A M-CONVEXITY BASED PROOF FOR THE PROPAGATION OF
CHAOS FOR WEAKLY INTERACTING STOCHASTIC PARTICLES

J. A. CARRILLO!, M. G. DELGADINO?, G. A. PAVLIOTIS?

ABSTRACT. In this work we give a proof of the mean-field limit for A-convex potentials
using a purely variational viewpoint. Our approach is based on the observation that
all evolution equations that we study can be written as gradient flows of functionals at
different levels: in the set of probability measures, in the set of symmetric probability
measures on N variables, and in the set of probability measures on probability measures.
This basic fact allows us to rely on I'-convergence tools for gradient flows to complete
the proof by identifying the limits of the different terms in the Evolutionary Variational
Inequalities (EVIs) associated to each gradient flow. The A-convexity of the confining
and interaction potentials is crucial for the unique identification of the limits and for
deriving the EVIs at each description level of the interacting particle system.

1. INTRODUCTION

In this work we give an alternative proof of the mean field limit for interacting particle
systems of the form

N
dX} = —VV(Xf)dt—%ZVH(X}—Xf)dt—F\deBf, (1.1)
i#]
where the stochastic processes X}, i € {1,..., N} take values in a domain Q C R? (that
can be the entire RY), B}, i € {1,..., N} denote standard one dimensional independent
Brownian motions, the interaction potential H : R — R is assumed to be bounded below,
symmetric, with certain conditions at oo in case §2 is unbounded, and A-convex, and the
confinement potential V' : 2 — R is bounded below and A-convex in (2.

Let us denote by u the N-particle probability density, which is symmetric due to
exchangeability of the particle system, and let us denote by pl¥ any of its one particle
marginals. The classical and well known mean-field limit result by Sznitman [25] shows
that interacting particle systems with globally Lipschitz and bounded interactions are
determined by a nonlinear Fokker-Planck evolution equation for the limit of the first
marginal MJIV as N — oo, usually referred as the McKean-Vlasov equation. In the particular
case in which these interactions are derived from potentials as in (1.1), one can work with
locally Lipschitz or singular interactions once the behavior of the potentials at infinity is
under control, see [16, 5, 4, 3, 10, 21] and the references therein for related results.

In fact, under the hypotheses on the confining and interaction potentials in the first
paragraph, the gradient flow approach developed in [26, 2] can be used to show that the
Cauchy problem for the formal mean-field limit of (1.1), given by the nonlinear McKean-
Vlasov equation

Op+V-(VV+VHxp)p) = Ap, (1.2)
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for €  and with no-flux boundary conditions on 99, is well-posed in Py(€2), the set of
probability measures with bounded second moment in 2. Therefore, it is expected that
the mean-field limit should hold in this setting, that is different from the classical setting
of Sznitman [25].

Our strategy is to derive evolutions of gradient flows at three different levels: the first one
at the level of the formal mean-field limit McKean-Vlasov equation (1.2) just mentioned,
the second one at the level of the N-particle probability density p/¥ in the set of symmetric
probability measures in the product space Psym(QN ), and finally the third one at the level
of probability measures on P(2), denoted by P(P(2)); naturally, the empirical measure
associated to (1.1) is an element of this space. In all these spaces, we assume the equivalent
growth condition to second bounded moments as for (1.2) but we avoid the subscript 2 for
notational simplicity. We show that we can naturally construct these evolutions based on
gradient flows using the A—convexity of the confining and interaction potentials and that
we can relate them by taking the limit N — oo in a suitable manner. To be more precise,
given X € P(P(Q)), we define

XN = / PN X (p) € Peym(QY),
P©)

by duality as

6. XN - /
( )Cy(ON) Paym (V) o)

([, o0)ar @) axo), (13

for any ¢ € Cy,(Q2Y), where p®V represents the tensor product

dp®N () = dp(z1)dp(x2)...dp(z ).
Then we can define rigorously our notion of convergence relating the sequence of N-particle
probability densities ¥ to objects living in P(P(1)).

Definition 1. Given a sequence {u™} yen, such that i € Psym(QV) for every N € N,
and X € P(P(Q)), we say that u¥ — X, if

1
lim —ds(p™, XN) =0
Ngnoo N 2('“ ’ ) ’
where da(-,-) denotes the 2— Wasserstein distance.

This notion of convergence was studied in [11] and it implies the convergence of the
one-particle marginal distributions towards a limiting density. Our main result can be
summarized as follows.

Theorem 2. Given A € R. We assume that V : Q — R is bounded below and A-convex in
Q, and that H : R? — R is bounded below, symmetric, \-convex and satisfies the doubling
condition,

3C>0: Hlz+y) <CA+H(z)+ H(y)) VYo, ye. (1.4)
Given {ud Ynen and Xo € P(P(R)), such that plY € Psym(QN), ud’ — Xo in the sense of
Definition 1, initially we have bounded fourth moment

1
sup N2/ |zt dud (z) < oo (1.5)
NeN QnN
and
1 1 1
sup " '] = sup { W (z)dpuf (z) da + N/ 15 log (1) dw} < o0, (1.6)
NeN NeN QN QN

where
N

i=1 i)



We consider Y : [0,00) — Psym () the unique gradient flow of FN with initial condition
uév under the ds metric. Then, for any T > 0 we have
1
lim sup ——d5(p™ (), X" (1)) =0,
N—=00 telo,71]

where
X0 = [ (5% dxole)
P(Q)

and S : P(2) — P(Q) is the (nonlinear) semigroup generated by the associated McKean-
Vlasov-Fokker-Planck equation (1.2). In particular, under the hypothesis of initial propa-
gation of chaos ,u(])v — 0py, then we have the propagation of chaos uniformly overt € [0,T],
and the mean-field limit holds:

) 1
lim sup —d%(,uN(t), (Stpo)®N) =0,
N—o0 te[0,T]

for every T > 0, and consequently u™ (t) — dstp, and
lim d3 (7" (), $*po) = 0,
N—oo

for allt > 0, where ,u{V is the first marginal of p'v.

Remark 3. e The hypothesis of bounded energy (1.6) as N — oo in Theorem 2 is
weaker than the well-preparedness for the initial data
F ]
li M = F[Xo)].
Ngnoo N 4 [ 0]

e The doubling hypothesis for H (1.4) is only used in Lemma 19, which shows the
well-posedness of the McKean-Viasov-Fokker-Planck equation.

e Our assumptions on the confining and interaction potentials V , include double well
potentials such as (1 —|z|?)2. For example, our results apply to the Desai-Zwanzig
model [7]. Note that A\-convexity of the potentials imply that in terms of regularity
both potentials are at least locally Lipschitz.

e The bounded fourth moment hypothesis (1.5) is set to obtain uniform compactness
in the 2-Wasserstein, and it can be replaced by a uniform bound in any moment
larger than 2, see Remark 14.

We now comment on the relation between this work and other works on mean field
limits for interacting diffusions. In addition to the already cited works on gradient flows,
this paper is motivated by [17] in which a variational approach was adopted for the study
of the mean field limit of the free energy functional for classical point particles in a box; see
also [12] and more recent work on evolutionary Gamma convergence [24]. In particular,
our goal is to provide a complete, self-contained proof of a propagation of chaos result
that relies only on analytical and variational arguments, in contrast to, e.g. probabilis-
tic/martingale techniques [18]. We also mention an alternative approach based on coupling
arguments [9] that also leads to a short, self-contained proof of uniform in time propaga-
tion of chaos results, see also related results on uniform in time propagation of chaos in
[21] for systems of weakly interacting diffusions. It should be mentioned, however, that
the class of drifts for which the results in [9, 21] are applicable, is broader to the A—convex
potentials that are covered by the techniques that are used in the present paper.

The rest of the paper is organized as follows. In Section 2 we introduce several notations
and transport distances at the different levels of description of the N-particle system. In
Setion 3 we exploit the A-convexity to show convexity of the corresponding free energy
at the N-particle symmetric probability density level. In Section 4 we summarize the
characterization of the notion of convergence in Definition 1, together with compactness



properties of curves in Py, (V). Section 5 is devoted to the proof of the I'-convergence of
the involved functionals as N — oo to the corresponding free energy defined on P(P(£2)).
Finally, in Section 6 we utilize the gradient flow theory on Py, (V) to define the corre-
sponding evolution semigroups characterized by their Evolutionary Variational Inequalities
leading to the passing to the limit as N — oo in the EVIs and our main result. The iden-
tification of the limit uses again crucially the classical gradient flow theory in P2(Q2) for
the McKean-Vlasov-Fokker-Planck equation (1.2).

2. PRELIMINARIES

2.1. Notation and Preliminary results. Let us start by setting up a similar framework
to Rougerie [20, Chapter 1]. Given Q C R? and N € N, the set 2V c R is given by the
product of N copies of . We say that a probability measure u~ € P(QV) is symmetric,
denoted by u¥ € Py (QV), if oxu™ = p? for any permutation o of the N variables. In
the literature, this property is referred as exchangeability. The n-th marginal, denoted by
pd € Pyym (M), is characterized by duality:

(W, 10 ) (), Prym(7) = /QN (1, wp) dp® (x)  for any ¢ € Gy(QM).  (2.1)

We note that by symmetry the marginal is independent of the variables we evaluate v on.
We consider TV : QN — KN < P(Q) the map given by

1 N
T (21,...,an5) = NZ(SI“
i=1

where ICV is the set of probability measures given by the average of N Dirac measures
and coincides with the image of TV. We define the empirical measure associated to
pN € Pyym (QN) as the image measure through T, i.e.

(N =Ty N € P(P(Q)
Note that taking X as g% € P(P(Q)) in (1.3), then

N ®n
@y = [ o0 = L. (]325) ap™ ().

Using the previous notation we have the following result.

Lemma 4 (Diaconis-Freedman [8]). Given n < N we have the following estimate for the

total variation norm
. n(n —1

For completeness, we provide a simple proof of this result.

Proof. Using the definition of the map (4")", we have
®n

(@Y = /Q ) % S| du(z),

vel'n

where I'yy is the set of maps from {1, ..., N} onto itself. Whilst we can rewrite

®n

1
N _
JT /QN N g 2, du(z),

TEXN



where Yy is the set of permutations of {1,..., N}. Now, counting the number of maps

leaving invariant N — n variables up to symmetries, we can compute that
N!'
= n'Nn :u’n + V’Vla

where v, is a positive measure on Py, (£2"). Hence,

N!
/nyn: <1_n!N”>’

N!
~N N
Loy <2 (1- 5.

The estimate follows by noticing that

AN)n

which implies that

N! n(n—1)

1-— <
n!N® — N

g

It will be useful to be able to easily distinguish between two members of P(P()), just
by looking at the symmetric measures they induce, see Eqn. (1.3).

Lemma 5 ([14]). Let X and Y € P(P(Q)), then X =Y if and only if for every n € N

/ P dX (p) = / P2 dY (p). (2.2)
P(2) P(Q)

Proof. We prove this Lemma by duality with bounded continuous functions Cy(P(£2)). We
consider the algebra of functionals { My, }ren, pec,@r) C Cp(P(R2)), defined by

My, ,(p) = / @ dp®*.
Qk

By (2.2) and Fubini’s theorem, we have that for any monomial M}, .,

/Qk . </P(Q) & dX(p)) - /m - </7>(sz) & dY(p)) ’
/p(m (/m i dp@k) i) = /P(sz) </m v dp@k) Y (p), (23)

Mip, X)eyp@)pp@) = (Mig, Yo, @) @)
By the general version of the Stone-Weierstrass Theorem, we have that the algebra of

monomial functions on P(€2) is dense Cp(P(2)). Therefore, by the density of the mono-
mials and (2.3), we have that X =Y. O

2.2. The Wasserstein distance and narrow convergence. In the sequel, we need to
consider the 2-Wasserstein distance in the space of probability measures defined over prob-
ability measures. Therefore, it is appropriate to give the definition of the 2-Wasserstein
distance and state its properties for general complete separable metric spaces. This frame-
work can be found in [26, Chap. 7] and [1, Chap. 2], where a more detailed exposition
and proofs can be found.

Let (S, D) be a Polish space, i.e. a complete, separable metric space. We denote by
P(S) the space of probability measures defined on S. We start by recalling the notion
of narrow convergence. Given a sequence {fy tnen C P(S), it narrowly converges to fioo,
denoted by

if
tim [ f(2) din(z) = /S J(@) djoo(w)  for anyf € C4().



We also recall a standard application of Prohorov’s theorem:

Theorem 6. Given a sequence {jin tnen C P(S), assume that

sup/ d*(z, z0) dn () < 00 for some zg € S.
neNJS

Then

{lin }nen is relatively compact.

Given p, v € P(S5), we define the 2-Wasserstein distance between the two measures by

1/2
Wa(p,v)=( inf D*(z,y) dl(z,y) |
m€ll(u,v) JSx s

where
M(p,v) ={mr e P(SxS) : mn(AxS)=u(A) and 7(S x A) = v(A) for any Borel set A} .
We define

Pa(S) = {,u e P(S) : /SD2($,£C(]) du(z) < oo},

where zg € S is an arbitrary point.
Now we are ready to state the fundamental properties of the 2-Wasserstein distance.

Theorem 7. [1, Theorem 2.7] If (S, D) is a complete, separable metric space, then the pair
(P2(S), Wa) is a complete, separable metric space. Moreover, given a sequence {jin }nen C
Pa(S), then

WQ(/an /’LOO) — 0
if and only if

tn — oo and / D?(x, xq) dpy(z) — / D?(x,x0) duss(z) for some zo € S.
S S

When S = Q ¢ R? with the usual Euclidean distance, we denote the 2-Wasserstein
distance on Py (£2) by ds to avoid confusion. Theorem 7 shows that (P2(2), d2) is a complete
separable metric space. We also consider the 2-Wasserstein distance on the probability
measures defined on Py(2), which we denote by ©9. Again, applying Theorem 7 we obtain
that (P2(P2(R2)),D2) is a complete separable metric space. To simplify the notation, in
the rest of the paper we will omit the subscript 2 in the definitions of the complete metric
spaces and refer to them as P(€2) and P(P(12)), respectively.

3. EXPLOITING CONVEXITY

In this section we consider the family of free energies

FNWN] = w aN +/ vNMlog(vY) dz,
Qv Qv
where
al 1
N _ AR R
W (xlaa‘/EN)_Z;V(‘IE’L)—'_QN;H(:CZ x])’
= 1#£j

We assume that V' is Ad-convex on 2, while H is symmetric and A-convex. Our goal in this
section is to show the following result.



Lemma 8. The potential WY : QN — R above satisfies the following Hessian identity:
Given any vector v € O, we denote its [(i — 1)d + 1 : id] entries by v; € R?. Then

DQWN(:xl,..., TN) ZD V(zi)[vi, vi] + ZD2 x; — xj)[vi — vy, v; — vj].
i=1 z;é]

Therefore, under the \-convexity hypothesis of Theorem 2 for V and H, W¥ is min(3), 0)-
convex and the functional
FNPY) - RU {o0}

is also min(3\, 0)-convex on geodesics and generalized geodesics of the 2-Wasserstein dis-
tance.

Proof. Using the fact that differentiation commutes with summation, we only need to
consider the second variation of each individual term. We notice that

D3V (xi)[v,v] = DFV () v, vil,

where D%,V (z;) is the Hessian of V(x;) considered as a function from QY to R while
D2V (z;) is the Hessian of V considered as a function from  to R, evaluated at ;.
Similarly,

DijgH (x; — xj)[v,v] = DGH (2 — 5)[v;i — vj, vi — v].
The formula for the Hessian of W follows by summing up these identities.

We now show convexity. First, if A > 0, convexity follows. Assume now that A < 0; we
notice that by applying the formula and using the A-convexity of V' and H, we obtain

D2WNU v >Z:D2 x;)[vi, vi] + ZDQ x; — x5)[vi — vj, v — vy
1=1 z;é]
1
>ZA|vz|2+§Am—vJ|2>A 1+N;|vi|2+|vj|2
17£] 7]

Taking the infimum in the previous inequality over unit vectors, we deduce

1
‘vﬁgleQWN[v v > A1+ N SUP SN 21 Z il + v |* | >3
2 i#]

The fact that the functional
FNP@Y) = RU {0}

is min(3\, 0)-convex on geodesics and generalized geodesics of the 2-Wasserstein distance,
follows from [2, Propositions 9.3.2-9.3.5-9.3.9], finishing the proof of Lemma 8. O

Remark 9. We notice that the previous computations are reminiscent of the convexity
estimates in [15].

4. CONVERGENCE OF THE METRIC AND COMPACTNESS IN P(P(12))

In this Section, we show first that the convergence introduced in Definition 1 implies the
convergence of all marginals of the N-particle distibutions pV as N — oco. Then, we will
focus on the compactness of curves in Py, (V) towards elements in P(P(£2)) as N — oo.



4.1. Equivalent characterizations of the metric. The point of this section is to give
alternative characterizations to the convergence given in Definition 1. In this section, we
show the following Lemma which can also be found in [11].

Lemma 10. [11, Theorem 5.3] Given X € P(P(Q2)) and a sequence of symmetric proba-
bility measures {uN Y nen, then the following are equivalent

(i) p — X in the sense of Definition 1.
(ii) For every n € N, the n-th marginal converges, that is to say,

lim d3(pd,X") =0 for every n € N,
N—oo
where
X" = / P2 AX (p) € Paym ().
P(2)
(iii) The associated empirical distribution converges,

lim D3(aY, X) =0.
N—oo

The proof of Lemma 10 can be found at the end of this section, after we introduce the
necessary key observation obtained in [11, Proposition 2.14] that we reproduce here for
the sake of completeness.

Lemma 11. [11, Proposition 2.14] Using the previous notation, we have that
1 N N ~N ~N
Nd%(:u’ vV ):CD%(M yV )
In other words, the mapping induced by TN is a scaled isometry from Psym(QN) to
P(P(92)).
Proof of Lemma 11. Step 1. We start by showing that

N 1
DY, ) < - d (N, oY), (4.1)

We consider 7p € m[pY, V], the optimal pairing. By taking the push forward we have
(Ty x Tn)#mo = g € T[N, #V], and thus

D3N, o) < / (p1, p2) do(p1, p2)
PQ)xP(Q)

Computing the right-hand side, we get

N N
1 1
d2(p1, p2) dII ) :/ 2| = On;y — 0y, | dmo(z,y).
/73(9)@(9) 3(p1, p2) dllp(p1, p2) A NE NE:y o(7,y)

i=1 i=1
Combining the previous equation, with the identity

1. 18 1 &
2 . , 2 N
d2 <N215me215y1> _lglelgNZl’l'l_yo‘(z” for any :E?yEQ )
1= 1= 1=
we have the desired inequality
1 N

23N, ) < — min Y (i — Yo(i))? dro(z,y)
QN QN oEY =1
1

B N QN x QN
1
= ng(/LNaVN)a

by using the symmetry of vV, which shows (4.1).

| — y|* dmo(z, y)



Step 2. We now show the reversed inequality

D3N, ) > d3 (™ ), (4.2)

1
N
We take II; € H[aY, "] ¢ P(KN,K") the optimal pairing. Using the inverse of TV,
TNGED Ky — QN we notice that
m = (TNCD x TNEYT € [N, o],

is an admissible pairing. Moreover, we have the identity
1 N

035N, oY) = / d3(p1, p2) dll1(p1, p2) = — min Y (2 — yo;))* dmi(z,y).
KN < ICN N QNXQNOEEizl
(4.3)

In what follows, we massage m; to show the desired inequality.

First, we symmetrize m. Given o € X a permutation, we consider the mapping U, :
QN — OV, by Uy (21,...,zN) = (To(1), Ta(2)s -+ To(n))- By symmetry, we have U, #uN =
pN and U, #vYN = vV for any o € X. Therefore, (Uy x Uy)xm € w[p™, v]. Therefore,

1
™= Z(Ut7 x Uy)ym € wlu, o] (4.4)
oeY

is an admissible pairing. Moreover, the identity for D3(4", 7")(4.3) also holds replacing
1 with 9.
Next, we consider the set and the family of measures given by

Coyw=12€Q" : 0T st.U,(y)=zand |z —z|* = mig |z — U, (y)*},
[4S]

1 (4.5)
Yy = I N 512 P QN’XS)N;
= i) 2 Yoo €T )

ZGCz,y

where #(C; ) is the number of elements of C,,. We notice that ps, : ON x N -
PN x Q) is a Borel mapping. Hence, we can define

™3 = / Px,y dﬂ'z(Q?,y), (4'6)
QN xQN

or alternatively, by duality, for ¢ € C,(QY x QV)

1
1/)1:7?/ d7T3 z,y :/ 72 ¢$7Z dﬂ-? x,Y).
/QNXQN ( ) ( ) QN xQN #«%ﬂ)zg;y ( ) ( )
We now show that 73 € w[u”, V] is an admissible transference plan. Taking ¢ € Cy(QV),
we have
[ @y = | — > @) | dmaey)
p(x) drs(x,y) = T 7L R o(z) | dma(z,y
QN xQN ’ avxay \ #(Cay) ’

2€Cxy

- / () dm(z, y)
QN x QN

— [ ole) )

QN



which shows the first marginal. For the second marginal, we use the definition of 7y (4.4)
to obtain.

1
Jrean Wi =[Gy X ol ) amie

2€Cqey

/XQNN'Z m Z o(2) | dmi(z,y).

2€C04 (2),.Uq (y)
(4.7)
From the definition of C,, we observe that given ¢ € X we have the following property
Us(2) € Cu,(2),U0,(y)> if and only if 2z € C; ;. Hence,

1 1
/XQN]V!Z #(Comr o) Yo p(2) ] dmi(z,y)

2€CU4 (2),Uq ()

/ LZ #(Clx’y) Z o(Us-1(2)) | dmi(z,y).

Defining the symmetrization ¢(z) = % > oex P(Uy-1(2)), we obtain the identities

N,Z

where we have used that ¢(z) = @(y) for all z € C,, since U, (y) = z by the definition of
Cs,y, or in other words, the symmetry of ¢ under permutations.

Putting (4.7), (4.8) and (4.9) together and using that the second marginal of m; is v,
we obtain

/QNXQN e(y) drs(z,y) = /QNXQN P(y) dmi(z,y) = /QN P(y) dv™ (y) = /QN o(y) dvN (y),

where the last identity follows from the symmetry of vV. Hence, 73 € w[u™, "]
admissible pairing.
Using that m3 € 7[u, "], its definition (4.6), the definition of C,, in (4.5) and (4.3),

we have

T L AU (2) =1> S 6 =),  (49)

:By 2€Cy,y #(Ca:,y 2€Cqy,y

is an

1 2 N =N 1 2
J— < — —

N
. 2
N QN x QN frnelglz;‘xz y0(1)| Wl(xyy)
_ @ ( N N)7
which shows the desired (4.2) and concludes the proof. 0

To prove Lemma 10, we need the following natural observation.

Lemma 12. Given X € Pa(P2(R2)), then

lim QQ(XN X)=0,

N—oo

where XN — TNH#XN,

10



Proof. By the separability of the metric space (P(€2), d2) we have compactness of measures.
Therefore, for every sequence N; there exists a further subsequence (not relabeled) and a
positive measure Y € P(P(Q2)) such that

XN .y

Using Lemma 10, we characterize Y = X by showing the equality for the marginals.
Given a smooth function ¢ : 2 — R, we consider the action of the monomial M, 4 on
the sequence to obtain

: XV, - gny XN
i Qnsod(X )n i 7D(Q)@mp )em), Py dXN(p),
pdX" = / (2, 0%™) c(am),pamy dY (p),
Qn P(Q)

where we have used the Diaconis-Freedman Lemma 4 for the equality in the left hand side.

So we can conclude that the full sequence XV — X
In the case we are working with a compact set €2, this is equivalent to showing that

lim D3(XN, X) = 0.
N—oo
In the case €2 is unbounded, we also need to show that the second moment of the sequence
converges. This follows from the following computation: for every N € N,

j/?

[ .0 XV (o) = [ BEax¥@ = [ P axie) = [ die.60) dX (o)
P(Q) QN QN P(Q)
O

Proof of Lemma 10. Step 1. We show that (i) implies (ii).

We take IT € P(QY x Q) the optimal pairing between x” and XV, Fixing n < N and
denoting L%J the integer part of N/n, we have by symmetry

N L N
/ |z — y|2 dIl = {J / |z — y|2 dIl,, + <N — {J) / |z — y1|2 dIly,
QN xQN n QrxQn n QxQ

where II,, € P(Q" x Q") and II; € P(,Q) are the projections onto n +n and 1 + 1
variables, respectively. Using that I, is an admissible pairing between p and v, we
obtain N

1 1 |N N —|&

B0 = N a0+ Tl x
Noticing that XV = X", taking limits and using (i), we obtain that for every n € N,

1 N N L. 2/ N yn
= — > — >
0= lim —dy(u™, X7) 2~ lim dy(py, X") 20,

which implies (ii).

Step 2. We show that (ii) implies (iii).

By the separability of the metric space (P2(£2),d2) we have the compactness of mea-
sures with finite mass. Therefore, for every subsequence N; — oo, there exists a further
subsequence (which we do not relabel) and Y € Py(P2(2)) such that

AN
We show that, independently of the subsequence, Y = X. We notice by the Diaconis-
Freedman Lemma 4 that for any n < N,

, N n(n—1)
||N7]:[Z - (NNZ)nHTV < QT-

11



In particular, this implies that for every n € N,
(ﬂN,)n N Xn’

and it follows that ¥ = X by Lemma 5.
To show the convergence of the metric ®o, we need to show that the second moment is
also converging. To show this, we first notice that

X z|?
/ d3(p, 8) di™ (p) =/ |N dp™ (z) :/ |21% dul (2).
PQ) QN QN

Using the hypothesis (ii), we have the desired convergence

Jin [ @) - / (/ o dpa) ) dx(p) = [ 0,50 4X(0)

Step 3. We show that (iii) implies (i).
By Lemma 11 and the triangle inequality we have
1 — —
B, XN) = DA, XN) < 23(i, X) + 2D5(XN, X).
The result follows by taking limits applying Lemma 12 and using the hypothesis (iii). O

4.2. Compactness of curves in Py, (). We show now a compactness result that
will be useful for passing to the limit of solutions of the gradient flow.

Lemma 13 (Compactness of H' curves). We fix T > 0. Let {u™V(-)}nen be a family of
curves such that for every puy : [0,T] — Psym (),

1
sup / 2 ds < 00 and sup 2/ lz* d(uN () (z) < oo
NeN IV NeN N tel0,T] N= Jan
(4.10)

holds, being |N| the metric derivative with respect to dy of P(QN). Then, for every
subsequence N; there exists a further subsequence Ny, and a curve X : [0,T] — P(P(Q2))

such that ,uNiJ' (-) = X (-) uniformly in time in the sense of Definition 1. More precisely,

3™ (), X (1) = 0,

7= te[0,7]

and

lim inf

1 (TN e T
minf - / iR ds > [ X ds
J]—00 ij 0 0

where the metric derivative on the right hand side is with respect to D2, the 2-Wasserstein
distance on the probability measures of the metric space (P(Q2),dz).

Remark 14. In (4.10), the fourth moment condition can be replaced by any other moment
of order larger than 2.

Proof of Lemma 13. By Lemma 11, assumption (4.10) and Cauchy-Schwarz, we have that
the family of curves {i™V} yen C C([0, T]; P(P(Q)) is equicontinuous:

92(ﬂN(t2)aﬂN(t1)))=\/%dz(uN(tz),uN(tl)) < jﬁ tQWV(s)rds

to 1/2
< (5[ ers) w@one
1 (4.11)

Moreover, we can show that {7V} yen belongs to a compact set in P(P(£2)) endowed with
the metric ®o. To show this, we prove that the generalization of the fourth moment is

12



bounded and apply Prokhorov’s Theorem (see [2, Remark 5.1.5]).1 More specifically, we
can show that

X 1
[y B0 400 = 5 [ et a0 )0,

is uniformly bounded in [0, 7] by (4.10).

Therefore, we can apply Ascoli-Arzela to show that the family {iVi};ey is relatively
compact C([0,T]; P(P(2))) with the uniform metric. Hence, the existence of a curve
X :[0,T] — P(P(Q)) with the convergence up to a subsequence follows from the previ-
ous characterizations Lemma 10. For notational convenience, we forgo the subsequence
notation.

Using that P(P()) is a complete metric space, we can characterize the H' norm by
the following supremum,

IR T T=h @3 (N (s + h), N (s))
N/o ‘MN|2:/O WN|2:03£T/O 2 3 ds. (4.12)

Using the uniform convergence and Fatou’s Lemma, we obtain that for any 0 < h < T,

T—h 2( N ~N T—h 2
X X
it [ D) gy (TGN )y
N—oco Jg h 0 h?
Putting (4.12), (4.13) together and taking the supremum over h we obtain
T T—h 52 T
llmll’lfl/ |/~‘LN’2 > sup / QZ(X(S +2h)7X(S)) dS—/ |X|2,
N—oo N Jo 0<h<TJo h 0
which is the desired lower-semicontinuity. O

Finally, we reinterpret, using the characterization of the metric that was presented
in Section 4.1, the convergence of sequences in Py, () in terms of the 2-Wasserstein

distance in P(P(Q2)).

Lemma 15. Given two sequences of symmetric probability measures {pu™ } yeny and {v™V} yen
such that pN, v € Psym(QN), if W!N — X and vV — Y in the sense of Definition 1, then
we have

1

N—o0

where Do is the 2-Wasserstein distance on the probability measures of the metric space
(P(Q),d2). In particular, we have

: 1 2¢, N vNY _ 2
]\}gnoo Nd2(:u‘ )Y )_92(X7Y)7

where

YN :/ PN dY (p) € Pgym (QN).
P(Q)

Proof. This follows from part (iii) of Lemma 10, together with the isometry property from
Lemma 11. [l

We note that convergence in the 2-Wasserstein metric is equivalent to weak convergence and conver-
gence of the generalized second moment.

13



5. '-CONVERGENCE OF THE FREE ENERCY FUNCTIONAL

In this section we prove I'-convergence of the free energy functional for the N —particle
system, in the spirit of the proof Messer-Spohn [17], see also [12]. We follow the more
recent proof by Rougerie [20, Chapter 2].

Let us first define the auxiliary functional F*° : P(P(Q2)) — R given by

P = [ P ax (),
P(Q)
with FME . P(Q) — R given by

PRl = [ Vi@ dota)+ 5 [ [ 1o =) dpt@yipt) + [ 1og(p(a) p(o).

The objective of this section is to show the following I'-convergence result.

Lemma 16. Given a sequence of symmetric probability measures {u™}nen such that
pN € Py (), assume that there exists X € P(P(SY)), such that u¥ — X in the sense
of Definition 1. Then we have:

liminf}——N[ Nl > Fe(X)
N—ooo N pol= ’
Moreover, given' Y € P(P(2)), we have
lim ]:—N[YN] = F2(Y)
N—ooo N N ’

where

YN :/ PN dY (p) € Pgym (QN).
P(Q)

We split the proof of this result into two parts, the existence of the recovery sequence
and the lower-semicontinuity of the sequence of functionals.

Proposition 17 (recovery sequence). Given Y € P(P(R)), let

v :/ pEN dY (p).
P(Q)

]:N[VN]

Then,

— Fe[Y).

Proof. By convexity of the function xlog(x) and Jensen’s inequality, we have

1 1
— vNlog N dx < / (/ =N log(p=N) daj) dY(p)
N Jon N P(Q) QN
= [ [ ploslp) de v (o) (5.1)
P(Q) JQ
Moreover, we have
1 NI N-1
~ [ WlhdvT = V(z) dp(z) + —~— [ H(z —y) dp(z)dp(y) | dY (p).
N Jaon P \Ja 2N Jaxa
(5.2)
Therefore, collecting terms in (5.1) and (5.2) and taking the limit, we obtain that
M)
lim sup < FlY).
N—o00

The fact that the limit converges follows from the lower semicontinuity property, Propo-
sition 18. n
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Proposition 18 (lower semicontinuity). Given a sequence {MN}%:I such that N €

Poym (V) and X € P(P(QN)) such that ¥ — X in the sense of Lemma 11, then

Y peorx) = / FME(p dX (p),
P(Q)

lim inf
N—oo

where
FMEp] =/QV(9:) p(z) dw+;/ﬂ/QH(x—y) p(x)ply) do dy+/9p(w) log(p(x)) dz.

Proof. Without loss of generality, up to subsequence which we do not relabel, we can
assume that

N[, N N[, N N[, N
1}\I[ri>i£f]£l;” = A}gnoo ]E;” and sxfp ]:JETM] < 00.
In particular, by lower semicontinuity with respect to weak convergence we have
1 1
liminf — W duN(z) = liminf = H(x —y)+ V() + V(y) dud (z,v)
N—oo QN N—oo Qx0
1
Z 5 H(z —y) +V(x) + V(y) dpz(z,y)
2 Jaxa
1
= [ (G = oot + [ Vi) dote) ) ax
P(Q) QX0 0

which shows the desired inequality for the interaction and confinement term.

For the entropy term, we need to use the subadditivity property of the entropy [13].
Let us consider the marginal p} as in (2.1), that is integrating in the last N —n variables,
and we write

N N
/ ™ log (™) :/ 1™ log (uﬁ%) :/ puN (log (1)) +log (%)) :
QN QN M N My

Integrating out the last N — n variables in the first term, we obtain

/ uNlog(uﬁ)zf ph log (1) -
QN Qn

For the second term, we decompose it and apply Jensen’s with respect to the probability
measure pl' to infer

R A (o Y A

where the symmetry of pV was used. Iterating this procedure and taking again into
account the symmetry of x4V, we obtain the inequality

/QN pN log(u™) > VZJ /Qn pup log (1h)) +/QN—U¥Jn“%—LZJnIOg <M%—L%Jn)'

Using the same procedure, with the first marginal, we obtain the inequality

N
N N N N
/QN_mn PN X |n log (%{gp) = (N - LnJ n) /Qul log ().
By the convergence u”¥ — X we know that limy_,o. d3(p), X1), which implies the uniform
bound

sup / 21| dpd¥ (z1) < C.
NeNJQ

By Carleman’s inequality we have the uniform lower bound

inf Mog(ulV) > —C.
J\lrIéN/Q‘“ og(uy ) = —C

15



Hence, dividing by NV, taking limits, using the lower semicontinuity of the entropy and the
convergence uV — X, we obtain that for any n € N

1 1
lim inf — Nog(pMy > = [ X™log(X™).
}@n;goN/szu og(u)_nm og(X™)
Finally, to finish the proof we need to show the following property
1
p L [ xttosxny = [ ([ prosto)) ax(o (53)
neN v Jon P) \Ja

This was originally proven by Robinson and Ruelle in [19]. The more modern proof that
we present here can be found in [11]. We first show that

1 1
sup — X"log(X™) = lim — X" log(X™). (5.4)
neN T Jon nooon Jon
Given € > 0, there exists j such that
1 < - 1
= [ X7log(X’) > sup— X"log(X"™) —e.
J Jai neN T Jon
Using the subadditivity of the entropy in the same procedure as before, we obtain that
1 1 . . 1
lim inf — X*log(X*) > = [ X9log(X7) > sup — X"log(X") —e.
k—oo k Qk 7 Joi neN v Jon

Eqn. (5.4) follows then by taking the limit ¢ — 0%.
Let us now define the functional £ : P(P(£2)) - RU {400} as

1
E(X) = nh—>r20 o X" log(X™) dx

We notice that £(X) is linear over finite sums. Given X, Y € P(P(2)), we have

1 X4 yn X" 4+Yyn
— ———— ) log| ——— | dx
n Jon 2 2

log(2 X"+Yy"
Y"log(X"+Y™") dx) _ loe(2) / (;)
n n

1

— < X"log(X" +Y") dx +

2n Qn Qn
>

1 r log(2
o ( X" log(X™) dx +/ Y"log(Y™) dw) - M,
n Qn n

n

where we have only used the standard properties of the logarithm. Taking the limit n — oo,

we recover the inequality
X+Y 1 1
> _E(X)+ =£(Y).
5( 5 >_28( )+25( )

The reverse inequality follows directly from convexity: for every n € N,

1 Xn4yn Xn4yn 1
/ (+> log (+> de < — ( X"log(X™)dx+ [ Y"log(Y™) dyc) .

This implies

2

We notice that this readily implies that if we take a discrete measure X = Zle Qi0p;
then

£ (X il Y) _ %5(}() + %E(Y). (5.5)

k

E(Xy) = Zaz/

i=1 Q

pi() log(pi()) dix = /

P(Q)

< /Q p(z)log(p(z)) dx> dX(p). (5.6)
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We notice that, by Lemma 10, £ is the supremum of lower semicontinuous functionals
with respect to the metric D9 on P(P(2)), therefore it is also lower semicontinuous. To
conclude the proof, we find a sequence of discrete measures {Xj} C P(P(Q2)) weakly
converging to X such that

E(X) > E(Xk) for every k € N.

From Theorem 7 we know that (P(P(£2),®2) is a separable metric space. Hence, for any
e > 0 we can cover P(P(2)) with a countable number of balls of radius 1/k denoted by
{B;}2,. We pick M € N, such that

1
d3(p,d0) dX(p) < —.
/Pg(m\ufi;lBi 2(p:00) 4X(p) < 35
We define
1—1 1 M
wi BZ\JL:JIB], Zi= gy ten b /w pdX(p) X ;Xm)ém

Therefore, we get

M M
E(X) =) X(w)E(Z) > ZX(%‘)/QM(@ log(pi(x)) dv = E(Xk),
=1 i=1

where we have used (5.5), Jensen’s inequality and (5.6). The proof of (5.3) follows by
taking the limit when k — oo, noticing that by construction Do (X, Xi) < 2/k. O

6. EVI UNIQUENESS AND PROOF OF THEOREM 2

In this section we present the proof of the main result of this paper, Theorem 2. Let us
first point out that we can define a unique gradient flow for evolutions in P(P(£2)).

Lemma 19. There exists a unique curve X : [0,T] — P(P(2)) satisfying

emin{?))\,O}(t—s) 2 1 2 tmin{B)\O}(rfs) 00 00
s DHCE0.Y)- R (), ) < [ 0 ar ) (Fepy]-FRLx ),

(6.1)
forany 0 < s <t < oo and
X(0)=Xo = lim p). (6.2)
N—o0
Moreover, it is explicitly given by
X(t) = (St) 4 Xo,
where Sy : P(Q) — P(Q) is the semigroup that is generated by the associated Fokker-Planck
(McKean-Viasov) equation
Op+V-((VV +VH xp)p) = Ap.
Proof. We differentiate
emin{3)\,0}(tfs)
2

to obtain the classical Evolutionary Variational Inequality which characterizes the gradient
flows in metric spaces [2]. Uniqueness follows from using the doubling variables trick of
Crandall-Liggett [2, Chapter 4].

We consider the Fokker-Planck semigroup St : P(2) — P(£2) induced by the equation

Op+V-(VV+VH=xp)p)=Ap, z€Q,
Vp -1 =0, zecd.

D3X(0).¥)- DX (). Y) < ([ IO ) (- 0)

S
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Using S and given Xy € P(P(2)), we can define the curve
X = (Sp)xXo.

We claim that X; also satisfies the integral Evolutionary Variational Inequality. By using
the min{3\,0} convexity of FM¥ on the generalized geodesics, we have that for any
0<s<t<ooand py, pe € P(Q)ND (FMF) the inequality

emin{3A,0}(t—s)

1 .
5 d%(stﬂm,/n)—id%(m?m) < (/ emint3X0}(r=s) d7’> (FME [pa] =FMF[S" ™ p1])
’ (6.3)
holds, see [2].
We consider 1T € P(P(Q2) x P(Q2)), the optimal pairing between X and Y. We notice

that (S'7* x I)4II is a pairing between X; and Y. Therefore, we have the inequality

A(t—s) 1
DX, Y)- SD3(X.,Y)
m1n{3/\ 0}(t—s) s 1 )
<, (8" p1. ) — 5&3(p1.p2) dTl(p1. )
P(Q)xP(Q

IN

/ ( / min{3,0}(r—s) dr> (FMF[pa] = FME[S' =5 p1]) dIL(p1, pa)
><73 ()

( min{32,04(r—s) dr) (FZIY] = FoIXy),

where we have used (6.3), the fact that (S'~° x I)4II is a pairing between X; and Y and
the definition of F°. O

We are now ready to prove the main result of this paper.

Proof of Theorem 2. We first use Lemma 8 to show the convexity of %]—'N along gener-
alized geodesics in ”Psym(QN ) for all N € N. Next, we use arguments from the theory
of gradient flows. The following result can be found for instance in [2, Theorem 4.0.4,
Theorem 11.2.1], [6, Theorem 4.20] or [22, 23].

Theorem 20. Given pl) € Pyym (V) N Domain(FYN), then there exists p : [0,00) —
P(QN) the unique gradient flow of FN, such that

hmd?( ( )’Mév):()_

t—0

Moreover, it satisfies

o uV(t) € Poym (V) for any t > 0.
e The Energy Disipation Equality (EDE)

/ N (s)2 ds + / OFN N () ds = F ), (6.4)
for any t > 0.
e The integral Energy Variational Inequality (EVI)
3A(t—s)
2

(&

t
B (007 = 3B 6 < ([ 0 ar) Y- P ) 65)
holds for any 0 < s < t < 0o and v~ € Domain(FN).
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Next, we show that the second moment is bounded using the continuity of the second
moment with respect to the 2-Wasserstein distance:

1/T 2 ;N 1/T 2 5 N 1 N N
sup — z|*dpt (t) < — x| duy + —=da(p (1),

tel0,T
1 T 2 N 1/2 T - N 2
< g [ P ad e ([ as)
0 0

where we know the right hand side is bounded by (6.4), hypotheses (1.6) and hypotheses
(1.5). Now we use the bound of the second moment to show that the fourth moment is
uniformly bounded in time by considering the time evolution of it:

d 1 4 N o 1 2 N 2 N
e [l a0 = 5 [ (—alal VWY@ + a2+ M) du (0
1

< N2/ (min(12), 0)|z[* + 4]z VWM (0) + 4(2 + N)|z|*) dp (¢),
QN

where we have used the min(3),0) convexity of W/ Lemma 8 to estimate the first term.
Moreover, noticing that [VW (0)] < CN'2, we can estimate by Holder’s inequality

L w0 a2 o (L[ )
g x|z n < N2 Jon x|* dx .

QN
Applying a Gromwall Lemma and the bound on the fourth moment of the initial data
(1.5), we obtain the bound

sup ]\12/ lz* du® (t) < oco.
neN N t€[0,T QN

The next step in the proof is to make use of the EDE (6.4) and the fourth moment
bound to gain compactness of the curves {¥} yen by Lemma 13. Once we have a limiting
evolution X (¢) in P(P(R2)), we need to pass to the limit in the EVI. We first notice the
convergence of the metric given in Lemma 15 giving the convergence of the lefthand side
of the EVI (6.5). The convergence of the right-hand side of the EVI (6.5) is given by the
I'-convergence result proved in Lemma 16. Therefore, by taking the limit in the EVI (6.5),
we have that the curve X (-) satisfies

ek(t—s)
2
for any 0 < s <t < 0o and

D3X(0.Y) - 303X().¥) < ([ 00 ar) v) - FeLx (o),

X(0) = Xo = lim_ .

We finish the proof of our main result by using the uniqueness part of Lemma 19, identi-
fying our limiting evolution as the gradient flow solution in P(P(Q)). O
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