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ABSTRACT

In the present thesis an analytical investigation is
presented for initial buckling and postbuckling behaviour
of unstiffened flat and cylindrically curved panels of
composite materials, A very deneral lay-up arrangement in
the panels is considered in conjunction with various boundary
and loading conditions. Extensive results are obtained for
panels with different geometry, different lay-ups and
different composite materials.

The governing equations are obtained by using the virtual
displacement and virtual force principles to allow for a
general lay-up situation in the panel.

The main discoveries and improvements made in the current
investigation may be summarised as follows :

High precision of the beam functions is proved to be
necessary for the orthogonality of the functions and, there-
fore, for buckling and postbuckling investigations of composite
panels.

A new kind of relationship between critical in-plane
compressive ratio and shear ratio is founa in initial buckling
problems. It is shown that the applied shear in a certain
direction may greatly benefit the stability of the panel
against compression.

Both double sine series and double sine squared series are
taken to express the deflection when investigating the post-
buckling behaviour of curved panels under compression in order
to represent the tendency for inward buckling.

The investigation of panels under shear reveals that the

applied shear direction has significant influence on the post-
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buckling behaviour of such panels.

The bending effect during initial loading, caused by
certain lay-up arrangements, is investigated for both flat
and curved panels under compression and shear.

Imperfections in panel geometry and combined lateral

loading are also considered.
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The Author wishes to include the following amendments and comments:

pX B =a/b

pxv  for Fig IV,5, and elsewhere, for 'inner force' read 'stress resultant'

pxvi for Fig IV,1l,. and elsewhere, for 'inner moment' read ' stress couple'

P2 28 omit 'lateral'; 216 for 'strength' read 'stiffness’

D4 22 Donnell

pll 27 for 'solution' read 'problem'

pl2 25 detaills of STAGS may be found in Ref 99

pl3 23 " ... which is not to be seen ... "

pilk 28 " ... to the shape and magnitude of the initial imperfection"

pl8  after (II,6) Q;; should be Q;j

pl9 L9 for 'kyy' read 'kth! a, %

P2k last expression of (II,24) should commence: L,[(3312 ceen

p28  the derivation of egqns (II,33) and (II,34) assumes that the initial
shape with imperfections is stress free

p29 42 Ashton et al is Ref 42, Chia et al is Ref 76
Egn (IT,37) is obtained by substitution of (II 35) into (II,36)

p30 L6 the 6% error is relative

last 2 15 figures were adopted since this was the limit imposed
by the computer used. No tests were made with a smaller number of
figures '

p36 note that for the boundary conditions in (III,3) - (III,6) a trivial
solution is being found and hence 02F/9n? (etc) 0. In effect
the uniform stress state has been subtracted

P40  the purpose of the indices I and J in (ITI,17) is to convert the
infinite series of terms in (III,12) and (III,13) into a finite
number of terms expressed in matrix form

gkg iinultlmate . g Glt should read GRt

pt9  Section f) note that Figs (III,9-13) are for clamped boundaries
29 for (II,9) read (III,9) i
note that in Figs (III,5,10, & 13) the curves should not be continuous.
Symmetric #45° lay-ups can only have 4,8,12 ... layers; antisymmetric
450 lay-ups can only have 2,k 6 . layers; one layer at 45° is, of
course, symmetric ’

p58 last % +the second d,. should be d,

p59 in eqn (III,41) the second sine term in u should be sinfmm, and in v
should be sinnmn

pbh 21  the above comment re symmetry and numbers of layers also applies
to Fig (IIT,36)
212 for 'crossply' read 'all 0° or all 90°!

pb5 26 in Fig (ITI,L0) the results for the 2 and L-layer plates are not
identical, as indicated, but too close to be separated with the scale
used

p76  Figs (111,9,10,11,12,13,25,26,27,28,29) should have |P__ | on the

etc  vertical axis. Fig (III,12) is for positive shear x
In Figs (ITT,14-20, 30-35, & 38-42), if required, the values of
Ryo and Rgo can be found from the earlier curves for the particular

. lay-up under compression-only or sghear- onl¥ loading

pll2 &3 of (IV,1) wupper value should read

pll3 (IV,3) note that the conditions for 32F/on? etc are now different to
before, since the uniform stress state is included
In (IV,L4) the sin?E sin?n term is included to represent the tendency
for inward buckling [15]

P.T.0.
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pl23

pl2h

ple>

P17l

p173

pLTT
pl78
pi79
pl86

plol

plo2
p225
p226
p227

p229

pa23L
p232
p233
pa3k
p238

22 for 'inflexible' read 'undeflected'

last & ".... Figs (IV,1-20) below. ... "

22  one 'ryun' will establish the complete postbuckled path,
about 20 steps are needed to get a typical curve.

In Figs (IV,1-4) the results become inaccurate for w/h > L.

23  to obtain the cusps and loops it is usually necessary to re-

‘run the analysis using smaller step lengths in these regions

28  because of their complexity it is difficult to illustrate
the buckled mode shapes. Many components will be present and the
relative proportions of these components will alter as the mode
changes.
217 should be {M.} and {0,} R
. . i i a1
222/3 in Appendix F (p26lL) last three terms should be T, , T, , T,
23 the analysis is started with a high step length (0.5) and if
the results indicate that regions of rapid change have been missed
then the process is repeated using a smaller step size,
(Vv,6) in equation for w the first term should be ng
(V,11) 1last diagonal term should be {w®}t
next-to-last eqn should read [B(w] = [I] + [[J] ete ...
(v,18) first row should end 'at £ = O and 1'
second row should end 'at n = 0 and 1°
para 4 in Fig (V,17) the shear direction is positive and the term
on the vertical axis should be P b2/Eth3
last & for ‘non-square' read 'rectangular'

28 for 'appliance' read 'test rig'

Ref 6 'Vorlesungen .... Physik und Mechanik'

Ref 10 for 'American Elgevier Publishing Co' read 'Chatto and
Windus Ltd'

Ref 12 for 'Frein' read 'Freien’

Ref 13 Galerkin, B.G.

Ref 28 dinsert '.. London, 1968!

Ref 29 insert '.. Stamford, Connecticut, 1969, ...... '
Ref 42 dnsert '.. Stamford, Connecticut, 1970'

Ref 51 should be 'Iyengar'

Ref 62 for 'Orothotropic' read 'Orthotropic' {

Ref 71 insert '.. Washington D.C., 1975

Ref 99 add at end '.. Dayton, Ohio!
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CHAPTER 1

INTRODUCTION

A, Objective

Composite materials are ideal for many structural
applications, because of their "designable" performance and
light weight with high strength. Especially in aircraft and
other weight-sensitive industries they have becomé more and
more important in recent decades. They are now used for many
primary load carrying structures such as wing surfaces, fuse-
lage sections and missile skins. Flat plates and curved panels
made of laminated composite of fibre reinforced plastics are
probably the most important structural members. To exploit
the efficiency of these materials with high performance and
high cost, scientists and engineers have made continubus
efforts to develop analytical and experimental technigques to
reveal and to predict the buckling and postbuckling behaviour
of such plates and panels. The present investigation is a
small part of these efforts.

In general, laminated plates and shells consist of a
number of layers, in which unidirectional aligned fibres made
of strong materials such as carbon, boron, graphite, glass
and so on are embedded in resin plastics. The performance
of these structures depends not only on the properties of the
composite, but also the lay-up arrangements in the plates and
shells. The layers are usually considered to be orthotropic.

Previous work done in this area was mostly directed
towards the study of the flat plates with special lay—upé,
such as crossply, antisymmetric lay-ups, and.so forth. Because
of the com@lexity of the problem, postbuckling studies, even

for plates having special lay-ups, are few and far between.



In contrast, the present study is devoted to an analytic
investigation for both initial buckling and postbuckling
behaviour of flat plates and curved panels with totally

general lay-up arrangments.

B. Literature Survey

The theory of elastic stability is now an important
branch of applied mechanics. Since Euler[T] formulated
the first theoretical solution for the lateral buckliﬁg of
a column compressed on the ends, in the middle of the 18th
century, stability research for all kinds of elastic systems
have been very well developed. A wealth of published research
may be ' found in the literature, including hundreds of
papers and reports and tens of books. A brief review‘is given
below of this particular field related to the present study.

It is, however, not intended to be complete.

It is the modern use of high strength materials which
made buckling problems of slender structural members one of
practical importance. Stability of columns, beam-columns
with various loading and end conditions was first under
consideration by scientists and engineers in the latter half
of the last century[zl. Since then the problems of buékling
of columns have become widely known. The theoretical solutions
and experimental verifications for such elements showed that
linear theory is usually enough to give a precise prediction of
buckling behaviour for engineering purposes. The results may
be found in various books[3] [4] [5].

In the theory of thin plates,Kirchhofé6] made one of
the most important céntributionsQ He formulated the theory

based on the hypothesis that the normal to the plate remains

undeformed after platedeformation. This hypothesis is now known



by his name and is s£ill accepted as the basis of most theo-
retical investigations of thin plates and shells.

The buckling study of isotropic plates started with
Bryan[7]. He solved the initial buckling problems of a
compressed rectangular plate with simply supported edges by
assuming a series function for deflection. His paper gave
a foundation for consequent theory of elastic stability of
thin-walled structures. Investigations after that showAthat
linear theory on thin plates usually produces a good prediction
of onset of buckling, though it is not able to describe the
behaviour of thin plates after buckling. It was Von Karman
who built up the non-linear theory of plates by introducing
the squared terms of the first derivatives of deflection into
the strain expressions of the plates. The initial buckling
and postbuckling behaviour for isotropic plates have been very
well investigated for different boundary, loading and
geometry conditions, and they may be found in a number of
books, say references [8] [9] [10] and elsewhere.

In stability study it is not always possible to obtain
-exact solutions. The approximate methods based on the
stationary energy principle became probably the most important

analytic tools in such cases. Rayleigh[11]— [12]

[13]

Ritz method

and Galerkin method both are widely used since the early
years of this century. They play active roles in stability
studies of all kinds.

The classical analysis of stability usually takes the
form of an eigenvalue problem for the lowest load. When
tests were carried out on thin shell structures the classical

theory became suspect because experimental buckling loads were

much lower than theory predicted and testing results were
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widely scattered as well. An explanation for this was given

by Donell[14]

in 1934, in which the effect of initial
deviation of the test model geometry from that of the perfect
cylinder was discussed, but the yielding stresses of the
materials in the shéll, developed in the loading process, was
mistaken as the criterion of the collapse. In 1941 Von

Karman and Tsien[15]

made a very important advance in our
understanding of this problem. Their research revealéd that
the large discrepancies between test and theory for the buck-
ling of certain types of thin shell structures were due to
the highly unstable postbuckling behaviour of these structures.
The sound foundations of the non-linear theory of the stability
of shell structures were since set up. In 1950 Donell and
Wan[16] employed approximate techniques to investigate the
effect of imperfections on postbuckling of thin cylinders and
columns under axial compression by assuming initial
imperfection shapes. This put the investigation on a correct
basis and gave a reasonable explanation of the experimental
behaviour of shell structures.

Starting with Von Karman and Tsien's work, a large
number of numerical calculations in the large-deflection
range have been made. The research resulted in successively
more accurate estimates of the minimum postbuckling load on
the basis that this minimum load would provide a conservative
engineering estimate of the buckling strength of practical
cylindrical structures. However, this approach proved to be
fruitless since it was eventually discovered that the minimum
postbuckling load approached zero for very thin shells[17].

At roughly the same time, in wartime Holland, another
very important contribution to general stability theory

’

of elastic systems was made by Koiter[18] although his work



attracted only little attention until the early 1960s. He
developed the initial postbuckling approach by asymptotic
techniques to investigate postbuckling behaviour in. the
neighbourhood of the bifurcation point. KXoiter's research
spawned numerous investigations in the past two decades.

Pope[19] [20]

worked on the postbuckling analysis of slightly
curved panels; including the effect of transverse shear
deformation.He[21£lso discussed the general characteristics
of initial postbuckling for isotropic structural members.

Experimental research is another significant aspect of
the stability study of elastic systems. Perhaps the most
important concept in this field is one due to Southwellez].
He proposed a method for obtaining the theoreticalvbuckling
stress of a perfect column from experiments on reaL columns
containing small initial imperfections. It has been proved
that Southwell's method may be extended to the prediction of
the elastic critical load for plates, shells and other

structures[23] (8] [24].

- 'According to reference [2], investigation for orthotropic

plates was first launched by Gehring in 1860, but the book by

[25]

Huber in 1929 might be the first one to consider the

buckling problems of orthotropic plates. Most early work

in this field was directed towards wooden plates[26] [27].

Russian scientists made important contributions to the theory

of isotropic plates and orthotropic plates, but because of

the different language the work of Leknistskii[zsl

[29]

and
Ambartsumyan was not known in the western world until the
latter years of the 1960s. Leknistskii systematically

established the basic theory of classical analysis for



homogeneous orthotropic and anisotropic plates. Ambartsumyan's
complicated analysis included the effect of transverse shear
in orthotropic plates. But these classical analyses were not

suitable for generally laminated non-homogeneous plates,

. [28] [30]

though Leknistskii and Smith declared that their theory

would be suitable for use with plates composed of unsymmetric
crossply orthotropic layers. They concluded that such a plate

would behave as a homogeneous orthotropic one.

[31]

In 1961 Reissner and Stavsky discovered the coupling

between in-plane stress resultants and out-of-plane stress

couples in general composite plates. This work, based upon

[32]

the latter's dissertation , provided the theoretical ground-

work for the study of composite plates. The subsequent work

[33] [34]

of Stavsky makes the theory complete. Starting with

this a number of investigators have made important progress in
revealing the effects of such coupling.
The year 1969 marks the beginning of a large rate of

progress in composite plate buckling analysis. Whitney and

[35] [36]

Leissa , based on the former's dissertation

. presented
the closed form exact solutions for antisymmetric crossply .

and angle-ply plates having simply supported rectangular

[37]

boundaries. Simultaneously, Ashton and Waddoups showed

the results of applying the Ritz method for rectangular plates
loaded in biaxial compression and shear and compared the
theoretical results with experimental ones obtained by Ashton

[38] [39]

and Love . Probably, however, the earliest experimental

investigation for fibre reinforced composite plates was due to

Mandell[40]. Ashton[41]

suggested using the stationary energy
principle in conjunction with proper beam characteristic

functions to solve the buckling problems of anisotropic plates.
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The outstanding book by Ashton and Witney[42]

includes various
results of buckling investigations of laminated plates.
A linear theory for generally laminated anisotropic

plates and shells was also presented by Dong et al[43].

Ashton[44]

suggested an approximate analysis for
unsymmetrical laminated plates, in which in-plane and out-
of~plane coupling terms (B;j) were deleted, to analyée non-
symmetric laminates as homogeneous plates with reduced bending
stiffness D;j replacing bending stiffness Dij' This suggestion

was originally made by Reissner and Stavsky [31]

, but Whitney's
research pointed out that for certain laminated plates the
reduced bending stiffness approximation does not give acceptable
agreement with coupled laminate solutions}45]
In industry, midplane symmetrically laminated plates are
widely used because they exhibit no in-plane and out-of-plane
coupling., But there usually exists coupling between tension
and shear in such laminates when the fibre orientations of
layers are not coincident with the'edges of laminated plates.
These plates have mathematically the same governing equations
as the homogeneous anisotropic plates. The main difficulties
in analysing such plates results from the tension and shear

[46] concluded that

coupling terms (D16’ D26 or D:G, D;6)' Wang
for such plates there exists no deformation surface which may

be represented mathematically in a separable form in order to

satisfy simply supported boundary conditions if the Kirchhoff-
Love non-deformable normal hypothesis is adopted.

In order to analyse such plates various methods are used
to investigate approximateiy their response. Chamis[47] [48]
introduced the Galerkin method into buckling analysis for such

anisotropic plates. The equilibrium equation then took a more

general form, though there were a few mistakes in his formulations



as pointed out by Hsu[49]. Ashton[50] found the governing

equation of anisotropic plates to be mathematically similar

to that of skew isotropic ones in oblique coordinates. An
analogy technique was suggested by him to obtain exact solutions
for anisotropic plates, compared with existing results of skew

plates in a few special cases[51] [52]. Furthermore, Whitney

al [53]1 [54] [55]

et modified the Fourier series method,

[

which was suggested by Green 261 for homogeneous isotropic
plates, to investigate anisotropic plates. This approach is
a useful tool for solving such problems. The Ritz procedure

used by Ashton[57]

proves to be also very useful for investi-
gating the gross response of anisotropic plates, such as
deflection, buckling, frequencies of natural vibration, and
SO on.

A great deal of initial buckling analyses for plates with
various lay-ups, different loading, boundary and geometry
conditions may be found in the literature. Jones et al[58]
and Jones himself[sgl used exact solutions to study the
buckling of rectangular plates with unsymmetrical crossply
and angle-ply lay-up. His results show that the effects of
unsymmetrical laminating can be more severe in reducing the
buckling load than exists for the antisymmetric case.

[60] [61]

Turvey extended the buckling analysis to include the

effect of a general Winkler/Pasternak foundation. Fraser et
‘al[62] used a generalised Ritz method, assuming a complete
Fourier series in conjunction with the Lagraﬁge multiplier
technique of minimization to obtain upper and lower bounds

of the buckling load of orthotropic clamped plates. Kicher
and Mandell[63] did an experimental and theoretical study for
simply supported laminated plates. More buckling research may

be found in the literature[64] [65] [66].



The effect of transverse shear deformation on buckling
behaviour of symmetrically laminated plates was investigated

[67] (68l They showed that

by Whitney and Vinson and Chou
transverse shear deformation can be significant, not only in
altering the magnitudes of the buckling loads, but also in

changing their mode shapes when the ratio of thickness to the

other dimensions is relatively large. Turvey[69]

combined the
reduced stiffness concept and transverse shear deformation
theory to analyse the stability of unsymmetrically laminated

plates. The effect of variable thickness and non-linear

stress-strain relationship on the buckling of laminated plates

may be found in references [41] and [70]. Additional theo-
retical results are contained in references [71], [72], [73]
and [74].

The experimental study[38] 1391 (63]) [75]

of the buckling
of laminated plates shows that linear buckling analyses usually
give a reasonably good measure of critical load. In most cases
the "Southwell plot" technique was used to determine these
buckling loads.

As far as the postbuckling study of laminated plates is
concerned, the literature in this field is considerably limited,
though an excellent book by Chia[76] appeared in 1980. 1In this
book there are two chapters dealing with the postbuckling
behaviour of laminated plates with symmetric or unsymmetric
lay-ups.

In 1952 Yusuff published his paper!’’) in which the large
deflection theory for homogeneous orthotropic rectangular plates
in the Von Karman sense was estabiished. Initial deviation in

the plate'under edge compression is also taken into account.

In 1964 Stavsky[34] presented a general non-linear theory for
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laminated plates. Variable thickness, initial deviation
and a variable elastic foundation are all considered in
conjunction with the in-plane and out-of-plane effects of
generally laminated plates. The governing system is
complicated, and no general solution was suggested.
According to reference (78], the practical study of

postbuckling behaviour of laminates started in the- later

(791 [80]

years of the 1960s In the same year of 1971, Turvey '

[81] [82]

Chan

and Islam presented their Ph.D. dissertations,

in which postbuckling behaviour of laminated plates was
studied. Later on Turvey and Wittrick[83]published theoretical
results of the dynamic relaxation method, based on the
former's thesis. - It was concluded that for antisymmetric
angle-ply laminates the in-plane and out-of-plane coupling
terms (Bij) do not affect the postbuckling plate stiffness,
though they do greatly reduce the critical load. Harris[84]
found, consequently, that the stiffness change of postbuckled
laminates was mainly caused by a change in mode shape of
deformation.

[85] [86]

Prabhakara and Chia introduced the characteristic

beam functions into postbuckling analysis for orthotropic
plates. Later on Chia and Prabhakara[87] used proper beam
function series for both the stress function and deflection

[88]

function, as Coan did for the simple case of isotropic

plates, to deal with the postbuckling investigation of
unsymmetric laminates. Then, computation results were
obtained for the postbuckling behaviour of clamped and simply
supported, unsymmetrical, angle-ply plates and clamped,

unsymmetfical, cross-ply plates. Subsequently, Prabhakara[89]
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preéented an analysis for the postbuckling behaviour of simply
supported laminated general cross-ply rectangular plates
subjected to biaxial compression. Because-of unbalanced
layers oriented at 0° and 90° with respect to plate axes,
the coupling phenomenon is found to be such that there is
bending in the laminate immediately in-plane load is applied.

- The solution exhibited is no longer bifurcational, which is

[90]

different from previous work The behaviour of laminated

plates under combined transverse and in-plane loads has also

been investigated[91] [92].

But only orthotropic plates are
considered, therefore no coupling effect is included. The
effect of membrane boundary conditions and initial deviation
on the postbuckling behaviour of orthotropic plates was
considered by Banks et a1[93].

Experimental research on postbuckling behaviour bf
laminated plates is sparse[94] [95]1 (96] [97]. In most cases
experiments were carried out for either orthotropic or quasi-
isotropic plates. It is reported that the experimental results
agree reasonably well with theoretical prediction. So far it
seems that there exists little testing data for laminated plates
with unsymmetric lay—ups,[63].

Both analytical and experimental studies for cylindrically
curved panels of laminated composite materials are far fewer

than for flat plates. Kudva[98]

presented a finite element
analysis for the investigation of the postbuckling behaviour
of symmetrically laminated curved panels. ‘Because of the
demands of large computer storage and high computing costs,
even for symmetrically laminated panels, only a few examples

were computed in his Ph.D. thesis of 1979. The effects of

boundary conditions, loading conditions, geometry conditions
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and stretching-bending coupling on the postbuckling behaviour

were not considered. Becker[99]

did an analytical/experimental
investigation on the instability of cylindrical panels in 1979.
His M.Sc. thesis is even simpler. A ready-made computer code,
STAGS (Structural Analysis of General Shells), was used to
obtain critical loads for symmetric laminated curved panels,
which were compared with experimental results. Experimental
research for buckling of laminated curved panels under com-

pression and shear was : performed by Wilkins[100] [101].

The
results are also for symmetric lay-ups.

C. Scope of the Present Study

In the current investigation initial buckling. and post-
buckling behaviour is studied for unstiffened flat and
cyiindrically curved panels of general laminated composite
materials. The study is analytical and extensive results are
obtained from computations.

Chapter II gives the theoretical background of the present
study. The governing system in the Von Karman sense is
obtained from the virtual displacement and virtual force
principles. Because of the completely general lay-up
considered, all the 36 coefficients (21 independent) in the
constitutive relations are taken into account, and the effect
of boundary moments is included in the governing equations.

In the third section of this chapter the precision of the
beam functions used by previous workers is discussed, and
thosé with improved precision are given for subsequent use.

Chapter III is devoted to initiél buckling investigations.
In the first section of this chapter curved panels with movable

edges are considered. Extensive parameter studies are carried
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out for simply supported and clamped boundaries. A new
relationship between combined in-plane compression and
shear is found, which is to be seen in other work. It
shows that combined shear in certain directions can greatly
stabilise the laminated panels against compression rather
than always destabilising, as for isotropic and orthotropic
plates. It is found to be true for curved panels and. flat
plates alike. The second section discusses panels with fixed
edges. The emphasis is clearly put on the effect of alternate
sheér directions on the initial buckling characteristics of
laminated panels. It is proved that the same effect exists
even for combined biaxial compressive and shear loading.

Chapter IV deals with postbuckling behaviour. Von Karman
form nonlinear terms are included in the governing system.
Both double sine series and double sine squared series are
assumed to express the deformed surface of the panel with
simply supported edges. The double sine squared series 1is
intended to represent the tendency for inward buckling of
curved elements. This series has not been found in previous
work concerning postbuckling analysis of laminated panels. In
the following section of Chapter IV in-plane shear loading is
considered. The results show that the applied shear directions
significantly affect the postbuckling behaviour of laminated
plates. This fact probably has never been reported in the
literature.

Chapter V describes the bending effect of laminated panels
under in-plane loading. First of all, laminated panels with un-
symmetriq crossply layers under compression, and those with

unsymmetric angle layers under shear are discussed. In these
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cases the panel starts bending immediately load is applied.

It means that no bifurcation characteristics are found when
load increases. To the author's knowledge, the second case
has not been discﬁssed in the literature, even for flat
laminates. The effect of initial imperfections is discussed
in the following section. The results show that the post-
buckling behaviour of curved panels of laminated composite

is very sensitive to the initial imperfection. The remaining
section of this chapter discusses the behaviour of generally
laminated curved panels under the combination of in-plane and
lateral locading. The effect of direction of combined shear is
also demonstrated. The topics in the last two sections are
not found to be discussed for such general lay-ups in previous
work elsewhere. At the same time the effect of shear direction
on laminated panel behaviour seems not to have been studied in
any existing non-linear analyses either.

In the last chapter the author presents the main
conclusions which are drawn from the present study and gives
some ideas for further investigations in this particular field.

A part of this work has been summarised in several papers

[102] [103] [104] which have been, or will be, published in

the open literature.
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CHAPTER II

THEORY

A. General Remarks

A nonlinear theory for buckling and postbuckling behaviour
of generally laminated, cylindrically curved panels under com-
pression and shear is derived in this chapter.

The panel is assumed to consist of layers of composite
material (fibre reinforced plastic). These layers are con-
sidered to have different thicknesses, different physical
properties and different orientations of orthotropic axes
with respect to the generator. It is also assumed that the
material of the layers is homogeneous and linearly elastic,
the total thickness of the panel is small compared with its
other dimensions.

Because of the small thickness, the deformation of the
panel is considered to obey the well known Kirchhoff hypothesis
(mentioned in Chapter I). 1In the present analysis all thirty-
six coefficients in constitutive relations (21 independent) are
taken into account to suit the general lay-up situation.

In buckling and postbuckling analysis of isotropic shells
and curved panels it has been proved that shallow shell theory

[103] usually produces results having good agreement with those

of more exact theory[106] [107]. This is due to the large
number of halfwaves in buckled shells. Here shallow shell
theory is also adopted for the study of buckling and post-
buckling behaviour of laminated curved panels.

The governing system is developed on the basis of the
virtual displacement principle and the virtual force principle.

To allow for the general lay-up, the effect of boundary moments

is taken into the governing system. The resulting pair of
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coupled nonlinear partial differential equations are both
fourth order. The variables in the governing equations are
the Airy stress function and the transverse deflection of
the panel. To be general, the governing equations are
expressed in non-dimensional form.

In this chapter characteristic beam functions, which
are to be used for deflection and stress function in the
following chapters, are discussed. The beam functions  are
originally obtained as the normal modes of vibration of beams.
They were used for initial buckling analysis of laminated panels

by Ashton et al[37] [(42]

411871 176]

and for postbuckling analysis by Chia
et . In the current analysis, they are used for
both initial buckling and postbuckling analysis of laminated
curved panels. These functions are required to be ofthogonal.
The effect of certain constants in the beam functions on their
orthogonality is discussed. Using constants with high pre-
cision allows us to obtain more exact results in both initial

buckling and postbuckling investigations.

B. Governing System

Consider a cylindrically curved panel with total thick-
ness h, length a, mid-surface arc b, and radius R (see Figure
(IT, 1) ). The mid-surface of the plate before deformation
contains the reference coordinate system Oxy with the origin
at one of the corners. A nonlinear analysis is presented

below.

1. Constitutive Relations

An arbitrary point (x,y)ion the mid-surface of the panel
experiences displacements Ugr Vg and W after deformation in
x, y and z directions respectively. The strains at this point

may be expressed as :
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It is seen that the effect of the curvature has been
taken into account on the basis of shallow shell theory.
According to the Kirchhoff hypothesis, the strains at

any point of the panel may be written in matrix form :-

el{e)ee{n) R

where 2
0 _EUMQ
£x EL 3X?

{5}: byt - {80}"‘ 5; ’ {k}"‘ "%%[Q (11,3)

! 0
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OXDY
Because of the orthotropic properties of the layers, the
stresses at the point can be written in terms of the strains in

a local Cartesian coordinate system, in which the coordinate |{

is taken along the fibre direction, t perpendicular to that,

0, QyQ, 0 &
01| Qp @y 0 Gt | (11,4)
Tu) L0 0 G (M

where the coefficients Qij are related to the elastic

properties of the composite.
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in which Eb and Et are elastic moduli along and perpendicular
to the fibre directions, respectively.
and
p&t )4b

is the shear modulus.

are Poisson's ratios in twodirections and,Qtt

The stress at the point may also be written in the general

coordinate system of the panel

Gi_ éi -éiici | 81
Oy b= | Q Q,, Q| § & e
Ty Qm Qo Que| | Yxy

The coefficients Qij are obtained from the following matrix

expression:
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(IT,7)

(II,8)

with @ being the angle of the fibres with respect to the panel
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coordinates (see Figure (II1,1) ).

The stress resultants and couples of the panel are

defined by
h
’2' (k) (K) __(K)
h2 (I1,9)
7 () (k)
( Mx, MYII%IV J x txy)zdz
h
"7
in which Nx’ Ny and ny are membrane forces, Mx’ My and.MXY are

bending and twisting moments, all per unit width (see Figure

(IZ,2) ). On the right hand side the superscript (k) indicates

the values of the stresses referred to  the kth layer in the

panel.
Substituting the stress expression (II,6) into (II,9),
considering (II,2) and (II,3),

the constitutive relations of

the panel may be obtained in the following matrix form:

'N'=AB £

M B D k (II,10)
where
[+] .
Nx Mx Zx kx’
-— — O — am—
N=qN» M=(Mp . &=, k= {k paom
0
ny Mxy '/XY kxy
- b“% 2, oW
and k 4 ky=_— ay?. r k;();—_z'm;l
’Au_ Are As (811 By By ,Du D2 Dio
A= |Ay An Ay By Ba2 Baol + D= Dy Dy Dyl (11,12
LA&I As2 A66’ \Ba B2 Bes D1 Dga Déb‘
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The elements in the matrices A, B anad D are defined by

‘ 2 (ko
CAij > Bij ,DLJ->=S Q(1,2,2°)dz

2k
2

(k)

where Qij are the reduced stiffnesses of the Kth layer.

Aij are known as the membrane rigidities of the panel,

Bij the coupling rigiditiés and Dij the flexural rigidities.

The constitutive relations (II,10) are widely used in the
mechanics of composite materials, and may be found almost in
every book concerning composite response[71] [108] [109].

In fact, the partial inverted version of the constitutive
relations of (II,10) are more convenient to use in the present
investigation. This takes the form

£ [A B[N
= £

M| B9 D' |k
in which A*=A'1 , B*= 'A'iB ) D*=D—BA'lB (II,14)

(II,13)

where
TN N [k %k oK) * X %)
Aﬂ AR~A% BM Bn-Bw 21 Qz,Rb
k| ok Nk ok ol x ok % X | ox KX %
A A21 Az AZ" B= B21 By, By D= Dzl D Dzb (11,13)
L, x oX ok X ok 0k
[ An As2 Abbj By Bia B | D Dy, Das

* * *
The Aij’ Bij and Dij are known as the reduced rigidities

. A * "
of the panels. The matrlcesA and D are symmetric, but B

is not symmetric.

For special lay-ups the constitutive relations become

simpler. For example, for specially orthotropic panels Bij= 0

*
(therefore Bij = 0) and A16=A26=A61=A62=D16=D26=D61=D62=0 (also

* * * * * * *

*
By Ro6™RE1™R 27D 16"P26"Dg17Dg,= 0) -
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2. Governing Equations

One of the most important principles in the mechanics of
an elastic system subjected to conservative loading might be
the stationary potential energy principle. The virtual dis-

placement principle and virtual force principle are its different

versions.

In order to obtain the equilibrium equation, the Vvirtual
displacement principle is used for the composite panel under
combined compressive and shear loading,

i.e.

§TT = §U-3W (IT,16)
where 6TT variation of total potential energy of the panel
6LI variation of inner potential energy of the panel
OW variation of external work.

Now
a b Q (o] 4]
U =§o J 0( Nxb 5x*Ny8£y+ny6yx,+Mx 8 ket My bky My By dlAdy (11, 17)

sW=- "R,
0

'X.:?i, +Ja 6 y:—.g b x=Q
°x=oy ney u°ly=ox+£>g"6‘f°,x=gy e

where PX is the applied axial compression, ny the applied shear,
all per unit width (see Figure II,1).
Taking the variation of the displacements, the strain

variations can be obtained, for example,

0 0 M, D
5% 5[;;( %(‘M‘)] %(MOHM 32 (OWs) (11,19)

The other strain variations may be found in Appendix A.
Substituting the resultant strain variations into equation
(I1,17), considering (II,18), then integrating by parts, finally,

(II,16) becomes as follows (see Appendix A):
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En——U °N’°+—”1’-‘-Z)5uodxdy f°] DN’ Sy Bsdxdy

_ be aMy bey Ny D\Af We
J” y? zaxay R Nxax +N«Vay2

2 xygxﬁf nh (2% + 5 %’;f(g”i’%"”y )} b dxdy
b X=
# ot P8l dy+j Ny P,_,)Eu)y s
-0 (I1,20)
b =0 OV\)B
+{ 0B 0% | _dt] 022 4, 2 )w] b
bey Qe Wo y=b y=b
+J [(Ny DY ny%x )5"‘5”,:(‘)11 *f:l(N),Ev;)Iy:odx-
br oM ) M w y=h
+{,[#M-Mxﬁ(5§°] d>'+ w55 >]|7 dx
+J [b_M’QgW—M S(DWS] d)”‘f [%5‘,\/— M 6(0%)])/(1():(:0

The first two double integrals in the last equation
represent the equilibrium of inplane forces in x and y
directions respectively. The third one is that for transverse
equilibrium. The line integrals are known as natural boundary
conditions.

Introducing the stress function ¢ defined by the following

expressions
ocb 04> oL 0
Nx b)’ r Ny DJC ’ ny OXD)' (I1,21)

the first two double integrals become zero automatically, and
the third integral is simplified at the same time.
In the present investigation panels with simply supported

or clamped edges are under consideration. The kinematic boundary
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conditions require no deflection on the edges. Also on the
boundaries it is necessary to keep the inner force of the
panel in equilibrium with the external force. In that case,

equation (II,20) is simplified as follows:

M . O My DMxy Ny DM, W O Wa
50 Jo[?)xl t 5y beoy N, =3 +N, ay20+2Nx)’c D;J%fdxd)’

AR

=0

ir+ 32 )1:’0

(I1,22)

in which the two line integrals represent.the effect of the
boundary moments. With these terms,the zero boundary moment
requirements of the simply supported edges may be satisfied
in the mean when the deflection function does not satisfy
them. |

From the three equations of the expressions (II,1)
the displacement Y, and v, may be eliminated by properly taking
the derivatives of Eg, 83 and Viy with respect to x and y. The
compatibility equation may, then, be obtained from the virtual

force principle,

e (PBRYE o

OWe MWo 1 OWoYsab e dyo
22T oxZ oxvy \oxoyl T ]&b =0

ox? 2y’ R 0xX?
(I1,23)
The pair of equations (II,22) and (II,23) make up the
. governing system of the present investigation.
Using the partial inverted form of the constitutive
relations (II,13), the governing system can be expressed in
terms of two variables - the stress function ¢ and the

deflection function Wo of the panel,
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ofb * Do 4 IWh \b“/; x % W L 2
U [Dn ox* +4le0 * (D 2Rl 2+4D26z>xa)3 Duoy“ R ox?
od> "4) 4> x 0!

* o0 T Vw, zﬁt ozwfo _ 9 Jwe
+BIZ oyt dy? ox +2z>xa/ oxoy axz ayz]&”dmy

"
e T L B o 2| &
+j (B;(Z%dz’- :127?2 Bszgxﬁ,’thg“g”%zbay %%x«g)gb%ﬂ dx
=0 (11,24)
QLA RIS ALY L g;g
:,%;‘ﬁ (28 B;)Oax”; NEALVETARE
B 2 B
0 (I1,25)

3. Non-dimensional Form of the Governing Equations

To obtain generality, the governing equations (II,24)

and (II,25) are nondimensionalised.

Introducing the following nondimensional parameters and

constants
X o )
5% =5 R
= % ) = ¢ " =‘-——2"- 5
V=R F haf K rm

* X * _
ALJ =A A ;,3 Lg/h ’ ng'_'DCj/Azzhz ’
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=2 X X P 22_*+ ok Lk : 3 Tk X
a1 /3A26A22 ’ CL,_-P ( AIZ ABG)/ Ay a3=2/3 A,(, / Azz ¢
ko o Tk ok
0“4=[34A1’:/A;2 ’ 0= 82*1/'2\_2*9. > 0“6:'[3(282*6— 861)//_\-:2 >

0'7=('52(§:1(+§Z;—2é;2.)/ A—fz ¢ 0‘8:(‘3 3(2512'—6:2VA—52 ’ 041:/3 812/ Azz ’

~k , T 2, % o~k /TR
b1=4(5D!6/Dn* , b, =28 (D1;+2D66)/D,f -4/3 26/])“
, . W (IT,26)
= = -
O RS VN S
- 3% TR, =
b7=ﬁ (Bﬂ‘l‘B; ZB“)/D;; 2 b8 =3 (2616-862)/Dﬁ* ’ 69=/‘34B/2/Dz:
zB* b, =- 'é'* - _ 2—*/"*
b= n/ ) =73 Bt/ Dy b, D,/ Dy >
3T% /S 2 % /%
= 22/ b;,}:-p 86’:/ D; ’ bIS =/8 D;;/ Dﬂ ’ ‘ ’

The governing system of (II.22) and (II,23) can be written in

the following form 4
W, oW o'w F ,, o'F O'F
J f [a§4+b‘0é3af1 *bzag o7 b3o%zm 45»,74 b50§4 * 6258%07 b70§ an
L o /s’anF W OF W OF waF
80@73”"' 0’7‘* D}, 95° (D,)(Dé‘ o o 0g" éonagw)w‘@d”

F 0w W by oW

+j[ 100’)72+b5 agz 1 05@77 +0§2 +b12 5772+ 21 0537]) 8(35) ]l
O'F Sw oW b aw

_+J [ qav;z+b/3 2E2 +bf+()5@q b:s @52 +4a772 * .'zéogan ' (077 )]'77=0d§

1

=0 (11,27)

TR IS P ) O L VA LY,
Jf{ag‘* ag-"an*a gm) 30507;3 a“an" afég‘* a‘bé%n a7a§ o

dwo o W, BKgow [ B[ WY oW oW
aaagavf a?mﬁ* L (A )[(agbn/ Y YE ]}5Fd§df?
=0

(11,28)
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These two equations are both non-linear fourth order partial
differential equations. Theyiare coupled with each other and
ytherefore,need to be solved simultaneously.

When the panel has special 1ay—ups, these equatiohs will
be simplified. For example, for panels having midsurface

symmetric lay-ups we have a5=a6=a7=a8=a9=b5=b6=b7=b8=b9=b10=

b 13=b14= 0; for panels having general crossply situations

11°P

we have a1=a3=a6=a8=b1=b3=b6=b8=b11=

midsurface antisymmetric angle lay-ups we have a1=a3=a5=a7=a9=

b14=0. For panels having

by=by=bg=b,=bg=b, =b, ;=0.

At the same time the membrane forces and moments may also

be nondimensionalised. They take the following form:

A y L OF
N;; bQ_ Nx 1 O O a}qz
vl 2ak ﬂ% 0 %—gﬁi (IT,29)
N§77 AZih Nx_ 0 0 .i_ __iF__
! ) AN YY)
2
<« . 0F _
. X * X \r or
= - X X x 1 F
" _A 74 My P = Be BuBu || 0 v 0 22
M 22 5* x "B* _1_ Dz
g7 Mxy Bip By By JLO O BRYT
2
koot [ 1 OW
Dli D12 D’ﬁ 3 0 o0 0E?2
ok o W
* 'DZ] D22 D26 0 1 0 —DY)Z (I1,30)
* D ot 1 Fw
| D D Digj [0 0 B oy

The external loads may be similarly nondimensonalised,
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giving compression parameter and shear parameter as

defined by

N, =P, b7 A1

_ ) ) (I1,31)
s =nyb/A22h

where PX, ny are external compressive load and shear load,

respectively.

4., Effect of Imperfections

The effect of small initial imperfections on the post-
buckling behaviour was studied by Yamaki[116 I n7l for isotropic
flat plates. A similar procedure, however, may be used for the
postbuckling study of curved'panels of laminated composite
materials.

In a thin imperfect panel the strains at any poiﬁt of the

middle surface may be described as follows instead of by (II,1)

for a perfect panel

o _ dlUo wo dWs DWo
6x X +2 ).+ax° ox

o _ o (a%)_m+am dWo

by = oy >y R oy oy (II,32)
7o o, Do, DWo o, DWo oW, OWp Ip
ooy o oox QY 2X 0y Dy 0X

where ?5 is used to express the geometry imperfection of the
panel before deformation.

Following the same procedure as that presented for the
perfect panels in the former paragraphs of this chapter, the
governing equations in nondimensionalised form are expressed

as
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{bF ; ab4F I N T W ot
J f 05" Moty pgigp Sosap #oT ogt ooy a5
W aw+/32]<jw ﬁ[(bm“ Pw oW

ogup ot t R, ot Flegel 087 o
_YWEW_OWOW W W xd

282 o0 0n? pE? +,Zagavz 08 07 ]} oFdxdy

=0 - (II,33)
et vtw ot M, o'F
LL{ag‘* biag%n bzagzoq +b3agzﬂ}3 4ot 5a§4 b"gm; *b7ag2m;2

¥ L, 0 BKa OF 8%\ [OWOF | 0w OF

*oyagopt Oy om - D} 05 (—:)[ogzon?Jranzogz

YW VF OWOF OW VFE _dW TF e
205577 ng] +ag 0)72 +a)72 agz 205077 050,)7 ]}Bded’)]
z =1
aw b F*w
+j [(b,o Zmz by ng +by agan gl Wb, 2y 21 o Py 5(00 )] ?d?}
’F , O'F oW, OW by oW =
+§ "0712 ’306 H"*béa”) s & thy o7 3 agan)g( )]l =d§
=0 (I1,34)

———

where w = %? is the nondimensional imperfection.

The expressions for nondimensional inner forces and
moments and external loads have the same form as those for
perfect panels, that is, the equations (II,29), (II,30) and
(IT,31) are still valid for the imperfect panel.

C. Beam Functions

Beam eigenfunctions (or characteristic beam functions)
were originally obtained as the normal modes of vibration of

beams. As mentioned before, they have been used extensively
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to solve problems of initial buckling and postbuckling of
laminated panels by Ashton et al and Chia et al. These functions
are proved to be very effective and convenient to use. One of
the most important reasons is that they are orthogonal functions.
The beam functions may have different expressions corres-
ponding to different boundary condition regquirements. In the

present study the selected functions are defined by

f.g)= coshot; & —cosel; £~ (SinfofE—Sino; £)
(f:-‘-l,z) ......)

where di and 72 are constants. With certain values of 02

(IT,35)

and )ﬁ the beam functions satisfy the following boundary
conditions:

At £= 0,1

f(€)=0é_ﬂ:—)=o - (11,36)

The values ofo(i and'))i may be obtained by solving the

following two equations:

coshof; —cosol—Y:(Sinhoj—sinol;)="0
5 (IX,37)
Sinholg +Sin of, = V. (coshof—Cosol; ) =0
Therefore a& are the roots of the following equation:
2 . 2 .
(cosholg - Cosol; Y= (Sinh of: = Sin'eé; )= 0
}g, then, may be obtained as

'))L .—_—(cosho[‘:—COSdL)/(Sm/Lo/L'“SL'nOGL) (IT,39)

(IT1,38)

With sucho(i and')/i the orthogonality of the beam functions
is also obtained, that is,

(IT,40)

0 when i # 3
) | when 1 = j

| |
( L.(g)faxg)dg:{

The values oftﬂi and 7& have been given in references [110],

[76] and listed in Table(II,N.These values of of;, and )/i have six _
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significant figures. But it is found, however, that the
precision of these constants has significant influence on
the results. The values of o& and 72 with 6 significant
figures is sometimes not enough to give an exact solution for
buckling and postbuckling studies of laminated panels. (In the
next chapter it is seen that in certain examples more than 6%
error can result). This is because with only six significant
figures foro(i and 72 the orthogonality requirement for the
beam functions may not be satisfied adequately.

For instancejdt!§)£K§)665 is 0.965 instead of 1 and

1 ()
S f+(§)'_f5_(€,)d§ is 0.032 instead of 0. The reason can be
o _ _

seen by rewriting £, (5) as

}‘L(é) =’_;_7}16°’£§+i§+__7_)£,é°1'5_0050/£§+7£5m%§ (IT1,38)

Taking 1.00000 for the value of Vi implies that the first
term on the right hand side of (II,38) is deleted in computation.
However, since the exponent '(ii may be very large, this term is
not zero if 7& # 1.

More exact values for o& and )é, therefore, are suggested
for use in the beam functions when relatively large values of i

are used. The O& and 7& with 15 significant figures are given

in TablelII,1).

R’



Table (II,1).

The values of a. and ¥y.
i i

Values used

in [110] and [76]

Values used in present work

i oy i o v

1 4.73004 0.982502 4.73004074486270 0.982502214576238
2 7.85320 1.00078 7.85320462409584 1.000777311907269
3 10.9956 0.999967 10.9956078380016 0.999966450125409
4 14,1372 1.00000 14.1371654912575 1.000001449897656
5 (11/2)w 1.00000. 17.2787596573995 0.999999937344383
6 (13/2)nw 1.00000 20.4203522456260 1.000000002707595
7 (15/2)n 1.00000 23.5619449020404 0.999999999882994
8 (17/2)7 1.00000 26.7035375555082 1.000000000005056
9 (19/2)w 1.00000 29.8451302091033 0.999999999999781

31
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Fig.

(11,1)

Definition of geometry and external forces

Fig.

(I1,2)

Sense of positive stress resultants and

couples in rectangular Cartesian system
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CHAPTER IIT

INITIAL BUCKLING

A. General Remarks

This chapter deals with the initial buckling of laminated
panels. Initial buckling analysis is important, not only because
it creates a starting point for postbuckling study, but also
because it gives an adequate measure for stability of the
investigated system itself. A parameter study for initial buck-
ling load may give engineers certain ideas of how to arrénge the
materials for highest resistance against buckling.

In this chapter panels with different boundary conditions
are investigated. Section B of this chapter is devoted to those
with movable edges (inplane stress zero on the boundaries of the
panels), whilgt section C is for those with immovable edges (in-
plane movements completely restrained on the boundaries). 1In
section B four different flexural boundary conditions are involved,
that is, all edges of the panel are simply supported, all edges
are clamped, curved edges are simply supported straight edges
clamped, and vice versa.

Initial buckling problems may usually be reduced mathemati-
cally to one of finding the eigenvalues of the load parameter
and the corresponding eigenvectors. The lowest load given by
these eigenvalues 1s usually of most interest and is known as
the critical load of the panel. In the current investigation a
set of linear governing equations is solved simultaneously by
assuming adequate beam functions for the stress function and
transverse deflection function. From the resultant character-
istic equations in matrix form the QZ algorithm is used to
obtain thé critical load and corresponding eigenvector which

represents the buckling mode shape of the panel at the moment
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of buckling.

In section B of this chapter extensive results are given
from computations. The effects of curvature, lay-up arrange-
ments, applied shear directions, boundary conditions and
aspect ratios of the panels are studied. The compressive and
shear loading is assﬁmed to be applied to the panels, either
simultaneously or separately.

A new relationship between the compressive load and -
combined shear load is found. It shows that the combined shear
directions have significant influence on the buckling resistance
of the panel against compressive loading. The applied shear in
a certain direction may greatly stabilise the panels under com-
pression rather than always being destabilising, as for iso-
tropic or ofthotropic panels. This effect is found fof panels
with midplane symmetric lay-ups. It is true for flat élates
and curved panels alike, although panel curvature reduces the
effect. This effect becomes greater when the ratio between
major and minor modulus of the layers (EL/Et) increases and
when the number of alternate layers decreases. It seems to
the author that this kind of effect has not yet been found in
any previous work, though it is pointed out by Ashton et al
that there is a preferred shear direction for laminated flat
plates under pure shear[39].

In section C of this chapter special emphasis is put on
the effect of shear direction on the buckling of panels with
immovable edges. As expected, the same effect is again found
in panels with midplane symmetric lay-ups. In addition to
that, the effect of applied shear direction is also found in
plateé with asymmetric lay-ups and ones under the combination

of bidirectional compression and shear. ¥
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B. Initial Buckling of Curved Panels of Generally Layered

Composite Materials without In-plane Restraint

1. Governing System

For a thin, generally laminated, cylindrically curved
panel (see Fig. (II,1) ) under axial compression and shear,
the nondimensional governing equations for initial buckling
may be obtained from equations (II,27) and (II,28) by dropping
all nonlinear terms and replacing the second deriva-
tive terms of the stress function F by corresponding load
parameters. B The governing system will then take
the following form:

J j {b“F " ¥r o g I OF 4w o
08t "oz Za§2arf 3a§an’a4a7)4 asa ag%n

oW AW W, FKe TW
e ovz—a%g n 7 a7)"‘ AL 28

7 } OFdgd

=() | (III,1)

1t wWo, ow oW, RO
f j {a§4+ ag%m b, 2 2% bSagzﬂ)5 b+ar;4+ Sogt H"ag%ﬂ

DFH) L; B g
Tag o BbgaTP (R oy 0%’ Dﬁ

2F ., 0F ., OF oW aw by oW 1
S{(b'om) b5b§Z+b“D§37) 0g? +b'20"’l ZOED’I) 6( }I =0

+b

(-N +2/o’§abg¥7)} wdgdn

2 2

!
+S {( 9 0772 z)gz +b/4 agb‘q bys ogz

+b

W, by W oW 1=
ton? 2a§a7;)5(”“)}l ag

DTJ 7,=0

__0 (I11,2)
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The nondimensional paraﬁeters and constants are given
in (II,26) and (II,31).

It can be seen that the equations for a flat plate will
be recovered when the curvature parameter KR (KR=I%;) vanishes
as R becomes infinite. The two line integrals in eQuation (ITII,2)
represent the effect of boundary moments.

The objective of initial buckling analysis is to find the
lowest eigenvalues of the compreséive parameter Ex and shear
parameter S.

In order to solve the equations (III,1) and (III,2), two
series of functions are assumed for the stress function F and
the flexural deflection w according to the boundary conditions
of the panel. Here four kinds of boundaries are under consider-
ation. These boundary conditions in terms of nondimensional

parameters may be written as:

a) All edges clamped

2w o'F 2F
=0 —=0, — =0 = =
W =0, 5 o7 » 2207 p at %=0,1
_ I _ DZFA sz (1I11,3)
w=0, =0, 2L, =0
0 0g £ at 7 =0,1
b) All edges simply supported (s-s)
| » oF
W=0), M§=07 5-7-)—2—=O; a‘go—)i*=0 "~ at & =0,1
2 (I11,4)
' OF 0'F at 7 =0,1
W=O) M =0 —=() s —_ =V
1 282 gy 0
c) Curved edges clamped, straight edges s-s
W ’F o°F
w=0, =0 =0, =
85 >p? 0207 at E =0,1
B 2 2 (IIIIS)
W=0 ) M77=O ) a F =O ) D F

25> 2£07 =0 at 7 =0,1



37

d) Straight edges clamped, curved edges s-s

] i3
\I\[":’O ) M§= ’ 5-7%_—.- ’ bébn =( at%: 0,1
o wL,  de, ., e
V\f;—O b Dn -—O b} D§ —O ’ Dé,b.,}— at7) - 0,1

The governing equations (III,1) and (III,2) should be
solved simultaneously in conjunction with the appropriate
boundary conditions. The solutions for the different boundary
conditions are separately formulated below. |

2. Solutions

a) All edges clamped

In this case the nondimensional stress function and trans-

verse deflection may be selected as follows:

F =L LR, X3,

(ITI,7)
W=1 Kwpg xpténr%m
. .P% (m,n,P)C&:I,Q;..'..;w)
in which an and wpq are undetermined coefficients, and Xi
and Yi are the beam functions defined by (II,35). These now
take the following form:
X,(8) = cosho/;5 - Cosel;5 7, (Sinho- Sinol;£)
’ (IT1,8)
Y, = cosh o - cosel; N =Y,(Sinhol; 1= Sinct; M)
whereO(i and ‘Yi are the constants given in Table (II-1)
(see page 31). The beam functions have the following
properties:
(5)
Xm) Xu)-dxtg) J_D_(L- =0
g=0 d&5 ls=
(I11,9)
d Y, dY; ()
o= Y=tLl) 2w,
dn Iy=o dn W=
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and

'44)(‘(5) "
dét"r =O(LX1'/(§)
(II1,10)
YN e
T S
fl 0 LA
X.(5)X.(8) ={
0 L 3 1 L‘: j
1 5 P (ITII,11)
Lj{mnmm{
i= i

With these properties the double series solutions (III,7)
for F and w completely satisfy the boundary conditions (III,3)
for the panels with all edges clamped. In that case the line

integrals in the governing equation (III,2) will wvanish because

dw W
—_— = and —_— =
08 [£=0,! o Ip=o0,1

Upon substituting the solutions (III,7) into the governing
system (III,1) and (III,2), performing the integration and
noticing the properties (III,10) and (III,11) of the assumed
functions, the governing system may be written in the following
form:

I CAR S AR AR S R T A A R

m
4 cmi 4D 3 Pl
+a4d"Jo Jo J=§ ‘%WP%[%D‘?J; J;"'aéozf’d‘i':{% ji (I11,12)
43 sorindi Aigi 6Ky 2opigi
vy ol; d‘[f J-l?b sz'r 0 o ?O&t J’1 J; “'aq"/‘p J-O?b J-o‘ﬂ_ (3_*R OIF sz’b J—D‘H ]
22

(i, =t,20")
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L Pi_93 7] P9
ZP ;Wm[ JPJ% byt %, LJ b"’?""ﬁ% byt 3,

+b 0( JP %3]+Z Zan[b 0(4 J-"lLIﬂ3+bdm o(nj-l'MJ—nJ

+b7o/,:dnzjz"‘t\]- badmo’n nz bo@meJn] /SKRO( J' J,n)](III ,13)
u
= Z ZWP%[ ﬂgh J’P"] K 2ﬁE ho( 04 J-PLJ.‘N]

11 11

in which the loading parameters K, and KS are defined as

2
X Eths
) (III,14)
L
S Eth
The constants J 's are obtained by integrating the following
expressions:
m; 1
= d
T, JoXm(é)Xé(%) £ |
m_ iz
J foXm(%)XL(g)d% | (II1,15)

e
], ‘=L)(m(g))(i(§)df>
mi_ &

J, —jjéé))(ﬁé)dé

where

X (£) = COSholy & -C05 o, & - 7)m(5tnho(m€ Smo(,,fé)

lzm edmg B 7}7,1 O/m; Cosoly 5 +7) sin ol

1 dX (€)=1 Vm s

)_(m(€)=';/_ I—Xﬂe "4 sin o §+7’ Cos A5

. m

= (I1I,16)
X i5)= dXu(8)_ 1- 7)'“ €t 1“}’” €8 ooty — Y sincly 5

= mn e

X ()= @ Xm‘*f):l o o ol _ w,,, &M _Sincty€ Y cosctyE

d§3 2



40

The resultant expressions for the J's may be found in
Appendix B.

The system of equations. (II1II,12) and (III,13) contain
an infinite number of linear algebraic equations which are
to be solved simultaneously. In practice only a finite number
of equations may be used to obtain  the critical load to a
specified accuracy. The following indicial expressions are,

therefore, introduced.

I =(i-1)M+j
(II1,17)
J =(m-1)M+n
where
‘., =1,2,"'°";M
j =‘1,2,”"”1P1
(ITI,18)
m =1,2)......,M
n =1,2’......}M
and '
p=m
(II1,19)

$ = N
In the above expressions M refers to how many terms of
the funétions F and w are taken into the series (I1I1,7). For
instance, M = 5§ means that the first 25 terms are used in
(I1T,7).
Then the final set of equations (III,12) and (III,13) can

be rewritten in matrix form, i.e.



41

I'sd {w}»{ K‘Z’]{ r }= K (K] ‘Ks'(K“"H{ w}

(k1{F }f[K‘°’]{uf}

The elements of [K(1)], [K(z)] . [K(6)] may be found

(III,20)

in Appendix C.

This system of matrix equations (III,20) may be reduced
to a very simple form by substituting{_F.} solved from the
second equation of (III,20) into the first one,

i.e.

[/\]{W}=K[P]{W} (ITI,21)

where

[/\]_z [K(”]+[K‘Q)][K“)]_I[K(‘S)J
[r7]=ﬂx[Kaqu$[KMq

(III,22)

and

K, =M=K
K5=FSK

The loading parameters Mo and Wy are determined by the

(III,23)

required ratios of compressive and shear loading. It is obvious’
that W= 1 and W= 0 represents the panel under compression only,
while b= 0 and Hg= 1 corresponds to a pure shear loading.

Equation (III,21) is a typical characteristic equation in
matrix form. The buckling loads are determined by finding the
lowest eigenvalue of K in this equation.

b} All edges simply supported

In this case the functions F and w are taken to be

F =§L§ FrnXm(3) Ty(8)

' (ITT1,24)

wW=2. ZWP@ Sin PTLE Singruy)

P Y (m,n, P4 _____1,2)......)00)
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As in the case of all edges clamped, the function F
satisfies the boundary conditions (III,4) for the panel with
all edges simply supported.

However, the function w satisfies only the kinematic
condition (w = 0) on the boundaries and does not satisfy the
zero moment conditions on the boundaries when the panel has
general lay-ups. Fortunately, however, the effect of boundary
moments has been considered in the governing equation (III,2).
So it is necessary only to set the solutions (III,24) into the
governing system (III,1) and (III,2). Following the same pro-
cedure as in the previous section, for the panel with all edges
clamped, we can also obtain the same characteristic equation in

matrix form.

(A) {rp=x(r ) {v )

The matrices[/A\]and[[ﬂ ]are defined by (III,22). The
loading parameter K is given by (III,23) and (III,14). But
at the same time, the elements of the matrices [K(1)], [K(z)]...
[K(G)] are different from those for the panel.with all edges
clamped. They are given in Appendix C, together with certain
integral constants given in Appendix B.

c) Curved edges clamped, straight edges simply supported

In this case the functions F and w may be taken aé

F =L L, X&) YoM

mn ' (I11,25)
W= L WmXp(g)Sm%W
P (NN, PG =1,2,mm000, )
The assumed function F satisfies the boundary conditions
(X1T,5) completely, but the function w satisfies only the zero

deflection and rotation condition. But, as we mentioned before,
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with the line integrals in the governing equation (III,2)
representing the effect of boundary moments, the zero moment
condition is satisfied in the mean. So we directly set the
solutions (III,25) into the governing system (ITI,1) and
(ITI,2). Following the same procedure as that for the panel
with all edges clamped, we obtain the equations (III,21),
(II11,22) and (III,23). The elements of the matrices [K(1)],
[K(Z)] .o [K(G)], however, are different from those for the
panel with all edges clamped or with all edges simply supported.
The elements are included in Appendix C and the constants
obtained from certain integrals which are used in the expressions
of these elements are given in Appendix B.

d) Straight edges clamped, curved edges simply supported

The following series are taken as the solutions in this

case.

F %—\: §anXbl(?>)Yn(7I)

(IT1,26)
W =2 X Wy, sinp1Lg 107
P4 (m;n,P,Q"—'I;Z-;"""JOO)

Similarly to the last case for the panel with longitudinal
edges simply supported and curved edges clamped, the governing
equations may also be reduced to the matrix form (III,21),
(IT1,22) and (III,23). The elements of the matrices in these
equations are given in Appendix C, and corresponding constants
representing certain integrals are also given in Appendix B.

3. Computation and Results

For the four kinds of boundary conditions described before

the same system of characteristic equations has been obtained,

i.e.

[/\]{W}:K[FHW} (111,21)

4o
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It is obvious that the lowest eigenvalue of the loading
parameter K and corresponding eigenvector are of most interest
in initial bucklingvinvestigations. The critical load and
buckling mode of the panel can be obtained as long as the
lowest K and corresponding eigenvector are known.

An iterative scheme, such as the power method described
in reference [48], is often used to produce the largest
eigenvalue of characteristic equations. This method could

also be used here if equation (III,21) were rewritten in the

form

7\{\/\{}=[\P] {N} (IIT,27)

where

=[/\]~1 [’_’] ‘ (III,28)

N

(¥

{
K (IT1T,29)

The largest eigenvalue of A then gives the lowest buckling
load. But if the matrix [A] is singular, or near singular,
the inversion of [A] may be troublesome and the power method
may fail to give any correct results.

The Q72 algorithm is a general method for the character-
istic equation AX:)\BX and, since it does not involve any
inversion, it is not so sensitivé to the singularity of the
matrices in the characteristic equation. A detailed
description of the QZ algorithm may be found in references
(1111 , [112]. 1In the present investigation the QZ algorithm
is selected to obtain the characteristic solutions.

a) Precision of Constants

As mentioned before, the precision of the constants di
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and '71 influences thevorthogonality of the beam functions.
Therefore the buckling loads are also affected by then.
Comparison between the results of the present work and those
given.in references [87] , [76], which used six significant
figures for o& and 72, shows that the error in the critical
load may reach 6.4% (see Table (III,1)). 1In this particular
example both investigations should have given the same results.
The calculations refer to a flat boron/epoxy plate with the
four layer antisymmetric arrangement (i45€ i4§3. It is found
that the more terms that are taken in F and w, the larger is

the error.

Table (III,1) Comparison of critical value of bez/ Eth?

Terms (M?) Present References [76] &[87]
in (III,7 ) work
Results error %
Clamped angle- 4 113.10 114.71 1.8
ply plate 9 106.87 113.67 6.4
Clamped cross-{ 4 118.08 118.08 .
ply plate 9 109.90 112.65 2.5

b) Material Properties and Dimensions

A series of computations have been performed in order to
investigate the influence on buckling loads of various factors,
including curvature, stacking sequence, boundary conditions
and aspedt ratio of the panels. The initial buckling of curved
panels (or flat plates as R—— 0 ) with midplane symmetric or

unsymmetric layers under the action of compression only, shear



only or combined loading is investigated.
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The calculations are carried out using data appropriate

to boron/epoxy composites, unless special declaration is given

for glass/epoxy, carbon/epoxy for comparison with previous

work.

Table (III,2).

The elastic constants of these materials are listed in

These restrictions are imposed solely to reduce

computing cost since the various parameters are affected by the

relative values of the elastic moduli.

Table (III,2)

Elastic constants for calculations

Boron/Epoxy Carbon/Epoxy Glass/Epoxy

E, (GN/m?) 206.9 206.9 53.8

E, (GN/m%) 20.7 5.2 17.9

VLt 0.3 0.25 0.25

2
th(GN/m ) 5.2 2.6 8.9
where EL and Et are tensile modulus in or perpendicular to
the filament direction;
G is the shear modulus;

Lt

Vvt is the Poisson's ratio.

In the calculations the total thickness of the panel is

always

layers are considered.

kept constant at 2.50 mm, no matter how many

The calculations refer to panels with length a and arc b

both equal to 250 mm and radius R equal to 500 mm unless other-

wise stated.

of aspect ratio is investigated.

However,

c) Number of Terms in Solutions

Generally speaking,

the value of the critical load

the length a is varied when the influence

obtained
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from the calculations depends not only on the assumed functions
for F and w for the buckling mode, but also on the number of
terms taken in them. In the present work most computations

are carried out with the first 49 terms (M = 7 in expression
(I1I1,18) ) in each series of F and w. To obtain some idea
about the convergence of the present solutions, comparison of
the critical compression and shear loadings with 25, 49 and 81
terms for a boron/epoxy panel with four layers at (i4§)s has
been made in Table (III,3). It can be seen that 49 termé give
satisfactory accuracy for the results, whilst still keeping
computation cost within reasonable bounds. Computations are
performed on a CDC 6500 computer system. It takes about 17 sec

to get the results for each panel.

Table (IIT,3) Critical compression loads (N/mm) with

different number of terms in F and w

Radius R {mm)
Boundary Number of 250 | 500 | 1000 |2000 | oo
Conditions terms
All 25 565 321 199 163 150
edges 49 549 320 198 162 149
clamped 81 548
All 25 322 181 116 91 81
edges 49 311 177 115 90 81
5-S 81 307

d) Verification of Flat: Plate Solution

Fig. (ITII,1) and Fig. (III,2) are for a flat plate with
the parameterxrs given in Reference [42]. In that reference

E./E,= 0.1, G /E = 0.03, V.= 0.3 and a/b = 1.13 are used for =

lt/ Lt

panels with all edges simply supported, while E /E, = 0.09,
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Glt/Eb= 0.03, ylt= 0.3 and a/b = 1.0 are used for all the

‘other situations. Comparison shows that the present results
are in excellent agreement with those obtained by Ashton et
al. The sets of curves from the two approaches are completely
coincident.

e) Critical Compressive Load

The variation of critical compressive load with fibre angle
iS'ShOWn for unidirectional ply panels in Fig. (III,3). It is
seen that the critical compressive load for any fibre angle
arrangement increéses with panel curvature. .

Fig. (III,4) shows the variation of compressive buckling
load with fibre angle for laminated panels with twenty alternate
layers (t§ %S . . It is found that for all values of curvature
the alternately layered panels have higher buckling loads than
the unidirectional panels.

The effect of the number of +45° layers is shown ih Figs,
(II1,5) and (III,6). Fig. (III,S).shows that as the number of
alternate layers in a panel increases, keepiﬁg constant thick-
ness of the panel at the same time, the critical compressive
load for both symmetric and antisymmetric lay-ups becomes
larger. As the number of layers becomes larger both symmetric
and antisymmetric lay-ups tend towards the orthotropic solution

corresponding to an infinite number of layers, i.e. 0.

P167P26"™
Fig. (II1,6) shows how critical load varies with curvature. It
is seen that for all values of curvature a two layer anti-
symmetric angle ply arrangement gives a lower load than a
single layer. |

Fig. (III,7) repeats Fig. (III,6) but for unidirectional
panels; as expected, the higher critical load occurs for a
panel with fibres aligned in the load direction (0°). Fig.

(IT1,8) shows the effect of panel aspect ratios on the critical

loads of unidirectional panels. It is seen that the critical *
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load tends to a constant value as the panel length increases,
although small fluctuations may occur in the curves.

f) Critical shear load

Figs. (III,9) - (III,13) describe similar effects to those
presented in the previous section. However, with shear loading
the direction of the force proves to be an additional parameter
(1131 1 39]. The assumed convention for positive shear and
fibre directions is shown in Fig. (II,1) of Chapter II;

Fig. (II,9) éhows that for a unidirectional panel, with
all fibres at +6 , & higher critical load is obtained for a
negative than for a positive shear. This is because in the
former case the compressive component of the shear is more
nearly aligned with the fibres. The maximum occurs'when the
fibres are at 45° for a square flat plate, but slightly changes
from this angle as panel curvature is involved. For fibres
oriented at -f the curves of Fig. (III,9) would correspond to
the opposite direction of shear forces. Thus this figure can
be used to determine the preferred shear direction for a given
lay-up or the optimum lay-up direction for a given load.

Fig. (III,10) shows that as the number of symmetric layers
alternately at #45° increases, the influence of shear force
direction is reduced. Fig. (III,10) and Fig. (III,11) both
show that the less alternate layers a panel has, the more it
benefits from correctly orienting the fibres. Fig. (III,10)
also shows that the difference between the two shears is reduced
gradually by increasing the number of layers. Fig. (III,11)
.demonstrates that the influence of shear force direction on the
critical loads of the curved panels with different curvatures

has almost the same importance as on those of the flat plate.
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Fig. (III,12) shows the variations of the critical shear
forces with aspect ratio for single layer panels. As expected
the critical values converge to constant values when the ratio
becomes large.

Fig. (III,13) is a repetition of Fig. (III,10) but for an
antisymmetric lay=-up. In this case the direction of the shear
force is shown to be unimportant.

g) Combined Compression and Shear

Fig, (III,14f to Fig. (III,20) investigate the influence
of shear direction on the relationship between critical com-
pressive and shear loadings, when acting in combination, for
different panel curvatures, different fibre angles and
different lay-ups. In these figures RX represents the ratio
of the critical value of compressive load when combined with
- shear to that without shear, Rs that of shear load when com-~
bined with compression to that without compression. It is
worth pointing out that a critical compressive ratio RX larger
than one means that the combined shear stabilises rather than
destabilises the panel. 1In a metal structure éombined shear is
always destabilising. This stabilising effect is caused by the
different stiffness of the laminate in different directions with
respect to the structural axes. The combined shear in a certain
sense may produce a tension in the_direction with the lowest
stiffness and the panel therefore becomes stronger than when it
is subjected to compression only. This strengthening effect is
demonstrated for unidirectional flat plates, Fig. (III,14), and
curved panels, Fig. (III,15) and (III,16). The only exceptions
are panels,with unidirectional layers at 0° and 90°, Fig. (III,17)
and antisymmetric layers at *45°, Fig. (III,19). The influence

of elastic properties can be seen clearly from Fig. (III,20), in
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which the relationship between compressive and shear loading
has been obtained for three materials with different ratios
of EL to Et. It is found that the higher the ratio of E
Et’ the higher the curve will be.

L to

h) Edge Conditions

Figs. (III,21) to (III,35) are obtained for different
boundary conditions. As expected, it is always found that
the’buckling load of the panel with all edges clamped is the
highest for these four kinds of boundary conditions. All edges
simply supported gives the lowest critical load. Which of the
remaining two is higher depends on the panel parameters such as
fibre angles, curvature, aspect ratio and so on. The information
presented in these figures essentially repeats that‘given
previously in Figs. (III,1) - (III,20), which referred to all
edges clamped. Thus Figs. (III,21) - (IITI,24) are for com-
pressive loading, Figs. (III,25) - (III,29) for shear loading
and Figs; (ITX,30) - (III,35) for combined shear and compressive
loading. Figs. (III,21), (11I1,23), (I1II,26), (III,32), (III,33)
and (IIT,34) refer to situations with mixed clamped and simply
supported edges.

i) Comparison with other workers

Computations are also carried out for comparison with the
experimental results of other’workers. The‘results are listed
in Tables (III,4), (III,5) and (III,6). It has been found that
the results of the present work are in fairly good agreement
with these tests. Table (III,4) is for panels with all edges
simply supported using the parameters given in reference [99],
i.e. R=12 in, b=12.6 in, a=12 in, B = 20.5448 x 10°lbf /in’,

E, = 1.33305 x 10%1b£/in?, V. = 0.33524, G, = 0.751556 x 10%1p£/1in2

. It
h =8 x 0.005 in .

i



52

Table (I1I,4) ‘Comparison of PXaZ/ELh3 for panels with

all edges simply supported

| |
Reference [99] Current work
Lay-up . o Expﬁgg]
Theor. Exp. eor. Current work
.9 0.83 -
(90,0)2S 33.2 24 28
(9O,i45,0)s 45.4 25 31.1 0.80 .

Table (III,5) is for panels with all edges clamped, using

the parameters given in reference [100], (R = 12 in, b = 8 in,

_ . _ 6 .2 _ 6 2 _
a =12 in, B, = 20 x 10° 1b/in®, E_ = 2.1 x 10" 1b/in%, )Qt- 0.21,
G,. = 0.85 x 10 1b/in?).

Table (ITI,5) Comparison of Critical load be 1bf

for panels with all edges clamped

Reference[100] Current Work

Lay-up
Exp. Theor. EXP[1OO]

Current Theor.

(0, 90) » 6740 6972 0.97
(i4§)2s 5980 6878 0.87
(0%90) 1175 1419 0.83
(i4§)s 1625 2161 0.75
(—45")2S 1480 2065 0.71
(+3d)4s 4985 5167 0.96
(d)4s 7300 7836 0.93
(o°)4S 6600 7691 0.86
(o")6s 20560 19778 1.04
(o",45°,9o",-45")S 7100 7177 0.99
(d’i6d)s 3730 4516 0.83
(d,i6d)s 3530 3876 0.91
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Table (III,6) is obtained for panels with straight edges
simply supported and curved edges clamped, using the parameters
given in reference [100] , as before. Comparison is made here
for only 15 of the 72 panels tested. The remaining panels gave
similar results.

It is clear that the current theory produces a better

estimate of initial buckling load than that used in references

[100] and [ 99 ]. However, since the details of these theories
are not known, it is not possible to comment on the reasons for

the improvement.

Table (III,6) Comparison of critical load be 1bf . for

panels with straight edges s-s, curved edges

clamped
Reference“oo] Current Work
Expl100]
Lay-up Theor. Exp. % Theor. Current Theor.
(0°,90°) 5 7200 6680 | 93 5597 1.19
(0°,90°) ,_ 5900 4865 | 83 5503 0.88
(£45°) ,_ 12400 8660 | 70 8141 1.06
(£45°) 12700 9000 | 71 8371 1.08
(£45°) 13000 8820 | 68 8497 1.03
(£45°) 13200 8760 | 66 8624 1.02
(£45°) 9500 5740 | 60 | 6226 0.92
(0,90°) " 1530 985 | 64 1209 0.81
(0,90°) 1470 925 | 63 1151 0.80
(£45) 4000 1870 | 47 1917 0.98
(£45) 4180 1610 | 38 2023 0.80
(£45) 3780 1590 | 42 1740 0.91
(£45) 4130 1850 | 45 1983 0.93
(£45) 2950 1280 | 43 1365 0.94
(£45) , 27700 17760 | 64 17165 1.03
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4. Conclusions

Summarising the previous computing results, the following
conclusions may be drawn:

(i) More precise values of the coefficients di and Yi
should be used in the beam function X and Yi in order to
obtain better values for the critical loads.

(ii) Curving the panel is always beneficial to its initial
buckling resistance - no matter to what kind of load it is
subjected, axial compression, shear forces, or both. The
critical load increases with decreasing radius of curvature R
‘and the critical value for a flat plate is recovered when R
" becomes infinite.

(iii) Angle panels having unidirectional fibres have pre-
ferred direction for applied shear forces. The difference in
buckling loads obtained for alternate shear directions is so
large that one of them may be several times that of the other.
The difference is affected greatly by filament angle but only
slightly by curvature. For a constant direction of shear the
fibre direction must be correctly selected to obtain a high
critical load.

(iv) For midplane symmetric laminated curved panels, con-
clusion (iii) is also true, but for midplane antisymmetric
panels alternate directions of applied shear do not make much
difference to the buckling load.

(v) Orthotropic solutions are always higher than aniso-
tropic solutions for both midplane symmetrically and anti-
symmetrically laminated panels under compression and also for
antisymmeprically laminated panels under shear. But they may
be much higher or much lower than anisotropic solutions for

symmetrically laminated panels under shear, depending on the
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direction of shear forces. The critical loads of anisotropic
panels converge to the orthotropic solutions as the number of
alternate laminae = oriented at * @, with respect to generator,
increases. The rate of convergence is slow for symmetrically
laminated panel under shear. This means that symmetrically
laminated panels under shear may not be treated as orthotropic
unless a large number of alternate layers are used.

(vi) A combined shear load in a certain direction may
greatly stabilise symmetrically laminated panels under com-
pression. This happens when the combined shear is in the same
direction as that giving the higher critical load in a shear-only
situation, and wheh the magnitude of the combined shear is not
close to the critical value. The highet the ratio of EL to Et
for the composite material of the panel, the higher the critical

compression ratio that can be reached.

C. 1Initial Buckling of Laminated Plates with Immovable Edges

In the last section initial buckling of laminated panels
with movable edges (i.e. unrestrained in the plane of the panel)
was investigated. It is found that the direction of applied
shear is very important for the buckling behaviour of such panels.
This is true for curved panels and flat plates alike.

The present section deals with the initial buckling of
generally laminated plates with immovable edges (i.e. completely
restrained in the plane of the panel). Flat prlates under the
combination of ‘in-plane compressive and shear loading are
considered. The emphasis is put on the effect of alternative
shear directions.

The governihg system of three coupled equations, including

the influence of edge moments, is solved by the use of multiple
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Fourier series for the displacements of the plates. The

results obtained in the present work show that the direction

of combined shear again has significant influence on the
critical compressive load. 1In addition to that, it is found
that the direction of combined shear is as important for plates
under bidirectional compression as for ones under unidirectional
compression.

1. Governing System

A rectangular plate, having length a, width b and thickness h
is considered to consist 0of n generally laminated unidirectional
composite layers. The mid-plane of the plate is taken for the
reference plane Oxy with the origin O on one corner. The plate
is assumed thin and elastic so that the Kirchhoff hypothesis is
valid. The constitutive relations of plate are shown in the
expression (II,10) of Chapter II. Similarly to the equation
(II,22), the governing equations of this problem may be written
on the basis of the virtual displacement principle, in which

the influence of edge moments is included,

j ngjc“' L }Su dxdy =0 (T11,30)
fjob{bb_,\::g 3N>’ }ﬁ\f,,dXd)’ =0 (I11,31)

iMx DMy, OM m\f g B d
Uo{ ARt N R 2 Px,m;}swdw

j[M 6(?’“}5] ay j (M,5( b“”’)]

dr=0 (ITI,32)




where Nx’Ny'ny

M_,M_,M
x'y' xy

P_,P
X'y

P is applied shear.

Xy

Introducing the following nondimensional parameters

X
§‘=7;“ )
=uob
u )f )

.
4 A

P b
Kx-EPf

are inplane forces

are applied compression

are bending moments and torque
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(ITII,33)

Upon substitution of the constitutive relations (II,10)

into the equation system (III,30),

following nondimensional equations are obtained:

H (Lt +BL,V - LsW JEudgdn =0

0
1l

4

0

(II1,31) and (III,32), the

(BLUHPLLY = LW } BVAE ) =0

J:S {pLyn ALY - LW} SWdsdy

+j:{[(sb7u ALV - LgW

[K ’°‘” LS

0y

LAY
535} l€=odn
H[/s Ly ULy V- 6L ]6(0,,’ }| )

W 2K, p

]}Mdgd’?

(II1,34)

(ITI,35)

(IIT,36)
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where Li are the linear differential operators which are

defined by the following expressions:

' 2 2, D
L, =CQu gg—z“fwmw +3 asb'b‘ﬁf

2

2

0

L, = ,b—7+@(@a+a66) Hilygor

5071

3

bﬁ 3+ ﬁbfb +/32(b12+2b66)a§wz+{5 263775

2

L =0\6—b§—+2{5a 0 1 v
a4 "W g2 Tl % e gy 32

3 5
b 3

L ,60 3+/3(b,2+ bb(,) 25 n+3/3 » aganz oY) 20’73

a‘lv
L’ dﬂb—%¢-+~4/3d,6 262 + ﬂ(duﬂdé(:)__ 4P dzé b§ Ma"'ﬁ 2 n%

(I11,37)

L0 2
Ly = b, 2% +bg B3
.0 D
!_\8 "b'() 05 +b12{35]—

Ly =, 25 r2df

113 bébﬁ+dﬁ@ 07

0
_*k1ag +b%Fsan
0 0

) 0 2 0
Ly = dzi 2% +2d26(35{a“,] 6 a
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The boundary conditions used for inplane restrained

simply supported edges are

u=0 , V=0 ; W=0 , Mg=0 atg

= 0,1
u=0 , V=0 , W=0 , M,).—-o at 7 = 0,1
(1I11,38)
with the nondimensional forces and moments having the form
bz
(N§ ;Nn)Ngq)= Azzhz (NI)N)‘;ny) |
bz (I1I1,39)
(Mg’Mn’Mgn)”“'W(Mx;MwMU)
22 )

The constitutive relations are then written as follows:

ng\ '0.“ Gy Qi by by b:e\ { 751—%3:: l\
Ny Ogp Gz Gap byy by, by %%
< Ngy ?= Uy Op Og by by by {g%*/%b‘lg‘} (III,40)
7 Mg by b by du de dyg “/327%%[1
My | | by basy bas dzn‘dzz dae - g:;{
LM?;’?J [ by bge bep dgy de s | rﬁz_:;[’?—'

2. Solutions
The assumed solutions for the governing system (III,34),

(IT1,35) and (III,36) take the following form

178 =Z Z ukt Sin ke § Sin Ing
kL |
V=§L %an sinmmuE Sin g (r11a1)

V\f=§ %: WP‘L Sin PIUE singm 7
h (klblm'n’)P;%:i)z’".‘..’m)
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It is obvious that the solutions of u and v in (III,41)
satisfy the boundary conditions (III,38) but not the solution
of w. As mentioned before, however, the influence of edge
moments has been considered in the governing equation
(IT1,36). The zero moment conditions on the boundaries of
the plate will be satisfied in the mean when setting the
assumed solutions (III,41) into the governing system. It is
obvious that the more terms that are taken in the solutions
(IT1,41), the better the boundary conditions are satisfied.

Truncating the first MXM terms for the solutions of u,

v and w in equation (III,41) and setting the solutions into
tﬁe equation system (III,34), (III,35) and (III,36), the
resulting equations may be represented in matrix form,

i.e.

A A )
(80w e {v o)
(e b ) v o )

with the new indices I, J defined by

()
ol o
()

I=(i—1I)M+j
(I11,43)
and
L=k=m=P=1;2;""")M (I1I,44)

j=L=n=Q=1,2,---..-)M

Wy,

The elements of the coefficient matrices [A

and [C(l)] may be given as follows:
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where
u%=mm
(III,46)
03;_=nTL
Rmi_ t, o i .
1 —jOSm mimg 5ann§d§ =f0 Sin mn?]»gml,nbdn
mi_ ol - 1
RZ =IOCOS ME Sun LTE dg Ef CoS mm’? sin quv (ITT,47)
(S
(oo - aE=t 7N =1
Rr;u=[m cosmng Cosm;é]lg =[(,r(, Cos mrul) €oS ém’]]l)}
=0 =0
and '
KoMK, K=K K=MK (II1,48)

As stated before, the loading ratio parameter ux, uy
and Mg is selected according to the required loading con-
ditions. Different sets of ux, ”y and us are able to
represent different ratios of compression in x,y directions

and shear. With bor W and b selected, all the elements of

y
the coefficient matrices may be calculated as long as proper-
ties of the composite layers are known.

Solving for{ u } and{'v } in terms of{ Y } from the first
two equations of the system (III,42) and setting the obtained
{ u } and{ \% } into the remaining equation of (III,42), the

characteristic equation in matrix form may be established as:

(A] {W}’—'K (] {W} (111,49)

where

(AR} (FHe) (e
[ F—(i)]___ [ D(z)]_{ D(z)][ F(z)]
()= (e

\
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7 (III,50)

If“]= Ap)] [qu

(D)= (A (A7) )

Similarly to the previous section in this chapter, the

characteristic equation (III,49) may be solved by the iterative
scheme based on the QZ algorithm by Moler et al[111] [112].

The lowest eigenvalue of the loading parameter K and the corres-
ponding eigenvector are usually required in initial buckling
problems. The critical loading corresponding to the particular
ux, uy and us may be obtained as long as these characferistic
solutions are found. With b r “y and b varying, relationships
between the critical compressive loads and combined shear will

be known.

3. Results and Discussion

In order to investigate the effect of the directions of
shear on the buckling behaviour a series of computations have
been carried out for plates with different lay-ups and materials.
The results are presented in a series of figures below. In the
coﬁputation a forty-nine term approximation is used for every
displacement in the solutions (III,41), i.e. M = 7 in equations
(II1,43) and (III,44). As before, the computation is carried
out on a CDC 6500 computer system. The computing cost is not
high; it takes about 15 seconds per run.

In the computations three different materials are involved,
the properties of which may be found in Table (III,2) of this.

Chapter (see page 46 ).
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Fig. (III,36) shows the influence of shear direction
on the critical load, when only shear is applied, to mid-
plane symmetrically laminated plates composed of +45° layers.
The parameters used here are the same as for Fig, {( 5-10)in
reference [42]. The results of both works show complete
coincidence with each other.

Fig. (III,37) shows the variation of critical shear, for
square boron/epoxy plates having symmetric lay-ups, és fibre
angles are varied. It can be seen that the alternate shear
directions have significant influence on the critical wvalue
of the applied shear unless either the number of layers in
the plates become very large or crossply layers are used for
the plates. It is again seen that the laminated plates have
a preferred shear direction. The largest differencelof two
critical shear forces corresponding to different shear
directions is for #45° layers of a square plate. The
difference is reduced gradually by increasing the number of
alternate layers.

In Figs. (III,38) to (III,42) the relationship between
critical compressive ratio RX and critical shear ratio RS
is presented. Fig. (III,38) 1is obtained for square boron/
epoxy plates with symmetric lay-ups. It is found that there
are two relationships between applied compression and shear,
corresponding to alternate directions of the shear. It is
seen that, as for unrestrained plates, the shear in a certain
direction may greatly stabilise the plates with symmetric lay=-
ups when under compression. Such effects decrease as the
number of layers in the plate increases. It may be expected
that when the number of layers becomes very large, the plates
will behave as if they were orthotropic. In that case the

alternate directions of shear will not have any effect on the
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buckling behaviour of the plates under the combination of
compression and shear. Fig. (III,39) is obtained for a
square plate with four symmetric layers at (145)5, made

of different composite materials. ' It can be seen that the

higher the ratio of E, to E

b .
shear direction. Fig. (III,40) refers to square boron/epoxy

the greater the effect of the

plates with antisymmetric layers at (£45°) and (%45°,%45°),.

It is found that the alternate directions of shear méke no
difference to the buckling behaviour of the plates with such
lay~ups. This is to be expected because when an antisymmetric
plate under negative shear 1is turned over, that under positive
shear is recovered.

Fig. (III,41) is obtained for square boron/epoxy plates
having asymmetric lay-ups. It can be seen that the shear
direction is important for the plates with such layer
arrangements, especially when the two outer layers have the
same filament direction.

As pointed out in section B of this chapter for laminated
panels with movable edges, the shear direction is also very
important to the buckling behaviour of the symmetrically
laminated plates with full inplane restraint.

Calculations carried out for plates under a combination
of bidirectional compression and shear show that the direction
of shear is just as important as for plates under unidirectional
compression and shear. Fig. (III,42) is obtained for square
plates with four symmetric la?ers at (t45°)S under equal

bidirectional compression (Px= Py) and shear. The ordinate

R(x+y) represents the critical ratio of equal bidirectional
. : _P, _P :
compression, i.e. R(x+y)_ Pz = Yy Px and Py being equal to

each other in this case. Thgy den8te the critical value of

compressive loads when combined with shear, P and Py are
o) o
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also equal to each other, but they are the critical compression
without shear. Comparison between Fig. (III,39) and Fig.
(ITI,42) shows that the same relationship between the critical
compressive and shear ratios are obtained, although the loading
conditions and the absolute values of critical loads are
different in the two cases.

In section B of this chapter we have given a physical
explanation for the effect of shear direction on the buckling
~behaviour of laminated panels. Here we may have a few Words
more. In fact, the bending stiffness of laminated plates with
symmetric or asymmetric lay-ups may vary dramatically with
direction to the axes of the plates. The bending stiffness
along one of the diagonals of the plate may be much larger
than in the other diagonal direction. At the same time,
however, the in-plane shear produces a compressive resultant
in one of the diagonals and a tensile resultant in the other.
If the tensile resultant of the shear is coincident with or
close to the direction of the smaller bending stiffness, the
plane will be stabilised. Otherwise the plate will be
destabilised.

In practice the shear direction may not alter, that is
the shear in a certain direction may be prescribed for the
plate considered. ‘In that case, correctly selecting the
fibre directions for the layers becomes very important. For
instance, (i45°)s or (?45°)s for a four layer plate having
symmetric lay-ups makes the buckling behaviour of the plates
much different. In order to obtain the higher buckling loads
it is suggested that a plate subjected to a combination of
compression and shéar should have such a lay-up that the

larger bending stiffness in the two diagonal directions of
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the plate is coincident with the compressive resultant of
the shear. To do so the outer layers may be selected to
have the fibre direction coincident with, or close to, the
compressive resultantvof the applied shear.

4. Conclusions

For generally laminated plates with immovable edges the
following conclusions as to initial buckling behaviour may
be drawn.

(1) The shear direction has significant influence on
the buckling behaviour of plates with mid-plane symmetry.
The combined shear in a certain direction may greatly
stabilise the plate under compression, whether unidirectional
or bidirectional.

(ii) The effect of the shear direction varies with the
properties qf the composite materials, the number of.layers
and fibre angles. The higher the ratio of EL to E_ for the
composite and the less the number of layers in the plate, the
greater the shear effect.

(iii) The alternate shear directions make no difference
for plates with antisymmetric layers, as is the case for iso-
tropic and orthotropic plates.

(iv) For prescribed shear the lay-up of the plates under
the combination of compression and shear should be so
selected that the larger bending stiffness of the plate is
in, or close to, the diagonal direction corresponding to
the compressive resultant of the shear.

(v) The shear direction has significant influence on
plates with asymmetric lay-ups, shear combined with com-
pression may greatly stabilise such plates having symmetric

outer layers.
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Fig. (III,1) Flat plate: variation of critical compres-
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Fig. (III,2) Flat plate: variation of critical compres-
sive load (PX) with fibre angle; mixed edge

conditions
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Curved panel
with all layers at ©
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P, bZ
E4h3 [
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Fig. (III,3) Curved panel with unidirectional lay-up:

variation of PX with fibre angle
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Fig. (III,4) Curved panel with alternate layers:

variation of Px with fibre angle
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(III,5) Curved panel with symmetric and antisymmetric

lay-up: variation of PX with number of layers
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Fig. (III,6) Curved panel with alternate layers: vari-

ation of Px with radius of curvature
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(III,7) Curved panel with unidirectional lay-up:

variation of P with radius of curvature
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(III,8) Curved panel with unidirectional lay-up:

variation of Px with aspect ratio
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Curved panel
with all layers at ©

negative shear
————— positive shear

150 - ; A
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Fig. (III,9) Curved panel with unidirectional lay-up:
variation of critical shear load (Px )

with fibre angle
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Fig.

(IT1,10) Curved panel with symmetric lay-up:

variation of ny with number of layers
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Fig. (III,11) Curved panel with symmetric lay-up:

variation of ny with radius of curvature
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Fig. (III,12) Curved panel with unidirectional lay-up:

variation of PX with aspect ratio
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'Fig. (III,13) Curved panel with antisymmetric lay-up:

variation of ny with number of layers
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Flat plate
with all layers at ©

negative shear

.8y ____. positive shear

0=45°
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Fig. (III,14) Flat plate with unidirectional lay-up:

combined shear and compressive loading
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Curved panel
with all layers at 45°
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1.87¢ — — ——-positive shear
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0.4F  R=w
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R

Fig. (III,15) Curved panel with 45° lay-upg combined

S

shear and compressive loading
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R
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Fig. (III,16) Curved panel with unidirectional lay-up:

combined shear and compressive loading
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Curved panel with 0° and 90° lay-up :

combined shear and compressive loading
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Fig. (ITII,18) Curved panel with symmetric lay-up:

combined shear and compressive loading
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with 2 layers(+45,-45)
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————— positive shear
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Curved panel with *45° lay-up: combined

shear and compressive loading
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Curved panel
with all layers at 45°

| ————— negative shear
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0 | 1 | -
0 0.2 0.4 0.6 0.8 1.0
_ [Qs

Fig. (II1,20) Curved panel with 45° lay-up: combined

- shear and compressive loading; effect of

material properties
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Fig. (ITII,21) Curved panel with unidirectional lay-up:
variation of Px with fibre angle; effect

of boundary conditions
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- all edges clamped
) - —————
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3 .
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- / ’
i -
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Fig. (III,22) Curved panel with alternate layers:
variation of Px with number of layers;

clamped and simply supported edges

68



1060

Pxb®
E+h3

o0

Curved panel with 20 layers (£45%)sg

, curved panel
—eo—e— flat plate

all edges clhmped |
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Fig. (III,23) Curved panel with *45° symmetric lay-up:
variation of P, with radius of curvature;

effect of boundary conditions
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all edges clamped
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Fig. (III,24) Curved panel with #45° symmetric lay-up:

variation of P with aspect ratio; clamped

and simply supported edges
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- ' | Curved panel with symmetric layers |
150 - four layers (£45°)
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Fig. (III,25) Curved panel with symmetric lay-up:
variation of ny with aspect ratio; clamped

and simply supported edges
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i with all layers at ©

- —— negative shear

————— positive shear
120 -

: straight edges s-s
curved edges clamped

straight edges clamped
curved edges s-s

0 - 30° 60° 90"

Fig. (III,26) Curved panel with unidirectional lay-up:
| variation of ny with fibre angle; mixed

edge conditions
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with all layers at ©
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(ITT,27)

Curved panel with unidrectional lay-up:

variation of PX with fibre angle;

y
clamped and simply supported edges
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Fig. (III,28) Curved panel with #45° symmetric lay-up:
variation of ny with radius of curvature;

clamped and simply supported edges
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Fig. (III,29) Curved panel with #45° symmetric lay-up:

variation of ny with number of layers;

clamped and simply supported edges
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all edges s-s

1 ] 1 i

Fig. (III,30)
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Curved panel with 45° lay-up: combined

shear and compressive loading; clamped

and simply supported edges
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all edges clamped
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0 0.2 0.4 0.6 0.8 1.0
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Fig. (ITI,31) Curved panel with 245° symmetric lay-up:
combined shear and compressive loading;

clamped and simply supported edges
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Fig{ (II1,32) Curved panel with 45° lay-up: combined
shear and compressive loading; mixed

edge conditions

99



100

Curved panel
~with 4 layers (+45°)¢
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Fig. (III,33) Curved panel with #45° symmetric lay-up:
combined shear and compressive loading;

mixed edge conditions
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Curved panel with 2 layers
(+45°,-45°) or (-45°,+45°)
1-8 ~
1-8 B
straight edges clamped
curved edges s-s
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curved edges clamped
1-2 B
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Fig. (III,34) Curved panel with two %45° layers:
combined shear and compressive loading;

mixed edge conditions
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Curved panel with 2 layers
(+45°,-45°) or (-45°9,+459)
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Fig. (II1,35) cCurved panel with two #45° layers:

combined shear and compressive loading;

clamped and simply supported edges
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~ Fig. (II1,37) Variation of critical shear with fibre
angle; square plates, mid-plane symmetric

lay-up , alternate shear directions
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solution
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Fig. (III,38) Relationship between critical compressive

ratio Rx and critical shear ratio Rs;
square BFRP plates, mid-plane symmetric
lay-up , combination of unidirectional

compression and shear
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(III,39) Relationship between critical compressive
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square four-~-layer plates (i45°)S of
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CHAPTER IV

POSTBUCKLING BEHAVIOUR

A. General Remarks

In order to exploit the efficiency of composite structures
the postbuckling behaviour of laminated anisotropic plates and
curved panels needs to be considered. During the last decade
constant efforts have been made in this field by a few
investigators[83[84][87][76]. But these workers have
mostly concentrated on cross-ply or midplane antisymmetri-
cally laminated flat plates. Because of the complexity of
postbuckling problems,references to the postbuckling behaviour
of curved panels made of generally-laminated eomposites can
only rarely be found in the literature.

This chapter of the current work, however, deals with the
postbuckling behaviour of flat and curved panels of generally
layered composite materials. All the 36 coefficients (21
independent) in the constitutive relations of the panels are
taken into account.

Section B of this chapter is devoted to the postbuckling
behaviour of curved panels under compressive loading while
section C discusses that of flat plates under shear loading.
In both cases a pair of coupled nonlinear partial differential
equations including the effect of boundary moments are solved
in conjunction with simply supported edges. In section B the
double sine series and double sine~squared series are assumed,
for the deformed surface of curved panels, to represent the
tendency for inward buckling. This series has not been found

in previous work concerning layered composite panels and



111

cylinders. In section C the emphasis is put on the effect
of shear directions on postbuckling behaviour of composite
plates. Shear direction proves to be very important in that
case. This fact probably has never been reported in the
literature.

B. Postbuckling Behaviour of Curved Panels of Generally

Layered Composite Materials under Compression

A cylindrically curved panel with midsurface radius R
and thickness h, having length a and arc b, is shown in
Fig. (II-1). The panel is assumed to consist of composite
layers having different thicknesses, elastic properties and
arbitrary orientations of orthotropic axes with respect to
the generators of the panel. The panel is subjected to axial
compression denoted by Px per unit width.

1. Governing System

The panel is assumed thin so that the constitutive
relations (II,10)} or (II,13) based on the Kirchhoff hypothesis
are considered valid.

The governing system for the postbuckling behaviour of
curved panels of generally layered composite materials has been
developed on the basis of the virtual displacement principle
and virtual force principle in Chapter II. All thirty six
coefficients (21 independent) of the constitutive relations
have been taken in the theory to allow for general lay-ups.

A pair of nonlinear equations in the Von Karman sense are both
fourth order partial differential ones with two variables -
one a deflection function, the other a stress function.

The nondimensional governing system takes the following

form (see equations (II1,27) and (II,28) ).
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in which w,F are nondimensional deflection and stress function

respectively, K, is the nondimensional curvature parameter,/3

R

is aspect ratio, 5, 7 are nondimensional coordinates in x, y

ot——

directions respectively. The coefficients aj. bi’ A22 and

*
D11 are nondimensional constants related to the properties of

the composite layers. The definition of all these parameters
and constants are given in expressions (II,26).
At the same time the membrane forces and moments have also

been nondimensionalised and are given in expressions (II,29)
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and (II,30).

2. Solutions

The panel under consideration is assumed to have simply
supported edges without inplane restraint. Thelboundary
conditions may be written in terms of nondimensional parameters

as follows:

W =0 M, =0 ) Y—’—E-=—N -°—F—=—/33 at 5

> Vg mE X2 = 0,1
(1Iv,3)
fF 2 S
w=0 , M=0 , —= ——=- ty=0,1
) 2er 0 agan s at
where N = P bz/A h2 S =P b2/A h2 are the nondimensional
X X 227 7 Xy 22

edge compressive and shear loads.
The assumed functions for the nondimensionalised deflection

w and stress function F take the form:
z

—-N ———_ + )Y (M)
F SEEIHL LF, X, (Y, (7 .
W=y 7 (w [ Sin PLE g+ W )i prg Singn )

P 9 (m)nf)‘P)%‘LZ:"""oo)

are undetermined coefficients.

in which F ,‘w(1) andlw(z)

mn Pg Pa
Xi and Yi are the beam functions defined by

X.(8) =Cosh ;& cos of; & =Y, (sinhol; £ - Sinct; 5 )
(1Iv,5)

Y. (7) = cosh o; N ~casot; ~Y;(sinhot;") - sine; )

where O& and Yi are constants given in Table (II,1). With
these values of O& and Yi the characteristic beam functions

xi(g ) and Yi(77) have the following properties:
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dY:(n) oY)
(0)=Y.(1)=—= ‘ =t ‘ =0
YL( YL() A e A
X5 4
X
o (1V,7)
d 5(7) 4
W——.—.og Y.b(n)
and
y 0 P~
(E)Y.(8)d ={ .
LX‘ Xa > 1 L=y ; (1IV, 8)
| 0 (%5
J‘gm>1wmdn={ -
0 1 ! L =1

It is seen that the stress function F satisfies the
boundary conditions (IV,3) completely, but the function w
satisfies only the zero deflection conditions. As mentioned
previously, however, the effect of boundary moments has been
considered in the governing equation (IV,1) in terms of two
line integrals. The zero moment conditions may be satisfied
in the mean. So what we need to do is simply to set the
solution (IV,4) into the governing equations (IV,1) and (IV,2).

The derivatives and their products of the assumed functions
(IV,4) appearing in equation (IV,1) and (IV,2) are listed in
Appendix D.

The resulting equations may be written as follows:
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The coefficients Alg Bé% .o Zii are given in

Appendix E, while the integral constants appearing in
Appendix E are listed in Appendix F.
The set of equations (IV,9), (IVv,10) and (IV,11) contains

an infinite number of equations. 1In fact, only a finite number
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of equations can be solved in practical applications. The
solutions (IV,4) must, therefore, be truncated and m,p=1,2

..M and n,qg=1,2....N are taken. The largest integers M
and N (usually M=N is used) are determined according to the
required accuracy of results and computing cost. With certain
indicial expressions properly introduced, the equation system
of (Iv,9), (IV,10) and (IV,11) may be written in matrix form

as follows:

(AL J=(8 ()L ) ) (0

1) (e VBl (F 1 ey e
e W |
({01 ) {7 )7 () () (F )
()L T{E PRl ODE (00
ok ({0 0 11 R(P ) 1))
(@R ) w5 (7 =) (T ) F )
T U EF IV )0 ) wed)

+

(IV,14)
Y] 2)
K (Y 1) (2 )
The elements of the coefficient matrices [A]l, [B] ...[Z]
are related to the coefficients A j Bé% oo Zii with

indicial expressions. They are all given in Appendix E.

(1 (2)

The elements FI’ W r W of the column matrices of

unknowns are related to the coefficients ¥__, w(1),vw(2) of
mn pq pa

the solutions (IV,4) with the help of the indicial expression



117

I = (m=-1M+n-=(p~- 1M+ qg.
The matrices [Tw(1)] and [Tw(z)] in equations (IV,12),

(Iv,13) and (IV 14) are defined by

{Wm} |
[T“(;”]= {Wm} (IV,15)
t
. {Wm}
¢ t N
)
2t
[T:Vn]= {W ) (IV,16)
W

/
in which the superscript t indicates transposition of the
column matrices,

To simplify the set of equations (IV,12), (IV,13) and
(Iv,14), the column matrb{{ F.} may be solved for {w(14 and

{W(ZQ from equation (IV,12). It takes the form

F} [ m]{ (1)} [ u)]{w(z)} (1\%,17)
(K1 (AT (5 W0 Jo{e(e )]

-1 (IvV,18)

[%)=(a ) Ele JmA0F 1+ (726 )

Setting the expression (IV,17) into equations (IV,13)

where

and (IV,14) produces the following equation system in matrix
form,

i.e.

(8 FXCE K () )k ufeffo, )
(KL D [ )K ()} = 0



where

and

(B)=(H J+((7 )-(TIK -7} (L)) (A2)

[8)= Atz [M]4u (0)

(691 ({5 (R (5 () [ ) (A7

( Bm]"/“x[ N J+us(P )

(=l WS D (T -39 (v 1) (A"
(¢™)=mx [V Jat, (Y )
(c®=(R J+{(8 )-[TAT -0 [ U )] (A7)

(C9)= e[ X J+ a2 )
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(1Iv,20)

Noticing the expressions (IV,20), (IV,18), (IV,15) and

(Iv,16), it is easy to find that all the equations contained

in the system (IV,19) are third order algebraic ones, of

unknowns w

(1) (2)

and w
P9

3. Computation and Results

, which are to be solved simultaneously.

A series of computations is carried out for panels with

midplane symmetric and antisymmetric lay-ups under compressive

loading only.

In these cases, By = 1.0, by = 0 and the right

hand side of the first equation of the system (IV,19) vanishes.
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The postbuckling of the panels exhibit purely bifurcational-
type behaviour. This means that the panelswill remain inflexible
as compressive load increases until the load reaches ﬁhe level
of the bifurcational or initial buckling load.

An iterative scheme is used to obtain the postbuckling
behaviour of the panels. The computational procedure is briefly
described here.

a) Bifurcation Solution

The bifurcation point is determined by dropping all the
nonlinear terms in the system (IV,19). That is, all the terms
involving [Té1)] and [Téz)] in the expressions (IV,18) and
(IV,20) vanish. A set of linear algebraic equations is then
obtained,

i.e.

(B P8 {u% =k ((8™)w) (%) )

(PN ([ ()
6")=(n J+(3 )(a ] (o]
B%)=(m |
)=(1 (7 )(A T (c)
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The equation system (IV,21) may be written in a simpler

form as follows:

[/\]{V\f}=K[l_' ]{"J} (IV,23)

where
Bm: Bm‘
[/\]: R R
Cu){ cw
' )
(Iv,24)
[ ] Buq BH)
Fl= o5t
Cu)iccﬁ

We are familiar with the form of equation (IV,23),which
has been discussed in the last chapter. The QZ algorithm may,
therefore, be used to obtain the lowest eigenvalue K_ and the
corresponding eigenvector {w(1qo and {w‘240>. As long as these
characteristic solutions at the bifurcation point are known the
first point on the postbuckling path is set. {W(1)}D and {w(2%o
represent the buckling mode at the bifurcation point, although

they only give the ratios among the components of the deflection

function.

b) Postbuckling Path

In order to get the postbuckling path, an iterative scheme
based on the modified Newton method is used. First, to give an
estimate for a new point on the path, the largest component of
{W(1qb and {w(qu is prescribed equal to a certain step length
while keeping the same ratios among the components of {W(”}o
and {w(zqo as in the eigenvector obtained. At the same time
the eigenvalue of the loading parameter Ko is kept. Starting

from this first estimate, the iterative computation produces
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a true solution for a new point on the path. For the next
point, the true solution of the last point is used as the
starting value of iteration, with an increase of one step
length in the prescribed component . After the first three
points on the path have been obtained an extrapolation scheme
basgd on the true values of {w‘1’}, {W(Z% and K at these
points is introduced to produce a better estimate of the
following points. As the prescribed components increase

step by step a series of points on the path is obtained.

Accordingly, the column matrix {F } may be calculated
from the equation (IV,17), the stress function and transverse
deflection of any point (8 ,M ) of the panel are obtained from
expressions (IV,4) and the membrane forces and moments on that
point can be found from equations (II,29) and (II,30). All
these equations are also expressed in matrix form for con-
venience of computation.

Numerical computations are performed for panels with
different lay-ups, different curvatures and different
materials. The elastic constants of the materials used
for the computations are shown in Table (III,2) (see page 46 )

c) Step Length and Finite-Term Approximation

In computation the step length of the prescribed com=-
ponent in {w(1)} and {W(z)} needs to be properly selected.

It is obvious that using a larger step length saves computing
time to get the postbuckling path, although more iterations
may be needed to obtain every point of it. Too large a step
length, however, may cause the iterative procedure to fail to
give correct convergence. For the examples given below the

step length of prescribed components varies from 0.1 - 0.6.
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In most calculations it is 0.5. The convergence criterion

of the iterative procedure in the current computation is

that the sum of the squares of the residuals of the non-linear
algebraic equations is less than 0.01 per cent.

In the computations a nine-term approximation for the
stress function F and eighteen-term approximation for the
deflection function w are used (m = p =1,2,3, n =1,2,3
in solution (IV,4) ). 1In order to get some idea aboﬁt the
convergenceof the current solutions, numerical results for
the bifurcation solutions of boron/epoxy panels with different
lay-ups and curvatures are given in Table (IV,1), using
different numbers of terms. A panel with length and width

both equal to 250 mm and thickness 2.50 mm is considered.

Table (IV,1) The Convergence of Bifurcation Load

Px (N /mm)
2 terms 8 terms} 18 terms
- K .
Lay-up R (M=1) (M=2) | (M = 3)
symmetric four 0 438 83 82
layers o o o 25 450 121 119
(45°,-45,-45,45) 50 505 192 189
antisymmetric four 0 385 87 84
layoers o 0 25 397 117 115
[+}
(45,-45,45,-45) 50 456 174 173

d) Numerical Results

As examples, a series of computations have been performed
for various panels. In these calculations the aspect ratio
of the panels is kept equal to one and the ratio of width to
thickness kept equal to one hundred. The results of compu-~

tations are summarised in the figures below. Computation is
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carried out on the CDC 6500 computer system. It takes 30-40
minutes per run, depending on the panel parameters and lay-
ups.

Figs. (IV,1) = (1IV,4) represent the load-central deflection
behaviour of the panels after buckling. Fig. (IV,1) corres-
ponds to boron/epoxy panels having unidirectional layers at
45°, Fig. (IV,2) corresponds to boron/epoxy panels having
four layers arranged at (i4§55. The effect of panel curvature
on the load-deflection relations can be seen clearly ffom
these two figures. As for isotropic panels, curvature raises
the bifurcatioﬁ load but makes the monotonic nature of the
load-deflection relation disappear. Compared to the
behaviour of a flat plate, this means that a "jump" of the
deflection may occur for curved panels when the compressive
load increases towards the bifurcation point. This kind of
snap-through occurs in curved panels because there are more
than one equilibrium states of the panels corresponding to a
certain loading level.

Fig. (IV,3) shows the influence of lay-up on the post-
buckling behaviour of curved panels. The curves in the figure
are obtained for boron/epoxy composites with the curvature
parameter KR= 25, It may be seen that lay-up has a signifi-
cant influence on the postbuckling behaviour when the number
of layers in the panel is small., But a panel may behave in
a similar fashion to an orthotropic one, corresponding to an
infinite number of layers, if it contains more than four
layers. At the same time, an antisymmetric two-layer
arrangement always gives the lowest postbuckling path.

Fig. (IV,4) -is for curved panels with (i4§)s lay-up
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and KR= 25. As expected, different materials have different
postbuckling paths.

In Figs. (IV,1) - (IV,4) certain cusp points may be
found on the curves. It is obvious that these points corres-
pond to changes in buckling mode.

Figs. (Iv,5) - (IV,10) represent the variation of inplane
forces with external compression. Fig. (IV,5) shows the
influence of curvature on the in-plane forces at the centre
of boron/epoxy panels with (i4§3é lay-up. It is seen that a
loop exists in the plots of both inner forces. A "jump" of
inner force may also be expected for curved panels when the
load is close to the bifurcation point.

The influence of lay-up on the in-plane force variation
may be clearly seen in Fig. (IV,6) and Fig. (IV,7). 'These
two figures also represent the values at the centre of the
boron/epoxy panel with (i4§)s lay-up and Kp= 25, Fig. (1Iv,8)
shows the influence of composite properties. The figure is
obtained for panels with (i45°)s lay-up and KR= 25,

Figs. (IV,9) and (IV,10) show ﬁhe variation of in-plane
forces at different points of the panel. The panel consists
of unidirectional boron/epoxy layers at 45° with KR= 25. In
these figures the point of buckling mode change can also be
clearly seen on the postbuckling paths. |

In Figs. (IV,11) - (IV,12) load-bending-homent relations
are given. The results in the figures are obtained for the
antisymmetric lay-up arrangement with layers alternately at
+45° and show the variation of M, at different points of the
boron/eppxy panel. Similar curves exist for My at these

points but are not given in the present thesis. Fig. (IV,13)

shows the effect on MX of the number of alternate layers.
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The distribution of deflection over the panels is also
calculated. Fig. (IV,14) gives the results on a quarter of
a boron/epoxy panel with unidirectional layers at 45° and
KR= 25, when the centre deflection is equal to 8.91 h.

Fig. (IV,15) shows the increase of deflection on circum-
ferential and longitudinal sections passing through the

panel centre. It can be seen that on the longitudinal section,
BD, the buckling mode of the panel changes twice; the letters
on the various curves correspond to the similar plotted regions
of Fig. (IV,1).

The distribution of inner forces on thé panels is also
illustrated. The results shown in Figs. (IV,16) and (IV,17)
refer to a quarter of a flat boron/epoxy plate with four
layers (t4§)s. It is observed from Fig. (IV,16) that the
innexr foxrce NX is uniform on the loaded edge AB but varies
dramatically with increasing load on the symmetric section
CD. NX may even become tensile in the small area surrounding
the panel centre when the load is large enough. At the same
time a very large compressive stress resultant Nx occurs near
the longitudinal boundaries. This fact was found by
Timoshenko[3] for an isotropic plate. The current analysis
shows that the fact is true also for laminated anisotropic
composite panels, flat or curved alike.

Fig. (IV,17) shows the distribution of Ny on the same
panel as Fig. (IV,15). It may be seen that a large NY occurs
on the loaded edges. The development of Ny is also shown in
the figure.

Fig. (IV,18) shows the distribution of bending moments

M for a boron/epoxy panel with lay-up (i4§,i4§) and KR=25.
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It is found that the largest MX occurs neither on the
section of symmetry nor on the boundaries. It may be
expected that My has a similar distribution in this panel.

e) Comparison with Previous Work

Fig. (IV,19) gives the comparison between the results
of the present work and previous analysis[87] for a flat
boron/epoxy plate with four antisymmetric layers alternately
at *45°, As expected, some difference between the post-
buckling paths obtained from the two analyses is seen.. This
is caused by using a different deflection function and
different precision of the constants di and ’Vi in the beam
functions. As mentioned before, the double sine-squared
terms are included in the present work, but not in reference
[87). Fifteen significant digits are used for a& and Yi in
the present work, in contrast to the six significant.digits
in reference [87]. The reason for using more exact values
of these constants has been stated in Chapter II.

In Fig. (IV,20) the results of the present analysis are
compared with experimental data for a flat unidirectional
glass-polyester composite plate. The experimental data are
taken from Fig. 10 of reference [94]. Both in-plane stresses
and bending stresses at the centre of the plate, in x or y
direction respectively, are shown in the figures. It may be
seen that the current analysis gives a good prediction for
the postbuckling stresses on the centre of the tested plates,
though the inplane boundary conditions on the loaded bounda-
ries in reference [94] are of uniform displacement instead
of the uniform compression for the current work. An
explanation for this is that the tested plate has an aspect

ratio A = 1.36 and therefore the stresses measured at the
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panel centre are not very sensitive to slight difference
in the in-plane condition at the loaded boundaries.

4. Conclusions

From the numerical computations the following conclusions
may be drawn:

(i) As for isotropic plates, the curvature of a lami-
nated panel raises the bifurcation load but makes the mono-
tonic form of the load deflection relation, load-inner forces
and moment relations disappear. This is because more than
one equilibrium state can exist at a certain load level.
Snap-through on the panel happens when the locad reaches
the bifurcation load.

(ii) On the postbuckling path the buckling mode of the
panel may change distinctively, as may the inner forces and
moments.

(iii) The lay-up of a panel has a significant influence
on the postbuckling behaviour when the number of alternate
layers at +45° in the panel is small. The larger the number
of layers, the closer to that of an orthotropic one does the
postbuckling behaviour of the panel become. The two anti-
symmetric layer arrangement always results in the lowest
postbuckling path.

(iv) After buckling the inner forces and moments of:the
panels (flat and curved alike) become non-uniform in the
panels. In the circumferential sections, apart from the
loaded edge, NX varies dramatically. NX on a small area
near the panel centre may become tensile, the affected area
becoming larger as the load increases. At that time the
increased load is withstood by only the parts near the

longitudinal boundaries of the panels.
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C. Postbuckling Behaviour of Anisotropic Laminated Plates

under Pure Shear and Shear combined with Cdmpressive

Loading |

The postbuckling behaviour of panels under compression
has been discussed in the last section. In this section
postbuckling behaviour of anisotropic plates under pure
shear and combined compressive and shear loading is
investigated.

The postbuckling behaviour of composite plates under
shear loading has been studied experimentally by a few

investigators[95][114][115].

It was reported that the
ultimate loads of plates made of boron/epoxy, carbon/epoxy
or graphite/epoxy could be considerably higher than the
initial buckling locads. But so far few postbuckling'

analyses are available for anisotropic plates under shear

or combined loading.

In previous work by Ashton et al[39][42]

it was pointed
out that the shear direction has significant influence on
the initial buckling of anisotropic plates under pure shear.
In Chapter II of this thesis the effect of applied shear
direction on the initial buckling behaviour of laminated
panels under combined shear and compressive loading is
discussed. The combined shear direction proves to be very
important for laminated panels under compression. The
shear may greatly stabilise or destabilise the panels. So
it is natural to raise the question: how does the shear
direction affect the postbuckling behaviour of the aniso-
tropic plates? The answer could not be found in the
literature. This section is intended, therefore, to give

such an answer.
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In this section a postbuckling analysis for flat plates
with mid-plane symmetric lay-up composites is presented.
The governing equations in the Von Karman sense are solved
in conjunction with simply supported bqundaries. The effect
of boundary moments is taken into account in the system to
allow for general anisotropy. As examples, a serlies of com=-
putations are carried out for plates having different fibre
directions, different stacking sequences of layers, different
materials and different aspect ratios. The results réveal that
the direction of applied shear with respect to the fibres of
the layers is very important for postbuckling behaviour of
anisotropic plates under shear loading or the combination of
compression and shear. This means that the postbuckling
behaviour of anisotropic plates will depend greatly upon the
direction of the shear acting on the plates.

1. Governing System

Consider a rectangular plate (see Fig. (IV,21) ) consisting
of laminated anisotropic composite materiéls with a mid-plane
symmetric lay-up. It is assumed that the materials are
elastic and the thickness h of the plate is very small compared
with the length a and width b. The mid-plane of the plates
before buckling contains the reference coordinate system Oxy
with the origin at one of the corners.

In Chapter II, the nondimensional governing system
(IT,27) and (II,28) for the general case has been obtained,
based on the virtual displacement and virtual force
principles. In the particular case for the current
investigation the governing system may be simplified,

i.e.
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where F and w are nondimensional stress function and deflection
function; % and 7] are nondimensional coordinates in x and y
direction, B is the aspect ratio of the plate. The

— Sr—

coefficients a bi’ A;2 and D11 are constants related to
the properties of the composite layers in the .plates.

All these parameters and constants are defined in the
expressions (II,26) above.

The two line integrals in expression (IV,26) represent
the effect of boundary moments.

The nondimensional forces and moments are now taken in

the form
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The boundary conditions for simply supported edges may
be written in terms of nondimensional parameters and constants

as follows

at5-01

(IV,29)

t M =0,1

where

RE W
— B b (1v,30)
N, =

Aoz b

_ BB
_ Dxyb
STAN

Px’ Py being boundary compressive loads in the‘x or y direction

and ny the boundary shear load.
2. Solutions
The .solutions to the governing system (IV,25) and

(IV,26) may be assumed to have the following form:
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where Xi(é } and Yi(ﬂ ) are the characteristic beam functions

i.e.

X,(8) =Coshol, £ ~Coso,g-7, (Sinho; 5 =Sin ol £ )
(Iv,32)
Y, (D =Cosh o; 7 - Cosol;T) =Y, (Sith ol —Sin ;)
in which og.and ]é are the constants given in Table (II,1).
The properties of these beam functions have been stated
in equations (1V,6), (IV,7) and (IV,8) of section B in this
chapter.
It may be seen that the assumed solutions (IV,31) éétisfy
the kinematic and in-plane boundary conditions of (IV,29),
but not the zero moment conditions on the edges due to the
coupling terms involving D:G and DZ6‘ As mentioned before,
however, the effects of edge moments are taken into account
in equation (IV,26). Hence, it is necessary only to set the
solution (IV,31) into the system (IV,25) and (IV,26). The

resultant equations are shown below:

kirs (IV,33)
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and Mo s uy and by are loading ratio parameters defined by

Pe=My P __
Py'—‘/uyP | (Iv,35)
By properly choosing the ratio between e “y and by

one may have any required combination of boundary loading.

As long as the loading parameter K is obtained in computation

P, P, P_ and P can be known at once.
X y Xy ,

Z

J , J J

o are obtained

10 9gr I3r Hor Qqr Zoqy Zogr Zyqr Ty
from integrals of the functions Xi and Yi and their deriva-
tives. The values of these constants are listed in Appendix F .

The system (IV,33) contains an infinite number of

equations. To solve this system for practical application,
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the solutions (IV,31) need to be truncated properly.

First, let m=p=1,2...M and n=gq=1,2...N in the solutions
(IV,31) (usually M = N is used), that means that the first
M2 ‘terms in (IV,31) are taken. At the same time, the number
of equations contained in the system (IV,33) are reduced to

M2 as well.

Secondly, write the system (IV,33) into matrix form, i.e.

(A{F=(r(e )i}
[0 )=(w) (0 ) bk (T ) ()

where ¢

(Iv,36)

N

t
[Tw]" {‘J}, | - (1v,37)

| Rt

in which the superscript t indicates the transposition of the

columns.
The elements of the matrices in the system (IV,36) are
given below.

With the indices I defined by

I=(m-1)M+n =(P-1IMt+4 (1V,38)
we have
Fi=:an
_ _r (IV,39)
With the indices I,J defined by
[=(i=-1MF] (IV,40)

J=(m-DM+N =(P-1)M+§

we have
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where
| 1,=(i-1)M+j
_ (IV,43)
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3. Computation and Results

As in section B of this chapter, an iterative scheme
based on the modified Newton method is used to obtain the
postbuckling path. In our case the postbuckling behaviour
of the panel is of the pure bifurcational type. The starting
point of the iteration is based on the characteristic
solutions of bifurcation, corresponding to the lowest critical
load.

a) Bifurcation point

By dropping the nonlinear terms from the governing
equations of the system (IV,36) the characteristic equation
is simply established,

i.e.

() (W)=t (T ){w)
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It can be seen that the stress function F has no influence
on the characteristic solutions of the plates with symmetric
lay-ups. In other words, in that case there is no éoupling
between in-~plane forces and out-of-plane bending in the range
of linear theory.

The QZ algorithm is used as before to obtain the lowest
eigenvalue KO and the corresponding eigenvectqr {W }O'which
represents the buckling mode for initial buckling of the plate.

b) Postbuckling Path

The method for solving the postbhuckling path, as
mentioned before, consists of prescribing one of the compdnents
of{'W } and letting it increase step by step. Correspondingly,
the other components of {W } and the load parameter K, from
the governing systeﬁ (Iv,36) are found by the use of fhe
iterative scheme based on the modified Newton method. Thus
a series of points on the postbuckling path can be obtained.

At the beginning of the process the first estimate used for
the iteration for each new point is the solution belonging

to the last point except for the prescribed component of {w }.
After three points are obtained an extrapolation scheme is
introduced to make a better estimate for every next point.
In the process of finding the postbuckling path the function
F is solved from the first expression of the system (IV,36)
and set in the second one of that set.

The component having the largest absolute value in the
characteristic solutions {W’}O is chosen as the prescribed
one. The step length varies from 0.1 to 0.6 for different
plates. The convergence criterion used for iteration is that

the sum of the squares of the residuals of the governing
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equations is less than 0.071 percent.

c) Results

A series of computations is carried out for various
plates. In this section the first 25 terms approximation
for the solution (IV,31) is used. Only plates with symmetric
lay~ups are considered here and such plates demonstrate the
pure bifurcation behaviour described above. Plates with
other lay-ups may, however, bend immediately load is applied.
This phenomenon will be discussed later in Chapter V.

The material properties of boron/epoxy, carbon/epoxy
and glass/epoxy used for the computation are shown in Table
(I11,2) (see page 46).

The computation results are summarised in the figures
below and all refer to plates with the ratio of width to
thickness b/h = 100.

Figs (IV,22) and (IV,23) are obtained for square boron/
epoxy plates under pure shear. The figures show how the
deflection at the centre of the plates varies with increasing
shear loading after buckling. It can be seen from the figures
that there are two postbuckling paths for each plate when the
applied shear directions are altered, unless the plate is
orthotropic. 1In Fig. (IV,22) it is shown that for a four
layer plate even fibre angles as small as 15° in the alternate
layers may cause a large difference in the postbuckling
behaviour of the plate. in Fig. (IV,23) the effect of the
number of layers in the élate with alternate 45° layers is
shown. It may be seen that the less the”number of layers,
the larger are the differences that exist between the post-
buckling paths corresponding to alternate directions of applied

shear. A plate will behave as if orthotropic only when the
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number of layers in it becomes very large.

Fig. (IV,24) is obtained for four-layer (i45°)S boron/
epoxy plates having different aspect ratios. The load-central
deflection curves on the figure show that the postbuckling
behaviour is also different for non-square plates when
alternating the shear directions.

Fig. (IV,25) refers to square plates having a (t45°)S
lay-up of carbon/epoxy and glass/epoxy composite matefials.
The curves of deflection at the centre of the plate versus
the éhear loading indicate that for the carbon/epoxy plate,
which has the higher ratio of EL/Et for composite, the
difference between the postbuckling paths for alternate shear
direction is larger than for the glass/epoxy plate.

Fig. (IV,26) shows the defleétion at the centre Qf a
square boron/epoxy plate, having a (i45°)S lay-up, under
combined loading. It can be seen that the postbuckling
behaviour of the plate is also very sensitive to the direction
of the combined shear, whether unidirectional compression or
bidirectional compression is applied to it.

Fig. (IV,27) shows the internal shear force at the
centre of the plate under shear loading. The composite
material, lay-up and geometry of the plate is the same as
for Fig.(IV,26). As expected, the nonlinear postbuckled
internal forces are also greatly affected by the applied
shear directions.

Fig. (IV,28) is calculated for the same plate as‘for
Fig. (IV,26). The distribution of the postbuckled deflection
ahd internal shear force on a quarter of the plate, under
positive shear, corresponding to the point C in Fig. (IV,27)
occurring on the selected sections, may be connected approxi-

mately by a straight line. The line is close to, but not
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coincident with, one of the diagonals because of the anisotropy
of the plate. 1In the figure it is also seen that the distri-
bution of internal shear force becomes non-uniform at all the
sections selected, apart from the edge.

In order to determine the accuracy of the 25 term
approximation of the solutions, the results for a sgquare boron/
epoxy plate with (i45°)s lay-up, under positive shear, is shown
in Fig. (IV,29) for different numbers of terms. It is seen that
the 25-term solution is sufficient for most engineering purposes.

4. Conclusions

The following conclusions may be drawn from the current
investigation:

(i) For anisotropic plates of symmetrically laminated
composite materials loaded in shear, there are two postbuckling
paths corresponding to alternate shear directions. The
difference between these two paths is affected greatly by the
lay-up of laminate, the properties of the composite and the
aspect ratios of the plates. A high ratio of EL/Et and small
number of layers will result in a big différence between the
two paths.,

{ii) The postbuckling behaviour of anisotropic plates
under combined compression and shear loading are also signifi-
cantly affected by the direction of the shear, whether uni=-
directional or bidirectional compression acts on the plates.

(iii) The higher performance of a composite plate corres-
ponds to the direction of applied shear forces which produces
a tension resultant in the diagonal of the plate having the
lower bending stiffness. For a prescribed shear, however,
the performance of the plate depends on the direction of the

fibre angles of the layers, especially of the outer layers.
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Fig. (IV,21) Positive loading and geometry of a flat

laminated plate
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CHAPTER V

BENDING EFFECTS

A. General Remarks

In the last two chapters the bifurcational type of
initial buckling and postbuckling behaviour of flat and
curved composite panels under in-plane loading have been
studied. But the bending effect of the panels is not always
able to be ignored. In certain practical applications
bending takes place immediately the in-plane loading is
applied to the panels. In such cases, the buckling and
postbuckling behaviour may not be studied correctly and
completely without considering the bending effect during
the loading process. In this chapter three different kinds
of bending effects are investigated below. They are the
bending effects caused by unsymmetric layers in the panel,
initial geometrical imperfections of the panel and lateral
loading.

In 1976 Prabhakara[%%Lestigated the bending behaviour of
unsymmetric crossply plates under in-plane loading. It was
pointed out by him that the coupling phenomenon is such that
there is bending of such laminates when subjected to only in-
plane forces. But his work is only for flat plates under com-
pressive loading. So far there seems to be no investigation
existing which deals with the bending effect of panels under
in-plane shear. In the current investigation the bending
effects of both flat plates and curved panels under compression
and shear are considered. For laminated curved panels with
unsymmetric crossply arrangements under compressive load we

find that a snap~-through may occur, following the bending of
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the panel in the loading process, and the maximum load corres-
ponding to the snap-through is much less than the bifurcational
load. For shear loading we find that bending of the laminated
plateé starts from the beginning of the loading process if
the plates have unsymmetric angle-ply arrangements.

In this chapter bending effects caused by initial geo-
metrical imperfection and lateral loading are also discussed
in detail. It is seen that the initial irregqularity of
geometry has significant influence on the buckling and post—
buckling behaviour of curved panels. The initial imperfection
may greatly reduce the resistance of curved panels to collapse.
For combined 'in-plane and lateral loading it is found that
alternate applied shear directions result in different bending
behaviour of the panels under the combination of lateral and
in-plane loading. This is shown to be true for laminated
panels with symmetric and asymmetric lay-ups, but not for
antisymmetric lay-ups. It seems that no previous work has
discussed these effects for general laminated panels.

B. Bending Effect in Unsymmetric Laminated Panels under In-

Plane Loading

In Chapter IV, the poétbuckling behaviour of laminated
curved panels under compression and shear was investigated.
As we mentioned before, the analysis presented there may be
used for panels with general lay-up arrangements.

Recalling equation (IV,19) in the last chapter, we have

(5Kl 0 () (] (P acld e o 0 )
[[Cq’)l"}{[ﬁ(”]]{ufw}‘*[[Cm]“‘K[Cm]] {Wsz =0 (v,1)
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On the right hand side of the first one of the last set
of equations there is a term of the form}(LMx{Nu}+yu5{C%}],
which involves neither deflection function W nor stress function
F. This term is clearly proportional to the in-plane loading

parameter K defined by

Peb
E, h?

M K=K, =
: _ s (v,2)
UK =K =2l |
- n 3
S 5 Eth
in which My and Ly are constants determined by the specified
loading ratio.
It may be expected that when in-plane load is applied
to the panel, the deflection w may occur immediately if ﬁ%o}
and {OO} are not all zero. The elements of {MO} and {Oo}

can be obtained from Appendix E; they take the form:
_ Egh (i g
Mo =S (b Ly Ti+0g LT

£ . ., (v,3)
0, = B (b, Lhi4b, LT
I' 22

th

wherep4o and OO are the I elements in the column matrices

I I
'ﬂo and 0c> respectively. The relation between the indices

I and i, j is

with M representing the constants referring to how many terms

are used in the assumed solutions (IV,4).
Lé and T# in equations (V,3) are constants only, which

are given in Appendix F.

bi are defined in the expressions (II,26). They take
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the form:
4ok s % b4t *
bg=/3 Btz/Dn =3 By Amh/Dﬂ

%, 35 * X
b,0=ﬁszi/Dj: =A B, Axh/ D, _—

11"‘" "ﬁ 8:1 /D,;t =-/3 86*1 Azz h«/D;:
A - *
b14=”/338:2 /D:: = "/53 B, Aza h/D;: ’

Now, it can be concluded that if the stretching-bending
coupling terms B?1 and B:Z of the panel are not equal to
zero,{b4o} will not be zero and bending will occur when‘axial
compression is applied to them. At the same time,if the
coupling terms B;1 and BZz are not equal to zero,{(jo}.will
not be zero and bending of the panels will exist when in-plane
shear loading is applied. In those cases the behaviour of the
panels under in-plane loading is no longer of the bifurcational
type, and the load~deflection relations are curved directly from
the origin. In order to obtain the correct convergent results,
in contraét to what is done in the last chapter, the undeformed
state of the panel (zero loading and zero defiection) is taken
as the starting point, instead of the bifurcational point, for
iterative computation. The iterative scheme itself and sub-
sequent extrapolation scheme described in Chapter IV can still
be used here. But the step length of the prescribed component
of the deflection function must be selected very carefully at
the beginning of computation. This is because the load-deflection
curves resulting from the bending éffect, in many cases, are
very steep at the beginning of the loading process. Too large

a step length may cause the iterative scheme to fail, and too
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small a step length results in high computing cost. The
step lengths used in the examples vary from panel to panel
with a range of 0.061—0.5.

As is very well known, for panels with antisymmetric
cross-ply arrangements B:1 is not equal to zero. Therefore,
bending occurs when the panels are subjected to axial com-
pression. In this invéstigation the bending effect of such
panels is considered. At the same time, general crossply
situations are discussed in examples asiwell. In that case
B* and B* are both non-zero.

11 12

It is known that for the panels with antisymmetric angle-
ply layers\BZ1 and B;z are not zero. In examples, the bending
effect of such panels under shear loading is also investigated.

Computation is carried out for boron/epoxy and carbon/
epoxy. The properties of these materials used for calculations
are the same as in the previous chapters, which may be found in
Table (111,2). The panels are assumed to have length a and arc
b both equal to 250 mm. The total thickness of the panels is
kept to 2.5 mm, no matter how many layers are in the panels.

In the computation four-term approximation for the stress
function F and eight-term approximation for the deflection
function w are used. Because there is no term involving the

coupling stiffness D and D in the examples, such approxi-

16 26
mations for F and W are enough to show £he tendency of bending
effects in the panels, whilst still keeping the computing cost
within reasonable limits.

The results of computation are summarised in Figs. (V,1)
to (V,7). 1In all these figures the influence of sz‘térms can

. *
be seen. The dashed curves marked Bij= 0 represent the approxi-

*
mate results obtained by deleting Bij terms. As mentioned before
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in some previous work, it is often suggested that these terms
be deleted, although they are not zero in realistic panels. In
this investigation big differences have been found for the
behaviour of the panels with or without such terms.

Fig. (V,1) is obtained for panels with two layers (90°,
0°) of boron/epoxy composite under compression. The load-
central deflection results of flat plates and curved panelé
are shown. The dashed lines represent the results ofvthe same‘
panels with zero coupling terms Bij' It can be clearly seen
that because of coupling terms Bij (B11 £ 0, Byo # 0) the
behaviour of the laminated panels under in-plane loading
becomes different. Bending exists from the beginning of the
loading process. For a flat plate (KR= 0) with such a lay-up
the deflection increases monotonically with increasing load.

It means that for such a plate under axial compression, bending
occurs instead of buckling. But for a curved panel (KR= 25) a
snap-through may occur when the applied compression reaches a
certain level. It is worth pointing out, however, that

because of the coupling rigidities Bij’ the maximum load for
snap-through is much lower than the bifurcation load, i.e.
these terms greatly reduce the resistance of the panel against
collapse.

Figs. (v,2) - (Vv,6) are all obtained for carbon/epoxy
panels under axial compression. The load-central deflection
relations are shown on the figures. Fig. (V,2) repeats
Fig. (V,1) except for a different composite material. The
same phenomena are seen in Fig. (V,2), though the absolute
values of load-deflection are different in both cases.

Fig. (V,3) shows the effect of the number of layers in

carbon/epoxy panels with K_= 25, which are arranged

R
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alternately at 90° and 0°. It is found that the bending effect
decreases with increasing number of layers. That is, the more

alternate 1ayers in the panel, the higher the perform-
ance of the panel, and the less the bending effect is involved.
Fig. (V,4) shows the influence of panel curvature. The figure
is obtained for two layer (90°, 0°) carbon/epoxy panels. It is
seen that the maximum snathhrough load decreases when the
panel becomes less curved and no snap-through load is found

when the panel becomes very flat (say, K 12.5). Figs. (V,5)

.
and (V,6) are obtained for four layer carbon/epoxy panels
having general crossply arrangements. It can be seen that for
such panels, the coupling texrms Bij also have significant
influence. The bending effect of such panels resulting from
these terms is sometimes even more severe than that for anti-
symmetric crossply arrangements.

Fig. (V,7) is obtained for flat carbon/epoxy plates with
antisymmetric angle-ply arrangements. The effect of increasing
the number of alternate layers on the behaviour of the plates
under shear is demonstrated. The load-central deflection |
curves indicate that for plates with such lay-ups,6 bending
occurs immediately in-plane shear loading is applied. For
the two layer arrangement the bending effect is most severe,
but decreases as the number of alternate layers increases.

For plates with different composite materials, different
curvatures and different lay-ups, similar investigations to
those for compressive loading can be done for shear loading
and the similar conclusions may be drawn to those from Figs.
(v,1) - (v,6). 1In order to limit, the computing cbst, such
investigations are not included in this work.

From these examples the following conclusions may be
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summarised:

(i) Bending effects exist in the composite panels with
unsymmetric crossply arrangements under in-plane compression
during loading. -

(ii) The bending effect is also found to exist when panels
under shear loading have antisymmetric angle -ply arrangements.

(iii) The bending effect may be reduced by increasing the
number of aiternate layers in the panel while keeping constant
thickness. The two layer unsymmetric arrangement results in
the lowest performance of the panel.

C. Bending Effect of Imperfect Panels of Laminated Composites

Since Donnell and Wan[16] did an investigation on the
effect of imperfection on the buckling of thin cylinders under
axial compression the sensitivity of thin plates and chinders
to imperfections of geometry has been studied by a number of

investigators 881 [1161 11171 [118][119]

It is indicated that
for isotropic and orthotropic plates and shells the bending
effect is induced by geometric imperfection when the plates
and shells are subjected to compression. Naturally, it may
also be expected that geometric imperfection may have certain
influence on the buckling and postbuckling behaviour of curved
panels of generally laminated composite materials. The author
has found no analysis available on this subject.

In Chapter II we developed a theory for the postbuckling
behaviour of curved laminated panels with perfect and imperfect
geometry. In Chapter IV, a  detailed investigation is presented
for postbuckling behaviour of perfect panels. Following the
same procedure as in Chapter IV, here we investigate the
effect of imperfections on the postbuckling behaviour of the

panels.
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The governing equations of this problem in terms of non-
dimensional parameters are given in (II,33) and (II,34).

The geometrical imperfection is assumed to have a form
described by the following double sine series in tefms of non-

dimensional coordinates

W‘E § V.Jmn Sin mrc§ sinnmt (V,5)
(m}n=1)2’..u..)

With the coefficients Wﬁn given, the initial imperfection
in the panél is prescribed. The imperfection described by the
expression (V,5) is very general.

The same solutions to the governing equations (II,33) and

(II,34) as those for perfect panels are taken here, i.e.
2 :
=
F =”Nx TR -,5'/3577"‘% r)‘Ean -Xm(g)\fnm)
(v,6)

W =L L[ Whq SinPru5 sinan +wye” sinpreg sin*4n 1]
)

Py
(m)n)P,q =1)2)--.-00’w)
Substituting expressions (V,5) and (V,6) into the

governing system, (II,33) and (II,34), following the same
procedure as that presented in section B of Chapter IV, the
resultant equations in matrix form, including the effect of

geometric imperfection, may be obtained as follows:

(v,7)
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() Lo ) P ) =) )
L TR [ ) N
7, (0,149, 0 ) [p]{w}
G Ak, A e )
[QJ{ ‘"} QIGEE HF} [ "’J[THF}
U RV K '_XHW‘”} .9
YK
A UL R LA F )

The definition of most of the matrices and parameters may be

found in Chapter IV and Appendix E. They are the same as for
perfect panels discussed before.

The effect of imperfection is represented by the terms
which are underlined.

The elements of the matrices {W«DQ and [f%] are the

coefficients in the imperfection expression (V,5).

©)_
WI = Wnn (V,10)

where I = (m - 1)M+h with M referring to how many terms

are taken in (V,5) or (V,6) .and

‘ {w@}t t )
o) {w‘”’}‘.%

[TW = (V,11)

.."{W@}J
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The elements of the matrices [./<l)] may be found in

Appendix G.

Solvinq'{F }from equation (V,7), substituting the result
into equations (V,8) and (V,9), a set of equations for com-

putation is established as follows:

(2] e (2] {7} K (7] o)
[Em] {wm} +[ Em] {W(z’}=K ['/—\(z)] {W‘m}

where

(V,12)

(v,13)

and
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2 (v, 14)

(A T ELe ) F )6 o))

In expressions (V,12) (V,13) and (V,14) u

R T 8 )5 (D 1) e I (A7)
[

<! us and K
are defined by

(V,15)

Py b
MsK =K = Etyh‘:’

The iterative scheme described in Chapter IV and section
B of this chapter may be used to solve equation (V,12) to
predict'the response of the imperfect panels. For the imperfect
panel, the starting point of the iterative procedure is the
undeformed state of the panel (zero load and zero deflection),
instead of the bifurcation point for the perfect panel with
symmetric and antisymmefric angle‘layers. For the first few
steps, the step length of the prescribed component of the

deflection is taken relatively small because the load-deflection
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relation curves are very steep at the beginning of the loading

(1)
11

of the second equation in (V,6) is taken as the prescribed com-

process. In the examples given below, the first component w

ponent. The step length of this component varies from 0.001 to
0.5 for different panels. It is found that for a panel with
small imperfections the iterative procedure may fail to give

- correct convergent results if a large step length 1is usgd.

The computing results are summarised in figures (V,8) -
(V,16) . The properties of composite materials appropriaﬁe to
boron/epoxy, carbon/epoxy and glass/epoxy are taken from Table
(ITI,2). In order to limit the computing cost, the main
purpose of these examples is restricted to showing the varying
tendency of the parameters and their effects on each other
rather than to giving exact values. So, a four term approxi-
mation for the stress function F and an eight term approximation
for the deflection w are used in the computations. The results
show that such approximations are adequate to serve for this
purpose.

In the examples the thickness of the panel is held constant
at 2.5 mm whilst the length a of the panel and the arc b of mid-
surface are both taken equal to 250 mm.

Fig. (V,8) is obtained for four layer panels of (i45°)s
boron/epoxy composite material with different curvatures. The
dotted lines indicate the behaviour of perfect pahels, and
solid lines show the results of imperfect panels in which the
first component-;11 of the imperfection expression (V,5) is equal
to 0.5 and the other components vanish. . It can be seen that
because of the initial imperfection the behaviour of the panels
under compfession is no longer bifurcational. Bending occurs as

soon as the load is applied. This is true, both for flat plates
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and curved panels. But for flat plates with geometrical
imperfections the load-central deflection relation is still
monotonic. This means that the equilibrium state is always
unique corresponding to a certain level of load. For curved
panels, however, there may be more than one equilibrium state
which corresponds to the same load level., This means that
snap~through may occur in such panels.

It may be of interest to point out that the net deflection
of the imperfect panels may be smaller than that of the perfect
ones but the total deflection (net deflection plus initial
imperfection) is always larger than that of the perfect panels
(for perfect panels net deflection equals total deflection).
This phenomenon was pointed out by Yamaki[116%or isotropic
plates. Now it is found to be true also for laminated.curved
panels. It is seen in all the following figures in this
section as well.

Figs. (v,9), (Vv,10) and (V,11) illustfate the effect of
the magnitude of the imperfection on the postbuckling behaviour
of the panels. These panels are assumed to have only an
imperfection of the form W sin;cg sin n? (nondimensional form).
Fig. (V,9) is obtained for four layer (i45°)s boron/epoxy
panels having the curvature parameter K_= 50. Fig. (V,10)

R
is for four layer (i45°)s glass/epoxy flat plates (KR= 0),
and Fig. (Vv,11) is for four layer (i45°)S carbon/epoxy panels
with KR= 25, All these results obtained for panels of different
materials and different curvatures indicate that the bending
effect becomes severe when initial imperfection is large. It
is also found that laminated curved panels are imperfection

sensitive. Small imperfections may considerably reduce the

resistance of the panel against buckling. When initial



183

imperfection in a curved panel is relatively large, the load-
deflection curve becomes very flat and snap-through may no
longer happen in the loading process. The load-central
deflection curves in Fig. (V,12) demonstrate the effect of

the coupling terms D and D on the postbuckling behaviour

16 26
of imperfect panels. The figure is calculated for panels with

symmetric boron/epoxy layers having KR= 25. It is obvious

16 and D26 terms appear in the panel having

unidirectional layers at 45°, and they decrease with increas-

that the largest D

ing number of alternate layers at +45° in the panel. It is

found that the coupling terms D and D degrade the panel

16 26

performance both for perfect panels or imperfect ones under
compression unless the deflection is very large.
Fig. (V,13) is obtained for boron/epoxy panels with anti-

symmetric angle layers. The effect of the coupling terms B16

and B26 can be seen clearly in this figure. Panels having two

layer antisymmetric arrangement have the lowest performance,
no matter whether the panel is perfect or imperfect.

Fig. (V,14) shows the effect of different shapes of
imperfection. It can be seen that the sensitivity of the panel
to the different imperfection shapes is quite different. For
this four layer (i45°)S boron/epoxy panel with the curvature

parameter K_= 50, the components w,, and w., of imperfection

R 11

have more influence than Yo 4 and w22.

Figs. (V,15) and (V,16) are obtained for boron/epoxy

21

panels with unsymmetric crossply arrangement at (90°, 0°).
As we discussed in theprevious sections. of this chapter, even
for panels with perfect geometry under compression, bending

of the panels is induced by the unsymmetric layers. The dotted

lines show the behaviour of such perfect panels. For imperfect
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geometry the bending effect of the panel is even more severe.
It follows that the unsymmetric crossply arrangement and
geometric imperfection both reduce the resistance of the
curved panel against collapse.
From these examples the following conclusions may be
summarised:
(1) Initial geometrical imperfection in composite
panels has an important influence on the behaviour of éhe
panels under in-plane loading. It may greatly reduce the
resistance of the curved panels against collapse.
(ii) The coupling terms D16, D26 or B16’ B26 degrade
the panel performance both for perfect and imperfect panels.
(iii) Laminated panels have different sensitivity to
different types of imperfection shape.

(iv) Imperfection brings more bending effect to the
panels having certain unsymmetric lay-ups under compressive
or shear loading. |

D. Bending Behaviour of Laminated Anisotropic Plates under

the Combination of Lateral and in-plane Loading

In previous work[91][92] the bending behaviour of lami-
nated plates under combined lateral and compressive loading
was investigated. The in-plane shear loading, however, was
not included.

In Chapter IV of the current work the in-plane shear
direction is proved to be an important factor for the buckling
and postbuckling behaviour of laminated panels under shear
loading itself or the combination of compressive and shear
loading. So it is natural to ask‘how the shear direction
affects the bending behaviour of laminated panels under combined

lateral and shear loading? This section is intended to provide
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some answer to that question, which the author believes has
.not yet been covered in the literature,

Here, a flat plate of generally laminated composite
under combined lateral and in-plane loading is considered.
The edges of the plate are considered to be loosely clamped
(in-plane stress zero but deflection and rotation restrained
on the boundaries).

With the lateral load per unit area denoted by q, the
governing system of the problem may be written (similar fo

(I1,22) and (II,23) ):

ah be OMy OMX)/ bV\/;
[L{SE 53 SN L R L
b IWs 11X = aw;
H M (5% ]x dy+f M, 3(3 )] _dx=0
: (v,15)
ab azfz bZE; bz))zcc)y azv\/;\ OWo VWL ,
fj ay2+ 2% oxdy (axa// ax* ay* }&bdzzdy 0

Following the same procedure as in Chapter II, the non-

dimensional form of the governing equations is obtained:

i o O ot P o
j J {354 'aia§3o>) +aza§2on2— 3agar;3+a4 ant I 2e*
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-Q -
% w5 1ot 8sar® Yoy

(V,16)
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The boundary conditions of the plate with clamped
edges may be expressed as follows:
11 ’F = oF -
w'= ——— = - _—
0 25 0 272 Ny EM ps
' 2 2 ) (v,18)
_ oW F 2 XF _ 43 '
W=0 =0 gr=ANy e hS
where
N,=P.b/A_ K
(v,19)

Ny=B, b/ A,
S =Pyy bz/Azz b’

in which P*, Py are compressive loads in x and y directions,
per unit length and ny is the shear load per unit length.

The solutions to (V,16) and (V,17) are assumed in the

following form:

F=-N, -——N ——-—5ﬁ§’/+Z LFn Xl YD

(v,20)

w=§ QZ%XP@W%W

where
X;(5) =Coshel;5 ~C0SolE ~ Y, (Sinh o;& - Sined; 5 )
(v, 21)

YL”?) = COShol; 71— cosol - Y, (Sinhol -Sinel; 7 )
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Considering the properties (IV,6), (IV,7) and (IV,8)
of the beam function it can be seen that the solution (V,20)
completely satisfies the boundary conditions (V,18). Therefore
the two line integrals in the governing equation (V,17) wvanish
automatically.,

Substituting solution (Vv,20) into the governing system,
(V;16) and (V,17), a similar algebraic procedure to that of

Chapter IV produces the following equations for computation:

Eine
=~
a8
¥
Sl
=
]
-] it
<0~7

BP‘& 1"TP?/"L}Z: %?};SZ KLY'S WKLWrS

(it =1, 20000%)
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(V,22)
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where F__, w (or W, ) are the undetermined coefficients in
mn jole] ki.

the stress function and deflection function (V,20). The non-

dimensional lateral load is

"_@b‘}
C)'_ Eth4

(V,23)

This set of equations contains an infinite number of
equations, but in fact only a finite number of equations need

to be solved in practice.

Letting m p=k=1,2...M, n=qg-=1=1,2...M,

i

i 1,2...M and j = 1,2...M, the equations (V,22) can be

expressed in matrix form:
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The elements of the coefficient matrices in equations

(V,24) are given below.

With the indices I, J defined by

I=(i - Mt (V,26)

T == )M+ N =(P-LIM 4§ = (k=1)M¥)
A =(d4+a 0?4) m nj—adsd JmiJnZ-adzdszJné—ao/ofsjmijnj
17 Ot o0 I o Jg i O, ), ~Ayoina 3y,
4 _ ol 0] - 93 P03 3 _pl g3
B, =05+ 00l I T 0,0ty T 0 0 tp ety T, g g ooy 3P

4 o 04 ey 9] 3_pi_93
H, =t bty ) 3T ool BT bt T3 byt 37 M

. (v,27)
i3 3 min3 2_mieni 3 ming

IIJ=(b5°(:l+b9°J: T T o dy T} oot 0, e bah 4,

ch 2. ki |

2 _Kilj 22 ki bj kiolj

T.7 F[’ﬂxdk o 0y =y B 3o Ty +aps oo o T,

11
With the indices I defined by

Eoh® 4 —ici
Gr1= D* P (V,29)
11
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With the indices I, J. Ii’ Ji defined by

I,=(i=1)M*+j

Jig(k'i)M+j’ (v 30)

I =(Il'— 1)M+31

T=(r-1)M+$

2 . . .
ro_ 1% 2 ;2_kro_sky
D =L T, Lok T T O
IJ A
2 . . . .
2 2 _KruSti 2 2-rki- 5%
KIJ__-—:;—(Olk 0(5 JS. 3'5 +o/b O(r J5 J5 —Qdkoz(, o/rds J‘;
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and

(v,32)
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Solving{'F} for{ w} from the first equation of (V,24),
substituting the resultant { F} into the second equation of

(V,24) we obtain

[E N w=N[T J{w }Q{e ) v, 35)
(0 ) K)o
=T e
[ E ]{ V‘f}# E}i)j[[_ﬂ ]{ W}"'CK{G }] (v,38)

where

Az
9 b* -2 (v,39)
__Eh &b
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Selecting properly the parameters CK’ Mo, H_ and hy

y
we may create any kind of loading combinations we need.

X

The iterative procedure described in Chapter IV is used
here to solve equation (V,38). 1In order to limit the com-~
puting cost, a four term approximation for both stress function
F and deflection function W is used in the examples. Because
the assumed solutions (V,20) completely satisfy the boundary
conditions (V,18), it can be expected that the results>with
such an approximation should be adequate to show the tendency
of the load-deflection relationships.

In the calculations the properties of the composite
materials are as listed in Table (III,2). The thickness of
the panels is assumed constant at 2.5 mm. A constant width b
egual to 250 mm and a variable length a are also‘assumed. The
length a depends on the required aspect ratios. 1In most cases
a = b is taken (square plate).

Fig. (V,17) is obtained for a square four layer (i45)s
carbon/epoxy plate. The loading condition is combined in-plane
shear and lateral loading (ux= uy: 0, = 1.0, CK# 0). The
shear direction is not altered. The shear-central deflection
curves are shown on the figure . The different curves corres-
pond to different ratios CK of lateral load to shear load. It
is seen that the panel deflection increases with increasing
value of CK.'

Figs. (v,18) and (V;19) are thained for square carbon/
epoxy plates with different lay-ups under the combination of
in-plane shear and lateral loading. CK= 1.0, = uy= 0, hg= 1.0
are used in these cases. Fig. (V,18) corresponds to plates with

symmetric lay-up arrangements. The effect of shear directions

is investigated. The load-central deflection relations of the



192

plates show that alternate shear directions have a very
significant influence on the behaviour of symmetric laminates
under such combined loading. It is also seen that the fewer
layers there are, the greater is the influence. When the

- number of layers in the plate becomes very large, the plate
behaves as an orthotropic one and the alternate shear directions
make little difference. As the limit the orthotropic solution,
which corresponds to infinite layers, is also given in Fig.
(v,18).

Fig. (V,19) shows the behaviour of plates with antisymmetric
angle-ply arrangments . The load-central deflection relations
indicate that the alternate shear directions have no influence
on the panel behaviour. This is not difficult to understand
because alternating shear directions is only equivalent to
turning over the plate.

Fig. (V,20) is for carbon/epoxy plates with asymmetric
lay—ups. It can be seen that the shear direction is also
important for the behaviour of these plates. For plates with
symmetric outer layers the influence of the shear directions
seems more severe.

Fig. (V,21) investigaﬁes the behaviour of square plates
of four layer (t45)scarbon/epoxy composites under the general
combination of in-plane load and lateral load. CK= ux= us= 1.0,
uy= 0 are used for the combination of unidirectional compression,
shear and lateral loading. (denoted by PX + ny+ Q in the figure).
CK= M= uy= M= 1.0 are used for the combination of bidirectio-
nal compression, shear and lateral loading (denoted by PX+ Py+
ny+ Q). It is found that the alternative shear direction
corresponds to different bending behaviour of such plates.

Fig. (V,22) is obtained for non-square plates of four
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layer (i45)s carbon/epoxy composite. The figure corresponds
to the combined loading of in-plane shear and lateral pressure
(CK= he= 1.0, M= uy= 0). The load-central deflection curves
show that the alternate shear directions are as important to
non-square plates as to square ones.

Figure (V,23) shows results for square plates with four
symmetric layers (i45)S of different composites. The loading
cqndition is the same as in Figure (V,20) (CK= B = 1.0,

ux= uy= 0). The results confirm the importance of the in-
plane shear direction.

The effect of altering the shear direction is equivalent
to that of changing the sign of fibre angle in the layers with
constant shear direction. Therefore it is important for
designers to select correctly the fibre directions to obtain
the higher performance of the panel under the combined
loading with prescribed_load directions.

Summarising the examples, the following conclusions may
be drawn:

(i) Alternate applied shear directions produce different
behaviour of laminated panels under the combination of shear
and lateral loading. This is also true for panels under the
general combined loading, including unidirectional and
bidirectional compression.

(ii) Alternate shear directions are important for panels
with symmetric and asymmetric lay-ups, but not for anti-
symmetric lay-ups.

(iii) The effect of alternate shear directions may be
reduced when a large number of alternate layers is used in

symmetric panels,
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CHAPTER VI

CONCLUDING REMARKS

A. Main Results of the Present Work

In the previous chapters of this thesis,initial buckling
and postbuckling behaviour have been studied for unstiffened
flat and curved panels of laminated composite materials under
compressive and shear loading. Extensive results obtained
from computations refer to different geometry, different
loading, different boundaries and different lay-ups. A number
of conclusions have been drawn in individual projects of this
thesis. Now they are reviewed below.

1. Effect of Curvature

The curvature of composite panels has significant influence
on the initial buckling and postbuckling behaviour, as for
isotropic panéls. The initial buckling load increases with
increasing panel curvature (decreasing radius). But for
curved panels, the load-deflection, load-inner force and
moment relations become no longer monotonic, and snap-through
may, therefore, occur when load becomes large. This is because
there exists more than one equilibrium state of the panel
corresponding to a certain lcading level. "Jump" from one
state to another is possible.

2. The Effect of Shear Direction

In-plane applied shear direction is proved to be an
extra factor for initial buckling and postbuckling behaviour
of laminated composite panels. Shear in a certain direction
may greatly raise the initial buckling load of the panel

against compression. Besides, composite panels demonstrate
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a preferred shear direction not only for initial buckling but
also for postbuckling behaviour. The difference between two
postbuckling paths corresponding to different directions of
applied shear is sometimes very big. The effect of shear
direction is also found for panels under the combination of
shear, compressive and lateral loading.

The effect of applied shear direction is important for
certain composite panels because the bending stiffness varies
dramatically with the direction relative to the axes of the
panels. The bending stiffness in one of the diagonal
directions may be much higher than that in the other diagonal.
When shear forces produce a tension along the diagonal with
the lower stiffness, then a strengthening is produced.

For a constant shear loading it becomes important to
select the lay-up correctly to obtain the higher performance
of the panel.

3. The Effect of Lay-up

The lay-up arrangement in a laminated composite panel is
important for its initial buckling and postbuckling behaviour.
In general, increasing the number of alternate layers in the
panel, while keeping the other conditions constant, gives
higher performance of the panel. Whén the number of layers is
very large, the panel may behave as if it were orthotropic.

In contrast to this, a two layer antisymmetric arrangement
always results in the lowest performance of the panel.

For symmetric and asymmetric lay-ups the direction of
applied shear is important for the behaviour of the panel,
but not important when the panel is layered antisymmetrically.
The effects of shear direction mentioned in the last paragraph

are gradually reduced with increasing numbers of layers.
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4. Bending Effects in Certain Unsymmetric Composite Panels

For general crossply panels under compression, bending may
occur immediately the load is applied. 1In that case, the
response of the panel under in-plane loading is no longer of the
bifurcational type. The deflection of the panel varies with load
from the beginning of the loading process.

As far as pure shear loading is concerned, such bending
effect is also found when the panel has antisymmetrical angle
lay-ups. |

The bending effect may considerably reduce the resistance
of curved panels against collapse, unless the number of alternate
layers in the panel becomes very large.

5. The Effect of Geometric Imperfection

Imperfection of geometry will influence the postbuckling
behaviour of composite panels. It may greatly reduce the
resistance of the panel against collapse under in-plane loading.
Bending is involved in geometrically imperfect panels
immediately load is applied. "Snap-through" type of collapse
may happen in curved panels with small imperfections but may
not happen in curved panels with large geometrical imperfections
and imperfect flat plates. In the latter case, the behaviour of
the panels under in-plane loading is not of the bifurcational
type.

The shape of the imperfection is proved to be important for
the behaviour of imperfect panels. Different shapes of geometri-
cal imperfections can make considerable difference in reducing
the resistance of the panel against collapse.

6. Distribution. of Inner Forces and Moments

After buckling, inner forces and moments in a composite

panel under uniform edge loading are no longer uniform at
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different points of it. On cross-sections near the centre of
the panel under compression the inner force NX varies drama-
tically and in the small area surrounding the panel centre Nx
may become tensile on overall compression of the panel. 1In
the latter case the increasing load is withstood only by the
parts of the panel near the side boundaries.

Additionally, after buckling, the largest moment may occur
at a point other than the panel centre, even for a square panel.

7. The Effect of Boundary Conditions

Initial buckling and postbuckling performance of a com-
posite panel is affected by its boundary conditions. Clamped
edges always produce a higher performance of the panel than
simply supported edges. But of the different kinds of mixed
edges, the arrangement which produces the highest performance
depends on the lay-up and geometry of the panel.

8. The Effect of Composite Elastic Properties

The initial buckling and postbuckling behaviour of
composite panels depends on the properties of the layers of
which the panel is composed. But in all the cases investigated
in this thesis, conclusions 1-7 mentioned in this section remain
valid. This means that the properties of the materials do not
change the trends of initial buckling and postbuckling behaviour
of the panels, although they do make a difference to the abso-
lute values.

Additionally, it is found that the effect of shear direction

becomes more severe for a composite with a higher ratio of E, to

L

Et than for one with a lower ratio.

9. The Effect of Aspect Ratio

The aspect ratio of a composite panel is found to have

some influence on its initial buckling and postbuckling behaviour,
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unless the panel length is large. Generally speaking, shorter
plates have a higher initial buckling load than that of longer
plates, if the other dimensions of the plates are kept constant.
But certain small fluctuations may also be found in the initial
buckling load - aspect ratio curves (see Figure (III,8) ). 1In
the cases studied in this thesis it is found that the previous
conclusions 1-8 pointed out in this section are Valid for
different aspect ratios, although different absolute values
result in the different éases.

10. The Precision of the Beam Functions

In this thesis the beam function defined by

f(x) =coshol; X = cos oy X =Y. ( Sinholy X~ Sinol; x)

where cXi and V; are constants, is used.

It is found that the precision oftii and Vi is important
for the orthogonality of the beam functions and extremely
precise values oft%i and ?i need to be used to produce acceptable
results for the buckling investigations. The results with 15
significant figures are, therefore, introduced in this investi-
gation.

B. Suggestion for future work

The initial buckling and postbuckling analysis presented
in this thesis is based on the virtual displacement principle
and the virtual force principle. The governing equations
including the effect of boundary moments are solved by
assuming certain series solutions for two unknowns = the
deflection function and stress function.. This procedure is
proved to be feasible for most engineering purposes. But it
seems that the following improvements might be taken into

account in future work in this particular field:
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1. Exact solution

As mentioned before, so far no solution is known which
satisfies exactly the simply supported boundary conditions of
a generally laminated panel. And in that case no solutions
may be expressed in terms of separable functions in x and y
directions when the coupling terms D16 and D26 are not zero.
The solutions assumed for the deflection function in 'this thesis
satisfy only kinematic boundary conditions, though the moment
boundary conditions are satisfied in the mean with the help of
the virtual displacement principle.‘ So efforts could be made
to find an exact solution, which is not in the separate form
of the function in x and y directions. It may be expected that
such a solution would bring a most important advance in these
problems. But at the same time the exact solution, if found,
would introduce extré difficulties in mathematical procedure

and numerical evaluation.

2. Complicating Effects

The panels under consideration in this thesis are assumed
to obey the Kirchhoff hypothesis. This means that the effect
of transverse shear deformation is ignored.. Generally speaking
it is true that such a hypothesis produces adequate results for
most structural applications in aircraft structures. But in
certain special cases, such as short panels, the transverse
shear (or interface shear between composite layers) of the panel
might no longer be ignorable. In that case the present analysis
needs to be extended to include the effect of such a shear. But
it is obvious that any improvement made for considering trans-
verse shear must bring additional complexity to these problems.

In the present analysis a linear elastic relationship

between stress and strain is assumed. This is, no doubt, of
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primary significance in buckling and postbuckling investigations.
In practice, however, non-linear elastic relations may sometimes
occur. A more sophisticated analysis to allow arbitrary compo-
site materials would need to include the effect of non-~linear
elasticity.

There are other effects such as thermal strains and local
delaminations, which may also have some influence on the buck-
ling and postbuckling response of composite panels in engineering
practice. An investigation into the behaviour of composite
panels including such effects might be of significance both
theoretically and practically. It is, however, not an easy
task. |

3. In-plane Boundary Conditions on Loaded Edges

In this thesis several different kinds of flexural (trans-
verse) boundary conditions of panels are considered for the post-
buckling investigation. At the same time the in-plane boundary
conditions on the two loaded edges are taken as those of uniform
loading. Uniform loading conditions are certainly one of the
most common situations assumed in all kinds of postbuckling
investigations of compressed plates, either isotropic or ortho-
tropic. Detailed investigation of such conditions is of primary
significance. But it needs to be pointed out that uniform
axial displacemgnt conditions (keeping the edges always straight
when loading) may frequently be found in analytical and experi-
mental investigations. It seems that the uniform displacement
conditions are the easiest to realise in experiments.

In order to consider the uniform displacement conditions
in postbuckling analysis of generally laminated composite
plates, it appears more convenient to use a governing system
consisting of three equations with the variables as displacements

u, v.and w in x, vy and z directions respectively. With u, v, w
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properly assumed, the governing system may be transformed to
a set of algebraic equations in matrix form. Solutions may
then be obtained using an iterative prbcedure. In this case
the iteration will almost certainly take more computing time
than for the uniform loading situation because there are three
matrix equations to be solved simultaneously instead of two.
Finally it can be expected that almost all the conclusions
drawn in the current investigation will remain true for uniform
displacement conditions.

4. Prebuckling State of Panels

In buckling and postbuckling investigations of plates and
shells, most work, including the current investigation, has
been based on the assumption that there exists a uniform field
of stress in the prebuckling state. But, as pointed out by a

[119], theoretical analysis, including non-

previous survey
linear prebuckling behaviour, has produced improved agreement
between theoretical prediction and experimental results for
buckling behaviour of isotropic cylinders. It is, therefore,
expected that an analysis for curved composite panels taking
such prebuckling response into account would create better
results. But, of course, the complexity resulting from this

improvement might be extreme.

5. Experiments

In the present investigation an extensive study has been
carried out for the buckling and postbuckling behaviour of
curved panels of generally layered composite materials. As
mentioned before, certain theoretical improvements and dis-
coveries have been made in this thesis. At the same time it
should be pointed out that a large part of the conclusions

drawn in the present work have not yet been verified by reliable
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experiments so far, although in a few special cases comparison
between the present analysis and previous experiments indicates
encouraging agreement. One of the most important facts found

in this thesis is probably the effect of applied shear direction
on the buckling and postbuckling behaviour of composite panels
under combined compression and shear loading. Verifying this
fact with carefully designed experiments is of primary signifi-
cance. For this purpose a special appliance must be developed
to suit simultaneous loading in compression and shear.
Additionally, the proper boundary conditions need to be pro-
vided. It appears not at all easy to realise these requirements
completely in practice;

6. Ultimate Failure of Panels

In this thesis, the postbuckling investigations are carried
out on the basis of the assumption that there is no damage in |
the layers which occurs during postbuckling of the panel.

This is true when the strains in the composite layers are not

too large. But it may not be the case when the strains become

very large. In the latter case, damage may occur in the

individual layers or between these layers and the stiffnesses of ;
the panels may be greatly changed. Then the postbuckling |
behaviour of the panels may be quite different from that |
predicted for non-damaged ones. To consider such effects a more
sophisticated theory is needed, which should include both the
postbuckling behaviour analysis and a strength analysis of the
panels. But, of course, this makes the problem much more

complicated.
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Appendix A

Derivation of Equilibrium Equation

The equilibrium equation for postbuckling behaviour of a

curved panel of laminated composites may be obtained from

the wvirtual displacement principle

STI=6U-0W=0 (A, 1)

where 6§11 variation of total potential energy of the panel

6[} variation of inner poténtial energy of the panel

HPRRTIN

OW variation of external work
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sU= 5 J (NSEHNBEN x,SYfﬁM 5k +M, Gk, +M,, 6k Jdxdy (A, 2)
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Setting (A,4) into (A,2), developing (A,2) term by term,

noticing the rules of integrating by parts, we have
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Finally, 51—[ may be written in the following form :
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Appendix B

Integrals for Initial Buckling

The constants used in the resultant expressions for the
initial buckling of curved panels without in-plane edge restraint
(section B of Chapter III) are defined by the following integral

expressions
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It is obvious that with 77 replacinggthese integrals are

still true.

These integrals may be‘approximately obtained by numeri-

cal methods. They may be exactly obtained by integrating

directly. The results of direct integration are given below.
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“Appendix C

Elements of Matrices [K(l)] for Initial Buckling

Introduce the following initial expressions
I=(i-1)M+}
J=(m-NM+n=(P-1HM+]

where

The elements of the matrices in the resultant system
(III, 20) for initial buckling of curved composite panels with
different boundaries are written as follows :

1) All edges clamped

)

K

_4Piqj 3 pi-. 97 2 ,2_pi-93
IJ—O(PJ" Jo +b10‘p0‘q 33 jj +b20‘p0(@J—2 LJ;,_

3 _pi 93 4 P93
+b3°(P°(‘lJ1 jg, +b4°l‘& Jo Joa

(2) =y 3 mi 13 2,2 min
Kuzbf,otf,; T T hbctn 5 Ty +botnndy T,

3 mind 4 o nj 13 = -y
+hgetmol I T +byol 3T, (8K o / Bt Yot TN

3,2 3 2 P43
K, =B E K/ D)ooy,



253

) 3_ 3 /Ky Py 193
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2) All edges simply supported
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'3) Longitudinal edges simply supported; curved edges

i
!

clamped

)

1
I3 2
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4) Longitudinal edges clamped, curved edges simply

supported
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Appendix D

Derivatives of Deflection and Stress Functions

Assume the deflection and stress function as follows:

F- —Ngf/Z—ﬁE S L P S
W= ZZ[ Sm png SLRCZTUY-W\[ smzpn,g Sinzfm 7'[]

The derivatives of these functions used for this

investigation may be written :
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where

X (&)= coshot; & ~Cosel; £ - % (inho; & - Sind; 8)

Y, (7)=Ccosh; 7 - coso =7, (Sinhel; ] = Sinet; 1)




Appendix E

Elements of Matrices for Postbuckling

With the indices I, J defined as follows
I=(i-DM+]

J= (m—i)M+n—(P—1)M+<i = (k- I)MH/

where

(=1,27 .... ’M
3=1,2;' 7M
m=P=k:1)2, ...... M

then we have
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(2)

(3)

With the indices I defined as follows :

I=(i-1)M+]

we have

My = (b L T by Lo T (1)

Eth)

22

Oy —(b“UTﬁbMLZT) (

With the indices I, J defined as follows

Iz(Il_l) M+J1

J=(T-1)M+S
ML= M+
J=(k=1)M+1
where
L=1;21 ...... ,M
'j=1)2) ...... AA
sz 1}2) ceren e M
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where the constants C%J, J%J, G%J, Z%J, F%J, T% ’ sz and
i i “i i i i i

Hgl, R;J, Qé] ’ Lé are obtained from the integrals defined

in Appendix F.
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Appendix F

Integrals for Postbuckling

The constants appearing in the elements which are listed

in Appendix E are as follows :
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where

X.(8)= coshol; h ~Cosel; - 7, (Sinho 5~ sinel; £ )

oo 1 dXus
Fuo o 4

= 14X
. )-——‘—-—2

Hyts o g
= 1 dX:(8
X£(§)=&?-d—§b3—

It is obvious that with 5 replaced by 7 , all the

expressions in this Appendix are still true.

The indices m, i, r, k are integers other than 0.
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Appendix G

Elements of Matrices {ﬁél)] for Behaviour of Imperfect Panels

With the indices I, J defined by

=(¢-1)M+}
J =(K=1)M+L
where :
b —1,27”“”vM
1 =1)2)°' M
k=1,2,"- )Y\
[=1,2,% M
we have
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With the indices I, J defined as follows
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I=(i-1)M+j
=(k- DM+

and



3—1,2, ..... M
k=1)2, ...... )M
L=1;2) ------ )M
V=1,2,c2-0,M
S':,-;Z;" )M
we have
W prt KPS 52 ikr_ilS kI3l
2.2 : 2 4 [/
Nyy= = [—c P22 g1 Zog—K'S 2o, Zos 4 2KUTS Zof Zor |
22
204 Tk 3 e 3y irk sl
(2) T 2. 4k s 2 2_ikr_3Sl wr
/\mz /} [Lzr Zoy ZogthS Zog Zop 1 2KLTS 2y Zog ]
22
2.2 ; 3 LoSLi ki, st
(5) BT, 2,2 TkiSti 2 42 ,Tki_sti ol 4
'/\IJ B [k ol Zoy Loy T4 0 By Loy t2KIO A Zy 2 ]
1
2 2 .. . . .
(8) BT, 2 2 rki_sit o ,2_Tik,_std rki_sti
‘/\Uz_ B‘* [K 9(5203 Zza’f‘zdrzzz Zostaklol 0 Zyg Zys ]
1



