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Abstract

Interconnection networks (INs) provide concurrent communication between processing 
elements in parallel machines. A single crossbar can be used for this purpose but it is 
difficult to fabricate in large dimensions, and so it is common to use a multi-stage IN 
(MIN) which is itself constructed by linking a number of crossbars together. For all 
MIN protocols this causes contention for internal links as well as destination links. 
Moreover, when the network traffic becomes concentrated on one particular destination 
address, the effect of the hot-spot propagates back over all shared internal links causing 
throughput to drop sharply. This fundamental design problem is investigated for the 

circuit switching protocol in which partial paths are held. For this protocol, the 
switching network is a passive resource and so queueing networks which include them 
do not have product-form solutions. However, under mild approximating 
assumptions, hierarchical decomposition techniques may be applied to obtain a flow- 
equivalent server for a parallel bank of devices transmitting through a switching 
network. Validation of this model with respect to simulation indicates a high degree of 
accuracy. Simulation models of MINs with more complex protocols are also described. 
In particular, a novel circuit switching protocol specifically for optical networks is 
proposed and this gives better performance than the more basic protocols.
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Introduction

The complexity of large-scale parallel computer architectures is such that their effective 
design requires guidance from some form of predictive modelling prior to construction, 
and analytical models based on queueing network analysis provide a powerful tool for 
this purpose. In many parallel machines, for example ALICE [DaRe81, HaRe86], 
interconnection networks (INs) are required by data transmission devices (DMA 
processors) to provide concurrent communication between the many processing and 
memory elements. It is normally necessary for any element of one type to be able to 

communicate with any of the other type, e.g. each processor must have access to any 
memory. In principle, the interconnection can be provided by a crossbar switch in 
which the contention for destination addresses is relatively easy to model as a 
degradation of the transmission service rates. However, in practice, large crossbars 
cannot be fabricated cost-effectively and a multi-stage interconnection network (MIN) is 
normally used, comprising a number of stages of parallel banks of small crossbars.
This provides the required connectivity, but the sharing of internal links by different 
paths across the network introduces extra contention.

Typically, the memory modules in parallel machines are not uniformly utilised by the 
processing elements (PEs). For example, a data structure that is frequently accessed by 
all the PEs may be stored entirely in one part of the distributed memory. Even if such 
cases are avoided, the use of shared locks have a similar effect. When the network 

traffic becomes concentrated on one particular destination link, the effect of this hot­
spot propagates back over all shared internal links, thereby adversely affecting tasks 

which are not requesting the hot-spot. Consequently, the network throughput drops 
sharply for all MIN protocols.

There are two basic transmission protocols which require entirely different model types 
- circuit switching and packet switching. In the case of circuit switching, the network is 
modelled as a passive resource in a queueing network; in order to operate a data- 
transmission server must hold a path comprising internal links and crossbars at each 

stage through to the destination addressed by the task at the front of its queue. A 

passive resource (such as a set of links across the network) is one that must be held by 

a task in order to permit some associated active resource (such as a data transmission

9



Introduction 10

device) to provide service to that task, executing units of applied workload at its 
particular service rate; a more common example is computer memory. In the case of 
packet switching, such paths need not be held throughout a message's transmission, 
and buffered internal crossbars can be modelled as conventional servers since their 
transmission times are non-negligible because of the intelligence required to provide the 
buffering. However, similar problems arise if the buffers become exhausted and 
cannot be reasonably assumed infinite. Assuming infinite buffers, if the departure 
processes from the output pins of each stage can be determined in terms of the stage's 
arrival processes, the arrival processes to the next stage can be derived by simply 
permuting the outputs according to the interconnection topology. Shuffle-exchange is 
therefore a particularly convenient representation of this topology, since the permutation 
is then the same between every pair of stages, [Si85]. Certain approximations 
regarding the internal arrival processes at successive stages simplify the analysis, 
providing an efficient algorithm, and such an analysis is given by Mitra and Cieslak 

[MiCi87]. An analysis of a packet-switched crossbar in discrete time is given in 
[PoHa88] and an approximate analysis of a buffered MIN with non-uniform routing is 
given in [GaHu88].

However, we consider the alternative protocol - circuit switching - in which the 
interconnection network is a passive resource, providing no direct service in the sense 
of advancing tasks holding network links towards their completion. Our approach to 
this problem relies on the recursive structure of the MINs we consider which is in 
contrast to analogous research reported by Kelly [Ke86] on telephone networks. In 
either case, we could in principle consider all routes through the network individually 
and solve the associated Markov process directly to obtain the Erlang loss formula - 
assuming, that is, that partial paths are not held but released on a collision, resulting in 

lost transmissions. Because of the large number of routes, such a direct solution is 

computationally intractable. Kelly's analysis relies on the network behaving as if the 

steady state probabilities that each link is blocked were independent. This property is 
shown to hold asymptotically as link capacities and network traffic approach infinity 

jointly so that the traffic offered per link remains constant. In fact the approximation is 

very accurate for telephone networks because of the large capacity links and large 
number of nodes. Our analysis differs from this in that links have small capacities (viz. 
one) and also that partial paths are held during path building. Moreover, partly as a 

result of the former difference, there is a strong dependence between individual links 

which do not behave remotely as if they were independent, and it is our recursive 

analysis which captures this dependence in a simple way. In this sense, our analysis
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addresses the opposite end of the spectrum of switching networks and their control 
protocols.

In the first chapter, we survey some of the switching networks commonly used in 
multiprocessor systems, describe their operational characteristics, and discuss the 
problems encountered in modelling such networks. Our general approach to modelling 
a queueing sub-network that represents a collection of DMA servers together with a 
circuit-switched MIN is presented in Chapter 2. First we apply decomposition 
techniques to obtain the service rate of a flow  equivalent server (FES) by determining 
the throughput of the short-circuited sub-network as a function of its population, 
according to the method of [CHW75]. This throughput is obtained by defining a 
simple Markov process, under appropriate assumptions, in which some function, p n, 

for throughput is assumed to be known when the number of active input pins, n, is 
known - i.e. the number of DMA servers currently wishing to transmit. By considering 
a Markov process in Chapter 3, we derive an expression for p n when the 

interconnection network is a full crossbar switch with uniform routing. The uniform 
crossbar model is extended in Chapter 4 so that non-uniform traffic patterns can be 
investigated. In Chapters 5 and 6, we describe respectively, analytical models of 
uniform and non-uniform delta networks by exploiting their recursive structure and 
using crossbar models as the base case. A novel switching protocol for MINs is 
modelled in Chapter 7 and the degree of degradation introduced by such networks on 
the DMA servers' throughput is illustrated by numerical predictions in Chapter 8. Our 
conclusions and suggestions for future work are laid out in the final chapter.
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Switching networks have long been of interest to telephone engineers, computer 
communication network designers and, more recently, architects of parallel processing 

systems. This chapter describes various types of interconnection networks for parallel 

machines. For large-scale parallel computer systems, multi-stage interconnection 
networks (MINs) appear to provide the most cost-effective solution. The structure of 
the most well-known MINs is described in some detail before the results of selected 
MIN models with various operational characteristics are presented. The final section of 
the chapter describes a modelling technique for circuit-switched networks. However, 
for MINs, this approach is impractical because the underlying assumptions are not 
valid. Nevertheless, we include it as an example of a general modelling technique 
which is very accurate for many large circuit-switched networks.

1.1 Interconnection Networks for Parallel Processing Systems

At the heart of any parallel processing system lies some form of interconnection 
network (IN) which provides interprocessor communication. We present a popular 
classification scheme for computing systems and describe various types of ENs 
associated with parallel systems. This brief introduction to parallel systems attempts to 
show the importance of IN design and to outline some of the choices available.

1.1.1 Introduction to Parallel Computer Systems

Parallel computer architectures may be classified according to the number of 
instructions and data streams that are accepted at the same time. In this classification, 
due to Flynn [F166], there are four categories: SISD (Single Instruction stream, Single 

Data stream), SIMD (Single Instruction stream, Multiple Data stream), MISD (Multiple 

Instruction stream, Single Data stream), and MIMD (Multiple Instruction stream, 

Multiple Data stream). Traditional uniprocessor systems are SISD machines and many 

current systems exploit pipelining techniques to increase execution speed by 
overlapping execution of instructions. SIMD machines or array processors have a 
number of data streams which can be simultaneously read by a number of processors 

when a single instruction is issued by the control unit. Each processor has a tag which 

can be set to inhibit reading of the next data item so that selected processors may be 
turned on depending on the program being executed. For certain applications, SIMD 

machines are significantly faster than uniprocessors. Examples of SIMD machines 

include the Massively Parallel Processor (MPP) [Po85] and Illiac IV [Bo72]. The third 

category, MISD, is only of theoretical interest and has been dubbed as impractical by 

many computer architects since it is unnatural for different instructions to 

simultaneously act on the same data. In a MIMD architecture, there are a number of
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processors, each with its own instruction stream and data stream. The processors 

behave independently until one processor needs to communicate or cooperate with 
another. The interprocessor communication is provided by some kind of IN.

Parallel architectures can also be classified according to the structure or topology of the 
IN. An IN is said to have a static topology if links between processors are static, i.e. 

cannot be reconfigured to connect to another processor. The structure of the IN is 
normally some regular pattern, the simplest example being the 1-D linear array. More 
interesting static topologies include 2-D structures like the ring, star, tree, near­
neighbour mesh, and systolic array. Many of these INs provide the optimal structure 
for mapping certain application program structures onto real processors. Although this 
gives orders of magnitude speed-ups in specific application areas such as image 
processing, matrix multiplication, LU decomposition (for solving simultaneous linear 
equations), the fixed IN structure is not always appropriate in general. Thus another 
important requirement of an IN topology is the ability to simulate other structures. For 
this reason, higher dimensional structures such as the hypercube have also become 
popular. Thinking machines Inc.'s Connection machine [Hi85] is a well-known 
example of a SIMD architecture with a hypercube structure. The class of homogeneous 
parallel computer architectures with a large number of processing elements (PEs) and a 
static topology is shown in Figure 1.1 where processors are labelled P and memories 
are labelled M. These parallel architectures are sometimes also called multicomputers.

PE

Figure 1.1 IN with a Static Topology

In contrast, the class of homogeneous parallel computer architectures with a large 

number of PEs and memory modules (MM) and a dynamic IN topology is shown in 

Figure 1.2. The dynamic IN can make connections from any PE to any MM and, in 

principle, no MM is favoured by any PE. An example of this type of MIMD computer 
is the NYU Ultracomputer [Go83].
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Figure 1.2 IN with a Dynamic Topology

Generally in multiprocessing systems, the processors can communicate and cooperate at 
different levels in solving a given problem, i.e. by sending messages or by sharing 
memory. It is generally agreed that for interprocessor communication, message passing 
is slower than sharing memory. If there is relatively little processor interaction via 
shared memory the parallel system is said to be loosely coupled. Thus in loosely 
coupled multiprocessors, the processors have large local memories from which most of 
its instructions and data are obtained and communication between processors is 
achieved by sending messages across an IN. In this case, full connectivity is not 

essential as the processors spend little time communicating with each other and an IN 
with a static topology is suitable.

Parallel systems are said to be tightly coupled if there is a lot of processor interaction via 
shared memory. Thus in tightly coupled multiprocessors, the processors communicate 
through shared main memory and the IN provides full connectivity between processors 

and memory. Usually a small local memory or cache is attached to each processor to 

improve overall performance. Essentially, the speed of the machine is restricted by the 

memory bandwidth and hence the IN topology. An IN with a dynamic topology is 

most suitable. ALICE [HaRe86] is an example of a tightly coupled multiprocessor 

system that is designed to execute functional programming languages [FiHa88].

1.1.2 Interconnection Networks for Multiprocessors

Both static and dynamic IN topologies can be used for interprocessor communication in 

multiprocessors. Here we present some dynamic INs specifically for shared-memory 

multiprocessors. In these architectures the sharing of main memory naturally causes 

contention and so the IN design must be efficient, otherwise the processors spend most 

of their time communicating and doing little real work. We assess the relative merits of
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each type of IN and conclude that the multi-stage IN appears to provide the most cost- 
effective means of implementing interprocessor communication for large-scale shared- 
memory multiprocessors.

Shared-memory multiprocessor systems require some kind of switch to connect their 
processing elements and memory modules, and being a unique shared resource in the 
parallel machine, the switch is a potential source of contention. The simplest type of 
switch for this purpose is the common bus which connects to every element However, 
the bus derives its simplicity at the expense of increased complexity in each component 
that it connects. For example, bus request and receive pins are needed by each element, 
together with several others for control and synchronisation, and non-trivial logic is 
necessary to implement the bus's protocol. This increases the overall cost of a large- 
scale multiprocessor and, moreover, each additional processor that is added to the bus 

is faced with more contention and so delivers a diminishing increment in performance.

In order to accommodate more processors without increasing contention, the common 
bus can be extended by using multiple common buses. Multiple bus INs are simple yet 
fault tolerant and suitable for all algorithms. If there are N  processors and M  memories 
a 5-bus IN has cost which varies as 0(B(N+M)). Despite the inherent disadvantages 
of the common bus, multiple bus INs are good for medium-scale parallel systems 
because the number of buses can be increased until reasonable performance is attained.

At the other end of the spectrum, the switch might be a full crossbar which provides 
parallel communication between any number of distinct pairs of processors connected 
through it. For example, a crossbar may have two types of links -  one for processors 
and the other for memory elements -  and a way of dynamically connecting any pair of 

the two types. This allows parallel access to the shared memory provided that there are 
no memory conflicts, i.e. two or more processors attempting to access the same 
memory module.

An axb  crossbar can switch any of its a input pins to any of its b output pins on the 

appropriate clock cycle, so that the only contention possible is for the destination 

processors, i.e. is internal in the switch for the output pins. We therefore have the 
configuration shown below in Figure 1.3 when a = b -  4.
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any-to-any, 4-way 
internal connection

source
processors

destination
processors

Figure 1.3 The 4-way crossbar sw itch

Each additional processor that is added to the crossbar requires a new parallel link to 
each of the output pins. Thus for a N xN  or N -way crossbar the complexity and cost 

grow as O(N2) and the very large crossbars required for large-scale multiprocessors 
would become hopelessly complex and expensive. Moreover, large crossbars are 
physically infeasible to construct using contemporary electronic devices.

We can interconnect a matrix of crossbars to form a multi-stage interconnection network 

(MIN) which has a number of levels (or stages) such that the output pins of crossbars 
in one stage are connected to the input pins of crossbars in the next stage. This 
provides the same connectivity as a full crossbar (any input pin can be dynamically 
connected to any output pin if there is a free path) but introduces contention for internal 
links (path conflicts) on top of the memory conflicts. The cost of an N-way MIN 
grows almost linearly, 0(MogN), compared with OiN2) for the equivalent crossbar. 

There are several types of MINs, many with similar structure and properties, but here 
we will consider banyan networks which are also called blocking networks because of 

their path conflicts. However, there are also MINs like the Benes network [Be65] in 

which all permutations can be realised by re-arranging some of the existing 

connections. The Clos network [C153] is nonblocking without requiring any 
rearranging. Both the Benes and Clos networks require more complex control than 
banyans and are therefore unsuitable for large-scale multiprocessors.

A single stage or recirculating IN is so called because requests circulate over a single 

stage of crossbars until they reach their destination output port Although complexity is
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only O(N) for an NxN  single stage IN, the disadvantages of low bandwidth and litde 
fault tolerance make them unsuitable in practice.

1.2 Multi-stage Interconnection Networks

MINs provide a cost-effective means of implementing a full connection from processors 
to memory with higher performance than the common bus and lower cost than the 
equivalent full crossbar. Many types of MINs have been proposed and we consider a 
sub-class of the banyan network, called a delta network. More recently, banyan 
networks have been extended in various ways to improve fault tolerance.

The purpose of this section is to introduce various kinds of MINs: banyan, delta and 
fault tolerant networks in particular, and discuss some of the design issues. The types 
of MINs considered are by no means exhaustive but are presented here merely to 
indicate broadly the most important classes.

1.2.1 Topology of Multi-stage Interconnection Networks

A MIN consists of a number of switching elements connected together via 
communication links to form a network. We may interpret each switching element as a 
node (or vertex) and each link as an edge (or arc). Ignoring the network input and 
output pins, the MIN topology may be defined as a directed graph with a number of 
input nodes (i.e. bases or nodes with no incident edges), a number of output nodes (i.e. 
apexes or nodes with no outgoing edges) and internal nodes (i.e. nodes with at least 
one incident edge and at least one outgoing edge). For an internal node A representing 
an axb crossbar, we write indegree(A)=tf and outdegree(A)=£.

Suppose a link connects two crossbars A and B, then the corresponding edge in the 

graph has two labels: the first one corresponding to the output pin number of A and the 
second to the input pin number of B. The edges are directed in the graph representation 

for convenience only, and actual links may be bi-directional. For each graph G 
representing a particular MIN, there is a reverse graph G* which is formed by 
reversing all the edges and swapping the input and output nodes.

1.2.2 Banyan Networks

A banyan network, named after a type of Indian fig tree with a similar structure, is a 

MIN with a unique path from each input pin to each output pin. This criterion implies 

that the network has a tree-like fan-in and fan-out structure; a formal definition of
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banyan networks in terms of graph theory is given by Goke and Lipovski, [GoLi73].

A banyan network is said to be layered if its switches can be arranged as a number of 
distinct stages. A layered banyan comprising J  stages of crossbars in which outputs of 

one stage connect direcdy to the inputs of the next stage, is called a J-level banyan. 
There are two main types of /-level banyans: regular banyans and irregular banyans. 
Irregular banyans connect any N  inputs to M  outputs through J  stages of crossbars 
where the ith stage employs Ci n(xmi crossbars. Since no crossbar pin is left 

unconnected, the number of outputs from one stage have to be the same as the number 
of inputs to the next stage, i.e.

c m  = c j+1 Hi+i (t = 1,2,... / - 1 )

/-I /
sothat: C i= Y \m j  T\nfc (i = 1 ,2 ,...,/)

j- 1 k=i+1

Thus N  = n \x c \ = n \x n 2X...nj and M  = c j x m j -  m \xm 2X...mj

Regular banyans are constructed from a single type of basic crossbar switch (i.e. for 
1=2,3,.../': nj=n\ and mi=m\) and examples of specific structures include CC banyans 
and SW banyans which are defined in [GoLi73].

In this section we consider SW banyans which can be defined recursively as follows 
for networks with 2x2 crossbars (the definition can be generalised easily to networks 
constructed from axb crossbars with a,b>2):

(i) A one-stage network, Tlx, is the single 2x2 crossbar

(ii) An s-stage network, I l5, (^>0) has 2s inputs and outputs, i.e. 25' 1 switches 

in each stage, and is constructed by connecting a head stage of 2s' 1 switches 

to the right of 2 tail networks of (s-1) stages according to the partial shuffle 

topology shown in Figure 1.4. The ith switch in stage s takes its top input 
and bottom input from the zth pin of the upper sub-network and the ith pin 

of the lower sub-network, respectively. This property of the topology is 
particularly useful in obtaining the recurrence formulae in Chapters 4 and 5.
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1.2.3 D elta N etw orks

A well-known example of a regular banyan network is the delta network defined by 

Patel, [Pa81]. The definition of delta networks includes the additional property that 
routing in the network is digit-controlled, i.e. the choice of which output pin to select at 
a particular crossbar in the network can be determined by a single digit in the destination 
address of the packet. A rectangular delta network is constructed from b- way crossbars 
with the same number of input pins as output pins and is often called a delta-b network. 
There are a number of different ways of connecting the outputs of one stage of 
crossbars to the inputs of the next so as to obtain the desired connectivity. The 
corresponding permutation functions define the network's topology. All these 
topologies have been shown to be equivalent by Wu and Feng, [WuFe80]. Each 
topology can be obtained from any other by permuting the switches in each stage of the 

network and so all have the same performance characteristics, such as equilibrium 
throughput.

In general, the path from a given input node to some output node can be described by a 
path descriptor which is a string of digits where each digit indicates the output pin 
number of some intermediate switch. If this path descriptor is independent of the input 

node then we could associate it with the output node address and no longer require to 

store path descriptors at each input node. In delta networks, this independence of 
source node is maintained for all nodes and usually the address or the reversed address 

of the output node is the path descriptor. Hence messages can be routed through the 

network by consuming the destination address string from one end.

It is useful to have this delta property in the reverse direction as well as the forwards 
direction because messages sent in one direction need acknowledgements in the other



direction. Thus a delta network with the self-routing property in both directions is 

called a bidelta network. In graph terms, a delta network G is a bidelta network if GR 

represents a delta network.

Each node A in a bidelta network is now associated with two types of path descriptors: 
forward (fpd(A)) describing the normal routing from an input node and backward 
(bpd(A)) describing the reverse route from an output node to node A. The way in 
which node A is labelled using fpd(A) and bpd(A) determines the topology of the 
network. Each descriptor can be reversed and the two descriptors can be concatenated 

in two ways. Hence there are eight possible topologies given the operators reverse ( R) 
and concatenation (<>):

fpd(A)obpd(A) which gives the baseline network (Figure 1.6(a)) 
bpd(A)ofpd(A) which gives the reverse baseline network (Figure 1.6(b)) 
fpdR(A)obpd(A) which gives \h tflip  network (Figure 1.6(c)) 
bpdR(A )ofpd(A) which gives the omega network (Figure 1.6(d)) 
fpd(A )obpdR(A) which gives the modified data manipulator (Figure 1.6(e)) 

bpd(A )ofpdR(A) which gives the indirect binary cube (Figure 1.6(f)) 
fpdR(A )o b p d R(A) and bpdR(A )o fp d R(A) which remain nameless 

(Figures 1.6(g) and 1.6(h) respectively)

Suppose an edge labelled (a,b) connects node A in stage j  to node B in stagey+1 with 
labels a i ,a 2,...,(Xj-i and p\,p2,...,pj-\ in a /-stage network. In any of these 

topologies:

fpd(B) = fpd(A)o[<z] and bpd(A) = b p d (5 )o [b ].
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Node A Node B

Stage j Stage j+1

Figure 1.5 Labelling a Bidelta Network

Consider the baseline network (i.e. nodes labelled by fpd(A)obpd(A)) so that

fpd(A) = and bpd(A) = ay,a;+ i,...,a /_ i

and likewise fpd(5) = P\,p2,.~,Pj and bpd(£) = Pj+\,pj+2,-,Pj-\.
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From the first equality fpd(£) = fpd(A)o[tf] we have: Pi = cq ( l< i£ j- l)  and f t  = a 

and from bpd(A) = bpd(£)<>[6] we have: pi = cq.\ (j+\<i<J-l) and a j.\  = b.

Thus any node with label a i ,a 2,...,a/-2>& in stage j  connects to nodes
in stage j+ l with labels a \ ,a 2,.ccj.ita ,a j,..,a j.i where ae  {0,l,...,outdegree(A)}.

Connections for other topologies follow using a similar argument based on forward and 
backward path descriptors. It can be shown (as in [WuFe80]) that the baseline, reverse 
baseline, flip, omega, modified data manipulator, indirect binary cube and the 
remaining two topologies are isomorphic.

(a) fpd(A )obpd(A ) 
(Baseline)

(b) bpd(A )ofpd(A ) 
(Reverse Baseline)

(Flip) (Omega)
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(e) fp d (A )ob p d R(A)

00 00 00

01 01 01

10 10 10

t \
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(f) b p d (A )ofp d R(A)
(Indirect Binary Cube) (Modified Data Manipulator)

(g) fpdR(A )o b p d R(A) (h) bpdR(A )o fp d R(A)

Figure 1.6 Delta Network Topologies

Notice that the mirror image topology is formed by swapping the fpd and the bpd, and 

that the topologies labelled with fpdR (i.e. a reversed forward path descriptor) require 
the destination address to be consumed from the least significant bit whereas in the 
other four topologies the address is consumed from the other (most significant) end.

In the remaining chapters, we will be using the following simplified terminology for 

MIN topologies. The baseline and reverse baseline networks have a partial shuffle 

topology. The flip and omega networks have a perfect shuffle topology. The modified 

data manipulator and indirect binary cube have a n-cube topology. We will be primarily 
concerned with the partial shuffle topology.
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1.2.4 Fault Tolerant MINs

As more and more parallel processing projects were constructed using banyan-type 
networks it soon became apparent that some form of fault tolerance was needed. There 
have been several studies to classify fault tolerant MINs [AAS87]. Rather than attempt 
to compare all types of fault tolerant MINs, and assess the degree of fault tolerance with 
respect to some fault tolerance model, we briefly describe a small selection of MINs to 

highlight the sort of extensions that can be made to delta networks.

A simple extension to the delta network is to add an extra stage of switches. This then 
gives multiple paths between input and output nodes so that single faults on one path 
may be overcome by choosing an alternative route. In addition to providing fault 
tolerance, multipath MINs give better throughput than unique path MINs because 
requests that get blocked can try another path. The BBN Butterfly network [ReTh86] is 

an example of an extra stage MIN.

An r-replicated, d-dilated MIN is a switching network which comprises r basic MINs 
connected to a stage of crossbars and has each link increased in capacity by a factor d. 
As well as this simple extension to the unique path MIN there have been some more 
complex extensions aimed at improved throughputs and fault tolerance but with minimal 
additional cost. For example, Augmented Shuffle Exchange Networks (ASENs) 
[KuRe87] are MINs in which the crossbars have auxiliary input and output pins that 
allow intra-stage connections. These auxiliary links form loops within stages so that 
blocked requests may be redirected via another crossbar in the same stage.

1.2.5 Operational Characteristics of Switching Networks

MINs are distinguished by three main operational characteristics: control, timing and 
switching protocol. Typically, MINs have decentralised control with implicit digit- 

controlled routing as in delta networks. However, timing characteristics depend on the 
type of parallel machine that uses the MIN. For SIMD machines, the MIN is normally 

used in synchronous mode whereas in MIMD machines the MIN is used in 
asynchronous mode. As mentioned in the Introduction, there are two main types of 

switching protocols -  circuit switching and packet switching -  as well as hybrid 

protocols. In circuit switching, a complete path has to be established across the 

network before data can be transferred from the input buffer to the destination buffer.
In the process of setting up this path there may be a required link already in use which 
causes the path to be blocked. The partial path already established may then be held 

until the link becomes free or may be released whereupon the source processor may
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have to retry after some appropriately chosen time. In a packet-switched MIN, there are 
buffers at each crossbar switch and packets of data are transferred from one buffer to 
the next in a single hop fashion. This protocol incurs higher transfer delays than circuit 
switching but introduces greater potential for parallelism and higher throughput.
Hybrid protocols can also be used in buffered MINs in which packets can by-pass 
many buffers by forming circuits across any number of stages when possible.

In the ALICE machine, the interconnection is provided by a 64-way delta-4 network. 
This network operates in asynchronous mode with a circuit switching protocol in which 
partial paths are held. Similar protocols have been proposed for a new generation of 
INs constructed from optical crossbar switches [J086] which can be fabricated with 
larger dimensions than electronic crossbars and so deliver higher throughput. At 
present, switching times in optical switches are non-negligible in contrast to the 
corresponding electronic devices and so it is preferable to hold a partial path rather than 

release the links when a request is blocked.

1.3 M odels of M INs

Models of MINs with various operational characteristics have been presented in the 
literature. Here we briefly describe a selection of these models classified by the timing 
philosophy: synchronous or asynchronous mode of operation. We further classify 
these categories by the switching mode: packet or circuit switching and explain why 

asynchronous, circuit-switched MINs are harder to model than MINs with other 
operational characteristics. Each of the modelling techniques we consider has to 
overcome the problem of blocking in MINs, i.e. requests being blocked because of 
unavailable shared resources (links). We find that different types of blocking are 

involved in MINs with different operational characteristics and so different modelling 

techniques are sometimes required for each type.

1.3.1 Blocking in M INs

Three types of blocking have been identified for general queueing networks: transfer, 

service and rejection blocking. An approximate algorithm based on Mean Value 

Analysis (MVA) has been developed in [Ak87] which solves queueing networks with 
all three types of blocking involved. The maximum entropy approach can also be used 

to solve such networks [KoXe88]. Transfer blocking occurs at server i when a task 
completes its service and wishes to join server j  but is unable to do so because queue j  
is full. Service blocking occurs at server i when a task is denied service at i because it 

wishes next to join server j  which is running at full capacity or not available. Rejection
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blocking occurs when a task at server i completes but can not go to queue j  which is full 

and so instead rejoins queue i for another service.

One type of blocking is present in each type of operation mode for a given MIN. A 
form of rejection blocking where rejected tasks receive no service is present in many 
models of synchronous MINs. In asynchronous, packet-switched MINs with finite 
capacity buffers there is transfer blocking. Similar approximations as in [Akg7] can be 
applied here because the MIN is basically a queueing network with blocking. Service 
blocking occurs in the DMA (Direct Memory Access) servers attached to the inputs to 
the asynchronous, circuit-switched MIN because the data transfer (i.e. DMA service) 
cannot take place until a complete path across the MIN is established. Furthermore, all 
links in the path across the MIN need to be held at the same time and since the links are 
shared resources, we have the problem of simultaneous resource possession [Wh85].

1.3.2 Synchronous M IN  M odels

Over the past ten years numerous synchronous MIN models have been proposed 
primarily as a result of interest in SIMD computers. Much of this work involves the 
permutation capability of MINs, i.e. the number of total, 1-1 functions mapping input 
ports to output ports that can be realised by the MIN without path conflicts. Other work 
in this area has concentrated on determining the effective bandwidth of the MIN when 
requests arrive at an input with a given probability at the beginning of the time slice. 
Here we present an overview of [Pa81] which considers a synchronous circuit- 
switched network and the results of [Je83] which considers a synchronous packet- 
switched network.

SynchronQus_CiQ.ssbars

We start by considering a model of an nxb crossbar operating in synchronous mode. 

Bhandarkar, [Bh75], presents a discrete Markov chain model in which the state 

(k\Jc2*.. .,&&) with represents the number of requests at each output pin. At the 
beginning of a cycle all free inputs request any output with equal probability. If at the 

end of a cycle there are k non-empty queues, then k requests need re-assigning because 

after the first request in each queue is served it effectively recycles to join again. By 

adding the recycled requests one by one to the queues, the terminal states can be 
determined and hence the transition probability matrix and steady state probabilities can 
be calculated. However, this is computationally complex and difficult to extend to 
arbitrary memory selection probabilities.
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The complexity of the above Markov model can be reduced by assuming that all 

blocked requests in a given cycle, retry independendy on the next cycle. This 
assumption has come to be known as Strecker's approximation [St70]. Let p  be the 
probability of sending a request in a particular cycle (which is the same for all inputs). 
Thus the probability that the uppermost output is not connected via any of the n inputs

is
n
. Since all outputs are identical, the bandwidth (.B) or expected number of

busy output ports and the probability of acceptance (Pa) is given by, respectively:

B = b and

The error is about six to eight percent for &/n>0.75 when p - 1. The closed form 
solution is widely used despite its underestimation of bandwidth at low request rates (p) 
and overestimation for higher p.

In [YPD82] the rate p is increased to take account of the rejected requests that are 
resubmitted. The new ratep ' is given by:

n' -  1p -  1 -/V 1 -1 /P )

This overestimates the bandwidth because it assumes that the queued requests are 
distributed uniformly over the outputs. By restricting the uniformity of the distribution, 
the model is refined to give very accurate results.

A queueing system approach assuming binomially distributed arrivals to the crossbar is 

investigated in [BaSm76]. This is asymtotically exact as either n and/or b tend to 

infinity but also give fairly accurate results for small values of n and b.

Synchronous, Circuit-switched MINs

Consider a /-stage delta network constructed from axb crossbars. The following 

analysis of synchronous circuit-switched delta networks can be found in [Pa81]. In a 

delta network with uniform request patterns, the transmission rate of requests from each 

output in a given stage is the same. Thus we only need to consider one switch of each 

stage where the rate of requests at a switch output is a function of the rate of requests at 

the switch input. Let pj (0<j<J) be the rate of requests at an output pin of a crossbar in 
stage j  and po be the rate of requests at each input port of the network. Applying 
Strecker's approximation to a crossbar in stage j  we have:
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for ;=  1 ,2 ,...,/, Pj = 1 - E t l f
b ) . and B = b^pj

In [KrSn83], an asymptotic expression for p j  (with a=b) is derived which approximates 
to:

2b
PJ -  (b-\y+ 2blpo

The analysis of [Pa81] is extended to include favourite memory references in [Bh85]. 

Synchronous. Packet-switched MINs

The model in [Pa81] also applies to synchronous packet-switched delta networks 
provided that switches are unbuffered and packets are generated at the beginning of 
each cycle. The other models presented here can be classified by the size of the buffers 
used at each node: single, finite or infinite buffers.

The first paper on modelling buffered packed-switched MINs is by Dias and Jump, 
[DiJu81] which considers single buffers at each input pin. The switch is modelled 
using petri-nets and results in complicated expressions. Jenq, [Je83], has a similar 
analysis but without using petri-nets. Kruskal and Snir, [KrSn83], present a model for 
a MIN with infinite-sized buffers which implies that there is no blocking and the request 
rate p  is the same at all stages in the steady state. More recently, there have been papers 
concerning finite buffered MINs, e.g. [HaJu87] and the analysis has been extended to 
include non-uniform routing [KiGa88].

1.3.3 A synchronous M ulti-stage In terconnection  N etw ork M odels

Models of asynchronous MINs have been sparse in the literature. However, in recent 
years there has been considerable interest in developing such models mainly because of 
developments in two distinct areas: MTMD parallel computer architectures and 

communication networks. The need to design novel parallel architectures has 

encouraged the development of new modelling techniques and new applications for 

more established ones. In particular, the MINs in shared-memory architectures need to 

be modelled to aid the design process. The other impetus for modelling asynchronous 

MINs has come from the new integrated services digital communications network in 

which MINs provide a switching function for data packets.
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Asynchronous. Packet-switched MINs

Here, we briefly describe the analysis reported by Mitra and Cieslak, [MiCi87], which 
assumes that buffers at links have infinite capacity. This assumption removes the 
problem of blocking and effectively makes the MIN a complex queueing network.
Much of this complexity can be reduced because there is no feedback (i.e. no task can 
ever return after leaving a node) and each node in a particular stage has statistically 
identical behaviour. Thus, the analysis considers only one crossbar in each stage and 

approximates the superposition of arrival processes and the splitting of the departure 
processes by stationary renewal processes described by the traffic descriptors: the 
traffic intensity and the coefficient of variation of queueing time at the node. Assuming 
that the sources at the first stage are Poisson, the link queues are M/G/l and so the 
Pollaczek-Khinchine formula gives the mean delay and other well-known results give 
the coefficient of variation of the departing process. In other stages the queues are 

GI/GI/1 and so further approximations need to be made. Finally, an expression for the 
mean time from source to destination is derived. The problem of blocking in 
asynchronous MINs with finite buffer capacity has been difficult to solve. An MV A 
algorithm for blocking in general queueing networks is reported in [Ak88] and this is 

extended for MINs in [JiBh88].

Asynchronous. Circuit-switched MINs

We will be considering asynchronous, circuit-switched MINs in the following chapters. 
Here we note that the problem of blocking still remains in this case and that it is further 
compounded by simultaneous resource possession. Similar problems arise in 

modelling telephone networks and in the next section we shall see that an elegant 
modelling technique has been developed for this case.

1.4 Modelling Circuit-Switched Networks

The modelling of large circuit-switched networks has long been of interest to telephone 
engineers, designers of large computer communication networks and more recently 

architects of parallel computers. Here we summarise some of the work presented by 
Kelly, [Ke86], and attempt to apply the results in MINs. We start by considering a 

Markov model for general circuit-switched networks which is exact but computationally 
impractical for large networks. However, in limiting cases links behave as if  they were 
independent and this leads to Erlang's fixed-point approximation which is 
computationally tractable and gives very accurate results. We apply this approximation
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to MINs below and discuss why the technique does not work well for this type of 
network.

1.4.1 M arkov M odel of C ircu it-sw itched  N etw orks

As an example, consider the following network in Figure 1.7.

F igure 1.7 An Exam ple of a C ircuit-sw itched N etw ork

In general the network may have an arbitrary topology. Suppose that there are J  links 
labelled with link j  comprising Cj circuits. A call on route r simultaneously
holds Ajre {0,1} circuits from link j. (More generally, a call may use more than one 

circuit from a link but here we will only consider the simpler case to simplify the 
notation.) Thus route r can be identified by {] I Ajr=\} and the set of routes R is a 
subset of the power set of {1,2,...,/}. Calls requesting route r arrive as an independent 
Poisson process with rate tv and are lost if a required link has no free circuits. 
Successful calls on route r  hold all links je  r for a random period of time with unit 

mean.

Let nr be the number of calls in progress on route r, 
n = (nr I reR)  describe the state of the network,

C = (Cy 17=1,2,...,/) and A = (Ayr 17= 1,2, . . . ,/ ;  reR)

The state space of the network can then be expressed by S(C )-{neZ ^  I A n< C }

If Ttin) is the steady state probability of the process being in state n, the detailed balance 
equations are:

7t(n)vr = 7t(n(r)) (/ir+ l) where n, n(r)eS(C) 

and n(r) is the vector n with nr incremented by one.

These equations are satisfied by (See [BHJ48] or [Ke79]):
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Tdii) = G(C)
reR

where G(C)*1 = I ©
tig 5(C) reR

The steady state probability of acceptance of a call on route r  is given by:

n(n)
neS(C-Aer)

G(C)
G {C -A er)

where e ^ S iC )  is the unit vector describing just one call or route r.

These simple forms of equations may appear at first to give the complete solution. 
However, the number of routes can grow exponentially with the number of nodes J  
(since l/fl<2/). So the normalising constant is only computable for small networks.

1.4.2 Limiting Regimes

Suppose the capacities Cj and offered traffic Vr are increased together such that the 
ratios Cjlv>r are kept fixed. It has been shown in [Ke86] that in the limit, parameters 

Bje [0,1) associated with link j  emerge such that the probability of losing a call on route 

r is given by:

&

Thus in the limit, it appears as i f  links block independently, link j  blocking with 
probability Bj.

For star networks, where all calls pass through the central node, it has been shown in 

[KeZi85] that in the limit when the number of nodes approaches infinity, the same 

result holds. These limiting regimes suggest that links behave as if they block 

independently when link capacities are high and/or when the number of nodes is large.

1.4.3 Erlang's Fixed-Point Approximation

Suppose a link of capacity C is offered Poisson traffic with rate v  and is held for some 

random time with mean one. This forms a M/G/C/C queue and in the steady state the 

probability that a call is lost is the same as the probability that all circuits are busy since 

Poisson arrivals '’see" the link in equilibrium. This probability can be determined from 

Erlang's Loss formula:

E(v,C)  =

-1

The throughput of this link is d(1 -£ (d,Q ).
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In the network we make the assumptions that before traffic iv is offered to link;', it is 

thinned by a factor 1 -£ /, ie r - \ j ) (where £ ; is the blocking probability for link i) and all 

thinnings are independent Thus it can be shown that:

Ej = E ^ A j r V r  Cj) where Eje (0,1)
reR ier-(;}

This is Erlang's fixed-point equation and in [Ke86] it is shown that the fixed-point 
exists and is unique for fixed routing. For dynamic routing, where alternative routes 
are attempted when the first route is unavailable, there may be more than one fixed- 
point. The work in [KeZi85] indicates that for more complex networks Erlang's fixed- 
point approximation gives more accurate results.

1.4.4 C ircu it-sw itched  M IN M odel using E rlan g ’s F ixed-Point

Consider an 5-stage delta-& network as an open network with arrival rate v  per input pin 

and uniform routing across all output pins. There are fr* routes from each input pin, all 
of length 5+1 links and all links have unit capacity. Since blocking is uniform across all 
stages (since partial paths are released) let the link blocking probability be 5 . The 
arrival rate per route is v/t^  and is thinned by a factor (1-5)* Thus Erlang's fixed- 
point equation is 5  = £ (u (l-5 )* ,l) and hence throughput is &*u(l-£)*+1. This looks 

suspect because the first equation is independent of the degree of the crossbars in the 
delta network, but depends only on the number of stages. For small networks (e.g. 3- 
stage delta-2 network) the exact state space probabilities of the Markov model can be 

determined Cope, [Co87], shows that the Erlang model for a MIN gives unacceptably 
large enrors in throughput compared to the exact model.

The inadequacy of Erlang's fixed-point approximation for MINs indicates that the links 
do not block as if they were independent From the limiting regimes (Section 1.4.2), 
we can see that Erlang's model for MINs is inappropriate because MINs have unit 

capacity links and small number of links per node. Cope, [Co87], extends the Erlang 

model to other fixed-point methods that achieve more accurate results.

Note that all these models deal with networks which release partial paths whereas the 
main body of the thesis will be concerned with holding partial paths.
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Queueing networks provide a powerful tool for modelling computer and communication 

systems. In the cases of parallel computer architectures and INs (connecting processing 
elements to shared memory modules) queueing models are crucial to the design 
process. However, the IN is a passive resource in that links in it need to be held by 
active resources for them to provide their service. Thus queueing network models of 
the parallel machines have blocking and this rules out the possibility of obtaining an 
exact product-form solution.

We consider a circuit-switched delta network in which partially established paths are 
held. Assuming that the remaining components of the parallel machine are easy to 
model, the queueing network model of the entire machine will have service blocking at 
servers attached to the IN. Even without blocking this queueing network may have a 
large number of servers which may preclude an efficient solution. Hence, we need to 
apply aggregation techniques which replace a collection of servers by a single server. 
Bearing this in mind, we extend these techniques so that INs can be represented in a 
queueing network.

2.1 Flow Equivalent Server for the In terconnection  Netw ork

Consider a M  server queueing network whose state is described by n={no,n\ , . . .,nM-\) 
where ni>0 (i= 0 ,l,...M ~  1) is the queue length at server i. In the steady state we can 
equate the flow into state n. with the flow out of state a to obtain the global balance 
equations. In product-form networks, these equations can be partitioned into local 
balance equations. If there exist steady state probabilities which satisfy these equations 
then the network is said to have the local balance property. In such networks, the 
queues may be considered in isolation and the steady state probabilities of the entire 
network will be a product of the steady state probabilities of each queue (up to a 
normalising constant).

In a locally balanced queueing network, it is a standard result [CHW75] that any sub­

network can be replaced by a flow equivalent server (FES). The service rate of the FES 

with queue length N  is equal to the throughput of the short-circuited sub-network with 

population N. This result is an application of Norton’s theorem from electrical circuit 
theory. In general, it cannot be applied to queueing networks which do not have the 
local balance property. However, in many such cases when it is applied it gives a good 

approximation [Co77].
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We apply Norton's theorem to sub-networks which comprise a bank of direct memory 
access (DMA) servers together with some circuit-switched IN, the remainder of the 
enclosing network satisfying the local balance property. Service blocking at the DMA 
servers implies that this decomposition is not exact but at least it isolates the problem. 
Under appropriate assumptions, the behaviour of the short-circuited sub-network can 
be represented by a stationary Markov process. For each valid population of this closed 
system, we find its throughput and hence FES-rate by solving the balance equations of 

this process.

The switching network is represented by a function which determines the effective 
service rate of the bank of DMA devices when they compete for network paths. The 
appropriate functions for full crossbar and delta networks are derived in Chapter 3 and 
5 respectively; in the form of a recurrence relation that exploits the recursive structure of 
the network in the latter case. In Section 2.3, we consider the limiting case in which 

there is no degradation, i.e. every active input port of a network is always connected to 
a destination. In this case, we obtain the well-known expression for the throughput of 
a multiple server. Later in Chapter 3, we also derive a closed formula for FES-rate 
when the switching network is a crossbar.

2.2 U nderly ing  M arkov Process

The flow equivalent server for b parallel DMA channels connected through an 
interconnection network is defined by the short-circuited network shown in Figure 2.1 
for populations N> 1. The switching network may be a full crossbar or a delta network. 
When N= 1 the customer experiences no contention for links and so the throughput is 

the same as the DMA service rate. The shaded box represents the switching network 

which limits the number of active outputs, m , to some value between one and the 

number of active inputs, n, according to its internal connection topology.

We make the following assumptions about this closed system with a circuit-switched 

IN in which partial paths are held:

• All queues have a FCFS discipline.

• All tasks are of the same class, i.e. we do not distinguish between read and 

write requests.

• The IN is used in one direction only, i.e. requests arrive only at DMA 

servers and the network does not set up paths in the reverse direction.
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• Service time of DMA servers has negative exponential distribution with rate 
p  when a connection is made, i.e. message lengths have this distribution.

• Path set up time and release times are negligible compared to service 
durations, i.e. the path across the network or partial path to the first 
blockage will be established instantly. In practice, this is a reasonable 

assumption because the DMA service times are many orders of magnitude 
higher that switching times in contemporary electronic switches.

• Recycling task chooses any of the b queues with equal probability.

For the present, we will not need to know the memory reference pattern of the tasks in 
the network.

------------------------------- < ------------------------------------

F igure 2.1 The Short-c ircu ited  Sub-netw ork defining the FES Rate

For this closed system, with population A>1, we define the following:

• n  = (n<),...,n^_i) is a vector of queue lengths at the source servers (ni>0 ,

/=0 ,1,. . . ,^ —1).

• m is the corresponding number of active output pins.

• #(&) is the number of non-zero components of (we will use n to denote 

#0a) where there is no confusion).

We also define the following random variables:

• MO in which the component M (0 denotes the number of tasks at server i 

(i=0,l ,...,fc -l)  at time r>0.

• M(t) which denotes the number of active outputs at time r>0.

Thus we define the following process:
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W(t) ={(K{t)M (t))\t>0} 
b-l

with state space = {(R/n) I = N, m = l,2,...,m in(tf,n) j
i=l

This is a non-null recurrent Markov process (with generators defined by appropriate 
state transition probabilities) under the assumption that all servers have negative 
exponentially distributed service times; this assumption can be relaxed for various 
queueing disciplines in standard ways, as described by Baskett et al, [BCMP75].

We could now obtain the balance equations for the state space probabilities of W(t) in 
the steady state by considering every possible state transition which may occur on a 
service completion. Suppose a path from server i is released and the recycled task joins 
server j. Then there are three types of free output port acquisitions:

(a) by task blocked on path from /,

(b) by next task in queue i, and

(c) by recycled task if queue j  was empty.

In an s-stage IN, there may be up to s tasks blocked on the path from server i and so 

there may be s type (a) acquisitions. At the same time, there may be two other 
acquisitions, one of type (b) and the other of type (c). Altogether there may be up to 
s+2 pin acquisitions on a single service completion. Thus, state transitions {n,m) to 

(a 'jn l  can occur such that

m -  m - 1, m , m + 1 , m + 2 , . . . ,  m + s+ 1

This results in a large number of equations and the approach is impractical even in the 
simple case of a full crossbar. Moreover, in a similar analysis of a delta network, the 

state space £1# must be extended to represent every path and partial path established, 

vastly increasing computational complexity.

The number of states of the process W(t) can be reduced considerably by aggregating 

states which represent the same number of active input ports. The aggregation results 

in the following process:

x u )  = i ( m u ) ) , m ) ) \ t > o }

with state space Qx = {(/z,m) I n= l,2 ,...,£ ; m = l,2,...,min(<3,n)}

Next we will make assumptions about the arrangements of the N  tasks on the n queues. 

In the next chapter, we show that all such arrangements are equally likely in the case of 

full crossbars.
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2.3 Underlying Birth and Death Process

Suppose the switching network can be represented by an expression tfo, the expected 

number of active outputs when there are n active inputs in the steady state. We assume 
(approximately) that this relationship holds at all times. In the case of a direct 
connection (no switching network) every active 'input' will always be connected to an 
'output' and we have t )n-n  which does always hold exactly. We will also use p n -  
Vnji to denote the effective service rate function of a bank of servers, each with rate fi, 

connected through such a network when n servers have non-empty queues. Thus it is 
no longer necessary to include the number of active outputs in the state space, since we 
can approximate this by vn when there are n active inputs. This approximate 

aggregation then leads to the following process when the population of the short- 
circuited sub-network is N :

Y{t) -  [N(t) I r>0} with state space Q y = {& I E /i/ = /V}

Let 7t(n) be the stationary probability of the process being in state ne Qy.

We now aggregate all states n with the same number of non-zero components and 
consider the following integer-valued, stationary Markov process:

Z(t) = {#(M0) I r>0} with state space Q z = {n I l<«<min(&^V)}

This process describes the number of active inputs to the switching network at time t 
and has stationary probability p n for ne Qz, i.e. pn is the steady state probability that n 

input pins are active. The aggregate state n therefore represents the subset of states 
Sn = {n I #(&)=rc, of the process Y(t), where the sets Sn form a partition of Q y.

In fact, for a given n, each state in Sn has the same steady state probability with respect 
to the process Y(t), i.e. each arrangement of customers in any n non-empty queues is 
equally likely. This follows because the generators of the Markov process Y(t) depend 

only on n and not directly on the component values n/. The balance equations for Z(f) 
then follow immediately by expressing 7t(n) in terms of pn for each ne Qy. Of course a 

stronger result holds in a simple Markovian queueing network (with no switching 

network) when the visitation rate to service rate ratio is the same for all servers, namely 

that all states are equi-probable (cf. the multiple server result discussed below).

n tWe define the combinatorial function (binomial coefficient), C, by nCm = 

and use the following elementary combinatorial results:

(i) nCm -  for integers ri>m>0.

(ii) nCm = n_1Cm_i + n_1Cm for integers n>m>0.
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(iii) The number of ways of arranging n balls in m urns is n+m~lCm_ j.

Suppose there are n+m-l items in a line, then the result follows since every 
choice of m -1 items (each as a partition) creates m containers (urns) with a 
total of n remaining items (balls).

(iv) The number of ways of arranging n balls in m non-empty urns is

This follows from (iii) since there is at least one ball in each of the m urns 
and so the result is the same as the number of ways of arranging nr-m balls 
in m urns (m having already been accounted for).

m
Thus we deduce from (iv) that for n>m, \ = m+n-1Cm_j since if n

k= 1
balls are arranged in m urns, they must occupy k non-empty urns for some k (1 <k<m) 
and there are mC^ ways of selecting k urns from m. This result follows formally from 

Lemma 3.1 in the next chapter.

Now by analysing process Z(r) in the steady state and using the above combinatorial 
results we obtain the following theorem:

T H E O R E M  2.1

Consider a 6-input IN with effective service rate function in a cyclic network 

comprising a parallel bank of DMA servers with population N. Under the assumption 
that all arrangements of customers on n non-empty queues are equally likely, the 

throughput is given by:-

T(N)
b

YsV-nPn
n=\

( 2. 1)

where

and

Pn

P\~l

P iP iY [{(H )(N -f)}
M __________
M n - 1)!2

b

fiiT l
/=!_________

Pn(n-1)!2

(2.2)

(2.3)

PR O O F

State transitions of the process Z(f) can only occur on completion of service by a task 

which then recycles to join one of the b queues. Thus there are only two possible types



Representation of Interconnection Networks in Queueing Models 40

of state transitions: n-+n+l and n+l—m  (1 <n<b) since transitions of the process 

Y{t) with #(#)=#(#') do not cause a change of state in Z(t). For the first type of 
transition to be possible, the completing task must depart from a queue in which there is 

at least one other task (length > 1), and must then join one of the b-n  empty queues.
Let qij be the probability that the state changes from i to j  on a service completion.
Since states (of 7(0) with the same number of non-empty queues are equi-probable, the 
transition n-+n+l occurs with probability qntn+\ given by:-

Qn,n+l
(b-n)

b Pr(queue length at a given active input > 1 when n are active)

(b-n) # arrangem ents o f N - l  tasks in n non-em pty queues 
b # arrangem ents of N  tasks in n non-em pty queues

(b-n) " - 2C„_ i by standard combinatorial results as above

(b-n) (N-n) 
b (N -l) (2.4)

Conversely, for the second type of transition, the completing task must leave from a 
queue in which there are no other tasks and must then join one of the n non-empty 
queues. The transition n+l—>n therefore has probability qn+i/i given by:-

Qn+hn
n
b Pr(queue length at a given active input = 1 when n+l are active)

n. # arrangem ents of N - l  tasks in n non-empty queues 
b # arrangem ents of N  tasks in n+l non-em pty queues

n N-2cn_Y n2
b n- iCn ~ w - v (2.5)

Now from (2.4) and (2.5), given that the effective service rate function of the switching 
network is fin, we have the following balance equations for the process Z(t) with 

n= l,2 ,...,b -l:

JJ-nPn (b-n)(N-n) = Hn+lPn+l n2 (2.6)

Solving this forp„ gives (2.2),with normalising constant given by (2.3). The 

expression for the throughput T(N) follows from this distribution and the effective 
service rate function. □
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When the effective service rate function fj.n is a simple expression, it is not necessary to 

compute the distribution pn directly to obtain the throughput T(N) by Theorem 2.1. In 

such cases an expression for throughput may be obtained by the following theorem:

TH E O R E M  2.2

Consider a 6-input IN with effective service rate function fin, in a closed system of a 

parallel bank of DMA servers with population N  Under the assumption that all 
arrangements of customers on n non-empty queues are equally likely, the throughput is 
given by:—

T(N)
bN

b+ N -l H {  1 ) (2.7)

where

oo
( 2.8)

and tn is given by the following recurrence formula and boundary condition, 
respectively:-

and

(b-n)(N-n)tn = n2tn+i
b

^  tn/fJ-n 
n=l

= 1

n= 1 ,2 ,...,6-1  (2.9)

(2. 10)

PR O O F

Substituting tn = fJ-nPn in the balance equations (2.6) and the normalising condition for 

p n we obtain the recurrence formula (2.9) and the boundary condition, (2.10). We can 

solve this by defining the generating function
oo

G(z) = ^  tnzn (tn = 0 for n>b) (2.11)
n=l

G(z) has first derivative G \z) = ^  ntnzn~l and in fact H{z) -
n=l

G(u) d u

We now have T{N) = G (l) and we can rewrite the recurrence formula (2.9) as

Nb{tnJn) -  (N+b)tn + ntn + tn+1 -  (n+l)fn+1 = 0

Multiplying by zn and summing yields
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NbH(.z)-(N+b)G(z) + zG'(z) + z - l (.G (z)-tiz)-G X z) + ti = 0 

i.e. (l-z)G '(z) + (N+b-z-l )G(z) -  NbH(z) = 0

Thus, setting z=1, we obtain the required expression for the throughput T(N). □

In ineorem 2.2, H (l)  is derived from the boundary condition (2.10) which depends on 
the specific form of pn given by the characteristics of the switching network.

In the simplest exact case where we have direct connection (no switching network),
b

p n=np and the boundary condition (2.10) becomes —  = 1, i.e. H (l)  = p,
jL d  np 
n= 1

bNgiving the well-known 'multiple server' formula for T(N) = p  derived by a

number of authors, e.g. [HaFi86]. There is a similarity between the expression for 
T(N) when there is a direct connection and the expression for p n when there is a full 

crossbar (given in the next chapter). In fact, the two expressions can be unified by the 
substitution, N=n. As we will see shortly, this is to be expected because both 
expressions can be derived by purely probabilistic arguments which use the fact that 
each arrangement of tasks over a fixed number of non-empty queues occurs with equal 
probability in the steady state.

2.4 Virtual Bank of Infinite Servers

In parallel computer architectures, the processors may be idle for some time waiting for 

communication and so they are usually multiprogrammed to increase utilisation, i.e. one 

real processor (agent) behaves like a number of virtual processors. This is particularly 
important in architectures with relatively small grain parallelism such as ALICE. In 
many cases the agents are synchronised with some other agent across the network. For 

example, in the ALICE machine a virtual agent sends a request to a packet pool agent 

(memory module) for more work and awaits a reply. Hence, for any new arrival (the 

reply), there has to be an idle virtual agent that initiated the task even though the actual 

agent may be busy. Such agents are effectively infinite servers.
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Figure 2.2 VBIS Servers with an Interconnection Network

Suppose the b DMA servers connected to the MIN in Figure 2.2 are multiprogrammed 
as v virtual agents and form a virtual bank of infinite servers (VBIS). The short- 
circuited sub-network with population N<bv can be analysed by a similar approach to 
that adopted in Section 2.3. Now the analysis of process Z(r) (assuming the effective 
service rate function is p n) leads to Theorem 2.3. First we require the following 

combinatorial results:

Let R(NJ4,v) be the number of ways of distributing N  balls on M  urns under the v- 
occupancy restriction (i.e. maximum of v balls per urn). It is shown in [GaCh87],

M
R (N M ,v)  = X  (-1V’ M ci  N+M -;(v+l)-lcM_l (2. 12)

;= o

Let A(M N ,v) be the number of ways of distributing N  balls on M  non-empty urns 

under the v-occupancy restriction. So A(NM ,v) = R(N-M M >v-l) since one ball is 
fixed in each of the M  non-empty queues (thereby reducing the number of vacant slots 

in each queue by one) and the remaining balls are arranged on top. Thus,

M
A{N,n,v) = £ ( - 1V MC ;A'-'/v--1C m-1 (2.13)

;=o

THEOREM 2.3

Consider a &-input IN with effective service rate function pn in a cyclic network 

comprising a parallel bank of DMA servers with multiprogramming level v and total
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population N. Under the assumption that all arrangements of customers on n non­
empty queues (banks of virtual servers) are equally likely, the throughput is given by:-

b
T(N) = N = l,2 ,...,b v  (2.14)

n=l

n- 1

where Pn=P  i
k U

r= l

(1 -y (r M r )

X r+l)(l-«r))
n = l,2,...,fr (2.15)

Pi normalises these probabilities

6(n) = (b-n)v
bv-N + V y(n) = A(jV-l,K-l,v)

A(N ,n,v) (2.16), (2.17)

PR O O F

First we observe that y(n) is the steady state probability that a particular server has a 

singleton queue when n servers are busy. To see this, note that the numerator for 
expression (2.17) is the number of ways of arranging N - 1 tasks on n - 1 non-empty 
queues; one task being chosen to be in the singleton queue. The denominator is the 
number of ways of arranging N  tasks on n non-empty queues. Hence, (2.17) follows 
from (2.13).

Similarly, 5(n) is the steady state probability that a recycling task joins an idle server 

when n are busy. Any idle virtual agent (or slot) is chosen by an arrival since each 
configuration of N  customers is equally likely. The numerator for expression (2.16) is 
the number of empty slots on idle servers (i.e. (b -n )v ) and the denominator is the total 

number of empty slots (i.e. bv-N+l) seen by an arrival.

p n is the steady state probability that the process Z(r) is in state n, i.e. has n active 
inputs. Equating the flow from state n to state n+1 with the reverse transition we obtain 

the following balance equations:

PnPn (l-)(rt))<$(rc) = Pn+lPn+l tf / i+ l) ( l-# /i+ l) )  rt= l,2 ,...,fr-l

which are satisfied by (2.15).
The expression for throughput (2.14) directly follows from (2.15). □

The analysis of a VBIS server without a MIN has been presented in [HaFi86] in which 
they derive a simple recurrence for the expected number of busy servers in the parallel
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bank when there are N  customers in the queues. In our approach, the throughput for 
this special case can be obtained by Theorem 2.3 with p.n-nfi.

The results of the early part of this chapter forms the basis of much work later in the 
thesis. In the following chapters, we will consider different types of interconnection 
networks (such as crossbars, delta networks, e tc .) in the closed system with parallel 
DMA servers. We begin in the next chapter with an analysis of the uniform crossbar.
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Since the crossbar forms the basis of the MIN analysis in later chapters it is important to 

model it as accurately as possible. The crossbar model also gives us an upper bound 
for the throughput of the equivalent MIN. This chapter describes a number of Markov 
models and probability models of full crossbars under a uniform traffic model. The 
Markov models provide the exact analysis with respect to certain assumptions whereas 
the probability models are derived more intuitively but are more computationally 
tractable. Our primary interest in this chapter is to derive expressions for the 
throughput of a uniform crossbar in a closed system with a fixed population. This 
allows comparisons between crossbars and delta networks providing the same 
connectivity. Furthermore, we derive expressions for the throughput conditional on the 
number of active inputs. These expressions can be used not only in the birth and death 
process in the previous chapter but also as the base case for analysing uniform delta 
networks in Chapter 5.

3.1 Markov Model for a Full Crossbar

In this chapter we consider a closed system with population N  comprising a bxa 

crossbar connecting b DMA servers to a output ports (as in Figure 3.1). This is the 
special case of Section 2.2 where the IN is a crossbar and we make exactly the same 
assumptions here. The closed system is effectively a conventional queueing network 
but with service blocking at the DMA servers. Tasks at the head of the DMA queues 
are simultaneously in an output port queue. When a task reaches the head of the output 

port queue the DMA service begins and lasts for a random time interval with negative 
exponential distribution and mean 1 IfL Without loss of generality we let fi=l.

Let Ni(t) be the random variable which describes the number of tasks at DMA server i at 

time t and M fi)  be the random variable which describes the number of tasks queued on 
output port j  at time t.

Now consider the process V(t) = [N{t)M(t) 1t>0} with state space given by:

b- 1 a- 1
= {(zua) I (fl/>0,i=0,l,...,6-l), X flj=N, (my>0J=0,1,...,<2-1), X m ;=#(*) }.

i=0 j=0
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Figure 3.1 The Full Crossbar

Notation

We will be using the following notation in this and subsequent chapters:

• The components of a vector describing queue lengths are labelled starting at 
zero so that they correspond with the pin numbers of the crossbar.

• The number of non-zero components in a vector a  is denoted by #(&)•

• rf denotes the vector n. with component i incremented by one.

• &j denotes the vector n  with component j  decreased by one.

• we will use the following abbreviations where there is no confusion:

«=#(&)> and q=mQ.

For the uniform crossbar, each DMA server is chosen by a recycled task with equal 

probability (1 /b) and each output port is also chosen with equal probability {Ha). By 

symmetry when m  outputs are active, any of the °Cm arrangements is equally likely. 

Furthermore, if n inputs and m  outputs are active then any of the arrangements

of n tasks on the m non-empty queues is equally likely (see Section 3.2.2). Hence we 
only need to consider the number of active outputs m rather than the output queue 

lengths m  in the full state space.

Later, in the next chapter, we consider the non-uniform crossbar in which one DMA 
server is chosen with probability co and each of the other output ports is chosen with 

probability (l-£U)/(fl-l). In this case, each arrangement of active outputs is not always 

equally likely but for a given value of the number of tasks q at the special output port, 

the arrangements of the other n-q  tasks on the m (if <t=0) or m- 1 (if q>0) non-empty 

queues is equally likely. Hence we include m and q in the state space.
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We could also consider an alternative process for a crossbar with the following state 
space:

f b-1
= {(ibd) I (n ;> 0 ,/= 0 ,l,...,6 -l), £  n(=N, ^ = 0 ,1 ,. . . ,a - l  if n{>0 ,

/=0
^ -u n d e fin ed  if ni=0}

where d/ describes the destination of the head task in DMA queue i. Note that unlike 

state space A * Q! holds explicit information about the dynamic connections in the 
crossbar and this complicates the expressions for the transition rates. On a service 
completion at output port j  any DMA i with di-j may have completed. Since 
information about the connections is not present in A> any one of the n active DMA 
servers may have completed (with appropriate probability). The sets A  and Q! are 
related by

mj= number of di such that d(=jy i=0 , l , . . . ,6- l .

Hence the number of active outputs m=#(Qi) is a long expression. This in turn gives 
long expressions for the state transition rates if we consider the process with state space 

and so we consider process V(t) with state space A -

3.2 M arkov Model for a U niform  C rossbar

In this section we consider process W(t) with state space A  as in Section 2.2 but for 
the case when the switching network is a full crossbar. For a bxb crossbar, this work 

can be found in [Ha87]. Here we extend this work to the bxa crossbar case and state 

some of the main results.

3.2.1 T ran s itio n  P ro b ab ilitie s

Suppose server i completes and the recycled task joins server j  (0 <ij<b-l), then we 
can distinguish three types of transitions when the number of active inputs n: increases 

by one, decreases by one, and remains the same. Correspondingly, we have three 
domains for (if):

D(6) = [ i j  I ni>0, nj—1,1 <i*j<b}

D(<W = { i j  I m=0, ny> 1,1 </*/<&}
D(yr) = [ i j  I n/>0, n j> l,l< ij< b}y j{ ij I «/=0, nj-l,\< ij< b}K j{i,i I «/= 1,1 </</?} 

Transitions are of the form —> (a,m) where m'= and so we

define the following:
6ic(nym) is the transition rate from (n,m) to (n+l,m+fc-2), &=1,2,3,4 

<pk(njn) is the transition rate from (n,m) to (n-l,m + k-2 ), k - 1,2
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y/fc(n,m) is the transition rate from (njn) to (n/n+ k-2), £=1,2,3

where for n>l and n=l, m=l respectively
Q\(n,m) = m (m -1)3 /  n(n-l)a^  0

) = m {(n-m)m2+ (m -1)(m-1)(a-m+1)} / /z(rt-l)a2 1/fl
&3(n/ri) -  m (a-m ){(n-m)(2m+1 )+(m-1)(a-m+1)} / n(n-l)a2 (a-l)/a
64(11, m) = m (a-m )(a-m -1) (rt-m) / n(rt-l)a2 0
$i (n,m) = m(m-1) / n(n-1) undefined
ty2(n,m) -  m(n-m) /  n (n -1) undefined
yfl(n,m) = m(m-l)2 / rt(/z-l)a 0
yi(n>m) = m{m(/t-m)+(m-l)(a-m+l)J / n(n-l)a 1
Ylin,m) = m(n-m)(a-m) /  n (n -\)a  0 (3.1)

The factor m/n in all the transition rate functions is the probability that server i is 

connected to an active output.

3.2.2 G lobal B alance E quations

By analysing process W(t) for a uniform bxa  crossbar, we obtain the following 

theorem.

T H E O R E M  3.1

The steady state probabilities P(&m) of process W(t) with state space are given by:

P(tLm)m = j- X  {P i& 'pm + V diin -lim + l)  + P(a.ij,m )$2(n - l,m )  
dj)

+ /5(zti/,/tt-T)03(f l- l,m -l)  + P(&ij,m+2)04(n-l,m + 2) }

+ \  X  {P(a}pm+\)(pi(n+\,m+\) + P(nyn)<fc(/z+l,m)}

+ \  X { (̂&V>m +1)V/rl ( 'W + l)  + P(oljjn)V2{n,m) + ^ 3 ( ^ - 1 ) }
(v )

(3.2)
PR O O F By analysis of assumed Markov process W(t). Q

The factor \/b  in the above balance equations is the probability that the recycled task 

joins servery=0 , l , . . . ,£ - l .

Since the transition rate functions are independent of i and j  (they only depend on n and 

m), we can reduce the state space of process W(t) to obtain process X(t) with state 

space Qx -  ((n,m) I n= l,2,...,h  and m =l,2,...,min(tt,a)} and steady state probabilities
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P(njn). In equilibrium if all arrangements of N  tasks on n non-empty queues are 
equally likely then the following equation must hold:

P(njn) = where *=#(a) (3.3)

By substituting this expression for P(R,m) in Theorem 3.1 we obtain the following 
corollary.

CORO LLA RY  1 TO TH EO REM  3.1

The steady state probabilities P(n/n) of process X(t) with state space Qx satisfy the 
following balance equations:

P(n,m )m (N -l)b  =
(n-l)(Ar-n+l) {P(rt-l,m+l)0i(n-l,m+l) + P(n-l,m)02(n-l,m)

+ P (n -l,m -l)0 2 (n - l,m -l)  + P(n-l,m+2)04(rt-l,m+2) }
+ n2(n+1) {P(n+ l,m + l)0 i(n+ l,m + l) + P(n+l,m)(p2(n+l,m)}
+ n{n(N-ri)+{b-n+\)(n-l)} (P(n^n+l)y/'i(n,m+l)

+ P(n,m)y/2(n,m) + P(n,m-l)i/^3(Ai,m-l)}
(3.4)

PRO O F By analysis of process X(t) or by substitution of equation (3.3) in Theorem
3 .1 .□

3.2.3 C o n stra in ed  M arkov Process

Suppose the transitions of process X(t) were constrained in such a way that the number 
of active inputs n remains the same. This constrained process represents an open 
model with n infinite queues at the crossbar inputs. When n -b , this corresponds to a 

closed model with infinite population and so will give an upper bound on the 
throughput This approximate approach is particularly useful as it gives a simple 

solution to the steady state probabilities:

CO RO LLA RY  2 TO  TH EO REM  3.1

The steady state probabilities of the constrained process X(t) with n=l,2,. ..,b active 
inputs is given by

P{m\n) = — m=l ,2, . . . ,min(rt , t f) (3.5)
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PROOF

For the constrained process, only the third summation of balance equations in Theorem
3.1 is required since n is fixed, and so we obtain:

P(m\n)m = P(m+l\n)\f/i{n,m+l) + P(m\n)\p2(njn) + P(m -l\n)y/3(n sn -l)

(3.6)
This is satisfied by (3.5) and later we show that the probabilities do sum to one

( 3 . i 3 ) .n

3.2.4 Exact Result for a 2 by 2 Crossbar

In the case of a 2x2 crossbar switch, b ^a -2 , with N>1, the values of the transition rate 
functions are 02( l , l ) = 03( l , l )= l /2, 0i(2,2)= l, 02(2, l )= l /2, yq (2,2)= 1/2, 1/^ (1,1)= 1, 
y/2(2,l)= l/4, y/2(2,2)= l/2, y/3(2,l)= l/4, and the (dependent) equations of Corollary 1 

to Theorem 3.1 become:

(A M )P (lfl) = 2/>(2,2)+P(2,l)
(2A/-1)P(2,1) = (AM)P(1,1) + 2(2IV-3)P(2,2)
2(2Ar-l)P (2 ,2 ) = (AM)P(1,1) + (2tf-3)P (2 ,l) (3.7)

These equations have normalised solution:

p ^ = j m r j ’ ^ 2) = S t t ) (3-8>

giving a throughput T(N) = l .P ( l , l )  + l.P (2 ,l) + 2.P(2, 2) = ( 3 &  (3-9)

Thus throughput is always less than 4/3, and approaches this value as N->°o. This is 
as expected for a full 2x2 crossbar with both of its inputs active. For finite N, there is 

always a non-zero probability that an input is inactive, giving lower throughput.

3.3 Probability Model for a Uniform Crossbar

Rather than the Markov model representing the dynamic behaviour of the crossbar, the 

probability model described here uses the properties of the crossbar in equilibrium and 

simple combinatorial arguments to determine steady state probabilities. The purpose of 
this section is to derive an expression for the effective service rate function for a bxa 

crossbar (i.e. the throughput conditional on the number of active outputs). From this, 

the overall throughput function can be determined using Theorem 2.2.
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For a bxa  crossbar, let the random variables N, M  denote respectively, the number of 

active inputs and the number of active outputs. We define the following steady state 
probability: pm\n = Pv(M=m I N=n). Now by symmetry, all valid arrangements of the 

n requests on a queues are equally likely in equilibrium. Hence, to find the probability 
that m  of those n requests will be successful we need to find the number of 
arrangements of n requests on m  non-empty queues and divide by the total number of 
arrangements. The number of arrangements can be determined by urn model results 
and simple combinatorial arguments as in the previous chapter. This gives the 
following result:

Pm\n = — f+ n-lr ' CM m =l,2,...,m in(rt,a) (3.10)

This expression agrees with the stationary probability (3.5) for the constrained Markov 
process X(t) with n active inputs. Hence the following results will be valid for both the 
probability model and the constrained process.

Now we wish to derive the throughput of the crossbar given the number of active 
inputs. First we will require the following lemma and corollary which can also be 
found in [Kn68] and [HaPa87]:

LEM M A  3.1

n
For n>  1 ,0  < h < X -n + l, ]T n~lC k-l XC ^ h - \  = n+X' l ^X-h  (3.11)

k=l

PR O O F

For n=1, the left hand side, lhs = = x Cx~h = rhs, the right hand side if 0 < h <X.

Now assume inductively that the result is true for 1 <n <N. Then, 
iV+1 n

X  N c k-l X c k+h-1 = X  (N~lC k-2 + N~lC k - \)  X c k+h-l + XCN+h + X c h
k=1 k—2

= X  (N~lC k - lX c k+h + N~lC k - lX c k+h-l)
k= 1

(we have replaced the dummy summation variable, k , by k+l in the first sum, and 

extended each summation domain to include the two loose terms.)

Therefore, using the inductive hypothesis twice, for 0 < h+l < X -N + 1 and 
0 < h < X -N + 1, i.e. for 0 < h <X~N ,
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lhs = ^C x-h-l ^Cx_fo

= N+XCX-h □

COROLLARY

n
For wSl, X>1, 0<h<X-n, ' ^ n~1Ck_ l x Ck+ft.(k+h) = X .x+rl- 2C x-h -i (3.12)

k= 1

PROOF

Since x Ck+h.(k+ h )= X x ^ C k+h_h  lhs = = A s by the
*= 1

lemma. □

min(n,a) n+a-lr„  ,
Now by Lemma 3.1 with /z=l and X -a , £  Pm\n -  'a+n-\r  * = * (3.13)

m=l
By the corollary (3.12) with h=Q and X=a, the expected number of active outputs when 

there are n active inputs is given by:—

minM  a+n-2c , m

Since each DMA server has rate ji, the degraded service rate function is given by:—

Pn (a+n-l) ** n= \,2 ,...,b (3.14)

3.4 Throughput Function for a Uniform Crossbar

Now that we have a simple expression for }JLn  in the case of a uniform crossbar, we can 

use Theorem 2.2 to obtain a simple expression for the throughput T(N).

COROLLARY TO THEOREM 2.2

For a closed system with population N, consisting of b parallel DMA servers 
transmitting across a bxa crossbar network the throughput is given by:—

abNfi
(a+ b-l)N  + (a - l) (b - l )T(N) = (3.15)
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PROOF
For a bxa crossbar network, we obtained in the previous section an expression for fin

(3.14). Substituting this in the boundary condition (2.10) gives:

G (l) + (a -l)H (l) = ap.

Substituting T(N) = G( 1) and using (2.7) in Theorem 2.2 we obtain 

which gives the required expression for throughput. □

Since a and b are interchangeable in (3.15), the corollary shows that a bxa crossbar has 
exactly the same throughput as an axb crossbar. As an example, consider the extreme 
cases of a b x l  and 1 xb  crossbar. In the first case, the throughput is fj. because there is 

only one output and the other case has the same throughput because there is only one 

input. For more general cases, the result is not so obvious.

4NFor a 2x2 crossbar (3.15) becomes T(N) = 3 /^4  M which agrees with our more

rigorously derived expression (3.9). Hence our simpler analysis of IN throughput 
using process Z(t) and effective service rate function fj.n is exact with respect to the 
more precise analysis in Section 3.2 for a 2x2 crossbar.

In the case of a multi-stage delta network, the expression for fin is given by a recurrence 
formula (as we will see in the following chapters), and so a compact expression for 
throughput would appear impossible to derive. We have obtained our numerical 
predictions (see Chapter 8) of throughput T(N) in this case from the degraded rates jj.n 

by directly computing the set of probabilities pn (using (2.2) and (2.3)) and hence T(N) 
from (2.1), from Theorem 2.1.

3.5 Static Probabilities for a Uniform Crossbar

Consider a uniform bxa  crossbar represented by process X(t) with state space Qx (as in 

Section 3.2). Suppose we constrain the process so that n = l,2 ,.. .,b remains fixed and 

consider the embedded Markov chain of X(t). We make the further assumption that 
when the crossbar state changes the next state can be any one in the state space with a 

probability that is a function of the next state only. In effect, we have a zeroth order 

stochastic process in that the next state is independent of the current state as well as all 
previous states. With this gross simplification of the process we can readily derive the
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steady state probabilities which we call static probabilities. They can be derived by 

considering all the possible transitions from an arbitrary state.

We will require the following lemma. 

LEM M A  3.2

For n>l, &=0,1,...,ai-1
r - r

/  j (rj-j) = S(n,k) 
r 7=1 

2<r{<n, i=l,2,...Jc 

ri<ri+b i=l,2,...Jc-l

where
r is an integer vector with distinct elements

S(rt,0) = 1
S(n,k) = S (n -l,k ) + {n-k) S ( n - \ ,k - 1) fc= l,2 ,...,n -2
S (n ,n -l)  = 1

PR O O F

We prove this lemma by case analysis on & =0,l,...,rt-l.
Case &=0: Empty product is one by definition, so S(n,0)=1 

n n- 1
Case k=l: S(ny 1)

r i=2 r i= l

(This is an optional base case which reduces the number of recursive calls when k=l.) 
Case &=1,2,.. .,n-2: As all elements of r are distinct and sorted in increasing order, we 

can separate it as follows.

2<ri<n, i= l ,2,...,fc 2<r;</z-l, /= 1,2 ,...,£ 2<ri<n-l, /= 1,2,...,£-1

S(n,k) S (n -l,k )
rh=n

+ (n-k) S ( n - l ,k - l )

Case k=n-1: Since all elements of r are distinct and sorted, for this case r=(2,3,.. .,n)
n- 1

and S (n ,n -l)  = (r j- j ) = 1
;'= i

□
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THEOREM 3.2

The static probability that m  outputs are active in a uniform bxa crossbar with n active 

inputs is given by:

Pa(m\n) = ~ "7 n=l,2...,b; m =l,2,...,m in(/i,0)

PROOF

Since the static probabilities correspond to a zeroth order process, its short term 
behaviour is identical to its long term behaviour. Thus the static probability of the 
process being in state m is the probability that the initial state is m. The latter 
probability can be determined by the arriving sequence of n requests as follows.

Consider n requests arriving in sequence and choosing any given output pin with 
probability If a. The ith request in the sequence is given a label i= l,2,...,n  which we 
call the request number. Let k=n-m be the number of blocked requests. We can 
describe the blocking by the vector r = (ri,r2, . . .,rf) which represent the request 
numbers that are blocked, i.e. rj is the request number of the j th request to be blocked. 
Request number zero is never blocked as all output pins are free on its arrival.

Now the probability that the blocking is r is given by:

r  n -2  1

T T —

~ Hrh
T T s i (r2 d \ ...........

~n-(k+l)

n *
L i-ric-k J

1 1  a
L /=i J { a ) i vLi=ri-1 J 1 a J

k ~n-(k+1)"w ■1 mrn-
Ly=i J L /=i J

n-m

=
y=i

Hence the probability that m  outputs are active is given by summing these probabilities

over all blockings r that give rise to m active outputs:
I n-m

- 7=1
2<rt<n, i= 1,2,... ,n-m 

ri<ri+l> i= L2,... yfi-m- 1
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a\ S(n,n-m ) 
an(a-m)\

by Lemma 3.2 □

Static probabilities actually relate to a synchronous crossbar in which n tasks arrive 
simultaneously at the beginning of a cycle and request any output with equal 
probability. Although they are not direcdy useful for the asynchronous protocol which 
we consider, they will prove useful in the analysis of non-uniform crossbars in the 
following chapter.
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So far we have only considered a crossbar with uniform routing to its output pins. 
However, in a shared-memory multiprocessor where the crossbar provides the 
interconnection between processors and memories, the memory references are not 
always uniform. Here, we analyse a particular memory reference pattern for a bxa  

crossbar in which the top output pin (numbered zero) is chosen with some given 

probability and all the other pins are chosen with equal probability. The purpose of the 
first part of this chapter is to provide an exact analysis of a bxa crossbar with this 

reference pattern using a Markov model. Later in the chapter, we also present some 
approximate models of biased crossbars.

4.1 M arkov M odel for a Biased C rossbar

As before we consider a bxa crossbar in a closed system with population N  (as shown 

in Figure 4.1). The b DMA servers have service times which are negative 

exponentially distributed with rate fj. when connected to an output port In general, the 
routing probability to each of the a outputs is arbitrary in a non-uniform crossbar. In a 
biased crossbar any new arrival chooses the top pin with probability co and each other 
output pin with probability (l-w )/(a-l).
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q requests

-------- < -------
Population, N

F igure  4.1 S tate  of a Biased C rossbar

We can model a general non-uniform crossbar by the process V(t) with state space Qy 
given in Section 3.1. However, for a biased crossbar, output pins 1 to a- 1 have 

identical properties such as equilibrium queue length distribution. So we consider the 

following process:

W'(t) = {(MO, #(M(0)> Afo(0) I ^ 0 } which has state space Q y' given by:
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Q w  = {{]Lm,q) I £  [ (q=0, l< m <m in(a-l,n))
i=0

or (\< q<n-l, 2<m<rmn(a,n-q+l)) or (q=n, m =1) ] }

The uniform crossbar is a special case of the biased crossbar in two ways. Of course 
when ct*=l/a, the biased crossbar has equal routing to all its outputs as in the uniform 

crossbar. The Markov process describing the biased crossbar is still more complicated 
because of the extra parameter q in the state space. We can eliminate this parameter by 
considering the bxa crossbar with co=Q. This implies <7=0 and so the process describes 
a b x (a -1) uniform crossbar.

4.1.1 T ran sitio n  P robab ilities

On a service completion at DMA i (7=0,1,.. .,£-1), three types of output pin 
acquisitions can simultaneously occur:

Event A : The freed output pin is acquired by a task in the remaining queues (previously 
blocked on that output)

Event B : A free output pin is acquired by the next task at DMA i (given that there is 
one)

Event C : A free output pin is acquired by the recycled task (given that it joins an idle 
server)

Although these events occur instantaneously, they are ordered A, B, C as we would 
expect in the physical crossbar. Suppose the recycled task joins server j, then we have 

the following micro-transitions which make up the transition from the initial state 

(jLm,q):

(&,m,q) (&i,m(A),q(A)) -> (ru,m(B\ q (B)) -»  {& f,m ,q)

DMA i completes Event A Event B Event C

where mGO is the number of active outputs prior to event X  e  (A,B,C] 
and <7(̂ 0 is the number of tasks queued on pin 0 prior to event X e  {A,£,C}

Note that:

m(A) - m - 1 (i.e. on completion there is one less output) 

and q(A) = q with probability (m -\)/m  (i.e. if a non-top pin releases, zVO)

= <7-1 with probability 1/m (i.e. if the top pin releases, /=0, <7>0)



Models of the Non-uniform Crossbar Switch 62

Suppose output pin 0 is freed, then Pr(A) = 0 if <7=1 and Pr(A) = 1 if q>\
Suppose another output pin is freed (1 to <z-l),
then Pr(Remaining queues do not require the freed pin I #=1,2,.. .,/z-2)

number o f arrangements o f (n -q ) - l  tasks on ( m - l ) - l  non-empty queues 
~ number of arrangements o f n -q  tasks on m - 1 non-em pty queues 

n-q-lQ  ~
= n2a_ \r !  by combinatorial arguments (Section 2.3)

_ m~2 
n-q- 1

Hence we have the following probabilities for the event A when a non-top pin is freed:

Pr(A) if q=0

Pr(A) =  v '  n -q - l if <7= 1,2 ,—,n—2

Pr(A) = 0 if q - n - 1
For the other two events we have the following probabilities:

Pr(B) _  a - ( r d B) - \ ) if q(B)=q(Q, q(P)>0

Pr(B) if q(B)=q(C)=0

Pr(fl) =  1 if qW=0 , q(Q=1
Pr(2?) =0 if q(B)=q(Q-1, q(B)> 1

Likewise,

Pr( 0 if q(C)=q\ q(Q>0

Pr(C) = < tS ^ L if q(Q=q'=0

Pr(C) =  1 if q(Q=Q, <7=1
Pr(C) = 0 if q{^= q  - 1, ^(^)>1

Notation for Transition Probabilities

The pair (ij)  corresponds to a customer leaving pin i and joining pin j. We define the 

following domains for (ij)  when the crossbar is in state <jLm>q):
D(<p) =  { i j  1 «i=0, nj>\,l<i±j<b)
D(V) =  { i j  1 m>0, n j> l,l< ij< b }v { ij  1 
D(0) =  { i j  1 n/>0, nj-l,\< i* j< b)

n i-0 , nJ- l yl< ij<b}'u{i,i 1 « * =  ! , ! < / < & }

which correspond respectively to n decreasing by one, n remaining the same and n 

increasing by one after the transition. The transition probabilities in the given domains
for (ij)  are denoted by:

: (n,m,q) -> (n - l ,m+k-2,q+l-2) if (iJ)eD{<j))
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Yk,l(n>m,q) :  (n,m,q) (n,m+k-2,q+l-2) if (iJ)eD (y/)

Qk,l(n,m,q) : (n,m,q) (/i+l,m+fc-2,<7+ /-2) if (iJ)eD(&)
where k,l e  {1,2,3,4}

We further subdivide the transition probabilities according to a condition regarding the 
parameter q.

7h,k,l(n>m >q) '• for q—0
Sh,k,l(n>m t̂ i) • for <7= 1,2, . . . ,a given the top output pin is freed 
tth,k,l(n>m >q) • for <7=1,2,...,/i-2  given a non-top output pin is freed 
Phjc,l(n>m,q): for q= n-1, n>2 given a non-top output pin is freed 

where he  {1,2,3} indicates the effect of the transition on the parameter n: n->n+hr-2. 
The subscripts h,k,l correspond to the transition (n,m,q) —» (n+h-2,m+k-2,q+l-2)

For brevity, we omit the parameter list when the state is (n,m,q) and there is no 
confusion from the context in which it appears.

Let o{m,q) be the probability that the top output pin is released when a server completes 
in state (jhm,q) for arbitrary &. For the biased crossbar described here o{m,q) = \/m  if 

q>0 and 0 otherwise. Later in Section 4.3, we will consider a more general biased 
crossbar.

Also we define the function vl^(q)=l if a<q<b and 0 otherwise.

For clarity, we abbreviate Tfa{q) to r\a{q).

Transition Probability Functions 

When (iJ)eD(<p) only event A is possible.

<Pk,l(n,m,q) = r io (q )y \x i^ r n ,q )q \{ q )8 \x i^ - (K r n ,q ) ) { n \ '1{ q ) a \x \^ r\n-\{(l)Plk,P  

where k , l  e  {1,2 },

m- 1
n , u  = t p p

Si,2,1 = 1 if <?=2,3,...,rt, = 1 if <7=1,

m - 2
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When (iJ)eD(\f/) event A and either event B  or event C can occur.

¥k.l(n,m,q) W a 2jc,l+7ln-l(4)lh jc,l}

where k, l e  {1,2,3},
( l - a , ) ( m - l ) 2 _

(1 -CO)
72.2.2 = (a_ ^ [(m-l)(a-m)+(n-m)m} if ri>2 = (1- 0)) if n= 1

12.3.2 = T ^ B ^ n~m){a~m~ l) n~2
co(m-l) .r ^

12.2.3 =  1 "_J" ^

cu(n-m) .r ^
12.3.3 = ' n^ i  ' if

= 0) if  n=l

$2,U  =
(l-cu)(m -l) 

(a -1)
(l-cu)(m -l)

if g=l

$2,2,1 = — (a^I)----  if <7=2,3, — ,n =
(1 -co)(a-m) .

(* -1)
if q~ 1

$2,3,1 =
( l-<y) (a-m)

if ^7=2,3,—,n(fl-1)

$2,2,2 =
(l-co )(m -2 )2

a 2,l,2 -  (n_q_i)(a_ i)

« 2,2,2 = )fc_ i) ( (n-q-m + l)(m -\)+ (m -2)(a-m + 1)}

(1- 0))
«2 ,3 ,2  =

co(m-2) co (n -q -m + l)
a 2 ,l,3  -  n-q — \ » a 2,2,3 -  n -q - 1

f t ,2,2 = 1- 0), f t ,1,3 = 0)

When (iJ)eD (ff) events A, B and C can occur.

QkM,m,q) =r\Q{q)y^jc>i+o{m,q)vi\{q)5^jCti+{\-G{m,q)){qn~ \q ) a z x i^ n - \ { Q ) h x ^

where k, l e  {1,2,3 ,4),
^  ( l - t » ) 2 ( m - l ) 3

W’1'2  ( n - l ) ( a - l ) 2

( 1—cd)2
13.2.2 = ) ( f l_ i)2  ((n-m)m2+ m (m -l)(a-m )+(m -l)2(a-m )}

13.3.2 = ' \ n- i ) ( ^ i ) 2^   ̂ l)+(n-m)m+(m-l )(a-m )}

( l-U))2(n-m )(a-m -l )(a-m~2)
12,4,2 = (n -l)(fl- l)2
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>3,2,3 =

)3,3,3

73,2,4 

$ 3 ,1 ,1 :

f t ,2,1 :

$3,3,1 :

$3,4,1 :

$3,2,2 : 

$3,2,3 : 

<*3,1,2

<*3,2,2 =

C0(l-C0)(2m-l) 
a- 1

apl-co)(2a-2m-l)
a-1

= aP 
{\-co)2(m -\)2 .

if q=l
(o -l)2

( l - w ) 2 ( m - l ) 2  

(a-l)2 
(l-£y)2(a-m)(2/?z-l) .

if <7=2,3,...,/!
(l-<y)2(a-m)(2m-l) .

(o-l)2 if <7 = 1

<*3,3,2

<*3,4,2

<*3,1,3

<*3,2,3

<*3,3,3

<*3,1,4

A ,2,2

03,1,3

(O-I)2 
( l - a ) ) 2( g - m ) ( a - m - l )  

(o -l)2

2 0 * 1 - 0 ) ) ^ ,

O p

(l-<y)2(w-2)3 
: (n—q— 1 )(o— 1 ) 2 

(1—6))2
(n—<7— 1) (a— 1 )2 

(l-ty)2(a-m)

i f <7=2,3,...,n -  

if <7=2,3,...,/!

(1 -<y)2{a-m) {a-m -1) .
(d-1)2

if <7=1

5 i ^  = 2 c o a - c o ) ^

{{n-q-m+1) (m- 1 )2

+ (m- \){m-2){a-m+ 1 )+{m-2)2{a-m+1)} 

{{n-q-m+ 1 )m+{n-q-m+1 ){m- 1 )+(m-2)(a-m+1)}
{n-q-\){a-\)2 

-  ( l-cd)2(n-q-m+ 1 ){a-m){a-m-1 )
(nr-q-l)(a-l)2

2oK l-co )(m -2 )2 

{n—q— 1 )(o—1 ) ’

= )(q! i ) ((n-q-m + 1) (m -1 )+(m-2) (a-m+1)}

2a<l—a>) . 1N/
= ( ^ I X 5 = I ) < ,,™<?™m+1)(a"m)
_ (^{tn-2) 
~ n -q -\
_  (1-0))2 
"  0-1 ’
= Op,

<*3,2,4 =

f t , 3,2 =

rt-^-1
(1 —a>)2 (o—2 )

o -l
f t , 2,3 = 2<y(l-<y)

4.1.2 G lobal B alance E quations

By analysing the process W'{t) for a biased bxa crossbar with routing probability co to 

pin zero, we obtain the following theorem.
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THEOREM 4.1

The steady state probabilities P{jyn,q) for a biased bxa  crossbar described by the 

process W'(0 with state space Cl#’ is given by the following balance equations:

P{tLm,q)m -

1
b(n+1)

2 2
{ E  Z  (m +2-k) P(&i;,m+2-k,q+2-l) i(n+l,m+2-k,q+2-[)}
k=l l-l J

dj)

+
3 3

{ Z  Z  (m+2-k) P(&ij,m+2-k,q+2-l) wjc i(n,m+2-k,q+2-l)} 
k=l l=l

(ij) eD(\$

+ b (n -1) ^
4 4

{ Z  Z  (tn+2-k) P(&lj,m+2-k,q+2-l) Qjc i(n-l,m + 2-k,q+ 2-l)}  
k=l 1=1

QJ) e m

PROOF

These balance equations follow from the transition probabilities given above in Section
4.1.1. The factor \/b  is the probability that the recycled task joins server j  and 1 In 
factor (where n'=#Qfj)) is the probability that server i completes given that there are n 
active servers. □

Again we observe that the transition rates do not depend on the exact value of (i j ) but 
only on the domain to which (ij) belongs. Thus we can partition the state space Qw’ 
such that each partition has the same #(#). This now gives the process X \t)  with state 
space given by:

jQx/=  {(n>m,q) I / ^ ^ . .^ m i n ^ A O ,  [ (q=0, l<m <m in(a-l,n))
or (\< q< n-l, 2<m<min(a,n-q+ \)) or (q=n, m=\) ] }

By the same argument in Section 3.2.2, each state in a given partition is equally likely 

to occur. So if P(n,m,q) is the steady state probability for the process X \t)  we have:

P(tLm,q) P(n,m,q)
N~l C„-1 bcn where /i=#(a)
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COROLLARY 1 TO THEOREM 4.1

For the process X'(t) with state space Qx' which represents a biased bxa  crossbar 
(routing probability co to the top pin), the steady state probabilities P(n,m,q) are given 

by:

P{n,m,q)m  =
„ 2 2

n2 ^  V
h7N_i) Z u  Z j  (m+2-k) P(n+\,m+2-k,q+2-l) (j>k,i(n+\jn+2-k,q+2-l)
K ’ Jfc=l /=1

3 3

+ [n^ - ”H (^ -n+1)(/t~1)] X  ^ ( m + 2 - k )  P(n,m+2-k,q+2-l) y kj(n,m+2-k,q+2-l)
V } h=\ 1= 1

4 4

+ {N~ % (N % n+1) X  X  (m + 2-k)P(n-l,m +2-k,q+2-[) Bu (n-\,m + 2-k,q+ 2-t) 

PROOF

By substituting the above equation for P(&m,q) in the balance equations of Theorem
4.1 each summation on the rhs sums to a constant w.r.L / and j. Hence we can replace 
the summation signs by the size of the summation domains in each given state 
(.H f,rn ,q f for any m and q'.

First, let E\{n) be the expected number of singleton queues at the n active inputs when 
there are N  tasks altogether.

£l(fl) = n Pr(an active server i has a singleton queue)

_ num ber of arrangem ents of N - 1 tasks on n- 1 non-em pty queues
n num ber of arrangem ents of N  tasks on n non-em pty queues 

N~2Cn-2 _ n (n -l)
W-l C„_! ~ N - 1

Now for a state with rt=#(g) active inputs the size of the summation domains are 

derived as follows:
D{(p) = {i f  I nt- 0, nj> 1,1 <i*j<b}

1£)(0)I = (n-Ei(n))(b-n) = M - n X b -n )

D(y/) = { i f  I n{>0, nj> \,\< if< b)K j[if I m=0, nj=\,\< if<b}

u {i,j I nz-l,l< i</?}
\D{\j/)\ = (n-Ei(n))n + E\{n){b-n) + E\(n)

= ]^ - ( 'i (A r- « ) + ( ^ + l ) ( « - l ) }

D(6) = {if\n i> 0 ,n j= \,l< i* j< b}
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\D(d) I = E i(n )(n -l)
n (n -1)2 

N - 1

The result follows by substituting these domain sizes (after appropriate adjustment to n 
depending on the transition type) into the balance equations of Theorem 4.1. □

4.1.3 Derivation of the Birth-Death Process

We apply the following probability generating function to the balance equations of 

process X'(f):
oo oo

Gn,q(y) = XP(n,m,q)ym with first derivative Gntq’(y) = n P(n,m ,q)ym~ l
m- 1 m- 1

H n(y,z) = X Gn,q(y)z4 and//n'(y,z) =
q=0 oy

When y=z=l, all higher order partial derivatives cancel out and for rc=2,3,.. .,b we 

obtain:

= (^~ l ) 2 {2G n,n-l( 1 )+ G n>n( 1 )-G nin_i ’(1 )-G n>n’( 1 )+H n'( 1,1)}

But q= n-i implies m=2, so Gn<n- i '( l)  = 2G,j(n_ i(l)  
and q=n implies m - 1, so Gn>n\  1) = Gn,n(l)-

Hence the equation becomes:

(N ~n+ l)(b-n+ 1 ) / /n_ i'(l, 1) = (n - l )2 n=2,3,---,b

This is exactly the same recurrence as (2.9) with tn -  fj.npn = Hn\  1,1) but we do not 
have the corresponding boundary condition (2.10).

oo oo oo oo

m P(n,m ,q) = P(n) II mP(m,q  I n)
m=\ q=0 m= 1 q=Q

b
and the throughput is given by T(N) -  ^  / / n'( 1,1).

n=l

Our analysis of the simple birth-death process Z(t) in Chapter 2 appears to be exact in 

the case of a biased crossbar. There must be a function fin which can be used with 

Theorem 2.1 or 2.2 to give exact throughput results (from the boundary condition). 
However, the presence of fourth order partial derivatives in the generating function 
balance equations means that complex analysis methods are hard to apply. For the bxa



Models of the Non-uniform Crossbar Switch 69

uniform crossbar, we hoped to solve the generating function and derive the boundary 

condition:

By expanding the generating function explicitly it is possible to show that this is true 
for a 2x2 crossbar, but for larger crossbars this approach is impractical.

4.1.4 Constrained Process

If the process X'(t) is constrained in such a way that the number of active inputs remain 
fixed then we have b simpler processes to consider n= l,2 ,.. .,b. The n -b  case 
represents a saturated crossbar (N=°o) with infinite queues at all inputs. Likewise, each 
constrained process represents an open model of the crossbar with n infinite queues at 
its inputs.

COROLLARY 2 TO THEOREM 4.1

The steady state probabilities P(m,q I n) for the process X ’(t) constrained to keep
n - 1,2,... ,b fixed is given by:

3 3

P{m,q I n)m = II (m +2-k) P{m+2-k,q+2-l I n) y/iCti(n,m+2-k,q+2-l)

PROOF

Since n is fixed, only the middle summation in Theorem 4.1 is non-zero. The 

probability that an active server i completes is 1 In and the recycled task joins server j  
with probability 1 In (as it always joins one of the n non-empty queues). Since 
\D(y/)\=n2 (as there are no singleton queues), the coefficient to the summation is one 

and the above result follows. □

Unlike the uniform crossbar case, there appears to be no compact solution for the 

probabilities in general. In the next section we develop an approximate method to 

derive closed form probabilities for a biased crossbar.

4.2 Approximate Probability Model for a Non-uniform Crossbar

Since a compact solution for the constrained process of a biased crossbar was difficult 

to obtain, we present an approximate probability model instead. The approach uses the 
properties of the uniform crossbar in equilibrium (Section 3.5) to derive results for the

b

k=l 1=1
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non-uniform case. Thus, the results are exact when the biased crossbar has co=l/a and 
very accurate when it is almost uniform (co close to 1 /a). We start by considering the 

static probabilities of the non-uniform crossbar.

4.2.1 S tatic  P robab ilities for a N on-uniform  C rossbar

We can analyse the biased crossbar in a similar way to Section 3.5 by extending the 
state space to Ox' and considering the zeroth order Markov chain for the constrained 
process X \t) . Alternatively, we can make use of the results for the uniform crossbar 
and extend them to the biased case. We adopt the latter method and obtain the 
following theorem.

TH E O R E M  4.2

The static probability that m outputs are active and q of the n tasks request the top pin in 
a biased bxa crossbar with top pin routing probability co is given by:

Pa(m,q I n) = nCq o fi i l - c o ) ^  Pa-l(m-vf[(q) I n-q)

(n= 1,2,.
(q=0, l<m<min(a-l,n)) or (1 <q<n-1, 2<m<min(a,«-^+l)) or (q=n, m - 1) 

where Pa(m I n) is the static probability for the uniform crossbar.

PR O O F

Since <3-1 outputs are uniform, we can use Theorem 4.2 probabilities and incorporate 
the following:

• probability ofi that q of the n tasks select the top pin;

• probability (l-0))'l-<7 that the remaining requests select other outputs;

• the number of ways nCq that q pin zero requests are chosen from the n requests.

Given that the static probabilities for the uniform crossbar sum to one, the above 

probabilities also sum to one since the coefficients are from the binomial expansion of

4.2.2 T ran sfo rm ed  S tatic  P robab ilities

So far in this analysis we have ignored state holding times and assumed that all state 

transitions are independent of the initial state. These omissions can be corrected by
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multiplying the static probabilities for a uniform crossbar by a state dependent factor 
Rm (with /? i= l) and re-normalising the new transformed probabilities by E(R). We 
already know the steady state probabilities of the constrained process X(t) for a uniform 
crossbar and so we can use this to determine the factors Rm. Using (3.5) we obtain:

R m 1 aCm
= — a + rh c '̂  m =l,2,...,m in(n,a)

Substituting in Theorem 3.2, we have:

m ) = j n a+n-lCn andRm= - r s\ ^ ~ - m ) m = lX - M n ( n ,a )

We onjecture that the factors Rm are the same for both the uniform and biased crossbar 
and not dependent on q. This is clearly approximate but should give accurate results 
when co is close to 1 fa. The intuitive argument that leads to this postulate is as follows:

• The mean state holding time for both the uniform and non-uniform crossbar 

is the same when there are m  active outputs.

• The non-uniformity in routing is accounted for in the static probabilities by 
the factor afl{\-co)n-4.

• The transitions have a similar form in both the biased and uniform crossbar

The transformed static probabilities for a biased bxa crossbar with top pin routing 
probability mis given by:

Pa*(m,q I n)
nC , m‘7(l-m)',-<7

E*(R) Pa-\{m-v[[{q) I n-q)
n - lr  1 '-'m- 1

ml S (n ,n -m )

where E*{R) is the normalising constant.

The conditional throughput function is then given by:

n

m-\

n-m+l

m p a*(™,q I n) 
q=0

4.3 Non-uniform Routing with Different Pin Release Times

So far we have assumed that the holding time for all crossbar output pins has the 
identical negative exponential distribution with rate fi. However, there are cases (such 

as the hot-spot analysis in Chapter 6) where certain output pins may have different
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mean holding times {release times). Here we consider the case in which all pins but the 

top output pin of the crossbar have the same release time. All holding times are still 
negative exponential and the crossbar is biased so that p  is the top pin routing 

probability. The actual values of the release times are not required to model this 
crossbar -  only their ratio. Let the top output pin have a release time of one and all 
other pins a release time of r so that r is the release time ratio.

4.3.1 C o n stra ined  Process

We consider the embedded Markov chain of the process X'{t) for a biased bxa 

crossbar. Since state holding times are not relevant to the Markov chain, this makes the 
analysis easier but the release times are required to calculate o{m,q)\ the probability that 

the top pin is released when a transition occurs.

For q>0, o(m,q) release rate of top pin 
total release rate

and o(m,0) = 0

1__________r
l+ (m -l)/r ~ r+m-l

From the stationary Markov chain probabilities p{Q{m,q I n), the stationary Markov 
process probabilities P{m,q I n) can be determined by multiplying by the release time.

P{m,q I n) «  j ^ P ^ f a q  I n) if <7=0

r+m-~ ^ P ^ { m ,q \ n )  ifq>0

This analysis leads to the following theorem:

TH E O R E M  4.3

For a biased bxa crossbar with top pin routing probability p  and release time ratio r, the 

steady state constrained probabilities P(m,q I n) for the process X'(t) with state space 

Qx' are given by the following balance equations:

my P ( m ,0 \n )  =

, M+l .......... ... . (l-p )m 2r P(m+1,01 n)

+ P(m, 1 I n) 

. m- 1

(1-P)-----  + — P(m,0 I n) {{m-\){a-m)+(n-m)m}

P (m -1,0 I n)
( l-p)(n-m + l)(a-m ) 

(n - l)(a - l)
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For q>0,
r+m -l n , , s 
— -— P(m,q I n) =

m ., , , jn.-2, (l-p)(m-l)2— P(m+1,? n) 7), (?) ~

+ 7 -P (m + l,? -l I *) nn-l(? -D )

+ P(m,q+1 I «) r£ (?+ l)

^ ' 2(?)(1-P)
+ P(m ,?l «){f?"(?)p + ^7 -  [ ) ((n -?-m + l)(m -l )+(m -2)(a-m + l)}

+ J7«-l(?)(l-p)])

+ 7 -P(m ,?-l I n) ?1o (? -l) + ^ - P ( m ,?-11 n) p f 2(? - l )p ”~ ^ * +1

n/ 1 1 . n /!/ (l-p)(fl-m +l)+ F (m -1,^-1 I n) rj2( q - l ) ------ ------------

m-1  x n-2/ W1 An-q-m+2)(a-m+l)
+ —  ̂ - 1 , ?  I ") ^  (? )(l-p )V T  -  ! -1)

m n/ . 1 . . / in (n-m +1)+ y P ( m - l ,q - l  I n) PoCff-Op^— '

PR O O F

These balance equations can be derived from Corollary 2 of Theorem 4.1 by converting 
to the embedded Markov chain balance equations; multiplying the coefficients of the 
probabilities by the state release rates and substituting for o(m.q) in the transition 

probabilities y/kj, D

4.3.2 Analysis of a 2 by 2 C rossbar 

When a=b=2 in Theorem 4.3 we obtain the following.

CO RO LLA RY  TO TH EO REM  4.3

For a 2x2 biased crossbar with top pin routing probability p  and release time ratio r, the 

steady state constrained probabilities P(m,q I n) are given by the following equations:

*=1: ( l - p ) r P ( l , l l l )

n=2: p  P (1,0 I 2)
r( l-p ) /> ( l,2 l 2)

(r ( l-p )+ p )P (2, l l 2)

= p  P (1,0 I 1)
= r ( l -p )P (2, l l 2)
= p P ( 2,l I 2)

= p P ( 1,0 I 2) + r ( l-p )  P ( l ,2 I 2)
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PROOF

By direct substitution into Theorem 4.3 and simplification. □

Note that all coefficients of the probabilities have factors p, r(l-p) or their sum. This 

implies that we can replace these factors by:

co -------------  and l-co = — }
P+r(!-p) frriil-p)

without changing the steady state probabilities. Thus for every pair (p,r) of top pin 
routing probability and release time ratio of a 2x2 crossbar there exists a unique top pin 
routing probability co in an equivalent crossbar with unit release time ratio which gives 

the same steady state probabilities. This simplification is not possible for larger 
crossbars, as can be seen from Theorem 4.3, because the factors p  and r( l-p )  do not 

appear in all terms in the balance equations.

4.3.3 Output Pin Utilisation in a Biased Crossbar

As with the uniform case, we consider the crossbar only at times when there are a given 
number of customers at the inputs. Hence we require the following conditional 
probability distribution:

Wi(z I n,p,r) = Pr(Z/=z I I=n) i=0,1,... ,a -1

which is the steady state probability that output pin i of the switch is in state z given the 
following:

• There are n active inputs to this switch.

• The routing probability to the top switch output pin is p.

• The release time for non-top output pins is r  times that of the top output pin 

of the switch.

We can derive expressions by analysing a closed embedded sub-chain of the 
Markov process X \t)  in which one state parameter, representing the number of active 

inputs, is kept constant. The balance equations of this constrained process are given in 
Theorem 4.3. The corresponding steady state probabilities lead to the following 
theorem.
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THEOREM 4.4

For a constrained bxa  crossbar with /z=0,l,.. .,b active inputs, top pin routing 
probability p, and release time ratio r, the probability that output pin i is active is given

by W(i
n

VPo(l 1 n>P>r) = 1 -  ^  F(m,0 I n) 

for /= 1,2,...,<2-1

m=l

W ill I n,p,r) =
n

^ m P ( m , q \ n ) + ^ P ( m , 0 l r c )  - 1
m,q m- 1

where P(m,q I n) is given by Theorem 4.3.

PROOF

The first expression follows from the marginal probability that q>0, and the second 
follows from the expected number of active output pins:

mP{m,q I n) = Wo(l 1 n,p,r) + (a -1) W\{1 I n,p,r) q
m,q

COROLLARY TO THEOREM 4.4

For a 2x2 crossbar with ne {0,1,2} active inputs, top pin routing probability p, and 

release time ratio r, the probability that output pin i is active is given by W/:

W i(ll0 ,p ,r)= 0

W0(lll,p ,r)  

W i(lll, p,r)

P
p + (l-p )r  

(1 -P )r  
p + (l—p)r

W0(l 12,p,r) p 2 + p ( l - p ) r  
p 2 + p ( l - p ) r  + ( l - p ) 2r 2

W \(l\2 ,p ,r)
( l - p ) 2r2 + p ( l - p ) r  

p 2 + p ( l - p ) r  + ( l - p ) 2r 2
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PROOF

For /i=l, the solution of the balance equations in the Corollary to Theorem 4.3 gives the 
following:

P ( U  I 1) = ■ ■ P = H'odU.P.'-) 
P+(1-P)/-

and P ( 1 ,0 I1 )=  (1 .p )-. = W 1(lll,p ,r)
p ^ -d -p y

For n=2, the solution to the balance equations in the same Corollary gives the 
following:

P(1,0 I 2) =
______ (l-p)2r2______
p2 + p(l-p)r + (l-p )2r2

P (l,2  I 2) =

P(2,l I 2) =

_________^ _________
p2 + p(l-p)r + (l-p )2r2

P d -P )r
p2 + p(l-p)r + (l-p )2r2

Thus by Theorem 4.4,

W0(H2,p,r) = F ( l ,2 l2 ) + P ( 2 , l l2 )  

^ l(H 2 ,p ,r)  = P(1,0 I 2) + P (2 ,l I 2) □

The analysis of crossbars with non-unit release time ratio will be particularly useful in 

analysing hot-spots in delta-2 networks in Chapter 6. But first let us consider models 
of delta networks without hot-spots.
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Thus far we have considered closed systems of DMA servers connected to a switching 

network which is a simple crossbar. In this chapter, we extend this analysis to a delta 

network with uniform routing to the output ports. Our aim is to derive an expression 

for the conditional throughput of the delta network, i.e. throughput given the number of 
active inputs. This expression describes the network characteristics and can be used to 
determine throughput as a function of the closed system population (using Theorem 
2.1) and hence the FES rate of the composite server.

By exploiting the recursive structure of the network we obtain a recurrence for the 
conditional throughput of a /-stage delta network constructed from bxa  crossbars. The 

result holds for asynchronous, circuit-switched delta networks in which partial paths 
are held (as in the ALICE machine). For this operational mode, we also determine an 
upper bound on throughput of the network which is useful for comparison with the 
throughput of models describing other protocols.

We begin with a general analysis of delta networks by applying Little's result [Li61], 
and so initially require no assumptions about distributions of task service times, only 
that the network is in stochastic equilibrium. In order to obtain a recursive solution, 
however, we need to make certain approximating assumptions to determine the mean 
queueing time for tasks arriving at the crossbars. These assumptions are very mild, 

especially in the case of a saturated network, but only applicable to delta-2 networks.
In order to analyse more general networks, we require a further assumption, viz. that 
the sub-networks in the delta network behave independently. This is a much coarser 
approximation, although it becomes more accurate as the size of the sub-networks 
increases.

5.1 E xact Analysis of D elta N etw orks

In this section we define some terminology for bxa crossbars and determine the output 

pin utilisations in terms of the input pin utilisations (by using Little's result [Li61]). By 

applying these results to crossbars in each stage, we can determine the network output 
pin utilisations (and hence throughput) in terms of the network input pin utilisations. 

However, two parameters for each crossbar in the network are unknown and need to be 
estimated. This will be the subject of Section 5.2 for 2x2 crossbars, but for now we 

require the following definitions.
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5.1.1 D efin itions

Let the state of a bxa  crossbar be the binary (2?+a)-tuple (IoJh ...Jb-1; Uo,U\,.. -,Ua-1) 
describing the states (active or inactive) of its input pins IqJ i , . . -Jb-l and output pins 
Uo,Ui , . . .,Ua. i. In the steady state, we define the following:

• A pin's mean holding time (MHT) is the expected elapsed time between the 
pin becoming active and the departure of the task holding it after its service 
completion (i.e. the pin next becoming inactive, even if instantaneously).

• An active output pin's mean residual holding time (MRHT) is the expected 

elapsed time between an arrival at the crossbar and the instant that the arrival 
acquires that pin.

• The blocking probability, for input pin i (i= 0 ,l,.. .,b-1) is the steady
state probability that, at the instant a task arrives on that pin, the output pin it 
requires is already held by a task currently holding another input pin.

5.1.2 A C ro ssb a r in E quilib rium  

LEM M A 5.1

For a bxa crossbar with output pins that

(a) are selected with the same probability by incoming traffic

(b) have the same MHT, m, and MRHT, d, 

the probability that the top output pin is active is

b- 1
m V  Ki

P ~ a ffi+Bid 
i=0

where 7T; is the utilisation of input pin i (i=0,l,...,fc-l).

PR O O F

Consider Figure 5.1 below.
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Figure 5.1 Fin U tilisations in a  b by a C ro ssb a r

Let the arrival rates (i.e. reciprocals of the mean inter-arrival times) on input pin i be A*. 

Applications of Little's result then yield:

Aq+A i + ... + Xfj. i
(i) For an output pin, p = m, since the probability that

the pin is active is the same as its mean queue length;

(ii) For input pin /, tt; = Xi(m+Bid), since the mean queueing time for a task is 

the sum of the delay d in acquiring the output (which occurs with 
probability Bf) and the mean pin holding time m.

The result follows by eliminating the A/'s. □

5.1.3 A Delta N etw ork in E quilib rium

The steady state probability that a given output pin in any stage of a delta network 
satisfies a recurrence relation which can be derived by considering a single crossbar, 
using Lemma 5.1, and the network's recursive structure.

Let ms, ds be the MHT and MRHT respectively for output pins at stage s in a uniform 
delta network with J  stages (l^s£ /). Thus m j = d j = f r l if all servers have exponential 

service times with parameter p:. Let fis be the blocking probability for an arrival on any 

input pin at stage s. Then we have the following:

T H E O R E M  5.1

The equilibrium probability ns that an output pin (of any crossbar) in stage s of a J- 

stage delta network is active satisfies

b7is- i
a(l+psas)
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where a s = ^ ~  and tzq is the equilibrium probability that an input pin in stage 1 is 

active.

PROOF

Any crossbar in stage s (5= 1,2,.. .J )  satisfies the conditions of Lemma 5.1 since its 
output pins are stochastically identical and clearly a steady state exists since the Markov 
process representing the state of every pin in the network is Ergodic. □

5.2 Analysis of Delta-2 Networks

In order to proceed further in the analysis we will need to make some approximating 
assumptions so that the blocking probabilities for new arrivals and mean residual 
holding times can be determined. We restrict the analysis to delta-2 networks in which 
case we believe the approximations are very mild. The 2x2 crossbar is analysed first so 

that it can be used as the base case in the recursive analysis of the delta-2 network. This 
leads to a recurrence for the conditional throughput function which can then be used in 
the birth and death process of Chapter 2 to determine the throughput of the closed 
system enclosing the network.

5.2.1 The Exponential Assumption and the Arriving Observer Property

First of all we define the arriving observer property: a 2x2 crossbar is said to possess 

the arriving observer property (AOP) if the steady state probability that an input pin is 
active at the instant a task arrives on the other input pin is equal to the equilibrium 

(marginal) probability that the former input pin is active.

We make the following simplifying assumptions:

(i) For all pins in the network, MHT = MRHT, i.e. that ms = ds. This 

assumption holds if all pin holding time distributions are exponential, which 
is the case in the final stage of a network connected to exponential servers 

but not true in general.

(ii) The AOP holds for all crossbars in the network. So the probability that an 

arrival at an input pin in stage s is blocked is the product of the probability 
that the other crossbar input is active (i.e. %_i) and the conditional

probability that the new arrival selects the active output (i.e. 1/2).
Thus, j}s -
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Under these intuitively reasonable assumptions, the recurrence in Proposition 5.1 
becomes solvable in closed form for the saturated, uniform case. In general, these 
assumptions are both approximations in that they do not hold at every stage of the 
network.

If we assume that all DMA servers have exponential service times, then all holding time 
distributions are mixtures of Erlang distributions with the same parameter. Thus if 
arrivals at any crossbar's input pin are random with respect to the holding times of the 

other input pin, j  ~  < 1 since the mean residual service time for an Erlang-/:Ms
distribution with parameter jj. is . In fact arrivals are not random and the MRHT is

much closer to the bound given by our approximation. This is because the service 
completion that caused the arrival may have also just unblocked another task and so the 
new arrival may be blocked at a pin which has just become active. In this case we have 
ds=ms, but we may also have ds>ms if an arrival at one pin tends to occur more 
frequently during longer intervals of activity of the other pin. Since the pin holding 
time distribution seen by an arrival is not known, it is difficult to determine whether 
ds<ms or ds>ms. However, the assumption that ds=ms certainly appears very 
reasonable.

Intuitively, the AOP should not hold exactly, but should provide a good approximation. 
In Appendix A we compare the approximate method with the exact solution for a two- 
stage saturated, uniform network and show that the AOP does not hold by deriving 
explicitly the steady state probability that an input pin is active at the instant a task 
arrives on the other input pin of a crossbar in the final stage. However, the 
approximating assumptions do turn out to be mild and yield extremely accurate results 

compared with the exact solution in the two stage case and with simulations of larger 
networks.

5.2.2 A 2 by 2 C rossbar in E quilib rium

CO RO LLA RY  TO LEM M A 5.1

Assuming that the AOP holds and that m - d  in a crossbar with inputs that have 
utilisations ttq and n \t the output pin utilisation p  satisfies:

no . 7t\p  = -------+ -------
2+ttj 2+tgo
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PR O O F

Since output pins are selected with equal probability and the AOP holds,
Bi = \  7t\~i (/=0,1). The result follows from Lemma 5.1 after substitution. □

For a crossbar with /r = 7iQ = 7Ti, e.g. one in which the input processes are the same for 

each input pin, which has the AOP and m = d,

If further the crossbar is saturated (i.e n  -  1), p  = \

5.2.3 R ecursive Analysis of D elta-2 N etw orks

In this section we derive the throughput of a delta-2 network with uniform routing, 
conditional on the number of active inputs to the network. For an 5-stage delta-2 
network (5>1) we define the set Vs = {(no,—>rt2M) I w/e {0,1}, 0</<25} and the 

following random variables:

(i) N  e  Vs which represents the state of the input pins to the network (A;=0 

means that input pin i is inactive and 1 means that it is active, i.e. the 
DMA server connected to it is wishing to transmit).

(ii) Z e  Vs which represents the state of each network output pin.

We also define the function # for which #Q0 is the number of non-zero components in 
the vector V  and the analogous function #i for which #i(V) is the number of non-zero 

components in the first half o f the vector V.

We will require the following probability distribution: Qs(i\n) = Pr(#i(N)-i I #(A)=n) 

which is the probability that i active inputs are in the upper part of the 5-stage network 
(i.e. the first 25-1 pins) given that there are n active inputs altogether. By symmetry, 

when there are n active inputs to the network, they are uniformly distributed over the 2s 

input pins. Since all arrangements of the n active inputs are equally likely:-

Qs( i\n )  = where k - 2 s-x (5.1)
C n

We also define the following probability distribution:

Ts(n) = Pr(Z0= l I #(iV)=n)
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which represents the probability that the topmost output pin of the 5-stage network is 

active given that there are n active network inputs. This distribution can be defined by 
using the recursive structure of the delta network with the partial shuffle topology.

i
active

pins

n-i
active

pins

Figure 5.2 Recursive Structure of s-stage Delta-2 Networks

Consider the rightmost, topmost switch in an 5-stage network. This takes its inputs 
from two separate (5-l)-stage sub-networks (Figure 5.2). When we condition on the 
number of active inputs to each sub-network (their sum being #(N)=n), the output pin 
utilisation of either network can be found. Hence, we can determine the utilisation of 

both the inputs to the rightmost, topmost crossbar by using the result obtained for the 
next smaller networks in the recursion. The distribution of the state of the top output 
pin then follows by considering a single crossbar and the results of the previous 

sections. This gives the recurrence formula in the following theorem.

T H E O R E M  5.2

Under the assumptions that every crossbar in the network has the AOP and outputs 
with MRHT = MHT, the output pin utilisation of a 5-stage delta-2 network conditional 
on the number of active inputs being n is given by the following:-

Ts(n) = £  Qj(iln) U (T s.i(i), Ts_ i(n -i))
i=max(0,n-2s^)

For 5> 1, (5.2)
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r i(0 )  = 0, 7 i( l)  = £/(0,l), 7*1(2) = £ /(l,l) (5.3)

w here U(7UQ,7Zl) = HQ ]
2+tti 2+tco

PR O O F

For an 5-stage delta network (5>1) we define the following random variables (see 
Figure 5.2):-

Z g {0,1} the state of output pin 0 of an 5-stage network 
/o e  (0,1,2,..2s-1} the number of active inputs to the upper (5-l)-stage sub­

network
1 1 g the num ber o f  a c tiv e  inputs to  the lo w e r  (5 - l) - s ta g e  sub­

netw ork

where U{7tQ,K\) (the crossbar output pin utilisation when the crossbar inputs have 
utilisations tiq and K\) is p  in the Corollary to Lemma 5.1. □

CO RO LLA RY  1 TO  TH EO REM  5.1

The expected number of active output pins conditional on n active inputs to a /-stage 
network is given by:-

n

n

i=0
n

Pr(Z=l I lo+h=n) = £ pt(/0=/, I\=n-i I / 0+/i=n) Pr(Z=l I /0=i, I\=n-i)
i=0

The recurrence (5.2) follows from the following substitutions :- 

Ts(n) = Pr(Z=l I Io+Ii=n)

Qs(i I n) = Pr(/o=i, / \=n-i I / q+7l =rc)

U(TsA(i), Ts.\(n-i)) = Pr(Z=l I /0=i, h=n-i)

E{m\n) = 2J Tj{n) (5.4)
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From the theorem and its corollary, the required conditional throughput function 
fj,n=fjE(m\n) can be used to solve the birth and death process defined in Chapter 2.

5.2.4 Saturated Delta Networks

The delta network becomes saturated when the queue lengths at each of its inputs grows 
very large. This occurs as the number of customers in the closed system of DMA 
servers and delta network approaches infinity.

CO ROLLARY 2 TO TH EO REM  5.2

For a saturated delta-2 network, ps, the probability that the top pin in stage s is active is 
given by the following:-

2
Ps ~ s+2 (5.5)

and the expected number of active outputs in a /-stage network is given by:

2/+1
E(m I 2J) = /+2 (5.6)

PR O O F

Since all input pins to the network are active the recurrence in Theorem 5.2 simplifies 
considerably in the absence of splitting probabilities Qs(i\n) since Qs(25_11 25)=1 (from 

(5.1))
Consider an s-stage delta network with all 2s inputs active. The (5-1)-stage sub­
networks are also saturated (see Figure 5.2) and so the recurrence (5.2) in Theorem 5.2 
simplifies to give the following:-

Ps = Z+p's-i where Ps = Ts^

This recurrence has solution (5.5), and (5.6) follows from Corollary 1 of Theorem
5 .2 .□

For a 2-stage, saturated delta-2 network with fi= 1, we find P2 = \  using (5.5). Thus,

the throughput of the saturated network is 2. This compares with a figure of 22/7 for a 
full crossbar network.

Although the recurrence (5.2) has only been simplified under these rather restricted 

conditions, these are of course the conditions of greatest interest, viz. high loading.
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5.3 Approximate Analysis of General Delta Networks

In this final section on uniform delta networks, we present an approximate analysis of 
delta networks of any dimension. The main approximation arises from the assumption 

that sub-networks in the network behave independently. We briefly discuss this 
approximation in the following sub-section before presenting the main recursive 
analysis for the non-saturated and saturated cases.

5.3.1 Definitions and Assumptions

We consider delta networks with a partial shuffle topology, so an 5-stage delta network 
with bxa  crossbars consists of b (5-l)-stage sub-networks (labelled 0,1,...,Z>-1 from 

the top as in Figure 5.3). By symmetry, all these sub-networks have identical statistical 
properties and so we only need to determine properties of one representative sub­
network (the one labelled 0, for example) and the top crossbar in stage s .

For an 5-stage delta network (5>1) constructed using bxa  crossbars, we define the 

following set:

Vj(c) = {(rto»->rtc*-i)1 nie  I0*1), }

and the following random variables:

(i) N(s) e  Vs(b) which represents the state of the input pins to the network 

(Ni(s)=Q means that input pin i is inactive and Ni(s)~ 1 means that it is 
active, i.e. the DMA server connected to it is wishing to transmit).

(ii) Z(s) e  Vs(a) which represents the state of each network output pin.

(iii) Z(s,k) e  Vy_i(a) which represents the state of the output pins of sub­

network k  in an 5-stage network.

We also define the function #£ (k=0,1,. . . ,b -1) which takes a single parameter of the 

form N(s) and returns the number of non-zero components in the (£+1)* partition of 
the vector N(s) i.e. in the vector A ^ - i (5),... JV(^+i)^y-i_i(5).

We will require the following probability distribution:

Q s((io ,h ,-J b -l)  I n) = Pr(#o(M5))=io,# 1 (N.(s))=i 1 >♦ • • (N(s))=ib- 1 I #(AQ=k)

which is the probability that ijc active inputs are in sub-network k (&=0,1,.. . ,b -1) given 

that there are n active inputs altogether. By symmetry, when there are n active inputs to 

the network, they are uniformly distributed over the fc  input pins. Since all
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arrangements of the n active inputs are equally likely:—

Qs(i 1 n) =
b ^ r .1 Zq Czr<. L lb_x

bsc„

-S4-n»-.'ik
ic=0

&C,

We also define the following probability distribution:

Ts(z I n) = Pr(Z0Cs)=z I #(N(s))=n)

which represents the probability that the topmost output pin of the 5-stage network is in 
state z given that there are n active inputs to the network.

In the approximate analysis we make the following assumptions:

• All pin holding times are exponentially distributed.

• The input processes to each input pin of a crossbar are independent

These assumptions are stronger than those given in the analysis of delta-2 networks. In 
fact they imply both MRHT = MHT for all pins and that the AOP holds for crossbars. 
The crucial assumption in this analysis is that sub-networks in the recursive definition 
of delta network behave independently. This assumption is exact for synchronous 
protocols but for the asynchronous protocols that we are concerned with, it does not 
hold because downstream blocking affects both sub-networks. For example, if one 
sub-network becomes heavily loaded, then tasks in some other sub-network are more 
likely to be blocked further downstream thereby increasing the utilisation of that sub­

network's output pins.

5.3.2 Recursive Analysis of General Delta Networks

In this section we derive an approximate expression for the conditional throughput (jin) 
of a /-stage delta network constructed from bxa crossbars. We consider the decode 

tree of the top output pin in this network since all outputs are identical. For the partial 
shuffle topology, each (/-l)-stage sub-network is a delta network with identical 

characteristics and so in the recursive step we only need consider sub-network 0.

Figure 5.3 shows the structure of the network being considered when there are s>2 
stages.
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F igure  5.3 Recursive analysis of s-stage delta  netw ork

Consider the rightmost, topmost switch in an 5-stage delta network. This takes its 
inputs from b separate (5-l)-stage sub-networks (Figure 5.3). When we condition on 
the number of active inputs to each sub-network (their sum being #(N(s))=ri), the sub­
networks are stochastically independent (by assumption). Hence, we can determine the 
joint probability distribution of the states of the inputs to the rightmost, topmost 
crossbar by using the result obtained for the next smaller networks in the recursion and 

simple conditional probability arguments. The distribution of the state of the top output 
pin then follows by considering a single crossbar and the conditional throughput results 

of Chapter 3. This gives the recurrence formula in the following theorem.

T H E O R E M  5.3

Under the assumptions of Section 5.3.1, for an 5-stage delta network constructed from 
bxa  crossbars with n active inputs, the probability that the top output port is in state 
zg {0,1} is given by the following recurrence.

For 5>1, n = 0,1,...,&J
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Ts(z I n) = X-»>X T\(z

i i
b- 1
X ik=n 

k= 0

and for n = 0,1, ...,b

Tl(0 In) = ^

PR O O F

For the base case, we note that the throughput of a bxa crossbar is given by (3.14)
a n

Vn “  a+n- 1 ^
Since all output pins are equally utilised, the throughput of each pin is f id  a and so the 

probability that the top pin is active is given by .

X  ^ ) |  Ts-\(xk I ik)
k=Q

For an 5-stage delta network (5>1) we define the following random variables (see 
Figure 5.3):-

Z g {0,1} the state of output pin 0 of an 5-stage network 
N  g  {1,2,.. .,^}  the number of active inputs to the 5-stage network
Ik g  {0,1,2,_,Z7*y—1} the number of active inputs to sub-network k

X ^ g {0,1} the state of output pin 0 of sub-network k

Pr( z m  = X M Z .N .U D
LX

= X Pt<z  1 N -L£>
LX

= X Pr(Z 1 N ’LZ> PrCi 1 N,D  Pr(A',IJ
LX

Given X, Z  is independent of /  and N. In fact, Z only depends on the number (and not 

distribution) of active inputs to the topmost, rightmost crossbar, so

Pr(Z I N ,U Q  = Pr(ZIX) = Pr(Z I Xo+X\+...+Xb-\)

Given /k, Xk is independent of N, Ij (j*k), so

Pr(X I N ,0  = Pr(X0 I 70) P r(* i I I x) ... P r(X ^i I /*_i)

Pr(N,Z) Pr(Z I Pr(X^I I k)Pr (Z,N)
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Dividing by Pr(N)> we have:

Pr(ZI AO y  Pr(£IA0 y  Pr(Z I £  X*) | j  [ P r ( X k \ I k )
£=° k=0

The recurrence follows by appropriately identifying the random variables:
Z=Zo(s), N=#(N(s)), Ik=#k(N.(s)), Xk=Zo(s,k) for an s-stage delta network with a 
partial shuffle topology. The recurrence holds for all delta network topologies since 
they are all equivalent □

CORO LLA RY  1 TO  TH EO REM  5.3

The expected number of active output pins conditional on n active inputs to a /-stage 
delta network constructed using bxa crossbars is given by:-

E(m  I n) = aJ 7 / ( 1 1 n)

PR O O F

Each one of the a J outputs is equally utilised with utilisation 7y( 1 1 n). □

From the theorem and its corollary, the required conditional throughput function 
fin=fjE(m I n) can be used to solve the birth and death process defined in Chapter 2.

5.3.3 Saturated Delta Networks

The saturated delta network (Section 5.2.4) can be interpreted as an open network of 
servers connected to a delta network with a very large load. The throughput results of 
this network are useful in two ways. First, it gives an approximate upper bound on 

throughput for asynchronous, circuit-switched networks in which partial paths are 
held. Thus, for saturated delta networks, this protocol can be directly compared with

other protocols. Secondly, the saturated throughput results provide a more efficient 
way of finding fx^j for a delta network with &  inputs.
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LEM M A  5.2

For t e (0 ,l] ,  a> l, b >:1

X ^ bCn ,n (Ut)b~n=£ (SiiSSr^ 5r= 1rt=l n=l

r-1

y=o
/*n-i

PR O O F

By expanding the left hand side (lhs) of the lemma 
b fb - n  \

ihs = X s £ r b c n<n
n= 1 i=0

Now the coefficient of f  in the lhs requires the coefficient of f~ n in the binomial 
expansion.

b r

lhs = X ' r {- Xy~nb~nc™

lhs

r= l n~l
b r

= X (5̂?<-l)''+1«r X (a+«-1)(n-1)!(r-n)!
r= l n=l

b

(-D n+1

_ y  b\ (a-l)! ( - i y + 1 y
lhs -  2 -t  (&-r)!(a+r-l)! (r-1)! f

r = l n=l

(-1)”- 1 (r-1)! f t r T,n
a+rtr-l (n-l)l(r-n)!-LA ^ ^ = rhs

□

LEM M A  5.3

r r
Let F{a,r) = ^  (-1 )k rC k [ \  (a+j)

k—0 /=0
j*k

then for a > 1 and r  > 0 the function F(a,r) = rl 

PR O O F

The proof is by induction on r.

The lemma holds trivially for base case r=0 since F(a,0)=l.
For the inductive case consider the difference A = F(a,r+1) -  F{a,r)
By substituting for the function F  and isolating the last term of the first summation we 
have:
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For k>0 and r>0, r+lCk -  rQ - i  + rC/c, so by taking out the first term of the summation 
we have:

A = (a+r)F(a,r) - (fl+j+l)

A -  (a+r) F(a,r) -  a F(a+l,r)
Now assuming F(a,r) = r! for a> 1, then

F(a,r+1) = F(a,r) + A
-  r\ + (a+r) r \ - a r \  by the inductive hypothesis 
= (rf l)!  □

T H E O R E M  5.4

Under the assumptions of Section 5.3.1, for a saturated delta network constructed from 
bxa crossbars, the probability ts that an output pin at stage s is active is given by the

following:

For s>0, b-i_
a+i

Thus for a /-stage network, the throughput T(°°) = qJ tj fi where fi is the transfer rate 

for servers connected to the network.

PR O O F

Since all input pins to the network are active the recurrence of Theorem 5.3 simplifies 
considerably in the absence of splitting probabilities Qs(i I n) since for all k, 
ilc^b5" 1 which implies Qs(i I Z^)=l.
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Consider an 5-stage delta network with all ¥  inputs active. The (5-l)-stage sub­

networks are also saturated (see Figure 5.3) and so the recurrence in Theorem 5.2 
simplifies to give the folio wing

Ts{ \ \ ¥ )  =
^  b-1

>  t , ( i i 5 »rr  1 ^  
—  *=o i = o

Suppose #0t)=n, i.e. n active inputs to the rightmost, topmost switch. By symmetry, 
all bCn arrangements of n active inputs are equally likely and each of these 
arrangements corresponds to a unique binary vector £. So, instead of summing over 
we can sum over n and introduce a factor bCn.

T , ( l \ ¥ )  = I
n=0

bCn Ti(l  I n) 7V i*(l I ¥ ~ ')  Ts. i ^ n(0 I ¥~l )

Let ts = Ts(l I ¥ ) ,  so ri = and for 5>1,

b

By Lemma 5.2,

n=l

b
—

y b\ (q-D! (~ir', r y
(b-r)\(a+r-1)! (r-1)! ^

r-l

J=0
jfrl-l

By Lemma 5.3,
b

= Z u  (W )!(g+ r-l)l ts' ^  from which the result follows. □  
r= l

In the following chapter, we derive similar recurrence formulae for the case when the 

output pins are non-uniformly selected, which allows us to investigate the effect of hot­

spots on performance.
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In the previous chapter we considered a delta network in which both the input ports and 
output ports were uniformly utilised. However, in reality the use of memory modules 

connected to the outputs may not be uniform. For example, if there is a shared lock or 
a frequently accessed part of a data structure residing in a particular memory module, 
then much of the traffic from the processing elements will be routed to this "hot" 
memory. We can characterise this memory reference pattern in our traffic model by 

assigning a routing probability to each memory module for all requests.

More generally, each processing element may have its own memory reference pattern,
i.e. a favoured set of memory modules that it frequently accesses. However, if work is 
assigned randomly to processors and each processor has a large variety of work to do at 
any time, then we would expect each processor to have an identical memory reference 
pattern. The simplest non-uniform reference pattern is one in which there is a single 
hot-spot at a given memory module and where the remaining memories are uniformly 

utilised. In our analysis, we investigate the biased delta network which also includes 
multiple hot-spots and collections of hot memory modules.

The overall purpose of this chapter is to determine the conditional throughput function 
(jj.n) for a delta network with a biased traffic pattern. This function can then be used in 
Theorem 2.1 to determine the throughput function for the FES of the delta network. 
Apart from the traffic model, the assumptions for this analysis are the same as that of 
the uniform delta network analysis in the previous chapter.

We begin the analysis by defining some terminology. In particular, we group the 
output pins together depending on their distance from the hot-spot and each group of 

pins form a class. We derive reachability results (i.e. which output pins are reachable 
from within the network) in terms of classes. The main outcome of this is that paths to 

output pins of the same class have the same steady state probability of being blocked to 
an arrival, i.e. have the same degree of contention. The reachability properties also 
simplify the model for an arbitrary crossbar in the network. We recursively extend this 

model to the biased delta network case and describe iteration schemes to determine 
unknown variables in the model.

6.1 T erm inology

In this section we describe some of the terms used in this chapter and extend the graph 
terminology first used in Chapter 1. The terms refer to a /-stage delta network 
constructed from bxa  crossbars with a partial shuffle topology. A sequence of
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connected nodes and links between the network input ports and output ports is called a 
path , and any contiguous portion of a path which begins at an input port is called a 
partial path. The decode tree of a network output port comprises all paths to that pin. 
Similarly, the decode tree of a network input port is composed of all paths originating 
from that port. In our analysis, we will consider the decode tree of the topmost input 
port, as shown by the shaded nodes in Figure 6.1.

Stage 1 2  3

0 
1

2
2

3
3

3
3

Figure 6.1 Pin Classes in a 8-way Delta-2 N etw ork

As before the pins in any stage of the network are numbered consecutively, starting at 
zero for the top pin. However, for the decode tree of the top input port, we have an 
additional numbering scheme (as shown in Figure 6.1). Each output pin in stage s 
(5=1,2... .J )  belongs to a class such that class 0 contains the pin numbered 0 and class 
k (£=1,2,...,5) contains all pins numbered i (where i=tfk“ l,a * -l+ l,...,a ^ -l) . Thus 

there are = (tf-l)a*~l class k (£=1,2,...,5) pins in stage s.

This decode tree is obtained by recursively considering sub-network 0 in the definition 
of the partial shuffle topology. Other sub-networks with the same number of stages 

have similar characteristics and so have the same pin class labelling as sub-network 0. 
Thus in stage 5, all outputs belong to some class k (£=0,1,...,5).

In the analysis of a single hot-spot, we choose network output port 0 as the hot-spot 

and refer to the other outputs as cool ports or cool pins.
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6.2 Reachability

In this section we determine the class of network output pins that are reachable from a 

arbitrary switch in the delta network. An output pin of class j  is reachable from a class 
k output pin in the previous stage if there exists a link from a class k  pin to a switch 
with a classy output pin. From Figure 6.1, we can see that pins of class k+l are 
reachable from class k>0 pins in the previous stage. Suppose a task traverses a path 
across the network, then from a non-zero pin the class of the selected output pin 
increases by one over each stage. Thus starting at a pin of class k>0 with t remaining 
stages, the task will reach class t+k pins. These reachability properties are described 
more formally in the following lemma and proposition for a /-stage delta network 
constructed from bxa crossbars with a partial shuffle topology. These properties have 

been derived for delta-2 networks in [PaHa88].

LEM M A  6.1

An 5-stage delta network constructed from bxa crossbars with a partial shuffle topology 

(so that there are b (5-l)-stage sub-networks) has the following inter-stage reachability 
properties:

• Only the class 0 and class 1 output pins are reachable from the class 0 (and 
only from class 0) sub-network output pins.

• Only class k+ 1 { k -1,2,... ,5-1) network output pins are reachable from 
class k (and only from class k) sub-network output pins.

PROOF

The class 0 pins of the (5-1)-stage sub-networks connect to the top switch in stage 5, 

so only class 0 and class 1 pins of the 5-stage network are reachable from the class 0 
(and only from class 0) pins of the sub-networks.

Consider the {a-\)ak~  ̂ class k  (fc=l,2,...,5) pins labelled i (i=a^~"l,a*-1+l,...,<2̂ - l )  

in the (5-l)-stage sub-networks. Since switch i in stage 5 takes its inputs from output 

pin i in stage 5-1 and has outputs labelled ai,ai+1,...,a(i+1)—1, only pins numbered 
y=a(a^-1) ,. . . ,a (a * -l+ l)- l = a*,.. .,fl*+1- l  are reachable from (and only from ) sub­

network pin of class k. In other words, only class £+1 pins in stage 5 are reachable 
from class k  (fc=l,2,...,5-l) (and only from class k) pins in the sub-networks. □
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PROPOSITION 6.1

An 5-stage sub-network (5=1,2,.. .J )  of a /-stage delta network constructed from bxa  

crossbars with a partial shuffle topology has the following network reachability 
properties:

• Only network output pins of class k=0,1,.. .J - s  are reachable from the 
class 0 (and only from class 0) output pins of the sub-networks.

• Only network output pins of class J-s+k (k= 1,2,.. .,5) are reachable from 
class k (and only from class k) output pins of the sub-networks.

PROOF

The proof is by induction on the number of remaining stages t=J-s for a task at stage 
s - J J - 1,...,1 .

For the base case (r=0), the proposition with s=J is trivially true.

For the case t>0, let us assume the proposition holds for J-s=t remaining stages.
Now consider an arbitrary (5-l)-stage sub-network (i.e. r+1 remaining stages). By 

Lemma 6.1, only stage 5 output pins of class 0 and 1 can be reached from class 0 (and 
only from class 0) pins in the (5-l)-stage sub-networks. By the inductive hypothesis, 
the 5-stage class 0 pin (i.e. t remaining stages) leads to network output pins of class 
0,1,.. .,r and the 5-stage class 1 pin leads to class r+1 network output pins. Hence class 
0,1,.. .,r+l network output pins can be reached from class 0 (and only from class 0) 
pins in the (5-1)-stage sub-network.

Again by the Lemma 6.1, only stage 5 output pins of class y'+l (/=1,2,....,5-1) can be 

reached from class j  (and only from class j)  pins in the (5-l)-stage sub-networks. By 

the inductive hypothesis, the 5-stage class y+1 pins (i.e. r remaining stages) lead to class 
r+(/+1) network output pins. Hence class (r+l)+y network output pins can be reached 

from class j  (and only from class y) pins of the (5-1)-stage sub-networks.
Thus, the proposition holds for r+1 remaining stages and this completes the proof. □

6.3 Non-uniform Traffic Model

In this section we define a number of ways to describe the traffic that uses the delta 

network. As mentioned at the start of the chapter, we assume that tasks are uniformly 

distributed over the network inputs but the routing of tasks to the network outputs may
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be non-uniform. We characterise the traffic by specifying the routing probability to 
each class of network output pin. This is called the biased traffic model and is a subset 
of the full non-uniform traffic model which can also be used in the delta network model 

(after a simple extension) presented in this chapter. The single hot-spot traffic model is 
a special case of the biased traffic model in which the routing probability to output pins 

of non-zero class is the same. Of course, the uniform traffic model is a special case of 
all these non-uniform traffic models. These traffic models for the delta-2 network are 
also described in [PaHa88].

6.3.1 N etw ork R outing P robab ilities

Since all network inputs are treated in the same way, we consider the decode tree of the 
top network input. For a /-stage delta network constructed from bxa  crossbars we 
define pk (£=0,1,.. .J )  as the routing probability to a class k  network output pin.

Figure 6.2 shows the decode tree of the topmost input of a delta-2 network. 
Stage 1 2 3

F igure  6.2 Decode T ree  of Topm ost N etw ork In p u t

Since all arriving tasks are routed to some network output and there are (<2-l)<2̂ _1 

output pins of class £=1,2,.. . J  we have the following normalising condition on the 
routing probability vector p:

J

PO +  (a-  1 ) ] T  ak~ lpic =  1 
k=l

For single hot-spot traffic pk = 

and for uniform traffic P k=

1—PO 
cP-l

£ = 1 ,2 ,...,/

£ = 1 ,2 ,...,/
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6.3.2 Sw itch R outing  P ro bab ilities

An alternative way of specifying the traffic model is to define the switch routing 

probabilities for an arbitrary switch in the network, i.e. the probability that a task 
arriving at the switch inputs selects the top switch output. From Figure 6.2, it is easy 
to see that only the top row of switches (shaded in the diagram) have non-uniform 
switch routing probabilities. This is also the case for general delta networks because 
the switch outputs of non-top switches lead to network outputs of the same class (from 
Proposition 6.1) and so have the same switch routing probability (1 la). Thus the biased 
traffic model can be described by a function co(s) which returns the switch routing 

probability to the top switch output in stage s (5=1,2,.. .J ). For uniform traffic, the 
function is a constant co(s)=l/a.

6.3.3 R elation between N etw ork and  Sw itch R outing P robab ilities

Given a network routing probability vector p  we can determine the switch routing 
probabilities co(s) by considering the reachability of network outputs from the switch 

outputs. Consider the top switch in stage s and let t=J-s be the number of remaining 
stages. It has been shown in Proposition 6.1 that from the top switch output (class 0), 
network output pins of class 0,1,.. .,r are reachable and from the other switch outputs 
(class 1) network output pins of class r+1 are reachable. Since there are (o-l)a^-1 pins 
of class k - 1,2,... J  we have :

Conversely, given the switch routing probabilities 0)(s) we can determine the network 

routing probability vector p  by considering a task which is establishing a path to a 

network pin of a certain class and using the forward path descriptor. For a path to the 
top network output, the task has to choose the top switch output in all stages. Thus,

For a path to a class k { k -1,2,.. .J )  network output pin, the task has to select the 
following:

o*s) routing probabilities from top switch output 
routing probabilities from switch
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J-k

top switch output in the first J -k  stages (i.e. with probability n oKi))
i-l

r , 1 /• . . , . . . .  l-co(J-k+ l).• non-top pm m stage J -k + 1 (i.e. with probability----- ---------- )

any given switch output in the remaining k- 1 stages 

(i.e with probability - r - r )a<-i

Thus, Pk =
r J-k

oKi)
i=l

l-co(J-k+l)
fc= l,2 ,...,/

6.3.4 Induced  R outing P robab ilities

In a /-stage delta network, let tk be the utilisation of a network output pin of class k. If 
the service rate of DMA servers is unity then tk is also the throughput of the class k pin. 
Now we can derive an expression for the network routing probabilities p  from the 

utilisation vector & as follows. In the steady state, if a fraction of the total traffic is 
routed to a particular output pin then the same fraction of the total throughput must flow 
through that pin. Hence, the routing probabilities can be found from:

tk
Pk

a/-1 tj

Thus these induced routing probabilities provide a useful check on the delta network 
model since they have to match the network routing probabilities used to determine the 
pin utilisations. In addition, they are used to derive an iterative solution in Section 6.8.

6.4 P a th  B locking P robab ilities

For each link in a delta network there is an associated steady state probability that an 

arriving task wishing to use that link will be blocked: this is called the link blocking 

probability. Each path contains a set of links across the network and has a similarly 
defined blocking probability. Two paths have the same blocking probability if all links 

between corresponding stages have the same blocking probability. In general, there is a 

strong dependence between these link blocking probabilities and so little can be said 
about them using local information about nodes. However, we can identify links which 

have the same blocking probability simply by looking at the structure of the network for 
a given traffic pattern.
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In our analysis, we consider a biased traffic pattern, i.e. the task routing probabilities to 
each class of network output pin can be different. Now suppose that when a task 
arrives at a particular switching node it selects any switch output pin with equal 
probability (because the routing probabilities to all possible destination addresses from 
this node are the same); then the link blocking probability for any switch output link 

will be identical. By applying this observation to appropriate nodes in the network, we 
can show that paths to certain output pins have the same blocking probability despite the 
non-uniform traffic pattern. This is formalised by the following proposition.

P R O PO S IT IO N  6.2

For an s-stage delta network constructed from bxa crossbars with a partial shuffle 

topology and a biased traffic pattern, the path blocking probability is the same for all 

paths to pins of the same class.
(I.e. paths to (<a -l)a k_1 class k (£=1,2,...,5) pins have the same blocking probability.) 

PR O O F

For the base case (5=1), the network is a bxa  crossbar. Since output pins z=l,2,.. .,a -\ 

are treated identically, paths to them have the same blocking probability.

For the multi-stage case (5>1), let us assume that the result holds for an (5-l)-stage 
sub-network. Since all sub-networks are disjoint, the partial path blocking probabilities 
to a pin of class k (£= 1,2,.. .,5-1) in any sub-network are the same (by the inductive 
hypothesis). By Lemma 6.1, we know that pins of class k in the sub-networks connect 
via switches to output pins of class £+1 in stage 5. Routing at these switches is 
uniform because all reachable pins from the switch outputs belong to the same class. 

Thus the 5-stage switch outputs have the same link blocking probabilities and so path 

blocking probabilities are the same for all pins within a certain class £+1=2,3,.. .,5.

Finally, we note that the class 0 pins in the sub-networks connect to 5-stage switch 0 in 

which tasks have uniform routing to class 1 output pins of stage s and so equal path 

blocking probabilities. Thus the proposition holds for k= 1 which completes the 
proof. □

The proposition shows that for general biased traffic, paths to output pins of the same 
class experience the same degree of contention. In particular, this holds when the top 

output pin is a traffic hot-spot and all other pins of the delta network are uniformly 

utilised (i.e. a single hot-spot traffic pattern). Since class 0 is the hot-spot, we would
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expect tasks requesting it to experience different contention from tasks which request 
other classes of output. Furthermore, the other classes of output each experience 
different contention even though they are uniformly utilised. The reason for this is 
summarised by the following argument

For a single hot-spot traffic pattern, all nodes in the decode tree of the top output pin 
will be busier than in the uniformly utilised case, so we refer to it as the hot decode tree. 
The degree of overlap with another output pin's decode tree will determine the extent of 
the extra contention caused by the hot-spot. For example, customers destined for pin 
number one (adjacent to the hot pin) suffer the greatest contention because pin one's 
decode tree nodes are identical to the hot-pin's decode tree nodes. However, the 
customers destined for the bottom output pin suffer less hot-spot contention because its 
decode tree nodes only overlap the hot decode tree at the leaves (crossbars in stage 
one). Consequently, in equilibrium, a greater proportion of the customers will build up 

for pin number one than for the bottom pin. It is easy to see, by an argument analogous 
to the one used to prove Proposition 6.2, that certain output pins have the same build up 
of customers and that these pins can be grouped together to form pin classes.

If different classes of network output pins are reachable from a given switch in the 
network then paths from the top switch output may have different blocking probabilities 
to paths from the other switch outputs. Consequently, when the top and a non-top 
switch output become active, the mean time taken for them to become inactive (possibly 

instantaneously), which we call their release time, will be different. Hence modelling 

the presence of a hot-spot differs from the uniform routing case in two important 
aspects: the different routing probabilities and the different release times for outputs of a 
given switch.

6.5 Exact Analysis of Biased Delta Networks

Little's result can be applied to pins in a biased delta network in the steady state (as with 

the uniform case in Section 5.1). In this section, we begin by extending some of the 

definitions given for the uniform network and then analyse a biased crossbar in 

equilibrium. The crossbar results are then used to derive an expression that gives the 
utilisation of each crossbar in the network. However, three parameters for each 

crossbar in the network are unknown and so require estimation or iteration. This will 
be the subject of Section 6.6.
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6.5.1 D efin itions

The following definitions for a bxa  crossbar are extensions of those given in Section

5.1.1 for the uniform crossbar.

• The release time ratio r is the ratio of the MHT of pin j  
(for any j - 1,2,..., a - 1) and the MHT of pin 0.

• The blocking probability By (z=0,l,.. .Jb-\\ ;=0,1,.. .a -  1) is the steady 
state probability that, at the instant a task arrives on input pin i, the output 
pin it requires (pin j) is already held by some other task.

6.5.2 B iased C ro ssb ars  

LEM M A 6.2

For a biased bxa  crossbar with output pins 0 and j  (J= 1,2,.. .,a - l)  that have, 

respectively:

The utilisation of input pin i of the crossbar is denoted by 7%

(M ),l,...,6 -1 ).

MHT m and rm

• MRHT do and d\

the probability that output pin 0 is active is given by:
6-1

p = pm

i=0

and the probability that output pin j>0 is active is given by:

PR O O F

Let the arrival rate on input pin i be Aj (z=0,l,.. .,6-1). 

Applications of Little’s result to pins then yield:
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(i) For input pin i
n  -  h[p(m+Biodo) + ( l-p)(rm+Bndi)]

(ii) For output pin 0
p  = p(Ao+Ai+...+A&_i)m

(iii) For any output pin j >0

q =  (A0+ A 1+ . • .+A ^ _i)rm

The first result follows from (i) and (ii), and the second from (ii) and (iii) □

6.5.3 Biased D elta N etw orks

For the decode tree of the top network input pin in a /-stage delta network constructed 
from bxa crossbars we define the following terms:

• Let jcsk (s= 1,2,... yJ\ k=0,1,... ,s) be the utilisation of a class k output pin in 

stage s and /zqo be the utilisation of the network input pins.

• For non-uniform crossbars in stage s we define the following:
cos is the routing probability to pin 0 of the crossbar 

rs is the release time ratio
Psj is the blocking probability for an arrival which selects pin j  
asj  is the ratio MRHT:MHT for output pin j

• For uniform crossbars in stage s we define the following:
ps is the blocking probability for an arrival at the crossbar 

as is the MRHT:MHT for output pins

T H E O R E M  6.1

The equilibrium probability nsk (5=0,1,...,/; &=0,1,...,$) that an output pin of class k 

in stage s of a /-stage network is active satisfies the following recurrence formulae:

bCQs7ZS- \0
KsO ------------------------------ --------------------

a>j(l+/?joajo) + (1-ffljKri+ftiaji)

Ks,\ ~
(\-cos)rs _
--------------* 1,0
(a-l)CQs

for k-2,2>,...,s\ _ bns-\jc-1
S*  a(l+psas)
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PROOF

Using class reachability properties (Lemma 6.1), we know that class 0 and 1 output 
pins of stage s can be reached from class 0 pins of stage s - 1. Since each input to the 
top stage s crossbar has utilisation the crossbar's output pin utilisation can be 

determined from Lemma 6.2. Hence the first two recurrence must hold. Similarly 
crossbars in stage s with class k> 1 output pins take their inputs from class k- 1 pins in 
stage 5-1 and so all inputs have utilisation ks-\Jc- \ '  Since these crossbars are uniform, 
the final recurrence follows from Lemma 5.1. □

6.6 Analysis of B iased Delta-2 N etw orks

In this section we make some approximating assumptions so that blocking probabilities 
and MRHTs can be determined. Initially we assume that all release time ratios are 

known, but later we derive a fixed-point equation which they must satisfy (Section 6.8) 
and describe a iterative scheme by which they can be determined.

We first analyse a biased 2x2 crossbar and then extend it recursively to biased delta-2 

networks. This leads to a recurrence formula for the conditional throughput function 
which can be used in the birth and death process of Chapter 2 to determine FES rate of 
the delta-2 network in a closed system.

6.6.1 S im plify ing A ssum ptions

As with the uniform case (Section 5.2.1), we make the following assumptions:

(i) For all pins in the network, MRHT=MHT, so = as\ = as = 1

(ii) The AOP holds for all crossbars, so an arriving task "sees" the other input 

pin in its equilibrium state. In particular, when an arrival at one input finds 
the other input active, the probability that the latter input is connected to the 

upper or lower output is the same as the steady state probability that it is 
connected to the upper or lower output (respectively) conditional on only 

one input being active.

Both of these assumptions are discussed in Section 5.2.1.
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6.6.2 Biased 2 by 2 C rossbars

CO ROLLARY TO LEM M A 6.2

Assuming that the non-uniform crossbar has the AOP and that the MRHT = MHT for 
both output pins,

P = p (p+ (l-p )r) no + n\
G (n\) G(kq)_

and q = (1 ~ p)rp

where for /=0,1: G(iti) = (l+^/)(p2+ (l-p )2r2) + 2 p (l-p )r 

PR O O F

Conditional on only the lower input being active, let P(T) be the probability that the task 
in the crossbar is holding the upper output and let P ( i)  be the probability that it is 

holding the lower output.

Applying Little's result to the crossbar at times when only its lower input is active, is 
equivalent to using Lemma 6.2 with /iq=0 and 7Ti=l (so that £ io= £n= 0). This gives:

P =
p + (l-p )r

and
= ( l-p ) r  

p + (l-p )r

where p ' and q' are the utilisations of the upper and lower output pins when only the 
lower input pin is active. Suppose 7t(S) is the stationary probability that the crossbar is

in state S where S (defined in Section 5.1.1) represents the state of each crossbar pin.
Thus we have:

;r(0 1 1 0) 

n{0 1)

, *(0  1 0  1)
and q = ---------------

ff(0 1)

and so P(T) = p' =
p + (l-p )r

and P 0l ) = <7' (1-P)r
p + (l-p )r

Given that the AOP holds and that one input pin is active (by symmetry), a new arrival 
on the other input sees the active input connected to the upper output with probability 
P(T) and to the lower output with probability P (l) . Thus we have the following 

blocking probabilities:
B00 = ^ i / >( t )  and B0i = f f iP ( l) ,
BlO = ffioB(t) and B \\  = Jio/’C-l)

The result follows by substituting these blocking probabilities and do=m, d\=rm in 
Lemma 6.2. □
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Let Uk{7tQ,K\,p,r) be the utilisation of output pin k of a crossbar with input utilisations 

ttq and n\\ upper pin routing probability p; and release time ratio r. Thus 

Uo(no,iibP,r) =p and U\(itQ,K\,p,r) = q in the Corollary to Lemma 6.2. The result 

here agrees with the Corollary to Theorem 4.4 in that:
Uk{ \X p ,r ) = Wk(l\2,p,r) and t/*(0 ,l,p ,r) = Wk( 1 I l,p ,r)

6.6.3 R ecursive A nalysis of B iased Delta-2 N etw orks

In this sub-section, we derive the throughput of a delta network with non-uniform 
routing, conditional on the number of active inputs to the network. Although the 
approach presented here is applicable to full non-uniform routing in which all output 
pins are selected with different probabilities, for simplicity, we only consider the biased 

traffic model.

Given N  and Z, as defined in Section 5.1, we now define the following probability 

distributions:-

Ts<f>Xn) = Pr(Z0=l I #<£Q=n)
and for k>0,

Tsto(n) = Pr(Z,M=l I #Q£>=n)

Ts(k)(ri) is the probability that an output pin of class k is active in an 5-stage network 
with n active inputs and typically we use pin number 2^*1 as the representative pin for 

all class k pins.

In this recursive analysis, we consider the decode tree of the top input pin of the 

network. For the base case (5=1) of the recursion, the interconnection is a 2-way 
crossbar with switch routing probability for the top switch output given by co( 1). For 

the 5-stage case (5>1), the upper and lower (5-l)-stage sub-networks are separate so 
that we can determine utilisations of the inputs to the rightmost crossbars by using the 
result obtained for the smaller network in the recursion. This gives the recurrence 

formulae in the following theorem.

TH E O R E M  6.2

Suppose there are n j active inputs to a /-stage delta network with a partial shuffle 
topology. Assuming that every crossbar in the network has the AOP and outputs with 
MRHT = MHT, the utilisation of a class k output pin in stage s is given by the 

following recurrences.



Hot-spot Contention in Delta Networks 110

for s=2 ,3 ,... ,/ ;  £=0,1; /z=l,2,...,rt/,

min(n,2s^)
Ts«Kn) = X  Qs(nn)Uk(Ts. l®Xi),Ts_l«>Xn-i),a>(s),r(s,nj))

i-max(0 î-2'y‘1)

for 5=2 ,3 ,...,/; £=2,3 ,...,5; /z=l,2,...,/z/, 

minC/i^"1)

T^Xn) = ^  Qj(iln) tfo(7W *'1)(0, 7W *-l)(n-i), J, 1)
i'=max(0^i-2,r' 1)

and for £=0,1 we have:- T i(*)(0) = 0
7V*)(1) = Uk(Q, 1, oKD, r(l,n j))
Ti<*)(2) = Uk( 1, 1, co( 1), r(l,/i/)) 

where o is) is the switch routing probability 

and r(s,nj) is the release time ratio for the top switch in stage s when there are nj 

active network input pins.

PR O O F

The proof is analogous to that of Theorem 5.2. In addition it uses Lemma 6.1, i.e. a 
pin of class £ in stage s is reachable from a pin of class £-1 only. □

CO RO LLA RY  TO TH EO R EM  6.2

The expected number of active output pins conditional on nj active inputs to a/-stage 

network is given by:-
E(m\nj) = T /° \n j )  + (2 '- l )  Tj(\ j)

From the theorem and its corollary with n j  = 1,2,..2/, the required conditional 
throughput function fin = fiE(m\n) can be used to solve the birth and death process 

defined in Chapter 2. This gives T(N), the throughput of the closed system for a given 
population N. However, the release time ratios r(s,nj) are unknown in Theorem 6.2.

It now remains to obtain these ratios and this will be the subject of Section 6.8.

The delta-2 network model presented in this section does not generalise easily to 

networks constructed from large crossbars mainly because, in general, the input
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processes at crossbar inputs are not independent. When there are more than two input 
pins in a crossbar and we condition on an arrival at one of the inputs, the joint 

probability distribution of the activity of the remaining inputs is required (to determine 
the mean waiting time in Little's result). This joint distribution cannot be readily 
determined from the input pin utilisations that we obtain recursively. Even if the joint 
distribution can be determined, it is still difficult to calculate the mean waiting time of 
the new arrival because the arrangements of the connections from the remaining inputs 
to the output pins are required. Hence in the following section we adopt a different 

approach to modelling general delta networks.

6.7 A pproxim ate Analysis of B iased D elta N etw orks

In this section we derive an expression for the conditional throughput (fin) of a /-stage 
delta network constructed from bxa  crossbars with the biased traffic pattern described 

in Section 6.3. As before we consider the decode tree of the top network input since all 
inputs have identical characteristics. From Chapter 4 we have models of all nodes in 
the decode tree, so now we use them to build up a model for the entire delta network.

6.7.1 D efinitions and  A ssum ptions

We require the same definitions as in Section 5.1, viz. the random variables N(s), Z(s), 
Z(s,k) and the probability distribution Qs(i I n). However, now we need to extend the 
output pin state probability distribution to the following:

r,C°)(Z I n) = Pr(Z0($)=z I #(M$))=n)

Tj(*)(zln) = Pr(Zat-l(i)=z I #(K(s))=n) *=1,2,...,$

T/*)(z I n) is the probability that the state of an output pin of class * is zs {0,1) in an s- 

stage network with n active inputs. In the definition above, we use pin number a*-1 as 

the representative pin for all class k= 1,2,.. pins.

In the approximate analysis we make the following assumptions:

• All pin holding times are exponentially distributed.

• The input processes to each input pin of a crossbar are independent.

The consequences of these assumptions (especially the latter) are discussed in Section

5.3.1 for the uniform case.
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6.7.2 A pprox im ate  R ecursive A nalysis

In this recursive analysis of a /-stage delta network, the base case is a bxa  crossbar 

with top switch output routing probability cu(l) and some release time ratio r. For the s- 

stage case (5=2,3,.. .,/), the (5-l)-stage sub-networks are disjoint and we assume that 
they are independent. Hence we can determine the probability distribution of the states 
of the inputs to the rightmost crossbars by using the result obtained for the smaller 
network in the recursion and simple conditional probability arguments. The state of the 
output pins of these crossbars can be determined using the biased crossbar model 
described in the previous section. This gives the recurrence formulae in the following 
theorem.

T H E O R E M  6.3

Suppose there are nj active inputs to a /-stage delta network constructed from bxa 

crossbars with a biased traffic pattern. Under the assumptions of Section 6.7.1, the 
conditional output state probabilities for a class k output pin of a 5-stage sub-network 
are given by Ts(kh

Base case (5=1, ke  {0,1}) T\W){z I n) = Wk(z I n,co{\),r{\,nj))

5= 2,3 ,...,/; ke  {0,1}

I n) = /  Qsti I n) /  wk(z ! £  Xk,oXs),r(s,nj)) I I Ts-\(°)(xk I /*)
r t=0 *=0I

b- 1
X ik=n

k= 0

For 5= 2 ,3 ,...,/; &=2,3,...,5

Ts&Xz I n) = ' V ,  Qsd I n) ' S '  Wq(z I § c fc i , l ) T 7  Ts. i
~  k=° T=o

- l^ - 'X x k  I ik)

L
b- 1
X ik=n 

k=0

where Wk is defined in Section 4.3.3 and r(s,nj) is the release time ratio for the top 

switch in stage 5 when there are nj active inputs to the /-stage network.
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PR O O F

The proof is analogous to that of Theorem 5.3 but requires class reachability properties 
and a biased crossbar model. From Lemma 6.1, class ke {0,1} pins in stage s can be 

reached from class 0 pins in the sub-networks (hence the superscripts in the first 
recurrence). Likewise, class k (k=2,3,.. .,s) pins in stage s are reachable from class k -  
1 pins in the sub-networks. □

CORO LLA RY  TO TH EO REM  6.3

The expected number of active output pins conditional on nj active inputs to a /-stage 

delta network with a biased traffic model is given by:

J

E(m I nj) = T /0)(i | nj) + ( a - 1 ) ^  a b 'T fo X  1 1 */)
k= 1

PR O O F

All (a-l)a*-1 pins within a class k (£=1,2,...,/) have the same utilisation. The result 
follows by summing the utilisation of each network output pin. □

Thus the conditional throughput function {J.n = p  E(m I nj) can be determined from the 
corollary and its theorem (given p  is the DMA transfer rate). By substituting this into 
the birth-death process of Chapter 2, we can determine T(N) (the throughput of the 
closed system of DMA servers connected to a biased delta network).

However, in Theorem 6.3 the release time ratios r(s,nj) are unknown. In the next 

section we develop an iterative scheme based on a fixed-point equation to determine 

these ratios.

6.8 Fixed-point E quation  for Release Tim e R atios

In this section we describe a fixed-point approach by which the release time ratios can 
be determined. Although only delta-2 networks are considered (so, in particular, 

Theorem 6.2 will be invoked) the approach can be generalised easily to networks with 

larger crossbars. First we define the following notation:

• Suppose there are nj active inputs to a /-stage delta network, so that the 

release time ratios r(s,nj) can be abbreviated to rs for the topmost crossbar 

in stage s (5= 1 ,2 ,.../), where rs>0.
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Let tk be the utilisation of a class k pin (fc=0,l,.. . / ) .  From Theorem 6.2, 

we have f* = T / k)(nj).

Let p  (0<p<l) be the hot-spot routing probability that describes the network 
traffic and p* be the routing probability to a class k output pin, so that

• Let co(s), which we abbreviate to coSj be the corresponding top stage s 
switch routing probability function, where 0<G)y<l (5=1,2 ,.../).

• Let r = (n, r2,...,ry), t = (fo, ri,...,f/), p = (po, pi,...,p/) and
m = (o>i,0)2,..., coj)

6.8.1 F ixed-poin t E quation

We now derive a fixed-point equation for the pair (j22,r) using the functions A , B and C 

defined below. Each function takes a pair of vectors and returns a pair of vectors in 
which the second component (r) is the same in both pairs. However, in function A, the 
r influences the value of the first vector in the result.

Firstly, from Theorem 6.2, the utilisation vector is a function of the switch 
routing probabilities and the release time ratios. Suppose F  is this function 
and define (l,r) = A(m,r) = (F(Q2,r),r).

Now i  induces a set of network routing probabilities since the proportion of 
the total throughput flowing out of a pin in equilibrium must be equal to its 

selection probability,

PO = P and pk = (k = 1 ,2 ,.../)

i.e. Pk J [G(&\k, say.

/=l
Now let (p,r) = B(t,r) = (G(J), r).

The switch routing probability is a function of the network routing 

probability, (Section 6.3.3):
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cos = ---------- say.
J-S+1

P o  +  X  lk ~ l Pk
k= 1

Now let CQ2,L) = C(g,r) = (//(g),r).

Thus we have the following fixed-point equation: (j&r) = A(£(C(i&r))). Although for 

all (J&L), MB(C(£Q,r))) = (jj^,r) for some £2', the choice of r determines $  and hence 

the fixed-point pair.

We require fixed-points (£&r) of the above equation. Typically, &  is given by the traffic 

pattern and a guess is required for r. From the analysis, we know that rj= 1 because 
complete paths suffer no further contention and DMA transfer rates are the same 
regardless of the output pin. The proof of uniqueness of r with respect to the fixed- 
point equation is not given here but we conjecture that t  is unique because in the 2-stage 

network different release time ratios in the first stage crossbar give output pin 
utilisations that induce different switch routing probabilities. This means that both 

cannot satisfy the fixed-point equation.

6.8.2 Iterative Method

Let rs(Q be the approximation for rs after the f t1 iteration. As an initial guess, we choose 
the following: r /° )= l for s= 1,2,...,/. This guess is exact when nj=\ and also for 
uniform traffic. Furthermore, in all approximations to r  we know that rj= 1.

The switch routing probabilities which are induced when the model is parameterised by 

release time ratios are given by the following:

=first(A(B(C(m,r(0)))) where flrst((p,q))=p

The difference between the required and the observed switch routing probabilities can 

be quantified as follows:

o)5(0  -  cos 

cos

Now if is positive, then the utilisation of the upper pin is higher than expected and 

so the release time ratio for the top switch in stage s needs to be increased. Thus we 
use the following to update the value of r:

r ^ D  = r ,(0 [ l+ D d /0 ]
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where D (typically between 1 and 4) is a damping factor used to reduce the number of 
iterations.

The stopping condition is I d /0  I < e, 5 = 1 ,2 ,.../ for some pre-defined e.



Chapter
7

Towards a better Protocol for
Switching Networks

Outline
7.1 Circuit Switching Protocols
7.2 The Delta Network Topology

Definitions
Adjacent Input Address 
Clashing of Two Paths

7.3 The Combined Release-Hold Protocol
7.4 Choosing the Final Releasing Stage

7.5 Unblocking Time of Blocked Tasks
7.5.1 Worst Case Analysis
7.5.2 Average Case Analysis
7.5.3 Saturated Networks

7.6 Implementation of the Release-Hold Protocol

117



Towards a better Protocol for Switching Networks 118

In the Introduction we noted that there are two main types of data transmission 

protocols for MINs: circuit switching and packet switching. For both protocols, the 
control aspect of the operational characteristics is normally described as being either 
centralised (routing of messages determined by some global controller) or decentralised 
(messages are self-routing). In this chapter we propose a different circuit switching 
protocol which has partly centralised control. This novel protocol delivers better MIN 
performance (albeit at the expense of some extra hardware) and is less susceptible to 
hot-spot tree saturation.

We begin the chapter by comparing two commonly used circuit switching protocols for 
MINs, i.e. the holding and releasing of partial paths. After some preliminary 
definitions about the structure of the delta network, we give an informal description of 
the new protocol. Some heuristics which are required to determine certain parameters 
in the protocol are considered using the analytical techniques developed in earlier 

chapters. Finally, the implementation of the protocol is discussed together with other 
issues such as fault tolerance and cost-effectiveness.

7.1 Circuit Switching Protocols

In this section we compare two types of circuit switching protocols; those in which 
partially established paths are released and those in which they are held. We find that 
an important factor in determining which protocol gives better performance is the delay 

involved in switching a crossbar from one state to another. Typically, the crossbar 
inputs are polled on a clock pulse and so a new arrival usually has to wait before it can 
obtain a free output and a blocked arrival (i.e. blocked on some active output) keeps on 
polling the output pin until it becomes available. (The clock is necessary to avoid 

simultaneous access to the same output pin.) Thus we define the switching delay as the 
time elapsed between an arrival at the crossbar input (requiring an inactive output) and 

the point at which the free output pin is acquired.

First we consider the circuit switching protocol in which partial paths are released. 

Assuming that messages are self-routing (so that there is decentralised control), this 
protocol can be implemented using very simple hardware. Since partial paths are 
released, tasks only hold shared resources (links) when a complete path across is 
obtained (or during the process of path building or releasing). Thus other tasks cannot 

become blocked by a path which is already blocked (unless it is also in the process of 

building/releasing). However, all the work done in establishing a path to the blockage 

is lost and this can be considerable if switching delays are high. The task then has to
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retry after some random time and the chosen retry rate is crucial to the task-based 
performance measures. If the retry rate is too high, the link required will not have 
changed state and so the next attempt is likely to fail. Even though this increases 
network utilisation, the throughput may actually decrease because some other tasks may 
be blocked by the re-attempt but, in the absence of the retrying task, would otherwise 
have obtained a complete path. If, on the other hand, the retry rate is too low, a task 
may be waiting at the inputs even though a complete path may have been available for 
some time. In this case, the opportunity of a complete path may even be lost to some 
other task. If the overtaking continues the overall response time of that task will 
become unacceptably high. Thus provided that optimal retry rates are used and 
switching delays are negligible, the releasing partial paths protocol for MINs should 
give improved throughput.

The holding of partial paths in circuit-switched MINs can also be implemented using 
simple hardware provided that messages are self-routing. For this protocol there is no 
need to determine optimal retry rates since all blocked tasks hold all their acquired links. 
The hold protocol is fairer than the release protocol in that overtaking is not possible in 
any crossbar. This is so because tasks which are blocked in a crossbar by some other 
task can be ordered according to their time of arrival, so that the first task that was 
blocked acquires the output link as soon as it becomes available. Even though tasks 
may be blocked by tasks which are themselves blocked, deadlock is avoided because 
there is no circularity; a task can only be blocked by a task which is further ahead in the 
network, so in the final stage there must be some active task (with a complete path) that 
can unblock at least one of those tasks. The inherent drawback of this protocol is that 
tasks which are blocked by another blocked task may otherwise be able to obtain a 

complete path. This reduces throughput and makes the network more prone to hot-spot 

tree saturation. However, when switching delays are large (compared to data 

transmission times), it is preferable to hold partial paths.

7.2 The Delta Network Topology

The topology of the delta network is important in designing new protocols. Here we 

only consider the partial shuffle topology, but since all delta topologies are equivalent, 

there is no loss in generality. The recursive definition for this topology is useful in 
determining various properties of the network, such as the stages in which two given 

paths can clash. First we will require the following definitions.
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Definitions

Consider a/-stage delta network constructed from bxa crossbars with a partial shuffle 

topology. The input pins are labelled consecutively from the top (starting at zero) in 
base b and similarly for the output pins (in base a). Figure 7.1 shows the labelling in a 
delta-2 network with 3 stages.

Stage 1 2  3

F igure  7.1 Pin A ddresses in a Delta N etw ork

We define the following sets:

• X (c) = {{x j-iyX j.2 ,...^ )  l* i= 0 ,l,...,c ; z = 0 , l , . . . , / - l}.

• I=X(b) is the set of input addresses.

• U=X(a) is the set of output addresses.

• P=IxU  is the set of all possible paths.

• S= { 0 ,1 ,.../}  is the set of link numbers.

• £={true, false) represents a boolean data type.

Adjacent Input Address

Consider the following function: Adj : IxIxS-^B . Adjfe, y, s) is true if and only if s<J 

and paths originating from inputs x  and y can first clash in stage 5+1, i.e. the two 

inputs are in adjacent 5-stage sub-networks but in the same (5+l)-stage sub-network (in
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the recursive definition of a (s+l)-stage sub-network). For example consider Figure
7.1 in which the paths from inputs 000 and 010 first clash in stage 2.

Adj can be defined as follows:
Adj(i,X , s) = [V i= /- l,/-2 ,...,.s+ l: *,-?/] a [ x ^ y s]

This follows because if two inputs are in the same s+l stage sub-network, the network 
backward path descriptor (bpd) to any crossbar (in stage s+l) in that sub-network has 
to be the same. Hence the first J - s - l  digits of the input address strings have to be the 
same in the partial shuffle topology. After reaching the (s+l)-stage sub-network, the 
bpd must select different s-stage sub-networks to reach the £ and y because there is no 
possibility of a clash before stage s+ l. This gives the condition x ^ y s.

Clashing of Two Paths

Suppose there are just two tasks in the delta network requiring paths and (/2>^2)- 
We require a function which returns the stage in which they clash, if they do interfere, 
and zero otherwise. We let Clash:PxP->S be this function and define:

Clash((/\ ,d \) , (i*2>̂ 2))
= s+ l if 3 s = 0 , l , . . . / - l [  A dj(/i,/2,s) a (first(s+l,^i)=first(s+l,<i2))]

= 0 otherwise
where first(fc,fl)=(07_i,a/_i,.. .,a/_fc), i.e. the first k digits of the address a

This follows because for the two paths to first clash in stage s+ l, the inputs must 

belong to the same s+ l stage sub-network (i.e. Adj(ii,i*2,$)) and the first s+l digits of 
the destination address have to be the same.

For example, for the two paths in Figure 7.1, Clash returns 2 because 000 and 001 are 

in adjacent 1-stage sub-networks and the first two digits of the destination addresses are 

the same.

7.3 The Combined Release-Hold Protocol

In the combined release-hold protocol, paths that are blocked in stages up to and 
including some stage s* (the last releasing stage) are released. Any path blocked further 
downstream is held. For a /-stage network we have $*=0,1,.. .J .  When 5*=0, the 

protocol is identical to holding partial paths and when s*=J it is the same as releasing 

partial paths. The value chosen for s* depends on the switching delays at each 

crossbar. For high switching delays, s* is low so that all but possibly the shortest
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partial paths are held. Conversely, for low switching delays, s* is high so that all but 

possibly the longest partial paths are released.

The combined release-hold protocol is a simple combination of the release and hold 
protocols and so has decentralised control which is easy to implement in crossbars. It 
has the advantages of both the release protocol (releasing shared resources, etc.) and the 
hold protocol (time spent establishing a long path is not lost). However, it also has the 
disadvantages of both, viz. optimal retry rates need to be determined and overtaking is 
possible. Furthermore, the last releasing stage (,s*) also needs to be determined. Many 
of the disadvantages no longer apply when the method of releasing paths is enhanced. 
This is the subject of the remaining part of this section.

All delta network protocols described so far have decentralised control since messages 
are self-routing. In this section we relax the completely decentralised control of routing 

by introducing central controllers which control admission of tasks into the network but 
maintain the self-routing property thereafter. Each central controller is just a gatekeeper 
which maintains information regarding the current tasks attempting to cross a particular 
sub-network. Thus when there is a new arrival at a particular sub-network, the sub­
network controller will have enough information to determine whether the task will be 
blocked in the s* -stage sub-network. In this case the task remains at the input and 

waits for the conflicting task to complete. When that task completes and releases its 
path, the controller can re-examine the 'blocked' tasks. The controller uses 'Adj' and 
'Clash' to achieve this function.

The enhanced release-hold or Network State Descriptor (NSD) protocol requires extra 
hardware to maintain the information required by the central controllers, but there are 

many benefits. Firstly, there is no need to determine retry rates; the task does not 

attempt to form a path that the controller knows is not available. The retry time for a 
blocked path is, in some sense, optimal because a free path is guaranteed in the sub­

network as soon as it becomes available. Unlike the decentralised release protocol, this 

protocol is fair in that the blocked tasks can be prioritised (in order of arrival time) by 

the central controller. In the presence of high switching delays these advantages 

become particularly important.

The state of tasks in the MIN with the NSD release-hold protocol can be described 
(informally) by a state diagram (Figure 7.2). The nodes in the graph represent states 

(of a task) and the arcs represent events. The network is open and arriving tasks start in
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the SOURCE node. The SINK node is special in that it represents the absorbing state 

"transaction terminated".

more free links next link free

F igure  7.2 Task States in the  NSD Release-H old Protocol

When the switching delays are significant there may be timing problems caused by 
using current network information to determine some future state. For fixed switching 
delays, these problems can be readily solved because of the deterministic way in which 
paths across the network are formed. For example, if a link is currently free but a task 
has already been sent to acquire it, then the time at which it will actually be acquired can 
be pre-determined. Thus any new tasks requiring that link have to be blocked 
immediately by the controller. Similarly, suppose it is known that a task has completed 

its transfer and is releasing a link in the future. Then a new task requiring the same link 

may be dispatched if the link will be available by the time the new task gets there.

7.4 C hoosing the Final Releasing Stage

The choice of the stage beyond which partial paths are held is important for both the 
decentralised and enhanced versions of the combined release-hold protocol. A number 

of factors influence this choice, especially switching delays and time intervals during 

which links remain active. We assume that tasks incur a fixed delay d  in acquiring or 
releasing an output pin of a crossbar. The mean active time interval for a pin can be 

approximated by using the delta network models of the previous chapters.
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For a /-stage MIN with the NSD protocol and low switching delays, s*=J gives the 
best performance, but this requires a central controller which holds information about 

the entire network. Such a configuration may not be very cost-effective if the extra 
hardware required to maintain the network information is expensive and a number of 
smaller central controllers may deliver almost as good performance at a much lower 

cost.

In the remaining part of this section we will consider a /-stage delta network with the 
normal combined release-hold protocol. First we require some definitions.

Let U(s), the unblocking time in stage s, denote the mean time elapsed between an 
arrival to a crossbar which finds the required output link active and the release of that 
link so that the blocked task can acquire i t  Suppose an arriving task in stage s finds the 
required link active, releases the path acquired and retries after a random time with mean 
y. So, on average, the second attempt to acquire the link will occur 2sd+y units of time 

after the first.

Thus it seems reasonable to release the partial path if U(s)>2sd+y. As s increases the 

LHS of the inequality decreases (since there is less contention downstream) and the 

RHS increases. Hence the last releasing stage can be given by:

s* = max [U(s) > 2sd + y\ 5 = 1 ,2 ,...,/
5

The mean retry time can be made stage dependent, i.e. ){j ) is the mean retry time for a 

task which was blocked in stage s . In this case we choose the following retry times:

7(5) = U(s) -  2sd 5 = 1 ,2 ,...,/

However, U(s) is unknown and so in the next section we describe an approximate 

method to determine it.

7.5 Unblocking Time of Blocked Tasks

In this section we consider the unblocking time for tasks blocked in stage 5 of a delta-2 

network with the circuit-switched partial paths held protocol and unit data transmission 
times. An optimistic guess for the unblocking time would be V 5=l,2,.. .J: U(s)=l, 

but this assumes that tasks only become blocked by active tasks (i.e. those with a 

complete path) and this is only true in the final stage.
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Let R(s), the release time in stage 5, denote the mean time elapsed between an output 
pin in stage s becoming active and the time at which the task holding the pin releases i t  

Thus /?(/)=1, since data transmission times have unit mean.

We make the approximate assumption that arriving tasks which get blocked on an 
output link of a crossbar, "see" the link as if it has just become active. This is the same 
as assumption (i) in Section 5.2.1 and implies that U(s)=R(s).

7.5.1 W orst Case Analysis

In order to determine a pessimistic guess for R(s), we require the following definition 

for maximally blocked tasks:

(i) A task experiences maximal blocking from the final stage if it is blocked in 
the final stage.

(ii) A task experiences maximal blocking from stage s (5=1,2,.. . J - l )  if it is 
blocked in every stage £=5,5+1,.. . J - l  by a task which is maximally 
blocked in stage £+1 and blocked in the stage J.

PR O P O S IT IO N  7.1

A task which experiences maximal blocking from stage s (5=1,2,.. .J )  of a /-stage 
delta-2 network with the holding protocol has total waiting time equal to 2J~s+l DMA 

service times (including its own).

PR O O F

The proof is by induction on t=0,1,.. . J - \  where t is the number of remaining stages 

after stage 5, i.e. t=J-s (Figure 7.3).
For r=0, the task is blocked in stage /  and so has to wait for two service times: that of 

the blocking task and its own service.

For r>0, assume that the proposition holds for r-1 remaining stages and consider the 

task that is maximally blocked in stage 5, i.e. with t remaining stages. By the inductive 
hypothesis, the blocking task is maximally blocked in stage 5+1 and has total waiting 

time equal to 2J~S service times. When this task releases its path, the blocked task in 
stage 5 becomes maximally blocked in stage 5+1 and (again by the inductive 
hypothesis) has to wait another 2J~S service times. Hence the total waiting time for the 
blocked task is 2J~S + 2J~S = 2J~s+l (since transit time between stages is negligible), as 
required. □
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stage s

Figure 7.3 Fan-in Fan-out Structure of the Delta Network

A pessimistic guess for the unblocking times is V5=l,2 ,...,/: U{s)~2J~S which 

assumes that the blocking task experiences maximal blocking. Thus the unblocking 
times for a blocked task in stage s can range from 1 to 2J~S. For the release protocol 
there is a possibility that the waiting time (of the task waiting for the link to be released) 
goes beyond this range (because of unfair overtaking) but the probability of this 
occurring is very low. For the hold protocol we can estimate the release time using the 
proposition in the following section.

7.5.2 Average Case Analysis 

PROPOSITION 7.2

Consider a uniform /-stage delta-2 network with the hold protocol. The mean response 

time for tasks leaving stage s (5=0,1,.. . J - l )  is given by:

R(s) ------  where ns is the utilisation of an output pin in stage s
n j

PROOF

The proposition follows from Little's result, since the tasks leaving stage s enter a t- 

stage sub-network (Figure 7.3) where t=J-s. The utilisation of each of the inputs to
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this sub-network is tts, so the mean number of tasks is 2tns in equilibrium. The 
throughput of the sub-network is 2 ‘k j . □

From Theorem 5.2 we can determine ns for 5= 1,2, . For  the saturated network 

we have:
2

tts -  TS(2S) = by Corollary 2 of Theorem 5.2

J+2Then the proposition becomes R(s) =

Recall the assumption that a task arriving in stage s and becoming blocked "sees" the
link as if it has just become active. This would be the case if the length of activity of
output pins has the exponential distribution. Under this assumption, the unblocking

J+2
time is given by U(s) =

7.5.3 Saturated Networks

Table 7.1 summarises the unblocking times of a task blocked in stage s (5= 1,2,.. .,6) of 
a 6-stage saturated delta-2 network.

Stage (5) Best Case 
Analvsis

Average Case 
Analvsis

Worst Case 
Analvsis

1 1 2.67 32

2 1 2.00 16

3 1 1.60 8
4 1 1.33 4

5 1 1.14 2
6 1 1.00 1

Table 7.1 Unblocking Tim es fo r Blocked T asks

This shows that although the range of unblocking times is large, on average they are 

relatively low. However, in the presence of a hot-spot, the unblocking times can be 

potentially very high. The saturated network results also suggest that better throughput 

will be obtained if the retry times are stage dependent

7.6 Im plem entation  of the Release-H old Protocol

Special purpose hardware is required to implement the NSD release-hold protocol. 

However, it can be an add-on performance booster or be integrated with the DMA 

processors. In either case the sub-network controllers can be of various sizes. The
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largest one controls the entire network and gives the best throughput when switching 

delays are low but also costs the m ost The controller's function is quite 
straightforward, i.e. admit tasks into the network if the path to stage s* is available, but 
the way in which network information is stored and updated is more complex, and this 

causes extra delay.

The controller holds all its information in the network state descriptor (NSD) which 

maintains the destination addresses of all input addresses. For delta-2 networks this 
requires s* bits per input address and larger switch sizes are easy to accommodate in 
binary if they are some power of two. In order to allow parallel access to all destination 
addresses, the NSD is held in some form of associative memory. When an event (such 
as an arrival or departure of a task in the sub-network) occurs, s* parallel comparisons 
are required to determine which tasks to block and which to allow into the network. A 
departure event may cause up to s* arrivals (i.e. one task unblocked in each stage).

As an example consider a new arrival to the network. Each parallel comparison 

considers the possibility of blocking in a particular stage s (s=1,2,... ,j *). This can be 
found from the definitions of the functions Clash and Adj. For there to be a clash 
between two tasks, the corresponding paths must have destination addresses with a 
common prefix (i.e first s bits need to be identical) and input addresses with a common 
prefix (i.e. first J -s  bits need to be identical). At the end of the s* sets of comparisons 
the arriving task is allowed to enter the network if and only if there were no clashes 
with the existing paths across the s* stages.

Simulation models of the NSD release-hold protocol have been developed using the 
NSD to maintain network information. Numerical results from the simulation are 

presented in the following chapter.
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Two different analytical models for delta networks have been presented in previous 

chapters. We term the first one (in Sections 5.2 and 6.6) analytical model A and the 
second one (in Sections 5.3 and 6.7) analytical model B. In deriving model A, we used 
only mild assumptions whereas for model B, a much coarser independence assumption 
was required and so some form of validation is necessary. We validate model A with 
respect to a simulation model and find that both models give very similar results. We 
then use model A to validate model B and find that model B gives higher throughput. 
Furthermore, many models that have been presented in the previous chapters have no 
closed-form solution and so we present some numerical results of these models also. 
Finally, we present the simulation results o f the delta network employing the combined 
release-hold protocol of the previous chapter and see how it compares with more 
common protocols. But first we define the types of traffic that use the delta network in 

all models.

8.1 S tan d a rd  T raffic  Schemes

Four types of traffic models are considered:

• Saturated network with uniform traffic.

• Saturated network with a hot-spot.

• Non-saturated network with uniform traffic.

• Non-saturated network with a hot-spot.

Suppose there is a hot-spot at one of the outputs such that the routing probability (p) to 

it is k times the routing probability to a cool pin. For a /-stage network the cool pin

routing probability is i.e we require p  = p - y  &. 

kThus we take p  = as the hot-spot routing probability.

Unless otherwise stated, we will use the following parameters:

• the hot-spot model considered is one in which the hot pin has routing 

probability twice that of a cool pin, i.e. k - 2.

• when the network with /  stages is not saturated we take the population 

N= 2/ , so that there is an average of one task at each input pin.
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• the data transmission times are assumed to be exponentially distributed with 
unit mean.

These traffic models will be used as standards for the comparison of different network 
protocols in the following sections.

8.2 Validation of the Analytical MIN Models

In this section we consider the results of the models of delta-2 networks presented in 
Chapters 5 and 6. Model A is validated against a simulation model and model B is 
validated against model A. All these models represent a closed system of parallel DMA 
servers (Chapter 2) connected to a circuit-switched delta network in which partial paths 
are held. The 2-stage delta-2 network is also validated against an exact model in 
Appendix A. Once a complete path is established, it is held for a random time interval 

which has a negative exponential distribution with unit mean.

8.2.1 Validation of Model A against Simulation

The throughput results of the validation are tabulated in Tables 8.1, 8.2, 8.3 and 8.4. 
As can be seen from the first two tables, analytical model A is very accurate (less than 
1% error) when the network is saturated. The relative errors are noticeably higher (up 
to 2.9%) in the case of the non-saturated network because of the additional assumptions 
required in modelling the closed system by the birth and death process (Chapter 3), i.e. 
that all arrangements of customers on a given number of active inputs are equally likely.

No. of 
Stages

Analytical 
Model A

Simulation
Model

95% Confidence 
Interval

Relative 
Error (%)

2 2.000 1.992 (1.952,2.032) 0.40

3 3.200 3.185 (3.143,3.228) 0.47

4 5.333 5.375 (5.313,5.437) -0.78

5 9.143 9.163 (9.101,9.225) - 0.22
6 16.00 15.97 (15.85,16.08) 0.19

Table 8.1 Saturated, Uniform Delta Network Results
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0. of 
ages

Hot-spot
Probability

Analytical 
Model A

Simulation
Model

95% Confidence 
Interval

Relative 
Error (%)

2 0.400000 1.896 1.892 (1.866,1.917) 0.21
3 0.222222 3.055 3.057 (3.017,3.097) -0 .07

4 0.117647 5.174 5.193 (5.115,5.271) -0 .37

5 0.060606 8.996 8.989 (8.898,9.079) 0.08

6 0.030769 15.88 15.84 (15.71,15.97) 0.25

T able  8.2 S a tu ra ted , N on-uniform  Delta N etw ork R esults

No. of Network Analytical Simulation 95% Confidence Relative
Stages PoDulation Model A Model Interval Error (%)

2 4 1.612 1.644 (1.603,1.685) -1 .9

3 8 2.548 2.543 (2.498,2.567) 0.20
4 16 4.283 4.227 (4.172,4.283) 1.3
5 32 7.460 7.248 (7.198,7.299) 2.9

6 64 13.28 12.98 (12.89,13.08) 2.3

T able  8.3 N on-satu rated , U niform  D elta N etw ork Results

No. of Network Hot-spot Analytical Simulation 95% Confidence Relative 
Stases Population Probability Model A Model_______Interval_____ Error (%)

2 4 0.400000 1.564 1.579 (1.559,1.598) -0.95

3 8 0.222222 2.479 2.485 (2.440,2.531) -0 .24

4 16 0.117647 4.206 4.174 (4.104,4.244) 0.77

5 32 0.060606 7.385 7.216 (7.139,7.293) 2.3

6 64 0.030769 13.21 12.88 (12.77,12.99) 2.6

T ab le  8.4 N on-satu rated , N on-uniform  Delta N etw ork R esults

The confidence intervals were estimated from the simulation results by using the batch 
means approach. Each sample run modelled 5000 units of time and 5 samples were 

taken, giving a total simulation time of 25,000 units. For large networks, the whole 

simulation run took over an hour to complete on a Sun 3 workstation. Notice that in the 

saturated, uniform network with 2 stages, the simulator's 95% confidence limits do 
include the exact result of 1.9993 derived in Appendix A, but that the analytical model 

provides the more accurate estimate.
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8.2.2 Validation of Analytical Model B

Table 8.5 compares the throughput results for model B, i.e. the approximate delta 
network model (Section 5.3) and model A. Delta networks with up to six stages are 
considered with a variety of different traffic models. Under all types of traffic, the 
approximate model gives a higher throughput and the relative errors increase with the 
number of stages. The discrepancy between the two models is caused by the 
independence assumption used in the approximate model which does not fully capture 
the contention caused by blocked tasks further downstream and so gives higher 
throughput results. Sub-networks in large networks have greater contention than the 
same sized sub-networks in small networks and so the approximate model becomes less 
accurate as the number of stages increases.

No. of 
Stages

Network
Population

Hot-spot
Probability

Analytical 
Model A

Analytical 
Model B

Relative
Error(%)

2 saturated uniform 2.000 2.074 3.7
2 saturated 0.400000 1.896 1.954 3.1
2 4 uniform 1.612 1.662 3.1
2 4 0.400000 1.564 1.614 3.2
3 saturated uniform 3.200 3.431 7.2
3 saturated 0.222222 3.055 3.255 6.5
3 8 uniform 2.548 2.708 6.2
3 8 0.222222 2.479 2.640 6.5
4 saturated uniform 5.333 5.881 10.3
4 saturated 0.117647 5.174 5.687 9.9
4 16 uniform 4.283 4.673 9.1
4 16 0.117647 4.206 4.598 9.3

5 saturated uniform 9.143 10.32 12.9
5 saturated 0.060606 8.996 10.15 12.8
5 32 uniform 7.460 8.320 11.5

5 32 0.060606 7.385 8.249 11.7
6 saturated uniform 16.00 18.42 12.9

6 saturated 0.030769 15.88 18.28 15.1

6 64 uniform 13.28 15.10 13.7

6 64 0.030769 13.21 15.03 13.8

Table 8.5 Throughput Results for Models A and B
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8.3 Numerical Results of the Analytical MIN Models

8.3.1 16-way Interconnection Networks

The graph of throughput against the number of customers, N, for a closed system 
compares four types of 16-way interconnections.

• The full 16-way crossbar with uniform routing (Chapter 3)

• The 2-stage delta-4 network with uniform routing (model B in Chapter 5)

• The 4-stage delta-2 network with uniform routing (model A in Chapter 5)

• The 4-stage delta-2 network with hot-spot routing probability 0.2 (model A
in Chapter 6)

As shown in Figure 8.1, the full crossbar gives the highest throughput and approaches 
its asymptote closely only when N  is large (greater than 100). The uniform delta-4 
network is best of the other three networks and follows a similar path to the full 
crossbar graph. The uniform delta-2 network, becomes saturated much faster (when N  
is about 100) because tasks face more path conflicts on top of memory conflicts than the 
delta-4 network since it has extra stages. In the presence of a hot-spot this network 
gives even lower throughput and becomes saturated even faster as the hot pin's decode 
tree saturates causing more path conflicts. The uniform interconnections only show 
similar throughput when the population is very small (less than 5). This indicates that 
even at low loads the blocking caused by path conflicts significantly reduces the 
throughput of a delta network.
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Figure 8.1 A P erform ance C om parison of 16-way N etw orks

The graph clearly shows that as the degree of crossbars used in the network increases, 
the throughput also increases for the same connectivity. This occurs simply because 
there are fewer stages of contention when larger crossbars are used.

8.3.2 D elta N etw orks with a H ot-spot

Figure 8.2 shows the effect of hot-spot contention in a 16-way, 4-stage delta-2 network 
connected to a bank of DMA servers in a closed system with various populations, N. 
The graph of throughput against the routing probability displays the classic hot-spot 

effect for populations N= 8 ,16 and the saturated case in which all input pins are always 

active. This phenomenon is caused by the additional internal contention placed by the 
hot-spot on other decode trees. For the saturated case, as p  increases the throughput 
reaches its peak when all the output pins are uniformly utilised (p= 1/16), drops sharply 
as more of the traffic is routed to the hot-spot, and then follows the curve 1/p very 

closely, ultimately giving the throughput of a serial link, when p = l. In fact we can 
easily show that the 1/p  curve provides an upper bound for all protocols as follows.
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Routing Probability, p

Figure 8.2 Graph of Throughput vs Hot-spot Routing Probability

Suppose the routing probability to network output pin i is p; and the probability that pin 
i is active (i.e. pin i's throughput) is f/. Now since p* of the total throughput T(N) is 
routed to output pin i, we have f/ = p{T(N) which implies T(N) < 1 /p,- for all /,

i.e. T(N) < 1 lmax{pi). Hence if p  is the hot-spot routing probability T(N) < l/p.

When p  is large, the throughput curves tend towards the curve 1/p, particularly for 

large N, because the hot output pin is almost always active. These curves relate to a 

circuit-switched network in which partial paths are held. When partial paths are 

released and the server retries immediately, throughput increases and so would lie 
somewhere between the curve 1/p and the corresponding curve shown in Figure 8.2; 

1/p is still an upper bound by the same reasoning. In this idealised case, when there is 
uniform routing (p= 1/16), the throughput is 16 because all output pins are busy, so the 

throughput would drop considerably faster if p  increased slightly, thereby giving a 

more dramatic hot-spot effect. Similarly, packet-switched networks would give an 

even more drastic reduction in throughput for a slight increase in traffic to a particular 
output.

For all of these protocols, in larger networks and with large N, the hot-spot effect is 

more pronounced because the throughput is greater in the uniformly utilised case and 
the throughput curve closely follows the 1/p  curve as p  increases past about 0.2.
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However, it may be unlikely that very high hot-spot routing probabilities are 
encountered in practice, especially when there are a large number of output pins.

Further study is required to determine the sort of non-uniform traffic patterns that are 
likely to occur in shared-memory multiprocessors and for how long they persist All 
multiprocessors which employ a unique path MIN suffer from the hot-spot effect but 
the addition of enough redundant paths should alleviate the problem as well as improve 
fault tolerance.

8.4 S im ulation R esults for the NSD Release-H old Protocol

The results of the delta network simulator with the NSD release-hold protocol are 
presented in Tables 8.6 to 8.9 for delta-2 networks with 4-way and 64-way 
connectivity. This simulator requires two more parameters:

• the switching delay (d)

• the choice of the last releasing stage (LRS)

We present results for the case when there is zero switching delay (d=0, as before) and 
when there is some significant delay, d>0, as in optical networks. Currently, the 
switching delay in optical networks is about one microsecond but the data transmission 
speed is very high: over one gigabits per second. Thus the optical network is only 

viable in cases where large blocks of data are transferred in one transmission, as in 
image processing. We will assume that the mean packet length is 10,000 bits so that 
d -0 .1, the ratio of the actual switching delay and the mean transfer time.

8.4.1 NSD Protocol with S tan d a rd  T raffic  Schemes

In this section, the last releasing stage is taken to be zero (as for the all partial paths held 

case) or the final stage (J) so that the full NSD release method is used.

The results for two sizes of delta network are given (two stages and six stages) with 

both uniform and hot-spot traffic patterns. The type of hot-spot is different for each 

size: the 2-stage network has a hot-spot which is twice as likely to be selected as a cool 
output pin. The same kind of traffic model for the 6-stage network did not significantly 

affect the throughput results of the uniform model and so a more severe hot-spot (5 

times as likely to be chosen as cool pins) is used.
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Hot-spot Switching LRS Throughput 95% Confidence
Probability Delay (d)_____________  T (N )_________ Interval

0.250000 0 0 1.976 (1.927, 2.024)

0.250000 0 2 2.094 (2.070, 2.117)
0.250000 0.1 0 1.599 (1.582, 1.617)
0.250000 0.1 2 1.664 (1.644, 1.684)
0.400000 0 0 1.892 (1.852, 1.933)
0.400000 0 2 1.994 (1.955, 2.033)
0.400000 0.1 0 1.526 (1.513, 1.539)
0.400000 0.1 2 1.573 (1.548, 1.598)

T able 8.6 S atu ra ted 2-stage N etw ork R esults

Population
N

Hot-spot
Probability

Switching 
Delay (d)

LRS Throughput
T(N)

95% Confidence 
Interval

4 0.250000 0 0 1.618 (1.587, 1.649)
4 0.250000 0 2 1.632 (1.604, 1.660)
4 0.250000 0.1 0 1.264 (1.239, 1.290)
4 0.250000 0.1 2 1.268 (1.256, 1.281)
4 0.400000 0 0 1.581 (1.546, 1.616)
4 0.400000 0 2 1.587 (1.552, 1.622)
4 0.400000 0.1 0 1.233 (1.224, 1.242)
4 0.400000 0.1 2 1.239 (1.222, 1.255)

T able  8.7 N on-satu rated 2-stage N etw ork R esults

Hot-spot
Probability

Switching 
Delay (d)

LRS Throughput
T(N)

95% Confidence 
Interval

0.015625 0 0 15.93 (15.85, 16.01)
0.015625 0 6 22.13 (22.10, 22.16)
0.015625 0.1 0 11.03 (11.00, 11.06)
0.015625 0.1 6 13.20 (13.14, 13.26)
0.073529 0 0 12.54 (12.29, 12.81)
0.073529 0 6 13.65 (13.31, 14.00)
0.073529 0.1 0 9.579 (9.497, 9.662)
0.073529 0.1 6 8.113 (7.919, 8.307)

T able  8.8 S a tu ra ted  6-stage N etw ork R esults
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Population
N

Hot-spot
Probability

Switching 
Delay (d)

LRS Throughput
T(N)

95% Confidence 
Interval

64 0.015625 0 0 12.92 (12.80, 13.04)

64 0.015625 0 6 15.60 (15.50, 15.70)

64 0.015625 0.1 0 8.674 (8.652, 8.696)

64 0.015625 0.1 6 9.413 (9.368, 9.458)
64 0.073529 0 0 11.18 (10.99, 11.37)

64 0.073529 0 6 12.90 (12.74, 13.05)

64 0.073529 0.1 0 7.938 (7.830, 8.045)

64 0.073529 0.1 6 7.823 (7.637, 8.009)

T able 8.9 N on-sa tu ra ted  6-stage N etw ork R esults

Note that the throughput values given in the table are normalised by the data 

transmission times and so they also give the mean number of active output pins. In 
optical networks, the switching delays lower the normalised throughput, but each of the 
active outputs have actual throughput of about one gigabits per second whereas in 
electronic networks the throughput is between 10 to 100 megabits per second for each 

active output.

We first consider saturated networks with no switching delay which deliver the highest 
throughput. The results indicate that the full NSD release protocol (LRS=J) gives much 
better throughput than the partial paths hold protocol (LRS=0). For example, there is a 
6% increase in the uniform 2-stage and a 39% increase in the uniform 6-stage network. 

It is reasonable to assume that the new protocol’s benefits increase with the size of the 

network. However, the performance improvements diminish in the presence of hot­

spots with the non-uniform 2-stage network giving a 5% increase and the non-uniform 

6-stage network giving only a 9% increase in throughput Note that the hot-spot is 

more severe in the 6-stage case than in the 2-stage case, as explained earlier.

Let's now consider the effect of introducing a switching delay at each crossbar in a 
saturated network. The results for the 2-stage network indicate that the full NSD 

release protocol does improve throughput over the hold protocol but the improvement is 
less than in the zero delay case; only a 4% increase for the uniform network. However, 

it is the 6-stage network which gives the more surprising result because the complex 

NSD protocol actually gives worse throughput than the simple hold protocol for hot­

spot traffic (up to a 15% drop in throughput although a 20% increase,in the uniform 

network). The reason for this is discussed in Section 8.4.2.
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When the network population is large there is more possibility of blocking and since the 

combined release-hold protocol attempts to reduce blocking, its benefits are much 
reduced in low traffic conditions. For example, the non-saturated 2-stage network with 
partial paths held gives less than 1% improvement in throughput over the full NSD 
protocol. For the 6-stage case the improvement is about 21%. These results indicate 
that large networks do benefit considerably by employing the NSD release-hold 
protocol even when the population is relatively low (average of one task per input pin).

8.4.2 V arying the L ast Releasing Stage

Table 8.10 shows the simulated throughput of a saturated 6-stage delta-2 network with 
non-uniform routing (p=0.073529) and switching delay 0.1 units of time for all choices 

of the last releasing stage (s*).

Last Releasing Stage Throughput 95% Confidence Intervals

0 9.579 (9.497, 9.662)
1 9.543 (9.474, 9.612)

2 9.715 (9.567, 9.863)

3 9.965 (9.778, 10.15)
4 10.18 (10.05, 10.31)

5 9.934 (9.832, 10.04)

6 8.113 (7.919, 8.307)

T able 8.10 Effect of the  Last Releasing Stage

First consider the difference in throughput from >y*=0 and s*=6 . This is caused by the 
considerable switching delay incurred by a task in traversing the network when the path 

is clear. In the NSD protocol a blocked task has to wait in the input queue and is only 

allowed to enter the network when a complete path is available. So when the task is 

unblocked it will experience a 0.6 unit delay (0.1 delay at each of the 6 stages) before it 

can begin its service. However, in the hold protocol, the delay is much less because the 
task is unblocked at some stage within the network. With such large switching delays, 

it appears that the extra blocking caused by holding partial paths is a better option than 

the extra delays involved in keeping tasks at the inputs.

As we increase the last releasing stage s*, we see from Table 8.10 that the throughput 
dips at 5*=1 and then increases, reaching a maximum at s*=4 and then decreases. The 

decrease in throughput from s*=0 and s*=l is expected for all traffic schemes with
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switching delays because when a task (blocked in the first stage) holds the partial path it 

does not block any other paths (as the input queues are strictly first-in first-out and link 
0 is not shared with any other task). The case s*=1 means that such tasks are not 
allowed to enter the network and so when they are subsequently released, they incur an 
extra 0.1 switching delay in crossing the first stage. Thus it is better to choose s*=Q 
because partial paths of unit length are then held. Of course, when there are zero 
switching delays, both s*=0 and $*=1 give identical results. In fact, for all these 
protocols, it is best to hold partial paths of unit length since no other tasks can be 

blocked by them.

All this substantiates the importance of correctly parameterising the NSD release-hold 

protocol depending on both the switching delay and the type of traffic. Furthermore, 
the LRS should be chosen dynamically during network operation and so some set of 
heuristics are required to make the decision depending on fixed parameters such as 
switching delays and varying parameters such as traffic conditions. Some of the 
heuristics described in the previous chapter appear to provide a suitable basis for this 
purpose.
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In recent years there has been a growing interest in MINs of various types and MIN 

models are required to compare their relative performance. Much of this interest 
originates from the design of new parallel computer architectures which require some 
form of switch to interconnect the processing elements. MINs also have other notable 
applications, such as the switching function in communication networks. Thus the 
design of the MIN is vitally important especially since it affects the entire system 
performance. For example the MIN in a shared-memory multiprocessor forms the 
major bottle-neck when all the processes are busy accessing memory and so it limits the 
maximum throughput achievable in the entire system. Any model for a MIN with a 
given set of operational characteristics will be useful in two ways: as a sub-model of the 
entire system and in isolation as a means of assessing the relative performance of 
different MINs and protocols. Bearing both these objectives in mind, we now outline 
the overall conclusions of the thesis and make suggestions for future work in this area.

We have extended the FES aggregation method using Norton's result so that the IN and 
associated servers in a queueing network model of the parallel system being modelled 
can be replaced by a composite server. Using a simple birth-and-death process, the 
problem of finding the FES service rate (as a function of the sub-network population) 

was reduced to the sub-problem of finding the throughput as a function of the number 
of active inputs (which we termed the conditional throughput). Thus the use of the 
composite server allows easy integration of the MIN with the queueing model of the 
entire system. This simplifies considerably the modelling of newly designed parallel 

computers which incorporate large MINs.

Full crossbar networks are not feasible to construct in large dimensions using 
contemporary electronic components (typically 8x8 is the maximum possible) but recent 

advances in optical crossbars indicate that much larger crossbars may be constructed in 

the future. Thus analytical models of crossbars will be required in preference to 
simulation models as these may be too slow to produce accurate results. An exact 
Markov model has been presented for an asynchronous crossbar with uniform routing. 

This can be simplified so that the conditional throughput function can be readily 
obtained. Using the birth-and-death process, a simple expression for the FES service 

rate was derived for the asynchronous crossbar. In addition, the synchronous crossbar 

was also analysed and Strecker's result [St70] was extended to include the probability 

distribution of the number of active outputs (and not just the mean).

In general the traffic across the crossbar is not uniform: certain output pins may have 

more requests than others. An exact analysis based on a Markov process appears to be
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too complex to derive any simple solutions but numerical evaluation from the balance 

equations is possible. Simplification of the model leads to the recurrence relation of the 

birth-and-death process encountered earlier and so validates both models to some extent 
but the boundary conditions are difficult to obtain. Being a model with a two- 
dimensional state space, reduction to a boundary value problem in complex analysis is 
an obvious approach to pursue but since the state transition rates for this process are 
state-dependent, such techniques are difficult to apply. However, an ad hoc 
transformation method based on the synchronous crossbar with non-uniform routing 
does allow us to obtain approximate results for the asynchronous crossbar.

The recursive structure of the delta network can be exploited to determine the 
conditional throughput function required in the birth-and-death process. The base case 
of the recursive analysis is a single crossbar and applications of Little's result yielded 
the output pin utilisation in terms of the input pin utilisations. The recursive case also 
requires the single crossbar results and so the entire network was modelled exactly 
using the crossbar model. For the delta-2 network, we obtained throughput results 
based upon some mild approximating assumptions. For delta networks with larger 

switches, the same mild assumptions are not applicable and a much coarser 
independence assumption was used which appears to overestimate the throughput.
Thus we can see the degradation in performance suffered by a MIN compared with the 
equivalent full crossbar offering the same connectivity (if it were possible to fabricate 
such a device).

A hot-spot at a destination pin of a MIN has a widespread effect on all tasks in the 

network since traffic destined for other pins is hindered by the traffic to the hot-spot 

(because of the shared internal links). Analysis of the topology of delta networks 

shows that traffic to certain groups of output pins experience the same contention. The 
topology also dictates the reachability properties in delta networks, i.e. the groups of 

network output pins that are reachable from given pins in the network. These 
properties are useful in determining the relationship between the two ways of specifying 
non-uniform routing: global (routing to network output pins) and local (routing to 

crossbar outputs). An exact analysis of non-uniform delta networks was presented 

based upon applications of Little's result to pins of the crossbar. Similar assumptions 

as for the uniform delta network model were required but the analysis is further 
complicated by an unknown parameter, and a fixed-point equation was derived from 

which it can be obtained iteratively. Thereby the now classic hot-spot effect was 

modelled in asynchronous MINs with the circuit switching protocol.
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The circuit switching protocol has been used in telephone networks for many years and 

more recendy in switching networks of parallel computers. For this protocol there is a 
choice of either holding or releasing partially established paths. The new combined 
release-hold MIN protocol when appropriately parameterised has been shown to give 
better performance and less hot-spot contention than the original options. However, the 
new protocol's benefits can only be fully realised when extra hardware is used to 
control admission of messages into the network. It is hoped that contents addressable 
memory can be used for this purpose and the recursive structure of the network can be 
exploited to produce a much improved MIN.

A number of extensions to the delta network have been proposed in the literature, and 
typically they improve performance and achieve some degree of fault tolerance. The 
simplest extension is the addition of extra stages which provide multiple paths between 
a given source and destination. This provision means that some dynamic routing 

strategy is needed to re-route a blocked task on one path to another path. Modelling a 
multipath MIN with a given strategy becomes more complex but is close to Kelly's 
work [Ke86] on telephone networks.

Currently, MINs are constructed using electronic components, but advances in optics 
do allow the construction of large crossbars using optical technology [J086]. The 
optical crossbars can be cascaded to form an optical MIN and this opens up the 
possibility of ENs with extremely large dimensions. However, the switching delays in 
optical crossbars is relatively large when compared to data transmission times. In this 
case, the path building process is not instantaneous and so the analytical model has to 
be extended so that there is a fixed delay at each of the stages. (The simulation model 

already caters for this switching delay.)

In addition to new MIN designs, new protocols are being designed for existing MINs. 

The circuit switching protocol considered (with partial paths held) is an important one, 
being the simplest to fabricate and the one to be used in optical networks. However, 
there are a number of other protocols that should be considered. The simplest of these 
is infinitely buffered packet switching since there is no blocking. This protocol has 

already been studied [MiCi87], but finitely buffered variants are more realistic. The 

release protocol is a commonly used circuit switching protocol in which partial paths are 
released and a pilot study based on fixed-point methods can be found in [Co87]. The 

hybrid protocol is a combination of the circuit and packet switching protocols and is 
being used in the Flagship machine [Wa87]. Modelling such a protocol analytically is 

generally quite difficult because the two constituent protocols are normally modelled so
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differently. For much the same reasons, the combined release-hold protocol is also 

hard to model analytically. In both cases simulation models have been used instead.

The hot-spot traffic model that we have developed relates to biased routing to groups of 
output pins. A relatively simple extension is to consider full non-uniform routing to 
output pins. In addition, certain destinations may be favoured by certain sources so 
tasks at different input pins have a different set of routing probabilities to the outputs; a 
variety of different traffic types use the MIN in a parallel machine. Much of this traffic 
is for memory requests but there may be some special traffic generated by the operating 
system, such as broadcast traffic or access to a shared lock. Besides this the traffic may 
be altered by some load balancing algorithm which may also need to be modelled. 
However, research should now focus on parallel programs that run on the machines 
and the extent and type of non-uniformity of traffic that they generate. This would then 
allow a more integrated approach to modelling parallel software and parallel hardware 

that constitute parallel processing systems.
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Appendix A: Exact Analysis of a
2-stage Delta-2 Network

An exact analysis of the simplest delta-2 network is possible despite the large number of 
states involved. Here we analyse a saturated two-stage delta-2 network in which 
complete paths are held for a random time and all output pins are uniformly distributed. 
The network uses the circuit switching protocol in which partial paths are held. We 
make the following assumptions in the analysis:-

• switching times are zero, i.e. paths can be set up and released instandy

• transfer times have negative exponential distribution with unit mean

A.l State Space

A .1.1 Definitions

We define the state space for a saturated 2-stage delta network by the following set:

S = { (sij) I i = 1,2; s \j = 0,1; S2j  = 0,1,1* (k=0,1), 0<y<3}

This forms a 2 by 4 matrix which describes the state of output pin j  in stage /. j //=0 

indicates that output pin j  in stage i is inactive and s//= 1 indicates that it is active. In 

stage 2, the state of the active output pin sometimes needs to be extended to indicate 

precisely which of the stage 1 crossbar pins is connected to it. This is achieved by 

adding subscripts:

S2j  = 1* indicates that input pin k (of the crossbar) is holding network 
output pin y, where k=0 implies that the upper crossbar input (output pin 0 

or 1 in stage 1) is connected and k= 1 implies that the lower crossbar input 

(output pin 2 or 3 in stage 1) is connected.

Not all of these states are feasible because, for example, blocking in the first stage limits 
the number of active outputs in the final stage.
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We assume without loss of generality that the servers have rate one and ttQQ is the 

steady state probability for state 2£e S , i.e. the proportion of time in the long term that 

the system spends in state 2C We make the following abbreviations for the marginal 

probabilities over an (n+l)-dimensional state space (here n -l) \

... x n) = £  K(yo ... yn)
y ie  {0,1,1*} (x[=*) 

yi=xi otherwise

For clarity, we will optionally omit any trailing *'s.

A.1.2 Symmetric States

Many of the states in S are equivalent by the symmetry of the delta network. We will 
consider the states which are equivalent to n;v (as shown in Figure A .l).

1

1

vo

v i

1

1

v2

v3

Figure A .l Symmetric States in a 2-stage Network

By symmetry, we can define the following identities:

(i) tt(& ; £) = ttG* ; vi vo V2 V3) = Ttin; vo vi V3 V2) = ; vi vo V3 V2)

which are obtained by swapping the output pins of crossbars in the final 

stage: upper crossbar only, lower crossbar only, both crossbars, 

respectively.

(ii) 7t(ji;y) = k{u2 m  my u\ \  v') where v,’=v/ if v; e  {0 ,1}

V i-li-ik if Vj= Ik
which is obtained by swapping the stage 1 crossbars and swapping the 

inputs to each stage 2 crossbar.
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(in) 7t f n ; v) = 7t(u\ uq w3 u i ; v2 V3 vo vi)

which is obtained by swapping stage 2 crossbars and swapping the outputs 
of each crossbar in stage 1.

A.1.3 A ggregated S tates

Using the above symmetries, we can identify ten symmetry classes in the state space S. 
We first partition the state space by the number of active outputs:

When there is one active output, we find that only one equivalence class exists:

S0 = {(1 0 1 0 ;  1 0 0 0 ),...} , I50l = 4

However, when there are two active outputs, six equivalence classes can be 
distinguished:

s 1 = {(1 0 1 0 ; 1 1 0 0 ),...} , ISil == 2

5 2  = {(1 0 0 1 ; 1 0 0  1),...}, I52l == 8

S 3 = {(1 0 1 1 ; T-4000 I53l == 16

5 4 = {(1 0 1 l ; l l OOl ) , . . . } , I54l == 16

Ss = ((1 11 l ; . lo 0 lo 0),...}, I55l == 8

56 = {(1 11 1 ;; I0 O I 1 O),...}, I56l == 8

When there are three active outputs, we identify two equivalence classes: 

S7 = {(1 0 1 1 ; 1 1 0 1),...}, IS7I = 8

58 ={(1 1 1 1 ;  1 0 11) , . . . } ,  I5gl = 4 

Finally, when there are four active outputs, there is only one equivalence class: 

59 = {(1 1 1 1 ; 1 1 1 1)}, 1591 = 1
9

Hence there are 75 feasible states in 5, which we represent by S' = CJ S/
i=0

A.2 M arkov  Process

Consider the process X  = {Xt I r>0} with state space S' where X t is the state of the 

network at time t.
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Under the assumption that complete paths are held for a negative exponential time 
interval with unit mean, the renewal period has a negative exponential distribution with 
mean 1, 1/2,1/3,1/4 depending on the number of active outputs being 1,2,3,4 
respectively. Thus X  is a non-null, recurrent Markov process since it has finite state 
space and non-zero transition rates out of any state.

A.2.1 B alance E quations

Let pi (/=0,1  ,9) be the steady state probability that process X is in state 5/. By
symmetry, the steady state probability of each state in 5/ can be determined by dividing 
Pi by 15/1. By considering all the possible state transitions, we can form the following 
balance equations. For equations with pi on the LHS, the coefficient of pj on the RHS 
is the transition rate from set Sj to set 5/.

PO = 1 1 1 1  
4 P0 + 2 Pl + 2 P 3 + 2 /?4

2pi = 1 1 1 
4 P0 + 2 ^ 1 + 2 P7

2p2 = 1 1
P2 + J  P4 + 2 P1

2p3 = 1 1 1 1 1  
4 PO + 2 Pl + 2 P2 + 2 P3 + 4 ‘PA +P5 +

1 1
4P7 + j P i

2p4 =
1 1  1 1  
4 P3 + J  P4 + P6 + J P 1 + J  £8

2p5 = 1 1 1 
2 ^6 + g P3 + 4 PS

2P6 = 1 1 1 
g P3 + JP S  +  4^8

3p7 = 1 1 1 1 1  
4 PO + J P i + 2 P2 + 4 P3 +  4  P4 +P1 j P8 + 2p9

3P8 - 1 1 1 1 3  
4 PI + J  p5 + J P6 + 4 P1 + 4 PS + p 9

4p9 =
1 1 1 
g P 3 + g P 7 +4P8+P9

A.2.2 S teady S tate  D istribu tion

The probabilities pi can be determined by Gaussian elimination after replacing one of 

the balance equations by the normalising equation. The exact probabilities (expressed 

in fractions) were determined from the decimal results by using the decimal to fraction
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converter described in Appendix C and verified independently. Thereby, the following 

distribution is obtained:

PO = 2124/8719 -  0.2436

Pi = 790/8719 -  0.0906

P2 = 1048/8719 -  0.1202

P3 = 1608/8719 = 0.1844

PA = 788/8719 -  0.0904

P5 = 195/8719 -  0.0224

P6 = 210/8719 -  0.0241

PI = 1308/8719 -  0.1500

PS = 486/8719 -  0.0557

P9 = 162/8719 -  0.0186

Let M  be the random variable describing the number of active outputs in the network 
and P(m) be the steady state probability that M=m. Then P(m) has the following 
distribution:

P(l)  = P0 =2124/8719

P(2) = PI+P2+P3+PA+P5+P6 =4639/8719

P(3) = P7+p8 = 1794/8719

P(4) = p9 = 162/8719

Thus the throughput is given by:
4

17432
E(M) = 2 ,  "i P(m) = - ^ T  -  1.9993

m=l

and so the utilisation of each stage 2 output pin /ri  = ^E (M )  =

The approximate analysis gives a throughput of 2 which is very close to the exact result 

and indicates that the approximations are very mild.

A.2.3 D erived D istribu tions

Knowledge of the steady state distribution of the delta network enables us to determine 

the steady state behaviour of each of the crossbars. By symmetry, crossbars in the
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same stage have identical overall behaviour, so we only need to consider the topmost 

crossbars. We start by considering the top crossbar in stage 2.

Crossbar in Stage 2

Let I  be the random variable that describes the number of active inputs in the top 
crossbar of stage 2. In the steady state we have the following distribution for /:

Pr(/=0)

Pr(/=1)

Pr(/=2)

1 1 
2’P0.+ J ^ l

1457
8719 = 0.1671

1 1 1 
P2 + j  P3 + 2 ^ 4  + J  PI

2900
8719 -  0.3326

1 1 1 1  1
jPO  + 2 Pl + 2 P3 + 2 pa +P5+P6 + 2 P1 +P%+P9
4362
8719 -  0.5003

Let U be the random variable which describes the number of active outputs in the top 

crossbar of stage 2. Then U and /  have the following joint distribution:

1 1 1  1 2908
Pv(U=lJ=2) = j p o  + 2 pl + 2 P4* P5+P6 + 2 ps = 87I9" °*3335

1 1 1 1454
Pt(U=2J=2) = j P \ + j P i  + jPS+P9 = ^ = 0.1668

1454 1 2
Hence Pr(t/=2 11=2) = = j  and Pr(U=l 11=2) = |

These conditional probabilities agree with the exact results for crossbars in Appendix B 

and thereby provide some validation for the calculations in this model.

Crossbar in Stage 1

Now consider the top crossbar in stage 1, which always has two active inputs because 
the network is saturated. Let V  be the random variable which describes the number of 

active outputs in the top crossbar in stage 1. Then V  has the following distribution:
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IWV-ON _ 2905Pr(V-2) - 0.3332

2 1 -n-nAs expected the probabilities are not -  and -  (but almost) because MRHT^MHT.

State of Output Pins of the First Stage

For the saturated 2-stage delta-2 network, we can determine the equilibrium 
probabilities of the state of the output pins of the first stage. This distribution follows
from the overall steady state probabilities and the symmetry results (Section A. 1.2).

p ^  7t(l 0 1 0) = 7t(0 10  1) =^(P0+/>l)
1457
8719

p ' = 7t(l 0 0 1) = 7t(0 1 10) = \ p 2
524 

"  8719

q = 7t(l 1 1 0) = 7t(l 1 0 1) = tc( 1 0 11) = 7T(0 1 1 1 )

= \(P3+P4+P7)
926 

“  8719

r = 7t(l 1 1 1) = P5+P6+PS+P9
_  1053 
~ 8719

Thus we have 2p + 2p' + Aq + r = 1.

A.3 Analysis of an Arriving Observer

In this section, we determine the stationary probability that a crossbar's input pin is 

active at the instant a task arrives on the other input pin. This can be determined by first 

finding the proportion of time that the system spends in states, s' say, that can provide 

an arrival to the upper (say) input pin, via a transition into an input state, s say. By the 
Key Renewal Theorem [Ci75], the unnormalised equilibrium probability that the system 

is in state s immediately after the arrival instant is the expected number of transitions 
into state s in unit time, which can be determined from the equilibrium probabilities of 

the states s' and the transition rates from s' to s. This is the approach taken by 
[SeMi81] which considers the distribution of similar input (and output) states in 

product-form queueing networks. More details can be found in [HaPa89].

A.3.1 Notation

We will no longer require the extended state space S', i.e. the subscript k in U will be 

omitted when describing active pins. In addition, we define the following:
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• Let A = {^e 5’ I 510= 1} be the set of states that can exist immediately after 

an arrival at the top input pin of the second stage, i.e. the set of arrival 
states.

• For seA , let B(s) = {s'eS' I 3 a one-step transition s'—>s), i.e. the set of 

before states.

Since we are considering a renewal process, the expected number of transitions into 
state se A in unit time is

0S  =  ^  ) Ps's
se B(s)

where ps's is the probability that a transition from state s' enters state s, conditional on 
that transition being the result of a service completion at the server which can cause the 
transition.

A.3.2 S tate  seen by an Arriving O bserver

The steady state probability that an arrival at the top input pin of the second stage finds
0 (1)

the other input pin of the same (top) crossbar active is therefore----- where
0

fo r*=0,1: W  = E d \  and <t> = H  0 S = <#0) + <pO)
s e A s e A
s\i=k

is the long term arrival rate on input pin 0 of the upper crossbar in the second stage 

when the other input pin of that crossbar is active. By symmetry, this is a half of the 

total long term rate of arrivals to the crossbar that result in a state with both input pins 

active. In the steady state, this is the same as half the departure rate (i.e. throughput) 
from the crossbar's output pins in states with both its input pins active. Since the 
crossbar throughput is j  conditional on both inputs being active (from the Corollary to

Lemma B. 1), we have

d*1) = j  j  tt(1 * 1 *)

Similarly, is the total long term rate of arrivals to the same crossbar that result in 

only the top input pin being active. In the steady state this is equal to the departure rate 
from the state with the upper input pin active and the lower one inactive. Thus we have

0(°) = ; c ( l * 0 * )  = 7 i ( l *0 1)  for a saturated network
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<#D
Now, if the AOP held, we would h a v e ------= 7t(* * 1 *).

0

Using the distribution of first stage output pins (Section A.2.3):

d*1) _ 2 (p+2q+r)
0  “  2p+3p'+lq+2r

and 7t(* * 1 *) = p  + p' + 3q + r

Hence the AOP does not hold exacdy

1454-------- --- 0.667279 to 6 decimal places.
2179 F

5812
= gyjQ = 0.666590 to 6 decimal places.

but does provide a very accurate approximation.

A.4 Summar y  of R esults

Figure A.2 summarises the exact results for the saturated 2-stage network analysed in 
the previous sections. We use the following terms:

• K\ and tui are the utilisations of outputs from stage 1 and stage 2 

respectively

• at is the ratio MRHT : MHT of output pins in stage i (i= 1,2)

F igure  A.2 Pin U tilisations in a 2-stage netw ork

The analysis gives the following exact results for the pin utilisations:
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5812 
*1 = 8 7 l? and

4358
** = W S

Using Theorem 5.1 for the exact analysis of delta networks (Section 5.1.3), we can use 
the pin utilisations to derive (Xi and Pi. For a 2-stage delta-2 network, Theorem 5.1

becomes: K\ = — ——  and nr = — ——
1+ftcq l+ft<*2

Firstly, P i= ^  and kq = 1 because the network is saturated and 0C2 = 1 because path

holding times have negative exponential distribution. This leaves just two unknowns 
which have the following solution:

a i 2907
2906 1.0003 and f t  =

727
2179 0.3336

Since the assumptions used in Section 5.2 for 2-stage delta-2 networks give a\= l and 

ft= A  it is not surprising that we achieved very accurate results.



Appendix B: Exact Results for a 2
by 2 Crossbar

In this section we derive some exact results for a 2x2 crossbar in the steady state.

B .l  D efinitions

As in Appendix A, the equilibrium state probabilities for a 2x2 crossbar are denoted by

7t(/o h  ; wo wi)
((/,«*€ {0,1}; j,k=0,1)

We make the following abbreviations (similar to Appendix A) for the marginal 
probabilities over an (n+l)-dimensional state space (here n=3):

k {xq ... x n) = X  *Cyo -  yn)
>,e {0,1} (*,-=*)
y?=Xi otherwise

Also we will optionally omit trailing *'s.

B.2 Two by Two C rossbar R esults 

LEM M A  B .l

The steady state probabilities for a single crossbar with output pins selected with equal 

probability may be written in terms of marginal probabilities as follows:

(a) MO 1 0 1 )  = ?t(0 1 1 0 ) =  1)

(b) M l 0 0 1 ) = M l 0 1 0 ) =  0)

(c) M l 1 0 1 )  = Ml  1 1 0 ) =  j S t I 7*-1 1)

(d) « 0  1 1 D = ^ y « ( l l )

where m \ d  are respectively the MHT and MRHT of each output pin, conditional on 
both the crossbar's input pins being active.
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PROOF

Cases (a) and (b) follow by symmetry. For the other cases, we apply Little's result in 
the steady state at times when both inputs are active, i.e. the total queue length is 2. Let 
the throughput of each output pin be r  (the same for each by hypothesis), and the steady 

state probability that it is active, conditional on both inputs being active, be p \  Then 
Applying Little's result to

(i) an output pin gives p' = tm'

(ii) to the whole switch gives 2 = 2 r{m'+j d '}

Thus p' = and since 1 -p ' = ^ ^  the result (c) follows.

r, /JX r „ r , /r(l 1 1 0) 7T(1 1 1 1) _Result (d) follows from p  -------------------------------------  n
3t(l  1)

COROLLARY TO LEMMA B.l

If the MHT = MRHT,

(a) «(1 1 0 1) = s ( l  1 1 0) = n(l 1 1 1) = j « ( l  1)

(b) the throughput of the crossbar is j  when both its inputs are active.

PROOF

Result (a) follows from d -m ' in Lemma B .l and (b) follows from

conditional throughput = * [tt( 1 1 0 1 )  + 7r(l 110)-+- 2^(1 1 1 1)] j- j



Appendix C: Conversion of
Decimals into Rationals

The use of computers to solve numerical problems sometimes leads to inaccurate results 
because of rounding errors even though the original problem may be solved exactly.
For example, many models require numerical solution of a set of simultaneous linear 
equations and Gaussian elimination is often used to give a fast solution. However, the 
results are invariably in decimal even though a simple rational result may exist. Here 

we present a method for converting decimals into rationals which can also be used to 
compute a sequence of approximating rationals.

Suppose xo<l is the real which we want to convert to a rational number. If xo is 
rational then it can be determined by the following recurrence

xn = 0 for some n

Xj~x^'aj+Xj where 0<xy<l; aye {0,1,2,...}

For a given xo, ay (/= 1,2,...,n) can be readily determined by taking the integer part of 
the reciprocal:

fly = Ll/xy-iJ and xy = 1/xy-i -  fly (/= 1 ,2 ,...,n)

P R O P O S IT IO N  C .l

Given sequence ay (/= 1,2,.. .,n) generated by the rational xo, xo can be expressed as 

follows:
ya_£l
x ° ~ b o

where bn= l;b n.\=an

bj = aj+ibj+i + bj+2 y=rc-2,rt-3,...,0

160
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PR O O F

Since Xj is rational, let 

xn=0 so let tn=0 and bn= 1

xr b ]  (J=0'1' ,n - 1)

Then
Xj~l W

becomes ILL  _ bi 
bj-1 ajbj+tj (/'=1,2,. ..,n)

Thus tj-\=bj and bj. \ = Qjbj+tj

Eliminating tj gives bj.\ = afij + bj+\ (j= l,2 ,.. . ,n - l)

bj = ay+ify+i + fy+2 0=0,1 ,... ,n-2)
Since xn=0, Jtn_i= — and so bn.\=an as required. 

an
By definition, xq = ^j-and to=&l> which completes the proof. □

On some occasions, errors in computation of xo and the errors incurred in computing 
the reciprocal make n very large. Hence the sequence should be cut short when xn is 
close to zero. In fact a sequence of rationals converging to x q can be generated by 

truncating the sequence a\,a2,~ • appropriately.
The resulting sequence is a\ A2,~ -Am-2>cm-l for some m> 1 such that

Cm-1 ~ am-1 if *m-l<0.5

= am. i+ l otherwise
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