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A B S T R A C T   

We propose a computational procedure to derive a data-driven surrogate constitutive model capturing the 
elastic–plastic response and progressive damage of a heterogeneous solid. This is demonstrated by analysing the 
response to deformation of a volume element of a non-linear, n-phase random composite, used in this study as a 
model material. Finite Element simulations are conducted, imposing pseudo-random, multiaxial, non- 
proportional histories of macroscopic strain to such volume element. The corresponding predicted histories of 
macroscopic stresses and other variables are recorded, to form part of a training dataset for the surrogate model. 
Essential additional training data is obtained by recording the changes in the homogenised stiffness matrix of the 
volume element during the deformation, by performing a series of linear perturbation analyses. Supervised 
machine learning is applied to the data, proposing suitable sets of inputs and outputs and implementing a 
phenomenological constitutive model based on simple neural networks. This results in a data-driven model of 
high accuracy.   

1. Introduction 

Damage refers to the gradual decline in mechanical stiffness that 
occurs during deformation of a solid. Continuum Damage Mechanics 
(CDM) provides a practical framework for modelling the initiation and 
progression of damage, by inclusion of damage parameters and rules to 
compute their evolution [1]. Often damage accompanies plasticity, for 
example in large deformation of polymeric and metallic materials [2]. 

Theoretical constitutive models for the plasticity and damage of 
solids typically assume that mechanical properties are uniform. How
ever the presence of intrinsic heterogeneity in the microstructure of all 
solids [3] can play a significant role in the macroscopic mechanical 
response of the material [4]. To incorporate microscopic information 
into macroscopic models, several researchers have performed multiscale 
analyses [5–8] exploring the mechanical response of detailed repre
sentative volume elements (RVEs) modelling the materials of interest. 
This is insightful but computationally costly, which provides an oppor
tunity to apply machine learning. Several authors have explored the 
integration of machine learning with continuum damage mechanics. A 
large portion of the existing research in this domain is dedicated towards 
parameter identification for predefined models. These studies have 
notably enriched experimental damage mechanics, providing 

frameworks for interpreting and predicting damage phenomena, how
ever their reliance on theoretical assumptions significantly limits their 
flexibility [9–12] To address this limitation, increased research efforts 
have being directed towards data-driven surrogate models with minimal 
a priori assumptions on the material’s response. Schowtjak et al. [13] 
proposed a model to chart the evolution of ductile damage in terms of 
void fractions using Artificial Neural Networks (ANN); Gerlach et al [14] 
introduced a model aimed at predicting the void area fraction in dual- 
phase steel, yielding quantitatively accurate predictions of the void 
area fraction across a variety of tensile and bending tests. Nguyen [15] 
exploited time series algorithms embedded within a deep learning 
framework to forecast crack growth in three-dimensional hydraulic 
fracturing problems. Fontes and Shadmehri [16] also made a notable 
contribution by proposing a data-driven model aimed at devising a 
failure model for Fiber-Reinforced Polymer (FRP) composite materials. 
Despite substantial progress, accurate predictions of the initiation and 
evolution of damage in heterogeneous materials under complex loading 
case are lacking. A computational framework to include data-driven 
models in multiscale simulations, free from theoretical assumptions 
and with sufficient flexibility to capture the response of arbitrary ma
terials is also lacking. In this study we aim at filling this gap, presenting a 
new computational framework to assemble a training dataset and to 
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implement an accurate data-driven constitutive model of negligible 
computational cost, able to predict the plasticity and loss of cohesion of 
an arbitrary solid, and designed to be used in effective multiscale sim
ulations. We demonstrate this framework on an isotropic model material 
with isotropic damage. 

Homogenisation of a solid displaying softening behaviour can be 
problematic in multiscale material models, if not used within a sto
chastic framework, due to the accompanying strain localisation. In this 
work we therefore aim at predicting the response up to the onset of 
macroscopic softening. 

We analyse a volume element (VE) in which the heterogeneity of the 
material is modelled through statistical descriptions of the mechanical 
properties, as in [17,18], and we homogenise the response of one single 
realisation of such VE. We then apply machine learning to develop a 
data-driven phenomenological model. The proposed procedure finds 
direct applications in multiscale simulations: given a representative 
volume element (RVE) modelling a material of interest (displaying an 
elastic–plastic response with accompanying progressive damage), the 
proposed procedure can effectively copy the RVE’s response and 
reproduce it at negligible cost. For particularly complicated micro
structures, for which an RVE needs to be meshed by millions of finite 
elements, the proposed procedure offers computational savings of 
several orders of magnitude without considerable loss of accuracy. 

The paper is organized as follows. In Section 2 we explain the details 
of the FE simulations conducted and the strategy for assembling a 
suitable training dataset. Section 3 presents the supervised machine 
learning model and Section 4 discusses the accuracy of the data-driven 
surrogate model. 

2. Production of a training dataset 

The training data for the surrogate model refers to increments of 
deformation and to the evolution of several variables during such in
crements. We model the pseudo-random deformation of a n-phase 
random composite, idealised as a cubic array of 10 × 10 × 10 identical 
cubes, or cells, each having randomly assigned Young’s modulus, with 
all other properties being uniform and being modelled by a single finite 
element (FE) of type C3D8 in Abaqus [19]. The spatial distribution E(xi)

of the modulus in the material is assumed to be 

E(xi) = Emin + ri(Emax − Emin) (1)  

where ri ∈ [0, 1] represents random numbers of uniform probability 
density generated at the position of each cell, xi, i = 1, 2, ...N. In this 
study it was assumed Emin = 150 GPa, Emax = 450 GPa, giving a rela
tive variance of 100 %. 

The choice of an uncorrelated, uniform probability density for the 
mechanical properties of each phase of the composite was based on the 
ease of implementation. The choice of introducing heterogeneity, in this 
study, only on the local Young’s modulus, is based on the fact, observed 
in our previous study [20], that heterogeneity in this material property 
had a prominent effect on the macroscopic yield behaviour of the VE (for 
example when compared to introducing spatial heterogeneity in yield 
strength). The procedure in the present paper can be replicated with any 
prescribed statistical variation of any of the material properties, and the 
case of a randomly varying Young’s modulus is chosen here as an 
example to illustrate the computational framework. The model solid 
considered here is not intended to represent the response of any real 
material, but is designed to display a relatively complex damage evo
lution, which we aim to capture with a surrogate model, which is the 
focus of this study. 

2.1. Local (microscopic) constitutive model 

To model the ductile damage response of each cell in the VE, we use 
the ductile damage model readily available in Abaqus [19]. The 

qualitative response of this model is illustrated in Fig. 1 in a uniaxial 
stress scenario. Prior to the yield point σ0, the material exhibits linear 
elastic behaviour with a Young’s modulus E and Poisson’s ratio ν, fol
lowed by J2 von Mises plasticity, with isotropic hardening prescribed by 
the user. Damage initiation occurs at a stress σy0 and corresponding 
plastic strain εpl

0 , which is specified as a function of stress triaxiality. 
Following damage initiation, a single scalar damage variable D is used to 
define the effective stress and stiffness as 

σ = (1 − D)σ (2)  

where σ is the stress in absence of damage, and 

E(D) = (1 − D)E0 (3)  

where E0 is the initial elastic modulus. The damage variable D evolves as 
a user-prescribed function of the local equivalent von Mises plastic strain 
εpl until this reaches a value of εpl

f , when the damage parameter D attains 
a value of 1. In 3D, for an isotropic material with stiffness matrix C, it is 

σ = Cεel = (1 − D)C0εel (4)  

where εel is the elastic strain, obtained by the additive decomposition 
ε = εel + εpl, and C0 is the initial elastic stiffness matrix. 

The choice of isotropic local damage and of its evolution is made in 
this paper to aid clarity of the presentation, however the general pro
cedure presented here is also applicable to solids with anisotropic yield 
and damage. 

The material plasticity is defined as incompressible and rate inde
pendent, with isotropic linear hardening with strain hardening given by 

ε̇pl
= σ̇/H, where H is a constant hardening modulus, and 

σ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
3
2
σdev : σdev

√

; εpl =

∫ t

0

̅̅̅̅̅̅̅̅̅̅̅̅̅
2
3
ε̇plε̇pl

√

dt (5)  

are the von Mises equivalent effective stress and accumulated equivalent 

plastic strain, respectively, such that σε̇ = σε̇pl, where σdev is the local 
deviatoric stress tensor, εpl is the local plastic strain tensor. 

The damage initiation is assumed, in this model, to depend on the 
equivalent plastic strain and stress triaxiality. The equivalent plastic 
strain at the onset of damage εpl

D (η) is defined by the user as a function of 
stress triaxiality η, intended as the ratio of hydrostatic to von Mises 
stresses. In presence of variable triaxiality, the damage initiates when 
∫

dεpl

εpl
D(η)

= 1 (6) 

Fig. 1. Illustration of the local ductile damage response.  
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For simplicity the evolution of the damage parameter D following 
damage initiation is taken in this study to be linear with the plastic 
displacement, as 

Ḋ =
ε̇pl

εpl
f

(7)  

where εpl
f is the equivalent plastic strain at failure. The damage evolution 

is inputted by tabulating the damage parameter as a function of the 

equivalent plastic displacement upl = Le

(
εpl − εpl

D

)
, where Le is the 

length of the cubic FE used (constant and uniform in this study). 
Some of the mechanical properties defining the random material are 

listed in Table 1. The plastic strain at damage initiation depends on 
stress triaxiality according to the curve indicated as “micro” in Fig. 2. 
This dependency is chosen to give realistic strains for damage initiation 
and a tension/compression asymmetry, as observed in many different 
materials. 

2.2. Loading of the VE 

To generate simulation data, we impose on the VEs pseudo-random 
histories of macroscopic deformation. These are intended, in true 
strain space, as the histories of the components of the vector ε = [εxx,εyy,

εzz,εxy,εxz,εyz]. The histories are terminated upon meeting the condition 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ε2

xx + ε2
yy + ε2

zz + ε2
xy + ε2

xz + ε2
yz

√
⩾εmax and comprise multiple steps, of 

fixed time duration Δt (note: such loading steps are not to be confused 
with the simulation increments). In each of these time steps, each 
component of macroscopic strain is updated by an amount 

Δεi = sgn(r1 − θ)[Δεmini + r2⋅(Δεmaxi − Δεmini)], i = x, y, z, xy, xz, yz (8)  

where Δεmini, Δεmaxi are the minimum and maximum allowable ampli
tudes of the increment in each strain component, r1 and r2 are realisa
tions of a uniform random variable between 0 and 1, and θ defines the 
probability that the amplitude of each strain step is negative (equal 
probability of positive and negative steps is assumed in this study, θ =

0.5). 
The strain histories obtained as above are then smoothed by a 

smoothing function. The time/strain pairs obtained via eq. (8) are used 
as seed points for the smoothing, and intermediate points between two 
consecutive seed points (tJ,εJ) and (tJ+1,εJ+1), are interpolated as 

(
t,

AJ + (AJ+1 − Ai)ζ3(10 − 15ζ + 6ζ2)
)
, with ζ = (t − tJ)/(tJ+1 − tJ). 

We set εmax = 0.1, Δεmax = 0.01, Δεmin = 0.005 based on the results 
of preliminary studies. An example of the straining paths obtained with 
these parameters is illustrated in Fig. 3. In this study we use rate- 
insensitive constitutive models and therefore the numerical value of 
the time t does not affect the stress versus strain histories produced. We 
note in passing that the smoothing function above can improve the 
distribution (variance) of strain rate data, which is important when rate- 
dependent constitutive models are used. 

We choose this strategy to produce the training data due to its 
simplicity and effectiveness, which we had previously assessed [17]. In 
this study no effort is made to optimise the training dataset, but the 
sampling of data along the strain trajectories could be tuned to maximise 
some desired features, such as uniformity in input space density. 

2.3. FE analyses 

FE simulations were performed using Abaqus Explicit with adaptive 

time stepping and considering geometrical nonlinearity. The mass was 
rescaled to allow larger timesteps, and the magnitude of time was 
stretched to ensure that the kinetic energy in the simulations was a 
negligible fraction of the internal energy (considerably lower than 1 %). 
The choice of Explicit over Standard (implicit integration) was to ensure 
convergence of all analyses for a sufficient time to allow capturing the 
initial phase of macroscopic softening of the VE’s response, in which 
Abaqus Standard simulations became occasionally unstable. For 
selected simulations we checked that the implicit and explicit solvers 
gave identical predictions; the use of Explicit was preferred due to its 
increased reliability when producing large amounts of training data. 

The n-phase composites were meshed such that each phase corre
sponded with a single 8-noded finite element with full integration; this 
choice was to reduce the computational cost of the FE analyses on this 
model composite material. 

Periodic boundary conditions were applied to the volume element. 
The reference body was a Lx × Ly × Lz(1 × 1 × 1 mm in this case) 
cuboid. Nodes on the boundary of the cuboid were split into three 
different sets representing individual faces, edges and vertices, and 
constraint equations were imposed on their displacement degrees of 
freedom as specified in [21]. 

The boundary ∂Ω of the VE was decomposed into two subsets ∂Ω+

and ∂Ω− , so that ∂Ω = ∂Ω+ + ∂Ω− . Each point of the reference body 

Table 1 
Summary of the mechanical properties assumed in this study.  

E = 300Gpa, H = 2Gpa, ν = 0.3, σ = 100Mpa, εpl
f = 0.15,Le = 0.1mm  

Fig. 2. The local (microscopic) and global (macroscopic) relation between η 
and εpl

D at damage initiation. 

Fig. 3. An example of a 6D multi-axial straining history.  
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X+ ∈ ∂Ω+ was paired by periodicity to a point X− ∈ ∂Ω− . The periodic 
boundary condition was then imposed such that: 

x+ = x− +F(X+ − X− ) (9)  

where x+ and x− are coordinates of X+, X− after deformation and F is 
the macroscopic deformation gradient applied. 

A large-strain description of the RVE’s kinematics is convenient to 
perform and illustrate the calculation of the macroscopic Cauchy stress σ 
and true logarithmic strain ε, which will be used to train the surrogate 
model, and for the extraction of the current stiffness matrix, which is 
described below. However in this study the imposed macroscopic strains 
never exceed a few percent and therefore a small strain formulation 
would be sufficient, and we will assume below that the logarithmic 
strain tensor, ε, can be decomposes additively in macroscopic plastic and 
elastic strains. 

For convenience of implementation, eq.(9) can be expressed in terms 
of displacement field u 

(x+ − X+) − (x− − X− ) = (F − I)(X+ − X− )

u+ − u− = (F − I)(X+ − X− )

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∂ux

∂X
∂ux

∂Y
∂ux

∂Z
∂uy

∂X
∂uy

∂Y
∂uy

∂Z
∂uz

∂X
∂uz

∂Y
∂uz

∂Z

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(
X+ − X−

)
(10)  

(with the subscripts + and − referring to the domains ∂Ω+ and ∂Ω− .) 
To control the imposed macroscopic deformation, 3 reference points 
RP1, RP2, RP3, each with 3 Degrees of Freedom (DOF), are created. We 
define the input tensor U such that its component Ui,j indicates the j-th 
DOF imposed onto the i-th reference point. These components are 
interpreted as 

U1,1 =
∂uX

∂X
,U1,2 =

∂uY

∂Y
,U1,3 =

∂uY

∂Y

U2,1 =
∂uY

∂X
,U2,2 =

∂uZ

∂X
,U2,3 =

∂uZ

∂Y

U3,1 =
∂uX

∂Y
,U3,2 =

∂uX

∂Z
,U3,3 =

∂uY

∂Z

(14)  

The true strain histories, such as those in Fig. 3, are converted in his
tories of the components of the deformation gradient F using 

ε = ln(F) =
∑3

i=1
lnλiNi ⊗ Ni (15)  

where λi are the principal stretches and Ni the principal stretch di
rections. 

During the simulation we record the reaction forces (RF) at the 
reference points and we obtain the nominal stress P as 

P =

⎡

⎣
RF1,1/Ax RF2,1/Ax RF2,2/Ax
RF3,1/Ay RF1,2/Ay RF2,3/Ay
RF3,2/Az RF3,3/Az RF1,3/Az

⎤

⎦ (16)  

where Ax = LyLz, Ay = LxLz, Az = LxLy. The true Cauchy stress tensor is 
then calculated as 

σ = F⋅P/det(F) (17)  

The use of true stress and strain ensures objectivity of these quantities, 
which will be used to formulate the surrogate constitutive model. The 
objectivity of the constitutive relation can be enforced at the moment of 
its implementation in a FE material subroutine, by correcting the stress 
measure in presence of rigid body rotations (which were absent in the 

data generated here for training the surrogate model). 

2.4. Measurement of the current stiffness matrix of the VE 

Quantitative data on the evolution (degradation) of the stiffness of 
the VE with continued random deformation is needed to inform our 
data-driven model. During all FE analyses we therefore extract, at 
selected times, the current stiffness matrix of the material. Knowledge of 
the current macroscopic stiffness matrix is necessary for the homoge
nisation of the material’s response, which with continued strain will 
display a progressive loss of macroscopic stiffness. The surrogate model 
will be trained to compute the change in stiffness matrix over a simu
lation increment, starting from knowledge of such matrix at the begin
ning of the increment. The measurement of the stiffness is done as 
follows. 

Similar to[22], at the time of interest t we record the deformed co
ordinates of the nodes, the initial local stiffness matrices C1...m(0) and the 
local damage variables D1...m(t) of all the m integration points. A sec
ondary FE model is then built, with nodes and elements corresponding 
to the deformed configuration of the primary simulation at time t, and 
elastic stiffness distributed as C1...m(t) = [1 − D1...m(t)]C1...m(0) over the 
integration points. The secondary FE model, which is purely elastic and 
does not account for plasticity or damage, is then subjected to a set of 6 
simulations, each prescribing a small variation in one macroscopic strain 
component, while keeping the other 5 components constrained to 
vanish. This is necessary to assemble the stiffness matrix and it is per
formed as follows. 

Consider that at the selected time t, in the primary simulation the VE 
has undergone deformation 

x0 = F0X (18)  

where F0 is the deformation gradient. This corresponds to imposed 
displacements of the reference points given by 

u+
0 − u−

0 = (F0 − I)(X+ − X− ) (19)  

In the secondary FE simulations identical periodic boundary conditions 
as in the primary simulation are imposed. In these simulations we start 
from the reference configuration x0 and we apply an additional defor
mation gradient Fγ, reaching the configuration xγ 

xγ = Fγx0 = FγF0X (20)  

In terms of displacements of the reference points 

u+
γ − u−

γ = (FγF0 − I)(X+ − X− ) (21)  

Appropriate displacements Uγ − U0 are applied, imposing in turn a single 
macroscopic strain component (of small numerical value) in the sec
ondary FE simulations; the corresponding reaction forces are used to 
calculate the nominal stress P, as above. The columns of P, divided by 
the magnitude of the small strain applied, represent the corresponding 
columns of the current stiffness matrix. 

The current stiffness matrix is expressed in terms of true stresses and 
strains. Due to the small strains imposed in the linear analyses, the 
Cauchy stress can be calculated as σ = F0⋅P/det(F0). 

To reduce the computational cost for the production of a training 
database, the extraction of the current stiffness C(t) is performed in this 
study at a frequency of 1 Hz, and the values of C(t) between two direct 
measurements are linearly interpolated according to time. 

2.5. Construction of the training database 

The primary FE simulations are non-linear in geometry and material 
response, therefore the FE solutions are incremental. A datapoint of our 
training database is represented by one increment in these simulations. 
We note that the time duration of the increments can be adjusted by the 
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user; in this study, it was set to 10 s. Several random strain histories are 
applied to our VE (starting from a stress-, strain- and damage-free 
configuration), and the corresponding evolution of stress, strain as 
well as the plastically dissipated energy Wpl, the damage-dissipated 
energy WD and the current macroscopic stiffness matrix C. We assume 
that additive strain decomposition applies to macroscopic quantities, 
such that the macroscopic plastic strain components can be calculated as 

εpl = ε − εel = ε − σ/C (22)  

We then consider all increments in the FE simulations and compute the 
variation of all the above quantities as well as the macroscopic von Mises 
equivalent plastic strain and its accumulated value in the current 
random strain history 

Δεpl =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2
3

Δεpl
j Δεpl

j

√

, εpl =

∫ t

0

Δε̇
Δt

pl

dt (23)  

To develop a data-driven model of suitable accuracy, we simulated the 
response of the VE to a set of 330 different random strain histories, 300 
of which were used for training, while 30 were used for testing on un
seen data. The initial stiffness of the VE, C0, is given below as 

C0 =
E0

1 − ν2

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0.44 0.44
0.44 1 0.44
0.44 0.44 1

0.29
0.29

0.29

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(24)  

As expected (and confirmed in [17]), the effective elastic material 
behaviour is close to isotropic, with the expected symmetries 
(C11 ≈ C22 ≈ C33, C12 ≈ C13 ≈ C23, C44 ≈ C55 ≈ C66) and negligible 
values of the terms coupling direct and shear strains. 

2.6. Homogenised damage response 

Upon imposing macroscopic strain histories, the stiffness matrix 
evolved. An example of such evolution for a selected random strain 
history is presented in Fig. 4. We observe that the components C11, C12 
and C44 initially remain unchanged and then decrease as damage is 
initiated. When normalised by their initial values, these components 
show identical relative degradation histories, confirming that the 
macroscopic damage behaviour of the VE is isotropic, and can be 
therefore characterised by a single scalar damage parameter. Mathe
matically, we define the macroscopic (homogenised) damage parameter 
d(t) as 

d(t) = 1 −
C11(t)
C11(0)

≈ 1 −
Cij(t)
Cij(0)

(25)  

i.e. in the following the macroscopic damage will be quantified by the 
ratio C11(t)/C11(0). The energy dissipated as a result of damage can be 
computed as 

Wd =

∫ t

0

∫

V

ḋ
2(1 − d)

σ : εeldVdτ =

=
∑n

j=1

Δdj

2(1 − dj)
σj : εel

j

(26)  

where V is the volume of the VE, j is an index to sum over all the n phases 
of the composite. 

The comparison of this prediction with FE outputs, shown in Fig. 5, 
reveals initially a very close match with an increasing minor deviation of 
the two curves. This discrepancy is not investigated further here; it could 

Fig. 4. An example of stiffness degradation during loading; (a) the decrease of three major components of the stiffness matrix; (b) the relative decrease of the same 
three components. 

Fig. 5. Comparison between FE and theoretical predictions (eq. (26)) of the 
damage dissipation energy in a selected simulation. 
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be attributed to the errors introduced by the linear interpolation of the 
current stiffness matrix or to the inherent limitations in the homogeni
zation of plastic strains, as discussed in [23]. 

2.7. Instability and localisation 

With continued applied deformation, eventually the VE displays a 
prominent and sudden decrease in macroscopic stress and stiffness. 
Microscopically this is linked to the localization of strain, as in the 
example shown in Fig. 6. Numerical computational homogenization 
frameworks of softening responses is considered problematic due to 
concerns about representativeness [24–26]. Here we only model the 
material response before the onset of instability. To identify the point of 
instability we apply Hill’s criterion [27], i.e. that a body is stable if 
∫

V
σ̇ijε̇ijdV > 0 (27)  

In each simulation we mark the time when an increment is first detected 
where eq. (27) is not met, and we discard the subsequent data for the 
purpose of training of the surrogate model, leaving the formulation of a 
model for the softening response to future research. Fig. 7 shows an 
example of the detection of incipient instability in a selected simulation. 

3. Data-driven surrogate model 

The proposed model is composed of different sub-models: a classi
fication model, two regression models, and a damage initiation model. 
These parts form a framework to predict increments in macroscopic 
stress, damage variable and other parameters for a given increment in 
strain. In all sub-models supervised machine learning is applied by 
employing simple multilayer feed-forward neural networks, all with a 
single output y, two hidden layers having 100 neurons each, both using 
the activation function ReLu(α) = max(0, α). Minimisation of all loss 
functions is achieved by stochastic back-propagation, using the Adam 
algorithm with no regularisation, a maximum of 3000 epochs, a batch 
size of 50 and learning rate of 0.001. The choice of these parameters was 
made based on the result of a preliminary study aimed at maximising 
accuracy while maintaining a reasonable computational cost. All neural 
networks used in this study could be optimised to increase the accuracy 
and the speed of the surrogate model, and different types or regressions 
(different from NN) could also be considered. Here the model is limited 
to NNs of fixed structure and hyperparameters, to place the focus on the 
physical information to include in the surrogate model, rather than on 
the specific machine learning techniques. 

The neural networks NN(x) used in this study have the structure 

y=NN(x)= W2ReLu(W1(ReLu(W0x + b0) )+b1 )+b2 (28)  

where W0, W1, W2 are weight matrices and b0, b1, b2 are column vec
tors of biases,x is the input vector. 

A 90 % fraction of the training datapoints were randomly selected to 
train the NNs and the remaining 10 % served as validation data. The 
training data coordinates were normalized by subtracting their average 
and dividing by their variance. The training was carried out by a back- 
propagation algorithm, using stochastic gradient descent with adaptive 
moment estimation. The batch size was set to 50, the learning rate was 
0.001, and early stopping was employed to halt the training if the 
validation loss did not decrease for 100 consecutive epochs. 

3.1. Classification model 

This model classifies a simulation increment as elastic or plastic. We 
recall that in the microscopic constitutive model, damage initiation 
occurs after the initiation of plastic deformation. A subset of ϕ training 
datapoints was randomly selected among those with damage not yet 
initiated (Wd = 0) to have an equal number of increments with and 
without plasticity. The subset was categorized into these two groups by a 
label y 

y =

{
0if ΔWpl = 0 (elastic)

1 if ΔWpl > 0 (inelastic loading) (29)  

In this classification we assume that current strain and strain increment 
are sufficient to determine the value of the label, i.e. 

y = NNclas
(
εel,Δε

)
(30)  

We note that knowledge of the elastic strain is equivalent to knowledge 

Fig. 6. Example of the localisation of (a) maximum principal strain (blue: 0; red: 0.77); (b) stress (blue: 0; red: 245 MPa), and (c) damage parameter D (orange: 0.44; 
green: 0.95). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 7. An example of instability detection by application of Hill’s criterion.  
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of the stress at the beginning of the increment, as the current stiffness of 
the VE is known. We therefore assume that knowledge of the initial 
stress and of the strain increment is sufficient to predict if an increment 
will be inelastic; this assumption is not completely consistent from the 
energetic point of view but it was found effective, as it will be shown 
below. 

The loss function is defined as the binary cross entropy 

H(x) =
− 1
ϕ

∑ϕ

j=1

(
yj

labelln
(

ŷj)+
(
1 − yj

label

)
ln
(
1 − ŷj) ) (31)  

where ŷj are the predicted values of the label according to the neural 
network and yj

label are the corresponding true values of the label. 

3.2. Regressions to predict Δεpl and ΔdM 

To predict the values of the increment in macroscopic plastic strain 
Δεpl and macroscopic damage variable ΔdM, two separate regression 
models are established. Both have a loss function defined as the mean 
absolute error (MAE) 

MAE =
1
ϕ

∑ϕ

j=1

∑β

k=1

⃒
⃒yj

k − ŷj
k

⃒
⃒ (32)  

where ŷj
k are predictions of the NN and yj

k the true values (β is the length 
of the vector y,ϕ is the number of the testing datapoints). For the pre
diction of Δεpl, we assume 

Δεpl = NNpl
reg

(
εel, εpl,εpl,Δε

)
(33)  

as this choice proved effective in our previous studies on elastic–plastic 
materials [17]. We note that knowledge of εel and εpl is equivalent to 
knowledge of the initial stress and strain, due to knowledge (in this 
study) of the current stiffness and to the assumed additive strain 
decomposition. In physical terms, we assume that all effects of the 
previous deformation history are represented effectively by the initial 
macroscopic stress and strain states and by the accumulated von Mises 
equivalent plastic strain εpl. 

To predict the increment of the macroscopic damage variable, a 
regression model was constructed, using data points with a non-zero 
increment in energy dissipated by damage. We assume that the incre
ment in macroscopic damage depends on the initial damage (known 
from knowledge of the current stiffness matrix of the VE), on the 
increment in plastic strain and on the accumulated von Mises plastic 
strain, i.e. 

ΔdM = NNdm
reg(εpl, dM ,Δεpl) (34)  

This partially mimics the response of the material at a microscopic level. 

3.3. Model for damage initiation 

An additional component of the proposed computational framework 
is a model to predict the initiation of macroscopic (homogenised) 
damage d, intended as the point of incipient degradation of the macro
scopic stiffness matrix. The local constitutive model assumes that the 
initiation of damage depends on the applied plastic strain and stress 
triaxiality. At the macroscopic level we make the same assumption, due 
to its simplicity and effectiveness. We therefore seek a function 
providing the macroscopic equivalent plastic strain at damage initiation 
εpl

d as a function of the macroscopic stress triaxiality η, and use a NN to 
represent this function, as 

εpl
d (η) = NNinit

reg (η) (35)  

To construct the training data for NNinit
reg (η) we collect, along all random 

strain histories used to generate the training database, histories of 
homogenised triaxiality ηj and plastic strain increment Δεpl

j until the 
initiation of damage (and excluding the point of damage initiation). 
Mimicking the structure of eq. (6), we define the loss function for this 
training as 

loss =
1
m

∑m

k=1
|ωk − 1|

=
1
m

∑m

k=1

⃒
⃒
⃒
⃒
⃒

∑

j

Δεpl
j

NNinit
reg (ηj)

− 1

⃒
⃒
⃒
⃒
⃒

(36)  

where m denotes the total number of random strain histories and j is a 
chronological index ordering datapoints along each random strain 
history. 

3.4. Overall computational framework 

We now describe how the previous sub-models are integrated to 
develop the data-driven constitutive model; this is a function providing 
the increment in macroscopic stress as a function of an arbitrary 
imposed strain increment and other state variables. The framework is 
summarised in Fig. 8. 

First, the classification model is applied to determine if an increment 
is elastic or plastic. We assume additive strain decomposition applies; 
when the material is in the elastic region the strain is updated as 

εel
n+1 = εel

n +Δεn (37)  

where the index n indicates the current increment number. After the 
material has yielded, as determined by the classification, we predict the 
increment of the plastic strain using the neural network NNpl

reg and up
date elastic and plastic strains, as well as the accumulated von Mises 
plastic strain, i.e. 

Δεpl
n = NNpl

reg

(
εel

n , εpl
n ,εpl

n ,Δεn
)

(38)  

εel
n+1 = εel

n + Δεn − Δεpl
n

εpl
n+1 = εpl

n + Δεpl
n

(39)  

εpl
n+1 = εpl

n +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2
3

Δεpl
n Δεpl

n

√

(40)  

The cumulative damage variable ωn defined similar as in eq. (6) is also 
updated as 

ωn+1 = ωn +
Δεn

εpl
D(ηn)

(41)  

For increments with ωn⩾1, indicating that damage has initiated, the 
macroscopic damage variable is also updated, using the regression 
described above, as 

dM
n+1 = dM

n +NNdm
reg

(
εpl

n , dM
n ,Δεn

)
(42)  

The stress is finally updated by multiplying the current stiffness matrix 
by the macroscopic elastic strain 

σn+1 = (1 − dM
n+1)C0εel

n+1 (43)  

The framework above is implemented in Python and it can be used to 
predict the evolution of state variables subject to arbitrary histories of 
imposed strain. 

The data contained in the training dataset satisfy the first and second 
principles of thermodynamics, and as a result the surrogate model also 
satisfies these laws in 100 % of the increments. A preliminary study 

W. Ge and V.L. Tagarielli                                                                                                                                                                                                                     



Materials & Design 238 (2024) 112738

8

explored the effects of introducing constraint terms in the loss function 
to effectively enforce the first two principles of thermodynamics in the 
regressions, however no tangible improvements were observed when 
introducing such constraints. In this study the hyperparameters of the 
NN used are not optimised and it is possible that the thermodynamical 
constraints might introduce notable improvements in the training pro
cess if optimal NNs were used; this will be explored in future studies. 

4. Results and discussion 

We proceed to evaluate the performance of the model. We begin with 
the classification of elastic/inelastic increments. The neural network 
NNclas is trained by a dataset of 9688 datapoints. To evaluate its accuracy 
we perform 30 additional FE simulations of the response of the VE 
element to random strain histories; this represents a set of test datapoints 
in the form of simulation increments that were not included in the 
training database (unseen). The accuracy of the NN is illustrated in Fig. 9 
in the form of a confusion map, which indicates that the classification 
model can distinguish between initial elastic and plastic increments 
effectively with an overall accuracy of 99.91 %. 

To illustrate the accuracy of the two regressions performed, we 
examine the loss function of the NNs (MAE for both). Fig. 10 presents, 
for the networks predicting increments in plastic strain and damage 
variable, the sensitivity of the final loss functions to the number of 
training datapoints. Increasing the number of training data points leads 
to a reduction in MAE for both models, although this is not strictly 
monotonic. Increasing the size of the training dataset can improve the 
accuracy of the regressions. 

The network NNinit
reg , predicting the initiation of damage, is assessed 

by quantifying the relative time difference between the predicted and 
actual damage initiation, by the parameter 

δ =
|̂t init − tinit|

T
(44)  

where ̂t init denotes the predicted damage initiation time, tinit denotes the 
actual damage initiation time and T is the total time duration of the 
imposed random strain history. Fig. 11 presents the dependency of δ, the 
average of δ computed over 30 unseen random strain histories, on the 
number of random strain histories used to train the model. The trend is 

not monotonic; the percent error in predicting the time at damage 
initiation is comprised between 1 % and 2 % irrespective of the data 
used for training. An optimal performance is obtained when using 100 
random strain histories to train NNinit

reg .

We also compute the dependency of the macroscopic plastic strain at 
damage initiation upon macroscopic stress triaxiality, shown in Fig. 2. 
The comparison between microscopic and macroscopic responses 
highlights effectively the effects of material heterogeneity on the 
macroscopic damage response of the VE, promoting lower strains at 
damage initiation than those at the microscopic level. 

We now proceed to evaluate the combined performance of the sub- 
models examined above. We test the accuracy of the model when pre
dicting the homogenised material response when the VE is subject to 30 

Fig. 8. Illustration of the proposed computational framework.  

Fig. 9. Confusion matrix showing the performance of the classification model.  
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unseen imposed histories of macroscopic strain. The results presented 
below were obtained combining the neural networks described above 
with the following settings: NNclas was trained with 9688 classification 
datapoints, NNpl

reg and NNdm
reg with 55,000 datapoints, and NNinit

reg trained 
with 100 datapoints. To measure the accuracy of the predictions, we 
compare pairs of expected and predicted stress versus strain curves by 
using the metric Eσ 

Eσ =
1

Ninc

∑Ninc

j=2

⎛

⎝

⃦
⃦
⃦σNN

j − σFE
j

⃦
⃦
⃦

2⃦
⃦σNN

j

⃦
⃦

2

⎞

⎠ (45)  

where σFE
j is the expected macroscopic stress at a given strain and σNN

j is 
the corresponding prediction of the surrogate model. Eσ is dependent on 
the length of the strain trajectory considered and on the density of 
simulation increments along these trajectories. The generation of 
training data used in this study implies a relatively small density of data 
near the end of the strain histories (which occurs either at the termi
nation strain εmax or at the onset of instability, if this occurs). The in
cremental nature of these predictions also implies that the error tends to 
accumulate with continued deformation. 

In Figs. 12 and 13 we assess the accuracy of the surrogate model 
using two randomly selected strain histories of similar complexity. The 
figures also indicate the actual and predicted points of macroscopic first 
yield and damage initiation. In both cases, the surrogate model accu
rately predicts the strain–stress curves, the yielding and damage initia
tion, with an Eσ of order 1–2 % for both random strain histories 
presented. 

The surrogate model predicts the response to a typical random strain 
history in 30 s, using a workstation with 2 processors (Intel Xeon e5- 
2650 v4, 2.20 GHz) and 256 GB of RAM (this was used in all compu
tations presented here). A corresponding FE prediction of the response 
to random strain histories requires approximately 3600 s of computation 
on the same hardware, providing computational savings of 2 orders of 
magnitude. We note that the VE examined here only comprises 1000 
FEs. A typical RVE describing the response of a material element com
prises many more elements, while the prediction time of the surrogate 
model is not affected by the size of the model used to produce the data; 
computational savings of several orders of magnitude are therefore 
possible by applying the proposed surrogate modelling technique. 

To provide a benchmark for the predictions of the proposed surro
gate model we compare them to those of a much simpler model, often 
used in the literature (we examined the accuracy of this simpler model 
for a heterogeneous elastic–plastic solid in [23]). The benchmark model 
performs the simple regression 

Δσ = NN(ε, σ,Δε) (46)  

The assumption in such benchmark model is that knowledge of the 
current strain and stress is sufficient to quantify all effects of previous 
history, including plastic deformation and development of damage. 
Fig. 14 presents the average and range of Eσ for the two models, 
computed over 30 unseen random strain histories. The proposed data- 
driven model is approximately 10 times more accurate than the 
benchmark model in capturing the multi-axial response of the material. 
The stress versus strain predictions of the benchmark model lost 
agreement with the ground truth after the first few loading steps, while 

Fig. 10. Effect of the size of training dataset on the loss functions of the NNs 
predicting increments in plastic strain and damage variables. 

Fig. 11. Accuracy of the damage initiation prediction δ as a function of the 
number of random strain histories used for training. 

Fig. 12. An example of the performance of the surrogate model when predicting the stress history corresponding to a relatively simple strain history. Eσ = 1.31% in 
this case. 
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broadly retaining the correct trend. The comparison with the benchmark 
model highlights that it is important to include plasticity- and damage- 
related information as both inputs and outputs of the surrogate model. 

5. Conclusions 

We presented a computational framework to construct surrogate 
models of the response of elastic–plastic solids with progressive isotropic 
damage, subject to arbitrary strain histories. The surrogate model is 
trained on direct knowledge of the current material’s stiffness matrix 
and it is able to compute the material response to imposed arbitrary 
histories of strain, including fully triaxial, non-proportional and non- 
monotonic loading, without the need for theoretical assumptions on 
the material’s response. The data quantifying the progressive damage 
response of the material was produced by computing the evolution of 

the macroscopic stiffness matrix of the volume element, by repeated 
linear perturbation analyses. We assessed the accuracy of the surrogate 
model by predicting the stress history resulting from 30 random, unseen 
histories of applied strain, and found an average error of 5 % compared 
to the ground truth. 
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