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ABSTRACT

A six flux method first proposed by De Marco and Lockwood (1974)
has been improved by varying the surfaces of integration. Some simple
recommendations for improving the predictions for the cartesian and
cylindrical co-ordinate systems are proposed after examining one-
dimensional test cases. Further investigation of the flux method revealed
a shortcoming, which affects all other flux methods as well, and
this is thoroughly explored. p

A completely new and exact method to solve the transport
equation has been proposed. It has several marked advantages over
other methods which make it especially useful in practical applications.
It is tested against the results of a large number of standard
solutions which are available in the literature for cartesian and
cylindrical geometries. The method has been extended to include

scattering and non-gray systems.
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NOMENCLATURE
Symbol Description Equation of
First Appearance
A constant of integration 2.2.11
AishAssA4 coefficients of the Taylor's series

expansion for the intensity

distribution 3.1.1
a length of rectangular enclosure 2.2.20
B],BZ,B3 coefficients of the Taylor's series

expansion for the intensity

distribution 3.1.1

b width of a rectangular enclosure 2.2.20
b(a'.9) as defined by 8.1.3
C] as defined by 3.1.10
02 as defined by 3.1.1
C3 as defined by 3.1.12
DO,D] terms of a Taylor's series expansion 3.2.14
d followed by another symbol, is the usual

elemental increase of another symbol

used in calculus 1.2.1
do singdody A3.1.4
En as defined by 1.3.2
I intensity 1.2.1
I+ intensity going out in the positive

direction 1.2.3
I_ intensity going out in the negative

direction 1.2.3
I intensity on entry to the nth cell 6.1.2



Symbol Description Equation of

First Appearance

Ir intensity before the ray impinges the

wall 6.2.1
I] as defined by 2.2.18
I2 as defined by 2.2.19
I0 intensity leaving the wall 6.1.4
i,J,k unit normals in cartesian coordinate

directions 3.1.23
JO,KO,Ki2 standard Bessel functions 2.2.20
K,Kg absorption coefficient of gas 1.2.1
KS scattering coefficient 8.1.2
L distance between two walls 2.2.1
L' dimensionless distance between two walls
L(z) as defined near 2.2.20
£sm,n direction cosines
N9N¢ number of subdivisions of 8 and ¢
n unit normal to a surface 1.2.2
P point under consideration, near 3.1.1
P(.0") probability function for scattering 8.1.2
Q as defined by eq. 2.2.3 2.2.1
Q* as defined by 3.2.20
Q** as defined by 3.2.22
QS as defined by eq. 2.2.24 2.2.1

§ as defined by 3.2.24

q net flux 1.2.2
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Symbol Description Equation of

First Appearance

a, positive flux 1.2.3
(flux through 2w solid angle around n) 1.2.3
q. negative flux 1.2.4
(flux through 2q solid angle around - n) 1.2.4
R outer radius Fig. 7.18
r,0,z polar coordinates 4.1.3
r',0',z' direction cosines 4.1.8
r',e",z" surfaces of integration 4.2.4
rQ’eQ’ZQ as defined by 4.1.30
4.1.33
4.1.3
r inner radius 4.2.5
ro outer radius 4.2.5
S source (heat generation ' 1.2.7

per unit volume)
th

Sn source in the n™ cell 6.1.6
St total source 8.1.1
s distance 1.2.1
s’ distance defined by eq. 8.1.4 8.1.1
T temperature 1.2.1
TC temperature at the centre 4.2.4
Tg temperature of gas 2.2.11
Tg,i temperature of gas in the 1th cell 6.1.8
Tw temperature of wall 1.2.6
TO temperature of gas near a wall 3.2.17
T],T2 temperature of walls 1 and 2 2.2.2

u as defined in A2.1.8 2.2.20
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Greek Symbols
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fig. 3.1

as shown in fig. 3.2
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Subscripts

w1,w2

3,4,5,6

($4]

Description Equation of

First Appearance

Stefan Boltzmann constant 1.2.1
optical distance 2.2.16
optical diameter 4.2.4
dimensionless ratio - also see 4.2.5
solid angle 1.2.2
defined by 3.1.5
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CHAPTER 1

INTRODUCTION

1.1 Preamble

Recent market trends in the economics of the world's fuels have
increased the demand for accurate, reliable and general combustion
chamber prediction models. Now while there have been significant
advances in the development of predicticn procedures for the flow and
chemical reaction (see Abou-E11ail et al (1978) for example), the
development of prediction methods for the thermal radiation has lagged
behind.

The scale of the flow problem may be measured in terms of the
number of partial differential equations which have to be solved namely:
three momentum equations; at least three turbulence equations; one
equation for a mixing parameter; at least one species equation; one
equation for energy conservation; and yet additional equations for the
carbon particles if the fuel is 0il or pulverized coal. A1l this is before
radiation is even considered. For these 12 plus variables a very coarse
finite difference grid subdivision of the combustion chamber of say
10 x 10 x 10 grid nodes results in a storage requirement in excess of 12 K.
It is evident that forthe thermal radiation we require a model which
makes low demands on storage, is computationally economic and possesses
reasonable accuracy.

The treatment of thermal radiation as distinct from the flow, in
an enclosure is complicated by the fact that the radiation passing a given
point originates at points throughout the gas (Hottel and Sarofim, (1967),
Deissler (1964)). According to Maxwell's classical electromagnetic

theory, radiant energy travels in the form of electromagnetic waves;



. however according to Plank's hypothesis it travels in the form of
discrete photons(0zisik, (1973)). While neither of these separate
concepts fits all the physical facts, each has its merits (Sparrow and
Cess, (1966)). The analysis of thermal radiation is further complicated
because "the usual exact formulation of the radiation interchange in an
enclosure containing an absorbing-emitting non-isothermal gas by the

use of integral equations becomes so complex, even after such simplifying
assumptions as gray gases and gray surfaces, that a solution becomes

prohibitively tedious"” (Prelmutter and Howell (1964B)).

1.2 Basic Definitions and Equations

1.2.1 The Transport Equation

This thesis is throughout confined to a gray gas in non-scattering
system-excepting Chapter 8 where a method is described for removing
these restrictions. As a ray traverses an absorbing medium, the energy
of the ray is both diminished byabsorption and augmented by emission. The
fundamental quantity which usually forms the basis in radiative transfer
studies is the intensity, defined as the amount of radiant energy trans-
mitted by the ray in any given direction per unit area normal to the ray,
per unit solid angle per unit time. It is usually denoted by the
symbol I (see Chandrasekhar (1960) for example).

For a ray travelling distance ds through a medium at temperature T
and of absorption coefficient K, the change in the intensity dI,
assuming Kirchoff's Law holds, is given by (0Ozisik (1973), for example)

dl 4

a§='KI+

(1.2.1)

KoT
T

where ois the Stefan-Boltzmann constant. The first term on the right



hand side is the absorption term and the second is the emission
one.

The above equation often appears in the literature using the del
notation (Richter (1974) for example); but this practice can be mis-
leading because the del operator in these works is assigned a special

use
meanihg as opposed to the standard del notation found in mathematics.

(see Section 4.1.1).

1.2.2 The Net Radiative Heat Flux

The net radiative heat flux q is defined by

q=7 I@.7) & (1.2.2)
- g

where intensity I is in the direction @ and h is the unit normal to
the surface (see fig. 1.1). The integration is over the whole solid
angle 4r and determines the net flow of radiative energy normal to

the surface per unit time and per unit area.

Fig. 1.1 Intensity in direction @ at a wall with normal n

Similarly, the quantities q, and q_ may be defined as follows:

q, = £ I.(.0)do (1.2.3)
m



a_ =/ I_(g.f)de (1.2.4)
2T

where I, @ and n are as before. The integration in the case of q,

is over the hemisphere which accounts for all the rays leaving the

surface (I Similarly the integration in the case of q_ is over the

BE
hemisphere which accounts for all the rays incident on the surface (I_).
The sign convention used here is the same as that used by 0zisik
(1973) in his eqns. (1.132) to (1.133b). Subtracting eq. (1.2.4)

from eq. (1.2.3) gives:

q9=9q,-q (1.2.5)

1.2.3 Boundary Conditions

It is possible to derive boundary conditions for a quite general
wall, but for validation purposes, we deal with gray lambert surfaces
only. A gray lambert surface is here defined as a surface that emits
an intensity distribution sufficiently near to independence of angle of
emission, so as to make the cosine-law assumption an acceptable
simplification. (Hottel and Sarofim, (1967)). Some of the flux arriving
at the wall is reflected back into the chamber and this is augmented
by the emission due to the temperature of the wall. Equating the wall
fluxes gives:

q, = (1-e)q_ + ceT,) (1.2.6)

where.q, and q_ are defined in section 1.2.2 and e and T, are the

emissivity and the temperature of the wall respectively. The wall is
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assumed to be opaque; that is the transmitted component is assumed

to be zero. This relationship is commonly found in the literature (see

Heaslet and Warming, (1964) for example).

1.2.4 The Energy Conservation Equation

Usually in a complete predictionprocedure for combustion chambers,
the temperatures are prescribed and we need to calculate the sources
due to radiative transfer. For theoretical purposes the reverse is more
convenient.

Defining the source S as the amount of heat generation per unit
volume and for a system in thermal equilibrium in the absence of conduction
and convection effects, the total amount of heat generation inside an
enclosure must be equal to the total amount of heat radiated through

the walls, that is:

vg = S (1.2.7)

The flux q is defined by eq. (1.2.2). Using the definition

of divergence, eq. (1.2.7) can be rewritten as

/ qdA= [ Sdv (1.2.8)
enclosure volume

Thus in theory we can now calculate the heat fluxes through
the walls and the sources or sinks (negative sources) inside the chamber
if temperatures are prescribed (or vice versa).

Sometimes intensity distributions may also be of interest although
most researchers seem to ignore them once the relevant equations are
derived. However, some very useful insight into the problem has been

gained by looking at intensity distrbutions as we shall see in Chapter 5.
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1.3 Existing Methods for the Calculation of Radiation Transfer

1.3.1 Analytical Approaches

In order to solve for the heat fluxes with temperatures prescribed,
it is usual to proceed in the following manner. The transport equation
(eq. 1.2.1) is first integrated along each ray, giving an integral
involving temperatures and exponentials (described in more detail in
section 6.1). After substituting the boundary conditions, the intensity
is further integrated weighted with the direction cosines over a whole
solid angle 47 in order to obtain the fluxes (see Chandrasekhar, (1960) for
example). This leads to rather complicated Bessel functions and
integrals (see section 2.2.3).

On the other hand if sources are prescribed, the transport
equation for one dimensional case integrates to (see Goulard and

Goulard, 1960 for example):

9+ 9w

oTH(Kx) = b Ep(KX) + 2 Ep(KL-Kx) + 3o

1 KL 4
t 6 oT " (Ky)Eq([Kx-Ky|) d(Ky) (1.3.1)

where
_X) e
e (x) = s elm " gy (1.3.2)
0

This expression leads to rather complex integrals. Some of these
are tabulated in (Chandrasekhar and Elbert (1952)). The complexity
of these equations can be appreciated by studying the one-dimensional
solutions of Heaslet and Warming (1964). Further analytical work

has also been carried out by Viskanta (1966) and Kourganoff (1963)

and others,
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1.3.2 The Electric Circuit Analogy

The transport equation integrated over 4w solid angle can be
rephrased in a form that suggests an analogy with an electric circuit
composed of resistances, voltage sources and current sources. This
was first discussed by Oppenheim (1956). Further details can be found
in various texts (see Sparrow and Cess (1966) for example). The electric

analogue is not widely used these days.

1.3.3 The Monte Carlo Method

This is a statistical approach based on random number generator
facility of the computer. Representative rays, typically no more than
9 for economic reasons, are fired in random directions. The required
quantities are then evaluated as each ray crosses the enclosure. By
taking enough rays any degree of accuracy is achievable, but systema-
tic errors can occur as existing tests to determine the randomness of
the generated numbers are not always sufficient. Prelmutter and

Howell (1964A,B) have used this method extensively.

1.3.4 The Zone Method

In the Zone Method, the walls and the interior of the enclosure
are divided into zones (surfaces and volumes) of finite size. 'Direct
exchange areas' also, referred to as view factors, are defined which
are a measure of the exchange occurring between zone pairs when no

reflections occur. For simple geometries these values have been tabulated
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(Hottel and Sarofim (1967) for example). The exchange between each

zone pair is then calculated using the integrated form of the transport
equation (eq. 1.2.1). In general, the procedure results in n simultaneous
equations for each zone where n is the total number of zones, and leads

2 X n2 matrix. All the view factors

to a simultaneous system with a n
between each pair of zones have to be stored along with this large
matrix. Provided the zone size is fine enough this numerical method is
probably capable of the better accuracy than the Monte Carlo procedure,
simply because one can never be sure of the accuracy of the random number
generator. The Zone Method has nonetheless some serious drawbacks, for
example the fact that view factors for some awkward geometries are not
readily available,or the frequent need for uneconomically fine grids,

and these have been studied by many researchers (Drake and Eckert (1959)
for example). Another principle drawback is the size of the matrix that
needs to be solved. Various special methods and "short cuts" to reduce
the size for particular cases have been developed, but for general
applications, this method proves expensive in terms of computational
economy, with perhaps a few isolated exceptions. Nevertheless it is a
useful method to compute solutions for test case geometries in order

to validate new methods.

1.3.5 Flux Methods or Differential Approximations

Flux methods are also known as differential approximations.
The basic idea behind most flux methods is to separate the directional
dependence from the spacial dependence of the intenstiy. Hence the

integro-differential equation reduces to a system of differential
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equations. Although the mathematics may appear to be rather different,
broadly all flux methods can be classed under two categories: the
continuous and the discontinuous types.

Examples of the continuous type include spherical harmonics,

momentum etc. see Fig. (1.2).

Fig. 1.2 Typical intensity distribution solution of a

continuous type-flux method

Perhaps one of the simplest continuous approximations is the 'diffusion
or the 'Rosseland' (1936) approximation. Here the intensity distri-
bution is assumed to be isotropic. This approximation gives good
results for optically thick limits and has become one of the standard
tests for any model. The optica]]y.thick result for flux obtained

by this method is

4
4 d(oT
q = -'3—K X (].33)

where x is measured from a boundary wall.

The Rosseland approximation has been modified in many different
ways (see Deissler, (1964) for example). If the transfer equation is
considered in the integrated form Eq.(1.3.1), then the kernals that
appear under the integrations may be expressed as a series of exponentials.
This method is known as the exponential kernal approximation (Krook (1955).

A similar approach, but where the series is approximated by spherical
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harmoinc kernals, is known as the spherical harmonics method (see Siddall,
(1974) for example). In general one can assume any series expansion for
the intensity in various kernals and then multiply the transport equation
by each kernal and integrate to yield a set of first order interconnected
differential equations. Such formulations are known as the moment
methods (Chandrasekhar, (1960) for example). Some modifications to this
approach are reported by 01fe (1967) all of which can still be classed
as continuous flux methods.

Examples of discontinuous methods include the 2, 4 and 6 flux
methods of the Spalding (1972) and Gosman and Lockwood (1973), type

discrete ordinate models etc. see fig. 1.3.

Fig. 1.3 Typical intensity distribution solution of

a discontinuous type flux method

The Eddington approximation (1960) is perhaps one of the earliest of
these type. The Schuster (1905) and Schwarzchild (1906) approximations
are also along similar Tines. Gosman and Lockwood (1973) have also
developed models based on the assumption of uniform intensity value
within equal discrete solid angles. Richter (1974) has gone a step
further by allowing the solid angles to vary.ln ,he discrete ordinate
method used by Truelove (1976) in addition to uniform intensities in
certain solid angles, weighted intensities are summed when the fluxes

and sources in the chamber are calculated.
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Both the continuous and the discontinuous flux models finally
yield a set of first order differential equations (hence the term
differential approximations). In principal the number of equations
equals the number of terms retained in the series expansion or the
number of fluxes considered. For some methods this can be easily reduced
to a lower number of higher order differential equations. The more the
number of equations, the more are the number of coefficients to be
stored per node. In other words we have in general a three-dimensional
matrix to store for each coefficient. A model where we only need to
store half the coefficients through the solution of second order, rather
than first order, differential equations has obvious merit. Although
still higher order differential equations would reduce the storage
problems, the actual solution procedures are more cumbersome in practice.

It is worthy of note that certain expansions will 'fit' certain
situations better simply because of the nature of solution. Hence methods
that work in certain co-ordinate systems may not necessarily perform

equally well in other systems.
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CHAPTER 2

CONSIDERATION OF THE VALUE OF ANALYTICAL TREATMENTS

2.1 Value of Analytic Solutions

When new general, usually numerical, models are created they
have to be systematically tested. Usually a few very simple cases
are studied even though most models with reasonable assumptions are
bound to work, say, for the one-dimensional cartesian case with
constant source. Conclusions are then made regarding other co-ordinate
systems and more dimensions. However what works for a one-dimensional
cartesian geometry will not necessarily work for the cylindrical
transformation or indeed even a two-dimensional cartesian geometry.

Now even one-dimensional validation can be further subdivided into two
groups, namely, one with the sources specified and the other with
temperatures specified. Therefore the range of test cases that may
have to be studied is potentially enormous.

A thorough study would entail calculating for each possible permu-
tation, a 'Zone' solution and then comparing with the solution obtained
from the test model. But this often proves tedious and expensive of
computer time and the accuracy sought by a particular analyst may not
be of the same importance as that of the user. For instance, for a
particular method the temperature predictions may be bad, but
flux predictions may be excellent. Hence for some specific users,
this method may be ideal whilst those interested in temperatures only,
may not find the method so uséfu].

_An attempt has been made in the following section to collect
together useful analytic solutions. Some of these are readily

available while some may be new. Also, in section 2.2.4, some useful
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sources of Zone and Monte Carlo solutions are mentioned. Further

analytic solutions are also presented in Chapter 7.

2.2 Some Analytic Solutions

2.2.1 One-Dimensional Cartesian Geometry with Specified Constant

Interior Source

This is probably one of the most well documented cases. Much
credit must be given to Heaslet and Warming (1964) since, although
there had been a considerable quantity of related and previous
analytical work, these authors have managed to avoid the need for awkward
tabulated functions.

Consider two infinitely Tong parallel walls 1 and 2 at
temperatures T] and T2 with emissivities € and €y respectively. The
walls are distance L apart and having a constant source S per unit
volume and a constant absorption coefficient K inside. Then the
flux at wall 1 is given by the following expression, Heaslet and
Warming (1964), eq. 18)

(oTgy = oT )0 - 2 [0 + |<L(l—2 - 1)Q)

G = (2.2.1)

1 1
T+ (—=+—-2)Q
S

and the temperature at any point distance x from wall 1 is given by

(Heaslet and Warming (1964),eq. 17),

OT]-aTH[B(K0 + (&5 - 100 ¢

4_ -4
dMy-oly = + z{og(KX) +
[ A S P KEES
1 %
(055 + 45 - 2) - (&5 TR e ¢ (£5 - DG 1) (G5 -0
1 —+ — -
tg e A (2.2.2)
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KL
where Q=127 e(Kx)EZ(Kx)d(Kx) (2.2.3)
0
KL
Qg = 2 6 eS(Kx)Ez(Kx)d(Kx) (2.2.4)
1 1 K
0 (Kx) = ?EZ(KX) t 5 ﬂ) G(Ky)E](Kx-Ky)d(Ky) (2.2.5)
1 1 K
eS(KX) =7+ ?-ﬁ)es(Ky)E](|Kx-Ky|)d(Ky) (2.2.6)
and
_] xy,N"2 4 2.2.7
E (x) = {) exp(- 1)u ! (2.2.7)

The above relations are very complicated and need theory for
special X and Y functions described by Chandrasekhar and Elbert
(1952) for their evaluation. However, © and Og can be represented
by two fairly simple sets of curves: Fig. 3.4 and Fig. 3.5; Q is given

by the table (3.2): Qs can be approximated to a good accuracy by:

KL
0 =~ (2.2.8)

and further gdbd approximations for 6 and 6g are

3 1
3Kk - KLY + %
0(kX)= ——— 2 (2.2.9)
1+ v’y KL
and
05(KX) = - 3[(kL)? - kPx] + K5+ 3 (2.2.10)

These results and graphs have been derived after much
mathematical manipulation and are well presented in Heaslet and

Warming (1964). ( These are also presented in fig. 3.4 and fig. 3.5)
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Further results and graphs for different emissivities are also presented
in the same paper. These results constitute a good base for judging
models, but of course this one case alone is not sufficient.

For two and three dimensional validation, and for interior
sources prescribed, we have to resort to Zone solutions. Again for a
thorough study, various optical thicknesses coupled with various values

for wall emissivities have to be considered.

2.2.2 One-Dimensional Cartesian Geometry With Constant Interior

Temperature

We have so far emphasized source prescribed problems. This 1is
not surprising since, while detailed information about intensity at
every point is relatively unimportant and impossible to store economically,
fluxes are easy to compare. Therefore the transport equation (eq. 1.3.1)
is more often utilised for analytic solutions. Hence it is
mathematically more tempting to look for solutions for situations
where the source is zero.

However, in the present flow programmes at Imperial Collede,
temperatures are prescribed and the radiation sources have to be
evaluated. This class of situations has not received enough attention
by researchers of analytic solutions.

As an initial example of an analytically tractable prescribed-
temperature problem, consider two infinitely long parallel black
walls 1 and 2 at temperatures T] and T2 respectively. The walls are
distance L apart and have isothermal gas at Tg with absorption
coefficient K. The transport equation eq. (1.2.1) may be integrated

along the ray to yield:
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I =—9 4K (2.2.11)

where A is a constant of integration. Hence, for rays emerging from
black wall 1 at X = 0, the intensity from eq. (2.2.11) at distance

x from the wall is given by

4 Kx qu _ Kx

ol .
=—9(1 - e CosB) + — e TosSE
I, - (1 - e coso) + — & C0sB (2.2.12)

where ¢ is the angle of the ray with the X axis. Similarly for rays
emerging from the black wall 2 at x = L, the intensity as deduced

from eq. (2.2.11) at distance x from the first wall is

oT? K(L-x) ng K(L-x)
I_=—3(1 -0 )+ Ffe (2.2.13)

Substituting the values of intensities from eqs. (2.2.12) and
(2.2.13) into the definitions for q, and q_ (eq. 1.2.3. and eq. 1.2.4)

respectively, the following solutions may be derived,

qQ, ng [1 - 265(Kx)] + oT} 2E,(Kx) (2.2.14)

and

4
q. = oTg [1 = 2E5(Ke = KL)] + oT5 2E5(Kx-KL) (2.2.15)

where E5 is defined by eqg. (2.2.7). Hence the flux out of wall 2

is given by

Gz = (0Tg = 0T} [1 - 2E4(KL)]+ oT - oT3 (2.2.16)

and f[ux out of wall 1 is

4 4 4 4
- Q= (oTg - oTp) [1- 2E4(K)] + 0T, - oT; (2.2.17)
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Tables exist for E3 hence the flux solutions for various values
of optical thicknesses can be evaluated.

For situations with non black walls with emissivities €1 and €9

4
1

by 1],say and ng is replaced by 12. Then using egs. (2.2.14) and

respectively, a similar approach is followed except that oT; is replaced

(2.2.15) and applying the boundary cordition (1.2.6), we get the

following two simultaneous equations in I] and 12

I, = (]'€1){°Tg [1 - 2EKL))+ I42E40KL))

. g]gT? (2.2.18)

and

4

I, = (1 - 52){0Tg (1 - 2E3(KL)] + 122E3(KL)}

+ e 0T (2.2.19)
2972

The values of I, and I, can be evaluated . So the flux out of walls
1 and 2 is given by eq. (2.2.17) and eq. (2.2.16) with OT? and
ng replaced I] and I2 respectively.

The above analysis brings to light the usefulness of the terms

q, and q_ which in the past have been utilised only in so far as formulat-

ing the boundary conditions was concerned.

2.2.3 Two-Dimensional Cartesian Geometry; in the form of a rectangle,

.cold balck walls with constant interior temperature

The solution presented in this section has been provided by

Gibb (1977) in a private communication. Adopting a similar approach
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to that of the last section, the sphere of analytical solutions
can now be expanded to other geometries.

Consider a rectangular box with dimensions a by b and infinitely
long in the third direction. The walls are all black and at 0%. The
enclosed gas is at a constant temperature Tg and has an absorption
coefficient K. Then, from appendix (A2.1), the flux from a point

distance x from the centre of wall length a is given by

Ka
na ] ‘
—Sz-= 2y L(u-ug]) - L {[(u-uo)2 +K2b2]2'}du (2.2.20)
of: T _Ka
g 2
where ugy = KX and L(Z) = Ky(Z) - KiZ(Z). Here K, is the modified

K Bessel function of order zero, and Kiz, the twicerepeated integral
of KO. These functions are usually available on computers. Hence
eq. (2.2.20) can be evaluated to a good accuracy using a simple
numerical quadrature technique. An example for a square of unity

opitical thickness has been presented by Lockwood and Shah (1978).

2.2.4 Some Useful Sources for Zone and Monte Carlo Solutions

The generalisation of analytical solutions beyond what has
been described in this Chapter is, both mathematically and
quantatively,-too difficult to handle.

DeMarco and Lockwood (1974), and Lockwood and Shah (1976) have
employed some three-dimensional Monte Carlo solutions provided by
Gibb aéd Jenner (1974) for a model testing. Two further three-

dimensional zone solutions are presented by Truelove (1976). Analytical
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solutions for two-dimensional problems with different boundary
conditions are presented in Breig and Crosbie (1974).

For one-dimensional axisymetric, cylindrical problems, Monte
Carlo solutions can be found in Deissler (1964) and Prelmutter and
Howell (1964). A Monte Carlo solution for an infinite cylinder has
been presented by Cess (1966). For two-dimensional axisymmetric
problems, a number of zone solutions are presented by Bartelds (1976).
A Monte Carlo solution has also been provided by Gibb (1974) and
is presented in Chapter 7. Further Zone solutions for specialised
axisymmetric geometries can be found in Selcuk, Siddall and Beer
(1976). While this list is not exhaustive, it forms a reasonably wide

base for evaluation of radiative transfer models.
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CHAPTER 3

THE PRESENT FLUX METHOD IN CARTESIAN COORDINATES

3.1 Formulation

3.1.1 Choice of Series

As for most physical problems, once the mathematical representation
has been formulated, a numerical solution is derived by calculating values
at given and convenient points and assuming that the intermediate values
can be approximated by some simple smocth function. For scalars, one
value per point is required, and for vectors, three values per point.

Here the intensity has different values in different directions and
these values may not necessarily be related. In general, therefore
values for all discrete directions at every point need to be stored,
as a consequence of this consideration some assumption about the intensity
distribution has to be imposed to allow the economic solution of the
transport equation. Since the intensity depends on direction, for a

point p, we choose to expand the Taylor's series along the direction
cosines in the following way:
] ] ] I2 I2 l2
I = A]X + A2Y + A3Z + B]X + BZY + B3Z (3.1.1)
where A],AZ,A3,B],B2 and B3 are spacial coefficients independent of
direction, and X', Y' and Z' are direction cosines in the i, j and k
directionsrespectively (see fig. 3.1). More generally X', Y' and Z'

may be replaced by ¢, m, and n for a general orthogonal coordinate

system. DeMarco (1974A) uses a similar series with a slightly different

notation.
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I(xy'.z")

Fig. 3.1 The cartesian coordinate system

Notice that the constant term has been dropped from eq. (3.1.1).
This is because the sum of squares of direction cosines equals unity,
SO0 when B],B2 and B3 are all equal we obtain the constant term. The
cross terms have also been dropped to 1imit the number of parameters,
and as will be shown later, neglecting the cross terms reduces the
system from the expected six first order one to a three second order one

so that only three of the six parameters need to be stored.

3.1.2 The Surfaces of Integration

Consider a sphere of unit radius with centre at point P (fig. 3.2)
and a p]@ne, passsing through a point (X", 0,0) whose normal is the
positive X axis. The smaller surface of the sphere obtained by the
intersection of the plane is considered for integration. The value of

X" 1ies between 0 and +1. The corresponding surface for the negative
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=
—

!l—t —f= — =
7

Fig. 3.2 The integration surfaces

direction is restricted to be the intersection with the sphere of the
plane which passes through (-X", 0,0) and whose normal is the negative
X axis. This restriction is imposed in order to keep the number of
parameters small and also to obtain a compact set of final equations.
The remaining pairs of surfaces are obtained in a similar fashion by
fixing Y" and Z". In DeMarco's (1974) works, the values of X", Y" and
Z" are all zero. For many problems the magnitude of the radiation
intensity in some directions may be very much more significant than in
others. It is expected that the solutions can be improved by varying,

in an appropriate way the relative sizes of these surfaces of integration.
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From the economic point of view, it is to be hoped that a satisfactory
formulation will not necessitate a complicated set of three-dimensional
tables of recommendations for the values of X", Y" and Z". A simple

formulation is sought.

3.1.3 Derivation of the Flux Equations

For a Cartesian coordinate system, the transport equation,

eq. (1.2.1), can for a particular ray, be rewritten in the form:

4
S2(1.x') + 1Y) + B(1.2) = - KD+ K;T (3.1.2)

where X', Y' and Z' are the direction cosines of the ray and (I.X'),
(I.Y'), (I.Z') implies the components of intensity on X, Y and Z axis
for the ray. The remaining symbols have their usual meanings.

The series for I (3.1.1) is next substituted in the above form

to yield:
SIA X'2+A2X'Y'+A3X'Z'+B]X'3+BZX'Y'2+B3X'Z'?]
" sg{A]x'Y‘+A2Y'2+A3Y'Z'+B]Y'x'2+32Y'3+B3Y'z'?]
+ SSIAX T A T A7 2B X 22 4BV 2 4B 7Y

4
Z|2 + KOT

d ] 1 1 |2 I2
= = K[A{X"+AY ' +A 7' +B X" “+B,Y ' S4B, (3.1.3)
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Six integrations are now performed on eq. (3.1.3) over the
surfaces described in section 3.1.2 above to yield a set of six first
order partial differential equations. The integrations are shown in
Appendix A3.1. Similar integrations also occur in DeMarco's thesis

(1974) , but only for the special case where X" = Y" = Z" = 0. After

further inverting of the matrix, the following set of Ist order equations

may be derived:

W)— {(] X"Z)C} = A] (3']'4)
] Il2
_.EZYTVIE; ay {(1-Y"9) 3 = A, (3.1.5)
1 3 3 KoT
- m _37 [(]-X" )A]J = KB] = - (3]'7)
1 3 n3 KoT
--sz;:§5 3y 7Y ‘)AZ] = KB, - = (3.1.8)
V3 g8 - KB. - KoT* 3.1.9
(]_2"3) Y 3] -3 n (3.1.9)

where C;, C2 and C3 are defined as follows:

2 2 2
_ 'l+XII 'I_Xll ]_Xll
C) = 5By + 8, + 3 8, (3.1.10)
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1-yn2

'I Yll2 IIYI|2

2 =By +—7

'I_ZIIZ _ZII2 ]+ZII2

1
3=TB] +—TBZ +——-2-—B3 (3.].]2)

As stated earlier, a simple recommendation for the parameters
X", Y" and Z" is sought. One particular simplification is to let the
parameters vary with respect to the optical thickness only. In this

case eqs. (3.1.4) to (3.1.9) can be re-stated more simply as follows:

BC]
"X - A, (3.1.13)
oC,
-m =A2 (3.].]4)
8C3
"z - A3 (3.1.15)
KoT?

- 5§A] = KBy - - (3.1.16)
_ o - g, - KoT* (3.1.17)
Yy 2 T2 Ll e

5 koT?
- 5§A3 = KB - - (3.1.18)

These are the same as eqs. (3) to (8) in Lockwood and Shah (1976).
The parameters are included in the definitionsof Cy, C2 and Cs-

For calculations of radiative transfer using the present model,
values of C], C2 and C3 only need be stored. The other coefficients

are easily calculated when needed. The simple form of this
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system, especially egs. (3.1.13) to (3.1.18) is due to the parti-

cular form of the assumed series (eq. (3.1.1)).

3.1.4 Heat Flux and Energy Conservation Equations

The net heat flux is defined in Chapter 1, eq. (1.2.2). After

substituting the present variables, we obtain:

Y'dX-X'dY
( 1 Z'2

= TI(X,Y'LZY) L (XYY )dz' (3.1.19)
4

On substitution of the series (3.1.1) this reduces to

q ——(A], 23A3) (3.1.20)

Similarly the following expression can be derived, using the

definition (1.2.3), for q, in the positive x direction,

o B, B, B3
+ (3A +2 +-4—-+z—) (3.].2])

The expression for q_ is similar to eq. (3.1.21) except that the

coefficient of A] is negative. For the flux at a black wall, at tempera-

ture TW’ and normal in the positive x direction, we can use
4

3
q = -3—A.| “'-2——-"u—- 4—+ T (3-].22)

as a better estimate than the expression given by eq. (3.1.20), since
the positive component of q is only that emmited by the temperature

ofi the wall. We shall usually use eq. (3.1.20) unless otherwise specified.
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Here again the choice of the series has helped to reduce eq. (3.1.19)
to the simple form of eq. (3.1.20).and eq. (3.1.21).
The energy conservation equation eq. (1.2.7) is presented in

Chapter 1. For the Cartesian coordinates it reduces to:

xla-di) + d—y(&-i) + z(9-K) =5 (3.1.23)

Substituting the series and using egs. (3.1.4), (3.1.5) and (3.1.6), the

energy conservation equation may be rewritten as:

1 3 n 1 d 2
—_— 2 (1-X")C )+ ——— =2 {(1-Y"O)CL)
K(]_xuz) 90X ) ] K(]"Y"z) 3)’ ( ) 2
1 ) 2 3
+ —— 2 {(1-1"9)C,)} =-S5 3.1.24
K(]'Z“z) Y4 3 4TT ( )

If for a particular problem the temperature field is prescribed,
then (3.1.24) is used to calculate the sources. If however sources
are prescribed, then for a Cartesian system and, for constant X", Y"

and Z", eq. (3.1.24) reduces to

+ By + By) - —o— = - (3.1.25)

Wl =

(B

3.1.5 Boundary Conditions

The boundary condition for a lambert surface is defined in
Chapter 1 (eq. 1.2.6). Substituting the Taylor's series assumption

(3.1.1) for expressions g, and q_ (eq. 3.1.21) we obtain:
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4
2A B B B €y, 0l
1 2 3 W'W 2
(1) (- — + ?l tr I_) t—— = 3A]XQ + Gy (3.1.26)
ML
where Q= (W) (3.1.27)

The above equation holds for a wall whose normal is parallel
to the positive X axis. For the wall whose normal aligns with the negative

negative X axis, eq. (1.2.6) reduces to:

4
2A, B, B, B euaT
1,5 B2 B3 WO W 20 v 4 c

(]-gw)(—g— R e 1_) + - = - 3A] Q 1 (3.1.28)

Similar expressions can be easily derived for the other two coordinate

directions by rotating the variables cyclicaly.

3.2 One-Dimensional Cartesian Validation Studies and Some

Recommendations for the Parameters

3.2.1 One-Dimensional Optically Thick Solution

The system described in section 3.1 is a general three-
dimensional geometry. We choose to commence testing its validity
from the starting point of simpler geometries. As explained earlier,
a major validation problem is the lack of analytical solutions and
also the enormous number of test cases that need to be studied.

Again a single recommendation for X" for each optical
thickness is sought. For one dimensional gray system, the eqs. (3.1.13)
to (3.1.18) reduce to:

aC

]
A, = 'K'gxl' (3.2.1)
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A, =0 (3.2.2)
Ay =0 (3.2.3)
2
d°c 4
- ]1(__21 - - KB, + Kol (3.2.4)
dX T
4
B, = 9_ (3.2.5)
2 m
4
.
)
B, - 2 (3.2.6)

The definition forC] remains the same as eq. (3.1.10) and the boundary

conditions (3.1.26) and (3.1.28) reduce to

4

1+X dC ol o B B B

2 Q 1 1T _ -1 1 4 3
e -Vt g G Nt ) (3.2.7)

at wall 1 and at wall 2,
4

T+X dC oT C B B B

2 Q 1 2 _ -1 _ 0 _ 1 2 3
--B-K( 82 - ])HX_+T_EE (€_2 ])(2—4"1—"}'2[—) (3.2.8)

Considering first the 1imit of an optically thick system, it is
convenient to define a non-dimensional parameter o and a Tength scale

parameter ¢ such that:

K = L and X = (3.2.9)

Q
o
%

Now a~o implies KL+, The egs. (3.2.2), (3.2.3), (3.2.5) and

(3.2.6) remain as before. Eq. (3.2.4) reduces to:

2
dC 4
1 1 _ ol
a—d—x?—— a(B] —ﬂj—- s (3.2.]0)

and the boundary condition (3.2.7) becomes
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4
dC] oT] C] 82 B3

3 €1 B 7dX + T _ET- (—- ])(2 T T) (3.2.]])

Eq. (3.2.8) can be similarly transformed. In the 1imit as a -0,

eq. (3.2.4) reduces to:

B, = 9 (3.2.12)

The solution does not depend on the value of the parameter

Xt (hence X"). Also the solution does not involve the boundary condition.

Q
This is because we have a typical singular perturbation problem in which
the boundary condition only influences a boundary layer of thickness
O(a). The complete solution is therefore composed of inner and outer
components of which eq. (3.2.12) constitutes the outer solution.

To obtain the inner solution at a point X, whose distance

from Xy» @ point on the boundary, is of order a, it is necessary to

stretch the coordinate x, given by

(x, - x,)
X, = -%g—l (3.2.13)

Further C] is also expanded in Taylor's series defined as follows:
C, =D, + aDy+ ... (3.2.14)

Substituting eq. (3.2.13) into eq. (3.2.4) to magnify the dimensions

and equating terms of order zero, we obtain (eq. A3.2.5):

2
d2p 4
°_pg, -9 (3.2.15)
2 1 T
dx’

The dimensions in the boundary condition eq. (3.2.11) are similarly
stretched and we solve the flux equations. Referring to appendix

A3.2. The net flux is given by eq. (A3.2.4)
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dr?
X

&

9=-3 (3.2.16)

~

The above result is also known as diffusion approximation or Rosseland
(1936) approximation. The temperature slip near the wall is (refer

to appendix eq. A3.2.14):

14X 2 2, -4
4 41, 1. X8 d?(oTh
OTO OTw = 7( E] ])q-l + -2-(] + E]—) dX2 (3.2.]7)
n

where TO is the temperature adjacent to the wall and P is the flux out
of the wall. The Diessler's temperature jump at the boundary

(Diessler, 1964) is obtained by simply putting X" = O(XQ = 1). Using

this is a boundary condition, he concludes that the diffusion approximation
solution is improved for comparatively low values of optical thicknesses.
It is hoped that by specifying relatively simple recommendations for

values of X", still more accurate results will be possible.

3.2.2 One-Dimensional Optically Thin Solution

For an optically thin system, it is convenient to define a

non-dimensional parameter o and a length scale parameter ¢ such that:

K = and X = je. L' =% (3.2.18)

%

a
¢
Now as a~+o0 implies KL -+ o. C1 is expanded in Taylor's series from in
a similar manner to eq. (3.2.14). As before, we substitute these new
variables into eq. (3.2.4) and the boundary condition (3.2.7) and
solve-the resulting equations(refer to appendix A3.3). The net flux

is given by eq. (A3.3.13); substituting X" = 0.0, the net flux out of

wall is given by
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ng - oT]
% -Q_”__ 0 (3.2,19)
1 2

This is the standard 0ptica1]y thin solution (see Ozisik (1973), for
instance).

e conclude from the preceeding results that for optically
thin Timits, the recommendation for X" is 0.0. While the net flux

for optically thick Timit does not depend on the value of X",
whieh - what  we would chPth

3.2.3 One-Dimensional Test Case with Constant Interior Source

The analytical solution for this test case has been presented
in section 2.2.1 and also by Heaslet and Warming (1964). In the
present analysis the value of the parameter X" is assumed to vary with
the optical thickness only. Therefore eqs. (3.2.1) to (3.2.6) and eq.
(3.1.25) together with the boundary conditions (3.2.7) and (3.2.8) are
used. More generally, the flux equations (3.1.4) to (3.1.9) should
be used for the analysis.

Consider two infinitely long parallel walls 1 and 2, with
emissivities €] and e, and at temperatures T] and T2 respectively.

The walls are distance L apart and the gas inside has a uniform
absorption coefficient K and a uniform heat source S. Then the wall
fluxes are given by (refer to appendix A3.4):

- i} s (oT] - oT)ax - LS{(l—? S em -

Qu, = Qy, ~ = (3.2.20)
Wy Wp T ] +(l__+ LI 2)Q**
1 %2
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where
Q* =.___l_§__ (3.2.21)
xQ+Im
Q** = (I;EQ)Q* (3.2.22)

and where XQ is defined by eq. (3.1.27). Comparing eq. (3.2.20) with
the analytic solution, eq. (2.2.1), it is evident that the recommended
values of XQ and therefore of X" should be chosen by comparing the
analytic values of Q with either the expression for Q* or Q** depending
on whether the wall temperatures, emissivities or the heat sources
are of predominant interest. There is, however, not much difference
between Q* and Q**. In order to keep to a simple recommendation,
we choose to use the expression for Q* from eq. (3.2.20) and the
analytical value of Q (table 3.2) on the left-hand side in order to
solve for XQ and hence X" for various values of optical thicknesses.
Hence, we get a set of recommendations for XQ for these values of
optical thickness; recorded in table 3.1 which yield exact fluxes
for one-dimensional problems with prescribed source. The corresponding
values of X" (evaluated using a Newton-Raphson technique) are also
presented in table 3.1. The intermediate values of X" can be evaluated
using Fig. 3.3 or using a simple linear interpolation. For values
of optical thickness greater than 3.0 the recommended values of XQ
and X" are 1.066 and 0.291 respectively.

If the value of X, is assumed to be unity (X" = 0), both

Q
eq. (3.2.21) and eq. (3.2.22) reduce to:

Q* =-——ljg—— (3.2.23)
1 +IKL
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T XQ X"
0.0 1.0 0.0
0.1 1.017 0.139
0.2 1.028 0.181
0.3 1.035 0.1207
0.4 1.041 0.224
0.5 1.045 0.237
0.6 1.049 0.247
0.8 1.054 0.261
1.0 1.058 0.271
1.5 1.062 0.282
2.0 1.064 0.287
2.5 1.065 0.290
3.0 | 1.066 0.291

Table 3.1 The recommended values for XQ and X" for various
optical thicknesses for one-dimensional Cartesian

geometry with sources prescribed.
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This is a good approximation to the analytical solution
(Table 3.2), with a maximum error of 3.4%. Of course the percentage

errors are reduced to zero for the recommended values of XQ from

Table 3.1

" 9 o (9*-0)1.00
0.0 1.0 1.0 0
0.1 0.9157 0.9303 1.6
0.2 0.8491 0.8695 2.4
0.3 0.7934 0.8163 2.9
0.4 0.7458 0.7672 3.2
0.5 0.7040 0.7272 3.3
0.6 0.6672 0.6896 3.4
0.8 0.6046 0.6250 3.4
1.0 0.5532 0.5714 3.3
1.5 0.4572 0.4706 3.0
2.0 0.3900 0.4000 2.6
2.5 0.3401 0.3478 2.3
3.0 0.3016 0.3077 0.4

Table 3.2 Comparison of flux model solution (*) for XQ =1 with

exact solution for one-dimensional radiation

Considering now the solution for the temperature distribution

between the plates, we note from appendix A3.4 (eq. A3.4.9) that

-

|7<
| —

Q¢ = (3.2.24)

This does not depend on the values of the parameters.
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Fig. 3.4 Comparison of exact (Heaslet and Warming, 1964)

and flux model solution for ©
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Two sets of solutions for g* and e§ using eqs. (A3.4.10)
and (A3.4.11) respectively are plotted against the analytical solutions
Fig. 3.4 and Fig. 3.5 respectively. One set of results is for the
case XQ = 1(X" = 0.0) and the other set is obtained using the recommended
values of XQ obtained from table 3.1. The solutions for both 6* and 6%
for this particular set of recommended values of XQ, are worse than
for the simple recommendation of XQ = 1.0, while the flux agreement is
better for the values 6f Table 3.1 rather than for XQ = 1.0. It would
be possible to find a set of XQ where the reverse is true. Therefore
we can conclude from this that X" is a function of more variables
than just the optical thickness. Wall temperatures, emissivities,
interior source strengthes are just some of them.

For XQ = 1, the expression for 6* and 6% (egs. (A3.4.10) and

(A3.4.11)) reduce to:

1,3

+ 5(KL-KX)
e* = -2- _43 (3-2.25)
(1+ ZKL)
and 6f = - FKEx(X-L) + E—L +3 (3.2.26)

The expressions for Q*, Q*, 6* and 0% (egs. (3.2.23)) are &ll
identical to similar approximations obtained by Heaslet and Warming

(1964).

3.2.4 One-Dimensional Cartesian Test Case with Constant Interior

Temperature

The analytical solutions for this test case has been presented

in section 2.2.2. As in the previous section, the parameter X" is
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assumed to vary with the optical thickness only. Hence for this test
case eqs. (3.2.1) to (3.2.6) and the boundary conditions (3.2.7) and
(3.2.8) are used.

Consider two infinitely long parallel cold black walls 1 and
2. The walls are distance L apart, and the gas inside has a uniform
absorption coefficient K and is at a uniform temperature Tg. The wall
fluxes are calculated using expression (3.1.22). The net flux at wall 1
is calculated numerically (fig. 3.6). Values of X" and XQ were then

adjusted by trial and error to give numerically exact solutions.

Table 3.3 and fig. 3.7 show these recommendations.

T XQ X"
0.0 1.0 0.0
0.1 1.042 0.228
0.2 1.070 0.301
0.3 1.091 0.350
0.4 1.107 0.385
0.5 1.120 0.412
0.6 1.130 0.431
0.7 1.137 0.444
0.8 1.141 0.452
0.9 1.143 0.456
1.0 1.143 0.456
1.5 1.123 0.417
2.0 1.101 0.373
. 2.5 1.091 0.350
3.0 1.088 0.3

Table 3.3 The recommended values for XQ and X" for various

optical thicknesses for one-dimensional Cartesian

geometry with temperatures prescribed.
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We now have two sets of tables, one for temperature specified
problems and one for source specified problems. It is to be hoped that
the recommendations obtained in these two sections will carry through
for the corresponding problems in two ard three dimensional geometries.

We shall now turn to this question.

3.2.5 Two-Dimensional Cartesian Test Case With Constant Interior

Temperature

The one-dimensional recommendations for "2 and XQ (table 3.3)
have given better heat flux solutions through the walls. We would Tike
to test these recommendations to see whether they can be extended into
two and indeed three dimensions. The main difficulty is to produce
and compare the enormous number of solutions for all the permutations
of these cases. An analytical solution for a simple two dimensional
test case has been presented in section 2.2.3.

Consider an infinitely long square cavity with cold black walls
The gas inside is at a uniform temperature (ng = 1.0) and the optical
thickness of the cavity is 1 x 1 in both co-ordinate directions. The
wall fluxes are calculated using expression (3.1.22). The analytical
solution of heat flux along one of the walls is in Fig. 3.8,p]otted
for two values of X": (i) X" = 0.0, (ii) X" = 0.456. The flux model
solution has been obtained by numerical techniques. For the first
case the flux agreement is reasonable in the centre regions but becomes
worse as we approach the corners. While the flux for the recommended

value is better at the centre it worsens near the corners. Hence the
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Fig. 3.8 Comparison of exact and two flux solutions of flux out of a

wall for a two-dimensional constant temperature case
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deductions made from one dimensional cases must be employed with

caution to two and three-dimensional cases.
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CHAPTER 4

THE PRESENT FLUX MODEL IN CYLINDRICAL COORDINATES

4.1 Formulation

4.1.1 Transformation of Radiative Transport Equation to Cylindrical

Coordinates

As mentioned earlier in Chapter one, one of the difficulties
of dealing with the radiative transfer is the problem of associating
the intensity with a known group of mathematical entities and hence
of being able to apply the transformations associated with the group.
Intensity is not a scalar quantity because it has directional properties.
But more importantly intensity is not a vector in the traditional sense
of the term because a vector at any point has resultant which has a
magnitude in only one direction. Once the direction of the ray is
fixed, intensity can be treated as a scalar quantity. The transport
equation relates neighbouring intensities for a particular ray, not two
intensities in neighbouring directions.

In a good deal of the earlier literature (see Truelove, 1975)
the left hand side of the transport equation has the del notation
(v.9)I (eq. 4.1.1) whichappears ina special sense. The del notation
is expanded as a dot product of a divergence vector operator with the
direction cosine vector yielding a scalar operator on intensity. This
yields the same expression as gé-for a cartesian coordinate system. But
this interpretation of del notation does not yield the same expression
as g%-if the standard transformations of divergence to other coordinate

systems are employed. This will now be proved for the cylindrical

systen.

4
(.91 = -kI + KT (4.1.1)
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Fig. 4.1 Coordinates for cylindrical system

Fig. 4.1 describes the co-ordinate system used. Eq. (4.1.2)

relates as with r, 6 and z.

2 4 dz2 (4.1.2)

ds2 = dr2 + rzde
The chain rule is applied to yield:

d _ 3 dr,
dS " 3rds "3

IQ)

dz
s (4.1.3)

(e3> [e5]
N

do
H§+

o)

Further the following relationships can easily be derived:

gg = sing cos¢ = r' (4.1.4)
d _d _ sing sing _ 0" 4.1.5
O __d4d _ 351 sing _ 09 (4.1.5)
ds ds r r

and dz cosd = Z' (4.1.6)
ds . L]

where r', ¢ and z' are direction cosines in r, © and z directions.

Substituting (4.1.4), (4.1.5) and (4.1.6) into (4.1.3) yields:
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dl _ 2 ' _9 ‘ _ 9 '
T = gllrt) + gt + 2 {1.7' (4.1.7)

This transformation agrees with that of (McCann and Whitacre, (1975)
Ozisik (1975) for example). However this transformation can also be
successfully achieved by using the del notation in eq. 4.1.1 as a

grad operator, but one needs to be very careful to obey the rules of

vector notations.

4,1.2 Derivation of the Flux Equations

To obtain the final equations, a method similar to that of
section 3.1 for the Cartesian case is used with similar assumptions,
except that now x, y and z axis are replaced by r, 0 and z axis. Hence

the series now becomes

2 4 B0'2 + Byz'? (4.1.8)

+ B 3

I = A]r' + Aze' + A3z' + B]r 2

where r', 0' and z' are direction cosines as before and A], A2, A3,
B], B2 and B3 are only dependent on special coordinates. The surface
of integration is now the intersection of a sphere of unit radius
with a plane normal to the radius axis and passing through the point
(r", 0,0) from the point P. The surfaces of integration about the ©
and ; directions are similarly defined. Here @" is denoted to mean

distance 0" from the point P on axis perpendicular to r and z axis,

that is the © axis. The transport equation (eq. 1.2.1) with the trans-
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formation (eq. 4.1.7) becomes

4
DI + L 2 1.0" + 0(I7%) = - KoT
ar{Ir}+rae{I.e}+Bz(Iz) KI + = (4.1.9)

The series (4.1.8) is next substituted in eq. (4.1.9) and integrated

as before to yield the following set of equations:

- 2 a-rfe = A (4.1.10)
K(1-r"")
1 1 23 2
- =2 {(1-0"°)C,} =A (4.1.11)
K(]_O..Z) r 20 2 2
1 ) 2
- ~ {(1-z"°)C;} =A (4.1.12)
K(]-z"z) 9z 3 3
4
] __a_ {('I Y'"3)A } _ K KOT
- __ - = KB, - (4.1.13)
(]_r||3) BY‘ ] ] ™
4
- _]T?g—e {((1-0"3)A,} = KB, - K(;T (4.1.14)
(1-6"7)
_ 1 _ 9 {(] n3 A _ K0T4
e -z") 3} = KB3 - = (4.1.15)
(1-2"%)
where C], C2 and C3 are defined as follows
llz - ll2 - |12
¢, =g+ g, I (4.1.16)
||2 ll2 ||2
_1-6 1+0 R 1-0 B (4.1.17)

=78 *—=%*"7 %
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]_2112 ]+Z"2

35— Bt Bt 8

(4.1.18)

Again simple recommendations for the parameters are sought.
For this system with the parameters related to the optical thickness

only simplifies to:

1 94
-KBT = A-l (4.].]9)
oC
1 %
-WW_ A2 (4.].20)
oC
1%
"K'—E— A3 (4.].2])
oA 4
R KB, - Ko T (4.1.22)
or m
oA 4
o % _ KoT
- = KB, - (4.1.23)
oA 4
3 KoT
-5y = KBy - = (4.1.24)

Notice the similarity between the eq. (4.1.10) to eq. (4.1.24) and
eq. (3.71.4) to eq. (3.1.18). There are three parameters for each
direction, and dx is replaced by dr and dy is replaced by rdo. Without
providing rigorous proof we may state that for any orthogonal system
X1s Xos X3, cCare being taken to define the series and surfaces of
integration, one would expect to obtain a similar set of equations with

appropriate dx], dx2, dx3 being the elemental length increments.
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Now eqs (4.1.19) to (4.1.24) can be reduced to the following three

second order equations

oC 4
9 1 1 _ _ KoT
g 5 = K8y - K (4.1.25)
C 4
1 %2 T
Pk 56 ) < 2 (4.1.26)
oC 4
3,1 °*3 _ KoT (4.1.27)

32k 520 = KB3 — =

Hence only C], C2 and C3 need be solved for. A similar
manipulation of eqs (4.1.10) to eq. (4.1.15) can be performed. The
simplicity and perhaps the familiar nature of the final equations is
a major advantage of the present method over some of the other available
flux methods. The present method can be readily incorporated into

existing finite difference schemes for the flow.

4.1.3 Boundary Conditions

The treatment of the boundary conditions is similar to that
of the cartesian case (section 3.1.3) after an appropriate replacement
of the variables. It is useful to write out all six boundary equations
in full,using relations (4.1.19) to (4.1.21).

Let” the inner radius wall be at r, and the outer radius wall
be at ry with emissivity €1 and P and at temperatures Ty and T2

respectively. Then the boundary conditions become

1+rQ BC] 1 B1 82 B3 OT? C]

e Ve Nt )t (4.1.28)
1

LI N

for the 1st wall and



T+r oC B B B ol
Q_ )21, ] 1,.2,3 2 _ 1 (4.1.29)

.3
1-r (4.1.30)

If the smaller angle is 0y then let wall three be at 04
and wall four at o, with emissivity €3 and g, and at temperatures

T3 and T4 respectively. Hence the boundary conditions for the theta

direction become

gﬁ—r(]:Q_1)—:%+(;_3-1)(;l+;£+2§.)+07@=c_§ (4.1.31)
for wall three and
_3§r(1:jo - 1)2;:2+(;_4_-1)(Z_]+§§+§3)+22=C_j (4.1.32)
for wall four with
9 =1—f§+§ (4.1.33)

Similarly if Z] is smaller than 22 then let wall five be
at Z] and wall six be at 22 with emissivity €5 and €6 and at temperatures

T5 and T6 respectively. Hence the boundary condition for the Z

direction becomes:

4
142 aC B B B ol C
2 Q _ 3,1 1. % "3 5 3
K N tE N e )t (4.1.34)
for wall five and
4
1+Z aC B B B ol C
2 Q _ 3, .1 1, % .53 6 _ 3
- -g-K( 66 ])z?'f‘ (q ])(-4—'*'-&—1‘—2—) +T = % (4.].35)



58

for wall 6, and ZQ defined as before in section 3.1.3.

The boundary conditions for a general orthogonal system
would be similar if the walls followed the axis. For skew walls
however, the boundary conditions are more complicated and they are

not dealt with in this work.

4.1.4 Relation Between Sources and Temperatures

So far the basic structure of the equations has remained
the same. This is primarily because the Taylor's series has been
related to the axis. But the flux-source relation is related to the
full enclosure so care must be taken in transforming this to other

coordinate systems.

Manipulations similar to those described in section (3.1.4)

yield the relation

4y

q = _3‘(A'|9 A2, A3) (4.].36)

The temperature and the source are connected via vq =S

(eq. 1.2.7). Using eq. (4.1.36) and div in cylindrical coordinates,
the following relation can easily be derived,

3(A;r)  9A, 9A
4r,1 1 2 3y _

§—(? —— t 13 * 32—) =S (4.1.37)
Substituting eqs. (4.1.19), (4.1.20) and (4.1.21) into

eq. (4.1.37) and rearranging the terms, gives the following relation

3C 4
196G ket k s
5K o T ow " 38y t Byt B3) =7 (4.1.38)




59

Note the extra partial derivative term. In changing to other orthogonal
systems, the terms that emerge from the del operator have to be
carefully handled. Further similar manipulations can be effected for

more general parameters using eqs. (4.1.13), (4.1.14) and (4.1.15).

4.2 Validation Studies in Cylindrical Coordinates

4.2.1 One-Dimensional Solution for an Infinite Cylinder with Black

Walls and Constant Source Inside

One dimensional axisymmetric problems can be divided into two
types: cylinders and annulii, since the boundary condition of the
inner wall for cylinders is different from that of annulii. The case

of cylinders is considered first. The governing equation is

2
d=C 4
1 1 _ _ KoT
'K'—(;Z = KB-l e (4-2.])

from eq. (4.1.25). On the axis there is no net flux so eq. (4.1.36)
and eq. (4.1.19),

oC
_ A4q _ 4w 71
q = _§'A] = - e = 0 (4.2.2)

The second boundary condition remains the same as eq. (4.1.29). This
system can now be solved with temperature replaced by using eq. (4.1.38).
Appendix A4.1 solves for only black walls, but results for non unity
values of wall emissivities can be derived using a similar approach.

The flux out of the circular wall is

Sr2

e (4.2.3)
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as in equation (A4.1.12). This result is what one would expect
from the energy balance equation as given by relation (A4.1.13).

The solution can be tested by examining the ratio of the
flux into the wall to the fourth power of the temperature difference

between the wall and the centre. The ratio (A4.1.16) is restated:

b = 'ZW ~ L (4.2.4)
(OTw'OTC) 3 n2 Q 3

1?6(]1‘}" )+2— + ﬁ‘ro

Here 14 = 2Kr, is the optical diameter.

Comparisons of the ratio ¢ evaluated by Monte-Carlo and that
evaluated by a differential approximation are presented by various
authors (see Cess, (1966) for example). Fig. 4.2 compares the
present model with r"2 = 0 and r"2 = 0.5 with the Monte Carlo solutions.
The value of r"2 = 0.5 has been chosen with the aid of Fig. 4.3 whose
derivation is explained in section 4.2.2. It can be seen that the
results are improved when the value of the parameter r" is 0.707
(r"2 = 0.5). For any particular problem with specified optical
thickness, finer adjustment of the parameters can yield better accuracy.
Because so many situations are possible and only very few solutions
are available, one can only conclude that the model works well for

the particular situation considered.
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4.2.2 One-dimensional Solution for an Infinitely Long Set of Co-axial

Cylinders with Constant Source Inside

The situation of the inner radius wall diminishing to zero is
not necessarily the same as that of a cylinder since in the first
case, there may be a net flux out of the inner wall, while in the
second case there is no net radial flux on the axis.

Now consider two concentric walls with both temperatures
and emissivities prescribed. Let there be a constant heat source
S per unit volume inside. The governing equation remains the same,
eq. (4.2.1) but the boundary conditions are now described by
eqs. (4.1.28) and (4.1.29). Since in this problem, the sources are
prescribed, Eq. (4.1.38) is used to elminate the temperature term
in the system. The solution of these equations is presented in Appendix
A4.2. The results will now be compared with some special restrictions.

As pointed out by many authors, Diessler (1964) and Cess (1966),
for instance, the differential type approximations fail for small
optical thicknesses especially if the inner radius is small as well.
This is also the case for the present model. From the eqs. (A4.2.9)
and (A4.2.11) and for no heat source and black walls, the following

relationship can be derived, for the ratio ¢, defined as
—= (1 +—=) (4.2.5)

This is equivalent to the Deissler (1964) eq. (31), first order
boundary jump solution. The parameter r" hence rq €an be used to
improve the solution in the optically thin regions, especially for r

tending to zero. Defining the optical thickness as Ty = K(rz—r]) s
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¢ can then be rewritten as

r r T r
¢ = —3(1 + 2 +—2— 0 n -2 (4.2.6)

r

for every ratio ?l » ¢ should equal 1 for small optical thicknesses.
2
That is
Q1+ ) =1 0 4.2.7
_—) = T~ > U. P
'2_( +Y‘2 as 0 ( )

This gives a set of recommendations for rQ hence r"2 and r".
If rQ is linearised to 1/1—r"2, a simple straight line recommendation

can be derived from the q. (4.2.7) and this is presented in fig. (4.3)

#

0.5

rll2

1.0
r,/r,
Fig. 4.3 Recommendation of rt2 for various inner

to outer radius ratios

For these recommended values of rQ, in the case of large
r

optical thicknesses and for the ratio ?l =1, approximates to
2

b =1 44T (4.2.8)

This is also the planar solution (eq. 3.2.22) as one would

expect.The optical thickness is plotted in Fig. 4.4 against the
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reciprocal values of ¢ using r" = 0 and the recommended values of

r"2 from fig. 4.3 and the Monte-Carlo results obtained from (Howell and
Prelmutter 1964) for three values of the ratio r]/rz. Ke note that
there is marked improvement compared to the specification of r" =0

everywhere for the simple straight line recommend values of r" from

fig. 4.3.
The next case examined is that of co-axial cylinders, with
r
radius ratio-Fl = 0.1 and constant source inside. The walls have
5 .

equal emissivities (e, say). The value of o is 2 and r"2 = 0.5
from figure 4.3. The ratio ¢ is obtained using eqs. (A4.2.9)

and (A4.2.11). After substitution of all of the values the following

expression for ¢ is obtained:

_ 1.55 1 0.853
¢ = 0.192 745 + ( ) - 0.55) + (EE - D= (4.2.9)
0
For rq = 1 and r" = 0 the expression for ¢ reduces to

4 =0.192 74+ (E— - 1)0.55 (4.2.10°
2

The inverse eqs. (4.2.9) and (4.2.10) are plotted on fig. 4.4 and 4.5,

While the recommendation for r" gave a better solution for the flux
r

for ?l = 0.1 for all optical thicknesses, with black walls in fig. 4.4,
2

the recommendation is in fact worse that than for r"2 = 0 for

other values of emissivities as shown in fig. 4.5. This shows that

the parameter r" is also dependent on the emissivity of the gases.

r
A table for pul for each ?l- with varying optical thicknesses could
2
be worked out, but this would be too cumbersome to apply in practice.
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Fig. 4.5 Comparison of eq. (4.2.9)
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CHAPTER 5

A PRINCIPAL FAILING OF THE FLUX MODEL AND SUGGESTED REMEDIES

5.1 The Relation of the Integration Surface Parameters to

Other Quantities

5.1.1 The relation between the surface integration parameters and mean

free path lengths

So far we have derived a system of three second order flux equations
(using eq. 3.1.4 to eq. 3.1.12) and six boundary conditions (eq. 3.1.22)
for Cartesian co-ordinates and corresponding equations (eqs. 4.1.10
to 4.1.12 and egs. 4.1.28 to 4.1.35) for cylindrical co-ordinates. Some
one-dimensional cases have been studied, and the flux solutions have
been compared with existing analytic and Monte Carlo solutions. It is
clear in all the cases studied that the parameters of the flux equations
depend on other factors than the optical thicknesses. Two sets of
recommendations for the relation between the parameters and the optical
thicknesses are presented in section 3.2 (fig. 3.3 and fig. 3.6), for
the Cartesian case and (fig. 4.3) for cylindrical case respectively.

We also saw in section 3.2.5 that the extension of the recommended
values of the parameters to two and three-dimensional geometries does
not yield the expected success, especially in the corner regions. Consider
two points on one of the side walls, for the infinitely long square
cavity with cold black walls, and hot gas at uniform temperature inside.
Let one point be at the centre and another near the corner. For the point
in the centre, all walls are distant by the same order of magnitude.

While for the second point, two walls are a small distance away and the
other two are very far (fig. 5.1). Hence some kind of procedure is needed

for characterising the mean free path or mean optical
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depth. We would then be able to apply one-dimensional recommendations
more confidently. In theory many representative directions may be
considered, but we choose to find the mean of only two lengths at 45°

to the co-ordinate axis (fig. 5.1). The mean free path length is then

W

NN

SOOI

NS

Fig. 5.1 The lengths taken to determine the mean free

path length

proportional to the mean of the two Tengths. An arbitrary number
0.1 was used for the constant of proportionality. The new recommendation
for the values of X" and Y" are then read off from the one-dimensional
recommendations. Immediately this is done, we obtain better overall
fluxes, especially near the corners as shown in fig. 5.2.

While this simple method appears to have merit, difficulties can
be forgseen. For instance if the absorption coefficient varies
continually as an iteration procedure_ for the flow develops, the mean
free path lengths would have to be evaluated at every iteration and this
may not be desirable. In any case the procedure cannot be universal

and a complete validation coverage is hardly practicable.
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Fig. 5.2 Comparison between the exact wall heat flux and the

flux model predictions
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5.1.2 The relation of the integration surface parameters and the

intensity distribution

While examining the one-dimensional test cases, it was concluded
that the optimal integration surface parameters were related to not
only the optical thicknesses, but also other quantities such as the
wall temperatures, emissivities, source strength, etc.

Intensity is a quantity that depends on all the above variables.
To explore further, the nature of the problems, we return to the initial

form of the series for intensity eq. (3.1.1)
I=AX +AY' +AZ +BX'2+BY24B,72 (3.1.1)
1 2 3 1 2 3 e

Consider for simplicity a distribution of intensity for zero flux,
that is Ai = A2 = A3 = 0.0. Next let B3 = 0 to facilitate plotting. We
now have a two-dimensional problem, but the extension of the following
hypothesis can easily be carried to three-dimensional situations.

Now for B] # 82 the intensity distribution becomes an ellipse

(fig. 5.3), and for B, = By, the intensity distribution is isotropic.

Fig. 5.3 Regions where the difference between the maximum
gradient and minimum gradient is less than a

certain amount
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For isotropic distribution the surfaces of integration are equal
(X" =Y"). If we set an upper limit to the amount of change of intensity
within an integration surface region, we get two regions, ex and gy
(fig. 5.3). For a case B]> BZ’ the GX region will be smaller than

0 , hence X" >Y" and vice versa. We can relate these ideas by the

following mathematical relationships.

841
X" = Y———]—— (5.1.1)
./\B +B )
ls,|
Y ey —=5 (5.1.2)
2,02, 02
v (B7+B5+B3)
| B,
2" = (5.1.3)

Y._________
/(B +BZ+B )

Again it is impossible to test satisfactorily the above
formulation. Vast numbers of intensity distributions would need to
be studied before solid conclusions can be arrived at. We have taken
the value of y as O.1.

This recommendation of X", Y" and Z" is applied to an elongated
box with dimensions 4m x 1m x Im and black walls with temperatures

prescribed as:

X =0.0 s T =1200K
X=40,Y=0.0,Z=1.0;T = 300K
Y=1.0,Z=0.0 5 T = 50K
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This case has been studied by DeMarco (1974) and the net flux
results were produced by Gibb and Jenner (1974) using the Monte Carlo
technique. The grid used was 16 x 4 x 4 (fig. 5.4). The system is
in stable equilibrium (i.e. no heat sources) and the absorption
coefficient is 2.0. Table (5.1) shows the heat flux at the hot wall
(X = 0.0) for two cases (a) all parameters X" = Y" = Z" = 0.0 and
(b) varying parameters according to the relations (5.1.1) to (5.1.3).
It can be seen that the results are generally improved especially at
the corners. This one test shows no more than that the hypothesis may
be useful. It is worth mentioning that it has been used when

incorporating the present flux models in flow procedures at Imperial

College, Abou Ellail, 1978 .
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Fig. 5.4 Elongated Box Test Case
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J=1 J=2 J=3 J=4
£ | -10.0.10% | -9.39.10% | -9.50.10% | -10.0.10%
K=4 pMl | -9.49.10% | -9.20.10% | -9.20.10% | -9.50.10%
M2 | -9.89.10% | -9.53.10% | -9.53.10% | -9.91.10°
£ | -9.47.10% | -8.81.10% | -8.67.10% | -9.57.10%
K=3 pMl |-9.19.10% | -8.85.10% | -8.85.10% | -9.20.10%
p2 | -9.44.10% | -8.99.10% | -8.99.10% | -9.45.10%
E | -9.51.10% | -8.65.10% | -8.72.10% | -9.27.10°
K=2 pMl |-9.19.10% | -8.84.10% | -8.85.10% | -9.20.10%
pm2 | -9.44.10% | -8.99.10% | -8.99.10% | -9.45.10%
E | -10.1.10% | -9.52.10% | -9.51.10% | -10.0.10%
K=1 pM |-9.45.10% | -9.19.10% | -9.19.10% | -9.49.10%
pm2 | -9.91.10% | -9.54.10% | -9.55.10% | -9.92.10%
Wall x = Xmin? K=2.0: S=0; E=exact;
PM1: x" = y" = z" = 0; PM2 = relations (5.1.1) to (5.1.3)
Table 5.1 Comparison of approximated and exact heat flux

predictions for elongated box of fig. 5.4
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5.2 A Principle Failing and a Suggested Remedy

5.2.1 A Principal Failing

What has been steadily emerging from sections 5.1.1 and 5.1.2
is that the intensity distribution plays the major role in determining
the accuracy of a particular method rather than the flux comparisons
which have constituted the chosen criterion throughout almost the
whole literature on thermal radiation. Of course there are majon
practical difficulties involved. The proper utilising of the validation
information for flux predictions is a major task, but obtaining and
comparing data of the iﬁtensity distributions for each individual
case represents an even greater undertaking.

Nevertheless some very interesting underlying facts can be brought
to Tight by studying the few intensity distributions that can be
calculated analytically. All the flux methods effectively make an
assumption about the intensity distribution, (the present model is based
on a continuous intensity distribution). So the most stringent case would
be a case where intensity distribution is discontinuous.

A number of one-dimensional cases have been studied. The following
case brings to light some fundamental ideas. Consider two infinitely
long cold black parallel walls containing gas at uniform temperature
(ng = 1.0). Let the optical distaince (KL) between the plates be 1.0.
Now relatively cool walls with high absorptivity bounding hot gas is not
an uncommon situation in practice. The solution of flux equations with
all parameters yields 0.7294, while the analytic solution gives 0.7806
as shown in section 3.2.4. The recommended value for X"(X" = 0.456)
was selected so as to cause the flux model solution for heat transfer
}o agree with the analytical solution. The supposition that adjusting
X" to give correspondence between the flux mocel and analytic heat
transfers would seem reasonable, but this proves not to be the case

as we can see by examining comparisons of the flux model and analytic
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intensity distributions.

Rotating anti-clockwise from the normal at the wall, since the
wall is cold and black, there is no emission of energy from 0° to 90°.
For small angles with respect to the wall, radiation is received
from locations on the opposite wall thaf are very distant so the
intensity here nears unity. As we approach the normal, radiation arrives
from points only unit optical depth away (fig. 5.5). The exact solution
is evaluated using the analysis in the next Chapter. Also plotted on
fig. 5.5 is the solution obtained using the present flux method keeping
X" equal to zero.

While the heat flux agreement was reasonable for the flux model,
the intensity distribution is not even physically realistic, since
for some angles, the intensity is in fact negative. The flux model
solution using the recommended values of X" = 0.456 is shown in fig. 5.6.
The problem of negative intensities still exists though on a slightly
lesser scale. The negative intensities must to some extent be expected
since we are approximating a disoontinuous distribution by a continuous
Taylor's series with only two terms (for a one-dimensional geometry).

If the walls were non black, and/or at finite temperature the problem
would be less since the true intensity distribution wou]étﬁg zero
in the range 0° to 90°.

A discontinuous intensity distribution flux model would clearly
have been preferable in the above example; however, it is not
difficult to construct another test case example characterized by

a continuous intensity distribution for which a discontinuous intensity

distribution flux model would fail. For instance in a central region
-for a case where the distribution is a thin ellipsoid (fig. 5.3). In

the region where the change is sharp, (along the X axis) a discontinuous
method would have to assume constant intensity over the whole

prespecified angle.
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We see that the reliability of a model must depend on the type

of intensity distribution expected in a particular application. In
practice, continuous intensity distributions are more common in the

inner regions, while the intensity distributions are usually discontinous

or nearly so near the walls.

5.2.2 The Boundary Layer Remedy

In principle more terms in the Taylor series could be retained
to solve problems similar to the one described in section 5.2.1, but
the demands of computer economy of general prediction procedures mentioned
in section 1.1.1, are well known. Also higher order methods do not
give significant improvement in the centre regions. Hence some special
method needs to be devised for boundary regions for the present flux
model.

For most problems, the regions of greatest intensity gradient
changes with respect to direction are usually near the boundaries. We
consider a thin region near a black wall and refer to it, using fluid
mechanical terminology, as the 'boundary layer'. The thickness of
this layer is such that terms of order (K6)2, where K is the
absorption coefficient and § the layer thickness, can be neglected.

In this region, the temperature is assumed to be constant, although
not necessarily that of the wall. Hence we can solve analytically
for the boundary condition at the displaced boundary in the gas;

this temperature is given by

4 4 4
ol ol ol
J 2Ks L (5.2.1)

2 9T
m T ) S G




at distance ¢ from the wall and similarly

4 4 4
2 oT ol ol
e e i (5.2.2)

at (L-8)s where the second wall is distance L from the first
wall. The derivation of equations (5.2.1) and (5.2.2) appears
in appendix (A5.1). Hence using eq. (3.1.22) the flux out of

wall 1 is now

_r_ 2m ui
qw]‘[g—A]+?B]+?B + Bg‘FKﬁ[ﬂA - B+B+B3)J
4 _ 4
+ 2KepT, oTy) (5.2.3)

(equation A5.1.7). Similar boundary conditions can also be derived

for source prescribed problems (refer to appendix A5.3).

5.2.3 Application of Boundary Layer Remedy

We re-examine the problem discussed in section 5.2.1, namely
two parallel cold black walls, infinitely long and a unit optical
distance apart. The gas inside is hot (ng = 1.0) and at a uniform
temperature everywhere. Fig. (5.7) shows the solution of the intensity
distribution at distance 0.1 in the absence of the boundary layers
treatment. The analytic intensity distribution is smoother here as
expected. The parameters in the present model are all zero. The
ftux model intensity distribution (for X" = 0) is 'less negative’.
In fig. (5.8) the intensity distribution is plotted for

the present model with the recommended value of X" = 0.456. The
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root mean square error is improved. Next the boundary layer formulation
is applied. The general solution is presented in appendix A5.2 . The
root mean square error is further improved. Although the intensity still
exhibits negative values (fig. 5.9), they now only occur over a small
region.

Using the results shown in appendix A5.2, for each optical
thickness, we can choose values for both the boundary layer thickness
and parameter X" to give exact fluxes. Table 5.2 shows recommendations
for a few optical thicknesses. The intermediate values may be obtained
by simpler linear interpolation. A boundary layer thickness of 0.1 is
chosen for the corresponding values of X". For regions of less than
optical thickness 0.2, the whole region is treated as optically thin.

It should be noted that these recommendations give improved flux pre-

dictions when the sources are prescribed in one-dimensional analysis.

KL/2 X" k§

0.05 - 0.05
0.25 0.360 0.1

0.5 0.455 0.1
1.0 0.398 0.1
750 0.354 0

Table 5.2 Values of X" for some optical
thicknesses for a boundary layer

thickness of 0.1
The whole concept of boundary layers has helped in the under-
standing of the real problems associated with the calculation of
thermal radiation. It has provided a new means of assessing the
various types of models available in the literature. We have learned

that continuous intensity distribution problems need different models

compared to the discontinuous ones.
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However the application of the boundary layer treatment in
practice would normally demand a different grid system than that of
a flow procedure. Also three extra parameters need to be optimised
in a system that already comprises three radiation parameters not to
mention the many parameters of the other physical models embodied by
a complete combustion chamber prediction procedure. The application
of boundary layers is further complicated by non-uniform absorption
coefficients which implies supplying the whole table of recommended
values of X" for various boundary layer thicknesses.

We choose to side-step these problems and adopt a totally new
approach based on information and experience gathered in this chapter.

We commence its description in the next chapter,
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CHAPTER 6

A NEW "DISCRETE TRANSFER" METHOD FOR THE

CALCULATION OF RADIATIVE TRANSFER

6.1 Description of the basic method
6.1.1 Limitations of Other Methods

When 1ooking at the limitations of other methods, the kind
of applications we have in mind are for very general circumstances.
For instance, the shape of the enclosure need not be restricted
to a Cartesian or axisymmetric geometries.

The zone method uses a far greater proportion of the
calculation time compared to the usual relative importance of
radiative transfer but it might be useful near the final emergence
of a solution. However, its excessive storage requirement cannot
be justified.

For the Monte Carlo type approach, there is always the
problem of statistical error and again because of its relative slowness
its only use would be near the final emergence of a solution when
the radiative transfer is not very predominant, such methods really
have no justification at all. The scatter due to the statistical
error can be seen in Fig. 8.2, some kind of curve fitting is necessary.

Most flux methods are adequate and economic if the influences
from the radiative transfer are not predominant except, of course,
if special co-ordinate systems are required, as they often are, in
which case all the equations have to be re-derived. The obtaining
of greater accuracy by retaining more coefficients means in practice,
a£ least, extra three-dimensional storages are required. Flux

methods will not in general yield good results especially near the
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edges. Special modifications or parameters can be helpful, but

one of sufficient universality for engineering purposes do not exist.
A new method will now be described which is essentially a

mixture of the flux, Monte Carlo and Zone methods. We choose to call

it the "Discrete Transfer" method.

6.1.2 Some Terminology

The points that form a small control volume (grid cell) are
termed the grid vertices. The surface that divides each control volume
and which passes through these grid vertices is called the grid wall,
and the curves that Tie on this grid wall, and join grid vertices
are called grid Tines (fig. 6.1). In two dimensions, grid walls
and grid lines are the same. In one dimension, grid walls, grid lines

and grid vertices are all the same.

Grid cell

Grid vertex

. Grdline Grid wall

Fig. 6.1 Definition of grid vertex, grid line and grid wall
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The chamber wall cell is part of the boundary surface.
The wall where a ray begins is termed the origin wall and the wall

where the ray ends is termed the impinged wall (fig. 6.2).

Origin wall

Impinged
wal

Fig. 6.2 Definition of origin wall and impinged wall
Of course if an identical ray is travelling in the opposite
direction, the walls would change names. That is the originzwall

would now become the impinged wall, and the impinged wall would

become the origin wall.

6.1.3 Basic Features of the Discrete Transfer Method

Consider the transport equation (eq. 1.2.1)

- . 4
" KoT
'd—s- = KI + -

(6.1.1)

This equation describes the change in intensity of a ray passing

through an absorbing and emitting medium at temperature T. Consider
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a ray traversing the n'th grid cell (fig. 6.3) of uniform temperature

(T,) and absorption coefficient (K). We can analytically integrate

g)
eq. (6.1.1) along the ray to yield a recurrence relation:

4

ol _
Iy = =21 -7 )+ 1 e (6.1.2)

n+1

where I, is theintensity of the ray on entry to the grid cell, In+1

is the intensity of the ray on exiting from the grid cell and s is the

distance travelled by the ray in the grid cell (fig. 6.3).

Io
(L

Fig. 6.3 A ray traversing a grid cell 1,

In01

TTTTTTITTTTT
I,

Fig. 6.4 The grid walls traversed as the ray

travels from origin wall to impinged wall

If 1, is the intensity leaving a surface (fig. 6.4) the recurrence

relation 6.1.2 can be applied repeatedly until the ray impinges on a

wall (I,.) and is absorbed/reflected.
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6.1.4 Boundary Conditions and Evaluation of the Fluxes

Adhering to the convention of section 1.2.2, the
definitions for q, and q_ are the fluxes leaving and the fluxes
arriving at a wall respectively. The boundary condition stated in
eq. (1.2.6) remains the same. If the surface is a Lambert one, it
emits isotropically. Hence the intensity (IO) in every direction

is:

Ko

4
+ q EoTw

Io='1—r‘=(]‘€),n.—+

(6.1.3)

m

If the net flux is prescribed then eq.(1.2.5)is used and by similar

reasoning, we can write

q

+ = (6.1.4)

—
1}
ﬁ|+
1]
Ao

where q is the prescribed flux. For adiabatic walls q = 0. If

a wall reflects specularly, (1ike a mirror), then we reflect every
ray that impinges on the wall individually and with no change in
intensity. Extensions to more complicated boundary conditions can
also be incorporated. For example, a part specular and part diffuse
reflector.

In order to evaluate q_, (the incident flux) first we
discretise the integral (eq. 1.2.4) into a number of small solid
angles, Then we calculate the intensity for each representative
ray impinging at this point for every sub-solid angle and sum over
the whole hemi-sphere (fig. 6.5). Subsequently q, can be calculated
from eq. (6.1.3) when T, is known, or from eq. (6.1.4) when q is
gnown.

If the walls are black, then the Io's in eq. (6.1.3) do not
depend on the value of q_, therefore the solution is complete when

q_ at the point p has been evaluated. On the other hand, if the
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walls are non-black but Lambert surfaces, the solution must be evolved

iteratively.

Fig. 6.5 Some typical rays of the hemisphere

6.1.5 Recovering the Sources

Ideally in order to evaluate the cell sources, we need to
evaluate q_ and q_ at a point on every cell wall bydiscretising the
integrations (eq. 1.2.3 and 1.2.4) over the solid angles 27 by fixing
new rays from these points and applying the existing values of q_, q,
and I0 at the chamber boundaries as boundary conditions for these new
rays. This enables us to obtain the fluxes at all cell walls, so sources

can be evaluated using eq. (1.2.7). This seems, however, a waste

Typical cell—T— ///

NN NN NN NN

JA /777777777777/7 Crarmper

Fig. 6.6 The energy left by a ray as it traverses a typical cell
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of effort since these new rays are similar to the ones already considered
to evaluate q_ on the chamber boundaries.
An approximate method is adapted. From eq. (1.2.7), it
follows that:
fvq.dv = S qdA = J Sdv (6.1.5)
volume surface volume
To obtain the source in each cell, we accumulate the amount

of energy "left" behind by the rays as they traverse each cell. The

energy left behind as a ray crosses a typical grid cell is given by:

S, = (I,q - I,)adodA (6.1.6)

Since the area at the origin does not always coincide with the
area of the cell wall impinged both in magnitude and orientation
we choose to consider a pencil of rays of area equal to the area
of the cell wall at the chamber boundary, and containing point P,
from which the ray originates (see fig. 6.6).

As can be seen in fig. 6.6, ideally, only a fraction of
the pencil of rays should be accumulated in the cell through which
a typical ray passes, the rest must be added to the neighbouring
cells. There are other typical rays in the same direction which do
not pass through neighbouring cells but part of which pass through the
cell in question. To account for all these fractions would required
considerable computing time, while in many cases they will simply
cancel, so we choose to calculate S, in eq. (6.1.6) assuming all of
energy is concentrated along the particular ray. If necessary, some
kind of smoothing criterion can be economically employed.

In summarys when yiewed from a point P on the chamber

wall, while incident fluxes are evaluated using impinging rays,
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sources are calculated using out going (originating rays). A

small energy in balance results which can be reduced by considering
more rays and refining the grid. This kind of imbalance is termed
statistical noise in the Monte Carlo method of solution. The
computational time is not now significantly increased by the source
calculations since the distances needed are the same, it is only that
they are traversed in the reverse order.

For problems with prescribed, sources, and in the absence
of convection and diffusion, the temperatures would have to be
iterated. For a cartesian system, the integrated transport or
energy equation eq. (6.1.1) can be summed over all the rays in
the whole solid angle 4n. The left hand side can be equated to the
source to yield:

S = vq = /3 do = K Ido + 4KoT (6.1.7)

If Si is the estimate from the previous iteration and
Tg 5 the temperature, and S the prescribed source for any particular

mesh cell, then the new temperature T

gyi+] is given by:

4
Mgt _ 4, (554)

— =Ty ; e (6.1.8)
For other coordinate systems, care has to be taken since the second
equality in eq. (6.1.7) is not always true (Section 4.1.1). For
other orthogonal systems the extra terms emerge from the div. operator,
would disappear when similar equations, one with the approximate
source and the other with the exact source are subtracted. So eq. (6.1.8)

is true for other orthogonal systems as well.
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6.2 The computer code and advantages of the method

6.2.1 Storage Organisation

For a three dimensional chamber geometry, the usual storage
for the grid vertices, volumes, temperatures, sources and, if
necessary, absorption coefficients is required. Further the usual
boundary information such as the wall temperatures (or fluxes)
emissivities and areas of wall cells is required.

For the flux method described earlier three additional
three-dimensional stores were required (C],CZ,C3) with possible
further storage for the parameters. Now for the discrete transfer
method; we need to store the incident flux (q) and sometimes also
the emitted flux (q,) on the chamber wall cells. The emitted flux
(q,) can in principle be calculated using the boundary conditions
equations, when needed, but allocating a separate storage for
them avoids repeating the calculations. Four other one-dimensional
arrays whose length is equal to the maximum number of cells traversed
by any one ray are needed. These are used to remember the cells crossed,
through the integer co-ordinates 2, m, n and distances traversed by
one ray at a time. Thus the storage requirement is less than all but
the most truncated flux methods, and, of course, it is also less than

the Zone and the Monte Carlo methods.

6.2.2 The Computation Procedure

The computation procedure can be divided into four separate
stages.

(a) Preliminaries

The rays are fired in selected directions. Together these

make up the whole hemisphere on the inside of a wall. We choose to
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divide the hemisphere into simple constant polar and azimuthal angles

(fig. 6.5) (6 and ¢). We divide 6 into Ny equal angles and ¢

into Ny equal angles. Each subdivision is then d6 = %h— and d¢ = ﬁl
0 ¢

respectively. So the number of rays fired is Ny x N¢. We also
specify the grid vertices and the areas of the chamber wall cells
the quantity oT4 is normally specificed in place of both wall and
gas temperatures.

(b) Setting the direction and origin of each ray

The sources are initialised to zero. First of all we select
a chamber wall and then the first cell on this wall. From the point
P, normally in the middle of this cell, we fire Ng x N¢ rays in the
prescribed directions. For each incoming ray at P we obtain, following
the procedure of (c) below, its intensity (I(6,¢)). We then

calculate the new q_ at P by summing

q_ = I 1(6,8)(sinbcosd)(sinde)ds (6.2.1)

¢

to replace the old value. Using the boundary condition (6.1.3) or
(6.1.4) the value of q, can then easily be evaluated . The absolute
change in q, is also summed, this is called the residual error. Al]l

cells are so visited in turn.

(c) Tracing the ray

We enter this subroutine knowing the position of point P and
the direction of the ray. By simple geometrical considerations, we
calculate the distance the ray travels in all cells in its path. For
a tbree-dimensiona] problem, this information can be stored in four one-
dimensional arrays. Three of them containing the &, m and n integer
coordinates of the cell visited and one the distance. Hence the

length of these arrays is the maximum number of cells any one ray can
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visit. If the ray impinges a chamber wall cell which is a specular
reflector, we reflect the ray and carry on until the ray hits a
chamber wall cell that is not a specular réf]ector. The value of
the rays intensity at the far wall, I, , is evaluated from the value
of q, at the chamber wall cell by dividing by n. Using this value of
I, and the recurrence relation (6.1.2), we calculate the value of
Ir(9’¢) for this ray by using the four one-dimensional arrays in the
reverse order back towards P.

If sources are required, we also need to consider an identical
ray starting from the point P. We use the areanof the chamber wall cell
at P and the value of Io,P (the P subscript distinguishes I,at?P
from that at the far wall) obtained from the previous value of q,
at P and dividing by m. Again we apply the recurrence relation
(6.1.2) to get the intensity on exit at each cell by using the four
one-dimensional arrays in the same order. The source is accummulated
in cell (2,m,n) using eq. (6.1.6).

(d) Final Calculations

If it is a source prescribed problem, then we evaluate the
new temperatures using eq. (6.1.8) and measure the residual change
from the last iteration. If the residual error or change does not
fall within our requirements, we go back to stage (b), or if the
number of rays also need to be changed, to stage (a). Otherwise we
calculate the quantities we are interested in. For example the
net flux which is simply q, - q_; the source required may be per
unit volume in which case we divide by each cell volume. Smoothing
the sources if necessary can be done at this stage, although this

was not done for the calculations in the next chapter.
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6.2.3 Principal Advantages of the Discrete Transfer Method

The main advantages which we see for the discrete transfer
method will now be cited:

(a) Numerically exact solutions can be achieved simply by using
a sufficient number of rays, with no increase in storage.

(b) The storage requirement does not increase with the number of
rays so massive improvements in storage problem are obtained.

(c) It is as straightforward to develop a computer code for a
general three-dimensional co-ordinate system as for any other.

(d) The user can control the amount of computer time the radiation
routine demands and the accuracy obtained.

(e) The convergence is of exponential order. The computation time
to convergence is shorter than for the flux method described
earlier (although the time per iteration may be higher).

(f) There is no restriction on the maximum length a ray can travel
inside a cell. (This contrasts the Zone method which has a
restriction on the maximum optical zone size).

(g) Incurable statistical errors are replaced by descritization
errors which can always be made sufficiently small by grid
refinement.

(h) There are no parameters to optimise.

(i) The method eleminates the problem of the transformation
of the transport equation to other coordinate systems (section
4.1.1).

One drawback of the discrete transfer method as described should
be mentioned. It is that the sum of the interior sources and the sum of
the wall fluxes can, if the grid is not fine enough, differ by as much

as 5%. This will not normally be a severe handicap.
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CHAPTER 7

VALIDATION OF THE DISCRETE TRANSFER (DT) METHOD

7.1 Cartesian Geometries

7.1.1 One-Dimensional Cartesian with Prescribed Temperatures

Consider two infinitely long parallel black plates at
temperatures T] and T2 respectively. Let the gas be at uniform
temperature Tg,and the absorption coefficient be K everywhere.

Then the flux out of walls 1 and 2 are given by egs. (2.2.17)

and (2.2.16) respectively. The numerically exact solutions of both
the fluxes are obtained by the DT method. 1In fig. (7.1) only the
solution for cold walls is presented. An accuracy of two decimal

places is obtained using 10 rays.

7.1.2 One-Dimensional Cartesian Geometry with Sources Prescribed

Consider two infinitely long parallel black plates at temperature
T] and T2 respectively. Let the system be in equilibrium (no heat
source). Then the quantity Q (eq. 2.2.3) can be calculated as-l%I.
Table 7.1 shows comparison of exact values of Q obtained from o
Heaslet and Warming (1964) and the values of Q obtained by the DT
method for various values of optical thicknesses. Again for 10
rays an accuracy of two decimal places is obtained. The energy

balance is exact.

For the same case, we can compare the temperature distribution
between the walls (8(KL), eq. 2.2.5). This is done in fig. 7.2 where the
comparison is against the Heaslet and Warming (1964) exact solution.

Again, a similar order of accuracy is obtained for 10 rays.



99

opLsul seb
30y AlwaojLun pue s||em |3||e4ed oe|q vwou yLm Aujswoab uersajuaed

LeuoLsuaLp-auo 40} (sAed QL) poyzsw 1Q 8Yy3 yYiLM sassauydoly3 |edstzdo

SNOLJBA 40} XN|4 3€3Y 3yl 40 uoLjnios |edL3feue ayj jo uostsedwo)y |°*7 614
SSauUXIIy3 |pd13do 1
0€ o (o} 0
)
_ _ _
—G0
onia O
}ODX S mm—m
,010/b
O— = —ot



100

c_ KL=18-8 exact
| \ =9 O DT(O)

X/L

Figure 7.2 Comparison of exact value of ©(KL) (Heaslet and

Warming, 1964) with DT method (10 rays)
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Optical Exact DT
thickness solution solution
0.1 0.9157 0.9147
0.5 0.7040 0.7036
1.0 0.5532 0.5537
1.5 0.4572 0.4588
2.0 0.3900 0.3929
2.5 0.3401 0.3444
3.0 0.3016 0.3073

Table 7.1 Comparison of exact values of Q (Heaslet and

Warming, 1964) with the DT method (10 rays)

Now consider a situation where both the walls are black, but for
uniform heat generation (%-= 1.0) inside. Then the temperature
distribution between the walls is given by GS(KL) (eq. 2.2.6).

The exact solution (Heaslet and Warming, 1964) is compared with
the DT method for 10 rays and the accuracy is again of the same
order in fig. 7.3 . The energy balance is exact.

Next, we examine the fluxes at wall and for both (zero
source and hot walls and finite source and cold walls), for the
cases where the emissivity at wall 1 is 0.8, and where the emissivity
of wall 2 is varied for different optical thicknesses. Figs. 7.4
and 7.5 comparesthe Heaslet and Warming, (1964) results with the DT

solution (10 rays). Again the accuracy is good and the energy balance

is exact.
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1-2

1.0

08
6. (KL)
06—
d 05 O—
0-4 ZO/‘G ‘0\0\
01
0-2{— exact,
i O DT(0O
9 1 J 1 l 1 l 1 I [
O 0.2 0.4 06 o8 10

X/L

Figure 7.3 Comparison of exact value of GS(KL) (HeasTlet and

Warming, 1964) with DT method (10 rays)
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For the same two sets of cases, we now examine the tempera-
ture slip near the walls for situations when the emissivity of wall 1
is 0.8 and the emissivity of wall 2 is varied as before. Figs.
7.6 and 7.7 compares the Heaslet and Warming (1964) results with the
DT solution (10 rays). The accuracy is good and the energy balance

is exact.

7.1.3 Two-Dimensional Cartesian Geometry with Temperatures Prescribed

The treatment of the analytical solution for this test case
is shown in section 2.2.3. Consider an infinitely long square
cavity with all the walls being cold and black. The gas inside is
at a uniform temperature (ng = 1.0) and the absorption coefficient
is constant (K) throughout. The geometry is now more complicated
than the one-dimensional case used so far. Hence in order to pick
out more detail, more rays are required. Figs. 7.8, 7.9 and 7.10
show the fluxes along a wall for optical thicknesses 0.1, 1.0 and 10.0
respectively. The number of rays considered is 64 from each surface
cell. For all three cases, the solution coincides with the
analytic solution. For optical thickness 1.0, a solution is also
presented fon 16 rays on fig. 7.9. The agreement is generally
reasonable and good near the centre; it is better than that for
the flux solution (fig. 5.2). The energy balance is to the order
of 3 digits.



106

"(sfes o) poyjauw
10 3y3 y3atm ($961 “butumeq pue 39| SedH) SILILALSSLWD [[eM pue SSauydly} [edt3do uo
aouapuadap bBuimoys yibusadls 82unos 04az 404 di|S s4njedadws] SSI|UOLSUBWLP 4O uOSLJURdWO) 9°/ B4nbL

™

o€ o¢e Ol o)
| _ _ ©
(on1a - e
}ODXd
—— —— .
+ .
o — ol _
. 80
f Q
Ql—
G0 sa| A
—e— —g0 I %
a|lC
<3|
Q
. N
€0 2
. e
— ] o
- i“’
. —
8-:0=M3 L0 =%M3 /
ol




107

uo asuapuadap buLmoys ssuanjedadwal ||em [enba 40

Ot

“(sAed QL) POYIdW 10 3y} Y3tm (p9el *Buiwdem pue 33|Seay) SILILALSSLWD |LBM pue SSauydLy} |edl3do

4 di|S sunjedadwsl SSI|UOLSUBWLP 4O uostdedwo) £/ dunbiL4

™
02 ot o)
_ [ O
*— —— —
8:0

— —G0 ——
G0 . m.u.l_,
=2
Z|lx
€0 Ny
+ N’
_ x| !
Cl5
mwv
—

Q

L'0=M3 9:0= My £

— 01 Mm_

(onla e

100%3 '




108

exact

O-Hr - O DT(64)
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0-09
0-08
007
006 | | | 1 |

(o) 02 04 06 Q8 1.0

XIL

Figure 7.8 Comparison of the analytic solution for flux along
the cold black walls of an infinitely long square
cavity with that of the DT method (64 rays) for
optical thickness 0.1

Qws
oTg4

0-7
[— exact
. OH— @) DT (64)
o6 e A DT(16)
A
os} /4
T=10x10
0-4
0.3 I l I I ]
0 0-2 0-4 0-6 o8 1.0
X/L

Figure 7.9 Comparison of the anlytic solution for flux along

a cold black walls of an infinitely long square
cavity with DT method (64 rays and 16 rays) for
optical thickness 1.0
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exact
O DT(64)

T=10-0x10-0
0.8 1 | | | B
(@) 0.2 04 06 08 10
XIL

Figure 7.10 Comparison of the analytic solution for flux along
a cold black walls of an infinitely long square cavity

with the DT method (64 rays) for optical thickness 10.0
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7.1.4 Three-Dimensional Cartesian Geometry with Temperatures

Prescribed

In this section we consider two cases. The first one is a
rectangular enclosure with dimensions 1.6m x 3.2m x 1.6m with all
walls at 400°C and the emissivity of the walls is 0.9. The gas
inside is at a uniform temperature of 1000°C and the absorption

coefficient is 0.2m ).

Fig. 7.11 shows the flux at each cell just
before impinging on the wall. The fluxes are evaluated using the

flux method described in Chapter 3 together with the recommendation
described in section 5.1.2. For the solution to converge to a

certain level, it took 10 iterations and needed 10 secs. of C.D.C. 6600
of computer time.

For the same geometry and conditions a DT solution was computed
using 4 rays from each cell (8 flux). This is presented in Fig. 7.12.
For the solution to converge to a similar level of accuracy, about
4 iterations were required and 7.96 secs. of CDC 6600 time were
consumed.

Another solution is generated using 36 rays (72 flux) leaving
each cell. This is presented in Fig. 7.13. It required 2 iterations
and 30 secs of CDC 6600 computer time. If Fig. 7.13 is regarded
as a numerically "exact" solution, then the solution on Fig. 7.12
(DT method) has an overall advantage over the flux model on Fig. 7.11.

Consider another rectangular enclosure whose dimensions are
6m x 2m x 2m. (Truelove, 1977). The inside temperatures are
prescribed by the figures shown on Fig. 7.14. The gas absorption
coefficient is 0.2m-]. The surface boundary conditions are

prescribed as:



Figure 7.11
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The fluxes just before impinging onthe wall in anenclosure

1.6m x 3.2m x 1.6m (only one half shown here) at uniform
temperature 1000°c, absorption coefficient with all
the walls at 400°C and of emissivity 0.9, using the

flux method (Chapter 3) and recommendation (section 5.1.2)
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Figure 7.12 The fluxes just before impinging on the wall in

an enclosure 1.6m x 3.2m x 1.6m (only one half
shown here) at uniform temperature 1000°c,
absorption coefficient 0.2m" with all the walls
at 400°C and of emissivity 0.9, using the DT

method (4 rays).



Figure 7.13 The fluxes just before impinging on the wall in an

enclosure 1.6m x 3.2m x 1.6m (only half shown here) at

1

uniform temperature 1000°c, absorption—coefficient 0.2m
and all the walls at 400°C and emissivity 0.9, using
the DT method (36 rays).
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Figure 7.14 Gas temperature (OK) distributions for a rectangular

enclosure. Used by Hyde and Truelove (1977).
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Figure 7.15 shows a comparison between the zone model results
and the DT results for the incident radiative flux (q_) on the roof

(X, Y=1, Z = 2) and floor (X, Y = 1, Z = 0) of the enclosure.

7.1.5 Three-Dimensional Cartesian Geometry with Sources Prescribed

Consider a rectangular enclosure whose dimensions are
4m x Tm x Im. (DeMarco, 1974). The gas inside is in thermal equilibrium
(no heat generation) and the absorption coefficient is 2.0. A1l the

walls are black and their temperatures are:

X =0, T = 1200°K
300°K

X=4 Y=0;, Z=1, T

Y=1; Z=0 T = 50°%K

The grid is uniform, 16 x 4 x 4. The 'exact' solution has
been calculated by Jenner using the Furdec Program which is based on
the Monte Carlo technique. The results are presented in DeMarco's
M.Sc. thesis (1974). Some typing errors have been uncovered - some
obvious ones can be easily detected - (marked x) but there may be
more. Nevertheless they can be used as a good guidance. For a
complete validation, the temperature distribution has to be compared
as well. The discrete transfer solution has been computed using
16 rdys off each boundary grid wall. The results are presented in
tables 7.2 to 7.11. In general, there is a good agreement between

the "exact" solution and the discrete transfer solution.
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with temperatures as in fig. 7.14
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Table 7.2 The three-dimensional prescribed source test case;

the net flux through the X = 0 wall

J =1 J=2 J=3 J=4
-10.1E+4 -9.52E+4 -9.51E+4 -10.0E+4
-9.86E+4 -9.30E+4 -9.30E+4 -9.87E+4
-9.51E+4 -8.65E+4 -8.72E+4 -9.27E+4
-9.28E+4 -8.59E+4 -8.60E+4 -9.30E+4
-9.47E+4 -8.81E+4 -8.67E+4 -9.57E+4
-9 .28E+4 -8.59E+4 -8.59E+4 -9.30E+4
-10.0E+4 -9.39E+4 -9.50E+4 -10.0E+4
-9.84E+4 -9.28E+4 -9.28E+4 -9.86E+4
Table 7.3 The net flux through the X = 4 wall
J=] J=2 J=3 J=4
-0.514E+2 -2.92E+42 -3.79E+2 -3.88E+2
-1.92E+2 -2 .54E+2 -2.92E+2 -3.41E+2
-0.883E+2 -2.51E+2 -1.61E+2 -3.86E+2
-1.04E+2 -1.65E+2 -2.10E+2 -2.87E+2
-1.46E+2 -1.46E+2 -1.73E+2 -2.88E+2
-0.703E+2 -1.20E+42 -1.65E+42 -2.54E+2
-1.55E+2 -0.804E+2 -1.99E+2 -0.841E+2
- -0.390E+2 -0.657E+2 -1.03E+2 -1.88E+2
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Table 7.4 The net flux through the Y = 0 wall and 0<X<2.

K=1 K=2 K=3 K=4
1 4.29E+4 5.00E+4 5.42E+4 4,23E+4
4.21E+4 5.40E+4 5.41E+4 4 .32E+4
2 2.03E+4 2.66E+4 2.53E+4 1.93E+4
1.67E+4 2.50E+4 2.51E+4 1.80E+4
3 9.93E+3 x 1.03E+3 x 1.28E+3 9.56E+3
8.10E+3 1.29E+4 1.29E+4 8.41E+3
4 4 ,86E+3 6.90E+3 6.48E+3 5.17E+43
4.39E+43 7.49E+3 6.59E+3 4 .68E+3
5 2.66E+3 3.31E+3 3.47E+43 2.69E+3
2.41E+3 3.62E+3 3.65E+3 2.67E+3
6 1.03E+3 1.88E+3 1.98E+3 _ 1.46E+3
1.34E+3 1.77E+3 2.11E+3 1.59E+3
7 6.29E+2 6.91E+2 8.05E+2 7.11E+2
6.98E+2 9.21E+2 12.0E+2 9.37E+2
8 1.27E+2 2.48E+2 4 .43E+2 4.46E+2
3.11E+2 3.90E+2 4,83E+2 5.35E+2
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Table 7.5 The net flux through the Y = 0 wall and 2 < X< 4.
K=1 K=2 K=3 K=4

I=9 1.32E+2 1.86E+2 2.32E+1 1.66E+2
0.06E+2 1.11E+2 1.81E+1 2.78E+2

I =10 -2.32E+2 -4 26E+1 1.16E+2 9.82E+1
-1.49E+2 -6.41E+1 -1.25E+0 -6.32E+1]

I =11 -3.46E+2 -4 .23E+1 -10.6E+1 4.64E+1
-2.26E+42 -1.44E+2 -8.07E+1 2.28E+]

I =12 -1.74E+42 -1.47E+2 -1.52E+2 -1.23E+2
-2.57E+42 -1.78E+2 -1.14E+2 -0.579E+2

I =13 -2.16E+2 -0.77E+2 -6.86E+1 2.94E+1
2.68E+2 -1.90E+2 -12.6E+] 7.14E+1

I =14 -3.61E+2 -1.82E+2 -1.72E+41 -1.92E+2
2.68E+2 -1.84E+2 -1.27E+2 -0.751E+2

I =15 -3.28E+2 -1.99E+2 -2.03E+2 -1.79E+2
-2.53E+2 -1.64E+42 -1.12E+2 -0.679E+2

I =16 -3.05E+2 -1.33E+1 -1.31E+2 -4 .45E+1
-1.91E+2 -1.08E+2 -0.724E+2 -4 . 27E+1
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Table 7.6 The net flux through Y = 1 wall and 0 <X <2

K=1 K =2 K =3 K =4

I=1 4.19E+4 5. 26E+4 5. 29E+4 .20E+4
4.35E+4 5.44E+4 5.45E+4 .27E+4

I=2 1.95E+4 2.58E+4 2.60E+4 .19E+4
1.83E+4 2.54E+4 2.54E+4 .73E+4

I=3 1.0E+4 1.37E+4 x 4.39E+4 .98E+4
0.861E+4 1.33E+4 1.33E+4 .68E+3

I=4 5.44E+3 7.13E43 7.29E+3 .75E43
4.87E+3 6.90E+3 7.93E43 .98E+3

I=5 2.80E+3 3.79E+3 4.06E+3 L77E+3
2.87E+3 3.95E+3 4.06E+3 .00E+3

I=6 1.62E+3 2.08E+3 1.95E+3 .74E+3
1.78E+3 2.43E+3 2.21E43 .93E+3

=7 9.83E+2 1.19E+3 1.40E+3 14E+3
11.3E42 1.52E+3 1.36E+3 .28E+3

1-8 | 3.92E42 6.46E+2 8.24E+2 . 38E+2
7.32E42 8.00E+2 8.27E+2 .95E+2
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Table 7.7 The net flux through Y = 1 wall and 2<X<4

K=1 K=2 K=3 K=14

I =9 3.31E+2 4.98E+2 4.39E+2 5.23E+2
4.75E+2 4.98E+2 5.48E+2 5.89E+2

I=10 X 2.28E+2 4.12E42 3.15E+2 4.69E+2
. 2.57E+42 3.14E+42 3.72E42 4.34E+2
I=1 x 1.38E+2 2.17E+2 3.61E+42 x 1.74E+2
1.70E+2 2.34E+2 2.94E+42 3.57E+42

I =12 x 2.58E+2 1.34E+2 X 3.36E+2 X 2.78E+2
1.35E+2 1.99E+2 2.60E+2 3.26E+2

I=13 x 1.89E+2 2.18E+42 2.94E+2 3.50E+2
1.23E+2 1.90E+2 2.48E+2 3.15E+2

I1=14 1.28E+2 1.81E+2 4.05E+2 2.78E+2
1.24E+2 1.95E+2 2.45E+2 3.15E+2

I =15 1.99E+2 2.39E+2 2.10E+2 x 5.65E+2
1.42E+2 2.18E+2 2.69E+2 3.31E+42

I=16 2.40E+2 2.54E+2 2.78E+2 4.82E+2
2.12E+2 2.88E+2 3.23E+2 3.64E+2
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Table 7.8 The net flux through Z = 0 wall and 0 <X <2

J:] J=2 J=3 \]=4
1 4 .28E+4 5.30E+4 5.15E+4 4.28E+4
4.36E+4 5.45E+4 5.44E+4 4.26E+4
2 1.90E+4 2.59E+4 2.70E+4 1.90E+4
1.84E+4 2.54E+4 2.54E+4 1.71E+4
3 9.79E+3 1.36E+4 1.32E+4 1.04E+4
8.80E+3 1.33E+4 1.33E+4 0.849E+4
4 5.49E+3 6.53E+3 6.95E+3 4.92E+3
5.07E+3 6.96E+3 7.87E43 4.78E+3
5 2.74E+3 3.44E+3 3.63E+3 3.27E43
3.06E+3 4.02E+2 4.00E+3 2.80E+3
6 2.07E+3 2.19E+43 1.76E+43 1.64E+3
1.98E+3 2.49E+3 2.15E+43 1.73E+3
7 9.82E+42 1.18E+3 9.73E+2 9.43E+2
13.3E+42 1.58E+43 13.0E+2 10.9E+2
8 7.24E+2 7.32E+42 7.34E42 4.10E+2
9.25E+2 8.60E+2 7.67E+2 7.02E+2




Table 7.9 The net flux through Z = 0 wall and 2<X<4
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J =1 Jd =2 =3 J=24

I =29 6.14E+2 .94E+2 .85E+2 2.80E+2
6.68E+2 .58E+2 .88E+42 3.97E+2

I1=10 4. 26E+42 O1E+2 .23E+2 2.09E+2
4. .53E+2 .75E+2 .12E+42 2.39E+2

I =11 4,26E+2 .50E+2 .67E+2 2.04E+2
3.66E+2 .94E+2 .31E+2 1.62E+2

I =12 2.55E+2 .07E+2 .26E+2 2.67E+2
3.31E+42 .62E+2 .97E+2 1.32E+2

I =13 3.24E+42 .62E+2 .23E+2 0.94E+2
3.18E+2 .50E+42 .86E+2 1.21E+2

I =14 4. 05E+2 .15E+42 .58E+2 1.84E+2
3.17E+2 .51E+2 .94E+2 1.24E+2
I =15 2.94E42 .24E42 .64E+2 0.985E+2
3.28E+2 .70E+2 . 18E+2 1.43E+2

I =16 3.11E+2 .36E+42 .24E+2 2.93E+2
3.64E42 .24E+2 .89E+2 2.16E+2




Table 7.10 The net flux through Z = 1 wall and 0<X<?2
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Jd=1 =2 J =3 Jd=4
4.13E+4 .15E+4 5.05E+4 4.30E+4
4.23E+4 A1E+4 5.40E+4 4.31E+4
1.87E+4 .43E+4 2.55E+4 2.03E+4
1.69E+4 .51E+4 2.50E+4 1.79E+4

x 9.67E+4 17E+4 1.30E+4 9.12E+3
8.29E+3 .29E+4 1.29E+4 8.22E+3
4.90E+43 .80E+3 6.30E+3 4.97E+3
4,59E+3 .55E+3 6.53E+3 4 48E+3
2.91E+3 .31E+43 3.62E+3 2.56E+3
2.61E+3 .69E+3 3.58E+3 2.48E+43
1.26E+3 .60E+3 1.43E+43 1.08E+3
1.54E+3 .83E+3 2.05E+3 1.39E+3
5.93E+2 .59E+2 8.50E+2 7.18E+2
8.94E+2 .82E+2 11.42E+2 7.42E+42

8 2.87E+2 .80E+2 5.11E+2 1.59E+2
5.05E+2 .50E+2 4 .23E+2 3.42E+42
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Table 7.11  The net flux through Z= 1 wall and 2<X< 4

J=1 J=2 J=3 J=4
9 1.62E42 - 7.87E40 2.40E+0 -1.34E42
1.99E+2 1.70E+2 1.21E+2 8.41E+1
10 -4 .00E+1 -6.03E+] 1.33E+2 -2.61E+2
4 .52E+1 -3.55E+1 -6.16E+1 -1.32E42
11 -4 .79E+] -4.86E+1 -1.84E+2 -2.23E42
-3.13E+] -8.27E+] -1.42E+2 -2.19E42
12 -1.29E+1 -2.41E+2 -1.39E+2 -2.49E42
-6.21E+1 -1.16E+2 -1.77E42 -2.54E+2
13 -1.23E+2 X 2.13E+1 -2.03E+2 -2.53E+2
-7.36E+1 -1.28E+2 -1.86E+2 -2.67E+2

14 -7.55E+1 -7.28E+] -9.47E+1 -2.8E+2
-7.61E+1 -1.28E+2 -1.84E+2 -2.68E+2
15 -5.34E+] -2.22E42 -2.76E+2 -1.65E+2
-6.46E+1 -1.13E+2 -1.64E+2 ~2.53E+2

16 ~1.05E+2 -1.72E+2 -2.49E+2 -2.86E+2
-4 . 34E+] -0.735E+2 -1.09E+2 -1.95E+2
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This completes the analysis for the cartesian geometries,
it is by no means exhaustive but it covers a wide range of problems.
The energy balance is very good for one and two-dimensional cases.
For three dimensions, the imbalance is not so significant in
proportion to the magnitude of the fluxes involved.

Further examples using a cartesian enclosure but an
orthogonal grid system have been computed and applied successfully

in the department.

7.2 Axisymmetric Geometries

7.2.1 An Infinite Cylinder with Prescribed Interior Temperatures

Consider an infinitely long cylinder of radius R with
cold balck walls. Let the gas inside be at a uniform temperature
(ch = 1.0) and of absorption coefficient K. Fig. 7.16 shows the
analytic solution (Truelove, 1976) of flux through the wall for
various optical diameters compared with the discrete transfer
solution for the same case using 128 rays. In practice only
32 rays need be solved for, due to the symmetry properties. Both

solutions coincide and there is an exact energy balance.

7.2.2 An Infinite Cylinder with Uniform Interior Heat Generation

Consider an infinite cylinder radius R with uniform heat
generation inside. The walls are black but at temperature Tw.

Fig. 7.17 plots the quantity ¢ defined by:
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Figure 7.17 Comparison of the Monte Carlo solution of ¢with
the DT method (128 rays) for an infinite cylinder
with hot black wall and uniform heat generation

inside
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5 - O(TQYT4) (7.2.1)
w C
versus optical thickness where Tc is the temperature at the centre,
for various optical diameters. The exact solution has been obtained
by the Monte Carlo method (Cess, 1966). The DT solution was
derived using 128 rays. There is exact energy balance.

We look at the temperature distribution from the wall to the
axis for the above test case, but for a wall temperature of zero
(cold wall). Fig. 7.18 compares the Monte Carlo solution (Truelove,
1976) with the DT method using 128 rays leaving each grid wall

area. The optical diameter is 4.0. Results for 2.0 and 1.0 are

also presented.

7.2.3. Two Infinitely Long Co-Axial Cylinders Sandwiching

Gas at Prescribed Temperatures

Consider two infinite co-axial cylinders with cold black
walls sandwiching gas inside at a uniform temperature (ng = 1.0).
Table 7.12 shows the net heat fluxes from the inside and outside
walls for various outside to inside radii ratios and optical
distances between the walls. As the ratio tends to 1, the
flux tends to the one-dimensional parallel wall solution (fig. 7.1).

For this solution, 16 rays were used. The energy balance is exact.
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Comparison of the Monte Carlo solution of temperature
(oT%) distribution (Hyde and Truelove, 1977) with the DT
method (128 rays) for an infinite cylinder for some
typical optical diameters, with cold black wall and

uniform heat generation inside
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Ratio Optical thickness Heat flux Heat flux
rz/r] K(rz-r]) to inside wall to outside wall
10 0.1 0.122 0.183
1.0 0.705 0.814
2.0 0.907 0.944
3.0 0.970 0.977
4.0 0.990 0.989
2.0 0.1 0.133 0.198
1.0 0.736 0.823
2.0 0.923 0.950
3.0 0.976 0.984
4.0 0.993 0.994
1.0001 0.1 0.171 0.171
1.0 0.782 0.782
2.0 0.939 0.939
3.0 6.982 0.982
4.0 0.994 0.994

Table 7.12 Solution of heat fluxes through the inside and outside
cold black walls for two infinitely long co-axial
cylinders sandwiching gas at uniform temperature

using the DT method (16 rays)
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7.2.4 Two Infinitely Long Co-Axial Cylinders with Prescribed

Uniform Heat Generation

Consider two infinitely long co-axial cylinders with black
walls and the inner wall at temperature Tw1 and the outer wall at
temperature Tw2° Let there be no heat generation in the annulus.
Fig. 7.19 shows the comparison between the Monte Carlo results for
¢ (Cess, 1966) and the discrete transfer method using 128 rays.
The optical distance between the wall ranges from 0.0 to 4.0.

This is the region where many flux methods fail (Deissler, 1964,
for example).

Further the temperature distribution for each case needs
to be evaluated. Fig. 7.20 shows the Monte Carlo solution (Hyde and

Truelove, 1977) for two optical thicknesses, 2.0 and 1.0 with
the ratio r2/r1 = 10.0.

7.2.5 Finite Cylinders

A number of useful examples have been presented by
Bartelds (1976). Most of these have been predicted using the DT
method and some of these are presented here. Firstly consider a
finite cylinder with black walls at temperature 500°C containing
gas at uniform temperature of 1000°C. The absorption coefficient

1

of the gas is 0.25m '. The dimensions of the cylinder are given

on Fig. 7.21. The incident flux (q_) is compared using the
discrete transfer method (128 rays) with the exact solution

(Bartelds 1976) on the same figure.
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Comparison of Monte Carlo solution of ¢ (Cess,
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The next case to be examined is a finite cylinder with
non-black walls. The gas inside is at uniform temperature.
The absorption coefficient is varied and the maximum incident flux
is recorded. The size and conditions are shown on Fig. 7.22.
For this validation a computer code for any orthogonal grid was used
simply to illustrate the flexibility of the discrete transfer method,
as opposed to the code for the other validations in this section
which takes the axi-symmetric property of cylinders into account.
It should be noted that the second code would normally be used
because it would consume less computer time. The orthogonal grid
code can easily be adapted to other shaped objects, while the
second one is specifically for axi-symmetric enclosures only. The
grid used is shown in Fig. 7.22. Table 7.13 shows the results
for the maximum incident flux obtained by the discrete transfer
method (4 rays) and the zone method for two different wall temperatures

and various absorption coefficients.

Zone DT method
(4 rays)

I -1 I -2 I-1 I-2
K=20.1 200.8 89.5 201. 90.1
K=0.2 224.4 143.5 225. 144.9
K=0.5 258.5 221.1 259.8 224.7
K=0.8 271.5 251.3 273.7 256.5
K=1.2 278.8 268.6 281.5

Table 7.13 Comparison of the maximum incident radiative heat
- flux densities at side wall, K /m2 using the
zone method (Bartelds 1976) and the DT method
(orthogonal version, 4 rays) for the enclosure
described on Fig. 7.22
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Fig. 7.22 The dimensions of the finite cylindrical enclosure with

the conditions both inside and on the boundary, and the

end view of the orthogonal grid used for this validation
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Consider a finite cylinder with walls at temperature
300K and emissivity 0.5. The dimensions of the enclosure and the
grid used are shown on Fig. 7.23. Now let the temperature«<drop
smoothly as shown on Fig. 7.23. Using the more usual axi-symmetric
computer code version of the discrete transfer model with 128 rays,
the incident flux (q_) is plotted with the zone solution (Bartelds
1976) in Fig. 7.24.

Now the temperature distribution is altered to the one
shown on Fig. 7.25. The boundary conditions and the dimensions
remain the same. The absorption coefficient is altered to 0.1. Using
the discrete transfer method (128 rays), the incident flux (q_) is
plotted with a similar solution derived using the zone method

(Bartelds, 1976) in Fig. 7.26.

7.2.6 Finite Cylinder with Varying Temperatures and Absorption

Coefficients

As a final example, we consider what is perhaps a more
realistic situation. Consider a finite cylinder raidus 1Tm and 5m
long. The walls are at 500K and the emissivity is 0.8. There is

a hot region (Fig. 7.27) where the temperature is 1700°K and

1

absorption coefficient 0.6m '. The rest of the chamber is at 1100%K

and the absorption coefficient there is 0.05m-].

Two solutions
of the discrete transfer method (128 rays, 8 rays) are presented
in Fig. 7.28. The comparisons are made with a Monte Carlo solution

(Gibb, 1974)..
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Fig. 7.28 Comparison of the Monte Carlo solution (Gibb, 1974)
of the net heat. flux through the wall with two

solutions using the DT method (128 rays, 8 rays)
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7.3 Application to Determination of View Factors

7.3.1 Usage

It is interesting to note that view factors can also be cal-
culated for almost any type of surface using the DT method. Given
a surface, it is divided into a grid system such that none of the
grid cell subtends an exceptionally large solid angle at the point at
which the view factor is being evaluated. The required integrals are
then discretised and summed. These view factors so determined were
checked against established values for several cartesian cases and good

agreement was obtained.



146

CHAPTER 8

SCATTERING AND NON-GRAY SYSTEMS

8.1 Inclusion of Scattering in the Discrete Transfer Method

8.1.1 Basic Equations

The Discrete Transfer method can be extended to solve a

more general form of transport equation (0zisik, 1973),namely:

(8.1.1)

where St can be any combination of terms which can be regarded as
constant within each cell per iteration as the ray travels through
the medium. The an$lysis done in Chapter 6 can be carried through for
eq. (8.1.1) with 259 term replaced by St and K by s' where K is here
regarded as an extinction coefficient which in general may include
the effects of scattering as well as absorption.

Consider the transport equation for an absorbing-emitting-
scattering medium. A ray travels through a cell in the medium of tempera-

ture Tg and absorption coefficient Kg. Let the scattering coefficient

be KS‘ Then the change in the intensity of the ray can be related

as follows:
4
dI oTy Ks Tty g
& = - (Kg+ KT + K —+ = l{w P(2,0")1(Q")da (8.1.2)

where P(Q,Q') is a probability function for scattering. (Ozisik, 1973).
It is the probability that incident radiation in the direction Q'
will scatter into an element of solid angle da about the direction

Q2 of the ray. For isotropic scattering, we have P(Q,Q') = 1.0;
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a simple anisotropic approximation which often appears in the

literature (see for example Dayan and Tien, 1975) is
P(.2') = 14b(Q".0) (8.1.3)

where b is a constant between 41 and -1. If we define:

s' = (Kg + K)s (8.1.4)
s

and W= o (8.1.5)
Kg+KS

then eq. (8.1.2) reduces to the form of (8.1.1) where

4

ig_ w ] [ [ 1
Sp= (l-w) =4+ 70 [4/; I(')do' + bR. 4/; I(Q') @'.de' ]

(8.1.6)

The above expression can often be found in the literature (Beach et al,
1970 for example). Notice if w = 0.0, ST then represents a non-
scattering medium and s' = Kgs.

Since the terms of ST (eq. 8.1.5) can all be regarded for each
ray within a given cell, we can apply the Discrete Transfer method.
The quantities in the square brackets, the zeroth and first moments
of I, have to be accumulated in separate storage locations.

If there is uniform heat generation S in the interior of a
cartesian geometry, eq. (8.1.2) is integrated over the 47 solid

~angle to yield

> = -1 sido +0- igﬂ*’ (s Ide' 8.1.7
-4-'?1'“— 4TT (,U) m 4_114“ Qj (")

which can be rewritten as

. 4
o
o S
o yivs J1dQ + —T (8.1.8)
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substituting eq. (8.1.8) into eq. (8.1.5) for Tg, we get

s 1 wb o
%'ﬁ*ﬁ”@fﬂﬂ#ﬁm . (8.1.9)

Replacing eq. (8.1.9) for the ST term in the transport equation

(8.1.1) we may now solve using the procedures described in Chapter 6.

8.1.2 Validation for a One-Dimensional Parallel Plate Case

Consider two parallel cold black plates sandwiching gas at

uniform temperature (ng

= 1.0). Let the total optical thickness
((Kg+KS)L) be Ty Then for an isotropic scattering gas, a comparison
between the DT and exact net fluxes out of the wall is given by
table 8.1. The exact solution has been obtained from Beach et al
(1970). The DT solutions use 10 rays, the DT energy balance is exact.
Now let us.consider two parallel black plates at temperatures
1=1.0and oT,
radiative equilibrium (S = 0.0). A comparison between the DT and exact

ol = 0.0 respectively. Let the medium inside be in
net fluxes out of wall 1 is given by table 8.2 for various optical
thicknesses. The exact solution is due to Dayan and Tien (1975).

The disagreement for the larger optical thicknesses is unexpected

and represents a source for a further and detailed study.
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qz/ng w = 0.5 b =0
g DT(10) Exact
0.1 0.0915 0.0911
0.2 0.1704 -
0.3 0.2399 -
0.4 0.3017 -
0.5 0.3562 -
0.6 0.4062 -
0.8 0.4900 -
1.0 0.5575 0.5591
1.5 0.6750 -
2.0 0.7443 -
2.5 0.7853 -
3.0 0.8097 -
10.0 0.8385 0.8535

Table 8.1 Comparison of Discrete Transfer and Exact wall fluxes
for: Cold black walls sandwiching a uniform temperature,
isotropically scattering medium using the Discrete Transfer

Method (10 rays)
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g wb =-0.7 wb = 0.0 wb = 0.7
DT(70) exact DT(10) exact DT(10) exact
0.1 0.899 0.901 0.915 0.916 0.931 0.931
0.2 0.819 - 0.848 - 0.888 -
0.3 0.751 - 0.793 - 0.834 -
0.4 0.693 - 0.745 - 0.797 -
0.5 0.643 0.663 0.704 0.704 0.765 0.750
0.6 0.598 - 0.667 - 0.737 -
0.8 0.522 - 0.604 - 0.690 -
1.0 0.460 0.505 0.553 0.553 0.652 0.611
1.5 0.345 - 0.458 - 0.581 -
2.0 0.267 - 0.391 - 0.534 -
2.5 0.211 - 0.342 - 0.499 -
3.0 0.170 0.260 0.304 0.302 0.473 0.358

Table 8.2 Comparison of Descrete Transfer and exact wall fluxes for:

one hot, one cold wall with no heat generation using DT(10 rays)
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8.2. Calculation of Radiative Transfer in an Isotropically

Scattering Medium with Gas and Particles at Different Temperatures

Consider a control volume containing gas at uniform tempera-

ture T_ and absorption coefficient K Let the gas contain particles

g g
at temperature Tp’ emissivity €p? reflectivity rp, then the transport
equation can be written in the following way, if the medium is also

isotropically scattering (Gibb,(1975)):

4 4
i _, o7 ol 1 oo
F oK=L epr(—EE" I) + rpK (7 F1(@" ) - 1)

(8.2.1)

where Kp is a temperature and particle size weighted particle surface

area, see Gibb (1975).

Next if we define

4 4
oT ol r K
S. = °g _p,.bp -// 8.2.2
1= K =7+ ey 5+ - S T dalflkg + ek + k) (8.2.2)
ds' = (K. +¢K 8.2.3
and s* = (K epkp * TpKp)s ( )

Then equation (8.2.1) reduces to the form eq. (8.1.1) and can be
solved by the Discrete Transfer procedure.

The problem now considered and its Monte Carlo solution have been
provided by Gibb (1974). Using his words it is expressed as follows.
“"Consider a cylindrical furnace chamber (5m long, 1m radius) containing
an 'PF flame', approximated as a 5m long cylinder, radius 0.5m,
co-axial with the furnace chamber. The first half of the flame
contains gas at 1700K and combusting coal particles at a temperature
1750K. The gas (soot) absorption coefficient was assumed to be

1

0.5m '. The particle absorption coefficient was estimated by Gibb

by assuming a mean particle radius of 25u and an air/fuel volume ratio
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of 10%:1. 1In this region € *1.0 and rp’=0.0 so that Kp = 3m”]

p
and K, ~0.0. The second half of the flame contains gas at 1400K
(Kg = 0.5m_1) and inactive char particles. In this region € and

1 1

r, are taken as 0.5 giving K_ = 1.5m ' and K = 1.5m . The scatter-

P
ing here is assumed to be isotropic.
The flame is assumed to be surrounded by an annulus of 'clear'
gas which was simulated by setting Tg = 1100K, Kg = O.]m']. The
furnace chamber has water cooled walls with Ty = 500K, By = 0.8,
ry = 0.2. Fig. 8.1 gives the details of the problem specification.
Fig. 8.2 shows the Monte Carlo solution with the Discrete
Transfer method of solution using effectively 64 rays. The agreement
is very good along the cylindrical wall. The disagreement at some

points is believed mainly due to the statistical scatter of the Monte

Carlo solution.

8.3 Method of Solution for Non-Gray Problems

Many different methods and hypothesis are available for
solving non-gray systems. (see Ozisik, 1973 for example). For
the discrete transfer method we choose to use the band approximations
and so reduce the problem to one of solving simultaneously several
equations of the type (8.1.1).

Consider a medium with say r frequency bands each thickness
and absorption coefficient K|, . Then

g i
the transport equation for the ith band is given by:

dvi and at temperature T

4

- dI\) K).OTg.

= =- K I + -—_1__.l
\Y) \).i ™

(8.3.1)

for all i's 1 to r. Equation (8.3.1) can be evaluated individually



94NSO|oud |BILUPULLAD B JO SUOLILpUOD |edLsAyd pue Aujawosy |°g *HiLy

153

wg -
ogﬁoo — wge >
_.__.__.____u_Q T T T ﬁ
PWIGL =55, WG-0="W' | WG =T 3H00L=2="1 |0 =)' _WG-0="%'WE =Y NOOLL =5L 'MOSLL="11 WSO
¢ IDIJSIDN ~ | IDIJIION «
—
0=5%'0=9y ", _wL=0y%"yoou=0  |PY3
€ IDIN3}0IN .
| ]
MO0G=ML'80=3 IIoM



154

Cylindrical walls End walls
200,— D O Monte Carlo 400 —
0 08 results
O DT (64) 0
o %%() o0
O 0 Kw/m?2
D a O
Sﬁ 0
o~ 0 (®)
E150_ O 300}
3
x
Xx [0 0
g 0 o B
)
2
© o}
§1oo— o 200} °
3 Q
0
8DQ o
O 0
Do Q O
] ()o g o
50— o 100}— o0
0 o a
a
()()
O ()()
[]El()
0
1 | l i J [
0] 1 2 3 4 5 0O 02040608 1
z(m) r(m)

Fig. 8.2 Comparison of Monte Carlo and DT (64 rays) of net

radiative flux for conditions as described in fig. 8.1

O
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for every ray since the distances travelled by rays in each cell
-remains the same.
The intensity I is then evaluated by simply summing the

product of each intensity with the band thickness

1=z 1 d (8.3.2)

A1l the other quantities can be similarly evaluated.



156

CHAPTER 9

CONCLUSIONS AND FUTURE RECOMMENDATIONS

9.1 Conclusions

In Chapter 1, we saw that there were basically four methods
available to solve for radiative transfer: analytic , zone, Monte
Carlo and flux. The analytic methods offer little useful potential
because of the complicated integro-differential equations involved,
this fact was made evident in Chapter 2. While the zone and Monte
Carlo methods can be regarded as numerically exact, the zone method
requires considerable storage (Chapter 2) and the Monte Carlo is
vulnerable to statistical errors (Chapter 2). This Teaves only
some kind of flux method as offering a solution to the economic problem
posed by engineering calculations.

In Chapters 3 and 4 a flux method was proposed based on the
assumption of a special Taylor's Series for the intensity distribution.
Three parameters were introduced related to some special surfaces
of integration chosen such that the final form of the equations is
compact (fig. 3.2). During validation studies, four tables were
drawn up recommending relations for these parameters as a function 6f
optical thicknesses for both source and temperature prescribed problems
in both Cartesian and cylindrical co-ordinate systems.

Extensions to two dimensional problems revealed that these
recommendations did not yield the expected success, especially
near the corner regions. Other methods of linking the three parameters
with the variables of the problem were therefore investigated in

Chpater 5. One of them involved measuring the mean optical depth for
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every point in the enclosure. . Although this gave better results,
a small geometric change in one region of the enclosure would cause
the mean path lengths for the whole enlcosure to change and not
necessarily by a common factor. In practice an extra subroutine
would be required and a loss of economy incurred.

The second suggestion involved linking the parameters
to the intensity distributions. Since the number of possible in-
tensity distributions is nearly infinite and the amount of data
available is very small, this approach was abandoned. With the
availability of more data, this method may deserve further investi-
gation. Nevetheless, this particular flux model has been used in
its present form at Imperial College with a good degree of success.

After considerable further investigation, it was discovered
that the shape of the intensity distribution played a major role
in determining the accuracy of any particular flux method. For
the typically very discontinuous intensity distribution at a wall
boundary, introduction of 'optically thin boundary layers' consider-
ably improved the quality of solutions as was shown in Chapter 5.
While the concept of boundary layers gave much insight into the
problem, its application in practical problems has very little
scope.

In Chapter 6 a new "Discrete Transfer" method was proposed.
This may be considered a mixture of the flux, Monte Carlo and zone
methods. The statistical dependence of the Monte Carlo method was
replaced by discretizing the solid angle 2m. The excessive storage
requirements of the zone method was removed. For most flux methods,
once the assumptions on the intensity distributions are made, the
rest of the solution is buried in a Tot of often complex mathematical

manipulations while for an engineer, the discrete Transfer method
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offers a better scope of understanding of the whole concept of
" radiative transfer. In the discrete transfer method, rays in specific
directions are traced and various properties recorded.

Many validation cases were studied in Chapter 7. For all
the cases, the predictions were very good. If the accuracy needs to
be further improved, a change of a single parameter (no. of rays fired
from each surface cell) is all that needs to be done. Crude solutions
can be achieved by tracing less rays and a final solution could be
calculated by simply increasing the number of rays towards the last
few iterations. The computer-storage is small and complicated
enclosure geometries can be easily handled.

The extension of the discrete transfer method to scattering
and non-gray probiems is shown in Chapter 8. Since the transport
equations for both these systems can be reduced to a form similar
to the original transport equation, no special problems arise except
certain new integrals need to be stored. Considering this and all
the evidence presented in Chapter 7, we feel that the discrete transfer

method holdsdefinite advantages over all other methods.

9.2 Future Recommendations

The flux method described in Chapters 3 and 4 is easy to
incorporate with the existing flow procedures so extensions to other
co-ordinate systems and also to non-gray, scattering systems are of
interest. Whilst not much difference in the general performance
is expected for a non-gray system, the flux approach should perform
better for scattering systems since the intensity distributions

would become more continuous.
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Because the discrete transfer method can cope with more complex
.boundary conditions (part specular, part diffuse surfaces etc.) there
is a need in some cases for obtaining more realistic solutions enabling
fairer comparisons with experimental data.

The possibility of using the discrete transfer approach
to solve other classes of transport equations is worth considering.

The calculation of first and second order moments of intensity
at points inside the enclosure needs some further investigation
as do problems in scattering and non-gray systems.

There is a need to produce a concise collection of “"exact"
solutions similar to those of Chapter 7 so that researchers can have
a base by which a particular method can be judged for individual cases.
The discrete transfer method could prove to be invaluable for such a

venture.
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Appendix (A2.1)

Analytic Solution of Rectangular Enclosure with Cold Black ¥alls

Consider an infinitely long rectangular enclosure with cold
black walls. The width is a and the height is b. The contained gas
is at uniform temperature Tg (fig. A2.1.1). The analysis which is

now presented has been provided by Gibb (1977).

' £(0,1,0)
-a/2 A2 e

—_X

S-57

d\/k‘//'///

dA“¥ p(xy,z')

Fig. A2.1.1 A thin pencil of rays in a rectangular
enclosure
The following expression can be obtained by integrating the
transport equation (1.2.1) along a thin pencil of rays (fig. A2.1.1)
oT4 S
I(s) = _ﬁg I Ke-K(s-s')ds. (A2.1.1)
0

Substituting this into the definition of flux (1.2.2) and replacing
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dQds

j

and

£
3
n
L}

we obtain 4

T . .
a(x) = =9 5 ke K(s=s")( v

" (s-s')
further from geometry

2 1/2

r=s-s' = {{X-X")" + ux Z'2}

Therefore eq. A2.1.5 reduces to

a
2 0 o ke KI
JodX' s (-Y) dY' S ez
% -b -0 T

further if we define

u= KX'
u. = KX
- >
w = KZ'

vt 2 L2 . 24172
p = K[(u-u) +v® +w

and _q
¢ =27 ]
g

ol

the expression A2.1.7 can further be simplified to

and dV = dX'dY'dz'

(A2.1.2)
(A2.1.3)
(A2.1.4)
(A2.1.5)
(A2.1.6)
(A2.1.7)
(A2.1.8)
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Ka
5 2 Kb o o
- f du S vdv/ —— dw
w p3
- Ka 0 0
-~

In order to solve the above equation, we put

al - (u-uO)2 + VP )
neP
and let J(a) =/ dw
0
u = %{az + w2 172 J
so that
(-] -au
aZJ(a)=f _Z_e_— dLl
] M V(u2-1)
[ oo oo e'a"U
= fda' f da" f du
a a' 1 /@2—1)
= fmda' /7 da" Ko(a")
a a'

here K0 is the modified K bessel function of zeroth

and Stegun (1965), Chapters 9 and 11).

-

Now let~

aZJ(a) = Kiz(a)
- a(Ky(a) - Kip(2))
Ia) = 2K (a) - Ki(a))
b
J(usb) = £ va((ui+v?) 124y
0

U={u-u,, B

Kb.

(A2.1.9)

(A2.1.10)

order (Abramowity

(A2.1.11)
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Substituting u2 = v2 + U2, so that

/U2+B2

JUB) = L () - Ky ()

1/2 1/2

)

Ko(U) = K ((uP48%) /%) - SHOK Kiz((U2+BZ)

L(u) - L((u2+82)1/2y (A2.1.12)

where L(x) = Ko(x) - Kiz(x)

Therefore, we finally obtain:

o

g9

Ka
5 - ‘11_ _ %?[Luu-uon - L({(u-ug)? + biz}]/z)]du
B (A2.1.13)

The right-hand side of equation (A2.1J3) can now be solved using

a simple quadrative formula, SimpSOn'é method for instance.
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Appendix A3.1

Integration over the surface surrounding the positive x axis

If Q is the direction of the ray in a cartesian system with
unit normals i, j and k, the direction cosines can be written as
(2.i), (2.3) and (Q.k) in the respective coordinate directions. These

are represented by X', Y' and Z' respectively in the text. In terms

of the spherical angles:

X' = (Q.1) = cosh (A3.1.1)
Y' = (9.J) = sine cos¢ (A3.1.2)
7' = (2.k) = sing sing (A3.1.3)
dQ = sing ded¢ (A3.1.4)

where the angles © and ¢ are defined in fig. (A3.1)

Al

Fig. A3.1 Definition of 6 and ¢ angles with

respect to i, j, k axis

The limits of integration for the surface are 0 < ¢ < 21 and

1

0 <8 <cos  X'". Hence the following results can be easily

derived:



>

>

p N

>

>

>

p

dQ
X'dQ
Y'dQ
7' dQ
X!

dQ

Y'" dQ

Z'" do

X' Y' dQ

X'Z' dQ

Y'Z' do

x'3 dg

y'3

2'" do

n
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2n(1 - X")

(1 - x2)

H(1 - x)

(A3.1.5)
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f I2I
A XY de =0
)gx'ZZdQ = 0
f I2I ||22
p Y'Xtde =7 (- x")
f|2|
p¥Y'Ztd =0

2

£Z|2X| do _%(] - an)

"
o

S |2 '
A Z'7 Y do

Similar integrals can be performed for other surfaces by appropriate

rotations of the axis.
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‘Appendix A3.2

The One-Dimensional Optically Thick Solution

We restate equation (3.2.10):

dZC] 1 il
aa;g— =3 P ~?FJ (A3.2.1)

and the boundary condition

4
2@(]+XQ - 1)351 + EIl =.El - (J_._ ])(élﬂ+93.+ B3)
3 €] dX T € € 2 4 T

(A3.2.2)

Neglecting terms of 0(a2) from equation (A3.2.1) the
outer solution reduces to

0T4
B, = — (A3.2.3)

Thus the flux in the outer region is given by

4 d

4
9= - 3xax (o

) (A3.2.4)

It is interesting to note that this agrees with the Eddington
and Rosseland (1936) approximations. Since the intensity distribution
is nearly isotropic the agreement is perhaps not surprising.

For the inner or 'boundary layer' region the sketched
coordinate system (3.2.13) and the Taylor's series (3.2.14) are

replaced in eq. (3.2.10) to yield:

2

d DO T4
+ 0(a) = By - ol (A3.2.5)
2 1 m
. an

The boundary conditions are:



4 4
14+x dD B ol ol C
2,/ 0, 1 4\, 1 0 W9
EARr oL i A
n 1

at X =0, and (A3.2.6)

and
0T4
=%~ as X (A3.2.7)

After elminating B, using eqs. (3.2.5), (3.2.6) and (3.1.10) from

equation (A3.2.5), the final form of the equation is:

2
d"Dy (1-x"2) o1* ] 2 oTH
— = Do = 7 T (A3.2.8)
an 1+X"
The complementary function is
2 2
j |12 .Xn _ / 0wl ‘Xn
14X + Be” VI¥X (A3.2.9)

DO = Ae

where A and B are constants of integration.

The particular integral is

Dy =|— 1[. 2 i (A3.2.10)
2 2 _l Texne T
1+X"2

where D is the differential operator. Evaluating (A3.2.10) and

neglecting third and higher order derivatives, D0 reduces to

_ 0T4 ]+X"2 d2 oT4
DO ST T T2 2( T )
an

(A3.2.11)

the general solution is the sum of (A3.2.9) and (A3.2.11)

The boundary condition (A3.2.7) implies A = 0, and substituting

the general solution into the boundary condition (A3.2.6), and

solving for B, the final result is



14X 4 w2 2 -4
QdoT 1+x)d_(g_

(=) - 51+ —
an ™ 7 € dXE m

1+X -1
2 J 11
(= -1)——p - (A3.2.12)
[ j] A R ]

The flux out of the wall is

4
dD ol
TS - / ., (A3.2.13)

4m "0 _ _
9 T3AX T T 3| e

From the outer solution, the flux is given by eq. (A3.2.4)
Substituting (A3.2.4) into (A3.2.13) and replacing B by (A3.2.12)
the following temperature slip solution is obtained:

1 ]+XQ

4 4
OTO = OTw = 2—(

- ])q0 + %(1 +

X2 & (oT)
€

T (A3.2.14)
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Appendix A3.3

" The One-Dimensional Optically Thin Solution

The relations (3.2.18) are substituted into (3.2.4) to yield

an equation of the flow

2
d-C 4
1 2 oT
=q (B - — (A3.3.1)
dXZ ] m

The boundary conditions are

4
T+X oC B B B ol{a Ca
2 1 1 2 3 1 1
& E]Q . ”ax] + (a "N+ g+ )+ —— = o (A3.3.2)
at the wall X = 0 and
4
1+X aC B B, B ol,a  Cia
2 Q. Vel oy ls 243 2_ .1
3(62 1)aX + (€2 1)(2 totg Yo+ — = EE;— (A3.3.3)
at wall X = L.
Substituting the Taylor's Series eq (3.2.14)
¢, = Dy + @Dy + ..... (A3.3.4)

in (A3.3.1), (A3.3.2) and (A3.3.3), and equating terms of equal
orders of a, an infinite set is obtained. Equating the term of

zeroth order

—2 =0 (A3.3.5)

with boundary condition

i T+X aD
2 . "Q _ 0 _
3 5 1)aX =0 (A3.3.6)

at X = 0and X = L. The solution of this is
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D0 = A (A3.3.7)
where A is any constant. Equating the first order in «,

2
d%0,
dx2

=0 (A3.3.8)

and the boundary conditions

1+X

€

dD D o oTd ot D
e oy X2 %0y, " 1.0

Q _
])HX + E'I

£
3 ]+X"2 1+X"

-

at wall X = 0, and at wall X =1L

4 4
2 1+XQ dD] 1 D0 Xu2 oTO GTZ ) D0
- 3(5 - ])dX + (E_'_ 1)( 5 + — — ) + — == (A3.3.10)
2 2 1+X" 1+X" 2

Again the solution for D] is a general linear function of the
form

CX + E (A3.3.11)

where C and E are constants of integration.

Substituting (A3.3.11) into (A3.3.10) and (A3.3.9) and

solving for C, one obtains

||2 - ||2
g[]+XQ—X . ]+XQ X oy ..2[]+X ]]
3L g € €12

4 4 4 4

oT aT ol ol 4 ul

Loyl 2, 00 (X)L - )| ra.3.02)
™ €2 -I m (]+X" ) 2 1

The flux out of the wall 1 from equation (3.1.20) is given by

5C
A, 4r _1-_4_“ A3.3.13!
We=-3gh=-3x =3¢ ( )
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Appendix (A3.4)

Solution of flux equations in 1 dimension with prescribed constant source

For this case, the geometry of which corresponds to the
circumstances of two infinitely long parallel plates, the eqs. (3.2.1)
to (3.2.6) with the boundary conditions 3.2.7 and 3.2.8 are solved.

We first re-state egs. (3.2.13), (1.2.7) and (3.1.20):

1 oC

.11
v.g =S (A3.4.2)
q=%ﬁ (A3.4.3)

Substituting (A3.4.1) and (A3.4.3) into (A3.4.2) we get:

2
o C
1 1 _3S
"K'gg;— = I (AR3.4.4)

Hence the solution of (A3.4.4) is:

_ o 3sx?
8m

+ AX + B (A3.4.5)

where A and B are constants of integration. Substituting (A3.4.5)
into the boundary condition (3.2.7) and (3.2.8) the values
for constants A and B are obtained. The equation for flux out of wall

1 reduces to

4
. a = -gA. (A3.4.6)

Hence the flux out of wall 1 is
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1
(0T} + F K1) - 3 [+ s - NGO ]

k 12 Q —n—
qw] - ] 1+X6’ ]
1+ (“'+ EE - 2)( )(XQ + 3KL)
T (A3.4.7)
Here the value of Q can be approximated by
1 1+XQ 1
* =
Q . KL or ( > ) ( §EL) (A3.4.8)
¢4 Q"3

depending on whether the wall temperatures differences or the sources
are predominant. The difference between the two expressions is

small. The solution for temperature is also obtained by substituting
the expression for C] into 3.2.4, the resulting expression is similar
to (eq. 2.2.2 ) with the following starred approximations for unstarred

variables in the equation.

Q% = 12<L (A3.4.9)
+ - . 3 (KL-KX X ]
p* = + z-f;-—:f%Rts-+ (1 )(—————7§]j:) (A3.4.10)
ot T * 7K

03 = - 3 KBxL) + Kby 3 Koty 4 3 (A3.4.11)
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Appendix A4.1

Solution of the Present Flux Model for an Infinitely Long Cylinder with

Black Walls and a Constant Heat Source Inside

This is an axi-symmetric problem, therefore the 3% and-%z

terms are zero. The system is characterized by eqs (4.1.25) to

(4.1.27) and reduces to:

2 4
1 d _ _ KoT
K-E;? C] = KB] = (A4.1.1)
4
- o
82 = = (R4.1.2)
4
_ ol
B3 = (R4.1.3)

There is no net flux across the symmetry axis hence from
eq. (4.1.19) and eq. (4.1.36), the first boundary condition becomes

oC

T _ -
’5]"— = 0 at r = 0 (A4']'4)

while the second boundary condition from the eq. (4.1.29) for black

wall at temperature Tw reduces to

2rg 94 alt A4.1.5
Bl i (A%.1.5)

Since the sources are required, the relationship (4.1.38) between

the sources and temperatures is employed:

dC 4
1 %1 KeTT K .S
“gkdr t " 3(By + Byt B3) =g

-

(R4.1.6)

Using eqs. (A4.1.1) to (A4.1.3) and (A4.1.6) and eliminating B,,

B3 and T, the final equation reduces to:
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2

déc dc
1949 1% 3g
Rz & e K (R4.1.7)

Multiplying both sides by r, the left-hand side becomes an exact

derivative. Integrating both sides with respect to r gives:

+ A (A4.1.8)

where A is a constant of integration.
The above relation holds for any r, in particular at the centre

(r=0). This implies A = 0 so

dc
1 3 SK
= -7 (A4.1.9)

Integrating this relation further with respect to r,

3 skr?

G =-T5

+ B (A4.1.10)

where B is a constant of integration. Applying the outer boundary

condition (A4.1.5) to evaluate B, one gets

3 SY‘Z oTﬁ
B = (rQ + zKrz)z;f- 4"7F' (A4.1.17)
The flux out of the wall is
aC Sr
_ 47 __4 1 _ 72
qQ = —§-A] = - = 7 (R4.1.12)

For a simple energy check, the sum of the wall fluxes equals the
total sum of the internal sources, that is,

Sr2

—= .2ﬂr2 = Sur? = Source.Volume (A4.1.13)

q.Area = 2

Using equation (A4.1.6), the temperature can be evaluated by substituting
d

1 . i . -
for il B] is evaluated in terms of C] using the relation (4.1.16):
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o7 35

O = ¢y + (1 + ) (A4.1.14)

Evaluating eq. (A4.1.14) for the centre and denoting the temperature
by TC’ the system reduces to,

S |3 " 3
oTg - oTy = 7 b—u + 2y 4 2t 7 Kr%] (A4.1.15)

Taking the ratio of eq. (A4.1.12) for the flux out of the wall and
eq. (A4.1.15), and defining 2Kr, = 14 as the optical diameter,

yields;

q
W . 1
= A4.1.16)
T 7% 3 w2y . T . 3 (
oTw oTC 7I?-6(]+r ) +.Q 4 15 To
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~ Appendix A4.2

Solution by the Present Model for Infinitely Long Pair of Coaxial

Cylinders with Cohstant Internal Source

This is an axi-symmetric problem, and the equations governing
the radiation are (A4.1.1) to (A4.1.3) of Appendix A4.1. We also

use eq. (A4.1.7) of that Appendix:

(
2
déc 3C
1 1,1 % 35
WAkl SRR (A4.2.1)

0T4

BZ =2 (A4.2.2)
4
_ ol

B3 = (A4.2.3)

The boundary conditions are the same as (4.1.28) and (4.1.29%

they too are restated here for convenience.

4
T+r oC B B B oT C
2 Q. nLy oyl 24 311
?K(_ET % +(€] N+ 7o+ 7)) +— = (A4.2.4)
and
4
1+r aC B, B, B oT, C
2 Q_ 1y, (- 1,2, 3,2_21
- 3l RETRRS LY ah b al A "5 (R4.2.5)

€2
Firstly B], 82 and B3 are eliminated from condition

(A4.2.4) to give the following boundary condition:

4
wl UT]

1
S+—=C, (A.26

3r
L R
ar t (e] ]I8NK

T+r nl dC
Q - ])+(J_ -1 )_rT. _]_
€1 € 2K r

22 (

The second boundary condition is similarly handled. Them eq (A% 2.1)

js multiplied by r and both sides are integrated with respect to r

to yield:
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_1_ _ 35Kk +.é (A.4.2.7)

where A is a constant of integration. One further integration yields

2
2 (A4.2.8)

C] = - t Agnr + B
B is also a constant of integration. Substituting eqs. (A4.2.7)
and (A4.2.8) into the boundary conditions and subtracting the two
gives the following expression:

Ty oT7 1 1.3 3k, 2 2. . 3
+ YR St Tew (r2 ~ 1) * g

r . T4r wl T+4r nl
S K (R R
1 2 2 2 2K°r 1 € 12K
(R4.2.9)
The expression for the flux out of wall 1 is given
by
aC
4 1 _4 3 A -
qw] = "§E'§F— = 3%.[- EE'SKr1 + FT (A4.2.10)
or
Sr
- 1 AmA (A4.2.11)

W, =77 T3y

Further, the constant B can be evaluated by substituting the
value of A into one of the boundary conditions. The second boundary

condition is used here for convenience. Substituting equations
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(R4.2.8) and (A4.2.7) for C] and its derivative, yields

T4r nl
o - |- & °-1>+<l—-1>—%—][—%%@+%]

€ 2 2Kr
4 2
1 _]\3r“25 ol 3SKr2

+ (— + A 2n ro (R4.2.12)

€9 ekt T Ten
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Appendix  A5.1

Derivation of new boundary conditions for black walls with

interior temperatures prescribed

We need a new boundary condition at an imaginary boundary
distance § from the real black wall bounding gas at constant

temperature Tg and absorption coefficient K. (fig. A5.1)

—
— leg
;T;’
—
— X
/
€,210]
— )
—
—
—
— :
— = 6 —
—
— +Ve

Fig. A5.1 Boundary layer thickness & near a black wall with normal
in positive x direction

The transport equation (1.2.1) can be integrated in this region to

cT4
I=—2+ ™ (A5.1.1)

where A is constant of integration. Wall 1 is a b]agk wall hence the
oT
value of intensity in every direction is given by~—1?l . Letting I+

indicate intensity in the positive direction (from the wall) we get

-

from equation (A5.1.1)

oIt KX oTH KX

I, =-——g(1-e cosb) + —;l—e- cosb (A5.1.2)

m
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The amount arriving in the positive direction in the solid
angle of our integration surface is equal to the flux in the same

solid angle predicted by the assumed series, that is

2 oT? ng - oT]

XM G (I 0(Ks)? (A5.1.3)

The right-hand side is obtained by expanding the exponentials in
equation (A5.1.2) and integrating term by term. The higher order
terms are neglected. When there is no boundary layer (& = 0),
equation (A5.1.3) reduces to equation (3.1.24). Similarly for the
boundary condition at distance & from the opposite wall 2 is

given by

oT4 Mo
- %XQA] +Cy = —2+ (J -2y s (A5.1.4)

The negatively-directed intensity distribution at distance §
from wall 1 is given by the assumed series (3.1.1). For any particular
direction denote the intensity by IG‘ Then the negative intensity

denoted by I at any point X from the wall is, from equation (A5.1.1),

given by T4 T4 K(5-x)
0] 0] =
1 = —ﬂﬂ + (I - -}ﬂ)e cos (A5.1.5)

Substituting the series (3.1.1) for Is and substituting
equation (A5.1.5) into equation (1.2.4), the negative flux at any

point distance x from the wall in the boundary layer is given by

a. = [‘ SR+ 38y + By ¢ 7?33] + (6-x)K [’TA - $48,+8, +B3)]
oT4

+ —1—;‘1(5-x). 27K. (R5.1.6)
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hence using equation (1.2.5) the flux at Wall 1 is given by

_ [ 2rm ™ i ™ 2m
9 [ 5™ + 38 + 1o 183] + K| Ay - 3(By + B, + '33)]

" 2K60Tg - ot (A5.1.7)

1"

2

Here again terms of order (K§)“ have been neglected. Similar

expression for wall 2 can be easily derived.
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~ Appendix (A5.2)

One dimensional solution for constant temperature gas using

boundary layers

Consider infinity long parallel black plates bounding gas

at uniform temperature T The plates are distance L apart and

g!
the gas has an absorption coefficient K. The parameter X" is
assumed to be uniform for each optical thickness, hence from eq.

3.1.13 to eq. 3.1.18, the governing equations are

2

d C] KoT

-EE-Z = KB] - (A5.2.1)
X
32 = — (A5.2.2)
By = — (A5.2.3)

These can be solved to yield

oT? f—zzkx -‘ CH
Cy = —7[51 + AeY T+X + Be Y 1+X (A5.2.4)

using the definition of C] (eq. 3.1.10), and A and B are constants

of integration.
Substituting the value of C; from eq. (A5.2.4) and its
derivative in the boundary conditions (A5.1.3) and (A5.1.4) yields

the following two simultaneously in A and B:

4
XoKS  -XKS  oT XoKS  -XoKs
- S X¥g(Ae B mBe By 4 Gy’ g B
4 4
_2ks Mg 9Ty ks
=t T (R5.2.5)

at KX = K6, and at KX = K(L-8)
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4
X K(L-8)  -XgK(L-8)  oT XoK(2-6)
2 B a8 g B
3-XQXB(Ae Be ) + — + Ae
4 4
-XpK(2-8) ol oT
B _ 2Ks 2 . 2Ks
+ Be T oty U (A5.2.6)

where
/ 2
X = (A5.2.7)
B 1+X"2

Further, let us define

- [%xQxB(eXBK(L-26)+ 1) + XpK(L-28) _ ]
(A5.2.8)
and
o e-XBKG[%XQXB(] —XBK(L-ZG))+ L, e-XBK(L-Zaﬂ
(A.5.2.9)

Solving eq. (A5.2.5) and eq. (A5.2.6) for A and B, the following

relations are obtained:

oTa- oTF  oTh- o Jgk(k-6)
B = gz (1 - 7). (9 - (g + g
BF +X m 37Q BF1
(A5.2.10)
4 4 2K8
-XpKL oTo=- ol{ 1-
_ B 2 1 T+X"
A = Be + () () (A5.2.11)

Hence the value of C] and its derivative can be evaluated
using eq. (A5.2.4). From this, values of A],B], 82 and B5 can be

calculated in order to evaluate the flux out of wall 1 using eq. (A5.1.7).
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Appendix (A5.3)

Derivation of New Boundary Conditions for Black Walls with Internal

Sources Prescribed

To derive a new boundary condition at an imaginary boundary
distance & from a wall with prescribed sources, we need to expand

the temperature field in a Taylor's series of the form:

oT* = oyt + a KX + 0(KX)? (A5.3.1)

where a is a constant to be evaluated. In this region, the

energy conservation law Vvq = S(eq. 1.2.7) holds. In the present

model, in cartesian coordinates it can be restated as follows

(see eq. 3.1.23)

4
Kol (A5.3.2)

S _ K
ﬁ - = §(B]+BZ+B3) +

Replacing the temperature term by the series (A5.3.1) and

rearranging the terms, we get

ch
(A5.3.3)

KX _ S 1
2, = —— + (B1+BZ+B3) -

T 4uK T 3

Now substituting the series (A5.3.1) into the transport

equation, eq. (1.2.1), we get,

dI K, -4 2
- - K +'E(OT1 + a;KX + 0(KX%)) (A5.3.4)

Integrating with respect to s, we get

GT? -Ks
. I = — + aj.co0s0, (Ks=1) + Ae (A5.3.5)
4
cT]
where A is the constant of integration. At s =0, I+ = which

gives
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A= a; cos © (A5.3.6)

Integrating over the integration surface described in section 3.1.2,

and replacing a, by eq. (A5.3.3), we get

4
OT]

OT?
- _F—) (A5.3.7)

ne " S
q+ = T(]"X ) + KGTT(]‘X )(4TT 3(3 +Bz

B3)

The above expression should match the expression for q,
derived by integrating the series (3.1.1). Thus the final boundary
condition for a black wall with sources prescribed can be written

as follows:

C
2 % _ o7t !
L ok SRR URRE DR o S GRALN)

(A5.3.8)

Similar expressions for non-black walls can be derived.
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