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Abstract

The precision used in an algorithm affects the error and performaniceliefdual computations, the
memory usage, and the potential parallelism for a fixed hardware budgsteuvdr, when migrating
an algorithm onto hardware, the potential improvements that can be obtajrtedibg the precision
throughout an algorithm to meet a range or error specification are oftmtooked; the major reason
is that it is hard to choose a number system which can guarantee anymadfication can be met.
Instead, the problem is mitigated by opting to use IEEE standard doubleipreaighmetic so as to be
‘no worse’ than a software implementation. However, the flexibility in the nurrdgaesentation is one
of the key factors that can be exploited on reconfigurable hardwateasiFPGAs, and hence ignoring
this potential significantly limits the performance achievable.

In order to optimise the performance of hardware reliably, we require acuehiat can tractably
calculate tight bounds for the error or range of any variable within arrighgo, but currently only a
handful of methods to calculate such bounds exist, and these eitherceatigfitness or tractability,
whilst simulation-based methods cannot guarantee the given error estithiéhesis presents a new
method to calculate these bounds, taking into account both input rangdmigmgrecision effects,
which we show to be, in general, tighter in comparison to existing methods; thimican be used to
tune the hardware to the algorithm specifications.

We demonstrate the use of this software to optimise hardware for variousttag®e to accelerate
the solution of a system of linear equations, which forms the basis of maiWepte in engineering
and science, and show that significant performance gains can beeabbsimising this new approach in

conjunction with more traditional hardware optimisations.
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Chapter 1

Introduction

Arithmetic computation has become a fundamental necessity in today’s digitetysdo order to per-
form any numerical arithmetic, first it is necessary to choose a suitableerusgbtem. Historically,
calculations were performed with the assistance of mechanical objecteand physical size was of
importance, for example, the dimensions of an abacus or the number of @am@harles Babbage’s
difference engine, and consequently the number system would bencaoserding to the desired pur-
pose. However, with the advent of electronic computers, number systerashosen to suit the under-
lying hardware architecture, restricting the choice of number system tedlialzle hardware platforms.
Unfortunately this meant any programmer would have to understand the antsaz the specific target
hardware platform, so in the 1970s Intel sought to stem the tide of numsiensy [134], and this lead
to the advent of the IEEE 754-1985 [77] (and later IEEE 754-2008 Etandard. Since this date, the
subject of number systems has become somewhat esoteric, with hardetarecéures largely being de-
signed according to the IEEE standard and most users in the scientific coghportimmunity choosing
to adopt either IEEE standard single or double precision floating point.

While the adoption of this standard simplified algorithm design for programntéias not removed
the need to create numerically robust algorithms and it has often lead to immogr overlooking
the potential performance that can be obtained by tuning the precisionttusedhout an algorithm to
meet a range or error specification. Even when adhering to this staraataitcrease in precision will
imply a substantial decrease in the performance of the hardware. Asampkx recent figures for the

difference in performance, in terms of peak theoretical floating pointadipas per second (FLOPS),
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between single and double precision is approximately a factor of 1 to 2 f&a[@0], 9 for a graphics
processing unit (GPU) [117] and 14 for the IBM Cell multiprocessoli.[& top of this performance
hit, the memory use doubles when moving from single to double precision, randada transfer to
a hardware accelerator, such as a GPU, will take twice as long. Fovwaglatforms such as field
programmable gate arrays (FPGAS) or application specific integratedtei(&sICs), the choice of
precision will affect many more factors: the silicon area, clock speedhidgtenemory use and data
transfer. As a result, the flexibility in the number representation is one ofahddctors that can be
exploited, as highlighted when estimating the amenability of an application to hardwihe high level
RAT Methodology [75], and hence restricting choice of number systemetdBRE standard severely
limits the potential performance of the device.

Notwithstanding the potential performance benefits, the reconfigurabtevaee community has
largely focused on exploiting the inherent parallelism within algorithms to aehs@ynificant perfor-
mance improvements over general purpose processors (GPPs)itlatitamotable exception of digital
signal processing applications [36], most approaches opt to use sEBHard double precision arith-
metic so as to be ‘no worse’ than a software implementation. However, thesayisamantee that this is
the case because floating point operations are not associative apdratlglism may affect the order of
the operations. Similarly, there is a large amount of literature that obtairerpenfice improvements by
moving from double to single precision, examples include [3, 132], baetyas this move accompanied
by a proof of the numerical stability. Ideally, one requires an automated maghzadculate a proof of
numerical stability when using single precision for any given algorithm tarenis would still work in
practice, but any such method could similarly be used to calculate a protifdominimumprecision
required to meet a given accuracy. As such, we believe any compafimand be whether one can
guarantee a given design criterion can be met, as opposed to implementirguivedent operations
of software in hardware; such a design criterion may be an error gergpecification so as to ensure
convergence or a given safety margin.

The reason that, to date, such comparisons are rarely made is that therknewn method that
can calculate tight bounds for the error or range of any variable withialgorithm, given that they

are affected by both input ranges and finite precision effects. Finitaspra effects are the errors that
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occur due to rounding, which is often required in order to represdoesaising the chosen number
system. Whilst the error introduced by the rounding of any single value maynall, over the course of
an algorithm the accumulation of these errors can cause a significantiole¥iam the nominal result,
and this could impact issues such as the convergence of a computaticortudaetely, the analytical
tools to estimate this error trade quality of bounds for execution time, with the existhods lying
at the extremum of this spectrum, while any simulation-based method canmanhtpeathe given error
estimate.

In this thesis, we attempt to create a tool capable of calculating bounds cemthe or relative error
for a variable in an algorithm that are, in general, tighter in comparison ttreximethods and provide
a much greater control over the tradeoff of execution time for quality ohtdseuSuch a tool would help
the community to perform any performance comparison in terms of meetingradggign criterion, as
opposed to implementing the equivalent operations of software in hardwarthermore, calculating
tighter bounds than existing analytical methods will help create hardwaréwbies less silicon area
and satisfies the same design criterion, while providing some level of caveolthe execution time
tradeoffs is important to ensure that the approach is applicable to both srdddrge designs, as well
as being of interest within optimisation tools which require repeated calculatfdtinds to minimise

the individual word-lengths within a hardware datapath.

1.1. Thesis organisation

Chapter 2 introduces the reader to the subject of hardware acceleshtitgorithms and the potential
performance benefits that can be obtained by tuning the precision usedhbut any hardware accel-
erator. It then discusses the existing techniques to calculate bounds mngeeor relative error on
variables within an algorithm, and the optimisation tools which make use of thesgdeeh to auto-
matically create hardware designs with minimal silicon area that meet a desgigd dpecification.

In the next chapter, we illustrate how to accelerate algorithms using hardimarugh the use of
a case study: the solution to a system of linear equations using the MINRB®taig Within this

chapter, we adopt a variety of the techniques we discussed within theysahapter along with some
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application specific improvements and optimisation techniques. Altogether,ometshse can be used
to automatically generate hardware that makes the best use of the available aika whilst taking

into account important considerations such as efficiency of hardwatd/@ bandwidth to create a
parameterisable hardware accelerator with high sustained performati€EEN754 single precision
floating point. We subsequently discuss the impact of precision on this tabeia terms of error

and potential performance gains to illustrate the need for the developmi tafols we create in the
remainder of this thesis.

Chapter 4 is where we introduce our new approach to calculate the bonrile cange or relative
error within of a variable in an algorithm. Our approach is based upon magl@iiut ranges and finite
precision errors using a multivariate function, and computing bounds omihiis/ariate function. As
such, in this chapter we introduce the notation and models of error thasedehroughout this and the
subsequent chapter, along with a description of the various relaxafwoaghes to calculate bounds on
a multivariate function, including the theory behind our new approach. \&fe dlescribe our heuristic
based upon this theory to calculate the desired bounds. This chapteealsastrates how our approach
can be used to optimise hardware circuits for small computational kernelglbas highlighting the
limitations preventing it from being applicable to a general problem.

The focus of Chapter 5 is to address the main limitations of the previous clraptgmotably improv-
ing the scalability of the approach to ensure it is applicable to real algorithrugling any elementary
functions. In this chapter, we also highlight that while many of the existingytioal tools may scale
to larger problems than the approach we introduced in Chapter 4, their cdrapat@omplexity mean
that they will still struggle to compute useful bounds for real algorithms incatde time. We therefore
discuss a new approach in this chapter which is not only much more scalablghthexisting methods,
but also has some level of control over the trade-off of execution timgufality of bounds, and is still
capable of finding bounds that are tighter than the existing analytical agipes. We once again demon-
strate how this can be used to create hardware designs using less siiadhar existing methods on
some simple case studies, including a small instance of the MINRES algorithnirglos to relate
these tools back to our analysis in Chapter 3.

In the final chapter, Chapter 6, we summarise the work and introducetiabtavenues for future
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research based upon the findings of this thesis.

1.2. Statement of originality

The three main original contributions of this thesis are each contained withithededicated chapter.
Within the introduction section of each of these chapters, we discuss ttribations in greater detail;

we give a summary of the main contributions here:

e Anovel architecture for the acceleration of the MINRES algorithm. Thitfes an illustration of
how hardware techniques including parallelism and pipelining can be cochbitieoptimisation
tools and application specific considerations to create an efficient aathptarisable hardware
accelerator with significant performance improvements over softwakeelas a discussion of

how precision can affect this performance. (Chapter 3, [11,12, 14]

e Formulation of a new analytical technique to calculate bounds on the rangkative error on a
variable in an algorithm, and the discussion of how this can be used to ceraigdre designs
using less silicon area than can be achieved using existing analytical teebnighilst meeting

the same desired output specification. (Chapter 4, [13, 16])

e The development of a scalable framework to calculate these bounds forlarger algorithms

than existing analytical techniques. (Chapter 5, [15])

1.3. Publications
The following publications have been written during the course of this thesis:

e An FPGA-Based Implementation of the MINRES Algorjtbravid Boland and George A. Con-
stantinides, in Proc. Int. Conf. on Field-Programmable Logic and Applicsitipp.379-384,
2008.

e Optimizing Memory Bandwidth use for Matrix-Vector Multiplication in Iterative Metsh David

Boland and George A. Constantinides, in Proc. Int. Symp. on AppiedriRigooable Computing
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(ARC), pp.169-181, 2010//inner of the best paper award

e Optimizing Memory Bandwidth Use and Performance for Matrix-Vector Mulibn in Iterative
Methods David Boland and George A. Constantinides, ACM Transactions onriRgooable

Technology and Systems, vol. 4, no. 3, pp.22:1-22:14, August 2011.

e Automated Precision Analysis: A Polynomial Algebraic Approdaghvid Boland and George
A. Constantinides, in Proc. Int. Symp. on Field-Programmable Custom Corgputichines
(FCCM), pp.157-164, 2010

e Bounding Variable Values and Round-off Effects using HandelmareBeqationsDavid Boland,
George A. Constantinides, IEEE Transactions on Computer-Aided Desigitegrated Circuits
and Systems, vol. 30, no. 11, pp. 16911704, November 2011.

e A Scalable Approach for Automated Precision AnalyB&vid Boland, George A. Constantinides,

to appear in Proc. Int. Symp. on Field-Programmable Gate Arrays (FPXBAY.
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Background

The focus of this thesis is the development of automated numerical analysisgees to accelerate
hardware; in this chapter we discuss related work to help place our wartintext. To this end, we
first provide a broad overview of techniques used to accelerate algarithith hardware. Within this
discussion, we highlight that numerical aspects are an important factonsider when trying to max-
imise the performance of any custom accelerator for a fixed silicon budigetubsequently explore the
existing tools and techniques available to optimise hardware with respect taioahpeecision.

When discussing techniques used to accelerate algorithms with hardw&esxtion 2.1 we restrict
our focus to a single problem domain: the solution to a system of linear egsiadien= b using
the conjugate gradient algorithm. This particular field is of interest bediessolution of a system
of linear equations forms the basis of many problems in engineering ances@ed there are many
algorithms to find this solution which are very amenable to modern hardwarigeataires. As a result,
this field has attracted a large number of publications regarding harde@eteeation, and consequently
will encompass many of the techniques used throughout hardware ratoede This section is also of
interest for comparison purposes against the work we present in€f&pvhich presents a case study
of the use of hardware to accelerate the solution to a system of linear etpuatio adopts many of the
techniques we discuss in this background chapter.

When discussing tools to optimise the precision used in an accelerator, ivdefigibe fixed and
floating point number systems to illustrate the source of numerical error,emeatialyse the techniques

which can be used to perform automated numerical analysis in Section @@ Wwe discuss the higher
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level tools which make use of these techniques for wordlength optimisaticanfonplementation of
a hardware accelerator in Section 2.2.2. While the work which we preséitapters 4 and 5 of this
thesis can be seen as an alternative to the numerical analysis techniguesljeve it is important to
consider how the techniques we develop could be incorporated into exigtitkgo develop high level

tools which could make the best use of the hardware available.

2.1. Hardware acceleration of the conjugate gradient algorithm

2.1.1. The conjugate gradient algorithm

In this section we analyse hardware accelerations of the conjugatergrédi@) algorithm [62]. This
is an iterative method to find the solution to a system of linear equations, with ¢hel@sode for this
algorithm given in Figure 2.1. The reason we have chosen this algoritlincase study is because the
algorithm is very well suited to custom hardware accelerators. Firstly, thisdguse no complex oper-
ators, such as a square root, are required; with reference to Figyrta@ CG algorithm only consists
of addition, subtraction, multiplication and division operations. Furthernimeause most of these are
vector-based operations, which we have highlighted using bold font iré&®1, the algorithm is very
compute intensive, and this means there is a large amount of room to obtainrzerce improvements
through parallelisation of these operators. Figure 2.1 also highlights thahtheonditional operation
is checking whether the output criterion is satisfied, meaning there aremmpleo control overheads
with this algorithm. Finally, it also illustrates that there is little data transfer: only thetimatrix A
and vectord andz need to be loaded onto the accelerator, while there are potentially manyiopera
in the internal loop, most notably those originating from the repeated matcbovenultiplication.

The conjugate gradient algorithm is also of interest because precisica lbege impact on the con-
vergence of the algorithm, as we will discuss in Section 2.1.6, meaning tHatrmpance benefits of
reducing precision could be countered by a slower convergence A#ttegether, this means that the
goal of maximising the performance of the conjugate gradient algorithm i®d gase study to high-
light the trade-offs between precision and finite precision errors. Fjrtally algorithm is of interest

simply because of the large amount of literature on various hardwaréeeataens of this algorithm, a
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Input :  Matrix A, Vectorb, error tolerance.,
Output : z Such that| Az — bl]2 < e.4|0]|2
/I In this figure, vector variables are represented using bold font
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Figure 2.1.: Conjugate gradient algorithm [97].

result of the factors we have just described, meaning that it is a goedstiady to examine the general

techniques used in hardware accelerators.

2.1.2. Hardware technologies

The main forms of hardware that can be used for general computatio@esateal Processing Units
(CPUs), Graphics Processors (GPUs) and Field Programmable GalygesARPGAS). CPUs contain
instruction sets allowing them to perform multiple instructions and are desigriatptement a set of
sequential instructions at maximum speed. The performance of CPU4) Wwdiicbeen growing with
Moore’s law, as well as their ease of programming have seen them bectimingpst commonly used
form of computational hardware. However, though the ability to perforrtiphe instructions is useful
in general, for specific applications this architecture is not necessardyadet has limited parallelism.
Inrecent years, this limit in parallelism is being countered by the trend acd@simg the number of cores,
but the level of parallelism available in CPUs is still significantly less than in ctimpeeconfigurable

technology [21]. Furthermore, as this trend is relatively new, the proloEhrow to program these
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processors to make best use of their cores will soon arise [143].

GPUs, whilst traditionally created for manipulating visual graphics, hagentty seen that their
hardware architecture can exploited in many other designs. The GPU atghéteonsists of many
dedicated floating point components using a shared memory that can benyssdllel and heavily
pipelined. Together this allows for very high floating point performancerégu Furthermore, with
developments such as NVidia's CUDA [65], they also have a simple envinointmeaid parallel design.
Unfortunately, the architecture of GPUs means the performance gaimsaarky limited to applications
which consist of many threads performing the same operations (SIMDB).[11

FPGAs consist of configurable logic blocks and specialized componactisas multiplierssBRAMS
or even soft-core processors, all held together by some sort ofggnogable interconnect [4, 20]. The
configurable logic blocks consist of look-up tables (LUTs) which cardiigured to implement any
sort of logic or RAM. Altogether, this architecture provides the flexibility to inmpéat an entire cus-
tomised datapath. This may include customising the precision to trade aredaymaarce for error,
where we note that an FPGA can implement any precision directly in hardwdilee CPUs and GPUs
which are largely limited to single and double precision floating point, or custogntbim chosen de-
gree of parallelism, where the amount of parallelism is limited by both the size afetfiee and the
chosen algorithm. This makes it possible to obtain high performance, ofterawitimificantly lower
power consumption. The major problem with FPGAs is that they generallytramaich lower clock
frequency than CPUs and GPUs and thus to outperform these techisplBBi@As must implement a
sufficient level of parallelism to combat the lower frequency.

As there is a large amount of parallelism in the conjugate gradient algorithdrit Bnot generally
SIMD, FPGAs should provide the best reconfigurable hardware phatfo explore the improvement

available through parallelism; in the rest of this section, we analyse varaydgvare implementations.

2.1.3. Conjugate gradient on sparse matrices

The work by Morris et al. [109-111] is an implementation of the conjugateignafor Sparse Matrices
on an a SRC-6 (a hardware platform which contains a two Intel Xeorepsoes and two Xilinx |I-

6000 FPGAs). This work identifies that within the conjugate gradient algorithhe matrix-vector

10
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multiplication occupies the largest computation time. It therefore acceleratesihgthe two FPGASs,
with a major focus on taking advantage of the matrix sparsity - i.e. avoiding multiplitsaby zero
elements.

In order to minimise the number of multiplications by zero, the matrix is stored in aadpecnat -
‘Compressed Sparse Row (CSR) format’. This consists of storing atlteomvalues of the matrix, an
index to the column the value lies in, and an index for when each new rowshagdging this it can match
a matrix value with its corresponding vector element and then perform the muatiplic The circuit
to match and multiply these elements (F1 in Figure 2.2(a)) is parallelised as muohksilsig, and the
results summed with an adder-tree. Due to the limited I/O bandwidth however ahfeenot necessarily
enough parallel multiplications for an entire row, and therefore a ‘padiaisation unit’ (often known
as a ‘reduction circuit’) was used to sum the portions of the matrix-vector ricdtipn for each row (F2
in Figure 2.2(a)). Further work from the same author showed that by adilifferent partial summation
unit (Figure 2.2(b)), which both had a better scheduling and reduceeMBfRquirements [109, 110],

the maximum matrix order and performance could be significantly increased.
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celerator [111] Circuit [109, 110]

Figure 2.2.: Sparse matrix-vector accelerator. Figure taken from.[111]
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Sparse matrix vector multiplication (SpMxV)

Whilst the work by Morris et al. implemented the conjugate gradient algorithnthencombined
FPGA/Xeon hardware, the FPGA itself only implemented the matrix-vector multiplicatiurther-
more, the aim in this work was to obtain the best results using high-level syattools, and it is
acknowledged by the author that one may expect to achieve better reghlsdfrcuit was designed
at the HDL level. Such speculation was subsequently confirmed by a largera of general research
dedicated to Sparse Matrix times Vector (SpMxV) multiplication using FPGAsgbh from several
authors. The two main factors that distinguish these approaches are thelrieesitore the matrix and
how the on-chip RAM is utilised.

At one extreme is the work by El-Kuréit al.[50, 51], which implements a streaming approach such
that the ‘stripes’ containing the non-zeros for the matrix and the vectdneddein off-chip RAM and
streamed through a set of processing elements, with one processing teflerresch stripe to achieve
the maximum parallelism. The advantage of this approach is that due to the styeshire, it stores
little data on chip, meaning the available on-chip RAM is not an issue and it canatepon arbitrarily
large matrices, provided that there is sufficient off-chip RAM. The diaathge of this approach is that
the maximum number of stripes and hence the maximum parallelism is limited by the |6Wil&m
to a 1.76 single precision GFLOPs peak on a Stratix S80 or a sustained lémiegsion GFLOPS.
In general, streaming approaches are desirable because theylabdesiwaarbitrary problem sizes, but
their potential performance is limited both by the 1/O bandwidth and the quality tohvthay perform
any caching of input data.

The work by Morris et al. [109-111] is similar in that it streams thenatrix from off-chip RAM, but
by storing or caching the vector on chip, itis possible to achieve a higinlerpence as it does not need
to wait for the correct vector element. Zhuo et al. built on this work [188,main improvement is that
it considers in more detail how to match matrix and vector elements for multiplicatidastribes how
a basic structure for the partial matrix-vector circuit (Figure 2.3(a))lmmnave, as at the end of the
row one would have to zero pad - adding unnecessary overheadkevdowy so-called merging - which
involves breaking up this partial matrix-vector multiplier into two (Figure 2.3#n)J re-using a subtree

to perform for a partial multiplication of half the size, the amount of zero pagdould be reduced.
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Figure 2.3.: Partial matrix-vector multiplication circuit. Figures taken from [161

Zhuo et al. [160, 161] went on to explore reduction circuits at HDL legelen that the work by
Morris et al. showed that improving the partial summation unit could substaritiafisove the overall
performance. In this work, they consider in detail the problem of attemptisigrtoserial input data, with
the difficulty arising from the fact that floating point adders contain pipslimglying it is not possible
to perform a simple loop based accumulator due to data hazards. In thems,pseveral methods
for reduction circuits are proposed (Figure 2.4), with each havingrdiiteRAM/LUT requirements,
and using different scheduling methods to make optimal use of RAM and tter aipeline to store
results. The main result of this work is that it is possible to significantly retheeircuitry required
for a reduction circuit as opposed to a@vetree based approach. Unfortunately these savings cannot
be translated into increased parallelism (by performing dot-products on muitite of the matrix
simultaneously). This is because the performance of SpMxV was limited by@heaindwidth to load
the A matrix onto the chip as opposed to the silicon area available on a chip. Indbiel there are
many alternative publications of SpMxV or reduction circuits, the focus e$ehpublications is on
clock frequency, silicon area use or ease of implementation. For exampik,by Sun et al. [140]
shows that matching and multiplying circuits in CSR format and using a singleradator followed by
a reduction circuit similar to Figure 2.4(b) to sum the results inside the pipelitteecccumulator can
easily fit on a chip and have a high operating frequency. They alsottai\t is not necessary to design

a specialised reduction circuit for different matrix parameters, but natepirformance is still limited
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by 1/0 bandwidth. This is problem is unlikely to change in the future FPGAsalige the previous
trends have seen the compute capacity grown faster than the 1/O bandwidth.

DeLorimier and DeHon [47] acknowledge this problem and create an imptatimmwhich similarly
targets sparse matrix-vector multiplication for matrices stored in CSR format®gpecifically aimed
at accelerating this function within iterative methods. This operation is spesitle same matrix is
used for every iteration, as seen in Figure 2.1, and hence this appsogghsts loading the matrix
into on-chip embedded RAM once, from which it can be re-used multiple timesiajlomuch more
parallelism as a result of the significantly higher memory bandwidth. Using thisambeit achieved
a performance of up to 1.5 sustained double precision GFLOPs on a VB2, and showed it is
possible to improve the performance by using multiple FPGAs. However, itasreported that this
performance drops as communication time eventually outweighs computation time asnter of

FPGAs increases, limiting the peak performance to 12 GFLOPs on 16 FPGAs.

2.1.4. Conjugate gradient on dense matrices

A quick comparison between the work by Morris et al. and DeLorimier andddeshows that storing
the matrix on chip can lead to a much greater performance, even with the optispiaeske matrix-
vector multiplication circuits, such as those suggested by Zhuo et al. Thisasigethe requirements
to load this data onto the FPGA creates an |/O bottle-neck (typically determint imumber of off-
chip RAMSs) limiting the parallelism and potential performance. For example, inntpéementation
by Morris et al. this limited the number of parallel multiplications of the non-zeroimea&iues by its
associated vector element to just four. However, both works targetespaatrices and use CSR. While
this allows them both to target large matrices, the cost of matching matrix and eéeteents before
multiplication and summing vectors of unknown size significantly reduces thetmtperformance
achievable.

The work by Lopes et al. [95, 97] takes a different approach. knawledges that new FPGAs
have much larger memories and the floating point support has improvedjieated by [146]. This
work then explores the maximum performance (in terms of FLOPS) that canhieved on an FPGA

implementing the conjugate gradient algorithm on a dense matrix.
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The performance is maximised in two ways, first by having a fully parallelisgepbbduct core
(Figure 2.5) and secondly by ensuring the pipeline remains full through rexitiig several problems
into the circuit. Maximising the use of the pipeline ensured the sustained penfice remained high,
whilst the fully parallel dot-product circuit helped reduce the latency Bactor of N, whereN is the
order of the matrix, because the matrix-vector multiplication could be perfonmige pipeline of this

component.

UNITS n UNITS n-1
DEPTH ©O(1) DEPTH ©(log, 1)
"MULTIPLER SUM REDUCTION TREE

Figure 2.5.: Fully parallel dot-product circuit. Figure taken from [95].

However, the cost of this fully parallel circuit was that in order to ensheecircuit has sufficient
data, it must store the matrix on the FPGA itself. Though it was shown the matild be loaded
whilst solving previous problems, meaning the 1/0 delay would not impactisest@erformance, the

BRAM available on the FPGA limited the maximum matrix order.

2.1.5. Conjugate gradient on structured sparse matrices

Comparing the main findings of the work by Lopes et al. with that of Morrid.etlee performance
of an FPGA implementing the conjugate gradient method could be maximised bygstegimatrix on
the FPGA as opposed to off-chip, at the cost of the maximum order of théxrbaing significantly
lower. However, when comparing these two works, it is important to remethbeone is a solver for

dense matrices and the other for sparse matrices. Given sparse matebs saed not operate on or
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store any zeros in the matrix, if the FPGA implementation storing the matrix on chipleggned for
sparse matrices, one would expect to be able to operate on larger ortieemaA structured sparse
matrix can be used to help examine the potential savings of not holding ferdke regular matrix
structure makes it simpler to implement any parallelism, as opposed to the ggrems# solvers using

CSR which must match matrix and vector elements on the fly.

Banded sparsity

One example of a structured matrix is a banded matrix. A banded matrix is a staisfparse matrix

of the form (2.1), where the non-zero elements are within some knownal@ifch» from the main

diagonal.
a’ll DRI alM 0 DRI DRI DY O
a1
0
(2.1)
0
AQ(N-M)N

O DRI DY .. 0 aN(N—M) DY aNN

Using banded matrices, it is possible to reduce the size of the dot-prdduut to only perform a
parallel multiplication the size of the band. This is an approach taken by theraftthe dense matrix
solver [96], and this shows that the maximum order can be extended todmeled from 92 in the dense
case to 236 in the banded case for a thin band size of 5. However thisontyrkmplemented a basic
architecture which performs parallel multiplication for the size of the bandstbtes the entire vector in
registers meaning that resource use still grows with matrix order, limiting thetetmaximum matrix

order of the hardware.
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Domain decomposition

A different approach to take advantage of sparsity is to break dowaraesmatrix into smaller dense
matrices. One approach by Hu et al. [76] uses a domain decomposition mehiadisvdesigned for
finite element matrices to break down a large sparse matrix into 12 indepgrutans. These portions
can be stored on the FPGA and operated on in parallel. Each of thesenpodduire a matrix-vector
multiplication which can be done in parallel, each using a reduction circuit. Ukiaglecomposition,

this method scaled to very large sparse matrices (orders up to 48000).

2.1.6. Improving performance by moving away from IEEE 754 sin¢e and double

precision

The main emphasis of the above hardware implementations of the conjugaiengeddorithm have
been on maximising the performance in terms of FLOPs or maximising the scalabiliginfyie or
double precision floating point implementations. However, as FPGAs havk graater flexibility in
how to implement floating point operations than CPUs and GPUs, there hasbe® research into

exploiting this flexibility. This section examines several of these techniques.

Fused floating point datapaths

The main reason behind the high performance of the dense or strucpanesa slesigns is that the fully
parallel dot product circuit, as seen in Figure 2.5, consists of a langbauof floating point operators
that are used in parallel and fully pipelined. However, as shown in F@érdloating point components
operate in three stages: normalisation of the input operands, a fixedopeiration, and then renormal-
isation of the result. In a large datapath, such as the dot-product cirari, whll be normalisation and
renormalisation at every stage of the accumulation, meaning that removingittisdre could reduce
overall latency and save silicon area, which would allowing greater raomdrallelism or the ability
to solve larger problems in the case of structured sparse conjugatergnadiblems. This approach is
taken by several authors [44, 89, 98].

However, removing the normalisation stages will only provide an equivaéstlt to that from a

circuit consisting of IEEE 754 compliant operators only if it is knowipriori that no normalisation
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Figure 2.6.: Floating point operators, highlighting additional hardware to imglen@malisation and
renormalisation. Figure taken from [98].

will be performed. If normalisation is necessary, in order to avoid thig gire precision of the internal
fixed point operation must be increased to account for any shifting ofissas. Choosing the minimum
internal precision necessary for a fused datapath involves rangisisnavhich is one of the problems
that is the focus of this thesis. Indeed, this highlights another potentiaf tise techniques we describe
in Chapters 4 and 5. In [44], it is demonstrated that the savings from sinfieic choice are still
significant, while in [98], simulation is used to choose the best implementationhwhkiee will see in

Section 2.2.2, provides no guarantee that the hardware will performsasd.

Mixed precision solvers

While attempting to emulate single or double precision floating point over a fusagath can obtain

area and performance benefits, it is questionable whether single odedmeaoision FLOPs is indeed
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the best method to compare the performance of an accelerator. An altermagiric would be the
overall execution time for the hardware accelerator to converge to thectaolution of the system of
linear equations. This metric is especially important with iterative algorithms, asiche conjugate
gradient algorithm, because the precision used throughout the algothmirectly affect the rate of
convergence.

This reason for this is that in infinite precision, the conjugate gradientitigoworks by construct-
ing an orthogonal basis vector for the so-called Krylov subspaceefezy iteration, and aftew iter-
ations this constitutes the entire subspace from which the true solution cauofek fHowever, when
using finite precision, the basis vectors lose orthogonality [64, 106, T”¥i¢ effect this can have on
convergence is significant, as seen in Figure 2.7, which shows theadedreresidual over iterations
based upon a matrix of sizZ€ = 30 with large well-separated eigenvalues. The dashed line contains
re-orthogonalised vectors (imitating infinite precision) with the solid line regtasg finite precision
(IEEE standard double precision). Clearly the solid line requires many iteegions to reduce the
residual significantly.

While this graph implies it is desirable to use as high a precision as possibleitvathe fastest
convergence, lower precision hardware can achieve a much higtiermpance in hardware, and uses
less silicon area allowing the potential for much greater parallelism. As a rdseig has been some
interest in optimising this trade-off, with two main techniques suggested: mixe@ispyn schemes and
word-length optimisation.

In mixed precision schemes, the general idea is to perform operationswenpoecision to find an
approximate solution, and then use the result as an initial guess to find acoarata solution in higher
precision. Strzodka and@deke [139] show that by performing this repeatedly, using a low poecis
conjugate gradient algorithm in an inner loop to find approximate solutiondwenethen refined in a
high precision outer loop, it is possible to perform most of the operationsaiarlprecision and only
a few operations in high precision, albeit with a slightly higher total numbepefations, and obtain
equivalent final results to an implementation only using high precision. Betaat. [22] and Langou
et al. [90] showed that doing this on a general purpose procesibrsiwgle and double precision as

the low and high precisions respectively, can achieve performaneelspg@proaching those of a sin-
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Figure 2.7.: Comparison of the reduction in norm of the residual for a matrotder N = 30 over
iterations between finite (IEEE standard double precision, solid line) amdtéRrecision
(dashed line) [106].

gle precision implementation whilst achieving results equivalent to a doubtésjme implementation.
Geddes and Zheng [60] and Sun et al. [141] show similar results fardift iterative algorithms, with
the latter implementing the lower precision algorithm on an FPGA, and as this f8rigries faster
than the equivalent double precision implementation, it is possible to gain acigmidiverall speed-up.
Chow et al. [29] similarly show performance gains of ud 607 x over a CPU for function comparison.

In word-length optimisation, the aim is simply to choose a single global wordHethgt optimises
the trade-off of performance and number of iterations. Related workdaslthat by Lopes et al. which
examine this trade-off for the conjugate gradient algorithm in [99] andeduot-product circuit [98],
and Wang et al. [149] who created a reduction circuit based upon tHebhy@huo et al. to investigate
the savings that could be achieved by varying precision using a librasiajeed in northeastern uni-
versity [7], and this showed that the size of the circuit could be redunmgbptionally with precision,
allowing for much more parallelism.

However, it is important to note that all of these results are based upon sonylaeaning that for
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any input to the accelerator, in the case of the mixed precision schemesjsimer guarantee that the
lower precision computations will move towards the solution, and in the case wfdtd-length optimis-

tation schemes, there is no guarantee that the chosen precision is sutificehieve convergence. The
work we present in this thesis in Chapters 4 and 5 aims to create analyticks tesaid such designs,

as such, we will discuss word-length optimisation in general in greater detdction 2.2.3.

Different number systems

Finally, it is worth noting that further improvements can be obtained by usiferdift number systems
than floating point. These include a rational number system used for thegete gradient solver
in [105], which has been shown to work with significantly larger ordersders of up to 1024 for
a band of size 5 system, despite working with a significantly older FPGA (withhnegs on chip
RAM) and a logarithmic number system for the conjugate gradient method 2@pever, both rely
on simulation to choose the number of bits for their number system, and onice thigcould create
unreliable hardware. The study of different number systems is beyenscthpe of this thesis, but it
is worth noting that choosing a custom representation using any numhemsyall still rely on some
range analysis or relative error analysis to make the best choice ddipre¢he work we present in this

thesis in Chapters 4 and 5 help to provide bounds to aid such choices.

2.1.7. Summary

Overall, this section has highlighted several techniques used throutiieoliterature to accelerate the
conjugate gradient algorithm using hardware. For completeness, thigethe above approaches have
all been based upon FPGAs (a result of the suitability of the algorithm forteébtmnology as argued
in Section 2.1.2), it is important to consider the other technologies. Seettsd papers discuss the
performance improvement relative to a CPU, but not to GPUs. As a residtjnitportant to briefly
consider GPU implementations. One such implementation is seen by Bolz et &r[4@F&rse conjugate
gradient. Whilst details of the work will not be heavily described, it is sigfitto say a large amount of
work has been put into mapping the instructions into a SIMD style. Using thioagpip, the speed-up

is relatively low compared to a CPU, and this improvement is smaller than hasheen for FPGAs.

22



Chapter 2. Background

The main performance limitation for the GPU is due to cache thrashing; we natihithalso affects
CPUs, for which it has been shown that when it is possible to hold most of #ie A matrix in the
cache of the processor the performance in software can outperfatrofithe FPGA [111].

In terms of the FPGA accelerations, the main factors which have been \adgedtie use of mem-
ory, which has consequences on the amount of parallelism, and the cfigiezision. With regard to
precision, we have discussed how performance gains by varyinglenogth or through using mixed
precision schemes can be obtained, but these improvements have alblsedroh simulation, and this
may result in unsafe hardware, an issue we attempt to address in this tineens of the memory
and performance trade offs, Table 2.1 highlights the main points of intemresa€h of these implemen-
tations to help show the major differences between the approaches. Inbieisttee main reason for
the difference in performance is the choice of whether or not to usehgffRAM and also whether to
operate on sparse matrices. Using off-chip RAM to hold the intermediatksesables larger matrices
to be held, but the 1/0 requirements to load onto the FPGA creates a bottl€tpeicially determined
by the number of off-chip RAMs) upon performance and efficiencyicslty leading to low speedups,
as shown in Table 1 for [46] and [145]. Sparse matrix solvers canldandch larger matrices as it is
not necessary to hold or operate on any zeros in the matrix, but refiresthe matrix using a sparse
format (such as CSR) is likely to add significant overhead, and this isceseary for dense matrices or
matrices with structured sparsity. For these matrices, it is possible to havesinyaler datapaths, al-
lowing potentially greater performance. However, to take advantage gie¢hisrmance, it is necessary
to overcome the I/O bandwidth restricitions to load data on-chip; this can levadiby using the large
embedded memories on modern FPGA devices, which now have the capacitfetddrge matrices on
chip. However, we acknowledge that the choice of this trade-off willafrse depend on application,
for example, if the matrix is sparse, though the dense matrix solver would stilhadbhigh performance
in terms of FLOPs, this would include unnecessary multiplications.

We use the discussion in this background as inspiration for our case ist@lyapter 3. We first
examine how much of the hardware techniques used in the work on aticgjdélee conjugate gradient
algorithm and matrix vector multiplication can be easily generalised in hardwanthéo iterative al-

gorithms, in our case study, this is the MINRES algorithm. It then expandssaessncluding how to
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Table 2.1.: Comparison of floating point linear solution methods.

Method Year GFLOPS| Vs. Software  Max Ofr- Sparsity | Off-chip Device
der RAM

SpMxV [51] 2006 1.76 0.5xvsP4 | oo Sparse| Yes Stratix S8
SpMxV [47] 2005 | 1.5double 0.& vsP4 | Large Sparse  No Virtex |
SpMxV [47] 2005 12 double 4 vsP4 | Large Sparse  No &/irtex Il
SpMxV [162] 2007 2.88| 3 vsltanium2 | Large Spars¢  Yes Virtex Il
CG [105] 2005| 0.27 equiv] N/A| 1024 Banded No Virtex2-Pfo
CG [105] 2005 15 equiv N/A| 3500 Banded No Virtexd
CG [23] 2006 0.91 >1 | Large Sparse  No Virtex |1
CG [111] 2006 N/A 1.3x vs. Xeon | 2000 Spars¢  Yes x¥irtex Il
CG [111] 2008 N/A 2.4x vs. Xeon | Large Sparse¢  Yes x¥irtex Il
CG [76] 2008 N/A 40x | 48000 Sparse  No Virtex 4
CG [97] 2008 35 28x vs. Opteron| 58 Dense No Virtexb
CG [96] 2008 N/A 10x vs. Opteron| 236 Banded No Virtexb
CG [96] 2008 32 N/A| 92 Densg No Virtex§
CG [17] 2003 N/A 2x | Large Sparse| Yes GPU

best make use of hardware, design for optimum throughput, determiniepigdepths, and determine
exactly how efficiently does the accelerator use the available hardwaralsd/examine in greater detail
the memory and performance trade-off which we have highlighted in this seagtithe main difference
in the performance, attempting to find ways to obtain greater control overakis-tff, as well as ways
to maintain high performance to larger matrices, given that this will be the casany problems in
scientific computing. We achieve this by exploring what matrix characteristicde exploited to fur-
ther improve the performance and make best use of FPGA resourcedly,Rime issues of designing
mixed precision solvers serve as inspiration to the work in this thesis in Chapterd 5 which work
towards more analytical solutions to aid these designs. We also note thatv@lPtdguire many of the
same considerations as FPGAs with regard to making choices between dodldimgle precision, for

example, similar analysis for mixed precision schemes have been perfaom@&ts [61].

2.2. Optimising numerical precision within hardware

2.2.1. Number systems

In order to optimise the precision in hardware designs, one must choaselaen system to ensure
the errors as a result of using a given finite precision representatioritfign\a threshold. To this end,
we first introduce the errors that can arise from the use of fixed aatirftppoint number systems,

before we discuss the techniques to track the accumulation of errorseuhpany large errors, as well
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as the tools which apply these techniques to automatically minimise the silicon arexioriseathe
performance when designing hardware that meets an end users’ detdga.

In order to highlight the errors that result from the use of finite precisigihmetic, we provide a
brief background of binary fixed and floating point number systems. &Ve hestricted this discussion
to these two number systems because these are the two most commonly nur@res,sgsd as such,

our research in this thesis is focused on improving hardware design mrthesber systems.

Binary fixed point arithmetic

Binary fixed point represents numbers using a fixed number of integkfractional bits. Negative
numbers can either be represented using a two’s complement notatiotigeead magnitude notation.
The advantage of a fixed point number system is that the operators candhemore simple than their
floating point equivalents, as we have seen in Figure 2.6. The disadeastthat if the dynamic range
of the intermediate variables throughout the course of an algorithm is levgk require a large number

of bits to represent, and this would result in very large hardware.

Roundoff Overflow

Figure 2.8.: Number line for a 5 bit unsigned fixed point representation withicEional bits.

There are two sources of error in fixed point: overflow and rouridedferflow occurs when the result
of an operation requires more integer bits to represent than are prefemnhumber system. Round-off
error occurs when the result of an operation requires more fractimisalo represent than are present
in the number system. We highlight these errors using a number line for a Bdigned fixed point
number in Figure 2.8, where the vertical lines are representable nurabgtling to the right of 7 will
be an overflow error, and any of the whitespace between vertical Bpesgents round-off error. While
overflow can result in a large difference between the representelt aesl the true result and must be
avoided, the maximum rounding error is less than the least significant bit,imgeiduis small and in
many cases may be tolerated. However, over the course of an algoritimdjmg errors can accumulate

to cause a significant deviation from the true result, and this may affeesissich as the convergence
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of an algorithm, as we have seen for the conjugate gradient algorithmioi$2cl.6.
As a result, when designing a hardware accelerator, the aim is to enaticyénflow does not occur
and that the accumulation of errors lies below a threshold stated by the algakitbigner, using the

minimum number of bits necessary, to restrict the size of the fixed pointtopgra

Binary floating point arithmetic

With binary floating point arithmetic, numbers are represented using a siganbit;-bit mantissa and
ae-bit exponent as shown in (2.2). In contrast to fixed point, the exgadkxws this representation to
have a much greater dynamic range, the main cost of this is additional hraryeerform normalisation

of input operands.

x = £2° x 0.b1b3...bip, b; € {O, 1} (2.2)

Underflow Roundoff Qverflow

Figure 2.9.: Number line for an unsigned floating point representationentherexponent is 2 bits over
the rangd) < e < 3 and mantissa is 3 bits.

In floating point as well as overflow and round-off error, there is atsderflow error. To illustrate
how these errors are different to fixed point errors, a number lineesgjmg the positive numbers for a
binary floating point number system with a 2-bit exponewhich lies in the rangé < e < 3, and 3-bit
mantissa is shown in Figure 2.9. In this figure, numbers greater than 7tdamnepresented, showing
overflow error, somewhat similar to fixed point; to reach larger numbdesgar exponent is required.
The underflow error, which is also a function of the size of the expomantbe seen where numbers
betweerd and0.125 cannot be represented. The round-off error in floating point is affereht to fixed
point, because the round-off errors are a function of the magnitude afdarest representable floating
point value. This can be seen in Figure 2.9 where the round-off evrax fariabler in this number

system is smaller in the region tharb < x < 0.625 in the regions < x < 7. This results in the need
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to model fixed and floating point rounding errors differently, as we wiliseChapter 4.

As with fixed point, overflow error can potentially be very large and musavméded. As the max-
imum underflow error is bounded by the choice of the exponent, genenalwill be small, and as
such, one must design hardware to ensure the accumulation of roiussadainderflow errors lie below
a threshold and overflow does not occur.

In order to prevent overflow and to minimise underflow, it is important toquerfso called ‘range
analysis’ problem which involves ensuring that over the range of ingtat, dhere is sufficient dynamic
range to prevent overflow. However, when optimising word-lengthgrdening the range as a result of
the inputs is only a part of the problem; due to rounding errors it is also impddaerform ‘precision
analysis’, which is typically described as ensuring that the error at ttpugwcaused by the use of a
finite precision, lies below a threshold. In this section, we discuss the extstifgyand techniques to

perform both range and precision analysis.

2.2.2. Tools for range and precision analysis
Simulation

The most straightforward way to estimate an error is through simulation. Thefaamy simulation-

based approach is to find the inputs which will cause the extreme rangesddtdnset. Unfortunately,
the size of the search space for the inputs will generally be too large to exg@tbaustively, meaning
that simulation can only estimate the error because corner cases can be. niigsthermore, while

the quality of the estimate can be improved by increasing the size of the trainiogthe search time
or by using advanced simulation methods, for example statistical profiling {58 representative
training data set [88,99], in either case, the estimate still does not formralbbVe also note that while
it is possible to use methods to avoid precision ereoposterioriat run-time, at a cost of execution

time [127], our goal is to calculate boundgriori so as to design hardware with the minimum precision.

Interval arithmetic

To calculate true bounds for general algorithms, the most well known ticalppproach is interval

arithmetic (IA) [108]. Interval arithmetic represents every value as lyiitgivsome interval{z; 2],
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wherez; andzx, are the lower and upper bounds respectively. The intervals are tbpagated through
the computation according to basic rules, given in (2.3), which calculatacht #tage the new worst

case bound.

[1; 2] + [Y15¥2) = [®14+y15 22 + Y2
[1522] — [y1:92) = [21 — Y2522 — 1] (2.3)
[1; 2] X [y1;y2] = [min (x1y1, oY1, T1Y2, T2y2) ;

max (wlyl, X2Y1,T1Y2, 1’2y2)]

undefined if 0 € [y1; 2]
[21; 2] )
[v1: 92 = [min (%,%, %,%); otherwise

ZTq Xy T o
max (71» R 172)]

However, interval arithmetic suffers from the so-called dependermylgam, where if the same vari-
able is used twice, information is lost. A trivial example is the following: for dalde = which lies
in the interval|x;; z9], perform the operatiom — x. The interval should bé, 0], but the result using
interval arithmetic would bér; — x9; xo — x1]. Several simple examples can demonstrate how this prob-
lem may cause bounds that are significantly wider than the tightest boud@ls [As a result of these
problems, there is an active community of researchermstinst computingvho have developed ways to
mitigate this problem, here we outline a variety of techniques that can be usedrayvaigounds [49].

Creating interval arithmetic friendly algorithms: One approach is to modify the algorithms and
create so-called ‘self-validating methods’ which aim to use the original detaranimise the depen-
dencies where possible, instead of thaéveaapproach of directly applying interval arithmetic [49]. For
example, if we were to evaluate the functibn— 422, wherez lies in the interval0; 1], the ‘ndve’ ap-
proach would be evaluated as in (2.4), returning the bounds—1; 4], but if this were to be re-written
as4 — (z — 2)2, as shown in (2.5), this would give the best bounds [0;3]. Unfortunately, whilst
such approaches are useful to obtain reliable proofs using IA, the atdifis to the algorithm may in-
crease the computational complexity of the algorithm and do not necessariiyvenihe true numerical

stability, instead the modifications simply reduce the sensitivity to which IA bothig®rror. Ideally,
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it is preferable to find proofs of tighter bounds for the unmodified algorithntess it can be proven
that the numerical properties of the modified algorithm have been improwgthefmore, in general,

performing modifications to an algorithm will not be straightforward.

z € [0;1].
4z € [0;4]. (2.4)
2% € [0;1].

4o —2® € [~1;4].

xr—2¢€[-2;—1].
z—2% e [1;4]. (2.5)

4 — (z—2)* €0;3].

Derivative versions: An alternative technique that can be used to tighten bounds is to usetideriva
information to improve interval arithmetic. The basic idea is to check if the demvaxcludes zero,
in which case it is known that the function is monotonically increasing or dsarg and meaning that
the true bounds will lie at the extremes [108]. In the case of the above éxaifp(r) = 42 — 22,
then f'(z) = 4 — 2z, and hence because over the intervat [0; 1], V,cpo..f'(z) > 0, then there
are no turning points and the true bounds must lie at the extremes. This is higlligy Figure 2.10,
where the turning point lies outside of the region of interest. As a result,thfounds can then easily
be calculatedf(0) = 0; f(1) = 3]. Furthermore, as the bounds of the derivative when computed by
interval arithmetic may be wider than the true bounds for the derivative cilvglg potentially be refined
by computing their derivative recursively [104].

The main difficulty with this approach is that computing the differential functitimee symbolically

or numerically via finite differences can be difficult. This has lead to a lamgzuat of research into the
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5 1 0 1 2 3
T

Figure 2.10.: Plot of functiorf (z) = 4z — 2.

topic of automatic differentiation, where the derivative is computed numerizadgnjuction with the
regular algorithm execution using a basic set of rules based on algéeatdies and theorems such
as the chain rule [129], some basic identities are given in (2.6). The take earlier example with
the derivative evaluated using automatic differentiation is shown in equa&i@ah (Me note that in this
case, the interval computed by automatic differentiation is equivalent todlwatiated symbolically and
because the interval of the derivatii@;@]) does not span zero in the final stage the interval could be

reduced by re-evaluating the function with the extremes. of

(£, )+ (99)=(f+9.f+d) (2.6)
(f; 1) (9,9") = (fg, fd' +9f")
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x € ([0;1], [1;1]);
4x € ([0;4], [4;4]); (2.7)
2% € (0; 1], [0;2]);

4z — 2 € ([~1;4], [2;4]);

However, we do note that if the derivative does include zero over tigeraf interest, the bounds must
be computed using interval arithmetic as usual. For example, for the furnfation= = — 22, z € [0; 1],
f'(x) = 1 — 2z, and hence the range ¢f(z) is [—1; 1], meaning that the interval arithmetic must be
performed, as in (2.8), returning the bouridsl] when the ideal bounds can be found by re-writing the
equation into the form /4— (x—1/2)? returning the bound®; 1/4]. This method also suffers in the case
of multivariate functions, because it is necessary to compute the partizatilex with respect to every
variable, and ensure every partial derivative does not spanaedaomputing many partial derivatives

means that the execution time of this approach scales in proportion to the nofwbeiables.

x € [0;1];
2% € [0;1); (2.8)

r—x* € [0;1);

Interval splitting/subdivision: One simplistic method to reduce the effect of the dependency problem
is to split intervals into the union of much smaller intervals (2.9), and evaluatedabese indepen-
dently because dependencies of smaller intervals have a reducddreffédening bounds (2.10). This
is shown for the example in equation (2.11), which performs the same compat(@.4), but with the
initial interval split into two independent portions, and we note that this ambrobtains tighter bounds.
However, while effective, the number of intervals that must be evaluatedsg) (n,n""), wheren, is

the number of interval operations, is the number of splits, ang, is the number of variables that are
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split.

[xlower xupper] [xilower xiupper]; (29)

|

<,
Il
—

V)

N
I
-

f([wlower xupper]) f([xilower xiupper]); (210)

z € [0;1/2]J1/2;1]
4z € [0;2] | J[2;4]; (2.11)
x? € [0;1/4) (/45 1;
4z — a® € [-1/4;3/4] | [-1/4; 15/4];

Global interval methods: As a result of the number of techniques available to refine bounds using
interval arithmetic, there exists a large amount of literature on global optimisitioreworks which
automatically perform these techniques to improve bounds using interndgben®6, 69, 123] as well
as a set of practical tools which we will briefly analyse here.

The most general tool, INTLAB toolbox [131], provides an optimised toolfms Matlab which can
perform all of the techniques listed, but unfortunately it requires atosgroose the techniques to refine
the bounds. Of greater interest is the work by Kinsman et al. [83, 84]hwides a satisfiability modulo
theory (SMT) engine (Hysat [71]) to search for bounds. SMT is aeresion of Boolean Satisfiability
(SAT) to other domains, including the set of real numbers. A SAT solhemckes for an assignment of
Boolean literals to prove a set of clauses holds true, or a proof of ufishility. For example, the set
of clauses{{a, b}, {a, ¢}, {b, c}} is satisfied by choosing, b,c. SMT extends this by searching for a
proof or certificate of unsatisfiability that a set of clauses over re&is holds true. For example, for
a set of clause$a € [0;5],b € [5;10],a + b > 12} is satisfiable, a certificate of this is the assignment
a = 5,b = 10. The SMT solver works by propagating the initial intervals forward antkbvard, then
refines these intervals by splitting until a proof of satisfiability or unsatisfiakgitiound [71]. The

choice of where to split and how to perform a split constitute the main complekityeasolver. The
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work by Kinsman et al. refines the bounds given by interval or affiitaraetic by searching for a set
of inputs breaking the bounds using a SMT solver. This bound is iteratigélyed depending upon the
results of this test, using a binary search method. The main problem with thizaapps that because
the SMT solver internally refines bounds by splitting intervals to improve thadgut suffers from
the scalability issues outlined for interval splitting. As a result of the slowtime; the authors have
attempted to improve bounds using vector approximations [82], and by adduitonal constraints
informing the solver to ignore certain regions [85], but both sacrifice tlrtess of bounds.

The final set of tools based upon applying these techniques to improveldauith interval analysis
that are of interest are those which create output that can be verififmirbgl proof checkers. This is
of value because the interval arithmetic operations will typically be perforimédite precision, and
as such cannot formally guarantee a bound, whereas verifying & withoa formal tool guarantees
correctness. Most notably, this involves the work by Daumas et al. 4@3} where the initial tool
created proofs which could be verified using formal tool PVS [120],tfege recent tool known as
Gappa creates proofs verified by Coq [144]. In the Gappa tool, aspsmifies a check for a bound
using a logical proposition, for examp{e < [0; 1] — 42 — 2> € 7}, where ‘?” asks Gappa to compute
the best possible bound. This format allows a user to add extra detail vea®positions if any is
known, for example the exact bounds for an intermediate index variablednstrained loop may be
known exactly. Alternatively, it allows a user to ask Gappa if specifieduddipunds can be satisfied,
for example{z € [0;1] — 42 — 2% € [0;4]}. It then proceeds using a set of in-built and user-defined
‘hints’ to prove a proposition. The in-built hints will typically be based on &laa defined above, the
user-defined hints will typically be limited to someone more familiar with interval amatechniques to
define specific re-formulations to help Gappa. Finally, if it succeedsniergees a formal proof which
includes all the hints it used, if it fails then the proposition may still hold, butgaap just unable
to prove it, this is likely to be a result of the dependency problem and thefugs&oval arithmetic.
An alternative version which is based on affine arithmetic, discussed balow to obtain superior

results [94].
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Taylor forms

Alternatively, more recently a set of methods that can be loosely grougeth&r under the name of
Taylor forms, analysed in detail [115], have been developed whicla yssynomial representation of
the error terms, with the intuition behind this method being that this allows canceltEtidependen-
cies; in the case of the basic example of finding the bounds -efz, wherex € [—2;2], whereas
interval arithmetic will returri—4; 4], Taylor forms will return the true bounds ff; 0]. Unfortunately, a
polynomial with second order terms or higher contains dependencies wighpotpnomial, and finding
optimal bounds for a multivariate polynomial has been shown to be NP-88fd [

The most well-known of these Taylor forms, affine arithmetic (AA) [45)idé this problem by re-
stricting polynomials to first order, ensuring the polynomial contains nortpecies, meaning applying
interval arithmetic to the final polynomial can find the ideal bounds. It wbykepresenting every vari-
able in an affine form given by (2.12) consisting of a known centralevédy), coefficients of known
value ¢;) and noise symbols{) that are only known to lie in the intervél-1; 1] as shown in (2.12).
The reason for choosing a central value is that it has been showneédoe#er error properties [130]:
in the case of the earlier example (2.4), if we were to first re-writes a centered variable, interval
arithmetic would return the tighter bounds, as shown in (2.13). There ang otlagr similar re-writing
rules such as Horner form, power basis or Bernstein basis, whichecaseal to improve bounds [104].
The difference between using a centered form in affine arithmetic aatimgeself-validating methods
is that the former only changes the affine polynomial which representsatige rof any intermediate

value in an algorithm, whereas the latter modifies the algorithm itself.

T =co+cre] + o€+ ...+ cpep. (2.12)
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z€[0;1] »x=1/2+2,21 € [~1/2;1/2];
do =24 4xy, 2 € [-1/2;1/2];
2? =1/4+ 2 + 2} (2.13)
dr —2® =2+ 4z — (1/4 + 21 + 1) = 7/4 + 321 — 23;

=7/44[-6/4;6/4] — [0;1/4] =T7/4 + [-7/4;6/4] = [0;13/4];

Affine arithmetic then performs all operations on these coefficients, imgstire result is also in
affine form. This method has been shown to be superior to other first orekbhods such as Hansen'’s
generalised interval arithmetic [68], which is similar to affine arithmetic but oggl#he coefficients:()
with intervals [45]. However, the problem with first order methods is thatynfanctions, including
general multiplication, are not affine, meaning approximations must be maalgydrigher order terms
to ensure the polynomial only contains first order terms and still boundsotieetal range. Methods
to perform these approximations can trade the size of the error for cotigmatiecomplexity [158], but
in all cases, any difference between the true range of the higher temhes and their approximation
will result in wider bounds, and additionally, the dependency informatitwédxen the higher order and
lower order terms is lost. Furthermore, the error of these approximatioegrissented by adding a new
noise symbol and this symbol can affect the scalability, as will be seen ipt&ita

To minimise both these effects, the slightly more general method by Berz etrakbgdritaylor methods
with Interval Remainder bounds (TwIR) [8, 103] represents rangeuke form(7),, I,,), whereT), is
a polynomial consisting of all the terms that are less than or equal to an @rdehosen by a user,
and/, is an interval which bounds the remaining higher order terms. Operatiofgnotions in this
form (7, 1,) are initially performed symbolically, before using interval arithmetic to evaluayecd
the resultant terms involving the interval remainders and using an apgeopréhod to bound the new
terms that are of degree greater tharsuch as the Lagrange remainder [1]. Using a single interval
I, reduces the number of variables in the polynomial, whilst restricting the paliaido higher orders
ensures the errors arising from any approximations will be smaller, be@diwariables will be bounded

less than 1. Furthermore, the choice of maximum order gives a user someffoontrol over the trade-
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off between execution time and quality of bounds. However, represethiéngrror with a single interval
means any operations involving suffer from the same dependency problem as interval arithmetic. In
addition, finding the final bounds of the polynomigJ still relies on interval arithmetic, and because
T, can contain higher order terms, dependencies will exist meaning it cinddhe tightest bounds.

To illustrate this point, one can consider that interval arithmetic in its traditional ferequivalent to
Taylor methods with Interval Remainder bounds whete 0.

While it is possible to contrive simple examples where interval analysis rebattsr bounds than
Taylor forms [124], in the absence of division Taylor forms can in galnfamd tighter bounds than in-
terval arithmetic by retaining first order dependencies. For examplg, étal. [52,53] model fixed and
floating point errors in the respective papers using a simple model, astinrs22.1, and demonstrate
that improved bounds by using affine arithmetic can be achieved in compawigio interval arith-
metic, though they also illustrate that on more complex examples, affine arithmefiailstilb find tight
bounds. Similarly Cong et al. [31] compare the range of various Taylondmn simple polynomials
to show they return tight bounds, though also point out that further ingpnewnts could be obtained by
using automatic differentation in conjunction with Taylor forms.

Polynomial approximation of inversion and other non-algebraic fundions: Since Taylor forms
operate on polynomials, in order for them to be applicable to more compleidoacit is necessary
to approximate these functions with a polynomial. As an example, assume wedvtisheund the
functionz/x, wherex € [0.25;1]. This could be easily simplified to calculate the best bounds;as,
however, because/z is a rational function, we would first have to create a polynomial approximatio
Z which boundsl /z, then bound the produgt x . Figure 2.11 shows bounds for various methods
to approximate the functioh/x. The quality of the approximation is indicated by the total area which
bounds the function. It is clear from these graphs that such approximaten induce a significant
amount of error. Table 2.2 shows how these approximations would #itetihal bounds of the function

It is clear that the choice of approximation has a significant effect on ttaé fiounds. There is
a whole field of research iapproximation theoryn algorithms to create polynomial approximations

of elementary functions, such agx, \/x, sin x, e*, within this field, the most well known techniques
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(f) Taylor approximation of order 38/5 + 24/254, + (g) Taylor approximation of order 48/5 + 24/256, +
72/12567 + 216/6256% + 648/95502 72/1256% + 216/62555 + 648/3125671 + 283/8726,

Figure 2.11.: Approximations of/x, x € [0.25;1]. The approximating function is written below the
plot, where each variablg € [—1;1].
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Table 2.2.: Bounds of /z.

Method Lower Bound | Upper bound
Interval Arithmetic 0.25 4

Affine Arithmetic with min range -0.4063 3.5313
Affine Arithmetic with Chebyshev approximations 0 2.5000

1st Order Taylor with Interval Remainder -13.7600 15.7600
2nd Order Taylor with Interval Remainder -1.1796 3.1796
3rd Order Taylor with Interval Remainder 0.1919 1.8081
4th Order Taylor with Interval Remainder 0.5977 1.4023

include Taylor approximations, Chebyshev approximations and the Renwilaig [113]. Since this
field of research is large, we only briefly outline these techniques herevtalp a basic understanding.
We comment that, in general, these methods trade quality of approximation witltiexetime.

Taylor approximations, as used for the Taylor with Interval Remainder rdetbproximate a func-
tion using a Taylor series of a given order and bound higher order teitnghe Lagrange remainder.
While high order approximations can approximate a polynomial well, as seegureF2.11, they take
much longer to compute, especially for a multivariate polynomial. FurthermaxéoMapproximations
are based around a single point meaning that for wide ranges, they mapproximate a bound ef-
fectively, as seen in the first order Taylor approximationi gf in Figure 2.11(d), which gives much
wider bounds than the zero order interval approximation. Chebyshpewxdmations in contrast attempt
to minimise the maximum error over the desired range of the function by chothengpefficients:,
to minimise the differernce between the desired funcfign) and its Chebyshev polynomial of degree
p, >0, ¢iTi(x), whereT;(x) = cos(iarccos(z)). This often leads to better bounds, as can be seen
by the first order Chebyshev approximation for affine arithmetic in Figuté.2The Remez algorithm
is an iterative algorithm to find a minimax polynomial. It starts with a set of pointsh s the roots
of the Chebyshev approximation, and creates an approximating polynomiarbures the difference
between the approximating polynomial and the actual polynomial is equal initndgrand alternating
in sign at these points. It then chooses new points which reduce the magaftthis difference and
repeats this process. We note however that while there are a wide ramgghmds, the quality of ap-
proximation is heavily limited by the algorithm, for example affine arithmetic will onlyept@ffine, or

first order, approximations.
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Arithmetic transform

The work by Radecka et al. [128] and Pang et al. [124, 125] attempt tmiragounds with the arith-
metic transform. This performs range analysis using the so-called arithmeisfana, which converts
the word-level representation into its binary digits. The initial work createsach and bound proce-
dure which chooses values for individual bits for a given variable todagiependencies and compute
the final range. The later work expands the ideas for use with Taylmss@pproximations, or to use
it to reduce the errors in affine arithmetic approximations. However, bsniag individual bits, the
execution of this approach is large, of the same order of magnitude as the@oach, meaning it is

not scalable.

2.2.3. Word-length optimisation

Having described the main techniques to perform range and precisitysianave now briefly discuss
work in word-length optimisation that has made use of these techniques te cresiom hardware
designs. The aim of an optimiser is to find either the minimum global bit-width oraf &twidths for
each operation in an algorithm that satisfy a given final error specificatio

There is a large amount of work which attempts to optimise word-length using sionutsased ap-
proaches, for example, we have already mentioned various works wpiichise the internal and global
word-length in mixed precision solvers in Section 2.1.6. Further notableilootitns in this field in-
clude the work by Sung et al. [87, 88, 142], which trade off systera aii¢gh precision by iteratively
modifying the word-lengths of signals whilst maintaining a given error ovataf benchmarks, mea-
sured by SNR. The methods to perform this modification include a heuristichseéword-lengths
and an exhaustive search of word-lengths. The latter work groupalsigp minimise the simulation
time, and also attempts to modify word-lengths to be of the same size in the caseurfceesharing.
Cantin et al. [25, 26] built on this work and discuss various heuristicsriome individual word-length
optimisation given the simulation data.

In terms of using analytical methods to optimise word-lengths in a system, earyimabudes the
Bitwise Project by Stephenson et al. [137] which proposed a compiledb@shnique which creates

data-flow graphs for an algorithm, and adjusts the bit-widths by forwaddbaick propagation using
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interval arithmetic. Back propagation is used when maximum bitwidths are kabwrd points, such
as the number of indices to an array, and this helps to further reduce bitswithis however is limited
to finding the range, or choosing the position of the most significant bit. Nayal. [114] similarly
use interval analysis to perform range analysis, but also perfoonamalysis using interval arithmetic
to determine the number of least significant bits to satisfy a user specified loouerror at the output.
The PEcis project [27] adopts a similar approach of applying interval analystst also compares this
to a bit propagation approach. A simple example of bit propagation analytsi€@npute the function

a = b+ ¢, with b andc¢ 16 bits,a will need 17 bits. The bit propagation will always provide at least
as large a range as the interval analysis, but the reason to perform @lisosome slack if the initial
estimated ranges were too small. Théd#s tool estimates the impact of this slack on area to help choose
which word-lengths are most important to constrain. Later work by the eaf@8] add area and error
models for adders and multipliers to this analysis so as to minimise the least sigriftsaand apply

a simulated annealing based approach for automatic optimisation, where treansgeer optimising
towards area versus error.

The problem with all of these works is that they are based on interval atithyménich as we have
mentioned will overestimate range in the presence of dependencies. Shyivbarise to a set of mixed
interval analysis and simulation based approaches. Early work by Bgradeand Prasanna [18] mix
bitwidth propagation plus run-time analysis to reduce number of bits. Kedialg [8tL] and Willems et
al. [152] develop the so-called FRIDGE compiler which improves on this bjngdnterval analysis to
estimate the range, as well as bit propagation to choose the number ofrfehtiits. Similarly to the
work by Stephenson et al., it then allows a user to ‘annotate’ intermediatbles, specifying limits on
the range, maximum absolute and relative error or a specified bit sizégrgpato improve the bounds.
The bounds are then checked against a user specified design crtbranmay be maximum absolute
and relative error or to satisfy a signal to noise ratio using simulation to emiseruser annotations are
valid. Cmar et al. [30] adopt a similar approach of mixing simulation and intanallysis, the difference
is that the latter approach advocates the idea that a user should be doremation from both types
of analysis, and be allowed to choose bit-widths accordingly. For exaimfe, simulated bounds are

close to the interval analysis, it implies interval analysis is good and to usedhteralysis, otherwise
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it advocates creating hardware using the number of bits that were ré@gicerding to simulation and
to add error detection. In this work, the number of fractional bits areerhpsrtially by a user, who
specifies some initial word-lengths, and partially by simulation which sets the ewdailfractional
bits to ensure the error is less than the average standard deviation roiniwduced by quantisation
or simulated noise, calculated in floating point. Gaffar et al. [57] adopt a siaplgroach for floating
point designs. Here they use interval analysis to estimate range, then simtdegearch for excessively
large ranges which are then backpropagated. This is repeated fardHl@ngths in an algorithm until
they have been reduced as much as possible. It also supports bothvgbotidength and individual
word-length optimisation to trade performance and silicon area. While glatra-l@ngth optimisation
is fairly straightforward - one can just reduce the global word-length wiolates the design criteria
- to do individual word-length optimisation, it creates heuristics where theigion of every variable in
the algorithm is reduced individually to see its impact on range, error andrsiéiea, and then chooses
which word-length to reduce accordingly.

However, any combined simulation and interval arithmetic approach still lobestness as it is not
possible to exhaustively simulate over a set of inputs. One alternative istgloisal optimisation
strategies for interval analysis, for example, the work by Kinsman et &) 8f minimises individual
word-lengths using the SMT approach mentioned earlier, and later weskarea models to choose
whether to implement operators using fixed or floating point or a combinatign [Bowever, as we
have mentioned above, this has issues with run-time and scalability to large legarmgp mentioned
above. A second alternative to improve bounds is to use affine arithmete .Miribit tool [92, 93]
is based upon a two-stage application of affine arithmetic, to first boundhttgee rand secondly the
precision. It performs it in this way to simplify the analysis, however, we tiaea two stage approach
will not be sufficient to bound the range for algorithms which include divisie finite precision errors
could have a significant impact on range as a divisor approachesaeme will see in Chapter 4.
To minimise the total area of the circuit, it then adds an area model for eacatopand performs a
simulated annealing based upon this model and the affine arithmetic analysisaAtwpon this work is
suggested in Minibit+ [118] which first suggests that, due to their resgdatiitations, a comparison of

interval and affine arithmetic results should be used as this will sometimes netuerfavorable results.
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Secondly, instead of simulated annealing based refinement, it assoceste®sts to every component
and reduces bitwidths according to these costs, because this is muchdtimpotentially creating
worse quality hardware when optimising individual word-lengths.

Finally, the work by Constantinides et al. [33,34] restricts the problem talitime invariant systems,
which are systems that consist only of additions, subtractions and conetfficient multiplications.
In this problem domain, it is possible to analytically calculate the optimum numbeitsofising LTI
theory. It then chooses individual word-lengths to minimise the area aisfiysadesign criterion, such
as signal to noise ratio, using a heuristic in the former paper and integer pnegramming in the
latter work. Unfortunately, even within the field of digital signal processihgre are many algorithms
that cannot be classified as linear time invariant. As a result, further wtaknpted to use the same
approaches to optimise word lengths and extended it to nonlinear systentteimpting to linearise
the system around a point, but this relied on simulation around Taylor modksadfperturbations at
the point [32] meaning that it suffers from the same issues as any simulat#ad proof. However,
we make a brief comment that this work also illustrated that it is possible to alsim @oiaer savings

through word-length optimisation.

2.2.4. Summary

In this section, we introduced the main number systems used in digital designy fixed point and
binary floating point, as well as discussing the errors that can ariseeaslaaf using these discrete num-
ber systems and simple models that can be used to bound round-off\&gdhen discussed methods
that can be used to calculate bounds on the range or relative erroy gdaable within an algorithm,
as a result of input ranges and an accumulation of these roundof§ ghighlighting the advantages
and disadvantages of these approaches. Finally, we illustrated howsaoiols have made use of a
combination of these methods to calculate bounds, potentially alongside somkafibdearea of the
hardware components, to optimise the silicon area usage and power whhatcelerators.

In terms of the word-length optimisation tools, they could be loosely groupedaistoall number
of categories: based on simulation, based on interval arithmetic, baseteorairarithmetic and sim-

ulation, based on affine arithmetic and targeted towards LTI systems. To sigsartiee issues with
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these approaches: anything based on simulation cannot producesamaldware design because cor-
ner cases could be missed; interval arithmetic results in excessive mardsvthe bounds are not tight
to the point that tools were created that combine interval arithmetic with simulation topdtte detect
wide bounds, but these suffer from missing corner cases as welk affithmetic can improve bounds
to create better hardware, but the tools were still limited to DSP systems thattdidnteain division;
tools could optimise word-length in LTI systems, but very few algorithms in siienomputing can be
classified as LTI. Altogether, this implies that new methods are required tolagdounds on the the
range or relative error of any variable within an algorithm, and as suc@hapters 4 and 5 of this thesis

we attempt to create new techniques to perform this function.

2.3. Background summary

This chapter has provided an introduction to the current field of harla@releration. This has included
a broad discussion on general techniques used to accelerate algorittnfsmsdware, followed by a
special focus on the existing tools and techniques available to automatically @ptmisiumerical
precision used throughout a hardware design. In the initial discussienllustrated that the main
factors exploited in a hardware accelerator were parallelism, pipelining, ngaree and precision. We
demonstrated that in the context of the conjugate gradient algorithm andrésoperation, matrix-
vector multiplication, that while pipelining can be used to ensure that an oparataised efficiently,
the main the trade-offs in terms of performance are between parallelism andrgnase, with various
publications spanning this trade-off. In chapter 3, we expand on thess,idlemonstrating how to
choose the number of problems required to exploit pipelining as much asledassobtain a very high
sustained performance and also show how to traverse this space ltgliganeand memory use as well
as adding some specific improvements. In this chapter, we have also shatthette is little work
exploiting the benefits of precision, excluding those based on simulatiopiteldlse fact that it can
affect both of these factors.

In this chapter, we subsequently described how the errors that catfraristhe use of finite precision

arithmetic, and then discussed the analytical tools to calculate bounds omgjecorarelative error of a
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variable in an algorithm. This section described the limitations of the existing meftttwd£omputing
tight bounds in a tractable time. We did however discuss a range of toolstdrapato perform such op-
timisations automatically; these typically employ some heuristic or possibly integer firegramming
to optimise the choice of precision depending on the results from one, sibpoa combination, of
the analytical or simulation based bounding procedures. While they demtngérformance benefits,
due to the limitations of the bounding procedures, they have largely beictexsto small problems,
or restricted problem domains, such as linear time invariant systems. Pi#guhis is the reason in-
vestigation into exploiting the benefits from tuning the precision in the hardacelerators for sparse
matrix-vector multiplication was largely limited to simulation. This provides an inspirdiedrind the
work we describe in Chapters 4 and 5 where we attempt to create new methbcksrtitompute tighter
bounds in a scalable execution time for use in such an optimisation procedureetthe precision in

larger algorithms.

44



Chapter 3

Accelerating iterative algorithms using hardware

In this chapter, we present a case study of the use of hardware teratealgorithms. We have chosen
to use FPGAs for this study because of their flexibility in comparison to gepenaose processors and
GPUs and ease of programming in comparison to ASICs in order to help armatdeexamine various
approaches to achieve hardware acceleration. The application wedngeeed in this case study is
the solution of a system of linear equatioAs = b because this forms the basis of many problems in
engineering and science, and as such there is a large interest in atieglénis application, both in
software, resulting in a plethora of methods to calculate the solution to this pr¢68, which we will
briefly summarise in Section 3.1, and in hardware, leading to an increasmigemwf publications in
this field [23, 46, 76, 96, 97,105, 111, 145, 151]. In this chapterfogas on accelerating one of these
algorithms, the MINRES algorithm, of which there has been no previous jatibis on its implemen-
tation on an FPGA. We initially discuss how to create a dedicated acceleratioit tor this algorithm
using an FPGA, before we examine how to achieve greater performgranxblerating the core com-
ponent of this algorithm, computing the dot-product, by taking advantagesdastlcific properties of
individual problem formulations and through the use of convex optimisatmmtgques.

Throughout the majority of this chapter, we have chosen to restrict thesdien to the use of IEEE
754 single precision floating point so as to focus the discussion on theausagohniques to achieve
high performance on an FPGA. While this is in keeping with related reseattlisifield, in the final
section of this chapter, Section 3.4, we discuss the limitations of the restrictibhaanthis motivates

our desire to create a new method which will allow us to tune the precision usedjtiout a hardware

45



Chapter 3. Accelerating iterative algorithms using hardware

implementation.

The main original contributions of this chapter are therefore:

e a demonstration of the suitability of the MINRES algorithm for use on an FPGPaaranalysis

of the design decisions and trade-offs involved to accelerate this algdtttm

e a design for solving multiple dense systems of linear equations in a pipelinedersaup to 145
using the MINRES algorithm, with results demonstratingustainedperformance, taking into
account I/O overhead, of up to 53 GFLOPs, which is superior to corbfgapublished work
and provides an order of magnitude improvement over the peak theonetidarmance of a

comparable CPU,

e hardware architectures for banded matrices and symmetric matrices thagodicantly extend

the scalability to large order matrices and achieve higher degrees of panall&2],

e an optimisation strategy to reduce the number of embedded RAMs and maximisedheligm,

according to problem specification,

e hardware architectures that can trade parallelism with FPGA resoureehigve greater scala-

bility,

e a discussion how finite precision arithmetic can affect the convergenbdNIRES, and a dis-
cussion how finite precision arithmetic can affect the performance ofdwaae accelerator for

MINRES.

3.1. Solving a system of linear equations

The solution of a system of linear equations of the fotm= b (whereA is anN x N matrix, whilex
andb are N x 1 vectors) is a fundamental problem arising in a wide range of engineanthgaentific
fields. These fields include MIMO systems in communication [9] and contstesys [102], as well as
many general scientific computing tasks [70]. Though finding the solutionesetlystems will often

only be a sub-computation within an algorithm, for example within optimisation probjé&® or
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finding the solution to partial differential equations [112], it is typically ohéhe most computationally
intensive parts of the whole algorithm. As such, an efficient method to finddtuion to a system of
linear equations is highly desirable.

There exists a large amount of research into efficient algorithms to solse greblems [62]. This
research falls into two main families of methods: direct methods and iterative dsefo133, 148].
Direct methods are the more traditional methods to solve these problems; tthégefinolution in one
shot, typically via some form of computationally intensive matrix factorizationm&examples of
direct methods are Gaussian Elimination, Cholesky Decomposition and QRidatitm [62]. These
algorithms are traditionally more popular as they are simple to understand arfthdahe correct
solution after a determinate amount of execution time. However, in the realmienitiic computing
these methods are beginning to become unpopular as their computation time Velsefated - the
number of computations grow as 6fn?), meaning the time to find solutions can become substantial
for large systems.

Iterative methods provide an alternative to direct methods to solve thasesysnd work by refining
a solution with each iteration. The obvious value of this iterative refinemerdtiswtnen initialized with
a good guess, these methods can quickly converge on the solution. Thesciaslnin many scientific
computing problems, especially in optimisation [116]. Traditional iterative mathoglalgorithms such
as the Jacobi, Gauss-Seidel and successive overrelaxation meliese. are so-called stationary meth-
ods as they perform the same operation at each iteration on the curratibiterectors. Whilst these
are simple to understand and implement, they are generally quite slow to cefverglowever, in the
past 50 years, a new set of non-stationary iterative methods whichitbeation dependent coefficients
have arisen. For an arbitrary input guess for the solution vegttinese methods are generally com-
petitive with direct methods in terms of convergence, but they also haveotbat@l benefits of early
termination for a good initial guess [5].

These are many variants of these iterative methods iterative methods, igchadijugate gradients,
MINRES, SYMMLQ, bi-conjugate gradients, QMR, Bi-CGSTAB, CGS, US@nd GMRES [62]. The
choice of these methods will depend on matrix characteristics such thatnediobd is most suitable for

a specific class of problem. These methods trade computational complexisyoaade for generality.
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For example the conjugate gradient method is the simplest method and onlytoestdise the vector
from the previous iteration, but it is only suitable for solving symmetric positigénite matrices as
opposed to GMRES which must store vectors for all previous iterationsdmbe used to solve any
system that is non-singular. The fact several methods exist for eliffenatrices is an advantage of
iterative methods; given information about the matrix it is possible to minimise cotigputame. The
final advantage of these iterative methods over direct methods is thatllassweeing specialised to
matrices, they can often be optimised for sparse matrices, a feature wét @x@ection 3.3.1. In
contrast, despite developments on ‘direct sparse solution methods’ vitena¢ithods are much more

easily adapted to take advantage of sparsity [133].

3.1.1. The MINRES algorithm

The MINRES algorithm finds a (potentially approximate) solutignto the system of equationsr = b
(whereA isanN x N matrix,z andb are N x 1 vectors) by performing a minimisation of the residual
b — Axy in the two-norm over a Krylov subspace [62]. It will generally coneetg a very accurate
solution without the need to calculate the entire subspace and hence tpacls built iteratively,
using the Lanczos process [122]. Overall, the pseudo code is deganibigure 3.1.

The conjugate gradient method can also be interpreted as an algorithm ket nse of the Lanczos
process and therefore there are some similarities between the two methpdsd62ases where it is
desirable to compare hardware implementations of these two methods, it is importaghlight the
two major differences in terms of hardware costs, both of which are & #fsworking with the two-
norm. Firstly normalisation is required, resulting in square root operati&esondly, it results in a
three-term recurrence as opposed to the two-term recurrence infhugate gradient algorithm; this
increases storage requirements. Thus the MINRES algorithm tradesraasadn circuit complexity

for the ability to solve a wider class of problems.

3.1.2. Hardware implementations for solving a system of liear equations

The widespread use of the computation of a solution of a system of a lineati@us in scientific

computing has inspired substantial research into hardware acceleratioese algorithms. We have
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end

Figure 3.1.: MINRES Algorithm [55].
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described many of these implementations in greater detail in Chapter 2, hawereer to place the
work described in this chapter in context with previous works, we onamagimmarise key features of
our achitecture against a selection of related work in Table 3.1.

This table highlights that through parallelisation and heavy pipelining of aftifiggpoint compo-
nents it is possible to achieve a sustained performance of up to 53 GFLOMRS Wirtex5-330T, which
compares favourably to other hardware implementations of floating point nratexsion algorithms.
Whilst some other implementations can process larger matrix orders, this iglaafethe trade-offs
with using off-chip RAM or exploiting sparsity. As a brief reminder of thesaues, discussed in more
detail in Chapter 2, sparse matrix solvers can handle much larger matriités st necessary to hold
or operate on any zeros in the matrix, but representing the matrix usingse dpemat is likely to add
significant overhead, and this is unnecessary for dense matricesg &ftichip RAM to hold the in-
termediate results enables larger matrices to be held, but the I/O requiremiad tmto the FPGA
creates a bottle-neck (typically determined by the number of off-chip RAMsN performance and
efficiency, typically leading to low speedups. In this implementation, it was ofasteéo answer ques-
tions regarding how to optimise the use of components and achieve maximunimedisiarformance
through parallelism and pipelining problems. Therefore it was choseré&bteca dense implementation
and make use of the embedded memories on modern FPGA devices to bg#emkarices on chip to
break the 1/0 bottleneck, at the cost of limiting the order of matrix to up to 145. @&idlprder of matrix
is considered relatively large fdenseroblems, is sufficient for many applications which depend upon
matrix inversion [147], and could be used as a building block for solvimgelasystems. Moreover, it
is 2 to 12 times larger than previous dense on-chip solvers. We also note tieatie the majority of
the research in this field has been restricted to the conjugate gradierntraigft2], whereas we have
created an implementation of the MINRES algorithm, which though closely relatdtetoonjugate
gradient algorithm is a more general solver, as discussed in more detaittior®3.1. The motivation
for choosing this specific algorithm is that it strikes a good balance beteaaplexity and generality
in that many scientific computing problems could be mapped to problems with symmetricean#hat
are not necessarily positive definite [116]. Furthermore we note tleatige of the close relationship be-

tween iterative methods, the methods discussed in this chapter are likely tplizalale across different
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hardware designs.

Table 3.1.: Comparison of floating point matrix inversion methods.

Method Year| GFLOPS Vs Max  Sparsity  Off-chip Device Matrix
Software | Order RAM Characteristi¢
.| Gauss-Jordan [46] 2006 N/A A 1700 Dense Yes| Virtex Il Non-Singulal
g LU [145] 2006 2.6 6% 1000 Dense Yes| Stratix | Non-Singular
QR [151] 2008 35 N/A 12 Dense Ng Virtex5  Non-Singular
o CG [111] 2008 N/A 2.4x | Large Sparse| Yeg Virtex Il SPD!
‘% CG [97] 2008 35 28« 58 Dense No Virtex5 SPD
u;) CG [96] 2008 N/A 10x 236 | Banded No Virtex5! SPD
CG [96] 2008 32 N/A 92 Dense Ng Virtexs SPD
MINRES this 2008 53 1 150 Dense No Virtex5! Symmetri

1 Symmetric positive definite (SPD)

3.2. Accelerating the MINRES algorithm using an FPGA

The optimal hardware implementation is dependent upon a number of factaraber of resources,
latency (in terms of cycles per iteration), throughput and efficiency (imseof the amount of time
resources are in use). The design described aims to achieve a goocklhialterms of optimising these
factors. The following sections detail the main considerations and potetitd-tffs between these
factors and justifies any major decisions. To aid description for this seeatidiagram of the circuit is

shown in Figure 3.2.

Floating point units

There are currently many libraries of floating point operators for FRE@wkiding Xilinx LogiCores [157],
OpenCores [101], VHDL-2008 IEEE standardized floating point Ijpfd0], Southern California’s
cores [63], FloPoCo [42] and Northeastern University’s cored%0]. However, in this case study,
we were more interested in the overall architecture design than maximisingrtbenpence by choos-
ing the best floating point cores, and chose Xilinx Core Generator asdhld easily be used with
their development suite. However, it is important to mention that when creatingottes using these

tools, we chose components with the maximum latency to obtain the maximum cloakifi®g as this
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Figure 3.2.: Circuit data flow.
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allowed the potential for a higher throughput, provided it was possible ép Kee pipeline as full as
possible.

We maximise the amount of time the pipeline is full by multiplexifgndependent problems into the
device. As a result, it was chosen to set all floating point components totatreir maximum latency,
under the belief that implementation with a high throughput which could potentigdiyabe on multiple
problems simultaneously would generally be more useful than a small redutiatency for a single
problem. To this end, it was assumed that in all situations there would beieuififoroblems available
to the circuit to fill the pipeline. This assumption is valid in many problems requiringixriaversion,
for example for the control community [147]; we discuss the number of iewlégnt problems required

to keep the pipeline below, where it is shown that it approaches 4 for peicdgems.

Parallelisation

Itis clear from the pseudo code (Figure 3.1) that the calculation of thedosnvectors is independent of
the operations to perform the QR decomposition, Givens Rotations antingpttee solution. Therefore

it is possible for all these parts of the circuit to work in parallel, and thiseeduhe overall latency to

be that of the Lanczos iteration. We also briefly note that it is easily possipkrtorm the initialisation
operations using the same circuit as for the Lanczos iteration becauselyhmajor processing is to
calculates = ||b — Axgl|2, and the Lanczos iteration requires similar operations, meaning only a few
additional multiplexers are required.

Theoretically, it is also possible to parallelise all matrix and vector operati@mvggver, the limited
number of resources on an FPGA mean that for ld¥géis not possible to parallelise every operation.
As the operation of highest computational complexity isMuerix x Vectormultiplication within the
Lanczos iteration, it is desirable to focus on the parallelisation of this operalibough a dedicated
component to perform this calculation would significantly reduce the latenttyeircuit, the resource
usage would scale heavily witN (©(NN?2) in terms of multipliers and adders) and also the 1/O require-
ments for such an implementation would quickly exceed the capabilities of the FR@dng it highly
unscalable. Instead it was chosen to overlapgMiagrix x Vectoroperation in a pipelined fashion within

a dedicated fully-paralleVector Vector or dot-product circuit. This involves a dedicated vector mul-

53



Chapter 3. Accelerating iterative algorithms using hardware

tiplier and an adder sum tree (as shown in Figure 3.2), which has a costmadltipliers andN — 1
adders, but reduces the latency of Matrix x Vector operation to bed (V) instead of©(N?). In
comparison, if one were to parallelise vector operations, it would only reraacsonstant latency at a
cost of an increased use &f operators.

We also note that because we get a resultMatrix x Vector multiplication everyN cycles using
this circuit, using a single dedicated operator for each vector operatiasfisient to compute every
vector operation inV cycles and this would keep the pipelines for these components fully in operatio
It follows that a dedicated operator for each scalar operation will iyt fie in operation and that it is
possible to share these components. It also follows that if we were topetfoows of theMatrix x
Vectormultiplication in parallel, such that it we would obtain the result of this operatia¥iia cycles,
then we would also need to increase the number of operators for evedny eperation byx to match
the latency of the vector operator with this circuit and avoid the need folipgpstalls. For this reason,
for the remainder of this section we have chosen to use a single fully-palatiproduct circuit for this
should scale to larger matrices as it consumes far less resources thigipartallelisedMatrix x Vector
multiplication circuit, whilst still gaining a significant performance improvemerdulgh parallelisation.
Furthermore, we have only chosen to take advantage of the potentialreosstadar operators for the
square root and division operations, because these consume adargenof resources, whilst using a
dedicated component for additions and multiplications to minimise wiring and multigleedween the
floating point components ensuring the clock frequency is as close sibled® the maximum available
for the floating point components. We perform vector division using deiscalar reciprocal followed
by multiplication of this scalar result by the desired vector in order to sharesfmirce to compute
1/B; and1/p;.

Having created this dedicated fully-parallel dot-product circuit, we nateitks possible to re-use this
circuit when calculating the dot-products required when computing théséstw! Av; and||v;1]|2 to
potentially save resources. However, in order to perform this reiusejecessary to collate the entire
vector in registers, ready to multiplex into the same circuit. For lafgthe number of slices required to
perform this may be larger than the number of slices needed to implement aetualion circuit such

as those described in Chapter 2. We therefore suggest to implement vdriahethod uses the lowest
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resources.
Using this parallelism, the total number of floating point components is givenuatiee (3.1), with
the potential addition of a reduction circuit for largg and the overall latency of the circuit is given by
equation (3.2), wher® is the number of independent problems to be stored in the pipeline. Referring
(3.2), the factoBN is a result ofN cycles needed to perform the Matrix-Vector product in the pipeline
as described above, as well 28 cycles for the two series to parallel conversions @pandv;,1)
which are input to this circuit (Figure 3.2); the factOf [log, N is a result of the summation tree in
the VTV circuit (Figure 3.2). The valueS; andC, are constants representing the latency of the other

operations.

Number of Floating Point Operators 2N + 26. (3.1)

Total Latency (cycles)= 3N + C[logy N + Cs. (3.2)

Pipelining

As mentioned earlier, in order to maximise the performance of the circuit, thérgpen the floating
point components must continually be as full as possible, and this can levedthy multiplexingP
problems into the system. Due to the high resource usage of the fully-patatiproduct circuit {V
multipliers andN — 1 adders), in order to maintain a high performance, the minimum pipeline depth
is chosen such that this component is always in operation. Furthernois@issed above, if the
fully-parallel dot-product circuit is constantly in operation, all of the filog point operators for vector
operations will also constantly be in operation.

Using the fully-parallel dot-product circuit described above, Foproblems this circuit will be in
operation forPN cycles, orPN + 2P cycles if the fully-parallel dot-product circuit is re-used when
computingv! Av; and ||v;;1||2 for one cycle per problem. Thus an effective way to determine the
minimum pipeline depth is to matdAN or PN + 2P with the latency for one iteration (equation (3.2)),

for this ensures the fully-parallel dot-product circuit will be operatingpther problems until it is again
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needed for the subsequent iteration of the first problem. Using this metiegdipeline depth is given

by equation (3.3), and the depth of the minimum pipeline found by this method isnshdvigure 3.3.

This graph shows that for smal, the number of problems needed to keep the pipeline busy is large,
this is because the latency of computing the matrix-vector multiplication circuit is @a@bfe to the
subsequent operations, whereas whegets larger, it is possible to perform the rest of the operations
to calculate the result ready for the next iteration whilst the fully-paralléjpdoduct circuit is still in
operation. The reason the pipeline does not monotonically decrease théhatency of the fully-
parallel dot-product circuit is increased as the depth of the vectotimemexceeds powers of 2. Finally,

it should be clear from equation (3.3) that the depth of the pipeline tends i@the 4 asV tends to
infinity, implying for large matrices only a small number of independent probmsequired to keep

the pipeline busy.

(3.3)

Pipeline Depth P) = [3N + c1[logy N'| + cQ" .

N

We measure how effective this technique is in keeping floating point opsratsy by estimating
the efficiency of our circuit according to (3.4). This equation calculatesatimber of floating point
operations that are performed when solviRgproblems and divides this by the potential number of
floating point operations that can be performed if all the floating pointaipes in the circuit were
always performing useful operations over this period. A graph illusgatie efficiency of the circuit
using this minimum pipeline is shown in Figure 3.4. This demonstrates that in all sitaaidigh
efficiency (above 60%) is achieved and the efficiency increases withixnmatter, tending to 100%.
This growth in efficiency is due to the number of operators for the fullglpelrdot-product circuit
increasing withV, whilst the number of operators working on scalars remains constardt{eq (3.1)).
This implies for largeV, the number of operators is dominated by the fully-parallel dot-produxticir
and this circuit, along with the operators for vector operations, will alvmeys operation by design.
Such a performance is highly unlikely to occur in any software implementatiertawuarious delays
such as cache misses. Indeed the efficiency of the order of 40 to 60d¥hiean in software, even for

a highly optimized implementation, as shown in [48].
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Figure 3.3.: Plot of pipeline depth for increasing matrix order. This is the minimumber of problems
required for thé/ TV circuit to always be in full operation.
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Figure 3.4.: Plot of percentage efficiency for increasing matrix ordagube pipeline depth (3.3).

Total Number of Floating Point Operations to find solution foProblems

. . 3.4
Total Number of Floating Point Operator§otal Latency (3.4)

Efficiency =

I/0 Considerations

The major consideration with regard to I/O is to ensure the fully-parallel dudtgrt circuit will con-
tinually have input data. As a result of using single precision floating pejmtasentation (requiring
32 bits) and the limited off chip I/0O bandwidth in typical FPGA computing platforrisslaments of
the A matrix cannot be loaded in parallel. Instead thenatrix is held in on-chip RAM (as shown in
Figure 3.2), organised as a parallel bank of RAMs, each storing a cadfithe matrix forP problems.

The A matrix for a given problem is re-used during each iteration and hencé@heduirement is
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determined by the need to be able to load the sed ofatrices into the FPGA for the next set Bf
problems within the time period to solve the fildtproblems. It is important to note that this method
requires the RAMs to be twice as large as necessary for any single iteftaibof the RAM loads the
next set of data whilst the other half is in use).

It can be shown that in infinite precision, the maximum number of iterations giwesm problem to
reach a solution iV [64], however, the method can often converge before this worst Beseting the
number of iterations executed Asthen since the latency for one iteration, after matching for pipeline
depth, isP N, the total time available to load the datd{$? N + P). The total amount of data transferred
is the A matrices, the two vectorsandz(, and the final output vectar,,; for P problems; a total of

P(N? 4 3N) elements. Thus the I/O requirement is given by equation (3.5a).

P(N?+3N)

I/0 Req= mwords/cycle (3.5a)
N

~ 7words/cycle (3.5b)

= 1.1?GBytes/s (3.5¢)

In order to consider this in terms of available 1/0 technology, this is also she\Bytes/second (3.5¢),
using the clock frequency (Section 3.2.1). WHiliss data dependent in general, this I/O bandwidth is, in
our experiments, well below that provided by typical FPGA computing platsoisuch as PCl-express
(8 GBytes/s).

3.2.1. Implementation results

Resource usage

The circuit was placed and routed, targeted to the Virtex5 LX 330T. Figirehows the resource use
in terms of DSP48Es, slices and BRAMs. The growth of slices and DSPABEsnatrix size is highly
linear. This is to be expected, for the growth in floating point units is lineauggon (3.1)), and this

design is dominated by floating point components.
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Figure 3.5.: Plot of percentage resource usage on a Virtex 5 LX 330mdeasing matrix order.

The BRAM usage, as seen in Figure 3.5, grows in a piece-wise lineaofgstith occasional jumps.
This is a result of storing th&’ columns of thed matrix for P problems (which translates f§ RAMs
each storingP N elements) dominating the BRAM use. Thus linear growth is caused by the nainber
columns increasing wittv, whilst the large jumps occur wheA/N exceeds the physical sizes of the
BRAM. Together, this corresponds to a quadratic growth asymptoticaltyfobwrders up to 145, this
is not significant and is only seen as three jumps. The reason the BRA} issaot monotonically
increasing with matrix order is due to the decreasing pipeline depth (3.3}ingdthe number ofd

matrices that must be stored.
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Performance

The maximum clock frequency reported after place and route is approiyn2ié MHz for small
matrix orders [V < 16), after which the speed slowly degrades with approximately in a linear
fashion, to about 175MHz for the largest matrix orders. This high pexdoce is likely to be a result
of the simple datapath, combined with the deep pipelining allowing a large defgretingng freedom,
whilst the degradation is likely to be a result of the increased size of theitciexuiring increased
wiring. Given this frequency, the maximum matrix order of 145, the numb#oafing point operators
given in equation (3.1) and the efficiency of 95% (Figure 3.4), it is pés$dy this circuit to achieve a
sustained performance of around 53 GFLOPS.

As has been demonstrated in Section 3.2 this hardware implementation involniigaang paral-
lelism to reduce the latency of the iteration, and also works upon multiple probfemgpipelined
fashion. In order to quantify this improvement, the performance of thewsaedis compared to the
peak theoretical performance of a software implementation [48]. Thenpesthce metric is MINRES
iterations per second.

The software model is based upon the peak theoretical floating poimrpenice of a Pentium 1V
running at 3.0 GHz (6 GFLOPS) [48], applied to the number of floating papetations given in equa-
tion (3.6) which is found by a simple operation count of the algorithm destribé-igure 3.1. The
hardware model assumes a pipeline depth given by equation (3.3) angettagional frequency given

by the place and route results.

#Floating Point Operations 2N? + 15N + 14. (3.6)

A comparison of these two models is shown in Figure 3.6. This shows thataslaaf the parallelism
reducing the latency, the performance is greater than a software implemematio for orders as low
asN = 7. Due to the increased efficiency and parallelism, this performance improverems to

almost an order of magnitude over the peak theoretical performancetifvase implementation.
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Figure 3.6.: Comparison of hardware and software performance.
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3.3. Optimising memory bandwidth usage and performance for

matrix-vector multiplication in iterative methods

We have shown that the MINRES algorithm can be used effectively aseateaolve a system of linear
equations in hardware, and that through taking advantage of hargaeakelism, we could reduce the
latency of the circuit by a factor af and through pipelining it is possible to achieve an efficiency which
will tend to 100%, with values of 95% achieved in practice, altogether obtaingugtained performance
of 53 GFLOPs, which is superior to previous work and predicts a padoce improvement of nearly an
order of magnitude compared to the peak theoretical software implementatiovever, we also note
that the high RAM use restricted the use of this accelerator to small matriceést fehsmall matrices,
the performance is significantly below the peak.

Given many problems in scientific computing result in large matrices, it is of siteveletermine the
extent to which this performance can be maintained for such matrices, argintilarly of interest to
maximise the performance of the hardware accelerator for all matrix cdiwekdain a high performance
improvement for all matrix orders. As matrix-vector multiplication consumes thefdaet of the execu-
tion time of the algorithms, the main performance improvement was provided bultirérallel dot
product circuit [74]. Since the major limitation to the accelerator was the rexgeint to buffer the input
data on-chip so as to provide the desired bandwidth to feed the fully-gatailproduct circuit, in this
section we examine methods to improve the memory use and maximise the parallelistridof/awor
multiplication in general. To explore how this could be achieved, we adaptdthodware architectures
for performing matrix-vector multiplication to take advantage of banded mattixtstre, matrix sym-
metry, or both. Banded matrices are sparse matrices of a specific streigtir¢hat all of the non-zero
values lie within a specified bandwidth of the diagonal, and these arise in mablems, for exam-
ple when solving partial differential equations [135]. Symmetric matricesguere matrices equal to
their own transpose, and these are of particular interest as both CGIAIRBES algorithms will only
converge to a solution provided the input matrix is symmetric [62].

We note that while there exist many methods to accelerate matrix-vector multiplicatiandware,

as we discussed in more detail in Chapter 2, in this section we focus on imgrthaénmethod we
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Table 3.2.: Comparison of floating point matrix-vector multiplication in hardware.

Method Year| Sustained GFLOPS Device On-chip RAM use method
SpMV [50] 2006 | 1.5 single precisior Stratix S80 Stream frdfrcbip
SpMV [111,161,162] 2005-2007 2.16 single precisjon Vigr&xro Matrix off-chip using CSR, Vector on chip
SpMV [47] 2005 | 12 double precision  &¥®irtex2-6000 Sparse matrix on chip
MINRES! this 2008 53 single precisio Virtex5 LX 330T Dense matrix bipcre-used over many iterations

1 Majority of performance for MINRES circuit comes from matrixoter multiplication, see Section 3.2.

have used in this chapter, because it is through taking advantage ofilihetalre-use of the same
matrix over many iterations by storing the matrix on-chip, and subsequently ghakaof the greater
memory bandwidth that the high performance of 53 GFLOPs is achievedoninast, methods for
general sparse matrix-vector multiplication which use off-chip RAM aredbédith limited and thus
have limited performance. To re-illustrate this point, Table 3.2 comparesas@ifierent methods to
implement matrix-vector multiplication, and it is clear that by making increasingfum®-chip memory,

the greatest performance is achieved.

3.3.1. Performing matrix-vector multiplication

This section describes simple modifications to the architecture shown in Figute 8olve matrices
with specific structures using a high level of parallelism. We begin with a det@dedription of banded
matrices before describing the hardware architectures and RAM caatiigns to implement matrix-
vector multiplication for this type of matrix, discussing in detail how this same @ghroan be used to
handle both thin and wide bands. We then describe how this approachsinbe extended to handle
symmetric matrices, reducing the RAM requirements, before discussingatedure to optimise the
use of RAM and LUT resources on an FPGA given this RAM requiremeirtallly, we discuss our

approach to trade parallelism for scalability for larger matrices.

Matrix-Vector Multiplication for Banded Matrices

Banded matrices are matrices where all the non-zero elements lie within some kandsize\/ from
the main diagonal, as shown in Figure 3.8(a). As the location of the nos-izgkaowna priori, simple
structures can be used to hold these values such as Compressed D&igmage (CDS) [5], shown in

Figure 3.8(b). This is preferable to other storage schemes such asesseghrsparse row [5] because
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Figure 3.7.: Dot Product Circuit.

these schemes store indices of the locations of the non-zero elementsjsdiataste of RAM use as

this redundant information.

0 0 a1 a1
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(b) Compressed Diagonal Storage.

Figure 3.8.: Methods to store a banded matrix. Each column will be stored prasase RAM, as shown
in Figures 3.7 and 3.13.

Using CDS to store the matrix, all zeros that do not fall into the band aretoi@ds saving N —
M)(N — M + 1) elements. However, as is clear from Figure 3.8(b), there are still soros iethis
storage. These zeros do not reflect any in the original matrix, ratherd¢HRect the fact that at the band
ends there are no elements and hence zeros are added instead. Ethégétd + 1) additional zeros.
This implies that if2M — 1 > N, the amount of added zeros created from this redundancy could be
greater than the number of zeros that are avoided by using this storagg.forhis section discusses
these cases separately.

Thin-bands 2M — 1 < N): In comparison to the method for dense matrices, the first difference

65



Chapter 3. Accelerating iterative algorithms using hardware

is that instead of usingv parallel multipliers, it is only necessary to perform parallel multiplications
for the bandsize2M — 1), as the result of any other multiplications would be zero. The other slight
complexity is that if the matrix is stored using CDS, the associated vector eleorezddh RAM will

change at each cycle. This is demonstrated in Figure 3.9 which showsdineddeultiplications over

time.
Multipliers
[Mut—(as—2y | MUt _(as_3y | .. [ Mulg [ Muity [ Multy | o [ Multag |
Cycle A A A A A A
1 0 0 0 ai,1 ai,2 ai, M
0 0 0 *V] *Vo *U N
2 0 0 as 1 a2 a2 3 ag M+1
0 0 *VU] *VQ *V3 *UM 41
M anM,1 anM,2 aM M—1 |aM,M aM, M+1 aM,2M—1
*V1 *V *UN N1 *V FUM 41 *VQ N —1
M+1 AN 41,1 an 41,2 AM41,M @M1, M+1|OM+1,M+42| - aM41,2M
*Vo *U3 *U AL *UNFL] *UM L2 *Vo M
N-1 AN_1,N—M+1|¢N—1,N—M+2| - |aN—1,N—2| &N—1,N—1| @N_1,N 0
FUN - M41 FUN M 42 | xoN_o KUN 1 *U N 0
N AN, ,N—M AN N—M+1 | aN,N—-1 aN,N 0 0
*VUN — M *UN_M+1 KVN 1 *U N 0 0

Figure 3.9.: Required multiplication over time. In this figure, the values in gnesesent the required
vector elements, whilst the values in white represent the required matrix dkefnem
RAM. Any 0 value refers to a multiplication that need not be performed.
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min(N, 2M-1) NN
T Mult =t
v Output Width= . . . =+ 4
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Figure 3.10.: Banded dot product circuit for thin bands.

However, from Figure 3.9, it should be clear that the required vectonazie for each multiplier is
simply shifted once per clock cycle. This would require little additional hardviia comparison to
Figure 3.7, which similarly to the work in [96] uses a vector of registers ashitiecould be achieved
using a serial-in-parallel-out shift-register, as shown in Figure 3.1@h&wmore, this shift register need
only be of siz&M — 1, as opposed to a vector 6f registers.

Wide-bands @M — 1 > N): There are two issues when using wide bands. The first is the excessive

storage, as mentioned above, the other is that when using a banded matnxrther of parallel multi-
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plication is equal t@ M — 1, butif 2M — 1 > N, this would mean the number of multipliers is greater
than the size of the vector, and hence any such multiplications would cone$p a multiplication by
zero.

As a result, in order to minimise resources, the number of parallel multiplietddsbe restricted to
N. To map this to the RAMs, the proposed solution to ‘wrap’ the data in the RAMrattd’ columns,
as shown in Figure 3.11, along with the required multiplications in Figure 3.12. v&htor can also
easily be ‘wrapped’ by feeding the output of the final output of the sbdister back into the input, and
adding a multiplexer to choose between this input and the vector input, thisis shi&igure 3.13. The

control for this multiplexer is simple and requires little additional hardware.

< M —1— ——— —— — —— — — —— >
<—————-—-- No——————— >
0 0 any A (n—m) alm
Gl e Gmm e e e ag
iy . . . . ) .
0 : amn
am1 : : : : : - 0
) n(me1) . e anm 0 L 0 . 0
(a) Matrix with Wide Band.
<——————- N—————— >
0 0 an . ey A
0
T T
. : . . . o
Amn
am1
0
anr a L )

(b) Matrix with Wrapped Wide Band.

Figure 3.11.: Wrapped wide bands.

Whilst using/NV columns of RAM to store the matrix appears to be no better than a dense implementa-
tion, there are two main benefits to this wrapping approach. The first is gibvits the same hardware
to be used for both cases; the second is that, excluding the dense siagethe optimisation process

described in Section 3.3.3, it is possible to save some RAM.
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Multipliers
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Figure 3.12.: Required multiplication over time for wide bands. In this figureydhees in grey repre-
sent the required vector elements, whilst the values in white represemighieed matrix
elements from RAM. Any 0 value refers to a multiplication that need not bepeadd.

L [RAM for band -M+2
Serial in

Parallel Out —}’

Shift Register,

depth =
N | min(N, 2M-1)
—v, *D’ " RAMTorbandM | "L MUl

Figure 3.13.: Banded dot product circuits.

Matrix-vector multiplication for symmetric matrices

With symmetric matrices, it is only necessary to either store the lower or uppgorgibmatrix. In-
terestingly, extending CDS (Figure 3.8(b)) to only store the symmetric portistragyhtforward: all
that needs to be done is to remove the columns that only hold the redundantedall the columns
to the left of that holding the diagonal. While this reduces the RAM requiremetaally we would
like to use the same architecture (Figure 3.13) because we believe it to haweatrgontrol, since it
consists of only a shift register, RAMs and a reduction tree, and thidesathigh clock frequency, as
well as ensuring that any architectures which improve these componenis oircuit could be easily
incorporated into our design. However, in order to achieve this, one enustate the behaviour of the
extra RAMs used for band storage. Interestingly, the organisation d@AtMs in CDS makes it quite

simple to achieve this: as highlighted in Figure 3.14(a), the values to the lefedafiiyonal can be
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seen as a delayed version of other columns, meaning these columns caulated using the required

delays shown in Figure 3.14(b).
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(b) Symmetric Shift Register.

Figure 3.14.: Using Delays to Emulate Symmetry.

Implementing delays for symmetry on FPGAs: Using FPGAs, there are three potential methods to
create this delay. The simple method would be to use FIFOs made up of eitlieegisifers or RAMs.

The problem with using this method is that if the delay is large, these FIFOs nmgedsme large and

this may use a lot of resources.

Alternatively, some FPGAs have embedded RAMs which can implement trikgodtianemory. In
this case, one port could access the current value, and the otheefsmt the delayed value, meaning
the delay could then be implemented simply by using a delayed counter which wequide minimal

additional circuitry. As it is not possible to describe an optimisation stratagllf6 PGA architectures,
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in this work we wish to demonstrate how one could make use of this additionetidaality within
the same optimisation framework, and we have chosen to use Virtex 5 familyase sstuidy for this
aspect; we believe that our framework could easily be modified when taggetiifferent architecture.
However, there are more subtle issues when using Xilinx embedded RAiNs RRAMs on a Virtex
5 are 36KBit, and can be configured in one of two ways: as 2-18KBitlBiR&Ms implementing simple
dual-port RAM; or one single 36KBit true dual-port RAM [156]. This imglithat by using the Block
RAMs in true dual-port fashion, the amount of flexibility of the RAMs is reeltic Viewing this in
another way, the likelihood of a large portion of an embedded RAM being eisbigyavily increased,
and this can reduce the number of RAMs available and impact the potenadkepam.

The final choice is that if the delay required for symmetry is greater tharize@5RAM needed to
store a column, then the same RAM can be used to also feed the multiplier fomtineetsical delay
without requiring a second port, as only one of the two multipliers will requipgifirata at any given
time. Given these three options, determining the optimum use of resourcesiibdd in the following

section.

3.3.2. Trading performance with slices

When implementing a matrix-vector multiplication circuit, ideally, the amount of paralledisould be
limited by the resource constraints, which in turn will be dependent uponhibsea FPGA device and
any other operations. In this section, we discuss two simple methods to tradeehef parallelism
in order to make best use of available resources: increase the paraltgliperforming parallel dot

products or reduce the resource usage by performing dot produstemjies.

Performing parallel dot products

In matrix-vector multiplication, it is possible to perform < N parallel dot products for the multiple
rows of the matrix. Whilst creating parallel vectors of multipliers and adder reduction trees is a trivial
task, the memory storage is not. The reason for this is that whilst it is negéssamve RAMs feeding
each dot product circuit, it is undesirable to simply replicate the memory steydtur this would store

a large amount of redundant data. Instead it is best to re-organisatinealthat the RAMSs only store
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the data for the relevant dot product circuit. One simple method to do this vbeutd split a matrix
vertically into« subsections and repeat the circuit. However, this is undesirable foeagons: firstly,
the delay circuitry for symmetry will then be repeatedimes, which would waste hardware; secondly,
to perform all operations in parallel, it would be necessary to have theemator available, which
means that for a very large matrix with a thin bafid > M), there would be little gain compared
to the approach specified in Figure 3.13 which begins performing douptednce the first band of
the vector is available. Instead we wish to compute parallel dot products donsecutive rows. We
also note that this parallelism reduces the size of each RAM by spreading the RAM across several
circuits. However, by doing this, we create dependencies betweenribassdot product circuits when
implementing the symmetric delay; some example circuits which demonstrate how thiseigeaicare
shown in Figures 3.15 and 3.16.

In order to understand how wiring and delay circuits are created, letsiddbelj as the circuit
index, whered < j < a — 1, andi as the RAM column index, where M + 2 < i < M. Now
firstly, it should be clear from Figure 3.14(b) that because the RAM gjdha diagona(i = 1) is not
re-used for symmetry, the first symmetric delay colugin= 0) will always comes from the second
RAM column (i = 2), with a delay of one cycle, and the second symmetric delay coli@mna —1)
will always comes from the third RAM colum@@ = 3), with a delay of two cycles. We can extend
this for all the symmetric delay columns, which are in the rafgd/ + 2 < i < 0), to say they will
delay data from the RAM colum@ — 4, with a delay ofl — i cycles. Secondly, we must consider
that the idea of the symmetric delay columns in Figure 3.14(b) is to store the datanua previous
multiplication, but when multiplying consecutive rows in different circuits inghleaf, storing data from
a previous multiplication corresponds to taking the data directly from the RA&poévious circuit, and
a delay of one cycle now corresponds to data feemultiplications back. This means that for a given
circuit 7, the first symmetric delay colummn £ 0) can be taken directly from circujt— 1 and the second
symmetric delay colum(i = —1) can be taken directly from circujt— 2, whilst the symmetric delay
columni = —a can be taken from circuitwith a delay of one cycle and the symmetric delay column
1 = —a — 1 can be taken from circujt— 1 with a delay of one cycle. In general, because the symmetric

delay column of any circuitj, as stated earlier, requires data from ¢ previous multiplications, the

71



Chapter 3. Accelerating iterative algorithms using hardware

data for this column will come from circujt— (1 — ¢) mod «, with a delay of[ (1 — i)/« cycles.
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Figure 3.15.«« = 2 Parallel Dot Product Circuits of Bandsize 4.
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Figure 3.16.«¢ = 3 Parallel Dot Product Circuits of Bandsize 4.

Performing dot products in stages

When creating a dot product circuit, the number of parallel multiplications gezording tanin(N, 2M —

1) and the number of adders in the reduction tree grows accordimdrt@V, 2// — 1) — 1. This means
that depending upon the available hardware, it may be necessary ict téstparallelism to save slices,
and we note that the significant reduction in memory use that this optimisatiomggtpateides implies
that it would no longer be the memory available that limits the maximum matrix order ahétex-
vector multiplication, rather the slices and multipliers can easily become the limiting.fadk can
reduce the amount of multipliers and adders used by performing partial mutiphs of a row of size
[min(N,2M —1)/3], whereg is an integer, and use a reduction circuit, several of which are distusse

in [161], to sum these partial multiplications. We note that by doing this, weceethe number of re-
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quired RAMs by, but increase their size b The circuit required to achieve this is relatively simple,
with the inputs for each multiplier controlled by a multiplexer. As an example, theitirequired for
the case off = 2, which would perform half the multiplication of the first half of the row duringddo
cycle and the second during even cycles, is shown in Figure 3.17. Feredif choices ofs, only the

reduction circuit would change, many of which are discussed in [161].

i

Serial in Parallel [RAM for bands: -M+1 and 1
Out Shift Register ]
Depth = : Reduction Circuit
min(N, 2M-1) ‘ IR
T Mult it
Output Width =
iy Imin(N, 2M-1)1/2
—V, > ’ [ RAM for bands: 0 and M

Figure 3.17.: Example circuit for performing dot products in stages, With2.

Performing dot products in stages in parallel

Finally, it is worth noting that to obtain greater control over the trade off betwparallelism and re-
sources, it is possible to combine both of these methods. The reason tlisheomnportant can be
demonstrated with a simple example. Suppose one was trying to performrdatrsevector multipli-
cation for a matrix of ordeiN = 120, but the number of slices limited the maximum number of floating
point multipliers and adders each 83. Obviously, one could not perform full dot product, as there
is insufficient resources. Instead, it is possible to perform a partiapamluct by choosingg = 2,
which would use50 multipliers ands9 adders. This would work, but it fails to make the best use of re-
sources, for alternatively we could perform= 2 dot-products in3 = 3 stages in parallel, each partial
dot-product circuit would usé0 multipliers and39 adders, and an extra adder would be needed for the

reduction circuit, using almost all the available resources.

3.3.3. Maximising matrix-vector performance

The amount of RAM required to store the matrix is dependent upon the theosimatrix N, the
bandsizeV/, and the number of slices on the FPGA the user is willing to allow to be used in tteeqfia

embedded RAMs, whilst the amount of parallelism is also restricted by the mwohb&/Ts and DSPs
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(or embedded multipliers) on the FPGA the user is willing to allow to be used to dreatgrcuit, as

well as the number of required RAMSs to feed the circuit. In our circuits, exehimplemented single
precision floating point operators using Xilinx Coregen [156], with eachipliger using a single DSP.
Given all these constraints on the RAM requirements, LUTs and DSPsjshdavanswer the following

guestions:

e “For a given matrix of ordertV and bandsizé/, and provided the FPGA device can provide a
specified number of available BRAMS, slicesS and DSP9): what is the maximum parallelism

that the circuit could obtain?”

e “For a given matrix of known bandsiz&, and provided the FPGA device can provide a specified
number of available BRAMS, slicesS and DSP<D, then if there is a minimum requirement on

the amount of parallelism: what is the largest possible matrix order that thetcould solve?”

e “Once we have solved one of the above questions and worked out thienoraxparallelism or
maximum matrix order for the circuit: which configuration (making use of trued dort RAMs,
using single port RAMs or using registers) should we use to store a coldirtire anatrix or

implement the delay for symmetry?”

e “Once we have solved all of the above questions: how many parallelrddtpt circuits should

we create (what i&?), and how many stages should we take to perform each dot prochet i&v

82)?"

To answer all these questions automatically, this section proposes an lirtegeprogramming (ILP)
formulation which can be solved by many existing solvers, such as CPLEX The ILP is shown in
Figure 3.18, this section discusses how the ILP is obtained.

Notation: As shown in Figure 3.8(b), the matrix columns in CDS contain trailing zeros. ribis
necessary to store them, and hence the RAM requirement for each cohamges. As a result, the
variablei is used as an index for the columns, withi = 1 being the column containing the diagonals.
Similarly, as a result of the fact that, as mentioned in Section 3.3.2, the depé#tiofRAM will also

vary depending upon our choice of the size of the partial dot procutidnether it is shared across
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Given an input matrix of ordelN and bandsizé\/ for P problems, and user input constamg Y, Z (defined in
Section 3.3.3)

My o Variables
max:  Za—(1-2)>  (2pi + o1 + 02:) (Maximise Performance) i No. TDP RAMs used in columfof circuit
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subject to: o2i; | No. SDP RAMs used in symmetric colunamf circuit j
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¢t —amin(N,2M —1)/Y = -1 (Required Adder Constraint) R Max No. RAMSs on Device
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. . . . D Max No. DSPs on Device
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Figure 3.18.: Maximising performance using ILP.
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parallel circuits, the variablgas an index for each parallel circuit. To obtain control over the size of the
ILP, we also add input constanks andY” for the maximum number of the parallel circuits and smallest
partial dot products respectively, with the variableandg are used to determine the chosen number of
parallel circuits and the size of the required RAMs, whilst the binary vlesaly are used conjunction
with a large valud. for ‘big-M formulation’ [153] which represents the decision over whethparallel
circuit is used.

There are three choices to store matrix elements and to implement the delaydudahyort RAM,
simple dual-port RAM or shift-registers, and as described in Section 3r84.,dual-port RAM can
both store matrix elements and implement symmetric delay, whereas separate siatypertt RAM or
shift-registers are needed to implement this delay. To simplify the notationpfema i of circuit j,
we use integer variables which represent the number of true dual-pdtsRsimple dual-port RAMSs,
simple dual-port RAMs used for delay for symmetry, shift-registers aifttrggisters used for delay
for symmetry, are denoted as;, 015, 02:, 155, T2i; respectively. As the RAMs and shift registers are
physical components, these must be integer variables, making this an ILP.

The remaining input constants aRe S, D, B, K1, K», K3, K4, K5 and integer variables arex. The
constantsk, S, D represent the maximum number of BRAMS, slices and DSPs on the targeedev
whilst the rest are used to translate these integer variables into the aatyabrments: the maximum
capacity of the BRAMSs in terms of the number of words they can store is diast®, K, represents
the number of slices to create a one cycle delédy, K3 represent the required number of slices to create
an adder or multiplier an&’ 4, K5 representing the required number of DSPs for these components. If
it is possible to create several different adders and multipliers which treelef DSPs and slices, extra
variables could be added alongsidendx, accompanied with associated constants indicating their DSP
and slice usage.

Objective function: The aim of the ILP is to maximise the performance, and minimise the RAM
use. The first objective involves creating the largest number of panalliplications, given byx. For
the second objective, the RAM use is a summation of the variables for theis&iMs whilst noting
that as the true dual-port RAMs are twice the size of the simple dual-port SRAié cost for alp;;

variables is twice that of;; ando;;. In order to convert both goals into maximisations, the latter term
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is negated. Finally, as both objectives will compete for slices, multipliers and$k#he variableZ is
added as an input variable to allow a user to favour one goal over the othe

Matrix memory and symmetric delay constraints: The three types of storage must satisfy the
matrix memory and symmetric delay constraints for each coluamd circuitj. The big-M formulation
in this constraint ensures that if parallel circyiis not used, there will also be no RAM constraint.
The complexity in this approach is that, as mentioned in Section 3.3.1, the Xilinxitralgaort RAMs
contribute to both the symmetric delay and matrix memory constraints, and thus rirésvsaiable
appears in both inequalities.

The RAM requirement for each column of a matrix incrementally decreasdience the memory
requirement could be given B —i+1). However, in previous works [11,47,97] it has been highlighted
that due to the deep pipelines in floating point operators on FPGAS, in tordestintain high sustained
performance it was necessary to perform matrix-vector multiplication on mifieyent problems in a
pipeline, and each of these problems would have to be stored in RAM. Tinisasaly be incorporated
into the model by modifying the memory requirementfoproblems to be?(N —i+1). In contrast, as
increases, the symmetric delay requirement for each column increasasamtelly, but for delays, itis
no longer necessary to store multiple problems, and hence the symmetricetglagment is generally
given by: — 1. However, as mentioned in Section 3.3.1; i NV, then there is no need for a separate
RAM to implement the extra delay, and hence the symmetric delay requirementlisf : < N and O
if i > N.

Finally, one should note that by replacing symmetric delay constraints withregingory constraints,
it is possible to use this same ILP for banded matrices.

Available RAM/Slice/DSP constraints: These constraints translate the integer variables into re-
source constraints which ensure the implementation will fit on an FPGA. F&R A constraint, the
integer variables for TDP rams have twice the weight as they consume twice the number of resources.
For the slice and DSP constraints, the integer variabde®l~ for the number of adders and multipliers
implemented are weighted by the estimates for the resource use for theseneniispo

Required adder/multiplier constraints: These constraints ensure that there are sufficient multipli-

ers and adders to implement the relevant level of parallelism, noting thatqhiee® number of adders
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is one less than the number of multipliers.

Parallelism constraints: There is an inverse relationship between the size of the RAMs and the
number of circuits, and this cannot be directly represented in an ILPekkwas we have restricted the
maximum amount of parallelism and minimum dot product size, there is a distintienwof configura-
tions and thus we can use big-M constraints to ensure that for any lepatafelism(«), the required
RAM size (B) satisfies this inverse relationship. The big-M constraints are formulatédtkatif the
binary variables/; = 1, then the parallelism constraints are satisfied. However, because omast
equal 0, then the number of parallel circuitswill be forced to the valug by parallelism constraints
1 and 2, while parallelism constraint 3 will ensuseis large enough to support the chosen level of

parallelism.

3.3.4. Results
RAM use

The main benefit of this work is that it significantly reduces the RAM use. &veahstrate this by using
our ILP to optimise the RAM use for four banded matrices of varying widthsur€i@.19 consists of
four graphs showing the percentage of embedded RAMs of a Virtex 80X3hat are required to hold
these matrices using traditional dense storage, and by using band storsgametric band storage
when optimised using our ILP. In these examples, the number of pipelindteprs has been set to
P = 10 so as to be comparable to previous works [11], and weZset0 to focus on optimising RAM
use. In most of the test cases, we have)et 1 andY = 1 so as to perform comparisons with the
traditional method of storing a dense matrix. However, for cases wherenécsssary to reduce the
parallelism in order to satisfy the slice constraints of the FPGA, we allow 2. These choices also
ensure a short run-time for the ILP of a few seconds. Finally, in ordeetfmrm a fair comparison with
the dense implementation, we allow the slices on the FPGA that are not used @mttproduct circuit
to store matrix elements, a procedure which is performed automatically in our cgtfomisramework
for the banded and symmetric banded cases.

The greater scalability of this approach is clearly shown for the thinnestdiiee, whenm\/ = 20,

which demonstrates that a large amount resources can be saved in isomparthe basic method
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Figure 3.19.: RAM use.
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storing a dense matrix, the maximum matrix order can be extended from 120 tetdlG@0 in the
banded case and 2000 in the symmetric banded case. It should be natddsttendwidth would,
at the maximum, require 39 parallel floating point multiplications, and hence cmilte fed using
off-chip RAM. As the bandsize increases, though this difference geddiey, it is still significant.

It is also interesting to see that the difference between the dense aneldbeask decreases much
faster than the difference between the dense and the symmetric caseeagba for this is that the
symmetric delay is only a function a¥, whereas storing the band instead of implementing this delay
is a function of N and P. However, it is clear from the graphs, there are indeed still RAM savings
using the banded format as opposed to storing it in the dense format, beea thiere is a wide band of
M = 60, as mentioned in section 3.3.1.

Finally it is interesting to see how our approach smoothes all the transitiongdetiie discrete
RAM sizes. It is clear in the dense case that there are distinct jumps wtéca @sult of needing
a larger RAM size, which is likely to be largely empty, as mentioned in Section 3319ld each
column of the matrix. In our approach, as we optimise the use of RAMs artdetiters, these sudden
jumps generally do not occur. There are however two exceptions to thi§irshis for small matrices
when it is possible to store the entire matrix using shift registers instead ofs<R#&id second is that
whenever the parallelism is decreased, there is a sudden increase snifsiteould be used as shift

registers. However, this second effect could easily be controlled bghibiees ofX andY’.

Performance

As well as RAM savings, this work can also be used to both achieve greattelism, and continue to
achieve greater parallelism for higher order matrices. In order to dératathis, we again sét = 10,
then focus on parallelism by settirig = 1, whilst to ensure a fair degree of flexibility to choose the
best circuit, we seY” = 10 andX = min(NV,2M — 1)Y, which allows for potential for a fully parallel
matrix-vector multiplication, provided there are sufficient resources, tiils maintaining the run-
time of the ILP to be only a few seconds. Figure 3.20 compares the maximuormparfce achievable
for a dense matrix using a traditional dot-product approach as in Figdre@r optimisation strategy

applied to a dense matrix, and our approach applied to a matrix with a wide batod All designs
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were successfully placed and routed to a target frequency of 15Q MFike it is possible to obtain a
higher frequency, such as the designs in Section 3.2, finding the optinegpneincy for every point on
the graph would take a large amount of time as the circuits consumed almostitad-&GA and would
also distract from our main focus of this section which was to demonstratetieextra parallelism
leads to higher performance, we note that for a single implementation, we wm#dhis to a higher
frequency. In this figure, we have plotted the GFLOPs assuming the dindagt fully utilised, which is

possible in a good design, as we have seen in Section 3.2.

60 —0—Dense Symmetric Matrix using Traditional Dot-Product Circuit
—+—Dense Symmetric Matrix using ILP optimised circuit
——Banded Symmetric Matrix (M=80) using ILP optimised circuit
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Figure 3.20.: Maximum performance achievable.

Figure 3.20 shows our approach achieves 55 single precision GFloD&®&ll matrix orders by per-
forming the dot product of several rows in parallel by making use of aladbthe slices available on the
device, except for the matrix order of 10 where the maximum parallelism ifygparallel matrix-vector
multiplication, and maintains this high performance for larger matrix orders tignoeing parallel dot
products in stages, in conjunction with the RAM optimisation, before graduadigping with larger
matrix orders due to the RAM requirements allowing less room for parallelism slight jumps in the

graph which are due to the choicesXfandY” that only allow for certain discrete levels of parallelism.
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In Section 3.2, the maximum performance of the approach we describedethvas 53 GFLOPs and
only when solving the largest matrix order of 145 despite operating at a highkr frequency, and in
this section, we noted that the majority of the performance originates fronxtlesive use and paral-
lelism in the dot-product circuit. In comparison, Figure 3.20 shows thatmeigé, any approach using
the traditional full dot-product approach can only approach the paegnce of our optimised circuit for
the maximum matrix order of 170, and cannot scale to larger orders to adreater performance due

to insufficient memory, shown earlier in Figure 3.19(d).

3.4. Examining the effects of varying the precision used throughout an

implementation of the MINRES algorithm

The major limitation of this work is that, as discussed in the introduction of this chatitthe imple-

mentations in this chapter are based upon IEEE 754 single precision floating phough the majority

of the related work has made similar assumptions, as discussed in Chameads®d the accumulation
of rounding errors arising from the use of floating point can affecttmergence of the algorithm, and
no such analysis has been performed, it is equivocal as to whetheiatdiwdre would be of use in a
practical situation. Alternatively, suppose such analysis was perforifnibe@ ideal precision was any-
thing but IEEE 754 single precision floating point, the potential performampeovements that can be
achieved through changing the precision used throughout the algorabhenatso been ignored. In the

following sections, we briefly illustrate the importance of precision on cgarere and performance.

3.4.1. Empirical data on the MINRES algorithm in finite precision

In order to illustrate the effect of the choice of precision on the convergef the MINRES algorithm,
we have conducted a range of simulations which examine the convergeheedMiNRES algorithm on
different matrices. These matrices were symmetric dense matrices of sizedéfated by randomly
sampling with a uniform probability distribution between zero and one for etefment to create a
random matrixC, and then calculatingt = C7'C to make theA matrix symmetric, & vector gen-

erated using a similar distribution for each element, and an initial guess vetttr 8. Figure 3.21
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demonstrates how the residual error computed| By — b||; decreases over the number of iterations.
Figure 3.21(a) shows the gap in the rate of convergence between siptable precision for a ma-
trix of condition number of ordet0*, Figure 3.21(b) extends this same model with several different
mantissas, illustrating how they occupy space within this gap, while Figurec3 @dnonstrates that if
the mantissa is too small, the floating point rounding errors can accumulaténggu a divergence.
Finally, Figure 3.21(d) shows that a symmetric matrix with a small condition numb®0® which

is a well conditioned matrix, it is possible to converge using much smaller manti3$&se graphs
highlight that the choice of precision has a large impact on converg#ratet is desirable not to limit
analysis to just double or single precision, because the optimum choiceai$ipn may be somewhere
in-between or indeed beyond double precision. It also highlights thathibieec of precision will be
problem dependent.

Furthermore, while the results above imply that very small mantissas are urtlikbby of interest,
if we were to modify the MINRES algorithm by applying a restart strategy, rerfene restarts the
algorithm whenever the true error differs from the actual error byraicefactor, but uses the currernt
vector as an initial guess solution, the convergence behaviour canrbased even for small mantissas.
This is something that has been of studied for the Lanczos algorithm [24589155], which is a
key component in iterative methods including MINRES. Figure 3.22 has tme sanditions as in
Figure 3.21(a) (random dense symmetric matrix of size 100), but appkssaatrstrategy. These restarts
cause sudden jumps in the graphs, but ensures the system now esnf@rgiuch smaller mantissas
(albeit using significantly more iterations).

While these graphs highlight that the choice of precision affects the mmvee, in general such
empirical data would be of little use to choose the optimum precision to use thooughhardware
accelerator. This is because it is too problem dependent given thatddead the matrix, positioning
of eigenvalues, and how close the initial guess is to the final solution atitafie convergence, and
any non-exhaustive simulation cannot guarantee convergenceidaahawver a range of input data. An
alternative would be to use theoretical bounds, such as those identiflétebpbaum [64] which high-
light bounds on the precision required to ensure convergence faea giatrix condition number, as

mentioned in Chapter 2, but calculating these bounds for an arbitrarythlgaequires human ingenu-
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Chapter 3. Accelerating iterative algorithms using hardware

ity. A more general method would be to develop an algorithm to calculate baumtiee relative error

introduced by the use of finite precision arithmetic on any given computatiorthis inspires our work

in the subsequent chapters.
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Reduction in residual for random matrix of size 100 for uarprecisions using restarting.

3.4.2. Estimating the performance impact of varying the pretsion for a hardware

acceleration of MINRES algorithm

We have demonstrated that the choice of precision has a significant impé#wot eonvergence of the

algorithm, however to justify why one would wish to create hardware with arl@secision, despite

a longer convergence, it is important to study the potential performarias et can be achieved by

using a lower precision.

In order to gain an estimate of the potential performance improvement thiat lsewobtained by

tuning the precision, we have adapted our ILP described in Section 3.3084aler variable precision

and an approximation of additional silicon area required to compute the MEN#REorithm as described

in Section 3.2. In order to estimate the area of the MINRES solver, a simple mathdd be to add
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constants representing the additional floating point operators requiré iMINRES solver to the
Slice and DSP constraints Figure 3.18. However, as mentioned in Section i8.3.2lot-products

are performed in parallel, then in order to avoid pipeline stalls, it is negessaso parallelise the
vector operations in the MINRES accelerator. This constraint can afsly &a incorporated into the
ILP by adding a constant representing the area for the floating poimaimpe on vector operations
and multiplying this byx in the Slice and DSP constraints. Equations (3.8) and (3.9) represeat thes
new constraints, wherEg to Ky are the required slices and DSPs for the scalar and vector operations.
We also note that performing partial dot-products in parallel in the matrisevecultiplication circuit
affects the latency of the problem, so we 8db ensure that there is sufficient RAM to store the number
of required problems to keep this circuit in operation, using the same agptosbefore where we
match the latency of an iteration of the MINRES solver with the time to compute the nvatirr
multiplication of P problems. After these changes, the latency is how given by equation®&eC;
andCs will change according to the mantissa size, and the time to iRgubblems into the circuit will

now be given b)PN%. Furthermore, even though the chosen number of parallel dot-preaftextss P,
because there is a distinct number of possible configurations chosEraloglY’, we can calculate the
exact value forP for each configuration priori and then use the same indicator variables that previously

selected the value ¢f from the potential configurations in Section 3.3.3 to choose a valyg for.

(67

Total Latency (cycles)= 3N 24 Cy[logy N 5

3 1+ Co. (3.7)

Klz;’:l (T13j + 72i5) + Kot + K3k + Kgao+ K7 < S (Available Slice Constraints) (3.8)

Ky + Ksk + Kga+ K9 < D (Available DSP Constraints) (3.9)

Finally, we simply adjust the constants for all of the floating point operatdisd Ky), according to
the precision used, as well as the constantor the RAM use will vary according to the precision, and
re-run the ILP to gain performance estimates in variable precision.

Using the modified ILP, we have generated Figure 3.23 which estimates thdigloperformance
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that can be obtained for a MINRES implementation using mantissa widths of 84X6prresponding
to IEEE Single precision), 32, 40, 48, and 53 (corresponding to |IE&ble precision). The reason
we have chosen to approximate the performance is that the time to place amevery design and
maximise the operating frequency would be very large, indeed in Section\8e3imply targetted
150MHz instead of finding the maximum frequency in all cases, and the athisoection is solely
to estimate the potential performance gains, as opposed to actually creatiogtithal design. To
this end, the graphs in Figure 3.23 are based on the assumption that 15€&vithe achieved. This
will estimate a lower bound for the performance of any precision less thgtegimecision, because
a frequency of above 150MHz was below that achieved in the MINREB®Ism Section 3.2.1 (this
leads to a slightly lower performance estimate than that achieved in Sectiom8.®)as verified for
the optimised matrix-vector multiplication circuit in Section 3.3.4 in single precisiothcamponents
using less precision are typically simpler and operate at a higher freg[ie5¥. In contrast, itis unclear
whether the designs using a larger precision than single precision cdué&@achis frequency, but this
still provides us the ability to estimate potential performance. Even with this teaxaith regard to
the potential frequency, Figure 3.23 clearly demonstrates that with lowerspon, we can achieve a
higher performance and maintain this increased performance to muchri@agées. This is due to the
smaller size of floating point operators using less precision and the &AM requirements to store
data using a reduced precision. We do note that in contrast to Figurend2f) not obtain maximum
performance for very small order matrices, this is because the numbertdéms that must be stored in
the pipeline is much higher, as seen in Figure 3.3, and this requires more mienstrie the additional

elements, which restricts the potential parallelism of the accelerator.

3.5. Summary

In summary, this chapter has described how it is possible to achieve a Isiglingd performance of 53
GFLOPs for MINRES, and has also shown that because the majority ofdtizrmance is a function
of the matrix-vector multiplication circuit, by applying a few simple changes to thisiitiarchitecture

and taking advantage of convex optimisation techniques, we can achmvgmater performance that
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Figure 3.23.: Estimated potential performance using ILP for MINRES. dliigsires are based upon
a circuit running at 150 MHz, which we believe to be a pessimistic operateguéncy,
and below that used in Section 3.2, but one which all implementations shoulld&a
achieve.

could be sustained to larger matrices. We also note that the matrix-vector muiigplicarcuit we
have described is highly parameterisable and may be of use in a wide raagglioations, especially
problems which include banded and symmetric matrix structure, as well as ineorgorated in the
MINRES solver or other hardware accelerators for iterative methods.

Finally, this chapter has illustrated that the precision used throughout thesdr@ implementation
has a significant impact both on the convergence of the MINRES algoritithofathe potential per-
formance that could be achieved. However, these effects are mofispe MINRES, in general, the
accumulation of floating point errors will affect whether an algorithm satsdi design criterion, while
the silicon area savings of using less precision will always allow room dditianal parallelisation
resulting in greater hardware acceleration. In the subsequent chaptais thesis, we attempt to gen-
erate new analytical techniques to compute bounds on the range or relativéo help a designer take

advantage of these potential performance advantages.
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Bounding variable values and round-off effects

using Handelman representations

In the final section of the previous chapter, we illustrated that the choipeeofsion has a large impact
on properties such as the convergence of an algorithm and the potert@inpance of the hardware.
However, in order to take advantage of the potential performance tseeneéi need a tool to assist in
making an informed choice of precision. This choice should be made acgdodksome design criterion;
such a design criterion may be a range specification or a bound on thecasescomputational error
induced so as to ensure convergence or a given safety margin.

Unfortunately, as we have highlighted in Chapter 2, there is currently a limitedbar of tools avail-
able to calculate such bounds. As a brief reminder of these issues, simidaged methods cannot
guarantee the given error estimate while the existing analytical tools tragiealfty of bounds for ex-
ecution time, with the existing methods currently lying at the extremes of this spectfine most
sophisticated class of analytical methods that can calculate bounds in dleaatze fall under the
name of Taylor forms [115]. Generally speaking, these methods cohgilynomials, with the aid
of various approximations, that represent the range of every vairable algorithm and then calculate
bounds on the final polynomial using interval arithmetic. We note here thaliffieeence between the
Taylor forms are the approximations used to control the size of each polghand ensure that it always
bounds the true range. While applying approximations to control the size gfdlgnomial provide the

ability to trade execution time with quality of bounds, issues we will discuss irt@rdatail in Chap-
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ter 5, the use of interval arithmetic in these stages, as well as the final $tagenaing the polynomial

T, representing the value of a variable,limit the quality of bounds Taylor formsichieve. Once again,
this is because interval arithmetic is unable to find the best bounds for §mopuals that contain de-
pendencies [108]. As most algorithms re-use variables, these deyésieill almost always occur, so
in this chapter we focus on creating a new approach that can take intordctEpendency information
when bounding the polynomials which represent the range of a variable.

In this chapter, we first detail the notation to be used throughout this arglisequent chapter in
Section 4.1 before we describe how to create a polynomial to represeantjefor each variable in the
pseudo code of the algorithm using models for floating point or fixed paiat g Section 4.2. We then
provide a brief background discussion on various results from thesfidldonvex optimisation and real
algebraic geometry which could be used to bound a polynomial in Section & 3idth illustrates the
need to create a new approach, as well as providing the backgrowrg fbeour new heuristic which
we detail in Section 4.4. Our benchmarks and the methods to quantify the qudiityids of our ap-
proach are then discussed in the antepenultimate section, Section 4.6,dagfogsults are presented in
Section 4.6, along with a demonstration of how our new approach coulckbgadesign hardware, and
demonstrate the potential hardware savings that could be achieved mafkrat this point that while
this new approach could be of value in proving whether it is safe to mowe dmuble to single preci-
sion for use on alternative hardware accelerators, such as GPlda@majpurpose processors, because
these devices are largely limited to these two choices of floating point predisitis chapter we again
choose to present results for FPGA architectures. Finally, we summaissehtpter in Section 4.7,
and highlight the limitations of the heuristic in this chapter, limitations which are paradilyessed in
Chapter 5 and patrtially left for future exploration, which we discussesepter 6.

The main original contributions of this chapter are as follows:

o the description of a new method, based upon a result from real alggle@itetry, to find provable
bounds for any variables within a sizeable computational kernel, giveri thgga ranges and a

precision specification,

e a demonstration of the use of our new approach to design hardware veittueed global word-
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length.

4.1. Notation

To formalise the discussion of the method, some simple notation is used. Weeargnsighomials in
n variablessy, ds, ..., 6,. We use the notatiod* for a term, which is a product of the variables raised
to some integer powers (4.1), whexds a vector collecting the exponents (4.2). We denot@&\yhe

degreeof the term, given by (4.3).

O = 07165200 (4.1)
A= ()\1, e )\n),whereAi e N. (42)
A=A+ o+ A (4.3)

A monomial is defined as a term multiplied by some real coefficieait,c6*, a polynomial is the
sum of one or more monomials, and a rational function as a function consigtiagiumerator and
denominator polynomial.

Finally, to allow a formal description in the following sections, in this work the temaspolynomial
are ordered.s* < &> denotes that* precedess*, according to degree lexicographical order, as

described in (4.4) [2].

Il < |Al,
M <l o (4.4)

|| = A andJi(p; < A andVj < i(p; = Aj))
4.2. Creating a polynomial representation of potential range

Throughout the majority of this chapter, especially when evaluating owoapp in Section 4.6, we
generally focus on optimising floating-point hardware. This is partially dueeaelative lack of ex-

isting work discussing word-length optimisation for floating-point design®mgarison to fixed-point,
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and patrtially due to the recent trends showing that floating-point desigriseaoming highly efficient

in hardware [146], and the growing collection of publications of floating¥pcustom hardware imple-
mentations [11,95]. We note, however, that the approach we desceeiion 4.4 is equally applicable
to word-length optimisation for fixed-point designs by using a differentehotlerror discussed in Sec-
tion 4.2.2. In the remainder of this section, we describe how to construdyaguoial representing the

potential range of a variable for both models of error.

4.2.1. Floating point

It can be shown that for a real value the closest radix-2 floating-point approximatidrof = can be
expressed as in (4.5) [73], whenas the number of mantissa bits used (referred to as the precision),
provided there is no overflow or underflow (note our approach caasdyebe extended to support any
radix by changing this equation). To ensure there is no overflow, it isssacy to perform range anal-
ysis, taking into account errors introduced by floating point precisiad, wse the results to choose
the number of bits required for the exponent; this can be done using theaappwve describe in Sec-
tion 4.4. Underflow depends on the chosen exponent and only occarsaiable nears zero, as such,
by performing range analysis taking into account errors for evengbia; we can determine whether
underflow is possible, and if so, we can add an additional error termddog this error. Once we have
ensured there is no overflow and any underflow is bounded, using thislrtds similarly possible to
specify that the radix-2 floating-point result of any scalar operatior {+, —, %, /}) is bounded as in
(4.6), provided the exponent is sufficiently large to span the range oéthidt. Operations complying

with IEEE standard arithmetic exhibit this behaviour.

T =xz(1461) (101] < A,whereA =277). (4.5)

rOy=(zoy)(l+d). (4.6)

We can apply this model of floating-point error on the result of every adatipn throughout an

algorithm such that every output variable can be represented by a giolgleomial in all the error
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variables, as shown for a simple example in Table 4.1.

Table 4.1.: Construction of polynomials with floating point error.
x,y are inputs
A is the error bound determined by the precision, sofhat A

Pseudo code Polynomial representation of variable value
a=x*y; a=zy(l+01)

b = a*a; b =(zy(1 + 61))%(1 + &2)

c =b-a; ¢ =[(zy(1+ 61))%(1 + 62) — xy(1 + 61)](1 + 63)

4.2.2. Fixed point

When using fixed point, provided there is no overflow, the errors inttedare a result of truncation. As
with floating point error, to guard against overflow errors, we mudoper range analysis, taking into
account errors introduced by the use of fixed point, to choose the minimuomber of bits to reach the
maximum potential value for any given variable. After this is performed, gssuming the fixed point
operators perform the operation and find the correct result beforeating the value to the desired fixed
point precision, the maximum truncation error will always be limited to one uniteriaht place. If we
denote the maximum value for the chosen number systel athe bound for any fixed point number
is given by (4.7), and similarly as for floating point, the result of any sageration® € {+, —,*, /})

is bounded as in (4.8).

it=z4+0 (|61 <A, whereA =2%71), 4.7)

—

rOy=(rOy)+ 0. (4.8)

The main difference between the fixed point model of error and the flogtig model of error
is that the fixed point model is additive, whereas the floating point model is ricdtipe; this will
typically result in smaller polynomials which are easier to bound, as we will gsspuSection 4.6.4.
Table 4.2 demonstrate the models created by the fixed point model of ertbefsame pseudo code as

the example in Table 4.1 so as to compare and contrast these models
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Table 4.2.: Construction of polynomials with fixed point error.
x,y are inputs
A is the error bound determined by the position of the fixed paint( 2X "), so thatls;| < A

Pseudo code Polynomial representation of variable value
a = x*y; a=zy+

b=a*a; b:($y+61)2+(52

c=b-a; C =[(wy + 81)% + da] + 63

4.3. Calculating bounds of a multivariate polynomial

Given a multivariate polynomial representing the value of a variable, asbre3a.1 or 4.2,f(4),

we want to findyi,uer = infi5,<a f(6), the lower bound on the variable or function of intent, and
Yupper = SUP|5,|<A f(6). Unfortunately this is a non-convex optimisation problem, which is NP-hard,
meaning traditional approaches are unsuitable. For example, calculuggtyteaches towards bound-

ing a polynomial of ordep by searching for turning points are unsuitable because finding the saution
for f/(8) = 0 for a general multivariate polynomial is also NP-hard. As a result, wesfocufinding

a computationally tractable lower boufg,er < Yiower and upper boundypper > Yupper SUCh that
Viower — Viower ANAYupper — Yupper are as small as possible. Since the variables in these polynomials are
boundedd;| < A, this problem falls into the broad field of global optimisation over a boundedéjp

so in this section we provide some background theory into methods used toitsosogch bounds so as

to emphasise the need to develop our new heuristic which we discuss in thrigligection.

4.3.1. Bernstein expansion

The use of the Bernstein expansion to calculate bounds on polynomials ik dhaphas gained con-
siderable momentum in theliable computingcommunity. To gain a basic understanding of how these
work, it is best to first consider the univariate case, where Bernstdym&mials of the form (4.9) are
used to construct a function called the Bernstein expansion, of the #hdM)( to approximate the de-
sired functionf(d). The main computation of this approach is the computation of the so-calledt&erns
Coefficients, (4.11), by a method such as the de Casteljau algorithm [5ié]cdn then be extended for

multivariate polynomials by computing products of the univariate Bernsteimpatials [58].
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Bi(z) = <i> d(1—x) " i=0,..,1 (4.9)
l
p(z) = szBZ(x) (4.10)
1=0
bi = Z Qaj,i = 1, ...,l. (4.11)

The main beneficial property of this approach is that these Bernsteificieats satisfy the convex
hull property for this polynomial. Figure 4.1, which is a direct referemoenf[59], demonstrates how
these coefficients can be used to construct the convex hull for a polghof fifth degree. The convex
hull property means that these coefficients will always bound the polyhamiacan therefore be used
to calculate worst case bounds, or even approximate lower bound fusi¢5i8], though this is beyond
the requirements of our problem. The other beneficial property is thasibban shown that these
bounds converge quadratically to the lower and upper bounds whewmahsglitting is performed for
the univariate case, a property that is expected to hold for the multivasaée[88].

However, there are several problems with this approach. Firstly, congphgBernstein coefficients

has been shown to have computational complexitg 6fp" 1) for a polynomial of ordep consisting
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of n variables [59], and while efforts have gone into reducing this computadtmmaplexity for sparse
polynomials [136], sparse polynomials will not necessarily arise in oubblpno domain. Secondly,
while the convex hull property ensures that the Bernstein coefficientsatty bound the result, there is
no indication of the tightness of this bound and it is necessary to take ageaitthe convergence of
the bounds by interval splitting to ensure it is tight. However, as we mentiongtapter 2, relying on
interval splitting will cause the computational complexity to calculate the bound®toexponentially

again.

4.3.2. Lagrangian duality

A more traditional approach to calculate lowgy,,., and upper bound$,,,., for a multivariate poly-
nomial f(9) over a bounded box is to formulate it as a honconvex optimisation problemasud.12),

and then to take advantage of Lagrangian duality to simplify this to a convex ogtiamigproblem. In

this approach, one augments the constraints on the variab)esiih the objective function {(d)) to

form a single function, given by (4.13), which is known as the Lagrandizal function, with the prop-

erty that any positive value @b for the Lagrangian dual function provides a lower bound to the initial
problem,i.e. g(¢) < f(8). Furthermore, as the Lagrangian dual function is a concave functian, it
possible to maximisg(¢) using convex optimisation techniques to compute the tightest possible bound

for the approximation [19].

min  f(9)
subjectto: Vi, A—6;>0 (4.12)
Vi, A+6;>0
n 2n
9() = inf <f<6) +Y di(A=6)+ Y ¢i(A+ 51-)) (4.13)
i=1 i=n+1
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Unfortunately, it is often difficult to compute the infimum of a general multitarfanction so as to
create the dual function; indeed this problem is only easier than the orfgimalilation given in (4.12)
if it is possible to chooseé to remove monomials from the polynomiA{é). Furthermore, even if it is
possible to compute a useful Lagrangian function, while convex optimisatdsace rich, the problem
with this approach is that this approximation potentially creates a gap betweeptthml solution to
the primal and the dual probleme. f(d) — g(¢) > 0 (in the casef(d) < 0, the infimum is given by
—oo (which is not a useful lower bound), and as with Bernstein polynomialse tiseno indication of

the tightness of this bound.

4.3.3. Theorems of alternatives

Theorems of alternatives are an area of real algebraic geometry wasairown significantly since the
discovery of Farkas’ lemma in 1902 [19]. The high-level concept adétapproaches is to construct an
alternate system for any given system of constraints such that onlyf dinese two systems is feasible.
Provided the alternate system is easier to solve than the initial system, by fimdialtion to the
second system, we obtain a certificate of infeasibility to the initial system. Tkemétis of interest
in calculating bounds is that if we can use a theorem of alternatives to fiedificate which shows
f(8) < Aower 1s infeasible, than it means th#td) > Jouer, and gives us a lower bound. We could
apply a similar analogy to calculate an upper bound.

A classical example of a theorem of alternatives is a simple extension badexfjcangian duality,
as described in Section 4.3.2. If we set the objective function to 0, and thew®ndition for the upper
or lower bound to one of the constraints, as shown in (4.14) the solutionithitiroe O if it is feasible,
otherwise it isco. With this problem, the dual function is given by (4.15). We note thatdf) < 0, the
maximum is 0, however, if we can shaw¢) > 0, then because of the additional variablg for any
constant, g(c¢) = cg(¢), meaning the maximum in this casedis. We can therefore say the bounds
for maximum value ofy(¢), denotedg(¢*), are given by (4.16). Finally, by duality,(¢) < f(9),
meaning that ify(¢) > 0 is feasiblepo < g(¢) < f(§), which provides a certificate to show (4.14) is

infeasible [19].
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min 0
subjectto: Jipwer — f(6) >0 (4.14)
Vi, A—6>0
Vi, A+6;>0
n 2n
9() = inf do(Viower — F(8)) + D _6i(A =8+ Y di(A+0)) (4.15)
=1 1=n+1

oo, if g(¢p) > Ois feasible
9(¢") = (4.16)
0, otherwise

There are however two problems with this approach. The first is the diffitu calculate all the
values of¢ to satisfyg(¢) > 0. The second is that using Lagrangian duality, in general, as the initial
problem is nonconvex, the duality gap still exists, and similar to before, thisgrtbat even if we find
a certificatey(¢p) > 0 for a given?d,,,., to show that (4.14) is infeasible, there could potentially exist a
certificate which can prove a tighter bound. However, there do exist titkerems of alternatives from
real algebraic geometry that can be used to produce so-called stmtifigates where the duality gap is

zero; we discuss two such theorems in the following subsections.

Positivstellensatz refutations

The Positivstellensatz is one theorem that can be used to find strong atasfithe proof and complete
definition for a system consisting of linear inequalities, equalities and diktesiaan be found in [126],
however, Theorem 1 presents a simplified version that is more relevamt poablem where we are only

interested in systems of linear inequalities, as in (4.12).

Theorem 1 [126]. The setS. = {z € R"g;(x)| > 0} is empty if and only if there exists a polynonyal
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in the cone (of the forn4.17) over the compact set of linear inequalitiggx) > 0 such thatpp = 0.

p=Y_ ka][g (), (4.17)

aeNn i=1

where eactk (z) is a non-negative polynomial

While it initially appears difficult to use this theorem to find refutations, Parillmdestrated that it
is possible to use this theory and search for bounded degree Positivsaétleefutations using semi-
definite programming (SDP) to find sum of squares values for &g¢hvhich are by definition non-
negative [126]. The reason that the search is performed over albdwegree is that the product of
products of all the non-negative inequalities could result in a large sefinitdeprogram which will
take a long time to solve, and limiting the degree provides a control over theitexedime at the
cost of reducing the quality of bounds. We remark that this type of comasl unavailable using the
methods described in Sections 4.3.1 or 4.3.2. However, while this method ipaxeyful, the number
of coefficients in the semi-definite program limited to degpes given by (p;f”) meaning that even
for modest degrees, this program becomes too large to solve using thigieeh Furthermore, even

modern SDP solvers are unable to solve large problems in a short exegoji07].

Handelman representations

A simplification of the Positivstellensatz which focused on looking for certiéic@f infeasibility for a

system which only consists of polynomial inequalities was discovered byéfiauan.

Theorem 2 [67]. A polynomialp(x) is non-negative over the compact set of linear inequaliies 0,

i.e.S. = {z € R"|g;(x) > 0}, if and only ifp has a Handelman representatiofi the form(4.18)
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p=> ca]]o (4.18)

acN” =1
where eaclz,, is a non-negative constant

andN is the set of natural numbers

In a similar fashion to searching for Positivstellensatz refutations, usinghiisem, it is possible to
find certificates of non-negativity of a polynomial by finding a Handelmagmasentation for it. How-
ever, this search is much simpler because instead of searching foregative polynomial,, (), it
is only searching for non-negative coefficients meaning these representations can be found by us-
ing linear programming to match the corresponding monomial in the desired polghp. The linear
program would then be able to calculate all the values for the variakleand the desired bound
However, it is important to note at this stage that using this method, that whiledssslpe to find exact
Handelman represenations, it is impossible to guarantee the global minimum Vdube, because
Handelman representations are only guaranteed to converge to the gitipaim as the maximum
order tends to infinity [91]. We demonstrate how linear programming can dxt toscalculate bounds
using Handelman representations, as well as the how the potential nelkighHodegree Handelman
representations increases the difficulty to compute the optimum bounds idltverig example.

Example of computing Handelman representations with linear progranming Calculate the lower
and upper bounds of the polynomias;) = 67 where|d;| < 1. We know trivially that the optimum
bounds should bf); 1]

To calculate the upper bound using Handelman representations, we niged aoHandelman rep-
resentatiorp for the polynomial,,,.. — 87 to show it is positive. To calculate this Handelman rep-
resentation, we can apply linear programming, for this can find the optimumdofon a Handelman
representation limited to given degree. For this example, we know the minimumedieg the Handel-
man representation is 2, because the degre @) is 2. The linear program for this problem is then
given by (4.19). Solving this linear program sets the constants c4 t0 0,cs = 1 anddypper = 1,

which we note is the ideal upper bound.
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min Yypper
subjecttoA —§; >0 (4.19)
A+6>0
co+c1(1—81) + ea(1+61) +e3(1— 61)* + ca(l + 61)?

+e5(1 = 61) (1 + 61) = Aupper — 61

To adopt a similar approach to calculate the lower bound using Handelmaseapations, we need
to find a Handelman representatiprior the polynomiald? — 4;,..c to show it is positive. The linear
program for this problem is given by (4.20), and this sets the constants c2,c5 = 0, c3,c4 = 1/2

andd;,wer = —1, however we note that in this case, this is not the best lower bound.

min —Yjower
subjecttoA — §; >0 (4.20)
A+6>0
co+c1(1—81) + ea(1+61) +e3(1— 61)* + ca(l + 61)?

+05(1 - 51)<1 + 51) - 5% - 'AYlower

To obtain a better approximation, it is necessary to create Handelmaneawefattésns of greater de-
grees, in Table 4.3, we demonstrate how the bounds tend to the optimum lawet &®the maximum
order increases. In contrast, we note that if we were to search faivBtelensatz refutations instead
of Handelman representations, we could easily compute an exact lowed because we can use the
factd? is itself a non-negative polynomial.

While the fact we cannot always find exact Handelman representatios ideal, the theory does
ensure that we always correctly bound the polynomial, and in many caisegdssible to find exact

Handelman representations to obtain the tightest bounds. Furthermoreyldaise simple techniques
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Table 4.3.: Using linear programming to compute Handelman representationgito fin
bounds off (§;) = §2, where|d;| < 1.

Degree of Handelman Representation Lower Bolifid,..,.) | Execution Time (s)
2 -1 i0.2
4 -0.334 0.5
6 -0.2 1

8 -0.143 2

10 -0.112 3
12 -0.091 4
14 -0.077 7
16 -0.067 10
18 -0.059 13.5
20 -0.053 18

1 Rounded downwards to 3 decimal places such that these adaatr bounds.

to improve our bounds, such as adding an extra constfaint 0 in the above example to obtain the
optimal bounds. However, the greater problem is that even though linegirgon solvers are generally
more efficient than semi-definite program solvers, the linear programmimgagh suffers from the
same problem in searching for Positivstellensatz refutations in that it iscatdlde. Table 4.3 also
shows how the execution time scales for the simple example program growsevéhsing degree. This
execution time would grow significantly faster for a multivariate polynomial. Astee this is because
a polynomial f of order p consisting ofn variables, the number constraints(?é:”) and variables
is (”32"). Therefore, in order to ensure we get a result in tractable time, we msistdtrict the
maximum order for the Handelman represntation to some vallirthermore, because one can only
choose coefficients, whilst choosing this valueafill trade execution for quality of bounds, the value
of p must be greater than or equal to the degre¢ of order to create such a representation. Clearly,
whilst this is efficient for small problems, the size of the linear program dyligkows too large for
existing linear programming tools. For example, consider a problem consi$i@pgproximatelyn = 30
variables where the maximum order pfs restricted tqp = 6. This would consist of almost 2 million

constraints and over 90 million variables, which is unsolvable using cuimeatr programming solvers.
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4.4. Our heuristic to bound multivariate polynomials

The aim of this work is, for a given precision, to find bounds on the val@ag chosen variable within
an algorithm, and hence bound the worst case computational error thd@eeg approach consists of
several stages. The first stage involves a simple compiler which takescigheieind applies this model
of floating-point error on the result of every computation throughowtlgarithm such that every output
variable can be represented by a single polynomial in all the error vasialrighis chapter, we focus
on straight-line code algorithms consisting{ef, —, x, /} operators, meaning that we currently unroll
any loops, which is a reasonable approach for real-time computatione wteeloop bounds are known.
Any conditional statements do not directly affect our bounds procétitirey do not operate on any of
the rounded variables. This polynomial is then simplified into a canonical foom, which bounds for
the extrema of the polynomial can be found via a heuristic. This heuristic ig@dspy Theorems of
alternatives, for they provide the possibility of finding the tightest bouawld within this field, we have
chosen to focus on finding a creating a new heuristic which searchésafatelman representations.
While we leave open the possibility of enhancing this heuristic to search mt\Rtellensatz refuta-
tions, in this chapter, we have chosen to focus on Handelman represesitaitause of the simplicity of
searching for single coefficients, as opposed to positive polynomialspfional final stage extends the
approach for polynomials to rational functions, allowing all algorithms cdingi®f the basic operators
{+, —, *, /} to be automatically analysed.

To address the scalability issues, we design our heuristic which initialisesatb#fficients:,, to
be zero, then dynamically chooses which coeffiecients to alter to createatigelhan representation;
this is significantly different to the linear programming approach which optinggesy possible,, up
to a given degree. To achieve this, in contrast to constructing an optimigatblem as in (4.19), our
approach searches for Handelman representations directly. We atteamfntblower and upper bounds
to satisfyiower < f(8) < Aupper Dy considering that we are trying to show that the functig(¥) —
Yiower aNAYupper — f(0) are non-negative over the compact set of inequalities specifying thedbou
on d given in (4.21), which by Theorem 2 is equivalent to showjf{d) — J;ower has a Handelman

representation of the form (4.22), or similarly satisfying (4.23) for thesmound.
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S.={8 e R"|Vi(A — 6 > 0) A (A +6; > 0)}. (4.21)

FO) = Atower = D Cap ] J(A = 6)% (A +6:)%. (4.22)
a,BeN™” xNn i=1

Aupper — F(8) = Z Cas H(A —5)% (A + 6;)P. (4.23)
o,BeEN” x N7 i=1

Example

In order to demonstrate the use of this theory, we will consider the funéti@rn = 67 — J; over the set
|01] < 1/2. For this simple function of one variable, we can first derive lower amEeupounds using
familiar calculus arguments. We will then demonstrate that IA is unable to cal¢htame bounds,
before finally showing that Handelman representations can be used/®theideal bounds.

Using calculus to calculate boundsfif,) = 5%—61, we know that because this is a convex function,
the minimum will lie where the derivativ¢’(6;) = 0 and the maximum will lie at one of the extremes
of the range of;. Thus by differentiating(41) to getf’(41) = 261 — 1, we find the minimum lies at
91 = 1/2, leaving the maximum to be whefe = —1/2; this gives the range of(4;) to be[—1/4, 3/4].

In comparison, interval arithmetic is unable to calculate the optimal lower basshown in (4.24).

6 € [-1/2,1/2] (4.24)
= 67 €[0,1/4]

=02 — 5, €[-1/2,3/4]

To find bounds using the theory presented in this section, we want tchdeatdandelman represen-
tations to satisfy (4.22) and (4.23). Two such Handelman representat®pg.a gn, = (1/2 — 61)>
andpypper ghr = (1/2—01)(1/2+61) + (1/2+61). After equating these respective functions, as shown
in (4.25) and (4.26), we finoer = —1/4 anddypper = 3/4. Finally, by Theorem 2, we now know
thatf(6;) —(—1/4) > 0and3/4— f(61) > 0 orthat—1/4 < f(01) < 3/4, thus recovering the optimal
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bounds.

82 — 81 = Atower = (1/2 — 61)? (4.25)
87 = 61 = Yower = 1/4— 01 + 67
Fiower = —1/4

Aupper — (67 = 01) = (1/2 = 61)(1/2 4 61) + (1/2+ 61) (4.26)
Aupper — 02+ 01 = 1/4 — 63 +1/2+ 6

’AYupper = 3/ 4

4.4.1. Generalised version of Handelman representations

For our purposes, to simplify our description when working with multivariatlymomials, it will be
easier to work with a generalised version of the Handelman representagiowehpropose, given in
(4.27), which we refer to as @eneralised Handelman Representat{@HR). This format enables us
to describe the GHR using only the set of vectats;, «; 5, 3;; and the constant;, as we will see in

Table 4.4.

Theorem 3. A polynomialp,y,,. is non-negative over the compact $gf defined in(4.21), if and only if

Pghr CAN be represented by@eneralised Handelman Representatibthe form(4.27)

n
Pohr = Z ¢ H(Alm,j\ — §Hi )% (Al 4 §Hes B

JEN  i=1
where eacljt; j is an arbitrary integer vector. (4.27)

and eaclc;, o¢; 5, ,Bi,j is a non-negative constant.

Proof. = If p,;,, is non-negative over the compact $gt then it has a Handelman representation; by

choosingy; ; = i, it also has a GHR.
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< If pgrr has a GHR, then because any individual variablis bounded byd;| < A, any term can
also be bounded over the sgt, |6*| < AX. This meansA*! + §* > 0 andAP — 6* > 0, and

because; > 0, it holds thatp,;,, > 0, i.e. non-negative over the sét. O

Using this theorem, if we can find GHRs to satisfy (4.28) and (4.29), then fihkded side is non-

negative over the set of inequalities (4.21), and from this a guaranteedifollows.

f((s) — Viower = DPiower_ghr- (4.28)

'A)’upper - f((S) = Pupper_ghr- (429)

Our heuristic

Unfortunately, in general it is no easier to find GHRs to satisfy equatia@8)4nd (4.29), then itis to
find traditional Handelman representations, meaning that an approachlingiar programming is not
scalable. In this section, we describe our heuristic which is guaranteeairtiméte at the same time as
aiming to find practically useful bounds.

In our heuristic, we first expreg§d) in a canonical form, as a sum of monomials in which each term
appears at most once. In order to demonstrate this step, considerlibess@mple from Table 4.1; the
polynomial representation for the varialalén this example can be expanded into the polynomial (4.30)
when neglecting the variablg, since the worst case value of this variable is trivially known to lie at the

extremes.

f(0) = —zy(zy — 1) — 2y(2zy — 1)6; — 2%y?5, (4.30)

—x2y25% — 222925105 — x2y25%52

After this expansion, it is possible to ‘cancel’ each individual monomiahftbe left hand side of

equations (4.28) and (4.29), using a polynomial of the form (4.31), anthen note that the sum of
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polynomials created in this fashion would be a GHR. After cancelling all the mais, we would be
left with a constant from which the bourig, e, and¥,,,.- could be derived in a similar fashion to the
earlier example.

n

h(d) = CH(A|H1‘| — &M ) (ARl 4 51 B (4.31)
j=1

The complexity of this approach is that there are many monomial§dn to cancel, and many
ways to cancel any given monomial using polynomials of the form (4.3X)ekample, consider again
the polynomial given in (4.30), Table 4.4 illustrates several possible choicthese polynomials that
could be used to cancel the highest order monomial®(/2625) from this example. Our proposed
heuristic attempts to make the best choices of these polynomials. It is based wiedhthat whilst
canceling a high order monomial, it is possible to reduce the coefficients ef lowler monomials at
the same time, as shown in Table 4.4, and this will result in tighter bounds thegllgagneach monomial
independently. In order to ensure termination, detailed in Section 4.4.2,uhistiebegins by selecting
the highest order monomials and chooses polynomials to remove the higeenmdomials in such a
way that they also reduce the absolute value of the coefficient of the toder monomials. The overall
heuristic is formally given in Figure 4.2; the rest of this section gives a higél ldiscussion of the
rationale behind the various stages of the heuristic, while a complete exanmuleladuristic applied to
an instance of (4.30) is given in Appendix A.

Selecting cancellation terms.The first stage involves choosing which lower order monomials are
suitable to be modified at the same time as attempting to cancel a higher order mofomiafor the
simple example given in (4.30), the choice of cancellation terms will alwaysrdkppon the input. If
2xy > 1, the first approach from Table 4.4 would be the best of the four appesaas it would decrease
the termd; towards zero. On the other hand2ify = 1 the third approach would be the best of the four
as the term¥; would already be zero and hence the first two approaches would ereate monomial
01, which is a low order monomial that would have to be later removed. Thus tiréstie searches for
non-zero monomials iff whose product will equal the desired higher order term. It performs#asch

initially looking to build a set using lower order terms as these are the most ldesieams to reduce,
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Table 4.4.: Example polynomials of the form (4.27) to cancel the monomiél?6%4, from f.

Approach Number 1 2 3 4
K= ([170]7[07 1]) M:([LO]?[O? 1]) n= ([270]7[07 1]) K= [27 1]
- = (0,0) a=(2,0) a = (0,0) a=0
Handelman Coefficients & ( ’ ’
B=(21) B=(0,1) B=(11) B=1
c = z%y? c = x%y? c = z%y? c = z%y?
Polynomialh 2?y? (A 4 01)% (A + 62) 22?2 (A — 01)% (A + 52) 2?y? (A% + 67) (A + 62) | 2%y*(A® + §262)

New Polynomialf + h

+ay(2zy — 1 — 22yA?)d
+22y2(1 — A?)5,
+a22y?(1 — A)§?
—1—2:132y2(1 — A)5152
+00%685

+ay(2zy — 1+ 22yA2)6,
+22y%(1 — A?)dy
+22y3(1 — A)S?
+2:E2y2(1 + A)5152
+00%55

ry(ry — 1 — xyA3)
+zy(2zy — 1)0;
+22y%(1 — A?)5,
+22y?(1 — A)62
+21:2y25152
+00%62

zy(zy — 1 — xyA3)
+zy(2zy — 1)01
+$2y252

+x2y25%
—|—2x2y25152
+00%65
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and uses higher order terms if necessary.

Selecting a subset of cancellation termdf we were to create a monomial which reduces all the
terms selected in the previous stage, the size of the canonical represeatdtie form (4.31) grows
exponentially in the number of terms. As a result, a tuning factor has beex &uthe following stage
which checks if the number of terms found from the previous stage ex@eeser chosen maximuma.

If the number of terms exceeds this maximum, a subset tdrms from the previous stage are chosen,
and a single extra high order term is added to ensure the desired monomig¢tstittancelled. This
tuning factor allows the user to trade execution time for the quality of the baumdljs discussed in
more detail in Section 4.6.3.

Choosing signs.Having chosen the terms that are going to be used to create the polynomiaxthe n
stage is to choose the signs. The signs are chosen to reduce as manghofsne low order monomials
as possible, as well as the original highest order term to ensure algdathmmation. For example,
from Table 4.4, if2xy < 1, the second approach would be the best approach as it would detheas
coefficient of the monomial;, whereas the first approach would increase this coefficient.

Choosing the initial multiplier. The final stage involves choosing the initial multipliefor the
polynomialh. This is a scalar chosen to be as large as possible whilst ensuring thathvetieolynomial
is added tof, no coefficient inf changes sign. This ensures that at least one coefficient gets cédncelle

at every iteration of the algorithm.

4.4.2. Algorithm termination

At each iteration of the loop in Figure 4.2, a polynomiails formed which reduces the absolute value
of the coefficient of the highest order monomialfin The minimum reduction is determined hyas
defined in Figure 4.2, which is a function of terms present in foimd . After the update, the term
from f which determines this minimum reduction value is removed fiforfthe algorithm then creates
a new polynomiah and repeats the process.

Termination is guaranteed because at each iteration of the loop, the ahsdligef the coefficient
of the highest order monomial ifiis reduced by a factay, which is a function of the absolute values of

the coefficients of monomials ifi and the cancellation polynomial and no higher order monomials
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Algorithm ~ = BoundPoly(g, A)

// BoundPoly takes a polynomialin the formal vector variablé, and a real bounck on the
/I absolute value of each elemeintl < i < n), returning a lower bound of(J) valid

Il overd € [—A, +A]".

Setf = —g
while f is not constant
Find greatest monomial ifi: co*

Il Selecting Cancellation Terms
Set degree = 0;
repeat
degree++;
Using a greedy search algorithm find a Sewhere each element is a monomial
of the forma; 6> in f such that (lettingx = |S|):
(311 As = p) AVi(|Aq] < degree)
until (S is nonempty)

Il Selecting a Subset of Cancellation Terms
if (n>m)
Form a subse$’ C S of them lexicographically lowest monomials il
Add an extra monomialé* / H'lﬂ 5*i to S’ to complete the cover
else
LetS' =S
Letn' = |5

/I Choosing Signs
Let d&® be the lexicographically greatest monomialdh
Modify the sign of this monomial by setting:
S = 8" U {|d|sgr(c)I1" sgra;)67} \ {d&”}.
for (each monomiat; 6>+ in ')
Create a new polynomig} = (Al —sgr(a;)é™)

/I Choosing the initial multiplier
Createh = [, i
Let C be the set of terms present bothfimnd inh.
For each termd”: in C, let the corresponding coefficient fhandh be f; and
h; respectively.
Calculatey = min(|f;/|hi)
Computef = f + gh
end
Sety = —f.

Figure 4.2.: Cancellation algorithm.
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are created. If new lower order terms are created, the valgygmfemove these whilst cancelling the
same high order term will be the same as the valugwlfich created them, so becauséoes does not

decrease, eventually the highest order monomial will be cancelled,iegsaimination.

4.4.3. Division

Because Theorem 3 only applies to polynomials, the above method candioettty applied to algo-
rithms including division. However, we note that any computation which ctssfghe basic operators
{+, —, *, /} can be converted into a rational function by first applying the multiplicativeehofler-
ror and then performing simple algebraic manipulation, an example of such utetiop is shown in

(4.32); we can then perform an iterative refinement to calculate a bound.

01 0104
6o+ 03/84 G204 + 03

(4.32)

Assuming the rational representing the range of the chosen outputleasatf the formn/d, where
n andd are polynomials, then we need to showi > 4. inside the compact set of intent. Fbr> 0,
this could be re-written a8 — d4;,er > 0, Which is a polynomial inequality. The previous approach
can then attempt to find a GHR far— d49;..¢r; if @ representation is found for a value 4f,,,.,., we
tighten the value of;,..:, if it fails then one can loosen the valuef...... A similar approach can be
taken for the upper bound.

In order to minimise this search time, this is performed as a binary search withtthkrange given
by equation (4.33), where the rangesmohndd are found using the original method on the numerator
and denominator polynomials alone. Using this range also has the adddi beakecking that the
denominator does not include the zero value. Note that if the denominatsrcoogain a zero not

cancelled by a zero in the numerator, then no such bound exists in any case

. Mmin Mmaxz Mmazx Mmin
min , , , , 4.33
[ ( dmaa: dmzn dmaa: dmin ) ( )

Nmin Mmax Tmaxz Mmin
max )]

) b )
dmaz dmm dmax dmm
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4.5. Testing methodology

The motivation for the focus on floating-point hardware is partially due taetagive lack of existing
work discussing word-length optimisation for floating-point designs in coisma to fixed-point, and
partially due to the recent trends showing that floating-point designses@nting highly efficient in
hardware [146], and the growing collection of publications of floating#poustom hardware imple-
mentations [11, 95]. We note, however, that the background theorfpeumistic described in this work
could easily adapted to word-length optimisation for fixed-point designssimgia different model of
error.

In order to characterise the performance of this work, it has been cechpaer several tests using
a variety methods. The test cases are those described in the compaatge[88, 84, 158] as well
as an iteration of the conjugate gradient algorithm [72] applied to a ‘toy’ mafrigrder two (the
operations given in Figure 4.3); the interest behind the choice of the gatejgradient algorithm is to
demonstrate our approach can be applied to an example of a real algoréthim tised in finding the
solution to a system of linear equations. Though it is acknowledged thatiédr a small matrix order,
the conjugate gradient algorithm is unlikely to be used, it is large in terms ofdp&ahtions compared
to the results reported in [83, 84, 158], and it provides a simple real dramnpthe effects of limited
precision computations as well the highlighting the scalability issues. The irgutsef test are shown
in Figure 4.3, these are chosen to ensure the matrix is symmetric positive defipieperty required
for the convergence of the conjugate gradient algorithm, whilst the irgmitwis specified as an interval
to demonstrate the algorithm can calculate bounds dependent upon impes gnd finite precision. We
note that presumably due to run-time issues, the test cases from the ctivepacaks are relatively
small and based on the range analysis problem as opposed to the efffatite @recision, but these
are included to demonstrate that our approach is also applicable to thismrabteperforms well in
comparison. We thenillustrate the greater scalability of our approach eelatikese comparative works
by demonstrating that it can still find bounds when adding finite precisiectsfto these problems.

The methods to which our work is compared help to determine where ouragtplies within a

hierarchy of error bounds, given in Figure 4.4, where the higheretlative error the worse the bound.
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A= ( 10.25 —9.75 ) « = < 0 ) be ( [10.25 10.75] )
-9.75 10.25 )’ 0 )’ [9.25 9.75]

di = by 1)
dy = by 2)
ry = by 3)
ro = bo (4)
Ont1 =71 %71 )
Onta = T2 % T2 (6)
(5new - 5n,t1 + 5n,t2 (7)
qi1 = A1 *xdy (8)
qr2 = A1z * da 9)
qi3 = Aoy * dy (10)
qra = Az * da (11)
Q= qu + @2 (12)
Q@2 = Q3 + qu (13)
ag =di*q (14)
Qq2 = d2 * q2 (15)
Qden = Qg1 + g (16)
Ocg = (5new/aden (17)
Tl = acg * d1 (18)
Tt2 = Qg * d2 (19)
T =21+ T (20)
Tg = X2 + T2 (21)
T = QoK Q) (22)
T2 = Q¥ Qo (23)
TL=T1—TH (24)
Ty =T9 — T2 (25)
5old - 5new (26)
Opt1 =71 %71 (27)
Onta = T2 * T2 (28)
(5new - 5n,t1 + 5n,t2 (29)
ﬁcg = 5new/5old (30)
dl = /Bcg * dl (31)
d2 = ﬁcg * d2 (32)

Figure 4.3.: Pseudo code for one iteration of the conjugate gradienithfgan a 2x2 matrix to solve
Az =b.
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4 Relative Error Derived Bounds

— — — Ideal Bound
...... Simulated Values

Existing Approaches

JL Our Approach

— 4 - Best Bound under Mult. Model
------- ~t--}-- Simulated Value under Mult. Model

——=x_|—x 1 BestBound
........ ¥.....}.- Simulated Value using MPFR

Figure 4.4.: Taxonomy of error bounds.

The initial aim of our results is to demonstrate that our approach is bettentisting analytical methods
that provide bounds (distanadrom Figure 4.4). To this end, we compare our approach against éhterv
Arithmetic, Affine arithmetic and Taylor models with interval remainder boundfricted to 1st, 2nd
and 3rd order where possible. The reason we are restricted to theserstais is that the Taylor model
for inversion is found according to (4.34), whef&'T'(f(x)) is the range off(x) calculated using
interval arithmetic, and when a large multivariate polynomial is raised to a higlmpahen calculating

(T, + 1,)*, the number of monomials grows too large to compute in a reasonable execution time

- VPUINT((T, + I1,))7+!
Z D) (( )

Lo+ L) N, + L (34

(T, +1,)

=

Itis also desirable to find out how far our approach lies from the ideahddas shown by distanég
Unfortunately, finding the ideal bound is NP-hard, for it would involviegkating the potential values of
every variable and from these values determining the worst case essdioloevery precision. Instead,

this is approximated by Monte Carlo simulation using the MPFR multiple precision fipigtiary [56]
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(distancec). However, one must note that such an approach no longer retumevabfe bound, and
the difference between our approach and this bound is a function & thceors: the quality of our
calculated bound, the simulation time, and the accuracy of the standard multelicetdel of floating-
point error. The model of error used in this work, and throughout tiveerical analysis literature, is
in practice a conservative approximation because éacha function of the input variables, but this
information is lost; as an example, multiplying any value by any power of two witrper free in the
absence of overflow or underflow. Therefore there will exist a destdrbetween the ideal bound and
the best any approach using this model of error could possibly achAew&uch, we are most interested
to find out how far our approach differs from the best possible bagatievable using the model of
floating-point error generally used in numerical analysis literature (distela Unfortunately, as has
been discussed in Section 4.3, finding the best bound under the multiplicaitkel of floating-point
error involves polynomial optimisation, which is NP-hard. Therefore, tlisd@pproximated under our
test labelled ‘Random sampling over poly’, where we apply Monte Carlo stinolaver the relevant
ranges for all the variables to the polynomial we created which boundsatiye ror relative error of
the result (distancg). It should be noted that if distangecan be shown to be small, this will imply
our approach lies close to the optimal bound achieval§iince it is knowra priori that f > e > 0).
Finally, distance: is also reported, so as to gain an approximate estimate of the appropriaiétiess
multiplicative model of error. As bothand f are simulated values, it cannot be guaranteedcdhatf,
but if ¢ is much larger thary, it is likely to be a result of the conservative nature of the multiplicative
model.

As our approach consists of several stages, the main stages of whicteating a simplified poly-
nomial and finding a bound for this polynomial using Handelman represamatio help quantify the
contribution of each of these stages, we compare the result of boundipglimomial in canonical form
by applying interval arithmetic against our full approach. One shouldthateor algorithms which do
not include division, the test of bounding the simplified polynomial using ialeavithmetic is com-
parable to applying Taylor models approach without any intermediate bouatiligher order terms,
which would give the tightest bound achievable using Taylor models. Foritdgs which do involve

division, our test which bounds the simplified polynomial using interval arittmsmply bounds the
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numerator and denominator polynomial separately and performs intertvahatic on these two results
instead of using the approximation given by (4.34). This however remaiimgeresting test as it allows
us to focus on quantifying how our method of applying Handelman reptatsams to bound a rational

function can find tighter bounds than any approach that is fundamentaklylhgon interval arithmetic.

4.6. Results

4.6.1. Analysis of our approach on an iteration of the 2x2 cgngate gradient algorithm
The effects of finite precision on range

Figure 4.5(a) highlights the effect precision has on the conjugate gtadgarithm and the quality with
which our approach can characterise this effect. It shows how thedsan the range of the variakle
after an iteration of the conjugate gradient algorithm (operation 31 froonr&# 3) changes as a function
of the precision, for the tests mentioned in Section 4.5. On these grapherticahdotted lines illustrate
the values of precision for realisable word-lengites, the difference in word-length between any two
adjacent dotted lines is one bit. It is clear to see there is a significant difiedgetween the ranges
calculated by all approaches in comparison to interval arithmetic. In coropaiesother approaches,
our approach generally finds the tightest bounds, the exception beigg tivl precision is very small
where affine arithmetic and Taylor series methods can calculate bounds adreapproach fails. The
reason for this is in these cases, bounds for the error variables@rerpponal to the bounds on the
input ranges, so the first order approximation of division retains maosteoinformation, whereas our
heuristic struggles without such a simplification.

It is also interesting to note that this graph demonstrates that both stages ayjproach provide
significant benefits towards obtaining a better bound, for performingveitarithmetic on the simplified
polynomial is significantly better than interval arithmetic in the traditional senkéstbounding the
simplified polynomial using Handelman representations improves this boundwetieer.

In order to view how these results translate to actual hardware savirg$BGA, Table 4.5 shows
the number of slices required, the latency, and the maximum frequencyalolgievhen using single or

double precision units, or by performing optimisation for a given boundaage using all approaches
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whilst 71 is the residual taking into account floating-point error.
Figure 4.5.: Range and relative error results for various operatiorijngate gradient example.
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Table 4.5.: Resource usage, max frequency and latency of conjugaliergrimplementations.

Method Precision Slices Frequency Latency
(# bits) (MHz) (cycles)

Our Approach 7 1663 | 367 161

Affine Arithmetic 8 1710 | 360 165

3rd Order Taylor 9 1923| 350 169

IA on Simplified Poly | 9 1923 | 350 169

2nd Order Taylor 10 1964| 314 173

IEEE Single Precision| 23 5587 286 277

IEEE Double Precision 52 15672 143 425

1st Order Taylor 00 00 N/A N/A

1A 00 00 N/A N/A

Table 4.6.: Comparison of execution times to compute rangg aid relative error of, for a given
precision.
Method Average time to| Average time to
compute range of compute relative
di (S) error ofry (s)

Interval Arithmetic 0.003 0.003
Affine Arithmetic 3.7 35
Taylor Model of 1st Order 5.3 8.26
Taylor Model of 2nd Order 48 53
Taylor Model of 3rd Order 3700 N/A
Our approach (set-up time) 3660 150
Our approach (each iterative refinemet) 2100 35

targeting a desired range 600. In this test, these figures are post place and route results where the
floating point components are generated using Xilinx Coregen [157in fncs table, our approach can
achieve a reduction in slices in comparison to optimising the design using theapimeraches, and
significantly larger savings in comparison to using full IEEE single or dopbdeision arithmetic. It

also demonstrates the design would run at a faster frequency and diontevauld complete in fewer

cycles by performing the optimisation.

The effect of finite precision on relative error

Figure 4.5(b) demonstrates the bound on relative error. This figurdyctEEmonstrates that the relative

error decreases with precision, and that our algorithm is capable kirtggibis relationship well, unlike
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all the other methods operating on the original code. The reason the pgirelaahes cannot track this
relationship is that almost all of the relative error terms will be of secondraydgreater because they
will be a function of the input variables multiplied by some finite precision ertdowever interval
arithmetic retains no information about the polynomial, whilst affine arithmetic artibraely retains
first order information and approximates higher orders, and the testg Taytor models only retain
first and second order information. As a result, the bounds reportetevilased on approximations of
higher order terms, and these approximations must be treated indepenihenédiore all dependencies
are lost. In contrast, by retaining all the information throughout forming tignomial, as shown
by applying interval arithmetic on the simplified polynomial, it is possible to obtain bbtiands,
whilst the benefit of our approach in handling dependencies within the ol using Handelman

representations results in even tighter bounds.

Finite precision effects throughout an algorithm

Figure 4.6 demonstrates how the error as a result of using a chosen ffiatitgign grows throughout the
conjugate gradient algorithm. The abscissa represents the operatioralgahiehm, corresponding to
the line numbers given in Figure 4.3. This demonstrates that as the numbepefdincies grow, the
relative error grows, along with the difficulty to bound this error. Thiggralso highlights some of the
deficiencies of simulation methods: at several points, the relative erraghifér both the simulation

methods, but undefined using the two analytical approaches. Upoerfimdpection, it can be shown

that over the specified input range, the denominator in the relative error(iel) can legitimately

include zero, as a result of input ranges. This demonstrates the limitatioa sihtlulation approach.

Execution time of our approach on conjugate gradient

It should however be mentioned that analysing bounds on the range @érilabled; or ds (lines 31
or 32 of Figure 4.3) and the relative error for the valyeor r, (lines 24 or 25 of Figure 4.3) after one
iteration was as far through the conjugate gradient algorithm that ouoagipicould calculate bounds
in a reasonable amount of time. The times for all approaches to calculatelynemdal, calculated as

an average over many test runs on an Intel Xeon E5345, are givebie Z.6. In this table, because the
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conjugate gradient algorithm includes division, our approach reqthiedgerative refinement mentioned
in Section 4.4.3, so we have separated the computation time for our apprtattdstages: set-up time
- the time to calculate the initial bounds to perform the iterative refinement, atidthéor each iterative
refinement. As many iterative refinements are required to calculate the fomeach point on the
graph, this is as far through the algorithm that we could calculate in a rablsotime, especially given
the scalability issues which will be discussed in Section 4.6.4. In comparisotetgaharithmetic and
affine arithmetic our approach is significantly longer as these approaigmfcantly limit the number
of monomials in the polynomial, allowing a faster solution, where in contrast, ithdimg the range
of dy, our heuristic was applied to a polynomial consisting of approximately 2 million méade. The
execution time of our approach is more comparable to Taylor models of higtiersdfirstly because
they retain many more monomials and secondly because the time to compute theénagpooxfor
division is large.

While the execution time for computing the relative error in Table 4.6 appears smaller, we
cannot bound a variable further through the conjugate gradient algoh#tause the function repre-
senting relative error is much larger in degree and number of monomials thasghciated polynomial
representing range. To explain this, let us describe the nominal value oétibnal function byn/d,
and the rational function including floating-point errorvbyd. Using this notation, for the graph in Fig-
ure 4.5(a), we find the bounds of the rational funcﬁp{d for the upper and lower bounds, whereas when
finding the relative error in Figure 4.5(b), we find bounds of the ratiumadtion[(7/d) — (n/d)]/(n/d)
or (nd — dn)/(nci). With this larger function, the squaring operation (operation 27 in Figurerd:3
sults in a polynomial that is too large to compute in tractable time. This additional cwitypddso
affects other approaches, notably the computatioh/¢f;) takes too long and too much memory to
compute using a 3rd order Taylor approximation. Note, however, thatab@tthis benchmark is still

significantly greater than those reported in [83—85].

4.6.2. Range analysis vs other works

Figures 4.7(a) and 4.7(b) show the performance relative to the apm®given in related works, with

the actual values given in Tables 4.7 and 4.8. In Figure 4.7(a), thegdogéhe various approaches
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Figure 4.6.: Growth in relative error throughout a conjugate gradiemttiter. Operations correspond to
pseudo code in Figure 4.3.
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Figure 4.7.: Range comparison against published methods.
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Table 4.7.: Comparison of our approach vs AA using Chebyshev ajppations approach [158].

Infinite Precision

Basic AA AA with Chebyshev Approx SIA Our Monte Carlo Ideal
Lower Upper Lower Upper Lower Uppe Lower Upper Lower Upper owler Upper
Poly Approx -0.0541 0.865 0 0.6931 0 0.8108 0 0.6932 0.0003 692® 0 0.6931
B - Spline 0 -0.13 0.17 -0.05 0.17 -0.125 0.1667 0 0.1667 0 an1p 0 0.1667
B - Spline 1 -0.33 1.29 -0.05 0.98 0.0417 0.9167 0.1667 0.6667 0.1667 0.6667 0.1667 0.666f
B - Spline 2 -0.21 1.17 -0.02 0.89 0.0417 0.9167 0.1667 0.6667 0.1667 0.6667 0.1667 0.6661
B - Spline 3 -0.17 0.13 -0.17 0.0% -0.1667 0.125 -0.1667 0 6461 0| -0.1667 0
sgf -9803 9525 -9793 9487 -9821 9671 -9765 9487 -9301 8874 5394 9303
iru -95000 128000 -95000 128000 -148350 152450 -91390 12416 -53581 87743| -55100 87900
rand -192 192 -192 192 -256 256 -192 128  -29.2096 36.432 -36 64
mitch -223 881 -223 881 -1087 1120 -719 641 -7.9817  525.50p58 -8 641
maty -4800 100000 -4800 100000 -100000 100000 -4800 100000 2 0.94874 0 100000
thump -60000 1000009 -60000 1000000 -1065400 1065400 -62400001200 0 930990 0 940000
gpf | -1.2E+08 1.19E+08 -1.2E+08 1.13E+08 -8416264 8417464261200 7098000 0 1013500 3 957000
rat | -2.1E+08 3.3E+11 -2.1E+08 3.3E+11 -3.3E+11 3.34E+11 .1E608 3.34E+11 0 3.32E+11 -1.03  3.3E+11
With Finite Precision A = 2~ 10)
Our SIA Monte Carlo
Lower Upper Lower Upper Lower Uppe
Poly Approx | -0.00331  0.814183 -1E-04  0.696197 0.000556 94¥68
B-Spline0| -0.12598 0.167646 -2.8E-17  0.167646 3.8E-11 67MM@E6
B-Splinel| 0.036691 0.921643 0.16325 0.668954 0.166967 676
B-Spline2| 0.036689 0.921644 0.166341  0.671402 0.16681 682%4
B-Spline3 | -0.16683 0.1251683 -0.16683  1.39E-17 -0.16645 .7EA45
sgf | -9930.96 9780.957 -9949.73  9608.582  -9245.45 8817592
iru -149425  153520.6) -91996.1  124927|5  -54465.3 87326.63
rand | -258.259  258.258¢ -193.41 242.08  -33.5023  32.21554
mitch -1095.63  1129.625 -716.476  664.7615  -7.97463  538.190
maty | -10034.4  10034.42 -4814.08 10034.42 0.298266 9870|291
thump | -1072698 1072698 -63759 1069686 2.09488  937919.5
opf N/A N/A N/A N/A N/A N/A
rat | -3.4E+11 3.37E+11 -9.4E+08 3.37E+11 2234.393 3.31Ef1l
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Table 4.8.: Comparison of our approach vs SAT modulo theory appr@3cB4].

Infinite Precision

[

AA SIA Our SAT Mod
Lower Upper Lower Upper Lower Uppe Lower Uppér
Doppler g1 313 362 313 362 313 362 313 362
Doppler g2 -473252 7228000 -473252 722800 6268 7228000 7 6267228000j
Doppler g3 213 462 213.4 461.4 213 4614 213 62
Doppler g4 25363 212890 14790 212890 45539 212890 45539 op128
Doppler g5 -80 229 -32.0034  488.7892 0.0339  137.6386 0 138
Rational q1 125 250125 -249875 250125 125 250125 124 250126
Rational g2 1 10001 -9999 10001 1 10001 0 10002
Rational g3 -20000 2000d -20000 20000 -20000 20000 -20001  002Q
Rational g4 -2.5E+07 1E+08 -1E+08 1E+Q8 1 1E+0D8 0 1E+08
Rational z1 -250 369 FAIL FAIL 25.01 125 24 124
Rational z2 FAIL FAIL FAIL FAIL FAIL FAIL -67 67
Newton z1 | -1250360 1170360 FAIL FAIL -3615080 3405080 -13b 1135361
Newton z2 -5753 35769 FAIL FAIL| -2.57E+04 3.58E+04 1 35769
Newton z3 FAIL FAIL FAIL FAIL FAIL FAIL -39 38
Newton z FAIL FAIL FAIL FAIL FAIL FAIL -69 72
With Finite Precision = 2~ 1)
SIA Our Monte Carlo
Lower Upper Lower Upper Lower Uppe
Dopplerql | 313.0177 361.7828 313.0764  361.7823  313.1927 1.5384
Doppler g2 -487963 7242711 5903.514 7242711 7154.64 7B3p1
Doppler g3 | 212.5668  462.233P2 212.8682  462.2332  218.0062 0.9884
Doppler g4 | 13809.32  213868.2 45261.52  213868.2  48330.72 80734
Doppler g5 -35.848 524.992 0.032124 138.6192 0.088272 01Z%.
Rational g1 -250608  250858.3 124.8779  250858.3  125.0591 0137
Rational g2 | -10018.5  10020.54 0.999023  10020{54 1.00445 99.992
Rational g3 | -20019.5 20019.58 -20019.5  20019/53  -19968.49980.35
Rational g4 -1E+08  1.01E+08 0.997073 1.01E+p8  1.000176 9@®H
Rational z1| -25.0639  25.05885 24.91244 126.8 24.94171 9827.
Rational z2 FAIL FAIL FAIL FAIL FAIL FAIL
Newton z1 | -2487036 2507516 -2487057 2227621  -2395376 TU646
Newton z2 -292243  292307.4 -200614  292307.4  -139.109  A¥B9(
Newton z3 FAIL FAIL FAIL FAIL FAIL FAIL
Newton z FAIL FAIL FAIL FAIL FAIL FAIL
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are normalised against what is quoted as the ideal range given in [lt58]interesting to note that
in many of the test cases our approach matches the ideal, and in all butioapproach is superior
to the other methods. As these examples do not include any finite precistmtsethis difference is
not a function of the model of error, rather the fact that our appraas not perform well in this
one case demonstrates that our heuristic does not always find thedreslan representation. This
is a likely to be a result of targeting our heuristic mainly towards minimising finiteigiceterrors as
opposed to range analysis. Once again, this graph also illustrates thatdoggdl in our algorithm have
significant effects on the final quality of the bound, since simply applyinditeestage to create the
polynomial and using interval arithmetic on this polynomial can give comparabléts to the existing
methods for many of the benchmarks, whilst applying the second stage espitey bound further. It
is also important to note at this stage that all the test cases in Figure 4.7(sdraedn Figure 4.7(b)
are only for polynomials, and hence the results for interval arithmetic onithgliBed polynomial
are equivalent to the best one could achieve using Taylor models withguh&rmediate bounding
of higher order terms, and this demonstrates how our approach outperfbis method. Finally, the
random sampling of values @ on the simplified polynomial is included to show that the difference
between simulation and the best possible bound (distance (c-b) fromeFgtir exists even for these
simple examples consisting of only three variables. This helps to emphasigbahmiunds found in
the conjugate gradient analysis are very accurate, given that theistohup to 25 variables for the
polynomial minimised in Figure 4.5(a).

In Figure 4.7(b), the various approaches are normalised againstripesrgiven in [83, 84], which
given sufficient run time, should be optimal. Interestingly, our approacoime cases gives slightly
superior results. This is likely to be a result of the fact the SMT is a refinepr@tess which is
potentially time consuming and hence the refinement stops once at a givenfleeeuracy. On the
other hand, it is important to note that in some cases SMT does outperferapproach to the extent
that in some cases our work gives unbounded results, whereas 3T durns bounds. Furthermore,
our approach either outperforms or is equivalent to affine arithmetic iuatio of these benchmarks.
Similarly to the previous example, this is a limitation of the method at finding the bestetiaad

representation, and whilst achieving better bounds is possible, it wogldreea more sophisticated
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Table 4.9.: Execution time of our approach and number of monomials for AdHvearks [158].

Infinite Precision
Time using Time using| Number of Monomialg
AA (ms) | Our Approach (ms)

Poly Approx 232 20
B - Spline 0 85.8 176 4
B - Spline 1 94.0 143 4
B - Spline 2 95.1 149 4
B - Spline 3 83.5 173 4

sgf 1288.9 370 10
iru 1327.2.9 186 11
rand 413.9 304 9
mitch 764.8 209 10
maty 288.4 124 3
thump 627.3 287 5
gpf 2545.8 300 45
rat 1053.2 227 6
With Finite Precision & = 2~10)
Time using Time using]| Number of Monomialg
AA (ms) | Our Approach (ms)

N/A 2588 1280

N/A 214 8

N/A 722 624

N/A 525 304

N/A 466 128
N/A 184527 11738

N/A 6378 4440
N/A 22133 4608
N/A 9379 2786

N/A 285 40

N/A 551 224

N/A N/A N/A
N/A 4767 1080
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of monomials for SMT Benchmarks [83].

Infinite Precision

Time using Our Approach (ms

Number of Monomials

Doppler g1
Doppler g2
Doppler g3
Doppler g4
Doppler g5
Rational q1
Rational g2
Rational g3
Rational g4
Rational z1
Rational z2
Newton z1
Newton z2
Newton z3

Newton z

118
148
116
176
3000
121
124
114
189
4000
N/A
171
142
N/A
N/A

=
DRWFRPNNOOOWAN

N/A
7
6

N/A

N/A

With Finite Precision A = 2~ 10)

Time using | Number of Monomialg
Our Approach (ms)

165 8
292 32
203 18
576 216

31000 280
238 10
189 6
145 2
314 36

13000 26
N/A N/A
691 29
517 8
N/A N/A
N/A N/A

1 Exact times not reported, but all benchmark times of order 10(83, 84].
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search for Handelman representations, which will be time consuming. Howeshould be mentioned
that our solver calculates these values within a hundreds of millisecondbpas in Tables 4.9 and
4.10, whereas in [84], the results for each value are reported asdatbe order of 100 seconds on a
comparable machine. Furthermore, one should also note that our appmad be used as an input to
the SMT solver, which uses initial estimates based on interval or affine atithrwedecrease the time

to find a good solution.

Benchmark tests in finite precision

Tables 4.7 and 4.8 give a list of various results over the benchmarks mesh#amlier, along with the
addition of finite precision effects. This is included both to provide dataudturé works to compare
to, as well as to demonstrate how finite precision can affect such bouhdtso shows the benefit
of this approach over those given in the comparative works seeingrassofar more scalable as it
can find a solution over many more variables in tractable time: most values aaktillated within
hundreds of ms (on a standard desktop with an Intel Core2Duo E6866g%0r), as seen in Tables 4.9
and 4.10. Though there are some values that take significantly longerltfafi tominute), these are due
to the iterative refinement to compute bounds for division, with the numbermrefiites of the algorithm

proportional to the desired precision of the bound.

4.6.3. Choosing the maximum number of cancellation terms

The choice of the number of cancellation terms, the value of the variablen'Figure 4.2, has been
chosen experimentally. Figures 4.8(a) and 4.8(b) show how the exedintierand error respectively
change withm. This section discusses how they were used to select a valu€.of *

The execution times plotted in Figure 4.8(a) are the average time to compute thdesiia, ¢ and
f from Figure 4.2, as the rest of the execution time should be independiéet wdriablen. The growth
in execution time, as can be seen in Figure 4.8(a), is approximately expdmemtia This is expected
given that the number of monomials/ti= Hgil ji) Is worst case exponential in, and this means the
number of computations to choose the vajumnd perform the update gfwill also grow exponentially.

The deviations from the line of best fit are likely to be caused by the fatttha m, as opposed to
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Figure 4.8.: Graphs illustrating the effect of changing the number of datioa polynomials (‘m’).
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exactly equal ton, changing the number of computations for some iterations. The computation time fo
m = 1is so low because this is a special case in that it is equivalent to perforntémgaharithmetic on

the expanded polynomial, which is significantly faster. Finally, one shouklthat the choice af. can

also impact the number of iterations of the algorithm, but this is hard to quantifyréatical examples

as it is highly dependent upon the input polynomial.

Because it is impractical to calculate ideal bounds, in order to gain an insigtthe quality of the
GHR asm increases, the algorithm in Figure 4.2 is applied to a polynomial with variousvalin and
the difference is calculated between the bound for each valueanid the tightest bound out of all the
tested values of: returned for that polynomial. This process is then repeated over $podéyaomials
to obtain an average, which is plotted in Figure 4.8(b). From this figure, le& that whenn = 1,
the result is significantly worse, demonstrating again the value of applyingrooedure as opposed to
performing interval arithmetic on the polynomial. However, for> 3, the quality of the best bound is
unclear, as seen in Figure 4.8(b). This demonstrates the intricacies iholekoosing the best GHRs.
Our algorithm was based upon the idea of reducing the coefficients of losler monomials at the
same time as cancelling higher order monomials. Wisea larger, it will create more monomials and
these can potentially reduce more lower order monomials, but whilst the algasittesigned to attempt
to choose these terms to reduce the coefficients of the monomidlsitiis not guaranteed, indeed it
is even possible to create some unwanted higher order monomials that duetprof the lower order
monomials. However, more importantly, whenis large, many of these terms creatediwill be very
small as they will be multiplied byA raised to high powers, meaning that for> 3, it is expected that
there will be little quantifiable gain in quality of result, and since the execution timesgyexponentially

with m, the choice ofn = 3 would appear to be ideal in practice.

4.6.4. Scalability of our approach

Figure 4.9 demonstrates how the execution time of our heuristic to bound theoptBl grows with
the number of monomials in the polynomial It is clear from this graph that execution time grows
at a steady rate with the number of monomials. The rate of growth is slightly §opar; which is

a result of typically creating a GHR for each term and the complexity of ciga&iGHR increasing
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Figure 4.9.: Execution Time growth with number of monomials.

for higher degree monomials and the polynomials with more monomials containinghigbes degree
monomials. We note that this is much more favourable than the approach usengdiogramming, as
mentioned in Section 4.3.

However, whilst the execution time is only slightly super-linear in the number afomaals used
for the canonical polynomial representation, the number of monomials grigwiicantly faster. This
is because in order to correctly bound the error introduced by the ulleatihg point precision, the
polynomial representing the result of any operation is multiplied by the fun¢ti¢, ), according to the
multiplicative model of error used throughout the numerical analysis litexatloubling the number of
monomials in the representation. For example, the floating-point error nards filgorithm consisting
of a series of floating-point multiplications, an example pseudo code foihvidighown in Figure 4.10,
will have a polynomial representation as in (4.35); the number of monomials ipahisomial, when
expanded into canonical form, is exponentiahinFurthermore, the size of the polynomial could grow

even faster if each; were themselves polynomials.
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Algorithm y = Vector Product(x)
y=1;
fori=1ton
y = y*xil;
end

Figure 4.10.: Pseudo code to calculate the product of vector elements.

While this worst case does not occur in many algorithms, firstly becausksrase often not accumu-
lated using a single variable throughout the course of the algorithm, anddigdecause it is highly
likely that a large amount of cancellation will occur, the scalability of the algarithmains a major

issue which will be addressed in chapter 5.

4.7. Summary

This chapter has demonstrated a heuristic, based upon a result fiaigetaaic geometry, that can be
used to find analytical bounds for any value within an algorithm. This agprofiers a new alternative
to calculate bounds for a polynomial which has no reliance on interval ariitynomlike affine arith-
metic (when bounding non-affine terms), Taylor series with interval remsaipounds (when bounding
the final polynomial as well as high order terms and any actions with the reardiodnds), and even
the inner loop of SMT (inside the HySAT solver) which are all dependeonunterval arithmetic to
some degree. The main advantage of not relying on interval arithmetic isuhateihod can consider
some of the dependency information within any polynomial in order to calculdteetitpounds. Fur-
thermore, any combined method as bounding using Handelman represerdaiibsome sort of Taylor
approximations will still be capable of handling dependencies within anjtaegyolynomial, meaning
it would be able to calculate tighter bounds than a direct implementation of thesedsaeth

Whilst this research has shown a high degree of utility, there are sédineitations that would benefit
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from further research. These include scalability, highlighted in Sectiod difeproving the heuristic
to obtain better Handelman representations, discussed in Section 4.6.2, as extending the method
to handle non-polynomial functions such as square roots and expdaeitia address these issues to
some degree in the following chapter, whilst noting that the Handelman esjtati®n is just one special
case of ‘theorems of alternatives’ in which real algebraic geometry is ficparticular, the proposed
approach can be seen as a search over a particular form of Pok#thvaatz refutation [126], an insight

which could lead to further sophisticated algorithms developed in this field.
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Chapter 5

A scalable precision analysis technique

In the previous chapter, we described a new approach to calculatd$ounrthe range or relative error
of a variable in an algorithm. We demonstrated how this approach is capatdelfing the effect
of widening of bounds due to dependencies in a multivariate polynomialltiresin tighter bounds
to those achievable by traditional methods including interval arithmetic, affitrereetic and Taylor
series methods with interval remainder bounds. It showed further tay@nin the case of division,
in that by using a rational expression instead of a polynomial, it retains amglation between the
numerator and denominator, unlike Taylor forms which must approximate ¢ipg@eal function using
a polynomial, resulting in a loss of this information, an issue we highlighted in E€h&p It also
showed that on flexible hardware, these bounds can be translated intvanmants in terms of silicon
area, operating, frequency and latency when creating a custom ratoeleith guaranteed numerical
properties. Unfortunately, in the previous chapter, we also highlighteédhlsaapproach was limited
to small problems because it made no effort to control the size of the polynaniivas also only
applicable to problems consisting of the basic algebraic opergtoes {+, —, *, /}).

In this chapter, we attempt to address these issues and design an bpphiztt can scale to larger
examples that consist of any elementary functions, and still obtain tightedsdar any given algorithm
over a set of input ranges and precision than the existing analytical nsethothermore, the approach
we discuss in this chapter gives us a degree of control over the tfdeteween quality of bounds and
execution time. This differs from the existing analytical techniques which havexecution time thatis a

function of the number of input variables and the code size, as we discgissater detail in Section 5.1.
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Flexibility over execution time may be of interest within an optimisation framework.eikample, an
optimisation tool may wish control over execution time to choose whether torpenfderval splitting
or run the solver for a longer time to improve bounds, or a word-length optiimims&ramework that
performs many repeated calculations of bounds may desire a mix of quickxapgate bounds for
initial global word-length assignments, and tight bounds for individuabWength optimisations.

The main original contributions of this chapter are as follows:

e adiscussion of the trade-off between execution time and quality of boonésisting analytical

methods,

e a description of a technique to control the size of a rational function amcklthe execution time

to find provable bounds using Handelman representations,

e an explanation of how approximations can be used to bound non-algélmat@ons within this

framework,

e demonstrations of the use of our approach on simple instances of itergjoséthans to find
the solution to a system of linear equations to create hardware with guatastee properties,
whilst saving 25% slices in comparison to optimising the precision using competaigtiaal

techniques, and almost 80% in comparison to using IEEE double precision.

5.1. Scalability of existing approaches

When attempting to create a tool that can calculate bounds on the rangetioe releor on a variable in
an algorithm, there are two important metrics: quality of bounds and scalabiliiyolAvhich can find
tight bounds will generally be able to guarantee that hardware will satisfglihsen output criterion
with a lower precision than a tool which calculates wide bounds. Scalability isrtamidoecause round-
ing errors arise from every operation and the tool must be able to kegpdfall the potential errors
that can arise throughout an algorithm and be able to calculate boundsartabte time to be of any
use. In Chapter 2, we previously have discussed the strengths akdessas of the existing methods to

calculate such bounds in terms of quality of bounds; in this section, we @rthlysvorst case execution
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time of these approaches in terms of the number of operations in the codégdies and the number
of input variables.

Using interval arithmetic, an interval evaluation is performed to find an initiahidoon the result of
every floating point operation in the code, after which an extra intenalation is used to find the
bounds taking into account the floating point model of error, where the lattemputed by replacing
each of the variable§ with an interval. For example, as seen in Chapter 2, computing the bounds for
the multiplication operation requirgsmultiplications, along with a min and a max, for every operation
in the code; indeed, this is the worst case number of computations for a sipglation in interval
arithmetic. Consequently, the worst case execution time is proportional tathleen of operations, or
O(n,). In Chapter 2, we also highlighted a number of approaches that arérugkatbal interval anal-
ysis optimisation tools to improve the results obtained from interval arithmetic, ihelsele automatic
differentiation and interval splitting. Because automatic differentiation isdbapen interval analysis,
this too scales in proportion to the number of operatiofs, ), however, as we mentioned in Chapter 2,
interval splitting scale®)(n,n2v), wheren, is the number of splits, and;, is the number of variables
that are split. Even though the time will still grow in proportion to the number ofatms, the control
over this execution time is very limited because every split causes an exjabigeowth. Interval split-
ting could be also be used in conjunction with affine arithmetic or Taylor seitbsnterval remainders
bounds to trade execution time for tighter bounds, but at a similar cost.

When bounding a variable using affine arithmetic, first an affine polynomigt be created that
bounds the range of the every intermediate variable, then the bound®fpolynomial bounding the
range of the desired variable are calculated by interval arithmetic. Wiatirng the affine polynomial,
the operation that requires the most execution time is often performing anygooigl approximation,
however, as we have mentioned in Chapter 2, there are many methods tateattich bounds which
trade quality of approximation for execution time. Furthermore, the numbepefations where it is
necessary to perform such approximations are likely to be small. If polyh@mpgoximation is per-
formed with minimal computational effort (for example creating a zero orderval approximation),
the operation that requires the greatest execution time is once again multiplidadiomultiplication,

one must first calculate a polynomial resulting from the product of two pahyais, then bound all the
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monomials of this polynomial that are of second order or greater. The maximuorber of monomials
in the product of two polynomials is given by the product of the number ofamaals in each poly-
nomial, meaning that the execution time to create the output polynomial is pro@brtiotihe number
of monomials in the two input polynomials. In affine arithmetic, a variable existsvery input vari-
able and every polynomial approximation. However, using the multiplicativeeinafdfloating point
error which we have described in Chapter 4, an extra variable bouttainfinite precision error will
be added after every operation, and because this error is multiplicatig#firia arithmetic, this means
it will create at least one second order term which must be bounded wiboama new variable. Alto-
gether, this means that the number of monomials in the polynomial bounding bleanan algorithm
is O(n,+n), the number of monomials in the product of two polynomials is él§0,+n), and because
this contains second order terms which must be bounded using intervatetiithfinding a polynomial
to bound the result will requir®(n, + n) operations, and the execution time foy operations is thus
O(no(ne +n)).

Taylor series with interval remainder bounds attempt to obtain a level ofaauer the quality of
bounds for scalability trade-off by making it possible for a user to chdlosenaximum order of the
polynomial. However, we note that even in the simplest case, when restrictiirgt order, the poly-
nomial will suffer from similar problems to affine arithmetic, because evenghdtuuses the interval
remainder in the place of an additional variable to bound error, the nunfilmeoromials in the poly-
nomial is still of O(n, + n) and the number of monomials from the product of two polynomials is still
O(no(no + m)), meaning this is still not a scalable approach. Furthermore, by allowing hagter
terms, for a maximum order, the number of monomials in any polynomial bounding the range of an
intermediate variable can grow élf{"(’*;”p), and hence bounding the higher order terms will require of
O(”“T*”) interval evaluations. Furthermore, polynomial approximations using Tagloes become
much more complex for higher order polynomials.

This analysis makes it clear that for existing work only interval arithmetic hasxacution time that
scales well with the number of floating point operations, however, as we diacussed in Chapter 2
and shown in our experiments in Chapter 4, interval arithmetic is unable to findk@unds due to

dependencies between variables. Our aim is to create an approachtivi@xecution time of grows
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in proportion with the code siz&(n,) and provides a user a very flexible level of control over the
trade-off between execution time per floating point operation and can silirobounds approaching
the tightness of the approach described in Chapter 4. We discuss the magdrwetbtain a control
over the execution time in Section 5.2, and our overall approach whichthisdseuristic to calculate

bounds on the range of variables in an algorithm in Section 5.3.

5.2. Controlling the execution time to bound the result of an operation

Affine arithmetic (AA) and Taylor series with interval remainder methods Rwhave worst case
guadratic execution time with respect to the number of operations in the codedgea polynomial
bounding the range of every intermediate variable in the code must bectezrmt¢he number of mono-
mials in each polynomial is proportional to the number of preceding operatighe code. As a result,
the basic concept we employ to obtain control over the execution time to boemddhlt of an opera-
tion is to directly control the number of monomials in every polynomial to a usesarhwalue /N, and

hence bound the worst case execution time to create any intermediate polypiodmigome function of
N.. As a result, because the worst case execution time to create any internpediyatemial becomes
constant, the overall execution time of our algorithm grow®)#s,,), and the choice o, provides

the user the ability to trade potential tightness of bounds with execution time. &/¢had this level of

control is a much finer level of control than Taylor forms. The algorithmewsploy to perform this is

given in Figure 5.1, in the rest of this section, we describe the rationaled#tis algorithm.

(p, k) = Simplify Polynomial (p, N, k)

1: $ = N monomials fromp with the largest magnitude of potential contribution to fibalinds, calculated by IA
2: Ck + ¢ =new polynomial bounding potential contribution of other momals inp

31 p=p+Cr+

4 k=k+1

Figure 5.1.: Algorithm to control the size of the polynomial.

The main concept behind this algorithm is that many monomials within a polynomisdsen a
small contribution towards the final bounds of the function, and hence ifi¢ppendency information
of these monomials is lost, it has little impact on the final result. As such, this algorétains the

monomials that have the greatest potential contribution to the final bourdslatad by computing the
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Table 5.1.: Potential contribution of each monomia{int- z1)(1 + y1)(1 + 01).
Computea = z o y, wherez = [0.8;1.2],y = [0.9; 1.1] in 6 bit floating point
let]|z1]<0.2,|y1]<0.1,]6;| <276 = 2€10(1 + x1),y €10(1 + y1)
a = (1 —+ x1)10(1 —+ y1)(1 —+ 51)

= (100 + 100z1 + 100y; + 10081 + 100z1y1 + 1002181 + 100y161 + 100z1y1671)

Monomial | Potential Contribution  Monomial Potential Contriilon
100 100 100z + 20

100671 +0.09765625 100x1 01 +0.01953125
100y +10 100x1y1 + -2

100y1 61 +0.009765625 100z1y161 | +£0.001953125

bounds of each monomial using interval arithmetic, and then bounds the reghaionomials using a
polynomial consisting of a consta@t a single monomia;.

While TwIR has a similar motivation, it retains the lower order monomials and kstinechigher order
monomials, with a user choosing the maximum order. In contrast, our algortaing the monomials
which have the greatest potential contribution to the final bounds andibdhe remaining monomials,
with a user choosing the number of monomials. This approach is capableuofing better bounds
because while higher order monomials will in general have a lower poteptidgdiloution to the final
bounds of the polynomial, this is not always the case. We demonstrate thgsTadile 5.1, which states
the potential contributions to the final bounds, computed using interval atithrfar all the individual
monomials when computing bounds for a simple problem. In this table, the secd&dmonomial
x1y1 has a higher contribution than the first order monoriiaBecause some input variables may have
much wider ranges than other input variables, and often wider ranges/énables bounding finite
precision errors, this approach is logical as it is most important to retaingbendency information
for the variables with the widest bounds whereas the dependency infomfar small perturbations
can be sacrificed in favor of a reduced execution time. In the final stagyegpresent the range of all
unwanted monomials using a monomjalalong with a constant’; that centers the monomig) over
the desired range, for this has previously been shown to obtain therbmspeperties [130]. We note
that alternate level of control would be to select all monomials that contrilpute a certain percentage
of the largest contribution; this would provide a better control over fimality of bounds at the cost of
a weaker control over the execution time, because it would be uncleamiamy monomials would be
kept at any given time.

Once we have bounded all unwanted monomials, we represent them userdeaed variablg;,
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similar to AA, and unlike TwIR. This is to avoid the problem that arises in TwIRewimultiplying

an interval remainder boung}, by a polynomialZ,. Whenever this occurs, we must first bound the
polynomialT), before calculating the product of these two intervals and bounding thisigwiial can
result in a loss of dependency information. For example, in the case of mutiph¢ given in equation
(5.1), all correlation betweef (z)l> and T (z)T>(z) is lost. This can contribute to bounds that are

significantly worse than IA.

5.3. Creating a scalable model bounding the range of variable in finite

precision arithmetic

While the above algorithm given in Figure 5.1 would be sufficient to contektkecution time if inte-
grated into either affine arithmetic or Taylor series with interval remaindendsw combined approach
would still suffer from dependencies within a polynomial. Furthermore,@bave shown in Chapter 4,
using polynomial representations means that divisions must be approximiged polynomial, and
this can lead to wider bounds. In this section, we describe how we combirsgbighm with the tech-
nigue to bound rational functions using Handelman representations whiclescribed in Chapter 4 to
take advantage of the ability to handle dependencies within a polynomial arabfiimction and create

a scalable framework to find tight bounds for the range or relative &r@ny variable in an algorithm.

5.3.1. Representing the range of a variable

One of the problems with using the polynomial simplification algorithm describedjur& 5.1 is that
when we replace all of the monomials with small contributions to the final bouitdg@wew monomial,
we lose information on whether those monomials with small contributions werectidarof only the
input variables, or a function of both input variables and finite precisioorg This is an issue when
computing bounds on the relative error. To compute the relative erroe ifave a polynomial which

bounds the range in infinite precision, and a polynomialhich bounds the range in the presence of
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finite precision errors, then the bound on the relative error is computedaxymizing the function
\p%f’]. However, if we control the size of the polynomialsand p using the algorithm described in
Figure 5.1, we would lose any correlation between the added monomialsibguemdall contributions
in p andp.

To demonstrate how this can become a problem, we use a simple example shaainteirs 2. In
this example, we attempt find bounds on the relative error of the computatien) e =, wherex €
[0.8;1.2],y € [0.9;1.1], z € [9.9; 10.1] using a 6-bit precision, where we limit the maximum number of
monomials in a polynomial to be 6. If we were to compute the relative error of gieisation, according
to Table 5.2, we must compute bounds on the functigp—2L" 2.048, — 100; — 25.3203¢3 .

MO 1021 + 10y; + 21 + 10z1y1 + 2.048(,
The problem with this is that there is correlation between the monomiads and(s which is lost due

to the simplification algorithm. This leads to much wider bounds on relative error.

Table 5.2.: Controlling polynomial size using the algorithm defined in Figure Scaritrol polynomial
size with N = 6.

Calculate the relative error of the computatiane y) e z, wherez € [0.8;1.2],y € [0.9; 1.1], z € [9.9; 10.1] in floating point
with a 6-bit mantissa.

Let]|z1|<0.2,]y1/<0.1,]21|<0.1 = z=1+4+z1),y=14y1),2=(10+ 21)

Also letV;, |§;] < 276,|¢;| <276

Create polynomials to bound the range of every intermediatahle

Code Polynomial bounding variable range  Polynomial in cacedriorm Simplified polynomial
a=zey|a=0+z)0+y) | Lteityitowr . ltzityitoy
a=1+z1)(1+y1)(1+01) 1+zi4+y1+ziy1 + 61 14z 4+y1+ziy1 + 61
+x161 + y161 + z1y101 +0.32¢1
b=aez | b=(1+z1 +y1 +z1y1)(10 10 + 10z1 + 10y1 + 10z191 10 + 10z1 + 10y1 + 21
R +21) +21tzzm iz tTyiz | +10z1y1 +2.048¢2
b=(1+z1+y1 +a1y1 + 01 10 + 10z1 + 10y1 + 10z131 10 + 10z1 + 10y1 + 1061
+0.32<1)(10+21)(1 +52) 41061 4+ 3.2¢1 + 21 + T121 + Y121 +10x1y1 + 25.3203(3
+x1y121 + 2101 + 0.3221¢1 + 1002
+10x162 + 10y152 + 1011y1§2 + 108162
+3.2¢102 + 2102 + 212102 + y12102
+x1y12102 + 21612 + 0.3221(d2

Find relative error of every intermediate variable

Variable Rational function bounding relative error Bound on relative error using IA
a—a 01 +0.3281
‘ a | | 1tz +y +xayn | 0.0303

z1 + 2.048¢> — 1061 — 25.3203(3 ‘

‘ 104+ 1021 + 10y1 + 21 + 1021y1 + 2.048¢2 0.1026

b—b
=35I

In order to avoid this problem, we separate a polynoniato the sum of two polynomials + p.,
where the polynomiap consists of monomials that are only a function of the input variables, and the
polynomialp. store the additional monomials resulting from the introduction of finite precigiamse

We note now that even if we apply the polynomial simplification algorithm, the pofyalgp will bound
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the result in infinite precision, and by keeping these polynomials sepamtsmnow compute bounds
on the relative error by finding bounds to the rational funcli%m; this allows us to find much tighter

bounds, as shown in Table 5.3.

Table 5.3.: Controlling polynomial size using the algorithm defined in Figure 8HL.A = 3 to control
separate polynomials for range in infinite precision and the additional monoregliing
from finite precision errors.

Calculate the relative error of the computatiane y) e z, wherez € [0.8;1.2],y € [0.9; 1.1], z € [9.9; 10.1] in floating point
with a 6-bit mantissa.

Le'[|f£1|§0.2,‘y1|S0.1,|21‘§0.1 = :E:(l+ml),y:(1+y1),z:(10+z1)

Also letV,, |6;] <276,|¢;| <276

Create polynomials to bound the range of every intermediatahbla

Code Polynomial bounding range of variable  Simplified polyradmi, bounding | Simplified polynomiah., bounding
range in infinite precision finite precision errors
a=zey | (14+z1)1+y1)(1+61) 1+ z1 + 7.68¢1 01 + 2101 + 0.12¢2
b=aez | (1+x1+7.68C1+d1+z161 10 4 10z1 + 83.9680¢3 1.2¢2 + 92 + 15.6723¢4
+0.12<2)(10 + 21)(1 =+ 52)

Find relative error of every intermediate variable

Variable Rational function bounding relative error Bound on relative error using 1A
a 01 + 2101 + 1.1202

1% |41C+ v TS | - 00244
b 1.2¢2 + 92 + 15.6723C4 ape

Il |10+ 10z, + 83.9680¢; | 0.0363

While this technique is an effective method to describe polynomials, in ordekeca@dvantage of
the ability to retain correlation between the numerator and denominator of Hzenleepresentations,

avoiding the problem of polynomial approximation of division which we déstt in Chapter 4, we

bound the range of any intermediate variable in the code using a ratioraiciurof the formZiZ:,
wheren andd are the numerator and denominator polynomials which contribute to the bounésitie
precision, andh. andd, store the additional monomials which result from the introduction of finite

precision errors.

5.3.2. Bounding the range of variables in finite precision athmetic for a user algorithm

In order to compute bounds on the range or relative error for anyblangithin an algorithm, we first
compile the target algorithm into a 2-input static single assignment (SSA) intexteedpresentation
consisting of vector operations, with the aid of techniques such as loadlingr Throughout our

algorithms, we prefer to operate on vectors in order to take advantage @didhthat every element
in a vector will typically share the same denominator and hence our algoritrerdeaigned to retain

this correlation so as to improve the tightness of bounds. We then procealtttate bounds on this
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Bound variable in code(/N1, N2, code).
Il N1, N2 are user chosen variables to control the maximum polynomiessiz
I/ We denote vectors of rational functions bounding vagablithv where theit” rational function of this vector is indexed.
The total number of elements in a vector is given|bly As a scalar variable is a vector consisting of only one elé¢rsenve
omit the superscript
/I Number of variables;, ¢;, are determined at run time.

1: Create seV’ of all input variables as vectors of the form:

1 1 [val [val
ngtng. ng ¢ tnge

Ya = | aixal, o glval gleal |
2: (j.k) = (1,1).
3: for every operation, ® vy in intermediate representaticio
4: (v, j) = Compute rational functiofwq,, ®, vy, N1, N2, j)
5. fori=1to0|v«|do
6: (ni,ni., k)= Simplify Polynomialsti, nid; + ni (1 + &;), N1, N2, k)
7. j=7+1
8: endfor
9. (d«,dxe, k) = Simplify Polynomials{,, d«e, N1, N2, k)
10 j=j+1

11: (vs«) = Normalise Coefficientsuy).

12: Addv,toV

13: end for

14: Bound desired variable in V' using Handelman representations
(P, Pe, k) = Simplify Polynomials (p, pe, N1, N2, k)

(p, k) = Simplify Polynomial p, N1, k)

(Pe, k) = Simplify Polynomial(p, No, k)

ﬁ?
1:
2:

Figure 5.2.: Overall algorithm to find bounds on the range or relative efi@variable from a user input
code.

intermediate representation using a set of simple algorithms summarised in FBgures3 and 5.4. In

the rest of this section, we explain the rationale behind each of these afgerith

Bound variable in code

In the main algorithm, we first create a $étcontaining all the input variables in the algorithm, stored
as vectors wherever this is applicable. Our algorithm proceeds by rs&gllyeexamining each vector
operation in the intermediate representation and creates new rational fisnefiich bound the range
of every output element from this operation. The operations we suppogcalar multiplication, scalar
division, scalar addition and subtraction, vector addition and subtract@mproducts, and any other
function to which a polynomial approximation can be computed. The reasoprefer to perform
vector operations is because after creating each new rational funti®mumber of monomials in
the polynomials: andd are controlled according to a user choi¥g, and the number of monomials
in the polynomialsn. andd, are controlled according to a user choite, where the choice ofV;

and Ns is left to a user to trade the execution time against the potential quality of bousitdg the
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algorithm in Figure 5.1. If we were to perform each operation on scalatedd of performing a single
vector operation, then if the number of monomials in the polynonai@sdd, created by the operation
are greater thav; or N, then the denominator polynomials would be simplified with the use of a
different variable;, for each element in the vector, meaning that none of the denominators ferdtoe
would be the same. By performing a single vector operation, we only neéutifg the denominator
polynomial for the entire vector once, retaining correlation for all the veelments and improving
the overall bounds. We note that because each numerator polynomah&utor will in general be
different, each of these are simplified individually, and in order to captunad-off uncertainty, we first
apply the desired model error to the polynomig) as defined in Chapter 4. In Figures 5.2 and 5.3, we
have used the multiplicative model for floating point error which we haveridesd in Chapter 4. After
performing any simplification, the coefficients between the numerator arardeator are normalised
to prevent either becoming unnecessarily large. Finally, once we haagedra rational function to
bound the range of the desired output variable, we calculate boundghiaimdelman representations,
as described in Chapter 4, to try to find the best bounds taking into acaoyrdependencies in the

rational function.

Compute rational function

Figure 5.3 describes how we create a rational functions which bounatige of every intermediate
variable in the SSA version of the code. In general, a rational functimesenting the result of the basic
algebraic operationg> € {+, —, %, /}) applied to two input rational functions can easily be computed
symbolically. For example, equation (5.2) shows how to perform multiplicatitwafational functions

Vg = % andv, = %; in this equation, we have used brackets to separate the polynomials
which consist of both input variables and finite precision errors. Hewedwr addition or subtraction
when the denominator polynomials are different for the two operandspplg a different approach.
The reason for this exception is that this operation can result in a verytargerator polynomial which

has lots of correlation with the denominator polynomial, as shown in equation (3@vever, when

we subsequently simplify the numerator and denominator polynomials, acgdrdithe algorithm in

Figure 5.2, we lose correlation between these polynomials and becauseribenof monomials in the
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(vx,7) = Compute rational function (ve, ®, vy, N1, N2, j)
1: if (® == e)then

2: (d*7 d*e) = (dadb, dadpe + daedp + daedbe)

3: if (Jup| == 1) then

4: for i = 1to|vg|do

5: (ni’nié) = (ﬁ+nziznb7ﬁ6 +nfznbe +néenb +néenbe)

6: end for

7. else

8: (TL*,TL*g) = (070)

9: for i = 1t0|ve|do

10: (s, Mse) = (e + nlnd e + nind_+nioni +nl nf
+6;(n&nj, + ning, + njeng + ngcnpe))

11: Nke =ﬁ(§j +’ﬁe(1+(§j+1)

12: j=7j+2

13: end for

14: endif

15: else if (® == +) or (® == —)) then

16: i (da,dac) == (dp, dpc) then
17: for i = 1t0|ve|do

18: if (jup] == 1) then

19: (ﬁlvﬁz) = (n;Ll anvnfzs ane)

20: else

21: (2%, nl) = (nf O ny, i ©nj,)

22: end if

23: end for

24: (d*7 d*e) = (da» dae)

25: else

26: vy = da"!idaf v = derldbe

27: vy = Compute Polynomial Approximationg ,\z.z~1)
28: vo = Compute Polynomial Approximationg, \z.z—1)

29: (v1,j) = Compute rational functiofwq,, @, v1, N1, N2, j)
30: (v2,j) = Compute rational functiofwy,, e, v2, N1, N2, j)
31: (v«,j) = Compute rational functiofw, ®, vz, N1, N2, j)

32: endif
33: else if(® == +) then
. dy+d
34: wp = fboee
35:  (vs,j) = Compute rational functiotwg, e, vy, N1, Na, j)
36: else
37: v, = Compute Polynomial Approximationg, ®)
38: end if

Figure 5.3.: Algorithm to create rational functions bounding intermediatehladga

numerator is substantially larger than in the denominator.

Ng + Nae

Na +Mae M+ Mbe _ Moty + (NaMbe 1 Nae +NaeMbe) (5.2)
da + dae db + dbe dadb + (dadbe+dbdae+daedbe) .

Np + Mpe Nadp + Mpda + (Nadpe + Mpdae + Naedpe + Mbedae + Nacdpe + Npedac) (5.3)

do + dge

db + dbe N dadb + (dadbe + dbdae + daedbe)

As aresult, in Figure 5.3, we instead compute a rational function to boundshé by first normalis-
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ing the denominators of the two input rational functions to 1 by multiplying their mataepolynomials
by a polynomial approximation of the reciprocal of their denominator polynismidough we note that
this can lead to our approach finding wider bounds than the true boueds the errors in the approxi-
mation, experimentally these errors have in general been found to be sitmafiexpplying our algorithm
without this additional approximation.

To implement other elementary functions, suchi@se {sqrt), sin(),exp() }), as well as approxi-
mating the reciprocal, we could use any of the well known techniques irorippation theory such as
Taylor approximations, Chebyshev approximations, or the Remez algorigme &ave described in
Chapter 2 to create polynomial or rational function approximations. Inrgkrtbe choice of approxi-
mation will trade trade quality of bounds with execution time, and due to the weafdseérch in this
area, this is left to a user to choose the optimum approximation. Howevented¢hat this flexibility is
unavailable when using AA and TwIR, for these require the polynomiaiceqimation to be of a specific
form. Furthermore, because if we approximate a function over a smalige rdre approximation will
generally have less worst case error, we use Handelman repregentatfimd bounds on the range of a

variable before performing any polynomial approximation.

Normalise Coefficients

v, = Normalise Coefficientsy).

. Find ¢1 = |log, (largest coefficientt, 7i.)) |
. Find ¢z = |log, (largest coefficient], d.)) |

. Find cy4.q = greatest common divisat{, cz)
Nye = M % 27 Cged

Nye = Re * 27 Cged

S de =d*2 Cged

D dye = de %27 %9¢d

NOUA WN P

Figure 5.4.: Algorithm to normalise coefficients.

The final step in our algorithm is to normalise the coefficients in the numeratbdanominator
polynomials. The reason this stage is necessary is that by keeping theabomaeard denominator
polynomials separate in a rational function, any cancellation between thgs®mmials does not occur,
meaning that over time the coefficients of these two monomials can get exatesaige. We therefore

divide both these polynomials by an appropriate factor to avoid this problesnfaittor is a power of
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two to ensure the division is performed without error.

5.4. Results

5.4.1. Benchmarks

We have created two benchmarks, shown in Figures 5.5 and 5.6, to helpsteat® the benefits of our
proposed approach in terms of scalability and quality of bounds in compadsdl the main competing
methods which are capable of bounding error: 1A, TWIR, AA, and Hdmen representations. In these
figures, we present the original pseudo code alongside a breakaofothirs pseudo code into vector
operations, because this in the original code, no order is specifiethdwrder of operations affects
the accumulation of errors, and hence this information is required to cal@argtbound on the range
or relative error. In the first test, because the widest input intervalfoathe diagonal elements of the
matrix A, and the input vectdr in the first test, we also examine the impact of using interval splitting on
these elements when finding bounds using IA as splitting these intervals vélthagreatest impact on
the final bounds. We do not perform this for the second test becaigagnitlear which variables would
be best to split, whilst splitting all variables, as we shall see in Section 5.4.Zegilire too large an
execution time. These benchmarks are large compared to similar publicatiorsfieldh in contrast,
the examples of [84] consist of up to 10 input variables and does nogtéikite precision errors into
account.

In the first test, because there is little error in the first order approximafiay« ;, and all the
non-affine operations are multiplications of polynomials or rational functigrsy input variables; ;,
the majority of the information regarding the final range of the valyas in the first order terms. This
implies IA, AA and TwIR should be able to calculate tight bounds, so in this testyish to demonstrate
that our approach will perform well where the existing methods oughttimme well. In contrast, the
second test involves products of polynomials or rational functions bingridtermediate variables, the
division of a multivariate polynomial and a square root operation, andehere wish to demonstrate
that our approach can perform well in a more complex problem.

When performing polynomial approximations, because the focus of thisrpgn the method to
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100 =10 —15 -4 16 200 1: // Initialisations

—-10 105 —13 4 14 —120 2:fori=1;i < 5;i+ +do
A= |-14 —-13 90 19 —11[|+H1%b= |—160 |41, 3: wDIVasi = w/A(i)

12 144 l;l 110 15 lfO 4: for j=1;5 < 5;j—f,—+d0 ,

6 -0 8 9% —100 5: ASUBdiagA_il = A(j)i
6: end for _
L ) 7. ASUBdiagA_i* =

/I Theit" element of a vector is indexedv® as before 8: end for

/I Theit™ element of a vector is indexedv(4)
/I The element in column, row j of a matrix A is
indexedA (i, 5)

/I The 4t row of a matrix A is indexed 9 USUBwW=1—w
A(J) 10: // Algorithm
1 for k=1;k < 8k+ +do 11: for k = 1;k < 8;k + + do
2: forj=1;j <5j++do o 12:  forj=1;5 <5 ++do
3: ) = (1 —w)zd + ﬁ(bj — Z?:I,i;éj A(j)ix?) 13: ax = ASUBdiagAl e x
4: end for 14: bSUBax = b — ax
5: end for 15: rhs = wDIVal @ bSU Bax
16: lhs = U_SUBw e zJ
. X . . 7: 29 = lhs — rhs
(a) 5x5 Successive over relaxation iteration pseudo co 8  endfor
[5]- 19: end for

(b) 5x5 Successive over relaxation iteration
expressed using vector operations.

Figure 5.5.: 5x5 Successive over relaxation benchmark.

find bounds for a variable within an algorithm, as opposed to approximatiomnthe order to minimise
the effect of the quality of this approximation, we use the same polynomiabzippation method for
affine arithmetic and our approach, with the exception of using Handelnpaesentations to find the

input range for this approximation, as mentioned in Section 5.3.2.

5.4.2. Test 1: Successive over relaxation

Scalability: Figures 5.7(a) and 5.7(b) demonstrate how the execution time on an IntelB&815 of
each of the methods grows with the number of operations when computingnifie oa relative error
for intermediate variables over the course of the successive over nedddgjorithm. Table 5.4, states the
final time for each of the approaches to compute the bounds on rangelatikrerror.

For the range analysis case, seen in Figure 5.7(a), |A, 1st ord&, WA and our approach initially
scale well with the number of operations, whereas TwIR of orders griate 1 and Handelman rep-
resentations scale poorly due to exponential growth, as mentioned in CHapitéowever, it is also

clear that only 1A and our approach have an execution time proportiotia¢ toumber of operations, as
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1: // Initialisations
2: fori=1;i < 4;i++do
3 Azt = A(i)exo

1d: B1 = Vtmp_B
11: 00,00 =0;70,m1 =1

12: // Algorithm

50 —60 70 —8&0 0 80 13: fori=1;i < 3;i + + do
—60 —60 40 70 0 60 14: v; = 2t
A= 4025, zo=| o | b=|"0 |+0.25 5
70 40 40 —30 To=1o 40 15:  forj =155 < 4 + +do
—80 70 —30 —40 0 70 16 Avi = A(j) o v;
17:  end for
1: v1 = b— Axg; 18: a=wv;eAv
2! B1,m =|lv1l|2 19: aV=aeu;
3: Vo, Wo, W—-1 = [0000], 20: ,BV_l = ﬁz ® VU1
4: 09,010 =0;70,71 =1 21:  tmpwipr =aV -8BV,
5:fori=1;i<3;i+ +do 22: Vit1 = Av —tmpv;1
6: v = E—l 23; tmpB=viev
7. a= vavi 245 Bi+1 = vimp-f
. A ) ) 25.  tmplld=r~;eq;
8 w1 = Av; —av; — Bvi—1 :
9 Biy1 = |vit1ll2 26:  tmp26=ry;_1e0;
): SIS 3. 27.  tmp2.6 =tmp2.5e B;
10: §= Viovi — Yi—10iBi .
. 5 5 28. §=tmpld—tmp25
111 pr=4/02 + 8, 29:  tmppr =56
12:  po = oy +vie17iBs 30:  tmp_p1 = tmpl_p1 +tmp_B
13:  p3=o0i_10; 3L p1=+/tmpop1
14: v = p% 32:  tmplops =0, ey
15: o= 2 33:  tmp2.p2 =yi—1 e
H— v; g0 paw 34: tmp2_ps = tmp2_p2 e B;
170z =mio1 + yiranw; 36 p3= oi-1® Bi
18:  n=—0it1n 370 vipr =
19: end for 38 o1 = %
. 39:  tmplw=p3ew;_o
(a) MINRES algorithm pseudo code [55]. 40:  tmp2w = py e w;_1

41 tmp2w =tmpl_w—tmp2_w
42 tmplw = v; — tmp2_w

43w, = el
P1

44:  tmpax=new;

45:  tmpx = y;+1 etmpx
46: z;=x;_1 +tmpx
47 n=—oit1e7

48: end for

(b) MINRES Algorithm in terms of two input vec-
tor operations.

Figure 5.6.: MINRES algorithm benchmark.
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expected from our analysis in Section 5.1, and this means that as the nunoiperations gets large,
our approach can run faster than AA and TwIR. As we have previgusiytioned, this is because our
approach directly controls the size of the polynomial, whereas the polynobaaleding the range of
intermediate variables using TwIR and AA are proportional to the numbeperfabions because a vari-
able bounding the roundoff error is added after every operationth&unore, as expected from our
analysis in Section 5.1, AA scales worse than 1st order TWIR becausia® gn extra variable for every
operation as a result of bounding the error of the higher order terratecrey the multiplicative model
of error. Finally, this graph shows that IA splitting can be used to traflexefcution time for quality of
bounds, with the execution time still proportional to the number of operationsekkr, we note that
the level of control over this execution time is very limited. We have calculataddsusing IA without
splitting, IA where the chosen variables are split into two regions (1A with spijttit), and I1A where
the chosen variables are split into three regions (IA with splitting v2); theaesignificant difference in
execution time between these approaches, indeed this difference caweba srders of magnitude, as
seen in Table 5.4. This is because the IA with splitting v1 requitéseparate interval evaluations, IA
with splitting v2 requires'? interval evaluations. Clearly, performing any further splits is not scalable
and we note that this is with an intelligent selectiori 0fvariables to split; a rige approach of splitting
every variable would scale far worse than this approach and is unlikelydarfuch tighter bounds.

The number of monomials in the AA representation for a given variable is em lewger problem
when bounding the relative error of variables after many operatiorsgeasin Figure 5.7(b). The cause
of this is that to compute the relative error, one must first generate two pulgig) a polynomiap
representing the range of the desired variable in the absence ofardog polynomiap representing
the range in the presence of error, then compute bounds of the fud\@‘g@h To bound this using
AA or TwIR, one must first compute a polynomial approximationpof= 1/p then bound the result
of the computatior(p — p) x p, and because, p andp are large polynomials where the number of
monomials in these polynomials are proportional to the number of operationgsihiewill be a very
large polynomial with many monomials that must be bounded.

Quiality of bounds: Figures 5.8(a) and 5.8(b) show the bounds on the average rangelatindererror

over each of the output variables (the x-vector) for the example in Figéréor each of the methods
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1100 T
1000- —©— Handelman approach _
x TwiR 1st order
9001 ——TwIR 2nd order
+ Affine Arithmetic oV 4
A QOur Approach, N, =50 ,N_ =25 vV
800 1 2 v i
s v Our Approach, N, =200, N, = 100 vvv
2
~ 700 O Interval Arithmetic Basic vV v -
é % Interval Arithmetic with splitting v1 vV v
= . i i wi itti v
2 6000 Interval Arithmetic with splitting v2 oV \Y Pt
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(a) Execution time of various methods to bound the range of the intermediaédle after a given number of
operations within a 5x5 Successive Over Relaxation.
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(b) Execution time of various methods to bound the relative error of theniet@iate variable after a given number
of operations within a 5x5 Successive Over Relaxation.

Figure 5.7.: Range and relative error of various methods to boundagptied to a 5x5 successive over
relaxation.
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Table 5.4.: Comparison of execution times to compute average relative rroadables for
a given precision.

Method Average time to Average time to

compute range off  compute relativie
z (S) error ofz (s)

Interval Arithmetic Basic 0.01 0.026

Interval Arithmetic with Splitting v1 5 10

Interval Arithmetic with Splitting v2 280 580

Affine Arithmetic 555 5000

Taylor Model of 1st Order 612 750

Our approach 50 terms kept 430 600

Our approach 200 terms kept 800 1300

that could calculate bounds in a tractable time.

For range analysis, because IA suffers from dependencies of pilné ariables, even when this is
reduced using splitting, and TwIR suffers from the need to multiply inteemlainder bounds by poly-
nomials, as we showed in Section 5.2 and equation (5.1), only AA is capabidcolating comparable
bounds to our approach, and provided enough terms are kept in theoptbl, our approach can return
the tightest bounds. The reason our approach can calculate tighterdabiam AA is likely to be a result
of using the Handelman approach to find final bounds, which is capalgiensfdering correlations in
the rational function to improve the final bounds.

However, for relative error analysis, only our approach is able td thagv relative error decreases
with increasing precision, and our approach even calculates boursks tddhose found by random
simulation, implying our bounds are tight. This is because all the terms regiresélaating point error
are a function of roundoff variables and input variables, meaning treegexond order or greater, and
hence first order methods such as AA and 1st order TwIR can onlpxzippate these errors, whereas
by retaining ‘most significant terms’, our approach can retain highesraedms.

In order to demonstrate how this can be used to improve a hardware desit§ayve created a basic
hardware implementation which is a fully parallel implementation of the inner-mogtddBigure 5.5,
where theA matrix is stored in RAM. Table 5.5 shows the resources required to crediafwardware
implementation using the minimum precision necessary to ensure the relativigssrb@low a threshold
of 5.510~3 according to the various methods. Using our approach, we can creatéveane design with
25% less silicon area than by using AA. The other methods cannot prove oamd meaning that one

could either attempt a simulation based approach, which in these examplesugeuless hardware
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Table 5.5.: Resource usage and max frequency of 5x5 successivieetaxation.

Method Precision| Slice§  Frequengy
(# bits) (MHz)

Simulation 11 1252 330

Our Approach 13 1609 330

Affine Arithmetic 18 2154 300

IEEE Single Precision 23 2681 280

IEEE Double Precision| 52 7983 251

IA/TWIR o) oo N/A

at the cost of sacrificing guarantees that it will satisfy the desired Imwrdmplement it using IEEE
double precision floating point units, but our approach could save upsafth of the silicon area in
comparison. Furthermore, , because our approach can track hoiwerelaor decreases with increasing
precision we could use it to tune hardware to satisfy a tighter bound orveséatior, to which even AA
would be unable to find a proof.

Execution time vs quality of bounds performance trade-off:lt is clear that the values d¥; and N,
trade off tightness of bounds for execution time. The exact trade ofesktiwill be problem dependent,
however, Figure 5.9 plots this trade-off for the relative error analylsieesuccessive over relaxation
example in an attempt to highlight the main issues. This figure shows the how bouelative error
varies for different execution times for different values of precisibgou increase the precision, as is
seen from the different lines, the range gets tighter; this is expecteddeetzere is a lower amount of
accumulated error. However, it is also interesting to see that if more time is ispte algorithmji.e
by making/N; and N, larger then we can find a tighter the bound.

In order to compare the ability of our approach to trade quality of boundsse#hability with the
existing approaches, we have created Figure 5.10. In this figure, weech@sen to compare bounds
on the range, because as we have shown earlier, only our apprazagtaisle of tracking how relative
error decreases with precision, and all the values in this figure arel lseisa mantissa 020 bits.
Furthermore, in order to compare more approaches, in Figure 5.1&&gwe restricted the successive
over relaxation benchmark to only two iterations, allowing us also to see tHiygofabounds and
execution time trade-off for increasing the order of TwIR to 2nd ordéilenin Figure 5.10(b) we plot
the same after the conclusion of the benchmark. For our approachwedwdedN; in 10 equal size

increments fron20 to 400 and setN, = %Nl. Finally, to obtain a measure of the quality of the bounds,
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Figure 5.8.: Range and relative error of various methods to calculatelbapplied to a successive over

relaxation of a 5x5 matrix.
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we plotted the difference between the calculated and simulated bounds. r@pisdemonstrates how
our method provides a much finer grain level of control in comparison tdiegisnethods: interval
splitting has a large growth in execution time for every extra split of the desagdbles, AA has no
control over this trade-off, and TwIR has a large difference in ett@ctime between 1st and 2nd order.
In addition, this graph shows once again that our approach is capatdenpiuting the tightest bounds of
all these methods, and because these bounds approach those faimdilagion, it implies the bounds
we compute are tight. While we note that in the case of Figure 5.10(a), due @additeonal overheads
of our algorithm in creating rational functions representing the value fernmediate variables, AA can
run quicker than our approach, as the number of operations becomesdarin Figure 5.10(a), because
AA cannot trade execution time for quality of bounds, our approach refldRibility to run quicker

than AA at a cost of bounds, or for longer than AA to obtain tighter bounds
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5.4.3. Test 2: MINRES

Scalability: Figure 5.11 demonstrates how the execution time of each of the methods gitbmibav
number of operations when computing the range for intermediate variatdethevcourse of the MIN-
RES algorithm. We note that 2nd order TwIR once again scales poorly withutinder of operations,
while IA and 1st order TwIR fail to compute bounds after 228 operati@tabse they are unable to
prove the input to thq/ function is non-negative. For our approach and AA, in comparison te Fig
ures 5.7(a) and 5.7(b), in this experiment the execution time grows mucl fa$iis is because, as
mentioned in Section 5.4.1, this algorithm contains the multiplication of two polynomiatstional
functions which may be large, as opposed to the multiplication of a rationalidmscby a single in-
put variable. However, we comment that as the maximum number of monomials pncithect of two
polynomials is given by the product of the number of monomials in each polynamibthe size of the
AA polynomial for intermediate variables can be much greater fian- N». This ensures AA suffers
much more than our approach, and is the reason our approach beeasteestfan AA after much fewer
operations than in Figures 5.7(a) and 5.7(b). We also comment that this grays in steps, unlike
Figures 5.7(a) and 5.7(b), this is because operations which are psadfieo polynomials create many
more monomials and take longer than operations which are sums of two polynoamidisence the
execution time for sums is below the worst case execution time for any operation

Quiality of bounds: Figure 5.12 shows the bounds on the average range over each otplé\ari-
ables (the x-vector) for the MINRES example. In this case, only AA ancapproach were capable of
computing bounds. While in Figure 5.7(a), there was little difference betaftfiere arithmetic and our
approach, because of the large number of non-affine operatiordyaromials, there is a noticeable dif-
ference in tightness of bounds. Though for small values of precisioraproach may fail to compute
bounds, unlike AA, this could be rectified by retaining more terms, highlightiadrécde-off we aim to
achieve.

When attempting to calculate bounds on the relative error that would enabte oreate an optimized
hardware design, once again, only our approach was capable ofiiompounds for this benchmark
that track how relative error decreases with increasing precisiomoasn Figure 5.13, which shows

the bounds on the average range over each of the output variablesvglator) for the MINRES exam-
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Figure 5.13.: Average bound on relative error for theector of the MINRES algorithm using our ap-
proach and Affine Arithmetic.

Table 5.6.: Slice use and max frequency of MINRES implementation requiaddicg to
analytical tools to guarantee the relative error is less thari0~3, or using IEEE

standards.

Method Precision| Slicess Frequengy
(# bits) (MHz)

Our ApproachN; = 150, N =75 | 21 8213 225

Our ApproachN; = 100, N3 = 50 | 22 8371 225

AA/IA/TWIR 00 [e's) N/A

| IEEE Single Precision ~ |~ 24~ 7 7|7 7592 150 ]
IEEE Double Precision 52 25965 120

ple. This was similarly because errors arising from the use of finite precisithmetic will be second
order or greater, meaning first order methods can only approximate eéirege. Table 5.6 shows the
resource use for a parallel implementation of the MINRES algorithm reqtorsdtisfy a bound on rel-
ative error of less thaih x 1072 using the various methods to calculate bounds, including our approach
with different run-times, as well as using IEEE single and double precisitiis table again demon-
strates significant savings can be made in comparison with IEEE doublisiprecFurthermore, by
using an increased run-time, we obtain tighter bounds that result in a sneitvdre implementation,
highlighting the trade-off we aim to achieve. Finally, we also note that ouwsoé has the potential to
obtain a proof that IEEE single precision is sufficient to satisfy the degiredsion, illustrating how

our tool could also be used to obtain performance improvements on otlisvdrarplatforms.
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5.5. Summary

In this chapter, we have presented a new algorithm to calculate boundsiterpfiecision errors that
has significantly greater control over the trade-off between executionairmdejuality of bounds than
existing methods. We have shown that the complexity of the approach wetdescales in proportion
to the number of operations, unlike affine arithmetic and Taylor series withvaltemainder bounds
which scale in proportion to the square of the number of operations. Thiagribat whereas the
relatively small benchmarks we have used in this chapter are at the limit ofioth VA and 1st order

TwIR are applicable, our algorithm has the potential to compute bounds foh tanger problems.

Furthermore, we have incorporated this method to enhance the appreadbseribed in Chapter 4
so that the combined approach can find tight bounds for large algorithnssstiog of all elementary
functions by taking into account dependencies of the intermediate variabieally, we once again

demonstrated that these bounds can translate into smaller hardware thasshgsame error criterion.
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Conclusion

This thesis has examined methods to obtain high performance in a hardwalerator and highlighted
the importance of tuning the precision used throughout any such implemeritatioit a range or error
specification. Furthermore, it has sought to address the difficulty ébnpeing any such optimisation
due to the lack of analytical tools which can calculate suitable bounds foatiables in an algorithm,
given an input range and finite precision specification. In this chapediscuss the main contributions
and discoveries of this thesis, before we discuss several potentiadsimaresearch that could be built
upon the work we have presented in this thesis in Section 6.1.

Through the use of our initial case study, we have shown that it is podeibletain a large perfor-
mance improvement over software by using a dedicated hardware atoeléndeed, we have shown
that an overall sustained performance improvement of over an ordeaghitude can be achieved by
exploiting the inherent parallelism in the algorithm and using pipelining to erssuedficient use of the
operators. The potential performance of this accelerator was erthdmwoegh the introduction of some
simple new hardware structures to achieve greater flexibility in the amourdraflglism and some
techniques to re-organise the RAM configurations to take advantagetainceatrix characteristics.
Finally, by using integer linear programming, we have shown how to automataatitpise the use of
the available hardware for a custom accelerator for a dot-productitcacthe MINRES algorithm in
single precision. Altogether, these techniques obtained impressivermarfoe figures including a large
improvement over a software implementation of the MINRES algorithm. But are isaprovements

important? Electronic computation is becoming increasingly widespread thooughodern society,
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but to continue its impact on society and use it perform more sophisticatedtlaige faster, we re-
quire substantial increases in computation power. For example, supgoksadithe goal of allowing
electronic devices to make complex decisions intelligently, such as centratipltioig traffic flow in
real-time, or predicting the effect of macro-economic choices; such lagta beyond modern com-
puting power. More importantly, such performance could not be obtaipethtply by process scaling
due to power [86] and device constraints [138], and hence it is of asarg importance to develop
design techniques to perform parallel computation efficiently to maximise tfierpemnce of any com-
putational platform. To this end, the value of this portion of the thesis is not inathhespeed-up and
performance figures, achieved for a specific algorithm, using a spEEIfEA device. Instead, the con-
tributions are the techniques described to obtain the performance imprageifioethese ideas can be
transferred to other hardware platforms and other algorithms. With regale latter point, this not
only includes straightforward porting of the optimised dot-product circuitfdhe technique to store
symmetric matrices to another algorithm that requires it, but also using theatj&teas to improve ac-
celerators for different algorithms. Storing matrices on chip to make use-ohip memory bandwidth
and satisfy 1/0 constraints, maintaining a high efficiency by pipelining multiplelpros into a circuit
and choosing how many problems are required to fill the circuit, or using-éramework as a basis
for a new problem are all ideas that could be used in a broader sense.

The major limitation of the techniques we described was that they failed to harelkeatie-offs
that exist between precision and error, which in the case of iterativeithligns affects the rate of con-
vergence of the algorithm. However, this limitation is shared with many existingnigpaes aimed at
creating hardware accelerators, and unlike previous work, it is arvesakhat this thesis wishes to draw
attention towards. In the final section of Chapter 3, Section 3.4, we exifloesmpact of this trade-off
through simulations of how varying the precision affects the rate of cgewee, and performance es-
timations, which interestingly could be calculated realistically by using our intewgar programming
framework. This discussion helped substantiate our argument that fing tafrihe precision throughout
an algorithm should not be ignored.

In an attempt to address such concerns, the rest of the thesis hasitareys towards the field of

word-length optimisation. To the mind of the author, the ultimate goal of resé@atble field of word-
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length optimisation is to ensure algorithms are designed with some sort of eregrge specification in
mind, and to create a set of tools that can automatically tune the precision uzseghthut the hardware
datapath to optimise the performance of the circuit whilst providing a guardmatit meets the desired
error specification. Over the course of this thesis, we first describedtle existing techniques to
optimise the precision throughout a circuit require a tool to verify that tr@cehof precision will
satisfy the design specification. In the absence of such a tool they simdategign, but this technique
could miss corner cases meaning that the hardware could fail in practice.résult of this study, the
efforts of this thesis were placed to help create such a tool. To this endeseeilied a new heuristic
based upon a result from real algebraic geometry that can be used &métytical bounds for any value
within an algorithm; this represents a substantial departure from the existimgigeies which we have
shown to all rely to some degree on interval analysis. On small computatiemsd|k we demonstrated
that because our approach can take into account dependencies witdgoathm, unlike any interval
analysis based approach, it can compute much tighter bounds the existingdmeHurthermore, we
also illustrated once again that this can result in superior hardware, jngtiflye importance of this
research.

The key drawback of our heuristic is that the execution time scaled expaihein the code size.
However, we analysed the practicality of the main techniques to calculatelddemthe range or rel-
ative error of a variable within non-trivial algorithms and discovered Wittt the exception of a rige
implementation of interval arithmetic, the execution time of the existing methods daaletis pro-
portion to the number of operations. This means that for real algorithms tbeyiliolargely not be
applicable. We therefore designed a set of algorithms which obtain a toméothe execution time
to create a scalable approach, and also provide a significant levekitiilitg to trade the execution
time for the potential quality of bounds for use within a word-length optimisatiaméwork. Finally,
through the use of small example algorithms, we confirmed the lack of scalalfilite @xisting ap-
proaches that we expected from our analysis, as well the level ofat@mtd tightness of bounds that
our new combined approach could achieve.

Whilst this research has shown a high degree of utility and the new heutisiose have developed

have shown performance advantages over existing technigues, ¢hiey a0 means the finished article.
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For example, the ideas that we have explored have helped improve botathkility of the bounding
procedure and tightness of bounds, but over the course of the thedisye hinted at several limitations
of our current work that would benefit from further research to imerboth of these aspects further.
We have amalgamated a discussion of these limitations and some potential idiesisréoavenues of
research in the following section. However, in spite of its limitations, this thesisldthave helped
to make inroads into the quest to create tools to make use of the potentiahpenfor benefits avail-
able by automatically design hardware accelerators with the minimum precisiessagy to meet an
algorithm designers specification. More importantly, by encouraging ttierpgance benefits of tuning
the precision throughout an accelerator, describing new tools to hegisetbe precision required and
highlighting avenues of research to develop these tools further, Hyptis thesis will give impetus
to eventually change the mindset of algorithm designers such that theywadlysiconsider how much

error their design can tolerate in order to exploit this potential.

6.1. Future work

6.1.1. Improving the tightness of bounds and execution time® compute bounds

While the heuristic we have proposed is capable of finding tighter boundsntlhay of the existing
methods, it is unlikely to find the optimum bounds. This is unsurprising, givahttte problem of
bounding a multivariate polynomial is NP-hard, but this should not deterciuels for better bounds in
a tractable time. Improving the heuristic we describe in Chapter 4 is one potveiale of research,
however, a broader search would be to consider that the Handelmasegafation is just one special
case of ‘theorems of alternatives’ in which real algebraic geometry islngbarticular, as we discussed
in Chapter 2, the proposed approach can be seen as a search aviwdgy form of Positivstellensatz
refutation [126], an insight which could lead to further sophisticated dlgos developed in this field.
Further research could similarly be directed towards improving the algorittams@hapter 5 which
control the trade-off of execution time for quality of bounds. In this chajptee aspect we left largely
untouched in order to focus on the scalability issues was a comparisagmiagion, of polynomial or

rational approximations techniques from the fieldapproximation theory113]; such an analysis would
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be of interest to obtain tighter bounds. Alternatively, one could focus onawmy the execution time
of our approach by using alternative approximations for algebraicatipas, for example, the work by
Kinsman et al. [82] suggest relaxations for vector operations. A fiotmniial avenue we highlighted in
this chapter is the possibility of creating a hybrid optimisation strategy which casliar algorithm

with a technique that performs intelligent interval splitting, such as [100], toawgbounds.

6.1.2. Handling loops and conditional statements

In the analysis of algorithms which we performed in Chapters 4 and 5, we simpbfied the loops to
create the SSA form from which find bounds for the desired variabtes sdveral iterations were com-
puted. However, such an approach is only applicable if the loop bouadeawna priori at compile
time, which will often not be the case. Instead an approach which carsehbe internal word-lengths
to ensure a loop reaches the termination conditions would be of greaterstntdfereover, if such
an approach could choose internal word-lengths to reach termination &itfiten number of cycles,
than one could analytically explore the tradeoffs between convergpredsion and performance, as
we mentioned in Chapter 2. In addition, an approach that does not relyoprulwrolling is likely to
have a much smaller run-time. Such an approach is likely to require a combiétivork on loop
termination [37] and the techniques which we have described in this thesadlyFinis likely that any
research in this field will also be of value in choosing the word-lengthsssacg to satisfy any branch

conditions.

6.1.3. Automatically creating optimised hardware designs

In the examples we have used in this thesis in Chapters 4 and 5, we calcuatedston the range
or relative error for many different word-lengths, then chose the minimpreuision which satisfies the
chosen error or range specification. Such a procedure is simple tarmegkhaustively for a small
range of word-lengths, alternatively a binary search algorithm whereiécision is refined accord-
ing to whether the analytical tools can verify whether the chosen precisiguffisient to satisfy the
design criterion would be capable of quickly finding the best global iendth for an individual de-

sign. However, the problem becomes of much greater difficulty wheomeirig individual word-length
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optimisation, as shown in [33], as the number of potential configuratiors gxponentially with the
number of individual operators that must be instantiated in hardware infiligon behind individual
word-length optimisation is that in many algorithms it is more important to maintain predissome
areas than others, for example, in the case of the MINRES algorithm, maigtén@rprecision of the
matrix is important otherwise one could be converging on an incorrect matiximg the true error
will never be minimised. As we mentioned in Chapter 2, individual word-lengthrasation has been
previously studied, largely in the DSP domain [35, 88], and this has leaddavhee designs which use
less silicon area, and hence with new techniques to calculate bounds it mbinterest to revisit some
of this work targeting more general algorithms. Finally, we comment that wiel @sp move beyond a
tool which could optimise the word-lengths in a hardware design to meet@nspecification to a tool
that also optimises the hardware datapath to improve the overall errorfies@d minimise resource

use, for example by taking into consideration the non-associativity of fipatimt operations.

6.2. Final remarks

Over the course of this thesis, we have studied the potential performaiazathbe obtained through
tuning the precision used throughout a hardware accelerator, arkgdvtowards creating analytical
techniques which can help automatically design hardware which meets aitralgdesigners specifi-
cation whilst taking advantage of this performance. While this is an NP hatzlgm, this thesis has
made inroads into this goal through developing several algorithms thatilas&astially different to the

existing methods and can also compute tighter bounds than the existing methatsinsthirn can be

used to create superior hardware with guaranteed error propenti¢sefmore, the contributions in this
thesis should help to open several new avenues of research in thiofighé fcommunity to explore in
the quest to maximise the performance achievable by tuning the precisiothuseghout a hardware

accelerator.
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Appendix A

Example of our heuristic to find Handelman

representations for a simple polynomial

This appendix demonstrates the use of the heuristic given in Figure 4.2deetiwe cancellation poly-
nomials of the form (A.2) used to cancel the polynomial (A.1) taken fromp@hat. For this example,

we setA = 275 x = 271 ¢y = 272 resulting in the polynomial given by (A.3). In this appendix,
we show the chosen cancellation polynontial(d)) after each iteration of our algorithm as well as the
remaining monomials irf (6) + > ;. hi(6), and how this process eventually calculates upper bounds

for the polynomial.
F(8) = —wy(zy — 1) — 2y(2zy — 1)01 — 2y?0y — 2°y?07 — 22726162 — 27?6705, (AD)

h(8) = cﬁ(A"‘jl — &M ) (ARl 4 g1 B (A.2)
j=1

7 3 1 1
f(0) = — + =01 — —02

1 1
_ o 2 o o 2
T 64 ' 32 64 6401 ~ 330102 = 70102 (A-3)
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Firstiteration:ac = (2,0),8 = (0,1),c = 1/64.

1 1 1 1 1 1
= 5y — 5 — 510 6% + — 626 A4
m(9) 5007152 | 65536° ~ 32768°L ~ 1024°1%2 T 5048 * 01 T 5112 (A-4)
1
229377 3071 1023 31 33
) h;(8) = - - 5% — 516 A.5
ut H; (9) = 007152 ~ 32768 ~ 655362  2048°! ~ 102412 (A-5)
Second iterationox = (1,1), 8 = (0,0), ¢ = 33/1024.
33 33 33 33
= _ - 516 A6
12(9) 1048576 32768% ~ 32768 T 10221 (A.6)
2
229443 1519 1089 31
5 hi(8) = — — 2 A.7
it H; (9) = 007152~ T6384”" ~ 655362  2048°} (A7)
Third iteration:a = (2,0), 8 = (0,0), c = 31/2048.
31 31 31
_ _ A.
h3(0) = 5007152 ~ 32768°" T 20481 (A-8)
3
114737 3007 1089
B hi(8) = - A.9
ut H; (9) = 103576~ 32768°" ~ 655362 (A-9)
Forth iteration:ac = (0,0), 3 = (0,1), ¢ = 1089/65536.
1089 1089
_ A.10
14(9) 2007152 | 65536 (A.10)
2
230563 3007
5 hi(8) = : A.11
I H; (3) 2007152 1 32768 (A-11)
Fifth iteration:a = (0,0), 3 = (1,0), ¢ = 3007/32768.
3007 3007
5= - 1 (A.12)
1048576 32768
5
236577
B hi(8) = A.13
i >+; (9) = 5097159 (A13)

After this stage, we note this could be written 5210 — £(5) = 327, hi(5). As a result,
S°2_, hi(8) is a Generalised Handelman Representation (as described in Chapteg#efdr — (&)
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, meaningZ33BEL — £(§) is non-negative, and hengg2EC > f(§). We note that these bounds are
tighter than those bounds found using interval arithmetic on the polynomia), (@sIshown in (A.14),
which corresponds to the approach in Chapter 4 that we describetéagirarithmetic on the simplified

polynomial’.

7/64 € [7/64;7/64]

+3/5321 € [~3/1024;3/1024]
1/5642 € [~1/2048; 1/2048]
1/(56‘1? € [~1/65536; 1/65536]
+1§’2152 € [~1/32768;1/32768)]
+1/564j52 € [~1/2097152; 1/2097152]
f(8) € [-236641/2097152; 236641/2097152] (A.14)
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