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Abstract

In recent years, a significant increase of interest can be observed regarding the analysis of

objects with inherently complex morphological structures. This is especially true in the fields

of biomedical imaging and computer vision, where the advent of new three-dimensional (3D)

data capturing technologies has enabled the relatively low-cost acquisition of detailed models

representing the boundaries of physical and biological structures, such as cardiac, brain and

facial surfaces. Within this framework, of large importance is the development of methodologies

tailored for statistical analysis and predictive modeling with complex objects being either the

input or the response variables.

In this thesis, we are concerned with aspects pertaining both the manipulation of complex

surface objects, so as to enable their statistical analysis, as well as the construction of predictive

methodologies that are suited to such data, and take advantage of the additional morphological

structure to improve prediction accuracy. In more detail, we first concentrate on the problem

of establishing dense point correspondence on collections of similar 3D polyhedral surfaces.

This annotation is a prerequisite for any type of further data analysis. By considering these

polyhedral objects as approximations of two-dimensional non-linear surfaces, a.k.a. manifolds,

we are able to present a methodology for the automatic and dense point annotation, that can

be accurately and efficiently employed on large datasets. We apply our algorithm on a detailed

heritability and genome association study of the human face shape.

Subsequently, we deal with the problem of using morphological data, extracted from surface

objects, as inputs for regression analysis. In particular, we extend our previous algorithm for

point correspondence to the regression setting, by incorporating an adaptive procedure that

identifies and annotates more densely subregions within the surfaces that are highly predictive

of a related response variable. This procedure leads to significant improvements in prediction

accuracy, as evaluated on an application of age prediction from facial surfaces.

Finally, we consider the opposite scenario of predictive modeling with complex objects consti-

tuting the responses. We identify as main problem the fact that the response space can no longer

be considered Euclidean. To solve this, we construct a non-parametric regression methodology

for manifold-valued objects. The method is versatile and can be applied in cases where the

response space is a well-defined manifold, but also when such knowledge is not available. Model
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fitting and prediction phases only require the definition of a suitable distance function on the

response space. We apply our method in a variety of image completion problems, as well as

the prediction of human faces from genotypic data.

Construction of suitable regression algorithms is necessary here, since most methodologies can-

not deal with the issue of non-linearity in the response space. Existing manifold regression

methods either require the rigorous definition of the underlying manifold or make use of kernel

functions to implicitly project the responses on a very high-dimensional vectorial space, where

standard regression methods can be applied. In the first case though, applicability is restricted

to only very limited types of data, while in the second case, the issue of predicting on the

response space can not be tackled easily or efficiently.

We present a non-parametric predictive methodology for manifold-valued objects, based on our

previous work on distance-based Random Forest [153]. Predictions are made through a two-step

approach, where we first find a point estimate on a Euclidean embedding of the responses, and

then project that point back to the original space to acquire the manifold-valued prediction.

The methodology can readily handle various types of data objects, since its only requirement is

the definition of a meaningful distance function for the responses. Our predictive method was

shown to outperform a number of different regression methods on various problems of image

completion.
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Chapter 1

Introduction

1.1 Challenges in the Analysis of Surfaces and Manifold-

Valued Data Objects

A continuously increasing array of biomedical and computer vision applications nowadays re-

quire the modeling and analysis of complex data objects, such as 3D polyhedral surfaces. Chal-

lenges can be identified with regards to data manipulation and processing, where the goal is to

enable statistical data analysis, as well as the appropriate use of complex data for regression

and predictive purposes. In this work, we concentrate, in particular, to three such challenges,

outlined here.

The first challenge is the automatic annotation of corresponding points on sets of polyhedral

surfaces (see Fig. 1.1 (a)). The increased availability of large collections of 3D data is making

the use of semi of fully automated point correspondence methodologies nearly a necessity,

since manual positioning of points in such scenarios is extremely time consuming and possibly

inconsistent. A separate but related issue, concerns the ability to cover the surfaces densely

and consistently with large sets of points, even in regions with no prominent morphological

structure, which is also problematic in the case of manual annotation. A number of different

approaches for point correspondence have already been presented in the literature, but can

1
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still suffer from one or more of the following issues; dependence on some form of manual

annotation, bias towards a template or mean surface, computational cost and non-scalability

to large datasets, low landmarking accuracy.

Figure 1.1: The challenge of computing dense point correspondence on a collection of surfaces.
(a) With the advent of high-resolution, high-throughout 3D imaging technologies, automatic
identification of dense correspondences between surfaces has become essentially necessary, if it
is to capture coherently the rich morphological information of the data and use it for statistical
analysis. (b) In the particular case of using morphological data to predict associated measure-
ments, an extra challenge is how to distribute points on the surfaces, in order to achieve the
best prediction performance.

The second challenge is related to the use of morphological surface data for prediction of

response measurements associated with these surfaces. As mentioned previously, to enable

regression analysis, surfaces must first be annotated with points corresponding to equivalent

positions across the different observations. The common approach so far has been to disregard

any additional information, which can be suboptimal in terms of predictive performance. A

regression-guided positioning of points can capture better the relevant structural information

and improve a regression model’s predictive power (see Fig. 1.1 (b)). To our knowledge, this

problem has not been tackled previously in the literature.

Finally, the third challenge we identify is the prediction of complex, manifold-valued responses.

Such objects do not comply to the assumptions of Euclidean geometry and can occupy non-

linear spaces (see Fig. 1.2). Construction of suitable regression algorithms is necessary here,
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since most methodologies cannot deal with the issue of non-linearity in the response space.

Existing manifold regression methods either require the rigorous definition of the underlying

manifold or make use of kernel functions to implicitly project the responses on a very high-

dimensional vectorial space, where standard regression methods can be applied. In the first

case though, applicability is restricted to only very limited types of data, while in the second

case, the issue of predicting on the response space can not be tackled easily or efficiently.

Figure 1.2: The challenge of predicting manifold-valued objects. A wide variety of data objects
do not comply to the assumptions of Euclidean geometry. In order to create predictive models
for such objects, it is necessary to take into consideration the constraints imposed by the shape
of the response space.

Detailed background information on the aforementioned problems is presented respectively in

Chapters 3, 4 and 5 where we further motivate and present our work.

1.2 Summary of Contributions

1.2.1 Geodesic Correspondence Sampling for Ensembles of Polyhe-

dral Surfaces

In Chapter 3 we concentrate on the challenge of dense point correspondence and propose

GESSA, a Geodesic Ensemble Surface Sampling Algorithm for the automatic and dense anno-
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tation of collections of polyhedral surfaces. Our main contribution lies in the use of a kernel

density estimator and a suitable gradient descent algorithm that employ geodesic distances and

length minimizing paths between surface points to achieve, in an accurate and efficient way, a

uniform distribution of points across the complete surfaces. We applied GESSA on a novel large

scale heritability study of the human face, using as descriptors of shape various curvature traits.

We were thus able to present, for the first time, detailed facial heritability maps. A website was

created to present the results of the application at http://heritabilitymaps.info/. An ar-

ticle describing the GESSA methodology and the heritability application has been accepted for

publication at Scientific Reports. A preprint is available at https://arxiv.org/abs/1608.08199.

1.2.2 Regression-driven Adaptive Sampling for Ensembles of Poly-

hedral Surfaces

In Chapter 4, we extend GESSA to allow non-uniform distribution of corresponding points

based on, possibly unrelated to surface morphology, feature measurements, associated with

the polyhedral surfaces. This is achieved by the use of an adaptive kernel density estimator

with different weights assigned to each surface point. These weights are determined through a

Random Forest model, which computes a variable ranking of individual point traits, based on

their ability to predict the associated surface feature. To our knowledge, this is the first time

that a regression-driven correspondence approach is presented in the literature. We apply this

methodology on the prediction of age from morphological facial traits and show that predictive

performance is enhanced, compared to a setting where uniform annotation of points is employed.

A manuscript describing this work is currently under preparation.

1.2.3 Non-parametric Predictive Methodology for Manifold-Valued

Responses

In Chapter 5, we present a non-parametric predictive methodology for manifold-valued ob-

jects, based on our previous work on distance-based Random Forest [153]. Predictions are
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made through a two-step approach, where we first find a point estimate on a Euclidean em-

bedding of the responses, and then project that point back to the original space to acquire

the manifold-valued prediction. The methodology can readily handle various types of data

objects, since its only requirement is the definition of a meaningful distance function for the

responses. Our predictive method was shown to outperform a number of different regression

methods on various problems of image completion. An article describing this work is cur-

rently under review for publication in Pattern Recognition Letters. A preprint can be found at

https://arxiv.org/abs/1701.08381.

1.3 Thesis Structure

Chapter 2 includes a description of methods and mathematical constructions that are em-

ployed during the course of this work. In particular, we first present an overview of differential

geometry on manifolds, followed by a description of polyhedral surfaces as approximations of

two-dimensional manifolds. Subsequently, we introduce the Random Forest Regression method.

Finally, the Manifold Learning techniques of Multi-Dimensional Scaling and ISOMAP are de-

scribed. In Chapters 3, 4 and 5, we introduce, motivate, and formally define the three problems

that constitute the main body of this thesis. In each of these Chapters, we subsequently de-

scribe our proposed methods for solving the problems and present related simulation and/or

application studies that were performed to validate and illustrate our work. Finally, in Chapter

6, we conclude this thesis by providing a summary of our achievements and presenting directions

for future work.



Chapter 2

Background Material

In this Chapter we present some necessary background material that is employed during the

course of this work.

2.1 Differential Geometry on Manifolds

The notion of manifold permeates the complete length of this thesis. A manifold can be

intuitively understood as a surface that locally resembles the Euclidean plane but has a different

global structure. In chapter 3, we are going to present a dense point correspondence algorithm

for ensembles of polyhedral surfaces, which can be considered approximations of manifolds,

while in chapter 5, we are going to introduce a regression methodology for responses on manifold

spaces. In the following, we present some necessary definitions and important results regarding

differential geometry on manifolds, that are employed in this work. A manifold is formally

defined as follows:

Definition 2.1 ([134]). A subset M ⊂ IRq is called a smooth m-dimensional manifold, or

m-manifold, if every point yM ∈ M has an open neighborhood U ⊂ IRq such that U ∩M is

diffeomorphic to an open subset in IRm.

It is possible to extend the notion of a vector from the Euclidean to the Manifold setting.

6
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Definition 2.2 ([134]). Let M⊂ IRq be a smooth m-manifold and a point yM ∈M. A vector

uT ∈ IRq is called a tangent vector of M at yM, if there is a smooth curve γM : IR→M such

that γM(0) = yM , γ̇M(0) = uT , where γ̇M denotes the derivative of γM.

The set of all tangent vectors of M at point yM, {γ̇M(0)|γM is smooth, γM(0) = yM}, is called

the tangent space of M at point yM and is denoted by TyMM.

In section 3.3.2, we will show that the gradient of a function defined on a manifold belongs to

the tangent bundle - the set of all tangent spaces - of that manifold.

We turn our attention to the concept of minimizing curves between points on the manifold,

which allows the definition of a manifold distance metric.

Definition 2.3 ([134]). Let M ⊂ IRq be a connected smooth m-manifold. For yM, wM ∈ M,

the set of smooth curves [0, 1] → M connecting yM and wM is denoted as ΩyM,wM := {γM :

[0, 1] → M|γM is smooth, γM(0) = yM, γM(1) = wM}. Since M is connected, the set is

nonempty for all pairs of points on M.

The distance function dM :M×M→ [0,∞] is defined by dM(yM, wM) := infγM∈ΩyM,wM
L(γM),

where L(γM) =
∫ 1

0
| ˙γM(t)|dt is the length of curve γM.

Lemma 2.1 ([134]). The function dM :M×M→ [0,∞] defines a metric on M:

1. yM = wM ⇔ dM(yM, wM) = 0 ∀ yM, wM ∈M.

2. dM(yM, wM) = dM(wM, yM) ∀ yM, wM ∈M.

3. dM(yM, wM) ≤ dM(yM, hM) + dM(hM, wM) ∀ yM, wM, hM ∈M.

It is important to highlight the fact that the Manifold distance function is not in general equal

to the Euclidean distance function in the embedding space IRq, as per the following remark,

which is an important incentive for the work presented in this thesis.

Remark Every smooth curve γM : [0, 1] → M ⊂ IRq with γM(0) = yM and γM(1) = wM

satisfies the inequality L(γM) ≥ ‖yM − wM‖, where ‖ · ‖ denotes the Euclidean norm in IRq.
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Thus, the distance between two points on the manifold will always be equal or greater to their

distance, when the points are considered as belonging to IRq.

Moving forward, we now present details connecting the manifold distance to tangent vectors,

which are helpful for understanding the methodological details in section 3.3.

Definition 2.4 ([134]). Let I ⊂ IR be an open interval. A smooth curve γM : I →M is called

a geodesic if | ˙γM(t)| is constant ∀t ∈ I.

Geodesics can be seen as curves moving with a constant velocity on the manifold. It is easy to

verify that in a Euclidean space, a geodesic corresponds to a straight line.

Definition 2.5 ([134]). Let Iy,uT denote the union of all open intervals in IR containing 0

and 1, such that there exist a geodesic γM satisfying γM(0) = yM and ˙γM(0) = uT . The set

Vy ⊂ TyMM is defined by Vy := {uT ∈ TyMM|γM ∈ Iy,uT , γ̇M(0) = uT }. The exponential

map expyM : Vy → M at point yM ∈ M assigns to every tangent vector uT ∈ Vy the point

expyM(uT ) = exp(yM,uT ) = γM(1).

The exponential map provides the necessary construct to move from a manifold point’s tangent

space to the manifold. Of equal importance is the exponential map’s inverse function, defined

as follows:

Corollary 2.2 ([134]). The exponential map is smooth. As such there exist an open interval

By ⊂ Vy for which expyM is a diffeomorphism. The inverse function logyM :M→ By, termed

logarithmic map, is defined as

logyM(wM) := exp−1
yM

(wM) . (2.1)

Theorem 2.3 ([134]). Let M ⊂ IRq be a smooth m-manifold. Fix a point yM ∈ M and let

uT ∈ TyMM with |uT | small enough so that wM := expyM(uT ) ∈ By. Then dM(yM, wM) =

|uT |, and the length minimizing geodesic γM, with γM(0) = yM and γM(1) = wM, is unique.
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Theorem 2.3 states an important result with regards to the geometry of a smooth manifold. In

essence, for a point yM ∈ M there exist a small enough neighborhood around yM, such that

the minimizing length geodesic paths connecting yM to all other points on the neighborhood

are unique. Furthermore, the distance between yM and another point in its neighborhood is

equal to the norm of the tangent vector that connects the two points through the exponential

map. Using the definition of the logarithmic map, we can write

dM(yM, wM) = | logyM(wM)| . (2.2)

The Hopf-Rinow theorem extends the above result on the complete manifold surface, provided

that the manifold is geodesically complete:

Definition 2.6 ([134]). Let M ⊂ IRq be a smooth m-manifold and yM a point in M. M

is said to be geodesically complete at yM, if for every uT ∈ TyMM, there is a geodesic curve

γM : IR → M satisfying γM(0) = yM and γ̇M(0) = uT . M is called geodesically complete if

the above stands for every point on the manifold.

Theorem 2.4 (Hopf-Rinow [134]). Let M ⊂ IRq be a smooth, connected and geodesically

complete m-manifold and yM a point in M. Then, for every point wM ∈ M, there is a

geodesic γM : IR→M such that

γM(0) = yM , γM(1) = wM , L(γM) = dM(yM, wM) . (2.3)

Based on the above theorem, we see that equation (2.2) gives the connection between the

manifold’s distance function and the logarithmic map on the complete manifold. This will

constitute the basis of our gradient descent algorithm presented in section 3.3.2.

In summary, for a smooth, connected and geodesically complete manifold, it is possible to

measure and identify geodesic paths and distances by working on the manifold’s tangent bundle,

which is comprised of all tangent spaces in M. In the length of this thesis, unless otherwise

described, when we are referring to a manifold M, we assume that M is smooth, connected
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and geodesically complete.

2.2 Polyhedral Surfaces as Approximations of Manifold

Surfaces

In Chapters 3 and 4, we are going to discuss correspondence sampling methodologies for poly-

hedral surfaces in IR3. These surfaces can be considered piecewise planar approximations of

2-manifolds in IR3. A polyhedral surface S can be represented, without loss of generality, as a

triangular mesh, consisting of vertices and triangle faces.

2.2.1 Shortest Polyhedral Geodesics

An appropriate formulation of the manifold distance function for polyhedral surfaces has been

given in [114]. Before providing the details, we introduce some necessary notions. Given edge-

adjacent mesh faces fSi and fSj , sharing edge eS , the planar unfolding of fSi onto fSj is defined

as the projected image of points of fSi when these are rotated along edge eS to become coplanar

with fSj and lying on the opposite side of it. Planar unfolding can be extended to a sequence

of edge-adjacent faces fS1 , . . . , f
S
n , where fS1 is unfolded onto fS2 , then fS1 , f

S
2 are unfolded onto

fS3 , and the same procedure is repeated until all faces have been unfolded and are coplanar

with fSn . The unfolded image of a path pS between points belonging to fS1 and fSn is taken to

be the resulting path after the unfolding of the faces fS1 , . . . , f
S
n [114].

We now consider two vertex-adjacent faces fSk and fSl , which share a common vertex vS . The

angle of a path pS passing from fSk to fSl through vS is defined as follows. Let the path segments

belonging to fSk and fSl respectively be pSk , p
S
l . The clockwise angle between pSk and pSl is taken

to be the angle between these segments, after the sequence of faces containing vS , from fSk

to fSl inclusive, moving on a clockwise direction, are unfolded onto fSl . The anticlockwise

angle is computed in the same fashion, by taking the angle between the segments pSk and pSl ,

after unfolding the sequence of faces containing vS , from fSk to fSl inclusive in an anticlockwise
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direction. The angle of path pS through vS is then defined as the minimum of these two angles

[114].

The distance between two points in S is computed as the overall path length of piece-wise

linear segments on the mesh faces, connecting the two points. Such a path, called hereafter as

a shortest polyhedral geodesic is constructed as follows

Lemma 2.5 ([114]). The shortest geodesic path between two points in a polyhedral mesh goes

through an alternating sequence of vertices and possibly empty edge sequences (in which no edge

can appear twice), such that the unfolded image of the path along any edge sequence is a straight

line segment and the angle of the path passing through a vertex is greater than or equal to π.

An illustrative example of an unfolded shortest polyhedral geodesic is provided in Fig. 2.1.

The above formulation is optimal in the sense that, given two points on a polyhedral surface,

it guarantees that a unique path can be constructed, whose length is the geodesic distance

between these points. The unfolding of a shortest geodesic path equates to the logarithmic

map, in the case of a polyhedral surface.

2.2.2 Straightest Polyhedral Geodesics

A drawback, of the shortest polyhedral path formulation, as given above, is that it cannot always

be inverted in order to produce a unique formulation of the exponential map. In particular,

given a point on the surface and a tangent vector representing the unfolding on the shortest

geodesic path, if at some stage of the reverse folding process, the path passes through a mesh

vertex, it is not possible to uniquely identify the path’s direction without knowledge of the end

point.

The construction of an exponential map in polyhedral surfaces is possible through the definition

of straightest polyhedral geodesics given in [130]. Straightest geodesics are defined identically

to the shortest geodesics, apart from cases where the path passes through a mesh vertex.

Then, instead of preserving the minimum distance property, straightest geodesics preserve the
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Figure 2.1: Illustrative example of an unfolded shortest polyhedral geodesic. The unfolded
shortest polyhedral geodesic path between points yS and wS , belonging to faces fS1 and fS6
respectively, follows a straight line through faces fS2 and fS3 , because it passes through their
adjacent edges. Since the path goes through vertex vS , it is necessary that, when passing from
that vertex, it creates an angle that is greater than or equal to π. It is easy to verify that, if
the angle was less that π, then a different shortest path would be possible to be constructed,
which does not pass through vertex vS .

angular direction of the geodesic path to and from that vertex. In particular, the direction of

a straightest geodesic through a mesh vertex is found by equating clockwise and anti-clockwise

path angles through that vertex. See Fig. 2.2 (a) for an example of two straightest polyhedral

geodesics. It must be noted that, due to this difference, straightest geodesics passing through

spherical vertices (vertices whose sum of adjacent face angles is less than 2π) are not locally

shortest. Furthermore, there exist regions in the local area around hyperbolical vertices (vertices

whose sum of adjacent face angles is greater than 2π) in which two points cannot be connected

by a straightest geodesic [130]. Figs. 2.2 (b),(c) illustrate these two cases.

By appropriately alternating between the two definitions of shortest and straightest polyhedral

geodesics, it is possible to define logarithmic and exponential maps on polyhedral surfaces, as

well as compute geodesic distances.
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Figure 2.2: Illustrative example of straightest polyhedral geodesics. (a) Examples of two
straightest polyhedral geodesics from one cube face to its adjacent face. Let the first geodesic
from point yS , towards direction u1, end in wS1 . The path passes through an edge, as such
it is equivalent to a shortest polyhedral geodesic, with φ1 + φ4 = φ2 + φ3 = π. Now consider
the geodesic from point yS , towards direction u2, that ends in wS2 , which is not known apri-
ori. Since the path passes through a vertex, the straightest geodesic direction through it is
identified by equating clockwise and anticlockwise face angles, in particular for this example,
φ6 +φ7 +φ8 = φ5 +φ9. (b) Example of an unfolded spherical vertex, with φ1 +φ2 +φ3 +φ4 < 2π.
Let The straightest geodesic from yS through vertex vS end up in wS (bold line). It is obvious
that a shortest geodesic path exists between these points, which is not the same (dotted line).
(c) Example of an unfolded hyperbolical vertex, with φ1 + φ2 + φ3 + φ4 > 2π. From a start
point yS , a straightest geodesic towards a point in the colorized regions should pass through the
vertex. Since the straightest geodesic is defined uniquely as the direction with equal clockwise
and anti-clockwise path angles, only points lying on the straightest path, here illustrated by
the bold line, are accessible, while points outside that line cannot be connected to yS with a
straightest geodesic.

2.3 Random Forest

Random Forest (RF) is a non-parametric, non-linear regression and classification algorithm

which can be used for feature selection and prediction [23, 72]. In this work, we use RF for

both purposes in Chapters 4 and 5 respectively.

RF comprises of a collection of Classification and Regression Trees (CARTs). A CART splits the

input space recursively into small rectangular regions and then fits a simple model, commonly

a constant value, in each one of them. In detail, training data are fed in the root node of
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each tree. According to a predefined cost criterion, one univariate feature predictor and a split

value are selected and the data are driven to the left or right children nodes. The process is

repeated until a stop criterion is satisfied or all terminal nodes, called leafs, contain just one

observation. Each leaf is associated with a subset of the training points. For prediction, a new

input observation follows the split decision rules learned during training and reaches a leaf in

the tree. It is then assigned a suitable value on the response space, most often the average

response of that leaf’s response training observations.

Individual trees are highly susceptible to overfitting and suffer from noise in the data. The

ensemble method of RF overcomes these problems by fitting a large collection of uncorrelated

trees to the data and making predictions by averaging the outcomes of all trees. Disassociation

of trees is achieved by using different bootstrapped versions of the training set to build each

CART. In addition, for each node in a tree, a random subset of features is considered as

candidates for splitting the data in the children nodes. This procedure helps to alleviate the

problems of the CART algorithm [72].

2.3.1 Training

For regression problems, a common split objective function of tree-based methods, and RF in

particular, is the difference between a parent node’s sample squared deviation from the mean

(MSD) and the sum of MSDs for samples in its children nodes. Let a training dataset S of

paired input-response points be {(xi, yi)|xi ∈ IRp, yi ∈ IRq, i = 1, . . . , N}. Then the splitting

objective function can be written as:

GRF (Sn) =
∑
yi∈Sn

‖yi − ȳn‖2 −
∑
yi∈Snl

‖yi − ȳnl‖2 −
∑
yi∈Snr

‖yi − ȳnr‖2 , (2.4)

where ȳn, ȳnl, and ȳnr are mean responses of the data subsets Sn, Snl, Snr in node nRF and

its left and right children nodes respectively. Observations are split on left and right subsets

according to one input feature x·jn and a split value sjn for this predictor. The aim is to locate

the optimal split (jn, sjn) at each node nRF , which maximizes the objective function resulting
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from the particular partition, i.e.

(jn, sjn) = argmax
({1,...,p},IR)

GRF (Sn) . (2.5)

Intuitively, we are looking for that split in the input space that creates two data subsets with

as low variances as possible in the response space.

2.3.2 Prediction

As outlined previously, prediction in RF is traditionally performed by an averaging procedure.

A previously unseen input point xnew is fed to the root nodes of all trees in the RF. For each

tree, the point traverses down through the nodes according to the learned optimal node splits

until it reaches a terminal leaf. The average response of the training points in that leaf is the

prediction acquired from that tree. A second average over all trees yields the response point

estimate ŷnew. In detail:

ŷnew =
1

TRF

TRF∑
t=1

(
1

Nt

∑
yi∈St

yi

)
, (2.6)

where TRF is the number of trees in the forest, St the subset of points in the leaf of tree t that

the input observation ended in and Nt the cardinality of St.

2.3.3 Variable Importance

RF has the inherent ability to rank individual input variables according to how well they are

associated to the responses. In the related literature, this attribute is commonly encountered

under the term Variable Importance (VI) [63]. Various formulation of VI criteria have been

presented, with the two most significant being Permutation VI (pVI) and Gini VI (gVI). pVI

can be viewed as the predictive quality of individual input variables, since for each one, pVI is

computed by permuting the observations of that variable and measuring the resulting increase in

model prediction error. A variable that results in zero error increase should have no association

with the responses. In contrast, large increase of error is translated as high VI.
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gVI, on the other hand, is computed during model fitting. Below we present gVI in more detail,

since, in chapter 4 we are going to utilize gVI for feature selection. This choice was made due

to the more intrinsic nature of the gini index, which does not depend on model prediction. For

each input feature x·k, k = 1, . . . , p, its gVI is computed as follows

gV I(k) =
1

TRF

TRF∑
t=1

∑
l∈Qtk

Gtk
l , (2.7)

where Qtk indicates the set of node indices in tree t, for which x·k was selected as the optimal

feature, according to (2.5), and Gtk
l represents the result value of the objective function GRF

for the lth such node.

In essence, for each tree, the importance of each feature x·k is computed as the sum of the

cost criterion values on the nodes in which x·k was selected for splitting. By averaging over

the trees in the forest, we acquire the RF gVI. In other words, gVI is the average reduction in

MSD for which each feature is responsible for. A high gVI value corresponds to a bigger overall

reduction in MSD, which in turn is translated as high importance.

2.4 Manifold Learning

In chapter 5 we employ Manifold Learning (ML) techniques for the purposes of construct-

ing a manifold regression algorithm. Here we introduce ML and present the details of these

techniques.

In many real-life applications, such as face recognition, image and network analysis, we deal with

data objects that do not comply to the assumptions of Euclidean geometry, but, in addition,

can not be represented as points on analytically defined manifolds [170]. It is also common for

such objects to be simplistically represented as points on very high dimensional spaces, while

the intrinsic dimensionality of the data - a.k.a. the number of parameters needed to account

for the observed properties of that data - can be significantly lower.

ML techniques constitute a family of non-linear dimensionality reduction methodologies, con-
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structed to deal with this problem [170]. In particular, given a dataset of observed data points,

with dimensionality k, ML methods aim to project these points onto a space with lower dimen-

sionality q < k - ideally q being the intrinsic dimensionality of a dataset -, whilst retaining as

well as possible the original geometrical structure of the data.

Let S = {yi|, yi ∈ M ⊂ IRq, i = 1, . . . , N} be a dataset of manifold-valued observations, with

M being an unknown manifold of assumed dimensionality m < q, and a manifold distance

function dM(·, ·). Below we describe two well-known ML methods, that are later employed in

our work.

2.4.1 Metric Multi-Dimensional Scaling

Metric multi-Dimensional Scaling (MDS) [39, 22] computes an approximation {zi|zi ∈ IRm, i =

1, . . . , N} of the manifold-valued dataset that resides on a m-dimensional Euclidean space, by

minimizing a stress function of the form:

N∑
i=1

N∑
j=1

(
d2
M(yi, yj)− ‖zi − zj‖2

)
, (2.8)

where ‖ · ‖ denotes the Euclidean norm in IRm. In essence, Metric MDS attempts to construct

a Euclidean-valued dataset on which pairwise distances between points are as close as possible

to their original manifold counterparts.

Theorem 2.6 ([64, 108]). Let D
(2)
M be the N × N matrix of squared manifold distances with

elements D
(2)
M,ij = d2

M(yi, yj), and

KM = −1

2
HD

(2)
MH , (2.9)

where H = IN − 1
N

eeT , with IN the N ×N identity matrix and e an N × 1 column vector of

all ones.

If the distance function dM is a metric, then KM is positive semi-definite.
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Individual elements of matrix KM are given by

KM,ij = −1

2
(D

(2)
M,ij −

1

n
D

(2)
M,·j −

1

n
D

(2)
M,·i +

1

n2
D

(2)
M,··, i, j = 1, . . . , N , (2.10)

where D
(2)
M,·j =

∑
iD

(2)
M,ij, D

(2)
M,·i =

∑
j D

(2)
M,ij, D

(2)
M,·· =

∑
i,j D

(2)
M,ij are the ith row, jth column

and overall element-wise sums of D
(2)
M respectively. Equation (2.10) is commonly referred to as

the double centering formula.

Theorem 2.7 ([64, 108]). Let KM = −1
2
HD

(2)
MH. Suppose that KM is a positive semi-

definite matrix with rank p (p ≤ N−1). Let λ1, . . . , λp be the p ordered non-zero eigenvalues of

KM with corresponding eigenvectors vλ1 , . . . ,v
λ
p , and vλl = (vλl1, . . . , vlN)λ, l = 1, . . . , p. Then

the solution to the MDS problem (2.8), assuming m ≤ p, is given by

zil =
√
λlv

λ
li, l = 1, . . . ,m, i = 1, . . . , N , (2.11)

with zi = (zi1, . . . , zim).

2.4.2 Isomap

The Isomap ML technique [165] is identical to metric MDS with the addition of a suitable

algorithm for the estimation of the distance matrix D
(2)
M , when a manifold distance function

is not known. Reminding that yi ∈ M ⊂ IRq, the geodesic distances between pairs of data

points are approximated as follows. A neighborhood graph is constructed, in which each point

yi is connected to its k nearest neighbors in IRq. Graph edges are assigned weights equal to the

Euclidean distances between the connected points in IRq. For any two points yi and yj in S,

dM(yi, yj) is then estimated by the shortest path connecting yi and yj in that graph.

Attention is required when selecting the nearest neighbor parameter k, since it can significantly

affect the quality of the approximations. Large k will result in a densely connected graph,

with distance paths very similar to the Euclidean distances in IRq. On the other hand, if k

is selected to be to small, then the geodesic distances may be substantially overestimated,
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while the graph may not be connected, meaning that it will not be possible to approximate all

pairwise distances. In the rest of this work, we will refer to the distance formulation described

here, as the Isomap metric.



Chapter 3

Geodesic Correspondence Sampling for

Ensembles of Polyhedral Surfaces

3.1 Introduction

Statistical shape analysis of 3D surfaces play a key role in various computer vision and medical

imaging applications [100]. It is an intuitive and efficient approach to characterizing the vari-

ability and structural changes in morphology and anatomy for ensembles of similar objects, for

example cardiac, brain or facial surfaces [40, 171, 143, 6, 81]. Morphological traits have been

used successfully in the past for recognition applications, as well as for studying and delineating

causes and effects of particular diseases, biological processes such as aging, and the evolutionary

interplay between genes and environment [100].

A primary requirement for studying shape variability in a data sample is the establishment of

some type of accurate correspondence across surface objects, which most often take the form

of landmark annotation or dense point correspondence. Landmarks are points positioned on

all considered surfaces, in locations that must correspond in some way amongst the different

subjects [41], and are anatomical features and points of interest. For example, commonly

encountered facial surface landmarks are the eye and mouth corners. In the case of dense point

correspondence, surface points, sometimes also referred to quasi-landmarks [35], are sampled

20
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within the surfaces’ boundaries [12].

An accurate correspondence of points across all surfaces is paramount for shape analysis. Until

recently, the primary approach for achieving surface annotation was to manually localize a

small number of landmarks on every data object. Manually choosing landmark points, though,

can be not only cumbersome and restricted to small numbers of landmarks, but also hard to

replicate consistently, and, furthermore, may suffer from potential investigators’ bias. In the

last years, a number of semi-automated and automated landmarking and point correspondence

algorithms have appeared in the literature, which attempt to address these issues. In the

following we concentrate specifically to methodologies that compute dense correspondences

between surfaces, meaning that thousands of points are annotated in each object. This large

number of corresponding annotated markers allows morphological variability to be captured

and quantified in a much more granular level, compared to sparse annotations.

3.1.1 Related Work

Dense correspondence methods can be classified into one of two categories, based on whether

annotation is performed in a pairwise fashion - each surface is registered to a common template,

with ensemble correspondence extracted implicitly from all one-to-one surface annotations - or

a groupwise fashion - all surfaces are considered simultaneously during annotation -. Pairwise

methods constitute the majority in the existing literature. Within that family, the most promi-

nent approach is based on fitting, or warping, a face template or a parametric surface model

independently on each of the surfaces in the dataset, using algorithms such as Rigid/Non-rigid

Iterative Closest Point [2, 21], Thin-Plate Spline point matching [33] or Markov Random Field

labelling [142, 189]. By decomposition of the dense correspondences, models explaining the sur-

faces’ data variability can be subsequently constructed, such as 3D Morphable Models [17, 21],

Point Distribution Models [35, 62, 83].

The main bulk of these methodologies require an initial annotation of a number of landmarks

in either a training set of surfaces, or even on the complete dataset, in order to initially guide

the correspondence procedure. A large literature exists on extensions attempting to weaken
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or alleviate this requirement by incorporating the use of additional preprocessing steps. In

particular, a number of methodologies used the minimum description length principle or maxi-

mization of mutual information [41, 167, 136, 67, 91] to address the problem of learning a base

facial model. Another approach depends on automatic extraction of few landmarks based on

geometric principles, such as curvature [189, 195]. Finally, another commonly adopted pro-

cedure is to map 3D meshes to a planar domain, commonly through the use of harmonic or

conformal maps [176, 179], thus transforming the 3D correspondence problem to one of 2D

image landmark localization [4, 21, 65, 190].

The second class of dense correspondence methodologies attempts to optimize the location of

surface points jointly on all considered surfaces. Although the result is the same as applying

one-to-one correspondences between all surfaces in a group and a template or mean surface

model, considering all data at once can have certain advantages, such as removing the need

for the construction of a template and reducing the bias that can result by the multiple pair-

wise fits to one surface [171]. Groupwise functional correspondence methods reformulate the

problem as one of finding correspondence between real-valued functional representations of the

mesh surfaces, extracted for example using Heat or Wave Kernel Signatures [119, 191, 24]. In

[28], the groupwise correspondence was achieved by optimizing the compactness of the surfaces’

distribution, represented as vectors of their points’ coordinates, subject to constraints enforc-

ing uniform distribution of points on individual surfaces, while in [19], that methodology was

extended to the case of multilinear facial models, accounting for multiple images and facial

expressions from the same subjects. Finally, a number of algorithms, usually coined as group-

wise methodologies, adopt an intermediate approach to the correspondence problem. They

are based on bottom-up iterative pairwise alignments of similar surfaces, driven by an affinity

graph connecting similar surfaces [164, 175].

3.1.2 Motivation

While extensive work has been done in the problem of identifying corresponding points on sets

of surfaces, as outlined previously, it is possible to identify some key methodological issues that
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are still prominent. In pairwise correspondence methods, the construction of a face model, or

template, can be a tedious and error-prone procedure. Furthermore, the geometry of the final

data objects after correspondence optimization, can be biased towards the mean or template

surface, as has been highlighted in previous work [171, 19].

Apart from these shortcomings, a further consideration arises from the common need to use

training datasets in order to build the surface models. While it is true that for particular

objects, such as facial surfaces, some annotated databases do exist, see for example [188, 146],

and can be used for this purpose, such requirement poses a significant restriction to wide

applicability of the correspondence methodologies. On the other hand, most fully automated

methodologies are primarily tailored towards a specific type of surface data, which allows the

use of more sophisticated correspondence procedures, but comes at the cost of high specificity.

Iterative pairwise methods could address, to a certain extent, such problems, but have not been

extensively used so far, probably due the extra computational cost they incur, as well as the

difficulty in constructing meaningful affinities between unregistered surfaces. Functional group-

wise methodologies may not suffer from the above issues, but are also associated with specific

shortcomings. The most prominent, regarding the problem of point-to-point correspondence,

being that the reverse mapping, from corresponding functions, to surface points, is not always

easy to construct.

In [28], groupwise correspondence is achieved by manipulating the location of sampled points on

the surfaces, such that an objective function comprised of two entropy-based terms is optimized.

These terms are related to the uniform distribution of points in each surface and the overall

correspondence among surfaces. Due to the fact that annotation under this formulation is

equivalent to randomly sampling corresponding points from uniform distributions defined on

the surfaces, the problem is also coined with the term ensemble surface sampling. The entropy

formulation of the correspondence problem, and the associated optimization procedure, are

attractive for a number of reasons. First, the methodology does not necessitate the construction

of a template or any manual annotation. Second, the number of annotated points can be easily

adjusted to the specific application requirements. Third, optimization can be easily tailored
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to problems of adaptive sampling, as will be discussed in the next chapter. However, two key

problems of the previously presented method could be easily pinpointed. The optimization

of the uniform distribution of points on individual surfaces was controlled by a kernel density

estimator that did not take into consideration the structure of the surfaces. As a result, the

method does not provide an optimal uniform distribution of surface points and can not deal with

highly curved surfaces. In addition, the gradient-descent optimization algorithm also ignored

surface constraints. Point updates had to be recast on the surface after each iteration, which

further impairs efficiency and performance.

Here, we build upon the work in [28] and present our Geodesic Ensemble Surface Sampling

Algorithm (GESSA) for the automated identification of dense corresponding point sets across

sets of similar polyhedral surfaces. We propose a suitable estimator for the probability density

function of a variable defined on a manifold or polyhedral surface, and employ it in the con-

struction of the objective function. Furthermore, a gradient descent algorithm is constructed,

which enables the optimization to be performed directly on the surfaces. incorporating these

two key features inside the existing framework, we are able to to deal with highly curved sur-

faces and improve upon computational space requirements. We validated GESSA on a small

set of facial surfaces, before using it to perform a large-scale heritability study concerning the

shape of the human face.

3.2 Problem Definition

Let us consider an ensemble of N polyhedral surfaces {Si|Si ⊂ IR3, i = 1, . . . , N}. Our objective

is to automatically distribute N collections of M points {ψij|ψij ∈ Si, j = 1, . . . ,M}, with ψij =

(ψij1, ψ
i
j2, ψ

i
j3) ∈ Si ⊂ IR3, uniformly on each surface, and establish point-wise correspondence

among points on the N surfaces, so that each set {ψij|i = 1, . . . , N} defines the position of

a quasi-landmark on all surfaces. An important aspect of the problem is that the developed

methodology must be able to deal efficiently with high numbers of sampled points, where M

can take values up to thousands.
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3.3 Geodesic Ensemble Surface Sampling Methodology

The dense correspondence sampling problem can be broken down to two major components;

point-wise correspondence optimization across the set of surfaces and uniform sampling of

points on individual surfaces. We begin the methodological description by describing this

general formulation of correspondence sampling, which is adopted by Cates et al. [28]. We

then present each component individually, along with our extensions, before combining them

to construct GESSA.

3.3.1 Dense Correspondence Sampling Through Entropy Optimiza-

tion

Following the dense correspondence formulation first introduced in [28], the problem is broken

down to two components. We first focus on the point-wise correspondence problem. Let

us assume for the time being that sets of M points have been positioned in possibly random

locations on the N surfaces. In subsection 3.3.4 we describe how the algorithm initially positions

points on the surfaces. The coordinates of M points on a surface Si can be aggregated to

represent a point φi ∈ IR3M , with

φi = (ψi11, ψ
i
12, ψ

i
13, . . . , ψ

i
M1, ψ

i
M2, ψ

i
M3) . (3.1)

The points φi can be thought of as representations of surfaces in IR3M , which hereafter is

referred to as the surfaces’ shape space. Let Φ ∈ IR3M be a random variable on shape space

with probability density function p(Φ), and {φi|i = 1, . . . , N} realizations of that random

variable. The differential entropy of Φ is Γ(Φ) = E[− log p(Φ)] = −
∫

IR3M p(Φ) log p(Φ)dV .

Furthermore, let Γ̂(φ1, . . . , φN) be an estimator of the differential entropy under the observed

data.

Point-wise correspondence is optimized through the minimization of Γ̂, w.r.t the points’ posi-

tions. Under the assumption that Φ is normally distributed in IR3M , the minimization of Γ̂ is
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equivalent to minimizing the sample variance. This increases the compactness of the surfaces’

distribution in shape space, which equates to bringing equivalent points in the set of surfaces

closer to each other.

The above minimization though would eventually lead all M points in each surface to be

collapsed in the same location. Contrary to that, the goal is to distribute landmark points so

that they ’cover’ the complete surface areas. The solution is to balance the correspondence

term with a component imposing a uniform distribution of points on individual surfaces [28].

Let Ψi be a random variable on surface Si with probability density function pi(Ψi), and {ψij|j =

1, . . . ,M}, realizations of Ψi. The differential entropy of Ψi is Hi(Ψi) = E[− ln pi(Ψ)] =

−
∫
Si pi(Ψi) ln pi(Ψi)dSi. An estimator is given by the sample mean

Ĥi(ψ
i
1, . . . , ψ

i
M) = − 1

M

M∑
j=1

ln pi(ψ
i
j) . (3.2)

Proposition 3.1. The uniform distribution in a bounded surface S has maximum entropy

among all continuous distributions with probability density functions supported in S.

Proof. Let p(ψ), q(ψ) be continuous probability density functions on a surface S, with p > 0,

q > 0,
∫
S p(ψ)dS = 1,

∫
S q(ψ)dS = 1.

For any p, q and for all ψ ∈ S

p(ψ)− p(ψ) log p(ψ) ≤ q(ψ)− p(ψ) log q(ψ) , (3.3)

with equality only when p = q. Indeed, inequality 3.3 can be written as log( q
p
) ≤ q

p
− 1, which

is true for q
p
> 0, with equality for q

p
= 1.

By integrating 3.3 over S, we get

∫
S
p(ψ)dS −

∫
S
p(ψ) log p(ψ)dS ≤

∫
S
q(ψ)dS −

∫
S
p(ψ) log q(ψ)dS ⇔

−
∫
S
p(ψ) log p(ψ)dS ≤ −

∫
S
p(ψ) log q(ψ)dS .

(3.4)
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Let now q(ψ) ≡ c be the constant density function with
∫
S cdS = 1. We have

−
∫
S
p(ψ) log p(ψ)dS ≤ −

∫
S
p(ψ) log cdS ⇔

−
∫
S
p(ψ) log p(ψ)dS ≤ − log c⇔

−
∫
S
p(ψ) log p(ψ)dS ≤ − log c

∫
S
cdS ⇔

−
∫
S
p(ψ) log p(ψ)dS ≤ −

∫
S
c log cdS ,

(3.5)

which, by the definition of the differential entropy, concludes the proof of proposition 3.1.

By proposition 3.1, the optimization term imposing a uniform distribution of points on an

individual surface is selected to be Ĥi.

We notice that, while the outcome of the second optimization is equivalent to sampling M

points from a uniform distribution defined on the surface, the adopted approach follows the

reverse path. In essence, assuming that ψi1, . . . , ψ
i
M , have been sampled in some way from

the surface Si, their positions is manipulated so that the density estimator corresponds to the

uniform distribution in Si.

The combined cost function used in the dense correspondence sampling is given by [28]:

Γ̂(φ1, . . . , φN)− lG
N∑
i=1

Ĥi(ψ
i
1, . . . , ψ

i
M) , (3.6)

where lG is a weight parameter that balances the two terms. In the rest of this section we

describe the GESSA algorithm for solving the combined optimization problem.
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3.3.2 Optimizing the Distribution of Points in Individual Surfaces

The optimization problem for the uniform distribution of M points in surface Si can be written

as

arg min
φi∈IR3M

−Ĥj(ψ
i
1, . . . , ψ

i
M), s.t. ψi1, . . . , ψ

i
M ∈ Si, (3.7)

with Ĥ(ψi1, . . . , ψ
i
M) = − 1

M

∑M
j=1 ln p(ψij).

As in [28], in order to minimize the cost function, we employ a gradient descent algorithm,

where points are iteratively moved proportionally to the negative gradient of the cost, until no

significant improvement in cost can be achieved. The derivative of −Ĥi w.r.t a point ψij is

d(−Ĥi)

dψij
=
d( 1

M

∑M
l=1 ln p(ψil))

dψij
= − 1

M

M∑
l=1

1

pi(ψil)

dpi(ψ
i
l)

dψij
. (3.8)

To proceed, estimates of pi(ψ
i
l) are needed. At this point, Cates et al. employed a standard

Gaussian Kernel Density Estimator (KDE) in order to estimate the density. That estimator

though depends on inaccurate Euclidean pairwise distances between surface points. Here, we

construct a geodesic KDE (gKDE) as follows

pKDEi (ψil) =
1

M

M∑
k=1

gS
(
dS(ψil , ψ

i
k), σS

)
, (3.9)

where dS is the geodesic distance function on the polyhedral surface. As was detailed in section

2.2, the polyhedral surface can be seen as an approximation of a 2-manifold. The geodesic

distance between two points on that surface can be computed as the length of the shortest

polyhedral geodesic (SPG) [114], described in section 2.2.1. See section 3.3.5 for more details

on how SPGs are computed. The isotropic geodesic kernel function gS : Si × Si → IR is given

by

gS
(
dS(ψil , ψ

i
k), σS

)
=

1

2πσS
e−(2σS)−1d2

S(ψil ,ψ
i
k) , (3.10)

where σS is a standard deviation parameter. gS can be seen as the generalization of the gaussian

kernel for manifolds and polyhedral surfaces, and is a semi-positive definite function, since dS



3.3. Geodesic Ensemble Surface Sampling Methodology 29

is a distance metric.

In order to reduce significantly the computational cost of the gradient descent algorithm, we

make a further assumption. Within one iteration of the gradient descent optimization cycle,

and during the computation of the update for point ψij, the remaining points are considered

fixed in their positions. As such,
dpKDEi (ψil )

dψij
≡ 0, for l 6= j. This is discussed further in section

3.3.5. Utilizing the gKDE estimator and under this assumption, we now have

d(−Ĥi)

dψij
≈ − 1

M2

1

pKDEi (ψij)

M∑
k=1

d
(
gS
(
dS(ψij, ψ

i
k), σS

))
dψij

= − 1

M2

1

pKDEi (ψij)

M∑
k=1

d
(

(2πσS)−1e−(2σS)−1d2
S(ψij ,ψ

i
k)
)

dψij

=
1

2σSM

M∑
k=1

gS
(
dS(ψij, ψ

i
k), σS

)∑M
l=1 gS

(
dS(ψij, ψ

i
l), σS

) d (d2
S(ψij, ψ

i
k)
)

dψij
.

(3.11)

We concentrate now on the derivative of the geodesic distance w.r.t a surface point. We remind

that the geodesic distance between ψij and ψik can be equated to the norm of the logarithmic map

logψij(ψ
i
k) ∈ TψijSi, which is a vector on the tangent space of Si at point ψij (see equation (2.2)).

In addition, under the assumption of smoothness and geodesical completeness, this logarithmic

map is guaranteed to exist and be unique for any two points (see Hopf-Rinow Theorem 2.4 ).

Let b ∈ IR3 be the point in the tangent space of ψij such that logψij(ψ
i
k) = b−ψij. By writing the

logarithmic map as a vector in IR3, it is easy to show that
d

(
log

ψi
j
(ψik)

)
dψij

=
d(b−ψij)
dψij

= −1. Based

on the above, we have

d
(
d2
S(ψij, ψ

i
k)
)

dψij
=
d‖ logψij(ψ

i
k)‖2

dψij
= 2 logψij(ψ

i
k)
d
(

logψij(ψ
i
k)
)

dψij
= −2 logψij(ψ

i
k) . (3.12)

Finally, we can write

d(−Ĥi)

dψij
≈ − 1

σSM

M∑
k=1

gS
(
dS(ψij, ψ

i
k), σS

)∑M
l=1 gS

(
dS(ψij, ψ

i
l), σS

) logψij(ψ
i
k)

≈ − 1

σSM

M∑
k=1

gjkS∑M
l=1 g

jl
S

logψij(ψ
i
k) ,

(3.13)
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with gjkS := gS
(
dS(ψij, ψ

i
k), σS

)
. The logarithmic map is given by the SPG [114].

Employing now the definition of the exponential map on manifolds 2.5, we get the following

gradient descent update algorithm, which guarantees that the updated points will always lie

on the surfaces:

ψij,t+1 = expψij,t

(
−γG

d(−Ĥi)

dψij

)
, t ≥ 0 , (3.14)

where γG is the gradient descent’s learning rate parameter. In the case of a Euclidean (flat)

surface, the above is equivalent to the standard gradient descent updates, since the exponential

map reverts to addition. As described in section 2.2.2, the exponential map for a polyhedral

surface can be computed using the shortest polyhedral geodesic path.

3.3.3 Point-Wise Correspondence Optimization

Having laid out the optimization procedure required for a uniform distribution of points on the

individual surfaces, we concentrate on the point-wise correspondence optimization problem,

which is written as follows:

arg min
φj∈IR3M

Γ̂(φ1, . . . , φN), i = 1, . . . , N, s.t. ψi1, . . . , ψ
i
M ∈ Si . (3.15)

Here we adopt the same procedure as presented by [28]. Let again Φ ∈ IR3M be a random

variable in shape space with probability density function p(Φ). By assuming Φ is normally

distributed, the differential entropy can be written as

Γ(Φ) =
1

2
ln{(2πe)3M |Σ|Φ} . (3.16)

The sample covariance estimator under the observed data is

Σ̂Φ =
1

N − 1
ΩTΩ , (3.17)

where ωi = φj − φ̄ are the centered observations, φ̄ = 1
N

∑N
u=1 φi, and Ω the N × 3M matrix
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with ωi as its rows. Furthermore, let Φ be the N ×3M matrix with φi as its rows. The entropy

estimator Γ̂ is then given by

Γ̂(φ1, . . . , φN) =
1

2
ln{(2πe)3M |Σ̂Φ|} =

1

2
ln | 1

N − 1
ΩTΩ|+ 1

2
ln(2πe)3M . (3.18)

The matrix of partial derivatives of Γ̂ w.r.t. elements of Φ is

dΓ̂

dΦ
=
dΓ̂

dΩ

dΩ

dΦ

≈ dΓ̂

dΩ

≈ 1

2(N − 1)

d

dΩ
ln |ΩTΩ|

≈ 1

(N − 1)
(Ω+)T

≈ 1

N − 1
((ΩTΩ)−1ΩT )T

≈ 1

N − 1
Ω(ΩTΩ)−1 .

(3.19)

Above we made two assumptions. First, within an iteration of the gradient descent optimization

cycle, the means φ̄ stay fixed, and as such dΩ
dΦ
≡ I. Furthermore, we assumed that the sample

covariance matrix is invertible. This is not always the case, since the matrix is only required to

be positive semi-definite. To solve this issue, a regularization term is added to guarantee that

the matrix of partial derivatives can be computed

dΓ̂

dΦ
≈ 1

N − 1
Ω(ΩTΩ + αregI)−1 . (3.20)

From this point on, we deviate from the method of Cates et al., in order to accommodate

the point-wise correspondence updates (3.20) into our geodesic gradient descent method. We

group partial updates into 3-dimensional vectors, corresponding to surface points ψij. Then

each update vector is projected onto the respective point’s tangent space, which is the plane

of this point’s mesh triangle. Let nij be the perpendicular unit normal vector of the ψij’s mesh
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triangle. The tangent update vector is given by

dΓ̂

dψij ‖
=

dΓ̂

dψij
− nij

dΓ̂

dψij
(3.21)

Since dΓ̂
dψij ‖

is a vector in the tangent space of ψij, it can be added to d(−Ĥi)
dψij

, thus providing

the combined gradient descent updates for the optimization of the dense correspondence cost

function (3.6):

ψij,t+1 = expψij,t

(
−γG

(
lG
d(−Ĥi)

dψij
+

dΓ̂

dψij ‖

))
, (3.22)

with lG controlling the relative significance of uniform sampling versus point-wise correspon-

dence entropy terms.

3.3.4 Initialization and Iterative Point Splitting

Previously we worked under the premise that collections of M points were already in some way

positioned in each surface. In GESSA, M is given as an input parameter. The algorithm ini-

tially positions randomly one point in each surface and optimizes their corresponding positions.

Subsequently, each point is split into two and the overall optimization process runs again on

the new point sets. This procedure is repeated iteratively until the required number of sampled

surface points is reached and their positions are optimized.

3.3.5 Algorithmic Details and Parameters

In this part we discuss a number of details regarding the algorithmic implementation of GESSA.

In section 3.3.2, we introduced the geodesic KDE (3.9), which makes use of distances defined

on the surface of the polyhedral surfaces. During the length of this work, shortest polyhedral

geodesics, and their lengths, were computed using the approximate SPG algorithmic implemen-

tation described in [161]. In particular, distances from one to the remaining, (M − 1), surface

points are computed by propagating a distance field, emanating from the source point, across
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the mesh edges, in a Dijkstra-like fashion [161]. The complexity for computing the (M − 1)

distances is at worst O(vS log(vS), where vS is the number of vertices in the surface.

In the same section, a geodesic gradient descent was employed in order to manipulate the points’

locations on the surfaces, so as to achieve their uniform distribution. Straightest polyhedral

geodesics were used as exponential maps to update the position of the points on the surfaces.

The complexity of computing each exponential map is O(fS), where fS is the number of faces in

the surface. Practically point updates are computed very fast, especially as M increases, since

they traverse only few faces each time. Updates are dependent on the density pKDEi . With-

out any prior assumption, it would be necessary to recompute the density function for each

point update. This would impose significant computational cost and also restrict the ability

to compute updates in parallel for all surface points. To deal with these issues, we assumed

that
dpKDEi (ψil )

dψij
≡ 0, for l 6= j, within one iteration of the gradient descent optimization cycle.

This assumption is reasonable, especially as the number of surface points M increases, since

the standard deviation parameter in the gKDE is continually reduced (see below), and as the

effect of other points is exponentially reduced according to their distance. Under the assump-

tion, updates for all surface points within one iteration can be computed in parallel. A block

coordinate descent algorithm, with coordinates of one point been optimized per iteration, could

have been employed, but it would have impaired the ability to parallelize the algorithm, Fur-

thermore, while it could be possible to perform multiple individual point updates per iteration,

large movements could notably violate the above assumption.

We concentrate now on the point-wise correspondence optimization of section 3.3.3. During

each iteration, we need to invert the 3M ×3M matrix ΩTΩ. The case of singularity was solved

by adding a regularization term αregI. However, one potential problem is the computational

complexity O ((3M)2.373), which increases with the number of sampled surface points. For our

validation and application studies, this was not a major issue. Nevertheless, this can be the

case when more dense sampling need to be considered. In Appendix A.1, we present an alterna-

tive formulation of the optimization which, by employing the notion of a pseudo-determinant,

necessitates the inversion of ΩΩT , rather than ΩTΩ, and thus has a lower complexity when

3M > N .
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GESSA depends on four algorithmic parameters. First, the weight parameter lG, which can be

used to control the relative significance of uniform sampling versus point-wise correspondence

entropy terms. In our experiments, within each point optimization cycle, lG was initially set

to 1.2, to encourage the uniform redistribution of split points, and reduced by 0.005 after each

gradient descent update, down to the minimum value of 0.5. Another algorithmic parameter

is the gradient descent learning rate γG. Again, within each point optimization cycle, γG was

initially set to 1 and adapted after each gradient descent update according to the bold driver

algorithm. In detail, after each point update, if the objective cost decreased, the learning rate

was increased by a relative 5%, otherwise it was decreased by 25%. The third parameter is

the standard deviation σS of the gKDE. In our studies, we initially set σS to be equal to an

approximate radius of a surface, computed as
√
AS
π

, where AS is the overall area of the polyhedral

surface. After each point split, σS was reduced to half of its previous value. Since we dealt with

ensembles of similar objects, σS was chosen to be the same for all surfaces. The final parameter

is the regularization αreg which guarantees that the sample covariance is invertible. In each

cycle, αreg was initially set to 1 and reduced after each point update down to the minimum

value of 0.01.

3.4 Validation Study

Our validation study aimed at demonstrating that GESSA can produce a dense uniform cov-

erage of surfaces, while consistently and accurately aligning points to achieve one-to-one corre-

spondence across all surfaces. We concentrate in particular on facial polyhedral surfaces, since

we latter apply GESSA to analyze a large dataset of faces (see section 3.5). We opted to use

the publicly available Morphface dataset of 3D facial surfaces [122], which comprises faces with

neutral pose, taken from 11 individuals of European ancestry. See section 3.6 for a discussion

on the rationale behind using the specific dataset. All the faces were registered to the Basel

Face Model (BFM) facial template. The template mesh consisted of 53, 490 mesh vertices.

The registration process identified the locations of these points on the 11 validation faces. For

the purposes of this validation study, 19 landmarks, corresponding to prominent facial points,
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were manually selected to constitute the groundtruth landmarks (GTLs). Figure 3.1 depicts

these 19 landmarks on the facial surface. The Morphface surfaces were subjected to cropping

in order to remove non relevant areas, such as neck and ears. Subsequently, the meshes were

subsampled, yielding approximately 4, 700 points per facial surface.

Figure 3.1: Example 3D facial surface with groundtruth landmarks for the Morphface Validation
Dataset. The 19 groundtruth landmark positions were used during validation of our GESSA
methodology.

The goals of our validation study were threefold. First, we aimed to evaluate how uniform the

distribution of the sampled points on the surfaces would be. Second, we aimed to demonstrate

that sampling approximately 4000 facial points produces a dense coverage of facial surfaces.

Third, we aimed to show that GESSA is consistently and accurately aligning these points

to achieve one-to-one correspondence across all surfaces. In all of the above, we compare

results from GESSA and the original methodology by Cates et al [28], in order to highlight our

contributions.

First, we focus on the evaluation of the facial points’ surface distribution. The main differences

between ours and Cates’ methodology lie in the use of the geodesic KDE and geodesic gradient

descent. These should result in a more uniform distribution of points. Both extensions have an

influence not only when we deal with dense correspondence on multiple surfaces, but even more

so when we want to resample a single polyhedral surface. Since for now we are interested in the
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point distribution, we disentangle surface sampling from dense correspondence, and concentrate

on each facial surface individually, from the Morphface dataset. From the methodological

description, it is clear that both methodologies produce a KDE that should be close to the

uniform distribution. To quantify the performance of these KDEs, we can compare them to the

uniform density on the polyhedral surface, using the Mean Integrated Squared Error (MISE).

Assuming that pKDEg , pKDEe are estimated kernel densities using GESSA and Cates’ method,

and au the fixed density with
∫
S audS = 1, then the integrated squared errors (ISE) are given

respectively by
∫
S(pKDEg (ψ) − au)

2dS] and
∫
S(pKDEe (ψ) − au)

2dS]. By repeating the surface

resampling nr times and averaging the resulted ISEs, we get the MISE for each method.

In detail, we compared the two methodologies based on the following procedure: Each facial

surface from the Morhpface dataset was resampled 10 times using GESSA and 10 times using the

original method. The number of sampled points was fixed to 1024. The densities of the uniform

distributions on the validation faces were computed as the reciprocals of the overall areas of the

polyhedral surfaces. All ISE integrals were computed using a monte carlo integration approach:

Sample points from all mesh triangles were drawn, in proportional number to the triangles’ area,

so as to acquire 50000 surface points, the integrals were then approximated by multiplying the

surface area with the average density over the 50000 points. MISEs could be finally computed

by averaging the 10 ISEs available for each surface and sampling method. Table 3.1 reports

the MISEs for the 11 facial surfaces. For all of them, GESSA yielded consistently about an

order of magnitude smaller MISEs, compared to the original methodology. it is also important

to mention that the geodesic gradient descent was converging on average (overall for all splits

and surfaces) after 254.34 steps, in contrast to 319.264 of the gradient decent algorithm used in

Cates method, where updated points were computed by following the gradient in the embedding

space IR3, and had to be subsequently reprojected on the surface.

Having shown that our extensions have a positive impact on the uniform distribution of points

on a polyhedral surface, we move on to the remaining objectives of our validation study. Using

GESSA, we computed 4, 096 GESSA-Generated Corresponding Points (GGCPs) in the vali-

dation surfaces. Figure 3.2 (a) depicts these on three example faces. Figure 3.3 shows the

estimated surface density function of an example validation face. It can be observed here,
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Subject ID Cates MISE GESSA MISE
1 0.0003543 0.0000317
2 0.0006208 0.0000519
3 0.000211 0.000064
4 0.0004745 0.0000832
5 0.0003729 0.0000445
6 0.0004272 0.0000291
7 0.0010851 0.0000903
8 0.0003543 0.0000148
9 0.000863 0.0000118
10 0.0006713 0.0000484
11 0.0012174 0.0001094

Table 3.1: Mean Integrated Squared Errors between the validation surfaces’ uniform density
functions and density estimators computed using GESSA and Cates’ single surface sampling
methodologies.

as well, that the density is almost uniform everywhere. In addition, examination of Fig. 3.2

(a) also shows clearly that the point sets are uniformly distributed across the complete facial

surfaces.

For the second part of our validation, we needed to examine if the chosen number of sampled

GGCPs is sufficient to densely cover the facial surfaces. A low number of sampled points

would lead to extended facial areas having no or very few landmarks. On the other hand,

very dense sampling would incur unnecessary computational costs. To evaluate this objective,

we worked under the premise that, by sampling surfaces densely, we should be able to locate

GGCPs sufficiently close to the preselected GTLs. We measured the average distance, over

all faces in the validation set, from each GTL to its closest GGL. Figure 3.2 (b) shows the

GTLs and respective closest GGCPs for three example validation faces. Table 3.2 reports the

19 average distances between GTLs and GGCPs over the set of 11 faces. Due to the fact that

dimensional units on the Morphface dataset were unknown, we further divided each of the above

values by the mean facial width - distance between the two zygomatic landmarks- in order to

compute normalized distances, which are also included in Table 3.2. The average distances

per landmark were always less than 3% of the mean facial width. By further averaging over

the 19 landmarks considered, the overall average distance was 1.77% of the mean facial width.

The results indicated that the number of points was sufficient to cover densely the surfaces and

annotations extended over the complete surfaces.
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Figure 3.2: GESSA corresponding point sets on validation faces using GESSA. (a) 4, 096 cor-
responding facial points were computed using our dense automated correspondence method.
Results for three validation faces are shown here. Corresponding points are colored consis-
tently among the different faces. (b) Preselected Groundtruth landmarks (GTLs) are shown
in white. Red points represent the nearest GESSA-Generated Corresponding Points (GGCPs)
to the GTLs for the same example faces. Dense annotation allowed selection of nearest land-
marks with distances from GTLs being less than 3% of the mean facial width. Importantly,
the algorithm was able to consistently place points across different faces.

Third, we concentrated on evaluating the ability of GESSA to place points in equivalent po-

sitions consistently across the complete set of surfaces. The standard deviations of the above
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Figure 3.3: Estimated Probability Density Function on a Validation Face. In GESSA, points
are considered samples of a random variable defined on the polyhedral surface. By maximizing
the sample differential entropy, the density function becomes almost constant everywhere. The
effect of this optimization is that surface points are effectively drawn from a uniform distribu-
tion.

GTL-GGCP distances can be used as measures of consistent placement, since small values in-

dicate that GTL-GGCP distances are similar across all faces and, consequently, landmarks are

positioned in equivalent positions across the dataset. The details are reported in Table 3.2.

The standard deviations of the GTL-GGCP distances for all landmarks were always less than

1% of the mean facial width. By further averaging again over the 19 landmarks considered, the

average standard deviation was 0.42%. The results indicated that the automatic dense point

correspondence produced by the algorithm is highly accurate.

Finally, we repeated the process of dense correspondence, using, this time, the original method-

ology by Cates et al [28]. 4, 096 points were again sampled from the facial surfaces, and closest

points to the 19 preselected GTLs were identified. The respective distances and their stan-

dard deviations are also reported in Table 3.2. From the table it is clear that the range of

the average distances to GTLs did not defer a lot between the two methodologies. This was

expected since the same number of points were considered in both cases. Where our method

exhibited a clear advantage was with regards to the standard deviations of these images. For

Cates’ methodology, we saw a big inconsistency with standard deviations. In particular, while

with GESSA all normalized deviations ranged approximately from 0.0025 to 0.0065, with the

original method normalized deviations were from 0.004 up to 0.027. This difference could be
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attributed to the fact that GESSA, using the geodesic distances and maps, is more robust

against shape variations on the different surfaces, which can through off correspondence in the

original algorithm.
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3.5 Application of GESSA on a Face Shape Heritability

and Genome-Wide Association Study

3.5.1 Introduction and Motivation

The study of twin data has received significant attention in areas ranging from biology and

psychology to behavioral genetics and epidemiology [20]. Twins are a valuable source for

information and are extensively used to identify and delineate genetic and environmental causes

for behavioral, disease and physiological traits. The power of twin designs arises from the fact

that twins may be either monozygotic (MZ), developing from a single fertilized egg and therefore

sharing all genetic material, or dizygotic (DZ), developing from two fertilized eggs and sharing

on average 50% of their alleles. The variation in genetic similarity, together with the assumption

of equal environmental influence for each twin pair creates the basis for exploring the effects of

genetic and environmental variance [20, 118]. If a trait in question shows considerably better

similarity within MZ than DZ twin pairs, this implies that genes play an important role in that

phenotype.

The above relationship is quantified using the concept of heritability, a statistic that summarizes

how much of the phenotypic variation is due to variation in genetic factors [187]. Different ways

to estimate heritability have been presented, during the years, in the literature. In the simplest

form, since MZ twins are on average twice as genetically similar as DZ twins, an estimate of

heritability can be computed as approximately twice the difference in phenotypic correlation

between MZ and DZ twins [53]. More recently, researchers have used Structural Equation

Modelling (SEM) [133] to estimate heritability. In SEM, specific phenotypic variance-covariance

structures are assumed for MZ and DZ twins and estimates of regression coefficients between

latent genetic/environmental factors and phenotypic traits are learnt from the data at hand.

Using the fitted model, heritability is estimated as the ratio of trait variance explained from the

genetic latent factor divided by the variance explained from both genetic and environmental

factors.
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One trait that has attracted a lot of interest in twin, as well as parent-offspring, heritability

studies is human facial morphology [36, 172, 107, 98, 82, 117, 104, 163, 73, 44]. The human face

is an important interface of social interaction; communication, sensory input and expression

in humans are to a large extent based on facial characteristics and traits [49]. Normal facial

variation is associated with emotional expression [58], attractiveness [126] and even lifetime

reproductive success [105] Recent evidence suggest that evolution has contributed to increased

diversity and complexity in human facial morphology, presumably due to the role of the face as

a primary medium of individual identification and recognition [149]. The influence that facial

features have in our life has spurred a long and ongoing interest in unraveling the roles that

genes and environment play in the morphological characteristics of the human face.

Since the mid-twentieth century, anthropometric scientific research on parent-offspring resem-

blance and twin concordance has confirmed that variation in human face morphology is driven

by genetics [172, 107, 98, 82, 117, 104, 163, 73, 44]. Heritability studies were carried out

to quantify the extent of phenotypic variation that can be explained by genetic variability

using, for instance, facial features extracted from cranial measurements. Moderate heritabil-

ity, varying approximately between 0.35 and 0.65, was found for traits such as nasion-basion

and nasion-sella distances, as well as the position of the lower jaw and the nasal height

[87, 145, 25, 144, 96, 71, 27, 92, 150]. More recent studies used facial photographs instead,

due to the simplicity in which the images can be obtained. However, common traits such as the

upper lip height, as well as nasal breadth and vertical eye distance, extracted from standard

photographs, were only found to be moderately heritable, with estimates between 0.4 and 0.53

[180, 26, 51, 13, 42, 95]. Given the almost perfect resemblance of identical twins, such heri-

tability values appear surprising low. Attempts to replicate these findings across independent

studies generated inconsistent evidence. A comparison of eight heritability studies reported low

correlation (< 0.4) between heritability estimates for commonly examined traits such as head

circumference, facial height and nose width [98]. Further examples include the heritability of

facial width, which was reported to range from as low as 0.257 to 0.629 [27, 44, 158], nasal

breadth heritability, varying between 0.352 and 0.639 [162, 5, 44], and cheek length heritability,

ranging from 0.154 to 0.475 [27, 155].
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Possible explanations for such unexpectedly low estimates and inconsistency across findings

can be found in a number of experimental factors. First of all, in the way in which the traits

have historically been measured. Radiographs and photographs are both flat, two-dimensional

images. Their use to measure inherently three-dimensional (3D) objects, such as facial surfaces,

limits the extent of shape variability that can be captured and constrains the range of facial

morphological descriptors that can be extracted. Other issues can be identified in the process

of constructing and measuring facial traits. Quantifying face variability is heavily dependent

on establishing landmarks/corresponding points across faces. The number of points that can

be manually annotated on a face is affected by the type of imaging modality used, and by the

ability of a person to establish landmark locations in an unambiguous manner across samples.

Consequently, it is common for studies to annotate only a few prominent facial markers, such as

eye and mouth corners, nose tip and zygomatic bones [87, 145, 25, 144, 96, 71, 27, 92, 150, 180,

26, 51, 13, 42, 95], ranging in number between 10 up to, in exceptional cases, 40 landmarks.

It becomes clear thus that manual landmarking poses an important constraint limiting the

extend of facial variability that can be captured. Furthermore, most classical studies adopted

facial traits derived from two-dimensional distances between landmark pairs [145, 25, 144, 71,

27, 92, 150, 180, 26, 42, 95]. More rarely, angles between connected landmark pairs have also

been considered [87, 96, 51, 13]. The widespread adoption of such facial phenotypes could be

justified by the small number of annotated landmarks, the relative simplicity in which these

measurements can be acquired, as well as their ease of interpretation. On the other hand,

they offer a perhaps oversimplified characterization of face morphology and fail to take into full

account the geometric variability that can be observed across faces at a more granular level.

A separate limiting factor that has affected twin heritability studies is related to sample sizes

employed and associated statistical modeling implications. The statistical power of heritability

studies is defined as the probability of correctly rejecting the null hypothesis of zero heritability

[181]. A multitude of factors affect power, including the combination of variance components

used in the model, heritability effect size (ranging between 0 and 1), sample size and the

proportion of MZ to DZ twins in the dataset. How to best optimize the experimental design in

terms of sample size is still largely debatable [181]. By assuming the existence of only additive
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genetic effects in the twin model, a previous simulation study reported minimum required

sample sizes ranging between 75 and 2, 000 twin pairs in order to achieve 95% statistical power,

depending on heritability effect sizes ranging from 0.8 to 0.2 respectively, and keeping the MZ

to DZ ratio close to one [110]. In practice, the large majority of twin studies to date have relied

on sample sizes of 20 to 100 twin pairs [172, 117, 104, 73, 96, 71, 180, 26, 51, 13, 42], possibly

due to difficulties in recruiting large cohorts of twins. The use of small to medium sized cohorts

may have thus resulted in under-powered studies, especially for traits with low to moderate

heritability.

In the following we present a novel heritability study of the human face shape that combines for

the first time the use of 3D facial mesh models, dense automatic annotation of corresponding

points and curvature-based phenotypes. 3D models were acquired using a system for high-

resolution 3D photographic scanning, the 3dMD face imaging system. To capitalize on these

representations, we applied GESSA on the dataset and automatically computed thousands of

facial quasi-landmarks, giving us the ability to capture morphological variation across subjects

at a much finer level of granularity, whilst removing human measurement errors. The availability

of densely sampled corresponding positions on each face enabled a wider range of facial traits

to be defined, each capturing a specific aspect of face-shape variability. In particular, we

demonstrated that local curvature traits, computed at each three-dimensional position across

the facial surface, provide highly informative quantitative measurements of facial geometry.

The face heritability study was performed on 952 British twins recruited from the TwinsUK

adult twin registry [115]. All subjects were females and unselected for any disease, of which 197

were MZ and 279 DZ pairs. Each face was represented in the dataset as a 3D polyhedral mesh

comprising of approximately 4, 500 points. Using GESSA, we identified 4, 096 corresponding

points on each face, each one contributing a local curvature value whose heritability was inde-

pendently assessed. Curvature-based heritability estimates of individual points were combined

into face heritability maps highlighting in great detail, for the very first time, which facial parts

are under high and low genetic control. A multivariate analysis further identified extended and

well-defined facial regions sharing similar patterns of variability, with heritability estimates

reaching or exceeding 0.7, including the chin, nasal regions, nasolabial folds, upper lips and



46 Chapter 3. Geodesic Correspondence Sampling for Ensembles of Polyhedral Surfaces

zygomatic bones. In addition, using a smaller set of the annotated facial points, we explored

the heritability of more traditional distance-based facial traits. A number of facial lengths,

including bizygomatic and nose width, had heritability estimates close to or greater than 0.7,

values that are significantly higher than the ones previously encountered in the respective lit-

erature. Finally, we used the heritability findings as a guide for a preliminary Genome-Wide

Association Study (GWAS), using a subset of 449 TwinsUK unrelated individuals. A GWA

study focuses on finding associations between single-nucleotide polymorphisms (SNPs), located

anywhere in the human genome, and phenotypic traits, which in our study are related to facial

morphological features. The study identified significant genotypic markers on one chromosomal

locus associated with a highly heritable curvature phenotype, which describes the shape around

the philtrum facial area. To our knowledge, this study was the first to achieve such a detailed

and comprehensive evaluation of facial shape heritability.

3.5.2 Data Description, Preprocessing and Phenotyping

Imaging data were retrieved for 1, 547 participants of the TwinsUK Cohort [115], for which

3D facial models and age information was available. Research was done in accordance with

the tenets of the Declaration of Helsinki. The sample consisted predominately of female twins

unselected for any disease. 314 subjects were dropped due to artifacts in the images or lack

of zygosity information, and 228 unrelated subjects were excluded from further analysis. An

additional 56 subjects were removed due to mesh reconstruction errors during our phenotyping

process. After preprocessing and quality control, the dataset consisted of 952 female subjects

(59.31 mean age, 9.85 standard deviation ). Of these, 197 pairs were MZ and 279 were DZ.

Due to large variation in the original pose and position of the original 3D meshes, we manually

located outer eye corners and nasion in all faces. The three landmarks were used to impose

a common orientation of the faces under the same coordinate space. These landmarks were

discarded from any subsequent analysis step. Following that, the surfaces were cropped and

trimmed to remove non-facial areas, such as neck and chest regions, hair and ears. Finally,

the Iterative Closest Point (ICP) algorithm [16] was applied to align the cropped images. The
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preprocessing pipeline was performed using the Meshlab software suite. Point correspondences

for 4, 096 corresponding points were automatically established on the 952 facial surfaces using

GESSA.

3.5.3 Curvature-based Morphological Traits

The dense annotation of the facial surfaces allowed us to compute shape-related phenotypes,

associated with the surfaces’ curvature. The shape around a point on a surface can be charac-

terized using curvature indices [97]. Curvature is a directional property and describes how bent

the surface is around each point [135]. The curvature magnitude of a point in some direction

is given by the reciprocal of the radius of the circle that best approximates the slice of surface

in that direction [97]. Normal curvatures are defined on orthogonal planes to a surface point

and for each such point, there exists a single normal curvature that has the largest absolute

curvature magnitude. This is called the maximum curvature kmax. The curvature perpen-

dicular to kmax is the minimum curvature kmin. These two surface attributes are collectively

called principal curvatures and any normal curvature at a point on a surface can be derived as

a combination of kmax and kmin [135]. Figure 3.4 shows a general characterization of shapes

based on the signs of kmax and kmin.

Individually, each principal curvature does not provide a useful interpretation of local surface

shape [97], as can be seen in Supplementary Fig. 3.4. As such, while principal curvatures,

along with their directions, could be used as traits, they would lack visual interpretation and

heritability maps would not be possible to be constructed. For this reason, we opted to utilize for

our study more intuitive univariate curvature indices, which can be derived from the principal

curvatures, to compute phenotypic traits. The four such measures were:

Mean Curvature:

kMC =
kmax + kmin

2
, (3.23)

Gaussian Curvature:

kGC = kmax × kmin, (3.24)
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Figure 3.4: Principal curvatures and shape characterization. General classification of shapes
based on the signs of the two principal curvatures.

Curvedness:

kCU =

√
k2
max + k2

min

2
, (3.25)

Shape Index:

kSI =
π

2
× arctan

(
kmax + kmin
kmax − kmin

)
. (3.26)

In order to explain the characteristics of the various indices, we first present two intuitive

features that can be used to describe the shape of a surface patch. The first feature is the general

shape morphology and is governed by the various sign combinations of kmin and kmax , i.e. flat

(kmax = kmax = 0 ), vs. convex cylindrical (kmax > 0, kmin = 0), vs. concave cylindrical (kmax =

0, kmin < 0), vs saddle structure (kmax > 0, kmin < 0), vs. convex cylindrical (kmax > 0, kmin >

0), vs. concave cylindrical (kmax < 0, kmin < 0). The second feature is curvature magnitude,

i.e. how bent the surface is irrespective of shape morphology. Any univariate descriptor of

curvature needs to be a compromise, since it cannot include all information provided by these

two features [135, 97].

An illustration of the four indices’ characteristics, including their domains and how shapes are

differentiated is included in Fig. 3.5. The MC index provides a balanced measure between shape
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morphology and curvature magnitude. It is strongly affected by directional shape differences

(convex vs. concave shapes) but is also sensitive to curvature magnitude. GC distinguishes

primarily between shape morphologies of the same or opposite principal curvature signs. It

describes well variation between and within cylindrical and saddle-like structures, while being

less sensitive to other shape characteristics. CU and SI indices are the most accurate quan-

titative measures of curvature magnitude and shape morphology respectively. While the four

curvature indices are correlated, each one has its own merits as a facial trait descriptor, since,

as discussed above, they accentuate varied morphological characteristics.

Calculations of local curvature on the 3D meshes was performed using a finite-differences algo-

rithm [137]. Normal vectors perpendicular to the surface were computed in each facial point.

Gradients across the surface were then approximated using finite normal differences of neighbor

points. Principal curvatures were found through an eigenvalue decomposition of the normal

gradients and curvature index values calculated from the respective formulas.

In our study, each corresponding point contributed four shape-related phenotypes, computed

using the MC, GC, CU and SI formulas, resulting in 16, 384 quantitative traits per face. For each

one of the four measures, curvature maps can be obtained by color-coding all facial landmarks

according to their curvature values, which provide easily interpretable representations of facial

morphology. Figure 3.6 shows the curvature maps of the average face - constructed by averaging

corresponding points’ coordinates of all faces -.

In the MC curvature map, points belonging to protruding concave regions like the nose, chin

and eyebrows had positive MC values, with higher measurements observed in the nasal surface.

Flatter areas, such as cheeks and forehead, had MC values close to zero, while inner eye corners,

ala of the nose, and to a lesser extent, the corner areas between lips and chin were comprised

of negative-valued curvatures. In the GC map, facial features associated with positive values

were the cylindrically structured inner eye corners and nose tip, while saddle-like regions such

as nasion and base of the nose showed negative GC values. The CU curvature map highlighted

facial parts with large overall curvature, for example nose and eyebrows, which confirms the

intuitive observation that highly curved facial parts are mainly centrally located in the face.
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Figure 3.5: Topological characteristics of curvature indices. Each index highlights different
attributes regarding the morphology of a surface patch. MC differentiates significantly areas of
high and low curvature, as well as convex and concave shapes. GC discriminates well between
spherical and saddle-like areas. CU is less representative of a particular morphology and reflects
the absolute curvature magnitude in each point, irrespective of its specific shape. Finally, SI
is scale-independent and able to differentiate between pure shape characteristics, e.g domes,
ridges and saddles, regardless of their high or low CU.

The SI curvature map showed that that most facial areas have positive values corresponding

to generally cylindrical structures. The sample variability of each curvature trait was further

investigated. Results are presented in Appendix A.2.
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Figure 3.6: Face curvature maps. The figure shows the curvature maps of the average face from
the TwinksUK dataset. The maps were created by computing values of curvature indices along
all corresponding points on the face. Most facial parts have a convex topology, either cylindrical
or spherical, with few saddle-like or flat areas that transition to concave regions localized in
the eye, nose and mouth corners. Each map further highlighted the unique characteristics of
its corresponding index. MC Curvature Map: Positive values corresponded to convex areas
(nose, eyebrows, lips, chin), while negative values to concave ones (inner eye corners, subnasal
region). GC Curvature Map: Many facial regions had very small values, due to being either
flat or curved along only one direction. Exceptions were the spherical (nose tip, inner eye
corners) and saddle-like (nasion, subnasal region) areas. CU Curvature Map: Consisting only
of non-negative values, the map highlighted how curved the surface is without distinguishing
between different shape morphologies. Large values were concentrated on the central part of the
face. SI Curvature Map: Most facial areas had positive values, indicating the overall cylindrical
structure of the human face.

3.5.4 Heritability Study

The curvature phenotypic data, as well as measurements of selected distance traits were used to

perform various heritability analyses of the facial morphology. These analyses were done using

Structural Equation Modeling (SEM) [133]. SEM evaluates which combination of additive (A)

genetic, common (C) environmental and unique (E) environmental variance components can
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best explain the observed phenotypic variance and covariance of MZ and DZ twin data. The

importance of individual variance components was assessed by dropping parameters sequentially

from the set of nested models ACE→AE→E. In choosing between models, variance components

were excluded from the selection process if there was no significant deterioration in model fit

after the component was dropped, based on the Akaike Information Criterion (AIC) [1]. The

E component combined unique environmental results and random error and was retained in

all models [133]. Heritability estimates for the AE models are calculated as a2

a2+e2
, where a

and e are the path coefficients of the A and E variance components in the SEM model. ACE,

AE and E structural equation models were fitted using the OpenMx software [18]. A detailed

description of SEM is included in Appendix A.3.

Univariate Heritability Analysis

We performed univariate analyses of all 16, 384 curvature traits - 4 traits per corresponding

facial point - with the aim to combine local heritability results and produce global maps of

heritability for the human face. The heritability of each trait was independently estimated

using SEM. AE models were the best-fitting ones according to AIC. Summary statistics for

all fitted models can be found in Appendix A.4. Model Goodness-of-fit was examined using a

log-likelihood ratio test between the structured model and a fitted saturated model where no

structure was imposed on the covariances. Test p-values above 0.05 translate to the structured

model providing a better fit that the saturated one (see Appendix A.3 for further details). From

the sets of 4, 096 traits per index, 86.02%, 67.9%, 86.8% and 87.06% AE models for MC, GC,

CU and SI respectively had goodness-of-fit p-values above 0.05.

For each curvature type, the 4, 096 heritability estimates were visualized in a single heritability

map plot. Each map provides a graphical representation of the extent by which the geometry

of facial regions is controlled by genetic variability. Frontal and side facial views of these maps

are shown in Fig. 3.7. For interactive viewing of the heritability maps, a website was created

at http://heritabilitymaps.info/.

Several facial points with high heritability estimates (> 0.65) were localized on well defined

http://heritabilitymaps.info/
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Figure 3.7: Heritability maps of the human face. Each heritability map consists of 4, 096
heritability estimates. Facial areas with high heritability across all four maps were the mental
region, philtrum, nasal tip, nasion, inner eye corners, nasolabial folds and frontal process of
maxilla. MC Heritability Map: In addition to aforementioned areas, we observed genetic
association along the lower parts of the eyes (zygomatic bones), the sides of mouth/chin complex
(mental foramen), the complete upper lip region and the frontal eminences. GC Heritability
Map: Compared to the previous map, zygomatic bones were not clearly distinguished and
only the philtrum had high heritability in the upper lip region. A moderate genetic effect
was observed around the whole nasion area. CU Heritability Map: The map included clear
heritable lines in the upper and lower circumference of the facial surface. A further unique
feature observed here was a flat heritable area around the ramus of the mandible. SI Heritability
Map: Zygomatic lines were clearly visible in this map, along with the upper lip and the frontal
eminences. The map highlighted primarily the mostly concave regions of transition between
the lip and ala of the nose, the frontal process of maxilla and the lower more protruding parts
of the nasal bones.

facial areas. Irrespective of the curvature index employed, points belonging to the mental

region, philtrum, nasal tip, nasion, inner eye corners, nasolabial folds and frontal process of

maxilla gave consistently high estimates. Amongst all curvature types, MC yielded the highest

heritability estimates over extended facial regions. The MC heritability map highlighted further

highly heritable areas, including the zygomatic lines around the eye sockets, side areas of the
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mental foramen, the upper lip and frontal eminences. The results of the GC traits showed high

heritability for a number of saddle-like facial structures, namely the whole nasion region, the

philtral ridge, as well as the lower nasal bone. In the CU heritability map, a strong genetic

influence is observed in the angular transition from the nasal bone and glabella towards the

frontal eminences, as well as in the overall roundness of the facial circumference, highlighted

by heritable lines across the upper part of the forehead and the lower part of the ramus of the

mandible. The SI heritability map showed strong genetic control of the softly spherical flat

regions of frontal eminences and upper lip, the cylindrical structure of the upper zygomatic

bones and sides of the nose and finally the saddle-like areas of nasion, nasal bone and ala of

the nose. The results indicated that local curvature is strongly determined by genes for large

parts of the face.

Multivariate Heritability Analysis

Following the univariate heritability study, we aimed to identify larger facial areas showing

common patterns of shape variation and produce single-valued heritability estimates for them.

For each face and curvature index, we decomposed the aggregated single point phenotypes

using sparse Principal Component Analysis (sPCA) [185, 186]. A detailed description of the

sPCA methodology is included in Appendix A.5. sPCA automatically identified traits com-

prised of linear combinations of univariate phenotypes with similar curvature variability. We

refer to these as regional traits. Sparsity affected the number of univariate traits comprising

each regional phenotype, and was imposed in order to acquire measurements corresponding to

extended but spatially consistent facial regions. The amount of sparsity was controlled through

a single parameter. Different values were tested and results showed that the parameter had

little effect in the heritability estimation process. Details on the effect of the sparsity parameter

are given in Appendix A.6. The parameter was set to 7.5 for GC, 12.5 for SI and 15 for MC and

CU. We estimated the heritability of 100 regional traits for each curvature index. Each set of

regional traits was able to cumulatively explain 92.72%, 89.41%, 79.85% and 87.5% respectively

of the MC, GC, CU and SI phenotypic curvature variance. Average heritability statistics for

the regional trait analyses are given in Appendix A.4. We found again that the best models
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were the AE as assessed by AIC. Goodness-of-fit p-values above 0.05 were acquired for 81, 75,

87 and 73 regional traits of MC, GC, CU and SI respectively.

The facial areas associated to regional traits were visualized by color-mapping the coefficients

of the linear combinations - weights by which landmark traits contribute to the regional pheno-

types - on the facial surface. We refer to these maps as Eigenface maps, since they correspond

to the eigenvectors of the multivariate decomposition. Figure 3.8 shows the Eigenface maps of

the top 5 heritable regional traits for each curvature index, along with their heritability values.

The maps of the most heritable traits were mostly comprised of facial points closely located to

each other, indicating patterns of common shape variation in the respective areas.

Heritability results for the regional and univariate traits were in good agreement. From Fig.

3.8 it is obvious that the morphologies of regions such as nasolabial folds, zygomatic bones,

inner eye corners, mental region, frontal eminences and ala of the nose were highly heritable

(> 0.65). Due to the good segmentation of the facial surface into clearly identifiable regional

traits, we also identified heritable areas that were not as easily noticeable in the heritability

maps. In particular, the mental foramen showed up as the second top heritable phenotype in

the SI results, while the condyloid process of the mandible was highlighted in the fifth and

third top heritable trait in MC and SI analyses, respectively.

Heritability of Distance-based Traits

An analysis of traditional distance-based facial traits was performed to gain insights about the

relative merits of our phenotypes and also enable direct comparisons to previous heritability

studies. Out of the 4, 096 corresponding points, we located 17 landmarks for prominent fidu-

cial points, by visual inspection of the average TwinsUK face. Figure 3.9 shows the selected

landmarks. Using the computed correspondence, we were able to automatically locate the 17

landmarks on all 952 faces. Ten facial traits were derived from Euclidean distances (EDTs)

between selected landmark pairs and ten equivalent traits were derived from Geodesic distances

the same landmark pairs. The phenotypes are summarized in Table 3.3. We thus also examined

whether the use of GDTs, only possible on 3D data, yielded any advantages compared to EDTs.
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Figure 3.8: Eigenface maps of the top heritable regional traits. The maps depict the weights
by which univariate phenotypes contribute to the regional traits. sPCA was utilized in order to
achieve good spatial consistency of the Eigenface maps. MX Eigenface Maps: Distinctive facial
characteristics that emerged as heritable were the nasolabial folds, transitions to the ala of the
nose, frontal eminences, zygomatic areas between and below the eye sockets and the condyloid
process of the mandible, with the latter been more clearly portrayed in the multivariate rather
than the univariate heritability analysis. GC Eigenface Maps: The GC Eigenface maps were
highly localized, compared to the rest of the curvature indices. Heritable regions included for
the philtrum, ala transitions, inner eye corners and chin facial regions. CU Eigenface Maps: The
top heritable traits highlighted mainly the zygomatic areas around the eye sockets, as well as
the nasion, chin and upper forehead areas. SI Eigenface Maps: Highly heritable regional traits
were located in the nasolabial folds, zygomatic areas,chin, condyloid process of the mandible
and mental foramen regions.
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Figure 3.9: Selected landmarks for the distance-based heritability analysis, depicted on the
average TwinsUK facial surface. 17 facial points corresponding to prominent fiducial markers
were selected from the automatically computed set of 4, 096 corresponding points. Landmark
pairs were subsequently used to construct distance-based phenotypes. See Table 3.3 for naming
conventions.

Landmarks Distance Phenotypes
Abbreviations Description Abbreviations Description

g Glabella sn - gn Height of lower face
n Nasion g - sn Height of middle face

prn Pronasale n - sn Nose Height
sn Subnasale sn - prn Nasal protrusion
gn Gnathion alL - alR Nose width
alL Alare (L) exL - exR Intercanthal width
alR Alare (R) enL - enR Biocular width
exL Exocanthion (L) zyL - zyR Zygomatic width
exR Exocanthion (R) goL - goR Mandible width
enL Endocanthion (L) chL - chR Mouth width
enR Endocantion (R)
zyL Zygion (L)
zyR Zygion (R)
chL Cheilion (L)
chR Cheilion (R)
goL Gonion (L)
goR Gonion (R)

Table 3.3: Abbreviations and related descriptions of selected landmarks and traits for distance-
based heritability analysis.

Heritability estimation for the 10 EDTs and their equivalent GDTs was carried out using ACE,

AE and E structural equation models, as before. AE models provided on average the best fits

according to AIC. Average model statistics are given in Appendix A.4. Table 3.4 shows the
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resulting heritability estimates as well as SEM Goodness-Of-Fit test p-values. In the remainder,

we concentrate on traits whose models’ Goodness-Of-Fit test p-values were greater than 0.05,

thus providing good fits of the observed data. Four EDTs corresponding to horizontal facial

measurements, namely nose, zygomatic, mandible and mouth widths were found to be highly

heritable. Of these, estimates greater than 0.7 were acquired for the two upper/middle face

EDTs, zygomatic and nose widths, while the heritabilities of the mandible and mouth widths

were found to be slightly lower at approximately 0.62 and 0.67, respectively. The EDT corre-

sponding to nasal protrusion was also found to be moderately heritable at approximately 0.55.

Heritable GDTs included the mandible and mouth widths, nasal protrusion, lower face height

and biocular width (i.e. the distance between inner eye corners). The first three GDTs had

slightly lower heritability estimates compared to the corresponding EDTs. Mandible and mouth

GDTs traverse the lip region, which had low heritability estimates in our previous analyses.

On the other hand, the biocular GDT, which traverses a surface area with consistently high

heritability, i.e the nasion, provided the highest estimate (0.789) among all distance phenotypes.

Phenotypic Traits EDT GDT
h2 Goodness-Of-Fit p-value h2 Goodness-Of-Fit p-value

sn - gn 0.634 0.019 0.692 0.126
g - sn 0.75 0.00003 0.708 0.0004
n - sn 0.749 0.00001 0.699 0.0003

sn - prn 0.545 0.276 0.505 0.731
alL - alR 0.718 0.219 0.697 0.0002
exL - exR 0.706 0.005 0.651 0.0002
enL - enR 0.707 0.02 0.789 0.063
zyL - zyR 0.734 0.303 0.665 0.001
goL - goR 0.677 0.537 0.573 0.468
chL - chR 0.62 0.105 0.586 0.449

Table 3.4: Heritability estimates h2 for 10 traits based on Euclidean Distances (EDTs) and
10 traits based on Geodesic Distances (GDTs). Models’ Goodness-Of-Fit test p-values greater
that 0.05 correspond to good fits of the observed data.

3.5.5 Genome-Wide Association Study

Following our heritability study, we evaluated the use of regional curvature and distance traits

as phenotypes in a preliminary GWAS, using a subset of 449 unrelated individuals from the
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TwinsUK cohort, for which genotypes were available. Subjects were genotyped using the Hu-

manHap 300k Duo and HumanHap610-Quad array genotyping platforms from Illumina. Im-

puted genotypes were computed with reference to HapMap release 22 CEU population data

using IMPUTE2 [79]. The raw genotypic data comprised of approximately 3, 000, 000 Single

Nucleotide Polymorphisms (SNPs) per subject. The association analysis was performed using

PLINK [131]. For a pair of univariate genotypic and phenotypic variables G and P respec-

tively, PLINK assumes a linear causative model P = sG+b. The Null Hypothesis H0 : s = 0 of

no association (zero slope) between independent and dependent variables is tested against the

alternative Hypothesis H1 : s 6= 0 using a Wald style test based on the t-distribution. For an

estimator ŝ of parameter s, the t-statistic is tŝ = ŝ

ŜEŝ
, with ŜE ŝ the estimated standard error

of ŝ. Under H0, the sampling distribution of tŝ follows the t-distribution with N − 2 degrees

of freedom, where N is the sample size. Estimators ŝ and ŜE ŝ were computed using Ordinary

Least Squares (OLS).

Based on the previous heritability results, different analyses were performed for the twenty

most heritable regional traits, as well as five distance traits with heritability above 0.65, namely

the alL - alR, zyL - zyR, goL - goR EDTs and sn - gn, enL - enR GDTs. After removal of

SNPs with missingness ratio above 0.05, minor allele frequency below 0.05 and Hardy-Weinberg

Equilibrium below 0.001, 1, 337, 124 genotypic markers were tested for association with the

selected phenotypes. Genome-wide significance was ascertained if test p-values were lower than

0.5× 10−8.

In the GWAS, we identified four SNP markers reaching genome-wide significance, all associated

with the top heritable GC curvature trait, which corresponds predominantly to the philtrum

facial area (Fig. 3.8). The SNPs were located within a 100kb region at chromosomic loca-

tion chr2p11.2. Genomic Region plots, centered around the significant markers, showing the

resulted association test p-values, are included in Fig. 3.10. The r2 correlation, also referred

here as recombination rate, between the four significant SNPs was higher that 0.9, based on

rates computed from the HapMap phase II, release 22, phased genotypic data [88]. The high

recombination rate indicated the existence of a single genotypic loci in association with the

regional trait.
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Figure 3.10: Genomic Region plots showing genome-wide significant markers associated with
the top heritable GC regional trait. Observed genotype-phenotype association signals (− log p)
are plotted against physical positions of each SNP in a region centered around the four genome
significant SNPs: (a) rs17023240, (b) rs11895644, (c) rs17023229, (d) rs2163251. The four
SNPs showed very high correlation/recombination rate (HapMap Release 22, CEU) among
them, indicating a single locus of significance.

3.5.6 Discussion

To our knowledge, the study presented above is the largest face heritability study ever done.

Our landmarking and phenotyping pipeline was employed for the analysis of 456 female twin

pairs from the TwinsUK cohort [115]. Compared to most commonly encountered sample sizes

of between 20 and 100 pairs [172, 117, 104, 73, 96, 71, 180, 26, 51, 13, 42], the increased number

of subjects improves the statistical power of our study to identify effects of heritability. Based

on a previously published simulation study on the power of twin studies [110], our sample

size surpasses the minimum requirements for having 95% power of rejection of the false - zero

heritability - hypothesis at the 5% significance level even when the true heritability effect

is as low as 0.3. Previous work has suggested that the TwinsUK sample is representative
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of the general British population, where the sample were ascertained from [3]. For facial

traits in particular, it may be expected that gender also plays a role in shaping up the facial

characteristics we study. For this reason, caution is warranted before any of these results are

generalized and extended to male subjects of the same ethnicity.

A salient aspect of this study, facilitated by the three-dimensional face models, was the use

of curvature-based phenotypes. For each point in the facial surface, four different types of

univariate measurements describing curvature for local patches centered around that point

were considered. Each curvature type is able to highlight varying morphological structures.

The use of these traits enabled us to characterize local variability in facial shape and identify its

genetic content. Heritability estimates for these local traits were combined to provide detailed

global maps of heritability for the human face. Furthermore, regional traits, defined as linear

combinations of the single point phenotypes, were computed by a multivariate decomposition

of the previous traits. Heritability analyses of the latter phenotypes allowed us to report on

accurate heritability values for well-defined facial regions. In the literature, similar curvature

traits have been successfully used for other applications such as face detection [37], recognition

[84, 47], segmentation [141, 29] and affinity estimation [29, 192].

We were able to identify curvature-based facial traits that were highly heritable (> 0.65) in

both of our curvature-based analyses. A direct comparison with previously reported heritable

facial lengths and angles is not straightforward, due to the different nature of the measurements.

Certain connections though were made between our heritability and Eigenface maps and related

published findings. A heritability estimate of 0.53 was previously reported for nose width

in a pedigree analysis of 229 Korean individuals [95]. The MC heritability map (Fig. 3.7)

showed high heritability for the line between the left and right corners of the ala through the

base of the nose. In the same study, inner eye corner distance had a heritability estimate of

0.61. The GC, CU and SI heritability maps all indicated that the shape of the nasion region,

including the inner eye corners, was highly heritable. This inference was further supported by

our multivariate analysis. The 3rd and 5th most heritable GC regional traits, as well as the

3rd top heritable CU trait (Fig. 3.8) had Eigenface maps concentrated on the nasion area (Fig.

3.8) and their respective heritability estimates ranged between 0.699 and 0.737. Moderate to
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high heritability, ranging between 0.4 and 0.7, was identified in twin and family studies for

the facial width [13, 150, 51, 92]. Our MC and SI heritability maps (Fig. 3.7) highlighted

highly heritable lines following the curve of the zygomatic bones. Another phenotype that

was reported with heritability estimates of 0.59 and 0.66 is head circumference [52, 92]. This

result can be connected to the elevated heritability estimates regarding curvature magnitude

in the periphery of the face, that we observed in the CU heritability map (Fig. 3.7). Finally,

a number of twin and family studies identified moderate to high heritability estimates for

various phenotypic traits relating to the position, length and angular structure of the jaw bone.

Mandible ramus and body length heritabilities were reported to be 0.72 and 0.77 respectively

in a study of 363 children and their parents [87], while the angle between the two lines was

found to have moderate heritability 0.47 and 0.453 in the same analysis and in a different study

of 77 twins [26]. Chin width was estimated to have heritability of 0.42 in a family study [95].

In our multivariate results, we observed high estimates in the chin area - 2nd SI, 8th CU and

15th GC regional traits, with respective trait heritabilities ranging from 0.685 to 0.711 (Fig.

3.8). All above comparisons are summarized in Table 3.5.

We also explored the heritability of facial traits based on Euclidean distances (EDTs), as well

as equivalent phenotypes measured using Geodesic distances on the facial surfaces (GDTs). 10

EDTs and GDTs yielded reliable heritability estimates, ranging from 0.505 to 0.789. Evidence

supporting our results were found in a number of family-based heritability analyses. A previ-

ously mentioned study reported its highest heritability estimates of 0.42, 0.44, 0.53 and 0.61

for mandible width, nasal protrusion, nose width and inner eye corner distance respectively

[95]. Here, the nose width EDT and biocular width GDT yielded two of the three highest

estimates -0.718 and 0.789 respectively-, while nasal protrusion and eye distance EDTs and

GDTs were moderately to highly heritable, with heritability estimates ranging from 0.505 to

0.677. Nose width was also reported to be moderately to highly heritable in two studies of 125

Belgian and 342 Indian families with corresponding estimates of 0.639 and 0.498 [163, 5]. The

same studies reported heritabilities of 0.606 and 0.605 for the bizygomatic width, while three

further analyses, including large population samples from Russia and India and Europe, gave

estimates of 0.52, 0.71 and 0.629 for the same trait [51, 92, 158]. Our most heritable EDT,
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with h2 = 0.734 corresponded to that width. In comparison to previously reported values, our

heritability estimates were either similar or significantly higher.

Important inferences were made by exploring results from the various types of phenotypes used

in this study. In the distance-based study, EDTs corresponding to mandible and mouth widths

showed slightly higher heritability estimates in comparison to the respective GDTs. The latter

traits had geodesic paths passing through the lip region, which, in the curvature analyses (Fig.

3.7), had consistently low heritability estimates. On the other hand, the GDT corresponding to

inner eye corner distance gave the highest heritability estimate of 0.789. The geodesic path of

that trait traverses the nasion region, which is a well known highly heritable area of the human

face [121, 95, 180]. The results could indicate that GDTs are more sensitive than EDTs to

the facial morphology between the considered landmarks. A comparison of summary statistics

from the curvature and distance heritability analyses revealed that Structural Equation Models

provided good data fits for approximately 80% of the curvature traits, but only 50% of the

distance phenotypes, as assessed by Goodness-Of-Fit log-likelihood ratio tests. This observation

could be a strong indicator that curvature phenotypes are more suitable for the study of facial

morphology.

Finally, despite the small sample size for the needs of a GWAS, we were able to identify

genome-wide significant genotypic markers at chromosomic location chr2p11.2, associated with

the highest heritable GC regional trait. The respective Eigenface highlights the philtrum facial

region, an area related to a well known genetic disorder, the syndromic Cleft of the lip and/or

palate (CLP) [46]. The promising GWAS results indicate that the phenotyping approach and

heritability results presented in this study can potentially inform and guide association studies

relating the human face.
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3.6 Conclusion

In this Chapter we presented GESSA for the automatic dense uniform sampling of correspon-

dent points from a set of polyhedral surfaces. The optimization framework, first introduced in

[28], was based on an entropy cost function which balances the uniform distribution of points in

individual surfaces with point-wise correspondence across the surface ensemble. Here we built

upon that framework and used geodesic distances between surface points, defined on the poly-

hedral surfaces, in order to increase precision during uniform point sampling. Furthermore, a

suitable gradient descent optimization technique was developed to optimize the corresponding

points’ locations by operating directly on the surfaces. By incorporating these two key features,

we were able to to deal with highly curved surfaces and enhance the correspondence results.

Other dense 3D point correspondence methods for polyhedral data have been recently proposed,

regarding applications mainly on face modeling and candidate association analyses, with the

aim of studying genetic syndromes involving facial dysmorphisms and asymmetries [69, 35]

and recognize genetic variants that explain normal face variation [124, 34]. In these works,

pairwise correspondence methodologies were adopted and some form of manual landmarking

was employed during facial annotation. In our methodology, given a the set of polyhedral

surfaces roughly aligned in the same coordinate space - something that can be achieved using

automated methods such as ICP - no manual annotation is required. Furthermore, since GESSA

performs groupwise annotation, it does not suffer from potential bias towards a template or

mean surface. Our algorithm is able to handle large datasets efficiently, as will be showcased

in our application study.

The performance of GESSA was validated on the Morphface dataset, achieving very good

landmarking accuracy. The TwinsUK dataset is not publicly available, thus we deemed it

inappropriate for use in the validation study, since it would raise reproducibility issues. A

number of other 3D face datasets do exist and have been commonly used in the literature, with

prominent examples being: the BU-3DFE dataset [188], comprising of 100 subjects scanned

during various facial expressions, the Bosphorus dataset [146], with 105 subjects scanned again

with different expressions, the 3D-TEC dataset [173] of 107 pairs of twins, and the FRGCv2
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dataset [128], which consists of approximately 4000 neutral and non-neutral expression 3D

face images of 466 individuals. A number of reasons though lead us to not utilize the above

datasets. The existence of many facial scans with various expressions in these datasets, apart

from 3D-TEC, were not of particular interest in this work, since the TwinsUK dataset, that

drove the construction of the methodology, includes only subjects with neutral expression. The

BU-3DFE dataset comprises of subjects with a very large variety of ancestries, including White,

Black, East-Asian, Middle-east Asian, Indian, and Hispanic Latino [188], while demographics

of FRGCv2 could unfortunately not be found. The Bosphorus dataset does not readily provide

polyhedral surface data, but rather 3D coordinate maps of acquired 2D images [146]. Finally, to

the best of our knowledge, all mentioned datasets have strict license agreements, necessitating

institutional support to acquire the data, with availability of 3D-TEC, in particular, made on

a case by case basis [173].

We used GESSA to perform a large-scale twin heritability study, and an accompanying GWAS,

of the human face shape. Heritability estimates were computed for local curvature phenotypes

corresponding to single facial points and the results were combined to generate face heritabil-

ity maps. Furthermore, regional curvature traits, corresponding to larger facial areas, were

extracted through sPCA decomposition of the curvature data and their heritability was also

estimated, yielding a number of highly heritable facial features. Heritability estimation was fi-

nally performed for a number of traditional facial length traits, with estimates been equivalent

or higher to the ones found in the existing literature. In the application study, we provided

a fresh perceptive in facial phenotyping and heritability analysis that could potentially inform

future genome-wide studies and be useful in a variety of applications, ranging from population

genetics and gene-mapping studies, to face modeling and reconstruction applications.



Chapter 4

Regression-driven Adaptive Sampling

for Ensembles of Polyhedral Surfaces

4.1 Introduction and Motivation

In the areas of geometric modeling and computer-aided design, remeshing - computing new

sets of vertices - of polyhedral surfaces is commonly employed for surface simplification and

non-redundant reconstruction [166, 101, 43, 184, 112]. This simplification is predominately

achieved by sampling new mesh vertices from a curvature-dependent surface distribution, with

increased density around highly curved areas. The adaptive curvature sampling is based on

the intuitive principle that, given a certain number of points, the geometry of a surface can

be more accurately represented by this set of points, if curved surface areas are covered more

densely that flat ones [101].

Contrary to the above, adaptive annotation of corresponding points on sets of surfaces has

received minimal attention so far. This comes as no surprise, considering that prior to the

development of dense correspondence methodologies, only sparse sets of preselected landmarks

were considered, rendering the issue of such an adaptation non-existent. In the case of dense

methodologies, we have observed an almost blind pursue for the increase in the number of

annotated points, with no significant attention given to the question of how these are distributed

67
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on the surfaces. While redundancy is unquestionably preferable to sparsity, it is reasonable to

argue that a clever positioning of surface points offers certain advantages, both in terms of

computational efficiency and in terms of data analysis.

Adaptive correspondence curvature sampling is a fairly straightforward extension for a number

of dense methodologies, especially template-based ones, where the only difference would be

the construction of a suitable template. In this work, we concentrate on a more complicated

problem, that of adapting the points’ distribution in order to optimize their locations according

to feature measurements that are not intrinsic to the surfaces’ structure. To showcase the

usefulness of such a method, we present below an example in which such an procedure can

be employed. In the field of medical imaging, a common application involves the study of

brain structures with the goal of identifying regions representative of patients’ status. Datasets

are commonly split into case and control subjects. This classification can be used to guide the

density of the landmarks’ distribution, is essence combining the landmarking process with what

would be a subsequent analysis step of feature selection.

In this Chapter, we present an extension of the GESSA correspondence algorithm that allows

regression-driven adaptive sampling of ensembles of surfaces, hereafter referred to as adaptive

GESSA. This is made possible through the use of an Adaptive geodesic Kernel Density Es-

timator (AgKDE), which ultimately dictates the distribution of landmarks, and a Random

Forest Regression model for the feature selection process, which provides the weights required

for AgKDE. Adaptive GESSA was used in an application of age prediction from facial sur-

faces. The results showed that denser annotation on age-related areas enhances the predictive

performance.

4.2 Problem Definition

Regression-driven adaptive correspondence sampling extends the problem setting presented

in the Chapter 3. Let us again consider a dataset of N polyhedral surfaces {Si|Si ⊂ IR3, i =

1, . . . , N}. The main objective, of automatically distributingN collections ofM points {ψij|ψij ∈
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Si, j = 1, . . . ,M}, and establish point-wise correspondence among points on the N surfaces,

still remains. In addition, let {yi|yi ∈ IR, i = 1, . . . , N} be observations of a quantitative feature

or attribute that is in some way associated to the polyhedral surfaces. Instead of uniformly

distributing corresponding points on the surfaces, our second objective is to adapt the points’

distribution so that surface regions better associated to that feature are covered more densely

by them. It should be noted that while here we concentrate on scalar-valued traits, extension

to the multivariate case is trivial.

4.3 Extension of GESSA for Adaptive Correspondence

Sampling

The general formulation of the correspondence algorithm is adopted unchanged from Chapter

3. We again assume, during the methodological description, that sets of M points have been

positioned in possibly random locations on the N surfaces. We begin by describing the nec-

essary modifications in the kernel density estimator (3.9) and corresponding gradient descent

updates (3.13), which allow for a non-uniform distribution of points, when such a distribution is

desirable. These modifications apply not only in the correspondence setting, but also for point

sampling of individual surfaces. Subsequently we describe how a RF regression model can be

used to drive the adaptative positioning on corresponding points for an ensemble of surfaces.

4.3.1 Adaptive Distribution of Points on Surfaces

In Chapter 3, we constructed the gKDE (3.9) as a gaussian function on squared geodesic

distances, with σS controlling the fixed bandwidth of the kernel. Let us now consider the

AgKDE given by

paKDEi (ψij) =
1

M

M∑
k=1

1

hSk
gS

(
dS(ψij, ψ

i
k)

hSk
, σS

)
, (4.1)

where hSk are elements of a predefined weight vector hS = (hS1, . . . , hSM) associated with

points ψi1, . . . , ψ
i
M . Such an estimator is referred to in the literature as sample-point estimator,
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and its use is advantageous, compared to a fixed bandwidth kernel, when the underlying distri-

bution exhibits multimodality and/or skewness [138]. In more detail, AgKDE is a mixture of

individually scaled kernels centered around the M surface points. Points with weights greater

that one contribute over more extended areas during density estimation, while the inverse is

true for points with weights below one. The effect of this scaling can be seen as a warping

of the underlying surface according to the kernel bandwidths, with weights above/below one

translating to a shrinkage/elongation of the regions around the equivalent points.

Let us now recompute the derivative of negentropy −Ĥi w.r.t point ψij, using the adaptive

density function (4.1). Under the same assumptions as in Chapter 3, we have

d(−Ĥi)

dψij
= − 1

M

M∑
l=1

1

paKDEi (ψil)

dpi(ψ
i
l)

dψij
.

≈ − 1

M2

1

paKDEi (ψij)

M∑
k=1

1

hSk

d
(
gS

(
dS(ψij ,ψ

i
k)

hSk
, σS

))
dψij

≈ 1

2σSM
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1
hSk

gS

(
dS(ψij ,ψ
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)
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l=1
1
hSl
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logψij(ψ
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(4.2)

with gjkSh := 1
hSk

gS

(
dS(ψij ,ψ

i
k)

hSk
, σS

)
. We see that the gradient descent updates are again weighted

averages (according to the adaptive kernel values) of logarithmic maps. This time though, each

term is further multiplied by the squared reciprocals of the weights hSk.

To clarify the effect of these weights on the distribution of surface points, it is helpful to

consider that in the original formulation of GESSA, updates actually push points away from

each other, so as to achieve the uniform coverage of a surface. Through the weighting of each

logarithmic map by 1
h2
Sk

, the repulsion force attributed to point ψik is lessened, when hSk > 1,

and increased, when hSk < 1. The result is that entropy optimization leads to a non-uniform

point distribution, controlled by hS .
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An example of the different point distributions achieved through the original and adaptive

GESSA formulations is visualized in Fig. 4.1. In detail, we sampled 1024 points from one facial

surface, first using the uniform and then the adaptive optimization processes. In the adaptive

case, weights hSk were computed to be the absolute Mean Curvature (aMC) values in each

point (see subsection 3.5.3 for a description of Mean Curvature). In Fig. 4.1(b) we include

a colormap of the face’s aMC. The resulting point sets are depicted in Fig. 4.1(a). We see

that adaptively sampled points congregate more densely in regions of high aMC. This desirable

outcome is also obvious on the estimated density functions. Figure 4.1(c) depicts colormaps

of the two density functions, measured on the original mesh vertices. The gKDE map shows

almost constant values across the facial surface, while AgKDE mimics well the aMC map.

Figure 4.1: Uniform vs. curvature adaptive sampling of a single facial surface. (a) 1024 points
sampled first uniformly and then adaptively, based on the facial mean curvature, as shown in
(b). The resulted kernel density estimators for both cases are shown in (c).
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4.3.2 Regression-Driven Adaptive Correspondence Optimization

We now concentrate on how to adaptively sample landmark points in a collection of surfaces,

based on the associated measurements {yi|yi ∈ IR, i = 1, . . . , N}. Having seen how the AgKDE

can be used for the adaptation of landmark positions, the problem reduces to one of appropri-

ately selecting the weight vector hS . Let xij be scalar-valued trait measurements associated with

surfaces points ψij. Then we can construct the N ×M trait matrix X and build a regression

model of the form

y = f(X) + ε , (4.3)

where y = (y1, . . . , yN)T is the N × 1 vector of feature observations, and ε the N × 1 vector of

error terms.

A number of regression methodologies can be used to extract a ranking of significance for the

column input variables x·k, which correspond to landmark positions ψ·k. In this work we employ

the RF regression algorithm (see section 2.3), and the gini Variable Importance (gVI) index, as

given in (2.7). By fitting the data to the RF model, we acquire a vector wRF = (wRF1 , . . . , wRFM )

of variable importances wRF (k) = gV I(k), which can be associated to the M landmark locations

on the surfaces. In order to compute the weights for the AgKDE, we subsequently use the

formula

hSk = (tV I + wRFk )rV I , (4.4)

where tV I and rV I are free parameters. tV I can be used to control the ratio of adaptation

weights that are above and below 1. Depending on the number of landmarks M , reasonable

values for parameter tV I range between 0.5 and 1. The power parameter rV I > 0 can be used

to scale up or down the adaptation effect in the landmark distribution.The exact form of this

transformation is of course heavily dependent on the regression methodology, as well as the

range and number of variable importance values. In this work, we opted for the formula (4.4),

due to the fact that the RF gVIs were considered after normalization, with
∑M

j=k w
RF
k = 1.

Two final notes are made here regarding the nature of trait measurements xij and the gVI.

Our methodology is based on the ability to associate each landmark position with a univariate
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trait, for which an importance score can be computed through the regression model. Examples

of such traits are the various curvature phenotypes presented in Chapter 3. Consideration of

different types of traits, such as pairwise landmark distances of landmark coordinates is not

impossible, but would require the construction of a concise technique in order to translate trait

importances to individual landmark weights. Regarding the utilized importance measure, gVI

is based on the values of the RF split objective function, thus it inherits the benefits of the

bootstrapped RF methodology, providing a form of marginal importance for the traits.

4.4 Application of Adaptive GESSA on the Prediction

of Age from 3D Facial Surfaces

4.4.1 Introduction and Motivation

Aging refers to the progressive decline of biological functionality and loss of homeostasis that

leads to mortality [76]. Being a common process across the class of mammalian organisms,

including human beings, aging is a highly individualized and influenced by a multitude of

factors including genetic, epigenetic and environmental effects [120, 68, 32]. This combination

of diversification and individualization results in a significant phenotypic heterogeneity among

people with the same chronological age [120], which in turn has posed significant challenges in

the research for identification of robust biomarkers of age. Most work so has been concentrated

at the cellular level, with biomarkers including, among others, chromatin changes [154], DNA

mutations and polymorphisms [94], gene expression profiles [76], telomere length [157] and

MiRNA signatures [50].

Despite the extensive work on the subject of aging, reliability of proposed biomarkers is still

problematic [120, 31]. Recently, increased interest has been given in the evaluation of age in

humans based on more readily available traits. One such phenotype is facial morphology, which

is strongly associated to the aging process and shows significant changes during the course of

human life [31]. Good accuracy was observed in two separate studies of chronological age
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prediction using extended aging databases with 2D photos of human faces [57, 66]. To our

knowledge, the best predictive performance of age from facial phenotypes so far was reported

in a study that employed PCA to decompose landmark coordinates from 3D surfaces into facial

traits, and used them as covariates in a Support Vector Regression model [31].

In this application, we make use of the TwinsUK dataset to perform an age prediction study

based on curvature facial traits, which describe the shape of the facial surface. Whilst not

the main focus of this work, we first show that our curvature phenotyping approach results in

similar predictive performance, compared to the results presented in [31], whilst providing a

more intuitive and straightforward understanding of the facial regions that are more affected

by the aging process. Furthermore, we showcase an improvement in prediction accuracy when

faces are annotated using the adaptive GESSA methodology.

In the following, we first present a preliminary study on face age prediction using the regional

traits, as computed for the heritability study of Chapter 3.5 (see subsection 3.5.4 for a de-

scription of regional curvature phenotypes). Subsequently, we present a comparative study

on age prediction, utilizing the uniform and adaptive variations of GESSA, and compare the

performance of the two approaches.

4.4.2 Data Description

The same dataset, employed in the heritability study of Chapter 3.5, was used for the purposes

of the age prediction application. See 3.5.2 for a detailed description of the initial data. In

the preliminary study, all 952 facial surfaces were taken into consideration, while for the new

comparative study, we concentrated on the subset of 476 unrelated individuals, for which sets

of 1024 corresponding points were recomputed using both GESSA formulations.

4.4.3 Preliminary Study on Face Age Prediction

The purpose for this preliminary study was to establish a baseline prediction performance on

the TwinsUK dataset and compare our curvature-based phenotyping approach to a previous
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relevant study ([31]). We evaluated the prediction of age using as inputs the four sets of 100

curvature regional traits (one set for each curvature index), as used in the heritability study

of Chapter 3.5. These were computed using sPCA on the four 952 × 4096 data matrices of

respective univariate curvature phenotypes. For each subject, the 400 regional trait measure-

ments were concatenated into an input vector, resulting in a 952 × 400 input matrix. Due to

the different range of curvature index values, trait measurements were normalized prior to the

regression analysis.

The prediction results presented below are based on a Leave-2-Out Cross Validation (L2O

CV) procedure. In each fold, one pair of twin subjects was removed from the training dataset

and was used for testing purposes. Lasso Linear Regression (LLR) [168] was employed as a

regression model from the curvature inputs to the age response. Different values for the lasso

sparsity parameter λlasso were considered. λlasso was kept the same in all CV rounds. Best

results were acquired for λlasso = 0.005.

Figure 4.2 presents the combined prediction results from L2O CV. The Mean Absolute Error

(MAE) over the complete dataset was 4.518 years, while the Pearson correlation between true

and predicted ages was 0.817. Compared to the previous application presented in [31], our MAE

was approximately 1.6 years lower. We were thus able to deduce that curvature phenotyping

does provide informative traits for the problem of age prediction. An in depth comparison

between the two studies is given in the Discussion section.

Due to the unique nature of our dataset, we were also able to assess the difference in prediction

accuracy between monozygotic (MZ) and dizygotic (DZ) twin subsets. Figure 4.3 shows the

distributions of predicted absolute age differences for the subsets of MZ and DZ twin pairs. We

notice that larger values were more common in the DZ subset. While this result is by no means

conclusive, it could hint towards a genetic influence in the rate of aging.
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Figure 4.2: Preliminary Study - True vs. Predicted ages on the set of 952 twins, acquired from
leave-2-out cross validation, using lasso regression. Average Error (AE), Mean Absolute Error
(MAE) and the Pearson correlation coefficient (Corr) between the true and predicted sets are
also shown in the figure.
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Figure 4.3: Preliminary Study - Distributions of Predicted Absolute Age Differences between
monozygotic (MZ) and Dizygotic (DZ) twin pairs.
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4.4.4 Age Prediction through Adaptive Correspondence Sampling

Having established that the morphological curvature traits are well suited to the application of

age prediction from facial surfaces, we proceeded to evaluate whether adaptive sampling would

be beneficial for the application on age prediction, compared to the uniform point annotation

approach. In this study, we concentrated on a subset of 476 unrelated individuals from the

TwinsUK cohort. First, we reapplied GESSA on the dataset of facial surfaces with the number

of corresponding points set to M = 1024. In Fig. 4.4(a) we show the computed points on three

example faces, while Fig 4.4(b) depicts the estimated density function on the face. Despite

the decrease in the number of sampled points, compared to the application in Chapter 3.5,

where M was chosen to be 4096, point coverage of the facial surfaces was sufficiently dense. To

showcase the validity of this argument, we preselected 11 fiducial points (see Fig. 4.4(c)), and

after GESSA was applied on the surfaces, we located closest points to these fiducial landmarks.

These are shown in Fig. 4.4(d), and verified that a good landmarking precision was achieved.

Subsequently, we used adaptive GESSA to compute four different adapted point sets with

cardinality of 1024, based on MC, GC, CU and SI curvature traits. In detail, for each curvature

index, facial points were associated to their respective curvature phenotypes. A fixed subset

of 76, out of the 476, subjects was selected for training of the RF regression models, with

curvature traits as inputs and age as the response. Following the adopted nomenclature from

section 4.3.2, the four 76 × 1024 trait matrices XMC , XGC , XCU and XSI , were used as

inputs in different RF models, with the same response vector y, comprised of the ages of the 76

subjects. All RF models were unpruned and built with 100 trees. As described in the previous

section, this allowed us to compute four variable ranking vectors wRF
MC , wRF

GC , wRF
CU , wRF

SI for the

sampled facial points. These weights were subsequently employed to adapt the distributions of

the corresponding points on the remaining 400 subjects. The parameter tV I in the formula (4.4)

was modified each time so that 50% of points had weights above one, while the other half had

weights bellow one. rV I was set to 100. Three examples of age-adapted annotated faces, along

with the estimated densities are included in Fig 4.5. We notice that the adapted point sets

still provided a good coverage of the complete facial surfaces, while specific regions, especially
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Figure 4.4: Age Prediction - 1024 corresponding points were located, using GESSA on a set
of 476 facial surfaces. Three example faces with the computed correspondence are shown
in (a), while (b) depicts the estimated density function. A further affirmation of the good
landmarking accuracy was given by visual inspection of closest GESSA points to 11 predefined
fiducial landmarks, shown in (c). (d) Depicts the identified points for the same three example
faces.

around the mouth, nose and eyes were more densely annotated. From this point onwards, the

76 subjects that were used as training observations to guide the adaptation, were not included

in any further regression analysis.

After the completion of both uniform and adaptive procedures and exclusion on the subjects

used for training the RF models, we ended up with eight 400 × 1024 data matrices of pheno-

typic observations, one for each combination of sampling approach and curvature index. Before



4.4. Application of Adaptive GESSA on the Prediction of Age 79

Figure 4.5: Age Prediction - Examples of three faces with computed age-driven adapted point
sets and the estimated density functions for (a) MC (b) GC (c) CU and (d) SI curvature traits.
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proceeding to the study of age prediction, we employed Stability Selection (SS) in order to in-

vestigate which facial parts are highly associated with age. For all eight input data, very similar

results were acquired. Informative traits were mostly localized around the mouth (nasolabial

folds), under the chin, and to a lesser extent, close to the zygomatic bones. We also noticed

that stability maps of respective curvature indices were very similar for both landmarking ap-

proaches, with somewhat increased localization of high values observed for the adaptive case.

Further details on the above can be found in Appendix B.1. In must be noted that SS results

were were not used for feature selection during the main application of age prediction, which

will be presented below.

The ability to predict age from facial phenotypes was assessed again using LLR. We performed

a number of regression analyses, using as inputs each of the curvature index input data inde-

pendently, as well as combined curvature datasets for each landmarking approach. In more

detail, 10 regression problems were set up. In all of them, the response vector y was the same,

comprising of 400 subject ages (range: 32.37− 86.57, mean value: 59.664, standard deviation:

9.6123). Regarding the predictor data, four regression models were built using as inputs the

400 × 1024 matrices of MC, GC, CU and SI traits, based on the uniformly distributed point

sets. Equivalently, another four models used trait matrices based on the adapted point sets.

Finally, we concatenated traits from all curvature predictors into two 400 × 4096 matrices,

for the uniform and adaptive cases respectively, and examined the predictive performance of

models trained on these as well.

Prediction results presented below were based on 10-Fold CV. For each fold, 40 subjects were

excluded during training and were used to acquire test prediction errors. The results for all

folds were combined and are presented in Table 4.1 (Mean Absolute Prediction Error, Pearson

correlation coefficient and p-value between true and predicted age responses). Scatterplots of

true vs. predicted ages for all models are shown in Fig. 4.6.

Irrespective of the curvature index considered, CV mean absolute errors for models using input

traits based on the adapted landmark sets were consistently lower, compared to their uniform-

based counterparts. As expected, by combining the four curvature input datasets, we were able
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Figure 4.6: True vs. Predicted ages on the set of 400 unrelated subjects from the TwinsUK
cohort, acquired from 10-fold cross validation, using lasso regression. (a) Predictions were
made using as inputs the phenotypic measurements computed on the uniform point sets and
combined traits from all curvature indices (left), MC only (top middle), GC only (top right),
CU only (bottom middle) and SI only (bottom right). (b) Similar to above, for phenotypic
measurements computed on the adapted point sets. Average Error (AE), Mean Absolute Error
(MAE) and the Pearson correlation coefficient (r) between the true and predicted ages are also
shown in the figure.

to get better prediction accuracy. In the adaptive case, MAE was approximately 0.183 years

lower than in the uniform case, while correlation between true and predicted ages was also

higher by 0.019. We also investigated the predictive performance of the models in various age
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GESSA Curvature No of traits CV MAE CV AE Pearson Pearson
Index Considered r p-value

Uniform MC 1024 5.322 0.237 ± 6.558 0.731 2.9e− 76
GC 1024 6.013 0.297 ± 7.445 0.637 1.93e− 52
CU 1024 5.061 0.083 ± 6.296 0.756 2.54e− 84
SI 1024 5.032 0.079 ± 6.358 0.75 4.31e− 86

Combined 4096 4.813 0.194 ± 6.045 0.778 3.27e− 92
Adaptive MC 1024 4.969 0.287 ± 6.18 0.767 3.05e− 88

GC 1024 5.577 0.425 ± 6.98 0.688 3.66e− 64
CU 1024 5.011 0.199 ± 6.181 0.767 4.34e− 88
SI 1024 4.948 0.027 ± 6.244 0.761 2.67e− 82

Combined 4096 4.63 0.198 ± 5.81 0.797 3.82e− 100

Table 4.1: Summary of age prediction results from 10-Fold Cross Validation, on the dataset of
400 unrelated subjects from the TwinsUK cohort.

ranges. In Table 4.2, we report Mean Absolute prediction Errors for data subsets with true age

ranging as follows: 30−40, 40−50, 50−60, 60−70, 70−80, 80−90. Best predictive performance

was acquired for ranges 50− 60 and 60− 70. This is not surprising, considering the age’s mean

and standard deviation of our dataset (mean value: 59.664, standard deviation: 9.6123), as

well as the fact that 311 subjects, out of the 400, fall within these age groups. Regarding the

different curvature indices employed in the study, GC was the less suited shape descriptor in

terms of prediction performance, while the remaining three indices were very closely matched to

each other. This outcome could be justified by the more localized nature of GC, in comparison

to the other curvature descriptors.

Age Range 30-40 40-50 50-60 60-70 70-80 80-90
No of Subjects 9 71 123 188 54 4

Uniform MC MAE 13.618 6.615 4.114 4.451 7.447 12.993
Uniform GC MAE 14.145 7.478 4.651 4.938 8.904 15.01
Uniform CU MAE 12.723 6.246 3.783 4.506 6.684 10.131
Uniform SI MAE 12.518 5.818 3.951 4.0629 7.567 9.303

Uniform Combined MAE 12.528 5.695 3.646 4.113 6.984 11.25
Adaptive MC MAE 13.332 6.051 4.031 3.903 7.339 13.879
Adaptive GC MAE 13.383 6.896 4.291 4.56 8.571 11.501
Adaptive CU MAE 12.367 6.085 3.635 4.54 6.773 9.985
Adaptive SI MAE 12.855 5.678 4.016 4.178 7.638 12.089

Adaptive Combined MAE 12.294 5.715 3.461 3.955 6.642 8.55

Table 4.2: Number of subjects and Mean Absolute Errors for 10-year age ranges and all models,
on the dataset of 400 unrelated subjects from the TwinsUK cohort, based on 10-fold CV.
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4.4.5 Discussion

We presented here a detailed evaluation of age prediction from morphological curvature traits

describing the shape of the human face. To our knowledge, this is the second study that uses 3D

facial surface data. The first study, presented in [31], employed a set of 332 3D facial surfaces

from subjects of Chinese origin. In that work, a dense correspondence procedure was also used,

followed by identification of morphological phenotypes through PCA decomposition on the

dataset of vectorized landmark coordinates. Using L1O CV and support vector regression, the

authors reported a CV MAE of 6.105, with correlation between true and predicted ages being

0.855. In our preliminary age prediction study, we employed the complete TwinsUK dataset of

952 faces and used as inputs regional curvature traits. Using L2O CV, due to the twin stucture

of our data, and lasso regression, we were able to acquire a significantly lower CV MAE, of

4.518. True vs Predicted age correlation was lower in our study (0.817). We attribute this

result to the smaller range of ages in our data, which was 54.2 years (32.37−86.57), in contrast

to 60 (17− 77) in [31], as well as the fact that our age data were more concentrated around the

mean value, with a mean age of 59.664 and standard deviation 9.6123, as opposed to mean age

42.959 and 15.06 standard deviation [31]. Due to the different datasets used in the two studies,

it is of course not possible to unequivocally state that the use of curvature phenotypes is more

advantageous. Nevertheless, a definitive benefit of our approach is that curvature measures are

more intuitive as facial traits, as was highlighted in the heritability study of section 3.5.

In the main application we explored whether our age-driven adaptive point correspondence

approach improves predictive performance, compared to uniform annotation of faces. We used

both uniform and adaptive formulations of GESSA to compute new sets of 1024 facial points

on 400 unrelated subjects from the TwinsUK cohort. Morphological traits were computed

using four curvature indices and constituted the inputs in the regression models. Five different

input matrices were considered, four for data derived by each curvature descriptor, as well as an

additional input matrix were traits from all curvature indices were concatenated. We performed

10-fold cross validation to predict ages for all subjects. Irrespective of the input, the use of

adaptive-based traits as inputs resulted in better prediction accuracy, compared to regression
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with uniform-based traits.

Finally, we elaborated on the suitability of each individual curvature index to capture age-

related morphological traits. SI phenotypes led to the best predictive performance, followed

closely by the MC and CU indices. GC performance was significantly worse that the rest. This

can be attributed to the highly localized nature of differentiation that GC provides, as shown

in Figures 3.5 and 3.6.

4.5 Conclusion

In this Chapter we presented an extension to the GESSA methodology for adaptive correspon-

dence sampling of polyhedral surfaces, driven by feature measurements that are associated to

the surfaces. The algorithm makes use of a locally adaptive kernel density estimator, in order to

enforce denser allocation of points in surface regions with traits that are highly predictive of the

associated feature measurements. Adaptive kernel density estimation is a well-known technique

with established advantages, compared to fixed-bandwidth kernel density estimation, predom-

inantly when the underlying distribution exhibits skewness and multimodality [138, 140, 139].

Two variations of adaptive estimators exist, namely balloon and sample-point estimators. The

first formulation varies the bandwidth of the kernel with the estimation point. Contrary to

that, in sample-point estimators, the bandwidth is varied with each data point and not with

the estimation point. In this work we employ an estimator of the second type, since it lends

itself naturally to the requirement of weighting each point according to its predictive perfor-

mance. Furthermore, it has been shown that sample-point estimators exhibit better asymptotic

performance that both fixed-bandwidth and balloon estimators [90].

As described previously, adaptive KDE is used in our method as a means to achieve the manip-

ulation of the points’ distribution on the surfaces. Kernel bandwidths are selected according

to predictive performance weights of traits corresponding to surface points. These weights are

computed by means of a RF Regression model which was chosen due to the algorithms’ good

performance in variable ranking [59], as well as its ability to handle multivariate data. While RF
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variable importance can be susceptible to high correlation among the predictor variables (see

for example [106]), we have not noticed any detrimental effects during our application study.

Furthermore, in cases when such correlation is recognized as an important issue, different RF

variable importance measures, such as conditional VI [160, 7] can be utilized.

To the best of our knowledge, this is the first time that a regression-driven adaptive correspon-

dence methodology is presented in the literature. The seamless combination of correspondence

sampling with the feature selection process provides advantages both in terms of computational

efficiency and data analysis. To showcase these benefits, we performed a predictive analysis of

age from facial curvature phenotypes. The adaptive correspondence approach provided dense

coverage of facial areas that are clearly associated to the aging process, while, by employing the

adapted point set to construct phenotypic traits, we were able to get improved age predictions.



Chapter 5

Non-parametric Predictive

Methodology for Manifold-Valued

Responses

5.1 Introduction

Predictive modeling is an integral part of data analysis, and encompasses the process of de-

veloping models which can accurately predict yet-to-be-seen data. A multitude of regression

models exist that can be used for prediction of univariate, or multivariate vectorial, responses.

Nevertheless, less work has been done on the difficult problem of modeling and predicting more

complex objects that possess additional structure, be it morphological, directional, or otherwise

[132].

Images [74], shapes [156, 151], graphs [169], deformation tensors [99, 193] are examples of such

complex data types that appear naturally as responses in image analysis, computer vision, med-

ical imaging and other application areas. While such objects are usually represented as points

on very high-dimensional spaces, a well known observation is that meaningful measurements

actually lie on smooth non-linear hyper-surfaces of lower dimensionality, embedded in these

86
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representation spaces [38, 129, 30].

Consequently, any suitable predictive modeling methodology should not treat these objects

as points on Euclidean spaces, but rather work under the additional constrains imposed by

the data’s inherent structure. Major difficulties of course arise by forgoing the assumption of

a Euclidean response space, such as lack of coordinates, vectors and no analytical or unique

definitions of expected values [55].

In this work, we are particularly interested in experimental settings where the input obser-

vations may also be very-high dimensional objects, something that poses further requirements

regarding performance and computational efficiency in the construction of a predictive method.

In the following, we describe a number of predictive methodologies for structured response data,

identify existing shortcomings and motivate our non-parametric predictive methodology.

5.1.1 Related Work

Three main families of methodologies concerning regression with manifold-valued objects can

be found in the literature, namely intrinsic manifold regression, kernel-based and ML-based

methods. Below we give an account of each of these approaches.

Intrinsic Manifold Regression

The majority of intrinsic manifold regression models are generalizations of linear regression for

manifold-valued responses. Given a dataset {(xi, yi)| xi ∈ IRp, yi ∈ IR, i = 1, . . . , N} of N

paired input-response points, the multiple linear regression model takes the form

yi =

p∑
j=1

xijβi + α + εi, i = 1, . . . , N, (5.1)

with xi = (xi1, . . . , xip), α ∈ IR the intercept, β1, . . . , βp the regression coefficients and ε1, . . . , εN ∈

IR the residual error terms. Least squares estimators for the intercept and regression coefficients
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are given by

(α̂, β̂1, . . . , β̂p) = argmin
(α,β1,...,βp)

N∑
i=1

‖yi − α−
p∑
j=1

xijβi‖2 . (5.2)

In the case of a manifold-valued response variable now, with yi ∈ M, i = 1, . . . , N , the

proposed generalization of the aforedescribed multiple linear regression model is taken to be

[55, 56, 75, 159, 193, 151]:

yi = exp

(
exp(α,

p∑
j=1

xijβi), εi

)
, i = 1, . . . , N , (5.3)

with exp denoting the exponential map onM (see definition 2.5), α ∈M and εi,
∑p

j=1 xijβi ∈

TyiM. Figure 5.1(a) provides an illustration of the intrinsic regression model. When the man-

ifold is a Euclidean space, then the exponential maps revert to vector addition operations and

models (5.1) and (5.3) are identical. Least squares estimators for the intercept and regression

coefficients can be computed by [55, 56, 75, 159, 193, 151]:

(α̂, β̂1, . . . , β̂p) = argmin
(α,β1,...,βp)

N∑
i=1

dM(yi, exp(α,

p∑
j=1

xijβi))
2

= argmin
(α,β1,...,βp)

N∑
i=1

| logyi(exp(α,

p∑
j=1

xijβi))|2 ,

(5.4)

where dM is the distance metric on the manifold and log denotes the logarithmic map on M

(see corollary 2.2).

In [55], a gradient descent algorithm was constructed to solve (5.4), necessitating the analytical

formulation of the exponential map’s partial derivatives with respect to α and β, as well as

their respective adjoint operators. The described manifold regression method was applied on

the analysis of medical shape data, more specifically in the prediction of the 2D shape of corpus

callosum in the human brain using age as the input variable [55, 56, 54]. In that application,

each shape was represented by a set of points in the 2D plane and the Kendall’s shape space [156]

was used as the underlying response manifold. A similar methodology, termed Grassmannian

geodesic regression [78], was applied on the same problem, as well as for traffic speed prediction

and crowd counting. An intrinsic linear manifold regression model was also applied on the
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Figure 5.1: Various prediction methodologies on manifolds. (a) Intrinsic regression methods
fit a geodesic curve γM on the manifold, parametrized by the point α and a velocity vector
β, defined on α’s tangent space. (b) Kernel methods formulate prediction as a minimization
problem over M, which is usually simplified by solving over the set of training responses.
(c) ML-based methods first make predictions on an embedding of M, which then need to be
mapped back to the original space.

prediction of diffusion tensors in brain MRI images from clinical and diagnostic measurements,

with the response manifold been the space of 3× 3 positive-definite matrices [193, 151]. More

recently, a framework for polynomial regression on Riemannian manifolds was presented in

[77].The authors proposed the use of Riemannian polynomials, constructed as generalizations

of manifold geodesics, and a gradient descent algorithm, similar to the one presented in [55].

The included application again focused on the prediction of the corpus callosum shape from

age.

A non-parametric intrinsic manifold regression method was proposed by Wang et al. [178, 177].

Specifically, the authors presented a non-parametric bayesian regression model for Riemannian

manifold spaces using Brownian Motion (BM) priors. In the following we present the details of

that method, which we later use for comparisons to our own methodology. Let X be an input

variable that take values in [0, 1], and Y the response variable in a manifoldM. We denote the

underlying function fM : [0, 1]→M that relates the two variables by determining the density

function pfM(X)(Y ) so that Y |X ∼ pfM(X)(Y ). Let X have a distribution with support in



90 Chapter 5. Non-parametric Predictive Methodology for Manifold-Valued Responses

[0, 1] and density p(X). Finally, assume N paired observations {(xi, yi)|xi ∈ [0, 1], yi ∈ M, i =

1, . . . , N} with a joint density
∏N

i=1 p(xi)pfM(xi)(yi). In [178], it was shown that the density of

the posterior distribution, p(f̂M(X)|{(xi, yi)}), for an estimator f̂M of fM, given the observed

data can be computed as:

p(f̂M(X)|{(xi, yi)|i = 1, . . . , N}) ∝
∫
f∈[0,1]×M

N∏
i=1

p(xi)pfM(xi)(yi)dΠ(fM) . (5.5)

The authors restricted the density function pfM(X)(Y ) to be a heat/gaussian kernel on the

manifold, similar in form to (3.10). Regarding the prior distribution Π(fM), they presented two

alternative Brownian Motion (BM) priors, with heat kernels expressing the Brownian transition

probabilities. In particular, the density of the Continuous BM (CBM) was defined as pCfM(x) ∝∫
gxn−xn−1(yn, yn−1) . . . gx1−x(y1, yd)µxn . . . dµ(x1), with gxi−xj a heat kernel with bandwidth

(xi − xj) and µ a probability measure on M, while the density of the Discrete MB (DBM)

was pDfM(x) ∝
∏h

k=1 gh(f(kh− h), f(kh), with h a bandwidth parameter chosen in the interval

(0, 1], such that 1
h

is an integer, and k ∈ IN a free parameter. Maximum a posteriori estimators

were obtained through a simulated annealing (SA) algorithm on the corresponding posterior

distributions. It is important to notice that the random moves in SA necessitate the analytical

definition of exponential maps on M. The methodology was demonstrated on the problem of

regression from the interval [0, 1] to the circle manifold S1.

Kernel-based Methods

While kernel methods have not originated from, and are not uniquely associated with, manifold

regression, they are well-suited to the problem at hand. Kernel methods first appeared in

the literature of machine learning as regression and classification methodologies tailored for

complex input objects, such as trees or graphs [148]. The basic idea behind these methods

is that, if the input data lie on a non-linear space, then they can be mapped on a very high

(or infitite) dimensional inner-product space, usually called feature space, in which standard

regression methodologies can be applied [148]. This mapping is implicit, meaning that data

representations on the feature space are not explicitly computed. Rather, the geometry of the
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initial space is ”transferred” to the feature space by the use of a suitable kernel function that

defines the objects’ inner-product in that ambient feature space. This indirect mapping of data

to an inner-product space, through the use of suitable kernel functions constitutes the so-called

kernel trick [148]. The usefulness of the kernel trick becomes clear when considering that model

fitting for a number of well known methodologies, such as Ridge Regression and Support Vector

Machines (SVM), is easily formulated to depend only on inner products between the training

inputs [148].

Following the construction of kernel-based methods for complex inputs, a number of method-

ologies were proposed to extend the kernel trick on the space of responses [169, 147, 85, 61, 8].

A prominent example of such a method was presented in [169], where the authors proposed an

SVM algorithm that used joint input-response kernels in order to analyze tree-structured data.

Prediction in kernel-based regression methods can be described as a form of kernel minimization

problem over the response space (see Fig. 5.1(b) ), but this minimization is rarely solved over

the complete response space, but rather over the discrete set of training responses. Recently,

Lin et al. [103], as well as Banerjee et al. [10, 9], employed kernel methodologies for manifold

regression, with illustrative examples using responses on the spaces of a 2-sphere, as well as

the Kendall space of planar shapes (represented as ordered collections of points). Analytical

formulas for prediction were constructed in these cases, which though, are specific for these

manifolds and do not constitute a general predictive methodology.

A kernel modification of the RF algorithm, Kernel Random Forest (kRF) [60], is of particular

interest in our work. kRF utilizes a modified split objective function during the training stage,

that necessitates only the computation of pairwise kernel values between the training responses

GkRF (Sw) =
Nw∑
i=1

gkRF (yi, yi)−
1

Nw

Nw∑
i=1

Nw∑
j=1

gkRF (yi, yj)

−
Nwl∑
i=1

gkRF (yi, yi) +
1

Nwl

Nwl∑
i=1

Nwl∑
j=1

gkRF (yi, yj)

−
Nwr∑
i=1

gkRF (yi, yi) +
1

Nwr

Nwr∑
i=1

Nwr∑
j=1

gkRF (yi, yj) ,

(5.6)
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where gkRF (yi, yj) = exp
(
−‖yi−yj‖

2

2σ2

)
, Nw, Nwl, Nwr are cardinalities of the data subsets Sw,

Swl, Swr in node w and its left and right children nodes respectively In that respect, the

methodology is similar to our training algorithm, as will be detailed below. However, the

problem of predicting new responses was not tackled sufficiently in that work, since predictions

were drawn just from the set of training responses. In section 5.5, we present simulation

experiments to compare our predictive methodology against kRF, as well as other regression

methods.

ML-based Methods

Under the term ML-based Methods, we encompass a family of methods that first apply Manifold

Learning on the initial response data, and subsequently use standard regression models trained

on the learned response embedding. If prediction on the original response space is required,

then a suitable methodology must be formulated to map predicted points from the embedding

to the manifold, a process that is usually referred to as backscoring (see Fig 5.1(c) ) [48].

5.1.2 Motivation

Intrinsic manifold regression methods provide a natural framework for the analysis and predic-

tion of manifold-valued responses. The assumption of an underlying manifold drives the choice

of geometric elements employed during model definition and parameter estimation. A prerequi-

site in this case is that response objects have to be represented as points on analytically defined

manifolds, with examples being 2D shapes, represented as collections of points [156, 55, 77],

and deformation tensors, represented as semi-positive definite 3 × 3 matrices [151, 193]. This

requirement is rarely easily satisfied, either due to the nature of data, the inability to define

the manifold, or even the difficult preprocessing of data to generate suitable representations.

Furthermore, most models presented so far are generalizations of multiple linear or polyno-

mial regression, and may not be ideal for regression analyses with highly dimensional input

observations. Due the these reasons, the scope of intrinsic models can be limited.
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A non-parametric intrinsic regression method was presented in [178, 177]. A disadvantage of

that methodology lies in the necessity for constracting of a prior distribution over the space of

functions from the input space to the manifold. The authors proposed two BM priors, a contin-

uous one, drawing upon previous work on measures on Riemannian manifolds [11], as well as a

discretized prior, constructed by mapping subintervals of [0, 1] to geodesic curves on the man-

ifold. In the first case, the theoretical background does not account for higher dimensionality

of the input space, while in the second case, the complexity of the prior’s construction grows

exponentially with the number of input dimensions, and thus the methodology can quickly

become computationaly prohibitive. In addition, the requirement for an analytical definition of

the manifold is still applicable here, again constraining the application of this method to cases

of well-described manifold spaces.

Kernel-based methods are the most extensively used techniques that deal with complex data

objects [60, 70, 86, 169, 182, 103, 9], nevertheless they also suffer from a number of known

issues. First, depending on the data as hand, a meaningful kernel function must be found or

constructed. While a rich literature on kernel functions for various data types exists [148], it is

by no means exhaustive. Furthermore, kernel construction is not always intuitive and remains a

largely subjective process. Second, a common problem with kernel methods is the formulation

of a prediction methodology. Usually prediction is described as a kernel minimization problem

over the response space, which can be solved only by reducing the search space to the objects

in the training dataset. While this approach may be sufficient in some cases, it evidently lacks

precision.

ML-based methodologies constitute a convenient alternative over both intrinsic and kernel-

based regression models, since they decouple the process of model definition from the shape of

the response space. For any specific application, appropriate selection of the ML technique is

largely based on intuition and previous experience, and a decrease in model fitting accuracy,

compared, for example, with an equivalent intrinsic manifold model, is to be expected, since the

response embedding is not guaranteed to completely capture the structure of the underlying

manifold. ML-based methods make predictions on the embedding space, which then must be

mapped back to the response space. Unfortunately, ML techniques generate discrete (defined
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on the training responses) and one way maps from the manifold to the embedding, and the

existence of an inverse and continuous map cannot always be guaranteed [48].

In this Chapter we present a new methodology for predictive modeling of manifold-valued re-

sponses, which addresses a number of key issues listed above. Our objective was to propose

a unified framework for regression and prediction of complex objects that is accurate, com-

putationally efficient and can be readily deployed in a wide variety of applications. In the

training phase, We employ a modified RF regression algorithm that can be trained using only

pairwise distances between response observations. The non-parametric RF methodology is effi-

cient and can handle high dimensional input spaces. No analytical definition of the underlying

response manifold is required, apart from the construction of an appropriate distance function

for the responses, a requirement akin to finding a suitable inner product kernel. Comparing

our distance-based approach to kernel methods, we identify a number of advantages that stem

from the use of distances. First, a vast library of readily available distance metrics exists in

the literature (see for example [45]). Second, in cases where the manifold metric is not known,

geodesic distances can be approximated, using for example the Isomap distance metric ( see

subsection 2.4.2 ). Third, it allows the formulation of a standardized prediction methodology,

as outlined below.

In the prediction phase, a new response point estimate is found as follows. Pairwise distances

between the unseen response and all training observations are predicted. Using this set of

distances, the response is predicted on a euclidean embedding computed using metric MDS,

and finally is backscored to the response manifold. Our prediction methodology follows a two-

step approach akin to ML-based methods, with two prominent advantages, compared to these

techniques. First, our regression model is fitted on the manifold distances, which enhances the

quality of the fitted model. Second, due to the fact that geodesic distances are known, metric

MDS is employed for ML and predictions can be analytically computed and backscored to the

response manifold.
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5.2 Problem Definition

Consider a dataset S of N observed input-response points {(xi, yi)|i = 1, . . . , N}, with input

xi = (xi1, . . . , xip) ∈ IRp corresponding to response yi ∈ M ⊂ IRq. M is a possibly unknown

manifold, equipped with a distance metric dM(·, ·) (see definition 2.3 and lemma 2.1). We

will refer to IRq as the response representation space. Also, let DM be the N × N matrix of

pairwise distances between the observed response points, with elements DM,ij = dM(yi, yj), for

i, j = 1, . . . , N . The problem consists of defining a suitable predictive regression methodology

that utilizes information about the structure of the manifold during model fitting, and, given

a new input point xnew, is capable of predicting a response point estimate ŷnew of ynew ∈M.

5.3 Distance Random Forest Regression

In the standard RF regression methodology (see Section 2.3), the objective function employed

to split training responses into different tree nodes is based on the maximization of the difference

between a parent node’s response Mean Squared Deviation (MSD) and the sum of response

MSDs for samples in its children nodes, as given in (2.4). This function though is ill-suited

for manifold-valued responses, since it assumes the existence of a vector representation and a

Euclidean norm for the responses. To solve this issue, we make use of the modified distance

Random Forest (dRF) algorithm, which we introduced in [153]. In dRF, the split criterion

is formulated to depend only on pairwise distances between responses. The modification is

based on the fact that each summation in (2.4) can be rewritten in terms of pairwise distances

between the observations’ responses.

Proposition 5.1. Let {yi|yi ∈ IRq, i = 1, . . . , N} be observed points on a q-dimensional Eu-

clidean space. The sum of squared deviations from the mean ȳ = 1
N

∑N
i=1 yi can be written in

terms of pairwise distances between points as follows:

N∑
i=1

‖yi − ȳ‖2 =
1

2N

N∑
i=1

N∑
j=1

d2
E(yi, yj) , (5.7)
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where dE(·, ·) denotes the Euclidean distance function.

The proof of proposition 5.1 can be found in Appendix C.1. The key advantage from 5.1 is that

the computation of MSDs can be decoupled from the use of Euclidean norms and means, and

depend only on pairwise distances. For manifold-value responses, We define the split objective

function for dRF as follows:

GdRF (Sw) =

1

2Nw

∑
yi∈Sw

∑
yi∈Sw

d2
M(yi, yj)−

1

2Nwl

∑
yi∈Swl

∑
yi∈Swl

d2
M(yi, yj)−

1

2Nwr

∑
yi∈Swr

∑
yi∈Swr

d2
M(yi, yj) ,

(5.8)

with yi ∈M and Nw, Nwl, Nwr cardinalities of the data subsets Sw, Swl, Swr in node w and its

left and right children nodes respectively.

The objective (5.8) can be understood as a generalization of the cost function GRF (2.4),

enabling the RF algorithm to be applied in more general metric spaces. In previous work, we

used the dRF methodology on regression applications with graph and covariance-based response

objects [153]. dRF lends itself naturally to manifold-valued data, whether the manifold in

question is analytically defined or implied by the use of a specific distance metric. A schematic

illustration of the dRF regression algorithm can be seen in Fig. 5.2.

5.4 Predictive Methodology

Having presented a suitable regression method for manifold-valued responses, we turn our at-

tention to the construction of a prediction methodology. As described in section 2.3, prediction

in RF models is traditionally performed by the averaging formula (2.6). This approach though

is not valid under the assumption of non-vector manifold response spaces [125].

We propose a prediction methodology, which can be summarized as follows. For a new input

point xnew, we use the trained RF model to predict all pairwise distances between the unknown

ynew and each training response yi. We show that by using this set of distances, it is then



5.4. Predictive Methodology 97

Figure 5.2: Distance Random Forest training methodology. The data are recursively divided
according to selected input variables and split values for each node. The cost function GdRF

drives this selection. In dRF, the aim to create subgroups within which the points are close
together, according to the predefined manifold’s distance metric.

possible to predict the response on an Euclidean embedding of the manifold, learned from the

training response set using metric MDS. Subsequently, a backscoring method is employed to

project the point back to the original response manifoldM. Figure 5.3 provides an illustration

of the proposed prediction methodology.

5.4.1 RF-based Distance Prediction

At the first stage of our prediction method, the objective is to predict the set of distances

{d̂M(ynew, yi)|i = 1, . . . , N}. To achieve this, we exploit the inherent ability of the dRF model

to provide a measure of similarity between pairs of response observations, hereafter referred to

as dRF-based similarity. When the new input point xnew is ‘dropped’ through each tree in the

forest, it reaches a particular leaf associated with a subset of the tree’s training observations.

The unknown response ynew can be considered similar to that leaf’s training responses (see Fig.

5.3(b) ).

In order to compute the dRF-based similarities between the new point and each observation in

the training set, a similarity vector aRF = (aRF,1, . . . , aRF,N) is used, with each element aRF,i

corresponding to the dRF-based similarity between ynew and yi. aRF is constructed as follows.
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Figure 5.3: Illustration of the dRF prediction methodology. (a) The dRF model is fitted on the
dataset S of N observed input-response points, with yi ∈ M, and the distance matrix DM of
pairwise manifold distances between the observed response points. (b) When a new input ynew
is observed, the point is passed through the forest and is associated with subsets of training
response points in the trees’ leafs. A similarity vector aRF between the training responses and
the still unknown response point is extracted from the model. (c) Based on aRF , the set of
distances between the new point and the training responses on the manifold are predicted. (d)
Knowledge of these distances allows prediction of the response value on a Euclidean embedding
of the manifold, extracted through metric Multi-Dimensional Scaling. (e) Finally, a kernel-
based backscoring method is used to project the predicted point back to the original manifold
and acquire ŷnew.

Initially aRF,i is set to zero, for all i = 1, . . . , N . For each tree in the forest, aRF,i is incremented

by one, each time xnew ends in the same node as xi. Normalization of the similarity values is

performed by division with the total number of trees.

Based on the similarity vector aRF and the training distance matrixDM, the response distances

are predicted using the algorithmic procedure 1 (Fig. 5.3(c) ). In detail, the algorithm initially

identifies the closest training object to the new response, according to aRF , and assigns as

distance between these two responses the minimum distance observed in the training set. By

the construction of the algorithm, this is also the minimum value that can be assigned to any

distance hereafter. Subsequently, it iteratively identifies the furthest response from the closest
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observation and assigns a value for the distance between that and the new point as follows: For

each triplet including the considered point, the new point and a point for which the distance to

ynew has been already estimated, it keeps the maximum of the two known distances. Finally, it

assigns as the new distance the minimum of all identified maximums. The algorithm guarantees

that the new point will lie in close proximity to at least its closest neighbor based on the dRF

affinities, and that predicted distance values respect the triangular inequality property of metric

dM.

Algorithm 1 Prediction of {d̂M(ynew, yi)|i = 1, . . . , N} using the dRF similarity vector aRF
and the training distance matrix DM.

Require: aRF and {DM,ij|i, j = 1, . . . , N}
U = {1, . . . , N}, Q = ∅
l← argmax

i∈U
aRF,i

d̂M(ynew, yl)← min{DM,ij|i, j = 1, . . . , N}
U ← U \ {l}, Q← Q ∪ {l}
repeat
p← argmax

i∈U
DM,il

d̂M(ynew, yp)← min{max{d̂M(ynew, yi), DM,ip}|i ∈ Q}
U ← U \ {p}, Q← Q ∪ {p}

until U = ∅
return {d̂M(ynew, yi)|i = 1, . . . , N}

5.4.2 Prediction on the Response Embedding

We show now that, given the distances {d̂M(ynew, yi)|i = 1, . . . , N}, it is possible to predict

a point estimate of the response on a Euclidean embedding of the manifold, learned through

Multi-Dimensional Scaling (MDS) [39] (see Fig. 5.3(d) ).

Let {zi ∈ IRm, i = 1, . . . , N} bem-dimensional Euclidean representations of the original training

response points {yi|, i = 1, . . . , N}, learned through metric MDS, as described in Section 2.4.1.

The result of the MDS decomposition is a discrete and one-way mapping zi = fMDS(yi), zi ∈

IRm, yi ∈M, defined on the training data set (see (2.11)).

A number of Out-Of-Sample (OOS) methods exist which allow mapping of a new manifold

observation on the learned space of the embedding. In [15], the authors constructed an OOS
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method for MDS, and showed that the precision of the predictions was comparable to intrinsic

perturbations of the embedding algorithm.

Let Ya, Yb ∈M be random variables defined on the manifold surface, with the same probability

density function, and ya, yb ∈ M two realizations of Ya and Yb respectively. Then a kernel

function gMDS can be defined as follows:

gMDS(ya, yb) = −1

2
(d2(ya, yb)− E[d2(Ya, ya)]− E[d2(Yb, yb)] + E[d2(Ya, Yb)]) , (5.9)

where E(·) denotes expectation. It is easy to verify that under observed data {yi|, i = 1, . . . , N},

if expectations in equation (5.9) are substituted by the respective sample means, then the

estimator of gMDS generates the MDS decomposition matrix KM as given in (2.10).

Reminding that λk is the kth eigenvalue and uλik the ith element of the kth eigenvector of matrix

KM, the coordinates of an OOS prediction ẑnew = (ẑnew,1, . . . , ẑnew,m) are given by [15]:

ẑnew,k =
1√
λk

N∑
i=1

uλikĝMDS(ynew, yi), k = 1, . . . ,m , (5.10)

with ĝMDS denoting the mean estimator of gMDS under the augmented dataset {yi|, i =

1, . . . , N} ∪ {ynew}:

ĝMDS(ynew, yi) = − 0.5d2
M(ynew, yi)

+
0.5

N + 1

(
N∑
j=1

d2
M(yj, ynew) + d2

M(ynew, ynew)

)

+
0.5

N + 1

((
N∑
j=1

d2
M(yj, yi)

)
+ d2

M(ynew, yi)

)

− 0.5

(N + 1)2

((
N∑

j,l=1

d2
M(yj, yl)

)
+ 2

N∑
j=1

d2
M(ynew, yj)

)
.

(5.11)

Details regarding the OOS formulation (5.10) are given in the Appendix C.2. We observe

that the OOS projection does not depend on the actual value of ynew, but rather on the

distances between the new response and points on the training dataset. In our methodology,
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ynew is unknown, but since the set of estimated distances {d̂M(ynew, yi)|i = 1, . . . , N, } is known,

the formula (5.10) can be employed to predict a point estimate of our response ẑnew on the

embedding space IRm.

5.4.3 Projection from the Embedding to the Manifold

Finally, we deal with the issue of projecting, or backscoring, the predicted point back to the

manifold (see figure 5.3(e)). We formulate the problem of backscoring to the manifold as

an interpolation problem in the representation space IRq. Specifically, we are looking for a

smooth continuous function fbs : IRm → IRq from the space of the embedding to IRq, such that

yi ≈ fbs(zi) for i = 1, . . . , N :

argmin
fbs∈Fbs

γbs

N∑
i=1

(fbs(zi)− yi)2 + ‖fbs‖2
Fbs , (5.12)

where γbs is a weight parameter balancing the smoothness of the interpolation and the adherence

to the data and Fbs is a space of smooth functions equipped with the norm ‖ · ‖Fbs , which will

be defined below.

An optimal solution to the optimization problem (5.12) was constructed in [174]. Let Zbs be a

closed subset of IRm. We define gbs to be a kernel function of the form

gbs(r, za, t, zb), r, t ∈ T q = {1, . . . , q}, za, zb ∈ Zbs . (5.13)

Also, let gbs be semi-positive definite on (T q ×Zbs)× (T q ×Zbs), i.e

N∑
k=1

N∑
l=1

akal

q∑
r=1

q∑
t=1

gbs(r, zk, t, zl) ≥ 0 , (5.14)

for any finite set of points {zk|zk ∈ Zbs, k = 1, . . . , N} and real numbers {ak|ak ∈ IR, k =

1, . . . , N}.
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For a fixed (r, za), equation (5.13) defines a function from IRm to IRq by the formula

frza(zb) = (gbs(r, za, 1, zb), . . . , gbs(r, za, q, zb))
T . (5.15)

Based on the above, let Fbs be the space of all finite linear combinations of functions of the

form (5.15), as (r, za) varies in T q⊗Zbs, and its closure w.r.t the following scalar inner product:

< frza , ftzb >= gbs(r, za, t, zb) , (5.16)

with ‖frza‖Fbs =
√
< frza , frza >.

Then we can formulate the minimizer of (5.12) as follows. Given our training responses

{yi|i = 1, . . . , N} and their equivalent embedded points {zi|i = 1, . . . , N}, let Y be the N × q

matrix of training responses with rows Yi· = yi, and Kbs the Nq ×Nq matrix of kernel values

Kbs,N(r−1)+i,N(t−1)+j = gbs(r, zi, t, zj). The minimizing function can be estimated as [174]:

f̂bs(ẑnew) =
N∑
i=1

q∑
r=1

Cbs
ir frzi(ẑnew) , (5.17)

where Cir are elements of the N × q coefficient matrix Cbs given by

vec(Cbs) = (Kbs +
N

γbs
I)−1vec(Y ) , (5.18)

with vec(·) denoting the vectorization of a matrix into a column vector. From equations (5.17)

and (5.18), we observe that the value of the function ĝ at point ẑnew requires just the knowledge

of pairwise kernel values between the N + 1 points z1. . . . , zN , ẑnew. As such, the point estimate

of the response is taken to be ŷnew = f̂bs(ẑnew).

The computational complexity of inverting the matrix Kbs+ N
γbs
I is O ((Nq)2.373). While this is

high, it has to be performed once, since the matrix depends only on the pairwise kernel values

between the training points and the smoothing parameter γg. Nevertheless, in our studies, we

opted to simplify the minimizer (5.17), in favor of having one tuning parameter, as well as
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improving the efficiency of the backscoring algorithm. We chose

gbs(r, za, t, zb) =


exp

(
−‖za−zb‖

2

σbs

)
, r, t = 1, . . . , q, r = t

0, r 6= t

, (5.19)

where σbs is the single free parameter, adjusting the bandwidth of the kernels. This simplifi-

cation has an additional benefit in the computational efficiency of the algorithm. Kbs + N
γbs
I

becomes a diagonal block matrix, with all diagonal elements consisting of the same N×N gram

matrix. As a result, the complexity of the matrix inversion that is necessary for the backscoring

methodology is reduced to O (N2.373).

We notice that the backscoring formulation does not take into explicit consideration the struc-

ture of the response manifold and ĝ(ẑnew) is not guaranteed to lie exactly onM. Nevertheless,

we justify our choice by pointing that since ĝ is a smooth interpolating function from the em-

bedding to the training responses, predictions close to the training objects should also comply

fairly well to the manifold structure.

5.5 Simulation Studies

In this section we present a series of simulation studies to assess the performance of our predic-

tive methodology. Comparisons were performed against Nearest Neighbor (NN) and regular RF

models, which do not take into consideration the special form of the response space, kRF [60],

which employs a Radial Basis Function (RBF) kernel to capture the structure of the response

space during training, as well as the non-parametric intrinsic regression methodology by Wang

et al. [178]. Three sets of simulation studies were considered. First, we performed regression

on a one-dimensional circular manifold. Second, we carried out simulations on a spherical

manifold. In both these cases, geodesic distances between the response observations can be

analytically computed. Finally, we performed a regression analysis on a swiss-roll manifold, for

which no analytical formula for computing the pairwise distances between the response points

exists. Distances were thus approximated using the Isomap metric (see section 2.4.2).
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5.5.1 Prediction on a Circular Manifold

In the first experiment, the goal was to compare our methodology against the CBM/DBM

intrinsic manifold regression method presented in [178] (see 5.1.1 for details on that method).

We adopted the same simulation framework from Wang et al. [178]. In particular, we simulated

two training datasets of N = 100 paired input-response points {(xi, yi)|i = 1, . . . , N}, with

inputs xi ∈ [0, 1] corresponding to responses yi = (yi1, yi2) ∈ S1 ⊂ IR2 on the circumference

of a circle, a 1-manifold embedded in IR2. In more detail, our first dataset was constructed

as follows: 100 input observations were sampled from the uniform distribution U(0, 1). These

were mapped on the interval [−π, π] using the function

θi = faS1(xi) = (xi + 0.5)2 . (5.20)

Gaussian noise with σ = 0.1 was subsequently added on θi. Finally, we took yi1 = cos(θi), yi2 =

sin(θi). The second dataset was constructed similarly, but this time using

θi = f bS1(xi) = sin(6xi) . (5.21)

Regarding the intrinsic methods of CBM and DBM, regression was performed using the set

{θi|i = 1, . . . , N} as responses, since they represent a 1-dimensional angular parametrization of

S1. The distance metric, exponential and logarithmic maps on the manifold can be analytically

computed as:

dS1(θi, θj) = |θi − θj|, expθi(uT ) = θi + uT , logθi(θj) = θi − θj , (5.22)

where uT ∈ TθiS1 ⊂ IR. The standard deviation parameter for both priors was 0.1. In our

methodology, the same distance function was used for training the dRF model and learning

a 1-dimensional embedding of {yi)|i = 1, . . . , N}. The forest was built with 1000 trees and

backscoring was performed using σbs = 0.5 and γbs = 10.

The testing datasets were constructed by taking 50 equidistant points in the interval [0, 1],
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which were considered the input test points, with angular responses computed using (5.20) and

(5.21). Regarding the first simulated dataset, Fig. 5.4 (a) shows the graph of the training

and test observations, based on the angular responses. Figures 5.4 (b), (c) and (d) present

the estimated angular responses for the test inputs, based on the CBM and DBM intrinsic

regression models, as well as our dRF predictive methodology. Since dRF casts predictions in

the original representation space (IR2), angular responses were acquired using θi = arctan(yi2
yi1

).

Mean prediction errors, computed based on the manifold’s distance metric are also included in

the figure. The lowest prediction error was acquired from the CBM model, but dRF was very

close in terms of performance, and DBM was the worst model, due to oversmoothing of the

estimated function. Similar results were also acquired for the second simulated dataset, as can

be seen in Fig. 5.5.

Figure 5.4: Scatterplots of simulated input and response points for the first regression study
on a circular manifold, with θi = faS1(xi) = (xi + 0.5)2. (a) Input vs. angular response train
and test observations, (b) Input vs. test and predicted angular responses for the CBM model,
(c) Input vs. test and predicted angular responses for the DBM model, (d) Input vs. test and
predicted angular responses for the dRF model.

Figure 5.6 includes the scatterplots of training, test and predicted points of the second simu-

lation experiment, in the IR2 representation space, for all models. Since the DBM and DBM

are intrinsic manifold regression models, working directly on the angular representation of S1

and utilizing the exponential and logarithmic maps of the manifold, there is no prediction error
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Figure 5.5: Scatterplots of simulated input and response points for the second regression study
on a circular manifold, with θi = f bS1(xi) = sin(6xi). (a) Input vs. angular response train and
test observations, (b) Input vs. test and predicted angular responses for the CBM model, (c)
Input vs. test and predicted angular responses for the DBM model, (d) Input vs. test and
predicted angular responses for the dRF model.

perpendicular to the manifold’s structure. dRF, on the other hand, does not utilize and is not

dependent on the analytical definition of the manifold. As a consequence, predicted responses

are not guaranteed to lie directly on the manifold. Nevertheless, it can be clearly noticed from

Fig 5.6 (d) that dRF predictions respect very well the manifold constraints.

While in the particular examples CBM performs slightly better than our predictive method-

ology, it is important to highlight that the intrinsic regression methods are associated with

significant limitations from which dRF does not suffer. In particular, CBM and DBM models

can only be constructed in cases of well defined response manifolds, as is S1, that was used

here. As was discussed in section 5.1.2, this requirement reduces their applicability significantly.

Furthermore, both models necessitate univariate predictors. Finally, the continuous prior dis-

tribution used in CBM often does not have a density function [178]. On the other hand, our

dRF predictive approach, whilst providing very similar predictive performance in a problem

where both methods can be applied, is also free from the aforementioned limitations. This

allows for its application on a much larger pool of problems, as will be shown in the consequent

simulation and application studies.
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Figure 5.6: Scatterplots of simulated response test and predicted points in the IR2 representation
space for the second regression study on a circular manifold. (a) Train and test response
observations, (b) Test and predicted response observations for the CBM model, (c) Input vs.
test and predicted response observations for the DBM model, (d) Input vs. test and predicted
response observations for the dRF model.

5.5.2 Prediction on a Spherical Manifold

In this study, we concentrate on the case of multivariate predictors. Let S denote our simulated

dataset of N = 250 paired input-response points {(xi, yi)|i = 1, . . . , N}, with inputs xi =

(xi1, xi2, xi3, xi4, xi5, xi6) ∈ IR6 corresponding to responses yi = (yi1, yi2, yi3) ∈ S2 ⊂ IR3. Input

coordinate variables were grouped in pairs (x·1, x·2), (x·3, x·4) and (x·5, x·6) and, for each pair,

N observations were drawn uniformly from the unit disk. For completeness, table 5.1 shows

the sample covariance of the coordinate variables from the complete simulated dataset.

x·1 x·2 x·3 x·4 x·5 x·6
x·1 0.262 -0.016 -0.009 -0.022 -0.004 -0.024
x·2 -0.016 0.249 0.018 -0.008 0.015 -0.01
x·3 -0.009 0.018 0.234 -0.006 0.002 0.015
x·4 -0.022 -0.008 -0.006 0.259 0.02 0.005
x·5 -0.004 0.015 0.002 0.02 0.239 0.016
x·6 -0.024 -0.01 0.015 0.005 0.016 0.258

Table 5.1: Covariance matrix of the 6 coordinate predictor variables in the dataset S used
during the spherical manifold regression study.

Only the first two input dimensions were constructed to be predictive of the response. Figure
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5.7(a) depicts the scatterplot of {(xi1, xi2)|i = 1, . . . , 250}. In order to generate the response

points, xi1 and xi2 were initially transformed to lie on the unit square (see Fig. 5.7(b) ):

x′i1 =

√
x2
i1 + x2

i2

max(‖xi1‖, ‖xi2‖)
xi1,

x′i2 =

√
x2
i1 + x2

i2

max(‖xi1‖, ‖xi2‖)
xi2 .

(5.23)

An affine transformation (scaling→ rotation→ translation) was then applied on (x′i1, x
′
i2) (Fig.

5.7c):

x′′i1 = cos(θ)s1x
′
i1 + sin(θ)s2x

′
i2 + t1,

x′′i2 = − sin(θ)s1x
′
i1 + cos(θ)s2x

′
i2 + t2 ,

(5.24)

where s1, s2 are scaling factors, θ the rotation angle and t1, t2 the translation factors. In

particular: s1 = 2, s2 = 1, θ = π
3
, t1 = 0, t2 = 0.65.

Finally, (x′′i1, x
′′
i2) were projected on the 2-sphere with r = 3 to acquire the responses(see Fig.

5.7(d) ):

yi1 = x′′i1,

yi2 = x′′i2,

yi3 =

√
r2 − x′′i1

2 −−x′′i2
2 .

(5.25)

Various types of Gaussian noise were added on the response points. Let y′i = yi + ni, where

the noise ni = nperi + nmani could be decomposed to two components. nperi was taken to be

always perpendicular to the spherical manifold, and nmani always parallel to the manifold. The

study was performed using four different noise settings: No noise, noise only perpendicular

to the manifold, noise only on manifold, combined noise including both perpendicular and on

manifold components.

Furthermore, for each of the noise settings, four different noise levels were used. The level of

noise was controlled by the standard deviation of the Gaussian distribution employed to draw
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(a) Scatterplot of {(xi1, xi2)|i =
1, . . . , 250}.

(b) Scatterplot of {(x′i1, x′i2)|i =
1, . . . , 250}.

(c) Scatterplot of ({(x′′i1, x′′i2)|i =
1, . . . , 250}.

(d) Scatterplot of {(yi1, yi2, yi3)|i =
1, . . . , 250}.

Figure 5.7: Scatterplots of the simulated input and response points for the regression study on
a spherical manifold. Uniformly sampled points from the unit circle (a) were mapped to the
unit square (b), scaled, rotated, translated (c) and finally projected on the upper hemishpere
of radius r = 3 (d), to form the response observations. All plots use the same colormap of the
distance between points (xi1, xi2) and the center (0, 0).

the noise observations with four levels corresponded to 0.05, 0.1, 0.15, 0.2 standard deviation

respectively. For example, Fig. 5.8 shows the response observations of S with combined noise,

for σ = 0.2. Overall, 13 combinations of noise-setting and noise-level were considered.

The simulated dataset S was split into Strain, comprising of 200 input-response pairs and Stest,

consisting of the remaining 50 observations. 5 different regression methodologies were compared

during this study, namely 1-NN Regression, k-NN regression, regular RF, kRF and dRF. For

dRF, the Great Circle Distance (GCD) [152] was used to compute the training response distance

matrix D. GCD is the shortest distance between two points on the surface of a sphere, and is

given by:

dS2(yi, yj) = r · arccos(yiyj) , (5.26)
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Figure 5.8: Scatterplot of {(y′i1, y′i2, y′i3)|i = 1, . . . , 250}, for dataset S with added noise (σ =
0.2).

with r = 3.

For kRF, the training gram matrix was calculated using the Gaussian kernel with σ = 0.5. We

followed the prediction methodology as described in [60]:

ŷnew = arg min
y∈Strain

(
gkRF (y, y)− 2

N∑
i=1

aRF (xnew, xi)gkRF (y, yi)

)
, (5.27)

where aRF (·, ·) is the RF-based affinity. The minimization problem was solved over Strain. As

such, all predicted responses were drawn from the training set.

4-fold cross validation on Strain with no added noise was employed to tune the various model

parameters. For k-NN regression, the number of neighbors k was selected to be 3. All RFs

were built with 500 trees, no pruning and the number of candidate split predictors in each node

was set to 3. Specifically for the dRF prediction, a 2-dimensional embedding space was used

and backscoring was performed using σbs = 80 and γbs = 50.

Figure 5.9 shows the test mean squared Euclidean errors for the various models, noise settings

and noise levels. Figure 5.10(a) depicts the embedding of the training responses (combined noise

setting - medium noise level). Test points were projected on the embedding using their original

values and the OOS formula, while predicted points were acquired through dRF. Finally, Fig.

5.10(b) shows the test and predicted points after backscoring the predictions on the spherical
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manifold. Adherence of the predicted responses to the manifold’s structure was good for all RF

models. We observed better predictive performance when using our methodology compared to

the nearest neighbor methods, as well as regular RF and kRF.

Figure 5.9: Test MSE prediction errors for all models, noise settings and levels.

(a) (b)

Figure 5.10: Test and predicted response observations (Combined noise setting - Medium level
noise). (a) Embedding of 200 Training reponse observations (blue) with 50 OOS projected test
points from (Yellow) and corresponding predicted points using dRF (brown). (b) Test and
predicted points on the spherical manifold.



112 Chapter 5. Non-parametric Predictive Methodology for Manifold-Valued Responses

5.5.3 Prediction on a Swiss-roll Manifold

For the third simulation study, we have further forgone with the assumption of an analyti-

cally defined manifold. Let S denote the simulated dataset of N = 900 paired input-response

points {(xi, yi)|i = 1, . . . , N}, with input xi = (xi1, xi2, xi3, xi4, xi5, xi6) ∈ IR6 corresponding

to response yi = (yi1, yi2, yi3) ∈ Msr ⊂ IR3, where Msr denotes the 2-dimensional swiss roll

manifold embedded in IR3. Again only the first two input dimensions were built to be pre-

dictive of the output. The dataset was constructed as follows. We first sampled 900 values

{ti : i = 1, . . . , 250} from the uniform distribution U(π, 3π) and 900 values {ui : i = 1, . . . , 250}

from the uniform distribution U(0, 21). The swiss-roll response points were acquired by:

yi1 = ti cos ti, yi2 = ui, yi3 = ti sin ti. (5.28)

In order to generate the data for the input coordinate variables x·1 and x·2, we first centered

and scale ti and ui to [−1, 1]:

t′i =
(ti − t̄i)
max ti

, u′i =
(ui − ūi)
maxui

(5.29)

and finally mapped them in the unit circle:

xi1 = t′i

√
1− u′i

2

2
, xi2 = u′i

√
1− t′i

2

2
. (5.30)

The values for the remaining four input coordinate variables were drawn from the standard

normal Gaussian distribution. Gaussian Noise, with Σ = 0.5I3, was again added on the

response points. Due to the complexity of the space, we were not able to distinguish between

perpendicular and on manifold directions for the noise. Figure 5.11(a) shows the scatterplot

of {(ti, ui)|i = 1, . . . , 900} from which we generated our dataset, while Figs. 5.11(b), 5.11(c)

and 5.11(d) show the input and response data points without and with added noise. In order

to clarify the contructed dependence between input and response points, Fig. 5.12 includes
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scatterplots for each of the relevant input/response dimensions.

(a) Scatterplot of {(ti, ui)|i =
1, . . . , 900}.

(b) Scatterplot of {(xi1, xi2)|i =
1, . . . , 900}.

(c) Scatterplot of {(yi1, yi2, yi3)|i =
1, . . . , 900} with no added noise.

(d) Scatterplot of {(yi1, yi2, yi3)|i =
1, . . . , 900} with added noise.

Figure 5.11: Scatterplots of the simulated input and response points for regression study on a
Swiss-roll manifold. All plots use as colormap the values ti.

Figure 5.12: Scatterplots of {(xi1, yi1)|i = 1, . . . , 900}, {(xi1, yi2)|i = 1, . . . , 900}, {(xi1, yi3)|i =
1, . . . , 900}, {(xi2, yi1)|i = 1, . . . , 900}, {(xi2, yi2)|i = 1, . . . , 900}, {(xi2, yi3)|i = 1, . . . , 900} for
the constructed dataset S.

In this study, the manifold’s structure diverges more from linearity than the spherical manifold
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used in 5.5.2. In addition, there is no analytical formula for computing geodesic distances

between the response points. As such, we approximated these distances using the Isomap

distance function with the number of neighbors set to 5.

The simulated dataset S was split into Strain, comprising of 600 input-response pairs and Stest,

consisting of the remaining 300. The same set of predictive models as in the previous study

were employed. 2-fold cross validation on Strain without added noise on the responses was used

to tune model parameters. For k-NN regression, the value of k was selected to be 5. All RFs

were built with 150 trees, no pruning and the number of candidate split features in each node

was set to 3. For dRF, the backscoring parameters used were σbs = 100 and γbs = 200. For

kRF, the training gram matrix was calculated using the Gaussian kernel with σ = 2.5.

Table 5.2 presents the test mean squared errors for the two considered noise settings. We notice

a big error difference between the NN and the RF-based methods, which can be attributed to the

non-linear association between input and response points, as well as the added noisy dimensions

in the inputs. dRF performed better than the other methods, yielding a relative reduction in

error of 9.874% and 3.757%, respectively for the two noise settings, compared to the regular

RF, as well as 6.717% and 9.293%, compared to kRF. Figure 5.13 shows the test and predicted

response points 5-NN, RF, kRF and dRF for the setting with added noise on the responses.

MSE MSE
No noise noise

1-NN 4.699± 0.071 4.945± 0.0957
5-NN 3.75± 0.188 3.839± 0.116
RF 1.202± 0.069 1.256± 0.007
kRF 1.161± 0.1 1.332± 0.0257
dRF 1.083± 0.0512 1.209± 0.0291

Table 5.2: Test mean squared errors of the various regression models for the simulated swiss-roll
manifold dataset.

We focus now on the compliance of the predicted points to the underlying response manifold.

We stress out that the euclidean prediction error can be somewhat misleading with regards to

this matter. Concentrating first on the setting without noise on the training dataset, it is clear

that methods which cast predictions from the pool of training responses have no prediction

error related to confinement withing the manifold surface. From the compared methods, 1-NN
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(a) 5-NN regression (b) RF

(c) kRF (d) dRF

Figure 5.13: True and predicted response test points of the various regression models, excluding
1NN, for the simulated swiss-roll manifold dataset with added response noise.

and kRF fall into that category. The NN approach could not provide a good predicting model.

On the other hand, training data were sufficiently dense in order to allow kRF to yield good

results, despite the relatively simple prediction method.

For the rest of the methods, compliance to the manifold is not guaranteed, since they are based

on averaging procedures to predict the responses. k-NN reduced the prediction error compared

to 1-NN, but it failed to keep the predicted points on the manifold. RF performed fairly well,

despite the use of a Euclidean-based split function during the training process. This can be

attributed to the non-linear nature of the algorithm, in association to its robustness regarding

the additional noisy input dimensions. dRF yielded the best results, compared to these two

methods.

The validity of the above remark is also true for the setting with noise added in the responses.

This becomes clearer by visually inspecting the test and predicted responses of the various
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models. Figure 5.14 depicts test and predicted response points, similar to Fig. 5.13, projected

on the y·1y·3 plane, while Fig. 5.15 shows the projected error vectors of the test dataset. We

can clearly see from Figs 5.14 and 5.15 that k-NN missed the goal of regressing on the manifold.

For RF, which was the most impervious method to the addition of noise based on the prediction

error, it is clear that it constantly slightly underestimated the radius of the predicted points

around the y·1 axis - the same is true for the no noise setting - plot not shown here-. This can be

reasoned after taking into consideration that prediction in this model involves the calculation

of average points on the euclidean space IR3, unaware of a possible structure in the response

space. kRF preserved the manifold structure of the predicted points better than RF, but,

due to the simplified prediction method, it suffered significantly from the added noise in the

responses, which is also evident from the larger increase in the prediction error, compared to

RF. dRF performed consistency in all three fronts, namely low prediction error, compliance to

the underlying response manifold and good robustness to the addition of noise.

(a) 5-NN (b) RF

(c) kRF (d) dRF

Figure 5.14: True and predicted response test points of the various regression models, excluding
1NN, for the simulated swiss-roll manifold dataset with added response noise. Points are
projected on the y·1y·3 plane to clearly show the compliance to the response manifold.
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(a) 5-NN (b) RF

(c) kRF (d) dRF

Figure 5.15: Test error vectors projected on the y·1y·3 plane of the various regression models,
excluding 1NN, for the simulated swiss-roll manifold dataset with added response noise.

5.6 Applications on Imaging and Facial Surface Data

In imaging analysis, it is common to assume that a collection of similar images lies on a mani-

fold [127]. This assumption is guided by the complex nature of images as data objects, as well

as the observation that the Euclidean metric and the corresponding geometric structure that

is imposed on the space often do not bode well with the human perception of similarity and

difference between images [127]. The analytical definition of imaging manifolds is restricted to

only simple cases, such as for images showing plain 2D geometrical shapes, for which shape

manifolds can be well defined [156, 56]. In most applications though, the approximate imag-

ing manifold structure is learned through a Manifold Learning technique. As we have seen

previously, this approach does not come problem-free. In the case of predictive modeling, in

particular, the problem of backscoring predictions to the original space, a.k.a reconstructing

images from their embedding representation, can be challenging.
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In the following, we use our manifold regression methodology for various image completion

applications, where the objective is to predict one half of an image from the other half. A

number of methodologies are compared, with our dRF predictive algorithm outperforming

other methods. In addition, we apply our methodology on the prediction of 3D facial surfaces

from genotypic data, with promising results.

5.6.1 Handwritten Digit Completion

For this application, we extracted 1000 gray-scale images of handwritten digits, from the UCI

Machine Learning Repository [102]. Each digit class, from 0 to 9, was represented in the dataset

by 100 8 × 8 pixel images. Input data were constructed by vectorization of the 8 × 4 upper

half pixel intensities. The dataset was split into training and testing subsets with Ntrain = 800

and Ntest = 200. The upper part of each images was taken as input for the predictive models.

Responses comprised of the images’ bottom parts. The test set can be seen in Fig. 5.16(a).

We compared predictions from 1-NN, RF, kRF and dRF models. All RFs were built with 300

trees and 5 candidate split features in each node. For dRF, the distance matrix was constructed

using the Isomap distance, with the number of neighbors set to 5. A 25-dimensional embedding

space was used and the backscoring parameters were σbs = 3 and γbs = 20. For kRF, the training

gram matrix was calculated using the Gaussian kernel with σ = 5. The reconstructed test digits

for the various models are shown in Fig. 5.16(b)-(e).

Table 5.3 summarizes the prediction results for the test data. In the first column we include

the test Euclidean Mean Squared Errors (EMSE) for all models. In the case of 1-NN and kRF,

which draw predictions from the training dataset, we are also able to report misclassification

errors, a.k.a the percentage of predicted lower parts that mismatched the ground truth, which

are shown on the second column of Table 5.3. Finally, in the last two columns, we report on the

number and percentage of badly reconstructed test images from visual inspection, based on the

following criteria: blurriness of the reconstructed image, smooth transition between the upper

and bottom image parts, correct digit reconstruction. This qualitative performance measure
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is important due to the non-Euclidean nature of the data, which, as will be discussed below,

makes the EMSE unsuitable for judging the predictive performance.

Table 5.3: Test errors from the digit completion application. Classification Error was not
applicable for RF and dRF. The number and percentage of badly reconstructed images was
visually ascertained from Fig. 5.16.

MSE Clas. Error Bad Rec. No Bad Rec. %
1-NN 3.3665 0.165 40 20
RF 2.7651 - 54 27
kRF 3.2675 0.21 48 24
dRF 3.3287 - 37 18.5

1-NN and kRF cast predictions drawn directly from the training images. As such, no blurriness

existed on the reconstructed digits of Fig. 5.16(b) and 5.16(d). Bad reconstructions were either

misclassifications or reconstructions where the transition between the upper (input) and lower

(predicted) image parts was not smooth. Surprisingly, 1NN outperformed kRF in terms of

classification error, as well as upon visual inspection of the images.

It is obvious from Fig. 5.16(c) that standard RF is ill-suited for the specific application. The

RF prediction approach of averaging pixel intensities from various images resulted in a high

number of blurry and nonsensical digit reconstructions. It is important to notice that while RF

performed the worst, based on visual assessment of the reconstructed images, it had the lowest

test EMSE, as shown in table 5.3. This observation highlights the unsuitability of EMSE as a

measure of performance, in the case of manifold-valued responses.

Reconstructed digits from our dRF model are shown in Fig. 5.16(e). Our predictions were not

drawn directly from the training set. Nevertheless, we notice that the large majority of recon-

structions had no fuzziness and the transition from upper to lower parts was smooth. For cases

where some blurriness could be noticed in the reconstructions, its effect was significantly less

severe than in the RF predictions, resulting in the overall lowest number of badly reconstructed

digits, based on visual inspection.
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Figure 5.16: Test and reconstructed images from the digit completion application. Recon-
structed digits were generated by concatenating the predicted responses with the upper -input-
half of the test images. Bad reconstructions are enclosed in red squares. (a) Test digits. (b)-(e)
Reconstructions using predictions from (b) 1-NN, (c) RF, (d) kRF and (e) dRF.
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5.6.2 2D Face Completion

Similar to the handwritten digit completion presented previously, the second set of applications

again focused on image completion, this time though the datasets comprised of human face

images.

Olivetti Dataset

We first employed the Olivetti faces dataset, as included in the scikit-learn machine learning

python package [123]. It consists of ten different gray-scale 64× 64 pixel images for each of 40

distinct subjects, with same subject images taken at different times and with varying lighting

conditions, pose and facial expressions. Input data were constructed by vectorization of the

64 × 32 upper half pixel intensities. The dataset was split into training and testing subsets

Strain and Stest, with Ntrain = 300 and Ntest = 100. Images of the same subject were only

allocated either to the training or the testing set.

The methodologies compared in this application were k-NN regression, linear Regression (LR),

Ridge Regression (RR), RF and dRF. In particular for k-NN, we fitted 1-NN and 5-NN regres-

sion models. Regarding dRF, the training distance matrix was constructed using the Isomap

metric with the number of neighbors set to 5. 3-fold cross validation on Strain was used to tune

the regularization parameter for RR, whose value was set to 1 and the RF model parameters.

RF and dRF were built with 300 trees, no pruning and 8 candidate split features in each node.

For dRF, a 25-dimensional embedding space was used and the backscoring parameters were

σbs = 9 and γbs = 50.

Five test images can be seen in the first column of Fig. 5.17, with the corresponding recon-

structed images - comprising of the test input upper half and predicted response lower half -

for 1-NN, 5-NN, LR and RR are also shown in the same figure, while Fig. 5.18 presents the

equivalent results for RF and dRF. As we saw in the previous application, Euclidean MSEs do

not provide a suitable descriptor of performance. As such we rely again on visual inspection of

the reconstructed images to compare the different methodologies and draw conclusions.
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1-NN exhibits a hits and miss behavior, with some predictions being relatively similar to the

original face, whilst others, such as in the third and fifth depicted faces being completely differ-

ent. In addition, there is minimal smoothness in the transitions from the input to the predicted

half images, accentuated specifically on the nasal and zygomatic edges. 5NN demonstrates the

expected blurriness in its predictions, an observation that is even more noticeable for the LR

model. RR and RF predictions also suffered from a large amount of blurriness, although transi-

tions between input and response are much smoother. Finally, dRF reconstructions exhibit the

best transition smoothness of all methods, with the predicted half-images being well aligned to

their inputs. Although the predictions are not completely free of blur artifacts, their effect is

less severe and facial details, such as nasolabial folds and lips, are clearly portrayed.
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Figure 5.17: Five test set and corresponding reconstructed face images from the Olivetti dataset
for 1-NN, 5-NN, LR and RR regression models. The predicted responses were concatenated
with the upper -input- half of the test images to generate the reconstructed face images.
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Figure 5.18: Five reconstructed face images from the Olivetti dataset for RF and dRF regression
models. The predicted responses were concatenated with the upper -input- half of the test
images to generate the reconstructed face images.
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TwinsUK Dataset

The second 2D face completion application was performed on a more extended dataset of 815

color frontal facial images from individual subjects of the TwinsUK cohort. The 128 × 128

pixel images were converted to gray-scale and 800 were assigned to the training dataset Strain,

with the remaining 15 constituting Stest. The same methodologies as in 5.6.1 were considered,

although results from the RR model are not presented here, due to them being almost identical

to the LR results. For dRF, the distance matrix was constructed using the Isomap metric on

the training responses, with the number of neighbors set to 7. Parameter tuning was performed

through 4-fold cross validation on Strain. RF and dRF were built with 500 trees, no pruning

and 25 candidate split features in each node. A 36-dimensional embedding space was used and

the backscoring parameters were σbs = 7 and γbs = 36.

Figures 5.19 and 5.20 depict six test images with the corresponding reconstructed images from

the fitted models. Despite the increased sample size of our dataset, we could not notice any

significant improvement in the quality of the predicted images, for any of the employed method-

ologies. Visual inspection of the images resulted in the same conclusions as in 5.6.2.
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Figure 5.19: Six test set and corresponding reconstructed face images from the TwinsUK
dataset for 1NN, 5-NN and LR regression models. The predicted responses were concatenated
with the upper -input- half of the test images to generate the reconstructed face images.
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Figure 5.20: Six reconstructed face images from the TwinsUK dataset for RF and dRF regres-
sion models. The predicted responses were concatenated with the upper -input- half of the test
images to generate the reconstructed face images.
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5.6.3 3D Facial Surface Prediction from Genotypic Predictors

Lastly, we applied our dRF methodology on the problem of predicting 3D human facial surfaces

from genotypic inputs. The dataset comprised of a subset of 449 images of unrelated subjects

from the TwinsUK cohort, for which 3D frontal facial meshes and whole genome SNP data

were available, and dense facial landmark correspondences were computed using GESSA (see

Chapter 3). For a detailed description of the TwinsUK imaging and genotypic dataset see

sections 3.5.2 and 3.5.5. Each genotype comprised of approximately 1.3 million SNPs. In order

to reduce the training computational cost, PCA was applied on the genotypic input matrix to

reduce the dimensionality of the data. All 449 principal components were retained and used as

input variables. 49 subjects were kept for the testing set Stest, and the remaining 400 were used

as training data. The procrustes distance metric [93] was employed in order to define distances

between facial responses. For two faces with computed correspondence, the procrustes distance

is defined as the root of summed Euclidean distances between the respective facial landmarks,

after the two point sets are superimposed. The dRF regression model was built with 750 trees,

no pruning and 20 candidate split features in each node. A 50-dimensional embedding space

was used and the backscoring parameters were set to σbs = 5 and γbs = 100.

The average prediction error, defined as the mean of Procrustes distances between test and

predicted faces was 0.03521. In order to provide a better comprehension of the results, we report

that the average pairwise Procrustes distance between all faces in the dataset was 0.05174.

Figure 5.21 shows 9 randomly selected pairs of test and predicted faces. For each pair, on the

left is depicted the test face and on the right the corresponding prediction. The predicted facial

surfaces do not show any significant reconstruction artifacts. Regarding prediction performance,

the genotypic inputs do not appear to be highly predictive of the facial surfaces. Predicted faces

tend to be very similar to each other, especially regarding details such as eye, nose and mouth

shapes. For some faces, notable similarity could be observed on the peripheral structure and

size of the face. Figure 5.22 includes 9 test faces for which predictions were sufficiently good

in terms of general face shape and size, while 5.23 includes 9 test faces for which the predicted

faces did not bare any noticeable similarity. Average prediction errors for the subset of faces
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shown in Figs 5.22 and 5.23 were 0.02856 and 0.039754 respectively.

Figure 5.21: Random subset of 9 test and predicted 3D faces. For each pair, the test face is on
the left and the predicted face on the right.

Figure 5.22: Subset of 9 test 3D faces with sufficiently good predictions. For each pair, the test
face is on the left and the predicted face on the right.

While it cannot be denied that the shape of the human face is dependent on the genetic

content, as was ascertained in our work regarding facial heritability (see section 3.5), it was
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Figure 5.23: Subset of 9 test 3D faces with bad predictions. For each pair, the test face is on
the left and the predicted face on the right.

not possible in this application to demonstrate ideal predictive performance. We believe that

this lack of predictive power should not to be attributed to the methodology employed, since

the predicted faces were realistic, albeit very similar to each other. The application was by

no means exhaustive. Different preprocessing approaches for the genotypic inputs, as well as

consideration of environmental and aging input variables may prove to significantly improve

performance, and is something considered for future work.

5.7 Conclusion

In this work we addressed the problem of setting up a regression model when the response vari-

able to be predicted lies on a manifold. Our objective was to employ learning and prediction

algorithms that can readily utilize information about the shape of the manifold through an ap-

propriate distance metric on that space. We built upon our previous work on distance Random

Forest [153], and proposed a suitable prediction algorithm for manifold-valued responses.

In contrast to intrinsic manifold regression methods, which require analytically defined response



5.7. Conclusion 131

manifolds, our methodology only necessitates the definition of a meaningful distance metric in

the response space. This can be especially useful for real-life applications, such as image

analysis, where the underlying manifolds are usually not known. Our distance-based regression

algorithm draws similarities to the family of kernel-based methodologies, which employ suitable

kernel functions to define inner products between data objects. One advantage over kernel

methods is the vast library of readily available distance metrics for almost any considered

type of data. Furthermore, our methodology presents a unified framework, which deals with

backscoring to the original response space, an issue that a lot of presented kernel methods do

not tackle sufficiently well.

Apart from the standard parameters of the RF algorithm, our predictive methodology depends

on the following hyperparameters, the dimensionality of the MDS embedding m, the smooth-

ing parameter γbs and the backscoring kernel bandwidth σbs. All parameters can be tuned

independently of the tuning procedure for the RF model. Additionally, in cases where the di-

mensionality of the manifold is known or assumed, m should ideally be fixed to that value. Two

simulation studies were performed to showcase the predictive performance of our methodology.

In these, we observed that predicted points adhered well to the underlying response manifold.

At the same time, the dRF method showcased good robustness to the addition of noise on the

observations.

A number of simulation studies and varied applications were performed to showcase the pre-

dictive performance of our methodology. An unfortunate issue was the inability to define

universally objective error functions. As such, comparisons and conclusions were made mainly

by visual inspection of the predicted objects. In the simulation studies, we observed that pre-

dicted points adhered well to the underlying response manifold. At the same time, the dRF

models showcased good robustness to the addition of noise on the observations. dRF provided

the best prediction performance out of all compared methodologies in the ensuing image com-

pletion applications as well. On the final application of face prediction from genotypic input

data, predictions were realistic, even if not ideal in terms of similarity to the test faces.
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Conclusion

The content of this thesis revolved around methodologies concerning complex data objects that

can either reside in non-Euclidean manifold spaces, or be represented as closed manifolds, or

polyhedral approximations thereof. In each of Chapters 3, 4 and 5, we proposed methods

tailored towards utilizing the complex nature of such data objects, and showcased the key

benefits in a varied array of studies.

In Chapter 3, we presented GESSA, a dense point correspondence sampling methodology for

ensembles of polyhedral surfaces. By incorporating the use of geodesic distances, logarithmic

and exponential maps in the formulation of a kernel density estimator and related gradient

descent updates, we achieved an accurate uniform annotation of points across the complete

surfaces’ areas, whilst increasing the efficiency and performance of the optimization process.

These additions also allow application of the methodology to surfaces with a highly non-linear

structure. In the future, variations of the point-wise correspondence optimization part could

be considered. At the moment, this optimization is performed on a space of vectorized point

coordinates, which does not take into explicit consideration the surfaces’ constraints, and neces-

sitates an initial automatic alignment of the surfaces, e.g. using ICP. Feature-based point-wise

correspondence is a possible extension that might remove the dependence of the method on this

initial alignment. We used our correspondence methodology to perform a large-scale heritabil-

ity study of the human face shape, based on a dataset of 952 3D facial meshes of twins. The
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dense point correspondence enabled the computation of various local curvature phenotypes,

whose combined heritability estimates provided, for the first time, detailed heritability maps of

the human face. The heritability results were subsequently used to guide a preliminary genomic

association study of the human face, which identified genome-wide significant polymorphisms

associated to the shape of the nasion. A manuscript detailing the GESSA methodology and as-

sociated heritability study have been accepted for publication in Scientific Reports. A full-scale

GWAS, using a larger cohort of people, is under consideration.

In Chapter 4, we extended GESSA to enable regression-driven adaptive dense annotation of

ensembles of surfaces. Modifications included the use of an adaptive kernel density estimator,

with bandwidths determined through feature selection, performed with the use of an RF re-

gression model. To our knowledge, this is the first time that such a methodology is presented

in the literature. Due to fact that the adaptive algorithm is a direct extension of GESSA,

any further advancements of the initial methodology are relevant in the adaptive setting as

well. The method can also be used with multivariate surface associated features, since RF is

capable of handling high-dimensional responses. Future research could additionally focus on

the development of weighting schemes that would allow one-to-many or many-to-one relation-

ships between surface points and phenotypic traits used as inputs in the regression model. This

will necessitate the construction of suitable weight assigning functions that can map variable

rankings to individual landmark locations. Adaptive sampling was employed on an application

of face age prediction, where we achieved significant improvements in prediction performance,

compared to an equivalent age prediction study based on a uniform distribution of correspond-

ing surface points. A manuscript detailing adaptive GESSA and the age prediction study is

under preparation for publication. The methodology could be further proven useful in a number

of other applications. For example, in medical imaging, patient status could be used to guide

landmark annotation of organs and tissues, while in face recognition applications, landmarks

could be driven towards facial regions more indicative of subject identity.

Finally, in Chapter 5, we presented a predictive modeling approach for response objects occu-

pying non-linear manifold spaces. The regression methodology was based on a distance modi-

fication of the RF algorithm that we previously published [153], which decouples the model’s
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training from the problem of response representation. For prediction purposes, the method

of point averaging, employed by standard RF, was clearly unsuitable here. We constructed

a predictive framework in which response point estimates are first predicted on a Euclidean

embedding of the response manifold, learned from the training dataset, and then projected

back on the original space. While the theoretical background is built on manifold spaces, the

algorithm only necessitates the definition of a suitable distance function in the response space,

thus showcasing good flexibility with regards to the types of data on which it can be applied.

The methodology showed very good performance in a number of simulations and application

studies, primarily focusing of image completion. In the future, further research could be con-

centrated on process optimization. In particular, one area of refinement is the estimation of the

Euclidean embedding’s dimensionality. The number of dimensions used affects the prediction

accuracy, and tuning through cross validation can be computationally expensive in some cases.

Dimensionality estimators do exist in the literature [116], and it would be interesting to evalu-

ate their use in our methodology. Another potential research topic is the use of different kernel

functions in the backscoring formulation. In this work, we opted for an isotropic Gaussian

kernel, favoring the simplicity associated with the single standard deviation hyper-parameter.

Nevertheless, the theoretical procedure allows the use of kernels with more complex structure,

as well as the combined use of multiple kernel functions, and it would be of particular interest

to evaluate whether potential performance benefits can be achieved with such use. An article

describing this work is currently under review for publication in Pattern Recognition Letters.
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Appendix A

Geodesic Correspondence Sampling for

Ensembles of Polyhedral Surfaces

A.1 Alternative formulation for Point-Wise Correspon-

dence Optimization

Here we present an alternative formulation for the Point-Wise Correspondence Optimization

(see section 3.3.3). The problem (3.15) remains the same. Similarly, let Φ ∈ IR3M be a

normally distributed random variable in shape space. This time, though, we utilize the pseudo-

determinant of the covariance matrix in the density function, resulting in the differential entropy

Γ(Φ) =
1

2
ln{(2πe)3M |ΣΦ|+} . (A.1)

The only difference between equations (3.16) and (A.1) is the use of the pseudo-determinant

|ΣΦ|+, which is defined as limk→0
|ΣΦ+kI|

k3M−rank(ΣΦ) [113]. The pseudo-determinant equals the product

of all non-zero eigenvalues of the matrix [113]. If the covariance matrix is full-rank, then

the pseudo-determinant is the same as the standard determinant. Substituting the sample
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covariance estimator (3.17), we get

Γ̂(φ1, . . . , φN) =
1

2
ln{(2πe)3M |Σ̂Φ|+} =

1

2
ln | 1

N − 1
ΩTΩ|+ +

1

2
ln(2πe)3M , (A.2)

with Ω being again the N × 3M matrix of centered observations.

Let now Ω = UΩSΩV
T
Ω be the singular value decomposition of Ω, with UΩ,V

T
Ω being N ×N

and 3M × 3M unitary matrices, and SΩ the N × 3M rectangular diagonal matrix of singular

values. We can then write

ΩTΩ = V ΩS
T
ΩSΩV

T
Ω

ΩΩT = UT
ΩSΩS

T
ΩUΩ .

(A.3)

The pseudo-determinants of the above are

|ΩTΩ|+ = |V Ω|+|STΩSΩ|+|V T
Ω|+ = |STΩSΩ|+

|ΩΩT |+ = |UT
Ω|+|SΩS

T
Ω|+|UΩ|+ = |SΩS

T
Ω|+ .

(A.4)

It is easy to verify that |STΩSΩ|+ and |SΩS
T
Ω|+, and consequently |ΩTΩ|+ and |ΩΩT |+, are

equal, since both are the products of the squared non-zero singular values of Ω. By utilizing

this result, we can now write the objective function as

Γ̂(φ1, . . . , φN) =
1

2
ln | 1

N − 1
ΩΩT |+ +

1

2
ln(2πe)3M . (A.5)

Following the same assumptions as in section 3.3.3, The matrix of partial derivatives of Γ̂ is

dΓ̂

dΦT
≈ dΓ̂

dΩT

≈ 1

2(N − 1)

d

dΩT
ln |(ΩT )TΩT |+

≈ 1

(N − 1)

(
(ΩT )+

)T
≈ 1

N − 1
((ΩΩT )−1Ω)T

≈ 1

N − 1
ΩT (ΩΩT )−1 .

(A.6)
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In comparison with the derivative matrix of (3.19), in (A.6) we have the inverse of the gramian

matrix ΩΩT , with computational complexity O((N)2.373), instead of O ((3M)2.373), as in the

original formulation. The use of the transpose ΩT for the matrix derivatives does not affect

the formulation, since partial updates are subsequently grouped into 3-dimensional vectors,

corresponding to surface points ψij. We again assumed that the sample grammian matrix is

invertible. A regularization term can be added, as in (3.20), to guarantee its non-singularity.

Subsequent steps are identical to those described in section 3.3.3.

A.2 Sample Variability of Curvature Phenotypes in the

TwinsUK Dataset

In order to examine the sample variability of the curvature traits, curvature variance maps,

depicted in Fig. A.1, were constructed. Depending on the curvature index, various facial areas

showed increased variability. High variance of the MC measurements was observed in areas

such as eye sockets, ala of the nose and mouth. GC and CU variance was located mainly in

the nose, eye and philtrum regions, while the SI captured increased variation in the zygomatic

and mouth areas. It is important to notice that particular facial areas, namely the mouth and

eye regions showed consistently high variability, which could relate to the increased motional

ability of the specific structures. Irrespective of the curvature index used, average phenotypic

variability was always higher in the subset of DZ, compared to the MZ pairs. As heritability

is based on differences in similarity between MZ and DZ pairs [20], means and variances of

absolute trait differences between pairs were also computed and the results were combined into

the facial maps of Fig. A.2. It is clear that higher mean and variance values were measured in

the DZ subset, compared to MZ.
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Figure A.1: Curvature variance maps illustrate the variance of curvature traits on all landmarks,
computed from the full dataset of 952 TwinsUK subjects.
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Figure A.2: Mean and variance maps of absolute curvature differences between twins. For each
pair of twins, the absolute difference in curvature values was computed on all facial points. The
maps show the mean and variance of the differences for all twins, as well as for MZ and DZ
subsets.
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A.3 Structural Equation Modeling

In this work, we estimated heritability as the proportion of phenotypic variance explained

by genetic factors. Since the genetic and environmental variables are unobserved (latent),

their effects are inferred from twin resemblance using Structural Equation Modeling (SEM).

SEM encompasses a broad family of statistical modeling techniques and can be viewed as a

combination of path and latent factor analysis [80]. SEM is also widely referred to as covariance

structure modeling, since an SE model implies a structure for the covariances between observed

variables.

In heritability studies, observed phenotypic variation can be partitioned into variance compo-

nents from the following latent factors: additive (A) genetic, dominant (D) genetic, common

(C) environmental and unique (E) environmental, with the latter component also including

measurement error. A path diagram of a SEM including all of the above latent factors can be

seen in Fig. A.3. The structure of covariance is implied by latent factor correlations between

twin pairs. Additive and dominant genetic effects are correlated 1 between MZ pairs, while only

0.5 and 0.25 respectively between DZ pairs. Common environmental effects have correlation 1

for both types of twins while unique environmental factors are uncorrelated.

Figure A.3: Path diagram of the ACDE twin Structural Equation Model. Latent factors A,
D, C and E correspond to additive and dominant genetic, common and unique environmental
effects respectively. Double arrows represent the latent factor correlations between pairs of
twins. Additive and dominant genetic effects are correlated 1 for MZ pairs, 0.5 and 0.25
respectively for DZ pairs. Common environmental effects have correlation 1 for both types of
twins while unique environmental factors are uncorrelated. a, d, c and e are regression path
coefficients of the respective latent factors. Heritability in a ACDE SEM model is computed as
h2
ACDE = a2+d2

a2+d2+c2+e2
.
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For twin studies in particular, the model ADCE is over-specified and cannot be estimated

using twin data alone [133]. Submodels that can be examined are ACE, ADE, AE, CE and

E. Models composed of the components DE are not considered biologically plausible. In this

work, we considered ACE, AE and E models. As such, below we focus and describe in detail

the definition of the ACE SE model.

A univariate ACE model can be expressed as

P = aA+ cC + eE, (A.7)

where for simplicity and without loss of information, P is an observed zero-centered, continuous

phenotypic variable and A, C, E are unobserved latent factors with fixed unit variances and

covariances that depend on the type of twin. Finally, a, c, e are regression coefficients expressing

the effects of the latent variables in the phenotype. Now Let PMZ be a NMZ × 2 matrix

of phenotypic observations with each row coming from one pair of MZ twins and NMZ the

number of MZ paired observations. Respectively PDZ denotes a NDZ × 2 matrix of phenotypic

observations with each row coming from one pair of DZ twins. Furthermore let

L =



a 0

c 0

e 0

0 a

0 c

0 e


, (A.8)

be the matrix of regression coefficients and finally ΛMZ , ΛDZ be NMZ×6 and NDZ×6 matrices

of unobserved A, C, E factors for MZ and DZ twin subsets respectively.

Expressing the ACE twin model in matrix notation, we have

PMZ = ΛMZL, PDZ = ΛDZL. (A.9)
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The expected phenotypic covariances from the ACE model are:

ΣMZ = E[P T
MZPMZ ] = LTE[ΨMZ ]L

ΣDZ = E[P T
DZPDZ ] = LTE[ΨDZ ]L,

(A.10)

where the expectations of the correlation matrices ΨMZ , ΨDZ for the latent factors are derived

from the SEM path diagram. In particular, E[ΨMZ ] has two off diagonal elements equal to

1, corresponding to corr(A1, A2) and corr(C1, C2), while E[ΨDZ ] has corr(A1, A2) = 0.5 and

corr(C1, C2) = 1 (see Figure A.3).

The structured covariance matrices, as modeled by SEM, can now be easily computed:

ΣMZ =

a2 + c2 + e2 a2 + c2

a2 + c2 a2 + c2 + e2

 (A.11)

ΣDZ =

a2 + c2 + e2 0.5a2 + c2

0.5a2 + c2 a2 + c2 + e2

 . (A.12)

Maximum Likelihood is used to estimate the regression coefficients a, c, e. Let SMZ and

SDZ be the observed sample covariances. Assuming that the phenotypic response is normally

distributed, the probabilities of observing SMZ and SDZ given estimates Σ̂MZ and Σ̂DZ follow

the Wishart distribution with NMZ and NDZ degrees of freedom respectively. The log-likelihood

functions can be written as follows, after the omission of constant terms [109]:

−2LLMZ ≈ NMZ

[
ln |Σ̂MZ |+ tr(Σ̂

−1

MZSMZ)
]

−2LLDZ ≈ NDZ

[
ln |Σ̂DZ |+ tr(Σ̂

−1

DZSDZ)
]
.

(A.13)

Estimates â, ĉ, ê are obtained by maximizing the combined likelihood function −2(LLMZ +

LLDZ). Model fit can be assessed using a log-likelihood ratio test between the structured

model and a fitted saturated model where no structure is imposed on the covariances. The ratio

statistic is distributed approximately as a chi-squared distribution with degrees of freedom (df)
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equal the difference in df between the structured and the saturated model.

At this point we can also define the heritability estimate ĥ2
ACE from the ACE model as

ĥ2
ACE =

â2

â2 + ĉ2 + ê2
. (A.14)

An important aspect of SEM in twin studies is that the significance of individual variance

components can be assessed by dropping parameters sequentially from nested models; here

ACE→AE→E. In choosing between models, variance components are excluded in the selection

process if there is no significant deterioration in model fit, assessed commonly by the Akaike

Information Criterion (AIC) [1], after a component is dropped. The E component represents

unique environmental results and random error and is always retained [133]. Heritability is

estimated from the AE model as

ĥ2
AE =

â2

â2 + ê2
. (A.15)

A.4 Average SEM Statistics for the Heritability Study

Average SEM statistics for the curvature-based and distance-based heritability studies of Chap-

ter 3.5 are shown in tables A.1 and A.2 respectively.
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Euclidean Distance Traits Geodesic Distance Traits

ACE

df 6 6
χ2 13.458 15.757
p 0.1941 0.1678
−2 logL 4775.921 4834.57
AIC 2879.921 2938.569

AE

df 7 7
χ2 16.4 17.444
p 0.1489 0.184
−2 logL 4778.863 4836.256
AIC 2878.862 2938.256

E

df 8 8
χ2 179.8 163.724
p 0 0
−2 logL 4942.263 4982.537
AIC 3042.263 3082.536

Table A.2: Model-fitting average statistics for the distance-based heritability study.
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A.5 Sparse Principal Component Analysis

Different sparse PCA methods have been presented in the literature [194, 186, 89]. In this

work, we used Penalized Matrix Decomposition (PMD), as proposed in [186], which has been

shown to be similar but more computationally efficient than the SCoTLASS sPCA formulation

[186, 89].

Without loss of generality, let P be a column-wise zero-mean N ×M data matrix. Standard

PCA seeks unit loading vectors vk so that linear transformations - principal components - Pvk

have successively maximum variance. The first PC loading vector is thus computed as

v1 = arg max
v

vTP TPv, s.t. vTv = 1 (A.16)

Consequent loading vectors can be computed by repeating the same process on the deflated

data matrices. Given P k and vk, the deflated data matrix P k+1 = P k−P kvkv
T
k , with P 1 = P .

The PDM and SCoTLASS procedures for sPCA modify the optimization problem (A.16) with

an additional L1 regularization constraint on the loading vectors. It has been shown that for

the first PC, both methods are equivalent to the following penalized matrix decomposition

problem [186]:

v1 = arg max
u,v

uTPv, s.t. ‖v‖1 ≤ sp, ‖v‖2
2 ≤ 1, ‖u‖2

2 ≤ 1, (A.17)

where sp is the sparsity parameter, with lower values leading to sparser loading vectors v. The

above problem is biconvex and can be optimized by iteratively alternating between maximiza-

tion with respect to u and v. SCoTLASS imposes orthogonality constraints between subsequent

loading vectors, which makes optimization very difficult. PMD does not utilize such constraints.

Subsequent components in PMD are computed by applying the same procedure on the deflated

data matrices.
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A.6 Tuning the sPCA Sparsity Parameter

We opted to use sPCA since a main objective in our decomposition analysis was to construct

composite phenotypes corresponding to spatially coherent facial areas, something that could not

be achieved through standard PCA. This coherency was imposed by controlling the sparsity

parameter sp. Tuning the parameter is commonly performed through cross validation, by

selecting the value that leads to minimum average CV reconstruction error of the data [185].

This process though could have led to spatially extended loading vectors for which biological

interpretation would be difficult. Furthermore, the parameter would need tuning for each

principal component independently, which would be computationally expensive.

Since our primary objective was to estimate the heritability of principal components, we eval-

uated the effect of sparsity by comparing heritability estimates of 100 sPCs for each curvature

descriptor and 7 different parameter values. Results are presented in Fig. A.4. Heritability es-

timates for all components were subsequently computed. We notice that the sorted heritability

estimates show similar behavior across curvature descriptors for all sp values tested.

Based on the fact that heritability estimation would not be significantly affected by the par-

ticular value of sp, we selected constant values for each descriptor after visual inspection of

eigenface maps - constructed by mapping the sPCs’ loadings on the facial surface - with the

primary focus being to have eigenmaps suitable for biological interpretation. In particular, the

parameter was set to 7.5 for GC, 12.5 for SI and 15 for MC and CU.

We retained for further analysis all 100 sPCs for each curvature descriptor.
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Figure A.4: Effect of sparsity parameter on the heritability of regional traits. (Top) Different
sparsity parameters were tested in order to assess the parameter’s contribution on the heri-
tability study. Each plot shows the sorted heritability values for the first 100 regional traits per
curvature index and for 7 different sparsity parameter values. Heritability estimates showed
similar behavior irrespective of how sparse the components were. (Bottom) Eigenface maps of
an example composite trait (from the Mean curvature index) for different sparsity parameter
values.



Appendix B

Application of Adaptive GESSA on the

Prediction of Age from 3D Facial

Surfaces

B.1 Feature Selection through Stability Selection for the

various landmarking and phenotyping procedures

After computing the eight different trait matrices used as inputs for the problem of age predic-

tion (see section 4.4.4) , we examined whether a feature selection process would result in helpful

remarks regarding the comparison between uniform and adaptive landmark approaches. For

this part of our study, we employed a Stability Selection (SL) algorithm. The method builds

a large number of LLR models on random subsamples of the initial dataset, and yields the

percentage of times that each input trait was considered in the models (had a non-zero coeffi-

cient associated to it) [111]. For each dataset, we run SL for 10000 rounds, with the size of the

randomized subsamples set to 75% of the initial sample size, and the lasso sparsity parameter

λlasso = 0.015. The SL percentage scores were mapped to the corresponding landmark posi-

tions in order to create the SL maps presented in Fig. B.1. We notice that stability maps of

170
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respective curvature indices were very similar for both landmarking approaches, with somewhat

increased localization of high values observed for the adaptive case. This was expected, since

adapted landmarks were more congregated around age-related regions.

Figure B.1: Age Prediction - Stability Selection facial maps for (a) traits based on uniformly
positioned corresponding points and (b) traits based on adaptively positioned corresponding
points. Maps are colorized according to the percentage of times that curvature traits had
non-zero coefficients in a group of lasso models, built on random subsamples of the data.



Appendix C

Non-parametric Predictive

Methodology for Manifold-Valued

Responses

C.1 Proof of Proposition 5.1

Proposition C.1. Let {yi|yi ∈ IRq, i = 1, . . . , N} be observed points on a q dimensional Eu-

clidean space. The sum of squared deviations from the mean ȳ = 1
N

∑N
i=1 yi can be written in

terms of pairwise distances between points as follows:

N∑
i=1

‖yi − ȳ‖2 =
1

2N

N∑
i=1

N∑
j=1

d2
E(yi, yj) , (C.1)

where dE(·, ·) denotes the Euclidean distance function.

172
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Proof.

N∑
i=1

‖yi − ȳ‖2 =
N∑
i=1

(yi − ȳ)2

=
N∑
i=1

y2
i +Nȳ2 − 2ȳ

N∑
i=1

yi

=
N∑
i=1

y2
i +Nȳ2 − 2ȳNȳ

=
N∑
i=1

y2
i −

1

N
(
N∑
i=1

yi)
2

=
N∑
i=1

y2
i −

1

N

N∑
i=1

N∑
j=1

yiyj

=
2N
∑N

i=1 y
2
i − 2

∑N
i=1

∑N
j=1 yiyj

2N

=

∑N
i=1

∑N
j=1(y2

i + y2
j )−

∑N
i=1

∑N
j=1 2yiyj

2N

=
1

2N

N∑
i=1

N∑
j=1

(yi − yj)2

=
1

2N

N∑
i=1

N∑
j=1

‖yi − yj‖2

=
1

2N

N∑
i=1

N∑
j=1

d2
E(yi, yj) .

(C.2)

C.2 Out-Of-Sample Prediction

We present here the details of the OOS prediction as proposed by Bengio et al. [15].

Let Y be a closed subset of IRq, n ∈ IN, µ a strictly positive Borel measure on Y , and g :

Y × Y → IR a positive definite kernel on Y , meaning that for any finite set of points {yi|yi ∈
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Y , i = 1, . . . , N} and real numbers {ai|ai ∈ IR, i = 1, . . . , N}

N∑
i=1

N∑
j=1

aiajg(yi, yj) ≥ 0 . (C.3)

Assume also that ∫
w∈Y

g(y, w)dµ(y)dµ(w) <∞ . (C.4)

Let an induced integral operator Tg : L2
µ(Y)→ L2

µ(Y) be defined as

Tgf(y) =

∫
w∈Y

g(y, w)f(w)dµ(w) . (C.5)

Tg is a self-adjoint, positive, compact operator with a countable system of non-negative eigen-

values {λl}∞l=1 satisfying
∑∞

l=1 λ
2
l < ∞, with corresponding normalized eigenfunctions {φl}∞l=1.

The set of eigenfunctions forms an orthonormal basis of L2
µ(Y).

Theorem C.2 (Mercer). Let Y be a closed subset of IRq, µ a strictly positive Borel measure

on Y, and g : Y × Y → IR a positive definite kernel on Y. Then

g(y, w) =
∞∑
l=1

λlφl(y)φl(w) . (C.6)

Let now p(y) be a density function, corresponding to a measure in Y . In [183], the authors

showed that

ĝ(y, w) =
m∑
l=1

λlφl(y)φl(w) , (C.7)

where {λm|m = 1, . . . ,m} are the m largest eigenvalues with corresponding eigenfunctions

{φm|m = 1, . . . ,m}, is the best approximation of g(y, w) using only m terms, in the sense of

minimizing the expected value of the kernel reconstruction error, given by

J(m) =

∫
y∈Y

∫
w∈Y

(
g(y, w)−

m∑
l=1

λlφl(y)φl(w)

)2

p(y)p(w)d(y)d(w) . (C.8)

Based on the above results, the following work was presented by [14].
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Let S = {yi|yi ∈ Y ⊂ IRq, i = 1, . . . , N} be a dataset of N observations sampled i.i.d. from

a distribution with unknown density function p(y), with p̂(y) denoting the empirical density

from sample S.

Let K be the N ×N matrix of kernel values Kij = g(yi, yj), and {zi|zi ∈ IRm, i = 1, . . . , N} be

an embedding of points in S taken by decomposition of the matrix K, with:

zil =
√
λKl u

λ
li, l = 1, . . . ,m, i = 1, . . . , N , (C.9)

where zi = (zi1, . . . , zim) and λKl the lth largest eigenvalue of K and uλli the ith coordinate of

the lth eigenvector of K.

Finally let TNg : L2(IRm)→ L2(IRm) be an induced operator, defined as follows

TNg f(y) =
1

N

N∑
i=1

g(y, yi)f(yi) . (C.10)

Proposition C.3 ([14]). TNk has in its image m < N eigenfunctions of the form

φNl (y) =
N

λKl

N∑
i=1

uλlig(y, yi) , (C.11)

with corresponding non-zero eigenvalues λNl =
λKl
N

.

Remark It was also shown in [14], that in the limit as N → ∞, the eigenfunctions of TNg

corresponding to non-zero eigenvalues converge to the corresponding eigenfunctions of Tg.

Proposition C.4 ([14]). The value of the eigenfunction φNl at point yi is equal to:

φNl (yi) =

√
N

λNl
zil . (C.12)

Remark From proposition C.4 it becomes clear that the coordinates of an embedded point zi

are simply the scaled values of the principal eigenfunctions of TNg evaluated at point yi.
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By combining the results from propositions C.3 and C.4, the embedding coordinates of a new

point ynew can be estimated by the OOS formula (5.10).
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