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ABSTRACT

This thesis investigates whether magnetic systems can support
type II behaviour, that is whether the Gibbs free energy of their domain
walls can be negative and their domain structure does break-up. 1In
type II superconductivity the domain break-up results in the Abrikosov
mixed state which is an intrinsic thermodynamic state where superconduct-
ing and normal phase co-exist in a structure which is independent of the
shape and the magnetic or thermal history of the sample.

Superconductivity can be written as a U(l) gauge theory, in which
the matter field is the superconductivity order parameter and the gauge
field is the electromagnetic potential.

The magnetic systems which appear experimentally to exhibit some

type II behaviour are spin glasses, chromium and FeCO In spin glasses

3
the domain walls have vanishing energy and are at best extremely ramified.
In FeCO3 and in cﬁromium, below the spin flip temperature, mixed magnetic
state appears over a wide range of magnetic field and is independent of

the shape of the sample. In spin glasses gauge theory plays an obvious
part since the fact that the spins point in different directions is an
indication of the curvature of the space, which is most directly described
by a gauge field.

A continuous gauge theory in magnetic models with frozen frustration
lines as sources of gauge field is studied and the curvature in the spin
space calculated. We shall discuss a specific model of a spin glass
(the X-Y model) thch is remarkably similar to the Ginzburg-Landau model
of superconductivity. The field around a frustration line and the
effective interaction between lines are calculated.

The problem of a random distribution of quenched frustration lines
is solved by the replica method and the correlation function between

replicas calculated. Finally, the stability of the mean field solution

for this model is discussed.
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CHAPTER 1

SPONTANEOUS BREAKING OF SYMMETRY AND GAUGE INVARTANCE

1.T Breaking of symmetry and gauge invariance

in field theory

Many of the concepts used in this thesis were first introduced
in field theory and it 1is worth making a brief reference to them in
that context before going on to the thermodynamics. As reference we
list the review papers by Abers and Lee (1973) and Coleman (1975).

In field theory the system is described by the field, a function
Y (X, t), and by a Lagrangian or Hamiltonian. One is interested in
the dynamics of the problem, usually small excitations above the lowest
energy state, In the language of Quantum Field Theory the small
excitations are the particles and the equilibrium (lowest energy) state
is the vacuum. A uniform equilibrium state is given simply by the minimum
of some function V(Y ), the potential energy.

Let us say 1 1is a scalar functionm and V(Y ) given by

A
v o= %W (1.1)

with (3 a positive constant.
The symmetry of the problem is evident: V is invariant under

the transformation

v — =Y (1.2)

The symmetry group is 22 , a discrete group.

If o >0, V(W) 1is a single well potential and Y =0 is
the equilibrium, This state keeps all the symmetry of the theory.

If o ¢ 0, V(W) is a double well potential and '1])2 = [t/
is the equilibrium. The system can choose Y= + Vix|/p3 or

W = - VI 1/B , and in any case the symmetry is spontaneously broken,



With V given we can write a possible Lagrangian density

2
o 2
c-(22) - 9wl v @2
which still keeps the Z, invariance,

2

The Euler-Lagrange equation, resulting from the minimization of
the action S dt d3x i:(1y ,Eﬁ&_,iﬁ'qj), gives the dynamical equation
of the classical problem. at

The physics near one of the equilibrium states with broken
symmetry will look very assymmetric. It i1s natural to take as the

matter field the displacement from the equilibrium, let us say from

W = 1‘/0 = \/ld|/@ , by defining a new field

Y=Y - (1.4)

In terms of Y,

2 2
vV o=- 1k 4+ 2l Y & 21 %l w’3+ _5_11;'1' (1.5)

26 2
The cubic term would have made it difficult to imagine the
symmetry by studying the small excitations about such equilibrium,

More interesting is the breaking of a continuous symmetry., As

a concrete example let us take 1? as a complex field.
i6
V= p¢ (1.6)

and U(l) = SO(2) the symmetry group of the theory, That means the

Lagrangian is invariant under transformation
lw -
qp — 1p e (1.7

where ) is a real continuous parameter labelling the operations of

the group (the angle parametrizing the rotatioms).



For the moment we shall assume that W 1s not a function of
position or time. This is sometimes called gauge transformation of
first kind on global gauge transformation.

The Lagrangian density can be written as

2 2 2 4
L= Iggt_/‘_ Bl - |- B V] (1.8)
ot 2

The equilibrium state for o { 0 is

I’!P|2= L (1.9)
3 X

with the same phase everywhere, everytime. Here again the equilibrium
spontaneously breaks the symmetry by choosing one particular phase.

In terms of (@ and B the Lagrangian density becomes
2, N A 2 2 4
°C=('g_t€) P (g_f) - Vel -p V6l -xp- pp (1.10)

The field © appears only through its derivatives. This
means the dispersion relation of the excitations associated with the
field © is gapless (or: the particle described by the field @ is
massless), In this particular case, the Euler-Lagrange equation for
the field @ (¥, t), when P 1is near its value at the equilibrium,
is the ordinary wave equation. Those excitations are called the

Goldstone modes.

Let us now enlarge the symmetry group to include transformations

.(d -v,
YE, ) — VE, e e (1.11)

with W a function of position and time. Those transformations are

called gauge transformations of second kind or local gauge transformations.



The potential energy function

v = ocl'dJ|2+ %qu (1.12)

remains an invariant in this enlarged group, but the Lagrangian density
(1.8) has to be modified. The problem is with the derivatives. Under

a local gauge transformation

: ‘W
'%‘L’ — %lt" e, L'a_‘: ye (1.13a)
t 3
— . L= W
Ty — (Tl + i(Fuve (1.13b)

2 — 2
and |[JY/9t|, |V 74;| , thus £ , are no longer invariant,
-
To restore the invariance we define new fields, A and @ ,

called gauge fields, which transform as

A — A+ kVWw (1.14a)
Q@ — Q- k3w (1.14b)
c At

(k and ¢ constants)
and instead of the usual derivatives we work with the gauge co-variant

derivatives

]
<

<
I

DA

X

D Y= 23U + LEPY
t k
ot
These co—variant derivatives transform as
DY — ¢ D (1.16a)
tw
b,y — e DY (1.16b)

2 2
Therefore | th |, H);'q/ ‘ are invariant, and the co-variant

Kl[l (1.15a) . .

(1,15b)



derivatives must replace the partial derivatives in the Lagrangian.

A and ® are new dynamical fields on their own and so invariant

functions of them must, in principle, be included in the Lagrangian.
The simplest ones are terms proportional to E2 and B2, with

E =-Vo— (1.17a)

O]
%I,

T = curl A (1.17b)

In elementary quantum mechanics we come across the problem of

gauge invariance when writing the Schroedinger equation for one electron

in the presence of an electromagnetic field. There the physical

meaning of A and ¢ is that of the vector and scalar potential

respectively, and the Lagrangian density is

. o a2
€= w{roy. ew)‘f‘ml(“ﬁ‘v‘g‘/\)”‘” +
WL 2 .2
+_‘_[i%_+ Wl - 1 |curA] (1.18)
8i1 L c 3t 81

To see what happens with the Goldstone modes in this case we shall

write &£ in terms of P and © :

L= iﬁp?ﬁ_pz(fﬂ §9+6¢)_£lvral - P2nTo _eR|,
C

at at m 2m
-I-i_\‘_a;",ir V‘P‘— o leurlAl] (1.19)
8T lc at Il

We see that 39 (and 96/3t) enters in well defined combination

with 2 (and @ ). Defining new fields



T = eA _Htve 4 (1.20a)
X c

cC = ¢ h 28 1.20b
N © 4+ N ( )

and noticing that

ki (3_5; +T7'Ct) — 13, o (1.21a)
e \at c at
€ cur1C = curl A (1.21b)
e X
we can write

2 2 (= .2 2 2

L = hpP —PCe- b [TplI" P Cx
ot 2m 2m
- -— 2 2 ppd
1 \%x + Vct\ — < feurlC| (1.22)
§Tig? | ot giie?

The new feature is that the dispersion relation for C, obtained
from the Euler-Lagrange equation, has a gap (Or: the particle described
by C has a mass) arising from the co—variant derivative terms (O 2Ct
and o) ZCi,IZm . In this way, due to the requirement of local gauge
invariance, the massless Goldstone mode combines with the gauge field
(Eqn. (1.20)) to produce a massive particle. In quantum field theory
this is known as the Higgs mechanism. The massive particle has now
all three polarizations (degrees of freedom): the two tranverse polar-

izations of the gauge field and an additional longitudinal polarization

due to the Goldstone mode.



1.II Superconductivity: An example of gauge invariance

in Thermodynamics

By thermodynamics we mean, in spite of its name, the macroscopic
equilibrium states of a system rather than its dynamics. Nevertheless,
a few ideas developed in the previous section (like spontaneous breaking
of symmetry and gauge invariance) can be found to be useful in this
context. The minimization of the thermodynamic potential replaces the
principle of least action and the field theoretical concepts of the
previous section can, mutatis mutandis, still be applied here.

We assume the macroscopic state of the system can be described
by a thermodynamical field ’41(2)° Because we are only interested
in the equilibrium we will not be concerned with time dependence. The
thermodynamical equilibrium 1s achieved by the minimization of the free
energy functional F(Y). The value F(?‘l)min is then the conventional
thermodynamic free energy. Of course F depends on other thermodynamical
variables like temperature and pressure as well. The role played by
the free energy functional in thermodynamics is similar to that of the
hamiltonian in conventional statistical mechanics and of the action in
classical mechanics. The (total) free energy F 1is written as the

volume integral of the free energy density f :

3
Po= {axt (1.23)

The symmetry of the problem will be reflected in the invariance
of f under the operations of some group. So we expect it to be
possible to write f 1in terms of the invariants of this group.

The equilibrium state may not have the full symmetry of f. As
an example let us see the case of a ferromagnet. The state of a
magnetic system i1s described by the magnetization vector fZ(Q) and

the theory is expected to have S0(3), the group of three dimensional



rotations, as its symmetry group. In the ferromagnetic state "
assumes a non-zero value (the same at every point) and the symmetry

group is a subgroup of S0(3), the group SO0(2) of rotations around the
axis of M. The free energy density can be expressed in terms of M?,
the invariant quantity in this case. The high temperature equilibrium,
the paramagnetic state, has no magnetization (M=0) and the full
symmetry is restored. The transition from para— to ferro-magnetic phase
occurs at well defined temperature Tc characteristic of the material,
but there is no jump in the magnetization which goes to zero as T
(temperature) goes to Tc (the transition temperature) in the ferromagnetic
phase,

This is a general feature of second order phase transitions
(Landau and Lifshitz, 1959; Chap.XIV)., The thermodynamical field
(called, in this context, the order parameter) can be defined such that
it is zero on average above the transition temperature and non-zero below,
the transition being continuous at Tc' Near Tc the order parameter
is small.

In Landau's theory of second order phase transition the free
energy density £, near the critical temperature Tc, is expanded in
powers of the order parameter, which in superconductivity phenomena is
a complex function ¥ , i.e. an amplitude and a phase (Ginzburg and

Landau, 1950). 1In the absence of magnetic field, £ takes the form
2 4
£ = £+ oy + B Pl (1.24)
2
where fo is the free energy density of the normal state, and near Tc

A = 0('(T-Tc) (1.25)

with &' and (@ positive constants.



The minimization of f gives the equilibrium:

V=0, £ =f for T > T, (1.26)

2 ol _ lat?
€] ’ ° 203

for T ¢ TC (1.27)

The physical meaning of % 1is that of some effective macro-
scoplic wave function for Cooper pairs of superconductor electrons and
Ly \2 the density of such pairs. So, in the presence of a magnetic
field, it is necessary to take into account that associated with a
non uniform order parameter, ﬁ?u; , there are currents interacting
with the magnetic field. The coupling term has to be gauge invariant
and therefore, by analogy with quantum electrodynamics, we write f 1in

the presence of a time independent magnetic field in the form

2 & - ¥ 2
g=f +olvl'+ Bivl ¢ 4 \(_L’hv_g A)'dl\ + ' h (1.28'
2 2 m* ¢ gii
- . . -> 4 *
A 1s the vector potential; h = curl A; e = 2e the charge of a
*
Cooper pair and m its effective mass.
2
The gauge invariant field energy h /8T is also included.

h is the magnetic induction (denoted usually, and above, by B ) and
inside the sample can be different from the magnetic field, which is
the same as the external magnetic field H if demagnetizing factors
are neglected. Of course B = H outside the sample.

The variational procedure to get the equilibrium is to be carried
out with respect to fields ¥ and A. Usually the variation of A
is not completely free, the constraint being given by the external source,
i.e. the constant magnetic field . That means the free energy
F = gdsxf = F(T,ﬁ) (called the Helmholtz free energy) is not

the appropriate thermodynamic potential to be minimized. Instead,



10
we have to work with the Gibbs free energy G = S d3xg = G(T,ﬁ);

g = f- —— H. I (1.29)

(a Legendre transform of £).
The equilibrium equations are the Euler-Lagrange equations

corresponding to the minimization of G, 8G =0 :

* *2
—— curlecurl® - f—ll_- WFy - YWYy + 2 |y 12 E=0 (1.30%)
41 2m™1i mc
ay + Byt ¢y 4+ (—LKV - gA) v = 0 (1.30a)
2w ¢

Because curl H = O inside the sample, the difference between
G and F amounts to a surface effect and the equilibrium equations
are the same as if we have used F (exception: Abrikosov mixed states,
to be discussed later). The importance of using the Gibbs free energy
comes when discussing the exchange of stability between superconductivity
and normal magnetic phase.

There are two uniform solutions inside the sample :

Y= 0, curlA= H§ (1.31)

corresponding to the normal state, and (below Tc> :

2 .
lp| = _?3‘_l , curl A =0 (1.32)

corresponding to the superconductor state.
Below Tc there is a critical field H at which the Gibbs
free energy is the same in the normal state as in the superconductor.
In the volume occupied by the sample we'can write, at the

equilibrium,



o]
2

g = £ - —HN— (1.34)
n 0 8 {

where s and n 1label the superconductor and the normal state
respectively.

Below a critical field Hc’ given by

B o= 4t (ol
c B

2
(1.35)

the superconductor phase is more stable, while above Hc the normal

phase is the most stable.

When there is no field present we can take A = 0 and Y =P
a pure real function. In this case the first equation gives (below Tc):
3 2 g2
_lalP+ B =F Vo - 0 (1.36)
mx

which has a characteristic length £ , the coherence length associated

with the spatial variation of the order parameter, given by

gl 1 (1.37)
2m¥ el
The other length in the problem, the penetration depth A

’

is associated with the magnetic field and a characteristic value can

be got from the curl of the second equation, assuming Y constant :
- ~ 42 2T
curl curl B =_4fie” [w[°h (1.38)
mi’cz

which gives the length

(1.39)

11



Now let us take a general state, described by qp(iﬁ and K(f),

and compare its Gibbs free energy with that of a uniform normal state:

Ac

S dBX(gs'-gn)

. — - 2 2 -
- | & ”m clyl?+ s 1 ((-nT- €R) Y[+ b - ’*l_hx
2 2m¥ ¢ CATRN BY

- Kﬂ, - 85\ k (1.40)

Multiplying Eqn.(1.30a) by ﬂﬁ and integrating we have

po

[ d% ‘uwlﬂ Blalts %W‘(_mﬁ- Ee*/'i) wr \= 0 (1.41)

Using this result in Eqn.(1.40) we get

= (& -ﬁlwl‘*+f_(ﬁ’-ﬁ’2] .
AG Xx{z = ) (1.42)

For H = Hc the free energies of uniform normal and super-
conductor states are the same and A G gives the energy of walls
separating domains of different phases.,

AG has two contributions: one positive of diamagnetic origin
and another negative due to the condensation of the superconductivity.
The balance between these two terms is not necessarily positive. If
the system can enjoy the condensation energy in a large enough region
before having to pay for the full diamagnetic energy, AG will be
negative. Such a situation occurs when the penetration depth A is
sufficiently larger than the coherence length E . One defines

the ratio

A
K =< 1.43
3 ( )
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If K > K ¢ = 1/ \/-2— then a plane wall separating the two phases
will have A G negative.

Superconductor materials are classified as Type I or Type II,
depending on the sign of the wall energy at fields near the critical
field Hc' If this energy is positive the superconductor is said teo
be Type I, and if it is negative, Type IL.

At H = Hc there is an exchange of stability between uniform
normal and superconductor phases, but Hc is not the highest field at
which superconductivity can nucleate when the sample is put in a decreas-
ing external field. To calculate that assume the superconductivity
just appearing, so one can take || very small and linearize the

equations. For V¥ we will have the equation

4 (-inT - g*A‘) Y o= jal Y (1.44)
2 c
The gauge field can be
- 1 = =
A = > HA x (1.45)

Eqn.(1.44) is the Schroedinger equation for an electron in a magnetic

field and from quantum mechanics we know its eigenvalues (Landau's levels):

£ = (en+l)e*sH 4 hk2 (1.46)
nk 2m*c 2m*

. . > . . . .
where n 1is an integer and k 1is a vector in the direction of H.

So we write

la] = (2n+1) e'hH & bk’ (1.47)
2m'c 2_m"
or
g = 2mc \lul - 1k (1.48)
2n+4 2m*



The highest possible value for H happens to be n =0, k = 0:

om e latl

g = 2cl® /2 xHE (1.49)

('.‘.2 A E* c

A type II superconductor will have ch) Hc and superconduct-
ivity can thus nucleate into a normal sample at fields H ) Hc, above
those for which superconductivity is a stable thermodynamic phase.

Before giving a brief account of the properties of type II super-
conductors we will show that the magnetic flux (or, more exactly, the

fluxoid to be defined below) in a superconductor can only be a multiple

of the quantum

27 eh
¢= — (1.50)

c

This is due to the single-valuedness of v . Equation (1.30b) can

be written

2 %

— ——
= >— curl b+ 2 = he Fo (1.51)
4T e* v ‘ e*

Taking the integral along a closed circuit

* 2 - - - N
nc §af . curl b % 2.aF = he § (¥g).dt (1.52)
tiie Ly |2 e*
-+ = . . . .
@ A.d is the magnetic flux ¢ and because Y is single-—
valued §(99).d? = 2nli So the quantity

x 2 =
¢ = ¢ +£—e792— § d‘e’.flu—f"l‘—:l (1.53)

called fluxoid, is quantized in units of 27itc/e

If a type II superconductor is placed in a decreasing external

magnetic field we expect (and observe) the superconductivity to start

14



nucleating at fields Hc larger than Hc (Eq.1.49). Below Hc
2 2

a periodic, triangular array of tube-like regions is set up, each tube
~ *
carrying a unit quantum 21 h e /c of flux (Abrikosov 1957), For

small fields (or in the extreme type II situation, with Hc /Hc-—e o |,
2

¥ — 0), those normal regions can be treated as lines (vortex lines).

In this extreme type II case we can take

2 o c? ot
lw‘ = -ﬁZ*Tcarz— = —é-_ (1.54)

constant outside the core, and write for Eq.(1.51)

2 End -> ‘Fl c G
A" curl® + X = 2 8 (1.55)
e

From which, taking the curl :

=y
i
O

AZ curl curl b + (1.56)

This equation is not valid near the vortex lines where there is
"a singularity. The correction term must ensure a unit of fluxoid

around the line. This can be achieved by modifying Eq.(1.56) to

A> corlewrl® + B = 2§, § 8 (1.57)
with R in the z-direction.
Since a.ﬂ = 0, the above equation becomes
2 2-' - A
- A VTR +h =z @ §® §O (1.58)

. >,
with h independent of z.
The solution of this equation is the Green's function of the two-

dimensional Helmholtz equation, that is Ko’ the zero order Hankel

15



function of imaginary argument :

%o

~

211

]

h(r)

%2

K (x/2)

(1.59).

16
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CHAPTER 2

MIXED STATES IN MAGNETIC MATERTALS

In the previous chapter we discussed some properties of Type II
superconductors, By Type II we mean a situation in which the non-
uniform regions (walls) separating domains of different phases of the
system can give a negative contribution to the total free energy.

That was shown to be the case for superconductor materials with large

ratio between the penetration depth 2 and the coherence length & .

In the presence of a magnetic field not larger than some critical value

Hc the usual domain structure breaks-up giving rise to a mixed state
2

(Abrikosov state) with both normal and superconductor phases coexisting

in a true thermodynamic stable state.

Our purpose in this chapter is to show some evidences for the
existence of the mixed state in some magnetic materials like spin glasses,
chromium and FeCO3. We shall take the opportunity to make a brief

review of experiments and theories on spin glasses,

2.1 Spin Glasses

The class of alloys known as spin glass is usually characterized
experimentally by a cusp in the zero field magnetic susceptibility and
the absence of long range magnetic order. The cusp occurs at temperature
TSG (the freezing temperature) characteristic of the material and is
rounded off in the presence of a magnetic field. At high temperatures
the susceptibility follows the Curie's law. Standard examples of spin
glasses are CuMn in the range of 1-5 at Z of concentration and AuFe
with concentration below 12 at.?Z (Canella and Mydosh, 1972 and Canella,
1973).

Despite the absence of any observed long range magnetic order,
experiments of Mossbauer effect (Borg et al. 1963) and meson absorption

(Murnick et al., 1976) show the onset of local internal magnetic field
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at temperature roughly the same as that of the cusp in the susceptibility.
The low temperature structure is pictured like an array of local magnetic
moments frozen at random directions.

In the metallic alloys the magnetic impurities couple through a

Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction:

cos 2kFr

(e ©°

J(r) = J

o (2.1)

which can be positive or negative depending on the distance r between
the impurities., The randommess in the position of the impurities
results in a competition between ferro— and antiferro-magnetic inter-
actions. In non metallic spin glasses, as for example cobalt and
manganese aluminosilicate glasses (Rechenberg et al, 1978), interactions
of shorter range than RKKY are responsible for the coupling but the
picture of competing ferro— and antiferro-magnetic interactions still
remains.,

When a spin glass is cooled in the presence of a magnetic field
a thermoremanent magnetization (TRM) is observed after removing the
field.. If the field is applied and removed with the sample at constant
temperature the magnetization is known as isothermal remanent magnetiz—
ation (IRM). TRM and IRM are different for small fields but both have
the same saturation value at high fields. The remanence can last from
a few seconds to about twenty minutes, with a logarithmic time dependence.

One important question in the theory and experiment on spin
glasses is whether or not there is a real phase transition. Generally
to a phase transition are associated critical fluctuations (divergence
in the correlation function) at a well defined temperature and a
manifestation of that is the non-analycity of thermodynamic quantities
and the onset of long range order at that temperature, The cusp in

the susceptibility strongly suggests a magnetic phase transition but
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the absence of long range order casts doubts on such assumption. Also
the difference in the value of the critical temperature depending on

the physical property measured (for example T G from the Mossbauer

S
effect does not quite agree with that of the cusp in the susceptibility)
would have to be ascribed to technical details in the experiments and
sorted out.

An interpretation which does not imply the existence of phase
transition can be found using Neel's theory of magnetic grains (Neel
1949). The spin glass is seen as composed of a very large number of
small ferro— or antiferro-magnetic domains behaving like magnetic grains
in Neel's theory. Each grain has an anisotropy energy W and the

dependence of the relaxation time t with the temperature T obeys

the Arrhenius law

W/k, T
t= te B (2.2)
o
In the interval dt after the time t the grains with aniso-
tropy energy between W and W + dW (with W given by equation 2.2)
will have relaxed and the decrease dM 1in the magnetization will be
given by
dM = -p(W) u (W)dw (2.3)
where p(W)dW is the probability of finding a grain with energy
between W and W + dW and u(W) 1is its average contribution to the
magnetization. Assuming p(W) u(W) constant and using equation 2.2
we get
L S negative constant (2.4)
d(logt)

Neel's theory explains the time dependence of the remanence and the

difference between TRM and IRM, but is in difficulty with the cusp
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in the susceptibility. For every measurement with a certain time
delay a grain with energy W has a defined blocking temperature Tb
and it will be necessary to have a very narrow distribution of Tb's

to explain the experimental sharpqess of the transition temperature.

Apart from the approach outlined above most of the work on spin
glasses assumes or tries to prove (or disprove) the existence of a
phase transition.

One of the first theoretical studies on phase transition in a
spin glass is due to Rivier and Adkins (Rivier and Adkins 1974), In
their model the spins are assumed to be statistically independent and
randomly interacting via RKKY. The probability distribution P(E (2))

for a local field H at # is then calculated from first principles

(it is a random walk problem). But P(H(®)) depends on the two sites

' T

conditional probability P(ﬁ(i), it ()), which in its turn depends omn
a three sites probability, and so on. The chain is broken by assuming
a short range order with a local magnetization m. The result is a
self-consistent equation for m with a non zero value below some
temperature TSG'
In 1975 Edwards and Anderson (Edwards and Anderson 1975) proposed
a kind of mean field theory of spin glasses with no spatial magnetic
order (even short ranged) assumed. Their definition of order parameter
in spin glasses and the way of evaluating the free energy of a quenched

system were bold enough and provided a lot of work on the theory.

Consider the system described by the hamiltonian

= - Ii5 5 S5 (2.5)
ij
For annealed systems the equilibrium is achieved with both sets {S}
(the spins) and {Jij} (the exchange interactions) treated as thermo-

dynamical variables. However if the system is quenched, {Jij } have a



probability distribution given a priori. The ensemble free energy

will be an average of partial free energies calculated for each

21

configuration of Jij's. Let us call Z({J}) the partition function

and P({J}) the probability for a particular configuration { J } of
Jij's in a quenched system. The free energy is the average of
—kT  Pnz:

F= -igT(faz) =<kt fa 9 ectI}) ez 1)

where Sd {J} ... means an integration over all possible
configurations.

Usually it is not an easy task to evaluate the average of fnZ,
and the so—called "replica trick'" is used. TFirst one calculates the
partition function of m replicated systems (that means with the same
fJ1) - it is just z®.  Then one makes the analytical continuation

from m integer to m real and use the identity:

Pnz = lim =(2® - 1)
m—Q B

In this way the problem reduces to that of calculating { Zm)

av’

usually a much easier job.

Edwards and Anderson demonstrated the existence of a second
order phase transition in the mean field solution of their model, with
the order parameter defined as the correlation between spins at same
site and different replicas.

() (B)
S, S,

1 1

1, = <

? , % #FLP

( o and ( are labelling replicas).

(2.6)

(2.7)

(2.8)
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From the Edwards—Anderson theory, Sherrington and Kirkpatrick
proposed a "solvable" model with infinite range exchange interaction
appropriately scaled with the number of spins (Sherrington and Kirk-
patrick 1975). This should lead to some kind of exact mean field
theory of spin glasses. There has been much discussion on the proposed
solution of this model and that is why we put inverted commas on
"solvable''. The problem is that the solution proposed by Sherrington
and Kirkpatrick gives unphysical results at low temperatures (like

negative entropy for example). They assumed

Qe T, (x#B) (2.9)

at the equilibrium independent of o and £ but as pointed out
by de Almeida and Thouless (1978) this particular stationary point is
not a minimum.

Some sort of symmetry breaking between replicas should therefore
take place in the spin glass phase but the correct way of doing it is
yet to be found. We are not going to pursue this point but just refer
to the review by Bray and Moore (1980).
2,IT Frustration

Now let us turn to the question of what is the essential feature
in a spin glass that makes its thermodynamics different from that of
other spin systems.

P.W. Anderson noted that "what is vital is that the interactions
be of random sign, or at least that the different interactions wvia
different paths between two given spins be competing" (Anderson 1977).
This idea was developed by Toulouse with the concept of frustration
(Toulouse 1977). In this section we shall be concerned with frustration

and its associated gauge field in spin glasses.



Consider the hamiltonian
o= = ) 388,
ij
This hamiltonian is invariant under the local transformation

S. — - 8. (for a given i)

so that, given a random distribution of positive and negative .Iij's,
one could attempt to recover a ferromagnetic hamiltonian (only
positive Jij's) by a suitable application of transformatioms (2.11)
wherever necessary. This turns out to be impossible in general, If
it were possible the thermodynamics would be the same as that of a
ferromagnet, except for the response to fields non invariant under
such transformations like an external magnetic field for example.

One simple example where such transformation to an equivalent

ferromagnet is possible is the Mattis model (Mattis 1976), where by

definition

with Ei = %1 at random.

It is just enough to make the transformation

. . S.
Sl —_— El 5

to see the Mattis model is thermodynamically equivalent to a ferro-
magnet. The disorder in this case is "irrelevant'.

Unfortunately (or fortunately) it is not always possible to
carry out consistently everywhere the transformation (2.11). To see

that clearer we shall restrict ourselves to an Ising model (Si =11)
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(2.10)

(2.11)

(2.12)

(2.13)
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with only nearest neighbour interaction 'Iij =21, ina simple

cubic lattice. Let us draw our attention to one particular face of

some elementary cubic cell. If there is an even number of negative
bonds there will not be any difficulty in finding a local ground state
configuration satisfying all the bonds simultaneously. On the other
hand if the number of negative bonds is odd there is no way of satisfying

all of them at the same time. The face (usually called "plaquette")

is said to be frustrated in this case (Fig.2.l).

FIGURE 2.1 - (a) Unfrustrated plaquette; (b) Frustrated plaquette.

We define a frustration function ¢ for a plaquette

- J 3 3 3
¢ 12 23 “34 a1 (2.14)

$ =+1 for an unfrustrated plaquette and =1 for a frustrated one.
¢ is clearly an invariant under transformation (2.11), and the model
cannot be transformed into an equivalent ferromagnet. Such disorder
as in Fig2.1(b) is essential. Incidentally, ¢ =1 in the Mattis
model, as befits irrelevant disorder.
In general for a closed circuit ¢ we define the frustration

function

b= T1 3., (2.15)

where the product is to be taken with the Jij's on the perimeter
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of the circuit c.

It is easy to see that

d=TT ¢ (k) (2.16)
kés
with k 1labelling the plaquette of some surface S bounded by the

circult ¢,

It is always possible to thread continuous lines joining the
centres of frustrated plaquettes (that means: so that the centres
of successive plaquettes along the same line be no farther than one

lattice constant). To show that it is enough to notice that

' 2
TT ¢ =TT Jy 1 (2.17)

kes (13)eS

for any closed surface 8. Therefore the number of frustrated
plaquettes is even and one can take them in pairs marking the entry

and the exit of each line. Those frustration lines either go to

infinity or close in on itself. They are the (line) 'defects" into

which the essential disorder is concentrated.

The above derivation is a wvariant of the proof given by
Rivier for the existence of disclination lines (see below) in ordinary

glasses (Rivier 1979).

If instead of an Ising we consider a vectorial model, the
spins around a frustration line will distort themselves from the
colinearity in order to minimize the energy. As an example we
draw in Figure2,2 the two topologically distinct ground states for
two-dimensional spins (usually called X-Y model) in an isolated

frustrated plaquette.
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FIGURE 2.2 - Two ground state configurations for an isolated

frustrated plaquette

Defining "parallel transport" of spins as that following the
ground state configuration, we see that one turn around the frustration
: Ll

line results in a rotationm of the spins by X Il .

The mismatch in orientation is known in elasticity theory as

disclination. (For an introduction see Harris 1977, and for the

linear theory of disclinations see de Witt 1970), The identification
of frustration lines with disclination lines was made by I.E.
Dzyaloshinskii and G.E. Volovik to construct a continuum theory of spin
glasses (Dzyaloshinskii and Volovik 1978). The information about the
disorder in a particular spin glass is given by specifying some gauge
field from which the density of disclination lines is derived. The
problem is similar to superconductivity in the presence of a magnetic
field where the induction (density of magnetic lines) is derived from

a gauge field (the vector potential). In the same way the coupling
between matter field (spins) and gauge field is defined by the require-
ment of gauge invariance (Invariance of the Hamiltonian under local
transformation of the type (2.13)). Extra complications in spin glass
are of two kinds: (1) The essential disorder (frustration) is quenched.
It is given a priori and cannot be described simply by letting the gauge

field be an ordinary dynamical variable. (2) The gauge group may be



27

non abelian., For example, rotations in three dimensions, which
certainly transform a Heisemberg spin E; in a gauge transformation
of the type (2.11), is non abelian. Superconductivity, XY spins
(group U(1)) and Ising spins (group ZZ) are all abelian,

Once we have a theory with matter field and gauge field inter-
acting one can speculate about Type II behaviour. Of course in the
case of spin glasses it may not be easy to evidence it experimentally
because there is no control on the sources: disclination lines are
created in a random way when the sample is prepared. Nevertheless,
highly ramified "domain walls" separating regions of solidarily frozen
spins could be regarded as strong evidence for Type II behaviour.

In the final chapter we attack this problem for the X-Y model in
detail, and show that Type II gives by far a better description of the

behaviour of an actual spin glass.

2.1I1 Chromium (Griessen and Fawcett 1977a and b)
Below the Neel temperature (TN = 312°K) and above the spin flip

temperature (T = 123.5°K) chromium is an antiferromagnet described

SF
by a transverse spin density wave (TSDW). At TSF there is a phase
transition to a longitudinal spin density wave (LSDW). Below TSF in

a field parallel to the direction of the LSDW and above the so-called
spin flop field (HSF) a change in polarization is expected (since a
TSDW can lower its energy more easily than LSDW in a longitudinal

magnetic field). The structure near H is usually supposed to be

SF
made of domains of different polarizations stabilised by demagnetizing
energy. This multi-domain state has been successful in explaining the
ultrasonic absorption peak in the antiferromagnet MnF2 (Baryakhtar
and Ivanov 1974) and has actually been observed by photographs (King
and Paquette 1973).

Griessen and Fawcett measured the magnetic torque and the magneto-

striction of a sample of chromium near the spin flip temperature in a
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magnetic field. We shall follow their papers first showing that a
uniform phase model in the full range of applied field does not fit
the experimental data for Cr then that the calculated range of magnetic
field in which an intermediate state (with two macroscopic domains),
stabilised by demagnetizing energy, can exist is too narrow compared
with the observed one, and finally how a mixed state, with domain
structure stabilised by negative energy walls, could explain it.

Let us consider the case of a uniaxial antiferromagnet with
polarization 6‘ (making an angle € with the wave vector 'a of the

spin density wave), in a magnetic field B (making an angle § with

a ). T 1is given by the minimization of the total energy: the
anisotropy energy is EA = 2K sinzq and the magnetic energy
E, = "B cos® (8 +n) -  X'H sin® (g +n ) (2.18)
- —_ . L
—r; , Q and H are in the same plane. X" and X~ are

the parallel and perpendicular components of the susceptibility tensor
- # L3 .
with T) as the minor axis.

At the equilibrium

Ksin2) = h’sin2(8 +7 ) (2.19)

with n2 = wxt - %'y, (2.20)

This yields the two solutions = O (LSDW) and 1) = /2 (TSDW)

for 6 =0 . The torque per unit volume is

2 .
z = Kh" sin 20 (2.21)

[(K-h2c0326 )2 + (hzsin26 )2]1/2

Near TSF the phase transition is modelled by assuming the anisotropy
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coefficient K 1linear in the temperature and changing the sign at TSF :

K = K (T, =T (R >0) (2.22)

The LSDW phase (K > O ) gives a positive T 1irrespective of the
value of the magnetic field.
The data for Cr from Griessen and Fawcett (1977) does not fit
the assumption of same phase over all range of the field (see Figure 2.3).

For low fields it 1s 1like LSDW, but for high fields it is 1like

TSDW. The behaviour between H; and H, (indicated on Figure 2.3)

suggests a domain structure.

T ferg
agk H LcnﬂkOe]
0
20k ;
10
o 22.5°
~\ﬁz
l ! ]

0 20 40 50 80 100 H{xOe]

FIGURE 2.3

Normalized torque perounit volume T /H as a function of the
magnetic field at 116 K.

Full line : experimenfzal results.

Dotted line : theoretical results using a uniaxial antiferromagnetic
model with anisotropy constant K = 3,51 x 103 erg/cm3 and

x=x" = 1.3 x 107 eSu/cm3.

Dashed line : theoretical curve assuming negative domain wall energy;
(from Griessen and Fawcett (1977a)).



If this structure were an intermediate state, the range

AH=H 1

n the demagnetizing factor and the subscripts

to the transverse and longitudinal phases respectively.
experimental values for the susceptibility of Cr the calculated

is roughly two orders of magnitude smaller than the experimentally

observed.

o ~H, would be of the order of 4T nHl( x" - x" ), with
T L

T and L referring

Using the
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AH

Postulating a mixed state stabilised by the negative energy of

the walls between LSDW and TSDW domains this wide range

explained. Griessen and Fawcett assume that wall energy as

Ew = - BKx(1-x)

with 3 a dimensionless parameter and x the fraction of TSDW

domains in the sample, and got

1/2
AR = 5H1[4(1—(3)]

A value of B~ 0.3 fits the experiments.

For more details on the derivation of the above expressions

AH can be

(2.23)

(2.24)

and comparison between theory and experiments we refer to the original

papers.

2.1V FeCO3

FeCO3 is antiferromagnetic below 38°k with a very large

anisotropy energy and the staggered magnetization parallel to one of

the axis of symmetry. In a strong magnetic field along this axis the

sample becomes paramagnetic. Dudko et al. (1975) measured the magnetiz-

ation and susceptibility of FeCO3 at 4.9°K as a function of the applied

field. In Fig.2.4 their results for the longitudinal magnetization are

reproduced. No transverse component of the magnetization was observed.
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Dependence of the longitudinal magnetization of FeCO3 on
the intensity of a magnetic field directed along the axis

of symmetry of the crystal (From Dudko et al. (1975)).

For a two sub-lattice model of antiferromagnetism a phenomeno-
logical thermodynamical potential F can be constructed (Bar'yakhtar

et al, 1972). Neglecting transverse components one can write

1 2 2
F = -Ea (m1+ mz) - bmlm2 - (m1 + mz)h (2.25)

o and m, are the longitudinal components of the magnetization in
the lattices 1 and 2 respectively, and h 1is the'applied field,
a and b are constants in our case. The values of oy and m,
are restricted to the interval (-1,+1) in units of spontaneous
saturation magnetization.

Minimizing F we get the various phases depending on the value

of h compared with the critical fields

h1 = =(b - a) and h, = -(b + a) (2.26)
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- At small fields (h ¢ hl) : antiferromagnetic phase m = 1 m, = -1.
At intermediate fields (h, ¢ h ¢ h,) : = 13 --bh*D
1 27 P T Ty a
At large fields (h > hZ) : paramagnetic phase m = 1; m, = 1.

Notice that for a > O, h2 < hl and there is a first order

. . _ 1
transition at ht = E-(hl + hz). For a < 0, h2 > hl and a

2* We shall call the

second order transition goes from hl to h
former case Type I and the latter Type II. The constant a is
related to the interaction between spins in the same lattice as can be
seen from the form of the thermodynamic potential, Therefore its
sign is basically determined by the second neighbour exchange inter-
action Jll' Then for Type II we can assume J11 ¢ 0.

The absence of the transverse component of the magnetization

in FeCO3 makes it difficult to explain the reduction of the longitudi-

nal component of lattice 2 in the state between hl and h2 within
the two sub-lattice's model. It could be thought that lattice 2 split
into two new ones with magnetizations making an arbitrary angle to
each other so that any intermediate wvalue for m, could be achieved.

2
This possibility is ruled out €£for FeCO3 because there is much
evidence that it behaves like an Ising model (only two states allowed
to each épin). The alternative is a multilattice model described
below.

The orientation of lattice 2 is determined by the inter-

lattice interactiom fm. If the external field h 1is large

enough to offset such interaction lattice 2 can split into several

sublattices. The number of sublattices with reversed spins will
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grow with the magnetic field allowing a smooth building-up of magnet-

ization. Suppose there are n new sublattices, each one characterized

by a field
= m o
h2i E bij 5 (2.27a)
]
k
= a + 2 Z bij (2.27b)
=1
n
= =a=2 2 biJ (2.27¢)
j=k+1
with bij the molecular field coefficients. The summation in the
second (or third) -line is over the k (or n-k) sublattices with
reversed (or not reversed) spins.
The effective field on the sublattice i 1is
hogepy =R+ b - h,; (2.28)
and we shall assume the orientation of the sublattice i changes at
the critical field h such that h . = 0.
cs eff 21
k
= - - + .
h, (b-a) + 2 Z b, (2.29)
i .
j=1
bij 1is a function of the distance rij between sublattices and must

decay rapidly with rij’ so the summations can be restricted to spins
near i. If all bij are positive, isolated spins further apart than
the range of the interaction will start to change at the field

h = h1 = -(b-2a) and a net magnetization will begin to come out.

In the same way the other critical field hc , the smallest field
2

at which all sublattices can have the sign of the spins changed, is

given by
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n
hcz_ = =(b+a) - 2 E bij (2.30)
j=k+l.
and the last solitary spins will change at h = h, = - (b +a).

2
Finally we will show that in the Type II case (hl < h2) the

energy of the interface between the antiferro- and para-magnetic phases
is negative.

We shall assume first (J.,) and second (Jll) neighbours

12

interactions only. There are six of each because FeCO3 has a rhombo-

hedral structure. Let us consider a single (111) layer and the magnetic

field along the [111] axis. The energy per spin can be written as

EA =6 le -6 Jll in the antiferromagnetic phase (2.31a)
- —¢ I _ _ . .
Ep 6 12 6 Jll My B in the paramagnetic phase (2.31b)
and
1 . .
= - J - - a .
EI 4 11 5 Mo H in the interfzace (2.31c)
= - - J 3 - - .
At H Ht 12 12/ B, the antiferro- and the para-magnetic

phase have the same energy. At this field the excess of energy due

to the interface is

AE = 2 J (2.32)

As we saw before, in the Type II case Jll is negative and therefore

the interface energy is negative also.
2.V Conclusion

In this chapter we have reviewed three magnetic systems whose
experimental behaviour suggests or hints at Type II behaviour. They

are spin glasses, Chromium, and FeCO The experimental evidence for

3°
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Type II behaviour is strongest in Cr (Griessen and Fawcett 1977), for
which only a mixed state hypothesis reproduces qualitatively the measure—
ments for the torque. Such a mixed state is also independent of the
shape of the sample, unlike its Type I counterpart, the intermediate
state, whose domain pattern is strongly affected by shape-dependent
demagnetizing fields. In FeCOB, the evidence is indirect (unobserv-
ability of transverse magnetization) but Type II follows naturally from
the simplest model ascribed. In spin glasses, both experimental
evidence and theoretical support are extremely weak, but "domains'" of
solidary spins obtained by computer simulation (see, e.g., Vannimenus

1979) have a highly ramified shape, which resembles more closely the

Abrikosov mixed state than the Type I intermediate state.
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* CHAPTER 3

CONTINUQUS GAUGE FIELDS AND SPIN GLASSES

It is almost evident that spin glasses should be described by a
gauge theory. The local invariance of the Hamiltonian, first pointed
out by Toulouse in the case of an Ising model and by Dzyaloshinskii and
Volovik in general cases, holds under a transformation involving the
spin field S(X) and a connection, the interaction J(®,§) between
spins. At equilibrium, the spins directions at different points define
randomly different vertical axis, and a connection is required if ome
wishes to compare energies of configurations or excitations involving
different points in space, as in standard differential geometry.

From a different point of view, the ramified boundary of domains of
correlated spins, exhibited by computer or model building simulations
(Vannimenus et al. 1979), strongly suggests that the walls between
different domains in spin glass have negative or vanishingly small
positive energy, in analogy with type II superconductivity. The latter
is a gauge theory, in fact it is the simplest continuous one, a U(1l)
gauge theory with minimal coupling to a complex matter field. The
gauge field is the vector potential X, and an external source of gauge
field can be imposed through an external magnetic field .ﬁ, by the

additional term in the Hamiltonian Hint = ;ﬁ..§/4ﬂ , where

- -
B = curl A.

In a spin glass we face two difficulties not encountered in super-—
conductivity. They concern the external source of gauge fields. The
sources are, clearly, the centers of frustration, the frustrated plaquettes
in lattice models, which are frozen in at random when the piece of alloy
has been made. Thus, the gauge field A (or the magnetic induction B)
are dynamical variables, but their external source (ﬁ) is an external

constant which happens to be random. Moreover, it can readily be verified
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in lattice models, and proven in general using topological arguments
(Toulouse 1979, Rivier 1979, and see also Chapter 2), that frustrations
are uninterrupted line defects which cannot terminate inside the
material., Furthermore, they only carry one quantum of frustration and
are their own antidefect. The topolocial stability of those defects
is associated with the fact that, for the manifold of internal states V
describing the spin glasses, the first homotopy group ﬁl(V) is
non—-trivial and equal to the two—elements group Zye _This second fact
is,of course, quite different from the electromagnetism of super—
conductors where Ti(U(l))= Z and the external magnetic field ﬁ,
although still a line defect, can carry any number of flux quanta.

But the fundamental difficulty of gauge theories which have appeared
previously in the literature, that of expressing the quenched nature of
the disorder (Hertz 1979),will here by bypassed in an elementary
fashion: the gauge fields are (annealed) dynamical variables, but their
external sources (the frustration lines) are quenched once and for all
when the alloy has been made by the metalluréist. Julia and Toulouse
(1979) have argued for a dynamical gauge field, without explicitly
constructing it, which reflects the modulo 2 character of its source,
the frustration, but we believe that it is not necessary and we shall
see that the bimodality will appear naturally in the dynamical wvariables,
(it is indeed sufficient then that the homotopy group of the manifold
of internal states of the field contains as a subgroup the homotopy
groups describing the static defects).

We shall be concerned in this chapter with a static, thermodymnamic
theory of the spin glasses. The dynamics can be added on in a straight-
forward fashion, either by going from a time-independent to a time-
dependent Ginzburg-Landau formalism, or by rewriting our free energy as

a Lagrangian by including time derivative in a Lorentz—covariant form.
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The time—dependent Ginzburg-Landau formalism is often favoured by solid
state physicists but can be quite ambiguous (see e.g. Sarkar 1980).

On the other hand, the Lorentz covariant formalism is unambiguous but
fairly remote from the experimental spin waves excitations, at least in
ferromagnets where they have dispersion W a k2, instead of the

covariant expression w « k.

3.1 Continuous Heisenberg model

We start by showing how a continuous field theory arises from a
lattice model with (local) gauge symmetry.
Consider a system of classical spins 3¢(i) ina simple cubic

lattice and described by the Heisenberg hamiltonian

# ==Y 3d7 5.5 (3.1)
3
with J(T:E) = %1 at random for nearest neighbours and zero otherwise.

The spins can be represented by their components in any arbitrary
frame of reference, but the Hamiltonian must be independent of that
arbitrary choice. Thus, if one wants to write the scalar product
o= A A P . . .

S(1). S (j) as a bilinear combination of the components along the
. . . . [ SIS 4
local axis, one has to introduce coefficients of connection A ﬂ(l’J)

. g <
between the basis at i1 and j :

55D = s, DA%, dD sPD @.2)

where the Greek letters are labelling some set of local cartesian axis
in which the spins are orientated ("spin space').

In Eqn.(3.2) and henceforth the convention of summation over
repeated index is agreed, unless otherwise stated. Also upper and lower

indices are consistently used for the contravariant and covariant
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components of vectors and tensors, even if the distinction is not always
necessary.

The group of operations taking from one basis to another is 0(3)
of proper and improper rotations in three dimensions.

It could be argued that as any state of S () can be reached
by a proper rotation we should restrict ourselves to the smaller group
S0(3) of proper rotations. However we will see that the continuity of
§(§), the spin field in the continuous model, will force us to choose
the manifold of its states one for which S0(3) and 0(3) operating on it
give the same result.

Under a local transformation the components s“(?) transforms

accordingly :

e (3.3)

->
s%@) — o), s
To keep the invariance, A“p(f,f) has to transform in the following

way

(3.4)

A

o 2 »lie pon  op
A ﬁ(l,J)—-—o[O(l) ] a,A/ch)O(J)

Transformations (3.3) and (3.4) are the generalization for Heisenberg
spins of the transformation (2.11) defined for the Ising case.

Here we have put the emphasis on the coefficients of connection
Aup(I:§3 rather than on the exchange interactions J(f;f) because that
will make more clear the dynamical aspect of the gauge field compared
with its frozen sources.

Up to an additive constant, the scalar product can be written as
the product of a difference :

H =% ; [s¥D-£ D I D P D] s, D-4 @D 3ED 5,D]
1,3

(3.5)



Near the equilibrium state and away from frustration lines, we
expect J(?,}’)-S'(ji’) to be almost parallel to S1). For J(-]:..,-_‘T)
negative this makes ambiguous the definition of a single-valued
continuous field g(i) which takes the wvalues §(?5 and g(ﬁ) at

-
*=1 and §=3. respectively and such that ?(3’) — 3(D as ?-—;-f

in the limit, Hence we define a double-valued field §(§), identifying

§.(§) with -TS(X), such that ?(3') = J(i.,-_:].)5‘:(3.)° Notice that the
manifold of g(ﬁ) is the projective plane P2 and not the sphere S

One gets this result by taking the co-set
v = G/H

between the symmetry group G of the Hamiltonian and the isotropy
group H which leaves 's'(Q) invariant (Mermin 1979). In our case

we can take G = S0(3) and H = Dy (rotations about the axis of 3

~ - o . -
and rotations by i around axes perpendiculat to S) since both spin

orientations are identified. If we include inversion G = 0(3), but

then H = Dooh (Dw plus inversion) hence V remains the same

projective plane P2 .

We should wonder why starting with vectors (i.e. objects with

direction and sense) in a discrete lattice we had finished with objects
with direction but without sense in the continuous model. The reason
is that to construct a continuous model one has to assume uniformity at

least at local level, in order to be able to define derivatives. With

- -
negative J(i,j) this is not possible if one insists on working with a

single valued vector functionm.

Of course now in this model a line defect is topologically stable

because the first homotopy group of the projective plane P2 is the

two element group 22.
<
The sum over j

and we shall use Latin subscripts to label directions in the real space.

20

in (3.5) can be replaced by a sum over directionms,

40

(3.6)



41

In the continuous model the difference will be replaced by a covariant

* ’ . 3 - - -‘ * ’ - - »
derivative. The j=covariant derivative of S(xX) 1s by definition:

- > -
p, 2@ = 2. @ + ¥ @@ (3.7)
hj %3 pi
where rgj(I), the Christoffel symbols, can be related to the

. iy .
coefficients A.ap (1,3) Dbetween nearest neighbours:

o

AaED -8y - arg® (3.8)

x . . . .
where SP is the unit tensor and a 1is the lattice constant.

Thus, in the continuous limit, we write (up to a multiplicative constant)

o= [ x 0590 50 (3.9)

The spin space can be curved and a measure of its curvature is given
evaluating the change in the component S%  when a "parallel transport"
of S is made along a closed contour. '"'Parallel transport' here
means parallel in the spin space. Thus the change after an infinitesimal

parallel displacement is, by definition,

. :
as® = - Ty s? ax’ (3.10)

and the total change'in a closed contour is

as® = §dS°‘ = - § f';j sP dx’ (3.11)

Using Stokes theorem this becomes
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€m
o _ _ h| 9 o £
AS Sds € s (Thm O
_ h tm ? o * 3 .
- - et e " G Tem 2P+ Tanglysfy (3.12)

j fm
(ds:| is the element of area normal to j-axis, and Ej is the
completely antisymmetric unit pseudotensor of rank 3).
For infinitesimal parallel displacement one can use (3.10) and

write

= - .13
=5 e (3.13)
Taking this in Eqn.(3.12) and re-arranging the indices :
o b ?m Ci fu r« r‘ E
= - —_— - S
AS &ds £ . [BXP om ynl g I (3.14)
fm -
We shall use the antisymmetric temsor ds = € pmd¥ dx , and
write
j ] fm
2 { m
Thus, using the identity
fm j ¢ om ? om
3 = &8 - %%
5 £ K k %3 : (3.16)

Eqn. (3,14) becomes

0 r~ _8r? re rd et igh
Sdsmi’}? fn 3@ Y olge pm T gmope |
X

B>
wn
n
i
N

3.17)
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fm
Shrinking the circuit to a point and writing As for the
value of the infinitesimal area enclosed by the contour Eqn.(3.17)
becomes

« & o 7 o ¥ 0
28" = 2[5 enm 2w ee Ty Tpa ~ Ty e ]s A Gum

from which we get finally

as® = '% RaemS " A e (3.19)
where R¥ is the curvature tensor:
Afm
°‘ = . _ 9 rs r*rd  _ ¥ (3.20)
Roenm 2 0T Taem PPT e oem T g™ e

- -
Consider now the constant vector field S(x). Constant meaning,

here, they are parallel in the spin space. Then

S s = 1 (3.21)
and
os?
Sp
For 3l one can use Eqn.(3.13), Therefore
x

rges?f S(; = 0 (3.23)

If the local basis for the spin space is orthogonal, the covariant
-y
components of S will be the same as the contravariant ones and, in

order to satisfy Eqn.(3.23),the symbols r'gg must be antisymmetric




44 .

in the indices B and ¥

e = _r¢
r %0 pe (3.24)
We can define the new coefficients b?
J
- §
i = Ll (3.25)
k| 2
or :
¥
ry . = &Y b,
B3 13 BY ] (3.26)
Instead of the curvature tensor R?”m one can use f;‘
m
(a pseudovector in spin space), defined as :
¥ §
2D ab «
£ - oo L A (3.27)
fm 3 x? 3 x° o« P m
which, as will be shown below, is related to R by :
fim
1 b o
£ - L oyop g (3.28)
Pm 2 & Pem
To prove that we use Eqns,.(3.20) and (3.26)
Led Priy. = 156@["’!‘“ SENC I RN pu oL S o
> £ Ropeg 2 % |3z fnm §:mf’9+zs?{3 3T pe

M
= Lc.rp “P?Exlr‘:_a__w) o ¥ Pb_bP")
ng [EP ("c)xQ X +E5FEP,9(b mbg)] (3.29)
Using identity (3.16) and
e¥ e e f = 25 (3.30)
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We get :
178 & gl o 1 78 5" :
ARSI - R A O
NN ALM
(bﬂ bm = b'm be) (3.31)
But
p “
e 8, (3.32)
and
1gf eS8 (bf‘\:f’ b, 53) = 26 Plb, b -b_ b))
7 % T 2 ?(’*“ mp g
o #L P
= fu(sbe b«n (3.33)
Then finally,
1,y p % - abmm _ 3by _ g7 b‘“bﬂ_{zr
=€ Rpem axt x™ «p 0 "m = lppy (3.34)

In electromagnetism of superconductors, both b? and ff
] m

point in a unique direction y in spin space. b? is the vector
J
potential Aj and fl? is its rotational, the induction,
m

Now we shall put the gauge field on the same footing as the
spin field taking it as a dynamical field. Hence one must include in
the expression of % the energy of the gauge field itself, i.e. an

invariant (under local gauge transformations) function of bq .. The

]
& g , and the Hamiltonian reads :

simplest invariant is fl 1
m 1lm
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2 -
# = (x (@5 @s*) + @0k b g

j Im Im ] : (3.35)

(k is a constant).

It may look preposterous to promote bg to a dynamical field.
After all, it was introduced as a coefficient of connection to take
account of the arbitrariness in the choice of the frame of reference.
From a field theoretical point of view it could be said that '"every
quantity that is not a pure numeral should be regarded as a dynamical
variable, and should be varied in the Lagrangian to yield an equation
of motion" (Yang and Mills, 1954, footnote). The point is that the
gauge field has sources independent of the spin field. They are the
frustration lines which impose curvature in spin space. But, differently
to what is commonly stated in the literature, the gauge field b{ (or

]
the "induction" ff' ) is not given by the frustration lines only, or

m
-
equivalently, by a given distribution of J(Y,j)'s. It is a dynamical
variable, and labels the state of the total system as much as the matter

(spin) field itself. And what is fixed by the quenching process is

not bq (or ff' but some "external field", now correctly described
J m
by the frustration lines. b? (or ff ) are response to this
J m

"external field".

3,11 The X-Y model

For simplicity and to stress the analogy with superconductivity,
we proceed to study the thermodynamics of a gauge invariant X-Y model.
The spin field, constrained to lie on an easy plane in spin space, is

. - X o . oY,
described by the complex order parameter P =8 +18(x =
(3(%) exp(i @ (;». The representative plane of the spin space (XY)
is completely arbitrary in the ordinary space (x, ¥, z). It is chosen

once and for all, and for the whole system. The symmetry group of the

model is U(l) = S0(2) of rotations in the plane (XY). The gauge field




47

to which (%) is coupled is here given by the "potential vector"
K(;) and the invariant function of A 1is | curl Klz.

The model is represented by the free energy density

£ = 7L v + alw(x)] +_r§3,lw<x>l +-87[cur1A&
J

(3.36)
where the covariant derivative 1is Dj = -,-;;a— - (i/k)Aj, with k constant

(see Eqn.l.15a), and & ¢ O 1if the spin have a finite length
P =Vixl/g | The localized XY model with well defined spin length
would be given by the limit (B3 —00 .,

In terms of 0 and © , £ becomes

2 2 o ] 2 § ¢t
£ = 31901° §p°(Fe- k'R + wp's oo s L leurt Al
I
(3.37)
As discussed in Chapter 1, the transformation C=2-kve
yields the Higgs—Kibble mechanism, i.e. a finite penetration depth
1/2
A\ o=k(L/gn a’()z ) / and a third polarization component for the potential

vector E, which becomes a "'massive vector particle".

External frozen sources are described by Lagrange multipliers

/_\)(;) which are localized at the sources of frustration. Since the

frustrations are line defects, K is a Lagrange multiplier constraining
the density of gauge field B = curl & to be finite along fixed lines
or more properly, at the surface of fixed thin tubes which puncture the
physical medium of our fields @ and _6 A (;) vanishes outside
the tubes.

The modified free energy density in the variational principle is,
therefore, the Legendre transform of £, that is, the Gibbs free energy

density g :
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— , 7:4 Z
g = £- N 88 g Nrcurl A (3.38)

$ (curl ]b A

If the (Helmholtz) free energy, £, is a functional of the
induction 'g = curl X, the Gibbs free energy, g, is a functional of
the external frustration field 7((;3 which acts as a local chemical
potential for the density of '"disclination" B (Dzyalosbinskii and
Volovik 1978). All this is quite familiar in superconductivity where
we must work with the external field H instead of the magnetic
induction B as an independent variable and with the Gibbs instead of
the Helmholtz free energy.

Minimization of the total Gibbs free energy yields the Euler-

Lagrange (or Ginzburg-Landau) equations:

2 3
g P r P £8P = 0 (3.39)
8'{1(5’/k2)p2 C 4+ curl curl -C? = curl/_\’ (3.40)
An unfrustrated (flat . ) model (Mattis 1976) would be
-
represented by A = 0, Then, the second Ginzburg-Landau equation

-
has for solution C = 0, thus the gauge field A= kae is a pure

gradient and the density of resulting disclination (the resulting
magnetic induction in superconductivity) vanishes B = curl A = O,

There are, in general, two solutions of the first Ginzburg-Landau
equation:
(i) pP =0 everywhere. This is the stable, high temperature solution.
(ii) In the extreme type II limit (¥ — 0, see below) for & < O,
P= P o - /p )1/2 everywhere except within a distance ! of the
core of the frustration lines. 1In general this solution corresponds

to Abrikosov's mixed state of superconductivity.
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) . /2 »_ € 1/2
Rescaling the fields, p = /(-& /3) , a= = (g/-a) ,
-
T . A 1/2 :
and = = (¥ /-a) emphasizes the two lengths of the problem,

the matter field length % ( the coherence length in superconductivity)
and A , the length associated with the gauge field (the penetration

depth in superconductivity):

2 2 2
-% YV op-pip@ +p) = 0 (3.41)
-2 2 - =
A pa +tcurl curla = curl? (3.42)
with
¥ = (5/-«)1/2 and A = k(P /-87 y « )1/2 (3.43)
The dimensionless ratio of the two lengths X = X /¥ =
ky (p/81 )1/2 determines in superconductivity whether the system is

type T (X < 1/V2) or type II (X > 1/V?2).
We recover the standard XY model with spin length P=p,=

constant in the limit 3 — o , x| — © and 2 _ «!/ @ finite.

)
This because, in the limit, the probability for P at temperature T,

exp[—(keT)’1 \dax{\ul{32+ ‘TBo“ 11 —

Y2
— [ 21k, T/0V] exn[ 38V /(kaT1] § (072 (3 .44)

(kB = Boltzmann constant).

2 2 _
Then f = (U/po (3 )1/2—" 0, A=k@B1 j Po) 172 remains

finite, and X — ©

In a spin glass it is evident that we are in the extreme type II
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limit. Indeed, a spin glass is a system sprinkled with frustration
tubes, while remaining fully magnetic, that is, p , the magnitude of
the XY spin, is maintained approximately uniform everywhere except at
the very core of each frustration tube (& — 0). If P was
vanishing, the system would be paramagnetic in that region.

The microscopic inhomogeneity will be carried naturally by the
gauge field c (which includes the gradient of the spin angle 66 )
over a finite length A . We are therefore in the extreme type II
limit where X—w |

The magnetic state of an extreme type II superconductor in a
uniform external magnetic field is well known (see Chapter 1 or Tinkham
1975, Chapter 5). Superconductivity is local, and the electromagnetic
properties are described by the simpler London's equation. The magnetic
state is unique and depends neither on the magnetic history of the
sample nor on the shape (demagnetizing effect), unlike type I super-
conductors, which can exhibit hysterectic and shape dependent effect.

Three critical fields are then involved: (1) The thermodynamic
field A o at which normal and uniform superconducting states have
the same Gibbs free energy. (2) The two nucleation fields, /\c , for
a magnetic vortex line to nucleate into a superconductor, and '

A o s for superconductivity to nucleate into the normal state. For

a magnetic field A < A o s Ve have uniform superconductivity if
1

A D /\c2 the system is entirely normal, while for A cl< ACA c
2

the system is in a mixed state of superconducting regions with normal
vortex lines containing one quantum of magnetic flux. The thermodynamic

critical field A . lies between the two nucleation fields
A c1< A e € A Cye Finally the surface energy of a domain wall

separating normal and superconducting regions is negative in type II
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superconductors, thus forcing normal domains to explode into quantum
vortices in the mixed state.

Replace the magnetic field by frustration, and vortex lines by
frustration lines, to visualize the situation in one spin glass. The
difference lies in the particular boundary conditions encountered in
one quenched spin glass, namely the frustration lines are given a priori,
and have been put at random inside our sample. A spin glass as
described by Eqns.(3.37) and (3.38) implies a concentration of frustration

such that A e § N CA o+ A realistic model of a spin glass
1 2

requires X =3/} —® to reduce the core of the frustration tubes
as much as possible., A simple calculation (Tinkham 1975, Chapters &

and 5), yields, in general,

A = @l taZ/e)t/? (3.45)

V2 x A, (3.46)

>
[

and in the extreme type II limit (X—> 00 )

A
Ae, = = (3.47)

1 V2 % Inx

Thus A ~ 0 and A~ o and the model given by
¢ 2
Eqns.(3.22) and (3.23) has a comfortable region of stability.
It must be emphasized that the interface between spin glass
(P F 0) and paramagnetic regions (within the frustration tube, @ = 0),
have negative energy and thus the system naturally accommodates the

frustration lines which had been put in a priori. The frustration lines

can have only one single quantum of frustration, and cannot therefore
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split into a bundle of lines carrying a lesser amount of frustration.
This leads us to look at the Lagrangian multiplier, the source of the
3 -b # - 3
frustration A (x) in more detail.
The frustration lines, being their own antidefect, must carry a
L3 -* I 3 .
field A (x) such that the circulation of the associated current,
—’
curl A , around a path encircling the line an even number of times,

vanishes. Thus, calling ¢ the angle of sweeping,

(P - -
) = d5-curlA(x) = 4ii periodic function of (3.48)
bi =0 K

The flux carried by a single frustration line has to be quantized
for reasons analogous to that put forward in the case of superconductivity.
But there are some differences. First, because the order parameter 7
is double-valued (as it was shown in Section I), the quantum is half
vortex: ¢ 0 il k, where k is the constant introduced in the defin-
ition of co-variant derivative in this model (Eqn.(3.36)). Second,
the flux carried by a single frustration line can only be I ¢>0. This

is a result of the 22 symmetry of the defect.

3,IIT Gauge field around a frustration line

The solution of the Ginzburg-Landau equations (3.39) and (3.40)
in the case of one single frustration line can be obtained analytically
in the extreme type II limit (¥ — O0) (Tinkham 1975 , Chapter 5),
and we simply recall it here. It is expected that, in this limit, and
for the density of frustration not too close to A , the spins assume

€2
their full magnitude P = (30 = (- o /0)1/2, except within a distance

I  of the core of the frustration lines. The first Ginzburg-Landau

equation (3.39) can indeed be rewritten as

2 2 2 2 2
-8 YV s l(EmC +p 1 =0 (3.49)
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C itself remains finite outside the frustration tube of radius § ,
since A>> % in the extreme type II limit,

In this case, it is clear from (3.49) that p = 1 everywhere
except within the distance ¥ of the core of the frustration line,

Taking the curl of the Eqn.(3.42), with p=1, we obtain an

equation for the density of gauge field B =curl C:

-2

A B + curlcurl 8 = curlcurl A ' (3.50)
which corresponds to the London equation of superconductivity, Equation
(3.34) is a Green's function equation for B. Indeed, in the limit
¥ — 0, the source in the right-hand side becomes a delta function in
the plane perpendicular to the frustration line. The flux carried by

. + * .
the source is _ ¢ o 3 So we write

-2 2

A\ B + curlcurlB = * ¢02 § () G .51)

with the frustration line along the z-axis, and z the unit vector
in that direction.

Clearly B is in the z-direction and Eqn. (3.51) is a Helmholtz
equation in two-dimensions and the solution is the Hankel function

KO( r/A) of order zero and imaginary argument :

-

-
(* FOOTNOTE: We recall that A was introduced as a source of frust-
. -3
ration. The term = Aescurl A

in the Gibbs free energy.(3.38) was

odd in A , so that a change of sign in A implies a change of sign

of Z or of E. This is indeed contained in Eqn.(3.50), But Eqn.(3.50)
is itself a Green's function equation, and R is carried by thin tubes.

-
The fact that A can have either sign is reflected in the orientability

of the tubes and in a flux : ¢ o)'



54

BE = *

z & _X_(x/2) (3.52)

where r 1is the distance from the frustration line.
The fact that the frustration line can carry a flux + ¢0

or - ¢ o’ [eans that the Ginzburg-Landau equations (3.39) and (3.40)
have two possible solutions with either sign for E: thus for the gauge
field A and the change in circulation of the direction of the spins
3@ . These are the two solutions of Villain (1977) with opposite
chiralities. Below, we shall show that both matter ({) and gauge (6)
fields can be integrated out to have frustration lines interacting in
an Ising-like fashion, which represents a more rigorous derivation of

Villain's result, generalised to a system of arbitrary dimension.

3.IV Interaction between frustration lines. Effective Hamiltonian.

The thermodynamics of the spin glass is given by the partition

function
— - - -y
Z = SJJP PC exp [-(l/kBT) fadx g(pc,C, A (® ) (3.53)
where SJHD pE’ means a functional integration over all possible

configurations of @ and E, and g 1is the Gibbs free energy
density given by Eqn.(3.38).

The functional integral in Eqn.(3.37) is dominated by the
configuration of fields (@ and C which minimizes the total Gibbs
free energy. We have shown that in the extreme type II limit (§f — 0),
the magnitude of the spin field p could be taken as constant every-
where except in a small region very close to the core of the frustration

lines. We shall take therefore P

2 2
iP » 2
o C -+ 1 l curl —C’l — ————

K2 8l 4 i

Po . Thus

L A . curl C (3.54)

g(®) = g (¥ =
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-

and the functional integration is only over configurations of C

g : 2 -
Z= SPC exp ["“]""‘ Sd (UZ" c + [ curl El S A .curl?]
kT

k g 410
(3.55)
The gauge invariance allows us to take —V’E = 0, This and
an integration by parts give
-—p 2 — - -
z= (9T exp [—-1— [ ok (‘p° ¢ - L 2T -1 (aurin ).C)]
kT K2 gii 41
(3.56)
which can be written as
= _1 d d - - >
Z = ST.Ipci exp [ - Y. de \dy C, (x) M (x,¥) C; )
* i
- T ldkx e ® (3.57)
(G ® )] -
i
where
1 1 50 1 2
SMEY) = = §EH (—F-—=— V) (3.58)
2 kyT K 81
and
X (X)) = -—'_1— curl 7\’ (%) (3.59)
41 kBT

The Gaussian functional integral (3.57) can be evaluated without

difficulty by filling the square (Edwards 1958) to yield

d d -> "1 .
Z = N exp —;— degdy [ Xi(x) M (;E’;)Xi(;) (3.60)
i

with the normalization
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No= (LT o, e [‘ ‘;‘ (o (& I ¢ u@Ee () (3.61)

1

Equation (3.60) indicates that the frustration currents, curl 7\) , of
every line interact with every other through an Ising-like interaction
in chirality. This was precisely the result of Villain, generalized
here to the three-dimensional space, and obtained more directly. Moreover,
it is clear that the specific character of the frustration lines, their
bimodality, which is a fundamental feature of topological defect in
glasses (Toulouse 1979, Rivier 1979), is independent of the character of
the spin field and that a Heisenberg spin field and, correspondingly, a
gauge field of the type introduced by Dzyaloshinskii and Volovik (1978),
will not modify qualitatively the result (3,60), only the actual form of
the interaction M_l(g, .

The inverse operation M_l(}'f,—};) is readily evaluated by using

Fouriér transforms :

-1, - - d Lo - a1 >
wiEH = @i (dadds’ emGa R w3 ew-id.7)  (3.62)
with
- -1
4 o oy kpT §(q-a)
MO(9,3) = 5 > (3.63)
K 8T
That is, with r = x -y and M = 81 5()02 /k2
Wlee)y = kT J.(r) (3 64)
B~ “d .
where
- T
J3(r) = e " /r for d =3 (3.65)
Jpr) = 2K (m1r) for d=2 (3.66)
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with Ko the zero order Hankel function of imaginary argument,

The effective energy of the frustration network, the exponent

of Eqn.(4.59), —E/kBT, becomes

E= -—L (& T (curl A@), I, (curl A M), (3.67)
2¢411) : *

That is an Ising-like interaction between the frustration currents.

Eqn.(3.67) can also be written as an interaction between frustration
lines:

2 2
1 d (d - A7 I4(0 3 Jq(@® -
E = dx\dy Z/\ (x)[S Z - ]/\(y)
~ 2 k km m
2(411) - : ari dr, Vr,
(3.68)
-1 2
The range of interaction is

. ), 1/
m = (k/81 § P, )

= A (since
~ 1/2 . . . . . .
po N (- /@) ) as it should since the interaction is mediated by
the gauge field.

Consider first the two dimensional problem (d =2).
—_

The vector AN is directed perpendicular to the plane and we
have frustration points instead of lines,

The integrations can be
replaced by sums over frustration points

(dx A G0 () — }; T f(x) (3.69)

is the frustration of the plaquette centred at &« .
Its sign is associated with the chirality of the plaquette. Moreover,

2 Z
2 Kol7r) Y K, (mr) 2
- - (mr)
; Brf ar, dry RO

(3.70)



58

Thus

o ,
E = m E T KTy /AT (3.71)
Equation (3.71) indicates that plaquette chirality have an antiferro-
magnetic, Ising~like interaction. Thus a pair of frustrated plaquettes
will have opposite chirality in the ground state. This result has been
obtained by Villain (1975). But here, the present of massive (p %0)
gauge fields gives the interaction finite range A , even in the absence
of an external field. For small distances, the interactiop is logarithmic

as in Villain.

KO(x) voo- fnx (x « 1) (3.72)
% 1/2
x (= exp (- x) (x> 0 ) (3.74)
2x

In the extreme type II limit considered here, the matter field
(the spins) playsa little role, in the absence of external magnetic field,
apart from giving a mass and an additional degree of freedom to the
gauge field (Higgs mechanism). It is in the presence of a magnetic
field that the matter field plays its own, separate part.

The presence of an external magnetic field requires another
Legendre transformation of the free energy, in addition to that imposing
the correct source of frustration K . Both the matter field (p,0)
and the gauge field A will be affected by this second Legendre
transformation, in a way which is indicative of the non-orthogonality

between magnetic (P ,0) and spin glass (X) order parameters.
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In three dimensions Eqn.(3.53) is more clearly rewritten as

follows:

2 -
E= —— (&{d DA GV 5,00 A G +
2(47)? N

fax{d V. A@ 5,(n F.A® (3.75)

N |-

Since we are taking 7? as lines carrying a fixed amount of
frustration, 3 . K = 0. Furthermore, V2J3( r) = Vz(e_”’r/r) =
Y 2 J5(r).
Thus:
B —2— (& 10 A G50 0 A6 (3.76)
241 ) k

It is possible to integrate over the cross section of the frustration
tube:

(¢ A@ T & = Llab, 7, &) (3.78)

o

-5
where P is the line coordinate along the frustration line «  and

Ty is the frustration flux carried by it. So, to an excellent

approximation
e-rdp/’z\
E = ¢ (3.79)
A 2 N r A
2(41 ) < “@
3.V "Conclusions

In this chapter the local gauge invariance of a system of spins

was represented as nothing else other than the equivalence of all local
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frames of reference used to describe the spins. The gauge field is

then related to the coefficients of connection between basis at different
points. The advantages of this approach are twofold. First, in the
absence of external magnetic field, the symmetry is exact even at small
distances, therefore the use of covariant derivatives in place of
differences between neighbours spins is justified. Should the local
symmetry be violated at small distances, as it is argued by Dzyaloshinskii
and Volovik, the use of covariant derivatives would be justified only if
the matter field .g(;) was defined as some average of the local spins
taken over a region large enough to guarantee the fulfillment of the
Symetry. Second, the dynamical character of the gauge field is not

in conflict with the fixed configuration of frustration lines given

a priori by the quenching process. Those lines are the external sources
of the gauge field.

Another relevant point is the change in the manifold of internal
states as one goes from the lattice model to the continuous one. In
the former it is the sphere (Sz) while in the latter it becomes the

- = - -
projective plane (PZ)’ in which S(x) 1is identified with -S(x),
making the order parameter double-valued. This was necessary in order
to allow a proper definition of limits (and derivatives) in the continuous
model.

The distinction between dynamical gauge fields and their fixed
sources raises immediately the question of which thermodynamical potential
to choose for the minimization procedure, which turns out to be the
Gibbs free energy. At this point the similarity between the XY model
of spin glass and type II superconductor in the presence of an external
magnetic field is remarkable. With this model we get an effective
interaction energy between frustration lines in agreement with previous

work.
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" CHAPTER 4

MEAN FIELD SOLUTION 'OF "THE

GAUGE SPIN GLASS HAMILTONTAN

In the last chapter we introduced the gauge field in a spin
glass system as a dynamical field whose sources were given by the
frustration lines. Those are lines, in three dimensions, commecting
the centers of neighbouring frustrated plaquettes without crossing the
bonds, or traversing any unfrustrated plaquette, and in two dimensions
they reduce to points at the center of the frustrated plaquettes. In
particular we calculated (Section 3.III) the gauge field around a single
frustration line and (Section 3.IV) the interaction energy between
lines in the XY model. The trace operation in the partition function
(Eqn.3.53) does not include the sources because the system is quenched:
the frustration lines are frozen when the saﬁple was prepared. Actually
the observed thermodynamic quantities are the average of the equilibrium
values taken over all possible configurations of frustration lines with
some probability distribution given a priori. They correspond to an
average over an ensemble of measurements. It is the ensemble average,
over a distribution of frustration lines, which we are going to perform
in this chapter. We shall use the replica method already mentioned in
Chapter 2, to write the average of the free energy over configurations
with a probability distribution assumed gaussian and white. The
averaging introduces an effective interaction between replicas and we
shall obtain the correlation functions for gauge fields and for matter
fields in different replicas. In this chapter we shall also discuss
the question of the stability of the symmetrical solutions in replica
space, This is not a trivial question: de Almeida and Thouless (1978)

have shown that the symmetrical solution of the Sherrington-Kirkpatrick
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model, which has been thought to be the simplest candidate for a mean
field representation of the spin glass state, was unstable. In this
model, we shall show that it is stable, and the mean field picture
obtained in this chapter is consistent. Correlation between replicas
in the absence of correlation within each replica, has been introduced

by Edwards and Anderson as an index of spin glass ordering.

4.1 Correlation functions for the gauge field

In the model presented in the last chapter, the partition function
for a system of XY spins with a particular distribution of frustration

lines is given by Eqn.(3.53):

Z(R) = §0pDC wxp [- (1 sT) [ glo(x), E(x); A(%)) ] .0
with
q(p, G N = £(e.C) ~ M) K adC (4.2)
and
0(0:C) = 176l + gt + (o2t + (YK ) + il I (4.3)
T =A_-kVo | | (4.4)

The quenching process introduces a random distribution of exchange
interactions which can be reduced (after gauge transformations: Fradkin
et al. 1978), to a random distribution of frustration lines ﬁ: , with
some probability distribution P(K').

As mentioned above, the relevant physical quantities are averages

over the distribution P(K ). Thus, for the free energy we have
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6y = ~keTVDA P(R) tn Z(A) “.5)

The evaluation of the average of a log function is usually not
an easy task and one resorts to the so-called replica method (Kac 1968;

Edwards—Anderson 1975) using the identity

hZ = gl_’r% (2" 1) (4.6)

ﬂ 3 - - L3
Z can be seen as the partition function for the system replicated

n times with the same P(K). Eqn. (4.5) becomes

(62, = ~koT fim " DR PRNZ"-1) = - kaT lim o' (<27, - () (4.7)

The limit n —» O, (which may involve analytical continuation
from n integer to a continuous variable) should be taken with some
caution, but we will assume that it does not give aberrant results.
(For a discussion of the problem, see Bray and Moore, 1979).

—

We will take the distribution of /\  gaussian and white with

NRIAGRY = & 3 8(%-%) (4.8)

where e 1is a constant. Thus

P(R) =N 2Xp [ (~1/2¢%) Sdgx /\2(_7{) ] (4.9)

with N a normalization constant.

With P(A) given by Eqn.(4.8), <Zn>ov becomes

* We shall see in the discussion (Section 4.IV) that spin glass corresponds
2 . . .

to e = —lelz._ The functional integrations (4.8-10) should then be regarded

as a formal manipulation, with the divergence absorbed in the normalization

constant N.
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(2™,

TR o) X DM”Dcwzxp[(-f/keﬂd;(am]

=4

T D™ {1l D wxp Lt/kT uz faip™ 1. (4.10)

NTDR exp [ - % ((262)A° - (aikTIR - Teut T) 1]

with the Greek letter referring to replicas and

Fm . ?((3 ) E*cau) (4.11)
g(d) _ (j(P(D” —"(u) /\) (4.12)

The integral in /A can be done by filling the square, and

Eqn. (4.10) becomes

— — 1
(2™ = $TT D TT DT pio(-/kT) gd&[gp‘“’_ (e2/32ﬁ2kg'l')£ aldC ardC®] 1)

-
It should be noticed that the averaging over A has introduced

an effective interaction between replicas through their gauge fields.
("0 s given by Eqn.(4.13), is the partititon function for an

effective free energy functional

G = gd%‘ {ZFM = (Y3257 T) 2 curl &yl TP ] (4.14)
¥ o

Let us investigate the case when one neglects spatial fluctuationms
in ¢ which will be assumed to take the constant value Oy (extreme

type II limit). This constant value (3, is assumed further to be
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independent of the replica, The stability of this replica symmetric
solution will be studied in the next sectiom.

Defining the Fourier Transform

-’

cels) < Sk eV e ) (4:13)

and noticing that

Z fd% cwl € cC). ard PR o L Z(2fT quC (q 8‘1 qu) -3) (4.16)

:P L,J
one can write
<Zﬂ>c|v = 7 %TT TT pc(“)(q') 2 1 Z d} Cfdl(ﬁb)M“@(q')C(m(_-q') ] (4.17)
P ‘ P 2 af 0 4 4 !
where
M(F) Z(Zﬁ)-siﬂfﬁz Qs +(4_5,, _ € )( _qq” (4.18)
Y 1 = ka T k2 N gii F 3912 koT 3]

and Zo = zxpt-('n\//k T( Olpo 2(3(39)]

V 1is the volume of the sample.

", =
The correlation function (Cm( ) C 1 (-9 )

. . . . . o«
field is the inverse of the hermitean matrix [M @@ )]

for the gauge

To show

that we will write Eqn.(4.17) in a more compact form
1.
e
3 ™MC

= <rz'“>°v = Tr e (4.19)

where C here is just the column matrix formed with iC-
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Then we introduce an external field h coupling linearly with C and

define Zn(h) :

-%8MC+#C
Zn(h) =Tre (4.20)

Thus

) -t
cey =7 "Trcce = z,' B2z, (4.21)

With the transformation

¢ — c-M'h | (4.22)
which does not affect the jacobian in the trace (4.17), one can write

LLTM'4M
Zo(n) = Zq e’ (4.23)

From Eqn.(4.23) it is easy to see that

(@) o\ A(F _ 18P (4.24)
So now our problem is to invert the matrix M., That matrix can be

written as

MT-F(_') 2 (A + Bu(7) (4.25)
o _(N)’kJ( (30 & + By()
with

Ail = (proz/kz) 8ij +(4/3ﬁ)(q28ii"qiqj) =/u?8ij +(4/8m(q26ij—qqu) (4.26)

?

B"J = “(92/32]721(31-)((128%“ qlqj) - _VZ(qZ BLl _q(qj) (4.27)
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where, for convenience, we defined

ut < gel c v e ikt (4.28)

The inverse of a matrix like (4.25) is easily checked to be

3 1
-1 of 271)" Ka T -1 R . -
M7= '(’I—?—' ({A 1,.56#, [A'BlA+nB] ],&) (4.29)

where n is the number of replicas.
The matrix A 1s a 3 x 3 matrix and its inverse can be shown

to be
A"1 .= ——4——- (61 + -q—'q—') (4.30)

the correlation function of a massive vector boson (Landau (1972)§ 77)
Defining

/u’z = ?ﬁ/ﬂﬁz/ﬂ— g nv?) and /ij = § /AZ (4.31)

one can write

{A”’B]aj = ,uz[SiJ- +(1//J’2)(q28;J—qiqj)] (4.32)

and its inverse

1
e 8 ) @39

[_A*T]B]—‘liJ

With Eqns.(4.30) and (4.33) we finally get

A w13 -~
M iJ.P(q) _ (U)7keT{ 8ua(8iy + q;q,/ %) " v2(q2 8- q:q;) ] 4.36)

2L i+ g/p) G RICETS
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The first term is the correlation function for a massive vector boson.
The second term represents the interaction between replicas. The
correlation function in the real space can be obtained by Fourier

transforming Eqn.(4.34). Let us do this term by term:

-ig-X =2 -gr
@ 5r _ 14 - (zﬁ)'sgd’qe e K i}: (4.35)
1+a g 1+ g%/ i Noor
q7p q/p hi
the Yukawa potential. .
: — ~MT
®) ¥y Qg = S A :4‘__2 ch e_’“
1+ q2/p2 (-i)? 3x,3x; teq2/pz 4T 3xox,
~fr
- A Iy ( i) e’ (4.36)
41 r
where
Litpr) = (1 + 2 4 3 yxx _ (4, A )5.. (4.37)
J ( ar (}”.)z)? (}7" (Fr)z 4
Notice that
T, - (4.38)
-2 42
© 5 ¥ _ AT [ﬂ 1 _ar }
(4+q2/p2)(1+q2//u12) /""2'/‘72 1+q2/lurz 1+q2//72
LA {/“'2 A& iﬁr] (4.39)
- ,u’z_/a? i r s T
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@) 47 3:; .4 [,u’z IT_ %G - iy 4 ]
2=2 =27 7. ) -JAF "
- MR [l“ Lilpr) e w?I(un) e7#T (4.40)
qﬂ“ﬂz_ﬁZ) r =

Collecting the terms together in Eqn.(4.34) we have

MAEPR) L 0N ke T 88y 491 _ 1 sup T _qm
|39} z }JZ 1+q2/p2 /MZFZ 1+q2/p2

P8 AT q? VT 4
e (eadpd)ted/pd)  pb (+q/p3)(sq¥u?)

= M—lau(} 6\3 _/U_Z _e-lur - Bop !‘lz I;)(pr) g_r *
2 Liﬁlllz r Lﬁ]/uz r

2, g, -
by VAR (/."29_}‘ -5 e}‘r) .
4% }A“ (Iulz_p‘?) r
LY (,a"‘las(ﬁr)gﬁr-M’zla(Pﬂﬂr) ]
’ul;;"P - i 7 r r

(i) keT erﬁ is,p(a ~15(37) 4

g7 v? _ =(p'-@r o 1ln
1_};'2;}‘,2 L(8; I,S(Pr)( ) - (& 1,,(}{\—))1 }

(4.41)

Now let us take the limit n — O. In this limit /U'—o P and we will
expand the expression in Eqn.(4.4l) in powers of €= 9inv? .  To the

first order in ¢ one can write
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A Y. (4.42)
M 1-€ 2
_(Iul_p)r - (o= A % 4- %E ir (4.43)
and
—(p'=gr _ ~
(w %) e A, (1eg) (1- efr) = 1+g(t- 777}, (4.44)
Ly(pe) 2 (1 v a4 3(p/p')2) XX _ ((ﬁ/m . (p/p')z)&j
pr (pr)? re Jir (pr)?
- (4 + 30-82) o 3(4—5))X.~x; - (4—5/2 L 1-€ )8.-3
fir (Ar)? ] v I SE
= I(Fr) - E( 3 + 3 )X{Xi + £ ("_ + 8‘) (4.45)
2Ff' (FF)Z r 2}_”' (pr)z

2
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So, with Eqn.(4.46) in Eqn.(4.41) we finally get :

fim M7 P(r) =

n-s(

= (2M)3 kgT irié P( L,(/Ar) + iy [5.3 + an —,U"( S x_x..\_” }

- (4.47)

4.II  Stability of the mean field solutions

So far we have assumed the matter field p(d) assumes an equilibrium
value {5, independent of the replica. The problem we want to investigate
now is the stability of such solution against the breaking of the symmetry
between replicas. This study will be done within the approximation we
have assumed throughout this chapter of neglecting the spatial non-
uniformities in (3, , and investigating only non-uniformities between
replicas.

Our starting point is the averaged partition function for n

replicated system (Eqn.4.17).

n i n D ) --V (,) (3 (ot
T = ST e LT [T LPT ]

(4.48)
o) & }, -
\n Dc"" 4 ng C” (§)c -p (-9)
et w0
Pray o
where V 1is the volume of the system and P4q( ) is the matrix given
by Eqn.(4.18)
of ) f (el)2 5 2 2
M"S (q) - i e Sur! i +(_(_8up - _& )(q S'}i‘qfqi)\
(2f) 3k, T U & g 3272k, T
(4.49)

1 KF:5 8 + (8 F‘W“Nq%ﬂ‘q””l
221, T
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with
2 8l ¥, (? 2 2
I P and - e (4.50)
% 32Tk, T
—_—

‘In all integrations in q , an upper cut-off A , of the order

of the inverse of the lattice constant, is to be understood.

The integration in the gauge field is gaussian and can be

evaluated. by the standard method with the result

n 3
$1n n D axp L] T o MG () P -
- 2 %p )
_ Vg, (3m Tn2ii _ 4 0mddM 4.51
= P imq\ ; ” l (4.51)

To calculate detM we first notice that it is the same as

detM, with

M@t (28, + Oy v 4| 8 (4.52)
22k, T
where the (/s are the eigenvalues of ngq - % 9; . These eigen-
values are 0, ¢, q . We then write
(4.53)

\ 1 V-Z'Q')S“P - smv?@i”

M o ddtM o 1T det
2(2M)%%, T

4

. The determinant of a matrix of the type ‘DMSNF-E of order n,-

is related to that of order n-1 by the following recursion

A (n) ’
relation:
n-4
Alm) - Dy Aln-1) _ E:_T‘ Dy (4.54)

To show that, one substracts each column from the next, and

expand the determinant in the last row.
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Below we illustrate for the case n =4 :

D,-E - £ -E - € D,-E =Dy 0 0
-£  D,-F -E -€ : -£ D -p, O
-E -E D;y-€ - £ 3 0 Dy -Ds
-E - - D,-¢ il 0 0 Dy

Dy-E -0y O -5 0 0
= D, -E D, -D; g} | Dy D, O
-E 0 D4 0 Dy -Dg

3
= D A(3) -ETT D,

azA

One can check by induction that

Aln) < (11 D\t-e] %:] (4.55)

ofz4

is the solution for Eqn.4. 54, and gives the correct value for n = 1.

Thus
n
M L (__4__) (2 ( 2]t ) (4.56)
22k T/ < pl+
that is
tM - 3n il (gl2e ) + 20 ( fliv? (4.57)
fdet™M - 30 tn (Q(Qﬁ)“k“T)Jr;?mF“ +2uZ’"}‘ +q°) 4 tm Zﬁ,ﬁqz)

The factor /_1,2 in the detM, which comes from the eigenvalue
©; = 0, corresponds to the longitudinal gauge modes (the modes correspond-
ing to the eigenvalue O of ng;i - Qiq; ). It is spurious in the
sense that it can be taken away by a convenient choice of gauge.
Indeed, all stable configurations of c (given by solutions of Eqn.3.40)
satisfy, in the approximation of ( = constant, the condition v-C=Q
thus the longitudiral mode can be gauged away. Notice that, while such

gauge can always be chosen for the field A = C + k%"e , this is not
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-
true in general for the field C, if @ is non-uniform. Thus, in
our approximation of uniform p , we do not have to include the term
-2 . . . . .
Enﬂ, in the exponential when evaluating the partition functionm.

Then the partition function becomes

(Zﬂ>°v S“ D,“a exp -V g;{a’]: + _?‘FL + ksTSqu?m(“' %)]

(4.58)
k,T\dqum | - giv? 1—
" (-7 ¢ /qZ) i
where
% = ok ¥y and B = pkY/(8Ty)’ (4.59)

In the mean field approximation the equilibrium configuration
is that which maximizes the integrand in the partition function, i.e.,
that which minimizes the free energy functional. From Eqn.4.58 , the

effective free energy density is

ST anZaBa T lad e B ] L kTS Ty - siv? (4.60)
%cﬁ‘;\f‘ g/‘deBSq ( q—z)]"“%q ( uz1+,uz/q2)
The extremization of 8. sg is given by
- 3 = 2
94t _ 28, 4 Qﬁp“3+ka'r\aa KT 9\‘V2kaTSdSq 2.9 = (
2 g (o) (i) (y ( snvzzh) (4.61)
qu*)“f '

There are two solutions symmetrical in the replicas: U, = 0 and

/(7, = /(71 + o. In this last case Eqn.(4.61) becomes

S4B ik ngq . Sﬁfzk{f d3q _ ¢ -0 (4.62)
0%+ 32 4~ $liyin (q2+p2)(qz+}1'z)

with /U /u / - $liny?) , as in Eqm.(4.31).



After the integrations, with the cut-off A for q, Eqn.(4.62)

becomes
a +fj};2+kgT [i‘ﬁ(/\ luTun"_i\_) + ?ﬁVZkBT zl'ﬁ {(/u,z'ﬁz)/\ +P;er-‘4 _ F,;faﬂ-4_4_
M (1- §imv?) ,wﬂ;,z Iz I
In the limit fliny? =¢ — Q one can write
Iu’z- a = F"E
/A”TMJA ~ FSTa'n"L + /]38{5 fan ! A _ M/A 'k -
M R 0 &7
_psgﬂfm\-u 7 AN l
8 m )
FETIN7
for later

In Eqn.(4.65) we did the expansion to second order in €

use, but in Eqn.(4.63) we only need the first order. Then, taking

Eqn.(4.64) and Eqn.(4.65) in Eqn.(4.63) we have

G+ AR+ keT ATA(- A tan A ], gy kT uﬁ/\(f-z& ' A o AN =0
AR A B (e gYR)

N is very large and M , near the transition, small, so we expand

the above expression in powers of U/A . Correct to first order in

/7//\ , it becomes

—_—

)+ fivT A (1 i‘ﬂ) = 0
4 A

&+(—3p2+\<BT WI\“—‘ l/;\ﬂ

o] =

75

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)
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&+ B % (VAk T+ €2n) - (2% T4 3Te?A)IEL = 0

We see already the two effects of the gauge field :

&9

a shift in the transition temperature, and (ii) a change of the
2

order of the phase transitions from second to first order, if e” = 0.

This is due to the term linear in

1|

13
in g _., to a term in -7| | where is negative. The change
eff M

of the transition from second order in the absence of gauge fields to

(weakly) first order in their presence was discussed by Halperin,

Lubensky and Ma (1974) in the case of superconductivity, and our result

Eqn.(4.68) and the relevant are identical to theirs in the

Beff

absence of frustration, e2 =0 =YV 2 (flat model).

The frustrated case, e2.¢ 0, will be discussed at the end of

the section.
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(4.68)

in Eqn.(4.68) which corresponds,

But we have not yet investigated the stability of the symmetrical

mean field solutions given above.

Pu=p+5u

the symmetrical solution,

For that purpose we will write

, where Yy is a small replica dependent deviation from
Thgn we expand Bars in powers of %d's.
The terms linear in U,
The difference %4$({P+%uk)- %wdkp\) is written as 2% %up%dqp
and the stability of the solution is investigated by finding the

If it has negative eigenvalue the solution

eigenvalues of %“F .

is unstable.

Let us expand the log functions in 8eff’ For }]¢ Q0 we can
write
- =2 2- 2
(a) ?’Y\(4+}A:/qz): ?m(1+/iz + /L‘lda+ldd)
q .2
shlteZ]) v 2E g, - 2E vl b
! Fisgf (B q7)° a2

will cancel due to the extremization condition 4.61

(4.69)
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) In L«- g1y ¢ ) 2 Inf1_ 00°] « (4- 2y, + 4, b B, )

a q2+(ﬁ+t5¢)z o Aq? fAt+ q (Fz+qz)2

= n (4_ fimye . STViQ? 2 Zlﬁ« . 9véq? \

¢4 q? (f?4q?) (F2eq?) Y pieq?  (B%q?)? e
= Ym(’i_ ?ﬁvz'nqz) . %ﬁvzqz.Z,ﬁ g—%“ .
Pleq? (% qd] s Simvlat]
2 2
+ i K R \Z‘jz _ Uit 2p) (1) (4.70)
(PrrO-qumytigt] L afeqz  (2eqd) 15 o[ 52, gmnyag ] (7241

Taking these expansions to Eqn.(4.60), the linear terms cancel

out due to Eqn.(4.61) as expected, and one writes :

i
~y
4
=
ir]
——‘
[
<.
oW

Ll (FegY) - g UPY)] - {& + 3p

kT TV (g% { t L biYe Hz%j i
1- $my? Y DIEY oL N Y 2

(T gy R (34,
1- 8lmy? qz(hp'z/qz)z(ﬂpz/qz)z

= e% 3&9 \ju \jp (4.71)



can be written as

3«@ =3 op %
where
B3R LTy oAV ﬁ“zkaT\d;q 1 | LYY
Qg2 A= §limp2 Pl pwqt) et ArpYE)
~ 2 2
9, - 2( fiy? )k;\d‘q Ay
g, = - —
. 1-—?"’7\1)2 q2(4+F|2/q2)2(1+p2/q2)2
To get the eigenvalues of qu one has to solve the equation
- = Jatllg,-N3 =
dt19,,- 23, ol = dallg-Nd, gl =0
The determinant of a matrix like that was obtained at the beginning
of this section. We can gee, by the same method, that
m=-1
d@t(%u(," Q\Sdra) = (%4"&) (%4‘5\""“%2)
Therefore %“F has two different eigenvalues: A, = 9, , which is
n-1 times degenerate and kz =4, + Mg, . In the limit n — O,

Rz—oﬁ4 , hence we have to analyse only A= q, and see if it can

become negative.
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(4.72)

(4.73)

(4.74)

(4.75)

(4.76)
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Let us do the integrals in 8> imposing the cut-off A for

large q
(a) (g t-j7q } qw\Aaq\ A \
QZ(HFZ/qZ)Z " (ﬁz+qz)2 (,U—Z+qz)2
_ 4 V+ A3t A _;ﬁ(_ AN _‘_m—'g”
(A% 5) 2 M 2N+ ) 2J Jz
_win ], 3EAN 2(/7//\””-'_{\_}
2 (44 gYA°) P (4.77)
(b)
! 1
%dzq 1 3 lm%dq ﬂ I 1 1
q2(1+}):?./q2)(4+}32/q2) A q2+)-‘-2 q2+/u12 (P;Z_pz)
- i“"‘ ZK(F'Z—/‘;Z)A +/u3‘ram"A_ - /,A'ZTMAAI] (4.78)
] M M
In the limit n — O one can use the expansion 4.65 and get
- \o\3 1 - uﬂ/\\« _ 3 te'n . AY/A (4.79)
"0 @l Y (14 Y e?) 2A e/

The next integral is :
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(c) \
[d% Y i of 16T i qu q" ‘ 1 ’ l
9% (14 p/q?) (1 5 a8)? ppt o gl

46?1'/321 BN 3F ' A 1 I/f’rw"i _/.u;m“LH
2 /7 -

= /U‘Z“Fz (AZ+F 2) 2 (4.80)

In the limit of n — O one has to expand the bracket up to

nz, because the factor multiplying it goes like n-z. Then using

(4.65) we get

(4.81)

tim {43 4t q? _igTiA Xﬂ 15 ton
m->0 -

9 (1s p¥/q2) (14 547 g

>
\c1l>

Now we can collect the results and write :

9 =8+ SERT KT WA g, 3EYVA et WA
?U+ﬁ?ﬁ)

E gﬁvz V - ?E'I-M\.4A + l*/‘-‘2//\2 ,ﬁl___ o . (4.82)
ji

A (12 @%0°)

Here again making an expansion to first order in,/a/A one gets

5 3an2.L biAKT (2+T0TvAT Il (4.83)
A it
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Therefore, near the transition, where /UAA<Z4 , the replica symmetrical
mean field solution of this model remains stable.
For ﬁ = 0 we have to be careful with the expansions in Y, in

the region of small gq. The first integral can be done exactly
5 § L e 1)) z]
qu?fn(ﬂ —q“?) - Z}n\dqq Wm(q“ja)- "q
- [aayd -y (4.84)
3

which, to second order in Uy gives the same result as Eqn.(4.69)

with ).’; = Q.

For the other integral, %dzq P (1’ ?’ﬁvzg g@' ) , the
expansion (4.70) for the I will not be valid when F =0 for ¢
smaller than some ¢q of the order of the largest %u , (let us call
it ¥ ). But the In  in the integrand is bounded (its maximum value
is %n(4-?ﬁvzm) ) so the contribution from q smaller than Y is
bounded as well and of the order of qu q2 , that is the order of
Y3, Therefore, in that integral, tgéydominant (to second order)

contribution comes from large q, where the expansion (4.70) is valid.

Thus, one can use Eqn.(4.70 ) to calculate %4 in the high temperature

region, where P = Q:
q,(f=0) = & 2 BAKe T (4.85)

which is positive for T Tc’ and so there is no problem with the

stability in that region.

4,IIT Comparison with the Hertz's model

It is worth noticing that the model presented here is not
equivalent to the quenched model studied by Hertz (1978). To compare

both let us calculate the 8afs in the Hertz model, using the replica

method.



82

In Hertz's model the gauge field is quenched with a gaussian

probability distribution

PT) = wp -_«\d’x\m?é’\z (4.86)
7

and the free energy density for a given configuration of C 1is

g . ap s Loy WC 4.87)
2 ke
if we neglect spatial non-uniformities in p .
Then: a 2 (d)q (c”z 2
- ‘—Sdsx\cur?az -k—iﬁ" ;YO((-)[ g ‘?P + gP ¢ ]
(zy =S11DC; e A UDPM o (4.88)
2 y -
= v s £67] e oo (o CEM @)
(a) kgl ) Ce iy
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Notice that in this model there is only one gauge field E’, while in

: 2 (o)
our model we have = C s after the replication.

d.etMI‘I is easily done and gives

2 2
dtm” & 1 )3 (Zﬂ %PW )(q2+ ﬂipwz) (4.90)
(zm’f;kgT V2 12 "

Here again one can exclude the longitudinal modes (represented
by the second factor in 4. 90) by a convenient choice of gauge. With

that taken into account we get, up to constant, the effective free energy

density gI:ff 3
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which is higher than for the flat model ( { = 0).

We can already see that Boss of Eqn.(4.60 ) is not reducible
H

to 8" Another point is that, in Hertz's model, the tramsition in

the mean field approximation remains second order because the terms in
. H . . . . .

(33 in g /n, arising from the presence of the gauge field and its

eff

. . . Ye .
quenching, even though negative, is of order n and hence
disappears in the limit of n — O. To see that let us take the

symmetric solution @, =p, and perform the integration in Eqn.(4.91):
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Hertz remains, therefore, apparently with a second order phase
transition as n —» O, but was not able to find a stable fixed point

in his model.

4,IV  Discussion

In this chapter we gave a mean field solution for the model
introduced in Chapter 3. This was done using the replica method and
in the approximation of neglecting fluctuations in © , which is
compatible with the extreme type II behaviour of the model.

The replicas are correlated in their gauge fields, even in the
absence of matter field @ , (see Eqn.4.34 ), but this is not a critical
effect. Thé phase transition is driven only by P

The solution symmetric in replicas is stable. Here lies an
essential difference between the present gauge model and the infinite
range interaction model of Sherrington-Kirkpatrick, which is considered
as the most obvious candidate for a proper mean field description of the
spin glass state. The replica symmetrical solution of the Sherrington-
Kirkpatrick model has been shown to be unstable by de Almeida and
Thouless (1978). Using the same method as theirs, we have shown that
the replica symmetrical mean field solution in this model is stable.

| The flat model (e =(0 ), i.e. 7< constrained to be vanishing, c.f.
Eqn.(4.8 ), yields identical results to those of Halperin et al. (1974)
for superconducitivity, that is a weak first order phase transitionm,
accompanied with a small shift of T,-

If the correlation between quenched, oriented, }; lines is
ferromagnetic, i.e. e2 >0 in Eqn.(4.8), the first order character
of the phasé transition is reinforced by the quenching (see Eqn.4.83 ).

It has, however, been shown in Chapter 3, that the frustration

-

lines A have antiferromagnetic interaction (mediated by matter and

gauge fields). It is the configuration of the line which 1is quenched,
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not its orientation. In Eqn.(4.8), this correlation was taken to be
local for simplicity. But the sign of e2 is then the only measure
of the correlation between orientations of frustration lines. It should
have been treated as a dynamical variable, like an Ising spin, e2 =% le]z.
However, because the important difference of energy between ferro and
antiferromagnetic orientation of frustration lines (Eqn.3.76), which is
obtained by taking into account all the configurations of other thermo-
dynamical variables (matter and gauge field), we can let e2 = -‘elz,
and consider e as an imaginary ''charge'" for the frustration lines in
spin glasses. (The manipulation in Eqn.(4.8 - 10) are then purely
formal).

With ez = - lel2 , then the frustration reduces the first order

o . 3 . .
character of the phase transition. The term 1n (@ remalns 1n Bofs?

but its coefficlent becomes positive as soon as

2
lelz P2 l ecri’(1 = % kBTc

For a sufficient amount of frustrakion, therefore, the phase transition
(in the mean field approximation) becomes of second order, as it should.
Note that e2 { 0 makes the free energy B.rf of the quenched spin
glass phase higher than that of the flat model, e2 = 0, (see Eqn.4. 60).
This is a feature of the spin glass phase that has been emphasized by
Thouless, Anderson and Palmer (1977).

Comparing our model with that of Hertz (1978) we see that, in
the mean field approximation, both have a second order phase transition
and the free energy increases because of the quenched disorder. Hertz
could not find a stable fixed point for his model. We have not, for
lack of time, analysed our model in the framework of renormalization
group and look for its fixed point. This must clearly be the first test
to the mean field solution presented here. But here, we have taken full
account of the cubic term in @F , and shown that for sufficient amount of
disorder it becomes positive and the phase transition becomes of second

order (Eqn.4.68 ).
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GENERAL CONCLUSION

Invariance under local gauge transformations have not yet been
fully explored in the theory of condensed matter. Of course, there
is the work following Ginzburg and Landau's approach on superconductivity
in which that invariance is fundamental to explain the properties of
non-uniform superconductors, but only recently has the concept of local
symmetry taken up the attention again among solid-state physicists,
after Toulouse's work on frustration in spin glasses,

The transition from disordered (more symmetric) to ordered (less
symmetric) phase is seen as the breaking of some symmetry. However
if the broken symmetry is a local one, the "ordered" phase may show a
very random aspect, Therefore gauge theories, dealing with local
symmetry, are natural frameworks for describing random quenched phases.
This remark should be_vglid not only for magnetic systems (our sole
concern in this thesis) but also to other systems like, for example,
ordinary glasses.

On the other hand a spin glass, with the magnitude of its spins
fixed and their directions randomly frozen, is like a magnetic system
with the usual domain structure broken—up completely. Such structure
is stable if the energy of the wall between different phases is negative.
The situation is similar to type II superconductivity, where, as we
said, gauge invariance is essential to explain it. In this thesis
we have investigated the possibility of such behaviour in magnetic
systems.

Spontaneous breaking of symmetry and gauge invariance are well
established topics in Field Theory, so we starte Chapteribythere in
order to introduce the concepts to be used throughout this work.

Still in Chapter 1, we reviewed Ginzburg-Landau theory of superconduct=-

ivity with attention to type II superconductors, as the best example
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of the use of gauge invariance in condensed matter theory.
Among magnetic systems, those showing experimental evidences

of a type II behaviour are spin glasses, chromium and FeCO,, and they

39
are reviewed in Chapter 2. Spin glasses deserved more attention there
because their physics is apparently simpler (the Hamiltonian is possibly
the simplest representative of its universality class), and they will
1

be the systems discussed in the subsequent chapter.

The local invariance of a system of spims is explained in
Chapter 3. There we work out the consequences of a very simple
postulate, namely, that the Hamiltonian is invariant under any choice
of local frame of reference for the spins. Then we define the gauge
field in terms of the coefficients of connection between basis at
different points in the space. The quenched set of exchange interactions
is primarily related to the sources of gauge field. In this way the
dynamical aspect of the gauge field is not in contradiction with the
existence of a frozen distribution of spins. The formal similarity
with type II superconductor is stressed in the case of a gauge invariant
X-Y model. The differencé is in the nature of the external field
(source§). In the latter they are the external magnetic field, which
can be controlled, while in the former they are the frustration lines,
fixed at random. We also calculated the interaction between frustration
lines and the result is an Ising-like interaction between the orientation

of the frustration lines, or the chirality of the spin patterns around

these frustration lines.

In the last chapter we used the replica method to deal with the
problem of a random distribution of frustration lines. A study of
the stability of the replica symmetrical mean field solution of our

model indicates that it is stable, but for a more definitive answer we
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should have to use renormalization group and 1look for its fixed
point.

Imnediate generalization of the work done in this thesis should
include the effect of an external magnetic field, which would break
the gauge invariance (in this case, the relationship between gauge field
X‘ and direction of the spins ©& ). It would also be desirable to

|

have a model system where the spins can point in all three dimensions,
instead of restricting ourselves to a X-Y model. It is likely that

a field theory in P (the two-dimensional projective hyperplane)

2

instead of Py would have the desirable properties.
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