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Abstract

n this thesis we describe some manipulations and applications of entanglement and

a few physical implementations or these processes. First, we describe some applications

of entanglement to state preparation in quantum optics. For this, we concentrate on a

specific system of a cavity mode coupled lo a macroscopic movable mirror. Next, we use

the same system to propose an experiment to probe the decoherence of a macroscopic

object. Our proposal is a quantum optical version of Schrodinger's cat thought experiment

(entanglement between a microscopic and a macroscopic system). After this, we describe

how to entangle m any spatially separated particles by operations at a central exchange. This

is done by generalizing the scheme of entanglement swapping to the multiparticle case. Next,

we show how entanglement swapping can also be used for concentrating shared entanglement

and how a, measure of pure state entanglement remains conserved in this process. After

this, we connect dense coding (an application of entanglement) to the apparently unrelated

process of entanglement distillation. In this context, we obtain bounds on the capacity

of dense coding with mixed states in terms of the entanglement of these states. Finally,

we propose a physical implementation of teleportation that uses cavity decays. This is a

rare example of a decay mechanism being made to play a constructive role in quantum

information processing.
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Chapter 1

Introduction

1.1 The concept of entanglement

Consider two distant parties Alice and Bob. Each of them have an unlimited supply of

particles. States of each of Alice's particles span the Hilbert space HA, while the states of

each or Bob's particles span the Hilbert space Hg. Alice's and Bob's particles are drawn

from two completely independent sources and arc not correlated in any way. Suppose Alice

and Bob are now given the task of constructing states in their joint Hilbert space Hg0Hg.

While Alice and Bob arc allowed to communicate classically with each other to any extent,

neither or them arc allowed to send a quantum state across to the other party. There are

some quantum states in HA ® Hg which Alice and Bob, working according to the above

constraints, will never be able Lo produce. These states are called entangled states. The

property which makes these states differ from those which Alice and Bob can produce is

called entanglement. Without sending a quantum state to the other party, Alice and Bob

can only construct states or the type

(1.1)

where [v;)4 and [¢;)B are arbitrary members of HA and Hg respectively and P is a prob­

ability distribution (each P 2 0 and 5 R} = 1). Thus, any state pAB in HA ® Hg
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that cannot be written in the above way is an entangled state (or is said to posses en­

tanglement). More than two systems A, B,C,..., N can also exist in an entangled state.

They would be said Lo be entangled if their joint state cannot be written as PABC...N

The simplest example or an entangled state is a non-factorizable pure state of two

quantum systems. This is any state of the form

(1.2)

where more than one of the amplitudes Ci a.re nonzero. The existence of states of this kind

is probably the most striking difference between the quantum world and the classical world.

These types of states have appeared again and again in the history of quantum mechan­

ics, predominantly for three types of purposes: (1) in elucidating the non-local nature of

quantum mechanics, (2) in discussions of the measurement process in quantum mechanics,

and (3) as an invaluable practical resource. The last way of looking at entangled states is

relatively recent (a nineties outlook) and inspires the study of the nature of entanglement

and its manipulations on their own right. In what follows, we will describe a brief history of

entanglement studies since the advent of quantum mechanics. Of course, it is rather a very

small part of all that has been done to date on entanglement, and we apologise in advance

for any omissions.

1.2 A brief history of entanglement

1.2.1 Entanglement and quantum nonlocality

The story of quantum nonlocality started in 1935 when Einstein, Podolsky and Rosen

(EPR) presented a thought experiment to assert that the quantum mechanical description

of physical reality was incomplete [1]. They defined an element of reality to be associated

with an observable of a, quantum system if the value of that observable could be predicted

without disturbing the system in any way. They also assumed that measuring the state of a

system at one spatial location does not affect the state o:f another system separated from it

12



by a large clisLa.nce (the locality condition). Then they considered the entangled state (not

normalized)

» = f"waet-pea
- f_+we+au4

of spatially separated systems /A and B, where [p)4 and [-p)g are momentum kets and [)4

a.nd lx+:co)e arc position kcts. By measuring either the momentum or the position of system

A one can immediately deduce the momentum or the position of system B accurately. The

locality condition then implies that both the position and momentum of system B have

simultaneous elements of reality. On the other hand, if quantum description of reality was

complete, then position and momcntu.m could not have elernents of reality corresponding

to the same quantum state. EPR thus concluded that the quantum description of reality

was incomplete. llowever, from what became clearer later on, the EPR example actually

illustrates the nonlocal nature of quantum mechanics and the locality assumption of EPR

fails. In 1952, David Bohrn constructed a simpler analogue of the EPR example using a

maximally entangled state

(1.3)

(1.4)

of two spin half particles [2]. In 1964, John Bell used the above entangled state of two spin

half particles for· the first quantitative demonstration of quantum nonlocality [3]. He derived

an inequality from the assumption that the outcome of a spin measurement on system B

shou Id not depend on the alignment of an apparatus measuring the spin of system A. Th.is is

the locality condition. Now consider that we have the choice to measure the spin of particle

A along axes a and a' and the spin of particle B along axes b and b'. In general, if the

locality condition wasn't required, then the outcomes of these possible measurements would

depend on the apparatus setting on the other side. We label eight such distinct outcomes

by a(b),a(b'),a'(b),a'(b'),b(a),b(a'),b(a) and b(a'). Each of these outcomes can have a

value ±1. Now consider the expression

S = a(b)b(a) + a(b')b(a) + a'(b)ba') - a'(b)b'(a').

13
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This quantity can have values 0,±2 and ±4. However, if we impose the locality condition,
', '7' -'''a)- 1'a')- 'then a(b) = a(b') = a,a(b) = a (b) = a,b(a) = b(a) = b and b (a = b (a = b. Then

we have
I I I I

S = ab + a.b + a b - a b , (1.6)

which can only take values ±2. Thus an average of S' over measurement on several pairs of

particles obeys

-2 $ (S) $ 2. (1.7)

This is the Bell's inequality ( more precisely, the CtrSJf version of' the Bell's inequality [4]).
If the spin measurement directions a, b, a' and b are each separated from the adjacent

ones by m/8, we have the expectation value of S in the state ] ])4] l)B - [I)a] [)B to be

22 which clearly violates the Bell's inequality Eq.(1.7). This demonstrates the nonlocal

nature of quantum theory in a concrete wa.y. More recently, Gisin [5] and Popescu and

Rohrlich [6] have shown that every entangled pure slate violated some Bell's inequality.

Bell's inequalities have been tested in various ways ( Sec for example, Ref'.[7]), though

there arc still worries about loopholes in these experiments [8]. More recently, in 1989,

Greenberger, Horne and Zeilinger (G lfZ) gave an interesting demonstrntion of quantum

nonloca.lity using the entangled state of' four particles [9]. We will describe a simplified

version of this (due to Mermin [10]) that uses the entangled state ] 1)A] 1)B] 1)c - I 1)A] l
)el l)c of three spin half particles A, D and C. This state is an eigenstate of the operator

afafo with an eigenvalue -1 and also an eigenstate of the operators of}afo', a}a''o

and oaf?o' with an eigenvalue +1. Locality demands that the outcome of a measurement

of af (we label it by rn: ), should not depend on the alignment of the apparatus measuring

tho spins of B and C. Thus, we assign real values for spins in each cl.irection to each of the

particles. These real values arc labclJed by replacing the a of the operators by m. Thus

we have mimf'm' = m')m#/m = mm#/m = 1. As the square of any of the real spinx y y y '*a "y "y "y "x

values is unity, we have

(1.8)

.1.4



which contradicts o2of?o' having an eigenvalue of -1. Similar types of contradictions of

the locality condition can be shown for bi-partite entanglement as well (as shown by Hardy

11]). Next, we briefly describe the role which entangled states have played in description

of the measurement process in quantum mechanics.

1.2.2 Entanglement in description of quantum measurement

In 1932, von Neumann used entangled states in descr.iption of the measurement process in

quantum mechanics [12]. This was, probably one of the very first occasions (three years

before EPR) in which the entangled nature of the state of two quantum systems was ex­

ploited. lie described measurement as the following type of interaction of a macroscopic

apparatus M with a measured system S

(I1)s + [2)s)]¢o)M - \1).sl¢i)n + [2).sl¢2)Ms (1.9)

where /1)s and [2)s are orthogonal states of the system S and [¢i)M and [¢z)M are orthog­

onal states of the apparatus. von Neumann's approach of treating a macroscopic apparatus

quantum mechanically, was a marked departure from the existing (Bohr) interpretation of

that time in which a measurement apparatus was to be str:ictly regarded as a classical device.

In a famous paper in 1935, Schrodinger exposed the apparent absurdity of a superposition

such as that of Eq.(1.9) [13]. In his thought example [1)s and [2)s corresponded to the

occurence and the nonoccurence of a radioactive decay and [¢i)M and [¢»)M corresponded

to dead and alive states of a cat. He also introduced the term entanglement for the first time

in this paper. To quote him in this context (while introducing the concept of entanglement),

he said that the best possible knowledge of a whole does not necessarily include the same of

its parts. What von Neumann's an cl Schodinger*s work showed was that the existence of

entanglement leads to the a serious interpretational problem of quantum measurement. The

measured system and the measuring apparatus are in an entangled state after measurement

in which the apparatus fails to be in a definite state. This contrasts what is seen in all

quantum measurements. At the end of any quantum measurement an apparatus is always

observed to be in a, definite state. Even if the apparatus is observed by another apparatus,
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which is observed by another apparatus and so on, we only end up with a many system

entangled state in which the final apparatus is still in an indefinite state. As a desperate

remedy to breaking the chain or more and more apparatus getting entangled with the sys­

tern (known as the von Neumann chain), Wigner (1961) suggested that the final apparatus,

namely the human consciousness, does not get entangled, but causes the entire chain of

apparatus to collapse to a definite state [14].

So far, entanglement has sounded like the creator of the major foundational problem

of quantum mechanics. Strangely, it has also been viewed by some as the solution to

all foundational problems of quantum mechanics. In 1957, Everett proposed his relative

state formulation of quantum mechanics [15]. According to this interpretation, the system­

observer entangled state [1)s]¢i)o + [2)s\¢2)o (where [¢r)o and [¢2)o are states of the

observer) has a special physical meaning. lt means that observer's consciousness is split

into two components: the component 1¢h)o perceiving the system. to be in the definite state

1)s and the component [¢dz)o perceiving the system to be in the specific state [2)s. This

was his way of explaining the perception of a single outcome in a quantum measurement.

More recently, entanglement has been used to explain the instability of superpositions of

distinct states of a macroscopic object. Consider a macroscopic system A (which may

be an apparatus), to be in the state ci[yr)A + c2]y2)4. As it interacts strongly with its

environment, it gets rapidly entangled with it. The system-environment state is then of

the form ci]ii)A[G(t))r + cz]y2).A[G2(t))z, where [Ci(t))r and [C(t))z are states of the

environment whose overlap decreases with time. This causes the coherence between the

components [vi)4 and [v)4 of system A to decrease with time provided one traces out the

unobserved environmental states. Thus for a macroscopic system (one that would strongly

interact with its environment), superpositions of distinct states are unstable. This general

theme is known as the environment induced decoherence programme (See for example,

Ref.[16]).
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1.2.3 Entanglement as an invaluable practical resource

n 1991, Ekert showed that entanglement could be used for generating a secret random

key between distant parties. The non-local correlations of quantum theory are used to

generate the secret random key. An eavesdropper's presence could be recognized by the

destruction of the non-local correlations as can be revealed by testing Bell's inequalities. In

the following year Bennett and Wiesner showed how prior shared entanglement could double

the classical capacity of a quantum channel, a scheme called superdense coding [18]. To top

t all, in 1993, Bennett and co-workers showed that shared entanglement could be used for

teleportation of a quantum state to a distant location [19]. This is very interesting because

you cannot simply copy a quantum state (due to the quantum the no-cloning theorem [20])

and send that copy to a remote location. It is also worthwhile to mention that many regard

the power of quantum computation [21] (which can accomplish some tasks much faster than

known classical methods of computation) to be stemming from entanglement [22].

These amazing practical applications of entanglement have triggered off extensive fun­

damental research into the nature of entanglement and its manipulations. Firstly, people

have realized that the type of entanglement shared between distant users will not, in gen­

eral, be pure and maximal to start with. It will, in fact, be a mixed entangled state. This

happens due to noise in. the channels used for the distribution of entanglement between

distant parties. However, as was first shown by Werner in 1989, for mixed entangled states,

Bell's inequalities need not be violated [23]. Yet, as Popescu pointed out in 1994, such states

could still be used for teleportation (which is another aspect of nonlocality distinct from

Dell's inequalities) [24]. Popescu's work steered research into finding out the conditions

under which a mixed entangled state violated Bell's inequality or permitted teleportation

[25]. But more importantly, it made people think about locating the fundamental signature

of entanglement (which would then be more fundamental than the violation of Bell's in­

equality). Would it be the ability to teleport or to accomplish some other task? Peres and

the Horodecki family discovered that a mixed state of a 2 x 2 and 2 x 3 systems .is entangled

if and only if its partial transpose is not a positive operator [26]. This was a mathematical

17



signature of the existence of entanglement. A physical signature was also found out soon

afterwards. Already in 1995, Popescu had shown that a mixed entangled state that did not

violate Bell's inequalities, could be converted to one that did, simply by local actions on

either part of the entangled state [27]. This eventually led to the process of entanglement

distillation by local actions and classical communication [28, 29, 30]. In this process, local

actions on a, large number of shared pair of particles in a, less entangled state are used to

produce a smaller number of more entangled shared pairs. Practically, this process has the

greatest significance, because ii allows the sharing of pure maxima] entanglement despite of

the noisy channels used for sharing it. This pure maximal entanglement can then be used

for the optimal implementation of the applications described in the last paragraph. But

even from a fundamental point of view, this process of entanglement distillation has inspired

work in quantifying the amount of entanglement in a given mixed state [30, 31, 32, 33].

1.3 Overview of the thesis

In this thesis, we shall be primarily concerned with the practical applications of entan­

glement, and manipulations which assist in the implementation of these applications. For

example, in chapter 7 we shall present a scheme to physically implement the teleportation of

an atomic state over large distances. Strangely, that scheme utilizes cavity decays (normally

regarded harmful to entanglement applications) in a profitable way. In chapter 4, we present

a scheme of multiparticle entanglement manipulation which would find practical application

in the distribution or entanglement (multipartite) in a many user network. In the chapter

following that (chapter 5) we show that a similar type of procedure can be used for a simple

demonstration of entanglement distillation by local actions for polarization entangled pho­

tons. The theme of chapter 6 is to try to link an application of entanglement (superdense

coding) with the apparently disconnected notion of entanglement distillation. This can be

regarded as the very starting step towards a unification of all entanglement applications by

relating their efficiency to the amount of entanglement being used. Chapters 2 and 3 are

a little different in spirit from the rest of the thesis in that they are neither applications

18



nor manipulations of distributed entanglement. But nonetheless, chapter 2 describes appli­

cations of entanglement in various types of state preparation in quantum optics. These are

genuine applications of entanglement in the sense that they would not have been possible

without the presence of entanglement. In chapter 3, we go back to the original context in

which Schrodinger introduced the term entanglement for the first time, namely to describe

the entanglement of a microscopic and a macroscopic object. In this chapter, we propose

a scheme lo use the entangled state of a cavity field and a macroscopic movable mirror to

Lest the rate at which the macroscopic mirror becomes entangled with its environment. The

flavour of that chapter, is then, more like that of section 1.2.2 in which the role played by

entanglement in quantum measurement was described.
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Chapter 2

Entanglement between a

microscopic and a macroscopic

system I: applications in state

preparation.

2.1 Introduction

In this chapter, we will study a specific quantum optical system to highlight some applica­

tions of entanglement in state preparation. The system to be consider.·ed is a cavity with one

fixed and one movable mirror, the movable mirror being regarded as a harmonic oscillator

(see Fig. 2.1 ). If there is a,n clccLroma.g11e(,ic field mode ins.ide the cav.ity, it will exert a

pressure on the movable mirror. The effect of' this pressure can be written in terms of an

interaction Hamiltonian between the cavity field mode and the movable mirror, when both

are treated quantum mechanically. This interaction can entangle the state of the cavity field

(a microscopic system) with the state of the movable mirror (a. macroscopic system). In

this chapter, we show how this entanglement can be utilised for:
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(a) Entangling the states of two cavity modes that do not interact directly,

(b) Conditional state preparation of the cavity mode by measurements on the movable

rni rror,

(c) Inducing decoherence of a rather unconventional form (as we shall see) of the cavity

field.

We will also justify why none' ol' these applications would be possible without the entan­

glement between the cavity field and the movable mirror. These would thus genuinely be

applications of entanglement. Our general approach would be to regard the system as a toy

model which illustrates the applications of entanglement to issues related to state prepa­

ration. nut in section 2.8 we will also describe some potentially achievable experimental

regimes in which these applications can be implemented.

2.2 A brief history of the model

We will briefly digress in this section to describe why the model of a quantum cavity field

interacting with a, quantum mova,ble mirror arose. The necessity Lo treat a macroscopic:

harmonic oscillator in a quantum mechanical fashion was first realized in efforts to detect

gravitational waves. To detect gravitational waves, one may require to observe position

displacements of a macroscopic oscillator with a precision smaller than the spread of .its

ground state w;.wcfunction. For measurements of such precision, the oscillator's state gets

significantly affected by the I110::\,Surernent and this can be a source of noise in a subsequent

measurement. This was rca.lizccl by Oraginsky a,nd coworkers .in the l970's [34]. In 1979,

llollcnhorst [:35] showed that placing gra,vita.Lional wa.vc detect.ors (which were macroscop.ic

oscillators) in squeezed stales led to better sensitivity. ln 1980, Caves and coworkers also

needed to treat macroscopic oscilla,tors qua.nturn rncchanica.lly to formulate back action

evading measurement schemes f'or massive gravitational wave sensors [36]. Around the
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same time, laser .interferometric detectors for gravitational waves were becoming popular

[37]. Treating only the optical field in these interferometers quantum mechanically, a lot of

estimates on the ultimate sensitivity of such detectors were carried out [38]. However, in all

analysis till 1993 (to our knowledge), either only the optical field in the interferometers or

only the macroscopic oscillator were being treated quantum mechanically. In other words,

no interaction Hamiltonian of an optical field with a movable mirror was known. In 1993,

to make a self consistent Hamiltonian model for an entire laser interferometric gravitational

wave detector, Pace et al. introduced such an interaction Hamiltonian for the first time [39].

This is how the model to be considered in this section arose in the first place. Subsequently,

it was also considered for setting limits to atomic force microscopy [40] and for quantum

nondemolition measurements of photon number in a cavity[41].

But in recent years, it has evolved a long way from the initial motivation to an interesting

system for cavity quantum electrodynamics (CQED) with an empty cavity. In CQED, one

generally makes nonlinear crystals or single atoms interact with a single mode of a cavity

field in a controlled way and can prepare arbitrary quantum states of the atom, the cavity

field and even entangled states of the atom and the cavity field. It has gradually become

clear that a movable mirror can mimic a nonlinear crystal from the facts that it can produce

squeezing of the cavity field [42, 43], and prepare the cavity field in a Schrodinger cat state

[44]. In this chapter, we take a step further and try to treat the movable mirror as a

replacement of the atom in the cavity. In a manner analogous to entangled states of an

atom and a cavity field, we will consider entangled states of the movable mirror and the

cavity field. We will then show the applications of this entanglement in preparation of states

of the cavity field.

2.3 The system Hamiltonian and the time evolution operator

We will only consider the case when the mirror moves adiabatically. In other words, the

mirror moves so slowly that photons of' a given frequency do not get Doppler shifted to

another frequency on scattering off the moving mirror. Mathematically this is equivalent
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to demanding that the mirror displacement due to the cavity radiation pressure is much

smaller than the length L of the cavity. Under such circumstances, a single mode of the

electromagnetic field .inside the cavity couples only to the movable mirror and not with any

other cavity mode. We now follow the treatment o:f Pace et. al. [39] to derive a Hamiltonian

for this coupling from phenomenological considerations.

Let w0 be i he frequency of the single cavity mode under consideration. As this is chosen

to be resonant inside the cavity, we have

12mcv=(n+ $)-g
where c is the speed of light. The Hamiltonian for this mode is thus

f. I ( 1)21TC tH =h(+ 5lj a a,

(2.1)

(2.2)

where a and at are annihilation and creation operators of the mode. Now, if the mirror

slowly moves so that the cavity length increases from L to L + x, the fundamental frequency

or the cavity decreases to 21Tc/(L +x) a,nd the Hamiltonian for the mode under consideration

changes to

( l ) 21T c tJI = !In+- --aa
2 L + x

2mc + a= t, «at-
t, o ,t ,= ho a'a-Pi a'ax. (2.3)

The decrease in energy of the mode under consideration is thus (h~ox/L) a'a, which is

also the increase in the energy of the movable mirror (assuming the cavity and the moving

mirror to be a closed system). We now quantize the mirror's position x as J'h/2mwm(b+M)

(where m and Wm are the mass and the frequency of the movable mirror respectively) in

the last term of Eq.(2.3) and get the following interaction Hamiltonian of the cavity mode

and the movable mirror

(2.4)
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4)
Figure 2.1: The quantum optical system under consideration: a cavity :field interacting with

a movable mirror. The figure shows the case when the cavity field is in a Fock state [n) and

the movable minor is in a coherent state [d,).

A more rigorous derivation, starting from first principles, of the general coupling between

a cavity mode and a movable mirror has been performed by Law [45]. His expression reduces

to the above coupling in the limit of adiabatic motion of the mirror. The full Hamiltonian

of the cavity mode and movable mirror system is thus

where

II - ho ata + ha" blb - hg ala(b + b')

in
" i V5n,

(2.5)

(2.6)

Here, we shall concentrate on the entanglement between the states of the cavity field

and the movable mirror arising from this model and on the physical applications of this

entanglement. The time evolution operator corresponding to the above Hamiltonian was

evaluated by Mancini et al. [44] (for completeness we give a proof in Appendix A) and is

given by
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where n = (1- e-'), k = g/w" is the scaled coupling parameter, r = co/Gm, and t

represents a. scaled time, being the actual time multiplied by Wm. We see from the above

equation that there is now an explicit Kerr-like term in U(t), so that physically one might

expect the cavity field to have an evolution similar to that in a Kerr like nonlinearity in

optics. Much quantum [42, 43, 44] and classical [46, 47] work on the system illustrates this

similarity. A part of the work to be presented in this chapter (entangling cavity modes

which do not interact directly) also depends crucially on the Kerr-like term in Eg.(2.7).

2.4 The entanglement between the states of the cavity field

and the movable mirror

Let us, for simplicity, assume that initially both the minor and the cavity field are in coher­

ent states. We will later move over to the more realistic situation in which the macroscopic

mirror is taken to be in a thermal state. Thus we write the initial state at time t = 0 as

(o)) = la) ® [6) (2.8)

where [a) and [/) are initial coherent states of the field and the mirror respectively. The

time evolution of the system in the interaction picture (that is, omitting the free evolution

of the field) leads to a state at time t given by
2 00 n

co) = SSe"0-901)a010400)
n=0 V7!

where [n) denotes a Fack state of the cavity field with eigenvalue n, and the [¢"(t)) are

coherent states of the mirror given by

(2.9)

(2.10)

During the evolution, the mirror is transformed to a specific coherent state 1¢n(t))m, each

one corresponding to a specific number state [n) of the cavity field. This is shown in
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Fig.2.1. From the above equations, it is dear that after a time t = 2m the mirror returns

Lo its original state. At, all times between t = 0 and t = 2m the mirror state is entangled

with the field state in a pure state. To give a quantitative estimate of this entanglement,

we evaluate the purity, or the linear entropy [48] which is given by (1 - Tr(pM(t)*)) [48]

of the reduced density matrix p(t) of the mirror. In terms of this linear entropy S, the

entanglement between the cavity field and the moving mirror as a function of time is given

by

00

s(()) = 1-«3kf 5
n,m=0

al?(+m) 427 5?71--14y2ek*(n-m)*(1-e-')
nlm! (2.11)

This entanglement has been plotted in Fig.2.2 as a function of the scaled time t for three

different values of the scaled coupling parameter k. As expected, the entanglement between

the mirror and the cavity field increases with the increase of the coupling. The range of

values used for the coupling constant k is of the order of unity. This can, for example be

attained in optical cavity QED with parameters o • 101° s',an o 1 KHz,L< 1 m,m •

JO mg [44, 46, 47].

In the real case, the macroscopic mirror will start in a thermal state, rather than a

coherent state. But even in that case, we would expect some degree of entanglement to

be generated between the states of the cavity mode and the movable mirror when they

interact. In section 2.5 we will give a sufficiently good reason for believing that this is

true. An initial state being a thermal state is, however, not the only characteristic of a

macroscopic object such as the mirror. The decoherence of spatially separated states of a

macroscopic object is quite large in general. This decoherence, and also the decoherence

due to cavity decay, would tend to diminish the entanglement between the cavity mode

and the moving mirror with time. Thus we require a parameter domain in which both

the above decoherence timescales are lower than the oscillation time period of the movable

mirror. Then, at least during the first oscillation, the state of the cavity mode and the

moving mirror can be expected to be entangled to a certain degree. We will discuss such a

parameter regime in section 2.8.
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Figure 2.2: The Linear entropy, S, of the mirror state, in the absence of any damping, is

plotted here as a function of time, and for various values of the scaled coupling parameter

k. We have taken the initial coherent state amplitude of the cavity mode to be a = 2, and

that of the mirror to be ~ = 2. The entanglement of the mirror with cavity field increases

from a value of zero to a maximum at t = and subsequently falls back to zero at t = 27.

Both the scaled time t and the linear entropy S are dimensionless quantities.

2.5 Entangling cavity modes that do not interact directly

Two modes of light, each separately interacting with the movable mirror, and with no direct

coupling between them, can end up being in an entangled state at time t = 2m depending

on the value of the parameter k. Let there be two different modes of light inside the cavity

at t = 0. For simplicity we assume them to have the same frequency and hence the same

value of the parameter k, but with mutually orthogonal polarization directions. We assume

them to be initially fully disentangled and prepared in coherent states. Let the initial state
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of the cornposile system of the mirror and the light be

(2.12)

where la, )cL and la2)c2 are states of the first and second modes respectively, while [0) is

the initial state of' the mirror. The state of the two Light modes evolves at t = 2m to the

state ( not normalized)
00

Ce) = e(1+1P)? 5
n,m=0

(2.13)

Thi.s slate is completely disentangled from the mirror's state. The state can be rewritten

as

whore
, (a ck4mm y"

le( k)) - -lail2/2 °'"' a1e -i2d2n2I )cl,r Jc2 = e Z -e n c2·
n=0 vn!

For the above states we have (&(m', k)\&(m, k))a = «(lei[(e+tn-m'11)}

(2.14)

(2.15)

Thus the state

l(s) is nonfactor.izabl.c (an entangled state) for all values of k2 which are not an .inte­

ger multiple of 0.5. Mathematically, this entanglement originates from the Kerr-like term

"i2nk(n+m)' in Ea.(2.13) which cannot be factorized into separate functions on n and 'In.

The entanglement of the two cavity modes can be expressed in terms of the linear entropy

Sa = (.L - Tr(p$)), where par is the reduced density matrix of the first cavity mode. This

is given by

00

Sa(Ice)) = 1- e3011+1) y5
n,m=0

I 1
2(n+m) . 2

92l Jal1Re*@-"12,
n!rn!

(2.16)

In f'ig.2.3, we have plotted this enta,nglement as a, function o-f k2. It is seen that it dips

to zero for k* being integer muJt.iples 0.5 and on average the entanglement increases with

increasing amplitudes of the initial coherent states of the two modes inside the cavity. The

smaJI osci!Jations super·imposed on this average increase of entanglement also increases with

increase of the coherent state amplitudes because the inner product (g(m',k)]e(m,k))e2
oscillates more rapidly for a higher value of a1.

29



cx.=1

o.e

0=0.7

o=0.4

0.2 0.3 0.4 0.5
k2

0.6 0.7 0.8 0.9

Figure 2.3: The Linear entropy, Sa1, of the state of one of the cavity modes is plotted here as

a function of the square of the scaled coupling parameter k for various values of the initial

coherent state amplitudes a1 = a2 = a. Both the scaled coupling k and the linear entropy

S'c1 are dirn.ensionlcss quantities.

Some simplification of Ea.(14) for k=0.5 results in the entangled state

cp) = (1+i)] + ar)a®[+ a2)e2

+ (1-i)]- ar)e ®[- a2)e2
(2.17)

This is an example of a two mode Schrodinger cat state. Note that production of similar

entangled states in a Kerr medium, when the two modes of light have a direct interaction

between them. have been discussed before [49]; however this case is different in the sense

that the modes become entangled because they both individually interact with the same

movable mirror.

There is no restriction on the number of modes that can be entangled using the above proce­

dure (except that each mode to be entangled has to be resonant with the cavity). It is inter­

esting to demonstrate how eigenstates of the operator (@a1@c2...«aN)" where ae1, 0e2, •.., «eN
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are annihilation operators of N different modes of light and pis an integer can be created

in the cavity. As it is possible for resonant modes to have frequencies that a.re integer

multiples of each other, let us consider the case when there are N different modes of light

in the cavity, with their frequencies we1,e2, •... GeN being related by «aj = 1}j 'ei where

'T/j are integers. Then from Eq.(2.6) it follows that the value of their k parameters will be

related by k, = 1; ky. Hence if the initial state of the cavity modes and the mirror is

the final ( at time ·t = 2m ) composite state of the cavity modes will be

(2.18)

(2.19)
00

~

As the term @nk*(m ni+n n2+...+nN nn)' cannot be split up into a product of the form

f(ny)f(n2)...fN(nN), for arbitrary values of ky, [GE,) can, in general, be an entangled

state depending on the value of ki. Now consider the case when 2#k* = n/p. We have

(2.20)

Recle:fining nj in the above equation as n.i + p , recasting the equation in terms of the new

r1,j and using the fact that n; are integers, one gets

(2.21)

Hence j (EN) are eigenstates of the operator (aai@e2...aaN)", generalizations of the well known

even and odd coherent states which are eigenstates of squares of annihilation operators [50].

Note that the entangled state [Cp) given by Eq.(2.14) is independent of the amplitude

of the initial coherent state o:f the mirror. Thus in the realistic case, when the macroscopic
thermal

mirror starts in a coherent state, this state preparation will not be affected in any way.

This is because a thermal state may be expressed as a mixture of different coherent states.

At time t = 27, when our state preparation is complete, the mirror returns to its original

thermal state and its state is completely disentangled from that of the cavity modes.
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It is evident that entangling a couple of cavity modes would not have been possible

unless each of the cavity modes, when interacting alone with the mirror, became entangled

with it. To understand this, we split the continuous interaction of the two light modes with

the movable mirror into alternate infinitesimal interaction of the mirror with each mode.

Now consider (hypothetically), the two cavity modes Cy and Cy to be spatially separated

systems, and the movable mirror M being brought into contact with each of these modes

alternately for infinitesimally short intervals of time. If M did not become entangled with

either C1 or C2 in any of the instants of interaction, then no entanglement can be established

between the spatially separated systems Cy and C. Otherwise we would end up creating

entanglement by local means. Thus entangling cavity modes which do not interact directly,

is an application of the entanglement between the movable mirror and each cavity mode.

As we have justified in the last paragraph, we can end up with an entangled state of modes

Ci and C at time t = 2m even if the macroscopic mirror started off in a thermal state.

This seems to be a pretty good reason for believing that even when the mirror starts in a

thermal state, and interacts with any one of the modes, its state gets entangled to a certain

degree with the state of that mode.
We now describe how the indirect interaction between two light modes due to their

interaction with the mirror can be used to implement quantum logic between the two

modes. Consider the case when k = 0.5. Then due to one oscillation of the mirror (i.e an

interaction of the mirror with the two light modes for a time equal to t = 2m), initial states

0)1 ®([0)2 +[1)a2) and [1),1 0([0)a2 +[1)a) of the cavity modes transform in the following

way

0). ® ([0).2 + /1).2) - [0)a1 © ([0)2 - i]1)2)

1)a 0 ([0)2 + [1)a2) -» [1)a 0 (-i)([0)% + i]1)2).

(2.22)

(2.23)

The transformation in the above Eqs.(2.22)-(2.23) is an example of conditional quantum

logic because the state of the second mode evolves to mutually orthogonal states corre­

sponding to different initial states of the first mode. This will work perfectly even when

the macroscopic mirror starts off in a thermal state. However, the decoherence rate of the
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macroscopic mirror during it's motion and the decoherence of the cavity :fields due to their

decay, will have to be kept lower than the oscillation frequency of the mirror. In section 2.8

we will present a potentially achievable parameter domain in which the above controlled

logic works. Implementing that would be a curious example of quantum logic mediated by

a "hot" and "macroscopic" object.

2.6 Conditional state preparation of the cavity mode by mea­

surements on the movable mirror

Because of the entanglement of the mirror state with the state of the cavity :field during

evolution, any measurement on the mirror will project the cavity field to some state which

we can determine. We consider here measurements of the mirror's scaled position, .1: = b+bt

(i.e, scaled position x represents actual position of the mirror multiplied by (J2mwm/h),

m being the mass of the mirror), at time t = 7, as the entanglement is most pronounced at

that time. Such a measurement will project the state of the light to

(2.24)

Thus for different values of the mirror position , different states of the cavity field are

produced. Let us choose parameters k = 1, a= 2 and /3 = 2. Then the peak of the gaussian

function (\¢"(7)) lies at " = 4n - 4 and its width is o = 1. Thus the distance between

the peaks of (xl¢"(m)) and (x]¢a+1(z)), that is, a" - 2n41 = 4 ,is greater than the width

8. Hence, if' the value obtained for x obtained as a result of the measurement is near n
the most dominant constituent of the state [n(a))« is [n)«. In this way, we may expect

to produce nonclassical states which are very close to number states. For example, if the

value obtained for x is near O (which i.s :near x1) the cavity :field is projected to the state

(unnormalized)
(2.25)

which is shown in Fig.2.4(a). Similar methods of Fack state generation (in context of atom­

cavity systems) have been discussed by other authors (see for example, Ref.[51]). When



c lies between " and zn+1 we get essentially a superposition of states In) and n + 1)

as illustrated in Fig.2.4(c) for n = 2. Fock state superpositions and their nonclassical

properties have been discussed in [52].

It is evident from the above discussion that the generation of the above type of states

solely rely on the narrowness of tbe coherent state width in compar.ison to the spatial

separation between the peaks oft.he gaussia.ns (xl¢n(7r)) and (xl¢n+t(7r)). As this spatiaJ

separation can always be i ncreasccl by increasing the value of the parameter k, the proximity

of the states produced Lo Fock states and their superpositi.ons can always be improved.

In practice, we will not be abJc to do exact position measurements on the movable mirror,

but be able to accomplish only a smeared measurement of position. Such a measurement is

a. positive operator valued measurement (POVM) [53] and can be described by the operators

of the form

l+oo9(a)= [a)9(a,a)(al/dx,
-00

(2.26)

where Ix) arc sea.led position cigcnkcts and D(x) needs to satisfy the completeness condition

£219(,2)[4s = 1. The spread or the funclion D(x, .x) describes the degree of smearing

of the position measurement. Suppose we are able to measure position only to the accuracy

of the standard quantum limit [54], which for a harmonic oscillator is A, = l. Then a set

of operators D(x, x) is given by [55]

(a-a)9(a,x)=,exp{-y" }.
{2m}14 4

(2.27)

When an outcome x is registered on the above type of measurement of the mirror's position

at Lime l = m, the state of the cavity field (not normalized) becomes the .mixed state

In figures 2.4(b) and 2.4(d), we have shown how the generated cavity :field states for x = x1

and z = ma + 3 respectively for the above srneared measurement. Comparing the Wigner

funcLions in Figs. 2.4(a) and 2.4(b), we sec that the effect of imprecise measurement has
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Figure 2.4: The Wigner functions of the state to which the cavity field is projected for

various results, x, of a measurement of the position of the mirror. We have taken the initial

coherent state antplitudc of the cavity mode to be a= 2, and that of the mirror to be /3 = 2.

The scaled coupling parameter is k = L, and the measurement is made at time t = 1r. The

quadratures x and y and the Wigner function W(x, y) are given here in dimensionless form.
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been to decrease the negati vi ty of the Wigner function and also a destruction of the circular

symmetry of a pure 1) due to mixing of other Fock states. On the other hand in going

from Fig.2.4(c) to Fig.2.4(d) the circular asymmetry of the coherent superposition of [2)

and [3) is diminished due to decrease of the coherence between them. In practice, if one

performs a measurement squeezed in position beyond the SQL [56], the generated Wigner

functions will be somewhat intermediate between the left and the right hand sides of Fig.2.4.

Why would we claim that this conditional state preparation is a genuine application of

quantum entanglement'? After all, even if we had the separable mixture »"R([n)(n]), ®

([¢"(t))(o"(t)])a, and measured positions (precise or smeared) of the mirror, we would

produce near number states of the cavity field. However, we would not have been able to

produce superpositions of adjacent Fock states with the above mixture. The ability to use the

same stale to produce both Fock states and their superpositions stem from the entangled

nature of the joint state of the cavity field and the movable mirror. Even if we were only

interested in preparing Fock states, the entanglement of the cavity field and the moving

mirror offers an advantage. Th:is is because Fock states are unstable nonclassical states,

and they would not be found naturally. So, from a practical point of view, a classically

correlated state of the type »3"P([n)(n]) ® ([¢"(t))(«"(t)])a, cannot be prepared. The

entanglement of the cavity field and the moving mirror over here, offers the advantage of

preparing nonclassical states of the field by measurements of an easy to observe observable

( the position) of the mirror.

For the physical implementation of the state preparation mentioned above, one will

really need to cool clown the movable mirror to a pure state or at least a thermal state with

a very low temperature. In section 2.8 we will look at the parameter domain required for

this. Of course, we would again require the cavity field decoherence rate to be lower than

the mirror frequency for the preparation of Fock states to be possible. For the preparation

of adjacent Fock state superpositions, we would also require the decoherence rate due to

the mirror's motion to be lower than the mirror frequency. A parameter domain which

satisfies all the required criteria for the above type of preparation of Fock states and their

superpositions, will be described in section 2.8.
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2.7 Inducing unconventional decoherence of the cavity field

Consider the case when the photon leakage from the cavity is almost absent, but damping

of the mirror's motion is significant. As the state of the cavity field is entangled with the

state of the mirror at times between 0 and 2#, the decoherence of the mirror will induce

a decoherence of the cavity field. However, its effect on the state of the cavity field is

expected to be unconventional. During the standard decoherence due to leaking o:f light

from the cavity, the coherent states of light form the relevant pointer basis [57, 58, 59].

This means that the state of an electromagnetic field in a cavity generally evolves into a

mixture of coherent states due to its decoherence [60, 61]. However, in the case considered

here, coherent states of the mirror are in one to one correspondence with number states of

the cavity field. So if decoherence of the mirror forces it towards a coherent state basis,

it will induce a decoherence of the cavity field towards the number state basis. Thus the

entanglement of the mirror's state with the cavity field induces a type of decoherence of the

cavity field which would normally not happen. This decoherence will leave some imprint on

the state produced in the cavity at time t = 2m. Thus some mixed states of the cavity field

which could not be normally prepared (with or without the conventional decoherence of the

field acting), are now preparable. An example of such a strange state is a phase diffused

Schrodinger cat. As we will see, such a state is a nonclassical state of the electromagnetic

field because of the negativity of its Wigner function.

The equation which governs the decoherence of the mirror depends on the way the mirror

is coupled to its environment. Here, for simplicity, we assume that the mirror is amplitude

coupled to the environment at zero temperature, which implies the master equation [60]

de) _ [[u,@to)+ A(bp(86 - bbp(o) - p(ob'b)
dt h' 2

where H is the Hamiltonian of Eq.(2.5). Since we are using a scaled time t, in the

above equation is the usual damping constant (that is, the reciprocal of the dissipation

timescale) divided by the mirror frequency m. Eq.(2.29) has the feature that it singles

out coherent states as the pointer basis [58]. It is expected that natural decoherence of

macroscopic objects should force them. towards a coherent state basis (to conform with
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classical reality), and Eq.(2.29) accomplishes exactly this. So we expect that the solution

of Eq.2.29 will at least give the basic features of the effect of mirror decoherence on the

cavity states correctly. A similar justification has been given for the use of the above type of

decohcrence in modelling quantum measurement in Ref.[62]. A more appropriate model for

the decohcrcncc of the mirror is quantu.rn Brownian motion [59], but it is also more difficult

to solve for our system of interest. We will present the analytic solution for the evolution of

our system when dccoherence is described according to Eq.(2.29). Th.is solution is expected

to have many features (at least the localization of the cavity field towards a number state

basis) similar Lo the solutiort in the case of quantum Brownian motion because both drive

the mirror state to a mixture of coherent states.

The technique we use Lo solve Eq.(2.29) is to apply the unitary evolution and the nonuni­

tary (decohering) evolution alternately for short instants of time b.:l, and then take the limit

as At - 0. For simplicity, we assume the initial coherent state of the mirror to be the vac­

uum state. The solution for this initial condition is evaluated in Appendix B, and the result

is

where
4(3,t) = {",(1-e6+/2
4(6,0)= 7.1 ,79l-e-

2 +Y

arc the amplitudes of' the coherent states of the mirror a:nd

(2.31)

The term e-D(nm,#) in Eq.(2.30) is responsible for decoherence.Note that as - 0, we

have D(n,m,,t) - 0 and «"(3,t) -» «"(t) where ¢"(t) is that given by Eq.(3.1), with 6
set equal to zero. Jn other words, the solution g:ive:n by Eq.(2.30) reduces to the undamped

solution given by Eq.(6.25).

Consider that we initially (at t = 0) start with a coherent state la)c of the cavity field

and a thermal state of' the movable mirror. Normally, under such circumstances, at t = 21r,
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and for k = 0.5, a Schrodinger cat state of the cavity field would be generated if there

was no dissipation [44]. In the presence of standard decoherence of the cavity field ( due

to leakage of light through the mirrors), we would have obtained a Schrodinger cat state

decohered towards the coherent stale basis. In other words, the negativity of the Wigner

function of the generated cat state would have decreased, going to zero in the limit of

strong decohercncc. Lt would not have been possible to retain the negativity of the Wigner

function, while at the same time loose all phase information about the state. But here we

have suppressed the standard decoherence and induced an unconventional decoherence of

the cavity field due Lo its entanglement with the movable mirror. The Wigner function for

the light field at t = 2m for various values of our scaled damping constant and for k = 0).5,

is given in Fig.2.5.

From Fig.2.5(a), it is evident that even for a value of scaled I as high as 0.001 (that

is, unscaled of 1), we have almost no clecoherence of the Schrodinger cat at all. Thus,

unless the mirror is quite heavily darnped it has almost no effect on the states produced

inside the cavity. A possible cause for this is that the efficiency of decoherence depends on

the separation between the coherent states of the mirror corresponding to different :number

states of the field. This separation is not constant, but oscillates between zero and a

maximum value of 2k(n - m). The decoherence process, does not, therefore, get the chance

to act with as much efficiency as it would have if the mirror was not a harmonic oscillator.

Speaking more mathematically, Eq.(2.32) implies that D(n,m,,t) is proportional to k*­

and not just • As increasing the frequency decreases k, it aJso decreases the rate of

decoheronce even if 9 (which relates to the isolation of the system) is held constant. In

terms of the absolute timer (obtained by dividing the scaled time t, which we had been

using, by am), the time scale r of decoherence depends on the frequency as (from Eqs.(2.6),

(2.32) and definition of k)

(2.33)

Thus controlling w111 offers an alternate way to control the decoherence timescale of our

system.

39



(a) y • 0.001 (b) Y= 0.01

01 0,1

0.06 0.05

5 5

I 0 e 0

f
-006 -0,08

-0,1 -0.1
10 10

10 10

-10 -10 X -10 - 10 X

(c) y = 0.1 (d) yY = 1

0,1 0,0111

o.oe 0.02

-;:: $e 0 )( 0

f
-006 -0.02

-0,1 -0,04
10 10

10 10

y
- 10 •10 X

-10 -10 X

Figure 2.5: The Wigner function W(x, y) of the cavity field at time 't = 21r for various values

of the motional damping constant,,, of the mirror. We have taken the initial coherent state

a,mplitude of the cavity mode to be et= 2, and that of the mirror to be /3 = 2. The scaled

coupling parameter is k = 0.5. The qua,dratures x and y and the Wigner function W(x,y)

are given here in dimensionless form.
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IL is worthwhile Lo mention that an analogous situation has been pointed out in Ref.[63]

in the contexL of the Jaynes Cummings model, where atomic spontaneous emission has a

much weaker effect on revivals of atomic inversion than the cavity field clamping. In that

case, however, the explanation was quite different, namely, that spontaneous emission is

independent of the cavity field intensity, while cavity damping is intensity dependent. This

logic will also a.pply Lo our system when the intensity of the cavity field is large. The term

which causes decoherence, D(n,m,), is completely independent of the intensity of the

cavity field. So as this intensity increases, the photon damping begins to dominate over the

mirror's motional damping, as far as influencing the final state in the cavity is concerned.

[he interference peak of Lile Schrodinger cat, which is a primary feature of this cat, is

not significantly lowered by the dccohcrcncc process (See Figs.2.5(b)-2.5(d)), although there

is a phase diffusion of the state. The reasoning for this is the simple fa.ct that the decoher­

ence is towards the number state basis, which preserves the photon number distribution.

The photon number distribution at t = 2m is same for both the decohered state given by

Eq.(2.30) and the undecohered state given by Eq.(6.25). This means that one of the pri­

mary signatures of the Schrodinger cat, namely, an oscillating photon number distribution

(that is, the probability of odd photon numbers being zero for an even coherent stale and

vice versa) is the same for the final state produced at t = 2m, irrespective of whether there

was dccohercnce or not. So the decohcrence considered here is not acting to eliminate all

nonclassical properties of the field that would be produced without decoherence. It does

destroy the phase information, but maintains the nonclassicality of the number distribution.

This is precisely the reason why the interference peak of the Schrodinger cat does not appear

Lo be destroyed even when scaled is as high as unity, as depicted in Fig.2.5(d). What we

have, in effect been able Lo produce, is yet another nonclassical state of the electromagnetic

field (in this case, a mixed state) called the phase diffused Schrodinger cat.

In Lhis section, we have thus shown that entanglement of the cavity field with the

movable mirror aJlows us Lo decohere the cavity field towards a nonorthodox pointer basis.

Moreover, by controlling the frequency of' the movable mirror, we can induce controllable

decoherence of the cavity field.
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2.8 Relevant parameter domains

There are essentially three types of parameter domains necessary for the successful physical

implementation of" the applications described i.n this chapter. For the entangling of different

cavity modes (macroscopic object mediated quantum .logic) we require the clecoherence rate

or both the cavity field and the movable mirror to be lower than the oscillation frequency

or the mirror. Out we do not require the mirror to be in an almost pure state and a

thermal state suffices. One good parameter· domain emerges when we convert the best finesse

optical cavity mirror available (finesse F - 10) [64], to quite a low quality mechanical

resonator (say quality factor () ~ L). This should be rather easy, as much higher quality

mechanical resonators (with Q 10° [65]) have already been fabricated. We choose the

other parameters to be o < 10!5s-', L < 1cm,m • 10mg and a o 10°s [46, 47, 65].

The mirror is at room temperature '1.' ~ 1001<. This I.ea.els to a cavity damping rate (which

is also the cavity decoherence rate) % • 10*s! and a mirror damping rate of , • 10*-!

which leads to a mirror decoherence rate of E" • 100s-! (the formula for obtaining E" from

is given in chapter 3). Thus both % and I'm are .less than the oscillatio,n frequency of the

mirror as required. The va.lue of sea.led coupling k ~ l for the above set of parameters, so we

can choose k = 0.5 to implement the quantum logic mediated by a hot (100K) macroscopic

object and also to generate multi-mode Schrodinger cat states of the cavity field.

One can even envisage coating the high finesse mirrors available on a mechanical res­

onator such that radiation pressure couples light to internal acoustic modes of the resonator

[66]. For such a setup, one gets very low effective values for the mass m of our model

and a very high frequency Wm· We choose F - 10° (as is available [67]), m ~ 0.1 mg,

Wm 10s-+,m o 1 (66], increase L to 10cm and keep the other parameters same as be­

fore (which means, still working at room temperature). Then it turns out that % < 10*,-+

and E" < 10-®s-", which are both less than m. This setup will thus also be useful in

entangling two noninteracting cavity modes.

For the conditional state preparation, not only must the above low decoherence rates be

met, but the movable mirror is also required to be in an aJmost pure state at the begining.
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This moves us to the mesoscopic domain of nanometer scale cantilevers [68]. Such mirrors

can have a frequency m • 10°s-! and a mass m • 10-'" Kg. Consequently, they are in

an almost pure state (photon number Jess than unity) at temperatures below 0.01K. Also

the value of the scaled coupling k is as high as 10° with a cavity of length 0.01cm. If other

parameters are kept the same as in the previous paragraph, we have both % • 10g-I

and E" •< 10-+9g-! to be less than am. In fact, we can decrease the finesse of the cavity

mirror· by a couple of orders of magnitude and decrease the quality factor of the mirror's

mechanical oscillation by an astounding nineteen orders of magnitude and still remain in

our desired domain!

For the entanglement induced unconventional decoherence, we require only the decoher­

ence rate of the cavity field to be lower than the mirror oscillation frequency. This latter

type of" parameter domain also arises in the next chapter and will be discussed in detail in

that chapter.

2.9 Conclusions

n this chapter, we have tried to illustrate three practical applications of entanglement

in quantum optics with the help of an explicit model. These applications, are however,

quite generic in nature. If we want to entangle the states of two objects which do not

interact directly, the only way out is to transfer the entanglement via a third object. This is

what our first example illustrates. Analogous techniques are always being used in quantum

optics such as entangling distant microwave fields via atoms [69] or entangling atoms in

a linear trap via their common vibrational mode [70]. The second application, namely

the conditional state preparation of one object by measurements on another object, has

also had previous applications in quantum optics [71]. This, I believe is a central role

of entanglement. I will be discussing more of this aspect in the conclusion of this thesis.

The third application: inducing unconventional and controllable decoherence is also an

important practical application of entanglement. It would be very impractical (and rather

impossible) to couple a system in a desired way with an uncountable number of degrees
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of freedom to generate a true environment which decoheres the system towards a specific

pointer basis. IL is much cleverer Lo couple iL in a specific way to another single system. The

natural decoherence of this other system then induces the desired decoherence of the system

of interest. This application or entanglement. has also been used previously in quantum

optics in designing specific reserviors for the motional states or trapped ions by changing

their coupling with the atomic internal degrees or freedom [72]. Despite the common usage

of the above techniques, it is not always emphasized that they arc really applications of

entanglement. In this chapter, I have tried to present these techniques as applications of

entanglement.
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Chapter 3

Entanglement between a

microscopic and a macroscopic

system II: applications in probing

macroscopic decoherence

3.1 Introduction

In the last chapter, we were using an opto-mechanical system to highlight some applications

of entanglement. In Lhis chapter, we take the same system. and look back at the original

context in which Schrodinger introduced the term entanglement [13]. Schrodinger wanted

to highlight how a poor cat could. end up in the absurd situation of being simultaneously

dead and alive by virtue of getting entangled with the state of a radioactive atom. We

now know at least one of the reasons for not seeing such absurd situations. Schrodinger's

atom-cat entangled state involves a superposition of states [no decay) ® \cat alive) and

decay) e \cat dead), which are macroscopically distinguishable. Such superpositions decay

rapidly due to the strong coupling of the macroscopic object with its environment. This

process is called environment-induced decoherence (EID) [16].

45



There are many assumptions involved in modelling the ETD of a macroscopic object. For

example, the nature or tire coupling or a macroscopic object to its environment is genernlly

taken to be a linear (74] or a. nonlinear [75] function of the position operator of the object.

Assu mp Lions Me also made about the environment. Based on these assumpt.ions, various

explicit formulae have been clcrivccl for the depcn.clence of the decoherence time scale on

various parameters of the system, its environment, and the spatial separation between the

superposed components [16, 74, 59, 75]. Obviously, the most appropriate model can be

selected only through experimentation. Dccoherence formulae relevant to the quantum

optical domain [60, 76] are now beginning to be tested experimentally [77). As far as

quantum objects bearing mass are concerned, dccohcrence has been investigated for the

motional states of ions in a trap [71]. There have also been other interesting suggestions for

testing decoherence experimentally [78, 79, 80]. However, as yet no one has managed to test

tire the rules of dccoherence of a superposition of spatially separated states of a macroscopic

object. This is, presumably, because of the implicit assumption that one actually needs to

prepare a, superposition of distinct states of a macroscopic object in order to probe the

rules of its decoherence. Such a superposition is extremely difficult to prepare because of

the difficulty of obtaining a macroscopic system in a pure quantum state. In this chapter,

we propose a scheme that will allow us to probe the rules of clccoherence of a superposit.ion

of states of a macroscopic object without actually creating such a superposition. We also

show that it requires experimental parameters that are close to the potentially realizable

domain.

Besides EID, there also exist a set or collapse models [81, 82] developed to resolve

the measurement problem of quantum mechanics. Whether such a mechanism is really

necessary or whether some reformulation of quantum mechanics such as the Histories,tories

approach [83] suffices, is an open question [84]. Some experiments to detect such mechanisms

have been suggested [79, 85], and some preexisting experimental data have been analysed

86, 87]. In particular, atomic interferometry experiments provide a great potential to put

bounds on such models [86]. However, there is no direct evidence for their existence. We

calculate the parameter regime required if our experiment is to probe such modeJs, and
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show that this, is a much more difficult task than probing EID.

Our experiment is based on applying the basic set of ideas as used by Schrodinger in

his, famous gedanken experiment [13] to the quantum optical system considered in the

previous chapter. Obvious differences arise as our set up is meant to be realistic. We begin

by recapitulating Schrodinger's technique and describing qualitatively what happens when

such a technique is applied to our set up.

3.2 Schrodinger's method for creating macroscopic superpo­

sitions

The basic idea used by Schrodinger to create macroscopic superpositions was to entangle

the states of a microscopic and a macroscopic system [13]. It is easy to put the state of a

microscopic system (which follows quantum mechanics beyond any controversy, and is fully

controllable in the laboratory) into a, superposition of distinct states. Subsequently, this sys­

tem is allowed to interact with a macroscopic system to propel it to macroscopically distinct

states corresponding to the different superposed states of the microscopic system. This is

why entanglement is essential for a Schrodinger cat-like experiment. In Schrodinger's case,

the microscopic system was a radioactive atom, while the macroscopic system was a cat.

In this chapter, we propose to apply exactly the Schrodinger technique to a cavity field (a

microscopic system) coupled to a movable mirror (a macroscopic system). However, there

arc differences of such a realistic version of Schrodinger's thought experiment from his orig­

inal version. We will enume rate these problems below and outline why our experiment can

still achieve its target (testing the decoherence of a superposition of states of a macroscopic

object) despite being quite different from Schrodinger's original experiment.

Firstly, as yet, no technique exists to put a macroscopic oscillator in a pure coherent

state (though some progress has been made in cooling of such objects [88]). Thus, unlike the

cat in Schrodinger's original experiment, the macroscopic mirror cannot start off in a pure

state, and in general, will start off in a thermal state. So only a mixture of Schrodinger's cat

states can ever be created through unitary evolutions. So the primary aim of Schrodinger's
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experiment (creating macroscopic superpositions) cannot be achieved this, way. However,

our aim is Lo test the decoherence of states of a macroscopic object and not to create a

pure Schrodinger's cat state. An important point to realize is that the former can be done

without necessarily doing the latter. We shall. show that the state of the cavity field (the

system on which we actually perform our measurements) at the end of our experiment is

same irrespective of whether the macroscopic object (the movable mirror) coupled to it

starts off in a thermal state or a coherent slate. This is due to the specific nature of the

coupling between the field and the mirror. Thus the mixture of Schrodinger's cat states

produced has the same observational consequences as a pure Schrodinger's cat as far as our

scheme is concerned.

Secondly, ii appears that the decoherence of a superposition of states of a macroscopic

mirror (which can never be made as isolated as the cal in Schrodinger's thought experiment)

will be too fast to detect. To circumvent this, one must note that the decoherence rate of

a certain superposition of stales of an object increases with the spatial separation between

these states [16, 74, 59]. So the amount by which the decoherence rate increases due to the

macroscopic nature (large mass) of the object can always be offset by reducing the spatial

separation between the superposed stales.

Thirdly, in Schrodinger's case, the coupling between radioactivity and the cat involved

highly nonlinear biological processes. So even a small trigger of radioactive decay was

sufficient (via the breaking of the poison vial) to produce as much of a change in a cat

as killing it. Can we get such a nonlinear coupling to produce a drastic change in the

state of the macroscopic mirror from small changes in the state of the cavity field? The

answer to this, is that it is really not necessary to have a drastic change in the state of

the macroscopic mirror. Even a superposition of macroscopically non-discernible states

is sufficient Lo produce a detectable rate of decoherence if the the mirror is sufficiently

macroscopic.
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10)

1)

figure 3.J: The proposed opto-mechanical Schrodinger's cat: the quantized single mode

field is modified by the harmonic motion of one of the mirrors. The result is an entangled

state of the mirror motion and the cavity field, here labelled by [O)[¢o) and [1)]¢i). Given

that the initia.J state of tile mirror is a thermal state, oniy a mixture of several such opto­

mechanical cats with different mean positions is produced.
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3.3 The syste111 under consideration

We consider the system inLroduced in the last chapter. The llamilLonian is given by Eq.(2.5).

We keep the cleriniLions and symbols l'or a.II p<1,rarneters same as the last. chapter, but use

/ to denote the real time over her<' insLoad of Lite sea.led Lime. Thus in all equations of

the previous chapter, t is Lo be simply replaced by wml. We would be using the real time

over here because it is easier to co111parc this with other tirne-scaJes (like Lhe decoherence

time-scale) of the problem. We will only need Lo use a simple facL front the study in the last

rhaptcr. If the field insidr the rnvity was initially in a, number stale ln)c and Lhe mirror was

initially in a coherent state [/),, then at any later time l Lite mirror will be in the coherent

state

(3.1)

where k = g/wm. Thus, in effect the mirror undergoes an oscillation with a frequency m
and an amplitude dependent on Lhe l•'ock state inside Lhc cavity. This is the only input

front the previous chapter which is relevant Lo the discussion in this chapter. The basic idea

of our scheme is as follows: A superposition of two different Pock sLat,e.s is created inside

the cavity so that the minor is driven to an oscillation of different amplitude corresponding

to each of these Fock states. As lite 111irror is a rna,croscopic object, this situation can

be regarded as a, version of Schrodinger's cat experiment. Or course, in practice, only a

mixture of several Schrodinger's cats is created because the mirror starts off in a thermal

slate inslcad of starting in a single coherent state [/). This is, however, good enough for

testing the dccohcrcnce rules of a, 111r1,croscopic object.

3.4 The proposed scheme

We propose to start with Lhe cavity rield prepared in lhe initial superposition of Fock sta,tes

I
(0)) = z7(10) - 1)e), (3.2)

Methods of preparing the cavity field in such states has been described in Refs.[89, 90, 91].

When discussing experimental parameters we will choose n = 1, which is the simplest to
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prepar<'. The initial state of tho 111ova,blc mirror will be taken to be a thermal slate at some

temperature'/', and is given by the density operator

when'

e» = "' /(8)1%opt-1@1°/n) rl2/3,n.

n = 740i7KPe !w,,, \9 - I.

(3.3)

(3.4)

and [0)" represents a coherent state of the rnirrnr corresponding to ampUtude (3 and 1<8 is

the Boltzmann constant. Ea.(3.1) and the initia,I states given by Eqs.(3.2) and (3.3) imply

that at any tintc l, iu tho absence of' any cxtcrna,I environment, the joint density operator

describing the cavity mode nnd the mirror is given by

whcrt1

I ;·= -2 (p(l)oo-p(t)on
7 n

- p(l)no + p(l)nn)c+111 exp(-I/312 /n) ct2 /3, (3.5)

p( l )oo = (IO)(Ol)c ® (l4>o(t))(¢o(t)l)m,'

p( l )on = ( I 0) (nl )c ® ( I ¢o(L)) ( <Pn( l) l)m
A?»(a ... t)xeikn(amt-sin amt

'
p( l)no = (ln)(Ol)c ® (l¢n(t))(¢o(t)l)111

A?a?( -... t)yck* n*(amt-sin am")

P( l )nn = (In)(nl)a ® (I¢%(0))(4(0)Das

(3.6)

(3.7)

(3.8)

(3.9)

The philsc factors e±ik2n2(w,,.t-tiinw,,.t) in 8qs.(4.:1) ;.wd (3.8) derive from a Kerr like term

in the time evolution opcnttor corresponding to t,hc Ha.miltonia.11 H. Note that there are

absolutely no assumptions involved while writing Eq.(3.5). However, the coherent state

basis cxpa,nsion of' the initial thermal state of tho mirror (Eq.(3.3)) has been used for a

specific purpose. The terms p(t)oo, p(t)on, p(t)no and p(t)n appear in Eq.(3.5) only if such

c-111 cxpcrnsion is made. The effect of decohercnce on such terms is already well studied

[711, 59] and the specific for111 or l~q.(3.3) a.llows us l;o simply utilize these known results.
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The situation described by 8q.(3.5) between times t = () and t = 21r/wm is a mixture of

several Schrodinger's cat states of the type depicted in Fig. 3. L (where the value of n has

been taken to be equal to 1). Ea.(3.1) implies that at t = 2m/,, all states [¢"(t)) will

evolve bark to j/3)111 irresp<'rtive of' n. Thus the mirror will return Lo its originaJ thermal

stale' (givcu by Eq.(3.3)) and the state or the cavity field will be disentangled from the

mirror. In the absence of any EID, this, state will be

(3.10)

In reality, two sources of clccohereucc will be present. The first one is the decoherence

due to photons leaking from the cavity and the second one is ETD of the motional state of

the- rnirror. The aim of tltis, paper is to show how the rate of the second type of' decoherence

can be determined. To simplify our analysis, we shall taken= l (i.e, the initial state inside

the cavity is )C10) - I 1 )r)). First consider tho case when no photon happens to leak out

of the cavity up to a time t. If the da,111piug constant of the cavity mirror is 'Ya then the

probability for this, to happen is #(1 + e-«') [92]. In this, case, the amplitude of the

state [1)]¢i(t))", is suppressed with respect to the state [0)]¢o(t)) by a factor e-at/2, In

a.dclition to this, form of dccohcronce, there is EID of the mirror's motional sLaLe. This has

already been studied quite extensively, the basic result being a rapid decay of those terms

in the density matrix that are off-diagonal in the basis of Gaussian coherent states [74, 59].

However, the diagonal terms in the coherent state basis arc hardly affected on the same

time-scale- (in fact, it has been shown that in the case of a harmonic oscillator, colierent

states emerge as the most stable states under clccohcrcnce [58]). Quite independent of any

specific model of decoherence, the satisfa,ctory emergence of classicaLity would require the

off diagonal terms in a coherent state basis to die much faster than the diagonal terms

as coherent stales are the best candidates for cla.ssica.l points in phase space. Thus, EID

of the mirror's motional state decreases the coherence between the states [0)]¢o(t))a, and

]n)]¢"(t)) because [do(t)) and [¢"(t))" are spatially separated coherent states of the

mirror's motion. Let the average rate of this, decoherence be E". Then the state of the

system at time t is given by
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(J( l)c:+m - G')gs" /to0- «c+ea0mo+ e-at'2mn.
I'-( .'.If+r,,,)i.p( l) 1.U

+ en'p( t) le+m exp(-[0E/n) d*B, (3.11)

where the symbols p(l,)ij denote slates as given by Eqs.(3.6)-(3.9). Eq.(3.11) shows that at

time t = 2m /u, the slates or the cavity field and Lhe mirror become dyna.micaUy disentan­

gled. Now consider the complementary case (i.e wh.en a phot,on actually leaks out of the

cavity bcLwecn limes O and t). The total probability for this, to happen is ½(l - e-'Y"1).

AR soon as the photon leaks out, Lhc sLa.Lc of' the ca,viLy field goes to (IO)(Ol)c and its state

becomes completely disentangled from tire state of Lhe mirror. Moreover, the mirror does

not interact with the owiLy field any more as the .interaction is proportional. to the num­

ber operator of the ra.vily field. Thus its state remains disentangled from the state of the

cavity field at all times after Lhe photon leakage. Adding both the cases (photon loss and

110 photon loss) with respective proba,biliLies, one gct.s the state of the cavity field at time

l = 21r/w111 Lo be

pan/am r :1.2
, e"oar/once*?1)(0l, + «12no)(1la)

o-2Yan/um
+ 2 ll)(llc• (3.12)

Thus by probing the slate or· the owiLy flekl at time l = 2m /um, it sbou.ld be possible to

determine the value of E, and this, gives the rat;e of' decohcrence of spatially separa.tecl

states of the macroscopic mirror.

We should pause here to noLo that the sLat.c of the cavity ficl.d at t = 2:rr /wm is completely

independent of the initial thermal state (given by Eq.(3.3)), in which the mirror starts off.

This feature is very important, f"or ou.r proposal 1t implies tha.t the effects on the c:wity

field will. be same irrespective of whether the mirror sta,rted off in a mixture of coherent
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slates (like a thermal state) or in a single coherent state. This makes the imprint of the

demise of a sinµ;lc Schrodinger's cat state on the cavity field identical to the imprint made

by the demise of a, mixture or· several such stales.

The simplest method to determine the value of rm is io pass a single two level atom

(which inlcrarls resonantly with the cavity neld) in its ground state lg) throngh the cavity

at time/ = 2n /um, such that its flight time Lhrough the cavity is half a Rabi oscillation

period. The state of Lhe caviLy will gel 111apped onlo the atom with le) replacing [1)

and jg} replacing [0) in 8q.(:3. l2). Then the probability or the atom io be in Lhe state

+) = Cla) + le)) after it exits the cavity, is

(3.13)

From the above equation iL is clear that deLcrn1ining the pr·obabiliiy of the exiting atom

to be in the state [+) will help us to determine the dccohcrence rate fin if the order of

magnitude of E" can be made greater tha,n or about the same as that of 'Ya· Another

requirement is that I'm must be of the same order as Wm or even lower. Otherwise cha,nges

in P(l+}(+I) d11c Lo changes in E" would be too snrn,11 Lo observe. Of course, if one initially

started wit It a general sta.tc '7-!(IO)c-ln}c) of the cavity field, then more general tomography

schemes [93] will have to be used.

3.5 A heuristic fornnlla for the average decoherence rate

We now proceed to estimate E, in ierrns of' the physical parameters of our system to illus­

trate the importance of this, experiment from the point of view of testing the clecoherence

of a macroscopic object. According to the models of' references [16] and [74], a s11perposition

of coherent states spatially scpara,l,cd by a distance A~ decoheres (when Ax is greater than

the thermal de Broglie wavelength Aµ = h//2mK"6 ) on a time-scale

5 Kie@a.aymm4pt (4M
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where m and 1'm stand for the mass and clamping constant of the object under consideration

and f) is the Lem pcrtl.l u l'C of' t, he enclosure where the object is placed. In our case, the spatial

separnLion bcLween Lhc coherent sl,atcs 1¢o(t))m and 1¢n('l))m varies with time as

Aa(t) = h-
2
--2kn(1- coswmt).
7m

(3.15)

Assuming, for the Lime being, that, the clecohere11cc process was entirely environment­

induced, one can use ltqs.(:J.14) a.net (3.15) Lo calculate the average value of' the clecoherence

rate E" to be

=

l ti hk2n2 2rn,"/mI<801c•2rr/wrn_ . 2

(' 7G,)2 je /(4-cos.yo+at
211' Wm 2mwm h . o
3n*u% .
7204,480*w,m

(3.16)

where the value of k has been substi.L11Led.

3.6 Constraints on the pararneters

For our scheme Lo be successful in tcsli.ng the decohcrcnce of a, macroscopic object, and

our method of analysis to be valid, certain pa,rameLcr constraints ha.veto be satisfied. The

first constraint comes from l~q.(3. l3). Tho clecohcrence rate to be measured, I'm, has to be

made greater than or about the same order as that or· Lhc other deco.herence rate 'Ya· An

associated requirement is that E" must, be of the same order as Wm or even lower. This

is because, in order to be a,ble l,o measure a, finite decoherence rate, we have to have only

partial decoherence. If E" is much greater Lha.n Wm then the clecoherence will be too fast

and essentially complcLc before even 0110 oscilla,tion period of the mirror and thereby not

measurable. Thus we have,

Constraint I:

om o E, 2 % (3.17)

The next constraint is required for· our heuristi.c trea,tment of the decoherence of the

mirror to be valid. The use of E,;q.(3 . .1.tl) is valid only when 6x is greater than the thermal.

de Broglie wavelength A = h//2mK,6. Using the expression for Aµ in Eq.(3.15) we get
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Constraint 2:

A final constraint comes from

2
O KO

l2 ,1 is >> L
1*u,,m

the fact that the spaLial

(3.18)

separation ~:r between the

superposed peaks must be greater than or al least of the same order as the width of a

single peak. This is a requirement for two reasons: firstly for the validity of our heuristic

treatment of decolicrence, and secondly for the components or· the Schrodinger's cat to be

sufficiently separated in space (i.e at least as much separated than the spatial width of each

component of the Schrodinger's cat). As the width of each of' the components of the cat is

simply equal to the widLh of a coherent state, using Eq.(3.15) and the fact that n = I, we

get,

Constraint 3:

k '?:. I. (3.19)

We should sLrcss llrn,L while constrainL I will be a necessary constraint in any analysis

of our system, constraints 2 and 3 really arise due to our rn.ethod of analysis. If we could

calculate the decoherence rate when the superposed wavepackets almost overlap each other,

then neither of the constrain ts 2or 3 would be needed. But in that case, the decrease in the

decoherence rate may be so much that constrainL I becomes cliJficult to achieve. We leave

the analysis of this, domain for the future. We now proceed Lo propose a set of parameters

which satisfy the above constraints and which arc fairly cJose Lo Lhose currently realisable.

3. 7 Experimental parameter regimes satisfying the constraints

AL first, let us briefly state Lhc available ranges of Lhe various parameters involved in our

experiment as far as Lhe technology sta.ncls today. The frequency of mechanical oscillators

(w11J21r in our case) is normally in the Kllz domain, but can be made to r.ise up to a

GHz [68]. llowever, in the case of such high frequencies, the mass of the osciUators is very

sma.11 (about 10-! kg [68]). The mass m of the rnovable mirror has no upper restrict.ion,

but is bounded on the lower side by the requirement of having to support the bearn waist

of an electromagnetic field mode. This means that the masses of mirrors for microwave
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cavities should be no smaller than about 0. lg while those for optical cavities can go as

low as I0-'kg. The length L of the cavity can be no lower than l cm in the microwave

domain but can be as low as l in the optica,I cloma.in. In fact, optical cavities with a

lcnglh of the order of 10 pm already exist [67]. While there is essenL.ially no limit to how

high the mcdrnnirnl damping rate, m, of the moving mirror can be made, there is a lower

limil (not nc-ccssarily a. funda,mentaJ limiL, but the best achievable in current experiments).

Oscilla.Ling cavity minors with wm/21r ~ 10 kHz and Q-factor ~ L06 have been fabricated

[65]. We will take the corresponding • I0-?g-! to be a lower limit on the value of the

mechanical damping constant. The lowest temperature 0 to which a macroscopic mirror

has been cooled as yet, is about 0.5K [94]. As fa,r as the damping constant 'Ya due to leakage

of photons from the c:-wity is concerned, the lowest values arc l07 s-1 for optical cavities

of L - 10 pm (with stationary mirrors) [67], 10° s-' for optical cavities of L ~ l cm (with

a moving mirror) (65], a,ncl I0s-1 for 111icrowa.ve cavities of L ~ l cm (with a stationary

mirror) [9rl].

Now let us examine a parameter regime in which all our constraints are satisfied. We

first look al opticaJ cavities (4o/2m • 10!"Hz). For optical c,wities·we can choose L ~ 10 µm

[67]. We choose m = 1 mg,m = 10® s-',a,/2m = 10 kHz, and 6 = 0.1 K. With this,

choice' of parameters,

2
"OK60. 0

/ 2 4n B ~ LO
"u}m

and

k ~ l.

So both the constraints 2 and 3 are satisfied. Also we have

I' l0'I - Im ° um s

(3.20)

(3.21)

(3.22)

Thus, in order to satisfy constraint 3, we require 'Ya:::; 10'1 s-1. While this, value of% is

only three orders of magnitude removed from the best reflectivity /'or stationary mirrors and
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five orders of rnagniludc removed f'rorn the bcsl reOcclivity for moving mirrors in the optical

domain al prcsenl, all the other parameters assumed here are well within the experimentally

accessible domain. We don't sec a.ny fmtrlrmtenlrtl reason why lhc rcflcclivity of the moving

rnirr-or cannot be increased by a few orders of magniluclt', as the mirror is quile macroscopic

(of milligrn,n mass). Note that in the a,bovc ca.so the position separation Ax between the

superposed <·omponcnts is really tiny (of the order of' l0-16n1 !), yet even this, is sufficient

to cause an observable rate of deroherc11ce. This is because the macroscopic nalure of the

moving mirror implies that even this, minute separation is much larger than the thermal

de Broglie wavelength. We note that one is ,dlowed to increase the mass of the moving

mirror to about 100 mg, if the lengt.h of the owity is decreased to L ttm. Our constraints

will still have exactly the same values as a,bove when this, change is made. However, it

seems that 100 mg is probably the largest mass the mirror ill our experiment can possibly

have. Note that mirror masses of 1 mg- I 00 mg are well within experirnentruly accessible

domains as mirror masses of Lire order of IO mg luwe already been used in optical bistability

experiments [46, 47].

The above choice of parameters was entirely motiv,tLed by an attempt to keep the

parameters as close <IS possible to an existing optical cavity with a moving rnirror experiment

[65). Our constrai11Ls rc•quirc the mirror rdlectiviLy of this, experiment to be irnprovcd in

order for our proposal to be a success. llowever, another a,lternative is to keep the values of

mirror reflectivity sa.me as in existing experiments but 111ovc on to a mirror oscillating at a

much higher frequency. Let us choose am • a • 10 s (though this, value of 'Ya is for the

best existing static mirror). To make E" I 0 and satisfy constraint I, we are required

to choose low L » 10 µm, low m - I0 ""kg, temperature 6 » 10K and high , • 100s-!

The frequency of the cavity mode is kept lhe same (w0/21r ~ 1015 lfz). This choice also

snlisfics constraints 2 and 3 as

and

2
+0Ku0- 10°

/
2 ,, \ 8C7 ~ I
*w},m

58

(3.23)



k ~ 'I. (3.24)

Among the basic changes made here from existing experiments, the temperature and

highN im will only be Loo easy Lo achieve. llowevcr, a, cavity mirror with a very tiny mass of

0-'kg should be difficult to fabricate. But mechanical resonators of much lower mass have

already been fabricated [68]. Moreover, there is nothing of principle which excludes such

a mirror for an optical cavity because it can still support an optica.l beam waist. Besides,

small masses are also required for mechanical resonators or very high frequencies [68] as in

this case. One might also think that the very small Lime period of mirror oscillation (10s)
may be a barrier Lo the tomography of Lhe cavity field using atoms. 13uL cesium atoms with

lifetime < 1Ons should be useful for this purpose.

We should now proceed Lo cxa,rnine the prospects of implementing our experiment suc­

cessfully in the microwave domain. In this domain the lowest possible values of L and m

are already fixed to be I cm and (). lg. Thus constraint 3 implies 'that the maximum value

/2m can take is 10* Hz. But this clearly makes constraints 1 and 2 impossible to satisfy

unless

0 < lo-1,1lr -tm AS . (3.25)

This value of the 6, product lies well outside potentially realizable domains. Thus strictly

speaking, an experiment of Lhe kind proposed here would not achieve success in the mi­

crowave domain. The only way it could, would be Lo use a much smaller mass for the

oscillating mirror. As such a mirror will not be able Lo support a microwave cavity mode,

we would have to inLroduce iL as a small mechanical resonator inside a cavity with fixed

mirrors. This should be quite an interesting but different problem Lo study, because the

cavity field-mechanical resonator interaction Hamiltonian in Lhis case may be different.
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3.8 Para1neter regime required to test gravitationally induced

collapse theories

We may describe the parameters used in the estimations so far as being potentially realiz­

able. Let us now identify the range of parameters that would be required if one intends to

extend the scope or our experiment to Lest Lhc gra,vitationally induced objective reduction

(OH) models of the type proposed by Penrose and Diosi [82]. According to this model the

dccohercn ce rate wi II b('
E

oR " h (3.26)

where E is Lhc mean field gravitationa,I inLera,ction energy. We will examine only the case

in which 4Ax < n, where 12 is the dimension of Lhc objccL, as this is the easiest to achieve

experimentally. In the case of a spherical geometry of the mirror (we use such an assumption

just for an estimate) E - Gm*(Ax)*/R. Using the expression for 6x from Eq.(3.15) and

substituting R by m/D, where I) is the density of' Lile object, one gets,

n*LR
non 7a"hD.

L*w},m

Comparison of Eqs.(6.47) and (3.27) shows that clccoherence rates according Lo EID and

OH have exa,rtly the same dependence on parameters L, m,Gm,@o and n and therefore one

cannot distinguish between these 111odcls by varying any of' these parameters (Of course this

statement is true only for a spherical geometry of the mirror). In order to reduce the effect

of EID to such an extent that effects of OR bccorne prorninenL one needs

(3.27)

(3.28)

Taking Lhc density D of a typical solid Lo be of the order of 103 kg m", one gets

(3.29)

Currently, temperature of a macroscopic object 01,11 be brought down to at most 0.1 Kand a

fairly optimistic estimate of ,mis I0-2s-1 (a mechanical oscillator that. dissipates its energy

in about 100 s). Thus an irnprovcrncnt of Lhc product 6 by sixteen orders of magnitude

would be necessary to Lest on using our schcmc.
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3.9 Conclusions

In conclusion, we note that the experiment we have proposed just applies Schrodinger's

method to a, realistic system or a, cavity field and a macroscopic moving mirror. Of course,

to achieve Schrodinger's original aim (creating a macroscopic superposition), our scheme

will have Lo be combined with a, scheme that prepares the mirror in a pure coherent state.

However for testing the rules of decohcrence or a macroscopic object, our scheme is sufficient.

A special feature of our scheme is that Lhe microscopic system (i.e Lhe cavity field) which

creates the mixture of Schrodinger's cats is itself being used later as a kind of meter to

read the decoherence that the mirror undergoes while the two systems are entangled. We

hrlieve that this is a canonical system for systcma,Lic probing or clecohcrence a.nd offers

an extensive scope of further work from both Lhcoretica.l and experimental points of view.

Modelling the EID of our system starting from the very first principles (assuming different

type's of coupling and environment) is necessary to check the accuracy of formula (6.47).

A variant of our set up in which a small mechanical resonator is introduced .inside a. cavity

should be an interesting problem to study. There can be an entire range of masses for

such a mechanical oscillator introduced inside a cavity: starting from trapped ions [71], to

trapped molecules and nanoparticles [95], Lo the smallest mer.hanical resonators that can be

fabricated [68]. There can also be other variants of our proposal such as extending schemes

in which an atom trapped in a cavity produces Fock states [91] to include the effects of a

moving mirror.

The experimental challenge is in either of the two directions: to improve the reflectivity

of existing macroscopic rnirrors or Lo decrease the mass of the mirrnrs without decreasing the

existing reflectivity. There is nothing of principle which prohibits increasing the reflectivity

of a macroscopic mirror, nor any fundamental connection between mirror reflectivity and

mass (as long as the mirror can support the beam waist). So we don't see any real obstacle

in progress directed al the possible realiza.tion of Olli' proposal.

Let us briefly clarify the exact relevance of our experiment. It is much rnore than de­

tecting the presence of a thermal environment around the system. We arc really interested

61



in detecting how this environment causes the demise of the coherence between superposed

spatially separated states of a macroscopic object. This is interesting, because irrespective

of any role it plays in the foundations of quantum mechanics, thermal environment induced

decoherence is a real phenomenon yet Lo be systematically probed in the macroscopic do­

main. As far as the relevance of mentioning OR in this chapter is concerned, it is mainly to

emphasize the degree of technological improvement necessary in order to bring such effects

into the observable domain. This technological feat should be taken up as a challenge unless

shown Lo be impossible by some fundamental principle of physics.

To conclude the chapter, we would like to highlight the role played by entanglement

in our proposal. It is because of the existence of entanglement, that one can convert a

microscopic coherence to a coherence between states which involve a macroscopic object

being in different positions. Next, the entanglement is responsible for the transfer of the

motional decoherence of the mirror Lo a coherence loss between states [0), and /1) of the

cavity field. '!'his enables the use of the cavity field as a meter to study the motional

decoherence of the mirror.
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Chapter 4

Multiparticle entanglement
•swapping

4.1 Introduction

In this chapter we shall describe yet another application of entanglement in state prepa­

ration - in this case the preparation of a joint state of several remote objects. For this

we require entangled pairs or groups of particles which arc spatially separated. Numer­

ous known applications of spatially separated entangled pairs of particles are cryptography

based on 11cll's theorem [17, 96], telcporta.tion (19], superdense coding [18], cheating bit

commitment [97] and, of course, sirnply testing Oell's inequalities [3, 4, 98, 99]. Three or

more spatially separated particles in an entangled state (such as a GHZ state [9, 10, 100])

have varied applications as well, A well known applirntion is in testing nonlocality from

new directions [9, LO, l 00, IO I, I 02). More recently, applications such as reducing com­

munication complexity [103], quantum telecomputation [104) and quantum secret sharing

[105] have been suggested. Ari idea of cryptography with GUZ states (L06] has also been

suggested earlier. This essentially means that multiparticle entangled states present possi­

bilities of implementing networked cryptogra,phic conferencing [.107, 108] in an alLern.a,tive

wn.v and we shall elaborate briefly on this aspect in section 4.5 of this article. In addition,



we shall show (by generalizing s11pcrdcnsc coding [18] Lo Lhc multipa.rticle ca.se), that the use

of 11111ltip;utirlc c>nLanglecl states can allow one to rea,d messages from more than one source

through a single measurement. In short, distributed entang.led particles in a multiparti­

cle entangled state may be extremely useful for certain forms of quantum communication.

llcncc it will bcromc ncccssa,ry Lo distribute entangled N-tuplets between nodes of commu­

nication networks if any set of users of the network wish Lo harness the bcnef1ts of these

forms of quantum communication. The prime focus of this chapter is to present a method of

manipulating entanglement in multiparticle systems that can accomplish this task by jusL

a, local mca.s11rr111cni if carh of the users share singlets with a centra,I node prior to that. [n

a sense, it allows one to consLrnci a Biham-Huttner-Mor (BHM) like telephone exchange

[108], with the added capability of setting up multiparticle entanglement between particles

belonging to different users of the network.

Our scheme is actually obtained by generalizing an earlier scheme of Zukowski et al

[109] known as entanglement swapping to the 1111iltiparticle ca.se. Building on an earlier

proposal by Yurke and Stoler [ 11 0] of' cnta,ngling particles originating from independent

sources, they showed that through entanglement swapping one can entangle particles which

do not even share any common past. Their a,irn was to realize 'event ready detectors' for

Ucll <•xpcrimcnts. We will show how our form of 11111ltiparLiclc entanglement manipulation

differs from the mclhod proposed rcccnlly by ieilinger ct, al [ L11] f'or the generation of

multiparticle entangled states a,n<l yet can be used l'or the same purpose. We begin by

briefly recapitulating the original entanglement swapping scheme of Zukowski ct al [L09] in

Section.4.2.

4.2 The entanglement swapping scheme of Zukowski et al

In terms ofa. bina.ry variable u; € {0, } and its complement u (defined as 1 - u;), one can

write down any lkll state (not normalized) of two parLiclcs i and j as

(i,j))± = lui,uy) ± [uf, us)
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In the above it is understood that [u;) and [u) are two orthogonal states of a two state

sys ten• Consider the in i ti a.I state of four particles I ,2,3 an cl 4 to be

(1,2)), 0 [(3,4))+ = [ur,u2,us,us)
+ [u}, u$, ua, u4)

+ [ui, u2, u5, u})
+ [uj,us, u8, u) .

(4.2)

Tha,t is, particles 1 and 2 are mutually entangled (in a Bell state), and particles 3 and 4

are mutually entangled (also in a Ocll state). When we conduct a measurement of the BeiJ

operator (defined in (99]) on pa,rticlcs 2 and 3 (which projects particles 2 and 3 to a Dell

state), then the joint state of the four particles become either of the following four:

(4.3)

( 4 .4)

(4.5)

(4.6)

To derive the above, only the orthogonality of' l1l.i) and J11,f) is required. In other words, no

matter what the ouLco,nc is, the pa,rticlcs I and 4 arc now in one of the Bell states. Whereas

prior to the measurement, the Bell pairs were ( 1,2) and (3,4), after the measurement the

lkll pairs arc (2,3) and (1,4). It can easily be shown that the same fa.ct would hold true

even if ( 1,:2) and (3,4) started in some other Dell slates than those in Eq.(4.2). A pictoda.J

way of representing the a,bove process is given in Fig.4.1..

It is clear that the most interesting aspect of this scheme is that particles land 4 which

do not share any common past are enta,nglcd after the swapping.
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Figure I. I: The swapping of entanglement between pairs of particles due to a 13ell stale

measurement on two of them is shown. The bold lines connccl particles in [Jell stales and

the- dashed lines connect particles on which the 13ell state measurement is made

4.3 A 1nultiparticle generalization of entanglement swapping

Thc method of entanglement manipulation described in lhe previous section can readily be

generalized to cases where a greater number of particles arc involved. An explicit scheme

ihai generalizes entanglement swapping to Lite case of generating a 3-pariicle GHZ state

from thrcc Bell pairs has ;ilrcady been presented by Zukowski ct al [112]. But it should

be interesting to demonstrate that their entanglement swapping scheme may actually be

significantly generalized. !Jui bc•forc iha,i we need Lo introduce some terminology. In this

chapter we shall need to deal extensively with N-pa,rlicle stales of the type

N N

)= II4) + III
i=1 i=l

(4.7)

where Iii sl,rnds for a binary varia,blc E {O, I} and uf = 1 - ui. For the N=2 they reduce

Lo the Bell states and for N = 3 and '1 they represent the C lfZ states. For a general N

we sh.-,11 be calling them cat states. We shall show that the entanglement swapping scheme

of Zukowski ct al can be generalized to the ca,se of starting with cat states .involving any

number of particles, doing local measurements by selccti ng any nu 111 ber of particles from
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the diffcr<'nl cat states and also ending up with cat slates jnvolving any number or particles.

To see thal consider an initial state in which there arc N different sets or entangled particles

in cal st.ates. Let each of these sets be labelled by m (where m. = l, 2, .. , N), the 'ith partjcle

of lhc mth scl be labelled by i(m) and the toLa.l number or pa.rtjcJes in the mth set be nm.

Then the initial state can be represented by

N

)= III).
m=l

in whirh each of tht1 rat slates j\JJ)m is given by

7m nm

)» = II) 4 II1a)
i=l i=l

(4.8)

( 4 .9)

where the symbols ui(m) stand for binary variables € {0,]} with itf(m) = l - ui(m) Now

imagine that the first pm particles from a.II the entangled sets arc brought together (i.e a

total of /J =:[:~='Pm pa.rLicles) and a joint measurement is performed on all of them. Note

that the set of all cal slates of p particles forms a complete orthonormal basis. Let the

nalurc of the measurement on the selected particles be such that it projects them to this

basis. Such a basis will be co111poscd of Rt.ates of the type

N 1h11 N Pm

o= II II@) + II II)
m=l i=l m=l i=l

(4.10)

Hy simply operating with [(p))((p)] on j\JJ) of Eq.(Ll.8), we find that the rest of the

particles (i.c those not being measured) arc projected to states of the type

N N
1111(.L nm - v)) = IT

m=]

nm N

IT lui(m)) ± IT
7m

II): (4.11)
m=l i=pm+l m=l i=pm+l

which represents a cat state of the r·est of the particles. fn a schematic way the above

process rnn be rcprcsc11ied a.s

N N

IT E(n,)) - I t' ( 71)) ® I E(2"%-m (4.L2)
m=l m=l

whcr<' E(n)) denotes a n particle cat state. As a specific example, in Fig.4.2, we have

shown the conversion of a collection of t,wo Ocll states and a 3 particle GHZ state to a 3
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Figure 4.2: The conversion of Lwo Bell states and a 3 particle GHZ state to a 3 particle

C:IIZ state and a 4 particle CIIZ sLaLc due Lo a GHZ state projection on three particles (one

taken from each of the iniLiall_y entangled sets) is shown. The bold lines connect rnutuaUy

entangled particles and the dashed lines connect particles on which the GHZ state projection

is made.

particle GHZ state and a 4 particle GHZ state due to a. projection of 3 of these particles Lo

a 3 particle GHZ state.

As must be evidenL from Fig.4.2, there is a general pencil and paper rul.e for finding out

the result when our meth ocl of entanglement mani p u la.Lion is appLicd to a certain collection

of cat states of particles. One just has to connect the particles being measured to frame

a polygon and those not being measured Lo frame a complementary polygon. These two

polygons represent the two multiparticle cat states obtained after the manipulation.

4.4 Establishing multiparticle entanglement between parti­

cles located at different nodes of a communication net­

work

We now describe how our method of rnultiparticle entanglement manipulation can be used

Lo set up cntanglcrncnt between particles belonging Lo N users in a communication network.

To begin with, each user of the network needs Lo share enLanglcd pairs of particles (in a Bell
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state) with a central exchange. Consider F'ig.4.3: A, B, C and D are users who share the

13cll pairs ( 1,2), (3,4), (5,6) and (7,8) respecLively with a. central exchange 0. Now suppose

that A, B and C wish Lo share a GH Z tri pleL. Then a measurement which projects particles

2, 3 and 5 to GHZ states will have Lo be performed at O. Immediately, particles 1, 4 and 6

belonging Lo A, B and C respectively wi.11 be reduced to a GJIZ slate. In a similar manner

one can entangle particles belonging Lo any N users of the network and create a N particle

cat state.

The main advantages of using Uris technique for establishing entanglement over the

si rn pie generation of N particle en tangled states at a source and their subsequent distribution

are as follows.

(A) Firstly, each user can al first purify [28, 29, 113] a large number of partially decohered

Bell pairs shared with the central exchange to obtain a smaller number of pure shared Bell

pairs. These can then be used as the starling point for the generation of any types of

multiparticle cat states of the particles possessed by the users. The problems of decoherence

during propagation of the particles can thus be avoided in principle. Also the necessity of

having to purify N-particle cal states can be Lola! ly evaded. Purification of singlets followed

by our scheme will generate N-particle cats in their purest, form.

(11) Secondly, our method allows a certain degree of freedom lo entangle particles be­

longing to any set of users only if the necessity arises. It may not be known in advance

exactly which set of users will need to share a N particle cat state. To arrange for all

possibilities in an a priori fashion would require selecting all possible combinations of users

and distributing particles in multiparticle entangled states among them. That is very un­

economical. On the other hand, generating entangled N-tuplets at the time of need and

supplying them to the users who wish to communicate is definitely time consuming.

IL is pertinent, to compare our scheme with the BIIM cryptographic network with ex­

changes [ I 08]. There arc two main clifT'crences.

(A) Firstly, they used a lime reversed EPR scheme for setting up the connections and had

quantum memories to protect their states. They had, of course, compared their scheme with

one that uses the original entanglement, swapping of two Bell pairs to establish connections.
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Figure 4.3: The configuration used for the distribution of entanglement. Initially users

A,B,C and D share Bell pairs with the central exchange 0. Subsequently, a local measure­

ment at O is sufficient to entangle particles belonging to any subset of users chosen from

A, B, C and D.
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We, use a multiparticle generalization of entanglement swapping for our connections and

are thereby unable to take advantage of any type of quantum memories.

(B) Secondly, their prime focus was to connect any pair of users of a N-user network on

request, while our main focus is Lo establish multiparticlc entangled states of the particles

possessed by the users.

4.5 Communication schemes using distributed multiparticle

entanglement

So far we have described how particles belonging to several users in a network can be put in

a multiparticle entangled state. We now describe how such a situation can be useful. The

uses that readily come to mind arc tests of nonlocality for many particle entangled states

100, 101, 102]. Reducing the communication complexity of certain functions [103] may also

be a field of application of multiparticle entangled states. We describe here two possible

applications in communications. These uses would provide motivations for constructing a

quantum telephone exchange.

4.5.1 Cryptographic conferencing

Consider the following situation. A certain group of users may need to have a secret meeting.

Let the meeting be subject to the following two conditions:

(l) All members of the group must be able to decrypt the encrypted public messages

broadcasted by any member of the group.

(2) Nobody outside the group must be able to decrypt the encrypted public messages

broadcasted by members of this group.

Such requirements may arise when the members of a committee are to take some de­

cision which has Lo have the consent of everybody within the committee, but must be

kept secret from the rest of the world. One can regard this as a special case of networked

cryptographic conferencing [107, 108].To establish the secret key for this type of meeting,

the committee can employ either or two possible opt.ions. The first one is to use simple
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two-user cryptographic key distributions [17, 96, 114], to set up random keys shared by

each pair of users. Whenever a certain user intends to broadcast a secret message for the

group, she has to encrypt it using a separate key for ea.ch of the other users of the group.

However, for the type of conferencing considered here, this is not a good option because of

two reasons. Firstly, the broadcaster has to encrypt the same message several times using

different keys. Secondly, the broadcaster will have the freedom to send different messages to

different members of' the group and thereby mislead a su bsei of the group. A better option

is that, the users within the group share particles in mulLiparticle cat states. To generate the

random key, a.II users conduct measurements in two nonorthogonal bases on the particles

belonging to them. The results of those measurements in which the bases chosen by all the

users coincide, are used lo establish lite secret key known to a.JI the users within the group.

This can then be used Lo frame encrypted messages that can be decrypted by an user if

and only if she is a member of the group. If the users are sure about the fact that they

are sharing a perfect N-particle cat state, they can even use a singJe bas.is to perform their

measurements and thereby reduce the wastage of bits due to the noncoincidence of all their

bases. It is known that the 3 particle G IIZ states arc eigenstates of certain operators of

the form S,S,5" [100] and by measuring the eigenvalues of these operators one can verify

whether the state is intact or corrupted by sorne eavesdropper. It should be mentioned

here that the idea of using GHZ states for cryptography is not entirely new but has been

presen led earlier [ l06].

4.5.2 A multiparticle generalization of superdense coding

Consider the following scenario. There arc N + 1 users (all spatially separated) in a network

and one of them (the receiver) is recieving messages from all the rest (the senders). It is

known, that at a given instant of Lime, only one out of these N senders would need to send

2 bits of information to the receiver and the rest would be content with sending only a

single bit. But apriori, it is not known exactly which sender requires lo send the two bits

of information. If we want to minimize the total number of qubits stored and transmitted

in the above process, what is the most efficient way of do.ing this? The receiver could
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share a separate Bell pair with each of the senders and the sender who needs to send 2

bits actually uses this to do superdense coding. The rest just use their telephones (classical

channel). This would entail storing 2(N - 1) qubits unnecessarily (without being used in

any communication). Thus a better strategy (storing less number of unnecessary qubits)

is needed. This can be done using multiparticle entanglement. Suppose the N + l users

are sharing a N + I particle maximally entangled state, possessing one particle each. Just

before the instant of communication, they come to know which of the A senders needs to

send two bits (they can make each other aware of this knowledge by calling each other

by telephones). The sender transmitting 2 bits of information is then allowed 4 possible

unitary operations at his/her disposal, while each of the others will have any of 2 possible

unitary operations at their disposal They will be encoding bits onto the particles possessed

by them through these unitary operations. In that way, one of' the senders wiU be encoding

2 bits on his/her particle, while each of the others will be encoding 1 bit each. Now, the

unitary transformations must be so chosen that for each possible combination of unitary

transformations performed by the senders, the state of the N + l particles go to a different

member of the set of cat states of N + J par!,icles. This is certainly possible because the N

senders are allowed to perform 4 x 2 x 2 x ... x 2 = 2N+1 different combinations of unitary

operations on the initial A + I particle cat state and there are exactly 2+! states in the

set of cat states of N + I particles. After performing their unitary operations, each of the N

senders send their particles Lo the receiver. The receiver then performs a measurement on

the N + l particles possessed by him/her, which identifies the particular cat state in which

these particles are. Since each of these cat states correspond to a different combination of

unitary transformations performed by the senders, he/she can learn about the messages sent

by each of the senders from the outcome of his measurement. All the N + 1 qubits stored

are thus used, and this prevents the unnecessary storage of extra qubits for not knowing

which sender will need to send two bits of information.

Another motivation for a multiparticle version of superdense coding can be the fact that

the receiver can get to know the messages from all the senders through a single measurement.

Can this speed up the rate at which the receiver can read messages and thereby the rate
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Figure 4.4: The general circuit to generate a N particle cat state from disentangled inputs

is shown. One can generate any desired state chosen from the basis of cat states of A

particles by inputting an appropriate combination of.' zeros and ones at the input port on

the left hand side. When we input any specific N particle cat state from the right hand

side, then by measuring the bits obtained on the left hand side, one can conclude which cat

state was put in. In other words, when run in the reverse direction, the circuit represents

a, measuring device for N particle cat states. The box in the figure stands for a Hadamard

transformation.

74



at which he/she gains information? Let us compare the rate of information recieved by

the receiver in the above scheme (with a N + l particle entangled state), with the case

when the receiver performs a superdense coded communication [18] with each of the N

senders separately. For that we have to refer to the quantum circuits needed to perform

measurements of multi particle mt states. The circuit shown in Fig.4.4 does exactly this

when run n the reverse direction (i.e inputs from the right and output from the left). The

vertical lines arc Controlled Nots [115] and the box is a unitary transformation equivalent

Lo a rotation on the Bloch sphere known as the Hadamard transformation [115] (For optical

implementations of elementary gates, see e.g. [116]). Thus, if the receiver was using our

scheme then he/she would need to measure a N + 1 particle cat state and therefore require

N Controlled Nots and one Hadamard transformation gate. He/she learns A + 1 bits of

information from this measurement. Thus if a Hadamard transformation takes time t and

fl Controlled Not takes time le, then tho rate of information gain is

N + 1
r, =--­
l + Nt, (4.13)

bits per unit Lime. On tho other hand, if the receiver was separately doing superdense

coded communication with each of the N senders, he/she would need to do N Bell state

measurements which require one Controlled Not and one Hadamard transformation each.

He/she gains 2N bits of information from this. Thus the rate of information gain in this

case is
2N

(4.14)

If one assumes that the time-scale of operation of all quantum gates can be brought to the

same order of magnitude (i.e t = t), then r2 = rµ. However if one defines efficiency as rate

divided by the number of qubits used (considering qubits as an important resource), then

our method is definitely more efficient because it requires onJy N + I qubits as opposed to

superdense coded communication with each sender, which requires 2N qubits in total.

Of course, the rate of information transfer could be made far more faster than ours if

only one of the senders did superdense coding with the receiver and the rest of the senders

simply communicated with the receiver via classical channels. Then there would only be one
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lla,damarcl gate and one Controlled Not gate involved. However, this increase of the rate of

information gain comes at the expense of having to know before hand, which sender needs

to send two bits of message. Tile use of multiparticle entanglement (as in our scheme), gives

the flexibility of' knowing which sender needs Lo send two bits much after the distribution

of entangled qubits have taken place.

4.6 Entangled states of higher number of particles from en­

tangled states of lower number of particles

Entangled states involving higher number of particles can be generated from entangled states

involving lower number of particles by employing our scheme. The basic ingredients which

we need are GHZ (three particle maximally entangled) states and a Bell state measuring

device. Let us describe how to proceed from a N particle cat state Lo a N + l particle cat

state. One has to take one particle from the N particle cat state and another particle from

a GHZ state and perform a. Bell state measurement 011 these two particles. The result will

be to put these two particles in a Hell state and the remaining N + 1 particles in a cat

state . Symbolically, the way of' proceeding from a N particle cat state to a N + l particle

maximally entangled state is given by

IE(N)) ® [E(3y) Bell State Meas- IE(N + 1)) © [E(2)).

An example of proceeding from a 4 particle cat state to a 5 particle maximally entangled

state by the above procedure is shown in Fig.4.5.

As far as the question of generating the GHZ state, which is a basic ingredient, is

concerned, one can perhaps use the method suggested by Zeilinger et al. [111] which

is described in the next section. Alternatively, one can generate GHZ states using our
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I
Figure 4.5: Building of a 5 particle entangled state from a 4 particle entangled state using

a GHZ state and a Bell state measurement

method by starting from three Bell pairs and performing a GHZ state measurement taking

one particle from each pair. An cxpliciL scheme to produce 3-particle GHZ states from 3

entangled pairs have been suggested by Zukowski ct al. [112] earlier.

4. 7 Comparison with the method of Zeilinger et al.

We would now like to compare our method of generating multiparticle entangled states to

that of Zeilinger et al [111]. We describe how the Zeilinger group's scheme works in the

spirit of the former sections, i.e. using projections onto the Bell states. We then use simple

quantum computational networks, consisting of Controlled Not and Not operations [115], to

present measurements in the Dell and generalized Bell basis. This quantum computational

approach, as we will sec shortly, irnrnecliatcly reveals a basic similarity between the two

schemes of generating multiparticle entangled states and shows precisely how they differ.

Assume that we start with two entangled pairs (1, 2) and (3,4) of two-level systems in

a state
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(1,2)) © l(3,4)) = (10,0) + [1,1))0([0,0) + [1, 1))

= JO, 0, 0, 0) + JO, 0, 1,1)

+ [L, L, 0,0) + /1,1, 1, 1) (4.15)

As before we omit the normalization. The fact that we use this particular, "computational"

basis (0, I) docs not limit. the generality of our rnethod, but is more convenient in describing

the action of quantum gates. Suppose now that we affect a Controlled Not gate between

qubits 2 (control) and 3 (target), i.e. qubit 3 changes its value only if qubit 2 is in the state

1). The above state then becomes:

J0,0,0,0)+ JO,O, I., L)+ JL, L,1,0)+ JL,1,0,1) (4.16)

Now we measure the va.luc of the third qubit. We have two possibilities depending on

whether the outcome of this measurement is O or J.:

0,0,0) + [1, 1, 1)

JO, 0, .L) +JI, L, 0)

ou tcorne

outcome

0

I

(4 . .L 7)

(4.18)

So, by the action of a single Controlled not gate and a measurement , we can create a GHZ

state out of two pairs initially in a Ocll state. A network for this operation is given in

Fig.4.6.

Now this directly generalizes Lo more entangled particles. Suppose that we have a

group of N entangled particles and M entangled particles, each one in a cat state. It is

then enough to perform a, Control'lod Not operation between a, particle from the first and

a particle from the second group, and then a measurement of the target particle. The

end product will clearly be a maxirna.lly entangled state of N + M -1 particles and a

single particle disentangled from the rest,. T.bi.s complel,es our description of Zeil.inger et al's

schcrnc.
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Figure 4.6: Implementation of Zeilinger's scheme using quantum gates. The production of

a GHZ state with the use of a controlled not, and a, measurement is shown.

Lei us now compare this Lo our scheme of generating multiparticle entanglement. The

basic ingredient in our protocol is a projection onto a cat state of N particles. The network

for a measurement in this basis is an inverse of the network which generates cat state from

a disentangled input in the computational basis. It is simply the circuit of Fig.4.4 run in

the reverse direction. In order to generate a N + 1 particle cat state, we have to do a Bell

state measurement selecting one particle from the GHZ state and another particle from a

N particle cat state. A Bell state measurement will require a Controlled Not gate and a

Hadamard transformation gate, as is evident from Fig.4.4 , specializing to the case of two

inputs. Meanwhile, to generate a N + l pa.rt.icle cat state using Zeilinger group's scheme one

may require to start with a N particle cat state and a Bell state and will have to perform

a Controlled Not choosing one particle from each set followed by a measurement on one

of the particles. Hence as far a comparing our scheme with Zeilinger group's scheme is

concerned, in the case of' generating N + l particle cat state from a N particle cat state,

our scheme has just one extra Hadamard transformation. However, our method necessarily

requires a GUZ state for proceeding from N to N + 1 particle cat state, while for the

scheme of Zeilinger et al, Bell states are sufficient. In that sense the latter method is

simpler. However as far as setting up entanglement between particles belonging to distant
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users is concerned, our· method is necessary. For example, if the operator at O in Fig.4.3

performed Lhc nrnnipulaLion described by the Zeil.in.gcr group manipu.lation on part.ides 2

and 3, then 1, 2 and 4 will go into a C HZ state and essentially the subsystem of particles

and 4 will be in a disentangled state. This method will thus not be applicable to setting

up entanglement between particles belonging to distant users.

4.8 Conclusion

In this chapter we have described a scheme for manipulation of multiparticle entangled

states and have demonstrated its potential applications. Our analysis remains at a very

schematic and theoretical level, and practical implementations have not been considered.

The direction from which practical implementations of' our scheme and similar schemes may

be approached is uncertain at present. There is, however, a number of possible practical

implementa,Lions involving entangled photons [ IJJ, 116], entangled ions in a linear trap

[117] and entangled nuclear spins in NMR [I LS]. In general, any medium that proves

to be useful for quantum computation will immediately support implementation of the

multiparticle entanglement manipulations described here. In chapter 7 we will describe a

physical implementation of quantum teleportation [19] and that same setup would be useful

in constructing a quantum telephone exchange. We leave ouL a more rigorous analysis of the

utility of a quantum Lclephonc exchange with considerations of the costs of qub.it storage

and distribution and the dccoherence in the channels during distribution, for the future.

In the next chapter, we show how entanglement swapping can be helpful in the physical

implementation of another interesting manipulation of entanglement, namely, entanglement

conccnL ration.
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Chapter 5

Entanglement concentration via

entanglement swapping and

conserved entanglement

5.1 Introduction

In the last chapter, we described entanglement swapping [109] and generalized it to the

multiparticle case. This is an entanglement manipulation finding use in the distribution of

entanglement between distant parties. There exists another manipulation of entanglement

which upgrades the quality of entanglement shared between distant parties. In this type

of entanglement manipulation, local actions and classical communication are used by two

distant parties to distill a certain number of shared Bell states from a larger number of

shared but less enLaugled slates. When the initial shared but less entangled states are pure,

this manipulation is termed as entanglement concentration [28, 113], while for the more

general case of the initial shared states being mixed, the process is termed as entanglement

purification or distillation [29, 30]. The importance of such a scheme in the distribution

of entanglement is obvious as Bell pairs arc essential for the implementation of quantum
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communication schemes with perfect fidelity. Curiously, such an important procedure re­

mains to be realized in an experiment. This stands in contrast with so many applications of

the resource of entanglement [I 19] being tested by an active body of experimentalists. For

example, polarization entangled photons have been used to demonstrate both dense cod­

ing [120] and teleportation [121]. Teleportation has also been realized using path-entangled

photons [122] and entangled electromagnetic Geld modes [ 123]. More recently, entanglement

swapping has been demonstrated experimentally with polarization entangled photons [124].

In this chapter, we will show that a simple variant of the entanglement swapping scheme can

be viewed as a type of entanglement concentration proceclu re and has a physicaJ realization

with polarization entangled photons. Moreover, we show that there exists a certain measure

of entanglement which remains conserved on average in this type of entanglement concen­

tration. Note that, in this chapter, we will often use the terms entanglement concentration

and entanglement purification in an interchangeable manner, though what we demonstrate

is, in the strict sense, only the concentration of pu r·c shared entanglement.

5.2 The scheme of entanglement concentration via entangle­

ment swapping

Let pairs or photons (I, 2) and (3, II) be in the rollowing polarizaLion entangled states

4(0))12 = cos 0\Hy, Hy) + sin 6\V, V2),

4(6))a4 = cos 6\Ha, IA) + sin 0\Va, Ve),

(5.1)

(5.2)

where the phase angle 6 satisfies ( < 0 < 1r/2. There arc a number of ways to prepare

photons in such polarization entangled states. For example, one may first use type-II down

conversion followed by suitable biref'ri.ngcnl crystals to prepare two photons in the BeU state

state [d)+ = \HI) + [VV) [125] (the other Bell states being [©)- = \HH) - \VV) and

lw)± = Ill\/)± IV fl)). This may be followed by placing a dichroic element (such as the

local fillers described in Ref.[ 126]) which selectively absorbs any one of the polarization

components (say H ) along the path or one of the photons. 1n cases when this photon
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exiLs the clement unabsorbed, the pair of photons arc in the state e-"\HH) ± \VV) (not

normalized), where L is the length of the crystal and is the absorption per unit length.

Thereby states of the type given by Eqs.(5.1) and (5.2) with sin 0 = J1/(l + e-2--yL) is

generated. This procedure may scorn inefficient because of the possibility of the photon being

absorbed by the dichroic element. However, clue to the absence of two qubit 1og.ic gates for

polarization entangled photons, there is 110 way to proceed unita.rily from IHH)±jVV) to the

states given by Eqs.(5.1) and (5.2) and dissipative processes are necessary. Alternatively,

one can use the recently suggested tunable ultrabright source of polarization entangled

photons [127] to directly produce the states given in Eqs.(5.1)-(5.2). Photons 2 and 3 are

brought together, while photons l and 4 are allowed Lo travel to separate distant locations

as shown in F'ig.,5. l. If one now performs a Bell state measurement on photons 2 and 3,

then immediately the states of the photons L and ti become entangled. Th.is effect, called

entanglement swapping, has been tested for maximally entangled photons (when 8 = 1r/4)

[124]. We shall refer to this tested case (i.c when maximally entangled photons are used) as

standard entanglement swapping. For the more general case of a:n arbitrary 6, the combined

state of the photons I and ii is projected to either of the following four states, depending

on tho outcome of the Dell state measurement on photons 2 and 3:

I <I> I (0)) i':1 = (cos 011,, ma) + sin0\V, Va)), (5.3)

1o'(0))54 = (cos 0\1,, Ha) - sin? 0\VI, Va)), (5.4)

1)I = C14+VO +1Vy,4a)), (5.5)

)I = ~( I If1 , Vi) - I Vi , .t:r4)), (5.6)

whore, N = V«k@ + stiT@. The probabilities to obta..in the four states are

P(J4'(0))\,)

PC)to)

40+cs*0
= P(l<!>'(0)):i'"4) = cos 2 Sill '

= P(I\J!)~1) = cos20sin20,
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Figure 5.1: The figure illustrates the procedure of purification via entanglement swapping.

The solid lines connect initially entangled photon pairs. The dashed line divides the set of

photons to those held by Alice and those held by Bob. B.S.M denotes the local BeU state

measurement done by Alice.

where Llw symbol P(I·¢)) is used Lo denote the probability of the state [i). We now proceed

Lo explain the sense in which the above variant of standard entanglement swapping is a

purification procedure. Say photons 2,3 and 4 are held by one parLy (ALice) and photon

I is possessed by the other party (Bob) as shown in Fig.5.1. Now, Alice can change the

magnitude of the entanglement she shares with Bob by doing a Dell state measurement

on photons 2 and 3 and thereby projecting photons and 4 Lo one of the states given by

Eq.(5.3)-(5.6). In the cases when she projects photons 1 and 4 to either [) or [)7
(which are Bell states), she actually increases the magnitude of entanglement she shares

with 13ob. In the other cases she reduces the magnitude of entangle.ment she shares with

Bob even further. If she initially shared a large enough ensemble of photons in the state

(6)),2 with Bob and applied the procedure described above on each shared pair separately,

then she would be able to change the states of a certain fraction of the shared pairs to Bell

states at the expense of' degrading the entanglement of the other shared pairs even further.

This qualifies as a type of purification procedure because local actions (by Alice) are used

Lo concentrate the entanglement of a fraction of the shared states while the entanglement

of the remaining fraction is being diluted, just as in other purification procedures [28, 29].

We should pause here briefly to mention a fact, relevant from the experimental viewpoint.

tis known that a complete Bell state measurement is not possible with only linear elements
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[128]. llowev0r, a. complclc Bell slate measurement is not really necessary to implement

the above purification protocol. One only needs t.o be able to discriminate the states [)$
and [)5, from each other and from the rest of the Hell states, which can be done in

ex isting experiments [120, 121, 109, 124]. The reason for this is that the photons l and

4 are projected to Bell states ([)} or [),) only when the outcome of the Bell state

measurement on photons 2 and 3 is either /) or [)5. To verify whether the purification

has indeed taken place, one simply has to pass the resultant Bell states of photons l and 4

through a Bell state analyser [120, 121, 109, 124].

5.3 A conserved measure of entanglement in concentration

via swapping

J\ n interesting feature of I.he original colledive entanglement concentration procedure ( called

the "Schmidt projection method" ) described in Ref.[28] was that the average of the entropy

of entanglement (the von Neumann entropy of the partial density matrix seen by either

party) or all the shared pairs remained constant under purification (an asymptotic result).

In the scheme described here, the average von Neumann entropy of entanglement of the

shared pairs is, in fact, decreased. However, we shall show that there is a different mea­

sure of cntanglcrncnt whose average remains conserved in this procedure of purification via

entanglement swapping. This measure of entanglement is defined as the maximum proba­

bility with which two parties sharing a pure entangled state can convert it to a BeU state

by classically communicaling and performing local actions on their respect.ive sides. As this

is already the maximum probability, it can only remain constant or decrease under any set

of local general measurements and classical communications (Th.is is the basic criterion to

be satisfied by any measure of entanglement [30, 31, 32, 33]). Thereby, it qualifies as a

measure of entanglement which can be termed as entanglement of single pair purification

(This measure, is however, not an additive measure). We shall denote this measure by Es

and refer toil henceforth simply as entanglement.

We now proceed to show that Es is conserved 111 the purification process described
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above. From the results of Lo and Popescu [97], it follows that the maximum probability

with which a Bell state can be obtained by purifying a single entangled pair (in a pure

state) is twice the modulus square of the Schmidt coefficient of smaller magnitude. In the

case of the states given by Eqs.(5.1) and (5.2), this is simply 2 cos* 0 if cos 6 is the smaller

of the two Schmidt coefficients. Therefore, before the entanglement swapping, the average

value of the entanglement shared between Alice (A) and Bob (B) is

(Es)AB = 2cos* 6. (5.9)

After the entanglement swapping, when the shared states are those given by Eqs.(5.3)-(5.6)

with probabilities given by Eqs.(5.7)-(5.8),

(Es)AB = P(]4'(0))\,)E5C9'(0))\,)

+ P(J'(0))74)Es(]9'(0))7)

+ P(\)*)Es(])*) + P())Es(\)")

= 2 cos 0, (5.10)

where Es([y)) denotes the entanglement of the state lvi). Therefore, the ensemble average

of the entanglement of single pair purification is a conserved quantity in the process of

purification by entanglement swapping. This result also indicates that the purification via

entanglement swapping is an optimal protocol for single pair entanglement purification, as

the average entanglement of the purified pairs is equal to the original entanglement. Here,

by optimality we mean the best combination of entangled states that can be finally obtained

by the purification. A positive implication of this optimality is that the purification process

can be separately repeated on the final su bensembles, which turn out to be less entangled,

without destroying any entanglement on average (though for that, one needs to be able to

do complete Bell state measurements, for which schemes have been suggested [129]). If one

continues this process indefinitely, in the limit of an infinite sequence, the final ensemble

generated will corn prise of a certain fraction of Bell pairs and a certain fraction of completely

disentangled pairs. This fraction of Doll pairs should be equal to 2 cos* 0 as the average of the
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entanglement has been conserved in each step. Thus in the Limit of an infinite sequence, the

process of purification via entanglement swapping allows us to convert all the entanglement

that can possibly be extracted by single pair purifications from the ensemble into Bell pairs.

Here, it is worthwhile to mention that a procedure for sing.le pair purification called the

"Procrustean method" had also been suggested in the original entanglement concentration

chapter [28]. The Procrustean method also conserves Es and its fractional yield of Bell

stales is optimal (i.e equal to Es). From the point of view of efficiency, our method lies

somewhere between the Schmidt projection method (when it is irn plemented with two en­

tangled pairs, but one pair totally belonging to Alice) and the procrustean method. Our

method has a fractional yield of' Dell states equal to the Schmidt projection method (with

two entangled pairs), but the non-Dell state outcomes are also entangled. It is because of

the extra entanglement of the non-Bell state outcomes that Eg is conserved on average .in

our method or· purification. Hence the improvement over the Schmidt projection method,

brought in by entanglement swapping is lo make the non-Bell state outcomes entangled as

well.

5.4 The scheme viewed as a generalization of entanglement

swapping

Next, we proceed to consider the case when photon pairs (1,2) and (3,4) are not in the

same type of entangled state. Suppose, photons 1 and 2 start in the entangled state

(67))12 and photons 3 and 4 start in the entangled state [(0))34 (defined as in Eqs.(5.1)

and (5.2)). Lot the entanglement of the first photon pair be Es = a and the entan­

glement of the second photon pair be Es = {3. Then a simple calculation shows that

projecting photons 2 and 3 onto a Dell state basis projects the photons 1 and 4 to states

(cos 6y cos 63\H, HA) ± sin 6y sin 03]V,, V,)) and (cos6} sin 63\Hs, V4) ± sin 6 cos 63]VI , HA))
(not normalized) with specific probabilities. The average or the entanglement between the

photons Land ti after the projection turn out to be (Es)= min{a,{3}. The manipulation
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Figure 5.2: The figure shows the generalization of enLanglement swapping to pure states

with arbitrary entanglement.

of entanglement described above can be visualized as a step towards the complete general­

ization of entanglement swapping. The original scheme involved the use of two Bell states

and Dell state measurements [109, 124]. In the last chapter we generalized it to cases when

many particle Greenberger-Horne-Zeilinger (GHZ) states are used and many particle GHZ

measurements are conducted. The proceclu re presented here is a generalization of the orig­

inal scheme to the case when two particle pure states which are less entangled than Bell

states arc used, but measurements conducted arc still Bell state measurements. This result

is illustrated in Fig.5.2. One can get an intuitive feel of this result from the golden rule that

entanglement, on average, cannot be increased under local actions and classical communica­

tions [31, 32, 33]. In the situation depicted in Fig.5.2, we have the freedom to choose which

photons belong to Alice and which to Oob. For a: < /3, we choose to allot the photon 1 to

Bob and the rest to Alice, while for a: > D we allot the photon 4 to Bob and the rest to Alice.

Then a. Bell state measurement on Alice's side cannot increase the entanglement she shares

with Oob on average. As this initial entanglement is the smaller of the numbers a and 6,
the final average entanglement has to be smaller than or equal to min{a,}. However, the

fact that it is actually equal, is a peculiar feature of the entanglement swapping process.
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One may envisage a situation in which Alice tries to purify the state [(6 ))12 shared with

Bob with the help of the state [(0))34 (which we can call the purifier) in her possession.

As long as f3 < a, she degrades the entanglement shared with Bob on average, while when

/3 ?: a, she conserves the entanglement shared with Bob on average. Thus in order not

Lo loose any entanglement the purifier state should have at least as much entanglement as

the state to be purified. Moreover, the degree to which the entanglement is concentrated

(i.e in homogeneously redistributed among the four measurement outcomes) gets better as f3
approaches a. Bell pairs are produced only when ~ exactly equals a. 'Thus, as Alice increases

the entanglement of her purifier, the degree of entanglement concentration increases yielding

0ell pairs when f3 reaches rv (a, criterion which can be called entanglement matching). On

increasing /3 further·, the degree of concentration starts going down. When reaches unity

(maximal entanglement), there is no concentration of entanglement (all the four outcomes

have an entanglement equ al to th at of the original. state: a situation equivalent to the perfect

fidelity teleportation of an entangled state).

5.5 Conclusions

In this chapter we have shown that entanglement swapping can be used to purify single

pairs of polarization entangled photons. Such a scheme may be achieved by an extension

of an existing experiment [124]. In contrast, physical implementation of the entanglement

purification schemes involving collective measurements (like the Schmidt projection method

of Ref.[28]) will be difficult, as they would involve measurements on many photons at once.

The absence of two q II bit logic gates for polarization entangled photons a.lso make purifi­

cation procedures described in Ref.[29] difficult to realize. From this point of view, the

method described here should be a, positive first step in the d.irection of implementation of

purification procedures. In the chapter we have also introduced a measure of entanglement

for single pure pairs and demonstrated that this quantity is conserved in the above process.

This makes purification via entanglement swapping interesting from a purely theoretica.l

angle. The non-additive nature of the introduced measure implies that additivity is not an
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essential requirement for an entanglement measure to have a physical interpretation. As a

natural generalization of our measure one may use the maximum possible fractional yield

of Bell states from various finite collections of shared pairs as physically relevant measures

of entanglement. The physical relevance stems from the fact that in a real implementation

of entanglement concentration one would always have access to only a ·finite number of

systems. All the results presented in this chapter hold only for pure states. An extension

to mixed slates will not be trivial, as single pairs in such slates cannot, in general, be

purified [130]. However, it would still be interesting to investigate whether one can gener­

alize the measure or entanglement presented here to some quantity which is conserved in

entanglement swapping with mixed slates.
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Chapter 6

Mixed state dense coding and

entanglement measures

6.1 Introduction

One of the many surprising applications of shared entanglement [119] is superdense coding

introduced by Bennett and Wiesner [18]. In the simplest example of this protocol, two

people (Alice and Bob) share a pair of entangled qubits (spin half particles or any other

two state systems) in a Bell state. Alice can then perform any of the four unitary op­

erations given by the identity I or the Pauli matrices a±(0,),02(0y) and oa(0") on her

qubit. Each of these four unitary operations map the initial state of the two qubits to a

different member of the Bell state basis. Clearly, these four orthogonal and therefore fully

distinguishable stales can be used to encode two bits of information. After encoding her

qubit, Alice sends it off to Bob who can extract these two bits of information by performing

a joint, measurement on this qubit and his original qubit. This apparent doubling of the

information conveying capacity of Alice's qubit because of prior entanglement with Bob's

qubit is referred to as superdense coding (which we shall henceforth refer to as just dense

coding). Dense coding has been implemented experimentally with polarization entangled

photons [120]. Some generalizations of the scheme to pairs of entangled N-level systems
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in non-maximally entangled states (as opposed to qubits in Bell states) [131, 132] and to

distributed multiparticle entanglement (as described in chapter 4) have also been studied.

In the simplest example, the power of the method stems from the accessibility of all the

four possible Uell states through local operations done by Alice alone on her qubit [18, 120].

Obviously this accessibility is related to the fact that the qubits shared by Alice and Bob

arc in an entangled state. So an important question to ask is: In what way does the capacity

of conveying information through dense coding depend upon the degree of entanglement of

the initial shared pair of qubits? Barenco and Ekert [131] and Hausladen et al. [132] have

investigated this question when the initial shared entangled state is a pure state. Their

analysis shows that the amount of information conveyed by the dense coding procedure

decreases monotonically from its maximum value (two bits per qub.it) with the decrease

of the magnitude of the shared entanglement. It becomes one bit per qubit when the

entanglement becomes zero.

Recently, there has been a lot of work in quantifying the entanglement of systems in

mixed states [30, 31, 32, 33]. These measures of entanglement have their physical interpre­

tation in the process of entanglement purification [28, 30, 29]. A natural question to ask is:

in what way does the rapacity to do dense coding depend on the degree of entanglement as

specified by these measures? Answering such a question, in effect, would mean linking up

the apparently disconnected concepts of purification and channel capacity. In th.is chapter

we Lake a, step in this direction by obtaining bounds on t.he number of bits of information

conveyed per qubit (let us call this C after capacity) during dense coding in terms of the

various measures of entanglement. It should be noted that C is a classical capacity as it

quantifies number of bits of information, but the carriers of the information are quantum

(qubits).

We also invert our results so that the value of C gives us information about the range

within which the initia.l shared entanglement lies. In other words, bounds on entanglement

measures (and hence on purification procedures) can be expressed in terms of the classical

capacity C. This might be helpful, because, as we shall show, the classical capacity for dense

quantum coding is readily calculable for certain special classes of dense coding protocols.
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6.2 The Holevo function as a measure of C

Suppose, Alice has a set of mixed quantum states W; at her disposal to convey some

classical information (sequences of ones and zeros) to Bob. Each state J; can be regarded

as a separate letter. Also suppose that Alice sends the state W; to Bob with an a. prio·ri

probability pa. The ensemble that Alice uses to com.rnunicaLe with Dob is therefore g.iven

by

(6.1)

In the above case, the average number of" bits of information that Alice can convey Lo Bob

per transmission of a letter state is bou ndecl frorn above by the Holevo function (133]

(6.2)

where S(p) = -'Tr plogp denotes the von Neumann entropy of the state p (Here, and

throughout the rest of the chapter, log stands for log). Using a different notation, the

llolcvo function can be rewriLLen as

(6.3)

where S(al]p) stands for Tr{o log a - a log p} and is known as the quantum relative entropy

between the states a and p [134]. It was recently shown that this bound can be achieved

in the limit of an infinite ensemble by appropriate Block coding (grouping together and

pruning long strings of letter slates to represent messages) at Alice's encl and appropriate

measurements at Bob's end [L35].

Now consider the case of dense coding. Alice and Bob initiaUy share an entangled pair of

qubils in sorne state Wo, which may be mixed. Alice then performs local unitary operations

on her qubit to put this shared pair of qubits in either of the states W6, W, W or W3. In

general, Alice rnay use a completely arbitrary sol of unitary operations to generate these

states:

(6.4)

In Lhc above equation, U; acts on Alice's qubit and I acts on Bob's qnbit. By sending

her encoded qubit to Oob, Alice is essentially commun.icaLing with Bob using t.he states
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,WW and Wg as separate letters. The number of bits she can communicate to Bob

using this procedure is thus bounded by the holevo i'unction .ff given in Eq.(6.3). Moreover,

if some block coding is done on a large enough collection of qubits in addition to the

dense coding, then the number of biLs of information communicated is equal to the Holevo

function. We will thus take

C= H, (6.5)

assuming that any additional necessary block coding will autorna.Lically be done to supple­

ment the dense coding. Exactly the same assumption has been used in Ref.[132] to calculate

the capacity for dense coding in the case of pure letLer sLates. Eqs.(6.4) and (6.5) define

the most general version of dense coding and we shall refer to this as completely generaJ

dense coding (CGCD).

A simpler example of dense coding is the case when the Jetter states are generated from

the initial shared sLate Wo by

o = I@IW IOI,

= 01 0I Wo 01 0 I,

= 02 0I Wo 02 0 I,

; = 0a 0I Wo ca 0 I.

(6.6)

(6.7)

(6.8)

(6.9)

In the above set of equaLions, the first operator of the combinat.ion ai ® I acts on Alice's

qubit and the second operator acts on Bob's qubit. We shall refer to this case (i.e when

the letter states are generated by Eqs.(6.6)-(6.9)) as simply general dense coding (GDC).
The generality present in GDC is that Alice is a.II.owed to prepare the different letter states

with unequaJ probabilities. In other words, one has to use Eqs.(6.1),(6.2) and (6.5)-(6.9) to

estimate the capacity C.

In the more speciaJ case when Al.ice not only generates the four letter states according

Lo 8qs.(6.6)-(6.9) but also with equal probability, the ensemble is given by

l 3 .
w-12M

i=0
(6.10)



and the capacity becomes
1,

c=12s(a)
+io (6.11)

We shall call this simplest case special dense coding (S.DC). Among a.II the possible ways of

doing CDC, SOC is the optimal way Lo communicate when W is a pure state (as we shall

show in the next section) or a Ocll diagonal state. However, we do not know the optimal

way to communicate when Wo is a completely general state and CGCD is aUowed. For most

or our chapter, we shall obtain bounds on the cJa.ssica.1 capacity C for SDC only. But we

shall point out those results which arc valid for GDC and CG DC as well. Though the main

aim of this chapter is to establish bounds on the capacity C when the letters are mixed

states, we shall begin with a calculation of C for pure letter states.

6.3 Capacity of SDC with pure letter states

Consider the initial shared pure state Wg to be,

yo) = (a[00) + bl .Ll) ).

Then, according to Eqs.(6.6)-(6.9), the other letter states are given by

) = (al10) + bl01)),

o) = -i(a]10) - b[01)),

do) = (@[00) - bl11)),

from which we obtain W} = [v;)(v;]. As all W} are pure states we have

S(W;) = 0.

Thus from Eqs.(6.2) and (6.5) we have

C = S(W).
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We will consider only the case of SOC. Thus the ensemble used is obtained from Eq.(6.10)

Lo be

w-"om@o+""om@on

'ww ff'nu
Thus from Eq.(6.17) for the capacity C, we get

al? 16[
C = -(lnl2 log - + IW log-)2 2

= I - (la[*tog la[* + Jo]* tog [bl*).

(6.18)

(6.19)

(6.20)

Now we should recall that a good rnca,sure of enLanglernent for a. pure state of a system

romposed of two subsystems A and 13 is given by the von Neumann entropy of the state of

either of the subsystems [28, 136]. Let us call Lhis measure the von Neumann entropy of

entanglement and label it by E". Thus

(6.21)

where Tr4 stands for partial trace over slates or· sysLern A. Therefo.re, for aU the states vVi,

Thus,

E"(W;) = -(la[log la]* + [bf log [bl° ).

C = L+E(W;).

(6.22)

(6.23)

We now prove I.hat for pure states, SOC (using all alphabet states w.ith equal a priori

probability) is the optimal way to communicate among all possible ways of doing GDC (.i.e

when the letter states arc generated by Eqs.(6.6)-(6.9)). Consider the general case when

the slates Wi arc sent with probabilities Pi:• Then from Eq.(6 . .L) we have

where

W =pi+P2,

pi = (po + pa)\al"[00)(00] + (po + pa)]bl*[11)(11]

+ (Po - p3)a*bll l)(00I + (Po - pa)ab"[00)(11],
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and

p2 = (pi+ p2)la[*[1o)(10] + (pi + p2)]o[?\01)(01]

+ (pi - p2)a"bl01)(10] + (Pi - p2)ab"[10)(01/.

Therefore, pr and py form separate blocks inside the matrix W and

S( W) = S(p,) + S(p2).

(6.26)

(6.27)

E:q.(G.17) indicates that we need to choose the probabilities p; in such a way that S(W) is

maximized. Density matrices with same diagonal elements have the highest von Neumann

entropy whe11 the nondiagonal elements are zero. Applying this fact to Eqs.(6.25) and (6.26)

we get

Vo= P3, (6.28)

(6.29)

Using Eqs.(6.28) and (6.29) in the expressions f'or p, and p2 and caJculating the entropy

S(W) gives

I

S(W) = -Y 2m(l@f° tog 2pl@f° + JbJ2 log 2p;]bl* )
i=0

I

= -S2ml0g2m - (JaJ2 Jog JaJ2 + JbJ2 log JbJ2),
i=0

(6.30)

where the normalizations of the state amplitudes and t.he probabilities Pi have been used.

From analysis of von Neu man n entropies it is weU known that the expression - I:;=0 2pi log 2p.;

has a maximum value when both Vo a.nd P1 are equal. Thus S(W), and hence the classical

capa,city C is maximized when

1
Po = p1 = p2 = P3 7' (6.31)

Thus, among a.II the possible ways of performing GDC, SDC is the optimal way to commu­

nicate when pure states arc being used as letters. From the above result and Eq.(6.23) we
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can conclude tha,t in the case of' GDC with pure letter states we have

(6.32)

This result (Eq.(6.32)) had also been obtained in Rcf'.[132] from logical arguments. Following

a procedure ,walogous to the above proof' it can be shown that for 13ell diagonal letter states

SDC is aga.in the optimal way to comrn11nicatc among all the possible ways of doing GDC.

6.4 Nature of the ensemble used in SDC

In ordC'I' to clc-rive a lower bound on Lile classical capacity C for SOC we need to prove a

crucial lemma concerning the nature of the ensemble used in SDC:

F'or states W; defined in accordrmcf' to Eqs.(6.6)-(6.9), the ensemble W for SDC as

dcfinrd in /~q.(6. 10) fr; a disentangled state irrespective of the nature of Wo.

'To prove this, we have to start by assuming Wo to be a most general state of two qubits.

This is given by [137]

Wo - 'po1+5me%elLI in

+ 7eY0%+240% 8a,],

m m,n
(6.33)

where the indices m and n take on values from 1 Lo 3. Substituting W from Eq.(6.33) into

Eqs.(6.6)-(6.9) we get

I= {lot+nae!- 510@01+1o)s%
m;i:J m

+ »4@010a,-) 40 0a,],
n m;i:1,n

- '[ro1+nae1- Y16%01+165s0ti L.t
m;i:2 m

+ Y4,20%,- ) 40% 0,],
nm2,n

- '[rot+mes01- 510% 01+1e5%%
4'm3 m
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+ Y6,000,- ) 40% 0 a,]

n me3,n

Using expressions for W} from Eqs.(6.33)-(6.36) in Eq.(6.10) we get

w=re4[1+ ys%%)4 L.,
m

(6.36)

(6.37)

This is very clearly a disentangled state. This result is, of course, valid only for SDC,

where the equal probabilities of the letter states result in the careful cancellation of all the

entanglement carrying terms. It a,llows us to easily derive a lower bound on C for SDC in

terms of one of the measures of entang.lement.

6.5 The relative entropy of entanglement as a lower bound

on C

To investigate quantitatively the relationship between entanglement and C for arbitrary

mixed letter states, it is necessary to use some measure of entanglement for mixed states.

One such measure of entanglement, the relative entropy of entanglement, has been intro­

duced in Ref.[31]. It has been shown to have a statistical interpretation [32] as well as a

physical interpretation [33, 138] in forming bounds on the process of entanglement purifi­

cation [30, 28, 29]. We will use the symbol ER to represent this measure of entanglement.

For an arbitrary mixed state a it is given by

En(a) = min S(a\]p),
pE'D

(6.38)

where p is the set of disentangled states. A property which has to be satisfied by any

legitimate enta,nglerne11t measure is its invariance under local unitary operations 33]. En(e)

is thus invariant under local unitary operations of the state a.

As the state W of the ensemble used for SDC has been shown to be a disentangled state

(i.e. WE 7J) in the previous section, we have

S(W;IIW) 2 miy S(W]Ip) = En(W;).
peD
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Using the above inequality in Eq.(6.II) for C of SDC we get

I 3 L 3

c -'2sou)> 324am.
i=0 i=0

(6.40)

As each of the states W are derived from Wg via local unitary operations only, we have

for all value's of i. Combining Eqs.(6.4I) and (6."10) we get

C 2:: En(Wo).

(6.41)

(6.42)

This means that the classical capacity C for SOC is bounded from below by the relative

entropy of entanglement of the initial shared mixed stale. This result is however, not

generalizable to CDC as it relies crucially on W f'or SOC being a disentangled state.

6.6 Average distinguishability as an upper bound on C

In this sccLion, we are going to divert a litLlc bit from the main theme linking C to entan­

glement measures and point out another interesting bound on C stemming from the mutual

distinguishability of the letter states l.V:;. fL is known that the relative entropy S(liVillWj) is

a kind of statistical measure of the distinguishability between the quantum states W; and

Wj [32]. Thus for CDC one can define an average mutual distinguishabHity function as

6(»,WO =32pa)SCI1My.
I j

We show below that this average mutual distinguishability !'unction forms an upper bound

on C. Putting W from Eq.(6.I) into Eq.(6.5) we obtain

(6.43)

33

c = 2» s(0I2» W
i=0 j=0
3 3 3

- 5» 80» WW2» VD.
i=0 j=0 j=0
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where the factor y'J_o Py has been inserted before W} in the second step as its value equals

unity. We now use the joint convexity property of the relative entropy

to expand the right hand side of Eq.(6.44) and obtain

3
C< pp S(HI,) = 6(mW).

i,j=0

(6.45)

(6.46)

Note that the above result is completely general because neither does it require the special

class of local unitary operations given by Eqs.(6.6)-(6.9), nor does it require the probabilities

Lo be uniform. Thus the classical capacity for CGDC is bounded from above by the average

mutual distinguishability function. Note that we are pointing this out just as an interesting

bound and it is not linked Lo the main theme of the chapter (relating entanglement measures

stemming from purification procedures to dense coding capacities).

6. 7 An upper bound on C in terms of the entanglement of

formation

In this section we find an upper bound on Cin terms of yet another measure of entanglement,

namely, the entanglement of formation Ep. Consider a decomposition of an arbitrary mixed

state in terms of pure states a; :

• =5¥
i

Then the entanglement of formation of this state is defined as [30, 139]

(6.47)

(6.48)

where the minimum is taken over all decompositions of CT of the type given by Eq.(6.47).

The initial shared state Wo used in dense coding, will, in general, have several decom­

positions in terms of pure states. Let the particular decomposition from which its entan­

glement of formation Ep(Wo) is calculated (referred to as the entanglement minimizing
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decomposition [ I 39]) be

=54mo».
m

(6.49)

where om are pure states and q are proba,bilitics. As Eq.(6.49) gives the entanglement

minimizing decomposition, we have

ER(Mo)=4%£,CV~),
m

while the normalization of the probabilities imply

L {frn, = L.
rn

(6.50)

(6.51)

As ca.ch of the signal states W; are derived from W by local unitary operations, they

can be dccom posed as

(6.52)
m

where each pure stale l!Vim is connected Lo the pure state Wo by exactly the same lo-

ml unitary operation as that which connects W; to Wo. As any legitimate measure of

entanglement has Lo remain invariant under local unitary operations, we have

(6.53)

and

(6.54)

From Eqs.(6.53) and (6.54) we have

m m

Now, in the case or SOC, Lhe capacity (from Eq.(6.1.L)) .is

1 l
o - 32904,24

I J

- '5804.m1/52%.m.
1 rn .1 rn

- {S80«mu12«gm.
I rn, ,n

.l.02

(6.55)

(6.56)

(6.57)



where we have put
l

" =5M.4 L:--- .I

.1

Using joint convexity (t:!;q.(6.45)) to expand the right band side of Eq.(6.57), we get

c < {524.80JV,,)
i m

1 .- S«(}2380GI.».
m ,

(6.58)

(6.59)

Now, for each value of m, the expression¾ Li S(vVimllWm) can be regarded as the classical

capacity C for SDC with the states W; as the four 1.etter states. As each of the states

in, are pure, Eq.(6.2:J) impl.ies

Putting Eq.(6.60) into Gq.(6.59) we get

C<Y%01+ £())
m

Using Eqs.(6.51) and (6.55) to simplify the right hand side of Eq.(6.6.L) we get

(6.60)

(6.61)

(6.62)

The above bound is valid for CDC as well. To see this one just has to repeat the above

proof starting with

c=5» s012»my
ij

and replace Eq.(6.58) with

% =5» ».
j

8q .( 6 .59) th en gets replaced by

C<23«02» s0II,».
m i

(6.63)

(6.64)

(6.65)

Now note the fact that Ei 7Ji S(WimllWm) is the expression for the class.ical capacity C for

CG DC with Wi" being the letter states. When the states Wim are gene.rated from Wo
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according to Eqs.(6.6)-(6.9) (i.e. when GDC protocol is being followed), then the purity of

the states W; guarantees that C is less than 1 + E"(W;) (as shown .in section 6.3). Using

this fact in Eq.(6.65) we again end up with Eq.(6.62). Thus even in the case of GDC, the

capacity C is bounded by 1 + Ep(W;).

6.8 An upper bound on C in terms of the relative entropy of

entanglement

Having analytically proven that l + Ei"(vVi) is an upper bound on C for GDC, we now

proceed to check whether the even smaller (as proved in Ref.[33]) quantity l+En(Wi) is aJso

an upper bound. llowcver, we do not attempt to prove this analytically for a compJetely

general initial shared state Wo. Instead we calculate the capacity C (for SDC only) [or

those specific classes of the initial shared state Wg whose relative entropy of entanglement

En(Wo) is already known. We then plot, this capacity Casa function of the relative entropy

of entanglement Ep for each of' these classes of states and check whether the curve C(Ej)

lies below Lire plot of I + ER

AL first we have a look at mixed states of the type [33]

where fcf.i+) is one of the four Uell states which are defined by

- jg0100) ± 111)
]
(101) ± 110))

(6.66)

(6.67)

(6.68)

We shall refer to the states described by Eq.(6.66) as lambda states of the type A. F'or them,

the relative entropy of entanglement is [33]

•En(AA) = (A- 2)log(1 - ,)+ (1- A)log(1 - A),

while the C for SOC is

l04
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(6.70)

(6.71)

The plot or the classical capacity C for these slates as a function of ER of the state has

been shown in Fig.6.1 and it is indeed found that

(6.72)

The equality holds true only al the two ends of the graph, namely at maximal entanglement

r~n = I (when or approaches a Ocll state) and zero entanglement En = 0 (when ar

approaches IO I )(0 I I).
Next we look at states of the Lype [33]

which we call lambda slates or the type B. For these [33]

En(J\a) = s+logs++s_Jogs_
.A. XX

- (1 - 2) log( Ii$i

where
1 ± J.L - 2A(l - A)

8± = 2

arc the eigenvalues of Ap. The C for SDC in this case is given by

C = sµ logsµ + s_ logs_
A.1. A. A A

- a-ii-$)- $be

(6.73)

(6.74)

(6.75)

(6.76)

As is clear from a simple comparison o[ Eqs.(6.74) and (6.76), for lambda states of the type

B,

C = l + En.

L05

(6.77)
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Figure 6.1: Two different functions F(En) of the relative entropy of entanglement ER are

plotted. The continuous line shows the capacity C for SDC as a function of the relative

entropy of entanglement ER if the initial shared state is a lambda state of the type A. The

dashed line shows the function 1 + ER. The figure illustrates that the capacity C for SDC
is bounded from above by 1 + Ep
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Thus, a curious feature of lambda states of type B is that the capacity for SDC is actually

always equal Lo I + f11. We will discuss a biL more about this curious aspect later in the

sec Lion.

Now we consider another special class of states ca.lied the Werner states [30, 23] param­

eterized by a number F called the fidelity [30] and given by

we = FI-y(-+ ',"gv*)ct1
+ [o*)(*]+ /)(a[).

The relative entropy of entanglement of these states .is given by [33]

t:n(Wp) = F' log F + (1 - F) log(l - F) + l,

and the C for SDC is calculated to be

(J - F)C = 2 + F og F + ( L - F) log-.3

(6.78)

(6.79)

(6.80)

The plot C versus 8n has been drawn in Fig.6.2 and it is found that even in this case,

Now consider the case of a general Dell diagonal state

Bp = X])(-]+ A/*)(*l
+ X]a*)(¢*]+A/0)(¢-[.

IL hns been prnved in Ref.[31] that when all A; e [0, {] then

while when any of the Ai (say A1) ~ ½, Lhen

En(Bp) = A log A + (1 - A)log(1 - A) + l.

The C for SDC always turns out to be

c=2+)3lg..
i

l07

(6.81)

(6.82)

(6.83)

(6.84)

(6.85)
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Figure 6.2: The continuous line shows how the capacity C for S.DC varies with the relative

entropy or cnLanglcmcnL En of the initial shared Werner state. The dashed line shows that

it is bounded from above by 1 + En
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First consider the case when all A; E 0, 4]. From Eqs.(6.83) a.nd (6.85) we find that

+ En(Bp)- C = -Al0g.-1

= -5A0083+ 1)

> 0, (6.86)

where Li Ai= I has been used to proceed f'rom the first to the second step a.nd Jog Ai ::; -1

(because Ai E 0, 4]) has been used to proceed f'rom the second to the third step.

Now consider the complerncntary case (A1 ~ ½)- From Eqs.(6.84) and (6.85) we find

that

+ En(Bp)- C = ( l - A 1 )log( l - A 1 ) - L Ai log Ai
i;c I

= 03A10230-5343
i74N j741 i741

= 5A440230)-1ga,
i;c I j741

> 0, (6.87)

where in order Lo proceed from the third to the fourth step we have used the simple fact

that log(A + A3 + A4) is greater than either of the terms logA2,logA3 or logA4. Thus for

all Ucll diagonal states we have

(6.88)

Now we will point out a curious fact about the situation when any two o:f the eigenvalues

of a Dell diagonal state (say A3 and A4) arc zero. When Ar = A2 = # (which means ER= 0),

we have C= 1 (using Eq.(6.85)). In all the other cases (for which we use Eqs.(6.84) and

(6.85)) we have

= 0,
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where we have used the simple fact that A + A = 1. Thus for all Bell diagonal states with

only two nonzero eigenvalues we have

C= 1+ ER (6.90)

On the basis of the results obtained in this section let 11s conjecture:

Conjecture : The C for SDC with completely general (possibly mixed) states is bounded

from above by 1 + Ep.

A great deal of empirical evidence has been presented in this section in support of the

conjecture. In the next section we proceed Lo give a heuristic justification in support o:f our

conjecture. In fact, we will try to justify an even stronger upper bound on C.

6.9 SDC and purification

To justify the conjecture of tho previous section, we will have to examine the following

interesting question: How docs the capacity C change if Alice and Bo? first locally purify

their ensemble and distill Bell states (following the optimal purification procedure) and

follow this up by SOC? Various purification procedures have been described in Refs.[30, 28,

29]. llerc we assume that Alice and Bob follow the optimal purification process: One which

helps them to distill the maximum fraction of .Bell states from the initial ensemble. They

will, after optimal purification, have a fraction Ep (where ED is called the entanglement

of distillation) shared pairs in Ocll states and a fraction (1 - Ep) pairs in a disentangled

state. They now complete their 'purification' process by converting the final subensemble of

disentangled pairs to pure states by projective measurements. We refer to such a protocol

as complete purification. After a complete purification, Alice can use the fraction Ev of

Bell pairs to send Bob information at the rate o[ 2 bits/pair and the fraction (1 - Ep) of

pure disentangled pairs to send information at the rate of 1 bit/pair (see Fig.6.3). Thus if

Alice and Bob initially shared n pairs, the classical capacity after a complete and optimal

purification procedure is

c = +pnEp+n(1- Ep)}n
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= 1+ Ep. (6.91)

Note that the above result is only asymptotically true (n - 00). Naively, one might expect

this C Lo be lower than the C before purification.

This is because, as mentioned in Ref.[28], entanglement concentration is a more de­

structive process than quantum data compression. Some amount of shared entanglement

is destroyed in the process or purification. So it might be expected that the final ensem­

ble after a purification will be able to convey less classical information than the original

ensemble. On the contrary, as we will justify, the capacity for SDC with the purified en­

semble is greater than that with the unpurified ensemble when an optimal and complete

purification protocol is used. The gain comes from the fact that now there are two separate

sub-ensembles instead of a single ensemble. ln this section, we will try to justify, albeit

heuristically, the following statement (as a more fundamental conjecture than the one pre­

sented in the previous section):

Conjecture: The capacity for SDC is more when it is preceded by a complete and optimal

purification procedure.

We will first consider the special case of Bell diagonal mixed states, for which the proof

of the increase in the SOC capacity on a complete and optimal purification (our conjecture)

can be rigorously proved. For Dell diagonal states with entropy S(p) < 1, there is a

purification protocol called hashing (with the distillable fraction being EpH = 1- S(p))
[30]. From Eq.(6.85) we see that for these Bell diagonal states, the C for SDC is equal to

I+ Eo11- As hashing may not necessarily be the optimal protocol, we have EnH ::; Eo.

This immediately implies C < 1 + Ep. For the complementary case of Bell diagonal states

with S(p) > I, we have (from Eq.(6.85) for SDC), C < L. This is obviously less than 1+ Ep

for any finite value or the entanglement of distillation (i.e for all inseparable states [140]).

Thus for all Dell diagonal states the C for SOC ca.n be improved by a. prior optimal and

complete purification or the ensemble of shared states.

For the more general case of arbitrary mixed entangled states, the proof will, essentially,

be heuristic. Our approach will be to split the change in the classical information capacity

111



el

'v1
u
'v1

•---------------­
•--,-------------­
•--------------•
•--------------•
•---------------•

••••

• •el • • a
II f
u • =••• • ,....._• • a
0 5
II • • wt
u ---• E:••

Figure 6.3: This figure illustrates how the capacity of SDC changes if Alice and Bob perform

a complete and optimal purification procedure on their shared ensemble prior to performing

SDC.
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due Lo complete and optimal purification into two parts. The first part is positive (an

increase in capacity) and due Lo the addition of classical side channels during the purification

procedure. These side channels arc used by Alice (A) to communicate the results of her

measurements to Bob (B), or vice versa. As this communication during purification is

already conveying information from A to B (or vice versa), the channel capacity of the

classical side channels should be directly added to the classical capacity (of course, for

this, we have to implicitly assume the additivity of classical capacities). The information

conveyed from A to B (or vice versa) during purification is actually used by the two parties

Lo precisely identify their entangled and disentangled subensembles. There is also a negative

contribution (decrease in capacity) during the purification as a fraction 1 - Ep of shared

pairs loose all their entanglement. Of course a part of this entanglement is pumped into the

entangled subensemble, but the remaining is lost. Our· job will be to argue that the positive

contribution in channel capacity clue lo addition of classical side channels outweighs the

negative contribution clue to loss of entanglement in an optimal and complete purification

procedure.

Consider the process of purification as a process of information gain by A and B. Before

the purification, both A and B have an equal amount of knowledge about their shared

system (they both know the full density matrix). Finally, each of their shared states are

pure (because of the completeness of the purification procedure) and both of them have

equal knowledge (i.e each know which of the pairs form the disentangled subensemble and

which of the pairs form the maximally entangled subensemble). Thus they have both

gained an equal amount of information I/pair about their shared pairs during the process

or purification. Now, acquiring a part of this information may not cause any destruction

of shared entanglement (lets call it I/pair), while the remaining part (lets call it I/pair)

docs cause a lowering of shared entanglement. We now contend, that this part, I2/pair

has to be equal to the number of' classical communication channels used in the optimal

purification procedure. The logic follows from the fact that the optimal strategy would be

for A and B to collaborate in such a way that both of them gain the entire information

l/pair with the least destruction of entanglement. They must then each acquire only a
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Figure 6.4: The figure illustrates the wisest way for A and B to gain the entanglement

destroying information I/pair. They should each only gain complementary fractions .f and
- f of this information and pass this on to the other party by classical side channels. In

this way they destroy the least amount of entanglement.

fraction J of the information complementary to the fraction acquired by the other. In

this way, the total information acquired by A and B from the shared pairs through direct

entanglement degrading measurements is I/pair. They can then use a minimum of I

classical side channels per pair Lo communicate their fraction of the acquired information to

the other party (Fig. 6.4 illustrates this procedure). On the other hand, if each wanted to

acquire a fraction of the total information by direct measurements which was not entirely

complementary to the part acquired by the other, they would destroy more entanglement

than is really necessary. Thus we would expect that the classical side channels contribute to

boosting the capacity up by at least an amount I/pair in the optimal purification procedure.
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Now consider how much the capacity decreases clue to the degradation of shared en­

tanglement during the purification procedure. The classical capacity of a fraction 1 - Ep

of the pairs drops from at most 2 bits/pair to 1 bit/pair (due to the completeness of the

purification procedure, the final capacity cannot be lower than l bit/pair). Thus the drop

in classical capacity of each of the finally disentangled pairs is not more than l bit. This

implies that the net decrease in classical capacity of the e.ntire ensemble clue to Joss of

entanglement hasn't been more than 1 - Ep bits/pair.

When the in forrmLLion 12 is greater than l bit/pair, the proof of our statement is straight­

forward. The increase in capacity due to classical side channels (i.e I/pair) is more than

1 bit/pair, while the decrease in capacity due to loss of entanglement is less than 1- Ep

bits/pair. As 1 - Ep is a fraction (i.e 1 - Ep < l), the increase in capac.ity on purification

overrides the inevitable decrease in capacity due Lo degradation of shared entanglement.

Clearly, thus the capacity to do SDC increases on prior purification when I 2 1 bit.

Now, we have to show that no matter wbat the value of I is, it is possible to :find a

purification protocol for which I is greater than 1 - Ep bits. In other words, if initially

there are n shared pairs (with n being large), then the number of shared pairs which loose

all their entanglement on gaining an int'orrnation of h/pair can be made less than nl by an

appropriate choice of the purification protocol. From such a statement it directly follows

that the increase in capacity on purification overrides the inevitable decrease in capacity

due to degradation of shared entanglement. A simple way in which one may try to justify

the above proposition is from the fact that one pair generally allows the extraction of upto

Lwo bits of information (one bit from each of A's and B's qubit). So, it should be possi­

bl.e, in general, Lo extract nl amount of information from measurements on less than nly

shared pairs (whose entanglement is degraded). 'I'his intuitive understanding leaves open

the question as to whether the information I/pair relevant to purification can be acquired

in this way. For that we resort to explicit exemplification. Consider the class of mixed

states p (having nonzero entropy S(p)) and a diagonal decomposition » A;[v;)(v;] in terms

of the pure states [y;). Also suppose that this diagonal decomposition does not coincide

with the entanglement minimizing decomposition [139] of p. For such states, acquiring the
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information about the entropy (S(p)/pair) is essential during purification, as the final en­

semble is pure. We now contend that acquiring this S(p) /pair of information necessarily

destroys some amount of shared entanglement. We wiLI justify this by the method of con­

tradiction. Suppose, it was really possible to acquire the information about the entropy

S(p) without destroying any entanglement. On acquiring an information of the amount

equal to S(p)/pair, A and O will be able to divide their initial ensemble to four separate

pure subensembles, each being comprised of one of the states [v;). The weight of each of

these subensembles will be equal to the eigenvalues A;. The average entanglement shared

by A and B after extracting the information S(p)/pair is thus 5 A;E"([v;)). However, for

the class of states p that we are considering, A;E"([w;)) is necessarily greater than the

initial shared entanglement (as quantified by the entanglement of formation Ep). Thus by

purely local actions and classical communications, A and 1J have been able to increase the

shared entanglement for these classes of rnixed states. This contradicts the definition of

entanglement as a quantity that can not be increased by local actions and classical com­

munications. Thus, mixed states with the diagonal decomposition not coincident with the

entanglement minimizing decomposition cannot be locally purified without necessarily de­

stroying some shared entanglement. Th us the in formation about the entropy of these states

is or the type I (i.e acquiring the information necessarily causes degradation o:f entangle­

ment). A corollary which immediately follows (though not directly relevant to the main

point of the chapter), is: the optimal purification of mixed stales with the diagonal decom­

position not coincident with the entanglement minimizing decomposition necessa·rily has a

nonzero I and thus necessarily requires the use of classical side channels. Now consider

such states when their entropy, and thereby I, exceeds 1 bit. Thus the total information nl
needed to be acquired is greater than n bits. However, purifiability (nonzero En) implies

that the total entanglement loss can be entirely concentrated to the entanglement loss of

n(J - Ep) pairs which is less than nl pairs. Therefore, it is possible to gain the re1evant

nl bits of information by destroying the errtangJement of less than nl pairs. Now we really

need an unproven extension of the above statement: even when 12 ~ 1 bit and irrespective

of the nature of the decomposition of p, it is possible to gain the relevant nl amount of
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Figure 6.5: The figure shows that an entangled pair of qubits allow the extraction of up

to two bits of information, and allow at most one ebit or entanglement (their maximum

possible initial entanglement) to be destroyed in the process.

information by destroying the entanglement of less than nl pairs. Though this may seem a

large cxtr.tpolatio11, it seems highly plausible because one shared pair aUows the extraction

of upto two bits of information and gives at most one ebit. of entanglement to destroy (see

Fig.6.5). Thus we would expect that, no matter what the value of I is, the increase in

capacity on purification overrides the inevitable decrease in capac.ity clue to degradation of

shared entanglement.

Thus the capacity to do SOC with the two pure subensembles (maximally entangled and

fully disentangled) after a complete and optimal purification, is expected to be greater than

the initial mixed (and uniformly entangled) ensemble. We thus conjecture, with the help

of l~q.(6.9 L), the following bound on the capacity of doing SDC with any mixed entangled

state

C <1+Ep. (6.92)

This is an even stronger upper bound on the c.lassica.1 capacity than the bound con­

jectured in the previous section as the relative entropy of entanglement Ep is necessarily

greater than Ep [33]. From Eq.(6.92), it directly follows that C :S l + En (our previous

conjecture). Note that in this section, this conjecture has been rigorously proved for all

Dell diagonal states, heuristically proved for all states with entropy S(p) 2 1 bit whose

diagonal decomposition is not coincident with the entanglement minimizing decomposition
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and shown to be highly plausible for other types of states.

6.10 Conclusion

In this chapter we have obtained bounds on the capacity of doing dense coding in terms

of the different measures of entanglement stemming from purification procedures. The

rigorously proved part of the results or this chapter is that for S DC one always has

En<C<1+En. (6.93)

On the other hand if we allow for a conjecture (well supported by examples and heuristically

justified in Section.6.9), we have the stronger result

En<C<1+ER (6.94)

What is the significance or bounds on the C for SDC when it can be readily calculated?

The importance can be realized when we invert the above equation and write

C-1<En<C. (6.95)

Thus by calculating (or measuring) the channel capacity for SDC, we can draw an inference

about the range in which the entanglement of the shared states (as quantified by ER) lies.

Also one of the bounds, namely, C < 1+ En continues to hold even when we are allowed

to vary the a priori probability of the various signal states (GDC). Thus, our inequality

allows one to impose a readily calculable (from the expression for Ep in Ref.[139]) limit

on the capacity for CDC, without having to optimize CDC over all possible a priori signal

probabili Lies.

The physical interpretation of the upper bounds become clear from the considerations

given in Section.6.9. During optimal and complete entanglement purification procedures

one generally enhances the classical capacity much more due to added classical side chan­

nels than the inevitable decrease in capacity brought by the loss of entanglement. The

information transferred through these classical side channels during purification helps to
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identify the entangled and disentangled subensembles. It is through this identification that

they directly play the role of boosLing the capacity. As after an optimal and complete en­

tanglement purification procedure, the capacity is 1 + Ep, this post-purification capacity is

an upper bound on the pre-purification capacity. As both the entanglement measures Ep

and Eg are upper bounds on Ep, all our upper bounds follow immediately. It is interesting

Lo note that the upper and the lower bounds are trivial in complementary regimes. When

C < 1, the upper bounds are trivial, but the lower bound (Eµ < C) is non trivial. On the

other hand when C ~ l, Lhe upper bounds arc non trivial while the lower bound is trivial.

We believe that this chapter imparts physical significance to the various measures of

entanglement from the viewpoint or forming bounds on certain kinds of dense coding pro­

cedures. This direction of physical interpretation of the entanglement measures is very

different from the standard interpretations which stem from entanglement dilution and dis­

tillation processes. In a sense, this chapter links up the apparently disconnected notions

of entanglement purification and dense coding. The considerations of the previous section

imply the following lower bound on the distillable entanglement: Ep 2 C - 1. This is

important because, as yet, there is no explicit formula for Ep for a general mixed entangled

state. Thus the readily calculable quantity C-1 (in the case of SDC) may offer a convenient

lower bound on the distillable entanglement of a given mixed state.

The interesting question to examine is what apart from entanglement is .involved in

determining the dense coding capacity. This may be some measure o:f clistinguishability

between the letter stales (hinted by the fact that the average mutual distinguishability

function forms an upper bound on the classical capacity C). An aim of further research

should be Lo work towards a complete formula for the capacity of dense coding. Moreover,

working with a similar motivation as this chapter, one can also try to relate entanglement

measures stemming from purification procedures to the other uses of shared entanglement

such as teleportation [19] and secret key distribution [17].
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Chapter 7

Teleportation of an atomic state

via cavity decay

7.1 Introduction

Perhaps the most popular application of entanglement is tclcportation [19]. In this chapter

we will present a rather unorthodox physical implementation of telcportation; an imple­

mentation that relies on decays.

/\ spontaneous decay is popula,rly regarded as a mechanism of coherence loss in a quan­

tum system. As such, it is hardly expected that such a process can come to any aid in the

processing of quantum information [141]. Two recent papers [142, 143] tend to dispel th.is

rnyt.h by showing how the delecti.011 (or the non detection) of decays can be used to entangle

the slates of distinct atoms. In this cha,ptcr, we show LhaL the above approach is not lim­

ited to the setting up of entanglement, but can actually be used for as genuine a quantum

information processing as tcloporta.tion. ln our proposal, the states lo be teleported (the

"stationary qubits") are atomic states which a.re ideal for the storage of quantum informa­

tion. On the other hand, quantum information is being physically transferred from place

to place via photonic states (the "flyi.ng qubits" [144]), which arc the best long distance

carriers of quantum information. In all expcrirncntal implemen ta,tions of teleportation to
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date [121, 122, 123], and in some related proposals [l45], the stationary qubits have been

of the "diITicult Lo hold" opticaJ origin. On the other ha,nd, in some earlier proposals for

atomic state teleportation [69, 146], the flying qubits have been atomic stat.es and thereby

non-ideal for long dista.nce Lclcportation. The schcrne Lo be described here differs from these

earlier experiments and proposals in using both the ideal stationary and t.he ideal flying

qubiL. IL also differs crucially from the much sLuclicd quantum communication setup in

which a photon directly transfers quantum information from an atom trapped in a cavity to

another atom in a distant cavity [144, 147, 148, 149, 150]. Our scheme does not require any

clirccL cnrricr of quantum information between distant atonrs. A joint detection of photons

leaking out of distinct cavities enables a disembodied transfer of quantum .inf'ormatio.n from

an atom in one of the cavities Lo an atom in the other. We thus provide a quantum slate

transfer scheme that completely avoids the difficult, lask of feeding a photon into a cavity

from outside by sophisticated experimental techniques [147, 148].

7.2 The basic idea

The basic setup consists of' two optical cavities, ca.ch coataining a. single trapped A three

level atom, as shown in Fig.7.I. Atoms I and 2 are trapped in cavities A and B (supporting

cavity modes A and B) respectively.The photons leaking out from both the cavities impinge

on the 50 - 50 beam splitter 5' and gets detected at the detectors D+ and D_. In.itially

W<.' will assume that these detectors have unit efficiency and will include a Anite detector

efficiency analysis at a later point. Tho cavity A, atom J, beam. splitter S' and lhe detectors

Di and D_ belong to Alice. Tiro cavity 13 with a.Lorn 2 bolon.gs to Dob. By following our

tclcporta.Lion protocol, Alice can LclcporL an unknown st.ate of her atom L Lo the atom 2

held by llob. The protocol takes place in lhrec stages.

In the preparation stage, Alice rnaps lier alornic slate to her cavity state [151]. At the

same time 13ob creates a ma.xirnally entangled sta,le of his a.Lorn and his cavity mode. In

the next stage (the detection stage) Alice waits for a finite time for either or both of her

clclectors Lo dick. If any 0110 o/' the detectors register a. single click during this time period,
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then the protocol is successful. Otherwise Alice informs Bob about her failure.

A correspondence of this protocol with the standard teleportation protocol [19] can be

made by noting that the beam splitter and the detectors constitute a device for measure­

ment of the joint state of the two cavities in the basis {[0)4[0)2,[1)A]1)B, )(0).4]1)B +
1)10)2), )a(0)/1)2 - [1)10)2)}. Here {10)4,/1)4} and {[0)µ,[1)2} are photon mum­

ber states in cavities A and B respectively. The teleportation is probabilistic, because it

is successful only for· the pair of Bell state outcomes of the above measurement (later we

will describe how Lo convert such a probabilistic teleportation to a reliable quantum state

transfer protocol). At the end of the detection period, if the protocol has been successful,

Alice lets llob know whether Dµ or D_ had clicked. This corresponds to the classical com­

munication part of the standard teleportation protocol [19]. Dependent on this information

Bob applies a local unitary operation to his atom Lo obtain the teleported state. We call

this the post-detection stage.

7.3 The scheme in detail

Lei us now describe and analyse the scheme in detail. As the cavities are leaky, and we

wish to look at single realizations conditioned on detection (or not) of decays, the ideal

unravelling or the system's evolution is through the quantum jump approach [152]. Let us

assume that the photon decay rate from both the cavities is"'· While Alice/Bob is applying

a Hamiltonian H to her/his atom-cavity system, its evolution subject to no detector click,

is governed by the effective Hamiltonian (with h = 1) Ha = H - inc'c (where c' and c are

the creation and the destruction operators for the cavity mode under consideration). The

coherent evolution clue to Har is interrupted by quantum jumps when there is a click in

either the detector D (corresponds to an action of the operator (cA + cg)/2 on the joint

state vector of' the pair of atom-cavity systems, CA and cs being the lowering operators for

modes A and B respectively) or the detector D_ ( corresponds to an action of the operator

(cA - cB)/2 in the same way).

The three level atoms have two ground states [g) and [e) (e.g. Zeeman sub-levels) and an
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Figure 7. l: The atomic state teleportation setup. The cavity A, atom 1, beam splitter S

and the detectors Di and D_ belong to Alice, while the cavity B and atom 2 belong to

Bob.
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excited state fr) (with a spontaneous decay rate y) as shown in Fig.7.2. Al.ice and Bob use

two types or time evolutions of the atom-cavity system as their basic local operations. The

first type is called the adiabatic evolution (shown in Fig.7.2) which is initiated by sw.itching

on a classical laser rield which drives the le) - Ir) transition with a coupling constant n.
The [r) - [g) transition is driven by the quantized cavity mode or coupling g. Both the

classical laser field and the cavity modes are assumed to be detuned from their respective

transitions by the same amount A. As the atom is trapped in a specific position in the

cavity, we can assume that the couplings 92 and [) remain constant during the interaction.

We choose parameters such that gD/t:.2 <{:'. 1 (the upper level Ir) can be decoupled from

the evolution) and A y (the spontaneous decay rate from Ir) can be neglected). The

Hamiltonian for the evolution of the system in such concl.itions (and g = 9 for simplicity),

is given by HO) = E\e)(el + E\g)(g\+ E(c\e)(g\+ c'lg)(e]) where E = g9/A [148]. The

other local operation accessible to Alice and Bob is the Zeeman evolution which is used to

give an arbitrary phase shift of the level le) relative to the level [g). The Hamiltonian for

this evolution by H9) = 6E\e)(el, where 6E is an energy difference.

Let the unknown state of the atorn I. which Alice wants to teleport be

(7.1)

where the superscript I in [){ stands for input and a. and bare complex ampEtudes. We

will assurne that the initial state of Alice's cavity is [O)A and the initial state of Bob's atom­

cavity sysLern is [e)2IO)e. At ru·st, Alice .maps the state of atom 1 onto the cavity mode

A by switching the Hamiltonian A') on for a period of time tr given by tan '' -E
where 9, = 4E2 - k. Subject Lo 110 decay being recorded in the detectors, the cavity

state is given by

(7.2)

where o = (eA''2Esin "y'), The probability that no photon decay takes place during

this evolution is given by PD(A) = (la[*a + [bl*). Meanwhile, Bob also switches on the

Hamiltonian H() in his cavity for a shorter length of time tr given by tan Es{z = -,}le"."2 2E-K
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Figure 7.2: The level configuration or the trapped atom showing the fields responsible for

the adiabatic evolution. The le) -+ Ir) transition being driven by a classical laser field

or coupling 92 and the Ir) -+ lo) transition being driven by the quantized cavity mode of

coupling g. A is the detuning of both the classical laser field and the quantized field mode

from their respective transitions.
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llis atom-cavity system Lillis evolves Lo Lhe e11Langled sLaLe

(7.3)

The probability that no photon dera,y takes place during this evolution is given by Psp(B) =

IJl'l I 3 r-ftir,;2 M2/' ·~I' I • I I • • I I/1 w 1crC' /, = -rr;:- v t.:,, sin 2 . •or <eep111g our ca, cu ations simple, we s 1ail assume

that Alice and Bob synchronize their actions in such a way Lha,L the preparation of the states

){ and [)Sg terminate at the same instant of Lime. This concludes the preparation

stage of the protocol. The prob,tbilit,y tlrnL Lhis stage is a success is the probability that

uo photon dc•ca,ys fr-0111 either cavity during the preparation. This is given by Psuc(prep) =

l'No(/\)/JNJ)(IJ). We will chooHc D,._ ::)> K. which m;:i,kes P811c(prep) ~ 1.

Now ronrcs Lhe deLccLion stage, in whiclr /\lice simply waits for any one of the detectors

O+ or I)_ to click. She waits for ;:i, finit,c deLecLion Lime denoted by tp. Alice and Bob

reject the rasrs in which Alice does not register any click or registers two clicks. The joint

sLMc of Alice's and Bob's system at the beginning of Lhe detection stage is

(7.4)

J\ssumr Alice registers a single click a,t a time ty s tp. The joint stale of Alice's and Bob's

I l'system rvolvcs as l<l>(l))A,2,8 = l~1(l))11 ® l1~(l))f.8 [152], where

co)= 4Gap,*at pg("oe"10) + 40))

and

(7.5)

(7.6)

The• rcgislNing of a click aL one of the detectors corresponds to an action of the jump

operators (cA ± cg)/2 on Lite sla.Le l<l>(lj))A,2,B· Thcrr the resultant joint stale of A.lice's

and l3ob's system becomes

1I <I~ (/,j))~~.H = --;:::======= {(aa] e )2
/Psp(A) + 2la[a?e28t

+ iblg)2) 0 /0)4/0)2

+ e*aolg)2 0 ([1),/0)2 ±[0)/1)2)}.
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(t))/5,g corresponds to Lhc click being registered in Dy and Lhe superscript J stands

for jump. At the end of a successful detection stage the joint state of the cavities A, Band

atom 2 will be [•(tp))fg In the post detection stage, Bob uses H() to give [g)2 an extra

phase shift with rc•spcrt. Lo jr)2. This phase shift is -i if' D+ had clicked and i if D_ had

dicked. This concludes the entire protocol.

7.4 Esti111ates of efficiency and success

WC' now proceed to estimate the fidelity of' tile teleported state generated a,L Bob's encl with

respect to Alice's input st.ate J\JJ)(. l1'irsL we nIust note that though the field continues to

decay even after the protocol is over (i.e /\lice has cea.sed Lo keep track of' detector clicks),

the reduced density matrix of atom 2 remains unchanged as this atom is not interacting

with the cavity field any more. Thus the ,weragc density matrix generated at Bob's end

duC' to our LclcporLa.Liou proccclur<' is given by

re Psp(A)])±(l + 2la[a?e2\g)2(gl2
=Fot4y + 2µal4at,-4a%

where [), = (rrnlc):2 + blg)2)/Jlnl2f'\'2 + 1612. The fidelity of this staLe with respect to

the input state is F(tp,a,b) = {Psp(A)(la]a + [b[?) + 2la[a?e2t\b[?}/{Pp(4) +
2JaJ2n2r-21(to }. We thus see that a,pa,rt f'ro111 the system parameters # and n,., the fidelity of

the generated state also dcpe11cls 011 the detection Lime lo and the modulus of the amplitudes

n and b of the initial state. It is thus a LeleporLation protocol with a stale dependent Ji,rlelity.

We ha,vc plotted tlw va.ria.Lion of the average fidelity of teleportation over all possible

input states as r1 function of' the detection Lime lo in f◄'ig.7.3. We see that the fideUty

increases with an increase of the clet.cction Lime. This happens because the measurement

done by the beam splitter and the detectors is completed only in an infinite Lime. Increasing

the detection time makes the measurement more complete Md thereby increases the fidelity.

The parameter regime used for this plot {(g:9:n::A)/2m = (10: 10: 0.0L: 1: LOO)

MIiz}, is carefully chosen to satisfy all our consLrai11ts (gf!/6.2 « L,6. ~ "Y,n" ~ n.). One

can, for cx,unplt', try to approach this regime by increasing the cavity finesse of Ref.[67)
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Figure 7.3: The improvement of average teleportation fidelity with the length of the de­

tection stage. The parameter regime is (.r; : n : i..;, : 1 : t::.)/21r = (.10 : 10 : 0.01 : 1 : 100)

MIiz

by an order of magnitude and incrcasiug the length of tha.t cavity to about a millimetre

while keeping the beam waist and other parameters constant. As evident from the plot,

the average fidelity approaches optimum vn.lue of 99.5 percent for a detection time of about

half the cavity life time.

The total probability of success of the protocol is also state dependent and given by

Re =

= (7.9)

where Fp(0,tp) is the p,·obn.bility of a single decay during the clot,cction period. Jn the

parameter domain under consideration, for tp = 50µs, we find that the average of the
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probability of success over all input states is a,bout 48.7 percent. This is a little lower

than the ideal success probability or· 50 percent (for Alice registering any of the pair of Bell

state outcomes) because the prcpar·ation stage has an extremely small, but finite, chance of

failure.

Let, in a real experiment, the total efficiency or photon detection (including all detector

and other unwanted losses) be n. In the detection sia,ge, /\lice will be ab.le Lo detect only

a. fraction 11 of all her succcssrul protocols. On the other hand, during this stage, she wiU

erroncouHly rcga,rd a fraction 2n(1-1) of the ca,ses with two decays as successful cases. Then

the probability of a successful protocol changes to £,(n) = nl,p(0,tp) + 2n(1- n)(1 -
PD(0,tp)- Pp(0,tp)), .i,nd the fidelity of the corresponding state generated at Bob's encl

would be {nfp(0,tp)F(tp,a,b)+21(1-1)(1- Psp(0,tp)- Pim(0,4p))\b[}/Ra(m), where
Pp(0,tp) is the probability of 110 decay during l,he detection period. In the parameter

domain under consideration, and for rt not lower than 1( percent, we can neglect the effect

of undetected photon losses during the prcpa,raLion stage on the fidelity. For a ''7 of 60

percent and detection times large cornpa,recl to the cavity decay time, the ficleLlty of the

slate generated at Bob's end is about 81 percent.

The main practical role of teleportation is as a device for linking up distant quantum

processors with entanglernenL. To set up e11tanglcrnent between their atoms, Alice and Bob

must both prepare their respective a.tom-rnvil,y systems in the state (le)IO) + -ilg)ll))/v12
during the preparation stage. G11tanglernont, is established if there is a single click during

the detection period. The resultant entangled state is [Vi) = {n(1 - e-*')/4}]v*)(v*]+
{n(1-n)(1+e+-2e-2*)/2}/g)la)2(gl(al», where [u*) = [e)1lg)2+lg)ile)». The relative

entropy of entanglement of this state can be calcula,ted [3J] and for to large compared to

the cavity decay time and a reasonable n of 60 percent it is about 0.J.6, while ror a high

of 90 percent it is about 0.48 (note that l1f112) is entangled for arbitrary rt)- From the

viewpoint of setting up of entanglement, our scheme is relal,ed to the scheme described by

Cabrillo et al. [142]. nut the cfncic11cy or success can be much higher (nearing 50 percent).
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7.5 A reliable state transfer protocol

It is interesting to note that the above probabilistic teJeportation protocol can be modified

to a teleportation with insurance. This means that in Lhe cases when the protocol is un­

successful, the original state of' Alice's r1,tor11 I is not destroyed, but mapped onto another

reserve atom r Lra.pped in /\lice's ca,vity. To accomplish this, Alice has to follow the local

redundant encoding of Ref.[149] and code her initial state [)} as a([e)ilg), + lg)le),) +
b(lg)i/g),. + jr),le)r). Af't,er Lhis, she just follows the same protocol as before. But in cases

when the protocol is unsuccessful, she is left with either the state a]g), + ble), or a state

that can be converted Lo nlg),. + bje),. by a known unitary transforrnaUon. She can now

exchange the roles of atom I and atom r and try to teleport the state /)} again. She can

repeat this procedure until teleportation is successful (Of course, this holds t,rue perfectly

only when ,, = I).

7.6 Conclusions

To conclude, we would like to mention that we have presented a simple scheme for atomic

state teleportation, which could be implemented as soon as one could trap single three level

atoms in a cavity. Moreover, by adding 0110 more atom to Al.ice's cavity, it can be converted

to a reliable state transfer protocol. This state tra,nsf'er protocol can be viewed as an alter­

native to designer laser pulses and adiabatic transfers (Refs.[147, 148]) for getting quantum

information into a cavity from outside. This state transfer should work for distances of

the order of the absorption length scales of a. fibre. All the model independent portions

of Lhc analysis of communirnlion through a noisy quantum channel [149, 150, 153) should

carry over to this dcca,y induced scenario of slate transfer. The scheme described here is

also a rare example of a quantum decay playing a constructive role in quantum in format.ion

p rocessing.
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Chapter 8

Conclusions

In this thesis we have described some applications and ma.nipula.tions of entanglement and

some physical implementations of these processes. Most of the applications and rnanipuJa­

tions described are connected in one way or· other to the common theme of state preparation

of one system by actions performed on another system. For example, in the second chapter,

we deal with preparation of nonclasical states of a cavity field by conditional measurements

on a macroscopic mirror. In the third chapter, we use the fact that decoherence of a macro­

scopic mirror (which is equivalent Lo measurements done on the macroscopic mirror by an

external environment) induces decoherence of the state of a cavity field entangled with it.

Multiparticle entanglement swapping is also state preparation of several distant systems by

measurements on some systems brought together. Entanglement concentration by swapping

projects a pair of systems to a maximally entangled state corresponding to certain measure­

ment outcomes on another pair or systems. Dense coding (which we generaJize to mixed

states in chapter 6) is an example to preparation of a joint state of two systems by unitary

rotations on one system alone. In chapter· 7, we give a. physical implementation of tele­

portation. Teleportation is, beyond doubt, the most striking example of sta.te preparation

at a distance. Can this common theme point to a direction for quantifying entanglement?

For example, could the Local number of states of' one system (as quantified by some kind o[

volume) accessible by measurements on another system entangled with it be a meausure of
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entanglement? We leave such questions for the future.

Each of the aspects described in the thesis would have further extensions to consider

for the future. For example, one could analyse the state preparation methods described in

the second chapter from a more practical perspective. This would involve full considera­

tion of decoherences of tho cavity fields and the mirrors and finite time and accuracy of

measurements done 011 tho mirror. The heuristic considerations of clecoherence in our third

chapter need to be backed up by more detailed calculations. Especially interesting would

be the prospects of preparing nonclassical states of phononic vibrations when the movable

mirror is replaced by a deformable mirror coated on the face of a crystal. All analysis in

the chapter on multiparticle entanglement swapping has been very schematic. There is still

an enormous scope' of further study of the efficacy of entanglement swapping for different

types of entanglement distribution channels used prior to swapping. Whether a quantum

telephone exchange really provides advantage while setting up multiparticle entanglement

would depend on the cost of distribution of bipartite entanglement and the decoherence in

the channels used for the distribution. Such an analysis, identifying the cases in which a

quantum telephone exchange is an useful concept, deserves further study. Jn entanglement

concentration via swapping, questions of extensions to higher dimensional bipartite entan­

glement and to mixed entangled states remain open. Jn chapter 6 we have described how

the capacity of dense coding with mixed states is related to the measures of entanglement

stemming from purification procedures. A physicaJ meaning of this relationship has also

been presented. It would be of interest to be able to rigorously justify the conjectures used

while presenting the physical meaning. It would aJso be of interest to relate the fidelity

of teleportation and the security of entanglement based cryptography to the measures of

entanglement in the same way. In the previous chapter we have described a method of Lele­

portation through the detection of cavity decays. Similar techniques can a.Jso be used for

dense coding and the concentration of shared entanglement. These remain to be analysed

in a future work.
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Appendix A

The time evolution operator for a

cavity mode interacting with a

movable mirror

'l'he Lirne evolution operator is given by

(A.1)

where l is Lhe Lirnc multiplied bym, k = g/wm and r· = o/. We now consider a unitary

transformation using the operator

(A.2)

Note that this is a displacement operator for the mirror in which the displacement amplitude

has been replaced by the number operator for: the cavity mode. Using the Baker-Campbell­

llausdorfr expansion [73], the effect or this 1.ransformation is read.ily shown to be

TUT! = b + kata, (A.3)

TU'Tt = b* + kala, (A.4)

Ta'art = ata.. (A.5)
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Using the fact that

(A.6)

for any function f, unitary operator U, and arbitrary set of operators {Xi}, the effect of

the transformation on the time evolution operator is easily calculated to be

(A.7)

Multiplying 011 the left by Tt, ,wd 011 the right by T, we obtain the folJowing expression for

the time evolution operator:

(A.8)

(Note that to obtain this exprrssion we have swapped various exponentials which contain

commuting arguments.) To obtain the final form or U(l), we need to swap the last two

exponential factors in th.is expression. To achieve this we note first that the BCH expansion

gives

(A.9)

and again using Eq.(A.6) we obtain

(A.10)

Multiplying both sides 011 the right by e-ib'b ye arrive at the relation required to swap the

exponentials, namely

We may now write the expression for U(t) as

U(t) = e-+ralat,ik(ala)t"kala(t'-b)

-kala(bt«-i-be'),-ibtbx e e ,

(A.11)

(A.12)

and to obtain the final expression given in Eq.(2.7), we need only combine the arguments

of the 3" and 4"" exponentials, which is readily achieved with the BCH relation [73].
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Appendix B

Solution to the master equation for

the system when the mirror's

motion is damped

We need to solve Eq.(2.29), which contains two parts. The solution of the first part

rlp(t) = _!:_[fl (l)]
di N4'sPU Es

is known to be

p(t) = U(t)p(O)Ut(t)

where, U(l) is given by 8q.(2.7). On the other hand, the second part,

is known to transform [A)(A] as [60]

where, [A;) and [A;) are coherent states.

Let the initial state of our system be

p(0) = Jo)(ala ® [0)(01,
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that is, we assurnc Lhc mirror to be in a vacuum state initially (for simplicity). As the

clamping loca.liZC'S U,e mirror sLa.Le Lo a coherent state basis, and correspo.ncling to each

number slate of t,he field, the mirror is driven lo a separate coherent state, at any time t

lhe general form of the density matrix will be

p(o)= Pan(D)In)(m\a© le(n,0)((,0la
n=0,m=0

(B.6)

Thus, we can split Lhc evolution of Lhe entire system into separate evolutions labelled by m

and n. In other words, we break our problem int,o that of calculati.ng the evolution of each

of the en tities pan(t) \¢"(,t))(¢(3,0)Ia, separately. In any sn,aJI time step t:::.t during

which evolution occurs only according to Eq.(B.2), the amplitudes of lhe coherent states of

lhe mirror change according Lo

</>n("Y, l)-+ (1 - iAt)¢d"(,t) + iknAt,

while if evolution occurs according to Eq.(B.3), then

llencc we can set up the following differential equa,tion

eat _ -i6,(n,0)+ in - 74,(9,0di •nvrs' •o 9Ynt , , ,

the soluLion for which (with initial condition ¢n(,, 0) = 0) .is given by

6(,0)= "",(1-e(+/24
'1-'n 1

' i + "Y /2 •

Next let us dcLcrniine how Pnm(I;) evolves. Fol'lowing Eq.(B.2) it evolves as

P, (t)-+ p (t) «+k°(n?-m?)At(1-cost)nm nm ,

while Eq.(B.3) transforms

Pan(t) - Pam(t) («(n,t)]4»(,8))0-e-709
= p ' (t)e-l<t,,,('i',t)-¢m('i',t)l2-y.:'.l.t/2nm ,

.l38

(B.7)

(B.8)

(B.9)

(B.10)

(B.11)

(B.12)



where the smallness of At and the facL Lha.t i'm(</>n(,,t)</>m('Y,t)*) = 0 (f'rom Eq.(B.10))

have been used. Hence, evolving Pnm(O) according to Eq.(B.ll) and Eq.(B.12) alternately

and taking the limit At - 0) we obtain

( ) Pnm(o)eik
2(n2-m2)(t-sinl)Pnm l =

xezJ" I#a(9,0)-4#6,0)R4t (B.13)

Combining Eq.(B.I0), Eq.(B.I3) ::1,ncl Eq.(13.6), a.nd evaluating the integral in Eq.(B.13) one

can obtain Eqs.(2.30)-(2.32) of sccLion 2.7, which constitutes the complete solution for the

density matrix of' the system at an arbitrary Lime.
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