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ABSTRACT

Methods are given for the derivation of gravitafional
Ward identities. These are used to derive amongst others
one that is verified by explicit calculation to second order
in the gravitational coupling constant. Several methods
fof quantising general relativity are reviewed and the
Feynman rules are given for what appears to be two of the
most tractable formulations of the gravitational pertur-
bation expansion. Divergent integrals are handled by a
particularly convenient adaptation of t'Hooft and Veltman's
'dimensional regularisation' procedure. Tadpole diagrams
and matters concerning the possible renormalisation of
gravitation that obtain to this calculation are also

discussed.
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Some Definitions and Conventions

naB is the usual Minkawski flat space metric.

QaB,uv é(naunBv + navnBu - naBnuv)'

Q%% ¥ 4 A is a convenient shorthand for

aaB:Uv o A = 5(nauABv + navABu _ n“BA““),

where A 1is a symmetric two index object.

QeBsHy Qo 0°**°T  stands for the action of the left hand
5 operating on the left nand pair of indices of Q followed
by the action of the right hand a operating on the right
hand, set pf indices. The a symbols have only direct
}elevance to Appendix II, |

The measures of the functional integrals are defined

AP = e g7
@r) = T ark e
X, pdv

In sections two and three DeWitts 'condensed' notation is
~employed for relevant derivations and is explained in
section two when first eﬁéounteréd.

The notation @%g& is frequently used to express
infinitessimal co-ordinate variations e.g.,

Under the infinitessimal co-ordinate transfprmation

x” 5 M = Lﬂ+5§#



~ the metric tensor transforms

/'“’(x) - '/“"(Kr) = /""0‘) + E-g-—ﬂv. S‘gd
J | J J 54~



1. INTRODUCTION

This thesis is principally concerned with the con-
sequencies in terms of Ward identities of the necessary
inclusion into the quantum thgory of gravitatioh of the
original general co-ordinate invariance of the Einstein
gravitational field equations. However there are other
lines of inquiry either necessitated by, consequent upon
or at some distance remo&ed from this general theme. '

The situation is best clarified by first discussing the

various motivations that have led up to this.

Since the original work of Féynman(]) there has

~been a proliferation of literature concerned with the quanti-

sation of the gravitational field. Al1 this has taken

place in the absence of any experimental data. There is

as yet no concrete evidence that gravitational radiation
exists let alone what it does. 0f course this need have
no bearing on the development of the theory as such but
it might at first sight appear a little odd that so much
effort be expended in what amounts to a vacuum. The
reasons for wanting to quantise general relativity in the
first place are both numerous and varied. Most are with
substantial foundation. Others might be better described
as Jjustifications after the event. I shall deal only with
those that pgrtain td this thesis. There are now many
excellent review artic]es(z) that deal with the remainder.
First]y,'WHen viewed as a massless, spin two, self-
interacting field theory, there would appear no a priori

reason why the gravitational field should not be amenable



to the 3na1ysis applied with great success to other, better
estab]i§hed, quantum field theories; Certainly one would
expect éxaggerated ultraviolet and infrared divergence
problems and its renormalisability would be uncertain.

The principal stumbling block to this conception is founded
in the non-abelian character of the genéral co-ordinate
transformation group. Whereby quantum gravity-is un]iké
most other field theories with the notable exception of,

the Yang-Mills field that similarly possesses a non-abelian
symmetry group. Fortunate]y with the work of Faddeev and
Poppov(3) this difficulty appears finally to have been
resolved. The Yang-Mills field has been shown to possess

a unitary S-matrix and ié renorma]isable(4). However the
same cannot be said for the gravitational field.. 1Its
~renormalisability becomes increasingly iﬁ doubt and unitarity
has only been established in terms of formal arguments
involving path integra1s(5). Moreover very few actual
calculations have been performed and none to my knowledge
exhibit the necessary transversa]ityl of the quantised
amp]itudés. In other-words, no justification in terms of
calculations has been given for the use of Fadeev and Poppov's
prescription.for dealing with the gauge symmetry in terms.
of the now legendary fictitious particle loops. If one
embarks on such a program it very soon becomes apparent as
to why this might be the case. The vertices specifying

the graviton se]f.interactions are'extremely complicated.
The complication is only one of sheer bulk but as such it

is quite sobering enough to act as a formidable deterrent.



Herein ﬁies the motivation for thé greater part of this
thesis: to obtain d tractable set of Feynman rules for
the gravitational field and to exhibit at least some
evidehce of se]f-consistency by actual computation of a
pérticu]ar'ward identity. I shall leave aside discussion
of ﬁow far I am able to achieve this intention until I
review the composition of the individual sections of this
thesis in the latter half of this introduction.

The next motivation to be discussed has‘to do with
the seemingly fantastic notion that quantum gravity miéht
actually prove useful. It was Pauli who first remarked
that quantum fluctuations in the 1ight cone could serve to
suppress the characteristic ultraviolet divergencies en-
countered in conventional quantum field theory. Reéent]y
- with the work of Salam, Isham and Strathdee(®) to do witn
the regularising capabilities of non-polynomial Lagrangians
this idea has received a very positive revival of interest.
By coup]ing the gravitational field to electrodynamics and
performing a 'superpropogator' calculation they exploit
the intrinsically non-polynomiality of the Einstein
lagrangian to do just this - at least they cértain]y obtain
a finite answer. However it is only with gravitation
playing essentially the role of a'bdckground field that
the calculation is performed. Its own dynamical degrees
of freedom are for the most part suppressed. At one stage
I was concerned with finding a sophistication of this
approach to incorporate more of the structure of the gravi-
tational field. A prerequisite of any such enlargement

’



is haVing at one's dispdsa} a tractable theory of quéntum
gravity in the first place. One is then Ted back to fhe
considerations of the previous paragraph and I have very
Iitt]erto say concerning the 'infinity sﬁppréssion'
capabilities of quantum gravity as such. There are how-
ever one or two points of interest relating to this thét_
are dea]t‘with in section 8. | |
1 supposé the overriding motivation is best summarised

as follows. Quantum gravity has become a reality, but it
is a fea]ity beset by a plethora of different approaches.
I should perhaps mention at this point that I have nothing
to say concerning that aspect of 'quantum gravity' that has
to do with the rapidly expandfng subject of closed universes(7)
and theories of superspace. It is only in the sense of
general relativity being regarded as a cpnventiona] quantum
field theory that this phrase should be interpreted. Even
in this restricted sense one encounters considerable diver-
sification. The resolution of the gauge problem has
taken a number of different guises. What are the practical
"advantages of working with a manifestly covariant theory
as opposed to the more usual 'assymptotically flat' formu-
1atfons. What are the relative merits in the various
.choices of variable to quantise and do they lead to the
same results. What do the infinite number of gravitationaf
Ward identities look like, how are they derived and can
they be verified. |

To summarise thus far: quantum gravity, though a

_conjectdred and formally proven reality, has comparatively



little calculational foundation. It is the intention

- of this thesis to attempt to provide some of thfs, to
indicate possible extensions and to answer the above
questions.‘ In the absence of any experimentai results

such a discussion necesSari]y centres upon the fealisation
of the original co-ordinate invariance of general relativity
in terms of Ward Identities in the quantum theory.  Their
validity or otherwise provfdes the only available check

on the self consistency of the theory quite apart from their
fundamenté] role in the aé yet absent renormalisation
program, |

I shall nocw give a brief summary of the separate
sections that constitute this thesis. Each section is
preceded by a short introduction of its own and I include
'this, at the risk of being repetitivé, for the purposes
of oBtaining a single coherent picture.

The most natural starting point is, of course, the
quantisation procedures themselves. In section 2 I briefly
review three of these and establish a formai equivalence .
of their final results in as much as fhey are all derivable
from Fadeev and Poppov's method. One is then confronted
with a choice as to which variables to quantise and which
form 6f fhe Einstein Action to work with. Here there are
essentially two quite'different directions that one can
take_ the first and second order formalisms, Section 2
deals wifh the more usual of these notably and for reasons
about which I am unclear the second order. The first

order formalism is dealt with in some detail in section 6.



0f the possib]g forms for the Einstein’action app]icéb]e
to the second order formulation by fér the most a]gebréic-
ally simple is that due to Goldberg(g). At the end of
sectionrz I derive the asso;iated-Feynmén rules and
fictitious'pariic]e structure for what seems to be the
most convenient choice of gauge condition. |

Section 3 is devoted to both obtaining the parti-
cular Ward identity that I later calculate to second order
in the gravitational coupling constant and the derivation
of more complex Ward identities involving open fictitious
particle lines. ~ The uéefu]ness in this context of the
manifestly covariant theory of DeWitt is stressed and I
show that it leads to precisely the same identities ob-
tained by more conventional means. Identities are all
obtained for the same choice of gauge condition and basic
variables as used in section 2 but the extension of the
method to a]ternative choices is obvious.

Fundamental to obtaining a meaningful result for
the proposed calculation to be found in sections 5 and 6
- 1is tﬁe use of a gauge invariant regu]arisation procedure
.to deal with the acute ultraviolet divergencies that are
encéuntered; In section 4 I develop an adaptation of the
'?dimensional regularisation’ technique of t'Hooft and
Ve1tman ﬁhat-is particu]éf]y useful fbr gravitationa1
calculations, In order to provide an illustration of
this adaptation, that might at first sight appear a little
unwieldy, I include a calculation of the second order

Yang-Mills self energy diagrams, the results for which were
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first givén by t'Hooft(4). The comparative simplicity
of this regularisation procedure is crucial in facilitat-
ing the ensuing analagous gravitational calculation.

This calculation is performed first in section 5
and then again in section 6 using the firsf order formalism
onceAthe requisite Feynman rules have been obtained.
Apart from one minor differénce discussed fn section 6 the
results are identical. The finite, logarithmically and
quadratically divergent, partS are shown to be individually
transverse. The only reservations are that a set of-
ambiguous tadpole diagrams are not evaluated in both
instances. M?reover, again for both calculations, there
~appears in the answer a non-transverse quartic divergénce
whose a]gebraic structure is fhat of the free graviton
propogator. - Also in section 5 is given a prescription
for éea1ing with the algebraic calculations. Some such
préscription is necessitated by the complexity of the
vertices that are recorded in detail in Appendix I.
That giveﬁ is certainly most effective; whether or not
it corresponds to the most simple is hard to say. Finally,
in order to lend more credibility to the answer which is
of a sufficiently complicated form to warrant it, I give
in some detail some of the intermediate stages of the -
fvseparate ca]cu]at1ons N |

" The tadpo]e d1agrams and unwanted quartic leergence
are d1scussed at some length in section 7. In particular
the tadpole diagrams are shown to be excessively ambiguous.

'Possible reasons for the occurrence and thereby possible
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means of rémova] of the.quartic divergence are a]so
diséussed.

Section 8, as has already been mentioned, deals
with the practicability of improving_non-po]ynomia] gravi-
tational techniques. Most of this ;ection is of a
rather general'nature not out of keeping, one might say,
with its'subject matter. However there is given an
explicit derivationvof the manifestly covariant bare

vertex funétions that have some bearing on these matters.
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2. QUANTIZATION OF THE GRAVITATIONAL FIELD.

The'major obstacle to the successful quantization

of gravitation is the general co-ordinate invariance of
the classical Einstein éctiqn. In the quantum theory this
manifests itself as a non-abelian gauge group. This has
the immediate consequence that the graviton propogator is
not uniquely defined. A]ternatively one might say that
the Eu]er-Lagrange'eqﬁat%ons are undetermined and do ndt
give rise to a well defined initial-va]ue'problem that is
necessary for the internal consistency of the quantjzation
programme. In quantum electrodynamics this ambiguity does
not affect the physical results of the theory. It was
Feynman(]) who first remarked that this 15 not so for non-
abelian gauge symmetries such as one has with gravitation:
there are diagrams with closed loops, depending non
trivially on the choice of propogator, which affect
unitarity. In order to restore unitarity Feynman found
it necessary to introduce, in addition to the graviton lines,
lines corresponding to vector fermions.

| The resolution of this difficulty has taken two main
directions. Either to extract from the metric tensor the
. true (as opposed to'gauge) degrees of freedom and impose
canon1ca1 commutation re]at1ons upon them and their canon1-_
cal conJugates and to solve the remaining constraint
equations. This procedure, known conventiona]]y as
A;D.M.(g) is not the one that I shall adopt in this thesis.
The é]ternative is to impose a supplementary gauge condition

from the outset using, essentially, a Lagrange multiplier
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and to take account of fhe non-abelian nature of the-gauge
group ih terms of fictitious, vector fermion partic]es;
This essentially is the method employed by Dewitt(]o),.
Faddeev and Popov(3), Fradkin and Tyutih(s), and Honer-
kamp(]]). However, with the possible exception of DeWitt
and Honerkamp, the work of these various authors appears
very different in form. It is pleasing, from the point
of view of obtaininé a single consistent theory, that by
procgeding from Faddeev and Popov's method, which treats
the problem of quantising a system with a non-abelian gauge
symmetry in isolation, one can establish a 'formal' equi-
valence between these various approaches. Formal in the
sense that it rests upon properties of functional integrals.
But in as much as the various methods themselves rely
upon similar properties-it would not seem out of place.
Indeed it would appear to be the price that one ha§ to pay
if one wants to quantise gravitation by thjs, probably thé
most direct, approach of the inclusion of a gauge condition.
However it is only a price in terms of the lack of a
- rigorous definition of the functional integrals; their use
'introduces a considerdble simplification, as may be seen
from DeWitt's paper(10) that concludes with the functiéna]
'ihtggra] representation of the S-matrix, The derivation
of this fina] representaiion is éxtreme]y complex. |
Before proceeding to establish this equivalence
and a discussion of the resulting Feynman rules I shall

first outline very briefly the methods mentioned above.



14,

Fradkin and Tyutin's(s) Method.

The basic idea is to introduce an additional Lagrange
multiplier field, B¥(x), and to choose it in such a way so
that it satisfies a free field equation. Thereby the BV
field is not invo]ved in the scatteriﬁg and the S-matrix -
is unitary in the physical subspace.

" In order to,achieée this, to the original action,

S(g), is added a non-local gauge fixing term:

5(3) —> S(j)+ S:V = jdlfx (L +L|‘y\) where,

Y/,u‘(z’-,d) ‘é/;/ + i-l;L _B-)-.,;/ 'P;v g\\l{’

wu(x=9) is an arbitrary function describing a class of gauges,

LY

=1 _ 4 ) . .
and Bw(x,g) ‘Id y Dw(x,y,g) Bv(y). The function D‘p is

to be chosen so that the B field obeys a free field equation.

The field equations and the contracted Bianchi

idéntities, pij%z_ = O then imply:
S‘fm
Y —
Q/w : BV = O where,
v §Yu(y) |
Q,w = (a/“(,() 3“@) and R (k) is the

d1fferent1a1 operator correspond1ng to a gauge variation

'of'the metric tensor viz:
£S5
6§

Defining

(B ss ggt
ﬂ/"(")‘) 3 gglt\ S'S/u

i

\}
%
=
x
<

(0)
CQ‘Y‘AV
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' . MA < ()
and \D,,/:‘, [ 62 - Qyay » the field B
is ;onstrained to satisfy QY/N'BV = 0.

The resulting generating functionals for the greens functions

are then given by: -

(¢ #0) | Zj j(d fJ* (,L ix ‘f' 7,”"( * 3,,\, )+

£ Tr. 4 (Qy B3 \% (2.1)

(¢ = o)

+ | : . -
= . 4 —_p — 7 o~
(913) S(Y,u.) e/x.p{'— IJ X—(L-tj/wd )-r I'r. [a LQTQT )52(2.2)
The vacuum-to-vacuum amplitude <0 out/0 in>Y is obtained
from -the above by setting J equal to zero viz: 3
Y .
-‘<om£:lo.'4>:f = ZK {J_ . 3 similarly for o« = 0.

DeWitt's Method(10),

DeWitt achieves a manifestly covariant quantisatfon
of the gravitational field by introducing a classical back-
ground field, ggv, on which the quantum fluctuations propo-
gate. The gauge symmetry of the quantuﬁ field, guv, is:

o broken,‘aS'it must be, but in such a way so as'to preserve

V!fman1fest cova?1ance w1th respect to the classical background.
The trans1t1on to the more usua1 formulation, where one has
an assymptot1ca11y flat region with the Poincareé group as

‘a symmetry group, is achieved at each stage in the formalism

by setting g n

gy v’ the usual Minkowski metric.
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In order to avoid the charecteristfc plethora of
indices it is ﬁsefu] to work with DeWitt's 'condensed.
notation'. By which the field indices (uv), (x1), etc.
are denoted by i, j, ... . The first part of the Greek
alphabet is reserved for group indices; that is those
indices corresponding to arbitrary co;ordinate transformat-
iens, sga. Primes an indices are to disfinguish different
space-time points and the sumﬁation convention for repeated
indices is to extend to integrations over space time
veriebles. Thus following this convention the Einstein

action, S, is expanded about the background field as follows:

" ._: ) ° L . .(
5 (5°+3) - 8(30) + S),;(jc.)gb L S,,;J/ (jc)jba‘} e
The condition that the action functional is a group in-

variant is then written:

iyt
o

=§.Ry =0 , where R = (2.3)

55

Functionally differentiating (2.3) we obtain:
J -

SJ"J Ry -f'!S)J f/,(“, =0 . |

Thus when the field equations are satisfied, S,j =0, Sij

is a singular operator, possessing the Rl as zero-eigenvalue

eigenvectors, The singularity of S is now seen tobe

’ij

- a direct. consequence of the contracted Bianchi identities,

”~'§§u éf'. At th1s stage BeW1tt imposes a general gauge

condition specifically on the retarded and advanced so]utions
to the field equations. For our purposes it is sufficient

'io consider only the effect of this whereby the operator
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S’ij is rep1aced by the non-singular operator Fij where:
| TR
..oo= . . . ""—lt6
F"d — S}‘J + X"kxj‘e Q“K ﬁ‘p *
i is an arbitrary(]z) matrix, used to lower field indices,

having the group transformation Taw suggested by the position
_of its indices. 7

;us and its unique inverse (by definition), ¥ 1B,
1ikewisé are arbitrary matrices used to lower and raise
group indices respectively.

It is the arbitrarinessin these y-matrices that enables

- DeWitt to compute‘the 'radiative corrections' or the additional

fictitious particle structure, necessary to ensure unitarity
of the S-matrix.
The consequent expression for the vacuum-to-vacuum

amplitude is as follows: -

KOk |Om) =

f(“j) exp i ) Sgq) - Sgo - Sgagt+ xRy 451!

f(d?’)(d ¥ expi Zﬂi(jarj) Rip 1™ Wj .

(2.4)

The numerator of this expression is simply the

ij'and with'
those parts, S(gc) + S,i(gc)gi, that do not contribute to

original action, with the replacement Sij5 > F

the scattering process, removed. The denominator is the

encumbent fictitious particle term.
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Faddeev and Poppov's(3) Method.

The essence of this proceedure is tovextract from
thé functional integral representing <0 out/0 in> the
"volume of an orbit of the gauge group". This»éOmes about
from the following considerations: | | |
The action S(g) is invariant under the replacement'

S g(x) -+ gn(x), where gn(x) is- the regult of applying an
element of the gauge gro&p, G, (in the case of gravitation
the general co-ordinate transformation group) to the field
g(x). viz:

' Aig =g

The orbit of gjunder G is defined to be

O.ré(j) £ Ej” [ VL eC fueaﬂj .

Thus .one can say that the action is constant on the orbits
of G. Hence <0 out/0 in> is proportional to the volume of'

an orbit, i.e.

J(clj)%pLS(j) o« j(dJL)ij(g)(dj) . (2.5)
It is‘the functional form for F(g) that has to be deter-
mined. One can then factor out the redundant orbit volume
and take the remaining expression as a definition for‘the
. vacuum-tpracuum amplitude in the pfesence of é,gauge group,
iTo”dd’éhis.g:%Héev and Ppbpov choose to integrate S(g) in
(2.5$iover hypersurface, y(g) = 0, in the manifold of all
possib]e-'poiﬁts' g. v(g) is chosen so that distinct orbits
‘intersect it once only.

First then the functional A¢(g) is defined by:
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AY(j)jS(?(j‘”') (JJZ) = constant . | .(2.5)

Now incorporate (2.6) under the integral (2.5) and perform
a gauge transformation on the g field. This leads to the

required factorisation, viz:-

{00k |Ow) = f(dﬁ)xj(cij) exp v g&j)i AY(j) S(Y’(j)> . (2.7)
It being understood that the measure (dg) is a group
invariant. Exbression (2.7) can now be interpreted as
the functional y(g) fixing the gauge, y(g) = 0, and the
func;ional A¢(g)’ determined by (2.6), as giving riserto
the fictitious particle structure.

We are now in a position to establish the equivalence
of the final results of these three methods. First we
show-that (2.7) and (2.6) together imply (2.1) and (2.2).

' Incorporating the relevant indices into (2.6),

Aw(g) is defined for the gravitational field by:-

Ay = jS(Y»(g“‘JL) (o)

for some suitable choice of constant. We can make a

functional Fourier transform of the S-function.in this ex-~

pression to give:

: | -~ e ; . 5' s y ' 4 z
o A«r = j(g(C)(JJL) epe fd x (¥ V:u (x,& )5

,/“

where this integral, for the moment is evaluated on the
subSpace.¢u(g) = 0, Expanding wu(gg) in powers of Q we

“obtain:-
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-t
Z&«r =

J‘@ﬂ(d‘/h) exp i) fvl Ay C(x)(sf“” cj),x.)L(.,) +ow{{(2 8)

If one now regards the argument of_the exponential
in this integral to be thé Lagrangian of the C and @ fields
coupled to the gravitational fie]d,:the free part is given

by:-

A -
Jbl‘* 6”‘1 C *) SSM 3 A(‘!)),( . '/Z-*(‘f)
A

K=K'\
1

Recalling the definition of Q(gaa on page (l!4) this may be

written: o |
Jrﬁx d“-1 2 Q;/Ax (l—J) JL'(('»I)

Thusathere is only a <c,Q> propogator, given by Qisi, and
the terms in 22 and higher powers, occurring in 2.8 can be
discarded as they do not contribute to the value of the
integral evaluated perturbatively. “Again recalling the
definition of Qﬂa, we may now rewrite equation (2.8) as

follows:

Ay f((m S(QW.(JL) . | (2.9)

’,This,ys evalggtgd via the transformation,

LA Tt o aF

w/u = 62‘5‘.( N , ) = Jet(Qﬁx)@lJL)

-] <l
-He then obtain A‘f’ = det (Qﬁm) and can write



. “"‘ - 6_ _ - .
Lt (RUs) = erp e 1n @YY 4 1a Q%

The Lo Q$ term may be effective]y'ignored(]3). Substitut-~

_ ¥
we reproduce equation (2.2). It should be understood that

ing the resulting expression.for A, into equation 12.7)
the Qw term is evaluated on the subspace v, = 0. This is
equivalent to the condition ¢« = 0 in equation (2.2).

In order to obtain éqﬁation (2.1) we observe that
we are free to choose the gauge condition @u(g) = Bu’ where
Bu(x) is some arbitrary function, add an arbitrary weight

function, exp i {-3_ B B"}, to equation (2.7) and integrate

H
out over Bu without altering its value (save possibly fqr
_its normalisation). We then obtain instead of equation
(2.7):-

Kook [0im)Y =
(2.10)

-

gy exp [ S@ - 35 0] Ayiply,,

This immediately leads to equation 2.1, Aw(g) is now
evaluated from (2.9) with v, # 0.
Next we shall derive DeWitt's expression for the vacuum-to-
vacuﬁm amplitude given in equation (2.4).

We shall use as our starting point equation (2.10).

We choose to incorporate the gauge:

Yalg) = [Ru) (g-g) - 8] =0

For the arbitrary weight function we choose

U p ¢ é"i{i By {(L“"q& 5(55?. |



22,

‘ : . | .
As for equation (2.8) AW is now given by: Zl«f =

Y |
J(JC)@UL) %Pi Z-J‘J"x d4|1 C(x) R"’((j") Q":(-"(j) (ﬂ_p(u’)j ., (2.11)
It is an assumed property of functional integrals that

they are translation invariant i.e. that

j(dj) Fq) = J'(Jj) F(gfgo) .
Thus if we substitute the values for Ve and the weight

function given above into equation (2.10) and make a trans-

lation in the afgument over the classical field g. we

obtain: (for o = '.‘1) ' <0Wr£"0;”> =

J‘(Jj) exp ESQjHjJ + 3 Ry ?-MP R)'P jijjj? Ay(afjc) . (2.12)
8,(9+g.) is now evaluated from the translated equation '

(2.11) . viz:
By (59 -
J@c)(dm exp i [ fdredty cho R ) Repqrg) A4*

- Proceeding now as before to evaluate A¢(g+gc) we obtain:

: ¢
Dygrgd = det (RuGa Rip(geg.) -
if"we now méke use of theﬂfepresehtatioh of the inverse of

the infinite determinant det(A

p) 1n terms of fermion fields

given by:
) (3)
det™ (Ag) = f(fl‘f/*)(”(ﬂ enp b [f v A ’{A\SP )

we obtain
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Ay g = o \.

J@‘f_’*)(ﬂ) kP v f Ru@rge) Ripg) Y™ Yﬁf- (2.13)
We can remove the superfluous term, S(gc) + S,i(gc)gi from
tﬁe.exponential in equation (2.12)Aand substitute for Aw
from (2.13) into (2.12) to obtain equation (2.4).

It is worth remarking at this stage that the structure

of the fictitious partic]e'tefm contained in équation (2.13)
is very simp]e.J If we expand the argument of the exponential
(regarded now as the fictitious-particle Lagrangian) about

the classical background we obtain

(,E N L K’i’:((ﬁo) Ripge) + QC"'J' Re(5e) 3j) y

A11 other expansion terms vanish since Ric(g) is linear in
9. . |
Finally it is we11'to point out that by setting §c<= n
in equation (2.4) and choosing the corresponding gauge 1in
equation (2.1) one does obtain identjca1 expressions for
<0 out/0 in> . |
I have not included a discussion of Honerkamp's( )
formulation as it is very similar to DeWitt's and is derivable
in much the same way. Indeed the above derivation of

equatiqn‘(2.4) is to some extent based on his work.

5Thé Fé}nmanvﬁﬁlés. . L“}

The usual form for the Einstein Action is given by:

S - ;L-ljcx‘sc (.3)"% = j-ot‘*x Lg) . (2.14)
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-

uv

g is fhe metric tensor; g = d tg, R is the contracted

)

Ricci tensor 5’"’ P.,m/ = 3"‘"3”1- R,,-/uv-.-' .
The Rieman tensor RauvT is given by: ’

T T T p atT 4 T
R = Uav,o- - ’Z'v,/u + ‘r,’«v Hrp - [Z'v l;/? )

o - _
Mpv = 2 g% ((gurv + Qurpe = guor ) - (2.15)

In all that has been said so far in this section it
ﬁas been tacitly assumed thét the Einstein action is a
‘functional of the metric tensor alone. That is to say the
Ricci tensor is evaluated in terms of g by substituting:ther
expression for the connection rzv given above. There is
_no necessity to do this. The action S can be considered
as a functional of the independant fields g and r; ‘the
field equétions resulting from independent variations of
these quantities then.providé the.re1ation (2.15)(14). h
This proceedure is alternatively known as the 'Palatini
formalism' dr the 'first order formalism'. Fradkin and
Tyutin and Faddeev and Poppov both give prescriptions for
obtaining the Feynman rules corresponding to this formalism
in the referénces already quotéd. I shall not discuss
this any further here but reserve it for the calculation
in sectioh (6).

It has a]sq been assumed thus far that the separation.
of S into its_frée and interaction parts is achieved by

\Y

choosing g"’ as the variable to be quantised and setting

g"’ = a*¥ + «h™ or in DeWitt's case, g"’ = gg“ + xh*Y,
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where x is the graﬁitatfonal eoupling constanf. _Th{s
parametrisation of the metric tensor, known as the |
"rational parametrisation" is the one that I shall adopt
but there are advantages in uﬁing;the 'éxponentia1 para-
metrisation'; g"¥ .= exp(ch)*v{15),  The only other
variation is in the choice of variable to be quantised;
- The most cdmmon being, instead of choosing g"¥, to choose
(-9)™ g"¥. We shall examine the possible consequences of
this now. |

Firstly the methods for quantisatioﬁ outlined in
the first part of this section are only slightly altered
and one obtains the same equivalence of results in much the
same way as before. The second consequence is to intro-
duce a possible simplification in the form of the action
(2.14). |

Let us define

~¢(F

J

then we have 3 .jpx =

n
n

(-3) jxﬁ j 5;“5_ ("3)—"' a.qs
{ | and we can write

- (2.14) as follows: | |
- 2 A (V,;—n) ~d 8 ~ A fa 4”00"‘ ‘f‘) *;PO'A, ~
S 8 K Jd 23 o j /P 3 ) o ( (4'1,‘)2- 3 j"lﬁ« 30(:.)51.

~po . o '..‘I'(ln* Sf’ g"' ~
j 3K|z.jﬁnpx Cent 1) gg ﬁnﬁxzﬁL

-~ A4 SD‘: S,(L ﬁ(g{sl) + (4—J|vut1u\ce_)j (2-]6)‘

The most convenient choice for n is clearly n = }. Ex-
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pression (2.16) then reduces to Go]dberg‘s(S) form of the
Einstein Action. ,_ |

If one separates (2.16) into its free and inter-
action parts by setting g®® = 08 + «R®®, It is amusing,

10

but Tittle more, that terms involving «x and above vanish

for the choice n = °/,5 and terms involving k!2

and above
vanish for the choice n = 5/22. _ DeWitt remarks upon this
in his paper(]o).

For the remainder of this seétion and for the cal-
culation in section (5) I shall choose to work with the

Goldberg form of the Einstein Action. To be specific: -

AX

! A -
Defining 5 f e (——j)/‘Lj'{‘6 ) (j"’P =(—j\’/"3d‘5 » we have

! Adyfa - A O'A'- A
S(j‘) = ﬁljd#"ég‘lﬁ,}oj",ﬁ-(‘* P Juﬁuja(xﬁ:.

— 3f6§d|0(1§ﬁ|{3; - 4 S:: gg)_ gp,‘sz_) (2.]7)

To obtain the requisite perturbation Series we set,

"§“B = n% + «fi®B, where A%® = £B® and n®F is the Minkowski
flat space metric, which is now used to raise and lower the
_indices of the quantum h field (2.17) can now be expanded

' in powers of x to any ordgr we please. . The expansion of
§a8 be1n§ determined by the re]afion §“B§BY ='8$.. ‘This:

leads to:
feg = s - S L QR
&dp 14@ KALL + K Ay~ p K Ay h

Thus L is expanded L = Lo + kb + KZLZ + 0(x3).



27.
If we define

- | o
Qﬁl&, ’leL = 2 (1‘1"1 "Iﬂnﬁz 1 1&#1. (]P,'(z. - 1‘(5! ']K:.{h.)

then L0 is given by:

Adipr ALapa
£ h

| y ‘. XU
Lo : P ( 1P6 Q“tﬁ'gdzﬁﬂ- -4 S,{, S“‘z "{/‘.Pl)

As we should expect Lo dbes not give rise to a well deffned
propogator - we have.yet to fix the gauge. Before doing
this and evaluating the fictitious particle term we shall
first examiné the structure of the bare vertex functions
of the interaction terms in the expansién of (2.17). We
are able to do this independantly of considerations of
gauge since the gauge we shall eventually adopt will con-
tribute only to Lo- | 4

In x-space we define the n-graviton bare vertex
function as follows:

n

n ' S A A
(e, ea) = ik open |4kt L(R)

LT IPRELEY & ()= O hun) (2.18)

L, in the expansion of (2.17) is of the form:

o : Adyp Av(a;-z. a-2 P An-opa- pe
'LM. = f&l‘}x t\( ’rt/'(;\)p_ }" (’f\ iy I"(Kl,o—- A’(tﬁ’w*'/""\f’ﬁ

There are only two derivatives and they are confined to
. Ad . .
A dnba and RPN The term A s a pure algebraic

combination of n's.
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Substituting this expression into (2.18) and using the

relation,

S" Adifp Adapa '
hexy ---- h ) =
A Adlnfn Jo
S ‘(t‘-) e § L(x'n ( ,

S.l.{or--" So(,,p.. :R\! (S(x-x,) S(va,_y S(x—x.\)lo_) ,

(where | SKapL stands for a symmetrisation to be performed
in the index péir (ui B;), and Pnl stand§ for a summation

- to be carried out over the n. permutations of the sub-
scripts (1,2, ...,n)) we arrive at the following expression
for “r: ‘
In momentum space,

nr'(k|,---- ,kn) =

oy @l) - ;'(uﬁu

’Sd«p. So{n[&n ( k.\-.p kuo’) S(k.*r’z;_*— k)AAﬁ “dnpn o

VThe_explicit forms for n = 3 and n = 4 are given in appendix
I.

'.Diagramatically this corresponds to the vertex

/"‘ { n- Lines 1 a”)

all momenta being defined inwards.
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.As may be imagined these vertices contain a prodi-
‘gous number of terms.  The only point in théft favour is
that 3r and *r contain significantly fewer than the equ{-
valent expressions given by DeWitt(]B) for the choice of
~ variable g"’. ) | '

'We now turn to the eValuation of the fictitious
particle contribution to the action 2.17. If we choose
to impose the Dedonder gauge, g“?,v = 0, directly on the
action (2.17) we would have for the vacuum-to-vacuum

!

amplitude:

<0 OUt/O in)DédondEf = J(&lj) (AC,) &x.‘?bES(ﬁ‘) 'f_C;/;ﬁ\'u:vg A*(ﬁ).
’ . .

The lagrange multiplier field Cu necessarily becomes a dy-
namical variable and its elimination leads to the trans-

verse propogator:

. R ‘
(o[T?\dm lebz’o?b = Qd”h (qi;d'lp; lkh:.k QM'J )(2.19)
This has two hajor disadvantages. F1rst1y, from con-
siderations of performing calculations, it contains rather
too many terms for comfort. Secondly (if it matters)
there is no well defined rule for how to go round the pole
in the team xk* Q. Fortunately we can achieve a
';s1mp]1f1cat1qn byizncorporat1ng the above gauge condition
via equat1on (2 10), i.e. set ¥ = gW », and choose the
free barameter, a, of equation (2.10) to be -1. This has

. | Adif d
the effect of cancelling the term, -3 h ,‘p zh Sx, So‘; Y)[j @,_
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from Lo' The resulting graviton propogator is then

2 oy B, ol
Ei Q 1Py, ol2 Ba

<olT WP 10y

This is essentially the samé as Dvett(]o) obtains from
his requirement that the matrices Yij, 7%8 be chosen so as
~ to give a propogator with minimal singularities on the
light-cone. T ~ A

The calculation of the fictitious particle term is

straightforward proceeding from equation (2.8) and remember-

ing that g§"v, # 0. The gauge variation in §KA is given
by

ng A KA _ —fDAAKA~+ Akga Si + AAXD 35 AKA
s J HIT G HF Rk g
Hence

Ay = j(ol@)(awt) %Péz( [ Cop? i

v{-K(tﬂxc‘,JL‘:/‘r—Cv L\/“,/ux + C Lﬂ\/ JL CVt‘,/uJL()

(2.20)

We may take the argument of the exponential in

(2.20) tofbe.the fictitious particle Lagrangian provided

-1

we take account of the possible expression of A "' in terms

v

of fermion fields (cf. equation 2.13) by attaching a factor
“of (-1) to every closed loop of C, 9 lines. The fact that
there are two fields C and @ involved in (2.19) and only a

<C 2> propogator, gives rise to 'directed loops' of ficti-

!
5
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tious particles.
The propogatof and vertex function torrespbnding to
(2.20) are given in Appendix I.
'This concludes the discussion of the quantisation of
the gravitational field. As was mehtioned earlier we

shall return to the 'first order formalism' in section (6).
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3. GRAVITATIONAL WARD IDENTITIES

vdne would hope that the original co-ofdinate in-
variance of generai relativity would be reflected in Ward
Identities relating the quantised amplitudes of the
qdantum theory. Indeed this isAthe=case, but ft is a
coﬁsiderab]y more complicated situation than onevhas in
- electrodynamics for example. In the quantisation pro-
ceedures outlined fn section (2) ihe interaction Lagrangian.
for the gravitational field possesses an infinite number
of distinct vertices and the gauge group in question is
non-abelian. The validity of these identities.is however
" vital to the self consistency of the quantum theory and so
far, in the absence of any ekperimenta] results, provides
the only check on the predictions af the theory.

It turns out that one can formally derive as many
gravitational Ward Identities as one pleases. There are

(17) in which this may bé accomplished and in

several ways
this section I shall deal with two specific approaches.’
vThe first is an adaption of-t'Hooft's(4) work on the Yang

- Mills field. J.C, Tay1or(4) gives a comprehensive account
of Fhis approach and it is essentially the analogue for

the gravitational field of this method that I shall employ.

'Thelsecond is a consequence.of Dewitt's(]o)

manifestly co-
variant fheoky of quantum gravity.

Firstly, let us consider t'Hooft's approach. Re-
calling the expression for the vacuum-to-vacuumAamp1itude,
given by equation (2.10), written now in the modified |

Dedonder gauge, §“v,v = B¥, we have:



ALINE j(;t ) (3) ezxpaf&g) r EBug B (87 §7) Ay

We can now exploit our freedom to choose a different gauge
and add an arbitrary source function J*(x) the S-function
occurring in this expression. If we now perform the B-

integration we obtain

<0 out/0 in>, = J(dé‘) Ay(j) %P b 58(3‘,3‘)5(' (3.1)

!where
’5(§,_J) = 5(3) + ﬁﬁ’uf,u '100\5‘“;\\;' - J\-lﬁﬂr/“ * J/:"]N/J-V

For the purposes of the calculations in sections (5) and

~(6) expression (3.1) is sufficient to obtain the particular
Ward Identity that we need. This is achieved by requiring
that the expansion of (3.1) in powers of J identically
vanishes after the first term that is independent of J.

This is a simple consequence of the gauge invariance of (3.1).
In particular the term quadratic in J must satisfy the

relation

s §- N
— - 014/(,’ Olﬂ
§Je Sy <oouk |02

"
Q

J=zo

Performing the requisite differentiations we obtain

D/(:\ DS“ <0m£]f\’25 LV&) [0 ""]pr<00u6’0l;4> = 0 (3.2a)
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In momentum space we can write this as follows:

L0ouk |0y k’“

by [ LotlBIETI00S g gty
| (3.2b)

The inclusion of the free propogator into (3.2b) is a con-

- sequence of the élgebraic structure of the Q's vix.
vT 2 T
olk/u kv Q/“lp' = k 7P

The abové is essentially t'Hoofts path integral
derivation of Ward Identities given in reference (4).
J.C. Taylor en}arges on this approach for the Yang MiT]s
field and I shall now give the analogue for the gravitational
field. |

To (3.1) is added a source term enabling one to de-
fine the Greens functions in the J-dependent gauge. The

resulting generating functional is given by

2(J.j) = f@‘j‘wv(jﬂ exp i ST + jurd™] . s
Oﬁe next takes J to be fnf{nitessimal and makes an in-

finitessimal gauge transformation of (3.3) by

Aﬂv s AmV o MY o
K T
Vo 2 g
¥ 3‘\/(968& _ /\/4‘/90{) (3.4)
a% is determined by the condition |



35"

Ope 2 N0 = T | | (3.5)

Under this transformation the measure (d§)Aw(§) is in-

variant( ) and (3.3) is replaced by

'Z'(JTJ') = J(de) Av@) wpéggg(j‘) +

# 25 p a G0 e 8 = R
‘ - (3.6)

;
!

One can now derive Ward Identities by equating the Greens
functions defined alternatively by (3.3) or (3.6).

To faci}itate discussion of identitiies resulting
from differentiations of the j-source it is convenient to
introduce the transverse and longitudinal projection opera-
tors T and L defined as follows:- |

.——o(p, KA SF(AJKI\

] _ STFI KA

2 dp, o
- 2* Q p/p O5 O

A #B, KA S“ﬁ’f KA —,—"(fb; KA 4

n

To prove that these satisfy the usual properties,

T =0 , T =T , T-L=o

J

This may be séen to be the case as follows:-

—oth, KA KA | 2,
) ’Do( ’dﬁ KA _ D Sd!hc _‘?:;)_}__ VDo D de,;‘ S.p KA
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n

. , : a . -—’ A
8 - & d)oude 70§ 5T

- ’9,(' Sxp,ed - DTsTﬁ,KI\ - 0 .

v A K | ' t Tl KA
'LKIG)/‘ 'L/«\I,K = a—lI &‘(p};. 90'31‘ DOJDT’ QTP/;; ST?’ K
o X 1! A A

= 2> Qfﬁ,;’ 2edp § 1" = ./fﬁf’é .

We can now write juvR"; e® of expression (3.6) in terms

of these functions viz:-

: = . Aol
M R*, T gr (T*7en + L’“‘ﬁ,(,\) R
| | (3.7)

Evaluating the right hand.side of this expression:-
MY KA X 2 AaY O T o
L7 R U™ = 52 Q'“'p D7 R

’52_7- 2 Qo"pl/w dp .

This follows from equation (3.5).
For the evaluation of the transverse term, we shall expand

Rné(ﬁ) in terms of n and h.

Recalling the definition of h viz, j‘-"" = 1""+ K'l‘."f\
A 5 | 7
R = RY%m + « R
A i ;
REct) = 008 + M0 8% — 4 2

)
*
)

=
1%
>



It is easily established that

5 KA

l—l—/ﬂk,\ ax 6?§ = 0
We can now re-write identity (3.7),
jro Rag =
-4 d} v . ._. A
JFV%.DO—QP#J;D -"KJ/.wl K/\R (“JL (3.8)

Let us now consider the particular identity

 £&_ ‘ — .\ _ 27 - 2 )
8—55_ SJ g 2‘(\-’)‘)) %(\T/J)J = O

J:J:O

We evaluate this using equations (3.3), (3.6) and @;8).
!
In momentum space we obtain the result

ki Lok | TR 1Y 0iny =
O,Lk/a. /AV,K/\ .
E_{' Q <0M’0m>

— SJL
- K I.K,\,—r(k) {oout| ,<(L) TV e T
(3.9)

Equation (3.9) clearly reproduces equation (3.2). This is
a consequence of the final term on the right hand side of

(3.9) being transverse. I shall not discuss the implications

. of th1s term at the moment save to say that it corresponds

- 5to open f1ct1t1ous part1c1e lines that result from the in-

vers1on of equat1on (3.5). I shall give a more exp]1c1t
representat1on of this term when der1V1ng essentially the

‘same Ward Identity using DeWitts manifestly covariant
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forma]ism.- ‘ ,

Before moving'on to tﬁis it is pefhaps re]evant.at
this stage to comment on the derivatives standing outside
the time ordered productsﬁthat have occurred thus far.

The functional integral method is not sufficiently dis-
criminating or well-defined to allow for a rigorous eva-

~ luation of the possible consequences of this with terms
such as a; 8(x°-y°). In all that has been said so far
and is to follow I gha]1 ignore such contributions by
adopting the consistent approach of meaning by expressions

such as (3.2a) the ihtegra1
‘A Ay . A A
[y (ot o, ) ey i§841 846).

That is to say I shall evaluate such expreséions in the
integral form in which the arise by calculating the
necessary Gaussian functional Integrals. Thus in general

I use the expression

PO Loouk | T Aggy |0

. as a convenient shorthand for the expression,

| gl T N

[(Aﬂ) 0= Op A exp il 8@y Ayg) -
Let u§ now proceedffo discover how one obtains Ward

Identities using the manifestly covariant theory, First |

let us rewrite equation (2.4) using the variables g"V.

We shall then have

<0 out/O-in> = J(dj\)(d)‘) 94&]) LE S(j\) 4’) +

(3.10)

+J;£ gx;s X"x‘“fL\Y(g,M .
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Where: -

- o
[od
th m
/‘I\ o
%‘9 e
cCo
¢
e

=)
S(ﬁﬂ?) S,o@j r I .,xg—u(s’z jJ

Ay(G9) = f(do)@wz) %P(—c)g R (jfsb) Rip®) Cx'ﬁj

1\
Cn
LAY
+
=
|
s
‘3‘

: _ §° _
Ru@) = 8—%”‘ ) leJx = fiikRu .
. The factor |

j'@“‘) enp i f & fup XS
~is included to ensure invariance of (3.10) under arbitrary
transformations of the y matrix. It is simply a deter-
minant factor (see DeWitt p. 1237, ref. (10)).
I choose to write the fictitious particle term in
the numerator as this facilitates later interpretations.
One can regard it (as written in 3.10) as being an addition
to the gravitational action S(3,¢) as mentioned in section
2 provided one incorporates a_factof of (-1) for each c]oéed
loop of fic;itious particles.
~As in section 2 the matrices Yijs ;aB and their
inverses are used to lower and raise field and group indices
respectively. They.are symmetric in their indices.

Finally

RJ;;L (‘j‘ﬂ#)

1AL

&';’n(j‘u RY@) = Ri®) + -'“x,J'@)j‘J
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The arguments of the ubiquitous R terms should from now .
on taken to be ¢ unless otherwise stated. _
I have made the dependence on the classical back-

ground field more explicit by writing ¢ where before we had

9c- : ,
The methods now available for prdducing Ward Identities
~are numérous.' Broadly speaking I shall be content to
derive the particular identities (3.2) and (3.9) and to
comment on their more obvious extensions. |

Let us then first derive the covariant equivalent
of (3.2). We shall in‘any case need this for the Iatef
"derivation of the equivalent to (3.9).

One possibility open to us for this derivation is
to exploit the invariance of (3.10) under arbitrary changes

in the matrix ¥ This is particularly simple since

opf

unlike does not explicitly occur in the fictitious

Y-ij’ YU.B
particle term. We may therefore write

5 :

g?-up <0m(:[0m> = O
‘This is readily evaluated yielding the result:-
 Rix ij 4-0‘,%[,, 3‘L5J»]AQ.'A7 —‘.fd/s doouk|0m) = ?3 .

We have made use of the relation

~-l A

AT B

To see that (3.11) corresponds to (3.2) we must evaluate
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it in the 1imit of the background field being set eqdal to
Ne We shall also need to know the flat space values 6f

the matrices and §aB . Any choice for these matrices

Y"IJ'
corresponds to a choice of gauge. ~In order to implement
the same gaﬁge'for.expressioh (3.10) as we used in the
derivation of equations (3.2) and (3.9) we now make the

choices fdr Yog and Yi; as follows:-

In the Timit ¢u_v = Ny
L

fo)\,/uv = 7 Qua,uy
Yap = ap

The corresponding covariant quantities yij(¢), §a8(¢) are
essentially those given by DeWitt in the table on page (20)
of reference (10). It is only the flat space values that
ipterest us and I do not bother to record theif extensions,
With the above choices for the y-matrices and the
expression for Ria given by equation (3.4) we obtain the

following

A Y KA
RK,(W) = ,'ZQJQ;{K

R/u\l,ol (1) = X/ml,pq RK)‘.,( = ’Dx 85,/4\/
: (3i]]) thus reduces to o
00 Lomt [T EX M0y = oot [Bin> = O

It only remains to prove that in the relevant limit the
action of (3.10) reduces to that used in the calculation of

(3.2). This is indeed the case as may be seen as follows
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Apu AKA

) I = 2 ']d"& ngﬁ,/u\l P S;,/uuj 3

Loa Al
.?-/“ v

J7 e §
AY(§'7) = dét{Ri(’p cha(q) + K R‘:.( R&/&,J iJj

"y

RiopRigep = 22y Sng’r) QL = 22§01 Q'
- 'D:Lyldp |

R Rig,, B0 = Riaq) REG)

!
)
[
oM
h: 8
R
<
/l\
K
-
+
=)
x
q
q
o
o<
<+
=
<
o
q
oy
X

This is precisely the expression for Aw given by equation

(2.20).

',.Therefore (3.11) is exactly the same equation as (3.2).

It is a very pleasant fact that employing the ¢
~ dependent choices for the y?matrices (3.11) reduces to the

“compact form

A Kl\

D.z(gb D@(¢>)<om(:l"j‘“§f*"lom> (om.,élom>

Where D (¢) is the covariant derivative defined as a

function of the background field, viz:

D@ = P — @) - ﬁc@’)
Fo{:l = (P/‘T((PKTV + 1‘“1 4)’(‘,")



For the choice of variables 3’“’ , Dx@’) ( = D (j':j :“")
is replaced by the usual covariant derivative D,(g.).  The
only remaining point to note is that in the above derivation
“of (3.11) the space time arguments have been suppressed.
Theyvare easily incorporated if required; they simply
correspond;to §-functions. -

The dérivation of the covariant form of (3.9), as

one might imagine is a little more-comp1icated. We shall

" require some additional notation and definitions.

We define the covariant fictitious particle propo-

gator 8%%  from the free part of the fictitious particle

‘action of (3.10) as follows

(3.12)

R% Rw épﬁﬂ = Si

The generalisations of the transverse and longitudinal -

TOBsHV 1 0BsBY 5y not strictly

projection operators
necessary for what follows but they are nice to have around.

We define these as follows
—_—M M Av(‘ﬁ M
Ta@) = bu = G R Rag

Ln.@’) = S': - ’“:(4’) .
They satféfy the relations

M

— —m —™
Tnl{": I-L ) ‘Vl

no_ —M AR

These properties all stem from equation (3.12) as may easily

be proven, In the 1imit ¢ = n they correspond exactly



to the functions.

‘T§B’“” and L%, .
This again is easily proven uSing tﬁe flat space forms of
the y;matrices already given and the expression for gok
as given in Appendix I, o |

One last piece of notation also proves useful viz:

<onxlr(ﬂq010@>
LOawk |0 n >

~ We now exploit the invariance of equation (3.10) under

1l

< ﬂq3>

arbitrary infinitessimal variations in the matrix Yij ‘to
give | | '
kS y |
8 . <Ow&,0m> = O C
8 . (3.13)

The matrix occurs both in the gravitational and the

'Y-ij
fictitious particle action. It is this that now gives
rise to open fictitious particle lines. Strictly speaking

we should write

yij = fijr o= pe (o),
thereby indicating that the indices i and j are associated
withldifferént space-time poiﬁts. This is easily in-
corporated into the ensuing derivation if required.
(3.13) now becomes

RPRup €3S+ RIPRuy <G8

<O (Ra@g) Ry + R (o) RG) )

I
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If we now multiply this equation by GI Rj+ and employ

equation (3.12) we can write the above

-~ ¥ (.[5 Al Am ' Am A '

Gy R RJJ.RMF,<3J5‘ > o+ Rug 3™ 35

L RL(pe]) Fug + G RA@) RigRG) AP

We next make use of equation (3.115 to rewrite this
oAl Amt on;

R/d C $ + EW1S <,3 3 >

(QZ fss + RbJou) <ciafy +

+ K(O (12,(”\{5[5 +C Q.,(,)RM‘YRF,>3JJZ§>

We next separate <C® o> into its free part, &°f, and

self energy part to give

>
3
o
AN
DS
3
<o
~/
|
P
o ©
I

lﬂdyg{s (46 JLﬂ - ,(;s)

N <Cd(’2€‘»}f%ﬁ ¢ C{ R%,; M Rh)giaty
(3.14)’f

One could stop here but the structure of (3.14) is

not particularly revealing and we have yet to write it in



46.

a form that corresponds to (3.9). To do this we need a -
fictitious particle Ward Identity. This is contained

within equation (3.14). If we multiply (3.14) by

1e

G° R, .the left hand side is zero as.a direct consequence
n
of equation (3.11). (3.14) thus becomes

’

274 fip (et &) 4

+K<c'{<a’:'2::,‘} Rme fs;s + éz R:’)' Rmqu{s)é\jﬂp) =0

(3.15)
Substituting (3.15) into (3.14) we obtain
w15‘< 3 j R’Y 7y =
oL . o~ cq AE CAM Ly Al
k< C (R'K,j Y86 -~ R 1@”1 RmeRd,ja/gls) LJJ).A>

Or

!

Ring <4 3> - =Y &

< (Sa = RE ENRM) < (R Fep) W
- (3.16)
The factor (S:; - Rd @6"12”6) on the right hand si.de

of (3. 16) 1s prec1se1y T . If one now takes the limit

',¢ % for equat1on (3 16) one obtains in momentum space

¥
. aF

k/u <L/“S xA> 3 .}Q_ﬁe-/‘ &/MS,KA _

or () CCT(RT )R P
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This is exactly equation (3.9) when one has carried out

‘ sA |
S
Clearly (3.16) is consistent with (3.11). One multiplies

the differentiation

(3.16) by Riy and uses the property RiY T;4= 0
The only other point that I would draw attention to is
that_dne also obtains as a by-product of this approach the
Ward Identity relating the fictitious particle Vertex to
the fictitious particle prOpogator; This is expressed
by equation (3.15). |

Despite %ts being a 1ittle cumbersome at times the
manifestly covariant theory is an extremely powerful
approach. Certainly for the purposes of generating Ward
Identities: wé have not yet emp1oyed its major asset;
notably the ability to functionally differentiate with
respect to the background field. Nor yet have we used
the transformation properties of the cbvariant Greens
functfons that one simply inferred from the position of
thefr indices. This last method is that used by DeWitt(16)
himself to obtain the Ward Identity relating the three-
graviton vertex to the cohp]ete propogator. It has
immediate and obvious extensions to identities relating the
n-graviton vertex to the (n-1) vertex. I shall comment
on this briefly at the end of this sectibn. It is first
necessary to see how the covariant Greens functidns can be
;AﬂdefinéH‘By Hﬂ?ferentiatfgps with respect to the bﬁtkground
field. This_ also Hés:felevance if one wishes to extend
the iaentities (3.11) and (3.16) to higher order vertices.

Unfortunately the necessary modification of the
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original action by the inc]usion of the fictitious particle
term complicates matters considerably. In order to focu;
attention on-what one might hope to achieve, consider the
situation as given by DeWitt where the general co-ordinate
invariance group 1is absenf. The free 'graviton' propo-
gator is then defined by |

, N

ek

Leaving aside the gauge terms in (3.10) for the moment we
ki &
i8¢

apply the operator G to the vacuum-to-vacuum

amplitude to give |
ki P |
G 054, <°W("°"‘> f(dﬁ) Gr“L (5;5(?5*6)— S,cd

- S,\j-bj‘d) wyés(s'\ . (3.17)

If we employ the identity

j(c)lj) C'Tk. 3,, expl S(j

we can rewrite (3.17)

AR ’ A L A" | A
ch L—S}:L LOowk|Ofny = ‘((z/[j) C—k '(S/ijjl)e/xyi 5(3)

= Loowt| §R[oiny . (3.18)

-'u,,_-l;.;

“If we now carry through exact]y this proceedure when the
1nvar1ange group is present, i.e. we use the full act1on

given by (3.10) and the free graviton propogator is now

h . a jk _ gk
defined by (S’ij + Ry, Rj) GY" = -8

j ve obtain instead
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of (3.i8)

q—k (:Sd){' (OM]OM) = Z §k> -+

(TR D R
~ G (R ) Ry ) P D

In the derivation of (3.19) we have not differentiated

(3.19)

either of the y-matrices since these terms must cancel as

a consequence of the y~-invariance of the theory.v Again in
equation (3.19) one sees the emergence of open fictitious
particle lines. In general these terms must be included
though they can be written in many different forms. By
employing the identity (3.16) one such is given by

G‘—k;’%&’ <Oo‘w&)0m> <§k> -t-

—GF ] L R R < G )]

(3.20)

Higher order Greens functions are obtained by successive

applications of the operator
ke

S
G st
I shall not d1scuss th1s further here save on]y to ment1on

iDeHltts statamgnt( ) that on mass shell transverse g-lines

aF

may be inserted by the replacement of G1J in equation

(3.19) by the:propogator, GTij, of physical quanta only,

Presumably in terms of the functions T and L this corresponds



to the veplacement of G'9 by something like:
AT Y ¢ akd
G v TR GTTY

" One then recovers the simple form of (3.19) notably
(3.18) with the g-line now transverse and on maéé shell.
This clearly ought to be the case but the necessary formalism
-is formidable and I have not worked out the details.. For
the purpdses of obtaihiné off mass shell amplitudes equation
(3.20) and its extensions are sufficient albeit comb]ex.

It is worth mentioning also that formal derivations of on
mass shell amplitudes presupposes aésumptions to do with
the gfavitational infrared divergencies. I have not made
any attempt to deal with these ih this thegis;

To summarise thus far: the identities (3.11) and |
V(3.16) are readily extended by differentiations with respect
to the background field. Apart from alterations to the
factors standing outside the quantum amplitudes this
essentially corresponds to the inclusion of additional
g-lines with some extra fictitious partic]é structure. On
mass shell identities should be propef]y obtained only by
taking the 1imit k2 > 0 at the end of any such calculation.

I shall now briefly outline how one obtains Ward
Identftiés from considerations of the transformation
properties of the covariant Greens functions. The poss-
ibility of dbihg tﬁis is certainly one of the principal
justifications for working with the manifestly covariant
theory. In all that has been said so far we have not

exploited the 'covariance' of the theory as such. We have



simp]y'ﬁade use of the arbitrafinéss of choosing the gauge
condition as incorporated via the y-matrices.

The essential ingredients of this last approach are
" the transformation properties of the bare vertex functions
of the theory. These may be derived by successively
differentiating the contracted Bianchi 1dent1t1es,
,'S’1Ra = 0.

We then obtain . -

S)t:jk‘o( + S/o DC,J =0

SJ(_JIQ R,g( t+ 'SICk R—dj A-r SIDJ k =0

(3.21)
If we now define the complete Greeﬁ; function
st = <glgd>
and its inverse o | B 3
St skl - g1 o (3.22)

then S'%j must transform under the action of the gauge

group in a contragradient fashion, i.e. as does S’ij in

equation (3.21). Thus:-
-1 -t ok )
% S = § ‘.").Ik R_p( sa*ls—r(es
o N - k -l k
S&J,k R + Sk Ryj + Sk Ry =0
We can use (3.22) to write

- - - é_ At M p
N L'J',k = - S'cM‘SJ"n SR <j j s
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In the appropriate limit one then has a relation
between fhe 3-graviton vertek function and the gfavitoh
propogator. ‘There will in general also be some open
fictitious particle lines to take account of. Clearly
this method is readily extehded to.hfgher orders.

On this formal note [ shall cénc]ude this section
on Ward Idenfitie;. I should, perhaps, stress that in
subsequent sections it is only equation (3.2) or equiva-
lently equation (3.11) that I shall attempt to. verify to

second order in the gravitational coupling constant «.
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4, REGULARISATION OF DIVERGENT INTEGRALS_-

Equation (3.2) contains terms that afe logarith-
mically, quadratically and quartically divergent. It
is essential to the verification of (3.2), and other
Nard.Identities, to have a gauge-invarianf regularisation
broceedure. Indeed (3.2) is meaningless without such a
proceedure. Thanks 1érgeTy tb~the'work of t'Hooft and
Veltman(]e) there now exis%s a powerful method for achiev-
ing just this, - I refer to the process now known as dimen-
sional regularisation. To quote t'Hooft, the applicability
of the method rests upon the statement "Ward Identities are
independent ofﬁdimension“. Presumably what is meant by
this is the following. If one regards the action (2.14)
as being n-dimensional, that is torsay g"’ is the metric
tensor on an n-dimensional manifold, then it is invariant
under the n-dimensional gauge group of general co-ordinate
transformations on that manifold. This is in fact the
case., The only time that one becomes aware of the
dimensionality of space-time is in evaluating the contraction
g¥ = n and in deriving Ward Identities for the action (2.14)

H
nowhere do such contractions occur. Thus the equation,

ko | domt 1B A 0ay oy gmea]

o -Hgﬂji<:Q¢uk'[Q\ht>
. 'y o _ (4:1)

holds equally as well in n-dimensions as it does (if it

does) in 4-dimensions.
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The basic dimensional regularisation proceedure
may be summarised as follows.  One eva]uategAequatiqh
(4.1) in some region of the complex n-plane, where the
integra]s-are finite,and defines its value in the physical
fegion n = 4 by analytic continuation. The customary
divergenciés are then revealed as the necéssary subtractions
of the pole terms in the Laurent expansion'of (4.1) about
n = 4, Now in the evaluation of (4.1) any contractions
8: that occur myst be ascribed the value 83 = n; the Toop
integrations befome n-dimensional loop infegrations and
bn]y at the final stage of the calculation when one evaluates
the residues of the pole terms can one take n = 4. As
~ wWill be seen this is not immediately ideal for the gravi-
tational situation. |

This section will be devoted to 6btaining a modi-
fication to the above proceedure to be used in the calcu-
lations in sections 5 and 7. First we shall see both
why this is necessary and how if arises. .

It may be seen by referring to the Feynman rules in
Appendix I that a typical integral occurring in the second

order calculation of (4.1) would be

@) f) pepver .
P> (p+ R)* - : (4.2)

~ Where, k, is the externat momentum and f(4) the numerical
factor arising from contractions 63 = 4, If one straight-
forwardly adopts the dimensional regularisation proceedure

“outlined above and uses the Feynman parameter method and
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Ihtegra] formulae giveﬁ in Appendix III, ignoring for the
moment that the theory is massTess, one would eventually be

left taking the residue at n = 4 of the term:

!
J dx on I'@-72) )C(ﬂ)
o ( kx O_x))z—%.

X {_x3 kﬂkuk,\ +(l ) (1/4va + ‘1}1,\ kv + ‘1V(\kf‘)j

This has the two-fold disadvantage both of being infrared
divergent and iﬁvolving a knowledge of f(n); the n-dependence B
érising from SE coqtractions of the algebraic terms. In

the case of gravitation f(n) is highly non-trivial. In

particular Q®B2¥Y

is no longer its own inverse. This has
the consequence that the propogator acquires an additional
term %ﬂ:%l n®Ba"Y | The algebraic calculations that rest
heavily on this property of the Q's for their simp]icity
are increased enormously in complexity. The characteristic
structure for f(n) is that of a quartic polynomial in n
with a few factors of (n-2) in the denominator for good
measure. |

In an earlier paper(4) dealing with the Yang Mills
field t'Hooft exploits- the freedom to extend the dimension
to introduce regulator masses by adding a fixed fifth

component to the momenta occurring inside closed loops.

'i, gwe sha11 consader thlS approach in some detail sxnce we

\.

shall use it to prov1de a useful illustration of the modi-
fied d1mens1ona1 regularisation techniques to be introduced
later,

The Yang-Mills lagrangian is given by:-
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L. - "i G“Ga'
uv o uv
o a & &
where E\'/” = ?/A Wy *Dvw/at "'jea&o LJ/. Us .

t'Hooft then regards'the fields wz as fifteen component
quqntities. The w% component he treats as an extra
particle, its vertices and propogator beiﬁg determfned by
the 4+1 decomposition of the now 5-dimensional lagrangian.

For example:-

where a bar under something indicates that it is exp]icit]j
in 4-dimensions. M denotes the fixed fifth component of
the momentum ku'

Overall this has the effect of reproducing all the
diagrams of the original theory, now with massive propogators,
plus a set of regulator diagrams involving the propogation
of the fifth component of the w-field (the fifth space-time
component that is). " From these regulator diagrams he
extracts a minimal set and proceeds to a calculation. A
'minimal' set in the sense that he leaves out those regu-
lator diagrams that are themselves gauge invariant.  The

. { n§t.ﬁesqu§er_the second order Yang-Mills calculation

F

analagdus to_equét%bn (4;1) is to evaluate the set of

diagrams:
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N4 \
L ¥ 4
‘\——-/

‘*+*++ﬂ. |
—_— +
./  (4.3)

represents an'ordinary 4-dimension Y.M. particle.

Where

m—--- represents a f1ct1t10us particle.
+++++ represents the fifth component of the W-field.
There are no tapole diagrams as these are algebraically

a_a
zero, from terms such as ¢ § 23 .

ajasasg | .
In the set of diagrams (4.3) the 'minimal set'
corresponds to one diagram only. It should also be noted
that the masses, M, involved are true regulator masses -
they are used to define the otherwise divergent integrals.
That is to say there is no analytic continuation involved
in t'Hoofts calculation of (4.3). |
If one were to follow this proceedure with grav1tat1on
there would be a problem in that the minima] set of regu-
lator diagrams were it easily extracted would be very large.
So much then for what has been done. I shall now
proceed to derive an adaptatioﬁ of these methods suitable
for the gravitational calculation of (4.1). In order to
make things-clearer I shalT continue to-work with the Yang-
Mills fie]d.as an illustration. o
The first observation that we might make is that,
with dimensional regularisation proceedures at our disposal,

there is no need to carry out the separation of the

Lagrangian into original and regulator diagrams at the
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initial stage of the calculation: it can be done at the
end. 0f course there is no néed to incorporate regulator
masses at all but we shall continue to do so as this will
prove useful, What I propose then is to perform the cal-
éu]ation of the diagrams in (4.3) with the exception of
the last one where the following rules are to be obeyed.

Momenta occurring inside closed ioops are to have
n+m components. The first n components being the straight-
forward extension from four to n-dimensions. The (n+1)th
component is fixed equal to M; the remaining (m-1) com-
ponents are fixed equal to zero.

Thus: .
k(n+m) = (k(n), M, O(m"])

External momenta are to be in 4-dimensions. Thus:
GE.= (n+m)
2 (inei (n)2 2
k? (inside a closed loop) = k + M
b
ka (where o is an external index) = kin) . = (k£4),0n )

In the above I have simply married together the two methods
outlined at the beginning of this section. I have made

an extension to n-dimensions, necessary for dimensional
regularisation proceedures, and have further extended  the
i:.dimen§ioﬁ5p9;incorporéig mass terms. With regard to these
| m;s{jferms w:wa1so'haVe§fhe following rules viz:-

Momenfum conservation requires that the masses must

be the same for each propogator inside a closed loop.

Apart from this consideration different masses M. are to
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Be incorporated as follows:-
If after the algebraic calculations one has the |

term

__giﬂil;_ it is to be replaced by ji.e _____)
W . , ;
(p? + M2) X (q:«-M")

- where the signs, e;, and masses, Mi; are chosen such that:-

€o =( M°=0

é@éf—'o _£_e,‘;t"|‘-1=0
v ¢ )

é_ e; lodﬂf = A é_ e f’/:' Ia\j P’lil = B . (4.4)
t#0 v¥#0
It should be streésed that the masses, so incorporated, in
this context aré not used to regulate the integrals; they
are, for the moment, sihply additional parameters that we
are free to incorporate if we please.
Let us now proceed with the calculation (4.3).

Making use of the Feynman rules given by t'Hooft(4) we ob-

tain for the separate diagrams of (4.3) the following

expressions: -




X ( .]'(ll (/-I-hz'-f 2(?"-!-”:-)) + (IH'M) (4‘?-(-?‘(' + lk“'?",)

— 4 kaka! - 6;7.@,(" ~,2k;.;>,4') j? (a.5)

a k ?!-”>‘~ kg

(—) "_)_/\r ,"_>_ o2 =
f“ff: - |
J e/{ ¢ k-r ) Saa. Zé’w .l
j peliy Sleprel g Z(? w0 (anZ)”
(—lkx?x' —'pr}’x')g . I .(4_'._5)

(the large arrows indicate the orientation of the
- fictitious particle vertices)

? ?
1oa g

%

3

d" 2§ aa 2: e, f
J ‘ L . ¢ &-(? + My )

(" 2 (ntm) quat = 2 '?.u.’) 52

(4.7)

We next perform the n-dimensional loop integration using
the formulae given in Appendix III, I shall not record

the details of this for the individual diagrams (4.5),



(4.6) and (4 7), but 1nstead exhibit the 1mportant genera]
feature that results by returning for a moment to the
integral (4.2).

App]ying the revised ca]éu]étiona] rules given above,

those terms that led to the integral (4.2) now‘give_

éeitjb(n.p thM) P4 PvPA

(9*+ 1) (prky+ 12) (4.9
EUpon integration this becomes
Z e, [Jx e l2-") ]C(nfm\ G(nk, x, 1)
t
© (17 Rege)T %)

where
G (%, 1) = 31‘/”% Ra + (M Kx(-2)) = (’1/»vk,\+")§
(n 2) _

The ultraviolet divergence (for n=4) of (4.8) is revealed
as a simple pole in (4.9) arising from the r(2-n/2) factor.
“We next expand (4.9) in a Laurent series about

(n=4) as follows -

o | |
G-4) = Ze J dx ir* (n':,;) (f(‘rm) t ('"‘*))t,(‘h‘"" )+ O- “‘)L)
X %‘P g :;'_ (l{-"ﬂ) ,03 (_Mél‘{- kl-x ()‘x))g X

X (C'(H" k, x, ﬂ,;) (n-4) C(‘f k, x, H.,) ¥ O(n-lf))
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Vo
[}

The signs e; and mésses Mi are chosen in such a way that
the only term in this expansion that contributes anything

at all is the term

“Sei [ du int fem. £ log (0 n(o) Glon, 1)

The important Teature being that the function f(4+m) sur-
vives but none of its derivatives appear, This is Fhe
case for all loop integrations that we shall have to deal
‘With., It is a consequence of there being only simple
poles at (n=4) in the formulae given in Appendix III. It
‘is this property that enab]es-us to perform all the aige-
braic calculations in 4-dimensions where we come to deal
with gravitation. The final result is pbtained by taking

" the limit Mi

#0 7 7

Let us now return to the illustrative Yang-Mills
calculation where we have performed the necessary algebra
in (n+m) dimensions. In particular it is the m dependence
of f(4+m) that I wish to discuss. The oniy terms that
contain such a factor come from the results (4.5) and
,(4.7). If we separate these out from the remainder for

particular attention and perform the necessary integrations

’ etc.'fhey may, collectively, be written:-

1 ' :
e, J‘rlx @--;—M) 2 [ (4 x*-2x) k« hat - 27,{.{’(”511— kzx(l-x)ﬂ

x 103(ﬂ5'+ kzz(u—x)) t oz'lxull ﬂ('llaa ”cljz - (4.10)
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If we now invoke the statement, "Ward Identitjes are
independent of dimension" we sﬁou]d discover that (4.10)

is separately transverse. We shall proVe this in a moment
but Tet us first discuss some of the implications. We

&ré clearly free to choose the value of m from the outset.
The choice, m=0, corresponds in t'Hobft's approach to

- discarding all those regulator diagrams that were themselves
gauge-invariant. This is to be understood in the sense
that the sum, (4.5) + (4.6) + (4.7), with m=0, n=4, corre-

~sponds exactly to t'Hooft's evaluation of the sum (4.3).

" The choice m= -4 implies that, for the purposes of proving
gauge invariance, one can ignore all those terms involving
contractions é5=4. " Equivalently one can say that all
terms involving such contractions‘conspire to add together
to give a transverse result.

We shall now exhibit the transversality of (4.10) in
the limit ”i#o > @ The only terms that remain are as

follows:-
i

(4+M)Jo-dx { [W- zx).kd Re! = zwkﬂc(.,x)] [4 " zaj;&]
# [ Gt -29 kekat = 290kao0)] [ oy %)
| + 5 e [_-.Zr],(,y kl.x(l_——x)] —{ |

A Y S ,
.. Performing tie x integrations we are left with:-

(4—“'-4)[ 'é' (A;laj kl) _ _g_] ( ke kit — k-zy.u’) )

(4.11)
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which is the required result.
Evaluation of those terms remaining in the sum (4.5) f.

(4.6) + (4.7) yields:-

| ["_’;‘ (A + lgjk’)'f‘ 8’7:,?‘] (kl').(.z' - ff«hd)

(4.12)
It can now be seen that the sum (4.12) + (4.11)]m=0
reproduces t'Hooft's result viz:-
10 2_ 10 s6 2 .
[ 3 103]< + :'3’14 - ’q‘](k ek’ = k.(k-:’)
(For some reason he chooses to define re;log M%_= -A).

We have also omitted an irrelevant overall factor. The
only point that remains, is to decide what corresponds to

the diagram in t'Hooft's approach given by:

+++++ﬁ. __.’ o
*————\\\~—///——————" - (4.13)
This is an easy matter to deal with, The only occasion
that we have had to employ the rule, p2 (inside a closed
~Toop) = p2+M2, to a term in the numerator of the sum |
"(4.5) + -- + (4.7), arises in the first term in (4.5).
‘This addition corresponds exactly to the inclusion bf

, diagram'(4.]3) in t'Hoofts method. One can see this by
éva1uat1ng (4.13) with thé'requisfte Fe}nman'ru1es.as given
by t'Hooft. I shduId perhaps point out that, frbm con-Q‘
siderations of performing the equivalent gravitational
calculation, the above is decgptively simply. It has

been included and been performed with the unnecessary rule,



6$ = n+m, simply to serve as én illustration of the method
that I propose to use for‘gravitafion.
I shall now quickly review those rules that are to

be employed in the ca]culationsrin sections 5 and 6.

(1) A11 algebraic calculations performed before inte-
grating over loop momenta are QOne in 4-dimensions,
i.e. &% =4,
1! - }
(2) k% (inside a closed Toop) is to be replaced by
k2 + M2, |
.(3) External algebraic indices are to be in 4-dimensions.

~{4) If after the algebraic calculations one has the term,

2 .7- .
—9(M7) it is to be replaced by s e;__ﬁgﬂ:)_
(p2 + M2) | | v P nd)

where the signs ey and masses Mi are chosen such that:

€o = | ”a=0
N > ,. h%
teiz0, Zeli=0 , Lel -0

Je: Ioﬂﬂ;lz : 5 e: ﬂflojnf= B ,' 26,;”,;"103”LL= C.

L#0 o0 cto
(5) After performing the loop integrations and taking

residugs at n=4, one takes the Timit Mi#O > @

The masses Mi'so introduced are not regulator masses in the
conventional sense, but rather serve only to parametrise
the ultraviolet divergencies.

I have ndtisaid anything about infrared divergencies.
By incorporating masses and writing the integrals in the

form (4.8)'they are, for calculational purposes discreetly
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avoided‘ Were one to attempt to ver1fy Ward Ident1t1es
with 11nes on mass shell such as (3.12) they would have
to be taken account of, I do not do so here.

I do not choose, as it seems I m1ght, to ignore all
those terms that involve contractlons 6“ = 4, In other
words for the function f(4+m) in expression (4ﬂ9) I make
the choice m = 3, and thereby calculate the actual second
order contribution to the graviton propogator as opposed
to some 'regulator diagram reduced' amplitude.

Finally it is worth noting that with the rules
(4.14) one can effectively cancel terms of the form

T8
M

> , from the integrands, i.e.
pe + Mg ‘

é_ewj'bl?&lli’ (p* N >) (919, ”«) S(T‘H‘;f,@
(p*+11; ) (cl,-fﬂ =)

(4.15)

= %QL »[J"PJA‘L L(?, 9 “‘,) S@J-fa,-rk)
- (gFend)

At least this is the case for all functions, h, that arise
.in the ensuing calculations. I shall not bother to.proVe
this: It 15 easily, if a little untidily, shown to be
the case for individual terms.

fhere is one last point concerning equation (4.15).
It might be argued that this cancellation is obvious and
that there is nothing to prove. Certainly it is highly
desirable for the consistency of the regularisation

proceedure that such a cancellation takes place. Were the
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four dimensional integrals corresponding to those in.(4.15)
finite the cancel]atibn clearly is obvious. However they
are not, For h=1 they are pure quadratic divergencies.
For some suitable value of n they are finite and well
defined and no doubt one can establish their equivalence

- irrespective of how the masses are intfoduced. That this
vequiva]ence is preserved in the values that the separate
integrals take in the physical subspace (n=4) does depend
upon how this inclusion is effected and equation (4.15)
should corréct]y be taken as an assertion of that fact.
That is to say the rules given for the incorporation of
additioné] masses are consistent with what one would expect;
equation (4.15) holds.

As to whether or not this is obvious is to some
extent a matter of taste. In conclusion I would say that
equation (4.15)>with no masses introduced is not at all
trivial to establish, see for example reference (24). |

Nor is it the case that the further cancellation

] n 'n ( 1+315)
Ze; Ja( pd’y (;z+nf)

%(pﬂl,rk) |

_ N T

__'ieufJPaL% g@+i+k)“

is obvious or even'méaningful. The right handhéide is
undefined. This last point is dealt with in some detail

in section 6 where such an integral occurs,



5. SECOND ORDER GRAVITON SELF-ENERGY CALCULATION

'with the Feynman rules derived from the Goldberg
form of the Einstein Action, evaluated in the modified
Dedonder gauge, we now attempt to vérify equation (3.4).
The divergencies will be handled by.the'dimensional're-

+gularisation proceedure described in section (4). The
only prbb]em still confrpnting us is the algebraic com-
plexity of the vertices as given in Appendix I. .One ﬁan
go a considerable way to alleviating this but the cal-
!culation is still rather lengthy.
The relevant Feynman diagrams for the secbnd order

contribution to <o out/TﬁiﬁJ/O in> are as follows:-

) @ | @)

+ 3 V — I |
' B ' (5.1)

We shall not deal with the tadpole terms (4) and (5) in
this section but shall reserve discussion of them until
section (7).  For the moment we shall let it suffice to

say that they are not a priori well defined.
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:Concerning the a]gebraic manipulations. As given
in appendix I, "“r(kik,Ksky) contains 2,344 terms.
Diagram (1) in expression (5.1) contains 11,664 terms.
Clearly something has to bé done. Fortunately these
nunibers. can be significantly reducéd by employing the
following proceedure. | |
The symmetrisations, S“iBi’ -are either absorbed into the
symmetric propogators, Q, in any given calculation or they
stand outside the final answer. The Pn! term, standing
outside the vertices, is removed on each combinatorically
" distinct algebraic term (call it A) by first finding the
. subgroup, G, of permutations that leave A invariant and
then writing Pn! as the sum over distinct left cosets of
G. To clarify matters Qe shall give one example of this
last proceedure. |

Consider one of the terms in the expression for “r

given in Appendix I, namely:-

S«.gs‘--- Sd,,p.,, ‘P+! (ks-h Teast 4z, 16264 ']"3{33> (5.2)

"The elements of the group of permutations on the set of
suffices {1,2,3,4} can be written as products of

‘traﬁépositions' or 'two-cyc]es'.{ The transposition (i,J)

is.dEfinéd:f
(1,3) Ajsxe = Ajikgs = (H1)Ay5,

Products of transpositions (where the order is, in general,

important) are similarly defined viz:-



(k.3)(1,3) Aijkz = (k’j)_Ajikz = Akijz
Returning to our example:-

' Sg;p‘ S,zﬂp,* Ry o, ,),(zp‘ 1‘,3,_94 143 p3 » .Is invariant
under the subgroup, G = {(1),(12),(14),(24),(12)(14),(12)(24)}
We then write Py, = G + (13)6 + (23)6 + (34)G o
If we now use momentum cénservation.to compute the action

of G on k3.k; we have:-

‘G(kauky)

= (kz.ky + k3.ky + kg.ky + k3 ko + k3 ko + k3.Kp)
= 2 k3. (kl + k2 + kq) =7 - 2k3

Thus (5.2) becomes:

’ S*:ﬁl . qupq, ((l) +(12) "‘03) “'("f))("?‘k: /)'(lf'll 'l-(;zﬁ: /I(hp“ 1.5#,)

The factors saiBi are then to be dealt with as.mentioned
earlier.

In this way .“r is effectivé]y reduced to about 28
terms. Probably even more important is that this is done
in such a way that it is not easy to make mistakes. Which
is just as Wé]] since the eveﬁtua] verification of (3.4)
is extremely sensitive-to.the stightest error,

Sfmilarly the diagram, s eventually
corresponds to apéroximate]y 20 separate calculations.

These are however still a little lengthy - or might appear

so. In actual fact if one judiciously exploits the proper-

ties of the Q's they are mostly surprisingly simple. To
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give one last example; a typical term in fhe_ca]cu]ation

of the above diagram is the following:-

af, e AR '
a P‘ Q b ﬁ k;_et‘ksp: k:h(;_’ hup; Q'QPJ.;“:@; lai;(ﬁzl,’(l'ﬁll

I
Q“z}z.,olz'ﬂz' Q"{J 931'(3'{51

One can immediately reduce this to:

1B1,% 'l ll il
kzd‘ kaﬁ| &/F . {s k3d" k'p: &'l #,Ilp

It is crucial in this radical simplification that

<2 ,‘!'I |’ A II
Q ot : S"(::'

‘Q'(nﬁv, “:Fz

This very convenient prcperty is destroyed if one performs
the algebra instead with the rule 63 = n and is, as has
aiready been mentioned, one reason for seeking an adap-
tation of this method. 4 m
| We are now in a position to calculate the set of
diagfams (1) + (2) + (3) of expression (5.1). After per-
forming the'reQUisite algebra, but before doing the loop
'vintegra1s there are 30 combinatorically distinct algebraic
‘tefms and we shall not record the details of these.
’ Instead; to lend a 1itt1e more éredencebto the final result,
' wé¢sha11_reé6fd the situation once the integrals have been.;-
Performed-aﬁd'the residues taken. | Oﬁe is tﬁen'léft wifﬁ'
simply the Feynman parameter integration, 1dx, to

perform. For the individual diagrams theseoare as follows:

(M . ;

M-

»

L]
(g}r
%
k—
-bﬁ

L
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[ T'I- (l+ 38x - §(x2- 6:(.31»51"") k“’lxp"l‘t‘;'

+ "':Z (l"l—x.—r 19x* - «4x3+5x‘f)’<‘f']x<:7pp,'
(- zv3"9’~k (L 2 3 4 |2 -
_ +.‘L( btoe + 1927 lhx +Sx.)k .tk(s 'I.(’/& + 1(4.::.-—4; - S6x 1*401)1( k-lkc’qpli
'+(I‘hc —16x*+ IDK“) kxk@ k.('ké’ + 3(.—(’5 r‘3-’f-‘s-1-") n'r.zklv"{s ']"'P"
+ (12 + 4x - 202*) Nizkgk‘z'w’ + Yu ﬂf 148 aip!
+ % ”;ff,ur%pr] X loj '(ﬂf'fr kzx@—x))
- [ n:. kl 7,({; I],(lp' + 7 nizkz'],(,(’ 7/}{.5' — 4‘”51@(’(9 ')K'ﬁ’

- 3’1:-}1-&&.4’?1313’] X ,Dj nLJ_

. ' |
g b kC k 78!
2 ? ”

"

-1 ﬂélk,a k.z’ rlM&’ - s;l n:liqx f)‘,zllg’] x' ,00 ”;—
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(3)

4 ,'>\\ (N

T D VU
~¢

[ “ﬁ (—3x ~x* 41223 +‘f-x_‘;‘) k":w .];.‘5: - (2¥1-413+21’;)k4144'1pp’
— (3x-15x* 4223 4 £x) K hekp quty!
= (- 85x o+ 25x%- 3623 + 16 x*) kzk.z‘kp’r}.qz
| - (23:.‘ +102* - 2043 ¢ S’x‘f) k.{ ke ka! Rg!
- ;lf (—S‘— ll".x - ‘?x2> ﬂsz%{h g’ - (—§'+20.ar.— 16 x2) 17 ke ka' g’
 - ﬂ.‘.‘flep g = 2 ”i’t Nas! 7,6{8'J X "’j (”iiﬂ‘ klx-‘(l'x)
+‘ [ -3 hilqu,(p Mgt + 2 nf;u kg 7.4';3' | |

+ 2 ﬂf P 1"#] X foJ n-f

We have omitted an overall factor. - There should also be

... - included in all of the -above results the factor:
. .o ".41.,;,;,,; . .

- J dx.z_ S;p SQ'@'-S@p),@z'p') 2 e’
- Jo ' ‘

ﬂs(as) (d 8") stands for a symmetrisation in the index pairs
3 .



(a8) and (a's').

There is only one comment to haké on the form of
these expressions. .Notably, with the exception of dia-
gram, (2) they fall into two parts; one with a factor
lTog(M2 + k®*x(1-x)), the othéf with a factor 1og-M%. This
arises from the application of the cancellation procéedure

(4.15). | '
We next take the 1imit M.750 + « with the restrictions

1

on the signs, e and masses given at the end of section (4).

-i!
Finally the x-integration is performed. The eventual

result is written as a sum of terms of the form:-
K T(AB c) Sdp Sog Sepyeny x
] . , ‘,
(C| k‘f']&p '].L'[!:’ + Cg_ll lj.u’qu’ + Cy k'z kx k[S ’]-Up’

+ Cyp K Ra k! 186" + Cc kakp katky )

Where =(A,B,C) is some function of A,B,C and constant terms
and the Ci are just numerical coefficients.

Tﬁe relevant condition on the éoefficients c; that
such a term is transverse, (i.e. that when multiplied by

k*k®' the answer is zero) is given by the following:-
both 2c¢, + ¢, = 0 and ¢} + ¢c3 + ¢5 - ¢c2 =0 (5.3)

Thus the final result for the sum of diagrams (1) + (2) +

(3) of expression (5.1) is given by:-
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e Sup S S, )
[ leo (#+ lojk‘)( 23 K qep ot + 1R quirgeps
106 kP ku kg e - /élklkxk.("}/sls’ + 164 ke kg hu@
+ Yaoo (-1aas RE qeg quigt = 2046 K pact g4/
| r 696 K ke kp ap! + 40?1A2kdkx’7pp' - s’.z‘i‘rkxkrsk-f’/?r")
- (= K g + 'k"qu'w’ + 2kekp gt

— L Rekat %p')

N
MO

CQ*P:*%' '}

(5.4)

(]9), the final term appears with a

(Note: In my paper

factor (-%). The discrepancy arises from the alternative
definition of Q that has been used in this thesis.)

| We now have the truly remarkable result that the

first three ferms of the above are individually trahsverse,

. as may be seen by sﬁowing that fhey satisfy condition (5.3);

Regrettably'the term is not transverse.

) %JQGBIQIB', o .
Indeed, from dimensional considerations, one.must have the
resu]t,that the quartic divergence does not appear in.the
answer. We shall discuss the possible implications of
this in section 7. Before moving on to this there are one

or two remarks to be made concerning expression (5.4).



On the question of the renormalisability of gravition
therevis not a great deal that can be inferred'from this
ca]cu]ation alone except possibly to confirm that oneAhas
to introduce counterterms involving four derivatives(zo).'
These additional terms would not correspond to the original
form of the Einstein action, Gravitation would not then
appear to be renormalisable in the conventional sense. I
sha]] comment a 1ittle more on this in section (9).

Second]y one might well ask whether or not (5.4)

‘can be reduced to a more simple form. Or at least to a
form where its tran§versa1ity is mdde manifest. It would
.for example be very pleasant if one could write it as a sum

of terms of the form of the functions T®B»®'B' joB,a'B’
that were introduced in section (3). |
| Consider for a moment the equivalent Yang-Mills

calculation given in section 4. ~ In particular considér
all possible forms of terms that can occur in the answer.
Clearly there are only two v1z:‘ nuv and .Eﬁéi and these
are linearly independent. Thus we can say that the space
of all possible forms of the answer éorresponds to a vector
space of dimension 2. It is spanned by the particular
functions given above. I shall call this veétor space the
;anSWer Spacé'. Note also that in this answer space there
is only one transverse combination of terms. Everything
is very simple and-the answer is very simple. Let us now
similarly describe the gravitational situation.

Even with the relevant symmetrisation factors the

answer space is of dimension 5. The terms



1&@ 1#@' ) Qii'Qﬁﬂ' ) kiip 74qV )
ke ka! . ke kp Rt kp! (5.5)
w= A k% )

constitute a basis. Moreover,'in order to estab]ish

transversality, multiplication of the terms in (5.5) by

_ kaka' now leaves two linearly independent terms notably

k k
and —_a B8

nep K2

Hence there are two conditions  on the c; necessary to.

1

“ensure transversality of (5.4).

. To ask the question "can 5.4 be written in a more

simple or manifestly transverse form" is to ask "can one

.-choose a different basis from (5.5) in which transversality

is manifest". The functions T and L with appropriate

symmetrisations are obvious choices. The problem is what
to choose for the remaining 3. T specifies a particular
transverse combination of the terms in (5.5) but unlike the

Yang-Mills situation there is now more than one tinearly

“independent transverse combination possible. Thus T alone

is insufficient.

Clearly it is possible to make (5.4) appear trans-
verse.  To make it appear both transverse and simple has

thus far eluded me; there are some rather curious co-

'efficients to take account of and one can imégine the

eventual revision of the answer as still being rather com-

plicated. As such expression (5.4) does not seem to
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correspond to frequently cited statement about quantum
gravity "the results are so simple there must exist an
easier way". If there does exist an "easier way" then
(5.4) would seem to fmply that it should not involve con-
ventional perturbation theory, both from the standpoint of
reaching the answer and from the form of the answer itself.
It has lTong been known that deriving the answers can prove
a little lengthy. In the light of this, higher order
calculations, though straightforward, recommend the use of

perturbation theory even less.
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6. FIRST ORDER FORMALISM

By using the Goldberg Lagrangian instead of the
action (2.14) one can dndoubted]y produce a considerable
simplification iﬁ the vertices and encumbent algebra of
the gravitational perturbation_expansion. However there
is a possible source of worry in employing the proceedure
that we have hitherto adhered to. ‘Notably that the
Gq]dberg Lagrangiah as given by (2.17) is explicitly
dependent upon its being understood that it is in four
space-time dimensions. In other words; 1in order to
obtain the form (2.17) one has to employ the rule 83 = 4,
This is worrying in that the regularisation proceedure
that is employed in the calculation of (5.1) rests upon
the statement that "Ward Identities are independent of
dimension”, We have consequently introduced a possible
inconsistency by proceeding initially from a Lagrangian
that is dependent for its form on béing in a certain number-
of di&ensiohs. It is not the case that (2.17) is invariant
under the n-dimensional gauge group of general co-ordinate
. transformations for arbitrary n. | I shall discuss this
fur;her in section 7. In particu]ar I §ha11 show that the
necessary additions to (2.17) to make it n-dimensionally
. gauge invariant cannot affett thg'fina1~answer for the
ca]cu]at%on'of (5.1) nor are they inconsistent with the .
"regularisation procéedure employed. |

For reasons both historical and corroborative I
chdse to re-calculate equation (4.1) using a form of the

Einstein Action that is invarianf under the n-dimensional




80.

gauge group of general co-ordinate transfofmations:
‘notably the original form (2.14) but.treating the metric
tensor and Riemanian connection as independent quantities.
It is to this end that this section is devoted.

This first order or Palatini formalism is not with-

out interest in its own right. Certain]y by choosing the

TRV HV

variables g rather than~ g ~We should reproduce
at the very least the finite part of expression 5.4. But
more than that: at first sight things appear quite attrac-
tive. There is only one vertex and that is rather simple.
It is just conceivable that_this might provide a more
tractable perturbation expansion than we have met hitherto.
For the purposes of developing a renormalisation program
for gravitation there would appear to be advantages in
working with this form rather than trying to establish the
interdependence of an infinite humber of vertex renormali-
~ sation factors from an infinite number of Ward Identities.
I do not propose to say anymore abodt this last
point in this thesis. But of the former we certainly
recover the results of 5.4 in their entiﬁety. Whether or
"not they are arrived at more simply I would not care to say.
There is perhaps a little more algebra to be done. | .
_Certainly it is the case that tﬁe calculation is much more
6rﬁéred;_ ‘§y which I meaﬁ'fhat the individual diagrams
readily reveal their own particular finite or divergent
structure. | |
Before proceeding to the actual ca]cu]at%on of (4.1)

which I shall give in some detail, we must first establish

the requisite Feynman rules and indeed show that (3.2) is



the relevant Ward Identity for this first order formalism,

As usual the action is given by |

on
n .

| S o ,
P J 3»” R_ ' | (6._1)
where

o P P c - % pp
R/u.\l - ;}Af,\/ - );A\I,P + ,}40' Vlﬂ_'. r;w' ];w

Independent variation of (6.1) with respect to g and T
yields the customary Einstein field equations.

To obtain a perturbation expansion we now set

g*8 = 18 & ¢h*®  (exactly as in section 2)
.-and I"Y :‘.|cI"Y

aB af’

With this prescription (6.1) splits into the free and inter-
action parts given in Appendix II. The salient feature

being that there is now only one vertex,

W (e Ty = T T )

In choosing the gauge condition there now exists a
choice. In as much as we can restrict § or T or some
combination of the two. If we implement precisely the
same Qauée condition as wé did in deriving the Feynman
rules in section 2 only the'§ field is affected. This
has the advantagé’of reproducing exactly the same fictitious
particle structure, i.e. Ay(g) is once more given by

equation (2.20). (7.1) is affected by the addition of the
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( J\,uo‘
- a( L‘ I '10‘T

Ayt

b
to thé fnce part of the Lagrangian; We are still free to
choose the value of o in this term and it should come as
not surprise that the relevant choice is again o = -1,
Details of this are given in Appendix II along with the
derivation of the three ffee propogators dependgnf upon.
this gaugercondition. ' |

I assume that these propogators are something like
the simp]ést possible for this first order approach. In
'which case life is not quite as rosy as one might have
hoped. To use DeWitts phrase, they have only 'minimal
singularities on the light cone' but the <f.r> propogator
- in particular is a very long winded affair, consisting of
a 27 term (;%5 potential and a 27 term contact potential.
It seems to be the case that what one gains on the vertices
one loses on the propogators.

Finally we have to show that equation (3.4) still
holds. This is clearly the case with only obvious modi-
fications. One can carry through a precisely equivalent
derivation fo]lowing t'Hooft's metﬁod as given in section
(3);' Alternatively one can still Work with the manifestly
covariant theory provided the action and functional integral
measure are suitably adapted. This would not be the case
had we imposed the gauge condition on the r's.

The requisite expression for the vacuum-to-vacuum

amplitude if one is to follow the former approach is given
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‘by:-
Comt(oir; = [Uiyen) 24

L apmx CoAavA — A mv

K&K,DL{S(‘:‘]\:F) 'f‘i—ﬁ iy "kr\a v +.JV3 o +a—z§

The derivation of equation (4.1) is carriéd through as
before, | _

We now turn to the calculation of (4.1). For reasons
that will becomé apparent, it is convenient to separate out
from the «<r,r> propogator the contact potential contri-
bution. We shall represent this diagramatically by
' éttaching a crpss to the «<r,r> 1line where it is only the

contact potential that is operative. Thus

) )~ AQ‘ L) AI Xy
+++44++4+ corresponds to T«E ko—'ﬂ—. QR dipy © 5_2 o (X ®a P

. AT, 2 oP)- f2
s _ 2=
'++X++++ corresponds to Q aipy © (3 g.{,h on- - So— dep;)

With this convention the relevant diagrams in the calculation
of (3.4) are as follows:-

(diagramatic conventions are given in Appendix I)

2
( )'f+++++

.V R M%UW t+
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3) G
++*++++ *,+’+4 ++\+ _
+‘*‘—"‘{Mw44fﬂj-wéﬂﬁ* * ”~”“>““\x»~QVJf—_————~
QR € 5.

1 + + s N ‘
+3, il — - — —_
(7) **++X+++ . (8 +1—X+n\L
+ X +  o—_— 3 ' vvvvéf\#
N @\+++X+++ (o) +X+,

B + +
4. + ¥ ;
| +p4tt
1) Xt .
W1 '-___—1_'(' ? + ( 'l‘o.D:po[eé)

The correct orientation of the above diagrams is made ex-
plicit by the arrows on <hr> Tlines. . A1l diagrams begin

and terminate in an f. Diagram (1), for instance, written

more explicitly is as follows

Momentum flows from left to right'in the external legs of

all diagrams. I do not include the numerous tadpole
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diagrams since I do not propose to make any attempt to

evaluate them. There are several varieties, typically:

(6) is the fict{tious particle contribution exacily as for
&iagram (3) of (5.1).
(7),(8) and (9) are the contact potential contributions
from (2),(3) aﬁ& (4) respectively. - |
(10) and (11) are the contact potential contributions from
.diagram (5).

I shall now give the intermediate results for diagrams
(1) --- (10) of (6.2). Diagram (11) warrants special con-
sideration and I shall discuss this later. |

Indices and momenta are included in all diagrams in
exactly the same way viz:-

e.g. diagram (1)

First‘thgn tﬁé situation following the algebraic contractions.
The results are as follows:

The factor,
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. - ! |
Kl.[ A Ay Slk+kuks) Sap Sow Sumend* (T A GRE)

is to be included in the results for (1) --- (6) given

below.
(1) |
kK k)\ kg_a- ksr ( 1;{(5 'UP Kﬂ"'l\l + 20 /Iolo(’/] ']gg-y’,\‘
—40 ii""'?K’,](s" ,]ﬁ"' + 28 ']'“’]" A ']po") p’r)

(2) | | |
k'K k)\ kzo:'V)Q:.T <- 8 "“(5 ,I'“"?/\T - 201 7xo-7,\r

+2_4qu7|< /) 1‘3!,'__ 4?7“:}"’1‘“75"’_} 1,(9 K,\'Td "',7/3'T

ax! k) [30’

R A R T R LI £ o e
+2q 7""4"* 188 5.] 14/5 1Y =Ty .(/s,, ,W)
(3) & (4) |
ks Rag ket Ry —:z.]‘“?*'/*z}" 14T z?«,d*ﬁvqum—q,«.
*M 1'”5')“4"’“4”"T 4og¥ 1“",’1‘/“41"' g,}dﬁ,,v« o g7

*‘*04“4"‘ Py 61‘”’ 4"“7“”‘ RSl e

B TP f:"'q 2 )
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klO’kJ.T kSK 3A ( lv]’z‘& “P,) /) +1(-,)“'"r)ﬁ/3 "“ '\T

' + l']di")ﬁ[s K\'IO'T F 20 ’)da-,}t('TquK,)(A'/\.)

R 2R R 2k kP
~ k'(k-ks) rf“s W _ 20k kRS k' 20 R ki k-k,) 7“"6,
- SRk 1"‘“ 4o kR R b 20 KRR '
c10 kX KE (o) ¥ = 1043 (e} 11 - 1 K5 L L
+ lék kb ; qu N ']d/s'f"s!

(7) -
| ) L
“lf (Uhs) Sup Suw Supneetth x 3w &

N e e AT

+ l‘f-'} ’\"’715Is )

SRR TCR

These d1agrams 1ntegrate to zero from the factor

' in ks
A" k — L
J 3_ (ks*+ M%)
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and I have not evaluated them explicitly.

(10) |

szo“ks Saup S Sememn = gz

kak k;,,\ (—.20 /]’!p')"“”,]@"\ +[a. term Vin'u/oldinc, l]KAJ)

(The n‘A term again integrates to zero and I have not
~evaluated it).
/

I shall next give the results once the different
masses Mi and ;igns e; have been inserted and the inte-
gratidns perfo?med. That is to say the equivalent stage
to the results given for the evaluation of the sum (5.1) of
section (5). For the purposes of comparison I shall
extract from the sum (1) - (10) given above an overall
factor of (-2 in2). The sum (1) - (10) of (6.2) then has
precisely the same overall factor as‘has to be included in

the results of section (5). Also, as for the intermediate

results given in section (5), there is now a factor
!

J dx Sup Sar Sepy 2: =

0

to<bejinCJuded in all the results inen below.. These are

LT %
~as follows:- B B

(1) 4 (2) + (3) + (4) + (5) =
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[ "IF (’(-'vc +A..2!x1—2.e,;3_+ Qﬂ ké',]*ﬁ,'&’p' +
- V + 2 (l‘fx; 23 x*- lox3+A§;‘f) k",]“"',lﬁ#'
+ (—lm F 103> =263+ 10x*%) k"k‘sq"‘""
+ (—zs'x + 22x’-; zoxé,,loxe)kdk"’?ﬂp’
+ (unc 6 x>+ 'Ox‘f)h"}z“kd'kf* s % (_4+13x sz)n kl “p ,4,,5
+(@2- 20x%) Hb"'h“k"'?#l" A L N A nitf?u’qp@jx
X ,"J (M + kzx[[—x))
- [-* 3, ”L kzqdpq,up . 13 ﬂ;; i 7.(.(: + IOﬂilk"/gp,]”'ﬁ,

- 20 Y | log

(6) This is exactly as given in section (5).

(7) B
[ St kzy’”’q""* PR s 1o KR

— 1217 Rk ”‘] Jog n>
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(10)

[~ % e g=® ]« 1og 1

'wé are now in é position to make a comparison with
the results of section (5). There is one point to be born
in mind when doing this. The expressions involving
integrations over the Feynman parameter variable x are ﬁot
unique. This non-uniqueness arises from the possibility
of shifting the ky integration variables over the external
momentum k. This has the effect of introducing_faqtors
of (1-2x) or (1-2x)3 into, for example, the ébove result
for the diagrams (1) + (2) + (3) + (4) + (5). It does

not of course affect the final result since

|
J'dx(l-ZX)zn+1 log x(1-x) = 0, forn = 0 or a positive.

. ,
:integer. Thus a strict comparison can only be made at
this stage by expanding the x-dependent terms about x = }
and comparing even powers of (1-2x). " It can then be seen
- that the results for (1) + (2) + (3) + (4) + (5) are not
.the same as the results for diagram (1) of (5.1).  They
do however integrate to exactly»the same value. it can
' algo be seen that the résq]ts for (7) + (10) above are
' precisely those for diagfam (2) of (5.1). |

To summarise: Diagrams (1) --- (10) of (7.2) re-

produce exactly the result for diagrams (1) - (3) of (5.1).
The answer is that given by expression (5.4). Thus we

again have the unwanted quartically divergent term
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c :
- .é_ QaB,a'B' .

Of course we have not yet evaluated diagram (1T). The
first point to note is that diagram (11) will never cancel

the term ‘
' Qas,alsl

Nlo

The algebraic factor corresponding to diagram 11 is given

by _
. 5 6as,alsl

,The momentum dependence before any integrations are per-

formed is given by '
e, J(o{'mfe) § (kng, - ;) N ~ (6_-.“3)

. The evaluation of this integral, which ih cenventionaI
regularisation proceedures corresponds to a &§%(0) term is
at best ambiguous.

If one immediately performed the integration
J,dkn+1 S(kn+1 - M;) there would be no way of parametrising
the associated quartic divergence within the framework of |
section 4.

Alternatively one could transform to spherical co-
ordinetes, But then one would.have to give a prescription
for the pole term (k2 + M2)™% |

The only consistent approach appears to be to write
(6.3) as follows ;

: kl

X k*yis

i1

©3) = Zeq |@"R) Slkan-1)



- 2 oy
= Ze |d'k E%illi
In which case it is zero as may be seen by applying the
formulae in Appendix III,

Thus if the contact potential term of Appendix I is

multiplied by the factor (kzﬁe) the results for (6.2)
are exactly those for (5.1). It should be noted that this
prescfiption for the evaluation of diagram (11) in no way
alters the results for aiagrams (7), (8), (9), (10). This
‘is due to the 'cance]]ation; property referred to in
~equation (4.15). Also in the derivation of the contact
potential term in Appendix II it is not clear that such:

a factor should not be incorporatéd anyway. It is a matter
of taste whether or not one substitutes in terms of integral
or differential equations.

To summarise the results of this section: we have
shown that with a suitable prescription for the eva]uatfon
of ‘{dnk, we reproduce exactly the results (5.4). Again
we have not evaluated the tadpole diagrams; Thus by pro-
ceeding . from an n-dimensional gauge {nvariant Lagrangian
where there is no possibility of an inconsistency with the
regularisation proceedures employed we réCOVer the same

result as we had when working with the Goldberg Lagrangian

in section 5.



7. TAﬁPOLE DIAGRAMS AND QUARTIC DIVERGENCIES

‘In order that the discugsfon of tadpole diagrams and
quartic divergencies in the latter part of this section
should refer both to the calculations of section 5 and
section 6 I shall first establish that there is no incon-

. sistency with.regard to the regularisation proceedure if
one chooses to work with the Go]dbe}g form of the Einstein
‘Action. Thére are moré or less!cbmplicated ways of showing
this dependiﬁg upon the starting point one chooses. The
‘most straightforward is to re-derﬁye the Goldberg form

- starting from the original taking care to perform the al-
gebra in n-dimensions. This may be accomplished as fo]]ows:

We take as our starting point

= ghagm il p c_popfl
L(j) jhj'w(, U“f’,v’ );*‘/f’ * );“’ r"’f B f;‘, I}“U (7.1)
where we have
P _ L gA | '
F"V = 2 (7, (3,\/4,\/ +J,\V,/¢ "j,«.\/,,\) (7.2)

The first two terms of the bracket in (7.1) can be written

a( PR ) - T2 () + B (g

We can discard the divergent term. The remainder can be

shown to equal

oz-( I<a /uq FJ‘F‘/ID) 5%13/“/
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One then obtains instead of (7.1) the effective Lagrangian

L) = 3&3”"(’7;; rh - ol Vv_af:) - (7.3)
This‘form-is relatively weli known.‘ It is for examp1é
the usual form taken as a starting point for the A{D.M.(qv)
quantisation proceedure; For our purposes it'is importént
that nowhere have we made use of the relation Gﬁ = n.

The next step is to rewrite (7.2) in terms of déri-

vatives of g®*f.  Making use of the relation,

N m g s S5

we obtain,

!

- -—

4 L (cf Y P o 2 b
F,m/ = .2.{8,13,4/581/ +gx5vtsgﬂ'df‘9ﬂxjvﬁjﬂzx
Substituting this into (7.3) L(g) becomes

h

he 5% { 290w ST5F - 2900 50 5]

C g7 gergop = 97 ges gee |

L@y = %9q

(7.4)

Again this is, so far, independent of dimension.

The final stage of the derivation is to replace the variables

g%k, g,z by the variables §°®, 9,5 Where 528 - g% 9B,

A _ -3
9ep = 9 9up”

This is achieved by consideration of the well known relation

- - uv
89 = -9 g , 39
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Thus:
Sﬂ = -9 gm s(a"/zf",w)
- -jjﬂv(—b‘ % ” 53 +--/"$j"‘")
= A g\j - 5‘,“, Sj‘/“’

_ 2 A g AV

gﬂ (r-2) jpv j

Thus we may write
t

“p - 4;1,. op _ ..L— A A 7 -1
9 = g &; z Sﬁp, (n-2) 5*#:3“553 Vs

; _
Substituting this into expression (7.4) yields the final

result:-
.LA A
L@y = %970 g

.._.—- AT A A A o~ T ?
- (A'J') jd- j'(t[in 3“2#1 - 43""! Ka, Spl g(&l j
(7.5)

For n = 4 (7.5) reduces to (2.17), the form that was used
in the calculation of (5.1). We can now ask the question,
'what would be the effect of using (7.5) instead of (2.17)?'
First]y and most crucially, the term in (7.5) thét
",_15 subtracted off by the gauge condition is independent of

| n. That is the term

A 0(|P| O(z pz_

.J’?" o ( ‘*1“1591591)
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Thus fhere is no a]tération to the gauge condition nor to
the derivation of the Ward Identities. | o

Second]y if we expand the n dependent term about
(n =¥4) we obtain

2 f-4)

G-3) = 1T Gmy * 06w

Consequently the vertices obtain additional factors:

Ar’ - nﬁm‘a.’na.t T ("" %) "[1’ + 0_("”"‘)?

The terms (n-4)r,, etc, cannot contribute to the answer for
precisely the same reason that we were able %o perform the
algebraic ca]éu]ations specifically in 4 dimensions (c.f.
the discussion following equation 4.9).

Finally we have to decide what happens to the propo-
'gator. The algebraic structure of the propogator given

in Appendix I is determined by the inverse of the term

(1&'11 Oﬁ:{&z + 7&,5; '],L.ol,_ - 7,1,(5, /,.(,,@,_)

When working with (7.5) we have to take the inverse of,

| 2
(’Ivlu(z 1pBa + ?a!u/iz. '}{o,:l;_ "(,T:;_) 1,(,{3' 7,(2{‘1) .(776)

- WQrkinQ,Sti1T with the rule SE = n the result now is even

© " better viz:- .

(7.6)'1 - -QaB,a1B1

" Thus overall we would expect no change in results (5.4)
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"were we to work with (7.5) instead .of (2.17). This‘con-
clusion is reinforced (not that it needs it) by the cal-
culation of section 6.

_ Let us now turn to considefations of the tadpole
diagrams. Specifically we shall deal with diagrams (4)
and (5) of the sum (5.1). - The first observation that one
can make is that these diagrams are purely quadratic or
quartic divergenciés. This arises frbm the sing]é loop
integration necessary in any evaluation of them. The only
point in evaTuating them would be to cancel the quartié
divergence in the results (5.4), This is not at all
straightforward or well defined as I meﬁtioned earlier.
The reason for this is as follows:

Consider diagram (4) of (5.1). If we proceed to

~crudely insert momenta we have to evaluate the diagram

of | . Y
>
-k

= \/

Employing the Feynman Rules in Appendix I this corresponds
to '

dy 8g) @b e Ty (f Bk d
= by, 'QP!.I‘!I i '
9

'(Pf'l’(SS’
e Tlqup,-0) o |dp 77
oy Pz s Ps Ay P: (.?1+ n1>




There are three major faults with this expression..

(1) It contains terms of the form

8(1) 4
J“‘t -

that are infrared divergent.

(2) It contains terms of the form

v
qu/ S(ap 1%2_
that are finiie, but depend on the direction in which
the 1limit qu -+ 0 is taken.
(3) One cannot unambiguously employ momentum consgrvation
at the Vertices,
Suppose, for instance, one had a term p2 arising from
r(q,p,-p)-. One could equa11y well write for this

term, (p+q)2 and obtain an additional contribution

8 (970299 /g
that is in general non zero. |
.Faced with such a threefold émbiguity it does not seem
worthwhile performing the very considerable algebra simply
to cancel an unwanted quartic divergence from just one cal-
Eu]ation; - Conceivably, with such flexibility in definition,
this would be comparatively easy to arrange. It would
however be a purely arbitrary proceedure valid for this
calculation alone. The very much more attractive alter-
native.is to set all such diagrams equal to zero. One

then has to decide what to do with the quartic divergence
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occurring in expression (5.4).

Fortunate]y,\here, fhere are some grounds for hope.
The algebraic structure of this quartic divergence is
precfse]y that of the propogator.' Let us recall at this
stage the‘particular Ward idehtity that was to be verified.
This was given by F;

(1.4 ’

2‘,['6')0,;1) _ %E»JP<ON(- |om>j? = o)

< 'kl
kot k! Z<Do»uk, h
(7.7)

or more cxplicitly

1Pt s |' |' 1 '
del'lp QJF,"F . [’d,ﬁ,,'ﬂ'ﬁl’ = o

[
Ra kot 'FZ
So far we have noticonSidered in any detail the normali-
sation of the functional integrals. In particular the

term

<0 out/0 in> (7.8)

occurring in equation (7.7).

If one were to imagine an expansion of (7.8) of the form
<0 out/0 in> = 1 +akdM*1og M2 +

one would only have to choose the value of 'a' so as to
cancel the quartic divergence occurring in expression (5.4).
I say 'choose' but it doesn't in fact correspond to a
choice. Consider the diagrams necessary for the evaluation

of (7.8) to second order in «. These are as follows:-
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| @ @ G
! o ‘ \ ' ”}‘L\\ )
z + 3 -

_ :

4

L
»

If we are consistent in setting tadpole diagrams equal to
zero we must d{scard diagrams (4) and (5) and théreby
remove the only source of ambiguity in (7.9).

Unfortunately the evaluation of (1) + (2) + (3) of
(7.9) does.not follow from the evaluation of (1) + (2) +
(3) of (5.1). This is related to the overlapping diver-
gencies encountered in the evaluation of (7.9). The
situation for (5.1) where the relevant diagfams had external
legs was easy in that the additional masses Mi were to be
incorporated only on internal lines. Momentum conservation
at the vertices required that these masses be the same.
In 7.9 We must again incorporate Masses on all internal
Tines but there are now three internal lines at the vertex
of diagram (1) for example. If in diagram (1) we write

the momenta as follows

. ok

where kyklskg have masses M, My, M; associated with them

”respectively, then momentum conservation requires
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M1+M2+M3 '= 0 and we have the possibility of different
masses on different lines.

t'Hooft and Ve]tmén(ls) have shown that their dimen-
_ ;iona] regularisation method deals with overlapping diver-
gencies without any trouble. I have yet to work out the
details of whether or n6t the adaptation of their method
employed in this thesis is simf]arly and easily extended
to take acbount of this problem. I can see no reason why
this should not be the case. More than that, at the
moment, I cannot say. It is, of course, a considerable
amount of work simply to compute a single numerical factor.
| There is one other alternative approach andAthat is

|
to calculate the diagrams (5.1) not with the propogator

kiQG‘B “'B', but in;tead with the propogator as given by
equation (2.19). The fictitious partic]e'veftex is
necessarily altered since one is now employing the Dedonder
gauge directly. In fact it is simplified. Unfortunatgiy
the algebra of the graviton diagrams is increased three-
fold and there are some very unpleasant sixth order momen-

tum integrals to perform. The virtue of doing this is

that the identity (3.9) is replaced by

:8:}2,

x/\> = & —K’\a--r < R- SJV

ks <L’““

ff.The term progort1ona1 to the graviton propogator no longer
appears S1nce it is now Eransverse. It is still not c]earv
if the normal1sat1on of this identity is unimportant but
..there is no longer any scope for its removing possible

unwanted quartic divergencies. This is evident from
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dimensional considerations. 0f course by so doing;one is
.now~faced with the problem mentioned earlier in sectibn
(2); that of negotiating the second pole term in the
propogator (2.19). Perhaps there is a good reason for
not worrying about this too much but I have not yet"coﬁe

" across it.
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8. INFINITY SUPPRESSION AND RELATED TOPICS

The major significant adVance made in non-polynomial
lagrangian techniques since the ofigina] work of Salam,
Isham and Strathdee(G) has been that of Honerkamp(Z]).

By working with a hanifest]y covariant chiral theory he

is able to define and use to great effect a covariant
chiral superpropogator. In the course of a series of
papers(21) dealing with manifestly covariant perturbation
expan;ions_and their applications he derives for gravi-
tation one such that is identical to that_of DeWitt,
characterised by the functional integral (2.4). Moreover
he states that apart from some technical difficulties his
method of construction of his covariant chiral superpropo-
gator is in theory applicable to the gravitational situation.
Not Teast of these difficulties is the apparent Tack of any
method for easily obtaining the covariant n-point bare
‘graviton vertex functions. They are easily defined by
successive differentiations of the original action. How-
ever the subsequent computation by this methdd is extremely
A-arduous beyond the third and the general form of the nth
vertex is unclear. In this section I show how these

‘ functions can be reédi]y eva]uafed. This has relevance
to this the§is in genera]f' their'uséfUTness'as regards the
possible coﬁstruction of a covériaht graviton sdpéfpropo:'
gator, as we shall see, is severely limited. We probeed
as follows:

The essence of obtaining a manifestly covariant per-

turbation series is to expand the Einstein action about a
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C]assiéa] background field as a power serieg in the quantum
field. It is convenient to work with a s]iﬁht]y altered
notation than we have used hitherto, viz: |

We shall take the classical field to be guv, and the

quantum field auv' (Note this is just the metric tensor
there are no weight functins attached.) . The usual Einstein

Action is taken as a function of ﬁuv where

133 = Jee g B

and the expansion is obtained by setting

It also proves useful to define
c _ 1 o o c
Kol,/uv T2 (axpsv +jo(v£,u"3/uvgd) (8.1)

"In what follows, vy is the function obtained by replacing
g by g in (8.1)s - replace g by §. The same also applies
to other quantities, e.g. the Riceci tensor

R =R (38) , R._ =R (g).

Uy ©uy

The connection ftv may now be written in terms of ?fthus:-
r"'/w _ : 3 E oo X K, pV

This s then'}e—arranged as follows:-

~ A N
P;w = jM‘ (DO’X:,/M\/ +.'Do'§:,/uv) =
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N,\K

(3?" pv 1 Da'xk,,uv + JFKF/‘&)

A ~,\ o
3 + j K‘.)a-"g,/uv

n
=

where DU is the covariant derivative defined as a function
of the background field. (8.2) now makes obvious the
expansion of T as a power series in'ﬁ. |

Let us define the tensor}

7A
_[CMV

~i
j KLDG' a?;‘(-//&\'

and employ (8.2) to write the Ricci tensor
3 | '
_ A ? A
’27”( - R-/M( + (Qﬁﬂ F FP)

e o
(20 Pl = T Pl e BT 56 7 - TR
or,
R R D I pffv ﬁ/ A
pr = Ku + Du lak ‘Dp gt /,,,\ Kp AP .
| (8.3)

We now have

SL§1 = jdﬂ<jé'3ﬂvﬁwx
where ﬁuK is given by (8.3). This expression can be further

" simplified by writing

.
¥ .
w

J jh g (Du e = Bp Phic) =
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- Ju Pl (e -5rii)]
j [.D (~V;~m<) rl/\K _ \Dp( ch /* ) [7/“'(]

The first term on the right hand side'of this expression
~is transformed by Stoke's Theorem to give an assymptotically
yanishing surface integral. The second can be shown to
equal -
) - — -9 -
- ~N > uK P A =7f /\)
2 4% 7 (Toa Pp = T T
by making use of the relations

!

~l A o~ A Y AT
3/.1 ‘13'2.3/* ‘D‘fﬁ'w’ ﬂlﬂw’@"’x;‘vo’v

Drﬁ'w _ _i( pe vp+jﬂ/33 )D‘, "
= (ﬁ'/“-" 3"’@ + 3“'ﬂ/5§V“) nD'rg:—l,o'(&
Thus we arrive at a form for S(g)
Segy e Jan [ 55 e

vé(wd L ‘jgf“b )c)o*Xd,,uv D XA,K,\ (8.4)

The expansion of this is both manifestly covariant (the
only derivatives that explicitly occur are covariant deri-

vatives) and straightforward via

- --- etc.
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One appreciates the cdmparative ease by which bare vertices
are obtained from (8.4) once one has tried ones hand at
functionally differentiating the origina] action a few times.

It is perhaps interesting to observe that this form -
for S(g), is essentia]fy that obtained by applying the
'principal of equiva]ence"to the case where one expands
about a Minkowski background metric. '

i.e. one expands
§@) = [ar R K I Ta Ko () WIS

as a power series in § where now

guv = nuv + guv
A Vv a
g"v = a*Y - (n.gan)*Y 4+ L. etc.

Thus the bare covariant vertices, readily obtainable from
e8.4)lare as bad (or as good depending on how one looks at
it) as those when one has a flat background metric as for
- example in the derivation of the Feynman'ru]es for the
.Go1dberg Lagrangian of section 2. Indeed by a change of
varﬁab]es‘(8.4) can-be written in an equivalently éimp]e
' foym. There is certaih]y_nothing very pleasant about them
from the:point of view of»calcu1éting a covariant graviton :
superpropogator. At least we may no longer cherish false
hopes.

What then goes wrong or rather why is Honerkamp able
to produce such an object for the chiral Lagrangian. There

are two reasons. Firstly the form of the chiral lagrangian,

-
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secondly, the fact that covariant derivatives of the chiral
Riemann tensor vanish. These enable him to find a con-
venienf form for the vertices. Maybe a convenient form
for the gravitational vertices exist, I haven't shown that
it does not just that its rather unlikely. - There remains
a possibility in that one can arrange for the covariant
derivative of‘the Riemann tensor to vanish by defining it
és a function of a metric that is a metric on a symmetric

space, Thus one would have to choose instead of the metric

"guv some combination of the g's that corresponds to a metric
" on a symmetric space. This isn't too difficult to arrange,
~ the combination

ne v upg _va

gh%g"F + ghBg¥e - ghVgof

g

~or something very 1ike it(zz) corresponds to just that.
(The 'points' of the manifold are now the functions g).
The problem arises in arranging both for this to happen
and to arrange the derivative structure of the Einstein

Action to correspond to the form of the chiral lagrangian
viz. - .. VM
jlx C"d O ke

My efforts to arrange this have not been fruitful.
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9. CONCLUSION

Above all I would hope fhat this thesis provides a
clarification of the prob]éms encountered in treating
gravitation as a spin two field theory and gives considerable
‘insight into the more or less tractable forms that these
problems can take. My intentions throughout have been
to portray quantum(gravity as a field theory like any
other. One is then ab]é to make a direct comparison of
the impoft of its own individual features. Particularly
useful in this respect has been the regularisation proceedure
employed. Although the masses introduced therein are not
strictly speaking ‘cut off masses' the eventual answer is
revealed in the mose commonplace form. The necessary
counter terms to be added to the original Lagrangian are
thereby made rather more transparent than woufd be the case
had one employed dimensional regularisation directly. I
shall discuss this point in a 1ittle more detail when I
comé to talk of the status of renormalisation theory in the
light of the calculations of this thesis.

The principle inference to be drawn from this work
is I think that quantum gravity differs quantativeiy but
not qualatively from other better established quantum
field thgoffés. In th15-¥é5pect'it would conform to the .
hope expreséed in the‘introduction; In many ways‘this fs
disappointing.‘ There seems little new 'phySfcs' to be
gained from this still unwieldy interpretation of general
re]ativipy. For although I have shown ca]cu]ations to be

practically possible they remain so only for low orders of
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the peggurbation expansion, The 1ineari§ed field equations
of c]asgical general relativity reveal 1itt1e of the struc-
ture of é complete solution to the full Einstein field
equat%ons and so it is now with:pefturbation theory.
Unless there is some method of summing sets of diagrams to
all orders there would appear little hope of achieving
_startling results, The superpropogator method is cne such
but at present this corresponds to the simp]eét possible
inclusion of the gravitional field into the framework of
quantum e]ectrodyndmics and extensions of this method prove
hard-to come by. There is even then a principal defect of
'this approach of summing particular sets of diagrams in that
one has no way of knowinQ if the'particu1ar set chosen is
of any greater or lesser importance than those discarded.
"~ General relativity is by its very definiiion an all em-
bracing subject. It does not seem to be doing justice to
the conceptual elegance of that tﬁeory to make scrappy
attempts at evaluating arbitrary parts of it. Alas it
appears to be the case thaf for the moment it is all that
one can do. These factors should be borne in mind but they
should not prevent one from discussing the quantum theory_
as such and ;hat after all is the purpose of the preceeding
bages; | o

Faced with the necessity of dealing with the formal
properties of functional integrations it has been my policy
to show that what at first sight appéar different approaches
reduce to a single consistent method for obtaining the

Feynman rules. Moreover that Ward Identities derived from
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two different formulations take an identical form. of
course ihis is.as it should be. DeWitt's manifestly co-
variant theory has been shown to be derivable from Fadeev
and Poppov's general prescription for dea]ing with non-
abelian gauge symmetries and one would not expect any
divergence of inference once the former has been reduced

by restricting the background field to be flat. However
it is satisfying that this should happen with such a
striking resemblance. Compare, for example, equation§
(3.16) and (3.9). It seems to be the casé that it is

very much more evident precisely what is happening when one
. uses the man1fest1y covariant theory The role of the
fictitious part1c1e propogator in equat1on {3.16) is an
example. There is one other remark that I would make at
this stage but would be uncertain as to its significance.
This has to do'with the omnipresenceAthroughout this thesis
of the particular algebraic structure characterised by the
function Q“B’QIBI: It is the form of the graviton propo-
gatof. It enters into the gauge variation of the metric
tensor. It is also precisely the form of the Riemannian
connection. The properties of the Q's greatly facilitate
the reducfion of the algebra in evaluating Feynman diagrams.‘
I could go on for some time expounding upon the virtues of

this funct1on. One sTmp]y wonders-why this should bé or

';~'rather 1f there is some transformat1on to be made that

wouldl51mp11fy matters. I do not know the answer.
I now turn to the calculations themselves exhibited

in sections five and six. I have shown at least in part



12,

that the inclusion of fictitious particle diagrams correct-
ly produces transverse amp]itudes. On balance I would say
that it is easier to work with the Goldberg Lagrangian to
obtain these resultis. As I mentioned earlier the first
erder formalism is of no doubt more use in discussing re-
normalisation. It-is again pleasing that both approaches

- should yield the same result. I might add that it is a

very testing result to reproduce. Moreover it is important
in that it under]ines the fact that there is no inconsistency
in working with the Goldberg lagrangian and using the regu-
larisation proceedure given in section 4. This combination
is a particularly happy one for ease iﬁ computationé.' I have
not extended i% to cover the case of overlepping divergencies
but it is to be hoped that this will prove possible. The
form of the results of expression (5.4) are very cohp]icated
and from the discussion at the end of that section it would
seem that this is necessarily the case. Although it does
not run to the bizarre lengths of producing numerical

factbrs such as 2647

/4505 2647 is a‘prime number. Never-
theless the first three terms of (5.4) are transverse.

The only fly in the ointment is the quartic divergence.
From dimensional considerations this term should not be
there.' Or rather the whole term inside square brackets is

of .the fourth degree composed Jo1nt1y of the external

';-Vmomentum k and the mass parameter MZ, No algebraic com-

b1nat;on of the minkowski metric (there are only two pef-
missable) can yield zero on multiplication by KoKgt ®

"However the particular algebraic structure of the quartic
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divergencé appearing in (5.4) is not any combination it

is of the form of the graviton propogator. Considerafions
that this might not be pure chance are dealt with in
section 7.

Also in section 7 I discuss the regrettable tadpole
diagrams. These diagrams are certainly pure renormali-
sation terms if they are anything. There is one point
that I would add here apart from the discussion of section
7. Capper has performed a similar calculation to that of
section 5(23) but using t'Hooft and Veltman's dimensional
reqularisation proceedure directly. In a later papef(24)

he discusses tadpole diagrams in'particular. Here he

describes the diagram

(9.1)

as a fadpo]e diagram. He has very good reason for doing
ithis. It too is a pure renormalisation term. In his

~ approach however, it is a]sb ambiguous and he gives a
"prescription for its removal, The point I would make is
that by incorporating masses as‘in section 4, the dfagram

- (9.1) has a well defined value and has to be incorporated.'
Thus for.the purposes of this thegis diégram.(Q.l)_is not .
included in those diagrams that I term 'tadpq]e'd%agrams;;
It is if you Tike the only well defined example of those
that arise. Returning to my terminology: since those a -

priori undefined tadpoles are just renormalisation terms,
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in devéioping any renormalisation thedry I am at 1iberty
to define them to be zero. I must then establish the
consistency of this with the calculation of equation (3.2).
The greater part of this has been done in proving all but
the quartic divergence of (5.4) to be transverse indepen-
dently of the tadpole diagrams. It remains to be éhown,
that the quartic divergence is cancelled by the norma]i-
sation of the functional integral involved or by the
alternative discussed in section 7. As yet this matter
remains unresolved.

Finally there are one or two additional remarks
.to be made beyond those at the end of section 5 concerning
the possible renormalisation of quantum gravity. Both

(20) and Honerkamp(]]) argue that there ;hou]d be

DeWitt
. added to the original Einstein action counter terms proport-
ional to the square of the Rieman tensor. Moreover that
this addition should be associated with the 1ogaritﬁmic
diveréence. One thereby obtains counter terms involving
four derivatives that do not correspond to the form of

the original. From the results (5;4) it is evident that
there is nothing very remarkab]y in these terms being
associated with the Togarithmic divergence. On dimensioha]
grounds one cannot have it otherw%se. It would be remark-
able were one to show that necessary addition of four
derivative counter terms corresponding to those associated
with the Togarithmic divergence of expression (5.4) had

.something to do with the square of the Rieman tensor,

The other matter has to do with the evaluation of
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the 'noﬁ-causa] chainﬁ’ (DeWitts phrase) of diagrams,
(7.9), that appear necessary for the cancellation of the'
quartic divergence. DeWitt draws’attention to just these
sets of diggrams(lo). In particular he expresses the
hope that.they can be ignored. Maybe eventua]iy they can
but superficially at least it.is a conclusion of this thesis
that it is far from obvious that they are irrelevant.

This effectively concludes all that I have to say
on this subject for the moment. Evidently there are many.
‘questions left unanswered. However, I think it is the
~case that within the limitations imbosed by the vast scdpe
of the subjeét my origina]_objectives cited in the intro-
duction have been achfeved_with a tonsiderab]é degfée of

success.
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APPENDIX I - Feynman Rules.

(1) Second Order Formalism

(1.1) Free Graviton Propogator.

< 0’ d\ﬁl h“aﬁx IO)

..2_‘- “'ﬁ' ) ds 2 2 kﬂ hd’ 0'\/, 33 p’-

e QL (gt ol )

= A dpy "1 R 2 o by, %2 P2
<ot MM I 0% = e ot

Both of these expressions are evaluated in what is essen-
tially the Dedonder gauge. a=0 corre;ponds to no term
-beiﬁg added to the original free Lagrangfan. (a= -1)
indicates both that such a term is added and gives the
coefficient of that term. -

(1.2) Bare Vertex Functions.

3}7 ( k. ) h:., ’13) = % S.(,{s, S"z{.h_ SJSM ?:;g (" k:.f k30—> x

“ipi g daps, od3pa

XS (kc-l- kz"‘ ks) (2 85| S,:l Q‘QPI,'(SP;-* +
s l.,. 1P0'1"d1 Qﬂlpl; d3ps + 4 SZ_ ng 71,[};_ 7/31{33>

4 | ol
r, (kl ) kl ; k3_ ) hq) = .Egd SJ(I(S| .- Svl;fﬁnf. ?4’ S(k,+kz+k5+k’r)

'(lpl )J:Pt, d;{&;l allr‘Aq

X <' hz,ﬂ k#o‘)- (4(?”—1.:. A3 - SS, 5?, ']-lufa) QP*/‘S, by

+
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, | B | R
I (ont.) . .1:" 14k 1pa by (27.:;;;3 Apide = | pips 7;2.14)

- S:; 254 ')du@s ?Jz./&q ']p.p;)

(1.3) Fictitious Particle Propogator.

— | L kA
o |T (cfaMlod = & ¢
(1.4) Fictitious Particle Vertex.- o

P, cC S
V(kl ’ k:.’ k;B = K S,('Pl' g@,sz%kg)x _ 7

Cdpe, oda, ols

. ( Ay o3 kzo(.k:s ;o iy ksdz kl/;_n .
1 nkag - 1

A factor of (-1) is to be included for each closed loop

~of fictitious particles.

(2) First Order Formalism

(2.1) Free Propogators. (the diagramatic representations

are included)

<OIT/’,‘._JIP| ’!‘\0‘1[3:.’0> - _Z_—i Q'(IF"les_:-
(— Y

A

{o|T LM" F.L{Lp; fo) = “’%3;:" ko GA) rpa ©

(arrow indicates that the line begins in

h and ends in T)
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<0|T(r"nl T’l}Jlo) = ha. ko’k QQ l' o Q Q_X:iig,_

( ++.++_+++++++++ )

- agg.ﬁl o (3% SZ{;L _@Po— - 5? _C_?d,_P,_)

(2.2) Bare Vertex Function.

\

dﬁﬁl ‘3#3
‘n/(k., 2, ka ) So’u{h S«lz"H S‘lsPJ ngsz'rk's) X
e By b’z. ) 63
(S SRS SR8

(2.3) Fictitious Particle Structure.
] ;

This is exactly the same as far (1.3) and (1.4)

given above.

In a1l of the above rules there is to be included
the usual factors of 1/(2x)*i for each propogator and

(2w)*i for each Vertex.

R
A
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APPENDIX II - Derivation of the Feynman Rules for thé first

order formalism,

This appendix is included partly in its own right
and partly to serve as an i]]ustratipn of the algebraic
conventions involving the Q's.

From the gauge dependent Lagraﬁgian, which we shall
write for the moment as, |

(e )

]
= |<‘z (5" 12/“" 2o I/“ ']a"rL ’v (I1.1)

’

We separate the free and interaction parfs, given respec-

tively by,

-

Lo = _1}“’([1/‘?"' Fo(: r;w [;"’) wa(/“f/ /'Vplf) i:‘ /’:' tpo e T /i"vr

Ll'd'l' = .K'[‘\tjw (.ﬂ/fo' r’v‘; - P:— F/fv)

where we shall choose the numerical factor, (%), so as to
give the simplest possible propogators.
, — A py
If we next add to (II.1) the source terms, Uy K
' ]
“and Kﬁx F}; the free propogators are then defined
as follows:- | ' | '
, E I |
Ap  Adafpa -
46! Aoy ko Texay o ‘-oSd.(,P,(") (,Sd,zP(Ka) @”* @F)
o 1R [
QAS?I,(LQ + J' +-i( ) J-k: 0
The <h,r'> and <r,r> propogators are similariy defined.

Thus we may writg:

e b "z P2 L

A di oy
Lo] 1 &) b ey 0> = ST <01 h & 10%

~3
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{o] kl'péx,\ ]o) is evaluated from the conditions

j(ﬂ)(dl’) S-Sf’“" ‘Vx? v (J‘”{" (A_;+J-AL + KP)) = 0# (11.2)

§ | S
J‘DH\)(JIO —E mpl(fdx([o.,. g-h + KP)) ='0. (11.3)

To simplify matters we shall from now on write

<Oll“l‘%‘0)o> = L'{l{&'l) 3 <OJF-(,XF:.@') |0> = Pa(,x{g,(’(l) .

(I1.2) and (I1.3) then become:

. g o o '
. P/Aq—’v + erU',/M h azI;AV o + D( )‘V I M + l‘/‘" )/0" (11.4)
= "‘.2\)/411 |
o o kA '
,jxp ey + 7«* . 1“5;10_2( _ Sq FM?"+ (11.5)
| ﬁ“fr 8 LaT = - Kiex :

(II 5) may be simplified by f1rst lowering o & B8 then
taking the sum; (y < a)Il.5 + (y «8)II.5 - II.5, This

then yields the equation:-
KA '
2 aap )Z‘)‘)X “'ZQMP;FO—‘: = 7,1[5 Do"*x
o A A ‘
=~ (Do( L‘JGU + g hay - aﬂ\-qs (K(.(x)p + Kpylu - KG’"“X)
Next,‘muit{ply through by'qu“B and raise y to get:
A A A ‘ 4o
2 (Tl - N ,,f; = = (3 0V tf - ) - £ g ¥ E%

- C?/M,“(K(mp + K(fs')d - K,ep‘) .

g

We can then rémove the T e term by multiplying by 82,
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to achfeve the final expression:-

oL
+ (588, 0,0 -158 . (KA,HKM—K.«{;)

At this stage we shall introduce the additional notation
of the 6'5. ) ' |
We define the product QEB,KA o A, where A is a symmetric

two index object, as follows:-

Adp, d o p ?
Q )K)\ oA (S A + S,\ AK —,]d[‘AK,\)
’ .
One could, of course, not work with the 6'5 but instead
define an,KA,OT s
;(A T , 1 A coT L o‘T, AR ¢ OT
q /KA;El = 2 (SK S }§4'SA 5 S g ’)

In which case,

AZ‘ﬂ _ AP oT .
K ) KA © ﬂ = 4 IK/\, Aa‘T
The above simply avoids the extra indices.
One should note that Q%B, ., unlike Q% ., s
KA : KA .

not symmetric in both sets of indices. The bar under a

is simply to emphasise.this fact. Note also the relations
R e o ‘
. § " AP
I Q ’K/\ 0. 1 -7 . Q KA

 Ap«
Q K/\"S/“’ = Q /uu°_§r</\

If we now emp]oy this notation, (II.6) is rewritten:-
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A Ad
P/f\, ."Do—Qgiﬂ\,o!)./z.({s!«(s

I

M=

A
w2 (5655 a7 160 000) @73 54 k™

or eqﬁiva]ently

3 §0¢ 62,,,—% Sﬁ-@/m,)K" o (I1.7)

If we now substitute for r in equation II.4 we obtain:-~

. 1 Ao Ao ) — ’
= = (&) (M ur + hpve) - 20, . (11.8)
We can now choose o = -1 and thereby eliminate the first

term on the right hand side of (II.8). This choice then
gives precisely the same subtraction term for the Lagrangian
(I1.1) as was the case in the derivation of the Feynman
rules for the second order formalism given in Section 2.
This-is of course to be expected. However, it is not so
{mmediately.apparent which terms are eliminated from the
original Lagrangian when one does not solve for the I''s in
terms of the g's.

Finally, with this choice for o, we achieve the desired

form for equation II.8 viz:-

w

'ﬁ\,‘@ = ,ZQ,(F’“"J\, +.29,r€2g,<,\o _S_;(p K""Q‘_ (11.9)

/A
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Substifuting this expression for h in equation II.8 we

obtaini-

P > S = oM kA
20w P | A
-l-l& K/\°<ég/4{§)pa lLSg- Q/uu) an
(I1.10)

The propogators, in x sp;ce, are determined from (II.9)

and (II1.10) as mentioned earlier viz..

Al Ay g ALt
{o]T In”‘ ek ey = % g_"‘;zﬁf Mg >
i .
'__ Adi Py y2 1 __S__ ¢ ﬁdlﬁ;‘
{0 | I h F“?F" ]o> =L g K“‘P},_(M) *1)

etc.

The corresponding momentum - space expressions are as given

in Appendix I.

B CS L



APPENDIX III - Integral

e om
(?’“+ 2k-p+ n")l_

2 - 2\ L
(CP + 2k.p+ HF)

J
It

P P

2799 PA

dﬂ
j f (p*+ .2k-4p+n")2"

Jo{? P Pv Pe Pa
(? + 2k. ;)fn’-)

(7 + 2kg+ H¥)?

]

Formulae

h

124,

(18),

it '@-50y = ¢

(n:._ h:.)l— Yan

v

C (k/nku - '),uV(n k"))
e

C( k kukz\ +

(r]/w kx + 1A ky + 1v,\k )(g l‘;z) )

g C(kﬂkvkkkz\ -

(’},Auk ko + 7}4/\k kv + 7!//\k!<k/u+

+ '),ukh'\k'/ + f)vmk,\k/u+1x,\h k)(” h)

(n-2)

+ (1/“’ Ned + JmK fep t 7-/<'}ﬂ,\) U kl)

n (n-2) ) .
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(g

Jd“,v et L % p(-m) (g 012). nx (%)
(P*+ 1) -

Integrals of for example (p("))zpK are obtained from the
above by contracting p,p, With "V, where 85 = n.

The Feynman parameter method corresponds to the replacement
(M2 = k2) > (M2 + k2x(1-x))

k »+> xk
u u

in the above formulae, and performing the integration j dx.
]

For the purposes of the Feynman parameter integrations the

following proves useful:

1 .
Defining I = J dx x" log x(1-x)

0 .
nen 1 = (N - _{n-1)
then I, = (nf1) I f(h )z -
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