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Abstract

Reactive transport in porous media is commonly encountered in chemical en-
gineering (e.g. packed beds), contaminant hydrology, reactive flow in batteries
and fuel cells, and nuclear waste disposal. Some of those applications are cen-
tred in carbonate rocks, which hold over 60% of hydrocarbon reserves and are
considered as potential sinks for carbon storage in aquifers and reservoirs.

We start with the description of the Continuous Time Random Walk (CTRW)
particle transport model which is validated against experimental results in the
literature. We then show that our model is capable of reproducing Fickian and
non-Fickian transport signatures by carefully choosing a combination of the
characteristic advective and diffusive times t1 and t2, and the transport het-
erogeneity parameter β. The combination of parameters showed the ability to
model sub- and super-diffusive systems. Furthermore the model also captures
hydrodynamic dispersion over 6 orders of magnitude, and the model sensitivity
to the β parameter demonstrates how it can be used to represent samples with
different physical heterogeneity.

Having the transport component of our model defined, we proceed and ex-
tend it to a reactive transport model by including a first-order kinetics model
to account for chemical reaction. Our model is validated with a dataset for a
Ketton carbonate rock sample undergoing dissolution on injection of an acid,
monitored using Nuclear Magnetic Resonance (NMR). The experimental data
includes the 3D porosity distribution at the beginning and end of the experi-
ment, 1D porosity profiles along the direction of flow during dissolution, as well
as the molecular fluid displacement probability distributions (propagators). We
also demonstrate that heterogeneity in the flow field leads to an effective re-
action rate, limited by transport of reactants, that is almost three orders of
magnitude lower than measured under batch reaction conditions. This study
establishes a workflow to calibrate and validate the CTRW reactive transport
model with NMR experiments.

After validating the transport and reactive model, we systematically demon-
strate the impact of physical heterogeneity on transport and reactive flow signa-
tures. We study this by creating three porous media of increasing heterogeneity,
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subjected to three advective dominated transport regimes each, and examine the
emergent effective reaction rates. The different Pe numbers were capable of re-
producing the appearance of two distinct dissolution patterns – a compact or
face dissolution pattern and a channelized dissolution pattern. The distribu-
tion of propagators of each sample showed the imprint of heterogeneity on its
asymmetrical shape, as well as the contrast between slow and fast regions that
increased with the dissolution process. Later we extended the models to ex-
amine the impact of β in the average porosity evolution and effective reaction
rates. The change in concentration is slower with a decrease of β which is in
line with the behaviour of transport only descriptions.

Finally, we study the impact of coupled flow and chemical heterogeneity
on effective reaction rates. We start by modelling a multi-species fluid/fluid
reactive system with the injection of sodium carbonate Na2CO3 and calcium
chloride CaCl2 solutions through different halves of a porous domain and observe
the production of sodium chloride NaCl and calcium carbonate CaCO3. The
increase of heterogeneity leads to an increase in the production of NaCl and
CaCO3 by increasing the mixing of the injected solutions. Then we use the
same heterogeneous reactive transport solver to model porous media consisting
mostly of calcite with dolomite near the fast flowing channels. The dependence
of the effective reaction rates of the different minerals is related to their distance
from fast-flowing channels. These results are supported by the results found
in the literature where the pore-scale pattern of dissolution was measured on
chemically heterogeneous samples.

We conclude our work suggesting additional work and experimental acqui-
sitions to improve the predictability of our model, the addition of adsorption,
precipitation and bio-chemical alterations of the porous media and a multi-scale
integration using direct simulations at under-resolved scales.
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4.1 Simplified illustration of an ensemble of particles (a) and the
detailed representation of a single particle (b) transiting and re-
acting through a lattice (c-d). The increase of blue depicts an
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CHAPTER 1
Introduction

1.1 Reactive Transport in Porous Media

Carbonate rocks hold over 60% of hydrocarbon reserves (IEA, 2006; Schlum-
berger, 2007b; BP, 2008) and are considered as potential sinks for carbon storage
in aquifers and reservoirs (Bachu, 2003; Metz et al., 2010). Figure 1.1 illustrates
the geographical distribution of carbonate reserves.

Figure 1.1: Geographical distribution of carbonate reserves. From Schlumberger
(2007a), using data from IEA (2006), Schlumberger (2007b), and BP (2008).
Copyright © 2007 Schlumberger. All rights reserved.

Furthermore, reactive transport in porous media is commonly encountered
in chemical engineering (e.g. packed beds), contaminant hydrology (MacQuarrie
and Sudicky, 1990), reactive flow in batteries and fuel cells (Gayon Lombardo
et al., 2019), nuclear waste disposal (Kenney et al., 2017), oil recovery (Egbe et
al., 2021), carbon storage (Metz et al., 2010), and chemical reactor engineering
(Fogler, 1987). In some applications, such as well stimulation by acidization
is required, while in others, such as in dissolution-induced compromised well
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integrity, reaction is detrimental.
Common to all these applications is that effective reaction rates may depend

strongly not only on the nature of the chemical reactants but also on the porous
media structure and composition which makes design of reactive processes com-
plex.

Fluid/solid reaction rates depend on the size and the connectivity of the
pores, which are associated with flow and transport heterogeneity. In this work
we will call this physical heterogeneity. Moreover, the effective reaction rates
may depend on the chemical composition of the solid matrix which we will call
chemical heterogeneity. Despite its relevance and importance, the impact of
physical heterogeneity on reactive transport in porous media is not fully under-
stood. Furthermore, it is well known that reaction rates are scale dependent in
geological porous media it is common to have orders of magnitude differences
fom pore to field scales (White and Brantley, 2003).

While some recent experimental work has tried to systematically characterize
the impact of physical and/or chemical heterogeneity at the pore-scale (Al-
Khulaifi et al., 2017; Al-Khulaifi et al., 2018; Al-Khulaifi et al., 2019), more
work is needed to address these important phenomena at the continuum scale.
In this thesis a new model based on Continuous Time Random Walk (CTRW)
has been developed to provide reactive transport predictions in complex porous
media having a range of physical and/or chemical heterogeneity.

We selected carbonate rocks to examine in this thesis since they are impor-
tant for many applications, listed above, where reaction plays a significant role.
In principle, the model developed and the concepts applied in this thesis can be
applied to any porous media of interest.

1.2 Carbonate Rocks

Carbonate rocks have unique attributes that distinguish them from siliciclastics
and therefore require different methods of study (Choquette and Pray, 1970).
They are formed within the depositional basin by biological, chemical, and/or
detrital processes. Such rocks have a complex pore-scale structure (Blunt et
al., 2013; Wildenschild and Sheppard, 2013), with geometrical and chemical
features that differ significantly from sandstones (Choquette and Pray, 1970); for
instance, the permeability of limestone formations can extend over several orders
of magnitude (Clerke, 2009) and have a significant amount of interconnected
micro- and macro-porosity (Lin et al., 2016). They largely consist of skeletal
remains and other biological constituents that include fecal pellets, lime mud,
and microbial mediated cements (Folk, 1959). The most common way to classify
carbonate rocks is based on their texture formed by their components and their
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Table 1.1: Comparison of sandstones and carbonate reservoir characteristics.
Modified from Choquette and Pray (1970) and Ahr (2008).

Characteristics Sandstones Carbonates

Primary porosity variance Low High
Type of primary porosity Almost exclusively inter-

particle
Inter-particle, intra-
particle, inter-crystalline,
moldic, vuggy, cavernous,
fenestral, or “constructed
void”

Type of ultimate porosity Almost exclusively primary
inter-particle

Highly variable owing to dif-
ferent origins or pore types

Typical pore size Diameter and throat sizes
related to depositional tex-
ture

Diameter and throat size
may not be related to depo-
sitional texture

Typical pore shape Varies with particle shape From strongly related to to-
tally unrelated to particle
shape

Uniformity of pore size and
shape distribution

Relatively uniform in homo-
geneous sand bodies

Fairly uniform to extremely
heterogeneous

distributions (Folk, 1959; Dunham, 1962).
Table 1.1 summarizes the differences between sandstones and carbonates.

The depositional environment and diagenetic history of such reservoirs also
brings the presence of clay minerals (Tosca and Wright, 2015). The environ-
ment and diagenesis dictates the pore structure of a carbonate rock, where rock
constituents could be sustained by a clay matrix (Terra et al., 2010) or, by dis-
solution, the same clay could lead to the creation of secondary porosity (Wright
and Barnett, 2015). Naturally the complex relations of porosity and permeabil-
ity ultimately controls the petrophysical characteristics of carbonate reservoirs
(e.g. Rezende and Pope, 2015).

1.3 Scales of heterogeneity in porous media

In this thesis we will exclusively study carbonate rock consisting of calcite and/or
dolomite. However, the model and concepts can be applied to other sedimentary
rock.

When studying rocks one common practice is to break it into unit volumes
to summarize measurements and observations. Those units are called repre-
sentative elementary volumes and are extremely useful when defining hetero-
geneity. Figure 1.2 illustrates different scales of investigation and the elements
that can be identified at any individual scale. Each illustration is an idealized
representation of the pore, core and field scales. The pore-scale relates to the
measurements capable of distinguishing the distribution of pores and grains for
mm size samples. The core-scale relates to the measurements made with rock
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samples at the cm scale, sufficiently accurate to distinguish textural information
of ensemble porous material. The field-scale relates to the distribution of facies
and information from well and field data at the km scale.

Figure 1.2: Conceptual representations of different scales of investigation. Each
illustration is an idealized representation of the pore, core and field scales. The
pore-scale relates to the measurements capable of distinguishing the distribution
of pores and grains. The core-scale relates to the measurements capable of
distinguishing textural information of ensemble porous material. The field-
scale relates to facies and information from distribution of well and field data.
Modified from Oliveira (2014).

As an example, permeability can be measured at the core-scale using Rou-
tine Core Analysis (RCA) or estimated from several techniques such as well logs
and well-testing at intermediate scales spanning from the core-scale to field-
scale (Boyd et al., 2015). Each of these techniques measures different physical
phenomena and estimate permeability at a particular scale of observation. Fig-
ure 1.3 illustrates this and how the definition of classes is tied to each individual
scale.

By imposing a pressure gradient in a core sample it is possible to estimate
permeability using Darcy’s Law (Klinkenberg, 1941). Core samples are gener-
ally restricted by the amount of available material and integrity of the same,
yet they are still considered the ground truth and often used to calibrate other
measurements. Nuclear Magnetic Resonance (NMR) logs uses the pore-signal
relaxation times to construct pore-size distributions and estimate the perme-
ability (Timur, 1969; Kenyon et al., 1988; Ahmed et al., 1991; Kenyon, 1997).
Such measurements are limited to the vicinity of the well and are only capable
of characterizing layers of a given formation at a time. Well-test analyses the
rate and pressure data during periods of draw-down and build-up to estimate
permeability and reservoir pressures (Gringarten, 2012). X-ray tomography
measurements on the mm-size rock samples are capable of precisely character-
izing the distribution of fluids and minerals controlling residual saturations and
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Figure 1.3: Different scales of measurements for permeability estimation as a
function of a characteristic length. Each method of measurement is capable
of estimating permeability of samples and describing it in terms of different
classes. Adapted from Nordahl and Ringrose (2008), Ringrose et al. (2008), and
Ringrose and Bentley (2015).

contact-angles (Andrew et al., 2014; Scanziani et al., 2017), but lack features
at the field-scale, such as fractures or faults that are orders of magnitude larger
and can dominate flow and transport (Warren and Root, 1963; Szymczak and
Ladd, 2012; Kuchuk and Biryukov, 2015).

The ability to summarize rock properties in terms of their average behaviour
or classes of homogeneous materials, such as pore-types and reservoir facies,
allows for simpler but at times less accurate models. This approach however
assumes that non-resolved heterogeneities might not play a significant role on
the behaviour predicted by these models.

To develop a model for reactive transport in porous media, an accurate
description of flow, transport and chemical reaction is needed. We will now
briefly demonstrate that even for transport only, the complexity in porous media
structure at different scales requires the use of sophisticated models, such as the
CTRW model employed in this work.

Flow at the pore-scale can be modelled using the incompressible Navier-
Stokes equations,

∂v

∂t
+ (v · ∇)v − µ

ρ
∇2v = −µ∇P + fb (1.1)

where v is the velocity of the fluid, µ is the viscosity and ρ the density of the
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fluid, P is the imposed pressure, and fb are the imposed body forces e.g. gravity
and magnetic forces. The transport of different species at the pore-scale is then
modelled by the Reaction-Advection-Diffusion equations,

∂c

∂t
+ v · ∇c−D∇2c = R, (1.2)

where c is the species concentration, D is the molecular diffusion coefficient and
R is the sink or source term related to the reaction of the species. A negative
value of, R < 0, models the consumption of species in the domain, and a positive
value of, R > 0, models the production of species in the domain.

At the next larger scale, termed continuum or Darcy scale flow is modelled
by using (Bear, 1972; Vafai, 2015) Darcy’s Law (Darcy, 1856),

q = −K
µ
∇P, (1.3)

shown here ignoring gravity, where q is the flux, µ is the viscosity of the fluid,
K the permeability of the porous media, and ∇P is the pressure gradient im-
posed in the domain. When accompanied by higher order terms (∼ ∇2v),
equation (1.3) is called as Brinkman equation (Brinkman, 1949). The flux q

relates to the area available for flow A and volumetric flow Q in the relation A

with q = Q/A, such that equation (1.3) can also be written as

Q = −KA
µ

∇P. (1.4)

The transport of species at the continuum scale is then described by the Advective-
Dispersion Reaction Equation (ADRE)

φ
∂c

∂t
+ q · ∇c−D∇2c = R, (1.5)

where φ is the porosity of the medium, and D is the dispersion coefficient tensor.
The resemblance of the transport equations equation (1.2) and equation (1.5)
are immediate, but equation (1.5) often fails to capture the transport behaviour
expected of porous media.

That solutions to equation (1.5) often fail to predict transport adequately has
been observed by many authors (Adams and Gelhar, 1992; Raje and Kapoor,
2000; Gramling et al., 2002; Levy and Berkowitz, 2003; Wilson et al., 2004;
Berkowitz and Scher, 2009; Dentz et al., 2011; Bijeljic et al., 2011; Berkowitz et
al., 2016; De Anna et al., 2014). This is nicely illustrated in figure 1.4 (Adams
and Gelhar, 1992; Levy and Berkowitz, 2003), that shows the evolution of a
tracer at (a) the laboratory scale in a homogeneous sand pack and at (b) the
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field scale in a heterogeneous aquifer. The sandpack of Levy and Berkowitz
(2003) was constructed with a controlled grain size and assumed to be uniform,
yet the solute breakthrough curve (BTC) and the shape of the plume cannot
be modelled using equation (1.5) alone in an equivalent homogeneous domain.
Adams and Gelhar (1992) on the other hand, showed that neither at a much
larger scale and using averaged grid blocks, the highly distorted BTC for the
tracer could not be properly modelled. The inability of Advective-Dispersion
Equation (ADE) to model the BTCs can be attributed to non-resolved hetero-
geneities over different scales.

Averaging techniques aim to incorporate the underlying variability of differ-
ent fine scale features, i.e. volume averaging methods (Quintard and Whitaker,
1994; Whitaker, 1999) were used to account for effective material properties.
The usual assumption is that there exists a size L much larger than the size
of the under-resolved features l, such that L ≫ l is large enough to capture
the macroscopic transport behaviour. This assumption is not limited to spa-
tial length-scale alone, but applicable to time-scale as well. The CTRW mod-
elling framework offers a practical approach to this problem (Dentz et al., 2004;
Berkowitz et al., 2006) and is the basis of the current work.
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0.1m

(a) Homogenous sandpack (Levy and
Berkowitz, 2003). Copyright © 2003
Elsevier Science B.V. All rights re-
served.

50m

(b) Heterogeneous aquifer (Adams and
Gelhar, 1992). Copyright © 1992
American Geophysical Union. All
rights reserved.

Figure 1.4: (a) Injected dye tracer in homogenous sand pack under constant flow
(Levy and Berkowitz, 2003), and (b) horizontal contours of maximum concen-
tration in an heterogeneous aquifer (Adams and Gelhar, 1992). Each example
shows the occurrence of non-Fickian transport at a different observation scale
– with 3 orders of magnitude difference in size. The experiment of Levy and
Berkowitz (2003) shows that even at a fully saturated and uniform medium, the
dye is distorted away from a symmetrical shape and differently for each injection
point. The field scale example of Adams and Gelhar (1992) shows the tracer
plume distortion happening with observation wells spaced in a distance smaller
than the expected hydraulic conductivity block sizes.
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1.4 Objectives

As discussed in section 1.1 the main research questions which have hitherto not
been systematically addressed and which will be studied in this thesis are:

i Can we accurately predict reactive transport in porous media at the con-
tinuum scale using probabilistic models?

ii How the dissolution-induced pore-scale heterogeneities affect the overall
reactive transport behaviour at the continuum scale?

iii What is the impact of physical heterogeneity on effective reaction rates at
the continuum scale?

iv What is the impact of coupled physical and chemical heterogeneity on
reactive transport in porous media at the continuum scale?

The main objectives are:

1. To develop a novel CTRW based reactive transport model for simulating
reactive transport at the continuum scale. Development of the CTRW
model is presented in chapters 3 and 4.

2. To validate CTRW reactive transport model against NMR dissolution ex-
periment. The validation is presented in chapter 4.

3. To apply the newly developed CTRW model to systematically study the
impact of physical (that is, flow and transport) heterogeneity on effec-
tive reaction rates at the continuum scale. The results are presented in
chapter 5.

4. To apply the CTRW model to examine the coupled impact of physical
and chemical (or mineralogical) heterogeneity on effective reaction rates
at their continuum scale. This work is shown in chapter 6.

1.5 Thesis outline

In this chapter we motivated the work on reactive transport in porous media
performed in this thesis along with the research questions to be addressed and
the main objectives. Chapter 2 will present a literature review, with a focus
on reactive transport in porous media, and will describe commonly employed
numerical methods used to solve single and multiphase flow and transport prob-
lems in groundwater and contaminant hydrology applications. We then pay par-
ticular attention to the CTRW framework and its use in the literature further
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motivating development of our reactive transport model to address the unre-
solved problems discussed in chapter 1. Chapter 3 presents the transport model
using the CTRW framework by means of discrete particle transitions on a fixed
regular lattice. Chapter 4 extends the transport model to account for reaction
and presents model validation using NMR experimental data. Chapter 5 tests
the predictive capability of the newly developed CTRW reactive transport model
to evaluate the impact of physical heterogeneity on the effective reaction rates.
In chapter 6 the coupled impact of physical and chemical heterogeneity on the
effective reaction rates is examined in detail. Conclusions on the ability of the
model to accurately predict reactive transport in porous media in a systematic
way are drawn in chapter 7. In the same chapter future work is proposed and
discussed.
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CHAPTER 2
Literature Review

This chapter starts with the description of the fundamental equations for solute
transport in porous media, detailing the variables used and common solutions
for concentration plumes and showing the dispersion regimes as a function of
dimensionless numbers describing transport conditions. Next, it details previous
studies on modelling of reactive transport in porous media, including reaction
mechanisms and dissolution patterns in limestones and dolomites. Finally, the
available numerical methods that have been used in the past decades to study
reactive transport in porous media are reviewed, with a particular focus on
highlighting the fundamentals of Continuous Time Random Walk (CTRW).
This chapter ends with a summary on the advantages and disadvantages offered
by different modelling approaches and the reasons for selection of the CTRW
framework for the model developed in this thesis.

2.1 Transport in Porous Media

Mass transport is commonly modelled using Fick’s laws (Fick, 1855), that was
inspired by the work of Fourier (1822) on diffusion of heat in a conducting
body and by Ohm (1827) on the transport of electricity on a conductor, which
respectively originated to what is known today as the Fourier and Ohm laws.
Fick’s first law of diffusion states that the molar flux is proportional to the
concentration gradient,

J = −D∇c, (2.1)

where J is the molar flux, D the diffusion coefficient and c the concentration.
Fick’s second law of diffusion predicts how the concentration changes with
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time and is simply an expression of conservation of mass,

∂c

∂t
−D∇2c = 0. (2.2)

Using the continuity equation for an incompressible fluid, ∇ · v = 0, and
equation (2.1), we obtain the Advection Diffusion Equation (ADE):

∂c

∂t
+ v · ∇c−D∇2c = 0. (2.3)

When moving in a microscopic domain, individual particles manifest hydro-
dynamic dispersion. This results from (a) external forces acting on the liquid,
(b) the microscopic geometry of the pore system, (c) molecular diffusion caused
by concentration gradients, (d) variations in liquid properties, (e) changes of the
tracer’s concentration due to chemical or physical processes in the liquid phase,
and (f) interactions between liquid and solid phases (Bear, 1972).

Reactive transport is often summarized using dimensionless numbers based
on characteristic times. Among those we highlight two of the most common
the Péclet (Pe) and Damköhler (Da) numbers, and often the Péclet-Damköhler
number. Those numbers use a combination of the following characteristic times

τadv =
L

v
(2.4a)

τdiff =
L2

D
(2.4b)

τreac =
Ln

r
(2.4c)

where L is the characteristic length of the system, v is the characteristic velocity,
D is the characteristic diffusion coefficient, r is the characteristic reaction rate
and n the characteristic molar density of the system. Using the definitions in
equation (2.4), we can further define the Péclet and Damköhler numbers as

Pe =
τdiff
τadv

=
Lv

D
(2.5a)

Da =
τadv
τreac

=
r

vn
(2.5b)

PeDa =
τdiff
τreac

=
Lr

Dn
(2.5c)

Equation (2.5a) compares the ratio of the time that a certain volume of solute
takes to travel a distance L by diffusion τdiff to the time to travel the same length
by advection τadv. For Pe ≪ 1, diffusion dominates and the solute diffuses
faster than it advects through the domain, and for Pe ≫ 1, the behaviour
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is opposite, advection dominates and the solute travels faster than it diffuses.
Equation (2.5b) compares the ratio of the time a certain volume of solute takes
to react in an ideal batch reactor τreac to the time to travel by advection τadv.
For Da ≪ 1 the time τreac that a given amount of solute takes to react is
higher than the time for it to move for another region τadv, and for Da ≫ 1 the
reactions are assumed to be in equilibrium before the solute is displaced from
its original site. Equation (2.5c) has a similar meaning to Equation (2.5b) but
comparing the characteristic reaction time τreac to characteristic diffusion time
τdiff, instead of the characteristic advective time.

Equation (2.3) was solved analytically by Ogata and Banks (1961) for an
unbounded one dimensional medium and a a fluid with concentration c = 0,
subjected to an instantaneous point injection with concentration c = c0 at
x = 0. This forms the following boundary conditions,

c (0, t) = c0; t ≥ 0, (2.6a)

c (x, 0) = 0; x ≥ 0, (2.6b)

c (∞, t) = 0; t ≥ 0, (2.6c)

leading to the following analytical solution

c

c0
=

1

2
erfc

(
1− ξ

2
√
ξη

)
+

1

2
exp

(
1

η

)
erfc

(
1 + ξ

2
√
ξη

)
(2.7)

where ξ = vt/x and η = D/vx are dimensionless parameters, and erfc is the
complementary error function. The value of η is inversely proportional to the
Pe number, so lower η values represent highly advective regimes and higher η
values represent dispersive dominated regimes. Figure 2.1 shows the behaviour
of this equation using the previously defined dimensionless terms. As η becomes
small, the concentration distribution becomes symmetric around ξ = 1, and
for larger values of η the second term in equation (2.7) becomes significant
and the concentration is asymmetrical. This means that the symmetry in the
concentration distribution is more prominent for larger values of D or short
distances.

Despite asymmetry, when the system achieves steady-state, or when t is
sufficiently large (t→ +∞), equation (2.7) asymptotically becomes symmetrical
and it is simplified to

c

c0
=

1

2
erfc

(
1− ξ

2
√
ξη

)
. (2.8)

At this limit, Orlob and Radhakrishna (1958) showed the validity of equa-
tion (2.8) using transport experiments in a beadpack and a sandpack, as shown
in figure 2.2.
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Figure 2.1: Solution for the one-dimensional form of the Advective-Dispersion
Equation (ADE) as defined in equation (2.7) for different parametrizations η =
D/vx (Ogata and Banks, 1961). The value of η is inversely proportional to
Pe, so lower η values represent highly advective regimes and higher η values
represent dispersive dominated regimes.
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Figure 2.2: Comparison of equation (2.8) and the experimental data present in
Orlob and Radhakrishna (1958) for tracer breakthrough in a bead pack and a
sandpack.
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Other processes, such as electrochemical migration and diffusion in concen-
trated solutions, where Fick’s laws is not strictly applicable are not part of this
study and are not going to be listed here but are properly presented in Steefel
and Maher (2009).

The longitudinal dispersion coefficient DL is obtained from the variance of
the distance travelled by the solute (Bijeljic et al., 2004)

DL =
1

2

dσ2
L

dt
, (2.9)

where σ2
L is the variance of the particle displacements along the longitudinal

direction. The asymptotic value of the longitudinal dispersion coefficient is
obtained when the change in the longitudinal variance is nearly constant.

Aris (1956) showed that the dispersion coefficient for a tube of any shape is
given by

DL

Dm
= 1 + δs

(
lsVm
Dm

)2

(2.10)

where ls is the characteristic length scale of the tube and δs is the shape factor
based on the cross section of the tube.

The behaviour of the longitudinal dispersion coefficient is fit by the empirical
relation (Bijeljic et al., 2004),

DL

Dm
=

1

Fφ
+ αPe + βPeδ + γPe2, (2.11)

The first term is related to low Pe numbers, and dependent only on the formation
resistivity factor F and porosity φ, the second represents mechanical dispersion,
the third accounts for dispersion due to diffusion form the boundary layers, and
the fourth accounts for hold-up dispersion. Equation (2.11) is similarly defined
for transverse dispersion (Bear, 1972; Bijeljic and Blunt, 2007; Boon et al.,
2016).

There are four dispersion regimes for laminar flow (Bijeljic et al., 2004;
Sahimi, 2011): 1. Restricted diffusion; 2. Transition; 3. Power-law; 4. Mechanical
dispersion. With the exception of the transition regime, 0.3 < Pe < 5, that does
not present a direct relation with Péclet number (Pe) and the restricted diffusion
regime, Pe ≪ 1, that is simply controlled by the porous media tortuosity, each
regime can be defined in terms of Pe shown in table 2.1. Transversal dispersion
regimes are similarly defined and were studied by Bijeljic and Blunt (2007),
Delgado (2007), and Boon et al. (2016).
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Table 2.1: Longitudinal dispersion regimes from Bijeljic et al. (2004) and Sahimi
(2011). With the exception of the transition regime, that does not present
a direct relation with Pe and the restricted diffusion regime that is simply
controlled by the porous media tortuosity, each regime can be defined in terms
of the Pe number.

Dispersion Regime Pe Model

1 Restricted diffusion Pe ≪ 1 DL/Dm = 1/Fφ

2 Transition 0.3 < Pe < 5 —
3 Power-law 5 < Pe < 300 DL/Dm = β Peδ

4 Mechanical dispersion Pe > 300 DL/Dm = αPe
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sandpack; Bijeljic and Blunt (2007)

sandstone; Bijeljic and Blunt (2007)

carbonate; Bijeljic and Blunt (2007)

Pfannkuch (1963)

Seymour and Callaghan (1997)

Kandhai et al. (2002)

Khrapitchev and Callaghan (2003)

Stöhr (2003)

Figure 2.3: Longitudinal dispersion coefficient versus Péclet number. Numerical
results for a synthetic sandpack, sandstone and carbonate from Bijeljic et al.
(2004) and experimental measurements from Pfannkuch (1963), Seymour and
Callaghan (1997), Kandhai et al. (2002), Khrapitchev and Callaghan (2003) and
Stöhr (2003). Copyright © 2004 by the American Geophysical Union. All rights
reserved.
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2.1.1 Anomalous Transport

Despite the success of models of dispersion based on the ADE, there are several
examples of anomalous, or non-Fickian, transport in laboratory experiments and
field-scale tracer studies. This is interpreted as the inability of capturing ex-
perimental observations with solutions using averaged macroscopic parameters,
deviating from analytical solutions, such equation (2.8) (Bear, 1972). Gener-
ally the interplay between mixing and spreading mechanisms at different scales
leads to anomalous transport (Silliman and Simpson, 1987), characterized by
the non-linear growth of particle variance in time.

Silliman et al. (1987) investigated the mechanisms that causes anisotropy
in the longitudinal dispersion coefficient using two sand boxes with controlled
conductivity and sodium chloride as a tracer. The authors suggested that the
mechanisms are strongly linked to the hydraulic anisotropy tensor. Levy and
Berkowitz (2003) observed subtle, but measurable differences in breakthrough
curves (BTCs) between what was observed and analytical solutions of the one-
dimensional ADE even in a homogeneous sandpack. The curves were then suc-
cessfully fitted using the CTRW formulations, which will be presented mathe-
matically later, and the authors reinforced the idea that there are no completely
homogeneous formations. Sidle et al. (1998) presented a tracer breakthrough
data of a fractured till in Funen, Denmark. The hydraulic properties of the
fractured layers were unknown, making it difficult to quantify the tracer trans-
port using traditional tools. Motivated by this and by the observed BTCs,
Kosakowski et al. (2001) employed the CTRW framework to overcome such
problems. They showed that CTRW model was able to capture the non-Fickian
behaviour, and performed better than a conceptual discrete fracture model.

2.2 Reactive Transport in Porous Media

If we now consider the simple reactions that simultaneously take place with
transport, we can examine the equilibrium and kinetics of the desired system.
Williams et al. (1970) generalized the reactions of an acid with calcium carbon-
ates as

2H+ +CaCO3 −−⇀↽−− CO2 +Ca2+ +H2O (2.12)

They showed a procedure to measure reaction rates as well as the solution
for an arbitrary kinetic model based on Duhamel’s theory. The authors noted
that most measurements had involved static experiments, in which a cube of
limestone was in contact with an unstirred acid. Due to this, such experiments
were mass transfer-limited and indicated first-order reaction regardless of the
true order of the surface reaction processes.

17



Chapter 2. Literature Review

Nierode and Williams (1971) used the observations of Williams et al. (1970)
to determine the kinetic model of the reaction of hydrochloric acid and lime-
stones. They designed their experiment in such a way that they could accurately
measure the reaction rate at the surface of the rock and that their measurement
was independent of mass transfer rate. The results were then used to support
design of acid and acid-fracturing treatments.

The dissolution rates of limestones and dolomites differ significantly. The
dissolution process in limestones is mass-transfer limited when T > 0 ◦C (Lund
et al., 1973) and for dolomites reaction-limited when T < 50 ◦C (Lund et al.,
1975). The reaction stoichiometry for limestones and dolomites are respectively
given by:

CaCO3 + 2H+ −−⇀↽−− CO2 +H2O+Ca2+ (2.13a)

CaMg[CO3]2 + 4H+ −−⇀↽−− 2CO2 + 2H2O+Ca2+ +Mg2+ (2.13b)

Plummer et al. (1978) studied the dissolution of calcite in a CO2-water
system at different temperatures and pressures. Their results indicated three
simultaneous mechanisms of reaction,

H+ +CaCO3 −−⇀↽−− Ca2+ +HCO3
− (2.14a)

H2CO3 +CaCO3 −−⇀↽−− Ca2+ + 2HCO3
− (2.14b)

H2O+CaCO3 −−⇀↽−− Ca2+ +HCO3
− +OH− (2.14c)

The authors observed that for fixed temperature and CO2 partial pressure, the
reaction rate is described by

r = k1αH+ + k2αH2CO3
+ k3αH2O − k4αCa2+αHCO3

− , (2.15)

where ki are the first order rate constants and αi the bulk fluid values for the
activities of the species. Like the study of Berner and Morse (1974), the authors
found it convenient to separate the system in three different regimes:

1. independent of PCO2 , depending only on pH;

2. function of PCO2
and the pH;

3. calcium precipitation starts affecting the system.

Their study used a more thorough investigation and confirmed the initial ob-
servations of Berner and Morse (1974).

Busenberg and Plummer (1982) studied the dissolution of dolomite samples
at different PCO2

, temperatures and pH from 0−10. The results showed that the
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dissolution is independent of the stirring rates and followed the chemical het-
erogeneous reactions of Plummer et al. (1978) in equation (2.15). The authors
recognized two stages of dissolution: one brief non-stoichiometric dissolution,
and a stoichiometric dissolution controlled by three parallel reactions, two of
which with half order with respect to H+ and H2CO3, and a constant rate in
the absence of the same. The order of the studies was later contested by Chou
et al. (1989), that also found a fractional order but of value 0.75.

Compton et al. (1989) conducted an experiment to study the dissolution of
calcite with high mass transport under the influence of three strong acids, all
with pH < 4. The authors demonstrated that under these circumstances the
system can be properly modelled by a first-order heterogeneous reaction,

r = k1αH+ . (2.16)

Peng et al. (2015) carefully studied the dissolution of calcite in HCl and
CO2-water systems to avoid mass-transfer limitations and keep it far from equi-
librium. The authors measured reaction rates over a range of pressures, tem-
peratures and pH. Later in Peng et al. (2016), the authors measured the rates
of dissolution for Ketton and North-Sea chalk under reservoir conditions. We
will use these results in our modelling studies later.

Hoefner and Fogler (1988) visualized the channel formation in limestones
and dolomites samples by casting a metallic alloy in the opened spaces. They
showed the rates of channel formation and growth as a factor of the fluid veloc-
ity and reaction rates, in both the experiments and a simplified pore-network
model. Later Daccord et al. (1993) took the observations further in order to
model the dissolution patterns named as wormholing phenomena. The authors
described the flow properties of the wormhole in terms of its equivalent size,
and studied the influence of flow rates and the acid capacity. They recognized
that more parameters are needed in order to completely describe the system.
Bazin (2001) developed a laboratory method for measurement of matrix-fracture
systems under dissolution, and evaluated the impact of a more complete set
of parameters in the emerged dissolution patterns. Under similar conditions,
Swoboda-Colberg and Drever (1993) observed the effective reaction rates with
two orders of magnitude differences between the lab and field study. Our model
will also be able to identify different dissolution regimes and quantify the dif-
ference between effective and batch reaction rates.

Fredd and Fogler (1998) showed the influence of wormhole formation on
transport properties, including the dependence of Damköhler number. The
experimental system was composed of HCl core-flooding under several flow con-
ditions, for two different acids, and constructed Pore Volumes to Breakthrough
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(PVBT) graph, in figure 2.4. Figure 2.5 shows the increase in channel branching
of the wormholes with the decrease of the Damköhler number. The figure also
highlights the amount of PVBT needed to achieve each pattern.
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Figure 2.4: Relationship between the injection rate Q and the required number
of pore volumes to breakthrough the sample PVBT for hydrochloric acid and
acetic acid. The optimum injection rate is given at the minimum PVBT. Despite
modelled to have the same acid capacity, HAc outperformed HCl for those given
conditions. From Fredd and Fogler (1998). Copyright © 1998 American Institute
of Chemical Engineers. All rights reserved.

Golfier et al. (2002) tested the ability of Darcy-scale models to describe disso-
lution regimes, in particular to wormhole formation, and extended the diagram
presented by Fredd and Fogler (1998) using a combination of and Pe−Da, as in
figure 2.6. This diagram indicates the expected dissolution patterns for a sample
under flow and transport of an acidic solution. We show later that our model
can successfully predict the compact dissolution pattern and a preferentially
channelized pattern.
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Figure 2.5: Neutron raiographs of different limestone dissolution patterns using
a 0.25 mol dm−3 EDTA and pH 4 from Fredd and Fogler (1998). The experi-
ments showed the increasing channel branching in wormholes with the decreas-
ing Damköhler numbers. Copyright © 1998 American Institute of Chemical
Engineers. All rights reserved.
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Figure 2.6: Pe − Da diagram showing the boundaries between different dis-
solution regimes. The diagram highlights the Pe-dependence when transition-
ing from the regimes of compact dissolution, conical wormholes and dominant
wormholes, and the Da dependence when transitioning from the regimes of uni-
form dissolution, ramified wormholes and dominant wormholes. Extracted from
Golfier et al. (2002). Copyright © 2002 Cambridge University Press. All rights
reserved.
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2.3 Impact of Heterogeneity on Reactive
Transport

The physical heterogeneity of porous media impacts flow fields and the solute
transport and distribution throughout the medium. The recognition of a wide
span in the porosity distributions and hence physical heterogeneities often mo-
tivates the improvement of numerical models to properly model transport in
porous media (Pereira Nunes et al., 2015; Bultreys et al., 2015; Weishaupt et
al., 2019; Ferreira et al., 2020). We will show that it is possible to model unre-
solved physical heterogeneity with the usage of a Truncated Power-Law (TPL)
model and the fitted transport heterogeneity parameter β. Molecular displace-
ments, or flow propagators, measured by Nuclear Magnetic Resonance (NMR)
define the motion of molecules in a given domain (Callaghan, 1993; Seymour
and Callaghan, 1997) and are reliable measurements for non-Fickian dispersion
in porous media (Scheven et al., 2005a). We will compare our model predictions
with NMR measurements in this thesis.

Inspired by the results of Seymour et al. (2004) with NMR molecular dis-
placements, Scheven et al. (2005a) studied the NMR molecular displacements as
an indicator of heterogeneity in three samples: a beadpack, a sandstone and a
carbonate, to study porous materials from a low to a high level of heterogeneity.
They subjected each of those samples to different flow conditions (Pe ∈ [20, 80])
and used different observation times to estimate the pre-asymptotic transport
behaviour of the solute in those samples. Figure 2.7 shows the NMR molecular
displacements and the variance of the displacement. The molecular propagators
show a degree of asymmetry at early times, even for the beadpack which is re-
garded as a homogenous medium. For the sandstones and carbonates, there is
a significant and persistent stagnant zone – that is particles that do not move.
The authors showed that asymptotic, or Fickian, transport behaviour was not
met for any of the samples. They also observed that the displacement variance
increases with the pore-space heterogeneity.

The complex arrangement of pores and grains subject solute transport to a
wide range of velocities; this is larger in carbonate samples compared to sand-
stones and bead packs in most cases (Blunt et al., 2013; Bijeljic et al., 2013a;
Bijeljic et al., 2013b). To explain the asymmetrical shape of the molecular
propagators of carbonates, Bijeljic et al. (2013b) studied six carbonate samples.
They showed that due to the highly complex connectivity of carbonates, there
is a significant contrast between flow regions in a sample. Figure 2.8 shows the
(a) molecular distribution of two of the carbonate samples and breaks down the
(b) Probability Density Function (PDF) of the normalized velocity into differ-
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(a) Molecular propagators normal-
ized by the mean displacement
ζ/⟨ζ0⟩ for (a) a beadpack, (b) a
sandstone, and (c) a carbonate
sample.

(b) Displacements variance σ/⟨ζ⟩ vs mean
displacement ⟨ζ⟩, for a beadpack (circles),
sandstone (squares) and carbonate (trian-
gles).

Figure 2.7: The results for molecular displacements obtained by NMR show-
ing the (a) molecular propagators and (b) normalized displacement variance.
There is a significant amount of stagnant zones, showed by ζ/⟨ζ0⟩ = 0. The dis-
placement variance increased with the sample heterogeneity and no sample has
achieved the asymptotic, or Fickian, transport behaviour. From Scheven et al.
(2005a). Copyright © 2005 American Institute of Physics. All rights reserved.
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entiate physical phenomena contributing to each segment of the distribution.
The advection-dominated regions, for |u| /uav ≫ 1, contributes to the fast mo-
bile tails seen in the molecular propagators at ζ/⟨ζ0⟩ ≫ 1. The diffusion-only
regions, for |u| /uav ≪ 1, are responsible for the stagnant regions seen in the
molecular propagators at ζ/⟨ζ0⟩ = 0. The higher velocity probability of Es-
taillades when compared to Mt. Gambier, for the diffusion-only regions is also
reflected by the larger stagnant region in the molecular propagator.

(a) Evolution of the molec-
ular displacement P (ζ) (a)
Mt Gambier and (b) Estal-
laides.

(b) Advection and diffusion contributions to the nor-
malized velocity distribution of Mt Gambier and Es-
taillades limestones.

Figure 2.8: The evolution of (a) molecular displacement distributions and the
(b) normalized PDF of velocities for Mt Gambier and Estallaides limestones.
The advection-dominated regions, at |u| /uav ≫ 1, contributes to the fast mobile
tails seen in the molecular propagators distribution at ζ/⟨ζ0⟩ ≫ 1. The diffusion-
only regions, at |u| /uav ≪ 1, are responsible for the stagnant regions seen in the
molecular propagators at ζ/⟨ζ0⟩ = 0. From Bijeljic et al. (2013a). Copyright ©
2013 American Geophysical Union. All rights reserved.

Measuring molecular propagators can be time-consuming for dynamic sys-
tems, so under-sampling methods have been developed to accelerate the acqui-
sitions – such as non-uniform sampling (Scheven et al., 2005b; Mitchell et al.,
2008) and compressed sensing (Paulsen et al., 2011). Colbourne et al. (2016)
developed a technique that significantly speeds up the recordings which enabled
observation of the temporal evolution of the flow propagators during a dissolu-
tion experiment. This enabled the study of the impact of dissolution processes
in the stagnant regions of a limestone by Muljadi et al. (2018). The authors
also observed the change of the fitted transport heterogeneity parameter β as
a proxy of the porous media heterogeneity change by dissolution. We will use
this dataset in the work presented in this thesis.

Chemical heterogeneity and the effects it has on species transport, are dif-
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ficult to isolate from the impacts of the physical heterogeneity in the initial
pore structure. There exists a time-dependent effect such that at early-times
physical heterogeneity can increase solute spreading but not mixing (Kitanidis,
1994; Dentz et al., 2011), and also a spatial-dependent effect which when ob-
serving larger scales shows a reduction of the effective reaction rate (Li et al.,
2008). Noiriel et al. (2009) studied the changes in the surface area of limestone
induced by dissolution, and showed that even for a pure calcite sample, the
arrangement of calcite in micrite grains and sparite cements significantly con-
trolled the surface area evolution of the samples. Black et al. (2015) showed the
high uncertainty in the kinetic model parameters that leads to reaction rates
spanning over several orders of magnitude. Smith et al. (2013) investigated
the response to partial pressures of a CO2-saturated brine and the initial pore
structure and ratios of calcite to dolomite. Salehikhoo and Li (2015) constructed
composites of different porous materials to study the dissolution of chemically
heterogeneous rock samples in a controlled and systematical way. The authors
conducted a series of experiments with different distributions of magnesite at
different flow rates, and observed that its spatial distribution has negligible ef-
fects on the reaction rates at low velocities but that the effect was significant at
higher velocities.

By using a Micro Computed Tomography (µCT) and Scanning Electron
Microscope (SEM) several researchers have studied pore-scale processes during
dissolution. The results of Menke et al. (2018) and Al-Khulaifi et al. (2018)
showed that channel formation and evolution are strongly influenced by the ini-
tial pore structure heterogeneity and flow rate, while Singh et al. (2018) showed
how intra-granular porosity can affect the dissolution patterns by increasing the
pore connectivity of the sample. They showed that in heterogeneous media,
rather than there being a uniform dissolution regime at low Da, see figure 2.6,
preferential dissolution channels form. We will show the same phenomenon in
our simulations. Al-Khulaifi et al. (2019) conducted a series of experiments with
different initial flow velocities and chemical heterogeneity, but using a carbonate
sample consisting of dolomite and calcite in a 8 : 1 ratio. The authors quantified
the impact of physical and chemical heterogeneity using the mineral reactants
proximity to the fast flow channels. Figure 2.9 shows the effective reaction rates
for calcite and dolomite related to the fast and slow flow regions. The authors
observed that the effective reaction rate significantly decreases after the channel
is formed, when calcite became shielded by dolomite. The reaction rate decrease
for calcite was higher than for dolomite and when near fast-flowing channels the
reaction rate of dolomite was even higher than of calcite. This is attributed to
the mineral distribution and chemical heterogeneities of the samples. We will
study this system later when we assess the effect of chemical heterogeneity.
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Figure 2.9: Effective reaction rates for calcite and dolomite related to the (a) full
volume, (b) fast-flowing channels and (c) slow regions. The effective reaction
rate significantly decreases after the channel is formed (dashed line). From
Al-Khulaifi et al. (2019). Copyright © 2019 The Authors. All rights reserved.

26



Chapter 2. Literature Review

Oliveira et al. (2020) modelled multi-species reactive transport in a car-
bonate presenting a combination of macro and micro-porosity to highlight the
contribution of the advection-dominated and diffusion-limited transport com-
ponents in the effective rates of formation and consumption of chemical species.
The combined impact of physical and chemical heterogeneity shows the per-
sistence of pre-asymptotic rates for some species while the rate of others were
already behaving asymptotically to steady-state values.

2.4 Numerical Modelling Methods

There are several models used to quantify reactive transport in porous media.
In this section we show the application of different numerical models to study
porous media flow and transport.

Pore Network Modelling (PNM) is a simple yet powerful method that was
introduced by Fatt (1956) and which has been widely used in multiphase flow
and transport (Chatzis and Dullien, 1985; Fenwick and Blunt, 1998; Valvatne
and Blunt, 2004; Raeini et al., 2018), non-Newtonian fluid flow (Sochi, 2010),
and porous media dissolution (Zhao and Ioannidis, 2007; Raoof et al., 2013;
Tansey and Balhoff, 2016). The method relies on reconstructing the pore-space
topology as a graph of pores interconnected by throats. There are several meth-
ods to construct this graph, using a watershed segmentation (Gostick, 2017)
or the commonly used maxima inscribed balls (Dong and Blunt, 2009). More
recently Raeini et al. (2017) and Raeini et al. (2018) generalized PNM, enrich-
ing its capabilities to describe geometrical properties of the pore-space by using
sub-elements with conductivities calculated from direct simulation.

Classic Eulerian mesh based methods discretize the domain in elements
where transport equations can be solved using either an integral or differen-
tial approach.

Ω

∂Ω

(a) Eulerian representation

Ω

∂Ω

(b) Lagrangian representation

Figure 2.10: Different representations of fluids accordingly to the Eulerian dis-
cretisation (a) and the Lagrangian discretisation (b).
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The Finite Difference Method (FDM) is the traditional choice of reservoir
simulator engines (Fanchi, 1986), discretizing Darcy equations along with pres-
sure corrections to account for the presence of wells (Peaceman, 1978). The
method uses regular stencils to represent the domain, making it easy to run in
parallel and a straight-forward candidate for Graphic Processing Unit (GPU)
implementations (Nickolls et al., 2008).

The Finite Volume Method (FVM) has been used to study flow, transport
and reaction in explicit realizations of the pore space (Meakin and Tartakovsky,
2009; Molins et al., 2012; Liu and Mostaghimi, 2018). Oliveira et al. (2019) has
developed a multi-species reactive transport model using the advection-diffusion
equation coupled with a homogeneous chemical equilibrium model and studied
fluid/fluid reaction in a carbonate rock. FVM is another choice for the engine
of reservoir simulators (Rasmussen et al., 2019).

The Finite Element Method (FEM) is capable of better representing complex
geometrical structures when compared to FVM or FDM. This is advantageous
when modelling pore-scale domains created from tomography image acquisitions
(Akanji and Matthai, 2010), or fluvial channels within a reservoir (Gomes et al.,
2017). At the pore-scale Fourar et al. (2004) evaluated high Reynolds flow of
a Newtonian fluid to evaluate inertial effects and the Reynolds critical point
from which Darcy’s law is no longer valid and Forcheimer’s equation becomes
necessary. At the reservoir scale, Jackson et al. (2015) successfully combined the
method with FVM in a dynamically adaptive framework to precisely capture
the saturation-shock in a multi-phase flow reservoir model.

The Lattice Boltzmann Method (LBM) uses the movement of an ensem-
ble of particles to reproduce the Navier-Stokes equation. It was used by Boek
and Venturoli (2010) to model fluid flow in a two-dimensional Berea sandstone
micro-model and to calculate the dispersion of tracer particles, which was later
validated by a particle image velocimetry experiment. The authors also used
the method to estimate the permeability of sub-samples extracted from a Ben-
theimer sandstone and showed the measurement dependency on the sample
size. Grader et al. (2010) used LBM to estimate water-oil relative permeabili-
ties from computed tomography models of rock samples from Abu Dhabi. They
conducted blind tests and showed the ability of the model to represent the
saturation evolution of experimental core-floods.

Smoothed Particle Hydrodynamics (SPH) is a meshless method that models
fluid flows in a Lagrangian framework by discretizing the fluids as particles.
Those particles are used as interpolation points to solve governing partial differ-
ential equations. The method was originally developed to simulate astrophysical
flows (Lucy, 1977) and was later extended by many authors to study a vast class
of problems in continuum solid and fluid mechanics. There are publications us-
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ing SPH to model problems from magnetohydrodynamics (Price, 2012) to un-
stable immiscible flows (Bandara et al., 2013). However care should be taken to
properly understand the model limitations and avoid unphysical results. The
tensile instability is an example of an unphysical result on the presence of den-
sity contrasts between fluids that creates an artificial gap at the interfaces and
can be avoided by properly selecting the model formulation (Agertz et al., 2007).
Monaghan (2005) presents an overview of different formulations and lists the
main advantages of the method that makes it preferable over grid based meth-
ods. Tartakovsky et al. (2015) had described several applications for SPH in
multiphase flow and reactive transport in porous media. The authors showed
several of the typically adopted formulations for single-phase, multiphase flow,
reactive transport, microbial growth and mineral precipitation, as well as their
applications.

Stochastic processes are another commonly used method of choice to model
transport and reactive flow in porous media. The theory and practical challenges
to model stochastic subsurface systems and have it implemented by practition-
ers inspired a debate documented by Rajaram (2016). The invited authors
discussed problems and their views for such systems and generally share a simi-
lar message regarding the scale of investigation and adoption of the right model
of study. Fogg and Zhang (2016) discusses the impact of geological texture
on the permeability variability and highlights the characterization bias towards
higher permeable materials when estimating permeability. Sanchez-Vila and
Fernàndez-Garcia (2016) pointed out the difficulties to model reactive trans-
port systems in an efficient and reliable way, considering the hypothesis such as
complete mixing at the given scale.

The Random Walk (RW) method is a Lagrangian approach to track particles
subjected to a velocity field and a random displacement to emulate dispersion.
Salamon et al. (2006) studied the advantages and limitations of the different
implementations of the RW method in heterogeneous media with both low and
high velocity contrast. The dispersion coefficient was estimated using RW by
Sahimi et al. (1983) and Salles et al. (1993) for different regular networks. The
authors also covered a range of different Pe numbers and observed the Gaus-
sian behaviour of the convective particles at longer times. Le Borgne et al.
(2010) observed that moderate and strong permeability heterogeneity caused
non-Fickian mixing during early times, which gets attenuated at longer times.
The RW method is often coupled to an underlying mesh with averaged values
of velocities and chemical components computed in it, which can be interpreted
as if each cell is completely mixed on its level. The accuracy in calculating the
concentration fields is limited by the amount of particles, so that smooth con-
centration distributions become hard to be constructed when not in presence of
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large number of particles Herrera et al. (2009).
Developed by Gillespie (1976), the Stochastic Simulation Algorithm (SSA) is

an exact method to model the time evolution of a chemical system. The method
is similar to the RW, but instead of having particles transiting in space we have
a chemical system transiting through chemical states (Gillespie, 1977). The
method models each and every individual reaction event without considering
approximated time increments. In order to overcome this, the τ -leaping ap-
proximation was developed by Gillespie (2001) to simulate larger times covering
several reaction events, given that they satisfy the leap condition. The authors
also introduced another equivalent strategy, the kα-method that instead of leap-
ing over time, it would leap over a number of reaction events. The method was
later extended by Rathinam et al. (2003) to model stiff systems in an implicit
formulation and presented a speed gain in relation to the conventional τ -leaping
method.

The CTRW concept was proposed by Montroll and Weiss (1965) as a gen-
eralization of the RW method in a regular lattice, where walks would occur
to the nearest-neighbouring sites with randomly distributed times. This is the
framework that we will use in this thesis for modelling reactive transport. This
inspired the development of a generalized transport theory in disordered sys-
tems by Scher and Lax (1973a). The method was then used to study impurity
conduction in semi-conductors (Scher and Lax, 1973b), followed by the experi-
mental observations and models of Montroll and Scher (1973), Scher and Mon-
troll (1975), Tiedje (1984), and Bos and Burland (1987). Later Berkowitz and
Scher (1997) and Berkowitz et al. (2000) applied the CTRW formalism to model
anomalous transport in random fracture networks and in heterogeneous porous
media. The CTRW method was also used to develop an upscaling methodology
to integrate pore, core and field scales by employing different transit-time func-
tions derived from smaller scales by Rhodes et al. (2008). Edery et al. (2010)
used CTRW to describe particle transport of a bimolecular reaction system, in
which particle of type A reacted with a particle of type B to form a particle of
type C, whenever their distance was smaller than an interaction radius. The
method was also recently proposed as a tool to model chemical reactions by
Ben-Zvi et al. (2018) and Ben-Zvi et al. (2019) by discretising the spatial con-
centration using the FEM framework. The method is not limited to transport
only: Aquino and Dentz (2017) used CTRW to derive a generalised chemical
master equation that allows general waiting-times between reactions and hence
model incomplete mixing in chemical reactions.

The majority of the previous models employ a particular formulation of
the Advection-Dispersion Equation, and by doing so fail to represent the scale
dependency of geological materials, even for homogeneous systems (Steefel et
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al., 2015). The CTRW provides an efficient and practical framework to study
reactive transport at a continuum scale. It uses a parametrization that ac-
commodates under-resolved geological features, that often leads to non-Fickian
behaviour. With the right choice of parameters, CTRW is capable of recovering
the model described by the Advection-Dispersion Equation. This has motivated
use to develop a CTRW based model for reactive transport. In the next we show
the basic equations and usage of the CTRW framework for transport in porous
media.

2.5 Continuous Time Random Walks

This section introduces the fundamentals of our model, that will be further
detailed for transport only in chapter 3 and extended to account for reactive
transport in chapter 4.

In general terms, CTRW models transport of solute particles by random
increments in space and time (Montroll and Weiss, 1965),

xn+1 = xn + ξn, (2.17a)

tn+1 = tn + τn, (2.17b)

where x denotes the particle location, ξ the particle spatial increment, t the par-
ticle time, τ the temporal increment, and the superscripts n denotes the current
step and n + 1 the next step. Within particle transitions, during time τn, the
particle velocity vn is constant and defined by vn = ξn/τn. This characteristic,
that differs the RW from CTRW model is illustrated in figure 2.12.

P (
x,
t)

x0

x0 + ξ

t0 t0 + τ

Figure 2.11: Particle single hop illustrating the change from (x0, t0) by random
increments in space and time (ξ, τ) described by equation (2.17) and defined by
Montroll and Weiss (1965).

The probability P of a particle arriving at a given position x after n steps
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(b) Continuous Time Random Walk

Figure 2.12: Illustration of a random walk figure 2.12a with a constant step
distance and duration and a continuous time random walk figure 2.12b also
with a constant step distance but with a random duration between steps.

is given by the recurrent relation

Pn+1 (x) =
∑
x′

p (x′,x)Pn (x′) , (2.18)

where p (x,x′) is the probability of a particle that started at x to move to x′.
The probability of arrival at x per unit time is defined in Scher and Lax (1973a)
as

R (x, t) =
∑
x′

∫ t

0

ψ (x′ − x, t− t′)R (x′, t) dt. (2.19)

The formal ensemble average of the Master Equation (ME) presented in
Oppenheim et al. (1977) and Shlesinger (2003) is demonstrated in Klafter and
Silbey (1980), and leads to the Generalized Master Equation (GME)

∂

∂t
P (x, t) =−

∑
x′

∫ t

0

ψ (x′ − x, t− t′)P (x, t′) dt′

+
∑
x′

∫ t

0

ψ (x− x′, t− t′)P (x′, t′) dt′
(2.20)

where P (x, t) is the probability of a particle being at x at time t, and ψ (x, t)

is the memory function given by the joint space and time transition probability
density functions. The memory function term is often described as M (x, t)

by Dentz et al. (2004) and Berkowitz et al. (2006). The probability P (x, t)

described in equation (2.20) is equal to the probability of a particle leaving x

towards x′ minus the probability of a particle to remain at x. The type of
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transport described by equation (2.20) makes no distinction between advective,
diffusive or dispersive means of transport, but bundles them together.

Kenkre et al. (1973) and Shlesinger (1974) demonstrated that the GME,
equation (2.20), is equivalent to the CTRW, equation (2.19).

Our focus now lies on the decoupled transition distributions for space and
time (Dentz and Berkowitz, 2003),

ψ (x, t) = p (x)ψ (t) (2.21)

where p (x) is the transition probability density function and ψ (t) is the transit
time probability density function. The CTRW theory is valid for a wide range of
cases, and with the right selection of the ψ function, it is possible to reproduce
the macroscopic transport behaviour of complex media (Berkowitz et al., 2001).

The choice of an exponential decay function, ψ (t) ∼ e−λt, reproduces the
conventional Gaussian spreading of Fickian transport (Scher and Montroll, 1975;
Margolin and Berkowitz, 2000). Scher and Montroll (1975) and Berkowitz and
Scher (1997) proposed a power-law ψ (t) function that with the right choice
of its β parameter, is capable of characterizing both Fickian and non-Fickian
transport using a relation

ψ (t) ∼ t−1−β , (2.22)

with the exponent β > 0. Figure 2.13 shows the example of First-Passage
Time Distributions (FPTD) and different choices of β using the relation in
equation (2.22). The results were calculated using the asymptotic results present
in (Berkowitz et al., 2000).

β = 0.33

β = 0.50

β = 0.65

10−3 10−2 10−1 100 101 102
0

1

2

τ/b1/β

b1
/
β
f
(L

,τ
)

β = 0.75

β = 0.80

β = 0.90

10−1 100 101

τ/b1/β

Figure 2.13: First passage time distribution for 0 < β < 1 from Berkowitz et al.
(2000) using the power-law function equation (2.22). Copyright © 2000 by the
American Geophysical Union. All rights reserved.
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Natural systems are often modelled using a truncated power-law function,
such that there is a time scale cut-off to account for when the system behaves as if
it is homogeneous (Berkowitz et al., 2006). Equation (2.22) is then characterized
by two time scales, t1 that represents the mean transition time and t2 that
corresponds to the time to encounter the largest heterogeneities (Dentz et al.,
2004).

The definition of the characteristic times t1 and t2 is respectively associated
to the mean flow velocity and molecular diffusion (Bijeljic and Blunt, 2006) such
that

t1 =
l

v
, (2.23a)

t2 =
l2

Dm
, (2.23b)

where l is the domain length, v the mean flow velocity and Dm the molecular
diffusion coefficient. With this, equation (2.22) becomes

ψ(t) =

[
t1

(
t2
t1

)β
e
t1
t2 Γ

(
−β, t1

t2

)]−1

e−t/t2(1 + t/t1)
−1−β

, (2.24)

where Γ (a, z) is the incomplete Gamma function Γ (a, z) =
∫∞
z
ta−1e−tdt, also

defined as upper incomplete Gamma function (Abramovitz and Stegun, 1974).
Equation (2.24) is empirical yet successfully reproduces non-Fickian trans-

port signatures at different time scales (Dentz et al., 2004; Berkowitz et al.,
2006; Bijeljic and Blunt, 2006; Berkowitz and Scher, 2009; Edery et al., 2015).

Figure 2.14 illustrates the particle trajectory in space and the velocity varia-
tion in time, as conceptually described in figure 2.12, and using equation (2.24)
defined by a near homogeneous system characterized with β = 1.8. The com-
plete model and details of the domain used to illustrate these trajectories are
described in chapter 3, section 3.1. The large velocities (∼ 103) are note fre-
quent but are responsible for the particles early arrival and are manifested in
the particle BTCs.

Transport behaviour is anomalous for 0 < β < 2 and t1 ≫ t ≫ t2 but
asymptotically becomes Fickian with t ≫ t2 (Dentz et al., 2004); for β > 2 it
already becomes Fickian for t ≫ t1. The parameter β defines three different
regimes (Berkowitz et al., 2001):

1. For β > 2, the mean position scales with t, the standard deviation with
t1/2 and σx/⟨x⟩ ∼ t−1/2;

2. For 1 < β < 2, the solute moves with the mean fluid velocity, the standard
deviation increases as t(3−β)/2 and σx/⟨x⟩ ∼ t(1−β)/2;

34



Chapter 2. Literature Review

0

0.5

1

1.5

x
/
m

×
10

−
1

x
y
z

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
10−7

10−2

103

t/s ×105

v
/
m
s−

1

v

Figure 2.14: The particle trajectory in space and velocity as illustrated in fig-
ure 2.12, and using equation (2.24) defined by a near homogeneous system
characterized with β = 1.8. The domain used to illustrate the trajectories is
described in chapter 3. The large velocities (∼ 103) are responsible for the
particles early arrival and are manifested in the particle BTCs.
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3. For 0 < β < 1, both the mean and standard deviation scales similarly,
⟨x⟩ ∼ σx ∼ tβ and σx/⟨x⟩ ∼ constant.

The value of β is related to the heterogeneity of the system, with relatively
homogeneous materials such as sandpacks and sandstones obtaining β = 1.8

Bijeljic and Blunt (2006), and heterogeneous carbonates obtaining β = 0.7

(Bijeljic et al., 2011). Figure 2.15 shows the comparison of the ADE and CTRW
models made by Cortis and Berkowitz (2004) using experimental data from
Scheidegger (1959).
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Figure 2.15: Comparison for the BTC of a Berea sandstone core using the
ADE (dashed line) and CTRW (continuous line) model fit . The experimental
data is obtained from Scheidegger (1959) and the best fit results from Cortis and
Berkowitz (2004). The quantity j is the normalized flux-averaged concentration.
The CTRW model uses the truncated power-law model equation (2.24) and
β = 1.59. Copyright © 2004 Soil Science Society of America. All rights reserved.

Figure 2.15 highlights that Berea sandstones, usually taken as homogenous,
can present non-Fickian transport signatures (Levy and Berkowitz, 2003). The
usage of the CTRW model better represents the complete BTC when compared
to the ADE model, that despite matching the center of mass of the solute, it
fails to capture the behaviour at early and late times.

2.6 Summary and Motivation

In this chapter we presented the literature review of reactive transport in porous
media in sections 2.1 and 2.2. Next we presented the physical and chemical
heterogeneity impact in reactive transport in section 2.3. In section 2.4 we
showed the commonly employed numerical models, and then the main features
of the CTRW model that support our work in section 2.5.
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We showed that there are several approaches to model reactive transport,
and that at the continuum scale, there is a complex interaction between physi-
cal and chemical heterogeneity that significantly impacts effective reaction rates.
We also showed that the CTRW framework provides an appropriate alternative
to account for both Fickian and non-Fickian transport behaviour. This moti-
vated us to develop a novel CTRW based reactive transport model for simulating
reactive transport at the continuum scale.
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CHAPTER 3
Modelling Transport in

Porous Media using
Continuous Time Random

Walks

This chapter describes the Continuous Time Random Walk (CTRW) framework
and how it is employed to describe transport of particles on a lattice. Solute
transport is modelled coupling flow calculated on a lattice (termed the Lat-
tice Flow Model) and particle transport which includes advection and diffusion
(which we term the Particle Transport Model).

Traditional models make use of the Advective-Dispersion Equation (ADE)
to simulate solute transport in porous media (Bear, 1972) with the inclusion of
an additional term to account for reactive processes,

∂ (φc)

∂t
= −∇ · (φvc) +∇ · ∇ (φDc) +R, (3.1)

where c is the solute concentration, v is the Darcy velocity, D is the dispersion
coefficient and R is the reaction term, that either behaves as a sink or a source,
according to the process of interest.

Instead of having the solute concentration modelled as a continuous field
variable, we describe it using a Lagrangian framework with particles distributed
on a lattice (Bijeljic and Blunt, 2006; Le Borgne and Gouze, 2008; Kang et al.,
2011; Pereira Nunes et al., 2016a; Pereira Nunes et al., 2016b).
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The chapter starts with the model description, showing the flow modelling
that provides the parameters describing the particles transit-time distributions
and probability of spatial transitions on the lattice consisting of nodes and links.
The observed macroscopic transport parameters are then shown for idealized do-
mains, reconstructing the sub-diffusive and super-diffusive behaviour described
in the literature, and finally the model usage in simplified geometries is pre-
sented to show its capability to account for underlying transport physics. The
transport components described in this chapter are used in the same way to
model reactive flow in chapters 4 to 6.

3.1 Model Description

The solute transport model consists of two main components: (a) the Lattice
Flow Model and (b) the Particle Transport Model. The lattice flow model is
used to calculate the pressure gradients and mean velocities so that the particle
transport model can then have defined particle probability distributions for
spatial transitions and transit-times throughout the domain representing the
porous medium.

3.1.1 Lattice Flow Model

Our domain is defined as Ω with boundary Γ and is discretized in a cubic
connected lattice. The lattice is an abstraction of a regular grid, where nodes
represent the grid cells and the links the faces between such cells. Scalar fields
assigned to grid cells are mapped to the nodes and links of our lattice, as in
figure 3.1a.

Despite being depicted as a two-dimensional field, the scalar fields adopted
herein are three-dimensional and emerge from a three-dimensional image ac-
quisition where each voxel, or grid cell, has defined values, e.g. porosity and
permeability. Therefore it is only natural to consider the values at the grid
cells to be coincident with the values at the nodes of our model, requiring us
to interpolate them to the links. For additive properties like the porosity, we
calculate the value at the links using the arithmetic mean of the values in the
connected nodes,

φk =
φi + φj

2
, (3.2)

where φ is the porosity and k is the index of the link connecting nodes i and i.
In the absence of a more sophisticated metric, the permeability can be cal-

culated using a power-law correlation with the porosity,

Kk = aφbk, (3.3)
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topology
representation

scalar field

(a) domain idealization

Γ0 Γ1

Ω

(b) lattice topology

Figure 3.1: Domain idealization and lattice topology with scalar fields (porosity
and permeability) used to define the nodes and links within the domain Ω and
boundaries Γ. The topology is represented by nodes interconnected by links.
Each node of the lattice has the properties defined from a given scalar field. The
lattice corresponds to the underlying discrete domain. The pressure P0 and P1

is specified in the nodes at Γ0 and Γ1 and will be later used to solve the pressure
inside the domain Ω.

where K is the permeability and a and b are adjustment parameters. The
permeability follows the definition of the porosity. If the initial porosity of the
link is φk = 1, the permeability of the link is defined as Kk = a. If the porosity
of the link is zero, the permeability is also defined as zero, and the link is
unavailable for flow and transport of any particles. For computational reasons,
the smallest represented porosity value is φ = 1× 10−12, and the permeability
is defined using the appropriate correlation factors. Section 3.1.2 discusses the
particle flow implications of having link velocities approximately equal to zero.
Such power-law correlations between porosity and permeability are widely used,
to model the evolution of permeability in dissolution experiments (Menke et al.,
2015; Honari et al., 2015). Other relations for porosity and permeability such as
Kozeny-Carman (KC) correlation can also be employed (Kozeny, 1927; Carman,
1937).

We solve the pressure field in the lattice for a domain Ω with boundaries Γ,
as represented in figure 3.1b, by ensuring the mass conservation at node i and
all connected links k, ∑

∀k∈i

Qk = 0, (3.4)

where Q is the volumetric flux at link k, connected by node i and j. The flux
Q is defined within each link k by Darcy’s law (Darcy, 1856),

Q = −KA
µ

∆P

∆L
(3.5)

where A is the cross-sectional area, µ the viscosity of the fluid, P the pressure
and L the length of the link. At the boundaries Γ of the domain we impose
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Dirichlet conditions,

Pk = PΓ0
, ∀k ∈ Γ0, (3.6a)

Pk = PΓ1
, ∀k ∈ Γ1, (3.6b)

where PΓ0
and PΓ1

are the specified pressures at the boundaries Γ0 and Γ1, that
will later be used to define the pressure at the inlet and outlet of the domain.

The system of equations formed by equation (3.4) is written as

BQ = 0, (3.7)

where B is the lattice incidence matrix and Q is the flux vector. We then define
the conductivity matrix as

Cij =
KkA

lµ
(3.8)

so that equation (3.5) becomes

Q = CBTp. (3.9)

Finally by substituting equation (3.9) in equation (3.7), we obtain the system
of equations defining our problem

BCBTp = 0. (3.10)

The incidence matrix B has shape m × n, where m is the number of links
and n the number of nodes in the lattice.

Bm,n =

⎡⎢⎢⎢⎢⎢⎣
b1,1 b1,2 · · · b1,n

b2,1 b2,2 · · · b2,n
...

... . . . ...
bm,1 bm,2 · · · bm,n

⎤⎥⎥⎥⎥⎥⎦ (3.11)

where bk,i = 1 if the link k is connected to the node i, otherwise bk,i = 0.
Figure 3.2 illustrates a generic lattice and its incidence matrix. The lattice

is summarized in a 7× 6 matrix with both node 4 and link 7 highlighted as an
example. The sum of the elements in a column is equal to the node connectivity.

Our lattice consists of a cubic graph, with regularly spaced nodes. Each
node is connected by 6 other nodes, with exception of the boundaries that will
either be connected to 3, 4 or 5 other nodes as illustrated in figure 3.3.

The linear system of equations described in equation (3.10) results in a
sparsely distributed matrix and it is solved using a Generalized Minimal Resid-
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Figure 3.2: Lattice representation and the correspondent incidence matrix. The
rows correspond to the links and columns to the nodes. Node 4 is highlighted
as an example to show that it is connected by links 3 and 7. Similarly link 7 is
highlighted to show that it connects node 4 and 5.

(a) inner (b) face (c) edge (d) corner

Figure 3.3: Link and node types in the lattice, each representing an element
inside the domain, at the face, edge and corner of the enclosed lattice. The other
elements are obtained by applying a rotation to these and are not displayed here
for simplicity.
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ual (GMRES) method (Saad and Schultz, 1986) implemented in the Portable,
Extensible Toolkit for Scientific Computation (PETSc) framework (Abhyankar
et al., 2018).

3.1.2 Particle Transport Model

We model solute transport as a series of particle transitions on a lattice. The
transitions are governed by the decoupled probability distributions for the transit-
time and displacement of the particles. Figure 3.4 shows an idealization of the
lattice with a node i at the origin connected to nodes j ∈ [0, 1, . . . , N ] through
a link k. Each link has a calculated probability of displacement pij and prob-
ability of transit-time ψij (figure 3.4b) using the underlying properties of the
link.

node j=0

j=N

j
j

i

link klink k

vji > 0vji > 0
vij > 0vij > 0

(a) General lattice consisting of an ar-
bitrary number of nodes and links

pij , ψij

j
j

i

(b) Particle transition from node i to
node j with probability pij and ψij

Figure 3.4: General lattice consisting of nodes interconnected by links. This
depicts a particle transition from a node i to a node j through a link k with pre-
scribed velocity vij , probability of displacement pij and transit time distribution
ψij .

The transit-time distribution ψij is represented by a Truncated Power-Law
(TPL) distribution which, empirically, matches experimental results (Levy and
Berkowitz, 2003) defined using two different characteristic time scales (Dentz
et al., 2004; Bijeljic and Blunt, 2006) and an adjustable parameter

ψ(t) = Ae−t/t2(1 + t/t1)
−1−β

, (3.12)

where t1 is the advective transit time, t2 is the diffusive cut-off time, β is a
fitting parameter representing the heterogeneity of the medium and A is a nor-
malization constant such that

∫∞
0
ψ(t′)dt′ = 1 meaning that ψ can be used as
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a Probability Density Function (PDF).
The probability for a transition to occur in the interval (t, t + dt] is ψ(t)dt

and the parameters in equation (3.12) are defined as

t1 =
l

|vij |
, (3.13a)

t2 =
l2

Dm
, (3.13b)

where vij is the velocity in the link between nodes i and j, Dm is the molecular
diffusion coefficient and l is the length of the link. In this work we assume that
l and Dm are fixed.

Equation (3.12) is empirical yet successfully reproduces non-Fickian trans-
port signatures at different time scales (Dentz et al., 2004; Berkowitz et al., 2006;
Bijeljic and Blunt, 2006; Berkowitz and Scher, 2009; Edery et al., 2015). We do
not fit the values of t1 and t2 in equation (3.13); these are directly calculated
from the flow field and the transport parameters. The velocity used to calculate
t1 is vk = vij , the velocity in the link k between nodes i and j. The value of
β however is fitted to experimental measurements. The asymptotic analysis for
the mean velocity v of a plume of solute in Dentz et al. (2004) showed that for
values of β < 1, v ∝ tβ−1 and for 1 < β < 2, v is constant.

Figure 3.5 illustrates the shape of ψ for different t1, t2 and β parameters.
When plotted using a log− log transformation, ψ is nearly constant for t≪ t1,
has a constant slope of t−1−β for t1 < t < t2 and asymptotically goes for zero for
t≫ t2. The asymptotic analysis for the mean velocity v of a plume of solute in
Dentz et al. (2004) showed that for values of β < 1, v ∝ tβ−1 and for 1 < β < 2,
v is constant.

Before proceeding any further, we need to ensure that our sampling routines
are reconstructing the ψ function properly. As a practical example, we analyse
a simple case with ψ(t, t1, t2, β) = ψ(t, 1.0, 104, 1.5). Figure 3.6 shows the ana-
lytical ψ(t) function calculated from using theses parameters, with the regions
t < t1 and t > t2 highlighted, and the exponential growth of the cumulative
distribution

∫
ψ(t)dt. We then randomly take 109 samples from the cumulative

of the ψ function and attempt to reconstruct the ψ function. The reconstructed
function is present in figure 3.7 and is able to recover the overall shape of the
analytical ψ function over a wide range of t values. The reconstructed function
deteriorates for low probability values of t, however those values have little con-
tribution to the distribution and are a consequence of the narrow increment in
the integral of the probability function

∫
ψ dt.

Lastly, the probability of transition from node i to node j is calculated from
the asymptotic solution of the ADE. The solution is developed in Rhodes and
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Figure 3.5: The effect of t1, t2 and β on the shape of the transit-time distribution
ψ. The values for t1 and t2 are obtained from the flow field and transport
parameters, and the value of β is fitted to experimental data. ψ distribution is
nearly constant for t ≪ t1, has a constant slope of t−1−β for t1 < t < t2 and
asymptotically goes for zero for t≫ t2.
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Figure 3.6: Calculated ψ function and its integral for t1 = 1.0 s, t2 = 1.0× 104 s
and β = 1.5. The shaded intervals highlight the regions where t ≪ t1 with
ψ is nearly constant, t1 < t < t2 with ψ ∝ t−1−β , and where t ≫ t2 with ψ
asymptotically going to zero. The integral of the ψ function has a constant
slope for t≪ t1 with most of its weight coming from the rest of the t-axis.
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Figure 3.7: Analytical and integrated ψ functions (solid lines) and the recon-
structed function from sampled values of the ψ integral (circles). The function
was constructed using t1 = 1.0 s, t2 = 1.0× 104 s and β = 1.5. The recon-
structed function is able to recover the overall shape of the analytical ψ function
for a wide range of values.
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Blunt (2006) and generalized in Rhodes et al. (2008) as

pij = G
Peij

1− e-Peij , ∀vij > 0 (3.14a)

pij = G
Peij

e Peij − 1
, ∀vij < 0 (3.14b)

where Pe is the Péclet number, Peij = l|vij |/Dm is the locally defined Péclet
number in the link connecting node i to node j, and G is a normalization factor
such that

∑
j pij = 1. Simplifications of equation (3.14) are of great importance

when implementing the numerical model and are detailed next.
There are cases in which equation (3.14) can become undefined and incur

numerical errors. Such cases can be avoided with some algebraic manipulation.
The two cases explained here are when the velocity asymptotically goes to zero
or asymptotically goes to infinity.

Links where the velocity is approximately zero still contribute to the trans-
port of particles. Transitions of such cases are interpreted as purely diffusive
transitions. Using a Taylor series expansion at about Pe → 0, i.e. v → 0,
reduces equation (3.14) to

pij = G
Peij

ePeij − 1

= G
Peij

1 + Peij +O(Pe2ij)− 1
, (3.15)

which can be further simplified by ignoring higher order terms into

pij = G, ∀vij = 0. (3.16)

On the other hand, when Pe → ∞, i.e. v → ∞, equation (3.14) reduces to

pij = GPeij , ∀vij > 0, (3.17a)

pij = 0, ∀vij < 0. (3.17b)

To illustrate the behaviour of equation (3.14) along with its simplifications,
a 2D graph is created as shown in figure 3.8, where the main flow direction
is aligned with +x-axis and v = 0 perpendicular to this direction. Figure 3.9
shows the effect of different Pe numbers on the probability of displacement of a
particle on the 2D lattice in figure 3.8. For Pe = 1, the probability of travelling
in any direction is nearly the same, with a higher chance of moving towards
the flow (east) and smaller chance against the flow (west). When Pe increases
by an order of magnitude, the probability is predominantly driven by the flow
direction.
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pij , ψij

vji vij

j=0, North

j=1, West
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j=3, Easti

Figure 3.8: A 2D graph constructed from the concept described in figure 3.4 and
with the main flow direction aligned with +x-axis and v = 0 perpendicular to
this direction. The results of the probability of displacement in such a scenario
and under different Pe numbers are shown in figure 3.9.
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Figure 3.9: Probability of transitioning pij and the cumulative of it Pij for Pe =
1 and Pe = 10. For Pe = 1, the probability of travelling in any direction is nearly
the same, with a higher chance of going towards the flow (east) and smaller
chance against the flow (west). When Pe increases by an order of magnitude,
the probability is predominantly driven by the flow direction.
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The trajectory for a single particle travelling on a 2D lattice with flow along
the +x-axis direction is illustrated in figure 3.10. This illustrates a particle
undergoing different flow dynamics, characterized by different Pe numbers. The
particle is subjected to a velocity v ̸= 0 in the +x−direction and v = 0 in every
other direction. At low Pe numbers, the velocity field has little influence on the
particle, with most of the effect stemming from diffusion. As Pe increases the
advective forces become predominant and the mean particle trajectory aligns
more with the mean flow direction, to the point that dispersion perpendicular
to the flow is nearly absent.
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Figure 3.10: Particle trajectories for different Pe numbers. At low Pe numbers,
the velocity field has little influence on the particle displacement, with most of
the effect originating from diffusion. As Pe increases the advective forces become
predominant and the mean particle trajectory aligns more with the mean flow
direction, to the point that dispersion perpendicular to the flow is nearly absent.

In order to have a smaller number of output files and keep a common time
axis for different particles, each particle is synchronized at the end of every
time step ∆t. The time steps ∆t are fixed and independent of the particle
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transit-times ∆τ , ∑
i=0

∆τi ≤ ∆t, ∆τi ∼ ψij (t1, t2, β) . (3.18)

If the sampled transit-time is smaller than the fixed time step, ∆τ < ∆t,
the particle transits to a new location and sample a new transit-time from
equation (2.24). When the sampled transit-time is greater or equal to the fixed
time step, ∆τ ≥ ∆t we output the particle position, increment the current time
and start the particle transitions again while the condition in equation (3.18) is
still met.

Figure 3.11 shows the comparison between the particle trajectories at the
fixed recorded time step ∆t and the actual sampled times ∆τ , using the relation
showed in equation (3.18). Given the stochastic nature of the problem, the seed
was fixed in order to sample the same random numbers for both cases.
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y − z trajectory
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x/m

x− y trajectory

∆τ
∆t

Figure 3.11: Comparison between the particle trajectories at the fixed recorded
time ∆t and the actual sampled times ∆τ . Given the stochastic nature of the
problem, the seed was fixed in order to sample the same random numbers for
both cases.

The injection of several different particles and its trajectories are illustrated
in figure 3.12 for Pe = 10. The particles move towards +x-axis, following the
main flow direction, but still show dispersion when the trajectories are projected
in the y − z plane.
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Figure 3.12: Several different particle trajectories represented by a different
colour for Pe = 10. The particles move towards +x-axis, following the main flow
direction, but still experience dispersion as seen from the trajectory projected
in the y − z plane.

3.2 Transport Validation

3.2.1 Effect of the Number of Particles

The high frequency noise displayed in the asymptotic behaviour of the mean
particle velocity and dispersion, as seen in figures 3.15, 3.22 and 3.23, is reduced
when increasing the number of particles. To support this statement figure 3.13
shows the result for a case with a uniform porosity of φ = 0.3, K = 1× 10−12 m2,
link size l = 10−3 m, and β = 1.8, and a mildly advective regime with Pe = 100

resulting in characteristic transit time t1 = 10 and diffusive cut-off time t2 = 103.
The figure shows the results using Np = 102 to 106. These results are compared
against the solutions for the average velocity and dispersion coefficient obtained
from the numerical Laplace Transform Inversion as described in appendix A.
As the number of particles increases, the high frequency noise reduces, and the
transport behaviour at early times is more pronounced. Taking this effect in
consideration, the number of particles is always kept as the minimum possible to
still be able to obtain consistent results of the macroscopic transport parameters,
or other quantities of interest.

The accuracy and simulation time of the proposed algorithm scales with the
number of particles, simply put, the more particles are present in the domain, the
more accurate and the longer are the simulations. To support this observation,
figure 3.14 shows the effect of the number of particles in the time-step taken per
∆t iteration and relative error in the normalized dispersion ϵD and normalized
velocity ϵv. The time taken per iteration scales log-linearly with the number
of particles for Np ⪆ 103. The error for the velocity decreases faster with the
increase of particles. The simulations used to benchmark the algorithm were
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Figure 3.13: Effect of the number of particles Np on the normalized mean
particle velocity and normalized mean longitudinal particle dispersion for Pe =
100. This case was constructed with a uniform porosity of φ = 0.3, K =
1× 10−12 m2 and β = 1.8. As the number of particles increases, the high-
frequency noise reduces, and the behaviour at early times is better resolved.
However the overall trend and evolution is captured in all cases.
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obtained using an Intel™ Core™ i7-7700HQ processor 1.
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Figure 3.14: Effect of the number of particles in the time-step taken per ∆t
iteration and relative error in the normalized dispersion ϵD and normalized
velocity ϵv. The time taken per iteration scales linearly with the number of
particles for Np ⪆ 103. The error decreases faster with the increase of particles.

3.2.2 Asymptotic Time Behaviour

The mean velocity and dispersion coefficients of solute plumes are key to identify
transport time scales. The asymptotic behaviour will provide us means to un-
derstand if the current model is able to capture interesting transport signatures.
The asymptotic analysis in Dentz et al. (2004) and Berkowitz et al. (2006) says
that for the interval 1 ≪ τ ≪ τ2 and transport characterized by 0 < β < 1,
the longitudinal dispersion DL ∝ τ2β−1 and for 1 < β < 2, DL ∝ τ2−β , where
τ2 = t2/t1.

The model is validated by studying the mean velocity and longitudinal dis-
persion of a solute plume under three β values and several t2 values. For con-
venience, the value of t1 is kept fixed and only varied t2. We inject N = 104

particles in the domain and observe their transport for over t = 105 s, which is
equivalent to τ = 105 if t1 = 1 s. The results are consolidated in figure 3.15 and
are compared against the average velocity and dispersion coefficient obtained
from the numerical Laplace Transform Inversion and described in appendix A.
The figures show the calculated values for the cases with different τ2 in the
symbols and the average values using solid lines.

For β = 0.25, the early behaviour of the mean velocity follows the scaling
vm ∝ τ−0.75 and the longitudinal dispersion follows the scaling DL ∝ τ−0.5. For
larger times, both mean velocity and longitudinal dispersion reaches a constant

1Intel™ Core™ i7-7700HQ – 2.8 GHz base frequency, up to 3.8 GHz with Intel™ Turbo
Boost Technology, 6 MB cache, 4 cores
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asymptotic value, decreasing for increasing τ2. The time needed to reach the
asymptotic value increases for increasing values of τ2.

For β = 0.75, the early behaviour of the mean velocity follows the rela-
tionship vm ∝ τ−0.25 and the longitudinal dispersion follows the relationship
DL ∝ τ0.5.

For β = 1.5, the mean velocity shows little impact in relation to τ2 and
quickly approaches a constant value. The longitudinal dispersion follows the
scaling DL ∝ τ0.5.

The case of β = 0.25 represents sub-diffusive transport, when the dispersion
decreases with time, and the case of β = 0.75 a super-diffusive transport, when
the dispersion increases with time. Both cases were properly observed in the
simulations, indicating the ability of the model to capture transport signatures
at early times. Additionally all the cases are in agreement with the behaviour
detailed in Dentz et al. (2004).

3.2.3 Hydrodynamic Dispersion

We calculate the longitudinal dispersion coefficient for 105 injected particles
and β = 0.25, 0.75 and 1.50, the value of t2 was kept constant and t1 allowed
to vary in order to obtain cases with different Pe numbers. Figure 3.16 shows
the results compared against experimentally measured points from Pfannkuch
(1963), Seymour and Callaghan (1997), Kandhai et al. (2002), Khrapitchev and
Callaghan (2003), and Stöhr (2003) and are left indistinguishable for simplicity,
but were differentiated in figure 2.3 of chapter 2. The model is able to capture
the mean behaviour of the experiments for β = 1.5, but for the other values of
β underestimates when Pe ≤ 1 and overestimates when Pe ≥ 1.
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Figure 3.15: Asymptotic time behaviour for the longitudinal dispersion coeffi-
cient and the mean velocity for β = 0.25, 0.75 and 1.5 and τ2 = 103, 104, 105
and 106. For the interval 1 ≪ τ ≪ τ2 and transport characterized by 0 < β < 1,
the longitudinal dispersion DL ∝ τ2β−1 and for 1 < β < 2, DL ∝ τ2−β (Dentz
et al., 2004; Berkowitz et al., 2006).
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Figure 3.16: Asymptotic longitudinal dispersion coefficient for β = 0.25, 0.75
and 1.50. The increase of the β values represent the increase of heterogeneity,
from highly heterogeneous sample (β = 0.25) to mildly heterogeneous sam-
ple (β = 1.5). The experimentally measured points for unconsolidated bead-
packs and sandpakcs taken from the literature (Pfannkuch, 1963; Seymour and
Callaghan, 1997; Kandhai et al., 2002; Khrapitchev and Callaghan, 2003; Stöhr,
2003), and are left indistinguishable from each other for simplicity, but were dif-
ferentiated in figure 2.3 of chapter 2.
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3.3 Transport in Representative Elementary
Volumes as Sample Domains

Further to the initial examples and validation of the previous sections, this
section shows the application of the method to two samples consisting of a
Representative Elementary Volume (REV) with a high permeability channel
and another with a spherical inclusion.

The REV samples are constructed such that each node has its property de-
fined from the domain of interest. Figure 3.17 shows the conceptual illustration
representing different materials and how they are mapped back to the nodes.

Figure 3.17: Conceptual picture illustrating the representation of two different
materials and its mapping into nodes. This concept depicts porous grains within
a porous matrix, however it can represent the presence of any other feature (e.g.
channels).

The channel and spherical inclusion are constructed to resemble ooids and
fractures (section 3.3), which are common fabric textures present in carbonate
rocks. Ooids are spherical structures of different porosity that can be in a
porous matrix or surrounded by a micrite cement (Kump and Hine, 1986). Open
fractures act as the main conduct for flow and transport in a porous matrix and
can span over several orders of magnitude (Laubach et al., 2018).

Section 3.3 shows the simplified geometry for the spherical inclusion and
the infinite channel. Despite using 2D illustrations, both domains extend in L

in the direction perpendicular to the figure plane. The spherical inclusion is
centred in (xc, yc) = (L/2, L/2) and has radius r = L/2. The channel is centred
in the y−direction and has aperture a = L/2. Each subdomain Ω is defined
by its porosity and permeability, with porosity φ0 = 0.3 and φ1 = 0.015 and
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(a) Marine ooids (Kump and Hine,
1986)

(b) Open fractures (Laubach et al.,
2018)

Figure 3.18: Examples of marine ooids and open fractures, common in lime-
stones. The ooids are spherical structures of different porosity that can be in
a porous matrix or surrounded by a micrite cement. The highlighted rectangle
has a side of 100 µm. Open fractures act as the main conduct for flow and
transport in a porous matrix. The letters uA and A stands for unaltered and
altered fractures.
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permeability K0 = 2× 10−12 m2 and K1 = 5× 10−15 m2. It is assumed that
below the link resolution, the domain is nearly homogeneous with β = 1.8.
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Figure 3.19: Geometry for the (a) spherical inclusion and (b) infinite chan-
nel. Despite using 2D illustrations, both domains extend in L in the direc-
tion perpendicular to the figure. Each subdomain Ω is defined by its porosity
and permeability, with porosity φ0 = 0.3 and φ1 = 0.015 and permeability
K0 = 2× 10−12 m2 and K1 = 5× 10−15 m2.

Table 3.1 shows the parameters used to build the synthetic models. The
domain is repeated 3× in the x−direction to have larger number of nodes in
the flow direction. Particles are injected in the origin of the x−axis and are
subjected to symmetry condition at the boundaries of the domain.

Table 3.1: Domain properties and parameters used for the domain consisting of
spherical inclusion and infinite channel. The properties of each subdomain are
different but are kept constant within the subdomains.

Parameter Symbol Value SI Unit

Porosity in Ω0 φΩ0 0.3
Porosity in Ω1 φΩ1 0.015
Permeability in Ω0 KΩ0 1.69 × 10−12 m2

Permeability in Ω1 KΩ1 1.69 × 10−12 m2

REV Length L 0.1 m
Heterogeneity parameter β 1.8
Number of nodes in x Nx 150
Number of nodes in y and z Ny,z 50

Each case was studied under 3 different advective regimes, from low to high
advective transport characterized by Pe = 10, 100 and 1000. A pressure gradient
of ∆P = 1 was imposed in each REV cell, and adjusted such that the t1 =
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l/v = 1, and t2 = Pe/t1 can then be estimated from the Pe numbers as t2 = 10,
100 and 1000. The results for the particles displacement at t/t1 = 0.5 are
shown in figure 3.20. Lower Péclet numbers are characterized by a smeared out
plume when compared to higher Péclet numbers. The porosity and permeability
contrast between the subdomains traps the particles in the lower permeability
and porosity regions. As no particles are initially inside the spherical inclusion
at the initial state, the plume formed by the particles disperses more gradually.
This is not possible to observe for the channel domain, where particles that start
moving outside the channel struggle to leave the lower porosity regions.
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Figure 3.20: Snapshot of particle positions for different Pe at t/t1 = 0.5. Lower
Pe are characterized by a smeared out plume when compared to higher Pe num-
bers. The porosity and permeability contrast between the subdomains proper-
ties traps the particles in the spherical inclusions.

To highlight the plume formed by the particle transitions on the lattice,
the particle propagator distribution is calculated and shown in figure 3.21 for
both domains for the Pe numbers studied. The particle propagator distribution
is normalized by the mean particle displacement, so that the particles having
ζ/⟨ζ⟩0 = 1, represent exactly the mean displacement. The propagator distribu-
tion deviation from a single peak at ζ/⟨ζ⟩0 = 1 is expected to have a Gaussian
shape if it were a solution of the ADE. Despite observing a near-Gaussian shape
for the spherical inclusions in figure 3.21, the same behaviour is not seen for the
channelized domain. The initial particle distribution at the lower porosity sub-
domain leave a strong imprint in the particle distribution, with a sharp stagnant
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peak at ζ/⟨ζ⟩0 = 0 for highly advective regimes.
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Figure 3.21: Particle propagators at t/t1 = 0.5 for different Pe in the (a) sphere
and (b) channel domains. The propagator distribution is calculated from the
distribution of the particle displacement ζ normalized by the mean particle
displacement ⟨ζ⟩0.

The normalized mean particle velocity is displayed in figure 3.22 and the
normalized longitudinal particle dispersion in figure 3.23. The mean particle
velocity vx is calculated from the mean displacement of the plume of particles.
The results are normalized by the transit time t1, These results are also dis-
played for Pe = 10, 100 and 1000, showing little sensitivity to the mean velocity
evolution, but this sensitivity is more evident in the evolution of the longitudi-
nal dispersion. The mean velocity monotonically decreases for all cases, more
prominently for Pe = 1000. This behaviour was previously highlighted in fig-
ure 3.15 and it is supported by the asymptotic analysis of the CTRW model in
Dentz et al. (2004). Figure 3.15 shows that the higher τ2, or the higher the Pe,
longer it takes to achieves the asymptotic velocity using the CTRW framework.

It is observed that for t/t1 > 10−2 the normalized mean velocity is already
vx/⟨vx⟩ → 1, which is usually expected at later times when t/t1 ≫ 1. Longitudi-
nal dispersion increases with time, characteristic of the super-diffusive transport
regime, and similarly to the mean velocity this behaviour is also observed earlier,
already at t/t1 > 10−2.
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Figure 3.22: Normalized mean particle velocity vx/⟨vx⟩ along the main flow
direction for the (a) sphere and (b) channel domains and Pe = 10, 100 and
1000. The time is normalized by the mean advective time so that for times larger
than t/t1 ≫ 1 the normalized particles mean velocity approaches asymptotically
vx/⟨vx⟩ → 1. It is evident that this behaviour is already observed for t/t1 >
10−2.
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Figure 3.23: Normalized longitudinal particle dispersion Dl/Dm for the (a)
sphere and (b) channel domains and Pe = 10, 100 and 1000. Longitudinal
dispersion increases with time, characteristic of the super-diffusive transport
regime, observed when t/t1 > 10−2.
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3.4 Conclusions

This chapter described the CTRW particle transport model that is used in
the work presented in this thesis. The first section shows the flow model on
a lattice. This model is constructed honouring Darcy’s law of flow in porous
media, meaning that at the scale of interest, represented by the nodes and
links, the flow rate behaves linearly with the pressure gradient (Whitaker, 1999).
Transport in traditional models is represented by a diffusive Fick’s law assuming
that there is no sub-grid heterogeneity which is rarely the case (Adams and
Gelhar, 1992; Scheven et al., 2005a), and even for controlled and homogeneous
systems (Levy and Berkowitz, 2003), there is a heterogeneity below a scale l that
cannot be accounted for with Advection Diffusion type models. It is important
to note that transport in porous media is rarely Fickian.

As an alternative to account for these limitations the transport model is built
using the CTRW framework. With the correct choice of transit-time distribu-
tions, CTRW accounts for unresolved heterogeneities below the scale l of the
links and nodes, l < L, enriching the parameter space of the model (Berkowitz
et al., 2006). The model is implemented using the TPL equation (3.12) to
represent the transit-time function ψ (t). This equation ψ (t1, t2, β) is then de-
scribed using two characteristic times, one advective and other diffusive, and
the fitting parameter β is a proxy for the heterogeneity of the porous medium.
Observations such as Fickian or non-Fickian transport signatures are possible
to be captured by carefully choosing a combination of t1, t2 and β. Using the
parameter β, it is possible to enrich the given homogenous characteristic of the
model in which the links and nodes are assumed to represent and account for
additional non-resolved heterogeneities.

The particle transport model is validated by studying asymptotic transport
behaviour of a plume of particles. The model predictions are consistent with the
results in the literature, examined for different values of the characteristic times
t1, t2 and choices of the fitting parameter β. The combination of parameters
showed the ability to model sub- and super-diffusive systems. Furthermore the
model also captures the hydrodynamic dispersion over 6 orders of magnitude,
and the model sensitivity to the β parameter demonstrates how it can be used
to represent samples with different physical heterogeneity.

The model was then used to study idealized representations of fabric tex-
ture features that are often present in limestones. Despite simply using average
parameters, the models are still able to show particle propagator distributions
characterized by strong non-Gaussian imprints. This was even obtained with
β = 1.8 that is associated with homogeneous materials, meaning that the trans-
port signatures are mostly driven by the geometrical features that are much
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coarser than the homogenous features assumed to be represented within links
and nodes of the model. Although β can be used to represent under-resolved
heterogeneity of the different materials, in this chapter it was kept constant and
equal for all subdomains to allow for a simpler and direct comparison of the
results. We will further explore the ability of β to represent porous media with
different physical or flow and transport heterogeneity in chapter 5 of this thesis.

The CTRW-based model described in this chapter lays the foundation for the
modelling work in the next three chapters; in which the model is first extended
to include reactive flow (chapter 4) and later employed to study the impact
of physical (chapter 5) and chemical heterogeneity (chapter 6) impact on the
effective reaction rates in carbonate rocks.
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CHAPTER 4
Predicting Dissolution in

Porous Media using CTRW
and Validation with NMR

Data

In the previous chapter transport was modelled coupling flow calculated in a
lattice and solute transport described in a Lagragean particle system. This
chapter looks at how to incorporate single-species reactions in this model using
a first-order kinetic model. This represents a novel development of Continuous
Time Random Walk (CTRW) to describe reactive transport.

Our modelling approach is conceptually described as follows: a particle con-
tains a number of moles of aqueous calcium. Particles are not created or de-
stroyed; instead the number of moles associated with a particle changes over
time. The aqueous calcium concentration is defined as the sum of the moles as-
sociated with each particle in a given volume. Solute transport is then modelled
as particle transitions in a lattice, carrying the chemical components from site
to site. Reactions are then accounted for as interactions between the chemical
components in the particles and the chemical components in the lattice nodes,
representing the solid.

Figure 4.1 illustrates the transport and reaction of a single particle and
shows a given transition step. We describe the state of a particle p in terms of
its position x, number of moles of transported species (calcium in this paper) n
and time t, or p (x, n, t). The particle transitions are controlled by the particle
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displacement ∆x and transit-time ∆τ , which are sampled from a Probability
Density Function (PDF) that is derived from the flow and transport properties.
Such properties are calculated from the pressure and flow field resolved in the
lattice. At the end of every transition, the change of aqueous calcium moles
associated with a particle ∆n and the porosity ∆φ in the node of origin is
positive due to calcite dissolution at the node during the transit-time.

As the porosity increases, this modifies the underlying pore space, changing
the flow field, and leading to the appearance of different dissolution patterns,
e.g. channels. Those patterns are likely going to dominate the flow, focusing
subsequent particle trajectories in such regions.

lattice

particlenode

link

(b)

low high

(a)

p (x, n, t)

φ

(c)

p (x+ ∆x, n+ ∆n, t+ ∆τ)

φ+ ∆φ

(d)

Figure 4.1: Simplified illustration of an ensemble of particles (a) and the de-
tailed representation of a single particle (b) transiting and reacting through a
lattice (c-d). The increase of blue depicts an increase of the aqueous calcium
concentration. A particle transits in the lattice with variable transit-time ∆τ
and displacement ∆x. After each transition, the number of moles of aqueous
calcium in a particle increases by ∆n, as a consequence of the reaction within
the node of origin, which in turn has its porosity increased by ∆φ.

4.1 Description of the Reactive Transport
Model

The main assumption in our reaction model is that dissolution is modelled
with first-order kinetics in an ideal solution. We also do not allow the fluid to
become over-saturated, so we do not allow precipitation. Finally, we will assume
a constant specific surface area for reaction which does not change over time.

As described in Chapter 3, we discretize our domain as a lattice with proper-
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ties defined in both nodes and links. This lattice represents a Ketton limestone,
which is nearly entirely composed of calcite (Andrew et al., 2014). Thus we de-
fine the number of moles of calcium in each node which is equal to the number
of moles of calcite:

niCa2+ = niCaCO3
= (1− φi)V

ρCaCO3

MCaCO3

, (4.1)

where V = l3 is the effective volume of the node, φi the porosity of the node,
ρ the density of calcite (2.71 × 103 kg/m3) and M the molar mass of calcite
(0.1 kg/mol).

Dissolution occurs as particles containing acid, or H+ rich particles, are
injected in the domain and are allowed to react with the calcite rich nodes in
the lattice.

This releases calcium from solid (in calcium carbonate) to the aqueous phase.
We track the amount of calcium in the aqueous phase, following the approach
of Pereira Nunes et al. (2016a) and Pereira Nunes et al. (2016b).

Dissolution is assumed to be first-order with the concentration of H+, so
that it be described with a first-order kinetic model where the number of moles
of Ca2+ in a particle nCa2+ , or simply n, is

dn

dt
= kr (neq − n) , (4.2)

where neq is the number of moles in a particle in the equilibrium, neq − n

represents the departure from equilibrium and kr is the reaction rate constant.
Equation (4.2) can be solved analytically such that

n = neq
(
1− e−krt

)
. (4.3)

In this chapter, and as we show later in section 4.4, we will employ this model
to study the dissolution of calcite using a strong acid and under an advective
regime, making the first-order simplification appropriate to this case.

The increase in moles of calcium associated with a particle is calculated in
the node of origin at the end of each transition. The change of moles of aqueous
calcium, ∆n, is assumed to be proportional to the particle transit-time, such
that equation (4.2) is approximated to:

dn

dt
≈ ∆n

∆τ
= kr (neq − n) , (4.4)

with the particle transit-time chosen from the distribution defined in equa-
tion (3.12).

Figure 4.2 illustrates the conceptual description of this process coupling par-
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Figure 4.2: Particle equilibrium and trajectory in a 2D lattice. The lattice has
fixed values of t1 = 0.03 s, t2 = 3.0 s and β = 1.6 and the particle reacts with it
using kr = 0.2 s−1. The particle step goes from 0O to 2O, where from 0O to 1O the
particle reacts with the node of origin and from 1O to 2O it moves from the node
of origin to the target node.

ticle transport and reaction in the lattice. Figure 4.3 shows the evolution of
moles of Ca2+ for two different particles and the mean evolution for an ensem-
ble of 100 000 particles as they transit and react in a homogeneous system. This
system is represented by a constant characteristic times t1 = 0.03 s, t2 = 3.0 s

and β = 1.6, and the reaction rate constant is kr = 0.2 s−1. The Ca2+ evolution
is compared against the analytical solution in equation (4.3).
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Figure 4.3: Comparison between the analytical solution of the moles of aqueous
calcium defined in equation (4.3) and the simulated results using equation (4.4)
and equation (3.12) for (a) two particles and for (b) the mean of 100 000 par-
ticles. The model uses kr = 0.2 s−1, t1 = 0.03 s, t2 = 3.0 s and β = 1.6. The
change in the number of moles of aqueous calcium associated with each particle
is proportional to the particle transit-time at the end of each transition.
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The increase of moles of dissolved calcium in the particle incurs a decrease
of moles of calcite in the lattice nodes, such that after a transit-time ∆τ , the
particle increases its moles by ∆n and the node from which the particle orig-
inated its transition loses the same number of moles. As we assume that the
solid domain is composed entirely of calcite, removing calcite from a node pro-
portionally increases the porosity. We relate the increase of porosity φi with
the amount of calcite ni in the node after a particle transition,

∆φi = φt+∆τ
i − φti, (4.5a)

∆ni = nt+∆τ
i − nti = kr∆τ(neq − nti). (4.5b)

From equation (4.5a) and equation (4.1) we relate the change of porosity φi
with the change of calcite moles in the node and to the corresponding change
in Ca2+ moles in the particle as

∆φi = ∆ni
MCaCO3

ViρCaCO3

. (4.6)

To estimate the reaction rate constant kr of the particles in a node, we relate
it to the surface reaction rate r measured in laboratory experiments as

kr =
V σA
neq

r, (4.7)

where σA = A/V is the specific surface area of the node, which we assume is
constant throughout the domain, and during the dissolution processes, and is de-
fined as the area A over the volume V of the node. This is a strong assumption,
but, as we show later, allows accurate predictions to be made. The batch reac-
tion rate, r, was measured by Peng et al. (2015) to be 1.5 × 10−3 mol m−2 s−1

and is used to estimate kr = 6.28× 10−1 s−1 where the other parameters used
are given in table 4.1.
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Table 4.1: Model properties and dissolution parameters.

Parameter Symbol Value SI Units

Total simulation time tmax 1.25 × 104 s
Volumetric flux Q 5.3 × 10−7 m3 s−1

Mean velocity v 3.06 × 10−3 m s−1

Molecular diffusion coefficient of Ca2+

(Luquot and Gouze, 2009)
Dm

Ca2+
2.2 × 10−9 m2 s−1

Heterogeneity parameter β 0.9
Specific surf. area (Menke et al., 2015) σA 8.0 × 103 m−1

Surf. reaction rate (Peng et al., 2015) rcalcite 1.5 × 10−3 mol m−2 s−1

Reaction rate constant kr 6.28 × 10−1 s−1

Particle equilibrium neq 8.3 × 10−10 mol
Longitudinal model size Lx 7.2 × 10−2 m
Transversal model size Ly,z 1.9 × 10−2 m
Total number of links Nlinks 1.89 × 106

Total number of nodes Nnodes 6.48 × 105

Number of injected particles per ∆t Nparticles 1.0 × 103

4.2 Reactive Transport Algorithm

The algorithm describing the transport and reactive model consists of three
solvers:

1. Flow solver – calculates the pressure gradient, and hence the local veloc-
ities, the initial transit-time and displacement probability functions (de-
fined in chapter 3).

2. Transport solver – solves for the individual particle transitions within a
time step (defined in chapter 3).

3. Reactive solver – calculates the calcite dissolution and porosity alterations
proportional to the particle transit-time (defined in this chapter).

Each particle transits independently of one another; we require that after a
number of transitions, we synchronize all particles at a common checkpoint with
a time-step ∆t. The synchronization is needed to have the particles stationary
at a particular time so that the pressure field can be re-calculated by the flow
solver while the time and displacement probabilities are updated. Particles are
continuously injected in the domain, but for practical reasons and in order to
conserve reactant influx in the model, we do it at every ∆t checkpoint, such that
the injected volume, Vol = Q∆t, is consistent between the flow and transport
solvers. The particles are only considered valid and kept in the simulation while
|n− neq| > ϵ, with ϵ being the computer’s floating point precision. The particles
are also removed from the simulation if they reach the exit boundary, x > Lx,
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such that no back-diffusion is allowed at the outflow. This is to ensure the
computational efficiency of the simulation.

The steps in the algorithm are listed below:

1. Create the lattice with an initial distribution of porosity φ and permeabil-
ity K.

2. Solve the pressure field P in the lattice, calculate the local velocities vij
and local Péclet numbers Peij in the links.

3. Calculate the local probabilities of displacement pij (equation (3.14)) and
the local transit-time distribution ψij (equation (3.12)) in the links.

4. Inject the particles in the inlet using a flow-weighted injection rule.

5. Sample a displacement direction ∆x from pij and transit-time ∆τ from
ψij for each particle.

6. Move the particle from the node i to the node j, if
∑

∆τm ≤ ∆t, where
m labels each particle transition. This is performed individually for each
particle.

7. Increase the moles of aqueous calcium in the particle moles by ∆n (equa-
tion (4.5b)) using the sampled transit-time ∆τ .

8. Dissolve the solids in the node of origin i and increase the porosity by ∆φi

(equation (4.6)).

9. Repeat steps 5 – 8 for all particles while
∑

∆τm ≤ ∆t. Each particle can
undergo several transitions in one time step before the pressure field is
updated.

10. Update the pressure field P if the mean porosity change is higher than a
given threshold.

11. Repeat steps 2 – 10 until the end of the simulation.

The pressure field needs to be updated after the particles have changed
the porosity in the nodes. At the end of each time step ∆t, we calculate the
domain mean porosity difference ∆φm and the total porosity change since the
last pressure update

∑t+n
m=t∆φ

m. If the total porosity change since the last
pressure update is smaller than a given precision ϵφ we continue, otherwise the
pressure field is re-calculated. The present study found that ϵφ = 1× 10−4 was
sufficient to keep the results consistent, in that more frequent recomputations
of the flow field did not affect the results, as shown later in section 4.5.2.
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4.3 NMR Experimental Data Description

Ketton limestone dissolution was characterized using Nuclear Magnetic Reso-
nance (NMR) propagators and imaging techniques. These experiments were per-
formed by collaborators at the Magnetic Resonance Research Centre (MRRC)
at the University of Cambridge. Molecular propagators and 1D porosity pro-
files were continually acquired during the whole duration of the experiment,
and a 3D porosity map was acquired at the beginning and at the end of the
experiment. This data was used to calibrate the modelling method proposed
in this study. All NMR measurements were done using a Bruker BioSpin AV
spectrometer with a 2 T horizontal bore superconducting magnet (85 MHz 1H
frequency) and a 60 mm diameter birdcage radiofrequency (RF) coil.

The cylindrical Ketton sample had a length and diameter of 0.072 m and
0.038 m respectively, and was mainly composed of calcite (Andrew et al., 2014).

The whole experiment lasted for approximately 3.5 h and a total of 10 L
of 0.01 mol L−1 HCl was injected through the sample: initially the sample was
fully-saturated with distilled water. The measured flow rate was 8.3 × 10−7 m3 s−1,
with a superficial velocity of 3.06 × 10−3 m s−1.

The Péclet and Damköhler (Menke et al., 2016) numbers are defined as

Pe =
L⟨v⟩
Dm

(4.8a)

Da =
πr

⟨v⟩n
(4.8b)

and is calculated as Pe = 5.9× 102 and Da = 7.7× 10−5. Table 4.2 contains a
summary of the experimental parameters.

1D porosity profiles were acquired with a spin echo sequence with readout
gradient. The measurements were optimised for minimum echo-time to avoid a
relaxation or motion weighting of the overall signal in order to produce quanti-
tative local porosity measurements. 256 complex data points were acquired with
a spectral bandwidth of 400 kHz and an echo time of 0.96 ms. The field-of-view
(FOV) was set to 112.8 mm giving a spatial resolution of the local porosity of
0.44 mm. Gravimetric measurements of average porosity were made for individ-
ual cores and the signal amplitude of the profiles scaled accordingly to provide
quantitative porosity measurements. 3D images, using the RARE (Hennig et
al., 1986) acquisition method, were acquired with 256×128×128 voxels and an
isotropic resolution of 391 µm; a recycle time of 1.5 s, echo time of 2.8 mm, and
RARE-factor of 32 giving a total image time of 43 min 47 s. For both 1D and 3D
images, hard pulses were used for both the 90° and 180° pulses and trapezoidal

72



Chapter 4. Predicting Dissolution in Porous Media

Table 4.2: Ketton carbonate sample properties and dissolution experiment pa-
rameters.

Parameter Symbol Value SI Units

Volume injected VolHCl 1.0 × 10−2 m3

Concentration cHCl 1.0 × 10−2 mol L−1

Total time tmax 1.25 × 104 s
Volumetric flux Q 8.3 × 10−7 m3 s−1

Mean velocity v 3.06 × 10−3 m s−1

Mean initial porosity φ̄0 0.24
Molecular diffusion coefficient Dm 2.1 × 10−9 m2 s−1

Sample length L 7.2 × 10−2 m
Sample radius R 1.9 × 10−2 m
Péclet number Pe 5.9 × 102

Damköhler number Da 7.7 × 10−5

gradients were used to minimise the echo-time.
The probability distribution of molecular displacements P (ζ), also known

as a propagator, is obtained by observing water molecule displacements ζ dur-
ing a given observation time ∆. Molecular propagator distributions are often
normalized by the mean displacement ζ0, indicating the transport heterogene-
ity when the distribution is far from ζ/ζ0 = 1 and have asymmetrical shape
(Scheven et al., 2005a). Under-sampled and spatially resolved propagator mea-
surements were used to monitor the change in the distribution of fluid dis-
placement as a function of position along X. Spatially Resolved Propagators
(SRPs) were acquired using a modified alternating gradient pulse stimulated
echo (AGPSTE) sequence (Cotts et al., 1989), where the acquisition is done in
the presence of a readout gradient to obtain a spatially (x) resolved acquisition.
The undersampling and reconstruction of the propagator was performed as pre-
viously described (Colbourne et al., 2016), with the individual reconstruction
of q-space for each point in k-space. The spatially resolved dimension was ac-
quired with the same parameters as the 1D profile experiments described above.
The displacement encoding acquisition parameters were as follows: observation
time, ∆ = 250ms; number of acquired q-space points, 41; gradient pulse du-
ration, δ = 2.5ms; and maximum applied magnetic field gradient strength,
gmax = 10.5G cm−1. The flow gradient was aligned with the superficial flow
direction.

The 1D profiles and SRPs were acquired at 966 s intervals throughout the
dissolution experiment whereas the 3D images were acquired before dissolution
had started and at the end of the dissolution experiment after 10 L had flowed
through the rock core.
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4.4 Results

The section starts by presenting the NMR experimental results from Ketton
limestone dissolution, detailing the 1D porosity profiles evolution, the 3D poros-
ity images and finally the SRPs. Furthermore, we show the Ketton limestone
model in section 4.5 and then in section 4.5.2 we describe the calcite dissolution
model, detailing the results for the evolution of porosity, dissolution rate and
particle propagators and comparing it with the experiment.

4.4.1 Porosity Profiles

NMR measures the intensity of magnetization at a given region, which is pro-
portional to the number of protons subjected to NMR excitation (Chen et al.,
1992). For a fully saturated rock sample, the amount of protons is directly
related to the pore space of the sample, then NMR intensity is proportional to
the porosity (Fordham et al., 1999).

The 1D porosity profiles were obtained at fixed intervals of 966 s, capturing
not only the sample but the rock core holder entry and end effects, as illustrated
in figure 4.4. The sample is located between the origin and approximately
0.072 m. The profiles show that the highest porosity alteration is in the first
0.015 m of the sample, then is sharply reduced, remaining nearly constant in the
0.035 m to 0.055 m interval, while the alteration in porosity is almost negligible
near the outlet. The fluctuations in porosity reflect the natural heterogeneity
of the rock.
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Figure 4.4: (a) Porosity profile evolution from the beginning to the end of the
dissolution experiment. (b) The region where the sample is located is high-
lighted from approximately 0 m to 0.072 m. The porosity profiles are coloured
accordingly to the acquisition time, from the beginning of the experiment to
the end at 1.254 × 104 s. The highest porosity alteration can be seen in the first
0.015 m of the sample, reducing sharply and is nearly absent after 0.055 m.

74



Chapter 4. Predicting Dissolution in Porous Media

This behaviour is better illustrated in figure 4.5, where we display the relative
difference in the porosity as the dissolution experiment progresses; the change
in porosity is limited to the first 0.05 m nearest the inlet.
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Figure 4.5: Evolution of porosity difference from the beginning to the end of the
dissolution experiment. The region where the sample is located between 0.00 m
and 0.072 m. The porosity profiles are coloured accordingly to the acquisition
time, from the beginning of the experiment to the end at 1.254 × 104 s.

4.4.2 MRI Acquisition

Magnetic Resonance Imaging (MRI) acquisitions are obtained by making the
frequency of magnetic field gradients spatially dependent; and the resolution of
the image obtained is predominantly determined by signal strength and relax-
ation time Britton (2011).

The 3D magnetic resonance porosity measurements of the sample was only
acquired at the beginning and end of the experiment. The total size of the
image is 256 voxels in length, by 128 and 128 voxels in width and height, with
the Region of Interest (ROI) defined by a cylinder with radius of 57 voxels and
length of 180 voxels.

The 3D MRI porosity was normalized to match the 1D MRI porosity profiles,
for consistency. Figure 4.6 shows the normalized MRI image at the beginning
and end of the experiment. The flow channels formed are highlighted in the
second image by applying an opacity filter for φ < 0.3. Figure 4.7 shows a
photograph of the carbonate sample at the end of the experiment.

4.4.3 NMR Propagator Measurements

The Pulsed Field Gradient Nuclear Magnetic Resonance (PFG-NMR) technique
was used to continuously record the molecular probability of displacement P (ζ).
The distribution P (ζ) is also known as a propagator, and is obtained by observ-
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Figure 4.6: Porosity field for the carbonate sample at the beginning (a) and at
the end (b) of the dissolution experiment. The porosity is normalized using the
1D porosity profiles. The channel formed is visualised in the second image by
applying an opacity filter for φ < 0.3.
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Figure 4.7: Photograph of the carbonate sample at the end of the dissolution
experiment.
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ing the displacements ζ of water molecules at a given observation time ∆. The
acquisition makes use of the same technique present in Colbourne et al. (2016)
to accelerate the NMR propagator measurements, allowing the dissolution dy-
namics to be captured. The propagators observation time was of ∆ = 0.25 s

separated by an interval of 16.1 min and each acquisition was longitudinally
spaced by 0.005m.

Figure 4.8 shows the propagators at the entry and exit of the sample during
the whole duration of the dissolution experiment, and the difference between the
first and last acquisitions. The entry of the sample underwent the most signifi-
cant alterations, while the exit of the sample was left nearly intact which is con-
sistent with the negligible change in porosity, consistent with the results shown
in Figure 4.4. The complete description, with acquisitions at every 0.005m of
the sample, is displayed colour-coded by depth in figure 4.9 and colour-coded
by amplitude in figure 4.10.
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Figure 4.8: Top: NMR propagators at the entry (a) and exit (b) of the sample
during the dissolution experiment. Bottom: the difference between the propa-
gators at the beginning and the end of the experiment. Most of the alterations
are present at the entry face of the sample. The exit face is left nearly intact,
preserving the original distribution from the beginning of the experiment.
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Figure 4.9: Complete distribution of propagators during the dissolution exper-
iment colour-coded by the length of the sample. The measurements were taken
across the length of the sample l = 0.072m using an observation time ∆ = 0.25 s.
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Figure 4.10: Propagators distribution during the dissolution experiment stacked
by its length and colour-coded by the amplitude of the distribution.
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4.5 Ketton Carbonate Model

The model for the Ketton carbonate sample dissolution described in the previous
section, is divided into three main steps:

1. Creation of the initial porosity and permeability model;

2. Calibration of β using the experimentally measured propagators;

3. Development of the dissolution simulation.

The initial static model is calibrated using the available experimental data
to ensure an approximation of the initial state of the sample. The results from
the dissolution simulation, such as the porosity during dissolution and particle
propagators, are then compared to the experimental measurements.

4.5.1 Initial Model Calibration

Our model is three-dimensional and the initial porosity φ0 is constructed using
the 3D MRI-derived porosity, described in the previous section. The initial per-
meability K0 is then calculated using the power-law correlation of the porosity
in equation (3.3). The coefficients in the correlation are based on the Ketton
permeability measurements of Honari et al. (2015) with a = 2.2× 10−8 m2 and
b = 6.2, and the resulting distributions are presented in figure 4.11.
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Figure 4.11: Initial porosity and permeability distribution. The porosity-
permeability correlation factors a = 2.2× 10−8 m2 and b = 6.2 are defined
in equation (3.3) and based on the Ketton limestone experiments Honari et al.
(2015).
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With the initial porosity and permeability distributions, we solve the pres-
sure distribution by imposing a gradient of ∆P = 1Pa, and adjusting the result-
ing velocity field to the mean velocity of the experiment ⟨v⟩ = 3.06× 10−3 ms−1.
The initial porosity field and the calculated pressure are displayed in figure 4.12.
The porosity distribution shows a heterogeneous sample, which directly reflects
the MRI experimental data used to build the model.
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Figure 4.12: Initial porosity field and calculated pressure. The porosity is con-
structed from the MRI acquisition. The calculated pressure reflects the initial
heterogeneity of the sample modelled after the MRI-derived porosity.

Having defined the initial porosity, permeability and flow field of the model,
we can calculate the local ψ functions in each link. Our main assumption is
that the characteristic times t1 and t2 of the ψ functions are defined from the
flow field and transport parameters while the β parameter is set the same for all
links. β accounts for pore-scale heterogeneity in the transport, below the scale
of the underlying lattice, l: the effective value of β is related to the assumed
lattice size l. We fix l and find β that provides an accurate representation of
transport before dissolution. We will assume that β remains constant in both
space and time during the dissolution process. The value of t1 is calculated from
the flow velocity in each link using equation (3.5). The value of t2 is calculated
from the molecular diffusion coefficient at 18 ◦C, DmH2O = 1.92× 10−9 m2 s−1

(interpolated from the values in the Bruker Almanac, 2013) for the simulation
of the propagators.

We fit β by evaluating the particle propagators from simulation and fitting
them to the experimentally-measured propagators. This is obtained by injecting
a pulse of particles, observing the particles for ∆ = 0.25 s and measuring the
difference between the experimental and modelled distribution of displacements.
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We analyse the resulting particle propagator distribution from the simulation
with the measured molecular propagator distribution and show the results in
table 4.3. To compare the results, each model case was compared against the
experimental distribution using the Kolmogorov-Smirnov (KS) test, for which
the higher the p−value, the more similar are the distributions (Kolmogorov,
1933; Smirnov, 1939). The particle propagator distribution for the highest
KS-test value of 0.22 is shown in figure 4.13. Lower values of β overestimate
the number of slower particles (ζ/⟨ζ⟩0 < 1) and underestimate faster particles
(ζ/⟨ζ⟩0 > 1). The value of β = 0.9 was selected for the simulations and used in
the dissolution models presented next.

Table 4.3: Parameters used and the KS-test between the particle propagators
and the experimental propagators for different fitted values of β. The value of
β = 0.9 scored the highest KS-test and was selected for subsequent simulations.

Parameter Symbol Value SI Units

Assumption

Mean velocity ⟨v⟩ 3.06 × 10−3 m s−1

Molecular diffusion coefficient of H2O Dm 2.2 × 10−9 m2 s−1

Advective transit time t1 0.0261 s
Diffusive cut-off time t2 8.50 s

Fitting parameter β KS-test

0.5 0.0534
0.7 0.0589
0.9* 0.2237
1.1 0.0647
1.3 0.0103
1.5 0.0045

* selected value.

4.5.2 Calcite Dissolution Modelling

HCl with a molar concentration of 0.01 mol L−1 is injected at a rate of Q =

8.3× 10−7 m3 s−1, see table 4.2, equivalent to injection of H+ at 8.3× 10−6 mol s−1.
The value of t2 is calculated from the molecular diffusion coefficient at 18 ◦C
DmCa2+ = 1.15× 10−9 m2 s−1 (extrapolated from the values in Ribeiro et al.,
2008) to account for the aqueous calcium in the particles. We choose the value
of Nparticles = 1000 for a time step ∆t = 10 s; injecting more particles had
no effect on the results. Figure 4.14 shows the porosity profiles after 1× 103 s

for different numbers of injected particles, 102 and 103. Injecting 104 particles
made no additional difference to the results and was omitted from the plot. The
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Figure 4.13: Particle propagator distribution for different values of β. The best
fit was obtained with β = 0.9.
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model is built using the parameters summarised in table 4.1.
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Figure 4.14: Porosity profiles and axis inset with a zoomed-in detail along the
flow direction for different numbers of injected particles per time step, at the
beginning and at t = 1× 103 s. We used Nparticles = 1000 for a time step
∆t = 10 s as the optimum number of particles injected by observing that the
porosity profile did not change if more particles were injected.

The pressure field is recalculated whenever the total porosity increment
∆φ > 1× 10−4. Reducing this value increases the amount of times that the pres-
sure is updated, but this had no influence on the predicted changes in porosity.
Figure 4.15 shows the porosity profiles for different numbers of pressure updates.
The parameters used in these cases are the same as before.

4.5.3 Porosity evolution

The evolution of porosity obtained in the model is compared against the exper-
imentally measured porosity profiles in figure 4.16 and the dissolution channels
formed are shown in figure 4.17 and the geometries of the channels are de-
scribed in table 4.4 from manual analysis of the images.. The first 0.002 m of
the model is omitted as it is used as buffer layer to homogenize the flow at the
inlet. The simulation reflects the experimental behaviour of the NMR porosity
profiles, where most of the dissolution happens at the entry of the sample and is
nearly absent after. There is a small discrepancy near the inlet with an under-
prediction of the porosity; overall though there is a good agreement between
the model and the experiment.

In figure 4.17 from the simulation we observe the appearance of dissolution-
formed channels, with a dominant channel formed near the inlet. The location of
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Figure 4.15: Porosity profiles and axis inset with a zoomed-in detail along the
flow direction for different porosity change precisions at the end of the simu-
lation. We choose the value of ∆φ = 1× 10−4 as the optimum total porosity
change to update the pressure field. Reducing this value increases the amount
of times that the pressure is updated, but showed no influence in the porosity
evolution.

the simulated channel is similar to the observed channel from the experimental
image shown in figure 4.6. The appearance of the channel near the inlet reflects
the higher initial porosity which focuses most of the flow at both the initial
and later stage of the simulation, as the growth of the other channels formed
is slower. Injecting a pulse of uniformly distributed particles at the face of the
sample and registering their trajectories for ∆ = 2 s, we observe that the channel
near the inlet becomes the main medium of transport for the injected particles.

Table 4.4: Comparison between the geometries of the experimental acquisition
and simulated model of the channel formed by dissolution.

Parameter Symbol Exp. Sim.

Centre coordinate /m yc 2.35 × 10−3 2.62 × 10−3

zc 6.06 × 10−3 4.67 × 10−3

Total length /m lc 2.88 × 10−2 2.52 × 10−2

Mean radius /m rc 1.90 × 10−3 1.28 × 10−3
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Figure 4.16: Profiles for the simulated porosity and relative porosity difference
compared to the experimentally-measured NMR porosity profiles. Figure (a)
shows the initial porosity profile, figure (b) and (c) the porosity and porosity
difference at t = 6.0× 103 s, and figure (d) and (e) at the end of the experiment,
t = 1.2× 103 s.
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Figure 4.17: Porosity field in the experiment (a) and simulation (b) at
1.2 × 104 s, the end of the dissolution experiment. Only values of φ ≥ 0.3
are shown. Once the channel breaks through, it becomes the dominant source
of transport.

4.5.4 Average dissolution rate

The average effective reaction rate can be defined as

reff =
ρCaCO3

MCaCO3
SA

∆φ

∆t
, (4.9)

where SA = VtσA is the sample surface area estimated from the total volume
of the simulation domain Vt and specific surface area σA. ∆φ is the difference
in average porosity over a time ∆t. In the experiments ∆t is the time between
measurements, while in the simulation it is the time-step between solutions of
the velocity field. Figure 4.18 shows the experimental and predicted reaction
rates over time: the effective reaction rate is approximately reff/r = 1.25× 10−3

for the simulations and reff/r = 1.47× 10−3 for the experiments averaged over
the whole time of the process.

The uncertainty in the estimation of reaction rate comes mainly from the
conversion of the NMR signal to porosity and calculating porosity changes. We
estimate that the measured reaction rate is accurate to within approximately
20%.

These values differ by only 15 % showing that the simulations accurately
capture the dissolution process. However reff is almost 3 orders of magnitude
smaller than the bulk reaction rate r measured without transport limitations
(Peng et al., 2015). The reason for this discrepancy is the highly heterogeneous,
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channelled, flow pattern, which restricts dissolution to only a limited part of the
whole rock.
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Figure 4.18: Experimental and simulated estimated effective dissolution rate.
The simulated effective dissolution rate is nearly 780 times smaller than the
batch reaction rate while the experimental effective dissolution rate is nearly 680
times smaller than the batch calcite dissolution rate, r = 8.1× 10−4 molm−2 s−1

(Peng et al., 2015).The error bars reflect uncertainty in the experimental mea-
surements.

4.5.5 Particle propagators

The propagators or the probability of displacement provide a signature of par-
ticle transport. Using the same parameters as before but for non-reactive par-
ticles, we simulate a uniform injection at the entry and observe the particle
displacements for ∆ = 2.5× 10−1 s to reflect the same experimental conditions.
The results are compared against the experimentally measured propagators and
presented in figure 4.19.

When the mean particle velocity is plotted on a log− log scale, as in fig-
ure 4.20, we observe that the mean velocity of the particles scales as v ∝ tβ−1.
This is consistent with the results in Dentz et al. (2004) for β < 1. Using this
relation we estimate an initial average value of β = 0.49 and the final value of
β = 0.64. The increase of β means that more particles are experiencing a more
homogenous flow field within the dominant dissolved channel. Note that these
are lower values than β = 0.9 in each link: here β is an average effective value
that accounts for the heterogeneity on scales beyond a single link.

The increase in the probability of transitioning in faster links is seen in
figure 4.21. The shades shows the overlapping ψ functions distributions and the
continuous lines the ψ functions using the minimum, mean and maximum value
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Figure 4.19: Particle distribution injected at the core inlet compared against
the molecular propagators at (a) 0 s and (b) 1.2× 104 s. These times represent
the dissolution experiment at the beginning and the end.
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Figure 4.20: Particle mean velocity evolution. The graphs show the mean veloc-
ity v for the domain at the beginning (t = 0 s) and at the end (t = 1.2× 104 s)
of the simulation. As v ∝ tβ−1 we estimate the values of β at the beginning and
end of the simulation as βinitial = 0.49 and βfinal = 0.64.
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t1 in the links. As the dissolution processes increases the porosity it decrease
the value of t1 in the links. This increases the probability of transitions with
short transit times, or transitions with higher velocity.
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Figure 4.21: The evolution in the ψ (t) function for all available links in the
domain at the beginning (t = 0.0 s) and end (t = 1.2× 104 s) of the simulation.
The shades of colours shows the overlapping the ψ functions distributions and
the continuous lines the ψ functions using the minimum, average and maximum
values t1 in the links.

4.6 Discussion

The porosity field shows the formation of dissolution channels, qualitatively
similar to the MRI-derived porosity, as seen in figure 4.17. The mean of the
effective reaction rate is almost 3 orders of magnitude smaller than the batch
reaction rate (Peng et al., 2015), but in good agreement with the estimated
values from the NMR porosity profiles. Previous dissolution experiments at
the pore scale showed effective reaction rates that are 10-20 times smaller than
the batch reaction rate (Menke et al., 2015; Al-Khulaifi et al., 2017). Here,
at a larger scale, transport limitations are even more important, indicating a
significant amount of channelling, as evident in the porosity profiles.

Our use of β represents an under-resolved heterogeneity in individual links
of the lattice, which is different to the approach of Muljadi et al. (2018) where β
varied along slices of the domain, including several links at a time. Additionally,
we use the initial porosity distribution of the MRI measurements to build our
model, so that the emergent propagator distribution is not only dependent on
the β parameter but also on the domain heterogeneity as well. The effective,
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average value of β is lower than value in a link, since it encapsulates the emergent
heterogeneity of the medium.

The initial heterogeneity focuses the flow in higher permeability zones, lead-
ing to more dissolution in these preferential pathways. This increases the per-
meability in these regions further, causing more flow focusing and dissolution.
The end result is the emergence of a preferential flow channel that carries the
vast majority of the flow where reaction is concentrated. The rest of the domain
becomes largely stagnant with little flow and reaction - most of the available
surface area for reaction does not have access to injected acid leading to a very
low overall reaction rate.

4.7 Conclusions

We developed a CTRW model coupled with a first-order kinetics model to study
the dissolution of a Ketton carbonate rock and compared it with experimental
NMR measurements.

Our model requires the calibration of a single parameter β which character-
izes transport heterogeneity to match the experimental propagator distribution.
Having a calibrated initial state, we were able to predict the porosity evolu-
tion and the formation of dissolution channels similar to the experimentally-
measured channels.

The model is able to qualitatively capture the observed dominant channel
from the MRI measurement, and to estimate the effective reaction rate: we esti-
mated an effective reaction rate that was, on average, 780 times lower than the
bulk reaction rate without transport limitations; the experiments indicated a
ratio of 680. The model is also able to quantitatively reproduce the NMR prop-
agator distribution emerging from the Ketton limestone core sample. Finally,
despite using a constant β = 0.9 value for all links in the model, we calculate
emergent average β from the average velocity of the particles that takes differ-
ent values both before and after dissolution. We observe that the evolution of
the porosity field resulted in a higher emergent β than that before dissolution,
because of the dissolution induced heterogeneity change as a result of the flow
focusing into preferential channels.

Future work will extend the current model to incorporate multi-species min-
eral reaction and mineral heterogeneity as described in the chapters 5 and 6.
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CHAPTER 5
Impact of Initial Physical

Heterogeneity on Effective
Reaction Rates

After validating the transport and reactive model in the previous chapters, we
systematically demonstrate the impact of physical heterogeneity on transport
and reactive flow signatures. We study this by creating three porous media of
increasing heterogeneity, and examining the emergent effective reaction rates.
The three samples are used to show different initial porosity and velocity dis-
tributions and are subjected to three advective dominated transport regimes
characterized by Péclet numbers of Pe = 0.0542, 0.542 and 5.42. We will also
compare our CTRW model results with solutions of the Advective-Dispersion
Reaction Equation (ADRE).

This chapter will show how flow and transport heterogeneity affects the
effective reaction rate. We will show that it is possible to model unresolved
physical heterogeneity with a Truncated-Power-Law (TPL) transit time distri-
bution model containing the transport heterogeneity parameter β (Dentz et al.,
2004; Bijeljic and Blunt, 2006; Rhodes et al., 2009; Edery et al., 2014; Edery,
2021). We start with a description of the reactive transport model in section 5.1.
Then we continue in section 5.2 with description of a physical heterogeneity of
the three porous media selected for this study by quantifying of their initial flow
and transport heterogeneity signatures. We then further investigate capabilities
of our reactive transport CTRW framework to model dissolution. In section 5.3
we test this capability by assuming different initial flow fields emerging from
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different transport heterogeneity.

5.1 Description of the CTRW Reactive
Transport Model

At the macro-scale where Darcy’s law is valid, the ADRE is described in equa-
tion (1.5) and showed in chapter 1 as

φ
∂c

∂t
= −∇ · (vc) +∇ · φD∇c+R, (5.1)

where φ is the porosity, c is the molar concentration of a given species, v is
the Darcy velocity, D is the dispersion coefficient, and R is the reaction rate.
The choice of R controls the reactions of the system, such that a value of R =

0 makes equation (5.1) applicable for an inert system, without dissolution or
precipitation of any species, or a value of R = krc, as adopted in the present
study, makes it appropriate to model first order kinetic reactions (Plummer et
al., 1978; Gray et al., 2018; Oliveira et al., 2021).

The characteristic reaction time tr = 1/kr is defined by the reaction rate
constant kr, and is much smaller than the advective transit-time t1, or the
characteristic transport time of all studied samples and conditions.

We use the model described in chapter 4 (Oliveira et al., 2021) and illustrated
in figure 4.1. Instead of having the solute concentration modelled as a contin-
uous field variable, we describe it using a Lagrangian framework with particles
distributed on a lattice (Bijeljic and Blunt, 2006; Le Borgne and Gouze, 2008;
Kang et al., 2011; Pereira Nunes et al., 2016a; Pereira Nunes et al., 2016b).
Each particle contains a number of moles of aqueous calcium. Particles are not
created or destroyed; instead the number of moles associated with a particle
changes over time. The aqueous calcium concentration is defined as the sum of
the moles associated with each particle in a given volume. Solute transport is
then modelled as particle transitions in a lattice, carrying the chemical compo-
nents from site to site. Reactions are then accounted for as interactions between
the chemical components in the particles and the chemical components in the
lattice nodes, representing the solid.

Next, we systematically demonstrate the impact of physical heterogeneity on
transport and reactive flow signatures. We study this by creating three porous
media of increasing heterogeneity, and examining the emergent effective reaction
rates. The three samples are used to show different initial porosity and velocity
distributions and are subjected to three advective dominated transport regimes
characterized by Péclet numbers of Pe = 0.0542, 0.542 and 5.42. We will also
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Figure 5.1: Simplified illustration of (a) an ensemble of particles and (b) the
detailed representation of a single particle (b) before and (c) after transiting
and reacting through a lattice. The change in colour depicts an increase of the
aqueous calcium concentration. A particle transits in the lattice with variable
transit-time ∆τ and displacement ∆x, obtained from a locally defined transit-
time distribution ψij and displacement probability pij . After each transition,
the number of moles of aqueous calcium in a particle increases by ∆n, as a
consequence of the reaction within the node of origin, which in turn has its
porosity increased by ∆φ. Modified from Oliveira et al. (2021).

compare our CTRW model results with the behaviour consistent with solutions
of the ADRE.

5.2 Signatures of Physical heterogeneity

The samples studied are described in section 5.2.1. Next we evaluate the velocity
distribution and particle propagators as proxies for the physical heterogeneity
of the samples, similarly to what is described in Bijeljic et al. (2011) and Bijeljic
et al. (2013a). Then in section section 5.2.2 we show the imprint of the regions
available for flow on the velocity distributions. The signatures of transport
heterogeneity are then shown in section 5.2.3, where we consider the shape of the
particle propagators as an indication of the domain physical heterogeneity. The
differences between stagnant and mobile particles are a direct consequence of the
contrasts in the velocity distributions combined with the transport heterogeneity
parameter β.

5.2.1 Description of the Porous Media

We build three samples with increasing heterogeneity: Het. 1, 2 and 3; see
Appendix B for more details on the generation procedure. Each sample is built
from a background 3D porosity field that is used to populate the properties of an
underlying regular lattice, similarly to how the model for the Ketton limestone
sample was constructed in chapter 4 (Oliveira et al., 2021). The cell centres of
the 3D porosity field cells are coincident with the node centres of the lattice.
The lattice has Nx = 150, Ny = Nz = 50 nodes along the x, y and z directions
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and link size of l = 10−3 m. Hence the total length of the sample is L = 0.15

m.
The 3D porosity field consists of a normally distributed porosity field with

mean ⟨φbg⟩ = 0.3 and standard deviation σφbg = 0.01. This is called here
the background porosity not to be confused with the samples’ initial mean
porosity. The heterogeneity is emulated by uniformly distributing solid spheres
with φspheres = 0. The spheres are allowed to overlap. The sphere radius
for Het. 1, 2 and 3, is normally distributed with mean ⟨r1⟩ = 1.5 × 10−3

m, ⟨r2⟩ = 3.0 × 10−3 m and ⟨r3⟩ = 4.5 × 10−3 m, the standard deviation
σr1 = σr2 = σr3 = 0.2 and the sphere centres are the same. Figure 5.2 shows
the distribution and radius of the solid spheres for all samples and table 5.1
summarizes the parameters used.

Table 5.1: Initial sample properties. All samples are built using the same back-
ground porosity and permeability correlation factors, while the main difference
is in the size of the distributed solid spheres, where the porosity is set to zero.

Parameter S.I. Unit Het. 1 Het. 2 Het. 3

⟨φbg⟩ 0.30 0.30 0.30
σφbg 0.10 0.10 0.10
⟨φ⟩ 0.29 0.25 0.17
⟨K⟩ m2 1.69 × 10−12 3.15 × 10−13 4.50 × 10−15

a m2 1.00 × 10−8 1.00 × 10−8 1.00 × 10−8

b 7.00 7.00 7.00
⟨r⟩ m 1.50 × 10−3 3.00 × 10−3 4.50 × 10−3

σr 0.20 0.20 0.20
β 1.80 1.20 0.60
ρ m3 kg−1 2.70 × 103 2.70 × 103 2.70 × 103

l m 1.00 × 10−3 1.00 × 10−3 1.00 × 10−3

DmCa2+
m2 s−1 2.20 × 10−9 2.20 × 10−9 2.20 × 10−9

σA m−1 8.00 × 103 8.00 × 103 8.00 × 103

rcalcite mol m−2 s−1 1.50 × 10−3 1.50 × 10−3 1.50 × 10−3

kr s−1 6.28 × 10−1 6.28 × 10−1 6.28 × 10−1

neq mol 8.30 × 10−10 8.30 × 10−10 8.30 × 10−10

The presence of solid spheres of different radius reduces the mean porosity
of each sample from ⟨φbg⟩ = 0.3 to φ1 = 0.29, φ2 = 0.25 and φ3 = 0.17,
respectively for Het. 1, 2 and 3.

For Het. 1, the sphere radius and distribution makes the spheres very un-
likely to overlap and the porosity of the sample is mostly driven by the back-
ground porosity such that for Het. 1 the mean porosity is φ = 0.29. As the
sphere radius increases, the domain of Het. 2 and Het. 3 becomes more irregular
and the sample mean porosity is driven by the combination of the solid spherical
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Figure 5.2: Different radius for the solid spheres used to generate the initial
porosity fields of sample Het. 1, 2 and 3. The porosity in the regions where
the spheres are located is set to zero. The spheres are uniformly distributed
in the domain and allowed to overlap. The mean radius for (a) Het. 1 is
⟨r1⟩ = 1.5× 10−3 m, for (b) Het. 2 ⟨r2⟩ = 3.0× 10−3 m and for (c) Het. 3
⟨r3⟩ = 4.5× 10−3 m, and the standard deviation for radius is σr1 = σr2 = σr3 =
0.2.

inclusions and the background porosity. This significantly reduces the porosity
and permeability when comparing Het. 1 to 2 and 3, as shown in table 5.1. As
an analogy, Het. 1 is related to beadpacks, Het. 2 to a mildly homogeneous
carbonate while Het. 3 to a highly heterogeneous carbonate. The heterogeneity
of the samples lies on an observation scale that is larger than the link and node
sizes, so we compare the choice of characteristic value of β = 1.8 for beadpacks,
β = 1.2 for mildly homogeneous carbonates and β = 0.6 for highly hetero-
geneous carbonates, with a baseline of β = 1.8 for all three porous media in
section 5.3. β is an empirical parameter that captures the heterogeneity of the
medium at a scale below the scale of a link (at the pore scale) and which is not
explicitly captured by the larger-scale heterogeneity in the model.

Similarly to the model described in chapters 3 and 4, the permeability at
the link k is calculated using a power-law correlation with the porosity,

K = aφb, (5.2)

where a and b are fitting parameters defined in table 5.1. Such power-law
correlations between porosity and permeability are widely used, to model the
evolution of permeability in dissolution experiments (Menke et al., 2015; Menke,
2015; Honari et al., 2015). The initial porosity distribution is presented in
figure 5.3 and the initial permeability distribution is presented in figure 5.4.
The small porosity values (φ≪ 0.3) occur when nodes are partially overlapping
with the spheres and the porosity values are interpolated with the background
porosity and the solid sphere porosity. The more heterogeneous the sample,
the smaller are the peaks at the mean porosity ⟨φ⟩ = 0.3 and the larger is the
number of porosity values at the lower end of the distributions.
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Figure 5.3: Initial non-zero porosity distribution for Het. 1, 2 and 3. The mean
porosity value for Het. 1 is ⟨φ1⟩ = 0.29, for Het. 2 is ⟨φ2⟩ = 0.25 and for
Het. 3 is ⟨φ3⟩ = 0.17. The more homogeneous sample Het. 1 has a larger
peak at φ = 0.3, whereas the other samples are characterized by the tail of the
distribution towards lower values of porosity.
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Figure 5.4: Initial permeability distribution for Het. 1, 2 and 3. The porosity-
permeability correlation factors are defined in equation (5.2) and listed in ta-
ble 5.1. The mean permeability value for Het. 1 is ⟨K1⟩ = 1.69D, for Het. 2
is ⟨K2⟩ = 3.15× 102 mD and for Het. 3 is ⟨K3⟩ = 4.50mD. The heterogeneity
of the samples extends the tail in the permeability distribution to lower-end
values.
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5.2.2 Signatures of Flow Heterogeneity

At the scale of individual links we assume that the heterogeneity of the system
is characterized by β = 1.8, 1.2 and 0.6 respectively for Het. 1, 2 and 3, as
presented in table 5.1. This hypothesis is further explored in section 5.3, where
we consider different values of β in equation (3.12). To solve the velocity in the
links, we impose a unit pressure gradient along the x−axis ∆Px = 1Pa and then
scale the average velocity such that the Péclet number is equal to Pe = 0.0542,
0.542 and 5.42. These Péclet numbers represent three advection dominated
transport regimes, from weakly to highly advection dominated.

The resulting pressure fields alongside the porosity fields are displayed side-
by-side in figure 5.5. The lower porosity values significantly restrict the regions
available for flow, focusing the transport only to the regions of higher porosity.
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Figure 5.5: Initial porosity fields (a) to (c) and the corresponding calculated
pressure fields for (d) to (f) respectively for Het. 1, 2 and 3. The porosity field
is constructed using zero porosity inclusions in a background porosity field of
⟨φ⟩ = 0.3 as showed in figure 5.2. The calculated pressure reflects the initial
heterogeneity of the sample, gradually increasing the local pressure differences
from Het. 1 to 3.

From the pressure field, we calculate the normalized velocity distribution
in the flow direction for each sample and plot it in figure 5.6. The shape of
the normalized velocity distribution shows a sharp peak at vx/⟨vx⟩ = 1 with
a narrow velocity distribution of only one order of magnitude of variation for
Het. 1. This is markedly different than of Het. 2 and 3, that exhibit a much
wider distribution than Het. 1 and a smeared-out tail towards lower velocity
values. The velocity distribution for Het. 2 spans over nearly 10 orders of
magnitude of variation in flow speed, experiencing very low velocities. The
velocity distribution for Het. 3 variation is slightly wider than Het. 2, showing
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higher probability contrast between the low and high velocities. At the high
end of the distribution, the velocity in the links of Het. 3 can reach nearly 20
times the mean velocity. This is likely due to the regions available for flow that
are restricted by the presence of the spherical solid inclusions with larger radius
than of Het. 1 and 2. Additionally both Het. 2 and 3 show significant amounts
of slower velocities, or near stagnant links, where solute transitions are mostly
influenced by diffusion.
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Figure 5.6: Normalized velocity distribution for the different samples. The
shape of the normalized velocity distribution shows a sharp peak at vx/⟨vx⟩ = 1
with a narrow velocity distribution for Het. 1. In contrast, Het. 2 and 3 have a
much wider distribution with a smeared-out tail towards lower velocity values.
The inset shows the same distributions but without the log-log transformation.

5.2.3 Signatures of Transport Heterogeneity

The emergent particle breakthrough, used as a proxy for species production in
the system, contains a strong signature of the domain’s physical heterogeneity
and fails to be modelled using an Advective-Dispersion Equation (ADE) model
and the Gaussian behaviour from the solutions in equation (2.8), as illustrated
in figure 5.7. The dispersion coefficient used in the ADE model was fitted to
the observed particle breakthrough. As the sample heterogeneity increases, the
particle breakthrough departs from the ADE model equation (2.8), and this
effect increases as the Péclet number increases.

We calculate the probability of particle displacement, or particle propaga-
tors, P (ζ) by observing the particle displacements ζ over an observation time
∆ and normalize it by the mean displacement ⟨ζ⟩0. Molecular displacements,
or flow propagators, measured by Nuclear Magnetic Resonance (NMR) define
the motion of molecules in a given domain (Callaghan, 1993; Seymour and
Callaghan, 1997) and are reliable measurements for non-Fickian transport in
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Figure 5.7: Normalized particle breakthrough (continuous lines) and the ADE
best-fit using equation (2.8) (dashed lines) for each individual heterogeneity
and Pe = 0.0542, 0.542 and 5.42. As the sample heterogeneity increases, the
particle breakthrough departs from the ADE equation (2.8) model, and this
effect increases as the Péclet number increases.
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porous media (Scheven et al., 2005a; Scheven et al., 2005b). Particle propaga-
tors are calculated from the displacement of the particles and are analogues to
molecular propagators. The calculated particle propagators in figure 5.8 are ob-
tained by injecting 106 particles uniformly at x = 0.02 m, instead of at the inlet
face to allow for back-diffusion through the inlet, and are tracked using obser-
vation times of t/t1 = 0.5 and t/t1 = 1.0. The observation times are normalized
by the mean advective time to display the different samples in a consistent time
frame, at late times when t/t1 ≫ 1 the particle propagator is expected to be
fully developed to a Gaussian profile (Dentz et al., 2004; Berkowitz et al., 2006).
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Figure 5.8: Initial particle propagators for Het. 1, 2 and 3 at t/t1 = 0.5 and
t/t1 = 1.0, and Péclet numbers of Pe = 0.0542 (a) and (b), Pe = 0.542 (c) and
(d) and Pe = 5.42 (e) and (f). As Pe increases, the contrast between the faster
and the slower moving particles increases, showing a peak at ζ/⟨ζ⟩ = 0. The
cut-off at the higher end of the Het. 3 is due to the particles exiting the domain,
and making them unavailable for the calculation.

The porous media structure arising from the distribution of solid spherical
inclusions significantly impacts the shape of the propagator distribution. The
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profiles in most cases are far from the expected Gaussian profile that results
from the solution of the transport equation using Fick’s law, equation (5.1).
For Pe = 0.0542, the propagator distributions for both samples Het. 1 and
Het. 2 behave similarly, with little to no difference at early and late times. The
propagator for Het. 3 is slightly asymmetrical at early times, showing higher
probability of slow displacements (ζ/⟨ζ⟩ < 1) than for the other samples and
takes longer to fully develop when compared to Het. 1 and 2. This is not the
case for Pe = 0.542, that shows the signature of the pore space heterogeneity in
all samples. Het. 1 shows little to no disturbance and is near Gaussian at both
early and late times, Het. 2 seems to behave similarly but with a longer delay.
However Het. 3, is highly asymmetrical with a high probability at ζ/⟨ζ⟩ = 0,
showing a significant amount of stagnant particles at early observation times.
This effect is still evident at later times when the profile fails to achieve the
expected Gaussian shape. For Pe = 5.42, the observations are similar to those
at Pe = 0.542, but with enhanced non-Gaussian behaviour. Both Het. 2 and
3 show the significant presence of stagnant particles, but Het. 2 is able to
displace some particles towards the mean displacement ⟨ζ⟩ as the probability
in ζ/⟨ζ⟩ = 0 is smaller at later times. The particle propagator distribution for
Het. 3 does not change significantly from early to late times.

Links showing characteristic advective times t1 in the same order of the dif-
fusive cut-off times t2, or lower, are likely considered as of part of a stagnant
region. Figure 5.6 shows that Het. 2 and 3 have velocities several orders of mag-
nitude lower than the mean velocity. For Pe = 0.0542, diffusion is sufficiently
rapid to allow particles in these slow-flow domains to be transported quickly
to neighbouring links. However for Pe = 0.542 and 5.42, the differences in
the velocity variation arising from the heterogeneity of the sample significantly
increases the amount of stagnant particles.

Figure 5.9 shows the asymptotic normalized longitudinal dispersion coeffi-
cient DL/Dm results for Het. 1, 2 and 3 versus Péclet number. The numerical
results are compared against the experimental data presented in Bijeljic et al.
(2004). The CTRW model reproduces the observed experimental measurements
for beadpacks with β = 1.8 which describes fairly homogeneous media. For
Pe ≪ 1, DL/Dm increases from Het. 3, 2 to 1 since the higher tortuosity in
more heterogeneous media decreases the spread of solute by diffusion. However
when advection is more dominant than diffusion, for Pe ≫ 1, this behaviour
is inverted, and DL/Dm increases from most homogeneous Het. 1, to most
heterogeneous Het. 3. This increase in physical heterogeneity is reflected in a
decrease in β with values 1.8, 1.2 and 0.6 for Het. 1, 2 an 3 respectively.
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Figure 5.9: Longitudinal dispersion coefficient versus Péclet number. Numerical
results for Het. 1, 2 and 3 and experimental measurements on beadpacks and
sandpacks from Bijeljic et al. (2004) using the sources of Pfannkuch (1963), Sey-
mour and Callaghan (1997), Kandhai et al. (2002), Khrapitchev and Callaghan
(2003) and Stöhr (2003).
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5.3 Impact of Physical Heterogeneity on
Reactive Flow

We start in section 5.3.1 showing the dissolution patterns and the evolving
porosity profiles. Next in section 5.3.2 we show the effects of the physical het-
erogeneity on the reaction rates. Finally in section 5.3.3 we show the impact of
reactive flow on the evolution of the transit-time distributions ψ caused by the
increase in porosity of the links and the post-dissolution particle propagators.

Each simulation runs for t = 108 s, 107 s and 106 s respectively for Pe =
0.0542, 0.542 and 5.42. This amounts to the injection of Vinj = 7.3×10−2 m3 of
acid, which is equivalent to injecting PV = 6.74×102, 7.82×102, and 1.15×103

pore volumes respectively for Het. 1, 2 and 3. The characteristic reaction
time treac = 1/kr = 1.59 s, is 21 times smaller than the smallest characteristic
advective time t1 = l/ |vij | = of the fastest link in the lattice.

5.3.1 Visualization of Dissolution and Porosity
Evolution

As mentioned previously we choose the β = 1.8, 1.2 and 0.6 for Het 1, 2 and 3
respectively to represent a beadpack or homogeneous consolidated media such
as, a mildly homogeneous carbonate, and a highly heterogeneous carbonate
(Bijeljic and Blunt, 2006; Bijeljic et al., 2011; Bijeljic et al., 2013a). However,
we assume that all three solid structures can dissolve and at the same batch
rate. The assumption is that lowering the β parameter respectively increases
the domain heterogeneity at the scale of the nodes and links. Ideally we would
estimate the local distribution of β from finer scales, such that each individual
link would have a representative value, as described in Rhodes et al. (2008).
However we keep the same assumption as in our previous work (Oliveira et al.,
2021) and chapters; β is constant in time and space.

Figure 5.10 shows the emerging dissolution patterns for Het. 1 with β = 1.8,
Het. 2 with β = 1.2 and Het. 3 with β = 0.6 for Pe = 0.0542, 0.542 and
5.42. After each row characterised with the same Pe number we also repeat the
results for β = 1.8 for the same Pe for comparison. We show the snapshots of
t/t1 = 1 for Pe = 0.0542 and at t/t1 = 10 for Pe = 0.542 and 5.42. For Pe
= 0.0542 particle transport is more driven by diffusion and the majority of the
dissolution happens at the inlet. The solid spherical inclusions play little role in
restricting the available regions for dissolution for Het. 1, but have significant
impact for Het. 2 and 3, for which the dissolution front reaches further into the
sample. The dissolution pattern resembles compact or face dissolution for Het.
1, but has some channelling for Het. 2 and dominant channelling for Het. 3.
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As Péclet number increases the particles are less likely to diffuse away from fast
flowing channels, while experiencing shorter resident time in the nodes. Hence
for Pe = 0.542 and 5.42 the dissolution forms a channelized pattern (Menke
et al., 2015). The heterogeneity of the porous media do not allow a uniform
dissolution, but leads to the formation of preferential channels. Table 5.2 shows
the initial and final mean values for porosity and permeability of Het. 1, 2 and
3 and Pe = 5.42, 0.542 and 5.42.

It is evident that when the transport heterogeneity increases (β decreases),
the emerging dissolution patterns change to more channelized behaviour. This
indicates that a wider distribution of transit times promotes higher contrast
for dissolution rates in the channels compared to the stagnant regions. This
leads to a positive feedback, with the channels taking most of the flow and
the injected reactant, exacerbating the contrast with the stagnant regions, and
further enhancing dissolution in the channels. This impact is observed more
prominently for Het. 3 and at higher Pe. The dissolved channels are formed
earlier and reach further. Furthermore, this impact is more pronounced when
the heterogeneity parameter β used in the model is decreased for Het. 2 and
Het. 3 compared to when it is kept the same as β = 1.8.

Table 5.2: Mean initial and final porosity and permeability for the Het. 1, 2
and 3 and Pe = 0.0542, 0.542 and 5.42.

φ K/m2

Sample Pe initial final initial final

Het. 1, 0.0542 0.29 0.65 1.69×10−12 3.98×10−10

β = 1.8 0.542 0.29 0.42 3.15×10−13 2.29×10−11

5.42 0.29 0.33 4.50×10−15 4.08×10−12

Het. 2, 0.0542 0.25 0.59 1.69×10−12 2.02×10−10

β = 1.8 0.542 0.25 0.37 3.15×10−13 9.45×10−12

5.42 0.25 0.29 4.50×10−15 1.17×10−12

Het. 2, 0.0542 0.25 0.60 1.69×10−12 2.16×10−10

β = 1.2 0.542 0.25 0.38 3.15×10−13 1.06×10−11

5.42 0.25 0.30 4.50×10−15 1.37×10−12

Het. 3, 0.0542 0.17 0.46 1.69×10−12 2.78×10−11

β = 1.8 0.542 0.17 0.28 3.15×10−13 9.18×10−13

5.42 0.17 0.20 4.50×10−15 4.34×10−14

Het. 3, 0.0542 0.17 0.42 1.69×10−12 9.22×10−12

β = 0.6 0.542 0.17 0.27 3.15×10−13 3.18×10−13

5.42 0.17 0.21 4.50×10−15 2.69×10−14

The change in the mean porosity profiles along the flow direction are illus-
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Figure 5.10: Dissolution-induced porosity of the different samples at t/t1 = 1
for Het. 1 using β = 1.8, Het. 2 using β = 1.2 and Het. 3 β = 0.6, and Péclet
numbers of Pe = 0.0542, and at t/t1 = 10 for Pe = 0.542 and 5.42. Below each
row characterised with the same Pe number the results for β = 1.8 for the same
Pe are presented for comparison. The model transport heterogeneity parameter
β intensifies the emerging dissolution pattern; the dissolved channels are formed
earlier and reach further when compared to β = 1.8.
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trated in figure 5.11 for Het. 1, 2 and 3 and Pe = 0.0542, 0.542 and 5.42. For
a common normalized advective time t/t1, the samples with highest porosity
increase are the ones subjected to the smallest local Pe number, as the particles
have a longer resident time in the nodes. The profiles highlight the differences
between the different dissolution patterns; for low Pe number the dissolution
follows a compact dissolution pattern mostly occurring at the inlet, and pro-
gressing with a lower rate further down the sample. For higher Pe numbers, the
change in porosity in the inlet is not as significant. Furthermore, the impact of
heterogeneity is observed, with the highest porosity change at the inlet for Het.
3.
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Figure 5.11: Porosity profiles along the flow direction (x−axis) for Het. 1, 2
and 3, and Péclet numbers of (a) Pe = 0.0542, (b) Pe = 0.542 and (c) Pe =
5.42. At low Pe number the dissolution occurs mostly at the inlet, characteristic
of a compact dissolution front. For t/t1 ≪ 1 porosity increases proportionally
to time but the change in porosity reduces and reduction becomes smaller for
t/t1 ≫ 1.

Looking into the porosity distribution, figure 5.12 highlights the porosity
intervals that were more effectively altered by dissolution. The regions of higher
changes are in the vicinity of higher mean porosity, as these regions naturally
focus flow and the transport of fresh reactants. Lower porosity regions have
little to no influence at higher Pe; it is only when Pe is low and diffusion is
significant that noticeable dissolution can be observed. The amount of porosity
near φ = 0.3 is nearly identical for t/t1 = 0.5 and 1.0, and is illustrated in
figure 5.13.

5.3.2 Effect of Physical Heterogeneity on Reaction
Rates

Figure 5.14 shows the normalized effective reaction rate calculated for all Pe
and samples, and compares it to the complete mixing reaction rate at late-time
reff ∼ 1/

√
t (Dentz et al., 2011). This time scaling is predicted from solutions of

the ADRE, 5.1, and assumes that the reactant undergoes diffusive mixing over a
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Figure 5.12: Histogram of porosity distributions for Het. 1, 2 and 3 with Pe =
0.0542, 0.542 and 5.42 at different normalized advective times t/t1. Dissolution
is fastest in regions of high porosity, as these regions naturally focus flow and the
transport of fresh reactants. Lower porosity regions have little to no influence
at higher Pe; only when diffusion is significant can such regions experience
noticeable dissolution.
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Figure 5.13: Detail of the histogram of porosity distributions for Het. 1 at
different normalized advective times t/t1. The peak in φ = 0.3 is nearly identical
for t/t1 = 0.5 and 1.0. We only show the case of Het. 1 and Pe = 0.0542 however
the same happens for the other cases illustrated in figure 5.12.
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length that scales as
√
t. The effective reaction rate is normalized with the batch

reaction rate of calcite measured in Peng et al. (2015). The effective reaction
rate obtained by the CTRW model increases with time, achieves a maximum
value, and then decreases towards but does not attain the complete mixing
reaction rate given by the ADRE. At early times t/t1 ≪ 1, the CTRW model
reaction rates are much smaller than would be predicted by a Fickian model.
This is expected as the effective reaction rate given by the ADRE assumes that
all reactants are perfectly mixed controlled by the asymptotic (and larger) value
of the longitudinal dispersion coefficient Dl, whereas in fact the behaviour of DL

is preasymptotic and much lower than its asymptotic late-time value (Alhashmi
et al., 2016). However, even at late times t/t1 ≫ 1, when DL increases, the
CTRW model effective reaction rates still deviate from the behaviour predicted
assuming complete mixing for all Pe numbers studied, and with a different
scaling for each porous medium.

At late times, the effective reaction rate scales as t−a with a > 0.5 for all
samples and Pe numbers, pointing out that reff is still far from the complete
mixing reaction rate even at late-times when the effective reaction rate could
be expected to scale with t−a with a = 0.5 (Dentz et al., 2011). This is a result
of the persistence of incomplete mixing. The late time power-law scaling for
each individual sample and Pe number are presented in table 5.3. The scaling
deviates further from the ideal value as Pe increases.

Effective reaction rates exhibit dependence on transport conditions. At early
times, mixing taking place in the fast flow channels has stronger impact, hence
reaction rates are higher for Pe = 5.42 compared to the lower Pe numbers.
However, by late times diffusion has mixed the reactants in both fast channels
and stagnant regions, resulting in the higher reaction rates for the lowest Pe =
0.0542. The impact of physical heterogeneity on the reaction rates at Pe = 5.42

is manifested as the highest maximum at early times for the most heterogeneous
medium Het. 3. At both intermediate Pe = 0.542 and low Pe = 0.0542, diffusion
leads to better mixing of reactants and results in the higher reaction rates for
more homogeneous medium Het. 1.

5.3.3 Transit-time Distributions and Particle
Propagators

Figure 5.15 shows the locally defined transit-time distribution ψ for Het. 1, 2
and 3 at Pe = 0.0542 and 5.42, at two times, t/t1 = 0 s and t/t1 = 10 s at
the location near the inlet at x1 = (0.5, 3.7, 3.0) ×10−3 m and near the outlet
at x2 = (12.0, 0.8, 3.0) ×10−3 m. The local ψ functions are calculated using
equation (3.12), t1 is calculated from the velocity at the link, t2 is calculated
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Figure 5.14: Normalized effective reaction rate plotted against 1/
√
t for Het.

1, Het. 2 and Het. 3 respectively and β = 1.8, 1.2 and 0.6, at Pe = 0.0542,
0.542 and 5.42. The effective reaction rate is normalized with the batch reaction
rate of calcite (table 5.1). The black solid line is the 1:1 trend, highlighting the
power-law scaling of reff ∼ t−a with a = 0.5. The power-law scaling factors a
for each sample and Pe is shown in table 5.3.

Table 5.3: Power-law scaling for the effective reaction rate for Pe = 0.0542,
0.542 and 5.42 and for samples Het. 1, 2 and 3. The power-law scaling t−a with
a > 0.5 is a result of the persistence of incomplete mixing.

Het. 1 Het. 2 Het. 3

Pe ⟨reff⟩ σreff ⟨reff⟩ σreff ⟨reff⟩ σreff

0.0542 0.68 0.04 0.61 0.04 0.57 0.04
0.542 0.67 0.04 0.69 0.04 0.68 0.03
5.42 0.70 0.03 0.75 0.03 0.76 0.02
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from the defined molecular diffusion coefficient, and using β = 1.8, 1.2 and 0.6
respectively for Het. 1, 2 and 3. When comparing the initial state t/t1 = 0

to the final state t/t1 = 10, the probability of shorter transitions increases for
Het. 1 at both Pe numbers, more effectively for lower Pe = 0.0542 but is still
significant for Pe = 5.42. The behaviour of the ψ function of Het. 2 is similar.
However, Het. 3 experiences the same increase in ψ at both Pe = 0.0542 and
5.42. At lower Pe numbers, the links at the inlet dissolve entirely, but at higher
Pe numbers only Het. 3 develops a channel developing through that particular
location, such that the links there undergo the highest increase in velocity. When
comparing the changes in the links near the inlet and near the outlet at the end
of the dissolution simulation, Het. 1 shows little differences for Pe = 0.0542, and
no differences for Pe = 5.42. This reflects the uniformity in which the porous
media is dissolved at low Pe number and the lack of preferential formed channels
at higher Pe number. Het. 2 shows a similar trend, but with slightly bigger
difference for Pe = 5.42. However Het. 3 shows a different behaviour: there is
no change at the inlet irrespectively of the Pe number, while at the outlet the
probability at higher Pe number shows the emergent dissolved channel not as
significant as in the Pe = 0.0542.
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Figure 5.15: (Top row) Local ψ functions before (t/t1 = 0) and after (t/t1 = 10)
dissolution defined at the links located near the inlet at x1 = (0.5, 3.7, 3.0)
×10−3 m and (Bottom row) local ψ functions at t/t1 = 10 at x1 and near the
outlet at x2 = (12.0, 0.8, 3.0) ×10−3 m, for Het. 1, 2 and 3 at Pe = 0.0542 and
5.42.
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Figure 5.16 shows the propagators at t/t1 = 0.5 and 1.0, after dissolution
processes takes place, compared against the propagators of the initial poros-
ity of figure 5.8. The dissolution process significantly alters the initial particle
propagator and increases the contrast between slow and fast flow regions in all
samples. At lower Pe number, the particle propagators are no longer able to
recover a Gaussian-like distribution even at late times. The sharp cut-off in the
high end of the propagator distribution is due to the fact that the particles ex-
ited the domain at the observation window t/t1. At Pe = 0.542 the distribution
is marked by a strong stagnant peak and is asymmetrical for all samples. Het.
1 is the only sample that starts to recover a Gaussian-like shape at late times,
but still far from the initially observed distribution. For Pe = 5.42, the distribu-
tion mostly reflects the stagnant peak. Overall, the analysis of post-dissolution
propagators indicates that dissolution results in heterogeneity signatures with
a markedly higher degree of non-Fickian transport.
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Figure 5.16: Particle propagators for Het. 1 with β = 1.8, Het. 2 with β = 1.2
and Het. 3 with β = 0.6 at t/t1 = 0.5 and t/t1 = 1.0, and Péclet numbers of
Pe = 0.542. The results are compared against the initial particle propagators
from figure 5.8 (dashed lines).
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5.4 Discussion

When considering heterogeneity signatures, the velocity distributions shown in
figure 5.6 are key to understanding the initial propagators in figure 5.8, similar
to the pore-scale description provided in Bijeljic et al., 2013b. The higher prob-
ability of transitions faster than the mean velocity increases as the heterogeneity
increases from Het. 1 to 3. This is more evident in Het. 3 that shows more
displacement for ζ/⟨ζ⟩ > 1. Furthermore, the velocities at the lower end of the
distribution represent longer transit-times and stagnant particles. Figure 5.17
shows the velocity distribution and the contribution of each individual region to
the particle transitions at the pore-scale associated with the links in the lattice.
Bijeljic et al. (2013a) showed a similar plot based on pore-scale direct numerical
simulations of transport in different carbonate rock samples. As we increase the
Pe number, we increase the number of links with faster velocity.
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Figure 5.17: Normalized velocity distributions for the different samples. The
lower velocity values contribute to the slow and diffusive only transitions. The
high velocity values contribute to the advective dominated transitions, respon-
sible for the highly mobile tails and the formation of dissolution channels.

The dissolution patterns formed for the samples using a constant transport
heterogeneity parameter β = 1.8 are compared in figure 5.10 to the dissolution
patterns formed when reducing the value of β = 1.2 and 0.6 respectively for
Het. 2 and 3. This reduction is perceived as an increase in heterogeneity at
the node and link scale; it increases the probability of a particle to experience
slower time transitions. This is highlighted in figure 5.15.

The transport heterogeneity parameter β is related to the effective reaction
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rate such that the lower β, the higher the maximum rate, but the faster it
approaches the asymptotic behaviour 1/

√
t (figure 5.14). However, the asymp-

totic behaviour is never attained due to persistence of incomplete mixing. This
behaviour is similar for different Pe numbers, but more pronounced for higher
Pe.

5.5 Conclusions

We have demonstrated the impact of physical heterogeneity on the effective
reaction rate during dissolution on samples of length 15 cm over time-scales
up to 10 × 108 s. We constructed three samples characterised by increasing
heterogeneity by uniformly distributing solid spheres of zero porosity in the
domains consisting of modified packs of solid spheres. The heterogeneity is
first characterized by the velocity distribution. Het. 1 has a narrow velocity
distribution near vx/⟨vx⟩ = 1 reflecting the relative homogeneity of the sample,
while Het. 2 and 3 have a wider distribution with a smeared-out tail towards
lower velocity values. At the scale of the sample, these resemble a beadpack for
Het. 1, a mildly homogeneous carbonate for Het. 2, and a highly heterogeneous
carbonate for Het. 3. However, we assume that the solid dissolves with the same
batch reaction rate for all three samples. At the scale of the nodes and links, to
describe the local transit time distributions, Eq. 3.12, we consider β = 1.8 for
Het. 1, β = 1.2 for Het. 2 and β = 0.6 for Het. 3, to better represent difference
in heterogeneity in the corresponding velocity fields. Each of these samples were
subjected to fluid reactant injection under different advective dominated flow
regimes, from low to strongly advective dominated regimes, by choosing Peclét
numbers of Pe = 0.0542, 0.542 and 5.42.

The different Pe numbers led to the appearance of two distinct dissolution
patterns – a compact or face dissolution for Pe = 0.0542, and a channelized
dissolution for Pe = 0.542 and 5.42. The emergence of preferential channels
in heterogeneous media, as opposed to uniform dissolution, is consistent with
experiments in carbonates (Menke et al., 2015). For all samples and advec-
tive regimes, the change in porosity is proportional to the time at early times
while the effective reaction rate deviates from long-time scaling behaviour char-
acterised by 1/

√
t, assuming complete mixing. Instead, at late times we found a

power-law scaling t−a with a > 0.5, as a result of the persistence of incomplete
mixing.

The propagator distributions showed the imprint of heterogeneity on its
asymmetrical shape, as well as the contrast between slow and fast regions that
increased with the dissolution process. The variation in the velocity distribution
of Het. 1 is very narrow and there are almost no stagnant particles. However
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for Het. 2 and 3, the variation in the velocity distribution is orders of magni-
tude higher and this is perceived by the amount of stagnant particles for Pe =
0.542 and 5.42, that experience the highest contrast between the characteristics
advective time t1 and diffusive cut-off time t2. After the dissolution process,
Het. 1 starts to recover a symmetrical shape at late times but it is still far from
the initial observed state. However Het. 2 and 3 have significant amount of
stagnant particles and are asymmetric in shape. Overall, dissolution increases
the degree of non-Fickianity in transport.

Finally, we examined the impact of β on the average porosity evolution and
effective reaction rates. The transport heterogeneity parameter β shows that
irrespective of the advection regime, more heterogeneous samples had lower
long-time reaction rates, as reaction was eventually confined to a small subset
of the pore space in preferential channels. An increase in Pe also exacerbated the
effect of channelling and incomplete mixing, although at early time the reaction
rates were higher, due to a greater degree of spreading by advection.
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CHAPTER 6
Coupled Flow and Chemical

Heterogeneities — The
Impact of Chemical Spatial

Distribution on Effective
Reaction Rate

In the previous chapter we studied the impact of physical heterogeneity on the
effective reaction rates in porous media. We showed how the effective reaction
rates depend upon the initial physical heterogeneity and the transport condi-
tions. In this chapter we build upon our CTRW reactive transport model, and
extend it to account for heterogeneous spatial distributions of different miner-
als. This allows us to study systems with undergoing simultaneous kinetics and
equilibrium of many different species. We will show that this is essential to
study dynamics of reactive transport in porous media.

We start by studying a multi-species fluid-fluid reaction only model, while
later examining a multi-species fluid-solid reactive model. We show the results
of the fluid-fluid reactive system consisting of sodium carbonate and calcium
chloride, commonly studied in the literature (Willingham et al., 2008; De Anna
et al., 2014; Oliveira et al., 2020; Puyguiraud et al., 2020), and demonstrate how
physical heterogeneity increases mixing of the system and rate of production of
sodium chloride and calcium carbonate. Finally we study a fluid-solid reactive
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system composed of calcite and dolomite (Busenberg and Plummer, 1982; Peng
et al., 2015; Peng et al., 2016; Al-Khulaifi et al., 2018), with the dissolution of
randomly distributed minerals at different ratios on the effective reaction rates
in the presence of HCl, and show the impact of mineral content and distribution
in chemically heterogeneous systems.

6.1 Description of the Geochemical Solver

Due to its nature, modelling the coupled transport and reactions using an im-
plicit scheme is prohibitive for our cases. Given that we model transport using
discrete particles, the iterative methods are a natural choice. Among those,
the Sequential Iterative Approach (SIA) or Sequential Non-Iterative Approach
(SNIA) are the most traditionally used approaches (Steefel and MacQuarrie,
1996). The SNIA solves transport and reactions independently: first solves
transport as if no reaction takes place, then solves the reactions using the trans-
ported concentrations. This is suitable when the characteristic reaction times
are much shorter than the characteristic advective and diffusive times, as in the
applications in sections 6.2 and 6.3.

To solve the chemical reactions of the fluid-fluid and fluid-solid systems, we
use the geochemical solver Reaktoro (Leal, 2014; Leal et al., 2014; Leal et al.,
2015). Other geochemical solvers, e.g. GEM-Selektor (Kulik et al., 2013) and
PHREEQC (Parkhurst and Appelo, 2013), can be used instead of Reaktoro but
were not considered here. Reaktoro solves multiphase chemical equilibrium and
kinetics of species as in a complete mixing batch reactor. It makes use of partial
equilibrium to separate reactions in either chemical kinetics or under equilib-
rium. The solver efficiency comes from formulating the chemical equilibrium as
a Gibbs Energy Minimization (GEM), simultaneously solving both the chemical
equilibrium and kinetics, and treating it as a non-linear programming problem
(Leal et al., 2014).

The thermodynamic properties of the species are extracted directly from
the SUPCRT98 database (revised from SUPCRT92, Johnson et al., 1992). This
provides the necessary parameters for the equations of state for the aqueous
(Tanger and Helgeson, 1988), the gaseous (Peng and Robinson, 1976), and min-
eral species (Maier and Kelley, 1932).

6.2 Fluid-Fluid Reactive System

In this section we show the multi-species fluid-fluid reaction model consisting of
sodium carbonate and calcium chloride as reactants, leading to the production
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of sodium chloride and calcium carbonate. We describe the fluid-fluid reactive
system model in section 6.2.1. We use the same samples as before in chapter 5,
Het. 1 and Het. 3 to respectively represent a relatively homogeneous beadpack
and a heterogeneous carbonate. Next, in section 6.2.2, we show the effects of
the physical heterogeneity in the mixing of the species and rate of formation of
products for Pe = 10 and 100.

6.2.1 Description of the Fluid-Fluid CTRW Reactive
Transport Model

Our model uses a multi-species approach, studying species transport in an inert
medium; there is no dissolution or precipitation, so there is no change in porosity
or permeability induced by the different reactions happening in the system.
Over-saturation does not lead to precipitation, but is instead transported with
the rest of the produced species. There is no gaseous phase, so any gaseous
species are considered as always being dissolved in the aqueous phase.

We study the parallel injection of two aqueous solutions to model fluid-fluid
reactions at the interface where both solutions mix. The solutions consist of
sodium carbonate Na2CO3 and calcium chloride CaCl2, that leads to production
of sodium chloride NaCl and calcium carbonate CaCO3:

Na2CO3 +CaCl2 −−⇀↽−− NaCl + CaCO3 (6.1)

The system described in equation (6.1) is composed of the following homo-
geneous reactions:

H2O(l) −−⇀↽−− H+ +OH− (6.2a)

CO2(aq) + H2O(l) −−⇀↽−− HCO3
− +H+ (6.2b)

HCO3
− −−⇀↽−− H+ +CO3

2− (6.2c)

NaOH(aq) −−⇀↽−− Na+ +OH− (6.2d)

CaCl2(aq) −−⇀↽−− CaCl+ +Cl− (6.2e)

CaCl+ −−⇀↽−− Ca2+ +Cl− (6.2f)

CaOH+ −−⇀↽−− Ca2+ +OH− (6.2g)

HCl(aq) −−⇀↽−− H+ +Cl− (6.2h)

NaCl(aq) −−⇀↽−− Na+ +Cl− (6.2i)

CaCO3(aq) −−⇀↽−− Ca2+ +CO3
2− (6.2j)

CaHCO3
+ −−⇀↽−− Ca2+ +HCO3

− (6.2k)
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The reaction system and equilibrium calculations described by equation (6.2)
takes place in the nodes of the lattice. We assume that the fluid-fluid reactions
are instantaneous, or that the reactive time scale is much faster than the diffusive
time scales. This makes the species production only limited by transport, Da →
∞ (De Simoni et al., 2005), and rate of formation of products can vary both time
and space due to physical and transport heterogeneities. Figure 6.1 illustrates
the initial conditions of the problem studied.

Na2CO3

CaCl2

L
/
2

L

x

y

v

(a) Domain geometry

L

0 12

(b) Reinjection condition

Figure 6.1: Domain geometry and the particle representation with the reinjec-
tion condition. The domain is filled with CaCl2 in the top half and with Na2CO3
in the bottom half, which flow in the positive x−direction. To conserve mass,
all the produced particles when transitioning 0O beyond the domain 1O x > L,
are reinjected 2O at x = 0.

Differently than in chapters 4 and 5, the particles in the fluid-fluid model
are responsible for transporting several chemical species at once. The species
and amounts for this case are detailed later in table 6.2. Even though the
molecular diffusion coefficient is a function of the specific concentration of a
given chemical species, temperature and other factors, we define the molecular
diffusion coefficient constant and equal to the molecular self-diffusion of water,
Dm = 2.2 × 10−9 m2 s−1. This makes the ψ function in each individual link
depend only on the velocity in the link.

At t = 0 s, the domain is divided in two halves, and it is completely saturated
with 25molm−3 of Na2CO3 solution in the bottom half and with 25molm−3 of
CaCl2 solution in the top half. The injection is similarly divided in two halves
with the same concentrations of Na2CO3 and CaCl2 respectively injected into
the bottom and into the top of the domain. When a given particle transitions
beyond the domain, x > L, it is re-injected at a random location in the inlet.

Figure 6.2 illustrates the conceptual representation of the fluid-fluid reactive
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system. Each node of the lattice behaves as a batch reactor, mixing and equi-
librating all the particles species in it. As described in chapter 4, we require
that all particles are synchronized at a common checkpoint after a time-step
∆t. We choose the value of ∆t as a fraction of the expected value of ψ, or
∆t = αE (ψ), for 0 < α ≤ 1. For the results showed here, we selected a value
of α = 0.01. The smaller the value of α the more frequent are the equilibrium
calculations, and more precise are the results. However, this is the most com-
putationally demanding step of the algorithm, so the values of α have to be
selected appropriately.

At each checkpoint we gather all the particles in the individual nodes and we
collect the total amount of species from the particles in each node. We then pro-
ceed with the state equilibrium calculations for each node. The resulting species
are then equally scattered among the particles in the individual nodes. After
the species distribution, the particles are ready to transit again, transporting
the equilibrated species to other nodes.

The steps in the algorithm are listed below:

1. Create the lattice with an initial distribution of porosity φ and permeabil-
ity K.

2. Solve the pressure field P in the lattice, calculate the local velocities vij
and local Péclet numbers Peij in the links.

3. Calculate the local probabilities of displacement pij (eq. 3.14) and the
local transit-time distribution ψij (eq. 3.12) in the links.

4. Distribute CaCl2 rich particles in the top half and Na2CO3 rich particles
in the bottom half of the sample weighted by the porosity of the nodes.

5. Inject CaCl2 rich particles in the top and Na2CO3 rich particles in bottom
using a flow-weighted injection rule.

6. Sample a displacement direction ∆x from pij and transit-time ∆τ from
ψij for each particle.

7. Move the particle from the node i to the node j, if
∑

∆τm ≤ ∆t, where
m labels each particle transition. This is performed individually for each
particle.

8. Repeat steps 6 – 7 for all particles while
∑

∆τm ≤ ∆t. Each particle can
undergo several transitions in one time step before the pressure field is
updated.

9. Gather all the particles in the node i and collect the total amount of
species in it.
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Figure 6.2: Conceptual representation of the fluid-fluid reactive system. Parti-
cles might contain any distribution of species, but for simplicity this diagram
shows particles containing only theoretical species A or B, that produces species
C. (a) We start with a distribution of particles with theoretical aqueous species
A and B at a given node. (b) At checkpoint times ∆t, each node behaves as a
batch reactor, mixing and reacting all available species in it. (c) The resulting
species C are then distributed among the particles contained in the node. (d)
The model proceeds with the particles transitions, when particles either leave
with the produced species or arrive with other species.

122



Chapter 6. Chemical Heterogeneity

10. Calculate the equilibrium state for the node i.

11. Distribute the resulting species from the new state of node i back to the
particles in it.

12. Repeat steps 9 – 11 for all the nodes in the lattice.

13. Repeat steps 2 – 12 until the end of the simulation.

We choose the lattice as in the samples Het. 1 and Het. 3 described in chap-
ter 5. These are displayed in figure 6.3 and summarized in table 6.1. The lattice
domain starts with randomly distributed particles weighted by the porosity of
the node, such that the higher the porosity of a node, higher the number of
particles in it.

Na2CO3

CaCl2

0 5 10 15
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2.5

5

x/m ×10−3

y
/
m

×
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−
3

(a) Het. 1

Na2CO3

CaCl2

0 5 10 15

x/m ×10−3

(b) Het. 3

0

0.15

0.3

〈φ
〉

Figure 6.3: Initial porosity fields for (a) Het. 1 and (b) Het. 3. The porosity
field is constructed using zero-porosity inclusions in the background porosity
field of ⟨φ⟩ = 0.3 as shown in figure 5.2 and discussed in chapter 5.

Table 6.1: Initial sample properties. All samples are built using the same back-
ground porosity and permeability correlation factors. The molecular diffusion
coefficient is considered to be the same for all species.

Parameter S.I. Unit Het. 1 Het. 3

⟨φbg⟩ 0.30 0.30
σφbg 0.10 0.10
⟨φ⟩ 0.29 0.17
⟨K⟩ m2 1.69 × 10−12 4.50 × 10−15

a m2 1.00 × 10−8 1.00 × 10−8

b 7.00 7.00
⟨r⟩ m 1.50 × 10−3 4.50 × 10−3

σr 0.20 0.20
β 1.80 1.80
ρ m3 kg−1 2.70 × 103 2.70 × 103

l m 1.00 × 10−3 1.00 × 10−3

Dm m2 s−1 9.00 × 10−10 9.00 × 10−10
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Table 6.2 shows the initial composition at the inlet for the top and bottom
half of the domain. As described earlier, the top half consists of Na2CO3 solu-
tion and the bottom half consists of a CaCl2 solution. We assume a uniform and
constant temperature and T = 25 ◦C and pressure P = 1MPa. The molecular
diffusion coefficient is defined as Dm = 2.2× 10−9 m2 s−1, irrespective of the
species and species concentration. At the initial states, there are no particles
sharing both CaCl2 and Na2CO3 species, and like so no produced species re-
sulting from this interaction: NaCl(aq), CaCO3(aq) and CaHCO3

+, are present
at t = 0 s. The solution has pH = 10.49 in the top half and pH = 6.43 in the
bottom half.

Table 6.2: Composition of the injected fluids at T = 25 ◦C and P = 1MPa.
The composition of the injected particles is divided between two halves: the top
consisting of Na2CO3 solution and the bottom consisting of a CaCl2 solution.
At the initial states, there are no particles sharing both a CaCl2 and Na2CO3
concentration, and like so no produced species resulting of its reaction: NaCl
(aq), CaCO3(aq) and CaHCO3

+, are present at t = 0 s. The solution has
pH = 10.49 in the top half and pH = 6.43 in the bottom half.

Species Top/molm−3 Bottom/molm−3

Na+ 3.33 0
CO3

2– 1.40 0
HCO3

– 2.69 × 10−1 0
CO2(aq) 1.16 × 10−5 0
NaOH(aq) 5.24 × 10−3 0
Ca2+ 0 1.64
Cl– 0 3.31
CaCl+ 0 2.47 × 10−2

CaCl2(aq) 0 2.13 × 10−4

CaOH+ 0 8.03 × 10−6

HCl(aq) 0 1.64 × 10−7

NaCl(aq) 0 0
CaCO3(aq) 0 0
CaHCO3

+ 0 0
H+ 2.68 × 10−9 3.09 × 10−5

H2O(l) 3.69 × 103 3.69 × 103

OH– 2.64 × 10−1 2.30 × 10−5

6.2.2 Mixing Induced by Physical Heterogeneity

We simulate two advective regimes, characterised by Péclet numbers of Pe = 10

and 100. Table 6.3 shows the average molar concentrations of the injected
species at the initial state, the expected results for the concentration of the
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species for an ideal fully-mixed system, and for the advective systems with
characteristic Péclet number of Pe = 10 and 100. The fully mixed system is
equivalent to a perfect stirred-tank reactor, where all available species at t =0 s
are perfectly mixed and the system is in steady state. The system shows how the
advective dynamics contributes to the incomplete mixing of the species, reducing
the expected conversion of CaCl2 and Na2CO3 into NaCl(aq), CaCO3(aq) and
Ca(HCO3)+. The production of these species is nearly 10 times smaller when
comparing the ideal fully-mixed case to the Pe = 10, and when comparing
Pe = 10 to Pe = 100.

Table 6.3: Average molar concentrations of the injected species at the initial
state, for the species at an ideal fully-mixed system, and for the advective sys-
tems with characteristic Péclet number of Pe = 10 and 100 at t/t1 = 1. The
system shows how the advective dynamics contributes to the incomplete mix-
ing of the species, reducing the expected conversion of CaCl2 and Na2CO3 into
NaCl(aq), CaCO3(aq) and Ca(HCO3)+.

Species/molm−3 t = 0 s Fully mixed Pe = 10 Pe = 100

Na+ 3.33 3.32 8.68 × 10−1 1.01
CO3

2– 1.40 3.11 × 10−1 2.39 × 10−1 4.10 × 10−1

HCO3
– 2.69 × 10−1 1.91 × 10−1 6.47 × 10−2 8.11 × 10−2

CO2(aq) 1.16 × 10−5 2.40 × 10−5 7.26 × 10−6 4.11 × 10−6

NaOH(aq) 5.24 × 10−3 1.99 × 10−3 9.84 × 10−4 1.55 × 10−3

Ca2+ 1.64 4.86 × 10−1 4.29 × 10−1 4.76 × 10−1

Cl– 3.31 3.32 1.13 9.88 × 10−1

CaCl+ 2.47 × 10−2 4.52 × 10−3 5.95 × 10−3 7.11 × 10−3

CaCl2(aq) 2.13 × 10−4 2.17 × 10−5 4.72 × 10−5 6.09 × 10−5

CaOH+ 8.03 × 10−6 1.16 × 10−2 2.17 × 10−3 2.13 × 10−4

HCl(aq) 1.64 × 10−7 4.15 × 10−11 3.59 × 10−9 4.18 × 10−8

NaCl(aq) 0 1.24 × 10−2 1.62 × 10−3 1.77 × 10−4

CaCO3(aq) 0 1.16 1.31 × 10−1 1.46 × 10−2

Ca(HCO3)+ 0 4.68 × 10−3 9.33 × 10−4 8.97 × 10−5

H+ 3.09 × 10−5 1.41 × 10−8 6.80 × 10−7 7.90 × 10−6

OH– 2.64 × 10−1 1.82 × 10−1 6.25 × 10−2 7.95 × 10−2

Figures 6.4 and 6.5 show the averaged species concentration at the nodes of
the lattice of Het. 1 and 3 for Ca2+, Na+, NaCl and CaOH+ in the z−direction
for characteristic Péclet numbers of Pe = 10 and 100 at t/t1 = 1. The selected
species highlight the presence of Ca+ due to the injection of a Na2CO3 solution
at the top, and Na+ due to the injection of a CaCl2 solution at the bottom.
The symmetry around the middle plane is marked by the production of NaCl
(aq), only possible with the combination of both solutions injected at the top
and bottom. The species CaCO3(aq) and Ca(HCO3)+ are omitted as their
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production and spatial distribution are similar to NaCl(aq). The production of
CaOH+ is controlled by the concentration of H+, making it more available at
the middle but also at the top where the H+ concentration is lower. An increase
of the Péclet number, reduces movement perpendicular to the flow direction by
diffusion, reducing then the effective production of NaCl(aq).

Figure 6.6 shows the average concentration of NaCl normal to the flow di-
rection for Pe = 10 and 100 at t/t1 = 1. As the system becomes more advective,
mixing becomes less efficient and the production of NaCl is reduced.

Figure 6.7 shows the change in the concentration of NaCl for Pe = 10 and
100 over normalized time and the departure from equilibrium concentration.
At early times the increase in the change in concentration is nearly constant
but then sharply reduces at late times. When analysing the change in concen-
tration over the departure from equilibrium concentration, the increase in the
change in concentration is weakly dependent on the concentration when far from
equilibrium.
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Figure 6.4: Averaged species concentration at the nodes of the lattice of Het.
1 for Ca2+, Na+, NaCl and CaOH+ in z−direction for Pe = 10 and 100 at
t/t1 = 1. Flow is from left to right with the injection of Na2CO3 solution at the
top and of CaCl2 solution at the bottom.
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Figure 6.5: Averaged species concentration at the nodes of the lattice of Het.
3 for Ca2+, Na+, NaCl and CaOH+ in z−direction for Pe = 10 and 100 at
t/t1 = 1. Flow is from left to right with the injection of Na2CO3 solution at the
top and of CaCl2 solution at the bottom.
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Figure 6.6: Average concentration of NaCl along the flow direction for Péclet
number of (a) Pe = 10 and (b) 100 at t/t1 = 1. As the system becomes more
advective, mixing becomes less efficient and the production of NaCl is reduced.
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constant but then sharply reduces. The increase in the change in concentration
is weakly dependent on the concentration when far from equilibrium.
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6.3 Fluid-Solid Reactive System

After showing the impact of physical heterogeneity on the mixing of different
species in section 6.2, we extend the previous model and incorporate changes
in porosity induced by dissolution of different minerals. The model consists of
randomly distributed calcite and dolomite at different ratios upon the injection
of hydrochloric acid, as described in section 6.3.1, with the sample properties
listed in table 6.1 and for Pe = 10 only. Next we show the impact of mineral
distribution in controlling the dissolution fronts in section 6.3.2.

6.3.1 Description of the Fluid-Solid CTRW Reactive
Transport Model

Reaction of calcite CaCO3 and dolomite CaMg(CO3)2 with a hydrochloric acid
HCl involves a combination of homogeneous and heterogeneous reactions. The
chemical equilibrium between hydrochloric acid and calcite leads to the produc-
tion of calcium chloride CaCl2 and is controlled by

CaCO3 + 2HCl −−⇀↽−− CaCl2 +CO2 +H2O, (6.3)

and the chemical equilibrium between hydrochloric acid and dolomite leads to
the production of magnesium chloride and calcium chloride, and is controlled
by

CaMg(CO3)2 +HCl −−⇀↽−− MgCl2 +CaCl2 +CO2 +H2O. (6.4)

Several intermediate chemical species are formed from the linear combination
of the elements Ca, Mg, C, H and O present in the reactions in equations (6.3)
and (6.4). Aqueous homogeneous reactions are generally faster than mineral
reactions, so are assumed to reach equilibrium instantaneously. The mineral
heterogeneous reactions are controlled by kinetics, and are much slower than
the aqueous reactions. At temperature T =50 ◦C and pressure p =10 MPa the
measured batch reaction rate for calcite is 8.1 × 10−4 mol m−2 s and for dolomite
is 5.1 × 10−5 mol m−2 s (Peng et al., 2015; Peng et al., 2016). This makes the
batch reaction rate of calcite nearly 15 times bigger than the reaction rate of
dolomite.

Figure 6.8 illustrates the conceptual representation of the fluid-solid reactive
system. Similarly to section 6.2, the reaction system composed of equations (6.3)
and (6.4) is solved at the nodes, and the injected and produced chemical species
are transported within the particles. The main difference is that the nodes of
our lattice now contain two phases: a solid and a liquid phase. This difference
is significant, since it takes into account the presence of a system with kinetics
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and equilibrium controlled reactions. The solid species are available to react
with the aqueous species, resulting in a reduction of the porosity of the node.

The total porosity change contribution of each mineral is obtained by the
change in the number moles of the minerals, or

∆φmineral = ∆nmineral
Mmineral
V ρmineral

, (6.5)

and the total change in the porosity is equal to the sum of the porosity changes
from the different minerals,

φtotal =

N∑
i=0

∆φi. (6.6)

We have to account for the changes in porosity, and we need to update
the pressure and velocity field accordingly. This is the main difference to the
algorithm in section 6.2.1. The steps in the algorithm are listed below:

1. Create the lattice with an initial distribution of porosity φ, permeability
K, calcite and dolomite fractions.

2. Solve the pressure field P in the lattice, calculate the local velocities vij
and local Péclet numbers Peij in the links.

3. Calculate the local probabilities of displacement pij (eq. 3.14) and the
local transit-time distribution ψij (eq. 3.12) in the links.

4. Sample a displacement direction ∆x from pij and transit-time ∆τ from
ψij for each particle.

5. Move the particle from the node i to the node j, if
∑

∆τm ≤ ∆t, where
m labels each particle transition. This is performed individually for each
particle.

6. Repeat steps 4 – 5 for all particles while
∑

∆τm ≤ ∆t. Each particle can
undergo several transitions in one time step before the pressure field is
updated.

7. Gather all the particles in the node i and collect the total amount of
aqueous species and solid species in it.

8. Solve the kinetic path in node i for the total amount of species in the time
interval [t, t+∆t].

9. Distribute the resulting species from the new state of node i back to the
particles in it.
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Figure 6.8: Conceptual representation of the fluid-solid reactive system. Par-
ticles might contain any distribution of species, but for simplicity this dia-
gram shows particles containing only theoretical mineral species A and aqueous
species B, that produces species C. (a) We start with a distribution of parti-
cles with theoretical aqueous species B and nodes with solid species A. (b) At
checkpoint times ∆t, each node behaves as a batch reactor, mixing and reacting
all available species in it. (c) The total porosity in the node is then updated
to reflect the dissolved species from the solid phase of the nodes to the aque-
ous species, and the resulting species in the aqueous phase are then distributed
among the particles contained in the node. (d) The model proceeds with the
particles transitions, when particles either leave with the produced species or
arrive with other species.
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10. Correct the porosity for the moles of the solid species lost in the solid and
now in the aqueous phase.

11. Repeat steps 7 – 9 for all the nodes in the lattice.

12. Update the pressure field P if the mean porosity change is higher than a
given threshold.

13. Repeat steps 2 – 12 until the end of the simulation.

At the end of each time step ∆t, we calculate the domain mean porosity
difference ∆φ and if it is smaller than a given precision ϵφ we continue, otherwise
the pressure field is re-calculated. We use ϵφ = 1× 10−4, as in chapter 4.

6.3.2 Dissolution of Mineral Heterogeneous Systems

To evaluate the impact of a heterogeneous mineral distribution, we randomly
distributed calcite and dolomite in the domain. There is no spatial correlation in
this distribution, minerals are randomly distributed in the domain such that the
ratio of calcite to dolomite is 3:1 and 1:3. For every node, we sample the calcite
volumetric fraction from a uniform distribution function and multiply it by a
volumetric fraction factor f , ccalcite ∼ f × U [0, 1], and we define the dolomite
volumetric fraction complementary to calcite fraction, as cdolomite = 1− ccalcite.
for our cases, f = 3/4 or 1/4, respectively for the 3:1 and 1:3 ratios of calcite
to dolomite.

Figure 6.9 shows the average molar concentration averaged perpendicular to
the flow in 3D lattice network which was the same as the most heterogeneous
Het. 3 domain in chapter 5. The local fluctuation in the mineral moles reflects
the local variation in porosity, that is not constant for the selected sample Het.
3.

We study a constant injection of HCl with pH = 4, where table 6.4 shows
the molar concentration of the injected species. Despite some of the species
initially being equal to zero, these species listed in table 6.4 are all transported
in the particles, used in the solver, and might be locally available at particular
nodes at particular times.

Figure 6.10 shows the dissolved surface front for the case studied. The
dissolution front in the case with the higher concentration of calcite (3:1 calcite
to dolomite ratio) reaches further into the domain, whereas for the case 1:3, the
lower reactivity of dolomite acts as a shield to the reactive front. Moreover,
in the case with the higher concentration of dolomite, the number of dissolved
channels is smaller than in the case with the lower dolomite concentration.

Figure 6.11 shows the porosity, and calcite and dolomite mean volumetric
fraction along the flow direction at the initial and final states. The fraction
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Figure 6.9: Molar concentrations of calcite and dolomite averaged perpendicular
to the flow in 3D lattice network having physical heterogeneity Het. 3. The
concentration of calcite and dolomite was randomly distributed over the domain
following a 3:1 and 1:3 ratio.

Table 6.4: Composition of the injected fluid (T = 25 ◦C, p = 1MPa) at the inlet
x = 0 m.

Species molm−3 Species molm−3

CO(aq) 0.00 HCO3
– 0.00

CO2(aq) 0.00 HCl(aq) 2.80 × 10−1

CO3
– – 0.00 HClO(aq) 0.00

Ca(HCO3)+ 0.00 HClO2(aq) 0.00
Ca++ 0.00 HO2

– 0.00
CaCO3(aq) 0.00 Mg(HCO3)+ 0.00
CaCl+ 0.00 Mg++ 0.00
CaCl2(aq) 0.00 MgCO3(aq) 0.00
CaOH+ 0.00 MgCl+ 0.00
Cl– 4.97 × 101 MgOH+ 0.00
ClO– 0.00 Na+ 0.00
ClO2

– 0.00 NaCl(aq) 0.00
ClO3

– 0.00 NaOH(aq) 0.00
ClO4

– 0.00 O2(aq) 0.00
H+ 4.97 × 101 OH– 3.03 × 10−9

H2(aq) 0.00 H2O(g) 0.00
H2O(l) 5.53 × 104 CO2(g) 0.00
H2O2(aq) 0.00
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Figure 6.10: Dissolution induced fluid-solid surfaces for both cases with the ratio
of the distribution of calcite to dolomite of (a) 3:1 and (b) 1:3. The dissolution
front in the case with the higher concentration of calcite reaches further, since
for the case (b), dolomite acts as a shield to the reactive front.

of calcite and dolomite is nearly constant along the sample, averaging at 0.60
and 0.20 respectively for the calcite vs. dolomite ratio of 3:1, and 0.20 and
0.60 respectively for the calcite vs. dolomite ratio of 1:3. For both cases, the
biggest increase in porosity occurs at the inlet, and hence this is mirrored in the
proportional decrease in calcite and dolomite volumetric fractions. The increase
in porosity is not limited to the inlet only, but propagates inside the sample,
more effectively for higher concentrations of calcite.

We assume that all different species in the solid phase are uniformly dis-
tributed in any given node and are available for reaction. The effective reaction
rate is then calculated for each individual node and mineral as

reff =
ρmineral
MmineralS

∆φmineral
∆t

, (6.7)

where ρ is the mineral density, M is the molar mass of the mineral, and S = VtσA

is the surface area estimated from the total volume of the simulation domain Vt
and the defined specific surface area σA.

From equations (6.5) and (6.7), we obtain that the individual effective reac-
tion rate for calcite and dolomite can be defined as

reff, calcite =
ρcalcite
McalciteS

∆φcalcite
∆t

, (6.8a)

reff, dolomite =
ρdolomite
MdolomiteS

∆φdolomite
∆t

. (6.8b)

Figure 6.12 shows the dynamic change in the effective reaction rates for
calcite and dolomite using equations (6.8a) and (6.8b), separately calculated
according to their proximity to the fast flowing channels and the slow regions.
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Figure 6.11: Porosity, calcite and dolomite mean volumetric fraction along the
flow direction at the initial state (dashed line) and the final state (continuous
line), for both cases with the ratio of the distribution of calcite to dolomite of
(a) 3:1 and (b) 1:3. For both cases the majority of the sample inlet is dissolved,
but more effectively in the case with the higher calcite content.
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The method for separation of fast channels and slow regions is reported in
appendix D. The effective reaction rates for calcite are consistently higher than
for dolomite, with the exception of the case with the higher content of dolomite
in the fast flowing channels. The effective reaction rates of calcite and dolomite
decrease with the dissolved channel formation since the reactant is now focused
in the fast regions thus decreasing calcite and dolomite exposure to reaction. In
the case with a calcite to dolomite ratio of 1:3, when the dominant dissolution
channel is formed the higher dolomite content in this fast flow region shields the
calcite so its effective reaction rate decreases even to the extent that becomes
slower than the effective rate of dolomite. This has been observed in the pore-
scale brine equilibrated CO2 dissolution of mixed mineralogy calcite/dolomite
sample with the ratio of 1:7 (Al-Khulaifi et al., 2019). Our findings are the first
confirmation of this phenomena at the continuum scale. These observations
imply that the effective reaction rate of calcite may be overestimated if the
impact of heterogeneity in the flow field and especially channel formation is
not taken into account. In general, figure 6.12 shows that the decrease in the
effective reaction rate for dolomite is slower than that of calcite. Furthermore,
all the effective reaction rates of calcite and dolomite are lower by 1 to 2 orders
of magnitude than the respective batch reaction rates for calcite and dolomite.
This is due to mass transfer limitations which result in slower reactions in the
porous media as compared to the ideal mixing conditions in the batch reactors
as discussed in chapters 4 and 5. Power-law scaling characterizing the evolution
of calcite and dolomite effective reaction rates including these in fast channels
and slow regions are shown in table 6.5.

Table 6.5: Power-law scaling a (t−a) for the effective reaction rate related to the
total mineral volume of the sample, the fast flowing channels and slow regions,
for both cases with the ratio of the distribution of calcite to dolomite of 3:1 and
1:3

calcite vs. dolomite 3:1 calcite vs. dolomite 1:3

calcite dolomite calcite dolomite

full sample 0.91 0.88 0.97 0.89
fast channels 0.71 0.76 0.98 0.94
slow regions 0.94 0.91 0.97 0.89

Another measure of the impact of coupled flow and mineral spatial distri-
bution heterogeneities is the proximity of a mineral to fast flow channels and
slow regions (Al-Khulaifi et al., 2019). We calculate the proximity function of
links to fast flow channels by separating the links in either fast or slow and cal-
cite or dolomite. The complete description is presented in appendix chapter D.
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Figure 6.12: Effective reaction rates related to the total mineral volume of the
sample, the fast flowing channels and slow regions, for both cases with the ratio
of the distribution of calcite to dolomite of (a) to (c) 3:1 and (d) to (f) 1:3.
At late times, in the case of calcite to dolomite ratio 1:3 the reaction rate of
dolomite in fast flowing channels is higher than that of calcite due to dolomite
shielding calcite from the reactant supply.
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The mineral distance proximity to fast flowing channels and slow regions are
displayed in figure 6.13. The calcite and dolomite distances from the fast flow
channels and slow regions become bigger for all studied cases. This is manifested
as the slowing down of the effective reaction rates of calcite and dolomite, as
previously shown in figure 6.12. It is also noted that the shape of the proximity
histograms are similar for calcite and dolomite – this is because of their random
distributions throughout the porous domains.
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Figure 6.13: Histograms showing the initial and the final proximity to the fast
flowing channels and to slow regions, for both cases with the ratio of the distri-
bution of calcite to dolomite of (a) to (d) 3:1 and (e) to (h) 1:3.
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6.4 Discussion

We previously showed in chapter 5 how flow and transport (physical) hetero-
geneity impacts the effective reaction rates. Analysing the batch reaction rates
for calcite and dolomite, the batch reaction rate for calcite is approximately
15 times higher than the batch reaction rate of dolomite. Furthermore, all the
effective reaction rates of calcite and dolomite are 1 to 2 order of magnitudes
lower than the respectively batch reaction rates. This is due to mass transfer
limitations in porous media compared to ideal mixing in batch reactors. The
effective reaction rates for calcite and dolomite decreased with time due to the
formation of a dominant dissolution channel which resulted in flow focusing of
the injected reactant and its lower availability throughout the sample volume.
In some cases, where dolomite is more abundant in the sample than calcite,
this can lead to an effective reaction rate of calcite in the fast flow regions be-
coming smaller to that of dolomite. Al-Khulaifi et al. (2019) obtained a similar
behaviour by experimentally studying a limestone dissolution at the pore scale
albeit with difference in the ratio of calcite to dolomite (1:7). In their studies,
the appearance of a main dissolution channel hindered the dissolution of calcite
when compared to dolomite which acted as a shield to the calcite reaction.

6.5 Conclusions

In this chapter we showed how to use our newly developed multi-species reactive
transport solver to study the impact of physical and chemical heterogeneity
both in a fluid-fluid reactive system, and a fluid-solid reactive system. We
achieved this by extending the reactive transport solver, presented previously
in section 4.5.2 of the chapter 4 and section 5.1 of the chapter 5, to include a
geochemical solver developed in (Leal, 2014; Leal et al., 2014; Leal et al., 2015).

We started by presenting the multi-species fluid-fluid reactive system formed
by sodium carbonate and calcium chloride that leads to the production of
sodium chloride and calcium carbonate. This model did not consider changes
in porosity by dissolution or precipitation. Examining two porous media with
different flow heterogeneity (Het. 1 and Het. 3 as defined in chapter 5) at Pe
= 10 and 100, we showed that an increase in physical heterogeneity increases
the mixing of species and therefore chemical reaction. The width of the prod-
uct creation zone was narrower for the higher Pe as there was less mixing by
diffusion.

Next, we studied dissolution in a multi-species fluid-solid reactive system
arising from the injection of hydrochloric acid in samples with different min-
eralogical content of randomly distributed calcite and dolomite. We showed
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how the emerging dissolution front changes with the different ratio of calcite to
dolomite in the sample. The higher the content in calcite, the further the disso-
lution channels travels along the flow direction. Dolomite, as a slower reacting
mineral, shields the propagation of the dissolution front.

Finally, we showed the effective reaction rates for different minerals in rela-
tion to flow heterogeneity, namely fast channels and slow regions. We found that
flow focusing due to developed dissolution channels leads to a decrease in the
effective reaction rates of calcite and dolomite with time. If the lower reacting
mineral (dolomite) is more abundant than the higher reacting mineral (calcite)
we observed the effect of shielding, or preventing the contact of higher reactive
mineral with fluid reactant. This can lead to the effective reaction rates being
lower than anticipated based purely on the mineralogical content of the sample.
Hence, it is highly important to consider the evolution of both physical (fast
channels and slow regions) and chemical (proximity of minerals to fast and slow
regions) heterogeneity to be able to systematically characterize the dynamics of
reactive transport in porous media.

142



CHAPTER 7
Conclusions and Future

Work

7.1 Conclusions

In this thesis we have developed a novel method for modelling reactive transport
in porous media using Continuous Time Random Walk (CTRW). This work
comes as a natural extension of the work on modelling transport in porous
media by CTRW presented by Rhodes et al. (2008) and Muljadi et al. (2018).
We considered transport and reaction for samples of size 0.15 m over time-scales
of 105 - 106 s.

In chapter 3 we described the CTRW model responsible for the transport
component of our solver that is later used in chapters 4 to 6 for modelling
and validation of dissolution in porous media. We showed how we use the
flow and diffusion properties in the nodes and links of a lattice to construct
transit-time distributions and probabilities of spatial transitions to calculate
particle transport. The asymptotic macroscopic transport parameters obtained
reproduced both sub- and super-diffusive regimes.

We then proceed to incorporate a single-species reaction system in our model
in chapter 4. Each particle carries a given number of moles of chemical species
and as it transits through the lattice. The particles also act to dissolve the
solid and increase the porosity. We used Nuclear Magnetic Resonance (NMR)
experimental data from a Ketton limestone dissolution experiment, including
molecular propagators continuously obtained throughout the experiment, and
3D NMR porosity maps at the start and end of the experiment. The NMR
data was obtained at the Magnetic Resonance Research Centre (MRRC) at the
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University of Cambridge through a collaborative project and used to validate
the CTRW reactive model, from an initial state calibrated from the experiments.
The effective reaction rates from the experiment on a limestone dissolution were
in a good agreement with our reactive transport model. They were up to three
orders of magnitude lower than the batch reaction rate of calcite which further
demonstrated the crucial role of mass transfer limitations controlling reaction
rates in porous media.

Having validated the reactive transport model, we systematically demon-
strate the impact of initial physical heterogeneity and transport conditions on
reaction rates in chapter 5. We showed that it is possible to model unresolved
physical heterogeneity with a truncated power-law function for the transit-time
distribution containing a transport heterogeneity parameter β. For the three
physical heterogeneities resembling a beadpack, a homogeneous carbonate and
a highly heterogeneous carbonate we observed persistence of non-Fickian trans-
port describing incomplete mixing even at late times with an anomalous t−a

time dependence of reaction rate with a > 0.5. At lower Pe the rates were
controlled by the impact of mixing by diffusion. The impact of heterogeneity
was also observed at early-times for high Péclet numbers due to enhanced ad-
vective mixing for the most heterogeneous media. As observed experimentally,
in a highly heterogeneous medium we do not observe uniform dissolution; rather
preferential channels form that lead to very restricted mixing.

Finally we extended the CTRW reactive solver to model multi-species fluid-
fluid and fluid-solid reactive systems. Here the particles could contain an ar-
bitrary composition, allowing many chemical species to be tracked. A flexible
geochemical solver was applied at each node in the lattice at each time step
to update the concentration of both fluid and solid species. We assumed that
fluid-fluid reactions were instantaneous, but considered rate-limited dissolution.
This enabled the study of heterogeneous samples with a spatial distribution of
different minerals. We first showed how physical heterogeneity increases the
mixing in a fluid-fluid reactive system. For fluid-solid multi-species reaction
we studied the impact of coupled physical and chemical heterogeneity on HCl
induced dissolution of a rock that is a mix of calcite and dolomite. Then we
demonstrated how different mineral content and spatial distribution of miner-
als impact the dissolution front and effective reaction rates. We observed a
monotonous decrease in the effective reaction rates of calcite and dolomite as
a consequence of the development of a dominant dissolution channel. We then
showed how the flow focusing in the dominant channel results in the decreased
availability of injected reactant for reaction with minerals that become situated
at a distance further from the fast flow regions. This decreased availability of
minerals for the reaction is very important since it can lead to lower than an-
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ticipated effective reaction rates that are estimated only from the mineralogical
content. Therefore mineralogical content, spatial distribution of minerals and
proximity of minerals to the fast flow regions should all be taken into account
when predicting the effective reaction rates.

7.2 Suggestions for Future work

Some interesting points, observations and assumptions were made during the
development of the models in this thesis, but unfortunately were not possible
to be addressed fully herein. In this chapter we propose subsequent topics and
steps to be considered in the future, focussing on how to improve the reactive
transport model and a multi-scale model proposal.

7.2.1 Reactive Transport Modelling

Our basic assumption about the reactive transport is that we can successfully
separate it from the transport component. Transport is then modelled using a
practical relation that includes under-resolved heterogeneity below the scale of
our model and reactions are included using kinetic rate laws. It is only natural
to extend the chemical reaction model to include under-resolved heterogeneities
as well. To improve the predictability of our model, it is interesting to explore
other approaches to include upscaled reactive equations. Bolster et al. (2017)
proposes a modification for the reaction term to include a memory function
instead of the naive inclusion of the first-order reactive term. This is applied
using a different approach, the time-fractional dispersion equation (Schumer et
al., 2003). Aquino and Dentz (2017) suggested the use of CTRW to model the
general waiting-times between reactions.

When including the multi-species chemical solver, it became the bottleneck
of the simulation, in that it was the most time consuming step in the algorithm.
The framework originally developed by Gillespie (1976) was later approximated
to allow for larger steps with a given accuracy in Gillespie (2001), and is a
perhaps a good starting point to study simplifications to the chemical solver.

The use of a particle that transports different species is an approximation
that needs to be further explored. Additional attention should be given when
averaging the molecular diffusion coefficient using the concentration of a species
in a particle versus the drawback of having additional particles per species, and
each using the correct molecular diffusion coefficient. The molecular diffusion
coefficient was considered constant, but it depends on the temperature of the
system, as well as the chemical species, which should be taken in account when
modelling reactive systems.
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Finally we limited our model to study dissolution of porous media. With
the current framework, it is straight forward to include precipitation, and even
adsorption, and this will be the subject of future studies.

7.2.2 Multi-scale Modelling

Obtaining a complete description from pore-scale to field-scale is a challenging
task. However experimental and modelling studies at pore- and core-scales are
widely available.

Rhodes et al. (2008) proposed a workflow using CTRW from pore-to-field
scales that can be used as a starting point. Bijeljic et al. (2011), Bijeljic et
al. (2013a), and Bijeljic et al. (2013b) showed emergent non-Fickian transport
signatures at the pore-scale that can be used to describe flow and transport
at larger scales. Each link conceptually consists of several different pore-scale
domains like the ones shown in previous work could be included forming a
different ψ distribution in the links. This concept is illustrated in figure 7.1.

pore-scale

core-scale

Figure 7.1: Idealized graph upscale from pore-scale to core-scale. The motiva-
tion behind this approach is to model a core-scale domain as if it is composed
of several different pore-scale models, each being enough to describe the length-
scale of a link in the core-scale. The naming of pore and core-scale is simply
to relate to the problems described herein; the same idea can be implemented
from any fine to coarser models.

Observing the breakthrough curves of a tracer at incrementally larger regions
can potentially be used to characterize the sample with distinct tensors using
different transit-time models. To illustrate this concept, figure 7.2 shows 2 steps
of upscaling from a given original scale. At each face Γ of the subdomain Ω we
can observe the breakthrough of particles and describe it accordingly. The
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truncated power-law model is not necessarily needed. Other models such as
the Multirate Mass Transfer (MRMT) can be employed to describe advection
and diffusion in mobile-immobile regions as shown by Dentz and Berkowitz
(2003) and Comolli et al. (2016) and more recently by Kurotori et al. (2019)
and Kurotori et al. (2020).

original scale

1× scaled-up

2× scaled-up

Γi

∫
Γ
v · ndΓ

Ωi

Figure 7.2: Upscaling concept from a given original scale to two upscaling steps
up. At each face Γ of the subdomain Ω we can observe the breakthrough of
particles and characterize it accordingly.

The use of a single β for the whole domain is an assumption of the model
to account for under-resolved heterogeneities at a node and link scale. The
observations of a different emergent β at a larger scale shows how dissolution
impacts the domain heterogeneity. The use of a distribution of spatially varying
β is of interest to account for the sample variability and the temporal variation
of β for the local changes in the properties of the links. Values of β > 2 resem-
bles Fickian transport with very few space and time transitions, so naturally an
adoption of an Advective-Dispersion Equation (ADE) model is justified. More-
over, regions where permeability is extremely high or already resolved at the
scale of the link could be considered another description as Brinkman or Stokes
flow models.

Enriching the parameter space can be done based on the work of Bauer et al.
(2012) with a dual pore network and Bultreys et al. (2015) connecting regions
via under-resolved micro-porosity. This process is illustrated in figure 7.3a, by
fitting a single truncated power-law function for the ψ transit-time distribution
to the sample heterogeneity 3 (described in chapter 5) by simultaneously fitting
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two different ADE for the ψ transit-time distribution of the same sample.
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(a) Distribution of particle time to
breakthrough the model and the best-
fit CTRW model.
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(b) Concept to generate a composite ψ
function by combining two different ψ
ADE functions.

Figure 7.3: Different ψ fits using a truncated power-law function for ψ and a
composite ADE combining two different distributions. There is a high degree of
error at larger times and the model fails to perform as well as expected, when
using a single ψ function. Using of a composite ψ intends for better adjustment
of the transit-time distribution, specially for the particles arriving at late times.

Overall there is an opportunity to use the concepts developed in this thesis to
construct a pore-to-field reactive transport framework to account for behaviour
over a wide range of temporal and spatial scales, while accounting for multi-
species transport. The models could aid in the design and interpretation of
many reactive transport problems.
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APPENDIX A
CTRW Solutions Using

Numerical Laplace
Inversion

We demonstrate the analytical solutions for the first and second spatial mo-
ments, or the mean velocity and dispersion coefficient, of the used Continuous
Time Random Walk (CTRW) model present in Dentz et al. (2004) and used in
section 3.2 to estimate the particle number effect and the asymptotic behaviour
of the spatial moments of the plume formed by the particles. Additionally, we
show the comparison between the Laplace Transform Inversion method devel-
oped by Hoog et al. (1982), adopted in the thesis, and the method developed
by Stehfest (1970), used in Cortis and Berkowitz (2004).

A.1 Centre of Mass Velocity and Dispersion
Coefficients

The centre of mass velocity and the dispersion coefficients are derived from the
first, m1

i (t), and second m2
ij (t), spatial moments of P (x, t).

Using the definition of memory function as

M̃ (u) ≡ ut1ψ̃ (u)(
1− ˜ψ (u)

) , (A.1)
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with the Laplace transform of ψ (t) defined as

ψ̃ (u) = (1 + τ2ut1)
β
exp t1uΓ

(
−β, τ−1

2 + t1u
)
/Γ

(
−β, τ−1

2

)
, (A.2)

we can obtain the Laplace Transform of the first and second spatial moments

L
{
m

(1)
i (t)

}
= δi1vu

−2M̃ (u) , (A.3a)

L
{
m

(2)
ii (t)

}
= 2Diiu

−2M̃ (u) + δi12v
2u−3

(
M̃ (u)

)2

(A.3b)

At late times, when t → ∞, transport behaves as Fickian and the solute is
characterized by constant centre of mass velocity and dispersion coefficients,

vmi = δi1
t1
t̄

(A.4a)

Dm
ii =

t1
t̄
+ δi1

s̄i
2

s̄2i

(
t̄2 − 2t̄2

)
t̄3

m. (A.4b)

A.2 Resident Concentration

Using the equation and simplification from Cortis and Berkowitz (2004),

c̃ (u, x) =
1

u

2z exp
(

1
2αψ

+ z
2

)
z (ez + 1) + α−1

ψ (ez − 1) + 2u
M̃vψ

(ez − 1)
(A.5)

where

z =
1

αψ

√
1 +

4uαψ

M̃vψ
. (A.6)

and using the approximation for large Péclet number (Pe),

c̃ (u, x) =
1

u
exp

(
1

2αψ
− z

2

)
(A.7)

A.3 Numerical Laplace Transform Inversion

The Laplace Transform of a function f (t) is defined as

L {f (t)} = F (s) =

∫ ∞

0

f (t) e−stdt, (A.8)

and the Laplace Transform Inversion of F (s) is similarly defined as

L −1 {F (s)} = f (t) =

∫ γ+i∞

γ−i∞

F (s)

2πi
estds. (A.9)
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The Laplace Transform or the inverse of some functions are straightforward
to calculate and are generally tabulated Schiff (1999). However not all functions
in the Laplace domain can be inverted back to the time domain analytically,
requiring the use of numerical techniques.

The numerical Laplace Transform Inversion L −1 of a function F (s) was
approximated by Gaver (1966) and Stehfest (1970) using the following relation

f (t) ≈ ln 2

t

n∑
i=1

ViF

(
i
ln 2

t

)
, (A.10)

where Vi is given by

Vi = (−1)
i+n

2

min
(
i,n2

)∑
k= i+1

2

k
n
2 +1 (2k)!(

n
2 − k

)
!k! (k − 1)! (i− k)! (2k − i)!

. (A.11)

The values for Vi obtained by equation (A.11) and are generally calculated
a priori and tabulated for convenience and to increase algorithms run-time
efficiency. The first 18 values of Vi are displayed in table A.1 with 8 digits
precision.

Table A.1: First 18 coefficients shown with 12 digits precision. The columns runs
faster than the rows, such that the elements in the table read as ai = arow,col,
e.g. the first and second elements are a1 = a1,1 = 4.9× 10−5 and a2 = a1,2 =
−6.0× 10−1.

ai0 ai1 ai2

a0j 4.960 317 460 317 × 10−5 −6.095 734 126 984 × 10−1 2.745 940 476 190 × 102

a1j −2.630 695 674 603 × 104 9.572 572 013 889 × 105 −1.735 869 484 583 × 107

a2j 1.824 212 226 472 × 108 −1.218 533 288 309 × 109 5.491 680 025 283 × 109

a3j −1.736 213 111 521 × 1010 3.945 509 690 353 × 1010 −6.526 651 698 518 × 1010

a4j 7.873 006 832 822 × 1010 −6.855 644 419 612 × 1010 4.198 434 347 505 × 1010

a5j −1.716 093 471 184 × 1010 4.204 550 039 103 × 109 −4.671 722 265 670 × 108

The common intuition concludes that the accuracy of equation (A.10) in-
creases with n→ ∞, however Stehfest (1970) notes that round-off errors worsen
with n and suggests that an optimal value of n = 18 suffices for double precision
arithmetic.

To illustrate the behaviour of both numerical Laplace Transform Inversion
algorithms, figure A.1 shows the evolution of the error. The error of both
methods evolve similarly, but Hoog et al. (1982) shows smaller error, or higher
numerical precision.
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Table A.2: Comparison between the numerical Laplace Transform Inversion
using the algorithms developed by Stehfest (1970) and Hoog et al. (1982) for
f (t) = et and 1 ≥ t ≤ 10, ϵ represents the error between the analytical function
and the numerical Laplace Transform Inversion algorithms.

Gaver (1966) and Stehfest (1970) Hoog et al. (1982)
t f (t) L −1 {F (s)} ϵ L −1 {F (s)} ϵ

1.0 3.68 × 10−1 3.68 × 10−1 2.09 × 10−6 3.68 × 10−1 1.73 × 10−12

2.0 1.35 × 10−1 1.35 × 10−1 1.07 × 10−6 1.35 × 10−2 7.69 × 10−12

3.0 4.98 × 10−2 4.98 × 10−2 2.78 × 10−6 4.98 × 10−2 4.99 × 10−12

4.0 1.83 × 10−2 1.83 × 10−2 1.09 × 10−4 1.83 × 10−2 3.04 × 10−11

5.0 6.74 × 10−3 6.73 × 10−3 4.53 × 10−4 6.74 × 10−3 1.72 × 10−9

6.0 2.48 × 10−3 2.48 × 10−3 2.94 × 10−4 2.48 × 10−3 2.51 × 10−10

7.0 9.12 × 10−4 9.15 × 10−4 3.69 × 10−3 9.12 × 10−4 5.05 × 10−11

8.0 3.35 × 10−4 3.40 × 10−4 1.43 × 10−2 3.35 × 10−4 1.44 × 10−9

9.0 1.23 × 10−4 1.29 × 10−4 4.51 × 10−2 1.23 × 10−4 6.17 × 10−9

10.0 4.54 × 10−5 5.05 × 10−5 1.12 × 10−1 4.54 × 10−5 4.43 × 10−8
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Figure A.1: Comparison between (a) the numerical Laplace Transform Inversion
algorithms of Gaver (1966) and Stehfest (1970) and Hoog et al. (1982) and the
analytical solution of the function f (t) = et (b) and the error between the
analytical solution and the numerical methods.
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APPENDIX B
Procedure to Generate

Heterogeneous Domains

The 3D samples Het. 1, 2 and 3 used in chapters 5 and 6 are constructed using
a simple procedure detailed below, and illustrated using a 2D representation of
the image and lattice in figure B.1.

1. Create a 3D image with Nx = 150 and Ny = Nz = 50 grid cells.

(a) Create a normally distributed porosity field with mean ⟨φbg⟩ = 0.3

and standard deviation σφbg = 0.1.

(b) Uniformly distribute solid spheres with centres (xc, yc, zc) and with
normally distributed radius with mean ⟨r3⟩ = 1.5× 10−3 m, ⟨r2⟩ =

3.0× 10−3 m and ⟨r3⟩ = 4.5× 10−3 m and standard deviation σr1 =

σr2 = σr3 = 0.2.

(c) For all solid spheres, anywhere (x−xc)
2 +(y− yc)

2 +(z− zc)
2 < r2,

the porosity in the grid cell of the image becomes φ = 0.

2. Create a regular lattice nodes coincident with the 3D grid cell centres.

(a) Populate the porosity of the nodes with the porosity from the 3D
image.
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Appendix B. Procedure to Generate Heterogeneous Domains

(a) background porosity

(xc, yc)
r

(b) sampling sphere

(d) original lattice

φ ≈ 0

(c) remove porosity

(e) removed porosity (f) mapped porosity

Figure B.1: Illustration of the procedure to create the samples Het. 1, 2 and
3. We start with (a) a 3D image with background porosity, (b) sample the
radius and centres of several solid spheres, (c) use it to remove porosity from the
background porosity image, (d) the original lattice with nodes centres coincident
with the 3D image cell centres, (e) the highlighted nodes that will be modified,
and finally (d) the lattice with the porosity of the nodes mapped from the 3D
image with the removed porosity.
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APPENDIX C
Evolution of the Dissolution

Patterns

We showed the porosity dissolution of Het. 1, 2 and 3 at fixed normalized times
t/t1 = 1 for Pe = 20 and t/t1 = 10 for Pe = 200 and 2000 in figure 5.10. In this
appendix we show the detailed porosity dissolution evolution of Het. 1, 2 and
3 with a constant β = 1.8 in figures C.1 to C.3 and the comparison for Het. 2
with β = 1.2 and Het. 3 with β = 0.6 in figures C.4 to C.6. We selected the
porosity dissolution snapshots at t/t1 = [1, 2, . . . , 10] for all figures.
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Figure C.1: Porosity dissolution of Het. 1, 2 and 3 with β = 1.8 at t/t1 = 1 to
10 and Péclet number Pe = 20.
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Figure C.2: Porosity dissolution of Het. 1, 2 and 3 with β = 1.8 at t/t1 = 1 to
10 and Péclet number Pe = 200.
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Figure C.3: Porosity dissolution of Het. 1, 2 and 3 with β = 1.8 at t/t1 = 1 to
10 and Péclet number Pe = 2000.
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Figure C.4: Comparison of the porosity dissolution of Het. 2 with β = 1.8 and
1.2 and Het. 3 with β = 1.8 and 0.6 at t/t1 = 1 to 10 and Péclet number
Pe = 20. We omit the results of Het. 1 because there are no differences in the
transport parameter β.
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Figure C.5: Comparison of the porosity dissolution of Het. 2 with β = 1.8 and
1.2 and Het. 3 with β = 1.8 and 0.6 at t/t1 = 1 to 10 and Péclet number
Pe = 200. We omit the results of Het. 1 because there are no differences in the
transport parameter β.
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Figure C.6: Comparison of the porosity dissolution of Het. 2 with β = 1.8 and
1.2 and Het. 3 with β = 1.8 and 0.6 at t/t1 = 1 to 10 and Péclet number
Pe = 2000. We omit the results of Het. 1 because there are no differences in
the transport parameter β.
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APPENDIX D
Procedure to Calculate

Histograms of Proximities

To construct the histogram of the proximity distances to fast flow channels and
slow regions in figure 6.13 we use the procedure illustrated in figure D.1:

1. Create the PDF and CDF of the normalized velocity distribution vx/⟨vx⟩.

2. Find the value velocity cut-off at which the CDF ≥ 0.75.

(a) Use the velocity cut-off to separate the links in fast or slow.

(b) Identify the closest nodes to the center-line of the fast flow channels.

(c) Identify the closest nodes to the boundary of the fast flow channels
region.

Next, we identify the links accordingly to their mineral content, such that
we can separate the links in further classes:

1. Interpolate the mineral molar concentrations to the links.

2. Find the links where ccalcite > 0.5.

3. Use the calcite concentration cut-off to separate the calcite rich links from
the dolomite rich links.

Finally, we calculate the Euclidean distance functions for both calcite and
dolomite rich links belonging to each region differently:

1. For the links in the fast flow channels:
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Appendix D. Procedure to Calculate Histograms of Proximities

(a) Calculate the Euclidean distance from the links to the closest nodes
in the center-line of the fast flow channel.

2. For the links outside the fast flow channels:

(a) Calculate the Euclidean distance from the links to the closest bound-
ary of the fast flow channels.

With these two index mappings, we separate the links in either belonging to
fast channels or slow regions and in either calcite or dolomite rich, and construct
the histogram of proximity to fast flow channels displayed in figure 6.13.
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Figure D.1: Probability density function and cumulative distribution function
of the velocity. The vertical line shows the cut-off at 0.75 of the CDF, and all
velocities above this value are selected to locate the fast flow channels.
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