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Introduction 

(1) INTRODUCTION 

The principal object of this thesis is to present a detailed 

linear analysis of a synchronous machine based on the funda-

mental electric circuit theory. For the sake of convenience in 

Presentation, the material is divided into two parts, one on 

steady state and the other on transient state. This is done 

also because in finding the steady-state solution some attempt 

has been made to take into account the effects of space har-

monics whereas there has been no such atlapt in finding the 

transient-state solution. 

At steady state, all authors have used the method of sym-

metrical components(1) for dealing with unbalanced loading con-

ditions, though very often the applicability of the method has 

been taken for granted. In fact, the method of symmetrical com-

ponents, if applied only to the fundamental-frequency auantities 

without due consideration. of the harmonic quantities, is only 

an approximate_ process. Its accuracy rests on the choice of the 

negative-sequence reactance of the machine, which has no defin-

ite value and is dependent on the entire system to which the 

machine is connected. Fortunately, its value does not, in gen-

eral, vary very much and the approximate way of applying the 

method of symmetrical components can be used without much error. 

The worst conditions arise when there is capacitance in the 

armature circuit which may make it impossible to assess an ap-

propriate value for the negative-sequence reactance without 

giving full consideration to the effects of the harmonics. 
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Usually the transient theory of a synchronous machine is 

concerned with the transient-state currents and voltages follow-

ing a sudden change of the terminal condition of the machine, 

though Concordia(2) has drawn particular attention to the tran-

sient torque. ParIc's equations(3)  have been able to transform 

a three-phase synchronous machine into an equivalent d.c. ma-

chine with two sets of brushes(4'5), thus enabling the transient 

state current of a synchronous machine operating under balanced 

conditions to be derived in a more logical and rigorous manner 

. by solving these operational equations (6)  . Earlier, the tran- 

sient-state current has been derived by using the constant-flux 

theorem 	which Doherty and -fickle have used with advantage 

in their study of the single-Phase short circuits(8). Concordia, 

following the same line of reasoning, has extended the method 

to the double-line-to-neutral short circuit
(2) 

In the thesis, the differential voltage equations of the 

synchronous machine are established in accordance with Kirch-

hoff's first law. They are linear equation equations with peri-

odic coefficients. The equations are solired by applying the 

method of the Laplace transformation(9). The fact that the co-

efficients of the differential equations are not all constants 

illakes it impossible (except for the symmetrical three-phase 

operations of the machine) to get a closed non-series solution 

for the equations. 

At steady state, the armature current can be expressed in 

the form of an odd-harmonic series so that the steady-state 

solution can be obtained by substituting the harmonic series 
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in the equations and proceeding to determine the coefficients 

of the harmonic series. With the neglect of the space-harmonic 

effects, a general operational solution is obtained by solving 

a recurrence equation (derived from the general differential 

equations) prescribing the general operation of a synchronous. 

machine under linear conditions. The operational solution is 

in the form of an infinite series involving also continued 

fractions. To find the inverse transform of the operational 

solution, which gives the explicit expression for the armature 

currents, in a rigorous manner is by no •means a simple process. 

An approximate process is illustrated-by the examples,  of a 

symmetrical three-phase short circuit, a line-to-neutral short 

circuit and a double-line-to-neutral short circuit. 

The derivation of an explicit solution from the operational 

solution is extremely complicated. It is done with the Primary 

aim of showing the fact that the well-known solutions for the 

simpler cases of transient problems can be obtained by a more 

rigorous mathematical approach. For dealing with more compli-

cated problems, it is imperative to have a simpler yet depend-

able method of solution. With thiS in mind, equivalent circuits 

relating the current and voltage components at different fre-

ouencies and of different sequences are developed which can. be  

applied to the steady-state and the transient-state problems. 

The average torque can also be obtained readily with the aid of 

the equivalent circuits. 

The equivalent' circuits can be applied to more complicated 

problems by suitably connecting the component circuits together. 
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The final complete equivalent circuit is in general an infinite 

ladder network. The numerical solution for a particular problem 

can be found approximately by using a limited number of meshes 

of the infinite network. The minimum number of meshes that can 

give a sufficiently accurate. answer varies with the type of 

problem as well as the constants of the machine and must be 

determined by one's own. discretion. If a suitable type of net-

work analyser is available (one that can represent negative 

resistance), this can be done by trial and error without spend-

ing too much labour. 

As has been pointed out, the subject of-the thetis:is the 

linear theory of the synchronous machine, the assumptions of 

no magnetic saturation and no speed variation are made through-

out the whole thesis. The magnetic saturation can be, allowed 

for by choosing machine constants appropriate to the condition 

being considered. The speed variation of the machine following 

a sudden change can be approximately taken into account by 

dividing. the period of time under consideration into a number 

of intervals with appropriate constant values of speed. 
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PART I STEADY-STATE SOLUTION 

(2) GENERAL EQUATIONS AND THEIR STEADY-STATE SOLUTION 

(2.1) General  Equations of a Three-phase Machine 

When magnetic non-linearity is neglected, a synchronous 

machine may be regarded as two or more magnetically coupled 

electric circuits with time-varying circuit parameters. Because 

of rotation the windings on one side of the air gap constantly 

change their positions with respect to the windings on the 

other side of the air gap with the result that all the mutual 

inductances between any two windings belonging to different 

members (the stator and the rotor) of the machine vary period-

ically with the rotor position. With the usual symmetries of 

the magnetic and electric circuits within the machine, these 

mutual inductances can be expressed•as a Fourier series con- 

sisting of a fundamental and odd-harmonic components, the rotor 

position being the variable. If'the effects of winding slots 

are neglected, the self-inductances of all windings and the 

mutual inductances between any two windings on the same side 

of- the air gap of a round-rotor machine are constants because 

they remain unaffected by the rotation of the moving member of` 

the machine. If the machine is one of salient-pole construction, 

the self- and mutual inductances of the windings on the field 

structure are still constants but those of the armature windings 

become functions of rotor position u.,Ting to the periodic change 

of the reluctance of the magnetic circuits linking with them. 

These functions can usually be expressed as a Fourier series 

consisting of a constant and even-harmonic components. When 
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the machine is running, the rotor position varies with time 

and the inductances which are functions of rotor position be-

come functions of time. 

Apart from the peculiarity of the time variation of some 

of the self- and mutual inductances, there is no basic differ-

ence between a static network and a synchronous machine. In 

fact, any electric circuit theorem, if not pertaining only to 

circuits with constant parameters, .apPlies eoually.well to the 

synchronous machine. Based on this reasoning, it is possible 

to establish the general differential equations of the syn-

chronous machine from the knowledge of the basic electric cir-

ctit theory. 

wig. 2.1 shows the schematic diagram of a three-phase sali-

ent-Dole synchronous ma-

chine with one damper 

circuit in each of the 

pole and interpole axes. 

The armature windings are 

in the stator and are 

labelled a, b and c, a 

being thdleading phase. 

The field and damper 

windings are in the rotor 

and are labelled f, kd and ka. The arrows indicate the direct- 

ion of the mmf's set up by the currents in the respective wind- 

inr4s. 

With the rotor in the position shown, i.e., with the axis 
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of the field wind-in leading the axis of phase a by an an le G, 

the expressions for the various self- and mutual inductances 

are, in the form of Fourier series, as follows. 

La  (8) = self.inductance of windinp. a 

= Lao  + La2cos2G 	La4cos49 	... 

Lb (e) = self-inductance of winding b 

LOG - 2n/3) 

Lc  (8).1- self-inductance of winding c 

= 1a(8 + 2m/3) 

Iiab (G) = mutual inductance between windings a and b 

= Mso  + Ms2cos (28 + 1r/3) 	m 4cos (4e t 27t/3) 

Mlbc(G) = mutual inductance between windinci:s b and c 

= id b(9 - 2/V3) 

`Glca(8) = mutual inductance between windings c and a 

= ;10(9 + 2n/3) 

Maf(G) = mutual inductance between windings a and f 

= 1'laficos0 t l‘f3cos3G +11f5cos59 + • • • 

Mi)f(e) = mutual inductance between windings b and f 

14:0,,f(G - 2n/3) 

Mof(e) = mutual inductance between windings c and f 

;f(G + 2n/3) 

M:akd(G) = mutual inductance between windings a and kd 

= Makdlc°sG Kakd3cos3G + Ilakd5c°s5G 
Mbkd.(e) = mutual inductance between windings b and kd 

= Makd(e 2n/5) 

MChd(G) = mutual inductance between windinizs c and kd 

= Makd(G 2'0) 
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Y (9) = mutual inductance between windings a and kq -sag . 

= Makelcos(G + n/2). + ckocos.(39 - w/2) 

+ M kci5coa59 +n12) + 

1110Itc(9) = mutual inductance between windings b and kq. 

= Makg(9  - 2g/3)  

c (G) = mutual inductance between windings c and kq 

lilako (9  + 2n/3 ) 

With the machine running steadily at an angular speed of 

(A), 8 = wt +x, where X is the angle by which the field axis 

is ahead of the axis of Phase a at t= 0. This relation can be 

substituted into the above expressions to change them from 

functions of rotor position to functions of time. 

Only those parameters which are functions of rotor position 

have been listed above. The remaining parameters, namely, the 

armature resistances Ra, Rb, Re, which are assumed equal, the 

field and damper resistances Rf, Rkdl  Rkg, the self-inductance 

of the field and damper windings, Lf, Lkd/  Lkg, and the mutual 

inductance between the field and the direct-axis damper wind-

ings Mfkd  are independent of the rotor position. 

In the above Fourier series expressions, the even-harmonic 

components represent saliency effects and the odd-harmonic 

components (excepting the fundamental component) represent 

space-harmonic effects. When either or both effects are negli-

gible the corresponding harmonic components will be reduced 

to zero. 

When the armature phases a, b and c are connected through 
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(2.3); tRi= 

kd 

a. 

b 

kq  

(2.2); [41= 

a- 

[eJ = 

kd 

Va  

Lb 

41, 

v,+ C. 

tlb  + 8.6 

vc + ec  

0 

0 

0 

( 4) 

R.+ Rae 

+ 1,e  

R. + Rce 

Rf  

And 

kd 
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external impedances Rae, Lae' Rbe' Loe and Rce' Lce to a three-

phase voltage source va, vb  and vc, there will be six separate 

closed circuits all inductively coupled within the machine. Six 

uoltaFe equations, therefore, can be established which are 

sufficient for the determination of the six unknown currents. 

When the excitin current has reached its steady value of Ife, 

these equations may be written in matrix form as (the induct-

ance components hisher than the third harmonic have been nep:-

lected for simplicity) 

[e] = [R1.[i.1 + 	3mq01 	
(2.1) 

	

0- 	b 
	

c. 	f 
	

kd 
	

kg, 

C 	 kd 

L..„ 	+ Leta 

+1-0a co.s.xe 
Me 

"PM31  COS (20*n/3) 
MSo 

+ MS/ &OS (2 19 - xl3) 
Hoff 40-5 8 

+ mat. cos 38 
Metid, COS a 

+ m,„kd, cos 39 

-Makv COS ( 0 -7SI.2.) 

-MokqJ  co.5(3 8 +7cia) 

Mso 
+ M,2  C45 (2 .9 4-70) 

1-be 	t 1-00 

4  Lax cos (20 #21c13) 
1 1.50 

- Ms.% C4-1 .20 

Map COS(0-. 21013) 

-11-1.13 cos30 

Mokdr WS (8-an 13) 
# modi  cos30 

-Makv  c..05(.9 +57r/6) 

- mako  003(30+7r/2) 

/4450 
+Ms., cos (le - irl3) 

Mao 
—Ms, c.os a 0 

I- 	t L.,, 
+1.,”.0O3 (49 -.27r/ 	) 

fr1,1 C45(6+1713 ) 
ftl.f3 cos 36 

Makd s c.os(e,-21t13) 
4., makd) 003 38 

-Mokv , CAS (8 +7c16) 

"Mak9.3 CO3(30+ ,02 ) 
Mat , cos 8 

'Mat; COS38 

P4.i, e• 0 4 (0 -17V3) 
1. Mat .; 005 38 

1.4.f, cot ($ +.27t13) 

+ H0f 3 co-5 30 /"f M fkd 

Makell COS 9 

1.  Makd3 co$30 

Match COS (8-21C13) 

I Make3 c0538  

Mekd I COS (81'21[(3) 

+ Nieka, COS 30 r`ifkd Lk,4 

-?4"i' ''''S  ( 9  - rrti-) 
... Mplti3  CO5 (30 +7r/2 ) 

"P'1.4.1, co. s19157C(6 ) 
.• M.194 Ca5(.3 0 ',. l'an 

-r-104,, cc's (19 + nib) 
'. 1.1 aki3 C 03 (315 +M(A) Lis, 

In the voltap;e matrix, ea  = taddafi foaing 

eb = ea  (G -.2x/3) and ec  = ea  (G 2A/3). Higher harmonic com- 

ponents of the self- and mutual inductances may be added to 
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the eouations when a truer representation of the machine is 

desired. ';Ihen there are mutuals among the external impedances, 

they can be included in the equations by adding extra terms 

to the appropriate elements of the inductance matrix ELI and 

the resistance matrix [R] . The current i is the: harmonic 

(and transient) component of the total field current, the 

steady component Ifo  having been deducted. 

(2.2) Approximate Solutions for the Fundamental, Third-  and 

Fifth- harmonic Currents 

Before the steady-state solution of the general equations 

is given, it is desirable to state the assumptions made in 

deriving it. It is assumed 

1. That the mutual inductance between the armature and the 

field windings is the same as that between the armature and 

the direct-axis-damper windings, when they are expressed on 

the same basis (say the per-unit values), i.e., haf(8) 

Makd(8); and  

2. That the field and damper resistances are negligible 

compared with the field and damper reactances at twice or 

higher multiples of the fundamental frequency. 

The first assumption is nearly true for salient-pole machine 

of normal construction, though the error may be larger for 

round-rotor machines. This assumption really means that there 

is a flux common to all, or any two, of the armature, the field 

and the direct-axis-damper windings when their axes coincide. 

The second assumption is very nearly true with respect to the 
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field winding though the error may be larger for the damper 

winding. This assumption, however, is not essential, though 

it helps to simplify the expression of the solution. 

With these assumptions, the fundamental components of the 

armature currents, expressed in terms of complex numbers, are 

given by the following matrix eollation whose derivation is 

given in detail in the Appendix, Art. 14.1. 

Z,,, -Z, Z.,, Z„. z„, 1722%,  

Z, Zi,„ -4, Z„, hZ„,. hZ,,, 

- Z :,,' , Z,,,, Z c., Ill  Z,,,, b zw. ;,Az,., 

Veti +  Ear 

Vb, t Et„ 

Vo t 5c, 

IQ) 

• 
I2 

Ea, = 

ab, 	h2 

Ec, = h ea, 

h  = 6)2.13 

Vb„ V,, = forndorrsental cor”ponents of the three-phase voltage source 

Za, = Rae  + 	j‘ss(L„e+ 

= Rbe Ro..4"p.o(LbetLi) 

Zed 	,..-.-. Rce  + Ra+ 	(-et 4.  L, ) 

L, 	= Laa —  4- frff „- 

1.1f.51 = 1'1c:ft/Lie + M 72 I f Lks, 

1'4 (53 = 1.14 3 I 	+ f+16441,3 41% 

Lie 	= (Lf Lied — 144d .)I (Lit 1.{ed 2 144#kof ) 

. „, 	 A.4 	-4,, (4) , ,f 3./ 4  
a 

z, = jw(L a2 -m—,A)/) 

= 	(M.C. -*3t". l'fm,4  )12  

1"1711a = MOH 1.4411,  .1(17fe 	 fri.hi 3 iLicep 

(2 6) 

(z.7) 



hici) = --j 	mf ,;„ 	4- )3co •-± (-L... .1., + ms. 	h 	) 	j 	+ 

-t- j .3co * Mrra ( Zet , Zen,. Zed) -I.  j 3 w ¢ Mn+s (Zo, Y Zb7 	) 

frifo  = Maf l  fLf e  — 

t.(1'45.-r., 4  
Laz 	t-i32 	 j 	(1„, h,  z6, 	)h 

H7VIS = "afi Haf3/Lfe  t Makq,, 1.4a43/ L.k$  

) 	j 3 c.) 	( a, Zb: z,7 

* 	Ea' H33 hlrb,  "" La2 h re, )17 +J 3w#' Hfd,(Za,th' 4, + h )h 

+ j 3 "/ *143,..o 	zb, 	) 	* Hz”Z 	* 1.67 "1" re7) 

V03  , y63,  tc3  = Thud/-harmonic components of the three-pho.re vohcave Jou rce 

Zda = Rod  t Ra  j .5.0 (Lae + L.3) 

= 	Ree 	• J 3 u-)  (Lee* La) 

2,3  = Rea t R., + L3 ) 

Lao — P4 f3f — * M153 

3 c..) Okorso  .t' 	— Hfs3  

E 

E  c5  

"":1 3"-) H as 3 14.1ri r  ;13,4  

j 31.45 	Mond r 	4- 

..)3u"  Ma" Z., j 345  

( A•q) 

Za5  Z„,5 Z,”5 

Z,,,3 Zba 2.,5 

Z,,,5 Z,",5 Zc5 

Vb5 	b5 

V5  + EC5 

  

165 (2./o) 

1c 5 
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The third-harmonic components of the armature currents are 

Given by the matrix equation 

Za3 Z m3 Zrn3 

Z,,, Z„ 7, 

Zr".5 Z 1,13 ZC 3 

Va3 5,3  

Vb3 	Eb3 

V„ + E c3 

ra3 

re3 

Similarly the fifth-harmonic components of the armature 

currents are 3iTen by the matrix. eouation: 



where 
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E05 = j54.0* Mr,s ( 2 	- h 	Z.') 4 )5w4r "fa' ( 10*/ 	4. 1:) 4-  .1 5")  ± La= Ia3 Msz 	z zc3) 

+ j5co m4d, Za3 	Zn3 h 	+ j5 * 3447.d ( Zos 	Zbi 

frt1d3 = Mai3 	- Marge ILkq  

565 = 5"414 ”" 	't 211 	— 	ic, )J++ j.54 	Mid) ( 	T 	+ 	( r-r„ za , 	A4zb, # 	;;)h4  

j 5")  *" 	(1a , 1g'14, h 	5co 	(- 	 -h xci )  

E cs  = j5W+ 	( xa , 	x b ,♦ 1 h. 	) 	+ j5e.,* 	( I; T 	t Ic , ) + 	 t 1.152 #,A 	h 	) h 

	

* j 5 ca *Mid, ( lab * hA 163 	Arci )h..15"Jt",4”...4 (- 10 , • • h a  I" 4- 2 I‘j )k) 

Vas 	Vb, Vc, = Fif h -harmonic c0...pon,..-a's of Me 14,Ce.  -‘DAQ.✓e vol'Ara5re Joueec 

Z as  = Roe 	+ j5 ( 	* L5 ) 

Zb5 	Rbe  * 	* J 54.-3( Lbe  * L3 ) 

245 	= Ret +R4  -e• j 5 r.) (hce  L5  ) 

L.s = Lao ••• 1,1i, 

FMS= j 5")  ( 	140, - MIS!) 

Similar equations for the determination of current components 

of higher frequencies can be derived without much difficulty 

following the same procedure used in deriving Equ. 2.6. But it 

may be necessary to include more harmonic components of the 

various inductances in the voltage matrix [e] and the induct-

ance matrix [LI , as they may become significant for higher-

order harmonic currents. 

(2.3) Corrections for Effects of Currents of Higher Frequencies  

The equations given in the preceding article for determining 

the armature currents are not exact expressions. One can see 

that the equations for the fundamental currents do not involve 

harmonic currents, the eauations for the third-harmonic currents 

involve only the fundamental and the third-harmonic currents, 

and the equations for the fifth-harmonic currents involve only 
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currents of the fundamental, third- and fifth- harmonic fre-

quencies. Not that there are no reactions from currents of 

higher frequencies on currents of lower frequencies but that 

their effects habe been omitted. This has been done in order 

to make the equations reasonable simple. If a more accurate 

answer is desired, particularly when the external impedances 

are small, corrections can be made to the first set of results 

obtained by the equations in the last article. The correction 

is achieved by adding to the first set of results current in-

crements due to the additional voltages representing the re.-

actions from currents of higher frequencies. 

For the correction of the fundamental armature current, Equ. 

2.6 can be used by putting current increments. Ala', Alb', 

AIL anditInl  in place of the original currents and add-

itional voltages4- Eal, A2b1, 4E01 in place of the original 

voltages. The additional voltages are given by 

a Ea , = 	 t43;  h 43  t M ja  h'1, f ) + jw * M fd, (1,3  h .1o3 h2.43) 

4.  P3 Mm5 ( 21.05 	-h Ic5) 	* ti fd 1( 1:5 1. 16S 	) 

A Eb, = j061i.  ( Mara} - La:  h Ia3 t'Is2 114  Ica) h 	 j",  M f:11 (103 th 163+ h' 	)h 

+ 	(- la, -+ 	- h 1,5 ) Al  t w IF Mfd 3(I.s+I63 + Ics )  

A  Et/ = Jw x ( 	Za ÷ i'151h Io3 	h 4 Ico)h4  t j * Midi ( I" 4.+h zlcs )h z  

j 	- 	h'ib5 + 2n 	) h 	ju, 	mfai 1-4'; +.G1+.rc:) 

Similarly the correction of the third-harmonic currents due 

to the effect of the fifth-harmonic currents can be obtained 

from ,qu. 2.g by putting 

E" = j34.) (1-a2 	h Ibi M.r2  .z.C5) + j  w i• Mi d  , 	h los + ;711[5) 

1 344M?”..i ( 21,5 -  h 	h4Zcs) 

(2.1.2) 



P.15 
Art.2.4 

A E63  = j 3 to -al- (-P142  Zas t Laah ros  - frt„P.res)h -/-j 3 w 4-  Mid/  (215  -0- AZ65  14142.45)h 
+ j3cv4Msnd (-45  # zhIss  —1145)h 

and 	4 Eo = 3c°z (-M$2 	"s2 445 't Las h2-45)h44-j3(..4mid, (45  I,  h14, h.' 45 )42  
+:154) '`Imd ( -1as -1445  ÷ gh4-res)i,  

The complete solution for the steady-state armature currents 
by 

is therefore givenAthe set of equations 

[t.E3.] = [ZI]{Ia.) 

1E1 	[o 31 = 	['ID] 

[AE5] 	1Z51:115] 

In. these equations, LE.,J, cE9 , [E51, etc. are the. equivalent 

fundamental, third7harmonic, fifth-harmonic, etc. voltages. 

due to current components at lower than' the respective harmonic 

frequencies. [A Ell, CAE) , [AE5], etc. are the equivalent 

fundamental, third-harmonic, fifth harmonic, etc. voltac,:es 

due to current .com-oonents at higher than the respective 

harmonic frequencies. 

(2.4) Sources. of Harmonic Currents  

If magnetic non-linearity is neglected, there remain three 

sources responsible for the generation of harmonic currents. in 

asynchronous machine. They are the non-sinusoidal variation 

of the mutual inductances between the armature and the rotor 

'field and damper.) windings5 the variation of the self- and 

mutual inductances of the armature windings, and the unbal- 

anced, fundamental armature currents. In other words, the. 

harmonic currents in an unsaturated synchronous: machine may 

be due to the space-harmonic effect, the armature saliency 
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effect and the unbalanced loading effect. 

To make the statement clearer, consider the equivalent third- 

harmonic voltage Ee3(Equ. 2.9), which comprisethe following 

four components: 

-i3wmaf3zfo /ri 

2. j.34.0 ± (Lao 	— Msa 	— ms2  h 

3. j3w 	(h44,/1-0  — Ma21.4,,/i-kg,)( fa, # 4, 	z„ 

j 3W 	( Na }i Mao /1-fr  — fr-faicr 	VI 3/L.., )(z,, 1" Ibl i 'ref) 

* (1.1,11  Mo ja  hit + Maks,/ M.k1,31441,)(Ial X:, 4- It” 

The first component is due to space harmonics; if there is 

no space harmonic, is f3 = 0 and this component disappears. The 

second component is_due to armature saliency effect; if there 

is no saliency, lh2Ms2 = 0 and this component disappears. 

The third comPonent is due to unbalenced loading; if the arma-

ture circuits are balanced, there will be no negative-sequence 

currents and aGain this component vanishes- The fourth compo-

nent is due to the combined action of space harmonics and un-

balanced loading, and the elimination of either the space harmo-

nics or the zero-sequence armature currents will reduce it to 

zero. 
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(3) SIAPLIFICATION OF THE SOLUTION 

(3,1) Assumptions and Conventional Machine Constants  

A great simplification of the solution given in Chapter 2 

can be realised if the space-harmonic effects are neglected. 

By space harmonics are usually meant the harmonic components 

of the spatial distribution of the air-gap flux but in the 

expressions of the general parameters (Article 2.1), it is 

their effects, rather than the space harmonics themseltes, 

which are expressed explicitly. These space-harmonic effects 

are represented by the. harmonic components of the mutual in- 

ductances between windings belonging to different members of 

the machine, such as Maf3, Idaho, etc. The relative values of 

1,82, M2, etc. in the 'expressions for the self-inductances of 

the armature windings are also affected by space harmonics. 

Although space harmonics are in general not negligible in 

themselves, particularly for salient-pole machines, their ef- 

fects are nevertheless negligible in a well-designed machine: 

In fact, the space-harmonic effects can be completely elimin- 

ated if the armature windings are so distributed and chorded 

as to make the winding factors for the harmonic voltages equal 

to zero. 

In the event of negligible space-harmonic effects, the ex- 

pressions of the general parameters are simplified considerably, 

as 	, mako, etc. will be reduced to zero and, as has been 

shown elsewhere, Ms2  = - Ila2. With these simplifications the 

conventional machine constants X0, Xd, Xq, 4 and Xq can now 

be introduced. Define 
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.0.o 	(4(1,8,0  t 2M20) 

= zero-sequence reactance 

Xd w(Lao Mso 31"a2/2)  

direct-axis synchronous reactance 

°(Lao - Mao - 3 42.2/2)  

= quadrature-axis synchronous reactance 

X = Xd  — 3 Eta MLI2Lf.e  

= direct-axis.subtransient reactance 

X" = X —q 	3 (.43  iilaa.kg.1/21.1..q 

quadrature-axis subtransient reactance 

(3.0 

 

which can be used in place of the five constants Lao' Mso, Ib:21  

'ff ilaf1(.1.1,e  and ML11/1.kg  remaining in the steady-state solution 

(Equs. 2.7, 2.9 and 2.11) after making the assumption of negli-

gible space-harmonic effects. 

(3.2) Simplified Solution in terms of Conventional Machine 

Constants  

When the conventional machine constants (X0, Xd, X , :e and 

X") are introduced, it can be shown that in Equ. 2.7 

= -L 
3 	A (

c.,* xi ) * t(x,1+ x;) l 

Z„„ 	1-36  { 	, c,cr 	oc;i. + )1. —jtif(xd.+xl,) + foafxo -2x.1 

z, =. ji(x„-xv) 

and 	z. = h'ZA, 

In. Equ. 2.9, 

1_3 	x4; 	) 

z„,3 = 	(x:,+ 	— xc,  ) 

Ea3 	J.2-. 	) 

(3.2) 

(3.3) 



(3.4) 

= 3 (xz,  xi' 4-  x- ) 
-,j 	(zh,* f)(xl• )4; -1 x.) 

71.1 4-,)( 

and = h 

where ( 1-0(17.1.-17 641b(”1-,7 hICC.,n-,>) 
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E,53  = h' E 

and E„ = ;75,2 3 

Similarly for the (2m+1)th harmonic (m = 1, 2, 3, ...) 

Also the additional voltaes (Equ. 2.12) representing the 

corrections due to currents of higher frequencies are reduced 

to 
A Ea, = -j f ( 

Ebfr = h 
	

(3.5) 

and. 	A EU  

and in General 

and 

where I3+lam r ,7 

= 

= 	4  h 

Thus, when the effects of sPace harmonics are neglected, the 

interaction between currents of different frequencies can be 

expressed in the simple general form given by Equs. 4 and 5a• 

If the source voltages va, vb  and vc  are sinusoidal, the 

(2mi-1)th-harmonic current will depend on the product of (XF.Xcl".) 

and the neP:ative-seauence, (2m-1)th-harmonic current. The sub- 

transient saliency (Ka 
	rtt ) is, therefore, the most important 

factor in determining the relative magnitudes of the harmonic 

currents when a machine is operating under unbalanced condi-

tions, in the absence of space harmonic effects in the machine 
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itself and time-harmonic effects in the source voltages. 

(3.3) Balanced Three-phase  Operation and Two-reaction Theory 

When the external impedacnes connected to the armature 

phases are equal, i.e., whenR ae .= Rbe 	Rce and Xae= Xbe= Xce,  

and the. source voltages are balanced, i.e., Val  = hVbl  = 

the fundamental armature currents are also balanced, and the 

set of equations represented by Equ. 2.6 can be reduced to a 

sinsle equation representing one phase only. Omitting the sub-

script 1 and using the conventional constants, the voltase 

equation of phase a is 

Ear 	= 	Re 	( x e 	) 1. Za 	 xd ; x,, 
 Za 

or 
	

VA 4  E 	= 	Ra 	"1"Cr,)} 	 j z  c xs- xl,) 

where 	Vat = va  — z x j = termino,  vaiiage of fihaJe 

When the source voltages are sinusoidal, there will be no har-

monic components in the armature currents and Equ. 3.6 is an 

exact solution. 

Becauseofthepresenceo cannot be solved for as 

a single mathematical entity from Equ. 3.6. The most natural 

way of solving the equation is to resolve Is into its real 

and imaginary components, thereby yielding two equations of 

real numbers.. This process coincides with the two-reaction 

theory because, as will be shown, the real and imaginary com-

ponents of the armature current are in fact the direct- and 

auadrature- axis currents introduced by the two-reaction the-

ory. Thus using the conventional subscripts d and q. to denote 

the real and imaginary components. of the armature current and 
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voltage, the two equations of real numbers derived from Equ. 

3.6 are (Ea.  = - jEao) 

Vq - Eao  = 1d  Id  Raiq  
(3.7) 

and 	Vd  = Ra id - lea  Ia  

which are the same as the two axis,-eauations given by the two-

reaction theory. 

The difference between Equs. 3.6 and 3.7 can also be com-

pared Graphically from the vector diagrams drawn accordingly. 

Fig. 3.1 is the composite diagram comprising the vector dia- 

grams 	presenting the equations based on both theories. 

In the two-reaction theory, the armature current Ia  is re- 

sorbed into two components, the direct-axis component Id  and 

the quadrature-axis component 	 The voltage. pentagon OABDEO 
q' 

is completed by adding to the terminal voltage - Vat  the 

direct-axis synchronous impedance drop (R t jXd )Id , repre-

sented in the diagram by the vectors AB and CD, and the quad-

nature-axis synchronous impedance drop (? + 1Ko)I01., repre-

sented in the diagram by the:. vectors BC and DE. The open-

circuit voltage of the machine is given by the vector OE. 

If Eau. 3.6 is used, instead of the axis currents, a con-

juate current, Ia , is introduced. The skew voltage pentagon 

OAC±J.60 is completed by adding to the terminal voltage - Vat  

the resistance drop AC and reactance drop OF due to the arm-

ature current Ia  and another reactance drop FE due to the 

conjugate current I. The open-circuit voltage of the machine 

is again given by the vector OE. That the point E determined 

by both voltage pentagons coincides can be checked by consider- 
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ing the magnitudes and directions of the various component 

voltage vectors, asmarked in the vector diagram. 

There is an advantage of the diagram based on Equ. 3.6 over 

the_two-axis diagram based on the two-reaction theory for the. 

graphical determina-

tion-  of the voltage 

regulation of a syn-

chronous machine. 

When the terminal. 

voltage and the arm- 

ature current are 

Real or 	 known, the voltage_
Jirect 

111111110 

: 

as 
D 

ze 

- V 

vectors OA, AC and 

CF are fixed. The 

voltage vector FE is 

also known. A circle 

and the. length of FE 

magnitude of the 

the point F as. centre 

can be drawn with 

as• radius intercept-

ing CF at G. The, line 

joining the points 

0 and G is in the direction of the open-circuit voltage vector 

OE. The: point E, or the end of the vedbr CE, is: the. other point 

of intersection of the circle and the_- line OG or its. protract-

ion. The skew voltage•penta8on: OACkEO is.- thus completed. On 

Fig. 3.1 
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the other hand, if the two-axis diagram is followed, la  must 

be resolved into its axis, components Id  and lq, which cannot 

be done since the direction of OE is unknown. Consequently, 

it is impossible to complete the voltage Pentagon OABDEO by 

Purely graphical means. 

(3.4) Single-phase Operations -- Approximate Solution 

The single-phase operations (line-to-neutral and line-to-

line) are the simplest cases of unbalanced operations of a 

three-phase synchronous machine, as there is in effect one 

closed armature circuit. When the machine is loaded from line 

to neutral, the fundamental armature current is readily found 

by putting La  = Icl = 0 in Equ. 2.6. Thus, using the conven-

tional machine constants, 

14, + 	 ft 	Re +j 	Xe  t 3(xe   	jj .j., 	 j 	 (3.8) 

Similarly, putting Ito = Ic3  = 0 in Equ. 2.8 gives the ap-

proximate third-harmonic current: 

,x7e  +xi; -ex°  
Va3 	 Re + j 3 ( Xe 	

 t 
3 	j 143 

In general, the (2m+l)th-harmonic current is approximately 

given by 

-1  t  (2,„40(x;LH-.0 za(zr„..„ = 	R.+ 	+ j (2rn+ 	xe + xa÷x:"° ) lacam+i) 	( 340) 

The general expression of the equivalent voltage represent- 

ing the corrections due to currents of higher freauencies 

Given by 

(3.9) 

(3 11) 

When the machine is loaded from line to line, expressions, 

similar to Equs. 3.10 and 3.11 can be obtained by subtracting 



bO 
= 

iKi+1-(x.+3xe) t 1'44 i-(4+3We) 

7,1 = I, 2, 3, •••• 

+toco-rixe) - 	+1•(4+3xe) 

(3./6) 

and 
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the voltage equation of phase c from that f phase b and using 

the relations Ia. =, 0 and Ic  = - Ib (valid for all frequenc(les). 

It can be shown that the fundamental current is approximately 

Given-. by 
- - — 

Ybci + Et," = 2,2„, + Re  + j 	+ 	+ 	 - j 	Xec- Xi) 	 (3•/.t 

the (2mi-1)th-harmonic current is approximately given by 

+j t (21••,+1)(Kt-x,i,),T1,0„,_,, 	 +.)(47,,,+,)(xe 	(3.")  

and the equivalent voltage for current correction is given by 

Ebalm_ o)  = j t ( 27-n-1)(x;L••xi) 	 (3.I4) 

When the external impedance Re, Xe  is_large, or the. subtran-

sient saliency of the machine is small, the harmonic currents 

are small and Equs. 3.8 and 3.12 will give nearly the correct 

values of the fundamental currents. Otherwise corrections must 

be made by using Equs. 3.11 and 3.14. 

(3.5) Single-phase Operation with Negligible Armature Resist- 

ance—Exact Solut ion  

When the resistance in the armature ctrcuit is negligible 

and the source,  voltage is sinusoidal, an 'exact' solution for 

the armature current can be found as shown in the Appendix 

(Article 14.2). It is shown that for the line-to-neutral case, 

the fundamental and harmonic components of the an-nature current 

are given by 

3(V4,4 	= j 1 i (X,,i{ Xs+ 	3%e) 4 IC Xa. j,(X,,,4 3x e )1Cx,i,+±( x„,+,3Xe )1 I La, + j (xd-Xq.) ja 
 (3.15) 

where 
Ia(sm:rr) = 647 Li 

Similarly, for the line-to-line case, the fundamental and 
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the harmonic components of the armature current are given by 

+ Ebe , 	(xa 	xe) + .,1 (x,14—± xe )(x',4,4. xe) }4r 	j f(cct—xs,) 

where ri,(a„,,.„ = 

and k- 74TF57-514757.  X 	e 	M 
Comparing Eau. 3.8, the approximate solution for the funda- 

mental component of current for the line-to-neutral operation, 

and Equ. 3.15, the: corresponding 'exact' solution for negli-

rd_ble resistance in the armature circuit, it is clear that the 

only differente between them, after neglecting the R's in Equ. 

3.8, is in the coefficient of I 1. The two equations would be 

identical if the Quantity 

.-(Xd  Xti) 	 (3.19) 

which is part of the coefficient of la1 in Equ. 3.8, were equal 

to 

   

4 	 — ±(y.+3xe) 	(3.zo) 

the corresponding quantity in Eau. 3.15. Evidently Expressions 

3.19 and 3.20 are equal only when Xg.  = Xtl, that is, when the 

machine has zero subtrans:ient saliency and consequently zero 

harmonic currents. The actual difference between them depends 

on the relative magnitudes of xl, xq-  ", X0  and Xe, and will be 

largest when Xe  is equal to zero, that is, when the machine is 

directly short-circuited from line to neutral. 

Similarly, Eaus. 3.12 and 3.17 can be compared for the line-

to-line case. It can be shown that the expression corresponding 

to ExPression 3.20 is 

4 ( X + ± X e)(Xli, + t e ) 	:17 X e 	(3.z 

which differs from Expression 3.19 by the largest amount when 
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Xe is equal to zero. The difference will then be the difference 

between the arithmettical mean and the geometrical mean of the 

direct-axis and the quadrature-axis subtransient reactances. 

(3.6) Further Possible Assumptions 

When the effects of space harmonics are neglected, the 

solution for the steady-state currents of a synchronous machine 

is greatly simplified (Art. 3.2) and can be expressed in terms 

of five derived machine constants (Equ. 3.1). There are other 

possible assumptions which will further reduce the number of 

machine constants and simplify the solution. The assumptions-

may reduce the accuracy of the result but they may be essential 

when it becomes necessary to have as simple a representation 

of the synchronous machine as possible, as in the power system 

studies. 

If necessary, the synchronous. saliency (Xd  Xq) may be neg-

lected. This is equivalent to neglecting the terms involving 

the conjugate currents in the solution for the fundamental 

currents and taking the average value of X(5.  and Xq  as the single 

synchronous reactance. The appropriate value of this synchronous 

reactance is, in fact, some sort of a mean value of Xd  and Xq, 

depending on the phase of the armature; currents, and the. arith-

metical mean is but one of the possible values. 

The subtransient saliency may also be neglected for simpli- 

city. This is_equivalent to neglecting the harmonic currents. 

A single subtransient reactance (which is virtually the same 

thins as the_ negative-sequence reactance) may be used and 
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some sort of a mean value between XI and X'cl may be assianed to 

it. Its appropriate value depends on the harmonic currents and 

can be worked out for any particular case. 

When both kinds of saliency (synchronous and subtransient) 

are neglected, there remain only three distinct reactances, 

i.e., the zero-sequence reactance X0, the synchronous reactance 

(mean value of Xd,and Xol) and the subtransient or negative-

sequence reactance (mean value of X'ci and X;c1), and the solution 

may be considerably simplified. 
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(4) METHOD OF SYI.iMETRICAL COMPONENTS 

(4.1) General Considerations 

In the simplified solution (Article 3.2, negligible space-

harmonic effects) the positive- and neGative- sequence currents 

(Ip(2m_i) and In(2m-1)) automatically come in althourth no at-

tempt has been made to introduce the method of symmetrical 

components at that stage. This s ggests that there must be 

some Gain if the method is applied. 

The form of the machine impedance matrices (Equs. 2.6, 2.8 

and 2.10 with external impedances omitted and space-harmonic 

terms neGlected) also shoos that it can be diagonalised when 

pre-multiplied by [Sr and post-multiplied by CS] , where (51 

is the well-known symmetrical-component transformation matrix 

defined by 

0 

rS1 	b 

I / / 

h l  h 1 

h h2  / 

When the external impedance matrix is of the General form 
b 

Z Zr  Z2  

zz  2 Z 2. 

Zr 271  Z 

its inclusion does not affect the Process of diaGonalisation, 

and may be treated as part of the machine impedance matrices. 

When the external impedance matrix does not fall into this 

cateGory, no material rzain will be realised by the use of the 

a. 
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method of symmetrical components. 

Without the knowledge of the actual form of the external im-

pedance matrix, the external impedances may be omitted if the 

machine terminal voltages vat, vbt and  .v ct  are used in Place of 

the source voltages va,vb and vc. This is a rigorous process 

though the terminal voltages of the machine may not be known 

without first finding the armature currents. 

Since the method of symmetrical components is in itself a 

rigorous mathematical transformation process, its application 

will in all cases give correct results, provided it is applied 

in a rigorous way. In other words, the method is. always valid 

if in addition to the fundamental-frequency quantities the 

harmonic-frequency quantities are also included in the course 

of the transformation. 

(4.2) Sequence Eauations 

When the symmetrical component transformation is made to the 

volta,ze, current and impedance matrices (Equs. 2.6, 2.8 and 

2.10 with the elements of the voltage and impedance matrices 

simplified to Equs. 3.2 and 3.4 by neglecting space-harmonic 

effects) according to the formulae 

[W. [z] 

= s 1E) 

and 	b=1 ' = 	] C.1 51 

where the dashed auantitie:: are those after the transforma- 

tion, and the interaction of currents of higher frequencies 

(Equs. 3.5 and 3.5.a) are included (i.e., the exact solution), 
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(4.1) 
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it can be shown that the fundamental voltage equation is. 

xa.xj, 
j + x,-xR,, i 	1' a z 

x R„ + 	
4,4

l' 
" , 	K ;',. - x;t: 

.1 	2 j 	
z 

120  + j X 0  

1/41.1.-.)E10 

Vnit 

Vort 

and the (2m+1)th-harmonic voltage equation is 

g,+ j(a-m+0 1'1A+5C j(im.i) 	;xi: 

R„ri(27.+1) 'e;L:4.-"Ci j(arn.q) 4-xi 

R, +j (a Th4-/A, 

Vp(2 

Vplum+Ilt. 

VI,(47,71.4) 

where the subscripts p, n and o denote the positive-, negative-

and zero- sequence quantities. 

It is clear from Eaus. 4.1 and 4.2 that there are independ-

ent circuits for the positive-sequence, fundamental-frequency 

component of current and the zero-sequence component of current 

at all frequencies. The negative-sequence, fundamental-frequenc3, 

component and the positive- and negative- sequence harmonic 

components of current are all mutually related. This fact has 

been shown elsewhere based on the concept of rotating fields. 

The equations (4.1 and 4.2) may, therefore, serve as a mathe-

matical proof of the rotating7field theory. 

Since the positive-sequence, fundamental-frequency current 

is independent of the armature current components of other 

sequences or frequencies, the two synchronous reactances Xd 
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and Xq  are not affected by the armature currents (remembering 

the assumption of no magnetic saturation). Similarly the zero-

sequence reactance Xo is also independent; of the armature cur-

rents. The negative-sequence reactance, however, has no definite 

values, being dependent on the magnitude and phase of the har-

monic currents. When the harmonic currents become negligible, 

it is equal to the arithmetical mean of the direct- and quad- 

rature- axis subtransient reactances 	and 	as can be seen 

from Eau. 4.1. 

It is now clear that the quantity given by Expression 3.20, 

which is originally picked out from the armature reactance as 

the part which is affected by the harmonic currents, is in fact 

the negative-sequence reactance aPpropriate to the case(single-

phase line-to-line) considered. Similarly the quantity given 

by Expression 3.21 is the appropriate negative-sequence react-

ance for the single-phase line-to-line operation with negligibl 

resistance and capacitance in the armature circuit and sinu-

soidal source voltage. 

(4.3-) Single-phase Operations 

The solution for single-phase operations can also be found 

from the sequence equations given in the preceding article in 

addition to the more direct process shown in Article 3.4. The 

use of the sequence equations for these simpler cases may be 

a. roundabout process, but it does serve, to show, as an example, 

the application of the method of symmetrical components. 

It can be shown that for the line-to-neutral case, the 
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positive-, negative- and zero- sequence currents are equal and 

each has one third the value of the phase current. This con-

dition is valid for currents of allfrequencies, so tthat 

1p.(2m-1) = In(2m-1) 	I0 (2m-1) = la (2171-1) 
	(4.3 ) 

Substituting the relation given by Equ. 4.3 into each of the 

sequence eauations represented by Equ. 4.1 and adding, gives 

f5FLa * jD(Xd*Xq) + .'1'(Xid*Xq) + Xol}la1/3 

j (Xd-Xci  )I,1/6 	j (4.-Xq" ) ;3/6 	(4.4) 

which is equal to Equ. 3.8 with Ze  omitted and ,4E21  addAd. 

Similarly, from Equ. 4.2, 

Va(2m-1)t = j(2m-̀ 1)(4-41)Ia(2m-1)/6  

3(2m4-1)(4+X'cl+X0)1 la(2m12.)/3 

j(2mf1)(4-Xlcpla(2m4.3A 	(4.5) 

wiich is equal to Equ. 3.9 with Ze omitted and LiE, (2 	added. amtl)  

mtl)tr. 0, the following rela- When Ra  is ne,,lected and Va(2  

tion can be derived from Equ. 4.5 (Referring to Appendix 14.2): 

Ia(2m+1) = beIa(2m_i) 	 (4.6) 

where 	be  = (✓q17,-LIK; —,5:Nx0)/(,(Rh-1.1sxo  f %/1Ccifil3X0) (4.7) 

Putting m = 1 in Equ. 4.6 and substituting into the negative-

sequence equation of Equ. 4.1, 'a3 
 can be eliminated. The nega-

tive-sequence equation becomes, with R. neglected, 

Vni = j V(4n,x0)(x7 - x011111 	(4.8) 

which shows that the negative-sequence reactance for the line-

to:line loading without external impedance should be 

X2 /T2J+1i-Xo)(Xql-Xo) 	 (4.9) 

which is the same as Expression 3.20 when Xe  = 0. 

Valt
f.   Eal 
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Adding the positive- and zero- sequence equations from Equ 

4.1 and the ner:!!ative-sequence equation (Equ. 4.8) gives. Equ. 

3.15 for the fundamental-frequency current. The equation fer 

the harmonic currents (Equ. 3.16) can also be derived from 

Equ. 4.5 by using Equ. 4.6. 

Similar considerations can be liven to the line-to-line case  

With the current restraints 

is = 0 and 1-0  = - c 

the sequence currents are 

IP(2m-1) In(2m-1) jib(2m.-1)//5  

and Io(2m-1) 0 

Using these current relations and Proceeding in like manner 

as in the line-to-neutral case, it can be shown that Eaue. 3.12 

and 3.13 (with Xe  omitted and &Eal  and Ma(2m4.1„),added) can 

be derived. It can also be shown that'when Ra  is neglected and 

Ybc(2m-1)t = 0 the. appropriate ne2:ative-sequence reactance is 

X2 '1:11dX1 	
(4.10) 

which is the same as Expression 3.21 when lie  = 0; 

(4.4) Synchronous Ebtor on Unbalanced hains 

As another example for the application of the method of sym-

metrical components, consider the case of a synchronous motor 

operating with unbalanced sinusoidal applied voltages. It is 

clear, from Equ. 4.2, that when Te(2m_1) 	vn(2m...1) = vo(2m-1) 

0, no harmonic currents higher than the third will exist. 

Thus, instead of an infinite number of equations as for the 
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general case there remain. only fOur equations, among them two 

independent, relating the sequence fundamental currents and. 

the positive-sequence, third-harmonic current: 

V pr - jEao =Ra j  -12- (x4+ X.0 	+ j -t(xct-x0 Ibr 

	

Vni 	= 	+ j o,:c+ NO} Jr,,  + j (x2 - x,0 .43  

	

0 	= 	Ra  j ()Q-A. x,i,)} 	+  

and' 	ve, 	(R0  +i x.) z0, 

In Equ. 4.12, the third-harmonic current Ip3 can be elim-

inated by using Eau. 4.13. If Ra  is neglected compared with 

3(X34-_-; ')/2, Equ. 4.12 is reduced to 

V771 	{ R. + j 4i.X.Y1 (x;C+Kia} X77 	 (4.15) 

which shows that the appropriate neative-sequence reactance is 

X2  7. 2X'd!X'cl/(XgfXV 	 (4.16) 

The third-harmonic current is approximately given by 

Ip3  = 	(Xg-X )/ (X'd+Xa" ) 	 (4.17 ) 

V+.5)  Nero tine-sequence Reactance 

In connection with the solution for the particular cases, 

a number of possible values (Expressions 3.19., 3.20, 3.21, 4.9, 

4.10 and 4.16) for the negative-sequence reactance have been 

worked out. It is interesting to note that all these values lie 

within two limits, the arithmetical mean (3.19) and the harmonic 

mean (4.16) of the direct- and quadrature- axis subtransient 

reactances. It is thus possible to conclude that the relation 

±06+n) > xl > 2x1xV0a.,q) 	 (4.18) 

for the negative-sequence reactance holds in general Provided 
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that the source voltages are sinusoidal and that there is no 

capacitance in the armature circuits. 

Although X2  depends on the harmonic currents and varies 

within the limits given by Expression 4.18, a definite value 

must be assigned to it before an 'independent' negative-sequenc 

equation can be obtained. A possible value for X2  is the geom-

etrical mean of the two limits, which is also the geometrical 

mean of X" and X" and tha appropriate value for the line-to-

line short circuit. The difference among these three sorts of 

mathematical mean value (arithmetical, Geometrical and harmonic 

of X"d a and X" depends on the relative magnitudes of X" and X". 

For a machine with damper windings in both the direct and the 

auadrature axes, the difference between xg and X(q is generally 

small and the three sorts of mean value will not differ much 

from one another, and the use of a single X2  for all posEible 

operation (except with capacitances in the armature circuits) 

of the machine will not cause much error. Much greater error 

will be introduced when the machine has negligible quadrature-

axis damping, as rq will then have the same value as. Xci. Ex-

ternal inductive impedances will reduce the difference between 

the overall subtransient reactances in the direct and quadra-

ture axes, and are therefore favourable to the use of a single 

X2. Table I gives a. comparison of the three sorts of mean value 

for a certain range of the ratio X"/7" q 
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TABLE I 

1.o 1.000 1.000 1.000 
1.5 1.250 1.225 1.200 
2.0 1.500 1.414 1.333 
2.5 1.750 1.581 1.429 
3.0 2.000 1.732 1.500 
4.0 2.500 2.000 1.600 

(4.6) Simplified Method of Solution 

For the sake of simplicity, both or either of the synchronous 

or subtransient saliency of a synchronous machine may be neg- 

lected as discussed in Article 3.6. The , neglect of the subtran-

sient saliency and the use of a single X2  results in the. possi-

bility of an independent negative-sequence equation. If the 

synchronous saliency is retained, the steady-state fundamental-

frequency armature currents of a synchronous machine can be 

approximately found by the following four equations: 

	

Vq • Eao = Xdld  + RaIci 	 (4.19) 

RaV- 	- Xcilq 	 (4.20) 

(Rd .1x2)In 	 (4.21) 

Vo  = (R 	ixo)I0 	 (4.22) 

where V and V are the direct- and quadrature- axis components d 	q 

of the positive-sequence terminal voltage, Id  and IcL are real 

numbers and are the real and imaginary parts of the positive-

sequence current Ip. In  and Io  are complex numbers. 

To simplify the equations further still, Ra  may be neglected 

compared with lid  and Xq. The direct- and quadrature- axis equ-

ations (4.19 and 4.20) thus become independent of each other. 
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If the synchronous saliency is also nerzlected, the positive- 

Art. 4. 6 

The machine may therefore be represented by four independent 

equivalent circuits, three of them are simple passive networks 

each containing a single impedance, as shown in Fig. 4.1. 

sequence equation reduces to 

Vp 	Ea  = ( e, 	jx1)1, 	 (4.23 ) 

where it  is the positive-sequence reactance. Eaus. 4.23, 4.21 

and 4.22 are sufficient for the determination of the fundallent-

a1-frequency armature currents. Ba,rallel to the ner:ative-

sequence reactance, the value of X1  may be taken as the: geom-

etrical mean of X and Xq. Since the ratio Sid/Xq  it seldom 

larger than 1.5, there is not much difference whet-her the 

arithmetical mean, the geometrical mean or the harmonic mean 

of Xa  and Xq  is used as X1. 

It, is interesting to note the analogy regarding X1  and X2. 

The success of usini7 a sinpae X1  depends on the neglect of the 

synchronous saliency and that of using a. single X2  depends on 

the neglect of the subtransient saliency. If the machine has 

a symmetrical rotor (one with both synchronous and aubtransient 

symmetries such as the rotor of an induction motor), there will 

be no saliency of either_ sort and Eaus. 4.23, 4.21 and 4.22 

give exact results. A solid (unlaminated) round rotor is syn- 

chronously symmetrical and approximately aubtransientlY sym-

metrical, so the three sequence equations: can give good results 
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for a machinebauipPed with such a rotor. For a salient-pole 

machine with damper windins in both the pole and the interPole 

axes, the synchronous saliency is appreciable but the subtran-

sient saliency is small, and Eaus. 4.19, 4.20, 4.21 and 4.22 

can be used without much error. 

In the event of appreciable space-harmonic effects, the 

fundamental currents may still be determined by the method of 

symmetrical components as discussed above, as the effects of 

space harmonics on the fundamental currents are small (referrinE 

to EQU. 2.7, if Idaz 	0.1M 	Malz/Lre 	O. 0111Ian/Lfe  , etc. ). 

The harmonic currents are much more affected by the presence 

of space harmonics. The most prominent term due to sloace har- 

monics in Ea3 	• (Eau 2.9) is involving the term 	 the field excita- 

tion unless the zero-sequence, fundamental-freauency current is 

unduly large. This suggests that the harmonic currents may still 

be found by Eau. 4.2 provided the terminal voltage V a(2m-1)t 
„- 

includes the component -j(2m1-1)1/1,af(2m+1)IfoA/2. This process 

has the physical meaning of neqlecting the armature reaction on 

the harmonic flux (in space due to the field excitation). This 

is approximately true when the deree of unbalance of the arma-

ture circuits is not too larrze, as the positive-sequence, fund-

amental-freauency current cannot modify the harmonic flux, a 

concept parallel to the fact that the negative-sequence, fund-

amental-frequency current cannot modify the. fundament4flux. 

(4.7) Experimental Results  

(a) Round-rotor machine 
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The. machine was a synchronous-induction machine with negli-

gible synchronous saliency and damping effects. The space-

harmonic effects were also negligible. The fundamental and de-

rived constants of the machine shown in Table II were measured 

by a.c. measurement. 

TABLE II 

= 0.68 ohm 	Qat°  = 87 ohms 	colds°  = - 40 ohms 

4163L„:„ - • 4.79 ohms (including the:-exciter inductance 
- 

u);f1 = 18.2 ohms 	(+)/27c z 50 cps 

Xd  = Xq  = Xq = 127 ohms Xa = 23.2.. ohms. 	X0  = 7 ohms 

With a line-to-neutral inductive load consisting of a fixed 

inductor of 11.6 ohms at 50 cps in series with a variable re-

sistor for load adjustment, and an excitation of 30 Amos., the 

calculated results, using the equations given in Article 3.4 

and making the correction once, are shown in Table III and 

Fir-. 4.2. The effects of harmonics higher than the fifth have 

been neglected in obtaining the results given in Table III. 

TABLE III 

Re 	0 	20 	40 	70 	100 	140 	200 

Ial 	5.05 	4.87 	4.43 	3.66 	3.02 	2.38 	1.78 
/-179.4V-164.7"7-152.6°/-136.9°  -127. 7-118.Y:1-111.3G  

Ia3 	1.45 	1.39 	1.24 	0.98 	0.75 	0.53 	0.33 
/-173.97-158.2°/-138.60/-115.092.6°  /-79.90  /-62.7' 

Ia5 / 0.34 	0.33 	0.30 	0.25 	0.18 	0.13 	0.08 
L-L179 . 2° /-156  . 19  /-134.2*/-2.06.  4°  /-84.0°  /-60. 2°  /-33 . 94  

The waveforms of the calculated and measured currents cor-

responding to Re  = 100 ohms are compared as shown in Fig. 4.3. 

The measured values of the third- and fifth- harmonic currents 
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are Given in Fib. 4.2. These values were measured by an har-

monic analyser. 

The values of the fundamental current found by usin8 N2  .7 

= 51.4 ohms and neglectinE the harmonic currents are 

Given in Table IV. 

TABLE IV 

Re 	0 	20 	40 	70 	100 	140 	200 

I 	5.26 	5.06 	4.60 	3.78 	3.10 	2.46 	1.80 al /-175.5°  L-164. Z-151.0°/-136.17/-126.1°/-117.9*Z-110.1*  

For Re  .7 0, the !exact' value of la'  and Ia3  found by Equs. 

3.15 and 3.16 are5.07Z-18eand 1.48/-180°  respectively (K2  = 

59.7 and 1)0  = 0.293). 

The measured and calculated 'results with an. excitation of 

20 Amts. are also shown in FiG. 4.2. 

(b) Salient-pole machine 

The machine was a salient-pole machine with neraipzible 

ouadrature7-axis:damping. The fundamental parameters and the 

derived machine constants (ne:3lectin3 s-oaca-harmonic effects) 

are: shown in Table V. 

TABLE V 

Ba  = 0.03 ohm"'Lao = 0.51 ohm 	uallgo  = -0.19 ohm 

4/01b2  = 0.07 ohm 	4431 2 = -0.06 ohm 	Wiaf.l  7. 34..5 ohms 

= 1.81 ohms 0,34.fl/Lfe  = 0.39 ohm 
= 0.02 ohm 

X.ca  = 0.81 ohm Xq=.4=0.60 ohm X0=0.13 ohm X1=0.33 ohm 

The quantity involving_ the square of haf3  is:: small and neg-

lected. 

The connected load impedance were 

Zee  = 0.09 4. j1.0, Zbe  = 1.68, 	Zee  = 0.74 + j1.0 
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at_ 50 cps. The_ field. excitation was.1 Amp. 

The calculated and measured values of the fundamental currents 

are _ compared as shown in Table VI. 

TABLE VI 

Phase 

Using Equ. 2.6 

a 

34.7 
L-179.1°  

	

b 	c 

22.9 	25.1 

	

/13 	9.5°  
Ner<locting synchronous Saliency 3:5.6 24.0 26.4 
& Space-harmonic Effects /-175.7° /136.5°  /-40.2°  

Test (magnitude only) 34.7 23.1 25.6 

The various components (as classified in Article 2.4) of the 

equivalent third-harmonic voltages and the third-harmonic cur-

rents are shown in. Table. VII. 

TABLE VII 

Phase: 

Voltage component due to 
space. harmonic & excitation 

a 

7.56 
/-90.0° 

7.56 
/-90.0°  

7.56 
/-90.0°  

Voltage component due to 1.94 1.20 1.26 
synchronous saliency /-104.2' /102.5° /-11.3°  

Voltage component due to 5.14 5.14 5.14 
negative-sequence current /141.0* /21.0°  /-99.0° 

Voltage component due to 0.47 0.47 0.47 
zero-sequence current /-90.0' / -90A 0°  /-90.0°  

Total third-harmonic voltage_ 7.45 6.89 13.4 
/-126.8' /-47.9° /-87.8°  

Third-harmonic current 1.89 4.06 3.43 
/157.7°  /-82.7° /-162.5° 

Test (current, magnitude only) 	1.96 	4.28 	3.52 

The results given, in. Table VI for. the fundamental current 

componentsshow that the error introduced by neglecting the 

synchronous saliency and space-harmonic effects is not large. 

This close result is: -oartly due to the fact that the effects 
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of synchronous saliency and those of the space harmonic are of 

opposite nature, which is clear from Equ. 2.7; and partly due 

to the effect of the external reactances. 

Comparing the various components of the third-harmonic 

voltages given in Table VII confirms the statement made in the 

last paragraph of Article 4.6 that the most prominent terms 

are those due to the field excitation and the negative-sequence 

current. The .component due to synchronous saliency becomes 

wholly dependent on the negative-seouence current~ when Ms2 

- Lh2, a condition which is very nearly true unless the effects 

of space harmonics are unduly large, and may be taken as part 

of the component due to the negative-sequence current. Thus, 

with these two prominent components included and the others 

(part of the second component and the fourth component in 

Table VII) neglected, the error introduced will be of the order 

of the fourth component (due to zero-sequence_ current) in 

Table VII. 
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(5) FIELD CURRENT DAMEER CURRENTS & 

ELECTROPIAGNETIO TORWE 

(5.1)• Field  and Damper Currents  

In the process of derivinp; the steady-state solution for 

the armature currents, the field and damper currents hate been 

eliminated, so that these currents are missin?: in the solution 

riven in the previous chapters. They can, after the armature 

currents have been determined, be found by substitutin7 the 

values of the armature currents in the field- and damper-

circuit voltage equations. 

At steady state, each of the currents i (the field excita-

tion Ifo excluded), ikd and 
 ikq can be expressed by an even-

harmonic series without the constant term Xd.c. component), so 

that the field and damper resistances may be neglected compared 

with the reactances at twice and hiUher multiples of the fun-

damental frequency. Thus, nep;lectinfz the field and damper 

resistances and inte7rating, the field- and damper- circuit 

voltaE:e equations may be reduced to 

o = Map IL._ cos wt + 	cos (tat - 2,c/3) + i,c  cos (wt 1- arc/3 ) I 

	

fripi )  ( 	-fr b  + 	)co5 3cat + 	+ MO,/'kd  

o = May, [ L. cos wt 	cos (wt - -17c/3)+6, Cos ( cot + 2+c/3 )1 

+ M.13 ( + i b + ) cos 3 oo t + Mita,  1.; + Lka Lkd 

and 	a =-Magi 	sin wt 4 4:,6 Sin ( 	- Arc/3) +4c  sin (tot 27c/3 )] 

	

+  Mal,s ( L„ + Lb + ) sin 3 oat 4" 	Lk.3, 

Solving Equs. 5.1 and 5.2 simultaneously for i4 and ika  

rives 

(5.2) 

(5.3 ) 



* C•05 (2 40C 4  Pas) ± 

00 
+ .1. S ( #7.2 

nIc0 

coa (awt * ?as) ±1,s oS  2,-c +5°,5) 
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Lkd )40‘..1 

# Locd-211,4 	Lfc fripp t E.,‘  COS Gait i.bCOS (cOt - 1)C1 3 ) 	COS(caL arr/a)1 	.1, 4- Z.,) COS 3 WC 

(5' 4) 

and 	fkd
Llie Map [i...coseLA 	CO5 	21t13 ) 4  C•c,C0 5(wt Alt / 3 )1 4 16  f of ( C.42 4'14+ 1:,) CO5 34.1t 

(5-5) 

where tie  = ( 	)/ ( ky 	- 2 Mikit ) 

Also from EQU. 5.3, 

('kg.= 	May [La 	L'b5),,  (cat - .27C-13) .4 	41e,  (t.JC Alt /5 )] — flatr.3 ( 	Lc  ) 	3w G 	(5.6) q. 

Let the steady-state armature currents be expressed as 
00 
L 	C0 [(2Prtfi)C4t Y°,..(Ams,)1 

I b  r---% 	 cos { 	ir,•frt) 40t + 

and 	Z 	cos 	+ 

Substitutinr7 Equ. 5.7 in Equ. 5.3 and omitting the constant 

terms (since the d.c. components do not exist at steady state) 

gives the harmonic components of the steady-state il: .1. 

6,....,, co-5(2 	,-2t + YDe4”7./) .—  2  n/3  ) 

4 i j„,„,,,, coS (A 747-7 tot t r,(,,„„)  + 24 3 ) 

t i .r.c..,,,,,-a) c4:15  ca 7717-1-  wc + $9.1.,.#30 +z  16:,....3)  cos ( 2 P"" 4°C  * Yio,,,,i) * 1103) 

+ ±/,,,,,, coS (2 )7-77 [a-ft ÷ 50,,,.,,„..3;  - 2 7q3 ) 1 

f .... c„-,-„, 	fto 	:,_, L, COS (ae„.,t  — kpa, ) + ,2- II, GOS (24,C - e6f ) + .i IC/ C-425  (A "1 4.  - 5a") Li  ..,,,,- • .11•Itt dd 	47-6 

(5.7) 

Pit= z • r 

••• 1,0  #f„.4  
.raw„, CO5 (Am + tal 	(p c.„„.) 

± loca”...7) COS ( 2  

I. ± i cfa pp...a "J (2 22" 2  "2C  # rif..."4-0) 

31.'-. 	1"  * fa(.7rif?)) * t I blaW.1.1) "5  ( .2  "1,4R, tv't * Vlbe.,-.7)) 

+ I-  IC.C. ,,,t,r) ci" (2 3'7'77  WC 4  Silt (A#14.71) 1i 

   

(5.8) 

The second-harmonic component of the field current can be 

represented symbolically in terms of complex numbers as 
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I52 - 52 	-3 Lf  , - 2 	. { 	( 	-0. h'ia, 	lc, 	1,3  6.43  h ',E„) 
Lf 

+ 	( 	* 4,7 4 	 65 * ) 

3 	Lho...+11.oca 
rpi) Mop CIL 2 	41t+d 	 Zo5) 

Similarly the 2mth (m is any positive integer except 0 and 

1) harmonic can be represented in-symbolic form as 

( 5.9) 

Comparing Equs. 5.4 and 5.5 it is clear that the steady-

state direct-axis-damper current is liven by 

zhd  
— nice( 

end tif ,a If 

Similarly, substituting Equ. 5.7 in Equ. 5.6 and neRlectinG 

the.constant terms gives the auadratureaxis-damper current: 

X44- 	LAI, 

DO 
I {± r,.(y„,,,) Sin (.1)n—#7 wt + 4p,,„) + -1-.  I6 u,..." sin (z r” ,1 (,)t + if am„ )  - 2 7r/ 3 ) 
... 

i IC (..1 mil) sin (a ;;;7,7 wt -0  tfle,..,, + 27r/3 ) -0-   

. .I 0 sin (2 ;Twt+K)- tL— stn ( r  14 	) 	 .,,3) 	 7l wC 'h   'h : „,„, 	 )  

± I,„„,„ )  sin (2 Mt-, 1.A..)t 4-(e„,„, —27r/3 ) ) 

-L12.1.1-= .(4 f. I,' 5111 (24ot 	 (A LOt 	) + rc, sin (A cot -4,0,,) 

_ 1- A 	//I (acot +50„5 ) — Llbs  3i),( 	t + 	- .rc, .S/17 ( 241Z + to,5 ) 

2 .1 	(2 tr7tA 	 + 	Jitt (2 rn+2 	+ 
Nta0 	

A A C....I) 

St.” 	'" # wt 	) A Ic on,*,) 

tra ,„„) Sin 1 2 rs)+.a 4.)t + 	- 	sin (2 ,y,-0-2 

- 	Z.W.I.7) Sir/ (a 71,4,2 	+ VC 1 .1.”.+7))11 (542) 

In symbolic form, the second-harmonic component of the stead 

state cuadrature-axis.-damper current is given. by 

{ • 2 	( 	+ 111.4, h 2"„ + ( r„ Lt. h Lb3  h'x„)). 

72i-  49'3 	-j( z.7 47*/:,)+:/(ros * rbs * •1'5) 

 

M 
L 	II/ -43) fj 2

4 
4,, • (roi — Ios  (.5-13) 
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and the 2mth harmonic is Given by 

  

= 	( 	 ( 	—ro:Amo..)) 

rm. posit/re ,nlager.S ex cep/ 0 and I (5.14) 

When the space-harmonic effect is neglected, Idai3  = 

= 0 and the 2mth (m is any non-zero positive integer) harmonic 

components of the field and damper currents are reduced to 

(5.2) Electromagnetic Torque 

The electromagnetic torque developed by a synchronous ma-

chine can be obtained by the application of the law of conser-

vation of energy as shown in the following. 

The voltage equations of the machine can be expressed in 

terms of the terminal voltages and currents as 

= [Rm)iiti (5.15.a) 

where [v.t7 contains the terminal voltages vat, vbt' vct 
and ef' 

[it] contains the terminal currents ia, and ika' u 	- i  c' if' ikd 

and [BO and [ are given by Equs. 2.4 and 2.5 with the external 

resistances and inductances omitted. 

Pre-multiplied through by the transpose of tit] and also 

multiplied through by the scalar dt, Equ. 5.15.a becomes the 

energy equation 

[ tit .[vt] 	iA t • [R,, • Rtldt + [Le], • 7!-4  • {r LANC•ti} dt 

[R,„1 • [ 41 dt + 	 [kJ}dt  

+ x kit *1[4 [ 44] 	ard t  [4.1' [41 It 	(5/6) 
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In Equ. 5.16, the term on the left-hand side is the electri-

cal energy input to the machine, the first term on the right-

hand side is the energy dissipated as heat in the machine, the 

second term is.. the energy stored in the magnetic field in the 

machine, so that the last two- terms must be the mechanical 

energy output converted by the machine. Consequently the me-

chanical output of the machine is given. by 

    

P„, = 	t• 	( r4„1 NI} 	‘4,t,41` [6,1-[41 (5.17) 

Since im  is symmetrical, 

Equ. 5.17 reduces to 

P 	= z [ 41,-  t -Et 

441  fi-dc1.1-4- dt = 441` ( i-Eidt] clt 

(5.18) 

, and 

The machanical power out-out is also equal to T dG/dt, where 

7" is the electromagnetic torque of the. machine. Thus 

T = Pm dB 	f[4] 	dB,  [41 	 (5•19) 

Comparing Equs. 5.18 and 5.19 shows that at constant speed, 

the torque is numerically equal to the power when it is multi-

plied by %) , since d0/dt 7.0.". When the power is expressed in 

watts, the torque, after being multiplied by cO, is in syn-

chronous watts. 

When the inductance matrix [I.,J given by Equ. 2.5 (external 

inductances omitted) is substituted in Equ. 5.19, the explicit 

form of the electronamietic torque can be found. The expression 

will, however, be very complicated. If the effects of the space 

harmonics are neglected by putting M i-3  = Mako = 0 and M s2 

= -1,3,2, the expression of the electromagnetic torque can be 

simplified to 
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3 	 3 	3 	; 

	

7' = 	 ) L c/ 	 L f .1 .ra 	T Maw Lk~ 

3 	T 

	

or, T =-- 	 2 • ay 	vi/ 

33m i 2 M ay  	t 	- 7,5 wiri, Ld 

(5.20) 

(5.21) 

where f,c4 = -1-tc..,„ cos cot + 	c.os(cot -27c13) + i.e cos (cot +27t/3)} 	

(5.22) 

and 	Li,. -I.{ L a sinwt 	Lb sin (ult - An/a ) + 	sin (Got .17c/3)). 

In the second expression (Equ. 5.21) for r , it has been de-

liberately divided into several. physically distinct components. 

The first term on the right-hand side is the reluctance torque 

due to the synchronous saliency, the second term is the synch- 

ronous 	 and the last two 

terms are damping torques like that. developed in an induction 

machine. 

Equ. 5.20 may be written. more-. compactly as 

IPz 	— V/5, 1-.4 (5.23) 

where Ifrd= 

and 	1k= 

Since at steady state, each of the four quantities 
	

*c!' 
id and iq in Equ. 5.23 can be represented by an even-harmonic 

series, the torque can also be represented by an even-harmonic 

series. The complete expression for the torque involves the 

evaluation of the product of two infinite harmonic series and 

is rather complicated. It is not difficult, however, to find 

an expression for the average torque, since it is contributed 

only by the equal-frequency components of *id and iq and \V q. 

and id. Expressed in the unit of power, say the synchronous-

watts, the averace torque is given by 

3 1 ‘4, 	Haf (01 	irkd )) 

3 T (MaW bko 

   

} (5.24) 

     

= Rea/ kart of Z 
rn=a — (5.25) 



= - (I 	- I )/1-2-: pl 	pl 

2mth harmonic_ is 

(5.28) 

• 

ad 
(5.29) 

3 7 = TA= 	10 ; */ 

. 3 	4,-4,  (v*1,„ 	 r  '41, 	A 
(5.30) 

coYdw,..) = 	.4(2,-1) 't 	(2,,f, )) 

and. "I‘i'4,""" = J 	x4 ( Thaw,-r) 	rp(2,,, ri) ) 

Consequently in Equ. 5.25, 

Rea/ par/. of (wy,:„ 	- cOk o I:0) 3 4" ..eo/ ,art of e Ipt 

and 
	

Real part of 	 c4)/1ca..” 

= 3 Rea/ port of 

-vrhere eo 	jf( - )c,)( 	) 

and, 	622r, = J z (xd"xs.)( Ih(A,”-t) + Ipo.."1.1) 
(5.32) 
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Substitutinf:: Equ. 5.7 in Equ. 5.22, it can be shown that the 

d.c. component of id  is.  

Ido =12 Real part of Ipi  

= (Ipi 	I;1)/12- 	 (5.26) 

and the 2mth (m is any non-zero positive integer) harmonic is 

pC,InIt 

Also the d. c. component of iq  is .  

2 Imaginary part (xr, 1301 _ 

and the ,average torque can be expressed in terms of the. arma-

ture sequence currents as 

a".  3 x Rea/ part of 	60*  Ita Z m  Zpatnft)  vn*, 

Note that the quantity 6 2ra  is the voltage developed in 

(5.27) 



Real pant of - 	3 Real part of e: Ie , 

 

} (5.30 and 	Real part of - 

 

 

= 3 Real pars of - /„„„,-,)) 

   

where do = - Eoo A (x.d -  KI,)( 'pi 

and = 	( [j 	) 	M -r) 'pl. 

 

     

(5.32) 
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Substituting Equ. 5.7 in Equ. 5.22, it can be shown that the 

d.c. component of id  Sii 

Ido 	Real part of Ipi  

= (Ipi 	Ig,)A( 
	

(5.26) 

and the 2mth (m is any non-zero positive integer) harmonic is 

Id(Am) 	LI,Arn-r) 	Ip(.2.11-,) 
	

(5.27) 

wabstituting-Equs. 5.15, 57267-5.27, 5.28 and 5.29 in Equ. 

5.24 gives the constant and alternating components of I'd  and 

ta  as 

= 
A 

3 	4, -  

 

3 „ T  w kacz.) = 2 xd... ( *nom-1) + -rocato) 

 

(5.30) 

and \KM., 	( IN(Ahr • 	/17(27”1,) ) 

  

      

Consequently in Equ. 5.25, 

and the average torque can be expressed in terms of the arma-

ture sequence currents as 

x Rea/ part of f eo  10 , 
oe 

2:7  ( 1.17a„)./..) - 	Th^..12) .} 7,1.1 

Note that the quantity eaa  is the voltage developed in 
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the mutual reactance 	X:c.) between the negative-sequence 

(2m-1)th-harmonic current In(2m_1) and the positive-sequence 

(2mtl)th-harmonic current 1 P(2mtl) . Physically it represents 

a field rotating at 2m times the speed of the fundamental ro-

tating field with respect to the field structure. This rota-

ting field reacts with the currentpk ,2mtli  N to produce a 

positive averae torque and with the current 111(2r;1-1) to pro-

duce a negative average torque. 

The quantity 6.0  is corresponding to the forward rotating 

field (normal speed with respect to the armature) which reacts 

only with the positive-sequence, fundamental-frequency compo-

nent of current to produce the main average torque of the ma-

chine. 

The average toraue produced by the components of the arma-

ture current other than the positive-sequence, fundamental-

frequency component depends on the subtransient saliency of 

the machine as it is proportional to the.. auantity Xd - X" . 

This is in close resemblance to the reluctance torque, produced 

by the positive-sequence, fundamental frequency component of 

current, which depends on the synchronous saliency of the 

machine. 
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(6) STEADY7STATE "EUIVALENT CIRCUITS AND THEIR APPLICATIONS 

(6.1) Types of Equivalent Circuit  

The steady-state solution (with the space-harmonic effects 

neglected) given in Chapter.  4 can be represented by the equi-

valent circuits to be described below. These equivalent cir-

cuits are . derived directly from the simplified equations so 

that they are in fact another form of statement of the sim-

plified solution. Nevertheless, the equivalent circuits can 

sometimes give a clearer picture of the physical phenomena 

than the equations themselves. Moreover, they can be set up 

in a network analyser to avoid the labour of solving the 

equations. 

Three different types of equivalent circuit relating the 

armature voltage and current components' of different sequences 

and at different frequencies are necessary. The first type 

of equivalent circuit gives the relation between the. positive-

sequence, fundamental-frequency components of the armature 

voltage and current. There is only one circuit belonging to 

this type. The second type of equivalent circuit gives the 

relation between the negative-sequence, (2m-1)th-harmonic 

(m is any non-zero positive integer) components and the 

positive-sequence, (2mtl)th-harmonic component of the armature 

voltage and current. There is an infinite number of such cir-

cuits relating the voltage and current components at frequencieE 

of two consecutive harmonic orders. The third type of equiva- 

lent circuit gives the relation between the zero-sequence 



P.54 
Art.6.1 

components of the armature volta3e and current at any frequency. 

There is a,7,:ain an infinite number of such circuits but there is 

no mutual between two voltage or current components at different 

frequencies. 

(a) Equivalent circuit of the first type 

The positive-seq.uence, fundamental-frequency voltage equa-

tion is, from Equ. 4.1, 

V,p — jE — ( R. j + 	2   60 	
t 

) 	
j g[k."1 

 

Its conjugate equation is 

I is.; j E 	= R - 	X‘'2+ 	 ) I; - 	z p , 

which may be rewritten as 

— V; — j EQo = j 	 .1  + (- R, + 
j  X,A ;IC,„ ) 0*,  

 

     

Equs. 6.1 and 6.2 are, of course, consistent and not inde-

pendent, but they may be considered as the voltage equations 

of a two-mesh circuit with ID' and 	as the.mesh currentsJ. 

Xq. 

Fig. 

Evidently. the circuit shown in Firz. 6.1 is equivalent to these 

two equations. 

Fig. 6.1 is the equivalent circuit for the positive-sequence, 

fundamental-frequency conronents of the armature voltase and 

current. When a machine is Operating` under balanced condition, 

it is the steady-state equivalent circuit of the machine as 

voltage and current components of other sequences and at other 
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freouences do not exist. For a machine where there is no syn-

chronous saliency, 1 = X0  and the right-hand mesh of Fig. 6.1 

can be omitted. 

The averaae torque contributed by the positive-sequence, 

fundamental-frequency current is obtainable from the equivalent 

circuit by taking the average power involved in the current 

ID1 and the voltage to. 

The chief disadvantage of the circuit shown in FiE;. 6.1 is 

the presence of the negative resistance - Fa, a quantity not 

all types of network analyser can represent. An -unsuccessful 

attempt has been made to find another equivalent circuit with-

the negative resistance but still suitable for use in conjunc-

tion with the second and third types of equivalent circuits 

to be described in the subsequent sections. 

(b) Equivalent circuit of the second tyre 

Putting m-1 for m, and dividing through by 2m-1, the second 

equation of Equ. 4.2 becomes 

14, (2„,_01(2m-1) 
	[ R,./(Am-/) + j(4.* x,p/2] 	+I ic;;x4> 

	
(6.3) 

Also, dividing through by 2m+1, the first equation of Equ. 4.2 

becomes 

Vtomto I (ani+i) — J 	 [ R1( 27)14-, ) 	(N<:;•+',4;)1zi Ip 

Equs. 6.3 and 6.4 can be represented by the equivalent cir-

cuit shown in Fin. 6.2, which is a familiar T-network. This 

circuit shows the mechanism by which the harmonic voltage and 

current components are produced when a machine is o-seratin 

under unbalanced conditions. This process of Producing higher- 
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ffeouency components may so on indefinitely so long as In(2m-1) 

exists, except for a machine where there is no subtransient 

saliency when 4 = X . 

R./12m,, 4 
	 xe 4a/(Am.0 

rig. 

In the actual application of this, equivalent circuit, a 

number of circuits of this type are connected together accord-

ing to the terminal conditions imposed. by the particular pro-

blem, and in general an infinite ladder network will result. 

This infinite ladder network will not be equal to an ordinary 

infinite filter network, because not all the circuit elements 

in a particular mesh are identical With those in-  another mesh. 

However, in some Problems, such as the unsymmetrical short 

circuits of a machine directly at its terminals or through 

inductances, R, may be neglected so that the infinite ladder 

network may be reduced to an ordinary infinite filter network 

and the theory of the latter may be applied directly. 

Finally the averam torque contributed by the harmonic cur-

rents can be obtained from the equivalent circuit by taking 

the difference of the power involved in the current pk2mf1) 

and, the voltage 6_2m..and the power involved in the current 

n(2m-l) and the voltage e 2m• 
(c) Equivalent circuit of the third type 

Dividing through by 2mtl, the third equation of Equ. 4.2 

becomes 

Yo (A rri ft)/ (V" 	= [ Rpit ( 2 ?rift) + j X0 1 Is Pr,f /1 
	 (6.5) 
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which can be represented by the simple series circuit shown 

in Fig. 6.3. This type of 

eauivalent circuit is the 

T5V 	simplest of the three, which 

can be expected as the zero- 
Fig. 6-3 

sequence current does not 

produce any flux crossing the air gap, thus it has no coupling 

with the circuits on the other side of the air gap. There is 

no torque involved in this circuit. 

(d) Effects of iron losses and the field- and damper-

circuit copper losses. 

So far the iron losses of the machine have not been consi-

dered and the copper losses in the field and damper circuits 

have been neglected, owing to the difficulty of including them 

in a simple manner in the equations. However, these losses can 

be represented readily by putting suitable series or shunt 

resistance in the eauivalent circuits. 

The eddy-current loss in the armature iron can be included 

by suitably increasing the value of Ra  and the eddy-current 

loss in the field iron can be included by using suitable values 

of Rkd  and Rka. The hysteresis loss, however, cannot be repre-

sented in this manner, as it is oroportional to the frequency 

of the current. It can be represented by adding a shunt resist-

ance Rh  in the second type of equivalent circuit in parallel 

with the element i(Xg - x.1,1 ). The resistance Eh, unlike others, 

is not divided by the factor 2mi-1. 

The copper losses in the field and damper circuits can be 
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represented approximately by including a resistance Rd  defined 

by 
A 

R 	 {( 	1414 of  ye 	( 	.1.fokai 	
) i•fe 	# 	Mpt., 	Lkd —.2141f*d 	" ( 6 6 ) 

in series with X" and a resistance R defined by 

1'4 t, R = 	Rkop 
(6.7) 

in series-with X. In the equivalent circuit, a resistance of 

(Rd  + R )/4m may be put in series with the mutual branch 

(XL! - Xq" ). 

With these losses included, the second type of equivalent 

circuit is modified to the circuit shown in Fig. 6.4. It is 

6.4. 
. . . . 

clear that, if the_ harmonic currents are neglected, the equi- 

valent negative-sequence resistance is given by 

R2 	Ra + (Rd  + 2q)/4 	 (6.8) 

(e) Change of reference axis 

The reference axis for the steady-state solution and con-

sequently for the equivalent circuits given in the previous 

sections has been the field excitation Ifo. In other words, 

fo is a pure real number and acts to determine the real axis 

to whose reference all the voltages and currents, which are 

Generally complex numbers, are expressed. The choice of re-

ference axis, is, of course, purely optional, and that the field 

excitation has been chosen is because it can ezive simpler ex-

pressions.  for the solution. 
axis 

Let the new referenceAlag the old one (field excitation) 
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by an anrzle 6. niltiplied throtuth by eig  , Equ. 6.1 becomes 

( 6.9) 

et, e.  58 	 )   .r01; is 

— jE..E j8 	(R.,+ 	7‘d2+ 	)(1" ) 	+ j 'Ca; 	Ifr,,* jj A6 

where Viol  VpiE)s and 	are the terminal voltage 

and current components expressed along the new reference axis. 

Similarly Equ. 6.2 can be reduced to - 

_ vt:rej.s_jed.e.is 	(..Ra 	) 	E  JAS. 	
(6.10) 

If it is remembered that the voltages and currents are now 

exuressed alson6 the new reference axis, the dashes may be 

dropped for similicity. Thus, when the reference axis is lag-

ging the field axis by the angle g , the first type of equiva- 

lent circuit becomes that shown in Fig. 6.5. 

x, 	- R, 

Fig. 6.5 

By similar reasoning, it can be shown that the second and 

the third types of equivalent circuits can be reduced to Figs. 

- - 	 it:m-US 

1 	 

(a-) 

R.bAmf0 

-jAtr,S , -:,J1F,I5 - 
A , 	 Amfl 

(6) 
Fig 6 • 6 

14,/4.7.1,) 

o4c-ki,•) 

6.6a and 6.6.b when the currents and voltages are referred to 

the new axis. 
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(6.2) Unsymmetrical Short Circuits  

In order to show how the equivalent circuits are connected 

together, the three typical unsymmetrical short- circuits (line-

to-line, line-to-neutral and double-line-to-neutral), which 

are the simpler cases of the unsymmetrical operation of a syn-

chronous machine, will be considered. The approximate express-

ions for. the-steadyestate voltages and currents neglecting 

resistances. will ba.derived.•. 

(a) Line-to-line short circuit 

If the terminals b and c are short-circuited, the. terminal 

conditions are, for the fundamental as well as the harmonic 

components, as-. follows. 

I = 0 

(6.11) 

and 	Vb = Vc 

In terma. of symmetrical components, the terminal conditions 

become 

10 r. 0  

IP  -• In  =0 
	 (6.12) 

and 	V:, 7 ITI1  = 0 

The pattern of connection, which shows the manner in which 

the circuitaare connected to- 

rr  1., sether, can be formed in accord- 
p-Cfrcult Vp 

1 6.12 ance with Equ. 	as shown in 

Fig . 
	 Fig. 6.7. Using this pattern of 

connection the harmonic equiva- 
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lent circuits can be connected together as shown:. in. Fig. 6.8. 

The negative-sequence impedance, Z2, which is. equal to the 

Fig,. 6-8. 

ratio Vni/Ini, is given by the equivalent impedance viewed 

from the Vni  end of the circuit shown in Fig. 6.8. 

The complete equivalent circuit is shown in Fig. 6.9. The 

impedance -Z6 is represented by the same form of equivalent 

circuit as shown in Fig. 6.8 except that all the resistances 
x, 

Fig. 6.9. 	 Fig. 6.w. 

become negative. If the resistances are neglected, -Z2 will be 

equal to Z2  as they will be pure imaginaries. In addition, with 

the resistances neglected, 101  will be a pure real number so 

that Ipl - *1, and the complete equivalent circuit can be re-

duced to Fig. 6.10. 

The final equivaAnt circuit shown in Fig. 6.10 shows the 

validity of the ordinary way of applying the method of symmet-

rical components to the problem by considering the fundamental-

frequency quantities alone. The accuracy of the method in de-

termining the_ fundamental-frequency components rests entirely 

one the choice of the value of X2. 

To determine the proper expression for X2  from Fig. 6.8 (the 

resistances neglected), consider the general infinite filter 
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network shown.  in Fig. 6.11. It has been shown elsewhere that 

if the current in the infinite mesh tendsto zero, the ratio 

of the currents in. the (mtl)th and the mth meshes is given by 

where. b = 218 { A + 23 -  A 2/W - 48' } 

Zr,./tr„, 
	

) (643). 

Putting A. = j2X(1 and B 	- 4.) in Equ. 6.13, the: Ge- 

ometric ratio b for the line-to-line short circuit is 

= j((,; )co 	(x.,;t +xi,) - 	(x:t + xiA2  + ( x'Zc- x0' } - 

_ 017,7 - 17c7, )17z. — 
xi 

+  

The (2m+1)th harmonic of current is thus given by 

In (2mti ) 	 )inin 1 	
(6.15) 

The voltage equation of the first mesh in Fig. 6.8 (the 

resistances neglected) is.  

so that the negative-sequence reactance is given by 

X2  = Vni/jIni = 	 (6.16) 

The positive-sequence, fUndamental-frequency component of 

current is given by, from Fig. 6.10, 

	

Eao/ (Xd Ald7c1) 	 (6.17 ) 

The fundamental component of the current in Phase b is 

Ibi  = hR ipi + 	+ Ica 	 (6.18) 

= jt5Ea0/(Xd.  ixgx(1) 

( 64+ ) 
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and the (2m+1)th-harmonic component i s 

Ib(2m+1) 
	

( -131 Pibi 
	 (6.19) 

The Fourier expression for the steady-state short-circuit 

current is therefore 

•Lb  = 	'17  f""" 	{CO'  S (wt + 	— b, [OS (3(ot +1-1 ) + b,".  cos (5cot + 
xd +pc,a,i, 

Ea,”  
x4+.017Z7s, 

.30 
(,2 771* /)wt 

   

(6.20) 

       

where Eam ; V-1.Eao 

      

The sequence voltages are, from Fig. 6.8, 
V 

.--ka=t2 
	V la  7+,141 

2m4./ 

— j 	Ift(17.1.0 

so than, the (2m+l)thharmonic component of the terminal voltage. 

of phase a, the open phase, is 

VaCarnro = V.0(27”4-I) + Vs1(37,,f-r) 

j( --b,r- (2 777 + ,)• 2 
Cfr 	410 Xa+ x,477Hci; 

The Fourier expression for the open-phase voltage is there-

fore given by 

2X"1-77‘4 	 (v71-1- 0 	(2 14-/)Wt 	 (6.22) 
xa + 

The short-circuit current and the open-phase voltage  given 

by Equs. 6.20 and 6.22 will also be given later as components 

of the complete solution after a sudden short circuit when the 

transients are also considered. 

(b) Line-to-neutral short circuit 

If phase a is short-circuited, the terminal conditions are 

ib = 1c m' 0 
(6.23) 

and 	V, = 0 

In terms of symmetrical components, the terminal conditions 

} 

( 6.20 



x- 

tocl-c) —
V.41 

Vt./3 

xw xg x; 

zps 	10s• 

H Vo./.5 

vp.IJ 	n.15 

Ins 
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become 

I = In = I0  (6.24) 
and 	Vp 	t Vo  = 0 

The pattern of connected satisfying Equ. 6.24 is shown in 

Fig. 6.12. According to this 

pattern of connection the har- 

4 	 monic douivalent circuits, with 

the resistances neglected, can 

be connected together as shown 

in Fig. 6.13. The geometric ratio can be found by putting  

A = j(24 + Xo) and B = mxt, 41q) in Equ. 6,13, Its express-
ion is 

6—  	 = (6.25) 

The (2m+1)th-harmonic component is given by 

	Vo 

Fig. 6. /2 

Tja  
1.-P(2M+] ) = 'o. Ip1  

Fig. 643 

(6 . 26) 

The voltage eauation of the first mesh in •Fib=,. 6.13 is 

= 	(x;; ,,q7) 	 

that the negative-sequence reactance is 

1 2 = Vnl/j1n1 
1r-v,r11 
V ‘""ii 

IT -37X ) - ) (X4 	o (6.27) 

The complete equivalent circuit is shown in Fig. 6.14. The 

fundamental component of current is 



- - 	
E.0 	

(6.as) 
-Ix,. 1.06 4.1.. X.X 	X.) 

and the (2ml-1)th-harmonic component is 

E 	 (6.29) IpcAm+0 = x 	(x4 	x.) 

Rememberin L hat the phase current is equal to 
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Fig. 6-'4.. 

three times 

the seouence current, the short-circuit current is found to be 

= 3 

 

{ COS (.).0 +b, cos 3 wt 	cOS 563C + • • • 

   

+±x.+ 	x.)(4,,;+:4-x.) 

 

	

x,,-tx.+J(xd..-±x.)04+±xo 
	b.'" cos (In14- )lust 	 (6.30) 

The positive-seouence, (2m+l)thharmonic terminal voltap:e 

is rciven by 

b
ampt

amro) 	„ „ 
J 	( 	x,) + xo} .4(am41) 	x.:01.1,(2,”.1) 

= 	tx;i+ 	+ x. + 	( • 	 } 1  
	.57,;;Tr. 	I,  MI) 

= _ j t >4. )( Kg, 	+ 4.  X. } 	 (6.31) 

Similarly the nepative-sequence, (2ml-1)th-harmonic terminal 

voltarze is Liven by 

14(1.0.0 	j 	x.i;) 	 j 	- 

= j f .1(x:i.+4x.)( 	— X 0  } ./0„,„„) 	 (6.32) 

The zero-sequence, (2m+1)th-hartonic terminal voltage. is Zdven 

by 
Vat 	

= X,o  Lt„, 
	 (6.33) 

The (2m+l)th-harmonic components of the terminal voltages 

of phase:b and c, the_ open phases., are therefore. given by 

= 	Vi“..trn.t) t h 	+ Vo  ,,,,„ 

(2 7+,+)) -J-3" ,f(4,+-tx.)(4+.-tx.) + j 	X. 	 (6.34) 

and 
	

h 	 tit (ar.,..1) 	Vo (2 ,,,*1) 

= (2 7,14-0 /5 	x.)(,q + -kx.) 	jfxe 	 (6.35) 

The Fourier expressions: for the terminal volta3e of phases 

b and c are 

3, E0m 

A7r1+1 
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i3 	 +1".K.) „74 6.3(alor,4-1) cos (.37.”-,../)c.._)t 

xo 	bcT" (.27r)+1) Sin (27774-I)cat 

  

       

'444-ix. 4- .1(xa +tx.)(g 

 

(6.36) 

and 	= 	 { -IT oi.fx.0(e4,1-1.-4) 
x‘c  qx„+ j(x.E1- 

t 3 Xo 
	b:" (an:- 	sin (21.'4- t)Git } (6.37) 

Double-line-teneutral short circuit 

If both the phases b and c are shortcircuited to the neu-

tral, the terminal conditions are. 

Ia = 0 
	

(6.38) 
and 	Vb = Vc 0 

which become, when expressed in terms of-  symmetrical coanonents, 

Ip 	In  t Io  = 0 	
(6.39) 

and 	V = Vn  = Vo  

The pattern of connection satisfying Equ. 6.39 is shown in 

6.15. It is plain that when the 0-branch is deleted, Fig. 

6.15 reduces to Fig. 6.7, so that the double-line-to-neutral 

case may be reduced to the line-to-line case by putting. X0 = pa. 

Also when the 0-branch is short- 

1 

1 	 

	 *  	nents will be equal to zero ex- 

circuited, all the current compo- 

cept the positive-sequence, fun- 
F'q. 645 

damental-freouency component, as 

there is no internal voltage in any component circuit except 

the positive-sequence, fundamental-frequency circuit. Therefore 

the double-line-to-neutral short circuit may be reduced to the 

symmetrical three-phase short circuit by putting Ro  = X0  = 0. 

According to the pattern of connection given by Fig. 6.15, 

(c) 

p-Ce 
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the harmonic ecuivalent circuits can be connecteDd together as 

shown in Fig. 6.16.a to form the negative-secuence reactance 

X2  (resistances neglected). Since there are two different kinds 

of meshes in Fig. 6.16.a, it is necessary to reduce them to a 

(a) 

Fi g. 6.16. 

XA  <61 

p 	OG1 -.0  
"GI Q+ 	It iv. X X. 

ww S 	%,,  (Ki -140  
Xi 1. A X., 

single kind before the expression for X2  can be derived by the 

method used in the two previous sections. This can be achieved 

by the delta-star transformation and the result is shown in 

71 3. 6.16.b. 

In order to derive the expression for X2, the geometric 

ratio b is first determined by putting A = j(P + Q + . X") and 

B = jS in Equ. 6.13. Thus, 

- 	  x;i (c+ x x.) 	
'- to,2 

The negative-sequence, (2m+l)th-harmonic component is. given by 

In (2m-1). 	132 Inl 	 (6.41) 

The: voltage equation of the first mesh in Fig. 6.16.b is. 

17:111 = j (P 	S-4. 	- jSIn3  

= j (P -+ S f X". - 102p1) 

(6.+0) 
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so that the equivalent negative-sequence reactance is 

 

x4  = P + S + 	- b,S 

+ 
x;,4 x4:+2.x. 

    

   

(6.42) 

   

The.complete.equivalent circuit is shown. in Fig. 6.17. Re- 

ferrinP: to this circuit, the fundamental-frequencTsequence.  

currents are given by 

— 

 

E„„ 

 

    

Xd + 

 

X, X+  

 

  

+ X. 

 

(6.43) r 

and 	= 

 

Ip 

 

 

Equ. 6.43 also Gives the (2m1-1)th-harmonic componenents of 

current when it. is multiplied by 

The fundamental-frequency component of current in phase b 

is given by 

16 	= ha  I1,, h 	+ 

= _ 	3 	x, 	; 13. XA+ 2 X0  

	

11  z 	xexo 	J z 	xA 4-x,, 

= 	+ 	(/ +)} • 

	

x 
	Eao  
,(  

= Ea.0  
{ is' 	j 	 [ I + 41(X;i+2X,OKI-IX01 	+ X ( 6.44-) 

and the (2mi1)th-harmonic compOnent is given by 

b(2m+1) = b2 1b1 	 (6.45) 

Similarly, the...fundamental-frequency component of current 

in phase c is given by 

= h Ib, + .r>„ + 

= 	- J 4(Z.+Ax.,)(x1,-,Ax.)/xagi ). • 	r  
xQ 	 + .1 (,a+2x0)(xi,,..".)/x1x; 1 +2.x.• 

(6.46) 
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and the (2m+1)th-harmonic component is Given by 

I_ 	= 2- Iel 6.(2mtl) 
The. Fourier expressions of the phase currents are 

(6.47 ) 

E„- 
5 	 - 	2 

xa  , 	 } 4.2x. { 

( 6.48) 

T1 E.,— 
x,t1 I ✓occ+2x,o(z1+AxA 	J + 	 + 	 h.; 

•••:, 

(6.49) 

Referring to Fig. 6.16.11,'. it is clear that the (2mtl)th-

harmonic components of the sequence voltages are 

Vp(  371,./ 	V, 

   

or 111,1,0,41) = V n (lfr ) = V 0 (R*,  .0) 

  

  

b.;" (17,11.1 ) 	Eao 

  

  

x ,, (l t x o  x,) 

  

 

( rr,  ) xo  E„„ 
= 

x.i.[1 t f(zs,riz,J(xq+1xo)/Xi.X.' 1+ ANo 

( 6 . 5 0 ) 

The Fourier expression. for.tha terminal voltage - of the open 

phase (phase a) is thus 

bx„, dam 
V- 	— 	  ,i 67 (2771+1)Sir7(2mrilcOt 

%al I # ✓roc+ .2X. )(Xiit ix ,,)1 	+ lx,  
( 6 .5 

(d) Numerical examples and experimental results 

The cal-culation of the open-phase voltaged and their ex-

perimental check for the three types of unsymmetrical short 

circuits are Given in this. section. But before giving these 

examples Equs. 6.22, 6.36, 6.37 and 6.51 are first reduced to 

other forms which are more convenient for computation. This 

is found to be necessary because in the examples to be given 

the ratio )0/4 is large 'so that the higher-order harmonic 

terms are not negligible. It can be shown that by making use 
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of the mathematical identities 

(A+ 	) cos° 
b"GO5 (.17, -1-1) 0 = 

A+ B+ (A-8) c4,s a 

and 	c-br sin (2r#,)0 = 
A +8 -(A-8) Gar-28 

where. 	 = (FET-TA- )1(rir-f-rEn 

Equs. 6.22,.6.36, 6.37 and 6.51 can be expressed alternatively 

as.(0 = cot) 

= 	4 x; . 	 X1) Si, 	— Xei; — X:c) -51,3  0 

+ 	( 	X1) CoS Or 

	

./(x:i'+±x.)( x,i+fx.5 	 (x;-.2.,1-1-x.)cose - 	- 	cos'a 
	 	E..„ 	oq, tf Xd.1- X0 	s. x,)( + tx.) 	 — 	— X;0 COS 2914  

+ 3x. 
s b., + ( 	s n j  9 

[x;', 	- (x4; -,ez, )L65] ar 

b.54-) 

(A + ,1  A 8) Sin° 

(653) 

V b 

} 

    

E,,,, 12TE (x4,+i- x.) 

  

vc  - xa  4-±x 0 + • I (x:c+ rx..)04,;+  
+ 

 

x,) cos8 - ("<4;-x:i)coS s e 
-(x,t-x:L)cos 1e9j1  

 

( 	kx..) sin 9 +  (xi; 	sinJe 
[ 	+x. -(' . - 

(655)  

and va.= - 3 xq, x. x;. [( + 40*.t.oc.)oci,+at.)/ <cs; t Ax. 

xa [ t 	+ a wo)C t9,+2.xo)RI x4; + AX 

	

[xlx;' - A xo l xN - .l ,C..C)J .5/ ,1 	.* 	x. (x9:, - x',;6) Sin s() 

	

rx;tki,  + x,(x,;;.+ X4;) + 	c.0.5 -2er 

(656)  

respectively. 

Tests were performed on a 7ti H. P. induction motor (operated 

as a synchronous machine) with the following constants: 

Xd  = Xq. = 6 ohms; X0  = 0.9 ohm and Xa = 0.54 ohm 

With X"a  = 6 ohms (no quadrature-axis damping:) the oscillograma 

of the open-phase voltages of the line-to-line, line-to-neutral 

and double-line-to-neutral short circuits were obtained ae 

shown by the solid curves in Figs. 6.18.a, 6.19 and 6.20. The 

solid curve in Fig. 6.18.b was the open-phase voltage for the 

- 3x, 
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(b) 
x; Ix; =z 

Ua _ 56.6 	"f)  
(3•41....0.3-  2 e)4  

Oen-pirose voltages of Iine-to-neutres/ short circuit 

Xilx;c1 = 

So/:d curves : rest result 

Dotted curves : Calculatedresu/I, 

Ev.3110,5 for the dolled curves : 

	

_ 63.4  o.819co18-00.:8 	2.1 

	

(1.36- cos20), 	4. 711 	ersi,,p-ii.,30 
0.36-1.0S 28) 2  

fa) 
./x;",. = 1.1./ 

tr..= 4.9.4 	  (1.20 4. C0.338). 

Fig. 6./8 

63.4  0,919 CoSe-co5 je  47.  „ 	2.18 !in 	ir.3  
(/36 - cos .30)' 	 0.36 - eot.78.12  
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line-to-line case when the value of X" was 1.08 ohms. 

Substitutiniz the numerical 

values for X X X X" and d' q' o' d 

X" in Equs. 6.53, 6.54, 6.55 

and 6.56 gives the expression 

for the open-phase voltages Fig. 6.20 

= 11.1 

- 40 	  for the three cases of unsym- 
( 1 857 • coS20)4  

metrical short circuits. These voltages are shown by the dotted 

curves in Flrf.s. 6.18.a, 6.18,b, 6.19 and 6.20, where their 

numerical expressions are also Riven. The discrepancies of the 

calculated, results from the test results are mainly due to the 

neglect of resistances. 



Fir. 6.21 

P.72 
Art.6.3 

(6.3) Unsymmetrical Short Circuits with Capacitive Loads  

When there are capacitance in the armature circuits of a 

synchronous machine, as when the machine is connected to a 

long transmission line, some of the harmonics produced by an 

unsymmetrical short circuit may reach disproportionately high 

values if the cauacitances are of 

such values as to give a partial 

resonance condition to these har-

monics. Fig. 6.21 shows schematic-

ally a machine connected to a bank 

of capacitors used to simulate the long transmission line or 

other te-rininal capacitance of the machine. This idealised 

circuit will be used as the basis for studying the effects of 

capacitive loads on unsymmetrical short circuit. 

With capacitances in the armature circuits, the equivalent 

negative-seauence reactance of the machine can no longer be 

safely assessed by taking some sort of mean value of X" and 

X, as it may vary considerably owing to its dependence on the 

external capacitive reactances. 

The three typical cases of unsymmetrical short circuits will 

be considered in the subsequent sections in the order of in-

creasinrx complexity, with the simplest case first. 

(a) Line-to-line short circuit. 

If terminals b and c are short-circuited, Fig. 6.21 is re-

duced to Fig. 6.22 from which the terminal conditions of the 

machine can be found as 



and Z 13(...01) "f" ZPI(Arpp•rp) = 	 j 	22.„)%1  

Za  

Fig. 6.25 
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in  

13-C rcuit rp- Ci cud 

fig. 6.22 	 Fig. 6.Z.3 

latahm,t) t Ib(arn.11 

V,(2m1.1) = 0 

3. 	Xc 
Va(an 44.11 	 a (2 rn. • an 

(6.57) 

In terms of symmetrical components the terminal conditions 

can be expressed as 

= 0 
(6.58) 

The pattern of connection of the equivalent circuits satis-

fying Equ. 6.58 is shown in Fig. 6.23. According to this pat-

tern of connection the harmonic equivalent circuits can be 

Fig. 6.24 

1 
Vpt 

J. 

connected together as shown in Fig. 6.24, and the complete 

equivalent circuit is shown in Fig. 6.25. 

Referring to FIT. 6.24, it is clear that when the su,btran- 
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sient saliency is not large (the ratio XVX1(1 is not much lar-

ger than 1) so that the mutual dependenoe of the current com-' 

Ponents at differenct frequencies is relatively small, the. 

(2mfl)th-harmonic current 

X:c is approximately equal 

X"o/X" a is large, the value 

(2m+1)/  (X`" 	X") to rive 

Fi 	6.24 also shows that 

will reach its highest value when 

to 1(2m+1)2"(4 + Xq
"). When the ratio 

of X0  may depart considerably from 

a largest (2mtl)th-harmonic current. 

when the sum of the currents ID (2m+1) 

and Ian (2m+1)  reaches its largest value, the voltage Va(2mfl) 

also reaches its largest value. 

When the value of Xc  is of such value that a certain har-

monic component of va, say the third, has its largest value, 

the higher harmonic components, say from the seventh or the 

ninth upwards, may become smaller than they would be for a 

plain line-to-line short circuit, i.e., when there were no 

terminal capacitances, owing to the shunting effect of the 

capacitances to higher-harmonic voltages. With a small ratio 

of XVX.8, the voltage va  is substantially contributed by its 

lower harmonic components; consequently the maximum value of 

va  is, in general increased with capacitance load on the healthy 

phase. The fact that with small resistances in the armature 

circuits the peaks of the harmonic components of voltage are 

very near-ly additive makes the maximum values of va  occur at 

the same points where the principal harmonic components, the 

third and the fifth, have their largest values. Fig. 6.266.26 shows 

the oscillograms of va  for different values of Xc  with Xlcli  = 2x a. 

When the ratio X 
	

is considerably larger than unity, the 



_Arc  = wo lee  
7 2 

_Xc  = /41 

Pis.  6.26 (X = 2x, ) 

Oscillograrn No. 	so/n@ as thatFiy. 646. 6. 
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peak value of va will actually become smaller than that of a 

plain line-to-line short circuit with small values,. of .Xc, as 

shown in. Fig. 6.27 (x'/'t  = 11.1). The_ reason is that the 

higher-harmonic components of ve  now contribute appreciably 

to its peak value, and the increase in the third or fifth har-

monic component cannot make up for the decrease in the rest of 

of the harmonic components. 

As a numerical exalole the voltage shown by the second 

oscillogram in Fig. 6.27 is calculated up to the ninth-harmonic 

component with the aid of Fig. 6.24 (The values of the resist-

ances: Rd = 0.6 ohm; Rq  = 0; 11a = 0.09 ohm). The equation of 

this voltage. is found to be 

va  = 17.6cos(G f 54 - 29cos(39 + 	t 52cos(5e - 60°) 

28.3cos(7G - 32°) 	6,2cos(99 - De) 

A comparison of the calculated result and the test result 

is shown in Fig. 6.28, where the solid curve is the test re-

sult. 

Fig,6.26 

In-  this example, the equivalent impedance for the negative-

sequence, fundamental-frequency current (Fig. 6.24) is found 

to be approximately 1.58/46.5, a. value which is obviously un- 

Predictable. from the values of XI. (0.54) and 	(6). 
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(b) Double-line-to-neutral short circuit 

If Phases b and c are both short-circuited to the neutral, 

Firx. 6.21 is reduced to Fla. 6.29. The terminal conditions are 

Vb(2m+1) = 
Ck2D+1) la 0 

and 
	

V
a(2M+1) 

	 *I Ia(2m+1) 

0r, in terms of symmetrical ComPonents 

X.c  
Vto WTI*/ ) = VP1 (47•74.1) X  Ye (An-74.1.) 	 j 	Aril*/ { iz) (gt"nt 	(2>P1f-rl 4" -TOO M1-1. 

The pattern of connection is shown in Fi. 6.30. Fi-):c. 6.31 

and 6.32 show the harmonic equivalent circuit and the complete 

equivalent circuit. It is clear that the, difference between 

the equivalent circuits of the Previous type and the present 

type of short cirmAit is that there is an additional branch, 

Zo, in parallel with the capacitance for the present type. 



6 ^ 

A 

Xvv •-•,t/  
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A 
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The oscillozrams of the voltage va  for different valves of 

Xc are shown in Fig. 6.33. They are largely similar to those 

of a line-to-line short circuit with a smaller ratio of 	 41.(3. • 

(c) Lineto-neutral short circuit 

There are two different conditions for this type of short 

circuit, with or without the connection between the neutral 

points of the machine and the.. capacitors. If phase a is short- 

         

     

	IO Circuit' 	 

  

       

       

         

     

V. 

 

ATn 

0.CJrcod 

       

 

vo  

    

     

       

   

pig 6.35 

   

Fig. 6-34- 

       

circuited and there is no neutral connection, Fig. 6.21 is 

reduced to Fig. 6.34. The terminal conditions are 

j Xc 

and 	Vc  U>nrn = 

(21661m4,0 4' 21,A,,,,)) 

(IbrAmo) + Ic011.+11) 

 

(6.59) 

    

or, in terms of symmetrical components, 

(66o) 

The pattern of connection satisfyingEqu. 4.70 is shown in 

Fig. 6.35. The harmonic equivale-nt circuit and the complete 

equivalent circuit Chown in Figs. 6.36 and 6.37 are connected 

together in accordance with the pattern shown in Fig. 6.35. 



} (6-6Z) 

— j 

= 	3-  • 2,DX:r 	-1}(2Fro-on + 2  lwApp,on-  rotam+/)) 
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— I:015 —H 
4 A/5 R4015 Ho R.15 4S.3: 	 R./7 •./3 
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4,1 
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(444) 

Fig. 6-36 
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= 
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Ibe 

= 

/ 
-v; 

z: 
= 'cc  

Fig. 6.37 

When there is neutral connection between the machine and the 

capacitors, as shown by the dotted line in Fig. 6.21, the short 

circuit of phase a reduces Fi)e. 6.21 to Fig. 6.38. The terminal 

conditions ard now 

k m-1-11 	° 

, 
= J 11,14./ 

and. 	VC.L.11•••/) = J 	2  cfarr-H-i) 

(6.60 

or, in terms of symmetrical components, 

The pattern of connection satisfying Equ. 6.62 is shown in 

Fig. 6.39.a, which may be reduced to Fig. 6.39.b by means of 

the star-delta transformation. Comparing Figs. 6.39.b and 6.35 

shows the difference between the two conditions, with and with 

out neutral connections. With neutral connection, there is an 

additional capacitance branch in parallel with the zero-sequence 

circuit. Figs. 6.40 and 6.41 show the harmonic equivalent cir- 

F/g. 6.33 
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cult and the complete eauivalent circuit connected in accord- 

ance with the pattern shown in 

71.1Z. 6.39.b. 

3c 	There is an interestinG' point 

about the circuit shown in Fi2:. 

6.40. When Xc  = (2m+1)4  X0, i.e., 

when Lo  and C are in parallel 

resonance at the (2m+l)th-har- 

manic frequency, harmonics hiroh-z 
X 	

er than. the (2m31)th will be 

cut off. 

Figs 6.42.a and 6.42.b show 

the oscillora'ams of the voltages of the unshorteircuited phases 

for different values of :c 

V, 

rip  I„  

(0  C ' 
	I. 

I" 
 

C. 
V. 
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2. = 10. 6 

5. X = 29-2 

e• 	Xt  = /59  

,10,1  = xw = 6 , 

osciflograrp7s as in Fig. 6-19) 

3. xc = /3-8 	 4. Xc= Z2. 4 
6• 	xc  = 44. 	 c 72.3 
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(6.4) Two or More Machines in 1Darallel 

When there are more than one machine in question, equivalent 

circuits representing the whose system may be constructed just 

as for the sinatle-machine problems considered before. The equi-

valents are, however, more difficult to represent owing to the 

introduction of the ideal phase shifter for the purpose of con-

nectina together two circuits whose terminal voltages are equal 

in magnitude but out of phase. 

(a) A number of machines connected to an infinite bus 

When several machines are_ connected to an infinite bus thr-

ouch balacned reactances as..shown 

in Fig. 6.43, with the field axs 

of the machines I, II, ... N leading 

an arbitarily chosen axis by the 

Idea 
Phase-.0,4f." 

Fig. 6.44. 
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(1) 	5(1i) 	E(H)  	lanraes 	 ent  circuit for 

the whole system is shown in Fi[z. 6.44. 

(b) Unsymmetrical short circuits of two machines in parallel 

When an unsymmetrical short circuit occurs in a system with 

two machines operatiniz in parallel, both machines must be con- 

sidered as a whole because 

AlAz = t‘f .1" 	mic a 	the unshort-circuited phases 

Sx 	ea 	, 
r 	/ 	t.) 	still connect one machine 

f  
to the other. Let the line- 

Fi y. 6.45. 	
to-line short circuit be 

considered first. If lines b and c are short-circuited, as 

shown in Fig. 6.45, the terminal conditions of the machine are 
(Z) 	(Z)  

Vala ,n+ , ) 	Vbf A,s+/) 	V:l j:;,•••/) 	Vb(( livr ,'  

Vb( (r-a)mrli 	VcItga)mr,) 	Vb('xt)mro— VCC1,) iri) = 

4Z,„ 	, 	= 0 

aba. + 	. 0 

In terms of Symmetrical components, the terminal conditions 

can be exrressed as 

lil 	(Zr 	
= Vp":'  1ms, — 	411:7,.., 

III) 
fx17../.1 	 1"71',,-.. I ) 2.4" 

(., and 	(1.9,, 	(1.7,11, = 

/ (6.64) 

Fig. 6.46 shows the pattern of connection. Fis. 6.47 shows 

the harmonic eouivalent circuits of both machines connected 

) (6.63) 

71- Circuit 
Mle lI 

Fig 6.46, 

0-Cerctait 
Mk Ir 
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Fig. 6.47. 

together, which when viewed from the V1 end, represents the 

equivalent neGative-sequence impedance of the entire system. 

The ideal Phase-shifters introduced for the purpose of connect-

ing together the harmonic quantities have different ratios for 

different harmonics. The_ complete equivalent circuit is shown. 

in. Fig. 6.48. 

2 512' 
e 	I 

Fig. 6.48 

  

    

The equivalent circuit for the double-line-to-neutral short 

circuit is 'ye ry similar to that for the line-to-line short 

circuit. The Pattern of connection, the harmonic equivalent 

circuit and the complete equivalent circuit are shown in Figs. 

6.49, 6.50 and 6.51 respectively. 
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For the line-to-neutral short 

circuit, the pattern of connection, 

the harmonic equivalent circuit 

and the complete equivalent circuit 

are shown in Figs. 6.52, 6.53 and 

6.54 respectively. 
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Fig. 6.52. 
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Fig. 6.53 

Fig. 6.54 

Althoupth the eauivalent circuits aiven above are for tiro 

machines only, similar equivalent circuits can be derived with-

out difficulty for more than two machines- The representation 

of Z2  will, of course, ,become more and more complicated when the 

number of machines involved increases. 

MAZE 

-4- 
• j4P' 27.; 

'pp 	finr 
	/ 	PK o 	;.,0 le rs 



P.90 
Art.7.1 

PART II TRANSIENT-STATE SOLUTION 

(7) GENERAL OPERATIONAL SOLUTION 

(7.1) General Equations with Negligible Space-harmonic Effects 

In addition to the neGlect of the non-linearities of mag-

netic saturation and momentary variation of speed, which are 

the basic assumptions underlying the general equations given 

in Article 2.4, the assumption of negligible space-harmonic 

effects, introduced in the later chapters in Part I, must be 

made from the beginning when the transient-state problems are 

considered, in order that the general equations may be handled 

with reasonable ease. 

It has been shown in Fart I that with the space-harmonic 

effects neglected, the mutuals between current components at 

different frequencies are limited to only the two components 

of consecutive harmonic orders, so that the steady-state solu-

tion can be materially simplified. This is also true for the 

transient-state currents and is the reason for making the 

additional assumption from the beginning. 

When a synchronous machine is running steadily at an angular 

velocity of 6) and the field current has reached its steady 

value of Ito, and the armature terminals are connected through 

external impedances to a voltage source, the voltage equations 

of the system may be represneted by the matrix equation 

(v) 	= {Ezincl 	 (7.1) 

The machine impedance matrix, tZmcl, is; assuming as before 

a common mutual between any two of the armature (a, b or c), 
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kJ 

kq 
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a 

(7.3) [Zex]=  

kd 

ki 
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field (f) and direct-axis-damper (kd) axes, given by 

kd 

where G =cat +X , A bein the angle by which the axis of the 

field is ahead of the axis of phase a when time begins to count. 

The external impedance matrix [Zex] in Equ. 7.1 has the 

form 

where each component may be expressed as 

Z(t) R L(d/dt) 

The volta.ge matrix in Equ. 7.1 is 

e6, 

14+ e. 

[IT] — 

kd 

kq 

(7.4) 



a 

b 

kd 

ki 

i.; 

Clkd 

(7.5) 
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where v,, 	and vc  are the source voltages and ea=c411afIfcsin9, 

eb  7.63;fIfcsin(e, 	271/3), ec  :coNtfifosin(G t 271V3). 

Finally the current matrix in Eau. 7.1 is 

where the current ii does not include the steady component Ito. 

It is well known that the natural reference axes for the 

armature currents, i.e., the Phase axes a, b and c, are not 

convenient for the purpose of studying the performance of a 

synchronous machine, and some simplifications and transforma-

tions are needed. In the course of simplifyinr4 and transforming 

the general equations, it is convenient to leave out the ex-

ternal impedances at first and consider their effects after-

wards. Thus [Zcxa may be omitted from Equ. 7.1 but the source 

voltages va, vb  and vc  must be replaced by the machine terminal 

voltaGes vat, vbt  and vet  respectively. These two sets of volt-

ages are related by the matrix equation 

[TO = [vl - [zex].Eij 	 (7.6) 

(7:2) Operational Equations 

It - can be shown. that when the Laplace transformation, de- 

fined by 

= f E--pt x(t)cct 
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is Performed on Eau. 7.1 ( [Zexl omitted ) and the field and 

damper currents are eliminated, the operational voltaRe eaua-

tionS of the armature circuits are found to be 

[V(P)] = [Z„c(P)]• 11.(P)1 
	

(7 .7 ) 
where 

     

      

      

a 	 b 
	

C 

I im.(01= b  

Ra + t Of L. + Es(11+.)0)) +Cp.41 foil.. + ki i.s (pi-j.,) + ca.i.) :13- p { c, + -h T.3(p-tjw) I Canif 

-± 19 { L. t {, T., (p+j(z) + conj.} It a + -t P { Lc. * Zs ( P+:1,0)  - I - C4,1-} 313 { Lo 1-  VT_ 5  (p- .- . .;,..)) +co,j 1 

i fq L. + 1,'•Es (p+J(0)+ ca,,t) i 13 4 Lc, + i.E.1(1,+ju.)+ c,--j.j- fc.. t p 4 L. * Es (kti-)) -f- c.,i-} 
I( 7.8) 

a 13„ + ja()) (¢rjgo) [ 1..t11-1%-pw) + 	rb (4-.-34,4) + 1,4  z, (1)4-p..)3 + coni 

[ 	(13)] b bt(P) eb (P )  - j.) Tb (pfj2,0 .4- fj 	(Pi-jzo).1 	4- 	Cerly • } 

ytt  (0) 	gco„, - 43.  4  11,2 	(pi-jw) [ra  +jaw) + th  (4,+j/w) 	F,(1,+i2.4)1 t  c3-ni • 

       

(T.9) 

       

and 

      

 

a 

    

 

(1,)1 = 

 

t b  (13) 

    

   

-c, tp) 

    

the impedance and voltage matrices, Egus: 7.8 and 7.9, 

L o  = ao 	P4S0 

L ,  (p) = 	 + ii(01 

T r, (i)) = 	Ed(p) - Li  go} 

L 00 - M50 ÷ 4 	- 	z • 

1,127c 13 
2„(p) 

 

id 0) 

1.1(p) = La. -1150 	- 3  A • 	 
2,1,C 

L -Jja L  

2,019 = 	P )(  Rkol i-kd 0) iltkd 1:41 } f Rt + Axe 	( + Lkel — Mit,d)17f 

(p) =Rk4 +  L 
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3 	• 1..„/ = Lao  — Mso  + 	La] 

L 	= 	Lap ." t150 — 
3 Lox 

T/T Mat. 

mi, = 

The terms involting la(pi-j2(4), etc., have been considered as 

Part of v(p) and included therein. 

(7.3) 1, 2, 0 Components 	Diagonalisation of the Zachine 

Operational Impedance 'iatrix  

The form of the machine operational impedance matrix (Eau. 

7.8) suggests that it can be diaaonalised when pre-multiplied 

by [SI and post-multiplied by [S], [S] being the well-known 

2 	0 

a 

[ 5 ] = b 

C. 

I I I 

A 2  h I 

h ha  I 

(7.11) 

[S]i , the inverse of (S] , is equal to one third the conjuGate 

of the transpose of [6]. 

Carrying out the process of dia-'onalisation, which is equi-

valent to changing the reference axes from the phase axes a, b 

and c to the symmetrical-component axes. 1, 2'and 0, it can be 

shown that Equ. 7.8 is transformed to 

(p)1Cv 	= mc(p)J1 (P)I 
	

(7.12) 

where the new voltae matrix is 

      

17,00 + 	- lac jA 	(1)--.40) T.,(0—)2co) 

kiWY 	[sl-j • -17(01 = A 

  

j,z ( F)— 	 CID tjuo) 

       

Vot  (P) 

        

        

(7.13) 



RQ  + 	Es ( - ja) ) 

Ra t ,t, r-s (13+jca) 

- Lo  

( 7. 15) 
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= 31 Va t(p) + 	bt( + hz  17ct ( P )  

= 	C flat (13) + hlab,(p) + 	ga. ( ) I 

Conjugate of 	 (12) 

irorq0= 	{ ..Vat (0) + Ibt(P) 	(p)i 

(p) = -f. 	ea  (.0 + h eb (p) h2  e, (1) 1- 

= Conjugate of P, ( 

the new impedance matrix is 

(7. 14- ) 

0 

(o) 	= [5 ]-1.  [ii"0(0 ) •  [ 5 ] = 2 

0 

and the new current matrix is 

  

(7 . 16 ) [7,(p)]' = z 

0 

 

to(p) 

 

which is related to the old current matrix by the formula 

Ii (p)1 = Ls11.i (p ) 1 
	

(7.17) 

The 1, 2 and 0 components, having been obtained by the sym-

metrical-component transformation, may be called the positive, 

the negative and the zero components respectively. They should 

be distinguished from the positive-, the negative- and the 

zero- sequence components as the sequence quantities apply 

only to steady-state sinusoidal quantities already expressed 

in symbolic form (complex number or electric vector). 

It is clear from Equs. 7.13, 7.14 and 7.15 that the positive 

voltage and impedance components are the conjugate of the nega- 



2(0 2,(a) 22,(0 

-iir (p) 2 (to 2z  (p) 

Z1  (p)2,,(t) 2(t) 	• 

(7.18) 
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tine voltage and impedance components respectively, consequent- 

ly the positive and negative current components, 

f 120i are conjugate functions. 

11(p) and 

(7.4) Operational Solution in terms of 1, 2, 0 Components  

-- for Partictlar form of external impedance matrix 

Although Equ. 7.12 has a much simpler form than the original 

equation (Equ. 7.7), it is still not readily solvable owing to 

the presence of the functions I1(pfj203) and 12(p-j20.5) in the 

voltage matrix. Whether or not it can further be simplified 

depends on the form of the external impedance matrix. When the 

external impedance matrix is of the form 

a 

it can 

zs 

be diagonalised when expressed 

A 	0 

along the 1, 2, 0 axes 

(7.19) 
{fez (011  = 	2  

Zez, ( 

ie.tto 
0 Zeno(t) 

where Zex, (to = 2(0) 4- ha 2, (0) 	+ h 2, (p) 

Zcza (p) = 	Z (0 + h Zr  (to + 	(o) (7.20) 

2,„ tto = 	2(0 + 2z 	+ Z Q  (fr) 

and the _. quantities i1(pi-j20) and -i- (p-j2(0) in the voltage ma- 

trix of Equ.. 7.12 can be eliminated as shown below. 

When the external impedancesare included, [Zex(p)l i  is 



,(10) t E,(13) - 	 j  EP 	(1,- j26) 

fiA(h) + e, (p) - b E 	L.,,(13 +jun i:,(Ptilu.$) 

vo c p) 

R.+ iez ,(1.) Pr..5(12—../W) 

Ra.+ 2ez.s 	+ 13  Es (P+i")) 

Rce'lexp( N+1-4 

7..'((p) 

(7.20 
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added to Zrac(P) ' and the terminal voltages vit(P), v2t(p) 

and Vot(p) become the source voltages vi(p), v2(p) and c70(p) 

respectively, Vi(p), V2(n) and vo(p) being given by the_ first 

three expressions of Equ. 7.14 with the.. subscript: t in each 

term omitted. Equ. 7.12 thus becomes 

Putting p-j2Goin place p in the second equation and elimina-

ting I2(p-j2c0) in the first eauation of Equ. 7.21 and grouping 

terms gives the, equation containing the positive component of 

current only: 

j  Pe "  (f,— jiJ) 
17,c 	+ 	 f 	( 1)- j.2.c.3) + 	(t) - j AL.")} 

R. + ieza (f - jaw) + 	-jAw ) Es ( 1,-)w) 

I 	
.1,(p_jaw ) E D ( b - jul)  = 	Ra+Zex,( to + tii-j4+)-j")) 	R. I-  jexA(O—j24./ )  + (I, --J20,) Es (0-J-) 

}Top) 	(7.22) 

Similarly, for the negative component of current, 

-.34X — 
-PE 	( 134- jw) 

e.a(P) —  	1/ (i3i-j2(0) + 2, (t, + j 
/1 a + 	 ( 0.61‘..,) 	p«.;(4) 

1 	 -1)(11+jr.o) 1-13(01- jc,,)  = 	R., + ierl.( P) 4-  b Es ( Ptiw) 	,, 	-..7, 	 17.2.(p) 
Ra + L. e„c/(p ti4c0) ÷ (p+j2,..) L5  (p +j.....0 

(7.2 3 ) 

The zero-component quantities are related by the third equation 

of. Equ. 7.21 which is 

Uo  (t) = 	R. + 	+ 	(0 

Thus three independent equations. (Equs. 7.22, 7.23 and 7.24) 

(7 2'4 ) 	I 
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are obtained and the component currents can be found in opera-

tional form for given source voltages and external impedances. 
, 

Since Ta(p) and i2(p) are conjugate functions, only one of 

them needs to be. evaluated. 	(p) is generally eaual to 'zero 

unless there is zero-component source voltage 

(7.5)0t,  A, 0 Components -- Equivalent two-phase machine 

When the external impedance-matrix is of the particular 

form given by Equ. 7.18, the three armature voltage equations 

have in effect -Jbeen reduced to two equations (Equs. 7.22 or 

7.23 and 7.24) in terms of the 1, 2, 0 components. When the 

external impedance matrix does not fall into this category, 

it becomes impossible to separate the positive- and negative- 

component voltage. equations. This is to be expected. 	there 

should result in three distinct equations (Equs. 7.22 and 7.23 

are not distinct as one of them can be derived from the other) 

whatever would be.. the. transformation. 

The most natural way of solving.  an  equation. with a complex 

variable and its .conjugate function. is. to resolve the variable 

into its real and imaginary parts. This applies to the present 

caseamthere is a term in volving 12(p-j2(42 conjugat of 

1.1(p+j2(0)1 in the positive-component voltage equation (first 

equation of Equ. 7.12). Let Ic„,(p) and To(p) be twice the real 

and imaginary parts of 1.1(p). Thus 

ii(P) = 3:Fe.(p) 	j-113(P)1 	
(7.25) 

and 3:2(p) 	[Ipc(P) - 5(3(4 

Inverse-ly T.,,4(p) and Ip(p) are_ given by 



L 
A 

2 
A. 

 
J 

r 1- 1 -70 

I i 
I _ — A 

TS _ 
A 

1  

, 
- T. 

TS-  
- -27 

= b 
(7.27) 

a 

Ill= 6 

The inverse of ET] is 

I / I 

h2  h I 

h Al  / 0 

-t -1 

13-  -IT 

/ I I 

a 

= -y 
(7.28) 
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T04(10) = T1(13) + I2(10) 

And VP) 	-j LT-1(p) - 12(P)] 
(7.26) 

The direct transformation from the phase axes a, b and c 

to the 04 , p , 0,aexsmay be achieved by using the matrix CTl 

defined by 
2 	0 
	 0 

	 0 

a. 	b 

Transforming Eau. 7.7 by using the matrix [T],  or substitut-

ing Equs. 7.25 in 7.12, the operational voltage eauations in 

terms of thecA, V 0 components can be found as 

tr",„ t. (p) + 	(p) 	+ 	(p+).., ) 	] 	- z  1) { j /..5 (0+:1")) 	c<frjk}tp(1") 

+ p 	L. 	z“.)) Cari 

t, 	je 	(pti,„)7.:,,,, (0+ 	+ czn,i 	 (7.29) 

J,3., 	+ 	( 	j 	+ 	+ 	+ 	[ 7-5 (1":1`0 + C"5"111 1:0 ( P )  

fjE -j27‘ + 	T.1,(P+jw)t,,,(0 4-jAco) + Ccrni 

- 	x4) 	-;12‘ 	pfi,.r) 	412 ,„ 	(T30) 

and 	U-o,(1.) = (R„ + Lot' ) 	( 	 (7.31) 

The zero-com-oonent equation- is unchanged. The cc.- and t3-

component equations are more complicated than the 1- and 2- 

_ • 
component equations as there is-_mutual coupling between io,(p) 

and 7r.(P). 



ip... ( P )  • 3p3(1') io.q» 

i.„,(1,) i9,0 L.40 

= 
a 

(7.32) 
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One can see that EQUS. 7.29 and 7.39 are identical with the-

voltabe eauations of a symmetrical two-phase synchronous mach-

ine. Consequently replacing the a, b, c components by the c4, 

p, 0 components is equivalent to replacing the three-phase 

armature by a two-phase armature and an independent zero-com-

ponent network. The eland p components are known as, no-

thinr4 more appropriately, the two-phase components. As ::a ten-

tative suggestion, they may be called respectively the direct-

phase and the quadrature-phase components in parallel to the 

direct-axis and the quadrature-axis components (the d and q 

components to be described later). 

The chief advantage of using the e< and f components is the 

Possibility of eliminatinP: all the mutuals between these two 

circuits whatever may be the external impedances. It is thus 

Possible to obtain an equation with only one variable, say 

/ 
im(p) and itsi•derived functions, Jvop+j200) and ilA(p-j2G0). 

(7.6) General Operational Solution in terms_ of ot, A, 0 

Components  

Provided that the external impedances .are linear and static, 

the operational external impedance matrix may be.expressed in 

terms of the of . ., 0 components in the general form 

0 	0 



j.,(0) + U.(0) 

to (p)e/  

2.,„ (so = 

2t3 	1,) = 

2°,0) 

fe„,(13) = 

(to 

- 	
= 

	

(p) 	+ 	Ttfi(¢) 	- 

g„ + 	[1.3 (p+jw) 

R. + 	L 

	

- -k.OpC 	1.5  (1)+j...3) 

4){ 	1:5 (0+J., 

f) 7.x, ( 	+jw) 

p-jw) 

c¢)'Sao 	1-1.o(') 
R„+ 

+ 

+j (-5) 

+ 

pL. 4-i...(p) 

1.0(a) 	1,-(o) 
+ 	+ Ra_

+  

colV 	ifio ( P )  iv (*) 
Ra + 1,1_0  + i„o (p) 

500(0 
R, + 1)1,,+ io.(13) 

SA, (1') 	iro,,, ( P )  
R„ + 131.0 + doe  (t) 

where 

— 	11 1- 	) t. (1, 	- j  7;3 	-j1,..sq 	( 7 34) 

Cr. CO) 
R„ + 1,Lo 	(p)  

(7.35) 
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Using tha...relation
tI = 	[Zexill] and substituting 

, the_ values of v t  (p), v t (p) and vot (p) in Equs, 7.29, 7.30 

and 7,31 and eliminating To  (p) gives 

(P) 	= 	(P) 	+ 	rto + 	e-j'x  M,w (f) { 	( + jaw ) ti tp (P4-  jA41) 

± 6 j"' 	(I)) 	'(7,(19-jzo..) j 	(p-jAcol 

	

1(5  (13) = zpo, cp) 	cp) + 	7.01.) + x j€-'z'' 	(') 	+ j 	(0+:1Aum} 

C7.33) 

Multiplying Equ. 7.34 by j and adding it to Equ. 7.33, then 

putting -ofj2(a) in place of p in the resultant equation gives 

i.,(1.+j24')+j 	= 	toi <j)+.32,0) 
+){ 	(p+j„,,) 	ii,(0(0,:) ,,,)1 	(.13+j.ica) + 	 it„(4.)-jtc,(01( 7.36 ) 

The, conjugate_ equatio.n. of Equ. 7.36 is 

(P-i 2w) 	(1,-.31,0 -j1A4 cp-j2.4.03- 

-j 	10-4 	i,„(3 (p-j4,4) 	( 	+ 	 LL 	j too) (7-37). 

Eliminating TA (110+,12U) and ip(p-j20) from Equs. 7.33 and 7.34 

by using Eaus. 7.36 and 7.37 gives 
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t«(p)  = 	(0 z-o)+2 1.3(1,)17/3(p) + 	 ei2x i:41::(13)r,,,(t)-j2,0) 	( T. 3E) 

, (o) 	( 	+ ±73  (I)) rts( to) t ,t 	 ej2''F•1 4-co.,(p-jaw) 	(7.39) 

where 
(Pi-j2403 • R.,..(1') E 	

Cartl -5-1 	= f (0) 	20(p-i-jaw) -j 2,13 (p-i-j.u.0) 

ZP  OP*3 A4.0) j 	p 

	 Co-rti 

g71,,,,, 1/ 413)  • NV,(i.+•jaoo) 
ii3(1-j2“.)) -j .i.,p (p+jar.o) 

j 	cp4-:12(-1) 
(t+j2c0) - j 2,0( 04-jgco) 

g1.4.40-  FI:(13 +:1 24°) 
Za(p+j 24.0 —j 2.0  (jptja co) 

Flaa 	— _ 	 
(p+jaoi) + j 	 I  
(P 4- j2(0) 	+ 

= 	(4,) 	I 	
2,,,(1)-j2.c.a) 	Z(3or(1 a -jaw) 
2.0"-j2w) j 2,13 (p- jAca) 

Eliminating i (p ) from Equs. 7.38 and 7.39 gives 

je- j27' [ 	(I' 4-jacz)i-j 	4-i2,4).] • Fla.t(f') fp (P) = To  (t)) 	 (P 	
Corti. El3 q+j2,..)) - 	Aw) 

(13) • l'71,31.(44-.32“)) z,,„ (p) = 2,(1,) , 

2f; 	= Za (io) — 

zap(t') = Z,(1') + 

z = 

(7.40) 

F..4(p) = zo,( 	-C.,(p+:12-(0) 

where 
	F.,(1)) — 	'4,:(0) 20' (p) - tp/ (p) fp'ci(p) 

for ( 	f,;(0,) - 2.,:f34011,; ( p) 

[20o) 	14(01- M`,„(?) 
R. (to — iL(0) Zoto) - ±119' (.0 Z cp, 

ia:co + Z,:3(0)]  .  1-712(t) 

2.: ( 	(t) - i:4(P)±0".(p) 

E 3A  R:( 	(t,-.32,o) 
	(7.41) 

(74-2) 

Conjugate of 174„ (p) 

ECM. 7.41 involves only one variable, is  (p ), and its derived 

functions 	( j26.) and lot  (p- jao) , so that it is a kind of 

recurrence equations and its General solution can be_ found. To 

solved this equation, let the form of its solution be first 

considered. If p is replaced by p f j2 (Pa in Equ. 7.41 and the 

resultant expres ions are. substituted in the_ original equation-, 
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a new equation havinrz terms involving FOL(p), F„,‘(-12 	i20.3) ±.4(p 
and liA(P t j4)) will be obtained. Continuing the same process 

an infinite number of new equations will result with the -4en- 
_ ,  

eral one involving &(p), f,(p 	j2nco), i,(p) and it,,(P±)2-Trql(.0). 

It can be concluded,therefore, that the solution of Eau. 7.41 

has the form 

la(p) = 2: An(p)F,(p + j2nua) 
11,__x..  

n = integer 	(7.43) 

A formal proOf for the validity of-  Equ. 7.43 can be found 

in the Appendix (Article 14.3). 

Substituting_ this expression for ie.(P) in Equ. 7.42 and 

equating coefficients gives 

An(P) + 	);:n_ (p+ 24z ) ♦ iej"TclgP 	(P- 2 w) = 0 (7.44) 
except for n = 0 when 

.Z0  (p) 	-L-ep)171_1(P+j20) + -sej27 %(p)2;1(1D-,1244 = 1 (7.45) 

From the known physical phenomenon that generally the mag-

nitudes of the current components decrease with increasing 

frequencies the condition of convergence 

lim An  (P) = 0  

can be imposed on Equ. 7.44.-  When n is positive and is suffi-

ciently large, the last term in Equ. 7.44 may be treated as a 

remainder and omitted for the moment, thus leaving 

An  (p) + eja7"Tc, p 	(p+,120.2) tr,  0 	(7.46) 

Replacing n by n - 1 in Eau. 7.44 and eliminating .7i111(p-j2(.0) 

by using Equ. 7.46 givers 

- '7:;:(P)170,.(P-i2(*)1•Kn_1(30) 	iCAL(P)A:n-2(D+,12(.0) = 0 
(7.47) 

which is similar to Equ. 7.46 except the coefficient of the 
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first term. Similarly, replacing n by n - 2 in Equ. 7.44 and 

-7- eliminating An_1(p-j2(0) by using:  . 7.47 gives 

t 1 	 i'%-.(P)17(0k(10-.12c0)  
iIR:(3?-,12u)L(p-j4(0) An72(p)  

t -ie42'xkad-0)T.11 _3(pi-j260) = 0 	(7.48) 

Repeating the Process shows that the correct form of Equ. 

7.46. should be 

ta) Ah lp -F 	 03 ) A,-, (I.4-)1L3) =0 	 .,on- 	pas/WPC 	(7.49) '  
integar 

* Co) (p-jaw) 
where :76p.) = / 

,t R:(s.-j2w) R,(H4w) 	
(7.50) 

Equ. 7.49 is a rigorous alternative expression of Eau. 7.44. 

The proof is given in Appendix 14.3. 

Similarly, for negative values of n, 

7!t(p)Tal(P).+ -L- E-i27t-ITa(P)-A-lifa,(1D-.1 204 	0 

n: = non-zero negative integer 

Or, changing the sign of n, 

yd(p)A-n(P) + 	 0  

n = nonzero positive integer 

where , x.: (p ) = Conjugate function of x0.(p) ot 

(7.51) 

(7.52) 

= 1 - 	 (7.53) 
Putting n = 1 in. Eous. 7.49 and 7.52 and substituting them 

in Equ. 7.45 to eliminate L1(pi-j2(.0) and X100-j24 gives 

•To(P) = 	i27,,(10) + 3c;;;;(p) - 	 (7.54) 

Repeated use of Equs. 7.49 and 7.52 lives 

A ( 	= (- 	E "j 2nx  ,40(p+jan...,) 
R,‘(p+j2V(.0) 

 

 

(7.55) 

= 1 * 
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and - 
A-, (0) = (-±)" 	(P4j171-"9 

7t 

V=0 

K.  ( -j VW) 

( 13-j 	W) 
(7.56 ) 

Finally the solution of Equ. 7.41 is 

= Ao  (p)7F-,,,,(1).)TIT)  (I) )7'0, (P4-j2.ntA)) Ti=1 
t A_n (13)70.(P-,12.t1W)} (7.57 ) 

Since .n  (o) and .11.-n  (p) are conjugate functions, the two in-

finite series in Equ. 7.57 are conjueates so lone as F,A, (p) is 

real, which is often true. Consequently it is generally suffi-

cient to evaluate only one of the series. 

Like Eau. 7.41 for the 0( component, a similar equation for 

the p component can be derived. If, using Equs. 7.36 and 7.37, 
i,k (pi.j20) and its conjugate are eliminated in Eaus. 7.33 and 

7.34 instead of i p(Pfj20) and its conjugate, then corresponding 

to Equs. 7.38 and 7.39 are the following equations: 

where 

If 

( 13)  = 	 (0) Z—(1)) + 	73  (lc) 4- -I- je-ja"‘ M (0) —t..0(1) + j co) — j elL"7:1%p)ta  

	

f p  (0) = 215,' (12)17,.,(1)) + 	tg (P) — 	E Asa 
M„(P ) 7/3  ( i"":12"' ) 	E AL*(P) Vp ( ID -110-) 

e-j2"% [L.(0.:( 2-0÷i TOO' ti" )3 .  FLO )  
Conj.  03)  = 	( P )  

Z.,( 0 4- j 20 ) + j 20,03 +.i2‘) 

j eitx L To,  (f,+i2,-,)+3 	co-i-u,)1' 171,-q' )  
+j 

•ii:(P4-1a,o)  r 

	

,,,(¢) .., im (1,) — 2. 	4  ...,„(14+j),,) +j ip,„(P+j1c0) 

	

I 	CLA)) • t101(0**ja(0)  . 
Z i3 (i)) = 2(3 (0 

	

2. 	Z,„(ptizu2) +j ii3,,,(1.-)4•:1 2o) 

	

k..,(1,) = z„ 3(p) — A. 	
j ric,,„( p ) 	• R.: (I.+ j z —0 A. 2,0tizw) +J  1(Orjaio 1-  CC".4  ' 

	

I 	 j r 71 .L.( P )' t:la$:(  P 4  :1 1'4  
Z • , (i)) = 2 0 ,0)) 

E-- 	 2. ..; r ...,„.p 4. j x,...,) +:, i x (,0+i.z43) 

(7-58)1  

(7. 5 9) 

f 	113 	— 

CerrLi . 

(7.6o) 

  

ip(P4 juo) 	a p (-0 +i x..)) 
+ j ids,(42+.izL-)) 

200 03—j2.c4o 
Zd (Q —j2w) —j ifje, (1,—j AL)) 

 

(to 

F1:(P)= 	tp) 
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Eliminating 1.4,,(p) in Equs. 7.58 and 7.59,Eives 

 

        

	

Tg, ( 13) = -CA  ( /3) + 	--jet n 
2. e 	(#) l.p(13+.1141) 	 It  (f)) to (la 

fp  (p)  — Zpo,(0 f  (p)  where 	go(1, ) — 

( 7. 60 

(0) ZA (4)) — ±0,,(h) Z13 (3)) 

fa) tj fp,, 	ti,)  
f> 

"2;( — t;(10 I/3"dg') 

* 	[20,11 (p) — j ifl.,(0] • t1011,(p) 
Ko  (1') —  z_cp) zo  (0) — z,,,p(p) Z; (p) 

(7.6z) 

Conjugate of Rs itS) 

Equ. 7.61 has exactly the same forir, as Equ. 7.41 and its 

solution is obtainable from Eau. 7.57 withY;A(p), Tct(p) and 

4(p) replaced by -fo(p), Rp(p) and T4(p) respectively. 

(7.7) Other Important Reference Axes 

In addition to the phase axes a, b, c, the symmetrical-

component axes 1, 2, 0 and the two-phase-component axes 6:., A  r 
0 which have already been dealt with, there are two other sets 

of reference axes in common use. They are the F, B, 0 component 

and the d, q, 0 comonent axes. The F, B, 0 com-oonent axes can 

be defined - readily from the 1, 2, 0 axes and the d. q., 0 com-

ponent axes from the F, B, 0 axes. 

The current components 1F(p) and iB(p) can be defined as 

1F(P) m E )' 141(1D+,30)) 	
(7-63) 

and 
	

TB(P) m 	T2(10-,10) 

Since i1(p) and T2(p) are .conjugateunctions, so are iF(p) 

and iB(p). Expressed as functions of time, Equs. 7.63. become 

ip(t) = E.:J (1  ii (t) 

and 
	

iB(t) = 6ie 12(t) 
where 9 = <A)t + N . 

(7.64) 



CP'ts(P+i,d) 

To(') 

zb  (t) 

T.,(.13) 

(7.65) 
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The phase components and the. F, B, 0 components are related 

by, in operational form, 

or in explicit form, 

 

    

EY) e-Jo 
I 

j (8 - f ) 
e 

_ice-'` ) E 

e i(e+ y) ci(64.,s-c) r 

    

(t) 

 

( 7.66) 

Low 

   

    

The current components id  (p) and. ici(p) can be considered as 

twice the real and imaginary parts of iF(p), just as L(p) and 
i-p(p) have been considered as twice the real and imaginary 

parts of 11(10). Thus, 

it (P)=  I {Td(p) t jIci(p)) 
(7.67) 

and 	TB(P) = 2 kid(10) 	iig(10)1 

Consequently Td(p) and Ici(p) are given by 

id  (P)= IF  (10) 4  IBM 

by, using Eous. 7.65 and 7.67, 

and Iq(P) 	i. T-F(P)  7-B(131 	
(7.68) 

The phase components and the d, q, 0 components are related 

.1. A I lj - fj 1  

tha  t h z., 41  - 1. 1. h  I  

i 11 z172  li jh —t /AI  I 

Eta La (P --.1“,) 

Cix id  (PI-jw) 

E' (7  (41-it4)  

e-))' 	+ jun 

V.0(¢) 

(T69) 
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The inverse transform of Equ. 7.69 gives the relation be-

tween the phase components and the d, q, 0 components in ex-

plicit form: 

cos 8 -s»6 I 

cos (19 - y) -sir, (9_ akr) 1 

csso +.119 _ sin (9 ÷ ..1) r 

b(t) 

   

  

( 7.70) 

 

Loft) 

 

The difference between the 1, 2 and cA, p axes and the F, B 

and d, q axes is entirely the result of the manner in which 

they are fixed in space. The 1, 2 and opk,p axes are stationary 

with respect to the armature whereas the F, B and d, q axes 

are stationary with respect to the field structure and con-

sequently rotating with respect to the armature. Each sort of 

axes, stationary or rotating, has its own merit in application. 

As far as the solution of the armature currents is con-

cernecI; the 1, 2 and ot , p axes are more advantageous. As a 

matter of fact, only when the currents are expressed along the 

,c, 	, 0 axes can the general operational solution like Equ. 

7.57 be obtained. 

The d, q components, being fixed to the field structure, 

have a more direct relation with the field and damper currents. 

Furthermore, the electromagnetic torque can be expressed in a 

simpler way when the currents are expressed along the d, q 

axes. These two points will be illustrated in the next two 

articles. 

Because of the readiness the different sets of reference 

axes can be interchanged, each of the armature voltage equation, 

the field and damper voltage equations and the electromagnetic 
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torque equation need not be expressed along the same  same•set of 

reference axes but can always be expressed in its most conven-

ient form for any particular operating condition of the ma-

chine. 

(7.8) Field and Damper  Currents 

So far only the armature currents have been dealt with and 

the field and damper currents hate been missing as they have 

been eliminated from the beginning. In order to find the field 

and damper currents, it is necessary to 	back to Equ. 7.1 

where the field and damper voltage_equations still exist. 

The operational form of the field voltage equation is 

0 = 	x ,pmai  AE T._(P+.iL0) * Can i 	h -jA rb(p.i.) cmy 4- he,  11(p+po) 

+ (R1 +  Lf'P. ) 	(P) 	mfkd rkd (0) 
	

(7. T/) 

Or, introducing 1.1  and i2, it reduces to 

0= 	p maf  {c-Ps t,(priw) + ei) T.A  (,p —jcd) 	( 	Li 	c;(1)) + 

 

( 7. 7 ) 

      

Or, introducing id  (Equs. 7.63 and 7.68), it further reduces to 

0 = 3 ,p mat  rd(p) t (Rt*L.rp) 	+ Iilltkd 	( P )  

 

(T-73) 

     

     

Similarly the operational damper voltage. equations are. 

      

	

0 = 	4) mat rd(p) + 	(p).+ R kd 

3 4, 0 m 	 .4. 

	

and. 0 = 	r "a* L % ( p) 	.- 9/ 	) (ki,(P) 

p) cto 

 

(7.74) 

(7.75) 

• 

When the armature currents hate been obtained in terms of 

whichever set of components considered and proved to be the 

most convenient, Id(P) and Ici(P) can be determined. The field 

eurrent il.(P) and the two damper currents ikd(p) and ikci(p) 

can be found by sovang the equations (7.73, 7.74 and 7.75) 

above and expressed in terms of Ta(p) and Ici(P). Thus, solving 



14a, (p) = z [ 	7:4010 + rs.%), r(ft) + M,5 Zka (12) 

and_ y-is. 	z [ Li  t (p) + Mai iki,(f)) 

+ 3  —m -- g af
fc 
 I ( 7.79) 
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Equs. 7.73 and 7.74 simultaneously and using the symbols de-

fined in Equ. 7.10 gives the currents 14(p) and 11:d.(P) as• 

r.'(¢) = 	 Rkd 	Lka -Mtka)1,  	rao) 
Rf + 	(Li + Lk," - 2.1\4tkd) P 

an r.ka  (1)) = — 	Md 	Rf + ( Li — Mikd) -P 	i3  E./ (P) 
Rj 	+ ( +1-hd — A Mikd)P 	2d ( P )  

Also from Equ. 7.75, 

0410  tk 	F3— • M i,, < P ) 	— 	I (1,) 

It is. clear from Equ. 7.76 and 7.77 that because of the 

presence of two windings in the pole axis, the: current in that 

axis, Which is the image of the armature current component 

id(p), divides itself in the two windings in inverse ratio as 

the leakage impedances of the respective windings. Thea image 

of the armature current component i (P) is the whole quadra- Q- 

ture-axis-damper current iko(p), as shown in Equ. 7.78. 

(7.9) Electromagnetic Torque  

The expression for the electromagnetic torque has been aiven 

in Article 5.2 (Equ. 5.23) as a function of the armature and 

rotor currents. It is possible to derive an alternative ex-

pression for the torque which does not involve the rotor cur-

rents except the steady d.c. excitation Ifo. This can be 

achieved by taking the Laplace transforms of Equ. 5.24, which 

are 

(7.78) 

and-  substituting into them (Equs. 7.79) tha✓  expressions for 
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i'(p), kd  (p) and kq(p) given by Equs. 7.76, 7.77 and 7.78, 
and referring back to Eq. 7.10. Thus, td  and 	may be 

expressed.: as 

	

kc, 	Zei (p) ra(p) t 4 1.4„ 

	

and. Ni,v 	4. z- Zir (p) 

 

(7.80) 

     

The alternative expression for the torque is therefore given 

by 	 

-r  = 	[ 	(pcdro + mafzfo] 	— 3  ,C1  1:1,(p)1:1,(12) • t-a 
	 (7,80 

which is often more convenient than. Equ. 5.20 when the tran-

sient-state torque is to be found. 
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(8) SYUNETRIaLL THREE-PHASE OPERATION 

(8.1) Three-phase Short Circuit of an Open-circuit Machine 

When the symmetrical short circuit occurs to a machine 

which is initially open-circuited, at the instant when the 

field axis is ahead of the axis of phase a by an angle N, the 

positive component of the armature short-circuit current can 

be found directly from Equ. 7.22 by putting v1(p) = v2(p) = 0 

and fex1(13) = ;x2(13) m O. The. voltage components e1(p) and 

e2  (P)  are_ given by 

71(P) 	 "-mam  jejx  /(P 	j,)) J.J 
(8.1) 

Using Equ. 8.1 the left-hand member of Equ. 7.22 becomes 

e-, (0) 	Pej4'' -f-x, (P-P-0 	
e-4 --3"? Ra+ (p-jaw) Es  (p -j4.)  

{ 	-f-  	E„,., 

	

Ra+ ¢- jzw)ils (13-“-1)} A 	
-je

jW 
iA  

Ra+(p-jw)T.4(1,-ju.o - ju,7_41,(1,-jc.)) 	 -je))' 

R„. t (p-i2w)jra(p-jw)+1:3,(0-jw)3 	2 	 j"-j6.) 

and the coefficient of i1(p) reduces to 

(P-Ic4) 
Ra+ (15- jzco) Es  (33 -jw) 

+ Rat 1, 	I EA 	(4-ju7)) + ¢ (1,-j 2.,0) E  q3--j L.)) Lop-J(0)  
(8.3) 

Ra t 	-j Aco) 	- 	4 iv  (I' -i“)) 

Eau. 7.22 thus becomes 

/ and 	ee(p) =. 	Eam 	lx /(p 	 joa) 

where Ear =A4Ma dfoi- 

Ra + 	Es  (13-i.) 

• z, (13) —6—• R„*L<(9!w)-jwLq.( Q-jw> 	JE T  (8.4) 
R: 	* Rg cp-p.0) (Ea  co-J(4) 	(11- jui) + tcp-j2..3) 	-j  co) r.i  ( JD 	p+j(..3 

As Eau. 8.4 involves only polynomials: of p in both the. nu-

meratthr and denominator, its inverse transform can be found 

by resolving it into partial fractions whose inverse transforms 
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are known. This involves findinq the roots of the equation 

Rai  + Ra(p-jo) [Iti(p-jo) + Iti(p-j04)] 

+ p(p-j2sa)Ia(p-ju)Lti(p-j(0) 71. 0 	(8.5) 

The degree of Equ. 8.5 depends on the form of the operational 

inductances I,d - (10-jw) and Lq  (P-4 J  w). With only one damper circuit 

in each of the pole and interpole axes, as has been assumed in 

establishing the general equations, Equ. 8.5 is a quintic whose 

general solution cannot be found. In view of this difficulty, 

it is necessary to introduce some simplifyiniz assumptions in 

order to obtain an approximate expression for i1(t) which is 

reasonably simple. 

There is no difficulty in deriving the steady-state compo-

nent from Equ. 8.4, as p - jug is already a factor. The coef-

ficient of the partial fraction 1/(p-jo) is simply given by 

[(P-ju")11  (10  

It is advanta8eous to introduce at this starze new forms of 

the operational inductances Id  (P) and 1,4(p), which will prove 

to be the, most convenient. La  (p) may be expressed as (see 

Equ. 7.10) 
=. 	Trqv,":pf,  

where T = / RkL  

and 	T5 	% Li/" = (Lk 	r2L )/Rki, 

Id(p) may be expressed as 

T,i10)(1-1- 1;i12)  
= ( + TeLP)(it Ta.;1,) La 

(8.6) 

(8.7 ) 

(8.8) 

where -1/T'o  and -1/T"o  are the roots, -1/TA0  being the small- 

er

d 	d 

one (in absolute.value), of the quadratic 
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(L1 Lkd - 14.3. tha ) "P3  +R1 R i.) 13 	R1  Rkut.  

and -1/TA and -1/Td  are the roots, -1/TG being the smaller one 

(in absolute value), of another Quadrattc 

,2 

Aa  [1•-f Lkd blAd 	= 1...z2  ( LI  + Lka — —2  Mika)] 15.1 	[Rf (1-14,1-14-2,) 	Ricat(Lt 	L-at 	
R kd = 0 	(8.10) 

' 

If the two roots of each quadratic are vastly different from 

each other, which will bp true if Rid  is much larger than Rf  

when expressed in a common basis (say the per-unit value), Tao, 

T"do,  d T' and T" may be expressed approximately as 

     

Tda 	
Ma L/4 	)/Rkd  

T,; = 	L1 -t'.1`11. 

Haika, 	het l f  - 2 mlamika 	 • and 	'rd.' 	(Lka 	 )///kd L.f Ld  - r.vcit  

It can be anticipated that the advantage of expressing, T1  (p) 

and Lo(P) like Equs. 8.8 and 8.6 lies on their product form 

and the form of the factors like 1 - Tip, which lends itself 

to ready approximation for a large range of the value of p. 

When p = 0, the factor simply equals to 1. When p is large, 

the factor reduces to Tip, since 1 may become negligible. 

(8.2) Solution for Armature  Currents with Small Armature  

Resistance 

When the armature resistance is small, Ra  may be neglected 

and Eru. 8.4 becomes, using Maus. 8.8 and 8.6 for Ird(p) and IA 

(p-J,)[H-7- (s-i,o]fol- T.,"(p--).-01[/4-7-,;14-3-031-t-i-ic),Tz(i-J,,)][1+ -r.z,(4,-J,..)11/+ -r;(1,-J..)Ji.,  Ea_ 
19(  P-juOti + T,i(p-j(0)11/ Ta"(¢-i,o)JE + 71,';(0-j,0)] 1,44 	 A la-jca 

• 

which can be. expanded into partial fraction as..  
(8./2) 

(8.1/) 
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E 	 / 	/ ( 	 7";  -cm') 	- 	/ 	\ + (   + L'4, ed  	gx La. + } 

	

41, Ll.L 	L:d .  / (8-13) .  

	

L'.4 	4-4) L' 	p-ja 

where Lg.  7..(Tall/TdoTL)Lid, La = (Td/Ta0).11d and 1)4 = (TVT'clo)La, 

aszuth,in-:. T 	Tg, 	y/. Tao, 	1/TA or. 1/4L, also neglect- 

1/a, compared with unityy 

The last two terms in Equ. 8.13 are not correct as they 

corresPond.to sustained d.c. and double-frequency components, 

a result of omittinE the dampIng, Ra, in the armature circuit. 

The correct exuressions for these two components can be found 

directly from Equ. 8.4. When p is approximately equal to 0 

or 	Ld (c-iw).= La and IL1  (p-jco) =-1.411  and Equ. 8.4 reduces to 

1,(0) 	Ea"' 	  R,t+R0(4i*E4,)+ 	--).4"0  L-ti; 	0-j")  

The ,  roots of the quadratic in the denominator of Equ. 8.14 are 

given b 

P 	
Ra(L(+4) —jAco /-c4  ±  

Ae.,4 

Ra(C4  d 	 j LO c 

since 4(0J144)A >> R(141-L). Defining 

Ta(3)  = 2L1,114/(11 	Ltc)R 	(8.16) 

and finding the coefficients of the partial fractions of Equ. 

8.14 in the usual manner, the proper forms of the d.c. and the 

double-frequency components are found to be 

4u.) 	11=4. ...L. +1, 
Tar.11 

Cd -Ct 	 

"4 	t m+ j.4" 

if 1/T() 1S neglected compared with to and Ea  is neglected 

(8.14) 

(8.15) 

and 

 

443 
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compared with 00(41 i L). 

Eau.  8.13 is  thus modified to 

E  
17L 	4 p -j /A/ 2co 	 T,Z 

   

/ 	I 	 /  
1 )  

Yd. 
4 

r 
• La. 	p - 

-  
al!) 	

':( 4  	 	 4.; 	 L  4- 
(8.18) 4,0 4,1-i, 	+ 	4w 	1 4 	- -pw  

SinceV 0- ( 0)iseallalto.zerotilearaiature -011aSeallrrenti,-(10, 

is equal to 1.1(P) and its conjugate. ia(t) is given by 

La(t) 	— E: 	( 	-17;) 6-41T; 	 -±2) E  -t .1-'1 4 	C-c).5  ("" # A  ) 

▪ E.— cosA 	) 	
I 

/,„ _ 	E-*/17."'cos  ( zwr 4- ) 
2 co 	 2 c0 L.I. 	L.  

The current in phase b is given by 

(8.19) 

110(P) = h Ti(P) - 1-3:2(10) 

which is equivalent to putting 7\ - 2W3 in place of N in 

Eau. 8.18 and adding the conjugate of the. resultant expression, 

ib(t) is therefore obtainable from Equ. 8.19 simply by putting  

- 21V3 in place of A wherever it occurs. Similarly, replac- 

ing 	by N + 2n/3 in Equ. $.19 gives ic(t). 

Equ. 8.19 shows that the symmetrical short-circuit current 

consists of three different transient-state components, as 

there are three different circuits involved (the- three armature 

circuits are identical and the quadrature-axis-damper circuit-

has no d.c. component of current) in determining the damping 

coefficients The.. components of current whose damping coeffi-

cients are proportional to Rkdand Rf are known as the direct-

axis. subtransient and the transient components respectively. 

When there. isd.c. component of current in the quadrature7aNi57 

damper circuit (Article 8.5),  there is. an additional component 

of current whose damPIng coefficient is proportional to Rkg. 



1.0p)=, -j [ e -i7s  (71j"-') — C4rnj 

Ea ,,, 	I 	J 	Co,li zu) C 1-1,-t-jw 7., 
(8.21) 
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Both the d. c. and the double-frequency components have a 

common damping coefficientproportional to the resistance in 

the armature circuit. They may be called the "armature-tran- 
sient" component. It will be shown later that the rgeneral 

form of the armature-transient component is an even-harmonic 

series, the higher harmonics being equal to zero for the sym-

metrical-three-phase shobt circuit. 

(8.3) Field and Damper Currents  

The field and damper currents have been expressed in terms 

of the armature currents. as given by Eaus. 7.76, 7.77 and 7.78. 
Since T1(p) is known, id  (p) and is  (p)are also known, and the 
derivation of the operational expressions for the field and 

damper currents is merely a matter of substitution. It should 

be remembered, however, that whereas Equs. 7.76, 7.77 and 7.78 
are exact, the final simplified expression of 11(P) is only 

approximate. In order to ?et simple and consistent expressions 

for the field and damper currents, it is necessary to make the 

same simplifyin7. assumptions. 

The d- and q- component currents can be found by using Equ. 

8.18 for 11(p) in Eau. 7.63 and also using Eau. 7.68. Thus 

	

i.d (p) = E*P1 /4 	(I) + jw) 

	

Eon 	r{ (  /_ 7:,, _ 
) 

7;t" 	

1, 	 1 	 + •— 

	

l LA 	+ 	id 

Eam 	 (8.20) 	 + Carej .2o.) 	 r;;;) 	to  .4- j“, 

Substituting id(p) in Equ. 7.76, with Ed(p) expressed in 
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explicit form (Equ. 7.10) and the function (LfLkd  - MAa)pa  

+ (Rf1,4d  t RkdLf)p + RfRkd  factorised (Equs. 8.9 and 8.11), 

aives the field current: 

; (¢) = d 	
,,1-  E. 	R„ (1-x4 -i4fird )43  

fif  Rica (F 7 p)(it 	P) 

\  Tap 	 "ra".1,  _ 
oL 	g„/ /47474,, 	kg:, Lai 	, 	Ld. 	2  t;:d 	-I-  re" (P 	C4 / (8.22) 

Similarly the. damper currents are 

  

TI = If • ts'7,4 • EJI 
 

t (1-# -1.1fxdilb  	 
Rk4  ( I 7;c:>1))( 1  Td; P) 

  

\ 	i+7171, 	%as. L) /4-7-,ip 	4,,c 	td I  + 	 CcrI). ("3)  

and 	, 0 	Cory= IT • M3' •ZE"-74 	OP+ p 	ri.j:(PQ1),.) 	
(8.24-) 

The expression for the field current (Equ. 8.22) can be re-

solved into partial fractions. The fractions with 1 + Tdop and 

1 + T'clop as denominators are very nearly equal to zero Thus, 

writing Eam  =LoldafIfo  = 4A0/3MIfo, Equ. 8.23 is reduced to 

	

Lk4 --/-4,d 	I = 	 . 
L  

Mai 	{(
-1- L'd1-iLkd -. M;itof 	 :t) '164' 4.  4, 	 ÷ , 

1-kd r-I,  ( 

 

)1 (8.25) 

 

Adding the steady exciting component Ifo  to the inverse 

transform of Equ. 8.25 gives the explicit form of the total 

field current: 

1. (t) = 	÷ 	rfo 	Lk41 .' Mfkal 	I 	1 ) e-t17: 4; 	1  1- ca -Mfkd  cos wt 	(8.z.e4 

	

L1,-//4 - /./4 	1.4 	 tj,,, 	ilL-.M4 	4i 	 S 

Thus the total field current has .a form in close resemblance 

to the armature current. It also consists of a subtransient, 

a transient and a steady-state. component, all of the. same fre- 

quency, and an armature-transient component of another. frequenc3 

The quantity (Lkd Mflcd)/(Lfikd Mfkdi) appearing in Equ. 8.26 

may be written as, 



L f  "Lkd •••• 2 1••• 4k Lt Lkd M11, 	L, + Lkd 2 NL.kd 	Lig 1.,+ Lkd  - z Mfkoi 
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Lkd -1"lfkd 

   

Lkd -Mprd 

     

for the benefit of interpreting its physical significance. The 

quantities Lf -j°ifkd  and  Lkd  Mfkd  are the leakage inductances 

of the field and direct-axis-damper windings with respect to 

each other. The auantity Lfe  = (LfLkd-MAd)/(Lf+ Lkd.-2Mfkd) 

is the equivalent inductance of these two windings in Parallel, 

neglecting resistances. Thus the term (Lkd-Mfkd)/(Lf+Ld-211; 

corresponds to the term 1/LfLd, the txtra factor (Lkd-Mfkd)/ 

(LffIkd-2Mfkd) is there to indicate the division of current in 

the field circuit. 

Similarly Equs. 8.23 and 8.24 may be reduced to 

= 1-1,1 
	

(L f Lka - mit/ 	4 	+ 	+ + Jw + 	)1 

	
(8.21) 

and 14, (P) = ce-d. (8.245 ) 

Inexplicit forms, the transient-state damper currents are 

1,4(t)= 

	

Liar-4k,, 	I 	E tITQ — c  --th-,4,„ cos wt 

	

Lf 11,  tiftd 	Lk 
(529) 

and i40) _  mdm% IP  E -th"sincat 	 (8.50 
• L 

Immediately after the short circuit, the total direct cur-

rent in the field axis is given by 

[.C. compponent of ii (i) 	(t)1 
	If, Li  C,4 = 

	L. d. 	(8.30 

which may be many times the exciting current. Although this 

current is not entirely in the field circuit, it is nevertheless 

in the field axis and its reaction on the armature circuit is 

the same regardless of its actual distribution. Consequently 

the ratio Ld/I41 also gives the relative magnitudes of the ini-

tial and final values of the fundamental armature current. 

After the subtransient component has died away the d.c.com- 



— 

i`L _ — 	
E 	s,;,

— 	, 3 	' 4 
where , ( t)=( — 	 + Ti 

and 
1 

(8.34) 

-tIT, 	TA°  7-;i: 
Ts ; 74".; 

(8.35) 
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ponent of the field current is given by 

   

 

MR 1t, 	L zy 

t 1.1 	44,  40 

    

( 8 3 2 ) 

(8.4) Short-circuit Torque 

     

       

Substitutins Id  (p) and ig(P) in Equ. 7.80 and reducing gives 

= 
	Mt

(  'to "Lira(3) c.,)5Lot  

and 	E -411-"'  Sih (..3t } 
(8.33) 

The explicit forms of id  and iq  are, from Equs. 8.20 and 8.21, 

Substituting Equs. 8.33 and 8.34 for fj., %, id  and to  in 

Equ. 5.23, the short-circuit torque is found to be 

= — frei 	5 	sin w.0 	(t-  -4 \ .-2tITM 
sin zwt 	(8.36)  

which is a damped pulsating torque consisting of a fundamental-

freouency component and a double-frequency component. The com-

plete expression for the short-circuit torque consists of a 

unidirectional component in addition to the pulsating component 

given by Equ. 8.36. The fact that the unidirectional component 

of torque is missing in using Equ. 5.23 is the result of nes-

lectin7 the resistances in determininc the phase of the short-

circuit currents (and hence the flux-linkages), which has caused 

all the equal-frequency comoonents of ts and ia, or \tcy  andrid, 

to become in time quadrature with each other. With the presence 

of the resistances, these components will not in exact time:  

auadrature and consequently their products will consist a con- 

stant term (or more strictly, a monotonously decreasing term) 
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representing the unidirectional component of torque. The exact 

exact expressions for the short-circuit currents with resist-

ances taken into account are difficult to obtain, so that the 

unidirectional component of torque can only be found approxi-

mately. Its approximate expression are given in Chapter 11 

when the eauivalent circuits are considered. 

(8.5) Short Circuit. of A Loaded Machine. with  Initial Balanced 

Loadinq 

If.beforethe short circuit, the, machine. is operating bal-

ancedly with a load angle & , the short-circuit armature cur-

rent excluding the pre-short steady-state component can be 

found from Equ. 7.22 by putting va(p) = v2  (p) 	0, z -exl 
0 and replacing e1(p) and e(p) by 

= Zex2 

• (A-S) 
I 	Vam  -J e  

e, (fa)= 2, 	_ ju)  

and 0;(1))  
p+Jc., 

I (8.37) 

respectively.- The left-hand member of Equ. 7.22 becomes 

oca'' 4 (1-J,0)  
i/(0) Ra  + (11 -j•kco) 

1)rn (0-.i 43) 
J

v„,,  cos I 	x  
.z 	P-i“) Ra 4cp -j co) Es(f-jco) 

-{/ 

 

IDT-)(1>-juJ) 	k  ✓a,nsinS 	6  
(0-..124-) 1- 5 (13-i" )) I  

(8.38) 

 

The coefficient of i1(p) remains unchanged as. given by Eau. 8.3. 

Comparing Equs. 8.38 and 8.2, the equivalent voltar4e functions, 

it is clear that the former equation has one more component 

than the latter. The first component of Equ. 8.38 corresponds 

to Equ. 8.2 except that Vamcos g replaces Earn. As the coeffi-

cient; of ii(p), the equivalent impedance function, Ia the same 



P.122 
Art.8.5 

in both cases, it is clear that the part of the armature cur-

rent ia(t) corresponding to the first component of Equ. 8.38 

is the same as Equ. 8.19 with Eam  replaced by Vamcos S . All 

remains to be found is., therefore, that part of the armature 

current corresponding to the second part of Equ. 8.38. Denoting 

this part of current by Ti(p), 

R„  -1.2.7a ( ...1‘.*)) 	(1,-;‘,)ri,(1.--;,,, V.2 ,15% It S 

2. 	Ra + 1?„(¢- ju.,) Et( 	+ 	+ 	p 	ra.p3-ju.orti 	13-jw 
(8.39) 

      

Equ. 8.39 is very similar to Equ. 8.4 and following the same 

steps used in obtaining Equ. 8.18 it can be shown that Equ. 859 

is reduced to 

vo„,sind 	( I - ) I 	 I.  • 	 

Vo, sin d 1.-;c + 	j ej 	va„,sh7S  C'd -4 	:16-1'  
4c. 	

au>
4. 	+1. 2w (8.4o ) 

where L" = (T"/T" )L4. The current i'(t) 	:1.1ren by the inverse q qo 	, 

transform of thesum of il(D) and its conjugate. function, is 
• 

6a(t) c  - 	in 6. 	( 	- 7 ) 6  
Va 	 "ITV"  4 -1- t sin (wt+N) 

4, 1 

Vom SindsinN 	/ 	/ ) €"4 /7" 	 
AW 	I /44 	CI,/ 

    

- 4.) 6-411'" sin (20.3t *N) (8.41) 

       

       

Theoriginal.steady-stata_ component can be found in the: 

usual way by using the steady-state theory. Alternatively, it-

may be derived from Equ. 7.22- by putting Vi(p) = - 

7.2 1:)) 	Zoxl 	Sex2 = 0, and evaluating the. function. 

(p-j94-.1(p).atp = jco to give the. coefficient of the fraction' 

1/(p-jca), the quantity corresponding to the steady-state compo- 

nent. As an. example to show how readily the steady-state compo-

nent can bederived from the. operational solution, Equ. 7.22, 

the latter course is. followed. 



cos ((..)t +X) Gm cos(ult +A ) 
LA 
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Substituting the , expressions of el(P), e2(P), ej(p) and 

e2(p), the left-hand member of Equ. 7.22 becomes 
• 

peilA 	(0-jto) 	  I (p-j2co + rIA (13-juol 

	

jr,co + v, (p)
R 	 jaw) 7:',5 (f— j--.) 

	

Ea,- Va, cosS 	Let (p-jc4) 4d(P-i40 ) 	ti,(1"jw ) 	yEJA  
+ 	(p -jaw) [ 274 Jw)+4y (~-jw)1+ 	 -)(0 

4A, S 

    

(8.44. ) 

  

12„4- I- 	-; au.) 1:4(P1-)+r-1,0,-)--0] 

  

and using Equ. 8,3, 

T.,(0) = E,,„,- 	cos: 
2 	Rd +Ra ( A-jw)[E,1(!'-jc.3)+I..ofp-jco)]+ p(p-pco) Zd,(P -ito);,(0-jo-,) 

Ra-t(b —j CA)) id, lw) -.1 ) ta) El, --)44.9 

Sind 	 + 	 (0-i“)) 
A 	 R,,co-juo [ r,, (o-j.3)4-rzt cp-j....)] 4. Is cp -j4w) L4(4.-jco) Ls ( P-jw) 

When- p = jw , Ia(p-jo) = La and I4(p-ju) = L. hence 

E.m- a, coa 	 +  14 t S E5%  
Z 	 + 	 At, 4 Wa L4L (8.44) 

     

If Ra, is neglected, the steady-state component of 11(D) is 

cord 	1 	EjA 	*rind- 	 jE jA 

   

(5.45) GILA p.p..) 	Z 	("SLR  

    

             

and the original steady-state armature current is 

Z„(t) 	PC,(p) + Conn = 	E 	Voon GOSS c - 	 III s ins  0 a( t+A 4- sin (u.)t 4h) 	(8.46) 
ca La 	 w 

Finally the total armature current in phase. a is: given by 

summing up Eaus. 8.19 Nith Earn 

and 8.46. Thus 

replaced by Vamcos8 ), 8.41 

_Or; 	-sir; cosS f 	_ 	.1 E 
(17,, 1..„ 6 / 

va-,5.pS 	it.)E -1171; sin (cat +X) 

K,,, cos (A-5) ( 	) 
e au.) 	gt 4, 

j_ _ 
c..) 144, 74,  

 

(8.47 ) 

   

Equ. 8.47 is the expression for the short-circuit current in 

(8.43) 
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phase a starting from any balanced loading condition. It is 

clear that the steady-state.. com-conent, (-Eam/w1b )cos(p;t+'N), 

is the same in Equ. 8.47 as that in Equ. 8.19 when the short 

circuit - starts from no load, as the short circuit of a machine 

under load is merely the short circuit of themmachine from no 

load in more. than one step, and the steady-state current is 

the same irrespective of the previous, history, provided, of 

course, no chan7e of excitation has taken place. 

(8.6) Short Circuit through External Impedances 

For the. sake of simplicity, only the case of equal and bi-

lateral impedances. in each armature ctrcuit is considered, so 

that 

fexl(P)  = ;x2 (P) = Re 	PLe 
	 (8.48) 

Also, whenever 16 and Ra. go together, they are denoted by Rt; 

the- total resistance in the armature circuit. 

The. steady-state component can be-obtained without difficulty 

from Equ. 7.22 irrespective of the relative magnitudes of the 

external resistance and inductance. The transient component 

and, provided the total resistance is small, the. subtransient 

component can be derived with ease from the. steady-state. compo-

nent. This is contrary to the usual practice when everything 

starts from the determination of an initial current obtained 

by nePaectinFz all resistances of the machine. 

The derivation of the steady-state component from the oDera- 

tional solution is. a. straightforward process as shown in the. 

last article. When an open-circuit machine is suddenly short- 
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circuited throush external impedance defined by Eou. 8.48, the 

the positive-component current is, from Eau. 7.22, 

Em,,  JEST  
1:(43) = 	( P ) 	p-ju) 	 (8.49) 

Rtt (t)-.)2w)Le+ (13-.).-0T-ct (1)-j"))  
5-;(P) — 	 (85o) 

(Rt +1,4-e) 	Rt  (1,-)Aco) 	+ 	(4,-j2w) [1-dt-CP-j4.0) + 	(1,-jw)11 

	

(rd,(0...,w)s t(0-ju,)11 Rt 	(4,  -i2,4)Le 1 +1,(1, 	(J)Ed.(1,  -jw) r.q1P-jw) 

The coefficient of the steady-state comnonent is found by evalu- 

atinf,,; the function 	(p) at p = jc.) . Thus, 

(8.5/) 
4+,0A(.4+1-e)(4.-Le) 

which is similar to the result with no external impedance (Eq1,1. 

8.44). Only the armature resistance R,,a  has,  been replaced by the 

	

_total resistance 	and the inductances led and 1e.  increased by 

the external inductance 

To find the. transient component, let it be of the form 

	

L(  [ Transient] = m + 
	 (8.52) 

where both it and 0( are to be determined. The quantity k is 
number 

generally a comPlexAand has a direct. bearing on the mar;nitude 

of the transient component. The auantitv ok is the damping 

coefficient and is a poSitive real number whose value lies 

between 1/Tao  and 1/Td, as they are the damping coefficients 

of the field circuit corresponding to the two extreme values 

of the armature external impedance, the: infinite external im-

pe/dance, or open circuit, and the zero external impedance, or 

short circuit. Strictly, pc is_a complex number thus modifying 

slightly the frequency of the transient component. This will 

be understood when attempting to factorise the: denominator of 
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of p (p). This frequency aberration.i however, very small, 

and may usually be neglected. 

If it were possible to ret the factor °L. -I- p - jug from the. 

denominator of ii)(p), the quantity k could be found with ease 

by evaluatins the function (e44-p-jw)ii(p) a t p'= -0t+juJ. Since 

this_is-  not possible, an. approximate method of finding k as. 

well as pc • has to be_ devised. When 04 is: small cont/Pred with co, 

the.. substitution of p 	-ektjo in 7,(0) will give largely the 

same result as the substitution of p = jeA3 (Equ. 8.51) except 

the two factors .1 t Td.(0-ji0) and I + TA0(P-jua) of the function 

ia(p-ju), which cannot be assessed without knowing the value 

of 	assumirrz as before.. that 	Thus, when p is in 

the vicinity of ju), the value of i7)(p) is. obtained aPprOximately 

by replacing.Ld  in. Equ. 8.51 by (1 Tab-iwAltAl + TL(P-i4.4 

and the value of ii(p) is 

          

Ea„,, 	• 	Rt 	0 (LI, Le) 

   

(8.53) 

   

   

Rt t co4 	(P-iwYrk , I , 	 L.d. 4 L e  I (LI, +Le  ) 15-P4  

 

which can be rewritten 

     

iRt -.)". ( 1-s,+Le) 	4 T.1.4 ( 9 
+ co'( cdtLe.)(i.4.+1-¢ j[i4. 7-j(13-poi 

 

(3:54) 

 

where. Tdi = Rt +w' (i,1,-PLe )( 	Le ) 
	  T.4 = — 	 (8.55) Rt + 	(1,t+ Le  )(Lep + Le) 	0 

Equ. 8.54 has the-. factor 1 t TL (10-.10), or c4  p - j6J, in 

the denominator and its partial fraction with this factor as 

denominator is the required transient component. This is found 

to be 

El(13 )[7:u ,,,ie,t1 =f1MIRt-jw,(4,p-pLe)114.„0,044+.1.0(.,1,4.Le) 	R; 4-u.0(i-oc+1.00 

With exactly the same argument, it is clear that the sub- 
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transient components can be obtained by putting (1 + Tg(p-jus)1t 

1 (1 + 40(p-j(0)1 and [2. t riVp-jw)11.5,/(1 + 50(10-jwAin place 

of Ld  and Lq  respectively in the steady-state component where-

ver they occur, and proceeding in like manner to determine 

their magnitudes and damping coefficients. Difficulty arises, 

however, in expressing them in reasonably simple forms, awing 

to the fact that a. auadratic. equation in p-jaa has to be 

solved, unless. the total resistance in the armature. circuit 

is_small, or the machine has.only one_damPer circuit. Obviously 

when R. is negligible, the factor.  involving La  in Equ. 8.51 

will be cancelled out and no auadratic . equation will result. 

Or, when the machine has:. only one damper circuit, say in the. 

pole axis, the function. I.(p) becomes the constant It  and the 

'subtransient component can be found in exactly the same manner 

as_the transient component. In. fact, it can be_derived - direct- 

ly from Equ. 8.56 by replacing La and Ld  by 1.q and 
	

respec-

tively, and also replacing TA5  by Tai., TL being given by Equ. 

8.55 withi. i Id  and *0  replaced by Lg., LIA and 40  respectively 

Although it is difficult to find general expressions for 

the subtransient components when the total resistance in the 

armature_ circuit is appreciable, their numerical values can 

nevertheless be found with reasonable ease. Replacing La  and 

Liq  by (1 + 4(p-j(4)114/[1. t Tgo(p-juO]and [i + TUP-jw2Lq/ 

[1 + *10 (10-J4 

gives 

in the steady-state component and reducing, 

     

r, 	+ -r;‘, co -.J.)] R 	"' Le [ + 7970 (P 	E 	-j6 "  

 

C — 	j) M 1)— wA—j(J) 	 2 	--jc,J (8.57) 

where -0c, and -.(R are the roots of the equation. 
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O = RL + 	0...d 	+ Ri ( rd":, +Tr  + 	+ -7-4; 	Li, ( 	 "J1 e(T +Tq;;)}.  ( P — j‘`)) 

(Ri TL,T1' 	T,; 7V0  + 	T;70 +. 2 ca' Le TIL Tv; )( 	c..02  

 

(8.58) 

The two subtransient components are therefore given by (in 

operational form) 

      

[cot a, 

and Itote,i-j.,)z,(i' )] 

} (8-59) 

where i1(p) is. given by Equ. 8.57. 

The difficulty of getting simple expressions for the sub-

transient components in general terms may be looked at from 

the physical point of view..One can see from Taus. 8.51 and 

8.56 that they both consist of the factor jej/q Rt. - j w (1.t1+La)1 

which may be reduced to 
Ejukteoz 

 ), where_ Oz= COt (.0(411-10/Rt, 

so that there is no change in the relative phase position of 

the_steady-state and the transient components. With no quadra.-

tura: damping-, the. phase angle.. of the current at the-instant of 

short circuit is also 7\-i- G, as LL = It. It is thus Possible 

to express the armature current in several components of equal 

frequency and fixed phase position, differing only in magnitude 

and decrement factor. On the other. hand, when there is auadra-

turedamPing the phase angle. at the instant of short circuit 

becomes 	where K. &' cot71  co(2+L
e 
 )/R.,, while the steady- 

u 
state phase angle is still N+ G . It becomes. , therefore, im-

possible:to.express the complete story of the current variation_ 

from its. initial - value to its final value by components of 

equal freauency and fixed phase position, or discontinuity 

must be:. introduced, which is contrary to the physical phenome-

non. The current, for. a short period of time immediately follow 
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ing the short circuit, mutt be represented by a. periodic func-

tion with varying magnitude and phase, or by what amounts to 

the same thing, two periodic functions of suitable magnitude 

and slightly different frequencies, as those given by the 

inverse. transforms of Equ. 8.59. 

The method of obtaining the armature-transient component 

has. been eiven in Article 8.2 for the case. of no external im-

pedance. The.. arguments there still apply when there is external 

— impedance, so that the armature-transient component of i1(p) 

is . obtainable from Eau. 8.17 by replacing Ra, q and L. by lit, 

(Lg 1- Le) and (Velyi- Le) respectively. 
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(9) SINGLE-PHASE SHORT CIRCUITS 

(9.1) Line-to-neutral Short Circuit  

Single-phase short circuits are the simplest types of un-

symmetrical operations of a synchronous machine. The short 

circuit may be from line to .neutral or line to line. These two 

cases are virtually the same in matter of finding their solu-

tions although the solution for the line-to-line case has a 

simpler expression owing to the adoption of the three-phase 

constants. The line-to-heutral case is more general and will 

be treated in detail. The solution for the line-to-line case 

can be obtained,.from that for the line-to-neutral case by • 

simple modifications. 

When a machine, initially open-circuited, is short-circuited 

from line to neutral at the instant when the field axis is 

ahead of the axis of the short-circuited phase by an angle X, 

the operational voltage eauation of the armature circuit can 

be obtained from Eou. 7.7 by putting 1/at (P) 	i 

	

°, Ib (P) 	c (7e) 

= 0 and deleting the axes b and c. Thus, 

=
{ 
	+ 3 p [ La  + s ip+p.o) + Geri 	Z „(c)) 

+ 	 Ez, (¢+jco) 	 + 	 To  (P-J'') L0.(4'-j. 	(9.1) 

Alternatively, Equ. 9.1 can be obtained from the ct, p, 0 

component equations (Eous. 7.29, 7.30 and 7.31) by sin the 

terminal conditions. 

tp,po =0 

r.,‘  (p) 	2 Coq') -

and 117.4t(p) itot co 0 

This is, of course, a roundabout process, but it does serve to 

(9.2) 



(9.4) 

-go,(p) = t,cp) 	;7.  e"j" K0.(¢)17..„.(p+juo + -4:  e)a k:(.0 

where 	pa(f,)  = 	e"—(to  
124,+ 31,[1.0 +Li ( t+j(A))+-s cp—ice01 

1,1,,p(Ptjw) 
RD.+ 341{L0+ is (04-j U3) + is (1)."j(4)] 

and 	k 	
13  

:(4,)- 
:1,(4,jo.,) = Conjug.re of Ra.(p) 

3  - R.+ -k P-61.  ZS (3+:1'0+ T-S (P-j‘°)] 

where. 	50(P) = 

= / 

and 	= I 

 

31::(1,) — 

   

   

71-.1 R. (p+p.vw) 
(-±)" Ejxn"  Bo (P+J27R0  JJ 

Y=o 

 

 

*R.ntogo w)  

 

     

* RZ(4,-jaw) (1> - j 4w) 

* R.,.(1)) Ka. (ipti2,0)  

RO.' +j Aw) 
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show the validity of the transformation performed. 

(9.2) Ooerational Solution  

Equ. 9.1 may be written as 

which has the same form as Equ. 7.41. The solution of Equ. 9.3 

is therefore deducible from Equ. 7.57, the solution of Equ. 

7.41. Thus, 

to.(1)) = 	 gn(p) gc,(p+JAv“...)) + Cori 
	

(9.5) 
rt./ 

Because of the complicated nature of la(p), Equ. 9.5, some 

simplifying assumptions must be made if a reasonably simple 

form of ia(t), the inverse trana of 7r.,(P), is to be ob- 

tained. The subsequent articles will show how the various 

components of ia(t) are obtained and the assumptions involved. 
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(9,3) Steady-state Component of Short-circuit Current 

Substituting ea(p) = (wcosN + psink)Ea,l(px+w4) in the 

ex7Dression for fa(P), Equ. 9.4, it is clear that the steady-

state component of the armature current is an odd-harmonic 

series since the function Toa(p+j2nw) will have the factors 

p + j(2n+-1)4) 	and 

state component, 

by 

Steady 
-C.,(11) [ state J 

where 	c„ = 

p f 	j(2n-1)1:0 

in operational 

cn + 

in its denominator. 	The steady- 

form, may thus be represented 

Cartj (9.7) 

(9.8) 

71=0 	
1 	1)+)(271+0u3 

[U s+ j(s.vv owl (.a.()3)} 

It is not necessary to include all terms of is (p)given by 

Equ. 9.5 for the evaluation of Cnl since not all of them have 

in their denominators the factor p + j(2n+1)(0. . In fact, only 

the two terms nn(p)11(p+j2nw) and Tilti(p)T'a(p+j2n1I4 which 

have Such a factor in their denominators. Consequently Equ. 9.8 

can be reduced to 

(9.9) C,=[io+Pln.-nwflgn(p)P..(PiAnw)+ 	(k)F„,(P..i2 h., 0)1 

The quantity On is now expressed in a form ready for its 

evaluation. In order to show the evaluation of On in a cleater 

manner, let each factor Of Equ. 9.9 be considered separately. 

Thus, provided Ra is negliLtible compared with calla, colt, 001; 

ora.114 and 26,..)Td, 20aTh, 2004, 2(440, 2coTTI and 2o01°,10 are 

lanze compared with unity, 

3  [i .p + j(a.n4 -0(.01 	.5.4.ni...01 
0.= - 	 WO-6(+Li + Cd +1.;/+XL.) 

(9.10) 	• 

{{ 	+ (A)14-1)U} Pa.( 1"..? "4.1 w) J  Jp~y (an+r)W 

3 E.,„ 

 

1.0 (L.A.+4+1:411:.i 4 Ai-o) (9. ) 



and 

where 

T-g7-1-4.)  
(-) 	 " 

2,—;.7.44) 	bn 		
Lv 

	

(-1.)"." - • 	— 

	

XO, .) 	 RA* 	+ 21(LA+1-1...)(4-1,+171..) 
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= 

 

,,(-j 1770.) c,$) 
5,- 	j 3.771 (.3) 

(9.12) 
5i“-j(o) + 	(-jto) - I 

r3..,N 
n 	_ , e-iitn.0)1 /4  n.i 	  Tr  Ka(-J 	co)  

,4).0+ 	— IV VF!  0-0 
(9.13) 

In Equs. 9. 12 and 9.13 the values of 7a(ij(0), 74(ijw), 

and lia(-j2V-1.1(0) are yet to be found. Using Equ. 9.4 xa (-i2v-fico) 

and makinc. similar simplifications as 

it can.be shown that their values are 

4,44+Z L„ 

2 (C:i-e."1,) 

= 	( 	— 	  
c L.1,4 ac+14÷ L. 

/ + 	I(7.:,t+-1-i_.)( 	1 

La„cL,4  + a f (cd 

1,4 	ca. + 	L. co) = 

in Eaus. 9.10 and 9.11, 

given by. 

y 	non-zero,  po,sit're in/ego, 

(9./4) 
= non-zero ,DO.SitiVe infeyer 

xaCj W) = 	 / 

Consequently in Equs. 

values 

1 

(LA,— LO1  

ri-ct41-?,#L0 	i4;c+±1-.)( 14+1:L.) 1 

9.12 and 9.13, the fractions hate the 

±- ,(-)01) 	(-•ju,) 2,(j,4) + .L:,(j“)) - 

(9.(5) 
LA41- Lo t 4 (Cd+:1-.1-.)(4+1-i-e) 

and the products hate the values 

L, 	i-L0( Li,t-1-1_,,) 

Evaluating Equ. 9.9 by using Equs. 9.10, 9.11, 9.12, 9.13, 

9.15 and 9.16 gives 

c 	3 Ear 

The steady-state component of current is thus given by 
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fo'e 61 y 	3Ea..) 	  
C„ 0) [ v--rte 	— 	.2‘.a 	fLor 10., 	L.)( qt1-4.) Tro 	P+ j(an,""rA) 	

Co}ti (9. /e) 

whose inverse transform is 

    

    

      

Steady 	3 Earn 	  
Ca  (t) 	(A) 	 (1.'4+ ,t4)(14+1; La) 	1)'.2  C°5  "."‘"(c."t'-X) 

	 (9.19) (t) 

Equ. 9.19 shows that in the odd-harmonic series the magni-

tudes of the harmonics are in a geometric progression with the 

common ratio b0, and the relative phase relations of the har-

monics are simple as they all reach their positive peaks at 

t = (2nic -7% )/(.4) . The simple form of the harmonic series is 

possible only whennthe resistances are negligible. The higher 

the frequency of the harmonic, the nearer will be its magnitude 

approaching -pc, times the magnitude of the harmonic of its pre-

ceding order, and the truer will they reach their positive 

peaks at the same instants, as the resistances become less and 

less significant. 

(9.4) Transient and Subtransient Components of Short-circuit 

Current  

Following the same arguments made in Article 8.6, the tran-

sient component can be derived from the steady-state component 

by replacing La  by 	+ T(i(Ptj2nfiu)] Ld/[1. 4. Tdo(ptj2n+1c4 

and proceeding in similar manner to determine the magnitude 

and the decrement factor, provided as before that l'ilcd ,›Rf  and 

1/T3,  and 1/Tao  are small compared with W. Thus, from Equ. 

9.18, when p is in the vicinity of & j(2nfl)u), 

  

14, 	-jcan +Mk + 

+j (2r1+11(.3 	CI:rnd  
Z,,(» z 

 

I tr,a124j A7777 40) 
I +7",, 	+j )177,7 	d- L 	±L° 	1(L,1" ÷"La Lo)(L4i,-t 

   

which may be reduced to 
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Eqt+ V-01-  Nr("tt +...t;•0 	Ii.e) Tdo 	t"./("÷""'  
Ta.;(1,*.i  A11+1 W) 

canto w 	
4 

ca, c _ic.«oh 
	  + Co7 	(9.20) 

ca. 4. ± 	j(e'd + ±L.)(4+1-  L.)  Td, 	 (9.20 whereT;„.,,)a 	 

which is independent of n. The transient component is given by 

-,;(0[7,,,„;.,fri. 2 	4,41 an" (41 ) (...(4))} Cfrrii. 
j (2. 	c..." 

7.7 — AW 1 Cd 	 Le+ 1  (Li +iL„)(4+ki-.) 	La+ ±L,, +,1(r.e + A.L.)(q+1-L..)1 

C071j) 	 (9.22) 
-1- 4,*.i(AnfOW 

whose inverse transform is 

00 

X 

7,7.0 

       

1_,,+ -1-L0 + I(t.k+1-1..)((:1#1-1..) I (10,(t) [Transient] 
3ra,,,, 

     

     

      

        

00 

x 	-1171:44-P" 	b:COS (2n+ r)(cot +N) (9.23) 

Similarly, providing 1/4 and 1/40  are small compared with 

(A), the subtransient component can be obtained by putting 

(1 + Tici(latj2nflu)]Id/L1 + Tgo(p±j2n+163)1 in place of Ld  in the 

operational form of the steady-state component and proceeding 

the same as in deriving the transient component. The result will 

be similar to Equ. 9.22 except La, LA  and Tq(l_n)  will take the 

place of LA, La and Vi a kl-n) respectively, Tg(l_n)  being given 

• by 

   

(1.."4+- 	.0. -t L.) 

Lo 	 T"  (9.Z4) 

   

     

which is obtainable from Equ. 9.21 by putting.12c1, La and Tcio  

in place of Ld, Ld  and TeL respectively. Hence the subtransient 

component of current is similar to. Equ. 9.23, 

tt 	 _ 3  Ear 
l

I  
4,c+ 2 L. + V (1.-  4 • 11...)( 1-71,+ t 

   

Cd+ 	+ 

  

  

    

1,0 

x e 
	 6: cos Ign+ixwt 	 (9..4.5) 

non 

As the steady-state, transient and subtransient components 
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all have the same series expression, they can be combined to 

form the odd-harmonic series of the short-circuit current as 

	

1 	- ti Td"a-.) Odd 
La(t) ser;e3 = 	 L'.E  4 	 j(40.±L.)(44—/-L.) I { *4. tL. ,C.i+tLe)(ei 	 

+ I 	L',„L + tL. + j( 	1-L.0 	La 4- *L.+ 1(Q+1-1-•)(L:1.÷±L.)1E-41-1-‘i"." 

ec, cos (aro+. o(tot. +A) 	 (9.26) 
172,0 

which, apart from the harmonics, has a close resemblance to 

the fundamental-frequency components (comprising the steady-

state, transient and subtransient components) of the symmetri-

cal three-phase short-circuit current through external induct-

ances. In fact, as far as the fundamental-frequency terms in 

Equ. 9.26 are concerned, the single-phase line-to-neutral short 

circuit may be treated as, a symmetrical three-phase short cir-

cuit through an external inductance of 1/(1414-1,0)(1.17 + -10,0, 

and the open-circuit voltage is three times as large (see Arti-

cle 8.6). 

(9.5) Armature-transient Component  of Short-circuit Current 

It is clear that when the armature resistance is neglected, 

the function Fa(p+,12n(0) has a factor p + j2n60 in its denomina-

tor in addition to the factors already considered in connection 

with the steady-state component, which indicates that there is:  

an even-harmonic series in the short-circuit current. This 

series is the armature-transient component and, when the arma- 

ture rosictance is not neglected, will decay with a damin2 

coefficient proportional to the armature resistance. As has 

been anticipated, the armature-transient component of the 



[6„ ( P ) k(104-l 4"u)) I 	
.7„. 	cos),.  

janw 	au) 

where 
Tetit-m) 

     

     

  

t 	t j Ancu 

t L.) 
R.. 

La(t) I
Armature 
transient j 

3E,,,„ co 
4-0 14,/,+±i,)(i4,-ki:L„,) 

E-xl-ra(t-.) 
t  z 
	Z 	C.05 2,1(.4.q+N)1 

11=1 

(9.30) 
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sinGle-phase line-to-neutral short-circuit current has a more 

General expression than the corresponding component of the 

symmetrical three-phase short-circuit current, where the series 

stops at the second-harmonic term. 

The armature-transient component can be derived from the 

operational solution (Equ. 9.5) directly in a manner very simi-

lar to the derivation of the transient or the subtransient 

components. When p is in the vicinity of -j2nuO, or when 

p =E - j2no3 , the general term of Equ. 9.5 is 

Equ. 9.27 is obtained by putting p = -j2no.> in the expression 

of -fn(p),T7a(p+j2nta) except for the factor p + j2nrol, which is 

left unchanged. This approximation is justified because E is 

a small quantity compared with t 

Substitutinp: Eau. 9.27 in Eau. 9.5, the armature-transient 

component is 

Arrinceh"-el 
r )  L fran.sient 

3E,,,„co5X  	 • 	+ 
2W 	Pg:+ft...0(4+1.-1.){ta..,4 	„.1[ 

Tn 
	+ j27-ico 

(9.29) 

        

whose inverse transform is. 

   

        

Note that in the even-harmonic series (armature-transient 

component) the coefficients of the harmonics are also proRress-

ing with the same geometric ratio bo  (except for the zero-

frequency or d. c. term, which is usually sinr,ular in an even- 

harmonic series) as in the odd-harmonic series of the short- 



Ea„, 	 1 
Lo) 	+ ,-tLe j(1.."a 	Le)I 	+ t1-.) e.,e.t.L.+J(4,...t. ,,)(4+1,..,) 	7,1a-n) 4 	J 271")  • A 	 • 

IGo 	L:t+±,..,÷ j(e.:,,..±Lorci...±,..) -r 1 	
r  ll  1+bc, 
is  n: I tu-n)-t-"iln")  

EPITI 

jE„„,(f-b.)  
2,) i44  .t:L• 
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circuit: current. 

Finally, the total short-circuit current-  is given by the.  

sum of- the. two series, the odd-harmonic -series (Equ. 9.26), 

which decreases from its initial value to its steady-state 

value with two time constants, and the even-harmonic series 

(Equ. 9.30) which decays with a. single time constant and dies 

away completely when the steady state. is:. reached. 

(9.6) Field and Damper Currents 

Since the field and damper currents have been expressed in 

terms. of the, d and q components. of the: armature current. (Equs-. 

7.76, 7.77 and 7.78), it is:. necessary to find the, expressions 

for id  (p)and 1 (p) before proceeding to determine 

Ikd(p) and Ika(P)- . Since 1.1(p) = Ta(p)/3, so that 

= 	t (l + ju.)) + Ccrni = 	E .-JX  r.(15+ j 	+ Ca ,t  

Earn 	  
CA) 	Ls+ -h-L. ,, ,/(14,.1-1_0(ci- -1-1,) 

1 • l+b.  
A 

.13.0 

[ 
11.1 

 

-fa+ jlitc..) 

E• 	„„, cos • ( I+ b.) 	t 47 6 .-puno,O, 
(9.3/) 

1-1,(4,) 	[ €4' ro+jw) - 	 [Ci's c(pfiw) - Co,. J 

I 	
....... ( 	i:, ,,r ,  jinx 

	

L- a t .11.1 - f(t;a4- ,_1-0)(14,-'t 1-v) 47.  t 	t "...I An")  

j Eo... cosA• (i- b.)
1:416-jcz,..-0N  

2wiick+tLAcci.+ti..y „..,.,, { --k,..„, ÷ p tic.in.frow 
. 	. _ 

4- 
:1E4* 	b.) 

2W 

cc-0 

bre-Ja"  
J  7.(tt.,+ 

( 	  
,4; 1 Cana' } P  

(9.32) 

Lterti. 
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Substituting Equ. 9.31 in Eau. 7.76 and aain assuming Ro> 

Rf and necrlectinG the resistances compared with the reactances 

at normal (fundamental) or higher frequencies, the field cur- 

rent (excluding' I fa  ) 	found to be 

I 	

[ 

LA.1 - Mi ka 	 1 	1 	 1 	 	/  
fo 	- M 	L';‘ Ti * ( 4';.1 	4.0)( 	 Cg÷ Lo+ 	.141, 	L:pt t L.) 	--4Z 

/ 	 / 
Lt getii-.+4(1.:4 4 ±L.)(4+ L.) 

/*b. [  	 0. 
Lct 	+ 	)( ±1..) J 	ta*) t+ MO ncr 

L 	- MiAk  

f 	  

1+b. 	1 

 

/*b. 	  
[ 124 +tL.# 4(‘-../+ A  

    

L,,d-Alpeof  
.1144-Hike 

    

    

    

      

Lkst- mod 	1+6.  	r 	÷cmtil 
L,L.--od 	L.01,-,,fi(cf.v..)(4.-k,..) 

Lfi.kd 	 ( 1.:et f 4 4 4  • t Lc) arzo 	1) 	"114 1)  "I  
	 + Cani 

L.kd Hi led 	II. bo 	COSX 	 baft E -j(Th÷i)X 

Substituting Eau. 9.31 in Equ. 7.77 and making similar 

simplifications gives the direct-axis_-damper current: 

tka(P) Li  - 	ck-11-. ,i(+4L+ -1-1-.)(4+ 
.-, 

1  
[ 	ed.* -1-1-.4q (C:c#1-L.)(;#11-.) 	 .*7[ 	+ j.2 nu) 

€  + Cer,j.1 
Ld+ tLo+I(LdT±L.)(4.t..) J r 1 Tett.w +1,+).anu) 

1+b,, 
„, _JR,k 	 s-[  E  

La+ 	4 ,f(L.7,i.1-1.,)(1.1441,) 	-1)4-janco tJ 

 

        

t+ b. 

       

        

.2 

      

ttc, 	+ ,p+j(2.),+t)co 

       

Similarly the. quadrature-axis-damper current can be obtained 

by substituting Equ. 9.32 in Equ. 7.78 and reducing: 

(9.34) 
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+ Carl] Ma 1404.(1-1,..) 	[ 
Z L.k (Ld t y Le)(141,%+ t") 

r  
r..00-1-4,•4(4,.1q.„)(4.±L„) J  w.,44,7t434j2nto 

+ co,ti 
I-a +V- *i(Ci+1-1-xci+ti-)1 	[ 	4)21'")  

-1‘lf kd 	 -tira"(1,0 m: 1
/.

•  
 Lt 	-1,1Ad 	cc(  r ,-,t• L. r,lak+1-1..)(1:1,1,  a Lo) 

Lf 	 br cos 2n0 --14,41,../ 	(  I4.  6.) go(t)  
- 11-0 Lf  Lkd-Mfkd 4,0 	+ if( 4,4 + co(  

(9.38) '  - tizi • 	
u+bo co.SA 	 z 6: c.o.s  (An+ / )19 

1hr - Plow 	.1(1-d + t  i..)14+* 1.0 77=0 

Cd+t 2.+1(e:A+-1-4.)(44--1-1..) 

( 9.37) Tito°  	 
TL where go(t) = ( 1  T".")  6-f 

7-1. 	Tao 

+c1 t+Ja"")  

cos A 	r 	j h: 6 - jtar14-fTh 

(id 414-0)( 	IL.) 	4,14,."+ P-lej (an+I )u.) 

Expressed explicitly, the field and damper current are 

L(c) = to 	'( a) 

cd(t) = .Ci rk.(k) 

It"  + m3 it. 	[  tkLi-i4fkftdd  

and cwt) L 
, _ 

= 	Lki,(h) 
oo 

) .(t) mdmi.r. 	( -b..9  
b. Sin .2 I9 

Lki„ 	1_;,4±L.+1(_';',4.1.1..)(1:44.1-Le) nxt 

..„ 

	

if ,„ ( 6.) cos A 	z 	sin (2  7.7  ) 0 
• Lkv ,h1='4+ 	4  L.) 	n.. 

Comparing Eaus. 9.36 and 9.38 shows that the expressions 

for the field and direct-axis-damper currents differs chiefly 

in the d. c. components when the resistances R and Rkd, which 

have been assumed vastly different, play the major role in 

determininE the relative magnitudes of the currents. The a. c. 

components merely divide themselves in the two circuits in 

- t 

(9.35) 

Lt 	 + 1.0( 4+1-1,) 

Lkol..1.1{kcl 	(14 be) 9.(t) 	E 17 (AS 1120 
Li Lkd - 	1:4  +t L. + 	++4 )( 	"CI 

(9.39) 

1.1, 	Lkd ". Is 1 lied 	0+ 	cosX  
	  E

_t/r..<1..,.) 
b cos fan+ 00 

IlLks 	 41.1..)( 	± tr 

(9.36) 



	 {  ize+i-i—+J(..i.L.,)(L4,.....1..„,) 	IS L.. 2 (2n+067, sin (2 )1+ t) 61 
,P=0 

HEom 
V — 2, 

3.(t 
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the inverse ratio as the leakage inductances when the. resist- 

ances become of minor importance. 

(9.7) OPen-phase Voltaptes. 

The: terminal voltages of the. two open 

are related to the open-circuit, voltages 

phases, v :lot and vet' 

and the phase currents 

by the second and third equations represented by Eau. 7.7. As 
ib = 	= 	vbt and Ilct_ become functions of they short-circuit 

current in phase a, and their open-circuit voltages only. Thus, 

Corti 	(9 (94o) 

tict o3) = - 	(I)) t 3 -p { L. 	E.(p) 	-31- blE 	1;D (ptiw) 	+czote (9.4i) 

• Substituting the expressions,. for eb(p) and ia(P) in Equ. 

9.40 and reducing gives 

51,too 	1,173( C;c+1-, 2.0{ Cs + tc..) 

j)--bt o, 	g6 (p) + 3 p 11.0 + i,1 LJ (1,4-Jw) Cofti 	taco + 3 ¢hE_)z71 	OD+ j r...07...(¢+J a c,) 

  

4-±i,,J(4,i+.1-L..)(41-11-0 1 
00 -j(27,4-t)A 

    

    

    

00 j(2),,./) bo e -j""`')A 

     

     

      

      

   

Jontob:  

T_ 0 

   

   

+2 L.+ ( 	it.„)( 

 

   

En„, cosA  
X 

whose inverse.  

j 2r, 	e ti"x 
2P14(41-1-0(41.+1.1-0) 
	

c 

transform gives. the-explicit expression- 
(9.42) 

for the 

terminal voltages of phase b: 

   

      

      

+ x f(L;'t,+aL,)(4taL,)Z (in+ )) b: to.5(.2,)+1) 
} 117.0 

3CoE cos 	6-t1;(1,) 
2 10--44± L.,,)( 4+ ,f L.) ~~nbo sir, zn 8  

eo 
— 	E„„, cos 	 27-t is: (05.270 

 

(9.43) 
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The terminal voltage of Phase c, the other open plmse, 

directly obtainable from Equ. 9.43 simply by altering the sign 

of the cosine series. As' the magnitudes_ of the sine and the 

cosine series are not-  in the simple ratio 1/73-, the two open- 

phase voltages no longer have a 27c/3 radian relation between 

them. 

Equ. 9.43 has a, more complicated expression than the short--

circuit current, as both the sine and the cosine series exist. 

Moreover, the magnitudes of the voltage harmonics are augmented 

by a factor corresponding to their frequencies, which is an 

obvious fact as the harmonic voltages of the_ open phases depend 

on the rate of change of the harmonic currents in the short-

circuited phase (the field and damper currents having been 

eliminated). 

The- fact that both the sine_ and the cosine series exist in 

the expressions for the open-Phase voltages: makes it difficult 

to obtain a. simple expression for their maximum values. However, 

it will not be difficult to find the maximum value of the sum 

or the difference of these two voltages as_ only the_ sine series 

or the cosine series will exist. The difference of these two 

voltages is_= in effect the voltage across the terminals b and c, 

so let it be considered. This voltage is given by 
Vhet  (t) = 171,t (t) - Vat) 

a E.-, (L,I-P11-0(Lt.-41-0)  	yo(t) 	(An+ 1) 6.7 cos (An+, ) 0 

— 241E..,cos)t•e 	127? o,„ a0.5 2 ,19 	 (9.41) 

The= magnitude of vbet  depends on the switching angle 

well as the time t. If the decrement factors are neglected, 
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i.e., if go(t) and 6-41.a.")  are kept at their initial value of 

unity, the maximum value of vbct(t) occurs at A = 0 and 9 =1c 

(considering only the values of the angles smaller than 27G), 

that is, at half a cycle after the short circuit at minimum 

voltage (or maximum flux-linkage) of the short-circuited phase, 

when it has the value 

1.4,-r-kke 
Vbct = 	4rt ± Lo 	i ) 	54"" 	 (9.45.) 

which depends on the ratio (41 + L0/2)/(1.8 + L0/2). When the.  

% machine. has. zero subtransi 	(La ent saliency 	Lu j, this: voltage 

reduces. to /5Eam, the maximum open-circuit value. When the ma-

chine has negligible quadrature. damping, 41 is considerably 

larger than q, the maximum voltage across the open-circuit 

terminals may be several times its normal value. 

As the maximum voltage given by Equ. 9.45 occurs half a 

cycle after the short circuit, this value will not be reached 

in practice because both go  (t) and 6-14T'44—' are no longer equal 

4. to unity at t = 7r/co . Consequently with Lg 	141  the voltage 

across the open-circuit terminals is_ always less than its 

open-circuit value. of Z-5E. 

(9.8) Short-circuit Torque,— Pulsatinp: Component 

As. in the case of a symmetrical three-phase short circuit, 

the short-circuit toraue in the.. present case also consists of 

two components, the pulsating component, which can be found 

from Equ. 5.23 by using the. approximate expressions for the 

currents and the flux-linkages, and the unidirectional compo- 



(9.48) 14. cos) 6: CO5 (ah+, ) 0 
(4,4.1'40( Li 1. IL.) A=, 
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nent, which can be found by considering the losses of the ma-

chine. Only the Pulsating component of torque is considered 

for the present. The unidirectional component will be consi-

dered in Chapter 11. 

The explicit form of the d and q_- components of current are, 

from Equs. 9.31 and 9.32, 

   9,(t) 	 Z6:-' cos a n 0 1  
14,*± 	Jrc,+-11-.)(gp*,±L.,) 

E,„„(i+boco.sA 

 

b: cos (.2714.() 9 

77=0 

(9.46) 

   

co i(gi+1- 40( 4*1-. 

 

/ _ b°  	  9.(t)  EAT  	 b:^' sin 2,i a 61,— to Lri 	,/( 	±1-0( Ci+ t L.) 

Eo.(/—b0cosN 	6  -tir.ce-.) 
"1  1 i-d+±1.0( 	• *L.) 

S be sir) (2714 /) 8 

 

(9.47) 

       

       

SUbstitutinr.M and i (10) in Equ. 7.84 and reducina, gives 

   

4-,(f4.b.)9.(t) 	C-05 a ne 
1:;,+t-ce-t,1(4.44.1-2-.)(i-"t1-4 k, 	If mdif.    3„(t) 

i.. 
	Eat>, 

AA I 

d 	r;pt,Lo#,I(gp-A-Lo)(4-Pti-) o=f 

(I—bo) 90(0  T 	/ 	 6,7'1  sin an 0 

   

(l—bo)COSA  
00 

-tIrei-.) 
h=0.  

b: 	(.27,4- 1)8 (9.49) 

       

         

          

          

Substituting Equs. 9.46, 9.47, 9.48 and 9.49 for id' i • \/t 

and 44, in Equ. 5.23 and reducing, the pulsating component of 

torque is found to be 

Yd Lq, 	 Ay, d 

2 cosN 	tiTatt,) 
(2n+i)6,,h 	(2n#1)0 

P.1111° 	 9°(t)  e 	 h=c, 

1+60     9:(t) + 
4,4.f i.„4 4 (go ti-orti 4tL0 

 

26,,c0.5 3X 

 

ljt nbr sin 2710 

   

   

(9.50) 

To Get the closed from for the. torque as. Eau. 9.50, it is 

necessary to evaluate.. the product of two infinite. harmonic 
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series. The four types of products involved are given below 

for reference. 
00 

b;-'s;n• ant) x 
N./ 

 

45: '  CO5 Ar e = 	Z 	rcb„ Sin ar"?-t+1)9 

eo 04, 

 

b‘," sin (z-r2+1)9 	x bc7 cos (anti) 9 = 	 sin2n0 

(9.51) 
67-4  CO5 a rt. 9 

"., 

00 

b; cos (Arit 1)C0 x 	b: 'sin and' 

Z 
7720 

= 
2- ( 1  

be  )b:' sin (277./) 8  

7 „.° 

2 b: sin cam +'oe x 

0.0 

Equ. 9.50 shows that the pulsating component of torque con-

sists of an odd-harmonic and an even-harmonic series. The 

switching angle .X has a large bearing on the pulsating compo-

nent of torque, particularly the odd-harmonic series. The even-

harmonic series is of the same order of magnitude as the odd-

harmonic series. Even with zero subtransient saliency so the 

bo  = 0, a large second-harmonic torque still exist owing to 

the inevitable second-harmonic currents in the field and 

damper circuits. 

(9.9) Sin,,_:le-phase Line-to-line Short Circuit  

When the machine is short-circuited from line to line from 

no load, at the instant when the field axis is ahead of the 

open phase by an angle 	, the operational voltage equation of 

the armature circuits can be obtained by putting is  = 0 in 
Equ. 7.7 and deleting the axis a. Thus the operational voltage 
equations of the two short-circuited phases are 

Cry, (0) + (k+i,..)+ tail} tb(f) + 	L0 4 AI  Z;(11 4  l")) 4 e  J  **Cc  ( ) 

t .pe'1'"1",t,(0+jui) h.' th (p+ pt.-0+ V., cp + ,o) 
(9.5Z) 

    



re 

Sc (L) = 	ram-n) 	 -t tr:w.g) 	Tau.(,  Td (1-0 

Taro 	 Tdo 	To; 	 T,10 	Tae 

7;:r"rr.tr — 
+IFF474:  T  „ 

+ 

TL 

P.146 
Art.9.9 

and 	ir"ct 	ec 	= 	p 1 	7:i  (prp....)+ Corl re,(p) + 	Rat 	(I-; + Es 04. jW) Co]rni)' T.,c (P) 

.fr, 6 -)2A 	(h. jw) 	 r ;  

      

Subtracting Eau. 9.53 from :tqu. 9.52 and putting 

17ct(P) = 0 and is  = - lb  gives 

ybt(10) 

e,to 	(0) 	+ 	(p+jw) + Ctrni 11 t,(0) 	E-iA (A4r ) 	(1)+j4) 	(ipti 2") ) C47"-i 
	

(9.54) 

Alternatively this equation can be directly derived from the 

/&component equation by putting vat  (p)= 0 and 1„,(p) = 0. 

Comparing Eous. 9.54 and 9.1and romeMborins that 

3Eolisin(oti-h- -1/0, it is clear that the solution, as a func-

of time, of Eau. 9.54 is obtainable from Equs. 9.26 and 9.30 

by omitting 10, doubling 	, treblimz Ld, Lo, Lg and Vc1, and 

putting_ s5Eam  and A- n/2 in place of Eam  and N. Thus 

1(9.53) 

Lb w = — Lc(t) 

_ 	 
— w 

   

EamsinN r3  + 2_ (-4,0" COS 2n 1 
(9.55) 

    

    

The field and damper currents are obtainable from Equs. 9.36, 

9.38 and 9.39 by omittim-  Lo, altering the time constants and 

replacin3 bo, go  (t) and N by bl, si(t) and N -n/2 respective-

ly. Thus, 



Lied -.14.14241  h1:r1 
1° 	LI LA,' -1,4A, 

6,) 	E -t/7eN-tl O1  z_ (-6, rsin(t n+1) 417-Eri „ 
In20 

9•57 

and i•ko) Md MI if o 	b, 
4.21, 	 F4704, .9,(t) 	6,' sin no 

00 

P. 147 
Art.9.10 

•••-- I + 	i[ L"-tli'd 	 / 	 

	

Li Ltd -"ild 	1-7.,  4 (4i Li,  C,{ 4,Lt. 	 Li 24 41c,-714: 

14,1-1-104 	1+6,  

	

11"d -Mita L:a + 	g`(t)  IC-One"' cos 2.it 0 

1-1 Mika 	1  Lkd (t) 	M; Li. 	 f 	rd. (4-4)  + (1+6,) 3,(t) 	 cos 2n111 

Mpid 	b,) Sin). 6.-t/r„, 	(-b,)'" sin Pn+ ,t, '72 
it° If+ 	- 	 Nre,Tri 7,.(1 

(9.58) 

1.142Met11, (,-6,) JinA  e -t17.(1,1) 	( ...1 )" ,1 67 cos (11%41)0 

>,. 
(9 5 9) 

The open-phase voltage_. is obtainable from Equ. 9.44 with 

similar modifications but the factor 	is also neglected as 

in this case the voltage is measured from line. to neutral in-.. 

stead .of line to line. Thus,  
6C• 

Vat  (t) 	14,  4. _7,4   a .(t) 2 (.4,0%,„+" Sin (2n+1)6' + z 	51.0% • 6 -417'") 	(-br • +t coSane 

(9.60) • 

The maximum value. of the open-phase voltage, with the decrement.  

factors neglected, occurs also at half a cycle after the short 

circuit at minimum voltage across the short-circuited phases, 

i.e., at 	= 	/2 and 9 = 3 /2. This maximum value is 

gran  (max.) (2L/La - 1)Eam 	 (9.61) 

The_ pulsating' component of the short-circuit torque is ob-

tainable from Equ. 9.50 with similar modifications. Thus, 

.r 2 sinN  
= — Melt; 	„ 	 (t ) • f 	I (-0"÷r b7(ar+i) cos ( 	-I )0 

+ 414 L" 

2 	 1 4. 61 	 bl Si l" 	tITEW-11} 
Mdl g;'co + 	 2(-1)"br' rt sin219  

124+ LT,E7 4,17.7 ".1  

(9.62) 

(9.10) Experimental Results 
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Before the ex,Purmental results are Qiven, it is desirable 

to derive the alternative expressions for the short-circuit 
currents, the open-phase voltages and the field currents which 

are more convenient for the purpose of computing their values 

at a particular instant for both cases of single-phase short 

circuit. It can be shown that by makinP: use of the followinG 

mathematical identities 

h.° 
(A+ /771) cos 6  

A+8 1.  CA-8) c. 528 

(IN 	fa )13in 2 0  
b• 	" sin 20)+00 = A A+8 i (4-8)&2520 

71.0 

8 - A b- 	"025  a P 	 (JA' • 10")'  
A+ B+ (14-8)cos.2 19 

b = 	- 4-74-  ) 1(17r 4 rg) 

c..05 (arr+/)8 

the_quantities ia, vb,v e  and i for the.line-to-neutral short 

circuit can be expressed as_ 

La 
3 E‘.. 

- 	yvt.i• 	+ x. -(x4; 	) cos ae 0.(t) GDS () - E 	 GOST 

x. 	) 	6 - 	sin30] - 	04.4; 4. too [(xi - 	- 	6 - (x;.- 4.) co.,. V] 
E„„, 9.(t) 	 ..X; 	- Xmiy- ) CDS 2 0 r 

	

T x. sin 28 	)(Z, 	) 	•-• Cxs rxy rx.)cos2eJ  

	

f. X; e Xe - 	xi I .03 Or 

A.f ( a 	 9 - 	4).sin":91+ 	Cx;,•±x.) [ (xi; 	7•-• ) e-45  0 	) eaSjej 

x„, 	04' - 3c,:i)co.s281 4  

sie2.0 + 04-40 [ 	 xe )co5  
-a a.— ot;—x;,,) E-1-11.-"' cosh 	 par xi' x. - (x; - )x.os er 

= 	) 	-2Hod X;{ t X. j(%.2. A-Xe)(X•e*t.e) 
	

Lf 
	,c:c+ i x.  + FxA. t..ocrl,+ x.) 1 

   

4 	• 7‘,,r 	orTZ7f..')74-1 

- 	E.-04 	cc* X 

VG = /3 E.- 6.(t) 

Lk4 - 
▪ 4. L.., 3/44 k 	x. .x• -(,%-x;i.)4o5.10 	a (x,1+-', 	''t x.) 

cos). CDS°  
f 	Y.4; - X1) coS2 0 

9.(t)  

} 

- t (11( t-.1 

Also the quantities ib, ic, v.;,, and i for the_: line-to-line 

short circuit can be. expressed as 
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a E.... 	 4;  rot ) 
,L;L.,t; c x4, 	cos 28 ( 9,(t) si" 

(4-1  4 X; E„., 9, tt ) 	" ) 	- (xc- x 1 	e 	.1) „,;.L 	.4,,  LOS A 
A (4- X.2) E... e -t17- 	sink 	  "”' [x.:„4. X; -r 	x,i; ) c.0.5 10) 4 	 + 	+ x;— 	[OS or 

Cf = ( - ) {( 4d -MW 	 

	

- Mod 	+ Ly 	+1-1,4 	5,41 etirl""' + 

 

-rfnict-ti 

  

+ 	"f 	" 	( Xd Xi.) 	N+7 	 /   \ 	 Sir, A sin  
Ay+ 4.1 -.IN,. 	 (XI - 7,41.)C,C7 S 	A 	g 	) 	x;i, • 74 +(xi- 3.1) cos AO 

-211:..14 7 

The machine under test had the following constants: 

= Xti  = 6, 	X0  2 0.9, 	xd = xg .7. 0.54, 	x!,1.= 6, 

Ha .7.. 0.15 	and 	Tao  = 0.0735. 

The measured and calculated results for the line-to-neutral 

and the line-to-line short circuits are shown in Bass. 9.1, 

9.2, 9.3 and 9.4, where the numerical expressions for the 

various currents and volta6es are also shown. 

The results for the line-to-line short circuit. with 4 

7. 1.08 are shown in FiP:a. 9.5 and 9.6. 
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(10) DOUBLE-LINE-TO-NEUTRAL SHORT CIRCUIT 

(10.1) Terminal Conditions in terms of 4A, A, 0 Components. 

The single-phase short circuit, whether from line to neutral 

or from line to line, is a very particular case of unsymmetri-

cal operation of a synchronous machine as there is only one 

closed armature circuit. As a consequence, the Gc, A, 0 compo-

nents do not offer appreciable advantages over the phase 

components a, b and c. This is not so for the case of a double-

line-toneutral short circuit as there are two closed armatura 

circuits and hence two different currents involved. 

If phases b and c are the short-circuited phases, the ter-

minal conditions. are 

L a = 	o = 0 

• 5 trb, = - A J. tr.a + 	ilp t  + trot = 0 

5.  - 
and tre=. 	*vat= 0 

which can be expressed in operational form as. 

T.,(¢) +T or}) = 0 

." A 170c (P) = 0  

and 
	v,t (1)= 

Substituting the relation vot(p) = (Ro 	Lop)io(p) (R0  may 

include three times the earthing resistance and Lo  may be in-

creased by three times the earthing inductance) in Equs. 10.2 

10.3, the zero-component current and voltage can be eliminated. 

Thus, 

Trort(P) if 2 (Ro + Lo 	 = 0 	 (10.5 ) 

(t0 

(l0.2) 

(10.3) 

(10.4) 
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Substituting Equs. 10.5 and 10.4 for vet  (p) and v At(p) in 

Eous. 7.29 and 7.30 gives the oc- and p- component voltage 

equations: 

Ea  (p)Ra.+ AR. + 	17 [44.. 1- 	c.,4111".,(0) - z {../E.5(a+i,o) 

▪ E 	(t)+.1L4) 	 ZI(b+.1z,,)1 	C-5)1j 	(io.6) 

± 	j 	cp+j,,o+ crnj 	7.„(0 	zs U., ( p+J“)) + 	I to,  t)) 

+ "Li 	r. „ 	-47„,03+jaw) + j 1."1 0)+jaw)1 	 (IOT)  

The double-line-to-neutral short circuit of a three-phase 

machine is therefore equivalent to an unsymmetrical short cir-

cuit of an equivalent two-phase machine, with one phase di-

rectly short-circuited and the other phase short-circuited 

through an external impedance of 2(R0  t Lop). The absence of 

an external impedance in one phase of the equivalent two-phase 

machine and the zero external coupling between the two phases 

indicate the extent to which the double-line-to-neutral short 

circuit of a three-phase machine departs from the most general 

unsymmetrical operation. 

(10.2) Independent ok —  and.  A- Component Equations and their 

Operational Solution 

Equs. 10.6 and 10.7 are similar to Equs. 7.33 and 7.34 so 

that fif,A(p) and a.13(p) can be separated and two independent 

equations, one for the ot-component quantities and the other 

for the (3-component quantities, can be obtained. The d1/4 -com-

ponent equation  is, from Equ. 7,41, 

f,„ (p) 	+ 	'Ca to+jaw) + 	tj" IV(p)1.1,(p—j.“,..)) 	 (10.8) 

e A 



where 
( 

g,, 7_5  k r,ju..1) ( }5+:3 2,01.-d(P+3"))14 (6+3`')/  
R.. 	(04,  j zw)rs  (04- jw) 	

+ Cott ill 

x E4 ,̂  jCiA  
2  t+j 

Rwr (13 rjw)74(1) +it.") + juir-4,( 1""j"))  
Ra + (t, rj,1.1)1-..s(p.j40) 

 

j 2 	
g A t,  t or) Lo) (t,+j24.0) L 41 fja,)  

R1+ ( p+ 	(12+3,..0 

 

Earn e 
2 j.+.1")  

Rat (1)ti“)) 7%66 + ico) jw i11(1""j"))  
f‘+ cp+ js4.9:5 (1,+ jw) c7,1 } 

 

k(p) 	— 
A 	

110-j(.4) + li,- ja.4.1)rd(45-ju,)2:4,( 0-j,0) 	2t R.+  (q+juo) L.] 

	

_ 
n' 	

s 
) 	

p 
	 R4L  + ( q jzw)L,> -j 4.0 	 <t+f2,0,7-5(1"1.9 

(: (P) = Con,javarc 	trP) 

   

fz„  is (p+jw) +(p+ja..4)1.4(¢+j4,..) ir.s.(04pa) 
Ra  + (p.f 2.“3);(p÷j.....9 

13, ( p) = /ga+ iRo  + 

 

 

X S Ra + 
[R 1•i(p+jf0)+(p+j2,-,) Ed 14 fi"Otv (Pti J̀)  

Rm + 	+Jaw ) (frj(0) 

_ 
1 	x 	f ga  Zs  ( p+jw) + (p+j,z“,)  Ed (p41,0) i-va+i4,-9 	co...( — 74: 1)   Kai' (Is + j.) Es  (¢+j,•3) 

Similar],y, from Ecu. 7.61, the 0-component eauation is 
found to be 

Fp- (t) = top) + -4, e -j1)' J-.0 (1,') to (1,4-ja63) t ± E j.1).  il( P) r0(p-jaCa) 

50(p) { ga. + aRo + t i' [4L.+ 	 + cenal i 	 (R.....zito T.,  (pi-j,..0+(p+j1.) [2 L. kop+J.) +1.4 ( b+j,,,)  ii(1,..-i,-0.1 A, (p) = — 
rta  +AR„+(p+jato[AL-,+Zs (p4-j“))] 

{ x 	E,„, 	e"-i' 	R„+..2.R,4,..(p+jz“,)i.,,+(p+.1“,)1ZA(1,-..i“))+.koi-A, ( 4+.1w) 
2 	1)i-jua 	R„+2R,,+(q+ju.)[aLo+r-s(P+jc.)] 	  + C-T"$ } 

   

xRe 	(4-fjw) + (1,4-j Ico) 	(0+;,..0 
R..+ an. + (psi1t0 [AL,* rs (t.tji.))) 

 

C4'‘i  1,9 -- 1)3 (  

 

 

(/0 /0) 
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(10.9) 

{ x 	Ea„, jCi 	R.+2R„ 4 2.(p4juol r.-,, +(qi.p....)1.4(P.ib-)+iwri. (04j"))  
2 	p.jc...) 	R., +ZR. + (q+ jaw) 1.2c.,,+ 7,(1,+ju)l 

/ 	I 	 (R. +1R„)1:5(t-)w) +(I,j a.)[.2 L. iy(p-j.") +14(b-j,01-+(4":1,-0)1 R,, (V) = + 
Do  (p) Ra+xR.

+ 	 t 	p-ju,)] 

X 	2r R. 	b+ j 1w ) 1-.10T-D ( P 4i .a )  
R. +2R,, + Ls (q+jw)]  

Kp (¢) = CoxLLyate of kp ( 4.) 

A.) R.+ aR. + ±¢{4L0+  
(f4 +x A.) 

+ (f4j.14.3)1zi-e+Es(t+juill 	 + Ce+1 j 1 
.3. 	1..., (1,,j,..)+. (p+ j 1,...)12 LA  4.+j,...0 + to, (otica)11. co+.iw).7  

{
x 	Ra 	j, 1.,  i  (R.+  2. Ro) 1..., ( t+jt....9 4 (i,+ jua) [ ZLo ts(P4-jw) + Ediptho>itcp+ju.ol 

R,‘„, A  ir,, 4 (q.jaw) [XL. + r, (1,, ,...,)i 	4 '"' i 1 

1.,,A 	( g. 4 AR.) ES ( l'fi W) +  (t+.12,0)E I I, T-5  (P+.1W)  + T•d(PtP•010+j,•')] 
— 4 r, 	... Ft., +2R, + osja.0 121.0+1..s<t+j401 

.i5is(v) 
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The operational solutions of the (X —  and /3 -componentequa-

tions are, from Equ. 7.57, 

= 	AG(0 - 	+ - { 	tO C.  (P•oiznw) 	 (/o./2) 

where 

and 

and 

TN/ ( 1.+J 	V w) 
A.,(P).= 	e-'127"  A1,(1)4-jAnco) 

(10•1.3) 

(10.14) 

(ID+ jAvu.1) Yzo 

+1-C:(0)ii,(1)-jaca) 
X.,„(p) 

*R.,:(p-jaw) Tc.(P-i4c4) 

(p)  = 	c.njugote 	of 	z, (p) 

{t cy 	= ES,,(0 it3 (p) + 2 	i3- „(p) Fg  (p+ix...) 
7+.1 

Coni 	 _ 

+ 

V here. (P)  =  

E3,(¢) = 	 go(4)+janc4)  
Y.o 

R;(p) iii3(p — jaw) 
io  OD) = 	• 

Ri3(4)+jzva)) 

X13  (p+J)A...0 

00.1 5) 

'K /j (4-ia4)iC0(43)+c0  

and 
	

i.;(a) 
	

Conp-fgata of is (P) 

Hain Got the operational solutions, the a —  and /3- com-

ponent currents can be .derived from them in exactly the same 

manner as in the case of a single-phase line-to-neutral short 

circuit. As the functions. K(p) and F(p) are more complicated in 

the. present case, so are the expressions for the_currents. More-

over, as there are two closed armature_ circuits instead of one, 

there are two distinct armature-transient time constants as_ 

shown later. 

(10.3) Steady-state.. Components of Short-circuit. Currents_ 

Referrins to Article.9.3 it is. clear that the steady-state 
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component of' the 0{ component of' current is Sivon by

(/O.lb)

TiThere' C"l"" =[{P+j(ZlH'flW1{AhQ,) F"(~Tj~"",,,) 1" A".,(p) ~'''(1)+j:t;:m-W)J) .
-- --- _ 1': -J'''H')W

(10,17)

The determination of' the value o r Cn(c() inv olv es the evalua­

tion of' the f"ollm·ri11g functions, whd ch 112.v.e been simplif'ied.

by neglectinG the resis tances compar-ed vTith the reactances at

normal or higher frequencies. ThUS,
--------_.._---- -

""l-1-7.L:t
'-J.L.;L'':''L.j., T t~[r....'-l(l.';"+l.'t) +~J.1..lL.t"4)J

L...L."l.o (L::,-L"q,. l

l ...I'lF..~ +i Lo [L"l.y(~+Li) 1" ~~'L.4 +L.yl]

(10./8) :

L:d't.:~' L.~ (t.,,-L,,)·

L",t.yCt.L:;,T tL..[t..<.~(t.d..t.:.t-)T~q.(L..t .. 4) ]

/

I
i.(j"" .,.i;:(jw) - I

LAt.yl;< s." e:tc..... (L.d+L io) .. L.< ~J Ll~( Ld-Hl.c l( L.i,""L.o)
" ~<:j,L.'l-' L...Hl..) + L"'''1..J L::lt1.(<.:t ....L.o)(~ .. -'-... )

K.,.(-jU) _

x."l-jw) -

--- -----_ .._--------_._--
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Substituting the values of the functions given by Eau. 10.18 

in Equ. 10.17 and reducing gives 

	

14 54,,,,C j"h+°)* 	 Cy, 	= 	as 	La0+ 40+ 

where 

Substituting C.1, (0()  in Equ. 10.16 gives the steady-state 

(10.19) 

(10.20 

component of.id(P): 

   

    

Ea„, • 6),n  e  ...j(An+ON 

1-d(1+1E)+ AL, Z.- 	j(z it+ 1) 'Ai n=o 
C,47-4 ( 10.21) 

In explicit form, the steady-state component of the ot-componen 

current is 

stare 
[Stea'41

J  
1 — [ sitteaarday 

J 
Ca= 

• L,t(t+ 4) + L 	n=o 
b,11  co.S(An-0-06 	 00,22) 

Similarly, the steady-state component of the. # component 

of current is given by 

00 
C,,(11)  p  r 5st  ts:teci Y  1 = 	l 	 + j(An? 	-I. C414 

hoe } (1a23), 

where cmp, 	p+;(an#0,o11 	P#3 (0-jIn Lo) + Bn+r (p) ( 	57÷7 ) (10.24) 

p.-jcan+r)o 
The .functions evaluated alIthe proper values of p necessary 

for the determination of the value of. On (p) are;  after the. 

simplification of neglectin the_ resistances compared with the 

rea.ctances:at normal Dr-  hither frequencies, asfollows. 

.; (zit t owl 	(12-tjanco)] 	 -je-iX Earn 	 (1-0 11-004431-Xt://tx1-0  
carrrow 	 C 	-i- ,, k 	 L.,1 (t.:0 	+ 	1.; + ( 	 (LK-4-'44)(472 4:) 

j
IN Earn 	 0-0-21,01 + L.) ( Co.  i-0)  p  [41,tj (rn+ilw}g("p4j2. 	ro)] 

pe-j 	 44..t1-01(Cit t3.1.4)0Zuf 	(14t4+ 1-0“:[•1•411(.4+Xl.)(1-i,+AS-.) 

K (ica) = *(;),..)) 	- 	(a-14)(La4-1.L..)(1-veAL.)  
[Lati„+ 	 (c,k+ 	(14+ zi..) t (c:04+L.(c4ltLi,)10-trAL0(1(,-*AL,) 

Ki3(-j,o) JK 	) 	 ;L.(1-4 	)( 10.1-0)( 4+ 3.4)  
1.1-Ok,+ Le( Lo.+1-5,))(Cd.+11-0)( '14,4  AL.) + 	 +C4,9 

LottZi -1-4)  
p ( 	i t TV -+-T "I) 	C p.  (* J 	w) L-,LL:, 	L„( y. non- goro po.sitire integer 



I 5heao yl 	E a IT b._le
-j14"IA  

ZOO I.  star. - 	 4,+j(zn+i)ca + 

Its ex.Plicit form is 

 h. 
= 	-1 	( ) Li  ssta. J .13(t) rstca,4,1 

State 

(27)   

(10.28) I (zr,4-r)8 
71.4, 

2 Ea 	1c  
(1-0k)+ 1Lo 
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( 14'40( Le( +2L.)3(  441L.)4  
= it; Ht.3) = 

1.14  4+L.(Lt1.44.0( L:eAL.XL4, A LA 

x 	
(1-411.4"1-.C4Ltti,)] (1:4 +2L.AL; 4- ALA * (L.(+AL.)(L.72b)ITLt("W(LiLt.Lf.o)CLy+2L.)  

x.- 	 j.{.0) 	[L.4.114-L,04+4,)J (1::/,411../1( 4+21.) 	LtitAL0( 	AL.) Ca' 	(1:1*AL.) WO XL.)  
LA. LI+ L.( 	Loi (il2 s a. f..)( 	ILO 	/4 	* ( Cit IZt,)] ( 4. 2 L. ) ( Lyf  A 1-• 

P 
(-j 	to) z•-• 	+ 

	LeAta.t1-.)(14, +11-) 
1.:414,+ L.,(C;d+gi 

jw) + 	jc0) 	- 

[1.4.4+Loo...4+Lo] ukraLo( +a L.) + [ 	44+1-101 	+ L.3( 13.1-A1-o)  
La.( 	}.1...)(1.;or 2.LOO.:‘,*1LO ( 	2.4.)(L•v+ 1L) 4 goi(i,A*At-e)(14,* A•Lo) 

El-41-1,1" Le(41.4)3 	 + 	+1E-0) iLIA7r(4c4-24,)(i4+.2 L.) 
1./,( L.4  4aL...)1Q +Alo 141,1. 21-.)+(Lt+ac..)(in+ 21,) 4 czL 1z4,(11.4..24-)(4,4•14) 

- (-) 2ir+7 tz) 

Rtr ( -jw) 	 *  

R A  (-j 1177-1 to) 
where. b ,e  /3 defin ed 	Ef..e. 111.18 and Y ,s o Man- zero pO.Sittre integer 

i13 (-j 	 ( L4+ z L)(L:4,+2.1+) t ( 1 ,0.21-.)0.1,4-1L-041-04(,4,-+m-owq.4-x-) 
K e.ei 	6-;  

"" 

	

13 (-) avt 40) 	
" 	

L.t 	L1,1(Q + ).L.e)( 1.i*xl-e)  
) o 	V. I .21,1-1 a)) 	91 Lo  (14 +1.01 (1:;0.24)(1.,',.,tne 	( t,t1./L6)(1 1;P2.4a) Nit.a. 	(1-110.1-10CLIi„,  ILO 

Substituting the values of the functions Given by Equ. 10.25 

in Eou. 10.24 and reducing, gives 

C n(p) = 	Co4 	1,4(!+k)+2L. 

where k is: given by Equ. 10.20. Substituting in Equ. 10.23 

Gives the operational form of the steady-state component of i • a' 

(10.26) 

Eous. 10.22 and 10.28 show that the harmonic series for the 

c. and p components_ have the same geometric ratio b2. This 

is obviously so because the harmonic currents produced in any 

armature circuit are the result of the asymmetry of the same 
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rotor circuits. 

The double-line-to-neutral short circuit can be reduced to 

a symmetrical short circuit or a single-phase line-to-line 

short circuit by allowing Lo  to take two extreme values.. If 

Lo  = 0, b2  is reduced to zero and k to unity, so the: is  and 

i become the phase currents of an equivalent two-phase ma-

chine symmetrically short-circuited. If 1,0  =00, i„4  = 0 and 

iA  becomes 24/5 times the single-phase line-to-line short-

circuit current, since 

4L.Lo44•AL.)- 	rq, 

and "r" 	 — tin/ 
Lat(f+k)+ 11-o 

1(4, t L.)( * AL.)/ 4f. LY 

    

/ ///41.1.2(..)(44140/L/4 +XL,' 

 

Ld+ L"a L9 

 

(10.4) Transient and Subtransient Components_ of Short-circuit 

Currents  

As before, the transient component can be derived from the 

steady-state:. component by replacing La  by [1 + T(i(pLj2ntl4Ld 

[1 t T(10(ptjan+10)1 and proceeding to find its magnitude as 

well as its decrement factor, with the assumptions that Bkd2RD7  

and 1/Td and 1/TA0  are small compared with to. Thus, from Eau. 

10.21, when p is in the vicinity of i j(2111-1)(0, 

b.,'" 62  = 
+, ci,(c:44-AL.0) 	+ 	- -b, 

( 	
EOM + co,a "r4(1,*.j an+ ,  ._p) 

I+ 71,(1,tj),-3.,,,,) L4(1+ 

which may be reduced to 

4 2 La 	4)  j (4r"")"' 

I +($  
T ID) -̂= - —  

  

(10.Z 9 ) 

   

4-)(2 rukr ) 

 

tw„0 -,j(4,,,-040  

(Ia. 3 0) 
where Tica-, 	i.4 0+/04.2/..„ 
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which is independent of n. This means that all the harmonic 

components'. have the same. time constant T4(11-n)* The transient 

component is 	 by 

1,4-J27177w) r,cico] 

 

+i (A rt+i )(,.) 

( 	
6076.5""-"P'  

= 	 1.,(14- ...)+2La 	t 	 j<zn 4./ ) 	+ Ccrni (10 ) 

whose inverse transform is the explicit expression of transient 

component of 100 

2E,„, 	 00,32) 
i.( t)  [ 7.̀" .P3 	 c.0 	1.44(1+11, )+ 	1,10#4.)÷44..} €

.111-;""- '̂ 	14' cos (Am«/)0 
TICO 

Similarly, by assuming 1/4 and 1/40  small compared with 0.) 

and substituting El + 4(10*,12n4.1401Ldfil 	40(P*,12n+103)1 for 

Ld in the operational form of the steady-state component, it 

can be shown that the subtransient component of id, is 

        

        

C. 	[Subtronsie.fr s — 2 E.a". 
14,(14-04-AL, 	14s01.. /  k)441.. } 6-ii r:""" ' 	1,4 cos(zn..oe 

hr 

(/0.33) 

where.T= 1:,;,(ifk) + 2 	„ 
x i„„ 	 rd. (/0.34 ) 

Similarly the transient and subtransient components of  

are respectively 

           

 

on 
ip (t) [Tre"-ts lent 1 = 	4(  Ea."' { 	 1 	e -tIT:t(it.,0 

br Sin (2n..1-1)e 
kt(/1.1E)4.11.* ,100 

(10.35), 

1  
l:and 6 i5 ( 4) 1-5""'"Si en 	 ;i( t•lic) 

ilc Eo" 	  E 	Zn.. 	(Ali-kt)e ( 0 3 0 

 

           

           

The complete odd-harmonic series of iok and ip may be written 

more compactly as_ 

il,( t ) [fej;jes] = 	
2.w ' . L';,(/*k)+zi... 

 	  9, ,t, 2 bil ,o, (zn4.09 	 (10-37) 

AGm 	4.  
and 	-/3(t)1=1--  ,,, 	/:::,(/..k) +21.. g.(t) 2 b.: .5  in (271÷1)0 	 (/0.38) 

, 	Tiitt-.)1,-q7";1(4-m) ÷ ( 1 	Ti(u-nA  Ti - ,a"riw E -tirlac-k) 	Tj.411-.0  Terw.x] 
where vt) = (/ - 	 (10.39) 

„ .1 Td; 	 71, 	T,i; 

Since io  = - itx, the odd-harmohic series of the phase compo- 
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nents of the short-circuit armature-current are 

  

      

      

Lot, &,/,‘,yes) 	- 	isoefiesi 	q 

„,   94(t) I- b 	cos (1,),.1) 	- 	sip, (.;„+r)$} 	 (10.40) 

1n.0 

3 • and 	t) [,0„1.1„.1 = 7  (t) 
L r,c 

J- r," t) Jd  ,‘ 	te°  ri 

E„n. 	 
L:Ce(14•14)+ 	91(t) • 6: fa cos (An+ I) 0 + Ic  sin (2 rt i) 6} (10.40 

    

(10.5) Armature-transient Components of Short-circuit Currents  

The armature-transient components of iv(  and ip can be de-

rived from the operational solutions given by Equs. 10.12 and 

10.14 by the same method used in the previous cases. By in-

spection of Equ. 10;12, the operatiohal solution. for Toc(p), 

i is clear that, from the expressions of .%(13) and]R',x(p), the 

2nth-harmonic component of 1.0.(p) is conNtributed not only by 

the term All(P)L(p+j2nc) but also by theterms.A1.3Ii(p)Foc(1)+jariir 

Same can be said for the p.. component of current:T(1(p). 

Wheap is in the vicinity- of - J2nco, or. p = e - janu; where:. 

E 	is .a .real quantity small compared with 63, the.. values of 

these three terms contributihr4 to the 2nth-harmonic component 

of To.(D) are 

p„_,(p) 05 	
y-, -j 

p=e-j10 

	

y4;1,- ..c (— j1YLL') 	5-Vp 4-j15-4:7 	+ 	P4-j17F7 c.›) 

x0I—ON 	hC (-3,21,4” 	R.,(13*j17-57--i  co)  

:4:17C,a ,(P+jant.0) ic. 4 ( +i a3r-ico) 	 Fo(p.j,.7,-7w)  6 -j=cn-ox 	 f  
;,14. 	1.E.,(0-)2.77---7 w) -±k(P4-iln,o)k.,(13tifii=74.1) 1.1 i.-.4(1)+JA 

\ 11 e-..12RA H 	c-jayo) 	37-1"-') 	F.(  (01- j.2)1c.,) Zn (p)P,(1)+jA7104 
la= 	 (-;r4V“)) 	Z.,(13 4j1 337 CO 	 5..:M>+) 2  N ,0 ".• 

0=4.jATW 

(10.42) 

n"  E--11" 	(-JAYLo) 
V=A 	 z„(.ptiA7-717 	R_,(ts+,i1rt(o)k,„4.jz 

    

   

(x0.43) 

   

     



k t,j z 57-7 ,..»] 
Fkk 	+L.( 	+ 	+(5,+$2,tt.,) 

R {* + XL.. 	 ....,0.M0:,•11.0c 	26,) r k 	 (e4+41)+1 L74 ,41,04.11-04 cif 
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and 

[AnN (0) 	4.; 	 = 	e  _po,÷13x (j  Yu.)) 	R.04-32,14.9 Z,(1,+.4 r-t 	 ¢-1-j a 3747w) 
Qv c-j74.) Yry 	 jAN“)) X.04.1277740 i:„(17.4.)27 40) X:(1,4i 2 7747 4.) -1 

See jawW 

Tr J  7'. 	( —.AVLO) 	k,(1'+:127,0, ) R,,,(0+12 	(4.1 ) 	 ( f. j FT-T c.)) 
-) 	vw) 	(4,ri A 2-7:74.) 	cop nuo 1L,(104-j2 77-7 f...)) iv, (pi- j 2W:71W )  

Since E is an unknown quantity so that the evaluation of 

Equs. 10.42, 10.43 and 10.44 cannot be done by a direct subs- 

titution of E - j2nw for p. As e is small compared with u , 
this can be done by simply putting p =.* -Janos) except when p is 

in the factor p + j2n oa , when it is left unchanged. Thus, neg-

lecting the resistances compared with the reactances at normal 

or higher frequencies, it can be shown that the values of the 

functions on the right-hand side of Equs. 10.42, 10.43 and 

10.44 are as follows. 

vr4  L-Jj2:7_,))  br, 

a 	 

t.tva71.+ 

LP') 	  { 	1-  1:1+,q  k",44.j.C77:;,•01 	= 
p=6 il-aCq, + 	+ 	+ (fa +jkn.“)) 	{AL°  4. 

(/0.45) 

	

Ea, eiA  	 j 77-7 u-O] 	= 
Zto.) 	R..1,404,  4. 	 • ( t+j2n“,)Ln'-c,121...4.1?::::„: 

ta6,x/ua 

(prjano)1,11.0 t 1.4,«cry  

12.114  [7,, 02 1,747 “o] 
2W 	 +(p*.ivr,-,) 404 

Substituting Equ. 10.45 in Equs. 10.42, 10.43 and 10.44 and 

adding gives..  

[i, t, 	cp + j 7,77 LoT -t /7„ 	fp+jztIca) + 	(p) A',„ (0+ )2 	I 
p=t-javIN 	 = E- jAnut 

(o. 4 4) 

I. 	 JJ $' -j 	
"%es?, 
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2.(.0 	+ L.. (1.".,+1."1„) 1. 	‘40.;,,,(W.4.•,.4o)(1:,„,+ 1.1.) 	T 	t/D+jAnr.0 13(14-4) 

AR. +(t-F.J1n.i.o)L.} 
bs 	E.,,,cosX 	( 	-CZ ) {0.4+ A" 	c4124,(44,2I-0024,+AL,) 

2 La 	 (1."A+L.W.:(+4)+,11;.4(40.24)(4q.4)r + 1::.442,tuo 	{ .t(d_01, 0*j211“)} 

(/0.46) 
I 	x4,14.1i(4*.t4.07(ei,-,2L.) 	_ 	I 	2 k L. where 

R.tgRo 	,1i:d'4,(4tr24)(4+.1co -cd4 	R-+2" 	A - f (10.47) 

L.1.41.;. 	 2 L. 
TOW -n) 4 4.0.40-d*z4O(i,+2.4,) 	— (,0.48) 

Resole 	the second term on the riizht-hand side of_Eau. 

10.46 into partial fractions and groupinfz dives 

L.L — 
1:;0_,t  4. 4. ( 	+ 1:4 + Lci. 	( 	Lo)( 	2Z-0 ) 

	

X 	  
144 cosA 	 (EP' - cosh) 1"  

L',',,Li(i:4+zi..)(Li+2t-3 	j2nco 	++ .)2 ?Ica 

Cj2" 	j ..C,r) A E -.1"N  
Or [ 

ca.1_•:, cost(
-C.,(0)f.f-iTrw 

	

2w Lo 	sh..42-41,(La..+2.L.H14,+ 41-) 	+1,+in,d 

(x049) 

(to 50) 1  

Eau. 10.50 does not hold for n = 0, as Ao (p)fet (p) is .a 

singular term in the operational solution.. For n = 0, or for 

the d.c. component, the terms 71.0 (p)-P.,.(p), :-A-3. (p):74,t (p+j242)) and 

its conjuQate are considered similarly for a. value ofp in  

the vicinity of 0 (say 6 ) . It can be_ shown that 

[1:,(0] 	= [ ifo (p) 	(p) + A x  (p) 	(p4-jA(..3) + czi.a] 
4"e 

(n=o) X (-A ) 2  oc(P-1Zul) 

[P.,(4.-- jAW)L e 
 

CA + 4 	ca• 4 + A L.2,: iq  + CLCq 	I 4tL4(  1:: 4  I,  1 t...)( 4+ AL.) 	I  
Z1 C..e. CO LI. , L. )( eq,••• x L.) 	44,1=4, + LA cc+ 1:s.  ,) + .1 L aC,0 4 , 4 • 21-0( i'-:,,4 2 L.) 	--1-7,‘ a  ,,,,,, + 1' 

Ea cos)(  

= 2nd term of .5r 10.46 

_ E-.,cosx 	J 	cat+ 	24,0  - caci, 
LAIL. LP,tr.qj C;c+ 240( 4+ 24,.) 

  

 

(10.5/) 

The: complete. expression for tha armature-transient component 

of Tok (p) iS7 obtained by adding Ecru. 10.51 to Equ. 10.50 (and 

conjugate) summed from n = 1 to n = cio . Thus, replacing 

(12cii-2L0 ) (Lg." +2.140  )/LaLqTr  by k, 



iim 
• T(u-n )  and 
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Z.,,,, Lto [troturol ,..., EaTh e.0 S X 	 i 
',sit,' r j -- 	.2  ,,,,,, 	((- i ) ..i. 	 

T.a(-.) 4.  1)  
flE 	

14, 
n., [ tat-o4 +'a"3  

	 y I 	b:jeja"  
Awl.° 	N./ 	7 	/- 1> ÷..0.714,  

(10.5 2) 

The inverse transform of Equ. 10.52 gives- the: explicit ex-

press ion for the armature-transient component of id: 

[
Arnvatur. 
roos,4,0 

E—  ,,, COSA  6 -07:cti-x)
A 	

-L 	 9 — 	b" cos An  

£0,,, Sir, X -t 1 r E 	p(t,t) z bl sin 2  9  (/0.53) 

 

As .a. check,. put R0  = Lo  = 0 so that 1,A  becomes the sym-

metrical short-circuit current of a two-phase machinar. The.  

time constants become, from Equs. 10.47 and 10.48, 

1 i m / "Pi 
sO L, 0 

  

a4Le 
R. +AR. 	- 

	

= /1191 
	 2L.)(Lq/P2.L. 	4aLq,(L.'[.+2L.)( 	L.) 

Ra.+2R. 	 AL. 
A. .0 

/ 	244,4, 
R. 140. 

	

iim 	2 L.  
R. 4 - 

4tLy(i-d.+21..)( = ii•rt L.=. R 

24414  

	

R., 	14 + 

which are eaua1 to a (3 ) (Equ. 	Thed.a. component is_ 

reduced to, from Equ. 10.53, 

/1.11,7 /4‘,0 
	Ea 60sx c  -tIratt-”) ( I  _ 

cs) L. 

E4,,, cos X h," ( 

  

   

 

(12:4_,.2G,,)( Lift 2i-,) 	ii,+2 L.) 

Eam C43)%  -tiTmal 	+ 
Ld L'4,2“)  

asin Equ. 8.19. Tha double-frequency component is reduced to, 

from Equ. 10.53, 

 

E.,.,COS  -tir.,(t(-0 122 

	

COS 2 9 + Ea'" 's;'' 	jtITA(I1-^) b, Sin 29 

	

(...,L, 	 j 
R.- 

  

= — ...-217;k4A) fim 
C 	4,0 0 

  

A (ed -12:x) 	coj20 cOSA + sin 20 sinX} 
	IL.o.r1  I 4,  

  

   

Ea WI — 	cos (a 9 ••-)t) L.7‘1 
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as in Equ. 8.19. The harmonics higher than the second Given by 

Equ. 10.53 are all equal to zero for Lo  = 0. 

Similarly the 2nth-harmonic component of the armature-tran-

sient component of Tp(p) is. given by 

[L
r
t1,] 	= [ 13„..,(¢) (04.p. W-7 LO) t Bn (6) 	(plja 40) t E.„„fp, 	tptia 	 (1,2.54) 

and its - conjugate:. The_ functions onthe. right-hand side of Equ. 
10.54 can be. expressed similar to Equ. 10.42, 10.43 and-  10.44 

a:s.  

[ fl„_, (0) .4 	j2 

= 
1 	gi,(p+ix 7777 4..) 

	

ii-.0 (0+;,..)1790,4;.z 	(40  ("ily(4) [ f 

370(i2v0) 	ip(9+jarTzt ta) - z kil(1)+jinc0) 	w) 	i'l,(1,4-ja77:7 0.) 

re.(06(pfi.z.).1 	= 
¢=E -j27140 #  

kp(+)x,;-; co) PA  (4,+).zna)) 
[- 	CiA (P+JA /7-7  ) 1, 

E-j1.4. 

=
yaz 

 Rp q,...J.„orc,,,pti,,7.7,0 	po w, 
-6,„(1,) 7,3 (04 jx;17,-01 ) 

	 Huh.) 	 fl,+j2h.i) XiJ (0* j1  7:1"4 zi,("1"-1 w)  

The: functions involved in Equ.  10.55 can be evaluated by 
putting - j2nc..) for p except' where p is in the factor p + j2nca 

when it is retained. It can be .shown that with the resistances 

neglected compared with the reactances:. at normal or higher fre-

quencies:, the. values. of these functions-  are as- follows_.  
(-)lyto) 	If 

Z I-. ( 44 - 'Lk) , 

rd.+1:1,44L0 ' Y +)."1"')  
[r<p(01.)2 ,,...0] 

	

Q.6.11110 ."... 	
RA..?(Pti 1 T LO •), 4.44."";""-;,)  

7,5 051j/ 	= 	, 	
2.(Ck•Xl.)(244.2Lo) ::--- [ Ro 4 (0÷il,t0-) Le, 

	

P=.--)."' 	kR,,1-1.Ro ) I( CA:*21,..)( 1-; + a L.0) + L, ( .1.,..-:-..Lt-t 	 ;`. ii + (134.jmo (Qtrzi...)(4....u.,)(,11-1-  L,,...E  ) 

	

= 	

r 

- 

 
111."4/(14+11-0(4+2/o)j Tat-R) 41'4 j 1") 

573( 	 4= 7  inw (f02Ro)(2k+1,-0+1.)Lo( 	 "
[ 	 e[ 	4 	 . 	4 4L 

 

[Fp  ( 1.12 517:7 W)] 	2: 

  

  

(R,„,.2„,totttz,+240(L,172L,)+4( 	+(p.-jar,,,,J)(C,i-z)(4.al...)(1Le+t) 

(/0.56) 

[P,0 (¢+jA nc,)] 

      

E 	4.0 

 

(11-i2t1W) C.44.4.o(4+.4-)  

      

[To 	 = cc'''P'ecte of [50,*).a 

6 — 
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Substituting Equs. 10.55 and 10.56 in Equ. 10.54 and re-

ducing__ lives 

(p)] 	. 
 

P 	 A., 	144 4-1.,,(tZt L9•)+ IC, L.,(1.;,1-A1.0(14 2.4) T..oc-,) • + 1' frja""'  

b7.-1  E.,,, 	(41•-c.-„, 	+ 	1,t— ,t  41 4,14 CL;....1.,,XL!,. 	 C-ja'sN  
(/0-57) 

   

1:e.1-A, 1 Ca + 	1.;,t+ 	+ 	 LA r 	{ 	+ #s+js,...4 	•13 .) 2.1.) 

Or,resolvins into partial fractions, 

  

.ilth 
= [r. (p)] 	 14,- by 	

t 
ei"N  

1.7,, tu_.,  4 ,p+i 

br E.„, 	j cos7t E 	 c40..2.1-0 	Sind Cia"  
AwL. 	4  t 4")17" 	ckcs. .7.0",„ 4 Oij Ina.) 

    

  

(J0.58) 

    

          

The sum of Equ. 10.58 and its_conjugate function gives. the 

2nth-harmonic component of the armature-transient component 

of ip(p). The_ d. c. component of ip(p) is. given by, similar to 
Equ. 10.51, 

P=e 
.../  = 2.70/ term of £9.4. /0.57 ()Ire) 	ki (p- 

X.j(
p.w) 
21 

 

Ea 	Sin) 	ICe%(ca+ zt.0(1:4, + A,L„) 
+ Tp e4t-..t 

   

(/0.59) 

       

       

       

The complete expression for the armature-transient component 

isgiven by adding Equ. 10.59 to Equ. 10.55 and its conjugate-, 

summed from n = 1 to n =00 . Thus_, 

R/Tatar4 1 	E.., cosA  	f 	 brie-14"  'Fp.) 	— 	 + xwL. 4— -L 

E„, sin A 
ZwLo  • 

" 
+ C.-0141 00.60' 

where k = ,/(41+2L0)(414.2L0)/LW . The inverse transform of 

Eau. 3.0 . 60 is 

f•(t)r,7,=1- E—c•zuk  La 	E .  b: 51.n.inf) 
r./ 

E,,,sinA  th- 
+ 	 E 	i"c-"J 	1) + 4c. 	c,os 2,10 A 

(to 4, 0 

[1.01 p-. 	
[L(0) F;3  (t)) + 8, (p) 	P+.i.aw) + C,crrt.4 



) tta!tiLt 
trans it nt 	# tritt

r ah./P441 
rtsteritj 
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Equ. 10.61 can be reduced to the armature-transient component 

of the_ symmetrical short-circuit current of a two-phase. machine 

when Ro  and Lo  are put to zero, as. has. been shown for jot. Aa 

a., further check, put Lo  = 00 so that iA  corresponds to tha 

single-phase line-to-line. short-circuit current ( 2// times 

as large) and see if the result agrees with that. obtained pre- -. 

viously. When. Lo  =00 , thesine series in Equ. 10.61 Goes out, 

b2  becomes.-b1 and.  

litre 

	

Lo= to Le 	L. 	
pctfal.o)(14#21,)  

4(.44, 1Nr—riN7 

lilt, 

	

T 	 a(o)C ei* 2 4.0  	 _ Taut)  Aut..— 

so that Equ. 10.61 becomes 

2E.— 	e-th-.4&e, 
i(—brrco.s.artel 

   

which is equal to 2/J 	the-armature.-transient component. 

of Equ. 9.55. 

The Phase components of the armature currents are. Given by, 

since io  = - lot  , 

r Ati.,,trure 
I Ltr4r3..f lent 

— r3 i.„(t) 	- 	. coin 
• 

E.„, cosN — I 	
( 	) A 	k - 	[5 cos111.0 + 1c sin 2n 6,1 

nsl 

z wr; [a sin Arte + cos an.0}} 	(10.62) 

E.—, cosx  6 - t 	rr 	1 
(.411-o k 	 [I'S cos 2ne — sin atiO ji 

sin A 	-tIr 
	 E 	 - t (k—i) + 	6: [ sin n el 	cos.: n 

A 	
I 

(.02.0 	 (10.63) 
71.1 
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which are rather complicated expressions. Thee fact that the 

two armature time constants as given by Equz:. 10.47 and 10.48 

have no simple relation with each other even for the simpler 

case of no earthing resistance_ (R0  = Ra) makes_ it impossible 

to reduce Equs. 10.62 and 10.63 any further. 

Finally, the_ total shoot:-circuit currents. in phase b and c 

are given by the sum of the odd-harmonic series given by Eau. 
and 10.41 

10.40,4and the even-harmonic series: given by Equs. 10.62 and 

10.63. 

(10.6) Field and Damper. Currents  

The d and q components of thearmature:current are first 

determined before using Equs. 7.76, 7.77 and 7.78 to find the 

field and damper currents. These components: of current are: 

given by, in terms-. of the, of. and A components 

Ta ct) = Cix  r,(40+:1(0) + co.xj 

	

± 	[ 7.,„(4,4.)„, )  + 	o+iw) 	GO"-i 
	

(lo.6.0) 

	

and Lop) = -j 	[6-i' 	- 

	

= _ 	[ 	+ j r (0+;(,)] 
	

(10.65) 

Substituting the expressions:foria(p) and 211(p) in Equs, 

10.64 and 10.65 and reduCing gives 

a ) — f am 	 + ,k. 
▪ 04-for.„(0)-1.2.L0  

(ifk)ts,(1,+jAW477,o) +1L,, 

j12. ,./A 
E.mwo
*wt.° 	 i4. 	

e , 

E,  1+13.2  ,k(i—b4 )] 
1 '" 	TO (rt-,,, • l'../(4,--f-fic-,  

(/0. 6 6 ) 4c..) L. 

— t[ +6,— 4.(1-61) X 	 

4 11+.1(2,1,-/)40 



and kr% j 6-jArntrOt 

+ 	+1 )40 1- Ccni (I+ 4c) Id CO+ ix 777 	+ XL. 
.— 1.'„1. (?) 	• 	[ /— 	F—ba  — 	r fr y  ) 
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Ea,  CAA 	I —62  k ( 1* bA)  
f 	 j  

".6 	4+j (intr)s.0 	Ce"-i 

   

e -jc.”.÷,A 
Ea" Sin  
 ft —ba 	(1+ ha)) 7 

+ 	irAvitt)c..) + Corti 
1 

Arzt+) 

(/o.67) 

In Equs.. 10.66 and 10.67 the direct-axis inductance is. ra-

tained in its operational form with the view to avoid the-

lengthy writing of the steady-state,. transient and subtransient 

components separately. 

Referring to Equs3. 7.76, 7.77 and 7.78, the.. expressions. 

for the field and damper currents in terms. of id(p) and i0p), 

it: is clear that except for the d.c. component of id 
 (p) (first 

term on they right-hand side of Eau. 10.66) when p is in the 

vicinity of zero, the resistances can be neglected compared 

with the reactances at twice or higher multiples of the normal 

frequencies. Thus, the a.c. components of the field and direct-

axis-damper currents are approximately given by 

Lt (0) [a. c.] 	— 	
Lie
Ma 	-  

L(+Lka - Nod 	r (1')  ta-1 (I47.68) 

and 	tga 'fr) [a.c. 	 ir:14  

  

- 
(ac.]  (/r›.69) 

  

      

and the auadrature-axis: damper current (no d. c. componentl 

approximately given by 

= - IT -  sIZ-1:1.40  
	 (10.70), 

Consequently the. quadrature,exisaamper current and the 

a.. c. components of the: field and direct-axisdamper currents 

can beobtatned simply by multiplying i and the:_ c. components 

of id  by appropriate. constants as. given by Eaus, 10.68, 10.69 
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and 10.70. If Lam is- re laced by ./2/3 MaIfo in Equa:. 10.66 and 

10.67, the.. a. c. components of the field and dampen currents, 

are, in explicit form, as foliowsi. 

(t)if 	[a.c.] Tr_ Ma Z1, 
Lie 

L.. - Mika 	  [i t 	,4„ hi )] 
L + Lkd -•2Hihd 

00 
1  

Xfo 	AL. 9
x (t) 	b: COS ( -n + 

LOS X -tin, 
hr. COS (271+1)0 + 41" 

k N00 	
1-,, 

ctirpc11-..) Z (.271+1)6 (/0.71) 

~kd(t) 
L, - Mikd 
	 X Equ. 10.7/ 
1-hd Mikd 

(10.70) 

 

	 9, ( t ) 
1.7aPrios1L. 

.sin 	(n-t 1)0 

 

b; sin ("Ant I) 
nso 

sinX e-t17-0(u...) 	 (10.73) 
AL, 	 111 241.. 

The d.c. components of 	and ikd can be found as in the 

Previous cases by using Eaus. 7.76 and 7.77. It can be shown 

that with the assumption of Rix]. R f the expressions for the , 

d.c. components of the field and direct-axis damper currents 

are aiven by 

It 	 ) 	c 	+ L;(t) [d.c.]  

t4,1r 	{11._i
p-
a 	-t 	 I 4-k 	1 -..t1r1:(11-,..) 

f" 	1-ka 	L7,(1.1,k)+ 	L 	 j 

LkA (t) [d.c.] Li -Al fwd  
L,Lka Mitd 

1 	1+ 
124.(t+-k) +21.: E 

/ + 
L';‘ ( 1 t 4)4. 21, 

1 

(10.74-) 

(/0.75) 

The complete exTpressions for the field and direct-axis-damper 

currents are given by the sums of Eaus. 10.71 and 10.74 and 

Eaus. 10.72 and 10.75 respectively. 

Comparing with the sinTtle-phase cases, it is clear that the 

+ 
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field and damper currents for the double-line-to-neutral short 

circuit have an extra odd-harmonic series deeaving with the 

time constant of the extra armature circuit, i.e., the et - or 

the p- component circuit. 

(10.7) Open-phase_ Voltage_ 

	

The terminal -voltage of phase 	the open-circuit phase, 

is, given by, using Equ. 7.27, 

Vat(P )  = -cf.t(P) 	V-ot (P )  
which may be reduced to, by using Equs. 10.3 and 10.5, 

vat (P )= 	3(Ro t  LoP)ia(P) 	 (10.76) 

If the resistance Ro  is neglected, the voltage, of the open 

phase, vat(t) is equal to - 3L0  times the derivative of iot (t). 

If the resistance is not neglected, the voltarze is simply 

increased by - 3R0ipt (t). Thus, neglecting Ro  and also neglect- 
-tin:4(14-x ) 	 -;tir 

	

ing the_ derivatives of g2 (t ) e 	and 	fic46")  compared 
_tir (11.x) E 	 and 6 	, the terminal voltage with g2 (t),  

of phase a. is found to be 

Va t  ( t )  

 

91(t) 
00 

(2)-t+l)b:  Sin Canto 8 
77.0 

L';‘,(r*.k)+2.L, 

3 E 	 t br.  sin  1,, 0 t 	sin 1417 ;
`u'" t an b: cos 1 ,1,8 

	(/0.77) 
71, 	 71.1 

It should be noted that the voltage is measured from earth 

to terminal a when Ro  and 1,0  include the earthing impedance, 

if any. Consequently when Lo  is: Put to infinity to reduce the_ 

present case to the case of a single-phase line-to-line short 

circuit, Equ. 10.77 will not be equal to Dail. 9.75, but will 

be 3/2 times as large. 



" 	11- 
Ma 

rt° 	to 9s ") 

- 	Me If , [ I  +bA - A ci-bdj 
gx(t)  

it  14:4,01.(e.)+21-0 „.0  4  
b cos (n+i) 

TAO 

SinN 	 ,„;,„,(An#9)0 
AL. 

cos A  e-rilla(-) 	e_t" sin (2114-i)0 
2l Lo  

(/0.79) 
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(10.8) Short-circuit  Torque. _ -- Pulsating Component 

As in the previous cases the short-circuit torque consists 

of two components, the pulsating component and the unidirect-

ional component. The,Pulsatirm component of torque can be ob-

tained by using the approximate expression for id  (p)and iq  (p) 

(Equs. 10.66 and 10.67) directly in the torque equation. To 

find the unidirectional component of torque, however, require8 

the consideration of the further effects of the resistances 

otherr than their damping effect. Only the. Pulsating component 

of torque is considered for the moment. 

The explicit forms of id  and iq  are, from Maus. 10.66 and 

10.67, 

 

cos' 	
bz71 c-0.5 (.171+0 9 

sir,A e-tirpu-.) t
4 
 .0', (.21,+1) 

„ .. 
(10.78) 

and 	i% = „pi 	- b,- A (1-frb)] 
92.,„  

b"; sin 2(n+i)8 
L4(14k) 4 a to „_„ 

 

For the a..o. components of id  (p)and Tq  (p) E- (p) and TOP) 

are aPproximately equal to id and 4, so that' the pulsating 

components of the flux-linka3es.ara, 

       

frd 	 Ld [a• c.] 

 

(10.80) 

3 	 1'0.80 and' Yi 	T 61, 	 ( 
 

The unidirectional component of the flux-linkase Y;(.(p) 
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A 	
, i_a_cp) taco [d.c.1 	"' T df 	• -p- 

if ma „  	t Fa. mai • u4k)-1..,0) 4 11_. 	 I' 

[ I  
1..(i+k)taL.  

+ rd,(1-fr 	L..,t(1+-IL)4. AL.] 
Tciat- ,t)f  

SO that  

The pulsating component of torque is therefore given by 

- ' -d  

m‘lc 

 

g,(t) 	ti+0 

  

/  
9x(t) L(1 A.) 21-0  

  

      

/ 	 / 

*&)+- 1'  

9.4(0 	rc.osacn+r)0  

b” sin Lan+. 08 
77% 0 

Si"?' e-4/7 r--) 	br cos (Ay, ,() 9 -21-0 	 )1,a 

.4- 
	cosA 	tIT 

	00  
br cos (27-/) 

)1=0 

    

Si,, A b," sin (n-.,) 8 AL. 

x 	1,,( /4,1c)ta 

cos ).  „or a 	• (C)Z bA" sin 2.(n#1,8 	-k L E 	
(—) 	Lv, SFr; (.177+ i) 9 2 o  

    

Sink  -±Ir 
.240 	

6: COS (471.6q) 

      

      

Using the identities Riveh by Equ. 9.21 and also the follow-

ing products of infinite harmonic series 

LT; C 0 S ( 2 rt..4 	= -k• 	- + 	I 	) br"' cos ( an+ r) 0 • 
”-0 

r bA" sin z(n+r)8 x 	b; sin (A714-00 = - 	I (h-FL / _bA 	4o$ (2,1/)O 
T.* 	 000 	 11.4,  

{Z b," cos (An4-1)811  

  

( 	+ 	b COS An 0 
I -b; 

• 

— 	/-b  

Z14,1 	2 n+i)0 A  
1 

2.bx ) 	cos..an81. 

  



cos .tin i s + A 
[KO% -t x,,(x;'+xi '1 ) + x„(x4 -x:t.,) cos .20. j'z  

3 no (.4 	 5/mA  'co  ( 	) + 	X:1, 	+ x,, (x;it x4' ) 	cos 28  
[xaxi f x„ 	+ ?f + 	)C4:73 ela 
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it. can be shown that. Equ. 10.84 is, reduced to 

MdZfo ic,(14-k)+ sc.)1i-ba - 4c ()+101 

x 	cosX ***  
jt 	.24ct. 	4:,(/,,40+.„... • 92(i) e 	' 	x+r) E3/4-'' sin (A n 	0 

7.0 

	

sinA  	-tlr 

	

L. 	1:;,04.1),,,...u. 6a%c)e 	Artt•-.) (2,74./) br cos (2714-0 0 

b., sin 2A 	 )t pat..) 
44teo  

n br-1  coS2 74 

- 	(0 b.* cos 'A -st 1+ L. _ th- 

(io.86)

ra-4.1 x 	br-i sinarle 
{1:4 (1+4) +21,,i4  

[ 
4 144  

It can be.. shown that when Lb  is:. put equal to cmo,,, Equ. 10.86 
may be , reduced to Equ. 9.77, theJexp±ession for the: pulsating 

component: of torque for the,  singla-phase•lineto-line short 

circuit. 

(10.9) Exioerimental Results  

Using Equ. 9.63 the: short-circuit currents, the: open-phase: 

voltasze and the_ field current can be_ expressed alternatively 

as 

cg,cti 	
9  -  (,,;;+ax„) ,ine 

xix; 	 x„ or; 	4032 e 

- r3  Ea.» 6 	 cosX 
k 	+(xv- ) cos ej + ()4,;  - )  s  ;0 

xg, t 	4)4 	x,;,-xl)cos Ze 
-t/7:8  _„ 	x " + x4; + 4 x. - ( K.4', --6. ) cos  2  e — a (x:4,. — x;,..) sin 261 II E 	6 	iu  ' s,r,-7 A 	''' + 4  .., 

x:i xi + xo  (x2 1- x4;) 4- x,. (xi -Y,:4) c452 e 
rs-  , 	rs x;  cos° + (x'4,-,-.2.0)3i.8 

1:c =' yr-..- 9.( e )  x,i ,c,i, + x. (a;« xi; ) t x.(x4,- x;,) cos so 

1:3- [x:i • x i i , + (x;- ,Q)cos 2 A] - (x:1,.-Ki.) sin a 0  _ T E.,...,  E-ti7:.,,,,,, cos ,t 4 	 X;04:1, i X. tx;it x,p 4... ,ro  (x.i• - xi ) cos ae 

— 	E -tir(a.."' Sin  

 

x 	+ 4- x„ -(x;, - x:c) cos 28 + 	( x4, - 	) sin  g 
+ 	A,L+ ) t xo(xQ.-xtiiTcos 29  

 

z x,,( x4,' - 	- 	e - 	( 	-x;.) sti,J0 3x0x;E,,„, 9,(t) 	  x.( 	x:v•) + x.( 	Ki,)cos 2014  
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4-# •  "d .21'.rfka 	Xa• (I* 44) +2%e 	k) 	2 I 6 Lf Xak(f 	+.1X0 

LIgd "ihd 	14-1C 	 _[bait .., 	Lie 	1+ 4r, 

4.  

* 

—621‘  ) 

.141 

92(0 ( :4".(114.:H"kka 

Lk .", 41.1 

Xe-t x'I; ) 

(X4 

2
)1 

( 1"  

[C, +10 11 	/-ki —2 Hp,/ xe xv. 

X I ft -tI 	 cosA cos 9 + 	-.-).x.)e-4/ Te"`"" SiriA Sing  

Tha. test was. performed on. the aame machine. as that described 

in. Article.- 9.10. The test. results.: and the. calculated resulta 

are_ shown in FiRa:. 10.1 and.  10.2.  

and 	L; = (Xct-)4.;(. ) 	{ 

xe.%;/ 

+x,, 	x4;) + x„ 	-,0,) co 2 e 	 / 

Xi(11-k) 2 X., 

f 	/- %e(x; -44,)c.425.26 



dig.  /0 / 

300 

too 

41 00 

e=n/,  
27C 

orl  

Fig. /0.2. sbouble /ine-to - neutral Short Circuit 

= 188  60)(0.835 E 	1'0.165) 
50.1  e _t10.0/2/ 

686* C45 AO 
175 .o50C. 	E -t1003., 

1,6 + cos 20 
Rol sin 6 •F  

1.86+C.42528 

62-2 co 5 0 - 50.5 
/..96 c+252 

 

(o-835 E 	 4. o•I65 )  /3.3 + /0.5 COS 20 + 6.4.6,320 E  -t/o.02t 
1.86 + C.0s20 

22.7- 12.2 COS 2$ - 20.1 Sin,28 E  -210-4278 
1.86 + (.4,3 29 

 

67.2 cOS 9 + .5o•S sine 
(04935

-tleet2, 4 0.165  ) 	13.3 4 10.5 cxs 20 -6.4 s 	E 1.86 +coS20 	 /•86 + COS 2 

22.7 - 12.2 cosi  + 20.1 	ce10.0278 
1.86 + Cos 28 

tr,t. = /39 5in 0 -243 Sin 38  c). 835 -11001.1, + 0 165) + (1.86+ cos 28 )1  
68.i sin 20 - E 41°." 	(2  8 6 + 53 1 c,g3 	) C tle."71  

(1416 + C.,95 2 0 )' 	 (7.06 + coS 0 )4 

— 
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(11) EqUITALENT CIRCUITS FOR TRANSIENT-STATE CURRENTS 

(11.1) Transient-state Component of Current 

In the previous four chapters it has been shown that the 

complete solutions for the simpler types of transient problem 

connected with a synchronous machine can be obtained by a more 

rigorous mathematical approach. The fact that the same solu-

tions as those obtained by other simpler but less rigorous 

method have ultimately been arrived at after making similar 

similar simplifying assumptions shows the validity of the sim-

pler methods which are more readily adaptable to more compli-

cated problems. The application of the equivalent circuits 

similar to those given in Chapter 6 provides one of such sim-

pler method for finding the transient-state current of a syn-

chronous machine following a sudden change of terminal condi-

tions. 

As it has been shown in the previous examples, the tran-

sient-state component of current of a synchronous machine con-

sists of, in the absence of capacitance in the armature cir-

cuits, an odd-harmonic series and an even-harmonic series. The 

assumptions generally made in simplet methods are that the 

decay of the odd-harmonic series depends on the decay of the 

positive-sequence, fundamental-frequency component of the arm-

ature current (or the d.c. component of the field and damper 

currents) and that the decay.of the even-harmonic series depends 

on the decay of the d.c. component of the armature current. 

These assumptions are equivalent to ne8lectin8 all resistances 
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with respect to the harmonic components of current. The phy-

Sical significance of the first assumption is that the odd-

harmonic series of the transient-state current dies away in 

the same manner as.. the forward rotating flux, which is con-

tributed only by the positive-sequence, fundamental-frequency 

component of the armature current and the d.c. components of 

the field and damper currents (assuminG that the field struc- 

ture is the moving member of 	machine). The physical sig- 

nificance of the second assumption is 	the even-harmonic 

series dies away in the same manner as.the flux initially 

trapped-ih:the:arMaturb (strictly; that part of the initial 

trapped-flux which does die away) which determines the d.c. 

component of the armature current. 

Apart from the peculiarities of the frequency conversion 

(i.e., the difference of the.. frequencies of the currents on 

the different sides of the air gap) and the production of 

higher currents, the transient-state short-circuit current of 

a synchronous machine corresponds closely to the transient 

current in a simple series R-L circuit with its applied applied 

voltage suddenly taken away. This suggests the possibility of 

finding the transient-state current of a synchronous machine 

following a sudden change by determining its magnitude. and 

decrement factor separately, a process identical with the 

application of the cnnstant flux theorem. The way of determin-

ing the magnitude and decrement factor of the transient-state 

current with the aid of equivalent circuits will be shown in 

the subsequentarticles. The unidirectional component of torque. 
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will also be considered. 

(11.2) Odd-harmonic Equivalent Circuits  

Except the positive-sequence, - fundamental-frequency compo-

nent, which must be found by new equivalent circuits, the other 

components (the harmonic components and the negative- and zero-

sequence, fundamental-frequency components) of the odd-harmonic 

series of the transient-state armature current can be found 

by the steady-state equivalent circuits given in Chapter 6, 

provided the time constants, of the. transient-state components 

are sufficiently longer than the time of a complete cycle at 

fundamental frequency. 

The positive-sequence, fundamental-frequendy component of 

the armature-current, being responsible for the production of 

a unidirectional space mmf stationary with respect to the field 

structure, interacts with the field and damper currents as if 

they were currents in a multi-winding transformers Consequently 
direct 

except at steady statewhen there is no inducedAcurrents in 

the field and damper circuits, the.. reaction of. the field and 

damper circuits to the .armature circuit must be considered. 

For the sake of simplicity, there hate. been defined three 

distinct direct-axis .reactances and two quadrature-axis re- 
. 	, 

actances. These various reactances may be defined alternatively 

from the equivalent circuits' point of view. Fig. 11.1.a shows 

the equivalent circuit for the direct-axis currents. The 

branches a, f and kd are the leakage reactance s of the arma- 

ture, the field and the direct-axis-damper windings respect- 
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tively and the branch and is the common mutual between any pair 

of these windings in the direct axis. The synchronous react-

ance Xd  is the equivalent reactance with no induced current 

in the field and damper circuits, so that it is defined by 

leaving the branches f and kd open as shown. The transient 

reactance Xa is the equivalent reactance with induced current 

in the field circuit but the induced current in the damper 

circuit already died away, so that it is defined by closing, 

the branch f as shown in Fig. 11.1.b. The subtransient react-

ance X" is the equivalent reactance with induced currents in 

both the field and the damper circuits so that it is d6fined 

by closing both of the branches f and kd as shown in Fig. 11.10. 

All these reactances are the equivalent reactances viewed from 

the armature side (in the direct axis) of the machine and are 

sufficient for the purpose of determining the initial subtran-

sient and transie-nt values as well as the steady-state value 

of the direct-axis current. To determine the decrement factors, 

two further reactances must be defined. Fig. 11.1.d shows the 

equivalent reactance viewed from the field circuit with the 

branches a and kd left open. It is equal to c, RfTdo, where 
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the open.-circuit transient time constant. FiS. 11.1.o do 

shows the equivalent reactance viewed from the damper circuit 
with the branch f closed. It is equal to cloRkd40, where 4.0  

is the open-circuit subtransient time constant. Similarly, in 

kg, 

(4 ) (b) 
Fey. /1. 2 

 

tC) 

       

       

the quadrature axis, the quantities Xci, .X4(  and T"qP are given 

in Fig. 11.2, where the branches a, kq and mg are respectively 

the leakage reactances of the armature and the quadrature-axis-

damper windings and the mutual reactance, between them. 

It has been shown in Chanter 6 that if the armature resist-

ance is neglected, the positive-sequence, fundamental-frequency 

component of the steady-state currents for the three typical 

unsymmetrical short circuits of 

a synchronous machine can be de-

termined by the same sort of eVi-

valent:circuit as shown in Fig. 

11.3, where Xe  is an appropriate 

equivalent external reactance. For the line-to-line short cir-

cuit, Xe  is equal to X2(:,4KX). For the line-to-neutral short, 

X is equal to X0  and X2(=,/(XX0)(X&-TifC0-7 - 	in series. 

For the double-line-to-neutral short circuit, X0  is equal to 

xo and X.2(= 4.4+,/x.54./(Y44-00Xx4Ettx.))  in  parallel'. For a sym-a 
x5. + 4+2)(0 

metrical three-phase short circuit through an external react-

ance, Xe  is the actual external reactance. In short, as far as 
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the positive-sequence, fundamental-frequency component of cur-

rent is concerned, the three typical unsymmetrical short cir-

cuits are equivalent to a symmetrical short circuit throuPth 

an appropriate external reactance. 

This concept may be extended to 

the ftlnsymmetrical operation of 

a synchronous machine in ceneral, 

so that the Positive-sequence, 

fundamental-frequency component may be determined by the cir-

cuit shown in Fig. 11.4, where d e  is . the equivalent external. 

reactance appro-:riato to the operating condition being consi-

dered!.. 

As a result of the neglect of the armature resistance, the 

real and imaginary parts of Ipl, i.e., the direct-axis and the 

quadrature-axis compone-nts of current Ical  and Iq1, can be de-

termined by separate equivalent circuits. as- shown.  in Fig. 11.5. 

These circuits are derived from the circuit shown in Fig. 11.4 

by putting Ip1 = I -d1 t jIcil and Vpi = Vdl + 1Val and separating 

(a.) 
	

Fig. //.5 
	 (6) 

the real and imaginary quantities. These forms of equivalent 

circuit are more convenhent for the determination: of the decre-

ment factors of the transient-state current as Ial and loll arc 

the currents in branch a of the equivalent circuits shown in 

Figs. 11.1 and 11.2 respectively. 
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To find the initial subtransient value of the total armature 

current, i.e., the value of the current immediately following 

the sudden change with the induced currents in the field and 

damper circuits havinR their hinthest values, the synchronous 

reactances Xd  and X0 in Fin:. 11.5 are replaced by the subtran-

sient reactances 4 (Fig. 11.1.c) and 4 (Fig. 11.2.14 res-

pectively. The initial currents in the two axes are thus 

Idl = (Vq1 Eao)/(4 
and Xe  ) 

After the induced currents in the damper circuits have 

practically died away so that the damper circuits can be omit-

ted, the currents in the two axes can be found from Fig. 11.5 

by replacincz Xd  by Xcl (Fig. 11.1.b), Xq  beinrz unchanged. Thus 

/dl = (Val - Eao)/(Xd ' Xe) 
and 	Iqi = - Val/(Xci  Xe) 

And finally the steady-state currents are 

Idl (Vcil Eao)/(lid Xe) 

and 	- Vd1/(Xci  + Xe) 

If it is assumed that in the direct axis, the duration of 

the induced current in the damper circuit is so short compared 

with the duration of the induced current in the field circuit 

that the induced field current chan7es little from its initial 

value while the induced damper current has practically died 

away, the differenne_of the values of Idl  given by Equs. 11.1 

and 11.2, i.e., the subtransient component of current, 

- Eao)[ 	Xe 	X' + xQ 
	 (/ 1.4) 

will be the counterpart of the induced current in the direct- 

(11.2) 

(11.3) 
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axis--damper circuit. The subtransient component of current 

thus decays with the same decrement factor as the-induc&I 

damper current,, which is determined by the damper resistance 

Rkd  and the equivalent inductance viewed from the damper cir-

cuit as shown in Fig. 11.6 (Tgz  is the subtransient time con-

stant). 

Thus, referring to Fig. 11.6, 

(Atxe)C „ 
c"1""k`' "ra' = 	A+C+Xe 

= AB 1 BC # CA t 	B+C) 

A-tc+xe  

To find the expression for 

T"let the reactance of dz' 	. 

branch a be A-, that of branch 

kd be B and that of branches 

and and fin parallel be. C:.  

(//.5) 

Also from Figs. 11.1.b, 11.1.c and 11.1.e, 

 

= A+ c 

SC 	AB +BC +CA  
K1 = A 	al, c  

= a 

Eliminating the quantities A, B and C in Equ. 11.5 by using 

Equ. 11.6 Gives the subtransient time constant 

xe  
xQ + xe  TrO  

Similarly, the transient component of current 

Idi 17'0^4 'e't  = V̀id 	 xe 	xd 4.1  xe 
	 (//.B) 

dies away in the same manner as the induced field current and 

its decfement factor is determined by the field resistance Rf 

and the, equivalent inductance viewed from the field circuit 

= 
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as shown in Fig. 11.7 (Th is the transient time constant). 

It can be shown that by using 

Figs. 11.1.a, 11.1.b and 11.1.d, 

the transient time constant can be 

expressed as, from Fig. 11.7, 

The complete expression for the direct-axis component of 

the positive-sequence, fundamental-frequency component of cur-

rent is therefore:given. by 

(vi ,- Ea.) i( 

  

) E-fil-21 + x7ffc  e -t/Tj.r 	r  

xd.+ Xe 
(11.10) 

 

yckrx. 

Similarly, it can be shown that the quadrature-axis. COM90-

nent is given by 

= rifxe N"e 
	W/71:% 	 

r Xe 

where 
_„ 	xq, 4 Xe 

X X e 

( 

The positive-sequence, fundamental-frequency current is 

thus given by 

rp, = 	J 

or 	i y, = 5i,cosU - 	s 	 (/.13) 

The solution given by Equ. 11.13 for the Positive-sequence, 

fundamental-frequency current holds for all types of symmetri-

cal or unsymmetrical operation of a. synchronous machine provid-

ed the appropriate value of Xe  is used and the condition of 

small resistance in the armature circuit is satisfied. The 

fundamental-frequency currents of other sequences and the har-

monic currents are given by the currents distributed in the 
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various branches of the infinite ladder network 'representing' 

e, as described in Chapter 6. 

As an example, let the transient time constant of a double- 

line-to-neutral short circuit be determined from Equ. 11.9. The 

equivalent external reactance is,  

Xe , = XI X. 
XA + X. 

_ 	Ix. x:04; + 
xa 	+ (x:4+ Ax.)(x:i +Ag.) + 	'car; (x',:c+ ax.Xxi ax.) 

A ko 

 

where k =XloWT0-3-N42X0)/XN7  The transient time constant 

is therefore given by 

 

ax,,Rttk) r, 
2x,/(/+.10 

4c(1+4.5  + 2X 0  
'cc (I-1qt) .+ 2 X. 

 

     

which is the same: expression as tiln:t derived in Chapter 10 

(Equ. 10.30). 

(11.3) Even-harmonic Equivale-nt Circuit 

Except the d.c. component, which must be. determined-  by an-

other type of equivalent circuit, the other comnonents of the. 

even-harmonic series of the. transient-state current can be de-

termined by tha steady-state_. odd-harmonic equivalent circuits. 

given in Chapter 6, provided the modification. regarding the 

frequency of the currents in the circuits. is suitably made. 

The modified equivalent circuits shown in Fig. 11.8 are appro-

priate to the even-harmonic currents. 

Since for a particulars operating condition of the machine, 

the.: same terminal condition. apply to the odd-harmonic quantities 

asthe.even-harmonic - quantities, the even-harmonic 
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(a> 	 (b) 

Fig. /1.8 

equivalent circuits shown-  in Fig. 11.8 must be connected to-

Bother in accordance with the same pattern of connection as 

the odd-harmonic equivalent circuits.. Consequently, if the re

sistancos in the circuits are neglected, the nega,tive-sequence 

reactance derived from the resultant infinite ladder network 

is the same for both the odd-harmonic and the even-harmonic 

series of current. 

The d. c. component, which in turn produces the even-harmonic 

components, of the transient-state current is caused by the 

flux initially trapped in the armature circits. TO understand 

this, let the simple series R-L circigt shown in Fig. 11.9 be.  

considered. It is well known that if the voltage across the 

circuit is suddenly taken away 

(the circuit remains closed), the 

transient current in. the circuit 

is equal to Ioe 	, where I0  is.  

the initial current in the circuit. 

Alternatively, this transient current may be considered as the 

result of an impulsive flux-linkage *06.(t) suddenly applied 

to the circuit, where 4o  is the initial flux-linkage and g(t) 

is the impulsive or Dirac function defined by 

	

5(t) = o 
	

for 	o > t 

	

• 	for 	6 > 	> 

With this-impulsive flux-linkage suddenly applied to: the: 
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circuit, the differential eauation is 

Nksu).-- (RfLA)t,  

whose_TaPlace transform is. 

Nk,= (R+ 	) 

or (¢ )  

The transient current is therefore. Riven by 11/0  6 	or 

Ioc 	since_ NTo  = Lio. If the magnitude of the current is:  

-represented symbolically as_if it were a sinusoidal current, 

it can be determined by assuming a sinusoidalal voltage_ of 

Joal/0  applied to the circuit with the resistance omitted, as 

obviously the current will then b jw\i/o/i L = 10. 

Following the arguments_ in the previous paragraph, the equi-

valent circuits for the d. c. component of the transient-state 

current of a. synchronous machine are found as shown in rigs_. 

11.10.a and 11.10.b. These two circuits aranot independent 

and one of them can be derived from the otherL. In the circuits 

Fig . ii. io  a 

   

Fig. if. lob 

      

\ppo.and *no  are the.: positive- and negative- sequence compo-

nents of the: initially trapped flux-linkage. in the armature 

circuits. The resistances are left in the d.c. component meshes 

only for the benefit of determining the_ decrement factor and 

they should be omitted in finding the magnitude of the. currents 

The equivalent circuit for the zero component of the d.c. cum- 
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ponent of current is shown in FiR. 11.11, where Nk 00is the 

zero component of the initially trapped flux-linkarze. Again 

the resistance in the circuit should 

be omitted when the magnitude of the 

current is to be determined. 

The decrement factor (or factors) Fig 

for the d.c. component of current, which is also the decrement 

factor (or factors) for the entire even-harmonic series, is 

given by E- l-;", where 

= ta/IoRt 	 (11.14) 

where 1.0  = applied flux-linkage 

I0  = d.c. component of current due to *0  

and 	133. = total series resistatnce in the d.c. mesh 

In order to show the application of these equivalent cir-

cuits, the even-harmonic series (armature-transient component) 

of the short-circuit currents of the symmetrical three-phase 

short circuit, the line-to-line short circuit, the line-to-

neutral short circuit and the double-line-to-neutral short 

circuit are considered. 

In a symmetrical three-phase short circuit, the terminal 

voltage of the machine is eaual to zero, so that the complete 

even-harmonic circuit is given 

by Fig. 11.12. Harmonics higher 

than the second do not exist 

so that the even-harmonic 
Avg. ”./2 

series consists of the d.c. 

and the second-harmonic components only. 
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The initial flux-linIzages in the armature circuits are 

and 

Kt., ="coSA 

i b0  =7. w"u2S(A-2n13) 

IP, 17= COS (A + 27r/3) 

which can. be  expressed in terms of symmetrical components as 

sh,„ = 0 

jr 
*0 	ELY (mg ) 

and 	w 	 6 

Referring to Fig. 11.12, the following voltage equations 

laan be written: 

Ea„, E 1A  = j (x; f 	) 	„o  (x;, - 	10, 
11 

(,./7) 
and 0 = J(xa'xq)I„e+i ocz-f•xo.ri„ 11 

Solving these equations gives 

11,0 

and • i” = 

KL •d x; 	,-.1k 
4x.1% - °'" - 

x4; -xL .1),- 	 E,E 2x,lxi 	° 

Referring to Fig. 11.10 and 2qu. 11.16, it is clear that 

I-00  is the conjugate of Ino. Ioo  is equal to zero as /(Do = 0. 

The pbase currents are therefore given by 

Zao 

lbo 

'Co 

142 

Iaz 

= 

— 

= 

= 

_j(A 

cos 

C05 (A- 270) 

5,,,„ cos (A + 27c/3) 

E 	e-jA 
""' 

Ern", 6 	(A 	Arria) 

-2,r13) 

n.19) 

Ax:oq 

)414- 4 
XI 

X;( 
. xdx y  

xi 
x;t x,f, 

-x;, 
2x;exq, 

id , _ 

 

641n E  

 

The time constant is given by, using Equ. 11.14, 

, 
Tatar = fRa: In. = 

 

2 ,41‹  
xl+ 

( 11.20) 
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Finally the complete ex.pressions for the armature-transient 

component of.  the phase currents are (e = oot 	) 

E —th"""{(-,+,4+ )10 	— 	4)GOS (20 —X)} 

-4/71" k 	+Jr ) c4s -2i/3) + 	- *) cos (29-A - 2.7t13)} ubzo 
At   

and 	= E 	e  "c/ren 	*) cos (x +a,t/3) + (7,3: — 	caS (2 6 	27r13 ) 

as derived before. 

For a line-to-line short circuit, the equivalent circuit 1 s 

shown in Fig. 11.13. 

  

  

xe  

 

  

Fig. /1.13 

The initial flux-linitage of the short-circuited windirrzs 

(b and c) is 

CO5 (X —270'3 ) — cos (A, + 27C13) 

E...,sinN 

 

(/1.22 ) 

  

    

so that in. terms of symmetrical components, 

(it 23) 

The voltage equations of the middle and the right-hand 

meshes in the circuit shown in Fig. 11.13 are, since Ipo  

2E., Sin 	 ) /no  + jf 	_ 	)( 21,4 	) 

and 	a = 	744, -f-2 474 ,7, ) Ip 

    

Solving these two equations simultaneously gives 

       

;  E.rnSinN  
= 

	

;  sfri — FrA,  	 and 	42= .1 1--a• r—= xs t X$  

 



E — L/71.cuci 
f 	„E, (-bo— c.,05.zo 	(F1.29) 

    

    

u,  04. + 	+ 

Fig. /1-14 
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The d.c. and second-haronic phase currents are 

and 

ibo = - ico 	 j 	I"o 
si,o%  _ . 

a )175,7 —ci, 

IDA = 	= j 43 i. 
_ 	- 	E a.s in 	 Eam sinA — + - 

where b 	- ;/:711')/ (1/4". 	j.-X1r) 'd 

As it has been. shown in Chapter 6 that the currents in two 

consecutive meshes of the. infinite ladder network representing 

Xe 

 

are: related by the .ceometric. ratio -b1, so that the higher 

harmonic components are given by 

16.2m) -  

ber 	T  qxkc 
(ra.)* 0) 

   

     

The time constant is riven by, usinp! 

41,0- xl,„0  
z R  

11.14, 

 

= 

      

        

        

which applies to the entire.. even-harMonic series. The complete 

expression for the armature-transient component of current is 

thus given by 

i.b = - 
E.,,,sinh  

as derived, before. 

For a line-to-neutral short circuit, the equivalent circuit 

is shown in Fig. 11.14. 



,1((,+±x„)(c,+ loc.) 

Eon" C.05)% and _-_- b, 
(x';‘, + x. 	x.) 

x4,+tx. 	beirc*".t ,. 
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P.194 
Art.11.3 

The initial flux-linkap.:e is 

-7E 	cos 	 ( I/. 30 ) 

so .te 	ort• 	• una 1-1). 	*h. 	Yo. 	Ecr co s 

Since IPo _ - Ino  .=_aoo  the voltaF;e equations of the middle , 

and the right-hand meshes in the circuit shown in. Fig. 11.14 

are 

cos 	j ( 	+ 	f X0  ) J „,, + J   - A ( 	- 	( 	r 

 

and 	0 = 	r.„ 	x; 4- lx,) 

  

Solving these two eouations simultaneously give s 

Eom COS 

The higher harmonic components are given by 

(//.33) 

Imam) = bo 

 

Ca". cos N. 

   

(11•34) 

     

       

       

The d.c. component of the phase current is 

3 E,m cos  ) 
t x.)L 	+ix.) 

and the harmonic components are 

(71.35) 

r.,„„” 	cos>.  
xa)( 	t Ka) 

    

(/1•36) 

The time constant is, usinr=. Equ- 11.14, 

   

        

-rat4-.) •r--  Ra4,, 
*03-0k,-+41.  

Iyo 

W•37) ,..J1 (2R.,+R4 

If Ro 	Ra, that is, if there. is no earthing resistance, the, 

time constant is- reduced to 21/(x84--x0 )(4-141c) /3Q4Ea. 

The complete expression for the armature-transient component 
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of the short-circuit current is 

— 	3 Eam ‘0,1A 	1 1 
/0c. 4.; x.hx4,4- tx..) 	

+ 

as derived before. 

17,;" cos a 7k 0 1. (//.38) 

   

In the case cf a double-line-to-neutral short circuit, the 
equivalent circuit for the even-harmonic series is shown in 

Fig. 11.15. 

Fig. /1.15 

The initial flux-linha3es are 

cos (A - Alt/3 ‘it's0 = 

and 	7 co = 	C.D.S ( A + 2 7t/ 3 ) 

so that. .. 	- 	= 

4. 	 ( * --- 2  and  
+ • 	cos \ 

I (n.39) 

The voltage equations of the two middle meshes. and the. 

right-hand mesh of the circuit shown. in Fig. 11.15 are, since 

100  = -(Ipo 	Ino),  

and 

J E„„,ei x = j (x",+ 	2 xo) 1, j Rx. Z 	 j (.x;i - 	.42  

= J 2x. 	+ 	+ 4 2X0) Ino ÷ ji(g4-X01.04 

0 	= 	j (>6.- xi)) /,,„, + j 	X1.1. ,(4/ -I. 	X e) ro; 

Solving these equations simultaneously Gives 

(ti- 40 
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24c xc. AlSO I oo = —( 	r„o ) — 

an — 	+ 1Q4 ) — I— 	Ipa 

IOA 

— pcsno — — 6x 	fx: ÷ CO5 A ± j 	) 
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j _ 

        

        

where. L 	4 ,(10,i,+2x.) — 4 xi,,x4.4.2x.)  
rx,k(x;+Ax.) + 	2x.) 

  

(11. 43) 

Since the. currents of two consecutive frequency orders are. 

related by the geometric ratio b2  as shown in Chapter o, the 

higher even-harmonic components can be expressed in general 

forms as 

Special considerations are needed for the present case re-

garding the determination of the time constants. It is clear 

that the real parts of I
Po 
 and Ino, and Ioo  (no imaginary part) 

are produced by the applied flux-linkage too 	/I  Po ono) 

in a circuit whose damping is Ro  in series with two 	in 

parallel. The time constant for Ioo  and the real parts of I Po 

and Ino, which is.-.also the time constant for._ 10(2m) and the 

real parts .of II0(2m)  and lx1(2111), is: thus given by (referring 

to Equ. 11.14) 

R„1-A.J2 	ro. 
Ea'" COSA 

= 12.4-R.42 Es„,(44.--1)c4sA  
Akx. 

(//.45) 
ar(lza +2,20 ) lc— / 

 in Eau. 10.47. 

Similarly the imaginary parts of I-00  and Ino  are produced 
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only by the applied flux-linkaGe *po 1 no  in a circuit 

whose damping is Ma. Thus, the_ time constant for the imaginary 

parts of I
Po  and Ino' 

 which is also the. time constant for the.. 

imaginary parts of Ip(2m) and-  In(2m), is.. given by 

/ 	4-Po — l'ner  TA (tt-n ) = 2.a, 	i -Smag. of 4. 

1 	j -E-:-.7 SiriX 

j 	 *so 

/ 	2x. 
(11.46) 

as. in Equ. 10.48. 

Reverting the seauence currents into the phase currents 

after the proper decrement factors have been attached to them, 

it can be shown that the armature-transient components of the 

short-circuit currents, given by Eaus. 10.62 and 10.63, can 

be obtained. 

(11.4) Short-circuit Torque -- Unidirectional Component 

In deriving the short-circuit currents, only one of the two 

effects of the machine resistances, i.e., their damping effect, 

has_been considered. Their other effect, the phase-shifting 

effect, has been ignored for the benefit of getting simpler 

approximate expressions of the ctrrents. This is the reason 

why the use of the approximate expressions for the. currents 

in the torque equation fails to give the unidirectional com-

ponent of torque- Sincethe_equivalent circuits, with the re- 

sistances of the machine added, can give the average torque 

directly in the: form of active power, the unidirectional com-

ponent of torque can be found without much difficulty by the 
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application of the equivalent circuits. 

The unidirectional component of torque consists of two com-

ponents. The first component is contributed by the odd-harmonic 

series of current. Its magnitude depends on the equivalent 

armature resistance (modified by the rotor resistances) and its 

decrement factors depend on the rotor resistances. The second 

component is contributed by the even-harmonic series of cur-

rent. Its magnitude depends on the rotor resistances and its 

decrement factors depend on the armature resistance. The first 

unidirectional component of torque can be found with the aid 

of the odd-harmonic equivalent circuits and the second uni-

directional component of torque can be found with the aid of 

the even-harmonic eauivalent circuits. The derivation of the 

unidirectional components of torque for the four typibal short 

circuits of a synchronous machine are considered in detail in 

the subsequent paragraphs. 

(a) First unidirectional component of torque 

For the sake of simplicity, the initial undamped value of 

the transient-state currents are used in the course of deriv-

ing the unidirectional component of torque, The appropriate 

decrement factors will be attached to the final expressions. 

The eauivalent circuits for the initial odd-harmonic cur- 

(a.) 	 (b) 
	

(C) 

Fig. /1./6 

rents are given in Figs. 11.16.a and 11.16.b. The resistance 
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Rd  (function of RI_ and nka) in series with Xa to represent the 

field and damper resistances is not included in Fig. 11.16.a 

for the positive-sequence, fundamental-frequency current, 

because the damping effect is its principal role. This is an-

alogous to the fact that the armature resistance should be 

omitted in determining the magnitude of the d.c. component of 

the armature-transient current as described in the last article .  

The first unidirectional of torque is given by 

47 	3 Rea/ #ort of { 
	 - 	(H.47) 

That is, it is given by the power involved in the: voltage 4,o 

and the_current 'pi  in. Fig. 11.16.a and the power involved in 

the voltae E;2m  and the difference. of the currents 

In.(2m_1) in Fig. 11.16.b. Obviously the real part of eaLJA  

is equal to -IpiRt, where Rt  is. the total equivalent resistance 

in series - in the circuit shown in Fig. 11.16.a when it - is con-

nected together. with other. equivalent circuits. The real part 

of EL(Ip(2mtl)  - In(2m_1)) has in general a more complicated 

expression. But if the ratio of Ii0(2m1-1)41(2m;.1). is . a. scalar, 

which is. approximately true for the various-.types of short cir- 

cuit , it can be. reduced. to -In(2m..1)(1-b2*)(Rd 	1R1)/4m, where 

b is the—scalar ratio. 

If the. scalar ratio b is: not unduly large, they harmonic 

currents._ will be small and their effects on the unidirectional 

component of torque may be neglected. Doing this, the infinite 

number. of equivalent circuits:. represented in Fig. 11.16.b may 

be. replaced by a single negative-sequence equivalent circuit 

as shown in Fig. 11.16.c, where .712 ia. the negative-sequence 
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reactance appropriate to the particluar operating condition 

being, considered. The unidirectional toroue contributed by 

the neEative-sequence current is -IA(Rd  P)/4 or 

-Ini(R2  - Ra), where R2  = Ra, + (Rd  + Eq)/4 is the equivalent 

necative-cequence armature resistance of the machine. The 

first unidirectional component of torque can therefore be found 

by, approximately, 

A,7' c -3 Ip, Rt  - 3 I4,(R,- 	 (n.4-8 ) 

Equ. 11.48 can. be  applied to all the four typical short 

circuits. For the. symmetrical three-phase short circuit, Rt 

Inl = 0 and Ipl 	
Eao g(t), so that the first uni- 
4).(5.  

directional component of torque is 

3EL 	 (ft 49) -7" 	- 

In l 

44T 	 line-line, = 	3E.1 	2R j • g,4(t) 
Ock447Z7-45TI' 

For the line-to-neutral short circuit, Rt  

Eao  =Ipl  and Ipl  = 
(X34,--X0) (Xci" foixo  

AiT 	[fine-neutral 	3EL ... 	 (2R2 + Re) pact) [x;,,Atx.+ 

For the double-line-to-neutral short circuit, 

(11.50) 

a + R2  + Ho, 

so that go (t ), 

(11.50 

Rt Ra 

+ (X0/(X2+X0) )2R2  f @.20X.2fX0))
2.
R2, Ini  = -X I 1X +X o 	/( 2 0 )  

and I = - 	Eao pi 	71.7x72-270-7(x2fx0)  52(.0, so that 

                  

• a 
r 	a  I [ 1 — xo   rjR. +2 	R + 	R 	(t) 

x,+x. • 

( 11-52) 

   

                  

It is obvious that Equ. 11.52 can be reduced to Equ. 11.49 

by putting X0=R mt0 and reduced to Equ. 11.50 by putting 
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41.0  

(b) Second unidirectional component of torque.  

The second unidirectional component of torque is contributed 

by the losses associated with the even-harmonic series of cur-

rent. The equivalent circuits with the resistances Rd  and Rci  

(Re 1,11,,,I#I) 

(b 

//- 17 

added are shown in Fig. 11.17. The torque is given by 

AxT = 3 Real O.,' of { 	( ,,,4 _2  I na ) 	6:„,,, ( 	- 	 ots3y 

• If the effect of the harmonic currents are neglected, the 

second unidirectional component of torque is. approximately 

Given by - 3 times the loss of the; current 2Ino  in the resist- 

ance. vw,d  ), i.e., 

   

     

rni 

- b I:0(Rd+ Ri,) 

For the symmetrical three-phase short circuit, 

i = 	 jA - ka) n,  
4 X2 	a° 6 6  

S 0 	that 	I 
rno  Ix = (4 ,&)2  EL e-441rac"  

— and 	Darf
( 	)1E:A orz..„ t 	E  

	

c 	- phase] xdx; 	
"211 raw 

For the line-to-line short circuit, 

so 

and 

z„o 	
- t  Eao  sh,  A  e -t/race.4, 

11 	EL Jin' A  that ii„.1 = 4 	e r.‘"-‘1 

3 	El, 	 - At /11‘.«-c) 
a,T [line-linel - 	 (Rd+ R,f, ) 

2 X;cx4; 

(1/.54) 

(11 55) 

(11 56 
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For, the line-to-neutral short circuit, 

rho E.o cctSA E  -er 
2,1(xa+0.)(xi+tx.) 

so that 3EL cas'A 
A A 	[ii.le-,tautrad 	 (Rd + RI) E (11.5 7) 

    

For the double-line-to-neutral short circuit, 

In. 	= Ego (4:-/)  t  cosx  -t/rwit-., +3  sin  x.  6 -tbisca-,0 
4)(0 

so that 
EL (4,-  / 

/6 x: 	
_ 7 	 6 -2t/rp ,u1 
k "-"'" 

   

              

              

              

and o2 7 Pine-line-neutral) 	3E"A°  k  -1)4  (Rd 7,  Rf ,) 
8xcf 

I 	 171,a-. 	_at ir 0,1 
t sin 'A c 	A` 

    

It can be shown that Eau. 11.58 is. reduced to Equ. 11.55 

by putting loo  = Ro  = 0 and reduced to Equ. 11.56 by putting 

X.0  = ea. 
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(12) CONCLUSION 

In the thesis, the operational method (the Laplace trans-

formation) has been used in solving the differential equations 

prescribing the performance of a synchronous machine. At steady 

state, provided the machine in question is running at constant 

speed and the ina3netic saturation is neglected, the currents, 

the terminal voltaees and the electromarmetic torque can always 

be found to any desired degree of accuracy, irrespective of 

the terminal conditions of the machine, though this may mean 

solving, a large number of simultaneous equations in complex 

numbers. The labour involved in finding the currents , voltages 

and average  torque can be reduced when a suitable type of' net-

work analyser (one that can represent negative resistance) is- 

available so that use can be made of the equivalent circuits 

:given in Chapter 6. 

The application of the operational method to the solution 

of the transient-state_ current of a machine followinP: a. sudden 

change of terminal-conditions has also been shown in the thesis, 

though the general solution can only be expressed in operational 

form, The detailed derivation of the well-known solutions for: 

the simpler problems, hitherto obtained by less rigorous metheds-

(except for the symmetrical three-phase operations of the mach-

ine, see Ref. 6), has been done with the view to show the valid-

ity of these solutions and to provide an approximate method of 

derivinn; the explicit ex-o-fession from the operational solution. 

This approximate method of findin the inverse transforms can 
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always be applied so long as the approximate frequency of the 

current component is known. 

For a more complicated problem, the derivation of the inverse 

transforms from the operational solution may become too compli-

cated to carry out, though a numerical solution is a_ 1 ways 

possible. 'In this event, the equivalent circuits given in 

Chapter 11 may be used in practice for the determination of 

the transient-state ouantities. As it has been shown: that in 

general only the d.c. and the fundamental-frequency components 

of the armature current need special consideration at transient 

state, and that the negative-sequence impedance for a particular 

operating condition of the machine (represented by a suitable 

connection of the harmonic eauivalent circuits) is the same 

for transient state as for steady state, the process of finding 

the complete expressions for the currents, terminal voltaies 

and unidirectional component of torque as shown in Chapter 11 

for the simpler cases can be applied to more complicated.  pro-

blems. 

Although there has been a detailed study of the linear the-

ory of the synchronous machine, the problems dealt with beong 

only .to a very small part of the numerous problems concerning 

a synchronous machine. It is-  hoped, however, that the material 

Presented may be of some use and that the extention of the 

method employed may lead to the solution of a larger number 

of Problems. 
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K14 )  

1) 	 tc. 	o1.1.; ti 

um in 7 	) = 1Lakd  ) Lnc: 	(7 	- 0 ( thc L toady- 	to 

	

solutin is not affectecl "sy tho 	rz a r::' o j , then cara."yin;: 

t .t,he Lapla 	trans formation defined 1_i 

= 5 E-c  x(t) d2 

on the six ecuations represented by 2qu. 2.1, they can be ex- 

pressed. in operational form as follows, when the initial currents 

are zero. 

{(c:a R, ) 	+ 	)1,1 Z„.(p) 	r„ (** j 21,) Cirri 1- 	.0r., 	— ms,p{ h rbit+jawl 

+ Ms.4 	- ±Msz { WC. (0'4 j2"" Ca"i } 	"041  t tie OP 4'1"))  Cgr"i } 1. 1.44.f 3  1) { rye P 4-j300) 

— { 	+ c.r." } + 	,,kg, (4.4i 	+ ce4 I = i3,(0 + e, (fa) 	(/9:i) 

Ms0 45r,,(4.) 	hi."(¢4- jac.)) Cenij• + ( R. i• ftbe ) + 	/- I. be  )1)) 	(p) + La, { rb (04-j2w)+ cel 

+ ms„ 4 cc(') ^ x t4,x 	r, 	v.)) + 	+ 	h 	 + z  pi.43  {34. c4+.1 

J- 	i• 	 + (.04 + 	j r,„1,(0+ j 	+ 	 fib (p) + -6.04 
	

(/4:2) 

M Jo 12  r.(0 - 	c A 15 	r.04-; 1,0 + 	+ Hs. t rb(P) -*K2 	rb(p +jaw) + 

4. {(4 Rce,) (2,,, +1,),f3 r,(0) + I:Loa /4 h rc ( j Ito) + Cefti 	+ M of , +.{1.'171,(1:+j.)) + Cersi. 

-12.-  Hail 4, 	+ 	Kai,' 4' 	hl  txt0P+.i.,0  + conj - x maki,3 	rq..v(i'ti 3.) 4' 

= 	(I>) + e, (p) 
	 (14.3) 

-IA- Map 12 	 ClrKi 	hr,b(Ofit...) Call 	r, cp÷ico + c..04 

▪ ma.fa  ID { t0 (15+ .J 3(41) C.cr+,4 + th(p+jb,...)) + co*-4 + t,m,+j30.0+ Corti 

• /24  + 	) Z.; (0) + 	(0) = 0 
	 (14,4 ) 

tridwp 	+Gnu. 4 hr.b(i".:140 ) C6-Ki. 	 + ca-mi 

+ "0-1,45 { 	(i-pj 3w) + 	r., (4,i a 	+ Caxj + 	+ c.r...11 } 

▪ Mf kd 17.4 ( 0) 	( Rkd Lkd 'PO rka (P) = 0 	 (/4.5) 

- tr-1.kv I) r.. 	+ 	 + Ga> 	-+ )1,4  -C.(1)-Piw) 	C.4'1"1 } 

4  j. Mkk,f,3 4' {1E4(¢413w) ▪ Cal 4 + j (1,+) au>) + Cerui + j r, (p+. 340  Cobq 

• ( 	) tkt(t ) 	° 	 (14.6) 
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where 	= i + 11:d 
	 he fie .d_ and the direct-axis- 

damper equations(14.4 and 	..5J _ives 

m.f, 4,  { r-co+ica) 	ce-Pti 
	

h 	( 43+ ii=3) 	Ctrnj + ha  V, CO + j co) + Col-4 )- 

+ 	 + coKi + Eb(p+j3c,a) + 	+ 	j 3,3) + ceKi 

2.51 (to 	( Ai +  L, 1,) ( 	4. 	) H4, 01 

( Lc+ Lkd - 1 P.4,,,d).1, 

= 	4t f L''`a -"fkd )2  1-  R,,a 
+ Li& - 2 Hpa ) 2.  

= 	(Li 	- ripa.d )1( el  4- I- kd 2Hila 
_ 

The exnresP,ions for 1 _(p+jw), 

whore 
Rts  + 

7.1  - 	 5'4) 

solviwt T e(p) and 

`17)+1,0 and 77,1-J3w and 

and_ their conjuFate functions are obtained by 

117)(1 (p) from qus. 14.7 and 14. 	then ]T;1  

their conju7,ates in place of 

situtin theso results in Zqu. 14.1 Gives 

{ca.+ 	+ y Laiti to,(0.;2“.)+ 	+ M,o Cop) 	ht7b 1P+i 4,0) +C:04 

+Msa 1.,co - x  11. 	h4  E.‘.(1,+i 2,0) + 

- 4M;, 
 4'("j"') 	+1:.“0 h 	 r.bo) r Aer,cp+J.2,...0 hr,(t) 	- Cd-mi 
Rit 	+jca) 

- r.4.4, 	po.L.wo+i„,) 	 1..(p+.14-3) + T-; -.1 2‘.9 4-rbo+:14-0) r.„ 	+ r„ tp +j 44.33 +r, (p-j1,0)} - Coxj 

4.(4,rj340)  
*140"93 	 { (p+•  40 ,) 	• 	h- 	• Rt.+ 	(¢+j .344) 	 --144.J)  + 	(1".14"))  + Cb(4,-.i-zw) + C ,c1)+14..)) + h i:c (o-.ia“))} - 

M.t3 	  r+(p+iew) 4-1:+(P) + (4+:16,w) + tb(p) + Lc(prj6,0) + 	— ca),; 

e 
71 M°194    	(14-j-ILJ) 	r,(13) - h rb(1p+j,w)+#,Cb(0) -112 Ec(Otil,,3)44,47,eci',} 

4- 	:1"14k4i".43 	 r+.(P .3 4(0 - E.< 	za,) cb 	-zb (o-j 240) + 17,0 +i 4"9 	c( P -Pc4)} C41'4 

4: Maks., Makv 	4'"'4"j3"') 	4 r,„ +j4(.)) 	hi:6(1)+34a)) -121  rbcp- 	+ hiCc (0+;14,0 )- hrc (P+.11")) ). -C(rhi Rki,+ 1.ki,(1s•j3c0 

. 	• - *MA3 jc;I:CLI::  ( 31,  3  4."ij:‘,0 	j6n.3) + 0.(0) - ri,(0+; 6w) + 171,(¢) 	j 6E0) + go - Cox/ 

= 1.7.(¢) + ea  (p) 	 (/4.8) 

Similar expressions are obtainable from Equs. 14.2 and 14.3 when 

kry+j3w), T)(,+;(.4) 	11,--(7-)+1"3(a) and their conjuato 
• J- 

functions are eliminated. It is not necessary to write them down 

in detailc as Ehu. 14.8 alone is sufficient for the purpose of 

the resultnt ex'..mressions. 
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shoiA;ing the process. 

To find the first approximation of the steady-state solution, 

let it be assumed that the fundamental voltage drops are due to 

the fundamental currents only. Thus, let 

fam  cos cot 

then 	to_cto = Ida $--4WT 

Substitutirm inEqu. 14.8 it can be shown that the inverse trans- 

forms of the terms involving is  are 

£1 	R,,a ) ( L„,,4 L.E.).017.,(1) = 	I„„ x COSCOZ — W ( L60 4-  L0e) IdiSL SinWt  

rii--12-{L(ttium+cd-Ki} = -1-,41.4x5inwt 	Third harmonic 

4. ' r(m2i, 
 Rie  4

-hi.c,(),+j6)) 
 ra cofiato - cohil = Third harmonic & 

(t) 
..,C,  I 	 ._ A 	IP  (40+j4)) 	... 	 — 1. 	

 
.00/11.  -. A Rtz

i." 
 t 46(..P14e  1—  4 t'lal` Rfeilf,,(f++jw) i•  a 

and so on. Also let 

La  CG) = 

transient only 

14,.(Riewso-,t+2,-,Lf.sint->t)+ Transient 

then 	r...0) = 4.1 p.• LJa  

Substituting in Equ. 14.8 it can. be shown that the inverse trans- 

forms of the terms involving is  are 

ri (R.,* Rae )+ ( Lao. P l-ae) 41 } 	 (Rai' Re) Zo,v  Sin 	(.3( 	4e) Ia,y GOS wL 

4,-  a Laz a { 	+ 	} = 	ka'ra'Y C45Uit  + Third harmonic 

dfiR,e+Lie(t.tica) { 	l'("i4j) 	 (7,1( 124:1 2'4) Ctni = Third harmonic & transient only 

C - 	 coxi -  	 Trans ient 

and so on. To convert the expressions into clearer forms, complex 

numbers can be introduced by putting 1 and -j in place of coswt 

and sinwt respectively. Thus, if 

L0/7- c.05 wt ..110.••• 

and 	I aty  sill wt 	 j 

then 	lam  costa - Irr y Sin Ca Ia,Y +3 Iary = fa/ 
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Adding the above two sets of inverse transforms and introducing 

complex numbers, the terms involvilv: only fundamental voltage 

drops are 

c{ (R.+R.e) 4 ( (-ar+ Lae)3') V„(¢) 

• *L.* 	+ Cnn. 	 0.) • 2.  Laz to 

(R.+ 	+ jW (L.0+ 1-0.)} lor 

42 (4 2+ j‘.)) 	 to' M4,  
1.,..(ttio) 	C4714 	 + 21 24.,11. 

101 

1.) 
	

when Rk  is neglected 

and,  so on. Proceedin7 in like manner for ib and ic, it can be 

shown that corresponding to Equ. 14.1, the following approximate 

equation in complex numbers can be found: 

{ (R.+ 	+ 	kae)} 1;4 	j4.1• 71-Las •Zw: 4j caMso lb, 	ha  CO • * MS. lb, + 	MS 0 le:h 	1:/ 

i 14.21 i•  • Tr., • la' 4  h Zbi h' 	 1444' 	Ha" { z1„1-  + 	+12 

2 r 	 . , tife2ki4 
r* ----: 1 	+ /6, 	(.3 1r- L7—• { Id, +h 	h'i.,} ki„ 

	

q, 	y 	y 4 	Maury)  z .r„:: W 	4. h 	juj • 	ja, .cb, 4 la = 4 	L 	 41, 

Grouping terms and dividing Ifo  by N/ so that the armature 

currents are in rrns values, this equation is reduced to the first 

equaticn (axis a) represented by Equ. 2.6. The remaining two equ—

ations (axes b and c) can be found in the same way. 

Similarly the equations for the harmonic currents and the add-

itional voltages for current corrections can be derived. 
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(14.2) Sin--:le-phase Operation 

Putting 	 k Va., _ /2m+1) 	0,  - R. 	Rae 	d. 	== 0 an adding 	TP (2m -1) -a 
(Zqu• 3.11) to Equ. • 3.10 and red-ucing gives 

8 	+ A 	+ 81  a ( Am 4- 3) 1 
	 04-9) 

where 	a 	(x;i- 

and. 	A = xa + 	+ x„ + 3,re  

As_ m. may be any non — zero positive integer, Equ. 	14.9 repro-

cents an infinite number of equations of similar pattern: 

81.2 , + Ala3  + 81a5  0 (14.9.1) 

81a3  + A Ia5  + 8 ..c7  0 (14.9.2) 

• • 	• 

B -14(am+0 i 814(2.,,,r3) = 0 (14.9. 

When m is sufficiently large, the quantity Bla (21:1+3 ) in 

Eau. 14.9.m may be treated as a remainder and nez:lected for 

the moment, so that it is possible to eliminate I, (2m+1) from  

Eous. 14.9.m-1 and 14.9.m, ivint 

(14.10) 
131,tc,,_,) + (A - 	) 	= 0 

Similarly the elimination of Ia ( 221.1-1) from Equs:. 14.9.m-2 and 

14.10 gives 

81  
om-33 r 

iq  
A  = 0 

2rodueding the same process, and remembering that the equations 

represented by Equ. 14.9 are infinite in number, the eeneral 

form of Eau. 14.10 should be 

B Ta(A711-1) 	{ 
A — • • 	

o 	 (14./1) 
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where the coefficient of 
la(2m+1) is a continued fraction of 

the second kind. To evaluate its value, let 

82  

so 	that:. 	x= A- ei x, 

and 
	( A - /i' 413 ) 

Equ. 14.11 thus reduces to 

	

Icto,n+0 = bo Ia(2rn-/) 	 (l4•/ 2 ) 

where_ 	bo  =-28 	 ) 

TX:0;-.(x„,+3xe) 	(x.+JX €  ) 

From Equ. 14.12, the expression relating the (2m+l)th-har-

monic current to the fundamental current can be derived: 

(1413) 

Adding AE
al 

 (Equ. 3.11) to Equ. 3.8 and nelecting the R's.  

gives 

Va, 	E 4, 1-•• j 	xe  4 1* X. 4 -17 ( 	*(xd4. 	) Oci-x0 La, (1÷. I+) 

which is an exact expression apart from the neglect of resist-

ances. Eliminating 1a3  from Equ. 14.14 by using Equ. 14.13 

gives Equ. 3.15. 

(14.3) Two  Additional Proofs Concerning the Solution of the 

Recurrence Eauation (Article 7.6) 

(a) Prove that the recurrent° equation, 

 

g„(10) 	+ 	R,Jor,„,(0+j4“,) + t 
(14.15: 

     

has. a solution? of the_ form 

P., 
(14.16) 

   



P.213 
Art.14.3 

By putting p j2no for p, with n taking the value of any 

integer from -0.0 to 00  in Equ. 14.15, an infinite number of 

equations of similar pattern are obtained, and they can be 

represented by the matrix equation 

where Eyn] is-- an. infinite column matrix 

is 

(14.17) 

whose General element 

gri = 	(01- j Anw) 
(14.18) 

Ex 	is also an. infinite column matrix whose general element is. 

xm  = 	 (14.19) 

and [aim) is an infinite two-way matrix whose general element 

is 	
= I 	 when 7r,- n - 0 

= 	kgq,+j,nw) 	Wrier, 	= 

(fl+j a7lco) 	when 	m-n = / 	

(14.20) 
= 	0 
	 when 	I nn -011 

By Cramer's rule, xo  (i.e. m = 0) is given by 

Xo = 	 (Cofactor of 	x 	 (14.21) 

where lanml is: the determinant of the matrix[anm] . Substitut-

ing Equs. 14.18 and 14.19 in. Equ. 14.21 gives Equ. 14.16 and 

also defines the coefficient Xn(P): 

j4,,cp) 	(Cofactor of an.) 	la--1 	 (14.22) 

Consequently Equ. 14.16 is a solution of the recurrence equa-

tion (14.15) which exists provided anm  is not singular. 

(b) Prove the validity of the equation:  

"i", 	11,,q,) f e "4" Rd  (0) ?4,-.1  0tja40) = 	 (14.23) 

which appears in the course of deriving the coefficient rn(P). 



P.214 
Art.14.3 

Assuming that Equ. 14.23 is,  correct, replacing n by n 	1 
and p by p - j2(41 gives 

or 	An (¢) 

+ 	E -j1X  kt (p- jaw) 	(p) = 

id.(1"--;i24`) (1,-J 2w) (14.24) 

(P-j2.“") 

ja?• 
+ nri 	= 0 

Since im(¢) = 
41- i (p) g.4  (¢-jaw) 

x. (13-j2,-0 /- 4*(P)  
so that rs:(1,-)A,0 4 	/ z.,(¢) (14.25) 

Substituting Equ. 14.25 in Equ. 14.24 and mu;.titplyins 

through by 1 - Tca(p) Gives.. 

(14.26) 

Adding Equs. 14.23 and 14.26 giveathe original equation 

/Tr, 	+ 	(P) ;1„-, (1:1-jaw) t ± 	(0) Aw-/ 	0  

fr-om which Equ. .14.23 have been derived. The: validity of 

Equ. 14.23 is thus proved. 

[ I - E,(p)] /1„(1)) + z  E)1'‘ k:(P) 	(¢-juo) =0 
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