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ABSTRACT 

The following work is discussed. 

a). A formulation of the elastic neutron-deuteron scattering using the 

most general form of the nuclear interaction which includes the central, 

tensor, linear spin-orbit and quadratic spin-orbit components. 

The resonating group method is employed to construct the three-body 

wave functions and from the SchrOdingerts equation a set of simultaneous 

integro-differential equations is derived. The doublet and the quartet 

spin states of the system are treated as seperate cases. The radial functions 

are taken in Gaussian form to permit analytical progress and each of the 

functions contains two terms so as to maintain accuracy in representing the 

numerical data. The hard core in the interaction presents a difficulty in 

the analysis and its effect is taken care of by a modification of the 

deuteron wave functions. 

b). An extension of the n-d scattering formulation to include the D-state 

of the deuteron wave function. 

The S-D interaction due to the quadratic spin-orbit potentials is 

omitted due to its small contribution and the comparatively complicated 

algebra involved. 

c). The solutions' of the resulting integro-differential equations by the 

method of finite differences. 

Programmes for computing the kernels and for, the solutions of the 

equations are prepared for the London Atlas computer. The equations are 

solved at different incident neutron energies so that the corresponding 

phase-shifts and cross-sections can be, evaluated and compared with previous 

results. 
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INTRODUCTION 

In using phenomenological nucleon-nucleon interactions in the 

calculation of the elastic scattering of neutrons by deuterons we may obtain 

some information about the nature of nuclear forces. Many detailed studies 

in this aspect have been carried out and in all, the resonating group 

technique was employed to derive the integro-differential equations. 

Among the earlier authors, Buckingham and Massey (1941) calculated phase 

shifts at energies less than 20 Mev. using ordinary central and exchange 

potentials. More calculations with the assumption of purely central 

interactionsfollowed (Buckingham , Hubbard and Massey, 1952; "Christian and 

Gammel, 1953, 19_7, de Borde and Massey, 1955; Burke and Robbison, 1957), 

but they were more extensive such as to include higher phases or to include 

a tensor force by representing it with an 'equivalent' central force or to 

consider both short and long effective ranges of the interaction. The 

problem with the inclusion of the tensor force in the interaction was 

-considered by Marie, Tamura and Yoshida, 1952, employing the Born 

Approximation. Bransden, Smith and Tate, 1958, then gave a complete 

formulation of the neutron-deuteron scattering.With both central and tensor 

forces together with the admixture of the D-state of the deuteron wave 

functions. The numerical resultS obtained in these papers were generally 

good'agreement with experimental data.' 

Recently a new two-body,  ,interaction which satisfies nucleon-nucleon 

data. up to 310 Mev. 'was derived 4 Hamada'and Johnston, 1962). This 

interaction includes the linear spin-orbit component and a new type of force 

namely the quadratic spin-orbit, and this thesis, is a study of n-d scattering 

taking into account all types of forces. It is hoped that this will give 

a basis for further investigation to determine whether this new interaction 

can be applied to many-body problems when there•is a possibility of other, 

effects such as many-body forces which cannot be revealed in nucleon-nucleon 

experiments. 	The phase shifts of the n .- d scattering 'at various incident 
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neutron energies will be given and the results will be discussed in the 

Conclusion. 

The following formulation of then - d scattering is prepared as if 

there was no hard core present and a modification to take care of its 

effect is given later (in Chapter XIV.) 

8. 	• 



CHAPTER  

I.1. NUCLEAR INTERACTION  

The nucleon-nucleon interaction is considered to include both 

central and non-central forces. The most general form of this 

interaction with the invariance and symmetry requirements (Okubo and 

Marshak, 1958)_must be a linear combination of the following terms 

a. the Central exchange force, 

b. the Tensor force, 

r 3or•-r1• 3•) (y-.) 	-I - 
1  

c. the Spin-orbit force 

- V ( 	§j 	r1.1)  A  (Yi 

d. the Quadratic spin-orbit force 

( 	2  -f jj 	1 (criir) 	( ,:r• 	)(Ir.) cr. s 1..)((r11  ..L..)1) ,  j 	• 	--3 

where 	- (10i)/‘ 	) 	and 

	

V(T- ) 	is a radial function. 

	

Si 	is the Pauli spin matrix vector for the i.tk particle 

and Si and p. are its position and momentum vectors respectively. 

The evidence for the existence of the non-central forces in the 

forms of the tensor and the linear spin-orbit terms has been explained 

in many papers (Signell & Marshak, 1957, 1958; Gemmel and Thaler,1957). 

The necessity for the inclusion of the quadratic spin-orbit term is 

confirmed by Hamada (1960, 1961) in order to produce all the available 

data of p-p and n-p below 300 Mev. The improved version of the nucleon 

interaction is given by Hamada and Johnston (1962) whose form of the 

quadratic spin-orbit term we now use. The choice of parameters is the 
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set that gave the% best fit to the data though this yields a high 

percentage ( r 7..; 	) of the admixture of the D-state of the deuteron 

ground state. 

In order to take care •of the exchange nature of these forces between 

nucleons in various states, to each force is attached a.combination of 

projection operators constructed in,  such a way that each operator will 

pick out the pair of nucleons ina certain state only. 

The projection operators are 

%) 	Y6 B + vnt ht.+ YA 4 	± 	gi 	 9 	± 

V being 	and 3 to represent the singlet and the triplet states 

respectively, 

representing the even and the odd states. 

and Hyj are the usual Bartlett, Majorana and Heisenberg 

operators for nuclei t and j 

The values of w, 6, in and h. are as follows 

v144. 	for all 	»4. 
f„  - ( 	= -t v = -1 7  

	

= 	- 

	

In+ = 	 117) = 171 = I 7 	tin r. 	y 4- 

aft 	 IC _ 	 I r 

Thus, for example, the operator corresponding to 1 and 2 being in 

triplet odd state will be 

4  
J. (i415-* - M-• - 443 •) 	• 
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ThepotentialwellsWf-4in this work are taken to be of Gaussian ij 

form whose parameters were determined by least square fits to the 

Hamada and Johnston potentials. Two Gaussian terms are used for each 

potential well so that one may represent the short range contribution 

and the other the long range one. 

The interaction can now be written in full as 

5 4 
V 	f, L 1.(w+ 	K.+ h. - • ) V .. 

Vz$ 4 	 Y 	Y 	X -
ff

if 

where 

Cr • ir (r.) —fj ,  it-i 
2 

z 	 '4' 1'1-) x 
kl.; 	k 	 3 

1rrir;j)(-1 0"*1.J  ) — 	cr..  r. 0 	h„ I 2 -I —a 	 3( 	s 

a 
3 	) 	1-ii) 

Adt 
is the Kronecker delta 

lc represents the k 61. Gaussian term , 

takes the value 0, 1, 2 and 3 for the central forces, the 

spin-orbit forces, the tensor forces and the quadratic spin-orbit forces 

respectively. Y 	1 2, 3 	and 4. to represent the triplet even state, 

the triplet odd state, the singlet even state and the singlet odd state 

respectively. 

The interaction given above is taken to be in the units in which 
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I.2 THE DEUTN WAVE FUNCTIONS 

The ground state of the deuteron is'in the triplet even state, and 

it is a mixture of S- and D- states due to the non-central forces. The 

deuteron wave function can be written 

3 	- ) 	§ -23' 1- • ; o"3  ) 	(23) 

where 

2123;2;40 

T(23) being the tensor operator 

= 	d) (T 5  ) + TC2.3 c1,31T”) -2 

3 (Cri 123) ( S; 125 )  - 	g-5 • 
-(2  25 

47(25) and 46(23)are the S-state and the D-state radial wave functions 

respectively, and 

(23) is the spin wave function with total spin I and magnetic 
/Y10 

quantum number in . 

and 

The radial wave functions are also taken in Gaussian form, i.e. 

2 	a 

c4) (_r23) 	= ±, A. e- 
or•  1 T " 

ix I 	t  
2 / 2 

CIS (123 	= 	A:i. 7226 - e.°41-25 - 

40 has a factor Iz in order to cancel out the denominator of the tensor 
23 

operator to simplify the algebra. 

The parameters were deriired from the same set of results of Hamada 

and Johnston and the functions 01,6(225  ) and .4)(y23  ) are normalised 

so that.  

2 

4b (123; f1.*(1.3 ).  dr23 

•12. 



I.3. THE THRE1~-BODY 1-fAVE FUNCTION 

In the system l'lhich includes non-central forces only the total 

angular momentum J and its ~ -component with respective 

eigen values -J and. M will be constants. of the motion, but the orbital 

angular momentum h and the total spin S are not conserved. 

If we assume particles 1 and 2 to be neutrons. 

and particle 3 a proton, then the complete wave function in the 

resonating group method which describes the system is given by 

f,-le use the notation of 0uckingham & Massey, 1941. 

The wave function 'P ( I, £3 ) carl be expanded in eigen functions of 

J' and M thus; 

and each of these eigen functions may be expressed in terms of substates 

characterized by the quantum numbers ( and S of the orbi tal angular 

mon:entum and the total spin ( s.:;~ for doublet states and S:. ¥ for quartet 

sta tes ) • So \t/e can wr i te 

'P. (f,23) .: Z 4>(23) F
S

CJ-25) 
J'M s JM 

and 3+5 
S S Z 5 

F (1-23) :: :J (, ,25 ; .a. ) 1 f ('f) 
J'~ [;: J 3' .. 5 I 3M! 1 ..,TMf 

where 

S 
M+S 

L s s :J (1,;£3', .a) = C Y (-'2.) X (,,23) 
J'MC 1)1-: M-s J"[ M 111. em. M ... -rn,.. 



Using the co-ordinate system as defined in Appendix 1, 
	4.(2 ) 

is the deuteron wave function, 

•fer) is the radial wave function of the incident neutron (particle 1) 
SMC 

S 
X(1,13)are the spin functions of the three-body system given in Appendix 3. 

'((42) are the spherical harmonics of the solid angle 	and 
. fret. 

CS  are the usual Clebsch-Gordan coefficients, 
StrifIn 

The classification of the scattering states is given in detail by 

I3ransden, Smith and Tate, 1958, and it shows couplings of states with 

different f and $ . But we shall treat the states with different 

total spin 5, i.e. the doublet and the quartet cases seperately. This 

is justified because although the contributions of the various values of C to 

the differential cross-sections are coherent and must be treated together 

the contributions of the various channel spin S are incoherent, and we 

can obtain them by attaching appropriate weights to each contribution 

(Blatt and Weisskopf, 1952,.p 424-428). That is to say we regard 5 

as a good quantum number. 

The wave function 
4r.71s4 

given above will satisfy the orthonormality, 

for each 5 

17)(25) — (1,2-3 ;12 ) 	f .1'(23r9 (1,23 ;12 )3 ci-r 41.0. = F 
MM' fL 

M01,23 ;52), 
31Mm JIW 	

F 	. 

To abbreviate the algebra the various partial wave-functions are 

defined in vector and matrix form. 



For each-  J and M , in the doublet spin state (s= 2) 

for example, put 

r  
X CO 	1 %.1. (1.2.3 ) .X.1(4,25 ) ,J • 

— 2 

)(
7 
 l a9<0 

JM Cs-p (61-0 M- 

J+1 

zni(i+1)(Mi)\(
(13,0?) 

7- 	 .74-1 
Y Co.)cc 

TMCy-1) Cni+)
YriA4 i( 

, ep) 
PAca.4-0(cvq) 

I 

,TMC 

JM J-1 

T  ) 
JM 

= 
JrA 

so that S 
F 0-25) = 1.)63/ 
5p4 

Here ?.) always refers toy (a) which involves no spin functions 

5 	 jibit 
whereas 'V (1,23 	will be written in full . 

C 

1.4 HARD CORES OF THE POTENTIALS  

The nuclear potentials of Hamada and Johnston which are used in 

this work contain hard cores in all states of the,  interacting nucleons. 

Though the radii of the cores are assumed to be the same and small 

-13 
A, o.48 x to cm. ) Their presence constitutes a difficulty in the 

analysis of the three-body scattering problem. As will be shown in 

Chapter It the SchrOdinger equation involves integrals of the form 

* 
0(2.3) V(r2) Cz3) 61;3  

15. 



This integral has to be divided into two regions corresponding to 

Tr2 I 
	

and J1,12  I > 	if the hard cores of the potential are 

considered. The conditions imposed on 17:12 
	cause the integration over 

the spherical harmonics to be restricted to certain solid angles. This 

results in the dependence of the solutions on the quantum number M 

which implies the violation of St 	invariance. 

Another difficulty arises owing to the integrands over the hard 

core region not being finite. This may be avoided if either or both of 

the potentials and the deuteron wave functions are adjusted so as to take 

care of the hard-core effect. 

Brueckner (1958 ) has shown that, in a two-body problem, the 

Product V(r)4 C/)Y behaves like a Dirac delta function and 

as V --o-oo 
	V(1) ro5(/) 	o 	for 	rc  

where V411 and CO) are the potential and the radial wave 

functions respectively. 

Since the potential V(Y) is infinite inside the hard core,the 

two body wave function 40(1) has to vanish there. Thus taking as a 

hard core effect 

V(0 )  = oo 7  

we must at the same time put 	46(0) = 0 • 

In this we need not break the integration into two parts and so 

the difficulty of the M -dependence is avoided. 

ThUs the hare core effect may be achieved by taking the deuteron 

.16. 



wave function to have the analytical form 

2. 
2 	-or T 

a 	t 23 

5 —25 	25 • 
1= s 

The D-State function needs no-alteration as one additional factor 

2 
of 1"1,3  in the wave functions is enough to fulfil the conditions. 

Therefore in Appendix 2 the numerical values given by Hamada and 

Johnston are interpolated into the above Gaussian form for 0 	instead 

of the one previously given in section I.2. But, as mentioned in the 

Introduction, we leave the analysis of the whole problem as it is and 

the resulting expressions are differentiated with respect to cg,i, 	to 

2 
obtain the factor Y23  

Chapter XIV. 

These differentiations are discussed in 

'17. 



CHAPTER II  

II. 1 DERIVATION OF THE INTEGRO-DIFFERENTIAL EQUATIONS. 

The SchrOdinger's equation for the wave function is 

(T,23  t V ) 	 6 -12 (iZ,3) 

 

(2.1) 

  

-where T123 
	is the kinetic energy operator, 

V 
	

is the potential energy 

and 
	

is the total energy of the system. 

1-23 may be written 1  

-r• 	T 	T 123 	 1-23 	25 

rig 2  
2 

	

( V 	 ) 
2.M a i"23 7 23 

where M is the mass of a neutron or proton, 

2 
V V 23 	1-13 are Laplacian operators in the relative co-ordinates of 

particles 2 and 3 and of particle 1 relative to the centre of mass of the 
other two respectively. 

We have V 	= V + V + V 12 	23 	3 i 

Vij being the potential energy of the particles i and j. 

E 	= Ent E , 

where E4  is the energy of the deuteron ground state (-2.226 Nev) 

Eh  is the energy of the incident neutron relative to the 

deuteron (= 3 of the energy in the 'laboratory' system). 

Using 	Nk( Z,3) 	given in .Chapter I and dropping the indices 

.7,M,f,s equation (2.1) can be written for both doublet and quartet cases 

as 

(Tv.23-5 +Viz+ V23+ V51  ) 	(/3) F(1-23) _,23 -E -1- Vm+V23+ V51 ) 	C(/3) F(2-13) . 



If 	(2.3) 	used is the exact radial wave function of the 

deuteron then 

(T23  -Ed  ÷v23 ) 4(23) = 0 

and its complex conjugate 

e(za ) ( 7-23  -Ed  -I-  V2.3  ) = 0 

	(2.2) 

	(2.3) 

Also 	• (ri5-.Ec4 + Vi3  ) C/C13) 
	(2.4) 

Conditions (2.2) and (2.4) reduce the SchrOdinger's equation, to 

(lr 	-E +V +v ) f.,4t(vo F(1-23) . = Cr -E +V +V );_ii(13)F(245). 
1-23 	74 12 13 2-13 11 12 23 	- 	- 	 (2.5) 

Treating the doublet and the quartet states seperately the only 

;possible coupling in equation (2.5) is that of the states with different 

[ Ts. To obtain an equation for the radial function `J  T) 	we 

multiply (2.5) by 	[4,(23) 	; 	(index S dropped being 

understood) or fc1)(23)X6)Ncoi *  then integrate over all co-ordinates 

except I' and sum over the spins. 

Using equation (2.3),we get 

114(23)x(1)yanj (71.23-En+ V12+ V3 ) 	(23) F(1-23) dn. d-1-23  

i4( 
= 	1 ,  ).(Z3) X(17 (-(2)] (T2.13 7-25+ Ed - En+V12 ) 	.44:,(13) f C2-13) dsld:t2a  . 

ir
On L.H.S. of the equation 1 	..- 

and on R.H.S., the kernel is symmetrical in 1 and 2 as 

1-  - 2-13 23 "r1-23 To  • 

 

13" 

  



After working out the operators attached to 1/12 	we proceed in 

the same pattern as previous derivation. Finally the integro-differential 

equations are found to be 

j- dg 412 (AArt)ric25)A(4)y(s)j. 
3 

Y 
.± 	1.(2w-ii,) V (12)(cr cr • r )X(4,13) 
2.0,  4 	Y X 

+1 (2.1)-7n)Y  YV (12) ,q) (0-, Or •• -r23  ) (2,1 	yunif(r) 
A A 	-I -3' - 

.1
. 4 f  

_ 	Ci:LI  d.Q. (4) . 1:k. r 1 .(2.3)XC )..y(s2.)1. 
-P6- 

. ±, 2.11 (w-.) V  V 02) (Cr fr3  • 	2C(2,5) 
N IV1 4 	 A  

+ j_  (6-2m) ( 6-2in) N (12.) (G,T3  ; T,a) X (1.2-3) J y (.d) _L. lecii) 

4 
4.  (E.  ) kria12 (4) IT );C(2,15)1 s01.5(4) 

Tv 3 	L -/ 	• 

3 	41 	• 	2 
T 	(4) T y(.(2.) X, 	V, 4)(23) (13) 3C(2,15) .y(a) J. ga) 

3 

4 	2  
dit (4.) r 	cp(23)y(12.)] 	0(13).,x. (2.13)y (SL) 3P(../) 

‘.3./ I.  ft, 

(2.6) 

.20. 



2 
D7+5 

for all. -7 and S except 3= i, 5 = 412 	for which 

2  1:,34.51 

c(1.4-1)  
‘412  

4 M 
E 	' 3 L  n 

11.2 CLASSIFICATION AND PRESENTATION 

The equation (2.6) is strictly speaking a 2 x 2 matrix- in the 

doublet case and a 4 x 4 in the quartet. As there is coupling between 

states with the values of C's differing by 2 only, the doublet case 

will give two single equations with r = x_1/2 	and 3+ 1/2 	; the:  
quartet case will give two pairs of simultaneous equations when zr,,,S%?  

and only two single equations when I%2. 

The terms on the R.H.S. of equation (2.6) can be classified as 

'Direct' and 'Indirect' interactions depending whether they involve the 

outside neutron (co-ordinates r ). The direct interaction may be 
evaluated completely, but the indirect interaction terms contain functions 

of r and r so the integrals are left as undetermined functions. 

Both the direct and indirect interactions terms that contain the 

same type of force in 	 2 V 	will be treated in the same chapter. The 
1 

term which is multiplied by 	(En.-Ed ) will be named the N-kernel, 

and the two kinetic energy terms with operators V, and N7 will 

combine to be called the P-kernel. 

21. 

where 

.92  

   

2 
.19 

and 



The evaluation of these terms will be dealt with in two parts; 

a. the S-S terms - the pre and post multiplying deuteron wave 

functions are both in the S-State. 

b. the S-D and D-S terms - one of the wave functions is in the 

S-State and the other the D-State. 

The D-D terms are neglected due to the small percentage of the 

D-State admixture. Considering the amount of complicated analysis 

involved and later7the computing time taken in the evaluation of the 

quadratic spin orbit S-D terms these are also left out. The derivation 

for the central and tensor forces is repeated here for the sake of 

completeness. 

In the following chapters we shall use the notations for the 

nuclear potentials and the wave function defined previously. Also we 

may refer to the co-ordinate system given in Appendix 1 and the spin 

functions in Appendix 3. The integration formulae quoted in the 

formulation are in Appendix 4. Owing to the large amount of algebra 

involved in some parts of the calculation it is not always practicable 

to give every step explicitly. Also some of the suffice are omitted 

wherever there is no risk of confusion. 

22. 



CHAPTER III  

THE CENTRAL FORCE TERMS 

III. 1 DIRECT INTERACTION 

The derivation is straight forward but is given here to illustrate 

. the notation. From equation (2.6) the contribution from the central 

forces is 

D (
s
i) I = 	4 M 	aft cts-L 3%2.) )640) (23) x 

-5 -Te 

X 	
{

(.21V-h) v
C  (12) X(i) 	(2.6-m) yv (12> x (z) ycs1) 4ri (23) 3Pco . 

4 	V 	 C 

After the spin summation and the spherical harmonic integration, 

we get 

CD55 (1) 

- 
3 
M f 	cLE(23 LE, 1 fr27V- CO), + 1(5)(2b-nt) 1 YV 02) 	(23) 3(r) 

Y 

where 

1 	 5 = 
2 	 .2 

= 	 S =t2  .  	(3.1) 

Hence by the summation over V the central potential in the direct 

interaction of the doublet case is 
+ 	 - 	 + 

J. ( V
C 
 +3 V +9 Vc + 3V

c ) • 8  
2 C CO 2. 1)  eXP 

X=1 

and the mumerical values are all given in Appendix 2. 

The equivalent Gaussian terms are c CO 2. 
PA  112 

23. 



Similarly in the quartet case, the potential is 

3+ 	 c C3) 	r c  la) 
2 ( Vc  + 3 Vc ) = 	U eXy. t - ju 

k. 	 k 

The space integration in both cases can nowbe performed viz: 

	

2 	2 	A 

Ver) 

-I.23 C 	2 	 -eri 123 	71.45c112 	j V. 

Ds-s(7 ) = 	, 	4 IA fel s Ale 	Uxe 	A
3  
. e' 

_ 	rAipt( 13.-wiik I )2 

	

= 	/ 11 f., AiAiUi, ilf4J"-iik15;1̀ )12.  a) f K e 

0." -0 ij j, k 	J  ' I' 
where 

3 4 Tic 	
alpic/Aij  

Thus 

.1) 	= 
5.5 

2 

J.1 	) Ati  
3  fe L j k Aijk 

2 	A.- 

;1/4}C-AiikijK)T  geer) 

after using the relevant integration formula given in App. 4. 
In the following sections,only the ijic th, term in the summation 

will be written and the suffices i,j,k may be dropped from the 

parameters A, u,a,),‘,A,If which still vary according to the interaction 

(direct or indirect) and the case (doublet or quartet) as well as to the 

type of forces (Central or Tensor, etc). 

Hence the central force direct terms in both cases may be written 

C 	3/2 	9,t 	12-  4.:  
1) s 	3 

a 4 
-K
M
a 
 (t A.AU e 	Yr(T) 5-  

-24. 



III. 2. THE INDIRECT INTERACTION  

The contribution of the indirect terms to equation (2.6) is 

4 	4 
s̀ .s1) 	= .4)

4 
 LI 	

/ 	
(23)y (D.) .(f) X 

/ 

X giv  ..$L ()v-2.fq lit/C(12) Z(2) + 4_41(6-271'0v  VVC(12) X (1) 	4.63) 	leCi! ) 

The potential in the doublet case is 

( A) 2 
C 	(2) -PK TI  2 	 y 	3+ 	3- 	it 	1- 

C 	
to-21n. 	4)) V 	= 	- V+3 V-9 V•ra 

2, 4 	. ' 	V C 	8 

and in the quartet case 

(4) 2  
c (4) 	113 
U 	 = 	(6-2l YL,  V,v-2

, 
 ) V 	Lt j. 

X 	4 	 V C 	2. 
3+ 	3-  

+ 3 V ) 

C , 
Hence in both cases we get 	J;s11/ 

2 	2 
4 	 * 	

a 

= 	'''' 	
-

) T f AI dn. ya) Ai 
-di 

	u ic  2'1)(1;2  A. e4:11..3 yt.‘25 1., 
1  

eo a 	2 	 1 
4 	 ... 4i' ki-bijkl: 	 li 	 -Siik  T•T 

-(1) Z .A i,Ai Ux 	dr rr ?el) e I 	- Ecc btint  Y ; nico.) Yrin,GQ: ) e. ka ki 
0 

= ll  alid-CLF  , 	 where using the fact that 	d 

a• 	= 	(pc+ 40c, +1.4) 
f• 	9 

bijk = 4.;  (4 	+1.4x) 

and 	
tik 	(4a-4- 4of• -2 LI...) 

If
, 
	

being the KrUnecker delta . 

and [ take the values.  -775 ,J-S4-1,  	"74S , with the usual 

exception for .7= , S = 3/2  

rs and ino take the values M-S ,M,-.5+1, 	14+5 
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We use the formula from Appendix 4 

-)1•11  

f
I*C9.p) e. 	4.a = 4E Y (/4) y orry) 

frn 	 Drfi (in' 	(4i 

and define a diagonal matrix.  
• 

f 	
)
J 	= 

'3" (%) 
3+5+1  

for all .1 if S = .47 

and for J ,/ 3/2  if s =3/2  

and 

a ) 74-54.1 , 

for a-= 	S 3/2  . 

We finally obtain 

4 
C1(1) = -(41 A 41JUU 
.5-5 	5/ 

r 02  
• - • 411.  ''' in 

• 

r e 	11 Orr ) 
I.-q 

4°C1) 
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CHAPTER IV 

THE SPIN-ORBIT TERMS 

IV.1. THE DIRECT INTERACTION 

As we have an account of symmetry 

_ 	 * _ 
)6(1,23)(or,+r2 )4-12 X(2,13) 	= X(t23) ,C(ti5) --2 -- 

the spin-orbit terms can be written 

it 

.t .l. 0_ le AI. till ill (23),(i)y(S2)] gi 1. (271/-h+.2b4n) )V(12) • , (23).X(r)7(S2).1.70(f) 

	

3 .f? 	 v 4 	Y L.S 	 -1  . 1 

The potential in both cases is 

ys Cr)  

i) 	¢.X.J,  . - ).4 Ti.2 j 	= gb J. (2w- CL#2‘-).71-) \f- (12) v Ls 
f LC. (0 A. 1 

.k. 	JC 	-, X 	 11  

Writing the spin-orbit operator in full 
2 

LS 	 4f 	* 	.G.q it 	--Pk.(1.1 g  ) 
SS 	

....*' 4  M T . da g tta. • Ai (a) X 6) A. e. 	1) e 5 ie 	..., 	v 	lc 
a x 

CI) 

-4e 1 	J 
X f.l. (T1+0.  ) • (2 rA) + 1 I.SA. - RA) —TA ). )i A. e .Xtoycx.)11?-f) . ...2 2i 	2  DT 2  as 4 24. aS 	3 	 1 

CarrYlut.the 1 	differentiation and then the ciR integration, 
DIZ 

LS 

	

we get 	1) (y ) 5-5 

We represent the values of the operator by 

< (f,+st; ) .1 > 

1.5D (f) 
55 

2. 

4 rfi, On (i-w A.AU e 	cisly (si).Xcoi (6+6 ).L xxoy(s1) Jr . 
* 3/2  

s 	 2 -0 

THE EIGEN VALUES OF (0;+0-2)-1.. 
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so that 

 

(4.1 a) 

  

where 

f t 1  

and for the quartet case 

The matrix 	is constructed so that 

2-2  xy 	JC3-4-0.%y 

Now 

where 

J = 1-+S 

We have 

421-•5> = 
2  2 

S
2
> 

i.e. < (Pl.> = sC7+0- Icr+1)--4(44-0 j 

[ s I 
	

being a unit matrix. 

For the doublet case we have 

where 

r*I) 
A 
Jr 

= 2 X  

) 

--3(7+96 ) 

-(7+40 
for 	3/2  , 

.28. 

	 (4.1 b) 
• 



and for ..7.= A , 
4'2 

f A 3 	2x 
 

Hence we obtain finally 

LS 
D cf) 
s-s 

i 2  3/2 	 _ ou-xls -t 

z  Jc 

In Appendix 3 an alternative method of derivation is given. In 

this the spin summation is done before the spherical harmonic integration 

and it is used in the avaluation of other matrix elements. 

IV.2. THE INDIRECT INTERACTION 

The potential is 

1.:5 00 2 
Ls (a) 	1(2 U e k 

k • • 

We have to evaluate the integral 

ov-211+ b-2m.) 	. 
4 	 11  LS 

.2.  

	

.1. S 	 4- oc• (-02 -r ) 	 2 
4 	f . 	-9 l' 	4 	* 	1/ 4111-2:)  

I (1) = ..J.4 \ mi. 611. cu2. Ai  e  
ye_a)xci) U.  e 	x 

s-s 	k -P , 2 
_ 
9 

fit Or. (2742') 

xJ-(  T+G)  • i(--C-1)A-1  —(1-T5A)_ I .A. e 
 i 

X(2)yd.) _L Ter') . 
2- i• 	 ZS. 	DY 	1 	 l' 

By differentiating VILTAY and integrating by parts 	t. -r 

we get 	IS 
I C1 )  
S-S , 

4
ar 

	

(1) a 	U 	(c(i+on -r cif eta e 	ya2.).xci).L.(.c-fs)-.11A1 (2) / (-2) 
2i 
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By rearranging the factors and using the result 

-).1" 	, • 
T T 	J. r 	-e_ - A - 

and then integrating by parts again we obtain 

-Zr-r * 	 , 	/ 
= _4\ !J.1 AA U 16 (41:+4 ) 	e 	77 y'  e 	( s2.).x (0 cf.+ 	x, (2.)y ( c') 5f-r")a.ads2. 

b 	 2 

Using equations (4.1a) and (4.1b) we obtain the expression 

r 
'Lads):  e  yanx40) (5r.:+9;) 

So finally we get 

= 	19' (?rr) J I.AIC) 

j5 	 4 	 -A1)16-  

s 	

3 

(1 ) 	L-14 ) PO .AAU 	!L; 6(0-0S) 	di- 	.1. 
2 	, 

1Y 
1

ro n 	pa 3f  7g (1) . .3/ ie. 	. 3  7D . 	f 	J 

IV.3 REMARK 

The inclusion of the spin-orbit potential introduces no new 

feature in the integro-differential equations. The matrix (Afl) is 

diagonal so there is no coupling between the doublet-doublet states, or 

the quartet-quartet states of the neutron-deuteron system. This may not 

be the case had we not .treated.the doublet and the quartet states 

seperately. 

39. 
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CHAPTER V 

 

THE TENSOR FORCE TERMS 

  

We define the tensor operator which is symmetrical in and A B 

as 

5, B ) 	= 	(01•A)(Cr.•B) 4 (0".•A)( 13:13)- (d-r.)(A.B) Ti 	71 	2 1 

This force dives no contribution to the doublet case because of 

the spins. The formulation given below will be slightly different from 

the work of Bransden, Smith and Tate (1958) because the operator in the 

integrals has no denominator, also the calculation is more specific with 

Gaussian functions. 

V.1. DIRECT INTERACTION 

. The potential is expressed in the form 

V 

	

2 	T" 

	

r12 	
u( 	1-74' )  r,:i 	= 	J- (2411-h. -I-2 b-M.) 	V C12) . 

V 4' 	 y 
The tensor operator in the direct term assumes the form 

$ (1.L ) 12 12 = 512(12) -512Cer,S) +1 512(e)  . 

We get T1) CI) 
s-s 

2  
(ltd-XIS -A( 511 ) 

4 M 	e. AAU f d 	e 
3 fe 

x y(a)2c(1) f 	512(e) 3 xcoysi, ACT) 

3h 	2  --(p-A?) 

4. M 	AAU (q)e 	412 yc2)x(1) 	Y(i)y(..n.) Itcy) . 

3:re X 
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V.1.1. THE SPIN SUMMATION : 

 

We have to evaluate the matrix: < 966) sj2(?) 1 X Co > 

The elements of this matrix are given in the table below 

TABLE I: THE SPIN PRODUCTS OF 5120). 

36 
9C3/2 

36 
X, 

2. 

55 
9C, 

.36. 

;6 -4, 

36 

36 
X .4 

2 	2 
3B-Y 2/3 T 

2 
43 i. 0 

9C,, 
2 

21/3 I 
+

S 
5/2 2 

-3e24. 
2 
/ 0 

• 
4'43r 

3/2 

X- 1 

2 
4/5Y 0 

2 
-3e2-1•11. -2113 r 

3,6 
...a/2 X, 0 

2 
445 Y.4. -24514% 

2 	2 
5 	-I" 

We define 	T~ 	by = 	(X ± iy) 

V. 1.2 THE INTEGRATION OVER SPHERICAL HARMONICS 

Each of the matrix elements shown in Table 1 can be represented 

by a spherical harmonic )( (0,(17) 	with C =2. and km...= -2,-1, 0, 1 or 
Cm * * 

Thus the evaluation of the integral 1 D/..X .5a9Cy 4.51 	reduces to 

finding integrals of products of three spherical harmonics. 
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0 
2.74-2 

1512.7-1)(ZJi3).3  

The formula, given in Edmonds (1957, p,63) is 

If 
Y (e,q) Y (9, ce) Y 0,4) )  

C‘ In  I 	(2m1 	' 
r 
3743 

sine do dcp 

 

f (2f,+1) 1211 (23+1) 
4r 

 

r, 	( 2 	(3 	t, 	t*2 	13 

0 0 0 	yn, yyi2  n2.3 ) 

  

    

 

( fi ts% 

, m2 7n3 

   

Where 

 

is the Wigner 3 - j symbols. 

    

In the actual calculation the Wigner 3 - j symbols simplify but 
it is still 	tedious work which involves sums of products of Clebsch-

Gordan coefficients. 

Write s12(1)  > = f Ls2 y(s2)Y.*(4) si2cAvoy(a) 

The result obtained for .7 7/ 3/2 
	is 

21-3 	0 	
[3(2J-0(27+3)3 

21 	 21 
0 

0 

[3(21-1)(211-5)3 
2J 

13(23-1)  (25+3)  3 
2.3+2 

0 

< 512(1r)> = 

2.7÷5 
21+2 

0 

0 

2J-3 
2.1 

2.1+5 
.21+2 

.1 a 

and for 	only 

• e  27-3 
27 

ss,(1)•)> 

t. 

33. 

274-5 
27+2 

  

(5.1) 

  

    



Defining the matrix 5 	by 	51t 	= 	512 (12)  

we finally obtain the tensor force direct interaction 	T 
5-S(I) 
	

thus 

2. 
3/2 	2. 	— (11.4 — Ms2)-r 

T 

Jt 
D (1) 

V.2. INDIRECT INTERACTION 

We write the tensor operator in the form 

, s12 12 	9  ) 	=  4 f s
12 	 1 (12) + 5 2 ) - 2 S 

2 
(^r 

and the potential radial function as 

2 	T 
• Z., U 	exp. 1- T (2) 3 

.12 
	X 	 1712 

2 	('W -2 fit b -27n) v\I (12) . 
v 4, 

The tensor indirect interaction is then given by 

Y 	 4 	 2 
I (f) 	• = — (1) M r AAu (2) X x 
5-5 	 i.2 

_I 
-02- 61'3- bi--1 it 	ik 

x 	e 	y cs2.)x co [ sip) -p sip-) —2.5.12(T,i) } 2C (1 )3/ (J2.#) i 'TV) id-Q- etC2: dr 
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The integrals with 5!2('10 and S (i) . are treated by the 

techniques used previously for tensor operators and indirect terms. 

For the term 512(T01) 

36 	3/2  
matrix ‹xl .512("f,f) X • > 

we have to evaluate the elements of the 

given below. 

TABLE 2: 
	THE SPIN PRODUCTS OF 	512(1,1'). 

3 /2  
%. 

3h, 

3/2 
% 

3/2 
3<, 

2   _1 

312 
X56 

3/2 

2C 
/2 

 
322-1Y • 

/ 	/ 
S 

, 
21/.3(1' S4- T 	) 

/ 
443^( 'Y 0 

5/2 
2Ci  

2 
2113 (1:4.%)-11) —5 2 Si'Vr 'T.'  0 

/ • 
4131rt 

.X,,1  
- 2 

342  
443 -Y 4-"I4 

0 -3?-Z -I- T.T -243 (-Y:SW%) 

3/.2 
—3/2  0 .443 -r,-r, 

/ 	, 
-2-13 (1:1 1.4.4,)  34'S - .1...1.  

Each of the spin elements is equivalent to a product of two 

Y 	(e,c) Y / co', (p') 	Tn spherical harmonics, 	 where 	take and 

The integration over spherical harmonics takes the form 

Y cv,co Y(v,q) Y, (9',0 Y (?',(1) La ctn. 
Cm 	s ms 	f 7n, 	ms 

35. 
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This is easily evaluated by expressing the products of two spherical 

harmonics of the same angle variables as a linear combination of spherical 

harmonics. 

There are also terms of the type 

-el.?: 
e 	Y (yap) 	Y, (p:p dSZ dS2. 

bra 	 m. 

— 	e-6" Y*(e,p) Y, (9: cp') dilLQ 
be 	cm 	Cm- 

5' 	S. 	411. // 4) 9" (E-rr 
1417)1' el/ 	a 

where 	zi4.,(Ery") 	are the Spherical Besse' functions defined in 

Appendix 4, 

and 	pr lop -3" Derr) 	= - e 	 . 
fl 	bE 	C4-.1 

using the recurrence relations between 3's (given in Appendix 4) 

one may write 

fieye (err') (err') 	C 
 f+ 

e-r•7) E+3,5 E i 

or 	- 'r, (c C+1) "(e^r/) + C (El-7)J 
2(41 	(+34  . 	1-i 

We define, in the indirect interaction calculation • 

f-1cr•T , 46 

4S2.4S1.: e 	 y(-c2)x,(1) 512rA2) .V2)y.s2) = 	512(ia> 



Finally the eigen values of the tensor operators in the indirect 

interaction are found to be 

• and 

	

< 512(e) 	= 4 Tr 1'2113 ) (3' 0715  3 
zyrr' 

b71 	L4  

	

< 5120,7) 	= 41-C ilf  I F
r+
ar()] 
4 

 

(5.2) 

 

where 

21-3  
27(2.7-2) 

1-7' IF .3-  ary")) .1r 14.3.  

(3.-2)33.+ 153.2  3(21-0(27+333.9"
27  

O 

0 	2.7+5 1(1-1) +(540, } 	0 
21(23+2) 	7+1 	7- ,  

[3C2.7-1)(23.+3))  .9* 
2z4-2 	Tor I 

f3(2.7-1)(21+3))  3 
27 

0 	25-3  (0-, (74-2),3.  
2 3.(274 2 	3.4-2  

0 13(z3-1)(2J-4-3)) 
27+2 

23+5 fo-#0.5 .-(3.+3), 
(2342)(21#4) 74-5 3+' 

Hence the tensor indirect interaction is given by 

T 	• 
r (1) s-s 

4. 	2.. • 
= _ 

"1 
() f?. 4_11. AA U x 

co 

	

1. 	

-aft frr?  
6-5 x 	All  e• 	f 12-(5 I E., (2,773) + -(.(., ari)) ( 13 ) -2-v 	o ( jr 3 r/ )1 i. 5" 	. .31 	 Lx (+1 	 .7 f 	-IC C+i, 

	

o 	 2 
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CHAPTER VI 

THE QUABRATIC SPIN-ORBIT TERMS 

The direct D CY) 5-5 
and the indirect 

QSI 
 (r) 	interactions 
5-5 

due to the quadratic spin-orbit forces are as follows 

as 
5-5 = 	t 	el.sz 	(23) Xcoycli)3 x 

3fe 

x f3 f C2w-co 	(12).L02) 43‘23))(1) +.4 (2 b-)n) /Vin2 )1_62 ) (,z3 );a2)) 2/6a) 1 	) 
4 	V gs 	 Y QS QS 

and 
as

I (I) 
5-s .1-- 	) -ft-1 	AT' r 	1,.(23)Xioyc.a) x 1  

x
V 
 f 1.6v-20), (12)1(12) ci,(f3)N.(2) +1(6-2111) VV 02)1_62) (13) X(1)] Ai(-a) T(11) 
4 	Q5 qs 	a 	)' QS 	Q$ 	/ 

where 

and 

(0;.0.-2. ) s-:2 - c212 

= 	J. f 	-12 - )(cr2 --.1-12 	(03/..-,2 )(g:;1-,3  )1 -;  

Due to the complexity of the operators, we try to simply the 

integrals by considering the spins first. 

VI.1. THE SPIN SIMPLIFICATION 

VI.1.1. THE DOUBLET CASE 

As 	 = 	(i+ cri• ) 

= 	X (+.23) 	(Z. tr2  ) X (1,23) 

We can write the spin elements of the integrals for the direct 

interaction as 

56 (1)
4
1 (2 NA") 

J. (2)1/-11+2b-m) 

V 	L (12) I 	> 	5(;) 1 	b-m) V L (2) (14-1,•52:2 ) 5C(4) 
Qs as 	 4 	as as .2. 

colvcu) 	+_tó,..7.1.0 V )1  <X—(i) L Ciz) (T,g;-1) 2CCO> . 
QS 	ez 5 	4 	y QS 	2 QS 

3P• 



and for the indirect interaction as' 

1 (W-2 h f b^270 V < .(1) I L c4.2) I 1.(1) > 	6-2P) V ..iC1) 	L 	1 %6(0) 
4 	 V Q5 	QS 	 4 	V QS 	2 Q5 

Applying the relation between the symmetric and the anti-symmetric 

spin functions (defined in Appendix 4), 

= 	(0--or ) X (1,273) 
a 	/3 -1 	±i 

the spin elements can be further reduced. 

We work out each component of these elements, 

36(1,23) 	x (1,25) 	= 0 

(Cr+63  ) 2':0'  2.3) 	= 0 -  

using the properties 

3 for 	L = 2 and 

and 	X. OC 
	= l'1 

Thus we have i(i)1 0",•5r,L2I %Co» = 1 2Z I (g,-0-2)3  I i(,)7 
3 

= 	S 

'')C(I) 1 0-1.0•2(er,•54:2-02- 1 ,C0), 	5! I (cri-g-2)2.(3-A1-1)(cr,..cr.,) 7G(1)>1 

= 9 el 51 

Now 	 Q12 	= (i.,1- ) 	(cr.(/' ) 3 	- - 	3 	•-•2  

and 	<)C:) I (2,12  I 56C I) .> 	= < i(1) 13 (Q-1r-tr ) L2  1'20> 

< 27co I (0-.6.);  I %co, 
9 

-1,2L53 

We also have 	' 

67v(t) I C212  156(2) = < 5co) 	i(2)> 
, 	, 	2 	 , 

= l< XCI) / (O"' (r.  ) (0 cr-cr ) (cr-g- 	%(1)>12- --I  -2 	*-1 	-I ;- 
i g 

1,2M 
6 

= < %co 1 C212 171(0> + 1.j 

and 
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So the potential and its operator are reduced to the following results. 

In the direct interaction, it is given by 

I (2.14-ft4-2b-tiny 	(12) 	Lat.& -12  0)1 	L (2 '-'l) Yv(i2) 1 	i(s) 4 -12 	 4 	1/ Qs 2 2 

= 
4 

(21,11 -h4-2b-111) 1111 (2) 1-1e12 ] 	+.i.(2b-roy  vV 02) 13.12-2  C 	• 
as 	 as 	 1 

The potential wells are given by 

.2S 

	

	CSU e› . I- - (4) 	
r ns A CO  r. i 7 

*- 	:56 j  - 1 
k. 	k 	i" 

-2 J 	= L 1  (27%1- A4-2h-in) YV-(12) 
V 4 	 Y 4s 

., as (3)  
and 	Lix  exp.i- ‘1),4:)1•1: j 	= 	1. 	.,171 (2b.) "v-oz). 

X y 4 	V Q5 

In the indirect interaction it is given by 

	

(W -2f2t6271) / (12,) 1- 4 L1 	4 
 j 3 .p ia-27n) Yv02> (322  Y 4S 	— 	 QS 	-1 

The potential wells are QS (2')t QS 62) 	 , u 	1;2, 	Cw-z fvkb -27n)
)1
v(12) 1. 	) x 	 4:25 

and 
(4) 	r  QS (4) 1.))(  eXj).1- 	1;2 4 	v b-27n) '1V742) . 

p 	 Qs 

VI.1.2. THE QUARTET CASE 

 

34z 
As 	(1,23) 745  

are symmetrical in 192. and 3 

the potential in the direct interaction is 

aN
(o) 	aS CO a 
, 	1:-  .1/x -r, 	 (2w-h+2b-m) vv(12) V 4v CIS 

• 
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For the indirect interaction, it is 

cz) 	
QS "u ex p. 1- es)r 2-  3 	 + 12-zrn) V (12) 

g a 	I/ a 	 >1  C25 

The spin function in the quartet case offer no simplification of the 

2 
operator L as , except that,

S 
= L12 ,-tz 

The evaluation of the direct and the indirect interactions will 

be done in two section, a. for the operator i 
ie 
	and b. for Q12. 

VI.2. THE DIRECT INTERACTION 

We have for the doublet case of the spin-orbit direct interaction 

QS 
(1- ) -5 

2 	 2 
- 	* 

	

M r AAL1 	cl_ca e. 	r   Y 	1- 	yLa) e 	5Pc-r) 

	

32 	
- -1( 

A (3) 
-G<R.,-/A• (-r-i tz,)2  0Y' 

.4 d 

	

AA U 	aft _f2 	 .3.- 

	

41.2, 	
y ca) [31;2] I C J y (SO e 	4°C-r) . 

	• 	(6.1) 

Similarly for the quartet case we obtain 

+25D • (1) 5-5 	 2 

-Or'  

"( -AA U (1)  etit els/- c2Ep'f-ake-14.")(f .-L,13,)2J y(12.).2to L.X(f).3/(sz) e - .J..gec-r) 

	

3 .R. 	 -,2... 	 -f 
2  

	

(t)f 	 f  3 (0) 	1, 	 - J m,,. -7:cl- MI.  A-A U 	cM c112. .ex it) 4-csiz..--y 6--1) jy.(2).960) Q(.7- ) X(4).y.sz) e 	1 ;) -(1) . 
3 112-' 	 12 -12 	 1 

	 (6.2) 

VI.2.1. THE MATRIX ELEMENTS OF LIZ  

The operator L. 	is given by 

i L 	 . -12 2  of 

41 



'2 

1-12 has on its right the functions 1:F(7) and we aim to 

eliminate 	Z 	 first. To be brief the terms 	Y c-f ) 
.77L 	L  

are left out in what follows. We shall be integrating first 

and various formulae in Appendix 3 will be used. 

The Space Integration  

We have 

Thus • 

2 	 = 

Liz  C 	[R. (1.-4 R ),32 4- 2 a 1"/, 	e 
z y• 

2 
2  -aft 

(.021.-1-2  e 	= 	 (1-.1 ) A 	
2 	) 	2  

f?..)d 1-p (1:-.0.a)A  
2  

- 
d 	j 5 a -(1.-1R) ). 7- f:3_ Cr-J.R) A  +20( "SA 

2 

	

	
E- } a, A - — DR 2 

2 

zof (-1-,50• 1:4(1.-iit),_ 	20crA ia J 	. 

	

.2 	2 	Der  

2 	-- o(R.,
2 

rre also write 	(.02 £12 e, 

9 Cr-IR) A  -.a• (T",  cz) A  
 A 

2 	br  

4. 3o( (1-1 R.) 	. TA  - 	- - 
3 (1ift) 	(7-1)0.-   C 
2 -2 	 yr 

- 2g(1-1R),:b • TA R 	 17 

+ 3 Ix TAR • (T. -2,- 	 - 

4- 4Gt2(1./%1.)
2 

_ 

The term A gives 

2 
J 9 1 	)

2
-iiI,1)•6-,Ab) _1 (RO ). (1),1 ) 4. 	) 

4 L 	.7)7 	"DY 	 'Dr 	"b:r 	4 	Zi' 
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and after the oR integration we obtain 	A 

2. 

( 	

2 

= 	n

/ 
91 (7, 	)

2
- IC ( A  6  I 	). 	) 	( 	) (1,. ). (I' A ) 	I 	)

2 

7, • 	5:s 	 -cAz-r 	. 	zrr 	c• as* 	4X2 

where 	is the vector i to be kept constant under the differentiation 

and hence 

	

i.e. 	b T 
7:4 T 

-6 
bl C 	7Yr 

Now 
2 

(1A- ) 	= 	(2/...' )•(:).- t,_. ) -2 
W. 	DT 	

C zo:  
DI 

3/2 2 	2 	 2 7 

	

A 	= ( ) I fo-'12)  ( TAD ) -75 IA. - 1  147 42-X (inT ) i  
aa 2 2 	 2 

= (1)  1-1 (1) 1---, -,? -.1) il, +,t, (4) J • 

Similarly we obtain for the term B 

 

3c4 	(T-pz ) 	• T„, R 
DT 

3cCf( -(711..11  -2T•g-T•R r.) 
- -ar aT 

a 	2 
_ 	(1. R ) (. 	) + I-  R (T. • 

which after AR integration reduces to 

3/2. 
8 	Cr) 1-6e6(1--.)/2 .90( + 3d 	)1 

2 	:5, 	2A • 147 

We further get for term C 

_3 t_.L(1-1R).) 	3(r -ift).)_ 

	

2 2 ZIR 	Dl. 	2 	Dr 2 	Di" 

	

which after d 	integration, reduces to 
3/2. 

	

C 	(i) P)(1-Y)I• N . 	2 	2 	z'a 

Also term D gives 

-26(  f(1-100 -TA!? 	-2eC 
eR 

R ) • T3 	, 
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and after aR. integration, 
3/2 	2 

(4a)(1-y.)1 

Then term E gives 
2 

3(‘ TA R  • (.-iR)q- 	3G( (1(K.a) - r-g 	) -J :_r•g ) _L 

	

2 	431  

and after etit integration 9 
3/2. 

(E) 	 + 3  
4N Fr 41-5. 

3/2 
(I 	31 22 • 
2, a), 5T 

Finally term F gives 40,- (TA F.) • (TA 	) 

   

which, after AR integration, reduces to 
3/2 2. 2 

= 	- a 

Hence collecting all terrns,we obtain finally 

3/2 	2 2 	 2 f_ 9 0 	
-Y 	 2 

4) 	 + 4 al 	-30 	
2 	2 I 
 _g 2.‘ -(1 -31.)0+31c) 	+2 (2)-‘  

2 

2 	arr 	 I Z 	 2 

3/2  
= 	I-1(1-3 )2f.:: 	.2.6e-r3-av (1.) + 	)2  21T 	)6A • 

where 
	20c {5 -(i-1-5 )0+ 3p} 

arid 	_ 
4 

I 	_O -Z)(1+32) 
2. I 

The Spherical harmonic integrations  

The following results are standard 

s. Y Ce,9) 15(7) 
T  frt. 

DT 
) Yr  (9t) if

t
(T) 

1/1   

f((.1) Y  (e•ee) i f (-r) 

	

fut. 	f 

13Ccr)-15(7)3 Yinca02? )  
1 	L 

• 



and 
2. 
Y(6,) 	(7) 	= 	

// 
C-r) ra4-04.(1)1 Y(5.6p) . 

k5-V/ f rx 	 7 73  f j  

We are using the notation 

00 = 17. *Tr) 

a-9(-r) = cif Tt-r) 
di'- 

With the above results we get 9 	for 	, 3 
2 

(V)

g -a R. 
(1) 	AA U D 	 ot eta 	 .2. y(n) f Liz } [ 5] Ty(s2)e i5-eff) 

(2) .AA 60 eXy.f-c21-X16 731 x 

and 

£12 

X 	2 (1-§) 
4  

2 1 

} fs2. 	3 ?of 	_ (2 '25 .1.2Y4.2.0-1) 4?-0 --S-P0) ge(i ) _ 2_ 
10.1 31 	2 1624.. 

..,.. 	(6.3) 

where [j25qJ is a diagonal matrix with elements Ca+0. 

VI.2.2. TI-FE MATRIX ET_EMNTS OF C412). 

We write
Qi2(112) 	(q-12 + CL21)  

where 	Ci t2(2'1) 	(TI*112 )( 1..12 ) 

and 	q(.7.,2) 	(0;:1-12) ":"1-12 ) • 
21 

 

The evaluation follows in exactly the same steps as used for 12 

except that the terms are more complicated. 

The space integration 

• We have (i)zet (la) e 
12 2 

13  cr • 	CZ. 	(r. (1"--11) • 	r 	 e -1 	 1. 2 a 7,1" -2 	aR 
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The terms involving 	will be zero after the 

differentiation and 30 will the term ) • ( - "TA 	) 
23-6 2  DI 

being 

proportional to R A IZ . 

	

The terra (1-.Y b 	) which is proportional 	cr- A -.,s  )) -t-A 	)( (.1- 	to(TR) (07 

	

- 	-:3-- - 

after differentiation, is zero on integration over R since it contains 

a factor TAT 

e write :32  ot111-12 ) 

-+ 4 (f..•SAI)(.c.r'irA) 

÷ 	(Gri---rA•11' )(cr.lzAS ) 4 	- ar 

( C -C A  ) (r. 	) 	 H Aa.a.  

( 	•fZ 	cr • -g 	) 
5 	061 

) 2 	,)5t.  

The term A, after oVz integration, results. in 
3/2 	2.  

A 	(LE) (i) (cr.t. )(.1.1 ) 

Similarly the term B, after dg integration, reads 

3/2 

13 	= (F-) (29(Cr•TA))(ir'r 	) 
B 	 c  rf 

The operator 

(r-fd: 	) 	- 	) 	) + [(r-r)(cr- )  )- • 0-  )(10 )] -A- 
VI -2  DI 	 21-( 
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and hence we get 

 

 

36 	
I 

2 
a 	(it) (...2.1.;) 	(“.)(f.ci,L1)- 

7, 	8 (cr. T) (cr• 	) (c-:cr') CT.") )) 

The term C leads to 

 

3d (r(r 	(ri' ) 

which, after elf, 	integration, gives 

 

  

3/2  
TC )Ca ( r• ) 	) 	(r. 2 ) 72-] - 	- 

 

The term D gives after integration, 
3/2 

(5) (-29 	) (g;•t,_,) 

   

Similarly the term E, after integration, results in 

	

3,6 	 a P 	= 
 (LC ) 2 f s61(T ."1" 	) (r1.  )5 ) + i { ( crig:2)  0-) — ca-.-1-)(°- )  7‘ 	1 	-.1 - A Fs 	-..2 - c - 	.2x 	- 	xi 	-) -al  1 J. 

	

5,2 	,. 	• 	_,,i  	,  
r--- Or \ 9 1 IA (cr.!. ) (cr.!. ) 0 (9-1TVo- .2. )— ((r-L)(r•_). ) ? 4-1_ 02-i0 0 )— (0.-• )(E.P.  )1.1 . --r -.a -1 	 - -1 

k2%. 1  16 	 DI. 	"' 	al 	2), 	DT 	--2-4-1 	1)y 

Also the term F leads to 	_ _*. a161z- x  ?1  ) ( cr -r IcR ) i 2 	- 1 - a7 -,2 	-• 

) (r• V- 	) (1=T Fy) f(d-:10(o- -g)—(crcr)q., A 	-C,A 	• 	_ _2 - 	-.2 
DT 

which, after 	integration, produces 

3/2 
r 	(1) 	 )- (9.--5.r)er-?" 	ditail)UsT)-(9-..cr) -t} 

7, 2 .2.). 	DT 1  n -1 -2 

Further the term G gives 3 112a 	 (T)(2:42- (9_7.7.-2 (7r. -..?!...r)d -2 

   

and after df?.. integration we obtain 

312 
= (11) 

- X 	4 	X 	Z57 	-1 2. as 



Term H  on differentiation reads 

2 
4 4(9-;. R 	TA R) -2d f ( sr7;•Tz ) - 	) 

and after 4R integration we get 
3/2 	2  

2d) 

Term I  after differentiation reads 

	

-$ 1(0-2R)(cr•
5-r 	—I ) 	 )1 

which after integration, results in 
3/2 

(f.) (-21C) 1 (49--1-)(6r. ) 	r -  ) (1-.)  

	

- 	-1  

Finally term J  , by differentiations, is 

(6-1-6) (1•R) - CO') (Vz 

leading to 
3/2  

(E) 005 0'0-2 )T - 
A 

	

Hence the full operator (i)2
12 

 (1r 
12  ) 
	after integration 11.r. TA% 

- 

gives 
3122. 

(11) 	
( 21) 	f_LCO"•)(or-)4-1.(,0" . )Cr,) ) 

k 	4  2 	12 	52A 2 --" 17-7
_..
I --di 	.: 2 -DI -.DT 	-I--  .: 	 'DT
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4. 	.1. (d;•2") (0". 	) 	1 (0:1-1') (cq., ) 	( cr.( 	) (r. .)* ) .2 " 	--4.2  772- 	.2 	err  

-r{0•2')(4-r) -(r;(1.2 ).? 1 	3.ac...1(?, ..Te•Prz  j • 

With the notation 

""c2  ( , ) 	= 	( ;-•,4)() 	g.. 	) (yr. • 	- (.271-.2 ) (p_ • p_ 

this becomes finally 

3/2r 	2 
(1) 1-'161) (12) -2_ 

2 	32.A. 12 DT Di. 

 

-1- 11 	) 	(72) 4- 3 d Cr- ir 12 	01. 	12 	— --1 2 
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The spherical harmonic integration , 

It can easily be verified that 

T 	Yre,p) j(1) 11 - f b..r  1;2 (:(') 	, [ .4L2f 6)-  11/4 	-C2th  Y 

T2(4,41)  Y 	 -C2(1,4-)  Y 

+1-;;1/457"cf)- 4. S 4. .1 	-r2  -r) Y . ./5 	1 

Using the results we get 
2 

* 4  

	

fa R 4.12. e. 	 1 Cs1).7C ( CZ 	xmyts).) e. 	'c.r-) 
a 

	

(11) 	e 
. —.14oe)-r21 

413. y(n).x(1) 	xoya2.) f 

where the terms in the brackets are 

1:0-p2Q12coi 	1 Te(-f)J +,2ix 	 -- 

÷ [T. (IV] 16, 	(1)4-d—„) (-f)) -45 13 

	

+ Ira(?)  •••••ti— 	(v+ 	) T4-r) (cr4. -1 aL_ )4P0)] 
aza72 	32A13 	 "0" 32A14  

The 1 operates here on the spherical harmonics only. The symmetric 

property of the spin functions is used so that Wok) =1 

We now define the following matrix elements ury.t.the eigen functions 

<ifskr,i1A-I)+0:27aa:f)(04.1)) 	-I- LE) , 12- 

Z-Lfr•L)(r•L)+1.(L)(0--L)) 	= if=  ] 	. 

	

2 -I - 2 - 	2 ,-A- -1  - 	 JL - 

and 7-2 ' yfincs,cp) 4?-t) 

1k9. 



• 

These elements.are evaluated in the usual way. We obtain the spin 

products of the operators in the form given in Table 3. Then after the 

Components of I, 11. and L or  have been transformed into equivalent

spherical harmonics, the integrations are performed. 

Table 3; 	THE SPIN PRODUCTS OF' (0-.4 )(0-5) +L(o-•A ) (sr-D.) 2 	 2 	 • 

_
3/2 
3/2 

., 
..9 

5 2 X 1 41 
...,36 
A, 

—3/2  
3/2 

XW2. A
y 

2  ( AV+ A? ) 73 t4—.  A-5-  
3 0 

5/2  
X y2  

. 	z_ f 	 4. 
1,50t5 4-.4.  8 ) % i A. B -A 13 0 4- .A5-  13 

36 
42 

t 
4  A 33 
41-5 0 2,  2 a A.f 3 -A 5 2 , S •- 	Z I ---tAb+At I 15 

36. 
• X. ̀- 2 ' 0 t + 

4 A 15 
•13 

, 	+ 	,-i- 3, 2 (Af 5+A13 I 
73 

„-4. 1 
It. uo 

where. 

and 

The full arrays of these elements are found to be 

• 
27-3 
4 

2z+5 
4.040 

2 .7- 3 
4T 

_27+5 
4(340 
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3 1 
(27-1)(2 7 -3) 1(271)(23'.4.3)3 	0 	-16J-203' +247-9 

81 	3 	 241 
J 2 

0 	(23-1)(23-44)  f (234)(230)3  0 	Ox+i)(2.74-5)  
sc7+ 0 . 	3 	 1 g (.7+ e ) 

(2 	I)(2T-3 ) 
83 

4. 

	

0 	(  2.3-4.1)(2 3+3)  f  (23-i)(23- 3)) 	0 
ST 	3 

	

3 2 	 1 
0 	 -163 287--161+37 	0 	(23+3)(23+5)  (.23-1)(2.745)j 

24 C3+1) 	 8(s{ r) L 	3 
.c. 2 

0 

• 

a 
-41-1234.19  

.12 
• 2 
—43+47+2T  	(6.3 a-) 

12 

  

   

[,.311 = 

2 

with the usual exception for S =% , Jc 2 . 

With these we are able to write down concisely the direct term namely 

	

A 00 	2  
(v) 	 60 	- °CR,- 	( 	) 4 	4. 

Ci) 	= AA U 7 f d ( ciS2 e 	ji ()% Cr) Q1 (.1:2  )_X(oys2) 15*(1) 

st2 

(i) AA u e(ILA-x)s)12 x 

x 	fp-1)2ft(  3 	tct ) _0)4.2_) fp ] 	,f_Qjc ] J(
3  3224.13  — 	.16,m, 	3C 	52 Xr 

, ( VY4-014 1- 13 ) 	f  I _ 	cri
2
+ 2v

+
)03 

3 	32 X73l 	" 	3 	3 	.2 'X 16X 

a 

	

2— L3)
n 

 ) — (.13-YY ÷ 	) 53j 	 ) 	FC-r) 
16x  

f 	"I 
"r  32.X Tr 45,t13 	.ai.11(1) 

 

(6.4) 
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• VI.2.3 RESULTS AND REMARK 

From equation (6.1) the direct interaction due to the quadratic spin-

orbit force for the doublet case is given by 

= 4 44 1_4 D
6) 	00 

4. 3 	(1)  3 it? 	3 	Liz 	1-12. 
00 

where 1)  • CT) are given by (6.3) 1.12  

From equation (6.2) the quartet term has the form 

= 	 - D6(1) J 
le 43, S2 

CI) 

where 7)(7) 	is given by (6.4). ,,  

We note that the quadratic spin-orbit interaction introduces three 

new terms, namely those containing 1, 2 , and first and second 

derivatives of the unknown radial function f Cr)' . These integro-

differential equationstherefore differ from those of previous calculations 

which did not include this interaction. Because of the presence of f(/) 

a modified numerical procedure is needed to solve the equations which will 

be discussed in Chapter XV. 

Although the operators 	
2 
.1. i(o--1)(cr-Y) + (Ter) ((O. ) 	and 

-3 -In 

11(crd-)(Pe ) (r11 )(0".) )] are symmetrical with regards to the spins, their 
2  - -221 	-sZ"): 

matrix elements 	
1)sc 1 
	

and 4-21.1( 3 
	

are not symmetrical with regards 

to the angular momentum C . The symmetrisation of the operators is 

given in Chapter XII. 
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VI.3 THE INDIRECT INTERACTION 

55
CI)  The doublet indirect term 	

QS I 	 is given by 

(2) 2 er.i.  2 
7;2 it 	 -13 
y C.Q.)[_:.4. 1-

a. 
I A/C_ri) e 	Ter-r') 

2 	is) 2 

3 —12 a -r' 

(4)/ 	 1-12 * 	2 	 I  y 	[3 Li2 jycs2.) e 	1. Trci") 
a  e 

6.5) 
and the quartet term by 	

CtS 
I CI )  
S5 

2  
45 4 , 

I (1 
ss 

= (4) M / AA U 41. e 

_ (4) 	YA.A L.1 	11.Q. 
3 —of.," 4 

2 (2) 

fai'ds2 e -e(i,-(2314 	
4t 1'2  '  

yai)_XCI) 

LV 
-a(rz3-14 1.12y4-0.),%*(1)1 61Si e 

.2 
7;3 

112  V2)yCf2.) e 	7C-ri) 
-1' 

QC2r,2Pj X(2/5/ 	e 	Tor ) 

4 	Ca) 
— (1)!A AA U 

4.(1,) 1AAU 4 	(2) 

2 
VI.3.1 THE MATRIX ELEMENTS OF LI Z 

We write 12  = (1.-1)A 	) 
Dr ar 

( 6 . 6 )‘ 

Considering space co-ordinates only,we have 

on the right of the operator 112  the function 

2 
J 13 

,Y( -Q: ) J. ?CT') 
Y.  

2 	2 

Qq,123 -}402 * 
and on its left 	e. 

The following steps will be applied in the derivation of the kernel 

1. Differentiation 1,11.1.t. 1' on e. 

We have = 2  (21+T) -13 	3 
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• a 
-G41'2372'62 
e. 

and 

so it follows that 
2. 

-0(.1  

	

i -13 	 , - a 4-r,, 

	

Is 	e 	= - -i6a•(2-r+-r) e -'--- 

	

ri 	 9 i 

	

2. 	 2 
-ofrr 	 - ofr-r 

and C. (- 	Z.1. 	 3 r-T') A .- 	=  L-G  or er A I) e• J-13  • - 

2. 	Integration by parts 'wit. '_f in order to transfer the unknown f(-1) 

to the left of the operator)followed by differentiation 	. 

Since 	 T23 
	a 3 (-1-4-21) 

we have the result a 	2 

e 44:":23DPTI2 

where 

and 

= 	2 ('r--r) 

I- (9 ai(1.:+27).1-9 pt(1-22)] 
2 	3, 

= 	 e7(12:P 712 

= 	( 4 oreyx  

• 1(.2(X,i:14x) • 

and -12 

We thus obtain two operator identities 
2. 	 • 	2 

23 j 2 
IA 

	

	 t TAT e 
?Tr 

	

,x 	2 

▪ 71,  TAT 
•-• Orr2  3 y.1712 	

• 

The forgoing results for step 1 and 2 will now be used (often 
2 

implicitely) in evaluating the matrix elements of operators' L12 
and 

511.- 



Only relevant functions involved in the calculation will be written down. 

'132'13 
(T-r')„ •?5- t1.-TI)A 	) 	-(1-125.a,J e  air 	 DT 	rr 

Consider the expresSions on the right hand side. 

The term 
	

I r-T ) Zrr  j • i(T-T ) A 	ex.?.  L-(KJ 1;23 	becomes 

13 d  I:0C {'r'1'•2  
(7.7')2 } 4, 2 (1^.2.- 2) .1 eXzp•[-cCiri3 3 

icr-r) A.A.  j • f —(1—r) „ /, ] exy. f-cc3T; 3 
:bzr 

0 c CY-2-52  ?J • (2 r+-1-') _ 1.@ cc.f(-s-T'). 1 i (1-L-c- )-(2T+-ri)  +2 (1-11)->i• ,1  t2c.,* 
9 	-Sr.' 	b-ri 	 DI 
On using step 2 we get the result for this term 

{
- li c4. {.(21: +17) .4, } (T-1-,)2+1.„.0(.51A;(..c_i) 1  (s_i).(21÷1,, ) ... 2 • Cr -21) i exp i_d-1:2- kyr' 1 

	

9 J 	 aT' 	1,23J oJ 

, 	,2. ' 	2 	. 	/ 	A 	 , , 	2 2 r.a's 1 	r 	2 	.3... 
= 	f -.52d. (2/2-.1.1,-I ) -2 i 71,1 + 4-71) I-1" - I1I 	4" 6 + f...4,0r.(t+12.) ja,i)_-rr f j ex.y.L.-„v -Jur j . 

	

9 3 	 3 J 	 23 12  

The term DT' j•f(-1-7.)A 	qsdr-orid 
	

gives 

I 	 2 

	

1
'5 
6 or. +1) (T-1: - 1,3 eXy• 	at 1:23

.1 
 j ra J 

Finally the term f..(1*-T')A 	1 .1 —(r-x ) A 	 becomes 

I (I-1.1)",-Xj3.1-0(i.r23-y7.12.] 
DT1  

z L (g4.1)2{ 	CT-Ig. } +2 (+ii) (-el—n) 3 e 
	2 	2 
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We have the identity 
2 

2. 	A - "i115 
CO 1,,z  e 

The term becomes 

• —6( 

.3 	2 

bl8  



Combining these four terms we get 

91.42.) 11  ?' 2 	2  I -  (1%1)-2 Z 	+ 6 

where 	1:1 = i6 (of.+0C- ) 

and 

I  2 
'The ' 	integration will have a term containing (xl) 

which may be dealt with in the same manner as with (T.T) . 

We find in general 

d-a aft Y (04)  (11)
n 

 Y (0,0) I 	
eEDI 

- 
fm 	c:ne 	

- 	
4:1 
671' 
litr,711'i71)-,(677) 	f 

e 	I 4- i 	U'  lirm: 

where ht) 
1 	yY CET'") 

E c. 
(-1) E L 1  .7 (err) 

eta  E 

2 
Hence the indirect integral of the operator L12 	becomes finally 

	

I 	M 2 	 a 
(v)-0(1237, Y.2 	(y) * 	a 	, -0(1' 03 ,.._ 
If  (I) .7. I di'  cLa e 	AA U y (4).X(1) .L.,2  .A1, (2)y (1z.) e .1./tr5 

I-12 	 •1' 
-ere-12-12  (of 	, 	, 	2 2. ,3. 	1 2. 	i 6) 	2 2,3 la) 1 r 	1 er, , 

int. ,AA u 	di e 	L .91011 -2Z(^(41;) + 6 4.4z i-ry -.9'w evy y I LJ (077' )J 70( ) 
`b 	 a 	) 	[4.1 

v 
where 	CI) X(2 ) = i J . 	 ..... (6.7) 

• 
VI.3.2. THE M&TRIX ELEMENTS OF Q. ('ti'' ). /2  12 

Again we put 

5 • 



and follow the steps, of section VI.3. thus: 

= I srccT-Y)A a  ] [3 
Ds 

Z1 

+1-frs•ft-T5 A .)- [ Ird (I-x') A 3 Zer" 	DT 

11- ; • ("2: 	1- 0- (1-:,) - 

, 

2 

IZ 

• • • • • 	'12 

The term .Al2  gives 

/2  

( 16 K) (g.71' 1.A1 1) (I,: :f: A 	160(  f (StA)(143  -(971.1)(°;1)-(Cc)-"(6-;7 )1512-'X')3 a 	 3 

We put 
	

012 
	( 67-s i„ CrisA  1.• ) 

	and use 	 ) 	as defined 

previously. 	Also U - 1.1 12 	21 
in our case. 

We have1-  (A 	- 	CES A ) 
12 

if A and B commute 

2 
(160) u + 641-1,2W) 	(Id)] 12 - Hence 24. LA12+ A2 1 ) 

3 	12  

The term $z , after applying step 12  gives 

(sr'cor2) C%-1) • 	sra.-• 	Lg. 	f CerfAi 	(2*-/?),t1.i', J 
DI' 	3  

+ IP< fter,-(2 ) (fr-2 /) 2 - 0;*(T-T5  

Hence we obtain the result 

= 	i "ri2 (7/, ) -1 	)} 4 1-C. 0( 	0-'1/4 11 	 •(r= x ) a rt 	1(011' -r) 0-•(-(-1) 
ar 

12 - , 	3  	Sr2 	0, ÷ 2  

0C 1-171-2.(1,11) --c2(Ta)-Vi) 9 
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On using step 2 	4, (5,2+$2/ ) 
	

becomes 

- f 1;2  (p_„ 	_;(2,11) 3 _1±0(11.1f.r./.-:0„. (2-it„'") 	- 	(2-i-sta.-) 
DT 	3)  2 	 2  	DT' 

os [ '72  (T,i) -1:2(1x ) -la() 

operating on 	a 	a 
1-cri.r2 	J 

which reduces to 

• U12 + (711-  c4j )71-2(15 + 	Iasi ) 	 t,(j) Taw)  + 2 

Now consider the term C12. By step 1, 	.1 (C12i-  C2, ) 	becomes 

oc. 1 	(,Y-T), 	( cr.2: /  i) ÷ 	 Coy .r) 
3 	 1 	 — 	2 

Then using step 2 we have further 

'1{2; 
-X 	A 

1:1; (f-er) A 	 TI 	gri  A ) -O:LVA  

	

aT 	e%Y• f"(/i37/0i2. 3 
2- 

— 	
1 IG 0(. 	-1-71) U12  ex,  Q• £-oc12s 1-17i2 	• 3 

In evaluating the term 112 we apply Green's Theorem and obtain the 

resulting expression in the form 

-0(723-)-1112 
— 

)(o;1
'  

) 
-- DX 

where 	and B are either T or T . 

The differentiations w.r t. T 	can then be carried out 

2 2 
for example, 	-°(/237/1/.42 	 2 	--QC-53-1/ra 

(or/ ,x - ) e- 	 triu12 	12  71T ci )] _, A-   

Finally the contribution from 

cg4-1? Ut2 ÷ Ct+71) 

(xt + 	) 2 t2 21 

7;2(7,.1)-71-2(1)  

is found to be 
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11(0-1' 	) 
I 1`` 	-A- 	J. 	

2 3  

h2 2 	Zrf.' T' 42 	-A- a -f: -1  rt.' 	
+ T Cl* -r) 12, 	 • 

-a/2441=7: 

(1) 
4112. 	 * 

= .AAU 	e 	y(.Q..),%(1) 
ct,2 

reduces to 

x(2)ycL2.3 Teri') 
Q, 

(v) 
Collecting the terms we obtain the integral I, 

2 	(v) 2, 	 "c12 

e 
(y) 	f • I , 	- Pc:12a -14  712. * 

AA Li T 41 aS.  y ca)Vi) Q120,-,2 ) _x(z)yuz.) 

(y) -o-64b2-1..' 

	

= AA U ri-di 61.2 e 	y4b.).x(1)1,-.9vul 	.1 u,2-4-ri lf)+2172(2-,T5 

X 06(2) 

A third step is needed to evaluate the integral 
af 	. 

, 	-AY- vi 	41.  

= "'dicta e. y(r2.).x(i) Lip,7 ).X(2.)y.f2:) 	. 

By simple differentiation we Obtain the identities 

r
aCcr-r' T)(r-rl -r) 	 •-r`l 1 

43-S' 

Thus (2 - (r,T5 e 

aVr- 
e 

J
2 

T 5 
e 	cr).  

-2 

y(-12.) -1-,5t-r) • 
7 

The integrand of 1 (y) is then rearranged so that Green's theorem may 
14,2  

be applied, and we get 

t 2  -ar tri-.)2.• 4  

12 
= 	ATI61 a e, 	ycc±).x(i) f- L2 	i2(-LI) .X(21ycri.") 	. 

14   

Therefore, using 	
3 Sa (A) .13 ).- :1(0:-Cr2 ) 

where 

d- 9vO 
F2 Q12 

(1) _.L LS C1754- 512(•r) j —1(9w_24) S12  (1,T) 
3 	 3 

t. 	C•t2;+^i2) (og.:2 ) 	( 911-  -2Z) (1.1) (r11.2 ) -2  g::*ra • 
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The.matrix elements of the operators in [ SQ 
 have already 

been evaluated for the direct interaction (Chapters V - VI, pages 33,49 ) 
(2) 

Hence we finally obtain 	Is  (I) 	given by 
(.412 

..,.. (6.8) 
2. 	 • 	r 

3y: I Fs, 3 + 

	

	2 ‘ ) -2 + (9w2-2t)-f -ry)
O  t 

, - 	z -(1.1.1c  j 	cl,r7)) +T L.51.,(p7)111.11.3 j -1(910 _2-2) 	vir n) j ?c-r) 
3 	?, 
	

sc r4.4.  

VI.3.3 SUNi'1ARY OF RESULTS 

From equation (6.5) the indirect interaction of the doublet 

case is given by 

60 	(4) as 	 • 4 

	

1 &to = (4) JA1_4 	C1) +.3 I (1)
,  

5-5 5 	- 
 

L. 	• 	1-.2 

I CY). 	are given by equation (6.7) 
Liz  

For the quartet .case (using equation (6.6) ) we obtain finally 

as 
(y) 

	

4 , (2) 	60 
_ (4) 	[ I (i) - I ci) 

	

3  'W .L12 	Qa 
C.21 

where 	j CY) 	is given by equation (6.8).. 
612  

60. 

e 
2 el 

, (1) 
W12 	

Alt ,AA U 	d-r 
(2) 	Y -bi 

I 
(21 

where the 



CHAPTER VII 

THE ENERGY TERMS  

VII.1 THE N. KERNEL 

This kernel is given by the expression 

.N (1) r. CE7 Ed  ) (g ) t r I 6121 La yla).xcf) .(2s)cT) ( la) _X (2.1y(s1) s
v
, TeW) . 

s-s  

Again we take .X(i),X(2) = 5(5) 	where j(s) is given by 

equation (3.1). 

The kernel is easily evaluated and we find 

4 	-e-r2-Si' 	 i 
11 cA S ie.  j 	.:.7.  1 ...1 	 19 cury5] 7(.6 d-r 

Coy 
Ns CI) -s 	= (E ^ E, ) (A) )1 a cs) . 411 .A -11 • 	C 

wtj 

eij 	= ...4. (oc•1 
 1- 4,(•

i 
 ) 

9 	= 4.ii 

Yij 	.-- 4- (4.2(.4-,<• ) 
9 	t 	i 	= e• • . 

J1 A 

IA) ii 	5 1. (4oCi+4o5) 	= Wii, • 

VII.2 THE KINETIC ENERG KERNELS  

These Kernels are given by the expressions 

Cl) 3  

? 	= 	(
-4) If a fel _a y-4-(/2.)_,9i) i v2  (P*(2.3) 4503) J 9(.,(2)yc.s2.3 'Te(1) 
3 	-r' 

and 

4)
*  

e( 1  5 	f 
2. 
..(2-3)y(st)j .X 6) cia) xcly ) 1..Trcf) . 
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and 



Let us put S

C2) 
ti) 	

o) 
(1) + 

( 
(1) 	. -s 	5-S 	5-S 

The kernel of PCY) is symmetrical in the spatial co-ordinates 
S- S 

of particles 1 and 2. This can be seen from the 1-  operator identities: 

-r 	-r 	= -r-  --r 	J. 	-r ) -1  cr 	. 2-13 .23 	1-23 	13 	2- 2-13 '1-23 	2 23 13 

Hence it follows that 
CO 	C2) 

? 	CI) 	:-.- "P 0 ) + P C7) ss 	.5s 	S- S 

• ($) 	,/ (0

-S 

IC2) 	"(2 ) 
1-.. 

 
L. L PS 
	S 
(1 ) + T 5  cr) 1 ÷ I ?S-S  0 ) + l' ci) 3 , 

2  S 	 S  

where 

(-r) 	(-.,31)3-r ct-rka  y*unikci 	t (23) d365)) xc2.1/(si) 51-12) , 5-5 	 T 

11(0 	 3 	 * 	e 2  _ 
(1) 	f dr 4- a Cs2).% CI) IV ot(23) .C•15).39C(2)y (1Z.) J. 5-s  

and 
1(.2) 	 4 	 2 

7 C-0 	- (4)1 et-rid-(2 • V ..(2.313ic.a)3 x,6) c5(13).)6(2.1.)/cd)i7t-f5, s-s 	 23 

lia) 1' or) 
5-5 

4 2 	 * * _(.1) JAI: 61-Q 1X3  d.(23)y(Spi 	(15)36(2)y(jil.,  5-1-.11) 

which is further equal to 

4 	, 	 A- 	2 
f.cp(23)yc...a); x(1) 1-9 ,c-r3)3.%(2)yc_s2.) 1?-r) 13 	 , 

by Greents Theorem'(as C13 r 	does not operate on r E (2-13)). 

CO 
VII. 2.1. THE KERNELS  I" C-r ) . s-s 

Replacing 

and -$3 

2 2..ri-^L; 
3 

2  (21.-Kr. ) 
3 
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We find that 

V 	
.„

, (23) cT) (o) 

and 1 

V1  CP (23) 	i ) 

A.iAj 

•2 
t2  f 

 6  424i2 2 	2  j-f4 4y -(2*÷.45 .1v . . 1-.1 	e. 	- 
ij 	

c1•i 	ij -1,4). T-1- 

2 	
)12  

1-6e.• +4 4 	74-'1 + 4 eq 	1.r 3 e 
13 

Hence it follows that 	-p
(1) 
 (i ) 
s- 5 

.2 
• 3 - er;j1- W j„ 1 	2 	2 	,a 	.1 1 „:" '10_ 1 
) .4.A • +Tan e yaz.).X(01_4$7,47 4. f (4e +14)1 + (.44-4-24 )-r +510 .A.(2)Vell. .1 (1) 
34 2  . 

2 .3. 
/ 	2- (5).AA • ar c 	15-w 1.(4e1-2 )-1.  164 +w) -r+fx)r-f ) 	6 	3 	1-.7 	+2 	 # fi(r iy)]5e(y) 

where 0(5) and -PIP are as defined previously . 
 Jtiv 

(a) 
VII.2.2 THE KERNELS  P (1) 

5.5 

We find that 
2. 

2 	 3 ›. 	-01,723 
(25) 	= 	(44 -2a  6di,) e  

23 
a 

and 	 2 	 2 .1 	."(i 
.9(3 	(1 	•(4G(' 	- 6 d• 3 	la 	3 

(2) 
Hence we get 	? 

5-5 

2 	; 
-(-).AA r clid-a e 	Y-InsWt ) i-nt 1 4.8 (44,')1'14. d (40(f+.423-; +3_2_ 6(4-0011 3 x (myszs AIN) 

16 	q . 	9 	 -t 

4 	 ..erf-i3. 	 .2 	x = • '2 	x A., r 	1  = -(4) 4.11 of (s)AjAi d-rf  a 	1.. t..71t).4. 14 (:71:-.44) -r 4- ; (40H c)I 4-y ki4es )er r  j I.  6u 	ICI). 
`31 :24) J 	 2- 

6 3 . 

.2 
4 	 -eltir wrr  



VII. 2.3 THE TOTAL KERNEL 

' Combining the expressions in VII.2.2 and VII.2.3,the total kinetic 

energy term is given by 5-5 (.1 ) 

2  ,2 
3 	 -e-r-Pr , , 	 1 	• '2- 

.= 	(4 ) .41C a C5) kAi • eti e 	1...1Q.4.6_4(45.1•4-4/..744 5 	14.1  J 	 2 	81 v 	li 
) ) 	NTT') 3 406!) 

where 

 

oc?+ soror• + % 	j  

+ soriai + 

= 

  

 

2 
a' 4- 50(.0(" 4" C( •  $ 	1 ) 	j = xji • 
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CHAPTER VIII  

THE CENTRAL FORCE S-D TERMS  

The evaluation of the S-D terms is done in the same way as that of 

the S-S terms. There is an additional operator namely the tensor operator 

of the deuteron D-state wave function'. Because of this operator, the 

central force gives no contribution to the doublet case. 
• 

VIII.1 THE DIRECT INTERACTION  

The central force S-D term is 
c
]) cy? 
S-3) 

4 • * 
f 	dal y co y.c1) 0(23) 2, J. (2V-11+2 	VC 12 ) T(23) Cr, (23 )_%Ci)y.Q..) ?(/' 

	

y 4 	Y c 	p 

where T(23) is defined in section 1.2. 

The potential is the same as in the S-S term. 

With 	do (23) 	given in section 1.2 we have 

(9) -(p-X1/272 2 	 -SCR-Er) 
= 	MU e 	dr? dity GM.% ci) 52.23 ) .36C oyc_cl)geci) e 

5-,D 	J 

where 	X.lijk  =d.t  -1-0(3  

and 
	Icti• = px/ 

We leave out all primes whenever there is a no loss.in clarity. 

For the space integration, aiz. , we need the formula 

-X0Z-V)2  
• 

3/2 a 
1 etiZ, 623(e) e 	= (r) 1s S3  Cy . 

x 	2 
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The factor for the spin summation and the spherical' harmonic 

integration is of the form 

y 	( ) s„,5. 	xcoy(si.) -r  ( 5_ 3 
C 

Hence it follows that 

S 
CI) 	4 	(I-) 	.A-.4. Li 	-6- 	-/-LB 3 T-4Z-r) . 

71 
-D 	 X 	 1{ 	 • 

VIII.2 THE INDIRECT INTERACTION 

C 
This is given by the expression 	I Ci) 

S-:D$ 

(g")
4 	jr. 	 A /

d-aya2.).. CI) CV23) 	 )1V22 1-(13 ) 	3 ).(2)_y (144 5r-/). 

The potential is the same as in the S-S indirect interaction term. 

.Similar to the case of the direct interaction we get cl (7) 
S-2) 

= ( 
A 	

c 4) 8  T 	if) 
- 	V 

d:Ed_a YC-a)-X CI ) 53r,) x )ya2.1 ) ( 

where 
et:"Ljk 	= 4 6(144 )1.1.0 9 

biJ 	
4 (4di÷atj ty jc ) , 

and 	/1j,k. 	= 1 (40(i+44:, -zikk ) . , 	..) 

We use the results from section V.2 for the integral and finally 

get the result: 
a 

2 

	

(4) M (2) 41E 	 kr'  ;4'1-- I'll'  I CI) 	=
c (4) 

5-3) 	 25/ 
2 	 • r 

X f 	ID 3 p art ).) 
St 

4- 11.5i l'of irr')  J[53.c  3 ÷ 4Ty'f 	 &-rr')3  'Cr')g 

66. 



CHAPTER IX 

THE SPIN-ORDIT FORCE S-D TERMS 

IX.1. THE DIRECT INTERACTION 

LS 
This is given by the terms 	(y) 5.3) 

* 
= 4 711 f AV. day La)xci) 0(23) 	..1- (21,11-k+2 b -W ) )1102 T(23) c2p (23 ) XCinMs2.).1::11/ ) . 3g 	 5 	v 4 	7  LS 	x 	 y 

The operator 	Vt5(2)-7-(23) 	in this integral is 

( cr+ ) 4.- 5 	) 2 2 12 23 

with = 	 _ ) -12 	?i dR 

rx.1.1. THE SPACE INTEGRATION 

tie follow closely the steps and the explanation given for the case 

of the quadratic spin-orbit operator (see section VI.2) 

Consider the above operator namely 

(4 f  ) • L  5 	i(r-1--  )5 (-r:) -Pi(cr•L )13(o--.1z)(cr.g.)-cr•• i3,2  --r2 23  23 	-1 -12 23 	-2 -12 	-2 	-3  - 	-2  

This may be separated into four terms, 

A . 	1" (rt*L12 ) 523(123 ) 

B. (criR. ) 

C. )(1R.) 

and 	-.3 - 12 3Z,2.  
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3/.2 
(K) 	2 IC20 

2 	 DT 
- 	(1r.: 2' 2() 	) -(griT)(23-1)(-1-- ) 

x 
S (1) 3. S (1, 
25 2-  .2A 25  ri 2, 

The ,term containing 	 A- 1 (rL 
- 	 12A -5' R.2  2.  

symmetry of the spin functions. 

vanishes on account of the 

TERM A After differentiation term A reads 

.A 	3  $ (R.2.) • k 	) A 	4. 2a. S Cie) 	1- 3 (40-A 	) 	) 
- 	 23 	 -I -2 - 	- 

	

+ 3(0- T- 	 1 	 R)(0--.R.) 	6:1' • _ I A -3 - 0( -26-.  Z )  2  -; -2 - -3 	-0-3. 	2 -; -A- - 

After aR integration this term contributes a factor 

372 r 	2 

OP 	I (1)1 S23(7 a ) 	 3SC1-1)  {(2-,n 	)(u3  r) 4- (g-, A Lci  -s) cc, -r 

+2K; 
7% 

(IT;:sr,AT)(sio4.3cg-gcr-,,,:o (cr3-1) 
2  

(3(9_3-s.)(g.;Ac-.. ) 4-3 (93-i)( -, A 	 tr3 C ) -2(cr- rr.T 	) 1 J - 

	

-2. 	, 4 2.), 	 DI 

TERM B On differentiation in term B we obtain 

13 	LI 2 (0"-R.) - 	) — 3 4".•R. 
a_ 	

_ / 2 	 1/4 

and after dg integration we get the result 

3/2  
rgY 	siA—rA -4 	- 

TERM C After the differentiation term C becomes 

C 	= 	31 f 3  (f-13)3 	0-  • (-'r-A  )A  -a - 4T.  _3 3 (a-3Z ) 	( 	) CR. - ) 1 51̂  

	

.+ 23(: 	) 	S2 	) 4- 	aTilz ) ( 3R) Cr.& -205' (g-iT) (ife  ) 3L J . 

This is followed by jg. integration to give a factor 
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D After the differentiation, term D reads 

and so after 

- 	Cr- 	2 0--1" . 7-2d.R,2 
0-  -1' Ft. a 	-3 	a.- A - 	-3 -n _ 	j 	A 

.4R. integration we finally obtain 

3 ,2 

(I) 	) `42-12  
2 2 DY 	2 aX 

( 	0 
2 3  DI 

Collecting all the terms we finally have the resulting expression 

for the operators 
2  1.(cr+cr-2  )-1.12 23 (Y  2323 ) 

-1   
given by 

LS 
3b 

ff) 2[ 01 )1S213(1,  —— Is) It -Y ,T".  8x 2 2 

4. 515.0(• S (13 — 	5 (1',?" ) ti 25 	0, 23 DI 

,25 	-3 -  

	

(1—/r) 11(4:1-.1) ((r-2 	) 
51 	DI 

4 	5k6 (I-  ° 4. 	-4 f 	,12-1)(gs2-) (2;,273.1)62],03 

9-211/J - 8x i I -a' 	DI 	 ?If 

Further reductions due to spin summation will be obtained in each 

case seperately. 
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1X.1.2. THE DOUBLET CASE  

The spin functions in the doublet case help to eliminate some of 

the terms which have the form of atensor operator. 

Thus the expression 	31(srs1)(f2:1) 3(41-)(1:3-1)(11r ) 

which is really 
	

(-5z 	523(-1)  (1'11  ) 

vanishes on the spin summation. 

We make use of the following results for further reduction of the spins: 

i —i 	''''I  ...v A  
< i21 — 

if 	.A = 13 

= _L<<X21g;•L 	> 1 

I
A 	—A 

and 	‹.'1,   V3.1.1, 
eu 

= 	2  < 	I 	;(!*>, 

With these results the operator in the integral of the spin-orbit 

S-D term reduces to 

3/2 	t rN 	,vi 
.1 2 	, 

LS 	2 (IC) I (1— 31)15 1  . . . 51 1 <9C I I-1- I X > 
2 	41 . 	

1 

It can he easily verified that 

evi 	 4 < xy 1 4.i. 1 Xy > 	= 3(Ail.] 

where, f il 3 is defined in section IV.1. 
4. je 
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Therefore. the direct interaction is given by 

L.5 	 — -A% )1 	2 2. = 4 	(1) A iA • u 	 e. 	O-Y hi' -56  fA 	Ye(1)  - (f) 
54) 	 ia X 	J 	.3(  . 	2 	Zrx 	.31 

1X.1.3. THE QUARTET CASE 

Employing the full symmetry of the spin functions, the expression 1_5 

in IX.1.1 becomes 

L5 	A  ar  ) 2- .  ) 	. L-1  + 	211 _ 3 (1y ) 	g;-.1,..t. (1-.11 ) 	52p1  %II 

÷ 51 c(4, s 	 -f) _96 +e(1--).S yi-11 S ef,a 
2. 	23 8x 2 	2 	23 	erf 

2 
3 (1-r) )5 S ('t) -14. 23 

Ye now eliminate terms involving in this expression which has on 

its right the expression y(s2.) 1 Te(l-) 

Again We have 

el 	( ee) ,f 1(6) 	ep) 51(0_ 4. s(n)} 

and 	
7  

S 
DI f 

) re, cp) .1. .f (y) 	-F 523 (1%1' ) y 	5230) Y, 
76 
 f /69 -  2 lit 	 1-  

Bence the operator in the integral of the quartet case is now 

3* • .a• 	 2. 

(f ) 	(17:P 5.2.3(1) Z. L-1  4 	
a 

1. 	-4; Lr  

41.f 5(11)15  -3  gq 4: 925.  S 	+ f.„, 96 + 3 • 	Ver S C 	) j y (D) ?(Y) 
X 8A1" 23' 	FA  I 2/ 	"a7.   

3/2- e  

1 	98-12, 	yce) gqC-r ) 
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where /1 only operates on the solid angles of T . 
ar 

The matrix elements of these operators, except the term $ (45 tr.L 25 	-I -Y 
have already been found, and they are given by 

and 

cr; Lr> 

<5250) 

<5 _CT )
aY 2o 

The matrix elements of SC-6 or.L 25 -1  Y 

With usual procedure we obtain the spin array of the operator as 

given in Table 4 below 

TABLE 4: THE SPIN PRODUCTS OF 523 	- (1) 1. 0' 1 

Ala 3)i ah Aft  

-36 

w,2  
3/,. 2/-13 

(3 e-1) L a. 
(5 it-'?) L +6271i 

4 45 
2, 

2 e-(71. 41" La  24  T
2
_1. _ 

3h 
i(1  
z 

7/13 
(34:7)14-614-L  

2 
(21-5I)Le.4(57- 

+8KT.1.1- -1.1' 1-4.) 

2 
3 	i2)L 

4-szT (-r,L.,-ei.a ) 
-445 

21-  L_.+4-14 

3k. 
.L  .2 

443 
2 2eli.1-4.÷14.1..a 

t 65-e-12 e)L, 
4.12T4.(T4.1- .- ei.a) 

21.3 
 

(5?-2154 

-n.(Y.4.1-4-7_44.) 
.1 	2. 

(3Z-1)1.464-1  1.1-e 

3(2  
'X'.. 3.2 

2 
2 411- L-p 

-443 
2 

2 al..,1.4.4.17„ Li  

51/43 

(411>L4+6ti il  
, 	-1' 

43--)Le 

where 	
z 	LY)  

72. 



As 	L2. y ca, c)) 	= vrt y (9,4)) 
f 

and 	Lim 	 m4-1 

the integration again involves products of three spherical harmonics. 

The result of this integration is 

jr 	4( 	it 

	

as). y (Sa) .x(i) 523(1) 2;• 	CI) y(.a) 	r_ -r [CTS )  (9.1) 

0 _ (25-3)2  
.43 

1 

0 	 2 3 f3C2-o(27+3)J 
4D- 

2 
0 	203-44 7-43  

(34-1)  
0 	_21+5 f3 (2Y-1) (21+3)3 

4614 
1 

13(23-0(27+3)3 	0 4y 

214.5 p(23-0(2.74-3)3 
4(j-44) 

a 
-207-36J4-2 7 

123 

0 

where 

for 

and 

/2 , 
( 	a 

-203-36.T-1-27  
123 

 

fcsci a 
(274-5) 
4(3+1) 

   

for . 
2 

Now we are able to write down the direct interaction of the 

spin-orbit S-D term namely: 

LS 
54,  

, 
M (T. ) 	Ai Ls U6 

3  4e.  

(p-xl)12. 

x  i2J1 201)-si jcej.t i RI) f 
3.2). g 	 .161,  2  .2 	.), J (1Yrai _ 1Y 04. Y if5 ?Cr) 

9. 	Y7113.7 r ) 'T/01) 1 
16A. 

1 	/ 

1 
4. 4f )1;1TC )5S) f -.22S + 2 (1 -1. )1-f 2  3 1--p ?or) 
4 s 	3C 	16A 4  
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IX.2. THE INDIRECT INTERACTION 

The integral for the spin-orbit S-D terms is given by 
LS 

;51;r3 

1)
4 	

M lidlr://2311).%*(1) 05 (23) 	!('W-2h4-b-270, 'VLE22)-rc t3) cb 3) xr2) s2.)111'11) . 
s 	v 4  

The operator 
	

V15 
C12) 'T(13 ) 
	

in the integral is 

Cr+) • I- 12  So(T,3  ) —.2 — 

with 	 —12 —12 	= 	 —
br' 

) - 
• 

IX.2.1. THE SPACE INTEGRATION 

For the space integration, the integrals are conveniently 

considered in two parts. 

a. The part which involves j)- 	of pl 	
L12- ' 

-0CY 
The relevant function on the right of the operator is e 

We perform the differentiation and combine the spin products to obtain 

the following result: 

2 

( 3) (0-+ (1" ) • 	) 	) -1 	 2 •- A - 	13 13 

/ 2 
—oc• 73  

e. 

jf I 	.12  4 sie SoCS,:r.) .V4 	„' -(4-144-S-1-  4 T) (3 7' 
3 

i(474'14 2112) $13(•x) - 	sip) 

- 1.; (.412-2-ni-2-r") R13(1.,21) - '31(81+21--1.'-'6 Ri3  C1,1' ) 
3 	3 

+ 12 	+f2 f WCT1) -W(-1,27/) ÷ 6 1-WC() -W(1 

4. BO cri 	- 12; .515(1) -.2i, iZ,3(-r,:c.) + 	'613(1; ) +61. So  re) 

7 4- 

7 



where 

R15(,11') 	= 3 (fy)(0-3-S5- c. 0-3  (-y---r/ ) 

and 
	

WCA )0--,. ) cr5,1 	+ 	r_o (0; A  s 	. 

b. The part which involves 	, 

This is - 	(97+01) • ( T-Le ) A
DIJ  S

o  (1;3 ) 
21-  

After integration by parts, the relevant function which has to be 

differentiated w.T.t-r is now er 	{-°(CY.23 :It 112 and we get 

3 	2 	 2- 	2 

C(1 1-2., y r. 2. 

	

2 	— 	 —417y3Iri9.  

1 (g_l+g-2) - (' -11) 51,(-r13  ) A ) e 
 

_= 	 j_ .16 cf. (cried-  )  
ai .-.1" 	2 1 3 

Carrying out the spin product, We have the result: 

, 2 
(54.+1-2.) -  TAI T 513 C -r,3  

• 2  	 ,;- 
= 	{ 4513(1.2) • 4 ( -- • 3) 	

, 	
"Y A 	1 ) 0-;  -(44 	fr ) 	4- 4, (4-T. 1^ +7_1 ) 513a) — 

- t(2 '?4' r•/" ) S
s 3

(T) --
.3 

(412- 21%1/-2 T,2) 11133  
- (8134-2T-1-2-() t3 - - 

The above two parts of the integral are now combined. 

We thus obtain 

1 (7) 
S•z,  2 • = 	1 

4 	2 	/LS (2) 
= 	(4) h1 .i. (2. ) AiAi Ux  7 a2:d.S2. e 	y 002.( s ) r 

3 it2 2 
xx2))1(_a) _LT(er') , 
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where the square bracket denotes the factor 

	

,2 	 2 	#2. 
(c(' 40(1. )1 I.  4 ,51 C-(2) + -4 51  ( 	t 	CI) 	-r -C-411-4-r•-r+-r) Gr.: t 	 i3 	• • 	- A i 

2 	/ 	2 
4 (41-1.1-21)43CI) - (2/ + -r.-r) 50 (1) 

, 	 ,z 	 12- 
. - 	(41-21.1. -21r ) 	r +2-r.-r --r ) 	Oi l) .1 -- 3 

4. 12  Cr /A 	÷ 	- 	, ) 1 -I- 	W&Y • 	- CI
2
) 

17 

/ 	 „2 30 	At -r- - 12 513 (T) - 2 -K 	- ) 	ft (1,1)  4 65i3(- ) 13 

Here again the spin, simplification will be done in each case seperately. 

IX.2.2. 	DOUBLET CASE 

The following results are quoted for further use 

— 
<iCC4) 5

13 
 (A,B )  friTA2" i .X(2,15).> 	- 2  A.e. 	• Xci)1 	-r 	(0> 

if vectors A and 5 are either 	or r 

Further identitites are 

< A  cr • B ) I  2‘ 	> 	= 	CO I i A•5 cr- A *5 i %.0)> , 
1 CV, --1  

(0 criA (cr, A rris) I X (2,15) >  <XCI) 	XC4)> . 

Thus by the definition given in IX.2.1 (a) we have 

%c) I W(A.§) I %(2,t3)> 
evz 

= 	%CO I Cc' A A35 	CO> 

It follows also that 

/ 	 1 
"C°16:iTA11 %(205)> 

6 41(' CO I ciT/AT I X (2,15» 	- -if <:Cco •1 	) X > . 
-  

The term 	gives ho contribution in the doublet case. 
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We make use of the above results and simplify the spin products of 

}LS 
to give 

r 	— 
/ /2 

< 	L 	s  xa) 	2 24)tj 	4-(414-r.-y• 4-r )-5 !rX I 	I > 

where zJ 9C0(-+d-  
3 

Before the spherical harmonic integration may be performed it is 

convenient to transform the terms involving 0- / 'Y -• -A - into the 

angular momentuhtoperator C.Ly i 

 thus: 

Consider the integral 
2,2  

) 	) < 	$1.-2)-4" 	 j-  cr 	• tiS2.10. a 

have 
-F1%1!  
e. 

bY' 
and on integration by 

parts we find that the integral is 

•11  
e 	< ( A124-13 -1"--ri-pc•e) 	f-lz 	(7`) 

which can be easily evaluated Using the fact that 

, 	T -fir r 
d_Q- e 	r••.1_1(> 	 dszdsz e 	< 114.1.•> 

Finally the indirect interaction of the spin-orbit force S-D terms 

is found to be 

I (1) 
5-1) 

- (4) L5 ka 

2 
(2 L.3/ 

iC  L-CLJ(2)  

2 
2 

di/ e-41-61-  

, 
X I V (414-4Y -ry +1

2 
 ) 4 	2 - 	f 3 A 	(7T) T(7)) 

4 	 S 
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IX.2.3. TN2 "Nil= CASE 

The spin products of the terms in the bracket 
	

ILs in IX.2.1 

can be reduced to 
.3/a 

15_5 x 

• , 	 ,2 	 ,  

	

51/V iAts 3  cy) +4g „Cy ,r) 4 r3  CI ) • d•• 1"/ 	(.41
3/ 

 ) a2  - A  "r 
-t• • - A •- 

2   CA-6-r +27 )S13(7) -(4/-7r  ) 5CY. '13 -(2.1-1--r--r) 5136) } 

4.42 I - A 	12 	(?) +65 ("1-.1")+6.5 	. t 	3 	t 

The terms WCA,B) vanish due to spin symmetry. 

Similar to the transformation of 	cr• -riAl" 
	

to (.1.1y , 	given 

in IX.2.2 the following additional results are obtained. 

, 
‘IsIdIL e <$ (A2)_t. 0"-rAi-r> 	 f eiS2.4S2. e 	45 (A5 (1.1 •> 3c(1) - 	 5 	-2 -y 

e„ 	S "1-  ,*() 	> f(1) 144_ Y) L5-..1_ • - J- 	if-r) - 	-A - 	 2 	c ‘;  cr, 3 	2 	-2 --r 

	

The matrix elements of 
	

5136\3 a-2:4-y / 
	

for A 	T oy 

can easily be dervied using Table 4 in IX.1.3 and the usual technique. 

They are given by 

f dszd.a e • <515(11) 1,Lio 	= 4  "ticje  I 5cprri  ) 	 (9.2 n) 

4S2 	e — <.,51 	L. • > 	- 3 	-2 - 	
4 X C 1

f( 
	il') 3 Cjc  3 	 a 

al/. (9.2 b) 

and 

and 

where L c Jr is defined in 11.1.3. 
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To evaluate the matrix elements of 
	s, C-s., 21) 02  -ri 	the 

spin products of the operator are needed and they are given in Table 

No. 5 below. 

'TABLE 5: 	THE. SPIN PRODUCTS OF 5g5(:,i) 2:2"  

3/2 
X3/2 

3/2  
x? 

3/2  
2i.ci. 	̀ X. 2 

3/2 
- 3/.2  

3/2 
`X., /a  

, 	, 
(324-T.7) 1...g 24 

2/13 
(32i--r./1) L *3(21-4 rtSk, 

413 

(4741;e5 L+-  1-1.: Li  
, 

T Y 1.,_ 

3/2 
XI 

-z 

2/-13 
, 	, 

,32-2:4-T.)L.,1-6((1:+tteq4.6,tr:+1:t1)11-46:-.11-er61- 
(211-5ai)Lz• 3  (51* -1,-inB)1. 

3 
ivrri  L,- 6 (-r-Z i+s-i::) L2, 

-413 
(47-1‘ Y t')1.. 4 T i:: Le  

3/2 
X„ 
-.5. 

, 	4/3 
(ST÷+I;S) L*  ÷ 1-4.1-: Le 

, 
1(5-1•T-122,Z•) L-4.  

;214:1::L-G(T,%'+21-41) ii.  

(se t_2 T-i) LI: 
(e-r41+74.) L-4(wri-i-rk,3 

2/43 
eal-T-'6L -t• 3 (1-'4 -1:i)Lz,  

312 

-3/2 
24 T ir L + 4 	4 --(3i.a 

-.41.3 

(e1:+ II 6  1-4.4146  Le 
tha 

322.=-rl)f.1-3aii+i-r)14 + 
-V D I-2: 

For the spherical harmonic integration the integrand again is 

a sum of products of three spherical harmonics. Finally we obtain 

c 1 _a dn. e. 	5131.:2) si-,;  Li,' = 4717, ier tg 	0 S" CITY') 
ZsY/ 	JC 1.41 

 

where 	for 	J 7/ 3/2  , 	Q 	n1-71) 
JL + 

I 
(27-3)3' 	o 	2S-3  [3 (23.-1)(z3 - 4•3)3 y 	0 
47 X-I 	47 	7 

2 	 i 
0 	207+47-43  5- 	0 	_2145  f D(27-0(25+3)3 .? 

	

12(7+1) 	3 	 4a-4* 	 144  

i 
23*-3 15(2.7-0 C27+3)3 ). 	0 	-20J-365+2 .7  3- 	o 
47 	 .7 	 123  

;I 	 a 
0 	_2:45 P(27-1)(27+3)J 5 	o 	C23+5)  3 

47+4 	 7+1 	 4(540  342 
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and for ,T= 	, 

 

[Q, 3 (a/y) j 
SC 142 

-20 I-563+27  3, 
127 	541 

(23-4-5)
2  
y 

4C5.+1) 342  

  

  

Using the foregoing results we obtain the integral for the indirect 

interaction thus: 

a.r.2-b-i 
2 

I.5 	 4 	2 	 , is (2) 	1 
I7) 	= _ (4) lA (2) •43: -Ai,Ai Uic 	cui e 	[ 	1 'Teel') 
.5-1) 	5 ,.A.z 	D 	 i-s 

where the terms in the bracket are given by 

}Ls 477  
/ 	2 	 2 

bw 	2_1] fi Alt  I f 0-1.75) b 	 L1.1 

gw (41'6))+2~6 - G 3 f 53.0  I [3.L:ibri) J 

2 
f_111) (2,y47-ryzi ) +3J 7 2f Yr41  f 1331 I 

,z 
) 4 f_ 31A) (41 

2 
 -1 4 	IT [Ti.c  191/5 

a 	2 

ea( Cyr  3 	 1'(5-c431/1) J je t  I 

I 	1Q1r,t4.(2. 1.1)] - [lAsi ( 	. 

1X.3 REMARK  

The spin-orbit force S-D terms do not add complexity to the 

integro-differential equations which has already been created by the 

inclusion of the quadratic spin-orbit forces, It is obvious that a 

new type of operator's of the form 5 	CA') 0" • 1- 23 	 1 13 should occur • 

in the integrals of both the direct and indirect interaction, but the 

evaluation of its matrix elements offers no difficulty. The direct 

interaction gives rise to a term involving the first derivative of the 
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radial function J:00 . However this term vanishes after the \ 

symmetrisation of the spin-orbit operator (Chapter X11). 



CITAPTER X  

THE =SOP FORCE S-D TEENS  

X.1. SPIN SIMPLIFICATION  

The operator in the tensor force S-D terms occurs in the form 

of a double tensor operator . When applied to the three-body wave 

function it can be reduced to simple form. 

X.1.1. T7.17, DOUBLET CASE 

In the direct and indirect interactions the spin matrix elements 

have the forms 

<x CI) 1 S (A2)525(B ) I 	CO 7 

, and 	< (I) Siz(A2).,515  (5 ) 1 	(2) > . 

These two matrices are the same, for if 1 and 2 are interchanged 

in one of them the matrices are equal provided 

S (A) 52  (A2 ).X (2, 13 ) 
1 — 

which is the case. 

By transforming the symmetrical doublet spin functions 

ra 
into the antisymmetrical 	as given in Appendix 3 then performing 

the spin products, the matrix elements are reduced to 

<%c) 1501)S (15)12C, 	> 
2. 

9C. CO 2 A252  6( 015)-
2  

6i (A./3) Or; AA13 ) %( CO > . 

X.1.2. TM QUARTET CASE  

Because of the summetry of the spin function the matrix elements 

assume the form Which can 

82. 



be reduced to 

a. 2 	 2 
I -A5 -.r(A.I.5)2÷ai.(6", /,  §)(A-33) -Bs CA)-A2s a52 ) _ A 	— — 25 

3/2  
4 5(P-5) s.23(A,B)-1-3i,((r:AAe.)523CL,,. 	I ,)9C, 

X.2. THE DIRECT INTERACTION 

The tensor force S-D terms for both doublet and quartet cases are 

given by 
	7 

1) (I) 
S-3) 

-X- 	; 
— 4  M d tg•GiSay csnx(1) 0(23) 	1(2W -h+2b-ro )iicf2) -R-23) 4) (23) x,coyaz) 	. 

.3 .5,2 	g 	v 4 	V 'T 

Again the potential is the same as in the S-S terms given in section 

V.I. 	To evaluate the integral we put 	= 1,2 	 , 

and 
	

§ 	2725 = e 	in the operator identities quoted in sections 

X.1.1 and X.1.2. We consider the doublet and quartet cases seperately. 

X.2.1. THE DOUBLET CASE 

We perform. the spin reduction and obtain for the matrix elements 

—1 	s 	 1 2. 	 2 4 	2 
X21.S c-r ) (f

2 
 ) I 	> 	

.2.  121-6(.g) 4-4(y.ft) ,K-R.+6i 
12 12  23 23  

For the cIF. 	integration the various formulae given in Appendix 4 

are used. After this integration (omitting exponential factors) we get 

3/2 	,,,J. 	24 	2 4 	s 	3 4 	s 	44 	2.2 	"...i. 
(r) 	)(''-i 2nc-ti 4 2-y)-05-it , -0 4-4tici+5 ro_(-61÷ 5M- i5-  ) 1% > 
`- 	1 	 2X 	2 . X 	2A 	X 	4 Al.  

3h 2- 	2 	2 4. 
= (E) I-(5 + 10 4i-Y.) -r_4X0-p -ir JO] . 

x 4A?" X 2  

On integrating over 	cig, 	we find that the term  

is proportion to 6-• r —1 —A — and so it vanishes. 
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Hence it follows finally that 
3/2 	• (I) 	- (11-X 

CI) = Ux. 	e .1..g 4. 14:q 
5-1) x 4„),?' .>" 

X.2.2. THE QUARTET CASE 

0'4)1 —4 —1.)214  geOr) 
2  

Following the procedure given in section X.2.1 we have the spin 

product identity: 

2_ 3/3  
<X 1512 Cra ) 525  C-123  ) Ix, > 

3/2  
= 	<x I .- '(2.fe 4- 5 er . R )

2  -2 0-4,, , +i R. 
3

÷5i (r• t -  e) a:-103 -es ( 1) 4 br-K- > R, )sc-_,  T-.  ) 

	

3 -:  	23 
 

t 
x. 
34 

R 	• - (4 11-1 "1" - a -1 "<, i  S ( 5  + <3 	-r i, r,,, JR- i S e', R-) — 1. 5 (,, 	i ) 3 	> . .2- 	4 	2-3 	-9  - - 23  	223 

These terms,after ctV. integration, will become 

i  3/2  

	

.2 	 2. 
I if - 	+ 	f -Y)

2 	
II 2 	+%(1-/- )

2
1 .1 5 6.1" )  I 2C- > 23 

Therefore we get the result 
2. 2- 

36 	
0 

..., ( ja-Als )1' 
-1-  /r (
3) CI) = '4  a (r). A.A. tj _ e s-D 	5  V" 	1" j x 

x 

x 
 f

IS 51(1 -lc )1 ÷ 2)50 )21'4+ f- (1-r ) '620—n? 1{ 5  3 	Tt1) - s13 A 	2 	 .4 'A 2 	 C 

X.3 THE INDIRECT INTERACTION 

The integrals are given by 

ir 
I C-c) 
S-D 

4 4 

(4) M 	

, 

a_a_y cauc(,) 4)(23) .1.6w-A-1-b-27n) Va2)111 t05)x_c2.- yes2")i_TM. 
o  
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X.3.1. THE DOUBLET CASE 

Substituting for 	A 	
= 	12, 	3 

: 15 'and 	5 	— - 	 (2, • 4. -f 	- 7  
in the matrix elements 

quoted in section X.1.1. we have the spin products 

4 — j  — 

	

(a) 	x(i) I S 	sw-r,,) 1 % (z) > 

•-• 	 1.4 , 	
1— 	

2- , 	 , 	, 
— < %CI) —167 +341-1' 

,2 
 —41 ,1— ( 16'Y 8'7) 	—22 (1-1)

2 
 +13C-212+1'44-1 ) I (a--.1-,11.) J  %CO> . 

1, 

For the s:-therical harmonic integration we quote the result 

	

2)1.4. 	 , 72. (n) ,  
cL.C2.4S2./ 	Y (9, e?) (Ir•T) y co q) 	S. 	4E CI - 	 , 

trinr 

from equation (6.7) of section VI.3.1. 

Thus the indirect interaction of the tensor force S-D terms is 
given by 

-r 
1 (1) 
s-p 

4 	4 	/ r C.2) 
- (4) 111 (2r .) 41: 

,J 3 	 z ti 

2 

ci-r
, 
 e 	 5ecr') 

-r 

where the terms in the bracket are given by 

[ Lr 

	

4 	2 	.4 	, 	2- 	.2.  (2) r  

	

1.6-161(4-34.11 -41 ) (16 -r -87') 	-2211 	1 -7. (21-7)) 

	

÷1 	(-2--(241y:y + .6 + 12 1 r 5A 	f 
a 	 , L 	L (4-.1 

X.3.2. THE QUARTET CASE 

The spin products of the operator are given by 

A 	37, 	a 	.5,5. 
P-) z  x I $126-.2)  S)5C-i3 ) I 	> 2 

	

5- 

	

	 / 	 2- 
1 
 C 
	4' 	2 	,...1. 	, 	2. 	,' 	/ 	2 	/ , - 	/ 	 / 	• 	.7- -., 

	

2 1 	 87 -1711 +21 )-CSI -47 )1-1-  + IIC-r..r) +5 (27-4---r--/-  )_!. .0:::-r --r 4-(4-11‘-2-i:r4-iti)S(Y) 
i, -`• 	 5 

,.  
4. c-,  21  ÷ 19 1.1'4-7) 5 0:,-1 ) -I- (—I 11-4--r.1 +1' ) 5 (4) +9/25(1)-5(1;1)-5(4)1 / cr•- ;,7 —1-  I 71'.. >. 

	

15 	 15 	 —.1——is— i5 	r 5 - 
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44 	I -r  (2) 
- (4) '2 5" 4_1C Ai.A. U_ -0 	x 

The .matrix elements of each of the above terms have already been 

evaluated 

Therefore we can write down the indirect interaction in the quartet 

case as 

where the terms in the bracket are given by 

E IT  = 	(81 -1711 +21a  ) - (81a' -.417 Y7 Q ÷ 1 121 p!2), 
L.4.1 

(2 	 ) 2 3 	]f y 
7C 	LJ-2, 

2 	/ (4/-277jy-W) 

(-21-+ 19 TT 	r ) 

lr 15 I., nii")) 
i+-3 

(2)/1 )1 
C3,- 

•-• 	/ 	.2  
Hlit4•11. '1% 7 13r 011 )

ley 

	
55 

ti 

4. 518 1C.Tc  p,,(11).] _21 f nil') 1 EC,I.c  
[41, 

- 	[CZ 	) J +zr2 L 
9 r.L .AJr  1 f .5- Carl) 	. 

(41.  
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CHAPTER XI  

THE ENERGY S-D TERMS 

XI.1, THE N-KERNELS 

The energy dependent integrals are given by 

4* 
( Eon—E,() (4) a "r diritt(2. y (.12.1.x.o) cpcz Trio vio (z).yc.0 

3 fe- 

- e112-1:41,11Vr I  
4 

= 	(1) 	'r 'dicta e 	ycsoy i3C1';2:3)3C(2)y(s2.1) qq-1:) 

.N 

where 

and 

(0(.4-40(- ) 

▪ 4 (itoci-ro(i ) 
9 

- 4 (40(0-40(j ) 
9 

It is obvious that here is no contribution to the N-Kernel in the 

doublet case because of the tensor operator. 

Hence the results of section V.2. we may write the integral for 

the quartet case as follows 

4 	 2 	-el-Pa 
.N (1) 	(Er:E) (4) 

'e  
Li 	(i)

r  
.e 	 jn  4`ty) 

S-3  
, 	 $ 	 r • • where 	L. = TL5 	cw-ro) +411 L 	cw-ro j 4-7209 exi-ry')) [5 st 	 3'C j+1 IA. 	JE 

• XI.2 THE KINETIC ENERGY KERNELS  

As in the . N-Kernel the kinetic energy S-D terms are in the quartet 

case only. 

We repeat the argument used in XIT.2 and seperate the kinetic 

energy kernels into four components. 
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, 	at.1.23 
7.25 ••• ,600 	e 

1-2a-T 5 0?- 	-3 )+36;r1/3) C14-3(CrT) fr-2(cr 

	

J-13 	13  	B 	1 .3  
/ 2 

-or. •r- j = 	(4a. T 	/40(..) Sa la  ) a • 

-15 

2 
Yi3  

A. e, 

CO 
XI .2.1. THE KERNELS  P Cr) 

eo) 	"Cl) 
P .0) 4. 1' 

2 	5-D 	S-310  

where 3 
= 	 )1 I al an.y ciox cov2,4)(23) ma t-13)] x.co.yca) ij(1) 

3 	 y 5 

 

3 2 
01) I filti as y calx 0 ) 1V cp(23)-r(5) trwixwycd).,_if„, 

T  5  

The analytic forms of (ti
5 
 and CP are given by 

4,05(23) 
	 2 

We also have 

T(13) CP (13) 

a 
V 141r 

7 

Aj SoCT: ) eX11-41i:) 
2 	 a 

= 	vV 14- 4* 2 V 	V 4-24_17 

Put 	 . 0) 

so we need the 

V
23 

GP (23) 

V2  CP 23 5(23)  

V13  TOO) 03 (13) 

T.C/3) cib (15) 15 	so.  

following results: 
2 

-4013 
A. e 

and 

From these we can derive the results 

2. 	a 
(Vse  + ) 06(23) T(13.) V13 ) 

	

2 	2 2 	 • / 
- /00i. Y HOC(' 	÷16Ckd' 	-15,4-350( ) 513r2. ) -164P-5 (T2 	e 

• 1• 'I  LI  

	

1 20 	j 1, 	j --23 3 	 j 	10 	1 15 	 -15 	J 
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Hence we obtain finally 

(3 ) C3) 

a / 2 
—0(•-f -0( • 1 

f f 	e 	
41- el 	 y 	] x(2)y(si).L.Tii") 

P, 

where the terms in the square bracket are given by 

	

( 	3  
= 	00(i -423  +10aj 1x13 + 16v(iori ;015 -15011 /2,-'35ori ) 513(•113 ) - 16oCy5111:23 ,2.3) • 

(2) 
XI.2.2 • THE KERNELS  P (1) 

5-1) 

GO . 

	

By definition of 7' (1) 	we may put 
5-1:0 

	

/Lo 	,,C2) 
J 7'

no  
(I) 	— 	1 P (-0 + 7 (-0  

5-11) 	2 	S-D 	s.:11) 
where 

,(2.) 	4 f P Ci)  ..(4) 	dszyca)xn) iv c13(23)1-i(f ) )(13) x(2)y(Szi).L.,5t-i) 
5-3) 	5 	23 s 

and 
6) 	4 f , 

dstya 
* 	it• 	r 

P 	= ..(4) 	6t-c 	Px() cl) (23) IV -r(i3)ct.63).);u2.)yaL)1.5S-f1). 
5-1) 

Using the results of section XI.2.1 we get finally 

4 
yan,x6 

e  
) .1 xAgesi) J. 5ra ) 

/. 

where 2 X 	.2 1 
= 	(2C4 2*„ 2d• Tia  -3o(i.-7o(!) 513(Y3) 

/72, 

XI.2.3 THE TOTAL KERNEL  

Combining the two kernels given in XI.2.1 we obtain 

P -3) (I) s 
/ _a 

2 	3 	 .-47(1723 1 70 if 	If 
=0)(4. 	if II tisz e 	y (.40.% 6) 

3 3 
) .2'.6Y ,(x6J_grW) 
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(21 
(i) 

5.1P,  
= 

4 	i 
AjAi 

/ 	-°(11.3 -v9 
di: 412. e 



with the square bracket defined by 

a a 	a 
(44i 723  4 .4 ofi 15  4 16c(.idi 22.  1.-13  -6011 -140 fi )53(1;:) - 16 ori Si3  (1:23 , 	) 

r2 	,2. 	• 	/ 	. 
- /‘ f c' 	-I- 	

/ 
+ 	.9C SI -60r2-14.0((-1 [45130 	S Clal.)45 (1.  )1 

9 	 ;5 

— t 6 oci.  .1 2 Sip) + 5Sitio 1!) *25C1 ).  
ri 

where 

and 

▪ dr+ Soy: + 4 of :2  .1 	3 

= 4.04 + 8ofig5 

2 	r X 
011,. 50(1.• Or ÷ 0( 

3
• 

The matrix elements of the various terms are then worked out, and 

the expression obtained ,  for the kinetic energy kernel is finally 

'CO  
, 	eWV e r  3 4 

(1) (3) )4 j  	etT e Fr') , 

where the terms in the square bracket are given by 

[ 	1, 
A 

f ( 	
I 

6_4 4,124. 6_41 7.  4. 25j,  -(7 .30 -56a• -5de j r-D 	Curry i)] 
9 

2 	1. 
▪ I 	tg, 	4.. tip*-t. 4. 64 xevy)A4)) -38Gc-i40() 	6.077.) j 1 Bs/.  3 

9, 	9  

( 621 4) 4417+  2.*X(iy ) -1040(i -5600( S.r.91  ciovh3 
9 	, 	 14)  
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CHAPTER XII  

THE .D-S - TERMS AND THE SYMMETRISATION OF THE 

SPIN-ORBIT TERMS 

XII.1 THE D-S TERMS.  

The formulation of the D-S terms is similar to that of the S-D 

terms but in the integrands the factors containing the tensor operator 

of the deuteron D-state wave function are in reverse order. Since 

these operators are Hermitian the results have exactly the same form 

as those of the S-D terms with only the suffices i and j interchanged, 

and in addition, r and r' in the kernels of the indirect interactions 

interchanged. 

As an example we consider the tensor force terms. The D-S 

direct interaction is given by -1.1) CI) 
7;1-S 

f d 	[T(23) cpc2.3) %co lica.)) 2, (znfrh+2,6,7m)7  1/V02) 4)(23)X(12ye-0 1e1 
3 ,As 	 v  4.   

2 2 
/ 	co  4/u-NI)f 	_1(fAsx)

a  4 	* 

= 4 ig 04, 
 AJ X 	 2 

e 	d tz. (Lae 	y (s2.) x6) 5 (r:3).730r;12  Xcoycli) -For) 
Ole  

where the parameters ? and W in the D-S term calculations are 

given by 

41..1,4x.  

"1r  ifrI X/ 	k 

The corresponding direct interaction in the doublet case gives 

lr 311 	Co -(p->d) 7'2  
'1•B- (1) Ai  .4. Ux  6 	1- Li 4. I 	If 72-4120 -Y. )2-14  } ?Or 
.5 fe 	 4 A..2 	a 	• 2  
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Where 2  and /i are defined as before in terms of double primed symbols. 

Similarly the indirect interaction of the tensor force D-S terms, 

in the doublet case may be written as 

2 2 
4 	4 	, -r 	frr -err 

10) -.7: -(4) 	(1) 41C 'Aids 	e 
7)-s 	g k 3 b 	x  

where the terms in the square bracket are given by 

, 	4 	,2 2 	.4, 	a 	A' 	 2? 4z) 
(- = 	41 	-161 +(-87+161) TI 3; -22 

(12+111y -21) + Le 	3 A.11  ) .9-CD•rr) 	. (.41  

1T 1, Cbr)] 
f+A 

Again the parameters 4,1),) 	are defined in terms of doubly 

primed ones thus: 

- 

The central force D-S and the energy D-S terms were obtained in 

the same way. 

XII.2 THE SYMMETRISATION CF THE SPIN-ORBIT TERMS 

The results of the last section stem from the fact that operators 

such as S (f2  5 ef?') 23  25 	12 12 
although not being Hermitian 

themselves however. when applied to the Wei system give the same 

eigen values as their Hermitian adjoints , 

41r 1 	 7  
5,236.23)A2(1)1 ) J 
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This is not true when we consider the direct interaction of the 

spin-orbit S-D terms with the spin-orbit operator defined as 
2. -1 -.2 12 

With this definition we have'operators appearing such as 

and 

a 	 5 (ff:+g-2 1.12 523 (12 

$23 2 C-r 3)  2 ((r-i-  fr2) 

in the S-D term 

in the D-S term. 

It is clear that one is not a Hermitian.adjoint of the other. But 

in fact only one factor of the operator causes this trouble, the other 

factors do not because the difference between the two operators vanishes 

when applied to the eigen functions Xy 	of the system. The 

significance lies in the term C resulting from the factorisation 

of the operator 	Co-+ ). .L 5 cr , 
2 -I -2  -12 23 23 

(see section IX.1). 

This term C in the S-D calculation gives 

3/2  r  2  

	

I 51-6  ) f •Tz( cg• 2') ca:d 25  Cs:7) 	)1 + 	
23 	

3)s-  s 	e)] 

D7 	"Zrr. 	 SA 	n 

While the corresponding part in the D-S calculation is 

3/2  r  

(1) 	
2 	-- 

) - (0;::0( c.1.) (14_ )1 4" 1Cdj.  S (Y) 4-32C s Cr,b ) j 
)"( 	 25 	8h 2-3 

CT ax 

	

The difference in signs is due to the factor 	-17-7 
in the definition of L ,2  

Hence to symmetrise the integrals we may re-define the spin-orbit 

operator as 

2 	2 	-2 -12  2 -1 -a .i_Cri-i irr)-1- 	 12 J. 	1. 
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so that both the S-D and the U-S terms are the same. 

With such a definition, contributions of the term C to the S-D and 

the D-S terms are both now 

(r) 	(ori÷.5) 	. 
4 'X. 

It follows that the direct interaction of the spin-orbit S-D terms, 

in the quartet .case is given by 

LS 
C-r) 

540 
3/2. 

Z(f)'AiAi 
uco ext.)  (.1.4....x  Is) 

K 	-r 

3 2 
X {- 	

8 	
xl-(23 ('.A  3 + 	(Qr.+ (. ) 	

c 	4 	2 
+ (t-‘.6) 	[C.3.c 	5et-r) 

32X 	 ji   

and that of the D-S terms is of the same form with indices 1. and j 

interchanged. 

The results in the doublet case, and also in the S-S term 

calculations are not altered by this definition of the spin-orbit 

operator. 

The need for a symmetrisation of the operator in the indirect 

interaction.  calculations does not arise. This-is due to the integration 

by parts performed during the derivation and the differences cancel out. 

.x 
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XII.3. THE SYMMETRISATTON OF THE QUADRkTIC SPIN-ORBIT TERMS  

Similar to the case of the spin-orbit S-D terms, the quadratic 

spin-orbit operator should be defined in the Hermitian form as 

( 	Q ) z 	12 	12 

This operator gives the same results for the direct and the indirect 

interaction, except that in the direct interaction the matrix elementi,fT.) 

and are now symmetrical, being defined by 

iL 	(4-2) (1) +(a:-1)(41_)i 	 (fik)(cri=i) 

and 

ife 	= z I 2 	Jf 	I --1- 1 ( —) ((i n..) ,z 	2)1  -"o (q)(Er-4.:( ) 	(0p(gip) 4 (f(itc )(g41._) 	- 

Thus the re-defined 	D't 
_ 21-3 

4J 

	

and 	LE/ti are given by 
A 

	

0 	J. 13(2.3-0(2J+3) 3 2. 	0 
4Y 

22±§ 
0 	4(3'44) 

13 (2 3-1) (23+3)33 	0 
4J 

o • 	a(2•7•1)(2343).$ 
4(340 

23-3 
41 

13 (2.1-0 (23.+3)j 
4(3+0 

0 21+5 
40'4-0 

— 0 3+0 (23-3 ) 	
2 	1 

8.7 	0 	4.7+3  V2T-1)(27+3)3  a 	0 

	

el 	3 
3 2 	

A 

0 	
-46.1-28.7÷i654•37

2 	
1 

+8S+7)  i (2 3-- 0 (23- 3)j 
24 U+t) 	0 	(40. 	

3 8(j+t) 
1 

	

A 	 1  2 	 3 2 

	

AS+3 1(25•-1)(2. 7+3)  j 	0 	-161-203+243-9 	0 

	

8.3' 	3 	 243 

	

2 	 1 
0 	(4 3 +8347)iCZY-()(234.3)) 	0 	(2.7+1)(L.7+5) 

SC.Thi ) 	3 	 8(74-0 

with the usual exception for S s. i• 

and 
1 

42.2) 
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CHAPTER XIII 

THE COMPLETE INTEGRO-DIFFERENTIAL EQUATIONS 

In writing down the full integro-differential equations for the 

radial wave functions we collect the results obtained•  in Chapter III-XII 

and regroup the terms in a way that is convenient for numerical 

calculations. 

XIII.1 THE DOUBLET CASE 

We write down the integro-differential equations in the doublet 

case in the form of single equations and they are given by 

-92c  fcct) 	 fa) 4, +T r) I 	It (11 4. CI) 	) d. p•,r) W (1r ) e. Icy) 
12.1. 	 c 	

ACT ) 
	(41. 

oo 

+ 	61-/ I 72(r
1  6 +N(1,7') + Kt(r,-/) j f (1') 

C  
0 

=. 0 

 

,(13.1) 

 

for = J.1 
2 

where 
1  

and 

and 

41. 	Ear') 4. 
TO 7.1,7  

.,4  m ..ga 

iit 0) . LS 
 U 

P 	 Ls u. ( n 	-r I 	-r n
ry) , c1LC ,r) + LS 14 (Y) + u(r) + 	. lr) + 	I) + $1, or) + i.t.

G  C 	 t 	 L 	r 	l  

Ai 00' 

1/1(f) = w(f) , 

X ECI,1 > = Cki(ty.  ) + LS  k 	) + akt  (To) 

+ Lsic ior,-1) + • Lskr"(Y,-/) + T  k.' 	) + 	 . 
• L 
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qy  where Q 
ICY) ÷ 	Cr) 

Q 0(11 

▪ 3 	5-5 

, 4 (3) - 6v1 
5-s 

and 

These terms represent the contributions from various interactions 

indicated by the symbols attached. The prime and the double prime symbols 

denote the S-D and the D-S interactions respectively. Again in writing 

down the S-D and the D-S terms we shall omit the indices and the prime 

symbols when there is no confusion. 

The terms in equation (13.1) are given by.  

Qt c 	 t co 	= Qc( co + ° t(3)  co , 

co 

	

a 0) 	 0 6' t t 	= 	A Ccf4-1) 6 
, 	5-5 	V 

-,4  

Q t (3) 	 r 	,-(3 ) 

	

't 7J 	2 
7 

f (04) a 	
7 6A. 	

(.4
S'S 

and 

c 6' 

	

uC-r) 	6 

where 

1.5 	IS 6)  
itIc-r) 	= 10 2-w ) 4 	If s-s ' 

u 4, au.  co - 	co + 	co - 	f
0) 	Qu  1(3) 
	• 	where 

4  (,) 
	

a 6)
0-i; (131 G 

g (3) 	, 	 2.  4 Cs) 
j_ yd.  4. ay.  61 )accto).....6,y_641-1 j a ur  or) 

5...s , 
and 
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Sw Of) 

a 0)  Tv co 

(I) 	. Q 
= W (f) 	(1( 

(3) 
) 

a CO 
S 

4? 	S'S 

(3) 	7 
a
G 

(3) 
w 	r.  _L 

1671 

and 

-1.4M Z CE -E )J 9' NTT) , 2 3 fta 	 r4i  

Cyr, r`) 	= 	 oory) z 	4.4 Cgrf-p.tifi +4,./Vry )} .3-  
5.5 2 SI 	 alg 

G3 D., 	, 
5-5 L4-i 

Ls 	 (-2) 
= 	J.t 	W A 	Chi') , k

t
0•,1 ) 

Jr t+i 

kcc-r,Y') 	a k (1)(1,1') + 4  k.(4)(7,1) , 

424
s 

(2) 	2. 2 .2 	2. 
fjc2  r1;1: ) 	4 - 	910/7 -240+T) +6 +4zfr y -9143..r2;12y;z).1.,

f
' Ow 
3. 

5- kl 

(A) 	 (4) f 	 2 
" k E 	

3 	Xs .5  f 9 W11 	C1+1 ) +6+ 44-ry -9 vtifir'2:5,4; )  .,(417ri) 

and for the S-D and' D-S terms 

L5 I u.Cr) 
2 	ys 

Jr = f 	- 5/C A 
2 2  sx 	 7) 

Gs
c.,) 

'a
I
CI) 
	

f 1( ) 515 A Ls  G(')  k. 1- 	 J 

r , 
_ 	15  + la IC  6-11 ) ?-4126-)S )2/4  C.T) 

4-7o .2 	2  

	

T • 	2 I T 
'Jai) 	= f-15.  + 10ra-I )1-41(1-n r 

Zia 	2 	 V-S 
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LS (2), , 2. /2  
=-. 	4 	A 	0.7 +1+411 p ) - 5 J 	, 

S-D St 4 	 a 2 c4-1 

4 = 
9  

LS,...42) 

-5 S 
A

C  I 
	

.1 A 	I 

vs 
I w

, 
 +4Y +41110 ) -5 	Ow) , 

9 

(2) 
16 3f 

sq) 

.2' 	, 	1 	12. 	/ 	 2 fa. (2) 	 1 
x C$7-54T 	+ (-161+ 9 )14Y p +2.2. 	+ .1.5(21-7-Infp ) 

•-• 	z) 	• 	1 	3L 

(2) 

	

C-r
' 	81 
y) = 16 -r  ji Tk.

f 	 p.s 

01-/) , 
(41 

4 	,2 	, 	,a • 	 (27 	, 2 ? /  
X 141 ^3411 +81 (131 -161 ) T1 p +22 	.P 4 18 ( -1•21f -rr piA 	3-  ebri) 

J?) 

where 	 f 	for t=  3-  
2 

= -C(+I) for E. 14- J. 

and 
3/2 (n)  

= 	M 1.r) AiAj
t 

 Uic.  3 fe  

6" 	(n)  (11) 

f 2  
3 

(.4) 41C ,Ai.A• e 
k 3 • -kt) 

- (I A-A.1;a ) r2  

 

 

Z 
5-5 , 

 

O 
X c-r..r) 

s.s 

3 
= 	M

fta 
(4.) 41.0 .4i.4j 	e-4112-  b1  

3 	5 

	

X (fir) 	=4.4 3 M 	4L1. 5  b• 	
-ea'12-1;1 3 

'RAJ 
 t 	 4 60 

C 

4 L) 

	

c,r,-r) 	.... +4  m (A) 42; 	1../jc.(71)  
T-5 	 3 	5 

The definitions of all the parameters are given in Appendix 5. 
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f (1)' 
.741 

4- 

and 
3 

346 

XIII.2 THE QUARTET CASE 

The integro-differential equations are written in matrix 

form as 

.91  Tec-r) + er i  leer) *.i. 14,1t-r) 4. Ari. 4_ It-r) + mr SI  Ter-r) 
-r kr 	Al' 

.0 

4. 	etY 1 3\q-rors + 	r, ) 	Tc- -(" ) + .XCY,-/ ) J 7(1) .1 	 = 0 	."... (13.2) 

0 
where 

  

for 37/ 4/2  

   

   

2 

[ 42: 4- I a. 

93 . 3-4.34, 

for • 
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""C , 	or and VJ 	denote 4 X4 matrices for 77/3/2  

and 	2 X 2 	ma tri ces for J= A  

and so do and 

Similar to the doublet case we have 

2 
(alF1) 4.  k 

1.12  
with =  M E 

a fe.. 

and 

'I'  = qtc,r) , 

	

U 	= 
Gu(r) + L'siA.C.r) + -rukt) + 

+ Cu(-Cr) + 5 14:01  - 111(1.) + TV:CT) 4 -r1 C7) y 

11 = 	, 

14) Quiet , 

	

NO; T.) 	r. 71.(1.1") + 71:eivr') + 11,1(1', T) 	, 

	

PC-.7) 	= .1? CT, 7) + .1)1(1", 12) ;tr. 	, 

(1,1') + Ls  k 	+ Tk, 	+ 4k (r.T)  

cfeCT Tr) 4- 00-.-r) 4- t" 5  k!CT.T.) + is  kit-rd) + rk."(7,1') +-rkger.r")  

These matrices matrices are explicitly given by 

a  co 

	

Q±C-11 	= { 2 5  I + -9- I C14-0 	- -9- L 13n  7 	C1)311 -32i-LEIt  1 6s., ; 16), 	32A. 	 32 

C3) 
= 

.4 	5 	S -5 
0-10 f 	s  Aji  CT  

L co 

1 
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-r 
-v(1) 	

2 2 	-r Cs) 
(1—:6 ) 1  03/C] G  2 	 5-5 

Q 2 	 2 	Q 0) 1 
1( 

Y ) 
17.  1-(g0+1)-1-35!)-(572.411 )[B.7, I +V 13:317 ÷10-g.)  (Psi] -1;:i? )J 9..s. 

QV Cr) 	= { (43,1"2-2- ) + C-Lvf2 9- ) f 5  3 --e fP ) I adi)  3 	'&' 	3 a.a'X Sf 16A it 	s-s 

O 
lAgY ) 	-

32A 	s (3f 
3 } Q

G -5 , 
8A  

ncl,y1 ) c 4 1.11 Z 	cE EA  1 'curry') j , 
3 12 S-.5 	11-  - 	1+1 

2 	 ,a. C1,-1) 	= Z 	1_ ..14.).4. 0_4 (cpi+Atir+42c-trlyzo ) .11) CuPT-r) j 
5-5 2 gi 	 L+.1. .2. 

fcc-r,16 	= c(4' 1) (171)1 5.5 

and 

LS kci,-i) 2) 
s-s 

a_o [A f 	j 
z? 	• sr 	14.1 p 

k CY,1:) -r (2) 
X 	4. F[13 3 	ail)) ÷4, aryl)] tisr  ) -21,111? () ri) )1 

s-s 	it 	(*.1 	 SC C+i 

R &roe) 	
Q.  C2) 

5-s 

1L 

12.] 
-fiy(-r

2 
 +1) +9 w 	Orrri) 

a ", 	
I .3-

c4-1 

a ,2 (2)  
4 1- (eV _ 	r 	.9 -%)) -(T .57 j r  0r7") 

y .3 

1•21 353.r  J f -14  Cirri) j 4. 	91.4(2.7-1) J 'DJ  

3 

2. 	 r 

J 	+1 (9b.) 	rr 	to-r7) 	- 9vo CF 13
C4 
ail:, j 

ba• 	 • 	 ; 
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2 a c  sic 	G 	B 3, 
5-3) 	St 

alt(1) 

Ls 	 ) 
[ .2_11 

S'P 32A -8 cfric)13:Y2. J Is A3 3 4. 	 (1571)  +1 T'42:ILS1310  

LS 'I  

It Cc) 
0) LS q
i)-sli 32a1. -  eizj {±Asc ) +1.1cofedi) id +3 (8-1:)2f2;i1c,d1, 

+.417 j? S  Cmyri 
.1C 

x f Tif33i  (icuyr-r) ) 4 4 ^l2f .5r4c.r 77 )1 1,33.11. 3 

c a 	2s c  (a) 
I
, 

14,(1) 	) 
1;65 SC 

.r  co 
G 	

r 2. 4 
f 	12'4 21 0-.1.j14̀  j [s 3 4.f 0- 101 4,1(0.1 y c'Eir j 

5-3)  4X2' 	 .4x 

-r14:1&() 	T
co 

{ f ..62C (1-r );.+2101)141 	

a.2 	2 4 
(13;1) 

7:).5 	A 	 4X 
and 

=s 	Zs-, (1) 	4.) x 

x 141735i., 3 f (Z4yre1r) } +I A, 	j 	+477 f 3- &toil') ) 
• SC f•al 

=
3 
 M Z 	)(E

•  
E x 

T-5 3  n 

,2 
y(r,r1) 	= g. Z (Cy 01'4

2 
 _ iltit Iiii 4.2.16i% TV" - 56o1c560c3 ) r2fsjc  3 f i(24yri)] 

11  
4.  ( II C1)14.. t1.40 4?  . 64 %.113) -38d- -14ti• pep- Curr) j I B.11  1 
9 9 9 w 1. i 141.  

4. ( 64  01+12.5 NV14. 2 5196711.1) -1044- -5600 Ylf  0,  .3. cw-r-i)i 
9 

3 	 2., 
6  Z 	 3.4.. 6 42 1 16 114_64 X pry -140(--3801• ) -1113 31../ C2D-r-(1)3 

9.51 9 	9 	 J JC 1+1 

.2,- (V 014. 	4 2r.70-1t7 	) 1  Ptir)  15.sr  

4. (64. clytt, 65.4, -(4.1-.; 9( -ri:t-4.47/040(i  ) Y1031. ,1424-1,1-') 

1-03. 

or 
14,C1) 

and 



C. (4) 
.4 it 

5' 3)  

x f 4-raiD.Tc  f 9i4.(La rt.) 3 + i'2i5f.97/1 ) 3 1131  

cii(4)  
"fc."(r,71) 

30-s 

x f 	cIrryiJ 4. 41211 071 It 	f.ki 	1.4-1 

LS 	, 	Ls co ero ) = 	x X 9 	S-1) 

+41'1f 	 r.  ) st ) f4.t.  ar  

3 Djr  +471( Pi.t5i+CI)'Y'T.) 	, 

2  2 
10 (414-1) _ 6142 	_ 12 	4...0 1 	r j .3k ( -cri) 2 b 	 b 	 2  

2 	_3 X 	 ) 1t) f 4/ (c., f, (111)„3 4. L 
f 
nil )3 [C7c ) + 411' [Q t41 art ) j 3. 

2 b 	 4A, 	 i 

(.61.514/ '0' 610 rrif. )721)3 	 p ) [rli) j 	Arr(y )-( • Orr)) fe,n3 
.7t 	3' O 	

2 	3 	144 

+ {3 4-pw (4124-4) 	'P.n.?. 	) 

15 (2)  k (7,r> = 44. 	.44.3)..5  

{...311)  11y12'1 1')  ') 	21 ) a2  a 

• 3  1A-1 f 	3i .5 (?.-yr ) 	4 	.3i r-r) tc.Tc.) +.41-Y 	3 C)-ry 
. 

2.  3: -b 	SC 	(4 	 q. 

r 
-1, .1 

	r 
▪ 3-310I 	1,014Y j)  I L Bjc  Jr (10ri) j 4. (-64 31.0r 4-610 rry 	c.

cirri> j Li3jci 4- 

• f + 110 (1'-44) [ ac 	IT') 3 

1" 	 -r (2) 
Ktror 	 x 

	

81 	S-1) 

16 	y ,2. .4 	2 	,1 	1.2 C.) 	2 .2 	i 
{81-1717+21 + (-81+41 ) TT j 111'Y 	.} 2. L21-1  -11 	int -I Ja Zi 

	

27IC3.r  fifieri 	) LcIr  - rti ( Q5r  yt. /1-r-V) 3 	+ 
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a el 	• 	 2  ,2 	2. 
(41 -111 -21r j)) 

a
j 15st  3 f q- r) + 	+ f+rf:Y1 )1:  [ 3clikr -I.) f5j.c  

	

, 	1 	t  
4- L-21+7  4- )9-rry 	(1' 3 arty) e 	C 

	

T 
fc 	

1 	
16 	i = 	

-r C2/ 
. Cr, ) f 

g1 	"P-S 

A 	 .7- 	 x 1.2) 	2 	‘2-  
21*-1711+8/ )+(41-8i)"11.1) + 111-( p 4. 9 (-'r *27 	) 	

f Coil) 
 

) 	f+i 

+ 	{ 	c sr, 3 (ip-r-i) 3+ 2-i13 (3115 jfcIt) - 	Q 3 ail') 
(-1-L 	 C4-1 

where 

' 2 	 „ ( 	+1Y,j, ) 115. 	9 Corr j + (-111+41(2.-211), )1:2i 3 61.11) j 15 3 -a 	If 	(41, 	 t4-1 	IC 

^21
A 

 i 9111) ) If LT 9 (1116 	] 
7t 1+1 

-&-2-4V2  
Z cr,y) = -(f) 	e 

20 0 	J 

3 	
a 

Z CY,T) 1) 41 	e 
T-5 	p 

and 	('Y) , .7-LCT,7) are as defined in the doublet case 

We are using the notation 

,yt, Cita 	 , r  

3 	 ) e. 4_ = (-a 	 C r 
z 	(+1. 	 da" 6 141,  

The matrix elements are given by equations in various sections with 

the following references : 

L AIL) 	 (44. 	, (4.1.6) 

(12.2) [ fin  j 

..... (6.3) 

(vre)] 	(5.2) 
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CHAPTER XIV 

MODIFICATION DUE TO HARD CORE EFFECT  

The Gaussian form of the deuteron wave function is 

2 
.014, e 	• 

Thus before the expressions in equations (13.1), (13.2) can be 

evaluated, each has to be differentiated, twice if it is an S-S term, 

and onceif an S-D or D-S term. 

Let the expressions be denoted by Es 5 	y Es.7)  0(0 ) 

and 	E 	Coi f. 1:1-5 	J 
then the modified expressions are 

b2 

E55 Cos- c4 • ) " i 	1 )(Xi Zio4i 

1 L 	( a'
1 
 Ge ) 	and 	

- 
E (a: ,x.) 	respectively. 

DoCi VD 	 j 	 it;(. .1  . "1)- 5 1 ' 1 

We are now quoting a few examples of this procedure. 
• 

In the direct interaction we take the central S-S term 
ss'

where  

2 z 36. t,  va)-r 
4 	(E) .Aotitlx  e 5 

Puting E 	7  
• A 

= 	, 
3/2  

and 	B s Am.  )0111E 	we have 

l• 
3/2 - .K• • e)1  

ES-5 	= 13 E. e 

Thus the modified expression for E is given by 
5-5 

lr 	E 2 	5  2. 
f 

z, 
-1•5e .X,1 	. X 

aostia
1 ) 5-5 

=, 	• 
 4 

--ax-xt).i2  
De e 
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As an example of the indirect interaction, the N-or the P-kernels 

can be written as 

kCir.Y' ) 

,., 
= cit e ( 

f4i
wry)  

in which C is independent of di, and ,543 y 

and 1.L is a function of di and ai  . 

We have 
Jc. (-yr.) 

Dori2vi  

C2)4 exy.1-e?-5-1() .1161:
Z 

 11, 34  +lei f 9 ( 	?IR - 20 (-14-1)u j 
3 	 E4-12. 	' 1)6i ZroSi 

a /1  

	

211 	(41) ( s 4. 	) (4'1' 	( T 441 ) 
16 	 ad; )0fi 

In the case of the-N -kernel (S-S term! ) 	= 
14) 

From Appendix 4 •, 

Y'Ir 2 z,,, 11  
(lAprr 	C(C+ I ) 7:f } 	 . 

	

[4i 	 14 2  

Hence the modified N-kernel, is•given by 
• A fi 

l6 G e 	x si 

Z .2 	4 .4 	2. 	 3 	,5 , 
X k lb 	-i- I) 4. .32 I* .Lgey+i) 4..404-1 )4. 33_1;1 I .45' 	11.. 20014-TT 	-7 	. 

•14)3  w 	 w
w 

2 	
L.L.1 2 

The modified kernels are best left in terms of a Spherical Bessel 

Function and its first derivative in order that the preparation of data 

for the kernel evaluations should not be lengthened. 

(see next Chapter). 
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CHAPTER XV 

NUMERICAL ANALYSIS AND COMPUTATION 

XV.1 .THE NUMERICAL METHOD 

The equations for the radial wave functions to be numerically 

solved are simultaneous equations of the form 

.„ p 	 1- 7 P 	
TA 

_ct 	C-r) 	 ) yr) 4. 	ij 
q 
(I) 

otY2  	T2 	etzt 
TM 

n (14 	, 	
Ilm 	fq  

-4- f3 1  V (I)  6 14(x) 4 JS TV (y) d.7 q4 41(1) 
q." I 	dl 1 	ct:-.1 	di' J 

-nt f fq 

4 	K C-r.-r)
, 	ri  
j (1') 47 	-, 0 

V,' 
	 ((5•I) 

for 	J._  1, 2 , 	 

The functions 1.1,11 	,%, etc.have the following properties: 

-1,54 	fq 
(1,0) 	= K (0,1) 

rfl er (I) , 2tp(1) 
	; A , 	v 	60, ,1t1(9 (4 y) 

12" 
and 

, 
X c-r,-1- ) vanish at 

sufficiently large 1.  and/or le  • 

---fl 	39 	,-Pl 	_,Y1 
Also Ht.CT),St• CY) , v CY) ,"

_
1/V or) have no poles at the origin. 

--fq 	lit
fl  
CT ) Further the expressions - I (-i) and 	are given by 

c 	PI `V (v) 	- — f a 	ri• -H) O - + F c-t) , y 

and 	lt CY) 	c - 	+ Grin(  ) 

where 	is the Kronecker delta. 
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The boundary conditions of 	are 

co) 	0 	and 
	P 

) s a constant, where 	is 

the interval of integration chosen to give small error terms. 

The numerical method for the solutions of the equations in which the 

first derivative is absent was suggested by Fox and Goodwin, 1949, and 

the details of its application to the nuclear'scattering problems were 

given by Robertson, 1956. We shall follow very closely the work of 

Robertson and add modifications to include the first derivative term in 

the equations. 

We choose to divide the range of integration into two parts so that 

near the origin the expressions in the equations are tabulated at a small 

interval and in the asymptotic region At a large interval. The pivotal 

points are taken to be 0, k, 	)11-1-2F1-. ---- 112'2a- 

Equations (15.1) can then be reduced to a system of linear difference 

P, 	 P , 
equations in unknowns 	1.1L2k) . 	k.) , 11( 

P 
 11,4-2 n) , 	(7i2: 	, 

by using the central difference formulae for derivatives given by.  

0 2"  -11 (/) 	= (St  1 44. i a
6
`-... ) ij6i) 

J-7"- 	I 	90 

and 	ti. 1:1  ij(-r) 	= . it  (S'1 3+3_15 6....... ) ('() 

where p and IL have usual definitions (cf. Buckingham, 1962,p.146) 

Therefore the equations (15.1) are replaced by 

	

Tn. 	 in. 
cf4 fl , c2  e4  c6 	1 	2 	Pt I 

{ 0 	+ int vo j ( a —/ h 4 Lb — . . . . ) ij CY ) ' + ft', 	.....) J.,...c co sic-f ) 
12 90 

	

VIII 	 ti,:r. I 	1 	• 	-1  

2 171. pi, 	t 	I .7 ll'. 	j5  4 	. 	3 	5- 
+ i: g., It CI ) j CI) +F  1 _ Y

L. V (1) y (-.L.S-4. J.5 -..... ) 1/1(1) 
t z, 	 1.,, 	. 	6 	30 

, 
h 	E, FL Ts  X or, sA4 	Csk 	 0   (15.-2) 

SzO 
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where 	= L. 

	

for 	0 	S < flu • 

2 CL. 	for 	YL, C S -4 T12. 

n 	- 1114-71 -1 Y 
2 

and T5 are the integration coefficients. 

Here. the method of Fox and Goodwin to reduce the errors in the 

difference formulae is not applicable. To keep the errors as small as 
4 

 practicable we include the terms in 	and (AS3 and neglect those of 

higher orders. 

The following notations are used : 

	

VW) 	, 

Wfl ( 	xP'arz.•) 	= 

and 	FI K 5c.') 

Equations (15.2) are now written as 

in, ft 

t 	/1., 4 3 j4,+.- 	2 OV. 

4 	4 	/ _i.- 1,4 	- 2 14 
12 	t-2 3 J+-i 	J i-+ 

2 II" 

	

	 14 7 41. 
Sfq 11 +I { 5"J. 

ft )2 
171. n+1 

I/ 4 0 	2 	 ( ,5.3 ) 
G~c t Scp 	k5••• 5 

for 	2, 5, .. .. 	(n-1) 

Equations (15.3) are a system of 61-2) simultaneous equations with YL 

unknowns. The reduction in the number of equations is due to the use of 

the five-point difference formulae for the derivatives. The additional 
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equations may be obtained by applying a forward difference formula to 

the euqations at the point where t=1 and a backward difference formula 

where 	, 	and the formulae are chosen so that they carry errors 

of the same order as the other forMulae used. 

By specifying the boundary conditions Im' each ij 
	

the equations 

(15.1) give Tn. linearly independent setSof solutions,' so the equations 

(15.3) may be written in short as 

.Ay = 

where A and it,  are matrices of dimensions 	(mn)x(7nn) 	and 

(ovn)x7n respectively. 

and is an 07170X0n710 matrix given, for 

(0 i (z) 

(I) 2 co z 
'9 	'9 

each Ep 	by 

(• 71) 

(,,) 

  

(g) 

    

where each is a (n-i) x 

column vector, 

  

   

Hence it remains to evaluate and combine the contributions of all 

the terms in equation (2.6) to the matrices A and 5 at each pivotal 

point, and then the radial wave functions given by y are obtained by 

matrix inversion. 



4 	. (2) 
4- (4) 121 A" .1C A-A * 	w 	3' 	e 3  se_ 	 K 	3-c 2 

-ar'=61/2  

XV.2 PROGRAMMING FOR COMPUTATION 

The numerical process of solving the. integro-differential equations 

which occur in the nuclear scattering problems has always boen a long and 

tedious one. With the help of electronic computers we are now able to 

.extend the calculations so as to improve the accuracy.bulthe programmes 

for presentation to the.machines can become rather complicated. In this 

section we give brief details of the process used with the London University 

Atlas computer, starting with the numerical data and resulting in the 

solutions of the equation.. 

The range of integration in our problem was chosen as 

-I- 042  irto zh 
where 	 -13 

0-2x to 	cm, 

and 	14, = 16 	and 112 s 32 

The various expressions in the equations were evaluated to six 
-t3 

decimal places and the asymptotic regions starts at 124(10 cm.. 

XV.2.1 PREPARING THE DATA 

The preliminary step is to compute the constants in all the terms 

given in euations (13.1), (13.2) which are functions of the parameters, 

for each of the eight .Gaussian terms. This is necessary for the 

tabulation of the kernels (indirect interaction) because the programme 

for the kernels is itself very long., 

For example, we take the term 
1-Sie

t 
 (Y,i') 	of equation (13.1) 

which is given by 
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The parameters and the constants to be evaluated for each G 	are 

1,5 (2) 

4 . 	b. 	 4.4) 	4r.A-A• 	A3. tjic ' tjk 	and 4( 3 V. 	L 	x  
2 

for for each 	1, 2 . 

XV. 2 . 2 . EVALUATION   CF THE DIRECT TERNS 

There are four types of the direct terms in the equations, and are 

t f'c ) , 	, lrfq& 	and 	1/11) • 

ft 	 174  . 
In the actual computation it is the expressions 1:71141-0,), 	cf) 	(f) 

and 16 Pt (Y) which are tabulated at the following ,40 points, 

jc,h,1841, 

The computer programmes can easily be written to evaluate these 

terms as well as all the parameters and constants. It is convenient to 

seperate the programmes for the doublet and the quartet case because some 

of the data in the two cases are different. 

If we use 

to denote the four different types of the direct terms,e.g. a WO, 

to represent the cases, e.g. a doublet case with 	I, 

5 to distinguish the interaction terms, e..g. the quadratic 

spin-orbit S-S term with 1.(2b-110 
	potential. 

	

. 4 	v 

and t to number the Gaussian terms 1 t takes eight values),  

	

then for each p and 
	

the general form of the direct term is 

given by 	 2 

St st- a'st/  

An outline of the programme for the evaluation of the direct terms 

is given in Table 6. 

113. 

classified as 



where 

THE EVALUATION OE TTTE Nr7NFTS.  

Burke (1959) wrote a programme (for the Mercury computer) for the 

tabulation of kernels of a given type with changes of interval lengths. 

The programme is adjusted for our purpose with an additional part to 

include the evaluation of kernels which contain first order derivatives 

of the Spherical Bessel functions. 

The general form of the kernels may be written 

2 E 

3( Cr,
- 	-r 

( G 	r') 
s y ( ) = 	As 	CrOn e 

t 
t 	

4.ist  'C 
St 2" 

where S counts the number of kernels in each case, 

counts the number of expressions in each kernel ?  

is a polynomial form given by 

y,4 

st 	
Z., 5 

n-E(94) 

t 	represents the number of terms in each cksi&r,-1) . 

An outline of the 'kernel programme' is given in Table 7. 

In the actual programme the settings of r and T are divided 

into parts so as to take care of the changes of interval in Y and 7 

and the kernels are tabulated in the corresponding regions of the CYL71) 

plane. 

The programme for the kernels containing the function ( L X) i 
involves the same sequence of computation. The functions 5.  (x) and aiCa.) 

are calculated by using their analytical forms for f s 0,1..2,3 and 41... 

The tabulated kernels will now consists of two types, the energy-

dependent called the N-kernels and the energy-independent called the 

non- N kernels. 
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XV.2.4 SOLUTIONS OF THE INTEGRO-DIFFERENTIAL EQUATIONS  

.The computer programme for the solutions of the integro-differential 

equations has the same structure as that of Burke's with the modification 

in the numerical method illustrated in section XV.1. The direct terms 

and the kernels which are thus tabulated and stores as output in a 

suitable form are now used as part of the data in the 'equation programme' 

outlined in Table 8. In the programme which is written in Mercury Autocode 

language the contributions of the various elements of the kernels and the 

direct terms to the matrices A and B are computed row by row, and at some 

points owing to changes in interval length interpolations are necessary. 

These changes in the interval of tabulatiOn make it more difficult to 

specify the storage addresses in the computer of the elements of the kernels 

and the matrix elements. This difficulty may be eliminated if the programme 

is written in a language such as FORTRAN or ALGOL in whiCh specifications 

of matrix elements can be done in simple ways. The dimension of the matrices 

to be inverted in the calculation is 	59X39 
	for single equations 

• and 	78X78 for coupled eauations.. 
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TAME 6. 	PROGRAV:ME TO EVALUATE THE DIRECT TERMS. 

Set 

read data 

store. data in order of 5 and t.  

repeat for s 

set 41,  

clear store for results 

set" 

set S 

set + 

evaluate parameters and constants 

set Y 

evaluate expressions 

store results 

repeat• for Y 

repeat for t 

repeat for 5 

repeat for 

output results 

repeat for I 

end 
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TABLE 7. 	PROGRAMME TO EVALUATE THE KERNELS 

read S 

set S 	read rt  

set nt  

read pairs of (511) 

repeat for v4 
read t 

set I 

read coefficients Ast  , kst  

repeat for t 

read A5  
• 

set Y 

set i 

and i3 _Pt 

evaluate r-(61  for all pairs of (JAI) 

set t 

evaluate OsENY)  

evaluate e*XP" I- biSi-fl  kst7'13 

compute .)- +i (C,11"") 
2  5+ 	t  -ewr-51,tY 

.-1. 

put j< Cr.-i3 = Q C-r.ii e 	9' CcStIT ) 

repeat for 

repeat for y 
• 

repeat for r 

repeat for 5 

output 

1170 

5 	St 	 41 
St 

add
2-

IcsCY,T) together 



TABLE 8 	THE 'EQUATION PROGRAMME' 

begin 

read data 

read kernels 

read direct terms 

set cycle for energy 

clear store for result 

set cycle for terms in coupled equations 

add elements of N and non-N kernels 

compute contributions to matrices A and ,5 

(for each region of kernels) 

set cycle for direct terms 

compute cobtributions to A and 13 

repeat for all direct terms 

repeat for all terms in coupled equations - 

manipulation 

matrix inversion 

output 

repeat for all energy levels 

end. 
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CHAPTER XVI. 

PHASE SHIFTS ANALYSIS,AND CROSS SECTIONS  

XVI.1. PHASE SHIFT ANALYSIS  

As mentioned in section 1.3. the inclusion of the non-central forces 

has introduced couplings of states with different values of the orbital 

angular momentum C , thus the phases of the scattered wave are split 

into components depending on E and the total angular momentum J 

Blatt and Biedenharn, 1952 have given a detailed discussion on reactions 

which involve more than one channel of collision between two particles. 

Further analyses specialised to the elastic n-d scattering process are 

given by Bransden, Tate and Smith, 1959, and Hamda, 1959. In all these 

papers the procedure of the parametrisation of the scattering matrix was 

used to identify the'phase shifts' and to derive general formulae for 

cross-sections. Here we propose to obtain the phase shifts in a straight 

forward way. In Table 9 we list the radial wave functions and the phase 

shifts corresponding to the substates of each pair of (a,p) with J-.=± 

and 3/2  , and p defined by 

7-4 + 
r_ (-I) 

The two pairs of coupled states (when S= 3/2  only) 

are specified by 

(Ss 1P) 	= (2 t --) corresponding to (CS (2;34) r. (0,3/2) and 

and W7) z (i 	) corresponding to ( C,.,) = (, .3,6)  and ( 3 36 )  • 
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TABLE:9 

C(, s) (3,?) wave 
function 

phase 
shifts 

Doublet case 0, ' 2 2 

1 v2 

2 i ' 2  

Ir+ 2 

2P 

3,+ 
a 

3- 
1 

2S 
jo 

2S 

al+ 
J1 

2s 
.2 

l yi 
1'0 

.n:  

2,+ 
q 

2„-  
's 

Quartet case 

Coupled 

Coupled 
 

1,1 

2,  1 

0,1 
[ 

2,1 

3, 1 

2
1 
' 
- 

.L ,+ 
2 

'2 
3 
'
- 

3 - 
a P 

a 

a  + 
al 

4r 
Ts  

.i., 
As 
J 2 

41 
Jo 

4_f 
J 2 

Ji 
+ 4 S  

.13  

.57: 

An i+  a 
4,7 

'1-0 

A .m.' 
Pi2, 

41., 

4.0  
go 

XVI.1.1 Single states  

The calculation, of phase shifts in uncoupled states is straight 

forward. The asymptotic form of any of the wave functions has the form 

(e.g. Mott and Massey, 1949, p.35) 

f(1) 	Irk; j(k7) 4 14-jr Sin)? ../-(kr)) 

	

't 	Z 	c 

where 	is, the constant amplitude, 

C 
 (k1) 	(kr) are the Bessel functions of half integer order, 

and k is the wave number of the incident neutron given by 

ci, 	4 M 
• • 
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By applying the formula at two neighbouring points 1; and T2  

we thus obtain 

fc(Vr(11 .TS.1(Ts/ -ic(rd'r.i712.3-i9072)  

The phase shifts fl are calculated using two pairs of the agrument 

as a check. Their numerical values at each energy are given in Tables10.13. 

XVI.1.2 Coupled states  

If we distinguish the two independent solution of the integro-

differential equation given in section XIII.2 by the suffices a), L= 
then the pairs of the radial wave functions can be denoted by 

and I
A1(2) 	' i'(21  1 

C 

for 15 0 ,1. 

Thus arbitrary solutions of the integro-differential equations are 

given by 
4..0 

Jf 	t 	[ 
= 4- 

4: f(0 
+ b 

4fa) 

-
4 ( 1) 	1 d 3 r ( 2. )  4 

	

f 	12  a 	 4  and 	
)1+z 	 f+.2. 	(+2 

where a and f, are constants. 

A (i)  A (i) 	 C4,1 
The phase shifts n  , 71 	and the corresponding ampolitudes K t  , 	. 

,CL) 	 E 	,14.2 	 A On 4 a)  
)
'14-2 

can now be calculated using the same formula (16.1) for each •f , ± . 
L 	t+2 

In order to define the solutions uniquely we have to impose some relation 

between the amplitudes of the incidental waves. We take 
is 

	 A.K  
r - 	(+2 

4 

to the situation so that the scattered wave,,unpolarized. This corresponds 

where the incident neutron beam is unpolarized because the interaction due 

to the non-central forces is symmetrical. 

-tan 1,02),A;, JISkrd -fic-04-T2  
ti 

LE 



Equating the coefficients of the,Bessel functions in the general 

asymptotic solutions given above we get 

Cn 	(I), (a) 	( (2) 

	

3C cos nr 	.2: 	_1(1  cas Et c  + 19 K C05 nt  
_K. 	

. r  _ (2) si. 	) 

	

six it( 	= a .KI
) 
 sin i 

0) 
ll  + 12 K r  n nt

(2 
 

Cs) 	6) 	(2) 	(2) 
and 	1(

Nt+2 	
= a X cs 71 + b K

14-2
czs  rj C.-2. 	[4-2 	c+2 

Cr) 	(1) i. 	(2) 	(2) 
X sin 71 	.?..- 4. X

ii 2 
Sin Vi 	+ b A SIT/ 7) 

142  

where31
C 	E+2 	are the required phase shifts 

71   

JC 	is the common amplitude of the required solution. 

and a. , b are the constants which have to be determined. 

By eliminating 	
C '1f+z 

and .1‹, from these equations we obtain a 

quadratic equation for 
4/6  

0) (2) 	0) (2) 

f (K(ti))1.-  (Kc
f+

2. 2  +zed) 
IX[Kt 

--.1((+
2
K

(4,2 

 

VICX

Ca) 

 ) 2 

	Ca 
1.1. 

) a. 1 
) 	= 0 

4  

 

The two solution of the equation correspond to 2(c  = ±Xf4,2  

and on examination of the numerical results it is possible to choose 

the value of 4/6 which corresponds to 1( - r - 	r+z 
Finally the phase shifts are given by 

tot f  

and similarly for n 
(+2 

 

(1) 	(I)(2) 	(2.) 
sin 	

, 
+ -nr  

co 	co 	( 2) 	(z) 
41C

L 
 uss 71 	co-s 
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.11 sin? ( 4n 4- 
2 

2 , 
+ sin (2  711  

- TABLE 10 The. 2  '• phases 

27C 
3 fc2  

0 

an  +60t y21;-.) ow( • 
4 	- 

+ 	
2 ( ) On. 	) +Sin 

R M 
	

CG 

0.26 

0.5 

1.0 

1$5 

3.29 - 

7-45 

14 

16.77 

30 

50 

0.075 

0404 

0.147 

0.205 

0.265 

0.4 

0.548 

0.6 

0-503 

1.036 

0.701 

0.807 

0.671 

0-852 

0.763 

0444' 

0.040 

-0.098 

-0.579 

-1.002 

-0:177 4  

-0485t  

-0430° . 

-0.227 

- 1.322 

XVI.2 THE TOTAL CROSS SECTIONS. 

From the general formula given by BIttand Biedenharn, 1952, we 

may explicitly write down the total cross-section S for the n-d collision 

in our notation as" 



TABLE 11 : 	 phases 

.1( en 2.," 
'Ls 

2 
r1.1  BHM CG BR 

0.075 . 0.26 -0.007 -0.007 

0.104 0.5 -0.016 -0.016 --0•02. 4  -0.04` 

0.147 1.0 -0.045 -0.046 -0.04t  -0.07+  
0.205 I.95 .  -0.095 -0.098 -0.09 t  - 0.11 4, 

0.265 329  -0137 -0.143 

- 	0.4 745  -0.0134 -0.093 -0.2S -0.25 -0.253 
• 054-8 14.0 0.172 0.153 -0-20 -0-26

* 
 

0.6 16.77 0.281 0.266 -0.19 
,, 

-049*  -0.230 

0-803 30 0.704 0 .679 

1.036 50 1.114 1.071 

TABLE 12 : -The 	phases 

k En 4,„- 
%. BMW,. Cq Bit 

0.075 0'26  0.016 

0.104 0.5 0.039 0.065+  0.09' 
0.147 •  ,I.0. 0.098 0.135 4  0- 17 t  

0.205 I." 0.225 0.27 + 0.295 f  

.0-265 3-29 s   0405 

04 0.926  7.45 0.39 0-55 
A  

0.417 

0.548 14.0 - (.547 039*  0-36*  

0.6 • (6'77  -1.90o I 	• 
0.30 

a 034 0.322 

0.803 30 -0.330 

• 1.036 50 	- 0.71 I 
. 

• 
• 
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TABLE 13: The D-Phases. 

'1•2 

112 
k 

15  HM CG ill BM M CG 

0.075 046 

0.104 0.5 -0003 0.00451.  0.0044 '' 0-0 1.4
t  -0.0064-  

0447 1.0 -0.0016 0.0095+  0.009 4  • 0.026 -0.027+  -poise 

0.205 1.95 -0•007.4  0.02 f  0.0251  0.193 -0.0515
# 
 -0.04e 

0•265 349 -0.0216 1.232 

04 7.45 44185 . -1.074  -0.177 

0.548 14.0 -0475 S -1.231 

0.6 16.77 ,- 0.100 -1.256 -0477 

0-803 30 -0.209 -1439 

1.036 50 -0.288 -1-236 

The phases are given in radians between the range 

-1.ey 	5: -5f2 • 

The previous results are taken from 

BHM - Buckingham, Hubbard and Massey, 195$, (MHW 

CG 	- Christian and. Gammel, 1953, 
BR 	-• Burke and Robkrison, 1957, ( MHWB force ) withitz 0.3 xo0a6cm.2) 

- from Elwyn, Lane and Lansdorf, 1962, .  

from de boirde and M4ssey,195$. 

• 

r 

125. 



CONCLUSION' 

The theoretical consideration of the n - d scattering problem using 

the resonating group method for three-body wave functions and the nucleon-

nucleon interaction derived by Hamada and Johnston (1962) presents 

difficulties and we sum up the attempts to overcome these. 

1. The presence of non-central force operators necessitates the use 

of the potential wells in Gaussian form in order to simplify the analysis. 

This is not in line with the results of recent field theory and even though 

two Gaussian terms were used, the interaction still appears to give a 

smaller contribution than the Yukawa form at large distances. The similar 

representation of the deuteron radial wave functions is more satisfactory. 

2. The hard cores of the potentials present a difficulty in the 

analysis of scattering problems of more than two particles. Their presence 

causes the ti -dependence of the eigen functions and this has to be 

overcome. Although the modification of the deuteron wave function is to 

take care of the hard core effecr, it has not fully been accounted for 

because the core radius is taken to be zero. 

3. The complexity of the algebra is mainly' due to the quadratic 

spin-orbit operator. It introduces new typesof matrix elements and terms 

which involve first and second order derivatives of the unknown radial 

wave functions in the integro-differential equations. The difference 

formulae used in the numerical method to solve this type of equations 

gave results accurate to five decimal places. 

4. The symmetrisations of the quadratic spin-orbit and the S-D, D-S 

spin-orbit direct terms were necessary because we had used the more compact 

forms of the respective operators instead of the fully Hermitian ones. 

We have so far obtained the solutions and the phase shifts for the 

uncoupled equations but the coupled equations present considerable 
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difficulties. The results of the coupled equations (with corresponding 

4,4+ 
`1.5  

A 2 	4 4 
no 	 , 

publication. .  

will be reported in a future phases, 

It should be noted that the phases in our case are split into 

components depending on C and 7 whereas the phases calculated by other 

authors depend on 	only. The only direct comparision which can be made 

is in the 	ay! 	phases and our values are much larger in magnitude. 

At low incident neutron energies, the S- and D - phasesof our calculation 

have opposite sign to the corresponding phases obtained by the others, but 

the P - phases have the same sign and at energies up to about 3 Mev. they 

differ only slightly. Our values of the P - phases for J:: i and I:13/4  

for the doublet case are nearly the same. The large discrepensies in the 

phases may be due entirely to the completely different nature of the 

nuclear interaction used. 

It remains to be seen whether these discrepensies will reflect in 

the differential and the total cross-sections and also whether the 

interaction which fits the nucleon-nucleon data will give the correct triton 

binding energy. A significant difference will prove that there are other 

phenomenae to be considered when applying the nucleon-nucleon interaction 

to many-body problems. 
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APPENDIX 1.  

COORDINATES AND TRANSFORMATION 

The incident neutron is labelled as the particle 1 and has the 

position vector Ti  .. The other neutron is, labelled 2 and the proton,3 

with respective position vectors 1''2  and T3  . 

We define T as the co-ordinates of particle 1 	relative to the 

centre of mass of the. other two, thus 

= T - zes.2+  

We usually write (/-23) 	C1) 	= 

Similarly T is defined as 

and we write 
	

(2-13) 	= (2) 

Other co-ordinates are defined by 

-25 

1112 

1:2"'"113 

2 

= 6r,8, CQ)  

) 

R 

If .11, .and .p.2.  are the momentum vectors, of the particles 1 and 2 

respectively referred to a fixed origin then.  

= 
7,1 

2   21g 711  

Hence it follows that 

= (Tri),4(pi-T2) 
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In the calculation for the indirect interaction, the following 

co-ordinates are used: 

1 	= 	2 Cr +2T) 23 . 	3  - 	-  

r13 	 3( 2- (2,4) 13 	5  - 1  - 

r12 	5 - - = 	.? Cr- i) • -  

and the momentum operators, 

b 
rr 2 bT' 

• 
2a-r 

Hence we obtain 

= 	 , 
T a'r 

The transformation used for the volume integration is 

a  

d123 
	 cir 

,2 	, 
with 	41 	:_, 7 d,a die  

/ 	 / 
_a 	being the solid angle .of I . 
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APPENDIX 2 

NUMERICAL CONSTANTS  

A. THE DEUTERON RADIAL WAVE FUNCTIONS  

The S- and D- state deuteron radial wave functions are interpolated 

from Hamada and Johnston's data into the following Gaussian form: 

2 
2 

-f 	e 

The numerical values of the constants are listed below 

S-state ..  = 	0 .17,4 2(36 , 

A2 = 0.022 563 , 

= 0.042822 9  

Az = 0.00550 0 

and a have the,  same unit 

▪ 0.733 

D -state 

 

= 0.1651. 

• = (414-0 , 

oC = 0.2664 • 

26 -A 
10 CM. Both .4 

The wave functions are normalised such that 

	

(41)5.1.8 	) 	r 

'B. TIE NUCLEAR INTERACTION  

The interactions defined in various Chapters are degined in 

general by 	2 
% U 111 	PX 

	

X 	i 	

e  (y)l  a( 

and in the case of the tensor force only,by 

	

2 	...1* 00 2 
T ,Y 

e fl 	U 
k=. 

The numerical values of (1x  and A are given in Table 14. 
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TABLE 14 

A (v) Iii= Pi 1/2  z -: 

Central 

Direct 

Indirect 

II 3 

{ 2  
4 

1712 -9610 

929.4136 

-510.9348 

-108 .7694 

6.2499 

14.3418 

4.8030 

2.0638 

60.4330 

-41.6698 

-66.5970 

-1(•6857 

1.0894 

1.6348 

0.9926 

0.5419 

spin- 

orbit 

Direct 	I 

Indirect 	2 

-13055.3858 

-15822.9438 

7.3379 

8.5581 

-546.8303 

-848 - 1197 

240138 

2.3607 

Tensor 
Direct 	1 

Indirect 	2 

33421. 5771 

148602. 1967 

11.7651 

22.4051 

124.1191 

4-4024. 

1.5351 

0,2849 

Quadratic 
spin- 

orbit 

Direct 	{3 

Indirect 
{2 

1 

4 

-860E2.9505 

6692.9506 

-7120.5038 

11194 -6159 

16.4675 

.9-3852 

8.6826 

17.7960 

74.2721 

92.8297 

-18.0719 

164-92.14 	' 

2.2038 

2.6856 

143611 

3.6575 

given in M ev. 

'and 26 -2  in 10 Cm. 
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APPENDIX 3.  

SPIN FUNCTIONS  

We indicate the incident neutron, the other neutron and the proton 

in the system by suffices 1.2 and 3 respectively. If di and 	are 

the usual spin functions of the nucleon 1,, then we can write the 

5 
three-body spin functions, 	in the following way (see e.g. Schiff, 1955 

ins  

p. 235) 

DOUBLET CASE: 

With 	5 = , 	ms 	i and 	, the spin functions are 
I  

r1'2  (x.23 
2 
0

Y6 ( efia4354-0(A0(3— zpiecia) 

(1,23) 	c firec.p3  j3, 152  - 	7)2p3) 

and they are symmetrical in 2 and 3 

It is often very useful in the doublet case to use the anti-

symmetrical spin functions in the simplification of spin products. 

These functions are given by 

and 

= 4L2 	6:(1.133.-0(3.132.  ) 

Pi 6;(2-3-0.312)  12  

They have the following properties: 

(1.21) cri .9C (1.21) =. 	0 	for jr. 2 and 3 
s 

 11.1.4  

and 	i(c,(4) (fito;),crns(1,-P3 )a 0 	for any function f . 

Vectors of the Spin functions which we often use in the derivation of 

the integro-differential equations are defined as 

i f 

% 	" 	%CO = 9C1  CifE3  ) Xj(1,273 
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no, 
and 	= 	X CO 	= 13C0,273) y VCt.273)) . 1  A 	r 

Some of the transformations used before spin summations are 

%CI) /5  —2 

1 	tvi-2 
X (2) 	= J.. 

2 	
( 3- 0-,-0-2 ) %CI) 

11 

The following is an example to illustrate the simplification of 

spin products. 

Consider 	(074..G.)- )(.(2) 

By the transformation 

.1.1 	i 	 ru * 	^,1  2. 
X (06;4•S) L- 9C(2) = 11 6;42  9C

t 
 J (g-i+sr.2.). L.. 1 ..L. (5-ir;.cf) Po] 

75 	2i3 

Nei 
c) • C3- 41.2 ) 

re (e-o..d.),I. ) 	cr-cr 3 (r+cr).1- 	4.+iff..1- 	+i r" LA 61] ••••• 	I 2. 	-S 	 I 2 	sA2 —I... 

= 2  (1-2 	 C2.11  

2 

CO 

Now 

So 

The term cz L gives zero elements 

(11-+q)•1- %(2) 
ru.s4  

2 	1. 3 	— 

which can be easily evaluated 

QUARTET CASE : 

The eigen values of the total spin and its ?.components in the quartet 
case are given by 

5= 	, 2 — and -3. 2 2 2 	2 
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Thus we have 
3/2 

0.23) 
3/1  

3/2  xi  C1,2.3 )  

Ni 
/ j (1,23) 

3/z 
X (62,3) 

44042073 

= 	413  (d, c(2.N 4.1320(3 +,!'°(1°(3) , 

Ap2a3  + 0(9,433 ) , 

J3.152. J3 3 

The spin functions are symmetrical in 1, 2 and 3 and there can 

ev 2 

fns  
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APPENDIX  

INTEGRATION FORMULAE AND SPHERICAL BESSEL FUNCTIONS  

A. THE DIRECT INTERACTION 

In the calculation of the direct interactions, the following 

formulae are used: 

-X (ft-I51)2  
X e 	etg 

-a (R-1s! 
KIR e 	dg 

-Vit':51)3  
X f 	ds 

= 

= 3 4.13Y3- 
2X 

3 - - 
Kfit 	 = (5,  4.?-r2) 151* 2X 

Ki
-X(g-151) t4 e  - 	g  .1. 

= 15  4. 315134. If 
4 

4A3  
a 

-X($ 
523(e) e a) 

- 

-N(Z 'if ,.  )2. 	a 
K 	(A 'R) S23 R) e 	cift.:-.. .6 (AI) S3  C1)4.

"i 2  S 3 	,-1- ) 
2  

-XCIZ-r113-  
" S23Ct) a 	d  

2- 	 2  
= 	I 	I

3.
/  .1 S

23 
(11) 

%2A  

a 
-X CR-151) A 

X10'1.10(131) e 	 CA.-r)08•11 4* -L- A.B , 
2X 

	

--1S1).2 	 , xic,,..N.,e)cp.13.)cc4t) e 	4l 	$ (Al.)CePT)CCI) 4- IC. (03.c)(Av +(9A)CE.1)+CA•B)CC-T) 

where 
. 3/2  

X (A) s cA,e) .5
3- 
04) =.36;4)(.13§)-04:12-30•§1. 23 	2 
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• B. THE INDIRECT INTERACTION 

The integrations over spherical harmonics in the indirect interaction 

calculation depend on the use of the well known formula 

	

f
E ce4) e 	ds2. 	41C Ycet, cps) `dr (DI ) 
vrt 	 frft 	1.4 

where 

1 	= 	(T, .n.) 	:.-. CY, v, cp ) 	, 

Y' 	-_-: 	( I I, ..Q.) 	= (-I; v, cc,') 
and 
	 cla 	S s-i-ru9 cLetc4.0 - 

The Spherical Bessel function is defined by 

1 
(r_2)  J (ix ) (x.) 

141 	 % 

the first few values being 

3iCt ) 	 Lillr 

;(x) 	
= smkx 

1-4 

	

.The recurrence relations between the functions are 	(from e.g. 

Whittaker and Watson, 1952 1 

 

c21:11) 
(41 

= 	(x) — 3'oc) 
C-1- 3/4  

= (to .5 (x) - ..);() 
[-p 	1.3,,2  

and 

From these two formulae we may further deriire the result 

it 

(1.-) 	c(i+i) + I] ..),(1) 
L 

f sl • 
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S-S 

Y 

• 
• = 	4 • 11. plc  

• = A.1-• zrk uk 

Nic  = ok-foCi +4,1k  

lqx 
11.01)04. 31. 

calcutation, the following 

-2a• Ci- w )0 +5ir _ S 	z 

In the indirect interaction 

S-D D-S 

4 4 di -t Ax  it k 

00-89(0.i4-4 2  

a " / 
440-8aipti+ej 

• ix 
oCi.• 45'orioci  +0(j 

(40(i+Atoyftir.  ) 

1(,04,T)4,0  

137. 
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APPENDIX  5 

.COLLECTION OP PARAMETERS  

-The parameters defined in the direct interaction calculation 

are as follows: 

parameters are defined: 

S-S 

9- 	
Gxj+40(i 4,jAk. ) 

=1 (44  +.4.i +J.1)  

= 	( di 4 4 di ) 

▪ ( 4 ori+ ) 

ji 

= jjk 

14 
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