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ABSTRACT

The sudden release of cryogenic liquid resulting from Catastrophic Tank 

Failure (CTF) and its interaction with vertical bunds has been investigated 

theoretically. Once the tank wall has ruptured, the phenomenon of CTF 

itself is regarded as a collapse of a vertical, squat liquid column under its 

own weight. The resulting flow rushes to and collides with a vertical cylin­

drical bund, coaxial with the liquid column, and returns to the column axis 

as a strong hydraulic shock. If the bund is low, overflow occurs. The flow 

description is based on Shallow Water theory, and the governing equations 

are solved by the Method of Characteristics. Consistency of the results has 

been checked against the principle of mass and energy conservation.

In preparation, the first part of the work is concerned with re-investigation 

of non-boiling liquid release, which has already been examined theoretically 

and experimentally by several authors. The calculated energy loss at the 

shock agrees within 1 % with the energy discrepancy, defined as the calcu­

lated total energy content at any time level less the total theoretical initial 

energy content. The calculated amount of overflowing liquid also agrees 

within 1 % with the mass discrepancy ( the calculated total mass less the 

total theoretical initial mass ). The maximum shock height at the bund 

is equal to that estimated previously (Kleyn, 1983), but such work under­

estimated the amount of overflowing liquid. The results of this study also 

roughly agree with the experimental results (Greenspan and Johansson, 

1981; Sharifi, 1987).

Cryogenic liquid release is described in the second part of the work. 

As cryogenic liquids boil vigorously on contact with the ground, the pro­

posed model considers that the cryogenic liquid flow contains vapour, which
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forms a two-phase layer on the ground surface. The two-phase layer thick­

ness depends on: boiling rate, horizontal flow velocity, column height and 

diameter, physical properties of liquid and vapour, and the vapour motion 

in the flow. The flow region is divided into: non-boiling, density-change 

and vapour-release regions, with each region having its own governing equa­

tions. This work only gives general description of the two-phase, unconfined 

and confined flow. Further theoretical and experimental investigations are 

needed. The theoretically predicted propagation velocity of the moving 

front is around 1.7-1.83. Comparison with results for non-boiling liquid 

flow has shown that for cryogenic liquid flow, the shock height at the bund 

and the amount of overflowing liquid are higher than for non-boiling liquid 

flow. It is concluded that the model for non-boiling flow cannot be used to 

describe appropriately cryogenic liquid flow.
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NOMENCLATURE

An : coefficient of a polynomial or a power series

Bn : coefficient of a polynomial or a power series

C : - wave speed ( =  y/gK )

- propagation velocity of sound in a gas 

Ca ‘ C at point A ( =  Cij+1 )

Cb : C at the downstream of the shock interface

Cd : C of the bund height ( =  s/ghd )

Cf : C at the upstream of the shock interface

Ci j : C at grid-point i and at time step j

C0 : C of the initial column height ( =  \ZgH0 )

Cp : C at point P (at the positive characteristic line)

cp : specific heat

Cq : C at point Q (at the negative characteristic line)

Cs : C at point S ( at the third characteristic line)

Cw : C at the bund

dp : particle diameter

Ediacr ■ energy discrepancy

Ef : a density ratio ( =  (pi/pv — 1) )

Ei : total energy of the upstream flow

Ek : energy content (potential +  kinetic energy)

Ea : total energy of the downstream flow

Ecru : total volumetric overflow rate 

Eut : total volumetric upstream flow rate 

Fw : total hydrostatic force at the bund 

Gk : parameter in the density-change region
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Gt

9

h

hb

hd

h}

hfg

Ht

Ho

Hv

i

j

K

K

K v

kv

K vb

Kvs

Lv

M

m

Mc

Md

Mdi,cr

Ĥ.eVa-p

Movf

Mtot

total superficial mass flow rate 

acceleration of gravity 

liquid height

downstream liquid height at the shock interface 

bund height

upstream liquid height at the shock interface

latent heat of vaporization

the enthalpy of liquid

initial height of the column/tank

the enthalpy of vapour

grid-point position

time step

Chezy’s resistance coefficient 

thermal conductivity of soil

parameter in the vapour-release region (in unconfined flow)

thermal conductivity of vapour

parameter in the density-increase region

parameter in the vapour-release region (in shock flow)

the length of vapour layer

ratio of Cb to Cf (in non-boiling liquid shock flow)

boiling rate of cryogenic liquid on land

ratio of Cb to Cf (in cryogenic liquid shock flow)

ratio of downstream to upstream density

mass discrepancy

total mass evaporated

total amount of the overflowing liquid

total mass of the flow
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Mvb : mass evaporated in the shock flow

Mvu : mass evaporated in the surge flow

p : pressure

P I  : the term J ^f-dt in the positive Riemann invariant

Pi : initial impact pressure at the bund

p0 : ambient pressure

Pw : hydrostatic pressure at the base of the bund 

Q : total volumetric amount of the overflow liquid 

qc : convective heat flux

QI : the term /  ^ydt in the negative Riemann invariant 

q0 : heat flux from the ground

qw : heat flux at the bund surface

r : radial position ( =  iAr )

rb : - backward boundary position

- bubble diameter (Azbel, 1981) 

rf : the moving front position (forward boundary)

r; : position of grid-point i

Tmax : the highest grid-point position in polynomial fitting 

rmin : the lowest grid-point position in polynomial fitting 

Rq : initial radius of the column/tank 

Rp : jet projection distance

rp : position of point P (at the positive characteristic line)

tq : position of point Q (at the negative characteristic line)

rs : position of point S (at the third characteristic line)

r, : the shock position

rvr : the vapour-release position

rw : the bund position
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T : temperature

t : time ( =  jA t  )

ta : the time at which the axis begins to collapse

te : the time at which the overflow ends

ti : the time at which the overflow begins

Tn : Chebychev polynomial term

U : horizontal velocity

UA : U at point A ( =  Ui(J-+1 )

Ub : U at the downstream of the shock interface

Uf : U at the upstream of the shock interface

: U at grid-point i and at time step j  

Uo : initial velocity of the column ( =  zero )

Up : U at point P (at the positive characteristic line)

Uq : U at point Q (at the negative characteristic line)

Us : U at point S ( at the third characteristic line)

U3 : the shock propagation velocity

Uv : the overflow velocity above the bund

Uvs : superficial vapour velocity

Uw : U at the bund

V ¡ t o t a l  volume of the flow

v : vertical velocity

VeTTOr : volume error

vp : rising velocity of bubbles

vw : vertical velocity at the bund

-X” : a geometric polynomial term

x : - horizontal position (in Cartesian coordinates)

- vapour mass fraction
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■y : - vertical position (in Cartesian coordinates)

- liquid depth (Chan and Benerjee, 1981)

Z : a dimensionless variable (Greenspan and Butler, 1961) 

z : axial/vertical position (in cylindrical-coordinates)

Note : symbols in boldface refer to dimensionless form.

Symbol in Greek letters :

a : - thermal diffusivity

- a constant in equation (4.2.1)

7 : ratio of specific heat

e : vapour void fraction 

rj : dimensionless variable 

A : wavelength 

p : viscosity

v : momentum diffusivity 

p : density

q : dimensionless density

<f> : velocity potential (Penney and Thornhill, 1952)

<r : surface tension 

r  : - shear stress

- dimensionless time in the initialization of shock flow 

(  : dimensionless variable in the shock flow
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INTRODUCTION

Giant storage tanks on industrial production and terminal sites are a 

common sight today. Such storage tanks usually accommodate one of var­

ious liquids produced or needed by industries, especially liquid fuels. Ac­

companying the recent increasing world demand for the Liquefied Energy 

Gases, more LNG and LPG production, storage and transfer facilities have 

been built. Facilities storing in units of more than 3000 m3 commonly use 

large vertical cylindrical tanks; the capacity of each tank can be up to 

120,000 m3.

Any release of the liquid contents from the storage facilities must be 

considered dangerous, whatever the scale of the release : slow but continu­

ous ( in case of a hole or pipe failure ) or instantaneous, as a result of tank 

failure. To limit the arising danger, it is essential to contain any release 

or spill immediately, especially if the liquid is toxic, volatile or flammable. 

The common provision for containing any possible release is to surround 

the storage tanks with a dyke or bund, forming a reservoir. The capacity 

of the reservoir is traditionally equal to or a litle more than the capacity of 

storage tanks enclosed, with a safety factor up to 1.5 .

However, experience has shown that such a containment facility still 

offers little protection against liquid release resulting from a Catastrophic 

Tank Failure ( CTF ), where the rate of release is a deciding factor. Sudden 

release of all the liquid contents has proved to result in a powerful radial 

dispersive surge, which is capable of destroying all but the strongest bund. 

As an illustration, LNG within a storage tank with a diameter of 50 m 

and a height of 30 m has potential energy of 3.7 x 106 kJ. Releasing such 

a huge amount of energy in seconds can obviously destroy many if not all
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obstacles. Even with a very strong bund, some liquid will still flow over the 

bund, indicating the inadequacy of its height. Although this sort of release 

is quite rare, and the possibility of tank failure is reduced by the progressive 

improvement of tank design and application of stricter safety regulations, 

the possibilities of mechanical failures, natural disaster and recently the 

increasing risk of terrorist attack, leading to CTF, cannot be ignored. It is 

therefore important to design an effective bund that is capable of containing 

immediately and completely the worst possible release.

The Imperial College project on Catastrophic Tank Failure was set up 

with the object of designing such effective containment. The main pro­

gramme of this project is to understand the resulting flow from CTF as 

well as its interaction with bunds, so that the requirements for contain­

ment of any possible release can be specified accurately. The project was 

set up along three lines, two of which have already been carried out. The 

first is theoretical investigation of CTF ( Kleyn, 1983 ), which is consid­

ered as the phenomenon of liquid column collapse under its own weight. 

An idealized mathematical model was proposed to describe the surge flow 

resulting from the liquid column collapse and the shock flow resulting from 

the surge flow interaction with the bund. The consequences of inadequate 

bund height were also evaluated, such as the amount of liquid overflow­

ing the bund and the maximum projection distance of overflow outside the 

impounding area. This work permitted preliminary recommendations on 

requirements for a complete containment. To complement this first line, 

the second examined CTF experimentally ( Sharifi, 1987 ). The collapse of 

a liquid column was studied by using a small-scale vertical cylindrical water 

column on a horizontal surface ( water-table ). The flow was monitored by 

high-speed photographic and optico-electronic techniques. This experimen­
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tal investigation highlighted some aspects which the theoretical one has not 

examined, such as geometric-scale effects. Such a physical model can also 

be used to investigate the flow behaviour in more complex conditions, such 

as liquid release from a slot or hole in a damaged tank wall and the effect 

of rectangular bunds on the surge flow, which cannot be evaluated easily 

by the theoretical approach.

The third line, which is the subject of this study, concerns a release of 

cryogenic liquid. Cryogenic liquids boil vigorously when they spill on the 

( warm ) ground. This particular behaviour is considered to influence the 

surge flow resulting from the collapse of a cryogenic liquid column. The 

main objective of this study is, therefore, to describe theoretically the flow 

behaviour of a cryogenic liquid release, comprising the surge flow and its 

interaction with bunds.

There has been much previous work on cryogenic liquid spills on land and 

onto water, especially LNG spills, but surprisingly work on cryogenic release 

as a result of a CTF is not yet available. Irrespective of the initial size and 

shape of the spill source, previous work mainly provides estimates of the 

amount of liquid evaporated and of the size of a spill in a long spill period, as 

a precursor to the evaluation of vapour dispersion. This is clearly different 

from the objective of the current study.

Rupture of the tank shell may take place in two ways : vertical ( longi­

tudinal ) cracking and horizontal or circular cracking along the tank base. 

These two modes may occur simultaneously. Some tank failure incidents 

have shown that the tank shell split vertically and was carried away from its 

original site by the resulting surge flow, or that the tank shell split horizon­

tally at the base and was lifted upward and thrown away. In these cases, the 

shell cracking presumably propagated much faster than the liquid motion.
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Therefore, once the tank shell failed, it became irrelevant to the motion of 

the liquid content, which allows it to be described as a vertical cylindrical 

liquid column starting to collapse. This sudden release of the whole liquid 

contents is regarded as an axisymmetric-flow problem. The other scenario 

of liquid release may occur when the tank shell ruptures vertically in such 

a way that liquid is released through a gap or hole in the shell. This case 

is regarded as an asymmetric-flow problem.

The asymmetric-flow problem is more complex in nature than the axisym- 

metric one, and solving theoretically such asymmetric flow problems ob­

viously needs very extensive mathematical effort. Such problem is better 

investigated experimentally ( physical model ), as carried out by Sharifi.

The liquid column collapse and its resulting surge flow are essentially 

considered as an unsteady two-dimensional incompressible motion. As in 

flow problems generally, such motion can be described by solving the conti­

nuity and Navier-Stokes equations. Despite their complicated forms, these 

equations can be solved successfully by using numerical method. Hill et al. 

( 1980 ) used the Marker and Cell ( MAC ) method in solving the dam-break 

problem, which is similar to liquid column collapse problem. Trbojevic and 

Slater ( 1989 ) used the modified-MAC method to simulate a CTF.

It is common practice to make some assumptions to simplify the prob­

lem, as long as such assumptions are acceptable. Some authors ( Penney 

and Thornhill, 1952; Greenspan and Young, 1978; Kleyn, 1983 ) assumed 

that the surge flow is inviscid. The surge flow resulting from a small-scale 

water column collapse has a Reynolds number of the order 104. This justi­

fies the inviscid flow assumption. It is considered furthermore that, if the 

column is squat, the horizontal acceleration dominates the flow, and the 

vertical acceleration is assumed negligible. These two assumptions greatly
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simplify the equations, and lead to the so-called Shallow Water Equations 

( SWEs ). The SWEs are unsteady one-dimensional hyperbolic partial 

differential equations, which can be conveniently solved by the Method of 

Characteristics ( MOC ). In reality, most vertical cylindrical storage tanks 

have a height to diameter ratio of not more than 1, and are thus squat 

columns. Therefore, the squat column assumption made is acceptable.

Although a model based on the SWEs may give an unrealistic descrip­

tion of the collapse motion at the early stage ( Kleyn, 1983 ), it can generally 

give as good a flow description as that given by the MAC method. Further­

more, solution of the SWEs by the MOC is much simpler than the solution 

of the continuity and Navier-Stokes equations by the MAC method, and 

the computational effort and cost can thus be reduced. Based on this argu­

ment, this study will also use the SWEs to describe the surge flow as well 

as its interaction with bunds.

Most storage tanks are enclosed within a rectangular bunded area. How­

ever, like the asymmetric-flow problem mentioned previously, the surge flow 

interaction with such a rectangular bund is better investigated experimen­

tally than theoretically. The previous theoretical work also simplified the 

bund configuration into a concentric circular-bund, with the tank at the 

centre. This study similarly limits its scope to axisymmetric releases within 

concentric circular bunds.

Although the main objective of this study is to describe cryogenic liquid 

release, it also re-investigates non-boiling liquid releases, which have already 

been theoretically examined by Kleyn ( 1983 ). The term “non-boiling” 

is used in this thesis, to distinguish it from cryogenic liquid which 

boils on contact with the ground. The results of this re-investigation are 

compared with those of previous theoretical and experimental work, to
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assess the accuracy and consistency of the numerical solution as well as the 

validity of the model used. This is presented in Chapter 1 for unconfined 

flow ( the surge flow ) and in Chapter 2 for confined flow ( the shock 

flow ). Chapters 3 and 4 are concerned with the main objective of this 

study, i.e. descriptions of unconfined and confined cryogenic liquid flow. 

As there are no theoretical and experimental investigations on cryogenic 

liquid release available, Chapters 3 and 4 also include comparisons with 

non-boiling liquid releases. The overall conclusions are given in Chapter 5 

together with suggestions for further work.
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CHAPTER 1

UNCONFINED FLOW OF 
NON-BOILING LIQUID

1.1 Introduction

While the complete study is concerned with the liquid column collapse 

motion and the shock flow resulting from the interaction of the surge flow 

with bunds, this work on unconfined flow will cover the column collapse 

motion until the resulting surge flow reaches the bund. Such unconfined 

flow will be theoretically re-investigated in this chapter. This includes 

the numerical calculation procedures used in previous theoretical work, 

especially Kleyn’s ( 1983 ). This work will use the Shallow Water Equations 

to describe the flow behaviour. Here, the flow description given by the 

SWEs will be examined, by comparing the results of this investigation with 

theoretical and experimental results previously obtained by other authors.

1.2 Review of Previous Work

Inspired by the collapse of a big vertical column of water droplets resulting 

from the atom bomb explosion test at Bikini Lagoon, Penney and Thorn­

hill ( 1952 ) considered the dispersive flow following the collapse of such 

a column as an example of incompressible flow. They assumed that such 

flow is inviscid and unaffected by ground friction. They used two methods 

of solution, one of which is more relevant to this study. The first method 

employs a velocity potential cj) as a dependent variable in polar coordinates 

(r, 6), where <f> is a function of r, 6 and time t. To solve the governing equa­

tions, the velocity potential <j> was approximated by a series of trigonometric
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functions ( cosines ), with the coefficients of the series being functions of 

time. The second method, which is more relevant to this study, is a special 

case of the solution, i.e. neglect of vertical acceleration in the motion. They 

considered that for a squat column, i.e. with a height smaller than a base 

diameter, the resulting surge flow is dominated by horizontal acceleration, 

and vertical acceleration may be neglected with respect to the horizontal 

one. As a result of neglecting vertical acceleration, the pressure p at any 

point in the liquid is equal to the static pressure, which depends only on 

the depth below the free surface, given by :

p =  p g (h -z )  (1.2.1)

with p =  liquid density ,

g =  gravity acceleration constant, 

h — liquid height, and

z — vertical distance from the basement/ground .

A further consequence of the assumption of negligible vertical acceleration 

is that any point equidistant from the axis of symmetry has equal horizontal 

or radial acceleration, regardless of its vertical position. This leads to the 

derivation of Shallow Water Equations ( SWEs ), which will be given in 

the next section. The collapse of a squat liquid column based on such 

a description is illustrated in Figure 1.1. The SWEs, as the governing 

equations in this case, are given by :

dh rrdh dU . Uh 
—  +  U—  + h—  + k—  = 0  
dt or or r

dU TTdU dh 
+  +  - °

(1.2.2)

with U =  horizontal velocity ,

r =  horizontal/radial position, and 

t — time.
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Here, k =  1 if the flow is considered in axisymmetric-coordinates ( the 

axisymmetric-model ), and k =  0 if in cartesian-coordinate ( the plane- 

model ). Penney and Thornhill solved equations (1.2.2) numerically by the 

Method of Characteristics ( MOC ), but they did not give the calculation 

procedure in detail. They stated that the surge front has zero thickness and 

propagates at a speed of UjTOnt — 2^gH0, with H0 being the initial height 

of the column. In dimensionless form (U/y/gH0), this velocity is equal to 

2.

(a).Before collapse

(b).During collapse

Figure 1.1: The process of liquid column collapse

In the plane-model case, equations (1.2.2) are similar to the governing 

equations of the dam-break problem. The analytical solution of this prob­

lem is known as Ritter’s solution ( Dressier,1952 ), given by :

U =  | (Co+ (*/<))

h =  l(2C 0 - (x / t ) )z/ i  (1.2.3)
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with x =  horizontal distance from the initial position of the dam,

C o  —  y / g H . o  .

Concurrent with Penney and Thornhill’s investigation, Martin and Moyce 

conducted an experiment of a liquid column collapse. They used a 5 inch- 

high water column, with several base sizes and column shapes : rectangu­

lar, semi-circular and cylindrical. The liquid was constrained by a very thin 

waxed paper diaphragm, with its edges glued with a thin layer of beeswax 

to a metal strip. A short passage of high electric current through this metal 

strip freed the waxed paper and thus allowed the liquid column to collapse. 

They observed that the experimental dimensionless propagation velocity of 

the surge front was less than 2, and estimated the maximum propagation 

velocity attained to be around 1.62-1.71 for a rectangular-shape ( i.e. plane- 

model ) and 1.07-1.27 for a cylindrical-shape ( i.e. axisymmetric-model ).

Greenspan and Butler ( 1961 ) studied theoretically the expansion of 

a gas into a vacuum, with the gas initially at rest and at uniform density 

p0 and pressure p0 . Amongst the topics they discussed, the most relevant 

one to this study is free expansion of a gas into unlimited vacuum space, 

with the gas initially contained inside a cylinder or a sphere. The governing 

equations are given by :

( 7 - 1 )
'dC BC 
Bi + U  Br

„ BU ,U C  
+  C — b k Br r

2 C BCBU ttBU
------ h U-------1------------------
Bt Br (7 — 1) Br

=  0 

=  0 (1.2.4)

with U =  velocity of the gas,
( 7 —1 )

C =  sound velocity in the gas (=  p * ), 

7 =  the ratio of specific heats.

For a cylinder, k =  1, and for a sphere, k =  2. Greenspan and Butler 

showed that the gas-vacuum interface propagates into vacuum space with a
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dimensionless velocity of 2 and the gas density at this interface is considered 

to be zero, or C =  0. Note that equations (1.2.4) will be equivalent to 

equations (1.2.2), if 7 =  2 and <7 =  yfgh are substituted into equations 

(1.2.4). The cases are in fact analogous, and have the same front condition: 

zero thickness ( (7  =  0 )  and U =  2. To solve equations (1.2.4), Greenspan 

and Butler used the Method of Characteristics ( MOC ) and a power series 

approximation. The power series are given by :

4> =  U +  2C =  ¿ A i W i
*=0

v>= 1 7 - 2 ( 7 =  ¿ # ( 77)1 (1.2.5)
*=o

where coefficients A{ and Bi are functions of 77 =  (r—l)/t. This approximate 

solution depends on the degree of the power series n. In the case 7 =  2, by 

taking only a first degree of t in the power series, the results are :

U =  2 -  2Z +  Zt(5Z0 5 -  3Z -  2)

C =  Z + \zt{7Z°* - Z Z  - 4 )  (1.2.6)

with Z =  | [2 -  (r -  1 )/t] .

Greenspan and Young ( 1978 ) also investigated theoretically and ex­

perimentally the surge flow resulting from the liquid column collapse. They 

used the SWEs in cartesian-coordinates ( the plane-model ) to describe the 

flow behaviour. However, their main objective was to assess the interaction 

of the surge flow with bunds and its consequences. Following Greenspan 

and Young’s work, Kleyn ( 1983 ) examined the same problem in cylindri­

cal polar coordinates ( the axisymmetric-model) and compared the results 

between both models. In the case of the unconfined flow, Kleyn confirmed 

that the Greenspan and Butler approximate solution is only satisfactory in 

the early stage of the surge. Kleyn utilized equations (1.2.6) to set up the 

initial condition of the numerical solution of the axisymmetric-model.
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Some authors have used the Marker and Cell method ( MAC ) to de­

scribe the motion of the liquid column collapse. Without neglecting the 

viscosity effect, the equation of continuity and the Navier-Stokes equation 

of motion ( in unsteady two-dimensional form ) are solved numerically, 

where their finite-difference equation forms are complicated. The MAC 

method essentially estimates the position and velocity of each element or 

cell of fluid at each time step. Reconstruction of all cell positions at a spe­

cific time will illustrate the profile of fluid flow. Hill et al. ( 1980 ) used this 

method to solve the dam-break problem, where following the breaking of a 

dam, the rushing liquid flows over the quiescent liquid which initially exists. 

This is a special case of the dam-break problem, as the liquid is initially at 

both sides of the dam ( at different levels ). Trbojevic and Slater ( 1989 ) 

recently used the modified MAC in cylindrical polar coordinates to simu­

late the flow resulting from Catastrophic Tank Failure, and also included 

flow over the bund.

In parallel with Kleyn’s investigation, Sharif! ( 1987 ) carried out exper­

iments, mostly on the unconfined flow. She showed that such investigation 

of the flow resulting from the Catastrophic Tank Failure can best be con­

ducted by using a more realistic cylindrical model, instead of a rectangu- 

lar/plane model or channel model ( as in the dam-break problem ) . Her 

relatively small-scale model, which has a very fast-moving lifting mecha­

nism ( around 20 milliseconds ), was made from a cylindrical glass jacket 

with a diameter of 8.7 cm and a height of 10 cm. The glass jacket was 

initially filled with water, standing on a horizontal surface ( water-table ). 

The jacket was then pulled up very fast, leaving a water column standing 

freely on the table. Sharif! described that a short lifting-time was needed 

to ensure that the formation of a free vertical water column was not influ­
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enced by the lifting mechanism itself, and that the process of the column 

collapse would only begin after the jacket has been lifted clear of the water 

column. Included in Sharifi’s investigation was a scale-dependence factor, 

which the theoretical investigation did not account for. She drew attention 

to the obvious fact that, different from the theoretical investigation, the 

surge front is in practice blunt ( i.e. has non-zero thickness ), and that its 

dimensionless propagation velocity is 1.4 .

1.3 Derivation of Shallow Water Equations

The derivation of the Shallow Water Equations will be started from the ba­

sic equations of continuity and of motion. Figure 1.2 illustrates an element 

in the axisymmetric-coordinates to show the symbols used in the differen­

tial equations of unsteady incompressible flow in two-space variables r and 

z. These differential equations are given by ( Bird et al. , 1966 ) :

* Equation of continuity ;

1 drU dv
r dr dz

* Navier-Stokes equations ;

-  for the r component,

1 dvTrr drTZ
r dr dz

DU _  _dp  
 ̂Dt dr

- a n d  for the z component,

1 drrrz drzz
r dr dz

with d  d TTd d
Dt ~  d t + U  d r + V dz

and U =  radial velocity ( in this case, horizontal ), 

v =  axial or z component velocity ,

(1.3.1)

(1.3.2)

(1.3.3)
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r  =  shear stress (tensor), with its direction indicated 

by its subscript.

Here, |<?| is in absolute value.

Figure 1.2: The element in axisymmetric-coordinate system

The shear stress terms in equations (1.3.2) and (1.3.3) represent the role 

of viscous-force on the momentum balance. This viscous effect is, of course, 

important in laminar flow. In turbulent flow, the viscous effect in the bulk 

flow may be neglected. In the surge flow following the column collapse, the 

flow is assumed to be inviscid. The collapse of a small water column with a 

diameter and a height of only 10 cm results in a surge flow ( apart from the 

surge front ) with a Reynolds number of the order of 104. This shows that 

the viscous effect on the surge flow can generally be neglected, and hence 

the inviscid flow assumption is justified. Fannelop and Waldman ( 1971 ) 

described how the early stages of an oil spill onto water are dominated by 

gravity and inertia forces, which is identical to inviscid flow. Brighton and 

Webber ( 1986 ) also gave a similar description in their investigation of a 

liquid spill on land. Their description supports the inviscid flow assumption,
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as the period of unconfined flow concerned ranges from the beginning of the 

column collapse until the surge flow reaches the bund, which is equivalent to 

the early stage of a liquid spill on land described by Brighton and Webber.

In reality, vertical cylindrical storage tanks commonly have a height- 

diameter ratio equal to or less than 1, and are then referred to as squat 

columns. As previously assumed by Penney and Thornhill, the vertical ac­

celeration (y^) is in this case considered to be small compared with gravi­

tational acceleration. Neglecting shear stress terms and (jfi) from equation 

(1.3.3) results in :
dp
dz =  -P9

By integrating the above equation along z to h ( height of free surface ), 

the resulting equation is :

Po ~P  =  - p g ( h - z ) (1.3.4)

where po is an ambient pressure. The r derivative of the above equation is

given by :
dp dh 
dr ^  dr (1.3.5)

If ground friction is considered, integration of equation (1.3.2) along z 

results in :
DU _  _ 1  dp _  to 
Dt pdr h

where r0 is the ground resistance stress.

Dressier ( 1952 ) and Whitham ( 1954 ) employed the Chezy equation to 

express ground resistance stress. Here, equation (1.3.6) becomes :

DU _  _ 1  dp _  K U 2 
Dt p dr h (1.3.7)

where K  is Chézy’s resistance coefficient, which depends on the roughness 

of the ground surface. Dressier showed that for K  <  10-6 , ground resistance
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hardly affects the flow. The resistance effect is particularly pronounced at 

the moving front region. Based on this fact, Greenspan and Young ( 1978 ) 

argued that the error incurred by neglecting ground resistance effect in the 

early stages of a spill is still acceptable. By assuming the ground surface 

to be frictionless, equation (1.3.7) becomes :

DU _  dh 
Dt ~~S8r (1.3.8)

As shown in the above equation, using liquid height h is more relevant than 

using vertical velocity v. Integrating equation (1.3.1) along h will result in :

h drU 
r dr

+  Vh - V  o

=  0 

=  0 (1.3.9)

The boundary conditions at z =  0 and z =  h are given by :

Dh
v =  and v =  0 , respectively.

Substituting these boundary conditions into equation (1.3.9) results in :

Dh vdU 
D t + k  dr (1.3.10)

The Shallow Water Equations mentioned are given by equations (1.3.8) and 

(1.3.10). The general form of the SWEs is :

dC nTTdC „ dU ,U C2— +  2 U—  + C —  + k-----  = 0
dt dr dr r

dU TTdU n„d C
ô i  +  t , 9T +  2C a7

(1.3.11)

with C =  \fgh. In the Shallow Water theory, C is the propagation speed of 

a surface wave. For k =  0, the SWEs are in cartesian coordinates ( plane- 

model ), and for k =  1 in cylindrical coordinates ( axisymmetric-model ).
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1.4 Numerical Solution
1.4.1 Method of Characteristics (MOC)

Shallow Water Equations (1.3.11) are hyperbolic partial differential equa­

tions, which can be solved by several methods ( Smith,1977 ). Amongst 

these methods, the Method of Characteristics is the most appropriate one 

( Abbott,1966 ).

Leaf et al. ( 1979 ) confirmed that the Method of Characteristics (MOC) 

has the best accuracy amongst all methods they have examined. They 

solved a water-hammer problem ( hyperbolic differential equations of tran­

sient flow, resulting from a sudden closing of a valve ) by several methods : 

finite-difference method of Lax, Lax-Wendroff ( two-step ), finite-element 

method using a Galerkin procedure, and the Method of Characteristics. 

They concluded that two-step Lax-Wendroff method and the MOC give 

the best accuracy.

The Method of Characteristics is based on two principles :

• the entity, or specific correlation of dependent variables, and

• the path or track, along which the entity propagates.

The path itself is called a characteristic fine or curve.

The following is the basic solution of the SWEs by the MOC. Summing up 

and subtracting two equations in (1.3.11) results in :

This equation shows that (U ±  2C) are dependent variables or entities, 

which are functions of r and t. Their total derivative is given by :

UC
=  T -----r

(1.4.1)

d( U ± 2C )
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and this equation can be transformed into the form :

dr d{U ±  2C) d ( U ± 2 C ) _  d{U ±  2C) 
dt dr dt dt

(1.4.2)

Comparison of equations (1.4.1) and (1.4.2) shows that entities (U ±  2(7) 

move along their path with a velocity of :

dr
dt

= U ± C

with their rate of change given by :

d(U±  2(7) _  UC_ 
dt ^  r

Briefly, there are two characteristic lines with their corresponding entity 

correlations : positive and negative. The positive characteristic line has a 

slope of :

di[ = u+c ( 1 A 3 )

where along this positive characteristic line, the rate of change of {U +  2(7) 

is given by :
d(U + 2 C )^  UC ( 1 4 4 )

dt

and its general correlation :

r UC
U T 2(7 T J  -----dt =  constant (1.4.5)

Equation (1.4.5) is called the positive Riemann invariant ( Abbott,1966 ). 

Similarly, along the negative characteristic line,there are :

* a slope of :
rift*

=  U - C  (1.4.6)dr
dt

* and a negative Riemann invariant :

r UC
U — 2(7 — J -----dt =  constant (1.4.7)
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The RHS of equations (1.4.5) and (1.4.7) are constants or parameters. This 

means that there are two families of characteristic lines in this solution, as 

illustrated in Figure 1.3. The flow region is bounded by two moving bound­

aries, which are also members of characteristic lines. They are the forward 

moving boundary, sometimes called forward moving front or edge, and the 

inward moving boundary, which moves toward the axis. As shown in Fig­

ure 1.3 , the flow region begins at t =  0 and r =  Ro, which is the original 

position of a tank wall. Furthermore, all negative characteristic lines start 

from this point as well. This phenomenon shows that the disturbance is 

dispersed over the whole flow region. In this case, the disturbance is the 

initial liquid column profile ( a step function ).

As in the problem of the expansion of a gas into vacuum ( Greenspan and 

Butler, 1961 ), the horizontal velocity U — 0 and C is equal to C0 =  \fgH0

at the inward moving boundary. This boundary line is in fact the negative
(It

characteristic line with a propagation velocity of —  =  C0. This boundary
at

line is then given by :

This equation is only valid until it reaches the axis at t =  (R0/C0), when 

the axis begins to collapse.

As shown in Figure 1.3, the positive characteristic lines start from the 

inward boundary line. Because U0 =  0 and G — C0 at the inward boundary 

line, the value of the positive Riemann invariants are 2C0, as can be derived 

from equation (1.4.4) :

At the forward moving boundary, the thickness or height of the front is zero 

( Saint Venant solution ), analogous to the gas- vacuum interface, where the 

gas density is zero or C =  0. Hence, the front velocity can be determined

Tb =  R q —  Cot (1.4.8)

U + 2C + dt =  Uq +  2Co — 2 (70 .
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by the above equation :

/ UC
—— dt = 2Cq or Ufront =  2Co

This means that the front propagates with a constant velocity. The forward 

moving boundary is then given by : 

dv
—  =  2(70 or Tf =  Ro +  2C0t (1.4.9)

1.4.2 The Numerical Calculation of The MOC

As the solution of the SWEs by the MOC is based on the characteristic lines 

and Riemann invariants ( positive and negative ), the condition at any point 

always depends on these characteristic lines and the correlations of Riemann 

invariants. Figure 1.4 illustrates the principle of the MOC solution, how to 

determine the condition at any point along a characteristic line. To simplify 

the illustration, two families of characteristic lines ( positive and negative ) 

are drawn arbitrarily. It is assumed that the condition at points A to E are 

known. The condition at point P depends on the conditions at points A 

and B. Along the positive characteristic line AP, (Up+2Cp) is correlated to 

( Ua +2C a) in Riemann invariant given by equation (1.4.5). Similarly, along 

the negative characteristic line BP, (Up — 2Cp) is correlated to (UB — 2Cp) 

in equation (1.4.7). Because the values of U and C at points A and B 

are known, U and C can be calculated from the two Riemann invariant 

correlations along AP and BP. The conditions at other points ( Q, R and 

S ) can be calculated in a similar way to those at point P, as can points U, 

V and W.

As commonly carried out in numerical solutions, the SWEs are also 

solved numerically by using uniform increments A r and At. The method 

illustrated in Figure 1.4 cannot ensure the uniformity of Ar and At. Instead
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Figure 1.3: Two families of characteristic lines
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Figure 1.4: The principle of the MOC solution

Figure 1.5: Three-point method : A , P and Q
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of that illustrated in Figure 1.4, grid-points ( mesh or node ) with uniform

A r and At are used, as depicted in Figure 1.5 . The flow region or domain

is divided into equidistant grid-points, with the position r expressed as iAr

and time t as jA t. However, the solution illustrated in Figure 1.5 needs

interpolation. As an illustration, the conditions at all grid-points at time

step (j ) are assumed to be known. Point A represents point rtJ-+i, with

points P and Q at time step (j). Here, AP is the positive characteristic line,

and AQ is the negative one. The condition at point A can be calculated, if

the conditions at points P and Q are known. Because points P and Q are

not grid-points, the values of U and C at both points have to be estimated

by interpolation. Furthermore, the positions of points P and Q depend on 
dr

the slopes —  of the positive and negative characteristic lines. The Riemann 
at

invariant correlations at line AP and AQ are given by :

* along the positive characteristic line AP :

UC
d(U +  2 C) dt

Ua +2C a =  UP + 2 C p -J 'A UC dt (1.4.10)

* and along the negative characteristic line AQ :

UC
d (U -2 C ) =  -----dt

r

UA -  2CA =  UQ -  2Cq +  I A UC
dt (1.4.11)

dr
with UA =  Uij+i and CA =  Cij+1- As the characteristic lines are —  =

Hi
U ±  C, the term /  ^f-dt can be expressed in another form. Equations 

(1.4.10) and (1.4.11) can be rewritten into :

with

or

P I  =  

P I -
- L

- L

UA +  2 CA = Up + 2 CP +  P I  

A UC
dt

p r 
A UC

p r(U +  C)
dr

(1.4.12)

(1.4.12-A),

(1.4.12-B),
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and

UA -  2Ca =  Uq -  2CQ -  QI (1.4.13)

or

with

L r{U +  C ) dT

(1.4.13-A),

(1.4.13-B).

The values of U and C at point A are then evaluated by solving equations 

(1.4.12) and (1.4.13) simultaneously, and given by :

UA = UUp +  Uq +  2Cp +  2Cq + P I - Q I )

CA =  ^(Up - U q - 2 C p +  2Cq +  P I  +  QI) (1.4.14)

These equations clearly show that U and C at point A are determined by

iteration, because the position of points P and Q depend on the slopes of 

lines AP and AQ, and the values of U and C at both points are calculated 

by interpolation. This method of calculation is called a three-point method 

( Abbott,1979 ), because it involves three points A, P and Q. Greenspan 

and Young( 1978 ), and Kleyn ( 1983 ) employed this method in their 

numerical solution. The accuracy of this method relies on :

• the size of increments A r and At,

• the method of interpolation, and

• the estimate of the slope of characteristic line.

Using finer or smaller increments will increase the accuracy, but this 

will need more computational effort( computer memory and cost ). The 

usual way is to use a compromise size of increment, that is a moderate size, 

compensated by iteration ( implicit method ), to improve the accuracy. The 

selection of the increment size also has to consider the Courant-Friedriech- 

Lewy criterion ( CFL ). This criterion essentially describes the behaviour of
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a numerical solution of a differential equation, which depends on the incre­

ment size, in relation with its actual solution. To ensure that the numerical 

solution converges to the actual solution, the CFL criterion must be ful­

filled. For the SWEs solution, the CFL criterion is given by ( Smith,1977; 

Abbott,1979 ) :
Ai\U + C\ 

A r
< 1 (1.4.15)

This criterion gives a restriction on the magnitude of At to be used with 

respect to the magnitude of A r, or vice versa.

The profile of the values of U and C at successive grid points dictates 

the method of interpolation. If the increment is small or U and C vary 

linearly with the position, linear interpolation is sufficient. Greenspan and 

Young used linear interpolation ( together with iteration ), but they did not 

mention their accuracy. Kleyn used a Chebychev polynomial as a way of 

interpolation. To improve the accuracy and convergence of the numerical 

solution, Abbott( 1979 ) suggested that better interpolation method and 

slope approximation will both have to be used. For example, the positive 

and negative characteristic slopes are better estimated by using the con­

ditions at two points than at one point only. Greenspan and Young, and 

later Kleyn, took the average value of the slope between time steps j  and 

( j  +  1). The approximate slope of the positive characteristic line AP is then 

given by :
diT 1
Jt =  ^(UA +  CA +  UP +  CP) (1.4.16)

Likewise, the approximate slope of the negative characteristic line AQ is 

given by :
A'n 1

(1.4.17)dr
dt

2 (UA - C A +  UQ-  Cq)

Kleyn called this method a three-point second-order method.
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Following this previous work, the current study uses a three-point sec­

ond order method. It also re-investigates the interpolation method and 

the method of PI and QI evaluation, as described in equations (1.4.12) and 

(1.4.13). The interpolation is performed by using a polynomial fitting. Two 

forms of polynomial fitting are examined. These are :

1. A simple polynomial :

U =  Aq +  A iX  +  A2X^ -f- • • • +  AnX n (1.4.18)

with An =  coefficients ( to be evaluated ),

X  ( 2 j "  T-max ~  T m in )/ { ? m ax  U n t n ) *

The X value should be between -1 and +1 , to satisfy 

the validity of this polynomial fitting.

2. A Chebychev polynomial ( Carnahan et al. ,1969 ):

U = A0 + A1T1(X )  +  A2T2(X ) +  - • • +  AnTn(X )  (1.4.19)

with X defined as in 1), and 

T1( X ) = X  ,

T2(X ) =  2X  - 1 ,

Tn{X ) =  2XTn_1(X ) -  Tn_2(X )  .

A simple polynomial fitting is tried, because it is simpler to use than Cheby­

chev polynomial. The interpolation is carrried out in two ways. These are :

• Using all nodes inside the inward-forward boundary lines and pre­

senting them into one polynomial equation. Hence, at each time step, 

there is only one polynomial fitting.

• Using 4 ~ 6 nodes surrounding the point to be calculated ( 2 in front, 

and the othenbehind ) and fitting them into one polynomial equation. 

In this case, each iterated point has a polynomial fitting.
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The terms PI and QI in equations (1.4.12) and (1.4.13) are also evaluated 

in two ways, i.e. :

• By numerical integration of equations (1.4.12-B) and (1.4.13-B) using 

the trapezoidal rule, as carried out by Kleyn. Here, U and C are 

interpolated at time step j .

• By arithmetic averaging equations (1.4.12-A) and (1.4.13-A), in the 

forms :

P I

Q I
UaCa 

■ rA
+

UaCa

Ta
+

UpCp A t
J T

At
rP 

UQCQ
TQ

(1.4.20)

The liquid at the axis starts to collapse, when the inward moving bound­

ary has reached the axis. Because the horizontal velocity U at the axis is 

always zero, only C is to be calculated, by using equation (1.4.13). In this 

case, UA =  0. By using the negative characteristic line passing through 

r =  0, tq can be estimated as :

rQ = ~(UQ -  CQ -  CA)Y (1.4.21)

However, the term (in  QI ) at the axis cannot be evaluated directly, 

because rA — 0. This term is then estimated by employing the l ’Hospital

rule :
V dUlim — =  — - r—»o r or .so

UC _  c dU_ 
r dr

Incorporating the above correlation into equation (1.3.11) results in :

/ ¡7=0

dC d c
dt + U  dr

\

+ c dU_
dr

UC
r

hence
UC _  dC 
r dt

(1.4.22)
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In numerical solution, this equation is approximated by using :

UC (C 'oj+i ~  C0tj) (1.4.23)
r=0 At

where Coj and Coj+i are values of C at the axis at time steps j  and (j + 1 ).

1.4.3 The Calculation Procedure

In order to obtain the generalized results, all variables involved are ex­

pressed in dimensionless form. These are :

n  -  —  r> — —  -  JL u _  h + _  tC<>
^  r  ' ̂  ~  C ' T ~  P ’ ^ — jt ’  ̂~  D 'O o C o  jlo -Ho r to

Hence, the dimensionless velocity of the moving front is 2 , and the dimen­

sionless initial column height and radius are both equal to 1.

To start the calculation, the initial condition is needed. For the plane- 

model, Ritter’s solution in equations (1.2.2) is used to set up the initial 

conditions. For the axisymmetric-model, the initial condition is set up by 

using equation (1.2.6). The initial condition is set up at small time after 

the column begins to collapse.

As mentioned before, the determination of U and C at each grid point at 

time step (j +  1) is essentially an iterative calculation. Equations (1.4.14) 

together with the determinations of P and Q positions (rP and rg) are 

evaluated simultaneously. Here, the positions rP and are estimated 

from equations (1.4.16) and (1.4.17) :

A t
rP =  ri — (U P +  Cp -(- U a +  C a )~^~

x A t
t q  =  r{ -  ( U q  -  Cq +  -  C ^ )  —

(1.4.24)

(1.4.25)

Because this iteration involves several unknown variables ( rP, tq, U^andC^ ), 

the iteration is conveniently performed by using the Newton-Raphson method
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( described in Appendix A ). The above equations are regarded as two func­

tions Fi(rp, tq) and F2(tp, tq) , i.e. :

Fi(tp, tq) =  rt- — (Up +  Cp +  Uji +  C^) —---- r p

F 2( tp , tq ) =  Ti — (Uq — C q +  — C^)— tq (1.4.26)

The iteration procedure is performed as follows :

1. At grid point rt J+1, the positions of P and Q are initially estimated 

by :

Tp =  T i - (  U y  +  C ij)A t

tq =  ^  -  (Uij -  Cij)At (1.4.27)

2. For a given rP and tq, values of U p ,C p ,U q and C q are evaluated 

by interpolation.

3. and are calculated by using equations (1.4.14).

4. Fi and F2 in equations (1.4.26) are calculated. If absolute values |F\| 

and \F21 are both less or equal than e ( a very small number, namely 

10-6 ), then the iteration is regarded as successful!, and calculation 

is continued for next grid point.

5. If one or both values of |F: | and \F2 \ are greater than e ( i.e. |Fi |,|F2| > 

e ), new rP and tq are estimated by using :

rn+1 — rn Tp — Tp

rn+1 —  i>nTq -  Tq

6FX 0F2 dFx dF7 dT p  OT q  dT q  QT p

dFi 6F2 6Fi 0F7 dT p  dT q  dT q  dT p
(1.4.28)

with n =  iteration step. These equations are described in Appendix A. 

The calculation operation is then repeated from step 2) onwards.

The flow diagram of this procedure is shown in Figure 1.6
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Figure 1.6: Flow dictgrciin of the iteration procedure
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1.4.4 Selection of The Calculation Procedure.

To obtain results with a good accuracy, the method of polynomial fitting is 

combined with the method of P I  and QI evaluation. The calculation pro­

cedure is considered to be satisfactory, if it fulfils the following conditions :

1. The procedure is used to solve the SWEs of the plane-model. This 

is considered satisfactory if the difference between its result and the 

analytical result ( Ritter’s solution ) is less than 0.5 % .

2. The procedure is used to solve the SWEs of the axisymmetric- model. 

The results must be :

• Smooth with no ripple in U and C. Below is an illustration of 

ripple-point result : •

Table 1-1: Ripples in C rows

Time
(t) 0.50 0.60

Radius (r) 
0.70 0.80 0.90 1.00

1.50 0.537 0.492 0.450 0.426 0.432 0.462
1.40 0.583 0.518 0.465 0.441 0.4 60 0.489
1.30 0.645 0.519 0.485 0.461 0.4 81 0.518
1.20 0.685 0.664 0.401 0.541 0.509 0.532

• Convergent. This can be checked by calculation at several A t, 

such as : 0.10, 0.05, 0.025 . The difference of the results between 

the successive A t must be small ( namely, less than 1 % ) and 

decrease.

3. The total mass and energy content at any time step must be con­

served, because there is neither loss of mass ( no evaporation ) nor of 

energy ( frictionless flow ) during the process.
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Total mass and energy content are calculated numerically. Because 

the liquid is incompressible, the total volume must remain constant. The 

volume of a small element is given by :

dV =  2nrh dr .

In finite-difference form, the total volume is given by :

n -1 A
V =  2tt ^2(rihi +  ri+1hi+l)—  (1.4.29)

»=o 1

where i denotes the position of the grid point. This value is theoretically 

equal to the initial liquid volume V0 =  7rRlH0, or in dimensionless form,

V  =  7T.

The energy content consists of the potential energy and kinetic energy ( Ab­

bott,1966 ). The energy content of a small element is given by :

dE — (\U2 +  i  ¡Qpgzdz'j {2-nrh) dr , 
dE =  (|£72 +  \pgki) (2-jrrh) dr

or in dimensionless form :

dE =  Efc(27rrh) dr with Efc =  |U2 +  |h

In finite-difference form, the total energy content is equal to :

n _1 A  r
Etot =  2tt J2(riEk,ihi +  ri+1Ekti+1hi+1) —  (1.4.30)

t=0 z

The total initial energy content is \-npgR^Hl or in dimensionless form, 

Etot =  |tt-

The difference between the calculated results and the initial volume/energy 

content are expressed in relative percent, with regard to the initial vol­

ume/energy content :

Verr =  100% x 
Eerr =  100% x

A satisfactory procedure will give both errors less than 1 % .
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1.5 Results and Comparison
1.5.1 The Selected Calculation Procedure

The method of the selection of the calculation procedure was described 

in Section 1.4.4. The combination between the polynomial forms and the 

evaluation methods of P I  and QI influenced the results. The procedure 

that is satisfactory for solving the plane-model cannot ensure a satisfactory 

solution for the axisymmetric-model. Ritter’s equation (1.2.3) shows that 

for the plane-model, U and C depend linearly on position x. Furthermore, 

the solution of the plane-model does not include the evaluation of P I  and 

Q I , which makes it simpler than the solution of the axisymmetric-model. 

This may cause the procedure satisfactory for the solution of the plane- 

model, but unsatisfactory for the solution of the axisymmetric-model.

The following is a description of the results obtained by the combina­

tions of the polynomial fitting with the method of P I  & QI evaluations :

1) . The Combination of the Simple Polynomial and the Numerical Integra­

tion.

Polynomial fitting was tried in two ways ( i.e. based on all points 

inside the boundaries, and based on a group of 4 - 6 points surrounding 

the ‘iterated’ point ), with its coefficients evaluated by the least-squares 

method. The trapezoidal method was used in the numerical integration, 

with the interval of integration divided into 8 segments or more. These 

combinations are not satisfactory. The difference with Ritter’s solution is 

greater than 0.5 % and they sometimes produced ripples.

2) . The Combination of Chebychev Polynomial with the Numerical Inte­

gration.

A Chebychev polynomial fitting was also expressed in two ways, similar
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to 1) above. Using Chebychev polynomial fitting in both ways was satis­

factory and accurate for solving the plane- model. The latter form ( i.e. 

using 4-6 points ) has the best accuracy, and gave average errors less than 

0.01 % . However, the combination of the numerical integration with both 

forms of Chebychev polynomial fitting was still unsatisfactory for solving 

the axisymmetric-model. They produced ripples.

3). The Combination of Chebychev Polynomial with the Arithmetic Aver­

age.

Here, equations (1.4.20) were used. Chebychev polynomial fitting from 

all points still gave ripples, especially for points near the inward and out­

ward moving boundaries. By using one polynomial equation for each iter­

ated point, the combination gave monotonic results and satisfied the first 

and second conditions mentioned in Section 1.4.4. This combination was 

then used for further calculation.

Kleyn used A r =  0.10 and refined the increment ( mesh ) around the 

axis into A r =  0.01. This study also used A r =  0.10. For comparison 

purpose, two procedures were tried : with a mesh- refinement around the 

axis ( similar to Kleyn’s ), and without mesh- refinement. Both methods 

gave monotonic results. The total mass ( volume ) and energy content were 

then calculated for both cases. The results are shown in Table 1-2 , together 

with Kleyn’s results. It is shown that the procedure using mesh-refinement 

around the axis resulted in growing volume and energy errors, while the 

procedure without mesh-refinement gave small errors. The growing errors 

are caused by not comforming to the CFL criterion. According to this 

criterion, to achieve a convergent numerical solution, the mesh-refinement 

must be followed by time-increment refinement. Using At =  0.10 also gave 

volume and energy errors higher than 1 % , although the errors are still
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smaller than those of the procedure with mesh-refinement. This may also 

be caused by not conforming to the CFL criterion in some part of the flow 

region. In the region from r =  1 to the front edge, the value |U +  C| is 

always greater than 1. This means that with A r =  0.10 , A t used must be 

less than 0.10.

In conclusion, the calculation procedure using :

• a Chebychev polynomial fitting,

• an arithmetic average method, and

• unrefined mesh around the axis,

is selected in this work, with A t equal to or less than 0.05.

1.5.2 Comparison with Other Theoretical Results

So far, only Kleyn’s (1983) and, Trbojevic and Slater’s (1989) results can 

be compared directly.

Kleyn’s numerical data comprises the unconfined flow and the shock 

flow data, with the maximum distance of bund from the axis equal to four 

times the initial radius. Because this comparison is only concerned with 

unconfined flow, the data can only be compared until t =  1.5 , at which 

the forward moving front reaches the bund.

The average difference in U and C between Kleyn’s results and the 

results of this work was less than 10 % . Large differences were found at 

points near the moving boundaries and around the axis after the liquid level 

at the axis collapsed. The total mass and energy content calculation with 

Kleyn’s data showed that his data resulted in growing volume and energy 

errors, as shown in Table 1-2 , although the errors are less than 10 % . 

This is caused by refining A r around the axis without refining A t ( CFL 

criterion ), as described before.
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Table 1-2: Comparison of Volume and Energy errors

Volume errors ( % )
Time
(t)

Kleyn’s
Data

With Mesh-refinement 
At =  0.10 At =  0.05

No Mesh-refinement 
At =  0.10 At =  0.05

0.10 0.844 0.844 0.912 0.844 0.912
0.20 -0.218 0.407 0.406 0.407 0.406
0.30 0.359 0.453 -0.009 0.951 -0.078
0.40 0.882 0.449 -0.050 0.973 -0.143
0.50 1.485 0.441 -0.130 0.933 -0.238
0.60 1.779 0.476 -0.091 0.903 -0.212
0.70 2.299 0.449 -0.171 0.940 -0.232
0.80 2.851 0.509 -0.116 0.964 -0.249
0.90 3.504 0.472 -0.161 0.993 -0.267
1.00 3.656 0.147 -0.569 1.007 -0.296
1.10 4.382 1.504 0.917 1.182 -0.137
1.20 4.911 2.895 2.425 1.187 -0.139
1.30 5.169 4.182 3.710 1.196 -0.105
1.40 5.394 5.334 4.911 1.157 -0.088
1.50 5.572 6.335 5.982 1.149 -0.097
1.60 1.116 -0.058
1.80 1.241 -0.026
2.00 1.199 -0.105

Energy errors ( % )
Time
(t)

Kleyn’s
Data

With Mesh-refinement 
At =  0.10 At = 0.05

No Mesh-refinement 
At = 0.10 At = 0.05

0.10 1.758 1.758 1.904 1.758 1.904
0.20 0.328 0.996 0.985 0.996 0.985
0.30 0.849 1.141 0.182 2.292 0.027
0.40 1.502 1.129 0.058 2.325 -0.128
0.50 2.254 1.114 -0.075 2.220 -0.285
0.60 2.857 1.160 -0.007 2.198 -0.257
0.70 3.571 1.117 -0.160 2.246 -0.318
0.80 4.321 1.227 -0.073 2.289 -0.359
0.90 5.185 1.174 -0.168 2.371 -0.382
1.00 5.916 1.429 -0.086 2.410 -0.438
1.10 6.644 3.757 2.527 2.646 -0.179
1.20 7.306 6.111 5.127 2.650 -0.216
1.30 7.614 8.258 7.450 2.648 -0.195
1.40 7.803 10.159 9.564 2.566 -0.168
1.50 7.955 11.752 11.408 2.523 -0.212
1.60 2.495 -0.159
1.80 2.680 -0.128
2.00 2.655 -0.245
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Trbojevic and Slater reconstructed the motion resulting from a diesel 

fuel tank failure, with a diameter of 30 m and a liquid height of 10.5 m. The 

tank is surrounded by a circular bund ( with trapezoidal cross-section ), at 

a distance of 38.3 m from the centre, or about 2.55 times of the tank radius. 

They illustrated the liquid motion in 5 freeze-frames. The front velocity 

was estimated to be about 14.6 m /s ( in dimensionless form, about 1.44 ) 

when it reached the bund.

Because their method differs from the one used in this study, the time 

scale can be different too. To make a proper comparison, the same time 

reference is needed. The estimation of setting the same time-reference is 

described in Appendix B. Figure 1.7 presents a comparison of the liquid 

profile between the result of this work and Trbojevic and Slater’s result. 

The pictures produced by Trbojevic and Slater were here cut before the 

flow reached the bund, because this comparison is only concerned with 

unconfined flow ( i.e. inside the bunded area ). This figure clearly shows 

that the flow description by the SWEs agrees well with the flow description 

by the MAC method, except in the early stages of motion ( at time t =  

0.8 ). Ripple surfaces in Trbojevic and Slater’s figures resulted from the 

method of numerical solution. The difference in the motion at the axis 

area in the early stage of the release will be explained in the next section, 

which is concerned with the Shallow Water theory. Apart from this, it can 

be concluded that the assumption of inviscid flow for a squat tank ( i.e. 

neglecting vertical acceleration ) is acceptable. As mentioned previously, 

the flow description by using the SWEs is as good as that given by the MAC 

method. Furthermore, the SWEs solution by the MOC is much simpler 

than the MAC method and, as stated by Kleyn, needs less computational 

effort.
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There are two prominent aspects in which the description given by the 

SWEs are different from the experimental observation. The first is the 

motion of the column at the early stages, especially at the original site 

area, and the second is the front velocity.

1.5.3.1 Vertical Motion at The Early Stage

Sharifi ( 1987 ) observed the motion of the column collapse by using high­

speed film. The film shows that the body of the column first falls down 

and subsequently the liquid disperses horizontally. Kleyn roughly estimated 

that beyond one and a third column radii away from the column axis, the 

vertical acceleration can be neglected, as beyond that point the horizontal 

motion is dominant. The vertical acceleration is of the same order as the 

horizontal one inside the region of one and a quarter column radii away 

from the column axis.

The Shallow Water theory implies that an element of fluid moves hori­

zontally, while its height gradually decreases along its motion. This concept 

is shown in Figure 1.8. When this concept is applied to the collapse of a 

liquid column, the liquid level at the axis of the column remains at rest 

until the backward moving boundary reaches the axis at t =  1 . This is 

different from the experimental observation, where the liquid at the axis of 

the column moves downward as soon as the column collapses.

However, within the time span of interest, this difference is tolerable. 

Comparison of the theory with the experiment in the case of the plane- 

model confirms that after the axis collapsed, the description of the motion 

given by the SWEs in the axis area agrees well with the experimental one, 

as shown in Figure 1.9. This picture is based on Martin and Moyce’s data

1.5.3 Comparison with The Experimental Results
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axis
original shape

(a).Motion of an element according to the Shallow Water theory

(b).A column collapse motion based on the experiment

Figure 1.8: Comparison of SWE’s concept with the experiment
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of the motion of the top of the column in the plane model case. Their 

data were re-interpreted ( see Appendix B ) in order to have the same 

time-reference. Unfortunately, there is so far no explicit experimental data 

available about the axis motion in the axisymmetric-model. Nevertheless, 

as shown in Figure 1.9, it can be concluded that the Shallow Water theory 

gives a good description of the unconfined flow.

1.5.3.2 Front Velocity

In contrast to the Shallow Water theory, it has been shown in the exper­

iments that the moving front is blunt and that its dimensionless velocity 

is less than 2. For the axisymmetric-model, Sharifi estimated the average 

front velocity to be 1.4. Martin and Moyce (1952) observed its maximum 

attainable to be 1.07-1.27 ( in the plane-model, 1.62-1.71 ).

The fact that the experimental front velocity is less than 2 is most 

likely caused by the ground or base resistance. As described by Dressier 

(1952) and Whitham (1955), the ground resistance makes the moving front 

blunt. For the plane-model, they approximated the front position and the 

front velocity as function of time. Ritter’s equation was used to deter­

mine the velocity and the height of the flow behind the moving front. In 

the axisymmetric-model, there is so far no satisfactory analytical solution 

that can be used to determine the flow condition. Hence, Dressier and 

Whitham’s method is not easily applied to the axisymmetric-model. A vis­

cous effect is perhaps the other cause, though this is less obvious. Trbojevic 

and Slater (1989) estimated the dimensionless front velocity to be 1.44 when 

it arrives at the bund. Here, the MAC method they employed does not ig­

nore viscous effects ( in the form of shear stress terms ). Unfortunately, 

they only investigated one tank size, so their estimate of the front velocity
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cannot be regarded as general. Although there is a difference between the 

front velocity estimated theoretically and that of experimentally, as previ­

ously mentioned by Greenspan and Young (1978), the error incurred from 

neglecting the ground resistance effect is believed to be acceptable.

1.5.3.3 Flow Profile

Figure 1.10 shows the comparison between Sharifi’s data and the results of 

this work. Although her description of the flow profile does not cover the 

original site of the column, it is very useful, for there are no other expe­

rimental data available. Figure 1.10 was prepared after the time reference 

and scale dependence had been normalized ( see Appendix B ). This figure 

shows that liquid height in experiments tend to be higher than predicted 

by the theory. Here, two possible causes can be given.

The first possibility might be the slight variation of the roughness of 

the base plate. Sharifi used a light diffuse glass plate as the base of the 

water table. In her experiments, the front was observed to propagate at a 

different velocity for different radial direction. In other words, the surge 

front position, which is supposed to be in circular shape, is not concentric to 

the original column. She suggests that this is most likely caused by a slight 

variation of the plate roughness, which leads to different flow resistance. 

As a consequence, there is a variation in liquid height at the same radius 

from the axis but different radial direction.

The second cause might be inaccuracy of the liquid height measure­

ment. Sharifi used a photo-diode unit to determine the liquid height, by 

measuring the loss of light intensity across the liquid flow. Although she 

had standardized and corrected the photo-diode unit for water flow condi­

tion, the unit apparently gave higher values for liquid height than the true
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Figure 1.10: Comparison of flow profiles between the results of current work 
with Sharifi’s results
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height. In Figure 1.10 , especially at time t >  2, if the liquid profile is 

drawn from Sharifi’s data and the total volume is then calculated, the total 

volume will be much greater than the initial volume. Even if the surge front 

is blunt, the liquid profile will not be as high as those of given by Sharifi. 

This phenomenon is likely to have been caused by light refraction through 

the liquid flow, as shown in Figure 1.11. This figure illustrates the discrep­

ancy between the true liquid height and the measured height, indicated by 

the length of light path. The light comes from the base, and photo-diode 

probes are mounted at right angles to the base. Because of light refraction 

at the free surface of the liquid flow, the measured height is greater than 

the true height, with the discrepancy dependent on the inclination angle of 

the free surface.

Apart from this, the general trend of the flow profile produced by Sharifi 

agrees reasonably well with the theoretical flow profile. This once again 

shows that SWEs can give a good description of the dispersive flow resulting 

from the collapse of liquid column.

Figure 1.11: Liquid height measurement by using photo-diode unit
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CHAPTER 2

CONFINED FLOW OF 
NON-BOILING LIQUID

2.1 Introduction

To complement the unconfined flow investigation described in Chapter 1, 

the SWEs will now be applied to describe confined flow, where the surge 

flow resulting from the liquid column collapse is obstructed by a bund or 

dyke. This obstruction causes the surge flow to form a shock : a hydraulic 

jump or bore.

This investigation will cover the shock motion and its consequences. 

The fundamental theory used follows Greenspan and Young’s (1978) work. 

Initially, this study would include the flow behaviour at an inclined bund 

as well, but it was eventually realized such flow over an inclined surface 

required the use of a different theory from that used so far in this study. 

Therefore the scope of this investigation had to be restricted to vertical 

bunds only. It comprises two main cases : bunds of unlimited height and 

hence no overflow and sufficiently low bunds at which overflow occurs. The 

results obtained are compared with previous theoretical and experimental 

results, to check the applicability of the SWEs used.

2.2 Review of Previous Work

As described in Chapter 1, Greenspan and Young examined theoretically 

and experimentally the liquid motion at a bund surrounding a tank storage 

system, by applying the SWEs to a plane-coordinate model. The fluid 

motion was simulated from the instant of tank rupture until the shock

59



resulting from collision with a vertical bund moves back towards the centre 

of the original tank position. They also estimated theoretically the total 

amount of overflow. For their experiments, Greenspan and Young used a 

9 x 9  inch rectangular column, with various bund positions and heights. 

Although their theoretical investigation was only concerned with a vertical 

bund, they explored the effect of the bund inclination angle ( 30° and 60° to 

the horizontal ) in their experiments. They claimed that their theoretical 

description of shock motion is in good agreement with their observations. 

Their numerical calculation of the amount of the overflowing liquid for 

vertical bund also showed good agreement with their experimental results. 

In the case of inclined bunds, their experiment showed that a decrease in 

the bund inclination angle ( from 90° ) resulted in an increase of the amount 

of overflow. They concluded that bund height is an important factor in the 

overflow phenomenon.

When the surge front collides with the bund, the liquid rapidly piles 

up at the bund, forming a shock, as illustrated in Figure 2.1. Initially, the 

shock height or shock level rises fast ( the liquid climbs up along the bund ), 

while the shock front slowly moves backwards, toward the initial position 

of column. The shock level rapidly reaches a maximum and then declines 

slowly. Figure 2.1 also illustrates the shock formation according to the 

Shallow Water theory. This figure shows how an element of the surge flow 

changes its shape as soon as it crosses the shock interface: from short and 

fat ( in the surge flow ) to tall but slim ( in the shock flow ). According to 

the Shallow Water theory, the shock is formed from tall elements arranged 

horizontally; their sequence in the shock flow remains the same as their 

sequence in the surge flow. Hence, the element at the surge front will 

become the element of the shock flow at the bund position. Unless overflow
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occurs, its position remains unchanged.

Greenspan and Young illustrated the shock motion into a position x versus 

time t diagram, as shown in Figure 2.2. The moving front of the surge flow 

arrives at the bund ( xw ) at time tw. The shock formed moves towards the 

initial column position, where the shock front propagation velocity increases 

gradually. The shock eventually converges into the axis of symmetry ( x =  

0 ), and is then reflected from the axis. The shock will repeatedly move 

forward and backwards between the axis of symmetry and the bund. This 

motion is called sloshing.

(a).Surge front moves towards bund

(b).Shock is formed at bund

Figure 2.1: Illustration of shock formation

The backward moving boundary ( in the unconfined flow ) reaches the 

axis at ta =  (xo/Co), and is reflected in the form of a weak shock ( wave ). 

This weak shock will be swallowed by the strong shock coming from the 

bund, previously described. Based on the diagram in Figure 2.2, Greenspan 

and Young divide the flow domain into several regions, i.e. ;
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Region I ( 0 < a : < X o , 0 < i < < a ) :

The undisturbed liquid region, which has not yet been affected 

by the collapse.

Region II ( xo < x < xw , 0 < t < tw ):

Ahead of the surging front, where there is no liquid.

Region III :

The region between the backward moving boundary and the 

forward moving boundary, and later between the weak shock 

motion ( resulting from the backward moving boundary reflec­

tion from the axis ), and the shock from the bund.

Region IV :

Behind Region III, separated by the weak shock position.

Region V  :

The region between the strong shock and the bund.

Region VI :

The region after the strong shock reflected from the axis.

Of these regions, the flow in Region III and IV is equivalent to the uncon­

fined flow described in Chapter 1.

Greenspan and Young derived the shock condition equations from mass 

and momentum balances across the shock. The shock propagation velocity 

U, is considered to depend on the upstream flow conditions ( Region III 

and IV ): ____

(2 .2.1)
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Figure 2.2: Flow region division, according to Greenspan and Young

with M 2 — —— 
hf

Uf =  upstream velocity at shock position,

hf =  upstream liquid height,

hb =  downstream liquid height ( shock height ).

Here, subscripts /  and b denote repectively in front of and behind the shock 

position. The liquid velocity at the shock position ( downstream ) is given 

by :

Vf = V,- - 1) (l + ¿ ) ° 5 (2.2.2)

The complete derivation of both equations will be described in the next
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section.

If the bund is so high that there is no overflow, the velocity at the bund 

is taken to be zero. For the case of overflow, due to a relatively low bund, 

Greenspan and Young proposed an overflow velocity approximation. They 

assumed that the main body of the liquid shock inside the bund ceases to 

keep its integrity, which leads to some of the liquid flowing over the bund. 

With a bund height hd and a liquid level at the bund hw ( with hw > hd ), 

the overflow velocity is approximated by using :

uv = yJg{hw -  hd) (2.2.3)

This equation implies that the overflow velocity is given by to the distur­

bance or long wave velocity above the bund.

To initialize the numerical solution, they proposed an approximate ana­

lytical equation, which is only valid for a short time during the shock for­

mation, and before the overflow takes place. New space and time variables 

are introduced by :

V
{xw ~ x)

tin
r = ( t  -  u

tin
and

with U and C behind the shock approximated by a power series in r  :

U =  t / 0 ( O  +  t 2/ i ( O  +  - - -  

C =  T°'5 [#o(0 +  TPi(C) +  • • •] (2.2.4)

and the shock position ( locus ) (, is defined by :

Cs =  z(t ) =  z0 +  Z\T (2.2.5)

The shock propagation velocity is derived from the above equation :

U. =  -
dy,
dr

—2zqt — 3zqt2 (2.2.6)
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The coefficients fo, f\, go and g\ in equation (2.2.4) are evaluated by substi­

tuting the power series into the SWEs and the shock conditions ( equations 

(2.2.1) and (2.2.2) ). In this case, Ritter’s solution is used to determine the 

upstream conditions Uf and hf. The results are :

5C 3
fo =  C ,

go = ko

Zo -

h Zko2 + 2  '
M

ko

91 =
c2

’ ** 2 ko
8 1

+  ki

6 z0
27k0 , zi =  - j l f i ( z o )  +  -r-ffi(zo) +  8 zo -6 zo2] (2.2.7)k0

where k0 =  21-253 0 5 and ki = 2°.5 _  *
9 20-25 V 9

According to this approximate solution, the liquid level of the shock is 

nearly uniform in the early period of the shock motion, i.e. the liquid level 

at the shock position is almost equal to the liquid level at the bund. Based 

on this result, the shock level can then be assumed to be uniform in the 

early period of shock motion, and it can alternatively be approximated by 

using the principle of mass conservation behind the shock position. As 

illustrated in Figure 2.3, the total mass behind the shock position is given 

by :

fxf rxw
/  hmdx =  / hbdxJxt Jxt

hf, — ----------- r [  hjndx (2.2.8)
\%W ) ** x*

where hni =  liquid height in Region III ( unconfined flow ), 

hb — shock height ,

xa — shock position ,

Xf — position of the surge front.

This approximation gave the same result as that given by equation (2.2.4).

Greenspan and Johansson (1981 ) investigated experimentally the over­

flow phenomena, in the axisymmetric-model. The main aim of their inves-
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bund

Figure 2.3: Uniform shock height approximation

tigation was to measure accurately the amount of overflow for various bund 

conditions. This included several possible bund shapes, which may reduce 

or prevent the overflow. They also investigated the sudden release of liquid 

through a slot or orifice simulating partial rupture of the tank wall. They 

used a vertical cylindrical column with a diameter of 7.5 inches and a height 

of 11 inches, with a circular bund set up at several distances and with seve­

ral inclination angles. It was theoretically considered that the total amount 

of overflow Q ( expressed as a fraction of the initial column volume ) is a 

function of four dimensionless variables :

T yj H()
Q =  F -,0 (2.2.9)

H0'H 0’ H0'

where rw is the bund distance from the axis of the column and 0  is the 

bund inclination angle ( with respect to the horizontal surface ). During the 

experiment, variation of (hd/H0) was obtained by changing the initial height 

of liquid column H0 and retaining constant bund height hj. Greenspan 

and Johansson confirmed the Greenspan and Young’s conclusion that the 

amount of overflow Q strongly depends upon (hd/H0). They also concluded 

that radial spreading ( indicated by the term in the SWEs given by
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equation (1.3.11) ) reduces Q when the bund is moved further from the 

tank, and that Q increases as the bund inclination angle decreases. In 

comparison with Greenspan and Young’s result, they claimed that Q for 

plane and axisymmetric models showed an agreement, especially for bunds 

close to the tank.

Kleyn ( 1983 ) mostly based his theoretical investigation on the axisym- 

metric model on Greenspan and Young’s work. Furthermore, he proposed 

an approximation solution for an inclined bund case, in which the total mo­

mentum behind the shock is regarded to be constant. Based on Greenspan 

and Young’s argument, he simplified the shock level to be uniform at any in­

stant. Kleyn claimed that such simplification reduced numerical calculation 

effort and that the results were still as good as those without simplifica­

tion. Contrary to Greenspan and Johansson’s conclusion, Kleyn showed 

that the amount of overflow in the axisymmetric-model is far less than that 

in the plane-model. He also showed that the shock level at the bund in the 

axisymmetric-model is lower than that in the plane-model. His estimate 

of overflow on an inclined bund agreed with the trend of Greenspan and 

Young’s experiments, where a decrease in an inclination angle resulted in 

greater overflow.

Based on the assumption of a uniform shock level, the shock height in the 

overflow case was estimated by using :

n(hw>o -  hw)(rw -  r,) =  j \Jg(hw -  hdf  dtt (2.2.10)

where r, — shock position ,

hWio =  shock level when no-overflow occurs 

( bund of unlimited height ), 

hw =  shock level in the case of overflow.

The RHS of the above equation is the total overflow, which is derived from
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equation (2.2.3). Here, hw>o and hw are calculated at the same time level.

Kleyn also explored one further aspect of overflow. When the liquid 

flows over the bund, it forms a jet flow. He assumed that the jet motion 

behaves similarly to the motion of a projectile under gravitational force, the 

distance where the liquid hits the ground can be estimated. This distance 

could be used to recommend safe distances for units built near storage 

tank facilities. As there is no explicit vertical velocity in the Shallow Water 

theory, Kleyn approximated the vertical velocity of overflow liquid leaving 

the bund by using :
dhw
dt

(2 .2 .11)

which is the rate of change of shock height at bund. The distance of jet 

projection can be calculated by using :

Rp(t) =  rw +  Uwtp ( 2 .2 .12)

The horizontal velocity Uw is calculated from equation (2.2.3).

In parallel with Kleyn’s work, Sharifi ( 1987 ) tried to investigate con­

fined flow experimentally, although she mainly concentrated on unconfined 

flow investigation. Her investigation included an inclined bund ( 40° ) and 

variation of (H0/R0). She emphasized once more that the bund height has 

a major influence on the overflow, as concluded by Greenspan and Young, 

and Greenspan and Johansson. Her observation on the liquid motion at the 

bund agrees well with that given by the theoretical description of Kleyn. 

On the other hand, she showed that Kleyn underestimated the amount of 

overflow.

By using the MAC method, Trbojevic and Slater ( 1989 ) simulated 

the flow over inclined bund, as described previously in Chapter 1. They
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stated that the dynamic pressure at the bund wall can be three times of the 

corresponding hydrostatic pressure. Unfortunately, they did not describe 

further aspects of shock motion and overflow. Instead, they presented their 

results in several freeze frames, which illustrate the fluid motion.

2.3 The Equations of Shock Conditions

The shock conditions are determined from the conservation of mass and 

momentum across the shock. It is assumed that the flow is incompressible 

flow and there is no mass loss at the shock interface. Several symbols used 

in deriving the shock conditions are shown in Figure 2.4.

Figure 2.4: Description of symbols at the shock position

With respect to the shock interface ( the plane that separates the up­

stream and downstream flows ), the incoming mass flow rate is phf(Uf — U,). 

Similarly, the outgoing mass flow rate is phb(Ub — U,). The mass balance is 

given by :

hf (Uf -  U.) =  hb(Ub -  U.) (2.3.1)

The momentum balance involves two quantities : the momentum flux and
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the force acting at the shock interface. The upstream momentum concen­

tration is p(Uf — U,). Based on the shock interface motion point of view 

( Galilean frame ), the incoming momentum rate is phf(Uf -  U,)2. In the 

Shallow Water theory, the force concerned is a hydrostatic force. In this 

case, the upstream hydrostatic force is | p g h 2. Likewise, the output mo­

mentum rate ( downstream ) is phb(Ub — U,)2, with its hydrostatic force 

\pgh2. The momentum balance is given by :

Input momentum rate — Output momentum rate =Net force acting

at the interface,

hf(Uf -  U.)2 -  hb(Ub -  U.)2 = \ghh2 -  \ghf 2 (2.3.2)

The upstream conditions are known from the solution for Region III. The 

downstream conditions hb, Ub and U, can be calculated if one more cor­

relation is introduced. This correlation is given by the negative Riemann 

invariant, where its negative characteristic line passes through the shock 

position r,. Simultaneous solution of equations (2.3.1) and (2.3.2) results 

in equations (2.2.1) and (2.2.2). For the purpose of this solution, it is con­

venient to use Cf =  sjghf and Cb =  y/gfib- Equations (2.2.1) and (2.2.2) 

then become :

*  ■  ot
Uh =  U, -- 1 )  ( l  +  ¿ ) ° ' 5 (2.3.3)

On the other hand, the total energy across the interface does not re­

main constant ( Stoker, 1957 ; Abbott, 1966 ). The fluid will lose some of 

its energy as it traverses the shock interface. To keep the shock interface 

standing against the upstream flow, a counter-force is needed and hence
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work is done at the interface. The energy loss is equal to the difference 

between the total upstream and downstream energy content. As in the 

case of the momentum balance, two quantities are involved : the energy 

flux and the work arising from the hydrostatic force. The upstream energy 

concentration is p{\{Uf — U,)2 +  |ghf), which consists of kinetic and po­

tential energy ( equation (1.4.30) in Chapter 1 ). The total energy influx is 

then equal to p{\(Uf — U,)2 +  \ghf)hf{U’/  — U,). The work resulting from 

the hydrostatic force is \pgh2(Uf — U,). The outflow condition is derived 

in a similar way. The energy balance is given by :

—{Outflux energy — Influx energy ) =  Total work ,

- o M W i  -  v . f  +  \gh)(Ut -  U.) +  ph,(\(U, -  U.Y +  \gh,)(U, -  U.) =  

n'. » -  U. j -  \f>gh,\Vt - V . )  (2.3.4)

where W, is the work done at the interface or the energy loss per unit time. 

Equation (2.3.4) can be re-written into a simpler form, such as :

W, =  Ei — Ea , with

E, =  -U .Y  +  pgh,\U, -(2.3.5)

K  =  \phh(U ,.-U .y  +  pghb\Uh- U ,) (2.3.6)

This energy will be absorbed by the liquid and converted into heat. Because 

Wt is very small compared with the sensible heat, the liquid temperature 

effectively does not change.

2.4 Numerical Solution

The numerical solution and calculation procedures performed in Region 

V are essentially the same as those for Regions III and IV ( described in 

Chapter 1 ), including interpolation by using Chebychev polynomial fitting
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and arithmetic averaging on P I  and QI evaluation. This section will only 

describe special aspects of the numerical solution in Region V, such as 

determination of the shock position and the flow condition at the bund.

2.4.1 The Shock Conditions

The shock conditions are determined from equations (2.3.3) together with 

the negative Riemann invariant. As shown in Figure 2.5, the negative 

characteristic line AQ passes through the shock position at time step (j+ 1 ), 

which is represented by point A. The position of point Q is estimated by 

using :

tq =  r ,j+i -  (UA -  CA +  Uq -  Cq)—  (2-4.1)

where r , j+1 =  the shock position at time step ( j  +  1),

Ua ,C;i =  shock conditions at time step (j +  1).

Along this line, the negative Riemann invariant correlation is given by : 

Ua -  1C A = U Q -  2 CQ +  Us l s \ %  (2.4.2)
T*J+l TQ

The shock position is estimated by using :

r>,j+1 — r‘ ,j 4” (U>,j +  Ut,j+i) 2 (2.4.3)

where rsj  is the shock position at time step (j). The conditions at time 

step ( ;) :  Utij ,r ,j , U and C of the downstream flow, as well as the upstream 

conditions Uf and Cf at time step (y +  1), are known. There are 5 unknown 

quantities : tAy+i, r,,j+u tq, Ua and Ca , with 5 available equations : 

two in (2.3.3), and the other (2.4.1), (2.4.2) and (2.4.3). Hence, these 

five equations can be solved in principle. The Newton-Raphson iteration 

method is employed, with equations (2.4.1) to (2.4.3) regarded as :

Ci =  r,tj+1 -  (Ua -  Ca +  Uq -  Cq)—-------tq — 0
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Figure 2.5: Determination of the shock conditions

F2

Fz

'UaCa +  UqCqUa -  2Ca - U q +  2CQ -
V r * , j+ 1 

A t
r » , j  ( F t , j  + 1)~2 ^*.¿+1 = ® (2.4.4)

where F1, F2 and F3 are functions of rtj +1, and C^. Here, t/,4 and

U,j+1 are calculated from equations (2.3.3). The values of Uj and Cf 

are approximated by interpolation at position r ,j+i. The algorithm for 

iteration is the same as that mentioned in Section 1.4.3.

2.4.2 Conditions at The Bund

Two bund conditions are considered : bunds of unlimited height, where no 

overflow occurs and, relatively low bunds.

In the case of bunds of unlimited height, the velocity at the bund Uw is 

considered to be zero at all times. Hence, only the liquid height or level at 

the bund will be determined. As illustrated in Figure 2.6, the conditions at 

the bund can be calculated from the positive Riemann invariant, where its 

positive characteristic line passes through the bund position at time step 

(j  +  1). Here, the position of point P is given by :

rp =  rw — (Uw +  Cw +  Up +  Cj»)-— (2.4.5)
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where rw =  the position of bund,

UW,CW =  the conditions at the bund at time step (j +  1).

The positive Riemann invariant correlation at line PW is :

Uw +  2Cw =  UP + 2 C p - ( ^  (2.4.6)
\ rw rP )  2

In the case of Uw =  0, Cw can be calculated from :

Tp

or F (jp) 

with Cw

rio — {Cw +  Up +  Cp)——
£

Tw — {Cw +  Up +  Cp)—-------Tp — 0
Zi

1 • 
2 .

Up +  2 Cp — / UPCp\ At' 
V TP )  ~2.

(2.4.7)

(2.4.8)

The above equation can be solved easily by the Newton-Raphson method.

( N W -  1) (ÌV1T)

Figure 2.6: Determination of the conditions at bund

When overflow occurs, due to relatively low bunds, the velocity Uw has 

to be determined, together with Cw. Following Greenspan and Young’s 

(1978) method, the rate of overflow is approximated from equation (2.2.3). 

This equation estimates the velocity above the bund. According to the Shal­

low Water theory, the horizontal velocity involved in the Riemann invariant 

correlation is an average velocity throughout the liquid height. Equation

74



(2.2.3) is hence adjusted into the average value along the liquid height at 

the bund. Based on the total mass flow rate across the bund, the velocity 

Uw can be determined from :

Uwhw — Uv(hyj hd) ?

The quantities Cw =  y/ghw and Cj =  \Zghd are commonly used. Hence, 

the velocity Uw is better expressed in the form :

Uw (2.4.9)

Three unknown quantities are involved : rp, Uw and Cw, with 3 available 

equations : (2.4.5), (2.4.6) and (2.4.9). The problem is regarded as :

•Pi (f\Pj Cw) =  rw — (Uw +  Cw +  Up +  Cp) ——  rp — 0 (2.4.10)
Ai

F2(rP,Cw) =  Uw + 2Cw- U p - 2 C P + + =  0
V rw rP J 2

with Uw calculated from equation (2.4.9). Newton-Raphson iteration is 

once again employed.

2.4.3 The Early Stage of Shock Formation

At the early stage of shock formation, liquid rapidly piles up at the bund

but the shock moves very slowly. Its position r, is still very close to the

wall. The distance (rw — r,) is very small compared with A r used in the

calculation ( i.e. A r =  0.1 ). According to the CFL criterion ( equation
Sr

(1.4.15)), the time increment At must be less than or equal to 

With Sr — rw — r, < A r, the time increment At in the early stage of 

shock formation must be much smaller than At used in the previous cal­

culation. Figure 2.7 illustrates the determination of the time increment to 

be employed, with respect to the shock position. The appropriate At to 

be used in the early stage of shock formation depends on both the positive

75



characteristic line through points P and W i and the negative characteristic

line through points Q and Si. Here, points P and Q are situated at time

step (j). To satisfy the CFL criterion, both points must lie between the

shock and the bund positions, or rp must be greater than rtj  and tq must

be less than rw. The previous At is then divided into smaller increments, 
At

namely St =  — , where K  is an integer number to be determined, until the 
K

conditions :

rp =  rw -  (Uwj  +  CWij)St > r ,tj and

rQ =  T‘ d -  (Ubj -  Cbj)St < rw (2.4.11)

are satisfied. Here, Ubj and Cb,j are U and C at the shock position r3j. 

Briefly, the time mesh is refined into K sections, where the shock conditions

( A W - 1 )  (N W )

Figure 2.7: Determination of the time increment in the early stage of shock 
formation

are determined at each section ( i.e. refined time step ). Because of this time 

mesh refinement, the upstream conditions Uj and Cj in equations (2.3.3) 

also have to be evaluated at each refined time step. Hence, U and C in the 

upstream flow are then interpolated from two directions : position r and
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time t. This interpolation can be performed by using Chebychev polynomial 

fitting. The procedure to determine appropriate St can be summarized as 

follows :

1. For an initial trial, K  is taken to be equal to 2, i.e. St =  A t/2 .

2. Based on the conditions at time step (j ) : Ub, Cb, Uw and Cw, the 

position rp and tq are estimated from equations (2.4.11).

3. If both are fulfilled, then St is considered as a refined time increment. 

Otherwise, a new K  is taken, bigger than the previous one, such as 

Knew =  2K old, and step 2) is repeated.

Refinement of the time increment is carried out only if r, is situated between 

rnw -1  and rw, where there is no grid point to be iterated except the shock 

and the bund conditions. Beyond this interval, the iteration is performed 

without further refinement, as carried out in Regions III and IV.

2.4.4 The Total Mass and Energy Content

The total mass and energy content are calculated at every time step, to 

ensure the consistency of the numerical calculation results with the conser­

vation of mass and energy. In this case, the total mass and energy content 

are calculated at two sections : upstream ( r =  0 to r, ) and downstream ( r, 

to ). Because the flow is incompressible, the total mass is equal to the 

total volume multiplied by the ( constant ) density. The difference between 

the calculated volume V and the initial volume Vinit ( in dimensionless, 

V inn =  7r ) is expressed as a percentage of the initial volume :

Verror =  100 % (-v  ~ ^ nft) .
* in it

Unlike in unconfined flow, where the total energy content remains constant, 

the total energy content in confined flow decreases gradually, due to energy
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loss at the shock, as given by equation (2.3.4). The discrepancy between 

the calculated energy content Etot and the initial energy content Einit is 

expressed as a percentage of the initial energy content :

Edi. „  =  100% .
& in it

As described in Chapter 1, the dimensionless initial energy content is equal 

to Jtt.

The total amount of the overflowing liquid is estimated by using :

Q = f  UwCw2(27rrw) dtt .
Ju

Incorporation of equation (2.4.9) into the above equation results in :

Q =  2nrw f \ c j  -  Cd2)* dt (2.4.12)
J ti

where U and te are respectively the moments at which the overflow begins 

and ends. In this case, Q is calculated numerically, and expressed as a 

percentage of the initial volume. The total energy loss at the shock interface 

is calculated by integrating equation (2.3.4). Equations (2.3.5) and (2.3.6) 

are rewritten into dimensionless-forms :

Ei =  C ,2( i u , ! +  i c / ) ( U i - U . )  +  i c i 4U i

Eo =  C V (^ lV  + i c t2)(Ut -  U.) +  ^eV U , (2.4.13)

The total energy loss is given by :

Eio„  =  2-ktw (Ei -  E0)dt (2.4.14)

Likewise, Eioi, is calculated numerically, and also expressed as a percentage 

of the initial energy content.
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2.5 Results and Comparison

2.5.1 The Initial Conditions

Equations (2.2.4) to (2.2.7) are derived from the SWEs of the plane-model, 

with the upstream conditions ( U /  and C / ) are determined from Ritter’s 

solution. The upstream conditions for the axisymmetric-model are differ­

ent from those for the plane-model. Hence, equations (2.2.4) to (2.2.7) 

may be modified, if they will be used to set up the initial conditions for 

the axisymmetric-model. The modification was carried out in a similar way 

to Greenspan and Young’s (1978) approximation method, i.e. by substitut­

ing equations (2.2.4) into the SWEs of the axisymmetric-model. Because 

there is no analytical solution for the SWEs of the axisymmetric-model, 

Greenspan and Butler’s (1961) approximation was used to determine the 

upstream conditions. The result obtained was in fact the same as equations

(2.2.4) to (2.2.7). Hence, these equations were also used to set up the initial 

conditions for the numerical solution in the axisymmetric-model.

The other method to set up the initial conditions was tried, by us­

ing equation (2.2.8) together with (2.2.1). As described by Greenspan and 

Young, the shock height is almost uniform in the early stage of shock forma­

tion. Following Greenspan and Young’s description, this method of setting­

up the initial conditions assumed C™ =  Q, ( uniform shock flow height ). 

Because the shock moves slowly, the shock propagation velocity U , can be 

approximated by using :

u  ~  (r« ~ r™) / o . - n
u * ~  stw (2 -5-1)

with £tu, =  t — tu,.

The shock position r, is then calculated iteratively from equations (2.2.1) 

and (2.2.8). Because the value of U , in the early stage is very small, the 

iteration is insensitive to the variation of U ,. This method of setting­
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up the initial condition also proved satisfatory. The numerical calculation 

performed in this work used both methods.

2.5.2 Bunds of Unlimited Height

This section discusses the results in several sub-sections.

2.5.2.1 Shock Profile

Figures 2.8 and 2.9 are two examples of the results, which illustrate the 

shock motion from the beginning of shock formation until the shock ap­

proaches the axis. The other results are enclosed in Appendix C.

The shock level is almost uniform at the early stage of its formation, 

as described by Greenspan and Young. As the shock moves towards the 

axis and away from the bund, the liquid height at the shock front r, is 

always lower than the height behind it. The height profile in the shock 

front region forms a curved surface, not a flat one. When the shock front is 

far away from the bund, the liquid level of the shock is almost uniform, i.e. 

the height gradient is very small. As soon as the shock front approaches 

the axis, it rises sharply, with its level higher than the liquid level behind 

it. This is clearly seen in Figures 2.8 and 2.9, when the shock position is 

situated around r =  0.1, close to the axis. This description agrees with 

Greenspan and Young’s illustration, where the shock converges and a new 

reflected shock departing from the axis is formed. Figure 2.10 shows the 

other aspect of the shock motion in the early stages. This figure depicts the 

shock level and the downstream velocity Ut, at the shock interface as a 

function of time. After the shock has been formed, the downstream velocity 

Ufc increases sharply, reaches a maximum value and then falls steadily. 

When the velocity U& is equal to zero, this corresponds to the shock level 

ht, reaching its maximum. This coincidence can be explained by using
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equation (1.3.10). When the shock level h* reaches a maximum, ^  =  0. 

Equation (1.3.10) becomes :

This means that the velocity U in the shock flow is uniform ; the down­

stream velocity is equal to the velocity at the bund. This agrees with the 

calculation result, i.e. Ut =  0, while the velocity at the bund is known 

to be zero.

2.5.2.2 M ass and E nergy Content

The mass and energy content were calculated for each time step after t„,. 

One of the results is presented in Table II-l and the others are given in 

Appendix C. It is shown that the mass ( volume ) error is still less than 1 %. 

As described in a previous section, the difference between the calculated 

energy content and the initial energy content is expressed as the energy 

discrepancy E *acr. This energy discrepancy should be equal to the total 

energy loss at the shock. This is shown in Table II-l and Appendix C, where 

Ediscr agrees very well with the energy loss at the shock. Their difference 

is less than 1 %. This shows that the numerical calculation results are 

consistent with the conservation of mass and energy.

By the time the shock converges into the axis, the rest of the energy 

content is close to the final energy level. This is illustrated in Figure 2.11 . 

The total initial energy content is |7rRo2H 02. If the final liquid level inside 

the impounding area is HWif, the final energy level is |7rru,2H u,i/2. As there 

is no mass loss, the conservation of mass is given by :
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Table II-l: Mass error (VerTOr) and energy discrepancy (EdiaCT) for rw — 1.5

Time vYerror Editcr Eloss
0.40 -0.05 -2.63 2.80
0.50 -0.15 -6.68 6.72
0.60 -0.22 -10.85 10.79
0.70 -0.29 -14.82 14.66
0.80 -0.41 -18.54 18.22
0.90 -0.48 -21.87 21.44
1.00 -0.52 -24.86 24.37
1.10 -0.35 -27.30 27.03
1.20 -0.26 -29.63 29.46
1.30 -0.25 -31.84 31.66
1.40 -0.25 -33.86 33.67
1.50 -0.22 -35.66 35.50
1.60 -0.20 -37.30 37.17
1.70 -0.08 -38.67 38.67
1.80 -0.07 -40.02 40.03
1.90 -0.06 -41.21 41.22
2.00 -0.05 -42.22 42.25
2.10 -0.02 -43.07 43.12
2.20 -0.01 -43.80 43.86
2.30 0.00 -44.43 44.49
2.40 0.03 -44.95 45.04
2.50 0.05 -45.41 45.50
2.60 0.07 -45.79 45.90
2.70 0.12 -46.11 46.24
2.80 0.18 -46.37 46.52
2.90 0.25 -46.57 46.76
3.00 0.34 -46.60 46.94

It can be shown that the ratio of final energy level to the total initial en-

( \  2
. For =  2, the final energy level is 25 % of the 

initial energy content, while the remaining total energy content when the 

shock reaches the axis is about 34 %. Hence at that instant, the system 

only has an energy of 9 % of the initial energy content available for sub­

sequent flow ( i.e. sloshing ). With such a little energy remained, the 

reflected shock motion or sloshing flow is weaker than the (first) surge flow, 

hence the interaction of such sloshing flow with the bund is less impor-
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tant than that of the surge flow. Based on this argument, the reflected 

shock motion or sloshing ( Region V I ) can be regarded as irrelevant in this 

study. The experimental observation by Greenspan and Young ( 1978 ) and 

Greenspan and Johansson ( 1981 ) showed that the amount of overflowing 

liquid caused by sloshing is not significant compared with that caused by 

the surge flow. This confirms that sloshing can be regarded as irrelevant in 

this investigation.

2.5.2.3 Liquid Level at The Bund

The maximum liquid level at the bund for a specific bund distance r„, is 

an important aspect of this study, for this maximum level may be used to 

recommend a minimum height for a vertical bund to be built at a given 

rw, in order that overflow can be prevented. The change of liquid level 

as a function of time is shown in Figure 2.12, and Figure 2.13 shows the 

correlation between the maximum liquid level and bund distance r„,. In 

this case, the uniform shock level assumption ( used by Kleyn ) also gives 

the same maximum liquid level.

The other aspects considered are the pressure and force ( load ) exerted 

by the shock on the bund. Theoretically, the surge front arrives at the wall 

and strikes it at t^. The impact pressure P{ exerted by the surge front can 

be approximated by using :

Pi =  pUfront =  4p C02 (2.5.2)

with Ufr(mt is equal to 2Co-

Because the shock motion description is based on the Shallow Water theory, 

where the velocity at the bund Uw is equal to zero, the pressure against 

the bund can only be approximated by using a hydrostatic pressure. This 

approximation may not be sufficient in the early stage of the shock forma-
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tion, where the shock position is very close to the wall. At this condition, 

the impact pressure by the upstream flow may not be neglected. However, 

when the liquid level at the bund attains its maximum, the shock position 

is relatively far from the bund, so the hydrostatic pressure is considered to 

be much greater than the impact pressure by the upstream flow. In this 

case, the shock absorbs the upstream flow impact.

The hydrostatic pressure at the base of the bund Pw is given by :

Pw(t) =  pghw (2.5.3)

and the total force or load against the wall is given by :

F w ( t )  =  p T r g h w , Tw (2.5.4)

Here, Pw and Fw depend on the dimension of the storage tank. Figures 

2.14 and 2.15 are examples of the hydrostatic pressure and total load at 

the bund as function of time for the storage tank containing diesel fuel, 

with a diameter of 20 m, a liquid height of 10 m and a bund distance of 20 

m ( r«, =  2 ). Other results are presented in Appendix C. Table II-2 gives 

the initial impact pressure P, when the surge flow arrives at the bund, and 

the hydrostatic pressure as well as the total load when the shock is at its 

maximum height, for several liquids.

Table II-2: The pressure and load against the wall for several liquids

( Storage tank size : Rp = H0 =  10 m and rw =  2 )
Liquid P (kg /m3) Pi (bar) ,max ( &r ) P«,,ma*(MN)
LNG 430 1.7 0.23 8
LPG 580 2.3 0.31 10.8
Ammonia 690 2.7 0.37 12.9
Diesel fuel 830 3.3 0.45 15.5
Water 1000 3.9 0.54 18.6
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2.5.3 Overflow

In the case of overflow, the velocity at the bund U „ is estimated by equation 

(2.4.9) and the total volume of the overflowing liquid is calculated from 

equation (2.4.12). The overflow was found to affect the shock propagation 

velocity U , and the shock position r,. The overflow reduces the volume of 

the shock flow ( Region V ), which in turn decreases the shock propagation 

velocity. Higher overflow rates result in lower shock propagation velocity. If 

the bund is so low that the overflow rate becomes very high, the volumetric 

rate of overflow Fm can be greater than the volumetric rate of the upstream 

flow Fua ( i.e. the inflow of the shock interface ) :

overflow Fm > upstream flow Fu, ,

2'ktwXJwCw2 > 27rriU / C /  (2.5.5)

At this condition, the shock slows down progressively until it finally stops. 

The shock then moves back, towards the bund and eventually disappears. 

Greenspan and Young, and Kleyn did not describe this phenomenon, al­

though they also estimated the velocity at the bund by equation (2.4.9). 

To estimate the overflow, it is initially considered that if the shock reaches 

the bund ( rt =  rw ), overflow stops. After that, a new shock will be 

formed, and overflow will start again. However, this method results in an 

intermittent overflow, as illustrated in Figure 2.16, because the shock is 

formed and disappears repeatedly.

To simplify the problem, it is assumed that if the calculated volumetric 

rate of overflow Fm is greater than the volumetric rate of upstream flow 

Fu, ( equation (2.5.5)) :

• the shock stops moving ( U , =  0 ) and,

• the volumetric rate of overflow is taken to be equal to the volumetric
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Figure 2.16: Illustration of an intermittent overflow

rate of upstream flow ( Fm =  FU3 ).

Based on this assumption, the velocity at the bund is then given by :

From the viewpoint of numerical calculation, this method is simpler than 

the previous method, because there is no intermittent flow. This method 

also resulted in the same amount of the overflowing liquid as that given by 

the intermittent flow method. This work used either equation (2.4.9) or 

equation (2.5.6) to estimate the velocity U w, depending on the condition 

of overflow given by equation (2.5.5).

The total volume of the overflowing liquid at various bund distances 

and heights is presented in Figure 2.17, together with Kleyn’s results. Fig­

ure 2.18 presents the amount of overflow as a function of bund height, 

which corresponds to the equal volume between the impounding area and 

the tank. Figure 2.18 shows that further bund distance ( r«, > >  1 ) gives 

larger amount of the overflowing liquid.

Figures 2.17 and 2.18 show that Kleyn underestimated the amount of 

overflow, as also confirmed by Sharifi. This is caused by his method of the
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Figure 2.18: Total overflow for h<£ corresponding to equivalent volume of 
tank capacity
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amount of overflow estimation, which is based on equation (2.2.10). This 

equation implies that the shock propagation velocity U , and the shock po­

sition r, are not affected by overflow. For a given bund distance, the shock 

position for the case of overflow is always equal to the shock position for 

the case of bund of unlimited height. Here, overflow is assumed to only re­

duce the shock level, not the shock propagation velocity. This description is 

clearly different from this work’s description, given in a previous paragraph, 

where the shock propagation velocity and the shock position are shown to 

depend on the overflow rate, and the shock level itself is determined by the 

upstream conditions, as shown by equation (2.2.1).

As in the case of bunds of unlimited height, the total mass ( volume ) 

was also calculated. The liquid remaining inside the bunded area was nu­

merically calculated, and the difference between the remaining liquid and 

the initial mass ( volume ) is expressed as the mass loss ( as a percentage of 

the initial mass ). This mass loss must be equal to the total amount of over­

flow calculated from equation (2.4.12). Table II-3 presents the comparison 

between the calculated mass loss and the amount of overflow in two cases. 

The calculated mass loss agrees well with the amount of overflow; their 

difference is less than 1 %. This confirms that the numerical calculation 

results are consistent with mass conservation.

The total energy content was not calculated, because the energy loss carried 

by the overflowing liquid estimated by using U „ from equation (2.4.9) is 

different from that by using the actual velocity U„ from equation (2.2.3). 

Hence, unlike the mass loss calculation, the energy content cannot be used 

to show the consistency of the calculation procedure.

Overflow occurs, when the liquid jumps above the bund and falls onto 

the ground outside the bunded area. The distance between the bund and
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Table II-3: The mass loss and the total amount of overflow

rw =  1.5 , hd = 0.4444 rio — 2 , h j — 0.25
Time Mass-Loss Overflow Time Mass-Loss Overflow
0.40 0.05 0.00 0.60 0.04 0.00
0.50 0.59 0.42 0.70 0.16 0.09
0.60 1.78 1.53 0.80 1.05 0.95
0.70 3.43 3.12 0.90 2.75 2.63
0.80 5.38 5.00 1.00 5.09 4.95
0.90 7.45 7.02 1.10 7.75 7.74
1.00 9.57 9.10 1.20 10.72 10.80
1.10 11.56 11.18 1.30 13.91 14.02
1.20 13.54 13.23 1.40 17.21 17.32
1.30 15.53 15.24 1.50 20.55 20.66
1.40 17.47 17.18 1.60 23.89 23.99
1.50 19.31 19.02 1.70 27.16 27.24
1.60 21.00 20.71 1.80 30.32 30.40
1.70 22.56 22.27 1.90 33.35 33.42
1.80 23.97 23.69 2.00 36.23 36.29
1.90 25.23 24.95 2.10 38.95 39.01
2.00 26.33 26.06 2.20 41.50 41.54
2.10 27.25 26.99 2.30 43.87 43.89
2.20 28.02 27.76 2.40 46.04 46.03
2.30 28.60 28.36 2.50 47.98 47.96
2.40 29.03 28.79 2.60 49.74 49.68
2.50 29.29 29.06 2.70 51.24 51.18
2.60 29.42 29.19 2.80 52.51 52.46
2.70 29.46 29.21 2.90 53.57 53.52

3.00 54.42 54.36
3.10 55.05 55.00
3.20 55.51 55.45
3.30 55.79 55.74
3.40 55.96 55.90
3.50 56.04 55.97
3.60 56.06 55.98
3.70 56.07 55.98
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the position where the liquid jet falls can be important, for this can be used 

to consider the minimum acceptable distance of the units or equipment from 

the bund. This distance ( called jet projection distance ) is calculated from 

equations (2.2.11) and (2.2.12). Rewriting equation (2.2.12) in dimension­

less form :
1

(2.5.7)

with the jet projection distance ARp given by :
- ( f )

ARp =  (Rp -  rw) =  U wtp (2.5.8)

Equation (2.5.7) indicates the dependence of ARp on the geometric ratio 

(H0/Ro). The distance ARp always changes during the process of overflow. 

In this case, for a given rM and bund height hd, only the maximum distance 

achieved is considered. Figure 2.19 presents the distance ARp versus the 

bund height h¿l at several rw, for (H0/Ro) =  1. The results for other 

geometric ratios are given in Appendix C. From this figure, it is obvious 

that for rw < 2 and a low bund, overflow forms a high jet and projects far 

away from the bund. On the other hand, for rw > 3, the liquid simply slips 

over the bund.

2.5.4 Comparison With The Experimental Results

In the case of the axisymmetric-model, only Greenspan and Johansson’s 

(1989), and Sharifi’s (1987) data are available. The comparison with Greenspan 

and Johansson’s results are presented in Figures 2.20 ( A, B and C ), and 

with Sharifi’s results in Figures 2.21 and 2.22 ( A to D ). Sharifi produced 

only few data for the case of overflow, as she mainly investigated the uncon­

fined flow problem. As shown in Figures 2.20, comparison with Greenspan 

and Johansson’s data shows that this theoretical work appears to overes­

timate the amount of overflow at low bunds, and to underestimate it at
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high bunds. On the other hand, comparison with Sharifi’s data ( Figure 

2.21 ) shows that this work overestimates the amount of overflow for all 

bund heights.

Concerning with the difference between the experimental results and 

the results of this work, there are two aspects to be considered. Firstly, the 

experiments used small-scale models, at which the overflow may suffer from 

the geometric-scale ratio, viscous and surface tension effects. Secondly, the 

overflow rate at extreme bund conditions ( low and high bunds ) may not be 

estimated properly by equations (2.4.9) and (2.5.6). In view of these two 

concerns, further theoretical estimation of the overflow rate and further 

experimental investigation, especially using larger models, are needed. 

Nevertheless, within the range of uncertainty of the experimental accuracy, 

the amount of overflow predicted by this work roughly agrees with the 

experimental results. The comparison of liquid level motion at the bund 

( Figures 2.22 ) also shows an agreement with that given by this theoretical 

work, as already claimed by Sharifi.
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Figure 2.20-A: Comparison with Greenspan and Johansson’s results
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Figure 2.22: Comparison of between the results of this work and Sharifi’s 
results
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CHAPTER 3

UNCONFINED FLOW OF 
CRYOGENIC LIQUIDS

3.1 Introduction

Normally, spills of cryogenic liquids over ground will be accompanied by 

boiling and vaporization. So is the surge flow resulting from the failure of a 

storage tank containing cryogenic liquid. Such a surge flow, as an example 

of two-phase flow ( liquid and vapour ), may in some ways behave differently 

from the release of non-boiling liquids described in previous Chapters. If 

this is the case, then the previous model, used to describe the non-boiling 

liquid flow, may not be appropriate to describe the cryogenic liquid flow 

behaviour.

In this Chapter, a new model is therefore developed to describe uncon­

fined flow of a cryogenic liquid as a result of CTF. The flow description is 

equally based on the Shallow Water theory, but it considers additionally 

boiling and vaporization effects. As very large cryogenic storage tanks of 

the vertical cylinder type are generally operated at atmospheric pressure, 

this study has been limited to investigate only this type of release from 

an atmospheric storage tank. In smaller quantities ( less than 5000 m3 ), 

cryogenic liquids axe sometimes stored at ambient temperatures in a pres­

surised tank or container under their own vapour pressure. Should such 

a container fail, a fraction of liquid will vaporize due to flashing, and the 

original tank pressure will additionally influence the resulting flow. Fur­

thermore, such tanks are usually spherical or horizontal cylinders. Such 

conditions axe cleaxly not those of this study, which is concerned only with
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the flow resulting from the collapse of a vertical cylindrical liquid column 

due to its own weight.

3.2 Review of Related Work

To date, no work directly relevant to this study has been reported. Al­

though much work concerning cryogenic liquid spills on land and water has 

already been carried out, some aspects of these investigations are different 

from those in this study. Their main purpose has been to estimate the size 

of the spreading pool, the evaporation rate and the amount of liquid evapo­

rated, which are main factors considered in vapour dispersion assessment. 

The different aspects just referred to are :

• The scope of interest of the previous work extends up to when the 

spill stops spreading, due to loss of driving force, where the spill layer 

is very thin. This occurs over a relatively long time span, which 

may comprise several flow regimes: gravity-inertia, gravity-viscous 

and viscous-surface tension ( Fannelop and Waldman, 1971 ). By 

contrast, this study is concerned only with the early stages of spill, 

in the gravity-inertia regime, as pointed out by Webber and Brighton 

( 1986 ).

• Because in previous work the interest in the nature of the flow is less 

specific and the flow takes place over a large time span, the gover­

ning flow equations are simple, and apply irrespective of the initial 

shape/form of the source of spill ( such as a cylindrical tank ). Hence, 

models used in the previous work may not describe properly the flow 

behaviour resulting from CTF, which is of interest for this study.

To show the governing equations used in the previous work, the following 

is a quotation of three such papers on cryogenic liquid spills on land. They
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axe those of Shaw and Briscoe ( 1978 ), Raj ( 1981 ) and Webber and 

Brighton ( 1986 ).

Shaw and Briscoe, and Raj, considered that the whole spreading process 

( from start to finish ) occurs only in the gravity-inertia regime, and that 

the propagation velocity of the front edge only depends on the average 

liquid height throughout the spreading pool. They neglected viscous and 

surface tension effects in the later stages of the spreading process.

Shaw and Briscoe estimated the propagation velocity U of the moving front 

edgq by :

u  =  =  (2s h f s (3.2.1)

with h V
7ZR2 ’

where h =  the average liquid height throughout the pool, 

R =  the radius of the pool, 

t — time

V =  total volume of the remaining liquid.

Based on the rate of the liquid release, Raj classified cryogenic liquid spills 

into: instantaneous, semi-continuous and continuous releases. The sud­

den release of liquid from the rupture of a storage tank is an example of an 

instantaneous release. Raj used a different estimate for the propagation ve­

locity of the moving front edge from that of Shaw and Briscoe. He assumed 

that the ground is smooth and frictionless. Raj used the equation :

d?R gh 
~dP =  ~~P

(3.2.2)

where P  is a factor, representing the ratio of the inertia o f the liquid to the 

inertia of the liquid if it was everywhere moving with the acceleration of 

the moving front. Raj evaluated the factor P  and found it equal to 0.754.
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Webber and Brighton claimed that their model represents an improve­

ment over previous work, as it included the viscous effect that influences 

the later stages of the spreading process. The governing equations of their 

model axe :

dV
dt
dU
dt

—nR2m

4 g ( l - s )h  
------ R----------F

with F  —

where U =  

h =

m =  

.s =  

F =  

CL =

V =

the propagation velocity of the front,

the average liquid height throughout the pool,

the mass rate of vaporization,

a shape factor,

friction term,

Chezy friction coefficient, 

kinematic viscosity,

(3.2.3)

(3.2.4)

Here, the shape factor s is defined by hjTont =  sh; s depends on the shape 

of the moving front edge, and is related to the stages of the spreading pro­

cess. Webber and Brighton described that, in the early stages of spread, 

the gravity force is balanced by the inertia force ( i.e. in the gravity-inertia 

regime ). Later, the inertia force may become negligible, and the ground re­

sistance and viscous forces will then balance the gravitational force ( i.e. the 

gravity-viscous regime ). Over the whole period of the spread, Webber and 

Brighton considered that the flow profile gradually changes ( represented 

by shape factor s ), where :

• s =  0 in the early stages of the spread, with zero height of the front 

edge. After that,
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• 0 <  s < 1 where the spreading pool is thicker in the middle and 

thinner at the front, and

• s > 1 where the pool is thick at the edge and thin in the middle.

Unfortunately, they did not describe in detail how the shape of the moving 

front edge changes from one stage to another stage of the spread.

In the early stage of spread, their front edge condition ( i.e. hfront =  0 ) 

is equivalent to that in the Shallow Water theory described in Chapter 1. 

Webber and Brighton pointed out that, their model cannot describe the 

details of the acceleration from rest with an arbitrary initial height profile 

at the early stage of spread, as their model does not consider the initial 

form/shape of the spill source. It therefore differs from the dam-break 

problem ( described in Chapter 1 ), which is similar to the problem of this 

study and is concerned only with the early stages of the spreading process. 

All this explains the difference in the point of interest between previous 

work on cryogenic liquid spills and that of this study.

Although not concerned with cryogenic liquid spread, very relevant to 

this study is the work of Chan and Banerjee ( 1981 ), who simulated an in­

jection of an emergency coolant into a reactor core cooling system during a 

Loss of Coolant Accident (LOCA), in the CANDU ( Canadian Deuterium- 

Uranium ) nuclear reactor. Fuel rods of the CANDU reactor are in hori­

zontal position, inside horizontal cooling tubes. Under normal operation, 

heavy water as a coolant flows through the annulus between the fuel rod 

and the cooling tube. In a LOCA, cooling tubes become dry, because the 

coolant suddenly stops flowing into the reactor, while heat is continuously 

generated from nuclear reaction. This makes the temperature o f the re­

actor core rise rapidly. To prevent an excessive temperature rise of the 

reactor core and the possibility of fuel melting, an Emergency Core Cool­

106



ing (ECC) must be carried out, by injecting water into the cooling tubes. 

Chan and Banerjee simulated this phenomenon theoretically and experi­

mentally. They used a hot horizontal tube, into which water is suddenly 

injected. From the heat transfer point of view, this process is commonly 

called quenching, where a hot surface is brought in direct contact with a 

cold liquid, in order to reduce the surface temperature quickly.

When a cold liquid contacts a hot surface at a significantly higher tem­

perature, initially film boiling occurs whenever there is a relatively high 

temperature difference. A thin vapour layer covers the hot surface, sepa­

rating the liquid from the surface and thus preventing direct contact be­

tween them. If the temperature of the hot surface decreases, the boiling 

mode can change from film boiling to transition and subsequently to nu­

cleate boiling. In nucleate boiling, the hot surface is covered by liquid and 

bubbles; the liquid contacts directly with the hot surface over the area not 

covered by bubbles. During transition boiling rewetting may take place, 

where the hot surface is rewetted with liquid, or the vapour-liquid interface 

in film boiling collapses. In pool boiling, the transition from film boiling 

to transition boiling occurs at a specific temperature, which is sometimes 

called the Leidenfrost temperature.

Figure 3.1 illustrates Chan and Banerjee’s flow description. As water is 

injected into a hot horizontal tube, the front part of the flow forms a tongue­

like shape. They identified three regions: the totally quenched (A — A'), 

the partially quenched (B — B') and the film boiling region (C — C'). In 

the totally quenched region, the tube is fully filled with liquid, which may 

contain vapour bubbles resulting from nucleate or transition boiling. The 

heat transfer mode in this region is a forced convective boiling. In the film 

boiling region, the liquid tongue has no contact with the tube wall, due to
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the existence of a thin film of vapour. In this description, quenching begins 

when film boiling ceases and changes into transition boiling; the vapour- 

liquid interface in film boiling collapses and the tube wall is rewetted by 

liquid. Rewetting takes place between the totally quenched and the film 

boiling regions, starting from the bottom, then at the middle and finally 

at the top of the inside surface of the tube. Here, rewetting does therefore 

not occur simultaneously at the same cross-sectional position.

TOTALLY PARTIALLY FILMQUENCHED QUENCHED BOILING
Figure 3.1: Characteristics of channel rewetting according to Chan and 
Banerjee

To describe the rewetting phenomenon in an Emergency Core Cooling, 

Chan and Banerjee used Zuber’s theory ( Zuber, 1958 ) on the instability 

of the liquid-vapour interface of film boiling in pool boiling. Zuber based 

his theory on the Ivelvin-Helmholtz instability of an interfacial wave.

Zuber considered that film boiling exists as long as an interfacial wave 

( with a wavelength of A ) at the vapour-liquid interface is stable; the wave­

length A is less than critical wavelength Ac. Conversely, when the interfacial 

wave grows so that its wavelength exceeds Ac, the interface becomes unsta­

ble. The interface will break up or the hot surface will be rewetted, and
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the boiling mode will change from film boiling to transition boiling. Based 

on the Kelvin-Helmholtz theory on interface wave, Ac is given by:

\ _  2na(pi +  pg)
° PlPgUrel2

with Urei =  relative velocity between vapour (Ug) and 

liquid (Ui) at the interface, 

a =  interfacial tension,

A =  wavelength at the interface,

pi,Pg =  liquid and gas density, respectively.

The equation above can be rearranged to give the criterion for interface 

stability :

Urel =  Ug ~ U l <

If this criterion is not satisfied, the interface becomes unstable.

Chan and Banerjee considered that interface break-up, and surface 

rewetting, does not necessarily lead to the change from film boiling to 

transition boiling ( i.e. quenching ). When the interface breaks up, a wet 

spot is formed at the hot surface. For a highly conductive and high heat 

capacity surface, the wet spot just formed may dry up rapidly due to suffi­

ciently rapid heat transfer, thus the vapour film in boiling is restored. On 

the other hand, for a low heat capacity surface, such as a thin tube wall, 

rewetting that leads to the change from film boiling to transition boiling 

can take place the first time the wet spot forms, even at a temperature 

higher than the Leidenfrost temperature. Their flow experiments support 

this argument: in their case, rewetting does not always occur at the Leiden­

frost temperature. Instead, it can happen at a higher temperature. Their 

theoretical prediction of the rewetting position along the tube, based on the 

stability criterion of an interfacial wave mentioned above, is in very good 

agreement with their experimental results.

2ncr(pi +  pg)
^PlPg

(3.2.5)
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To estimate the rewetting position, the vapour flow conditions below 

the liquid phase must be known. Chan and Banerjee derived the governing 

equations for the vapour-phase beneath the liquid-phase by conservation of 

mass and momentum. Figure 3.2 illustrates the cross-sectional view of the 

tube in the film boiling region, which underlies their analysis. In this case, 

it is assumed that heat from the wall is transferred merely by molecular 

conduction across the vapour film ( as in film boiling theory ), and that the 

vapour density is constant along the channel.

Mass conservation leads to :

68 68Ug
Pa d t  +  p9 dx

kAT  1 
h jg 8

(3.2.6)

and momentum conservation to :

d8Ug 68Ug2 1 68p 1 kAT U{
6t +  6x Pg 6x Pg TS ^  T‘ +  Pghfg 8

(3.2.7)

with P~Po =  Ptg(ht - y ) ------
Pa

k A T lV
hjg S )

1 + 2 a n
dx2

and p =  local pressure,

r =  shear stress,

8 =  vapour film thickness,

Ui =  interfacial velocity,

x =  peripheral position ( see in Figure 3.2 ),

hi =  liquid level ( see in Figure 3.2 ),

y =  hydraulic depth,

hjg =  latent heat of vaporization,

k =  thermal conductivity of vapour,

AT  =  temperature difference between liquid and hot surface.

Subscripts g and i respectively denote vapour and interfacial. Equations 

(3.2.6) and (3.2.7) are essentially solved numerically by using an explicit
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Figure 3.2: Chan and Banerjee’s analysis on film boiling

(a) n =  0, X  = 2R0O {b) n -  1, X  = R0O

Figure 3.3: Two possible inodes of oscillation

finite-difference technique. The results show that 8 is nearly constant in the 

first half of the vapour channel and opens up rapidly after that. The vapour 

velocity Ug rises linearly from zero at the bottom, goes to a maximum at the 

point where 8 starts to increase rapidly, then decreases due to the increase 

of 8. By using the average value of Ug along x ( corresponding to the liquid 

height ), the stability of the vapour-liquid interface can be checked from 

equation (3.2.5). As Ui (  with the same direction as Ug ) can be neglected 

( being very small compared with Ug ) and pi is generally much greater
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than pg, Chan and Banerjee simplified equation (3.2.5) into :

i
(3.2.8)

The wavelength A is estimated from the two lowest modes of wave oscillation 

at the interface, as depicted in Figure 3.3. It is shown that A depends on 

the length of the interface perimeter. In this case, A is equal to 2R6 or 

R6, with 0 defined in Figure 3.3. Equation (3.2.8) can also be used to 

estimate A for a given value of Ug. The experimental result confirms that 

the interface instability begins when A lies between R6 and 2RO. Briefly, 

by solving equations (3.2.6) and (3.2.7) along the film boiling and partially 

quenched regions, together with the criterion given by equation (3.2.8), the 

rewetting position can be predicted.

The aspect which Chan and Banerjee have neglected in mass and mo­

mentum conservation ( given by equations (3.2.6) and (3.2.7) ) is the longi­

tudinal or horizontal motion of the flow. Equations (3.2.6) and (3.2.7) only 

describe the tangential motion, while in reality vapour and liquid also flow 

horizontally along the length of the tube. With this in mind and with suit­

able adaptation, it will be shown below how Chan and Banerjee’s method 

for the determination of a stable vapour-liquid interface in a transient two- 

phase flow can be applied to the model of a cryogenic liquid flow resulting 

from a CTF.

3.3 Model To Be Proposed

3.3.1 Heat Sources

As the model to be proposed will consider boiling and vaporization effects, 

the input of heat into cryogenic liquid flow is essential to the model. Because 

the temperature of cryogenic liquids is much lower than the temperature of

Ug <
27to

Pĝ
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the surroundings ( ground/soil and air ), when cryogenic liquids spill on the 

ground, the heat received by cryogenic liquids comes from the ground and 

the atmosphere (air). In addition, heat also comes from solar radiation. 

Drake et al. ( 1974 ) and Shaw and Briscoe ( 1978 ) confirmed that in 

the early stages of cryogenic liquid spills, heat from solar radiation and the 

atmosphere can be neglected, compared with the heat flux from the ground. 

The following is an illustration of comparison of heat flux from the three 

heat sources mentioned, which is based on existing work on LNG spills on 

soil.-

Drake and Reid ( 1975 ) and Reid and Wang ( 1978 ) measured the 

boiling rate of LNG on soil. This boiling rate depends on the nature of soil, 

such as compactness, surface roughness and moisture content, which all 

affect the apparent thermal properties of the soil. They found that within 

such variations the boiling rate is very high at the early stages of spills. The 

heat flux from the soil was estimated by using an unsteady one-dimensional 

conductive heat transfer equation with the soil being regarded as a semi­

infinite solid. Based on the results of Reid and Wang ( see Appendix D ), 

the average LNG boiling rate during the first second of spill is around 

1 kg/m 2s, or equivalent to a heat flux of 510 kW /m 2. Shaw and Briscoe 

estimated that the average boiling rate during the first second of spill is 

0.7 kg/m 2s. Shaw and Briscoe also estimated the solar radiation energy on 

a cloudless day to be around 0.8 kW /m 2. They evaluated the convective 

heat flux from the atmosphere by using a heat-mass transfer analogy and 

some related empirical equations. Their equation is :

qc = CU°'7s(2r)~011ATpmCj,m ( | i ) ’  W /m 2 (3.3.1)

with C — 4.8 x 10-3Sc3 ?

U =  wind velocity ( m /s ),
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r =  radius of the liquid pool ( m ),

A T  =  temperature difference between the air and liquid ( °C ), 

PmiCpm =  average density and heat capacity,

Sc,Pr =  Schmidt and Prandtl numbers.

For an LNG spill with a spill radius of 30 m, wind velocity of 10 m /s and 

and air temperature of 25°C, equation (3.3.1) gave a convective heat flux qc 

equal to 4.8 kW /m 2. Drake et al. also estimated qc based on a convective 

heat transfer on a horizontal flat plate. For a similar condition of spill, their 

calculated heat transfer coefficient is 25 W /m 2oC, and this corresponds to 

a heat flux qc of 4.6 kW /m 2.

The above estimates clearly show that heat flux from the ground domi­

nates during the early stage of spills, and that at that stage solar radiation 

energy as well as convective heat transfer from the atmosphere can be neg­

lected. In deriving the governing equation, this study will therefore only 

consider heat flux from the ground. It is assumed that this heat flux is 

constant during the early stage of spill that covers the timespan relevant 

to this study. For liquid methane, heat flux from the ground is equivalent 

to the evaporation rate m =  0.54 kg/m2s. Details of this assumption are 

given in Appendix D.

3.3.2 The Basic Idea: Theoretical Analysis

In a cryogenic liquid spill over the ground, there is much analogous to the 

quenching process described in Chan and Banerjee’s work. If the radius 

in Figure 3.2 is increased until the tube diameter is large enough to be 

considered infinite, the bottom will become flat and horizontal, and the 

vapour will effectively flow on a horizontal surface. Although the liquid 

in Figure 3.2 does not flow in the same direction as the vapour, such a
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concept can be used to describe the collapse of the cryogenic liquid column 

on a horizontal surface at ambient temperature, as depicted in Figure 3.4. 

Based on this analogy, the flow resulting from the collapse of a cryogenic 

liquid column is considered to consist initially of two layers: the liquid layer 

on top and the vapour produced below ( beneath the liquid layer ). If it 

is assumed that in this case, the liquid-vapour interface is equally stable if 

the Kelvin-Helmholtz stability criterion ( equation (3.2.5) ) is satisfied, as 

in Chan and Banerjee’s work, then the wavelength A of the interfacial wave 

must be determined from the length of the interface, in the flow direction. 

Here, the two lowest modes of the interfacial wave oscillation are considered, 

as shown in Figure 3.5(a). These two possible modes of oscillation are |A 

and A, which correspond to the length of vapour layer Lv of ^A or ^A, 

respectively.

As there are two phases which flow separately from each other, such two- 

phase flow is called a stratified flow. By using the Shallow Water theory, 

the governing equations for the ( upper ) liquid-layer are given by :

dh, ^  TT dh, dU, _ h,U,
Hi + u,~ai + b'lh + ~ r

au, rj du, , ah,
~at +  u,~di +  s H i

m
Pi

0

and the governing equations for the ( lower ) vapour-layer are given by :

d h V dhu d U y  HyUy TTL
+  hy— |--------- =  H—

ot or or r pv
dUy , TT dUv , pi dhi
~nrr +  o v—-----h g-----— 0ot or pv or

where hi, hv =  the thickness/height of liquid and vapour layer,

Ui,Uv=  liquid and vapour velocity, 

pi,pv =  liquid and vapour density, and 

m =  boiling rate of liquid.
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Details of the derivation of the above equations are described in Appendix D. 

These governing equations are solved by using the Method of Characteris­

tics. An example of the calculation results for liquid methane ( as a major 

component of LNG ) is shown in Appendix D, where the boiling rate of 

methane is assumed to be constant, m =  0.54kg/m 2s. The results show 

that the vapour-layer velocity is around 0-12y/gjffo and the liquid-layer ve­

locity is 0-1.9\/gHo. The velocity of both vapour-layer and liquid-layer for 

a liquid methane column with a radius and a height of 10 cm, as may be 

used in scaled down experiments, are also shown in Figure 3.5(b). To ex­

amine the length of the stable liquid-vapour interface in the stratified flow 

resulting from the collapse of such a small column, the maximum value 

of Urei ( i.e. Urei,Crtt ) is calculated from equation (3.2.5). With a liquid 

and vapour density of 424 kg/m3 and 1.8 kg/m 3, respectively, an interfacial 

tension a of 0.014 N/m , and the length of interface Lv taken to be equal to 

|A, the value of Urei<Crit in equation (3.2.6) is given by:

Lv (cm) : 1 2 3 4 5
Urei,crit (m /s) : 1.57 1.10 0.91 0.79 0.70

If these values are added to the velocity of the liquid-layer, they will give 

the maximum velocity of the vapour-layer for which the interface is still 

stable, according to the Kelvin-Helmholtz criterion. This is also shown in 

Figure 3.5(b). Based on this result, it is obvious that the length of a stable 

liquid-vapour interface in the stratified flow resulting from the collapse of 

a column with a radius and a height of 10 cm is only around 1 cm, i.e. the 

interface becomes unstable beyond l.li2o. Because :

1_
%

( see equation (3.2.5) ), the length of such a stable liquid-vapour interface in 

the stratified flow resulting from the collapse of a large column is therefore

U rel —  Uxi —  Ul ~  q H q , a n d  Urel,crit
L

7 a
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Figure 3.4: Analogy between Chan and Banerjee’s experiment and cryo­
genic liquid spills on the ground

Figure 3.5:(a) Two possible modes of intei'facial wave oscillation

cm
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much less than L IR q- Hence, in the case of the collapse of a large cryogenic 

liquid column, the length of a stable interface can be neglected, compared 

with the radius of the spreading spill. It can be concluded that in that 

case, the liquid-vapour interface is effectively unstable, which leads to the 

interface breaking-up. Hence, the stratified-flow model cannot give an ap­

propriate description of the flow resulting from the collapse of a cryogenic 

liquid column.

Instead of flowing separately in a lower layer, the vapour produced from 

the boiling process will mix with the liquid. In this case, while the vapour 

is carried away horizontally by the bulk flow, it also moves upward, to­

wards the free surface. Because vapour is produced continuously over the 

spill/spread area, there will be a vapour-liquid mixture layer of increasing 

height above the ground surface; this two-phase layer has a zero thickness 

at r =  Rq ( i.e. the initial radius of the column ) and gradually increases 

along the flow direction. At some position, the vapour will reach the free 

surface and will be released from the bulk flow. This flow description is the 

basic idea of the model to be proposed. This model considers three flow 

regions, as illustrated in Figure 3.6. They are :

1. N on -boilin g  R egion  ( 0 < r < i?0 )

Boiling does not occur in this region, as this region is the original 

position of the tank. The flow behaviour is similar to that of 

non-boiling liquid flow, as described in Chapters 1 and 2.

2. D ensity-change R egion  ( Rq < r < rvr )

The density of the vapour-liquid mixture in this region decreases 

along the radial position, corresponding to the increase of the 

two-phase layer thickness. Here, rvr is the position where the

118



vapour begin to reach the free surface, to be called the vapour- 

release position.

3. Vapour-release Region ( rvr < r < rj )

Vigorous vapour release due to vapour break-through occurs at 

the free surface.

3.3.3 Mathematical Modelling

As described in the Introduction ( Section 3.1 ), the flow description is 

equally based on the Shallow Water theory. An illustration of the motion 

of a flow element, according to this theory, is shown in Figure 1.8 ( Chap­

ter 1 ). This theory implies that any point at the same horizontal ( radial ) 

position propagates at the same velocity, regardless of its vertical position. 

Application of the Shallow Water theory to the model to be proposed means 

that vapour in the two-phase layer in the density-change region moves at 

the same velocity as the liquid layer. Figure 3.6 shows a flow element that 

is used as a basis for the derivation of the governing equations.

Each region of the flow has specific and different characteristics. The 

following describes the governing equations for each region described above.
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3.3.3.1 Non-boiling Region

There is no evaporation in this region, and the flow in this region can be 

treated in the same way as non-boiling liquid flow ( Chapters 1 and 2 ). 

Without being described in detail again, the governing equations of this 

region are equations (1.3.11) :

case.

3.3.3.2 Density-change Region

Besides liquid height h and velocity U, the density p is introduced as a 

new dependent variable. Here, density p is defined as an average density of 

the vapour-liquid mixture from 2 =  0 to z — h, as is the velocity U. The 

derivation of the governing equations starts from :

• equation of continuity :

with C =  y/gh. The backward moving boundary is given by equation 

(1.4.8) : rb =  R o -  C0i.

The liquid height at the axis after the backward moving boundary has 

reached the axis is estimated in the same way as in the non-boiling liquid

(3.3.2)

• equation of motion :

— r component :
DU dp (3.3.3)

P D t  dr
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— 2 component :
Dv

'H i
dp

- a l - ps (3.3.4)

The energy balance involves potential and kinetic energies, the work done 

and the heat flow to and from the surroundings. In this case, because the 

phase changes from liquid to vapour, an enthalpy is likely to be the most 

appropriate term to be used. It is assumed that :

• the liquid is at its boiling temperature,

• the liquid boils at a constant temperature.

As cryogenic liquids stored in atmospheric tanks are usually at or only 

slightly below their boiling point, the first assumption is reasonable.

There is a boiling temperature range for a multicomponent liquid, such as 

LNG and LPG. Because this study is concerned only with the early stage 

of spills, it is expected that only a small amount of liquid will evaporate 

during that stage, and that its composition changes so little that the bo­

iling temperature does not change. Hence, the second assumption is also 

acceptable.

It is considered that the vapour formed in boiling is in equilibrium with 

the liquid, i.e. the vapour is in its saturated condition. The enthalpy of the 

mixture is given by :

H = xHv +  (1 -  x)Hi or H =  H, + (Hv -  Ht)x ,

with x =  vapour mass fraction,

Hi,Hv =  enthalpy of liquid and vapour, respectively.

The enthalpy can be further simplified, by taking Hi =  0 ( reference en­

thalpy ), and (Hv — Hi) =  h/g, the latent heat of evaporation. Hence, the 

enthalpy becomes :

H  =  h jgx  (3.3.5)
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Because during the initial stages relevant to this study the heat flux from 

the ground is very high ( see Section 3.3.2 ), the phase-change process 

dominates the energy balance. The latent heat of evaporation of cryogenic 

liquids is of the order of 100 kJ/kg, while the kinetic and potential energy 

change, as well as the work done to and from the surroundings, are only 

of the order of 1 to 100 J/kg. As a third assumption, the other energy 

changes in the energy balance are negligible, compared with the enthalpy 

change. Hence, the energy balance is given by :

DH dqz
P Dt dz

(3.3.6)

where q2 is the conductive heat flux.

The relation between the density p and the vapour mass fraction x is given 

by :
1 x (1 — x)
P Pv Pi

where pv and p\ are respectively the vapour and liquid density, 

this relation, the enthalpy can be substituted by the density. 

(3.3.7) is transformed into :

(3.3.7)

By using 

Equation

= PviPi ~ P)
p(pl -  Pv)

Substitution of this equation into equation (3.3.6) results in :

(3.3.8)

hjgpi Dp _  dqz 
E/p Dt dz

(3.3.9)

with Ef =  (-^ — 1). With the density independent of 2, integration of
J  \ p v  /

equation (3.3.9) along 2 results in :

f hh i£ i£ R dz 
Jo Ejp Dt

hfgPi Dp 
Ef p Dt

fQh
-  /  dqz

Jqo

- ( Qh -  go)
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At the ground surface, q0 is equal to the heat flux from the ground, and 

qh is zero, as there is no significant heat flux or evaporation at the top/free 

surface of the liquid ( see Section 3.3.2 ). The above equation becomes :

h Dp _  _ (  9oEf\
P D t  \ h f g p i )

In this case, is the boiling rate m per unit area; the governing equation 
hfa

(3.3.10) represents the rate of density change.

Derivation of equations of continuity and motion is as in Chapter 1. 

Because p is regarded as independent of z, equation (3.3.2) becomes :

dp _  1 drpU dv
dt r dr Pdz

Integration of the above equation along 2 results in :

, dp h drpU , , ( o 11 \
hdi =  “ 7 ~ d T  ~ p V̂h"  o) (3'3‘n )

With the boundary conditions given by :

, Dh
u0 =  0 and vh -

equation (3.3.11) becomes :

, dp h drpU Dh 
h9t + 7~d T  + p~Dt ~ 0

.dp 1Tjdp , dU hU Dh 
hdi + hVd'r+ p h - ^  +  l,- r + f ’ 'D i =  0

Substitution of —-  =  —-  +  U-— into the above equation results in :
Dt dt dr

Dh Dp , dU hU n 
p -U 7 + hTU + Ph^ -  + P— = 0Dt Dt dr

(3.3.12)

By neglecting the vertical acceleration in equation (3.3.4) with respect 

to |</| and integrating it along 2 to h, the equation becomes :

P ~ P h  =  pg(h -  z) (3.3.13)
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where pb is ambient pressure. Substitution of the r-derivative of equation 

(3.3.13) into equation(3.3.3) results in:

DU dph ^  ^ d p
dr- 9 ~ t -  +  Qz- (3.3.14)

Dt * dr

Equation (3.3.14) still depends on z. As this work is based on Shallow 

Water theory, which only considers horizontal motion, the value of z has 

to be somewhere between 0 and h. However, as shown in Appendix F, the 

flow behaviour is not significantly affected by the value of z. Therefore, the
r\

term g ~ -  in equation (3.3.14) can be neglected, which then becomes:
or

DU dph n 
p -^ U + 9 -^ -  =  0 (3.3.15)

Dt * dr

The governing equations in the density-change region are equations 

(3.3.10), (3.3.12) and (3.3.15). Below is a summary of those mentioned :

=  0Dh , Dp , dU hU
' Dt +  h -~Dt + P ~r

DU dph
P Dt ^ 9 dr

Dt +  K bp

=  0

(3.3.16)

with K b go Ej
hfgPl

As the density is defined as an average density along the height of the 

flow, the two-phase layer thickness can be calculated from the density:

(Pi ~ p)ph =  pi(h -  hb) +  pbhb or hb =  h- (3.3.17)
(pi ~ Pb)

where pb is two-phase layer density and hb is two-phase layer thickness. 

The two-phase layer density pb depends on the concentration of vapour in 

the two-phase layer; it is determined by :

pb = Pi ~ ev(pi -  pv) (3.3.18)

where e„ is vapour void fraction in the two-phase layer. The concentration 

of vapour in the two-phase layer will be discussed in Section 3.5 ( Results 

and Discussion ).
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As the density at the vapour-release position rvr is equal to the two-phase 

layer density, rvr can be determined on the basis of pb- Furthermore, the 

smallest density in the density-change region is at rVT; the two-phase layer 

density pb is also called pm,n.

3.3.3.3 Vapour-release Region

The height of flow reduces as time and the distance from the axis increase, 

but this region is characterized by additional thinning of the flow height, due 

to mass loss or massive vapour release at the free surface. It is assumed that 

the vapour void fraction or the density in this region is constant and equal 

to the two-phase layer density given by equation (3.3.18). The constant 

density assumption makes equation (3.3.6) become :

dqz
dz

0 or qo =  qh

Here, the boiling rate ( the vapour production rate ) is equal to the rate of 

vapour release at the free surface. The rate of mass loss at the free surface 

ma is given by :
Qo

—  M i - )  (3'3'19)
where x is the vapour mass fraction corresponding to the minimum density

Pmin or Pb- The term ( ) is equal to the amount of liquid changed into
V hS9 J

vapour, while the mass loss at the free surface due to vapour release is 

equal to the loss of liquid ( which changed into vapour ) plus its vapour 

content. Hence, the term (1 — x) is to correct ( J for the rate of mass
\hfaJ

loss. However, the value of x in the vapour-release region is relatively small; 

for a vapour void fraction of 0.7, the corresponding value of x is only around 

0.01, so in equation (3.3.19) x can effectively be neglected.

The governing equations of this region are derived from :
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• the equation of continuity :

1 drpU dpv
r dr dz

=  0 (3.3.20)

• the equation of motion :

— r component :

— z component :

DU dp 
P-RT =  —Dt dr

Dv
)rDt

dp
~ V z ~ pg

(3.3.21)

(3.3.22)

where p in this case is equal to pmi„. Integration of equation (3.3.20) along 

z results in :

h 1 drpU
r -Jo r dr

h drU 
r dr

- dz + fh/ dpv 
Jo

=  0

i +  ms -  pv o) =  0

Dh hdrU ms
Dt + r dr Pmin

(3.3.23)

Equations (3.3.21) and (3.3.22) are treated in a similar way to that in non­

boiling liquid flow. The result is :

dU TTdU dh n 
Tt +  u sT  +  ~  0

(3.3.24)

The governing equations in this region me given by equations (3.3.23) and 

(3.3.24).

3.4 Numerical Solution

The solution of the governing equations in all regions is again based on 

the Method of Characteristics (MOC), with a three-point method, an in­

terpolation by using Chebychev polynomials and evaluation of P I  and QI 

( equations (1.4.12) and (1.4.13) ) by the arithmetic average method. As
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carried out previously, all variables are expressed in dimensionless form : 

the symbols and their meanings have already been mentioned in Chap­

ter 1. In addition, the dimensionless density g is equal to [ — ). Hence, the
W

dimensionless liquid density gt is equal to 1.

3.4.1 Non-boiling Region

Rearrangement of the governing equations results in :

( 3 , , )

The slope of the characteristic lines ( positive and negative ) is given by :

(3.4.2)

with the ( positive and negative ) Riemann invariants :

d(U ±  2C) _  UC 
dt r (3.4.3)

No further explanation is needed here, for details of the numerical solution 

have been described in Chapter 1. The only additional statement for this 

region is that g =  1 at all grid points and at all time levels.

3.4.2 Density-change Region

Solution in this region by the MOC involves three dependent variables U, 

h and g, with three equations. Substitution of C =  y/gH in the governing 

equations (3.3.16) results in :

DC dU2----- + c —
Dt dr

D\J . _.dC—----- 1- 2C ——
Dt dr

1 Dg
g Dt

U C  C D g  
r g Dt

& d g  
g dr 

Gk 
C 2

(3.4.4)

(3.4.5)

(3.4.6)
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. The term G k can also be expressedwith G k = KbRo Qo Ej Rq
C qH q h jg p i  C 0 H 0

in another form :

Gk Uys f  Pi pv ̂  Ro 
Co [~ 7 i

with Uv, = 9o
Ho ’ ............."  hJaPv •

The physical meaning of Uva is a superficial velocity of the vapour produced 

in boiling. As pv is generally much smaller than pi, the term ( Pi~pv) is 

effectively equal to 1. The horizontal velocity U is of the order of C0, as 

shown in the case of non-boiling liquid flow. Hence, the term G k does 

in fact indicate the ratio of the superficial velocity of the vapour to the 

horizontal velocity of flow.

Abbott ( 1966 ) described the method to find the characteristic line equa­

tions and their corresponding Riemann invariants from a set of differen­

tial equations, which may consist of more than two equations. Because 

three variables are involved in this region, there will be three characteristic 

fines and three Riemann invariants. Instead of Abbott’s method, equations 

(3.4.4) and (3.4.5) can be manipulated in another simple way to obtain the 

characteristic fines and their Riemann invariants. The result is equivalent 

to that obtained by the method described by Abbott.

Addition of the LHS of equations (3.4.4) and (3.4.5) results in :

D (U  +  2C) „ S ( U  +  2C) a(U  +  2C) , ,Tt . _ S ( U  +  2C)
m  + c  S  = — Wt +  ( u  +  c )  a~r

and addition of the RHS of both equations results in :

C D g  
g Dt

U C  C Dg C 2 dp
q dr

UC c
r g

U C  c
r g

+  tt^  +  
dt dr dr

t + (u + c )|
By combining the above equations, they become

dgA U ± .? C )+ ( u + c ) g (U  + 2C) +  C
dt dr g a t + ( v  + c ) T r

U C
(3.4.7)
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This equation shows that the entities (U +  2C) and g propagate along the 

path with a slope of (U  +  C). Based on the principle of the MOC, equation 

(3.4.7) corresponds to :

• the slope of the positive characteristic line :

=  (U  +  C )
dr
dt (3.4.8)

• with its positive Riemann invariant :

d(U +  2C) Cdg U C
dt g dt r

or in another form

d(U +  2C) Q d\ng _  U C  
dt dt r

Similarly, subtraction of equations (3.4.4) and (3.4.5) results in :

(3.4.9)

• the slope of the negative characteristic line :

= ( U - C )
dr
dt

(3.4.10)

with its negative Riemann invariant :

d(U — 2C) ding U C  • — L/"
dt dt

(3.4.11)

Also based on the principle of the MOC, equation (3.4.6) corresponds to :

• the slope of the third characteristic line :

dr
—  = Udt •

• with its Riemann invariant given by

(3.4.12)

1 dg 
g dt

Gk
C 2

or
d In g Gk

dt =  “ c 2
(3.4.13)
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In this case, instead of two characteristic lines, three characteristic lines are 

used to determine the condition of the flow, as shown in Figure 3.7. These 

three characteristic lines are PA as the positive characteristic line, QA as 

the negative characteristic line and SA as the third characteristic line. Note 

that SA is actually the path of an element ( in the Shallow Water theory ) 

with a propagation velocity of U. Point A represents point r,iJ+1, whose

Figure 3.7: Characteristic lines PA, QA and SA in the density-change region

conditions is to be determined. By using a similar way to that described in 

Chapter 1, the values of U, C and g are determined from equations (3.4.8) 

to (3.4.13) in the forms of :

• the positive characteristic line PA :

r P — ta — (Up + Cp + U 4  +  Q 4 )—  (3.4.14)

with its Riemann invariant :

+ 2C4 -  (Up + 2Cp) +  ± ( C A +  C P )(\ngA - \ n Q P ) =

_  (V ACA +  Vf C r \ M  
\ rA rP )  2
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• the negative characteristic line QA :

A t
fQ =  ta — (U q — C q +  U a — Cm )—  

with its Riemann invariant :

(3.4.16)

U* -  2C* -  (Uq -  2Cg) -  -(C m +  Cç)(ln q a — ]h  Q q )  —

+ ( V aC*  1 u  qCq
r a rQ

Y -  (3-4.17)

• and the third characteristic line SA :

r.s = rA ~ (U S +  U A)
A t

(3.4.18)

with its Riemann invariant :

In g a -  hi QS =  -G k (3.4.19)

Note that the term C d(ln g) is also appoximated by using the arithmetic 

average. Equation (3.4.19) implies that the boiling rate ( included in ) 

is constant for all positions and at all time, as already described in Sec­

tion 3.3.2. For a particular case, where the boiling rate is not constant, due 

to variation of the surface temperature or variation of the boiling mode, 

equation (3.4.19) can be rewritten in the form of:

In Qa ~ In 05 =
Gkyi Gks\ At 
CA2 +  C s2)  2

It is obvious that equations (3.4.14) to (3.4.19) are non-linear. By regarding 

them as quasi-linear equations, the solution can be obtained through the use 

of the Newton-Raphson method described in Appendix A. In this case, the 

solution is regarded as a simultaneous solution of six equations : (3.4.14) to 

(3.4.19) with six unknown variables: rp, rg, r$, U a , C a and gA. The basic 

algorithm of the numerical calculation procedure ( iteration ) is equivalent 

to that described in Chapter 1.
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The other aspect of the numerical calculation in this region is the de­

termination of the vapour-release position rur. This corresponds to the 

position at which g =  gmin. The vapour-release position r„r can essentially 

be determined by iteration, i.e. by assuming i\,r at an arbitrary value and 

then calculating U, C  and g at that point, until g at r„r is found to be 

equal to gmin. However, this method needs extensive iteration. Instead, by 

using an interpolation method, r„r can also be determined easily without 

performing numerous iterations. As an illustration, suppose the calculated 

density at is greater than gmin, but the calculated density at r,+lj+1 

is less than gmin. Hence, the position rvr lies between r, and r,+1. By taking 

Qi-i,j+n Qij+i and o1+lj+1 into Chebychev polynomial form ( as a function 

of position r ), the position rvr can be determined by interpolation, where 

Q =  Qmin• After that, the density at r,+ij+ i is taken to be equal to £>mtn.

3.4.3 Vapour-release Region

The governing equations (3.3.23) and (3.3.24) are transformed into :

U C 
r

dC

2^  +  c ^H  =
Dt dr

Kv
C

DU
Dt + C ~dr =  o

(3.4.20)

(3.4.21)

with K, m. Ro
Pmin Cq Ho

The evaporation rate m3 is calculated from equation (3.3.19). The MOC

solution of the above equations is given by :

• the slope of the positive characteristic line :

=  U +  C
dr
dt

(3.4.22)

with its Riemann invariant :

d(U +  2C ) U C  K ,
d t r C

(3.4.23)
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(3.4.24)

• and the slope of the negative characteristic line :

dr
dt

=  U - C

with its Riemann invariant :

d(U -  2C) U C  K v
dt r +  C (3.4.25)

As shown in Figure 3.8, there are two characteristic lines AP and AQ used 

to determine U and C at point A. Here, the density g of this region is always 

equal to gmin. The numerical solution of equations (3.4.22) to (3.4.25) is

Figure 3.8: Characteristic lines PA and QA in the vapour-release region

given by :

• the positive characteristic line PA :

rp =  Ta — (U p +  Cp +  Uyj +  Cm ) 

with its Riemann invariant :

UA + 2 C A - ( U P + 2CP) =  •

A t
2

(3.4.26)

U ACA U p C p 1) A t
rp

- K*(p i+ i ) f  <3A27>
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• and the negative characteristic line QA :

r<? =  rA — (U q — C q +  UA C , ) f (3.4.28)

with its Riemann invariant :

\Ja - 2 C a - ( U q - 2Cq )
'UaC a IJqC q

rA *Q
At
2

+Kv (e i+ c 0  t  (3-4'29)

These four equations are non-linear, with four unknown variables : rp, rg, 

and C A. As described in the previous section, these four equations can 

be solved easily by using the Newton-Raphson method.

The other aspect of the numerical solution in this region is the deter­

mination of the front position 17 and the shape of the front. The front of 

unconfined flow of non-boiling liquid described in Chapter 1 has zero thick­

ness. As the description of unconfined flow of cryogenic liquid is equally 

based on the Shallow Water theory, including the assumption of friction­

less ground surface, the front of unconfined flow of cryogenic liquid also has 

zero thickness. Mass loss due to vapour release will progressively reduce the 

height/thickness of flow from rur up to the front position rj, as illustrated 

in Figure 3.9.

Estimation of the front position rj is illustrated in Figure 3.10. To avoid

the term (■^1) in equations (3.4.23) and (3.4.25) becoming infinite due to 

C fr =  0, the Riemann invariant is changed into :

r d(U ± 2 C )  _  / U C 2 
dt \ r + K, (3.4.30)

By taking C j Tont =  0, the estimate of the positive characteristic line that 

passes through the front point becomes :

At
rp =  rj — (Up +  C p +  U /roni)— (3.4.31)
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Figure 3.9: Illustration of the effect of mass loss on flow profile in the front 
region

(t)

-------- Position ( r )

Figure 3.10: The front position determination
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with its Riemann invariant given by :

(Cp +  C f r )
[ (U + 2 C ) ,  ront (Up +  2Cp)]

/  U pC p2 i U C 2 
"t r fronti

^  -  K vA t

C p(U /roni -  Up2Cp) =  -  +  2K vj  A t (3.4.32)

Likewise, the negative characteristic line is estimated by :

A t
T q  — Tf (U q C q +  U front)'

with its Riemann invariant :

C Q ( V front  -  U Q +  2C q) =  +  2K V j  A t

(3.4.33)

(3.4.34)

There are four unknown variables : rp, rg, rj and Uyront. Equations 

(3.4.32) to (3.4.35) are again solved by using the Newton-Raphson method, 

as mentioned in the previous section.

3.4.4 The Initial Conditions

As there are three sets of governing equations, three sets of initial conditions 

are needed. The initial conditions are set up at small time span after the 

column begins to collapse. To simplify setting up the initial conditions, it is 

assumed that at such time, the vapour-release region is not yet developed, 

and that the front condition may be taken as :

C  =  0 , U =  2 , rf  =  1 +  2t , rbu =  r / and g =  gmin .

With this assumption, only two regions are considered. The initial con­

dition in the non-boiling region is set up by using equations ( 1.1.6), i.e. 

Greenspan and Butler’s approximate solution of the SWEs of the axisymmetric- 

model. Following their method of solution, the initial condition in the
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density-change region is also given by approximate solution of equations (3.4.4) 

to (3.4.6). The resulting equations are :

U

C

Q

2 -  2Z +  [5Z1-5 -  (E i +  5Gk +  2)Z  -  3 Z 2]t 

Z  +  [7Z 15 -  (2E1 +  7Gk +  4)Z  -  3Z 2]|

(3.4.35)

with Ex =  3G k In ( f )  , and Z  =  §[2 -  ^ ] .

The estimates of U and C in equations (3.4.36) are seen as the result of 

modification of equations (1.1.6), with additional terms Ex and G k.

3.4.5 Aspects of the Numerical Solution

As shown in equation (3.4.6), G k depends on the physical properties of the 

liquid and the dimensions/size of the column/tank. This equation shows 

that the value of G k is high for a high boiling rate ( high superficial velocity 

UV3 ) and for a small tank ( low horizontal velocity Co )• As an illustration, 

for LNG columns with radii of respectively 0.1, 1 and 10 m, with (Ho/Ro) — 

1 and the boiling rate of LNG m =  0.54kg/m 2s ( see Appendix D ), the 

values of G k are respectively 0.3, 0.096 and 0.03. Hence, the highest value 

of G k is likely to be of the order of 0.3. This study will therefore investigate 

the effect variation of G k up to 0.5, which is believed to cover all possible 

scenarios for cryogenic liquid storage tank failure. From the definiton of 

G k in equation (3.4.6) and K v in equation (3.4.20), the value of K v can 

be calculated from :

Kv G k
E f { l  ~  X)Qmin

(3.4.36)

where Ej —

to Qmin-

and x is the mass fraction of vapour corresponding
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Prom physical property data, the density ratio —  of cryogenic liquid ( ni-
Pv

trogen , oxygen , methane to propane ) at their normal boiling point is

found to be in the range 150 to 250. In order to represent this property in

general, this study takes a typical density ratio —  of 200.
Pv

As in the case of non-boiling liquid flow, U and C are calculated by 

interpolation, using a Chebychev polynomial fitting. In this study, a density 

interpolation will also be carried out by using a Chebychev polynomial 

fitting. To obtain the results with a satisfactory accuracy and consistent 

with the mass conservation, density as a dependent variable is expressed in 

three ways :

1. Density g as a function of r : g =  f\(r).

2. The term In g as a function of r : In g =  This term is used,

because it appears in Riemann invariant equations.

3. The term gC2 as a function of r : gC2 =  / 3(r).

The accuracy and consistency of the numerical calculation procedure 

will be checked on a mass error basis, as carried out in the non-boiling 

liquid flow. The total mass can be calculated numerically by using :

Nfront — 1 /\r
M tot =  2n J2 (£>,r>h.- +  ft+ir»+ih,+i)—  (3.4.37)

«=o z

The dimensionless initial value of total mass is 7r. Instead of using the term 

“mass error” , the difference between M ioi and the initial mass is called a 

mass discrepancy Mdi3cr, expressed as a percentage of the initial value of 

total mass :
n r  — 7r) w
Mdxscr =  --------------- 100% ,

7T

because M<nScr also includes the mass loss due to vapour escape. The mass
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loss or evaporated mass is calculated by :

A Mv =  7rm ( r 2 — rvr2̂ j ,

or in dimensionless form :

AM„ = 7r|i (ry2 -  rtir2) (3.4.38)

This evaporated mass is also expressed as a percentage of the initial value 

of total mass :

=  100% .7r

The calculation procedure is considered to be satisfactory and consistent 

with the conservation of mass if the difference between Mdi„Cr and Mevap is 

1 % or less.

The energy content is not checked in this solution, because during the 

derivation of the governing equations, the potential and kinetic energies 

are neglected in the energy balance, and only thermal energy is considered. 

Hence, checking the total potential and kinetic energies, as carried out in 

non-boiling liquid flow, is not appropriate. Furthermore, checking the heat 

balance of cryogenic liquid flow is in fact equivalent to checking the vapour 

production ( density change ). This is also equivalent to the calculation of 

the evaporated mass, because the heat flux from the ground is related to 

the vapour production rate. In other words, checking the mass discrepancy 

also includes checking the heat balance.

3.5 Results and Discussion

3.5.1 The Nature of Two-phase Layer

As the two-phase layer is the main aspect of the model proposed in this 

study, it is essential to describe the nature of the two-phase layer, such as its
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height and vapour concentration. The solution of the governing equations 

for the density-change region only results in an average density profile for 

the whole spill, but it does not identify the individual heights of the liquid 

and the two-phase layers. The relation between the height or thickness (hb) 

and the density (pb) of the two-phase layer is given by equation (3.3.17). 

In this case, density pb indicates the vapour concentration in the two-phase 

layer. If the vapour void fraction ev in the two-phase layer is known, pb 

can be determined from equation (3.3.18). To describe completely the 

nature of the two-phase layer, one more piece of information ( equation or 

correlation ) is needed; either the height of the two-phase layer hb or its 

vapour concentration ( pb or ev ).

The height of the two-phase layer essentially depends on :

1. the boiling rate or vapour generation rate m,

2. the horizontal velocity of the flow U,

3. the dimensions of the column ( H0 and Rq ),

4. the physical properties of liquid and vapour,

5. the motion of vapour in the two-phase layer.

Parameter of the model proposed in fact covers points 1 to 4 ( see 

equation (3.4.6) ). The motion of vapour in the two-phase layer is influ­

enced by buoyancy, turbulence and acceleration of the flow resulting from 

the collapse of a liquid column: the vapour moves upward due to buoyancy, 

while turbulence may break up the vapour into bubbles and may balance 

buoyancy, which could slow down or accelerate the upward motion of the 

vapour. Unfortunately, no appropriate and reliable work or theory is avail­

able that can be used to describe the precise motion of the vapour under
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these conditions, and hence the nature of the two-phase layer. Further 

thorough theoretical and experimental investigation is needed. However, a 

general and qualitative description of the two-phase layer can at least be 

given in this study.

If buoyancy dominates the upward motion of the vapour, the height of 

the two-phase layer ĥ , or alternatively the vapour void fraction ev, can 

be estimated from such motion of bubbles in liquid. In this work, such 

an estimate is likely to give a higher value of /¿¡,. On the other hand, 

if turbulence dominates the motion of the vapour, the estimate of hf, is 

likely to be lower than the actual value of ĥ . The actual value of hb 

may lie between these two estimates; buoyancy domination or turbulence 

domination.

Weisman et al. (1979) described the transition from dispersed flow to 

intermittent flow for two-phase flow in horizontal pipes. They defined dis­

persed flow as a flow in which the discontinuous phase is finely dispersed 

in a continuous phase; if the vapour or gas is the discontinuous phase, it is 

dispersed into small bubbles in the liquid; if the liquid is the discontinuous 

phase, there is mist flow. Weisman et al. also described that intermit­

tent flow comprises slug, plug and bubbly flow, where the vapour or gas 

is contained in “large bubbles” . They considered that in dispersed flow, 

turbulence can overcome buoyancy and break the vapour or gas into finely 

dispersed bubbles, and hence control the motion of bubbles. Based on their 

theoretical and experimental investigations, they estimated that dispersed 

flow exists when the total superficial mass flow rate G j ( gas and liquid ) is 

equal to or greater than 107 kg/m 2hr. Unfortunately, this criterion can only 

give a qualitative description of one aspect of two-phase flow, but cannot 

be used to determine the vapour concentration in two-phase flow. Never­
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theless, it may serve to describe the sort of liquid-vapour mixture in the 

two-phase layer in cryogenic liquid spills, which can be regarded as two- 

phase flow in a horizontal conduit with increasing height. For a methane 

column with a height and a radius of 10 m, the horizontal flow velocity is 

of the order of 10 m/s; with pi =  424 kg/m 3 and a vapour void fraction 

tv =  0.5, the total superficial mass flow rate Gt =  7.6 x 106 kg/m 2hr, 

which is close to the criterion threshold above. It is therefore likely that 

the two-phase layer in the flow resulting from the collapse of a large column 

( H0 >  10 m ) is likely in dispersed flow.

Barnea ( 1986 ) also investigated dispersed two-phase flow in an inclined 

pipe; in this case, he was only concerned with gas dispersed in liquid. He 

considered that in the transition from dispersed bubbly flow to intermit­

tent slug or plug flow, the turbulent force is in balance with buoyancy as 

well as with interfacial forces. At this transition condition, he assumed 

that finely dispersed bubbles are packed at maximum capacity. Above this 

maximum capacity, bubbles will coalesce. Here, bubbles are considered as 

uniform spheres in cubic packing. The maximum gas void fraction in such 

a structure is 0.52. However, this does not mean that maximum gas void 

fraction in the dispersed flow is always 0.52. Froth flow can have a higher 

void fraction of gas.

Larsen and Tong ( 1969 ) studied the critical heat flux in subcooled 

flow boiling inside a tube. They considered that the critical heat flux cor­

responds to the transition condition where the tube wall is fully covered 

with crowded bubbles, which are almost to coalesce to form a vapour layer. 

Larsen and Tong approximated this condition by assuming that the bubble- 

layer at the wall consists of liquid containing uniform size spherical bubbles, 

arranged in an octahedral structure. The maximum theoretical vapour void
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fraction in such a structure is 0.74. They estimated that the void fraction 

of the bubble-layer at the tube wall is around 0.7. A similar study was also 

carried out by Weisman and Pei ( 1983 ). On the basis of experimental 

observation, they estimated that bubbles in the bubble-layer at the wall 

are of an elliptic shape, with a short to long axis ratio of about 1 :3, rather 

than a spherical shape. They found that the maximum void fraction in this 

structure is around 0.82. All this shows that the vapour void fraction at 

the transition from dispersed flow ( with vapour is finely dispersed ) into 

intermittent flow may be in the range of 0.5-0.8.

If estimation of the upward motion of the vapour, and hence of the 

height of the two-phase layer, is only based on buoyancy, the vapour void 

fraction in the two-phase layer can be calculated from :

Uv,

where Uv, is vapour superficial velocity and v j  is rising velocity of bubbles. 

For methane, with m =  0.54 kg/m 2s, the superficial velocity Uvs =  0.30 

m/s.

Because such value of the superficial velocity is relatively high, bubbles tend 

to coalesce and form a large bubble, hence an estimate of the rising velocity 

of bubbles has to account for bubble concentration. At such condition, 

Wallis ( 1969 ) estimated v j  as given by:

v j — K qUxjs +  1-53

where K 0 is a flow distribution parameter; its value is around 1-1.5, and it 

is generally taken to be equal to 1.2. Based on this equation, for methane, 

v j  =  0.56 m /s or e„ =  0.54.

Levich ( 1962 ) estimated vj of an oblate ellipsoid shape bubble in a mass-

°g{pi -  pv)
pi2

143



bubbling process, given by:

Vj
'4a2g(pi - pv)

at Hi Pi2

T 0.20

where a  is a constant, equal to 30. For methane, this equation gives v j — 

0.35 m /s, or ev =  0.86.

In summary, turbulence effects on two-phase flow just mentioned can­

not as yet be used to estimate the concentration of vapour in the two-phase 

layer. Thus the concentration of vapour in the two-phase layer is not yet 

known. The calculation in this study mainly uses e„ =  0.7; the results pre­

sented in this Chapter are based on this value. Other results for ev =  0.5 

and 0.8 are enclosed in Appendix D. This therefore gives a general des­

cription of the two-phase layer, while precise description has to be further 

investigated theoretically and experimentally at a later date, by considering 

buoyancy, turbulence and transient condition together.

3.5.2 The Selected Procedure

In non-boiling liquid flow, the time increment A t used was 0.05 and A r was 

0.10, which conforms with the CFL criterion, given by equation (1.4.15). 

In cryogenic liquid flow, the value of |U +  C| at some positions can be 

higher than 2, because the height of flow is affected by the two-phase layer 

thickness. Hence, to conform with the CFL criterion, A t used may be less 

than 0.05. The time increment A t used in the current calculation was then 

taken to be equal to 0.025.

The density interpolation was carried out using three methods, as men­

tioned before. Using g as a dependent variable was unsatisfactory, where 

the difference between Mdiscr and Mevap was sometimes greater than 5%. 

This may be caused by the uncertainty about the density profile. As will 

be shown in the next section, for small values of Gjj, the density changes
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rapidly at the vapour-release position r„ r . At this position, the drastic 

density change may make interpolation insufficiently accurate. Using the 

term In g as a dependent variable improved the accuracy, but for large val­

ues of Gk, this method still gave unacceptably low accuracy. According to 

equation (3.4.6), the density is calculated from :

[  G kQa =  Q p e x p - J  - £ 2dt •

This means that a small variation or fluctuation in C can result in a large 

fluctuation in density, and this leads to a large difference between Mdlscr 

and Mevap for large values of G^. Finally, using the term gC2 as a depen­

dent variable gave (\Mdiacr\ — Mevap) <  1%. Table III-1 shows the mass 

discrepancy Mdiacr and the mass evaporated Mevap for Gk =  0.005, 0.05 

and 0.5. It is also shown that, within the dimensionless time span 0 to 2.5, 

the mass evaporated is very small ( less than 1 % ), except for Gk =  0.5 at 

t > 1.5. In this case, Gk =  0.5 is regarded as an extreme condition, which 

is likely to arise in practice only for a small tank with a very high boiling 

rate. In general, the difference between the mass discrepancy and the mass 

evaporated is less than 1 % . In conclusion, interpolation using gC2 was 

therefore used in this study.

3.5.3 The Flow Description

This comprises the front and vapour-release positions, the flow profile, and

the density and velocity profiles. The results are presented in several figures,

with Gk as a parameter. The density ratio — is taken to be 200. With a
Pv

vapour void fraction of 0.7, the corresponding minimum density is 0.3035. 

Other calculation results for several values of vapour void fractions are given 

in Appendix D.

As there is no relevant experimental and theoretical work available for
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Table III-l: The mass discrepancy and the amount of mass evaporated for
( p i / p v )  =  2 0 0

Time G k =  0.005 G k =  0.05 G k =  0.5
( t ) •̂ discr -Mevap •Mcvap A4discr Mevar>
0.10 0.832 0.670E-5 0.818 0.620E-4 0.595 0.621E-3
0.20 0.066 0.807E-4 0.131 0.738E-3 -0.063 0.631E-2
0.30 -0.118 0.163E-3 -0.048 0.141E-2 -0.262 0.125E-1
0.40 -0.194 0.247E-3 -0.111 0.182E-2 -0.154 0.246E-1
0.50 -0.238 0.327E-3 -0.144 0.358E-2 -0.176 0.442E-1
0.60 -0.269 0.386E-3 -0.159 0.524E-2 -0.152 0.739E-1
0.70 -0.294 0.495E-3 -0.173 0.670E-2 -0.228 0.116E+0
0.80 -0.307 0.606E-3 -0.180 0.872E-2 -0.253 0.173E+0
0.90 -0.317 0.696E-3 -0.202 0.114E-1 -0.256 0.248E+0
1.00 -0.327 0.848E-3 -0.178 0.149E-1 -0.310 0.341E+0
1.10 -0.251 0.102E-2 -0.097 0.193E-1 -0.468 0.457E+0
1.20 -0.222 0.120E-2 -0.042 0.248E-1 -0.694 0.596E+0
1.30 -0.208 0.144E-2 -0.019 0.316E-1 -0.998 0.762E+0
1.40 -0.189 0.172E-2 0.021 0.397E-1 -1.135 0.956E+0
1.50 -0.177 0.206E-2 0.022 0.494E-1 -1.377 0.118E+1
1.60 -0.169 0.247E-2 0.025 0.608E-1 -1.542 0.144E+1
1.70 -0.163 0.296E-2 0.058 0.741E-1 -1.522 0.172E+1
1.80 -0.156 0.353E-2 0.085 0.894E-1 -1.459 0.205E+1
1.90 -0.142 0.421E-2 0.074 0.107E+0 -1.684 0.241E+1
2.00 -0.132 0.498E-2 0.092 0.127E+0 -1.822 0.281E+1
2.10 -0.124 0.586E-2 0.132 0.150E+0 -1.708 0.325E+1
2.20 -0.119 0.686E-2 0.119 0.175E+0 -1.902 0.373E+1
2.30 -0.106 0.800E-2 0.132 0.204E+0 -1.948 0.426E+1
2.40 -0.096 0.928E-2 0.136 0.235E+0 -1.911 0.483E+1
2.50 -0.092 0.107E-1 0.153 0.271E+0 -2.016 0.545E+1

comparison purposes, the results of this study axe compared only with the 

theoretical results of non-boiling liquid flow. Below are descriptions of some 

aspects of the flow.

3.5.3.1 The Front and The Vapour-release Positions

Figures 3.11, 3.12 and 3.13 show the front position r^, the vapour-release 

position r„r and the amount of evaporated mass Mevap as functions of time. 

As shown in Figure 3.11, it is obvious that the propagation velocity of
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the front is less than 2. It is also not surprising that the front position is 

only slightly influenced by the variation of Gk. For Gk =  0.5, K v is only 

0.0084. Hence, the variation of Gk up to 0.5 gives only a small variation of 

K v. As the front position rj depends on K v, 17  consequently only varies 

slightly.

Based on Figure 3.11, within the dimensionless time span from 0 to 2.5, 

the average front propagation velocity is 1.7 to 1.83. Larger Gk results in 

lower front velocity. For a small value of Gk ( 0.005 ), the front velocity 

is 1.83, which is not close enough to 2. Theoretically, the smaller the value 

of Gk, the closer the front velocity is to 2. This is likely to be caused by 

the numerical calculation used to determine the front position r

In contrast to the front position, the vapour-release position rvr strongly 

depends on the value of Gk. In this case, (r / — rvr) indicates the area in 

which the vapour escapes from the bulk flow. For Gk =  0.5 ( i.e. extreme 

condition ), almost all of the flow region outside the non-boiling region 

(r > 1) is dominated by the vapour-release regime, which indicates that 

there is very significant evaporation.

Apart from this, the amount of mass evaporated is generally small ( less 

than 1 % ), as shown in Figure 3.13. At small values of Gk, the mass 

evaporated is even far less than the inaccuracy of the numerical solution.

3.5.3.2 T he F low  and Density Profiles

The flow profiles at several time levels and for Gk =  0.005, 0.05 and 0.5, are 

illustrated in Figure 3.14, and the comparison with non-boiling flow profile 

is presented in Figure 3.15. As predicted by the theory and can readily be 

understood, the two-phase layer raises the fluid height/level. The increase 

in height depends on the value of Gk. At small values of Gk, the height
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only increases slightly, and it is even difficult to distinguish the difference 

with the non-boiling liquid level, as can be seen in Figure 3.15. The two- 

phase layer in Figure 3.14 is drawn as a dotted line. This figure shows the 

effect of Gk upon the two-phase layer thickness.

At the extreme condition, such as at Gk =  0.5, the height increase is very 

high. As Gk indicates the ratio of the superficial velocity of the vapour 

produced to the horizontal velocity of the flow ( see equation (3.4.6) ), the 

flow at Gk =  0.5 is an example of the flow resulting from the collapse of a 

small column with a high boiling rate.

Figure 3.16 illustrates the density profiles at various Gk values. As 

mentioned before, the density profiles indicate the thickness and behaviour 

of the two-phase layer. From Figure 3.16, the nature of the density profile 

can be identified with two types of curve : A-type and B-type, as depicted 

in Figure 3.17. The A-type curve represents the flow with a thin two-phase 

layer and the B-type represents two-phase layer dominated flow. The flow 

dominated by the two-phase layer indicates that significant evaporation 

takes place. Line PQRS in Figure 3.17 is used to show the relative height 

of the two-phase layer, with respect to the total fluid height. The relative 

height of the two-phase layer for an A-type curve is shown by the ratio of 

PQ to PS. Similarly, the relative height of the two-phase layer for a B-type 

curve is given by the ratio of PR to PS. Briefly, by identifying the form of 

the density curve, the flow behaviour can be known. The A-type curve is 

encountered at small values of Gk and at a very early stage of spill/spread 

for moderate values of Gk, such as 0.05 . On the other hand, for large 

values of Gk and at a late time of spill, the density profile has a B-type 

curve. It can be concluded that the density profile actually begins with an 

A-type curve, and gradually changes into a B-type curve, and that at a late
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time of spill, the two-phase layer will dominate the flow, even for a small 

value of Gfc. Here, the rate of change from an A-type curve to a B-type 

curve depends on the value of G^, as shown by equation (3.4.19).

3.5.3.3 T he V elocity  Profile

Figure 3.18 shows velocity profiles at three time levels. For G^ =  0.005, 

the velocity profile effectively coincides with that of non-boiling liquid flow. 

This trend is already encountered in the flow profile just described. Fig­

ure 3.18 also shows that the velocity is only slightly influenced by the 

variation of G^. This can be described by the Riemann invariant in the 

density-change region. Rewriting equations (3.4.15) and (3.4.17) :

[A U C  rA
Ua + 2 C a =  Up +  2CP -  ----- d t -  Cdl ng

Jp r Jp
rA u c  rA

\Ja - 2 C a =  U q - 2 C q + /  ----- d t+  /  C din ^
Jq r Jq

and by taking the average value of C at P and Q, can be calculated 

from :
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u * Up + 2Cp + Uq — 2Cq +
-C p 0 (b ^ p  -  In Qq)

( UqC q

{  rQ
U pC p\  A t 

rp )  ~

The first term on the RHS is equal to U in non-boiling liquid flow, and 

the second term depends on the conditions at points P and Q. Because P 

is close to Q, (In gP — In Qq) is small. This means that the variation of the 

velocity U is also small.
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CHAPTER 4

CONFINED FLOW OF 
CRYOGENIC LIQUIDS

4.1 Introduction

In this chapter, the shock motion resulting from the collision of the cryo­

genic liquid surge flow with the bund will be investigated. As this phe­

nomenon follows the process of unconfined flow of cryogenic liquids de­

scribed in Chapter 3, such a shock flow is at least partly two-phase with 

behaviour that may differ from that of non-boiling liquids. All aspects of 

the shock flow described in Chapter 2 will therefore be reinvestigated, with 

additional consideration of the effect of boiling or vapour generation. As 

in Chapter 2, the investigation is at this stage concerned only with vertical 

bunds.

The division of the flow region and their corresponding governing equa­

tions for unconfined cryogenic liquid flow used in Chapter 3 will be extended 

to describe the conditions of the shock flow. Equally, all restrictions and 

assumptions made for unconfined flow of cryogenic liquids are now also ap­

plied to the shock flow, such as the limitation that this investigation is only 

concerned with the release of cryogenic liquids from an atmospheric storage 

tank and that cryogenic liquids spills are at their boiling temperature.

The numerical calculation procedures to be carried out for all aspects of 

the problem prior to the first collision with the bund are equivalent to those 

described in Chapter 3.
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4.2 Theoretical Description of Shock Flow

As soon as the cryogenic liquid surge flow has collided with a bund sur­

rounding the original storage tank, a shock is formed. Some of the kinetic 

energy of the surge flow is converted into potential energy, and the height 

of the shock flow becomes much greater than that of the original surge flow. 

Because this shock flow of cryogenic liquid contains vapour, as in the case 

of unconfined flow of cryogenic liquids described in Chapter 3, its analysis 

is more complicated than that of non-boiling liquids. Here, the density of 

the vapour-liquid mixture is also a dependent variable, which is related to 

the vapour concentration in the flow.

The front of the cryogenic liquid surge flow is effectively in the vapour- 

release region, i.e. it is uniform vapour-liquid mixture. Hence, when this 

moving front collides with the bund and the shock is formed, this shock 

flow must also be in the vapour-release region, although the vapour motion 

in the shock flow may differ from that in the surge flow ( i.e. the “as 

yet” , unconfined flow ). This is illustrated in Figure 4.1. Subsequently, 

when the returning shock swallows the density-change region of the, until 

then undisturbed, outgoing flow, the shock flow region will become divided 

into density-change and vapour-release regions. The density-change region 

covers the area in which the vapour does not yet reach the free surface and 

escapes, while the vapour-release region is characterized by the release of 

vapour and hence mass loss at the free surface. The nature of this density- 

change region is however different from that in the unconfined flow.

As in the case of unconftned flow of cryogenic liquids, the essential 

aspects of the two-phase shock flow are the presence of vapour and liquid 

in the shock flow and the vapour concentration in the two-phase layer and 

in the vapour-release region. These can only be estimated with some degree
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of accuracy if the vapour motion in the shock flow is well understood. As

Figure 4.1: Illustration of the shock flow region division

the two-phase shock flow is a complex flow phenomenon, allowance has to 

be made for the constraints of the Shallow Water theory. The concept of 

the Shallow Water theory on the shock formation was described briefly in 

Section 2.2. However, an estimation of the vapour motion in the shock flow 

is still as difficult as that in the surge flow ( in Chapter 3 ), as no related 

and reliable theoretical or experimental work is available. Our estimate of 

the vapour concentration in the two-phase layer and in the vapour-release 

region of the shock flow will be described in the section of Results and 

Discussion ( Section 4.4 ).

Because the flow density is the dependent variable of the shock flow, 

the equations used to determine the conditions at the shock interface and 

at the bund are also different from those in the case of non-boiling liquids
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described in Chapter 2. The minimum density for the shock flow is defined 

as p,min> in order to distinguish it from the minimum density pm;n for 

unconfined flow. The value of ptmin may be different from that of pmin, due 

to the different conditions in the shock flow and in the surge flow.

4.2.1 Conditions at The Bund

The aspect to be considered is boiling at the upright bund surface. When 

the shock is formed, boiling also occurs at the bund surface, throughout 

the shock height. The bund surface will be covered with vapour, and the 

average density at an infinitely-high bund may be regarded to be equal to 

vapour density.

In the formulation of the numerical solution, the grid-point at the bund 

position will become a singular point, because its density suddenly drops to 

a very small value compared with the density of surrounding grid-points. 

This makes the numerical solution difficult, if not impossible, to be carried 

out. To simplify the problem, the grid-point at the bund position is assumed 

to be represented by point W which is very close to the bund position rw 

( see Figure 4.2(a) ). The position of point W is (rw — Sr), where Sr is small. 

The conditions at the bund are assumed to be equal to those at point W, 

such that :

pw =  lim prrw—*r w

Boiling at the bund surface is then considered to affect only the horizontal 

velocity at the bund. The rate of boiling can be calculated from the heat 

flux from the bund surface. Here, boiling is considered to take place at a 

vertical surface. As an illustration, the estimate of film boiling coefficient 

of liquid methane at a vertical surface is about 0.31 kW /m 2C°. This cor­

responds to a heat flux qw =  57.7 kW /m 2. For an infinitely-high bund, the
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Figure 4.2 (a): Approximation of Uw at infinitely-high bund

Before reaching the bund

After the shock is formed

Figure 4.2: (b): Illustration of the shock formation
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steady-state the mass balance in a very thin element between point W and 

the bund position may be given by :

T T I I Qŵ W „pUh\rw_£r -  - r —  =  0 
nfg

which is illustrated in Figure 4.2(a). If Sr is very small, the above equation 

becomes :

77 1 I Qwhw
pUhl-  -  ~hJ7

uw

or in dimensionless form :

0

Qw
(Pwhfg)

(4.2.1)

Uw = (4.2.2)
pw fofgC'O

Equation (4.2.2) is used to approximate the velocity at an infinitely high 

bund. For liquid methane released from a storage tank with a height of 

10 m, Um is only around 3 x 10-5 . From this example, it can be deduced 

that boiling at the bund surface has only a small effect on the velocity at 

the bund, and hence can be neglected. The velocity at an infinitely-high 

bund can then be taken to be zero, as in non-boiling liquid shock flow. If 

overflow occurs, the velocity at the bund will be estimated in the same way 

as for non-boiling liquid flow.

In the case of infinitely high bunds, the density pw at the bund is theo­

retically equal to the minimum density p,min of the shock flow. According 

to Shallow Water theory, as already described in Section 2.2 and illustrated 

in Figure 4.2(b), the flow element at the front of the surge flow will be per­

manently positioned at the bund, as soon as the shock is formed. Because 

the density of the element at the front of the surge flow is equal to pmin 

( i.e. in the vapour-release region of unconfined flow ), the density of the 

element at the bund will also be at its minimum value.
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4.2.2 The Shock Conditions

To clarify the description, the flow in front of the shock interface ( i.e. the 

surge flow ) is called upstream, and that behind the shock interface ( i.e. 

the shock flow itself ) is called downstream ( see Figure 4.2(a) ). Symbols 

used in this description are identical to those in Chapter 2: subscripts /  

and b respectively denote upstream and downstream flows.

The conditions at the downstream, including density /?(,, essentially de­

pend on the conditions at the upstream. According to the Shallow Water 

theory, the shape of a flow element changes into tall but slim, as soon as 

the flow element crosses the shock interface. This flow element has a high 

potential energy but low horizontal velocity when it becomes a part of the 

shock flow. However, this description still cannot be used to estimate the 

downstream density because the density of the flow element may in real­

ity change when it crosses the shock interface. In this case, it is difficult to 

estimate such a change of density. To simplify the estimation, assumptions 

are made, which depend on the value of the upstream density pj and of the 

minimum density of the shock flow pimtn.

If pj > Psmini i.e. the upstream flow is in the density-change region, the 

density of the flow element is assumed to be constant, while it crosses 

the shock interface, or pb =  pj. In this case, the downstream flow of the 

shock interface is also in the density-change region, in which the density 

subsequently decreases until psmtn is reached.

As mentioned before, the minimum density p,min of the the shock flow may 

be different from the minimum density pmin of the surge flow. In the case 

when pSmin is greater than pmin, it is possible that pj < Psmim i.e. when 

the upstream density pj is low ( i.e. in the density-change region close to 

the vapour-release position and in the vapour-release region ). If that is 

so, the density of the flow element will increase from pj to psrnxn, while it
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crosses the shock interface. However, as previously described, it is difficult 

to estimate gradual change of the density at the shock interface. It is 

therefore assumed that in the case pj < Psmim for the purpose of the shock 

conditions calculation, the downstream density pb is taken to be equal to

P a m ir i ’

As in non-boiling liquid flow, the conditions at the shock interface of 

cryogenic liquid flow are determined from mass and momentum balances 

across the shock interface. To derive the equations that can be used to 

determine the shock conditions in the general case, it is first considered 

that the upstream density pj is not equal to the downstream density pb, 

as in the case Pf < pamin• Because the density changes when an element 

of fluid crosses the shock interface from the upstream to the downstream 

flow, there is mass loss at the shock interface, due to vapour release in this 

process of density change. The steady-state mass balance across the shock 

interface is given by :

Pfhf(Uf -  Us) = Pbhb(Ub — U3) +  M  (4.2.3)

with Ua =  propagation velocity of the shock ,

M  =  mass loss rate at the shock interface.

The magnitude of M  can be illustrated from this example : if the upstream 

and the downstream dimensionless densities are respectively Qj =  0.30 and 

gb =  0.70, such a change from the upstream to the downstream density 

corresponds to a change of vapour mass fraction from 0.0115 to 0.0021. 

This example shows that the amount of vapour M  released at the shock 

interface due to the density change is very small compared with other terms 

in equation (4.2.3). It is therefore assumed that the density change does 

not reduce the mass flow across the interface, and thus M  may be neglected 

in the mass balance. Equation (4.2.3) now becomes :

Pfhf(Uj -  Us) =  pbhb(Ub -  Us) (4.2.4)
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The above equation is equivalent to the mass balance in non-boiling liquid 

shock flow ( see equation (2.3.1) ). Also neglecting the vapour release effect, 

the steady-state momentum balance is given by :

P f h j ( U f  -  Us)2 ~ pbhb(Ub -  Usf  =  1 pbghb2 -  | pfghf 2 (4.2.5)

If M l and Md are respectively the ratio of height and density between the

downstream and the upstream flows, i.e. Mc = .  —  =  —  and Md =  — ,
\ hS W  Pf

the simultaneous solution of equations (4.2.4) and (4.2.5) results in :

Us  =  U f -
V2

MdM 2(MdMc4 -  1)
, a

Ub Uf
MdMc +  1 -

(MdMc2 -  1) 
1

MdMc Us

(4.2.6)

(4.2.7)

These two equations determine the shock conditions. In the special case 

when the upstream density is equal to the downstream density, i.e. Md =  1, 

equations (4.2.6) and (4.2.7) become equivalent to equations (2.3.3) in the 

non-boiling liquid case.

4.3 Numerical Solution

Except at the shock position r, and the bund position rw, the numerical 

solution used is equivalent to that for unconfined flow of cryogenic liquids 

described in Chapter 3. There are also two sets of governing equations: 

one for the density-change region and one for the vapour-release region. Of 

particular interest is the equation (3.3.14) for the density-change region, 

which still depends on z. It is shown in Appendix F that the value of z 

has little effect for for rw >  3; its effect is only pronounced for < 2. In 

this case, z =  0 gives the highest estimate of liquid height at the bund. To 

provide for the worst case, this work therefore only considers z =  0, where 

equation (3.3.15) is used for the the governing equation in the density- 

change region.
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The vapour-release position rV3 in the shock flow, which separates both 

regions, is also determined by using interpolation, as carried out for un­

confined flow. The following is a summary of the solution by the MOC in 

both regions. Unless described, symbols of all variables used in this section 

onwards are written in their dimensionless form.

The solution in the density-change region has three sets of characteristic 

lines and Riemann invariants, as shown in Figure 4.3. These characteristic 

fines are PA as a positive characteristic fine, QA as a negative characteristic 

fine and SA as the third one.

The conditions at point A are determined by using :

• along the positive characteristic fine PA :

rF =  r, -  (Up +  C P +  +  CA

with its Riemann invariant :

(4.3.1)

U ,4 +  2Ca =  Up +  2Cp — - (C m +  Cp)(ln gA — In gP)

U ^ C m  ^  U pC P\ A t  

r a rp 2

• along the negative characteristic fine QA :

rQ =  rt ~ (U q -  C Q +  UA -  CA)
A t

(4.3.2)

(4.3.3)

with its Riemann invariant :

I J a  — 2Ca — U q  — 2Cq +  ~(C A + C Q)(\ngA -\ n g Q)

+
U j C i  . UnCn \  A tA^A

rA rQ )  2

• and along the characteristic fine SA :

r5 =  r,- -  (U s +  U^)
A t

~7T (4-3.4)

(4.3.5)

with its Riemann invariant :

m ^ - l n to =  — G k c 7 +  , ,  21  1  A A t

! +  cA Vys (4.3.6)

with Gk defined in equation (3.4.6).
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Equations (4.3.1) to (4.3.6) arc solved simultaneously by using the Newton- 

Raphson method.

Two characteristic lines in the vapour-release region are shown in Figure 

4.4. They are : PA, which is a positive characteristic line, and QA, which 

is a negative one. The equations used to determine the conditions at point 

A are given by :

along the positive characteristic line PA :

rp =  *  -  (Up +  Cp +  + C A ) ^

with its Riemann invariant :

U a +  2C a =  U p +  2 C p  — K. ( 1 1 '

-v* I c ,  + C p,
( U p C p ^

I #
rp  )1 2

At

and along the negative characteristic line QA :

rQ = r< — (Ug -  C0 + -  CU)

with its Riemann invariant :

V A - 2 C A =  XJ q -  2Cq +  K  1

At

J _  1 \ At
vs ' c / c  n J Y

/UaCa UqCqXA ì
V rQ ;  2

(4.3.7)

(4.3.8)

(4.3.9)

(4.3.10)

where K vs is defined in equation (3.4.37), with gmin substituted by g,miri. 

The Newton-Raphson method is also used to solve the above equations 

simultaneously.

At the early stage of shock formation, when the shock position r, is still 

very close to the bund position r „ , the time increment is refined in order 

to satisfy the CFL criterion. The method of time increment selection has 

already been described in Chapter 2 ( Section 2.4.3 ).
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Figure 4.3: Characteristic lines PA, QA and SA in the density-change region

Figure 4.4: Two characteristic lines PA and QA in the vapour-release region
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When the shock position r, is less than r =  1, the density of the shock 

flow in the region between r, and r =  1 will increase, because there is 

no boiling or no vapour production in the region r < 1, while the vapour 

contained in the flow is gradually released at the free surface. This in 

turn will reduce the vapour concentration in the shock flow. As illustrated 

in Figure 4.5, the vapour is carried away by the shock flow and will be 

gradually released later on, until the shock flow is free from vapour and 

the density becomes equal to 1. Depending on the condition, the shock 

flow region for r < 1 may then be divided into two : the density-increase 

region which covers the region r <  1 to the vapour-release position, and the 

constant-density region, comprising the rest of the shock flow region with 

a density equal to 1. The governing equations and their numerical solution 

in the constant-density region are equivalent to those for non-boiling liquid 

shock flow. Of particular interest is the density-increase region. Because 

the density rises, the equation of density change rate given by equation 

(3.4.6) has to be adjusted. To simplify the problem, it is assumed that the 

rate of vapour release in the density-increase region is equal to the boiling 

rate in the region r > 1. Hence, instead of equation (3.4.6), the rate of 

density increase becomes :

d In q Gfc 
dt =  +  CT

with a Riemann invariant equation given by :

ln£bi —In¿»5 =  +G k +  q t )  ~Y (4.3.11)

Because the density-increase region is essentially the density- change region 

as well, the characteristic line equations are also given by equations (4.3.1), 

(4.3.3) and (4.3.5). In this case, positive and negative Riemann invariants 

need adjustment, due to density change and vapour release taking place
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simultaneously. The positive Riemann invariant is given by :

U a +  2 C  a — Up +  2C p — -  (C a +  Cp)(ln gA — In gp)

/U a C a U P C p \  A t /  1 1 \ A t
l ta + rp j T  + KvbU ^  + ^ j T

and similarly, the negative Riemann invariant is given by :

U a  -  2 C a  =  U <3 -  2C Q +  - ( C a  +  C Q)(ln gA -  In gQ) 

/ U a C a UqC q \ At v  (  1 i 1 \ A t

(4.3.12)

+  h
V  r ^ i  TQ

- i r -  K vb

with K vb =
G k

a - 1)
Equations (4.3.11) to (4.3.13) are only valid until

the density is equal to 1.

The conditions at the shock position and the bund position will be 

described in the following section.

4.3.1 Conditions at The Bund

Two regimes are also considered in the determination of the conditions at 

the bund. If the density gw at the bund is greater than minimum density 

Qsmin ° f  the shock flow, the condition at the bund is determined in the 

density-change regime, by using two characteristic lines and their Riemann
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invariants, as shown in Figure 4.6. Line PW represents a positive charac­

teristic line and SW represents a characteristic line which corresponds to 

the density change equation.

(.N W  -  1) (NW)

Figure 4.6: Determination of conditions at bund

The equations used to determine the condition at the bund are given by :

• the positive characteristic line PW

, _  At
Tp =  rw — (U«, + Cm + Up + Cp)-^- (4.3.14)

with its Riemann invariant

Uui +  2CW — Up +  2Cp — - ( ( !„ ,  +  Cp)(ln gw — In gP)

rU jC ^ UpQp\ At
K rw rp /  2 (4.3.15)

• and the characteristic line SW

rs =  r „ - ( U „  +  Us)^ Ì (4.3.16)

with density change correlation :

In qw -  In qs  =  — G k — T + 1 \ At
C s2)  2

(4.3.17)

171



The velocity U«, at the bund depends on the bund height, as in the case

flow does not occur, U„ is taken to be zero, as already mentioned in the 

Section 4.2. If the bund is so low that overflow takes place, the overflow 

velocity is also estimated by Greenspan and Young’s theory, as described in 

Chapter 2. According to this theory, the velocity at the bund is estimated 

from equation (2.4.9) :

The limit of applicability of equation (2.4.9) has already been mentioned 

in Chapter 2. This limit is also applied to the cryogenic liquid shock flow. 

If the upstream flow rate is less than total overflow, as shown in equation 

(2.5.5), the velocity at bund is estimated by using equation (2.5.6) :

With four equations : (4.3.14) to (4.3.17) together with the equation for 

Uw, the five unknown variables : rP, rs , gw, U„ and Cw can be determined.

The conditions at the bund under the vapour-release regime to be deter­

mined involves only and C„,, because gw is equal to Qsmin. In this case, 

only the positive characteristic line is needed, which is given by equation 

(4.3.14). Here, the corresponding Riemann invariant is given by :

Variables U„, C„, and rP can be determined from equations (4.3.14),

(4.3.18) and U«, equation.

of non-boiling liquid shock flow. For infinitely-high bunds, in which over-

(4.3.18)
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4.3.2 The Shock Conditions

The method of determination of the shock conditions is essentially sim­

ilar to that in non-boiling liquid shock flow. Figure 4.7 illustrates this 

method. Besides equations (4.2.6) and (4.2.7), the negative characteristic

Figure 4.7: Determination of shock conditions

line that passes through the shock position and its Riemann invariant are 

needed. The shock position can be in the density-change or the vapour- 

release regimes. To cover both regimes, the negative Riemann invariant 

equation can be written in the form of :

V b -  2C;, =  V Q-  2Cq +  - y  (C 6 +  C 0 )(ln gb -  IngQ)

/U s Ç ,
Vr ^ + 1  rQ J 2

' ¿ r  +  ^  (4.3.19)

where Ki and K 2 are constants, which depend on the regimes. For the 

density-change regime, K x =  1 and K 2 =  0 and for the vapour-release 

regime, K\ =  0 and K 2 =  1. Here, the corresponding negative characteristic 

line is given by :

t q  =  r , , j + i  -  ( U fe -  C b +  U Q -  C 0 )

The new shock position r,j+i is estimated by using :

A t
r,j+i =  r .j  +  (U aJ- +  Uiii+i) —

At
(4.3.20)

(4.3.21)
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With five equations :(4.2.6), (4.2.7) and (4.3.19) to (4.3.21), five unknown 

variables U&, C b,  r<iJ+1 and t q  can be determined. The detail of

the numerical solution procedure was already described in Chapter 2.

A special case is when the shock position r, is just less than 1. Here, 

the density will increase ; the shock is in the density-increase regime. Its 

Riemann invariant is then given by :

Uj, -  2 0 , =  U Q -  2C q +  - ( C b +  C „)(ln  Qb -  In q q )

+
UfeCb , U qC q \ At

+ ~2~ ~  K ,b
(  1

Qq^ q )  2
A t

(4.3.22)
\r i,i+l rQ

If the downstream density gb just behind the shock interface is already equal 

to 1, the negative Riemann invariant is similar to that in non-boiling liquid 

shock flow. This can also be achieved by taking K\ =  Ki =  0 in equation 

(4.3.19).

4.3.3 The Initial Conditions

Unlike the case of non-boiling liquid shock flow, there is no approximate 

analytical solution which can be used to set up the initial conditions for 

the cryogenic liquid shock flow in the early stage of shock formation. In 

this case, the initial condition will be set up by using the second method 

of initialization of the shock conditions in non-boiling liquid shock flow, 

described in Section 2.5.1. This method is based on the assumption that the 

shock height is uniform in the early stage of shock formation, as illustrated 

in Figure 4.8.

The shock level is determined from a mass balance over the shock and 

equation for the shock propagation velocity U , ( equation (4.2.4) ). To 

simplify the setting up of the initial conditions, it is assumed that the 

shock density is uniform, i.e. the density at the shock interface is equal to 

the density at the bund. The shock density is determined from the upstream
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bund

Figure 4.8: Uniform shock level assumption in the early stage of shock 
formation

density gf : for g} greater than the minimum shock density g,min, the shock 

density gb =  gf and, for gf less than gtmin, then gb =  gtmin.

As soon as the shock is formed, boiling occurs at the bund surface. 

This causes mass loss in the shock flow due to vaporization, which reduces 

the total mass of the shock flow. In this initialization, such mass loss is 

assumed to be very small and hence neglected from the mass balance. From 

Figure 4.8, the total mass of the shock flow is estimated from the total mass 

of the dotted area for unconfined flow, from the shock position r, to the 

front position 17. The mass balance mentioned is given by :

irgbhb (rw2 -  r ,2̂  =  2n ghr dr (4.3.23)

The RHS of equation (4.3.23) can also be approximated by using :

Tr&ht (r™2 -  r ,2) =  (17 2 -  r ,2) (4.3.24)

with gf being the average density along r, to 17. The front position 17 

in unconfined flow is essentially determined by numerical solution, and 

depends on parameter K v. The other alternative for determination of 17
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is by approximation with :

17  =  rw +  U /(t -  t„,) =  tw +  U /it (4.3.25)

where is the time at which the surge flow reaches the bund. In this case, 

the front propagation velocity is considered to be equal to U /. By solving 

equations (4.3.24) and (4.3.25), together with equations (2.5.1) and (4.2.4), 

the initial condition for the shock flow : U a, r, and h* can be determined. 

The velocity U& is then calculated from equation (4.2.5).

4.4 Results And Discussion

4.4.1 Vapour Concentration

As in the case of unconfined flow of cryogenic liquids, the description of 

the two-phase shock flow is also concerned with the vapour concentration 

in the two-phase layer and in the vapour-release region, which depends on 

the vapour motion in the shock flow. The vapour motion is mainly affected 

by buoyancy and turbulence, as already discussed in Chapter 3 ( Section

3.5.1 ). Buoyancy causes the vapour to move upward, while turbulence 

may slow down or may accelerate the upward motion of the vapour, and 

may break up the vapour into bubbles. The degree of turbulence depends 

on the flow conditions.

Abbott (1966) described that the surge flow ( i.e. unconfined flow ) is

characterized by — or K  > 1, which is called supercritical flow, and
y/gh ^

that the shock flow is characterized by < 1, so-called subcritical flow. 

The surge flow is relatively shallow with a relatively high horizontal velo­

city, while the shock flow is deeper with a lower horizontal velocity. This 

difference in condition between the surge flow and the shock flow may lead 

to the result that the vapour concentration in the two-phase layer of the 

surge flow may also differ from that in the shock flow. As the surge flow
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is relatively shallow, the vapour in the two-phase layer of the surge flow 

may reach the free or top surface rather quickly and escape. On the other 

hand, the residence time for the vapour in the shock flow is longer than 

that in the surge flow, because the shock flow is deeper than the surge flow. 

This may in turn affect the vapour motion, where the vapour may break 

up into bubbles before reaching the free surface. The vapour concentration 

may therefore greatly vary throughout the height of the two-phase layer of 

the shock flow, where the vapour concentration is high at the bottom. In 

reality, the shock flow may also be turbulent, which promotes mixing of 

vapour and liquid. However, all these factors cannot be used to estimate 

quantitatively the vapour distribution and concentration in the two-phase 

layer and in the vapour-release region of the shock flow. Furthermore, no 

related and reliable, previous theoretical and experimental work has been 

found.

One rough method to estimate the vapour concentration in the two- 

phase layer and in the vapour-release region is by assuming that the vapour 

motion in the shock flow is analogous to the vapour motion in a bubble 

column or in pool boiling, i.e. in a deep liquid pool. As described above, 

the vapour may break up into bubbles before it reaches the free surface. If 

buoyancy indeed dominates the vapour motion, the vapour concentration 

( vapour void fraction ) in the shock flow may be estimated from the upward 

motion of bubbles in liquid, which has already been described in Chapter 3 

( Section 3.5.1 ). On this basis, the estimates of vapour void fraction for 

methane liquid are: e„ =  0.54 ( Wallis, 1969 ) and e„ =  0.86 ( Levich, 

1962 ).

Azbel ( 1981 ) analyzed theoretically the hydrodynamics of bubbling 

phenomena in a liquid pool, in steady condition. He divided the phenom­
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ena into two cases: rapid bubbling and slow bubbling. Rapid bubbling is 

encountered in shallow liquid pools with a relatively high gas superficial 

velocity, such as in sieve trays of distillation columns. Slow bubbling is 

characterized by a deep pool and low gas superficial velocity, as encoun­

tered in a bubble column. Although there is no sharp transition between 

both bubbling phenomena, Azbel identified them as follows : for rapid bub­

bling, the depth is less than 15 cm with a superficial gas velocity of more 

than 0.5 m /s while for slow bubbling, the depth is greater than 15 cm with 

a gas superficial velocity less than 0.2 m /s. It appears that this is a rough 

description, as no physical properties and other factors that influence the 

bubbling phenomenon are involved.

To obtain a gas void fraction relation, Azbel used the principle that 

whenever a two-phase flow system is in steady-state, the total available 

energy is at a minimum. The energy considered comprises potential, dis­

sipative and surface tension energies. Based on an energy balance, Azbel 

obtained an equation as a function of fluid properties ( liquid and gas ), void 

fraction and liquid height or pool depth. He then derived this equation by 

using a variational method ( Lagrangian multiplier ), corresponding to the 

condition of minimum energy level. Of interest to this study is his analysis 

in slow bubbling. At a minimum energy level, he found that the maximum 

gas void fraction e„ is around 0.3-0.4. Although the condition of the shock 

flow is unsteady, bubble motion in the shock flow may be regarded as a 

slow bubbling phenomenon, as bubbles move upward in a deep liquid pool.

In summary, the vapour concentration in the two-phase layer and in 

the vapour-release region of the shock flow are still not yet known, as also 

emphasized in Section 3.5.1 of Chapter 3. Further thorough theoretical and 

experimental investigation is still needed. To give a general description of
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the two-phase shock flow, the maximum value of the vapour void fraction

tv — 0.3 is used in this study. With (pi/pv) — 200, this corresponds to 

Q,min =  0.7015. The maximum vapour void fraction for the surge flow 

ev =  0.7 is used for the calculation of the upstream conditions, as that is 

used in Chapter 3.

4.4.2 Mass Discrepancy and Mass Evaporated

The mass discrepancy and the mass evaporated for confined flow are only

calculated after the shock has been formed. Similar to equation (3.4.38),

the total mass is calculated numerically by using :
n w - i

M tot =  2tt 5Z [^h ,rt- +  £i+1hi+1ri+i] —-  (4.4.1)
¿=o z

The dimensionless total initial mass is equal to n. The mass discrepancy, as 

also defined in Chapter 3, is equal to the difference between the calculated 

mass M tot from equation (4.4.1) and the total initial mass 7r, expressed as 

a percentage of the total initial mass :

Unlike un confined flow, the total evaporated mass in confined flow com­

prises the evaporated mass in the upstream flow and that in the down­

stream flow. The upstream evaporated mass will only be calculated if the 

vapour-release position r„r is less than the shock position r,. This is given

with M „u being the upstream evaporated mass. The downstream evapo­

rated mass M v<i is given by :

in the two-phase layer and in the vapour-release region of the shock flow

(4.4.2)
7T

by :

179



The total evaporated mass is then :

M utot — M vu +  M„d (4.4.3)

The total evaporated mass is also expressed in the same way as the mass 

discrepancy :

Mevap =  ~  ^  100 % (4.4.4)
7r

For infinitely-high bund case, the numerical calculation procedure is 

consistent with conservation of mass if the difference between the mass dis­

crepancy Mducr calculated from equation (4.4.2) and the total mass evap­

orated Mevap is less than 1 % . In the case of low bunds, the total amount 

of overflow also has to be taken into account. Hence, the consistency of the 

numerical calculation is :

Consistency =  Mdi,CT — Mevap — (  Total overflow )  .

An example of the result is shown in Table IV-1, for r „  =  2 and several 

values of G^, in the case of infinitely-high bunds. Other results are enclosed 

in Appendix E. These results show that the difference between Md,acr and 

Mevap is less than 1 %, meaning that the numerical calculation procedure 

is consistent with conservation of mass. This also shows that the numerical 

calculation procedure used in this study is satisfactory.

The results also show that, for rw <  2, the total evaporated mass at 

the moment the shock flow converges at the axis of symmetry is still less 

than 1 %. On the other hand, the total mass evaporated at the same 

instant is relatively high for =  4. As expected theoretically, greater 

bund distance will result in greater amount of the total evaporated 

mass, due to wider boiling area ( from r =  1 to r „  ). The total evaporated 

mass is also presented in Figure 4.9, for =  3 and 4. It is shown that in
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Table IV-1: Mass discrepancy and mass evaporated for r«, =  2 and in- 
finitely-high bund

Time G k := 0.01 G k := 0.05 G k := 0.10
( t ) Mdiscr Mlv-Levap discr M evap discr M̂ evap
0.60 -0.220 0.0006 0.123 0.0031 0.112 0.0096
0.80 -0.253 0.0006 -0.031 0.0033 -0.093 0.0105
1.00 -0.296 0.0006 -0.368 0.0035 -0.528 0.0119
1.20 -0.266 0.0006 -0.745 0.0036 -1.218 0.0147
1.40 -0.549 0.0006 -0.161 0.0036 -0.481 0.0193
1.50 -0.497 0.0006 -0.491 0.0036 -1.012 0.0224
1.60 -0.421 0.0006 -0.840 0.0036 0.089 0.0260
1.70 -0.338 0.0006 -0.213 0.0037 -0.517 0.0301
1.80 -0.444 0.0006 -0.593 0.0037 -1.143 0.0349
1.90 -0.355 0.0006 -0.970 0.0037 -0.056 0.0403
2.00 -0.276 0.0006 -0.376 0.0037 -0.719 0.0463
2.10 -0.399 0.0006 -0.764 0.0038 -1.393 0.0529
2.20 -0.319 0.0006 -1.160 0.0038 -0.394 0.0601
2.30 -0.245 0.0006 -0.625 0.0039 -1.104 0.0681
2.40 -0.366 0.0006 -1.089 0.0040 -0.215 0.0767
2.50 -0.266 0.0006 -0.609 0.0042 -0.956 0.0860
2.60 -0.374 0.0006 -1.164 0.0050 -0.233 0.0960
2.70 -0.251 0.0006 -0.822 0.0061 -1.001 0.1070
2.80 -0.349 0.0006 -1.632 0.0071 -0.423 0.1180
2.90 -0.206 0.0006 -1.372 0.0082 -1.208 0.1310
3.00 -0.296 0.0006 -0.999 0.0098 -0.739 0.1440
3.10 -0.157 0.0006 -1.400 0.0118 -0.313 0.1570
3.20 -0.241 0.0006 -0.919 0.0143 0.041 0.1710
3.30 -0.300 0.0006 -0.742 0.0173 0.013 0.1850
3.40 -0.266 0.0006 -0.044 0.0230 -0.175 0.1990
3.50 -0.285 0.0006 -0.255 0.0301 -0.284 0.2130
3.60 -0.263 0.0006 -0.425 0.0373 -0.405 0.2290
3.70 -0.255 0.0006 -0.494 0.0449 -0.439 0.2440
3.80 -0.250 0.0006 -0.507 0.0524 -0.428 0.2590
3.90 -0.245 0.0006 -0.496 0.0599 -0.470 0.2740
4.00 -0.246 0.0006 -0.515 0.0675 -0.457 0.2890
4.10 -0.242 0.0006 -0.521 0.0751 -0.394 0.3040
4.20 -0.242 0.0006 -0.505 0.0827 -0.230 0.3190
4.30 -0.239 0.0006 -0.479 0.0902 -0.092 0.3350
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Figure 4.9: Mass evaporated for rw =  3 and 4
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the later period of the shock motion, for r„, =  3 with Gk =  0.10 and for 

r,,, =  4 with Gk > 0.05, the total evaporated mass is greater than 1 %.

4.4.3 Bunds of Unlimited Height

4.4.3.1 Shock Profiles

The shock profiles are presented in several figures, for several bund distances 

and G k  =  0.01, 0.05 and 0.10. Figures 4.10-A to C  illustrate the shock 

profile for r „  =  2 ; results for other bund distances are given in Appendix E.

The shock motion description is in general similar to that of non-boiling 

liquid shock flow. The liquid rapidly piles up at the bund in the early 

stage of shock formation, but the shock itself propagates slowly. The shock 

propagation velocity U , gradually rises, and the shock moves towards the 

centre of column until it eventually converges at the centre of column. 

The shock level quickly reaches a maximum height at the early stage, and 

then gradually decreases. During the propagation, the height at the shock 

front is initially lower than that behind it, but the height at the shock 

front will be higher than the height of the shock flow behind it when the 

shock approaches the centre of column. The shock profile illustration also 

shows that a higher value of Gk results in a thicker shock flow, due to a 

higher vapour concentration in the flow. This is similar to unconfined flow 

described in Chapter 3.

As already mentioned in Chapter 2, when the shock height reaches its
d\J

maximum, the downstream velocity Ub is equal to zero and -3 — =  0. The
or

same is true in the case of cryogenic shock flow, as shown in Figure 4.11. 

This figure illustrates the liquid level at the shock front hb and the bund 

h«,, as a function of time, together with downstream velocity Uj,. It is 

shown that at U& =  0, both ht and are still at their maximum values.
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Figure 4.11: The shock conditions when the shock level reaches a maximum
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Of particular significance are the shock profiles at the bund and around 

r =  1, which are different from those in non-boiling liquid. The liquid height 

at the bund increases sharply for r«, =  3 with G k =  0.01 and ru < 2 with 

G k <  0.05, or generally for a small value of G k, as shown in Figure 4.10 and 

Appendix E. Such a sharp increase of liquid height at the bund is caused 

by a high density gradient at the bund, and this will be described in the 

next section. When the shock flow passes through r =  1, the downstream 

density will gradually increase, due to vapour release and no further vapour 

production in the region r <  1. This will affect the flow profile, which is 

pronounced at G k =  0.10. Figure 4.10-C shows that the flow profile swells 

in the region around r =  1. Such a swelling profile can also indirectly 

indicate how far vapour is carried away by the shock flow, from r =  1. This 

phenomenon will be described later.

4.4.3.2 D ensity Profiles

From the density profiles, the two-phase layer profiles and the vapour- 

release position ( and hence the extent of the vapour-release region in the 

shock flow ) can be known. In this study, the density of vapour-liquid 

mixture in the two-phase layer and in the vapour-release region of the shock 

flow is assumed to be equal to Qtmin, as in the case of unconfined flow in 

Chapter 3.

Because the shock flow ( downstream ) density depends on the surge 

flow ( upstream ) density, both density profiles are presented together. The 

density profiles are illustrated as function of the position r at various time 

levels. The upstream density curve ranges from r =  1 to the shock position 

r„, and the downstream density curve ranges from r, to the bund position
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Due to very short range of of position r for <  1.5, the density profiles 

are not illustrated, because the figure is crowded with curves and hence be­

comes messy. The density profiles for r„, =  2 are illustrated in Figure 4.12, 

and some of their corresponding two-phase layer profiles are illustrated in 

Figure 4.13. The illustration of upstream and dwonstream densitiy profiles 

is given in Figure 4.14. In this figure, the upstream density profiles are 

presented separately from the downstream one, to avoid crowded figure. 

Because the downstream density for r„, =  3 and Gk >  0.05, as well as for 

r„, =  4 and Gk >  0.01, quickly reaches the minimum shock density g,min, 

the density profiles for these conditions are not presented. Even for r„, =  4 

and Gk =  0.10, both upstream and downstream densities are uniform at 

their minimum values.

It can be concluded that for =  3 and Gk >  0.05, the vapour-release 

region quickly dominates the shock flow, and hence the total mass evapo­

rated is also high, as already described in Section 4.2.2. For <  2, the 

vapour-release position ru, in the shock flow depends on the value of Gk. 

For a higher value of Gk, the vapour-release position r„, will be closer to 

the shock position r*. It is shown in Figure 4.12 that for Gk =  0.10, the 

vapour-release region also quickly dominates the shock flow.

According to the Shallow Water theory, when a flow element crosses the 

shock interface, its shape will change into tall but slim. As a result, the 

two-phase layer profile at the shock interface is also affected. Figure 4.13 

shows that at the shock interface, the two-phase layer thickness increases 

suddenly, which forms a step shape.

As described in previous section, for a small value of Gk, the liquid 

height at the bund rises sharply, due to a high density gradient. This 

phenomenon is clearly shown in Figures 4.12 and 4.13 at G k =  0.01, in
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Figure 4.12: Density profiles for r,,, =  2
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which the downstream density at falls sharply into g,min and on the 

other hand, the liquid height rises sharply. Such a phenomenon can be 

described by using the governing equation (3.3.15) :

DU dgh n
e —  +  9 - ^ -  =  oD t dr

In the case of infinitely-high bunds, the velocity U„, at the bund is always 

zero all time, and this makes equal to zero as well. Equation (3.3.15)
i /I

becomes :
dgh dh dg
_ = 0  or .

This means that a sharp decrease in the density profile always corresponds 

to a sharp increase in the height profile. Hence for small value of Gk, when 

the density falls sharply at the bund, the height profile will increase sharply 

at the bund.

Of particular aspect is the downstream density curve shown in Fig­

ure 4.14, which is like an oscillating wave. As already mentioned, the 

downstream density depends on the upstream density. This oscillating 

wave-shape curve can be described by the trend of the upstream density 

curve. Figure 4.15 illustrates the trend of the upstream density profile for 

several time levels ( ti to t4 ), as a function of position, from r =  1 to r,. It 

is shown that, from t x to t2, the density at the shock position r, increases 

from gfl to gf2- The density then declines after t2, or g}2 > gf3 > gjA. 

This upstream density behaviour in turn affects the downstream density 

behaviour, which follows the same pattern of an increase followed by a de­

crease. This makes the downstream density curves also have an oscillating 

wave-shape.

Figure 4.14 also shows that the downstream density curve gradually flat­

tens off to the minimum shock density gtmin, which starts from the shock 

position r„, not from the bund. This is caused by the assumption made
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r  — 1 ► Position r *4 r *3 r *2 r,:l

Figure 4.15: Typical upstream density profile ( ti < t2 < t3 < t4 )

in Section 4.2.2, in which gb =  g,min whenever gf < g,min. Because in the 

later stages of the shock motion, the upstream density at the shock interface 

gradually decreases, as illustrated in Figure 4.15, and this upstream density 

will finally be less than g,min, the corresponding downstream density will 

consequently be equal to gsmin.

4.4.3.3 Liquid Level, Hydrostatic and Impact Pressures at a Bund

The liquid height or level at the bund is presented in Figures 4.16 as a 

function of time, and is also compared with the non-boiling liquid level. 

The maximum level for a specific rw is illustrated in Figure 4.17. Although 

the result of the calculation depends on the value of minimum shock flow 

density g,min, Figure 4.17 can be used as a basis for recommending the 

appropriate bund height for a cryogenic liquid storage tank. Figures 4.16 

and 4.17 show that the level of a cryogenic liquid at the bund is obviously 

higher than that of a non-boiling liquid. This means that a cryogenic liquid 

storage tank requires a higher vertical bund than non-boiling liquid storage 

tank. Figure 4.16 also shows that the curves for cryogenic and non-boiling
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liquids have the same trend, and that they reach the maximum level at the 

same time.

As shown in Figures 4.16 and 4.17, there is a variation in h«,, which 

depends on the value of G k. However, such variation is small compared 

with the difference between the cryogenic and non-boiling liquid levels. It 

is shown that the trend of the variation for r«, <  2 is different from that 

for rw =  4, as can be seen in Figure 4.17 . For r„, <  2, h„, for G k =  0.01 

is higher than h„, for G k =  0.10, but for rw =  4, h„, for G k =  0.01 is 

less than that for G k =  0.10. This may be caused by the accuracy of the 

interpolation in the numerical calculation. The liquid level at the bund has 

essentially the same trend as for unconfined flow, i.e. a higher value of G^ 

results in a higher liquid level. As described in the Density Profiles section, 

the downstream density profiles for r„, =  4 are uniform at regardless

of the value of G k. Hence, the density gradient at the bund is zero, 

which makes the shock level relatively uniform. As a result, interpolation 

of q and C in the bund and its surroundings can be carried out accurately. 

On the other hand, for r™ < 2 and G k <  0.05, the density gradient is 

high and the liquid level profile at the bund rises sharply, as illustrated in 

Figure 4.18. Because of this drastic change in density and height close to 

the bund, their numerical interpolation is likely to be less accurate, which 

can lead to a spurious higher value of at the next time step. A smaller 

G k gives a greater density gradient, and this may result in a still higher 

value of h„,. Apart from this, the variation in G t only has little effect on 

the liquid level at bund.

Figures 4.16 are also used to estimate the hydrostatic pressure at the 

bund, as a function of time. Figures 4.19-A to D show a dimensionless 

hydrostatic pressure at the base of the bund. In this case, the dimensionless
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Figure 4.16-C: Liquid height at bund for =  3

Figure 4.16-D: Liquid height at bund for r w =  4
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Figure 4.18: Density and height profiles for <  2 and Gk <  0.05

hydrostatic pressure is given by :

P „  =  ^  =  (4.4.5)
Pl^ 0

These figures also compare the hydrostatic pressure of cryogenic and non­

boiling liquids. It is shown that for r„, =  1.5, the hydrostatic pressure 

of both cryogenic and non-boiling liquids is effectively equivalent, but for 

r«, =  4, the hydrostatic pressure of cryogenic liquid is less than that of non­

boiling liquid. The mass loss due to vapour release may cause a reduction 

of hydrostatic pressure. As described in Section 4.4.2, greater will result 

in a greater total mass evaporated, which will also reduce the total kinetic 

and potential energies. This in turn will reduce the hydrostatic pressure at 

the wall.

The dimensionless impact pressure P* when the front of the surge flow 

strikes the bund wall is estimated by using :

Pi =  =  (4.4.6)

Because the front velocity U front is always less than 2 and the density QfTont 

is equal to gmin, the impact pressure P* is lower than that of non-boiling 

liquid flow. Table IV-2 presents the impact pressure for several values of
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Figure 4.19-C: Dimensionless hydrostatic pressure at the base of bund for r«, =  3

Figure 4.19-D: Dimensionless hydrostatic pressure at the base of bund for =  4
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r«, and Gfc. It is shown that the Pi of cryogenic liquids is only around 1.1, 

whatever the value of Gk.

Table IV-2: Dimensionless impact pressure Pi for various Gk and rw

Bund Distance ( ru> )
Gk 1.5 2 3 4
0.01 1.18 1.13 1.09 1.07
0.05 1.14 1.09 1.07 1.08
0.10 1.12 1.08 1.09 1.11

4.4.4 Bunds of Limited Height

4.4.4.1 Overflow

The total amount of overflow Mm} is calculated numerically from the equa­

tion :
/“t.

Mov} =  2-nTw j ^U ^ h «, dt (4.4.7)
Jti

where t ; and te are the times at which the overflow starts and ends, respec­

tively. The velocity at the bund is given by equation (2.4.9) or (2.5.6), 

depending on the shock condition. The results are presented in Figures 4.20 

to 4.22. In order to make the figures clearer, the overflow at each value of 

Gk ( i.e. 0.01, 0.05 and 0.10 ) is presented separately, in Figures 4.20-A to C. 

All these figures are incorporated into Figure 4.22 in order to compare with 

the results for non-boiling liquid overflow. Figure 4.21 shows the overflow 

as a function of bund distance r^, where the bund height corresponds to 

an impounding area equivalent to the storage tank capacity.

All figures show that the total amount of overflow Mmj increases with 

an increase in Gk- Because an increase in Gk raises the liquid level at 

the bund, as described previously, the overflow velocity given by equa­

tions (2.4.9) and (2.5.6) also rises, which makes the amount of overflow
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Figure 4.20-A: Total overflow for various h j and for G k =  0.01

Figure 4.20-B: Total overflow for various hd and for G k =  0.05
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increase as well. Figure 4.21 shows that the increase of Mmf is relatively 

small for rw =  4. This may be caused by the mass loss due to evaporation. 

It was already shown in Section 4.5.1 that significant evaporation occurs 

for rw > 3. The total evaporated mass at the end of overflow for rw =  4 

and Gk =  0.10 is around 5 % .

4.4.4.2 Jet P ro jection  D istance

The maximum distance from the bund position to the place where the over­

flowing liquid hits the ground outside the bund is estimated from equations 

(2.5.7) and (2.5.8). As mentioned before, because Shallow Water theory 

does not explicitly account for vertical acceleration and hence vertical velo­

city, the vertical velocity at the bund is approximated by using equation 

( 2.2.11) :

_  (hu>,t+At ~ h«,,t)
A t '

The projection distance is presented in Figures 4.23 and 4.24 as a function 

of bund height hj. Comparison with non-boiling liquid results are given in 

Figures 4.24-A to D. All these figure are based on (H0/Rq) =  1.

The jet projection distance is obviously higher for a cryogenic liquid 

overflow than that for a non-boiling liquid. Figures 4.24 show that A R P 

is influenced by for a bund height <  0.30. Unfortunately, the data 

for hd <  0.30 is scattered, and the fitted curve is not as good as that 

for overflow of a non-boiling liquid. This is most likely to be caused by 

the numerical calculation technique used. The maximum jet projection 

distance at < 0.30 occurs shortly after the shock is formed, when the 

shock position r, is still very close to the bund and the time increment is 

still refined. It seems that, in that period, the numerical calculation results 

in ripples in h ,̂. This in turn affects the vertical velocity v„, estimated
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from equation (2.2.11), and also influences the jet projection distance ARp. 

Consequently, the data produced is scattered. Nevertheless, Figures 4.24 

show that a greater value of G* tends to give a larger projection distance. 

It seems that at large values of G*, the rate of change of h„, ( with time ) 

is high or v„, is high, which increases the jet projection distance.

4.4.5 Summary

This section summarizes the description of the two-phase shock motion 

according to the Shallow Water theory, which is related to the two-phase 

layer profiles in the upstream and the downstream flow. The illustration of 

the shock motion, which are shown in Figures 4.25 to 4.27, are mainly based 

on the case of infinitely-high bunds. The sequence of the shock profiles at 

several time levels ( from ti to ), together with the profiles of the two- 

phase layer and the vapour-release region, are illustrated in Figures 4.25 

and 4.26. The illustration starts from the instant at which the moving 

front of the surge flow collides with the bund at time t\. The dotted area 

in Figures 4.25 and 4.26 indicates the vapour-liquid mixture in the surge 

and the shock flow, i.e. the two-phase layer and the vapour-release region.

Because the front region of the surge flow is always under the vapour- 

release regime, in the early stage of the shock formation, the shock flow 

is also under the vapour-release regime, as shown in Figures 4.25 and 4.26 

at time t2. As the shock moves towards the axis of the column, the shock 

eventually swallows the density-change region of the surge flow. It is already 

described in Section 4.2 that the shock flow will have the density-change 

region. Based on the principle of the Shallow Water theory, the flow element 

becomes tall but slim as it crosses the shock interface. As a result, the 

thickness of the two-phase layer at the shock interface increases sharply, 

which forms a step-shape. The vapour-release position rv, in the shock
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flow depends on the magnitude of G^. At this stage, the shock flow region 

is divided into the density-change and the vapour-release regions.

The shape of the boundary line that shows the thickness of the two- 

phase layer will change, when the shock flow enters the region r < Rq. 

Because boiling at the base does not occur in the region r <  Rq, no addi­

tional vapour is produced, when the flow element crosses r =  Rq; mean­

while, the vapour previously contained in the element still moves upward 

due to buoyancy, which will be released later on ( hence the density will 

increase ), as the vapour reaches the free surface. This process causes the 

shape of the boundary line that shows the two-phase layer profile in the 

shock flow becomes curly, as illustrated in Figures 4.25 and 4.26 at time t4. 

The change in the two-phase layer profile when the shock has crossed Rq 

is also illustrated in Figure 4.27, which shows a sequence of the motion of 

flow elements 1 and 2. Element 1 initially comes from the upstream flow 

in region r < Rq, which does not contain vapour, and element 2 contains 

vapour ( i.e. two-phase layer ).

Figures 4.25 to 4.27 only show qualitative description of the two-phase 

layer thickness and of the vapour-release position, where the two-phase 

layer thickness and the vapour-release position depend on the value of Gk 

and of the minimum shock flow density p,min• The parameter Gk, which is 

given in equation (3.4.6), was mentioned in Sections 3.4.2 and 3.5.1. This 

parameter essentially depends on the boiling rate m ( vapour production 

rate ) at the ground surface and the initial height of the liquid column, and 

this can be described as:

and

Hence, higher boiling rate and smaller column gives greater value of Gk, 

and vice versa.
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It is concluded that greater values of Gk and of bund distance rw 

results in greater domination of the vapour-release regime, and conse­

quently, higher loss of mass evaporated at the free surface. For >  3 

and Gk >  0.05, domination of the vapour-release regime is pronounced in 

the later stages of the shock motion.

In the case of liquid height for infinitely-high bunds, h«, is effectively 

independent on Gk. For a small value of Gk, especially for rw < 2 and 

Gk <  0.05, the height profile at the bund shows that h«, increases sharply, 

due to a high density gradient.

When the shock flow passes through r — Rq, the shock flow density will 

decrease, due to vapour release and no further vapour production in the re­

gion r < R0. This will in turn affect the shock profile, which is pronounced 

at Gk — 0.10. Because greater value of Gk indicates higher vapour con­

centration in the flow, and hence higher flow profile, the decrease in vapour 

concentration ( due to vapour release ) will result in the decrease in the flow 

height. This phenomenon is shown in Figure 4.10-C and in Appendix-E, 

where the flow height in region r < Rq gradually decreases.

The minimum density in the surge flow and in the shock flow affect the 

two-phase layer thickness, as shown in equation (3.3.17). This also affect 

the vapour-release position, which indicates the extent of the vapour-release 

region. Lower value of the minimum density results in thinner two-phase 

layer and smaller vapour-release region.
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Bund

Figure 4.25: Illustration of two-phase shock flow according to the Shallow 
Water theory
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CHAPTER 5

CONCLUSIONS

5.1 Introduction

This last chapter summarizes the conclusions of all previous chapters, com­

prising non-boiling and cryogenic liquids flows. Before doing so, the as­

sumptions made to derive the model, together with limitations and appli­

cability of the model, are reviewed. Assessment of the model is given before 

suggestions for further work, which is presented at the end of this chapter.

5.2 Summary of Assumptions and the Model 
Description

In this theoretical work, the assumptions made to derive the governing 

equations for cases of both non-boiling and cryogenic liquids flows are:

1. The CTF results in a radial dispersive surge flow, which can be con­

sidered as an axisymmetric flow problem.

2. The flow is inviscid in both unconfined and confined cases.

3. The storage tank is squat; vertical acceleration may be neglected, 

compared with horizontal acceleration.

4. Ground resistance is neglected, i.e. the ground surface may be smooth 

or frictionless.

5. The bund is vertical, with a circular shape and concentric to the tank.

Points 1) and 5) represent the scope of investigation in this theoretical 

work. The asymmetric flow problem, such as liquid release through a gap
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or hole in a tank shell, and the interaction of the surge flow with square 

bunds are not easily analysed by mathematical methods. The solution 

of both problems would need extensive mathematical and computational 

efforts, and a physical model is more likely to produce realistic results than 

theoretical ones.

Points 2) and 3) are obviously valid for almost all vertical storage tanks. 

The surge flows resulting from the failure of such tanks have very high 

Reynolds numbers ( greater than 104 ), meaning that the inviscid flow 

assumption is acceptable. Brighton and Webber (1986) described that the 

early stages of flow from the collapse of a liquid column are controlled by 

a balance of gravity and inertia forces. The assumption that the tank is 

squat implies that the height-diameter ratio of the storage tank is not more 

than 1, which is commonly encountered in industrial and terminal storage 

tanks.

These two assumptions lead to the introduction of Shallow Water Equa­

tions and to the application of Shallow Water theory to describe the CTF 

phenomenon. According to Shallow Water theory, once the liquid column 

has collapsed and resulted in a radial dispersive surge flow, the propaga­

tion velocity of the surge front on the frictionless ground surface is equal to 

2v/gH0. In this case, the surge front has a zero thickness. For non-boiling 

liquid flow, the ground surface resistance may be not negligible, hence the 

propagation velocity of the surge front is in reality less than 2y/gH0. As 

this work is concerned only with flow within the bunded area, the error 

incurred from neglecting the ground resistance on such flow is still accept­

able, as argued by Greenspan and Young (1978). For cryogenic liquid flows, 

this assumption is evenmore justified, since a vapour layer formed at the 

ground surface will reduce the ground resistance appreciably.
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As pointed out in the Introduction chapter, this study considers CTF as 

a collapse of a liquid column under its own weight, i.e. only concerned with 

liquid releases from atmospheric tanks. In the case of cryogenic liquid flow, 

this implies that the liquid is released at its boiling temperature. Hence, 

the model used in this study should not be applied to describe cryogenic 

release from pressurized storage tanks, in which the tank pressure would 

affect the rate of liquid release and flashing would also contribute to the 

liquid evaporation.

For both unconfined and confined flow of cryogenic liquids, the model 

accounts for the boiling rate of cryogenic liquid spills on land, which is very 

high in the early stages of spills. Besides horizontal velocity U and liquid 

height h, the average density p of the liquid-vapour mixture along h is also 

considered as a dependent variable.

The model considers that the surge flow of cryogenic liquids contains 

vapour, in the form of a two-phase layer. This two-phase layer, which is 

the essential aspect of the model, flows parallel to the bulk flow, beneath 

the liquid layer. The two-phase layer thickness is zero at r =  R0 ( i.e. at 

the initial radius of the column ) and increases gradually along the flow. 

In the region near the moving front, vapour is released at the free surface 

and escapes into the air. The position at which vapour begins to escape 

at the free surface is called the vapour-release position ( rvr ). As in the 

non-boiling flow case, the moving front is considered to have zero thickness. 

Thus the model divides the region of unconfined flow into 3 regions :

• the non-boiling region (0 < r < jRo), where no boiling occurs.

• the density-change region (Ro < r < rvr), where the two-phase layer 

is formed but vapour does not yet reach the free surface.
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• the vapour-release region (rvr < r <  77), where vapour is formed at 

the base and simultaneously released at the surface.

The extent of the two-phase layer essentially depends on: the boiling rate, 

the horizontal flow velocity, dimension of column ( H0 and R0 ), physical 

properties of vapour and liquid, and the vapour motion in the flow. As 

the shock flow is formed from the surge flow, its region is also divided into: 

density-change and vapour-release regions, but the region boundaries and 

some details change.

Each region, in unconfined and confined flow, has a set of governing 

equations. The governing equations for the density-change region use di­

mensionless parameter Gk ( defined in equation (3.4.6) ). This parameter 

is a function of the boiling rate, the physical properties of liquid and the 

column dimension ( i.e. Ho and Ro ). The magnitude of the parameter Gk, 

which represents the ratio of superficial velocity of vapour and horizontal 

flow velocity, indicates the intensity of boiling rate effect upon the flow. 

Dimensionless parameter K v ( for the surge flow ) and K vs ( for the shock 

flow ) are used in the governing equations for the vapour-release region. 

Both parameters are related to the parameter Gk in equation (3.4.37). 

Summary of the theoretical description of the cryogenic liquid shock flow is 

given in Section 4.4.5 and its illustration is shown in Figures 4.26 to 4.27.

5.3 Discussion of Results

5.3.1 Non-boiling Liquid Flow

In this work, the accuracy and consistency of the numerical calculation re­

sults was checked by comparing the mass ( volume ) and energy content 

of the flow calculated at every time level with the initial ( theoretical ) 

mass and energy content of the liquid column. This method, which was
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apparently not applied in previous work, is based on mass and energy con­

servation.

In the case of unconfined flow, if the differences between the calculated 

and the initial masses and energy contents ( i.e. Verr and Eerr ) are less 

than 1 %, the numerical calculation results are considered to be consistent 

with mass and energy conservations, for within the accuracy of the calcu­

lation method, there is no mass loss ( i.e. no evaporation ) and no energy 

loss ( frictionless flow ) during the process. In the case of confined flow, 

some energy is lost at the shock and overflow takes place if the bund is 

low. Checking the accuracy and consistency of the results in confined flow 

includes calculation of the total energy loss at the shock and the amount 

of the overflowing liquid. For infinitely high bunds, i.e. no overflow, the 

calculated energy loss Eio„  at the shock must agree well ( within 1 % ac­

curacy ) with the discrepancy between the calculated and initial energy 

contents Ediscr, and so must the calculated mass inside the bund with the 

initial ( theoretical ) mass. If overflow occurs, the calculated amount of 

the overflowing liquid also agrees well with the discrepancy between the 

calculated and initial masses.

The results of this work, in unconfined and confined flow, showed the 

consistency with mass and energy conservation, where :

• the differences between the calculated and initial masses and energy 

contents ( Verr and Eerr ) in unconfined flow are less than 1 %, and 

hence agree,

• the calculated energy loss E iot, at the shock agrees very well ( i.e. 

within 1 % ) with the discrepancy between the calculated and initial 

energy contents Edia„ , and

• the calculated amount of the overflowing liquid agrees very well ( i.e.
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within 1 % ) with the discrepancy between the calculated and initial 

masses.

By the time the shock converges at the axis, the system has lost a con­

siderable amount of its energy. With little energy remaining available, the 

subsequent flow ( i.e. reflection of the shock from the axis and sloshing ) 

is weaker than the surge flow, hence the interaction of sloshing flow with 

the bund is less important than that of the surge flow. Based on this 

consideration, such sloshing flow is regarded as irrelevant in this study.

Comparison with Trbojevic and Slater’s results ( the MAC method ) 

showed that the Shallow Water theory can describe the flow resulting from 

CTF as well as the MAC method. Furthermore, the solution of SWEs 

by the Method of Characteristics is much simpler than the MAC method. 

Comparison with Sharifi’s experimental results ( the flow profile in un­

confined flow and the liquid motion at the bund ) showed that the flow 

profile given by this theoretical work has the same trend as that obtained 

by Sharifi. She observed that the propagation velocity of the surge front is 

lAy/gH0, which is different from that predicted by this theoretical study. 

This difference has already been discussed in the previous section ( i.e. the 

ground surface is assumed to be smooth and frictionless ). The Shallow 

Water theory description of the motion of the column collapse only dif­

fers significantly from reality in the early stages of the column collapse, 

but agrees well after that, as was shown in the comparison of Martin and 

Moyce’s (1952) data with the results of this study.

The amount of overflowing liquid predicted in this work roughly agrees 

with the experimental results of Greenspan and Johansson (1981) and of 

Sharifi (1987). In this case, Greenspan and Young’s (1978) theoretical 

approximation of the overflow rate ( equation (2.2.3) ) needs further ex­
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animation, as it tends to overestimate the amount of overflowing liquid for 

very low bunds and to under estimate that for high bunds. Further expe­

rimental results on the overflow are also needed, to re-examine the existing 

theoretical and experimental results.

It was shown that Kleyn underestimated the amount of overflow, as also 

confirmed by Sharifi. However, Kleyn’s estimate on the maximum liquid 

level at the bund is exactly equal to that of this work. Jet projection 

distances estimated in this work are higher than those estimated by Kleyn. 

There is unfortunately no experimental data on jet projection distance, so 

this theoretical estimate cannot be compared with reality.

5.3.2 Cryogenic Liquid Flow

In the case of cryogenic liquid flow, the density of vapour-liquid phase is one 

of the important dependent variables to be calculated. From the density 

profiles, the two-phase layer thickness can be determined if the vapour 

concentration in the two-phase layer is known. In this case, the vapour 

concentration in the two-phase layer depends on the vapour motion in the 

flow, which is influenced by buoyancy, turbulence and acceleration of the 

flow resulting from the collapse of a liquid column. Vapour moves upward 

due to buoyancy, where turbulence may slow down the upward motion of 

vapour ( i.e. in balance with buoyancy ) and may break up vapour into 

bubbles. Unfortunately, no reliable theoretical or experimental work is 

available that can be used to determine precisely the vapour motion, and 

hence the accurate estimate of the vapour concentration in the two-phase 

layer is not yet known.

To give description of the two-phase layer in unconfined flow, the results 

presented in Chapter 3 are based on the maximum estimated vapour void 

fraction in the two-phase layer ev =  0.7. This vapour void fraction cor­
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responds to the minimum ( dimensionless ) density gmin =  0.3035, and is 

assumed to be constant throughout the two-phase layer and the vapour- 

release region in unconfined flow. The results presented in Chapter 4 are 

based on the maximum vapour void fraction ev =  0.3, which corresponds 

to the minimum ( dimensionless ) density pamtn =  0.7015.

Of particular interest is the governing momentum equation for the 

density-change region, which depends on the vertical position 2. Having 

investigated the influence of 2, as described in Appendix F, it is concluded 

that for the case of unconfined flow, cryogenic liquid flow does not apprecia­

bly depend on 2. In the case of confined flow, the estimate for the required 

bund height depends significantly on the value of 2 for bund distance <  2, 

but less so for rw >  3. In this case, neglecting the vertical position from the 

governing momentum equation gives the highest estimate for the required 

bund height. Safety considerations in bund design have to consider the 

conservative, worst case, i.e. choose the highest estimate for the required 

bund height. Hence, this work has neglected the vertical position 2 from 

the governing momentum equation for the density-change region, both for 

unconfined and confined flows, which as a maximum overestimates bund 

height requirement by approximately 20% ( see Figure 1 in Appendix F ).

As in the case of non-boiling liquid flow, the accuracy and consistency of 

the numerical calculation results were also checked by using mass conserva­

tion. This includes the calculation of the amount of evaporated mass caused 

by vapour release at the top surface. Once again, the results axe considered 

to be consistent with mass conservation if the difference between the mass 

discrepancy Md,acr ( i.e. the calculated total mass at any time level less the 

initial mass ) and the calculated evaporated mass Mevap is less than 1 %. 

For the overflow case, the mass discrepancy M j,scr includes the amount of
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the overflowing liquid. The results of this work, both in unconfined and 

confined flow cases, showed their consistency with mass conservation.

The results of both unconfined and confined flow of cryogenic liquids 

were only compared with those of non-boiling liquid, as no other theoretical 

and experimental results axe available to date. This comparison can at 

least show how fax the cryogenic liquids flow behaviour differs from the 

non-boiling liquid one.

The values of Gk in the investigation of unconfined flow ranges from 

0.005 to 0.5, with the span of dimensionless time t from 0 to 2.5. It is shown 

that within the time span of investigation, the flow profile for unconfined 

flow of cryogenic liquids with Gk <  0.01 is similar to that for non-boiling 

liquid. In this case, the two-phase layer is much thinner than the liquid 

layer, hence its effect on the flow profile is insignificant. For Gk =  0.5, 

the flow is dominated by the two-phase layer, where the vapour-release 

region effectively covers the flow area from the point close to r =  iZo to 

the front position r This is regarded as an extreme condition of cryogenic 

liquids release, which is likely to occur from the collapse of a small column of 

cryogenic liquids with very high boiling rate. At this condition, the amount 

of evaporated mass due to vapour release at the free surface is relatively 

high, around 5 % at ( dimensionless ) time t = 2.5.

Within the range of Gk values and of time, the dimensionless velocity of the 

moving front is around 1.70-1.83; it is higher for small values of Gk, i.e. the 

velocity is 1.83 for for Gk =  0.005. It appears that the magnitude of Gk 

has little effect on the front velocity. On the other hand, the vapour-release 

position rvr strongly depends on the value of Gk. Larger values of Gk 

cause rVI. to move closer to r =  Rq, which indicates that the vapour-release 

regime dominates the surge flow.
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Shock flow results ( i.e. in the confined flow case ) indicated that the 

shock flow of cryogenic liquids behaves differently from that of non-boiling 

liquid. The results showed that the liquid height of the cryogenic liquid 

shock flow at infinitely-high bunds is generally higher than that of the non­

boiling liquid shock flow and depends slightly on the value of Gk. This 

means that the elementary requirements for complete containment of a 

cryogenic liquid release must differ from that of a non-boiling liquid release, 

or the bund height for cryogenic liquid storage tanks must be higher than 

that for non-boiling liquid.

As expected theoretically, greater bund distance rw and Gk increases the 

importance of the vapour-release regime for both the surge and shock flows, 

which in turn increases the amount of mass evaporated. For rw >  3Ro and 

Gk >  0.05, the domination of the vapour-release regime is pronounced and 

the amount of evaporated mass is relatively high.

Other aspects of cryogenic liquid shock flow ( the amount of the overflowing 

liquid and the jet projection distance ) are also higher than those of the 

non-boiling liquid shock flow. The amount of the overflowing liquid and the 

jet projection distance depend on the value o f Gk, where higher value of 

Gk gives larger amount of the overflowing liquid and larger jet projection 

distance.

It is concluded that the cryogenic liquids flow resulting from CTF and its 

interaction with the bund cannot generally be estimated by the model used 

in non-boiling liquid flow case, although the prediction of this theoretical 

study for cryogenic liquids depend on the uncertain values of maximum 

vapour concentration in the surge flow and in the shock flow, which are not 

yet known and need further investigation.
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5.4 Assessment of the Model

The theoretical description of unconfined and confined flows given by this 

application of Shallow Water theory may differ from the realty in some 

aspects.

As observed experimentally ( Martin and Moyce, 1952; Sharifi, 1987 ), 

for the case of unconfined flow, all parts of the column top move down si­

multaneously since the beginning of the column collapse. According to the 

Shallow Water theory, the process of the column collapse starts from outer 

element of the column ( r =  Ro ) and gradually moves towards the column 

axis ( r =  0 ). Hence, the column top does not collapse simultaneously. 

This different description occurs until the liquid height at the axis, as cal­

culated by Shallow Water theory, begins to collapse at t =  (Ro/y/gHo). As 

discussed previously, the Shallow Water theory description of the motion 

of the column collapse only differs from experiment in the early stages of 

the column collapse, but agrees well after that, as shown in the compari­

son with Martin and Moyce’s (1952) experimental data. Furthermore, the 

length of the period over which this different description occurs is relatively 

short, compared with the whole time span of interest of this study.

In the early stage of shock formation, i.e. when the shock interface is close 

to the bund, vertical motion dominates the shock flow. Shallow Water 

theory considers that the shock is formed by horizontal arrangement of 

flow elements, and that in the shock, the height of flow elements changes 

instantaneously. However, the length of the period at which vertical motion 

dominates the shock flow is relatively short compared with the whole period 

of the shock motion ( from its formation until it converges at the axis of 

the column ). Hence, within the whole time span of interest of this study, 

both different descriptions are acceptable.
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In the case of the cryogenic liquid shock flow, the description of the two- 

phase layer based on Shallow Water theory, which is illustrated in Figures 

4.25 and 4.26, may differ from the reality in some further aspects. In all 

confined flow cases, when the shock position is not far from the bund wall, 

the incoming liquid from the upstream penetrates the shock interface and 

may reach the bund wall, which causes flow reversal ( flow backward ) 

in the upper part of the shock flow. Due to such circulation flow in the 

shock, the vapour carried by the reversed flow in the upper part of the 

shock flow may be released throughout the free surface of the shock flow. 

As described before, the Shallow Water theory only considers horizontal 

velocity, and hence cannot describe such flow reversal in the shock flow. 

However, this theoretical study considers that there is a vapour-release 

region, where vapour is released at the free surface, although the extent of 

the vapour-release region depends on the magnitude of Gfc. In this case, 

quantitative experimental data both for vapour void fraction and for the 

whole phenomenon is apparently needed, to compare with this theoretical 

estimate.

The other aspect is that according to this theoretical description, the two- 

phase layer thickness rises abruptly at the shock interface. This is likely to 

differ from the reality, in which the two-phase layer thickness may change 

gradually. In this case, it is difficult to estimate the extent of the region 

where gradual change of the two-phase layer thickness takes place. However, 

when the shock position is far from the bund, the extent of such a region is 

more likely to be small, compared with the whole region of the shock flow, 

which this theoretical study is interested in.

In conclusion, the Shallow Water theory used in this study can generally 

describe the cryogenic liquid releases from CTF, although further investi­
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gation of the aspect of vapour motion in the surge flow and in the shock 

flow is needed.

5.5 Suggestions For Further Work

As mentioned previously, further theoretical and experimental investiga­

tions are still needed, which can precisely describe the nature of the two- 

phase, unconfined and confined flow. In the case of theoretical investigation 

on cryogenic liquid flow resulting from the CTF, improvement of the the­

oretical description of the flow may be made by considering the following 

aspects :

1) . The nature of the two-phase, unconfined and confined flow.

The validity of the description given by the model proposed in this study 

depends partly on the nature of the two-phase layer in the surge flow and 

of the two-phase shock flow. This study only gives general description of 

both two-phase flows, where the maximum vapour void fraction is taken to 

be equal to 0.7 for the surge flow and 0.3 for the shock flow. The vapour 

concentration in both the surge flow and the shock flow will either be better 

estimated by considering turbulence, buoyancy and acceleration of the flow, 

or by experimentation. This will hopefully give more realistic description 

of the cryogenic liquid flow resulting from the CTF.

2) . Modelling with two-space variables r and z ( horizontal and 

vertical ).

As described before, the Shallow Water theory only considers r as inde­

pendent space variable, where vertical motion is represented by the change 

of liquid height, and vertical acceleration is considered to be negligible. Al­

though this model is generally satisfactory for the description of the CTF, 

a model based on r and z is expected to give better description, as it would
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account for vertical acceleration. Taking vertical acceleration into account 

may address the following problems :

1. The column collapse motion description in the early stage, where the 

experimental observation differs from that given by the Shallow Water 

theory.

2. The hydrodynamic pressure at the bund and overflow for low bunds 

in the early stages of shock formation, where the liquid height rises 

rapidly while the shock itself propagates very slowly. In this case, 

Shallow Water theory can only estimate the hydrostatic pressure, 

which is likely to be less than the hydrodynamic pressure in the early 

stages of shock formation.

3. The shock motion againts an inclined bund surface, which cannot be 

easily solved by the Shallow Water theory.

4. Circulation motion in the shock flow when it is close the the bund 

wall, which determines the nature of the two-phase cryogenic liquid 

shock flow.

3). Refined Estimation of Overflow Rate

Although the amount of overflow estimated by equations (2.4.9) and (2.5.6) 

agrees roughly with experimental results, the trend of the overflow predic­

tion at extreme bund conditions ( very low and very high ) seems to differ 

from experimental result. As pointed out in 2) above, accounting for verti­

cal acceleration may help to solve this problem, and may give more realistic 

estimates of the jet projection distance.
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APPENDIX A

NEW TON - RAPHSON METHOD

If there are a set of n equations :

F\(x — 0 )
F 2( x 1,X 2 , . . . , X n) =  0 ,

Fn^Xi, ®2> • • • i ®n) — 0 >

and they are independent of each other, their roots x\ to x n can be deter­

matrix solution, such as the Gaussian elimination method. For non-linear 

equations, such as some equations in this study, they are difficult to solve 

directly.

The Newton-Raphson method is one of several methods that can be used 

to solve such non-linear equations. This method is based on linearization 

of (non-linear) equations. The following gives the principle of the Newton- 

Raphson method.

By Taylor expansion, Fi(xi, x2, . . . ,  xn) =  0 is expanded around point 

F{x\tP) x2tp, •. . ,  xn p) :

In order to linearize it, equation (A .l) is truncated from the second order 

term of RHS. Expansion and truncation of F\ to Fn results in:

mined. If F\ to Fn are linear equations, they are easily solved by using any

(A .l)

with <

A x! =  x i -  X u  ,
Ax2 =  x 2 -  x 2lp ,

Axn — Xn Xn,p
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dFi
dxi
m
dx\

A xi -f- 

A s i +

dF\
dx2
dF2
dx2

A x2 H-------h

A x 2 H--------1-

dFy
dxn
dF2
dxn

A xn =  

A xn =

—F\ ,p

— F 2 i p

dFn dFn
dXl ^  dx2 ^ ' " ~  

This can be written in a matrix form :
8F i 8F\ 8F L

I E I n f g .
dx\ dx2 '  ‘ '  8xn

dFn 8Fn 8Fn
dx\ 8x2 8x-„.

or in simpler form :

.  A x „  ==  - F r
dxn

A x i F \ tp

A x2
—

F2ip

A xn Fn,P

J (x ).A x  =  F (x)

A x  =  J (x )_1.F (x)

(A.2)

(A.3)

Equation (A.3) is the principle of Axi calculation, which is also used in 

the Newton-Raphson iteration method. In the iteration, Axi is equal to 

(a:”141 — i™)» where m is the iteration step number. Equation (A.3) is in 

fact equal to :

x m+i =  x m _  j ( x - ) - 1.F (x m) (A.4)

The iteration is continuously performed until x m+1 is essentially equal to 

xm, or alternatively F (x) =  0. The following is the procedure of iteration :

1. To initialize the iteration (m =  1), take arbitrary values of x m, namely 

x 1 =  (x ! ,x 2, . . . , x n) .

2. Calculate E) and at point xm.

3. Calculate x m+1 by using equation (A.4). If|F(xm+1)| < e (very small 

number), point xm+1 is regarded as one root of the equations, and 

the iteration is stopped.
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4. If criterion in step 3 is not satisfied, then xm =  x m+1 and step 2 

onwards is repeated, until the criterion is satisfied.

The partial derivative sometimes cannot be easily evaluated ana­

lytically. In this case, such a partial derivative is better approximated 

numerically, by using :

dF{ ~  )___  r̂  _______________L
dxj 6xj

where Sxj is very small ( relative to Xj).

If there are only two equations, such as F (x ,y )  and G (x,y), equation 

(A .3) can be simplified. Rewriting equation (A .2) :

dF . 8F  A— A , + — Ay = - i i  .

8GA 8GA
— &X + - 1 V = - G 0 .

and this can be arranged into :

Ax — — F dG c dF
oy dy J

Ay = +
F d G _  d_£ 

0 dx 0 dx

dF̂ dG_ dFdG' 
dx dy dy dx

(FFdG _  cFFdG' 
dx dy dy dx
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APPENDIX B

NORMALISATION OF TIME REFERENCE 

1. Trbojevic and Slater’s Work

In this work ( Trbojevic and Slater, 1989 ), the freeze frames are presented 

at time : 1 .5 ,2 ., 2.5,3. and 4 (seconds). Here, at time just after zero, the 

column still stands, and the front edge may not move yet. Yet the SWE’s 

theory implies that the front edge suddenly moves with a dimensionless 

velocity 2 as soon as the column collapses. Hence, the time references are 

different from each other, and comparison cannot be based on absolute zero 

time.

Although there is no explicit statement about the time reference and 

dimensionless time, they can be approximated by the following way :

• The tank diameter =  30 m ( Rq — 15 m ).

• Initial liquid height Ho =  10.5 m —> Co =  \/gHo =  10.15 m /s .

• Bund diameter =  76.6 m or r „  =  2.55.

• Front velocity (when reaching the bund) =  14.6 m /s . This is assumed 

constant along its motion. In dimensionless,TJ/ront =  1.44.

• The front arrives at the bund at 2 seconds ( Frame 3 ). This must 

be equivalent to dimensionless time t =  (r„, — 1 ) /U fTOnt. Hence, 

t =  (2.55 — 1)/1.44 =  1.076 , or 2 seconds =  1.08 .

Based on this time reference, other frame times correspond to dimensionless 

time t :
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Original time : 1.5 2. 2.5 3. 4.
Equivalent t: 0.80 1.08 1.35 1.61 2.15

In Figure 1.4 ( Chapter 1 ), t is rounded into the multiplication of t =  0.05.

2. Martin and Moyce’s Work

The copy of their results ( Martin and Moyce, 1952 ) are enclosed in this 

Appendix. The following explains some of their notation, with the equiva­

lent notation of this study.

Z =  the position of moving front, dimensionless,
H =  column crest/top height, dimensionless,
T =  dimensionless time,
T =  dimensionless time , equal to T/n,
n =  ratio of initial column height to radius (=  H0/R0),
a =  initial column width (=  Rq).

F ig u r e  3. Rectangular sections.

+ O x A
1 1 2 2  

f e . )  2 1  4* H  21
Note. In the case of n2 — 4, Z/2 is plotted against T / 2 .
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T a b l e  6. M o t io n  o f  t o p  o f  c o l u m n . R e c t a n g u l a r  s e c t io n , p l a n e  s y m m e t r y

_______________________________T = t(g¡a)i =  Tln_______________________
n2= l ,  a =  2£in. n2 =  2, <z =  2£in. n2 =  4, a = l | i n .

/-------- ------- % <---------- ------- A------------------% ,--------- --------A------------------s
H mean mean mean

1-00* 0 0 0 0 0 0 0 0 0
0-94 — — — — 0-56 0-56 0-61 0-65 0-63
0-89 0-85 0-75 0-80 0-76 0-79 0-77 0-87 0-93 0-90
0-83 — — — — 0-96 0-93 1-11 1-17 1-14
0-78 1-31 1-28 1-29 1-05 111 1-08 1-30 1-30 1-30
0-72 — — — — 1-33 1-28 1-43 1-48 1-46
0-67 1-74 1-74 1-74 1-44 1-47 1-46 1-61 1-67 1-64
0-61 — — — — 1-68 1-66 1-76 1-85 1-81
0-56 2-16 2-14 2-15 1-81 1-86 1-84 1-98 1-98 1-98
0-50 — — — — 2-00 2-00 2-07 2-19 2-13
0-44 2-58 2-55 2-57 2-18 2-23 2-21 2-32 2-32 2-32
0-39 — — — — 2-49 2-45 2-50 2-46 2-48
0-33 3-08 3-08 3-08 2-65 2-75 2-70 2-69 2-69 2-69
0-28 — — — — 3-08 3-06 2-87 2-87 2-87
0-22 4-36 4-17 4-27 3-41 3-47 3-44 3-11 3-15 3-13
0-17 — — — — 4-09 4-20 3-46 3-37 3-42
0-11 6-09 6-48 6-29 5-20 5-30 5-25 3-80 4-07 3-94
0-06 — — — — 7-40 7-40 5-74 5-00 5-37
f  motion began at or before t  = 0-2 0-16 0-2

* r =  0 taken as the time when heater current was applied, 
f  As indicated by change in appearance of fluid meniscus in reservoir. 

Thickness of section 2J in. in all cases.

F ig u r e  6  

n2 a ( i n . )
+ i H  I
X 2 [
O 4 1* j
A  —  2
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Figure 3 shows the relation between the front edge position and time. 

Martin and Moyce estimated the front velocity U /ront =  1.62 -  1.71 based 

on this graph. This figure indicates that the curves do not start at point 

( T =  0 , Z — 1), as commonly encountered in the experimental result. To 

compare with the SWE’s theory, the front position correlation is normalised 

to :

Z - l  =  V frontt  (B.5)

Here, by extrapolating with a straight-line in Figure 3 into Z =  1 , the 

correction for T can be approximated by inspection.

n2 a,inch T0( approx.)
1 2.25 0.70
2 2.25 1.40
4 1.125 2.80

Their interpretation of the column top motion is presented in Table 6 

and Figure 6. To compare with the theory appropriately, this study re­

interpreted Table 6. The time r  used in this table was converted into t, by 

using the relation :

t =  t it  — To (B.6)

as a result from equation (B .l). Table B-l lists the complete calculation, 

which was then plotted into Figure 1.9 ( Chapter 1 ).

3. Sharifi’s Work

Figures 5.8.1 and 5.8.5 are only two copies of numerous graphs presented 

by Sharifi ( 1987 ). Both illustrate the flow profile. Definition of some 

dimensionless variables she used are different from those of this study. The 

following are some of her definitions :

• Time T =  i<Jg/H0 ,
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Table B -l: Interpretation of Martin and Moyce’s data

n2 = 1 n2 =  2 n2 =  4
H r t T t r t

0.94 - - 0.56 -0.6 0.63 -1.54
0.89 0.80 0.10 0.77 -0.31 0.90 - 1 .

0.83 - - 0.93 -0.08 1.14 -0.52
0.78 1.29 0.59 1.08 0.13 1.30 -0.2
0.72 - - 1.28 0.40 1.46 0.12
0.67 1.74 1.04 1.46 0.66 1.64 0.48
0.61 - - 1.66 0.95 1.81 0.82
0.56 2.15 1.45 1.84 1.20 1.98 1.16
0.50 - - 2.0 1.43 2.13 1.46
0.44 2.57 1.87 2.21 1.73 2.32 1.84
0.39 - - 2.45 2.06 2.48 2.16
0.33 3.08 2.38 2.70 2.42 2.69 2.58
0.28 - - 3.06 2.93 2.87 2.94
0.22 4.27 3.57 3.44 3.46 3.13 3.46
0.17 - - 4.20 4.54 3.42 4.04
0.11 6.29 5.59 5.25 6.02 3.94 5.08
0.06 - - 7.40 9.07 5.37 7.94

• Distance X  ( or Z or R ) =  (distance x)/H0 ,

• The initial height to radius ratio =  H/A ,

• D — A =  the distance of front position from the initial position. 

Sharifi correlated the front position to time in the form of :

D — A = 1A(T — 1) (B.7)

This equation implies that the dimensionless front velocity is 1.4 and the 

“time-lag” is 1 ( =  zero time T0 ). To compare with the SWE’s theory, 

equation (B.3) is converted into :

D — A ct
Arf A  rf Rp 

Ro { H0h

Arf
~R^

=  i . 4 ( | ? ) ( r - i ) .
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Here, the corrected dimensionless time t =  (J^)(T — 1). The distance X  

( Z and R ) needs to be corrected as well :

X corrected —  X S h a r if» '( D  )•
-Ko

As an example, for H/A =  2, T =  2 is equivalent to t =  2. But for 

H/A =  1, T =  3 is equivalent to t =  2.
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APPENDIX C

The contents of this Appendix are :

Tables :

• C -l: Mass error, energy discrepancy and loss for rw =  2

• C-2: Mass error, energy discrepancy and loss for rw =  3

• C-3: Mass error, energy discrepancy and loss for =  4 

Figures :

• C-l: The shock profiles for r«, =  2

• C-2: The shock profiles for r„, =  4

• C-3: Hydrostatic pressure at the base Pw and total load at the bund 

Fw for r™ =  1.5

• C-4: Hydrostatic pressure at the base Pw and total load at the bund 

Fw for rw =  3

• C-5: Hydrostatic pressure at the base Pw and total load at the bund 

Fw for rw =  4

• C-6: Maximum jet projection distance for H0/Rq =  0.5

• C-7: Maximum jet projection distance for Hq/Rq =  1.5

• C-8: Maximum jet projection distance for H0/Rq =  2
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Table C -l: Mass error, energy discrepancy and loss for rw = 2

Time(t) vv error Editor E lo ts

0.60 -0.04 -0.34 0.27
0.70 -0.09 -2.22 2.09
0.80 -0.12 -5.26 5.07
0.90 -0.15 -8.89 8.67
1.00 -0.18 -12.82 12.58
1.10 -0.09 -16.70 16.61
1.20 -0.05 -20.63 20.58
1.30 -0.10 -24.52 24.42
1.40 -0.15 -28.24 28.08
1.50 -0.18 -31.76 31.55
1.60 -0.22 -35.08 34.83
1.70 -0.20 -38.16 37.92
1.80 -0.19 -41.04 40.81
1.90 -0.18 -43.73 43.51
2.00 -0.17 -46.23 46.01
2.10 -0.16 -48.54 48.33
2.20 -0.15 -50.65 50.45
2.30 -0.15 -52.58 52.39
2.40 -0.14 -54.32 54.13
2.50 -0.14 -55.87 55.68
2.60 -0.14 -57.22 57.03
2.70 -0.14 -58.39 58.21
2.80 -0.13 -59.41 59.24
2.90 -0.12 -60.30 60.13
3.00 -0.10 -61.08 60.91
3.20 -0.11 -62.38 62.21
3.40 -0.10 -63.39 63.23
3.60 -0.08 -64.19 64.02
3.80 -0.05 -64.81 64.65
4.00 -0.04 -65.29 65.13
4.20 -0.01 -65.67 65.51
4.40 0.00 -65.95 65.79
4.60 0.01 -66.08 65.98
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Table C-2: Mass error, energy discrepancy and loss for =  3

Time(t) vr error E d iscr E lo s s

1.10 0.05 0.10 0.11
1.20 0.15 -0.38 0.70
1.30 0.17 -1.63 1.97
1.40 0.17 -3.57 3.90
1.50 0.16 -6.02 6.34
1.60 0.14 -8.91 9.20
1.70 0.11 -12.17 12.43
1.80 0.08 -15.67 15.90
1.90 0.04 -19.32 19.51
2.00 0.00 -23.01 23.16
2.20 -0.14 -30.39 30.42
2.40 -0.10 -37.46 37.50
2.60 -0.14 -44.03 44.05
2.80 -0.16 -49.97 49.97
3.00 -0.13 -55.25 55.26
3.20 -0.13 -59.89 59.91
3.40 -0.17 -63.92 63.91
3.60 -0.17 -67.25 67.25
3.80 -0.07 -69.92 69.97
4.00 -0.11 -72.15 72.18
4.20 -0.10 -73.94 73.98
4.40 -0.10 -75.40 75.44
4.60 -0.10 -76.61 76.65
4.80 -0.09 -77.61 77.65
5.00 -0.08 -78.45 78.49
5.50 -0.08 -79.99 80.03
6.00 -0.07 -80.99 81.02
6.50 -0.08 -81.66 81.69
7.00 -0.08 -82.11 82.13
7.50 -0.09 -82.40 82.41
8.00 -0.10 -82.59 82.59
8.10 -0.10 -82.61 82.61
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Table C-3: Mass error, energy discrepancy and loss for r«, =  4

Time(t) vr error Editor Eiott
1.70 0.17 0.01 0.22
1.80 0.16 -0.59 0.81
1.90 0.14 -1.64 1.83
2.00 0.12 -3.09 3.25
2.10 0.10 -4.90 5.03
2.20 0.09 -7.04 7.15
2.30 0.06 -9.52 9.60
2.40 0.04 -12.28 12.34
2.50 0.02 -15.25 15.28
2.60 0.00 -18.34 18.36
2.70 -0.03 -21.53 21.53
2.80 -0.07 -24.80 24.76
2.90 -0.12 -28.10 28.02
3.00 -0.17 -31.39 31.28
3.20 -0.30 -37.85 37.65
3.40 -0.35 -43.96 43.74
3.60 -0.34 -49.68 49.46
3.80 -0.35 -54.95 54.73
4.00 -0.35 -59.72 59.50
4.20 -0.36 -63.96 63.74
4.40 -0.37 -67.67 67.44
4.60 -0.36 -70.83 70.61
4.80 -0.36 -73.50 73.28
5.00 -0.35 -75.75 75.54
5.50 -0.35 -79.94 79.73
6.00 -0.35 -82.73 82.52
6.50 -0.45 -84.65 84.42
7.00 -0.44 -85.98 85.75
7.50 -0.44 -86.93 86.69
8.00 -0.44 -87.60 87.36
8.50 -0.45 -88.10 87.86
9.00 -0.47 -88.48 88.22
9.50 -0.49 -88.75 88.50
10.00 -0.50 -88.97 88.70
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APPENDIX D

D .l Boiling Rate of Cryogenic Liquid Spills 
on Land/Soil

This study is concerned only with the early stages of a cryogenic liquid 

spill, that is from the start of the collapse of the liquid column until the 

convergence of the shock at the axis. The dimensionless time length of this 

period is around 10 or less. For a bund distance of =  4, the shock of 

non-boiling liquid reaches ( and converges at ) the axis at t =  11.5. For a 

storage tank with a diameter of 20 m and a height of 10 m, this period is 

equal to 11.5 seconds.

It was initially assumed that the ground ( soil ) was impervious. For 

cryogenics liquid with a very low boiling point ( Tb «  Tamb>ent )> the liquid 

boils on the soil in film boiling mode. Regarding the ground surface as flat 

and horizontal, the film boiling coefficient can be calculated by using the 

Berenson correlation ( 1961 ) for film boiling over a horizontal surface( in 

pool boiling ):

hb =  0.425
kv hfgpvg(pi p„)

j i v{AT)y/a/g(pi- p„).

T 0.25

with kv 

PUPv 

hfg

Pv

C

=  thermal conductivity of vapour layer,

=  density of liquid and vapour, respectively, 

=  latent heat of vaporization,

=  vapour viscosity,

=  surface tension.

Based on this equation, the film boiling coeffient hb for liquid methane 

is 0.14 kW /m 2oC. If the ground surface temperature is assumed to be
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constant along the early stage of spill ( the early period ), the heat flux 

from the ground will be around 26 kW /m 2, or the boiling rate of methane 

on soil is around 0.05 kg/m 2s. This estimate is much lower than the actual 

boiling rate of methane evaluated experimentally. Research on LNG spills 

on land ( Drake et al. ,1974; Drake and Reid, 1975; Reid and Wang, 1978 ) 

has shown that the boiling rate of LNG at the early stage of spill is in the 

order of 1 kg/m 2s. Hence, using simple film boiling theory is not satisfactory 

to approximate the boiling rate of cryogenic liquid spills on land.

D.1.1 The Nature of Cryogenic Liquid Boiling on Soil

Numerous experiments on crygenic liquid spills on land have been carried 

out. Most of them are concerned with LNG spills ( Drake et al. ,1974; 

Drake and Reid, 1975; Reid and Wang, 1978 ). It is observed that the 

spills proceed with vigorous boiling and a high boiling rate at the early pe­

riod, after which the boiling rate gradually decreases. The initial period at 

which vigorous boiling occurs lasts from 10 seconds to one minute. Reseach- 

ers agree that the high boiling rate at this initial period is caused by soil 

cracking and percolation, which is observed in the experiments. The soil 

cracking and percolation enhance the contact area between soil and cryo­

genic liquid. Furthermore, Drake and Reid have shown that their sample of 

compacted soil, used to investigate and measure the boiling rate of LNG, 

was riddled with small holes at the end of observation. Liquid apparently 

percolates/penetrates the soil to a depth of 1.2- 1.8 cm.

All researchers have modelled the heat transfer from the ground as an 

unsteady quasi one-dimensional heat conduction, with the ground regarded 

as a semi infinite solid. The basic equation is :

d7T _  18T  
dz2 a dt

(D .l)
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with z being the depth of soil ( from the ground surface ). They generally 

considered that the ground surface temperature changes rapidly to become 

equal to the crygenic liquid boiling temperature, as the spill occurs. By 

using this model, the heat flux from the ground surface is given by :

( pkcp\ i AT
t- =  [ — j  w

or the boiling rate can be expressed by using :

(D.2)

m =  ~ ~  =  Ft 
hfg

-0 .5 (D.3)

with F  =
' pkcp AT

7T hfg
Drake et al. considered the effects of film boiling and ice formation 

( from the moisture in the soil ). Drake and Reid evaluated the constant 

F  in equation (D.3) from the experimental results. They showed that the 

value of F  determined experimentally is two to three times that calcu­

lated from the data of soil from reference ( Carslaw and Jaeger, 1959 ). 

Researchers pointed out that the moisture content increases the effective 

thermal conductivity of soil, and the heat released by the freezing process 

may also contribute to the high value of F. Briefly, F  depends on the na­

ture of soil. For engineering purposes, Reid and Wang have suggested that 

F  is about 0.4 -  0.6 kg/m 2s0'5.

The boiling rate prediction from equation (D.3) implicitly ignored the 

early stage of spill ( i.e. vigorous boiling ), because this period is short 

compared with the whole time of span of interest of the investigation, which 

is of the order of several minutes. If equation (D.3) is used to estimate the 

boiling rate m at t =  0, m is infinite. On the other hand, at time t =  10 

seconds, with F  =  0.5 kg/m 2s0'5, m is 0.16 kg/m 2s. Shaw and Briscoe 

( 1978 ) predict the LNG boiling rate at 1 second after spill to be 0.7 

kg/m 2s.
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D.1.2 Boiling in a Porous Bed

Many researchers have been investigating the phenomenon of boiling in a 

porous bed/layer. Here, Dhir and Cation’s work (1982) is considered to be 

most relevant to this study. Their experiment aims to simulate cooling of 

a bed of fuel debris resulting from a nuclear reactor accident. Because the 

debris generates heat, it must be cooled.

Dhir and Catton investigated the effects of particle size and the depth of a 

bed ( shallow and deep ). In their experiment, heat is generated in a bed 

of metal particles by using a inductive microwave generator. Boiling occurs 

in the bed, where liquid flows down through the capillary conduites of 

the porous bed and the vapour produced flows up countercurrently. Dhir 

and Catton suggested that this countercurrent flow through the porous 

bed controls the boiling rate, rather than heat transfer. When the vapour 

production is high enough, liquid cannot reach the lower part of the bed. 

This condition is defined as dryout, which is analogous to a maximum 

critical condition in pool boiling. Dhir and Catton observed that in dryout 

condition, the vapour produced in a small particle bed ( particle diameter 

dp < 1  mm ) flows through channels. These channels are free from particles. 

Furthermore, the particles in the top layer fluidize. In a deep bed ( bed 

depth/particle diameter ratio much greater than 10 ), the vapour channels 

extend only part-way towards the bottom of the bed, while in a shallow 

bed, the channels are well formed throughout the depth of the bed. This 

is illustrated in Figure D -l. Dhir and Catton gave a correlation for the 

dryout heat flux in a deep bed of small particles:

—  =  C iK d tr^ M  (D.4)
Qc

with qdo =  dryout heat flux ( per cross sectional area ),

qc — Zuber’s correlation for critical heat flux in boiling,
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VAPOR OUTFLOW

COOLANT
/  inflow

Figure D -l: Boiling phenomenon in a small particle bed ( Dhir and Catton, 
1982 )

Ci =  dimensionless constant ( determined experimentally ),

equal to 7.5 x 10
,3

-4

K  =

d =
(1 -  e)2

W\9(Pi -  A-)])0'5
r = p i/p v

M
pi4a3

vi4g{pi -  pvf

0.25

where dp is the average particle diameter and e is the void fraction of the 

porous bed. The Zuber critical heat flux qc is given by ( Zuber, 1958 ):

qc =  ^ \fahfg[(rg{pi -  pv)}0 25 .

Based on the Dhir and Catton’s description, boiling of cryogenic liquid 

spills on soil is considered as a boiling phenomenon in a deep bed of small 

particles, where the soil bed is a source of heat, and cryogenic liquid pene­

trates into the soil ( percolation ). As described earlier, the soil is riddled 

with small holes, which proves that the vapour produced forms channels in 

the soil bed, and the boiling rate is high in the early stages of a spill. All 

these aspects confirm that dryout occurs in the early stages of cryogenic 

liquid spills on soil.

For LNG ( represented by methane ), with a soil particle diameter dp
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of 1 mm and void fraction e of 0.47, the dryout heat flux calculated from 

equation (D.4) is 277 kW /m 2, which corresponds to a boiling rate of 0.54 

kg/m 2s. This is close to the boiling rate in the early stages of LNG spills 

of the experiment described previously ( Drake and Reid, Reid and Wang, 

Shaw and Briscoe ). Checking the heat available in the top soil layer also 

supports this prediction. As observed in the experiment, the top soil layer 

thickness ( the depth of liquid penetration ) is about 0.5 inch ( 1.25 cm ). 

The bulk density and heat capacity of the soil are 2500 kg/m 3 and 0.836 

kJ/kg°C, respectively. If the soil layer is to be cooled until its temperature 

equals to the LNG boiling temperature ( -161°C ), the available heat is :

Q =  (0.0125 m3/m 2)(2500 kg/m 3)(0.836 kJ/kg°C)(161 +  25)°C 
=  4859 kJ/m 2 .

This amount of heat is enough to supply heat of boiling in dryout condition 

along the early period of spill ( around 10 seconds ). Furthermore, as the 

temperature of the top soil layer approaches the LNG temperature, heat 

will be supplied by soil beneath the top layer.

In conclusion, this study employs Dhir and Catton’s dryout correlation 

( equation (D.4) ) to estimate the boiling rate at the early stages of cryo­

genic liquid spills on land. This also implies that the boiling rate is constant 

during this phase, as is justified, since the available heat is enough to sup­

ply the heat of boiling in dryout condition. The other liquified energy gas 

which is commonly stored in a large atmospheric tank is LPG. In general, 

propane is the main component. With its boiling temperature of —42°C, 

the available heat in the top soil layer is 1750 kJ/m 2. The dryout heat flux 

qdo is 230 kW /m 2, corresponding to a boiling rate of 0.54 kg/m 2s. Although 

this rate is lower than that of LNG, it still can be assumed that the boiling 

rate is constant along the early period of spill, especially since the heat is 

also supplied from the deep part of the soil.

262



D.2 Stratified Flow Model

Derivation of the governing equations for the stratified flow model is equiv­

alent to those for non-boiling liquid flow described in Chapter 1. Equations 

of continuity and of motion are applied to each phase/layer. Essential sym­

bols used in the stratified flow model are shown in Figure D-2.

Figure D-2: The stratified flow model

Upper-layer: liquid.

The equation of continuity is integrated along the height of liquid layer 

hi :

1 drU dv
r dr dz

L

h i + h ,  drU r h i + h v
— d z+  dv
r dr Jhv

hi drUi 
r dr +  »k+fc. -  v\hv

0

0

0

For this preliminary investigation, the vaporization at the top surface ( i.e.

liquid-air ) is neglected. As described in Chapter 1, the boundary condition 

at the top surface is =  -^ 7 . As there is a vaporization at the liquid-
Dt m

vapour interface, the boundary condition at this interface is v\hv =  — ,
Pi

where m is the rate of mass vaporization ( per unit area ). The above
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equation becomes :

Dht i h dU, hiUi
+  h i—— h

m
PiDt dr r 

Derivation from equations of motion is given by :

(D.5)

• z component :
Dv dp

Pl Dt dz Pl9

Vertical acceleration is neglected ( ^  < <  |p| ). Integration along z 

results in :

P ~ P o  =  ~ P i g { z  -  ( h i  +  h v ) )  , 
and the r derivative is then given by :

dp
dr Pi9

dh\ dhv 
dr dr

• r component :

Pi
D U i  

Dt
dp
dr

dp
Substitution of —  from the above equation results in : 

dr

DUi 
Dt +  9

dhi dhv 
dr ^ dr

0 (D .6)

Equations (D.5) and (D.6) are the governing equations of upper-layer. 

Lower-layer: vapour.

The method of derivation is the same as that for upper-layer. The 

governing equations of lower-layer or vapour layer are given by :

Dhv , , dUv , hvU 
+  hv—— hDt

D U V

Dt + 9

dr
pi dhi dhv

v  _  + r n

pv dr dr
=  0

(D.7)

(D.8)

These two sets of governing equations ( equations (D.5) to (D.8) ) are 

solved by using the Method of Characteristics ( see Abbott, 1966 ). By
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substitution of Ci = \/ghi and Cv =  \/ghv into the governing equations, 

four slopes of characteristic lines are given by :

U i -
dr' 
d t, -c? -  — CiC» =  0

Pv

The solution of this equation depends on Because ^  is clearly greater 

than 1, some slopes of the characteristic lines are imaginair ( see Abbott 

and Torbe, 1963 ). This means that the governing equations, which are 

of hyperbolic partial differential equations, are unsolvable. Such imaginair 

characteristic lines is typical of the behaviour of an elliptic partial differ­

ential equation, where a discontinuity at the initial/boundary condition is 

not propagated.

The governing equations can be solved, if the vapour-layer thickness is 

much smaller than the liquid-layer height ( hv < <  hi ). Equations (D.5) to 

(D.8) are then modified into :

• Upper-layer (liquid) :

Dhi
Dt +  hi

dUi
dr

DUi dhi
Dt + 9 dr

m
Pi

0

• Lower-layer (vapour) :

Dhv
~Dt +  hv

dUv
dr +

hvUv
r

DUV pi dhi 
Dt 9 pv dr

m
— d----

P v

=  0

(D.9)

(D.10)

(D .ll)

(D.12)

It is clear that equations (D.9) and (D.10) can be solved independently 

from equations (D .ll)  and (D.12). For a preliminary investigation, equa­

tions (D.9) to (D.12) are solved to describe the nature of the flow of liquid 

methane resulting from a CTF. The radii of of the tanks or columns to be 

investigated are 10 m and 10 cm, with the initial liquid height equal to the
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column radius. The rate of methane vaporization is taken to be constant, 

m =  0.5kg/m 2s. An example of the results is shown in Table D -l and 

Figure D-3. The results show that the velocity of both liquid and vapour 

layers as well as the height of liquid-layer are not effectively influenced by 

the size of the column, as represented in Figure D-3 and Table D -l. On the 

other hand, the vapour-layer thickness depends on the size of the column, 

as shown in Table D-l.

Figure D-3: Velocity of liquid and vapour layers at several dimensionless 
times
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Table D-l: The thickness of liquid and vapour layers

For H0 =  Rp =  10 m
Time
( t ) 1.0 1.1

Position ( r ) 
1.2 1.3 1.4 1.5

Liquid-layer ( h2 )
0.20 0.4185 0.2285 0.0982 0.0230
0.30 0.4067 0.2727 0.1668 0.0887 0.0370 0.0080
0.40 0.3939 0.2914 0.2057 0.1358 0.0816 0.0428
0.50 0.3812 0.2983 0.2272 0.1668 0.1164 0.0759
0.60 0.3685 0.2995 0.2390 0.1864 0.1411 0.1027
0.70 0.3557 0.2972 0.2450 0.1988 0.1581 0.1228

Vapour-layer ( M
0.20 0.0 0.0005 0.0008 0.0010
0.30 0.0 0.0005 0.0009 0.0011 0.0014 0.0016
0.40 0.0 0.0006 0.0010 0.0013 0.0015 0.0018
0.50 0.0 0.0007 0.0011 0.0014 0.0017 0.0019
0.60 0.0 0.0007 0.0012 0.0015 0.0018 0.0021
0.70 0.0 0.0008 0.0013 0.0016 0.0020 0.0022

For Ho — Rq = 10 cm
Time Position ( r )
( t ) 1.0 1.1 1.2 1.3 1.4 1.5

Liquid-layer (h , )
0.20 0.4186 0.2285 0.0980 0.0213
0.30 0.4067 0.2727 0.1666 0.0887 0.0366 0.0061
0.40 0.3939 0.2913 0.2056 0.1356 0.0816 0.0428
0.50 0.3812 0.2982 0.2270 0.1666 0.1161 0.0756
0.60 0.3685 0.2994 0.2388 0.1861 0.1409 0.1024
0.70 0.3557 0.2970 0.2448 0.1985 0.1578 0.1224

Vapour-layer ( h„ )
0.20 0.0 0.0046 0.0075 0.0100
0.30 0.0 0.0054 0.0087 0.0113 0.0137 0.0171
0.40 0.0 0.0061 0.0098 0.0127 0.0152 0.0175
0.50 0.0 0.0067 0.0108 0.0139 0.0167 0.0192
0.60 0.0 0.0073 0.0117 0.0152 0.0181 0.0208
0.70 0.0 0.0078 0.0126 0.0163 0.0195 0.0223
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D.3 Additional Results

The description of flow resulting from CTF of LNG container with a height 

of 0.1 m, 1 m and 10 m are presented in this appendix. For (Hq/Rq) =  1, 

these correspond to the values of of 0.3, 0.096 and 0.03, respectively. 

Although the results presented in Chapter 3 is based on the vapour void 

fraction ev — 0.7 ( in the two-phase layer ), other values of vapour void 

fraction ( 0.5 and 0.7 ) are also used in the calculation, which are presented 

in this Appendix. This results may be usefull for the next investigation or 

future work.
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Figure D.5: Flow profile for H 0 =  R q — 10 cm.
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Figure D.6: Flow profile for H q =  R q =  1 m.
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APPENDIX E

This appendix contains:

Tables :

• E-l: Mass discrepancy and mass evaporated for =  1.5 and infinitely - 

high bund

• E-2: Mass discrepancy and mass evaporated for rw — 3 and infinitely- 

high bund

• E-3: Mass discrepancy and mass evaporated for =  4 and infinitely- 

high bund

• E-4: Total amount of overflow for =  4, Gk =  0.05 and h j =  0.0625 

Figures :

• E-l: The shock profiles for r„, =  1.5 and Gk =  0.01

• E-2: The shock profiles for r„, =  1.5 and Gk =  0.05

• E-3: The shock profiles for r,„ =  1.5 and Gk =  0.10

• E-4: The shock profiles for r„, =  3 and Gk =  0.01

• E-5: The shock profiles for r«, =  3 and Gk =  0.05

• E-6: The shock profiles for r«, =  3 and Gk =  0.10

• E-7: The shock profiles for =  4 and Gk =  0.01

• E-8: The shock profiles for rw =  4 and Gk =  0.05

• E-9: The shock profiles for r,,, =  4 and Gk =  0.10
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Table E-l: Mass discrepancy and mass evaporated for =  1.5 and in-
finitely-high bund

Time G k = 0.01 G k = 0.05 G k = 0.10
( t ) M̂ discr evap M-diacr ■M-evap discr ■Mevap
0.30 -0.117 0.0003 -0.023 0.0010 0.028 0.0037
0.40 -0.223 0.0003 -0.034 0.0010 -0.040 0.0037
0.50 -0.313 0.0003 -0.032 0.0010 -0.209 0.0038
0.60 -0.369 0.0003 0.025 0.0010 -0.401 0.0038
0.70 -0.447 0.0003 0.081 0.0010 -0.617 0.0038
0.80 -0.551 0.0003 -0.455 0.0010 0.262 0.0038
0.90 -0.721 0.0003 -0.331 0.0010 -0.085 0.0038
1.00 -0.695 0.0003 -0.145 0.0010 -0.479 0.0039
1.10 -0.576 0.0003 -0.329 0.0010 -0.056 0.0039
1.20 -0.564 0.0003 -0.075 0.0011 -0.488 0.0039
1.30 -0.497 0.0003 0.117 0.0011 -0.817 0.0039
1.40 -0.524 0.0003 -0.058 0.0011 -0.465 0.0040
1.50 -0.489 0.0003 0.068 0.0011 -0.671 0.0040
1.60 -0.522 0.0003 -0.056 0.0011 -0.447 0.0041
1.70 -0.498 0.0003 0.015 0.0011 -0.542 0.0041
1.80 -0.495 0.0003 0.011 0.0011 -0.548 0.0041
1.90 -0.482 0.0003 0.058 0.0011 -0.630 0.0042
2.00 -0.465 0.0003 0.089 0.0011 -0.695 0.0043
2.10 -0.457 0.0003 0.091 0.0011 -0.674 0.0045
2.20 -0.448 0.0003 0.082 0.0011 -0.649 0.0047
2.30 -0.437 0.0003 0.126 0.0011 -0.704 0.0057
2.40 -0.433 0.0003 0.106 0.0011 -0.633 0.0073
2.50 -0.430 0.0003 0.083 0.0011 -0.662 0.0089
2.60 -0.435 0.0003 -0.031 0.0011 -0.457 0.0110
2.70 -0.439 0.0003 -0.113 0.0011 -0.163 0.0140
2.80 -0.449 0.0003 -0.209 0.0011 -0.759 0.0180
2.90 -0.453 0.0003 -0.277 0.0012 -0.932 0.0243
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Table E-2: Mass discrepancy and mass evaporated for r«, =  3 and in-
finitely-high bund

Time G k = 0.01 G k = 0.05 G k = 0.10
( t ) M d i t C T M evap M d iscr M evap M d iic r M■4r*£evap

1.30 -0.151 0.0022 -0.042 0.0256 -0.068 0.076
1.50 -0.108 0.0023 -0.080 0.0275 -0.132 0.093
1.70 -0.143 0.0023 -0.115 0.0285 -0.122 0.104
1.90 -0.224 0.0023 -0.148 0.0301 -0.166 0.109
2.10 -0.335 0.0023 -0.166 0.0325 -0.159 0.113
2.30 -0.482 0.0023 -0.108 0.0359 -0.119 0.120
2.50 -0.447 0.0023 -0.092 0.0403 -0.105 0.129
2.70 -0.363 0.0023 -0.108 0.0460 0.087 0.141
2.90 -0.359 0.0023 -0.157 0.0529 -0.195 0.154
3.10 -0.257 0.0023 -0.066 0.0611 0.022 0.171
3.30 -0.287 0.0023 -0.250 0.0709 -0.309 0.191
3.50 -0.131 0.0024 0.078 0.0823 -0.110 0.214
3.70 -0.133 0.0024 -0.058 0.0954 -0.122 0.259
3.90 -0.140 0.0024 -0.365 0.1100 -0.224 0.323
4.10 -0.145 0.0024 -0.296 0.1270 -0.105 0.392
4.30 -0.137 0.0024 -0.252 0.1460 0 . 0 0 0 0.465
4.50 -0.179 0.0024 -0.218 0.1670 -0.076 0.539
4.70 -0.193 0.0026 -0.171 0.1960 -0.135 0.614
4.90 -0.141 0.0029 -0.158 0.2290 -0.151 0.690
5.10 -0.100 0.0032 -0.174 0.2640 -0.087 0.765
5.30 -0.072 0.0038 -0.219 0.3000 0.029 0.841
5.50 0.003 0.0046 -0.275 0.3370 -0.358 0.917
5.70 0.085 0.0057 -0.163 0.3730 -0.203 0.993
5.90 -0.257 0.0074 0.053 0.4110 -0.201 1.070
6.10 -0.058 0.0147 -0.043 0.4490 -0.328 1.150
6.30 0.158 0.0219 -0.231 0.4870 -0.784 1.230
6.50 -0.137 0.0284 -0.173 0.5270 -0.982 1.310
6.70 -0.051 0.0355 -0.055 0.5710 -0.834 1.400
6.90 0.002 0.0435 - 0 . 1 1 1 0.6160 -0.877 1.490
7.10 -0.030 0.0494 -0.061 0.6610 -0.888 1.580
7.30 -0.057 0.0579 - 0 . 1 1 1 0.7060 -0.919 1.660
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Table E-3: Mass discrepancy and mass evaporated for rw — 4 and in-
finitely-high bund

Time G k = 0.01 G k = 0.05 G k = 0.10
( t ) discr cvap discr M evap Mdiscr M̂ evap
1.90 -0.087 0.0084 0.043 0.099 -0.052 0.273
2.30 -0.202 0.0087 -0.114 0.134 -0.464 0.408
2.70 -0.514 0.0094 -0.520 0.151 -0.927 0.535
3.10 -0.472 0.0108 -0.437 0.159 -1.060 0.666
3.50 -0.497 0.0267 -0.669 0.170 -1.652 0.827
3.90 -0.139 0.0587 -0.454 0.187 -1.796 1.080
4.30 0.066 0.0694 -0.472 0.213 -1.991 1.360
4.70 0.078 0.0754 -0.669 0.320 -2.192 1.650
4.90 0.159 0.0789 -0.659 0.388 -2.235 1.790
5.10 -0.116 0.0829 -0.760 0.458 -2.314 1.940
5.50 -0.166 0.0922 -0.822 0.601 -2.298 2.230
5.90 -0.198 0.1030 -0.905 0.745 -2.491 2.520
6.10 -0.193 0.1100 -0.963 0.818 -2.738 2.670
6.30 -0.177 0.1170 -1.003 0.891 -3.025 2.820
6.50 -0.273 0.1240 -1.033 0.964 -3.310 2.970
6.70 -0.265 0.1320 -0.922 1.040 -3.436 3.120
6.90 -0.253 0.1400 -0.938 1.110 -3.666 3.260
7.10 -0.237 0.1490 -0.962 1.180 -3.883 3.410
7.30 -0.220 0.1580 -1.007 1.260 -4.083 3.560
7.50 -0.191 0.1680 -1.109 1.330 -4.262 3.710
7.70 -0.169 0.1800 -1.236 1.400 -4.458 3.860
7.90 -0.152 0.1930 -1.380 1.480 -4.683 4.010
8.10 -0.137 0.2070 -1.522 1.550 -4.890 4.150
8.30 -0.126 0.2200 -1.640 1.630 -5.076 4.300
8.50 -0.121 0.2340 -1.746 1.700 -5.249 4.450
8.70 -0.120 0.2480 -1.871 1.770 -5.411 4.600
8.90 -0.127 0.2620 -1.996 1.850 -5.565 4.750
9.10 -0.139 0.2770 -2.092 1.920 -5.715 4.890
9.30 -0.157 0.2910 -2.163 2.000 -6.035 5.040
9.50 -0.181 0.3050 -2.216 2.070 -6.145 5.190
9.70 -0.217 0.3200 -2.265 2.140 -6.255 5.340
9.90 0.008 0.3340 -2.510 2.220 -6.335 5.490
10.10 -0.043 0.3490 -2.472 2.290 -6.599 5.600
10.30 -0.068 0.3640 -2.609 2.330 -6.702 5.610
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Table E-4: Total amount of overflow for r „  =  4, Gk =  0.05 and h j =  0.0625

Time •Mdiscr Mool M evap
3.30 -27.61 27.56 0.155
3.40 -30.30 30.27 0.155
3.50 -32.99 32.97 0.155
3.60 -35.66 35.65 0.155
3.70 -38.33 38.29 0.155
3.80 -40.92 40.83 0.155
3.90 -43.44 43.33 0.156
4.00 -45.93 45.79 0.158
4.10 -48.33 48.16 0.162
4.20 -50.65 50.44 0.168
4.30 -52.88 52.62 0.177
4.40 -55.09 54.69 0.194
4.50 -57.12 56.65 0.220
4.60 -59.03 58.50 0.251
4.70 -60.81 60.25 0.284
4.80 -62.48 61.89 0.318
4.90 -64.06 63.43 0.352
5.00 -65.54 64.88 0.387
5.10 -66.93 66.24 0.422
5.20 -68.24 67.52 0.457
5.30 -69.47 68.72 0.493
5.40 -70.64 69.85 0.529
5.50 -71.74 70.92 0.565
5.60 -72.78 71.93 0.601
5.70 -73.76 72.88 0.636
5.80 -74.68 73.78 0.672
5.90 -75.58 74.63 0.709
6.00 -76.42 75.44 0.745
6.20 -77.95 76.93 0.818
6.40 -79.33 78.28 0.891
6.50 -79.96 78.91 0.928
6.60 -80.56 79.51 0.964
6.80 -81.68 80.62 1.037
7.00 -82.71 81.64 1.110
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APPENDIX F

The Effect of Vertical Position in Density-change 
Region on Unconfined and Confined Flows

Although Shallow Water theory essentially only considers horizontal

motion, the corresponding density change in cryogenic liquid flow still in-
dptraduces a vertical position 2. Integration of —  =  —pg along z to h results
dz

in:

P- P h  =  pg(h -  z)

which is also given by equation (3.3.13). The horizontal momentum equa-
DU dption p— — =  —— then becomes: 

F Dt dr

DU dph dp
=  ~ g-d 7  +  gz¥ ( i )

Equation (1) shows that the horizontal acceleration^ still depends on z. 

As the current work is based on Shallow Water theory, which only considers 

a horizontal motion, the value of z has to be somewhere between z =  0 and

z — h.
d h ^ PAs —— and —  are negative, the acceleration ^  will decrease when 

z increases. To investigate the influence of z, two values of z axe chosen: 

z =  0 and z =  \h ( i.e. average height ). For z =  0, equation (1) becomes:

DU dph 
P Dt ~ ~ 9 dr (2)

and for z =  |/i, it becomes:

DU dph 1 dp
“ -m  =  - g-dF  +  2 (3 )
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Dh ph drU Dp
p—  +  - — —  +  h—r  =  0  ̂Dt r dr Dt

1 Dp =  _Kb  
p Dt h

The governing equations for the density-change region are:

(4)
(5)

together with equation (2) or (3). The dimensionless forms of the governing 

equations axe:
DC a v  

2 Dt +  C dr ~  
1 Dg _ 
q Dt

U C  C D g  
Q Dtr

G k

with

z = 0

z =  —h 
2

D U  dC
DT + 2Ca7“

C 2_dg 
g dr

D C  dC  C 2 dg 
Dt + C dr ~  2 g dr

Both cases ( 2  =  0 and 2 =  ) are solved numerically for unconfined and

confined flows ( with bunds of unlimited height ).

Unconfined Flow Case

In Table-I, results are given for G k=0.01 and 0.10. Although acceleration 

for 2 =  0 is essentially greater than that for 2 =  ¿h, the results for 2 =  0 

do not differ much from those for 2 =  ¿h, as shown for both cases; the 

differences between the vapour-release position rw and the front position 

17 are less than 2%. Note also that for both cases, the mass discrepancy 

( i.e. total mass calculated — total initial mass ) is less than 1%, which 

means that both results are essentially consistent with mass conservation.

From this it may be concluded that the predictions of the model for 

unconfined cryogenic liquid flow, which is based on Shallow Water theory,
r|

do not significantly depend on vertical position 2, and therefore g—  can
dr

be omitted from equation (1).
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Confined Flow Case with Bunds of Unlimited 
Height

The most important result for bunds of unlimited height is the value of the 

maximum liquid height h.Wt7nax at the bund, as for a given bund distance 

r^, this gives an indication of the bund height required to prevent overspill. 

The results calculated for 2 =  0 and z — are illustrated in Figure 1. 

Unlike the case of unconfined flow, this one shows a dependency on the 

value of 2. Figure 1 shows that values of hu,imax for 2 =  0 are higher than 

for 2 =  |h. As already described, the acceleration for 2 =  0 is higher 

than that for 2 =  |/i, consequently for 2 =  0 is higher as well.

However, Figure 1 also shows that, as maybe expected when the bund 

is relatively far removed from the original tank position, the difference 

between hu,jmax values for both cases is relatively small. For >  3, the 

front region of unconfined flow is dominated by the vapour-release regime. 

Hence, when the shock height at the bund reaches its maximum, the shock 

flow is effectively dominated by the vapour-release regime, which governing 

equation is the same for both cases. The difference is only pronounced for 

rw <  2. In this case, the vapour-release region at the bund is so narrow that 

the density-change region dominates the shock flow. Hence, the value of 2 

still affects hWimax for <  2, which is caused by a relatively high density
d

gradient —  near the bund when the shock height reaches its maximumo r
( i.e. ).

The conservative and safest approach is always to consider the worst 

case, i.e. to consider the highest estimate for the required bund height. 

Hence, although values depend on the value of 2, in view of safety

and bund design considerations, this work only considers 2 =  0, which gives 

highest hWtmax values.
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Table -I: Results for z =  0 and z =  \h in equation (1) 
________ Vapour-release position iy ___________

z =  0 z =
Time G k =  0.01 G k =  0.10 G k =  0.01

oÖII0

0.20 1.302 1.305 1.302 1.305
0.40 1.707 1.737 1.707 1.723
0.60 1.960 1.915 1.950 1.908
0.80 2.424 2.148 2.397 2.131
1.00 2.734 2.351 2.722 2.333
1.10 2.881 2.443 2.865 2.424
1.20 3.032 2.529 3.022 2.511
1.30 3.191 2.611 3.167 2.596
1.40 3.321 2.694 3.309 2.671
1.50 3.462 2.762 3.443 2.727
1.60 3.605 2.817 3.589 2.795
1.70 3.734 2.886 3.718 2.846
1.80 3.873 2.925 3.851 2.896
1.90 4.004 2.983 3.988 2.932
2.00 4.123 3.007 4.111 2.980

Front position r̂
z =  0 z = **

Time G k =  0.01 G k =  0.10 G k =  0.01 G k =  0.10
0.20 1.394 1.382 1.394 1.382
0.40 1.772 1.737 1.771 1.737
0.60 2.141 2.085 2.140 2.081
0.80 2.505 2.430 2.502 2.421
1.00 2.866 2.775 2.861 2.760
1.10 3.045 2.947 3.039 2.930
1.20 3.223 3.121 3.217 3.100
1.30 3.401 3.294 3.393 3.269
1.40 3.579 3.467 3.569 3.439
1.50 3.756 3.641 3.745 3.607
1.60 3.933 3.814 3.920 3.777
1.70 4.110 3.988 4.095 3.946
1.80 4.286 4.162 4.270 4.116
1.90 4.462 4.337 4.444 4.286
2.00 4.638 4.510 4.618 4.456
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APPENDIX G

COMPUTER PROGRAMS

Computer programs for non-boiling and cryogenic liquids cases are pre­

sented in the microfiche enclosed in this thesis. There axe three separate 

programs:

• program OVERFW is for non-boiling liquids; unconfined and confined 

flows,

• program FLOCRY is for unconftned flow of cryogenic liquids,

• program CONCRY is for confined flow of cryogenic liquids.

Program FLOCRY is in fact identical to the first part of program CONCRY. 

If only unconfined flow of cryogenic liquids is to be investigated, FLOCRY 

is more efficient than CONCRY, as program FLOCRY needs much less 

computer memory than program CONCRY. Symbols used in all programs 

are described in a separate text file, called SYMBOL. It is suggested to 

read SYMBOL before using the programs.

All programs are written in Fortran and do not need any NAG Library.
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