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ABSTRACT

Theoretical and experimental work on thin shallow hyperbolic
paraboloid shells are reviswed and discussed. In dealing with the
hyperbolic paraboloid shell supported along straight line generators,
and for which no known direct sclution exists, the homogeneous
form of the differentlial equation involved is studied assuming the
existence of the typical edge cffect phenomenon in which disturbances
from an edge may be considered independently of those emanating
irom other edges., In particular, it is shown that the approximations
introduced by Loof are really equivalent to the Schorer Type

approximation,

An account is given of tests carried out, within the elastic
range and to failure, on a reinforced cement mortar hyperbolie
paraboleid shell supported on straighﬁ line generators. The bshaviour
of the shell vas studied when the latier was subjected to certain
types of edge loading, to uwniform loading over half of the shell, and
to uniform lcading over the entire shell. In the tests involving the

latter type of loading, the stiffnesses of the tie and edge beam

vere varied.

Compariscns are made belyeen theoretical and experimental.

rogulis. The c¢xisting approxivate methods of analysis failed Yo



predict the behaviour of the shell tested.

The shell behaviour is compared with that of a flat plate
with different types of bhoundary conditiéns, With rigid edge beams,
the deflections in the central region of the shell were reasonzbly
predicted by regarding the shell as a flat plate with clamped edges.
Attempts are made to sepurate the edge beam and tie bar influences.
It is shown that the stiffer edge beam favourably affects the stress -
distribution and deflections throughpgt|§h9 shell , altﬁoﬁghithere
is not much to be gained by the uae‘of a very rigid edge beam.
The results reveal that torsional stiffness of the‘edge beam is
of little importance but this may have been atiributable to the

manner in which the detachableo edge bsams were fixed at the edges.
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CHAPTER 1

1.1 INTRODUCTION

The advantages of the use of shell roofs to cover larg: areas
have long been recognized. Formerly, such structures were restricted
mainly to domes and cylindrical shells; bug, recently; much attent: on
has been paid to other sholls of double curvature and in particular,
to hyrerbolic paraboloid shells. The popularity of this €ype of shell
_is due to the esiciting architectural possibilities it has to offer,
as well to the case of constructlon resulting from the fact that the

surface can be generated by a system of straight lines.

It is unfortunate that the devélopmant of the analysis
relating to ghell problems has not kept pace with the étrucﬁural devel-
opment of shells. Iven In cases for which molutions have been found
the labour involved in thé computations iz conslderable. However,
with the development of the electronic computer this drawback has been
removed, and the problem mow consists malnly in achieving fealisﬁic

solutionsg of a particular problem.

1.2 DESCRIPTION OF HYP:REOLIC PARAEDLOID SHELLS

The worlt in this thesls is conserned with the hyperbolic



paraboloid shell. The hyperbolic paraboloid is the surface generated

when a parabola translates on another parabola, their curvatures being

opposite in sign. Thus, the product of the principal curvatures,
known as the Gavssian Curvature, is a negative quantity; and such
shells are therecfore referred to as shells of negative Gaussian

Curvature.

The clagsification of hyperbolic péraboloid shells, fdr .
purpoces of this ﬁhesis, is based on the shape of the edges. In
translational shslls (Fig. 1.1 (a)), the edges coincide with the para=
bolic g@ncraﬁgre of the murface, whille ruled surface shells are bounded
by atralght linos. The bogic unit of the ruled surface shell is shown
on Fig. (1.1 (v}), irom vhich it'can be meen that the ruled surface may
algo be geuersicl by a stralght line traversing two other skewed
stralght linss. There are many ways in vhich this basic unit may be

combined; sowe >f thase ave shown in Fig. (L.2). Type 1.2 (e)

is the one on wh.ch fhe tests reported in thiz thesis were carried out.

1.3 QENERAL \PPROACH TO SHELI PROBLENS

Eaply avcempts at shell anslysis were based on the momentless
theory, admitting ln some cases the exisisnce of bending moments in
the edge reglonz of the shell. However, the limitations of this theory
gould not bo tolrated for long, and hence a gensyal theory hos heen

developed in which bending offects are token inte account. The problem

15
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to saéiaﬁy the boundary conditions actions and displacemsnts have o
be applied at the edges of the shell., Such agtions and displacements
are referred to as edge disturbances, and are obtuined by considering
the complementary soluticn resulting from the homogeneous form of

the eighth order equatilon. For this reason such a solution is often

called the Fdge disturbange solution.

An édge disturbance diminiches with increaéiné distance from
the edgee; whern rapld damping %ékea placo the phenomenon is knoun as
the edge effect. In mmﬁy vages the momentless>solut10n ié a good .
approximation ag a2 particular solution, and in considaring'thé comple=
mentary solution, approximations may be made which effectiﬁely reduce
the order of the equatlion an@ censequenﬁly the number of boundary con=
ditions to be sabisfied. In view of the requirement of rapid damping
assogiated with the typlcal edge gffect problem it follows that thio

state of strese is represented by large roots of the characteristic

)

£

equation. Iﬂ_shzlls of popitive CGaussian curvaﬁufe an approximation
method separates the problem into ftwo paris - a second order elliptic
souation (momentiess solution) requiring one boundary ccmdition a® each
edge, and a four:h ordor egquation for which two boundary cohditions

are spcgified at each edge, thua gimplifying tha‘problem considerablye.

In hyperbolic parabolold ghells, however, the hyperbolic painre of the

equation of the womentless golution pregludes the above mimplification.

N

The vali ity of approximations introduced into the analysis

[

nay bo chocked br controlled tssig. Suchh tesbes azre of poariiculary



plgplificaance in capes whers no exact theories have been dnovelopsd,
and may be usefvl in providing answers to such questions as the
relative lmporicace of parameters, effects of edge beoamz, and ilmportance

of differenti bovndary condiilons.

.
|y

o SCOFE GF RESBARCH

i} o study the effects of acrdain typss of edge loading

on Euiec Surface shello.

>

23 Invastigation of the Stress Distribution of Ruled Surface
ghells vader uniform leadipg, with varying cdge haam stiflneas

and tie bar =tiffnces.

3)  Wo ilaveetigate the behaviour of a rulsd surface shell

tested (o failure under uniform lcading.

In #1} cages, gompardcons are made between expsyimenial resulis

and those obiolrad Jvem known approwimate golutions.

it was foumd coavenient- to adapt the loading syaztem to tent the
shell under unllorr loading over half of the surface, and the resulis

for this ecage are aloo reported.



CHAPTER 2

2.1 _ REVIEY OF THEORETICAL WORK

The Flastic analysis of doubly curved shelle is dealt with,
spocial emphasis being placed on shallow, thin shells of negative
Gausgian curvaturs. The historical development is considered under

the following 1eadings.

" a) The Membrane (Momentless) Theory .
b) The Bending Theory.

e¢) Approximate Theory.

Coordinate axe’ and loading comvention are shown in Figs, (2.1)

and (2.2); end (1.1)

2.2 THE MEYBRANE (MOMINTLESS) THEORY

In thi: context the membrans theory refers to comsiderations
in ghich the ghell is assumed to have negligible besding stiffness. |
sérictly épeakanga the term "momentloss" theory should be applied
when shells of finite thicknass are being cdnsider@da Ag this theory
is 0ld, the li‘erature in this field is prolific. UWhen appllied to

doubly cuprved shells the followinzg equation is obtained for normal

20
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where ¢ = Alry Stress Functlon,

‘ P FERY a%n  o?
V@ = =3 =3 - 2~ e B
oF o dxdy oadP o &y

In the case of elliptic paraboloid shells vhose middle swurface is

glven by e

x? va
2 = &= b e
aa ]

tho cguation (2.1) beoscmes elliptic, and behaves reasonably whon
boundary conditions are taken into account. In the case of translational

hyperbolic parabrloid ghells deseribed by :=

2 2
2 = Fx e Em
aa ha

or of Fuled Svrfics shells having the equation i

s = by

oquatlion (2.1) bicomes hyperbolic, amd a2s such requires much czuticn

with Tespect to Houndary conditions.

The behaziour of eguation (2.1) when applied $o ghell theory,

bhas been studicd by Flugge and Geylinglo They have shown thal Lop

¢ paribolodd shell with sinplo boundaries the solution is

el

the ollipii

3

renponably correlt over a large area of the shell. However, wien



translationél hyperbolic paraboloid shells are conegidered, it is
shown that inextengional deformations are obtained when the ratio §
- has a‘critical value = a conditlon vhich exists for most values of
this ratic. wien the shell is submitted to normal loading, the
solution obtaized exhibits severe discontinuities which make such
a’solﬁfion ﬁnzaalistico Recourse must therefore be made to the

bonding theory in order to eliminate thees discontinuities.

The mcaentless theory of Hyperbolic Paraboloid shells,

bounded by straight line generators, has been dealt with by several
15

writers includling Parmwa . and Vreedenburgh - who have suggested

that, statlcally, these shells may be annlysed by assuming that the
icad is dividel between a system of intersecting arches and catenaries.

The resulting 3troesse gystenm ylelds compressive forces in the arch

2

irection spdiopwmile Iforces in the catenary direction, These

forvces whon coabined give constant shenr n throuchout the shell.

of

. Tnis can also e deduced more dirvectly from equation (2.1) by

observing that for the Shallow Ruled Surface Shell -

2 2
. %a 9" 3 013
I T Tty weenmcs - J e }x ‘{:@3‘ T = 0 . i\: - errarTy =8 Z{
a, - @ 2 ’ af e
C¢R ay dxd ¥ .

Hoenoe 2R wheliea g GY
25005
2
o 379
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Henze N, = corgtant = o b
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24
The momentless theory of ruled surfece shells involving finite

(29)  pfter deriving

displacements has been dealt with by Tottenhan
the two governing non=linear equations, he suggests how variational
and successive approximation methods may be applied to solve these

equations.
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2.3  THE BENDING THEORY

The wors im this field for doubly curved shells followé
the. thoory developed by Marguerre im 1938 and later by Wi’ll,asov3 '
in 1%L, which ylelds two non=linear fourth order partial differ-
enfial equations. There is no known direct method of molution
for such equationes, and the tendency has therefore been %o disregard
the nonelinear lerms. Thus, Vlasov3 reduces these equations to

L4

the following forms in comsidering normal loading Gy_ .

Vll";é R AVAC w, o= 0
> _010{292)
3
2 g g?l& -
Vs - 35 Vate o -o
=

where ¢ = ¢alckness of shell

5 =  Ysung'smodulug of shell material

] I

vf{.g af aa"‘ . B
[}

1 ac2ap> g

Viasov tool the o and B coordipates as coimciding with the lines

of prineipal curvature of the middle surface prior to deformation.

Munwe®  dordves the Gonoral Bighth Ordor equation for theo

Idvear Arvalyeic of thim, shallow chells irn the foxm i-
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He employs curvilinear coordinates set on the ﬁiddle surface of the
shell and forméd by the projection of the x-y sect of a suitable.
orthoéonal Cartesian triad, and derives the Vlasov Equatiom (2.2) in
terms of this curvilinear coordipate'system.. Pargicular integral
golutions of equation {2.3) are then obtained for translaticnal and
ruled éurfacé shells ;nd these compared with the corresponding partice
~ular solutions {rom the membrane theory. Finally, it is shown that in
the case of translational shells the particular solution becomes

the complete solution when the shell is supported along its parabolic
generators by deep, thin, inextensible gables. However, for ruled
surface shells supported on thedr straight line generatora a aget of
unrealisgtic boundary conditionas are necesgary for the porticular solution
to be regarded as the éomplete solution. For this type of shell, theree
fore, it ie esseantial to obtain a complementary sclution if realistic

boundary conditions are to be satlsfied,

26



27
Ambartsumyan§ converts the Vlasov equations for thin

shallow sheils into a different form and employs a stress-displacement
function to obtain a solution for tramslational shells subjected to
normal loading and having simply supported boundériese He expresses
the loading in the form of a double Fourier Series and then,

following a method first suggested by Khachaturyan, separates the

plate solution‘from the shell solution, thus taking advantage of the
rapid CORVergencs of the remainder. A numerical example of an elliptie

paraboloid shell is worked out.

After follovwing a method simlilar to.éhat of Ambartsumyan,
Flugge and Gonrad7 give results of worked eﬁamplee of shells of
positive and negative Gaussian Curvature under concentrated load. They
infér, in particular, that the stiffness of the hyporboloid iz roughly

equal to that of the flat plate.

Ebumaa

uses a Levy Type Solution for the complementary function
of the elght ordar cguation resulting frohuthe combination of the
Vlasov equations {2.2), applied to shells of positive, zero and

nogative Gaussian Curvature. This solution therefore requires that

the shell be supported on deep,-fhin, inextensible gables on at least

two opposite parabolle edges.

Ap in Bouma®s work, a Levy Type solution has been applied by
Apelandlo %o meclve translational shells supported om two cpposite

parabolic edges. An influence coeifflclent method, whereby odge



disturbances ave comﬁeniently studied; is dévélbpeé Low m@lvifg
actual boundary conditions along the other two spposite edges.

By plotting the real roots of the characterisﬁic;eqaation égainat
certain shsll paramatérs, it is shown that edge disturbances in
.hyperbolic paraboloid shells are damped at a m@ch'gipwér rate than

shells of posiiive Caugsian Curvaturs.

2.4 APPROXIMATE METHODS

2.4a  HYPERBOLIC PARAROLOIDS SUPPORTED ALONG PARABOLIC
GENERATORS. ’

o

After carrying out an exaéﬁ apalysis Eou&as apprcximatés
the roots of the auwsdlliary equation of the elliptic and hyperbo
paraboloid trarslational shells. FHe shows that the method of amalysis
vhereby & solution ig obtainmed by the combimation of the membrane
theory and the ﬁhe@ry of the elastically supported boam is appliéable

only to the elliptic parabolold shells supported on four sheap

diaphragms. Arn approximate method for use in other'casea is suggested.

2.  HIPERBOLIC PARABOLOID SiELLS SUPFORTED ALONG STRATGHT

LING GENERATORS.

-

In concldering these sheolls, Reimmnerlg' in the fixst¢ instanse,

assumos the enistance of the typizasl odze effect. Eeo analysmes these



effects for the shell supported on deep, thin, inextensiblwe
struoctures, and cbncludeé that such effects are admissible pro-
vided that the ratio of the shell thickness to shell rise is emall.
However, the bending and membrane stresses in the edge zones are
ghovn t6 be of comparable order. He points out, ﬁowever, that

the obvious criticism of this appfoach is the fact that the comsider-
ations leading to his conclusions are not rigorous, since it has

boen assumed that outside the edge zones only the nmembrane state

oflstress exists,

Gerardla

has obtained solutions for three types of Ruled
Surface Shells supported om straight lines. The displacement come
ponents u, “ﬁ » uY are assumed in thevform of polynomials,

which satlsfy the boundary conditions omly partially. Alﬁhough
Equilibrium conditions are not fulfilled he applies onergy metheds o
detormine the constants of the displacement compononts, and points

out that the results of the solution for one.type of,sheil con-
'sidered campare very favourably with test results. A gorlous criticism
of-Garaéd"s work; is that in meetinglboundary condiiiéﬁs he considerz

the mean value of an error function, instead of the preferable

method of minimising the square of this functlons

Das Guptall expresces 1n non-&imensional Lora the {tuwo fourth
crder equations governing the bending of a Ruled Surface chell.
{ising Finite Difference methods he obtains a selution for ¢lampod

odges and remarks that the resulis are in agreemsnt with those obtainsd



Ao}
o

fron a test reported by Jones>0, The method could be extended

to deal with flexible edges, and more accurate results in the

important edge roegions, could be achieved by using a closer mesh

in these reglons.

© - The Levy Type solution used by Apeland and Pbpovg for
translational shells is extended to deal with hhyperbolic paraboloids
cupported on their straight line generators. However, in order to
achiove a solution, a set of unrealistic boundary conditlons are
assumed along one pair of opposite edges. Despite this fact the
method proves convenient for studylng edge disturbances cmanating

from the other two edges.

An attempt to study the effects of bending disturbances
at the odges of Ruled Surface Shells has been made by Bleich and

14

Salvadozi. who use Inergy Methods to derive the three goveraning

equétiona. For Gd = G% = Q, and agouming the solution in the

form v, = uB = O the threehequations reduce to one similar

to that for the plate supported on an clastic foundation. The

reduction of this equation to one similar to that of the olastically
pupported bean ls effected by assuming that thoe disturbances in
coordinate directions are independénx of each other. As in Reiesasr'sl3
work, the membranc and bending atressen are shown to be of the same

order in the edge regions of the shell.

In a brief dlscuasion of bendisg effects -im Ruled Surfeco



Shells, Vreeﬁenburgh(ls), in a manner similar to that of Bleich
and Salvadori, reduces the eighth order homogeneous equation to
a fourth order one similar to that of the elastically supported
‘beam. It is suggested that for this purpose the shell may.in a
small region be regarded as a translational surface of ¢ircles

baving radii equal to the principal radii of curvature.

With the assumption that u“ =u, =0, Munro(as)

8
variational method due to Kantarovitch to esolve, for certain

applies the

boundery conditions, the fourth order equation obtained for the
hyperbolic paraboleoid shell bounded by straight line generators.

He compares these solutions with that of thg ordinary differential
equation resulting vhen it is assumed that the iypical edge effect
phenomenon is present, and then shows that the solution oﬁtained

for the partial differential equation by uéing polynomiai functions
is dependent on the selected polynomial, His work includes the
applicatioﬁ of.Rayleigh functions to solve the fourth order eqﬁation

by the methods due to Galerkin and Kantarovitch.



In applying an extended Levy Type Solution to a hyperbolic

(18)

paraboloid shell supported along straight lines, Loof assumes

the following bounduary conditions:

1) Uy =g = U = 0 at all edges

(a) u = B3 =y, = O on B edges

2)
('(’:).u.‘3 =n =u, = O on a edges
u d
‘Also -'gs =0, —fa-g = 0 at midpoint of edges

These boundary conditions are more realistic than those used by

(9)

. Apeland and Popov'“’, since tangential shear stresses are transmitted
to the boundaries. A modified collocation method is used to satisfy
the four boundary conditions at six points in the interval of
one-half edge and the resulting 24 equations solved on a computer,
The behaviour of the edge momeﬁt is then examined for large values

of a shell parameter, which reveals that the two sets of boundary
conditions assumed yield almost identical results. Further, the

moments display a highly damped character,

XY

o



He, therefore, infers theAnégligible effect of transverse
displacement at the edges, and then considers bending disturbances
from one edge only, independent of effects from adjacent»edgeso
The results of this approximation give very good agieement with those
obtained from the more claborate collocation method. A rapid method
is also proposed for dealing Qith;such factors as tie bar extension
and edge boan movements. In thie thesis an attempt is made to

cheok the vaidity of this approximate method againat test results.

2.5 REVIEJ OF EXPERIMENTAL WORK

Up to the present time, very few tests have been reported
on chells of negative Gaussian Curvature, and the majority of such
testshave been carried out on models as an ald the design of prototype

shellg.

Ieicester and Hasseylg have ‘described tests ona 1 : 16

scaled model of a system of hyperbolic paraboloid shells consisting
of six "petais" resting on six»énpportao The model was made from
polyester.resin,.-The recults presented arc not sufficiently detaiied
to pormit genoral conclusiois. However, they did indicate tho

presence of guite large.bénding moments even ia reglons woll romoved



from the boundarios of the shell. There wem algo a marked tendency
fbf the actions to concentrate towards the low corners of the model.
An attempé vae made by the authors = though with only qualified
succoss - $0 compare resulis from the model test with the actual

behaviour of the full scale structure.

Flintlga has reported tests on a %'ecaled model of one of
a sot of five soparate quasi-hyporbolic paraboloid sholls. Different
loading conditions were investigated. Their results:ehoﬁ‘that the
si:reaaea were not in agreement wifh the wmembrane theory; the v't‘!af'ormétic'm”
V’of the boundaries playing an appzrently eignificant role in the shell
behaviour.

A series of testscarried out on three scaled models of
hyperbolac.paraboloid shells supported on thoir straipght linc gemerators
is;reported:by Rowe P, Ono of the structures wag a multi=sholl
in the form of.an inverted umbrella and’another in the form of agrillage
of berms. Flually, a shell srighout adge beams .waa tosted i‘ér .
regearch purposes. In the muléi-shell téet, agyrmetrical and edge
londings were considored. No attempt was made 0 compare any of the
results wvith a bending thoory, but.thoy shoualthat the bending stresses
were of the aamé order as the membrane stresses even at points well

removed from the edges. Gonorally, the membrane theery proved upsatise

factozry in predicting the behaviouwr of these shells.
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- Ineluded in the report by wae was a test on a oﬁeétenﬁh

goale model of a hyperbolic paraboloid shell on straight line
generators. The test»hasgbeén more fully feported_by Johesao; The
model represented one-guarter of the actual structure aéﬂ as-in

the prototype the‘edges vere tﬁickengd. 'xwo 1% " dia. Lee McCall
Bars ware used to simulate rigid abutments. Here again, the test
shovwed that bending stresses in the interior of the shell were of the
same order as the membrane stressée, both types of stresses increasing
rapidly in the vicinity of the edges. An interasting point brought
out, was that although the tangential'shear stress ( é&ﬁ) vas not
constant throughout the shell, its magritude in thé interior was im
regsonable‘agreament with its value from the membrane theory. This
theory, however, when appligd.to pafté'near'fhe:edQEQ gave results
very different from those obtained in the test. The actions tended
to congentrate towards the low corﬁeré; and the important influenge_
of size of tie bar was bourne out. The main “erdticism is that

the boundary ccaditions in the model dld mot conform to those of the
prototyps. Hence much cautioﬁ must be exeécisad when predicting

behaviour of the latter £Poﬁ those of the former, since boundary

conditions are of such great importance in this-fype of shell.

Iauletat?®

reporés techscarried out on a brick hyperbolic
paraboloid shell suprorted oa straight line generators. The tegta
wore intended wo gtudy the statics of chis type of shell wnder vniformly

distributed leading. The author infers that the shell behavicur

35
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diffored considorably from that prodicted by the membrane theory,
and approached that ¢of a plate. Another important conclusion is
that the stato of stress vas rot influenced to a great extent by
¢hange in the rigidity of tho edge beam. Thie, incidentally, was
not bourne out in gimilar tests, roported in this thesis, in which
the edge beam rigidity oxerted considerable influence on the sghell
behaviour. On the bagis of his test results, Iaulotta has proposed
an approximate method of deslign vwhoreby the entire load is asauned
carried by the arches having downward concavity, with thoir onds
regarded as hinged. The Bending Homents are then approximately assessed
by assuming that the ocurve of pressure in these arches scargely

renohes the extremity of the inertia’s korae

Tae fibat systematic . tests reported on shells of negative
Gaussion Curvature vere made by Munro and‘Ahujaled and alo Teats
wore conducted on two types of hyperbolic paraboloid shells of
reinforced concrete mortar, both shells having approximately similar
dimensions. The firet chell, 8' - 10%p z 8" -0t z 0,78"
thiock and supported on parabolic genorators, was comstructed to simulate
simply Buppofted boundaries and wag tested under various loading
conditions. The second shell 8° square, Ep thick, was supported
along straight lines by flexible steol edge beams, and was construpted
in guch a manner that vortlcal and horizontzal displaccments could

be imposed at the cormers of the shell. Studs were inccrporated



: : 57
in the flexible edge beamn, so that edge stiffness could be varied

by affixing additional edge beams. In the first shell shrinkage was
significant, mainly because of its considerable effect on ahell
geometry. The main object of the test on the translational chell

wvag to cl_xéck whetﬁer by expressing uniform nbmn; loading in the form
of a double Fourier Series the particular solutién cbtained could
be regarded as the complete solution as is the case im theory, .

It vas found that the displaccments obtained experimentally shoﬁed
quite ghod agreement w:!.tﬁ theory oxcept mear the corners where nonulihéar
tendencies wore et_rident; Test méments and forees, howéver, did ﬂot:
shov such good agremmenéa The Ruled Surface shell wag teaﬁ:éd with
imposedlhorizontal and vortical displacements at the low cormers and
unde;r unifo§m vertical loanding. It was shown algo that the shell
displacementzwefe’almost entirely dependent on the herizontal stiffness
of the low corners; and that therfore any form of solutlon for §h5.5 '
ghell which doos not attempt to satisfy the corner conditionms, could

not be regarded as satiafactory.

_ In ébﬁég.ﬁ;zmtion of the Series of tests Being carried out at the
Inperial Coliege of Seience and Technology, in connection with shells
of negative Gaussien Curvatuve, Sorivenor =2 tested a reinforced.
coment morter hyperbolic paraboloid shell 8! - 10" x 7° =4" x ‘2*"
thick, and bounded on parabolic generators. The testsweoro intended
to chock whether the lavy Type Solution for these shells as reported

by Bmms in patisfactory. Tawa two'oppoaite edgss of the ghell woro
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supportéd>on supports vhich simulated deep, thin, inextensible ‘
diaphrogms, while different boundary conditions could be imposoé

along the other two edges, each of vhich tonk the form of a flexible
ateel odge beam provided with studs ¢o take additional stiffening

beams. Tho experiments showed that the size arnd shape of the edge

beams had considorable effect on the shell behaviour and that any
attompt to amalyse thig type of structure by the membrane thoory

alome would be grossly inadeauate undor the boundary conditlons of

the testas ﬁ%@m the point of view of displaccments the thoory predicied

reagonably the bohaviour of the shell,

2,6  DISCESSION OF PAST RESEARCH

The majority of tesimreported so far have been carricd ouid on
models as an ald to design. Therefore, these teslpwore designed to
favour investigation of parameters appropriate to the particular
problem undex considoration. Although the resulis from such tests
hove beon of great value Yo The designer, espseially in cases where no

ezact theordies exist, it ds difficult to formulaite on such basis any

theory for a problem consisting of so many paramobors.

The inadequacy of the membrane theory for shells of negative
Gavsslan curvaturs hag been confirmed by teots. In gome cases, this
. theory gives an indication of the'magnitude of siell stressos in the

interior of the shell, but proves useless in the important edge



regions. Only ip isolated cases was the typical edge effect
observed experimentally. In the majority of the tests the moments,
for instance, tended to increase away from the edges of the shell,

instead of being rapidly damped.

There were several problems commonm o all experiments in
-which electrical resistance strain gauges were used. Thelr behaviour,
paiéiculérly in connection with their use on concrete shells, has
been so erratic, that any conclusions based on forces and momente
deduced from these gauges have been made with much resepvation.
The formulation of a theory from such results would, theroefore, be

openr to queation.

It appears that, ae yet, no satisfactory theory exists for
hyperbolic paraboloid shells supported on straight line generators
and having realistic boundary condit;onso All %tests on such ghells
confirm the tendency for the load to be carriod by the supports at the
low corners. The important influences of corner stiffness, tie bap
stiffness, end horizontal foundation movements, on this type of
shell, have been amply bourne out by tests. It is significant that

193

. the test roported by Lauletta reveal the relative unimportance

of edge beam mtiffness; the opposite effect has been observed in

tests carried out by the author,

Solutions have been obtained for hyperbolic paraboloid shelle

eupported om thelr parabelic generators, with szimple suppertsc on all



four edges or on two opposifa edges only. So far only &wo sets
of experimenin have boen reported for thls type of shell, and the

experinental regults agree Teaconably wilh theoyy.



CHAPIER 3

3.1 GENERLL

In the following the gemeral linear theory §£ shallow,
doubly curved, thin shells of constant thickness, and having middle
* surface of sécond order, is considered. Porticulsr emphasis s
péid to shells of negative Gauasian'curvaﬁure with special poference

to those bounded by straight lime generators.

The Ccordipate system shown in Figs. (2.1) and (2.2) is

that used by Hunzo”

%, ¥, = is a suilable orthogonal cartesian system

@, § are the cuwrvilinear coordinates on the middle
aurface of the shell, obtained by projeotion of

the =, y set.

Y iz the direction perpendicular to the {( o, B )
3ete In the case of shallow shells, the

la, B, v) set may be rogarded as orthogonal.

| 3% o 8%a
For second order surfacos "5 8 =5 » have
ox oF OxR3y

conplant valves everywhere on the surface, and in the case of ghallow



ghells the following approxivations are valid :=

3 6a$
e oz el N
R, ¢ on
3 Baz
o KE g 3
) RB oF
P
(s I
e;i.cw = K’cg = oo
ng N dxAy

vhere oY = the twlst.
af

Rm andd R, are the radii of curvature of the middle auvrface

P

in the o and B8 directiomns, respectively.

The second order suriaces considered are the hyperbolic paraboloids

gliven ag fe

2 2
Translatlional Surface : a2z = Zo o X
2 2
a b
Ruled Surface : g = kxy

3.2 DIFPERENTIAL EQUATIONS

=

Munre” kas shown how to derive a linearly indopendent seb



of eleoven equations in terms of tho eleven variables shown in
Fgo (2.1), in which the pogitive directions and axes are also

indicated,

U, s “p » “Y are displacements of the middle surface.

All forces and moments are given per unit length of shell measured

in curvilinear coordinate directions.

n np » .nu@' are tangentlal forces.

q, » qﬂ aﬁe normal shear forces.

m, s mﬁ o maﬁ are moments.

G, » Gﬂ » GY : - aro loads per u§it grea of shell surface.

The eleven equations derived, after neglecting second order
terms in expressions obtained from the equilibrium, strain-

digplacenent and stresg-strain relations are !«

dn on )

= 0 00(301)
da ap ' @
an on
3B . B G = O 0e(3.2)
da, ap
S em. o em
o o+ _ug.ig gqa = 0 oo(}os)

da ap



ie@og

i®

)

R
-+ eer = qﬁ = O oo(soll’)
ap 4
da, n 2n n |
—L s 2 . B . B . 6, = 0O 00(3.5)
9B R, Rep Rg
an u_
By (~—= = <) 0s(3:6)
3a R“ .
Bt oun aua u
Bt B . %) . gy X 2o (3.7)
2 & o : Rmp '
ou u
Lt (m@' = —l) 00(3_08)
p Ry |
2
3 o u
312 oa
. 5 azu
J B X e0(3.10)
12 dadp '
3.2
i, - o u .
< EE” "‘"”é'}: oo(Boll)
12 ap ,
whore ¢ = ghell thickness
E = Youngs modulus for the shell material

In thie thesls only normal loading 'GY is conaidered,

Gm = Gb a 0 |
(5) .
The oleven cquations above, may be combined to give

L}
the following eighth order limear equatlon in terms of :a.p $~



\a,.r,.azya 12 TT 4 1257 2 o2a : .
Vifs « BV - -BVE o e

&

whora vig v:a.l# Vf

ko

o Iy at 3
Vi aat  acfap® :;;ﬁ

The elghth order equation in terms of .5 o8R aleo be

dorived as two fouwrth order equations,viz ie

5 :
2 Bt Ly - -
Ve - - VAR -6, 00 (3.13)
B, g 2, .. o 5.1
VEL ¢ L 01 VR u‘.r' = 0 | eo(joliy’)
‘ 2 2 2
whero vRa = L 2 3 © 2. 2 ek e Q=.,.
' R@ o | R@{i da: of L

¢ iz the Airy Stress Function defined am :

e 2 2
e T = B
2f oa : oaop

In the case vhere the o and P axes coincido with the
lines of primeipal curvature, the equations (3.13) and (3.14) give

the Vlasov equalions

3 .
W - 1 % | GY 00{3:15)
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B v T 2 " \
Vl g - Eg Vx' uY = 0 .00(.?016)
B 2 2
wh@re v 2 == egr‘-w Qaaazs 4o élln Qm

b 2 2
Rb dx 3@ ap

'Bonn:as further conbines these equations to give i~

52 \7 8 AvAr v |
" V1 u, + B vr v, vl G? . 0a(3.17)
5 . .
or . Et 8 L ~o. 2
v 12 Vl ¢ + E vr ¢ = = B¢ vr qu 00(3318)

bwhere ‘7;“ = ‘3;2 ‘g;?

Equations (3.15) = (3.18) apply to tramslatiomal shells bounded

by parabolic gensrators.

More generzlly, equatioms (3.13) and (3.14) combine to

glve t=
3 .
B’ {78 . . b . EM =
12 . 1 uv + Bp VR Lq{ 1 GY .aov()elg)

For Ruled Surfage Shells :=

a

R 30,39
L 2 3
V% = BK =

do 9P



u

and equation (3.19) becomes :-

) " . .
et o ‘ ]
& Vle w o+ LB 2 Q?L.é, = vll} @ =+ (3.20)
12 ¥ do of Y .

5.3.  PARTICULAR SOLUTTONS

Teerbolia Paraboloids

Translational

3033
K pardicular aolution of equation (%125 i3 obtained by

cxpressing the loadlng G dn tho form :-

¥
S E % ' (3.21)
G = 5 ¢ . oa 5,21
&, A ¢s w2 CGos nf Dv
291,3,5 a=1,3,5
viere m = &, a = & (p apd q odd)
lca, lﬁ ,

and 1, lﬁ are tho opans in the o apd $ directions

regpsctlvely.

a_ (o, ) Con BB% oz 988 gnap
¥ 1 1

I i G’f (a, p) Cos =2 Coz n@ do A8



For unlforn loading G, 48

2 = u//\ Cos m Cos 18 do dp

which gives :-

nfg

16a
% o e ( pand qodd)

'napq

Taking the first term of the geries gives :i-

166G
Z - 'E:x
7:2
Since for translational shells ¢ N S O, then :-
: R
af
Ve - V2 - = 2,2
R r 2 2
Rg da R, op

Equation (3.21) with (3.12) give the particular solution for such

shells as =
l2m gj;i + ‘zf. ]
¢ \ Ry Ra
nﬁo = = 3 > 2 cos mx Cos nf
w2 + @)+ a ., B2
t Rﬁ R“
L ‘ -
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.a n ) 25 ) Eh-ﬁég il g Sin ma Sin zp

a
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a8 apa 3¢
. 2 Eow oo
%’0 s -y - B P Sin np
& c S

Frog equation (3.8) with Gﬁ =2 0 e

2 o)
2 Yon omy” 2 B w o .
T B e o a ey e % Sin no o3 'nd
o ap & e i
o 2t o of o o
L]

R
c

aua a,

mats o weTreo

de b2
: 2h K po
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LT o wsilmesw 7 Cop man Sin nd
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EFrom equation (3.6) :=
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Equations (3.6) and (3.8) combine to give :-

2
£t VR?. 0"{“2 S ‘73.4 s

d
‘ 62 ball 24 K a ﬁ!’n 2 2
oo i e "'“% 5 @ w e {m"+ 0%} 2 Sin o Sin np
Y dam t c ’

2
32 (o v )
2 Coo ma Coxz nB

[+]
= e sersgemy;

u 3 -
¥ E?;a-' c

Momonts are obtained by differentisticafrom equations (3.9) = (3.11)

ag follous :=
2
e
cﬁ(m‘*-na)

o L] =
o c

% Cos ma Coz np

a
20,2 . .2
o n.(m n)

E’IB o

= & Coz mo Coz nf

2
nnla® * n°)
% Sin my Sin 0l

i =

CL'D
v c

Yow, on exawmipning the above oxpresszicrs Lor actions and

or the particular golution to

P

-glsplacements, 1% is meen that
become a complote solution the following boundary coenditions must

be satisfied :=-

A o = = At p = tls
2 2

n_ = O

w = 0
l' Dﬂ‘
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The loading @ 4o taken as 45 1b/ft° = 3125 1b/in°,

{ Ny S s 3,038 19h x 1077 'J.n‘"]"

£ 2 = a  9.261 005 z 1070
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) I ) = 10.709 256 = 10
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& 12 X Qaﬁﬂz 228 *x 10 % cop my Cos nB

2.025 x 10° % 927.30k 633 x 10712

vhich gives :=

uT° s o029 314 2 Cos ma Cos np
-2l
o é; Rﬂ@ n° n '
By @ LA ~ % Sinwe Sin ng
¢
w T 03 =3 " , - -5
n =2l oz 3,038 104 x 10 7 x i;;% 882 x10 " ., Bin co Sin 00
0.5625 x 927.30h 633 xx 10 '
nﬁ" 8 = ,160 309 2 Sin e Sin nd
L
o 2 K, mu’
n = = 3 e—immeees 5 Sin mo. Sin nf
a t N c P .
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B
1% & ~3 ~SSee— 2 Cosmo Sin g
0' K E.: s c

2l 1 3,038 194 = 1072 = 3.50h 60 10"5

-1l
2,025 000 % 10° % 927,39 633 x 10°2

2 Con o

421
=
=
3
G

eagd ‘ .
v ? = o136 074 x 107 % Coo e Sin 0



2k X o
w.’ = = e 3 Sin me. Cos nf

P Ee®  ©
uao = 136 o7k = 10 3 Sin mo Cos 1B
2
2¢ 2,2
n® o BXEEED). 5 cozme Cos np
@ c

ket - e—lé e -y ‘6
. 20,709 256 & 30 " = 1.587 528 x 10 © Cos ma Cos 8

927,304 633 %110

4]

m,~ = 5.29753 % Cos ma Cos nd
2
2,2, .2
m,? = ol xnl) 2 Con ma Coz np
P ¢
mﬁ° = 5,29753 % Cos mo Com 28
2
2.2
m 0 = =nlel_ta) Z Sin e Sin np
af c :

o]

mcn,gﬂ = = 5,29753 % Sin ra Sin 08

For the firsot Zorm of the sexies lo

7 = A2 g = 22 % 03125 = 5086 .'Lb/':tna
7‘_2 s ﬁa

The masdoum volues of the astions and displacemenis are gilven



°© = .7,160 309 Z x 10° = = 81.2 1b/in. at corners
n® =2 < ,160309 % x 103 z = 81.2 1b/in. at corners

n ® =  .160309Zx120° =  81.2 Ib/in. at centre of shell

r goro at edges
ua? = L1336 O74 x J.Oua % = 068§% s l()"'3 im at midspan of‘édge
“@O = " :‘ o o689 x 107 in. "
w’® = L0205 2 = L0149 in. at centre of shell
a® = 5.29753 2 o 2,684 1be 4ns/dne "
Bg® = 5.29753 2 = 2.68% 1t, 4n./in, "
m@; = 9‘502'9753 z | 5=2,681 190 in./in, at covaers

In comparison, the membrane theory, dealt with in the next gection,

- gives i~

at all points on the shell

n@ ] nﬁ o 0]
G .
n « o s = o 22329 =3 = = 51 ali'B 1b/5-310
f 2K 2 x 3,038 194 x 10 B
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Tie Bar Force = 2n, x 96 Cos 45° = 6981.3 1bs.

af

3.b THE MEMBRANE THEORY OF RULED SURFACH SHELLS

This subjeet has been covered in some of the references cite&
in the biblipgraphy. However, the theory will be briefly dealt
with here in order to show how the shell should behave if the

membrane theory is applicabln.

With GG = Gﬁ = Q, and neglecting q,, and qﬁ,

equations (3.1), (3.2) and (3.5) become :=

on on
_& + o - 0 oo (3024)
o op

on "8
—@E - ;E@ o 0 oo (3025)
3G op

n on
-2 & 2B + E + @G 2 0 00(3:26)
R R R Y

@ af P

On intrcducing Airy°s Stress Funetion ¢ the above equations can

be reduced to tha~fopp te

vﬂagﬁ + 6. = O | 0o(3.27)



: ' 8
Toe Stress ~ Displacement oquations (3.6) « (3.8) may be combined 2

to give i=
Vits + =\ A (3.28)
3, Zla R aaa aolds
er vl“gi + Etvna u = 0 0e(3.29)

If: iz well known; {eegs (1)), that this cquation (3.27) gives
acoepéable semlds whon applicd to sholls of positive Gavssian Curvature;
~ Adn which crso tho bquation is of elliptic type. In .the caze of
‘eholls of nogative Uzussian curvature, the equatidn beccmes a
hyperbolic oné, and it ia diffioult for goneral boupdary conditions
to be met. The:a éolution of the problem is unrealistic, and it is

therefore necessary to apply the'benﬁing theory.

In particular, for Ruled Surface Shells,

K = L o o, K R 0 and
') R 2] R .
e P
oquation (3.27) becomen :=
‘ 2
3 =
-2 K £xTtn = 3
ap dodp ¥
2 e} . ' .
or 8.8. ., . 3 00{3.30)
acap 2K ' -



ap
BRI g
fule)

g& 33

""‘x"“’ o ,G i f(@)

H o ap + 2 (@)dn + £, (p)

The genoral solution is therefore :-

¢ =

4 _
~Lm o o+ £ (@) + 2, (p)

2Kimﬁ

where £, and fa are arbitrary functions of @, and §

1
respectively.

Hence

2% iz,
@ B ap
2% a’r, |
n = oI = ) o0 (3051 )
B 32 da®
2
3% G
n W o sewzaecRm = = w—Lm
B 30p 2K

In this resultant simple mtress system the action =n,,

for example,

15 constant along a particular generator (&), and

only varies along the other genorator (B). Thus, 17 at any

adge O =

%? it is specified that n = O (floxible edgs

2



3

i

boam) then it follows that n_  vanishes throughout the shell.
The cerresponding result also holds for nB ,“ oo that, in the

cage of flemible edgo beams, n, = mb' s O over the entire
shell. In this case the resulting stress system is glven by :=-

G
£ = u:x..:n:v '

oslBs32)

1% would appear that by trimming the edges of the shell
in such a mannsy $hat the supportingsiructure is able fo resist {the
tangonéial shear forces n, a8 2 the membranefbtate of gtresn c&n
be achleved., However, if the deformations Af the ghell apd of
the odges are such that continued it Ls not ensured, then disture

» .

bances in the membrane state of slress will develop. This is

generally -the case in practice.
For purposes of comparison with results of the teets carried
out, secne lmportant points regarding the membrane behaviour of

Fuled Surface Shelis are summarised =

1) UYhen the membrane atave of streas exiots cho uang ential
stress resuliant acting in the dizection of o

gensrater io constant along that genoraton.

2) ‘The action = (o u@) moy assumo an; arbltrary valun



k)

along a papticular generator, provided that this
arbitprary value is also presoribed at the edges of
the shell. In the case of stiff edge beams, for
example, since a, and nﬁ are nq§ zero at the;
edges, then these stress resultants should have a.
value, along a gensrator, equal to éﬁat at the edges. -

In the cage of flexlble edge beams Qa@ and n, = 0)

B

at the edges), these strese resultants should vanish

throughout the shell,

If the conditions ia (3.32) are fulfilled (flexible

. edge beams) then at an angle of 45° to the gensrators

the principal stress resultants (tonsion or

compression) are everywhere mumerically equal to
2 S
aB

fg with other shells, in general, the membrane theory

adnits of small deflections and bending moments.,



35 APPEDXTNATE SOLUTIONS FOR RULLD SURPACE SHELLS

TG appeso that no catdnlsptory thoody hes yet been evolved

Zfor hypasholic pazaboleld ghells bounded by stralght Iine genorators,

-y By - T . -y o DL - " ’ %
and hoving monlisbic bounfary fondiftionc. fovaver, a nvmber of

o . . . . R 5
attemptn have beon mado ab appromimate solntions {(Cego =, ”5@ 100}0

Immediately Lt muot be pointed ont tha
cenditions assumsd . in ovﬁﬁ“ to achiove a asolufiion, arc mot renlisile.
7\36 *

The method proposed hy I congiders approwinmately the effeot

of edge beanm deformaiion,

A s Gl 3 - DA Dl -~
v may, howvever, be ingtiuctive to compavre The o

2 . e ¢l A P - & . » .- 3 2.
bebimviow of the r"hall wish {hat predieted freom ths opprorimass

O Al D man eTned s o o oy B X e . oo . 8
solutdons and for this roascn the laster ave noy vonsidersd.

L8|
<
0
o
i
g
Fjas
HA)
%
3
fz
-
U
b 3
<1

Laioh and Salvadend

)
Saladori™”

below from tho sst of eguations {3.1) « (3.13) for ¢

ziven by e

Foom ecquations  (3.6), (3:.9), (3.8) amd {(5.1) -

o2
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4 2 2 .

o, d 9 u

m"’g' 4 % ( ﬁ o+ g ) » G'q' 2] ) O 00(3053)
aa 90,08 op

2 ) 2 .

o d o u /

2 s gl s w8y g a0 eu{3u)
3p 3ai 2038 8 |

(1]
¢

Egeations (3.3) and (3.4) combine with (3.9) = (3.11) %o give

' ne D
aqu a% By ‘ I

=2 b e e \[ by s 0 L eal3.35)
20 . op 2 1LY '
Feom (3:35)  eand  (3.5); putting gﬁ = f}a‘ : 0 ie

By 2n
- \/" . ~28 . 6, = 0 oo {3.36)
12 B
Subotitubing from (3.7} into (3.36) gives te
' ' ou, o 28 ‘ 12
L .
K VI’ v, = ;“’g’ R’ ”"”@' SN o '”é“ !@1! e R ¢ 00{3037)
o 3o T Tome T

Wow considor equations (3.33), (3.34) amd (3.37) with the

solution givon by tw

) = on @ 0, asgsuring O = @ = O

J b

-

rd w“d 3 e ~e 1 Pan] gy o[PS 3 ey 3 T Y T -
Then (3,33} and (3.3%) avo sotioficd, vhile (3.39) siclds te



Gt
12 .
e TS
Fur oz Fu s s .3
Bquation (3.38) do gimilar in form to that for a plate supporied

on an elastic foundation, viz:=

" k ' 12 . ‘
+ = e : ’ ool{Bed
sg?i U - v, © =3 QT | k {3.59)

vhich shows that under the aseumed conditions the equation for the

shallow ghell can be doduced from that for the elastically supported

nlate.

The particular solution of (3.38) is taken in the form i~

L)
” (o} = . 00(3031-03 '

¥ aEtB?

Iz furﬁﬁar 'uy iz to be mero at the edges of the shell, &hen by
elimipating n?P at the edges bending dipturbances are introduced
in the shell. Also, if it io sdoumed that those bending digﬁurbances
in a direcﬁioﬁ at right angles to an edpge are affectcl only fo a

small extont by those parallel to the cdge (i.e. mgix 'ﬁff 8° “Y)

'then.equation (3.38) reduces to :=-

d'u 2k iz
=X = fu s -5 @ - 2o {5ah1)
) & v g’ ¥

L
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2

b p!!. R e
diore & 57 = Sigee and 9 .m LSS SR
& L

)

L4 dn movw sesn fHal oquation (3.42) i pisndlor To that fom o
bean on elastle foundation. The solution of {his equation appsoic

in rpany ctandard Scmthools, c.ge 'i‘imcaben!:o"?.

Yor the hyperbolic paraboleid rhnjﬂ gquare in plen cquation

vela

{3.41) wiy alco be written in the form  ie

{s
g ‘
-on u . - - %
FL womye 2+ Gy, = G oo {ett5)
an’ v ¥

%Y
O r
3
<<
L
2
&
f27
Q
=
O
=
]
)
e

vhepre © = IFovadablon Modulng, dofined

4]

o 2 oty 3
L 1) ( 1{3' v n.'ha

Equation {3.45) becomny e
g Cu, a
U.WL A s § S

o

.
dey B ne



a*u,, G 12 ¢
or W{;&L -4 D & m.!:
da B2 /12 o

.
-

By definition, the characterisiic length % ia Q'I.Ven byl-

1
4 2,
% L ;\ ~.a§¢d2£'§?..)
28 X~
1 v 1 0075‘Vt
@ @ ° -}1‘; m&"&”ﬂ'ﬁ i .

A
&
]

=0
vi

- i PR .
w, e (01 Cos My Ca Sin ?.uz)
oo(Bul‘:‘z\")

o OQM (03 Cos & - C!:_ Sin M)

where cl,, ca, 03 and Cl} are related constanis.

If the disturbances from opposite edges are independent of each othew,
{typicod edge effect) them the Comstanta G, and C, are zero, and

aquation (3.4b4) roduces to =

N, p
v, = o ((33 Cos Mo, + € Sin Mo} oofHh)
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The boundary conditions to bo investigated are thone corrvesponding

to hinged edges and clamped edgen.

NINGED EDGES

Lat P = Shear at Edge. The convention adopicd is 4

ghevn in Fig. (3.1).

It ©ollovs from the definition of Foundation Modulus €

that at a great distonce from the edge the deflection is given by :-

o Y
n -2 e A4 b
‘Y co()c .6)

The met deflection v, ot any polnt o , may therefors be

obtainsd from the suporposition of the constant deflectlon uT
and the upward deflection caused by the edge shear P alone. Honce

the followine boundary conditions :-

: 0
uY!

AL g = 0

Edge Shear = Q = P

In the following the solutions for uY” P, otc. ave dorived fren

and Den Hartog26a Firstly, the

\Jt

. . . .2
expregsions given by Hetenyl

following expressions are defined -



a

&
- —

G), lbfm.
NIRRT
777777 777777777 7770

Fournidation Modufus = C

Derrecrron

AC7TroNsS

LFOCE TINGED

FIG. 3.1.

G Whn
LHH"M/HHH;

N
[oundation Modulus = (

.OEFLECT'/O N

M MrdM

a«

Q QArd &

AETIONS

LOCE (LAMPED

FIG. 3.2

SEMI- INFINITE BEAM ON ELASTIC FOUMDATION




o0
Sy

P, Oa) = ¢ (Cos A + Sin 2a) 0o(3.47.a)

F. (a) =2 (g ) (3,47

‘2 ¥i(] = Q in Ao 0Cf(3°x+7°b)
“ha,

FB () = o {Coa A = Sin M) oo{3.07.c)

R, () = ™ (Cos ha) oo {3al7.d)

Due to edge ghear P -

20P
3 an | Coew W a.o‘?ok' .
l.!,r p T (Aa) (3,18)
e}
u, R + u
Y(net) t Y
a 2AP
s F, (2a) e (3.49)
C Cc

From substitution of the boundary conditions :-

a 2\P
=L - &, (0)
C c

Edge Shear P = o'o (34:50)

Y Lo

And deflection at any point o is given from (3.49) :-

(o]

G
uno= Y - X
¥ 5 C Fl;, (Aa)
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q .
1.0 u » £ |1 « F (a) (.51
¥(net) c [ b 0082 5- )
du G ,
do, c do
G
" <l Y (2a)
.c
dau 2 5
Moment:-m:-—--%aahe = F, ()
. do, Y c 2
Put by definition = s e
c 15
fx :
M = . Qw) 0o{3.52)
02 2
The maximum B.M. occurs at A = ;-::,, i 0 = %;,
Tnis gives [, (Aa) = .322%
G 0.16 ¢
Max BuMo = o322h4 "2 = —— 0o{3:53)
| an A
CLAMPED EDGES
27

Thls case has been vorked by Timoshenke . With the

convention shown in Fig. (3.2)



71

“Ag :

u & --—--—63 PCos Ma « A M (Cos M = Sin M):l
v 2)’ EI °

R ~ ,

oo ~""""‘2'-"'"“”' 4 L - ool 35!
0w, ® g o P T, () L A () (3.54)
du 1 B -] : o
—-L & . PF, (M) - 2a M T () 0s{3.55)
da a2 m Lt o "k ,

If there were no edgeforces the deflection everywhere would be .

G .
u o = —x 00(3556)
¥ c

Now impose edge actions to bring the resultant doflection, and

slope of the edge to zero, i.o., the following boundary conditions :-

G o
At o = O N o= e ot
Ll ¢
Y 00(3057)
du
=t = 0
da
o

Subatituting from (3.57) dnto (3Z.54) and (3.55) gives :=

G
M P
! 00 {3.58)

J
&
]
> (@




1t * .
u‘\r< ) = c.—:‘; 1 - Fl (?\(L) -rl ) ) oc(3b59)
*{not C . pd

From {35.59) :=

e
doy
. 2 - 2 ) ' ¢ g
H 5 = sl o {“w ) e &‘;30 30)

The expression {3.60) may be wrltien in the forn =

' o o e, : . % fo
E‘i ) P ".n:’."‘.zv :\‘j’ 2 CQ GQB (?;C!, O 2“:} ° 9 (‘)G Jl)

Ad

. . . - 5.
Equotion (3.61) do the expression for M giver by Vrcedenmburgh™

N

s

Twe imporsant assumpitions have beon made in order tO arrive
por 3!

a% a solution, Taesa aro ie

(1) u, = “ﬁ =z Q at all edges, which glves a fourth order
cquation, instead of ths eighth order one uvhich would

result from combinaticn of cquations (3.33), (3.34) and (3.37).

(2) Disturbances from oue edge are assumed o he rapldly damped

LR IPTAP P - Y o ol ) e hd e ey P S el a4 .
and indopenfent of theose omanating from adjacons eipos.



This conaiticl. sould be fulfilled, when ccusidering
disturbances from the a=-edges, in the casge of a

rectangular hyperbolic paraboloid shell having the span

(%1) much greater than the other (15)° By this assumption

the partial differential equation is reduced to an ordinary

ons.
Numerical Caleulations From Section (3.3 b)
, =3 , =1

K @« 3,038 19k x 10 in

2 «  9.261 005 x 1070

¢ e 2B 18 = 66.679 236 1b./irl.

=

Bl ox2 =6
2w an. . 3"\}]180522 010 x 10 s 9.9673 x 10
7648t 0.76 x .866025
¢ 12
Los 2323 . 333525
LS 093673
g ¢ o312
- = 1.567626 L = 322 o 15.727226
2) .

2N -019870

= 000!{'7 ins 0

G ' .
-I o 3125
o 66.6792%6



Hence the following results e

CLAMPED BDGES

04
E,a 8@ E.’oman‘i" Zi = WL e lg o ?3 lb :Ln o ‘ iﬂb

Mq. a 15.73 I*"; ()

i
i

. Bdge Shear Q, efam 3,18 b .Ain.

- a .oqbf? [1 - Fl- (m)l

(=4
K

HINGED EDGES

M, = O
3224 @
Mo = "3 s 5,07 1b. in./IN

H“ = 15073 Fa (?\Un)
Q

q, = -l m 1,57 1b/in.
2h ’
o] g | ‘
Lt} = -l Lo 0047 ins,
T c .

Tho Numerical valwog of oxpressions for the actions and
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displacements derived in this sectiom have beon tabulated in
Tables Nos. (1) and (2). They have been plotted in Fig. (3.3).

Instead of moments the curves are plotted for differential

ptrains, 1.6. (él - & )

it

vhere @ gtrain in extrems bottom Fibro.

1
&, s> - strain in extreme top fibre.
H = K (¢ - e ) where K = ,2227 x 106
(1 1 2 2 slesl =
M = 106 '
In Microstrains, e g = &, = === = L0} H,
2 222667

Thls facilitates comparison with experimental reosults.



PABLE NO. 1 = MOMENTS

EDGES CLAMPED EDGES HII QED
e | elins)| F(a) | M, D‘“'dm; RO [ My ?fi ::::Z»
=1003BAE (b, im{n) (€20 (1boin i) e ,
lo 0 1,000 | 15.95 | 70.6% | o q | 0

& | beor3| 356 | 560 | z5an | .26a] mewn | 18u6
/s 7.85 | 0 0 0 o322 5.07 22,97
o8 8.026 |7 =.009 | <N,k =003 322 | 5,07 22.%7
1.0 10,035 § o211 | =175 | 9,88 2300 | h.EB 21,02
1oy o086 | =200 | <3016 | elhod9 243 | 3.82 17.16
w2 | 1870 | 2079 | z2p |ean6e | .z00| 320 | weueo
28 | 28,059 | <399 | 5,03 |-ak.06 | 261 | 253 | 12.36
2,0 | 20.085 | ~179 | 2,82 |<-12.66 25 | 2.93 8.67
il 23035 | =.13%2 | «2.13 | =9.48 0871 ] 1.03 4076
2ote | 28,079 | w328 | 2,00 | 9,03 | .0%1 | 0.95 lha31
3&8 28gb92 =a078 | <2:23 | -5.52 020 | 0.31 1.359
340 30,089 | =,036 | «0.88 | .3,05 007 | 0.11 0.49
54 | a2 | w02k [-0.38 | aum =009 |0t | -0.8h
3.8 3'8,125 uoo&"-, “0.08 | .p.27 |=.0it |-0.22 «0,99
4.0 | 50132 { 24002 40,05 |03 |-02t |w0.22 | .o.g9
B, 4,185 | +.008 1+10.22 | 0.53 =012 0,19 -0.85
4.8 k8,158 | +.008 140,32 | 0.53 =.008 [=0,13 ~0,58
5.0 | 50.165 | #.008 [40.32 | 0,53  l~,007 |.0.11 ~0.49
Hoto ’.ﬁw slgn convention of the momonts for lclampad edgez in tho above.

table io oppomite %o that wsod in experimonts. To compare theoratical

and oxporimontal results, reverso tho oigns for M aboveo.




PABLE NO. 2 - DEFLECTIONS (“v)

provemcrenors

TUEDGES  CLANBND

Enars  Hibenh

U, (ns o

AW | & [_l—- F (W] =~o:4?(1-i?0:\3) E-— @Oﬁil U, (ns)
0 4] 0 0 0 0 -

Q.2 0.035 16210 | 0,198 0.95:10™7
0.1 1,016 .122 o57 385 1.85::10“5
0.6 237 l.1 7 ,51;.7 2.57 ¢
=/l 7033 552 1.67 © 6775, 3.08 *
0.8 8.032 03065 l.p2 » 685 322 B
1.0 | 10.0% 502 2.3 M 802 3.75 0
3.b k.08 715 3.36 v 058 5,50 "
/2 | 15.79 07921, 372 W 1.0C0 - he7O 1
1.8 | 13.07 877 Lol2 o 1,058 h,88 1
2,0 | 20,08 0933 o390 * 21,036 | b5 v
24 | zba0 | 1,006 bops | 1,067 | 5.0 .
2,8 | 2811 | 2.037 hoBy n 1.057 L7 "
5,0 | 3002 | 1.0u2 oo | ane | ko3 v
Sely | Inolh 1,000, hogo " 1.032 L85
349 1,03 't:-085 " 1,018 Lo78
L0 | 50,26 1.026 L.82 v 1.012 lz-a'.l?é n
mate | w28 | 2.026 578 v | 2008 | k72 ©
4.8 | 18,20 | 1.008 o7l O +999 b,70 ©
5.0. 1 58.2% 1,005 72 »SC8 h.70 "
<D 3 b7 v ] b0 v

«?
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DISTANGE FROM EDGE (INS)
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S . : ]z
: l : X
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SOLUTION BY BLEICH AND SALVADORIS METHOD

CFIG. 3. 3.

7ea
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3.3 b  METHOD BY LOOF

16

In this method™ , a rather simplified approach has been

used in order to achieve a solution of two fourth order eguations.

The problem will now be examined moire fully.

Consider equation (3,19) rewritten below :=

o

', 2
m-,. + FEt d , = . M »
1 v VR o VI, G, oo (3519)
By assnming that the bonding stiffness of the shell is
semall, that is :gﬁﬁ 0, then cguation (3.19) becomes -

12
y b . Fh o
Et i;?; uy Ri?a GY oo(BQGE?

Equation (3.62) can be derived directly from the membrane thoowy

by eliminating ¢ from eguations (3.27) and (3.29).

In many shell problems the solution of equation (3.62) may
be tokea as the particular solution of (3.19). The rémainder of
the problen ¢hen constifutes the solution of the homogeneous form

of (3.19), i.c. of the edge disturbance problem represented b& te

3 .
o V8 - \ZIL‘!‘UT . o

y L78 oo o s
ar /4 uy 4 ﬁZ /r uv = 0 0o {B:s63)
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The bending effects in RPuled surface shells has been
studied by .'Loof1 6 in an approximate method which is more refined
than that of Bleich and Salvadori., Again, for purposes of come

parison with experimental results the method will be outlined.

Consider equation (3.20), viz i-

.3 ‘ 2 St '
‘I;:’C';‘” vlg u + 25‘8 % ““’2&5“2’ = vltf’ G oo 3«:20)
12 ¥ & aatap” ’

The particular solution is taken in the forwm :-

G

o “
u, =
f 2 e

In considering the homogeneous form of (3.20) Loof assumes the

following sclution, which takes symmetry into account :=

u,{ s EAn gezﬁa K oai(l”ﬁ )‘% Sin mo + %{»gxz. + a“(l%)g Sin m.ﬂj
. . oo {3.6L)

vhere woo= 5 {n=1,3, 5, ===)

The edges are assumed clampsd so that t=

ou :
u u w et s 0, along a P-ecdge
a Y

ap

aux

= 0, along an o-cdge.
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The followings two alternatives arc considered for the

fourth boundary condition =

{1) ug = o along a P-cdge
w, = 0 along an a~cdge

(2) - ng = 0 along a B-sdge
LI e - along an w-sdge

A modified collocation method is then employed to satisfy
the boundary conditions at six points within the interval of

one-half edge.

The second set of boundary conditions given above are not
realistic; but sgince they permit the tranemigssion of tangential
shear at the edges, they are more realistic than those uwsed in

Apeland and Popov's workga

The solution of the twonby-four equations resulting f{rom
the above were carried out by loof om a ccmputer, and the c¢lamplng
moment derived at the midpoint of an edge, yields only slightly
different results for the alternative sets of boundary conditions.
Further the bending moment displays a highly éamped character for
large values of the parameter p = 5%3 . In view of this it is

considered justifiable, in comsidering a bending disturbance



in the feorm @

-

81
originating from the modpoint of a Peedge, %o take tho golution

o
)
4}
Q
]
-
w»
a
[N

00(5065)

b
wWIETo moow M

and for rapid damping only large values of p nced be congidered.
Substltuting {3.65) into %the homogeneous form of (3.20) gives i

1y k
2 ' N
(g~ = %) = 485 ot

2 by we 2

or By = 1) = 48 -3 (m} = 0 s {8,661
& vt 4 -
ol &mom

Equation {3.66) may be written

jor
K- :

e L‘L espencrree ;‘;‘ o
O 8 2 I.;, o l )

& 0
e
o @l{- - A (g'}' 1) = . 0 00(306,?)
. - 2
vherg & @ (.:;é. -
m
[n] o0 (306?@3}
1§l -
aﬂd .A = K-a«k:n[-a
: .\2 v
(e

a

Tae relationshin beziween A and g iz chown in the grap!

hoin
Figo (3.4). Im this case couation (3.67) is uritten in

Y o m "
he fovm $w
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It is seen that for large values of g » A Dbecomes large., The
line § = <1 #is an asymptote, and turning points occur ad
€ = 0, and & = =4/3

Further observations can also be made zegarding the roots of
equation (3.67), by. examindes the points of intersection of the

following cuxves 1=
7N
Ymg'
¥ = A(EZ+1)

These are plotted inm Figs (3.5). The two curves have one point
of intersection in the vicinity of & = =1, which is therefore a

firgt approximation to 2 solution of equation (3.67)

2
Eut B = 1+ §
m
02 .
.3,5 - () waon % w2 =] £2om above.
o .

henee two of the roots of equation (3.66) are very small. In view

of the rapidly damped character of the bénding disturbances for

large values of pg= E%m » then thesé small roots may be neglected
vhen &onaidering the typical edge effect. Also, since disturbances
ape being considered from one edge only, theR one of the fouy boundary

conditions at this edge may also be neglected. The more elaborate

collocation method employed by Loof showus that the effect of



transverse displacement on bending moment is negligible, hence

the boundary condition | ”ﬁ

sldering a bending disturbance at the edge P = 0.

=

0,

may be neglected when con-

85

Now consider the solution of equation (3.67) for large values

of p: This equation may be written in the form :-

1

8 L AL + A =

(%2 +qg * r)(ga = q@ + 8).

‘o (3:67ob)

%2* - AE + 4 = al*-?(r+saq2)é2+q(awr)%+rs

Equating coefficlents :-

r+ge=q

qls = r)

rs

giving := P+

2s

Substituting from (3.67.d) in (3.67.c)

2 Ay 2 A
(g~ + q)(q q)

1]

=fl

B A

0a(3.67.¢)

0o(3.67.4)



or (q3 + A)g”? = A) = c%Aqa

q6 + LA 2 . A2 = 0 °§(3067ae)
This is a cubic in qa viz ¢

2.3 2 2 -

@®) ¢ hale®) - A = 0 0o (3.67.8)

é““(Adegy A&a[ da@éecuu;é

Now every equation of odd degreeXhas at least ono real root
vhope sign 1ls opposite to that of the last term; therefore it

follows from that 5.67.f} has one real positive root.

The Discriminant of (3.67.f) iz :=

2
AN w(E?Al" + 6’4—1\3 ) vhere A = 481
: ‘ thQ

which i =veo
Honco equation (3.67.£) has one real, positive root, and two complest

roois.

The roal root of (3.67.f) can be writton as

where =

- 1
™2 b 13
A A 6L - .3
B enare o+ pemrey & w—ctoy
¢ - z /\!4 27 A ]
== 1
2 - w i
- A Ao . 6b 3
d = f\/ [ 27 #®
.. : ol
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: ,
Putting M = f\l(%_-‘l‘g%AB), m;(l*o%)

' 1 1
2 & 2 L
o [-‘-‘5 + ra]3 + [%— - H]B 0e(3.67.8)

The problem of solving (3.67.f) thersfore resolves into the

solution of the following two equations :=

&2 + qg + %(qa 3 -f{;) = 0] . oo<306?oh)
and ‘
E‘; 2 = q g + ﬂ(qa = %) = 0 . 90(306703)

From the last equation :=

i

oo &

l .
’ % =g (:' f“l( "’qa @ %;A" ) o.(3o67ok)

€2

i

Similarly from {3.67.h) :-

3
| [q z 4( -a° +-~%*- 0o (3.67:1)

A

&

3
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Now examine the expression for M given by :=

G -Ann ééé
M o= = (1 + 27A)
. R
For large values of A : H == 5
L 2
2 23 2 23
2 e &+ £ 2 2
and @ 22 (3 v F) o+ GG = F)
2
3
ieeo (12 2 A
3 2
q = A:" H g-é, = 253
q
Substituting for q in (3,67.k) :=
él. o} 2 2

B+

! 2
S | 1% 300

g - 1 b ,
1 3 [;5 [oﬁ- i % ﬁ’ﬁ‘l ) oc(.’joé?om)
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. Similarly e

&
€ 3
3 &
® oo(3n67.n)
€ 4 0o

pa = !ﬂa(% + l)s p 2 n ‘é‘.}- 1

(talking +ve root}

2
also A = f.‘é%.l':a.
¢ nm
Su’bsﬁituﬁing in (306705}) e
: A
s s 3
. _ L8 K=, ¢ .
B, e 7 (3 3u)
tnm
2 L i
a 1.2 oI i
100 (g” o 1) = (’%’81{ 1 )3 ( f»% s -gi 3)
2 222
1 tm R
2
2 2 3
L8
B, = (-1 = ()7 (4 ¢ Fi3)
m - neg
, 2
wvhere p = E%a
i



Py

be written i~

P e - B

3 1
x 48 2 ° , 2
no" T Sy (“’% * %1'\)3)

1

R, |

(48 p2 3 navtz )6 1 1

1+ 143 }
2 /*Ia'

1
% £ -1
Pz = (F 2:2) & 21 (J. ai'ﬁ')
Similarly from (3.67.m) =
12
> 2 =l
Py = (18 nz'xcz)gp33.
L1
48 22,6 % -1

8 a(a:nﬁ) P L

ss m@l % (1 +§3=" )% wvhich for large values of%l, may
1

90
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3 22,6 3.1
Py = 2(4 a°"") " p’ 1
Py = Y

1l 1
5 22,6 3 71 -

Putting s (20°%°) % p° 1 in the above expressions, gives :=

" "

Py B
= (1 z i\[; )
P2
0o (3.68)

P = 2u %
Py = O

N

16

These are the roots given in Loofs paper .

It is interesting to note that the cxprecsions given in

(3,68) arc also the roots of the equation :=

n = 0

This is the characteristic equation for :-

6 2 2
2 48 K a :
nu:x + ooy m—a‘lx = O 00(3069)

2g® 2 ad®



o2
when the solution is taken as (3,65).
n

Equatlion {3.69) may be obtained from (3.63) by neglecting Q—;
da
3" 8
compared with = in the expression for XQZ; o
' 1)

This 1s equivalent to the Schorer type approximation

used in cylindrical shell analysis. Thus (3.63) becomes’:

8 4
om 48 k '
+ o —é’x'“a’ = O
op t aa 9p
6 2 2
du 48 x 3" u
giving : --g;t + - ~L = 0
op 2 ad®

which is the same as (3.69).

Thus, the original eighth order equation is reduced to ohé
of sixth order requiring.three boundary conditions at each edge.
However, the m&re elaborate Method by loof indicates which of the
four boundary conditions at an edge may be neglected, without

much effect on the bending moment in the shell.

From the roots (3.68) of the characteristic oquation 1t

is inforred that the complementary solution is :-=

1+ 143 @ =143 “2up
u, = Al e + Aa e} + A3 o sin ma,

vhere Al’ A2 and A3 are drbitrary constunts.



The solution for uv may also be written in the form :-

. =2uf =uf .
n = Ae  + Be Cog(p.“!?ﬁ + ¢ ] Sin mo 0 o{3:70)

-

where the third constant is absorbed in the phase

angle o

ACTIONS AND DISPLACEMENTS

The actions and displacements necessary to establish the

boundary conditions for clgmped and hinged edges will now be

2
derived. These are LS f_‘:x » and 0 u;g o
3 2p”

Iyom (3070) =

pacs P

3 =2y =up
:;1' = «2u Ao : + Bluo Coa(pﬁﬂr;"‘ ﬁ)}
3p

p
apl\[;em“ Sin(;xﬁﬁ +@) | Sinm

s -

This may alternatively be expressed in the form :-

au =2pf =up
—L = gy lhe  +Be Cos(p{sl\r; + 8- %) Sin ma
3P '



Similarly :-

=2uB ’ 2 |
’4112 Ao WP o g o 1P Cos(pﬂg-!'Qm*%) S?i.nm

It iz obvious therefore that each successive differentiation

of u v merely multiplies the result of the previous differentiation

by ;2p. while the phase angle is decrezsed by % .

: =2pp
m-lsasp?Aep

=pp
+*+Beo

Cos(upq3 + @) | Sin ma

Differentiating (3.7) twice w.r.t. o and from equation (3.1)

with. @ = 0 :=
o :

2 52 3 3 : 2
5ﬂ9gﬁ,ﬂaﬁgfiiaue+auq)unt L
2adp  aal 2 o’ adtep R g 202
Similarly from {3.8) (with -%* = -1%‘ = 0)

o B

3 5 2 aau aBu
R Al IR
o da. of Rﬂvﬁ da 0eof
Differentiating thrice woTots B
6 5 ) 6
ou o u o7 29 u
da”ap 20"p =3 deap?

o4



But from (3.1) and (3.2) :=

am, } mg
aa? aﬁa

Substituting in the preceding expression and then
inteprating twice werets & gives = A
a3

. u
Vlu u, = =) 4 "““Bx
op

Slnce the golution has been assumed rapldly damped

(large values of p) in the P = direction, then near the midpoint of

an edge it may be assumed that derivatives w.rT.t. o are

b o
negligible. i?; then becomes ~% end the last expression
. op
beccmes -
b 3
au a7,
—2 = 2k m«% ,  glving
9B 9B

u, = 2k | udp

Substituting frem (3.70) for U glves =

: =2pf “up _
u = - % Ae + 2KBlilo Cosgp 43'5 + ﬁ) dg | Sin ma. eol3.71)

Now consider the integral on the right=hand side of



(3.71), dintegrating by parts

p
ecp Co&(pﬁ'\ﬁ + @) ap

Again integrating by parts i=

o ) -

“up
l&je Cos(pﬁﬁ + $) ap

w

[

Substitution in (3.71) gives :

=up

=2uf
e + Bes

A

=3

k
Uy 7 u

Honce summarising

oy

r.-ﬂ

ey

A ;‘2“3 + B e"“p Cos(ul\ﬁ-ﬁ +¢) | sin ma, A

=2uf =up
Ao + Be Coa(p’EB*“?ﬂ%)]Sinmm

96

®
s

Cos(pf)f\rg * gﬁ.) - S\Jecpﬁ sinupy3 +0) ap

3K

u

Cosupy3 + §) + emﬁ sin(up {3 + #)

=up : :
o BJe , Cos(pﬁ’\rgﬂ*' #) ap

_1 e““BEzos(upﬁ: + #) w‘{?s:m(p;sﬁ+ #)
u

Ze“pB Cos{up ’l[;-* },’5 + %)

Coalup 43 + f+3| stams

} 2o (3.72)



2 —r
ou T -2 1B %

Wéx = hpa Ao +Be Gos(pﬁﬁ + 4 - %E) Sin ma

of n !

3 - . T '

i )} =2 .= . i= =z
—X cﬁpB Ae up + D @_“ﬁ Cosfp a3 p + @) ISin ma col3.72)

3 .
af » -
- =23 =
k Be =it ~ .
U’a. ¥ -;F Ae “Be Coa(p,{?p + ‘c;‘; + %)‘] Sin mmJ

00f hag derive e oxpressions for momends in the chses
Loof hag derived th pressi % h
of clamped and of hinged edges may be in the form of a sories, as

follows v

CLAMPED EDGLS

9 o - Hg &7 3 wlle ez Cal 3 31& *
3

& 5in mo

2
NN d RN 3 er.,. v S
The edge moment m age ' =0.511 G’h’ U

This moment is first reduced to zexo at a dlst . ance froo the edge

given by :=

W=

B = 040 p “ L.
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Then follows positive moment up to a distance given by :-

A
B = 1.58p “1.
-k
Max, positive moment =  ,167 GY 12 P 2 occurring at
o
p 8 0985 P -’ 1.
. =3
Edge shear = 1.732 QT 1p
HINGED EDGES

4 1
ne "3 :>: =5 -up
mﬁ &= % -é\‘-% G lap 3 n 3@ Sin ppﬁ Sin ma

m 1,3,5
with o= 32 ;
-3 &
. 3 . 2 - 3
A B = 005.5 P 1, mmax =+ 140 GT I"p
-2
The moment first becomes zero at B = 1.39 p 5 1.

Edge shear s 0.577 G’T 1 Pal

Noto

It 18 important to cbserve that in this approximata analyaia

_it has . been assumed that the bending disturbance in the vicinity

of an edge is unaffected by disturbances from the other edges. .

99
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The analysis is aimed mainly at determination of moments and normal

shear forces. The boundary conditions nesumed are not realistic,

especlally in the case of hlnged edges, and the solutionzobtained

2 .
are restricted to large values of a parameter p = kL

t ©

EDGE BEAM DEFORMATION

Ioof has proposed an approximate method for taking into
account the possibility of edge beam deformation. The moments deduced

in the case of rigid edges are multiplled by a magnification factor A

defined as @

n,. = Ug up,., = U '
1| % P By 1o .
‘ - = F W, T U + Wap, T W : )
mYo kb 2ka ? 1 2 3

a3

00(3:73)

- vhere the points
1 and 3, 2 and bk, represent
the midpoints of the P edges,
and ¢ edges, respectively
(see Fig. 3.7}, and the above
deflections refer to those at
the edge structure regarded

as separate from the shell,

In ¢he caso of rigld edges, A s Lo




: 101
The above expression foxr A, vhich has not yet beén ﬂe::*:ﬁi(iaﬂﬁyédfa¢i-

experimentally, takes into aécount such displacements as those dué
fo tie bar extension, settlement of supports and éelf weight of
edge beams. In view of the several cowbinations of edge beam and
tle bar stiffunoss in the tests4there was ample data from whiéh to
chéck the validiﬁy.of the formula proposed for A, though only for

once particular value of the parameter p.

The procedure is first to determine the propoerélon of the
load carried by slab action alome and then to regard the remainder

ag carried by membrane action.

Calculations based on Lloof’s method have been carried 6u€
in the appendix?for the shell tested. The results of thess ealoule

ations are summarised in the next section.



TABLE IO, 3
SUMMARY OF NUMPRICAL CAICULATIONS BASED ON LOOF®S WORK

‘ 102
¥ Q ' :
o .‘Gg § § N LrviSr002 0[ _ g
R I %R : Load -
o §~u\' S5l ¥ F z May. B4 3
CONDITIONS N Q_§ ‘%ﬁ_ SSF| 5/05 Mesnbrnd 7 shell - @
. w U A | D \Q (g
SEY | FIETR Aclion. | Reie. v fin) |G
Restrained Edges ' )
Box Sestion Beams : , =29.0% Gdg?“
Ilé?igg Beam Supporfed | 2909 | 0 0 | 2.469 k571 | .5429 | 10.05 at Bl 1
0. yormer TOVEReT® |- (2005) (4028) o
Hinged Edges :
‘Box " Sections _ 012 0 . i, .80u1 0.89 at D|1a
Edge Beam Supported - H0L O | 3:1759) 1959 Osk | 20,89 at Di1
No Corner movement | (2005) (BO2l ) '

- Restrained Edges - v
Channel Sectionsg : : 35-61 edgé o
Beam Supported 2192.5| - 0. 0 | 3.0285| .5606 | 4304 | 12.34 at B| 2

|No Corner movement (219% ) (3108
Hinged Edges
Channel Sectiona ' _ . A
Beam Supported 3h97 o] 0 | k.,9360] 13045 | 6955 | 17.14 at D|2A
No Corner movement (210%) (3108} :

{Restrained Fdgos s ,
Box Sections . =16.61 edgo;
Beam Unsupported . ‘5685 | .0078| 128 |1.41281 .2615 |.7385 | 5.3k at B |3A
No Cormer movement . (2005) (ho2k ) :

Hinged Edges : 4

Box Sections _ ' ' A

Bsam Unsupported - | 4491 |.0089| 490 |1.6189|..0999 |.9001 |5.55 at D |3B
No Cormer movement (2005) (4024 )| '
Reptrained Idges -11.80 ed;
Channel Sections -'.. 110180 edge)
Beam Unsupported 4063 |.0103|912.4|1,0038 | .1858 1.8142 |3.80 at B | kA
No L, Corner movement| (219%) | (3108 '
Hinged Edges

Channel Sections - ,. : |
Beam Unsupported 4650 |.0114 | 334.1[1.1306'| ,0681 |.9319 |3.78 at D | 4B
No. L. Corner movement] ‘ ‘ :

S T (2149) (3108)

N 8: Frperimental results 1 brackets
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_ TABIE NO. 5 (Con'd.) ,
Eg% 3% ~S - X Drusion of . ,
gg N %\%.ﬁ jgi%'gl S& Za&ag. M. B1Y. 5%
= 8 QR R ‘
COMPITIONS 5 S & %%% < RE| o §18 § - @
‘ EYBISVS 8% | § (98 |38 ooy §
SEVSE |9 S ¥R e Y
R@st?a‘lned Edgeé 1 ' =31.20 edgd
Box. Sections 7 3 i : 0.19. B
Bean Unsupported 2539 -0146] 166.6 2e6§31 +4911 }.5089 | 10,19 at »5A
fovement at L.C.
Hinged fﬂge& N , ‘
Box Sectlons  hoho | .0168|-2612.7|3.0563 | 1886 |.811h | 10.48 at D| 5B
Beam Unsupported : »

| Movement at L.C. ;

Resﬁréiped Bdges 4 | =26.89 edgg
Channel  Sections - 2578 | .0235| <46.7 |2.2862 | 4232 |.5768 | 8.79 at B | 6A
Beam Unsupported :

Movement at L.C. (2460)} (5758) '

Hinged Fdgeo _ : _ ,
Channel Sections 4166 | 0276(=2873.912.6750 | 1651 |.8349 | 9,18 at D | 6B
Beam Upsupported , :

Movement at L.C. (2460) (5758)

ﬁsggﬂimgﬁsgs | 3 | 2.80 edge .
lexible bdge Beam . . B V0 T T IS » Ol 9550 | 0.9 at B
Boan Dnsuppontod 4770| <0152|  40.1 |.2385 | (OWkL [.9559 | 0.9 at B | 7A
No Movement at L.C.| (1835) {790} '

Hinged Edgos | |

Flexible Edge Bean . <l 13,3 ol : o8t 0.1 - D | 7B
Beam Unsupported hich .0156 Do 2480 | L0151 | <9840 15 a? 7

{No Movement at L.C.| (1835) (790)

: Réatraiped Edges , o =284k cdge .
Flexible Edge Beam | 2956 | .3545|-239.5 [2.4182 | .5524 |.k476 | 8,09 at B|8A
Bean . Unsupported R : , ‘
Movement at L.C. (2150) (1393)

Hinged Edges :

Flexdible Edge Beam i o8 ; " - o

Poan Unsupporbed 1318 | .1809) =2784.6| 2.8310( .1747 | .8253| 9.71 at D|8B
Movement at L.C. (21507} (1395 '

L.G.

02

Low Corner



TIE BAR FORCE

From the membrane theory :-

T™e Bar Force = 6981.3 lbs.

It the total load is considered as taken by slab and membrane action,

' then,

Theoretical Tie Bar Force = 6981.3 = (Portion of

Load carried by membrane action)

The resulting theoretical tie bar force for the different cases dealt

with are summariged below

TABLE NO, &
CASE NO. 1 1A 2 28| A 3B LA LB
Portion carried by .
felbrans achion 5429 | 8041 Jb39h 6955 .7385( .9001] .81k2| .9319
Theoretical Tie " !
Bar Force 3790.1 [5613.7 [3067.6| 4855.5( 5155.7| 6283.9| 56842 6505.9
Egperimental ,

Tie Bar Force 2237 2237 | 2535| 2535 2236 2236] 2535 2535
CASE S5A 5B 6A 6B 7A 7B 8a 88
Portion carried by| 5089 | 811k | .5768| .8349] .9559] .9849] .uh76| .8253

membrane action

Th tical Tie " - - _ ;
Ea§°§§rzza 3552,8 |5664.6 [6026.8| 5828.7] 6673 .k 6875.9] 31248 5761.7
Bxperimental Tie 8i 2863 262 1252
Fap Foprce 71| 719 | 889 | 889 283 ;2843 |125 5




3.6  FLAT PLATE SOLUTIONS

The deflections and moments observed experimentally were

”NDS

considered very high for the shell. The moments in particular, were

quite large in the central region., It was therefore considered

advisable to compare the beohaviour of the shell with that of a plate

having similor dimensions and with different types of boundary

conditions,

_The vell-known plate equation is :-

G
; Loy /12

3.60a PLATE JITH SIMPLY SUPPORTED SDGES

The solution is given for
a upiform loading of GT = 451b/ft2

(.3125 lb/ina).

This case has been consid=

6396 i

ered by Timoshenk027 who employs a
Lavy type solution to give the

following resulis:

0o (3.7%)
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Deflection
: & B :
LG a EE o tanl e + 2 2a_y
u o= s A ' 1l - L 2 Cosh J;- Sin m—?—;
T D  1,3,5 2 Cosh o b
a. 2y 20
+ °,‘m e Sinh
2 Cosh ¢ b b .
» — 00 (3.75)
. 3
mh | & B
vhere qm = 52 7 3 D = 75

Taking the first term of the series (i.c. m= 1) and for y = O :=-

L
4G a o tanh o + 2 .
o et | 1. B 2 sin E%
¥ ﬁsD 2 Cosh a,m
For the sguare plate : (o = 7-2;)
4G, o L fanh 5+ 2
- Y 2 2 2 X
uT - 5 1- T Sin a
®°D 2 Cosh 3
i"‘f% ¢ aq' Vi d
v, o= § X Sip e
T ‘ D . a
where & 4s taken from Table No. 8 of
Timoshenko’s boolt27 to be 0.00406,
G ml} 1
° w = 00408 =Y Sin——

o 0 "r D ‘a
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Putting D = == =& 1,67 x1 and substituting for values of
12
GT and a =
QUh0S5 2 3125 x (96 )L'L yios
Bo= 2 5 : Sin ==
¥ 1.67 = 105 a
= X
i.e. u, = 6457 Sin =
n = 6457 inch. at midspan
V(max)
TABLE NO. 5
DEFLECTIONS
x 180 g Sin mx u,
a a a (ins)
(Degrees)
0.1 18° , »30902 21997
. 052 BGQ 058778 03795
0.3 5l .80902 5224
0ol 92 »95106 6141
0.5 30 1,00000 | E457
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. Homents are derived frcm Table No. 6 of Timoshenko>!

for g = 1 amd at y = 0,

Bl QY aa p whore values of 61 are given

0

i

in the Table referred to above.

pl % 3125 z (96)° = 2880 pl

4]

B
.y
Similarly :

M

it

By %3125 x (96)° = 2880 pl

TABLE MO, 6

1 1 1o DIFF, STRATH
By ¥

(1B in/in. )| . s H9IM

£ 4
=

0.1 -0209 .0168 60,20 270.h

0.2 0343 03031 98,78 443,86
0.3 042 L0800 | 122,10 548.4
Ok~ | 0466 .059 134,20 602.7

0.5 0479 ' 0479 137.95 619.5




3,6.b PLATE WITH CLAMPED LDGES - 109

This case has also been worked out by

Timoshenkoz?o The previbus cage of simply

supported edges is used as the particular solution.

Paxticular Solution

uv? = 0655? Cos %?

On this must be suporimposed the deflections duc to mqﬁents applied
at the edges of the plate, these moments being adjusted in such a
manner to satisfy the boundary condition, Firatlj, the deflgctién
.due toimoments applied along two.opposité edges of the plate, ip
obtained. This is |

(a:¢] o m&i

{” 2 ZE: 2 s '
uY o= = =5 : EE > Cog == —— Sin -
2n D 1,5,5 m- Cosh %y a a a
- mRy
S Q,m ‘I'anh Q;m CQBh T ) 00(3076).
The coefficioents qm are taken from Timoshedm?? page 201.

LRb mi ‘
o = S5 T 5 for aquare platoc'



At» x.o=m O .-

(s =1
2 = g‘é“ 110
' (1) a z (-1) mRy Ry
n B = ===§"—" Em > TR rme— S’iﬁh Frm—
d 2D 1,3,5,7 m- Cosh @ a a
miy ’
= Tanh o Cosh f:m 0a$3.77)

vhere B, = 0.3722 Ko EB = <0,0380 K,
5. = =0.00178 K, L= =0,0 Ko
s 17 r.? 085 X

G, a2

and X = m';¥%r—

=

The value of the series (3.77) has decn caleulated for different values .

of a, and for m= 1, 3, 5, 7. Tho resulis are given bolow :

TABLE HO. 7

S Ct—— e o

BEVALUATIOE OF SERIES 3,77

a8 .
b o B E, @

¥ 2D 1,3,5,7
S for mel | & for m=3 S for =5 (S for m=7 .

g/a (s, ) (s.) (s.) (s,) 2 Sy

1 3 5 7
0 =, 21369K =,00036K . =,21405K
002 L= )4 ‘”oo lf‘ K el L}K

| }9479; 00745 = > 955

Oolt e 10523K = ,000156K g tg =,10538K
0.5 0 0 W 0 0




The total deflicction along a line, say x = 0, is the sum of the

deflections due to moments applied aft both edges, = = i% 9
+ b
yeE =5
io@e u = u (1) + (a)
h Y T
°, Along = 50 te
" _u‘(l)_,v@) co%gy_
¥ 4 T (mex)
, 2
u (2) = =205 Kz | = “‘%‘”
¥ (gaz) 2%°D
L@ a2 a2
S Lt e e B
3 2
s 27D
3
[} ks
(2) =o12810 G a” ga’
g | ¢ ememromfern 8@ ep00140 e
¥ (max) 7° D D
[ > o= 1 ™ 2?
Thdn comparesexastly with the value given In Timoshenko™' .
(1)
Due o w0 1o
- :
aqz
Dofleation at y/a = 0.2 = = 19554K | ===
2n D
; b :~
=,39108 @ a G a
a g n w.00128 =X
7D

111



Deflection at y/a =

_ at
Ot = =,10538K -»--5-‘
27D
NS b
i wQEIO?GGTa ) ~.00059GYa
= D D

Deflection at y/a = 0.5 =

0

Total deflection due to moments applied at all edges is

u 2 u %

The values of wn .

due to odge moments are given ia the table bolow :-

(2)
n
Y {max)

Cos LN

a

12

TABLE O, 8

¥/ 0 0.2 0.n 0.5
uﬁ{tl ) -, 00140 =,00128 =,00059 0
n (2) Cosmry./a =0001Q:0, =,00113 =,00043 0
Y{max) :
Sum =.00280 =, 002141 =, 00112 0

L;. -
Sum % (ins) = Bl532 =038330 =s17813 0
Particular Solution| * .6457 - .522h 1597 0
Net DEFLECTION .200% - 1391 0216 0




3 "'f . 1
s 5
Y /D -"-&1-2&3&2@5- 159.04379 l 50113
Lo ? = 10 . i
' - f G Haa
On ﬁaking symmetry into account, gj
the net deflectionsare as 2a
) E |F
follows, along the axes and -
diagonal :- & .,.-——-G
0 A LB ¢
.2a i ‘24 |14
o o 2a odga o5
TABLE NO. 9
Point A B D E 0.
L 1] " " L1
Deflection(net) 01391 |.0216 01216 | 0059 0200%

Poudine Momonts

From Table 35, Eimoshenkoa7, page 202

Homent at midspaa

Homent at midspan

of shell

of edges

=

i)

&

0231 @ a
> Y

20231 x 3125 (96)° =

w0 17 g a
515 ¢

2

2

=<4

66.53 1b.in/fin,

“ll':‘?o 71‘& ib oin/j.n °



3.6.c PLATE SIMPLY SUPPORTED ON ELASTIC EDGES 114

The theory covering this case has been fully dealt with by

23 and 2b

Wood who employs & finite difference method to solve the

pléte'equaﬁicn with the appropriate boundary conditions, wvlsz:

(a) * Bgual and oppoasite reactions betwsen slab
and edge beama.

{b) Zoro moment at edges of the slab.

The work is carried out im non-dimensiopal  form, which

reduces the biharmonic plate equation to the form :-

vllL ¥ o= S'E,i_ = R ' 00(3.78)
D .
_ . \ .
SO v AN BN T N
0X 0¥ oy

.and L is a convenient representativé length (éogs short span of
a rectangular slab). In this case w is used instead of uY to

represent deflection. The convention used is shown in Fig. (3.8).
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For a mesh length a 116

N . 4 -
Vé&" u -33. ;}9; 20‘;-:0 o= 8(@1 * L) + u3 * _""l.;.) + 2(w5 + g + w,;, + t—:a)

G
+ (wg + ¥yg * 14y + wig) B ?f " 00{3.79)

Equation (3.79) may be expressed in the following non-dimensional

form ie

Gw 3 :

=t ey i e 2] ‘“I L . 1 E x g o + k
> 3 a0d 8(?11 Sy v 2(%15 e v W, 5)

+ (wé + wio + h&l + “ia> ]

+ 2,

& - ¢ ]
or A" = 20H -8y 5:6,7,8 © 9,10,11,32

h,2,5,5 00(3.80)

whers, in tho usual mammer, (Fig. 3.7) the point O is

at the centre of the pattera.

The procedure is, therefore, to apply the finite difference
pattorn showm in Fig. (3.9) at each of the mesh points into which
the slab surface is divided; thus giving an equation of the:form (3.80)
at each point. The only real difficulty lies in the satiafacﬁiﬁn‘of

boundary conditions, Atgor in the vicinity of an edge, the finite



differonce pattern has to be adjusted in order to take tho boundary 117
conditions into account. The variation of the pattern in such cases

: -
is given by Wooa>> 924 2,

Thus, in considering a 6 x 6 mesh showm in Fig. 3.7, after taking
sympetry into account, nimelinearly independent equations are obtained,
in terms of W= %o The stiffness of the edge beams and slab are inclu-

EpT '
ded in the parameter vy = 3%5%, in the case of the square panel with

four identical edge beams.

The following are the nine equéticna obtained :-

At 9: 20249 - 32Wg + by + BW_ + ow“+ ow2+ ow6+ 0143+ 01 = Al"}.

7 5 ]
. 84 o 25 | , -
At 8: =By + 254g - _§w7 = 161«15 + 64y, * Y AT
. s ! ; - &Y. 1 \ - b
AL 7 ”9 - 8”8 + 19w7 + lnrls - 16&3'4 + 2\42 6w6 + WB AV
, , .o , o o gk
At 53 2!.49 - ..6&;3 + l+w7 + 22u5 = 16“'4. * 2w, + auB = A'A
e - 40 P K = b w . Il ! B~ e&
At U2 3ug = 8w7 8w5 + 22Uy »8w2 o2, _6u3\ + 3 AYA
. o4 ' ' g o Wl R
AL 2: aw7 + aus 16w4 +'_18w2 + ‘WB 126y = ATA
A% 6: 2\g = 12%17 + ,8144 +(16 + 36"“”6 =(16 + 48)&-13 o
+(2 + 120wi -
At 3t QWb + aw5 = 124, + uwa ' =(8 + 247)w% N
+(17 + !4-27)&-13 -(8 + 24ﬂwl
At 1: 6y, - 124, +(1 + 6v)v, . Ai,}‘
=(8 + 21:»7)1213 +19¢30yv)

00(3.81)
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The nine equations were solved by inversion of the matrix on

a computer, for different values of v corresponding'to tQOSe in the
testa carried out on the ruled surface shell. The programme was.

(23)

checksd for results for the known case of ¥y = 1 o It was found
convenicnt to consider two different values of D, namely D = ;086 x 1c®
and D = 1,67 x 1050' The former was obtained from the Moment-Deflection
relationship of the test slab; while the latter was obtained from

the straln-mnoment relationship.

For a 6 x 6 mesh

= 8 - 1
A=71 = §E
b, .3 3
Atg 1 1 GL
D 1296 D
For D=0.086x1° ]  afa 'Elé"g x 8"%2 :(16)3 e 2480620 x 107>

{
G 23125 1b/in®| g AL = ,238140

F D L= TP bt 3 = 0 .
or 167 x 10 ATA isgg x 6%53“;“%%5 1 27?#@5 x.lo
Also AI*RL £

K =2 EEbIh : 13 ( D

Y * EBD Iﬁlb)

DL



TABLE NO. 10

' VALUES OF v INVESTIGATED

119

D= .086 x 107 D= 1.67 x 10°
‘ 1L L
EDGE BEAMS % 48D ¥ L8D ¥
"In-gitu 1l ‘ .1
abca:‘n _770119c>x106 h1.28:10° | 1.734 560 | 80.16x10° | ©.888 099

"In=gitu' + 2 . _

Channel | 6.1719x10 14,951 308 71699 476
"In-situ" + ” A
Box Soction |11.6319x10 28,178 050 14.510 853

| NB. Al /'lgqres wn lbsinands
In the calculations the right hand side of equation (3.81)

wvas put equal to unity in all cases so that the outputfobtained for

the doflection (W) had to be multiplied by A" to obtained the

actual deflections (w).

MOMENTS IN SIAB-

Consider, for example, the point O shown im Fig. (3.7).

Then $-

(8 )

2
= . D(M) o = 2
: 2
) X

v}

a
a

'(wl - 2u_ + Wy
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e (Mz)o 2 Ea—L ;Wl e-ZWO + WB)

Sirce ¢alculations have been caxrried out in terms of <
A Afa
Then : 4
- 3
o p [¥ 2 Wy Taler
W = = | s T
o A°L | af at af D
. - e I°[ W, 2y W
ibeo (M ) 2 = "'x“:"’ “i:"' il Toﬂ + %
o 36 | A A™A A
Simllaxly @
: G L W Y o W,
mh) = = | E . ;g.a. ¢ = - S,
o | ah A, At AN

MOMENTS IN BEAMS

qu the beams’ parallel to the x axis :-

2 2.\
RIS C o £ A N 3 ot BN
o ¥\ o o AaL_ 3 %2 o

Y- P » r A 'T

I W W
M) - ooy | | 2 2. IRE;
L TR POV
+ ¥
. >

The repults of the above caleculatlions are given im the Tables

Nog., 1l and 12,



TABLE 0. 13 K 124

RESULTS FOR D = 088 x 100 Iboin,

Y Poing | W w {ime.) | Mz (Lbej By (Ib.) gggngeiﬁ
, thin. fin). \bunfin ) | [ fbo1n.)
9 13.527 575 | 3,221 k57 | 155.k1L |156.41 ,
8 |12.550 031 | 2.988 €5 | 152.40 |140.51
| 7 | 94817 336 | 2.337 900 | 143.05 | 90.43
ym 1,72k 550 | 5 [11.597519 | 2,761 855 | 135.7% |136.7% | 10334.7
Fint alems ool 8,935 769 | 2,127 964 | 126.13 | 83.0L | (at midspan)|
2 6.k77 Shb | 1.5h2 562 80.55 80,55
6 .,‘5';95@. 197 | 1.417 932 -0
5 5.173% 902 | 1.232 113 0
1 | 3.002 4ol | 00717 373 0
9 | 6.689 997 | 24545 526 | 113.7 LTk
8 | 5.791 599 | 1.379 211 | 99.93 [103.56
? 5,798 635 | 0.90% 621 72,87 | €6.52
15,954 303 5 5,167 055 | 1.230 &85 02,97 | 02,77 |.1%65.5
(Champels + | & | 3,382 928 | 0,803 608 | 61.82 | 65.78 | (at midopen)
Faat 2 2.19% 361 | 0,322 555 biy B0 | hlp.b0
6 | 0.89% 937 | 0.213 125 0
3 | 0,976 765 0.,18% 970 o
1 0.450 855 | 0,107 #569 0
o | 5,918 793 | 1.509 501 | 108.22 103,32 -
8 | s.243070 | 1258585 | 95.65 |100.58
7 | 3008 | 0788 272 | 6ok | wi.by |
28,378 030 5 .65 239 | 1.306 217 | 82.20 | 22.20 | 8u6.80
Fat + IE;. 2.9352 423 | 0,698 727 55.59 63,98 (m‘m/ﬂsﬁvﬂ)
Boz 2 2,847 361 | 0.5390 ¢35 b9 | BLoAD
6 0,453 840 | 0.135 222 3
3 0.439 905 | 0,050 936 D
1} 0.zh3 674 | 0.09% o3¢ o




TABLE NO. 12 122

RESULTS FOR D = 1, 6? % 105

i1

( . }(é'/”/ ")  Moment in
¥ Point 144 w{ins. ). M (. .mf H o Edg?lé%%:?
o | 18,145 569 | 2.225 282 | 185.67 185057
8 | 16,985 117 | 2.082 970 | 286.62 | 16%.72
7 | 13765 634 | 1.688 146 | 189,31 | 102.33
5 | 15.818 738 | 1.930 951 | 165.60 | 165.60
| 12.582 200 | 3,543 on3 | 268.13 | 102.91
0,888 099 2 9.257 567 | 1.140 207 | 104,72 | 10%.72 82;4035/&07.
Flat alono 6 | 9266 938 | 1.136 451 {193,316 | © (ot m‘dﬂﬁ'n)'
3 8.039 663 | 0,988 357 | 171.89 Y
1 | %.703 763 | 0.576 8:6 |107.83 | ©
o | 7.57% 75% | 0.928 930 |118.63 | 118.63
8 6833 302 838 ooz | 108.0% | 109.23
Vi 726 512 579 635 | 78.08 75.50L
5 | 6.158 057 o755 195 | 99.5% | ©9.5%
7.699 476 o] 4.238 521 510 791 | 7L.76 | 69.16 | 13070.12 fhug
Flat + 2 | 2.8535% | 99050 | 49.92 | no.oz | {0t midspaall
Channel 6 | 1.675519 | 205457 | 3836 | O
3 1,450 485 178 371 | 31.11 0
1 0.85% 610 | 303 579 18,78 ©
9 | 6.526 205 | 0,800 sw1 | 211.97 | 121.97
8 | 5.826 370 2716 517 | 100.20 | 103.75
7 | 3.829 666 469 651 | 68.91 | 72.95
5 | 5,200 335 | 637 a9 | 92.99 | 92.99 .
140510 853 4 3.411 476 4518 386 62,15 | 65,87 | 1355% .85/
Flat + Poxn ' 2 2:216 361 271 803 bk .58 Ly .58 (ai;.midapan)
6 | 0.921 018 A2 949 | o1g6 | O
3 0.799 388 028 033 | 17.10 )
1 0,464 003 086 503 §. 10.20 0
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CHAPTER 4

e
¥

4.1 OBJECTS AND DESIGN OF EXPERIMENTS

The experiments were conducted oh‘a~Hyperbolic Parabolold Shell
whose boundaries coincided with straight line generators. All four
corners of the shell were supported, and a tie bar was incorporated

across the low corners.

The objects of the experiments were as follo@s:

(15 To investigate the behaviour of the shell under uhifppm
loading when the stiffnesses éf the edge beams and of the
tie bar were varied. It was also convenient to study the
shell behaviour when uniform loading was applied Sver holf
the shell surface.

(2) To study the eéffects of certain edge disturbances.

(3) To study the behaviour of the shell tested t6 destruction

under uniform loading.

The shell was therefore designed so that different edge beams
could be attached at the edges which were originally trimmed with
relatively flexible steel beams. The tie bar details were such that

the stiffness of the tie could be varied as desired.
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4.2 DESCRIPTION OF SHELL

The shell, which was of reinforced cement/sand mortar, was

(21). Certain

constructed by B.M. Abuja and described in his thesis
preliminary tests carried out by him on this model were alsi reported

in his thesis.,

4,2 & SHELL DIMENSIONS AND MATERIALS

The shell was 8'0" gquare by 0,75" thick, with edges stiffened
by £lexible mild steel edge members. Such members were of course
necessary at least to take the tangeatial shear stresses Cnt)

regulding from the membrane theory.

The rise between the low corner and high corner of the shell
was 14 inches, the cornsrs being constructed so that vertical and
horizontal movements could be dmposed at these points, The rise
to span ratlio was oxiginally chosen 3o as to accentuate the bending

roments in the shell, -

Reinferezuent consisted of four layers of 1/4% diasmeter steel
bars at 2" centres. Cover to reinforsement was 1/6"., Details of

reinforcoment and shell Qinensions are shown in Fig (4.1).

The agprsgote/cement ratio of 331 vas used in the cement/sand

moriar of vhich the shell was constructede ALl particles of the



sand aggregate passed through the-Noal4lBoS.Sieve. In order to
raduce shrinkage to a minirum, a low uate%/cement ratio of 0,365
waS adopﬁed-when casting the shell., During curing, slaborate
precautions wers taken to reduce the shrinkége stéessas in the

shell. '

4.3 IOADING FRAME

The main part of the loading frame consisted of four R.S.J.
columns which took the reaction from the fouf aﬁell corners, These
columns were braced horizontally by two R.S.J.beams running parallel
to two opposite shell edges. Spanning horizontally scross these
beams were four R.8.JIs which served as further bracing to the
frame, as well as to provide bearing for the hydraulic Jacks which
vere used to apply load to the shell. A flat plate was welded to
the head of each celumn, and by further welding four vertical
flat plates to the periphery of this platag‘a walled enclosﬁre was
formed which contained the ball seating of thse shell supports, The
herizoantal flat plate or emch column head was provided‘with four
3/4" dlamsteor holes through which passed 3/8" diameter bolts.

Tha latter, vhen tightenad, clamped the shell corasrs in pésition;
andg'when glackened, permitted small horizontal movement at the shell
corners. The vertlcal sides of the walled enclosure were provided with

tapped holes and screws, so that controlled horizontal corner

movements could also be imposed by manipulation of these screws.



The four corners of the shell were kept clamped in position during 127

teating except during steges of the test to destruction, The genefal

arrangement of the test E£rame is shown in Plates (1) and (6).

404 CORNER DETAILS

As showe in Fig {4.2) and Plate (2), the coﬁners wvere elaborately
+ designed to permit both horizontal and vertical.movements and
rotations as required. Care was takan to reduce friction in the
bearings fo a minimumovThe ends of the_four.in-siﬁu flexible steel
edge beans were welded to a 2" diamster vertical stem, the top of
which was provided with a ftapped ﬁole. Into this hole was screwed
an éxternally threaded C.CoLo pre-s%reésingvcone, One end of a
HooBo wire qf 952?6" diometer was.anchorqd into‘the cone, while the
other end was supported at a point vertically above the cone by
means of o specially made large mut plach on a cantilever-like
pracket welded to the column head. By m@ans-of the four susgpension
wires, the shell cormers could ke lifted vértically, after the bolts
clamping the base plates 4o the column heads vere released. This
faeility howsver, was not used in the serles of tests reported in

this thesis.

The lower ends of the 2" dlameter stems, which supported the
steel eodge beams, wers provided with a universal ball-jointed seating

ag shoun in ¥ig (4.2).
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ELEVATION OF ALEXIBLE (/n-Sr7v) BEIN
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4.5 _EDGR BEAM DETATLS |

Initially the shell was supgorted along the edges by flexible

. 1 17 R .
steel boams 2%'3 % thick, the ends of which were welded to the 2"

diamgter vertical sﬁéms at the shell corners. To the outside face

of each of these edge beams were welded 3/4" diameoter screwed studs
which enabled additional stiffening beams to be fixed to the edges:

To the other side of the flats were welded two layers of 1/8"

diameter mild steel bars 5" loag which lapped with the main reinforcement

of the shell thus ensuring continuity of reinforcement at the edges.

The variation of edge beam stiffness was achieved by fixing‘
two sets of edge beams to the 3/4% diameter studs provided slong
the in-situ beam. The additional sections took the form of a k-5 4 &%"‘
X 4,60 1lb, channel, and a 3"x 3" beam of box section made up from two
channels welded toe-to-toe. The details of sections of additional
edge beams and their method of fixing are shown in Figs (4.3 and 4¢4).
in the case of the box sections, the length of the 3/4" diameter
studs was inadequaté to enublg them to be bolted in a manner
similayr to that of the chanmels, hence the detail of fixing had to
be altersd. Blongated muts were made which passed through enlarged
holes on the ﬁutar face of the box section and screwed onto the studs
which passed through holes in the immer face bf the section. An
attempt was made, without much succeads, Lo ostablish some degree of -

continuity at the corners of the additional. edge beams, fthis problem
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being made greater by restricted clearances at the shéll corners.

An l~ghaped elbow was made from 4"x 2" channels. These elbows wefe
provided with two slightly elongated holes in each‘legn through
which passed two studs which were welded to the ends of each edge
beam. After being bolted into posifion9 the elbow and edge.baéms
‘were prevented from moving relative to each other by wedging tapéred
washes into the spaces between their toes. A view of the elbows is
shown in Plate (3) from which it will be seen fhat fhe weldéd

Joint at the junction of the legs of the elbow was reinforcéd by

‘plates welded to the webs and toes of the section.

In order to clear the béaring vads at the corners of the shell,
it was necessary to weld to the ends of the edge beams speéial
chort lengths inclined at an angle to the axis of the beam, This

also shown in Plates(4),(44), and (4B).

4.6 TIE BAR DETAILS

Two different sets of tie bars were used in the experiments.

The firat were relatively flexible ties comprised of two 0.276"
’ "

diameter H.T. steel wires, while ths second consisted of two 1%

diameter lee McCall Bars.

4.6 a FLEXIBLE TIE

The two 0,276" diameter H,T.Stoel wires spanned across the low

cornsrs of the shell. The method of fixing is shown in Fig (4.5)
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and Plate (2). These tie bars were supported at their ends in such

a manner that any tendency to twisting of the tie, when being
tightened, was reduced to a minimum. The wires were held by C.CoL.
grips supported on sleéve pipes through which the cables passedo.

These pipes were threaded extermally to engagava specially désigned
large nut. The 1oad'ig the tie was transfbrred to a 2"x 2"x 5%" long
steel pad via the large nuts by means of a th:ust race. The bearing
fitted into a speclal recess provided in the ﬁut which served to
protect the hearing from dust. The pad in turn bore centrally on the

2" diameter stem at the shell corner. By means of this arrangement

it was possible to apply a force to the tie bar by manually manipulating
the largs nuts, since the friction in the system was low. The force

in the tie bars could be equalised by rocking the steel pad. A similar
arrangement was used to support the vertical suspension wires at

the shell corners. Throughout the tests these vertical wires were
slackened so that all the reaction at the shell corners was transmitted
directly to the vertical columhs of the loading frame via the steel

bearings at the column heads,

4.6 b RIGID TIE

This consisted of two l%" diameter Lee McCall Bars threaded

at the ends to accomodate Lee McCall Nuts. As shown in Fig (4.6) these

nuts bore on washers which rested directly onto a 2%

pteel pad, This pad transferred the load to the vertical 2" diamster

114
x a% x 8" long

stem at the shell corner. Ho spacial precautions were takea to avoid
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tulgting in thése wires when the puts were tightened; but as described
in the nomt chapier, sters were teken to ensure that at the beginning

of a test these bars were identicelly stressed.

4o7 LOADING TECHNIQUE

It was necessary bo design the loading system to be as flexible
as possible, It should bz stable st all atagés and should be capable
of loading the shell at a rate which could be easily vavried, while
eliminating at the same time, any possibility of impacf loading.
The hydrauvlic system, Flg (4.7), vsed in the tests met these requirements

ideally, espselally in view of the resitricted hsadrocm in the laboratory.

4,7 & UNIFODM LOADING AND HALF LOADING

Tois was simulated by point loads applisd at 64 points cn a
1 Zoot girid cver the Bhéll surface. The load was applied through
15 inter-convected hydveulic jacks, cach of which applied load to
four leading polnts on the shell, One end of each Jack was f£itted
with a sibeel plale which could be clamped to the R.8.J.'s provided
in the leading frame to take the thwust of the Jjacks., The other end
of each jack was provided with a gerewed flttdng, the end of which
was recessed to accommodate o 1/27 diamoter steel ball. The latter
rosted in another recesg at the contral point of a H-Frame comprised
of a T-ghsped beam resting through a ball joint on the mid~point of

another transverse baen.



Tho four tips of the H-Frams were comnected through turnbuckles

to four loading points on th§ shell by means of a iﬁopéd su8p8n8i05. o
wire, At the shell end, each suspension wire paésed thfough a smali
hole provided in the shell, then through a cenﬁral hole in a 6"
square wooden pad and finally around a 6" long, 1/2" diameter

steel bar. This bar rested on the wooden pad; thus the thrﬁst from
the jacks was distributed equelly to four poinés on the H-Frame

and then via the four suspension wires to four poiﬁts on the shell
surface., "Tilumal Eement was used to fix the wooden pads to the shell
surface. The'arrangement of the jacks, H-Frame, and suspension wires
is shown in Pléte (5). Levél;.'ing‘of ‘che H-Frame was achieved by

menipulating the turnbuckles.

The jacks were connected by 1/4" diameter flexwible hosing to
a 3/4" diameter ring main. This system was then comnected to an
electri¢al pump through a length of Llexible hosing and two control”
valves. The latter served to control the rate at which pressure was
built up in the system, and hence, also the rate of loading of the
shell. Furither, the combination of the large diameter main and
flexible rubber hosing absorbed any shock tranamitted to the system
due to pulsations resulting from the operation of the electrical
punp. A constant length of hosing was used to connect the jacks to the
ring main, hence the friction loss aleng the hoses was constant. The
two valves incorporated in the ring main made it possible to isolate

8 of the 16 jacks from the pressure system, thus providing loading
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over half of the,sﬁell surface. Provision was made for ""bleeding"
air from the system at the point most remote from the inlet. Two |
calibrated pressuré gauges were used to record pressures, one being
placed near the inlet and the other near the '"bleeding" point. The
diffsrence in pressure between these gauge readings represented the

friction loss in the system.

The capacity of the electrical pump was low, theréfore, a large
capacity hand pump was wsed initially to £ill the entire system with
oil at atmespheric pressure. The two pumps were comnected through
a valve which when closzed, isolated the hand pump from the hydraulic
systemy therefore the electrical pump was used to incraaée the pressure,
Since the capacity of the ring main and jacks was so great relative
to that of the electrical pump it was possible to increase the
pressure al a slow rate. This rate could be further varied by
manipulation of the two valves through which the electrical pump

was connected fo the hydraulic systen; or, if necessary, by using the

hand pwip.

In order to maintain the hydraulic pressure constani over any
pericd of tims it was necessary to rid the system entirely of air.
By continuous pumping and then bleeding at each nipple, the ring
main was filled with oil at atmospheric pressure. The jacks and

connecting hosing, after being filled with o0il, were then connected



to the system and then all air removed by further bleeding. Any
leaks wore easily detected and eliminated. Thus on testing the
system under a pressure of 40 pai over a period of eight hours

a loss in pressure of only 1 psi resulteds

4.7 b FDGE LOADING

The loading of an edge was achieved by jacking aghinst seven
of the studs provided along the in-situ flexible edge beams. ihe bassg
of each jack was supported on a steel ball accurately positioned
on a horizontal platé fixed to the testing frame. The other end
of the jack bore onto the stud through a 1/4"'thick plate having
a "U" end formed by cutting diemetrically across a chamfered 7/8"
diometer hole. This detail is shown in Fig (4.8). It was thus
possible to apply a point load to each of the seven studs, either
directly against the face of the edge beam or at a predetermined
distance from it, thus inducing shear only, or shear btogether with
moment, at the edge. The point on the loading frame vertically
below the point at which the loadimg was to be applied to the shell
edge was determined by a plumbvbcbg.At the commencsment of the
tosts the screwed fittings at the heads of the jacks were adjusted so
that the "U" endad piates worg just touching the studs on the shell
edges, The general arrangement of the edge loading system is shown

in Plate {(8).
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4.7 ¢ CALIBRATION OF JACKS AND LRESSURE GAUGES

The pressure gauges used in the tests involving edge loadings
of the shell were graduasted in 5 psi intervels up to 100 psi. Those
used In the uniform loading tests were graduated in 10 psi intervals

up to a maximum of 300 psi.

In order to translate pressure gauge reading to the force on
the ram of the jack it was necegsary to calibrate the gauges aguinst
known loading‘applied to the jack. Each gauge was connected to a Jjack
by means of a flexible rubber hose. Known weights were placed on the
jack and the corresgonéing pressure gaugs }eading roted, therehy
giving a relationship between loading and pressnre‘gauga reading. .
Results were obtained for each gauge connected in turn to five
different jacks and the law obtained in each case showed very little
variation. Due mainly to friction in the system, thé law obtained

with increasing load was different from that obtained for decreasing

14

load, the latter showingvgreater variation than the former. Consequently

it was decided to tuke readings only with increasing load on the shell.

Ideally the pressure gauges should be calibrated in the hydraulic
system vhen all 16 jacks were connected but this obviously was not

practicable .

4,8 STRATN MEASUREMENT

The 214 electrical resistance strain gauges fixed by Ahuja in



his preliminagy experiments have been employed in the present tests
to measure strain. Of these, four circuits of 48 gauges each

were fixed to the shell surface. These were arranged so that the
readings of any particular gauge could be checked by at least one
other gauge in ancther position on the shell surface. Symmetry was
not azzsumed. The remaining gauges were attached to the in-situ edge
beams and tie bars, and suépensioﬁ bars. Only one gauge was placed
on each tie bar and suspensio; wires while four gauges were fixed to

each edge beam at midspan.

In addition, four strain gauges were attached at midspan of
cach of the stiffening odge beanms used in the series of tests now
being reported. The majority of gauges were of Teﬁhnograph 1" linear
foil type of 80 ohm nominal resisténce, The six gauges on the
suspension wires and flexible tie bars were 1/2% pauges of paper-
backed type. Some typical gauges on the concrete were checked for
drift which was guite small ovér a periocd of several hours, hence it

was concluded that no deterioration of the bond had tzaken place.

The following technlque was adopted in fixing the gauges to the
shell edge beams: All scale and rust vere removed from the surface
by means of a wire brush. The surface was then washed clean with
acetone and allowed to dry. A Thin layer of Araldite MYESY? was

then applied to the prepared surface, and the gauge was washed in
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acetone and left to dry. The back of the gauge was then painted

with Avraldite and the gauge fixed in pogition on the surface baféie
the Araldite on both surfaces had commenced to set. Care was taken

to ensure that no air bubbles were trapped between the back of the
gauge and the surface to which it was fixed., The gauge was finally
covered with a strip of polythene sheeting on top of whichvwas placed
a rubber pad and weights. The entire assembly was left undisturbed
for at least two days, to allow the Araldite to harden. The leads
were then soldered to the gauge which was finally covered with a

protective layer of Araldite.

The gauges on both surfaces of the shell were arranged in rosettes
so0 that complete information on shears, moments, and direct forces
could be deduced from readings obtained from gauges at the point.
concernad, The éosition of gauvges on the shell surface and on the

edge beams are chown in Fig (4.9) and (4.10).

For tests with uniform loading, one of the circuits {No.5)
was permanently connected to a Peekel 540 DNH Strain Recorder
through a 48-way switch box. For the first series of tests with the
flexible tie bars the other circults were in turn connected to a
Savage and Parsons 50~way Strain recorder. In order to select any
particular circuit for measursement, a Mercury switch box was used

in conjunction with the Savage and Parsons recorder. All nacessary
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precautions were taken to ensure that the former was not disturbed
during testing. It was possible to check the reliability ofAreadings
obtained through the mercury switch box by comparing readings obtalned
from gauges in different circuits during a test repeated on different
days. The accuracy of the loading technique and of the reédings of

the gouges in the permanently comnected c¢ircuit No.5 could also.be
checkod by comparing readings obtained for this circuit on different

days. ) -

In the Savage and Parsons system of strain measurement all the
gauvgoes we&e centinuously excited by direct current, the voltage across
the bridge belng maintained at 5 Volis. BEach active gauge fequired'

a dumny gauge which was fized to a slab cast at the same time as

the shell, This slab was of the same thiclmess as the shell, was
reinforced similarly end was cured under identical conditions. In

the Peekel system of strain measuremsnt, the voltage across the bridge
wan 5 Volts Aeco and the current passed through one active and one
dunmy gauge only during measurement, hence only two dummy gauges were
required for use with a switch box which was divided into two halves,

each talding 24 gauges.

During the first series of tests it was observed that the
closing errors of gauges connected to the Savage and Parsons recorder

were in most cases so large that the readings obtained were usesless.
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Since all the gauges in a circuit were tested for drift Baque
measurement commenced the large ¢losing errors were attributed to
faults oither in the mercury switch box or in %ﬁe strain recorder -
or a combination of both. Fortunately however, in the seocond series of
tests involving the rigid bie bars, another type of Peskel strain
recorder was available and was used for circuits which vere qonhected
to the mercury switch box and Savage and Parsons récordero In these
circuits a set of Peckel transistorised Strain Indicators were used.
In this system the Bridge operated on 1 Volt A.C. and 12-vay switch
boxes were used to select the gauges for ﬁeasuremant, As in the first
series of tests the 5 Volt A.C. Peekel Strain recorder was also
attached to circuit No.5 permanently. .Very good strain readings were
obtained with the 1 Volt A,C. Peekel Strain indicator since the drift
in this case was considerably reduced?%%n§ﬁe emall current passing
through the gauges at the time of measurement. The number of these-
recordors available was very limiteé and it was necessary te repeab
several times the tests in the elastic ronge in order to cover a
reasonable number of gauges. It was therefore decided to eliminate
certain gauges and to provide checks on the readings of éertain
gauges by rearranging the circuits. For this reason only three
circuits were used in the second geries of testsy theso circuits

are shown in Fig (4.11).

Frecautions were taken to reduce drift in gauges to a minimum,
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As far as was possible, tests were carried out on mid-week afternoons
when the temperaturé of the laboratory was practically constant, All
lights in the laboratory were switched on from the evening preceding.
the day of the test and draughts wsre controlled by closing all doors
and by keeping the number of persons in the vieinity of the shell to
a minimum. Atmospheric temperature wus observed continuwously throughout
a test by means of two thermometers placed near to two opposite
edges of the shell. The temperature changes over a period of testing
of about 4 hours were not greater than +.3 degrees Centegrade. The
zero strain readings were taken at the beginning of & test and again
at the end; and the difference between the two sets of zero readings
was distributed proportiomately to the intermediéte readings., In

some cases, especially vhon small strains were belng measured, the

drifts were numerically greater than the strain readings.
(' (=]

4.9 MBEASUREMENT OF DEFLECTIONS

A maximum number of 131 dinl gauges uere used to measure deflections;
.all gauges were of the John Bulli Type. iha gauges Nos. l=49, measuring
verticol deflections over the shell surface; vere of 1" travel and
graduated to ,00% iﬁcho»All other gauges‘were graduated to .0C01 inch
and had 1/2" ¢travel. The arrangement of dial gauges is showm in
Fig (4.12). o . Vertical deflscticns along the edge
beams and at ehell corners wers recorded by gauges Nos., 53-84. At each

corner of thoe zhell, fcur dial gauges were used to measure rotational
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as well as horizontal movements in coordinate directions. Horizontal
movements along the edges were moasured in some of the tests by '
gavges Nos. 87-91 and 96-100. Deflection readings were taken at’
every loading stage of a test, and since the majority of tests were-
repeated more than once, there were ample checks on the deflection

readings,

The gauges were supported on a framework of "Handy-angles" with
steel flats used to support this framework at ite periphery. The

entire frame supporting the dial gauges was independenit of the shell,

A 1) ¥ wood sCrew was fixéd with "Durofix' to each éoint‘ut
which deflection was to be measured and the gauge was set by sye
to measure deflection in the appropriate direction. The spindle of
cach gauge was fitted with a specially made flat smooth anvil, which
was initially made to rest approximately centrally on the tips of
the gcrews fixed to the defleciion peoints. This ensured that only
the component of deflection parallel to the stem of a particular
gguge was recorded. Since the gauges remained in position for long
periodé, the spindles were frequently cleaned to keep them free of

dust.
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CHAPTER 5 158

5,1 RANGE OF TESTS

Ten tests were carried out on a hyperbolic paraboloid shell
supported along straight line_genératorsq The tests include certain
types of edge loading, uniform loading over half the shell, and uniform
loading over the entire shell with varying tie bar stilfness and

edge beam stiffness. Finally the shell was tested to failure.
The first series of six tests was carried out with the flexible
tie described in Chupter 4. In the other four tests, a rigid tie

was incorperated between the low corners.

5,2 TESTS WITH FLEXIBLE TIE

5.,2(1)} TEST No,l: VERTICAL SHEAR APPLIID AT EDGE OF SHELL

The vertical foree was applied along edge No. 2 (see Fig 4.30)
by Jjacking against bolts provided in the flaoxible steel edge beam.
This was considered the most convenient method in view of the
limited clearance betueen the shell cdge and the horizontal joist

of the loading frame.

The mothod of loading has already been described in Chapter 4,
To check on the accuracy of the Jjacking éystem and on the symmetrical

behaviour of the shell, the experiment was repeated at edge No.l.
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The results obtained in both cuses compared very favourably. An
attempt was mads to take strain readings, but except for’gauges

cn the edge beams, the strains were so small as to moke them useless.

5,2{2) TEST No.2: SHEAR AND HOMENT AT EDGE No.2

The method of loading adopted was similar to that used in
Test No.l, with the jacking force applied at a distance of l%"frpm
the flexible edge beam.

In both tests involving edge loading, it was essential that
the shell should not deﬁélbp any oracks; hence the maximum load
applied at fhé edges waé'éépéaééiivély;lQQP,The base plates at the
shell cornérs;&ere kept clamped in pbaitionjduring these tests.

Tie results of the first two tests are showm in Figs (6.1-6,8).

5.2(3) TEST No.3: UNIFORM LOADING OVER HALF OF SHELL

This test is ugeful in assessing the ability of the structure
to withstand asymmetrical.loading:due to wind, snov etc. The load
was increased from zerc up to 29051b/ft2 and defleétion ond- strain
‘P@adiﬁgs vere taken at oach stoge. The results are shown in Fig,(Gné

"60 14) o

5.2(4) TEST No.4,5, and 6: UNIFORM LOADING WITH VARYING EDGE

BEAM STIFFNESS

These tests were dntended to assess the offect of variation
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of edge beam stiffness on shell behaviour with a flexible tie.

The: shell bases ﬁere kept clamped throughoutu The flexible tie waé
made just taught at the beginning of each test, and the load then
increased in four approximately equal stages up to a masximum of
about 45'lb/ftao This loading was chosen as a standard for comparison
of shell behaviour in all tests involving uniform loading. In

cases where this standard loading was not exactly attained, the
results for this load were obtained by interpolation. After removing
the load from the shell, an interval of at leust 10 minutes was
allowed before final zero readings were taken, This measure ensured

that effects of creep were reduced to a minimum,

Bach experiment was repsated at least three times on three
different days. thus providing checks on deflection and strain
roadings. The 5-Volt A/C Peekel Strain recorder was permanently

comnected to Circuit No.5.

Test No.4 was confucted with the shell edges supported by
the flexible "inesitu" edge beams only. This test was also done
by Ahuja, but it was congidered advisable to repeat it because of
possible changes ﬁaving taken place in the structure during the
tests involving edge loadings. Fufther, the loading equipment
had been altered, and shrinkage had taken place in the shell since

Ahuja carried ocut his testso‘strain readings were token over all



Pivo coiveuits, bubt the elosing eﬁ*om in the gaugsz comnegted
through the Z-iérmwy sitchbex to the Sawvage and Parsons Strain:
regopder were in many coses s largs as to render their read:lxggs
worihlosss This was also the caep in Tesis Nos. 5 and 6; in Zact,
the Savage and Parzons equlpment exhibited coneiderable drift oven
whsn obsorved over a pericd of about one hour prior to testing om

differont doye.

In Test Nos5 the chamnel boams weve Iﬁzmd to the £lexible edge
bosms and the ghell again subjeoied to waifornm loading. Care wos
teken to ensure that all nia'l:sz wers seraved up against the sdge booms
to approtimately the eame extont. ﬁlhisa togothor with the fact that
the nuin were tighioned v.p Just sufflciently Lo kecp the odge boorms
Ziwmdy in pomition, oliminated the pomsibility of lawps diroot

foreos bolug transmitiod bo the rhell edgoem.

Boams of kot section wers added o the flexible cdge boams
in Test No.6, As the woight of thoss sscblons was comsiderable,
core vas talen to avoid shock-londing of the shell vhile the boams

were being placed in position.

5.3 TESTS Hos,7,8, and 9: UNIFORM LOADING WITH RIGID TIE ‘AND

VARYING FDGE BEAM STIFTNESS

© The unrsliability of the strains obtained through the Savage

- 161
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and Porseons strain recorder was fully recognised in the previous

tests. Advantage was therefore taken of a 1 Volt A/C Peokel strain
recorde? vhich became available fogether with ’ 23-way switchbox
and a l2-way one, These wore used to cover circuits Nos. 3 and 4,
and the other circuits Nos.l and 2 werce omitted due to the limited
nunber of swiltchboxes available,

The gimo of the tie bars and the details of fixing at their
ends were such that torsional stresses might be induced during the
tests, and some step had to be taken to eliminate them, or at least,
to reduce them to a minimum. Fach tle was provided with two straln
gauges fixed on opposite sides of its hoyimoatal exis., Priox to
testing, the strains in these gavges were observed at stages of
increasing load. The nuts at the ends of the bars were adjustad
at cach stagp, wntil the average strains of both seis of gauges
vere equal. The precess was repeated fop loadiﬁg decreasing do@n
%0 zero, which became the siarting point of a fest. This methed
proved effecitive in equalising the load ﬁransmittéd to each of

the %ies.

Test No.? dnvolved the in-situ flexible edge beam only, with
»igid ties batw@en the lovw cornors of the chell, With the uss of a
23~vay and of a l2-woy switchbex, only 46 gouges could be aceommodated

from clrenlt Nood. Swibehpoints 1=32 were resevved for tho gauges on
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edge beams, and 33-36 for those on the tie bars. Points 37=-46 vere

commected Yo gauges Nos.l3-18 and 25-48 of Circuit No.2, thus
providing a means of checking the corresponding gauges of éircuit
Hpo5 ., However, all 48 pgauges in Cireuit No.3 were covered since at
the %ime of thls test, and subsequently foux 12-way'switchboxes vere
avallable. The latter groupiny of strain gauges was adoptéd'for the

remainine tests.

In Test No.8 the channel edge beams were added, the rigid tie

a4ill being in position.

Tast No.9 was carried out after the beams of box ssctlon were

added to the flexible edge beams,

S04 TEST Noo,10: TEST T0 FAILURE
The ghell was testod fo failure under uniform loading, with the
odges supported on the flexlble steel cdge beams. Only after three

attempts was it possible to fail the shell.

In the first attempt, all the base plates were clamped in position.
Daflection readings were taken on all gauges and strains observed
iv eircuits Nog., 3,4, and 5. The load-deflection relationship at
midspan was linear up to a load of 51 lb/ftZ, beyond which the slope

of the curve changed sbruptly, though the relationship remained
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linear up to the maximum load of 134.2 lb/£t2 which could be applied.

Very large rotations were observed espscially at the high cornors,
but only a few minor cragks had formed. The ties were then relsased
kut the only effect noticeable was increased rotation at the corncers

znd falling off of the load.

The load was removed from the shell; the ties nominally tightoned
end all four base plates released before lcad was then sgain applied.
in this case linearity was observed up to about 40 lb/fta loading,
with the load deflection curve up to this point coinciding with that
cbbtainad in the first attempt, At the latier loading the slope of the
load-~deflection relationship again changed abruptly, and with the load
at 129.5 1b/ft°, it was obmerved that the high cornmers cf the loading
Erams had lifted soms 2" off the floor, vhich was probably the cause

¢ the abrupt change in slops of the curves referred to sbove.

The base plates at the high corners of the loading frame were
fixed %o the floor; and the shell subjected egain to uniform load
increasing up to a maximum of 200.4 lb/fﬁaa The four coimers of the
shall were released in this attempt at failing the struciure. The
lond-Goflection relationship (Fig 6.45) was lincar up to 133 1b/ft,
A% the 200.4 lb/ft2 load, large diagonal c¢racks, which were audible,
AL th
5 from the

low comners a¥t an angle of about 45 dogrees to the edge beams. These

appeared on the top surface of the shell, spproximately
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were accompanied by crushing of the shell material along the correspondé%g

lines on the bottom surface.

" The load was removed and restored afier the ties were completely
roleascd. Obgervations were made on deflection at midspan of the
shell and on straians of the tie bars up to a loading of 264 lb/ftao
At this point, the deflection of the shell was so large that some
Jatks in the niddle region wére transmitting no load. Héweverg the
pressure of the system was increased, -and strains iﬁ the tie bars
observed until the- pressure gauge reading was 1800 psi which would
correspond to a distributed loading of 477.6 1b/ft°, At this point,

the ring ma2in failed.

The dial gauge Irameywork and loading equipment were removed
and the crack patterns morked out for both surfzces. Thoss are shown
in Figs (6.40) and (6.47). Vieus of the ghell after failure are

shova in Plates (7) o (12}

5.5 TESTING OF SPECIMENS

5.5 a_ TEST SLABS

At the time of casting of the shell, a number of slabs 20"x
6 3/4" thick had been cast from the shell material. The reinforcement
to these slabs, and the conditions of curing were ldentical %o those

of the shell. Some of tho slabs had been tested at the end of Ahuja's
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tests, and the two which remained were tested under uniform bending

mement to give the characteriatics of the shell section. The apparatus

used for the test is shcwn in Fig (5.1).

Strains were measured by four strain gauges,- two 6n each face -
£ixed longitudinally at midspan. Each slab was supporied on rollers
16" apart, and equal point loads were applied at the third points.
by means of a calibrated jack, thus giving a constant bending moment
for a given load over ths middle third of the span. Deflection gauges
reading to .000L" were set up Zénon @ither side of the midspan. In |

ordsr to minimise friction at the rollers and to facllitate distribution

ef load, building paper was placed between the slab and the rollers.

Daflection and strain readings were taken at different stages
of inereasing load. Cracks which were formed in the early stages
were andible though not wvisible., The load was then decreased and
new Zeros obitained. Readings were then taken for lead increasing and

decreasing over several c¢ycles. Finally, the slab was tested to failure.

As shown in Figs.(5.2) and (5.3), the equivalent & values obtained
for the slab differed considerably for deflections and for strains.
In fact, differcnt vglues of B were obtained for the compression and
tension sides of the slabs. Further, thase.results vere different

for both slabs. In view of the fact that =mall cracks were observed
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prior to testing on both facos of one of the slabs, it waa_decidéd to

dlscard the readings for that slab.

6 6

The E values varied £rom 4.8x10° 1b/in® in bending to 2.3x10° 1b/in°

For the moment vs. deflection relationship. The Fformer velue which was

LY

adapbed for use in the shell caleculations also reprosented the average
of values of E obitained zeparately from observations of strain on the
top and bottom surfaces of the slab. Ideally, slabs should alss be tested

in tension but no spscimens vere avallzble for this purpose.

S.5 b TEST CUBES ‘ .

Your 4% cubes were tested in compression. The aversge compressive

strength vas 11,750 lb/ﬁnao

5.5 ¢ TIDIRECT TENSILE TEST

Oaly one 6V dlamoter cylinder zomained on vhich to carry oubt this

test. The resuli obitained wes 585 1h/inao

an E value for use in the second soriss of tests. Stralps were measured
. o . 1 o 5 /4 a
by two gauges fixed at midspan, and the B value of 25.0x107 1b/in~ was

obiainod over several cycles of leading opd wnloading, This flgure compares

fTavenrably with 240?x106 lb/ing glven by tha marafacturersin their

-

handbook, The bar diameter (1.136") is tho average of several micromober

.
rradings.
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CHAPTER 6

DT TR MY

PRESENTATION OI' RESULTS

Tae regulis of ozporiment and comparisons with theory ave
rerented in the folloving manner:

Teots 1 and 2 - AL resuliz axe based on deflections and

are given in Figs 6.1 - 6.8,

Dopt 3 - Figs 6.9 = 6,14 imiwaivm Az the mirain readings
in this case ghowed definibo trends the strain resulis
are included in Figs 6,13 and 6,14,

Tosie 4 to 9 - The oxperimentel rosults for these tests are

included in Figs 6015 = 6.44 inclusive. Fach test has boon
systematically veported as follous:
a) Typical Deflection Profiles
b) Vortical deflections for stendord loading of 45 1b/ft5,
o) Vertiesl deflection contours for UeDele of 45 1b/24%,
Such diagrams indieate vaether or mot the structure
bohaves symmetriesdliy during tesis.
d) Average of atraine en bobiom and top surfzecs of the
~ chell from vhich the fores élstribution mzy be dorived.
¢) Differonce of astrains in botiom and top surfaces. From
| these the diz—stribufri.ém of memontd over the ghell can
ba obtained.
fost 10 ~ lond deflection curves and cracleing potiterns ab

failure are indieated in Figs €.45 = 60,48,
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COMPARTSON OF RESULTS

Rosults for Tonte 4 = 6, involving the flsxible tis and variation
of edge beam otiffnems, are compared in Figs 60,48 - 6.54. Similap
comparicons are made in Figs 6,55 - 6,60 for Tests 7 - 9 in which

the rigid tie was usod.
Compsvigons of Tests 4 - @ dnclumive are made in Plgs 6.06L -
6,67,

Finplly, in Figs 6.68 ~ 6,71, comparisons are made with the

plate solutions,
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CHAPTER '

7o) DISCUSSION OF TEST RESULTS AND OBSERVATIONS

7olol EDAE TOADING - TESTS Nog, 1 and 2

The resulis for tests with edge loading are given in Figs.(6.1)
to (6.8) inclusive, It is meen from Fig (6.8) that a disturbance
in the form of an edge &eflection (qY) dies out reasonably rapidly
with distenge from the disturbed edge. Further, such disturbances
have very little effect on deflectioms at the other edges. This fact
is clesrly revealed in the displacement contours in Figs.{(6.2) and
(6,5) the forms of which suggest that bending moments vere confined
to ths vicinity of the disturbed edge region. The effect of edge
momant on dsflections appeared to be negiizible (Fig.(6.8), however,
in the Test No.2, the importance of avoiding cracking of the shell
made it imperative that only relatively small mements should be applied
at the sdge. The strains produced in the shell for an cdge sheavr

and memsnt of 26.4 1b/ft and 39.3 1lb.in./f4. rvespectively vere very small

lThe edge beam obviously played an dmportant part in the ability
of the shell to withstand such edge loadlings. However, in view of ihe
vory small flemwal rigidity of the edss baam used in the test, it
may be dnferred that such shells exhibiti consliderable rigidily eas

far pz thege types of edge loadings ave congernsd.



Typical deflection profiles plotted for different loads, - 247
{(Figs.(6.3) and (6.6) ), together with load-deflection curves shoun
in Fig.(6.7) Zor gauges nos.28 and 65, reveal the liuear behaviour .

of the structure under the applied edge loads,

Tolo2 HALF TOADING — TEST No.3

Rigs (6.9) to (6,14) relate to this type of loading for which
linear behaviour is rovealed in Figs (609) and (6.10). The stfucture.
has accommodated this type of unsymmetiical loading up to 29.5 1b/f%2
(65%% of the maximum uniform loading in subsequent tests) without

any serious effects,

7olo3 UNIFORM LOADING
~ In order to compavre the results effectively, Tests Nésc4 -9
are discussed collectivelya The resulis are incorporated in Figs (6.15)

il (60413-) and (604-8) - (6071)0

7olo3a ACTIONS

In visw of the erratic bshaviour of muny of the strain gavges
attached to the concrete surface,‘pérticularly vhen small strains
wore being measured, any comments on results based on strailn rsadings
can only be general. It is possible to observe gemeral tronds |
especially in cases vhere large strains occurred, og. at centre of

the shell and in the vicinity of the low corners.



' . 243
‘In practice, for the type of structure tested, it is customary

to provide edge beams having small torsional rigidity, and to restrict
the movemehts at the low corners as much as pbssible. These conditions
were most nearly met in Tesﬁ Noo7¢ in which the rigid tie was used

in conjunctidn with flexible steel edge bheams., Thus, as shown in
Chapter 5, the direct forces at the edges of the shell should in

this case be zeroj especially at points far removed from the edges.
Therefore, if the extensional theory is applicable, it could be -
anticipated that the direct forces along any generator would vanish,
while the bending'moments throughout the shell should be negligible.
However, Figs (6.50) and (6.56) show that this was not the case in

the tests. Along the generator o=0, for example, n‘3 has a relativoly
small value near the gdge; its value tends Yc increase towards. the

centre of the shell.

In the other tests in which the more rigid edge beams were used,
the extensional theqry appears to be more nearly satisfied, sc¢ far
as direct forces were concerned. Fig (6.50) snows that in Tests S
and 6 the value of fhe direct stress-resultant n, along a=0 does

B
not change appreciably along the generator.

The tangential action n.a{3 is by no means constant along a
generator (Fig (6.55));: rather, its value tends to oscillate about
zero - with rapid increage in iis magnitude fowards the low corners

of the shell. Tuere appears to be better agreemznt with the extensional



theory in the guadrant of the shell near the high corners. This 249

was particularly so in Tests Nos. 8 and 9, involving the rigld tie

‘together with the channel sections and with- the box-section edge beams.

The actions in general, tend to be reduced in the middle
regions when the edges of the shell were stiffened. A very interesting
point emerges from Figs (6.56) and (6.57); that is, with the rigid
tie there is a marked reduction in the magnitude of the éctions
wvhen the flexible edgeABeams wvere stiffenéd with the channel sections.
On the other hand, when the box-sections were added to the flexible
edge beams, the actions were almost identical to those obtained |
for the case of channel sections. This would seem to indicate that
with a rigid tie no useful purpose is served by also using a very
rigid edge beam. With the flexible tle however, this effect is not quite

as marked, due, no doubt, to the more important role of the »
edge beam stiffness under these conditions. Incidently, this point is
also brought out from a study of the vertical deflections in the

next section.

Again, in figs (6.50) and (6.56), it is seen that the effect
of the more rigid beam is for the moments to increase in the edge
regions vwhile decreasing towards the middle of the shell. It was
not possible to observe strains in the shell beyond a point 3" away
from the edge beam, however, the increase in moments near the edges

may be explained if the comnection betuween the shell and edge beam



is regaﬁded as approaching a hinged one, With the more rigid edge
beam, the deflections at the edges of the shell are reduced; thie
reduction may be achieved by applying an upward shear at the edge,
which would tend to increase the positive bending moment in the edge
region. This means, however, that the'torSional yigidity of the

beams is negligible, which was probably the case in theitesta since
the ability of the bolt to transfer torsional stresses across the
gap in the edge beam was questionable. The bolts in the steel flats
vere nof necessarily'perpendigular to the latter, therefore, it |

was found necessary in some instances to make the holes in the
additional edge beams larger than would otherwise be required in
order to accommodate the bolts. The nuts used to secure the edge beam
in position on fthe bolt, were tightened onlynominally, otherwise high

direct forces aight have bsen trunsferred to the shell edges.

In all casés, actions tended to concentrate ambout the low corners
of the shell .(Figs (6,51) end (6.57)). Along the line joining the two
low corners, the actions were considerably reduced irn the middle
region when the more rigid edge beams were attached. Thiz effect of
damping vas more marked in the streés resultant n, particularly
when th¢ rigid tie was used. Again, however, the reduction in actions
along 'he low diagonal was negligible when the channels were replaced

by ths box beaums.

250



Zo103b DISPLACEMENTS » 251

Vertical deflections were observed in all tests while horizontal
displacements at the midpoints of two edge beams were néted in Tests 4,
5 and 6, Corner movemehts vere recorded by dial gauges appropriately
placed. Figs (6.15) - (6.44) include the deflections for the different
tests, Typical deflection profiles for each stage of loading asvwell
as vertical deflection contours have been plotted for each test as

aids to the study of shell behaviour with regard to linearity and

synnetry.

As strain readings of gauges on the concrete surface were in
many cases unreliable, the deflections comstitute a more réliabie
basis of comparison of such effects as those due to edge beam
stiffness and tie>bar stiffness. By combination of the resulfs
from the different tests, it is possible to separate out certain
of these effects. However, deflections arevnot necessarily a good
guide as to the magnitude of bending moments in the shell althoigh
they.may give a reasonable indication of general distribution of

moments.

It is cobvious from the results that the use of the more rigid
edge beams resulted in & more rigid structure with consequent
reduction in displacements. This can be seen in Figs (6.48) and

(6.55) for Tests 4, 5 and 6 and Tests 7,8,9 respectively, in which
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are compared deflections at the centre of the shell aond at midspan

of the edge beam. These diagrams also reveal that the deflections

are not necessarily directly proportional to edge beam stiffdess.

In particular, the deflections for the tests involving channel seétions
and those involving box sections show very little difference despite
the fact that the box was twice as stiff as the channel in bending,
while the torsional rigidity of the former was séveral times that of
the latter. It has already been pointed out that the shell actions

also displayed this characteristic. This would seem to indicate that
flexural rigidity of edge beam is more important than torsional rigidity.
This, however, is not necessarily the case in practice. Bﬁ thickening
the edge region of the shell and eliminating the gap in the'edgé beam,

the torsional stiffuess of the latiter would assune greater importance.

7olo3c CORNER MOVEMENTS

(i) Horizontal Movements: These are shown in Fig (6,66) in which

is plotted load vs. total corner movement along the diagonalsyat low
and high corners. It is true that these do not necessarily reprosent

the movements at the level of the tie bar. Nevertheless, they do provide
soﬁe indication of the horizontal stiffness of the cormers. It can be
seen that in all cases involwving uniform loading, the low corners

moved outwards while the high corners moved inwardsj also, except in

Pest No.6, (flexible tie with box sections) the movement at the high
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corners was about twice as much as that at the low corners. There is
‘very‘littlc difference between the movements obtained with‘%hq channel

- sections or with the box sections, which again suggests some upper

limit to the desirable rigidity of the edge beams. The .considerable
influence of the tie in restricting corner movements is:broﬁght out

by a comparison of Tests 4 and 6 with Tests 5 and 8 and with Tests

7 and 9. The displacement profiles along the edge beams for different
stages of'loading, Figs (6.15),(6:20) ,(6.25) ,(6.30),{6.35), and (6.40), -

indicate a high degree of fixity at the low coraers.

(ii) Corner Rotations: These are indicated in Fig (6.67) from

vhich the rotations for Tests Nos. 4 and 5 have been cmitted because
bof the erratic nature of certain deflection gauge readings. The curves
ropresent averages of corner rotations. The above remarke in connsctlon
with horizontal momeats also apply here, with Test No.6 providing no

exception to the gernsral trend.

7-1l.3d SEPARATION OF EDGE BRAM AND TIE BAR INFLUENCES

An atiempt has been made to separatse the edge beam effects from
those of tho tie bar., This is done in Figs (6.62) to (6.65) inclusive.
For exanple, by substituting the deflections for Test No.8 (channel
sections with rigid ties) from those for Test Nan‘(channels with -
floxible tie), the deflections due to the_change in the tie bar are

obtained. Similarly for Tests Nos.6 and 9, and algso for Tests Hos.4 and ?u
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t must be borne in mind that the effect of edge boam stiffness

in the first series of tests (4,5, 6) was not necessarily the same

in the second series (7,8,9). This point is evident in Fig (6.64).

The influences of tie bars and of odge beams have been studied at
three representative points; namely, at the centre of the shell
{gavge no.25), at midspan of an odge boam (ro.63) and at a point in

the vicinity of a low corner {no.49).

Figs (6.63) and (6.64) give respectively the proportion of the
total dsfloction dus to chauges of tile bar and of edge beaﬁ, vhile
Fig (6.65) can be used to asecss the relative importance of the tie
bar and cdge beams. The effect of tie bar change (595 - 4?%%) is of
oqual importance near the low corners as at midspan of the adgé beam
(Gzuge Mo,65) vhere the effoct varies £rom 583 with the flexible
boam to 52% with the box sections. Thus the effect of ﬁie bar change
was praciically constant when considering the low corners and the edge
boams. AS the centre of the shell howsver, tho effect of cﬁanging the
tie bar varisd from 484 with the flexible adge beam to 30.5% uith
the more rigid chanuel and bor=section  beamg., Fig (6.65) therefore
brings out the fact that the lLess rigid tie, by allowing greatér
movemernts at the corner, also caused larger deflections in the central
portion of the shell, Fig (6.64) shows that the importénce of edge beanm

stiffness was lowered with the more rigid tie, tho effect of edge
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beam chavge on vertical deflections being approximately the sume

2% all points on the shell.

Tas effect of edge beam stiffness on deflections at the centre
of the shell and at midspan of edge beams is shown in Fig (6.62).

bar etiffness on chell behaviour is

D

The great importance of i

again clear, A study of Fig (5.62) in conjunction with the moment

diagrams in Figs (6.50) and (5.55) roveals that with & rigid tie,
zelatively - . N
a/flexible’ edge bean is not detrimental, and from the poink of wiew

conony, may even be more desirable than the more rigid odge

9
o3
]

beanm which leads o only swmall reductions in moments and deflectilons.

Since strain gauges on the edge beams an@ tie bars fareé much
better than these on the concrebe surface, it is possgible ﬁé make
move dafinite remarks as far 2s edge beam moments and férces axre
econcernad. Figé (6.53) and {5.59) éhoﬁ that the momant ab éidsgan
0f the edge bezam ipereases with edge boam stiffness fhongh the

variabion is not lincar. Thus in Fig (6.59), the midspan moment

with the box sections (Pest No.9) is not much greater than when the

{3

ess rigid channel socéiom is used (Test Nod). Unﬁor%unafely, iﬁ was
not pozsible to includs the rasulsz fLor T@ét >No°6 in Fig Ro.(6.53)
gince the strain readings in this test exhibited large zero errors,
appareatly due Vo a disturbanze in the zero setiing of the strain

reading cquipment., These diagrams algo indicate that the effect of
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increase in tiec bar stiffness was to reduce the bending moments
in the edge beams by about on2-half. This reduction in moments was
also accompanied by a large raduction in the magnitude of m, near

the edze beam (Figs (6.50) and (6.56)).

Since strain gauges were attached to the edge beams only at
midspan, it is not possible to make any pronouncement as to the
distribution of moments and forces along the edge beams. However,
the extensional theory has bezn applied to determine the direct forces
in the beams, assuming that such forces vary linearly from zero at
the high corners to a maximum at the low corners, and the results
have been plotted in Figs (6.32) and (6.59). It is remarkable that.
in both cases the above assumptions give a fgir indication of edge .
beam force at midspan. This vas especially so when the channel sections
wvere attached to the edges.With the flexible tie, these assumptions

gave the edge beam force almost exactly (Fig (6.52)).

7olo3c  TIL BAR FORCE

The behaviour of the tie bar is shown in Figs (6.52),(6.58), and
(6.61), This force was reasonably constant for each series of tests,
though higher in the second ssries (Tests 7,8,9) than in the first
(Tests 4,5,6) in vhich a flexible tie was used. In neither case was
a good agreement obtained with the value of tie bar force predicted

by the extensional %heory. This discrepancy could be due to the fact
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that the tie bar was not allowed to take up the total movement at
the corner because the clamped bases of the shell prévidéa some
restraint, In this‘reSpect it would have been more desirable if the
shell corners weré deéigﬁéd to permit free movement horizontally

in the direction of tho tie bar.

Fodod TEST TO FAILURE

The shell failed in bending in the immediate vicinity of the low
corners. At each lov corner, a large crack formed on the top'sﬁrface
running at right angles to the diagonal and meeting the edge beams
‘at & point about 3%" from the corner (Figs (6.46) and.(6e47))o This
was accompanied by severe crushing of the ﬁortai'aiong.thensame line
on the bottom surface, resulting in the reinforcement being exposed.
The pattern of failure at the low corners is also shown in Plates
(9 -312). - The cracking paitern in these regions is similar to
that of the corresponding flas plate with edge beams supported at the
four corners. The direction ol these cracks indicate the existence of

high tvisting moments in these regions.

There was a complete abscnce of cracks along the catenary diagonal.
The craclis here were at right angles to this diagonal and particularly
near the high corners, cut right through the shell - an evidence of

high teasile forces a2long the diagomal in these regions.
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A large craclk formed near to. edge No.l in the bottom surface -

rupning f£rom the low cormer in a direction parallel to the edge.
Crushing on the top surface zlso occurrod along this lineq.This

was probably due to uneven distributicn of load. This crack oécurred
after thoge in the low corners had formed and after several of the
jacks in the other regions of phe shell were observed to be fully

extended and were no longer contributing to the loading.

The spacing of cracks along the straight line generators exactly
coincided with the reinforcement. Some of these cracks were barely
visible prior to the test, but those near the centre of the shell

opened up considerably during the test.

7.2 GENERAT, REMARKS

%,2.1 LINEARITY AND SYMMETRY IN TESTS

In éll the Tests 1 - 9 inclusive, the results indicate linear
behaviour of the strﬁcture, except in regard to the ho%izontal:
displacemonts at midspan of edge beams (Fig (6.54)). Some slight
dapree of non-linesrity is also displayed in the horizontal ccéner
movements (Figs (6.66)), but this could have been Gue o e;rors
involvaézin using dial gauges to measure such sﬁéll movements. All

toshs were repeated at least twice, and in each case the deflection

curve obtained for a particular test repeated itself almpst exactly.
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The symmetrical behaviour of the structure has been amply

-

revealed in all the tests. '

Fo2.2 TOADING STSTIEM

Althbugh the loading'system functioned smoothly, there were
certain disadvantages inherent in the method 6f loading. One great
disadvantage is that the iouer surface of the shell was req@ered
inaccessible by the suspension wires of'the loading syétem. except
in the regions near the edges of the shell. It was therefore not
possible to trace the development of cracks except in a relatively
small area. In the test to feilure this constituted a serious defect
in the loading system. This disadvantage was aggravated by the nature
of the framework supporting the deflection gauges. This made the upper
surféce of the shell almost‘:'v.nacc‘gssiblen The versatility and
depencdability of the loading‘system were dempnétrated.in the tes®s,
and these factors offset the'abovg disadvantages to a géeat'exﬁehtoﬁ
The method of loading the shell by an'a;r bag together with the dlal

(22)

gauge assembly adopted by Serivener rendors one surface of the
chell accessible %hroughout {iesting; but the other surface iz entiyely
inaccessible° Futher, the behaviour of the air bag is very dependent

cn atmospheric conditions - a fact which could lead to uncertalnty

in aceuvrate estimation of loads.
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7o2:3  STRAIN GAUGES

The behaviour of many of the strain gauges fixed tq the concrete
surface left much to be desired despite the many elaboéate precautions
taken to control drifting in the gauges. It is unlikely;that this vas
attributnble to deterioration of»bond between gauge an@fconcrete or
to the possibility of cracking of the shell, The lattef can be ruled
out since this would be reflebféd in deflections; furthér, the behavlour
of the slabs tested in order %o determine characterisics of the shell
section showed that after minor initial tracking the load-deflection
relationship was linear and repeated itself during several dycles
with lead increasing. The possibility of breakdown of bond between
gaﬁge and concrete was not overlooked. rFrior to-commencéﬁent of the
firat series of tests, checks carried out on several of the gauges
iﬁdieated that the bond was still quite satisfactory. The use of
mechanical strain gauges was precluded owing to the small magnitude
in the strains to be measufed, and the low headroom in tﬁe labééatory
malking it difficult to obtain readings at points awvay from the shell
edge. Further, the large number of points at which strains wefe to
be‘measured would make the use of mechanical gauges a most time~

absorbing efiort.

Strain readings vere generally acceptable in the case of gauges
attached to steel and in most of the gauges recording large strains.

The unreliable behaviour of th2 Savage and Parsons equipment used
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in the earlier tests have already been deseribed in Section 4.8.

The difficulties described above in the use of electrical strain
gauges on a concrete shell were also encountéred by Scrivenercaa)o
This would lead one to consider seriously the,point‘puf forwvard
by him; namely, that before testing such a large-scale shell structure
in concrete, it may be advisable to test smaller models made from
material more elastic than concrete such as steel or perspex. However,

the difficulty of forming a hyperbolic paraboloid shell surface from

such materials must not be undernestiméted;

705 COMPARISON OF THEORETICAL AND EMPHRIMENTAL RESULTS

703,1  EXTENSIONAL THEORY

In no case did the extensional theory prsdict, even reasonably,
the behaviocur of the shell except in the tie bar forge in Tests
Nos.4 and 5. The actlions, in soms cases, vers amall at the edges but
they all tended to increase towards thé middle region of the ghell,
fThe force in the tie bar vas mich less then that predicted by this
thaory., Deflections in expefiment vere too large to be explained by

+his theory.

703,2 PARTICULAR SOLUTTOHN

The erperimental resulis were on the whole much larger than

those given by the particular solubtion in section 3.3. Further, the



distribution of actions and displacements in most cases shows no 262
similarity to that specified by the particular solution.

7.3,3  AFPROXIHMATE SOLUTIONS

‘The approximate solutions discussed in Chapter 3 assume the
existence of the typical edge affect problem in consideringAthe
complementary solution. This phenomenon of rapid damping avay from
the edge was not evident in any of the tests involving uniform loadingp
woments, in particular, increased away from the edges. There is evidence
of rapid domping in the actions occurring at the shell corners both
in a dirvection along the generators as well as along the low diagonal

(Figs (6,51) and (6.57)).

The magnitude of tie bar force predicted by Ioof's method is
conzervative; however, the effect of clahping of the shell bases
during test would bs to reduce:the tie bar force. Though the method
gives reasonable estimation of edge beam forges, the experimental
valus of cdge beam moments is underestimated. If Loof's method of
analysis were acceptable, one would expect.reaﬁonable agrocment in
Tests Nos.7 and 8 with rigid ties and rigld edge bsams; howsver, this

35 not borne out by the resulis of these exporiments.

An attempt has already besen made in Section 7.l.3z to explain

qualitatively the behaviour of the m, in Figs {6.50) and (6,55). 2n

approximate analysis has bsen camvied ont in Appendix 2 - in which

it ip assumed that the change in odge shear assoclated with the changs
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in edge beams may be deduced from the method given by Bleich and 5

Salvadori (Section 3.5a), the edpge of the shell being regarded as
hinged. The load on the edge beam at midspan is obtained by considering
the shear necessary to produce the change in deflection observed for
the diZferent edge beams. This loading is applied to the edge beam

in a .sinmsoidal manner and the midspan deflection cémpared with the
actual results of the experiment. It is shown that for this approach
to be correct for the shell tested, a very rigid edge beam would be
necessary. This approximate mothod has been extended to take into
account the effect of fixity ot the low end of the edge beam and of

moments at the shell edge.

703.4  PLATE SOLUTIONS

In Pigs (6.568) %o (6,71), the deflections obtained in experiment
are compared with those predicted by regarding the shell as a flat
plate with edges fixed or simply suvpported. This bomparison‘was promptod
by the magnitude of deflections observed experimentally especially

in the middle region of the shell.

From ﬁig (6,68}, it is scen that with the rigid tie and flexible
béam° the deflection at the centre of the shell is predicted to
wiﬁhin 30% accuracy by a plate solution involving fixed edges. When
the rigid tie is replaced by the flexible one this comparison is not

good and shell deflections would then be more reasonably predicted



by assuming simple supports a3 the edges of the plate. This condition
would give zero deflection at the edges which is not the case in

experinent because flexible ctpge beams were used.

Fﬁg (6.69) deals with the comparison with the plate solution
when the shell edgesAare comprised of the combination of flat steel
beams and channel sections. The agreement in the deflections at -
midspan is quite good when the plate is assumed to have clamped edges.
The discrepancy at the edges in Fig (6.68) is then reduced by the use

of a nmore rigld edge beam.
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The case of box-sections is shown in Fig (6.70). With the rigid

tie, there is very good agreement between the experimental results
and the plate solution for fired edges. The discrepauncy at the edge
is further reduced and it would_appear that the introduction of an
edge fixing moment in the shell woﬁld eliminate the discrepancy in

the diagrams,

The comparisons between theoretical and experimental deflections
aerous ﬁhé diagonals are made in Fig (6.7L). The comparisons in the
cage of the flexiblé tie bar are not good; however, in the tests in
which the rigid bar was used (Tests 7,8,9), the plate solution for
£ixed edges gives é vory good approximation to the deflections along

both diagonals of thz shell. The comparison of movements however,
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does not yield such good agrzement. In the case of a plate with

- ¢lamped edgeév there should exist a relatively high‘negative'bénding

moment at the edge (=147.7 lb.in./in.), becoming positive (66,53 1b.in./in..
at the centre. Figs (6.50) and (6.56) show that this magnitude and
distribution of moment is not fulfilled in experiment. In the case

of the simply supported plate, the theoretical moments far excecd

the experimental ones.

The analysis for the flat plate supporied cn elastic edges
gives results that are much toc comservative when compared with

those obtained experimentally for the shell.
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COMCLUSIONS

(1)

(2)

The hyperbolic paraboloid shell tested displayed conéiderable'
rigidity vhen subjected Lo edge loading in the form of vertical
ghoar and moment., This was the case dospite the fact;that a
very flexible =dze beam was used in the tests involving edge
leoading. In practice, a beam with large flexural stiffness

about its horinontal axiz would be used for such a shell, and

[FN

% would therefore be permissible to hang moderate loads

a% the edges of the shell., The loaded edge affects the other
edges only to a very small extent, therefore it would appear
that there is some supgort for the method whereby in studying
the effect of disturbanc:s from an edge, it is assumed that the

effect of adjacent edges may be neglected.

The shell also exhibited high »rigidity to half loading., It has

bsen deduced frem a comparison of readings obtained for this

case of locading and for total uniform loading, that this type

of shell is quite capable of accommodating unsymmetrical loads

due to wind, snew etc. up to the value of the uniformly distributed
load for which the shell is designed. This is relevant in practice,
singe such shells besides being used as roofs, have also been

used in foundations whers the distribution of soil reaction

is unpredictable.



(3)

(42

(6)
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The tie bar exerts a very important influence on the behaviour
of such shells. The more rigid tie' by limiting corner movements,
also produces & much more favourable stress distribution throughout
the shell, Its effect in reducing actions in the important low
corners of the shell is significant. There is not much to be
gained by using a very rigid edge beam in conjunction with a

rigid tie.

In the tests carried out., the flexural stiffness of the edge
beam about its horizontal. axis was of much greater importance
than its torsional stiffness. As this may have been due to the
defects in the junction lLietween the flexible edge beam and the
detechable edge beam, no attempt has been made to translate

this o practice.

There is a tendency for actions to be concentrated in the low

corners of the shell9 whille actions at the high corners are, in
mosi cases, negligible., "he possibility of using a rigid tie to
roduce the stress conceniration in the low corners has already -

besn pointed out.

The extensional theory fails in all respects to predict the
behaviour of the shell, fthough it gives a reasonable indication
of the forces in the edge beam (midspan) if it is assumed that

the force varies from zoro at the high cormer to a maximum at

the low corner.
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(7) The particular solution of the bending theory is not acceptable

ag a complete solution of the problem. The range of variation

of sdge bsamg used in the tesls covers most of the boundary
conditions specified for this particular solution to be regarded
ag a complete molution. The only such boundary condition not

approximately covered is that in resect of n ge It could be that

)

this boundary condition has a great effect cn the solution.

{8) A1l the approximate solutions dealt with failed %o predict
shell beshaviour. In particular, the typical edge effect

phencmenon 4id not existi.

(9) The defleciions in the middle region of the shell are reasonably
yredicted by rzgarding the structure as a flat plate with
clamped edges. This could be of practical significance, since
codes of practice usually specify mavwimum allowable doflections.

Howewer, thiz point needs fuxther experimental investigation.

fa¥
o

SUGGESTIONS FOI TURTHER REsBARCH

The teste have shoun tha’ the shell tended to behave like a
flat plate. The low rise/span ratio was deliberately chosen so that
the bending éffects would be accentusted; therefore, it would be
intoresting to investigate the extent to vhich similarity with plate

bohaviour is evident® when several parameters of the problem are varied,
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particularly the rise/span ratio. The effect of variation of edge

beam and tie bur stiffness could also be simultaneously studied
for different values of this ratio. Such a series of test could also
be useful in determining vhether the typical edge effect phenomenon

exisis for such shells.

It would be instructive to observe experimentally the extent to
which the particular solution of the bending theory is satisfied by
testing a shell constructed in such a manner that the n__, action at

af

the edges can be released.

It is probable that by restricting corner rotations, the stress
distribution in the shell would be affected to some degree - certainly,
the deflections would be reduced. Tests designed to determine the
exact effects of corner rotations would therefore contribute to the

study of behaviour of hyperbolic paraboloid shells,

In concrete shells it is necessary to limit the strains to low
ranges ir order to avoid cracking. It may be advisable, therefore,
to test much smaller shells from a more elastic material, embracing
at the sume time, variation of the different parameters. The resulﬁs
of such a test would then provide a reliable basis of comparison when
the larger concrete shell is tested. Of course, with small models,
ipaccuracies in shell construction could have a large effect on shell

bshaviour, in particular, shell thickness would have to be critlically
controlled,
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APPENDIX I

NUMERICAL CALCULATIONS BiasiD ON LOOF'S METHOD

The following calculations refer to the approximate method given
in Section 3.5b.
The calculations are made for a uniform loading of 45 1b/sq.ft.

(3125 lb/8qg.in.).

Kk = 3038 x 10”2inT*
G . ,
- - ] - v,,)125 -ty e w9
Fa@ =Tk T 2x 3,08x10~° T 5143 1b/in.

¥ = 9702 ins.

Actual 1engthvof shell edge =ﬁj(96)2+ (14
Total forcé transmitted to edge ='97°02_x 51:43 = 4989°? Ibso
Horizontai‘dompoﬁ@nt of this force =195 % 51.43 = 4937.28 lhs.
Tie bar force = 493702&J§m = 6981,3 1bs,

]

The force in the beam is assumed to vary from zero at the high corner

to a maximum at the low corner.

Vertical component of force = 14 x 51.43 = ?20 1lbs.
Vertical reaction at two low cormers = 2 x 720 % 2 = 2880 1bs.
Total load on shell = 45 = 8 x 8 = 2880 1bs.

. Vertical equilibrium is checked.

K2 _3.038 x 2070 x 967

i; predhang Oo 75 = 3?0 33

The parameter p =

The value of p is within the limit for which the approximute formulae
for shear und moments have been derived by Loof.

In the exﬁeriment, the louding was vertical. This loading is to be
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corrected by the factor <§?m32 = 09791 at the edge beams.
Hence effective loading at edge G% = 9791 x 3125 = .3050 1lb/sq.in. .

For rigid boundaries and ho moment whatsoever along the edze beam
the magnification factor A = 1 (see eqn. 3.73), hence the following

from Section 3.1b:

CLAMPED EDGES

511 x 30,5 103?(9%02)&(37033?4‘/ 5

Boggo = = 51 G 2.-4/3

edge
11.76 1b.in./in.

The moment first becomss zero at distance = 94Obfl/§xﬁt

{
«40 x 97,02 x (37033)°l/5

= 1106 inSe

il

Maximum +ve moment = .167 G257 - 3,846 1b.in./in.

4
-1
This cccurs at distance = 0085i> “/ij = 24.7 ins.

37.33

1,373 1b/in.

H]
f1

Normal edge shear (q) = 1.732 q;#?lﬂ

]

VYertical edge shear r = q x 97.02 = .1001062 = 1.388 1b/i
Total vertical edge shear = r x 96 x 4 = 533 1bs.
Portion of load carried by edge shear (slab action) = %%%8 = ,1851
This propoxrtion of the load carried by edge shear bhas been derived
with A = 1, hence generally:-

Portion of load carried by slab action = o185L A cseoseo(AL)

Portion of load carried by membrane action = (1 = .1851 A)c..(A2)



| 272
HINGED EDGES

In this cazei-

]

«4574 1bs/in.
4622 1bs/in.

Normal edge chear q = .5%7 G%@F"l

Vertical edge shear r = 1.01056 g

it
]

,0617 of total load

i}

<o Generally:
Portion of load curried by slab action = 00617Aoa°o...e;o;(ﬁ5)
Portion of load carried by membrane action = (1 = ,06174)...(A4)
Max. +ve Bo.li. occurs at 0055%f1/3él = 15,92 ins.
Value of maxe +ve Belie = »149 G;Q,?Q‘W 3 = 3,429 1b,in./in.

In the above formulae, [, length of edge of shell.

Tha following cases have been investigated:-

CASEL_ |
Edges fully restrained anc. supported by edge boams comprised of
box section and flexible in-situ beam. |
A11 beams are assuned supported along their lengths. (i.e. no
normal deflection at edge.)
No movement is allowed at low corners.

CASE 1A |
Az in Case 1 but edges hinged.

GASE 2
(a) Fully restrained edges.
{b) Edge beams comprised of "ine-gitu' flexible beam with channel

N

sections attached.



{c) A1l beans supporﬁed~along theiﬁ lengths.
(d) No movement allowed at low corners.
CASE 24
As in Case 2, but edges hinged.
(a) Fully restrained edges.
(b) Box sections attached to "in-situ” flexible beams.
(c) Edge beams supported at their ends.
(d) No movement allowed at low corners.
CASE 3B
As in Case 3A, but edges hinged.
CASE 44 |
{a) Fully restrained edges.

(b) Channel sections attached.

(e)
As in Case 3A
(&)
GASE 4B

Az in Case 4A but edges hinged.
GASE 54

(a2) Fully restrained edsges

(b) Box sections attached.

{¢) Bdge beoms supported at their ends.

275

(d) Movement allowed at low corner, equivalent to that observed

in corresponding experiment,
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CASE 5B

As in Case‘SA, but edges hinged.
CASE 64
(a) Fully restrsined edges.
(b) Channel sections attached.
(¢) Edge beams supporied at their ends.
(@) Movement at low cormer, equivalent to that observed
in experiment.
CASE 6B
As in Case 6A, but edges hinged.
CASE 74
(a) Fully restrained edges.
{b) Flexible edge beams only.
(e) Edge beams supported at their ends.
(d) No cofnar movemont allowed.
CASE 7B
As in Case 7A, but edges hinged.
casg 8
(a) Edges fully restrained.
(b) Flexible "in-gitu" edge beans only,
(c) Edge béamsbsupported at ends only.
(é) Movement allowed ut low corner as observed in experiment.
CASE 8B

As in Case 8A, but edges hinged.
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In view of ths low torsional stiffness of the flexible edge beanm,

it is doubtful vhether congdition (a) ia Cases 7A and 8A would be met.

pous=n

1%

ul

CASE 1

Since no movement is permitted at the low corner, then movement

% the midspan of the beam is given by,

5 o

2
i N N e
i i 1 X
Sy, o L, Spl, o
= Totai axial force on beam

whoere N

= nO’B 2‘; }Z,,

K

sz Area of edge beam

- iy 'Ebm»xoung°sh
R amz} 1 mxg}“’f 7
‘o = ] i:’
stbkﬁ{,a sbmbd 2 9,
i
giving v = gF=c’
b b

i}

0.5625 8q.ine.

QS

1
" x =T gk, plate
4 B

i

9
(../ f}"ﬂ l‘g’” MoSe Chanaels at 4060 i.b/ft 20?0 SQoino

Total A:L."f‘:‘a Sb = 30 2625 Bq«: 5.119
) 2 P - . -’
oo W = '3' N 2 9?0 0 I 6 = j: ?1?’2 X 10 N

T 83,2625 x 30 x 10
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Since the load is carrvied by a combinuation of slab and membrane

action, then from (A2),

=
H

membrane action only.

(1 - .18514) = {total load in edge beam assumini?l
(1 -~ .185LA) x 4989.7 ibs.

..
°
=
i

o u = 307072 x 2077% 4.9897 % 107(1 - .18514)

]

= 1.8548 x 10™(1 ~ ,18514)

u? = 0 along edges (supported edge beam)

From symmetry, in expression (3.73),

u%1=wuqacu
8., = =R =
B3 B4
0 1l 2w 20
ve A.’SJ. +E$E21§a+21{bj
2u

; kﬁ@% for square shell

But uj; = .0047 ins. (from Section 3.5a)

2(1 - .1851A) x 1.8548 x 1077

o'v A = l 4 3
5,038 % 1077 x 96 = 0047
A=l 4 2,7063(L - ,18514)

from which A = 2.4694

.. Portion of load carried by slab action = 18514 = .4571

Portion of load carried by membrane action = (1 -~ .1851A) = .5429
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Hence all moments etc. as derived for the case of rigid boundaries
(A = 1), in which no longitudinal extension of edge is possible,
are now to be multiplied by the factor A = 2.4694.

ool = 05429 % 4989.7 = 2708.9 1bs.

Bdge moment = - A X o511 G%QEF;QJB

i

L]

- 20&694 b4 llw76 = - 29004- lboino/ino

Refsrring to Fig (3.6):~
At 11,6 ins. from edge (point A), moment = zero
.167 G,;ri;a i)"‘V 2 x4

0167/,511 x 11.76

i

At 24.7 ins. from edge (point B), Moo

ft

10,06 1b.in./in.

]

The moment again becomes zero at 45.8 ins. from edge.

In this case the edges are considered hinged. .
Froceeding as in Case li-
A=l 4+ 2,7063(1 - ,06174)

which gives A = 3.1759

 Max. +ve moment occurring at 15.92 ins. from edge (point D)

3.4294
10.89 1b.in./in

n



These values have been plotted in Fig (3.6) and this diagram will
be used as a basis for the other cases.

(1 - ,06274)

Portion of load carrisd by membrane action

4]

%
E

¥ o= 8041 x 4989.7 = 4012.2 1bs,

CASE 2
ofernit ly

This iz similar to Case 1l but chamnel sections are used instead

of box sections.

Area of edge beam = (,5625 + 1.35) = 1L.9125 sqoin.

5wl 52 ] -
- g Q9 . iogigg % 3.7272 x 10™7n

oo W = 35,1641 x% lomp(l « ,1851A)

s &= L+ {1L,7058 x 2,70533(1 = ,18514)
vizich gives:

A = 3,0285

»» Portion of load carried by slab action = 18514 = 5606

1" ) 1 T T membrane ¢

i

= (4 = o1851A) = 4394
o.u i = 00439/i bid 4.9890? = 2192n5’ 1.5)30
Ihe megnitude of the moments are derived by muliiplying those in

Cass 1 by the factor = 3, 028; 1.2264

27¢



CASE 24

e

Problem similar to Case 2 but edges hinged.

A =1 4+ 5.6167(1 « ,06174)
giving A = 4.9360

Moments are inereased over Case 1A in the rzatlo of %*%%2% = 15742
] &

Fortion of load carried by membrane actior = (L = »0617A) = »6968
N = 6968 x 4989.7 = 3475,8 lbs.
MNoB, In the four cases investigated above, it is seen that witﬁ
the adge beam supported along its length, the moments in the shell
are increased when the cross-sectional area of the edge keam is
decreased., Hence, under such cqndiﬁions it is cdvantageous, in

practice, to use as large an edge beam section as possible, thus

approaching the condition of rigid boundaries essumed in theory.

258 34
In this case the edge beams are teken as uvnsupported along their
lenzths. The high corners of the shell sre suproried by rocker

aolamms, while the low corners are fixed.

Tn the case of restrained edges and perfecitly rigid boundaries

4 = 1), then the vertical loading aloag the edge beam is given by,

r o= 10388 lb/’ino

279
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In the general case therefore,

. . \ )

r = 1,3384 1b/in. W ?f‘/\
‘ , - ; fore ‘ -~ |
The edgs beam can therefore be = "&‘583& z/g;,/‘“’ﬁ
analysed as a uniforaly loaded 3 L. ,ﬁ/

&
propped cantilever <= a standard @6“5‘}/ 16
Ca50. : }( .
L s T

Thust-

ReactionatP = 5/8 rf,
] T Qo 3/8 ?ﬂd

Resolving r at zight angles 'to the edge beum axis and toking moments
at Qé~
M= - 3/8 237 o« 1/8 rals

Q L |
- 1/8 x 1.3884 = 96 x 97.02

LK) ?‘i@l = -~ lé;‘..,‘;og?ﬂ

The Maxe +ve B.M. ocourzing at a distance B/S}zﬁrom P is:

f
Mo =% 9/128 ral,
oo M= 9/128 x 1.388 x 97,02 = 96 A = $08,9805A

The deflection at any point is:
1'7903 3

W, o= omkeme (p e 30 o4 2m7)

" z?bEh {m 2 o 23Y)

vaere m o= %/, ¥ = r,%’;'oss = A
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At midspan (x[@ = 1/2 = m);

ra& ra&?
1L 388»9@
icga u 192 &b

Tor the flexible edge bezam with box section attached:-
BT, = 11,6519 = 107 1b.sq.in.

_ 1,388 x 9% x (97.02)°
192 x 11.6319 = 107

oo AL midspan: u A = 0055A

U .= u RE T on
1 al (o] B2 B4 Q
T 1 e o SR T
From Case 1: u? B ] 3] } = kaq?
=

Fron (A3),

2.7063(L = o18514) - 220224,

A=l .0047

+

vhich gives A = 1,4128

»o Portion of leoad carried by slab action = .i851A = 2615

n woon " " membrans = (L - ,18514) = .7385

on N = 7385 x 4989.7 = 3584.9 ibs,

Cherk on equilibriums

&

Due to N, RP 5 s X 3684..9 5%1,7 1lbs,

1.4,
970

Due to R, Rp = % x mn4128 % 2,388 2 97,02 11.8,9 1bs.

4]

Total vertical reaction at low corncr = 2(531,7 + 118,9)

H

1301,.2 lbs.

Dus to N R.=0
¢ Q
Dug to B, RQ = 3/8 rﬁ 71,3 1lbo

o
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<o Total vertical reaction at high cormer = (2 x 71.3) = 142.6 28

s Total vertical reaction at 4 corners = 2(1301.2 + 142.6) = 2887.6 lbs.
This reaction should be 2880 lbs., hence the check can be regarded

as satisfactory.

Daflection at midspan of beam = 00554 = .0055 x 1,4128 = .0078 1lbs.

M

o, = 90898054 = 1284.2 1b.in.

16,61 1b.in,/in.

£dge moment in shell = -l1,76A =

At point A (Fig (3.6)), Moment 0

3

At point B, max. +ve B.Mo = &%%% % 16,61 = (.3268 x 16,61) = 5,43 1b.in./in,

CASE 3B
Conditiona similar to Case 3A, but edges hinged.

«06174)

oe kortion of load corried by membrane action = (1

° o= o 3 - | - .3.2922& .
0o A =1 + 20 706)(1 oO‘él?A) 00047
giving A = 1.6189

Portion of load carried by slab acticn = .0517A = ,0999

" woon " " membrane 9001

14

So N o= 4989,74 4491.2 1bs.

8

eno In Fig (396):

0

{t

Moment at edge of shell
A% point Dy moment = 3,429A = 5,55 lboin./in.
Deflection at midspan of edge beam = ,0055A = ,0089 ins,

B,il, near midspan of edge boam = 9/128 x 4622402 = 302.7048 = 490 1b.in.
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CASE 44

Conditions as in Case 3A but channel sections fixed to flexible

edge beams instead of box sections,
EI = 6.1729 x 107 1b.sq.in,

Following the computations for Case 3A, the following have been
derived:
A = 1.0038
N = 4989.7(1 - ,1851A) = 4989.7 x 8142 = 4062.6 lbs,
At edge of shell, moment = - 11.76A = - 11.80 lb.in./in.
At point B (Fig (3.6)) moment = .3268 x 11,80 = 3,80 1b.in./in.
B.M. near midspan of edge beam = 908,9805A = 912.43 1lb.in.

Deflection at widspan of edge beam = 0103 in.

CASE 4B

Conditions as in Gase'BB, but channels instead of box section
attached to fleidble edge beams,
In this case, A = 1.1036
Portion of load carried byvmembrane action = (1 - 0617A) = 9319
oo H o= 4989.7 x 29319 = 4649.9 1bs.
Max. +ve B.M. occurs at D (Fig (3@6)) = 3.429A = 3.78 1lb.in./in.
Deflection at midspan of edge beam = ,0114 in.

Max. +ve B.M, in beam near midspan = 334.1 lb.in.
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In this ‘Gase the edges are Puken as fully restrained with box
sections attached to the flexible "in-situ" edge bsams. These ars

regardsd as suppo ted by rocker columns at the high corners.

o shear deformations of the edge structure and of the shell

L

EB

ara first considexed sepavately, and the actual bendlng nomonts in

the shell deorived by eliminating the discregancy.

Tho toval deformalticn is therefore divided as follows:w
{a) Doforaation of edge structure due to the ex tﬂnslcﬂ ef the
the bor. The edge structure is regarded as being completely

"

s53iff, the low coxpors supporied on spherical hinges and

Q.
3

the high corners on rockar colwmng.

(b) Deformation due to deflaction of the adge 5 ’raéeura ?es&"ing

f%dm the vertical edge shear. Here again, the high cornexs are
Saken as supported in rocker colum ms; but ne movement is
alloved at the low cornexs,

(e) Deformation due to compression of the edge beam, with no

movome at allowed at the low corner,

It should be noted, however, that in (a) above, uny reldtiv

.

movement of the opposiic edges in the a or § directions introduce

s

an additional gap to be c}ouﬁu, Hence, the exbenszional rigidity of
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the shell in these directions ought to be taken into account. The 2

edge structure has been assumed detached from the shell, but, ‘since
this is actually not the case, the presence of the shell will certainly
affect the deformation of the edge structure as deduced from conditions (a)
thus comylicating the problem., Loof overcomes this difficulty by
considering the midspan of opposite edges connected by inextensible
cables - a reasonable assumption in view of the considerable stiffness
of the shell in its plane. For the shell under consideration, the
condition of "inektensible cables" is exactly fulfilled since extenslon
of tie bar under the specified conditions resulis simply in & rotation
of the vertical plane of the edge structure without any alteration

in the distance between the midpoints of opposite edges. It is
concluded, ftherefore, that so far as bending moments are concerned,

the three types of deformation (a),(b),(c) are compatible, and therefors
the magnification factor A defined in (3.73) may be applied. The

calculations for this case follow:-

(a) Extension of tie

Lot 4 be outward movement of low corners. Then as shown
in Ref.(16) the total contribution to uy and uﬁl in the

expression for A is:

12 e
u | 2 ka.

Y
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The contribution of tie bar extension to the term.uY

in the expression for A (3.73) is small compared with its

contribution to L and uﬁl This can bo shown to be
l {%;é dk%] which is small in comparison to the proceding
oxpresslon. |

(b) Deflection of Fdse Beam

The vertical edge shear as in previous cuses is
r = 1,3884 1lb/in.
The deflection at midspun has been derived in Cuse 3A.

The conbtribution due to this deflection in the eXpression

for A is &QQEEQ

T
Near midspon, B.l, = 908.9805A.
(c) Compression of Edre Beam

From Case 1 , 5 nh o 3,7092 % 10°7N
8 5,8,

(1 = .18514)(Total load in Hdge Beam assuming

vhere N
membrane action only)

i

Jeu = 1.8548 x 10721 ~ ,18514)
Since the movements at opposite edges have opposite signs,
and also in view of the symmetry of the ecdge structure, the

contribution to w3 and “p: in the exprossion for A is:

s

LU VT B N "
we | 2katl T ullkal <
ke i Y M

ka

=3
[5 27020 230 7 (1 . .18518)

-{;gt:j ot

=2
o=



From (a),(b),(c) above,

1 T2 & 3.7096 x 1072 ,. .
Asd ?f? E“ba 2. .2 7 me (1 - .18514) = °oos»s‘c\]

from which: .
A = 203,80574 + 1.4099

From Bxperiment No.9i-

Average strain in tie bars at a loading of ,3125 lb/sg.in. = 45 X 10_66
»» Observed extension of tie = 96J§nx 45 x 10n6 = ,0061 in.

So A = (203,8057 x .006L) + 1,4099 = 2.6531

4

Portion of load carried by slab action = .1851A = .4911

(L - ,18514) = .5089

¢ 9% t 3] " membrane 1

oo N = 25089 % 4989.7 = 2539 1bs,

Daflection at midspan of beam = .C0S5A = ,0146 in.

H]

BoMo near midspan of beam = S08.9805A = 2411.6L lb.in.
So far, no account has been taken of the eccentricity of the tle
bar and of the shell and edge beam, In the experiment, the latter
is mero.
If accentricity of tie = et, and x is distance from the high corner

measured along the edge beam,

N e
Then H = = .8
X a

ni

AV midspan M = - S et
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o = o88430 = - 2245 1b.

£
s
24
[¥]
=3
%]
s}
o]
-

@ -
ro HNob Mowent at

% edge beam = {2411.61 -~ 2245) = }é{g&_ﬁ 1boin.

A% edpe of shell, momant = = 11.76A = <« 31.20 1b.in./ 4n.

A% point B (Fig (3.8)). m = .5268 3 31,20 = 10,19 lb.in./in.

AT

(b) Daflection of edge beoamse
In this cace, » = 46227

o Bffoct of midspan deficcticn on A is as in Case 3B
o 00554

3
{c) Comprossion of Edge Ecomse

b M
S BI"::“’b

108548 2 1077(L « .05174)

. LA @ 3,900 =070
Il el (1 -~ .05174) = .CO55A

S Lo o - e
Hith 4 = .Q031 im., A = 35,0953
B L RS A0 i e



o Portion of load carried by slab action = 06174 = .1886

f

(1 = J0617A) = 8114

7 " 1w 3 " membrane 1A

So N o= 4989.7 x 8114 = 4049 1bs.

Deflection at midspan of edge beam = .CO055A = .0168 ins,
Eoll. pnear midspan of edge bsam = 302,704 = 923.1 lb.in,

Coriracting this for eccontricity of tiz giveste

289

Net B.Mo at midspan of edge beam = (.8843N - 925.1) = - 2612,7 1lb.in.

Fax, +7e B.Me at D (Fig (3.6)) = 3.492A = 10.48 lb.in./in,

Notas
The eccentricity of the tie causes a great reduction in the
moment at midspar of the edge beamj in the above case the sign

of the moment is reversed.

Condltions as in Cuse 5A but chamnel sacbions used instead of

w e i
' 8 bﬁsb
£ronm which, o= 35,3641 x: L &ﬁil - . 18514)
o A = 1 4 im]A£EM'ﬁE® 5 be:3015dﬁ‘1 10m3(1 = -1.851A) = 00103A79

which $ivess. A = 1.4019 + 131.9000d




g
O
G

In Bxperiment No. 8:-

-6

Average strain in tie = 51.0 % 10

~5

o, Extension of tie = 952 x 5L.0 x 10™ = ,0067 ins,

So A = 1,4019 + (131.9890 x .0067) = 2,2862

o» Portion of load carried by slab action = .1851A = .4232
" " i " " membraneg " = (1 - ,18514) = ,5768

aoo N = e5?68 bid 4989o7 = 257801 leo

Midspan deflection of edge beam = ,0L03A = 0235 ing., -

{1

BoM. near midspan of edge bean 908.98054 = 2078 1b.in,

B.Mo due to eccentricity of tie = = 8843N = - 2545 1lb.in.

&

uoo Net Bst‘io Dear midBpan beam = o 460? ,lbo:mo

At cdge of chell, m

1]

- lle?éA = - 26089 lbeiﬁe/ino

At B (Fig (3:6)), m = +3268 x 26.89 = 8,79 1b.in./in,

CASE 6B
Conditions as in Case 6A but edges of shell hinged.

In this case, ;3

u = 3.1641 x 10 “(1 = .C517A)
. 1 Nz
ool = 1 &+ E’fé{m
g

2 L. 4 2 x 3,061 x 107(1 - .05174) - uo:t.oa;x.]

from which: _A = 16412 + 154,5142d

with d = ,0067 in., A = 2,6754

J» Portion of load carried by membrane action = (1L - .0617A) = ,8349

co N = 4989.7 x .8349 = 4166 1lbs.
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Deflection at midspan of beam = .0l03A = ,0276 ins,
B.M. near midspan of beam = 302,704 = 810,31 lb.in.
B.M. due to eccentricity of tie = =.08843N = - 3684.0 lb.in.

oo Net BoM. near midspan = = 2873,9 lb.in.

Moment at edge of shell = O

At point D (Fig (3.6)), m = 3.429A = 9,18 1b.in./in.

The calculations for Cases 7A to 8B, involving the fl:.ible
"inesitu" edge beam alone, are similar to the corresponding foregoing
cases. However, in this case:i-

S

b (O 5625 8Q. in.

o

The results of the caleculations for Cases 74 $o 8B have been included

i

002373 5Qe in.

in Table (3).
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ATPPENDIX XX

- FURTHER CHECKS ON APPROXIMATE METHODS

In Soetion Zel.%a, it is pointed out that‘the change in the
bending moment (mﬁ)‘near the edges of the ghell due to the stiffening
cf the flexible edge beam, could be oxploined by assuwuing that the
vortical reaction at the shell edge was incrcased.(Sse Figs 6,50
and 6.57). By ezamining the defleocticn at midspan of the edges it
is possible to deduce from Scetion 3,5a vhat this edge reaction
ghould be, agd hencae also, the diatribuéion of the momont across
the shell and deformation of the edme beams. In this assetion., this
is done by regording the Shell with the flexible edge beam as a
particular solution and them determining the value of the sdge shear
regquired to coriect the discrepangy in midspan deflection when the
fiexible edge beams ave stiffened.

Let 6 _ and w vr@épectivelyg be the ezperinental and theorcetical
S o .

m max
disorepancy between midspan deflections obtained when the

flezible edge beams are used aleone, and when they are stiffened.
Q = Vertical edge shear

Tt is shown in Section 3.5a that in order to correct an edge

‘deflection of (0047 in., an edge shear of 1.57 1lb./in. is necessary.
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oo Edge shear required to correct a discrepancy of 1 in. is:-

- 1,57 x
| Ql ‘- 00047 © 324004— 1be/ing

The loading Q may then be applied to the edge beam to determins the
theoretical midspan deflection. This loading will be taken as distributed
along the beam in a sinusoidal manner with the beam regarded as simply
supported at its ends; or the loading may bo talken as uniformly
distributed along the beam with the latter acting as a propped
cantilever fixed at the low corner of the shell. The edge beam profiles
in Tests 4 - 9 suggest that the latter assumption is the more reasonable

one.

CASE 1  Sinusoidal Distribution of Loading

The equation of the beam is:-

O
,Eblb R R A

Let the deflection curve be given by:=~

v = D sin%%

4
i %
Toen D Bia- a sznﬁf
ﬁ4 “EL °F
155
Thnss= ¢ = .==-9 lc{ij si ﬂ:: ocoovooeeoaooeooooo,ooooooeoo(AA-)

bIb r4

o o o8 A 330,00 6m ( g6)*
faite CRC Eblb i3



78 2ot
m .
i.80 W ar, ,2901264. x 10 ElbIb a,ooooe-oouooonooooooeosen(ﬂs)

It follows, therefore, that for ngreement bestween experimental and

theoretical deflection,

Sm

W
mast.

fece BT, = 29.1264 x 107 1b.sq.in,

This iz a section almost three times as stiff as the combined flexible

and box seciion edge beams; i.ec, an almost completely stiif odge beam.

If the loading were taken as uniformly distributed, the value

of EbIb would be even greater than that derived above.

CASE 2 Ream regarded as a propped cantilever with unifozm loading

In this caset-=

_ oo 33,00 Bn oz (98)*
maxe 185beb = 185 E 5,

B

15033 x 307 %":‘w
ity

For Ve, = Smie

5 Wi
BE, = 15.33 %207 1b.og.ln.

The maximum ralue of Eblb vaad in the oxperiments was 11.06319 x lO?g

henee, in this case, exporimental and theoretical deflection of edge

beam would agree reasonably.
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CHECK ON MOMENTS NEAR SHELL EDGE

On the basils of the above approximate analysis, a check will be
carrled out to =zee whethor the chonge in bonding womsnts in the edge
regions of the shell compares with the changes in mﬁ reflected in

Figs (6.50) and (6.56). The edges of the shell are telkon as hinged.

From Section 3.5a :-
By = 15.75 C Ty (28)
vhere C = Factor by which the figures Ju Table I (for hinged

edges) are to be mmltiplied.
o)

oo C=yizs = 6369 Q |
mﬁ should first becoms zero at M = 7T 4 decee P = 3135 dng.,

g0 that, theoretically, this is the point where the moment diagranm
for Llexible cdges should cross the diagram for stiffenszd ¢dges.

In Figs (6.50) and (6.506), this point cccurs abt approximately 20 ins.
ond 12 ins. respeciively, frem the edge of the shell., The greatest
diserepancy in momonis sghould oceur at 7.84 ing. from the edge and

should be 5.07 x .63699 = 3.229Q.



2

The following table sumnarises the values of the moments and

edge reaciions derived by the uabove approximate considerations:=-

°

Observed Diff., Q = M
Deflns. ( &m) 334.045m . paXs
(ins.) (ins) (1b/in) - (1h.in./in.)
Flexible Tie
Test Hoct!. a205 0 0 -
Test No.5 -076 0129 43.1 139.1
Test No.b 0049 2156 521 167.3
Rigid Tie
Test No.7 100 0 0 0
Test No.8 .039 -061 2004 65,8
Test No.9 2031 0069 23,1, 7405
In Figs (6,50) and (6.56), the actual values of mp in the

- edge roegions are much lower than those in the above table.

6



ag?
BIBLIOGRAPHY

3 FluggeWe and (Lsﬂ, ing o Fe To

A CGeagral Theory of Deformatican of Z,xz‘b“'m Shells®

{(Memoirs of the Inbermaticnnl fswociation of Bridge and
Structural Fogivnesring, Vel.17, 1957. pp.232=46)
E),) 73‘;12:3139 A‘?).olt-:m

“Hynorholl rabololds and othar Shellm Double Curvature!

(Jon L nal of the Structbural Nivislion. Prees. of the Amsrican

Hwil Boglnecrs. 8965.3955, ppolli-le3%2)

the Genoval Theory

Tol.8, 1044 aleo

A

soanties (U.Sehe)

Lt ds

Vach. Momo Ho.1241 )

) ezov, Vb

& !

car durlysis of Tein 5

I 1 10v \,‘1111\ 15;??

{Jonxraalcd the loatitution of Girxil Enzingers, ~July, 196

=0

ij&l o 19 © .}:3.3 o 2,‘?,'1,*»:“; QS }



298
6) Ambaritswmyen, S.h:

"On the Caleulation of Shallow Shells™ ,
( Prikladnais Hatematika 1 lokhanika, ‘Vel.ll, 1957,
PP. 3275323 also Nabtlonal Advisory Commilttse for Acronauntics,
Toch, Memo No.l425)
7) If‘lugge,.wd and Coarad, D.4A,
A Jlote on the Caleulation ¢f Shallow Shellg®
(Journal of Applied Mechmnies, Dsc. 1959, pp.683-86)
8) Bouma, A.Le
Sonme Applicaticus of the Ponding Theory regavrding Doubly
Gurved Shells?
(Procs, on the Theory of Thin Elastic Shells. Delft, Aug.l959,
DD 202-234)
9) Apoland, K. ond Popov, E.P.
'?Amwlysis of Bonding Stresses in Translotional Sholls®
{Progs. of the Colloguivm on Simplified Calculation MNathods,
Brussols, Soept.1951, Nopth Hollsnd Publishing Coe, Dp.9-43)
IB) fpalend, I
“Stveos Anslyels of Translational Shells”
(Procss of the Amsrican Soclobty of Civil Ingincers,

Eagincering Mochandes Divizion, Feb.l95Ll, pp.lill=139)



299
21) Dac Gupia, WNoGe

“Using Finite Differsnce Equations to £ind the Stresses in
Hypar Shellsh
{Civil Engineoring and Public Vorke Review, Yol.55, No.655,

Tabe 851, ppo.199-201)

3]

127 Gerard, Folo
"fhe Analysis of Hyperbolic Paraboleoid Shell Roofe!
(Tronsacticns of the Engincering Tnsiitute of Canada,
VoloHo.3, pp.i2-42, 1959)

172 Tade ;
13) Deissner, B.

(Jovrnal of the Boston Secloty of Civil Englunecrs, Volo No.d2
Aoril 1955, Moo2, pn.i00=133)
lél;} Ble ‘,C% 2.3, and Salvado ung HoGo

YPonding Momenbts on Shell BEounderiesf

Cinil Fagdnsevs. 0ob.1952)

155 Vecadenbuargh, CGodo
"ine Hypsrbolic Parabolodld Shgll nud its Mechanieal Proporbles?
{Fpilins Tochnical Bevisw Mo.i, Vol.20, 1956/50 )

1) Toef, Hole
"Eonvondige formules veor <o bulgings-sbtoringen in hypevachalon,
iz rolgens beécht*ijvengym midn bogrsngd!

{Rapport 8-61-3-hr-l Stevin Laboxatoxy, Delfi, March 1961)



17) Hovoezhilov, VoV

Hme Theory of Thin Shelle®

(P, Nordhoff Ltd, Groningen, Tho Netherlonds)
1.3} Lejcester, R. and Hasseys Ps.Co

odel Analysls of a Congrebs Shell Roof”

Arohitectural Seience Revicw, Nov. 1980)

TN

19} Prococdings of the Symposiuvm on Sholl Rassarch.

il

(D219t August 1961)
a)

Some Model Tests in Sholl Structures as an ald to
Bl Rowe, B.I.

e) Isvletia, F.

hells studied

"Statics of Hypsrbolle o
by moans of sedsle® (0p.A7<57)

d) Muazo,d and Ahuia, B.M,

tin Investigatlon of the Strain Digtributicn in

1<l
9
o
2
5]
5
et
o
o
vl
B
=3
o
=
]
o
w1
&

WToeds on a Ono-tenth Seale Medel of e Hyporbollie Paraboloid
Shell Reoopf?

(Hapazine of Conorote Rescamsh, March 1861)




21) Ahuja, B.ils

nStress Distribution in Shells of Negative Gaumsian
Curvalure®
(Fn.D,Thssis, Tendon University. Oct. 1801}

22} Sexivenen, Jo0.
WAn Tavestication of Concvets Eyparbolic Parabolold She
{Ph.D,Thesis, Londen Uaiversity. Qob, 18562}

23) ‘u‘!@gdg R.H,

LlgH

"Plastle and Elagtic Dasign of Slab and Plates®
{Pub, Thamses ond HEudson, London. 15613
24) Vood, R.H,
"vad¢93 in Compomite Constvucticn'™
Part 31, The Interastion of Flicors ani Boawms in lulilsioray
Buiidinga, (Fational Building Studiszs - Ressawch Papsr Ne.22;

Daptt. of Scicntific and Induairial Hizesrah, HolioS.0. .
25) HoSenyd, Mo
VReams on Hlasble Poundabiss®
Proas)

)

I-Ta.i-l

adeanire

(Z?ﬂ et

Publishing Co. .

Tond

Ro



28) Mmwmro, J.
"An Analytical and Bxperimental Investigation of fhe

Stress Distribution of Reinforcsd Conersts Shell Doofs

with particular reference o Longlitudinal Conbinnliy.’?

&

{Fh.D. Thesis, Londoa Uriversity, Augush 1963

a

29) Tottenham, H,
"The Analysis of Hypsrbeolle Paraboloid Shells,©

{Research Report E/RR/S, Timber D




	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65
	Page 66
	Page 67
	Page 68
	Page 69
	Page 70
	Page 71
	Page 72
	Page 73
	Page 74
	Page 75
	Page 76
	Page 77
	Page 78
	Page 79
	Page 80
	Page 81
	Page 82
	Page 83
	Page 84
	Page 85
	Page 86
	Page 87
	Page 88
	Page 89
	Page 90
	Page 91
	Page 92
	Page 93
	Page 94
	Page 95
	Page 96
	Page 97
	Page 98
	Page 99
	Page 100
	Page 101
	Page 102
	Page 103
	Page 104
	Page 105
	Page 106
	Page 107
	Page 108
	Page 109
	Page 110
	Page 111
	Page 112
	Page 113
	Page 114
	Page 115
	Page 116
	Page 117
	Page 118
	Page 119
	Page 120
	Page 121
	Page 122
	Page 123
	Page 124
	Page 125
	Page 126
	Page 127
	Page 128
	Page 129
	Page 130
	Page 131
	Page 132
	Page 133
	Page 134
	Page 135
	Page 136
	Page 137
	Page 138
	Page 139
	Page 140
	Page 141
	Page 142
	Page 143
	Page 144
	Page 145
	Page 146
	Page 147
	Page 148
	Page 149
	Page 150
	Page 151
	Page 152
	Page 153
	Page 154
	Page 155
	Page 156
	Page 157
	Page 158
	Page 159
	Page 160
	Page 161
	Page 162
	Page 163
	Page 164
	Page 165
	Page 166
	Page 167
	Page 168
	Page 169
	Page 170
	Page 171
	Page 172
	Page 173
	Page 174
	Page 175
	Page 176
	Page 177
	Page 178
	Page 179
	Page 180
	Page 181
	Page 182
	Page 183
	Page 184
	Page 185
	Page 186
	Page 187
	Page 188
	Page 189
	Page 190
	Page 191
	Page 192
	Page 193
	Page 194
	Page 195
	Page 196
	Page 197
	Page 198
	Page 199
	Page 200
	Page 201
	Page 202
	Page 203
	Page 204
	Page 205
	Page 206
	Page 207
	Page 208
	Page 209
	Page 210
	Page 211
	Page 212
	Page 213
	Page 214
	Page 215
	Page 216
	Page 217
	Page 218
	Page 219
	Page 220
	Page 221
	Page 222
	Page 223
	Page 224
	Page 225
	Page 226
	Page 227
	Page 228
	Page 229
	Page 230
	Page 231
	Page 232
	Page 233
	Page 234
	Page 235
	Page 236
	Page 237
	Page 238
	Page 239
	Page 240
	Page 241
	Page 242
	Page 243
	Page 244
	Page 245
	Page 246
	Page 247
	Page 248
	Page 249
	Page 250
	Page 251
	Page 252
	Page 253
	Page 254
	Page 255
	Page 256
	Page 257
	Page 258
	Page 259
	Page 260
	Page 261
	Page 262
	Page 263
	Page 264
	Page 265
	Page 266
	Page 267
	Page 268
	Page 269
	Page 270
	Page 271
	Page 272
	Page 273
	Page 274
	Page 275
	Page 276
	Page 277
	Page 278
	Page 279
	Page 280
	Page 281
	Page 282
	Page 283
	Page 284
	Page 285
	Page 286
	Page 287
	Page 288
	Page 289
	Page 290
	Page 291
	Page 292
	Page 293
	Page 294
	Page 295
	Page 296
	Page 297
	Page 298
	Page 299
	Page 300
	Page 301
	Page 302
	Page 303

