	so. 	 4r. 88'47'  1 	 226.5 lb. " 	2 0,5 

0% Hot flemeub at midspan of edge beam (241106/ - 2245) 	166.6 lb.:1.n. 

At edge of shell, moment - 11.76A - 31.20 

At point B (Fig (3,6)), m 03268:131020 :q 10.19 lb.in./in. 

CASE 53 

Conditions as in Case 5A but shell hinged at edges.. 

„(a) E7:tension of tie:- 

112 PA.:Coo-I; on A rn 0 2 

(b) Deflection of edge beam:- 

In this case, 	=o  4622A , 

Y.ffect of midspan deflection on A is as in Case 

.0055(1 

(e) CemaTossion of Else Beam:- 

tt ,73 
 

1de 
b 

1.13548 x 10-3(1 - .0617A) 

... 	̀'-, 2.. 	d 
' 	IA ° 	'''Z'  -Ica 

n-3  
-- 	(1 .06,7A) - .0055A ka 

 

giving A :7 	015d -:. 

With d = .0051 in., 	A 3,0553 ---------- 
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Portion of load carried by slab action . .0617A = 01886 

117 
	

" membrane IT 	= (1 - 00617A) = .8114 

. 49890,7 x .8114 = 4049 lbs. 

17,022,.ection at micispan of edge beam = 00055A = .0168 ins. 

near midspan of edge beam . 302.70A = 925.1 lb. in. 

Cmn-scting this for eccentricity of tie gives: 

Net B.M. at midspan of edge bepm = (.8845N - 925.1) = 2612.7 lb.in. 

Maxi 4.ve B.M. at D (Fig (3.6)) . 3.492A . 10.48 lb.in./in. 

The eccentricity of the tie causes a great reduction in the 

moment at midspan of the edge beam; in the above case the sign 

of the moment is reversed. 

CAW, 6A 

Conditions as in Gaze 5A but channel sections used instead of 

box sections. 

= 1151 
It 

CS,L.S.9.1061 

8  JJi bb 

	

t?om 	u= 3.1641 x 10-3(1 - .1851A) 

‘`', 2 	d 	,  

	

A 	1 	2 x,3.1f:T1.1 	10 (1 - .1.851A) - o0ao3A 
1.16,  2 ka  
IL 

	

utE.ch gives.. 	.4_2_1z60.12 + 
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In Experiment No. 8:- 

Average strain in tie = 51.0 x 10-6  

.°. Extension of tie = 96.2 x 51.0 x 10-6  = .0067 ins. 

A = 1.4019 + (131.9890 x .0067) = 2.2862 

Portion of load carried by slab action = .1851A = .4232 

fl 	18 	11 	" membrane It 	. (1 - .1851A) = .5768 

N = .5768 x 4989.7 = 2578.1 lbs. 

Midspan deflection of edge beam = 00103A = .0235 ins. 

B.M. near midspan of edge beam = 908.9805A = 2078 lb.in. 

B.N. due to eccentricity of tie = - .8843N = 2545 lb.in. 

Net 13, N. near midspan beam = 46.7 lb.in. 

At edge of shell, m = 11.76A = - 26.89 lb.:-n./in. 

At B (Fig (3.6)), m = .3268 x 26.89 = 8.79 lb.in./in. 

CASE 6B 

Conditions as in Case 6A but e4es of shell hinged. 

In this case, u = 3.1641 x 1073(1 - .0617A) 

.°0A = 1 + 1.371 CI + 2 x 3.1641 x 10-3(1 - 00617A) - .0103A 1 	d• 

from which: A = 1.64:12±22t2MIL 

	

with d = .0067 in., 	A = 21162X- 

:, Portion of load carried by membrane action = (1 - .0617A) = .8349 

N = 4989.7 N .8349 = 41.66 lbs. 



Deflection at midspan of beam = 00103A = .0276 ins. 

B.M. near midspan of beam = 302070A = 810.1 lb.in. 

B.M. due to eccentricity of tie = -.8843M = 3684.0 lb.  in. 

0°0 Net B.M. near midspan = a 2873.9 lb.in. 

Moment at edge of shell = 0 

At point D (Fig (3.6)), m = 30429A = 9.18 lboin./in. 

The calculations for Cases 7A to 8B, involving the fl:_lble 

"in-situ" edge beam alone, are similar to the corrcspendLng EoTogo:;.ng 

cases. However, in this case:-- 

b = 005625 sq.in. 

lb  = 0.2373 sq.in. 

The results of the calculations for Cases 7A to 8B have been included 

in Table (3). 
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29a. 
APR:NW-1r  

EURTUR pRECNS  ON APPROXIMATE MUMS 

In Section 701.5a, it is pointed out that the change in the 

bending moment (mp) near the edges of the shell due to the stiffening 

of the flexible edge beam, could be ennlained by assuming that the 

vortical reaction at the shell edge was incroased.(6ee Figs 6050 

and 6057). By examining the deflection at midspan of the edges it 

is possible to deduce from Section 3,5a what this edge reaction 

should be, and hence, also, tho distribution of the moment across 

the shell and deformation of the edge beams. In this section, this 

is done by regarding the shell with the flexible edge beam as a 

particular solution and then determining the value of the edge shear 

required to correct the discrepancy in midspan deflection when the 

flexible edge beams are stiffened. 

Let 8m and .w 	resnectively, be the experimental and theoretical 
Mr-197  

discrepancy between midspan deflections obtained when the 

flexible edge beams are used alone, and when they are stiffened0 

. Vertical edge shear 

It is shown 'in Section 3.5a that in order to correctran edge 

deflection of .0047 in., an edge shear of 1.57 lb./in0  is necessary. 



Edge shear required to correct a discrepancy of 1 in. is:- 
	293 

.0047 m 334o04 lb./in. 

The loading q may then be applied to the edge beam to determine the 

theoretical midspan deflection° This loading will be taken as distributed 

along the beam in a sinusoidal manner with the beam regarded as simply 

supported at its ends; or the loading may bb taken as uniformly 

distributed along the beam with the latter acting as a propped 

cantilever fixed at the low corner of the shell. The edge beam profiles 

in Tests 4 - 9 suggest that the latter assumption is the more reasonable 

one. 

CASE 1 Sinusoidal Distribution of Loa 

The equation of the beam is:- 

F T._ 1)-141 
d4w = 0 sinV 
cb,:4 

Let the deflection curve be given by:- 

2z 

D . nx 11  

, 	Q 	r.tt Then —A  Da2.1.1r-v 
!I Ls 

0 

At ac W 	 : 2 

Thus:- w = 	sin-z 
%%0 

00000000000000000000000000000(A4) 

t.7 MaX 
611 96 4  

Ebb 



iSo t 	= 29.1264 It 107 6m EbT 	0.0°009 
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d'oceocres000000000Co(A5) 

It follows, therefore, that for agreement between experimental and 

theoretical deflection, 

= eira maxa 

b Ib  = 290/264 x 10
7 lb.sq.in. 

This is a section almost throe times as stiff as the combined flexible 

and box section edge beams; i.e., an almost completely stiff edge beam. 

If the loading were taken as uniformly distributed, the value 

of EbIb  would be even greater than that derived above. 

CASE 2 Beam regarded as a moo ed cantilever with uniform loadin,  

In this case: 

   

(96)4 
max. 185  Ebib 

15.33 21; 107  
Ebib 

EOT W 	= 
C2:40 

= 15o33 x107  lb.sq.in. 

The maximum value of E,I used in the experiments was 11.6319 x /07, 
b 

hence, in this case, experimental and theoretical deflection of edge 

benm would ar3roo reasonably, 
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plizm ON MOMENTS NEAR SHELL EDGE 

On the basis of the above approximate analysis, a check will be 

carried out to see whether the change in bending moments in the edge 

regions of the shell compares with the changes in 	reflected in 

Figs (6.50) and (6.56). The edges of the shell are taken as hinged. 

From Section 3.5a :- 

m(3  = 15,,73 c 2 (hp) 

where C = Factor by which the figures in Table I (for hinged 

edges) are to be multiplied. 

i.e. C= 1-=.(15-1 = 6.369 

should first become zero at 7,.6 	i.e. p . 3235 ins., 

so that, theoretically, this is the point where the moment diagram 

for flexible edges should cross the diagram for stiffened edges. 

In Figs (6,50) and (6.56), this point occurs at approximately 20 ins. 

and 12 ins. respectively, from. the edge of the shell. The greatest 

discrepancy in moments should occur at 7.84 ins. from the edge and 

should be 5.07 x .6369Q = 3.229Q. 
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The following table summarises the values of the moments and 

edge reactions derived by the above approximate considerations:- 

Observed 
Define, 
(ins.) 

Diff. 
( 8m) 
(ins) 

Q = 
334.048m 
(lb/in) 

M max. 

4 	(lb. in e/in. ) 
Flexible Tie 

0205 0 0 - Test N004 

Test No.5 .076 0129 4301  13901 

Test No.6 0049 .156 52.1 167.3 

glAd Tie. 

Test No.7 .100 0 0 0 

Test No.8 .039 .063 20.4 65.8  

Test No.9 .031 .069 2301 7405 

In Figs (6.50) and (6.56)1  the actual Values of 	in the 

• edge .regions are much lower than those in the above table. 
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