THESIS |
 submitted for the degree-of
- DOCTOR OF PHILOSOPHY
by

S. SRIBHIBHADH, B.S€,,A.R.C. S.

N - D SCATTERING
“WITH CENTRAL, SPIN-ORBIT; TENSOR

AND QUADRATIC SPIN-ORBIT FORCES

June 19665
' ol

-

Department of Mathematics,
Imperial College of Science and Technology,
London, S.W.7. \ ‘ _



.

ABSTRACT . :

The following work is discussed. -

a). A formulation of the elastic neutron-deuteron scattering using the
most general form of the nuclear interaction which includes the central,

‘tenSor, linear spin-orbit and quadratic spin-brbit components,

The resonating group method is.emrloyed to construct the three-body
wave functions and. from the SchrHHingef's_equafion a set of simultaneous

integro-differential equations is derived, AThe doublet and the quartet

spin states of the system are treated as seperate cases. The radial functions

are taken in Gaussian form to permit analyfical‘progress and each of the

_functions contains two terms so as to maintain accuracy in representing the

7numefical data. The hérd core in the interaction presents a difficulty in

the analysis and its ‘effect is taken care of by a modification of the

.deuteron wave functions.

b)e An extension of the n-d scattering formulation to include the D-state

of the deuteron wave funcfion.',

The S-D interaction due to the'quadratic spin~orbit potentials is
omitted due\ﬁo'its small contribution and the comparatively complicated

algebra involved. :

c). The solutions of the resulting integro-differential equations by the

method of finite differences.

- Programmes for computing the kernels and for the solutions of the
equations are prepared for the London Atlas computer, Thelequations are
solved at different incidént neutron energies so that the corresponding

phase-shifts and cross+$ections can be‘evgiuafed and compared with previous

N

results, . - NI ' IR

1.
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INTRODUCTION

" In using phenomenological nucleon—ﬁuéleom interactions in the
calculation of the.elastic scattering of neutrons by deuterons we nay obtain
some informatibn about the nature of nuclear forces. Many défailed sfudies
in this aspect have been carried out and in all, the resonating group
tebhnique was employed to derive the integro-differential equations.

Among the earlier authors, Buckinghém and Massey (1941) calculated phase
shifts at enerqgies less thanAZO Mev. using ordinary central and exchange
potential's. More calculations wifh the assumption of purely central
interactionéfoliowed (Buckingham y {lubbard and lMassey, 1952; ‘Christian and
Gammel, 1953, £3; de Borde and Massey, 1955; Burle and Robérison, 1957),
but they were more extensive such as to include higher phases or to include
a tenSOrIforce by representing it with én'equivalent' central force or to
consider both short and long effective ranges of the interaction. The
problem with the inclusion of the tensor force in the interaction was
considered byLHorie, Tamura and Ydshida, 1952, employing the Born
Approximation. /Bransden, Smith and Tate, 1958, then gave a complete
formulation of the neutron-deuteron scattering:With both central and tensor
forces together with the admixture of the b—state of ‘the deuteron wave

functions. The numerical results obtained in these papers were generally

.in good agreement with experimental data.

Recently a new‘iko-body‘intéraction which satisfies nucleor-nucleon
data. up to 3i0 Mev. was derived ( Hamada'énd Johnston, 1962). This
interactionvincludes the linear spin-orbit coﬁponent and a nev type of feorce
namely the quadratic spin;orbit, and this'thesis_is a study of n-d scattering
taking into account>a11ltypes of forces., It is hoped that this will give
a basis for further investigation to determine whether this new interaction
.‘can be applied to many-body problems when there 'is a possibility of other
effects such as many-body forces which cannot be revealed in nucleon-nucleon

experiments. The phase shifts of the n - d scattering at various incident



neutron energies will be given and the results will be discussed in the

Conclusion.

The following formulation of the n - d scattering is prepared as if
there was no hard core present and a modification to take care of its

effect is given later (in Chapter XIV.)



CHAPTER I. .

I.1. NUCLEAR INTERACTION

The nucledn—nucleon interaction is considered to include both

central and non-central forces. The

most general form of this

interaction with the invariance and symmetry requirements (Okubo and

Marshak, 1958) must be a linear combination of the following terms

o

Ce

d.

the Tensor force,

the

the

where

Spin;orbit force

'-r(«)

Y

the Centrai exchange force,

A(!‘,-J') - V(_g)(s+s)(IfT)A(f f!

Quadratic spin-orbit force

Q (5

I.-;j

' V(I;‘j )

S.

-1

and T,

= V('U [(f Uﬁ
= (I*-"J A

J 2 {(2:-;j ", -U)'*(Q)L

Qﬁ‘~P ) and

is a radial function.

,J)(m. 3}]

is the Pauli spin matfix vector for the ith particle

and ‘?. are its position and momentum vectorsrespectively.

The evidence for the existence of the non-central forces in the

forms of thebtensor and the linear spin-orbit terms Hgs been explained

-in'ﬁany papers (Signell & Marshak, 1957, 1958;

Gammel and Thaler,1957).

The necessity for the inclusion of the quadratic spin-orbit term is

confirmed by Hamada (1960, 1961) in order to produce all the available

data of p-p and n-p below 300 Mev.

The improved version of the nucleon

- interaction is given by Hamada and Johnston (1962) whose form of the

quadratic spin-orbit term we now use.

0%

The choice of parameters

is the



set that gave the " best fit to the'data'though this yields a high-
percentage { o 774' ) of the admixture of the D-state of the deuteron -

ground state.

In order to take care'of the exchange nature of these forces between
nucleons in various states, to each force is attached a'combination of
projection operators constructed in such a way that each operator will

pick out the pair of nucleons ina certain state only.

The projection opérators are

. L Yoo, Y ¥ )
i-( wt"' éﬁ"‘]"’ m_!mij"" ﬁfH;J) ’

¥ Dbeing F and 3 to represent the singlet and the triplet states

respectively,. : b

* representing the even and the odd states.

ﬁij ’ ij and H,'J' are the usual Bartlett, Majorana and Hei senberg

operators for nuclei ¢ and ] -

The values of W, b, m and R are as follows

, v'wi, = 1 for aill | >’._._." ’
:3h_=1‘, % =1 %Q: -1, b= -,
=0, (m=-, Hn+‘= (L, m= -,
Bh,=0, ho=d, 'Rz 1, 'ho= 1 .

Thus, for example, the operator corresponding to 1 and 2 being in

triplet odd state will be

i((-’-B’J"m.‘J"J’(’J) .

10.



The pqtential ‘wells V('f{j) in this work are takep to be of Ga}ussian
form whose parameters were determined by least square fits to the
Hamada and Johnston potentials. Two _Gauséian terms are used for each-
poten.tial well so that one may represent the short range c'ontri‘bvuti‘on‘ .
and the other ;the long range one. .

The interaction can now be written in ‘full as

Z Z $(wib Bytm My 4l W) V('r LG &)
7- Az0 vz ¥4

where

» 0 2 N Py, "h > a
\{\('ffj,f,,fj) .-: E‘ UK exd. {- Py 11‘.:[') x

A0 <&

1

LY 5(9'--r-i)(a‘.-1" ij)
. A )L .. 1 -] - - T
[5 +§"{é(«+%) ;,J} + 8—7\2{ : : -‘-’:"'—,_}

+ 57‘,3{(6 O‘j)I_U -_L(o' Llj)(gj “J _g L“j’@i'éij)'}_'}

i/\l’ is the Kronecker delta ,

x represents the kth ~Gaussian term ,

’

A takes the value 0, {, 2 and 3 for the central forces, the

spin~orbit fofces, the tensor forces and the quadratic spin-orbit forces

respectively; Y =1, 2, 3 and 4 toﬂreprese'nt the triplet even state,

the triplet odd state, the singlet even state and the singlet odd state

respeétively.

The interaction given above is taken to be in the unitsin which

11.



I.2 THE DEUT "N WAVE FUNCTIONS

\
The ground state of the deuteron is in the triplet even state, and

it is a mixture of S- and D- states due to the non-central forces. The

deuteron wave function can be written
om | i L |
e (L) = @(125;;5.{_,,)16“:23)
where

@(.25, 00) = BT+ T3 AT,y

T(23) being the tensor operator 3(g; 155)(6 153) - G0
12
3

2

d;(za) and 4%(23)are the S~state and the D-state radial wave functions
respectively, and

I

X (23) is the spin wave function with total spin {1 and magnetic
™

quantum number m .

The radial wave functions are also taken in Gaussian form, i.e,

2 2
: -, T,
23
(1,4 = A et

d% 23 - iz1 ¢t ’
| ' 2 T
' r a2 T T

and '- Cép('lu) .= i' AL s € .
. 1= -

c# has a factor t; in order to cancel out the denominator of the tensor
D . C

operator to simplify the algebra.
" The pérameters'were derived: from the same set of results of Hamada

‘and Johnston, and the functions 4;(155) and CEB(Iza) ére normalised
so that.

Z.. fé(15"2"5) dI = .

12,



I.3. THE THREE-BODY WAVE FUNCTION

In the system which includes non-central forces only the total

angular momentum J and its 2 =-component J, with respective

2
eigen values - J and M will be constants of the motion, but the orbital
angular momentum L and the total spin § are not conserved.

If we assume particles 1 and 2 to be neutrons.

and particle 3 a proton, then the complete wave function in the

resonating group method which describes the system is given by
P (12,3) = P(.23) -~[(2,i3) .

We use the notation of Buckingham & Massey, 194l.
The wave function g?(t,fé) can be expanded in eigen functions of

J and M thus;

T3 = Zov 5,

JM ITM

and each of these eigen functions may be expressed in terms of substates
characterized by the quantum numbers [ and § of the orbital angular
momentum and the total spin (5:% for doublet states and 5:'% for quartet

states). So we can write

’ s
“ (1,23 ) = Z. &3 F (1-23)
\f}m S Q§ : Jm
J+S
and S - S
Fs(t-zs) = Z °j (1,23;02) 4 :F 1)
Im [z13-5) ~Jm( T sme
where
m+s
s _ s s _
Yoz = Z C Yy X L3 |
Inf memM-s JTIMm [m m-m :

13,



Using the co-ordinate- system as defined in Appendix 1, _ EE(zg)

is the deuteron wave function,

S ‘ .
}(f) is the radial wave function of the incident neutron (particle 1)
Im{ '

s :
X (1.23) are the spin functions of the three-body system glven in Appendlx 3.
M-m

Y¢2) are the spherical harmonics of the solid angle L  and
. m . .

® are the usual Clebsch-Gordan coefficients,

Imlm

The claséification of tﬁe scattéring states is given in detail by
Bransden, Smith and Tate, 1958, aﬁd it shows“couplings of states with
different [ and S . But we shall treat the states with different
total spin S, i.e. the doublet and:the quartét cases seperately. This
is justified because although the contributions of fhe various values of [ to
the differential cross-sections are coherent and must be treated together
the.contributions.qf the various channel spin § are incoherent, and we
can obtain them by aftaching appropriate weights to each contribution
tBlatt and Weisskopf, 1952,vp 4oL -L28). That'js to say we regard S
as a good quantum nﬁmber. - |

The wave function qﬁTN\ ‘giveﬁ‘abéve will'éati;fy the ortﬁonormalitj,

for each S

ff @(25)fy(123 .m} [@(2a)y azs _Q)] d,. d_Q_ 55 5 .

Jimm - I3 mm ¢

To abbreviate the algebra the various partial wave-functions are

defined in vector and matrix form.

1k,



For each” J* "I'a.r;d M , in the 'doublet spin state s:é ) |

\

for example, put

JE

X @y = [9(1(:.25) , ,xln,za)} .,
. 2 .2 E
R - J-3 : é o Ity
. ' )
c’ Y Eo.@) C LY (e
. TM G- (mey)  Med IME+HI L) mey
y ay = . 33 oy -
~TME 1 ¢ Y (8.9) C Y <oq>)
’ J'M(J-é)(m-i-g) mey TMET+AI ML) mad
A ’ o J
E
i :§ (1)
M J-4
o %’CT) = Jz
Jm .
£3(m
JMJT+4
so that
s
F(1-23) = L XYF
TMm T '
s
Here ’y always refers 'toy (_Q,) whlch 1nvolves no sp:Ln functions
JML
wvhereas (1 23 __Q) will be written in full
Im( :

I.L HARD CORES OF THE POTENTIALS

The nuclear potentials of Hamada'and Johnston vhich are used in
thié work conta_in hard cores in all ‘states of the: intéracting nucleons.
Thoqgh the radji‘of ‘the cores are assumed to be the .same and small
(‘r ~ o48x15'5 cm. ) _Their presence constitutes a difficulty in the

analysis of the three-body scattering problem. As will be shown in

Chapter II the _Schrb'dinger equation invdlves integrals of the form

*
Pan) V() B3 41y,

15,



This integral has to be divided into two regions.corresponding to
14,1 <7, and lfuf > Te if the>hard cores of the potential are

considered. The conditions imposed on fxml cause the integration over
the spherical,harmonics to be restricted to cértaiﬂ solid angles. This .
results in the dependence of the SOiutions §n the quantum number Ni'
which implies the violation of NP ?'anariance.

Another difficulty arises owing to the integrands over the hard
core region not being finite. This may be avoi&ed if either or both of
the potentials and the deuteron wave functions are adjusted so as to take
care’ of the.hard-care gffect.

.B”r‘ue'ckx.'ze‘r' '(1-953 )} has shown that, in a 'twO-'body %Jroblém, the

product VCﬁ7chT)Y behaves like a Dirac delta func£ion and

as Veroo , . V@) vdp(1) =0  for TS ,

where V(¥) and (v) are the potential and the radial wave

functions respectively.,

Since the potential . V(v¥) is infinite inside the hard core, the
| two body wave function &P (r) has to vanish there. Thus taking as a

hard core effect
V(0? = o0 ’

we must at the same time put Py =0 .
In this we need not break the integration into two parts and so

the difficulty of the 'M -dependence i$ avoided.

" Thus the hare core effect may be achieved by faking'the deuteron

16,



wave function to have the -analytical form
2
‘ S Z. A e
1=

The D~$tate function needs no-alteration as onhe additional factor
of T;; in the wave functions is enou§h4to fulfil the conditions.
Therefore in Appendix zvthe_numerical values given by Hamada and
Johnston are interpolated into the above Gaussian form for CPS instead
of the one previously given in section I.2. But, as mentioned in the
Introduction, we leévevéhe gnalysis of the whole problem as it is and
the resﬁlting'expressions are differentiated with respect to LI to

obtain the factor Y23 . These differentiations are discussed in -

Chapter XIV.



CHAPTER 11

II. 1 DBERIVATION OF THE INTEGRO—DIFFERENTIALVEQUATIONS.

The Schrodinger's equation for the wave function is

(T, tV) W(33 = (23
‘ ' caees(2.1)

-where 'ﬂzs is the kinetic energy operator,
V - is thé potential energy
and E is the total energy of the systém.
Tba may be written |
T2z = T—zs +1;3
= - (z :»23 | ) ’

where M 1is the mass of a neutron or proton,

2 2
V.,V

23 {-23
particles 2 and 3 and of particle 1 relative to the centre of mass of the

are Laplacian operators in the relative co-ordinates of

other two respéctively .

Vo= VgVt

We have
bgihg the potential energy of the particles i and J.
E = En"’Ed 9
where Ed is the energy of the deuteron ground state (-2.226 Mev)
Enp is the energy of the incident neutron relative to the

deuteron (= % of the energy in the 'laboratory' system).
’ Using . ﬁE({E,s) : .given in Chapter I and dropping the indices
'J;M [;s eduation (2.1) can be written for both doublet and quartet cases

as
(Tras £ +Vigt Vost V) Z $2s) F(1-23) = (T, 5 E +V‘2+v23+v 2 @(:3)(—'(2-13) i

18,



If §§(za) used is the exact radial wave function of the

deuteron then

(Tps =By +Vz3) $230 = 0 |
| ceeea(2.2)
and its complex conjugate
@&3)(’!‘ "EjtV,,) = 0
ceses(2.3)
Also : (T,a-Ed+V13) @(13)' = 0 ceeeee{2.k)

Conditions (2.2) and (2.4) reduce the Schrodinger's equation: to

(T -E, +\/ Y, ) Zé(zs) Fl1-23) = (T E +V +V )25(13>F(2—13)( )
1-25 versal(2.5

Treating the doublet and the quartet stétes seperately the only
possible coupling in equation (2.5) is that of the states with different

{ 's. To obtain an equation for the radial function ?? CT) we
multiply (~-5) by [éﬁ&a)?jJ(125 Sl)] © (index s dropped belng
ungerstood) or [@(23) xﬁ)y(,)]‘* . then 1nteglfate over all co-ordinates

except ¥ and sum over the spins.

Using equation (2.3),we get

: * '
N J[é(zs))ém)/m)] (‘l; -E Vg + V. )24_5(25) F(1-23) 49 d1

, . P
= J[é(zam(f)y(-ﬂ)J (Tpis™ TstEE V) 245(15)#(2 -13) d dT,, .

On L.H.S. of the egquation , Jv,z = J-"'vta""'

and on R.H.S., the kernel is symmetrical in 1 and 2 as



After working out the operators attached to \42 we prbceed in

the same pattern as previous derivation. Finally the integro-differential

equations are found to be

& Fery
X%
= | dR dQ (;_z%n_\«; [ B AW Y@] .

Z [ 1wh) Voo g

Ay

T,.) X (1,23)

955,

| i ¥ “)J )T
+i.(25—m)y 'VAUDQMQ,QB,T”)7<(2.13 N I

o, | *
- ‘(di/da (%) g}j[@(za)-xm)um] .

. % [ J.(W-zﬁ.) "V(1z)§(<r g 1) X (2,13)

. . ) . ". , ’)
X k(()‘zm; y\&uz) &(6,.0, ,1'3)X(:.25)} y(n)4+3"61
+(EZE) d-rd_cz (4) MT[@(%))CO))/C.Q)] Ig 3.-,3>x<z1s>ym.) L Fe)
i 44
, 3 % * 2 - 4 . .
+ fdf JQ_-(%) T y(.a.),%a) [VY,@(B) $12) }_76(2,:3)_)1(9.) '}L’ ™)

_J’drld;a (§)4 {v @(23)_}1(9.)} X @(15)1(2 :a)y(.g.) 1T,
evsee  (2.6)

.20,



where . ) - ] — ‘
J-s - ~ ' ;
2
2 J-S+1
L =
f_a
D
L ?+$‘
for all. J and S8 except J= é » S= 3, for which
I&
2 - ” T+5-1
b - 2 ’
Dns
and 2 2 2
‘ D[ = _4, - [Q(-H) + k, ’
a7’ ¥2
'kz = ‘ ‘.4.. .M_ E .

I1.2 CLASSIFICATION AND PRESENTATION

The equation (2.6) is strictly speaking a 2 x 2 matrix in the
doublet case and ak x & in the quartet. As there is coupling between
states with the values of [ 's differing by 2 only, the doublet case
will give two single equations with1 { = T=Y, and J+, ; the:
quartet case will give two pairs of ‘simultaneous equations when T3

and only two single equations when 13 =Yy e

The terﬁs on the R.H.S. of equation (2.6) can be classified as
'Direct’ énd 'Indifecf' interactions depending whéther they involve the
_outside heutron (co-ordinates Y ). The direct interaction may be
evaluated complétely,_but the indirect intéraction terms contain functions

/
of ¥ and T so0 the integrals are left as undetermined functions.

Both the direct and indirect interactions terms that contain the
‘same type of force in \qz will be treated in the same chapter. The
term which is multiplied by (En:mEd)' will be named the N-kernel,

. ‘ - .
and the two kinetic energy terms with operators V, and Y72 will
: T R

combine to bé called the P-kernel, . ,

21«



The evaluation of these terms will be dealt with in two parts;

a. the S-S terms - the pre and‘poét multiplying deuteron wave

functions are both in the S-State.

b.. the S-~D and D-S terms - -one of the wave functions is in the

S-State and the other the D-State.

The D-D terms are neglected due to the small percentage of the
D-State admixture. Considering the amount of complicated analysis
.involved and later,the computing time taken in the evaluation of the
quadratic spin orbit S-D terms these are also left out. The derivation

for. the central and tensor forces is repeated here for the sake of

completeness.

In the following chapters we shall use the notations for the
nuclear potentials and the wave function defined previously. Also we
may refer to the co-ordinate system given in Appendix 1 and the spin
functions in Appendix 3. The integration formulae quoted.in the
formulation are in‘Appendix 4, Owing to the large amount of algebra
involved in some parts of the calculation it is not always practicable
to give every.step_explicitly. Also sd@e of the suffice are omitted’

wherever there is no risk of confusion.



CHAPTER III

THE CENTRAL FORCE TERMS

III. 1 DIRECT INTERACTION

The derivation is straight forward but is given here to illustrate
_the notation. From equation (2.6) the contribution from the central

forces is

. . ’ *
D1y = 4M Jdﬁmym)x?n@czs) x
55 :fe

.

.Y b4
x ? [;"(ZW’F‘Z, V(12) X(1) + 1 (26-m) Vc(uz)X(z)] @) Pz Fen .

After the spin summation and the spherical harmonic integration,

we get
' CDSSH)
= ?;%, fdgdfﬁ(zs)"% 4 {(zw—-ﬁ)y+'g(s)(zb—m}},} 'VVC(fz) P (23) Fen> |
where |
g = -4 54
_— s=3 veean(3.1)

Hence by the summation over ¥ the central potential in the direct

interaction of the doublet case is

3+ Vs— I+ Vs-
L(V, #3V, +ov, #3Y ).

' 2
The equivalent Gaussian terms are Z cUmeX_-f- [_C.(') ’-]
| X=1

and the mumerical values are all given in Appendix 2.

i
wl
L]



Similarly in the quartet case; the potential is \
3+ g Z C (3) (3) a
= &
LV, *”c,), u xp. [~ U

The space integration in both cases can nowbe performed viz:

c 2 -%E; - f; ‘ﬁﬂ;
DM = Z aM |dR Aie U Ae’ Fm
) i’)_]rk:" 3,&2 J
Z 2 -
“(u-A..%. )T (R-¥ Y)
= 40 Z AAU ¢ P k%0 T g, dg TR
S8 ik * |
where
)‘jjk = o+ +2¢1]4 xijk = il/"k/)\‘:}'k- .
Thus ' . 5 (-2 1‘2 , a-
. - “-A.. )Y
‘b = aM 5 (X ) AcsU, e P st T e
5s 342 ik Vhige/ o

after using the relevant integration formula given in App. 4.

‘ In the following sections,only the ﬁjk th term in the summation
will be written and the suffices i,j,k may be dropped from the

parameters A, U’o(’},‘, A,¥ which still vary according to the interaction.
(direct or indirect) and the case (doublet or quartet) as well as to the

type of forces,(Central or Tensor, etc).
Hence the central force direct terms in both cases may be written
2 };AK)T

= 4M (T_x) AAU e Fee) .
. .5,5‘3- A |

c
5-s

-

- 24,



ITI. 2. THE INDIRECT INTGERACTION - \

The contribution of the indirect terms to equation (2.6) is

Tm avimr | dr’ (23) V(D XD
L - -(£) {zT 140 P23y

¥ i ¥ . : ’
X ?[i(w-zh%, \/(-_02)%(2)4'3!‘(6-27“)){ vcazmm]ym)@a_a) i.l?"(f) .
The potential in the doublet case is

_e(3) 2 :
- "+ i~

c (2 “H T y 3+
% | uk 4 = %-i-(l;-zm' i(.w#x;‘ Vc. = é-(- \é+5 V.-9 V+3 Vc)

" and in the quartet case
‘ 73] 2 . .
FoA m) "74(; 'r‘z ' b d ) '
. _ - - V. = 1(- VL+3 V),

' ) C
Hence in both cases we get .ES(T)

2 2 Ca

4 . i * -d‘iTza 'Fk‘rﬂ _o(' Tla ’ v
- e e e J 2) L Feh)
= _(g) 4%7 fd’! dﬂ}:o(ﬂ)A" _ .UK ‘AJ g }/( )1,

' 2 2 ’

. 1, =47 by T S e ,

@B AL L o e T 55 |v@ve e ¥ dodo
CYR L Womm' )t |
‘ , 2
using the fact that dr. = ‘rfd'r,d_Q,l ’ ~ where
“ho= GO L b = gl
and ' . Xijk = 3(4"‘{*4"5"2}‘3) ,
b;f’ being the Kronecker delta .
[ and. [l také the valués' 'J'_-S,J'-SH, , J+s ,  with the usual

exception for JT=4,5= 3 .

. ’ .
™ and m take the values M-5 6 M-S+i, ...... ,M-l-s..

- 25.



We use the formula from Appendix 4

' 1 :
JYcaq:)c 49 = 4L Y(‘aep)}cbw)
o1t _ B 52
and define a diagonal matrix
/ 3\
S (0
.T-S-ti
3.(x) '
[3@)] = IS5ty
i "’0
Y ()
v\ . 5“'54'5 7
for all J if s=4 ,
and for J7 3, if s_-3) ,
and o
| %4
(x) - 3
[5[51 ] - '
: )
5.,

for 3’:5, 5:33/2.

We finally obtain

S

. 4 ‘ ..ar—-BT
Ty = -‘(4) M2l AAU [»ah{ e [3 (zmj Fex) ]
: £ -

- 26.



CHAPTER IV ‘ ' ‘

THE SPIN-ORBIT TERMS- ‘

IV.1. THE DIRECT INTERACTION

As we have an account of symmetry

— - x ’ —
Dé‘r(f.za)(gﬁ;rz)-!_.m%(z,;a) = X (4,23) (gj-rg,)-_L,,zx_(:.za)

. LS
the spinlorbit terms can be written ]%(T)
. 5 .

' %
¥
= 4AM 'rfagd.o. [ P (23 A0 _y(m] é j(zw-ﬁab-m; \1/. 512)@(23)35(13.}/(1??#?’(1) .

The potential-in both cases is

Ls, M LS (1 a Yo,
% U ex [ 1,2] = g. zt(zw—FuzB'm)y Vo2) .
Writing the spin-orbit operator in full
LS - * * —‘ o —HK(T—J. g)
DM = 4M7 [ 4RAQ Y@XD A e
sS 3 ‘f\} = ¥ v N

AR
J

[J (6+9) (2 n- *iR;g 2ahgf-r,b )];}.e Jémym)#?’m .

dR integration,

1 ,
Carrymgut_the g- diffe:entiation and then the

& LS ( 5

ve ge i

we g .’Dss v .
SAY )T

3/2 -(/A * * . '
g; (—;;) (1-§) AAQ e dﬂy(Q)XG)é(gq-g:z.).ér xmy(_ﬂ) '}f’(ﬂ )
g)-L

THE EIGEN VALUES OF (g +d)-L

(18 -9
Nien

We represent the values of the operator by

L (g+&H) L > .

27.



~

The matrix -%y is constructed so that

2 .
Z.X)/ = JC:I-H))C)I .
Now J = L£+s P
S = 40
where a 2=
= L{g+a+g) -
We have
: 2
L2L8> =3 s>

H

i,e. : <Ly [:r(:r-w) [([+|) A(AH)J [5]
' [S ] beingi a.unit matrix..

For the doublet case we have

Lgrg)-£> = L<aLy

so that
gro)b> = 4 [3Gen-Lden-27(3]
_ _ Acg)
- :'- [ I ] seves (I*-l a)
h 1
were (A0 L [sew
JL - :
-3 (7+3)
and for the quartet case :
4 (g,‘+n;)-l—> = 32-(_I°!-_->
4] ‘
Where ) , . - J-c . ‘ :no-o (li'ol b)
' (7.3,
| £(3-% )
(%) s0%
A = 2x|
J¢ ] ' 2 -5 (T+95)
-(7+54)

for 3'7/3/2',



W (36D

and for J=4 , A - N \
'[ IC] =2x ‘ b
) -
Hence we obtain finally 2
1< 3 - AT
- M - '
D = 4% (L) 20 §)asl e s{ Ay TFO) .

In Appendix 3 an alternative method of derivation is given. In
this the spin summation is done before the spherical harmonic integration

and it is used in fhe avaluation of other matrix elements.

Iv,2. THE INDIRECT INTERACTION

" The potential is

Ls
Q) - v, : .

Z U e Fy = 2 L(w-2h+b-2m) Vaz) .

k k oy 4 Y oLs

We have to evaluate the integral

4. (1121 4 )3
-50& LA -3 k('I'I)

L?[c y o _Ay Atd e A U a
¥ = Y MT ¥ 402 A; Q2 { (& X
ss (5) ;\; = 'A" y X

_gaﬂ-(ZT"'l")z
o+ ) [0, 2 —(z-2 TAE Y@V LFe).
,xz'i,"fl)[ ST Ry

. /
By differentiating w.v.1. ¥ and integrating by parts w.7t %

we get Ry~
I
s-S
4 ' v , -Mifrr'ibr-l’* . :
- (6 (AL e VX (O, (T44,)-7, / :
= -(g) : AAU < (41' o) r[didn )/(.a X :zli(_‘«»gl) Y01 X(2) () 1L Fer) .

29.



By rearranging the factors and using the result

’ 7
7 "7 I‘I / "-oI'I
e = -1 X e
K

1R
-
> .
g/

and then integrating by parts again we obtain L%I(1)
. S'

ar-bi [t o, - ' , ,
= é)fé AAU 6 (o{lﬁ:_(‘,)fd‘f e 1-{[5 y(.cz)xmi (@+a,)-L )C(Z?}/(ﬂ)ﬁf)tf_ﬂdﬂ

‘Using equations (4.12) and (4.1b) we obtain the expression

o, T
ja(nd.o_ e y(_cuxm @rg) L x(z>3/(_p_) = 47r [j{f:m] [A]

So finally we get
o o o
-a1* by

Ls , / .
Im = ¢ ) 4T 16 (@) | A7 e [ﬁ(bm][Aﬂjﬂf(ﬂ .

o™
Wi
o %
)

IV,3 REMARK

The inclusion of the spin-orbit potential introduces no new
feéture in the integro-differential equations. The matrix [AJCJ is
diagonal so there is no coupling between the doublet-doublet states, or
the quartet-guartet sfates of the neutron-deuteron system. This may not

1be the case had we pot'treated.the doublet and the quartet states

seperately.
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CHAPTER V

THE TENSOR FORCE TERMS

We define the tensor operator which is symmetrical in i,j and A, B

5i; +3 (g M (g B)- (g ) (A-8) .

J(é,ﬁ) = 3(q¢ 'A)(Qi

“1

M
le

This force gives no contribution to the doublet case because of

the spins. The formulation given below will be slightly different from

the work of Bransden, Smith and Tate (1958) because the operator in the

integrats has no denominator, also the calculation is more specific with

Gaussian functions.

V.1,

DIRECT INTERACTION

. The potential is expressed in the form
T (l) T(” a . y
e = L -h+ -m) V('IZ) .
2 2 U ap o] Z 4 (aw-horabom), Vg
The tensor operator in.the direct term assumes the form

LY 2 ‘ L, 2 .
52020 = Sp(T) =S,(LEI+ 1S5, (R) .

We get T’D G
ss
2
QA ~A(8-51)
aMm e AAU | dRdq € X
3 ﬁ?

»* | »* : . 2
¢ V@)X [ 5,00 -5, (TR +£ 5,(K ] xeoyea) Feo

-( -mf "

4
)

M
L

31.
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V.1.1. THE SPIN SUMMATION :

We have to evaluate the matrix:  -<;9¢(,) J 5’2(1’)]%(,)>

The elements of this matrix are given in the table below

) -3
TABLE I: THE SPIN PRODUCTS OF  §,,(7).

34 . 3 % 34
X X :
32 1 y.‘.i 2(:3/2
34 g 2 ' 2
X 32-Y 2v3 12 495 T 0
3/ -

3 2 2 2
%, 29372 -32+9 0 4937
3 .

3 2 , . , 2 ,
X, SACRA 0 =32y -2Y37 2’
3 Co ) -
34 2 ‘ 2 2
)(_,%‘ | 0 493 v, o -2731,2 22~T
We define Y, by T, :‘é(xti)/) .

V. 1.2 THE INTEGRATION OVER SPHERICAIL. HARMONICS

Each of the matrix elements shown in Table 1 can be represented

by a spherical harmonic Yl' (0, @) with [ =22 and 'm = 2,-1, 0, 1 or 2 .
: m

c % %
Thus the evaluation of the integral fyx S 9(.-}/ dsy reduces to

finding integrals of products of three spherical harmonics.

32.



The formula, given in ZEdmon

[ JY (8.¢)
[:ml

' E
= [(2[,4'!)(2(;*1) (2f+1) ]
&4

Y 6.0
{m

2772

i

oG L,

where
mm m 'le

ds (1957, p,63) is

chr?'q’) sine do dop

)
23
(oL Y[ L
0o ¢ 0 m, m,

is the Wigner 3 -~ j symbols.

In the actual calculation the Wigner 3 - j symbols simplify but
tedious work which involves sums of products of Clebsch-

it is still
Gordadn coefficients.
% * N
Write (5‘2(12) > = fd.ﬂ y(_{).)g(, 1)) 5!2(1 )X (DY (L)
The result obtained for J>» 349 is
| ( 4 \
23-3- 0 (3(23-(27+3)] 0
27 27 \
. 2
257+5 [3(25-0(27+3) ]
0 0 23+
> 2 ‘ 27+2 2
< 512(‘\' )> = 1 5
| [3(23-1)(27+3) ] o 23-3 o
27 27
o [325-0@3+3)] 0 2345
23+2 ‘ 27+2 J
g
and for J=z é only
273 0
’ 27
: a 2 ‘
£8,(0> = 1 Jres . D)

0 . -‘274—2



Defining the matrix B by = {[B Byl = <3500

J{
we finally obtain the tensor force direct interaction T:g g1) thus
- : 32 ‘ ..( 2% T
- 4N/ ?
D0 = 4 - (i) (1- ,) A AU, e 1(8,] 75“’(1') .

V.2. INDIRECT INTERACTION

We write the tensor operator in the form

. R .
Sae) = #[5,004s, (1) -25,(1,00]
and the potential radial fﬁnction as

' "' 2) T (2 2 . »
T i cxj) [-/u}c T, = %é_’(w—zﬁfb—zm)y \lr(u) .

The tensor indirect interaction is then given by

v :
Isg) : (4) M v AAU ( ) X

at-briyra .
x | e y(_‘z)xm (5,00 +5,0)-25 (1.1] xog(_a; 730 PEPT dr’



The integrals with 5,2(f) and 5,2("{") " are treated by the

techniques used previouély Zor tensor operators and indirect terms.
For the term Sz (I,I’) we have to evaluate the elements of the

. 54 - .
matrix (X '5'2(:('{) FX "> given below.

/
TABLE 2: THE SPIN PRODUCTS OF  $,,(1,7).

/2 %5/2 3 B
24 ME x’i ' x_%
5/2 ’ ! / / Vi
X | seziyy  |as(Larh) | 4 0
p3 .
5/2 - ; ’ . 7"
Xy |273(r3+ra)| -322417 o | 4T
2 .
ETA , » ’ ;s
43~ .0 -3+ 1Y |3 (v )
=3 + 4 LS
34 , L ; , ,
X, Y, 0 431, 7, |2V3(faer )| 32207

Each of the spin elements is equivalent to a product of two

*» /
spherical harmonics, Y (8,@)Y ,(6,¢)  where m, and mg  take
1mg Yy

integer values between | and -1,

The integration over spherical harmqnics takes the form

LT ¥ , /
e Y (0.0 Y@ Y, (8,¢) Y (6,¢) dada
‘ fm m tmg '

/
) 'ms ‘

35.



This is easily evaluated by expressing the products of two spherical
harmonics of the same angle variables as a linear combination of spherical

harmonics.

There are also term§ of the type
. —&r'?:, X ’ a 4
e Y@ 11 Y, (5,9) d2ds
frn {'m
-£
= _2 | e Y(scp) Y, ,,qn dndo

= 9.,% 4L *m‘jo 3(&11)
(" wmm’ ey

where :%+J£TTU are the Spherical Bessel functions defined in
L .

Appendix 4,

and 17’};2 -?,;(é&ﬁ") = - Ez?—e [J. 3 6377)}

Bg using the recurrence relations between.‘ﬁ's (given in Appendix &)

[

one may write

o ST ) - [3 cerr)
fz J [4(5 ETT “(32_77 £

or = [C Le1) 3‘(6TT') +LYy (f.'r'r')] .
2[+1 (+34 . [-1

We define, in the indirect interaction calculation

s * . * 7
i0d0 e Y@M 5, XY = {5,089

a3

A



Finally the eigen values of the tensor operators in the indirect

interaction are found to be

a 2 U .
- i )
< 5 (1Y > = g—;:;r, T8I 3&?” I,
% — IA' ¢
£s (1)> = 40 1[0 ] (8
512 D‘Y'Y' [ [“é, ] [ Jf] ’
1 <s,1.1) = 4L v ([P g coees (5.
and ERCR P a (7 Qe ] (5.2)
'where 1Y {?;[:Ef271)}
f | :
o2 (23 +3T3 [2GI-nEI+] &
23(23-2)[ 732 J 0 27 J °
i
0 2345 @3 +@mY ] 0 [2Gr4)(2743)] >
27 (23429 Te 31 27+2 I
= I
[3(23-1)(1345)];3 0 __2_3_—2__[53 + (@423 ] 0
27 J 23G742 I d ,
1
0 [3270(27+3)) 0 _ 2545 _[(50)3 + (54559 )
2J+2 J#! 25+2)(23+4) TP T4

Hence the tensor indirect interaction is given by

T . 4 2
N O ORI
= .. 2 ’
, “af-br - L, .y
’ / - - 4 . )
X odT»ﬁ {T(%M%’??ﬂ}+T['%*(Zﬁ)][%‘] ?T’l’ [gt%fzﬁ)]} v

/



CHAPTER VI

TIE QUANRATIC SPIN-ORBIT TERMS

Qs

The direct Qs -Ds_s('r) and the indirect IS s("l’)

interactions
" l‘ - - - )
due to the quadratic spin-orbit forces are as follows

: Moy [agde [SE»x0YV]
v | dR do [@EDIXDYD]

R

¥ : y :
) 5 m) V2 {6120 B(23) X(2) | i) L F)
x%[iawh))/ \£§'2>1&§:z>@<zs7x(:>+iczb m), Ve L 02§30 X Jytad

S 4
b] = 4
I%fh >

as | 4 ; %
ana’ Is_séf’ = (%) %;Tj-d’: 40 [@(25)%(:))/(.(2)] X

¥ . Y X -3", /
x%{j(w—zh), ngm)_f_qfssz) SR (2)+4 (b-zm), \égaz)j_ngz)Eé(«s)x(a)]y(_ﬂ.):‘!, o,

2
where LQS('?‘) = <-l'g;)‘£'12-Ql2
and Q) = [ (GG k)t (GhI(GE)]

Due to the complexity of the operators, we try to simply the

integrals by considering the spins first.

VI.1. THE SPIN SIMPLIFICATION

vIi,1.1. THE DOUBLET CASE

L(1+ 0 0) X(1,23)

As , i(Z.IB) '

i(1,23>+5(g-9’2-a>5(‘,(/,25) -

1

We can write the spin elements of the integrals for the direct

interaction as

X - b X oV ) . X ()
<X Llaw ) VQSchSm fxen > +<xc:}!i(zﬁ m)\ésLQ(;z L0+ 55D FX>

¥ <% TS mwV <X (12 (g-g-0 ) X
Czw-hub-m; ‘ésa('”\é(s'“ ‘x(l))fé@bf ™ \r/zs'(x("”%fas’” @-g-0 ) Xm> .

=1
&+

38.



aind for the indirect interaction as’

Vv . —
Y, = ~ 03 ¥ ~ g -1 L XD
,L("/U'Zh'fb-_Zm; \és< 1(:)1122(;2) (> +jcb¢zmg \{25(%(;){;2!215(9;9‘2 D LADD

Applying the relation between the symmetric and the anti-symmetric

spin functions (defined in Appendix L),

Pk

! ,
%i_é(l.ﬁ') 31’3 (60) X (1,23) ,

the spin elements can be further reduced.

P

We work out each component of these elements, using the properties

N* -~ v
X1,28) ¢ X(1,23) = o0 for V=2 and 3
Y
(9,‘;93)%(:,25) = 0
~H% v
and X X = [
Thus we have (72(1”{;93_1.,%‘72(0) = _15_ ?‘(VJ ) lx(l)7 L
= ﬁé.- [8]
and <fxc«)lcr<r(g,gl .)lem> = %<5c“l(,,-'g2>*(g;g) V(g o;>1xm>L
.
=9L[5] .
Now QIQ = —ésufﬁ;af_—).}.é(g:'g;)lf
and so KXIQ, N> = <KW | .L(er‘ «_;Lu. | XC>

<X nf (g6 )LI‘L(:)>

{
‘JHN
lt“
—
o
e

We also have

<RD1Q,1 X2 >

RO 14 (g L1X(2)>

i

¢8<7'Za>l (05 g o) (@a | K>
; .

L[]

|
oy

- - &
= <XCD!Q‘2!‘X.(D>Y+§L[5_]



So the potential and its operator are reduced to the following results.

In the direct interaction, it is given by

ol Y _ i 2 .
ll,(zw-ﬁw.b m), Vgi2) (-2 Lot2 L, ) (07 4 L(2b-m) ”\éc;z) [59 -2 2][3]
= "1‘.(2w—f1+2{gxm)>, 1\églz) [ % ][5] 4..1(219—771) V(12) [3]_, 103 .

The potential wells are given by

"

Qs, O as ™ a9 ' ' v ”
Z Uk er.[ s 2} %’i&w—h-}-zb—m; \é(sxz)

k

and ir a$ 2 ebe[ a3 (’) "}

S, L (2b-m) V(12 .
v 4 Y Qs

In the indirect interaction it is given by

. o 2 ‘ 2
4 (w-zhwuﬁ—zm; Vacsm) [-g»’;,z 3] + 1 (b2m) y\é(s’” (3£, )1%] -

' . qs (2) (2) | ‘ f
The potential wells are 2, U ¢ Qs > — Llw-2 fu.{,_ ) ¢
- Xp. [ /ux ,2] = ivy 1w 2m) \és/z)

. N ) v
and Z 83 U 71 [ T ’] = 20 1(b-2m) Vi
. o y 4 . ¥ Qs

VI,1l.2, THE QUARTET CASE

3/2
As X (1,23) are symmetrical in 1,2 and 3 ,
m i .

" the potential in the direct interaction is

S as . |
ds 1)) ; _ B _ Vv
% U, e%y[ } z % L(2wh+zb m; \é(sm

LO.



For the indirect interaction,; it is-

g oy’ ap 0] - 2

1
A

( wih+ bam) YV ¢12)
v Y Qs

The spin function in the ‘quartet case offer no simplification of the

: 2
operator - L

as? except that LQS = 1_:‘2 ~Q-12

The evaluation of the direct and the indirect interactions will

be done in two section, a. for the operator _(__2 and b. for Q
- 1

Vi.2, THE DIRECT INTERA CTIO\I

We have for the doublet case of the spin-orbit direct interaction

5
BT
W kgl (MR) AR
= ?%{TAAU jd@d.(z e y(a>[,_L ]LZ]y(_Q) e # Fer)
@[ w21 8)° sl
s WA |dR o e | }/(_Q>[31_,2][5]:y(-0-)6 L e

cerve {(6.1)
Similarly for the quartet case we obtain
D («r)
: (1
%\;vﬂﬁu | fdﬂ, dsL exd. [—a&KJu.(f-Jm J}/(_a))cm L xm)/(ﬂ) e _L?’m

1
(- 2 2, % + . —ot R '
4 2 A o fh e I
5%;*““ J@ 40 exp [~ Rt (£42) ] Y Kt Q (1) XY € L Fer)

I?‘ci]"3

= 4
=

L N ) (602

Vi.2.,1. THE MATRIX BLEMENTS OF .L

The operator ;___.‘2 _is given by

i



2
‘ ~LR
has on its right the functions Y(_Q) E {.(1‘) and we aim to

2
-«R
eliminate ¢ first. To be brief the terms Yf (—Q)_L,f ()
' ML Y 9t

2
Lo

are left out in what follows. VWe shall be integrating first

" and various formulae in Appendix 3 will be used,

The Space Integration

Ve have ,dﬁ? AR
| = [2(1-1R), 2 p26TyR] € .,
1'&126 _{2(-’5—))\31.‘_ A J
Thus
2 ’ Rz
(1_) 2 —D(R- _ [5(',‘-_1{{ _(‘f"lr») 5] [2 )Aé— 42‘6('.'“\@) e-"(
R S AE L 2 SR
T S N
= B(T-4RIAS ~(T-LRIAD J-[3(T-4RIAQ 4+ 2& TR
é [2(-2..)1\3_:! ( ;-—)/\aB] [2 (" ;-)Aaz-" A ]
2 .
~-xR
4+ 2 (IAR)-(g(;r-gﬂhg# 26 ,R] & .
, 2 —xkR
We also write (1) L, €
= F(T-iR)AD .(3-1R), O .. A
+3°<(1-ys>»%-zn:< -ee.. B
-3 (71-LR) SIRYA D
z - 3~ Ab?_g -(I 573 Aﬁ_ C
- - T
2&4(1 543),\_02@.-/\*3 ... D
FIRLR (T-4RI LD / . E
2 2
+4& (TARY .. ¢
The term &  cgives
: . 2
[(1‘ )) —L(’I/\\D) (RAD) -L( ﬁ,\z)'(fn?ﬁ.).p-_L('_A\Q)]
31 % e 4t
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and after the dR® integration we obtain A

3
T -3 o
- (z) g[('rﬁb)_lf('\’ﬁb) (1,:2) i(rhb)%;s(-r,\w) (204, 2) 7]

where ‘fc is the vector ¥ to be kept constant under the differentiation

2”' p 1.C -é- ,Tc = I @- ‘
il oY T
2 .
Now 17,2 = (IA2 ) (T a8)-212
| .(_Ab—:f) ( '\az) (‘“ar 51
3/ N
and hence A _ (% _9[:291»3)15) 51y L3102 L L2 ]
(A) 4 ( z (11 5172 bI+4x bT)
3L
- (%) [ 9(1-5) Lo _9350-5) 12 42 (2)

Similarly we obtain for the term B

3¢ [@-58),% TR )

2
- 3«[(1-3.3 -27-R -T.R I.

- - -

: 2
D L (TRIRD) +R LR (1:2)]
Y 724 2 ‘ 2

ALY

<
'
o/
-4

which after dR integration reduces to

2
(T) [-exs(1-5)7" * 95 4 3% (j_-%)]

We further get for term C

(I

Ny

IR
2-

a2 . (-
5_
which after 4R integration, reduces to

3h . ]
C = (g) (-;)-(1-;)1% .

Also term D gives

‘Z“ICI'iB)Aa.b_ 'I:\E] = ;20([3(1';_!;.-33)_-7-(1-1.5).1-] "
R . v



and after dR integration,

5h .
> = (L) (-4o<)(f—“)’f
Then term E gives
! 2 3
36 TR (T-LR)AQ = 3L ['f (R2)-TR(T2) 1 TR (R2) 4 LR (T
o EE A o7 T er’ T2 21’ 72
and after dR integration ,
34 S S
= (&) sK[_L X 2712 ]
£ (3) ==[-4 SrTax ot
3/2
= (_K) 34 1.9 .
A ax or
Finally term F gives ’40(2 (T,R)Y - (T4 R)
which, after 4R integration, reduces to
F (T -40C 'f .

Hence collecting all terms,we obtain finally

32 2 5 ' 2
- of - :
B 2006 o002 DD 42
34 '
2
= (§> [-—(l-—'ﬁ) L + 9d +J.O"I—'J.)J(‘TZBT) +122 éé*f) }
where ¢ = za{g-(:-;_s)(f;s;)}
and Y = -2{%}%‘-(!@)(”35)}

The Spherical harmonic integrations

The following results are standard

" Y (o, 9) [(len) Y
L. Hgle.qa ,'é‘j&(ﬂ = (£+!? IWS.B'C?)T'LJCE(T) ,

1.2 ®.¢) L = - ‘ )
(__?H.’) \GW‘BCT’)T‘jCLCT) | [JC[(:') ;f,J[L(T ]\Gnsa_q;) ,

lbll'o



fon

SN CETITNY

3

4
[cl+nd [¢
:f;JL;(ﬂ._ ,f

-r)] Y 5.9)
¥ C (m

Ve are using the notation

, N
Fey - g(i Fer)
Fy = L Feo
and ) = —_; .
With the above results we get , for vy -1,3 ,
‘ , ,
(»} : 4 (» y —o R ju (I-;{g _‘{K,«
DL&m = AAU T|4dR A2 e ym)p_ (E]fy(me 7_;,-,Wm
7r.%/JA o L
= ('3') AU exp.[-(p-2$)7°] x
/ ”
5 ~(2¢ 00 F) pavr Fad - 2 Fn
[{2(12)4_‘6“;}[42 ]G“'('f) ( 7\.,.2:/.;.2 YTE) L2

' LRI NI (603)
where [ It] is a diagonal matrix with elements [ L+
vi.2.2, THE MATRIX

MATRIN ELEME

NTS OF sz(ir‘z) .

We write .

_ Q%) = £(9,%4, )
N 1 (%) = (gL )(g L)
and q (,42 = (g‘l..é_'z) (g;. l‘-lz) ’

The evaluation follows in exactly the same steps

2
s as used for L.
except that the terms are more complicated.

The space integration

2
: ”e have

ca)lqlzcﬂ_r,l) e

Ny

g+ (1L R )

2

3 .« . y &R
- T-(r- R - {r-

2 -5 (réﬂ)g(;][gg;(r R) D —
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will be zZero after the 4

2
z >R
differentiation and so will the term (9-,"5/\5 Y- (o’"j,\_B_') ’ being

The terms involving ¢ -8R,

%

proportional to R,AR

The term (g;'rﬁgb_ﬂ)(g‘ijﬁgf) which is proportional to (g-Ya R)(Q;‘I,\bé_r)

after differentiation, is =mero on integration over { since it contains

2

factor Y, Y .

Ve write (i,f Jm{f‘z) - g(g: IA%)(QJADQI) ..... A
_‘SZ(Q‘IT;:D%)(_Z'fA%) .....B
_g(_,-;ug)(g;f%?z@) cen..C
-g(,,-h%)(_qﬁ%) P
4%(,‘1,\51)(9_;_,\%) ce-E
+§("'“z§i)“§“§g> .
+§(,I-IA2?%)($-§A§.}) G
+ (-‘-r,}%i)(g-A%) S H
~§(-;‘?3Aa-%>($'§;~§-r) c.-..L
-4 (gfs;%)(g-m;:) T
The term A, after 4R integration, results in .
A (Tt)mu) GL (g Ly
Similarly the term B, after AR integration, reads
32
B = (L) (_gx)(g:~1A%)(¢ircAaéz) }
~The operator
(G2 gnld) = (G1,2) (g CA_>+[( (g:2)- (g«'@(-_f.b%;] ,

L6,



and hence we get
3
B = (L (_2‘0
(B (-5

The term C leads to

BRI L1>-{(giz>(g,-bbj)-(g@(i%)]

3& (GTA2) (G To %)
21

which, after 4R integration, gives

3/,
¢ = (E)zaoczf[( DD - (60 7]
S
Y
)2<'§X> Gy (gL) (g ky) -
o

The term D gives after integration, (E'
p

Similarly the term E, after integration, results in

32
- @ Femany Al w0 @ @)
. -—3/2 ;.1 ‘ % . b y i J
= (;\) 2 (?S P (gL (gL -o{(gp)(g-béz)_(gg,)(:r%)} +L{lgo (2)-(g2)52 .
Alsc the terﬁ F leads to d[@’ﬂk, )(¢'TAR)J

-

-z

24 [ ﬂi % (& va)+{<m>({r R)-(GHR]

which, after 4R integration, produces

5/
F 54)[,(. {(g1)(e, a2) -(gg (_%}4—‘5{(0’1)(0‘{) (crcr)f} L go; J

251

Further the term G . gives 3[—2&’(0’- RY(T-RA )+{(G"'I)(0"§ )-(O’-O'_'z)('f-h)}J
“ T ar YT Tex

X

i

=

s
§fhf

ind after dR . integration we obtain

3L l 5 £
G = (T) 2 (- [ (gD (:2)- (g,-g;)(z-gr],

l}:? »



Term H on differentiation reads

48 (G TARI(GTAR) -2 { (g7 6) 1= (C1(0; 1]

and after 4R integration we get

3f
H = (T) (4°< 20(){(0’0")1’ (crf)[a’»r)}

Term I . after differentiation reads

-2 [(gR) (g %f) (G 03) (R2) ]

which after integration, results in
3/2
3% . . - g .
= (T) (-2%)[gpig2) - (Gar a2 ] .

Finally term J , by diff erentlatloﬂs, is

d[(g;-gg( R) = (GT (LR ]
ieading to
- 3/2
A 2
(“XW) o8 [(£0)T-(FD(GHT] -
Hence fhe full operator

('i;)2 Q'z(fu ) after integration
!
gives

32 2
T 30—y Q(v) _ 5. )00 ) 4 L (8 2)(
(1{) [-;('z)Q,ZT) 2 L (0 af)(' aI)+2(4DI)("

w.T.t. B

©
= 1

2
-5 (L) ]

AR RS 210 DB)4%(g,-r)(ir,-éai)_cg.-gg(z.%)}

-V{(Q','I)(Q’if)—(g’;gz)of } .;.3‘33{.@'2 J
7ith the notation
To(AB) = L(GANGBY 4 (GANEB) - (GG (A-B)
this becomes finally
LY/ ‘
(T) [9(@)@(«) 2 T(2,2) +y T, (,2) - T(D +34 5or | -
x 37n 2 %71 o1 57 an

18,



The spherical harmonic integration -

It can easily be verified that

t
A

ng.'bé‘,f) Yrrge.cp)‘_'l_}h.) JC
and _r‘;(.b-;—b——)\((ﬂl@)#{(‘ﬁ = -}J(T(Ayé)Y_'.[g_J'.,_ch] -1:2(.1’?)

or fm
[..‘5:}:(1).._ :[Z.,._..JC] T (1) Y .

- Using the .results we get
<

-«x-ﬂ(_ 418y ’ -4 R
1'(&13 a2 e ym)xm Q(-,Z)JCO’_}’&) e fr",%ﬂ

a2 - -A‘f)'f

(lf).‘ e fdi{ y’?mx*m[ j-xmy(a)[ ]

where the terms in the brackets a}'e

[;’I("*g)zq,z“”]f"'[?“)]. 2 [TQ.2) ] [Fen)

' : /
o+ [ED]. [a#?m (wm ) Fe) f34] . [F0)]

+ [1;2(1’)} [—-"‘ ?‘(—1) (')’+ ).:.3"’(1).,.(0’,» + 27 ) ?’(1)} .

32314

The ;i:-r operates here on the spherlcal harmonics only. The symmetric

property of the spin functions is used so that (5"—&) = 1

VWe now define the following matrix eléments wx.t. the eigen functions

Yy

< é(g.x)(ﬁ%)..* i(gg;r)(_q-..a_b_:[) S = ‘[DJI'] ,
KL ( 3')(9','%1’ +i.( 2%—r)( 2%)) - #[E‘T[] ”
< g )(g' L) +HEDEL> = [5[] ‘.
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These elements are evaluated in the usual way. We obtain the spin
products of the operators in the form given in Table 3. Then after the
components of T, £ and L, Thave been transformed into equivalent

: oT :

spherical harmonics, the integrations are performed.

Table 3: THE SPIN PRODUCTS OF L (GANGB) 4 L(G-4)(GR) .
3/1 @1 aﬁ 3/2
9(5/2 sz X x-a/z
3/2 g -
x ? 2 (KB+48°) | LA
32 AB Z(AB+AB’) "(3A B 0
N T
2 4+ 2 P b3 % 4 -
% |3{ABEAB) | 2A-B-AB 0 4 AB
3/ 4 A+B+ - 2 2 0, 2 2
< . 2 2 o4 A
Xy, % 0 2p.-AB |-S(AD+AD)
x%" + + 2t 43 a2
, o 0 2 ,
3, 4,AD _%(A B+4 B) AD
where i ‘ 5 .
i : AT o (AT
d - | AL
an pt = 4(® +187)
The full arrays of these eiements <are found to be
( \
_ 233
43
o ' 235
[:%'[] - = 4(3f|) B P
' o 23-3
43
_2J+5 J

. i ; : 43+
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=13

(7]

4

( <2:r+2§2;r—3> T (amdlId| Grdess) o

) 87 3

. 3 2 ’ i

o z16I3-28T+167437 0 G| (r)GIe)]
24T+ 8(z41) 3

L

. 2 3 2
. @IDEI[@r275)] 0 -163-203 +243-9 0
8y 3 . 243 :

0 @3-DI+) [ (2:-:)(1:+3)J 0 (274 (23+5)
- 8T+ 8(T+1) )

2
(52)
2
4T -12T+19
2

. a - ’
=4 T+4T+27 .....(83.a)
12

(3+5 ¥

\ o
. ‘ }

with the usual exception for S=34, J:é .

_ With these

we are able to write down concisely 'the direct term namely

) ™ -ty Ar4RY,
ZDQ‘ 2(«) = AAU f dR d.ﬂ € y(ﬂ>xc:> Q(«‘,)x(:>y(a)i7(«)
= (W)A/.A.AU o P 7
) [ {‘%(‘g) [ 2 +529. -0 B +52?cr[
+(°"f+g.1'+5zm)[n] (20’1+2v+é§+‘a:‘ )[5]}?("')
{mﬂ "‘ (é"'ﬁaﬂ) [ (2?’1 + 2 [SJ } L Fer)
SPNCARRNU) 'z«'zﬂ o e
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T VIL2.3 RESULTS AND REMARK

From equation (6.1) the direct int_ei‘action due to the quadratic spin-

orbit force for the doublet case is given by

' ' w &)
Q'DS,S('-D = 44 [-4 D N + 3'93(1)J s
: 342l 3 La o L

. (6%
vhere D ¢r) are given by (6.3) .
. 12 ~

From equation (6.2) the quartet term has the form

. Y o
Qbsm = 4N I-D('m-p N ]
S . ) ﬁj L‘; Q':

where ':D (~r) is given by (6.4).

We note that the quadratic spin-orbit interaction introduces three

4
I\
N

new terms, namely those containing ‘/,rz , and first and second
derivatives of the unknown radial function JC(-r) « These integro-
differential equationsAtherefore‘ differ from those of previous calculations
whicl,h d.id not include this interaction.. Because of the presence of ,C’('r)
va modified numerical procedufe.is needed to solve the equations which will
be discussed in Chapter XV,

' . Ly . .3
Although the operators i [(g;-n(g'zb ) +(51) (g"‘a,f ] and

[( bT)(gaé ) + 0'3 )(0’3 )j are syr“metrlcal with regards to the splns, their
b Y a1

- matrix elements [‘D“] and .L2 [EH] are not symmetrical with regards
¥

to the angular momentum { . The syrﬁmetrisation of the operators is

' given in Chapter XII.
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VIi.3 THE INDIRECT INTERACTION

S .
The doublet indirect term Q I (1‘)
' (2) J.

is given by

_.o(‘fw

—d‘l T
4 12 ,
Im = _(4) M 1AAU jm da e da ym)[_uz]ycm e LT
h

3 ,ﬁz
2 (4)1
"0\'{’!'23

4 4
~(AYM 1ALV jd‘!d_ﬁ. e
3 42
and the quartet term by T (1)

L ,
._(.g)lvlq(AAU2 fdzd_ae

_.mr L O e
+(4) My .AAU Jd‘f an e y(.mxm[qmz ]X(ﬁ_}i(.l?-) e _L (44
| LA X R X/ (6.6)\

2
VI.3.1 THE MATRIX ELEMENTS OF L,

We write 1 L. = ('1'-1',) A (Q -2 , ) .

Considering space co-ordinates only, we have

on the right of the operator =(__'2 the function

. end on its left e

The following steps will be appl‘ied in the derivation of the kernel
. 2 .
=% T3

1. Differentiation w.v1. T on ¢€ J

. -
W : : - 2
ve have Its = 3 (214"!) 9

53.

2
L

/ J l3‘ ’
(_a) 3L e’ L Fe).
y [3L21Y L

eeees {6.5)

2
-%T3

ymuém;. X(z)ym) e _J,?Z«n

3-

2
"”]a

TPy cF




so it follows that

2
“"{j:rsa
Y e
T
) o -rD'
and Ny o I
- 2
(1-1) A,B'_f e

2. Integration by parts 'w‘rt.'_r’(in order to transfer the unknown )C('r’)

n
\

I~
Q
~
N
-

+
[E3
N
™ ¢

. . ’ ’
to the left of the operator) followed by differentiation wmi 7T,

Since » ' 123

we have the result N
i -k, -
y e B e

—

o7’

where

£

and - ’YL

We thus obtain two operétoxf
2 2
Al
I,\é . &
2y
nd : e >
a ‘. -3 U7z
e _

»
Slor

[_ &: ('f+21)+-8/1(-r—'r)_] e _Ebj‘

(71’1'*;1‘) e 2-'%}””
-g(%ri.%) |
= -g(éﬂiwx) y

h-

identities

. R 2'
¢+ =KT - UT,
23/’"2
c

Tt
/ Sl W a7
e Fha

ft
2

N

-

The forgoing results for step 1 and 2 will now be used (often

implicitely) in evaluating the matrix elements of operators l_..’z

Q .

12 .

2

Sli'cv. ~

and




Only relevant functions involved in the calculation will be written down.
We have the identity

2
2 a - jI‘-” ‘ [

W L, e (f_r—x'h%-(:r-x),\é,]f((:r—z)ﬁé -(1-1,2,]

o7 o1 -2

-

Consider the expres’sions on the right hand side .

The term [ (

H

b J [(T“Th\b‘f ] exy. [ *i Mg ] becomes

’

-5} @‘y'-["i'rl;J -

Wlm

{ 5@ { ’T - ('I-'I')z} +2 (1T
1-

The term { ") a] [ (7_.1-) b ] exf[d'r’a becomes
1

2
Irg_@oc (—_r—'j_‘/)z%; (21+7)_ | oc{('f’—r) ﬁ } (—f—'r> L21+T)+2('£-T) Z ] 0‘}’[ J"5}

Cn using step 2 we get the result for this term

2

[_ L;ﬁ.{(;firf).%} .(’I 1) 99 {b (T-r)}(fr-n (znrc _2@_ (r-z)]eygz[ zaf‘Tz
: 2 PRNL 2 ’ , S o2 a
= [Jg_?di (27-11-1 ,) -z{rL'r +(g—q)'_m: -g'r} +6 *f:f"’ﬂ'%”l’ {(‘f-_r)-vf }J ep. [—»{1;3— ‘ZJ .

_ The term [ (1-17, 2 ] [(T-ﬂ ] exp.[- x'g_,,] gives
o1 2T

g [ r ??‘f-f'“t‘rz;?‘*':J -

Finally the tex{‘m [.(-1‘7.-1")"3%‘] { ‘r-I)A_ ] e;(j; [ o- 13J becomes
[c'(-:r),‘._ [(I-r),ﬁ] exj[ 25}11‘,2}

= [Cgf'q)z{ = (117} +2(E+n) 2#1‘-1') »]Vex.f- {?*i”zfaj‘ﬂ;} .
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Combining these four terms we get
2, 342 r2 . a2 3,
9w {T7-(21Y' ] -2 (1-21547) +6

where : ' W

1’) = l9§ (dfi+0cj )
. ’ _ g C
and | Z’;JK = 9-‘(4414{4374]()

4 ’ . 2
" dodQ  integration will have a term containing (1-T)
whiéh may be dealt with in the same manner as with (1"1")
lwe find in general

’ | n , -EI""[, -n"n
dadn Yee (11) Y(5,8) ¢ =4k 177 'S eer) X X
fm ‘ (n Evr' £ (44

where
1’ j: 3‘(271) = (—a) £ d [_L 3’(&11)
€ [+ : € [+
. 2
Hence the indirect integral of the operator 1_.‘2 becomes finally
: a2 062 2
o) ' , e o % ~*hs _
I =1|drdo e AAU _y(.mxm L ,x@yde  LFn
12 ¥/

4»1

»( , -a1- by S T
- - 3 ] Fer)
= 4% AAU Jd‘fﬂ [%”11 ZZ(’f+1)+6+4Z‘YTJD WA _p) ” ]

o/

X L . .
'where xCI)X(Z) - [S] . . veove.e (6.7)

. 2
VI,3.2, THE MATRIX ELEMENTS OF (1v,).

Again we put

Q CT’Z = i M«xzf q.Zy) ’
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and follow the steps of section VI.3. thus

(i-);, = .‘fl‘(ff‘f’);t_b_ °"  19,2 ] -
he

53 | L5 D05, v A

+ [,,(I"‘.r,)/\b% ] {"( (T‘T>Ab% ] I BIZ

+garrad ) [ e1Ha2 ) . Cy
feaBR)EamL] L,

The term .A,Zv

,2
{(crg‘z)(II) (g"r)(«'r)—(g' )1+(g‘,-:r')(o*x')}

: ' ' . . v
We put -U|2 - (-,"IAT)(QZ'IAI) . and use ‘1:'2(_4,'_@ ) as defined
.prevzxously. A.lso Utz = Uz, in our case.
We have , ['.z(é"g) = 'T“z(ﬁ’é) if A and B

commute |

2 e Y,
Hence .L (.A12 2‘) = (‘3_@0() U’2 + 'Béd [Tzﬁ' ) —T'(’I.I)]

The term 512' after applying step 1, gives

[ga '(I-Il) : %, - & (1-1) 1;&,] -

-

¢ [
lex [(F1aD) & (?1‘),‘55?]
16

\Dl

« [(g:6) (1-1)% - g (-1 ¢(1-r>j

Hence we obtain the result

1(8,+8,,)

g _ |
= | T,0(1,2) - d 16 ! (- y O
= [ 2 (15 2, 1,’2,(1,33,_)]4 goc[é.(g;r»,z) o I)Aaéz’.;.al(gz"jﬁz)g;(rl)s%]
R .' 3 . ) -
+’§£2°([-’~T2(’I.1>—T('r) 7,',(1)_] P
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On using step 2, | (B‘-z-l- B,, ) becomes
' Z

- _‘6 - . ’— o ', / - 3 ’
(T2 %) -Ta (2D ) - o] 4 GE D2 (G10D) + 4 D42 (G7hm) ]
+ %G“j[ﬂ.} (L) - T () - T, ]

operating on

exp. [~o,%5 -_-jw,: ]

which reduces to
2

32 - > -6 16
__13@0;5(_%,»71) Uy tm+ _9__o<J)T2(1)+(§ " - i J)T,' )=(E+18 ,,3)1" i) +2.
Now consider the term C,,.By step 1, % (Ciat Cay ) ~ becomes

r / / /
n,ij[é GAT-10 2 (ggrﬁz>+ésr,-f1—r>/~% F:ﬁ"—’ﬂ’]

oT
Then.using step 2 we have further

160( [.1. TNt g;_'('II-I)Aé, " -L(g"‘-I:\'I) _U_;'(ILI)AD%: ] exp- ["9( a_}‘Tz]
21 x

= e (§+72) 12 e')ff[“""fzaﬂ T2 ]
In evaluating the term sz we apply Green's _Theorem and obtain the

resulting expression in the form

where A and B are either T or ¥ .

/

The differentiations w.7%.t. ¥ can then be carried out ,
' N a2 2
for example, N ‘y ~Khs Ui ‘ -o(-rij-r‘z
(G122)(Ta2 ) € = [—gnu'?_—r (1)} e )
o oY -
Finally the contribution from é(:pu+j>2‘) is found to be

() U G [T, e, 20 =T, ]
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1624
S Q2
AT T -4t
)/(macm Q cf,2>x(z)y(.rz> e’ LT
1'

Collecting the terms we obtain the integral I

it

()’) - 7
AAU Tjdﬂ_’-d.(?.

{»

—ar-bi-d1Y s _ R
AAU 7t j d'r dae }/?_a) X I-aw U,2~g1;£1‘) +z;1,'z(z,:r> ;'172(1 )=z ]x
| x X@) YD) £Fr) -
R

]

A third step is needed to evaluate the integral

. —ay= bv—bv*f M '
- ) .
Iu'2 = f 'rdrd.a e )/az)x(u U(I. >x(2>_y(.a) Fed

By simple differentiation we o¢btain the identities

-ar-bi=dry 2 , - afbr ooy
/ 4
(;ﬁ'Tﬁ\a%,)(ﬂ'z‘fna%,) e = [blfg?'l"/"[)(‘f'i +a{(¢¢> y-(gx) e je
. _ ’ ~at-b1-drx
Thus S U e
2 - '
-a'fz—ba"—b’f-'r —d‘fib'flfb'f"_f’
= W2 142 Y 2 ' 2)le ‘ -
- b"; [%(-; I"b:ﬁ,)(g; "‘a—r’) +3 (9;—/\5-1:,)(9:—/;}.)] + é—‘l,'z(-.r)‘&

The 1ntegrand of T (7)15 then rearranged sc that Green's theorem may
Wiz

be applied, and we get

. -41—61-51“" )
I = 7T|didae cmxm L Q(1) _LT'(‘Y | Xavea) L Fer) -
j T Y@ [ QW uT D U yad

12

(A,B) - —53(9' a) (A.B) ,

Therefore, using TL(A,B) = LS
3

T (v) - reduces to

2 . ,41 b1 517 i ) , g? i

Y = AAU Y ol‘fd_Qe DA X&) LTt

8 y( o[ JpeyiEo
where F

2 '2. ' o> R3 '. » 2 » ’
( ]a: W Q‘Z(rr)_-ég[s,,_m,»s‘zm}_é(sg_zg)smczm

+ 250D g8 4 2 (9 -2 ) ($DG8) 2.8,

59.



The matrix elements of the operators in [ ' ]Q have already

been evaluated for the direct interaction (Chapters vV - VI, pages 33, 49 )

) 2? :
Hence we finally obtain I ! given by

12 2

(2) , M AR Ar -av-bv

[{9% [Fe]+ 2;(7#7) -2 4 2(9w -2;)113)3 } fj[‘gb'r'r')_]
R P T RGmNRI -y 2 (53,970 ) | 76

VI.3.3 SUMMARY OF RESULTS

From equation (6.5) the indirect interaction of the doublet

case is given by

T e (4) (21 o #2T m]
S-S 4? L, »
ORI
where the . I (¥) are given by equation (6.7)

For the quartet case (using equation (6.6) ) we obtain finally

Qs - 4w 2)
I = (R [1 -1 ]
5§_ 3 ﬁ; L2 ‘ q:

o . ‘
where I; ¢v) ¢ is given by equation (6,8).
12 e
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CHAPTER VII

THE FENERGY TERMS

"Vii.,1 THE N. KERNEL

This kernel is given by the expreséion

4 , * % . )
'Ns-s(ﬂ = CEn-Ed) (g) %‘,""Jd‘i a0 3/(_(2)96(7) ;}5(23)@(&331(2))/(31)\_:'?"(1) .

2% .
Again we take X XERY = 7(5) where ﬂ(S) is given by
equation {(3.1).

The kernel is easily evaluated and we find -

2, ,2
—er-fv ,
ng).x:_ZC AA ) E (3 aw) ] Ferar
w.. (44 .

' 4
. _ 1}
where . eij = g'(di +4°9) :I}:‘ji »
f - parg) =g
and wij = flarad) = wi

VII.2 THZ KINETIC ENERGY KERNELS

These Kernels are given by the expressions

i ' 3 , * " 2 4 V ,
: - (4 ( T i !
'Ps_sm - (3) -rfdzdﬂyc.mgcm [Vf,@ 23) 13) ]9(,(27)/(_0.)..{,%"’(1)_

and
(2?

-$-5

61,

| 2 - . .
P ='f(%)4frjd~£'d.(2 [‘Z{@(zs)}/(g)] X @(13)34(23}/(.!1);:,%“’(1)‘ .




Let us put ?S_S(’ﬂ L= P (‘1)+ 'Pss(")

The lkernel of ?’sg-r) . is symmetrical in the spatial co-ordinates

. of particles 1 and 2. This can be seen from the T operator identities:

13" s = T T E BL.('E-:-*‘rx-zs) il(—r'”: )-

Hence it follows that
R.s(1)

it

e PP
‘Ps_sﬁ + s o

n

‘ () Q) (2)
1 . : 'P
2[?55(")*?9‘5 (1)].;% c~x)+? (*/)J

where ‘
I(I) ] / * % 3 y ’
P = (g-‘)'ffdxdxzy(mxa)[Z@(za)@@ﬁ]xmym')i_,?m ,
"e 3 p x 2 ' |
D= (4)7 f A1 dQ Y X [VT @(gau é;(ua)]x(z)ym‘) 4, Fer)
and ] . ' :
'(2) 4 b2 CF o
PN = -(9)7 | HAQ|Y B V@] Xw S9N i) 1300,
W2y 3 4 / 2 * ’ ’ | . ’
'Ps sﬁ = _(g) Y| d&r dQ (VB @(23)/\/(42)} X (151)_6(2)y(.o.>_# Fer)

which is further equal to

- (4) v f dq'd_a[ @(zs)}/m)] xen {V 45(:57]96(23 y(_m LT

: v2 /
by Green's Theorem {as 03 does not operate on ¥ = (2-13) ) .

: c
VII.2.l. THE KERNELS 'Ps 5(1) .

Replacing r ' 2 (21'4-1_‘)
<23 3 - ‘
) [
and , ' X5 .1'3. r+r) |,



We find that

2 2 . i 2 i
V,,' é(ﬂ’-”)@(rs) = A [ Gf‘-J -mo 144313 T Mfijwij r1]e

Ny . 1, "elj.’ }‘{‘wll-“
Vvq';(gg)(_‘wi .= A,;.AJ‘ [-Ge,-j.;-z:g.jml-wj'r +4ey U'I"f] € ‘

" and

[€3)
Hence it follows that P o)
- 35

-er- T-W"f"’ ‘ :
= (4).4 A TJde.Q e y(.mx(.)[ 45w+1{(4eww>1+64,(+w v 451 r'r}]JC(z)}lm.');!,?’({)

3 : -E'(;‘T ' )
= (%) 4L a(s)AtAJJdr e [ 5w..,1(4e*wn+1(4f+w>1+SWT159W]fjrféw‘f””] Ter)

N l . .
where - ﬁ(s) and ‘ﬁ’ﬁw are as defined previously .

: . 2)
VII.2.2 THE KERNELS P (1) .
T ss

We find that
2
2 -x@ 23
v, $29 = A (4 1’23 6d;) €

and 2 -0‘:1 1}3
V(S é(lﬁ) = .A (40( T’a 65(3) (4
. (2)
Hence we get ? ('r)
4 -'e'fzﬁ'wﬂrr PR 2 2 '2 a2 2 ) ; .
= -(4).AA 14 f dfd.(z € : }/(.izwt(:)[_;%’w *g; @44,3, T+ 5(49{;4-,3 M +3_’_’Z(o{i+a(j)1_"‘1 ] X(z)‘y(m f-%

-er-f~: -2
2 a 2 a > a 2 t ‘ 7!
= _(g)m 5(5>A A dr e [_%w+g(oq+4orj )ngasgag)we;}(aghg)wyw][z(guw)] F6).
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Vii, 2.3 "THE TOTAL KERNEL

Combining the expressions in ViI.2.2 and ViI.2.3,the total kinetic

: energy term is given by . 'Ps_s('\’)‘
2
s [ e . |
= (8) 4K 4(s) Ajh; [ dv e [ 3w, 64 (D T+ U T+4X 11D ) W) !
(9) W 3 Bk i 81(45;]' H'Uij xij ﬁwl “D['-;;‘ J#e
vher ' - g3 ol 2
W, e , d::NJ = o(l+8dto(3+4o€’ = ’\pji ,
. A 2
{/j = 4di +8(X1’0(J' +dj = @i- ,
_ | . ,
7(’1',1 = o« +5a(;a(j+o(j | = /’I’,J.b .
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CHAPTER VIII

"~ THE CENTRAL FORCE S-D TERMS

The evaluatioﬁ of the S-D terms is done in the same way as that of
the S-S5 terms. There is an additional operator namely the tensor operator
of the deuteron D-state wave function. Because of this operator, the

central force gives no contribution to the doublet case.

VIIiT,.1 TIE DIRECT INTERACTION

: ' 4
The central force S-D term is D (¥)
3-D

: * . % . v ' 7
=4 M fdﬂ dﬂy(a))(.(t) b2z Z, L(aw-ht2b-m V(nz)T(za)qD[za)_X(:)_y(.Q) Fey)
3 £ - ‘s y 4 Y C D
where T(23) is defined in section i.z,
The potential is the‘same as in the S-S term.

With d%(hs) given in section I.2 we have

’ 2 . . , ;2
c c @ -(H"\f)" * B % ~A (R-5Y)
D) =4MAA U e ARAAV@IXM S () Xy Fep e
5-1;f 50 Y1 K _}/ x 2325)(’}/_
wheré 7(.. . .I
o= G
. Iv
, 5., = 4 // / .
and ik = 2P Nk

We leave out all primes whenever there is a no loss .in clarity..

For the space integration, dR , we need the formula

— a3’ VS
) . . 2,
4R s R)e = (L) ¥s5.1) .
- 2 ) N 3



The factor for the spin summation and the spherical harmonic

integration is of the form
2 . 3
‘(:}IC_Q) » %§CT)XCtzy(Q) dv_Q = 7 [ch}

Hence it follows that

c C L am % e @ R ekl
DM = Sg(ft)b.Aﬁ U < -r[s ]3‘*’(1')

VIII.2 THE INDIRECT INTERACTION

This is given by the expression L
. . : S-D

4 £ % ‘ ’ p)
-(%) %_ J’ drda ](_Q_) ) K1) qé;(za) % 2 ( w-.zh+£—2m1)1 ”\é(az)’r(xa)caaa))é(zzy m)#’ﬁ”-

The potential is the same as in the S-S indirect interaction term.

‘Similar to the case of the direct interaction we get ©T (1)

S-D
‘ ’ + A 2 | ' | -aif’b'f'ihir-r'
= _.(4) My A; A U d1d Y@X(D S () X Y@) LT &
. . . ' -T' .
.wher‘e a,;-;jk - g 676(4“4%{ ‘ij,lk) s
' /
bijk = Gladprdi i)

We use the results from section V.2 for the integral and finally
get the result.
s R EI 4
/e 4) L’ Rd Y

R _
T AA. '
(32) %7 'AtAJ uk dr e X

4 4
e <)

M
ﬁ .

2 .« = [ S /
 [47[8,)(3 0] +7[3£5211>3[%£] +4te[B 3,01 } Foy .
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CHAPTER IX

\
THE SPIN-ORBIT FORCE S-D TERMS

IX.1. THE DIRECT INTERACTION

This is given by the terms LSD (v)
S.D
* 3 ~2,
= 4MT|dR4Q y(.n_) X Pp(23) 2 L Gw-h+2b-m) VGOz) T(23) P23 XMWY L 1.
3 g . » 5 v 4 ¥ s D 1
The operator \anz)ﬂYbs) in this integral is
2
(QT* )"L 525(T23 )

vith - . - - 2.2 ) .
wi | L, = %(Iég),‘(g—%—iﬁ)

IX.11. THE SPACE INTEGRATION

e follow closely the steps and the explanation given for the case
of the quadratic spin-orbit operator (see section VI.2)

Consider the above operator namely

= =2 22 = 84

1gt0) L, 323(1;3‘)1 = (gL )S( )+t(o'L >[3(<rf< GR) -GN ] .

This may be seperated into four terms,

C. 5(0’ Laak HgR)

and v D. 1-(5,‘2
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The .term containing (o‘_lzﬁo’) g2 vanishes on account of the

symmetry of the sj)in functions,

After dR integration this term contributes a factor

35 2 . ~
(lf) [_23_ (:-‘zg)x S,5(1) g.f,\b +5X(l-—§){(§,,\2;'f)(ggl‘) +(f.u.g-r)(g;_r>}

+20(J ¥ {(cr o;A'r)(crq")+3(g'5 G AT §

) +5(g3-r>(ms53

_{%, v (fﬁ)(fIAb)}J

.33 {a(a;i)(g',,\g

TERM B On differentiation in term B we obtain

and after df integration we get the result
32
B (%) 4% %.f"gf
TERM _C After the differentiation term C becomes

¢ = 51 g( R G 2R -2 (gR) (R G2 - (GRERD]

-

. ) a2 7 o . 2
”st('f”g)’i §3m) + 2 (GRNGRI(TR R -zofjcf_rzr)(g'gg.)n J .

This is followed by 4R integration to give a factor

3f '
zc 31 szm x>{mr«r>cga) (cfr)(o"f)('rb.)}+‘5d S 2% s c~r,2f.>
2010 2T A 23 4 23
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TERM D After the differentiation, term D reads

2 T, 2
D= _gK g;-(_-i{_g)/\ o; R : zog.ﬁ. LTAR

.?,fw

and so after 4R integration we finally obtain

3/2
. > 2
D > (g_t') {_22(1-‘!) YT 12 _53_..!. (2-3%) GTA J .

Collecting all the terms we finally have the resulting expression

ror the operators . given by
>0 P F(0+00 L, 5,505 )

J+{¢an
_.z\f..L{w«:)(rr D%) (ﬁ‘e,”ﬂ(g*%{%)”'

. - -‘
8x 1 2

Further reductions due to spin summation will be cbtained in each

‘case seperately.

69.



IX.1.2. THE DOUBLET CASE

The spin functions in the doublet case help to eliminate some of

the terms which have the form of atensor operator.
Thus the expression 2 eo) Dy . o S
| 3G (G5 3(GINGD(T-2 )

2 2
szs(;r,a%) - S0 (-2 )

which is really

vanishes on the spin summation.

We make use of the following results for further reduction of the spins.

<9cism TS 47K gL >
’ ~3 ~i
<x1(<.rmc_r2- )(g, TR = ARG ABI A7
= 0 if A=B »
-4 ~4 - ~4 ot *
KANGLy ) X> = <X gL VK>
E !

and <'xlg’ 7L>

I
Wik
AN
=2
”
-
oL
R2
Y

With these results the operator in the integral of the spin-orbit

S=-D term reduceé to

32 ,-\,21 2t
LS = (%r) i{("g)”'ﬁ }<9C1g,-511x._>‘ .

It can be easily verified that

~} ~i
<AYlge I Xy> =,3{Aﬂ]

where [j%‘] is defined in section IV.l.
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Therefore the direct interaction is given by

<§

J-S [¢P) "( AX)'{
s

Ls
D (1 = 4
3 .k

s-D

M
#

Employing the full symmetry of the spin functions, the expression LS

in IX.1.1 becomes

: 35 22
L5 = (’AD é[ 3(!-*)3 sm 0L +{zlx 5(:—3)31}(_(—_1

‘2

2 _ 2 >

+37L_r_s_o(i Szam-f{.‘%i*g(’ §)¥7 ]| S 72)
2 5 .

=30 T-2 .

z(' g)ﬁ%(1) 2 ]

We now eliminate terms involving bbw" in this expression which has on

-

its right the expression y(__Q)J_?('T)
. " ) 1

Again we have

‘ (‘f_r.%)YHs:e.q;) :,L}‘(q) | . er(le,q;) Hlm-g’.}m] ,.

and ‘3 o p . 2 /
nd SLTDI YO Lf = if S:IDVY L1 5DY (Fer-24 ] -

Hence the operator in the integrai of the quartet case is now

'3
© 4[30DV8D ok {2 50D 5L

+{ 3(-E)¥- soc; +89A: }s ¢ 0 4 { 9_Zf+3(a—v)31}s (q.ra y J :ycm'a‘*’m

3/2

+(E) é[—gz\ 5,10 ] Y@ ?'cqr) ,
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where only operates on the solid angles of T .
T .

The matrix ele_merits of these operators, except the term %3(11) g_“-!__T

have already been found, and they are given By

A P = L [A]) L
<525C12>> = T2[53—£3 ,
andg ' - 2 -
nd <5,1,2)> = 3CT 12 > = 3[2,] .

The matrix clements of Szag gL,

¥ith usual procedure we obtain the spin array of the operator as

given in Table 4 below

2
TABLE 4: THE SPIN PRODUCTS OF 5, (1) L;e
& 3 } 3/? A 34
?5/; (5%11,) [ 2/45. 413 . oy
Y2 : ? (52"‘-12){._%27!.; 22T L 47 L, - -
2 2
3/ H3 (27-5)1L, 2(57-122) L -443
2
£ GEDL FeRT Ly | plv, L+ L)Y | v (L2 Lgd | 227 L_+7 L,
s 443 ) %(573:23‘)& (522—21’)1.% 2H>
L2
2 | 2RRL AL, v (v -2Ly) | —sp (v LT L) | (GRL 63T L,
3 2 - 443 2/3 62D L
247, L 2 > v -(32-7
)(_/_% + T4 2370, L +7, L% (5%2"7)1'-4"'621 Lg 2
. s x .
where L N ‘é (LilLy)_A.
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It

as : ' L?’Y(a.q:) my (6,¢) ,
‘ {v (m

4

[({4.7)1)(['*'1‘)’14-!)} rgil@) ’ .

: +
and L Y(vg?-e?)

the integration again involves products of three spherical harmonics.

The result of this integration is

%* % ' ‘
2 2 .
fd.o,ycmxa) 5N GLADY@) = 7 (Cy] weens {9.1)
where 2 3 '
_{233) 0 23-3(3(25-0@T+3) ] 0
43 47 !
2 2
. 0 20344 743 0 2545 (30250 25+3)
(c.] = 12(F+1) 4G
611 - i
233 [ 3(23-:)(254»3)]1 0 ’ ~203-363+27 0
4T s 127
4 i 2
0 2345 [3(27)(2.54)] 0 (23+5)
\ 40T+ ‘ A+

. 2
. _ -207-363+27
127
and f C:;[] = : 2
(2345)
4(3+V)

T=4 .
for 2

Now we are able to write down the direct interaction of the
spin-orbit S~D term namely:
! 2, 2
—(U-A% T
2 LS M M

° (T) Ahy U e X

)
Y

f1

{(5- 30—*)’1}%&36’ [ 30 20 ) 3 7o

+2(1- 1)7511 [C ]?r’m +{ 2775 9(1—x)m }[’p ]3?4) Xxf’[BJE] Fer) } .
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IX.,2, TEE INDIRECT INTERACTICN

The integral for the spin-orbit S-D terms is given by LSISCT)
- _(4) M frjdr ouzycmxm Pz Z .L(w—zh-;-B-z'm) V(xz)‘ma) Cbaa))(.(z)y(_nu Ter).

The operator \112)'r03) in the integral is

ary

2
4 (G+g)- L, Sip(te)

with L = L(-1>, (3.2 ) .
=z = A(bl’ DI')'

IX.2.,1. THE SPACE INTEGRATION

For the space integration,.the integrals are conveniently

considered in two parts.

0

a. The part which involves Y of L, -
" DT - ’
' - ‘ : ‘ “ﬁﬁg
The relevant function on the right of the operator is €
" Ve perform the differentiation and combine the spin products to obtain
the following results
2 /s 2

J ! ' .
(%) & é(‘.’f*g'z)'('f’f)/.% Si(Mz) &

_ ) .
= fa.Goc [{45‘5(1) +45,(7 ‘1’)4—45 (1)} C TN --(4T+4‘f’¥ +1 ) G ThT
M ) 12 ]
+ilara'y oy )5,3(3) —1(212+‘_r.‘£)§l3('1)

' a3 1 ,2 2 ;2 1
- %(41 -23-Y-27) R,g.(:".:f) —%(314—21‘-1’-1’ ) RD.(I.T) J
FIZGTAY 412 [wm W(T,x >] re [wa )-Wer's )

/
+30 931",\1‘—127,5,5(1> .2»%3(1‘,1')-;-81& G T)+61',5,3('1'2)



where

./ 2 ;
Rp@7)? = 3 (GG T)- a5y (rx)
and W(A,8) = (GAM GG B) + (G AN gB) -
b. The part which involves g%,,
s 3 . !
This is 2_[4 (0—,{,{2), (’I-I)A >

2
21’ 5‘5“‘3) ’
Afzter 1nyegrat10n by parts,

<
di ereﬁtiated'wT'tT is now

the relevant function whlch'has to be

& (G+8) (11 $,(T3) 42 ©

epjv [— - j”'n]

and we get
2 2
—d‘er}’! —lﬁjATl:'
= .L_eoft(g‘o;)_ S(T)e
D'T' 2i 3
Carrying out the spin product,

w2 have the result:
/
(2) (G+@) 1,1 SpCTa)
. 2
{45 (" +4‘Sua(I’I,> +515(1)}

2 7 JE
AT+ AT GTNE +i(ara+27) S ()
-t(zw-r‘f)s (13-1/(41 2?7—27}& (r1) 1«(31+2~M-21>ﬁ3(1,:) . :
3 3 :
The above two parts of the integral are now combined
We thus obtain

IANGE)
S-p

22 .A/LSU(Z)
=@ 4 4G4

-af’BT -7 T
.df'd_(l e

}/(mjé(o[ ] xX@y) L Fe
Ls
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cket denctes

wherce the square br
2
- {441 +4;rxr+

. H
Jrgri

- -

(o33, )”45,561'”4 S5 cf ) +5 (ﬂ

16
3

! =~ 2. 2 ’
(AT +27) 5,010 -(27+2L7) S (1)

2 s 2 s 2 ,
(47-214-27) Ry (1.7) -1 (87 +27.7-1) R5(1,1) J

T2 [wm’) WL ] 4 & [WH D W)

-125,5(1) zﬂ,g(i,‘£>+sﬁ,|5(_,- +6 3, (1)
Here again the spin simplification will be done in each case seperately

DOUBLET CASE

IX.2.,2., THE
The following results are quoted for further use

1
(XCD) m>

) -
/ X _
AW 5 (A8 LIt ) X2,»” = -Z4a3

: ’
if vectors A and § are either Y or 7T

~L ' Al
XOILpaBH+aA,8 1A >

~i . o~E
<xXen F-iAB I Xo>

Furtheér identitites are
-4 . !
LXK gA (Ga0yB) VX (2,13) >

-4
8) | X213 >

<7C(ol A(gA0s
Thus by the definition given‘in IX.2.1 (a) we have
. ;vk ol
<Xl a2 Xeo> .

-1 , 4
X WA BY | X (213> >

1
o~z , ~od
L<¢a>lcr~~r 1 Xw> ,
~i
T ™Xew > .

It follows also that

4
<’sz [ Tat | K (213> >
-1
o ! CTAT | X (2192 -£ <o lgras
The term Ra glves 1o contrlbutlon in the doublet case.
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We make use of the above results and simplify the spin products of

{ ] to give
Ls ol

< DCm [ 1! 96(2) D= [y w{fm’mz-:f'w)—s](% L GTaT >

1

Is

/
where W'ij- o= ’9.9‘(0(1'+o(j) .

Before the spherical harmonic integration may be performed it is

convenient to transform the terms involving a.rhY into the

angular momentum operator g-&vl thus:

Consider the integral ‘
: -3

f:ﬂld.ﬂ. e <(A'f+§-r'r+c

ilg ’( > f6) .
ST

>r¥ -
é e and on integration by

, -
We have TAT € _

Ny
Y

parts we find that the integral is

0/
"\

~ ;Dv'r , ,
[dﬂdn e < (ATEBTT+CY) gL, +2 L7 FOO
2

which can be easily evaluated using the fact that

, 1T Ty ,
dQda e (w><(r¢ >:F('r) = ”{T}%fdﬂdﬂ e <g-Ly> f0r)

Finally the indirect interaction of the spin-orbit force S5-D terms
is found to be

2 ’
(g 4 2 T ;oLs @ , -av-b7
- 4\ K 2 “A-
LS T -@RLG) BN Y jere g

7 a2 / pe s ’ . ’
x [1}(41+41~r¢-%+1) N ._;5} (5 ][3{%311)),%1) ..
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IX.2.53. THE DQUARTET CASE

The spin products of the terms in the bracket [ ] in IX.2.1
' LS )

can be reduced to

% 3/a
5%
2
= [{45 (M +45.(11)+5, («r)} cr2 (AT +47-247) L GO\ Y
v
/ A S~ ; I ’ a ’ k)
+ (ALY +27) 5,00 - 5 (1.0) ~(rhra) 5,00 ]
3
4 { ‘r - 3 ) ’
1_(_1' T 125(5(1> +65‘3(‘1‘,I)+65l5(‘r), .
The terms W(A,B) ‘vanish due to spin symmetry.
Similar to the transformation of g:rgf _to gtéH/ given

in I¥,2,2 the following additional results are obtained.

’

, LT . drx
[d.ﬂ.d.ﬂ. e <5 {A) GIAT> F60) é.[d_(zdﬂ,a <3, (A) T Ly > 00

it

and
7 "B‘I'I o ’ , ’ —B‘I'II 1 ’
Jd.ﬁd.ﬂ ¢ KSIDIGLI f = d0de e <S;0DGLe~d GL7 £y .
3 . . ’
The matrix elements of Ss(N) ozt - for A =T o <

car easily be dervied using Table & in IX.1.3 and the usual technique,

They are given by

’ -‘.‘D'f"f, 1
doda e - <s,(NgL>

1

- . > - , .
48 f(c
2 (Jc][%jm] ceeee (9.2 1)

, T A |
doda e <MD gL> = ;m 7(3 “”’ () eene. (9.2 D)

where [Cﬁf,] is-definéd in IX.1.3.
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To evaluate the matrix elements of 513(1'.1‘) L.r’ 5 the

spin products of the operator are nceded and they are given in Table

No. 5 belovw.

TABLE 5: THE SPIN PRODUCTS OF S,(1,1) gL, .
4 3k Va ES
X312 X3 Xy %X,
Yz ‘o 2H3 4 ,
,X""/i Gz IDLly (523 I‘I)L+3(2T+T%>L (%T}’[%') L;‘T.‘f.' Ly 24t Ll
2 215 (era-528)Ly | g(sz-zr'—nzaz') L - 413
xi 52201 )L B RTATDLRTH LD Lrs GrardL] 1277 L-6(12 41 Ll Y DLSTT Ly
%3/1 495 1 (53_r.~_r-:2%2e)L.+ (522-21T) Ly’ Py
-3 (%1;:1*1; 2L+ 1.}_’1; L, 12,7, L ~6(12427 ) L (a1 3 ¥ Lalarery (32201 )L +3 27+ 1) L
% . -413 Hs Coa
Xy, PN b @r D LA L e L ey (2D L

For the spherical harmonic ihtegration the integrand again is

a sum of products of three spherical harmonics. Finally we obtain

’

-DT-¥
, “OIY
doda e <samgfL > =4k vrla 3(bw>]
13 =4 b'f'r 5e fey
where or  Jw3 fa 3
t 7 3/2 , [Q_-r[ % }
2 » i
- (2335 0 233 [3(23-5(23+) ¥ 0
47 I 43 7
2 : v 3
0 203 +47-43 ¥ 0 2345 (50270 (25+43)] )
12 (5+1) J L 4T T+l
= " a
[.osz-:)Cz:m)] 5' 0 . =z207-363+427 % 0
43’ 127 T+
0 25+5[5(2:r—1)(2:r+3)_]3 0 (z;r+5) b,
47v4 4(g4n T2
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and for J= P
-207-363427 §
127 T+
[Q 5(DTT)] : = . 2
IC[s4 (27+5) %
40T+ J+2

Using the foregoing results we obtain the integral for the indirect

interaction thus:

2( .

LS 4 2 /Ls (2) ’ "aT’B'i ,
I TaLY fare [ ] T
s : Ls

€8] :'_
D=

[SHAN
—

where the terms in the bracket are given by

. ];.s = [_?%_\'(414—417})”) 6;./3+%.][JA [9(377))
2w 477_}”2;) 6]7 (% ][%flbw')]

+[- w(21+1’rf)+3] [ g][Bﬂ]

4{_§w(4ﬁ46+3]1f[? (Bw)}

2
4,61?/)0 ( Jc](B (21‘1)]_,, %u 3&31-{) [C:rc

+ 6y {ﬂ[o 3 chﬁ)] -4 (44700 n“"”” .

I¥.3 REMARK
The spin-orbit force S-D terms do not add complexity to the

intégro~differential equations which has already been created by the
_inclusion of the quadratic spin-orbit forces; It is obvious that a
newv type of operatoré of the form ‘_553655 G by should occur
in the integrals of both the direct and indirect interaction, but the
evaluation of its matrix elements offers no difficulty. The direct

interaction gives rise to a term involving the first derivative of the
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4

I
H )

radial function fﬁ() . However this term vanishes after the \

symmetrisation of the spin-orbit operatdi“(cgapter X11).
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CHAPTER X

THE TENSOR FORCE S-D TERMS

X.1. SPIN STMPLIFICATION

The operator in the tensor force S-D terms occurs in the form
cf a double tensor operator . VWhen applied to the three-boedy wave

function it can be reduced to simple form.

X.1.1., THE DOUBLET CASE

In the direct and indirect interactions the spin matrix elements

have tﬁe forms
é 2 2 i
Xyl 5,088 (85 [ A(no >
! 2 a2
and XD S5,08)5,(8) [ X 2y >

These two matrices are the same, for if 1 and 2 are interchanged

in one of them the matrices are equal provided

]

' , 1 .
5|2(Az) )Cl(t,zjé) = 512(/12)_762(2,1—5) which is the case.

. —
By transforming the symmetrical doublet spin functions 9(,2

: Sy
into the antisymmetrical x* as given in Appendix 3 then performing

the spin products, the matrix elements are reduced to

-—f -

—% .y " ~t
<X :.s,ch‘)§5(a’>lx(;>> = <Kol 288 6(ABY-6i (AB) (T A8 ) X en> .

¥.1.28, TIE QUARTET CASE

Because of the summeiry of the spin function the matrix elements

assume the form < ;ﬁ 5‘2( 7o) 513(351) ! x’% > which can



be reduced to

3 2, 2. 2
[ -A8 5 (A2 +23 (g £28)(4B) -B 5 () -AS,, (B)

5(£8) 5, (A, 3)+34 (57 AsB) S a(a,é)! y AP

=

X.2. THE DIRE C’I‘ INTERACTION

The tensor force S5-D terms for both doublet and gquartet cases are

. T
given by P RGD)
s-D

+* *
= dRdN y(.mxm 23y Z, | Gw-h+2b-m) V2 T(23)¢p (23) X(o_y(m ).
v 4 ¥ T D

4
3 8

=

Again the potential is the same as in the S-5 terms given in section

V.1, To evaluate the integral we put A = r';? = T-iR ,
2 L = I-zk

and B = 7T = R in the operator identities guoted in sections

Xelel and Xo1.2, We consider the doublet and quartet cases seperately.

¥.2.1. THE DOUBLET CASE

fnelie

We perform.the spin reduction and obtain for the matrix elements

t%

|?0

._!j 2 2 —-é_ 2
XIS (41X <JC | 27% - e(wr-x) +4(TR)‘K—R.+67.('V€< AR) 4T

For the dR integration the various formulae given in Appendix 4

are used. After this integration (omitting exponential factors) we get

(T) <9C12( %v) 6(x~4+w)+¢d~r+5x1) (w+5x~r+15)l%>

2X axt
Y
= (L) [ ;ia‘“’ox(""H 4x0 :;) 4 ][S ]
On integrating over dR we find that the term (g7, a_)(’l":@—;{-_@l)
is proportion to CTA X . and so it franishes.



follows finally that
’ 2
- 32 - ™ "(/b)s‘ﬂ'f
D = M (E) AA U e [
5D 3 X vIiox 4A?

Hence it

1oX(g 3’)1 4‘6(: X)f }?"(1).

X.2.2. THE QUARTET CASE

Following the procedure given in section X.2.1 we have the spin

product identity:
34 E7A

X 15,6008 5‘c%)ly(, S

3/
3 +_I R,+31,(TR rfc)cﬁ'ﬂ. -K5(1)+(JIR—1R)S(T'R)

= <X |-TR +3008)-20r8) K
2 2, . 2 { 3/-1
~(f+4aR 3F ){52(R;)V_,,s'bg"f,‘@{‘zs(l",ﬁ)"é%@)} x>

integration,will become

These terms,after dR
3/

A 3&
(Ey<xls . 550 ‘A’)1+23(1—¥)7 “L 7505 x(: X)T]S(*r)! x> .
™ 7%
Therefore we get the result : X 2
35 , -(}kl%)i

T TG

20 < 3L(D) AN <7 s
-2 a2 4

{gﬂi‘z 5x(1—5)1+2$(;-§)’« +,[_-x(:—b‘)+zs((_7r)~r] [B ] } EXSl

X.3 THE INDIRECT INTERACTION

The integrals are given by

~
I
S-D

\ Lyt y > Vo)1 T
- (4) M -rj';h_" aq _}/ DX qi(za) g, i(w—thub-,zmz/ \_if'azﬂ‘ () %(:3)3((22/(@% “r).



X.3.1. THE DOUBLET CASE

Substituting for A

t
\

—

and B S = 2{(21+%) in the matrix elements
> : .

quoted in section X.l.l. we have the spin products

4 -4 > 2 —
(2) <A 8,,(12) S () FX(2)>
3 _

1

. p3
' e 4 2,2 4 s 7 2 .3 2 ~2
= A | ~16T #3479+ -4 +(167-81) (1. ~22(17-1) + 18(-21+1-T+7 ) (¢r o Xeo>

(g1,
1
For the srherical harmonic integration we quote the result

!

27T

i0dq e Y*(G.@) (£3) Y0g) = 55 4K (1) '1)7 3(271) ,
[m [ [ mm’ ypn 7 [+
£ ety 3 of section VI.3.1l.

Thus the indirect interaction of the tensor force S-D terms is
given by

2
2 .

-+ 4 4 .7 @2 p ~a1-b7 o s
T = (2) 8 (2) 4T A4A U AT e [ ] @)
$-D 3 2 \3 > J k- ) -+

where the terms in the bracket [ ]1_ are given by

A . a,> L4 a > ’ 1 2> (2) ’

[ }T = [¢e (43477 =470+ (167875 77 g ~2277 5, J[3u<zw)]

+(18 (—2—1+Y'YJ'b + )_,. i s J[3A, j[j c?ﬁ))

The spin products of the operator are given by

3a

4 A
(;2) LK lﬁm(ﬂz)‘s () 1A >

% 2 I/ 2 ,2 X /2— >
o KX T 2 - (8T 4N LT+ 11X T) 49 (21T T D L Tyt HUT2T LIS )
: 3 |
5 32
a ' ~ 2 / 2 ' ~
+C2tri LTS (X 1)+ Citiara+1) S (1)+9{2S(~:) >¢11 >-5|5(1)§%9')Ih:flm>.
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The matrix elements of each of the above terms have alr

evaluated
Therefore we can write down the indirect interaction in the guartet

case as
e
T 411 4 ‘A.Al TU(Q) d ' - a7-Di ) oy
= (DA (2) 4B Ak te | &)
Isg (5ﬁ:(5) > I k A ]'r &
viiere the terms in the bracket (. ) are given by
T
[ ] = [(8&171?’127'4)—(31’—41/;'7{? +“qu{’} ][j’ (bw)]
T : ?
7 2 ,
221 H7) 1 2 JL[A, 7[5 Q1)
o - b S i;-;'_ ]
- y] 2
§ AT] g (-17 +T’Tj;a+"|') 5 [Z{Pw)]

2 ’ P> >
L (A2 s Ut Y s 05
+ (#1-277 g EN 1

2 ’ :2 ’ < ’
(- 1 7 ;. (YY)
..;.( 2'T+!97"fj)z+’f)7fl [.‘i’[JEJ-L ]

61 13,0m0) -7 T35 ) (6

18 v
+ 18
°

’
91y

-

) +__ A 5'(311) .
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CHAPTER XI

THE ENERGY S-D TERMS -

XI.1l. THE N-KERNELS

The energy dependent integrals are given by

: 4 '
.J\sl-gn = (E";EA).' (g) J'dr d_q_y(.m_xm cb(za)'r'ﬁa?cp(la)x&)ym) L ¥ '
- piwry
= (E -£ )(4) AA; 'ffdul.o_ e yqum s (ﬂqs).%(z{}/(a) J.:f‘?'r)
where - o e,:E}- = 191 (o(i+4o(3 ) ,
' i
! . !
and wy = §Gdiad)

It is obvious that here is no contribution to the N-Kernel in the

doublet case because of the tensor operator.

Hence the results of section V.2: we may write the integral for

the quartet case as follows .
2 2

) - 4 ' / 2 N 'ef-}-{ . ,
N D = (EgEp (%) 2_41 4L Achj @ |dre [ ], %0
where ( 1= 47 [ []{3 gwm) +4-rr[ cwgf,] 4.7'2[3[ fgw-’w)][%‘] .

XI.2 THE KINETIC ENERGY KERNELS

As in the'N-Kernel the Kkinetic energy S-D terms are in the'quartet
case only.

We repeat the argument used in XiII,.2 and seperate the kinetic

energy kernels into four components. >



() .
" XI.2.1l, THE KERNELS F; 1(;r) ' . x.\

’ E (Y s (1) <)
Put ’P{c«) = J.[P‘-m+1’ 'm]
5D 21l sp s

whe
ere 0n

P @
5D

3 » " - a2 , ",
(g.)'r fdz‘ do yxw [VT,cE(za)T(ta)cg(la)] .‘X.(z)yc_a_) #ﬁﬂ

7 ¢2y . 3 ' * »* 2 ’ 't ’ -
P o (;1) . fd;rd_g_y(.mx « [VT qos(za) TG d;(:a?]x&?)/m)#;’ffif) ;

5D

The analytic forms of ¢5 and d)? ‘are given by

$, 22 = A ¢p.[-d 23]
) - Y ’
Tu G - = A Slta) exp.[-&i s ]
.2 3 2 : 2
We also have V‘i nuv = ‘IfV'i’N«J'.er’u‘V“.V + uVr”U’ »

‘and so we need the following results:

2
-7,
V,, 4’5(25) = "‘w' -zaA e’ 25.. ’
. - -ty vrz
VB <b5(25) = (40(“ 125 1 H )'A € | ’

- N TGO d):p(l?:) - [20(]1' S50 ,5)+5(<r1:,,)<r+5(o':r):r 2(0’9:3 ]JS-&"’ ,

""13

) 2 2 ’ 2 . ~%3
V,e,T('a)‘P("’) = (4"5' T1s "'403') (M) & J .
F‘roh _these we can derive the results
T o7 i Ttm) blis)
+ i3 1
%(V,/.1 @2 T(12) p 13 .
. . a{"r
a2 ’ A Ga 13
= f(:oui'v;bﬂoogf "Hsaf'as _231:3—1541--:5505) 'rﬁ,) -16d;s, CT;;»—.a ].A-A e .
f/
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Hence we obtain finally

b} -dfa d T

o= (“)(’)AA defdﬂe 2

¢ y(mxm [ ] x(z)ymn.?m

. [q)
?
S-

where the terms in the square bracket are given by

{ ]7

4

= ( ‘00(, L5 +10dj '1’,3 + :6«, ' L37 =15 06, ~35d; )s (43> - 16435 (1,5,7,5) -

. (2)
‘XI.2.2 THE KERNELS P’s- 1)

1) ‘we may put

Py = [? (1)+‘P (—r)]

5D
where _ ' . .
Poen o (41| ardayc e 2(3'r>' > X)) LFe
sy = -(3)7 d;r_d.Qy(mx_m [std; 23)] T(12. d%(? 27}/(:2);(’., )
‘and . '
&) 4 ' * . * gy / !
- Yy = )
1; o= -(gyrfdr day@xa d>5(za> [VBT(ﬁ)cg(ﬁ)] XY ;!'.?21)._

U51ng the results of section XI 2.1 we get flnally

?(2\ -o(‘f as’f ?(
P = (4)AA T|dfdn e | y(mxm[ }x(zymu )

’ ' . ’ / -
where [ ]‘Pz = (20(1" Iza"’ 203 T,a -50&"705' ) S’la(f'; )

XI.2.3 THE TOTAL KERNEL

Combining the two kernels given in XI.2.1 we obtain

B4

e @ [ )_xevya> LT
_(2)(4) AtA 'ff did.cz e ym.)x t Io 2)3/(..9.) L a ,
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with the square pracket defined by ' -

4

[ ] = (4« ,25-4-49-(11"5+16de L5 T3 S, (1 )

~6df,; “l4d; )s ( =16 S, .25,_,5

P
= ?.--. 16 O 1 16’7 ' ’T.‘ri- 141 (-r’ ! &
,(5) [ { LOT+IEVT + X TT 4wy 14d;} 45, )+45561.:)+s'3§1 }
* 1] ’ ke
~164;{ 25,1 +55,(1.1) +25,¢13 ]
- where ’ - ’;, '1 2 '
_ : - qbij = o+ 8°(i°f] ""405‘
’ 2 M
\F,-j = 40(,'?80(103 +d;
‘ . 2 . >
. and 761-1— = o F5olof; + o

The matrix elements of the various terms are then worked out, and

the expression obtained for the kinetic energ'y kernel is finally

. » ) —e;'g‘j’r'l ’
(4)(2)AA 4E ar e . [ ]?3"’(1) ,

1

;
23

where the terms in the square bfac_ket are given by
. : ,3. ’ ' .

[ ]P = [(6_:_4 P14 AV z_s_eycn:yw) ~564;758% ] (B, ] [)*clw-m]
s qﬂ,,_f_éf\}/'f.a- 64 xﬁﬂj,w s "140(1 (28 gomn >)[ ]

[(eacbr,,e}'\y«.,, zs;e.x(*ry )-4040( ~564 J[ S wa)]

S 90;



CHAPTER XII

THE_D-S'TERMS AND THE SYMMETRISATION OF THE
SPIN-ORBIT TERMS

XII.1 THE D-S TERMS.

" The formulation of the D=S terms is similar to that éf the S-D
terms but in the integrands the factors containing the tensor operator
of the heuteron D-state wave function are in reverse order. Since
these operators are Hermitian the results have exactly the same form
~ as those of the S-D terms with only the suffices i and 3 interchanged,

and in addition, r and r' in the‘kernels of the indirect interactions

interchanged.

, : .
As an example we consider the tensor force terms. The D-S

direct interaction is-given by »qﬁ)({)
' : DS

X .
. ) . e .
=40 fdgd_q [Tz D2z X (9 y@] % 4 (zwhezbom), Vaiz) a3 XY EN

ﬁﬂ-
’ 2 2, . . 2
;o r oy —(HANDT L =MD, A A |
= 4 f){l’ MA Yo e AR da e Y@XMW S ()51 X0Yca) Fer)

where the parameters A and ¥ in the D-S term calculations are

" ‘given by

"

’ - ' ) . .
Mg = At = Rk

"

‘A

”

¥ ¥ ., 5.
gk = APx/aGe = Pk

i

The corresponding direct interaction in the doublet case gives

7D (1)
P-S
3 (AT
2, ra ~n : 2 2 24
A 5 NTs
2@ AT ¢ [enlpreiyT )R,

ol.



vhere A and ¥ are defined as before in terms of double primed‘symbols.
K - . ‘\
Similarly the indirect interaction of the tensor force D-S terms,

in the doublet case may be written as

. | . i e , ~br-ar )
Id = - ()M (2) M ALY |dre | ] FeO
s 3 g2 \3/ % k o o
" where the terms in the square bracket are given by
. 4 2.2 4 a2 A 2 2,2 () g, .
[ ) = [eartsa e+ Cotrien 'y —22y % 1[29)

+[;s§(11+w:g—é'r’l) +bl% J [5./\3,{] [.%‘(5311'.) J .

Again the parameferg a, b, are defined in terms of doubly

L3

primed ones thus:

" ’ . /

a4 = 4,1-1[( = g_(di+4o(j+jlk) = bj{ »
" ? ’ oy

b = b'l:Jk = g(4d£+o(j+}lk) = ﬂ:ﬁ‘k >
. " ) T . B >l

V= ),U = g(4of¢+4dj—-2}lx) = 2jik .

The central force D-S and the energy D-5 terms were obfained in

the same way.

XII.2 THE SYMMETRISATION CFF THE SPIN-ORBIT TERMS

The results of the last section stem from the fact that operators
2’ E . PR .
such as 5%30&5)‘§z(n2) ’ although not being Hermitian

themselves,hoWeVer,when applied to the #w-d system give the same

"eigen values as their Hermitian adjoints ,

. X Lo
[ ‘523("23 )S52(Ma) } .

92.



This is not true when we consider the direct interaction of‘the
spin-orbit S-D terms with the spin-orbit operator defined as’ i((rl+_q;).1_..lz

. With this definition we have operators appearing such as

1+ G Ly S,00) ~ in the S-D term-
S LTH in the
and  § (7, é('—.‘*fz)'!:.z _ in thg D-S term.

It is clear that one is not a Hermitian.adjoint of the other. But
in fact only one factor of the operator causes thi$ trouble, the other
factors do not pecause'the difference befween the two operators vanishes
when applied to the eigen fun;tidns 2{3/‘ of the system. The
'significance lies in the term C resulting frdm'the féctorisation

of the operator - . _ 2. see section IX.1).
8 open 345 G)- Ly 5p50T35) - )

This term C in the S-D calculation gives
32

(_7_() 5{,[552(1-16.){1(@1‘)(0‘_3) (av)(o’ﬁ(r?’)} A SN - 3XS(1’,§>]
2 2 A 23 81 23 DT -

while the corresponding part in the D-S calculation is

3/2

(IL) a»[ 35(1-!)[1(&1)(5{}- ) = (GINGD (1- b)}-ﬂd s(»f)+azf5 (1,2 )J )

2
oY » T A
| The difference in signs is due to the factor 1 (z+-1)

in the defimition of L,,

Hence to symmetrise the integrals we may re-define the spin-orbit

operator as

L [5((1,?9‘2)-!:,2 -4 (Q:+_0_;)f1:|2 ] i



so that both the S-D and the D-S terms are the same. \
With such a defiﬁition, contributions of the term C to the S-D and

the D-S terms‘are both now

- o (B) i) 500

It follows that the direct interaction of the spin-orbit S-D terms,

in the quartet case is given by

Ls
D M)
LY.
= g;w}(;_f) »J\{,«A.LS ch oxp. [(/uwm] X
‘ ‘ 22
x{{;.’.;t EH'{J ].+‘%%(#03)[§'F] +£(:-;)x«[ch] }3'?(,,)

and that of the D-S terms is of the same form with indices 1 and J
interéhanged. | |
. The results in the doublet case, and also in the 5-S term
calculations areyhot altered by this‘définition of fhe spin-orbit
operator. |
The need for a'symmefrisation'of the operator in the indirect
interaction_cdiculatioms does not arise., Thi5~is‘due to the integration

by parts performed during the derivation and the differences cancel out.
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XII.3.

THE SYMMETRISATTON OF THE QUADRATIC SPIN-ORBIT TERMS

Similar to the case of the spin-orbit S-D terms, the quadratic

spin-orbit operator should be defined in the Hermitian form as

-

4 (Q,*

Q) -

This operator ‘gives the same results for the direct and the indirect

interaction, except that in the direct interaction the matrix elements, (_DD'C]

and [EJL] are now symmetrical, being défined by
(5 = 1 <4{aGDER +@GDEGDY 44 {G2GT) + (52)GD}Y
and - ‘ ,

L[E) = 1< fCgd) ;) +(L2)(aD) D)0 . -3 ;
1(2[ 1) 1<g{@d) _,%) Ly }+é{(g‘ahi)(g33?)+(‘2%f)(g"a'—g)}7
Thus the re-defined [y ] and (E;] are given by ‘

: s
[ -2 0 1L[3G3d(23)* 0
43 43 « ,
- 1743 o - _L[a(2r3C254))
[2.) : ° 4(7¢0) 4(:m[ ) (T X2
It = H ‘ L :
L{z@r-n@ren) o 23-2 0
47 : 47 ,
o . [5(23..)(z,1+5)} o _ 2345 )
L T AT 4(7«)
and ) )
_(27+1)(23-3) 0 4J+3[(23'-1)(23'+3)J 0 '
83 _ 87 3 3
: 3 2
o “16J-28T+16T+37 0 (4:+g:+7>[<£;'3_(_%&%’]
24 (3+1) , 8(3+1) ..(12:2)
[EJ'L] = 2 ' % 3 a’ .
4343 [(23-0(27+3)] 0 ~165-205+247-3 0
83 * 3 24.7
0 @T+83+7) [ (23‘-!) @ :r+33} 0 (2740 (25+5) J ,
_ ‘ 8(341) g(x+V)

with the usual exception for .T,-.-i .

i
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CHAPTER XIII

THE COMPLETE INTEGRO-DIFFERENTIAL EQUATIONS

-

In writing down the full integro-differential equations for the
radial wave functions we collect the results obtained in Chapter III-XII
and regroup the terms in a way that is convenient for numerical

calculations.

XI1I.1 THE DOUBLET CASE

We write down the integro-differenfial eguations-in the  doublet

case in the form of single equations and they are given by

@) +Ten L L, UL LV L d fen o W & Lo
.8?{(4) + ﬁm-,:ﬂ(; UG .;[(1 +V #f}f[ + W, jl;,{[
=) ' ’

+ £d1 [?L(Y.V) +J\f£(1.7)+]<[(~r.'f>]-)ll[('r) = q - ‘(13;1).

for | [=:r-§ ~ and [=3+2

2 7/ .
3 ) . :
' 2 2 2z - .. 2 .
where - N A L) R 4 .with k = 4M¢c |,
: ( A 3 1 34 *

and

[

T - “{;{m .
y . 4 - Y/
CYCRE Sl o “uLm + au(('r) + "’ui'm + "‘m%?ﬁr) + Tu{(ﬂ ’ Tuﬁ'm,

Vo = Sy,
, 'V\/(("() =-.  a’W('{) S
Kooty = ko> + Sk ondy + ko,

" ¢ ’ 4 ’
+ Lsk{'(«.f’) + 45 k('(f.ﬂ + ',','kt"(»r.'n +7k ['('r.v) .
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AN

These terms represent the contributions from various interactions

indicated by the symbols attached. The prime and the double prime symbols

denote the S~D and the D-S interactions respectively. Again in writing

down the S-D and the D-S terms we shall omit the indices and the prime

symbols when there is no confusion.

The terms inequation (13.1) are given by.

) (3
thm R Qtl'm»f"ti o , where
Q] (O .
%o = _atde %G
42 5

‘ ’ [} €Y
tm_ .= % [¢Len G, ,

.and
c c )’
u(,’r) = A o ’
LS s
= -¥
W o= :‘l_'.(l i)/\n Gss ,
. 3) R
Q‘M[(‘f) .= "u[ ("I) + Qu: @, where
Q) ’ | O
Q'u [&2) = [60( 3({-—F) f((+:)4. 8;;_,,3 o1 ] a‘
a Cﬂ) ); X
- 27 (1-¥ -
wen' = [ozrd Lz ap (o) —ov-601] %G
and
' : o e . -
q’lf(‘l) = W+ WU , Where
- , | '
Q (n A 2 Q (O
VL1 - 8
= -5 Gs-s !
Q@ - ’ 2 Q (5).
VN = eyt GS-S ’
and
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Q
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and

Ntcff,f') ‘
| ‘Ft'(fr,ﬂ
' ck[ ,7)
*‘kta,«i)_

Q k[(*f."Y’)

N
“kt 1)

4
qktcm‘)

I
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n
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-

Q
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-4 %y
3

)

s-s
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$-S
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"J{2 X ),
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Ls (2 ‘
H wA 3 ),
S5 23 JL L+t

3

Q. @)
H
55

(3]

5-s

@, w
- ak[' A7) + Qk,[ (T ,

b4

' ‘ 2 / .
. ’2 6 - . )
Zs_5 [ 2w+ géiccpnw'r +4/’€71yw] .%*;WW) ,

2
[ o =2y¢s) +6 +4 zﬂ"_}o) -9WrA #, ’ ]

:}(37Tv ’

[+2

[ IWAT ’-z; )+ 64 4 zw'fa -9 w’f’»r'}(;) } 3[ o),

and for the S<D and D-S terms

LS ¢
.@&C{)

LS
u[ o

T 7
wuin

: T
O um

L]

[

2 2
(;((-‘5)1—% JA;,

Nie

2
(l.-g)

2
v -

e
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L8
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Ls

: Lsk['a.-r') = % A A [ J.W(41+1+4’1‘T_P) 5] 5 c‘nw) ,
- $-D
Ls_«# Ls, @ | 2 C
SKI(T:O = 4 X {1w(v+41+4wy) -5 ] J a-m ,
- 9 D5 J’
T ’ : €2)
k;C‘T.T) = le _‘rJf o
: 81 D

4 2.2 4 a 2 f 22 (@ 2 ,
BY-34T7 +4% + (167 +87 )7 2214 2"2'- -1 S O
[etadiarsCediad e e R ) M 070
LY ) T (&3] ‘
ker)y = 1 H & x
{ 81 P-s

4 R .4 2 F ' 24 (2 2 .r" f ' '
x[41-341*1 +87 + (87 -167 )'rfrf% +2271 p 4 t{_s{-_-nzv-rr_g ),AJL ] 3{377)

I
Ao ]
Hy
o)
R
o
n
(Y
t
-

- where N

b ?
= ~([+0 for [=T+%
- and ‘ a 2
3
¢ ) "( ‘I\X)'f
Ea’lw) __an (7() A Aéucm ¢i}" ,
, 5.5 3'ﬁ. .
e e
‘ L 3 -e"z'f"'z
Z (1,70 z -(%) 4T A e ,
. 55 3 )
4 2
; aQ ., 3 (n}) ~a7- by
Wity zam () oxan Yl e :
3 ﬁ’ 3 2
: - ,4M[4) 4T A-A.
JCS-P(-r,N = *5_;‘;(3) 3> A U e g
3 ap —a”r‘l-Bﬂf'J\
J( (1' ) = 4 M (g) 4T A A, éUJZI e .
S5p2 M.

. The def;nitions of éll the parameters are ‘given in Appendix 5.

-
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Xiff.2 THE QUARTET CASE
The integro~differential equafions are written in matrix

form as

-8 Feo +’C;g’rf"m + %%”(«),LV# ;L Fer) +W¢_’ vy
¥ < 3

av
w ,
+ J A [ N +?a,~:')+3<cw'>] &y = o0 cveer (13.2)
o - :
where o
J(lc'r) ]
I-35
o 7C:rc-v)
-1
-?(T). = 2 for T2 »
: {. €] :
T+
: J( ()
T3
£ )
= T+ for T =4
(")
f:r+3/,
and | ' , i ' |
a2 .
' T35
2
2 ..
b = e for T 23 ,
2
$J+£
s
| '334-3/2 y
3 2
= - ' for =4
N zZ .
£3'+3/2



Iv]

T,WU,V and W  denote 4X4 matrices for 7T 73,

,and - 2x2 matrices for J =%,

,N'(m) Pry) ana K@ .

and so do

Similar to the doublet case we have

2 2 .
osz = dfz [C[:‘) ¢ - with N k[ = g_'%:_} Bn .
: SO
nd
T = qt(’ﬂi ,

U = G + 55w + u(ﬂ + jum
e " ’ ” ’
+ Gwen L S LU .,.’-’u'(f) + TUm 4 Tu”(_-r) ,

SV = Ry

w o= Swe
Ney)y = naa+ n’(T.T') + n”(f,'r') ' R
Pad) = paar oy +pay

X'y = ke + ko) + TRard + fkaa)

4 ' ' “ 4 . " . ’ « [ IR
LR LR en ) 4 SR ) + PRGN + TR e TR oy
These matrices are explicitly given by

m

24 r) {zfm [den (8] - 2 18,7 +.2 (3 ]-._LEJ} s 7

(3 . 3 -

[51 ,

U@ =z 'CG
-5

LS Ls n
U = 3(‘°X)IAJ'[] s_s y 7
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- o 22 - ™ o .
wen = (1F) [Bn] GS.S o | (
Yuen { (2 A S (m |
= - —oa1+4y+3g)~(o_‘rﬂly 2 a(ﬂ
3 +1¥)[B J+¥ (D 9(i-¥ -
| 3075 AL 2] +4( 9L IELJ)}Q;
v - { AVT=2 ) pliyrs 9 ~9 } a
: (3 lax)"' 3”""321) [,BJ[] :’5’;\[%‘[] Gs-s' g
2 o
wh) = j.3a_3 [B
: {sa azk[ “]] G-'f-s g
and
nn¥YY = 4M Z (E-E,) b
54 55 & &4) [ .7[3»7’7)] ’
(’f ,r') = Z é 4 2 2 ’ ’
Pu, : [-2W4. % (¢“I+\L‘1’+47€11‘3>w)] [.L(:m-r)] -
5
c . 4) v ,
kKawrd = H O[3 am]
_ 5.5 {44 ‘

Ls ’ LS (2 o
K, - w !
’ . Hs-s 2-3— [AJ'[ J [3[*;3’7‘7 ) J ’

T . (@ o a
KGMy) . = 'y T / psee !

B = H 3{*:[3153[.’&?”’1 +1 [ifn;]{?n) ?11 [?J‘_cjithrV)]},
o) = "‘H:';

: ‘ 2 P 222 ’
- .x{[g-g,zorw) tIWTT },[}[gw)]
’ o ’ ‘ 2, (e} ,
4 [-(e?w_)g- ey, -sw"r'rsz ][.‘}[éamj
2 ’ g ’
+427 lbﬂu"}nm’} +427 [3(.42?7’1)][13;(] .

- T ‘ r . ' 2 ’
+% (9;—%-24) [T 39?"'”]._.- 3%“.’2 (g3 [942770] } ’

102.



c ! v 9zc €3]
wnlt) = 87 s;p [ J'I] ,
c M 22 c (3}

n@ = ¥ ve,% [.Bn) ’

LS ¢ ll.s L) —~ o
Uy = Gs-p{[ 21% -é(l-‘g)f‘r’J {éAjt]Jr%%“‘i*"S) ﬁ%t] + 205 [(;:u}}.

32
LS 1s P 1z . 22
we o = {[,{ g( g)x'{][JiAJ‘]+%§(ofi+o4j)[%z]+g(:-g)x—r[cnﬂ,
-+ 4 -r w
nu@ = [{4:; 51((;-3‘)1+2‘6(i—‘6)1 [3]4 725(¢-x)1_,,x(x-x)1 1 (?rf;]. ’
W Tm[ 5 SKOB"{ %)+ [ 51, (L 508 )17+ 5(1E J
W = G P {% -3) +2b’(l—)‘1 i ],»{ (x-) +3(1% )1} ,
and
‘VL(‘T,T? = 4M Z (g) (Eﬂ'fu) b

5ﬁ2 5

X [41 [%z][%-f’“’"’ ] #4 [%&wm“?}c] + 4717 f??c%f;“’"’]

w,1) = g% Z‘D (g)(ﬁr;:gd) X

[ [ c]{j(wﬂ)]447[&(1071)][15[] +411[P.§(wrr)]

r 2 4 3 ’,
€4 < 6 ~560f,~ 560 S Gorv)
81 s-p((?¢1*é§ W *2—5,‘}"“}’” Séf; 56°§)T[B.r[]£ trg J

y’(f.'r), = 8Z
| LT 16 ot XD - Yy T’I}CwTT‘)th
4,(,9_, 14—‘9—'\”14-9.%1 ?‘W 380{1, [} J') f £+; JI:]
. 2 !; ’ ’ ’ ’
4 — - . . .
+(%.¢"f+e§4\u'f+2_$§7(/r'rj)w 104:df; ‘5595)11 [1;[ %ﬁwvv)]]

[(’6¢‘74—‘é"\]—‘1+649(1"(j’ -140('384 )1’[‘5 )[3(wm}

. .
?CT’T) = l_é
, 81

+(e7s wmmﬁy T9R4; -554; )1[3@011)}[5 ]
Y 3

4,(6_5 ’;e_m\p-; 4,::559(,1133 —Seag ~104; )ﬁ[ 5 Cw'rr)J ]
5 B J
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: c (4)
c [ ’
k) = 4 H x

9 5P
2 ” ’ -
: 7S }
x [47 [Bn][.%éa'm)] +7 [3[“(271'_).][ ] +411'[ caw>]

c (4)

el
k@, v) - 4
: 9 -5

2 s T ’N . .
x[T[BJ,LJ[ﬂ“(ilBT'I)] +41 [ASD?T‘Y)][BJ[] +4‘I_.T[%.£jt+(£’f’f)l] R

3 s (2)
N 2 ’
-3W 47+ 7) _ 6w 11’ W2 3 (311)
[ -2 228 ) k) [3G7)

42 {47 (g 103 (b'r'r)]-i-‘rp c‘m))[ c]+41’1 CI (311:) }

_ +(—6+5‘w1’+6w‘f1’3) )72[5 [.}chﬁ)]+(5-3w1 swfrff)'r[ﬁfg'rﬂ)[a ]

v

o {3 +%2w(—413—1'3} [%L?&b”‘) ] J ,

LS x4 ’ (s (43 ]
kKe,t) = 4 TH x
g D-5 ‘

(-2 (Fo-op rig - ox ) A (39™)
+§1§{11[6.“]_[3,,9”')]*4 ;Ar-r))[c :) +4'f'r[Q, S L?*n)}}

+(5-5w1 awﬂhh[ LJ[Jc‘Am] (—6+3wr+6wr1’fb)‘r 3(271’))[5:“]

Lot
.;{54-310(1-41)}[ - Jf*ﬁ }11)] ] ,

T 7 [ - (D
kerr) = 16 HT O x
31 s-D

[{87-1711-&-21 + (-87+47 )TTJ’J + 1177 ja _;, 9 (21‘-‘!-‘)‘1’_}3 >I;-AJ[) } ?'f" )

? -1 g -7 1328 +
+2 {21[@&[.%4{271)] 1[3{@11))[9[] ‘YYIQ,JC}L%TT 1}
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’ . 2 Pl [ 3 P 2 12 7 )12' ’
T - ¢
+ (47-114 217}93)-r[Bn][sp(gﬁ)].,.(u‘r+fr+w}3) 1[3(421””%*7]

4(—21-&74-1977})3)7‘([1[ r(bw;] ] ’
, i)
T - 6 HY x
81 D-5

| 4 ap 4 2 A 1«;- ) Y ‘
[{sz-m‘r +87 ) +(4T-81) 11 p + n'Hj; +2 (-‘r+z.'r-11j7)) gAﬁ] }Du?ﬂ)}
+ 9{ T ¢ ) [.S (31‘1)] +21[3 (bﬂ)j[c 10 —-w[Qnatfzq.{) ],}
2y % ' 2 2 ' 2 J
+ <*‘“"’ "ﬂfa”[%f”apf?"”}*(’””4'{'2'”.?3)7[3’;,,2”)][5.1:]

‘+(1-21+I9T7P3) 11[ J[.Dr(’br!)J ]

42

‘where ZryY) = -(4) 4_—_E A A N
. s-p
W2
’ 3 4 -el{fz—}l‘r
ZOT) =-(4) 48 A A e
.S : 3 W v J
and G , HT) are as defined in the doublet case

We are using the notation

nn mr

T g, [_‘{ffw')] =0 d [ ca-r_ﬂ] .

The matrix elements are given by equations in various sections with

the following references :

[Ag] e G0 G0B) G [Bg) e 5
[Cre] oo (9.1) | D [D; ) -eee CU1z.1)
(By,] rrem (12:2) oo [5[3 o (63.a)

L [9y) e (63
[l;t.‘)é c;;m] . (5.2) , [Qa. 3 cem ] ... (9-2)



CHAPTER XIV

\

~ MODIFICATION DUE TO HARD CORE EFFECT

The Gaussian form of the deuteron wave function is

11
-
2 1
¥ .A.i e - = -9

: 24;

Thus before the expressions in equations (13.1), (13.2) can be

evaluated, each has to be differentiated, twice if it is an S-S term,

and onceif an S-D or D-S ternm.
. ' . ’ : ’
Let the expressions be deno#ed by ES.s (ofi,‘,(j) , Es.;p("‘i""j)

then the modified expressions are

and £ (d.’,o(j)

D-5 4
. L, ,
® E cohe )
dc: Uk 5.5(°‘Lv°<.3 ‘ ’
197 -
l (d' -, a b ! . 1 )
3, Es-'b .hofj) nd b—a_'j E‘D»sfd_i'di) respectively.

We are now quoting a few examples of this procedure.

In the direct interaction we talke the central S-S term .Ess,where

3 - /,x-m’,w’
E o = g%(?{). A;AJ-UX e
Puting - £ = 4 : .
a ?
K = jL_F »
3. :
and B = 4M AAUT , we have
3 .ﬁi ‘ :
a 2.
' . 32 "(2K‘K«€)1
E;—S = DE & ' .

Thus the modified expression forf is given by
s

a2 z
2 ‘ 2 322 44 34 ~QX-Xe)T
I E .—.(L§&+Sax21+e.x1‘) BPe e 3
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can be written as

As an example of the indirect interaction, the N-or the P-kernels

, et
Kiv.y) .. = Cue 3'[*§'WY‘Y)

in which ¢ is independent of d«; and oAj ,
and MU 1is a function of «; and o(j

Qe have _ Tf

2. Xt
axbx v
L2 ’ 2
(:. exp. (- ev’f«'] [151’1 ws +'r'r{9(3,u.+?».u)-zo(~r"w)u}3
(4 o odt; (h
bl 2 2 a 2 2 A
LI ST («+v>(?zu+m)+ )T w3 J :
16 dpdat, 4 2, o [+4
J _ J 2
In. the case of the N-kernel (S-S term:) = Y = 1
- o w

From Appendix & ',

v .‘r(wrr)‘ = ffc(*');” ]3(ww>
Ly w

Hence the modified N-kernel, is .given by

| L -et- 1
3 k(> = C e X
hﬁ?aﬁ 81 :

2
“ 16{c[e0, 32, 20(1:,1) 4,4(1.;1 )4_ 3391 19 1>
w .

{3211' 20(431+~N )] s ]
w? | w? w?

[-U w [&é

The modified kernels are best left in terms of a Spherical Bessel

Functiom and its first derivativelin order that the preparation of data

for the kernel evaluations should not be lengthened.

(see next Chanter).
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"CHAPTER XV

NUM RICAL ANALYSIS AND COMPUTATION

XV.1l1 ‘THE NUMERICAL METHOD

The equations for the radial wave functions to be numerically .

' solved are simultaneous cauations of the form

N | |
d2 P ) ) Pi 2 f
Ly +§: :ﬁzT () ) J,g %(fr)ym

1 2
+Z -L'V('f)ﬁ(ﬁj(ﬂ +ZW(1') qjq('r)
4=1 7 q= ah’ -

n £4 , . : ‘
+ = { X ('r.'r)yq(f) dr = 0 cive. (15:1)
. q‘=| . .

The functions "[J,'Uo,J(«, etc.have the following properties:

i A
.K«PQ("‘.O)- = XK 7)) = o s
P1 4 o oon

4 ! : ) '
LT M, wmm , LV (T),’l/\/f(-r) and K (7,7) vanish at

1 ¥
- .,
sufficiently large T and/or 7T .

1 i) ' :
Also T (), W (1) ,V?%Y) ,W??T) have no poles at the origin.

P P o
Further the expressions "L (v) and W ¢r) are given by

m .
T ™M = +1>S + F (’r)
o
and U = —kf5ﬂ+6 oY) .
where | S ‘is the Krbﬁ\ecker delta.
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The boundary conditions of y('r) are

1:! ) = 0 and y(fb) :aconsi’avﬂ', where 0 is
the interval of integration chosen to give small error terms,

The numerical method for the solutions Aof the equations in which the
first derivative is absent was suggesfed by Fox and.Goodwi’n, 1949, and
the details of its application to the nuclear scattering problems were
given by Robertson, 1956. Ve shall follow very closely the work of
Robertson and add modifications to /include the first derivative term in

the equations. . {

We choose to divide the range of integration into two parts so that

near the origin the expressions in the equations are tabulated at a small
interval and in the asymptotic region at a large interval., The pivotal

points are taken to be o, ﬁ., zﬁ, n.iﬁ,, n+2 FL, e . nz-zﬁ, .

Equations (15.1) can then be reduced to a system of linear difference

' o ? P - P ___
equations in unknowns ' 11 (2h), ’ljjz%-) ...... ‘H (R, 1j('n,+2 hy,..... 1:1})(')'12:25-)_ ,

by using the central difference formulae for derivatives given by

A

(S L2 s8¢ "..,.)qj(’r)

¢0
aH’qj 90

and ‘ '
| h &4'.{ 'y(ﬂ

'ﬂ(g—éf«»g%ﬁs..... ) y(ﬂ

where 9 and j,L have usual deflnltlons (cf. Bucklngham, 1962,p.146)

Therefore the equations (15.1) are r'eplaced by

2[5 +Wm](3 15+:S—,, )fy('f) +Fu’£4 4T C‘r)ﬂfcfr)

4= . _ 4= ‘f
1 N S
4.&1% %C‘f)ﬂj(‘r) +ﬁ,é ;’;V (11J1(‘55é5+3:163—....f),y(1)
S, Mmoo ,
R 2»52_, &TJ& c'rsF»)ycsh) = 0, L. i)
q‘.‘:l o .
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. I
wvhere L = h for 0 £5 £y

= ZFL for n,<s £MNy
R N R
and 'f; are the integration coefficients.

Here. the method of Fox and Goodwin to reduce the errors in the
difference formulae is not applicable. To keep the errors as small as
o . 3 ‘
practicable we include the terms in 3 and )AX and neglect those of

higher orders.

The following notations are used :

Y o
1 il
Fhwwy o 2l LA,
' ﬂ / ' . Pq— .
and hT X cthshy = K

Iquations (15.2) are now written as

1—2-' (_é% *3 Y- z% 3%“ .Z“jw)

; m q’
+Fb¢2: -L‘,Vj,q('_lz y{:—? 23{»; 3?1{11 fiy{;‘fz)

2™ , 1 P q
+hZ [&Jﬁz[gapm P Je{-KY .6, H oy,
‘ ™ nar £ q ‘ o .
+ ﬁ, Z =, J<ts 115 , = 0 5 e (15-3)

=y S=zp

for 'b = 2,3,..... (n-),

Equations (15.3) are a system of (n-2) simultaneous equations with 7
unknowns. The reduction in the number of equations is due to the use of

the five-point diffefence, formulae for the derivatives. The additional
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equations may be obtained by applying a forwérd difference formula to
the euqations at. thé.point where tz1 and a backward difference formula
where +=m , and the formulae are chosen so thaf they carry errors
of the same or_der as the other formulae used. |

By specifying the boundary CQndif.ions for each 1:’ . the equations
(15.1) give M linearly independent set$of solutions, so the equations

(15.3) may be written in short as
A.}’ = B
) where A and P are matfices of dimensions {mn)x('mn) and-

(mn)km respectively,

and ’y is an (NIx(MM) matrix given, for each f.p , Dby

M 1@ ()
M 2 . @ 2 "’”’Hz
: : o
(m_m 2y m .., e
. 7/

(4)
where each 411‘?' (f, 1 =10,2, con.. M) isa (n-i)xt
column.vector, o . ( “l),‘jf
: 2
o} P
CANS 4 .
Y Y, .

i

W P
Y

-

Hence it remains to evaluate and combiiqe the contributions of all
- the terms in eguation (2.6).1:0 the ma‘trices A and B at each pivotal
point, and then the radial wave functions given by y are obtained by

matrix inversion.
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XvV.2 DPROGRAMMING IFCR COMPUTATICN

The numerical process of solving thé_integro-differential equations
which occur in the nuclear scattering problems_has always becen a long and
tedious one. With the help of electronic computers we are now able to
.extend‘the calculations so as to improve the accuracy but the programmes
for presentation to the .machines can become rather complicated. In this
section we give brief details of the process used with the London University
Atlas computef, starting with the numerical data and resulting in the

solutions of the equation..

The range of integration in our problem was chosen-as

n,ﬁ-t—('nz—in.)zh’ 4 .

where I —13
h = 02xi10 m.

and N, =16 and ﬂ2=32 .

.The various expressions in the equations were evaluated to six

-13 4
decimal placeées and the asymptotic regions starts at 12:8X10 —owm.

XV.2,1 PREPARING THE DATA

The preliminary step is to_cbmpute the constants in all the terms
given in euations (13.1), (13.2) which are functions of the parameters,
for each of the eight Gaussian terms. This is necessary for tHe
tabulation of the kernels (indirect interaction) because the programme

for the kernels is itself very long.
For example, we take the term LSKT(Y?V) " of eguation (13.1)

which is given by
e
.4 LS, (2 -ar-bt
() MaT AA: U7 wA I e
> ,‘,‘2. S’ J ‘ K2 Tt L;i

1}

Ls ,
KCCf. 7)

1l2.



The parameters and the constants to be evaluated for each L are

L 8 4 - x LS @ " .
a'ijk 7 b‘l:jk » \.jk- and +(+§_> %z »4 .ALAJ UK 2».?;-;: A-T[ 2

for each i,j,k = 1,2 .

Xv.2.2., EVALUATICN CF THE DIRECT TERMS

There are four types of the direct terms in the equations, and are

classified as "f?‘l('f) , ’u.m('f), '\ffq'('r) and WﬂCT) )

, - P P4
In the actual computation it is the expressions Fﬂm’), G e,V f)

Pl : -
and X (¥) which are tabulated at the following 40 points, h,2h,3h0,... .

6 h, 180, ---. .. 64 h.

The computer programmes can easily be written to evaluate these
terms as well as all the parameters and constants. It is convenient to
seperate the programmes for the doublet and the quartet case because some

of the data in the two cases are different.
‘If we use
P to denote fhe four different tjpes of the .dire'c‘t terms e.g. a UM,
9, | to represent the cases, e.g. a doublet Easé with {=1 R
$ to distinguish the interaction terms, e.g. the quadratic

spin-orbit S-S term with  (2f6-m) VVQ potential.
- .4 v

“and t to number the Gaussian terms { t takes eight values),

then for each j) and 4 the general form of the direct ternm is
given by ' 2

st st —dgT

D e

- Z X o
P T st PO
An outline of the programme for the evaluation of the direct terms

is given in Table 6.
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XV.2.3. CTHE EVALUATICN OF TIE KERVELS,

Burke (1959) wrote a programme (for the Mercury computer) for the
tabulation of kernels of a given type with changes of interval lengths.
The programme is adjusted for our purpose with an additional part to

include the evaluation of kernels which contain first order derivatives

of the Spherical Bessel functions.

The general form of the kernels may be written

s
' : '%{’2'{3«1 ' ,
: = ! C.T1)
X)) = % Ag _tf. cgt(m') e 5‘[12 »
S

where S counts the number of kernels in each case,

+  counts the number of expressions in each kernel,
. ! ‘
d%t(TVf) is a polynomial form given by
| .o - St op.
G ) = Z Bﬂfari,
@éﬂ%’

where fnt répresents the number of terms in each d;{(Tff)-

An outline of the 'kernel programme' is given in Table 7.
) /

In the actual programme the settings of ¥ and 7Y are divided

’

into pafts so as to take care of the changes of interval in ¥ and T

and the kernels are tabulated in the corresponding regions of the 61;13

plane.,

'
The programme for the kernels containing the function :&}ixj

' . I
involves the same sequence of computation. The functions Y (x) and3J @)

L+} (+4
- are calculated by using their analytical forms for fz0,1.2,3 and 4.’

The tabulated kernels will now consists of two types, the energy-

dependent called the Nékerneis and the eﬁergy-independent called the

non- N kernels,

114,



XV.2.,L SCLUTIONS OF THT INTEGRO-DIFFERENTIAL EQUATIONS

. The computer programme for the solutions of the‘integro-diferential
ecuations has the same»structure as that of Burke's with the modification
in the numerical method illustrated in section XV.l. The direct terms
and the kernels which are thus tabulated énd stores as output in a
suitable form are now used as part of the dafa in the 'equation prograrme’
outlined in Table 8. In the programme which is written in Mercury Autocode
language the contributions_of the various elements of the kernels and the
direct terms to the matrices A and B are computed row by row, and at some
-points owing to changes in interval length interpolations are necessary.
These changes in the interval of tabulation make it more difficult to
specify the storage addresses in the computer of»the elements of the kernels
and the matrix elements. This difficulty may be eliminated if the programme
is written in a language‘such as FORTRAN or ALGOL in which specifications
of matrix elements can be doﬁe in simpie wéys} The dimension of the matrices

to be inverted in the calculation is 39x39 for single equations

- and 78X78 for coupled eguationss
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TABLE 6. PRCGRAMME TO EVALUATE. THE DIRECT TERMS.

Set s
read data
Store. data in order of $ and t
repeat for S
éet 1
clear store for fesults
set.P.
set.S
set t
evaluate parameters and constants
set ¥
evaluate expressions
store results
repeat-l fpr 24
repeat for t
repeat for § : o
repéat for y
output results
}epeét for 1

end
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TABLE 7. ' PROGRAMME TO EVALUATE THE KERNELS

read §
set s read 'nt
set ng
read pairs of (.P"l)

repéat for n-t

. read ¢
set ¢
d coefficients’ 4 ¥
read coe lC.len S Ay s bst’ Cgy s [st an- Byq
repeat for t
read AS
) ,
set v
set 7T
evaluate ff""q for all pairs of (.?‘1)
set t
evaluate d’sk('r.'r"
. 2 23
evaluate 'e'xfi['asé'f’-ﬁ,st?] .
compute J (. YY)
is{'-'i st . ‘%t‘rif’gtf .
put .ksc'mr') =Q t(‘f.'f) e J (e Tr)

f 44
' st 2
add RSC‘Y‘.T) together

repeat for t
repeat for y
!
repeat for?y

repeat for S

output
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TABLE 8 . THE - 'EQUATION PROGRAMME'

begin
read data
read kernels
read diréct terms
set cycle for energy
clear store for result o
set cycle for térms in coupled equations
add eleménts of N and non-N Kernels
compute contributions to matrices A and B
(for.each region of kernelé)
set cycle for direct terms
compute cobtributions to A and B
reﬁeat'for all direct terms .
repeat for ail‘terms in coupled equatibns'
manipulation
matrix inversion
output
repeat for éll energy levels

“end.
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CHAPTER XVI.

PHASE SHIFTS ANALYSIS AND CROSS SECTIONS

XVI.1. DPHASE SHIFT ANALYSIS

As mentiéned in section I.3. the inclusion of the non-central forces
has introduced couplings of states with diffefent values of the orbital
angular moméntum [ s thus the phases of the‘scattered wave are split
into components depending on [ and the to{al angular momentum J .
Blatt and Biedenharn, 1952 have given a defailed discussion on reactions
which involve more than one channel of collision between two particles,
Further analyses speciéiised to the elastic n-d scattering process are
'given by Bransden, Tate and Smith, 1959, and Hamda, 1959. In all these
- papers the procedure of the'paramefrisation of the scattering matrix was
used to identify the'phase shifts' and to derive general formulae for
‘cross-sections. Here we propose to obtain the phase shifts in a straight
forward way. In Table 9 we list the radial wave functions and the phase
shifts correspondlng to the substates of each pair of (J;F’) with J=4
and @b , and P defined by -

: T-4+[
P = (1)
The two pairs of coupled states (when S$= 34, only)

. are specified by

(0,3,) and (2,%)

ft

(;I’, P) = (% , - ) corresponding to ([,s)

and (3,P) = (%’.,,) correspopding {_:o ([,;) = (1,3,) and (5,3/2) .
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¢l,s) (3,7) wave phase
function shifts

' ' L L+ 2c" ant
Doublet case| 0,% P 1A jco. qo
P - ar- 2.

"2 12’ 3c) nl

‘ ar* 2+

i 3 {, 1

2,4 3 - 2r- 2.~

"2 2’ JCZ "lg

o . ) " —
Quartet case|] % 3 JC‘, , 1,
i + ap” +

4

2’2 ér fz nz

0,2 3,- 4r 47’1-

Coupled { 2 2 :Fo- 0
3 -~ 4 S

2,% -2-’ 3(:2 712

+ +

4 4
b3 2.+ £, 7,
Coupled ,

' ‘ 2 3+ 4 4%
5'2 3’ f5 na

XVI.l.l1 Single states

The calculation of phase shifts in uncoupled states is straight

forward. The asymptotic form of any of the wave functions has the form

(e.g. Mott and Haséey, 1949, p.35)

4 | N R ¢ 6-')
-f[('r) = KE [ Vkr cos J[*(ﬁk'r? + Yk sin 1, .Z'C(_icr)) 16:1

where }<f is the constant amplitude,

' Jifj_k'” ’ g‘[ (lk'ﬂ are the Bessel functions of half integer order,
. 2 ‘; . . )

and K is the wave number of the incident neutron given by

k

4 Mg

-
-— o

a_ﬁz
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By applying the formula at two neighbouriﬁg poihts Y, and T,
we thus obtain ' ‘ '

L _ e 3 gk - S di T f)

2

ﬁrn.11
S fL(‘fz)‘JK‘Y' J[(Lk'r,s -fcﬁ‘) I3, T Sk
. o oF itz

The phase.shifts 1@{ are calculated using two pairs of the agrument 7

as a check. Their numerical values at each energy are given in Tablesl10.I3.

XVIi.1.2 Coupled states

If we distinguish the two independent solution of the integro-
differential equation given in section XIII.2 by the suffices (i), i=1,2

"then the pairs of the radial wave functions can be denoted by

2N ‘ ' (2)
U740 e (97

for [:O,’.

Thus arbitrary solutions of the iﬁtegro-differential equations are

kgiven by ¢
‘ ¢ )
= 4 +b :
foos e e
: : 4 Q) 4 (2)
and 4‘; ) = 4 3[ + " 5
(+2 +z [+2

‘where a and B are'constants.‘i

_ 4 G 4 @) | . _ @)
The phase shifts n_ . and the corresponding ampolitudes }CL ’
i L [+2 : ’ , 4D 4 D
]&12 can now be calculated using the same formula (16.1) for each f ,fji R
‘ +

In order to define the solutions uniquely we have to.impbse some relation

between the amplitudes of the incidental waves. Ve take ‘{Kﬁ - 4K
' ' is ‘ :

so that the scattered wave,unpolarized. This corresponds to the situation

[¢2

where the incident neutron beam is unpolarized because the interaction due

to the non-central forces is symmetrical.
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Equating the coefficients of the. Bessel functions in the general

asymptotic solutions given above we get

o (2) ( (z)
Kcsn = ak os vl + b
. : m (z) (z)
X sim"yl[ = aK smn +5K 51n"/1
J{(” b 2)
= &
and K ces n[-bz . - f+2665 ”1.[ + K ws chq.z

Q)

J{a si ) 6 K(z si (z)
-4 1 + m .
+ n f+2 "rlf-fl

X sin '
: 71[1'2
where Yl[ ) 7’1“2 . are fhe required phase shifts
K is the comnon amplitude of the required so}ution.
and 4, b are the constants which have to be determined.

By eliminating Vl_c, ‘rlr and X from these equations we obtain a
+2

" quadratic equation for i/ H
2 i 2 ') 'f} ay ) {( 2 a) 2 GY 2 :
ﬂ-[(iﬂ)‘(]{“z ]+za£[x3< KK j+6[<x[>-(x >J=o.

f {+2 (+2 [+2

The twou solution of the equation correspond to J‘(E = * 3(“2

and on examination of the numerical results it is possible to choose

the value of a&fp which corresponds to J(r = X

(¢2 -
Finally the phase ) shifts are given by
K(«) ‘ b x . (2)
aX. sin + 5?”’1
tan n = n : ¢
, { : (z) z)
~AK£ op's n + bJ( 11(

and similarly for ‘YL[ o
. . +2
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AN
‘XVI.2 THE TOTAL cnoqs SECTIONS. . _\\_ : .

' From the general formula glven by Blatt\and B:.edenharn, 1952, we

may expl:.cltly wrxte down the total cross-sectlon S for the n-d collision

~-in our notation as

S - a 2T x

Y

[ {sm(q)+sm( )+$1n( )+sm,’(‘n:)]

afo () e ) e () o () 0 () 5 (1))

[
4

TABLE 10 .= The. "n* - phases
[}

T I A B BHM ce | =g

0075 70-26 | o070 ~0-30 | -o0227
oros | o5 | os07 | -0.42* | -ouarr’
o1 | 10| oen || ',.'?p~ss*., | ~ozes’
‘,'10'20'5 1 ‘; 195 0'.6.52 : ’0'9’0 -0"5"
0265 329 _‘ | 6.765 .
0-4 - 7.45 1 0.4.44“ . -!40 ‘1_ o l'3‘2z
o546 |4 | ogse | | 0 B
- 06 1677 | -0.098 | él-st‘f:i
o805 | 20 | -0.579 O

i036 g  50§ uE -t|';ooz -




"

TABLE 11 :  The n"' phases
k tn | M | *nt | eem | ca | sr
0-015 | 026 0007 | -0-007 |
0.104 0.5 -0.0i8 0018 .| -002* | -0.08°*
0-147 0 -0-045 —0-04_6 -0.04! -o0.07*
0205 | 195 | <0095 | -0098 | -009* | -om*
0-265 3-29 -0-137 ~0-143 . :
0.4 745 | -0.084 | -0093 | -p.2s —025" | -0.283
- 0-548 14.0 072 0-158 ~0.20" -0-26"
06 | 1677 | o281 | o266 013 | -015* | —0230
. : . : 5 :
0.803 20 | o704 | 0679 |
1036 50 14 LoTt
TABLE 12 ’-'jl‘hé _4"1, phases
k En n | ;;BHM' v.cq BR
0015 | o026 | oo |
004 05 | o039 0.065+ ~0.09'
0147, ;n.oA ) 6.098 | b.yg_g*_ - 017t
0-205 ’;-9_5 | p.225 5.27 v | ,o-ié_s'
0265 329 | oaos ‘
0-4 7.45 0-926 .;0-55' ’ 0_‘32' 0-417
0548 | 140 | 1547 é,}’,.”_’A o036
. : 1
06 1677 ~1-360 «fd.;o _034' 0-322
0803 80 -0-350 I |
1026 | S0 071
‘




TABLE 13: The D-Phases.
) , ",
" ,271: BHM cG 411; BHM CG

0075 | 026 N

o104 05 04003 0.00451| 0.004" -001’ | -0008"
0147 | -0 ;0.00|5 0-0095% 0.009* . o;ozé -'0»027" .a.masf
- 0-205 1.95 '-o.oofd' 0.02" %jlo'.ozs" 0-192 '0-05;5' .-0.046.f
‘0.255 329 | -0-0216 1.232

oz | 7.45 ~0-085 . { —bqw4 -0.177

0546 | 14.0 - 0475 1231

06 '56-77 : - ~0:100 -1-256 -b‘.rn

0-803 30 -0:209 | -1-139
1036 50 | -0288 " =1.236

The phases are given in radians between the range
T =N £

The previous results are taken from .

.

BHM - Buckingham, Hubbard and Massey, 1955, (MHWB -fo-ra)

CG .- Christian and Gammel, 1953,

BR ~-. Burke and Robi-rtson, 1957, (MHWB force) mﬁ\j‘( 0-3 X106 ‘cm. )
t =  from Elwyn, Lane and Lansdorf, 1962, ,

e - .

from ' de Borde and Massey,1955. ..
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CONCLUSION:

The theoretical consideration of the n - d scattering problem using
the resonating group method for three-body wave functions and the nucleon-
nucleon interaction derived by Hamada and Johnston (1962) presents

~difficulties and we sum up the attempts to ‘overcome these.

1. The presence of non-centra1§fofce operators necessitates the use
of the potential wells in Gaussian fdrm in 6rder to simplify the analysis.
This is not in line with the results of recent field theory and even though
two Gaussian terms were used, the interaction still appears to give a
smaller contribution than the Yukawa form at iarge distances. The similar

representation of the deuteron radial wave functions is more satisfactory.

2, The hard cores of the potentials pfesent'a difficulty in the
analysis of scattering problems ofvmore than two particles. Their presence
causes the M. -dependence of the eigen'funcfions and. this has to be
overcome, Although the modification 6f the deuteron wave function is to
take care of the hard core effecr, it has not fully been accounted for

because the core radius is taken to be zero.

3. The complexity of the algebra is mainly due to the quadratic
spin-orbit operator. It iﬁtroduceé newv typesof matrix elements and terms
which involve first'and second order derivatives of the unknown radial
wave functions in the integro-differential equétions. The difference
formulae used iﬁ'theknumeriéal method to solve this type of equations

gave results accurate to five decimal places.

L, The symmetrisafions of the quadratic spin-orbit and the S-D, D-3
. spin-orbit direct terms were necessary because we had used the more compact

forms of the respective opérators instead. of the fully Hermitian ones.

We have so far obtained the solutions and the. phase shifts for the

uncoupled equations but the coupled equations' present considerable
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difficulties. The results of the cohpled equations (with corresponding

4

phases, 11; , 411— 41t+ 4.t ) will be reported in a future

20 My s

. publication.

It should be iloted that the phases in our case are spllt 1nto
components depending on and J whereas the phases calculated by other
authors depend on [ only. The only direct comparision which can be made

+
is in the ’qo phases and our values are much larger in magnitude.

At low incident neutron energies, the S- and D - phasesof our calculation
have oﬁposite sign to“the corresponding phases 6btained by the others, but
the P - phases have the same sign and at energles up to about 3 Mev. they
-dlffer only slightly. Our values of the P - phases for J=4% and J =3/,
for thevdoublet'case ére nearly the same. The large discrepensies in the
phases may be due entlrely to the completely different nature of the

‘nuclear interaction used.

It remains to be seen whether these disérepensies will.reflect in
the differentigl'and the total cross-séctions and also whether the
interaction which fits the nucleon-nucleon data will give the correct triton
binding energy. A significant difference will prove that there are other
phenomenae to be‘considered when applying the nucleon;nucleon interaction

to-many-body'problems{
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APPENDIX 1. °

CbORDINATES AND TRANSFORMATION

The incident neutron is labelled as the particle

position vector 7, . The other neutron is labelled

with respective position vectors

¥, and Y

3 °

We define 7 as the co-ordinates of particle 1

centre of mass of the. other two, thus

X = I,-

We usually write (y-23) - -

' .
Similarly Y 1is defined as

4

. I ='.-’ Iz-

and we write (2-3) =

10041, .

'4))

L (;3+:t;) ’

(2)

Other co~ordinates are defined by

(23) . = Ty =

(12)

I

Iu .=

I,- T3

L’ih

n
[

‘H '

= R

?

LR
7=

! and has the

2 and the proton,3

relative to the

= Gr,e,¢)

= (‘rl;e’c é )

.

If jL .and ﬁzhlare the momentum vectors,of;the particles 1 and 2

respectively referred to a fixed origin then.

ip, =
11& _

Hence it follows that

iLy = (TP ()

2
3,

2

o1,

S

I
N
N

e



' In the calculation for the indirect interaction, the following

' co-ordinates are used:

= 2
L5 = 2 (1+271)
5 = 2(a7+1) ,
I(z = g (I‘I) .

and the momentum operators,
‘l..’ E R et
goo- 3

v

<
{
N

"
]
Wi
o
-+
Xl o

¢
]

Hence we obtain

vLy

(1) (a%'z?x') .

The tfaﬁsformation used for the Volume,integration is

F 2

. .
41, = (g) :dI B
' 4 1 2 /1 ;. ’
with: . 41 = 7 dadr -
, :

£ being the éolid angle,of‘ T .

]

-
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APPENDIX 2

" NUMERICAL CONSTANTS

A. THE DEUTERON RADIAL WAVE FUNCTIONS

The S=- ‘and. D- state deuteron radial wave functions are interpolated
from Hamada and Johnston's data into the following Gaussian form:
' 2
AT

’ 2
de) = 1 Z Ae

=1

The numeri cal values of the constants are listed below :’

'

0174285 , &,

S-state . A = = 0-7330 ,
A, = 0022563 , L = 0-1651 .
D-state ., ' S
vem————— A' = 0.042622 ’ : d' = "“40 ’
i : , 7
A, =.0.005500 , j ) = 02864 .
' 26 -2

Both A and &« have the: s.ameAimi_t df_‘ 10 cm.

. The wave functions are normalised such that

y (¢ +6d.) dr’ =:

‘B. THE NUCLEAR INTERACTION

' The interactions defined in various Chapters are degined in

' Ageneral b}' ‘ 2 a 162} - 2 {9)19 ¢
€
K= l. ‘k'

"and Jin{ the case of the tensor fdrce only, by )

T oM _.'T' (» 2

2
a 1
i Z U e M T
K -
Kz
The numerical values of U'x and ‘}lk'fare given in Table 1l4.
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TABLE 14

m

151.

cm,

A- (’ﬂ ) U‘ = _}"l - {Jz = /llz:
' ] 17129610 62499 60.4330 1-0834
Direct {
_ 3 929.4136 14.3418 ~41-6698 1.6348
Central
2 =510-9248 A4.8030 -66-5970 0.9926
Indirect {
4 ~108-7694 2:0638 -11-6857 05419
spin- Direct ! -15055-2858 7-3379 -546-8303 2-088
orbit | Indirect , | -y5822.9438 | gss581 | -848-1197 23607
Direct ] 33421-5771 - i-7651 124-091 1-5351
Tensor
Indirect 2 | (4860Z-1967 22.4051 4.4024 0-2849
I —86082-9505 16.4675 T74-212% 22038
. Kuadratig Direct { : 5 '
. : 3 8692- 9506 9-3852 92-8297 26856
spin- ’ ‘ ‘ _
- . . - . K 1
orbit ) 2 7120-5038 8-6826 16-0719 1861
Indirect . '
4 15194-6159 - 17960 164-9214 3.6515
Uk, are given in ~Mev.
2 -2
and in 10 € .




APPENDIX 3,

SPIN FUNCTIONS

We indicate the incident neutron, the other neutron and the proton

in the system by suffices 1,2 and 3 respectively. If o and ;ﬁi are

-

the usual spin functions of the nucleon 1 s then we can write the

. s
three-~body spin functions,ix in the following way (see e.g. Schiff, 1955

s
p. 235) .
DOUBLET CASE:
With $=45, mg= 4% and -f{ , the spin functions are

$1
4
XA - L Bap B Pucts = 2% P2 Pa)

(133) = ;15(aqagpsﬂra(,_pzdg—zp,‘ogdg) ’

and they are symmetrical_in 2 and 3 .

It is often very useful in the doublet case to use the anti-

symmetrical spin functions in the siﬁplification of spin products.

These functions are given by

3 s ' ‘ '

xi (L23) =4 oq(gcz,psfdﬁk)

and’ R ~ t
| Xy C123) = L B (hpydisps) -
They have the following propefties: h o -
- I i . . ,
J-i’nf"za) g’;xmsu.zs ) = 0 for 7= 2 and 3 ,

land f(g;,g) (g;.,_%)_%:fs,,‘g"a’ ) | = 0 for any function £ .

Vectors of the Spini functions which we often ﬁse'in the derivation of
- the integro-differentiél equations are defined as

Co~4 S | . -1 _ ,
‘X«i = X = X = [9(,1(:,23),7.61(:.25)] ’
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~ ~4  ~
(1,23) , %10.2.5)] .

Wh' N

. ~3 r~vd ~
A SR (

Some of the transformations used before spin summations are

|
' 36‘( = L C 9(«0)
’ E}
~1 o o~d
X (2) = L3~ XM .

24

The following is an example to .illustrate the simplification of

spin products.

LYY i ‘
Consider X7 (g+g)-L X(z2) .

By the transformation

4 i . ~d ' '
X(g+a) L X @) = [1_13. 6% ] (G+g) L [2-3(5 mme |
Rl ~i
= X7 g gLt 3-50) X

f

N
Un
>

X
——t

—

0-q, [3(g+a)L - {-L VG LAG L+

-~ 1

Now g-g, (e '-H_fl) L (5 o'.g

206, (gL +gL])

2 (grLteL) .

The term g.L gives zero elements ,

4
2

*3 4 g
so X (gtay-L K@) = $%° gt

R Y]

which can be easily evaluated .

" QUARTET CASE :

The eigen values of the total spih and itéi-components in the quartet

case are given by

=% ms'-’%vé—»—% and -g..



Thus we have |
" 3h

X-;’/’CI.ZB) = oy 9
3h y

7(,;{ (1,23 = £ (chyoly Py + ok, B, 55 + Bictyots)
3/2

7{,_;(,,25) = é(ﬁ,dzfa-i-},jbzo(; + e\ Paps) ,
24 _

X (029 = ppaps

The spin functions are symmetrical in 1, 2 and 3 and there can

" be no confusion if they are written as X .
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APPENDIX &

INTEGRATION FORMULAE .

A THE DIRECT INTERACTION

In the calculation of the direct

formulae are used:

-A(R-x:t)

Xle

X

IN

€ dg

J’ -A(R-*a'r)

-x(fc-s*r)
e - dR

R

X

J#
f | -AR-51)

e 4R

A

Kl® e AR

' a
o R ~A(R-¥7)
KJ 525@) e AR

s, AN
.K'fﬂ, sre AR

3
. N 2
AR
Kj(ﬂ'f)(§'§) [ dr
" a
—A(R-5T)

| xjce-gxgag),c;.@ e AR

_ where X = (A) ’ and
Y,

AND SPHERICAL BESSEL FUNCTIONS

interactions, the following

]
L .
-

= ¥,
= 2 .57
P ’
= (SE4¥T1)387
_(za )L
_ 15 IR L sl
= r3+_§$1+x1 s
> )
= 1:;af1 )
C(AT S
= YD 5D s A1
2
= (Z457)% 8,
(214' ) > ’
i
= ¥ (A1X(BT) J—XA ’



B. THE INDIRECT INTERACTION

The integrations over spherical harmonics in the indirect interaction

caleculation depend‘on the use of the well known formula

I

‘ ' ‘.b'l"?.' A ’ ’
f Yo.9) e da = 4t Yo, 3O
fm d17 Im +4
where
I = (1’,-(2-) o= (T'G'Q) P
. I' = CTIq .fz-’) - ) (T') 9,' q’,)
and ' de = sinadedg .

The Spherical Bessel function is defined by

oo <T"”“’" ~

[+

the. first few values being

35(1) = pinhx |,
J3, () = sinhx _cshx .
;zr AL
X
.The recurrence relations between the functions are (from e.g.

Whittaker and Watson, 1952 )

&Mr&mf‘ gjuhju)
. X (s [+3, [.
and Y o= 3 (0 - X .
[+4 = Ly by

Frbm‘thesev%WO formulae we may further derlvé the result

Sw = [_c_f__m+.} Yo
fo - ? [+3
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APPENDIX 5

.COLLECTION OF PARAMETERS -

The parameters defined in the direct interaction calculation

are as follows:

(1]

S-S
&K+, ‘“}‘k

AP/ Mgk

%H(i-g)(w 3) - ?_‘:i ]

2 [ 1% syl
zaJc« 5)(1+53) - i ].

5=D

!
Hit L e

£Px/ Mg

1]

!
o

In the indirect interaction calcutation, the following

parameters are defined:

N

4ijk

big

Y

n

|

1]

W

u

S-S
4 (oo + )
§ Aty
95(44;+4j+/;x)
;(diuaj)

4 (ag+o;
: (adi+d;) |

, .

L

*

§ldradizp)

;4, (4c(£+4og)

2.
« 4—39(19( +4K J

49(% +3di°(1 +a’j

24_ T2
0(‘-j 5'0(;0(1‘ +0€j

L

1]

’

& (Ady+ackis iy ) )

L4

A‘tjk
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2 (o454 phy )'

yk =
/ ' /
bijk = 4ot py)
e 4 (o A,
eU = ;(0‘1"4"‘;)
1. ]
.. = §(4aq+afj)
1) .
o_ 4 -
_Sijk = .7(40(144451 2p)
’ ’
4. = 4 AL
WiJ = 3(4act+{of,)
/ -3 ’ 2
d’ij = K Ekicki+4d;
‘ L A
wij- = A +8dia, 'Mj
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