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ABSTRACT _

VWie suggest that the nature of time is such that the Dirac
gquantization technique is not appropriate for quantum gravity:
a canonical approach is to be preferred. Attention is
focussed on the mathematical properties that such a (canonical)
quantum gravity theory is expected tO'héVe. We point out
that the Everett-Wheeler interpretation of gquantum mechanics
is not yet sufficiently general to describe quantum gravity.

 We concentrate on models of closed universes and show
how many of the previous models proposed have not always
respected elementary features of a conventional quantum
"theory, particularly self-adjointness properties..

We propose a new model: a homogeneous Friedmann model
(with the sphere geometry) filled with massless "pions".

This is probably the simplest model that is capable of

describing (potentially) quantized matter and gravity.

Nevertheless intrinsic, extrinsic and "matter-variable"
times are discussed.

This model is quantized and attention is given to self-
adjointness and orthogonality relations. By dropping the
curvature term, a simplified model (that has a very interest-
ing feature: it zdmits transitions to the non-clasgsical -
empty Friedmann model) is obtained.

We show that the (minimal) initial value problem
(following York) for homogeneous models can be treated very
gimply and that a massless scalar field can be uged to ex-
tend all these models. We conjecture that the only quantized
matter sources that scale conformally (in the menner of
York) are the source-free electro-magnetic field and the
above gcalar field. We argue that the quantum theory |
suggests that the configuration space should be extended
(2 la DeWitt). | .

We attempt to construct models describing topology change
via a coniczl singularity, or a degenerate meitric. The
latter is attempted a2fter we define a smoothed addition of
metrics. ' - _

Finally, there are four appendices discussing standard
regults for the A.D.M.'decomposition; the Friedmann metrics,

the scalar field and time dependent Hamiltonians.
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CHAPTER O.  INTRODUCTION.

O.l Quantum CGravity

Quantum gravity in this thesis is taken to be synonymous
with quantization of Einstein's general theory of relativity(l).
Einstein's theory of gravity is singled out because of its
great attraction for theorists and because recent experimental
examination has found a number of competing theories to be
invalid(Z) (The scalar-tensor theory of Brans-Dicke remainsg
acceptable.)

The mathematical structure of general relativity is
complicated and can be usefully discugsed at four levels (3)
as follows. The first step is to start with a2 point set in.
which the points are sssociated in a {hazy) one-to-one manner
with "physical events" in space-time. The next step is to _
impose a topology (in the technical sense) on the basic pointfr
set. This means that the concepts of contlnuity, compactness,
connectedness etc. are now available. '

The third level of increaging mathematical complexity is
provided by the introduction of a differentiable manifolad
structure upon the above space in a way which is compatible
with the previously constructed topology. This introduces
the notion of local co-ordinate systems and the (fixed) number

‘{the global dimension) that is required to specify uniquely .
a point in the manifold.

Finally a metric structure is constructed with the physical
input that the signature 1s {-,+,+,+). The entire mathematical
system must be such that in any region of the manifold '

 covered by a particular co-ordinate system, the Einstein"'

and stress energy tensors must be such that, when expressed ‘
in this co-ordinate system, they satlsfy the Einstein field =
equations:

Gy = € To.

To the questioﬁ "At which level is the theory to be
quantized?" many workers have understandablyeanswered "The
last!" since this is by far the easiest one with which to
deal. (Here too, with the exception of the last chapter,
lie the considerations and results of this thesis.)



However this point of view hasg been criticised on
general conceptuai grounds by many people, particularly
Penrose(4). The bagic trouble is that the initial point
. set is not operationally measurable since any attempt to
localize the position of a "point" will, by virtue of the
uncertainty principle, result in a large uncertainty in
the energy and momentum of the test particle. This un-
certainty in the energy will become so large that copius
pair production will occur. Thus the whole situation changes.
From this point of view the idea of an underlying continuum
is meaningless and quantization should start from this
first level (whatever this may mean),

Penrose(4) also points out that the concepts of open
' and closed sets, which must also be essentially mesningless
'in strictly physical'terms, ere used to great effect by
the theoretician {for example, in proving the Hawking-
Penroge global "singularity" theorems 5 . - But Penrose
goes further and criticises the use of the (complex)
continuum of probability amplitudes. After all, the
universal appearance of the continuum in physics stems
from its mathematical utility rather than any physical
reality. (In fact, Farrukh(s) has now developed quantum
mechanics and the theory of free quantum fields using a
non-gtendard continuum where, for example, the Dirac delta-
funcetions become effectively "ordinary" functions.)

Penrose provides some anawers by comstructing his
twistor theory for which points are not primitive objects,
and sees no objection in principle to being able to reduce
the contour integrations that occur to a set of combinatorial
rules (He sees quantum physics as essentially discrete
and being represented by combinatorial rules such as those
for the addition of spin.). Unfortunately, the full
implementation af twistor theory remains a digtant goal
and will not be considered here. '

Thus the continuum will be used and guantization of
the metric tensor will be considered in this thesis,

(7) (8)

degpite reservations. As Wheeler has emphagized,



a metric tensor quantization scheme does allow of the
possibility of extrapolation back at least to the topology
stage. "Pensrose's criticism" is then answered (in
principle) by pointing to the highly multiply-connected
"foamlike structure" of space where there is a continual
creation and annihilation of small "wormholes" which looks
like "pair® creation. Unfortunately, this is not creation
of pairs of real particles because, as Wheeler(a) points
out, the quantum numbers are probably wrong and so he '
hopes to interpret particles as rescnances, or collective
modes, of the foam. However all these ideas rest on the,
as yet unproven, existence of "That typically quantum
behaviour, tOpology change"(g). It is into this highly

) ;speculative area-that the last chapter of this thesis enters,
‘ .follow1ng ...Wheeler 8 lively conviction that in certain

stage in the development of a theory, speculation mey become
"
a useful, or even necessary, tool of progress. (lo)

0.2 Model Universes - Quantum Cosmology

General Relativity is a field theory and therefore
has an infinite number of degrees of freedom. To solve
even the classical equations of general relativity, most
of these degrees of freedom must be eliminated. Impoeition
of space symmetries or algebraic speciality{ll) is the
successful classical procedure because the classical
equations respect these restrictions: that is, the solutions
so obtained are exact.

The same procedure can be tried in the guantun
mechanical case whereby almost all of the degrees of
freedom are suppressed completely (i.e. "frozen"), such
that quantization of the remaining modes is a tractible
problem. Unfortunately, this is incorrect in principle
because of the existence of guantum zero point fluctuations
in all degrees of freedom: the solutions so obtained can
only, a2t best, be approximate.

But the hope is that as further degrees of freedom are
unfrozen and quantized the model becomes progressively less



approximate and provides a convergent sequence. This can
bé done for the usual quantum field theories(l2). However
it has been shown that there are very important differences
between finite and infinite dimentional theories.

Por example, consider the Schrodinger representation
of the cannohical commutation relation for a problem
with one degree of freedom(lz). (For convenience, & will
be set equal to one for this discussion.) The self-adjoint

operator i is defined on the domain

Bi) - (Ve LR 47 € B(R))
VAR AVICA R

end is interpreted as the position operator. The aetion .
of translations along R is deseribed by a weakly continuous
one-parameter group {(3(&{} of unitary operators defined by

(G@W) @) =g-a .

The first form of the Schrodinger representation of the

by

canonical commutation relation is given by '
' A A L A . on QZ;(")
Ua)§ UW(a)= g -al 9

" : '
The generator of{LUQ%is interpreted as the self-
adjoint momentum operator: o

Aivn, 'Z','(Q(a)—f): ipoon D)

which means that
A gQ .
o= T Ay 0

where1%$)ié‘the dense linear manifold inlf(Rxconsisting |
of all absolutely continuous functions on mi with derivative
inljaRﬁ{ Clearly, the Schrodinger representation of the.
canonical commutation relations can be rewritten in  the
Heisenberg form as follows:

(23] =41



10

In this Heisenberg form, questions about the domains of
the operators become rather cumbersome. Also, if the
Heisenberg form is used to define a Heisenberg representation,
then the Heisenberg representation concentrates essentially
on the local aspects of the canonical commutation relation,
neglecting the physics contained in the boundary condition
of the problem at hand. In fact, ii?%,is self-adjoint
and bounded, then there does not exist a Heisenberg
representation in which ﬁ is self-adjoint. (This problem
occurs in chapter 4 of this thesis.)

The Weyl form of the Schrodinger representation of
the cononical commutation relations avoids the domain
problems by-using only unitary operators as follows,
Another weakly continuous, one-parameter group {V(@)} of
unitary operators is defined onl.GR)w1th

(rarp)ar = (<5 Yo = ).

Thus, for alla,4 in IR 'the Weyl form is

Gwrd)y = e* Ua) U |

This form has the inconvenience of being rather removed
from the dynamics as it occurs in the canoniecal formalism
of quantum mechanics which is inherited from the Hamilton'
relations of classical mechanics.

It is the Weyl form that is used in the Stone-von Neumann
theorem.This states that all the irreducible Schrﬁdingér
representations are unitarily equivalent to one another.

The significance of this is clear since unitary equivalence
guafantees that the scalar products {(or "overlap" integrals)
used to obtain the observable probebilities are invariant‘;

| However the Stone-von Neumenn theorem does not

generalize to the. infinite dimensional field theories. In-'
general,different irreducible representations of the'canonical
commutation rules ere unitarily inegquivalent. The
embarrassing thing about this for the model field theory
builders is that while the model is finite all the

quantum mechanical modelsv(with a given'choice of time
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and Hamiltonian) are unitarily equivalent, but in the
limit (of going to an infinite dimensional theory)
unitarily inequivalent quantum field theories are produced.

Another serious problem is that in quantum field .
theory the measure (used for the inner product on the
Hilbert space), the canonical commutation relations
and the Hamiltdnian are all very intimately connected.
'In a finite quantum mechanical system, a Hamiltonian
may be imposed arbitarily on some representation of the
canonical commutation relations. This can not be done in
a.quantum field theory. This result is known as Haag's
Theorem which states that an interaction Hemiltonian
may not be imposed on the free field canonical commutation
relations; that is, the interaction picture (13) does -
‘xnat-existti Thus the aelgebraic approach(lz) gives a more -
apﬁropriate gsetting for quantum field theory than the __
usuzl Fock space techniques. ' .

-In quantum gravity these problems are further com-
' pounded because of the absence of a natural choice of
the time, or for the canonical variables to be quantized.
- This problem is examined in detail in this thesis.

" The Kuchar model of cylindrical waves and the Gowdy
inhomogeneous.torus,—ra,'model'(as analysed by Misner
and Bergér-l4))’afe very interesting because they are
‘both infinite dimensional. In view of the recent
indications(lS)‘of the non-renormalizability of gquantum
gravity.using the conﬁariant'quantizatiop techniques
with dimensional regularization it would seem extremely .
unlikely that the above models would be renormalizable
This problem deserves further attention. _

However,the most popular models (end the ones mainly
considered- in this thesis) are those with only a finite
number of degfees of freedom and'these, of course,
totally ignofe;the considerable problem of going from
a quantum mechanical problem to a guantum field theory.

Now if a quantum cdsmologicél model is to give some
guantitative information, surely thé very'least required
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ig that the classical model should be stable. This is
because if a classical model is unstable to perturbations
in suppressed modes then genuine quantization should
excite instability. This is not what hapbens in the
quantum models because these models are obtained by
quantizing a classical model with suppressed degrees of
freedom. These suppressed modes are not described by
the quantum model either. So the question of instability
and its relevance enters the list of unsatisfactory
aspects of quantum cosmology; especially since the Robertson-
Walker models are unstable to certain shearing
perturbatlons(ls) and Brill has found some indications of
instability of Bianchi type I mixmaster univarses(17)

Of course- the real universe contains fermlons and
so models with a source of fermions should be constructed
{and this is under active consideration by Isham and
Nelson at King's College). In these cases, the models
- will be inherently quantum theoretical,and the problem of
how closely a given model solution approximates the
"exact® quantum solution becomes more acute. As emphasized
by Isham, it is inportant to separate the problems that
are peculiar o quantum gravity and those that beset any
quantum field theory. For example, it would be very
interesting if these model techniques were used on a
more conventional field theory (such as the usual scalar
field with a A¢4 interaction, which provides nonlinearity)
where the "correct answer® is known via Feynman graph
perturbation theory, so that a critical comparison is
possible. ' : A _

Despite the inadequacies of these models, their
great virtue is that they provide an invaluable testing
ground for the wvalidity of cohcepts such as the nature
of time, the configuration space (Is it superspéce,
extended superspace, conformal superspace,...?), wave-
functions of the universe, etc. and for investigating
technical problems such as solving. the constraint
equations, the operator ordering ambigﬁity, the exigtence
of metries in superspace, and many more



13

(1)

" become particularly accute if the universe is closed, only

Since it is well kmown that many of these problems
closed universes are considered in this thesis. In
particular, attention is focassed on the fact that the
technical requirements of the quantum theory have not
always been respected in some of the previous (closed
universe) quantum gravity models. In fact, if the
mathematical structure of the quantum theory is to be
retained, then Dirac quantization is invalid and so super-
space is not a useful object in the quantum theory.

0.3 Scheme of the Thesis
In the first chapter the special role that time
plays in the quantum theory and the general theory of

relativity is discussed generally, within the context

of the constraint equations, "operator® time and super-—
space. It is argued that Dirac quantization (attempting
to maintain manifest general covariance) may not be used:
in quantum grévity, only the canonical approach is
permissible if the mathematical structure of quantum
mechanics is to be preserved.

It is also shown that, despite general faith to the
contrary, the Everett-Wheeler interpretation is not
adequate to describe the quantization of a closed universe.

Chapter two provides a discussion on previous models:
how matter hes been introduced and the technical short-
comings of many of the "quantum"gravity models. The
latter centre around a general lack of elementary
features of a conventional quantum theory. For example,
(1) time should be a parameter which does not enter
the definition ofthe inner product |
(ii) the inner product {(for physical states), has to
be defined!

(iii) the observables {which do not include time) should
be deseribed by self-adjoint operators.
(iv) +there is a2 big difference between continuous and

discrete spectra
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and (v) there is a vagt difference between a finite
dimensional theory and the true field with its infinite
member of degreeé of freedom. These points are exposed
explicitly in many of the models.

The next chapter introduces 2 new model that is the
simplest possible one that is capable of describing
quantized matter and gravity. The source used is a'
homogeneous massless scelar field. The discussion is
classgical and it's shown that, despite the overwhelming
simplicity of the model, 2ll the different types of time
that have been used previously in various models can be
. defined easily and naturally.

In chapter four, quantization of this model is effected.

' The easiest time "to use is connected with the matter Lo
 variables and gives a time independent Hamiltonien, which
‘can be proven to be self-adjoint. In the classical -
model the radius has a maximum which is a dynamical
consequence, due to the presence of the curvature term

in the equations of motion. Thus & boundary condition

(at the radius of maeximum expansion) in the quantum

model would seem to be insppropriate. However a

simplified model is proposed in which the curvature term |

is dropped and the boundary condition imposed.

A very interesting feature of the simplified model
is that it admits transitions to a non-classical model:
the empty Friedmann model. - This then indicates that
Misner's "R-W quantum puff" universe 18 can be given
a legitimate quantum mechanical interprétation. However
thig trensition is sensitive to the boundary condition
"~ imposed 'and “seems not to be retained in the full theory.

Finally, the full model is a2also quantized by using
intrinsic and extrinsic times, both of which give & time
dependent Hamiltonian, It is clear that (in 2 naive

sense) the classical collapse is not averted with any of
"these quantization schemes. However it must be remarked
that a definition and theory of quantum singularities
has not yet been developed.
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Chapter five introduces York's (19) results on the
minimal set of Cauchy data and the Yofk-Murchadha(20)
existence and uniqueness theorems for solutions.

It is shown that homogeneity can be treated simply
and that a massless scalar field can be used to extend
2ll the possible homogeneous models.

However it is also argued that conformal superspace(2l)
is only relevent for a very limited class of models since
it is conjectured that the only quantized matter sources
that scale conformelly are the source-free electromagnetic
field and the homogeneous and massless scalar field.

We also show that although the classical theory

indicates that "extended superspace"(zz) is more natural

. than superspaee, the quantum theory strongly suggests _

'jfthat the conflguration space be extended 1n the manner
. of De Witt. : - E
- In Chapter 6 it is suggested that if models describing
topology change (at the geometrical level) are to be
found, a dynamiczl parameter Whieh, in prineciple, can be
extended to produce the topology change must be employed.
The construction of such a model is attempted.
The o0ld problem of causality is resurected and it
is suggested that while microscopic ceusality should not
- be taken too seriously, a natural description of the
"pair annihilation" involves the metric on the wormhole
becoming completely degenerate. In order to describe this,
a "smoothed a2ddition"of metrics is defined for use with
the topological connected direct sum of the two manifolds.
A serious weakness of this approaeh is that the
smoothing function appears explicitly in the constraint
equations. Nevertheless, it is speculated that the
degenerate metric approach (related to Kbmorowski's.
point addition(23)) and conical singularities may play
the role that step "functions" and Dirac delta "functions"
do (respectively) in ordinary quantum field theory.
Finally, there are four appendices. The first deals
with notations and the A.D.M. decomp031tlon(24) The ‘



second provides the explicit calculation of the field
equations and the canonical forms for the Friedmann con-
stant curvature models. The third deals similarly with
the canonical decomposition of a scalar field. The
last appendix sets out the gquantum equation of motion for
time dependent Hamiltonians.

Upon completion of this thesis, the paper of Kaup
and Vitello(25) was brought to out attehtion. They
look at the same model that is examined in detail in
chapters 3 and 4 of this thesis. Kaup and Vitello
use "Klein-Gordon" quantization and "...conclude that
this model can be successfully quantized ornly by using
an extrinsic time." Thus their work can only be regarded

16
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CHAPTER 1. THE NATURE OF TIME AND THE INTERPRETATION
OF THE WAVE FUNCTION.

1.1 The Nature of Time and its Abuse

(24)(26) 3y owed that the
sourceless "Einsteinian theory of gravity can be obtained

Arnowitt, Deser and Misner

from an action principle with the Lagrangian density

0{5 = 77-45‘4 _NCO‘N; C} ’ (1)
where | :
. Al a
= -l R o [T, A ) ) (@
C; = _:,171"‘9',-' | | (3)

Because the A/ are Lagrange multipliers, their
ﬂivariation gives the four constralnt equatlons el

Cﬂ(ﬂw}gxz) 'O;i«fW ~-3,;;f.'ig§x¢m

(which are_the in1tia1 value equations). ThisAmeahs
that the super-Hamiltonian density,}jH, is zero:

H = N.C* = o. . (5)

Now it might be expected that quantization is achieved

by taking the super-Hamiltonian and writing dovn the
obv1ous time 1ndependent Schrodinger equation : : o

HY = | - (6)
But this would mean that tﬁf energy eigenstates evolve

E.

according to the factor e* ’ where E is zero for closed
unlverses. (For open universes, there is a non zero E
which is. obtained from the integration over the three-—

(27)(28) ‘However only closed
universes are considered here.) Thus the "quantum"

surface at infinity

wavefunctions do not evolve in time. This is the "frozen
formalism"'problém that was encounted very early in quantum
gravity(29). This ceases to be a problem as soon as it

is realized that this "Schrédingér equation"” is too time

independent: despite its appearance, the theory is still



esgentially generally covariant because no coordinate
conditions have been imposed, in particular, the time
is an arbitary parameter. So the straight forward
solution is to make a choice of coordinates (and solve
the constraints classically), thus fixing the "real"
canonical Hamiltonian, H, which is (before quantizing)

| conjugate to the chosen time. This course has been
followed by most workers in the field, with the notable
exception of DeW1tt(28)

However theories which éfé’coﬁplibékédwa formal
requirements such as manifest covariance and gauge in-
variance are familiar from quantum field theory, and so
‘conéiderable effort has been spent on trylng to quantize
gravity whlle malntalning general covarlance. These

'x"-‘attempts would seem to be mlsdlrected because of a

..;fallure to recognlze the special role that time (as f* .

opposed to space) plays in the general theory of relat1v1ty;"

and in conventional quantum theory. This criticism will
be elucidated following 2 brief review of how the 51tuat10n
aroge by slavishly pursuing the notion of general co-
variance. :

Consider the quantlzatlon of the Maxwell Fleld(3o)
The photon has spin - and is usually‘descrlbed by using
a vector potential, A#(x) . But the photon is not an
ordinary vector particle with three helicity states: it
has mass zero which restricts it to two helicity states.
So a subsidiary (or gauge, or constraint) condition must
be imposéd to eliminate the extra non-Maxwellian degrees
of freedom. - | o | R

Now this constraint equation may be solved classieslly
and then quantization proceeds along the usual canonical
pathway, where only the gehuine dynamical wvariables
appear in the canonical commutation relations. However
Gupta and Bleuler(3l)showed that the constraint
equation may be'imposed at the quantum level to project
out the physical states from the vector space obtained
by using self-adjoint operators and commutation relations .

18
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for even the nonphysical degrees of freedom .

Now the gravitational field is a massless spin
two object, and the generally covariant action principle
conteins many non-dynamical degrees of freedom, although

one expects to be able to %mpgse the constraints quantum

32
general covariance is maintained by writing the wave
function as

Py, -Tlg; N1 @
and treating all the % and N as dynamical variables.

The momenta conJugate to the lapse and shift funct-
ions are defined by

theoretically. 1In Dirac's pioneering approach,

i - §& S
which vanlsh because the ﬁ%.never appear in the Lagrangien
iees T = 0o, {9)

These equations, called the primary constraints, were
not written in this simple form until the action was
brought into the 3 + 1 form (see appendix I). |

. However once the status of the A, was established
to be that of Lagrange multipliers for the constraints(4),
which are the initial value equations, it was clear that
part of general covarience should be lost by writing the
wavefunctional (7) as}@(g .}, with the constraints (4)
imposed quantum theoretically as

5"?(3;-;)5—'—.0'. B ¢ 8

This is referred to as Dirac quantization.
Most work (in closed universes) has been done in
the Whee‘er - Dewltt(za)(33)metrlc representatlon where

the canonlcal commutatlon relationg are

N 3 otk <t
i j‘z(«_c ] = -i% (S g S g ) -.g_) (12)
An explicit representatlon often used is '
TH e X6 , N (13)

. 53%‘



20

Now the three consiraints of (5) can be shown to imply
that U is 2 coordinate-independent functional of the
intrinsic geometry,Bg y described by the i Thus
there is one remaining constraint, which may be written
suggestively as

(g E ) TCG) - o

So the set of all geometries{ g} is the domaln space of
the state functionals, and was given the name superspace
by Wheeler( )(33). A major problem is to discover the
full mathematical structure of superspace: DeW1tt(22)(28L
and Fischer(34), in particular, have worked on this. The
idea of using a metric on superspace has been exploited
(malnly to provide some "natural® choice for the factor
ordering in the gquantum problem)(la)(28). There has
been little progress on the extremely difficult mathe~
mafical'problem of defining a measure, written hopefully
as (d-?;‘) y: on superspace, This is required so that

the inner products

(?,'@) = f(ot ’g)??’g)@(’g) "(15)

may be defihed, after which the gelf adjointness of

operators and the interpretation of the?p may be discussed.
In the guantum theory it is very important from

both a physical and mathematical point of view that the

'Operators dealt with are self-adjoint {and so possess

a spectral resolution). 'Now the positive definiteness

of g precludes any self-adjoint representatlons of the

canonical commutation relations in the metric represen-—

tatlon(35)

ness of energy in ordinary quantum mechanics rules out

(18)(36)

this problem by taking the "exponential route" which is

o deal with the varlableS/f obtained from the 5;

{@ ,S(,c)} o= g"d(x) - | ‘ (16)

in much the same way as the positive definite-

a gelf-adjoint time operator. Misner avoids

*4
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(Other choices of the canonical variables have been also
(19)(35))37

been made

However there is a very serious objection (about the
nature of time) that criticises the whole superspace
philosophy. In fact (14)'reproduces the frozen formalism
(for closed spaces) and is called the Hamiltonian con-
straint because C° is equivalent to the Hamiltonian
density of the generally covariant canonicel theory. As
mentioned previously, a time has to be chogsen as a co-
ordinate condition and so may not appear explicitly in a-
generally covarient theory. Baierlein et al(38)have shown
that it is incorrect to think of Q(’g)as a functional of
the geometry intrinsic to space at some “particular time"
because the intringic geometry itself contains all the
dgnamlcally relevent information about time. Thus
dynamlcs;qan only_pe_introduced by meking a choice of
the physical time which is a functional of the intrinsic
'three-geometry and then solving (14).

So Dirae quantization, as used by DeWitt(28) Liang(39)
and Lund(4o)has an "operator time" (since (14) is written
as an operator equation, time to be identified later),
the canonical commutation relations of (12) may not be
interpreted as some kind of equal time canoniecal '
commutation relations because they already contain time
as a canonical variable and the superspace measure for
use in defining inner products contains s "d(time)".
This is not conventional quantizetion! .

The idea that ".. time is a measure of change of
the existing things, and that in the absence of changing ';'
things there would be no tlme.“(41) -

"Pime should 31mp%y ?e .considered a reducible parameter
42

s Or more succinctly
denoting change." is very basic to both general
relativity and quantum mechanics. Time has a special
role. It is not on the same footing as space and ghould
not be put thers. . '
Consider the Schrodinger equation, whlch is the
dynamical equation for a non-relativistic particle in a
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potential field. The position and momentum of the particle
are observable and represented by self-adjoint operators.
Por a closed system, the Hamiltonian is the energy and is
also observable, however the time is just a classical
variable. This distinction is preserved in relativistic
quantum field theory(43) in the sense that a c-number
(that is, a classical) time is required for time ordered
products which play a central role in the theory. In
fact the "covariant" quantization schemes implemented
on open universes 1 are this type of field theory with
a c-number time defined from a background classieal
metric, where, as.always, time is not an observable.
Thus, if the quantum theory and general relativity
are to go together, then the notion of general covariance
probably occurs only at the classical level. The
canonical procedure should be followed because of time's
special role in general relativity and the quantum theory
(which seems to have no room for an operator time).
‘¥hat is required is a measurement theory so that.
the observables may be identified, as it is these that
are central. A long range hope is that the resulting
field theory could instead be dealt with by the algebraic
approach(l? which gives a rigorous setting for the usual
quantum field theory calculations. Some preliminary
model calculations have been attempted 44)(45)

1.2 Interpretation of the Wave Functlon

It is well knmown that the conceptual problems(46)
- of the quantum theory of a closed system are particularly
serious. The Everett-Wheeler(47) "relative state"
formulation has been advanced to meet these difficulties
and fares well.: Most objection has come because of the

rather bizarre way that they avoid the acausal collapse
of the wave function due to an observation.

They start (non-relativistically) with the following
collection if mathematical objects: (1) a Hilbert space,
(2) a Hamiltonian operator and (3) a Schrodinger equation



23

for vectors in the Hilbert spacé; Only one additional
‘postulate is required to give the mathematics physical -
meaning: the postulate of complexity. This states that
the Hamiltonian must be sufficiently complicated so that
it can be regarded as describing at least two (but
generally many more) distinct dynamical systems which
under certain circumstances, but not always, can act as
if they are isolated and independent. (In the standarad
language, this requirement is just that the Hamiltonian
describes at least'twd "almost always" independent
systems: the interaction being interpreted as a measure-
ment of one system by the other.) ‘

Everett and Wheeler then prove the following meta-
theorem : The mathematical formalism of the quantum -
Theory 1s capable of yielding its own interpretation.
Part of this interpretation is that measurements do not
make the wavefunction collapse, because this does not
follow from the Schrodinger equation. So, instead, the
wavefunction, which is written as a superposition of the
various possible outcomes of a measurement, is interpreted
ag saying that the system splits into equally "real®
simultaneous systems. Thus an observer is constantly
splitting into all the posgsible "branches" of the system,-~
although the laws of quantum mechanies do not allow him
to feel it. Although it is beautifully self-consistent
philosophy, it can never receive operational support in
the laboratory. '

When the closed system under study is the whole
dniverse, the science-fictional flavour of the Everett-
Wheeler interpretation is very clear: the universe is
constantly splitting into an incomprehensibly large
number of equally "real" branches. However "Apart from
Everett's concept of relative states, no self-consistent
s stem of ideas is at hand to expléin what one shall
mean by quantizing 2 closed system like the universe of

n(48)

general relstivity. ( For closed universes, there

cannot even be a2 classical observer at asymptotia.)



So most closed universe quantum gravitists have either
quoted the Everett-Wheeler interpretation as possible(za)
or ignored the problem. ‘

However none of the models constructed so far have
been complicated enough to describe a measurement process.
What is required is a model that satisfies the principle
of complexity, so that it can be said that an obgervation
has taken place. An important point that has been missed
(2lso pointed out independently by Clarke(49)) is that
the principle of complexity is too severe if gravitation'
~1s congidered. The'gravitational interaction has an
infinite range and cannot be shielded, and so the universe
can‘never, in principle, be decomposed into an independent
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 system and apparatus (or observer). So Everett and Wheeler -

have 8till not included the observer into the quantum
theory intimately enough for quantum gravity. '

This leaves quantum gravity in a sorry state: there
does not yet exist either a conceptual framework or a
complete measurement theory, despite DeWitt's claims(so).
The policy in this thesis is to pay attention +to the
technical requirements of a gquantum theory with the
Schrodinger equation as its dynamical equation, in the
spirit of the Everett-Wheeler metatheorem: hoping that
the mathematical formalism will (eventually) show the way.
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CHAPTER 2. PREVIQUS MODELS.

2.1 Introduction of Matter

Most of the classical models which have been quantized
8o far have been source-less, for example, most of the
Bianchi models(51) and Kantowski-Sachs model(52) and
Gowdy's (inhomogeneous) T *mode1(14), of course these
models are inadequate because the universe does contain
mass. This is a deep problem because of the idea, going
back at least to Bishop George Berkeley(53) s that "Empty
space is devoid of sign-posts needed to make statements
which are operationally meaningful. n(54) In fact, “"As
viewed by Berkeley and Mach, geometrical concepts are
to be associated with the matter content of the universe. "(54)

So a consideration of matter 1is mandatory. _

The classicaL'models of Robertson-Walker satisfy‘thé .
"cosmological principle" in that they are homogeneous and - |
1sotropic(55) . They have a perfect fluid as their source..'
The Friedmann models are special cases obtained by filling
the universe with an inert cloud of cold dust. These.
models have a one parameter family of spacelike hyper-
surfaces each of which is a space of constant curvature, .
The Robertson-Walker models seem able to describe most
of the Ycourse grain" structure of the universe {(if the
modern'developments(56) in the field such as quasi-stellar
objects, pulsars and black holes are excluded). From
these models each of the "Standard Models" of the universe,
used to describe its evolution and galaxy formation(57)
etc., even down to the "hadron era" of Frautschi and
Carlitz(sa), ig derived. This model of the hadron era
is very exciting because it puts some elementary particle .
physies (via Hagndorn's(sg) statistical bootstrep model)
into cosmology. It provides some 1nteresting results
relevant to the early state of the universe and the
formation of the galaxies without requiring initial )
inhomogeneities. Unfortunately, there are many fundamental
features that may be wrong, and so far criticism has
centered on the behaviour of super-dense matter(Go) ,'
However the most serious criticism from the point of -



view of this thesis is that the results of particle
physics are extrapolated back to when the universe's
radius is one Fermi (the radius of a hadron) and that the
particle concept (via super-massive hadron resonances)
is 8till used! _

A more conventional attempt to include quantized
matter in a classical background gravitational field

g(61)(62). They con-

has been made by Parker and Fullin
sider a magsgive scalar field,cﬁ sy in a Friedmann universe
(with4=1) using the fundemental equation

G, = K< T
Their major problem is to interpret what the R.H.S. of
this equation means: a naive calculation results in a
divergent expression. They avoid the problem by con-
. sidering only special states for which, they believe,
the details of renormalization are irrelevant. This
point has been reconsidered very recently(45) and a finite
<1;,>‘has been obtained by abandoning the Fock space
representation.

But there are other problems. They assume that the
homogeneous mode of the scalar field is dominating other
inhomogeneous modes. At first, the presence of these
inhomogeneous modes in the homogeneous Friedmann geometry
appears inconsistent. However the situation is confused
because the source of the Einstein equations appears eas
-~ en expectation velue, which is not well defined. Also,
it seems certain that this universe is not in thermal
equilibrium so the discusgsion of the behaviour,of pressure

is inadequate.

Even though their arguement is not convincing, the
result that quantum coherence effects can result in a
Friedmann—like-contraction being converted into a Freedmann-
like expansion is very interesting.

Further ﬁork in this direction is cﬁrrently under
consideration by Hu(63) and Hu , Fulling and Parker(64) .

Their model is the Mixmaster univefse(36_,at the clagsical
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level, filled by scalar waves(63) which are 1o be quantized(64)
The Mixmaster universe was introduced in the hope that
anigotropic vibrations of the early universe produces
interactions between particles in different parts of the
universe and thereby generates a large scale homogeneity.

Since it is expected that anisotropy damping is dominated

by particle creation processes(6 sy Tthis mixmaster

universe equiped with a quantized source will be of con-
gsiderable interest.

In the pioneering work on quentization of gravity,
DeWitt(28) discusses the £=! Priedmenn model filled by
inert dust. One of a number of unsatisfactory features
of this model is the use of the old phase - integral
- techniques which have now been superseeded(Ss) « Misner
hes 8lso looked at this model from the point of view of
his "Klein Gordon" equation approach, suggesting a
different factor ordering. Closely related models are
those studied b¥6ﬁ%ang(39) and by Lund(40) . Liang

(namely, the curvature term,°R , is dropped) which is

(18)

studies a class of cosmologies in an approximation

believed to be good in the early stages of the universe.

(68) universe with

The model of Lund is a quantized Tolman
an inhomogeneous but spherically symmetric cloud of dust.
These models (of Liang and Lund) are field theories in
that they have an infinite number of degrees of freedom.

All of the previousAquantum gravity models should
perhaps be called "quantized" because of the very serious
difficulties posed by the "quantization" techniques used.
Most of these will be exposed explicitly in the other
section of this chapter.

However one of the first objections a particle
physicist would have to all of the non-empty "quantum"
gravity models proposed so far is that these universes
have only been filled with a2 perfect fluid: in fact,
dust! This extremely naive view of matter is improved
upon in the new model presented here by using quantized
matter in the form of a homogeneous massless scalar field,



?6(t), in'a closed Friedmann(A =1 )geometry. The field
description is emphasized and this has the merit of
avoiding trying to use the particle concept in a closed
space where there is no.Poincaré~group. After all, in
field theory, a particle is defined as a unitary
irreducible representation of the Poincaré group which

(69 . However,v

ig the isometry group of Minkowski space
since Queantum Electro - Dynamics is so successful, it's
clear that particle physics should have some sort of
local validity in a curved space. Thus, loosely speaking,
the scalar field qb(t)Jnay be described as a homogeneous

Bose fluid of massless "pions".

2.2 Inadeguacies: XKlein-Gordon Annrqach(7o)

In one of the earliest model investigations of
quantum gravity, Misner found what seems %o be a
fundamental feature of these models: the appearance
of a square root Hamiltonian. This is obtained after
making a choice of time and solving the Hemiltonian
constraint equation,

c°=o0

*

for the Hamiltonian. Typicélly, the Hamiltonian appears
squared in the constraint equation and so the Hamiltonian
is written with a square root. Explicit examples are
given below and in chapter 3. '

As mentioned previously, Misner takes the exponential

route by parametrizing the (homogeneous) anisotwrpic
three-geometry by
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| —an), 2 ~ |
g, = e e E}A 5 -

where 2 is a scalar and /4,
For example, consider the Bianchi type I (or Kasner)
metric that is closed (that is, the intrinsic three-~

is a traceless matrix.

geometry is the three torus, 7/ ~):

de® = —NT(t) At* + g, datdad | (2)
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In fact 52513 diagonal and may be rewritten by setting

Py = oG (Bt BA AR -2RL). ()

The A.D.M. sction principle may then be written as

7 = f;b,_o/l@+>+ﬁa%_-—Hd_Q_ o (4)

where the Hamiltonian constraint gives

Ho= [piepr IO
with the coordinate condition L2 =t€.
0f course the Hamiltonian really appeared sguared,
but the other sign is easily interpreted. The paramet-
rization of (1) is only appropriate for the contraction
phase of the ugivéree. For expansion, the sign in front
-ef £ must be changed , and then ’

H = '—W' R )

(In fact, the Kasner model is too simple because it does

not have both expansion and contraction phases. However
if this is ignored, the behaviour described is illustrative.)
Because of their bias towards superépace, cosmologists
have a.cl'vo<:z=1.‘l:¢-:oc’1'5:-L the use of a "Klein-Gordon" equation
quantization. For example
—-'33‘1‘»4-13_‘_‘1’ +-2—l'k—= o, . (7)
dat RS .}f1?
for the Kasner model. In quantum cosmology the transition
between positive and negative "energy" states is no
embarragssment because they just represent the contraction
and expznsion phases (respectively) of the universe.
However the usual Klein-Gordon equation has more
troubles than the transitions to the negative energy
states. It ia well known'’') that the simple Klein-
Gordon quentization does not use self-adjoint position
operators, i: ; (Thus this gimple "first" quantization
is not satisfactory and "second" quantization is required.)
For Klein-Gordon particles Newton and Wigner 12 con-
structed the genuine self-azdjoint position operators 5éw ’
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usually called the "mean position" operators. It is
interesting to note that the "mean position" operators
are equivalent to the self-adjoint position operators
that are obtained naturally from considering the sQuare
root Hamiltonian ' |

H = c\[%,?-fhﬁc3

giving the time dependent Schrodinger equation

AR 3Yet) ‘cJ—.»f“Vl*—m‘C’ Y (x,%).
) 3t
By using Fourier transforms, this can be rewritten as

R %%(,_c,f) = fa(% K(x-y) 1,5(%— t) (8).

where the kernel is

| A3 Al (X4
K(x-y) = f(aTE)’ e Tclpprmd (9)

(This is considered further in chapter 6, section 3.)
Since the anisotropy parameters,ﬁgz, are an ex-

ponential parametrization of the metric, they do not
suffer from the positivity criticism and so they can
reagsonably be identified as obsgservables, and be de-
scribed by self-adjoint operators. Under these circum-
stances, choosing the square root Hamiltonian quantization
is obligatory.

. Another fundamental feature( of closed ﬁniverses
is that the square root Hamiltonian is time dependent.
A model closely resembling the previous example which
illustrates the typical behaviour is the Mixmaster
‘universe of Misner 3 . In this case the (homogeneous)
three-geometry is an anisotropic three sphere,.sa, that
is parametrized in exactly the same form as before in
(1), (3) and (4), but with respect to a form basis
( independent of time):

do* = - N At + g.(€) oF A

51)

where
C deh = pettheingh

£
o
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(In fact'homogeqeity means with respect to the group
SuU@2). 5% is the group space of SU(d) and the forms
g+ are just the duals of the basis vectors of the
Lie algebra of 514(§). The anisotropy is introduced
by changing the secale in Killing directions.)
For the Mixmaster universe, the Hamiltonian is
given by

H = B2 +p> + e_‘HL(V"') (10)
.whefe'

V(R) = -:';T&(E_‘Hg_—aeﬁ&‘e-i- 1)

- Misner "quantizes" this universe by again using a "Klein-
Gordon" method giving -

Ay=-y o)

| ST ST T
e [FEELTH AT - =0

(11)

However this equation, besides having the inadequacies
just described, is not even the correct "Klein-Gordon"
equation. This is because the "mags" tenn,ef*n(V-O,
is time dependent and so equation {12) should be re-
placed by

= -2 - A
HH(’ }_nf‘i{/ ? (13)
which cen be seen from eppendix IV, | .
It is ungortunate that these errors are present
in Misner's 3 analysis showing that the guantized
Mixmaster universe always remains in a high guantum
number state (that is, looks like the classical model)
even as it collapses. If the extra term in (13) is

congidered the analysis is very much more difficult
and has not been carried through.



32

2.3 Inadequacies: Superspace and Inner Products$7o)

One of the reasons that the "Klein-Gordon" quanti-
zation has found favour with cosmologists is that it
looks like a natural thing to do 73 from the Dirac
quantization approach. Then a superspace metric can
be used to decide upon a factor ordering.

In the Mixmaster model, if the mini-superspace
metric is written as

A = -datedpl v dp’ o)

then the Klein-Gordon equation used by Misner can be

written %n ? covariant notation as a superspace wave
18

Ao(,,aw - 1’// | | ('2‘_).'

operator

where
R = %.SR
= - T (V=) | (3)
and Y =Y x
— R L P! |
Ao = ~( ;m*;,&j"f—gj‘)' (4)

So Misner obtains a wave operator which is covariant with
respect to transformations of the supercoordinates.
However all this has fery little to do with the
quantum theory. This is because firstly, the usual
Klein-Gordon equation is inadequate; secondly Misner has
formalized the wrong Klein-Gordon equation for a time
dependent "mass" term present; and thirdly, the super-
space approach is wrong because of the way that time
is not given the specizl status (in that it is not an
Operator and doesn't appear in the inner product measure)
that the quantum theory requires. These kinds of errors
and omigsions are rife in the quantuh cosmology literature.

A good example is Misner's "R-W gquantum puff® unlverse(l8)



It is well kmown that a closed, empty Robertson-Walker
universe cannot exist clagsiecally. This can be seen
from the Mixmaster equations (10) and (11) which, for

F+=ﬁ_= o, give
Ha(_n_) et

This means that the Hamiltonian is purely imaginary!

However, this is "quantized" by setting
‘ ;>.____'aa |
H* = -2
This gives a differential equation, the solution of
which is a Bessel function

Y o= K (f¢

..342.)
. .
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S - -
Since l'l,!z l is exponentially small for a radius, R« € ’

-which is greater than the Planck length, Misner argues
that an empty R-W universe cen just barely exist, ex-—
rending from an initial singularity to 2 maximum radius
of about a Planck length, before recontracting., This
is seen as some vindification of Wheeler's foam-like
structure ideas at the Planck length. '

Whatever this is, it is certainly not conventional
quantization. The.Q variable has to be chosen as time,
"and ‘there are no configuration variables and so there
is no inner product for wave functions and no quantum
theory. - ' |

The problem of-wot ‘emough variables rémains even-
when an inert dust is used as a source so that there is

a classical solution. It is for this reason that DeWitt
introduted dust with coherent internal degrees of freedom

which are governed by the local proper time. 3Because
of this the dust can be used as a clock. Unfortunately,
he uses the old quaniization rules, following a Dirac

(28) -

quantizati?%ggrocedﬁre and so has "operator valued times".

Liang "quantizes" a large class of models in
which the curvature scalar'term,sR sy 1s dropped since
these should give a good approximation. to the behaviour
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of the universe near the singularity. His procedure can
be specialized to deal with the Mixmaster universe.

Liang uses Dirac quantlzatlon, obtaining the "stationary
Schrodinger equation"

[6_3_:1(_3_:1 3(g+ )] ’(I/(,Q_’l = (1)

which is subject to some factor ordering. It is "natural®
to define the inner product in the usual Schrodinger
manner as

¥ - -
(’§§1 9; > ==_]r§§ —H? ”{Jl'aya 07{ . ‘(2)
Without proof, it is then claimed that the symmetric form
of the super Hamiltonian, : : .
' -3 -3 N -3 SRR
[ (6 A < 2. + € - 1 o» (3)

e kY

'is'Hermitian.”’The equation is separable and the U solution
1_s easily obtained as 3/3.-1'2-[.‘ + J_I—_)\i_]
4%,(_fL) ~ €& o, (2)
where

= £ (p2+pY) . | (5)

From (4), it is clear that for anisotropic universes
(that is A¥o0 ), the wave function vanishes at the singularity
(f=-20), As has been usual in quantum cosmology, it
is then stated that quantization has removed the singularity.

Of course this is not true because the sgpectrum for L
is continuous. In such a case, there is a non zero
probability that the universe is in a neighbourhood of
any point in fhe spectrum at some time.

So despite claims to the contrary, it wodld seem that,
even for Liang's factor ordering (which is different from
Misner® 1g(36) ), the Mixmaster universe still collapses.

‘ However there is a further serious fault with Liang's ;
work. No time has been chosen and the frozen formalism

is used. Liang solves the problem of deciding which are
tne configuration variables that appear in the measure
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for the inner product by using a superspace metric. But,
ag discussed previously, time must be chosen from the
superspace variables.

A natural choice (first taken by Misner(36) ) for the
time is (2 . This means that the inner product, (2), can
be rewritten as

($.7) = [ & )T (e pe)dedpedp -

It is clear that this is not a quantum mechanical "overlap
integral” because of the "dt". It should be stressed that,
although the anisotropy parameters are treated as if they
are the position variables of quantum mechanics, the (0L
variable ig the time. |

4  Inadequacies: Field Thgpries(7o)

- Some remarks have already been made {in chapter O,
section 2) about the large difference between systems
with finite or infinite degrees of freedom. Liang(39)
and Tund{49) nave found another {closely related) pit-
fall with their field theories.

Lia.ng' 8(39)
in the last section. It includes inhomogeneous models in
which the variables Q, and/8+-are all functions of space
and the dust source has a mass distribution functlonJ/L .
The. super-Hamiltonian is then (essentially) written formally
" in a functional representation, follow1ng the Dirac

analysis is more general than was suggested

quantlzatlon scheme, as BJL.gl 5
§ (o3 g Rk Sl :‘ =0,
“'51(6 | iﬁ.)+ & SE: ve /“ '@ Fi) (1)

Because of the diffieculty in analysing thls functlonal
equetlon, Liang approximates the 3-~space continuum by eO ‘
infinitesimal cubes, one at each point,X:. With the
"appropriately averaged" values of (1. 'and R+ over
the volume a%-,g; denoted byJ?x,fﬁt&and/u;, the
functional equation decouples into an infinite system of
partial differential equations: o '

_ “3 a0 3o, g
22 e S € T g0t
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where , 3

A= 1,2 - 0

In analogy with the homogeneous case, the inner product
is "defined" as

(3.8) = [ LT Andpde, - o

Unfortunately, this "infinite Lebesgue measure" does
not exist. For any finite Himensional quantum mechanical
problem, the Lebesgue measure may be used, and is usually
the most natural, since it is in this representation of
the canonical commutation relations that the momentum
operator is just the partial derivative with respect to
the position coordinate. Of course, in quantum mechanics,
it doesn't matter which irreducible representation of the
canonical commutation relations is used because they are ;
all unitarily equivelent (by the Stone-von Neumenn theorem).
For example, (in one dimension), if the measure is re-
defined with a weight functionlaéd, then the unitarily
equivalent theory (in a different Hilbert space) has a

transposed position operator: ,
,;‘=,_,;sz—,{£_. (4)
However with a field theory, it matters very much
which representation of the canonical commutation
relations is used, because the Stone-von Neumann theorem
no longer holds. Since an infinite dimensional Lebesgue
measure doesn't exist, the usual Schrodinger representation
is inappropriate for generalization,
However the {epresentation with = Gaussian weight

function,,/’#)=éqz does generalize, since the Kolmogoroff

Theorem(74) ensures the convergence of the sequence of
measures - o
= x" o
e Ax, - dox (5)

asy tends to infinity. It is in this sense that a
functional-integral measure (as used in quantum field
theory) can be written as
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e PP ). (6
It is important to notice also that the representation

of the canonical commutation relations is no longer just
the simple Heisenberg form

[Trex), py) ] = -4 §(x-4)

implying that |
- .S
X = - A .

() S$o60 |
This point has been made previously by Tsham(75) but
ignored by all workers in the field. In particular,
notice that this representation is used to obtain the

superspace coordinate~free super-Hamiltonian equation,.'
written formally es o

C(QSQ)TP(Q)" (1)
canonically "quantizes" the Tolman

universe which is one filled by an inhomogeneous but
spherically symmetiric dust. By choosing 2 time which is

built from the matter variables, a linear (that is, no%
a square root) Hamiltonian density appears:

Ho= T2 (L) (1 -a") =™, C(®

wherex is a field variable that is a function of the
radial coordlnate‘%_. |

| The Hamiltonian is obtalned by integratlng H with
resnect tofp . Lund now makes the same technical error
'as Liang by taklng the "natural" choice of representation
of the canonical commutation relations as. '

757?“) = 74 Sx) ?

and divides % up into intervals (which must be taken to
be infinitesimal). This decouples the problem, with

Y (=, t) = T@L(xd,t)

giving a family of Schrodlnger equatlons
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AR - - ¥ LECSI 4 )‘ 1‘7" (’Ca) (9)
ot 'Ekj
where a; is a constant, and the measure is, once again,

¢
Lebesgue which doesn't exist in the limit as the number

of degrees of freedom reach infinity.

Unfortunately Lund's work has a more obvious error.
He goes on to treat the homogeneous Friedman model which
has the sazme equation as (9) and is now a genuine quantum
mechanical problem, so the Schrédinger equation is adequate.

Noticing that most models, and this one in particular,
have a continuous spectrum for the radius of the universe, |
Lund argues that irrespective of what value the wave
function has at the singularity, collapse is avoided .
Thls is because the singularlty is just one point of the
spectrum and so is of measure zero and may be ignored.
Thig arguement 1s,ofcourse, fallacious.

Finally, it should be mentioned that the "quantum"
treatment of Gowdy's inhomogeneous"T3 cosmology by
HMisner and Berger(14) again tries to use Schrodinger
equations with an infinite number of degrees of freedom.
But they go further by considering “creation" and
nannihilation" operators for modes of the field and also
construct "number" operators for these modes, emotively
called "graviton" modes.

These are not the spin two objects usually called
gravitons because the gpin two gravitons are defined as
unlta?yglrreduclble representations of the Poincaré

. group . Despite the absence of the vacuum state -

given by the Poincaré group, it should be possible to

use Fock space techniques to construct appropriate number
opérators. The work of Misner and Berger can be regarded .
as a step in this direction, |
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CHAPTER 3. THE MODEL: CLASSICALLY

3.1 Introduction

The importance of considering a theory with matter
has already been discugsed in chapter 2 section 1. The
massless scalar field is used in the present chapter
(and the following one) to provide a (potentially quantized)
gsource for the field equations. 

A scalar field with mass, m, is easily incorporated
into the canonical decomposition, as shown explicitly in
appendix III, However the equations of motion are then
much more difficult to solve and this problem is still
~under consideration. (The real problem is that the
structure of the initial value equations becomes much
more complicated as-shown in chapter 5, section 2. It
"is well known that the effect of a non-zero mass, m, is
to change the force from a long range one to a short
raﬁge_“Yukawa" type, although>the short range behaviour
remains the same in both cases. This arguement suggests
that the behaviour near the singulerity would be the
same for both massive and masslegs "pions" and so only
the massless case 1s considered in this and the following
chapter {although the mass term is retained in the first
few equations of the next section).

‘The use of scalar fields is not new in gravity
theory. Deser and Higbie<76)‘
in their studies and point out that the Lagrangian density
used there and in this thesis

‘ { R » Q. g g ¢’)ﬁ* ¢.’” L ‘ - ( _
' may be rewritten as the Brans-Dicke Lagrangian density,

£ = ¥R - ol 3% Y,

by a conformeal  transformation on the metric g#v :

&pv.=; (KLP) %LMQ B

and by a tranSformation'of the sgcalar field @

K¢ = [30r3 Log(KY) .

use a massless scalar field



Degpite the mathematical equivalence of tﬁe two classieal
theories, they almost certainly lead to inequivalent
gquantum theories. This causes no embarrassment since the
physical interpretation is quite different: is part of
the gravitational field, while ¢)describes a source of
massless "pions".
The model in this thesis uses a homogeneous Friedmann

k = 1 geometry which has only one degree of freedom ,
(viz the radius of the three-sphere) that is filled with
a homogeneous massless scalar field which provides one
more degree of freedom. This is (if the closed, isotropic
and flat three-torqs geometry is excluded) the simplest
possible model that has one gravitational degree of
freedom and one mafter degree of freedom.

| Because of its simplicity, field theory difficulties
are avoided: the Schrédinger approach is adequate.
. Nevertheless, a discussion of both intrinsic and extrinsic
times as well as time picked out by a matter variable is
possible. '

3.2 The Classical Model

The geometry (that is, the BQ ) of interest here is
that of the Friedmann model with constant curvature, k = 1.
This is the isotropic sphere, S®. However the calculations
(carried through in appendix II) of the Ricei and Einstein
tensors and the canonical form of the Lagrangian keep k
arbitary and so also describe the other Friedmann models
(obtained with ¥ = O or -1). In this work the k will be
retained so that the role of the curvature is clear.

The metric is (from AII(1))

do® = - N@)P ALY + RO DA dnt dad

where /ﬁz;(nOt a function of time) is the homogeneous
metric for a "unit radius" Friedmann three-geometry

which has curvature given by (using AII(20))

Bﬁ _ Aﬂﬁf} (RA& =' é/é

40



This means that the actual curvature for the model is

s, _ 6K
R“R“(t)

The source of matter used is a massless scalar field,
qﬁ, which has the Lagrangian density (given in AIII(1))

= =2 [ (970 ¢ 3, +mid).

(As a matter of interest, the mass term will be kept for
the first few equations of this section.) Appendix III
provides the calculations involved with such a field and
its canonical decomposition.

It is clear that for the homogeneous Friedmann models,
the scalar fields (massive or massless) which fill them
must be homogeneous. That is = gé(t)

with 9¢
(This can be deduced from the form of —r y Ziven in
AITI(29) and the fact that R,; = O , derived in AII(11).)
In this case, the matter Lagrangian density becomes (from
AITI(8)) N
£, = $ 2 ¢ -dnlg wet,

Since the Hamiltonian in a closed universe has no
significance as an energy, and because the field equations
are unaffected by multiplying the action by a constant,
the factor fj—_giz where

R@¢) [ Jh)
in both the gravitatlonal and scalar fleld actions (AII(25)
and AITI(19), respectively) will be dropped. _

Thus the lLagrangian can be written in canonical form
(using AII(26), AIII(19), AI(17)) as

L= TR +Ty¢ +N(éaR+*+K -1, -K

Variation with respect to'ﬂ‘ and T = reproduce their

definitions:

41

- — Iz RFR '
T = ’,_NR | (2)
and - - R*‘d (3)
W# .
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while variations of R and N respectively reproduce the
G.7 (AIII(24) and AI(21)) 2nd &,° (AI(22) 'and AIII(22))
field equations: '

A . RY 2R _awr N |
A AN , = =~ _m
RZ*NQRR‘PNAR. R 4_ + ¢ (4’)
and A . | | Qf . _,_masba ' (5)
TR T L
VR nER® N

Variation with respect to ¢ reproduces the covariant
- wKlein-Gordon® equation (AIII(26)) '

[R3¢)+A/R magb +Nl<m¢ (8)

although this is not an independent equation because it
can be derived (multiplied by a factor of f%) from (4)
and d# (5), by using AII(24)., In fact, (6) is part of
the Bienchi identities since it is just a consistency
of the covariant dervatine

condition which ensures the vanlshingxof the Einstein
tensor.)

Equations (4) and (5) can be added and subtracted

- to glve the alternatlve equatlons

R- __/oli 1 R X S
Q( NaRa) +N“';T'R_ VRO # m ?5 (1.
*e . . [ d 7 .1 ’ .
A R _R NR - L& g
e = TR AR T NTR N | ®

The "Klein-Gordon" equation, (6), can only be inter— |
grated immediztely if m is taken to be zero (and this is
essentizlly why the massless case is much essier to -solve

'.'than the massive theory.). Thus for the rest of this

- chapter and the next, m will always be set equal t0 zero. L
The result of integrating (6) is now

Ty = R ¢>1} c . , o
To go further, a choice of time must be made. 3Since

the meurlc is | | |
A4* =~ NE)T A+ Rct)“,‘,j,:&. e’ And

where /di is not a function of time, it is clear that

3



43

setting ' , :
ﬂ/ :1Fi . (lO)
makes 2 choice of time, Since this is one of the usual
textbook definitions of time fof the Friedmenn models,
it will be called the Friedmann time.

The integrated "Klein-Gordon" equation, (9), now

gives X e
R*¢ = C, (11)
while (7) becomes 4
" o2
R , R 24
£ + =% + e o. (12)
setting .
v 4 = RY ’ ' '(]-3)
gives . a2 . o
A = fi (aRR) = AR + ARR (14)

By using (13) and (14), (12) may be rewritten as
A+ ¢hA =0, : | (15)
which implies that, for k positive,

A = a oo (L) + b 4in(aTEt), (16)

‘ However the general solution is not given by Just

(11) and (16). This is because, as explained previously
the "Klein-Gordon" equation, (6), czn be derived from the
C&J field equations and the time derivative of the G;afield
equations. This meaznsg that if the "Klein-Gordon" equation:
is used with another egquation to solve the'equation of
-motion, then a consistency check must be made, because

some information has been lost.

So to ensure consistency, the integrated "Klein- =

Gordon" ecustion, (11), is put into the G,° equation, (5),

giving . s 5
=} . /& R _ ___t__ C-a.
?Eh + R4 1 FRE
2 . & \ P
. . - 2 -!— - = .y L
i.¢€ ’éf’l -+ x g o .

-(17)
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Now (16) is put into (17):
(o conlam ] + & i [afE])

+ £ (- asin[2Rt] +/@m[amt]~) 44 =1C

e 2k (ats 87y = CP

&

This implies that there exist a § such that (for positive
k) 7 ,
L S c
Ja& ? JI&% . , )
Thus, from (11), (16) and (18), the solution (for
X>0) is

R: = Jﬁ /44»( aﬂit +§) | | (19)
.o E;. _ J!R]Z ‘ - . (20)
2 RY dion (ATE +5) |

Now it is clear (from (15) and (16)) that the models
here do not escape the inevitable classical collapse of. |
the universe(s). It is also evident that only for ¥ > O

does the radius, R, have a maximum, Rm y wWwhich is

> & = ‘C‘ ' ‘ « (21)
W T |

From (19) and (20), it is obvious that § merely
provides a rescaling of the time.: If the time is chosen
such that

ocs t s |
_ 1T | | (22)
then two obvious choices for § are | -
$ = o implying ¢ » o implying 43 >0 . (23)
or . . ) ' v ‘ o |
¢ =implying ¢ < o implying ¢ <o. (24)

Notice that during one of the universes oscillations, Von_ly
one of either (23) or (24) can apply. Thus one convenient
parametrization (for k »0), in which the sign of C does

not change, is
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o EYr
R = R gin (IEt) |
¢'=JHZ (QR_JC). . (25)

where d)'was integrated with the help of Gradstein(77).

For future reference the range of ¢ y which is from
-°0 to +0, is noted here:

7C=o A ¢'¢¢=*w

A= Lo, -, = o N (26)
—I .° - Yo = 0
A= 2 P-go=-

- (In fact there is a time "symmetry" about?t=;l}i,
which is the time of maximum expansion. This can be
mede explicit by choosing a new time such that

LT 2t < L
% 4/ &

with £= 1:1‘:. , and C is still always positive.)

"It will be useful to have the relation between Cb
and R (since general relativity is really a study of such
correlations 28).) This can be obtained by eliminating
the time from (25), for which the formulae(78 ‘

Ao & = - «9& 48 | (27)
a A © o+ w8

are useful. By using (27),.

e = 2Rt ,

T R IR (28)
= —— .
2 s 8 '
where ¥ correspond to A 5 -1::_ .
: Fia

Now (25) and (28) imply that



¢'%==E%ﬁ‘¢h“%%
Rl
VRE

It is clear that there is a change of sign in ¢'¢o

at R = R, (i.e. 2t the maximum of expension). What is
not clear is that there is a time "symmetry", or more
precisely, time symmetry for R and antisymmetry for ¢-§é .
The time symmetry of R is evident and so the antisymmetry
of ¢—¢° will now be demonstrated from (27),(28) and (25):

tm g = [
b = g e
< . I F J1-gat0
r /&? | £ m
J— /Zsa’(l'f'r;h—)

!
! *e

and so

|

|
..H
L.—[
55

4 4 Ri+ﬁﬁ>ﬁ*
pote =iy R - JRE-R*

This change of sign in ¢-¢o at the maximum of ex-

46

(29)

(30)

pansion (R = R, ) is an embarrassment if the scalar field .

- is to be considered a function ¢ = ¢(R)_of the radius
since this is one-is-to-two and so not well defined,
unless the expansion and contraction phases are con-
sidered seperately. However the redius as a function

R = R(@) of the scalar field is well defined (and two-is=-
to-one) and so (30) will now be inverted :

PP o FoLdey l+dl-Tpe
QE A = . ,._ _Rq- )
| TR
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But since(79), for §< b,

4y (L5 ) - @k

-3
setting
— _ RY
¢ = - %%
gives
7

Thus

td Bode otk (r k)

:which'gi#éé

]

R = R [ - eel¥(25) 1
ie. R = R, el ™ ¢'¢°) . (31)
T , ' _

This expression can easgily be inverted to give a simpler
- form for #’ ¢%ﬁ)than (30):

b-b, = FalT ek’ ( ),H | (32)

which can also be written as (79)

¢_.¢a — F 2% Aeg J\_] (33)-

3.3 Choices of Time —
In general relativity many different choices of time

may be made although, because of general covariance, the
transformation from one time coordinate_to'another is very
easy. However, in anticipation of quaﬁtizatibn, some
convenient choices of time will now be discussed, where
convenient means that the conjugate Hamiltonian is not

too complicated so the (canonical) quantization can be
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performed without much difficulty. In this sense, the usual
Y"Friedmann time" is an inconvenient choice.

Now it is well known that for an (empity) closged
universe, the intrinsic three-geometry contains infor-
mation about time. With the superspace philosophy very
much in mind, Wheeler(8)(33)and DeWitt(zg)
identification of one of the parameters of the intrinsic

argue for the

three-geometry with an "intringic" time. Following this
approach, the natural choice in this model is to set the
radius equal to the intrinsic time. (This is clearly

an acceptable choice, from the analysis of the previous
section.) By examining the Lagrangian (3.2(1))

L= RR+ T en(AR 2 —TR), W
tﬁéwﬁaiiltonian is found to‘be;ﬁ§ which.caﬁ be eﬁaluated

from the constraint equation:
' a

(_.,__77;2)31 ~ -1444R" + ‘a% . o (2)

This parametrization gives a time dependent square
root Hamiltonian and it has already been remarked that
the appearance of such Hamiltonians seems to be a funda-
mental feature of quantum gravity Models(sl). Unfortunately
R =1t is specific to the expansion of the universe and a
description of the behaviour about the maximum of expansion
(R .= R, ) and the contraction requires a redefinition of
the time. The whole procedure requires care, as was fore-
shadowed by the behaviour (which was discussed in the last
section) of ¢E:¢ﬁﬂ. The model with this parametrization
is quantized in chapter 4 section 4.

The intrinsic time favoured by Misner

(18)(35)

is an

exponential one with x=T where
= X

R=R,¢e - | (3)
(Misner uses the symbol SL for his “exponehtial time", )
This ig really a fairly irivial change because of the
equation AII(35): _ o
) Q - . a ‘
7§R+NR“WR = fi,x + N~ (4)

CA¢R  arR* /7
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Thus the Hemiltoniesn of the model proposed here trans-
forms, using (1) 2nd (4), to

(:,:—(T;);\ = =~ /4‘4‘4&R°4€t4x + 13 77-; - (5)

?

while Migner's Mixmaster universe Hamiltonian, 2.2(10),
which is more accurately written as

/ 4_
(FTL) = p 4 b7+ e T (0a),

can be transformed back to

P a
al a
(T )" = Pretl e (v-1) (6)
R 3 .
R -
Misner's preference for his exponential time is due
to his bias towards the superspace ' ’

approach : the exponential time looks very much -like the
"exponential" anisotropy parameters A+ + However it is
precisely because R 1is a time parameter {(and therefore
not represented by a self-adjoint operator) that positivity
of R is irrelevant. Thus there is no advantage, in principle
of using an exponential time.

In practice, there is little advantage to using an
exponential time. If R (in (3)) is set equal to R,,,
then the adjustment (by "hand")that is necessary at the
moment of maximum expansion looks fairly "natural®. This
is because R = Rm at =090 , so that changing the signs
in front of T _and £1at . =9 amounts to just using|Q|in
the Schrodinger equation.

Neither does the adjustment that is made when the

' "radius" time is used look too forced: +the sign of the

Hemiltonian is reversed when it has its zero (This will
become clear later.) at R = R, . This corresponds to
allowing transitions between positive and negative
"energy" levels. :
Because of the exponential functions that appear
if exponentiel time is used, the equations are more
complicated and so this time variable will not be used.
Since the radius, R, is positive semi-definite(with
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R = 0 at the singularity), then it would be more natural
guantum mechanically to choose R as the Hamiltonisn than
as the time. Then the conjugate time variable is Mg ,
because the Lagrangian, (1), may be rewritten as
a oY
L= 2(mR) =R+ T + N(ehR+ T - T |
Q‘?-K QAR /!
or; since the total time derivative term doesn't affect
the equations of motion it is omitted:

. |
Lo=T ¢ -RT f-N(MKZM—RT%B)., -

That7r is a suitable time parameter may be seen from
examining the model parametrlzed by the Friedmann tlme.

_ Using 3.2(2), 52(10), 3.2(25),

Fp = —1aR-

R = R 4in (aIEt), _ (8)
7. = —12& R, coo Q7 E) .
ol _ewn(algE)

These equations show that the "extrinsic*® time{ﬂg, in-
creases steadily from -0 to ++0 w1th'ﬂ' =0 being the

moment of maximum expansion.
Unfortunately the Hamiltonian is more complicated

than with the other choices of time recommended here.
From (7) and 3.2(9) |

PN 2 o |
(ARY + L RT - & =0, €
iice. - - ' ‘ o
- (-% fta+ta¢,c&->—‘—— |
;+ a4) 12t (10)
For k> 0, R20 and cf‘>/o, (10) implies that

xR 2 A o
RE&) = (J(ﬁ’)‘ Hlakhe” -5 | (11)

12 | .
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Setting =€ gives a poor choice of time classically,.
because of the complicstions, not only in the Hamiltonian,
R(t), that it causes. The lapse function N(t) is given
(using 3.2(2)) vy '

_ d R*

(VCt) D 'a_gcg—
and : N,
¢ = =

These equations are consistent and may be shown, by some
tedious algebra which is omitted here, 1o give the same
cf::cﬁ(ﬂ) as in the previous section.

This choice of time is called extrinsic because T,
is not a superspace variable. That is,T; is not one of
the variables used to describe the intrinsic geometry,

. but is conjugate to one. such variable,AR.,, _

In 21l previous closed universe models an intrinsic
time has been used, because of a bias towards the Super-
space philosophy. However extrinsic time has been used in
Kucha?'s model(4l)of the Einstein-Rosen cylindrical
gravitational waves. (After his discussions about Dirac
quantization, operator times a2nd superspace, it is a
relief to find that Kuchafvreally used canoniezal
quentization!) ' ' :

Since Kucha?'s universe is open, the intrinsic or
extrinsic curvature of the three-geometry does not carry
complete information about time because the boundéry

condiiions make a contributionch). So the time, at some
radisl position %, is defined as ‘
o o A S S
-I"'()L) = T(OO) + foo—_/rxdfb - ' (12)

where T, is conjugate to ¥(4) which is one of the super-
space variables. , o
. . . PR - T v

The important point in this case.,as Kuchar stresses,
is that the time T is an extrinsic (or momentum)
variable ( plus boundary condition) and not a superspace
"variable. The Hamiltonian appears linearly in the con-
straint equation and so gives rise to a Schrédinger
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equation. Kuchar conjectured that, in general, this is
an important feature of an appropriately chosen extrinsic
time. |

The model presented here provides a counterexample
(for closed universes) to Kuchai's conjecture. The
Hamiltonian, R, conjugate to the extrinsic time retains
the usual features of closed universe Hamiltonians in
that it is time dependent and appears in the constraint
equation quadratlcally'(not Just simply squared, .-as in
previous models using intrinsic tlme.)

The important advantage that the extrinsic time has
over the intrinsic times is that it gives a well defined
treatment to the whole dynamlcal developement with
negative tlme ‘being the expansion and positive time
being the contraction phase of the universe.

~ In faet the extrinsic time is closely related to
the "York“(lg) tlme, which occurs as a very natural choice
of time if the structure of the initial value (or constraint)
equations is considered. York's very important work is
general for empty spaces and has not yet been used in
model calculations because of the complicated form of
the constraint equation. A fuller discussion will be
deferred until chapter 5. ' v ,

However it may be of interest to di3play fhe Lagrangian
here. If | |

Y = R® L ©(13)

is chosen as the "York" Hamlltonlan, then (l) and AII(40)
give .

. hd /3 3 77—— —Tr o
T VN AV YT )
Evidently the York Hamiltonian is more complleated than

the extrinsic Hamiltonian. A _
The final choice of time to be considered is the

most natural for this model, and is obtained by identifying

the scalar field,  with time. That ¢ can make a suitable
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time can be checked by examining equations 3.2(25),
3.2(26), 3.2(31). With the "scalar" time there are no
problems of ambiguity as the universe goes through its
maximum of expansion.

The constrzint (from (1)) may be rewritten as

QJ@)Q= mﬁjﬁ+—éRam3, - (15)

Thus the "scalar" Hamiltonian is a time independent

"square root Hamiltonian. DBecause of the time independence,
this choice is to be preferred (despite the absence of
a "natural" factor ordering - this is discussed in -
chapter 4 sectionl).

‘ The scaler time is a type of extrinsic time. Thié_ié‘
because the scalar field appears in the field equations
(3.2(4), 3.2(5) with m = 0) only as% and so the "pions" -
are tuned to the local proper time. ‘ :

This exhibits the close relationship between the
model presented in this thesis and DeWitt's(zs)"quantum"
Friedmann model which is filled with dust. The latter
model is too simple: there is just the one parameter; R.
To correct this situation, DeWitt allows the dust to
‘have (unspecified) coherent degrees of freedom which are
tuned to the local proper time, which is, naturally,
extrinsic. However, while the details of DeWitt's model
are obscure,- the model piesented here is simple and clear.

It should be remarked that from a purist's point |
of view, the observables for some measurement should be
chosen first and then these variables assigned self-
‘adjoint operators. In the absence of such a measurement
theory, particle physics prejudice indicates that Ty and :

¢> should be observables and so ¢ would not be chosen

as a time variable. However this simple model shows that
it is possible to use a (potentially quantized) matter
field variable as the time.
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- CHAPTER 4.THE MODEL: QUANTIZATION

4.1 QuantiZation with Scalar Time

The classical Hamiltonian %o be quantized is-qg and
its explicit expression is, (from 3.3(15))

Hé=/Q%Rﬂ+7§Raﬁa, | (1)

Since<#is a good choice of time and H is time independent,
the Schrodinger equation

AR )L (Re) = EYRE) @
may be used. The wave function can be separated:. o
’"gLE(K t) = RETE),

_iEt | |
-T;ét) = e /R , W

and

AR T, ) R) = ERR). (5)

Now the Hamiltonian appears in (1) squared. The
positive square root of P{ may be deflned by using
its spectral decomposition, provided thatl& is self a6301nt
80 that it possesses a spectral decomposition.

More simply, this means that instead of trying to
solve (5) directly, attention may be focussed on

~ ‘“a: N » 3 - )
H* (R, T ) R(R) = & @(R); : o {e)
where the positive square of. E¥is use;i in (4).

The usual (Heisenberg) form of the canonical
commutation relation for-this one dimensional problem is

[T?‘K',é]é -i'?i".(. S (7)

The "momentum" operator is written as
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T -ik A | (8)
R AR

and Lebesgue measure, with respect to R, is used for

the inner products of the Hilbert space. Unfortunately

because R is bounded, the momentum operator in (8) can

not be self-adjoint (see the discussion in chapter O,

section 2). This difficulty is usually avoided (and will

be done so in this thesis) by finding the self-adjoint

Hemiltonian and defining the self~ad301nt momentum

operator in terms of (for example, a square root of)

the Hamiltonian., Until an expression is found for the

Hamlltonlan (squared) operator in (15), expressions such

as TT R?Tr will be used with (8) instead of the expression

WkR nk . The difference is essentially one of domains.

The immediate problem is the usual factor ordering
problem of quantization. This arises because the combination
R?“:'may be written in an infinite number of inequivelent
ways in the quantum theory, and the usual guantization
rules have nothing to say about the choice to be made.

Some of the obiiggs choices will now be expressed in terms

of the choiceT&Rﬁchat will be made here. ZFor the following
operator algebra the "hat" notation will be susvended to
avoid an ohslaught of "hats".

The symmetrized factor ordering isiTR R'+R'z) . It
is easy to show, using {(7), that

: X

4 &t t - = T, R‘LT - é

(TR R +RTg ) RTIR (9)
The other obvious choices may be parametrized by V as
RVWRR‘-JTD\RV.NOW, using (8),

- . 4 v
[.H,_R ‘R\J J = -—A'Z‘ EIR. N R j
; V-

- -AFvR (10)

It csn be shown, by comnuting factors and using (10), that
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RO R T, R = TR, + & (1) (1)

The quantum equation will be chosen to be, from (1)
and (6),

(1RARY+ E TR T, —EY) R(R) =0, (12)

It is clear that the other obvious factor orderings merely
.rescale the "energy". For example, using (ll),

(124R* + £ R T RY w—’- vE ) R(Ry=o (13)

E“+¢‘3 V(V") | | o (14)

9

So the differential equation to be solved is from
(8) ana (12),

: 4 ' "‘.
[7E 5) » BEERE R =0 )
i.e. {Ra dd_;l .' JK /%_E !4-4-«& ‘?)] @(R : (16)

With the help of Bateman(Sl), this can be solved. Firgt
trensform (16) by defining o

2 . S 7y, .

A= RS ,. (17):_

which gives .
[‘" +riaoatlE Y ) R»-O- (18)
The solutidn of this equation can be written as

R= s Faus(o,mz) | (9)
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where
_ 1 [ _13E? '
AT X e o (20)
— 12A]F 4
E /ﬁn )i ? (21)

andAJ%knp,gjis an arbitary solution of the Whittaker
equation.

Two linearly independent solutions of the Whittaker
equation are given 2 by

o " (E) ;t/“ 5, EA’, ?(j’: +/ ta/*-pt ;) (22)

where_éﬂht:,é) is the confluent hypergeometrlc function,
which is regular and normalized to unity at £ =o , but.
undefined if ¢ is an integer.' Since Au either lies
between O and % or is purely imaginary, these are good
solutions, except for u=0 .. These solutions are useful
for looking at the behaviour near the singularity. Within
multiplicative constants, these two independent solutions

(excepting only when/u:zo) are

s R*

TR e TF apen 2 mm) =

Near the singularity, these are

t&/k-/z

R, (K) , o , (24)

~ which are irregular at R = O except for the

Rooy (R) = 1 | | "('25)

solution. ,

I+ should be noted that regularity of wave functions
in guantum mechanics 1s not required. Consider, for example,
a wave function L R belonglng to L7(c, 0'wh1ch is irregular

\J
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at R = 0. This does not mean that the quantum mechanical
probability of being at R = 0 is infinite. Instead, the
provability of finding the particle in the neighbourhood
of R = O should be asked for :
€, g ¥
1R 73 = €
f,BR AR

y

y :
3-——70 oo & —¥ O,

In fact this is always guaranteed for all physical wave
functions: +the general theory of Lebesgue integration
implles that for all funct10n,1f(Rj belonging to L.(Ol)

€0 f ‘f(Kw AR = | ,

In this problem R = O is the singularity. DeWitt
has conaectured 28 that the boundary condition requiring
the wave functidn to vaenish on the singular three-geometries .
should avoid the classical collapse problem. It has al-
-ready been pointed out that 1f the singular three-geometry
is:part of a continuous spectrum, this is not sufficient
and the problem requires further analysis. However it is
clear that there are no eigenfunctions fo the present
' problem which satisfy DeWitt's boundary condition.'

-So if boundary conditions are to be imposed on the
eigenfunctions, they must apply at some R0, To study
this, the Whittaker solutlons are better written in terms
" of two linearly independent.Bessel functlons(83) :

Wo/&(ﬁq).._:g Kﬁ(ig_) o (2»6)

This means that the two linearly independent solutions
can be written, within multaplicative constants, using
(19),(21) end (26); as

R=R™K (i- ¢ERY) | (21) :

Since the maximum that the radlus R has cla531ca11y
occurs dynamlcally,.then the logical choice (following
that for the harmonic oscillator) is not to impose
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any boundary condition because it would be artifiecial,
That is, the Hilbert space is taken as [*(oe0)

Now the asymptotic form of the Bessel functions 13(84)

1 ~-%
K/ﬁ(’}) ~ z__l.r e . (28)

which means that only

R =R K, (+ %—Z R*) | (29)

, 2 .

may belong to L (0,90).
Naturally, for this to be the wave function, self-

. ”~

adjointness of the H* operator (from (15))

£y pd_ A A (gad )

(30)

is required. Thig is difficult to prove,vbut the result
' can be obtained from using Dunford and Schwartz(Bs) .
Rather than attempt to prove it directly, an attempt can
be made to produce the orthogonality relations (since
these amount to 2 resolution of the identity).

One of the orthogonality relations would be obtained,

using (29), as

4, = (XK (ER)K(ER) o

% _ - o o (32)
A, = 2 Ke) K)o e, e

where £ 1is a parameter which is to be set equal to zero

Setting é@ Ra = a5

€

at a later stage. This integral exists and can be
evaluated (86) in terms of a hypergeometric function and

gamma functions as
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e = g T EoEIr eI

+€  _ VHE .
Fagts, - A se s o)
(34)

provided that .
& > lR*/' + |Rev | (35)

Thusz;m;existsAin a distribution theoretic sense, as a
Dirac delta function. (This is guaranteed by the general
Weyl-Kodaira Spectral Theory.) . :

It is clear that the "solution®, (29), on Lo ) can
not be square integrable and”éo/u has no point spectrum,
Alsoz1,can only exist in a distribution sense 1f it can
be wrltten as ' ,

Ay = ’?—;o eﬁ/“”} '

From (35), this is not possible if either u or ¥ has a
real part, so u may only have a purely imaginary
continuous spectrum.

At this stage it may be prudert to see whether some
simplification can be made. The obvious thing to do is
to impose some king of reflection condition at R = R,
so that the Hilbert space is constructed on = bounded
interval, viz o< RS R, . This means that, since 2 AR
is now bounded, self adjointness of '

A ok 2 ad )

© = AR(R drR

.o o (8T) C Ja s '
implies self-adjointness of H* . This is a much
simpler problem to handle, and so the operator O will
now te considered on the space ~L§GQI)since the value of
R’,1 merely scales the problem.

4,2. Unitary Transform of the Problem

The operator of interest is

CS‘QL (12& g(ye ) ?H,
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defined on [._'2[0,:). A “"change of coordinate" from R to
™™ gives a new Hilbert space L*(0,0) . This can be
obtained by the mapping ‘

U: L20,1) —> L3(o®) ,
'\+ — QJI}«)C%) = Q_X/aw(ehx)-

a
Denote the scalar product in L (0,00) by ( , ) and in

££(0,1) vy ( , ), .

It is easy to prove that the mapping Ul is unitery:
(uugle = [TeTYH ) ) T
- ("R R dé", |
= ("Y*R)YR) 4R

= (4.9),

Now if K.ELI(O,w),, then
() = R™* X (- 45 R)
so

(uoumz)er = -u(A g K

= -u(% R4 R 2 (4yr) + R X 3R-%3)

(J(j% .R}& ‘{_Jé‘(—&zk.) + X'(—%R)})

=

= y(# R"‘fx(’a’?R)+«C(~w‘R)j+R {Z(&aR) |
S X8R ] )
R .
= s R X(dsr) - R X (- 4yR)

““‘(%L~;L,¢ )L(x}
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That is , the formzl unitary transform of the operator is

A - ___Aa i

All the properties of & can be deduced from this relation.

In particular, o has various self-adjoint extensions. It
is easier to‘ transcribe the'Statements about 8 and its
~ domain 090 into those about you' and °9uau o The spectrum,
O‘é of the operator 6 is given by
Ta. = 'Ufﬁ_‘z + i

“where 059(- o )13 chogen as above. A complete description
of this operator and its spectrum is found in the
encyclopedic fext by Dunford and Schwar‘tz(SS)

| The condition that '\,{, Cl)_ain L*o,1) transcribes as
follows' Let LFE- t*(0 ;) such thaet Y =u Y  ,that
is

Yo = Wg)e = e Hap(e)
Y(Ee™) = e ya).

Differentiating this relation with respect to x gives
- /1. . X . A
e Fyle™) = € 7 (Y6 +4p0)) .
b —YEO = Y+ o),
so the transcribed boundary condition is

2 'y?"(‘cﬁ). + (o)
For this case,. ’cg;; has a point spectrum, Y of -3 with

eigenfunction e,rp(-x) s Which trenscribes back to YR)=1 .

The contlnuous spectrum, O , of -di" is (ooo) . Thus
. A. . -
.(’T:g.(O) = {c’} ("7&0’
) ﬁ\ _ .
¢ (S) = (g.,2°).
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The other natural boundary condition in L*(0,1) is
U1)=04 which transcribes to q%@ =0 . In this case the
operator -—dl has no point spectrum and a continuous
spectrum of (o,0).

It is apparent that the boundary conditions have to
be imposed 2t R = 1 and not R = O because the natural
(unitarily equivalent) "standard® space of the problem

uses o0& x 0 where R =1 corresponds to x=0 .

4.3 Simplified Model

In the section on guantization of the full problem
with scalar time, it was seen that thé logical Hilbert
space to use is La(OﬁO) . Unfortunately the wavefunctions
for the full problem are complicated and so a simplification
is sought. : ' o

Self-adjointness has been proven (in the last two
sections) for lff'on LI(O,R,,). However it was noted previously
(in chapter 3, section2) -that the occurrence of a maximum
of expansion classically is due entirely to the presence
of the curvature term. Clearly there is some redundancy
iﬁ considering the full problem's Hamiltonian with an
imposed reflection condition at R = R,

Thus it is proposed that the curvature term be dropped,
since it can be seen classically {(from 3.3(2), remembering
that'ﬂ¥ is a constant) that the curvature does not play =a
role in the neighbourhood of the singularity. (In fact
this is the approximetion made by Liang et al 67) in
their study of a class of models near the singularity,

- and the starting point of Liang's "guantum" model.) ‘The - -
imposition of & boundary condition at R = R now mekes
more sense since it will mean that the "maximum expansion®
8t%ill occurs, in a approximate manner, even without the
curvature term. The choice of R = 1 will be made for
‘simplicity since it merely rescales the problem. (In
fact R, czn be taken as part of the Cauchy data for the
full clessical problem.) v o

The quentum eguation now becomes 4.1(16) with k = O
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PRSI
.

%2

The spectral properties of this differential equation are

ad%( (Z-}-Q/Z%,L/&Eﬂ (@)

knovmn rigorously and have been set out in the previous
section. However the more usual physicists approach via
the orthogonality properties will be +taken here. This
will be of use in studying the time evolution.

Equation (1) may easily be solved by using the
substitution R =R" which glves the indicial equatlon

AQEE — v
AR R = =%
having the solutlon
. - ,l a
) _ R 'f-.L _4‘85
N = FR —a.J' X

where

%/M = T - A3 (2)

which is the same M as 1n gsection 1 of this chapter.
Thus the linearly 1ndependent solutlons of (l) are ]
6%'== F? hotam ’ : (3)

except when u=0 . But it will be seen that um=o0 is a
single point of the continuous spectrum, and so, for the
sake of simplieity, this subtlety will be ignored.

It is reassuring to notice that the solutions(3)
do zccurately reoroduce the behaviour near the singularity‘
since they are just the equations 4.1(24) which are the
general solutions restricted to small R. |

It is interesting to consider which, if any of the
solutions(3) are square integrable. The only possibility
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is the = 4 lution: . :
/u- S0 1o B o
R, (R) = | | @
{which is the only eigenfunction that is regular at R = 0O,
as was discussed in section 1 of this chapter)., This
golution is square integrable because the R variable is
now bounded.

This means that the only possible discrete point of
the u spectrum is at_M=4. (This conclusion cen be seen ‘
to be rigorous by the results of the previous section.)
But this corresponds, from (2), to setting E=o , that
is, considering an empty universe.” This~ig Misner' 5(18)
R ~ W "quantum puff" universe which was discussed in
chapter 2, section 3. The importance of its appearance
here is that it can now be given a legitimate interpretation,
and must be considered just as real as the other possible ' -
universes represented in the/L spectrum, despite the fact
that it can not exist classically.

It must be stressed that the eigenfunction in this
gimplified model is quite different from Misner's
"eigenfunction", even though the general model solution,
equation 4. 1(29), obtained earlier is essentially the
same. -However it has been shown in chaptef 4, section 1
thaﬁ/u may only have a purely.imaginary continuous
spectrum; that. is the empty space solution’/(=é; does not
occur. Thus Misner's arguement supporting the foamlike
structure of geometrodynamics at the Planck length can
| not be regarded as validated, except for the present
simplified model. o _ |

The appearance of the empty universe depends on the
boundary conditions. The possible boundary condltlons
- that can be imposed may be written as

il

It is clear from (4) and (5) that the émpty universe _
solution only appears if the usuel reflection condition
of quantum mechanics is taken, namely that the first
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derivative of the wave function vanishes at the boundary.

In this problem, it turns out that an easier boundary
condition to use is the vanishing of the eigenfunction at
the boundary. This is because in this case it has already
been shown rigorously in the last section that/u has a
semi~-infinite purely imaginary spectrum. A clear indication
of this can be found in the orthogonality relations approach
that is more used by physicists and will be demonstrated
here. The empty universe solution will not be considered
any further here since this simpler boundary condition
will be imposed. ' ' R

Firstly, some more notation will be required:

—

ahd . ) .a .
/\=/i&/A=J%§‘;L . (1)

The eigenfunctions satisfying the boundary condition are
constant multiples of
F{-2U+Q/"—-fz ~h - Am

&A(R) = (8)
TR -4 + AN :
‘ o x, Adx _,;‘/\x
= RGe = ¢ [em e ]
(9)
A = . o
= QAT e Ax

| (10)

These wave functions satisfy orthogonality relations:

[ ) 5 * — R 4
j(Rt_(p\)@)\(R)dR :-_f ﬁo\(")\}(}\("‘).‘@ A x

oo

= [ RIR 0 € de @)
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f

fo,@: (R) (RAQ{)AR Lw{e-,;?-rx- e_nci—'x][e,iz\k_ 6-,\-)\,( I

RNy

2w 5(0‘-)\\ - S(crf-)\\ 'f )\a-e}k
N fATER (12)

This result means that the 62'\(&) are not square integrable
and implies that the spectrum of A is real. Since the
wave function uses solutions with both signs of A, to
avoid double counting, A is restricted to

N€eR, - (13)
(which is +the correct result given rigorously in the last
- gection).
So this orthogonality relation, (12), can be written
as,

f 02 (R) R,R)RAR = 2T $6-A) - am S(omsr) 6

This is not quite the correct orthogality relation because
of the two delta functions on the right hand side of (14).
However it is clear that because of the range of 0~ and )\ S
the second delta function can not contribute, .excép,t when
G and A are both zero. ’ '
This is the result of ignoring the fact that the
solutions, (3), of the gquantum equation of motion are
only linearly inaependent for non zero values of the
spectrum. This then implies (wrongly) that the solutions
GEA(R) constructed from the solutions (3) such that the
boundary condition is satisfied, vanish i_‘or A=o, So it

@ ho® L@ N AT i
fMe‘A°)*+e o e
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is clear that the correct orthogonality relation only has
2w $ (T-N) as its right hand side and.can be written as

I ) ' -
fo K:(R) @)\(K) AR = am §(a-\) (15)

By using the notation
S=e ¥, (16)

~and (9), the other orthogonality relation may be obtained

- as follows:

R jh&@:(R‘RA(S)JA ..=-_.é%i.;éLw(e—‘“‘—*—“ei,\x)(f‘.'\&—-;ﬁ—*"g)d)\

- ™) ar [S(x-g) - SCxrp]. a7y

The rélationship between R and x, given in (6), implies
that

b4

o< R = | for 0 B x 20 (18)

so that the second delta function in (17) merely disallows .
any contribution at x = 0. But this is the boundary,
where 2ll wavefunctions must vanish because of the boundary
condition. With this complication in mind, (17) will be
“rewritten as ' ' |

[ & ®) R(s)dx = 3T €% §CG-g). (1)

] ' , _ -

I+t is now simple to use the.relation (eésily proved by the
appropriate integrations of a test function) '

‘tno give ' ' ' - , e

P , = 3 (2. <Y
jam,\(/?)«,\(s)ﬂ = AmS(R-S). RIS
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(Note that the term missing from the right hand side of
(21) is not £(R+S) which would subtract contributions at
the singularity, but a term equivalent to § (R+S-2) which
makes a cancellation at the boundary.)

Since the spectrum of A is continuous the [,(R) are
not square integrable and so lie outside the simple L*(o,t)
space. Physiecal wave functions lying in Laﬁaf) are con-
structed as wave packets, 43(R), defined by

ws®) = [~ {0 R\R) AN . (22)

This relation can be inverted because of “the orthogonality ~

relations, (15), to give

R RyssRI AR

I

fa ®(®) f :t”()\) R\(R) AAdR

- (T4 [ R R R 4R
= [0y ar S(T-n 4N

= a‘:ra”@‘). (23)

To build a wave packet, an obvious choice for the

weight is the Gaussian form
—aAi’
7(?0\) = g L, oa>o. (24)

Then, using (10) and (22),

=>¢ ‘_4)‘&

ws(R) = f - 2 4 c’:’x/;‘/%w/\x oA

[ =]

-
= -7
-~ A

=L —aA?
— '-;EX/Q{O e “ /Q,«L-.,../\X 6?//\

The integral mzy be evaluated(88) to give

% T %%a T a
— 4 X = = ., X
/U(R) = /L:;C < %(é,ﬁaa) (25)
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This wave packet can be seen to be irregular at the

gingularity by using the relation(89)

Flar 1) = D94 [re o] o 3o

giving g 2
MS(x) = ”:’—‘5/16 S5 ﬂ(gs.)fx/‘*‘“_éj_z{l\-}opc“)]
a =y x
%)
&4 ff/’-) __C_’% [/ + O(x”‘)]
() >
—> oD a4 x —> o0

However regularity at a point 1s not important (see the
discussion following 4.1(25)). All that is required is
that the wave packet w5(R) is square integrable. This can
be seen by considering the form of the confluent hyper-
geometric function near the origin and near infinity: |

(w(x) W) = f % Lap) o = f =% %ii.k.;d-r"—;)"&

The integrand goes as
k3

: = */i0 =
x e near > =0
2 .
16—z (3/;8 ~,_ near > = o0
) *

and so the integral is convergent.
Another wave packet that can be constructed using
as its weight function {0\), where

0 - e i dh | e, O
This gives S | |
wé) e [T s 4N i )
which may be evaluated(ss) as . i -
- &) A .
oo = £ B e T o

It is clear the ujR)given in (27) is square integrable and
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regular everywhere. In particular, it is inferesting
to note that it venishes at the singularity.-

Now the defining relation, (22), of the wave packet
provides a spectral decomposition (with respect to the
spectrumn of the A ) and so the time developement is given
by the simple formula

/%(R,f) _ e—;;{H(t—to) ’L,L(K,to\

_where, from (7), .
2 .é‘a 2 .L'”
Ew = 5 (Mgl (29)

and the wave packet, 43(R) was constructed at the initial
time X, which will now be set equal to zero

Because of the form of (29), it is extremely dlfflcult
to perform the integral of (28) in practice. To have a
tractible problem, the time dependence of a delita function '
"wave packet" will be considered instead of the good wave
packets constructed in (25) and (27). By using (21),

/{,_9' =. ElTr S(R”Ro) . . (30)

RRIRRA

il

“giving

,5;70\\: @’\}; (ko).
Thus : o /_'th ) .
YRE) = / & ﬂA(« )KA(R);A
L+ x) /% Lct/;\; o

-
= | -

J €

v}
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Y(RE) = e‘z‘(’“*"‘ffw £ )

. (c.e«: ACx ~x,) —Ceso/\(’““’fv)__id)\ . (32)

The term of the integrand involving the c¢eo A(X+Xs)
ig just the boundary correction term discussed before
and should only contribute when x=- 0 , providing a
cancellation at the boundary for all times! So consider
the iﬁfegral; I, where essentially '

e - 1(3{ _'_)() ) L e C el -

’(,L/R <) = T | (33)

d
& e . o4 |’X2+4‘
= e " cos AX o A o
= f e (3)
with . _
T =gt
a = 3 > , (35)
X = 'x-to | ‘
But (34) does not exist, except in a distribution
theoretic sense as ,
T i T (38)
’ €& - O+ .
where
| (e O
gI"”'-’:"ja < Cee
The integral . L exists for |
X%0 3 Rea,Re€ >0,
and is given exnllCltly as<9o) ‘
_ a(é+x-() i (E+A <
QI = &S\ 7 - Kl [& \}X +{ , ) ] (37)

JX? e +i)?
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For =0 , the distribution is the initial delta 7
function with the "wave function" concentrated at the one
point, viz =, ; Now the K, Bessel function is regular
everywhere exceﬁt when its arguement'becomes zero, so the
role of € in (37) is clearly that of preventing the
irregularity. So the "wave function" is concentrated

at the points where

X2 _Fr* = o (38)

which, by using (35), is

P _Zo_

25

’e‘:"‘a —E‘ = t&ﬁt y = (40)

From (39), it is clear that the quantization does
not stop the universe from evolving to its classically
inevitable collapse.

Since the Planck constant does not appear in (40),
it is interesting to see whether this reproduces a classical
solution. Since the model considered in this section is
mathematically just an ordinary quantum mechanical problem, .
then Ehrenfest's theorem 66) should apply. Thus, despite
the use of a formal arguement (with a delta function "wave
packet" ) it is expected that (40) does represent a
classical solution.

This classical solution can be derived by solving
©3,2(11) and 3.2(15) for k = 0, giving precisely (40).

The solutions are

R = at +4

1> = C
¢ R
where

a* = £ C

Thus



T4

b - oty R h,
= x5 Ly + b

However the* for the classical solution is "either + or -"
while in (40), = means "both + and - ". So the quantum
mechanical imposition of a reflection boundary condition,

in 2 model related to the Kasner model,has as its classical
1imit both the classical expansion and contraction.

- . Algo of- interest is the fact that the different factorj;;v -

orderings considered in chépter 4, gection 1 merely

-resecale the “energy" (see- equatlons 4. 1(9), 4, l(ll), 4.1(14)) ;;'

Using (29) and (32), this just chenges a in (34) and (35)
and so (38) remains valid. This meens that the factor
erderings.considered do not affect the classical limit.
This result is what would be expected from experience in
the ordinary quantum theory.

4.4 Quantization with Redius Time
_ . The classical Hamiltonian to be quantized is £ Iz and

its explicit expression is given by (3.3(2)) in which R=T:

; @:H)a_;——_ - H—‘]—»g.tg' + @;Trsb e : (1)
In.this case, there is a natural factor ordering and the

_quantum equatlon is

~

o= - 144 At" + 'tl TT‘sb | | ‘ @

~ . .
It is easy to see that Hzis gelf-adjoint because t is
bounded  and the usual Schrodinger representation of Ty
(which is self-adjoint in this case because ¢ is not

bounded)
| = AR 2 :; ., .
TV_¢‘ ¢ . (3)
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will clearly give a self~adjoint'ﬁ£'on the appropriate
domain. :

The quantum equation of motion for this time dependent
squared Hemiltonian is A IV (6):

B ofe @it) = EO (9D @

This equation is separable, Let

_($€) = %(@ T.6). (5)

vBy using (2), (3), (4) thls gives

(R - 2 Y )@(:p) £ & (4)

ue F@ - IE%L(L—:’-(&) HIHHAT) P P) = © '(6’)_
T OB - B e (FEr )
gives 30(47) _ _%\; : .
where C is a constant. Thus |

EMG) = %"L_— ‘|++4€:_c‘}‘ . C7)
and the condition that E">6imp11es that- (for k>0)

/%1& >t | BN

It is clear that the equatlon (7) with the eigen-
values E' and N is the same as the clagssical equation. with
the classicalE'and A given in 3.3(2). The maximum of
expansion is given by

£ =R =[Nk Y _ sl R o
Toom PN ({d./ﬁ.> 0 }\ | ! 'ZR&M . (9)

Tne ¢ part of the wave function is ea31ly seen to be

. ANg L - iAhd g
F @) = he "V LB
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L Y N Y
P (@)= hAe R % (10)

From AIV(9), AIV(6), AIV(8) the Schrdédinger equation is
,Lﬁ L TL) = E®) To@)

i:J[T;;: 14-4-4t"
.tl 2

AR AT = e '%@ R -t* dt

i

giving

(11)
Gon31der the 1ntegral

:E fdﬂcm Loa= =rY e“!

The su‘bstitution - S e

W = t+i':*_ At
-  Za <

'i'*'if”‘ti*.m

This may be. evaluated(go); giving

Jlatdu -1a
{&m4’r’&9mw’3—}'

gives

Thus" (11) isg

j’s_%‘(‘ ,&9_6'[) - :F ’Q\SZ:_L

S T [ -R2
&, 1% = .;5 m{z)ﬁ‘{ua &?m o

This may also be wrltten as-

. | B P SV - 1' o
T D snp A JCER £iR feg TLER-RER. |
- ‘of{ Y = 4 Ttek)+ rRIER,; (13
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It is clear that the spectra of A\ and E are continuous.
From the eigenvalue equation (7),which is just the classical |
equation, it is clear that the singularity at fER)=0
is not avoided. However if the physical wave functions are
required, they can (formally) be constructed as wave
packets in the usual way, despite the time dependence of
the Hamiltonian, as foliows:

4%, @) = [y @ t.)f0) 4, (1)

with the time developement given ., using AIV(3), by

YG) = o (g AT ) T
= e {-%’ (o) [ @t meN

_ j),,,,, -5 (;de»} %@ﬁd%)d}x
= Jwe@‘{:)aa(/\) d>\ ) © (15).

4.5 Quantization with Extrinsic Time

With Tz chosen as the time, the classical Hamiltonian
to be quantized is the radius R&), given in quadratic
form in the constraint equation, 3.3(9),

124.R% + /’f__"R‘ —77;;‘ = o (1)
= S
which may be solved to give
. 2 / . .
A = m“cs;r*'a“? s @

Note that heoauseﬂ}:t, there is no factor ordering
problem with the T R term in the constraint equation |
because Mg can not be represented by an operator. With
the ususl Schrddinger representation of'ﬂ; y Viz



78

R o
;= = A 2.
77% 23995 ’ (3)

the Hamiltonian is certainly expected to be self-zdjoint
and positive. Turning (1) into an operator equation
"gives the same result as interpreting (2) by means of a
spectial resolution of W; . Using AIV(5) and AIV(6), (1)
becomes

(/;KH*-;-t H* +25"‘:¢ V¢ = o

. _..‘(.Ié»g;Ef(f)*‘t% (f)+¥’3l3 )q @t)

BRSOV .-,k»;_.,.._:. TN

- heffiﬁg'”xrw

¢E ¢'(7) §(¢)T@‘)
(124 %0 + £ E%0) F@) + E°FTH =

gives
y  ___ N

P ) 2 P

where A is a constant. So

5(4) C?‘_"?%

.ﬁéAq%%

Ee (4)

and'

12 4 %¢+f‘@)%z | (5)

which means that once again the equation of the eigen—
values looks like the classical equation, with the solution

_ = N Y e
E = <L /F + sz - T . (6)
waﬁ;( @+ . A4 ’ _ '

which is positive definite fqr‘A real. The singularity
now corresponds to vanishing "energy" and occurs when the
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time is infinite. The Hamiltonian eigenvalue is symmetric
with respect to time, with a maximum

Elo) =W =R . (7)
= :
Jlaf
Because the wave function is separable, the Schrodinger
equation is

5.
Nl
w{

)

_ ' Koo
' i ?-+Hﬁk Tk
- . & ,F‘“,;z& )

(P+ 4-@3&?\ —'t ) ;,At ‘('3)11-

—
—

S _fza:u&
®his can be evaluated by considering the integral S
. . u. N , o
j( J ¥+ € )7 ol (9)
a2 = 4 15 AN .

Since the integrand is an even function, COnsider positive

. where

- time and set

AT = é;,AakqQ o~ ,

=J“CSJ~“4LU;.
= T

.(' w— gl ceoﬂ.u Aor

wu

with

Thigs gives

Integratlon by parts glves .
a-

- = 35 =
5:,} g\ + I\

ﬂ& QU\—- ‘fl\L

I

where

I

Y
)
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’(% = g—;( )’tqt-wfL —ta), | | (io)
MQL« — ek 2w + |

— AW
e | - &€

|3
5
I

So UXW) is a monotonically increasing function, with

,/L\_S(o)_—_o . L (0) =
Aus = 2 (el anm — 4k du) du

and

Thus the remeining 1ntegral I can be evaluated by a
ehange of varlable to W :

L, =+rf(/ )
giving(gl)

I' — ,esg !+r .
Thus o

- |+S‘

I = ffi B +F’Ze'3' =
where - .

Jo = S+ [[Fe-t

- Using (8) gives

_  tEE® -
Jis Jan | (1)

so that it is clear that the result for all % is given by

I _ % -t{:_&)'_*. /&a ﬁ?"\"'ﬁﬁ(&\ >.

J3% jax tEt)

Thus, the soiution of (8} is
| = ‘ TEREI]
- Ty fER) «652!_’3_5_",_,.} |
To(e) = D~ <3 fL M Jiax -t Et) 3| (12

To get physical wave functions, wave packets must be

constructed from. (4) and (12). Since'the spectrum of the
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Hemiltonian (which is the radius) is continuous and in-
cludes the 51nguler1ty, 1t is clear that any wave packet
thet is constructed must evolve in time towards an in-
evitable collapse.
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CHAPTER 5. YORK TIME AND CONFIGURATION SPACE

5.1 Introductidn‘

When space-time was decomposed in a 3 + 1 formallsm -
to obtain a Lagrangian density in canonical form(24)
was found(38)that the intrinsic three-geometry contains
information about time. Indeed, in a closed universe,
the intrinsic three-geometry contains all the informat-
ion about time. In a series of papers, York( 19) (and
letely with Murchadha (20
choice of time which is, in a gense, canonical,

~ The “York time", T , arises naturally in a study of
.the initial value problem for empty universes (and also
in the case of a charge free electromagnetic fleld(lgIv)(zo))
Ingtead of specifying the three~geometry, only the con-
. formal degrees of freedom {(giving.a conformal three-.
_geometry, ° g_ ) should -be given.,- , e S -

?he objeet that may be 1n1tia11y freely speclfled is
tHe conformal geometry, g_( deflned on some given manifold )
This is obtained from considering a three-metric gkgon the

)) has shown that there is a

manifold and taking equivalence classes under the con-
formal scaling given in

A representative three - metric of the chosen,con - . o
formal three-geometry will be written as ga&where it can
be assumed that %_ is one. '
It turns out {see later) that the scale factor is
essentially the Hamiltonian. Thus the time will be ex-—
trinsic: the.York time,?f, is deflned( 9IV) by '
= 2w = % Kk, (2
.3 32-:=_ -3 o - P
" where K~ is the extrinsic curvature scalar for the space—
like hypersurface (the three-geometry). This implies that
the York time is.a scalar. It will be taken to be a
constant (because for this case the momentum and Hamil-
tonian constraints decouple, as will be shown ‘below). 7
. With the 3, metric; an arbitary transverse, traceless
tensor density - | ‘ | :

T | | S €
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(this equation is just notational) can be constructed.

This is discussed in detail by York'19IV) It the definition
- S R A - (4)
is made, then the equation ]
riee e

follows.

' The mathematical objects ga_g,and flié' may be'.‘spec'i'fied
freely at some initial time, ¥ . York now defines a .
conformal transformation to the physical variables by

| od -4 al,

fr= ¢ e TR @

(191IV)

. : : ok . :
and shows that % - remains tranverse and trace-

less. Thus the actual superspace momenta, defined as

0»2— ae- 1 a-@ '
Tr = G- -+ 2 J_? % /t ) (7)
automzatically obey the momentum constraints:
b
= (8)
V /(_-"‘ o .

. The Hamiltonian constraint remains to be solved and
is now in the form of a quasi-lineer elliptic equation
‘which determlnes the scale factor, (F '

1, 5

(-8R )y = My” -%f% (9)
where " WAPUR N o

J° = q VNe | (10)
and o : ~ b ~ cd :

M= GacGa TT (11)

(;ﬂ is obviously unchanged by the conformal scaling).
It is easy to show that the A.D.M. action can be '
rewritten as ‘
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T = f(o-“"a{gdr—ﬁot’c)o-'/\o*“/\q‘z | (12)

where the (Ti are the basis forms for the three-geometry.
Thus the Hamiltonian density conjugate to York time is

H=1J3 =¢° - | (13)
The theory described here has only been used so far

to point out that a conformal superspace of all the possible

conformal three-geometries forms ?he co?flguratlon space
19111

existence and unigueness theorems(zo).

for sourceless general relativity and to examine

If a source is present, the constraints are modlfled,-

giving - , _
E“ - C’,i__ K S4 = o s : (14) ,
Z° =C° -2z 1, = o, (15)

where_Sj is the current density of the sources (which is
a linear combination(zs)of the T, “) and -T.°is the
energy per unit proper volume. For York's analysis of
the structure of the initial value equations to remain
valid, the $* and 7.° must scale in a definite way under

(20) 1a4m

conformal transformations. York and Murchadha
that this is a feature of sources in general (which isg
almost certainly false, as will be discussed in the next
section). Their claim is based on the fact that the
charge-lree electromagnetlc field does scale.

With the charge-free electromagnetlc field and
gravity, the momentum constralnts,remaln independent

of the Hamiltonian constraint. The energy scales as
o _ -8 =X o .
7: = ﬁé Te . :(16)

Used in (9) and (15), this gives’

~

~ . k! . LT 3 AR S ' ~oc -3
e Py <Ry Ay T TGt gy
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It was shown that there are very'strong'existenoe and
uniqueness results for in#o, while the non-"generic"

case of ¥'=0 is not a good one for a study of the initial
value problem.

York(lgIv) points out that the earlier work of
Choquet Bruhat(gz) treated only the T=ocase with the
energy density completely fixed (and the 7”* © ) and so
tried to specify more data than that which is consistent
- with the physics.

5.2 York Time, Homogeneitg,and Soﬁroes
York time will now be discussed in the context of

homogeneous models, possibly with a source of scalar
'“pions". In this case, from AITI(22),

N ' o
° 4 L wmrb™ o
TFa | a. 2 : : “.
= 1 Te 4 tmig® (2)
g .
with an equation of motion, AIII(26),
. N B _ _ |
7ﬁ¥ + AfjéF.hA 45 =9, | - (3)

and ¢ = @P(¢t) only. Since T.° is not a function of the -
space coordinates, and enters the constraint equation ‘
multiplied byj", then the usual form basis (expressed
naturally in terms of the duals of the generators of

the homogeneity Lie group if it aotsAtran31t1ve1y) may be

6(51). This means that the space integration mey be

use
performed, givihg a multiplicative factor for’the action =
which does not affect the field equetions. Thus this
factor will be dropped, as it was in the Friedmann model

supported by massless "pions". In a consistent notation,set
‘l'\—-___ —_ 3 f— !6 N 4 ’ '
g =Y =R = ¢¢. - | )

Eguations (2) and (3) remain unchanged, and show that,

form = 0

(5)
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7;_0 _ (’ﬂ_,Q -?—;o ) (6)
and ,
_-T;° =L C” . (7)

Since AIII(12) shows that the momentum constraints
are unchanged (even if mix 0 ), a massless scalar source
does obey the York eriteria (although with a different
gcalar factor), .

However it is clear, from (2), that the massive
case will be quite different because of the naked qb term.
It seems inconceivable that if a solution exists, it will
scale in any definite manner (Consider for exemple the form
of ¢= ¢(K) form = 0 in 3.2(32) .) Similarly, an examination
of the equations AITII(II), AIII(12), AIII(7) and AIII show
that for the inhomogeneous case (with m arbitary) that
there are naked ?b«? terms in all the constraints which
almost certainly do not simply scale under York's conformal
transformations. We therefore conjecture that the only
quantum field sources that can be analysed 2 la York is
the source-~free electromagnetic field and a homogeneous
massless scalar field.

It is interesting to note that the usual dust source
does séale, even for the infomo eneous case because of

the equation (given by Liang(Bg')
-7 = A& (8)
Jag ‘
wheri/u is a fixed function of space. Thus
. L~
T, ° = %9 T, % (9)

and

~ ~ ~o ) ~ =] 2
sV = (3&”‘»)3”,"‘“ {r3T¢ o

So York and Murchadha's existence and uniqueness theorems
can be trivially extended to cover universes with dust

sources.
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For homogeneous universes with a source of massless
"pions", the Hamiltonian constraint becomes (using (6)
and 5.1(17))

~ ~ > 0 -1
o = 3;((79_(/»4—&&7;)50 +3ACIL1”5 (11)
where(lgIv)(zo)
M >0 . (12)
-T.° > 0. . (13)

Setting K=); (as previously) and using (4), gives

I

0= Ry (-T7)+ 3 TYE (1)

where Y is the Hamiltonian appropriate for a choice of
the York time, 7.
Unfortunately this Hamiltonian is a 1little com-
plicated for use in models, although it can be viewed
as cubic equation in Y¥2 ana so -an -explicit expression
can be found (which will involve cubiec roots). Quantizat-
ion may proceed in exactly the same way as before, in
spite of the complicated form of Y : +this will just -
mean that explicit integrations and wave pacéet construction
will be even more difficult. ,
It is important to note that, as before, the spectrum
of Y will be just the classical spectrunm and so quantizat-
ion (with the Hamiltonian as some power of the radius of
the universe) does not (naively) prevent a classical
collzpse. These considerations should also apply to the
inhomogeneous models, so that if York time is a "canonical"
choice of time, then the main hope for the relevance of
the quantum theory to the collapse problem must be that
something new comes from using quantized matter sources
which have .no classiczl analogue. For example, i4 may
be thst nesr the singularity, all the s@insAcan line up

(in some mysterious way) and so produce an expansion
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such as that produced by Trautmann's 93) torsion model. -

2)

Ishem and Nelson(7 are at present considering such a
possibility.
It is easy to see (from the action principle) that

if the Hamiltonian is taken to be the radius

;o a - | (15)
‘then the appropriate extrinsic time is ‘
L -4 .
£=tgfr - 497T. e

(Homogeneity-of the models ensures that X is a scalar. )
In this case the constraint equation (11) simplifies to &
~quadratic equation in =i : - v o R
o= -(M-T°)+ *RH" + £+ R 17y -
- Aifhough these models are covered by the work of Ybrk and
Murchadha(lg)(zo), we have shown that the existence con-
dition is now very simply that the quadratic equation
above should have a positive real solution. For non

zero curvature '

’ Q. - LXN Vo Fe) Lt ~

S o _'_C__) _ -] =

HD‘= =3 +J(;.9- +4'(M T, ) R
2R |

The existence condition ig that the curvature must be

positive and both M and T.° may not be zero. For zero

“eurvature, then again ﬁ('and‘ﬁiséannot both be zero.
So for homogeneous models with a possible source

(18)

of a massless scalaf field, the existence theorems are
'very:siﬁyiéfigthé_curvature‘may‘not be negative and
5{ 'and??f°méy not both be zero.
In particular, all the Bianchi models(Sl) may be
extended. Consider for example the Bianchi types I and

IX, used by Misner(36)

. In these cases (with factors
which may be absorbed), |

Y - S

i< h B <)
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where the 4. are the anigsotropy momenta (discussed in the
next section). Thus, using (7) and (19),

v ,- N, =2
F-Te = plrepre AT (20)

‘2nd its clear that for all these homogeneous models, the
source behaves mathematically in the Hamiltonian just like
an extra anisotropy parameter. Of course, the physical
interpretation is vefy different!

- Specifically, the homogeneous Friedmann model with
massless “"pions" is equivalent to the Kantowski-Sachs(52)
model (after using a canonical transformation. This was
first noticed by Kucha§(94).) An attempt to quantize the
Kantowski-Sachs model was made earlier by Fiéhbone(sl),‘
but this suffers from the technical deficiencies, discuassed -
earlier, in that the incorrect Klein-Gordon approach is
used, ignoring the complications of a time dependent
Hamiltonian. However it is important to note that classical
models which are related by a canonical transformation
lead, in general, to unitarily inequivalent quantum.
models.

5.3 Extended Configuration Space
It is interesting to consider the configuration
space for the wave function. This could be called the

"reduced superspace" because, as was noted previously,
the superspace philosophy seems to be inappropriate for
the quantum theory: the time must be extracted, leaving
only the configuation variables. _ 7 '
Consider now the Mixmaster universe in the new
language. The configuration variables are 4, , which are
the variebles which specify the conformal three geometry,
35. So in this sourceless case, the "reduced superspace"
is just the "conformal superspace" of York(lg). |
If A, and 2_ are considered as components of ‘an
anisotropy vector, .2 , which makes an angle, X , with

the Fi,axis, then it can be shown(gs) that each possible
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conformal three-geometry is represented once by one 6o°
wedge emanating from the origin of themg plane, Thus
the configuration space can be taken to be the wedge
defined, for example, by oS K6,

However it is important to realize that any 6o wedge
could be chosen because the only difference between these
. conformal geometries would be the oventation of their
coordinate systems. If the whole £ plane is considered,
then-A4 = O represents the isotropic case, K=o0° £120°
represent the "oblate" axially isotropic case and K=1%0% * 6o’
are the "prolate" axially isotropic cases,

Now in a simple conformal superspace, those conformal
three-geometries with larger symmetry groups have different
neighbourhood structures than those with smaller symmetry
groups. - This means that conformal superspace is not a
manifold but has strata, in exactly the same way as in
the superspace consideratlons(34). It is clear that
the © < K € 60° wedge has this structure : the strate
given by K= o0 and K=6o but with /?_% O have each point
with only half a neighbourhood, and within the K=0
stratum, the origin has only half a neighbourhood.

DeW1tt(22) has proposed that a manifold be constructed
by joining many copies of a simple superspace along their
strata. In this case, extended conformal superspace 1is
just fbhe who.l'eévplax.le where the isotropic conformal three-
geometry is represented once,the axially isotropic conformal
three-geometries are represented three times and there
are six copies of all the other conformal three-geometries.
_ There is a good dynamical reason for using the ex-
tended configuration space, besides the obvious appeal
of using a simpler mathematical object. Thig is that the'
classical trajectories of the conformal three-geometries"
in the extended space are smooth, whereas they generally
execute a non differentisble reflection in the 8imple

(22) For this reason, all .the

configuration space v
work on these models and the Mixmaster model in partlcular,

have used the extended ccnformal superspace.
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In the gquantum theory there are compelling reasons
why the extended conformal superspace must be used.
Consider the "momentum" operators, %t y which are con-
jugate to the/% and so have the usual canonical commutat—
ion relations. On the wedge o< Kséo, boundary conditions
have to be imposed so that the wave function is reflected
at the edges of the wedge.

It is clear that these boundary conditions would
place restrictions on the spectra of the momenta.

However the boundaries are artificial in that a change of
coordinates, which is considered to Dbe unphysidal, can
rotate the wedge in the é plane, thus producing new
boundary conditions and so probably new restrictions on
the momenta. S ‘ - |

So the quantum theory requires that unphysical
boundaries (due to the choice of coordinates) Should
be ignored, which finds a natural solution by using
extended configuration space.
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CHAPTER 6. TOPOLOGY CHANGE?

6.1. Introduction

Einstein stressed on many occasions that his field
equations do not single out any particular topology on
spacetime, A number of people, culminating with Geroch(96);
showed that if the general theory of relativity and
causality are taken seriously to arbitarily small distances
(which can clearly have no observational support) then
the classical theory will not permit a change in the
topology of an intrinsic three-geometry. As Eenrose
points out this is hardly surprising, since it is obvious
that a change in the topology is acausal. (This point
will be returned to later.)

Wheeler '~ has arguéd that quantization produces
fluctuations in the geometry and that, on the scale of
the Planck length, these fluctuations can become so large
that a quantum transition of topology (somehow) occurs.
This change in topology is envisaged as typically occurring
as follows. Consider the sphere in two dimensions, S ,

" being deformed continuously until a singular geometry,“gs ’
is obtained. This is now torn at the singularity and
continuously deformed into the torus,?ra. Thig can be
represented pictorially by drawing the cross-sections:

\F | £
> >

a 2 '
s 95 o1 T

(which have to be rotated to get the geometry).
This type of singular geometry has been described

as heving a "conical singularity". This is én apt de-
scription because the underlying structure is not a
manifold: most of the points of the space have the usual -
neighbourhoods that are homeomorphic to open sets in some
- fixed n-dimensional Euclidean space. . However one point
has neighbourhoods that are mapped into an n-dimensional
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cone (that is imbedded in a Euclidean space of " +1
dimensions). Reynolds(97) has studied these singularity
manifolds mathematically. -

On the basis of the (limited) classical success "mass
without mass" and "charge without charge" models(98 using
wormholes Wheeler proposed that the “acceptable topologies"
were $3 W,=Si’.§aa.nd the W), (which are the sphere with n
"handles" or wormholes ) « Fisgher 34 analysed the
mathematical gtructure of the "stratifled manifold".gom)
that is obtained as the superspace of all intrinsic three—
geometries for a fixed topology. Kbmorowski(23), in a
largely unknown mathematical paper, showed how a topology
may be given to the superspaces on S and S'*S¥so that it
is pOSSlble to pass continuously (in a technical sense)
from one superspace to the other.

It is clear that the question of topology change
should be examined using some such "grand superspace"
which combines superspaces on different topologies. This
is an extremely difficult problem and has to be tackled
directly: it is clear from the discussion in chapter 5,
section 3 that Brill's (9) comment “Extended superspace
is interesting for topology change because many of the
problems it raises - for example, allowed boundary values
of the mave functional at the boundary between two copies
offﬁﬁﬁ- are analogous to problems in the more complicated
grand superspace." 1is substantially incorrect.

Gowdy 99 has constructed some anisotropic and in-
homogeneous models which can describe S° or the disjoint
union of SxS%and S*. ' The topology change here would
be rather drastic since part of space'would_effectively
cease to exist, Gowdy has shown that here there is a
"elagsical barrier" 1o a topology change which is analogous
t0 the usual potential barrier of quantwn mechanics.

However for a topology change to be able to occur
guantum mechanically, at least two things seem to be
essentisl. Firstly, the topology change must be described.
by some dynsmicel parameter. For example a descripiion
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of different topologies by traditional algebraic tech-
niques is inadequate unless Betti numbers, etc. are

. analogous to spin, and this appears to be extremely unllkely.
(For speculations on "spin without spin", using spin
manifolds, see Wheeler(s).)

Secondly, it remains to be shown even then that the
quantization will give a lerger spectrum for the para-
meter deseribing the topology change than the values
allowed classically., Classically, the topology change
fé”completely forbidden, whilst the familiar barrier
penetration of quantum mechanies occurs for potential
barriers where the region on the other side of the barrier

can be reached by a classical traaectory with higher

'energy. |

kn.indication that it mey be possible for quantum
mechanics to have an "extended spectrum" was given
(admittedly in just a model) in chapter 4, section 3. It
wes found there that transitions occur between a Friedmann
universe filled with massless scalars to a (non classical)
empty Freedmann universe. - ‘

Thus we attempted to construct suitable models with
trensitions between > and S'xS*, These will be de-
gceribed next.

6.2 Some Macroscopic Topology Change Models

The torus,T', may be imbedded in Euclidean three~ _
space to give the familiar‘doughnut. This may be obtained
as a surface of revolution of a circle of radius R , at
& distence 4 from the origin, and parametrized by'¢ '+
as illustrated

Ea)

FIG, 2 - FIG. 3

> mje—

/.
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in figure 2. For ASR¥0, the doughnut inherits a smooth
geometry from JR® and both ¢ and 14 range between O and
RXRT + Forx=K, the singular geometry ag,s is obtained
with the conical singularity that i1s discussed in section
1 occurring at the origin, while for R>% %0 the geometry
isn't smooth at the two points above the origin where
there are "cusps". Finally, for 2=0 , the smooth sphere
S*is obtained and the coordinate 1/ must be restricted
to lie between -7 and & go that the sphere is not covered
twice. '

The doughnut may also be constructed by cutting out
antipodal discs, defined by [2-%[<€E for €0, from the
- sphere,S_a, with radius,4, in R®. This is 111ustrated
~ for %,4,% >0 in flgure 3. The "rims" [a }'— y 8re
then identlfled by pulllng what is left of the sphere
into the shape of the doughnut

The important relations between the co-ordinates used
are

>xl+"6'a = )L+—Rw’d¢.,

'%, — K /éAM- ’q/ . (l)
For A=0, the geometry is that of the usual isotropic

sphere which remains invariant under rotations zbout any

axis passing through the origin. However for % non zero,

only rotations about the 3 axis leave the geometry in-

variant., Thus the isometries of the geometry are reduced

by the introduction of a non zero %4 parameter. ’
Topologically, the pierced sphere W/, -is S'x S&(].‘OOI)‘

and this can be given a geometrical structure in exactly

the same way as in the previous discussion in which S‘-l

was pierced to give 7’=5xS' . Consider the usual sphere

in /P\Af (which is a fictional imbedding space and not

spacetime) which is pierced and parametrized by

x = (A +R oY )ainb o

_ LR (s o & b ' ‘
/‘a’ = /}*Kfﬂ’v‘u/) Ao @ | S (2)
2 = (A +Rw+)@ & - ‘ |

Ly = R i “r’*
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which give!the obvious generalization of (1). The natural
metric on Sfoais inherited from R? and is
= (At +dyd s Azt pdw®)| g, s
Ra{mp + (% + oY) (dors edﬁ
Setting 6& 2
» R . (4)
it is clear that for'oz equal to zero, the isotropic three
sphere is obtained °2) in which case Y must be restricted
to the range of —'lf to’"‘ s instead of its range over QT
which is necessary for the smooth S'xS*° geometries glven
"when R is greeater than one.
The field equations can now be obtained by the straight

'-'£arward type of ealeulation given in appendix II for the

Friedmenn case, which corresponds to 62 equal to zero,
Kot unexpectediy, the equations are more complicated then
for the Friedmann case. For example, the space curvature

is glven by

3 GCeczip + 4R ot

R R* (R+ e )?
This can be partially checked by observing that for R= o,
it agrees with the Friedmann A =| result, given in AII(23)..

Unfortunately it is found that ® is not a dynamicel

variable, This result is obtained from the requirement
that the Ricci tensor must vanish for empty universes.

(5)

In particular since
R' - sy o -
T RN(Rrw ) FAN )

In faet, it turns out that there are no empty space

solutions.

One -conceivable way to get out of this difficulty
is to introduce anisotropy and so consider some S'¥S% ag
a generalization of the Misher(36) Mixmaster universe. -
This is easier said than done because the Bianchi type
models ha#e a.beautiful grodp theoretical structure which

- permitted Bianchi to introduce anisqtropy very simply.
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This is not possible for the S'Xgageometry introduced in
this section andlour efforts to force it in various ways
have failed. Another possible way is to try to introduce
a gcalar field as a source. This can be done by ingerting
the equationsATIIT(33)~ (34) - (35) into the Ricei tensor.
This looks more hopefull because (6) becomes
2 4l R = & 27d (8)
R* (R + ooy’ S ~
Unfortunately, once again the field equations do not permit
a solution (even for m non zero) unless R isg zéro.

Thus, since it appears that this gimple model cannot
produce a dynamical R , quantization of it cemnot excite
this geometry. . '

6.3 Causality and Pair Production
Had the topology change just proposed occurred, it

would have been an acausal process. (This is explained
below. ) Therefore, to be in accord with expériment, it
should only have occurred for small R. (The adjective
small is left deliberately vague because it is not clear
whether it should mean "with respect to the Planck length"
- which is the natural length of gravity - or "with respect
to hadron sizes" - which is about the minium size for
which causality can be demanded on observational grounds. )
Thus consider essentially the same process as studied in
the lastsection of topology change occurring on a small
scale with some background geometry which, on the scale
of the wormhole, looks flat(figure 4).

ﬂ g\
FIG. 4 | |

The classical causality problem is clear: points 4

and B are seperated on a space-like hypersurface. The
topology changes as points A and B meet and the manifold
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is torn a2t A = B to provide a wormhole. The identification
of the two space-like seperated points is a violation of
causality. '

So if this wormhole is to be formed, the whole
process must be "sufficiently microscopie": that is, be
part of the foamlike structure(a) . However, s%nce this
process is analogous to particle pair production y it
"would seem that processes that look acausal eclassically
should not be rejected out of hand.

- It 1s well known(lOl)that a clas31cal description

of pair production in an electromagnetic field is acausal,
Also, it is easy to see that if the Klein-Gordon equation
for pions is treated as a square root Hamiltonian (so that -
the observables are represented by self-adjoint operatore
- see chapter 2, section 2), this Hamiltonian looks

acausal: _ N Y ! ‘ j
AX_%(E ’t) = fa‘:‘;c'K(?_“.{- )Ll’()“ ’ﬁ) (1)

where the kernel (”’flﬂ :
'— - ‘k ‘ v T
K(z-x") = f@—‘ﬁ) e Jepme  (2)

has non- zero coniributions of importance only for ’_’S'-Lﬂlff%ﬂg
which is the Compton wavelength. This acausality reflects
the pair production that is obligatory in a quantum theory
of fields. However, when discussed within the context of
the quantum theory of fields, the direct analogue of (13)
causality to arbltarily small distances (microcausallty )
~ is maintained.
Returning to. the "pair” production 1llustrated by
figure 4 evolving into figure 5, it is

interesting to note that the conical singularity through
which tnis geometry passes is foreign to the whole
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rationale of Einstein's "complete field equations™
approach where particles would be described everywhere
as 51ngular1ty-free solutlons(102) :

This can be seen by now filling the wormhole (figure 5)
with sourcefree electric lines of force(7) which emerge
from one end of the tube and so this end of the wormhole
appears to be a source of positive charge. At the other
end of the wormhole, the lines of force diseppear and so
this looks like a source of negative charge. It has been
shown(7) y Clagsically that the flux through each worm-
hole may not change. '

But if the wormhole is (quantum mechaniéally) ellowed
to pinch, then it is clear that A and B (of figure 4)
become genuine sources! We suggest that a more reasonahle
possibility is that the whole wormhole scales down as the
mouths become closer (viewed from the background) and that
the wormhole is never pinched. Ipstead, the metric on
the wormhole pert becomes, in the limit, degenerate and
this ig interpreted as annihilation of the "peir", O0f
course, if the metric is degenerate, then this is a
classical singularity, even if it is' (effectively) at
only one point of the background space.

This process is ndt completely whimsical, Misner(lo3)
has solved the initial value egquations for a wormhole
(with the correct wormhole topology) in empty space (with
no electromagnetic fields). Misner's wormhole behaves
like two neutral concentrations of mass energy. It is
- expected that a singularity will develope, but it's nature

is not known because the time developement is very com-
| plicated. DMisner has suggested that near each mouth
there will develope a Schwarzschild-like singularity.
However it is conceivable that for a small wormhole,
this could provide a model for pair annihilation, pro-
ducing rediation. Clarification on this issue would be
of great interest. 7 |

With wormhbles'collapsing to a point, causality
would be maintained. Perhaps quantization would allow .

transitions from a smooth background to one with a2 non



degenerate wormhole thus avoiding the degenerate metric

in a natural way, and looking very much like the process
of (real) pair production where the particles just appear

gpontaneously at space-like seperated points.

6.4 The Foam

We attempted to provide some analysis of this foam-

like structure by considering either small Friedmann
spheres or wormholes added to a background. The back-

ground manifold, M, was taken in practice to be the torus,
' 7"3, and the metric tensor,é;“ y» was taken to be the usual

(flat) one.

100

The idea was to put a suitable metric on the topologieal

connected sum¢04) Mg M of the two manifolds M,M,. The

topological connected sum can be obtained simply by
choosing points A ¢ M and A€ N . Polar co-ordinates
are imposed in open balls around A and A,. Now an
identification is made on these balls by inverting the
- radiel coordinate in A, and thenidentifying this new
coordinate (suitably sceled) in A, with the radial co-
ordinate in A. This can be illustrated pictorially by
removing the §oints A,A(, flaring out the balls into

collars, and identifying the collars by'fitting them over
each other with the neck of one fitted to the base of the

other. (see figure 6).

FIC. 6 @ j @ | | |
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Now some sort of addition of the metrics has to be deflned

First, some more notation is needed. Let the radial co- -

ordinate in the ball, B _» around A be—& with the range
oché"z

where A is given by setting A4 equal to zero (and 51milarly

. fox'B around A, ). If the metrics were just added, then

the resultant "metric" on M#kmi,would be discontinuous

at A=o and 5 =4,

Alternatlvely, define the new metric as a smoothed

'addltlon, ‘ ;f*'f_
=f 6, +(! @

where -g is some smooth funetion such that it 1s 1dentically
one on G, -By and identically zero on G’m @ . ' ‘
It is well known that such a functlon must exist, and
can be constructed explieitly 105)
the € function

MitM

)«k_—%—-—i) if bc&<h&a' e

g = -()L"‘ * 2)

o - otherwise -

This is a2 bump function (see figure7 ). The smoothing -

function is defined as ' e

. SA‘?@)dﬁ _ N
. ' - (3) -

{(&) T TFaede

and its graph is drawn in figure8 .

94| el

4

g

FIG. 7 | | FIG. 8
Now it is easy to fix 4, as a funetion of & scale o
perameter (R, say) of M,, such that when R = 0 (that 1s,.‘
JM =.0 which means that M, ‘has dlsappeared) %, = 0 _So “
the "mFTIIC" on M¥F M becomes : -

_.C“m#mi -G‘" S B ( )

, as follows. Consider ;ff?f f



102

which is highly degenerate and is "like a stép function"
at the "points" A . This is ther to be reinterpretted
physically as just the perfectly smooth background 2;0“\.

Unfortunately the approach proposed here has a very
serious drawback: even if the classical field equations
can be solved with a dynamical parameter describing the
"gize" of gg[M) s the smoothing function sappears
explicitly in the equations. Thus even the constraint
equations become very complicated for the simplest of
models. _

For example, consider the anisotropic 3g'cr3)
with just a "bump", radius @, .

-J‘QRQ B, Sy + (4f) RPy. )
A, = R B -R”, . (6)

and a 2 Q
R* = x! F e 7,

Set

(1)

The Riceci curvature scalar is given by

R ~g2 {-a{'Z - f e

A R Yl

M w

ﬂ&
4’&1[;:3 5 w A ) "

+ 44(%'“‘4) 3}

A quantum equation of motion would contain this expression
and the posgibility of solving such an equation seems

‘remote. , |

| Finally, it is worth noting that we have found that
this idea (viz using a family of metrics such that the

degenerate metric in (4) is reinterpretted as the smooth

background metric) is essentially the same 2s that used

(23) £or his "point adaition® defined on

by Komorowski
éurely methematical grounds. However the deliberations

of this chapter provide physical reasons for considering
this type of topology chenge and a direct way in which it

could be parametrized in model calculations.
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6.5 Conclusion

It is clear that a treatment of changing topology
is still a long way off. However it does seem certain
that quantum gravity reguires some objects which are not
just smooth three-geometries.

To see this, consider the situation in ordinary

. (12)(106) '
auantum field theory
in a Fock space,? y Trepresentation because this gives

o This is usually presented

immediate access to the particle description. Alternatively,
the field aspect cen be emphasized by using an L® gpace
of state functionals (malogous to the usual gquantum
mechanical representation). It has been shown that Fock
space is unitarily equivalent to an L* space defined on " _
a certain space, S’, with a certain measure. Besides all =
‘the obvious field configurations, the space S’ also -
contains the distributions such as the Dirac delta -
"funetions™ and the step “funetionsg", 4

Now even free field theories with an ihfiniﬁe number
of degrees of freedom require distributions in order
to be able to support a representation of the canonical
cummutation relations in the usual functional form.

For gravity, what are the "extra" elements of the
appropriate domain space for the wave function? Are
these "disgstribution valued conformal three-~geometries"?
In particular, does the quantum theory require the con-
sideration of conical gingularities (cf delta functions)
and degenerate metrics (cf step functions) as idealizations
that must nevertheless be included in the structure of
"the theory? '
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APPENDIX I

Notations, Definitions and A.D.M. Decomposition

The standard notation of Greek indices/k,v yo oo
running from O to 3 for four dimensional space-time
objects, and latin indices 4, j , .. running from 1 to 3
is used, as well as the standard definition of the
Christoffel symbols ( of the second kingd):

&} : o

Tor = 38708, ™ G ) @)
The signature is chosen to be —,+,+,+, and the
"Ricei tensor is defined to be ~ |

o £ ' &
’3 v =:£ZVa(_-£:xv ng —'{:ﬁ [Lﬁ; ? (2)

following the conventions of A.D.M.(24) o Their 3 +.1
decomposgition of space-time is also followed. This

involves decomposing the metric tensor as
-N*t N'N‘: AC‘

‘g = | (3)
gf“’ . g"&
_.L’ Né
. 2 /L .
{ I Ay

where a presuperscript 4 indicates that the appropriate
tensor is defined on space-time, and ggiz,f)is the
natural metric tensor defined on the space-like hyper-
surface defined by the value of the time co-ordinete, x° .
The inverse of this three-metric is written as g" and
its relation to 4?4f can be read from (4). This three-
metric is used to define

g"‘# /\g . (5) A

The proper time between two surfaces labelled with
the parameters x° and x"+dx° is Ndx°and so N is usually
called the lapse function,‘ Similarly the quantities N”
are known as the shift functions because the tip of a
normal vector,‘whose base is at the point, ¥ , with co-
ordinates x* in the first hypersurface, can be connected
by a vecitor (lying in the second hypersurface with the
same spatial co~-ordinates 34) whose components are N“Qixa:
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///—-g | | Vx°

The intrinsic curvature of the hypersurface labelled
by »° is described by the Ricei curvature scalar,%?/z,xﬁ,
of the three-geometry. The extrinsic curvature of the
hypersurface (which describes how it is imbedded in
space-time) is given by

Ky = an (Vi +%its = a0 (®)

where the | symbol means covariant differentiation
using the three-metric. ' ,

It is convenient to. describe the extrinsic curvature
by the three-tensor density

where g. ig the determinant of the three-metric.
The action for the free gravitational field is
defined as

Te= & [RiFgd= @

where the coupling constant is set eQual to zero in this
thesis '

K= BT& = 4. | )

¥
By means of the A.D.M. décomposition and discarding a
four-divergence, the gravitational Lagrangian density
can be written in canonical form (with constraints) as
follows:

_mHNa. _ NP 10
Lo =Ty —me” o)
where ‘

o i _ A-f‘ | ,
¢ - T AR A
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and

It turns out that the Ab* are just Lagrange
multipliers and their variation give the constraint
equations

CTE, ghe) = 9 (13)

These are just the initial value equations.
The C* can be written as

c* =ajgN. 6" (14)
and
o _ _ g 4,00 o
L R LA s
where the Einstein-tensor is defined as _
R .
G/\V = R/AV - .l:L. R%/“‘) . (16)

~ If matter is included, then the action (if it exists!).

is defined as

. =TI, + I, | (17)
where | v | P : _ |
5T = <5 [ T £ A%

= 4 IT’W Sg/wj—_‘?d‘fx

Ausing '

o oV '
Sg’b = -9 g 5?7/“’ (19)
which can be derived from

Po — S /’
8' gc*\ Ao
Another relation whieh is useful when congidering these

variational principles is

cTE = L[ 4t eg., - (20)

o od g “ o

Variation of (17) gives the Einstein field equations
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G/«v = KT/:L(V . (21)
Finally, a dot is used to denote differentiation
with respect to time, .and a dash is used to denote
differentiation of any function with respect to its argue-~
-ment: that is

&A= 4

'Equations are numbered for each section.. If an equation
from another chapter or section is required, it is denoted
by a sequence such as 4,2(3) which refers to. equation{(3)
of chapter 4, section 2. Equations . which are given in
the appendices are referred to as ATII(3) in an obvious
notation. | ' '



APPENDIX IT

Calculations for Friedmann Metrics

Choose

dﬂi = - lvﬁvalifa +-F“%)Q/dzuch*?{xJ

A;_f . /\/’L = O , g "J R a(t) J?

Now
4 - - 2 ? ©o o _'.
"309 /V g - Nl
44 = N. = 200yt
. ;‘J":. N“' © ? - YL =0
4 44 _ AJ— N"A/JI _ Ay j,‘}
7T e

Also
J_4 = } ‘
g.—’\f%.
The Christoffel symbols are

a 09 ' y
- 147, = &

r::. _ i‘- g°/3(%a,g'j+g:‘;(§‘° —;go&,ﬁ)

o

[~ -]
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(1)

(2)

(3)

(4)

= 4 87 (ue s+ 90 m Fuie) + 577 (4 B 0s)

= o

Ro = 197 (Bepe * epe = Goop)

X (@)

fnee =4 ‘éo‘g(%;(z,; + 33(3,1 = 9‘4',/?>

- RR 4y
Na
r:é = S’:g*(g(ao/&'a‘f—%'yc “3‘;&1'.;)

(5)

(6)

(1)

(8)
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= 3% A/g(%éﬁ,{ T %ﬂx.{i,a' T %iae ) |
- Aﬂ;l (©)

which is defined as the Christoffel symbol for R = 1

The Ricei tensor is

Ree

,cJ'”

- e L, e TXnt -1

900 ), ©40 co ov o f:: - oo o -[}Ac}
= -34d R 4 N3R _3R (10)
At R ~N R R*
- x ® ' XA X
- FA.,Q - 11*"{4- oL “‘O‘/? e CFI:.OP;
= ¢ — ° _ d J K d ﬂ_
o4yd ,:0:"" [:J,A * ,:/-‘ GIK- - oA /,:3
= R A 4
R (r;& iy
= o] (ll)
= 1% % 5P R_pxpnef '
~3 s fd‘d /\‘J f:/_g AF I;'ag
=t _pt oo ° 14 tnA4
~) 0 Y 1£ /ﬂ,f,)é . /:"” [1 + /:J /:,A 'f'C; Iy
- £ — A & A y
lzgv Fg-o ,:"0 CA T a [Jo\.,
__o((RF'{)/J+A}Ré ST
= = |- . it 4. + 3R RR
At \N* )T N e J‘d R w2 "fcaf
_ AR RR J. L@, |
R /f% + @A}. ‘.
, XA
the Ricci tensor formed from the S
— KLA + L EQ(R +RR) - AII(VEN +NRR+KL /‘C
N ONZ ¢
— R, + {RR L3R _ARR] ¢ -?(1'2)
4 L3 AP 1T
—_ - 2 + 3 (13)



'The curvature scalar is given by

— +¥ _ — Ree AR
‘f’R = R’h,,% = " ‘f"? RA}
— -Rm., + L ’JAUR
N R d
- B L8R s R (AR
R*  w*R MR MR
where
R = J"d@q,
The Einstein tensor is
. 9 g 4
G'OO = Roa + éN' R’

R -

E aRl
° _  _ Geo
Go - -&i
_ -3 R* _R
t—N E—aﬁa A?\l
X}
- § RR Q2R — NRR
G;d' = ﬂ';;} +{ R * f* INE

— Q.. (-xRR LANRR _ K
R CONR NIt

o 4R+ 2N R
N2

110

- (14)

NE Q R*
N 3R
) + S_R'n
(15)
(16)
$4




111

Since the Friedmann constant curvature spaces are

Einstein spaces(ss),
R, = Mv/i-a' | (19)
i.e.

(20)

R = &4

Thug the Einstein tensor can be rewritten as

. o 3 . o .
i [_arR+® _aNR _ A y |
e (LR el

o _ By +h N
G, = ~° A | | (22)
B R* - L
Another useful relation is ,
3 3 . .
K = @ = % ‘ (23)

R*
. ‘ ° J.'
An extremely useful relation between 61', and the €

is now derived:

L(6) - -2 e8]

AR 4
ot 6; 7

o

- (24)

The gravitational Lagrangian density for a Friedmann
geometry is easily obtained. From (3),(14) and (20),

with K:":—;l ’

4
O{G = /\!@—. R
- T NR|

R*  NR N TR
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SRR ALY L bl |

Since a2 total time derivative can be discarded from the

action principle, the Lagrangian density written as
<2
7 :(F(é&l\“?—é@i), (25)
G N

3
By factoring out the jJTa{ X from the action (since a
constant does not affect the field equations) then
Lagrangian is

[, = 6Aur =6 R%I (26)

The momentum, T , conjugate to the radius, R, is
defined as

m, = 2ta (27)
R

— -1 RR (28)
N
Thus .
R

[
27 ]
, -
:TR+N((£K+EL\,
R 4R (29)
Another form of interest is obtained by setting
+ x
R=FRec (30)
This gives | . x 3  t3x
. O = R € >
= éﬁf‘»/&é - -z -  — .
Lg v (31)
With
* ’77—‘ P —;LG . )
* 3 (32)
_ . 3 fi:Bx R
_ —I:(Rc < A , (33)
T ehe =



The Lagrangian becomes

. _*
[, = T# + (AAR e
o 4

I
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A > 4 (ANRET

This can be summarized by noting that _
= J— S a .
NR™T, + TR = N~ + T x

Alsoof interest is the "York form" where

: 3
Y =R
becomes the Hamiltonian. From (26),

57 L

= 2 ((ANY® - 2Y )
v NY
_ _a Y
2 ﬁ!y ]

=1e) ~

L‘G = %gy y + 4 7gA/7”é

- T, -y Tr‘},‘Q + CANYE
- aT,

. . -’y :
= T,V + N(ﬁéygwf-é%)fﬂ'ya)

- f{ (7)) - YTy + N{EAY" 2y

. tx -ﬂ;?
e * r\/(g&i{e +2+Rfe_¢3==)(34)

(35)

(36)
(37).

(38)

(39)

(40)'
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APPENDIX ITII

The Scaldr Field ‘
The metter Lagrangian (density) is defined to be the

usual one for the scalar field (but written covariantly
. with opposite signature):

: s
2, - -1 (9700 ¢edY), @
which gives the stress-energy tensor (using AI(18) )

7;&;4 = .)/“{P-)vqb + g/uw L ’ | (2.)

where . .
‘ Y,
I = 1fﬁn —_ -1 A 2 ‘) SO
Use of the Euler-lLagrange equations gives the covariant
generalization of the Klein-Gordon equation

& -
ULN"p -mied = 2, (4)
where the Kl“ denotes the covariant derivative. This .
may be rewritten, using }—47 =:A/J~_, as

(VT ETRG) - Ng W= ()

In order to achieve canonical form, the momentum
canonical to ¢>1s defined as

T, = 2w e
- that is, by using (1),
TI_(P»:"—F;??”“D/‘CP - |
= B¢ - TE N, (7
Now the Lagrangian density 1.sNrewr1tten as

Ly =t [P (54 ’VN")WM
+lecjﬁéx¢,+m¢ ]

B



1 N 2 4 :
= =~ X T4 NJg d ) S | 2 12
23 ¢ g ¢ 2-95%6# LNnggS
h — N Tl I' N W—l { A
— — . — AN C 2,42
@?{4 iz e sMG 07 29y - Ingg wg
= Ty (¢ -n"2%e) -2 72 T
). (3 LA L N 4 ,
p (O] LTIt g 4404
S Lo omth® |
5 NIg e
= Myd - N(LTe G g4
+~ NF / 2 2
¢ a(g— <17 39694’7"@”\?5)
: (9)
-N7 W:}; }¢ .
This is precisely of the form required so that when
added to the 'gravitational Lagrangian density, the
structure is maintained, viz. a canonical pair of
dynemical variables is added and.extra terms are added .
to the Hamiltonian and momentum constraints (see Ryan(Sl)
for general remarks a_nd Desger and Higbie(76) for this
Lagrangian density with mass Zero as & special case of
 their considerations). Thus '
= —TMNg sy - T |
AKEL = TR 3P -n.C 4D (10)
where _.; ~ 13 n i LA A\
| e =-J3 R + L (T, - 3% )
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-;%‘wﬁ-cﬁ——éw{m‘sﬁ ®
= é\r_/;_/_wgbu__.z N@g«aa(ﬁ%d} _iN@mz¢z
TR RGN - dvg st
= Ty (¢ -n39) ‘i%ﬂ';, =3 MG 4404

= Ty -~ N(5T2 G g4
P (52 + 8 g 2934 +Fwg)
(9)

This is precisely of the form required so that when
added to the gravitational Lagrangian density, the
structure is maintained, viz. a canonical pair of -
dynamical variables is added and extra terms are added .
to the Hamiltonian and momentum constraints (see Ryah(sl)_:
for general remerks and Deser and Higbie 76) for this
Lagrangian density with mass zero as a special case of

their considerations). Thus

Akt = "—’T.Jég,; + g ¢'“ N, .Z/'* + & (io) '

where ~

c® = -J9.
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ct o= '—a-rr""';a- + a&‘ﬂrgpef’aécb : (12)

and

S = - a(w*"«i/\g —Lmdnt 1 Jg 9N, ),,- .

The divergence H is discarded, as before in the purely
gravitational case. Also, _the'Eins_tein coupling constant
is set equal to a half so that the dK factors disappear.
This is equivalent to rescaling the c;b (+ 7T¢,) by JEZ .
For convenience, the stress—energy tensor is re-
'expressed in ‘various forms here: o

T =9y d%d 8L (1)

/9\
and
'T‘/“V':‘_ %rﬂéﬁ 90‘¢ g/ocp + g’AYL . . (14)
N‘ow 2 . _
L= 42 197 %d3, ww
-—,’;}f_:cﬁ}icﬁ meb | (15)7
So _ ' ’ '
7.0 = k€ -5V s g gy
2 ¢'%¢-i”~‘¢’“"‘ =
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7:} - 4?%9.4; WEEEEN
= WL 5"4’94’%@ ”}qb %4 4§71 (18)

In the special case of a homogeneous scalar field, CF = ¢(t)

(L Tg 2 NG pzbe
£ = T N(ar%*‘:%'“f)) (19)
where , | o
Ty = _{1,3 ¢ . ' ' (20)
Also ) - - | B ‘
e L v 42 i
To= T8~ i T — o ‘<22)‘%‘—;ff‘
_,;,£= N"_ﬁl 1 _ , (23)
o N | -
and A .
. . X2
J _ J _ 1 T 2
7:' = 54 (i%; lhcﬁ)' (24)
The covariant Klein-Gordon equation, (5), becomes
3 (Wi 477 F) - N nd = o
i.-',-e
(- %cp) ) (NFI\/‘) NG md = -
which is ‘ . o
| 4 [N 4 T mid - o .
FAC R AR R S - ee
if - | -

E N{ZTNAY = o. o
(g o
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For a general scalar field with the choice of A&:; o |,

equations (16),

(17), (18) become

TS o= -t 8 -1gYe e it (@)
A= g% ¢ ud (29)
- Jz 5 .
Th= 3N 2% ¢ & (1L 5609 100
4 = T _ P a4 g (31)
T =TT - £ 573904 - ad
Now .
v _ v v oo y
G = R S T KT
- gives
-4 _ 4
R = ST,
vV 4 v .
R, = k(T -1807T) = L, (32)
v
8o the :Z‘ are of interest and are given by '
jao —.gl-{‘ -LML¢1 (33)
i i (34)
VAR 5%% ¢
T! o= oMb ¢ £ 4wd (35)
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APPENDIX IV '

Time Dependent Hamlitonlans

(32)

The time dependent Schrodinger equatlon is

(b)) B - 22y

Thus

}qa.q/ _ ;A3£'F*%§£ =,'g;8é%104,%3_ﬂx;&,4l+

2. }ql 4/ _ —-4gi§%;}P~ _ ,il%‘}q 14/ '(2)

Now
-A( Héd) A’%@ | |
’RL’ Ct) =T & 1#, (o '(3yuwu;

where T denotes time ordering, gives back

o . | . 1:A,
A% g;ﬁ (8 = HE) Y, (o). (+)
The Time ordermj may be om:ﬂ'ed

provided that [HE), H&' )y =o.
If it is assumed that 1+E(X'§)is such that

H q, (et) = EG) L{/ (x,t) (5)

which is interpreted as a contlnuously changlng eigenvalue

equation, then |
R I

Now from the ﬁime.derivative of (4) | B
H Y, + Hy = E Y +E Y,

which gives

' E

ﬁL 1 = E® qﬁa(}fjt) - | (1)
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" Thus, from (2), (5), (6) ’ .
oY < L . hd
E_(Jc)z};+4‘§ %21{/& + ARECIY =0, (5

Thig is the "Klein-Gordon" equation and the Schrodinger

equation is

AR e t) (9)
e | |
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