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Abstract

The strength of interaction between light and matter states is characterised by the Rabi
frequency €2 which describes the rate at which they exchange energy. When €2 exceeds
the system linewidth then the system is correctly described by dressed eigenstates of
the coupled light-matter system. This is the strong coupling regime. Strong coupling
has been demonstrated at the surface of polar dielectrics between phonon oscillations
of the ionic species and light resulting in evanescent field confinement in modes termed
surface phonon polaritons (SPhPs ). Recent fabrication advances allow for creation
of user defined SPhP resonators that support sub-diffraction SPhPs confined in three
dimensions. We present a numerical study of these localised SPhP resonances in
subwavelength cylindrical SiC resonators finding modes with long lifetimes and strong
electric field enhancements. Additionally we investigate numerically and experimentally
interactions between the localised SPhPs and the delocalised SPhP of a planar SiC
interface demonstrating that this can also be coherent.

Strong light-matter coupling is also possible when a material with an resonant elec-
tronic transition such as an organic semiconductor is sandwiched in a planar optical
microcavity. By employing a molecule with a broad electronic transition it is possible to
reach the ultrastrong coupling (USC) regime where the coupling frequency becomes an
appreciable fraction of the bare frequency and new physics is predicted. We investigate
experimentally the electroluminescence properties of an optical microcavity in this
regime utilising for the active layer the oligomer TDAF. We demonstrate light-matter
couplings exceeding 20% of the bare resonant frequencies. Our bias resolved measure-
ments allow for conclusions about the process of polariton formation under electrical
pumping to be drawn.

Finally we present a method to describe the coupled eigenstates in arbitrary, inhomo-
geneous dielectric environments. By following Hopfield procedure we show that it is
possible to diagonalise and correctly quantise the modes of the system. We also show
how this model can be extended to include losses and illustrate an application to the

specific case of the SPhP at a planar interface.
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Chapter 1

Introduction

How much can we confine the energy stored in an electromagnetic field? One way to
analyse this is by the consideration of the Fourier transform of an arbitrary function &

defined in three dimensions as
F (k)= /ff(r) iker (1.1)
o7 c ’ '

where r describes the spatial coordinates and k is a vector of spatial frequencies. The

inverse transform is given by
?(r)—i / F (k) e *rdk (1.2)
S on ¢ ’ '

which implies that a function of arbitrary variation in spatial coordinates r may
be constructed by selection of appropriate generating spatial frequencies k. This is
strictly true if we are able to use all spatial frequencies in the transform Eq. 1.2. In
an electromagnetic system however the contributing spatial frequencies at a given

frequency w must satisfy the Helmholtz equation which gives

€w2

)
C2

k-k= (1.3)

where c is the speed of light in a vacuum and e is the dielectric constant of the medium.

This imposes the inequality

\/HS \/Ew:\/g\/ko'ko (14)

C

where kg is the free space wavevector on the spatial frequencies that provide an upper

limit to the inverse Fourier transform Eq. 1.2. Rather than being over all spatial
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frequencies the integral therefore taken over a sphere centred on the origin delimited

by inequality Eq. 1.4. The result is the well known diffraction limit of optical systems,
most famously described by Abbe as a limit to the resolution of two closely spaced
point sources in an imaging system [1].

The diffraction limit is not a fundamental restriction on our ability to confine energy. To
achieve stronger confinement we just increase the range of spatial frequencies contained
in the inequality Eq. 1.4. This can either be achieved by increasing the dielectric
constant of the confining material € or by coupling photons to charge oscillations at
material interfaces creating evanescent waves with complex wavevector whose imaginary
components reduce the value of k-k. Two systems in which the latter is possible are
conductors such as metals or doped semiconductors, where the coupled oscillations
are termed surface plasmons polaritons and polar dielectrics, where they are termed
surface phonon polaritons. These systems are discussed in Chapter 2. They provide a
method of miniaturising optical interconnects and devices below the diffraction limit
toward the dimensions of competing electronic devices. In addition, strong localisation
of light allows for a large increase of the local energy density presenting the possibility
of improved sensing or non-linear photonic interactions.

By coupling to material systems in this way we are tailoring the local photonic en-
vironment and can thereby engineer the spontaneous emission rate of emitters by a
reordering of the local photonic density of states. When the light-matter coupling rate,
which is characterised by the vacuum Rabi frequency €2 is less than the linewidths of
the light and matter modes this reshuffling results in an enhancement of spontaneous
emission and the coupling manifests as an enhanced transition between decoupled light
and matter states. When the Rabi frequency exceeds the linewidths of the constituent
modes this is no longer true as energy is coherently exchanged between the light and
matter a number of times before escaping. This is the strong or coherent coupling
regime. In this regime the system is described by dressed eigenstates that are a mixture
of light and matter modes. The works presented in this thesis will explore systems
that operate in this regime of coherent coupling.

Coherent light-matter coupling is possible at the surface of polar dielectric materials.
In these systems the coupling is between photons and coherent oscillations of the ionic
species on the surface as optical phonons. This has recently been investigated in the
specific case of cylindrical silicon carbide resonators on a planar silicon carbide substrate
[2, 3]. Modes are supported in the SiC Reststrahlen band between 10—12.5um in the

mid-infrared (mIR) spectral region with narrow linewidths and long lifetimes with

applications for sub-diffraction, super-resolution imaging or enhanced molecular sensing



through surface enhanced infrared absorption. In Chapter 3 a thorough numerical
study of the morphological dependance of the modes of this system is presented and
figures of merit regarding field confinement are evaluated to allow for comparison with
plasmonic analogues. In addition, we present both experimental and numerical results
demonstrating the coherent coupling between localised SPhP (ISPhR) modes supported
in the cylindrical resonators and delocalised SPhP modes supported at the SiC interface
an understanding of which is vital for predictive spectral tuning of resonator modes.
Coherent coupling is also possible in planar optical microcavites containing a resonant
material where polaritons result from coherent coupling between the bare modes of the
optical microcavity and the (typically) electronic resonance of the interstitial material
[4]. The coupled states of these systems have been shown to exhibit Bose-Einstein
condensation [5] resulting in observations of exotic physics such as polariton superflu-
idity [6] under optical pumping. In Chapter 4 we present an experimental study of the
electroluminescence from a planar optical microcavity in the regime where the coupling
rate becomes an appreciable fraction of the bare frequencies termed the ultrastrong
coupling (USC) regime. Our results allow for conclusions to be drawn about the
mechanism of polariton formation under electrical pumping and it’s efficiency.
Finally we present a general theoretical scheme for calculating and quantising the
modes of arbitrary inhomogeneous dielectric environments by a real space Hopfield
diagonalisation procedure. This work is presented in Chapter 5 and presents a founda-

tion for development of a quantum theory of non-linear interactions.






Chapter 2

Beating the Diffraction Limit

2.1 Background

2.1.1 Dielectric Confinement of Light

Confinement of light is generally achieved by applying boundary conditions to the
electric field in the form of an optical resonator. The simplest way to construct
fields with higher spatial resolution is by utilising dielectric cavities, this increases
the upper bound on the spatial frequencies contributing to the field by Eq. 1.4. An
easily understood example is described by Mie theory, a fully analytical solution for
the scattering of light by spherical particles. It is found that spheres exhibit resonances
dependant upon relative dielectric function and radius expandable in a series of electric
and magnetic multipoles [7]. These modes are leaky but may still reach extremely
high quality factors, the largest observed is 10'% in Si spheres of radius ~1000\ [8].
They also exhibit remarkably high scattering efficiencies, with effective cross sections
far exceeding the sphere geometrical cross section. Initially the results were used to
predict far field behaviours of spherical particles, however more recently the near field
has become experimentally accessible and there has been a resurgence in interest. The
near field of a dielectric Mie scatterer can be intense as follows from the ability of the
particles to draw in radiation far exceeding their geometric cross section. This is well

illustrated in [9], here dielectric spheres are dispersed on a substrate and illuminated,

the enhanced near field causes melting of the substrate directly below the spheres.
This local field enhancement has been applied to Raman spectroscopy [10]. By using a
optically trapped dielectric microsphere spatial resolution was improved by an order
of magnitude due to concentration of light in the nearfield . Antennas composed of

Si spheres have been predicted to enhancement the decay rate of localised dipoles by
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an order of magnitude [11]. Albella et al. [12] showed that Si sphere dimers support
local field enhancements of around an order of magnitude in gap modes. While such
field enhancements are useful the modes are diffraction limited remain limited by the
materials available. The majority of the results discussed above utilise silicon as a result
of its low optical loss and high refractive index, reaching n~3.45 at telecommunication
wavelengths, this is close to the achievable limit.

An alternative approach can be found by analysis of Eq. 1.4. If one or more of the
vector components of k were imaginary then it would allow for a greater bandwidth in
the real components. The conditions under which imaginary spatial frequencies are
supported can be ascertained by consideration of the planar interface between two
dielectrics illustrated in Fig. 2.1 characterised by the dielectric functions ¢; (w) for >0
and €, (w) for z<0. If we postulate an evanescent, transverse magnetic (TM) polarised

solution to the Maxwell equations as

Hﬁ:HOei(knrn —wt)kaalolg (2.1)
Hﬁ:HO@i(knrn —wt)kaalzlg (2.2)

fulfilling continuity of the magnetic field H tangential to the interface. Here Hﬁ, Hﬁ
refer to the tangential magnetic field in mediums 1 and 2 respectively, k| is the in-
plane wavevector and k, 1, k, 2 are the out-of-plane wavevector in mediums 1 and 2,
respectively. Now utilising the Maxwell curl equation we see that the in-plane electric

field is given by

_kZJC (k) r—wt)— z| A
Eﬁ: Weq Hoe (g =et) ke IeH> (2.3)
k,oc <
2 2,2 (k1 —wt)—kg,2|z| 5
EIIZ Wes Hoe( =) | Ie||7 (2.4)

where c is the speed of light in vacuum. Now by applying continuity of the electric
field parallel to the interface we find
kz,2 kz,l o

—+
€2 €1

0, (2.5)

which is the condition for the existence of a surface wave. It is apparent that the
evanescent solution is only supported if the sign of the dielectric function changes over

the interface. In addition by applying the Helmholtz equation in both halfspaces we



2.1 Background

g, (w)

Figure 2.1: An illustration of the planar interface located at z=0 between two semi-
infinite dielectrics characterised by €; (w) , €3 (w). The field intensity for an evanescent
solution to Maxwell’s equations is illustrated by the curves.

find

ki —k7 =€k, (2.6)
kif =k = eoks, (2.7)

where kg is the wavevector in vacuum. This allows for calculation of the surface wave
dispersion as

2=k2 A2 2.8
770 e 46y (2:8)

This scheme has two benefits. Firstly, the wave is confined evanescently out-of plane
as a result of its imaginary out-of plane wavevector k,; resulting in sub-diffraction
confinement around the interface at z=0. In addition to this, a higher in-plane spatial
frequency bandwidth is achieved by Eq. 1.4 as a result of the imaginary k,. Physically
the evanescent out-of plane confinement is a result of coupling to the longitudinal and
transverse resonances of the e<0 halfspace and the in-plane confinement is a result of

the increased momentum of the matter-coupled photons.

7
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2.1.2 Plasmonics

The materials most commonly used to supply a negative dielectric function are metals.
These are well described by the Drude model for a free electron gas. The resulting

dielectric function € (w) is given by

2
€ (w)zl—m, (2.9)
where wy, is the bulk plasma frequency of the metal, w is the oscillation frequency and
Yp is the relaxation rate. This description of a metal adequately describes metals at
frequencies in the near-infrared where inter-band transitions in the material may be
neglected. The dielectric function of a metal is shown in Fig. 2.2(a), it is negative
below the plasma frequency. This shows why metals are useful spectrally, the cutoff
for evanescent behaviour normally lies in the ultraviolet (UV) portion of the spectrum
meaning evanescent fields can be generated across the infrared (IR), visible and near
UV parts of the optical spectrum. This is illustrated in Fig. 2.2(b) where the evanescent
surface plasmon dispersion is indicated by the lower solid curve curve as calculated
from Eq. 2.8. It persists up until the asymptotic frequency given by w,/ V2.
Experimental conditions for observation of plasmons at planar interfaces were pos-
tulated theoretically by Ritchie in 1957 [13] and observed two years later by electron
energy loss spectroscopy of thin metal films [14, 15]. Metallic spheres are also exactly
described in the Mie approximation supporting, in the non-retarded limit a dipolar
resonance on fulfilment of the Frohlich condition e (w)=-—2, this resonance is size
invariant and has been known since 1949 [16]. More recently the morphological nature
of plasmonic resonances has made them a vital area of research [17]. This was instigated
by proof of concept works on subdiffraction waveguiding in silver nanowires [18] and
nanofocussing by metallic wedges [19] in addition to Ebbesen’s observations of extraor-
dinary optical transmission through silver hole arrays [20]. More recently new chemical
synthesis procedures allowing for construction of user defined metallic geometries such
as disks, cubes, rings and shells and submicrometer lithographic methods for creating
easily measurable arrays have allowed these concepts to be exploited more successfully.
In addition numerical methods, have also been developed to improve our understanding
of the resonances of structures without closed form analytical solutions.
The limit of plasmonic confinement of light is ultimately limited by the electrons
themselves, in sub—10nm geometries electron-electron interactions cause a smearing of
the otherwise tightly confined fields [21]. More generally the electronic component of

a plasmon is highly lossy. This is problematic as in very small resonators energy is

8
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a)

Optical Constants

Figure 2.2:

Im[e(w)]

Re[e(w)]
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b)

w
P

w /@)

Frequency

0

In-Plane Wavevector:
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a) The real (blue) and imaginary (red) components of the dielectric

function given in Eq. 2.9 are plotted. The real component intersects the zero line at
the plasma frequency. This marks the end of evanescent wave behaviour. The plasma
frequency is indicated by the yellow dashed line. b) The dashed lines represent the
plasma frequency (yellow) and free photon dispersion (red). The solid lines represent
the coupled modes, the lower of which is the surface plasmon polariton (SPP) and the
upper of which is the plasma shifted photon. The coupled modal content is indicated
by the line colour.
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expected to spend half its time in the electronic component and its dissipation rate will
therefore be consummate with that of the electronic component. There are a plethora
of ways the energy quanta can decay to an electron-hole pair, either by phonon-assisted
absorption, Umklapp electron-electron scattering, interband absorption or in small
resonators Landau damping assisted by the high spatial frequencies present in the mode
[22]. These processes occur on the 10-fs timescale. The loss may be partially overcome
through clever resonator design with recent works having utilised hybrid plasmonic
modes to draw the field away from the lossy metal through the use of gap modes
generated by strong displacement currents in closely spaced dimers [23] or nanowire
waveguides [24]. However generally this means that plasmonics systems present a poor
route towards enhancing already efficient processes as any field enhancements are offset
by metal loss [25].

Other ways to mitigate loss have been proposed: firstly plasmonics experiments could
merely be moved into the infrared where losses are lower [26]. This however negates
some of the advantages of utilising plasmonics for light confinement. As the driving
frequency falls the real component of the dielectric function, while remaining negative,
increases in magnitude. This means that the surface mode dispersion calculated by
Eq. 2.8 tends toward the light line and the confinement drops. The incorporation
of gain media into plasmonic architectures has been investigated [27], this resulting
in complex fabrication and enhanced noise. Other proposals include using graphene
[28], metal alloys [29] or highly doped semiconductors [30] however these systems
are still fundamentally limited by electron scattering and although the absolute loss
rate in these systems is lower than in metals due to the lower electron density, the
operational frequency also falls for the same reason. These systems offer useful ways to
extend the range of plasmonics into the mid-infrared but do not offer an increase in the
quality factors achievable. The problem has also been proposed to lie purely with the
metals we have. One route to low-loss is to fabricate a new metal with lattice constant
approximately twice that of the original so as to blue shift the second conduction band.
At frequencies where loss arises from interband transitions this would eliminate the
states where electrons coupled to light can scatter [31]. Although the lossy nature of

plasmons may be interesting for certain uses [32] for many others it is a limiting issue.

2.2 Surface Phonon Polaritons

Metals are the most common means of achieving a negative dielectric function but

they are not the only way of doing so. Polar dielectrics are described by the dielectric

10
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Figure 2.3: a) The real (blue) and imaginary (red) components of the dielectric
function given in Eq. 2.10 are plotted. The yellow dashed lines indicate the LO and
TO phonon frequencies. b) The dashed lines represent the optical phonon frequencies
(yellow) and free photon dispersion (red). The solid line represents the SPhP dispersion
with modal content as indicated by the line colour..

function derived from a Lorentz model for the ions

2 2
Wy, —wWr

€(w)=1+ (2.10)

wh —w?+iyw’
where 7 is the relaxation rate. The frequencies wrt and wy, are the transverse optic
(TO) and longitudinal optic (LO) phonon frequencies corresponding to out-of-phase
oscillations of the lattice with wavevectors parallel and perpendicular to the applied
field respectively. The dielectric function of a polar dielectric is plotted in Fig. 2.3(a),
the real component being negative between the TO and LO phonon frequencies in a
region termed the 'Reststrahlen’ band [33]. Here the crystal does not permit radiation
to propagate, entirely analogous to highly reflective metals below the plasma frequency.
The dispersion relation for an evanescent mode at a planar polar dielectric/ vacuum
interface is again calculable by use of Eq. 2.8 and is plotted in Fig. 2.3(b). The
evanescent solution only exists within the Reststrahlen band and exhibits the same
character as the surface plasmon polariton lying outside the lightline. This surface
mode is termed a surface phonon polariton (SPhP).

It is informative to consider the origin of the terms within the dielectric function so

as to understand how to choose an appropriate material system for a given application.

11



Beating the Diffraction Limit

Optic phonon frequencies wr,wy, are predominantly determined by the mass of the
lighter atomic species and the strength of their bonding. This is understandable from
a 'toy’ model of phonons in a diatomic one dimensional chain made up of alternating
atoms of mass m; and my where m; >msy which interact harmonically with force

constant a. We describe the atomic displacements u,, as

uzn:Alei(ana—wt)7 (211)

u2n+1:A2€i((2n+1)qa7wt), (212)

where atoms of mass m; are located at sites labelled 2n and those of mass m, are
located at sites labelled 2n+1. Here the excitation wavevector is q, frequency is w,
the atomic spacing is a and A, Ay are constants to be determined. In a tight-binding

approximation the equations of motion are given by

82[12n
My =a (Unt1+Ugn—1—2120) (2.13)
0% sy
my 8§2+1 = (U2n+2+112n—2112n+1) s (214)

and now by eliminating the amplitude constants A;, A we find the dispersion relation

for the atomic vibrations as

11 1 1\2 4sin?2qa]®’
w2:a(+>ial(+) _Q] | (2.15)
mp; 1My mp; 1Mo mjmso

The resulting phonon dispersion is shown in Fig. 2.4a) for m;=2m,. Two phonon
branches are clearly visible. Alternatively if m;=m, as in Fig. 2.4b) the optic-acoustic

splitting disappears. The upper branch corresponds to the optical phonon branch and

1 1
O
=20 —+— 2.1
“r \/a(m1+m2>7 ( 6)

at the zone centre point I'. Here we see that stronger force constants result in larger

has frequency

frequencies and heavier atoms give smaller frequencies. Materials with light constituent
atoms like SiC [34-37] or hexagonal BN [38-41] typically result in high optical phonon
frequencies in the mid-infrared (mIR) spectral region. This spectral region is interesting
for multiple reasons, as the mIR contains infrared active vibrational fingerprints that
could be utilised to detect trace elements of chemicals. The infrared atmospheric
window lies from 8 —12um, thus the development of free space optical systems in this

region is highly desirable. In addition, room-temperature black body radiation peaks

12



2.2 Surface Phonon Polaritons

a) b)

Energy (AU)
Energy (AU)

r X r r X r

Scaled Wavevector Scaled Wavevector

Figure 2.4: Blue lines correspond to optic phonon excitations where adjacent atoms
move out of phase and the red to acoustic where adjacent atoms oscillate in phase.
The x-axis is labelled by the symmetry points of the lattice. Disperesions are shown
for a) Diatomic chain of mass m;=2m,, b) Monoatomic chain of mass m;=m;.

in this window. Alternatively those with heavier constituent atoms such as GaAs [42,
43] or InP [44] typically give lower frequencies lying out in the terahertz region with
this spectral window containing many interesting molecular rotational transitions.

The existence of SPhP modes is dependant upon the splitting of the LO and TO
phonon frequencies. In a non-polar crystal like Si there is no charge transfer between
the atoms that make up its covalently bonded zincblende crystal structure. In a polar
semiconductor like GaAs however the ionic bonding results in electron transfer from the
group V arsenic to the group III gallium atoms. In SiC the bonding is not ionic, being
between two group IV atoms and nstead the polar nature of the crystal arises from
the asymmetry of the valence charge density of the bonds [45]. In order to describe
the interaction of such polar materials with an electromagnetic field it is necessary
to augment the diatomic model presented. Denoting the relative charge of adjacent

atoms by e* the atomic equations of motion are now

6211211 *
mlwza (UQn+1 “+Uon_1 —QUQn>+e E, (217)
ugn
my 2~ (g 2+ tizn — 2z 1) —¢°E, (2.18)

where E is the electric field and we have taken a long wavelength approximation in

stating that the electric field is constant. This long wavelength limit corresponds to
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Beating the Diffraction Limit

q—0 and therefore we are evaluating at the I' point and now we no longer need to

distinguish atomic sites, as all atoms are displaced equally. Separating variables yields

e*E

(3 —w?) w= o~ (2.19)
(w2-w?) u2:_i]j, (2.20)

where the frequency wy is just the zone centre optical phonon frequency in the absence
of Coulomb interactions found in Eq. 2.16. We can find the electrical polarisation

produced by such a chain by

P:Ne*u_ 1 Ne*? ( 1 1 )E,

=— 2.21
€oo  €oo Wi —w? (2:21)

E o
where the relative displacement u=u; —u», €., is the high frequency dielectric constant
and N is the atomic density.

If we now assume a transverse electric field, the polarisation relates to the electric field

by

1 Ne? /1 1

p=— 2<+> E, (2.22)
€oo W —W m; 1o

and by application of the electromagnetic wave equation

9°D
W:szzE’ (2.23)
w? (E+47P)=c*q’E, (2.24)

and solving in conjunction with the atomic equation of motion Eq. 2.21 at the q=0

point we can find a root at w=0 corresponding to the acoustic phonon and one at

Ne*? /1 1
2_ 2 2
w=wp+4mr (—l—) =Wy . 2.25
e e (2:25)
The polarity of the atomic bonding then results in a splitting between the previously
degenerate longitudinal and transverse phonon frequencies as a result of long-range
Coulomb interactions. The Coulomb field hybridises with the transverse optic phonons
which depresses their frequency, splitting them from the longitudinal optic phonons.

This effect results in the 'Reststrahlen’ or forbidden band between wt and wy,. Now we
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2.2 Surface Phonon Polaritons

can trivially find the dielectric function € (w) as

D 47P, 4nP
—_— 2.2
gl TR (2.26)

where the electronic polarisation is indicated by P.. As usual we define the high-

frequency dielectric constant as

4P,
€ + E ( )
and can calculate the static dielectric constant
4r Ne*? /1 1
€0 =6 oot —g — ( ) , (2.28)
WT €0 m; 1o
giving the total dielectric constant of the medium as
2 _
e (w):ew+w. (2.29)

2
Wi —w

The splitting of longitudinal and transverse optical phonons is determined by the
condition that e (wr,)=0, which results in the Lyddane-Sachs-Teller relation [46]

wize—ow%. (2.30)

This determines the bandwidth over which SPhPs are supported. The effect of polar

bonding is illustrated by the presence of splitting in the polar 3C-SiC phonon dispersion
and its absence in the monoatomic Si phonon dispersion (Fig. 2.5).

In a high quality crystal, the SPhP modal lifetime is usually related to the characteristic

timescale of intrinsic anharmonic 3 phonon scattering [49] whose rate is dependant

upon the ability of the available scattering proccesses to satisfy energy and momentum

conservation laws

wi (q)£wr (d)=wir (q"), (2.31)
q+q'=q"+G, (2.32)

where G is a reciprocal lattice vector, the vectors q, q’,q” refer to the momentum of
the three phonons, frequencies of the three phonons are w; (q),wy (q') ,wi (q”) and
the index i refers to the type of phonon mode. Higher order processes involving more

phonons are also possible and may become important in crystals with strong limitations
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Figure 2.5:  The phonon dispersions of Si (adapted from [47]) (left) and 3C-SiC
(adapted from [48]) (right). Blue lines represent optical modes and red lines acoustic
modes. The SiC exhibits an LO-TO phonon splitting as a result of the polar nature of
the diatomic crystal and a TO-LA gap due to the difference in the constituent masses.

on the three phonon scattering phase space, four phonon processes typically occur on
timescales around 100 times slower than three phonon processes [50]. Three processes
are possible, either OO0, OOA or OAA scattering (A referring to acoustic and O to
optical phonons). Generally three optical phonon scattering is disallowed entirely by
energy conservation as the phonon splitting defined by Eq. 2.30 is less than the TO
phonon frequency. OAA scattering can be dominant in certain materials, but can be
severely limited in some classes of polar materials with a large acoustic-optic phonon
gap. Such a gap is expected in materials with large differences in mass between the
diatomic species as can be seen from consideration of the phonon frequencies of a 1D

diatomic chain considered earlier

2x
A

_ |2 9.33
=y 2.3

2
WO Eo‘ (2.34)

2
(2.35)

where wf;\ and wg refer to the acoustic and optical phonon frequencies evaluated at the

o

+ is large this can severely restrict

zone edge x. In materials wherer the splitting w? —w
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2.2 Surface Phonon Polaritons

the phase space available for OAA scattering and in some materials prohibit it entirely.
Caldwell et al. calculate the rates for first-order anharmonic phonon scattering for a
variety of polar semiconductors by the first principles approach presented by Lindsay
[51]. They find that the materials with the longest optical phonon lifetimes are those
with the largest mass differential between the diatomic constituents and attribute this
to the reduced phase space for OAA scattering. The lifetime of the optical phonons is
typically of the order 1ps [52] which exceeds that of free carriers in a metal by around
two orders of magnitude [22, 53]. Realistic materials have additional extrinsic loss
channels to which the above intrinsic process merely provide an upper bound. One
source of loss is from high densities of point defects arising from a vacancy of one of
the diatomic species [54] or an antisite vacancy where the constituents are swapped
[55]. Extended defects can also limit the lifetime of optical phonons as can isotope
scattering [56]. The effect of these is most pronounced for localised phonon polaritons,
resulting a broadening of the resonance due to the decreased optic phonon lifetime.
These effects however are highly material specific and will be discussed in-depth in a
later section on specialising on a specific material system. Generally speaking these
processes result in a decrease in the optic phonon lifetime from the theoretical limit
given by the anharmonic three-phonon scattering rate. As these processes are extrinsic

it is possible to limit them by improved fabrication and growth procedures [57].

2.2.1 A Thorough Review of Surface Phonon Polaritonics

We will break our discussion of recent advances in surface phonon polaritonics into
two distinct sections: The localised phonon resonances of small polar dielectric nano

particles and the propagative modes of waveguides or interfaces.

Localised Phonon Polaritons

Surface phonon polariton resonators may be compared to their plasmonic counterparts
by consideration of spherical resonators in the non-retarded limit, a system which may
be solved analytically [58]. These exhibit a size invariant resonance at the Frolich

frequency wg where the condition Re [e (w)]=—2¢, is fulfilled [16] given by

2 | 26, 2

Wi, + Wt
= | = € - 2.36
TN TTe2a (2.36)

17



Beating the Diffraction Limit

1000 - 4H-SiC  h-BN ext.

e
h-BN -/ sGaAs
ord. u GalN ]
S 100 3C-SIC' " %u wlnAs
& 3 Ag AIN .\ uInSb
o Al . -CdO* ZnO
~ | n Y ALO,
AL 10 4 GZO**AZO c-BN «BaF;,
1 Au * &
o Lie *eriy 1ZO n-InGaAs
g 1] Cus * = Polar dielectrics
Pt ® * Metals
+ Metal alloys
01 * Doped semiconductors
0.1 1 10 100

Wavelength (um)

Figure 2.6: A comparison of the quality factors calculated by Eq. 2.37 for a variety
of materials at the Frohlich resonant frequency. Noble metals are indicated by red
circles, metal alloys by purple hexagons, doped semiconductors by blue stars and polar
dielectrics by green squares. Figure is reproduced from [52].

where ¢, is the ambient dielectric constant. At the Frolich resonance it is interesting

to examine the modal quality factor Q given by [59]

(2.37)

where the equality is valid if the reciprocal zone centre SPhP lifetime v<<wr,wy,. This
equation is valid in the small particle limit for isolated particles. We saw earlier that
SPhPs offer a reduction in damping of around two orders of magnitude while the
driving frequency wr falls by around an order of magnitude. Additionally phononic
materials exhibit stronger dispersion than metallic ones by a factor wy, /2 (w, —wr). This
results in possible quality factors in excess of 600 in 4C-SiC nanoparticles, where noble
metal plasmonic structures and doped semiconductors can only achieve Qa40—60,
representative values for achievable quality factors are shown in Fig. 2.2.1 [52].

In addition, it is possible to relate the energy stored inside the resonator U;, to that
stored outside Uy by

U —1 d(we(w))

Uout T e (W)  dw (2.38)

where the dispersive dielectric function € (w) characterises the resonator material. Ma-
terials with a stronger dispersion will therefore store a larger proportion of the mode
energy within the resonator. As the dielectric function depicted in Fig. 2.3 a) is

essentially the metallic dielectric function depicted in Fig. 2.2 a) compressed between
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2.2 Surface Phonon Polaritons

the longitudinal and transverse optic phonon frequencies, the dispersion of the dielectric

function for polar dielectrics in the Reststrahlen band typically exceeds that of a metal

below the plasma frequency. At the Frolich resonance for a noble metal w%QQO—Z&O.
Due to the enhancement in dispersion this gives w% ~60 in 4H-SiC and w%mso

in GaAs. This means that more energy can be stored in the volume defined by the
resonator.

These characteristics render phononic resonators excellent candidates for the confine-
ment of light on the nanoscale. The first investigation of the optical properties of small
phononic nanoparticles was carried out by Mutschke et al. who studied the resonances
of SiC in a menagerie of particle shapes in a variety of polytypes both theoretically and
experimentally by Fourier transform infrared microscopy in transmission mode of many
particles dispersed in KBr pellets [35]. They found that the resonances observed did
not correlate with the sample polytype, instead depending very strongly on the mor-
phology of the particles and the presence of impurities. These localised resonances were
exploited by Hillenbrand el at who scanned an unpatterned 4H-SiC surface utilising the
platinum tip of a scattering scanning near-field optical microscope (s-SNOM) through
which the sample is illuminated resonantly by a laser [36]. Back-scattered light was
collected through a Cassegrain objective. A sharp enhancement in the scattered field is
observed near the Frohlich resonance corresponding to excitation of the image charge of
the illuminating tip in the SiC. This amounts to the first observation of a sharp, single
particle SPhP excitation. This concept was later extended to provide sub-wavelength
in-plane confinement by patterning a sub-wavelength (A/50) checkerboard by focussed
ion beam implantation on a SiC substrate, effectively introducing defects to change
the local dielectric function. Spatial near-field mapping revealed the electric field to
be strongly confined to SiC regions which had not undergone implantation [60]. This
was the first example of a subwavelength phonon-photonic fabricated structure. The

near field interaction between s-SNOM tip and a planar SiC surface has also been
investigated with the resonance in the scattered field observed to red shift as the tip
moves toward the surface as a result of hybridisation with an image charge induced in
the substrate [61]. This method was also utilised to map the structure and defects of
an SiC crystal with a A\/200 spatial resolution [62]. A spectral shift in the scattering

resonance at a boundary between 4H and 6H-SiC due to the change in crystal structure
was observed as a contrast in the s-SNOM signal at fixed frequency. Superlensing
through a hole array patterned in an SiC film [63] has also been demonstrated by
directly mapping the image plane with an s-SNOM tip [64]. With this approach it was
possible to resolve holes in the SiC film as small as A\/20.
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Greffet el al. made the first demonstration of surface phonon assisted perfect infrared
absorption by use of a ruled grating written into an SiC substrate [65]. The grating
exhibited absorption dependent on the angle of excitation, a result of the interaction
of the organ pipe modes of the striations with the surface mode of the substrate.
In addition Kirchoff’s law was demonstrated by measurement of the angle-resolved
thermal emission which followed the same angular dependance as the absorption.
Similar results have been reported in the far-infrared utilising gallium phosphide [66].
Greffet’s results led to the work of Schuller et al. who utilised long, SiC wires with a
sub-wavelength cross section of 1pum [67]. Extinction measurements show four antenna
modes which agree well with those predicted by electrostatic theory. In addition the
thermal emissivity of the wires was studied and seen to overlap with the absorption,
again demonstrating Kirchoft’s law and presenting the possibility of sub-wavelength
thermal sources in the mid-infrared. Since then a large area meta-surface made up
of SiC antennas subwavelength in three dimensions has been demonstrated [68]. The
resonances observed in reflection were compared to those predicted utilising finite
element simulations and Kirchoff’s law was demonstrated by comparison with the
thermal emission.

Phononic resonances have also been exploited for a host of other purposes. Enhanced
infrared absorption was demonstrated by coating subwavelength SiC spheres with
anthracene [69], here a near-field absorption enhancement of around 100 times is
estimated in the vicinity of the localised phonon resonances of the spheres. Surface
phonon assisted heat transfer has been experimentally demonstrated across a nanoscale
gap between a silica sphere and substrate, exceeding predictions by Planck’s blackbody
radiation by three orders of magnitude [70]. Finite element simulations have also
suggested that the optical forces in SiC nanostructures could exceed those in compara-
ble plasmonic structure by up to two orders of magnitude making these structures a
promising system for infrared optomechanics [71].

Recent advances have allowed for lithographic fabrication of SPhP resonances with
a priori defined resonances. Firstly Caldwell et al. demonstrated the fabrication of
cylindrical 6H-SiC resonator arrays on an SiC substrate with resonances tuneable by the
cylinder free parameters and the array periodicity [2]. This was the first demonstration
of LSPhP resonators, sub-wavelength in all three dimensions. The resonances as mea-
sured by Fourier transform infrared spectroscopy have narrow linewidths ( 7—25/cm)
with corresponding Q factors exceeding the theoretical limit for plasmonic structures
(45-135). Further studies have achieved quality factors in excess of 250 [3] and field

enhancement factors in excess of 5000 are calculated numerically. Similar results have
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been observed in arrays of cylindrical GaN resonator [72]. High quality factors (>60)

were also found in SNOM scans of an SiC substrate through a metallic hole array [73].

2.2.2 Propagative Phonon Polaritons

A figure of merit for the propagating surface plasmon at a planar interface is given as
the ratio of propagation length to vertical confinement [74]. On comparing for surface
plasmon polaritons at metal interfaces and surface phonon polaritons it is found that
the phonons offer no improvement over the plasmons [52]. This is especially true when
the use of metal-insulator-metal waveguides are considered as these allow for arbitrary
out-of-plane confinement even in the mid-infrared where natural plasmonic confinement
is weak. Although the phonon polariton lifetime exceeds that of the plasmon polariton

the strong dispersion of the dielectric function means that the SPhP group velocity v,

dw

Vg
is much lower than the plasmonic case.
Despite this, propagating SPhPs have been demonstrated. Laser excitation of SPhPs
at a flat SiC interface was observed in the Otto configuration consisting of a prism
separated from the SiC surface by a narrow air gap (5um). The laser beam undergoes

total internal reflection at the prism/ air interface exciting evanescent fields in the air
which can couple to the SPhP, critical coupling was demonstrated [75]. Real space
imaging of propagating SPhPs was first carried out by Huber et al. [76]. SPhPs are
excited by edge diffraction from an illuminated gold film deposited on an SiC substrate.
The SPhP propagates to a SNOM tip placed a distance away, this scatters the SPhP
field by the image charge process described in the prior section. By scanning the tip
it is possible to map out the SPhP field distribution in real space and by changing
the illumination angle to alter the in-plane wavevector the dispersion can be mapped.
This was later extended to image focussing of SPhPs utilising a gold lensing element

deposited on an SiC substrate [77]. Suspended n-type InP waveguides on InGaAs

substrates have also been demonstrated [78].
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Chapter 3

Surface Phonon Polariton

Resonators

In the last few years it has become possible to fabricate user defined polar dielectric
resonators which are sub-wavelength in all three dimensions [2, 3, 41, 72] . The
strong field localisations achievable in these systems have potential application both in
the sensing of molecules through surface enhanced infrared absorption spectroscopy,
in super-resolution imaging or as non-linear optical devices. A deep understanding
of the resonator modes is necessary to achieve these goals and allow for design of
practical devices with user defined characteristics. This presents a challenge compared
to plasmonic analogues because polar dielectric resonators are usually fabricated by
etching on same material substrates which also support propagative resonant modes
in the Reststrahlen band. In this chapter we address this problem by studying the
illustrative system of square arrays of cylindrical SiC resonators on a planar SiC
substrate. Beginning with a numerical finite element method (FEM) investigation we
consider the resonators as an open system and find the complex resonant frequencies
corresponding to their quasi-normal modes in Sec. 3.1. This implementation is described
in Sec. 3.1.1. and allows us to investigate the figures of merit for isolated SiC resonators.
We then build a coherent model allowing for interactions of the localised resonators
with a planar substrate by studying the modes of an isolated resonator above an SiC
surface. Finally square arrays of resonators on the substrate surface are analysed by
application of Bloch-Floquet boundary conditions to the simulation sidewalls and the
coupling between the Bloch-folded delocalised SPhP of the interface and the localised
modes of the resonator is studied resulting in the formation of strongly dispersive
Bloch-polaritons. Finally we present an experimental analysis of the coupling between

the delocalised and localised modes in Sec. 3.2.
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3.1 Finite Element Simulations of Silicon Carbide
Pillars

3.1.1 Modelling Strategy

Isolated cylindrical resonators have a 2D parameter space defined by height h and
diameter d. In the asymptotic case h— oo there is an analytical solution, the resonator
supports a predictable series of TM and TE polarised resonances characterised by their
azimuthal phase dependancy [58, 67]. In the limit of finite h>>\ easily understood
Fabry-Pérot resonances are supported along the wire length [79]. In the limit considered
by Caldwell et al. the cylinders are deep-subwavelength in both h and d (h< A, d<\),
this system has no closed-form analytical solution and require the use of numerical
methods. We utilise the finite element solver COMSOL multiphysics to numerically
solve the system [2].

It is instructive to initially consider what defines the cavity modes under study. In
the finite element solver we find time harmonic solutions to the sourceless Maxwell

equations of form
E(r,t)=E (r,w)e ™", (3.1)

where the position dependant electric field E (r,w) solves the electromagnetic wave
equation
VxVXE (r,w)—k (r,w) E (r,w)=0, (3.2)

where k=w/c is the ratio of the angular momentum and speed of light in vacuum and
€ (r,w) is the position dependant dispersive dielectric tensor. This equation does not
have well defined modal solutions. In order to achieve these we also need to impose an
appropriate boundary condition on the system, for the system of isolated resonators in
a homogeneous background of dielectric constant eg=n3 we utilise the Silver-Miiller

radiation condition [80]
X VXE (r,w)+ingkE (r,w)—0 as |r|— o0, (3.3)

where T is a unit vector pointing in the direction of the radial coordinate r. The
application of the radiation condition means that even in case of lossless media
(Im [e (r,w)]=0) the wave Eq. 3.2 is non-Hermitian having eigensolutions f, with

discrete complex resonant frequencies w,=w, —ivy, and therefore finite quality factor

=

Qn (3.4)
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where the imaginary frequency v, >0. The application of the Silver-Miiller radiation
condition then, results in leaky eigensolutions with the expected properties of our
cavity modes. The modes of open systems which are non-conservative systems whose
operators are non-Hermitian can be described in two ways. The traditional approach
is to couple the system to a bath representing the modes of the universe to which the
open system can couple. In this way the system taken as a whole is Hermitian and
conservative and can be described in the framework of its normal modes [81]. Such a
formalism is however cumbersome. A more natural approach to describe open systems
is in the framework of quasi-normal modes (QNM) [82]. These are discrete modes of
the open system which have a complex eigenfrequency as a result of the elimination of
the bath degrees of freedom. The quasi-normal modes of the system are found to be
complete under the conditions that a cavity is defined and that there is no mechanism
by which energy can scatter back into the cavity.

Such a formalism is convenient however it presents two issues when it comes to
electromagnetic modelling of such systems. Firstly, the modes of the resonators
acquire complex wavevector kg=k{ —ik} meaning that at large distances the boundary
condition requires outgoing solutions of form

gikor

Fr)oc s, (3.5)

r

in three dimensions where r=|r| the solutions are divergent. This is illustrated by
Kristensen et al. for the fundamental eigenmode of a plasmonic nanosphere dimer,
such a divergence is not observed when evaluating the field scattered by a plane wave
at real frequency [83]. This means that when we wish to calculate the cavity mode
volume for a dipole located at r¢ by the standard definition, as a measure of the ratio

of the total energy present in the cavity mode and the electric field at r¢

[ €@ |F(x)P
Ve /V ) P If(rc)Pdv’ (3.6)

the integral involved in the numerator is divergent.
We will solve this problem by following the intuitive approach of Sauvan et al. [84].
Firstly we consider a dipole source located at rg in the vicinity of the optical resonator,

its spontaneous decay rate I' can be simply determined from Fermi’s golden rule as

r=Im " E (ro)], (3.7)
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where E is the total electric field satisfying the Maxwell curl equations

VxE=iwp (r,w)H, (3.8)
V x H=—iwe (r,w) E+j, (3.9)

with current source j=—iwpd (r—rp) where p is the dipole moment. Here p (r,w) is

the permeability tensor. We now assume that the total field radiated by the dipole

E (r,w) may be expanded on a finite set of quasi-normal modes of the resonator E,, (r)
E(r,w)~Y a, (w)E, (r), (3.10)

where o, (w) is a complex coefficient to be determined. This approximation is valid as
long as the emitter emits predominantly into the cavity modes such as for emitters
located in the near field of our phononic resonators. Now specialising onto reciprocal
materials satisfying e=€', u=p" and utilising Lorentz reciprocity which relates two
sets of solutions to Maxwell’s equations (E,H,w,j) and (E',H',«’,j’) and applying
the divergence theorem to the vector product E' x H—E xH’ we find

/dS [E’xH—ExH’}:i/dV [E (we (W) —w'e (W) E
—H (wp (w)—w'p () H - (-E'—j-E)| =0, (3.11)
where the surface integral on the left is taken over the surface S enclosing the volume
V. This is the unconjugated form of Lorentz’s reciprocity. We apply this to two pairs

of fields, the total field radiated by the dipole (E, H, w, —iwpd (r—rp)) and the nth
QNM of the resonator (En, H,, Oy, O) yielding

—wp-E, (ro):/ dVv lE (we (w) =€ () By —H (wp (w) —Qupe (00)) Hy |, (3.12)
and utilising Eq. 3.10 we can write the linear system of equations

> Aun (@) B (w)=—wp-Ey (ro), (3.13)
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where the coeflicient

/dv[Em<we@»—wﬂxaa>ﬁn—ﬂﬁ<wu<w%ﬂ%u<@@yﬂﬁ,
(3.14)

and [y, (w)=(w—=@m) am (w) relates to the expansion coefficients. Now at w=w, we

A (@) = —

W—Wm

see immediately that A, (0,)=0 for m#n and therefore the equation set reduces to

Ann (W) ﬁn (w):_@np'En (Po) ) (315)

and by the definition of 3, (w) we see that a, (w) must have a pole at w=wu,, with

residue —&,p-Ey (ro) /An, (w). Therefore the complex coefficient is given by

—iwp-E,
0t ()= iwp- iy (o) g (). (3.16)
~  d(we) 1 'y d(w ]
(w—an) AV [En LIR, —H, (dw")Hn]

where g, (w) is a non-resonant background contribution. Utilising this definition it
is possible to calculate the enhanced spontaneous emission into a single QNM E, by
Eq. 3.7

r o2 L
F—Oz—ﬁrolm [ozn (w)p*-E, (ro)} . (3.17)
which leads to
r w? w? [ w—wp Im [V]]
Sl - e} 142 e 4 3.18
Ty & w? w344Q (w—wp)? @ wo RelV] (3.18)

where I'y is the spontaneous emission rate of the dipole in free space and Fp is the

Purcell enhancement factor for a dipole on resonance with the QNM given by

3 () 5. [Q
Fp=——|—| Re|—= 3.19
P g2 ( n > © [V ’ ( )
where \q is the free space wavelength and n is the refractive index at the dipole spatial

location. The mode volume is therefore given by

V= _—— S (3.20)

where the unit vector u is defined from by the dipole moment p=pu. This mode

volume reduces to the standard definition Eq. 3.6 in the conservative limit where the
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system is closed and lossless. The presence of dissipation results in a complex mode
volume and a non-Lorentzian spontaneous decay shape [84].

The form of the inner product for the QNMs derived by Sauvan is given by

(Bun|En) /d\/ VM I, 21
Bl Wilg,|. 321

or the numerator of the mode volume V. This however is not the only method to
normalise the modes of an open optical system. Lai et al. derived a normalisation
for QNMs in the dispersionless limit by treating the optical cavity as a perturbation
on the modes of the universe [85]. By rewriting the magnetic field terms in Eq. 3.21
as a surface integral over the electric field correspondence can also be shown with
this formalism [86]. More recently Muljarov derived a normalisation for leaky optical
modes by expanding the system Green’s function in terms of the QNMs and imposing
the Silver-Miiller radiation condition [87]. This result is more general as it naturally
regularises the integral while the results of Sauvan and Lai require the integral to
be regularised by the numerical solution for the fields. We utilise the normalisation
of Sauvan, regularising our fields by use of a perfectly matched layer (PML) within
the COMSOL simulation, this acts as a complex coordinate transform in Maxwell’s
equations [88]. Surrounding the simulation domain with a PML has two effects: Firstly
it maintains the Silver-Miiller radiation condition at the boundary of V; and secondly
it forces the fields in V5, to decay, converting radiative losses at the simulation bound
to absorptive losses in the simulation domain. Sauvan showed that the inner product
is invariant under the PML coordinate transform meaning that any PML in which
fields fully decay before reaching the simulation edge can be utilised to truncate the
simulation domain and correctly calculate the inner product Eq. 3.21 [84]. Under the
appropriate choice of PML equivalence between the results of Muljarov and Sauvan has
been shown [86, 87]. The importance of this regularisation may be seen by consideration
of an alternative approach, specifically the 1D Green’s function approach of Leung
et al. [89] which was later extended to 3D [90]. A numerical implementation of this
form was recently discussed [83]. Muljarov has since shown this approach to be invalid

for modes without spherical symmetry due to the poor regularisation of the integral [87].

3.1.2 Pole Finding Procedure

We have derived the form of the complex coefficients «,, in the expansion of the total

field over the quasi-normal modes Eq. 3.10 and found that it has a pole at w=w,,.
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Adopting a scattered field formalism we solve Maxwell’s equations without the scatterer

for a background field satisfying

Vbe:—iwube, (322)
VXHb:iWGbEb+J (I‘) , (323)

where €, (1,) are the background permittivity (permeability) and J (r) is the source

term. In the presence of the scatterer we instead write

VxE=—iwuH, (3.24)
VxH=iweE+J (r), (3.25)

and now we calculate the scattered fields E,c=E—E,, H.=H—H,. As w—&, we know
from the form of the «, (w) that the system response diverges. This means it is possible
to find the complex resonant frequency @, by fitting to a pole in the scattered field. To
do this it is necessary to evaluate the COMSOL model at complex frequency, this is
achieved by solving at a dummy frequency wp and rescaling the relative permeability
t0 pegr (W)=p (w) w/wp and permittivity to € (w)=€ (w)w/wp [91]. In addition an
analytical dielectric function must be employed to allow for an analytical continuation
to a complex argument.

By coupling the COMSOL finite element solver with Matlab we recursively solve
Eq. 3.22-3.25 by fitting to the inverse of the scattered field evaluated at a point of
interest for the mode under study. A point dipole source is used. It is assumed that
the form of the inverse field component can be Padé approximated by

w—w

7 (w)= (3.26)

aptajw

which will be minimised by the fitting procedure following the method of Bai et al.
[91].

Having evaluated the complex resonant frequency @ we can now evaluate quantities of
interest by evaluating the fields at the slightly detuned frequency @’. Very near to the
complex resonant frequency the expansion Eq. 3.10 can be assumed mono-modal and
therefore the scattered fields Eg will be linearly proportional to the true QNM fields
E. This means the mode volume may be calculated through Eq. 3.20 and the Purcell
enhancement may also be calculated. The accuracy of the approximations entailed
here may be tested by comparison with full vectorial simulations. This is shown in

Fig 3.1 for a dipole source on resonance with the QNM of a cylindrical rod. The dipole
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Figure 3.1: The Purcell enhancement for an electric dipole placed on axis above a
cylinder of height 800nm and diameter 1000nm as the dipole-cylinder separation is
scanned as illustrated. Geometrical singularities are smoothed with a 50nm radius of
curvature. The black line shows results arising from the quasi-normal mode theory
and the red squares full vectorial calculations of the dipole emission.

is located a distance gap above the end-facet of the rod and the gap is varied. Results
calculated utilising the calculated QNM and Eq. 3.19 are shown by the black line, those
calculated by full vectorial simulations of the power flow are shown by red squares.
The semi-analytical theory reproduces the enhancement in the Purcell factor for near

the resonator surface.

3.1.3 Modes of Isolated Cylindrical Resonators
The Fundamental Longitudinal Mode

The field profile for the lowest lying longitudinal mode are illustrated in the inset of
Fig. 3.2 b). This mode is an azimuthally symmetric TMy mode and corresponds to
the fundamental Fabry-Pérot mode of the resonator. This mode was first predicted
by Takahara et al. for a sub-wavelength silver nanowire [18]. We investigate the real
resonant frequency, calculated by the pole-finding procedure in the previous section,
over two slices of the 2D parameter space defined by the cylinder height h and diameter
d. Results are shown in Fig. 3.2 a). Red squares indicate variation of the cylinder

height at constant d=800nm and blue circles indicate variation of the cylinder diameter

30



3.1 Finite Element Simulations of Silicon Carbide Pillars

950
2 Non-retarded b) 160 Bg
Om 140 =
o @) ONG} 0)
900 120
- ©) 5
E | O B sub-diffraction ¢ 100 |
< = w
C L 2 L
a850 O o z 80
c >
g L a O 60 |
g ﬁggg) Reststrahlen Band: £<0
Egobl L L — 40 |
>
I >0 20 L
Diffraction Limited Pn
il il L L PR R O P | L L MR | L L PR R
50 100 1000 10000 50 100 1000 1000C
d, h (nm) d, h (nm)
c) d) 10?
105{_5:E 5 Bg F
g O% Diffraction Limited u
= | (@) 50—
g S
£10% kb .OQ% 2103 | : .
g g D 2 t  Sub-diffraction
g | . 5
- Ty | .
T10° - - - - -7
: g o
5 m = (@)
104 L O gt
=
102 |

P | Laal P il
50 100 1000 10000 50 100 1000 10000
d, h (hm) d, h (nm)

Figure 3.2: a) Real part of the resonant frequency of the longitudinal mode as a
function of diameter at 800nm height (circles) and as a function of height at 800nm
diameter (square). The three regimes discussed in the main text are indicated. The sub-
diffraction modes are indicated by green shading. b) Quality factor of the longitudinal
mode as a function of diameter at 800nm height (circles) and as a function of height
at 800nm diameter (square). Inset shows the surface charge distribution of the mode.
¢) Purcell enhancement of the longitudinal mode as a function of diameter at 800nm
height (circles) and as a function of height at 800nm diameter (square) d) Mode volume
of the longitudinal mode as a function of diameter at 800nm height (circles) and as a
function of height at 800nm diameter (square).
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at constant h=800nm as shown in the inset. In the limit h/d—0 the resonant frequency
trends to the asymptotic value ~934cm™" where for SiC Re [e (w)]~—2. For h—0 this
corresponds to the non-retarded limit as indicated. As expected for a Fabry-Pérot
resonance along the cylinder length increasing h results in a red shift of the resonant
frequency, approximately proportional to 1/h. At around h=5um the resonance leaves
the Reststrahlen band. This results in a fundamental change in it’s character, from
an evanescent sub-diffraction mode to the diffraction limited mode of a high-index
dielectric. Weaker dependance on the diameter of the resonator is observed as the
mode is longitudinal with confinement predominantly dependant on the end-facet
separation. We can evaluate the quality factor from the complex resonant frequency
by Eq. 3.4. This is plotted over the same slices of the parameter space in Fig 3.2 c).
In the non-retarded limit as a function of height a limit of around 160 is reached. As
the cylinder height is increased () decreases monotonically giving a smooth transition
to the leaky, diffraction-limited mode at h=>5um.

We can calculate the Purcell enhancement by Eq. 3.19. Care must be taken when
evaluating this expression. At distance z from the resonator surface a divergence in
the Purcell factor is expected as 1/z% as a result of non-radiative decay [92]. Also in
the limit of large emitter-resonator separation where the Purcell factor approaches
unity, the approximation of predominant coupling to the resonator modes falls apart
and coupling to the free-space continuum becomes significant. These effects can be
included a posteriori if necessary through calculation of the QNM Green’s function if
necessary [93]. We elect not to do this and instead operate in the intermediate region,
calculating the Purcell enhancement on a line 5nm from the resonator edge to ensure
quenching effects are avoided. Results for the longitudinal mode are given in Fig. 3.2
c), the corresponding real component of the mode volumes are given in Fig. 3.2 d). As
before three regimes are observed. In the small particle, non-retarded limit, the Purcell
enhancements trend toward a limit of around 10° corresponding to an ultra-small mode
volume of less than 10~* (A\o/n)®. This Purcell enhancement represents an order of
magnitude improvement over the theoretical limit for plasmonics. Larger resonators
see a monotonous fall in Purcell enhancement. The kink in the height-scanned Purcell
enhancement and mode volume results near h=5um is a result of the change in mode
character from sub-diffraction to diffraction limited, these phases are illustrated by the

shading of the plots.
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Figure 3.3: a) Real part of the resonant frequency of the transverse mode as a function
of diameter at 800nm height (circles) and as a function of height at 800nm diameter
(squares). The non-retarded and decouple limits are indicated b) Quality factor of the
transverse mode as a function of diameter at 800nm height (circles) and as a function of
height at 800nm diameter (squares). c¢) Purcell enhancement of the transverse mode as
a function of diameter at 800nm height (circles) and as a function of height at 800nm
diameter (squares) d) Mode volume of the transverse mode as a function of diameter
at 800nm height (circles) and as a function of height at 800nm diameter (squares).
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The Fundamental Transverse Mode

The fundamental transverse resonance electric field intensity is plotted in the inset of
Fig. 3.3 b). The real resonant frequency is calculated by the pole fitting procedure
outlined with results shown in Fig. 3.3 a). Two slices of the 2D parameter space are
investigated, red squares indicate variation of the cylinder height at constant d=800nm
and blue circles indicate variation of the cylinder diameter at constant h=800nm. The
behaviour is entirely analogous to that observed for the longitudinal mode in Fig. 3.2 b)
under the exchange of h and d. In the d/h—0 limit the real modal frequency tends to
the asymptotic value 923 /cm corresponding to Re [e (w)]~—3. In the small diameter,
d—0 limit this can be understood as the non-retarded limit where the entire resonator
oscillates in phase. In the large height limit h— o0 the same result is achieved due to
the decoupling of the transverse excitations at each end facet. In the large diameter
limit the mode red shifts dramatically toward the transverse-optic phonon frequency
where it will become a leaky, diffraction-limited mode. These trends are also observed
in the quality factor calculations presented in Fig. 3.3b). In the small diameter limit
the quality factor trends toward ~920. For d>800nm the resonator is no longer in the
non-retarded limit and the quality factor drops concurrent with the red shift in mode
energy.

Purcell enhancement for the transverse mode is shown over the 2D parameter space in
Fig. 3.3 ¢). As for the longitudinal mode in Fig. 5.1 ¢) stronger Purcell enhancements
are typically seen in smaller geometries, in this case exceeding 10° for d=100nm,
h=800nm. Two different regimes are apparent in the plots, in the non-retarded limit
there is a gradual increase in Purcell factor (decrease in mode volume). On leaving
this regime the Purcell factor drops rapidly (d>1000nm) due to the shift in mode
energy toward wr which both results in increased optical loss and an increased in the
proportion of the mode energy stored in ion potential energy. The peak result exceeds
the plasmonic limit by two orders of magnitude, however remains around 1 order of
magnitude less than that previously reported [2]. This could be a result of the radius
of curvature chosen for the sharp cylinder vertices which has been observed to have
a strong effect on the calculated Purcell enhancement. For our results the cylinder

corners are smoothed with a bnm radius of curvature.
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The Effect of the Substrate

We have considered the morphological dependance of isolated cylindrical silicon carbide
resonators. We studied the bright dipolar modes which couple strongly to plane-wave
excitation. In reality the QNM spectrum of the resonator is made up of a selection
of bright modes with a net dipole moment and dark modes without one [94]. For the
isolated resonator these modes are decoupled and provide the complete set of QNMs
in Eq. 3.10. Now we wish to place our cylinders onto a planar SiC substrate. The
planar substrate supports a surface mode as discussed in Sec. 2.2 between the limiting

frequencies wy, and wr with dispersion relation

w
k=" (3.27)

€ (w)+1’
where k| is the in-plane wavevector, € (w) is the dispersive dielectric function of the
substrate and c is the speed of light. The dispersion of this mode is reiterated by
the black dashed line in Fig. 3.4 a), for an unpatterned substrate the majority of the
oscillator strength lies at the asymptotic frequency 951cm™~! as illustrated by the blue
peak.

The effect of the substrate may be understood in the context of the plasmon
hybridisation model proposed by Nordlander et al. to explain the plasmonic resonances
of complex nanostructures in terms of their more easily understood constituent particles.
This theory was initially utilised to analyse the separation dependance of the modes of
plasmonic nanosphere dimers [23]. As the spheres are brought together their resonances
split into red-shifted, bright, bonding modes and blue-shifted, dark, anti-bonding modes
with energetic separation dependant on the inter-sphere gap. This model was later
extended to account for the hybridisation of the modes of a single sub-wavelength
plasmonic sphere on a planar metallic substrate [95] where it was found that when
the plasma frequency of the substrate tends to infinity the charging of the surface is
instantaneous and the nanosphere plasmons interact with both their image and the
image of other plasmons with the same azimuthal symmetry resulting in a red shift of
the modes. When the plasma frequency lies just above the surface plasmon frequency
the red shift dramatically increases, this is explained as a result of hybridisation with
the propagative surface plasmon described in Sec. 2.1.2.

Our system is illustrated in Fig. 3.4a). The surface mode is dispersive between the
transverse and longitudinal optic phonon frequencies with a strong frequency asymptote

labelled wsppp. This asymptote results in accumulation of the surface phonon density
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Figure 3.4: a) The graph illustrates the dispersion of the surface phonon polariton
mode supported by a vacuum/ SiC interface is indicated by the black dashed, the light
line by the red solid and the asymptotic surface phonon frequency at wspy by a blue
dot-dashed line. The density of states is sketched on the right of the plot, peaking
at wspy. Also illustrated are the surface charge distributions of the four lowest lying
m=1 modes of the resonator in the absence of a substrate M; —My. Hybridised modes
of the resonator on substrate system are labelled M;—My. b) An illustration of the
transverse (m=1) mode shifts as a cylindrical resonator of height 800nm and diameter
1lum is lowered onto a substrate.
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Figure 3.5: The dispersion of the longitudinal mode calculated from COMSOL
simulations is indicated by the blue curves for an array of pitches from 5um (light) to
7Tum (dark). The light line is indicated by the red curve. The cylinders are of height
1pm and height 800nm. The inset illustrates a slice of the longitudinal modes electric
field norm.

of states close to wsppp as illustrated by the blue shaded curve. The sub-diffraction
resonator modes considered in Sec. 3.1.3 also lie in the window wto— w0 and are
therefore spectrally local to wsppp. The surface charge distributions of the four lowest
energy resonator modes with ¢ azimuthal dependance are sketched and the modes
are labelled My —My. As the modes are spectrally local from hybridisation theory we
expect them to couple strongly to the surface mode. For resonators on a substrate this
will result in the hybridised modes P;—P, in Fig. 3.4a).

To explore this behaviour, a single SiC cylinder was lowered onto a planar SiC surface
and the energy shifts of the modes recorded. The results are shown in Fig. 3.4b) as
a function of the resonator-substrate separation, the inset illustrate the simulation.
The three modes lying below the asymptotic surface phonon frequency wspy, which is
indicated by the dashed line, are seen to red shift and the one above is seen to blue
shift. This is in agreement with the theory of Nordlander [95].

3.1.4 Resonator Arrays

In order to achieve experimentally measurable observables it is necessary to measure

arrays of resonators. In this study we restrict ourselves to square 2D arrays of resonators.
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Figure 3.6: Symbols represent the real resonant frequency Re [@,] calculated from the
pole fitting algorithm at the k=0 point for a square array of cylinders of height 800nm
and diameter 1um. Green squares (orange circles) represent the longitudinal (lowest
transverse) mode in free cylinders. Blue triangles (red inverted triangles) represent the
longitudinal (lowest transverse) mode for cylinders in contact with an SiC substrate.
The overlapping lines represent a fit with a simple dipole-dipole coupling model.

We follow the procedure of Yariv et al. [96] by defining the mode of the periodic array
as a linear combination of the individual resonator modes E, (r) along a straight line
parallel to the illumination wavevector, which is defined to lie along the principle axis
of the array. The dispersion of the mode of the periodic system in the lossless case

may be calculated utilising a tight-binding approximation as

Wi,n=Wn (1—?%—(51—%) cos (k”R)) , (3.28)

where wy , is the dispersive frequency, k|| is the in-plane wavevector, wy is the frequency
of the single resonator and the A+, 51, y; are as defined in [96]. An example of the
dispersion of the longitudinal mode of the cylinder on substrate system is shown in
Fig. 3.5

We briefly study the inter-resonator coupling in square arrays of cylinders with

h=800nm and d=1000nm. We study square arrays of cylinders in vacuum and analyse
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the hybridisation of the modes labelled M in the prior section. This is compared to
the analogous result for hybridisation of the substrate coupled modes labelled P in
the prior section. The pole-finding method discussed in Sec. 3.1.2 can be adapted for
periodic systems by the application of Bloch-Floquet periodic boundary conditions on
the in-plane simulation edges. The Silver-Miiller radiation condition is retained on the
other simulation edges, enforced by the presence of a perfectly matched layer. In these
calculations the inter-resonator gap is varied and the real resonant frequencies of the
fundamental longitudinal and transverse modes considered in Sec. 3.1.3 are calculated,
results are illustrated by the symbols in Fig. 3.6. The lines represent fits to the results
assuming simple 1/r* dipole-dipole coupling. The longitudinal mode is seen to blue
shift as the inter-resonator gap decreases, this is because their dipole moments are
all aligned out of plane and therefore interact repulsively. The transverse modes red
shift as their dipole moments are aligned in-plane and interfere attractively. Larger
shifts are observed in the resonant frequencies of the on substrate P modes. This is

predominantly a result of increased coupling through the substrate.

3.1.5 Coherent Coupling Between Propagative and Localised

Phonon Polaritons

Now we consider more carefully the resonator arrays on a substrate. When we introduce
periodic patterning to the substrate surface the simple picture presented in Sec. 3.1.3
changes. The delocalised SPhP is now a Bloch mode meaning its in-plane wavevector is
no longer unique. Its dispersion folds back at the edge of the first Brillouin zone defined
by 27 /a where a is the lattice period. The SPhP may now exist within the light-cone
at experimentally accessible in-plane wavevectors. The folding as a function of array
periodicity is illustrated in Fig. 3.7 for square arrays of the indicated period, it is
obvious that by tuning the array period it is possible to tune the folded SPhP frequency.
This means that the assumption made in Sec. 3.1.3, namely that the oscillator strength
of the mode is concentrated at a single frequency is no longer valid. The coupling to
the surface mode must be dealt with in two parts, coupling to the asymptotic branch
at wgpy and coupling to the folded local branch.

We describe this system by taking as the uncoupled basis the modes of a single resonator
on substrate (The modes labelled P in Sec. 3.1.3) and the local folded branches of the
SPhP dispersion. This amounts to assuming that the effect of the local branches have
a perturbative effect on the modes. We will limit our discussion of the cylinder modes

to the three lowest lying resonator modes in our geometry. These are the lowest order
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Figure 3.7: The first folded branch of the SPhP dispersion is indicated for a selection
of array periods between 5 and 7um. Vertical dashed lines indicate the edge of the
first Brillouin line.

longitudinal (m=0) mode labelled 1 with creation (annihilation) operators é}:” (ék”)
and the two lowest transverse (m=1) modes labelled t1 with creation (annihilation)
operators lA)lT(” (BkH> and t2 with creation (annihilation) operators GLH (éku) .When only
a single folded SPhP branch lies in the neighbourhood of the resonator modes we can
describe this system utilising a Hamiltonian composed of two terms. The Hamiltonian
of the uncoupled modes is

Ho=h'Y" [, af, dx, +ep) B, i el & +ei df dig |, (3.29)
ky
where kj is the in-plane wavevector, wf{u is the angular frequency of the local SPhP

branch and cAilT{H ((Aiku) are the local SPhP branch creation (annihilation) operators. The

angular frequencies wll{“, (wf{ﬁ , wﬁﬁ) are those of the lowest lying longitudinal (transverse)

modes of the substrate coupled resonator. The resonator modes couple to the local

surface mode through the interaction term

}cm:h; [fo (éﬂudku +d£HakH) +go (blt” di, +dlt” ka) +hy (élu d, +dLH eku)], (3.30)
Il

where fy, gy and hg are the coupling rates of the longitudinal, first transverse and second

transverse modes respectively with the local SPhP branch. The rotating wave approxi-
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mation has been taken, valid when the couplings fulfil fo, go, ho <wj, wf{ﬁ, wlt(ﬁ, Wy, -

If the coupling rates fy, gy and hy exceed radiative and non-radiative loss rates from
the system then it is expected that the mode energies deviate from the bare ones. This
is exactly what we observed in Sec. 3.1.3 due to coupling to the asymptotic branch of
the SPhP. In this situation the modes of the system are found as linear superposition

of the bare modes given by
Y, = a0 i +01<H Ci +PLH dy,, (3.31)

where m{(”, ni{u, o{(” pLH are the Hopfield coefficients of the ith polariton mode Yli‘u which
detail the modal composition [97]. By postulating this solution as an eigenmode of H
we solve the problem

Y, 3 =9 Y- (3.32)

Written in matrix form this problem is

wig = 0 0 fo

0 wf{ﬁ — L” 0 g0

0 0 wf(ﬁ — i‘H hg

fo g0 hg Wiy — Qi{H

. . (3.33)

my my
i, _Qi i,
O, : o, 7
Pk, Pk,

the solutions of which are the modal frequencies Q}{H. The coupled modes are analogous
to those previously observed in plasmonic systems and termed waveguide plasmon
polaritons. Christ et al. provide a neat demonstration of the coupling of the plasmonic
modes of gold ridges with 1D periodicity on an indium tin oxide waveguide layer. They
observed a clear anticrossing between the waveguide and plasmonic modes [98].

We calculate these frequencies numerically in the usual way with results given by the
symbols in Fig. 3.8 a), b) and c¢) for array periods 6um, 6.5um and 7um respectively.
The benefit of our mode solving approach is apparent compared to simply illuminating
with a plane wave and measuring the reflectance. Our method allows for calculation of
the complex modal frequency even in regions far away from the cylinder resonances
where the coupling to light is weak. In these regions where coupling to plane waves is

small, the field enhancement at the pole can still be very large. This is illustrated in
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Figure 3.8: Plots of the real resonant frequency Re [@] as a function of the in-plane
wavevector for array periods a) 6um, b) 6.5um and ¢) 7um. The symbols represent
numerical data and the lines fits to the energy calculated at the root of Eq. 3.33. Each
plot is truncated to restrict to the first Brillouin zone. a) Is overlain on a numerical
reflectance map calculated using COMSOL multiphysics. The dashed lines in b), ¢)
represent the constituent modes.
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Fig. 3.8a) which is overlain on a numerical plane-wave reflectance map, in regions where
the polaritons are predominantly SPhP in nature the reflectance dip disappears. A
clear anti-crossing is observed in each data set resulting from coupling of the resonator
modes to the folded branch of the surface mode. Each plot has been truncated before
the edge of the first Brillouin zone to maintain the validity of the approximation of a
single folded branch. A wider portion of the dispersion can be treated at the expense
of greater analytical complexity. For larger in plane wavevector more branches of the
SPhP must be considered. Fits calculated by the roots of Eq. 3.33 are given by the lines.
Excellent agreement is seen between numerics and theory. The peak Rabi frequency is
15.84cm™!, this represents ~2% of the bare mode energy. Fitting deviations can be
attributed to the lossless approximation of the longitudinal mode dispersion calculated
by Eq. 3.28 and the dispersionless approximation of transverse modes which were taken
to reduce the quantity of fitting variables. The calculated frequencies for the higher
polariton are systematically depressed from the fit, this is due to coupling of the surface
mode to higher energy, close-spaced resonances which have been omitted for simplicity.
By further manipulation of Eq. 3.33 it is possible to calculate the Hopfield coefficients
m{(”, n{{H , o{(“ p{{H whose squares weight ea unsch of the polaritonic components in Eq. 3.31
. These are shown in Fig. 3.9 for array period 6pum. The lowest lying polariton shown
in Fig. 3.9 a) transforms from being completely longitudinal in character near k;=0

to an anticrossing with the surface mode at kj=750cm™".

The second polariton
illustrated in Fig. 3.9 b) is composed of the lowest lying transverse mode near k;=0,
anticrossing with the surface mode near kj=600cm ™" and then with the longitudinal
mode at ky=750cm™". The third polariton illustrated in Fig. 3.9 ¢) is mainly composed
of the second transverse mode at k=0, anticrossing with the surface mode around
k||:400(:m_1 and with the lowest transverse mode at 600cm~!. Finally the fourth
polariton illustrated in Fig. 3.9 d) is mainly composed of the surface mode near k=0,
anticrossing with the second transverse mode near kj=250cm~'. Note that in all
regions where the polariton is composed predominantly of the delocalised surface wave
it acquires finite character in all the resonator modes as a result of surface mediated
mixing.

The linewidths of the coupled mode are expected to vary predictably as linear
superpositions of the bare linewidths according to the Hopfield coefficients [99]. This
will give a dispersion in the linewidths of each mode as a function of the in-plane

wavevector as a result of the change of mixing ratios of the modes. The linewidth of
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Figure 3.10: Polariton linewidths for array periods a) 6um, b) 6.5um and ¢) 7um.
Symbols indicate numerical values. Lines indicate theoretical fits calculated utilising
Eq. 3.40. Each plot is truncated to restrict to the first Brillouin zone.
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the 7th polariton mode may be written

2
i t1
K Iy, +

2 2
I Fku +

L2
pk”

rk]r‘ll—i-n

Ok, K (3.34)
where FE;,F{}H,F{?'", k, are the linewidths of the uncoupled longitudinal, transverse,
second transverse and surface mode respectively. The numerical linewidths of the
coupled modes are calculated from the complex modal frequency. Numerical results for
array periods 6pm, 6.5um and 7um are given by the symbols in Fig. 3.10. We fit to this
with Eq. 3.40. The linewidth of the surface mode Fi” is dispersive and is calculated
analytically from our choice of dielectric function. The monopole linewidth Ff(rlll is also
dispersive. We fit it by a phenomenological a—l—bkﬁ relationship, which is verified by
fitting to the already dispersive monopolar linewidth in the absence of the substrate.
The transverse mode linewidths Ff{l” , Ff{i are modelled as dispersionless. The results
of the fit are given by the lines in Fig. 3.10. Excellent agreement between theory and
numerics is once again observed. We can understand the dispersive behaviour of the
linewidths by comparison with the Hopfield coefficients calculated earlier and plotted
for the 6pum array in Fig. 3.9. For the 6um data in Fig. 3.10 a) the first polariton
follows the monopole linewidth dispersion out to k| ~700cm ! where it falls toward the
surface mode linewidth. This is where the modal character of the polariton changes as
evidenced by the Hopfield coefficients plotted in Fig. 3.9 a). The other linewidth data
is interpreted similarly. These calculations of linewidths provide dual verification of

the frequency calculations presented in Fig. 3.8, verifying the validity of our model.

3.2 Measurements of the Coherent Coupling

In order to observe the coherent coupling we verified numerically in the previous
section Alberto Politi and Francesco Martini fabricated 70 x 70 square arrays of 3C-SiC
cylindrical resonators on a polished 9.7um thick layer of <100> orientated SiC grown
on Si by inductively coupled plasma reactive ion etching. This depth of SiC substrate
was found to be sufficient to achieve convergence in reflectance measurements. The
cylinders were of diameter 1ym and height 800nm and the period of the array was
varied from 5—7pm. An example image of the fabricated array is shown in Fig. 3.11.

Optical data was measured utilising a Bruker Hyperion Fourier transform infrared
(FTIR) microscope in reflectance mode. A grazing angle objective was utilised to allow
observation at large in-plane wavevector. This objective works by rotating the light

cone onto the sample by use of the angled mirror illustrated in Fig. 3.12 a). This breaks
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3.2 Measurements of the Coherent Coupling

Figure 3.11: A scanning electron microscope image of a fabricated SiC pillar array

the illuminations cylindrical symmetry, resulting in a highly directional illumination
which can be orientated along the principle axis of the square nanopillar array. The
angle-resolved illumination peaks at two distinct angles due to the action of the mirror
allowing for collection of light at two fixed in-plane wavevectors. An example of the
sampled data for the 6.25um pitch sample is shown in Fig. 3.12 b). Rather than
scanning the illumination angle to map out the dispersion as in the previous section
we instead tune the surface mode frequency by altering the array period as shown in
Fig. 3.7.

The experimental reflectance map is shown as a function of the array period in Fig. 3.13.
The longitudinal mode of the resonator is seen to exhibit a clear anticrossing with the
folded surface mode branch. No anticrossing is observed with the transverse resonator
mode at 915cm~!. This is attributed to the experimental broadening, although our
illumination is directed along the array principle axis it maintains a finite azimuthal
aperture. In addition, the illumination will have a finite angular spread. Both will
result in a smearing of the observed modes. There could also be additional intrinsic
loss in our system as a result of defects in the SiC. This allows us to simplify the model

described in Sec. 3.1.5 onto two coupled modes described by the Hamiltonian

_ mat 4 s (F 1 at 1o A Tf
J{_; (o af, ax, +heoy, b i +1if (& b +ax b )] (3.35)
II
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Figure 3.12: b) An illustration of the grazing incidence objective utilised in the
experiment. The angled mirror rotates the light cone of the Schwarschild objective onto
the sample providing a highly directional, dual peaked illumination. b) An illustration
of the measurement points for array period 6.25pum assuming the surface-transverse
mode couplings are zero and the surface-longitudinal mode coupling fo=13.1/cm. The
polariton dispersions are indicated by the green dot-dashed line. The bare mode
dispersions are indicated by the gold dashed lines. The illumination light lines are
indicated by the blue dashed lines. The circles and squares indicate the peak positions

sampled by the measurement.
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Figure 3.13: Experimental reflectance map as a function of the array period. A clear
anticrossing is visible around 6pum.

where &, and Bk” are the bosonic creation operators for the longitudinal cylinder mode

and surface mode respectively and f; is a phenomenological coupling parameter. The

rotating wave approximation has been made. This Hamiltonian may be put in diagonal

form by diagonalising the corresponding Hopfield-Bogoliubov matrix for each value of

the in-plane wavevector k|

diagonalised by use of the polaritonic operators

w! f
He=| " 7, (3.36)
f() wz”
Dy, =Xy Y, b (3.37)
P, =Y g —Xk”fak“, (3.38)

where X;, and Yy, are the Hopfield coefficients [97] as described before and the

eigenfrequency is given by

Qlj<E|| o

2
m S m s 2
. Wiy Tk =+ \/<wkn ~ % ) +4fg

5 , (3.39)
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where =+ refers to upper and lower branches of polaritons. To fit to the reflectance
map in Fig. 3.13 we carry out least square fits for the tight binding parameters
a1=(81—71) , Av,wn described in Sec. 3.1.4 and the two incident angles 6y, 65 illustrated
in Fig. 3.12. The coupling strength is assumed to have a superradiant dependance
on the resonator density, we fit for the parameter ( linked to the coupling strength
as go=(/p [100]. The results of this fit are shown in Fig. 3.14 a).Agreement is seen
with the experimental data, the anticrossing being clearly reproduced. We attribute
discrepancies in the fit to changes due to strain induced by the lattice parameter
mismatch between the SiC layer and the Si substrate [101]. The situation can be
greatly improved by allowing free variation of the parameters ¢, €, and wr from the
book values [37]. This fit is shown in Fig. 3.14 b), requiring variations in the static
and high frequency dielectric constants of less than 5%. The peak Rabi frequency is
calculated for the 5um period sample as f,=20.57cm ™! or around 2.5% of the bare
mode energy. This places the system far below the ultrastrong coupling (USC) regime
and justifies the use of the rotating wave approximation (RWA) in our analysis [102].
The fitting procedure yielded 6;=(48.54+0.05)°, 6,=(55.08+0.08)°, €=9.26+0.22,
€00=6.68+0.17 and wr=97.854+0.07TmeV (789.3+0.6/cm).

In addition, we extract the normal mode linewidths from the reflectance map Fig. 3.13.
To model them we assume as in Sec. 3.1.5 they are linear combinations of the constituent
mode linewidths weighted by the Hopfield coefficients [99]

Fl—"—H :F1|XkH |2+FIS<\| |YkH |2’ (340)
D, =Yg P, X (3.41)

where I'! is the linewidth of the longitudinal mode, which we assume to be constant
over the measured region, and Ff(u is the dispersive linewidth of the surface mode which
can be described analytically.

As the SPhP is itself a result of the strong coupling of photons to the crystals transverse
phonon resonance we can describe it within the same Hopfield-Bogoliubov framework
we use for the system eigenmodes as a linear superposition of free photons and optical
phonon components with Hopfield coefficients C and Dy, respectively. As a result
of the steep dispersion of the free photon the composition of the SPhP is strongly
wavevector dependant, becoming less photonic as the SPhP dispersion in Fig. 2.3 b)

moves away from the lightline. Its linewidth therefore obeys

2

Yy =T ’Cku ‘2+FTO ‘Dkn ) (3.42)
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Figure 3.14: a) Experimental reflectance minima for the small (squares) and large
(circles) angle beams. The corresponding lines indicate fits to the data utilising the
book values of the SiC optical constants. b) As (a). This time the SiC optical constants
are determined by the fitting procedure.
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Surface Phonon Polariton Resonators

where I'P" and I'TO are the dispersionless loss rates of the SPhP photonic and phononic
components. This equation is analogous to Eq. 3.40. We assume the intrinsic photonic
loss, which mainly results from the impact of surface roughness being small when
compared to the intrinsic phonon damping and approximate I'P"~0.

In addition to this we also have the instrumental broadening previously discussed as a
result of the finite angular aperture of our objective and its finite azimuthal spread.
To first order we approximate this as being proportional to the slope of the modal

dispersion and therefore

wE owE oK
Fﬁi: KA g— ki ZFI

B ok, 00

vig
A@zwffu —L cos A, (3.43)
c

where ¢ is the peak illumination angle along kj, , VkHi is the polariton group velocity
and A# is the angular aperture. The experimental data and fit are given together in
Fig. 3.15. The lower polariton modes broaden dramatically at larger pitches where
the dispersion is stronger as a result of the instrument broadening discussed. A least
squares fitting procedure yields I'T®=4.1cm™, y™=10.6cm~" and Af=0.1rad, the
predominant effect is the instrument broadening. We calculate a Q-factor for the
longitudinal resonator mode of 81 with this falling in the centre of the range measured
for similar samples previously [2]. The fit calculated is poor as book value of the TO
phonon damping is given by I'"®=6cm ™! [37]. Instrument broadening then precludes
us from making a thorough analysis of the experimental linewidths as for the numerical
data in Sec. 3.1.5.

3.3 Conclusions

We have numerically investigated the morphological dependance of the resonances of
cylindrical subwavelength SiC resonators. By changing the geometrical parameters of
the cylinder it was shown that both longitudinal and transverse modes are tuneable
across the Reststrahlen band. It was also shown that smaller resonators tend to
support modes with a higher quality factor with a maximum calculated quality factor
approaching 160. This is four times the theoretical limit for plasmonics and corresponds
to an absolute lifetime around two orders of magnitude greater than the plasmonic
case. In addition ultrahigh spontaneous emission enhancements approaching10® were

calculated for dipoles located near the field antinodes.

The interaction of localised SPhP resonances with a planar substrate supporting

delocalised SPhPs was also investigated. For isolated resonators it was found that the
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Figure 3.15: Experimental linewidths of the lower (upper) normal mode for the smaller
angle data are given by red circles (yellow hexagons), and the respective fits are the
red (yellow) dashed line. Blue squares (green diamonds) and blue (green) solid lines
are instead used for the larger angle lower (upper) polariton data.
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predominant effect of placing the resonator on a substrate is to hybridise the resonator
modes by coupling to the delocalised modes of the substrate. Square periodic arrays
of cylindrical resonators were also investigated and coherent coupling was observed
between the folded Bloch modes of the surface and the localised resonances of the
cylinders. The observed resonant frequencies and linewidths were seen to fit well
to a Hopfield model where the system eigenmodes are linear superpositions of the
constituents.

The deep-subwavelength modes exhibited in these systems confine the electric field
strongly near to the surface of the SiC presenting obvious applications in surface
enhanced infrared absorption spectroscopy of functionalised molecules and similar
providing a low-loss plasmonic analogue in the mid-infrared. More interestingly the
strong confinement of light in mixed light-matter modes can allow for enhancement
of non-linear three-body photon scattering processes such as generation of harmonic
signal by annihilation of two sub-harmonic photons. These processes depend on the
square of the field amplitude [103]. This enhancement of second harmonic generation
was recently observed in arrays of 4H-SiC nanopillars [104], in these experiments strong
harmonic radiation intensities were seen to spectrally overlap with the resonator modes,
confirming that the second harmonic is driven by the field confinement in the structures.
While three body scattering events are novel and interesting in the context of mid-
infrared nonlinear optics they require destruction of polaritonic modes in order to
conserve energy as the width of the Reststrahlen band is always less than its energy.
Four body scattering events on the other hand would allow interaction of the polaritonic
modes while conserving total polariton number. This would permit thermalisation of the
polaritons and in conjunction with our demonstration of a dispersion relation tuneable
by patterning could allow for design of a phonon-polariton parametric oscillator as
already demonstrated in the microcavity polariton systems to be discussed extensively
in the following chapter [105].

In microcavity polariton systems more generally non-linear four body interactions
between polaritons mediated by the polariton matter component (exciton-exciton
scattering) drive exotic physical processes such as Bose-Einstein condensation [5].
Microcavity polariton systems are however limited in two senses. Firstly the polariton
matter component is problematic. In inorganic systems delocalised Wannier-Mott
excitons are utilised, these interact but also dissociate at ambient temperatures. In
organic systems the Frenkel excitons are localised on single molecules, this allows for
strong binding and room temperature operation but weak exciton-exciton interactions.

The microcavity system is also diffraction limited meaning the large field intensities
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3.3 Conclusions

required to drive these transitions are only achievable by extremely strong optical
pumping. The sub-diffraction nature of phonon-polariton modes in these resonator
arrays could allow for this threshold to be lowered by orders of magnitude. In the
final chapter we will discuss a scheme by which the polaritonic eigenmodes of arbitrary
light-matter systems may be derived. This will provide an excellent framework for
evaluating the non-linear scattering rates between the polaritonic modes and assessing
the suitability of these systems for non-linear polaritonics.

This work could also be extended by optimisation. The investigation of resonators on
substrate presented was somewhat limited in scope as a result of the computational
load required to map out the dispersion relations in Fig. 3.8 meaning that the resonator
geometry investigated on the substrate was not optimised. Despite this we still achieve
a peak Rabi splitting corresponding to around 2% of the bare resonance energy but by
careful resonator design it would be possible to increase the coupling between localised
and delocalised modes. One possible way to achieve this would be by Green’s function
methods which allow for explicit calculation of the surface mode scattering cross section
of a single resonator located near a planar interface which supports them [106]. This
would allow for estimation of the coupling for a given resonator from a single simulation
and in this way it might be possible to tune resonator geometry to achieve ultrastrong

coupling in these systems as discussed in Chapter 4 [107].
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Chapter 4

Electrical Pumping of Microcavity

Polaritons

In Chapter 3 strong coupling between the localised modes of cylindrical SiC resonators
and the delocalised modes of a planar SiC interface was demonstrated. This coherent
coupling can also occur in other systems under the condition that the Rabi frequency
Q) describing the coupling rate is faster than all rates of loss from the system. Under
this condition, energy is reversibly exchanged between the constituent modes and the
coupling is coherent. The system most commonly utilised to study this behaviour is
the planar optical microcavity holding some material with a resonant transition in its
interstitial region, such systems are discussed in Sec. 4.1. In these systems the coherent
excitations are termed microcavity polaritons. By filling the microcavity with a material
possessing a large oscillator strength it is possible to leave the regime of validity for the
Hamiltonian utilised in Chapter 2 requiring consideration of additional terms, this is
termed the ultrastrong coupling regime and is discussed in Sec. 4.2. The remainder of
this chapter discusses our experimental observations of electroluminescence (EL) from
planar optical microcavities operating in the ultrastrong coupling regime and their
implications for our understanding of the process of microcavity polariton formation

by electrical pumping.

4.1 Microcavity Polaritons

One diffraction limited scheme to achieve strong coupling is by confinement of light
within a planar optical microcavity. Cavity termination may be achieved either by
use of a distributed Bragg reflector (DBR) or metallic mirrors. A DBR allows for

achievement of a higher quality factor at the expense of a larger mode volume, however
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Electrical Pumping of Microcavity Polaritons

such reflectors are difficult to design as the stopband must be broad enough to reflect
both coupled modes [4]. Metallic mirrors constrict the mode over the active region
resulting in an increase in Rabi splitting hQ2 [108], provide very broad stopbands
allowing simultaneous confinement of both polaritons and also provide means for
electrical injection [109].

The fundamental TE polarised Fabry-Perot mode energy of a planar optical mi-
crocavity as illustrated in Fig. 4.1 a) is found by consideration of the electromagnetic

boundary conditions as

Ecav (0)
Eeay (0)= 22 (4.1)
1— 51;12 0
b

where Ec,y, (0) is the mode energy at normal incidence, 6 the angle of incidence and ny,
the refractive index of the interstitial region. The dispersive nature of the microcavity
mode renders microcavity polaritons experimentally practical, by merely rotating the
pump an entire polariton dispersion can be measured. For dielectric terminated cavities
the TM mode dispersion is the same as the TE. Small metallic mirrored cavities however
display a polarisation splitting [110] ascribed to the hybridisation of two plasmonic
modes localised at the cavity walls (metal-insulator-metal (MIM) plasmon) [111]. This
was described analytically by Kena-Cohen et al. [112] and results in an effective index
for TM polarised light of

(4.2)

where d,=c/w, is the plasmon penetration depth and L the cavity length. This results
in a higher effective index for TM polarisation and allows two full polariton dispersions
to be measured from a single microcavity. An example polariton dispersion calculated
using Eq. 3.39 with wi =Ecay (0) /b is shown in Fig. 4.1 b). The polariton modes
exhibit a clear anticrossing at the point where the constituent dispersions cross.

The matter mode may be chosen dependant on application. Early experiments
involved the Wannier-Mott excitons of inorganic semiconductor quantum wells [4].
These are delocalised, bound electron-hole pairs with a Bohr radius of 10—100A
(extending therefore over many lattice sites) and a binding energy of 10—100meV.
These systems were the first to make use of angle-resolved measurements to map the
polariton dispersion curve [113] and since experiments on such systems have exhibited
many interesting phenomena such as stimulated scattering [114], polariton lasing [115]
and quantum fluidic behaviours [6, 116] at cryogenic temperatures. The low binding
energy of Wannier-Mott excitons is however limiting when it comes to making practical

devices as at room temperature the exciton lifetime is often short and increasing
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4.1 Microcavity Polaritons

Incident Angle (6)

Figure 4.1: (a) An illustration of a planar optical microcavity of length L. Light is
incident at angle 6 from the normal. (b) Illustration of the dispersion of the microcavity
mode as a function of incident angle (red dashed line) as governed by Eq. 4.1. The
yellow dashed line illustrates an electronic resonance of the cavity fill. The solid lines
indicate the resulting coupled mode dispersions with composition indicated by the line
colour.

the coupling strength by increasing pump fluence only works up until the Mott limit
[117]. One way of circumventing this is by use of intersubband (ISB) polaritons
in semiconductor quantum wells where the upper density of bosonic operation is
controllable by doping [118]. Intersubband polaritons were first observed in the mid-
infrared [119] and since ISB polariton light emitting device have been demonstrated
[120]. The increased exciton densities achievable in these systems also allow for probing
of the ultrastrong coupling regime [102], to be discussed in Section. 4.2.

A third option is to utilise the Frenkel polaritons of organic semiconductors. These
are localised on individual molecules of the semiconductor and as a result of reduced
screening compared to inorganics exhibit binding energies from 0.1—1eV rendering
them stable at room temperature. Frenkel excitons possess a far larger oscillator
strength than Wannier-Mott excitons meaning they will couple to the cavity mode
more effectively, larger Rabi splittings are therefore achievable. Frenkel linewidths are
broadened by the presence of a progression of discrete vibronic levels which themselves
are inhomogeneously broadened. The exciton linewidth is often of the order of 1eV
rendering strong coupling difficult to achieve. For this reason initial works focussed

upon organic molecules with especially narrow linewidths such as porphyrins [121]

59



Electrical Pumping of Microcavity Polaritons

or cyanine dyes [122]. More recently the advantages of using materials with broad
linewidths has been reported, these materials can offer huge increases in oscillator
strength and therefore in achievable Rabi splitting [112]. They have allowed stable
room temperature demonstrations of lasing [123] and Bose-Einstein condensation [5,
124].

4.2 Ultrastrong Coupling

The use of organic molecules with giant oscillator strengths and ISB excitons in strongly
doped systems has opened up a new arena of optical interactions termed the ultrastrong
coupling regime. This is characterised by Rabi splittings of the same magnitude as
the bare mode energies. Now the analysis in Section. 3.1.5 becomes invalid and it is
necessary to consider the full Hamiltonian. This results in the addition of two extra

terms to the Hamiltonian. An anti-resonant term

k

which arises from not taking the rotating wave approximation. Secondly we require a

term corresponding to the square of the magnetic vector potential

Ha2=h ; Dy, (altu ak, +ay, alt“ +ak, ak, —|—a1T{H aiku ), (4.4)
I

where D (q)=g2 /4weye quantifies the magnetic vector potential contribution [125, 126].
This is the full Hamiltonian as diagonalised by Hopfield in his seminal paper [97]. The
Hamiltonian is now 4 x4 due to the anti-resonant coupling between states of opposite

wavevector. The problem now therefore requires introduction of polaritonic operators

of form
Pk, =Wa, +ka” +yaT_k” +sz_kH , (4.5)
where the Hopfield coefficients are given by w,x,y,z. The eigenvalue problem is
therefore
wkH —|—2DkH _iQk\I /2 _2Dk\| _iQkH /2 w w
iQk”/Q .wexc —iQk”/2 | 0 x |_ | X ’ (4.6)
2Dk\| —leH /2 —wkH —2Dk” —ZQk” /2 y y
=1, /2 0 i€, /2 —Wexe Z Z
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the roots of which give the coupled mode frequencies wl'f‘ W

As the Rabi splitting {2, increases so do the anomalous Hopfield coefficients y, z also
affecting the ordinary Hopfield coefficients x, w. The ground state of the system is a
vacuum of polaritons defined py |G)=0 meaning it contains finite numbers of photon
and excitons [126]. These are virtual and do not normally contribute to the extra-cavity
fields. It has been proposed to collect this virtual radiation by modulation of the Rabi
splitting through time-modulated bias of an intersubband polariton quantum well [127].
Ultrastrong coupling using ISB polaritons has been demonstrated in the infrared [102,
128, 129] and THz [130]. Recently the use of organic semiconductors has allowed for
comparable Rabi splittings to be achieved in the visible. Huge Rabi splittings of 1eV
were achieved using a thin film of the molecule 2,7-bis[9,9-di(4-methylphenyl)-fluoren-
2-y1]-9,9-di(4-methylphenyl)fluorene (TDAF) [112, 131]. Cyanine dies have also been
used to demonstrate Rabi splittings of 700meV [132].

4.3 Excitation and Relaxation of Microcavity Po-

laritons

The most common experimental scheme to excite microcavity polaritons is optical
pumping as this allows for simplistic cavity architectures. The only design consideration
in such systems is placing the active region at the cavity mode antinode. In an inorganic
cavity under optical pumping the picture of polariton formation is simple: collective
excitons form by absorption of photons into a narrow electronic resonance and the strong
intermolecular interaction which hybridise with the cavity field forming polaritons. The
wave vector is a good quantum number for these hybrid states. In organic materials the
electronic resonance is broad and the intermolecular interaction is small. When excitons
are formed by optical pumping they are therefore localised, non-collective excitations.
Polaritons form as follows, a coherent polarisation is formed in the medium by the
cavity mode. If the coupling is strong enough, the cavity and exciton modes hybridise
giving coherent polaritonic states that propagate with group velocity defined by the
polariton dispersion as opposed to the random hopping of localised, incoherent excitons.
Polaritons in organic microcavities can only form for certain values of the wavevector,
for example it has been shown that for large wavevectors coherent states cannot form
due to strong dephasing destroying the coherent polarisation [133]. The result is
that the number of coherent, polariton states is far less than the number of localised,
incoherent exciton states. Non-resonant optical pumping then excites predominantly

incoherent states which radiatively decay and pump the coherent polariton states, the
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lower polariton states may be excited by emission of one or two optical phonons from
the incohorent states [134, 135]. Emission from the upper polariton branch is generally
weak due to the possibility of fast, non-radiative decay to the bath of incoherent states
[136].

A preferable alternative to excite microcavity polaritons is electrical pumping. Direct
electrical excitation was first demonstrated in 2005 by embedding an active layer of the
J aggregate TDBC in an RC organic light emitting diode (OLED) structure with silver
electrodes exhibiting strong coupling with a Rabi splitting of 265meV [109]. Indirect
electrical excitation has also been attempted by electrical pumping of an adjacent
weakly-coupled layer with the additional benefit of achieving equality between upper
and lower branch emission by eliminating the requirement for an incoherent exciton
reservoir [137]. One key issue with polariton electroluminescence is the achievable
device efficiency. Efficiencies comparable to commercial OLEDs will be necessary
to make practical, room temperature equivalents of recently demonstrated polariton
lasers [138]. Recently the efficiency of a strongly coupled OLED was compared to
that of the corresponding weakly coupled architecture and was found to be around 6
times smaller due to weak scattering toward the bottom of the lower polariton branch
[139]. Secondly, the process of polariton formation by electrical injection is not well
understood and development of a picture analogous to that for nonresonant optical
pumping is necessary for a good understanding of the system. These problems are the

subject of the work in the next section.

4.4 Polariton Electroluminescence from an Ultra-
strongly Coupled Organic Light-Emitting Diode

The light matter interaction quantified by the Rabi energy is proportional to the emitter
density and oscillator strength and inversely proportional to the mode volume [112,
133]. Often works focus on materials with narrow linewidth and high peak absorbance
such as J-aggregates [122] or porphyrins [121]. To maximise the coupling strength in
our system, a molecule with an extremely broad optical transition and therefore a large
oscillator strength was utilised. Fabricated microcavities consist of an active layer of
the oligomer 2,7-bis[9,9-di(4-methylphenyl)-fluoren-2-y1]-9,9-di(4-methylphenyl)fluorene
(TDAF), which has previously been used to achieve ultrastrong coupling with Rabi
splittings of 1eV [112] and to demonstrate organic polariton condensation [5]. TDAF
is ambipolar, allowing for electron and hole transport [140]. Its exciton resonance is

located at Eq,=3.5eV. Metallic mirrors were employed to constrict the cavity mode
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Light-Emitting Diode
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Figure 4.2: a) The physical structure of the device b) Electrode work functions
and lowest unoccupied/ highest occupied molecular orbitals (LUMO/HOMO) of the
interstitial materials.

volume and allow for electrical injection.

Direct electrical injection onto the TDAF active layer would be highly inefficient. To
ease the transport of holes onto the active layer, a 5nm MoO3 hole injection layer
was employed which permits hole-transport through defect states [141]. A 20nm hole
blocking layer of 4,7-diphenyl-1,10-phenanthroline (BPhen) was utilised to prevent
holes migrating to the cathode. Electrical injection proceeded through a 0.5nm LiF
layer and the leaky 32nm Al cathode. The Al anode was 70nm thick. The device
structure is illustrated in Fig. 4.2 a). The electronic structure of the device is shown
in Fig. 4.2 b), excitons are expected to form at the TDAF /BPhen interface due to
an accumulation of holes as a result of the deep highest occupied molecular orbital
(HOMO) of BPhen. Devices were fabricated by thermal evaporation at 10~ "millibar on
cleaned fused silica substrates. The width of the TDAF active layer was varied from
55-65nm in 5nm steps to allow for detuning of the cavity mode relative to the exciton
energy.

To confirm the operation of the devices in the ultrastrong coupling regime, angle-
resolved electroluminescence measurements were carried out at 3.75V. Both transverse
electric and transverse magnetic polarisations were measured due to the expected
polarisation splitting discussed in Section. 4.1. Resulting electroluminescence contour

plots normalised to the peak intensity at normal incidence for each device are shown
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in Fig. 4.3. Lower polariton emission is strong and peaked at normal incidence. The
lower polariton energy is seen to increase with energy as expected from the model of
Section. 4.1.
There is no observed electroluminescence from the upper polariton branch due to the
huge Rabi splitting and its corresponding high energy. To find the position of the upper
polariton angle-resolved reflectivity measurements were carried out on the samples.
Reflectivity minima corresponding to the upper and lower polaritons are indicated by
the black squares in Fig. 4.3.

The ultrastrong coupling Hamiltonian of Section. 4.2 may be adapted to this system

by adoption of a constant Rabi frequency. The resulting eigenvalue equation is given
by

Eon (0)+2D  —ih)/2 9D —in/2 \ [ w w
1§22 Eexc —1h§2/2 0
ihQ/ | ihQ)/ | N (47)
2D —ih§2/2 —Ep, (0)—2D —ih$2/2 y y
—ih§/2 0 ih$2/2 —FEexe z z

where E;, (6) is the angle dependant energy of the cavity mode. Fitting to this system
yields the results of Table. 4.1. It is seen that the Rabi splitting is reduced compared
to that achievable for a cavity solely filled with TDAF [112], this is due to the presence
of the injection and blocking layers giving a reduction in active molecular density in
the microcavity. The plasmon-mediated polarisation splitting discussed in Section. 4.1
is apparent in the larger effective index of the TM-polarised microcavity polaritons.
These exhibit reduced Rabi splittings due to decreased overlap of the cavity mode
with the active layer. Ultrastrong coupling effects onset when the normalised cou-
pling strength Q/Eq. exceeds 20% [102]. TE-polarised light in our devices exhibits
normalised couplings €/E.=0.21—0.23 and TM polarised light 2/E..=0.17—0.19
which are both around a sixth of the largest value reported thusfar [142].

Now that the devices are confirmed to be operating in the ultrastrong coupling
regime, their electrical performance bears analysis. The total emitted optical power as
a function of forward bias was recorded utilising a large-area calibrated photodiode.
Results are shown in Fig. 4.4. A constant optical turn on voltage is observed at 3.1V
for all the devices despite the differing lower polariton energies illustrated in Fig. 4.3.
The exciton energy of TDAF lies above the turn-on voltage at 3.5¢V. These results
indicate that polaritons are not formed directly by electrical injection which is to
be expected as polaritons are also not formed directly by optical pumping [133]. Tt

also contradicts previous reports which suggest that ultrastrong coupling facilitates a
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Figure 4.3: a) Angle-resolved EL measured at 3.75 V. TE polarization is shown on the
left, while TM polarization is on the right. The corresponding TDAF thicknesses are
indicated on the right hand side. The black squares correspond to reflectivity minima,
while the solid lines were obtained from a fit of reflectivity and EL to Eq. 4.7. The
entire spectral range is only shown for the 60 nm-thick film, where dashed lines also
show the bare photon and exciton dispersions
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Table 4.1: Results from fitting a Hopfield model to the electroluminescence from our
OLED samples. The exciton energy E... was fixed at 3.5eV. The Rabi frequency (2,
cavity effective index neg and normal incidence cavity mode energy E,, (0) are given.

Thickness  Q (meV) neg Ecav (0)(eV)

5bonm (TE) 770+£30 2.404+0.30 3.174+0.033
60nm (TE) 7904+20 2.10+0.10 3.06+0.019
65nm (TE) 750+30 2.42+0.07 3.00+£0.014
55nm (TM) 655+3  3,25+0.05 3.11£0.003
60nm (TM) 67045 2.82£0.07 3.00£0.006
65nm (TM) 610430 3.20+0.10 2.94+0.012

change in the system work function [143].

These results allow us to draw a picture of polariton formation by electroluminescence
in organic systems analogous to that sketched out in Section. 4.3 for photoluminescence.
Initially, electrons and holes combine on a TDAF molecule to form an incoherent
(localised) exciton. The energy required to do so corresponds to a vibrationally re-
laxed exciton out in the optical absorption tail. As TDAF has an extremely broad
optical resonance, this lies far below the main exciton peak at around 3.1eV. This
is not however the state which couples strongly to the cavity mode. That state is
the direct transition from ground, which possesses the largest oscillator strength and
corresponds to a vibrationally excited nuclear configuration of the singlet state. These
states interactions with light yield the hybrid polariton modes observed above. The
localised, relaxed excitons excited by electrical pumping can scatter into the coherent
(delocalised) modes due to the large Rabi splitting, which moves the hybrid state to
energies similar to or below those of the relaxed exciton. The scattering can either
proceed radiatively [144] or by phonon emission [134, 145]. The latter is favoured in
systems with large Stokes shifts. These processes are illustrated by Fig. 4.5.

Finally, we calculate the external quantum efficiency (EQE) of the device by measure-
ment of the ratio of emitted photons to injected electrons. The results are illustrated in
Fig. 4.6 and the values take into account the efficiency of polariton formation and their
subsequent radiative decay to free space. To carry out the calculation the angle-resolved
EL was parameterised and the known dispersion used to account for radiation emitted
without the detectors §=75° light cone. Reflections from the measurement apparatus
were accounted for by use of the appropriate Fresnel coefficients. An EQE of 0.1% is
obtained for all devices, representing a 5 order of magnitude improvement over the
only previously reported case of ultrastrong coupled electroluminescence [146]. This

is still an order of magnitude below that for weakly coupled TDAF devices however
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Figure 4.4: Emitted optical power, scaled by device area, as a function of increasing
forward bias. Note the identical turn-on voltage of 3.1 V for all devices

[140]. This is due to the additional non-radiative loss channels introduced by the metal
microcavity, such as the excitation of Al/air and short-range surface plasmons, the
sub-optimal placement of the heterojunction for coupling to LPs, and inefficient leakage

of polaritons to free space.

4.5 Conclusions

In this Chapter we have demonstrated electroluminescence from a metal termi-
nated microcavity OLED containing an active layer of the oligomer 2,7-bis[9,9-di(4-
methylphenyl)-fluoren-2-y1]-9,9-di(4-methylphenyl)fluorene (TDAF). We made mea-
surements of the angle-resolved electroluminescence to record the dispersion of the
device emission and found that the coupling between the bare microcavity mode and
the Frenkel exciton mode of the TDAF oligomers was coherent. Moreover the Rabi
frequency exceeded 20% of the bare frequencies clearly placing our devices in the
ultrastrong coupling regime where the rotating wave approximation fails. In addition
by analysis of the total emitted optical power from our devices we were able to form a
clear picture of the process of microcavity polariton formation by electrical injection.
Similar results were recently confirmed elsewhere [147]. The improved understanding

of polariton formation afforded by our experimental data will aid future studies of
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Figure 4.5: (a) Ground and excited-state electronic manifolds as function of the nuclear
coordinate. The strongest optical transition is the direct transition possessing the largest
wavefunction overlap (labeled Eex). Its dipole moment is strongly coupled to the cavity
photon field. The resulting polaritons correspond to a reversible exchange of energy
between this excited state and the cavity field at the Rabi frequency. This definition
of bare exciton energy corresponds to the broad absorption maximum identified in (b).
(b) Absorption and photoluminescence (PL) of TDAF. Note that the turn on voltage
corresponds approximately to the relaxed exciton energy, which is in good agreement
with the onset of optical absorption. The PL exhibits a Stokes shift, which allows for
direct radiative pumping of the polaritons within its spectral range
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Figure 4.6: External quantum efficiency for all detunings, this is adjusted to account
for emission outside the detector collection angle. Thinner devices exhibit smaller EQE
despite emitting larger intensities of light as they permit more current.

novel physics in these systems such as the ground state electroluminescence recently

predicted [148] or in the creation of practical devices such as polariton lasers [138].
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Chapter 5

Free Space Hopfield
Diagonalisation of Inhomogeneous
Light Matter Systems

Development of a quantum theory of surface phonon polaritons is an important goal. It
would allow for analysis of quantum effects such as quantum correlations, single-photon
excitation or single SPhP interference. In addition it would allow for modelling of
stimulated emission and could be utilised to describe laser operation. Quantisation of
surface modes is usually treated with a macroscopic approach, describing the matter
with a phenomenological dielectric function [149]. Ad hoc microscopic quantisation
procedures where the matter is treated explicitly have also been attempted but with
limitations [150]. This chapter will develop a microscopic model of field quantisation
in arbitrary inhomogeneous dielectric environments. In Sec. 5.1 we will discuss the
problem of field quantisation in spectral regions far from any material resonances. In
Sec. 5.2 the problem of field quantisation in dispersive environments in the absence of
loss will be discussed. The application to the surface phonon polariton will be discussed

in Sec. 5.3. Finally we extend our model to encompass dissipation in Sec. 5.4.
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Free Space Hopfield Diagonalisation of Inhomogeneous Light Matter
Systems

5.1 Quantisation in the Absence of Dispersion

In a system without free charges, the Maxwell divergence equations stipulate that the

magnetic field H and displacement field D obey

: (5.1)
: (5:2)

or alternatively that the fields are transverse. Then the Maxwell curl equations in the

absence of sources

H(r,t)=—c?*V xD (r,t), (5.3)
D (r,t)=V xH(r,t), (5.4)

allow the transversality of the fields to be satisfied at all times if enforced as an initial
constraint. Treating the curl equations as the dynamical equations of the fields we can

find the Hamiltonian H which satisfies the Heisenberg equations of motion

ihH (r,t)=[H (r,t) , 3], (5.5)
ihD (r,t)=[D (r,t), K], (5.6)

by defining HH as the free space energy of the photon field given by
1
3= [ ar [QD (x,6)D (r,t) + 5220 (1, 0)- H (r,1)|. (5.7)
€0

subject to the usual equal time commutation relations on the Cartesian components of

the canonical variables denoted by subscripts

[Di (I‘7 t) 7Dj (I‘l, t)]:07 (58)

[Hi (r, t), H (', )] =0, (5.9)
, i 9 . ih ,

[Di (r,t) ,Hj (r 7t>]_%€jk1§6 (r—r )—@VX(S (I'—I' ), (510)

where €jq is the Levi-Civita tensor. This is the approach adopted in the earliest
attempts to quantise the radiation field [151, 152] and can be easily adapted to

encompass dielectric media in regions far away from any resonances or dissipation by
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the substitutions €y—€ege and po— pop. The Hamiltonian in this case is given by

1
3= [ dr {D (r,)-D (v, )+ "2 H (r, t)-H (xr, 1) (5.11)
2¢€p€ 2
and solving the Heisenberg equations of motion for the canonical variables yields the
Maxwell equations in matter [153-157]
D (r,t)

H(r,t)=—c’Vx —~2, (5.12)
€

D (r,t)=V x uH (r,t), (5.13)

where the approach is valid given that the dispersion of the material over the bandwidth
of the light is small.

5.2 Field Quantisation in Dispersive, Non-Dissipative
Media

To describe the field quantisation procedure in spectral regions where material dispersion
is important requires more care. Two approaches are possible. Macroscopic approaches
assume a phenomenological dielectric function and begin from the Maxwell equations for
non-dissipative media. Milonni calculates classically the electromagnetic energy density
in a dispersive dielectric and utilises the result to normalise the electromagnetic fields
[158]. Loudon and Santos make an equivalent modal expansion of the electromagnetic
fields, applying the appropriate commutation relations to fix the orthonormality of the
mode functions [159]. Alternatively a microscopic approach can be taken, explicitly
modelling the medium as a bosonic field coupled to the electromagnetic fields. Such an
approach is rigorous, allowing for the quantisation of the coupled light-matter system
and for subsequent calculation of the system eigenmodes. This was first carried out by
Hopfield who diagonalised the Hamiltonian of an isotropic dispersive dielectric. The
normal modes of the coupled light-matter system were found to be linear superpositions
of the uncoupled modes with dispersive frequencies dependant on the uncoupled mode
dispersion [97]. Huttner et al. utilised a Hopfield model finding that the total energy
in the system differed from the electromagnetic energy by a factor dependant on the
photonic group velocity demonstrating the necessity of treating the matter correctly in

dispersive systems [160]. This condition is equivalent to that derived by Milonni [158].
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The method was extended to the inhomogeneous case of a planar, dispersive microcavity
where it was shown that a modal expansion of the fields is possible under appropriate
redefinitions of the orthonormality and completeness relations [161]. Drummond and
Hillery extended this microscopic approach to describe multiple resonances of the
matter [162] eventually recovering the Sellmeir dispersion relation [163]. Even in this
complex example, the normalisation was found to obey a simple relation to the group
velocity. In this section we follow the microscopic approach, describing the system
by the Lagrangian density for the electromagnetic field interacting with a resonant

dielectric characterised by an inhomogeneous transverse frequency wr (r) and density
p(r)

€0

Lo (r)= [ dr [E (02— B (24 20 (e 2O () 2

2 2110 2 2

where the electric and magnetic field components E (r) , B (r), relate to the vector and

scalar potentials A (r) and U (r) by

E(r)=—VU (r)—A (r), (5.14)
B(r)=VxA (r), (5.15)

and the field X (r) describes the degrees of freedom of the matter resonance [160]. The
strength of the light-matter coupling is dependent upon a spatially inhomogeneous
constant x (r). Now in order to simplify the interaction term we add to our Lagrangian

the time derivative of the function « (r) X (r)-A (r), this is a unitary transform

U=exp {;/dr/ﬁ (r)X(r)-A(r)], (5.16)

and is known as the Power-Zienau-Wooley (PZW) transform [164]. The transformed

Lagrangian density is given by

L (r):/dr [EQOE (r)z—Q;OB (r)*+
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5.2 Field Quantisation in Dispersive, Non-Dissipative Media

Calculation of the canonical momenta

oL! .
= aAO =6 (A+VU)+rX=-D, (5.17)
Ly
P:%XO — X, (5.18)

allows us to calculate the Hamiltonian density of the system in the usual way as

D? ueH? P2 pwiX? K
=— — ——X:D 5.19
260 + 2 + 2p+ 2 €0 ’ ( )

j‘fo (I‘)

where we have utilised the renormalised frequency

12

wi=wr+—, (5.20)
€op

and the magnetic field H=B/uo. In the PZW gauge the canonical momentum D

is purely transverse and the matter couples to the fields through a simple quadratic

interaction term. The Hamiltonian is quantised by imposition of the usual commutation

relations between canonical variables

[X(r), P(r')]|=ihd(r—1'), (5.21)
[D(r), A(r')]=ihd " (r—1'), (5.22)

where 8" (r—1’) is the transverse delta function. From Eq. 5.21 we can derive the
further commutation relation between electric displacement and magnetic fields
[D(r),H(r’)]:EV’xé(r—r’), (5.23)
Ho
where the prime on V denotes its action upon primed variables. At this stage we elect
to retain the position-momentum basis rather than the equivalent creation-annihilation
one utilised by Hopfield to make our theory as clear as possible. As our Hamiltonian is
quadratic we now follow the method of [97, 160, 162] and propose a normal mode with
the form of a linear superposition of the constituent fields termed a polariton. The

form of this mode is

iK:/dr [@-D+B-H+vy-P+n-X], (5.24)
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where the weightings «, B, v, 7 are to be referred to as the Hopfield coefficients of the
polaritonic mode K. As we expect this mode to diagonalise the Hamiltonian JH,, it

must obey the Heisenberg equation of motion
[, Ho|=hwX (5.25)
which gives by use of Eq. 5.19-5.24
(X, Jfo]zz'h/dr [ [Vxa] H-* [VxB]-D+kc? [VxB]-X
1
€0 p
:hw/dra-D+ﬂ-H+'y-P+n-X,

which we can restate by collecting like terms as the equation system

T
wa:—ic2V><ﬂ+im, (5.27)
€0
wB=iV xa, (5.28)
wy=il, (5.29)
p
wn=ik c*V x B—ipwi-y. (5.30)

and we have therefore transformed the equation over the field operators Eq. 5.25 into
a differential one over the Hopfield coefficients. This equation system is equivalent
to the Maxwell equations in dispersive, non-dissipative media. It has been shown
that polarisable matter is stable against superradiant phase transitions in both the
homogeneous case with the stability condition for the inhomogeneous case coinciding
with the point-wise condition of stability for the corresponding homogeneous system

[165]. In the homogeneous case, by evaluating Eq. 5.27 and Eq. 5.30 for w=0, we infer
the stability condition wr>0 and for the remainder we will assume this to be satisfied
with wr at least arbitrarily small and positive. We can solve the equation system by

introduction of the discrete eigenmodes

[Cn)=(tn, B Yus M) (5.31)
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with corresponding discrete eigenvalues w,. By inspection it is obvious that the set

also admits solutions of form

|‘I,ﬁ>:(dnan7’7n7'f'n)7 (532)

with the discrete eigenvalue w;=—w,. This means that each positive frequency eigen-
mode |¥)  corresponds to a negative frequency one |¥)_. We refer to positive (negative)
energy polaritonic operators as creation (annihilation) operators for the coupled exci-
tations.

To proceed in convenient fashion we introduce the new variable @ by adding to the
pure transverse quantity a a term proportional to the longitudinal component of ~ to
eliminate the reference to the transverse component of 7 in Eq. 5.27

0=a+¢[“ﬂL, (5.33)

WeE€Q

where L refers to the longitudinal component of the bracketed term. Now manipulating
Eq. 5.27-5.30 to eliminate the other variables through

a=60", (5.34)
ﬂzivw, (5.35)
'y:zp(wgw ol (5.36)
n:w%“f;a, (5.37)

we can rewrite the set as a function of 6

2
VxVx0=" ;(“’)0, (5.38)
where
2, 2
WL_W
€ <w):w%—w2’ (5.39)

is the dispersive dielectric function equivalent to that derivable from an undamped
Lorentz model of a dielectric if wy, and wr are recognised as longitudinal and transverse
resonant frequencies. This converges to the Drude model describing a metal in the

limit wp—0". This result being equivalent to the electromagnetic wave-equation in
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magnetically inactive media allows for the application of the techniques of classical
electromagnetism to be utilised to calculate the Hopfield coefficients. The dispersive
nature of the dielectric function however means the operator on 0 is frequency dependant
and therefore it is not in the form of an eigenvalue equation. To proceed we revert to the
full equation set 5.27-5.30 and consider the algebraic structure of our solutions. Once
the eigenmodes have been calculated we need to apply an appropriate normalisation

found from the bosonic nature of the polariton modes

[me, JCL] =0m,n SN (Wy ), (5.40)

where sgn(w):r(:—| is the sign function. This gives the usual solution on restricting

both m and n to the positive frequency solutions. On expanding the commutator we find

1 — 1
[:K:HU:K:II} =ih driamvxlgn_ivxﬁm&n+/’7m;yn_7m"7’n7

Ho Ho
2 _ 2 ~
zheo/drE(Wm)wm )iy 5 (5.41)
Win —Wh
=0m,n S0 (wn)- (5.42)

Note that in the case m=n we can easily express this as

QEwneg/dre(wn)u(wn) 0,-0,=sgn(w,), (5.43)

where the function v(w) is given by

L Al )
W= W v (5.44)

which is equivalent to the ratio of the local group and phase velocities v¥ (w) and v (w)
[166]. This result is equivalent to the normalisation condition applied from energetic
arguments by Milonni [158], from application of commutation relations by Loudon [159]

and by Huttner from quantising the electromagnetic flux in the homogeneous case [160].
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Now it is informative to invert the system, expressing the macroscopic field operators

in the Lagrangian as linear combinations of the polaritonic operators

D=Y" fIPJCn:Z/: 0%, +HEPKE, (5.45)
H=Y fffKn:i £, HEC, (5.46)
P=Y" ffﬂcn:z/: £+ K], (5.47)
X=Y" ffxn:i XK, +HEXK, (5.48)

where the primed sums are intended to be only on positive energy solutions. We
can calculate the positive energy expansion coefficients by application of the field
commutation relations in Eq. 5.21-5.23 and the definition of the polariton operator in
Eq. 5.24

I —
£ =D, K}|=—i %VX,BH, (5.49)
£1'= [H, K] :iiOVx an, (5.50)
£y =P, X}|=—ihn,, (5.51)
£= X, K| =ih%,. (5.52)

To verify that the polaritonic operator Eq. 5.24 in fact diagonalises the Hamiltonian
Eq. 5.19 we need to prove that the system Eq. 5.27-5.30 is self adjoint for all choices of
(W) =(a, By, Yn»My)- In order to achieve this we define the inner product between

two wavefunctions |¥) , |¥’) as the bosonic commutator given in Eq. 5.151
/ . 1 1 ~/ =/ —/
(‘P[W)zzh/dr S aVxB - VXB-& A -7 | (5.53)
Ho Ho
This choice of normalisation would ensure the orthonormality of the eigenmodes,
however from Eq. 5.41 we see immediately that the inner product is not positive-

definite meaning the space of wavefunction |¥) does not form a Hilbert space over the

inner product Eq. 5.53. We can however form a Krein space [167] with a signature
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operator given by [99]
/!

which allows for recovery of all the usual properties of orthonormality and completeness.

If we rewrite the equation set 5.27-5.30 in operatorial form as
By @) —w| W), (5.55)

we need impose that the operator By is self-adjoint with respect to the inner product

we defined in 5.53 meaning
(W' |BoW) — (BoW'| W) =0, (5.56)
which can be rewritten by use of Eq. 5.27-5.30 and 5.53 as
/dr[a-VxVx&’—&'-Vxan]:(), (5.57)

which is satisfied if the space is restricted by V-« or the transversality of the displace-
ment field V-D=0. We can recast this as a boundary condition on the edge of the

quantisation volume V

dS-f=0, (5.58)
oV

where dS is the unit vector normal to the infinitesimal surface element, and f is a

current operator, which is given in Cartesian coordinates as

If these conditions are satisfied, then our equation system is self adjoint and a complete
set of polaritonic operators may be derived. We can rewrite our boundary condition as

a function of the macroscopic field operators as

[ dS: (W, [:DxH:|¥,)=0, (5.60)
A\

which is an expression of the conservation of momentum. The completeness relation in

our Krein space is given by

(W[W')= (¥[n|¥), (5.61)
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which is expandable in terms of the relations between the Hopfield coefficients as

!/
> [an(r’) VX B,(r)—ay(r')-Vx Bn(r)] :i%éT(r—r’), (5.62)
which allows us to calculate the commutation relations between the macroscopic fields
utilising the relations we used to quantise the theory allowing for verification of the

consistency of our procedure

[D(r), H(r') ﬁzi[VxB V' xa,(r') =V xB,(r) V' xau(r )1, (5.63)
2ZV’ [VXB r)-a (r’)—VXBn(r)-dn(r’)], (5.64)
:iileéT(r—r'), (5.65)

equivalent commutation relations for the other macroscopic components are derivable.

Finally we proved that the Hamiltonian in 5.19 can be put in the diagonal form

/
Ho=>_ hw, K} K,. (5.66)

5.3 Application: Phonon Polariton at a Planar In-

terface

As an illustration of the theory derived above we will apply it to the system discussed
in Chapter 2 consisting of a planar interface between vacuum and a polar dielectric.
Usually the approach followed is a macroscopic one as the explicit properties of the
matter degrees of freedom are not of interest. The quantisation of the electromagnetic
field in for a metallic halfspace was first reported by Elson and Ritchie in the lossless
case describing the metal by a Drude model [168]. More recently Archambault et
al. quantised the surface mode through its electromagnetic energy in the absence of
loss, this is entirely equivalent to the normalisation condition we calculate from the
polariton self-commutator in Eq. 5.41 [149]. An equivalent normalisation may also
be calculated through the Poynting flux [169]. It is entirely feasible to extend such
approaches to include dissipation by the general theory of Gruner [170]. The first
microscopic description of plasma waves of the free electron gas was provided by Bohm

and Pines who bosonise collective excitations mediated by the long range Coulomb
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interaction for a homogeneous system [171]. More recently, analogous quantisation
procedures have been applied to the metallic halfspace to quantise the surface plasmon
[150]. The procedure however is ad hoc and the Hopfield transformation is in the end
non-invertible. Our approach allows for an invertible diagonalisation of the interface
problem. Our polar dielectric described by the Lorentz dielectric function Eq. 5.39
supports surface phonon polariton excitations [172].

If the surface is taken to lie in the x—y plane the system is described as

€ (w,z>0)=1,
w? —w?
€ (w,z<0)=€y, (w):m, (5.67)

where wr, and wr are the longitudinal and transverse optical phonon frequencies, linked
between them by the Lyddane-Sachs-Teller relation [46].

As in the classical interface problem we solve the wave equation 5.38 with dielectric
function Eq. 5.67, this yields propagative and evanescent solutions. We label the
propagative ones which impinge on the interface from the vacuum or dielectric by their
transverse magnetic (TM) or transverse electric (TE) polarisation and their wavevector
in the medium of origin k=(k, k,). Waves incident from the dielectric are also indexed
by their bulk polariton branch +. Surface modes exist for [kjj|>wr/c and are indexed

by their in-plane wavevector k;. We can express the general polaritonic operators as

l

ﬁg:/dr [aﬁc,-DjL Vxal,-H (5.68)

RWko

p (W —wi)

Wko

‘l—l aia'P‘{'ﬁaig‘X s

(Wi —wis )

where o=[TMv, TM=+, TEv, TEZ, S| indexes the solutions class, and k7 is the relative

two- or three-dimensional wavevector.

TE Modes Incident from Vacuum

We can write the eigenmodes for TE modes propagating from vacuum as

OEEV(I‘”, Z>O):NEEVe_lkH'r“ (elkzz‘i'rEEve_lkZZ) éJ_a

0,7 (1), 2<0) =N "ty e re (5.69)
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Figure 5.1: The inset illustrates the dielectric structure under study consisting of a
halfspace characterised by dispersive dielectric function e, (w) for z<0 and vacuum
characterised by a unit dielectric function for z>0. The main figure illustrates the
dispersion relations single photonic mode of an isotropic vacuum (red) and the two
bulk phonon polariton modes of an isotropic polar dielectric (blue) as a function of
wavevector magnitude. The modes of the coupled halfspace are formed by scattering
from (to) the phonon polaritons to (from) the vacuum photon. Regions where scattering
is forbidden are indicated by shading, here total internal reflection of the shaded mode
occurs. In addition the dispersion of the surface phonon polariton is indicated in gold.
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where the Fresnel coefficients read

kz— €1, (wk) kQ—kﬁ

n= : (5.70)
kz +. /€1, (wk) k2 —kﬁ
1 2k, |

kz—|— €1, (wk) kQ—kﬁ

and modes are normalised in the usual way through Eq. 5.41. Splitting the integral

over the upper and lower halfspaces r~, r< we find

6m,n:€0|NEEV|2 [(wn—l—wm)/dfe‘(kl*mk“’n)'rl (elkz,mz_i_rgfve—lkz,mz) (e_lkz’nz—l-l“EnEVeikz’nZ)
(5.71)

2 2
+€<Wm>wm_€(wn)wntgn]?vt'l£‘r}‘ﬂv/dr<e—i(km—kn)-r]’ (572)
Wiy — W,

and immediately we carry out the in-plane integral to get

5mn_60L2’NTEv‘2[<wn+wm /dZ 1kZ mZ+TTEV —iky, mz) ( —ikg, nZ+ EEV* iky, nz)
(5.73)
2

E(wm)wm_e(wn W TEV TEV*/d Ky m— zn)Z] 52 (k” n_k|| m)

wm _ wn km

+

(5.74)

where the quantisation length is given by £ To calculate the out-of-plane integral the

integration rules

. .
i(k—iv)x __ _i

Tim [ dxe' ?[ k}erS(k), (5.75)
. % e pilktiv)x _ i}

Tim [~ dxe J’{k 6 (K), (5.76)
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are employed [173]. Here P refers to the principal part of the function. In the upper

halfspace we calculate

/dZ> eikzv“‘z—f—rTEVe_ikz”“Z) (e—ikzlnz_}_r'lfr]]i)veikzynz)’ (577)
—/dz Ky m— _i_rgfve—i(kz,nﬁkz,n)z+rr1£nEv,*ei(kz,m+kzn) By TEv,* e_i(kw—kz,n)z]’
(5.78)
= T 1. o zl,m — Bzln r T 1 T .1
kzl,m_kzl,n 2 b ! o kzl,m_'_kzl,n kn kzl,m+kzl,n
(5.79)
i L
frfBe B | L B T (k). (5.80)
kn kzl m_kzl n 2 "

where the delta terms for terms linear in the reflection coefficient are zero as all k,; >0
by definition for modes incident from the vacuum halfspace. The lower halfspace term

gives

/dz<el(kz,m—kz,n)Z: (T [1”—1{2] +§5 (kz2,m_kz27n)> . (581)

For the modes to be orthonormal with respect to the inner product Eq. 5.41 we need

to prove that evaluation of the principal part gives zero. Collecting terms yields

i i i
0= m N rJ) TEvg) o TEv, *.:P 5.82
(w e ) [ lkzl,m_kzl,n] o " [ kzl,m"’kzl n] r k“ kzl m kzl n ( )
TEv TEV * i E(wm>w12n_€(wn) TEv, TEv,x* —i
Pl- nt b, Pl—
+rk o [ kZl m kZl n‘|‘| " Wm —Wn K sz,m _kz2,n ’
(5.83)

and utilising
E(wm)wfn - G(WH)WE _ kgz,m _k§2 n (
Wy — Wy k2w —k2

Wi W), (5.84)

along with the definition of the Fresnel coefficients Eq. 5.70 we can write

1 kzl,m_kz2,m 1 kZl,n_k:Zn 1

0= Kjim—Kkin Kom+tkomkiamt+kan + P A S (5.85)
Ky1m — Koz m Karn =55 1 (S m —k, n 2kim 2K,1 0 1
Kt Ko m Ko K Km—Kain K2 — K20 Kt Ko Kot ot Kign Kiom —Koon
(5.86)

85



Free Space Hopfield Diagonalisation of Inhomogeneous Light Matter
Systems

where we have removed the common factor w,+w, and suppressed the principal
part notation as it is common to all terms. Now multiplying the whole equation by

(kfl k% n) (k1 m+kz2m) (kzl7n+k;27n) and removing as a common factor we calculate

0: (kzl,m+kzl,n) (kzl,m+kz2,m) (kzl n+k22 n) (kzl,m - kz2,m) (kzl,m _kzl,n> (kzl n+kz2 n)

(5.87)
+ (kzl n k:Q n) (kzl,m_kzl,n) (kzl,m+kz2,m) - (kal,m_kzlm) (kzl n k:Q n) (kzl,m+kzl,n)
(5.88)
_4kzl,mkzl,n (kz2,m+kz2,n) ) (589)
which is the case. The remaining terms in Eq. 5.74 may be expressed as
20 = (wmtwn) (TP ) 6 (Kt — Kot n) (5.90)
€L INTP[26 (K)o —K) ) -
2 _ 2
+ €(Wm)wm €<Wn)wn tEEVtEPV,*é (kz27m—kz2,n), (591)
Wi — Wy
and utilising the equations
5 (Kgy— k), ) =5 (kpy—K, ) 221 (5.92)
2z — Ko, ) = 1z 7 81z TN w 0w ’
ki, € (w)—l—gaa(w)
o e(wm)w? —e(wy)w? w e (w)
1 - 1=2 — 5.93
o, v wleW+s=—57) (5.93)

we can express Eq. 5.91 as

26
m,n — 1_|_ T 2+ tTE 2) 5 kz m_kz 2, 594
2L3|NTP[26 (K on — K ) < PR T ) 0 (Rt =) (5:94)

and finally we apply the definition of the Fresnel coefficients Eq. 5.70 to find

kzl _kZ2 k2Z 2kzl
LTHrf B 24 2 E P =14+ 2 29, 5.95

|rk | ’ | |kz1 +kz2 | klz ‘ kzl +kz2 | ( )
SO we can write

Smn=2wV|NTEY|253 (K, k), (5.96)
so we find that

1
NP = 5.97
2eqwV’ ( )
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where V is the quantisation volume.

TM Modes Incident from Vacuum

For TM polarisation we express the modes in terms of the magnetic Hopfield coefficient

B as

T™ —ikjry (o —ik,z) A
(e, 2>0)=NEMYe ki (elkzz—i—rEMve lkzz) e,

(), z<0) =N M eI (5.98)

where the 7MY MV are the usual Fresnel coefficients for TM polarised light. The

corresponding 0 is simply calculated through

ic?

0=—

x B, (5.99)

we (w)

and by use of Eq. 5.41 we can follow the prescription of Sec. 5.3 to find

NTMv_ [_Ho 5.100
k 2wV ( )

TE Modes Incident from the Dielectric

The TE polarised modes propagating from the polar dielectric consist of two polariton

branches labelled + The modes are given by

BT (x), 2> 0) = NIPE(IPE kg

0™ (r), 2<0) =Ny e M1 (e7Momp pPEelor) 6 | (5.101)

TE+ tTEi
» Yk

where the ry are the usual Fresnel coefficients for TE polarised light. On

following the procedure of Sec. 5.3 the normalisation constant is calculated as

1

NTE:I::
k 2wv (wki) V’

(5.102)

where the function v (w) is defined in Eq. 5.44.
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TM Modes Incident from the Dielectric

The TM polarised modes propagating from the polar dielectric also consist of two

polariton branches labelled . The modes are given by

TM=+

(g, 2> 0)=NMEMEekrg ||
B (v, 2<0) =Ny MEe M (o7lor pMEelior) 6 (5.103)
where the rp Y= £iM* are the usual Fresnel coefficients for TM polarised light. The

normalisation constant is found to be

NIME_ [ Mo 5.104
k 2wy (wxt) V ( )

Evanescent Modes

Surface modes are naturally characterised in terms of the magnetic field coefficient as

—1
S _ NS —ik)-r _lkHI e(w)ZA
By, (rH,z>O)—NkHe Ile é,,

B, (v, 2>0)=Ny e~ ™imielalv=cwre (5.105)

where the out-of-plane wavevector component has been explicitly calculated. This

corresponds to electric field coefficient

S CQNIS(H . _]- ~ ~ ik _lkH‘ ;lz
OkH (r”? Z>O):_ w 1k|| . (w) el|+k”ez e_l H’rHe e(w) , (5106)
C .
eiu (I‘”, Z<O) = w |}h| \/T(W)é” —ké;| e_lkl\ T e|kH RY; _E(W)Z‘ (5107)

(5.108)

Now we normalise utilising Eq. 5.41. The in-plane integral is carried out as in Sec. 5.3

and the integral over z is split giving

€ C4k2 NS 2 1 B 1,
5m,n:wL25 (K — k) lm / dz” <1— )e 2aly' 7 (5.100)

w? € (w)

+2°:Zf;"> [z (1= (@) eQ'kllv—d@Z]. (5.110)
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Now we apply the evanescent mode dispersion relation

(5.111)

and carry out the out-of-plane integral to find

_ 2 2r2 €(W) ! ! v (w)
Oumn=2wec’|NE, |°L He(wf(kﬁm—k’n) (er m) 2k | ll_ﬁ(w)]’

(5.112)

finally yielding the normalisation coefficient

s _ [ Ho Ky 14€(w)
Nig = wl? ( _ 1 > (1_1/(40))J €(w) (5.113)
(w) €

€(w)+

—€

Completeness

The form of the completeness in terms of the Hopfield coefficients is given by

>3 [af (1) Vx B (1) -af. () V < B (v)]

ke o

,l: ag ag ag ~,0 ag ~,0 g
= S e (e r) O () (1) (W, 1) 6 () (1),
ko ©

and we evaluate this in the upper halfspace z,7 >0 for brevity. The result for the lower
halfspace may be calculated by application of the same methods and utilisation of the

velocity sum rule calculated by Huttner and Barnett [160)]

3 Vo) (5.114)
= VP (wiet) '

which links the velocities of the upper and lower polariton branches.

The contribution from TE polarised propagating modes in the upper halfspace is given
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by

Y Yl af () () e (oo 1) af (F)-af (1)), (5115)

ks, o=TEv,TE+
:%/dkz/dk” leikl.(r—r’)eikz(z—z’) <1+’rEEv|2 |tTEi’2> +CC], (5116)

—ipgd " (r—1'), (5.117)

For the TM modes in the upper halfspace we find

22 Y. wiole (Wi r) oo (1) -6 (r)+e (Wi, 1) o, (1) -0, (r)], (5.118)

ks o=TMv,TM=*

WO </dk /dk” l ik (r—r") ik (z—2' <1+| TMv|2 k, E(Wk)’tTM:I:F) —|—C.C]

kzd
(5.119)
. , C2 k 2_ kz 2 : ’ : ’
+2/ dkz/dk”elku.(r_r) <| ||| ; | | ) {rEMve—lkz(z—i—z)_|_I,EMV*elkz(z+z )}>’
W

(5.120)
, 2 (k2= |k, |2 . , . ,
:iuo(sT (r_r,)_'_l,ﬂo/dkz/dk”elku,(r_r) (’ |w2 | | ) [rEMve_lkZ(Z+Z)+FEMV*elkZ(Z+Z)

(5.121)

—ipgd " (r—1)+TF (r, v, w), (5.122)

where the remaining integral F (r,r’,w) will give the contribution of the pole of the
Fresnel coefficients located at k,=—k,q/€ (wk). This is the evanescent mode so we can

immediately write the pole position in frequency space as

B 2c7kif +wf — \/4c4k4+wﬁ 4c?kfwi
pole — 9 )
— \/4c4kﬁ +wi —4ckfwid

2k§ pole_ 2 ) (5124)

(5.123)

and by making a first order Taylor expansion of the denominator of the reflection

coefficient around the pole we can write the residue at the pole as

1 \/ —€ (w)k
lim  (k —kypose) 1EMY = al (5.125)

Oe(w) ?
Ky kg pole 1= (W) 14+ smizemn e
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and in addition we may recognise that with an imaginary k, the prefactor at the pole
is unity
e ([ Pk |?)

kzﬁkz,pole w2

=1, (5.126)

as the wavevector sum is just the Helmholtz dispersion for the evanescent wave in the

upper halfspace. We can therefore write the integrand as

—E(cd)kH L (z+2')
Vv —€e(w)
De(w) ©

. +CC.  (5.127)
l—e¢ (Cd)+ 2¢(w) Ow

?(r,r’,w):_iuo/dkneiku.(r—r’)

Now it is left to calculate the contribution from the surface mode. This is given by

5 Do wisle (wis 1) ags (r)-ads (1) +e (wis,r) ags () efis (1)), (5.128)
ks
; / 1 L L
=i g e L (1_e(w)> e v@rice,  (5129)
, , ky|y/—€ (w _ el
—ito [ ket ) Pl e )&we =@ o, (5.130)

so the system is orthonormal and complete.

5.4 Field Quantisation in Dispersive, Dissipative
Media

So far we have considered the problem of electromagnetic field quantisation in dielectrics
with an arbitrarily dispersive dielectric function in the absence of loss. This situation
is non-physical, physical systems always involve dissipation, the real part of the electric

susceptibility being related to the imaginary by the Kramers-Kronig relations

XR (wo)ziﬂ’ l 700 ifl_(i‘?dw] : (5.131)
X1 (wo):—iﬂ)[ _OO f‘_(:j)dw] : (5.132)

which mean that resonant dispersion of the dielectric function at some real frequency will
always result in loss at some other frequency. Attempts to quantise the electromagnetic

field in these lossy systems fall into two main strands. The first set are microscopic
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and proceed by writing the Hamiltonian for the light-matter coupled system as in
Sec. 5.2 with dissipation described by coupling the matter fields to a non-resonant
oscillator bath. Such a model may be solved by a Fano diagonalisation procedure
[174]. Similar results are derivable in a fully microscopic framework that accounts
for the lattice and dipole-dipole Coulomb interactions, in this case the Heisenberg
equations for the operators were derived [175]. The Huttner-Barnett model can be
easily extended to describe transient effects [176]. Extending the results of Huttner-
Barnett to the inhomogeneous case is problematic as the modal expansions rely
upon separation of longitudinal and transverse variables, this was later achieved by
Suttorp who utilise a Fano diagonalisation procedure to derive equations of motion
for the Hopfield coefficients, eventually expressing the fields in terms of the Green
function of the classical scattering problem [177]. Equivalent results may also be
derived utilising a Laplace transform technique [178]. Microscopic models may be
extended to describe spatio-temporal dispersion of the dielectric function [179] and
magnetodielectric materials [180]. The second set of procedures are macroscopic and
build on the microscopic results of Huttner and Barnett for the isotropic dissipative
dielectric system. Huttner and Barnett find that the medium can be solely described
by its complex, dispersive dielectric function and can therefore be extended from the
microscopic harmonic oscillator model of a dielectric to obtain a general procedure
for field quantisation in dispersive and absorptive systems with phenomenologically
given, Kramers-Kronig consistent, dielectric functions [181]. This approach may be
extended by the introduction of phenomenological operatorial noise currents in the
Maxwell equations as derived from the full Hopfield model by Knoll [182]. These
act to preserve the equal time commutation relations between the fields. In this
way it is possible to write the fields in terms of the Green’s function of the classical
scattering problem allowing for quantisation of the electromagnetic field in spatially
inhomogeneous systems as postulated by both Gruner and Welsch [170] and Loudon
et al. [183, 184]. This was later confirmed rigorously by the microscopic method of
Suttorp [177]. Alternatively this approach may be developed from the causal relation
between the electric and polarisation fields, in this case auxiliary fields are introduced
to ensure unitary time evolution of the system [185, 186]. The Green function approach
is easily extended to the three-dimensional case and its consistency proved for the
homogeneous case [187], for a planar inhomogeneity [188] and for the case of general
inhomogeneity [189]. These models can also describe spatial dispersion [190, 191] and
magneto-dielectric materials [192]. We follow the approach of Huttner and Barnett’s

original extension to the dissipative case [174] and describe our lossy dielectric by
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coupling the matter fields to a non-resonant oscillator bath. The Lagrangian for this
system is given by £L=L{+ Ly, where £ is the Lagrangian derived in Eq. 5.17 for the

non-dissipative case and

LB:/O ¢

describes a bath with displacement Y, and frequency ¢ that couples to the matter

ng p¢*Y?E

5 —v XYl , (5.133)

modes with frequency v¢. It is assumed that the integrals over the bath exist only

when p#0. The canonical momenta for the oscillator bath Q. is given by

== =pY,—v:X, 5.134
Q¢ oy, Y ( )

and utilising this we can find the Hamiltonian density for the full system as H=Hy+Hg
where JHj is given in Eq. 5.19 and

2 2 2X2
:HB:/ ¢ pC %+3Q<-X+U< , (5.135)
0 2p p 2p

where the final term quadratic in the matter displacement X describes the renormalisa-

tion of the longitudinal frequency wy, as a result of coupling to the bath
0= wT+ +/ (5.136)

We quantise the full Hamiltonian H by imposing the non-zero commutation relations
Eq. 5.21-5.23 in addition to

[Y¢(r), Qe (xY)]=ihd (r—r') 6 ((—(')., (5.137)

which is the commutation relation of the bath variables. Now we introduce the polariton

operator of the coupled system as

K:/dr[a-D+ﬂ-H+7-P+n-X+/[) d¢ (XC'QC+€C'Y§)]7 (5.138)
and as before we solve the Heisenberg equation

%, 3] =wX, (5.139)
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utilising the commutation relations to find the coupled equations relating the light,

matter and bath variables as

T
wom—ic?V x i) (5.140)
€0
wpB=iV X «, (5.141)
wy=il, (5.142)
p
WN=1ikK c2Vxﬁ—zpr7+z—£<, (5.143)
wxc—zg—zg'y (5.144)
PP
w€-=—ipC* X, (5.145)

We can solve this equation system by a Fano diagonalisation procedure [193]. which
entails utilising Eq. 5.145 to eliminate the x, and thereby write the remaining bath

coefficient £, as a function of the

2

§=> <n+y( )8 (C~w), (5.146)

¢?
where the P refers to the principal part of the fraction and y (w) is a frequency- and
space-dependent function to be determined. In this way we can reduce the equation
system Eq. 5.140-5.145 to one over a single variable 0= a+z[”7] This wave equation

is given by

W (W), wu, . L
VxVx0-— 2 0= e (€(w)—1)y (w)=ipowj (w), (5.147)

where the now complex dielectric function is

( ) @L_w _9<w)

& (w = 5 (w) (5.148)

and the function G (w)

QCQ
V ac s g?-ﬁ)]’ (5.149)
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is of the form derived by Wubs and Suttorp [177]. The source current j (w) relates to

the function y (w) by
WU, €

j(w)=- o [€(w)—1]y (w). (5.150)

Now we fix the normalisation of our system by imposing the usual bosonic commutation

relation on the X in the continuous case
[, KL | =0(w—w)sgn(w), (5.151)
and by introduction of the wavevectors

@)= (e, 8,7, 1, x¢. &) (5.152)

it is again possible to define an inner product from the polariton commutation relations

between polariton modes of positive energy

<\P|\Il/>:ih/drla'v><ﬁ _VXIB'a/+n-7/_'7'77/+/OOO ¢ (EC'XZ—X(”@]-

Ho
(5.153)

By defining the operator B as the generalisation of the operator in Eq. 5.56, we may
restate Eq. 5.140-5.145 in an operatorial form as

B|W)=w |P), (5.154)
and thereby we may calculate the Lagrange identity for the operator B as
<\1:u%\11’>—<3\p|\1ﬂ>:/dr (@ VxVx& —& - VxVxa], (5.155)

which gives a boundary condition for the system. This is of exactly the same form
as the lossless case as a result of the purely algebraic relations linking the £. and x..
The operator B is thus self-adjoint under the same boundary conditions as By. On
satisfaction of this boundary condition we are therefore able to find a complete set of
bosonic polaritonic operators which are indexed by real frequencies w [194] and can

write the total Hamiltonian in a diagonal form as

H=h dw X! K, (5.156)

w>0
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where the integral extends over the positive energy spectrum of Eq. 5.140-5.145.

5.5 Conclusions

In this chapter we introduced a real space Hopfield diagonalisation procedure for
arbitrarily inhomogeneous non-magnetic dielectric environments. In Section 5.2 we
present the theory in the absence of losses proving that the system eigenmodes can be
expanded over an orthonormal and complete basis under application of an appropriate
boundary condition. In Section 5.3 we apply this theory to the example of the planar
interface between a polar dielectric and a vacuum which supports delocalised SPhP
modes. In Section 5.4 we extend the model to encompass dissipative systems showing
that in this case the characteristic equations for the Hopfield coefficients require a
source term.

We have therefore presented an invertible Hopfield transformation procedure which
allows us to express the fields as linear sums of the polariton modes. This allows us to
calculate physical observables and more interestingly allows us to express nonlinear
interactions in terms of those between polariton modes. For the example presented in
Section 5.3 these nonlinear process correspond to anharmonic phonon scattering. We

can express the Hamiltonian of the Nth order anharmonicity as
3 N
Finp = / ar Y @N][X,, (5.157)
i1edn=1 1=1

where spatial coordinates are indicated by the j;. Our formalism allows us to express

the field X as a sum of the polaritons given by

hkwye —o
X— /dk"—e K. (5.158)
2 e

and therefore we can calculate the nonlinearity in the Hamiltonian by calculation of

the appropriate spatial integrals as

sa= Y 1

010N =1

N
/ dk"l] SO | Lo (5.159)
1=1

where the E are found by integrating over the given spatial variable. In this way it

would be possible to quantify the strength of the optical non-linearity in the surface

96



5.5 Conclusions

phonon polariton systems considered in Chapter 3. In this system the non-linearity
between the coupled modes would arise from phonon-phonon interactions which will
result in polariton-polariton interactions.

As discussed in Chapter 3 the deep sub-diffraction nature of phonon polariton modes
can allow for a strong enhancement in non-linear polariton interactions compared to
those in the planar microcavity systems discussed in Chapter 4 as the rate of an nth
order non-linear scattering process is proportional to the nth power of the driving
field. The formation of a polariton condensate could then be driven by the strong
sub-diffraction confinement of a driving field which mediates strong non-linear phonon-
phonon scattering. Vanderbilt et al. calculate cubic and quartic zone-centre anharmonic
phonon scattering coefficients for the diamond polytypes of silicon, germanium and
carbon showing a universality in the coefficients on rescaling by the bond lengths and
phonon frequencies [195]. Interestingly the nonlinear interaction predicted from the
results of Vanderbilt appears to be attractive. This is easily understood as a result of
lattice softening due to an increase in the average atomic spacing in crystals when the
phonon density is large and contrasts with the repulsive exciton-exciton nonlinearity
in microcavity polariton systems. This could allow for observation of novel nonlinear
effects in phonon-polariton condensate systems.

The results of Vanderbilt could be directly applicable to the zinc-blende structure of
3C-SiC and it would be a simple extension to the linear theory presented above to
calculate non-linear scattering rates for processes such as second harmonic generation at
a planar SiC interface [103]. A fit to experimental data would then allow for calculation
of the SiC cubic anharmonic scattering coefficients. If SiC does follow the same pattern
then four body scattering processes could be analysed directly by utilising Vanderbilt’s
results and their strength predicted. If these interactions are of comparable strength to
those in exciton polariton systems [6] then phonon polaritons could present an exciting
system to explore polariton Bose-Einstein condensation. These questions will be the

subject of future publications.
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