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ABSTRACT

This thesis is primarily concerned with the effects of ionicity
versus covalency in the structure of classical binary liquids. There
fs an interest in liquid UO2 from the point of view of testing and
) safety aspects of nuclear reactors, and therefore a major part of the
work has been concerned with this liquid. Two modelsare explored,
and from them the partial structure factors and the corresponding
radial distribution (pair correlation) functions are derived. In the
first model, the ionic picture is adopted, and represented by charged
hard spheres with diameters appropriate to positive uranium ions and
negative nxygeﬁ jons. While it seems likely that the.fully ionic

2- is quite appropriate, the influence of ionic charge

picture U4+, 0
on the structure of the liquid just above its melting point is
explored. In contrast, a molecular model is examined in which the
1iquid is assumed to be built up from UO2 units. The main conclusion
from the ionic picturc is that there is considerable short range order
in the liquid. On the other hand the molecular model leads to results
.which show shielding of the uraniﬁm atoms by the oxygen atoms and a
structure factor for U-U correlations which is rather featureless..
High temperature neutron diffraction experiments would be of considerable
interest therefore, on liquid U02, or on an ionic liquid with similar
jonic diameters.

Whereas in UO2 the weight of evidence favours an iopic picture
for the liquid, in HgC]2 the ionic conductivity in the liquid near

5 less than that of a molten

its melting point is a factor 1074 - 107
alkali halide. Therefore the molecular fluid model referred to above

would seem to be appropriate for liquid HgC]z. Again, the main feature



that emerges is a rather structureless partial structure factor for
'the Hg-Hg correlations, due to shielding of Hg by the C1 atoms.

" Finally, a model is examined in which the influence on liquid
structure of the ratio of delocalized to localized electrons is
simulated by a mixture of charged hard spheres, point ions and a
non-responsive, neutralizing uniform background. From this model
it is demonstrated that the structure is sensitive to variation of
delocalized to localized charges. The behaviour found appears to
correspond qualitatively to that in liquid Te. Some aspects of

the strong coupling limit of this model are briefly discussed.
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INTRODUCTION

0f the three states of matter, the liquid phase remains the
least understood. Primarily this is because, unlike solids and gases,
there is no such thing as an 'ideal 1iquid' which can be used as a
reference system for further theoretical development. In the description
of crystalline solids, the structural order is emphasized and configurat-
ional processes are important. The underlying idea in the theory of
gases is the randomness of particle positions and therefore in this case .
kinetic processes dominate. But in liquids both kinetic and configurat-
ional contributions to the total energy are important. Thus in describing
liguids either as dense gases or disordered solids, there is always the
possibility of leaning too heavily on either side.

Experimental information about structure in liquids comes mainly
from the X-ray and neutron scattering experiments performed on these. The
intensity of the scattered rays reveals the existence of a shoft range
order in this state. Besides these, over the past few vears the techniques
of computer simulations have added immensely to our knowledge on liquid
structure. -

From a theoretical point aof view, the physicist's goal is to
explain the observed phenomena of structure in simple physical terms.
Though in very recent work, three-body forces have been studied to some
extent, still the most common assumption made is that the total potential
energy in a classical liquid can be expressed as a sum of pairwise
additive potentials qb (r). The main problem in the equilibrium
structure of the liquid then is to obtain the pair correlation function
g(r) from ¢3(r). (The g(r) 1is related to the probability of finding
a molecule at a distance r from another chosen at the origin). The
usual approach is to solve one of the so-called approximate integral
equations, e.g. Percus-Yevick, Born-Green, Hypernetted chain, etc. (1a)_

This necessitates assuming a specific form of the pair potential. One



thus has models of the liquid state depending upon the choice of 4)(r),
e.g. hard-sphere, square well, Lennard-Jones etc.. From a knowledge of
g(r), other thermodynamic properties such as the internal energy and the
equation of state for the liquid may be calculated (2a). Thg fourier
transform of g(r) is known as the liquid structure factor S(q), and

is the quahtity directly measurable through the scattering experiments.
In two-component liquids, static structure is described in terms of three
pair correlation functions gij(r) (i.j = 1,2), and three partial
structure factors Sij(q)'

It is important to realize that the models referred to above
could be solved exactly through 'Monte-Carlo' simulations on the computer.
From the point of view of physics, however, consideration of such models
becomes worthwhile in the sense that one can relate thé correlation |
functions and other thermodynamic properties of the syétem‘to mode1
‘characteristics such as the number density of the particles, temperature,
etc..

Binary charged liquids are important from a practical point of
view as these encompass a vast range of two component molten salts and
electrolytes. A considerable amount of work, both theoretical and
experimental, on the structure of such systems has been reported (3-2]).
The existing literature which constitutes 'experimental' information in
this area may be conveniently classified into two main groups:

(a) results of scattering experiments, e.g. neutron diffraction
studies of molten NaCl by Edwards et al (]7), of molten CuCl

by Page and Mika (8) etc.,

(b) results of machine simulations, e.g. Monte-Carlo studies of
molten alkali halides by Woodcock and Singer (9), Lewis et al (]6),

molecular dynamics of molten NaCl by Lantelme et al (14) etc..

Viewed as ionic melts, molten salts are interesting physically

because of the presence of long range coulomb interactions. Important



theoretical progress in this field based on the model of charged hard

spheres has been made by Rasaiah and Friedman (3’6), Waisman and

Lebowitz (7*11), Git1an et a1 (1%) and Abramo et a1 (29521) 1nis
model is attractive not only because of its simplicity, but also because
it retains the principal features of coulomb systems.

Paraﬁ]e] to the work on charged fluids, extensive studies on

the structure;of classical molecular liquids have also been made. For

(22,23)

example, Lowden and Chandler have made theoretical studies of

Tiquid N,, CCl, CS,, CSe, and CgH while Hsu et al (%) report

results for N2, 02 and Brz. For these liquids on the 'experimental'

side neutron diffraction results are available for CSZ’ CSe2 (Suzuki and

Egelstaff (%)), cC1, (Egelstaff et a1 (%8)), W, 0, (Dore et a1 (7)),

(28)

X-ray diffraction for C6H6 (0'Malley and Narten ), while molecular

”dynamicsresults exist for liquid N2 (Barojas et al (29)). ,

A comparative study of the structure in these two broad classes
of liquids leads one to consider the interesting question: how is the
structure of a binary classical (iquid influenced by ionicity versus
covalency assumptions? To take a specific example, molten CuCl,
various approaches have been studied; for instance, an ionic model in

(19)

the 1imit of a very large difference in ionic diameters , and with

appropriate ratio of diameters for CuCl (20) and, in contrast, a molecular

(30,31)

fluid model In both types of models, the partial structure

factors exhibit some of the main features of those determined

experimentally (8). This situation obtains in spite of firm evidence

for ionicity in molten CuCl from nuclear magnetic resonance (32)

(33)

and
from electrical conductivity results which show a conductivity
comparable to that in molten alkali halides.

In this thesis we consider the above question.in particular
relation to 1liquid U02.' The motivation for this choice is the

extensive use of UO2 in high temperature nuclear reactors. This



_~

points to the need to understand not only the solid fuel, but also for
design and testing purposes, some of the physical properties of molten

Uo To this end, a certain amount of work has been done on the

9°
thermodynamic -properties in the liquid state. For example,
compressibility (34), vapour-pressure and enthalpy (35) measurements

have recent]yﬁbeen made. Based on these Fischer et al (36) have
obtained a re%ined equation of state. It was felt that, even though
experimenta]imeasurement of the partial structure factors is probably
a long way off in such a high melting point substance as U02, it would
be a useful step forward to study the structure away from the long
wave-length Timit.

T After introducing the concepts commonly used in the equilibrium
structural description of fluids in Chapter 1, we examine the structure

of liquid U0, 1in an jonic model in Chapter 2. The model used is that

2
of the classical fluid of charged hard spheres with appropriate radius
ratio for the U and 0 “jons. This model is, of course, exactly
solvable through computer simulation, but our work is based on the Mean
Spherica] Approximation (MSA) (see, for example, Reference (11)) to

the model. An importcent reason for this is the relative success of

the MSA in predicting the structural properties of binary ionic liquids
and molten salts (19’20’2]). In Chapter 3, we study the structure of
liquid UO2 in a molecular fluid picture.- Though the weighé of evidence
for UO2 would seem to favour an ionic model for the liquid, we thought
it of interest to study the opposite extreme of a molecular fluid model
to assess how sensitive the structure is to jonicity versus covalency
considerations. In this picture the liquid is assumed to be made up
of UO2 units. For the solution of this model we have used the
Reference Interaction Site Model (RISM) theory (see, for instance,
Reference (22)) for classical molecular liquids. In support of the
RISM we can cite its remarkable success in predicting equilibrium

structural and thermodynamic properties of several molecular liquids (22,23,24)



In Chapter 4 we apply the molecular fluid model to molten HgC]z.
For this case, experimental measurements of electrical conductivity shows

4

it to be a factor 10 @ - 107°  times less than that of a molten alkali

halide (33:37.38)

It appears therefore that a molecular model might
well be appropriate for the molten salt.

In the final chapter we examine the influence on the structure
of a two-component charged fluid of delocalizing some fraction of
localized electrons initially in covalent bonds. The situation is
simulated in a model of charged hard spheres, point charges (classical
e]ectroﬁs), all moving in a small, non-responsive, neutralizing back-
ground density. Such a model might have relevance for liquid Te for

(39) is based on the coexistence

which the model of Cabane and Friedel

of a network of strong covalent bonds with a metallic 1like electron gas.
Much of the work prosented in this thesis has been published

in the following papers :

(1) "Structure of classical fluid of charged hard spheres and point

ions in the perturbation of a small, non-responsive, uniform background

density" by L.B. Bhuiyan and N.H. March; "Physics and Chemistry of liquids"

(in the press).

(1) "Partial structure factors of an ionic model of liquid UOZ" by

L.B. Bhuiyan, N.H. March, M.C. Abramo, C. Caccamo and G. Pizzimenti;

Mol.Phys. 34, 755 (1977). .

(1i1)  "Structural differences between ionic and molecular fluid models

of 1liquid U0," by L.B. Bhuiyan, P.J. Grout and N.H. March; "Physics and

2
Chemistry of liquids" (in the press).
(iv) "Partial structure factors of molten HgC]2 in a molecular fluid

model" by L.B. Bhuiyan; "Physics and Chemistry of 1liquids" (in the press).



CHAPTER 1

STATIC STRUCTURE FACTORS AND RADIAL DISTRIBUTION

FUNCTIONS IN BINARY CLASSICAL LIQUIDS

The basic characteristic which distinguishes a liquid from a
crystalline sq]id is the absence of long range order, and from.a low
density gas is the‘presence of short range interactions. Thus the
central problem in the equilibrium structural description of liquids is
the arrangement of molecules and the correlations between their positions.
Formally, this may be treated using the distribution function theories
of statistical mechanics. This approach allows one not only to obtain
a complete microscopic structural description of the system, but also
to consider equilibrium properties of the Tiquid state. In the following
section we introduce some of the basic concepts used to describe the
structure of a classical Tliquid from distribution function theory. 1In
Section 1.2 we establish contact with experiment and see how the short
range order in a liquid is reflected in the intensity of its X-ray
diffraction patterns. Initially, we consider the case of monatomic
(single component) Tliquids; generalization to two component cases is
done in later sections.

1.1 Definiiion of pair correlation function and structure

factor in terms of distribution functions

Supposing our system consists of N identical particles in a

volume V and temperature T;then in the canonical ensemble the normalized
probability density is
__@H T T, P Pu)
e’ ——— —

;STCEJ'fSE ,%?..!},) -

(1.1)

N Q.

Here é? = Elf s kB is Boltzman constant; h is Planck's constant and
B

H dis the classical hamiltonian given by



n-
o= D, b 4+ O (1.2)

T 2

where m 1is the particle mass; ﬁi the momentum of the ith particle

and zé(r] r-N) the potential energy of the system. QN is the

—

canonical partition function

f . ~"€$F{
= &-—-l -’d’ﬁ"'d'ph" T e (]'3)

Q
TN

Since the hamiltonian is separable, this probability density in phase
space factorizes into a momenta part and a configurational part which
depends only on the positions of the particles in cbordinate space.
As our interest is in the correlation between positions of particles
we shall be concerned only with the latter.

The probability PMN)(r ... ry) that particle 1 is in volume

- (2b,40)

element dr] » particle 2 in dr2 , etc. may be defined as

—_— T

H

| _ (..
7, = \S;;iil ""Lfki e €52§ ) (1.5)

where

is now called the configurational partition function. Evidently

P(N)(r] .es rN) has the normalization

N
ml"'“ﬁp()u].” ry) =1 (1.6)

From (1.4) we can obtain the n-particle probability distribution "fé;N’

by -integrating over the remaining coordinates el to N



-%@(rl...ﬁ)

1

(n) =1
P (rl...rn) drl'“drﬂ = 7 dﬁ\_ﬂ"'d:N_e r'l...dlr‘ﬂ
(1.7)
Sometimes it is more convenient to define n-particle densities Q(n),
by
P _ M pm (1.8)
(N -l
The factor N! /(N --n)! takes into account the indistinguishability
of particles.
(n) s
€2 (rl...rn) has the normalization
(n) N
dr ..-dr‘ - 1.9 ;
1" n .ﬁz (tl...tn) (-l (1.9)
(n) . _ (N)
One can now see why f: is more convenient than P/, In a
fluid with zero interparticle forces, P(]) = %- and thus
(1) N o .
.fi (f ) = v EE ——— the uniform average density. In general
n | ' | '
Q( N} S | (1.10)
(N-n){ yn '

These relations hold in case of real fluids in the 1imit when all the
particles are far apart; in such case as N-—>0O we have from
(1.10) Q(_“.)__; 'Q“ ) - |
The important distribution functions used in the structura
description of fluids are single particle and pair functions. We

define the two-particle distribution function

g(rl’ rg.) = 3(2)(7'1: :2)/ Qz (1.11)



et = e

In an isotropic fluid g(r],rz) depends only on \ r]-rz‘_ = \ r12‘

such that

g(ryorp) = gllirg - rol) (1.12)

b — —

The g(r) is called the radial distribution or the pair correlation
function. As r gets large we see from (1.11) g(r)—>1. Froma
physical standpoint 4 -KQg(r) r‘2 dr represents the number of atoms
within a spherical shell of width dr at a distance r from the atom at

the origin. The liquid structure factor S(q) 1is formally defined as

s(q) = efr [g(r‘) - qu": (1.13)

Since in a liquid g(r) = g(irl), we can do the angular integrations in

1.13) to obtain

S(ay =1+4RE | dr p2 5in gr [g(r‘) - 11 (1.14)

- qr

(i
From (1.13) and (1.14) we notice analogous to g(r), S(q) also goes to

unity for large values of thc wave vector q.

1.2 Relation to X-ray scattering intensity

We will now see how the above definition of structure factor is
in accord with the short range order reflected in the intensity of the

X-rays scattered from a liquid.

It can be shown (41) that this X—réy scattering intensity is
given by
2 S*:/TV -P;,‘
)=N£ E-J'— E —-—-—ﬁf—d- ] (1.15)
Y CBIE.
i ] .
with q= 48 sin ©

N

where >\_is the wavelength of the radiation and E) is the

1
2
scattering angle. f;(q) is the atomic scattering factor and "3 the

distance between ith and jth atoms. The second term in the right hand side
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of (1.15) reveals an interference pattern between scattered waves from
pairs of atoms.

Using the idea of radial distribution function g(r) introduced
in the previous section, the density Q(r) at a distance r from the
atom at the origin is Q(r) = Qg(r). Now replacing the summation in

(1.15) by an integration we obtain

I(%) N§ \__+f’§‘”‘“” St [%@ A + e ,dm(—r:w _3_]
d ¥

In the 1imit of infinite 1iquid sample, the radius R-—}OO » the final

(1.16)

term in (1.16) becomes a delta function at q = 0 and represents scattering
from a uniform density. Neglecting this delta function contribution

we get

00 . - |
1(%) = l\\f"’[u- f’&& lygr™ Stager (ﬂ&@)_‘) 1 (1.17)
0 %

The quantity in square brackets is just the structure factor defined in
Equation (1.14). In fact in X-ray scattering from liquids, the structure

factor is operationally defined by the relation

S(q) =-1(a)_ ) (1.18)
NS:Z .
In a crystal g(r) 1is a sum of delta functions centred on lattice
sites. Therefore from (1.17)7 S(q) has non-zero value only when gq is
a reciprocal lattice vector. But in an isotropic liquid the absence of
long range order no longer leads to sharp Bragg reflections and hence S(q)
is non-zero for all q. I

1.3 Long wave-length 1imit of structure factor

In X-ray scattering it is difficult to measure the intensity when
the scattering takes place through very small angles. Fortunately there
is an exact thermodynamic result which relates the long wave length 1imit

of the structure factor to the isothermal compressibility of the liquid.
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We proceed to derive this interesting relation below. We shall work in
the grand canonical ensemble. Extending the definition of n-particle

densities (Equations (1.7) and (1.8)) to this case we obtain

ﬁ)(ﬂ') 5.
we e \ g\ . A% e —@H("Tﬂ% i_’“)mg)
—_ — - ; e m-l “d N
. N-o)l 3o
— ﬂ}wk ' p" f\”.

where M is the chemical potential, and:EE: is the grand canonical

partition function given by

—_— —@H(" b ba) |
:—‘." ,\ﬁp\?ﬂ de d“‘"‘i%’ cUh» (1.20)

Separating the hamiltonian in (1.19) into kinetic and potential energy

parts and integrating over the momenta we have

(n) S8 —a® ..
QGQ’(‘:"‘ B) = ZQ\J - }\5 ) d»qm ,A,:-:]e©§ =

(1.21)

]"i
.w1th ;>\ T 'T' being the thermal de-Brogie wave-length. The

normalization of Q ) . ). is - .

oo eeyn -ty

the <<...:> now denoting average over the total number of particles in

the ensemble. Thus

!
!

jdr] P (])(rj - <N> ,/I (1.23)
and jdr drze (r],rz) < > <> (1.24)

For fluids we can replace Q )(rl,r‘ ) by Q g(iry - rol) and

QGC (r]) by e . Then from Equations (1.23) and (1.24) it follows
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Qz Sd'fl dr, ‘jg(\r_l -1l ) - 1] = (W) - <N> - <N>2
or QZV S\dﬁ [g(r) - ]l = <N2> - <N> - <N>2
or  Q\dr [9(?‘) - 1] = <N2> - <N>2 -1
)
2y - Y

1+ E’&:iz [g(r)-1] = 8(-;;'0 S(q) = ) (1.25)

We thus see from above that the long wave-length 1imit of the structure

" That is

factor is related to the particle number fluctuations in the system.
We can rewrite the partition function in the grand canonical

ensemble (Equation (1.20)) as

. = % el Q, (1.26)
From this one immediately obtains
(N> LN | (1.27)
R
and 5 t D= -
N = — = = (1.28)
< > 8" L o

Therefore

v vl b= 1 el
<N > ”‘("‘> — %r, 9},3 = : ’8§w> (1.29)

We now make use of the thermodynamic relation (1b)
’apu) ! k@P)
( - — ——=\=c (P 1is the pressure)
oNyT NV ,
= : (1.30)
VK j
where KT = %}. %?%) is the isothermal compressibility. Remembering
T

that all N must now refer to the average va]ue’<N> » combining (1.29)

and (1.30) we obtain the equation

oCc S("k) = GDQJ Kt (1.31)
/%-'—90

which relates the 1iquid structure factor as q—> o to the isothermal



compressibility

of the system.

1.4 Ornstein-Zernike direct correlation function

A frequently used and useful concept in the theory of equilibrium

structure of fluids is the direct correlation function c(r). This is

defined by the Ornstein-Zernike relation

h(r) =

(42)

c(ry + Q\c(ir-r'{)h(ir'f) dr'

.Here h(r) = {:g(r)-1ik is called the total correlation function and

represents the deviation from the probability g = 1.0 (i.e. no structure)

of finding a particle at a distance r from the particle at the origin,

To obtai
rewrite it as

h(12) =
(1.33) now tell

n a physical interpretation of Equation (1.32) we may

c(12) + Qgc(B)h (23) d3

s us that the total correlation between two particles

1 and 2 consists of two parts. The first is the direct correlation

between 1 and 2;

the second is an indirect part due to some average

effect of a particle 3 which is correlated to 2. Unlike g(r), c(r)

~has no direct physical meaning; but it can be shown (ZC), asymptotically

ctr)es Z%ﬂ,

where <b (r) is the pair potential.

An importént reason why the concept of the direct correlation

function is important in the theory of liquids is that it is directly

accessible to experiment. For example, defining the fourier-transform

@) of c(r)

’E’,(q)

-iq.r
= ej;ag e T 7 ¢

etc., we rewrite Equation (1.32) in g-space as

o4
p\,(q)

or  “¢(q) =

~ ~,
= ¢(q) +c(q)h (q)

—~

p»(q)
1+ ()

~/

Note that from Equation (1.14), p»(q) = S(q)-1.

Therefore  S(q)

relating fz(q)

3 1
1 -"(q)

and the structure factor.

13

(1.32)

(1.33)

(1.34)

(1.35)"

(1.36)

(1.37)
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Equations(1.37) and (1.34) now give

o : > S"’"‘F S(g)-
c() = 27:(’ t‘% = S } (1.38)

Thus knowing S( q) experimentally we can determine both g(r) and c(r).

1.5 Generalization to two component systems

The concepts introduced thus far may be easily generalized to
two-component liquid mixtures. Obviously now one needs three pair
correlation functions for a complete structural description of the system.

In analogy to Equation (1.14) the partial stfucture factors
S..(q) (i,J = 1,2) are defined as

ij
S&(%) = s -i—Lm@ ?} de* = fﬁ QL@) _-\ (1.39)

g .\.. ﬂ\, Q%) (1 40)

where we have used h; (r) = g; (r)—].
ei’ Qj are now the average densities of the components. It is to be
noted S]Z(q) is normalized to zern at large q. Fourier inversion of

(1.39) yields

oo
: | o Sioam
ﬁi}‘}t") = ‘ + Q.K'V(QLQJYIQ_ g:i‘ﬁ% T:E—[de (%) - SL&] (1.41)

Likewise the Ornstein-Zernike equation appropriate to a binary mixture

may be written as

D\"';}(P Cy Q’)““ZG d/o T, (le- Pl)ﬂ‘u LP'!) (1.42)

The long wave length 11m1ts of the partial structure factors satisfy the

compressibility sum rule (43)

& S Ww = e; e 0.6
A%T‘_T>'O
For a charged fluid, overall electroneutrality is an important

condition, and is given by
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Z QLZL =0 (1.44)
| 92

' Zi being the valence of the ith type of ion. In such cases, the charge
neutrality simply relates the long wave length limits of the three partial
structure factors. This is expected since in a charged fluid the particle
number fluctuations must be such that overall neutrality is maintained. To
show this note around a cation (denoted by subscript 1), cations are
distributed as (Z]e)e] g]](r) and anions (denoted by subscript 2) are
distributed as -(Zze)(’2 g]z(r). Charge neutrality implies

Ez‘e) Qgrd{ /?I,,(P) ~(#,¢) ﬁ’,_gd,f %‘2@)] = ~ Z,e, (1.45)

Similarly around an anion, anions are distributed as -(%ze) ez gzz(r)

and cations are (Z]e)§>] g]z(r). Again from neutrality

[(Z,e) €.§M /3'97@ ~(Z¢) ’\ngﬁ ﬁ‘m@)} = %, (1.46)

From Equation (1.39) we obtain

ﬂgigi>0 dg%t(ﬂ%) =1+ elj;;iffi?ﬁtl(p)"J:l ' -
dc Slo.('%’) =1+ €2§‘d’f P&znﬁ")“‘]

(1.47)

(1.48) |

0 Yo, &
= (818, S e [Qu@-1] .
Using now Equations (1.45) and (1. 47) it can be eas11y shown

2LdE Sw] = 2) [0& Su(w)] (.50
Similarly from Equations (1.46) and (1. t?) it follows
ZQ_D%\F_}OSQQ(%)] - (2‘7:2\ [%\ZOS“Q(%)] (1.51)

Combining (1.50) and (1.51) we get the desired relation

A
Z'[-?gi OSHL,%)] = (Z,Zz) ]_;;%o S(i(r%)} = ﬂ{;gc_}osa,}’%—)] (1.52) |

"
0
3



1.6 Summary

In this chapter we have introduced the basic concepts used in
the equilibrium structural description of fluids. Starting from
distribution function theory the pair correlation function and its
fourier transform - the structure factor were defined. The Tatter
quantity is dfrect]y measurable in the X-ray or neutron scattering from
Tiquids and réf]ects the short-range order therein. The long wave
Tlength Timit of the structure factor bears a simple relationship to the
particle number fluctuation in the system. In binary liquids one needs
three pair cbrre]ations and correspondingly three partial structure
factors. For charged systems, the long wave length limits of the
partial structure factors reveal the charge neutrality of thé system.

A11 these concepts will be used in the later chapters.

16
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CHAPTER 2

PARTIAL STRUCTURE FACTORS AND RADIAL DISTRIBUTION

FUNCTIONS OF AN IONIC MODEL OF LIQUID UO2

2.1 Introduction

In this chapter we begin our study of the effects of ionicity
versus covalency on the structure of classical two-component liquids
by examining the structure of liquid UO2 (at just above its melting
temperature) in an ionic model.

The method used here is to treat the liquid as an ionic melt and
simulate interionic interactions by replacing the ions by oppositely
charged hard spheres with appropriate diameters. Thus in this model, often
referred to in the literature as the ‘primitive model of e]ectro]ytes'(s),
the short range repulsive part of the interparticle pair potential is
approximated by an infinite hard sphere repulsion and fhe long range

attractive part by a coulombic tail. Mathematically we have

d)L':OO I O

i ; (2.1)
3 4

Here (bij(r) is the interaction potential between species 1 and j;

e., e: are the charges on the species, & the appropriate dielectric

1 J
constant and CT}j is the diameter for the interaction. CT%j is
usually taken to satisfy the additivity condition.
1
pe = — .+ O .
655 = 7 (07 + 03) (2.2)

5}, 53 being the diameters of the individual hard spheres. Thus

ﬁ}j is the distance of closest approach between two ioﬁs of type 1 and j.

The overall charge neutrality condition (Eqn.(1.44))1in this case is

2.8 =0 | (2.3)
v

with the summation being taken over the total number of species.
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For the particular case of liquid UO2 therefore, we would have
a binary mixture of positively charged uranium and negatively charged

oxygen ions. As regards the magnitudes of these charges, the present

4+ 2-

evidence points to U and 0 But it must be pointed out that this

evidence is for solid UO2 and basing on this we assume the liquid to be :
jonic with the same charge magnitudes. Regarding the evidence for ionicity
of solid U02,:we may cite *

(1) the cohesive energy is correctly given by the Born-Mayer model

with ionic charges Z, = 4, Zy = 2 (44),

(i) the phonon dispersion curves are well described in terms of a shell
45). -

model with an ionic charge of the same magnitude as in (i) above(

~ However, we also examine the influence of charging on structure

by considering the partially ionic case , i.e. U2+

and 0°. As a special
~ case of abouve, in the extreme 1imit when the charges are switched off,
we have the neutral hard sphere model. This 1imit is useful in that
it reflects solely size (radius ratio) effects dn the structure, and
acts as a reference set of structure factors from which to assess the
effects of charging.

For the soluticn of this ionic model we have employed the MSA using
the procedure developed for arbitrary diameter ratio by Abramo et al (46).
When the ionic charges are zero, MSA reduces exactly to the Percus-Yevick
(PY) theory (47,48) for a multicomponent hard sphere fluid mixture. In
the latter case, exact solutions for a binary mixture have been given by
Lebowitz (48) and we have utilized these results for the solution of
our corresponding model.

The layout.of this chapter is as follows: in the next section
the MSA is briefly discussed. In Section 2.3 the general solutions of

the MSA and in 2.4 the method of its numerical solution and the physical

parameters used are presented. The partial structure factors and the

* The author is grateful to Dr. M.J. Gillan of AERE, Harwell, for

making the points (i) and (ii). below.
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corresponding radial distribution functions are given_and discussed in
Section 2.5. In 2.6 some comparison of the results is made with the
crystalline structure, in the absence of non-zero wave number information
from experiment on the liquid. Finally in Section 2.7 some comments

are made on the results.

2.2 The Mean Spherical Approximation

The Mean Spherical Approximation for a classical liquid mixture

of hard spheres consists of the following statements :

(a) the radial distribution functions 9; (r) vanish inside the
hard cores
g;5(r) = 0 o 1 L 6% (2.4a).

This is of course an exact consequence of the assumption that the short
range part of the pair potential is given by a hard sphere repulsion.
(b) outside the repulsive cores, the direct correlation functions

.(ry and the interaction potential 4) .(r) bear the relationship

- @quj(r) r> 65 - (2.4b)

This is the approximation in the theory.

1J

In our case d>1j(r) is purely coulombic outside the cores .
(see Equation (2.1)). It is easy to see from Equations (2.1) and (2.4b)

that by setting ei s €. =0, the Equations (2.4) become

g;5(r) = 0 r<6"1.j ; |
N ) (2.5)

This is now exactly the PY theory for a classical fluid mixture of

I
o

C'ij(r)

uncharged (neutral) hard spheres*. In this case too, the first of

* The PY approximate equation for a multi-component fluid mixture is given

b
g gij(r') [{ggbij(r) -1] = e'Q(i)ij(r) Cij(r)

In particular for a mixture of neutral hard spheres, i.e. 4)..(r) = 00

for r <16T and zero for r;> CT j° the above reduces to the Equations(2.5).
|
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Equations(2.5) is an exact condition for hard sphere interaction, the
approximation is contained in the second.

For classical fluids the gij(r) and the cij(r) are related
through the Ornstein-Zernike relation (Equation (1.32)). For a multi-

component system this is
Q\a.. (ep) = ¢ "o (te= ey 14 2.6
4 ) d(r*) + %_‘ Qo, Sdn_* ey (r—2h) Q»QJU;) (‘ )

Thus. the essential problem of solving the MSA (as also the PY
>theory) is to determine the form of 9s (r) outside the hard core and
:of iJ.(r) 1ns1dg it. This is to be ach1eved by using Equation (2.6)

together with the closure re]ations‘(2.4) and (2.5) for charged and
uncharged hard sphere cases respectively.

2.3 Solution of the Mean Spherical Approximation

The formal solutions of the MSA (Equations (2.4)) for a binary
charged hard sphere fluid have been obtained by Waisman and Lebowitz (]]);
these may be written in the form (21)
| 3

LI M
—_ CLLLP)' =(Kl;,“‘ E@’\_:,) + WT‘ _{___li.('fha_'+ '?lg_ml)—p 'f’<6:"
@eq’ :
— o | T 'f'>6: (2.72)

‘?g;i;‘ .. ........17<< 7\

=(a, W%“’z; MQI (T’-‘7‘3 o
( + TTLI ) + |2t’b"[q_)"l o + 2)\(71‘ |+TL9_Q_2 %)

_‘__9?(’!1,0.,4-11,_0.,_) ,&‘%‘i N (6
Qqaz .
o ,-p>6:2. (2.7b)

Here —TU = Zg;eb , )\: .11(6;_— Gl‘) (we have arbitrarily chosen 6;>6\|) :

While V and V are defined by

11 22
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©
\/d - ‘“t“a) dz Tes S\A’b * awb‘f) (2.8)

Exact analytic solutions for the seven coefficients in Equations

(2.7), viz. a M M]Z’ M22’ V]] and Voo in terms of system

1 % e
parameters such as packing fraction, valences, radius ratio are available
only in the special case where the radii of the ions are equal - the
‘restricted primitive model' (RPM) (7). In the other 1imit of vanishing
radius ratio, the solutions obtained by Gillan et al (19) are partly

analytical and partly numerical. For the general case of arbitrary radius

ratio, a numerical solution has been obtained by Abramo and co-workers (20).
2.3.1 Solution for uncharged hard spheres
In this case the exact solutions of the PY equations (2.5) for
a two-component fluid mixture (Lebowitz (48)) are
- 3 '
-_Cii(r) = a; + bir + dr - r<<€?}
- Cpp(r) = —62](r) o (2.9a)
= a . r 5;)\

= {b(r‘ 7\) + 47\d(r-7\) + d(r-N }/
A o ~ (2.9)

The various coefficients in the above equations are given by

.
" % [@ P(ﬁ’.,eg_)] (2.10)

b -~ [9.6‘.%3:(6*.) + (’lﬁ‘:%';(é:l)] (2.11)

b= —[tag o 8, 0] G (2.12)

A __.[60. 40 o.{' RNEREY
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Q’F [_ZQ +8) (1+ne”) —B-€e (5-6\)“’{(6\+6\)

a6 ——(fé“rﬁ 6‘”)}]/0 -y

(2.14)

/8“(6\)—[(!4—1[2)4—%6 (0\ 6\)] Q—ﬂl

(2.15)

U 6n) = | 62.9u(8) + 67 9an (6) | [ 260,

- (2.16)

. 3 5
with ﬁrL = :E%-€|5? +-%§:Clﬁa , being the total packing fraction;
b2, 922( 6‘2) can be obtained from b], g”(()“]) by the interchange
Q1¢—=Cp 0765

2.3.2 Partial structure factors

Starting from the above solutions, i.e. Equations (2.9), Ashcroft
and Langreth (49) and Enderby and North (50) have numerically evaluated
the partial structure factors Sij(q) for a binary Percus-Yevick hard
sphere mixture. Here we follow similar techniques, which are also
applicable to the more general case of two component charged liquids.

First we define the fourier transform of c. J( ) and h ( r)y as .
Yo
~

0¢é(%‘) (QLQ&) Ar e—b%';;:m&tr) (2.17a)

fl

o '
:L{W@Le(j) e SM’.‘ T .

&
) T 49

(2.17b)

and similarly
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b e iy e

~ ‘ﬂL 0

D"»& (&) = L‘W(ﬁtfd) efim s 95~$o JL(I LP) (2.18);
(2.19)

where in writing the last equality we have used Equation (1.40) of
Chapter 1.
Using cij(r) as given by the solutions of the MSA (Equations (2.7)),
and of the PY theory (Equations (2.9)), ’E}j(q)'s are easily evaluated
and are collected in- Appendix 2.1. ‘

Writing the Ornstein-Zernike relation (Equation (1.42)) explicitly

we have,

| QL"d ()= c';d‘ () + e‘ ,d,ﬁlc,u QQ”EI*) 0"!} ) +€25;f Caa_(“l-.C't)maJQQ")

(2.20)
Using definitions (2.17) and (2.18), and the convolution theorem we now
fourier transform the above equation to obtain -
r~ .
k. ( ) =2, Q) + ¢ ri; e /ﬁL | (2.21)
‘i Y~ 4 ¥ f((f&) g(fk) . g ua.(f&) %&(fﬁ)- ’

Solutions of Equations (2.21) are now immediate; expressed in terms of
Sij(q) and ,Eij(q) these are the so-called Pearson-Rushbrooke equations(51)

for a binary classical fluid.

~
. [ — Cai(%)
S{7(q) = ~ A B
1 (- - Qm(%)) ~ Culy)
o -réqi(%ﬂ :
S (Q) ~ ~ > (2'2?)
S G 7o (R e 5 |
~ ’ |
S4o(a) Falt) E

{ - 0 14 0
U= %) (- Cly) - Ci
. / .
It is of course an advantage of the MSA (as also the PY theory) that

the partial structure factors are related through a set of simple equations
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to the fourier transforms of the direct correlation functions and hence
to solution of the model itself. Thus comparison between model and
any experimentally determined structure factors is a relatively straight-
forward task. :

The partial radial distribution functions gij(r) were evaluated
using the fourier inversion formulae, (1.41).

2.3.3 Charge and density fluctuations

In the structural description of binary liquid mixtures, it is
often convenient to introduce structure factors that describe correlation
between fluctuations- of physical quantities like concentration, number
and charge densities etc.(]c). These structure factors are defined in
terms ofAlinear combinations of Sij(Q)3_ for a charged liquid system,

useful such quantities are numbef—number SNN(q), number-charge SNQ(q),

and charge-charge S Q(q) structure factors. These are defined as (52)

h
G S = € S @) + 2(06) S, () + 6.5, @)

e ) = 02 S 065750 ~ S}

—1 ”‘LL -1
QS&Q(%) =K@D{S“@«)<. ~25,@)0t) *+ %@ |4

Here Qt(=€]+(2) is the total number density. From the overall electrical

neutrality condition
2.0, = X, (2.24)

or C.r6, = 2,12, = 2 ,/ (2.25)

where Z 1is defined as the ratio of charges.

Thus Et 61 + €2 .
Z€2+Q2

(2+1) €, (2.26) |

Hence on substituting the above result for et in Equations (2.23) we get
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~Ya.

B =
Sye(a) = % LSH(%') + £ SM.Q{Y) +27 Sw_(%')

27,
Ml = 7 S't("cr) —~ 22(%) +(1 - z ) 8‘2@1 (2.27)

(22.0’
Sqqf®) =~a~?- Lsu(%) +2S 20 (%) — Q_Z Q{y)]

2
It is to be noted here that SQQ(q}—-ﬁ>(ZZ1) at large q so that
dividing through by this quantity we can normalize SQQ(q) to unity.

2.4 Method of numerical solution and the physical parametersfused

In order to facilitate numerical calculations, the following
dimensionless variables were introduced. We chose subscript 1 for uranium

and 2 for oxygen. The variables were

5
oC = —L , the ratio of two diameters
=2

- 3 3
-TL =(l§ 6‘6? + :%616\1 ) » the total packing fraction

Z, : )
+ = _£ , the charge ratio
Z
Co .
F = —=— * the concentration of larger hard spheres.
iy
Z,\e] -
‘_1 = —%——— , the plasma parameter (the coupling constant)
€ kBT 6,

describing the strength of the coulomb interaction and hence is a measure
of the ionicity of the system.

These dimensionless quantities completely specify the model and
were the physical (system) parameters that entered the computer programs.
Details of.the numerical routines used.to solve for the Waisman-Lebowitz
coefficients in the MSA solutions (Equations (2.7)) are summarized in
Appendix 2.2. Here we give the data usgd in the different sets of
calculations. .

(a) Charged hard spheres

Two broad sets of calculations were carried Qut. The first o?
i
these corresponded to the choice of diameters for uranium and oxygen ions
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from Pau]iné radii. The second set allowed variation of these diameters,
but with constant ratio, until the experimental compressibility KT (36)
for Tiquid UO2 was reproduced on passing to the long wave-length limit
of the structure factors. |

(I) System parameters without fitting compressibility

For the first set of calculations, the Pauling diameters for

uranium and oxygen were taken to be 6‘] =1.94 ] and (Té =2.8 R (53).

These then yielded oK = 0.69, | = 0.5225. Also Z = 0.5, X = 0.66,

T=3073%, €, =0.01949 &3, €, =0.03897 & (the number densities

3 (54a)

were calculated from the density 8.74 gm/cm of molten U0, at its

2
melting temperature ~~ 3073°K). For Y—‘ we chose two values :

4+

(i) the charges were taken as U" and 02— which yielded Tﬂ = 77.6,

(i1) the jonic charges were reduced in order to examine the influence on

structure; the second choice we adopted was U2+

and 0, the corresponding
i being 19.4.

(I1) System parameters with fitting to experimental compressibility

The experimental isothermal compressibility of liquid UO2 at
~ 3133 s 4.4 x 10712 cn? dyne”! (3%:36) e sought to fit this
using the compressibility sum rule,(Equation (1.43)),f0110wing the procedﬁre

(21)

of Abramo et al (see Appendix 2.2 for details). Two different

sets of calculations were performed :

(1) the number density E’t was extrapolated to the temperature at
which the compressibility was measured. This yielded f)t = 0.0194 3_3;
also for this case T is actually 3138%°K and 6"2 =2.36 8. It follows

M 027y and [ = 22.5

that r1 = 90,1 (for the completely ionic picture U
for the partially ionic case U2+,0', while 'Wv = 0.31;
(i1) here we assumed the same values of T and eu:as in (I) and
obtained 6, = 2.3 R, and hence | = 0.289, T"=94.5 (1**,0°") and
23.6 (U2*, 07).

It is worthwhile to mention here that there is a physibal basis

|
for the model hard sphere diameters being smaller than their values in

NS T A T VI U T 1 S0

o e
T T

N R araan
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the crystal. In the latter case these are fixed so as to give the
minimum of the cohesive energy. But in a hard sphere model with
infinitely repulsive cores, the values of CTij closer to the zero of the
potential would be more reasonable.

(b) Uncharged hard spheres

In this case the only parameters needed to describe the system
are C , T, and % . MHe took C =0.69, X = 0.66 and T = 0.5225,.
the same as their values in (I) corresponding to the choice of Pauling
diameters for uranium and oxygen. It should be noted that consistent
with our assumption of a mixture of neutral U and O atoms, the choice
of neutral atomic diameters for the corresponding hard spheres would
seem more appropriate for this model. However, we have chosen the
above diameters ip ordér to make the calculations consistent with the
charged hard sphere case and hence make comparison possible.
2.5 Results

The general features of the structure of molten U02 are evident
from the sets of figures (2.1a) to (2.7a) which show the partial structure
factors Sij(q)‘ The corresponding radial distribution (pair correlation)
functions gij(r) are shown in figures (2.1b) to (2.7b)1 _ Actually in
g-space the basic variable used is y = q(S‘2 while the unit of length
chosen in the r-space plots is CTé. The curves (2.3) to (2.6) correspond
to the case where the experimental compressibility has been fitted and
2+ -

s

(2.2), (2.4) and (2.6) are for the partially ionic case, i.e. U 0.

The Sij(q) and gij(r) in the limit rt—f> 0 corresponding to the

neutral hard sphere case are shown in figures (2.7a) and (2.7b) respectively.

The overall structure in liquid UO2 seems to be strongly influenced
by the correlation of charges round the uranium ions induced by the high
charges especially for the completely ionic model. This view is supported
by the sharp first peak in SQQ(y) shown in figure (2.8) for the completely
ionic case. As can be seen from figure (2.9) for the partially ionic.

case, this peak is reduced. / ‘
.
I
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Partial structure factors Sij(q) with the coupling

constant [" =77.6 corresponding to completely ionic
model U4+,02-. Actual variable plotted is y =q63

where 6} = 2.88 is the diameter of the oxygen ion.
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gij(r) corresponding to the partial structure

factors in Fig.2.la; | = 77.6. As plotted
0, = 2.8 is the unit of length.
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factors in Fig.2.2a; ['=19.4. As plotted

6 = 2.8R is the unit of length.
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Figure 2.3a

Partial structure factors Sij(q) with [* = 90.1

(U4+,02'). The curves are fitted to experimental
isothermal compressibility. (cf. calculation (i)
of II, Section 2.4). The variable plotted is

Yy =967 where 0, is the diameter of the oxygen
fon. In this calculation 6, = 2.36 R,
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0 1 2 , 4 5
}
r
: /%
Figure 2.3b Radial distribution functions gij(r) corresponding
to the partial structure factor in Fig.2.3a;
["=90.1. The unit of length is 63 = 2.36 R,
N.B. The small dashed regions in 9, and 9, 3re

schematic as small negative values arise here in
practice. These negative values are unphysical.
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‘Figure 2.4a

10 15 20 25

Partial structure factors Sij(q) with r1= 22.5

(U2+,0'). The curves are fitted to experimental
isothermal compressibility. (cf. calculation set
(i) of II, Section 2.4). The variable plotted is
y = qo“2, where 0‘2 is the diameter of oxygen ion.

In this calculation 6& = 2.36 R.
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Figure 2.4b Radial distribution functions gij(r) corresponding

to the partial structure factors in Fig.2.4a;
I_'= 22.5., The unit of length is 0 = 2.36 R,
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20

Figure 2.5a Partial structure factors Sij(q) with [7 = 94.5

(U4+,02_). The curves are fitted to experimental

isothermal compressibility (cf. calculation set (ii)
of II, Section 2.4). The variable plotted is
Y =465 where 05 is the diameter of the oxygen

jon. In this calculation 6} = 2.3R.

N.B. : Notice that there is very Tittle difference between
these curves and those in Figure 2.3a.
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Figure 2.5b
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Radial distribution functions gij(r) corresponding

to the partial structure factors in Fig.2.5a;
[=94.5. The unit of length is g7, = 2.3R.

Again the small dashed regions in 9, and gIQ. are

schematic as small negative values arise here in
practice. These negative values are unphysical.
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Figure 2.6a

=
(o~

Partial structure factors Sij(q) with ['= 23.6

(U2+,O'). The curves are fitted to experimental
isothermal compressibility (cf. calculation set (ii)
of II, Section 2.4). The variable plotted is

Y = q¢5,, where ¢ is the diameter of the oxygen

jon. In this calculation <Sé = 2.33.

Notice again that there is very little difference
between these curves and those in Fig.2.4a.
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Radial distribution functions g..(r)
1]

corresponding to the partial structure factors
in Fig.2.6a; [’ = 23.6. The unit of length
is 6, = 2.3 R,
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Partial structure factors Sij(q) with ['=0
corresponding to a mixture of neutral uranium and

oxygen atoms (uncharged hard spheres). The
variable plotted is y = 965 with 6, = 2.8,
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Radial distribution functions gij(r) corresponding

to the partial structure factors of Fig.2.7a;
[" = 0. The unit of length is 0, = 2.88.



Figure 2.8 Number-charge fluctuations corresponding to the
completely ionic model [~ = 90.1 (U4, 02-),
The variable plotted is y = 967> 6‘2 = 2.368.
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Figure 2.9

Number-charge fluctuations corresponding to
the partially ionic modetl [_E 22.5,

(U2*, 07). The variable plotted is y = 467,
6, = 2.368. |
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In the set of calculations corresponding to Pauling diameters
for uranium and oxygen ions, for Tﬁ = 77.6 (U4+, 02_), considerable
short range order is reflected in the oscillations at large T in gii(r)
and an isolated low-y peak in Sii(y)' In the cross-correlation -
function 512 the first minimum is very deep ~ -4 and the width of
the trough very narrow. This is suggestive of a U-0 correlation
extending considerably into r-space. These trends are the same for
f1 =19.4 (U2+,0') but as expected, the effects are much less pronounced.

It is interesting to note the changes in the structure factors
when the experimental compressibility is fitted. The striking feature
is both the Sij(y)'s and the gij(r)'s are much smoother, but in place
of the isolated low-y peak we now notice the shoulder shown in figures
(2.3a) to (2.6a). Also in this case there is little difference in
'Sij(y)'s for | =94.5 or 90.1 or between 23.6 and 22.5. The same
J is true for gij(r). It thus appears that the structure is not sensitive
to small changes in F‘ around the region where the long wave-length
:11m1ts of Sij(y) are related to the experimental compressibility.

Going over to the Timit fl—ﬁ> 0, i.e. the uncharged hard sphere
case, (figure (2.7)), the most important feature is the relative

structurelessness of S in fact it is ~ 1. 522 resembles

11 »
that of a pure, simple liquid. Correspondingly in the gij(r)'s we

have 999 showing considerable osci]]étions while 917 is the

most damped. Another noticeable feature is the difference in the long

wave Tength limitsof the three S;:(y)'s; S;;(0)~1, 512(0)<o and
522(0) goes to a very small poisitive value ~ 10'2. It appears therefore
when the charges are switched off, the relative sizes of the species is

of considerable influence in determining structure. In the present case

it is mainly due to 0-0 correlations. As oxygen is the larger speéies

with larger concentration this is physically reasonable.

One other quantity which depends on charging is the contact value

of gij(r). For 900 it decreases as r_‘ increases from zero (a
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selection of contact values of gij(r) are given in Table 2.1). This
is an immediate consequence of the coulombic repulsion. But for

912 , the trend is the reverse, this time because of the coulombic
éttractions.. I ~ at contact is negative for ri#: 0, also for
high Y” (94.5; 90.1) 900 is negative. This unphysical feature
is a well known general defect of the MSA (see, for example, Gillan
et al (19),{Abramo et al (21)).

2.6 Comparison of results with crystalline structure

In the absence of experimental structural data on the liquid
with which to compare our partial structure factors, we shall consider
what relations our'results bear to the crystalline structure of the
so]jd_T We keep this discussion mainly to the Sij(y) for which the
experimental compressibility has been fitted commenting on the Pauling
diameter choice only when significantly different features are apparent.
Thé crystal structure of solid U02 at the stoichiometric composition
is face-centred cubic with respect to the uranium atoms, with oxygen

(54b): The structure is the

atoms occupying positions 11/4, i'1/4, 1'1/4
fluorite lattice and is equivalent to that displayed in Figure (2.10)
where the uranium atoms occupy alternate cube centres.
Taking the unit of length as G‘Z,the oxygen ion dféhéter, we
take the distance between the 0-atoms along a cube edge as unity. In
this unit the distance between two uranium atoms in alternate cube
centres is 2, but 1.4 going diagonally, as shown. It should be noted
that this is the distance between the uranium atoms at the face centre
and at the cube corner on the same face. We first consider the Sij(y)
shown in Figure (2.4a), corresponding to [ = 22.5.
(a) In 512, the period is about 7.4, which corresponds to a correlation
distance 2K /7.4 ~0.85 in 915 This is the ™ at contact value and
we recognize it to be the distance between the uranium atom at the centre

of a cube and an oxygen atom at the corner as shown in Figure (2.10).

The same features are present in 512 and 919 for {7 =90.1 in Figure

(2.3a) but are much sharper.

/



TABLE 2.1

A Selection of Contact Values of gij(r)

-

: Positions at Contact
! contact (R) Value
[ 9 1.94 4.62
M=o 9, 2.36 5.08
950 2.8 5.75
9y 1.94 -5.43
["=19.4 9, 2.36 8.07
95, 2.8 4.82
91 1.94 -17.61
(M= 77.6 9, 2.36 11.60
95, 2.8 3.74
[ =22.5 92 1.99 6.40
dpp 2.36 1.22
I - 00.1 912 1.99 11.34
dpp 2.36 -0.32
9 1.59 -12.22
I = 23.6 9, 1.94 6.51
95, 2.3 0.94
91 1.59 -29.92
I" =94.5 95 1.94 11.74
2.3 -0.66
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Figure 2.10

Crystalline structure of UO

Filled circles - oxyg(?'n_
Open circles - Uuranium.
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(b) In 522, T‘ = 22.5, the period is about 6.3, which corresponds
to the correlation distance 2% /6.3~ 1 in 9oy where it is recognized
to be the first peak position, the contact distance for g,,. This is
obviously the distance between two oxygen atoms along a cube edge in
Figure (2.10). Besides sharpening up for " = 90.1 this first peak
in 522 shifts slightly to the right, the above distances thus remaining
more or ]ess;the same. There is however a shoulder at about y =8 in
522 for [1 = 22.5, which disappears for the higher [ﬂ . Without
compressibility fitting it was found that the shoulder for the low Iﬂ
developed into an isolated peak which was still evident for the larger
(1 . The isolated peak for the low r was responsible for oscillations -
of period ~~ 0.7 which we observed in 9op- In the crystal structure

this distance may be related to the distance betﬁeen planes as shown

in Figure (2.10). Thus, without compressibility fitfing, it seems

that substantial short-range ordering of the oxygen atoms is preserved

on melting.

(c) In Sq4, for Tﬂ = 22.5, an oscillation of period ~ 8 is seen.
Another oscillation of period ~ 6.2, clearly in evidence without
compressibility fitting, is barely discernible for r‘ = 22.5. The
period ~ 6.2 is seen to be the peak position in 911 at 2K /6.2 ~1

and that with period ~ 8 must then correspond to the contact distance

for 917 that is T /6‘2 = CT]/é“z = 0.69, where 911 is negative. Referring
again to the crystal structure, the distance between the cube centres is

1 so that uranium atoms must now be taken to bé occupying all cube centres
but now with probability 0.5.

It i1s somewhat surprising however that no such distance ~ 0.7
occurs between uranium atoms in such a structure, the only other distance
is twice this value, i.e. 1.4 between uranium atoms in diagonal cubes.
However, we emphasize that this distance, while prominent without
compressibility fitting, plays only a minor role with the correct

compressibility built in.
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It is relevant to note that in their calculation on NaCl

Abramo et al (21)

noticed also the appearance of a non-periodic isolated
peak and shoulder in Sii(y) before and after fitting the experimental
compressibility. It is thus tempting to conclude that the appearance
of such an {so1ated peak in like partial structure is a characteristic
of classical charged hard-sphere 1liquids. However, it is not obvious
what kind of gtructure such peak/shoulder are reflecting for these
systems. Ong plausible explanation might be to think of this low-y
isolated peak as heralding substantial correlations extending well out
into r space; this finds support in the fact that as soon as it
disappears gii(r) becomes smoother at large r.
2.7 Conclusions

x‘In.this chapter we have obtained the partial structure factors
and the radial distribution functions in an ionic model of liquid U02.
* The main conclusion that emerges from this ionic picture is that there
is substantial short range ordering in the liquid extending well out
into r-space. This situation persists even with considerably reduced
ionicity (U2+, 07) that we have considered. In the uncharged hard
sphere case, size effects are important in determining structure, which
is now mainly due to 0-0 correlations.

In the absence of any experimental information on the structure

of molten U02, there can be few direct checks on the predicted partial
structure factors from the model. However the agreement of our Sij(y)'s with
some of the features of crystalline UO2 suggests that the present results
shod]d afford a useful starting point for subsequent refined work on
the structure of molten UOZ' Since a neutron diffraction experiment to
obtain the partial structure factors of a high melting point substance
like UO2 is probably still a Tong way off, it would be of considerable

interest if such an experiment could be carried out on a Tower melting

point ionic substance with similar ionic diameter ratio to that for U02.
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CHAPTER 3

STRUCTURAL DIFFERENCES BETWEEN IONIC AND MOLECULAR

FLUID MODELS OF LIQUID U02

-

3.1 Introduction

In the preceding chapter we worked out the structure of liquid

A+ and 02',

UO2 in an iopic model based primarily on a mixture of U
though variations of the structure with degree of ionicity were also
explored. The model was that of 'primitive model of electrolytes' and
the MSA was used for its solution. This leaves uncertainties because
the theory is valid for small and intermediate coupling constants,
whereas in U02, as we have seen, with a fully ionic model (U4+, 02-),
this coupling constant is rather large.

It will therefore be of interest to compare and contrast the
partial structure factors obtained by the above route with the opposite
model which takes U02 as a molecular fluid. We want to emphasize that
the weight of evidence is i1n favour of the ionic model of U02 (see Chapter.

2). Although this evidence is for the solid, and since cases are known

(e.g. AICI (58)) for which ionic materials in the solid state show

3
negligible ionic cohductivity in the liquid, this is by no means decisive.
But the unresolved problem of the structure of molten U02 seems to be
of sufficient practical importance to exémine what common features,if
any, might exist between two such different models as ionic and molecular.
The approximate theory we employ in tﬁe present chapter to solve
the molecular model is the RISM theory for molecular fluids. It is
noteworthy here that most of the previous applications of the RISM have

been exclusively to classical molecular liquids (22’23’24).

In contrast,
for our case of U02, as remarked above, the available evidence points
towards an ionic model of the 1iquid. However, we recall here, the

interesting case of CuCl (see Introduction), where in spite of firm
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evidence for ionicity in the liquid state, a useful structural description
seems still to be afforded by a molecular fluid picture within the frame-
work of the RISM theory.

3.2 The Reference Interaction Site Model

In the RISM theory for molecular fluids proposed by Chandler

and Andersen (59) (see also Chandler (603

, each constituent molecule in
the Tiquid has m dinteraction sites. These sites are usually taken
to centre on the nuclei in the molecule, though this is not necessary.

The position of the th interaction site on the ith molecule is given by

r& = R, + lf (3.1)

where Ri is the position of the centre of the ith molecule and li

the position of the Cth site from the centre.

The molecules are assumed to be rigid. Thus the relative orientations
~ of different {? vectors within the same molecule are constant.

The t;;;I potential energy of the system is a sum of the inter-

molecular pair potentials

N
1 ..
2. q’('«:&) (3.2)
Ll
where N is the total number of molecules in the 1iquid. The pair

potential q)(i,j) between molecules 1 and j 1is a sum of site-site

interactions
m m
@
([)(1,3) ZZ CP& f’.-—’f’l) (3.3)
L=l g=l
where q)(r) is a hard sphere potential
O e -p<<'q;@
%i(r) = (3.4)
% . O W e \")6;:6
The hard sphere diameters CZ;% are usually taken to satisfy the
additivity condition
6. = 1 +
%~ 7% " %)

Thus an RISM molecule may be pictured as a cluster of rigidly fused
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hard spheres with overlapping diameters (see Figure (3.1)).
Two types of pair-correlation functions enter the theory. The
first is the inter-molecular site-site pair-correlation (the site-site

radial distribution) functions A%‘@FP)

N

! |
GO L (S sE-Dy s

[ L-:-l#%:l
Here {:...:> denotes an ensemble average. Q’=~% is the mean molecular
number density, with V the volume of the system. It should be
emphasized that %&(r) is the distribution function between sites
£ and % on different molecules. Thus physically 41((’%&‘3(@1»"’ |
represents the probability distribution for finding the th interaction

site on one molecule at a distance r from a site oC on another molecutle

. located at the origin.

The other is the intra-molecular pair correlation function

A (le-e1) = -
&%(f f) @(lr’ _f_’l) (3.6)
<S(r~—r )5(o—r€)>

Defining now an 1nter-mo]ecu]ar site-site correlation function

r) = r) -1 3.7
he() (34 - 1) (3.7)
it is then important to the approach to introduce a site-site direct
correlation function gfér) through the Ornstein-Zernike like matrix
equation | -

e~ ~ ~ r~

h(a) = b7(%) T (g) [1 "'QF‘T(‘{T),&:(_OU)] w5 (4) (3.8)

~
Here h(q), (q), c( ) are matrices with elements hﬂéq) etc.,

I 1is the unit matrix. The 'tilda‘’ denofes fourier-transform, viz.
T T

(@) = \dre (»

d:@ ?

In particular we have,

) | (3.9)



Figure 3.1

An RISM Molecule.
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(@) = | dir~r ‘k""’
&?ah‘ X \ )S <S(P o )S(r’_p§>

._.,... g (L (P-r-)
e < rdr - - 8(p..r )S(r-.. pf)>
N .
| \ Lg . PL" A
e
< <f_ - P9)> (3.10)

where in writing the last equality we have used Q = E—.

)
Utilizing now the assumption of rigid molecules, the ensemble average

1l

laP <]

can be easily performed. We denote the distance between the sites o

and % on a molecule by Q,dc@: \ T‘;c _—rle’\

Thus
~ L 0, cm»e
Aagéq) 41( Szdlflgd.,e S b e b

(h_b_, C 8

N |

gd«(ﬂme) e

1 eL%L*? il
- - e
(L%E*F)

N |

Sivgibeg ,f (3.11)
%D"’C@ : .?;

This is sometimes called the 'internal structure factor

'(60). Thus

~ .
in the AJ(q) matrix, the elements on the prircipal diagonal are all

unity while the off diagonal elements are the fourier transforms of the
,J
intra-molecular pair correlation functions. Also since eSq) Fre&(q), ,
~
M (q) s a symmetric matrix.

Following the Percus-Yevick closure relations (cf. Equation (2.5)),
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Chandler and Andersen add the following closure for Equation (3.8).

ﬁ&%(r) 0 e T <6:Q€ (3.12a)

. coqe(,r) = 0 ceu T >6;(5 (3.12b)

Equation (3.8) together with (3.12) form the RISM theory. Equation (3.12a)

js an exact condition for hard-sphere interaction, approximations are
contained in (3.12b).

Thus the problem the RISM presents is the solution of the
coupled non-linear integral Equations (3.8) and (3.12) for CBQ(r) -
inside the hard core, and for %&ér) outside it.

The following 1imiting cases of RISM may be noted :

(a) -~ when all the interaction sites on a molecule lie on one point,
the RISM reduces exactly to the PY theory for a single component hard

sphere fluid;

(b) in order to account for the presence of attractive forces in a
real molecular liquid perturbation techniques are employed (59). The

site~-site pair potential is written

' °
(r) = W, (f) +u, (r) (3.13)
(P&? OQ?,( dl‘g,
where 1{£&§r) is the interaction (hard sphere potential) in the
reference system, i.e. the RISM, and 1§k (r) represents the
perturbations.

The integral equation for %dt (r) is shown to be

(e - 1)

Ykér)

: g
Le. P N
(2‘7()3 gd’(fy e 5 (T (g) [I— Cr ()@ (%)] W) r(3.14)

<t

with the closure
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%&?(r) = 0 r<6;P .(;.15a)
- - w ~
cqb(r) o *P(r) r> 6;@ (3.15b)

-

Thus again when the sites within a molecule are concentric, this Inter-
action Site Model (ISM) reduces to-the MSA of charged hard spheres of
;

equal diameters.

3.2.1 Partial structure factors

The 1iquid partial structure factors are defined by

L (f‘ - f‘ﬁ)
S Q) = Z< 5 .(3.16)-

If the sites rﬁ: and rg coincide with the muclei, these are precisely

the quantities determined by neutron-scattering experiments (8 ).

- We can formally perform the average in Equation (3.16);

Now writing ﬁ{(r) in the form

g (trr'f) —-é—z_z<g<r’ e )g(""r@)> (3.18)

<8 — —
F LY
i
and taking its fourier-transform, also using Equations (3.10) and (3.11),

we can express (3.17) as

~
~ :
S (Q) = W&P(%) + (’Jn,&%(%) (3.19)
?E;(q) and h( ) being given by Equations (3.11) and (3.8).

3.3 Method of numerical solution

For physical parameters appropriate to the two cases discussed
below, the RISM Equations (3.8) and (3.12) were solved by use of the

computer programs (61) and an independent verification of the solutions
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was carried out using programs (62) which treated the problem as one
jn non-linear optimization theory. Details of the latter method are
given in Appendix 3.1. The radial distribution functions ta&(r)

P

were obtained by the fourier inversion of Equation (3.8).

3.3.1 Model of UO2 molecule and the physical parameters used

We af; not aware of direct experimental data on the geometry
and bond—]enéths of the UO2 'mo]ecu]e"in the liquid state. We there-
fore assume at the outset that based on the crystalline structure (54b),
each uranium atom associated with its two nearest neighbour oxygen atoms
forms a linear UO2 molecule, the idenfity of which is preserved in the
liquid. Consequently the "bond-length" used in the calculation is
juét'the crystalline U-0 distance. Two sets of calculations Were
carried out :

(1) .with the Pauling diameters for uranium and oxygen,
(IT) with the hard sphere diameters that reproduced the experimentally

(34,36) 50 the ionic model of he preceding

observed compressibility
chapter. This was done mainly to examine the influence of relative
sizes of the hard-spheres on the structure in the RISM. The parameters

employed in (I) and (1I) are collected in Table 3.1.

TABLE 3.1

Parameters used in the two cases studied

I II
U-0 bond Tength 2.37 8 2.37 R
o, 1.94 f 1.63 R
% 2.8 R 2.36 R
Q 0.0195 83 | o0.0194 73
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3.4 Results

The partial structure factors Eéq q) and the pair correlation
functions %‘¥Sr) are shown in Figures (3.2) and (3.3). Figures(3.2)
corresponds to case I and (3.3) to case II. The variable q has
been expressed in terms of the dimensionless quantity y = q6_

]
while in r-space we have measured distances in units of O~

o]

The most striking feature in the éig(y)'s is the presence
of troughs on the long wave length side of the first peak in SUU and
S00 . These troughs occur in both sets of calculations. It should

(31) also observed such a

be noted that in his work on CuCl, Gillan
trough in SCuCu'
= .. In general, the fi( (y) would imply that the structure in
N :
Tiquid U02, in this molecular picture, is primarily determined by the
0-0 correlations. Apart from the presence of the trough referred to

above, SUU is almost featureless. In S u? the depth of the first

0
minimum is small and the width of the trough large. This, in turn,

would imply a weak 0-U correlation. These points of view are supported

by the behaviour of the site-site distribution functions. The oscillations
are maximum for 900 while these die away rapidly %n ‘G- The

contact values of '86: (r) are again maximum for 900 and minimum

for Iyy- In all the g (r)'s 'cusgs' i.e. discontinuities in

slopes are observed; these appear to be a general feature in the RISM
(23)

theory due to the hard-core interactions among the molecules
The differences in the structure factors and the distribution

functions between the two sets of calculations are considerable. In

set II the Bsci]lations in fiﬂéy) are heavily damped; the troughs

in S00 and SUU are broadened out. Correspondingly in the ﬁiﬁér)'s

also, the oscillations are more damped and the contact values lower

than those in set 1. Positions of the peaks and the phases of

oscillations in %% (y) for the two cases are again different. In
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Figuré 3.2a Partial structure factors using Pauling diameters
' (model (I)). The varisble plotted is y = 967,

with @7 = 2.8R.
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Figure 3.3a Partial structure factors for model (II).
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The unit of length is 6, = 2.368.
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Figure 3.3b Radial distribution functions for model (11).



S00 for case I, the first peak occurs at y ~ 7.5, and the first
minimum at y ~ 10 while for case II, these positions are y ~~ 7
and y ~ 9 respectively. Height of the peak and the depth of the

minimum are also lower in the second case. In SUU the trough

63

occurs at y~s7.3 in set I while in set II its position is y~6,

In the latter case the depth of the trough is smaller and the
oscillations are barely discernible beyond y ;5 10. Finally, in
SOU’ the position of the first minimum shifts from yaF'G in case I
to y~4.9 in II. The pr%ncipa1 maximum similarly shifts to the
long wave-length side as we go from cése I to II.

3.5 Comparison of partial structure factors of liquid UO2

in jonic and molecular fluid models

We shall now compare the partial structure factors of molten
U02 obtained in this chapter in a molecular fluid model with those -
obtained from the ionic model in Chapter 2.

A noticeable difference overall is in the sharpness of the
oscillations of the structure factors. While in the MSA applied to
the ionic model, these oscillations are fairly sharp even with the
compressibility fitting, in the RISM these are rather damped implying
weak correlations.

Comparing the partial structure factors in more detail with
those corresponding to the partially ionic case (wéth fitting to the
‘experimental compressibility) in Chapter 2 (cf. Figure (2.4a), the
following features are observed : '

(M the troughs observed on the long wave-length side of the first
peak in SUU and S00 in the RISM are absent in the MSA to the ionic

model,

(2) the amplitudes and phases of the structure factors are different;

the height of the first peak in S is nearly the same, but the S

00 uu
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peak is lower in the molecular fluid picture than in the MSA to the

jonic model,’ |

3) the shoulder observed in the Sy, in the MSA is absent in the

RISM, and in the MSA for large. y the oscillations are }ess pronounced;
4) apart from the trough at y ~ 7, SUU is relatively structureless
in the RISM; | ' '

5) in tﬁe cross-correlation function SOU’ although the positions

of the firsf minimum and maximum are the same in both the models, their
widths are not and in general the results differ beyond y ;2, 10 both

in phase and amplitude;

6) the depth of the first minimum in S is smaller in the RISM

ou
than in the MSA and the width of the trough is 1ar§e;
7) the Tong wave-length limits of the structure factors satisfy
‘the charge neutrality condition, Equation (1.52), while in the RISM
| these are all equal. This follows from Equation (3.19), since for
Y ~

q =0, all P"oc@\(q) and m;g(q) are equal.

The points (4) and (6) clearly imply that the correlations for
U-U and U-0 1in the MSA to the ionic model extending well into r-space
are much weaker in the molecular picture. As we mentioned earlier in
Section 3.4, the partial structure factors in this picture themselves
suggest weak U-U and O0-U correlations. We might say that the O-atoms
are effectively shielding the U-atoms in éhe RISM. This is consistent
with the observation that the oscillations in the pair-correlation
functions are much more damped in the RISM than in the MSA to the ionic
model.

Another feature which supports the above discussion is the
similarity between the molecular fluid picture and the neutral hard
sphere results for liquid U02. Thus, in both the structure chtors and

the radial distribution functions the peak positions and the phases are

the same although in RISM the oscillations in ad:Fﬁr) are somewhat
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more damped; the contact values of o% Q?(r) are also lowered.
However, a major difference occurs between the molecular fluid
results and the neutral hard sphere case in the long wave-length limits
of the structure factors. Thus for neutral hard spheres SUU(O) is
~ 1 while SOU(O) <i 0, only SOO(O) being very small and positive.

But in the RISM the Eé( (0) are all equal, positive and tend to

I

values ~v 19_2.

3.6  Conclusions

An immediate conclusion from the present chapter is that the
considerable short-range order given by the MSA to the ionic model of
ho]ten UO2 is no longer present in a molecular fluid picture. Indeed ‘
one very characteristic feature of an ionic model is the charge neutra1ity'
condition, which relates the phases in the oscillations of the three
‘partial structure factors.

In contrast, the shielding of the U-atom by the 0-atoms is done
in the RISM, it would seem, too effectively. Similarities between the
molecular fluid results for E; (y) and ,% (r) with those from the

xe 3
neutral hard sphere theory support this point of view. The presence
of troughs in Ei(éy) is not, as far as we can see, easily discussed
in simple physical terms.

From the previous work on the RISM it has been shown that by
varying the size of the atoms it is possib]e to bring theory and either
experiment or computer simulation into agreement. The absence of such
information for liquid UO2 precludes such a procedure, with the
consequence that, in all likelihood, the present structural calculations
can at best be semi-quantitative.

It is important to re-emphasize that, while modelling the structure
has been of interest in this chapter, we are well aware that the weight

of evidence is in favour of an ionic picture of 1iquid UO A difficult

20
point in any simulation of structure by a molecular fluid model must
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therefore be that made above; i.e. the choice of sizes of the 0 and
U atoms. There is considerable uncertainty on the 'best' way to make
this choice on a priori grounds in a molecular fluid mo&e]; and yet
comparison of calculations between cases I and II shows that the structure
is very appreciably influenced by the choice of sizes.

Nevertﬁeless, the results of the preceding chapter, in conjunction
with those presented here, should be useful in interpreting structural
properties of Tiquid UO2 when eventually neutron diffraction data and/or

computer simulation results become available.
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CHAPTER 4

MOLECULAR FLUID MODEL OF MOLTEN HgC'l2

4.1 Introduction

In this chapter we continue our discussion of the effects of
covalency on the structure of a classical binary liguid.by Tooking at
the structure of molten HgC]2 (at slightly above its melting temperature)
in a molecular fluid model.

In the preceding chapter we studied the structure of molten UO2
assuming a molecular picture for the liquid. In view of the fact that
no 'experimental' information is yet available on the structure of this
Tiquid, it was of interest to compare and contrast the structural
predictions from two different models - ionic and molecular.

Whereas 1in UO2 the weight of evidence favours an ionic model,
in HgC]2 the electrical conductivity in the 1iquid near its melting

4

point is a factor 107" - 10'5 times less than that of a molten alkali

halide. For example, in their extensive measurements of electrical

conductance of the molten halides of group IIA and IIB of the Periodic

Table, Bockris et al. (38)

of 3.223 x 10'5.5"1.—1 en” ! at 280.4°C. This conductance increases

show HgC]2 has a specitic conductance W ,

slightly as the temperature is increased. Grantham and Yosim(33) have

reported a value 3.42 x 107° e

for . at 286°C.  These

‘ authors have also shown that the conductivities in molten HgC]2 and

HgBr2 exhibit a maxima in x vs T curves. For HgC]2 this occurs

at 480°C. These maxima are attributed to increased covalency, i.e.
increased ionic association with decreasing density at higher témperafures.
The chief conclusion from these works is that molten mercuric halides

are primarily covalent or moiecular in character.

(64)

In the work of Darnell and McCollum it was found that the

electrical conductivities of molten HgC]2 and HgI2 increase with pressure.
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This is explained as being due to greater ionic dissociation at higher
pressures. However, for ordinary pressures, the very low values of
conductivity of molten HgCl2 compared to those of the molten alkali
halides suggest a structural description of the molten salt based on

a molecular fluid model might be appropriate. As in the case of liquid
U02, in the present case too, for the solution of the mode? we use the
RISM theory for molecular liquids.

The mathematical formalism of the RISM and the method of its
numerical solution were given in Chapter 3 (see also Appendix 3.1).
Therefore in the following section we shall only give the physical data
used in the present calculations. The partial structure factors are
presented anq discussed in Section 4.3. In Section 4.4 we present a -
discussion of our study 6f the effects of ionicity versus' covalency on
the structure of classical binary liquids.

4.2 Physical parameters used in the calculations

For hard sphere diameters CTHg and GE1 we took values 2.2 §
and 3.62 % respectively (65); these are the Pauling diameters for these
ions. The mean molecular number density e was taken as 0.00985 3—3;
this was calculated from the Tiquid density d = 4.44 gm cm 5. at 230°¢(65)

using the formula

4
C- Wy (4.1)

where M 1is the molecular weight in gms. and N0 is Avogadro's
number.  For HgC]Z, M dis 271.5 gms.(65). Electron diffraction
experiments on gaseous HgC]2 show it to be a linear molecule with mercury-

chlorine bond length e’Hg-C] = 2.29 R (66), and thus Q = 4,58 8.

C1-C1

4.3 Partial structure factors

The partial structure factors Eé( (q) and the site-site radial
distribution (pair correlation) functions ﬁk@rﬁ are shown in Figures

(4.1a) and (4.1b) respectively. For the %Q(%Q's the actual variable
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Figure 4.1a Partial structure factors for liquid HgC]é at 280°C.

The variable plotted is y = 46 with -CS"C1 = 3.62R.
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at 280°cC.



71

plotted is y =(]G?n while in r-space lengths are expressed in units
of CTE].
The most important features we notice in the above curves are
the following :
(a) apart from the presence of a broad shoulder on the long wave-
length side of the first peak at y ~ 7, the SC]-C] resembles that
for a simple liquid. In both S&b(_y) and %ap(r), the oscillations
in Spy_cp and 9gpq_gp 2re more pronounced than the other two
correlations: in 9¢1-C1 in particular, oscillations extending well:
.out into the r-space are observed;
(b) in SHg—C]’ the depth of the first minimum is rather small and
the width of the trough large; the oscillations in gHg-C] are damped
and beyond r/5~b] ;b 3.5 these are barely recognizable;
(c) . SHg-Hg is almost ctructureless; also gHg—Hg is the most
damped of the three g's, going very rapidly to its asymptotic value
of unity.
As before in the case of liquid UO2 (Chapter 3), in the present case too,
we notice 'cusps' in all the €L¥¥r)'s. The presence of the broad
shoulder in SC]-C1 is, however, not immediately explicable physically.
It would seem from the above discussion that in a molecular fluid
model, the struéfure in liquid HgC'I2 i;ldominated by correlations among
chlorine atoms, the other correlations, viz. those among Hg-Cl1 and
Hg-Hg being rather weak. A plausible explanation might be in this
RISM theory the Hg-atom is very strongly shielded by the Cl-atom. It
is worthwhile to recall here that in applying the RISM to liquid UO2
we also observed relatively weak U-U and U-0 correlations; in this
case too, the UO2 molecule was assumed linear and symmetric.
Appropriate choice of diameters for the constituent hard spheres
in the molecule is a crucial feature of the RISM theory. As we saw

earlier in the case of liquid U02, this choice of sizes significantly
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affects structure. Absence of such information for HgC]2 is clearly

a disadvantage in this connection. Our resuits must therefore be viewed
in this light and at this stage can only be qualitative. Subsequently,
when experimental results do become available it might be necessary to
supplement this work by taking into éccount this variation of the sizes
of Hg and C1 atoms. '

4.4 Effects of ionicity versus covalency on the structure

of classical binary liquids

One of the chief aims of the work described so far has been to
 examine the effects of ionicity versus covalency on the structure of
classical two component liquids. Liquid UO2 has an obvious interest
for nuclear technology and therefore much of the work was concerned with
this liquid.

Tha effects of ionicity on structure were examined in Chapter 2.
There we obtained the partial structure factors and the corresponding
radial distribution functions in an ionic model of Tiquid U02. The
principal conclusions that emerged from the various sets of Sij(q) were
(a) the dominance of the structure by charge correlations and (b) the
presence of considerable short range order in the liquid. The former
was more clearly so in the case of Sij(q) where the experimental
compressibility was not fitted. The high and very sharp first peak in
the charge fluctuations SQQ(q) supportea this. A further evidence
which was indicative of substantial charge ordering was the way the
principal peaks in 1ike g(r) Tlay corresponding to the troughs (minima)
in unlike g(r). Likewise in the Sij(Q)'s the phases of the
oscillations were related by the overall charge neutrality condition.
In particular the.long wave length (@ —» 0) T1limits of the three partial

structure factors satisfied
& 5
A0 | (@ = (L7 - Zzszz(q)}
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In Tlight of the above, a basic ingredient in the structural
description of an ionic liquid system must be the magnitudes of the
jonic charges. In the case of liquid U02, in the absence of

4+

information to the contrary, a fully ionic picture U 02' seemed

to be the appropriate assumption. However, examination of the partially

2+,‘O', and the neutral hard sphere limit showed the

ionic case, U
effect of increased ionicity on charge correlations and consequently
on the structure. An example of this was the sharpening up of the
features of the Sij(q)'s on going from the neutral model to the sz,o-
case and then finally to the completely ionic model.

Comparison of the Sij(q)'s in the ionic and the neutral hard
sphere models brings out essentially two important points : |
(1) the size and concentration effects of the uncharged hard spheres
on the structure, and
(i1) the role of long range coulomb  forces on the structure of a
charged hard sphere fluid.

Regarding (1) we notice how the structure in the neutral hard sphere

model of 1liquid UO2 is mainly due to the 0-0 correlations. The
structure factor for the U-U correlations is relatively featureless.

As explained in Chapter 2, this is due to the larger size and concentration
of the oxygen atoms. Ashcroft and Langreth (49) have evaluated the
structure factors in a binary hard spheréAliquid mixture for various
combinations of ’TL , & and 2%, Their results also lend support

to the above conclusion.

Point (ii) is interesting in that it is well known (67,68,69)
that in simple liquids the structure is primarily determined by the
harshly varying repulsive forces. The effect of the more slowly varying
long range attractive forces is small. But as can be seen in liquid

U02, on passing from an uncharged to a charged hard sphere system, by

turning on the charges, the structure undergoes appreciable changes.
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It thus appears in an ionic liquid model ( with the ions being charged
hard spheres) where the interactions are purely coulombic outside the
ion cores, high charge ordering plays a significant role in determining
structure. Considerable short range ordering of the various ion pairs
extending well out into r-space is induced by charge correlations around
the ions. Increasing the magnitude of the charges on the ions has the
effect of ingfeasing this charge correlations. Whereas for neutral
hard spheres only the radius ratio and concentration come in, for the
charged hard sphere case there is a competition between two effects on
structure - this radius ratio of hard spheres and charge correlations;
the latter dominates with increasing ionicity.

At this stage it is worthwhile to consider how our conclusions
so far compare with the available literature on the structural description
of charged fluids. In the Sij(q)'s of molten KBr and NaCl obtained
by Abramo et al (70) from the Monte Carlo determinations of the gij(r)'s

by Lewis et al (16)

» good short range ordering is reflected in the
sharp first peaks. This is also borne out by the considerable
oscillations in the gij(r). The same is also true of liquid KCI
obtained by similar Monte Carlo method by Woodcock and Singer (9). of
(70),

for molten KBr and NaCl. Here too, we notice rather sharp first

more interest are the SQQ(q)'s (calculated by Abramo et al

peaks, again indicating substantial charge ordering. Neutron diffraction
structure factors (and corresponding pair correlation functions) of

molten NaCl obtained by Edwards et al (17)

also show fairly good
short range order. Similar studies of the structure of liquid CuCl
by Page and Mike (8) are interesting. The measured Sij(q)'s reveal
good ordering for Cu-Cl and C1-C1 but the correlation for Cu-Cu is
weak. It is relevant to note here that the size of the copper ion is
rather small compared to that of chlorine. MSA calculations by Gillan

(19)

et al for vanishing radius ratio bring out the salient features of
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the above structure factors. The agreement is better in the later
calculationsof Abramo et al (20) with the correct radiqs ratio of Cu
and Cl1 ions.

It is important to emphasize here this discussion has been based
on the results for the structure of an ionic model of liquid UO2 _within ’
the framework of the MSA. A few cdmments.on the relative mérits and
demerits of this approximation are therefore called for. From a
physicist's point of view, perhaps the main attraction of the theory
is that in spite of its simplicity it affords a general insight into the
properties of e]ectroiytes and molten salts. It is thus useful as a
first approximation for the structural studies of such systems. When
the interactions are purely hard sphere repulsions, the MSA is analytically
tractable. This is true also with charges present but this time only
when the sizes of the ions are equal. For arbitrary radius ratio of
the ions we have to resort to numerical methods. Finally, as mentioned
before, the MSA has the advantage that the partial structure factors
are directly related to its solution. Thus comparison with any available
‘experimental’ partial structure factors is essentially a simple task.

Notwithstanding these merits of the MSA, soie of its limitations
are of significance. Perhaps the most obvious of these is the fact
that the pair correlation functions for the like ions show negative values
at contact, especially when the coupling constant is large. In equating
the direct correlation function to its asymptotic value outside the
hard core, a drastic approximation is introduced. Again, in real fluids
the short-range repulsions are smoothly varying instead of the infinite
step as in the theory. 'Softness' corrections to the hard core might
be crucial in many cases. A comparison of the partial structure factors
and the radial distribution functions in the work of Gillan et al (19)
for the two coupling constants with those from the Monte-Carlo

calculations shows that
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(1) the MSA is fairly good at low to intermediate coupling constants;
the polymerization observed in the Monte-Carlo results is inexplicable
in the approximation;
(i) in sa far as thermodynamic quantities are concerned the MSA is
only semi-quantitative.
In view of (i) and the fact that with a fully ionic model the coupling
constant for liquid UD2 was rather large, it might be revealing to
do 'Monte-Carlo' simulations for this model. We also noticed, prior
to fitting the experimental compressibility, the long wave length limits
of the partial structure factors were underestimated. With such fitting,
however, as Abramo et al observed in case of molten NaCl, agreement
of the predicted structure factors with the corresponding 'experimental’
results was remarkably good. The thermodynamic inaccuracies of the MSA
have been well accounted for in the recently developed Generalized Mean
Spherica1 Approximation (GMSA) (71’72’73). The latter theory has the
advantage that thermodynamic consistency is autematically built into it.
Turning now to the effects of covalency on structure the most
prominent feature in the structure factors of a molecular fluid model
of liquid UO2 (Chapter 3) was the damped oscillations. This led to
the nétura] conclusion that the substantial short range ordering observed
in the MSA to the ionic model was now absent. It would therefore seem
that correlations among ions in a charged-f]uid are stronger than those
among constituent atoms in a molecular liquid where the building blocks
are neutral molecules. For U02, however, as remarked earlier, the
weight of evidence favours an ionic model for the liquid. As a result
there might be some questions as to the relevance of the molecular fluid
model for this case, at least in principle. It is worthwhile in this
connection to refer again to Gillan's (31) work on the structure of
liquid CuCl based on the RISM, There the partial structure factors

agree fairly well with those measured experimentally by Page and Mika (8),
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although in this case definite evidence. for ionicity exists.

In thé present chapter the sfructure factors of 1iquid HgC12
again indicate loose correlations for the Hg-Hg and Hg-Cl1 pairs.
But now the very low values of the experimentally measured ionic
conductivity indicate a molecular picture to be indeed appropriate.

The physical explanation of the lack of structure in S and S

| w Hg-Hg
is not difficult to find. Both HgC]2 and UO2 are linear molecules ,
with the result the middle atoms Hg and U are considerably shielded
by the two outer C1 and 0 atoms. Consequently, the structure
factors for the Hg-Hg and 0-0 correlations are relatively featureless.
Structure in these liquids is thus basically determined by the
correlations between the outer atoms in the molecules.

The RISM stems from the idea, originally demonstrated in the

(78,75) o

work of Barker and Henderson rlet (76), Longuet-Higgins and

Widom (77)

etc., that structure of dense fluids is basically due to

the repulsive forces. Since it is a repulsive hard sphere fluid theory,
comparison between this and the uncharged hard sphere (PY theory) results
for liquid UO2 is interesting. Both show weak U-U correlations
though SUU in the RISM is more damped. Physically the differeﬁée
between the two models is in the RISM, the neutral UO2 molecules are
the basic units whereas in the other these are neutral U and O atoms.
As the sizes of both U and 0 and their.feSpective concentrations were
the same in both models, relatively weaker U-U correlations in the RISM
look to be due to the shielding explained above. But if we have a

charged hard sphere fluid with known ionicity, the important question

seems to be how well the structure is predicted by the RISM. Unfortunately

* It ought to be mentioned though, in the absence of experimental
information, we assumed UO2 to be a linear molecule from the crystal

structure (see Chapter 3).



in the absence of experimental information an answer for Tliquid UO2
is currentiy not possible. Gillan's work for CuCl shows the answer
to be "fairly well" for this case. But as he rightly comments it is
difficult to reconcile the idea of undissociated CuCl molecules in
the liquid state with the fact it has got such a high ionic conductivity.
- Without pressing this point any further, we feel, to answer this question
in general there is clearly a need to do 'experiments' for structural
information on classical binary liquid systems such as UOZ'

The RISM is essentially an attempt to model realistic molecular
liquids by choosing a reference fluid in which only rapidly varying
short range repulsive forces act. Once the structure in this reference
system is known, the slowly varying long range attractions may.be

(59). Surprisingly by 1ncorp6rating even

treated as perturbations
| modest Coulomb effects for liquid CuCl, Gillan found the agreement of
the structure factors with those of experiment worsened. This is
puzzling. A priori knowledge of structure either through diffraction
experiments and/or machine simulations, is,. of course, very helpful
in using the RISM, when available. Hard sphere diameters can then be
varied until the best possible agreement with ‘experiment' is obtained.
When such information is lacking, predictions of the theory must contain
a degree of uncertainty. The use of auxiliary interaction sites in
the RISM molecules (24) is another feature which is difficult to‘justify
on physical grounds.

To sum up this discussion we note below the principal conclusions:
(1) in classical binary charged liquids, charge correlations among
the ions significantly influence structure,
(2) when charges are switched off, the relative sizes and concentration
of the species (i.e. the ions of (1) but now neutral) dominate the

structure,

(3) in a picture of covalent molecules forming the 1liquid, some of



the species in the molecule might get shielded owing to its particular
geometry. In such situations the partial structure factors for those

species show weak correlations.

-
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CHAPTER 5

STRUCTURE OF CLASSICAL FLUID OF CHARGED HARD

SPHERES AND POINT IONS IN THE PERTURBATION OF

A SMALL, NON-RESPONSIVE UNIFORM BACKGROUND

DENSITY

f
/

5.1 Introduction

For the Gillan et al (19)

model of charged hard spheres and

point ions, the most interesting conclusion drawn from the Monte-Carlo
calculations was that at strong coupling the system polymerizes. The
linear chains thus formed arising of course, from a purely classical
description, leads one to enquire whether the model might have further

. uti]iﬁy in a differenf area of fluid structure, namely to simulate chemical
bonds in a monatomic fluid.

There are then only very few fluids to which such a model would
have relevance, one of which is liquid Te. Here Cabane and Friedel(39)
describe the short range order at high temperature (900°C) by a structure
where most atoms have 3 first neighbours, joined by strong bonds similar
to the covalent bonds of tHe chains in solid Te. Such a network of
covalent bonds coexists with delocalized electrons forming a metallic-
like electron gas.

We have gone into the case of liquid Te, not because the model
set out in the following section can hope to quantitatively simulate such
a situation, but in order to motivate the study of the influence on
structure of delocalizing some fraction of electrons initially in
covalent bonds. The focus of this chapter is therefore on this point;
it would be premature with such a crude model to attempt any detailed
comparison with experiment.

Even this simple model studied here appears to be soluble exactly

by machine calculations. Therefore we shall again employ the MSA. As



remarked previously the MSA becomes increasingly less accurate as the
coupling strength increases.

to supplement the present treatment by computer simulation.

5.2

spheres, plus point classical electrons, but now all moving in a back-
ground of non-responsive negative neutralizing charge to simulate some

'delocalized' electrons. The overall electrical neutrality condition

The Model

The model we consider here consists of positively charged hard

may be expressed as

fer+ 88, + 80y =0

where is the number density of the point electrons,
1

thé charged hard spheres while
ey are the respective charges. In this case Ie]| = (ezl = le3\
the electronic charge.
as not allowed to respond to ionic motions.

implies there is no correlation involving the background particles

Palmer and Weeks

solved.

913(r) = 923(7‘) = 933(7‘) = 1

Following the same techniques as Waisman and Lebowitz () and

(78)

Details are given in Appendix 5.1. The r-space forms of the

direct correlation functions cij(r) for r<: G?j are

n-
e
-Cqq(r) = S’"' all r
-epir) = o, - 28 L (o ! /)
22 2" T |t ) +C,(Ys)
: 2

+'KL1(fAT>3 +‘i§1(945;; ... 1"(:6‘

LW
= ‘Sifz. A 1’;>C?

Thus, it may subsequently be necessary

(’2 that of

fg is the background density; e1,'e2,

Ti.e background, we emphasize again, is taken

Mathematically, this

81

(5.1)

= e.,

(5.2)

, the MSA Equations (2.4) for the above model were.'

(5.3)

(5.4)
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—(’,2](r‘) = "'c-lz(r)
a
_ [a'_‘_?ﬁ/_ﬂ_-(‘*_&e_a)] +e,lrfe) - r{ ofa.
¢ €, 8.
@’elea_
— rN6/h
e / (5.5)

It is to be noted 6~ actually refers to the charged hard sphere
diameter c"z Since in this model this is the only hard sphere diameter,
we have dropped the subscript 2.

In the above equatidhs

-
1 .
v, = b3 1-8) =1 + 3F(n-22 (5.6)
2 9.% (1+ eaea) A= %) 5( 9.0)
elea
/
-C, =T, = -4x{( -y) (5.7)
' 3 ¢
d d, = = (Bp+Yyp, +2 : 5.8
an » 2( 2+ Y™ ?Q) (5.8)
The system parameters E , X and y are given by
N 3 ) o
g = —6— Q,LO“' (packing fraction)
€ e, . . .
x = é (dimensionless coupling parameter)
o
y = /e, (5.9)

!
In the T1imit 95 —-> 0, y—>1 so that CZ’ cz vanish as also
-must 52 in order to reduce to the form given by Gillan et al (]9).
Thus putting ‘f?_ oG es and taking the limit €3 —> 0, the above |
cij(r‘)'s reduce exactly to those given by Giltan et al. The coefficients
to be determined are now a5 2ys b2 and £2' This is done in the

following section,
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5.2.1 Solution for the coefficients

We follow here the 'singularities method', see for example,

(Gillan et al (19)) by requiring that the coefficients of q_4, q_6,

q-8 and q-10

in the large q-expansion of the structure factor 522(q)
be zero. The method is summarized in Appendix 5.2. Before doing
this it is necessary to evaluate the fourier transforms ’E;j(q)'s of
the functions cij(r)'s. This can be done by straightforward algebra
using the defining Equations (2.17) and the cij(r)'s as given in the
Equations (5.3)to (5.5). The ’E;j(q)'s are given in Appendix 5.3.
The partial structugé factors are now obtained using the Pearson-
Rushbrooke Equations (2.22).

Tne singularities method of solution gave four extremely
complicated equations for-the four unknowns. It is worthy of note

10

that the q equation (that is the equation obtained by equating

the coefficients of q"10

terms to zero), though rather too long, is
the simplest in that it is linear in ffz. In the Gillan et al case,
the q'8 equation is linear in b2’ In principle then, these equations
can be solved by first solving for :fé, then substituting this value

in q-8 equation (quadratic in bz) to solve for b2 and so on. But
in practice it turned out beyond solving for :SE, the equations became .

increasingly long, complex and involved to handle. In order to simplify

these we carried out a process of linearization, to yield

0 0 0
+ 63 A‘] (a'la az: bz)

- O

a]: a

(o] 0 0
= a, + R34, (3}, 2y, by)

N O

)

(o] 0 0
b, =~ b, + €3 By (ay5 255 by)

N O

' o 0 0o
fz ~ 63 F2 (a], 355 bz) (5.10)

0
where 3y etc. are the corresponding constants in the model of Gillan
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et al with ne Eackground charge. As 552 is the new constant appearing
in the present case of non-zero background it is calculated only to
first order in 83. The quantities A] etc. involve a? etc. as
indicated.

The linearization programme was extended to calculate the partial

structure factors according to

S50 < Si3(@ + (03 €) Dsii@ (5.11)

and correspondingly the radial distribution functions according to

9501 22 931 + (€37 €,) Ngys(r) (5.12)

The quantities [55ij(q) and £5g1j(r)‘ involve the constants a?,
ag, bg and the physical parameters.

According to the procedure outlined above, it is thus possible
to evaluate Sij(q) and the gij(r) by treating the background density
only upto the first order. Since the linearization is about the Gillan
et al T1imit our solution is intimately connected to this case. In fact
to be able to apply our model, a knowledge of the solution of Gillan
et al Timiting case for the same system parameters is an essential
pre-requisite.

It may be recalled the final step of the solution of the Gillan
et al model involves the solution for the roots of a 10th order polynomial
for the coefficient a?. We used numerical routines to do this. Knowing
a? for a particular set, programs were then written to calculate Sig(q)

0
and hence Sij(q) and their fourier transforms gij(r) and gij(r).

5.2.2 Data used in the calculations

For the dimensionless variables defined \in Section 5.2 we used
the values S = 0,30 and A = -20.0, and the ratios of background to

the localized charge 93/ 92 used was varied but kept small P{IO-B.

y = €./0, was fixed by the value of ©€,/¢,.
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5.3 Results

Results for the partial structure factors for e3/ eé = 5.236 x 1073
are shown in Figure (5.1). It is to be noted the actual variable plotted
in the wave-vector space is the dimensionless quantity y’ = g6~ while
in r-space it is r/g-. In order to see the changes in the structure
‘factors due to the background, the -Sig(q)'s appropriate to the Gillan
ef al. model, i.e. 93/ (’2 = 0 are shown in Figure 5.2, In particular,
Figure (5.3a) shows Szz(q) for the Gillan et al. modé] and for the
degree of delocalization as above. Corresponding results for gzz(r)
are shown in Figure (5.3b). The quantities [&Szz(q) and [&gzz(r)
are shown in Figures (5.4a) and (5.4b).

Comparison of Figures (5.1) and (5.2) shows even for a small
ratio of delocalized to localized electrons (1/200) the change in
structure is very substantial. While such a pronounced effect may
well be an artefact of MSA in part, it seems clear that such a
delocalization has a quite definite effect on structure.

If we lTook at the model of Gillan et al as one that simulates
a fluid where the point electrons are in the chemical bonds then the
quantity of interest is the hard sphere structure factor Szz(q). Our
results (Figure (5.3a)) then reveal as some of these elecfrons are smeared
into the background how this undergoes appreciable changes. With f%/ (% ~
1/200, the height of the first peak increases from 1.5 to 1.7 and that
of the second from 1.10 to 1.15. The contact values of gzz(r) also

change; these are given in Table 5.1.

TABLE 5.1

Contact values of gzz(r) for different ratios of 63/ 92

93/6’2 ' 950(07)
0.0 2.058
5.236 x 1073 2,954
8.727 x 1072 3.550

|
i
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Figure 5.1 Partial structure factors Sij(Q) for 93/€2==5.236x10-3.

The variable plotted is y = g6, where 6 is the
charged hard sphere diameter. The packing fraction
¥ - 0.3, while the coupling parameter X = -20.0.

2
g°
/ 22
% i} /\\
. \_,/ SO
1
N
A
/ 12 i
° ’\‘\/ '
5 10 15
Yeaol)
-4

Figure 5.2 Partial structure factors Sig(q) for 93/ 92 =0
(}imit of Gillan et a1(]9)). The variable plotted is

Y '=q6, where € is the charged hard sphere diameter.

The packing fraction ¥ = 0.3, while the coupling

parameter X = -20.0.
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Figure 5.3a | }Charged hard sphere structure factor S (q)
- Curve (i) 93/ 62 = 0 (Timit of Gillan et al (]9)),

Curve (ii) with small delocalized background charge
given by €,/ €, = 5.236x10" -3, Note that the height

of the first peak is significantly enhanced by even this
sma]] background density. The actual variabTe plotted is
y' =q6, being the charged hard sphere diameter.

Also the packing fraction ¥ = 0.3 and coupling
parameter A = -20.0. ‘

< i N
N1 N\
1
1 \—//\V
% i 2 3
Ve )
Figure 5.3b Pair correlation function gzz(r)hcorresponding to the

structure factor Szz(q) in Fig.5.3a. Curve (I) :

€4/ €, = 0 (Jimit of Gillan et al(19}); Curve (1I): 04/ €, = 5. 236x107°

Note again the substantial increase in contact value ﬁ22 (o) due to
the small degree of delocalization. The unit of lengt (the

charged hard sphere diameter).

e |
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Figure 5.4a . Changéi_tsszz(q) in structure factor, for charged
hard sphere as defined'in Equation (5.11).".
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Figure 5.4b - Change £5922(r) in pair function for charged hard
sphere as defined in Equation (5.12).
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5.4 Conclusions

The main achievement of this chapter has been to observe the
influence on structure of the ratio of delocalized to localized electrons
in a classical fluid of charged hard spheres, point ions and a non-
responsive, neutralizing uniform background.

Our principal conclusion is that the structure is very sensitive
to the variation of delocalized to localized charge. In particular the
changes ZQSSZZ(Q) and £5922(r) in the hard sphere structure factor
and the pair-correlation functions from their values when the background
density is zero are substantial. The magnitude of thé change: may
be exaggerated in the MSA; it is certainly rather large for such a
small ratio of background to localized electron density. Also it may
be that the linearization is exaggerating the effect at the ratios
discussed.

It is tempting to enquire whether such a behaviour is qualitatively
relevant to Tiquid Te. When one examines the behaviour of the first
peak in g(r) with temperature, one finds that whereas, at first the
height of the principal peak decreases with increasing temperature,

this trend reverses as the temperature increases (79).

“As there is a
trend for the number of conduction electrons to increase with increasing
temperature, it seems that this behaviour is consistent with the prediétion
from the present, admittedly grossly simplified, model.

One difficulty we faced in the course of calculations was the
enormity of the 'singularities' equations. This forced us to resort to
Tinearization. Unfortunately, results were possible only for a very
small range of 63/ @, around the Timit of Gillan et al. Monte-Carlo
simulations are thierefore proposed on this model for a wider range of

93/ 62. This would be of interest especially in view of the fact
that solutions for the two limiting cases 33/92 = 0 and 1 are

known. The latter 1imit was solved by Palmer and Weeks(78); in this case



for 6 —> 0 we have the Classical One Component Plasma (COCP). We
consider briefly some of the implications of the COCP in the strong
coupling regime in Appendix 5.3: the interest here being to transcend
the MSA, which is not valid in the strong coupling regime (e.g. MSA
does not predict crystallization in the COCP (80’81), nor polymerization

in the Gi]]an;et al model).

!

I
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APPENDIX 2.1

Fourier Transforms of the direct correlation functions

We evaluate here the fourier transforms c (q) of the direct
correlation functions cij(r) as given by the so]ut1ons of the MSA and
the PY theory in Chapter 2 (see Equations (2.7) and (2.9)). The
Equations (2.17) define ’E;j(q). '

The cij(r)'s occurring in the solution of the MSA (and the PY

theory) are of the general form

c(r) = A f»B(r/o*) + C(r‘/G‘)2 + D(r/s*)3 vee r'<35\
. (A2.1.1)
- £ ~ r>6
r
where A,B,C, ... etc are constants. .
For r<:CT » we substitute the above expression in Equation (2.17b);
a typical integral that appears i§
o :
i m
Const. dr y2 3I0ar n
qr ) =
9]
where rn;> 0.
To evaluate this consider the integral
o.l
21 . r\n
I = T dr v sin ar () for n>/1 (A2.1.2)
o)
Integrating repeatedly by parts we get the recurrence relation
o3
I, = - C‘Z’S e, (“;” sin qo= - %TD—Z I, (A2.1.3)
q q - G
a /
Also I] -1 \S~ dr r sin gr | )
q ‘
)
- -____°'°°S a7 S"; A | (A2.1.4)
q
And I0 = —Sdr sin qr
= - Cos qo '1] (A2.1.5)

‘IS
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For r:>cr » using (A2.1.1) in (2.17a) we get the well known

fourier transform result

Ta) = LOE cos qo (A2.1.6)
q

Using now the results (A2,1.3) to (A2.1.6), the fourier transforms ’E?j(q)'s

of cij(r)'s are easily obtained.

(a) Charged hard spheres

T..(a) AT {1\ L%-)cn 6 — 6() C(})’}
il = ——— ¢ (g
(%6\\ s L &%) Jipe.1.7)

C]Z(Q) = Cz]\q) Vy
Lm(f fq)
(&%) 056:1

-'rtD(oW) S_“‘%)\ﬁ + E(g) Cozg }

Alg) Cov 4 67, ~ ~ B(q) S g

o
(%%2)" (A2.1.8)
Cwhere As(q) = (& 4B veg ...?i _ ke
€0 ()"
28e. *
, o
(g;)*
Bi(q) = (“Q*‘Qﬁﬁhc;) ke
(g0)*
e, ]
C;(a) = 2b, - — =i ] (A2.1.9)
(%52) )
. 28V, E-r - MLZ,G?.
with oC; = (a5 - 3 ) , = ——?Z;EE;_- o

@
I

3
N 6> .
1. T(E‘a(+ (’1%) (A2.1.10)



Also Alq {(£+R~r+c,+,d_, @ee,_ —-_-__ (QL’+IQ¢)
(5%
; 2hc
(q 0‘]2)Ll
@) = (Crabyle) — e
PUTON (%- )
d
D(a) = - ) E(g)= 2fsine(2 )" 2he
6" Gy i
L% . (A2 1.11)
e (e 2y g D [ty e 2R
_ €, ~(e, (’9_)9‘

o
n

2—:(6 G) [Mi‘ SN E) (91 i+ 91%)1

3
7:2\ (eo'|+eo~)

(g]
"

q/

el BN et b )]

Q.
n

(A2.1.12)

(b) Uncharged hard spheres

i@ - A(‘ﬁc“‘f’—&(%) Snqety Cuﬂ
11 q &%6\ [ ) % %6‘(. (_‘350\)

(A2.1.13)
(E"IZ(q) = Cz](Q)

= (%6\ [ 05 { (ckg\ly» - (%6‘,)'*}

) ‘ Cov 12
( %5\) (_%6" yy } -+ 6?1{ a'lkj‘\‘_)
TSN 5

256> e b i

oy - (%—6‘)’» k%é\).,,
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) tzoL6\5 2463 Sivq
%6\)"’ Go® } .) { o+ 2 ko

+ 124067 = e +L|duﬁ\3 g 63 }‘X
(h2.1.14)

(46) ' k%é‘)
where now
' 3. 2bo; 41046’
Ai(q) = (ai b0, ¢+ d 6:7) - (.%Q)q’
24d 6,3 -
+ i
(a 67"
- ) 3 Ql_ld_,é?:s
Bi(q) = (ai + 2b1. 0"1.4 + 4d :i ) - (%6:)"’
2 ) '
Cilq) = 2b,07, - a6

i9 4 (%&)v | | (A2.3.15)§
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APPENDIX 2.2

Summary of the numerical procedure to solve for the

Waisman-Lebowitz coefficients in the Mean Spherical

Approximation solutions

The formal solutions of the MSA given by Waisman and Lebowitz (1)
involve seven unknown coefficients: 27> 3, M11, M12, M22, V]1 and V22.
(cf. Equations (2.7), Chapter 2). To obtain the complete solution one
has to solve for these coefficients in terms of system parameters. To
see how this could be done numerically (46), note Waisman and Lebowitz
show these unknowns are related by seven quadratic equations. Of these
five are independent because of the symmetry of the problem, viz. 6} <~ Cré.

The two other equations needed follow from the defining relation

G;.: _
aj =1 - 4“%“5&#’»@‘%@) | (A2.2.1)

o
with c_ij(?T)., = [@ij(r) + %_e_é_%_ ' (A2.2.2)

being the reduced direct correlation function which vanishes for r:> G;j.
(A2.2.1) gives two Tinear equations in seven unknowns. We thus have
to solve for a system of five quadratic and two linear equations.

‘ The computer program used was a CERN library routine (57). This
calculates the solutions, i.e. the Waisman-Lebowitz coefficients,
corresponding to a set of'TL s [ and ol starting from an input
solution corresponding to a different set of these paéameters, the
constraint being that the two sets must lie close to each other. We
performed the calculations by varying ¢C ; starting from the equal
diameter (£ =1) case (with 71‘ and |' appropriate to the particular
calculation) oC was decreased in steps of 0.001 until the required
value was reached. At every step the coefficients obtained were
substituted back into the equations and these were satisfied to a precision
o~ 10-10. During programming the following different limiting cases of

the MSA for which solutions are known proved useful:

(



(i) o€ =1, " =0 uncharged one component hard sphere liquid

(i1) (Jéé Ciréé 1, (1 = 0 uncharged hard sphere (two component mixture)

with arbitrary diameter ratio (48)

N\

(iii) L = 1, r‘ 0 charged hard spheres (binary mixture) with equal
o diameters (RPM) (7)

(iv) o =0, [1;> 0 binary charged hard sphere mixture with vanishing

diameter ratio (]9). .

In the programs, to check the consistency of the calculations,
a few additional checkiqg criteria were used :
(1) 'cross-checkings' were donej by fixing 11’ and €, [ was
increased in small steps from O and thereby the identity of solutions
for the same set of |, ' and cC was satisfied.
(2) the Sij(q)'s obtained by setting 1" =0, were checked for
consistency against those calculated independently from the Lebowitz
solutions of the PY theory (neutral hard sphere mixture) for the same
"L,oCand)b.

(3) the overall electroneutrality condition in terms of the long

Wave—]ength limitsof Sij(q)'s (cf. Equation (1.52 ) was safisfied.

(55,56)

96

(4) the coefficients ars 3, appearing in the Waisman-Lebowitz solutions

relate to the partial molar volumes per particle through

O (19
a = %._pc; (19)

From the neutrality condition
iz =,z

the compressibility sum rule (Equation (1.43)), and the condition
Q1o + R0, =0

it is easy to prove .

| (A2.2.3)

(A2.2.4)

(A2.2.5)

(A2.2.6’
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-1

and (a2 + a,) = O(\C S,,(q) (A2.2.7)

1 2 22 -

%Yr€>(3

These relations were satisfied in our programs.

It is relevant to mention here that the above equations were
also used to fit the experimental compressibility. For example,
knowing  Kr, (’], £, and T, S;,(0) and S,,(0) were fixed. We
now varied (5‘2(keeping oC constant), and hence ‘Tl’ and [, until

these equations were satisfied.
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APPENDIX 3.1

Numerical solution of Reference Interaction Site Model

equations using a non-linear optimization routine

Lowden and Chandler (23) have shown that the solution of the RISM

equations (cf. Chapter 3) corresponds to the solution of the variational

problem
Slpisw
_Q_E;_Ep)_ (A3.1.1)
where i e
.IRISM = 9 Bop 00(@(1») +_;T C&,;'(,,)
(27:)35% QM(%‘) c(g) + 9_e o,(%)}
+ Lo deix E_"— P (e ]
. (%.) GLOG) (A3.1.2)
*
By choosing ;’_‘
@@Lf‘) = 9(6\ -r Zl/(l, (F/g\ - ) - (A‘3.1.3) '

where E}(x) =0 X (: 0

1 x}o
reduces the above variational problem to one that involves solution of the

*¢

coupled algebraic equations for the coefficients Q..
! | 5

!
i

B! '
—RIM _ g (A3.1.4)
Cony .
(7

* In principle one can choose the upper index in the summation higher

than 4, but as Lowden and Chandler have shown, 4 gives sufficiently accurate

results for most cases.
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In case of U02, numbering the atoms in the molecule as

1 2 3
0—U—20

we have from symmetry

Cy1 % Cy3 = ©31 % C33

Ci2 % Co1 = €93 = €3

Cop (A3.1.5)

Thus there are only 3 independent r)'s; also the index in

c&?(
Equation (A3.1.2) is 3.

: @ .
We now amalgamate indices cR? and i in ,q,@ into J such
[ ™

that j runs from 1 to 12, viz:

a] 1 d 61 2-—-9 a 322———) a
1709 1 5 1 9

a]] d a] 2——-—) d 322———-) a g
4> 4 4 8 4 12

The prdb]em then is to solve 12 coupled algebraic equations for aj S.

S lnrsm

?Baj

This was done numerically using a non-linear optimization routine (62),

=0, J=T,.. 12 ‘ (A3.1.6)

which first calculates

I / .
—RIM Fy | (A3.1.7)
a. )
9 J
corresponding to a given initial set of values of aj's. It then
12 2 :
F. - . .
evaluates jz:: \ J\ and optimizes the parameters until the sum is
J=1

a minimum, zero, to a specified numerical precision, 'EPS' (say). Clearly
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then each F. = 0. We chose EPS to be 1078,

In what follows we
shall descr1be briefly the techniques used to evaluate TBIRISM/ ?Ba
before programming was done.

From the form of IRISM (Equation (A3.1.2)), it is clear that
the evaluation of EBIRISM/ iaaj may be divided into three distinct
parts. The first is

£ 2 e
2 2S5 \de | Caple) + 70 (M
D - P P

d <, B

Expanding and using symmetry conditions, also doing the angular

integrations the above expression within %L j} becomes

Lﬁce\grd.r' P [{hc.(@) +Qc,,(p)i} {L;c,m_(p) + 9_c,z(p)}

+ C‘Q_Q(.P) +‘QT CQQ_LP)} = Q]_" (Say)

(A3.1.8)

From Equation (A3.1.3), we can write c]](r) as
¢, .(r) = (o.| a,+ o -—,o.q’) +(a,z._ Q_a, .;,.3&_' (p/ )
+(ay - 3a,) ("/0?.3 + Oy ("/67.)

(A3.1.9)
with similar expressions for clz(r) and czz(r).
Thus | ,

2 / 3

011(r) = AAH + BB1](r/cyil) + CC]](rlgj]) f DD11(r/511) (A3.1.10)

c]z(r), c22(r) may be obtained by replacing subscript 11 by 12,

22, etc.. In above
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AA

1nm - T traz-a, ;

- _ )

BB]] a2 2a3 + 3a4 )
; (A3.1.11)

| %

DDy = 34 )

etc.. the quantities EJ]/an. were now obtained by straightforward
differentiation followed by integration.

The second part is

¢
= QBIE& - (say)

A, (A3.1.12)
¢

To evaluate above we first have to calculate the fourier transforms

~ ~
bié(q) and qﬁ (q). From Equation (3.11),

% ~
J Sinal |
W (q) = o
| “g “Tep
There are two lengths P,&,g in the problem. Therefore-
~ -
M@ =
o - gl (A3.1.13)
12 %Q}
~ .

A&mv

Others are immediately obtained from symmetry. To obtain ?it(q),
we use the form of qu(r) given in (A3.1.10). Now using the same
methods as in Appendix 2.1, one easily gets

s 1{7;6233 ' )
)= oy | gl - M @EAT | ) a1

o G
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Similarly for clz(q) and czz(q).

in (A3.1.14),

L]](Q) = =0 +‘——q’(20.9_+'2/°’3) —_ ._2'.{_0'_3
('066;1) (%q‘ 4 ‘

M@ = —(a1+ 22) +(6 a,+ é,o.q)/(,%o"‘l)“’

Nyq(a) —2@2+H@3—6AL'+ Qho,q/(nkd;‘)"’

(A3.1.15)

- We can now evaluate the traces in (A3.1.14). In particular

I

-0
= [Me
R
ZS
‘2—~
S

L
¢ [?-Q’”(%‘) (' +,"é16(’%—)) +U ,f:)’m(,%_)'&,"l o) + ré,za_b%’)] |

(A3.1.16)

using symmetry.
Similarly
? B )}
=L {7 Gl |
=450 ﬁ“cu (%) + 4y (g) + [ (or)]

| (A3.1.17)

o . ... calculations- of- _@Jz/’aaj..—.were now done, -

The final part is

2 { Lzr)fg%% Ad:[ —(mrbuy)ca%)ﬂ

= 9Js | |
’c)lova (s2y)  (A3.1.18)
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~ ~
Knowing A-{C@(q) and . c&,?(q) from the second part above, and

after some lengthy algebra (A3.1.18) was evaluated. The final form
~ o~ .
of det [I -QN(q)c(q)] ~ s

det [I - Q'fkf/(q)z(q)]

=X = % X X
X, X5 g (A3.1.19)
X7 Xg Xg

where

Xy = Xg = [' - -9{6/'!(’%) (|+T5‘|5(%‘)) "',E'/Jli(‘fr)r‘:{—:oﬁ"h‘)’}T

) [ "ﬁ’ {az(‘?r) (‘+zﬁ3(%)) + T, () T:HQL%)}j

><
N
"
><
(o]
|

Xy = X6 = : - ¢ {QE"'(’%—) ;}12(’%') + Elz(‘b—)}J
3% =1 - ¢ {(Eu (%)Q*‘T*;]g%)) *fé’laﬁ"(y) ﬁm_(‘ﬁ—)}]

><
w
"

L.

- 6§ 28 Tle) +"€m_c%ﬂj]
i (A3.1.20)

The integrationsinvolved in aJZ/’aaj and ’BJ3/’a a; were done

numerically using a CERN library routine (63).
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APPENDIX 5.1

Form of the direct correlation functions

We follow here closely the methods of Waisman and Lebowitz (]]),
and Palmer and Weeks (78).
Recall the definition of the reduced direct correlation function

(0) ,
Cij(r) ( cf. Equation (A2.2.1) )

(o) e.e;
¢5(r) = cyy(r) + @-z;:d_

0)
Substitution of cgi(r) into the Ornstein-Zernike relation (Equation (2.6))
yields

(o) (o)
his(r) = ci5(r) - Zi’bgdr h, (Irl) Cy (1r-r")

L_.

-@%ei -(£) Zee e, 5&9 h, up ') ~ (A5.1.1)
e lo— o

We evaluate first the angular integration in the R.H.S. of above.
Let |{r'| =3, then

' 2.2 1/2 :
|r_-£|= (r" +x" - 2vxCos®) , and the volume element |dr|="

<% dt Sin® do d

Therefore
' ﬁgl r'l) it(x) x,z Sin@
dr dx \ de 5
\r-r | (r + -2 PxCose )]/2

® K h., (&) x,z Sin®
it
2R\ dx | de
2 4 2 o 1/2
(we+ -2 ¢rACos8)

/
QI(')L)?L

Let Cos Q =

/2

iy
"=

¥
L/"-ﬁ

- vaﬁn
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]
]
™~
(.;zi~7
o
%
A
N
—.:"
e"
"

n
]
N
(_jif-3
o
%‘5
i
@
®
‘#
3
»
]
=
+
r
o

(v
- 2% ( dx hie (%) % {(i- r) - (r +‘L)}
. T ) w© |
= K
== dx;(__hit(x) + 4R§dx1.hm (%)
o N

Thus Equation (A5.1.1) becomes

. _
hij(r) - ci?%r) -LZ:QQS;" hiq} (lr_'l) C:’oj) (Ir - r_'l)
=]

.
o
a®°
{
L
E
-
Mo
~0
®
®©
(_,L—j
&
}L
CEF=°
©~
JL/
¥
C_j:-j
&8
2
5=
Pf‘
A
——

~ : r
= o}
3 Q
_ | _8¢ee L=
- Td —mz (’Q’e.q’e?r AA A D\u’( )
e € 1=
0
’ 3 ‘ 00 J}L o L
~ a2
- e. < - * a4 e
st s e .,3{ L (et ho + (i L,)u}
c . r
(A5.1.2)
Now from the Stillinger and Lovett (4) zeroth moment relation for
an electrolyte
@ \
4 d ' Yo A5.1.3
LY r %: ebeb 3“}1’)? =-e ( )

]
for each i; the quantity within square brackets in (A5.1.2) vanishes.

|
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Therefore we obtain

) & (o) ,
() - cij(r)-getgdg gy (21) ¢y - xt)

1
2" (=5

o w0 ©
Y EE: Y e@'eﬁ (1%i5;;14L 13’JL11}5*) - j;;inb * &1&S7¢))
r r

\

(A5.1.4)
where Y2=81¢@/€
Notice because from Equation (5.2), h]3 = 0 etc. :E:: is only
over 1 and 2 components. L
We now define a matrix vdij(r) by the relations
o =1 (o)
12(1); 1 5) r] Wi (r) = =c;; (r) for r<6~1.j
= g;(r)  for 1’>6}j (A5.1.5)

with T ; = ’E‘(’;,

Employing bipolar coordinates for the third term in the L.H.S. of
/

(A5.1.4), using the definition (A5.1.5), we obtéin after some algebraic

/
/

manipulations

. O mine (Cry 5 6;)
¢
Wij(r) - Aij(r) + L§_|; g'd‘j Ni,Q,L\&) :dw\/JQ,d'_ (U')

3>6\LL u.:\r-w(o\,

K
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W, 2 3
dat W () = Y () > 0 e,
i=

m(n,@%) (A5.1.6)

In the L.H.S. the Tower limit u =|r-y| {6}; implies that the
integral vanishes for |r-yl| >OI& .+ Dy o= Qi (:J_)l/Z €; €, and
Ass(r) = 21;((’1. QJ.)VZ aj with a, defined as in Equation (A2.2.1).
Consider now the quantity
N o0 mLN.(P-&-g,Q&) -
& g A eels) | de vl ()
3? 6\;,4, w=r-yl <6\"J’

for Q,= 1. In the model we consider (cf. Section 5.2), 6\1 —> 0 and

6\2 = . Therefore for j =1, 1 =2 and for r = 672, we have

R
\r-y\ =l—2-'—2" —0—&1.
similarly for U= 2.
6 _ 6 _ B
ry) =l E-0l= T - 6,
We thus have |r-y] =6\u (L=1,2) for r =0'/2. But this

is the extreme case, and obviously for r<0/2 .

\r-y\ >62| s Q/=],2 //

Therefore the integral in the L.H.S. of (AS.].G) vanishes.

Hence

Wia(r)

Wz](r)

7. Q
T{ 2Dy, gd"‘ X Wy o+
t 6

2

]
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X
+[A2| 5 %—:DQ'S’M' 5 L(,,)] T - [TG(TL,%_)((’,Q,H’QQO]'P ....... (&
DY .
o o (A5.j.7)
Now 3 %DL‘ A xw%(y.)
(o)l
2%
n Q '/9_
Y
= 7 Z Dy, &‘MY—W w‘@.ﬂ@) 32 ()
L 6
2e
Y’P |/9_ 00 . ‘ '/2_
= e Z( (’] (JL) e|ebde.. * /%Q(?er) "&QQ’(’-‘)-
¢
Y 1/2 ® |
=T e e ,:lm Zegee,gﬂd, xw‘&zm(*]
% '

Y” 1/2
= - T ({’] ez) ee, using (A5.1.3)

- w
= - T Dy - (A5.1.8)
Also defining

0
Yij T Z“% g Ix 6 (1)
629.
(A5.1.9)
we finally get
W]Z(P) = wz'l(r)
5 2 .
2% 3
- 14' A [Am - “(_.2.. v21] SRCIERIA (GOL

....... r'\(o/g_ (A5.1.10)
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]lzr, the form

Dividing the above equation throughout by |Q_(fL11Q 2)
c]z(r) given in Equation (5.5) follows. To obtain c22(r), we
‘rewrite Equation (A5.1.6) with subscript ii. Laplace transform can
then be taken when it reduces to the form of the corresponding equation
given in Palmer and HWeeks (78); following now the method given there
we get the form of c22(r) for r-((C? as in Equation (5.4). c]](r)
follows from c22(r) from symmetry; and as 6“] —> 0 we get the

form (5.3).
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APPENDIX 5.2

Summary of the singularities method of solution for

the coefficients in the direct correlation functions

In this method the coefficients appearing in the direct correlation
functions, cij(r) are determined py studying the singularities in these
functions.

Consider the c(r) given by the exact solution of PY theory for

one component hard sphere fluid (55,56),

c(r) = Lgt §(ris) + Yy(r/g)’ oo {6~

-0 ' ' cen r;>€T'

(A5.2.1)
where oC, , @o, ‘(° are functions of the packing fraction "1 = -_7;_ Qo“g

Because of the singularities at r =0 and r =6 in c(r), its

fourier transform

Ua) 4re§¢~ > S o
&k"”

contains for large q

(i) terms of the type q-4, q-6 proportional to (ﬁ;and Y, , and

(i1) terms of the type cos go” and _sin 96~ (cf. the fourier
: +
Craks (qo-) 2!

transforms calculated in Appendices 2.1 and 5.3 show these two points
explicitly).

For a single-component fluid we have

-1
S(q) = [1-"6(q)] : (A5.2.2)

as rE(q)‘ <:1, we can perform the expansion to obtain

-

s(q) = 1+%q) +Tq) +E(q) + ... (A5.2.3)

Now since S(q) and g(r) are related by

oo .
9(r)-1 = —¢ gdq q” S0 (5(q)-1) (A5.2.4)
2Kk qr

o
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From the above arguments (points (i) and (ii)) we see that the presence

terms for large q 1in S(q) would immediately indicate the
presence of' r(2n-3) terms in [:3(r)-T] for small r. But the
physical condition g(r) =0 for r<:0‘ for hard spheres implies
such terms cannot be present in a hard sphere pair function. We

20 nust not be present in the

therefore conclude terms behaving as q
asymptotic form of S(q).
Alternatively doing small r expansion of sin qr 1in the right

hand side of Equation (A5.2.4) we obtain

' T o0
9 m_r‘a- H‘Pl'
[g(r)-1] = ngmeg%%[,g,(%)_\]@- “Iél + 7% _.:l
S .

51
(A5.2.5)
Obviously in the above a general term of the type R i
0Q

coeff x ‘f;i§(q)-i] q2n+2 dqg converges for all n only
if [s(q)-f] c’decays exponentially.
We can rewrite (A5.2.5) as

_ 2 4 6

[g(r)-]] = constant + Cr ™+ CorT H car + L (for small r) (A5.2.6)
Note no term containing odd powers of r appears. The only way the
coefficients of rz, r4... terms can diverge is if [S(q)-]] contains
% q8 ... terms etc..

| EJ(r) 1 //’\\\; 2

0 o r
Figure A5.1.1
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Physically too, in a hard sphere model g(r) is flat and zero
within the hard core (see Figure (A5.1.1)). Thus terms proportional to
r, r3 cannot be present in such a hard sphere pair correlation function.
To summarize the singularities method consists in
Step 1 taking fourier transforms of c(r) to obtain'g(q)
Step 2 using ’E(q) to determine asymptotic expansion of S(q).
In general this may be easily done by using the Pearson-

Rushbrooke equations

Step 3 using conditions that coefficients of

unless multiplied by Sin q6° or cos q6° vanish in the
expahsion (step 2) to obtain equations which determine.

the coefficients in c(r).
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APPENDIX 5.3

Fourier transforms of the direct correlation functions

To obtain the fourier transforms 'E;j(q) of the direct correlation
functions Cij(r) we follow exactly the same techniques as given in

Appendix 2.1.

For the present case, from the Equations (5.3) to (5.5) (and
the definition (2.17)), we obtain

GHONEEE 47:@6@?’/%“’ | (A5.3.1)
| a4
~ _UxQ 6 sin g6~ . N(q)
(q) = —=2%=— |L(q) cos q6~ - M(q) + (A5.3.2)
Coo (q6) 96 (qo,)z

ré]z(q) = PCJz](q) |

. Vo ; '
3 sin go° .
= 21:(9‘(’9)20" P(q) cos %g‘- Q(q) —=- (R5.3.3)
(a07) (96°)/2
where 7
; 1 | !
L{g) = (L + b +c+d, + ) = —— (2b, + ¢, + 12d + 30%,)
R 52 (qc)2 2 2 N 2 2
720 e
+—L_ (2ad, + 3605)) - 52 . %%
(96°) 2" (q6)® o
1 ' v
M(q) = (K + 2b, + 3¢, + 4d, + 6§ ) - (6¢, + 24d, + 120%,)
g 3¢, + 4dy + 6f, (qo)? 2 2 2
, T20f,
(967"
24d 720
N(q) = 2b2 - 2 + j%

(a)° (9o (A5.3.4)
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P(g) =3a +.2._€>_VE (1 +.§3_?§ } 2 %% 2geies
! & e, 4 (g67)? o
.mm L 4/ IO 1P U D Scp_ (85.3.5)
g (22, 4% (q0)?
X
with of = a, - tV2 (A5.3.6)
<, .

It is easy to check the lTimits of the above fourier transforms

when e3 —>0, i.e. no background. For example, in the limit €3 — 0,

/
c,, ¢,—>0 and \’fz—->0

Y
then e .
e
Tla) =- AT (A5.3.7)
¥
3 .
6 . 0
| pézg(q) =L,'NQQ_ : Lo(q) cos qo° - Mo(q) sinqo” . _N'(q) (A5.3.8)
(967) qo- (q6)2
with
0 o o
0, \ . o 20V o o 2y + 124,
L(a) = 3 (a3 )+ 6,0 + d,
€, (qo)2
0 n-
. 24d)° ee’
(g6 )% 0~
28V,° 24d,°
Mo(q) = (az0 - e 2 )+ 2b20 + 4d2°} - 22
e2 (q67)
24d,°
() = 2, - —2

(467)° (A5.3.9)
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and
E0@) = Tyla)
1/2
2x(€,€,) " &
= P°(q) cos A& - Q%q)
(q6)2 2
sin 1<
_—2 (A5.3.10)
(qo7)/2
with
2@v.°  28ee,
Pola) = (a0 ) - ———
¢ 6
28v,°
°(a) = (3;° + °l2 (A5.3.11)
<

which are precisely the quantities in Gillan et al (19).
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APPENDIX 5.4

Strong Coupling Properties of the Classical

One Component Plasma

The classical one component plasma (COCP) may be formally defined
as a system of identical point like charges (of magnitude e) embedded |
in a uniform neutralizing background of opposite charge. Theoretically
such a system has been of great interest as a model for complicated
coulomb systems such as electrolytes. It also simulates many features
of dense and completely ionized matter, and thus has important relevance
for astrophysics. |

The properties of the COCP are usually described in terms of a

dimensionless coupling constant

- - (A5.4.1)

~ where 'a' 1is the mean separation between the charges

-1/3
a = [%Ké] (A5.4.2)

- Physically r‘ is the ratio of average potential energy to the average '
kinetit'energy per particle. |

'Experimenta]'information on the properties of the COCP primarily
comes from the extensive computer simulations such as those by Brush et a1(80),

Hansen (81)

, Pollock and Hansen (82), Hansen et al (83), etc.. Their results
for the radial distribution function g(r) corresponding to different

values of r‘ are interesting. For f’§g\ 2, g(r) is a monotomic function
of r, for higher values of r‘ oscillations are seen. These oscillations
indicate the onset of short range order in the system. Around "~ 155,
transition to an ordered solid phase is observed.

Unfortunéte1y, on the theoretical side, a theory capable of describing

. the observed properties of the structure of the COCP for the range of [ﬂ
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upto and including the critical value 155, is still lacking. The first
theory was provided by the pioneering work of Debye and Huckel (84) in
the field of electrolytes. Their result for the pair‘corre1ation
function is

2 -4qr

gu(r) = 1- =— e "~ (A5.4.3)
DH kgTr _

where X = [(41;6’ e2)/kB1:]”2 is the inverse Debye-Hiickel screening -
length.  The principal defect of this result is that at small distances
we get the non—physiga] result of negative probabilities. For example,
it is easy to see from (A5.4.3) that at r —> 0, gDH(r)——€> -®,
Nonetheless, the Debye-Hiickel theory introduces the important idea of
'screening' in charged systems. The above equation tells us that the
particle correlation is screened out at distances rJ;%’. Quantitatively
the theory is good for describing the structure only for T &K 1.

Approximate integral equations of 1iquid structure have also been
applied to the COCP. For example, Springer et al (85) have numerically
solved the Hypernetted chain equation for upto r1 = 50, The results
are in reasonable agreement with the computer experiments. Gillan (86)
has obtained results for g(r) based on the MSA upto [ ,~~ 120; but
in this case departure from the Monte-Carlo results for r‘;> 50 are
considerable.

In the following discussion we consider some imp]ication§ of the
Monte-Carlo data for the COCP obtained by Hansen (8]).

Let us consider the direct correlation function c(r) tabulated
for rﬂ =2, 3 and 4. We have plotted these as functions of r in
Figure (A5.4.1). It is noticeable that the curves are almost flat and
parallel to each other for small r. In Figure (A5.4.2) we have plotted

the 'universal’ curves c(r)/p* versus r for the same " values as

above. It is interesting to observe now, that apart from the small
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-64
Figure A5.4.1 Direct correlation function c{r) as given by ‘the
I 'Monte-Carlo' simulation of Hansen (81). :
Curve (a) : T[=2.
Curve (b) : = 3. .
Curve (c) :° 7r=4. . 5
r is in units of - Q° /3,
1
iz
‘ f
0.5 10 15 '
<o - R
e c - ) .
et -_"/;-,—:::'—‘v,’;?{f;’_: = ’
_._-————*0 b -
.—2-
..3.
Figure A5.4.2 ‘Universal' plot c(r)/r of the direct correlation
. - function-in Fig.A5.4.1. )

Curve (a) :
Curve (b) :
Cyrve (c) :

=73
Bonon
B

Q—]/B -

r is in units of
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region near r = 0, the curves converge together for large r. Indeed
as Hansen (81) points out, all c¢(r)'s given by his Monte Carlo data
tend towards their Debye-Hlickel limit as r —s o© .

e2

CDH(Y‘) =~?;ﬂ‘—‘ (A5.4.4)

The behaviour of c¢(r) 1in the above figures prompted us to assume the

following form for it for small r :

-c(r) =A Ayt (A5.4.5)

0

where A , and P‘Z are constants.

Now
1 iq.r .
c(r) = ——72 dg e =~ “¢(a)
(2x)°€ ) ~ .
= L | dq q2 sin gr “c’(q) (A5.4.6)
252 ¢ qr
0
Expanding sin qr for sma]l r, we get
1
C(r)_- dq ¢ a) - dq q" 2a) (R5.4.7)
2 .
Y 12x (’ ~
Comparing Equations (A5.4.5) and (A5.4.7) we have
D . A ©
A, - —2—— dq 9 %(a)

and AZ = 12R2€§ dqq C(q) (A5.4.8)

Obviously for our assumption (A5.4.5) to be true, the integral g dq q2 rE’(q)

o2 o
and jdq q4 ’E(q) must exist. In particular from fourier transform

o]
arguments if there is no r term in c(r), 'é(q) must fall off faster
than as q 7. ‘
We evaluated the above integrals numerically using the data given

in Hansen for r'= 4, 10, 100 and 140. q2°é(q) converged for large q

-
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and interestingly we noticed F\o/r'C: const. But unfortunately, with
the available data for large q values of ’E(q), convergence of q ’E(q)

v
was not good and consequently the result for \5‘dq q4'Ekq) is unreliable.
Q

The Monte-Carlo data provides interesting results for small q

behaviour of ré(q) and the structure factor S(q) for the COCP. Since
— e? for large r, it immediately follows its fourier

kBTr

all c¢(r)—

transform
2
_4xl e (A5.4.9)

‘\é(q) . k——f_-q—z—_ for small q
B

Substituting this result in Equation (1.37) we get

ki \
S(9) o ——=— .
47(6’ e
i.e, S(q) 2. Const. q2 for small gq (A5.4.10)
Consequently
Lilsq)) = o | .
[ ] (A5.4.11)

> 0
It is important to note that these relations may also be obtained

by applying the Stillinger - Lovett (4) moment relations for coulomb

fluids to the COCP. For example, using the neutrality condition

2{:6 {3@= 0 in the zeroth moment relation (Equation (A5.1.3)) we have
L v _

©
LN %;%?@gdr re hﬂ(r) = -e,
0

For the one component plasma this becomes
oo

ax € ¢Sdr P2 h(r) = -g

0 , '
or dt [95@ e T h(r)] = -1

q—>0

d Is(q) -1 = -1
or q-;OE (@) - 1)
i.e. d:i[é(qil = 0

q—>0

(A5.4.12)
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The second moment relation is

Q
4% gdr {szel‘eme&em qwm#'} Sy % RN

(A5.4.13)
where
2
4= 6 1
N =5t
kgT % ¢ L
Again for the one component plasma this can be written as
) *x
fL .
4R \Sdr‘ e e hie)rt = — é?e?/ b (e (A5.4.14)
- lEg‘"
o}
where we have again used the neutrality condition. It now follows
Q
9 4 3 kBT
Qe . 4x € \drrin(r) = -
(N
0
2 f\‘( -i gor 3 kBT
or v dr e h(r) = ——
q=0
2 3 kBT
or V. S(q =
¥q 2'&’692 | (A5.4.15)
=0 ‘
From this we again see
s(q) I Const. q2 ~for g—>0

Clearly what is required is a general form of c¢(r) which will
contain within itself the'possibility of a transition to an ordered stéte
at a critical coupling strength. The linear relation between c(r) and
the pair interaction 95(r) of the MSA must clearly be transcended, |

e.g. at sufficiently low density c(r) should reduce to the Mayer function(87)

(e” qb(r)/kBT -1).  While this function obeys the MSA at large r its

non-linearity seems to be a crucial feature for a transition.
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