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Introduction

(1) INTRODUCTION

The principal object of thls thesis 1s to present a detailed
linear anelysis of a synchronous machine bhased on the funda-
mental electric circuit theory. For thé sake of copnvenience in
Presentation, the material is divided into two parts, one on
sﬁeady'state and the'other on trensient state. This is done
also because in finding the steady-state solution some attempt
has been made to take into account the effects of space har-
monics whereas there has been no such attfapt in finding the
transient-state solution.

At steady state, all authors have used the method of sym-
(1) '

metrical components for dealing with unbalanced 16ading con-
ditions, though very often the applicability of the method has
been taken for granted. In fact, the method of symmetrical com-
ponents, if applied only to the fundamental~frequency quahtities
without due consideration of the harmonlc quantities, is only
an approximate process. Its accuracy rests on the cholce of the
negativé—sequence reactance of the machine, which has no defin-
ite value and is dependent on the entire system to which the
machine is connected. Fortunetely, its value does not, in zen-
eral, vary very much and the approximate way of applying the
method of symmetrical components can be used without much error.
The worst conditions arise when thnere 1s capacltance in the
armature circuit which may make it impossible to assess an ap-

Propriate value for the negetive-seguence reactance without

giving full consideration to the effects of the harmonics.
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Usuwally the transient theory of a synchronous machine is
concerned with the transient-state currents and voltages follow-

ing a sudden change of the terminal condition of the machine, |

(2)

though Concordia has drawn pariticular attention to the tran-

. slent torgue. Park's equations(D) have been able to transform

a three-phase synchronous machine into an equivalent d.c. ma-

. . 4,5) . .
chine with two sets of brushes( 2 , thus enabling the transient

state current of a synchronous mgchine operating under balanced

conditions to be derived in & more logical and rigorous menner

(6)

by solving these operational eguations. . Harlier, the tran-

sient-state current has been derived by using the constant-Iflux

(7)

theorem » which Doherty and Nickle have used with advantage

(8)

in their study of the single-ohase short circuits . Concordia,
following the same line of reasoning, hes extended the method
(2)

to the double-line-to-neutral short circuilt .

In the thesis, the differential voltage equatlons of the

synchronous machine are established in accordance with Kirch-
hoff's first law. They are linear egvsbioen equations with peri-
odic coefficients. The equations are solved by applying the
method of the Laplace transformation(9). The fact that the co-
efficients of the differential equations are not all constants
makes 1t impossible (except for the symmetrical three-phase
operations of the machine) to get a closed non-series solution
for the equations.

At steady state, the armature current can be expressed in

the form of an odd-harmonic series so that the steady-state

solution can be obtained by substituting the harmonic series
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in the egquations and proceeding to determine the coefficients
of the harmonic series. With the nezlect of the space-harmonic
effects, a meneral operational solution is obtained by solving
a recurrcnce equation (derived from the general differential
equations) prescribing the general operation of a synchronous.
mechine under linear conditions. The operational solution is
in the form of an infinite series involving also continued
fractions. To find the inverse transform of the operational
solutlon, which gives the explicit expression Tor the armature
currents, in a rigorous manner is by no means a simple process.
An approximate process is illustrated by the examples of &
gymmetrical thfee-phase short ciréuit, a line-to-neutral short
circuit and a double-line-to-pneutral shont circult.

The derivation of an'explicit solution from the operational
solution is extremely complicated. It is done with the primary
aim of showing the fact that the well-known solutions for the
simpler cases of transient problems.can be obtained by a more
rigorous mathematical approach. For dealing with more compli-
cated problems, it is imperative to have a simpler yet depend-~
avle method of solution. VWith this in mind, eguivalent circults
relating the current and voltage components at different fre-
guencies and of different sequences are deveibped which can be
applied to the steady-étaﬁe and the transient-state problems.
The average torque can also be obtained readily with the aid of
the eguivalent circults.

The equivalent‘circuits can be applied to more complicated

problems by sultably connecting the component circuits together.
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The final complete eguivalent circuit is in genersl an infinite
ledder network. The numerical solution‘for 2 particular problem
can be Tound approximately by using a limited number of meshes
of the infinite‘netwnrk. The minimum number of meshes that can
give a suificilently accurate answer varies with the type of
problem as well as the constants of the machine-and mist be
determined by one's own discretion. If a sultable type of het-
work analyser is available (one that can represent negetive
resistance), this can be done by trial and error without sdend-
ing too much labour.

AS has been pointed out, the subject of the thegis is the
linear theory of the synchronous machine, the assumptlons of
no magneitlc saturation and no speed variation are made through-
out the whole +thesis. The masghneltic saturatlon can be allowed
for by dhoosing machine constants aporopriate to the condition
being considered. The speed variation of the machine following
a sudden chanze can be approximetely taken into account by
dividing. the period of time under consideration intb a number

of intervels with aporopriate constant values of speed.
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PART I STEADY-STATE SOLUTION

(2) GENERAL EQUATIONS AND THEIR STEADY-STATE SOLUTION

(2.1) Genersl Kguations of a Three-phase Machine

When magnetlc non-linearity 1s neglected, a synchronous
machine may be regarded as two or more magnhnetically coupled
eléctric circults with time-varying circuit parameters. Because
of rotation the windings on one side of the air gap constantly
change their positions with respect to the windings on the
other side of the alr gap with the result that all the mutual
inductances betweén any two windings beloanging to different
menbers (the stator and the rotor) of the machine vary period-
lcally with the rotor position. With the usual symmetries of
the magnetic and electric circults within the machine, these

g FTourier series con-

w

mutual inductances can be expressed a
sistinz of & fundamental and odd-harmonic components, the rotor
position being the variable. If the effects of winding slots

are neplected, the self-inductances of all windings and the
matual inductances between any two windings on the same side

of the air gap of a round-rotor machine are constants because
they remaln unaffected by the rotailion of the moving member of
the machine. If the machine is one of salient-pole construction,
the self- and mutual inductances of the windlngs on the fileld
structure are still constants but those of the armature windlings
become functions of rotor position cwing to the perlodic change
of the reluctance of the magnetic civecuits linking with themn.
These functions can usually be expressed as a Fourier series

consisting of a constant aind even-harmonic components. When



the machine is runninZ, the rotor position faries with time
and the inductances which are functions of rotor position be-
come functions of time.

Apart from the peculiarity of the time variation of some
of the self- and mutual inductances, there is no basic differ-
ence between a static network and a synchronous machine. In
fact, any electric circuit theorem, 1f not pertaining only to
clrculits with constant varameters, applies egually well to the
syncnronous machine. Based opn thils reasoning,; it is possible
to establish the general differential equations of the syn-
chronous machine from the knowledge of the basic electric cir-
cuit theory.

Fig. 2.1 shows the schnematic diagram of a ithree-phase sali-

ent-pole synchronous mna-

- ¢chine with one damper
[ * a )
w circult in each of the

pole and interpole axes.
The armature windings are
ih the stator and are
lapelled a, b and c, a

/ being theleading phase.
arc/3 )

°/

The field and deamper

Fig. 2.1

o . windings are in the rotor:

-and are labelled f, kd and ka. The arrows indlcate the direct-
lon of the muf's set up by the currents in the respective wind-
ings.

With the rotor in the pogition shown, i.e., with the axis




of the field winding leading the

axls of phase
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the expressions for the various self- and mutual inductances

are

, in

i
©
~—

]

u

Mpe(O)

I“Icf(e)

Mora

Mieq ()

Mckd(e)

1

= 8

the form of Pourier series, as follows.

elfnductance of winding a
Lyo + L,pcos26 + I, ycos48 + ...
self-induetance of winding b
L, (6 - 2n/3)
seli-inductance of winding ¢

L, (e + 2m/3)

mitual inductance between windings

Mgo + Mgpcos (26 +X®/3) + M ycos (46

mutual inductance between windings

M (8 - 2m/3)
mitual inductance between windings
M, (8 + 2m/3)
matual inductance between windings
4, ppco86 + MéfBCOSEQ +-Méf500859 +
mutual inductance between windings
M, (0 - 21/3)
mutual inductance between windings

M, (6 + 27/3)

mutual inductance between windings

2 and b

+ 2n/3) + ..

b and c

¢c ahd T

& and k4

Mékdlcose + Mékdgcos39 + Mékd500559 S SN

mutual inductance between windings b and kd

Mypq (8 - 2n/3)

mutual inductance between wihdinss ¢ and kd

,-q9(8 + 27/3)

7
.1
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Mékq(e) = mutual inductance between windings & and kg
= Moyq1008 (8 + ™/2) + 1Ly cos (30 - ™/2)
| + I\&'a,_quCOS;(BG +/2) + ...
Mbkq(e) = mutual inductance between windings b and kg

= Makq(g - 27‘/3)

Mckq(e) mutual inductance between windings ¢ and kg
= Mékq(e + 2n/3%)

With the machine. running steadily at an angular speed of
w, 6 = wt +N, where N 1s the angle by which the field axis
is ahead of the axis of vhase a at t= 0. This relation can be
substituted into the above‘expressions to change them from
iubctions of rotor position to functions of time.

Only those parameters which are functions of rotor position
have been listed above. The remaining Darameters, namely, the
armature resistances R,, Ry, Ry, which are assumed egqual, the
field and damper resistances Rf, de, qu, the self-inductance
of the field and damper windings, Lf, Lycg s qu, and the mutual
inductance between the field and the direct-axis damper wind-
ings Mg are independent of the rotor position.

In the above Fourier serles expressions, the even-harmonic
components represent saliency effects and the odd-harmonic
compohents (excepting the fUndamental component) represent
space-harmonlic effects. When either or both effects are negli-
gible the corresponding harmonic components will be reduced

to zerod.

When the armature phases a, b and ¢ are connected through
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L

ce O a three-

xternal impedances Rae’ Iae’ Rbe’ Ibe and Rce’

phase voltage source Voo Vi and Vo there will be six separate

closed circulits all inductively coupled within the machine. Six

evoltage equations, therefore, can be esteblished which are

=4

suiticient Tor the determination of the six unknown currents.
When the exclting current has reached its steady value of Iegs
these eguations may be written in matrix form as (the induct-
ance components higher than the third harmonic have been neg-

lected for simplicity)

le] = [r]-[¢] dt ;[L]'[bl} (2.1
o b [ f kd kq,
a) Vy,+€a a i'a. ol Ra+Rge
bl v+ e bl b R+ Rpe
el vre ol G ¢ Ra + Ree
fe] = (2% [¢] = (23); [R]= (2-4)
Fl o G $ Ry
ka| O bl L kd , Rig
kg, o kq ‘.‘tq, kg, R Rk‘b
a b c f ko kq
Lag + Lao Mio Mio Map: 050 Mads CO3 8 ~Makg, OS5 (0-7t/2)
a + Lax CO520 + Msy cos(20+n/3) | +Macos(20-x/3) +Mayy cO5 30 *+ Moaka's COS5 38 ~Makgs co3(30 +7fa)
Mso Lpe +Lao Mso ) Magr €05(8-2Cf3) | Moia, 05 (8227130 = Maky, COS(8 15 [6)
bl +Mucos(20+mp)| + Lax cos(2043xp)  ~Msa o528 tMags c0338 +Matd; cOS30 « Makqs COS(36+Tc/2)
Mso Mso Lye t Lo Mag, CoS(O+2MI3)Y | Mypq, cos(g+amci3) = Maig, COS (B +1 /)
[L] ¢ + Mgz oS (20-T/3) ~M;y ¢os 26 +La1cos(R6-aTI3) tMap3c05360 +Makdy COS 36 ~Makgs C0S(30+M/2)
- May, cos 6 Mag, £05(0-3%/3) | May, cos(8+am(s) .
f *Mayy o530 +Ma;; COS 38 +Magy cos5 30 f Mxa
Macas c05 8 Moxg, c05(8-275[3) | Mands co5 (8+21(3)
1+ Moy cos30 +Makgy COS38 +Makdy COS30 Mikd Lia
~Makg: CoS (G-TT/L) [-Masg, €OS{E+5X(6) |~Morqi cos(f+m/b)
kg, =Mokg3 €05 (38 +7T/2) | ~Makgs COS(30+m/2) |~ Makgy COS(38+7(2) ch‘,

(25> "

In the voltage matrix, e, = wﬂgfllfosins + BuaMéfBIfosinBQ,

ep = e5(6 - 2r/3) and e, = e5(0 + 2%/3). Higher harmonic com-

Ponents of the self- and mutual inductances may be added to




the eguations when a truer representation of the machine is
desired. When there are mutuals among the external impedances,
they can be included in the equations by adding extra terms.

to the appropriate elements of the inductance matrix [L1 and
the resistence matrix [R] . The current i% is: the  harmonic

(and transient) component of the total field current, the.

steady component Ig, having been deducted.

(2.2) Approximate Solutions for the Fundamental, Third- and

Fifth- harmonic GCurrents

Before the steady-state solution of the general equatidns
1s. given, 1t is deslrable to state the assumptions made in
derivine it. It 1s assumed

1. Thet the mutual inductance between the armature and the
fileld windlngs is the same as that between the armature and
the direct-axis-damper windings, when they are expressed on
the same basls (say the per-unit values), i.e., M&f(e> =
Mékd(e)5 and

2. That the field and damper resistances are negligible
compared with the field and damper reactances at twice or
higher multiples of the fundamental frequency.

The first assumption is nearly true for salient-pole machine
of normal construction, though the error may be larger for
round-rotor machineg. This agsumption réally means that there
is a flux common to all, or any two, of the armature, the field

and the direct-axis-danper windings when their axes cofncide.

The second assumption is very nearly true with respect to the
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field winding though the error may be larger Ior the damper

winding.

it helps

This assumption, however, is not essential, though

to simplify the expression of the solution.

With these essampitions, the fundamental components of the

armeture

given by

zgiven 1n

currents, expressed in terms of complex numbers, are

the follwwing metrix equation whose derivation is

detaill in the Appendix, Art. 14.1.
» 2
Va,l*' Eal za/ - Zm/ Zym: Zon Zw h Zw Iaf
» N
Vot Eg = Zo | Zp, | =Zm Zw | PZu| 12w | * Iy, (2.6
Ves + Ec) -Zr:l Zom | Zey | A 2w} P Zur| K Za L,
*
Ia.r
»
Iy
»*
I,
Ea = -jwMa,,I,,/fz‘ \
En, = PEa
Eep = N Eas
h = ijnls
Var, Vo, s Ve = fundamenfal components Of The three-phase vollage saurce
Za = Rae tRa '*J'W(Lae*"—:)
Zy = Rpe tRa+jw (Lpetis)
Zer = Ree + Ra +jwllee+ Ls)
L, = Lao—FMp= %My > (272
M¢si = M;il/"fe + H;kq,l/L*q/
2
Mfss = Moy, /Lfe + M"“‘%’/“kﬂ/
L.,l-c = (L;Lkd—mid.)/u’(+L.,,d—zM,,“,)
Zy = LMy, + jw (Mgt & My -dny,)
mi = ‘8“ §3¢ 30 8 f214 2 $33
Zy = jw(Lag-‘Mnd)/l'
zZ, = —j/‘;“w (M- £ Mmd)/z

Mma = MaflMafl/L)'e- ﬂkquah.;Q/Lk‘L,
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The third-harmonic components of the armature currents are

given by the matrix equation

va3 + 593 za3 Zma Z,,,; Ia3
Vb) + Eb: = Z"u Zb3 2Zrms . Ib, ‘ ) (25)
Ves + Ees Zms | Zmy | Zes I,

‘jstan Ifc /\[2— +j3w"§(’LaA Tor + Mss hllbl + Msa I"Icl) + sz #M{dl (T + hx‘rbl + h I )

+ j30F Moma (Lo + T+ Zex) + 3w FMms (I3, + 2y + 15)

My = Mag /L;e - Ha!kq,v/Lk:L.

Mms = Mait”a;s/l.,e + HakQ,Ma:¢:/Lk$

Epy = =j3c0Magy Iy [VZ + j308 % (MeyZay = Loz A2 To, + Mo h Lo, YA 4 3w FMpty (Zags b Zey+ h T IH
l}jawé-M,,,d (Za) + Tpr # T, Db + j3IWF Moms (L, + Is r Ic:)

. . a L h
Ecy = J3oMay I [@ + j3w0 k (Mia Lo + Msy b Tp, = LazhZe, ) b +f 3o My (Zaiv A2 Tp, + 0 Zer)

(2.9)
4300 Mus (Lo, Ty + T, )N* +jI3 F s (I + 20 + 2.)) } 9
Vas, Yoy, Vo, = Third-harmonic camponents of rhe three-phase volfage sourte
Zay = Rae + Ry +j3w(LoetLy)
Zps = Rpe+ Ry +)3w(bpe 45D
Zey = Rui-r Ry + j3w (Lee+Ly)
Ly = bao =% My = F My
Zmy = J3c0 (M + F Mesr = FM5)
Similarly the Fifth-harmonic componenﬁs of the é%mgg;;é -
currents are given by the matrix eguation
Vas + Eus Zas | Zms | Zms Is
| Ves * Eps = | Zms | Zos | Zms || Ius | (2.10)
Vs + Ecs Zrs | Zms Zes T




whére

EOS = js“’#M’"" (2Za,-h Xy ~h"Ze,) + J-sw#ﬁf‘“(l:/ “Iz: "I:,) "'Js“"ﬁ'(‘l'azlas" Mz K Iy, +Ms1hIc5) W

J50 K My (Fay # 40Ty +hIs) + j5W & Mmd (21ay = Tps =hZ)

2 -
H{Jg = Ha;: /L;g - Mak«lr‘/z-kq ) ‘

4
. a It LM wlash'Zny + Mah I} A
Ebﬁ - jsw#""ni(‘lalfi‘hlbl —hizc:)/\"‘sz#Mfdi ( Z5) + Tp, IL/)*JS“D“( 52 Las ax b3 2

2 _ Y
jswdHeg, (Tayt A Tga + AT h* 4 50 & Moma (= Tay 020 Ty =b TesD b
. » - . 4 < - hZ A
Eus = jSwhMms(~Ta-hIs + 1hAI, ) AR ] swE M, (I0+ T +3.) +j5@03(Malay + Mah Ly —bas h L)
+2h151)"’

. - L
4..15“’#”!41{1.::*/"[61 +hIydh + J5wi.””'d (-I‘” Aty

Vas , Vbs B V‘S = Frfth-harmonic componenls of Ihe Hree phase valtage souwrce

Zas = Rae + R+ 5w bae+Ly)
Zys = Ry +Ra +j5w(Lye+Ly)
Zos = Ree *Ra +jS5w(bee+ bs)
Ls = Lao - ﬁ""'f-fr' T M

Zms = j5W (Mo 4 F My, = % Migy)

NSimiiaf éqﬁéﬁioﬁé”féf the‘determiﬁéiiggugfméurfeht cbmpbnenté
of higher Ireguencies can be derived without much difficulty
following the same procedure used in deriving Equ. 2.6. But it
may be necessary to include more harmonlc components of the
various inductances in the voltage matrix [e] and the induct-~
ance matrix [L] » as. they may become significant for higher-

order harmonic currents.

(2.3) Gorrections for Effects of Currents of Higher Frequencies

The equations given in the preceding article . for determining
the armature currents are not exact expresgions. One can see
that the equations for the fundamental currents do hot involve
hermonic currents, +the eguations for the third-harmonic currents

involve only the fundemental and the third-harmonic currents,

and the equations for the fifth-harmonic currents. involve only
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currents of the fundamental, third- and fifth- harmonic fre-
guenciles. Not that there are no reactions from currents of
higher frequencies on currents of lower freguencies but that
thelir effects habe. been omitted. This has been done 1n order
to make the eguations reasonable simple. If a more accurate
answer ls.desired, particularly when the~éxternal impedancesg
are small, corrections can be made to the first set of results
obtained by the equations in the last article. The correction
is achieved by adding to the first set of results  current in-
crements dve to the additional voltages representing the re-

actions from currents of higher freguencies.

For the correction of the fundamental armature current, IEgu.
q

2.6 can be used by putting current increments;AIal, DIy AIcl,

aI¥, BIF endAIly in place of the original currents and add-
itional-voltages'AEal, AEbl"Aﬁkl in place of the original
voltages. The additlonal voltages are given by

AE, = jw{- (Lazlay+ Mszh Ly + My hIs) +. jw X Mfg, (ﬁla,fhz-,, +hIcy)

+ jw FMmg (2Tas A L5 -hIs) + jw # Mfd}(z:s * Igs + I:S)

bE, = j“"}':(MnIa)"L“hI”#Mn/".Ir.;)h “jw#M{dl(Iag*hlb;+ AL, )h
‘ > (2.43)

. ‘ . ! » -
+ jWEMms (=Lay + 2A° Iy ~h T ) At 4 Jw T My (Lo + Iy + 105)

AL, = jJwRMuLy +Mahly, ~Lorh*Is)h' ¢ JwF Mpac (Tay+ hZpy + B 1y) AP

+jwEMms (= Lo ~h'Iss s2hTes )b + jw F Megy (15 + Ls+ 15 ) J
Similarly the correction of the thifd-harmonic currents due
to the effect of the fifth-harmonic currents can be obitalned
from Equ. 2.8 by putting
AE, = J"‘“’f'”(‘-mfas“"‘uhfu “Mo R IL) + j3w FMy, (Tus -r/-.I,,,ﬂ-r hI.s)

+j3w#M,,,¢(2I,5-ths —h‘Ic,;)
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AEb3 = j3w'£‘('f"7.121¢5 + Lagh s -%:I,R_Z-‘s)/, +.i3‘°4'Mfd/ (Ias +h Iy *h4155)h o
* j30F Mo ('1'.,5 +2hLs ~h34 ) A ré

e3 = )30 (~Msz 1,5 ~ My, Alps * Log A Is)H™ +j 3WEM (Lpy +h Doy +H* 200"

+j3WEMmAd (= Los = h Zys + 25 Iog )2 : | ’

The complete solution for the steady-state armature currents

by
is therefore givensthe set of equations

[E:] +[8E4 = [Z;)[I]]
I'E'j] + [AE5] = [Z:B] [13]
[Bgl+ [8Eg) = [Z5]4[I5]

In these eguations, [Eql, [z , [E5], eté.‘are the equivalent
fundamental, third-harmonic, fifth-harmonic, etc. voltages

due to current components at lower than the respective harmonic
frequencies.jﬂ&ﬂﬁ}, LAE%J , DAE5], ete. are the equivalent
fundamental, third-harmonic, fifth-harmonic, etc. voltages

due to current components at higher than the respective

harmonic frequencies.

(2.4) Sources. of Harmonic Currents

If magnetic non-linearity 1s neglected, there remain three
sources responsible for the generation of harmonic currents. in
a synchronous: machine. They are the non~-sinusoidal variation
of the mutual inductances between the armature and the rotor
(field and damper) windings, the variation of the self- and
mutual inductances of the armeture windings, and the unbal-
anced. fundamental armature currents. In other words, the
harmonic currents in an unsaturated synchronous machine may

be due to the space-harmonic effect, the armature saliency
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effect and the unbalanced loading effect.
To make the statement clearer, consider the equivalent third-
harmonic voltage EaB(Equ. 2.9), which comprises: the following

four components:

1. =j3wMag Ijolf:;
2. -jswt(LdoIal-MSthIbI_MJIhICI)
3. J3w # (M;f’/l'ﬂ = N;k‘if'/l'k@ )([al + ALy + hi,,)

4. J3F (Map Mags /iy —Mags Mavis /gy W Loy + Tor # Lot )
+j3w FE (Map Mags [1ge + Margs Margs J1ag Iy + 25 + 1))

The first component is due t0 space harmonics; if there is
no space.harmonic, Méi5'= O and this component disappears. The
second component is.due to armature saliency effect; if there
is no saliency, L,o = Mgp = 0 and this component disappears.
The third component is: due to unbalenced loading; 1f the armg-
ture circuits are balanced, there wlll be no negative-sequence
currents: and again this component vanishes. The fourth compo-
nent is due to the coﬁbinéd action of space harmonics and un-
balanced loading, and the elimination of either the space harmo-
nics of the. zero~-gequence armature cufrents will reduce it to

Zero.




(3) SIMPLIFICATION OF THE SOLUTION

(3.1) Assumptions and CGonventional lMachine Constants

A great simplification of the solution given in Chapter 2
can be realised 1T the space-harmonic effects are neglected.
By space harmonics are usually meant the harmonic components
of the spatial distribution of the air-gap flux, but in the
expressions of the general parameters (Article 2.1), it is
thelr effects, rather than the space harmonics themselbes,
which are expressed explicitly. These space-harmonic effocts
are represented by the harmonic components of the mutual in-
ductances between windings belonging to different members of
the machine, such as Méfg, Méqu’ etc. The relative values of
Lag, Myo, etc. in the expressions for the self-inductances of
the armature windings are also aifected by space harmonics.

Although space harwmonics are in general not negligible in
themselves, particularly for salient-pdle machines, their ef-
fects are nevertheless negligible in a well-designed machine.
In fact, the spvace-harmonic effects can be completely elimin-
vated if the armature windings are so dlistributed and chorded
as to make the winding factors for the harmonic voltages equal
to zero.

In the event of negligible space-harmonic effects, the ex-
pressionsvof the general parameters are simplified considerably,
as Méfj’ Méqu’ etec. will be reduced to zero and, as has been
shown elsewhere, ¥gp = - L,o. With these simplifications the
conventlonal machine constants Xg, X3, Xqs X§ and X§ can now

o
be introduced. Define
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\
Xy = w(L,, + 2l,)
= zero-seguence reactance
Xg = oLy = Mgo + 3L,,/2)
= direct-axis- synchronous reactance
Xy = (L, ~ My, - 3La2/2) : y (3.

T quadrature~-axis synchronous reactance
A= - el
Xy =Xy - 3w /2L
= direct-axis. subtlransient reactance
st -~ T — \ 2
Aq;“ “q 3°°R5kql/21kq

= guadrature-axls subtransient reactance

which can be used in place of the five constants Iao’ Mso’ 132,

M;}l/Lfe and Mékgl/lkq remeining in the steady-state solution
(Equs. 2.7, 2.9 and 2.11) after making the assumption of negli-

gible space-harmonic effects.

(3.2) Simplified Solution in terms of Conventional Machine

gonstants

When the conventional machine constants (X, X, Xy Xy end

Ca) are introduced, it can be shown that in Equ. 2.7

wl, = -5- {i-(x;+xq,)+;~(x14 xy) +x°‘;
Zoms = E{'ﬂ‘f"«‘* Xq) ‘i‘“c’“"é;)} = E{ Fowtxg) + Fexiexyd -2x,} v
° €3.2)
Z, = j‘t(x“-"?)
and Zo = A Zu
In Bqu. 2.9, : : _ '
e _ [ — {
why = J;'(xg’,-rxé,'i-xo_)
 Zmy = —jECGrxg-2xe) ‘ |
(3-3)
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Ebs = hAEas
and Ecy = hEas W
Similarly for the (2m+l)th harmonic (m = 1, 2, 3, ...)
4 " -
(.JL(‘,.,,,,)=;]"‘4“""1,"'"'0) w
Zom(amery = ~] F(2mer)(xi+ x5 ~2%0)
Ea.(zm«-r) =~ ‘i‘(??'?‘l*/)(xi—x;)l‘"“”;_,)
? (3.4)
Eb(l?‘ﬂf/) = thc(_",”,,)
a'nd E&(zrnl-/) = I‘DEQ(,,,.,.,)
wvhere Iniamers = % (Ia,,,,,,,) 4 AT iy * hIc‘,,,,_,,) : . J

Also the additional voltages (Equ. 2.12) representing the

<

corrections due to currents of higher Irequencies are reduced

to

AE, = =jf(xi-%)1,,

AEbI = hAqu (3‘5)
and AE, = h*aAE,

and ih generel

BE um-n, = -jf(zm-l)(x‘z—x;})l'ﬂ,m,,,

AEb(am-;) = hAEa.(xm—n
(3.5a)

and BEaim-y = FBEqizm-n
where Ipamer = % (Zagmer * 5 Logamen * 5 Lecomen)
Thus, when the effects of space harmonies aré neglected; the
interaction between currents of different frequencies can be
xoressed in the simple general form given by Zgus. 4 and 5a.
If the source voltages V_, Vi, and v, aré sinusoidal, the
(2m#1)th-harmonic current will depend on the product of (X&—Xg)
and the negative-seguence, (2m-1)th-harmonic current. The sub;
transient saliency (X§ # Xa) is, therefore, the most important
factor in determiningithe felative magnitudes of the harmonlc

currents when a machine is operating under unbalanced condi-

oo Y - —~ 2 . » s
tions, 1n the absence of space harmonic effects 1n the machine
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iteelf and time-harmonic effects in the source voltages.

(3.7) Balanced Three-phase Operation and Two-reaction Theory

When the external impedacnes connected to the armeture

hag rn 5 ol T = . - e - -
Phases are ecual, l.e., when R, Bpe Rog and Lo kb Koo

and the source voltages are balanced, i.e., V

- - 1.2
a1 = BVp1 = BV 4,

the fundamental arimature currents are also balanced, end the

to &

&

set of equations represented by Equ. 2.6 can be reduce
single eguation representing one phase only. Omitting the sub-~
script 1 and using the conveatlional constants, the voltage

eguation of phase a is

Vo + Ear = {R Re %) (xer Zetmu) )y, o j 520 gt
or Vae + Eg = {R“ +j.l£(x,¢+x’)}1“ + ) E (xamxg) LT (3.0)
where Vot = Va=-Zelo = lerminal volfage of phase a

When the source voltages are sinusoidal, there will be no har-
monic components in the arwature currents and Egu. 3.6 is an
xact solution.

Becouse of the presence of Ig} I, cannot be solved for as

(=9

2
A

a singie methematical entity from u. 3.6. The most natural
way of solving the equation is 1o regolve Ia into its real
and imaginary components, thereby yielding two eguations of
real numbers. This process &olincides with the two-reaction
theory because, as will be shown, the real and lmaginary com-
ponents of the armature current are in fact the direct- and
Quadrature— xis currents introduced by the two-reaction the-
ory. Thus using the conventlional subscripts 4 and g to denote

L Y

the real and imaginary components of the armature current and




voltage, the two equations of real numbers derived from Equ.

3.6 are (B, = - JB,,)

Vq - ‘11‘8.0 = A.dId + R’ll (3 7)
and Vd = and - .A.G
whiech are the same as the two axlis-equatlons given by the two-

reactlon theory.

The difference between Equs. 3.6 and 3.7 can also be com-
Pared graphlically from the vecltor diagrams drawn accordingly.
Fig. 3.1 is the composite dlagram comprising the vector dia-
grams representing the equatlons based on both theories.

In ﬁhe‘ﬁwo—reaction theory, theAarmature.current I, is re-
sol¥red into two components, the direct-axis: component Id and

the quadrature-axis: component I , The voltage pentagon OABDEO

a’
is completed by adding to the terminal voltage - V £ the

= a
direct-axis: synchronous lmpedance d4drop (Ra + jKd)Id, repre-~
sented>in the dlagram by the vectors AB.and CD, and the guad-
rature-axis synchronous. impedaince drop (R, + qu)Iq) repre-
sented in the diagram by the vectors EC and_DE. The. open-
circuit voltage of the machlne 1s given by the vector CE.

If Egu. 3.6 is used, instead of the axis currents, a con-
Jjugate current, Ii}, is: introduced. The skew voltage pentagon
QACFEO is completed by adding to the terminal voltage - Vg4
the resistance drop AC and reactance,drop CF due to the arm-

ature current I, and another reactance drop FiE due to the

conjugate current I The. open-circult voltage of the machine

is again given by the vector OE. That the point E determined

by both voltage pentagons coincides can be checked by consider-
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k N
ing the magnitudes and directilons of the various component
voltage vectors, as marked in the vector diagran.

There is ah advantage of the diagram based on Equ. 3.6 over
the two-axis diagram based on the two-reaction theory for the
o B graphical determine-

| tion of the voltage

regulation of a syn-

;nary or

chronous machine.

Goddratars Axis

Ima

When the terminal

Va

(S

voltagé and the arm-

ature current are

s, known, the voltage
vectors QCA, AC and
i ‘* CF are fixed. The
w2 ™ magnitude of the
voltage vector FE is

“ also known. A circle

2y

LTEM

can be drawn with

p: the point 7 as centre

A and the length of FQE

2 %l E
a8 radius, intercept-

A
Fig- 3 ing GCF at G. The line

. o ‘ joining the points
g

O and G is in the direction of the open-circuit voltage vector ‘

OE. The point &, or the end of the vedpr OE, is the other point}
of intersection of the circle and the line 0G or its protract- ‘

ion. The skew voltaze pentalon OACFEO is thus completed. On



Art. 3 4

the other hand, if the two-axis diagrem is followed, Ia mist
be resolved into its axis. components I and qu which cannot
be done since the direction of CE is unkhown. Consequently,
it is impossible to complete the voltage pentamon OCABDEO by

ourely graphical means.

(3.4) BSingle-phase Operations — Approximate Solution

The single-phase operations (line-to-neutral and line-to-
line) are the simplest cases of unbalanced operations of a
three-phase synchronous machine, as there i1s. in effect. one
closed armature circuit. When the mechine is: loaded from line
to neutral, the fundamental armature current is readily found
by vutting Ibl = Icl = 0 in Equ. 2.6. Thus, using the,conven—
tlonal machine constanus,

Var + By, {Ra‘. Re +j [)(c-f- "'(J‘e-t—“& ‘-GT—Y—! 1 )]} a * J b("“-x":)l (3-8)

blmilarly buttlnq Ib3 Ioz = O in Egu. 2 8 gives: uhe ap-

PIrox imPte third- harmonlc current.

B +Xay ¥ Ko .
Vas =} zw:o-x;)l'g, = % Rorre +j3 (% + - K‘V )}I“ (39)

In ﬂenefal the (2m+1)bh harmonwc current is approyimauely

given by

. X
Vacaimen) -Jt(lmu)(x;—x:i) Liamen = { Ra+ Re +J(zm+/)(x¢ + Z‘.&’;‘?: } Ia“,,.,,_,) ,p)

The generul expression of the equwvalenb voltame represent—
ing the corrections due to currents of higher freguencies is

given by

AED(AT’!—I) == "é'(l?n—l)(&’i""q,) Ia'(nm-rn ) (3'”) ;

When the macthe ig loaded irom 11ne to 11ne, expregsions

similar to Equs. 3.10 and 3.1l can be obtained by subtracting



the voltage equation of phase c¢ from that of phase b and usins
the relations I, = 0 and I, = - I (valid for all frequencaes).
It can be shown that the fundamehtal current 1is approximately

given by

Vier + £ = . 7
e ber {ZR.-ng "'J(Xe'f‘—xui*—h-)}[b,-}ﬁ'(’,( xq/)I; (3-/2)

the (2n+l)th—harmon1c curwent is aDprox1mauely given by

V"‘“’""’ *) z(zr-v+l>(m-xq/)fum -n = {”‘”t‘ "’J“””“’("e ’M' -“d—&)}zﬁ'"’nn) (3.13)

and the equlvalent voltage for curfent correction is given by

A Epeiaman = J % (am=1)(xi - xq,) IM,,.,,,, ) (3:14)

When the external impedance Re, Xo is . large, or the subtran-
sient saliency of the machine is small, the harmonic currents
are small and Equs. 3.8 and 3.12 will give nearly the correct
values of the fundamental currents. Otherwise corrections must

be mado by using Equs. 3. 11 and 3.14.

(3.5) Single-phase Operation with Nezligible Armature Resist-

ance—ixact Solut ion

Vhen the resistance in the armature circult is neglig 1ble
and the source voltage is sinusoidal, an ‘exact' solution for
the armature current can be Tound as shown in the Appendix
(Article 14.2). It is shown that for the line-to-neutral case,
the fundamenial and harmonic components of the armature current

are given by

3 (VartEar) = j { L(xatxg+Rovdxe) s wazu-*sxm[xw‘;(maxe)l } Las + j% (xa=xg31, (3.15)

where

. In(zmol) = b Iﬂ’
ma= 1, R, 3, o N, : (3.10)
b = (Xg + £ko+3%e) = (X3 4% (et 3%¢)

and ° UG+ L t3%e)> v {5+ 3 (%t 3%)

Similarly, for the line-to-line case, the ifundamental and
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the harmonic components of the armature current are given by

Ve # Esey = j { £ (atxg# Xe) # JOZAEROG TR | Iy, =) § a=xg) I, (3.17) |
WHhere Ipamen = (b7 Ly

(3.18)
and b = S tERe = [RAFERe }

YRz *4Xe v {xz+ £ xe

Comparing Equ. 3.8, the apprroximete solution for the funda-
mental component of current for the line-to-neutral operation,
and Bgu. 3.15, the corresponding 'exact' solutlon for negli-

gible resistance in the armeture circualt, it is clear that the

only differente between them, after meglecting the R's in Equ.
5.8, is in the coefficient of I ;. The two equations would be
identical if the quantiiy

L (=<1 u : =

E(Xd "'Xq) (.)019)
which is part of the coefficlent of Ial in Equ. 3.8, were equal

to e R R
‘ [TE TR smas )[4+ % 3Re)] = FXotixe) (3.20)

the . corresponding gquantity in Egqu. 3.15. Evidently Expressions
3.19 and 3.20 are equal only when X} = Xc'i: that is, when the
machine has zero subtransient sallency ahd consequently zero
‘Tharmonic currents. The actual difference between them depends
on the relative magnitudes of XY, X&i XO and X and will be
largest when £, 1s eqgual to'zero,‘tﬁat ig, when the mgchine ig
directly short-circuited from line to neutral.

Similerly, Egus. 3.12 and 3.17 can be compared for the line-

to-line case. It can be shown that the expression corresponding

to Expression 3.20 is

AT IR Rg + EXe) ~ = Xe (3.21)

which differs from Expression 3.19 by the largest amount when
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Xe is equal to zero. The difference will then be the difference
between the arithmetfical mean and the geometrical mean of the

direct-axis and the quadrature-axis. subtransient reactances.

(3.6) Purther Possible Assumptions

When the effects of space harmonics are neglected, the
solution for the steady-state currents of a synchronous machine
is: greatly simplified (Art. 3.2) and can be expressed 1n terms:
of five derived machine constents: (Equ. 3.1). There are other
possible assumptions which will further reduce the number of
machine.conétants and éimplify thé solution. The asgumptions:

may reduce the accuracy of the result but they may be essential

when it becomes necessary to have as. simple a representation
of the synchronous machine as . possible, as in the power system
studies.

If necessary, the synchronOus:saliency'(Xﬁ_ﬁ Xq) may be neg-
lected. This-is equivalent to neglecting the terms involving
the conjugate currents 1ln the solution for the fundaméntal
currents: and taking the average value of Xd.and Xq_aSsthe single
synchronous. reactance. The appropriate value of this synchronous
reactance is, in fact, some sort of a mean value of and Xq,
depending on the. phase of the armature currents, and the arith-
metical mean is but one of the possible values.

The subtransient saliency may also be neglected for simpli-
clty. This 1s:equivalent to neglecting the harmonic currents.

A single subtransient reactance: (which is Virtually the same:

thing as the.
ng as: the. negative-sequence reactance) may be used andg



some sort of a mean value between Xa and Xa may be assigned to
1t. Its:appropriate value depends oﬁ.the hérmonic currents and
can be.worked out for any particular case.

When both kinds of saliency (synchronous and subtransient)
are neglected, there remain only three distinet reactances,
il.e., the zero-sequence reactance: X,, the synchronous: reactance
(mean value of Xd,and Xq) and the subtransient or negative-
sequence reactance (mean value of Xﬁ and X&), and the solution

mey be consliderably simplified.
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(4) METHOD OF SYMMETRICAL COMPONENTS

(4.1) General Considerations

In the simplified solution (Article 3.2, negligibde space-

N

he pogitive- and negative- seguence. currents

c

harmbnic effects)
(Ip(2m~1) and In(2m—l)) automatically come in although no at-
tempt has been made to introduce the method of symmetricel
components at that staze. This suggests that there must be
some gain if the method is applied.

The form of the machine impedance matrices (ZEqus. 2.6, 2.8
and 2.10 with external impedances omitted and space-harmonic
terus neglected)valso shows that it can be diagonaliséd when.
pre-multiplied by [S)' and post-multiplied by [s] , where [8]
is the well-known symmetrical-component transformation matrix

defined by

o ! ! !

i

(Sl=s| A*| A | 1

el A Al 7

When Lhe eyternal 1mped@nce metrix 1s of the general Torm
b c ‘

-
@ Z z I Zy |

c Z, Zg z

its inclusion does not affect the »process of dla gopalisation,
and mey be treated as part of the machine impedance metrices.
When the external impedance mairix does not f2ll into this

category, no material gain will be realised by the use of +the




method of symmetrical components.

Without the knowledge of the actuel form of the external im-

-

pedance matrix, the external impedances may be omitted if the

machine terminal voltages Vv Vpg and v, are used in place of

at’
the sourde’voltages va,vb end v,. This 1ls a rigorous process
though the terminal voltages of the machine may not be known
without flrst finding the armature currients.

Since the method of symmetrical components 1s 1in iiselfl a
rigorous mathematical transformation process, 1lts appllication
will in all cases give correct results, provided it ié apolied
in a rigorous way; In obher words, the method l& always valid
if in additilion to the fundamental-irequency guantities the
harmenic-frequency quantitles are also included in the course

of the transiformation.

(4.2) Sequence Eguations

When the symmetrical component transiormatlon is made to the
voltaze, current and ilmpedance matrices (Equs. 2.6, 2.8 and
2.10 with the elements of the voltaze and lmpedance matrices
simplified to Egus. 3.2 and 3.4 by neglecting space-harmonic

effects) according to the formulae

M= 511
8- Is1te
and ' = (51720

where the dashed ' cuantitien are those after the transiorma-
tion, and the interaction of currents of hicher Ifreqguencies

(Zqus. 3.5 and 3.5.a) are included (i.e., the exact solution),
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it can e shown that the fundamental voltage equation is.
VpirjEao Rov j 27 P Ty
Y| = S e PEE ] I | ()
Vort Ry + )Xo Lo
I,
Lps
andrthe"(2m+ijéﬁ;hé;@oﬁEéngiﬁaééheéagﬁggh iéiwﬁ“
[ — '? - - - T ' — -
Vp(,: reryt Raj@@me) ""’;x‘; . ja@amen n‘;&’ | Ip(zmw)
Vocamenc | =  Rarjamen 224 joimen B8\ o | Ty (4.2)
Vg(zmﬂ; ¢ Re “‘.’- (aomer3 %, Ia(xmfl)
Iz
Ipiameay

i

where thé sﬁbéériptéué,whrand 0 dencote the pogitive-, negative-
~and zero- sequence quantities.

It is cleax from Egus. 4.1 and 4.2 that there are independ-
ent eircuits for the positive-sequence, fundamental-frequency
component of current and the zero-sequence component of current
at all freguencies. The negallve-sequence, fundamentél—frequenc;
component and the positive- and negavive- seguence harmonic
components of current are all mutually related. This fact has

been shown elsevwhere based on the concept of rotating fields.

The equations (4.1 and 4.2) may, therefore, serve as a mathe-
matical proof of the rotating-ifield theory.

Since the posltive-sequence, fUHdamental—frequency current
is indepen@ant of the armature current components of other

sequences or frequencies, the two synchronous reactances Xd
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and Xq are not affected by the armature curbents (remembering
the assumption of no magnetic saturation). Similarly the zero-

seguence reactance X 1s also independent of the armature cur-

o}
rents. The negative-sequence reactance, however, has no definite
values, being dependent on the magnitude and phase of the har-
monic currents. When the harmonic currents become negligible,
1t is egual to the arithmetical mean of the direct- and quad-
rature- axis subtransient resctances X& and. Xg, as can be seen
from Tgu. 4.1.

It is now clear that the quantity given by Expression 3.20,
which is originally picked out from the armature reaciance as
the part which is afiected by the harmonic currents, is in fact
the negative-sequence reachtance appropriate to the case(single-
phase line-to-line) considered. Similarly the guantity ziven
by Expression 3.21 is the appropriate hegative—sequence recct-
ance for the single-phase line-to-line. operation with negligible
resistance and capvacitance in the armeture circuit and sinu-

soidal source voltage.

(4.

) Sinmle-phase Operations

Wl

The‘solutioh for single-phase operations can also be found
from the sequence equations given in the preceding article in
addition to the more direct process shown in Article 3.4. The
use of the sequence equations for these simpler cases may be
a. roundabout process, but it does serve.to show, as an example,
the avplication of the method of symmetvrical components.

It can be chown that for the line-to-neutral case, the
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positive-, negative- and zero- seguence currents are equal and
each has. one third the value of the phase current. This con-
dition is valid for currents of allirequencles, so tthat

In(2u-1) = Tn(an-1) = To(2u-1) ~ Ia.(gm_l) (4.3)

substituting the relation given by Egu. 4.3 into esach of the
sequence ecguations represented by Equ. 4.1 and adding, gives
Ty * Byp = {3R + J[F0GRR) + YY) + X1}/
+ J(XgXg VI /6 + j(xy X4 ) I,5/6 (4.4)
which is equal to Equ. 3.8 with Zg omitted and.‘AE;l'addad.

[e

Similarly, from Egu. 4.2,
Vo (2n=1)t = J(am+1) (X3-X )Ia(Em—l)/6
v (3R, + 3(2mr1) (xErl4x03} I, (onp1)/3
+ j(2m+1)(xé’L—Xq)Ia(‘zm,,B )/é (4.5)
wiich 1s equal to Hqu. 3.9 with Ze omitted and AR, (p.1) added.
When R, 1s neglected and Vé(mel)t: 0, the following rela-
tion can be derived from Fqu. 4.5 (Referring to Abpendix 14.2):
o (2m41) = Poly (2m-1) | (4.6)
VEGFER, - VA+EK, )/ VETHER, + X+ o) (&.T)

wnere by
Puttinz m = 1 in Equ. 4.6 and substituting into the negative-
sequence equation of Equ. 4.1, IaB can be eliminated. The nega-
tive~sequence equation becomes, wWith Ra neglected,
V1 = 3 (VIR TR, - oo (4.8)

which shows that ure nc“atlve seguence reactance for the line-

to=xline loading without external impedance should be

3{2 = \/(.A.CL"‘,J \.O)(X”"“g ) - %‘XO - (4-9)

which is the same as Zxbpression 3.20 when X, = Of




Addingz the positive- and zero- seguence eguations Irom Zgu.
4.1 and the nemative-sequence equation (Egu. 4.8) gives Equ.

d

3.15 for the fundamentel-frequency current. The equation for
the harmonic curvents (Zgu. 3.16) can also be derived from
Zgu. 4.5 by using Igu. 4.6.

Similar considerations can be ziven to the line-to-line ¢

o
n
0}

With the current restrailnts

i, = O and iy = - 1,

]

the seguence currents are

Totem-1) = ~ In(om-1) = 3Ib(gm;1)//§

and = 0

I,
o(2m-1)
Using these current relations and proceedinz in like manner

as in the line-to-neutral case, 1t cah be shown that Egus. 35.12
!

and 3.13 (with X, omitted and BDE,q and .AE%(2m+1&Aadded) can

e

be derived. It can also be shown that when R, 1s nezlected and

Vbc(2ﬁ—1)t = 0 the appropriate nezgative-sequence reactahce 1l1sg
i e L

X, = VXKD ' ‘ (4.10)
which 1s the same as Expression 3.21 vhen X; = o/

(4.4) Synchronous Motor on Unbalanced lMeins

As another example for the application of the method of sym-
metricael components, consider the case of a synchronous motor
overating with unbalanced sinusoidal applied voltages. It is

- s AT oy =g . =
gleal, from Bau. 4.2, thet when Vp(2m—1) Vi (2r-1) Vo(em—l)
= 0, no harmonic currents higher than the third will exist.

Thus, instead of an infinite number of equations as for the




zenerel case there remain ondy four equations, among them two
indevendent, relating the sequence fundamental currents and

the pos:.tue—ﬁeouel ce, ‘third-harmonic current:

Vﬁ,—,s {R“” ("“"“V’}Ifn*J;L(xa-xq,)rb,' | (4.11)

Vo {R +jk (x,c-fxq,)}jm +iE X -xy) Iy (4.12)

o -{R 'O‘J—(xd"',‘q/>}11,3 +J-(x.4—x.§>1',,, (4.13)

a-nd'%v Vo = (R +, *o) o, 14)

In Egu. 4.12, the third-harmonic CUPreDt I 5 can be elim-

-

inated by using Zou. 4.13. If Ra is neglected compa.red with

B(X"&Yq)/z, Tgu. 4.12 is reduced to

V {R + Jlxd.ﬂy/("d-f"f@)}rnl : (4' 15)

Wwhich shows tnat uhe bppr0b“1aze neaetive-sequence reactance 1s

Xy = 2Xux!/ (%)) . | (4.16)

The~third—harmonic current is approximately ziven by

Ig = Inl(xg Xy )/ (Xgaxg) I (4.17)

{4.5) Nematlve-seguence Reactance

In connection with the solution for the particular cases,
a number of possible values (Expressions 3.19, 3.20, 3.21, 4.9,

4,10 and 4.16) for the negative-sequence reactance have been

worked out. It is interesting to note that all these values lie
within two limits, the arithmetical mean (3.19) and the harmonic
mean (4.16) of the diréect-~ and guadrature- axis subtransient

reeactances. It is uhus D0n87019 to conc]ude that the relation

ﬁ-(ghx ) > x> 2x,,¢x.,,/(,w,‘?) | | (4.18)

for the nes ablve sequenne reactance holds in general DTOVlQCd
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that the source voltages are sinusoidal and that there is no
capaclitance in the armatufe.circuitss

Althouszh X2 depends on the harmonic currents and varles
within the limits =iven by Exnression 4.18, & definite value
must be assigned to it béfore an 'independent' nesative-sequence
equation can be obtained. A possiﬁle value for FON is the geom-
etrical mean of the two limits, which is also the geometrical

gl il
mean of Xy and Lq

and the approvriate value for the line-to-
line shori cireuit. The difference among these three sorts of
mathematical mean value (arithmetical, geometrical ahd harmonic)
of X3 and Xa depends on the relative magnitudes of X& and X&.
For é machiﬁe with damper windings in both the direct and the
guadrature axes, the difference betwéen Xg and Xa is generally
small and the three gorts. of mean value will not differ much
from one another5 and the use of a.single X2 for all possgible
operation (except with capacitances in the armature circuits)
of the machine will not cause much error. Much greater error
will be introduced when the machine has negligible guadrature-
axis‘damping, as Xg will then have the sgame value as.xq. Ex~
ternal inductive iﬂpedances will reduce the difference between

the overall subtransient reactances in the direct and guadra-

ture axes; and are therefore favourable to the use of a single
Xo. Table I gives a. comparison of the three sorts of mean value

for a certain range of the ratio X&/Xﬁ.
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TABLE I
xg Xy AM/XY oG L/XKE H.IL /XY
1.0 1.000 ‘ 1.000 1.000
1.5 1.250 _ S 1l.225 1.200
2.0 1.500 , 1.414 © 1.333
2.5 1.750 1.581 1.429

2.500 . 2.000 1.600

(4.6) simplified Method of Solution ‘

For the:. sake. of simplicity, both or either of the synchronous
Oor subtransient salilency of a syhchronous machine may be neg-
lected as dlscussed in Article 3.6. The,negledt of the subtran-
sient salliency and the use of a single Xé résults in the:possi~
bility of an independent negative-seguence equation. If the
synchronoﬁs sallency 1is. retailned, the steady-state fundomental-
fregquency armature currents of a synchronous machine can be |

approximately found by the following four equatlons:

Vg = By = Xgla * Rolg | (£.19)
Vg F Relg - XyIg (4.20)
V, = (Ry + JXp)I, . (4.21)
V, = (R, + JX,)I, (4.22)

where Vavand Vq”are the direct- and qgadraﬁufe— axls components
of the. positive-sequence terminal voltagé, I& and Iaaare real
numbers and are the real and lmeginary. paris of the posit;ve;
sequence current Ip. In and IO aré comblex'numbers.

To simplify thé;equations further stlll, R, may be neglected
compared ﬁith.xa and qu The direqt— and gquadrature- axis equ-

o

ations (4.19 and 4.20) thus become independent 0f each other.




The machine may therefore be represented by Tour independent
equivalent circuits, three of them are simple pPessive networks.

each containing a single impedance, as shown in Fig. 4.1.

z = 3 =
d %L £/ ” .Xx . Zo x,
Vv -V é Xy Yn ' ’ Vo
4‘ Eao l Ra Ra
‘ Fig. 4.1
If the synchronous saliency 1s also ne tlected, the positive-

sequence equation reduces tO
p ¥ By = (Ry + %)L, | (4.23)

where 2. is the positive-segquence reactance. Egqus. 4.23, 4.21

V.

+

I—J

and 4.22 are sufficient for the determination of the fTundament-
al-frequancy armature currents. Farallel to the nezative-
sequence reactance, the velue of X may be taken as the geom~-

etrical mean of‘Xd and X Since the ratio Xd/Xq ié. seldom

q-
larger than 1.5, there 1s not much difference whet-her the

arithmetical mean, the geometrical mean or the harmonic mean
Qf Xd and Xq is usged as Xq.
It ig: interesting to note. the analogy regarding Xy and X,.

(-

]

The success. of using a single Xy depends on the neglect of the

~

synchronous saliency and that of usinz & single Xy devendg on
the neglect of the: subtransient saliency. IT the: machine h@g
a;symmetri al rotor (one. with both synchronous: and subtransient
symmetriestuch as the rotor of an induction motor), thers will
be. no sagliency of either sort and Egus. 4.23, 4.21 and 4.22
glve exact results. A solid (unlaminated) round rotor is syn-
wronous ly symmetrical and approximately subtra nsiently sym-

mevrical, so the three sequence equations: can give £00d. results




Tor & machindequipp@d‘with such a rotor. For a sallent-pole
machine with dempsr windingzs in both the pole and the. interpole
axes, the synchronous saliency is appreciable but the subtran-
slent seliency is small, and Equs. 4.19, 4.20, 4.21 angd 4.22
can be used without much error.

In the event of appreciable space-harnonic e“'ects, the
Tungda wmental currents mey still be determlned by the method of
symmetrical bomponents eg discussed above, as the effects of
space harmonics on the fundamental currents are small (referring
to Zqu. 2.7, 1f M4z = 0.1 ¢, I -~/Lie = 0.0LI % 1/L.-e, etc. ).
The harmonic currents are much more affected by the bwes@fce
“of gpa .ce harmonics. The most prominent term due. to gspace har-
monics in EaB(Equ. 2.9) is the term involving the field excita-
tion unless the zero-sequence, fTundamental-freguency current is
unduly large. This'su@gests that the harmonic currents may still
be found by Equ. 4.2 provided the tormlngl volu@,e V (2m=1)%

3 a r - - Y M Thi 1 i)
includes the component J(2m+l’l%i%2m+l)IfOA/2° This process

has the physical meaning of neglecting the armature reactlon on
the harmonic Tlux (in space due to the field excitation). This
is- approximately true when the degree of unbalance of the arma-
ture ctreuits is not too large, as the positive-sequence, fund-
anmentel-frequency current cemnot modify the harmonic flux, a
concepnt parallel to the fact that'the negative-sequence, Tund -~

amental~freguency current cannot modlfv the. fund“mentwﬂflu

(4.7) Experimental Results

a) Round-rotor machine
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The.machine'was a synchronous-induction mabhine with negli-
2ible synchronous sallilency and danping effecits. The space-
harmonic effects were also negligibie.‘The fundamental and de-
rived gonstants of the machine shown in Table II were measured
by a.c. measurement.

TABLE IT

R, = 0.68 ohm wl,, = 87 ohms WM,y = - 40 onms
WL, = 4.79 ohms (including the exciter inductance)

WIL o = 18.2 ohms w/21 = 50 cps

Xy = Xy = X§ = 127 ohms Xy = 23.2 ohms Xo = 7 ohms

With & line~to-neutral inductive load consisting of a fixed
inductor of 11.6 ohms at 50 cps in series with a variable re-
sistor for load adjustment, and an excitation of 30 Amps., the
calculated results, using the eguatlions glven in Article 3.4
and making the correctlion once, are shown in Table III and
Fig. 4.2;’The.effects of harmonics higher than the fifth have

been neglected in obtaining the. results given in Table III.

TABLE IIT
Re 0 20 40 70 100 140 200
I,; | 5.05 4.8 4,45  3.66  3.02 2.38  1.78

/[=179.% / 164 7°/ 152.6° /- 136 9° /- 1274§A/ 118.7° /-111.3°

0%, 145 1.39 1.24 0.98 0. 75 0.5% 0.33
[-173.9° [-158.2" /-138.6" /-115.C° /-92.6° /-79.9° /-62.7

s 0.34 0.33 0.30 0.25 0.18 0.13 0.08
/-179.2°/-156.1 L—lj4 2° /-106.4° [_84 0 /-60.2° /-3%.9°

The waveforms of the calculated and measured currents cor-
responding to Ry = 100 ohms are compared as shown in Fig. 4.3.

The measursd values of the third~ and fifth~ harmonic currents
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are given in Fig. 4.2. These‘values were measured'by an har-
monic analyser.

The values of the. fundamental current found by using X, =
/“~Xq 51.4 ohms and neglecting the harmonic currents are

given in Table IV.

TABLE IV
Re 0] 20 40 70 100 140 200
I 5.20 5.06 4.60 3. 78 3.10 2.46 1.80

al /) 3505 /1605 /-161.0° /-136.1° /-126.1° /~117.% /~110.1°

For R

o = 0, the lexact' value of I ; and I, found by Equs.

3.15 and 3.16 are35:07[;;§9’and 1.48/-18C respectively (X2 =
59.7 and by = 0.29%).

The measured and calculated results with an excitation of
20 Amps. are also shown in Fig. 4.2.

(b) salient-pole machine

The mschine wag a salient-pole machine with negligible
auadrature-axls damping. The fundamental parsmeters and the
derived machine constants (neglecting space-harmonic effects)
are shown 1in Table V.

TABLE V

R, = 0.03 ohm wl, = 0.51 ohm WM., = ~0.19 ohm

o
o)

L=

WL o = 0.07 ohm  wliyp = -0.06 ohm  Wif,z7 = 34.5 ohme

Wi, 7 = 1.81 ohms ®iYs1/Leg = 0.39 ohm Il o1l +3/Leo
: = 0.02 ohnm
X5 = 0.81 onm Xq=X3-O .60 ohm X,=0.13 ohm X5=0.33 olm
The. guantity involving.the sguare of MéfB is: small and neg-
lected.

The connected load impedance were

Zige = 0.09 + J1.0, Zpe = 1.68, Zoe = 0.74 + j1.0
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at 50 eps. The. field excitation was 1 Amp.
The calculated and measured values of the fundamental currents

are. compared as shown in Table VI.

TABLE VI
Phese a b c
' | 34.7 22.9 = 25.1
Using Fqu. 2.6 /-179.7° /133.7 /=39.5
Neglecbing Synchronous Saliency 535.0 24.0 26.4
& Space-harmonic Effects: /=175.7° [136.5°  /-40.2°
Test (magnitude only) - 34,7 23.1 25.6

The various components (as classified in Article 2.4) of the
equivalent third-harmonic voltages and the third-harmonlc cur-

rents are shown in Table VII.

TABLE VII
Phage a b c
Voltage component due. to 7 .56 7.56 7.56
space harmonic & excitation /-90.0° /-90.0° /-90.C°
Voltagze component due o 1.94 1.20 1.26
synchronous saliency /=-104.2°  /102.5 /-11.3°
Voltage component due to 5.14 5,14 5.14
negstive-sequence current /141.0° /21.0° /=99.C
Voltage. component due to 0.47 0.47 . 0.47
zero-sequence current /-90.0° /-90/0° /-90.0
Total third-harmonic voltage. 7.45 6.89 3.4
| /-126.8" /-47.9° [/-87.8
Third-harmonic current 1.89 4,06 3.43
. /is7.7°  [/-82.7° [/-162.5
Test (current, magnitude only) 1.96 = 4.28 3.52

The results given in Table VI for the fundamental current
components: show that the error introduced by neglecting the

synchronous saliency and space-harmonic effects is not large.

This close result is partly due to the fact that +he effects
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of synchronous saliency and those of the space harmonic are of |
opposite nature, which 1s clear from Egu. 2.73 and partly due
to the effect of the external resctances.

Comparing the various. components of the third-harmonic
voltages given in Table VII confirms the statement made 1n the
last paragraph of Article 4.6 that the most prominent terms
are those due to the field excitation and the negative-sequence
current. The .component due to synchronous saliency becomes
wholly dependent on the negative-sequence current when Ms2 =
= L », a condition which is very nearly true unless the effects
of‘SPace harmonics are unduly large, and may be taken as part
of the component due to the negative-sequence current. Thus,
with these two prominent components included and the others
(part of the second component and the fourth oomponenﬁ in
Table'VII) neglected, the errdbr introduced will be of the order

of the fourth component (due to Zero-sequence. current) in

Table VII.




(5) FIELD GURAENT, DAKPER CURRENTS &

ELECTROMAGNETIC TORRJUE

(5.1) Field and Damper Currents

In the procesg of deriving the steady~-state solution for

the armeture currents, the Tield and damper currents ha¥e bhsen
eliminated, so that these currents are missing in the solution

given in the previous chapters. They can, after the armature
currents nave been determined, be found by substituting the

values of the armeture currents in the fleld~ and damper-

ck

cilrcuit voltage equatlions.

At steady state, each of the currents i% (the field excita
tlon I excluded), lypg and ipqy ceh be ‘exvressed by an even-
wsrmonic series without the constant term {d.c. component), so

I Py

that the field and damper resistances may be neglected compaied
with the reactances at twice and higher multiples of the fun-
damental freguency. Thus, neglecting the field and damper

resistances and integrating, the field- and damper- clrcult

voltage eguations may be reduced to

o = Moap [L,,ooswc + Ly cos(wt - an/f3) + i cos (wt‘,fzrc/_;)]
tMops(lavby + i) eo53wl + Ly & + My Cea (5-1)

.0 = Maygy [L,, coswl + Lgcos(wl-am/a) + i c.as(u.)5+zrc/5)]

+Mﬂf$(£a';";b+ €. )eos3wt +M;tdl'.}"+ L;.d Cha (5.2)
and o= -Mag [Cc. sinwt + Ly sin (Wt -2arf3) + (o sin (wt-o-zn:/;})]v
+M.,,,,(L,,‘+ Lo+l )s/in3wt + Lig .,W (5-3)
Solving Egus. 5.1 a;a S.ém/m»ﬁi:ghégagly LOPMAE-;DQ ikd

gives
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{ Mg, [ Latoswt +iyeos(wt=2m/3) + i, cosfwt H'r/:l)] + Magy (Lat by +ic) COSIwT

(5-4)

|
|
-re - 1
. - Ly =M, '~—/_ . . . . . . .
and_ L= I ”_“_x:,u e Mag, [o‘Lcoswt + iy cos(wt ~amf3) + bcc.os(wt+zm/3‘)] +M.;,(t-¢ﬂ.bﬂ.t)c:s 3wt |
) 5-5) |
|

where L = Chplicg =My )/(/-1 Tl = 2Mua)
Also from Zgu. 5.3,

Lig = 7_:; {Ma.,,/ [(_,a sinewt +ly5inlwl ~an/f3y + L. sirn (wt +zu/5)] = Mags (Ca+lys (. )arm ch} (5-6)

Iet the steady-state armature currents be expressed as

- B}
ia‘ = fi z I amery COS [(lmw)wt + ?’.,,umn)l
-

l:b = 52 Liamery €COS [(2""*')“’5 + ﬂ::mﬂ)] (5:7)
Foid N -

-
and i = VT 2 Luame €05 [@miD@l + Lamw] |
meg . N

-

HEqu. 5.7 in Zgu. 5.3 and omititing the constant

w

ubstituting
terms (since the d.c. components do not exist at steady state)

glves the harmonic components of the steady-state i%:

-2 3
i, = - ‘M—"—c’ﬂ"ﬁ Z i‘ Laiamesn O3 (“"’"' wi + (Paum'n) + ,;J'Ibrum-u Cos (2 7 Wi + Pocarmers = 27‘/3 )
L4 by # gt =AMt Lf‘ mzo

# 4 Lecuman €08 (37577 WC 4 P + 27[3 ) |

‘ffla(:mwo), cos (3 mrl wl + Pa(sz!)) +#Ib‘lm".!) cos (R mrs wil +P6um+.\) + 17!/5) ‘

+ J): Leiamey, €OS (2 7107 W+ Peiames; — 27‘/5) }

Lo =M Maya
— i
L,Ol—y-;rff‘d "fc

Z {i‘ Ia coS(AWE - Pq,) + T Ip, €OS (2T -Ps/) +3+ Lo, cos (2 Wl ~Pe,)

+ £ 71,5005 (AT + ) + £ L5 oS (Al r P5) + F L 205 (2wt +iP.5)

oo
+ E [i— Tacamer CO3 (2 7 T Wt + Humm) + L L5 0imen COS (2 mea wt + ‘pm,,,,,,)

m»mso

+ ‘J‘.-Icunnn cos (1 m¥T wl + ﬂumu))

+ 'i'[numr'n COS(J mex wt + %(sz")) * i-lbumfn cos (2 Yh('}/ Q)c + ‘Fb(:m"r))

* ELIC(H,"-?) cos (2 mFL wc + V}umoﬂ) ]}

e — B ?&e)
The second-harmonic component of the field current can be

Tepresented symbolically in terms of complex numbers as




Lys =M, ) '
! ""‘5‘"——,‘“_—_7 {Ma;/ (Ia/ *”llbr +hdy + Layt ;’Iés * hzfcj)

2 Lyt LasmaMpn L
-rMaf:(f:, s 1+ 15+ T, + 145 +Xcs ) }

_ - _3_ Lo = Myid ) /
R by ¥hpot =2Myof L;c M"f’ {(In * [P’) + Moy, (Ia/ *zas)} (59)

ny positive int ger except O and

*1118f1y the 2mth (m is

1) hermonlc can be represented in symbollc form as

. i 3 Lyg =My )
Teaem) = = 3“m' ,_/‘ Mogi { Tnram=iy * Lpamerd ) + Maogs { Loam-1r + Lopamedy ‘
(5.10)

m = posifive inlegers gxcepl o o 1

Comparing HEous. 5. 4 and 5. 5 it is cleaf that the steady-

state direct-axis-damper current is given by

7 kg = Mexd ’ (5:71)
kd — T/ £
bekeo = Myxo

Similarly, substituting Equ. 5.7 in fou. 5.0 and neglecting

the. constant terms gives the quudrature—ﬂx1s damber curfcnt

£ Ly ey SIP (2. mer bt P 27t/5 )

Lad
= My g7 Z { L Totimen, Sin (1 ™ WL+ ‘FA“,,,‘,,) +
mzo

# 4 Teamon i (3577 98+ Pgmen + 273 )

=% Latamssy Sin (1 mer wi + g,mm) ~ 3 Lameny $f0 (z mE Wl F Py, T 2.7!:/5)

‘:zLIctzmu) sin (2 m#7 Wl +Piamss -275/3) }

- Moy 7.

Zrg, {—flu/ th(;‘wc -Spa/) +j-zb! Srn (Zﬁ)’t"‘)’bl) + '2" I, §/in (2 wC-PCI)

~ Ly S/ (T + Wy ) = FIsy 3in (2wl + Pps) = § Ios S/ (AL + 12s)

oo
+ E ['J"I,u,..,.,, Sin (1 AR wl + Paumw)) + ‘ZL Ib(zrnﬂ) Sie (2 mr2 wl + S"bumu))

mao

+ ;Icam*/} Sin ('2 mea Wl + Fecamw )

- ;(LIG,,,,,,,, sn (2 m+2 wl + tpammn) - :{-Ib(,,,,,,, St (2 m+2 Wl + 906“,,,,,,)

= £ I ame .S/n(z mea wl + (pcum,,) ]} (5.72)

In symbolic form, tne second ha monic component of

the steads:

glven by

dfuuure~ v1s—damper current is

M . . Ky
Iwa = :lL'Zﬁ'l' {’J(zar*hlfb,"hfu) +j (L, *hzu*/"fcd))’

Ma 1 . . .
‘:ZL 1:;‘ f"J(Iaj’Ibl*Ict)"llza}flbs"zcs)}

-J.u Ma’ (IH/"II’J) +J'i Ma] (Io/‘jos) (5-13)
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and the 2mth harmonic is given Dby
= a3 Mg, - . M.,
qu'um’ 13 —Lx-:; (I”‘""'“ Z“’""”’) *J 2 _—_‘E— ( 2y am- a) 'Io zmu))
ma positire sntegers except O amd 7 (5-14)

Wher the apace-harmonic e¢fect is nteeCUed N%r = M

= 0 and the 2mth (m is any non-zero positive integer) harmonic

omponents of the field apnddamper currents are reduced to

. _ 3 Lot = My M-[

If‘“"’ -T2 Lyt g =2 M (Ih(nn-n + IF"""'”)

I _ _ 3 . L! 'vM;kd :
Kaam 2 Lytigg-2 Mnd ‘_;‘ (Inu\,.-,-” I’.(:mor! (5./5)

.3 Mag
- JT Lag (I"ra’"") - Imzmﬂ\)

al’ld Ihz(nm

(5.2) Electromagznetic Torgue

The electiromagnetic torque developed by & syhchironous ma-
chine can be obtained by the application of the law of conser-
vabion of energy as shown in the following.

The voltage equations. of the machine can be expressed 1in
terms of the terminal voltages and currents as

(vl = [Rpliig + gp{lL,))} (5.15.2)
where [Vt} contains the.terminal voltages Vaie Ve Vet and )
[i,] contains the terminal currents 1, 1y, 1., 1z Iyg and iqu
and [Rm] and[lm]are given by Egues. 2.4 and 2.5 with the external
resistances and inductances omlitted.

Fre-multiplied through by the transpose of [it] and also
multiplied through by the scalar dt, Equ. 5.15.a becomes the
energy eguetion

i, oLl dt = [l lrd-lidae + [, - { T Lidl) e
= el [Rd-[iddt + 4o { L [ - Lie] Jte
o+ x el [l uae ——;-"‘—Ei;‘]—t-u..]-[e,m (5.16)
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In Egqu. 5.16, the term on the left-hand side is the-electri—
calrenergy input to the machine, the first term on the right-
hand side is the energy dissipated as heat 1in the machine, the
second term lis. the energy stored in the magnetic fleld in the
machine, so that the last two terms must be the mechanical
energy output converted by the machine. Conseguently the me-

chanical output of the machine 1s given by

P = kel (1 G} - £ 2HE allde 1014 (57>

Bince L is symmetrical, ARTRE th = dhﬂc[bg[ba , and

Equ. 5 17 reduces to

Pm{ [Lt]t, [L"] | (5.78)

The machanical power oubput is also egual to T ae/d+t, where

T is he electropagnetlc torque oT the Wachine. Thuc

= Pm % = i, i“"] ‘[ ] (549)

Comparing Equs. 5 18 and 5. 19 ‘shows +that at constant speed,
the torqve is numerically egual to the power when 1t 1s multi—
plied by w , since d9/dat = . When the power is expressed 1n
watts, the ‘Lorque, after being multiplied by @, is in syn-
chronous watis.

When the inductance matri: [L.] piven by Equ. 2.5 {external

N
U

f=n

inductances omitted) is substituted in Equ. 5.19, the explic
form of the electromagnetic torgue can be found. The expression
will, however, be very complicated. I the effects of the space
harmonlics are neglected by putting Mygz = Mgigs = 0 and Mgp
= =Ly, the expression of the electromagnetic torgue can be

simplified to




T = —:'(Ld."l'q,)(;di-% +T§‘Maffﬁf+ikd)(:$ —TMaq, "'kq,"d (5'20);

.. 3 .
or T = %(Li-Lq,) bd vg * T Mag Iy vy,

+ —3‘ ""a; (L’f t “kd) bg, TMaq ""i/ Ud (5-.21) .

where i =" 3 {cw cos wt + ub cos(wt=21c{3) + Lo cos(wt +z7tla)} } i
(5.22)

an‘d Lq,: -—{oa srnwl + wp sinlwl-am/a) + Lo sin{wt + 21:/3)} |

In uhe second ex pression (Zgu. 5 21) for T , it has been de-
liberately divided 1nto several physically distinct components.
The first term on the right-hand side is the reluctance torgue
due to the synchronous seliency, &he second term is the‘synch—
ronous torgue due. to the fleld excltation I~ and the last two
terms are danmplng torgues like that developed in an inductilon

macnine.

Equ. 5.20 may bhe written more compactly as
y

= Y, ¢ by — \& L (5.23)

where Yy = '%{L4ht* Mq(W*&u)}
}(5z4)

and ¥, = % (Ly 0q + Mag Cig)
Since &t steady éﬁate, eachrof the four qﬁabfities \ki,\Kl,
ig and iq_in Bgu. 5 23 can be represented by an even-harmonic
series, the torqgue can also be represented by an even-harmonlc
series. The complete expression for the torgue involves the
evaluation of the product of two infinite harmonic serles and
is;rather complicated. It is not difficult, however, to find
an expression Ior the average torque,'since it is coptribuied
only by the equal-frequency components of Y and iy and '4@

and 1g. Expressed in the unit of power, say the synchropous-

watts, the averagﬂ torque is n‘iven by

mso

Tava = Real Pa’f of, Z { wd(lm‘) qearmy T “’qu,(zmll:(nm} (5~25)




Substltuting Zqu. 5.7 in Equ. 5.22, it can be shown that the

d.c. component of ig is

Iio = V2 Real part of I‘pl
= (Ip) ¢ I51IA2 (5.26)

and the 2mth (m is any non-zero positive integer) harmonic is

Idum) = Inum-:) + Ip(.zmr/) ‘ : - (5.27)

Also fhe d.c. coznpohént éf‘” lqr is

Iyo =¥2 Imeginary part of I,

q — wﬂ“’“&“ v v—. _. e PR
== Iy - A2 (5.28)
1.
and. the 2wt haymonlice. is. R =
[ . el B JO — 1a.
Iq,um) = J (Inum-n - Ipumu)) (529)

.3 Iy, - Ip
w\ﬁo = -J—{?-X?—L—R—L-

(5.20)
WYyim = ';— Xo ( Iniam-1y + I{,()mf/))
-3
and’ ‘“\l’@“"" = 3% (Imm-n - Ip(szl’)
Consequently in Zgu. 5.25,
. Real part of (w\b;,lw - w\f’qu;a) = 3 Real part of 6:1';’/ 1
and Reol part of 3 (w\bd'“m[i“m - @ Vam I;um)) | (5-31)
= 3 Rea/ part of Z 6:,,( Ipumw) - I”“M”))
. |
y - - » :
where €, = - Eao + j (a-%)(Zp + 1) ‘
‘ } (5.32)

and : C:m = J -.21— (xq=~x3) ( Tnimen + Ip(ﬂmru)

and the average torque can be expressed in terms of the arma-
ture sequence currents as

T 3 x Real parf of {C*I P S "

e = @ L] mZ-/ ézm (Ip(zmﬂ) - I?.(zm-l))}

Note that the quantity & oy 1s the voltage developed in




-y

Bubstituting ZEgu. 5.7 in Zgu. 5.22, 1t can be shown that the

d.c. component of id is:

Iio = V2 Real part of Io1 |
= (I, v I5IN2 (5.26)
and the 2mth (m is any non-zero positive integer) harmonic is
Id(zm) = Iman;—n + IP(A"H'I) ’ ' ‘ (5.27)
% LT DTS ML D TAILIALT _ )

Substituting Lgus. 5.15, 5.26, 5.27, 5.28 and 5.29 in Lgu.

5.24 gives the constant gnd alternating components of ‘Pd and

3 It !" oy
m‘f"‘, = J—Z—-(Xd. I;I/ +_E“a)

.3 I = Ip
“"\I’V = “Jﬁ‘ Xq, _%L

4 (5.30)'
3 .
w\PdL;m) = =y X ( I,,(:m-l) + Ip()}nf/))
: .3
and wWYsam =J17% (Ihcnn-nv - Ip(szl7)
Consequently in Zgu. 5.25,
'Real part of (w\(/;olv, - Wv’qu;o) = 3 Real part of 5: Iy
aﬂd Real part Of z (w‘#;umqu,nm) = w‘{li{zm)l;amy) ) } (53')
a— A~ *
= 3 Real Pa’f Of ’; é‘zm( IP(J?JH'() - In(zrn-l))\
|
. . |
Whel"e 60 = - an + j'}l‘(xd"xq,)(zﬁl +I¢u) i
‘ , } (5.32)
and  Cim = 0 F Fio5D) (Lnwmen * Tpamen) .

and the average torgue can be expressed in terms of the arma-
ture seguence currents as

T, =3xﬁ’ea/,bar7‘of{6*l +§é"

w @ Ll ey am (Iﬁ(zmﬂ) - I;(zm-/))

Note that the quentity ¢, 1s the volitage developed in




the mutual reasctance % (X% - Xa) between the negative-sequence

Q

(2m-1)th-harmonic current In(em_l)'and the positive-sequence

(2m+1)th-harmonic current Ip(Eﬁfi}' Fnysically 1t represents

a Tield rotating et 2m times the speed of the fundamental ro-~

tating fleld with respect to the fileld siructure. Thils rota-

ting fleld reacts with the current I . to produce &
p(2m+l)

boslitive average torgue and with the current In (2m-1) to pro-

duce a negative average torgue.

2
s

=

b

The quantity fc,is corresponding to the forward rotating

¢

field (normal speed with respect to the armeture) which reacts
only with the positive-seqguence, fUndamental—frequency compo-
nent of current to produce the maln average torgue of the me-
chine.

The average torque produced by the components of the arma-
ture current other than the positive-seqguence, fundamental-

irequency compohent depends on the subtransient saliency of

the machlne ag it is proportional to the“quantityrxg_- X”o'

s

This .is 1n close resemblance to the reluctance torque, produced
by the posltive-sequence, fundamental frequency component of
current, whlch depends on the synchronous sallency of the

machline.




(67 STEADY-STATE ERUIVALIHT CIRCUITS AWD THEIR APFLICATIONS

(6.1) Types of Eouivalent Circuit

The steady-state solution (with the space-harmonic effects
neglected) given in Chapter 4 can be represented by the equi-
valent circults to be described below. These equivalent cir-
cuits are derived directly from the simplified equations so
that they are in fact another form of statement of the sim-
plified solution. Nevertheless, the eguivalent circuits can

ometlimes glve a clearer picture of the physical phenoumens
than the equations themselves. Moreover, they can be set up
in a network analyser to avoid the labour of solving the
equatlons.

Three different types of eguivalent circuit relatinz the
armature voltage and current components of different seguences
and at different freguencies are neceszary. The first type
of eguivalent clrcu1t gives the relation between the positive-
seguence, fundamental-ireguency components of the armature
voltage and current. There 1s only one circult belonging to
this type. The second type of eguivelent circult gives the
relation between the negative-seguence, (2m-1)th-harmonic
(m is any non-zero positive integer) components and the
positive-seguence, (2m+l)th-harmonic component éf the armeture
voltage and current. There is an infinite number of such cir-
cuité reiating the voliage and current components at frequencies

of two copsecutive harmonic orders. The third type of equiva-

lent cirecuit gives +the relation between the Zero-sgseguence
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~

components of the armature voltage and current at any freguency.

There is aga

‘_J

n an infinite pumber of such circults but there is
- ode -, g o - (N R o
no mutual between two vol tage or current components at different
frequencies.
() @guivelent circuit of the first type
The positive-segsuence, funda 1~'Wequency ltane equa-

tion is, from zZgu. 4.1,

. . X4t X . Xa=X » .
Vor = jEas = (-/zu+ J = V)IPI + J —% I, (6-7)

Its conjugate eguation 1s

Xy =Xg,

. X X » .
th +./Ea.o (R"-"‘J A Q’)Iﬁl - J Ip/
which may be rewrltten as
. Xg- . Xgt X hod )
-~V = jEao = ] "tzxq/ I, + (=Rt ] =52)1,, (0:2)

o

Egus. 6.1 and 6.2 are, of course, consistent and not inde-

pendent, but they may be considered as the voltage equations

of & two-mesh circult with I, and Ij; as the mesh currents.

Ra Xq, Xg -Ra
—~—"7" — v
o :
i tikas o
r}
7] &o . ~Vpr
l T (i ~%g)
Frig. 6.7.

Evidently the circeuit shown in Fig. 6.1 is equivalent to these
two equations.
Fig. 6.1 is the equivalent circult for the positive-seguence,

4

Tundamental-firequency components of the armature voltage and
current. When a rachine is operating under balanced condition,
it 1s the steady-state GGUlVM*CDU circult of the machine as

voltage and current components of other seguences and &t obher




frequences ¢o not exist. For a machine where there igs no syn-

chropnous seliency, Xg = Xy and the right-hond mesh of Fig. 6.1

can e omitted.

o

The average torgue cantributed by the positive-seguence,
fundamental-frequency current is obtainable from the eguivalent

circult by teking the average power involved in the current

The chilef disadvantage of the clrcuit shown in Fiz. 6.1 is
the presence of the negative resistance - Ry, & quantity not
all types of network analyser can represent. An unsuccessful
attempt nas Deen made to find another equivelent clrcult with-
the negative resistance but still suitable for use in cénjunc~
tion with the second and third types of equlvalent circults
to be described in the subsequent sections.

(b} Equivalent circuit of the second type

Putting m-1 for m, and dividing througzh by 2m-1, the second

eguation of Zgu. 4.2 becones

L xiexs
/(Z'm-—/J = [Ra/(*m'/)-P J("d-*"‘;«)/'z] Iniameny +J 42 = Lpamen (6-3)

Vn(zm-r)

Also, dividinz throush by 2m+l, the first equation of Egu. 4.2

Deconmes

JE;_K.‘E‘L I"“m_” + [Ru/(zmw) + j(Xé'.*xé,')/z] I;»(xnn&n (6.4)

Vi amen / (am+/)

ﬁqus.'élf and 6.4 can be reprresented by the equivalent cir-
cuilt shown ih.Fig. 6.2, which is a familiar T-network. This
circuit shows the mechanism by which the harmonic volitage and
current components are produced when a machine is operating

under unbalanced conditions. This process of producing hisher—




ffeqguency components may o on 1ndeiln1 tely so long as n(gn_ )
exists, except for a machine where there is no subtransient

i rov XUt
sallency when Xj Xq.

Ra [tam-n "; . X3 Ry famer)
AN 5 -~
—~— )
Im.u..-n Lptarman ;
Vincam-n £ Trxi-xg) Vaumes
am-t 2m amey
! ! I
| 4 i
F/'g. 6.2

In the actual application of thils eguive lent circuit, a

number of clrculits of this type are connecied together accord-
ing to the terminal conditions 1mposed by the particular pro-
blem, and in \enefal an infinite ladder network will result.
This infinite ladder network will not be egual to an ordinary
iniinite f17cef netwprk, because not all the circult elements
in a particular mesh are identical with those in another mesh.
However, in some problems, such as the unsymmetrlical short
circuits of a machine directly at ite terminals or through
inductances, R, may be neglected so thaﬁ the infinite ladder
network may be reduced to an ordinary infinite Ifilter network
and the theory of the latter may be applied directly.

Finally the gveraze toraue contributed by the harmonic cur-
rents can be obtained from thekequivalent circuit by taking
the difference of the power involved in the current Ip(szl)
and the voltage & oy end the power involved in the current
Iy (op-1) &nd the voltage € one
(c) Eaquivalent circuit of the third type

Dividing through by 2mt+l, the third eguation of Zgu. 4.2

becomes

mem/(zmu) [Ra/(lmf’) *‘Jxo]I.umﬂ) (6-5)
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which can be represented by the simple series cilrcyit shown

- . o=

o in Fig. 0.3. This type of

Raf(2m 1)

T“TC:_“ ‘ egulivalent circuit is the
i 0amry
o3ty Xo - , .
Lo 3 simplest of the three, which
]
L can be expected as the zero-
Fig. 6-3

- seguence current doss not
produce any flux crossing the air gap, thus it has no couprling
with the circuits on the other side of the air gap. There is
no torgue involved in thils circult.

(d) Effects of iron losses and the field- and demper-

éircuit copper losses.

So far the iron losses of the machine have not been consi-
dered and the copper losses in the field and damper circults
have Dbeen neglected, owing to the difficulty of including them
in a simple manner in the eguations. However, these losses can
be repiresented readily by bdutting suitable series or shunt
resistance in the equilvalent circuilts.

The eddy-current loss in the armature iron can be included
by suitably increasing the value of R, and the eddy-current
logss in the field iron can be included by using sultable values
of de and. quf The hysteresis loss, however, cannot be repre-
sented in this menner, as it is proportlional to the frequencyv
‘of the current. It can be represented by adding a shunt resist-
ance R, in the second type of equivalent clrcult in parallel
with the element %(Xj - Xy ). The resistance Ry, unlike others,

is.not divided by the factor 2m+l.

The copper losses in the fileld and damper circults can be
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represented approximately by includling a resistance Rd defined

by o

2 n V y -
M ( Lid = Mskd )‘1 ( by ~Myxd 2
Ry = i pf “Ad” i

4 Lie { Lt lkd =2 Moy Ry + Ly ¥ Lpg =AM ) Rid (6.6)

in series with X! and a resistance Rq defined by

a
¥ o : :
Ry =7z, *xs (6:7)

in seriles.with Xa, In the equivalent circuit, a resistance of

(Rd + Rq)/4m maynbe‘put in series with the mutual branch

o

‘(x;?{ - Xg)-
With these losses included, the second tybe of equivalent

circuit is modified to the circuit shown in Fig. 6.4. It is

R famony % ny Aalames)

v B £A A
— ] — Tpiimas }
Incam-ry i I H
[ S1E il
Yocam= <0, i Youumen
= I*"- T pea-x) e
Fig. 64,

clear that, if %he ﬁé;méhic cﬁrrehtsvare heglccted, the equi-
valeht negatlve-sequence resistance 1is givenyby

Ry = Ry + (Rg + Ry)/4 (6.8)

(e) Change of reference axis

The reference axls for the steady-state solution and con-
seguently for the equivalent circuits given 1n the previous
sections has been the fileld excitation Ig,. In other words,

'Y

I is a pure real number and acts to determine the real axis

fo
to whose reference all the voltages and currents, which are
generally complex numbers, are expressed. The choice of re-
ference axis.lis, of course, purely optional, and that the field
excltation hes been chosen is because bt can give simpler ex-
Presslions for the solution.

oxis
Let the new reference,lag the old one (field excitation)




2 s ) 5§
by an angle § . Multiplied through by eJ , Bau. 6.1 becomes

j Ity . Xa#X j& . Xa=X » _j&
V‘P’EJS -jEa€” = (Rav) =% Yzt v j A T e

Xo-Xq o %* jab
2 Ty €

OF ¥, = jEace™ = (Ratj Z57) 1y *J (69)

e T T o
where Vﬁl = vpleJ and Iﬁ = :ﬁfi? are the terminal voltage

and current components expressed along the new reference axis.

Similarly Egu. 6.2 can be reduced to

i28 . j& - Xg = % . . Xdt X » _ ja&
Ve e, = ST I v (FRat BT I €

IP it is remembered that the voltamges and currents are hnow

<2

expressed alsong the new reference axis, the dashes may be
dropped for similicity. Thus, when the reference axis 1s lag-
ging the field axis by the angle 8§, the first type of equiva-

lent circuit becomes that shown in Fig. 6.5.

: Ry g Xq, -8R
‘ Ar o T g
1 i3 * a8
Ip fjfaqu I, € i
4 gi5 _u a8
[r o Liag-xg) V',['
Fig. 6.5

By similar reasoning, it can be shown that the second and

the third types of equivalent circuilts can be reduced to Figs.

Rufiam-ry  Xg x5, R [camen : Rafarmtr)
4 r —- A
atm-né .
i Tngumery €757 1 Lpiimen i
Vimam=s) 5"“‘""')6 elm fixa-%g) Nociman) G‘j‘ms Xa
=1 - Armre

‘E-_,um.ns ;
1 | *
| b

()

6.6a and 6.6.b when the currents and voltages are referred 1o

the. new axis.




(6.2) Unsymmetrical Short Circuits

In order to show how the equivalent circuits are connected
together, the thiree typical unsymumetrical short circuits (line-
to-1line, line-to-meutral and double-~line-to-neutral), which

ere the simpler cases of the unsymmetrical operation of a syn-

]

chronous machine, will be considered. The approximate exvress-
iong for the steadysstate voltages and currents neglectlng
resistances will be derived. .
(a) Line—toQIine short circuit
If the terminals b and ¢ are short-circulited, the terminal
conditions are, for the fundamental as well as the harmonic
components, as follows.
Ia =
Ib = - IC (6.11)

(@]

and Vb =V
In terms of symmetrical components, the terminal conditions

become

I, - I, =0 (6.12)
and Vp = Vpy =0

The pattern of connection, which shows. the manner in which

o The clrcults are connected to-

I [ ‘T . ~ gether, can be formed in accord-
p-Crrcurt Vv, Vi n-Circuit X . o .
= [ ance with Egqu. 6.12 as shown in
L ‘ | |
Fig. 6-T. Fig. 6.7. Using this pattern of

connection the harmonic equiva-




lent circuits can be connected together as shown in Flg. 6.8.

The negative-sequence impedance, ZE’ which 1s equal to the

Ra g, Xy Raf3 Ral3  *g Xy Rafs 2f5 XA xy Ay

—— - A ot
1., / Ipg Ins Lys
— Ak oRy)
- & J £y p FRem s y; Vorly oves
y C $OE) iy f ( | FOlr = Vel ¢ Frzoady

) ) ‘ » , F/g 68,
ratlo Vhl/Inla is. given by the equivalent lmpedance viewed
from the V, ; end of the circuit shown in Fig. 6.8.

The complete equivalent circuit is shown in Fig. 6.9. The

impedance -Z¥%¥ is represented by the same form of equivalent
2

circuit as shown in Fig. 6.8 except that all the resistances

Ra Xq, Xa, R,
T —— 2 v
" — e
| I § jEao I
Z Vs,
2] v I
Fig. 6-9. Fig. 6:10.

become hégé%ivé. If the rééistanoes éfé heglected,u:zg'will be
equal to Zo asethéy will be pure imaglhnaries. In addition, with
the resistances hegleoted, Ipl will be a pure real number so
that Ipl = 51, and the complete equivalent circult can be re-
duced to Fig. 6.10.

The final equivagnt circuit shown in Fig. 6.10 shows the
validity of the ordinary way of applyling the method of symmet-
rical obmponents to the problem by considering the fundamental-
freQuency guantities alone. The accuracy of the method 1in de-
termining the. fundamental-frequency components rests entirely
one the cholce of the value of Xy,

To determine the proper expression for X, from Fig. 6.8 (the

resistances neglected), consider the general infinite filter
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network shown in Fig. 6.11. It has been shown elsewhere that

if the current in the infinite mesh tends to zero, the ratio

e Wl s e W
(M B EYEC
F'fg 6.717.

£1 2.

of the currents in the (mtl)th and tke mth mesheq is given by
Iml/I = ' ' } (6-13)
where b = <4 23 {A+za-—J<a+zeV-4s'}
Ihttlnﬁ A= JQY& and B = j%(xa - X") in Egu. 6.13, the ge-

ometilc raulo b IOf tne llﬂe~u0 l¢ne ShOfu 01rcu1t 1s

Y S O R s PR
b= oz { J(x¢+x,,,) J = (xarxgy + (xi-x5) }
— JIxd — x5 = ~b, ‘ (6.14)
Xd, + JXW .

The (2m+1)th harmonic of current is thus given by

Tn(ae1) = (P10 I (6.15)
The voltage equation of the first mesh in Fig. 6.8 (the

resistances ne£1e0ucq) is.

Vo) = J'i'("d*"'t‘l ’Ja(*d’x7/)1p3

{(xd+x$)—(m xg) fi?*f_ﬁz }I,,,

it

so that the negative-seguence reactance 1is gilven by
X = Vp1/ 3y = /-férf" | - (6.16)
The positive—sequence, EUndamental—frequency component of
current is given by, from Fig. 6.10,
Ior = = Buo/ (Xg i-JEEXW) (6.17)

" The Lunaamentul comoonent of the current in pvhase b is

ha Ipl + hInl + IOl (6.18)
33Eq0/ (Fa + JEIXY)

Im

11
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and the (2mtl)th-harmonic component is
- [ AL ‘ ,
Ip(ome1) = (P10 oy (6.19)

The Fourler expresglon for the steady-state short-circuit

current is. therefore

V3 Eam ‘ . o ksl }
= Y2 %em ) ps (Wl+ =) = b, cos (3wt +Z) + b cos 5wc+——— -
XAH'—)CLJ(:,' ;a) / ( g) ( )

- _TEm

X4+,/x‘_x ..,Z 57 s/ (z m+ywi » (620)

whers '? = -

The. sequence voltages are, from Fig. 6.8,

Vpczmw) — Vnu mrs)

FE] 2m+/

J 2 L (xg +’%)I,.(znw) ’J;L("“ -x‘l/ ) L piames)
= —j ,}X,"(Xfi, I¢¢:m¢l)

s0 that the (2m+1 Yth~harmonic cbmpohéhtwof the terminal voltage.

o

of phase a, the open phase, 1is
. %.urnﬂ) - memu) + Vn(:mrr)

= JCe)Tamr) 21Xy g (6:21)
Xy + Jx,g_xg';

The Fourier expression Tor the open -phase voltage is there-

fore given by

V, = — 2AXEXG Fom i 6,7 (Rm 1) Sin(2menwl (e22)
xﬂ“'/x&xxi; mze

The short-circuit current and the open-phase voltaze given

by Equs. 6.20 and 6.22 will also be given later as components

=]

of the complete solution after a sudden short circuit when the

trensients are also consgidered.
(b) Line-to-neutral short circult

If phase a 1s short-circuited, the terminal conditiong are

L. =1I. =20
v (6.25)
hd Vé = 0

In terus of symmetrical components, the terminal conditions



become

Ip = = I

I
| ke (6.24)
and V? + Vh + V

o
o =0

[95]

ng Equ. 6.24 is shown in

e

The rattern of connected satisly

- e Tig. 6.12., According to this

;Vv""
oy, S - pattern of connectlion the har-
Ip I‘ Lz,
- 3 £ ] ] ORI T
EEEH Vo w'EéEE monic @gquivelent circuits, with
L’ # , the resisiances neglected, can
Fiy‘ 6.12

‘be. connected together as shown

o

in Fig. 6.13. The geometric ratio can be found by putting

A= j2A] + Xo) and B = JE(XE - X) in Equ. 6.13. Its express-

ion is

- (X +dxe — [xg+Ex, = -5, (6.25)
Y Xa+ % — [x;+%x,

L)

The (2m+l)th-harmonic component is given by
_ .
Ioem+1) = Po Ip1 (6.26)

The volteze eguation of the first mesh 1n Fiz. 6.13 is

Vo = jExis Xy ) Ins 4 JE(XG=%G) Ips

‘Jx,‘i,otx, -JxQ¢I.Xo }I
n

= 4 x4+ XS 4+ x"-x')
Jz{( 4 ¥ (xa v x;o-;-x¢+,~.;0;x,

g0 that the nezmative-sequence reactance 1s

£ = an/jlnl
=Y+ ) (R + BKe) - %o | (6.27)

The complete equivalent eircult is shown in Fig. 6.14. The

fundamental component of curreni is
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ATYt.0.2 J

; S *a Xo
Eao ’ i o """t r
1, = — 1 (0.28) Iy Tos
#! Xet §%0 ¢ JO5 xre)%q + xe) ‘ Yo t
- — =
and the (2m+1)up ~harmonic component is jEu T A
b Fao .
. by = - o (6.29)
poame) Rar ke e siols 1y Fig. 6:1%.
Reme IDePWH” that 1]

tae phuse currenu ig eouml to

the seaquence current, the short-circult current is

Tound to be
. 3Eom
b =

e { coswt + b, cosiwt -v-b:cosswt LR }
* Xa+yxo+ (et £ X)Xy +3X0)

= - 3Eam i b, cos (ams+ )Wl (6-30)
Xat 5%+ [OXLTLN)(xg + k%) £z

The positive-seaquance,

(2m+l)th-harmonic terminal voltesge
isg given bv

V#umﬂ) o

T =) {4 xdexg) + "°} Tpamen = J'i(x"x‘l«)lb(zm‘rs)

o b (xR + xe L (-2 I = [xaek%, Lpameny
=-jyxtraT 2 Y g + ag et

= "J i (x,L*‘-Xa)(Xq,foa) + ?’1‘ X.} Iﬁ“,,,ﬂ)

(6:31)
imi 1 1v the negative-seguence, (2m#l )th-harmonic terminal
oltage 1s given by

V;tzm;/) =j 1(7‘&*’7%) Iﬁum»n + j E(Ra=X%g) Ipeames
me

J { (xd""“"ﬂ)( xq,‘*""“') - } I{’(amr/)

The zero—sequence,

(2m+l)th hermonic terminal voliaze is &iven
by 7 -
_V:—;:—:'.'";—” = jxo If(xmﬂ)

The (2m+1l)th~harmonic components of he terminal voltages

of phase:b and ¢, the opsn phases, are therefore given by

a
Vb(zmw) = h Vﬁumw) + h Vatemeny + Yo amen

= (sz-/){ -3 (xdu-x,)(x‘vw&x.) +] x }Lf,umn)

(6.34)
ANA  Vemer = A Vamen + A Vamen + Voamen |
= um+”{13/h¢+&nuM+Lm)+j o } Lpcimen (635)
The bouélem expressions for tbe>;;:;;;;7”voit;geraf phases:
b and c are



- e S T ot
v, = £, { I3 [OGrEx X, +5%2) ng by (am+1) COS (2mM+/)D

Xp g %o + (x4 £ X)X+ 4 %)

+-zix,z bs"(am+1) sin(ame)wl } (6:36)

™

- E, e cos(zam+dwl

and v = ane {'Jj_ ’(":c‘ﬁ"‘-)("i'/*i'xv) Z 6a (2am+7)
3 Xa+ %o+ I{x;f‘;x,)(xie-;x,) e

f%""g b (am+1) Sim (Ame+rywit } (6-37) .

(c) Double-line-tencutral short circuit

IT both the vthases b ané ¢ are short~circuited to the neu-

tral, the terminal conditions are
Ia = O

and Vb = Vc = 0

which beceme, when expressed in terms of symmetiical comnonents,

(6.38)

Ip+In+IO:O
3 : (6.39)
and Vy =V, = Vs
The pattern of connection satisfying Equ. 6.39 is shown in
Fiz. 6.15. It is plain that when the O-bZanch is deleted, Fiz.
6.15 reduces to Figz. 6.7, so that the double-line-to-neutral

case may be reduced to the line-to-line case by putting X, = =9,

L . ~ Also when the O-branch is short-

. 7 ;'“T‘ circulted, all the current compo-
: " i
prcucut] vy [o-crer] v il B nents will be equal to zero ei-
cept the positive-seguence, fun-

F/'g. 6-/5
. ' oo damental-ireguency component, as

there 1s no internal voltage in any component clrcult excedt
the positive-sequence, fundamental-freguency circult. Therefore
the double-line-to-neutral short cirecuit may be reduced to the
symme{rical three-phase short circult by putting Ry = X5 = O,

According to the pattern of connection Ziven by Fig. 6.15,
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the harmonlc equivalent circuits can be connectéd together as

shown 1in Fig.

6.16.a to form the negative-sequence reaciance

o (resistances neglected). Since there are two different kinds

of meshes in Fig. 6.16.a, it is necessary to reduce them to a

(%29

xg, xq Xa x3 Xg
£ N TN ==
— -— —p - — -
I, 1ps ‘1,, Iy Ips + Ios Iny
Xy == Vp, °>f“'~¥“i’ Xo foied %o poa TIT 4l (@)
{ 2 ) ‘j Vos? )

= 3= 3 Vas

I—’F—‘U‘-—*-—’H
'Z—)-

Xy Vi o}S

= 4% = FVas

Iy,

Jid @
T~ ™

‘?S

Fig. 6.16.

Xe

Ier |

FO2x0 Ver/T e ven I3

|

— A i=Xy)

XL+ X7 +2Xo

single kind vefore the e:

Q = —ieXe

-
>

XL+ X+ 2%

oression for X

Xo (X ~X4)
X+ X5 +2Xe

can Pe derived by the

method used in the two previous sections. This can be achieved

by the

6.16.Db.

ALz,
<

In order 4o derive ithe expression for

ratio b isg first determined by putting A

B =

j8. in Equ. 6.13. Thus,

delta-star transformation and the

b = VXZ(Xg +aX%) = Xg (X4 2%)

The negative-seqguence,

m
In(2m—l) = b Iy

The. voltage equation of the first mesh in Fig.

H

Vi1

3]

a

VXg (Xg+axe) + [xg(xa+2ax%.)

(2m+1)th-harmonic

B+ s+ XN -

= b,

J(P+ s+ X0 )Iq - 381

ng‘.) II] 1

result . is shown in

Zo, the geometric

J(P + Q,+,X('£) and

(6.40)

component is given by

(6.41)

6.16.b is
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so that the equivalent negatlve-seguence reacthtance is
X, = P+S+ Xy ~ b, S
XXy, + XX (xZ+2%)(Xg + Ax.) : (6.42)

X+ x,’i +*2Xg

The comnlete equlvalent circuit is shown in Fl 6,17 17 Re—

F/g 6-/7.

ferring to this eircuit, the fundamentul freguency. sequence

currents are given by

I, = = Eao
b X3 Xg
X4 + 2 Re
X3+ X

= - Ko | 6-43

Ins X+ %o Iy ( )
‘ _ X,
and I, = —;;7:1N

Equ. 6.43 also gives uhe (2m+1)th hermonic componenents of
urrent when it is multiplied by b3.

The fundamental-Ifrequency component of current in Ddhage

b
is given by
Ib! = hll.‘,, + h I,,,7 "'MIDI - N 7
. 3 X2 M 5 X2+ 2Xo
=- {T' X3t Xo t T T rxe }I‘P’
r J.Xp Eao
- !
AR RERE KU o) Shroryrs sy
EE.O
{(x+2%0)(x5 + 2%, . (6.44)
{F t o (xae2x0)0xg + 2%0) [ x5 Xg, } xd.["f‘ J(xuzx.,)(x.,uxo)/xcx,y] +gx,
and the (2m+l)th harmonic component is given b]
— . -~
Theme1) = b2 Tp1 (6.45)

Similarly, the. fundamental-irequency component of current

in Dhuse c is leen by

ICI = AIP; + h I + Iol

=3 {"3 - [ ORUT ARG+ A%) [Ha Xy, }

Ego
X4 [ I+ Jixraxe) (xg+ 2%e) [¥axq, ] *1X~

(6-46)




and the (2m+l)th-harmonic component is given by

| _ 0 :
;G(Emfl) P2 Loy (6.47)

The PFourier exnressiong of the phasge currents are

i =

/3 Epm ‘

X4 [ ;+ J(x;+zx¢)(x‘;+xx,)/x:¢x{, ] +2x,

meo oyl

OO .
3 3 by eostamenawt — Jixz a0 r 153 A% Z b:_s/n(lm+l)ut}

(6-48)

I3 Eyn

&_1 I+ xar G g+ a%e ) XXy ] + 2%,

L=

O ) o
. {E }_ bytos@menwl + (X% 2% (x5 +2%,)/ X%} Z b7 .s/n(zmu)mt}

(6.49)

Referring to Fig. 6.16.%, it is clear that the (2m+l)th-
harmonic coumponents of the sequénce voliagzes are

Vpumn! _ Vﬁ(;mn) — Vo(zmu) —_ 1 X
Amrr | T T 2mel T Tam+s = J Hoamen
or Vanuj = Vaumey = Vorawen

b (am+1) Xo Eqo

X (14 %e/x3) v %,

- J 67 (2m+1) 2Xo Eao (0.50)
X [ 1+ SO amd UG F I [XZ K] | + A%o

The Fourilier expression Tor .the terminal voltage of the open

phase (phase a) is thus

Vo = —

©Xo Eam d
- = S b Gam+iysincame N wl (6513
X, [I + Vxa+2%)(x3,+ zxo)]xd.xq/] +t2Xe 0T

(d) Numerical examples and experimental results

The calculation of the open-phase voltaged and thelr ex-
perimental check for the. three. t{ypes of unsymmetrical short
cireuits are given in this section. But before giving these
examples Egus. 6.22, 6.36, 6;37 and 6.51 are first reduced to
other forms which are more convenient for computation. This
is found to Ee<necessary because 1in the examples to be given
the ratio X&/X& is large 50 that the higher-order harmonic

terms are not negligible. It can be shown that by making use



of the mathematical identities

oo (A+{A8 )cos8

; b cos(an+11 @ = AeB r (ABrcosaD
i oo _ - (A+{AB)Sind ' (6.52)
a Y’ Ssincanr)fg = -
and ;775( TS A+8-(A-B) cos28

where.v b = (ra“—f/T)/(JTH’B—)

Equs. 6.22, 6.36, 6.37 and 6.51 can be expressed alternatively

as (6 = wt)

i £ (Xa~2xx)sin b - (x;-xi).x/n"e (6.53)
C - am
X+ X3 X3, [X&*xii_f(x;,—»x:‘)caszej‘

Xa + VXX

V, = 4)(9'

X+ F Xo + (Xgs EX0N Xq +5 %0}
X+ g %o+ [(xEAEFX XY+ Ex0)

(xg-2xi-+x,)c058 = (Xg -%2)cos’f

&
!

[xa+xg+x0 = <x5 -x2) cos28]"

-E‘,,,,-{ 23 (x{ +$x.)

(Xa=2%5 -+ %) S/n O + (K;—xi)é/ﬂde
3K e A O e ek
[xz +x5+ xa—(x;"-xli)cosaa]

(6-54)

(X5, - 2%i-%x,) €058 - (x5~x4ycos’H
[x2+ x5+ % ~(x{~X2)cos 26])2

X +t%o + (XLt Fxa)(xg +£%0)
v, = 4 +TXo 1 3 raX%e) Ear { 275 (x5 4%.)

T = T e
Xt + T X0 + ’(*’d“i"‘f')("v'i“*n)

- 3x (Xa —axs, ~ £x0) s/n8+(x3‘;—x."{).sin"9 }
-

[ X2+ XY + %o ~ (X3~ X% ) cos2 e]‘

{(6.55)

and V.= - 3% %, xult J\‘?l.t"l’(a)(xq,*zia)ltd_tp ] rax.
X4 [ 14 A ORZH00) XG4 2%0) [ x5 %], | + 2%

r-2

I e . - 1
[xaxs ~axo(xf~2x)) 5720 + 2A%x0(%g ~x5 ) 3/n°0

[xaxy + %o (xi+x5) + xo (x5 ~x%) co326]°

respectively.

Tests were performed on a T% H.P. induction motor (operated
as & synchronous machine) with the following constants:

X5 = X, = 6 omms; X, = 0.9 ohm and Xﬁ = 0.54 ohm

q
With Xg = 6 ohms (no quadrature-axis damping) the oscillograms

of the open-phase voltages of the line-to-line, line-to-neutral
and double-line-to-neutrsl short circuits were obtained as
shown by the solid curves in Figs. 6.18.a, 6.19 and 6.20. The

s0lid curve in Fig. 6.18.D1 was the open-phase voltage for the



line-to-~1line case when

the value

8
e e s e . - o~ e d —_— - -
@) (5 .

Xgl®a = 14 Xy Ixq = 2

. 3 . s
V. = . ©.93/18 = 3imQ —.._56.6 3/n°¢
@ = 484 (.20 + ¢03 29)* Vo (3.9 sco528)%

Fig. 6.18
Q‘-
. My
Fig. 6-18 ..
+ -+ [} Open-phase vottages of /ine-lo-nautral short cirewst

Fig. 6.20

xgxa =104

0.57/5in8 =3iR0

Vo = 65 (1.857 + c0528)*

Xg/Xe = 1.1
So/id curves : Test result
dotted curves : Ceolculaled resulf,

Equations for the dotted curves :

0.819 cosB-cos'l

. .3
V, = -63.4 : 2.485in8-35in 0
6 3 ise-cossen T TN (1136-cosz2012
- 3 . .3
U o= 634 0.8/9¢o58-co5’8 ., 2.183inB-5in’6

(/36 ~eos 26)? (136 -cos528)?2

Substituting the numerical

X

values for Xi, X,» Xg» " and

q’ “d

X&uin Equs. 6.53%, 6.54, 6.55

“and 6.56 glves the expression
for the open-phase voltages

for the three cases of unsym-

metrical short circults. These voltages are shown by the dotted

curves in Fics. 6.18.a, 6.18,Db,

numerical expressions are also glven.

¥

calculated resulis from the

neglect of resistances.

6.19 and 6.20, where their

The dlscrepanclies of

test results are mainly due to the
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(6.3) Unsymmetrical Shori Circuits with Capacitive ILoads

When there.are capacitance in the armature circuits of a
'synchronous machine, as when the machine 1s connected to a
long transwmission line, some of the harmonics produced by an
unsymmetrical short circult may reach disproportionately high

- - - values if the capacltances are of

Y;ti - such values as to give a partial

X °k\ resonance copdition to these har-

monices. Fig. 6.21 shows schematic-

ally a machine connected to a bank

F,'y. 6.21

of capacitors used to simulate the long transmission line or
other te-rminal capacitance of the machine. This idealised
circult will be used as the basis for studying the effects of
capaciltive loads on unsymmetrical short circuit.

With capacitances in the armature circults, the eguilvalent
negative-seqguence reactance of the machine can no longer be
safely assessed by taking some sort of mean value of X& and
X”; as 1t may vary conslderably owing to 1ts dependencé on the
eiternal capacitive reactances.

The three typical cases of unsymmetrical short circults will
be considered in the subsequent sections in the order of in-
creagsing complexity, with the simplest case first.

(¢) Line-to-line short circuit.

IT terwinels D and ¢ are short-cilreculted, Fig. 6.21 ig re-

duced to Fig. 6.22 from which the terminal conditions of the

machine can be found as




v
A1

YIp J\zpb. In
-;-c I ﬁ'ﬂ"cul'fl ‘lr 2¢ n-Circuit l
ig. 6. Fr'g. ©-23
Iaumw) + Ib(,m.,; + Ic“"vﬂ) =~ 0
‘ (6-57)

Vbll”'v) = Veamen =0

) ; .3 X
aﬂd ! Va(n«u) - Vbumﬂ) SJI-J_;?’_"_I In“m'r

of symmetrical components the terminal conditions

In terns

can be exprescsed as ‘
IO(:mu) = 0
}(ess)

. . x
. al’ld Voamery = Vmamen = J f?m‘_n ( Igurnﬂ) + Inunun)
is-

e vattern of connectlion of the equivalent circuits sat

The
fying Equ. 6.58 is shown in Fig. 6.23. According to this pat-
tern of connection the harmonic equivalent circults can be
Ra  X§ Xy Rafs  Rafs %G X RalS
—— e
—d T T ™ HEGS
z Vo Vi3 L g 5 Vsls
2 L egi‘ﬁ-g)lv’.q toogy
Fig. 6.2¢4
Ra X X, -Ry
1 + = L. = = | 1
Vpr ae 31 -V
=V h dxe v
| ]- F0-%g) i
Fig. 6.25

as shown in Fig. 6.24, and the complete

connected together
eguivelent circuit is shown in Fig. 6.25.
Referring to Fig. 6.24, it is clear that when the subitran-
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sient saliency is not large (the ratio A" X& is not much lar-
ger than 1) so that the mutual dcoendcnce of the current com-
ponents at differenct frequencles is reletively small, the

(2m#l)th-harmonic current will reach 1ts hizghest value when

X . is approximately equal to &(2msl)* (xy + X&). When the ratio

Q

P

"”/;3 is large, the value of X, may derart considerably ifrom
2 . , . :
2m+1) ," + X&) to give a largest (2mt¢l)ith-harmonic current.

Fig. 6.24 21lg0 éhows the

(‘J

.t when the sum of the current Ip(Em*l)

6]

and I 1(2m1) reaches 1ts largest value, the voltage Va(2mfl)
also reaches 1ts largest value.

When the value of L, is of such value that a certain har-
monic component of v,, say the third, has its largest value,
the llb“Of harmonic componcnts, say from the seventh or the
ninth upwards, may become smaller than they would be for a
plain line-to-line short circuit, i.e.; when there were no
terminal capacitances, owing to the shunting effect of the
capacitances 1o higher-harmonic voliages. With a small ratio
of X&/X&, the‘voltage v, ismsubstantiélly contributed by its
lower hérmonic components; consequently the maximum value of
V, 1le:in general lncreased with capacitance load on the healthy
phase. The fact that with small resistances in the armature
circulits the. peaks of the harmonic components of voltage are
very near-ly addlitive makes Lhe meximum values of v, occur at

the same points where the principal harmonic couwponents, the
third and the fifth, have thelr largest values. Fig. 6.26 shows

the. osclllograms of v, for different values of X, with X&il 2x§.

When the ratio X{/Xy is considerably larger than unity, the
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DPeak value of v, will actually become sme.ller than that of a
plain line-to-line short civeuit with small values: of Xg» as
shown in Fig. 6.27 (X§/%§.= 11.1). The reason is that the
higher-harmonic compohenfs of v_ now contribute apafe01aoly
to its peak}value, and the increage in the third or fifth har-
monic componént cannot make up for the decreasge in the rest of
of the harmonic components. |

As a pumerical ex%%le, the voltage shown by the seqond
oscillogram in Fig. 6.27 is calculated up to the ninth~harmonic
component with the aid of Fig. 6.24 (The valuss of the resist-
ences: Ry = 0.6 ohm; Rq = 0; R, = 0.09 ohm). The equation of
this voltage.is found to be

v, = 17.6cos (6 + 5F) - 29cos (38 + &) + 52cos (56 - 607)

+ 28.3cos (76 - 3T) + 6.2cos(96 - 16" |

A comparison oi the caiculated résult ahd the tegt regult

is shown in Fig. 6.28, where the solid curve 1s the test re-

sult.

;ff,\ /\ i /\,

F/'y,\é-za

In this example, the equivalent impedance for the negative-

2

sequence, fundamental-frequency current (Fig. 6.24) is found
to be approximetely 1.58/46.5, a value which is obviously un-

preddctable from the values of X" (O 54) and Xg'(6).

-
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(b) Double-line-to-neutral short circult

If phases b and ¢ are both short-clrcuited to the neutral,

Fiz. 6.21 is reduced to Fig. 6.29. The terminal condlitlons are

G2

To(eme1)  Ve(2mel)
- - 5 3. %Xe
and. Va (2111“‘1) = J T' zm: ] Ia (2m+l)

r, in terms of symmetrical components

Vf;(zmu) = Voycamen) = Voamen = J % 2,,.,_” { IP(I‘MﬂJ + Inzmen + Io(.:mHJJ

The pattern of connection is ghown in Fig. 6.30. Fime. 6.31

and 6.32 show the harmonic eqguivelent circult and the complete

equivalent circuit. It is clear that the difference between

Ry Xi X;  Rals X Ry
— —— ——
; I, Zpy
| Fkarryr 7 (Ru+Ry )
—— Vs la: v,,,/-, + .
sz [ f L VRPE Foxi-xg) [
\' Vps/5 = Vns 5 = Vot /5
Fig. €3/
Ra Xq - Xq
1——"' V- ¥ -
o ——p
I, I
o g & b 4 jEaco
o
IO F8
=V
o Fixg-xgd

Fig. 632

the eqguivalent circuits of the previous tyD

ent

(6]
o
]
8
ci
[y
(0]
Lo
".)
(n

type of short cireylt is that there is an additional branch,

Zgs 1n parallel with the capacitance for the present +Lype.






The oscillogram

(
W
[

or different v

ey are largely similar to those

alues of
X, are shown in Fig. 6.33. T

of a line-to-line short circuit with a smaller ratio of X@/V"
(c) Line-to-neutral short circuiib

There are two different conditions for this type of short
circuit, with or without the connection between the neutral

points of the machline and the. capacitors. IT phase a 1s short-

fo-Circait) S

T
1 I' l ‘__ V. Al In
ﬁ-ci’cu'iz CJ v Vi =c fﬁ-c;‘uuiz

Fig. .35
Fig. 6-34

circuited and there is no neutral connection, Fig. 6.21 is

to Fig. 6.34. The terminal condit

reduced ions are

Vaamery = 0

. Xe
Yoiamer = JImmer (zzb(unrn + I;(Amfl))

(6.59)
and Veiamen = I’:T;T (Ibu»u-n + 2 Zc(a’w-m) |
or, in torms of symmetrical compomente,

Viamery + Vicaman + Voaamen = © :
| . t
' Ypamen = J 37:‘7 (I‘ﬁurnfn - Io(:mﬂ)) (6:60)
and v,

s X I
ame) =) onTr naamsr) = douamery

The Dattern OL connectlon s,ulsfylng gu. 4.70 is shown in
Fig. 6.35. The harmonic eguivale-nt circuit and the complete
equivalent circult ghown in Fi 6.36 and 6.37 are connected

-

ogether in accordance with the patiern shown in Fig. 6.35.



:"*“‘ /5 !
Rals ' Rols Ko |\ a5 X4 EAA

—t
Los

fATuidany Sum sty SE—
bie. I /jl 1 /1 I
L]

»> »
Vo X Yo X Z3

e q \l-

|

Fig. 6-37 ;

¢

When there 1s neutral connectlon between the machine and the

cavacitors, as shown by the dotted line in Flg. 6.21, the short

3

circuit of phase a reduces Fig. 6.21 to Fig. 6.38. The terminal

‘ " ’ conditions aré. now
Viamen = O

. Xe |
Voamen = ) Twmri Ipcamen . ! (6-5’)

. . R
Fig. 6.38. AN3. Vewmen = J Ty Leamen ‘

or, in terms of symmetrical components,

i Xe
Vpumwi =J é' 2Ime! (2 Lyameny = Incamen = uunun)

. X .
Vraamen = )é"z_r‘n_;l'(—‘z#umr)*RIhu"””' “"""')) (6-62>

H X,
&l’ld Vocamen = ) 5’;—#—(— If,umd)" Imz»wn + 2 In(unn))

The patte;n ofrconnection satisfyihg Eqﬁ;ré.6é”iémé£oﬁnmin
Fig. 6.39.a, which mey be reduced to Fig. 6.39.b by means of
the star-delte transformetion. Comparing Figs. 6.39.b and 6.35
shows the difference between the two conditions, with and withe
out neutral connections. With neutral connection, there is an
additlonal capacitance branch in parallel with the zero-seguence

circult. TFlgs. 0.40 end 6.41 show the harmonic equivalent cir-



cult and
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the complete eguivelent circuit connected in accoxrd-
ance with the pattern shown in
Fig. 6.39.Db.

There is an interesting

about the circult shown in Fig.

6.40. When X, = (2m+l)zxo, i.e.,

when L, and G are in parallel

. _
P 4 Ao Ta -
L resonance at the (2m+l)th-~haz
O« Cireit . - - . .
W %i [ . monic frequency, harmonics high-
]
V, [ C | P eireanr .
j’T I’Y [Z:] er than the (2m4l)th will be
{ "
b cut off.
Fig. 639

6.42.8 and 6.42.b show

o Figs.

the oscillograms of the voltages of the unshorteircuited Phases

for different values of XC.

Xe /5%
—]
T
lma— Vos/s
Rafy  *G Xy Raly Rois %, Refp Xy Xy &ofF
A o A—A PR\ A -
—f— —)—' ——— —— P a—
f1trRe) PR+
L x./3 L

Vegs e X5ty 2 X5

R
£0cd ~ng > Fixi-xgd l
N \ I

Fig. 6.40
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4) Two or More Machines in Parallel

When there are more

circuits representing

as fTor the

},!

valents are, however
introduction of the ideal phase

necting together two circults whose terminal volt

single-mact

than one machine in guestion, eguivalent

the whose system may be constructed just

1ine problems considered before. The equi-

more difficult to represent owing to the
for

ohifter the purpose of con-

tageg are equal

in magnitude but out of phase

(a.) A number of

When several machines are connected

ma.chines connected o an infIinite bus

w0 ah infinite bus thr-

5~ ough balacned reactances as showh
M in Fig. 0.43, with the field axés
“" of the mechines I, II, ... I léading
an arbilterily chosen axis by the

F.{td] §'F
Mg My
x* a (XY
Fig. 6 43
Bus
Votrage

3

@
>4

RS

yjeDel®”

o x)

®ivy_ 5287

e

)
Iﬁ

o 5

fjs‘,e
H

P

x, gm}

€135,

1deal

'
Phase-shiffers
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II‘ N . . .
angles. 5(1), 5( ), oo 541), the eguivalent cirecuit for

the whole system is shown in Tig. 5.44.
(b) Unsymmetrical short cireuits of two machines in parallel
When en unsymmetirlcal short cireult occurs in a gystem with
two mechlires opesrating in

parallel, both machines must be con-

gsidered as a whole beecause

the unshort-circuited

gtlll connecyv ohe machine

TLo the other. Iet the line-

B to-line short circuit be

considered Tirst. If lines b and ¢ are shorit~circuitbed

, ag

shown in Fiz. 6.45, the terminal conditions of the machine are

(I» () [¢:3] [$:3] o
Vaam+n = Votam+d = Vaczmers = Vo (amen ;
(1) ) 23]
z
Vbrzmm = Vecamen =

(XY
vbﬂ”"l"vcumn) =0

[£3]

(Z) (6'63)
&2 m
Ibunﬂ) * Licamen = Ib(n-un t Litamen = 0
a‘nd ' (24 e
acimen) + Igumu) =0

In terms of symmetrical components,

the terminal conditions

can be expressed as

v(x) _ 3] %3 (53]
pamer) = Votamen = Vpamen = Vaamen

) 23] £.2] o
Lpczmery + Imaamens ¥ Ipamen) + Inimeny = O (6-64)
¢l T3
and =

Vocamsens = Vocamen =0

Fig. 6.46 ghows the patiern of connection. Fig. 6.47 shows

the harmonic equivalent circults of both machines connected

& {zr‘n“, {z’(x) *I,f"

n-Circurt p-Cireuit n-Circuit
Mie I Mle T Mle n

Fig. 6-46,
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’ 5 el {3
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o g Vg 43
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3 i Mie T
e ek
tdeor € Ideas e’
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| 5 £
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Fig. 647

together, which wben viewed from the Vhl end, represents the
egulvalent negative-sequence impedance of the entire systemn.

The ideal phase-shifters 1ntfodvced for the purpose of connect-

ing together the harmonic guantitles have different rotios for
different harmonlcs. The complete eguivalent cirecuit is shown

in Flg. 6.48.

A‘+ lm ﬂv
.ga» -~
15 4]5:’.'(15 I;Irx‘f;zaa)
-
zx é -Z;
. tdeal
! Phase-shifters
' g A P Ay
——r—. p= .
b2l e(x) ;a8
b fﬂ: jeo I €’ %
LAY
Fig. 6.48

The equivalent olrcult for the double-line-to-neutral short

clrcuit is ve ry similar to that for the line-to-line short

clrcult. The pattern of connectlon, the harmonic equivalent

.

circult and the complete egquivalent circult are shown in Figs

6.49, 6.50 and 6.51 respectively.
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O- Circuit

Mlec T

P

p-Circuit
Mle &

8- Circwit

Mic I

Frg. 649
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e ad ——
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5 | I .
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Mic I
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”r 1 i Je] 1) )
] = e | B
rdeal »
Phase-
Shiflters
—T e ——.
- i f— —p
‘ 3¢ |
F/'g. 6-5/
ﬂ, - For the line-to-neuiral shor
# I, .
AP':‘Cirr...ir E]ﬁ . . , - .
£d Ml = circulit, the pattern of connectlion,
4'1.‘.‘ 'km) E 3 L3 > L)
Corie 24" [oasira) the harmonic eguivalent circult
/-“ and the complete eguivalent circult
are shown in Figs. 6.52, 6.53 and
Fig. 6.52

6.54 respectively.
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Although the egulvalent circuits given‘ébove are for two
machines only, similar equivalent,circuiﬁs,can be derived with-
out difficudty for more than two machines. The representation
of Z, will, of course, become more and more complicated when the

number of machines involved increases.




P.90
Art.7.1
PART II TRANSIENT-STATE SOLUTION

(7) GENERAL OPERATIOHAL SOLUTION

(7.1) General Eguations with Nezligible Space-harmonic Effects

In adéition to the neglect of the non-linearities of mag-
netic satwuration and momentary variation of speed, which are
the baclc assumptlions underlying the general equatlons given
in Article‘2.4, the assumption of nezligible space-harmonic
eifects, introduced in the later chapters in Fart I, must be
made from the beginning when the transieht—state problems are
censidered, in order that the general equations may be handled
with reasonable ecase.

It has been shown in Fart I that with the space-harmonic
effécts neglected, the mutuals between éurrent components at
different frequencies are limited to only the two components
of consecutive harmonic orders, so that the steady-stete solu-
tion can be materially simnlified. This is also true for the
trensient-state currents and is the re#son for making the
additlonal assumption from the beginningl

When a synchronous mechine 1s running steadily at an anguler

.

velocity of @ and the field current has reached 1ts stea

O
st

[y

velue of Ifo’ and the armature terminals are connected through

external impedances to a voltage source, the voltaze equations

4

of the system may be bepresneted by the matrix equation
vl = {I2,] +[2 0 R (7.1)

The wmachine impedance matriz, [Zpe]l, 1s, assunming as before

a common mutual between any two of the armature (2, b or c),




field (f)} and dirsct-axis-damper (kd) axés, given by
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a b c f kd ke
Ra +Lao 2":-' Mso Za!t‘ Mso ;} 4 d 9 o4 . 9
=i — M, coS - My S
’ # G tageos20 + & taacos(18-P)|s Fraicos (20457 A2 Mag cos 6 | ¢ Mag 035 f7ar et
o L d ™M d
Mo 75 Ra + a0 LT 07t .
o -, 2 bogcos (0-35)| & M, o5 (0= |- feMog $im(0-5)
+Sebartes(26-5F) d"‘L,,,ws(zﬁf”) 4 fitascos 28 :
d M 4 R "'L.,i
[z.]= ¢ e at d”dt d adtz £e M cos(0+ J‘;' ar“"'{e' J”ﬂt‘””(“‘)
mel= 424[‘,,505(15*‘31) + 57 bazrcos2@ ta Loz‘”(ﬁ'f;‘)
i . ; d amy| d d d
§ J;”gf cos § Z-(-H,fcos(é’-—;) Z?M,’ w$(9¢%ﬂ) R+ 4y 4 Myxad AT
o g |4 - L My cos(8+4F) M s Red + bra =
kd 'd'FH’f cos J?"a} LOS( 3) dt fxd At td kd J¢
d w8 |-dy gne-2m| 2L an Reg + Lig 2=
ki |- ¢ Mag s @ |- 3 Hagsin(§-5)| jeHogsn (0+5) 1T ke de
where 6 =Wt +AN, A being the angle by which the axis of
rield is ahead of the axis of phase a when time begins
The external imvedance matrix [Zey] in Equ. 7.1 has
£

form

kg

& b 3 £ kd

al Zaw lzow |z i
b | Zpgttr | Zpptt? Zy (€]

o| Zeger | Zopt) | Zec (€D

[Ze]=

§

hd

kg

where each

component may be expressed as

Z(%) = R + L{a/at)
The voltaze matrix in Egqu. 7.1 is
la Va+ €a
Bl v, +e,
+ & }
(vi= |2 7¢ f
§ !
kd
kg

(7.2,

-

the

to count.

(7.3)

(7.4)



where v,, ¥y and v, are the source voltages and ey =W, s I+81n08,
oy = Wi sIeosin(e - 2%/3), e, =Wl I, sin(e + 27/3). i
Finally the current matrix in Zqu. 7.1 is

al| ta

o| (o

o i :

1= (7.5)

T A .

kd | Cpa

k| ey

where the current i% does not inqlude thg steady component Ir,.
It is well known that the natural reference axes Ior the
armature currents, i.e., the bhase axes a, b and c, arebnot
convenient for the purpose of studying the performance of a
synehronous machine, and some simplifications eand transforma-
tions are needed. In the course of simplifying and transformlng
the meneral eguations, 1t is convenient to leave out the ex-
ternal impcedances at first and congider thelr eifects affer-

wards. Thus [ZéXJ may be omitted from Zqu. 7.1 but the source

voltages Vg, Vy and Vg, must be replaced by the machine terminal

voltages Vg4, Vg and Vg respectively. These two sets of volt-

epes are related by the matrix equation

[V»'OI = [V] - [Ze};]’[i] (7~6)

(7.2} Operational Houations

It can e shown that when the lLavlace transformation, de-
fined by

g@>=f”g”xanm
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is performed on Egu. 7.1 ( [Zex] omitted )} and the field and

damper currents are eliminated, the operational voliaze

equa-
tlong of the armature circulits are found to be
Vel = [Z,.(0)] [T(p)] (7.7)

where

a

b

C

o | Rat $p{Ls+ Tohriw) +Conj}]

L pfLo + #Ls (priw + Comi)

Lp{ier ALy (ptjw) +Conf. }

$p{tot ALsthrjed + Loy }

Ra +$-p { Lofz_, (bi-jw)é'(&\j.}

S {Lor KL pejo) v oy }

¢ | Fr{Ltot R (pejwds C‘”‘#}

Lp Lot hLsthrjw)t coni}

Ra+§p{‘_ofz_s(p+jw)+w;i-}

!(7.8)‘

al Vutp) + S (p) = T b { D hejw) [ Tch+jawd + A Tpeprizw) + BT cprjaw)] + Cong. }
5] = | Tyechr + G = £ 4 AT L prjo) [ Ta thtizen + A Tpcpijae) + £ Tcpriza)] + Gy
| Vg (b + B(p) = §4 {/vzé'mfn (prjw) [Teh +jzw) + h Ty (p+j2w) + K T(b+jra)] + Cd'fy}
and ’ 7 o N T X T
a Ta (P 1
[tp] = ® Tp (P
¢ TP

In the impedance and v

Lo = Lao + 2Msp
=% { Catpr + Lq(b)}

T, pr=1 { Catp) - T_q'(p)}

LatP) = Lgp=Mso + "'51' baz = 3

Ma#b

L =
4 Z4p)

-—

Lq,(P) = lgo = My, —";‘Laz -3

My P
Zg,(&)

Ly

i,‘(pJ

Zy

ng + Lk?ﬁ

oltaze matrices,

3. Ma;
'Z'd(p)

3. Moy p

Zyp)

{(%+HPN&1+HJ#)“H&J?}/{&*&w+(H%LM‘IM&”@} |

Bgus. 7.8 and 7.9,
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. 3 :
Ld = Lao=Msp+ 3 laa

L_a' = Lgo~Mso ~ _i‘l-ax

Ma = ‘3/7\ Maf
M'}: J3/1 Mml, )

The berms invol¥ying Eé(pijbﬁ, etec., have heen considered as

part of v(p) and ineluded therein.

(7.3) 1, 2, O Components — Diaszonalisation of the Machine

Operational Impadance latrix

The form of the machine operational impedance matrix (Egu.
7.8) suggests that it can be diagonalised when pre-multiplied

ol ]
by [8] and post-muliinlied by [8], [8] being the well-known

! 2 4

a ! / !
[s] =% w2} & r ' (7.11)

S—

¢c| A At /

(s]l , the inverse of [S]1, is equal to one third the conjugate

4

the transpose of [S8].

]

0
Carvrying out the process of diagonalisation, which 1s equi-
valent to changing the reference axes from the phase axes a, b
and ¢ to the symmetrical-~component axes. 1, 2fand 0, it can be
shown that BEgqu. 7.8 is transformed to
W1 = (z, (@] -[a(I)! (7.12)

where the new voltage mairlx 1is

| Tieepy+ &) = p et L (h-jw) Ty (p-jaw)

[F) = [S)-1ewm] = 2| G+ & py = p eI L (hejuw) T, (h+j20) (7.13)

° lt"of: ¢




Vep) = 5 { Taepr + ATt + K e (pd |

Vst (P = 4 { Uat (p) + B U tpr+ ﬁup;}

Conjugate of V. (p)

\-;ar(P) = —é" { Vae (p) + Ubt(f’) + Vet (p)}
e p = —é- { Calh) + hé,,(p)+h‘é}r{>)}
8, tpy =

Conjugate of € ()
the new impedance matrix is

/
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} (T 14)

I} Ra+ pLs(p-jw)

[imc(p)]' = [S]-" [im(#)]‘[S] =2

Ry+ b Lg(p+jw)

(r /5):

Q

Ra*”’-o

and the new current matrix is

! T'I(P)
) =2 ] Lo
o] Eo(p)

(7.16)

which is releted to the old current matrix by the formule

(] = eI

(7.17)

The 1, 2 and O components, having been obtailned Dby the sym-

ot

e

rical-component transformaetion, may be called the positive,

the. negative and the zero components respectively. They should

be distinguished from the positive-, the negative- and the

v

zero- gequence components as the sequence gquantities apply

only to steady-state sinusoidal quantitles already expressed

in symbolic form (complex number or electric vector).
It 1s clear from Egus. 7.13, 7.14 and 7.15 that the positive

voltage and impedance components are the conjugate of the nega-
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tive voltage and impedance components respectively, consequent-
ly the positive and negative current components, il(p) and

12(p), are conjugate functions.

(7.4) Operational Solution in terms of 1, 2, O Components

— for particilar form of external impedance matrix

Although Egu. 7.12 has a much simpler form than the original
equation (Zqu. 7.7), it 1s still not readily solvable owing to
the presence of the functions 1p(p+tjaw) and I,(p-jo2w) in the
voltege matrix. Whether or not it can further be gimplified
depends on the form of the external imﬁédahce matrix. When the

external lmpedance matrix is of the. form

a b - C

a| ZY | Zpip) | Zg (P

(7.18)

[ZexP) = 6| Zpp | Z(p) | Z2P

C| Zyppr | Zp | Z (P

1t can be dlagonalised when expressed along the 1, 2, 0 axes

as
, T .
) 2911{‘”
- ' - 7.19
[zex‘P)],'-—' 2 Zoxa(h) ( )
i o ieu('?)
|
o .
whére Teox, (B = Z(pp + A Zip + hZgp)
 Zerapy = Zp + AZrp) ¥ K Zyp (7.20)
Zewo P) = ZP) + Zr P+ Zppd

and the.quantities T1(p+jow) and Eg(p—jE&ﬁ in the voltage ma-
triz of Egu. 7.12 can be eliminated as shown below.

When the external impedances:.are included, [Zex(p)]' is.
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added t0 Zpe(p) ' and the terminal voltages Vl’c. (), Vet(p)
and ‘-’—ot,(p) become the source voltages. Fl(p), Ez(p)'and EOl(p)
respectively, v1(p), vp(p) and Vé(p) being ziven by the. first
three expressions of Egqu. 7.14 with'ﬁhe,subscript:t in each

term omitted. Egu. 7.12 thus becones

T

—_ - JAA — . -
Vb + €,p) = pe'7 Lp (pj) To0p-j2as)

U ipy + (5= b &7 Ln(h#jw) T, (P4j2w)

Vot p>

Rat Eeu“” \4 #zs‘f""j“’) E,(P]

Ra* Zeza(pr + pLs(ptjw) . o Tepy (7.20)

'

Ra*ZeroPr+lop| | To(P)

Putting p—jew”ihm pL

ace P in the second ecuation and elimina-

ting is(p-j2w) in the first equation of Equ. 7.21 and grouping

ves the. equation containing the positive component of

current only:

pef Ly p-jw
Ra + Zozs (b-jaw) + (p-jaw) Ls (p—jw)

U,(p) + €, (p) —

1

{5 (h-j200 + & pjaen}

— s - p(p-j2ra) Eplb—jw) -
= {Ra+ZexP) + PLs(p-jw) — = ~ L (P (1.22)
: { * exi P bLstp-y R, + zeu(b—jzuH-(b—jzm)l.slb-jm) 4
Similarly, for the negetive component of current,
- - . pé‘j” Lp (b+jw) - _ .
Vath) + &by - ~ : = { 7, (brja) + & (b*)lw)}
Rat Zoy, (Prjaw) + (Ptj2co) Ly (pHjw) :
- - +1 T ( M — .
= 4 o Zorath + pLsCprjw)~ _4:(? jw) Lp(prjw) _ } Tup) (7.23)
Ra + Zex/(pHiAw) + (p+jaw) Ly (p+jo)

The zero-component quantities are related by the third equation

of Egu. 7.21 which is

(T.24)

TPy = { Ra + Zexo(p) + Lof,} To )

Thus three independent equations. (Bque. 7.22, 7.23 ana T.24)
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are obtained and the component currents can be found in opera-

tional form for given source voltages and external impedances.
Since il(p) and iz(p) are conjugate Tunctlons, only one of
them needs to be.evaluated.vio(p) is® generally equal 1o zero

unless there 1s zero-component source voliage.

(7.5) K, B, O Gomponents - Equivalent two-phase mechine

When the external impedance matrix is of the particular
form given by Equ. 7.18, the three armature voltage equations
have in effect/been reduced to two eguations (Equs. 7.22 or
7.23 and 7.24) in terms of the 1, 2, O componehts. When the
external impedance matrix does not fall into this category,
1t becomes impossible to sevarate the positive- and negative-
component voltage equations. This. is to be expected as there
should result in three distlnet equations (Equs. T7.22 end 7.23
are not distinct as one of them can be derived from the other)
whatever would be. the transfiormatlion. |

The most natural way of solving an equation with a complex
variable and its conjugate function 1s.to resolve the variable
into its reél ahd imagihnary parts. This'applies to the present
case as: there is a term in volving Ea(p—jea»,conjugate:ofv
El(p+jaaﬂ)in the positiﬁe—component voltage equation (first
equation of Equ. 7.12). Iet T.(p) and Ep(p) be.twicevthe,real

and imaginary parts of T1(p). Thus

I1(e) =% [Ixlp) + §1a(0)]
__l _‘3 (7.25)
and  Ty(p) = & [Tulp) - J1g(p)]
Inverse-ly is(p) and 1p(p) are. given by
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ix(p) = I1(p) + 15(p)
* 1 -2 (7.26)

And Ig{p) = -3 [1;(0) - 35(0)]
The direct transformation from the phase axes a, b and ¢
to the «, [5 , O aexs: may be achleved by using the matrix [T]

defined by

Sy . W s o
al L | |7 | al ¢ /
;[T]= ol A A | 1 -2+ |-Ei = b |-+ Li; , (7.27)
c| A At / ‘o / . __;:_ _g /
The inverse ofr'?[TJ is » — I
S e .
ol 2 [ -1 | =1
(T]" = 5 ¢ 3 |-5| (7.28)
0 / ! !

Transforming Equ. 7.7 by using the matrix [T], or substitut-
ing Egus. 7.25 in 7.12, the operational voltage eguations in

terms. of the oL, (3 , O components can be found as:

Loty + 2upd = | Ra+ L b [Lsthrjo) + o ] } Tuth) = L p{iLslprjw + Conf } Tuipd
++p {5'j"‘ Ly (ptjw) Ta(p+jaw) + C—""‘?}

+ % b {je'j”‘ Ly (prjw) Tp (p+jrw) + “Comg } (7-29)

Uye B+ eyip = %’P{st”’ﬂ‘“’*w } tulp) + {Ra*‘ ‘;':b[‘—-s(f’*iw)*%"#]} g ()
L . -)'17\_. . - . .
+ Tb {J€ Lp (pHj@) Lu(hb+jrw) + Cony }
- ..;7 b { I Ly (h+jw) T,,qu'zw) + Cm»,]] (7.30)
(.31 |

and Voe (py = (Ru ¥ Lop ) Toth)
The zero-component eguation is unchanged. The k- and e-
component equations are more complicated than the 1- and 2-

component equations as there is mutual coupling between ie(D)

and Ip(p).
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One can see that Zqus. 7.29 and 7.39 are identical with the
voltage ecuations of a symmetirical two-phase synchronous mach-
ine. Consequently replacing the a, b, ¢ components by the o ,
B, O components is. equivalent to replacing the three-phase
armature by a two-phase armabure and an indepéndent zero-com-
ponent network. The ok and p components are known as, no-
thing more appropriately, the. two~phase components. As. a ten-
tatlive suggestion, they may be calied reppectiveiy the direct-
Phase and the quadrature~phase components in parallel to the:
direct-axis-and the guadrature-axis. componenis (the d and g
components to be deseribed later).

The chie® advaniage of using the ® and p components 1is the
possibility of eliminating all the mutuals between these two
circults whafever ma.y be the external lmpedances. It is thus
possible to obfain an equation with énly one variable, say

1,(p), and its derived functions, Iy (p+j2w) and ig(p-j2w).

(7.6) General Opverational Solution in terms of &, P, ©

Components

Provided that the external impedances are linear and static,
the operational external impedance matrix may be expressed 1in

terms of the au,_pw, O components in the general form

ot N [}

o | FutP | | Fa®

;[iex(k)] = 0| | B | Faw (7.32)

(<] },,‘P) ;ap(#) 500“’)




Using the. relation [vt] (vl [Zexl-[i] and substituting ‘
tne values of v t(p) v t(P) and th‘(p) in Equs. 7.29, 7.30

‘and 7.31 and eliminat g (p> gives

fﬁ by = Z (piuap)+Z wp (B3 Tg 0h) + + €’ i r:iw((k) {T«(P‘f]wﬁj'ipw*jlw)} .
b e R {L(p-)zw)-)t@m-)%w)} ¢ 7.33)
f-p Py = fp,(f:)f,dt:) + i(, P Ttpy + 'T je"'" Mo (P {Ia‘(bd»_jzw) +j T (p+j;.w)}
- LRI | Tulb=jac) - ) Tath-jaen} (7.34)
- - _ _ 3“""’" Vo tbd N
where fo (P = Exth) + Ut Ra+ pLs + Yoo (P)
T 5 - Jgo P> Vol
(b)Y = @, (P) + U (b) — d go
fo b a n* Rat plo + 3oyth)
- Lot . . Feo (B) F0uP) -
Zutp) = Roat 3h [Tgihrjur + -
at [T Comg ] Pt BLot jalh) + Fau ()
- 3 no (P> Fon (43
Zp(”) = Ra+ _‘b[L’ ”‘”’Jm)'f'CﬂiJ 3ﬁ b 3’_”_ +§pﬂ(P)
Ra + ¢L0+3,‘,(P) # (7-35)
= it . ‘ Fuo P Fop (P) -
Z,5tpy = a2l by (] +emj ] — e Lt 5l + Fapth)
= .- . . % g0 Fou [P _
1 ( + _ Fao (P Fou
2 = Th[ILstbrien + onj] - BRI,
Mux (P> = PLp(prju)
(P)_PLD(P)w) v 7 J

multlplylng Equ. 7 34 by ,j and adding it to Equ. 7 33, then

putulm-z ij.?w in place of p in the resuluant equation gives

L(pqzw) +J jﬁ(bf-j.‘zw) = { z“(pjzu) +j zﬁd(pgzw)} Lo BHjaw) ) |

FES _ e :
+} { zp(bonw)—J e:p(f”J"‘"")} ts (Pjaw) + € M (P+jaw) { LulP) = bp(k)};( 7.36)

The congurate equabtion: of Egqu. 7. )6 is

Fp=jaw) =) fy (p=ize) = { Zu cb-j2) =) Zpatp-jaw)) Tatpjac) i

N = . - . i
-j { Z3 (h=j2w) + zd@(P_ngyk Lﬂ(b‘_jluﬂ re? HM(P‘}I\U)% TPty t‘;(")} (7-37)

'Hhmlnatlnfz 1 (‘o+32w) and ig(p—-jzw) from Egus. 7.33 and 7.34

by using Equs. 7.36 and 7.37 gives




futp =

i =

where f.

fé'(p) = fgp) - 4 XTI e - Cony.
N S T
Zﬂl(m = 25‘1” - '—'1' fp?;\.iz)u;f:“}(;;{?:;w) B Cm‘j
i,:(;‘f” = E,P(M + L. E‘;:;;jf;f (2::3:::“,) + Conj.

= B~

P = ﬁ“(p) { ! -

M= Rl {1 -

- ~j -~ - . JIA — - .
Z D) Tathd + 2L Tpep) + % €77 ML) Tipejae) + £ R Tt pjaa)

M fuipriza 5 Fp prjand) - P

= L. = -
P = fo P 2 zp(,:‘rjxw) =J Zuplp+jaw)

JEP [ Futbrinwd+j o (prizan ] Musp)

PPty Plip )
Zpiprjre -)E_.p(m-jzw) ’

Z_ (priad + j Zpu(h+jae) }
p(PHAW) = 2y (Pt jaw)

N

Zh=j10) ~J Zgu(P-ja) }
Zp(p-32w0d+ ) Z 5 (P-j2w)

WEl_imVina{:"i’ng 1’5(;1;3)7from Equs. 7.38 and 7.39 gives

~ SAN = - . L I ¥ T, (b=)aw
by + l,:éjf K op) (q(p”lw) + T K, (P T (b=jaw)

Z,(p foy = Z P et
Z/p> ié(f’) - Z,;,‘P) Zga(P)

EP) =

[Zg ) Zp P ] Rl
ZL(pY Zpip) = Zoglh) Zpulp)

Kutp) =

-, P — % _
o py = LZs(P + Zaxp)] - Mo (B = Conjugate of K p>
Ko 107 = 72000 Zo ) = Za (P Zgup) -

(7.38)

2jAN _‘ . VAN~ .
Zo P T+ Z, DTy + 3 ML T - 1@ A ImT (mjaw)  (739)

> (7.40)

(7.42)

Equ. 7.41 involves only one . variable, _i-“(p), and 1ts: derived

functions Iu(ptj2w) and I (p-j2w), so that it is e kind of

recurrence equations and its generzl solution can be Tfound. To

Ssolved this equation, let the fofm of its: solution be first

considered. If p is. replaced by » £ j2W ipn Equ. 7.41 and the

resultant

expressions are substituted in the. ori

glnal equation,




e pew eguation having terms involvinz Fu(p), Ful(D * j2W), Tu(D):
and ig(p t j4w) will be obtained. Continuing the same process
an infinite number of new equations will result with the zen-
eral one involving Fx(D), FulP t Jj2nw), i, (p) and i, (ptj27m W)
It can be. concluded,therefore, that the solution of EQU. 7.41

has the form

)

Ul

- eoe - - .
i (P) = z AE(P)E“(D + j2nw) n = integer (7.4
NI, .

A formal proof for the validity of Eqﬁ. 7.4% can be found
in the Appendix (Article 14.3).
Substituting this expression for E;(p) in Equ. 7.42 and
equating coefflcients zives _ ‘
Bn(p) + 5€ME (p)Ep-1(p+j200) + FEVEH(D)A, .7 (P-j2w) = O (7.44)]
except for n = O when |
o(0) + BN EL(p)E q (pri20) + 2N ER(D)E, (p-j2w) = 1 (7.45)
From the known physical phenomenon that generally the mag-
nitudes of the current components decrease with incressing
frequencies, the condition of convergence
lim Ap(p)
can be imposed on Igu. T.44. When n is positive and is suifi-
ciently leirge, the last term in Zgu. T.44 maey be treated as a
'remainder and omitted for the moment, thus leaving
Kg(p) + 2€IE (p)E,_; (prjom) = 0 (7.46)
eplacing n by n - 1 in Zgu. 7.44 and eliminating &), (p-j2w)
by using Equ; 7.46 zivess

{T - ()R (p-J20} B 1 (p) + 36T Rur(0)E_p (pHi20) = 0

(7.47)

s . soaa L e ca s
Which is similer {to Igu. 7.46 except the coefficient of the



Tirsgt term. Similerly, replacing n by n - 2 in Egu. 7.44 and
eliminating A, 5 (p-Jj2w) by using Zgu. 7.47 gives

‘lf—;;.‘_ e .
1 - e % '(D)Ko\(p jow) }"‘
{ - «Fu(wﬁw)ch(p Jz;w) 4n-2(P)

+ K,,(D)A 3(1c>+32<») =0 (7.48)

Repeating the process shows thalt the correct form of HEqu.

7. 46 should be

' A ‘
x (€:)] A,,(i:) + "' € £k K (€)] An-; (ptjrw) =0 N= non-zerd positive (7.49)
/‘nfegcr

F K 19 Ku(p-jaw)
X (Pp-jaw)

vhere X = | —

_ F R Ko (p-jaw) '
; = | - L . c . (7.50) !
X F Ko (p=12u) K (p-34w) i

| — e

Egu. 7.49-15 a rigorous ulternaulve expf933ion of Bou. 7.44.
The proof is given in Appendix 14.3.
Similarly, for negative values of n,

xE(P)A, (0) + 2P EE(D)E 4 (p-j20) =

(7.51)
n o= non-zero negative integer
Or, changing the sign of n,
XG(P)Aon (p) + 3EMTH(p)A_ 1 (P-j2w) = O
=® n ° Aonel
- (7.52)
n = non=zero positive integer
where xF(p) = Conjugate function of’Ea(p)
= 1 - 3K (p)EE (0t j2w)/R3 (ptj2w) (7.53)

1 in Zgus. 7.49 and 7.52 and substituting them

11

Putting n
in Bqu. 7.45 to eliminate A_1(p+j26) and Kl(p~j2a» gives
Ag(p) = 1/ {x.(p) + xx(») - 1} (7.54)

Repeated use of Tqus. 7 49 ard 7 52 lees

' n-f -
| ' -jany - Ralp +iaven
‘ A ipy = ('I) ’ A, (ptjanw) ]I T lPp+iava)

(7.55)

y=o
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and - ——— e - — =
P m _ ] n-s KX ip-j y
By = (-5)" €7 A, (prjane) ;!I i::p-;;:; : (7.56)
Finally the solution of Equ. 7.41 is
— — — , [ — —
Ta(D) = g (0)Fa (D) + T {&,(0)Fu (0F j250)
. . ’ n=1 X
+ A_n‘(p)Fd.(p-JZHw)} (71.57)

Since A, (p) and A_,(p) are conjugate functions, the two in-
Tinite series in Eqﬁ. 7.57 are conjugates so long as ?,L (p) is
real, which is of"ﬁen true. Consequently it is generally -sﬁffi—
cient to evaluate only one of the series.

Like Bqu. 7.41 for the & component, a similar equation for
the f component can be derived. If,Aus:‘Ln-g Equs. 7.36 and 7.37,
_j._¢(p+j2u>) and its cbnjugate are elimipnated in Equs. 7.33 and
7.34 instead of _j:,&(p+32w) and 1its conjugate, then corresponding

to Equs. 7.38 and 7.39 are the following equations:

fiby = ZLPY Tap) + Zoyip) Topd + Lje M tpq,ﬂ'xm—i—jeimm;;'<P)tﬁ(p-jzm) (7.58)

- -y - - - wjah = < e _ L PN — _ ¥
)‘p » = z{gﬂ‘(f’) Lp)t Zg (P Tgip) = T €77 M) Tgprjao) - £ €7 M(p Tip-jzw)  (T59)
N T e L _
- - a7 f“(p{uzw)-ﬁ_’f’,(f:*}zm)l-Mm(p) , '
where fopy = £, (p) = .-17: . - Conj \

Zp*izw) + ) Zgu(briaw)

-

J 6~jzh[ Fotbtjan)+ ) f—p(p'jxw)]' F’.M‘P)

fa = fp) - £ - Cony

£ P z Z, (pHjaw) + ] Zy (prjaw) )
- ~ % I

—n _ = ‘_ A Max (P) - Moo (PH]j2:3) _ :

Z, )= Z) — Z (priaw) +) Zglptiaw) “d
- — % . '

— - M, P) - M (Prjaw) .

Z,P) = Z,(p) ~ L = = — Conj

B Zstp 2 ZAptiaw) ) Z B iz

? (7.60)

. . - - .

> JKM\?)'Ma,{(P*JI”) .
Py = Z_.(P) — A - 4
o4 P 3 A Z,(pejaw) 4 Zy (priaw) Comg.

. - =, * .
- _ 3 / J Mo tp) M (Prjr) .
Zpu P = 2 put P AOZprjaw) +) 2y, (prj20) - ¢

Zp(pirw) = jZuplhrjacw)
Z o (prjran+jZ,, (prjaw)

iﬁ(#—jzo) +J Zug (p-ja) } J "
Z (p-jrw) ~j iﬁd(p-jlu)
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Elinminating ig(p) in Equs. 7.58 and T.59 gives
- - —jaN -~ - . j2\ - .
Fotp) = Tapy + £ €77 Kyepd Tpiptjzw) + L€’ K(;'qﬁ Ty (b=jaw) (761
- -t “n _ = ks l
where Fachr = _Z2 P2 Jg®) = Zpu (D)o (P -
Z,‘ (#) Zp(f’) - Zn(B (h) Zﬁd(h)
3
- 77 )+ Zantp) ). R '
Kp‘b’=—[.z,, P P-],, Mo P o (T62)
ZL U Zgp) ~ ZpP) Zpuh)
. [Z2p) = Zautpd] - ML ) _
K;(P)=— . p ] P - C'anjugafe of A’p(ﬁ) J

Z.(p) 2}; h) - i:p(p) 2;‘(,,,

' Equ. 7.6l has exactly the same form as Egu. 7.4l and its
solution is obtainable from Zgu. 7.57 with Fu(p), Ku(p) and

Ki(p) replaced by _E—’p(p), —I—Cp(p) and f‘f'&‘(p) respectively.

(7.7) Other Imporitant Referenoe Axes

In addition to the phase axes a, b, c, the symmetrical-
compohent axes 1, 2, 0 and the two-phase-component axes ol . p s
O which have already been dealt with, there are two other sets
of reference axes in common use. They are the F, B, O component
and the d,'q, O component axes. The FE, B, O component axes cah
be defined readily from the 1, 2, O axes and the d. g, O com-
ponent axes from the ¥, B, O axes.

The current components EF(p) and EB(p) can be defined as
(p) = €7 1 (ptjw)

: (7.63)
eﬂ\ —.3-'2 (p'jw)

and

|
us]
o]
<
1

Since i'l(p) and ~:'fg(p) are conjugate. functions, so are EF(p)

and i1g(p). Expressed as functions of tlme, Equs. 7.63 become

) = e (7.64)
and  ig(t) = €)®i,() '
where € = wi +A.
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The prhase components and the F, B, O components are related

by, in operational form,

T J / ’ N (pmjw)
L | = | m| A | s || € Tt (7.65)
T P? : h P Totp?
Oor in expliclt forﬁgw
lacty | e’ ev® ! (p ()
‘ Lpt) = | T | i / o | gty | (7.66)
bt A & e"'.(”?) / {o(t) |

The current components -ffd(p) and. —i—q(p) gan be considered as
twice the real and imaginary parts of ip(p), just as ia(p) and
TJ.ﬁ,(p) have been considered as itwice the real and imaginary

parts of El(p). Thus,

Tp) = 3 {T,0) 4 quuo)} 7.6}
and  Ig(p) = & {I4(p) - 5ig(@)}
Consequently ig(p) and -':[q,‘gp) are given by
1:(p) = 1.(p) + ig(p)
o) = 50+ T s
and  I,(p) = - j{Ip(®) - Iz(»)} |

The phase components and the 4, g, O components are related

by, using Egus. 7.65 and 7.67,

Tap || % | % | x| -%i | e Ty (prj
Lop | = | %60 [ FA (iR [kih | 1| € Tk (7.69)
T th | L |Lih [=4iK| 1 €M T p-jwd

5‘3" E1(b+jw)

Tolp)
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The inverse transform of Xau. 7.69 gives the relation be-
tween the phnzse components and the d, g, O components in ex-

plicit form:

La,(t) cos 6 ~sin @ ! Ld ({3]
() | = | cos (8- 2E) |-sin (6-35) 1 | =] iy (7.70)
(.(t) cos(6+2F)|-sin(6438)| | {o(t)

The difference between the-l, amand oA, p.éxes and the F, B
and d, g axes is entirely the result of the manner in which
they afe fixed in space. The 1, 2 and &, p axeg are stationary
wilith resvect to the armature whereas the ¥, B and d, g axes
are statiopnary- with respect tc the field structure and con-
sequently rotating with respect to the armature. Each sort of
axes, stationary or rotating, has its own merit in avplication.

As far as the solution of the armature currents 1ls con-
cerned, the 1, 2 and’d ,[5 axes. are more advantageous. As &
matter. of fact, only when the currents are expressed along the
ok p , O axes can the general operational solution like Equ.
7.57 be obtained.

The d, g components, being fixed to the field structure,
have a more direct relation with the field and damper currents.
Furthermore, the electromagnetic torque can be expressed in a
simpler way when the currents are expressed along the 4, q
axes. These two points will be illustrated in the next two
articles.

Because of the regdiness the different sets of reference
axes can be interchanged, éach of the armature voltage equation,

the field and damper voltage equations and the electromasnetic




torque eguation need not be expressed along the same set of
reference axes but can always be expressed in 1ts most conven-
ient form for any particular o oeﬂatlné condition of the ma-

chine.

(7.8) Field and Damper Currents

So far only the armeture currents have been dealt with and
the field and damper currents hate besen missing ag they have
been eliminated from the beginninz. In order to find the field
and damper currents, it 1s necessary to go back to Equ. 7.1
where the field and damper voltage. equations still exist.

The operational form of the field voltaAe equmtlon is

A . - - . . DL . .
0 = %bMa,{el Tald+jw) + Comy + héJ Tyiprjw) + Cd)v + },"e’ T (prjw) + w}

+ (R,-rL,b) Lf(P) + PthJ‘-kd(P) (771)

Or, 1ntroduc1ng i; end 12, it reduces to

3 i . JA— . - -
o= TP Maf{e T(ptjw) +€’ L,(/p—,w)} (R L P) TP+ M, T p) (1.72)>

R L,
Or, introducing 1d (Lqus. 7. 03 and 7 68), it fQ$her reduces to

o = -,; P Map Taipy + (RprlyPY TP + pMy, Tu(p) (1-73)

almlLarly the operablopql d@mbef volt ze equations are

Lo = 'PMaf Ld(fn + PMpy T )+ (R,,d+L T (P (1.74)

aﬂd g = ?Mmp L?’(ﬁ) + (Rkvak‘}#) tkq,(#) ) (1.75)

When the a1rma turc cuffcnts haﬁe been obtaLned in terms of

whichever set of components considered and proved to be the
most convenient, ig(p) and I (p) can be depermined. The field
gurrent E%(p) and the two damper currents iyg (p) and Ekq(p)
can be found by sovling the equations: (7.73, 7.74 and 7.75)

above and expressed in terms of Tz(p) end Eé(p). Thus, solving
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=

que. 7.73 and 7.74 simultanedusly anhd using the symbols de-

H1

ned in Egu. 7.10 gives the currents 1f(p) and 3‘1{(1 (p) as.

T = ‘J_ My Rt + (Lbgg=Mpxa) P . P(-—d(f') (776)
j Rf+Ru+(L,+Lkd—2Mtk.()P Zy (P)
and: Tupy = —fz -My - Ry + (L4 = Mpd) - {LJ(P) (7.77)
2 Rf t Ry + ( L’ *hga -2 M;u)P Za(P)

Algo from Hgu. 7.75,

T =~ [2. ..i’f_‘}‘_”’._ ’ (1.78)
“rg (P = j: My Z ‘

It is.clear from Zqu. T7.76 and 7.77 that because of the

preéence of two windings in the pole axis, the: current in that
axls, which is. the image of the armature current component
Ed(p), divides 1itself in the two windings in inverse ratio as
the leahuge impedances of the respective windings. The: image

of the armature current component-iq(p) is the whole guadra-

ture-axis-damper current Eko(p), ag shown in Egu. 7.78.

(7.9) Electromagznetic Torgue

The gxpression for the eleciromagnetic torgue has been given
in Artiele 5.2 (Zgu. 5.23) as a function of the armature and
rotor currents. It is possible to derive an alternativevex—
bPression. for the. torque which does néﬁ involve the ro{;or cur-
rents except the steady d.c. excitation Ifo This: cen be

achieved by taking the: lLaplace transforms of Equ. 5.24, which

- _ - - I
\/’d (py = % [ La tath) + Maf ‘f‘f’) + Mag Lkd(P)] + }'Maf pfa

and VZ% () = 5[ Ly Tg + Mag Tagp) ]

———— ey e

and Subatluutln” into them (Equs. T. 79) the: expressions for
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14(p), I4(P) and 3y (p) given by Hqus. 7.76, 7.77 and 7.78,
and referring back to Equ. 7.10. Thus, ‘f’d and Y'q' may be
expressed. as

ﬁﬁhwﬁpmfgmq%

?’% =

] (1.80)
and Vv, =

3
A
3 o -~ -
2 LT T

The alternative expression for the. torque is therefore given

by

o= 3 [L7TapTap + Mo ] i - 2L Iyp Ty - la (z81)

which is often more convenient thah Egu. 5.20 when the tran-

sient-state: torque is:to be found.




(8) SYMMETRICAL THREE-PHASE OPERATION

(8.1) Three-vhase Short Circuit of an Open-circuit Machine

Whepn 'the symmetrical short eircult occurs to a machine
which 1s initially open-circuited, at the ilnstant when the
field axls 1s ahead of the axis of phase a by an angle AN, the |
positive component of the armature shori-circuit current can
be found directly from Bou. 7.22 by putting Vl(p) = 52(_@) = 0
and Zexl(p) = Zexg(p) = 0. The voltage componehts -—él(p) and
32(;@) are given by |
ey (p) = - 5,5 /(p - jw)

. (8.1)
and ee(p) = %‘ Eam je-Jh /(p + J(D) :

- M. .~
where Eom =@M, 4 If‘o
Using Tgu. 8.1 the left-hand member of Egqu. 7.22 becomes
_ Ty hjer o R D )
(p) — . -
&l Ryt (p=j2es) Lg (pw) €x(p-jzw)
= {1+ PLplp=jwd } Eam | -je”
- { ’ Rat(p-jaw) Ls (p=jw) 2 p-jw
Ra+ (p-jud Tatp-ju) = jw i (h=jw) Eam ~je” (8-2)

Ra + % (p-jaun [ Tutp-ju) +Tq (p=ju] 2 p-jw

and the coefficient of El(p) reduces 10

. T2 P
e by — LBmi20) L5 (poje)
Ra + { Lg (p-jw) Rat(pP~jaa) [ (p-jw)

RE + Ratp-jw) [Lalp~jw)+ Ty (p=jt]) + p(h~jrw) Ld (p~jw) Le, (P-jw) ('8_5) ;
Ra + ¥ (p=jred [T tpjw) + Ty, (P—jw) | :

| Equ. 7.22 thus becomes

- — Eam Ra* (bjw) Lo tpjwd=jas g tp=jur) —je? :
L p) = 2 x - - = - = - = . - - (8-4)
Ra + Ra(p-jw) [Ty (p=jw) +1Lq (p=jw) + p(p~jaw) Ly (p~jw) Lq"P‘J“’) b+ jw

As Egu. 8.4 involves only polynomigls. of p in both the nu-
merathr and denominator, its inverse transform cah be found

by resolving it into vertial fractlons whose inverse transforms
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are known. This involves finding the roots of the equation
z . T . T s .
RS + Ry (p=Jo) [T;(p=jw) + T (p-jo)]
+ p(p-J2w) L, (p-Jw) L (p~jw)-= O (8.5)

The degree of Equ. 8.5 depends on the form of the operational

o

inductances Ta(p—jw) and Tq(p~jw). With only one damper circult
in each of the>pole and ihterpole axes, as has been assumed in
establishing the general eguatlons, Egu. 8.5 is a quintic whose
general solution cannot be found. In view of this difficulty,
1t is necessary to introduce some simplifying assumptlons in
order to obtain ah approximate expression for il(t) which is
reasonably simple.

There is no difficulty in deriving the steady-state compo-
nent from Equ. 8.4, as p - jw 1isg already a factor. The. coef-
ficient of the partial fraction 1/(p-j®) is simply siven by
[(2- 31y (P)], 50

It is advantageous to introduce at this stage new forms of
the operational inductanées Tﬁ(p) and Eq(p), which will prove
to be the most convenient. Tﬁﬁp) may bé expressed as (see
Zqu. 7.10) |

- I+ TP
TS Ty (8.6)

where 72 = by /Ry

) ‘ (8.7)
)
apd TS = (LW‘,%)/RW |
L;(p) may be expressed as
Tt = (1+ TipXI+TLP) (8.8)

T T Ta e 4

where -1/T}  and -1/15, are the roots, —l/Téo beinz the small-

er one (in absolute value), of the quadrsiic
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(LiLkd—Mf‘}u)f,z +(Rkad+deL!)‘f> + Ry Ryq = o] (6-9) !

anéﬂQiné”énd l/Ta are Lhe roous, -1/T, bem'T the smaller one

(in absolute value), of another quadratmc

If the two roots of each quadratic are vastly different from
each other, which will be true if R4y is much larger than R

when expressed in a common basgis (say the per-unit value), Tdo

Tgo, Tq and T” may be expressed approximately as
Tl«((‘) = Lf/kf
1" MA
Tda = (Lkd_"—l&i)/de
" (8.11)

i

a
/ L, — Mz
Td ( A La )/Rf
Mica Lu + Ma Ly - 2 MdMyxa ) R
L! Ly - M:( ke

and T4

S
LS
™~
x
°8

It can be anticipated that the advantege of expressing Ly(p)

and fb(p) like Xgus. 8.8 and 8.6 lies on their product form

-

and the form of the factors like 1 - Tép, which lends itself

t0 ready avproximation for a large range of the value ol D.

When » , the factor simply equals to 1. When p is large,

u
o

the factor reduces to Tip, since 1 may become negligible.

(8.2) Solution for Armature Currents with Small Armature
Resistance

When the armeture resistance is small, R, may bs neglected

and Fgu. 8.4 becomes, using Tous. 8.8 and 8.6 for Iﬁ(p) and I%ﬂﬂ

(prje) (14 T b jll1 + T b ]1 # Batpmjen]ta = jwls + Tub Chojd][ 1 + Tdotpi ][ 14 T (b i) Ly Eop _-je™ |
?WWWU”ﬂMWHHn@wMUH@WMUuH 2 pejw

o 8.12)

P =

which can be expanded into paritial fraction as.
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= B (e )T (k)T ]
L 20 {(Lﬁ,’,‘ 1.;) 1+ T (P + (T-I"Z) Trritb T i b
Eopel 1041y 4 Bl Lanly s
o TR TR e T e &1
S T \ [ oo t n
where Lj = T8/ TioT80) Ly, Ly = (Lé/Tdo)Ld nd lq = (T4 /T )IU’
assuming i‘é > ggg, "r{ > T:Sl.o’ w > 1/11(;- or 1/-1*5 also ne:leot—
ing 1/w compared With unityy

The last two termg in Equ. 8.13 are not correct as they

ined d.c. and double-frequency components,

{'u
1

correspoond to sust:
a fesult of omitting the damping, Ry, in the armature circuit.
The correct expressions for these two conmponents can be found
directly from Zqu. &.4. When p is approximately egual to O

or j2w , I@(n-juﬂ Iﬁ and L, (p—gaﬂ Ia and Equ. 8.4 reduces to

- Ro +1 4 : e :
L py = Eam. ‘b ;w)u Jmlq, P ._J€ (8.14)
2 Ra+Ra(‘P~J w)(‘-d*Lq/) + p(p~jrw) L¢L.,, p-ja |

The roots of the guadratic in the denominator of Equ. 8.14 are

aiven by

_ Rallitly) —jrelaly o J RE (Lu—tg )}~ 4L L]

b= ULy ULy
o o La+ty) . :
~ _ Ralla+ily) v = Ratttly) L 2w {8.15
FYIVA o ALLly ! (8.15)

since 4(wLiLY) > RZ(LY-L))" Defining

Te (3) LiLy/ (Lg + LgiR, (8.16)
and findins the coefficlents of the partial fractlons oi Equ.
8.14 in the usval manner, the proper forms OFf ‘the d.c. anpd the

double-irequency comvonents are found to be

Eam€™  Li+ty /
4w baty T, tH ;
[

A
. Ein€”  Ly-Ly /
and - — -
4w Lyl =+
v Tnm* p-jrw

if 1/1, (3) 18 nezlected compared with w and R, is nerlecteq
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compared with @W(Lj * La).
~ Egu. 8.13 is thus m001f¢ed to -
- Eanpei® { ' ' . ' ' ! / !
L) = — —am& e L Yree—ee—— e (- L + L. _
! 2w (Ld Lo()'.'%,‘:‘fb-)w (Ld. LA) 7{1'4#—j9 Ly p-jw
4 Ean€® Fuely ! Eame pa-Ly i ‘
dw Ly —71,-+,p 4w L.,L.,, _L. 4., J;“, (8.18)
o e s : - ___au ) o )
Since vg(p} is al to zero the armature ohase cur“ent ig(p)
is equal %o il(p) and its coag gate. i&(t) is glv n oy
: - _ Eam ! / o 15 a1 -t L} wl+A)
um.w.w{(z-a)e ‘+(u L)y e ™ £ cosc
Eamcosh_( [, “tTan |, Eam [ 4 _ LY T 2ot 40) (8.19)
T 20 (l& U )€ + zu(:; l%)e

Lhe curfent in p”'s b is.giveﬁﬂﬁy
Eb(P) =h El(p> ~ his(p)
which is equivalent to putting AN - 21/3 in place of N in
Egu. 8.18 and adding the conjugate of the TGDU1ant expresgion.
in(t) ig therefore obtainsble from Hqu. £.19 simply by vutting
- 21/3 in place of A vherever it'occurs. Similarly, replac-

ing N by N + 2m/3 in Hqu. 8.19 gives i,(%).

Bagu. 8.19 shows thet the symmeitrical short-ci reuit current
congsists of three different transient-state components, as
there are bhree different circuits involved (the three armature
circuits are identical and the guadrature-axis-damper circult
has no d.c. component of currsnt) in determining the damping
coefficientsa The . components of current whose damping coefii-

cients are proportional to fkd@nd Ry are known as the dlr ct-
axis subtransient and the transient components respectively.
When there is:d.c. component of current in the quadrature-axls-

damper circuit (Article 8.5), there is an additional component

of current whose damping coefiicimmt is proportional to R
S 0q




Both the d. c. and the double-frequency components have a

common damping coefficlent proportional to the resistance in
the armature circult. They may be caelled the "armature-iran-
gient" component. It will be shown later that“the zeneral

Torm of the.armatufeetransient component is an even-harmonic
series, the higher harmonics being equal to zero for the sym-

metricael -three-phase shobt circult.

(8.3) Field and_Damper Currents

The field and damper currents have been expressed in terms
of the armature currenté.as given by Egus. 7.76, 7.77 and 7.78.
Since El(p) is known, Ed(p) and Eq(p) are also known, and the
derivation of the operatlonal expresslons for the field and
damper currents 1s merely a matter of substitution. It should
-be remembered. however, that whereas Edus. T.76, T.77 and 7.78
are exact, the Final simplified expression of El(p) is only
approximate. In order to =zet simple and consistent exvressions
for the. field and damper curfents, it 1s necessary to make the
same simplifying assumptions.

The d- and g- compohnent currents. can be found by using Egu.

8.18 for 1 ) in Equ. 7 63 and aloo u31ng Equ. 7.68. Thus:

Cap) = et T p+jw)y + Ctmg

Eormn ! I) ! ! ! ! 1 /}
= - = -7V T T )T t T
@ { K tal poe p (Z-2) L+p L P

+ Eam._’;_,.__.l—'_ + ccnj a (8.20)

Tg(p) = «j [é-ﬂ T (prjw) = Cong ]

= Eam I ol ;o 8.21 ‘
™" L; %;,+b+jw + Comg 8.217)

Substit utlng 1d(p) in Equ. 7. 76 with zd(p) expressed in
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explicit form (Zqu. 7.10) and the function (Ll g - Mf%d)P
+ (R—_ELKG. + deLf)p + Rkad ,LaCbOl"lued (EQUS. U-9 and 8.11),

gives the field current:

'C b)Y == M- Eam | Rya + (b ~Mgxa ) P .
+ b ‘/—— w ReRia (I+ T P)(’*T.(of’)

L1\ _Ti# T F . Tun $ -
{(Tf* ) 1+7p ( +Tip 20% TH Tagy (P40 C‘”‘?} (8-22)

im larly the. damper currents are

|
- _ [3 . m,. Eam. . Ryt (ks =Muad P x- . !
“ra (P> = J: O Rk (1 TP+ The P)

fq-

1y Tp TP . Teb Crm-,'} 23)
{(l—‘;c u;) 1+Tp * (:.,, ) IvTE +L,/, 2Ly 1t Taniprio) (8 ) ,

2“"‘-:1/ Ry (l+7;,,p) 1+ T (p+jo)
v

and qu/(p) = J— M, Eem. P { dRe Cﬂ_}} ‘ £(8.24-) f

4

The expression for the field current (Equ. 8.22) can be re-
solved into partial fractions. The fractions with 1 + Tdop and

1+ Tgop as denominators are very nearly equal to ZeTcL Thus,

writing B, = WM pIpy = & 2 BMﬁIfo’ Bau. 8.23 1is reduced to

a e e ——

. Licd = Myed / I ) / 1 ! 1
) = I - . 4 -

Y4 4 Ma L, {(LfLu = Mea L L ta =t P Ly L« '-‘ri t P 1

LI bl I _L( ! +Cm-> ' (8-25)

2 Lf’-kd‘Hikd Ly J:mf'b-qu ‘

Addlnr the steady exclting component Iey to the inverse
transform of Hou. 8.25 gives the explicit form of the total

Lleld curfent

Lig=M, / 11 -t/Tg 1oy -t bkd =Mt ] =t Tan t 5..2(-,)i
ity =1I MLT (—’L—&-.—-—-—»—)e — € - T cosw ( ‘
jtt fo + Md tgo { Likg~Mag Ex b ks [ :.:,, Lf‘-‘d"H;i« Lz |

Thus the total field curwent has. a form in close resemblunce

to the armature current. It also consists of a subtransient,

a transient and a steady-state. component, all of the same Ire-

quency, and an armature-transient component of another frequenc]

f2S

The quantity (Lig - Meeg )/ (Lelyg - rko) appearing in Equ. 8.26

HaY be written as:
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Lpg = Mpnd - . / Lig = Mynd Lt

Lyvled = 2Mku bilia = My.d L+ Loy=2Muu L,g
Livbey~2 M;u

s

Tor the benefit of interpreting ite Dhy91ca1 51anlzicance. The
guantities Lf - Mfkd and Lkd - wfkd are the 1eakgbe inductances
of the fTield and direcﬁ—éxis—damper windings with respect to
each other. The quantity Leg = (Lelys*Mfq)/ (Letlig-2Meg )

is: the equlvalent inductance of these two W1nd1ngs in Da*allel
neglecting resistances. Thus the term (Ligg - fxd)/<Lf veq~2Mpra) Iy
corresponds to the term 1/Lﬁlﬁ, the éxtra factor (Ika Mfyd>/
(LptDy 5 -2Meg) is there to indicate the division of current in
the field circuit.

Similarly Equs. 8.23 and 8.24 may be reduced to

Ly —M, ] 1 : '
T = M7 et Ly T 1 .
bl = M I,‘ Ly Leat = Myy Ly { —7%2 + P 2 ( ':1‘5”+ P+ jw + d )} (8‘27)

Ma Mo Ls0 { J

a“nd lk$ (P) B ZL"?/U‘:V tn*b*j‘u * W} ’ (8'26)

In explicit forms, the transient-state damper currents are

. Ly—Miko -tlvz -t/ } ’
: —_ M2 P Sl L L AR 4 coSwl (6.29)
Catt) = M3 Ty LT o { é €
1. -/ Tac -
and 1% ty = —aMy e kT e (8.30)
' L“‘T/Li' .

Imnedlately after the short 01f0U1t the total direct cur-

Ly

rent in the field axis 1s given by

X ”V-
. L Mali, _ LA (8-3/)
[_D.c. component of  Liit)+ L,‘J(t)]t i = Ifo+ ,_”L“ = f"
'+

.

which may be many times the exciting current. Although this

current is not entirely in the field circuilt, 1t is nevertheless
in the field axis and 1ts reactlon on the armature circult 1is
the same regardless of its actual distribution. Consequently
the ratio La/L1 also gives the relative magnitudes of the ini-
tial and final values of the fundamental armature current.

After the subtransient component has dled away the d.c.com-
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Donenc of uhe ¢1eld current is given Dy
™~ lg b (8»32)
I’,o + _—J—L:L’d, = '-E;I{_,
(8.4) short-circult Toraque
Substituting 1d(p) and 1 o) in Equ. 7 80 and reducing gives
= EM_,(I, -t m”coswt
(8.33)
and ? = \,TMdI e m‘"’s/‘nmt
The e: pliClt Torms of 1d and iq are, Ifron Equs. 8.20 and &.21,
Mua () - 6-—“"‘;‘3) C,OS\OC} »
/— ':{9 (8.34)
- /T ) M
and - /— M-l f ETan g0, wl
o -t/ '“"V T T '
where 9“)_ (,_l ¢ (l—-—-— + g (835)

DuOStLtutlD% Lqus. 8. 33 and 8. 34 for f@d % id and i in

Equ. 5. 23, the short- circult torgue 1s found to be

—zt/‘l;» .
T = —MAI{,., :{(t) € sinwl + i‘ M:Il(a"f; € P sim 2w L (8.36)

vhlch is' a da mned bulsa ¢ng toroue con31st1n9 of a lundamentul—

~

Ireqguency component and a double—frequency component. The com-

-

plete expression for the short-circuli torgue consists of a

-

unidirectional component in addition to the pulsating component

—

given by Zgu. 8.36. The fact that the unidirectional component

of “orgue is missing in using Equ. 5.235 is the result of neg-
lectinzg the resistances in determining the phase of the short-
cireuilt currents (and hence the flux-linkages), which has caused
21l the equal-frequency components of Yy and iq, or 4@ amdﬁd,
10 become in time quadrature with each other. With the presence

of the. resistances, these components will not in exact time

guadrature and consequently their products will consist a con-

o~ K B .
stant term (or more strictly, a monotonously decreasing term)




representing the unidirectional component of toraque. The exacth
exact expressibns:for the short-circult currents with resist-

ances taken into account are difficult to obtain, so that the

unidirectional component of torque can only be found approxi-

mately. Its approximate expression are given inm Chapter 11

when the eguivalent circuits are considered.

(8.5) Short Gircuit of A Loaded Machine with Initial Balanced
Loading

If before. the short circult, the machine is operaiting bal-
ancedly with a load angle § , the short-circult armature cur-

rent excluding the pre-short steady-state component can be

found from Hou. 7.22 by pubtting vi(p) = ;2(p) =0, Zg,q = Zgyp
= 0 and heplaolnb el(p) and Ee(p) by
o T T o _
e (= " VJU",\ " } (8.37)
. 'e"( - ’ . ) .
and 8!t = % J

pﬂw

resnectlvely The. leit~hand member of Equ. 7 22 becomes

4:6" T Ly (b-jw)

— _ '
e (p) - Rt hjam) T, (hgo) -8 (b-jaw)
= { | + pip th-jd) }_V‘,,,.co:d‘ ) -16.
Ra + (p-j2w) Ls(pmjer) 2 pojo
Py (p-juw) VamsinS _€P
B { h= R¢+ (b~ wa) Ls(P-Jw) } 2 'p-jw (8-38)

The coefflclent of 11(D) femélns uncnanned as. given by Egu. 8.3.
Comparing Egus. 8.38 and 8.2, the eqguivelent voltasze functions,‘
it is‘clear that the former equation has. one more component
than the latter. The first component of Equ. 8.38 corresvonds
to Equ. 8.2 except that Vypcos § replaces E . As the coeffi-

clent. of 13(p), the. equivalent impedance function, is’ the same




in both dases, it 1s clear that the part of the armgturs. cur-
rent ia(t) corresponding to the first component of Equ. 8.38

4

is. the same as. Equ. 8.19 with E_, replaced by Vypcos 5 . A1l
remains to be . found is, therefore, that part of the armaiture
current corresponding to the second part of Egu. 8.38. Denoting

this part of current by 1}(p),

- e A
T p) = Yamsind Re = jewbalb=jwd + (b juwdly (brjw) L ’(8-39)
! - 2 RE + Ratp=jw) [Latp=jur + Lo (p=jund | + bip=jrw) DulpjadLylpjw) bojw ’

Equ. 8.39 is very similar to Equ. 8.4 and foliowing'the.samé
steps used in obtainlng Egqu. 8.18 1t can be shown that Egu. 839
is.reduced to

"ﬂm sin8§ jEjA

! /i / I /
-1 ~ — e —_—— e —_—_—— .
G ) = T {( [ Lg) "lr; +h o + —~L1/ e
. - L L . ” ” T
_ Yomsin8 Lathky e _ Yomsin  Lu-ty _ JE€ (8.40)
T VD - .
Fw LdLY’ Tn()>+P @ "-u L?/ :{iul * P 7l A .

no. n /mit s ,, f—w' S fn N een i e . e
where Lq — (Tq/qu)lq. The . current 1a(t), given by the inverse
transform of the. sum of El(p) and its conjugate functlon, is

SIS, R e mTm e T

Vam 3in§ { (L-+) T L } sin (Wt+A) ‘

Lat) = —

w L b ¥
Vam $in8 sinA (1 £ g FTw _ Yam sind (4- ) T i (et eny | (8.41)
L7 R WA ) 2w kR g

Tﬁé;éfiéinéi s£éédy—siateVcomponent canvbe found in the
usual way by using the steady-state theory. Alternatively, 1t
may be derived From Equ. 7.22 by putting vi(p) = - e (p),

Vo(p) = = €4(D), Zgyl = Zexz = O, and evaluating the function
(p-jw)iq(p) at p = jw to give the coefficient of the fractlon
1/(p-juﬂ, the: quantity corresponding to the steady-state compo-~
nent. As an example to show how readlily the steady-state compo-

nent can behderived from the operational solution, Equ. 7.22,

the latter course ig. followed.
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Substituting the cexpressions of el(p), eg(p), eq(p) and
Eé(p), the left-hand member of Bqu. 7.22 becomeq
_7 ~ . PGJAX Lp (P‘Jw) { & (p-:izw) .7 (p-jzw)}
g ) + VP~ o e Ay L, (p-jw) 2 3
— Eom~Vamcos§  Ratip-jw) La(hb-jw) -jw Lg (prjw) ] -j e
- 2 Ra + % (p-j2e) [Ty tp =jud + Ly (p-ju] p-jw
Vam $5ind  Ra—jwlalp=je & (pjun Lotpjuwy e (8.42)
2 Ra+ 4 (b=jaw | Cotp=jeurd+Tg(p-jund]  p=jw ' .
and using Equ. 8,3,
Tp) = Eam~Vameosd Rat (p-jw) Lulp-jw)=jw iy (p=j) e
! 2 RE + Ra (h=jw) [Lulp-ju) +Lg (p-ju)] + plh=jaw) Lalbjw) Ly (hoju) P -jw
_ Vmsind Ra~jw e (b-ja) + (pjas) Ly (pujw) e (8.43)
2 /a-l + Rath=jw) [ T, (p-;w)fl.%(p-.,w)] + Bip~jarw) [y (b-jw) 11(;, —jw) P .
When p = jw , la(p-j“ﬂ = Ia and I, (p Juﬁ L,, hence
- Eom=VamcosS  =je (R, ~jwly) Vimsind  €™(Ra~jwla)
- { ] = . A am . a
[“‘ Je) Ty P b 2 RI+wilely, 2 RE+wiigly (8-44)
Ir Ra is ﬂexleCued the Sueady state component of 11(p) is
- _ _ Ean—Vomcosd U G‘iA . Vo $6nd / jel* ’
Lip) = - 2 L e 2 Twiy Pgw (8.45)

and the original steady-state‘armature;current is:

- . am= am S
ity = [uremi] = _.E”'Q;’L_":"’SCN(“’“"‘+'V¢.,—Z;—""“""'>‘) - (848

inally the total armature current im phase a is given bt
& y

summing up Equs. 8.19 (with E,, replaced by Vémcoss ), 8.41

cLdll
and 8.46. Thus

. Vom cOSS R -t Lo ~tiTi - _Eom
latt) = —T—{(u; 7)€ +(z-%&)e Cos(wisd) = =T cos(wl+A)

SR () sinaton

Varm COS (A-~8) ’ ’ -2/ Tacs
RCL AL (S S
+ 20 (f&+ L‘p) €

F A () cos e ) (8.47)

Equ. 8.47 is the expression for the

short-circuit current in




phase a starting from any balanced loading condition. It is
clear that the steady-state. component, (—Eam/mla)cos(gt+hj,

is the same in fgu. 8.47 as that in Egu. 8.19 ﬁhen the short
circuilt 'starts. from no load, as. the short circuit of a machine
under load is merely the short circuit of themmachine from no
load in more. than one step, and the steady-state. current ls
the~same.irrespective.of the previous. history, provided, 6f

course, wo change. of excitation has taken place.

(8.6) S8hort Circuit through External Impedances

For the sake of simplicity, only the case of equal and bi-
leteral impedances in each armature curcult 1ls considered, so
that

Zex1(p) = 'Z'egg(m = Ry *+ PLy (8.48)
Also, whenever E% and Ra go together, they are denoted by Ry,
the: total resistance in the armature circult.

The. steady-state component can be obtained without difficulty
from Egu. T7.22 irrespective of the relative magnitﬁdes of the
external resistance and inductance. The transient component
and, provided the total resistance 1is small, the subtransient
component can be derived with ease from the steady-state compo-
nent. This is contrary to the usual practice when everything
sterts. from the determination of an initial current obtalned
by neglecting all reQistancgs of the machine.

The derivetion of the steady-state component from the opere-

tional solution is a stralightforward process as shown in the

'_.l

ast article. When an oven-cirecui’ machine is suddenly shori-
»J



circuited through externel impedance defined by Lgu. 8.48, the

the positive-component current is, ifrom Hgu. 7.22,

Eam "J‘éj)‘ ‘
~ i _ (8-49)

Re+ (h=jaw) ke + tp=jw) Ly (bju) —jw g (hjw)
e py = _ L - .
(Re +pLe) § re + (hjrwrL, + % (pojawnd [Lethajeod + L,,cb-_;w)]}
¢4 b [Tatpjwr 4T lp-ju) ][ Re + (P-j2ule ] 4+ b(b-jaw) Tulpjw) Lofpjuw)

(850)

The coefficient of the steady-state component is found by evalud

ating the function @ (p) at p = jw . Thus,

CRecjetgery | e

S:’_(jw) = "
Re + wi (Ly+bhe )(,,Lft* le)

which is similar to the result with no external impedance (Equ.
8.44). Only the armature resistance R, has Dbeen replaced by the
_total resistance Ry and the inductances Iz and Ib increased by

the external inductance I@‘

To find the transient component, let it be of the form
T, [Transient] = % (8.52)
' T =y )
where bhoth k and o are to ve determined. The guantlity k is
number

generally a comvlex,and has a direct.besaring on the magnitude

of the transient component. The quantity & is the damping

coefficient and is a positive real number whose value lies
between 1/Td, and 1/T4, as they are the damping coefficients
of the field circulit corresponding to the two extreme values
of the armaturse. external impedance, the infinite external im-
pefdance, or open circult, and the zero external impedance, or

ghort circuilt. Sirictly, o« is.a complex number thus modifying

(

slightly the frequency of the. transient component. This will

be: understood when attempting

¢

_ s N
to facUerse.tne.denominator ot
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of @ (p). This freguency aberration_is; hdwever, very small,
and may usually be neglected.

I it were possible to get the Tactor &+ p - jw from the
denominator of @(p), the guantity k could be found with ease
by evaluating the function (x+p-jw)ij (p) at p = -k +jw . Since
this.is not possible, an approximaie method.of finding k as
well as- o has to be devised. When o is small comg@red with w,
the. substitution of P = -aA+jwWw in §(p) will give largely the
same result as the substitution of p = jw (Equ. 8.51) except
the two factors 1 + Td(p-Jjw) and 1 + Tj (p-jw) of the function
ia(p—juﬂ, which cannbt e assessged ﬁithout knowing the value
of &, assuming as before that deﬁﬁgaf, Thus, when p is in
the vieinity of jw , the value of ¢(p) is obtained approximately
by replacing. Ly in Equ. 8.51 by (1 + Té(p-juﬂjld/[l + T&O(p-janl

and the value of 11(p) ies

A o T
h 2 =4 L ~j
v R + w [I+(P~jw)T¢L Ly +Lc](L.VrL,_)
which can be rewritten as:
- am Re mjwlg+te) J[14Tdstp-jwd -je™ " :
L,(P):%—- [f e 10+ 7o 9~ 5] — (8.54)
[RE W CatteXig rie) T+ Tiepmjwd] P :
) , RE+wt (Le+le)(by+ls) ) -
where. Ty = : T4 = - (8.55)

RE + @i (he? Le)(tgrLe)

Egu. 8.54 has the. factor 1 + Téz(p—jdﬁ, or o 4+ p -~ jw, in
the. denominator and its. partial fraectlion with this factor as
denominator is the required transient component. This 1s found

to be

- . Eam . / /
(P T'qn_wenf] = —-———-{R —-Jw(L L } -
! [ 2 t=Jw (kg tlg) RI+w' (Latle)ly #Lo) RE+wt(Ly+ Ll

With exactly the seme argument, 1t is clear that the sub-
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vranslient components can b° obtalned by putting [1 + T (n—yﬁ][u
% [1 + ”" o o= Ju0] and [1 ¢ T”(o Jw ]lh/[l ¥ T (P—jw)]in place
of Ly and Lq respectively 1n the steady-state component where-
ver they occur, and proceeding in like manner to determine
their magnitudes and damping coef ‘icients. Difficulty arises,
however, in expressing them in reasonably simple forms, owing
to the fact that a quadratic equation in p-jw has. to be.
solved, unless. the total resistance in the armeture circuit

ls small, or the machine has only one damper circuilt. Obviously

when R, 1s negligible, the factor involving L,

+in Equ. 8.51
will e cancelled out and no quadratiC'equation will result.
Or, when the machine has.only dne damper cifcuit, say in the
pole axis, the function,fﬁjp) becomes the constant I, and the
‘subtransient component can be found 1ln exactly the same manner
as.the transient component. In fact, 1t can be derived direct-
ly from Equ. 8.56 byfreplacinglld and Iﬁ by Iﬁ and I} respec-
tively, and also replacinz T§, bj T3z> ng being given by Egu.
8.55 with Id Iﬂ and Tgo replaced by L", ié and Ty, respectively
Althouvh it is dlLLlCUlu to find @éneral expréssions for
the:subtransient components when the total resistance in the

armgture. circuit is appreciable, their numerical values can

nevertheless be found with reasonable ease. Replacing Lw and

L, oy (1 + T4 (0= L4/ 1 + T, (p-jw)]ena [ + ] (p-jw)]L,/

-

[1+ Tao(p—juﬁ] in the steady-state component and reducing,

(Re-jwie) [’* o\ﬁvw)]"l*’“z ['*TJ,W-J“)] Eop i
(f’ L] -,/w)('P—°Q-J<u) 2 pejw

gy = [1+Tduthjan)

where ~ot, and —eu are ‘the roots of une,équagidﬁ




"0 = R} W (Lat+Lle)lgtle) + { Re ( Tw *Too) + L (T + Ty ) + WL (T + To) + Zw‘Le(Tgl,-rT%'{)} (p=jw)

~ ,.. " ’ = 2
+ (RITLT + @ LaTiTyo +wily, Ty Tdo+ 2w L e Tuo Tgo ) p-jw) (8.58) |

The two subtransient components are therefore given bwaih"

operational Form)

[(p”, -jw)Z,(P)]#g;_“,ju } (8-59) |

and krrw-hﬁﬁwﬂpm“w

where 11(p) is given by Equ. 8.57.
The diffilculiy of g‘tting simple expressions for the sub-
transient components 1n zeneral terms may be looked at from
the physical point of view. One can see from HEgus. 8;51 and
8.56 that they both consist of the factor jeﬁ‘{R%:- jua(Lq+Le)]
which moy be reduced to e‘w\*ez), where 6,= cot'-'w(lu+Le )/Rt’ |
so that there 1s no change in the relative phase pdsiﬁion of
the. steady-state and the transient components. With no guadra-
ture. damping, the phase angle of the current ab the instant of
short clrcult is also h+ 6y, as Ly = Ly. It is thus possible
to express the armature current in‘sevéral components of equal
freguency and Tixed phase ﬁosition, diffofing only in megznitude
and decrement facktor. On the other hand, when there is guadra-

l
ture: damping, the phase anzle at the instant of short circuit

becomes N+ 7971, where 0 4: cot'.'Aw(ngLe )/R;t , while the steady-
state vhase angle 1s still A+ 6. It becones, therefofe, im-
possible.to,éx ress the complete stofy‘of the current variation
from 1ts initial value to 1ts final value by components of
equal freguency and fixed Phage position, or discontinuity

must ba.inmroduced, which 1is contrary to the physical phenome-

non. The current, for a short period of time lmmediately folloy
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ing the short circuit, must be represented by a periodic func-
tion with varying masnitude and phase, or by what amounts to
the same thing, two perilodic functions of sultable magnitude
and slightly different fréquencies, ag: those given by the
inverse transforms of Egu. 8.59.

The method of obitaining the armeture-transient component
has. been given in Article 8.2 for the case of no external im-
pedance. The arguments. there sﬁili apply when there is external
impedance, so that the armature—transient component of El(p)
is: obtainable from Egu. 8.17 by replacing R, Ly and Ly by Ry

(L§ + L,) and (L} + L;) respectively.
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(9) SINGLE-PHASE SHORT CIRCUITS

(9.1) Line-to-neutral Short Circuit

Single-phase short clrcults are the simplest types of un-
symmetrical operations of & synchronous machine. The short
circuit may be froem line to neutral or line to line. These two
cases are virtually the same in matter of finding their solu-
tidns although the solutlon for the line-to-line case has a
simpler expression owing to the adoption of the three-phase
constants. The line-to-heutral case is more general and will
be treated in detail. The solution for the line-to-line case
can be obtained.from that for the line-to-neutral case by
simple modifications.

Yhen a machine, initlally open-circulted, 1is short-circuited
from line to neutral at the instent when the fleld axis is
ahead of the axis of the short-circulted phase by an angle A,
the overational volitage eguation of the armature circult can
be obtalined from Hou. 7.7 by putting ;at(p) = 0, Eb(p) = Ec(p)

= 0 and deleting the axes b and c. Thus,

&) = { Ra + L[t + Tstprjwd + conj ] } Talp)
+ 4 b e (prjw) Talprjza) + F p IV Dy (pejw) Tath-jrw) (9.1)

Alternatively, Equ. 9.1 can be obtained from the o, p, O
component eguations (Eous. 7.29, 7.30 and 7.31) by wesing the

terminal conditlions

P =o
Tu () = 20,(p) (9-2)

and § .p + Tot ($) = ©

This 1s, of course, a roundabout process, but 1t does gerve to
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show the validity of the transformation performed.

(9.2) Overational Dolutlon

Zgu. 9.1 may be written as

G S T e L giN 2% T pes :
Eopy = Tapy + £ €7 Kath) Tatprjawn + 3 €77 Ka (P) Latp 2y (9:3)
where Euy = - &xtb : )
Rat § b [ Lo+ Lycp+jud +Locp-jur]
Rupr= 2 b Lo (ptjw) L (94)
@ 3 Rat$p[Lor Lsh+iwd+ Tsth=ju]
L To(p=ju) _ . =
and = Ko = % blaibojes = Conjugare of Katp) J

CRat F p[Lot Lythtjw)+ Typ-juwn ]

which has the same form as Equ. 7.41. The solution of Egu. 9.3

-
1s therefore deduclble irom Zgu. 7.57, the sclution of Hau

7.41. Thus,

Tub) = B.(p) Fuih) + z {B,,(P) Folptjanw) + C‘m{}} (95)
! nsjf
where Botp) = — !
= ° ERTSEERIEY
- g _Ka (prjave)
Bn(P) = (_.L) € janh Bo(P-r_,zﬂw) ]I iy e
=" bod ~
TPy = [ = i”‘a_‘P’Kng j2w)
Falprire f (9-6)
= £ R2BIR (p-jrw)
] - F R (p-jaw) Ra (p=jdw)
] = -
- - ot ( —: R .
and iy = | & K APY KL (ptjaw) | )

X5 thrjtw)

Because oI the complicated nature of ia(p), Equ. 9.5, some
sinplifying essumptions must e made if e reasonably simple

form of i,(t), the inverse transform of T, (p), is to be ob-

tained. The subseguent articles will show - how the various

components of ia(t) are obtained and the assumptions involved.




(9.3) Steady-gstate Compbnent of Shori-cirecuit Current
Substituting ey, (p) = (wcosN + psinh‘)Eem/(pf+«nﬂ in the

expression for Fé(p), Egu. 9.4, it is clear that +the gteady~
state component of the armature current is an odd-harmonic
series sinee the funection ?a(p+32nu$ Wwill have the factors

D+ j2n#l)® and p + j(2n-1)®w in its denominator. The steady-

state:. comoonent, in operational Torm, may thus be represented

by

- Sready] — < ——-———-——- g

Caip) Stare ] = Zo { br)an+nw + Cory } (9.7
whnere » Cn = [{pl-j(lﬂfl)m} t‘,db)]p=—j(z’n*l)‘d (98)

It is not necessary to include all terums of‘za(p) given by
Equ. 9.5 for the evaluation of Cpo since not all of them have
in their denominators the factor p + j@n+l)w . In fact, only
the two terme En(p)?g(p+j2naﬂ and B fl(p)r (p+j2n+1w) which
have such a factor in their denominators. Consequently Iou. 9.8

can be reduced 4O

Ca = [{p+jnn+”w}{5nw>ﬁdpﬁ1nw)+ BM,W)EXszﬁﬁﬁﬁ}] (9.9

b= -J (an+dw

The quanhtity Gn is now expressed in a form ready for its
evaluation. In order to show the evaluation of Cp in a clegyer
manner, let each 1actor of Equ. 9.9 be con51dered separately.

Thus, provided R, is negligible compared with wlLg, wL_, colﬁ

. a.

. " m1! t 3 i it 11} - ‘
oru)Lq amd 2wTg, QwTdo, 2wTs, 2wT6_O, 2coT and 2quo are
large compared with unity,

S ' S 7"_'ﬁ;; eg: T I
[{p{»jumu)w} F,_(p-rjanu)]b=_j“n“)w = - @ (La¥iq + Lt lpeAla) . (9.70)
3Eame?

[{1>+)(xn+l)w} Fa(prja 7er w)]im-,j“”w)w = - e (Latho+lar GIaLa) (9.11)
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€’ ’ Kal=] 2777 w) (9
B, (~j ineT w) = " ' —— 42)
Bn(’.’ Inel w) = ("'i') X l-jo) + X (-jwd =] o] R (2 VFT w) .
“3ALN A a3 7. (= IVFT w)
= Y — _ a1 yn¥! € Ko (-j 27+ (9’3)
Bnn(') an+j w) - ( 1) i,_(jw>+i:(jw)-l g ,‘;'“(-j FYZ )]

In Eous. 9.12 and 9.13 the values Qf'Eé(ij“ﬁ, Eg(ijaﬁ,
xy(-J2v+1) and K, (-j2v+1w) are yet to be found. Using Equ. 9.4
and malking similar simplifications ag in Equs. 9.10 and 9.11,

1t can Pe shown that their values are given Dby

- ~ . . g
Kl(tjm“’) = K;(?; AVFT u)) = —-‘—'—LL” i‘t;_,, +2L ¥ = ron-zero positire integer 1 |
A q ° .

- . X - 2 (La-Lg)
Kaljw) = Ra (yw) = o S, 1L,
. ce 2 (b~ Ly
Kaljuwd = Ko ljw) = L +Lo+ Lutly + 2L,

(9.44)
- 2 (LatFi ), + 5L } - - ifive integer ‘

- VT L v 2 ¥ = pon-zero posifs ege
X, (=jAVFTw) = ¢ { ! + e fhr Lo
¢ coieod X L badlgtlo + 2 JILr EL(G ~ Tl
Xalajw) = Xa(jw) = Livbg+ L+ + 2Lo
CLa—Lg)* J

Zojw) = Xpl=jwm) = / — -
Xatjw « (La#ly+lanily+2Lo) [ bt Lo+ Lo +2 [Tt 2L ) Gprdia) ]

Consequently in Equs. 9.12 and 9.13, the fractions hawe the

valueswnrg__~__k o , -

/ J
Koljw) + X4 (=jus) =7 Zaljw) + EL(jw) =7

il

I; / } i
‘g — + (9.15);
#(Lde?r*Ld’Lv"‘°){ Latblo+ J(CatElo)(Ly+hls) Lo+, +[as XL G rELe)

I

and the products habe the values

Ka(=j ZVFT w

_Lyn ~ b
1) ;II, X, (-] AVFT w) e
N e (- VT W) Li-Lq
ods nel —_ e = - n
enda (%) E Tulej DT @) ba La# Lyt Lo + 2 [(Ca+£L)( L5+ £Lo) (9:16)

T +t, = Jii+ %l
Vietite + JUO+ 50,

where b, =

Evaluating Equ. 9.9 by using Egus. 9.10, 9.11, 9.12, 9.1

9.15 and 9.16 gives

n _ejlanenA
b €™

- 3 Eam (9./7}

2w Latile * (L2 FL ) 1G4F Lo)

Ch =

The steady-state component of current is thus given by
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- sfeady ] 3Eam !/ e.j‘"‘“n -
L,_(P’[:f:/c ] ~ 2w L‘L"J-L’*m z ‘P"‘J(Zﬂ"”w + \.dhé (9.718)
whose 1nverse transtfm is ) T
. Steady . 3Eom
"a(t.) _tfaar,y - .Lg(*"l-o* W Z ba cos (lh-}l)(u)t*)\) (98.79)

Egu. 9.19 shows that in the on-harmon;cksefles the mamn1~
tudes of the harmonics are in a geometric progression with the
common ratio b,, and the relative phase pelétions of the har-
monics are simple as they all reach their positive peaks at
t = (2nm - N )/w . The simple form of the harmonic series is
prossible only whennthe resistances are negligible. The. higher
the frequency of the harmonic, the nearer will be 1ts magnitude

approaching b, times the magnitude: of the harmonic of its pre-

J

ceding order, and the truer will they reach their positive
pPeaks at the same instants, as: the resistances become less and

less significant.

(9.4) Transient and Subtransient Components of Short-circult

Current

Following the same arguments made in Article 8.6, the tran-
slent component can be derived from the steady-state component
by replacing Ly by [1 + T)(ptjZn¥1w)]lL,/[1 + Tio(pti2n+Iiw)]
and proceeding lin similar manner to determine the meagnitude
and -the deérement factor, provided as before that1ﬁ¢L2>Rf and
1/Td and 1/TéO are small compared with w-. Thus, from Equ.‘

9.18, vhen p is in the vicinity of & j(2nt+l)w ,

[od M
/] b emiantan
- Eam A € .
L,_(b)z-.?...’:_z { TEATS D) P + Conj
e I+T:'p((ﬁ TRy 4t Ftet J(+TLa)iyfio) . britnene

which may be. reduced to

nze
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i wjlan+nNi
: L= 3Eam i I+ Taolbtj antr w) / . b, €” + . (9.20)
ST T e | (e ghet mﬁ?]m prijameow g tprjantnw g |
Ly +fie » J(as FLa) (K3t f L) (9.21)

’
Tdo

wherer,,

=
iid L,¢+-;La+,f"ug+4-:.,)(u;bw-;.,]

which is indepondenu of n. The trun81ent componen is given by

/

~jantriw #éfl--) +h+jlanridw

ol
Catpd [Tromsient] = 2| (Fypmy? #41 T97 @) Tucp)] | + Cong
»=Q

7.«(»‘

~ _ 3Eam ! : _ ! }
AW | Lyt Lot (LT +ELIIG+EL) La+Flo+JlLL+FLo)1+%L.)

xg{_,_

’
Tact-ns

6,.' G-J an+rA
o

+Cm‘;} (9.22)

+h+jantnw

whose inverse transform is

3Eam

! ! ]
Lot [Tran.wtn’J = - { Lp+dtle+ ’(‘-’élf'{l-o)(!-'@,filo) Lyt Flo + J(L’&-o-;;,_)(u"o;-h‘)

’ el
x g-tiTaum Z by cos (an+1)(wt +X) (9.23)

n=0

Simllarly, prov:.dlng 1/"‘“ and l/Té{o are small c&mpal;ed wﬁﬁh
W, the.subbransient component can be obtained by putting
{1+ t(ori2neia)] /{2 + T4, (ptJZ0+1®)] in place of L in the
operational form of the steady-state component and proceedling
the same as ipn deriving the transient component. The result will
be. similer to Equ. 9.22 except L§, L} and Tg(l—n) will take the
place of Lj, Iy and Té(l—n) respéctiVely, Tg(l—n) being given

Ui +tlot J(Larkla) (g +tLe)
Ly +1~Lo~' (L4+J-L,)(z.,,¢ L.)

Tie ' g (9.24)

14
Tateny =

which 1is obualnablo from Equ. 9 21 by puutlnm L", L' and T

-

in place of lﬂ’ Iﬂ and Td respectively. Hehce the subtransient

component of cufrent is, similar to Equ. 9.23,

[T 3] [Sub/‘ransienf] ~ - JE.:.,

/ /
w {u;+i-l..,+,}(l.}o;-;,.)(u@¢;-:.,) Ly + 1‘Lo+al(l-'én§L.)(L:;,r;L.')' }

x e tréam 2 b7 cos (zn+n(wt +A) (9.25)

nao
(3.

As the steady state, transient and subtransient components



all have the same series expression, they cgn be combined to

form the odd-harmonic series of the: ShOft -circuit current as

(t)[_ ] 3Ea~1 [ ! _ ] -‘/Tdu 2
series] = Ly+ :{’L,-f,/(l,’.’(#'_{'l.,)“-’i*fl.,) Uitdlot [T, *—-—_——1“'%)(‘-1,*"'%
+ ! ! <t Tdens
4 L e A D - o - €
Lot tlot ((Ea+Tlo)(Cos%lo) La+ flot [(Ig++Lad G+ 500
LJJ-J-LD’J(L’(¢J-L‘,)(_—*L$+J‘.L°) } Z bo cosan+)(wl+A) (9.26)

which, epart from the harmonics, hes & close resemblance to

.

the fundamental-freguency components (comprising the steady-
s&aﬁe, transient and subtransient components) of the symmetri-
cal three-phase short-circuit current through external induct-
ances. In fact, as far as the fundamental-frequency terms 1n

fqu. 9.26 are concerned, the single-phase line-to-neutral short

circuit may be treated as a symmetrical three-phase short cir-

cuit through an external inductance of V(LJt5Lg) (LI+5L,) + %Ly
and the open-circuit voltage is three times as large (sees Arti-

cle 8.6).

(9.5) Armeipure-transient Component of Short-circuilt Current

It is clear that when the. armauure re tance 1s neglected,
the function fg(p+j2nuﬂ has - a factor » + jJ2nw in its. denomins-
tor in addition to the factors already considered in conhectlon
with the steady-state component, which indicates that there ls
an even-harmonic series in the short-circuit current. This
series 1s the armature-transient component and, when the arma-
ture. pesistance is not neglected, will decay with a demping
coefficient proportional to the armature resistance. As has‘

- s s L )
been anticipated, the armature-transient component of the




single-phase line-to-neutral shorit-circuit current has a more
general expression than the corresvonding component of the
symmetrieal three- paaco short-cirecuit current, where the series
stops at the second-~harmonic term

The armature-transient component can be derived from the
operational solution (Equ. 9.5) directly in a manner very simi-
lar to the derivation of the transient or the subtransient
components. When p is in the vicinity of -j2nw, or when. -

D = E.- jenw , tho,generel term of Equ. 9.5 is

B E e 3Eam cosA i brei ™
Bn(P) E(ptjanw) ] = = . - - (9.2D
pme-janw 2w JfL’,’,ji—L,)(L}}j!_o) 74.:-..* prjanw
where. 2 et o)+ 3L
Toiens = 5 e 2 (9.28)

Equ. 9.27 1is obtained by buttlnb P = ~j2new 1in the expression
of By (p)F, (p+i2nw) except for the factor P + j2nw , which is
left unchanged. This approximation 1s justified because. € 1is
a small gquantity compared with o

gubstituting Egu. 9.27 in Zgu. 9.5, the armature-transient

component is

oo b, "J‘""\
- Armature] _ BEomcosh / ! + [__,_"_____..._ + c”’] (9.29)
talP [ pransient] = aw (Latdro)( g+ %0 -7";(1.,.,‘ P ”Z” (l-)+ prjanw

whose ilnverse truanOfm is.

oo
L [ﬁ::’,:;u’::] - 3 Eam oSN €% Tatm { L+ Z b, cos zn(‘ot»\)} (9-30)
> w [ T+ 5 L) ey ‘

Note +that in the even-harmonic series (armature-transient

component) the coefficients of the harmonics are also progress-

l.h

ng with the same meometric ratio bo (except for the zero-
frequency or d.c. term, which is usually singular in an even-

harmonic series) as. in the odd=harmonic series of the shory-
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circuilt. current.

Finelly, the total short-circuit current 1is given by the
sui of the two serieg, the odd-harmonic series (Egu. 9.26),
which decreasges. from its initlal value to its steady—staté
value with two time congtants, and the even-harmonic serieg
(Egu. 2.30) which decays with a single time constant and dies

avay completely when the steady state is reached.

(9.6) Field and Damper GCurrents

Since the field and damper currenuvs have been expressed in
terms of the d and q components. of the armature current (ZEqus.
7.76, 7.77 and 7.78), it is necessary to find the expressions
for Ed(p) and. qup) before proceeding to determine E%(p),

: :ikd(P) and Tiq (). Since I;(p) = I, (p)/3, so that

i . . A = .
Tatp) = €T psjw) + Comf. = $€™ Tathrjwd + Conj.

n

+
Tactn

s ~janh
Zer { T ! - ! . ‘ e b€
w atXhot J{La+ 3 Lo)ly+F00) Lo+he, + [+ EL (G r 4000 '7‘-;(-.,_"*,.;, L L

+h+j2nw

bl

- Eam{ / / ! + Il+bo & [ b:de_fzn)\
= . - - - : . —=2e -
Lt dbo + [CaT F Lo Cye K20 Lytdtor [TEZ+ T Ly +20a) Twa? P AT Fue PN
_ Eam. / [tz ST ]
w Lo+ gl VB F L)L+ 2 L) L . A n=g Pejrnw
Eamcosh -(14by) & by ¥R o
3 +
Rwta Loty + i) e, + PHiGanenw
_ . SN e . . ., A - . ;
Lq,(f’)""'J[f) Tip+jw) "C"”"!]:—B—J [eJ c,_(prw)—C.m\g]
. = et
o dEam (1o ! - ! > {—* hriane T %4
2w Lp+ g bt (B A LN G+ e Lat Ko (B R (g # 310 | i N T * P 1I3T0
) ~janA
, Ao 1=y ! - ! S S ol S CO"%}
20 Latktat [+ B p+5L) Lutiie +-J<Q+i'f-=)(‘-1;’x:“s wal i’u.,.,* pejanw
. _ - i
, iEamU=bs) : / : by e Comj
20 Cardlet [Tat g o)ipg™g o) & P+jrnw
. «janenn
- J Ean, COSA+(i=bo) ~ { b € - Cawﬂt } (9.32)
26 [ TN Gr k) 3 U Fom, tP FiGARED @ '

=

wei ]}

(9.31)




Substituting Bou. 9.31 in Equ. 7.76 and again assunming Ry g2
2.0

Rf and neglecting the resistances compared with the reactances
at normal (fundamental) or higher freguencies, the field cur-

rent (excluding Igg) is: found to be

- - ;- : ' /
L;‘P) = M‘:I” [I-L:J 7,:1‘”: Y “ .‘—'I—' [P ., P L
plad <M Ly tflet [TaPE LG +50) Ly L‘(*an/(wg-;_.;uwg-;_,) Timy TP
I /
+ ——

L Lutbiot{{iLrETra) (gt SL0) _71:4'“,*"

Lig~Mued  1tbe [ | - / bo'e Al + R
P F3 Laviior Jtogr oy sty (IR I (972 sEe (i) , u»)"‘P*‘JJHU Ccu#
o tkd=Mpxa | I+ be [ / - / i b"" ~jinA . X
bep L= Mt F2 Cat XLt {CIFT LI 1500) LgtdLlo+ J"-&_‘*i’_—————_-'--)(l-‘;*ji.) 2 -71‘:«; chran Cont

= A

Leg =Mk f4bo | / i[ D=1 JA + Coni
ke Mpa R Lat bt Tasfia)ifgrite) & L PHanw t

o0 n o=janeIN

Lid =Med [ 4bo cosh bo € .
Lyled ~Mja 2 U-'-’t"z‘-—Kﬂp*i'La) 2 L sptjan+nw + Cong

mo Taié-ny

Substituting Eou. 2.31 in Equ. 7 77 and mak,mq simlla

simplifications gives the direct-axis=damper current:

Ly ~Mixd { !
Teaip) = Myl 3 - s
kd d o L_i‘_“-p,,“ Cavdro+ T2 FEINT Lo+ fko) Tyt 4

o
! ! Z[ b2 + W]
T 5 = L. -
[L';L*‘QLJ' VA T * 300 Lythlos [{luvii, eg L) Tint priznw

+ I+bp

P -t

e e | S [ e ) ‘
2 | Lavbber{(Caeitol gt ¥t LatFtotfllarieXtg i) | &5 | T +hrjane

oo -.I"-N ) ‘

" j+be ! Z[ ]
+ . + Cony
2 La+Flet {CCar ki igr £he) £ prjanw

o0 ~jlansIA
casA b7 €™ . :
o dtbe  COSA — z — + Comy {9-34)
2 Vv Fro)eg t+ie) &= Taien, tPHiGANFNW

Similarly the: quadra.ture—axis:~da.mper'current can be obtzined

by substituting Equ. 9.32 in Equ. 7.78 and reducing:
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- (1=bo 7 e “JanA ’ i
T, by & = MaMyliotizhe) . J +
v EY Carklot {(Lat TLo) (G Ele) LA*“Loﬂ(Lu*i-Lo)(Lw‘L ) ,,., o .t iAW i

hAa

,._,E.Jrnk
+ - ! - + Ctma'
Egtile + [T+ 5L} (Lyp+$Lo) Lvﬂ.o,ru‘w-‘..mw S| Ftbrjamw

7

) o = . per _sjanA
I bn le i3 .
+ [ e " +Cm\§
Luatflot {(Catftoig t5hke) 5= prjanw

“jan#NA
cos A oo an jaan#) .
- > +
Gt fL) Lyt ike) = [ FremF Priantw W] (9:35)

Expressed ex Diiéiﬁiy,iﬁhe,field and damper current are

Gy = I, + L7 5w

~ 27 Lid =Mgkd / 1 A ] PR
x I, + Malg, Lytkd =Mea  LatElat (Lot £L0E+ 5L Ly Luvdlor (B F G50
S ! _ -tlmian
L L2+;-L-,+4(L:z+tl..)u.:;o;;‘,; }
2 Lid =Mixd (1+ b,’) Go(t) 6»-/ cosanb
+ M¢1f~ L}L"l—Mt:.J La##l.o"l([_‘f.g.“’(‘q‘,..&‘_‘) g
- ] Taitony &=
- Mz, Lyt Mbd_ (1+60)COSA ¢ £/ Tactons Z bl cosan+1)8 . (9.36)
7 hleacMpa  JLarlolg vk L)
it - ” CTiien T Tl Tiitns  Tdun )
wrhere go(t) = (/- _gﬁll)»(- thrien 4 (/-—%—ii—’)# € e At (937)i
= » N
Cegid) = L Tha (P)
MYL - N-Musd | / -t/ Tictms
= M T L -M ey Lyt Flotf(Lu+io)ig t1Lo)
piz . L Mkd (1+6,)Gotl) b cos2nb
T G g Mla atFL (TRA R (G ) 5
f - ML L,\—M;).:I ___(44b,) cosA G-tlT.(t.»» Zf’: 05 (an+1)0 (9.38):
o L,Ln-d-l"l,u \R-ZH L.)(/_q’a-i-z‘) ,
. -t -
ai’]d Lkap‘t) = [ "kq/‘P)
~ . MiMy T (1=b,)3.(2) b:-'.w'n,l?!e

L/"‘l/ La+sflo+ ’(#ﬁ';{-L,)(L@&;{-L.) 7

MdMy Lo (1=bo)coSA _  ~t/Tacems Z 4 sin(an+@ (9.39)
Lﬁq/\/lu;fch)(lﬁ,+i‘Lo) CrY)

Comparing Equs. 9.36 and 9.38 showsathat1the expresslions
for the field and direct-axis-damper currents: differs chiefly
in the d.c. components. when the resistances Ry and Ryig, which
have. been assumed vastly different, play the major role in

determining the relative maznitudes of the currents. The a.c.

components. merely divide themselves in the two circuits in




. ubt(“ =

P. 141
Art.9.7

the inverse ratio as the leakage inductances when the resigt-

anceg become of minor imporitance.

(9. 7) Open-phase Voltages

The: terminal voltages of the two open phases, vy, and Vot

are related to the. open-circull voltages and the phase currents

by the.second and third eguations: represented by Egu. 7.7. As

ib =i, = 0, vbt;ané vcﬁ;become Tunctions of the short-circuit

currenu in phase a,and thelr open c1rcu1t voltaaes ouly. Thus,

Vbt(f” = -8+ tp {L°+ A L (pqwnc‘m, } Talp) + phe l_puw,w) Talprjaw) + C"”"t (9.40)

a -}zk

m:%’=“edﬂ‘f*?{u+h”uWﬂw>+%ﬁ}LdM + T phle

Ly (p+jw) L“(f)fl.za.)) + an# (9'4,)

Substituting the expressions for eb(p) and 1 (b) in Equ.

- 9.40 and reduclng gives

£Eorm
ubtq») = ———{31-» ~J 23, Wig+3Lo) }

x { [ / _ ! 20 J()h*l)b" <jlan+nA
! Fs - n ,
Latgho + J(L“*i‘-/_o)(l“;-'i-“) Ly +5Lo+ /(L&%m(qu;m

nr(-m + b+ jan+sNw

+[ — L - ! Si jlansn pg edamnR
Fetrles [(Ge iy ageiie Ly+dlo+ (lard )3+ 50) ‘

- :
M Ty ¥ RHIGNNIW

I} o0 j(1n+l)b: G.J'(xnw)k

Lu*éL°+(rL;+;-L,)(q+;~¢.,) o brjlansw } M :c“ﬁ

_ Eom cosA { 3Le }i jan by edmh ‘
2 24“-4""'-0)(‘-;}}‘-0) = TM,_,MH,uw oy (9.42)

whose 1nverse transform QlVes the exp11c1t exbre551on for the

terminal voltage. of phase b:

I3 Eam golt) == .
FY Lt + (s TN G 5 FlLe hz (an+1)bo Sin(an+1)8
r =0 .

- .
+ 2 /(Q4§L,)(%+1.L,)Z (an+1) by €o5(an+s) 8 }
’ rzo -

IloEomcosA e'tl'ra(l-n)

oo
- » ..
LR TORE T TIUE Y yae) E anb, siaxand

ne/

[ d
— 3EmcosA e Tectm> Z anb] cosanh )

nay

(9.43)




The terminal volteage of phase ¢, the other open phase, is
diréctly obtainable from Equ. 9.43 simply by altering the sign
of the cosine geries. As the magnitudes. of the sine and the
cosine gsemies are not in the simple ratio 1//3, the two open-
phase voltages: no longer hawewaven/B,radian relation between
them, ‘ ‘

Fgu. 9.45 has a more complicated expregssion than the short-
circuit current, as both the sine and the cosine series exist.
Moreover, the magnitudes. of the voltage harmonics are augmented
by a factor corresponding to their frequencies, which is: an
obvious.fact'ds“the harmonic voltages of the: open phases depend
on the raté of change of the harmohic currents in the short-
circuited phase (the field and damper currents having been
eliminated). |

The: fact that both the sine and the cosine series exist in
the expressions. for the opeh-phase voitages;makeS‘it diffTicult
to obtain a simple expression for their maximum values. However,
it will not be: difficult to find the maximum value of the sum
or the difference of these two voltages as only the sine series
or the cosine series will exigt. The: difference of these two
voltages: is: in effect the: voltage across the terminals b end e,

gso let it be.considered. This voltage 1s given by
Vet (8 = Vpyld) = Ve d)

23 Eqm J(La+FloNLe+FLo)
Ll#tL,-f}(Lg“IL,SZL,-f?fL,) 3o

Lood
(¢) Z (an+1 b cosansr30

nao

~2(3Eameos A€ S 20 b7 cosang (9-44)

ner

The: megnitude of V., depends on the switching angle A es

vell as the time t. If the dectement Ffactors are neglected
gle s




i.e., if go(t) and €™ gre kept at their initial value of
unity, the maximum value of Vy,i(t) oceurs at A= 0 and 6 =7
(considering only the values. of the angles smaller than 270 ),
that 1s, ot half a cycle after the short circult at minimum .
voltage (or maximum flux-linkage) of the short-circuited phase,

when it has the. value.

Lq,‘f ‘o . ,
Vbcl = -.( Ld*“L - /)6 E“"_’ (9 45)

-f

which depends: on the ratio (Iﬁ:* Lo/2)/ (1§ Ib/2). When the

machine. has zero subtransient saliency (1§ L"), this voltage

-

£

reduces o /ﬁmam, the meximum open- GerU.u Value. When the me-
chine. has negligible quadreture damping, L&;iS:considerably
larger than LY, the meximum voltage across“the.bpen-circuit
terminals;may"be;several times its normal value.

As the maximum veltage given by Equ. 9.45 occurs: half a
cycle after the shoru circuit, tnls value w1ll not be reached

#/Taw gpe no longer equel

in practice because both go(t) and €
to unity at t = w/w . Conoeguently with L = Ia the voltage
across the open-circuit terminals 134a1wavs less than its

open-circuit value;of’/?Eam.

(9.8) Short-circuit Torgue — Pulsating Component

As in the case of a symmetrical three-phase short circuit,
the short-circuit tbrque in the. present case also consists of
two componénts, the pulsating component, whiech can be found
from Equ. 5.235 by uging the approximate expfessionS'for the

currents and the flux-linkeges, and the unidirectional compo-




nent,

chine.

which can be found by considering the
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losses of the nma-

Only the pulsating component of torque is considered

for the present. The unidirectional component will be consi-

dered

in Chapter 11.

The explicit form of the @ and g components of current are,

from Egus.

9.31 and 9.32,

L:({I-rba) go‘t)

j[ba

nas

-t
cosanh 1

yu. 7.84 and reducing

by cosanf

. Eam ! {
= - 22— { !+ (1+6,)
e N L T 1] gol®) °
_ Eom (1+55) COSA ~t/Tateny i b cos(an+1)8
o
W +E) (1 + o) n=o
, Eam r=bo (t ' sinan@
Ly™ “o TarELL¥ [(Ta+ T0a) Gy TLe) 9. >Z bo
— _EamU=bIcosN _ _tlTucem i B Sin(an+n b
W T F R G r L) e
Substituting ig(p) and iy(p) in &
. i L Jﬁ——‘ﬂ'_‘;—“
- f}.— MJIP Tl + (Lat+3Lo) Lo+ 3ho) 3g(t) -
z Lo+ktot ((LatZL)(bg+F1,)

- 3 "
- \/-—; MaIg, Ly {

Lo (1+5,) oS

b (17000 COSA
TG 310

e

{1=bs) golt)
Ly+dlo+ }cu;»i—L.)(L'.’pog-L,) oy

{(I=bs)COSA

- Jt’ Lo+ +io) Lg,fj'l.o

(LA RN Fri/rs T [TV E T T ] £

e-t,Ta.{(vn Z bl cos(an+1)@ }

=0

z & 'sinanb

e d
e tTatem Z br sinan+118 }

n=o

Substituting Equs. 9. 46 .47, 9.48 and 9.49 for igs

(9.46)

(9.48)

(9.49)

Vo

and ¥, in Eyu. 5.23 and reducing, the pulsating component of

torque

‘nl-m

n

To get the closed from for the torgue as. Igu.

necessary

is found to be
Ya iq - y’e«‘:d ¢

2cosA
=Ml —
4 %40 La+ilot VLt e ) B+ % to)

1+ bo

-tITa
Go(t) € EiTaiem Z(2n+/)6, Sinan+1)8

heo

+M§gﬁ{

Lat$Llot {2+ -*La)(LVt-‘L, 3’

zbo cos")\ .,zt/'r = T
€ alt-n) z nby ' 'sinand
(Ca*TLo)(Lg+5Lo) nel
N o T (9.50)
9.50, it 1is

to evaluate. the product of two infinite harmonic
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gseries. The four types of products involved are @given below

for reference.

by sinané b, cosanf = 4 nby ™ sin 2cner)f )
2 & S - 2 ’ | A
“ °° § e

bl sinlan+ N x by CoSlanv+n)d = -21: nbl'sinan
g az:c nzy

> (9.51)
” o y -t ’ — .
Sin (an+nb x 7leosand = <+ - (

Zbo ”Z”b xg(h I*b)b Stn(an+1)f
oo oo

B cos xn+1)§ S sinang = & "t i (2
nzw s '; b6 sinanf g(n + ,*b )5 Sin(2n+1)8 J

Zgu. ©.50 shows that the pulsating componeht of torque con-
slste of an odd-harmonic and anh even-harmonic series. Thé
switehlng angle N has.a large bearing on the pulsating compo-
nent of torgue, verticularly the. odd-harmonic series. The even-
harmonic series 1s of the same order of magnitude as the odd-
harmonic series. Hven with zero subtransient saliency so the
by = 0, & large second-harmonlic torgue still exist owing to
the 1lnevitable second-harmonic currents in the field and

damper circulits.

(9.9) Single-phase Line-+o-line Short Circuit

When the machine is short-circuited from line to line from
no load, at the instant when the field axis is ahead of the
open phase by an angle A , the operational voltage eguation of
the armature circults can be obtained by putting iz = 0 in
Egu. 7.7 and deleting the axis a. Thus the operational voltage

equations;of‘the two ghort-circuited phases are

Upe (P) + & py = {Ra.‘* 3 b[Lnf Ls(ﬁﬁw)'fdm?]} Lg(hy + 'LP{L + A"[,(ﬁqw)-}&;‘;‘} Ce(f)

+ j, ‘Pf-jaz.b (p+juw)) { I Zb (pojaw) + tc(ﬁ+j1m)} + Cd“ﬁ ) (952)




Qqnd. \-fc;(f’)-f é'c(f’) = 3 f:{l..-rhl.;(ﬁqw)-f C‘”‘J}"b(f’) + {R‘.,. 'L?[La‘*t_r(ﬁ-*)w)-fc ]}_ b‘(#)

jaA :
+-L4h5) Lp(b-b_yw){Lb(b+du)+hg‘(#+Jzu)} + Cv'n? ,(953)

Subtracting Equ. 9 53 from Equ. 9.52 and vputting Vb*<b)

- vct(p) = 0 and 1, = - iy gives

an-Ey — - . o
Ep(pr=8 . (b) = {zR. + p[Lstprjud + cm‘#] } Co(p) + Jpe'”“ ) Iy (hrjw) Ty (briaw) + Cory (9.54)

Alternatively this equation can be directly derived from the

B-component equation by putilng fﬁt(p) = 0 and ie(p) = O.
Compering HEgus. 9.54 and 9.1, and remembering“tbatﬂej,%;eé.,,
23R pein(wten: %), it I8 clear that the solution, as a func-
of time, of Equ. 9.54 i1s obtainable. from Zqus. 9.26 and 9.30
by omitting Lg, doubling R,, trebling Lg, Ié, 16 and L", and

put w‘nrf \/_L‘am and A- 11:/2 in place of FEgy gund 7\ . Thus

Colt) = = (&)

L 3 O
o _f3Eam ! gi(t) Z(—b,)" sin(an+ )8 = LEamsind gt/ oo { ++ Z(-b,)"t‘«fhs 2’10} (9:55) ‘
nz '

e mrymg YU & w[Ea,

_ Tawny ~tTdao Téwtry Tawn ~t/Tiad Tian Tduo
gitr = (/- TZB)e v (1= BgR) S Y e \
L+ Lo L’q,

Tty = ) T
acn Ly v {ogeg i

.
Td(HJ do

DRy s
7;2“_“ = JL:;L’; /Ra,

. _ AT T . ,
YT : /

-

The field and damper currents are obtainable from Egus. 9.36,

TiNg lb, altering the time constants and

o

9.38 and 9.39 by omi

replacing by, &o(t) and N by by, g (t) and A - n/2 resvsctive-

ar (BT, : : 5 (9.56)
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Py o~ 2 Lid = Myud ! 1] / 1T .
“ = Ifo * M4 lﬂ { [ Lybed-Mg ’ Ly 4yl s - T Do ] € I + . oww—u / G-drd(“)
i | ba #iLuLy g Latieaty Ly basfoay

2 Lka =Mind 1+6 2 ;
+Mal i € - er! :
Maly, Ll M3, Li+]lig, g: (&) ”Z,( 7 b, " cosand E

Mt Leg=Muad  U1+b,) sink —t/ Tty = - : ‘,
Ma Llia=M}, v < > (-6, sintan+)f (8.57):
n=o .
; 1 by =Mpiat ! -tITiun Z” et
Lia (8) = Ma I!‘ L,L..,-M;“ "-'&*m {€ *Urbn .40 ) b cosand
S Lp=Muuu  (245,) Sin) a0 = LI '
Ma L, YTy ’_"—‘-d"-:i € g (=b,)" sin(an+n@ (9.58)

o3 d_ Cpo i) = — MaMy Lo 1=b, oo .
= o bkg Lo+ fTacy 9.3 Z(—I) b sinan@

ner

MaMqg Lo (1~6/) S/inA ] Tact 0 N YT . !
+ e (-1)7" 8] cosan+ 136 (9.59);
Lag V157, 2 ’ 1

The open-phase voltage. is obtainable from ZEqu. 9.44 with
ginilor modifications but the factor /3 is also nezlected as
in this case the voltage is measured from line to neutral in-

stead of line to line. Thus,

[ oo - Ly "
Ve (8) = — REamibaly g,(t) z (~b, Y (an+1) S/nAN+1)0 + 2EamsinA - € UTawo 5" (Lp)™ an cosanb
a naf

nap

)

The maximum value. of the open-phase voltage, with the decrement
factors neglected, occurs also at half a cycle after the short
circuit at minimum voltage acrogs the short-circuited phases,
ie., at = /2 and ® =3 /2. This maximum value is

Vo (max) = @QyQi—lm (9.61)

am
The. pulsating component of the short-circuit torgue is ob-

tainable from Equ. 9.50 with similar modifications. Thus,

2 Sin A -t <= AR

Tty == MII5F =320 o t)-€ )" BT (an+1) €05 (an+1) :

w0 o Tarma Y Z (=1)"*' 6] ) 8 |
2,2 /+ b, 2 2b,5/n'A -2t fTaq-ty — - .

+ Mal, { Caeiiy g, + '_"Jlm € e 2(-/)":‘; "msinanb (9-63):

. My I

(9.10) Exverimental Results
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Before the expermentsl results are given, it is desirable

to derive the alternative expressions for the short—ciréuit

- currents, the open-phase voltages and the field currents which

are more convenlent for the purpose of computing their values
at a particular instant for both cases of single-phase short
circult. It can be shown that by making use of the following

mathematical identities

oo (B+[AB)Ysing

N5/ =
nzn bUSInQntN8 = e T E  cos 20
5 i eosameng = {ALET)cost
£ A+8 + (A-B) cosal
oo X . — (m_ +JF)‘.SI'I720
BrSin 28 = g (A-8)¢c0520 (9-63)

naa

& = JAB (JA +(B) ! - —
Zb cosa(M*rB = 5= A A+B+ (A-B)cos2@  AI1A8
”a0

b= ({B-vA)] (T /E)

the quantities 1, vy,v, and i% for the. line-to-neutral short

circuit can be expressed as.

. 3 Eam -t/ Tace ) )
— - - & cos A
ba = Kot X +Ro ~(x7~xZ)co520 ( g.(t) cos@ =<
. P 3
550 Laki-nis £x.) 8in @ = (xg-X2)3in°0] = A+ $x0) [(x5-2x%~F%) 05 § = Cxi=x4) co 6]
V, = {3 Eum $ ) [%2+ng + %o - (%5, -Xi)c0520]*
FILATE V3 %o sinaf - (x;:“:;') [ X5~ X - (x;_,‘f)lifx.,)w&la]
=5 Eamlxe-x2) € "7 cosh [xz e %+ % - (x4~ xa) =03 20]*

. " w (- X2 Y30

55 xol (angoxg et 3in 8- 4= xi)sin®] ¥ 2cagetne) [(xf~2ni-txdeos @ 2047 x2) ]

V., = {3 Eum Goct2 [¥& + *§ * %o = (x5 - %% ) cos 26]*

Lixesingg + (xymxzd [ xizxi- (iexgexedcos20] L
[xi+ x5 + ~ (x5 - %k Yeas 20]*

! 373 ! ) € -/ Hien
Ly Xt Txo t J(xar £x)RGrFRT

(1.64)

- wtd Tastnt
~ 7 Eam (x5 —xz) €T OB

o —x" Lkt = Mk d —_
v, = (x xd.)l,‘,{ L”‘_“_‘:NM XL+ 4 %o + { (%2 ER V(MG + % %)

L/ T cemy
[ ! e RO }

+ 'z[_; T TR e L A L))

: )
U
) e, - | g (L)
+ %.Z(M-d)zﬁ { %‘—;: ( XL ¥ X + X = (KGmXi)e03 2O R4( FER NG+ T 4
=
ca3 tosf g~ HTacem } J

'Y CETRES -(x.;-x,}.)coile

Also the quantities 1., i,, v_ and i} for the line-to-line
“

short clrcuit can be expressed as:
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. . I3 Eam . -tleeo _, )
b= e S TIETR VT ixg-xi> 0528 | @ sind € sinA

-t Tacte> Xg = X+ ( X%+ x3) cos 2O

2 r (x3-2%2) 5in 8 ~ (x5 -24) 5in°8 P .
= 4XyEam g l2) —X X — 2(%G~X2) Eam € SinA =
Ve v ¥ [*a+ x5 + (xg-xi) o5 28]? voxa) £ [2a+ 53 ¢ (xg- 2} cos 26}
L o= —x3 taa ~Mpxd ! - b / ~titiue L ___’_l___ -2/ Tt~y
i = w5 { (Rt e - i ) € t s €

s/inA sinb

X4+ % Fxg- *L) o5 20 ‘

-t Tty }

‘ Lig =Myed . X Ko { - ! -—
Y Tpriaanms 2% ""’”f"{x_;-;z RTTR R TRIVEsI0 T Ay ) 9¢0)

The mechine under test had the following constants:

a = ‘g
R, 0.15 and Tdo = 0.0735.

The. measured and calculated results for the line-to-neutral

X5 = Xq =6, X5 = 0.9, Xi Xy z 0.5%, xg:: 6,

and the line-to-line short circults are shown in Figs. 9.1,
9.2, 9.3 and 9.4, where the numerical expressions for the
various currents and voltages are also ghown.

The results for the line-to-line short circuit with Xg

= 1.08 are shown in Fizs. 9.5 and 9.6.
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s 20.2 -tlo.0a88 -tlo.0358 }
ba = 36 -cos3d { (e.60T € +0.393) cos 8 + 0.766 €
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(10) DOUBLE-LINE-TO-NEUTRAL SHORT CIRCUIT

(10.1) Terminal Conditions in terms of o, B, O Components.

The single-phase short circuit, whether from line to neutral
or from line to line, is a very particular case of unsymmeitri-
cal operation of & synchronous machine as there is only one
closed armeture circuit. As a consequence, the e, 8, O compo-
nents do not offer appreciable édvantages over the phase
components a, b and c. This is not so for the case of a double-
'1ine-t0§neutra1 short circult as there are two closed armature.
clrcuits and hence two different currents involved.

IT phases b and c¢ are the short-circulted phases, the ter-

minal conditiaons: are

La= L,-}- ':‘a= o
V= -3 Vet *f?s"/ﬂt t Vg =0 (r0-1)

3
and Vee= ’iLUa‘t‘gVBt + Vot = 0

which can be expressed in operational form as

— (10.2)
Tp)+ Tatpy= 0
- - 0.3
Ut (p) = 2 Vpe b= 0 ( )
(10-4)

ahd Ve (B = 0

Substituting the relation v, (p) = (Ry + Lyp)i,(p) (R, mey

include three times the earthing resistance and L, may be in-
creased by three times the earthing inductance) in Egus. 10.2
10.3, the zero-component current and voltage can be eliminated.

Thusg,

- -— {0.
Vot ) + 2(Rot LoP) Lu(p) = O (10.5)
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Substituting Zgus. 10.5 and 10.4 for {Kt(p) and Vgt(p) in
Equs. 7.29 and 7.30 gives the <« - and B- component voltage

- eguations:

. ip) = {Ra-rm., + ;{--}: [4L, + Ly tprju) + c""&] }:«(tﬂ - fb{jf,(p»j..;) + L”‘j} t"P_)

DELS

+ T he Ly (b«*jw){ L(bojzw)-rjt.,w’jzw)} + Cony ' (10.6)

it

ép(p) 'i"f"{ji.; (P+jw)+Cm5' }an + «\Rl + ﬁ-b[f,(b»}w)*c«nf] }fpdﬂ

t & p e I (prjw) { Tath+jaw) #jti3;p¢jaw)} + Cony (et

-The'dduble-iihg-%o-neutral short circuit of a thféé:éhaée_
machine is therefore eguivalent to an unsymmetrical short cir-
cult of an equivalent-two—phasé machine, with one phase di-
rectly short-circulted and the other phase short-circuilted
through an external impedance of 2(R, + L,p). The absence of
an external impedance in one phase of the equivalent two-phase
machine. and the zero external coupling between the two phases
indicate the extent to which the double-line-to-neutral short
circuit of a three-phase mechine departs Irom thg most general

unsymmetrical operation.

(10.2) Independent <« - and P- Component Eguations and their

Operatlional Solution

Equs. 10.6 and 10.7 are similer to Equs. 7.33 and T7.34 so
that 1,(p) andlzp(p) can be separated and two independent
equations, one for the «-component gquantities and the other

for the P-component guantities, can be obtained. The A& -com-

vonent eguation is, from Equ. 7.41,

- - N = - . iaa =~ ~ .
Futp) = Tapy + £ e”VKup) Toprizwd + -}e’“ KEOp) Tutp ~jaw) (10.8)




ATt
_Where
Ewy = _l f)[ Ra Ty (h43u) 4 (p+)au) L,upo_,mn.upnm . . o T
D Py Ra + (h+jaw) Ty (prjw) 3
o =N . - . L e .
x { Eam_ JE" [ Rar(pajw) Lathiwn +jarlq(briv) .
2 pHjw Ra+(pejaw) Cycprjw)
! . Ra Ty (priw) + (p+jaw) Lach+jw) Lo tprjwd
- J_;'b a Lsipr) 4 3 - J Lgipy ¥
D, (P Ra +iptjaw) Tglpeiw) 3
- . - . .o .
% 4 Eom E-.’ . _Ra x (brjw) Ld(b+iw)+JhJL?(PfJu)) .
2 pHw Ra+ (prjaw) Lglprjw) ik
Rp) = - ! Ru + P Raby(p-jud + (P':jlh”fdﬂ":ih”:%“"j“” . L[Ro“"i’*)'l“’ula]ft)‘bﬂw) }
s Py Ra + (p=j2a)l; (p-jus) Ra+(p+120> Lo iprjw)
:“P) = Conjuga’c of E“\P)
- Ts(prjw) +(prj2u) Lytprjuy Lo (ptjw) .
Da(p) = L + Bals jhLad LARAC R Cory
(P {R“'O'Jlko + 3P [4Lo R + (p + 2000 L, P o)
Ra C5 Cbrje) + (pHjren Tutptjunly (ptjw)
x S ¢ ; )
{ arzh [ R+ (ptjaw) Lo (ptju) . + 4
- A _ R . z
_ L e Ra Lg (P+J@0) # (prjaw) Ly (PH W) Lo (P tjw) . J
4 Rat (PHiaw) L, (pt5u0) )

(10.9)

milerly, mponent equation is

from Eou. 7. 61, the /3 component equation is

found to be

F,,q,) = Taepy + LR Tuprjaw) + 1 € RS (0 Tpp-iaw)

ABEE {R,un, +ip [4L,+ (Ra#38) Lg (prjw)+ (pej2w) [2 o Tsthrjus) + Tt (hoju) Ly prjun]

x ) Eam € Ry+2R,HA(prjrwlto + (pejw) Dalpejuw) +] w iy (pjw) .
2 prjw Ry #2R, +ip+jaw) [alo+ L(p+jaun ] ¢

ot J__, (Ra+2Ra) Ls (hrjen) + (b +) 2009 [21o Ty (h+jio) + T h+iw) Tg (b ju] R
Dath) z P Rat 28, + (b+jaw) [2Lo+ I (brju) C
) J 23

« § Eam. JET B2+ Ap+jaw) Lo+ (prju) Latprjw)+ jwiy (b4jw) .
2 prjos Ra+2Ro + (p+jaw)[2tat Lylptjunr] d

i ) Ls{b-jwr+(p~) AL Ty (P—jar) + Lath-jar) iy (h-juo)
Rycpr= = =L~ povaro+ $[2r, s EaraRIistbol” prias[atohs thoju v Lathiwly ] ]
Dg () R, #2Rp t (b~)2) [210t Tstp-jw]

20 Ro+ (p+jrw) Lo ] PLpcptjw)
Ra+%Ro + (prjrw)[ate+ Lgthrjun ]

x

Ki ) = Comjugate of Ky

7 _5{5(?) {RA*Z& . —b[4l-a (Ra + 2R,) Ly (beju) + (P jaawy a2l Ttprjw) + Talbrjad I (fu_,u)]
Rat 2o+ (4 j2un) [200+ T, (haju] ¢

x{ ko s dp [ (Ra+2Ro) Ly (prjw) + <b*5zw1[ztofs‘#’*5w)+ Latbesonlotp+jun) b o
: Ro+2Ro+ (D+510) [ALo + Ly (hrjc)) s

+ Comi
Ra+ 2R+ (p+jau) [2lo +Lg(pejon] 1]} w

(10./0)

_ LP‘ (Ra+2Ro) Ls( ptjw) +(b-o-sz)[JL,,L_;(bqw)OLd(pojw)L?(prw)J ) 2
4 Ry +2Ro + (ptjaw) [:Lon.,cw,w)]

> (10-11)
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The operational solutions of the o - and p-component equa-

tions are, Ifrom Zqu. 7.57,

T by = Aelp) Butp) + Z{ Anth) Fu(prjznw) + Cony } Go-12J
ns/
Ap) = ! A
‘ ot T R Py + ZLPY ~
where|
i n-y = i
! - L m -janh = . Ka (P+j2VW)
Anttr= (-3 )" € As (prjanw) g X (PHjAVW)
B KX () R (p-j2w)
py = /- Tk : y (1o
xe(“"llw)
F RAp R (p-jr=)
= /- . #F RI(p=jaw) Kulp=j4w)
, — e s e
X (py = Conjuga’le of X, () /
and
3 Tahd = Bolh) Fytp) + > { Bpr Fy (prianw) + Comy } - (o)
anc. net . .
B p) = —t ]
where Bo P = Xy + X =1
Rt = -
- -janh = . KE(Pszyw)
Bn(p) = (-'.li)hf ] Bo (b+janud) ;I;'; iﬁ(P‘J*V“’)
. F R Kzip=j2e)
R S T, _ s (10.15)
F ks () Ky (p-jaan)
= | = ) & o (pejaw) Kyip—jdw)
I — v e .
and i’;<p) = Conjugate of i‘g(f” » . ; ’

Having got the operational solutions, the eo- and p- com-
bonent currents can be derived from them in exactly the same
monner as in the case of a single-phase line-to-neutral short
circuit. As the functions K(p) end F(p) are more complicated in
the. present case, so are the expressions for the. currents. lMore-
over, as there are two cloged armature circults instead of one,
thers are itwo distinet armature-transient time constants as:

shown later.

(10.3) Sieady-state Components of Short-circuit Currents

Referring to Article 9.3 it is clear that the steady-state
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component of the & component of current is given by
L qsteady] _ & [ Cmeo T o )
tu P [ srare ] - Z { priin+nw T C""?} ' (/0-16)
where' Cou = [{b{-j(znrl)w}{ An(h) Fulbrianw) + A,,, (0 E“(bszmw)}} (,'o_,T)

- i . ?:-j(znw)w

The determination of the value of Gn () involves the evalua-
tion of the following funcitions, which haive been simplified
by neglecting the resistances cempared with the reactances at

normal or higher frequencies. Thus,

. . _ _ Eam€” Ltk
[{PfJ(zuH)U} Fa (Pf){nw)]’,:.j(,,wqw T T T iw Ly Ualy + & Lo [Lu Lq (Lt b ) *L'étl—'é,lh.t*Lv)] \
A T e
. = R . Em€ Lole s,
[{P&J(zm-nw} Fx(b+jamer w)]@:-Jumuu T 7w Ly, + & Lo [Laby (b ) # By i ba t g0 ]

Lylglo (Le-L3)

- . = -
KaQyuhy = Ky () Labgluly + 3 Lo [ Laig(Lariy) + Lally (Latig)]

R (=j) = Ko Gu) = Kity Lo (Le-by)

= TS T R R [l (G ) P G (2t )]

= (r T AT Lo (Ui -L3) i i in
Ka (tJ 2VF] w) = K: (7] #T w) = ~ m y= non-zere positive integer
- . -, . , Gt L LS (La-tg)}
X jw) = X (Fjwd = | — = Liig ity + i‘-"[‘-t‘v(‘-:“‘%)*‘&%“«* )] .

/
Lalg Kby 4 Lol Lo (b +0q) + Laly [1 Uy (Las 2Le) (L +3Lo) ‘

= =» . Laly + 1518 Lo(Lavly) + Laby JLaLy (Lat2L)(L5+2L0)
Eulojuw) = Z2 Gy = L. bebebitty ¥ Sethbolbatiol s Laly [L4Li L
Rabg it + & o [ Laby (s Ly + Laly(LatLy)]

> (r0-18),

= e @t J ULy (L +20e)( 15 + 2 L0)
LI BTw) = % {I LS+ Lo(lr5)

P = non-z@ro posikre infeger

! = ! o g Letetet e bt iy (et 2 Llicipety)]
X e +Xjwy = | £, (juy+ Xit-jery -1 T Qilglatiqrals) + baty Jiglg (12 PAL)( L1 2Le)

x Latatatys Gl bollav L) + La by { Lalle (Ui + 2L (Lg#aLe)
L&L@l«b( La+42ie) + LL‘W{L&LQ(L&&JL.)(%-};L‘)

Ko (-jw) 2y Lo (Ld-Lg)

R ljun) T Uplg GG ¥ Ll Lo (Lavly) + Laky, [ 5, (B 2003 ( Ly v 200)

Ku (=) 37757 w) - Ltk +ate) ~(ig (Cavats) _
T (=] AVFT w) Jobg+at + {Gg+ats)

CLan Jr R () T7FT W) = b
-z J_II——-— A

Xo (=5 VT W)

~2 b, Y = Mon-28r0 positive intfeger

foynet o K (- TET w) b Laly Lol u=Lg) ‘ J
¢ 1) :,,[,l; X (-javFr w) | 2 Lalg ity ¢ Gily Lo (luviq) + Lakq (LA g (LA 43100 (15, +AL0)
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Substituting the values of the functions given by HEgu. 10.18
in Egu. 10.17 and reducing gives
c _ bnEa"E-juM-r)A ) ) ) (/0.19) ‘
newy = w Ly(l+4)+2Ls
where Ju.wu.e)(uq,w- )I‘«‘w (r0.20)

Suos b1 utan C o) in Equ. 1O 16 gives tne ste@dy-s ate

component of ld(O)

(r0.27)

e .
S’¢7JV £ ! oo bne-‘.(anﬂ) .

ey) ] = .. 2am 2 }
(P [.srarc w LJ(H,&).,.R,_O z 1:+j(zn+:)u.l + Coy

n=o

In ez pllcit form, the steady-state component of thc o(—componen

current is

- Stead -/ - §Stead
tutt) [ Jfareq] = o[ Co (Pl [Jf:‘;ayJ
2 Eam / < . n
= - . (10.22
o TiUr R Tal nzo (34 cos(an+1)0 )

Slﬂll rly, uheruteaay SUate combonent o;'the ﬁ cxmmmnent

of current is given by

o ;
- Stead Chnepy .
‘ lpﬂ” [ _;r,‘:gyI = Z { b ,j(,\n*,)‘;— + w‘ﬁ } (10.23) .

noo

where Cnipy = [{ prjanenw) {Enq,) }’-‘p(bc-jznw) + B, (P f—rﬁ (p+jr7FT w)] (10.24)

) ;---Jurm)u B
The . functions evaluated ab the proper values of p necessary
for the determination of the value of Ch(p) are, after the

gimplification of neglecting the. resistances compared with the

reactances at normal pr higher frequencie85 as: follows.

(bg+at ) (Ly+a )l +ars)

’ o = . _ ‘j)‘ Eam N
[(b'}‘-"""'l“’} Fa ('Pﬂ““‘-’)]?=_]-(“+”w = -j€ W T gt Lot r b)) (a2t 4 2te) [ Gl +lo(be t I (¥ ko) g r 2 lq) \‘
= s . N Ea (e +2Lo) { LAt 1LY (15 +2L0)
. . o gl m
H*”‘“’””}%‘b”*””'Q]piaum»w‘Je W T ko) T (6 #3 LAY + [ bt ) ] (£ 20 (g 73L0)
K Giw) = KX () = abe (R L+ 2s) (e, ¥R Lo)
g P “ T Tt b Lo Lariq)] (et ALe) (LG FALeY + (Rt * Lo (K2t L] (Htr ata)(Lgilo)

Ra-je)= K Guw) = 2o (bd=Ly Y(La+2l) (L +2la)
Kplry@)= Bped = [Latg+ Lol Latlg] L L ate)( G+ 2io) + [Culy + Lol 12 413)) (e 4214 )Lyt 2L0)

Lat Lt ~bg)
Lty ¥ kol + 1)

= hon-zero positive infeger

&j T w)-Kﬂ(:sz7 w) =

H T =K (F - o
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L3 (el (L #20Y (L +20)?
- [tuby 4 Lalu ] (Cgeatodny +aL0 + [Ua i+ Lo(Caly) ] (g2 ho XLt 2io)

Ey (jw) = i(; ) =

L]

!
[halg # lolid #Lg) J AL+ 20X 1% + 20 + (it d Rbna) Uiyt 200 Y g (LA + 260 (L * ALs)

[haly Lol et g ] (Lt 20)( Ly # Rho) 4 (i ¥31o)( by + 210) ¥ Lt Ly (L +2L) (L3 4210 )
[hety* Lotiavlg)] (2 +aLaNy 20) + [0y + Lo( e t1g) ) (Latat, ) (g t2lo)

"

X, tiw) =i£,l CGuw)

T _ L Tl (ae2e)( L +210) }

x’p( J I W) = g { 1+ PTETN Ty
/ - !

Epljor +E5 ey ~] T Xy Zgijun-!

[ talqttolidtial] (Ketata)ty+iio) + [ La1% + Lot LUtER)] (b vaLod(
T Ll AL LA+ 2L+ aka) ¥ (Lt + 200 ) (gt R} | AL (L + 200X 1y * ALo)

[rdiq + to(ldt e 3] (K4 2Lo) Ly +2L0) + (Ld*3lo) (le+2io) ¥ Lall (It +1le)(lg +2Lo)

X Lt + 2 (K 7210 ) (15 20) + bk + Ak (gt 210) § Gt 1 (BL* A0 ) (157 2La)
Kgg‘j m“) ~ - 2b; where b, 13 defined .in Egu. 10.18  and ¥ 5 a pon-zero positive infeger
Xpl=) HT W) A
Kg () _ Ao (L g = Lo Y KL 42 L 0) (15, + 210)
;,ﬁ (-jw) - [lalgrbotang] (G rae)igrame) + {Lar2te)(1qr o) GiG (KL FALI (g +4Le)

R Crvyor)
Ly G T W)
(-%) ]I—L’—“—‘;me) b3

Y=

Kg (=) 2v¥T_w) Lo (L~ Lg M Ld+2Lo (g +2Ls)

3 ANt "
(‘1) H iPL-jz—{'WhJ) T g oG ) (e R (U P21 ) F (L PNy PR ) 22 15 (T Ao X LY+ 2a)

Substituting the values of the functions given by Equ. 10.25

in Egu. 10.24 and reducing gives

. _=jan+nA ) -
Cregy = = LiEemic? : %  (10-26)
nigy = w La(/+k)+2L,

where k 1is given by Equ. 10.20. Substituting in Equ. 10.23

gives the operational form of the steady-state component of %3:

-jur»n\

— Slexaty - Eam_ . 'k = b:Jé .
T [sni?] = - =5 o & {m * trozm

Its explicit form is

Slead, -t Sltead
pig y] [ L) [ .:r.:fcy

"13“) [ State
= —2Eam k Z by sin(2n+1)0 (10.28)
“ La(t+k)+ 2L, .

n=y

Egus. 10.22 and 10.28 show that the harmonic series for the
ot and B compbnents hove the same geometric ratio b2. This
1s obviously so because the harmonic currents produced in any

armature circuit are the result of the asymmetry of the. gsame

L (10.25)
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rotor circuits.

The double-line-to-neutral short circult can be reduced to
a symmetrical short circuit or a single-phase line-to-line
short circuit by allowing L, bo take two extreme values. Lf
Lo = 0, by is reduced to zero and k to unity, so the iy and
ip become the phase currents. of an equivalent two-phase ma-
chine symmetrically short-circuited. If Ly =00, i, = O and
ip becomes . 2//3 times the single-phase line-to-line short-

circult current, since

Vim by = lim Vabgrate) =[G (carate) [ =~ JT;

Lamoe roree Juligwaw) +[ B+~ Tg + [0 =&
" 3 . “ !
a ﬂd lim * = /im /(Q,AL‘,(LV“L.VL‘LV = !
L tozoo  Lg(f+A)+2Lo bz a4 Jaraion e 2] 5oLg, | +aLe Laritaly

(10.4) Transient and Subtransient Components. of Short-circuilt

Currents

As before, the transient component oah be derived from the
steady-state. component by replacing Ly by [1 + Té(ptj§ﬁiiaﬂL£//
[1 + Téo(ptj§5:33¢] and proceedins to find its magnitude as
well as 1ts decrement factor, with the assumptlons that Ry » Rp
and 1/Té and l/Téo are small compared with w . Thus, from Equ.
10.21, when p is in the viclnity of # j(2n+1)w,

- E 2= /- . . .
L(py = =22 Y - C
Latp ey % Ir TelpvjTMeT @) | s oy, Prianenw oy

“JAnEHN
preent”

1+ Tiokpt+jaAmes w)

+ W); - (toz9)

which may be reduced to

b e-j&un-r)x
2

o0 . e '
Tupy == L2 > 14 (bt TN Tue L s . Yoo
ot w e [L:‘,‘/'{"ﬁ7 .;.sz] Tds prji@n+rnw 7&(1(-»)" P‘J“””

. ., LaCish) +2ko s (10.30)
Where Tiws = T mbrile ¢
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which is independent of n. This means that all the hérmonic

components have the same. time constant Té(ll—n)' The transient

component is given by

o0

Tt p) [rranffdnf] = Z [(#Ammﬁ pejIna w) 'Cd(p)] . /

n=a

-+ Co"h.é
oy -
LR T T Tacuast P IR

oy

/ / 6ne-jum1)a
-—— — ] ;
a {L’d(l-n(-.)-rzl_o Ld(lf'k)*-ZLa} Z{J- * 1 }

oo Tdv”‘_m-i-b-»yzn+l)w

(10-31)

whose inverse transiorm is;the'explicit expression of transient
component of 1kt

. RE [ / | Tactt-nr < »n ' '
; = - - 0.32
.ty [Tron:tenf]— = {Lh(l-ﬁk)i-zl., L4(l+£)+zL,}€ Zb;cu(an* Y} ) (r0.32)

nee

Similerly, by assuming 1/Tj and 1/Tj, small compared with w

and substituting [1 + T§ (p#j2neTwlry/[1 + 4

ptiZnviw)] for

lﬁ in the operational férm of the steady-state component, it

subtransient component of ig is

can be shown that the

. . _ _2Fam ! / Tty :
Co (1) [Subrran:w»f) = - { GiihTaL - T et/ Taicens 2 b: coSczn+s28 (70.33)

hz=o

e et e dalitkyrat,
Where. Tl = P T (10.34)

Similarly the translent and subtransient components of %3'

. 2k Eam 1 7 ST = . .35)
Transient ] = - - € b1 sin (an+d 8 (r0.35),
tg i) (Framsient ] w0 { La(l+&)+2Ls  La(/+ &I +2be } Z B :
: - 2k Eom J / HIThew — . 6
. bt 7l = - - € by sin (an+)) (r0-36)
a“nd‘ Lp(t) [_Su ransien ] ) { (It R #ALs RTTYR) +.zl-p} Z 1 »

nae

The complete odd-harmonic series of i and i

p may e written
more: compactly as.

. . p .
Gy [9:,‘,425]: - 15; oI S Bl cos(an+n@ ' (10.37)
- Odol - ZEam_ "'. . n m(2n+s g 10.38)
and Lpt? [‘e”'e‘] T Tw Lha(t+ k) +2L, a1t 2 by s/ ) . (
Sy e Td"(ll-rﬂ) ‘tlT:Alt-») ( _ T il TT‘"(U-,., - €Tty 'Ti(ll--u . T,['(u.,., :
where gu«& = (’_’_TE— € r- =) e t e T (10.39)

Since ig = -

1., the odd-harmohic series of the phase compo-
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hents of the short-circuit armature current are
o> [958, ] = -3 e [SHL] + B g [1944,]
o J3Eim / o : :
I Cateiran, 1Y nZ, b, {5 ws(an+nN 8 - 4 sin (znw)a} (10.40)
» 3 . .
and - "c‘“[ﬁzﬁesj BT LD [.fg;"i/g.s] - ‘{Ts 43 s‘e’r‘?«’s]
= B Eom ! , = . .
= S Earhea 90 2 6 {7 cos anent ¥ & sin (aneng ) e,

nso

(10.5) Armature-transient Components of Short-circult Currents

The armature-transient components of ik and ipg can be de-
rived from the operational solutions given by Egqus. 10.12 and
10.14 by the same method used in the previous cases. By 1ln-
spection of Equ. 10:12, the operatiohal solution for im(p),
1f is- clear thst, from the expressions of Iy (P) and K(p), the
2nth-harmonic component of i,(p) is conMtributed not only by
the term Kn‘(p)—i_«",‘(pstjznw) but also by the: terms Km:l (p ) Fx(p+j27ET
Same cen be sald for the B component Of current. 1g(p).

When P is in the vieinity of - J2nw, or p = € - j2nw, where
€ isra .real quantity small compared with w , the values of
these three terms contributing to the 2nth-harmonic component

of Ialp) ave

— - . . 1 = . - v e .
[A,,_,(P) Foip+iz iFTw)] = (-% )"" e'J“""’" Ko (5270 F (P Hj AT~ w)
preqinw fry X (=javw) L prjaFmrw) + i:(bﬂ'zn——, w) —/
p=€-jinw
- (-;i—)””e'j"""”‘ K, (-javw) . { F RKu(p+janu) K (b +j 2 75 ) ) “ Ful ®+32 77 @)
o T i 2vw) Z (bHjan—T w) = £ KAp+janw) K, (pejamr w) X (P*jA et ) )
p€-janw
. {(10.42)
[A,,(PJ F,‘(p+j:mu>)J s (A e ™ 1’:‘[ Ru (v | RutpriaToio) E (htjanw)
pesjane 72 Xa IV | T AprjaTTw) I (b+)anWI + Rhipjrmw) ~ |
psevjanad
. ” - . - : - ’
= (_f)nf-nnk I[ K. (‘let’.)_ . K. b+iz 57 w) E(p+jznw)
Jar Xu(-JRYw) TAPHAFT w) =+ K (p+)2n0) R (B +)2 0ot @) (10.43)

ST T TTN T e e S pre~janw




and

[A’M(w E‘(brj:.nwu)]

pu €janw

= (__L)'n-/ -Jx(m-n.\ II

Since € is an unknown guant 1ty s0 that the evaluauion of

Egus.

titution of € ~ j2nw for p. As € is smzll compared with w

this

in the factor p + j2nw.,

lecting the resistances compared with the reactances at normal

or higher frequencies,

Tunetions

10. 44 are ags follows.

T Ru-javw) _ et

_(_J_)nf/e-jz(m/)% jj:
- S

10.42, 10.43 and 10.44 cannot be.done by a direct subs-

cen be done by simply putting p = ~-j2n@ except when p is

on the right-hand side of Egus. 10.42, 10.43 and
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Raiava) | Bup+itnw) B pejaFw) E (p+jamil w)
e X jave) | Tip+janw) i_tpuzn_—/w X, (brja%e7 w) + XX (prj2 75T Wy ~1
$= -sza
w (-j2v ) # K (prjanw) Rip+jantw) F,lbm FHF w) (Vo.44)
T, (javwy X (prjanT w) = 4 K (priina &(pq;n—.,m) X (p+j AT )
#:(’Jlﬂw

when it is. left unchanged. Thus, neg-

it ecan be shown that the values of the

T
o1 Rulojavw) e 3
AleFi-iig)
- T (prjanwd
[Kakbo-jxnw)} o= - bty Ty
pzé-janw R,_fzkcf(pt_,zn..)){xvt.a + m}
- Z—A‘L:j#«:i)- { Ry + wo-ju;u)l.-}
[K"(prj;‘;:—-?u)] L= - L — —
e e e (SR R} 4 e G (e 2
(% ] R e 2k L:‘f: GG i |+ (prjane) SR LS ey + [BE (G ) |
X (prjam=i w) . = - ~—— .
puesjinae A g*‘g_“_! Q-Lok%_* i‘{%)} +(brjanw) L:'-L"q,,{xl-.f LL:IS; (10.45)
_ N ot V] tee
[F«l?*jl%‘-Tw)] o Bamfl | Laty ety )/ (94 Q)
~jns 2w o P
pa6-j2 RL{L‘%*“(L‘_;E ftf':)} 4 (prjanw) Ll ‘AL,' LA*L% }
= Eam COSA !
3 2N - .
[Fuurn-) 1 )]ns-jm-u w Ra T3Ro + {prjanwd iu,q——rl‘_ﬁg
ol
_ S " e
[;:q(p»j:.ﬁw)] Lo - Eam € - L.‘Lvlu )i s J
prg=jinw 2w Ra {L;E“(*L,(ﬂ . Z:::* )} +(prjana) Ky, {\""’ . tL::

Substituting Equ. 10 45 in Equs. 10 42 10 4) and 10. 44 and

adding gives

_ s R i 4 T A0
[c’(P)]P=E-}lnn= [Anﬂ (P) e prjrRT ) + AnP K (Prjanw) + Anyy B Fu (BrJ2 7 pa€-janw
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S S — o
— bl Eam . y=Ly . g3
20 Cala ¥ Lo (Curly) + [T (Terann g v ake) :‘r‘;mﬂ +hejanw
- . . FEeS
b1 Eameosh (- {5 420 F2F 1 GREROE AL {Ro +thrianario} € ‘
+
aw L (Lt i) rais) {L‘Lq,+L,(wl-1,)*Ju~;(wzu)u.;u.)f { Tattm +b‘l’~"“’}{ -rﬂ(d_,,,+ 'P'J”‘“”} |
‘ 5 (ro 46)
: / zLquqg(zzu:.ouu,,u:.,) / 24 Lo !
h 7; .y = - —_— = . .
where (e RatZRo [ lLa+AL,)pHaL,) = Laly Rat2Ro £ -1 ; (ro. 47)
. I
_ 1 1‘-«’%‘4 _ 1. 2hlo .
Tactemy = "2 ;14,_’(,_‘”,_0,“",“) ,_q“ = R TE—g ‘ (’0'45{

Resolvn.nr* the second ter-m on the rlfznt h&nd side of Eau.

>

10. 46 1nto Dar'tla,l fTaC'thl’)Q and grou pimz gives

-~ _ bA Eom. LJ‘LW
[bu(b)];,:e—.jznu = R Ll +holld +15,) +JTu g (Cg 2 Lo X Lot 200)
. y
% { ~eitils COSA e (™ ~ cosn) g " (1049)
Tl 2N G+ 20) “1‘.;(“.”-'.4}.'.}2”“) ’_"’;mm) + prjano ‘
v . -jank PN ~jani : ,
- by Eam Lty cosh €’ jsinxe” ;
O:\." [ (h)] . - 2oL - - = ; R *b*" " = T N (,0,50) !
pE-jInw 0 VL Lo (La v 20K g+ 21, Tttins Jn Tt + PFj2RW

>Equ. lO éFééé;'not Hlflicrzrldg”cr)r_g = O as Ao (P)F (p) ig a
singular term in the. operationai gsolution. For n = 0, or for
‘the d.c. component, the terms Ay (p)Fa(p), Ki(—p)—f‘a(pfﬁm) and
1ts conjugate are congildered similarly for a value of p 1n

the:vieinity of O (say € ). It can be. shown that

- +
[T.] e = [A,(p)Ft(p) + A By (Prjaw) C""‘d] pee
; Xy (P=j2u)
X (2) | =2
= 2nd lerm of Fgu. 10.48 (n=0o) ( [K‘(P'JI“))]?‘E
. ) 26y ,
Eam COSA Ci+Lly LG+ Ao s ¥ Juactmx:-oxwuo
- W TR et N e aLe | Lkt Lellia sy + [T E (G + LN G TR L) :,‘;m_ﬂ, + p
Eomeosh  VEalg (Bawai.) (Lo aLl) =Luly !/
= : G 7 L (70:54)
2wt, VLB Latato) (LY, +200) Towny * P

The complete expression for the _armature—trans:ient* component
of I« (p) is obtained by addingz Equ. 10.51 to Eoqu. 10.50 (and

1ts: conjugate) summed from n = 1 to n = oo

/(L“+2L (T j'+21., )/ L L" by k,

. Thus, replacing
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oo -jank
E,.t05\ t by €7 :
- Armaturel ~ Sam —_ [ I RS A 1 —_— e 4
L i) = {" Tt 2 1 ey rrme il

-jan

* Cong } (10.52)

EamSinh o { b€
Wh, 4 .
AwWLke 277 7/-5“1_“) +Htjinw

The inverse transform of Egu. 10.52 pives the explicit ex-—

pression Tor the armature-transient component of ig:

A""“m"] = Lo 05X e'th:‘“‘” { i' (’ -~ i) - 'i' g b? cos anf }

Ld(t) rraosient PRy

Eam SIAN -t/ () = n (ro.53)
~ Loz 2R e s g b, sin a2anf

~As a check, put Ry = Lg = O 80 that i« becomes the sym-

metrical shorit-circuit current of a two-vhase machine. Tne

time constants become, from Equs. 10.47 and 10.48,

lim Tum = 1If |__ akto
Ro= o etlony R,,:'Z Ra+vaR, 4 -/
bavo Lesmo B
= Jim / A al(Lyeat.)  VEkg (Fe#2lo) (Lo +aLo)
T koo Ra+2Rs Lu+1g v 2k,
e =0
= . Al
T Ra Lt i,
. . { aL
= Jim Ao 2te
and . {7 Tewew = [0 R %77
. ; Lqu/+ [ G (a2, ) (g +2L,)
={::: .R_a. ATV I
“ -
‘ = L. Rk
Ra Lyp+iy .

whichraremeq;uai tb Té; ) (Eqilr. 8.16). The d.c. component is:

y

reduced to, from Egqu. 10.53, o 7 -

Epm 2OSA e-ﬂ?;ué-m (,_ 1 )

lim *
Rt Awil,
v =a
_ EamcosX E-Llrm, linn 2(LaLy,)
- 2w ig=o (L’:;nzt-o)(t.“.vu:.o) + JL;L:'/(r.';,,uL,)(uvuL,)'

— EamcosA -tlTun(_l_ 1
= 2w € i ’-q/) \

a5 in Tgu. 8.19. The double-frequency component is reduced 4o,

from Equ. 10.53,

-1 { Eopcosd  ~tlTuam -%. cos28 4 ___E“"Z:L"”}‘ M b, sin ze}
o

Ra=o0 wiloy
Lazo
-t . 9= . .
=~ Lozg I7ws fim il e 24 < {i—coJZB co-$>\+‘ll’295fn)\} ,
w Loz [J(g 330y + J%(golb)] ;

Eﬂ"" - StV | e ! -
= 2= I (Ld —q)ws(zg A)




P. 166
Art.10.5

|
as in Egu. 8.19. The harmonics higher than the second given by ‘

Egu. 10.5% are all equal to zero for Ib = Q.

Similarly the 2nth-harmonic component of the armature-tran-

sient component of 1P(o) is given by

[ZF«W] = [5,,_,(;») I—}wuz T w) + B (P ﬂuﬂqznw) + Bp(pd Fﬁ(pqz ﬁw)] (19.54)

P=e~jinw |

pzé=jrnw

and its conjugate. The functions on the fl@h*—hand s1de of Equ.
10.54 can be expressed milar ‘o Egu. 10.42, 10.43% and 10.44

8.

ERETAZSE mvw)]

pré-jinw
.,m-m]I Ky Giave) [{ F Ry (pjanuwiy(p4ja 7 w) } FA‘MM—‘M]
= -javw X (prjamiw) = L i, (prjanw) Ky(pejan-i w Xy (p+jaT7T W)
( xﬂt j2vw) xp(w,xn 7w Y xﬁ(p J albej ) X b+ pe emjane |
Lo
- | a
LI K =i JANW)
an Ka(-j2yw) Kp(pﬁx " w) F‘(ﬁoj a
B (*znw)] = (-Ly e —— = —i = . = - ;
[ n (P, 53 g pegjanw -%) ;E Tpejavw) Xp(pejan w)-iKB(pqxan kﬁ(poJ;mw) beejine \g
= ' o] » Ry (prjanw) Ry (pej2 H=rw) F,,uuja’n? w)
= e _ et giacm Ry (=javw) * Ky N Ky iz
[B,,,,(P)Fb(f”}xnnw)]”‘_jmw- ]pr(_nw) lﬁ(P*JX”"“’) "'Kp (hejana) Rylh+ja 7 w) zp(pqn.-/ w)

bagejanw

Tne fUnctlons 1nvolvea7:hiEqu 10 35 oan bé evaluatea b;

putting - j2ne for p except where p is in the factor » + j2nw
when 1t is retained. It can be shown that with the resistances
neglected compared with the reacﬁanceSaat normal or higher fre-

guencies; the values of these functions are as. follows.

. ) n-i
oLyt Ko Cjved \
aL.(L.; !
isn] S G 1
Kibrjanw X = - RTZTTS)
e pEéidna R._«v(pqnvw)-x—J’——L"—“LZ:%’:fL \
_ 2( Lt +21s) (L #210) —L;%’- [ &o+prjanan Lo]
Kylpriz nrTew ~ - -
[Rycpes )]P=&~jlnk’ (Ra+22) { (LU 203G +2L) + Lo ( ‘L:if; E25 0] 4 (brjanw) (Leraio)( g+ 20} (ALe+ ‘““:
{Ly+ 2o AlLo)
(X MED [y e iantty TG ( B+ 541370) N\ (10.56)
L hejr 71w = -
[ B b+j w ],,.,..;,,.‘.. (Ra+2R0 Y [(Lat 2L (15 +al0) +L.(LL_"%_.L41_‘&)] + (P+janu) g +20)( Yy +30) (2Lt {ﬁ%:.)
. RIS " .
= . Eamj€”’ ( L+ 2 Ly rare) L = L) (L ¥ 13)
[Fﬁ(bm A7 w)]b.e.j,w’ 2w (R‘l-p1&,)[{&&1%)(1.’.’7;21_‘)1-1.,({%1 ﬁ)] + (B #janw) (La L LG + 0o} ko + %«%:,_)
. ) . Eam S/OA / [
[F;HH-J.Inw)] pre-jineo © T @ - Rat (hrjinw) 2 Laly, + Lo(bg+ Cy)
L+ 3 +40
[Ep(f”‘jl ,,—;,w)] e gejines = Conjugate of [Fﬂ{b*,)“ Ww)]*“___jx”w J




P. 167
Art.l10.5

Substituting Egus. 10.55 and 10.56 in Equ. 10.54 and re-

dUClng Zives

- o _FaAN=NN
[I (p)] . ~ b Eom N La-ty, . jeI™
8P i gana 2w G LG Y GG (G o A £+ pajanw “
|
<jAnN
+ bu Eamsin) (x.., -1 ){MH +1I‘L\*L"J ldl-q,“-.t"iu—vxl—t*lh)} {RH(P"J“""—} ian ! (10.57)
A - .
‘ Uk, { Ky + ko (Lett) + VTaEG (2L AL P {T‘w-«:"""""“’}{'@(“m* w)mw}
3
Or,resolving into partial fractions,
= T B ‘
R . LianA !
[‘—. (F’] = B3 Eum L (jervainny SN EETEETTG TS sinn et ;
BT Jpueejame 20 Laly tLo(latigle g - - 0 s - !
paesj % % J Lq/i“-d,"l’-,)(l-qiﬁll..‘ et b jaAnw bl L ELTI S
. Jann . -janA
_ blEan, { JCDJ7\€J ™ Ll (e + 2N g + ALo) sinh € (10.58)
2wl, Fomyt PHIARW Uale '.‘;-;’(“_M 4 pHjanw

‘The sum of Rqu. 10.58 and its conjugate function gives the
2nth-harmonic component of the armature-transient component
of Eé(p). The. d.c. component of Ek(p) is. given by, similar to
Egu. 10.51,

_—
w5
o
=
—_—
hd
u
-
1

[Egp)é(m + B,y Fyprjawy + an]

p=e

X, (p=jaw)
2nd term of Fgu. 1057 (n=0) x (-2)[?11%:_7":“'—)]
; pre

n Eomsink_JCaly (Gxr L)L +2L.) = Laly !
- 1wl . L +
° v Tguc-m +b

The comblete 8XDP8581OH for the armature—tfan51ent componemt
igrgiven by adding Egu. 10.59 to Egu. 10.55 and its conjugate,

sumned, from n = 1 to n =00 , Thus,

- k
- Armature £ J“"
tar [oirent] = - S S { _ + Camg }
+ ‘JJ”'“’

au(‘ L3}

~jinh
Eom SinA i =2 b, ¢ . :
+ T (‘k—/) + 4 ["'——“—'_-———4' k—d‘r\f- ] (10.60)
Awto .7-",;14»1 tp "Z“" -1':(« oy P tIARW ‘

where k = /(Lij+2L) (Lq+2Lc )/ 1Ly . The inverse transform of

Egqu. 10.60 is:

A rure] Eam COSN -t/ Toiimy == R
batr [F500] = = S T S ] sinane
»rz/

+ Ea‘:i;n'\ e"t/'f'ul-u){l-(k—l) + £ z b, Neosanb } (10.61)




P.168
Art.10.5

Bgqu. 10.61 can be reduced to the armature-transient component
of the symmetrical short-circuit current of a two-phase machine
when R, and Ly are put to zero, as. has been shown for iy. As

a. further check, put L, = e g0 that iﬁ corregponds to the
single-phase line-to-line. short-circuit current ( 2//3 times

as large) and see if the result asrees with that obtained pre-
viously. When L, =o® , the sine serles in Equ. 10.61 goes out,

b2 becomesv~blband

Jirm A~ tim f(kuuo)u‘,uti) 2

Lozve Lo baZ 0o L;c‘-q,La \/LZL‘}

/i T e fim . At JLalytaralo)( G+ 3ke) Jravy
t-.lz,u BUENTT vee Ra Loy rlo +2L, Ra

so that Egu. 10.61 becomes

2Eam /AN £]Tatees {.L. }
Ly e + (=" cosanf
e :2.: '

which is equul +0 EA/— times: the armature~transient component
of Egqu. 9.55.
The. phase components. ol the armature currents are given by,

since 1O S - e s

. Armalure 3 . Armature ARrmature
Ly L lr:nJicnI'J = T b ) r:a:nehf] f _- "/J(t) l'r-n_wo,of]

n

_ fFEancosh -c/nu.) {r(l

xwL..,

t i bI[G cosanb + ‘ksinZne]}
nst

3 B 5i
+ ‘r“,:")‘ ¢ Tauem {—,"— -1y + Zb [runzne«rkcas:ne]} (70.62)

. ’ . . 3.
i) [ﬂrma url.] - .3 ity [Amm!u ,;]__zj_ Lyt Armafurc]

transient, 2 transie nt transient

T 2wl

I 1 — » ;
- - —,,E_, b, [.}3 (_o_szne_lc.unz‘ng]}
v3 Eami”'A "17;1«“-»!

~ _ V3 E.cosh E-l”nm-n) {
ZﬂdLa {

_(k_..,) .,.be [r.smzne..icosznﬂ]] (10.63)

nzs
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which are rather complicated expressions; The. fact that the
two armature time. constants. as given by Equss. 10.47 and 10.48
have no simple relation with each other even for the simpler
case of no earthing resistance;(Ro = Ra) makes;it impossible -
to reduce Eques. 10.62 and 10.63 any further.

Finally, the: total shobkbt-circuit currents in phase D and c
are given by the sum of the: odd-harmonic series-given;by Egu.

and 10.41
10. 40 end the even-harmonic series given by fgus. 10.62 and

10.63.

(10.6) Field and Damper Currents

The d and q components of the armature current are first
determined before using Equs. 7.76, 7.77 and 7.78 to find the
field and damper currents. These components: of current are

given by, in terms of the: & and S componenus,

Tapy = G L,(bnw) + C‘”‘ﬂ
= -5'5']" [Z,(#Mjw) +jt{3(t‘+j"")] + w . (10.64)
ona T = =3 L7 i = o]

==t je [ T th+jur ”' T (p+jw)] + Conj (10.65)

DubStlthtlH” the expressionsg:for ia(p) and 1ﬁ(p) in Fqus.

10.64 and lO 65 and fedu01ng gives:

T — Eam .___.___’*/‘ S
talh) = w (z+k)1_‘(tp)~+21.c P

222 [ b= A Z ! .

+ fe ) .
b‘)] (eh)T (prjamer w) #2ke b jamenw + Ca"é }
Eom oSN 1#bsi~k(i=by) < { 7 ed o
- . . )
4w, 3 = T P PN W ¢

i (amenk
67

E'a,,,slnA b5 . :
- I4b,~k C1=b ,
eyl AL D] 2 { e * Comi } (10.66)

»=0 Tﬁm -n)
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and o Eom _ . oy ) BI] eI AmenA )
Tpr = [l by = k(1 +6,] Z {mk)h(m;rﬂwnu, bajamine T Canf
oo . A ‘ .
_ Eamcosh  _1-ba- & (1+b1) S bx A ) ’
T * w3 | Taen T Priammw Comg
~jtansdN
EanSPA () py whtrn b by €7
+ . ‘
e [1-ba- 1Y) Z " P*J(me Cong (10-67) .

Tﬂ(u—n)

In Eéué; lo 66 and lO 67 the direct-axis: 1nduc£;£cé7;§ be—
balned in ite operational Iorﬂ with the view 1o avbid tThe
lenzthy writing of the steady-state, transient and subtransient
components separately.

Referring to Equs. T7.76, T7.77 and 7.78, the expressions
for the fleld and damper currents: in terms of Ed(p} and Eq(p),
it is clear that except for the d.c. component of Ed(p) first
term on the right-hand side of Egu. 10.66) when p is in the
vicihity of zero, the resistances can be neglected compared
with‘the reactances.at twice oxr higher multiples of the normal
frequencies. Thus, the a.c. conmpohents of the field and direct-

g=-damper currents. are approximately given by

¢ py lae] = - 2 Lo Titamar w® o] (r0-68)
T Ma_ LMuw . ‘
and Tea () [ac) :—E T G ha-2b Tycpy [ae] . (10-69)

and the quadrature-axis-damper current (no é.c. componontb is

approxlmhtely 1ven by

ﬂ, (710.79) -

tk;‘:’{P) =~ - 1—-‘_*
L3

2 - Tyt

Consequently the.quaar tureeaxisrd .oer current and the
a.C. components of the field and direct-axls-damper currents
can be obtamned simply by multiplying iq and the g.c. components

of iy by approvriate constants as given by Equs. 10.68, 10.69
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and 10.70. If By, 1s rebplaced by V2/3 ¥3Isq in Equs. 10.66 and
10.67, theﬂa.c. components of the field and damper currents

are, in explicit form, ag follows.

Miljo _bma=Mxd [, 4 -4 (1=bp)
L{e I..{ +lgkd ~1M“,d

ity [ac] =

oa

! n 9

——ee—— G, (L) by cos 2 (n+n

* { Ci(rkrrace I2 ,,z‘,: 2
o

' - 1.7
f 88 i g coscamend + L2 e £ 01 s canepe } 0270
@ n=o |
o ' (10.72)°

gt [ae] = L x Equ.l0.7T/ ‘

Lpd = Mxd

bty = - MM e (b - kb))
kg big .
! = n 8
— g, (t) L7 sin 2 (n41)
"{ La(l+4) +2Ls 9 ":_?—.—; 2

o ‘At Ty = .
+ LosX ot T Z 8 sin (zn+ 8 - —3-;2’—:7-6 pustm Z by cosan+n) (10-73)

24k ka s T

Thezd}b. comphnents: of i% and ikd can be. found as in the
Previous cases by using Equé. 7.76 and 7.77. It can be shown
that with the assumption of Ry Ry, the expressions for the
d.c. components of the field and-direct—akisrdamper currents

are given by

Lo [de] = I, + o [de]

0

2 Lxd =Mid 1+% / r+k ~t/ Tty
I,, + MaL . . -t = €
e 4 Lithd ~Mje  La(/+k)+ 2o Ly balitk)+2La

Ik T 0.74)
+ Ly a(1+&) +2L. (
" "
Least) [de] = M3 I, - b -Mpea /+ 4 E-tlrdtll-n) . (10.75)

Libud =My La(ith)+2L,
The,complefe eﬁﬁféésiéﬁé fg;itge fiéid and(dirécf—éxis;daméér
currents are given by the sums of Egus. 10.71 and 10.74 and
Eaus. 10.72 and 10.75 respectively.

Comparing with the. single-phase cases; 1t is clear that the
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Tileld and damper currents for the double-line-to-nsutral short
circuit have an extra odd-harmonic series deecaving with the
time constant of the extra armature circuit, i.e., the ek - or

the: p~ component clrcuit.

(10.7) Open-vhase Volitaze

The terminal voltage. of phase:a, the open-circult phase,
is:given by, using Zqu. 7.27,

vat(p) = F;t':(p) t :‘E—Ot;(p)
which may be reduced to, by using Egus. 10.3 and 10.5,

Vot () = = 3(Ry + Lyp)ia(p) (10.76)

a3

Ir the: resistance R, is:neglected, the: voltage of the open

phase, vy (t), is equal to - 3L, times the derivative of le(t).
If the resistance is. not neglected, the voltage is simply

increased by - ERbiu(t). Thus, neglecting R, and also neglect-

. ) k] Tottton : - .
ing the.derivatives of gp(t), € >’ and e B@ compered

2T cttm -t . L
with gx(t), € Icttoms and €Y | the terminal voltage

of phase a 1ls found to be:

, bkeary t S b, $in(an+ny 8
Vart) = " e a2 @nen by sinGnen
nso

-t = , : R 2Ty pgeny ' ‘
- SEa,..kco.sA & Hheens S anb] sinan + 3Eamsin € Mot 'S anb] cos 2nb (10.77)
. nay n=t

It should be noted that the volitage: is measured from earth

to terminal a when Rj and Ly include  the earthing lmpedance,

iT any. Conseguently when L, is Dbut to infinity to reduce,ﬁhef"
Precent case to the case of @ single—phasevlineeto-linevshort
circuit, Equ. 10.77 will not be equal to Equ. 2.75, but will

be 3/2 times. as. larse.
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(10.8) Short-circult Torgue — Pulsating Component

As: in the previous cases
of two components,

jonal component. The. pulsating

the: pulsating

the. short-circuit torgue consists

component and the unidirect-

compohent of torque can be ob-

tained by using the approximate expression for E&(p) and Eq(p)

(Equs. 10.66 and 10.67) divectly in the

find the unidirectional component of torgue,

torgue eqguation. To

however, regquires:

the. consideration of the. further effeclts of the resistances

otherr than their damping effect.

Only the pulsating component

of torgue is considered for. the moment.

The explicit forms of 1y and iq are, from Equs. 10.66 and
10.67,
I+L
\(3 Ma T LIty +2 ko g0
Palt)
- fg_ Ma If‘,[l+b,-4<.(1-b,)] § ATTIYEIR »Z-ab” c.o.sx(nu)a

CosA _tITuny & 9

* TRl € S b, cos(an+rd

h=0

i/::? ént/7"‘:(1~n) 2 b; sin(an+8 } 70.78)

and iy = E""dl;a[/“bz—k(/i-b,)] { 1)

COSA
+ 2%c,
_ Sin)
EY

Ly(t+4)+2 Lo

-;I-r o = »
€ puee- Z 8] cos(an#s) 0 }

)

> brsinan+n8

n=o

At Tagliny = 1 - 38
€ ‘ S b sin (anes

n=o

(r0.79)

ERYd

For the a.c. components of 1z(p) and qup), fa(p) and fmﬁp)

are approximately equal to la and I& so that the pulsating

combonents of the rluy llnkages are,

]
»|w

\h‘ [pulsating] Ly iy facc]

The un1d¢re0u10na1 conponent of the: flux~11nkage Yg(p) ig

(/0.80)

(ro0.87)
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given by
- - 3
\!/d(f’) [“nidi"‘fionﬂ,] == -:-Z.,L({:) [P9R{-)}) [dd:-] + -I—Ma’ Ifo’ -’{—
s a1 (1+4) Lo (P) 4 F A
J: T IY P7S IS VI S F S
= \/zMa(I;a'lLa ; - g ) /
X Bitr+dky+ale  fuU+k)+aL] 2 - 4p
/ - ’ . ! £ !
+[L'4.(l+‘k)+).l.., L,L(I+£)+2La] L + * Lalr+4) +1L0.T } (1082
Tdeeenst P
airectionat] = (2. U L S, | | '
so ’tha,‘t \/'.‘ [unidirectionar] = /: Maly, 21tk )+2 Ly QLD {(10.83)

——— -

The pulsating component of torgue is therefore given by

Teny = \b‘* L‘P - \b‘i’ Lq

1=bs— %k C+be) " ' 7 2 .
— i et e £ 1+%) +2L ettt
Ly (iik) +aLy 2 ){L"( % o} { Ly(t+&)+2Lo 9a(ts Z b sin 2(na0)f

nz=o

= MiI}

COSA -t T ptony = | » . g
ThL: & ;ﬂ b“ Sin{An+1)

. fenod
_ SinA e‘t/"’-“"‘“"_’z bl costant) 8 }
RAlo n=a

- MILR {14y % u-pd}{ 7-82 -k orby) (La-Ly)

— < ;n COSA -t} Cueny e 38
X{ e racy a6 gb,‘ cosan+en b+ FL € > b7 cos@anti)

n=e

. 51,'2,,\ E-Ll‘qm-m f: b7 sin (an+) 0 }
o

a0

/ = ;7 .: 3 COSN et Tueny = o : 2 8
x{ AT gz(t); b sinanend 4 2 4L, € Z by Sin(am+n)

n=o

s b Ty G pm .
- 2/2:\ & " Mpusms Z b7 cos (ansn b } (10 ?4)‘

A

Using the 1dentities given by Egqu. 9.21 and also the follow-

ing products of infinite harmonic series

o haid i / -
> Beosatmend X SO s (2nenb = 4 5 (et v g J6IT cos (anen b )
nze n=o . =

A
LEL] n=e

oo o O
Z by sina(n+3f X Z bl sintans)ld = —'—i— Z (h+L— —_—I-l-ba Y677 cos (an+n) B
h3o ) . ’

? (10.85)

a
Ty n=l 1-b;

{i by cosczm-t)e}l = % {—,—:’-E +5 (n+ 22 )b:’"caszne 1

oo 3 X ) l O
> el sin(anfy = Ll—ex -3 (n-~ 2b:
nao A ’_b‘ na

7 eosanB ’ /
7B} ) b
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it can be shown that BEgu. 10.84 is reduced to

T, = MALE L0+ acy{i-ba - & (1+543}

CcOsA ! . i Zw 2+ b Sin (An+ )8
X { Z kLo  La(l+4)+2Le Jatr€ 'n:n( * :
- .
5inA ! 21 T3 010-my » 0
. ) A § (an+1) by cos(an+i)
PSRRI TTYSETTIE AR = *

_ ba sin2A G'(ﬁ(u-u*:";m-n)t z nb:-'co.fl”e ..
YT <

+ - g . by cos’A et Teurens by sin’A e e | x Z n b;‘"sinzne)
{rac+dr ezt }? Py 412
(ro.862

It can be. shown that when L, 1s put equal to oo ., Egu. 10.86

mayAbe‘reduced to Egu. 9.77, the .::p:f'.ession for the pulsating
component. of torque for the: single-~phase line-to~line short

circuit.

(10.9) Experimental Results:

Using Equ. 9.63 the short-circuit currents, the open-phase.
voltage and the field current can be. expressed alternatively

asl

I3 x5 cos8 - (xy+2%)3ind
XAXG + Ko (XIexXg) 4 X (X5 -X3) 0328

‘;b = —zJ-—-"—Ea,,, gi(t)

A

Y e 't/T““'”cosl V3 [xiexg 405 -x2)cos20] + {x; ~x3i)5in20
- am

MRy, b e I # xg) # X0 ( Xg,~XiY o5 20

s Bg, et B oy Rk e 4% - (X-xi) 0528 = (3 (x4~ %2)sin 20
4+ XL Xy ¥ %o (XL %) 4 X (X5 ~Xe) 0520

. 3 V3% €050 + (%3, +2%.)3/n8
te = G-E.. 9all) —— = = —
< X Kg ¢ X (XG#+ Ng) + Ko (%Z-XZ)cos 20

2

-l ny Sz 0 % #(x5-%3)c0528] ~ (x4~x2 ) 5i020

B g
- € COsA T ?

G Cam ARG + KXo (X2t x3) # Xg (X = X3 ) cosAD

Bop | et!Thm g _xhwxp v 4% = (x5-x3) o520 + J3 (x5- xa)sin2b
-5k

iRy + XolXi4x3) + Nolxg ~ X1 ) co5 29

[axa(xg-2x2) ~xixg ] $infl - 2% (x5-X1) $in'8

V = Xo Xg, Epm )
3%oxy Eam Ga [xix; + XolXitX5) + X, (25~ Xi)eos2p]*

~elToens oSN g/m 28

4 Ko Bl Xg (X3, =X} Egpy € m "
3 ey (47 £ TRims, + % (it %)) + %0 (5 ~x2) cos 28] 2

— 3y (K xi) B € TTittem gy Ko (XS Z XD 4 (xaxi v xinxi)] cos 28
Q -~ - - " . - -
KiXG # Ry XXV X (K5 -Xi)eos 2 G]°
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¢’ -’ Lug ~ Myrd 1+ & r3 N S5 PR L 1+4 2/ Tacetny
O = (xe=A) I L) ! .— - bpe PR didemr e ¥R “
and f ( ° {[L;ol.lu ~2Muy K@ U+ k) +2ax, ‘_; T Ry 4 A%, € I (TR

Licd = Myud . (x‘«xi)z,, ~([+«£ + I~k

Hthkd =AMy X314 &)+ aX,

kxﬁ,x:, _ 4
5, )9;&)(x:,,x.;+xo<x;rxpw+x,u;-&z)mze 2

X1 (k)42 X
XL XS + X (KLt X3 ) T Xo (xg ~X2 )cos52 6

Lok =M A =32 I Ty,
L;OLU—zH;u 4 n,

[(H-k_)b, + I—'k}

- ~t. . .
X {t xp € HITen oo cos B+ (X rana) € Tacwens 5102 sin @ }

The: test was- performed on the same: machine as that deseribed
in Article.9.10. The tesi results. and the cidlculated results

are shown in Figs. 10.1 and 10.2.
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(r86+coszp)H?*

(/-86 +cos20)?

(1-86 ¥ co520)*
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300 | e 2N ———y
1
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“b a5 N
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=¥5
154
F/'g./o.z. Double~ltinelo~pavtral Short Crlrcerl
- -tlao2r8
M -t/a.0r2s 188 “tfoony 175 cos @ - €toon 201 5/n0 €
Ly = So- —tt . -
d ‘€ * ("56*“-‘29 60)(0.8356 t0165) 186 + co520 1.86+co520
¢ 67.2 cos - 50-55/n @ ~tfo.o1ae 3.3 + 105 0526 + b-45/n28 _-tlo.o22
v = -83 d —_ .
5 786+ 0526 (e-835¢ +0-105) 786 + o536 €
227~ /22¢0528 -20./5/n28 € «t]o.0278
/.86 + cos2p9
. _ b1.2¢058 +50535ing .,/,a,,; 133 4 10-5 0520 =6435/n280 /0022
be = 1.86 +cos2@ (0-835¢ . +0:465) ~ .86 + o520 €
> 227 -~ 12.2Co3289 +20-15/n28 e_glo.oz75
1.86 + cosag
; - el - ’ . -tlo.o1z -tlo.0278
U, = 139 5/n0 =243 sin"§ (0.835 €% 4 0.155) 4 081 Sin26-€ (256 +53 /cos2g) €
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(11) BQUIVALENT CIRCUITS FOR TRANSIENT-STATE CURRENTS

(11.1) Transient-state Component of Current

1

In the previcus Ifour chapters 1t has been shewn that the
complete solutions for the simpler types oi transient problen
connected with a synchronous machlne can be obltained by a more
rigorous mathenmatical approach. The fact that the same solu-
tions as those obtained by other simpler but less rigorous
method have ultimately been arrived at after making similar
similar simplifying assumptions shows the validity of the sim-
Ppler methods which are more readlily adeptable to more compli-
cated problems. The application of the equivalent circults
similar to those given in Chapter 6 provides one of such sim-
pler method for finding the transient-state current of a syn-
chronous machine following a sudden change of terminal condi-
tlons.

As it has been shown in the previous examples, the tran-
gsient-state component of current of a synchronous machine con-
-sists of, in the absence of capacitance 1ln the armature cir-
cults, an odd-harmonlc series and an even-harmonic series. The
assumptions generally made 1n simplekr methods are that the
decay of the odd-harmonic series depends on the decay of ﬁhe
positive-sequence, fundamental-Ifreguency component of the arm-
ature current (or the d.c. component of the field and damper
currents) and that the decay of the even-harmonic series depends

on the decay of the d.c. component of the armature current.

These assumptions are equivalent to neglecting all resistances
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with respect to the harmonic components'of current. The phy-
~sical significance of the first assumption is that the odd-
harionic series of the transient-state current dies away in
the same manner as. the forward rotatingvfiux, which 1s con-

tributed only by the positive-sequence, fundamental-freqguency

o

component of the armature current and the d.c. components of
the field and damper currents (assuming that the field struc-
ture is the moving member of the machine}. The physical sig-
nificance of the second assumption is that the even-harmonic
series diles away in the same menner as;the flux initially
trappédwih.thefarmature (strictly, that pvart of the initial
trapped-flux which does die away) which determines the d.c.
component of the armature current.

Apart from the peculiarities of the Ifrequency conversion
{(1.e., the difference of the frequenciles of the currents on
the different sides of the alr gap) and the production of
higher currents, the transient-state short-circuit current of
e, synchronous machine corresponds closely to the transient
current in a simple series R-L circult with i1ts applied applied
voltage suddenly'taken away. This suggests the possgibility of
finding the transient-state current of & syhchronous machine
following a sudden change by determining 1ts magnitude and
decrement factor geparately, a pDrocess identical with the
application of the constant flux theorem. The way of determin-

EN

ing the magnitude and decrement factor of the transient-state
current with the ald of equivalent circults will be shown in

the subsequent articles. The unidirectional component of torgue
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will -also be considered.

(11.2) 0dd-harmonic Fouivalent Circuits

ixcept the positive—sequence,'fundamental—frequency compo-
nent, which must be found by nev equivalent circultsg, the other
components (the harmonic -components and the negative- and zero-
sequence, fundamental-frequency cbmponenté) of the.odd—harmonicv
serthes of the transient-state armature current can be found
by the steadyQState eguivalent circults given in Chapter 6,
provided the fime constants of the transient-state components
are sufficiently longer than the time of a complete cycle at
fundamental'f“eQuency.

The positive-sequence, Ifundamental-frequency component of
the armeture-current, belng responéible for the prodﬁction of
a unidirectional space muf stationary with respect to the field
structure, interacts with the field and damper currents as 1if

hey were currents in a mulﬁi—winding transformer.: Consequently
direct
except at steady state when there is no induced,currents 1in
the fiéld and demper circuits, thne. reaction of the. field and
demper circuite to the armature circult must be considered.

For the sake of simplicity, there hate been deiined three
distinet direct-axls reactances and wwo guadrature-axls re-
actances. These various reactances may be defined aliernatively
from the equivalen® circuits' point of view. Fig. 1ll.l.a shows
the equivalent circuit for the direct-axis currents. The

branches a, I and kd are the leakage reactance s of the arma-

ture, the field and the direct-axis-damper windings respecth-
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tively and the branch md 1s the common mutual between any pair
of these windings in the direct axls. The synchronous react-
ance Xd is the equivalent reactance with no induced current
in the fleld and damper circults, so that it 1s defined by

leaving the branches T and kd open as shown. The transient

(@) — ~d kel (b) _XZ el § «©)

—— Fig. 111

s -
md f wRia Tt

) g R T (@)

reactance X& is the equivalent reactance with induced current
in the fileld circuit but the induced current in the danper
circuit already died away, so that it 1s defined by closing

the branch f as shown in Fig. 11.l.b. The subtransient react-
ance Xg is the eguivalent reactance with induced currents in
both the fleld and the damper circults so that 1t 1s de€lined
by closing both of the branches T and kd as shown in Fig. l1ll.lc.
All these reactances are. the equivalent reactances viewed from
the armaeture side (in the direct axis) of the machine and are
sufficient for the purpose of determining the initial subtran-
siend and transie-nt values as well as the steady-state value
of the direct-axls current. To determlne the-decrement factors,
two further reactances must be defined. Fig. 11.1.d shows the

equivalent reactance viewed from the field ecircuit with the

brenches a apnd kd left oven. It is e-qual %o W R$T3o, Where
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Tloie the openscircuit transient time constant. Fig. 1l.l.e
shows the equivalent reactance viewed from the damper circult

P 1 e < - SIS . 1] : - "
with the pranch f closed. It is egual to ‘°deTdo’ where Tdo
is the open-circuit subtransient time constant. Similarly, in

" ——

—
Lead
X 3

(2) [{-2] 1<)
Fig. 11-2

the quadrature axis, the quantities X, X and T&o are given

®
115
T
(o)
Q
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g

in Fig. 11.2, where the branches a, kq and mg aré r
the leakage reactances of thé armature and the quadrature-axis-
damper windings and the mutual reactance.between them.

It has been shown in Chavter 6 that if the armature resist-

ance is neglected, the positive-sequence, fundamental-ireguency

component of the steady-state currents for the three typical

unsymmetrical short circults of

Xq Xg : .
—5 — - e synchronous machine can be de-
|
Soxarrp ] termined by the same sort of equi-
2
valent circulil as shown in Fig.

Fig.11-3

11.3, where X, 1is an appropriate
equivalent external reactance. For the line-to-line short cir-

cult, X, is equal to xg(:‘/xgxg). For the line-to~-neutral short,

Xe is equal to X, and Xp(= V(Zg+Ek,) (Xi+iXo) - £Xo) in series.
For the double-line~to-neutral short circult, X, 1s equal to

5]
oot avy] ", :
X, and X, (z XaXy + I XXy (Xat kXXt E%o)
S X% + X3, + 2Xo

)in parellel. For a gym-
metrical three-phase short circult through an external reacth-

ance, Xeg 1s the actual external reactoance. In short, as far

v

as:



£ 100
Art.11.2

the positive-sequence, fundamental-freguency component of cur-
rent 1s coneerned, the three typlcal unsymmetirlical short clir-

L L

cuits are eguivalent to a symmetrical short circult through

an appronriate external reactance.

This concept may bs extended to

the gunsymmetrical operation of

2. aynchronous machine in general,

“Fig. 11+

280

.c}.

hat the positlive-seqguence,

fundamental-frequency component may be deJ rimined by the cir-

o)

cult shown in Fi 11.4, where X, is the equivalent external

e

g.
reactance approoriste o the operating condition elng consi-
déred;

As a result of the neglect of the armature resistance, the
?éal and imaginery parts Of‘Ipl, i.e.; the direct—axis and the
quadrature-axis compone-nts oi current :dl and Iql’ can be de-
termined by separate equivalent circuits as shown in Fig. 11.5.
These circuits are derived from the circuilt shown in Fiz. 11.4

by putting Ipl = Igy + JIgl and Vi = Vg + 1Vgl end separating

[} » [xe |

. e
1y Iy
Vq/l-an . ? Xa Vit e? %
(@) Fig. 11.5 5

the real and imaginary quantities. These forms of equivalent
circuit are more convenhent for the determination of the decre-
ment factors of the translient-state current as Ig1 and Igl a

the currents in branch a of the equivalent circulits shown in

Figs. 11.1 and 11.2 respectively.
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To find the initilial subtransient vaiﬁe of the totel armature
current, i.e., the value of the current immédiately following
the sudden change with the induced currents ih the field and
damper circults having thelr highest values;’the gynchronous
reactances Xy and Xq in Fig. 1l1.5 are replaced by the subiran-
sient reactances X3 (Fig. 11l.l.c) and ng(Fig. 11.2.00 res-

pectively. The initial currenbds in the two axes are thus

Igq = (Vql - Eoo )/ (Xg ¢ %) (11.1)
and Tq1 = - val/(xa + X5) .

After the induced currents in the damper circuits have
Practically died away so that the damper circults can be omit-
ted, the currents in the two axes can be found from Fig. 11.5
by replacing X3 by Xj (Fig. 11.1.Db), Xy being unchanged. Thus

g1 = (Vql - an)/(Xé v Xé)

(11.2)
and  Iyy = - Vgy/ Xy - Xe) |
And finally the steady-state currents are
(11.3)
and Ig1 = - Va1/ (g + Xg)

If 1t 1s assumed that in the dlirect axis, the. duration of
the induced current in the damper circulit is so short compared
with the duration of the induced current in the fleld circult
that the induced field current changes little from its initial
value while the induced damper current has practicelly died
away, the differenpe. of the values of Idlbgiven by Equs. 11.1

and 11.2, l.e., the subtransient component of current,

i /
1‘,[Subfranrsianf] = (Vq, - Eap)[ XL+ %g - X+ Xg ] (”'4')

will be. the countermvart of the induced current in the direct-~
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axig-damper circuit. The subtransient component of current
thus decays with the same decrement factor as the induced
damper current, which is determined by the deamper resistance
de and the eguivalent inductance viewed from the damper cir-
cuit as shown in Fig. 11.6 (T§, is the subtransient time con-
stant). | o

S To find the expression for

T8y let the reactance of

Exa md ‘3 °) f LRk 7;:! ) ‘
branch a be A, that of branch

Fig. 11.6 kd be B and that of branches
md and £ in parallel be (.
Thus, referring to Fig. 11.6,

(A+xe)C

wR“T“L = 8+ A+C + Xp

AB+BC + CA + Xe(B+C)
= A87 £ (11.5)

A+C+Xe

Also. from Figs. 11.1.b, 1ll.l.c and 1ll.l.e,

X:‘ = A+c ?

8c ,43+5c.+'cA )
Xa = A= Jgye = 8+¢C (176

WRet Ty = B+ C

Eliminating the quantities A, B and C in Equ. 1l.5 by using

Equ. 11.6 gives the subtrensient time constant

Similarly, the transient component of current

L rsmniet] = O~ €[ srber = | e

dies away in the same manner as .the induced field current and
1ts decrenent Tfactor is determined by the field resistance Ry

and the. eguivalent inductance viewed from the field circuit
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as shown in Fig. 11.7 (T, is the transient time constant).

It can be shown that By usling

A Y N Figs. 11.l.a, 11.1.b and 11.1.4,
EQ me oy T the itransient time constant can be
- expressed as, Irom Fig. 11.7,
Fig. 1.7 o - B
T wor

The complete expression for the dlrect axls comnonent of
the positive-sequence, fundamental-Ifrequency component of cur-

rent is therefore. given by

)e“’r“" + =t } (110>

Xa+Xe

! ! 2/ Tz !
Id.r = (V¢’ = Eas ) {( RatXe | EatXe )E * (X"XE XatXe

SlﬁLlarly, it can be shown tnat tne quadrature-aXLS compo-

nent 1ls ziven by

' _ ] -] Ty / 1737
Lo = = Ve | (g - =)™+ | (r2-11)
v Xg + Xe a (112)
where Tr = X T xe ¥

The positive-seguence, fundamental-frequency current 1s

thus given by

Iﬁ,—_- I 'TjIc;y ﬁ

or law = r'L,wsg._f~g,sm9 (1-13)

The solu n given by Equ. 11.13 for the positive-sequehce,

fundamental-frequency current holds for all types of symmetri-
cal or upnsymmetrical opération of a1synchronous machine provid-
ed the appropriatesvalue ol X, is usged and the Qondition of
small resistance in the armature. circult 1s satisfled. The
fundamental-frequenoy currents of other sequences and the har-

monic currents are given by the currents distributed in the
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of the infinite ladder network representing

1y

various branches
in Chapter 6.

let the transient time constant of a double-
11.9. The

Ke, ag described
As ah exanple,
so-neutral short circult be determined from Egu.

line-
equ1vhlent external reactance is,
— XaXo
Xe. X2t Xo !
— 2Xo XuxXy + f XIXG (XA +2XIXP+2%,)
XaXg + (XLra%o X xg+2%a) + 2 [x5 ¥y (K7 2%e) (K7 2Xg)
2Xe X2 Xg (1 + %) 2%
Itk

Xﬁ*%(/+k‘¢3k) =

where k = /(X3 f2ao)(X"+2ﬂo)/ X" The transient time consta
is therefore given by
, _oxL+ zxal(wk) F o xL(IrAY 2% _,
. Tacee-ny T T Xat+ 2% [(1+k) T“" T Xy (1+k) * 2%, Teo
10

same: expression as tnat derlved in Chawptenr

whlch is the
(Equ. 10.30).

(11.3) Even-harmonic Equivale-nt Circuit

Except the d.c. component, which must be determined by an-
other type of equivalent cilrcult, the other components of the
even-harmonic series of the transient-state current can be de-

termined by the steady-state. odd-harmonic eguivalent circuits

given in Chapter 6, vided the modification regarding the
fregquency of the currents in the circuilts: 1s suitably made.

The modified equivalent circults shown in Fi 11.8 are appro-

priate to the even-harmonic curirents.
Since for a par cula“e operating condition of the machlne
the. same terminal condition apply to the odd-harmonic quantities

ascwell as: the even-harmonic: quantities, the even-harmonic
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) (b)
Fig. 11-8

equivaléﬁ%»éircuits showm in Fig. 11.8 must be connected to-
gether in accordance with the éame vrattern of connection as
the odd-harmonic eguivalent circuits. Conseqguently, 1 the re-
sistances in the circuits are neglected, the neggtive-sequence
reactance.derived from the resultant infinite ladder network
1s the same for both the oddfharmonic and the: even-harmonic
series of current.

The d.c. component, which in turn produces the even-harmonic
components, of the transient-state current is caused by the
flux initially trapped in the arﬁature circuits. To understand
this, let the simple series R-L circuit shown in Fig. 11.9 be
considered. It is well known that 1f the voltage across the

I circulit 1is suddenly taken away

R
T : (the circuit remains closed), the
L -
O transient current in the circult
| ) ) -Rt /L .
Fig. 11.9 is equal to I, € Rt s whereilo is:

ct

he initial current in the circuilt.
Alternatively, this transient current may be considered as the:
result of an impulsive flux-linkage \yC,STt) suddenly applied

to the circuit, where \J, is: the.initial flux-linkage and §(t)

is:the 1mpulsive or Dirac funcitlon defined by

I

Sty = o for o>t e

= - for e>t >0

With this impulsive flux-linksge suddenly abplied to +the
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circuit, the differantial equation is.

V8w = (R+LA)L

o

whose. Iaplace transform 1s.

¥, = (R+Lp) Tip)

- /
or ‘“P’=%?‘$7?ﬁf

The  transient current is therefore given by
Rt/

Yo _-atit
L € or

I€” since. Y, = LI,. If the magnitude of the. current is
represented symbolically as. if it were a. sinusoidal current,
it can be determined by assuming a simusoidalal voltage of
jwW¥, applied to the circuit with the resistance omitted, as
obviously the current will then be jwV¥o/iwl = I,.

Following the arguments. in the previous paragreph, the equi-
valent circuits for the d. c. component of the transient-state
current;of:a.synchronousumachine are found as shown in Figs.
11.10.a and 11.10.b. These two circuits are: not independent

and one. of them can be derived from the other. In the circuits

Ra g, xg Rala X Xy “Rala
. A St TP e Ay x—"“"—’ﬁ‘ LY ,
—— 1 > - -4—-. *
2L, I, [ 2 14q 1sa i
_ L axt £0Gx)) v
2o, & FEUE- Vaft ajoy, : o trwrx VTA/A
1 |

Fig 11.10a Fig. 11 tob

.o - L - 3 e Sy ey ] — -
\Ppp and \Pno are.the. positive- and negative~ sequence cOmpo
nents of the initially trappred flux-linkage: in the armature
circults. The resistances are left in the d.c. component meshesg
only for the benefii of determining the decrement factor and

they should be omitted in finding the magnitude of the currents

The equivalent circuit for the zero component oi the d.c. com-
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ponent of current is shown in Fig. 11.11, where V’oois the

zero component of the inltially trapped flux-linkage. Again

R ‘ the resistance in the circult should

— LI 1 S

L. be omitted when the magnitude of the
jevs, Xo

current ls to be determined.

The decrement factor (or factors)
for the d.c.>component of current, which is also the decrement
factor (or factors) for the entire even-harmonic series, is
given by et unere |

T, = Yo/ IRy (11.14)

where 4@

applied flux-linkage

I, = d.c. component of current due to WY,
and Rt = total series resistatnece in the d.c. mesh

In order to show the application of these equiva&ent cir-
cuiﬁs, the even-harmonlic seriesf(armature—transient compoﬁent)
of the short-circuit currents of the symmetrical three-phase |
short circult, the line-to-line short circuit, the line-to-
nevtral gshort cireult and ﬁhe double-line-to-neutral short
circult are considered.

In a symuwetirical three-phase. short circuit, the terminal
voliage of the machlne 1s equal to zero, so thaet the complete

: —_— even-harmonic circult is given

R, LI . x; ~Raja
AL~ /- v . - .
— L by Fig. 11.12. Permonice higher
" ne :’,
'y? HEER than the second do not exist
8o that the even-harmonic
l-'jy. .12

e o series consists of the d.c.

and the second-harmonic compopents only.
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The initial flux-linkages 1in the armature cilrcults are

\]"a.o = i‘;‘”‘cosi\
[
Yoo = 505 (A - 27/3) (11.15)
and vy, = £cos(A+ 2nis)

which can bes expresged in terms of symmetrical components as

¥ = @

= L Eam N
‘f’pa W (1116
N
and y, = 4 fe.¢”

Referring to Fig. 1l1.12, the following voltage eqguetlons

van be written:

j‘EﬂM E-JA = J'(x:’x"i)-[nn*] %(X;—X;)I’,z

. . " . e ” (r1ar)
and 0 = j(x2=X)) Ina + KXt X)) Ips }

Solving these equations gives

| xarxg N
Lo = ZFiaxg Eem€
. - xc ~ (11.18)
- - -] .
and I, = —Jgré £, €
4

Referrinz to Fig. 11.10 and Xqu.

11.16, it is clear that

Ipo is the conjugate of I, . Iy, 1s equal to zero as VYoo = O.

The phese currents are therefore gilven by

X+ Xy
2X2Xg

Ia.o Eam €03 A } o

SR T o5 (A = an/3
1o = s Eom €05 ( 13)

= JRErXE g o5 (A4 2T)3)
I 2 xixg, a

' L (r2-19)
_ X§-xi 5>
I, = _}%‘E‘Ti— Eom€
X5, = X&

= X = _ E
Ly = ZXaKg, am

-jEA+an/a)

Xq-Xn ‘.J(,\--"r/!)

I, = AXZRG, am

The +time constant is aiven by, using Egqu. 11.14,

T e e e o (,"20)
a3 Ra Iy WRL | X+ xg
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Fipally the complete expressions Tor the armature-transient

component of the phasc currents are (€

I
¢
i C}-
-
b4

e-t/nls){(x¢+———)ca$)\ - (,’(‘ —Q()GOS(ZB )\)}

s = Eam
ea T2

iy = %o_,,_. G-L/Tnm{(i_g-r#)ws(l‘znls) + ('ﬁ'x_l@') cos (28~ -27!/3)}

and ¢ = 529—"1 ¢/ {( ! +-—) cos(A +2n/3) + (————) cos (28 A+zrr/5)}

ag derived before.
For a lins-to-line short circuit, the equivalent

shown in Fig. 11.13.

20 (¥pg o
10 ¥ao )";“)

Xg a Jx:, xé’,

Frg. +1./3

(1n2r)

The initlial flux-linkeze of the short-circulted windings

Vo = Yo = 222 { cos(x-an/3) - cos (A + 17:/3)}

{3 Eam SinN (11-22)
@
s0o that in terms o: s;mmeurical componenus,
Yoom Yoo = Jj Etsind (23
Tﬁé voltagéréqggéidgépbf %ﬂém;;aaléﬁ;;aithe Pht ﬁuna

eshes in the circuit shown in Fig. 11.13 are, since Ipo

2Eam Sin XA = jRIxL* x5 Ip, +]{-(x;¢'.—x{)(1,,l ~ I

and 0 = JUr2-x3)In, +j L (xi+ %4+ 2 XE] ) Ips

Dolvjnr these two eguations ulmul*”neously gives

_ . EamS/./?A
Ine =173 XX,
. JXa~{RL Eam SinA
o I = .
and I = I e s

} (11.24)

~I

no?



The d.c. and seccond-harionic Dhase curients ares

Ibc=‘Ico = )‘B‘Ina
V3 Eam Sin A

2 Jxixy
and In = - I, = j{31. (11-26)
_ AR B EamsinA =y, ATEam SinA
N ij*fx,b- m =T T Ak

where by = ,/XT VE )/(,/T‘i"g{ + \/_"T
As. 1t hes been shown in Ghapter 6 that the curre nté in two

consecutive meshes of the infinite ladder network representing

Ly ave related by the aeometrie regtio -by, 80 that the higher

harmon¢c componemus &re rr:wen by

Lead FEam Sin
(2

=(-56,)" (m = 0) (17-27)

The time conwuant is ;iven oy, using Faqu. 11.14

Tattr = Tr=

= Jx,lx;;/wka (11.28)

VﬂlCﬂ aD%lwes to uhe ent¢fe even- hm“monlc series. The comolete
expression for the armature-translent component of current is

thus given by

.

- 3 Eamsinh . g -t Tacro N Ca N
m € { T * Z(bt) 00529} (11.29)

Cp

<

as derlved before.

]

or o line-to-pneutral short eircult, the eguivalent circuit

is shown in Fig. 11.14.

aje Ofpo + ¥y + Wiod 5
xz Xq A Xo R, R - I
\d e B AT (O Al T s i
T o ¥ To0 T2 ,,& Th +
. . 1]
%, é sy %43 Fxi-xg) x
wo*
v
x

Flg /7 /4
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The initial Tlux-linkeme is

*a.o = — COSA (11.30)
80 that Yoo * Yoo * Yoo = %wn\ (r7.31)
Since IpO = Ino =,IOO, the voltagze equations of the middle

and the right-hand meshes in the circult shown in Fiz. 11.14

are
J2Eapm €OSA = ja(xp+xy +%) Tnp +joF (a2 (Tpa+ 157 ;
. }(//.33)
and 0 = J(XimRg) Lo +jg(xitx,+2%x:) 1,

Solving these two equations simulteneously gives

Eom cOSA

7o
ne AJIREF5)xg + £%5)

-
al’JO. . Eam COSA (1,35)

= b
Ipa ® JRarEX R +4 %)

I Xa thx, = {xZ+i¥,

I rix, + Jx;w;:x,

where. bo=

The higher harmonic components are glven by

I = b
niamy ° “‘k“‘i'%)(’&i*i'&)

™ EamcosA L (41-34)

The d.c¢. component of the phase current is

1 _ 3 Eum COS A
SN e T ) (1-35)
‘and the harmonic components are
Loom = b7 35, cosA (71:36)
sz be (G + L %)X+ £ %0)
The time conmstant is, using Hgu. 11.14, -
T — ! . ‘/’#a + V¥ + V’oa
awny = ZRa+ Ro Iﬁa

A AT IR X G AR ' "
SRR ‘ (11-37) |
IT R, = Ra’ that 1s, 1T there is no earthinz resistance, the

w

time constant is reduced to 2 (KJ+EK,) (KL +i%) /3 wWRy.

The conplete expression for the armeture-transient conponent




of the short-circult current is

3 3Eam COSA — m -
Ly = o=t 4 a 17-38)
a R ‘:Xo)(x,’,:,f- i'Xo) { 2 + rnZ-/ bo cOS am 9 } (

as derived befors.
In the ease cof a double-line-to-neutral short circult, the

eguivalent cireult for the even-harmonic series iz ghown in

Fig., 11.15.
T
<, 5 ooa Y T . x5 x;
a A4 T
'-—':- —~— —
*ta A Tpo L‘l""{%,," Y’tz‘;\fé-} A Eno .
~«¢
%o Fixz-x3) Re .:$
““l' N .
»
Fig. 17./15
The initial flux-linkeges are
¥, = Simcos(h-an/3) '
(r1.39)
and Vo = Eomcos (a+ani3) } :
- o o
o - \f' = j Em sinA
s0 'tha,:b, Y-Po e = J @ ,
i Yoot Yoo 1 {17.40) ‘
and ! Yo = T = (et o)
EQM

The voltage equatl e two middle meshes and the
right-hand mesh of the circult shown in Fig. 11.15 are, sgince

Too = ~(Ipg * Inols

) Eom €7 = J(ML*&*:*:.)I,O1_;zx,1,,‘,+',i-(x;—xi)z;,

JEam €T = J2XeLpo + JUXLHAXG# 2%0) Ino + jhxa-X) I,,

= XA~ XiDIne + j h (xi+%h + 2%e) Ipy .

and 0 =

Solving these equations simultaneously gilves

Eom (k=1 )
Tpo = __M‘FT— (T’ COSA + j .S/h)\)

Eam (K =/ .
Ino = __""_.4{T_) ( %QOSA —JS/n)\)
(21.42)

and I = b - L (F cosn +jsinn)




Art. 11
where by = EAEIAR) - Lxpver i J
JRLCRG+AX0) + [xg (xi+2%.)
" Eam(k=1) cosX
AlSO 1, = ~(Luw 1) = - =T )
; 2
i = e e = - 2
(12.43)
o |
Y 3 Pz
-k
and.  Im o= -Upv ) = 57 In /

ince the currents of two consecutlive Irequency orders are
related by the geometric ratio b, as shown in Chapter 6, the
higher even~-harmonlc compononts can be expressed in general

Torms as

Tpams = by ‘i",: (—/:— cos A +_jsin7\)
Inamy = ,’:k Tpcm | (11.44)
808 Loam = = w24 Tyam
Sb éiﬁl 005§16955515ns are needé& :oriﬁhém;;;;énfmé;se re-

i

arding the determination of the time constants. It is clear

that the real parts of I__ and I,,, and I,, (no imaginary part)

Po
are produced by the applied flux-linkage Vo5 - (V¥ opo + Y .0)
in a ecircuit whose damping is R, 1ln series with two Ra’s;in

parallel. The time constant for I,y and the real parts of Ipo

and I,,, which is also the time constant for Ig(op) and the

real parts.of Ip(2m) and In(2m)’ ig: thus given by (referfln

to Egu. 11.14)

/ 4‘00‘ ',%'(‘kpa"‘kw)

- Ro + Raf2 Iac

T; (4L-n1

! -%- 222 E"" cosA

T RotRald  _ Eam (k ~1YcosA
2k Xo
= / . 2k X (1/45)

W(Ra*2R,) &~/

as inrhqu. 1O 47

Similarly the imeginary parts of Ipg and I, are produced
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- [ 3 1ro o — s S e
only by the applied rflux-linkage \Ppo \’/no in a circult
whose camping is 2R,. Thus, the. time constant for the imaginary

parts of I o and I which ig:also the time constant for the

b no’
Imaginary parts of Ip(2ﬁ> and In(2m)’ is. given by

-T- Wemy = { \Pﬁo \Pno
A 2 Ra J* Sﬂlag of I,,.,
o j Emsink
T aRa i Eam (k-1) i
=z sinA i
- / . 2 Xo ‘ .
- WR k-7 (1 46) i

as.in,Equ; ié.48:
Reverting the seguence currents into the phase currents

after the proper decrement factors have been atitached to them,

it can be shown that the armature-transient components of the

short-cirecuit currents, given by Egus., 10.62 and 10.63, can

be obtained.

(11.4) Bhort-cirecuit Torque — Unidirectional Component

In deriving the shori-clircuit currents, only one of the two
effects of the machine resistances, i.e., their damping effect,
has.been considered. Their other_effeot, the phase-shifting
effect, has: been ignored for the beneflt of getting simpler
aporoximate expressions of the. carrents. This is the reason
why the use of the approximate expressions for the currents
in the torque equation fails to give the unidirectional com-
ponent ol torque. Since.the. eguivalent circulits, with the re-
sistances of the machine added, can give the average fLorgue

directly in the form of active power, the unidirectional com-

bonent of torque can be found without much diff culty by thg
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application of {the eguivalent circuits.

The unidirectional component of torgue consists of two com-
ponénts7 The first component is contributed by the odd-harmonic
series of current. Its magnitude depends on the eguivalent
armature resistance (modified by the rotor resistances) and its
decrement factors depend .on the rotor resistances. The second
component 1is -contributed by the eveh=harmonlc series of cur-
iﬁs

rent. Its magniltude depends on the rotor resistances and

decremént factors depend on the armature resistance. The first
unlidirectlional component of torque can be found with the aid
of the odd-harmonic eguivalent circuits and the second uni-
directlonal component of torgue can be found with the aid of

the evepn-harmonic equivalent circuits. The derivation of the

unidirectional components of torgue for the four typital short
clrcults of a synchronous machine are considered in detall in
the subéequent paragraphs.

(&) First unidirectional component of torgue

For the sake of simplicity, the initial undamped velue of
transient-state currents are used ln the course of deriv-

ing the unldirectional comvonent of torque, The appropriate

(R

decrement factors will be attached to the final expressions.

The equivalent circuits for the initial odd-harmonle cur-

Rafam-1 xg 5 Raltamen

Ra

—_— = Tpcimaen -
Incam-r) (Re+Ry Y [4m I,, (RatRg) /4
v, -,
":—‘:n’!_T’ Cam Lins . Vpiame)) Vs El
J 2(xa-xq) ‘T:;r Xz
(@) (b) «©)

F/'g. 7/.76

rents are given in Figs. 11.16.a and 11.16.b. The resistance
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Ry (function of Rf and R.l

,Q) in serieg with Xg to représent the

field and damper resis stances 1s. not included in Fig. 11.16.a
Tor the positive-sequence, fundamental-frequency current,
because thé damping effect is its principal role. This is an-
alogous to the fact that the armature resistance should be
omittedbin,determining the maghltude of the d.c. component of

the armature-transient current as described in the least article.

The first unidirectional of torque is: given by

AT = 3 Real part of { E Ly + S Eim (1,,,,,",.,—1,,(,,.._”)] (17.47)

That is, it is given by the power involved in the VOlt e C
& y

and the. current I in Fig. 11.16.a and the. power involved 1n

pl
ﬁhe voltagze 52h1and the difference of the currents Ip(2m+1)

afd I, (pp-1) in Fig. 11.16.b. Obviously the real part of é‘Tol
ig egual to 'Ilet’ where R; 1s the total eguivaelent resistance
in series in the circuit shown in Fig. 11.16.a when it 1is con-
nected tomether with other eguivalent circults. The real part

of 65&K1®(2m+1)'" I, (op-1)) bes in general a more complicated

expression. But if the ratio of Ip(Em*lj/In(Qmél) is. a scalar,
which ig eapproximately true for the variousxtypeé of short cir-

cuits, it can be reduced to —I;(gm_l)(l—b*)(Rd + Rq)/4m, where

If-the.scalar ratio b is not unduly large, t*w,harmonic
currents. will be small and their effects on the unidirectional
component of torque may be neglected. Doling this, the:ipfinite
numoer of equivalent circults revresented in Fig. 11.16.b may
be replaced by a single negative-sequence equivalent circuit

as shown in Fig. 11.16.c, where Zp is the nepgative-seguence
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reactance appropriate. to the particluar operating conditlon

being considered. The uhidirectional torgue contributed by

the negative-segquence currént isﬂ—Iai(Rd + P )/ 4 or

- nl(R2 R,J), where Ry = R+ (Ry + Rq)/4 is' the equivalent

nega"cive—sequence armature reslstance of the machine. The

first unidirectional component of torque ean therefore be Ffound

by, approximately,
Equ. 11.48 can be applied to all the four typical short

clrcults. For the symmetrical three—phase short circult, Ry

RN
2,0

= R, Inl =0 and Ipl = - g g{t), so that the first uni-

directional component of torque is

3 &, 4qa
aT [3-phese] = - S Ra gt) (149 |

For the. llne o~ line shox t cxrculu, Rb Ra R2 I = ‘Ipl
- E"‘O

and Ipl = ;g;7§g§§ vl(t)a g0 that

AT [/ine-/ine] =..-(%f“t{__;—-_—)-"2ﬁ;'g,'(t) _ (11.50)
v

For the llne ~to-neutral short c1fcuit Rﬁré R, + RQ + Ry»

- Ego
= > = - , v so tha
Inp = Ippand In X&#,{g}{bv(x ik, T KR Bo(t), so that
AT [Iine-neufra/] = - 3Eas (2R1+Ra)9:(t) (“.5,)"

["‘E(»k‘-!( + JXLITRNXG* £%0) ]

For the douole line-to-neutral short circuit, R+ ~ R,

+ (Xo/(Ep*k) )*R, + ng/(xg+xow) Ry, Iy = ~XoIpy/ (Xp#Xe)

3 - 220
ana Ipl - ,3*‘1{2&0/(‘\2*_}{ ) 82(13), S0 "cbat

. . a X !
T [/iﬂl-/"”e'ﬂc"”dl] =- (x' + E::"- )l { \";fxp) ] Ra + 2 (x,' Xo ) Ry + (x;ox ) R’} 91 @) (r 52)‘
4 X, +Xo s o

"It is obvious that Equ. 11. 52 can be reduced to Equ. 11. 49

by putting X, =R =0 and reduced to Equ. 11.50 by putiting
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(b) Second unidirectional component of torque
The second unldirectional component of torgue is contributed
by the losses assoclated with the even-harmonic series of cur-

rent. The equivalent clrcuilts with the resistahces Rd and Rq

X, %5, Rafa ) Ralam %3 Xy Ry faimerd
/N SY——A
f Az I Lyawm
e (Rt Ry )17 Lpiaoms T
. . Y am B2t R AP Va3,
2jw¥,, & ) Vpal2 = e e
L (xg=X3 )2 J J . 3 (xu-x3)/a ;
. )
(a) b)

Frg.17-17

added are shown in Fig. 1l.17. The torgque is given by

LT = 3 Real par? of {61*(14"'1 -Ino) + z crmw(zf-um‘!)—lnumi)} (’,53)
maf

If the effect of the harmonlic currents are neglected, the
second unidirectional component of torque 1s approximately
given by - 3 times. the loss of the current 2I,, in the resisi-

ance %(Rg + Rq), i.e.,

AT = =6 Ino(Ra+RYy) (11.54)

For the symmetrical three~phase short circult,

' Xa + X§ SN =t Tainy
Ino = Gxizg Eao €7 €

S0 -’Gb_a,t lIna|z - (xi;;ﬁx;’f )2 E‘:a e‘%tlTa(”

. ) X1 4--)(77".;' 2 a . 2kl Ta 7 V . V '
and  a.7 [j-phase] = -g-(__i.qi) Eio Rt Ry) € : (11:55)

For the line-to-line. short circult,

I = -j Lae S/ &t/ Taccer
= =) sy
2 .
2 Fas 5/”‘)\ 6-3!/7’.‘(.“
4 xz x;

50 that [l

3 Ed, sin*A

~atfTace) (/1.55)
2 xg,x,’/’ : :

(Re(*kq,)f

a.l’ld a, 7T [Iine-lina] P
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For the line-to-neutral short circuilt,
I,, = Eqas COSA “t/Tactny
” 2] (A+EXY(Rg+ 5%0) €
AEL cosA (""d"Rnp) e-ltlrarbnl (11.57)

50 that a,r [rne-neutral] = - T(xz+ txadxg+1%2)

For the double-line-to-neutral short circult,

Ea.o('k 1) {tcos?\ e -] Tettlm +j3in)\- e-t("}s_(:!—ﬂ}

Ino —ax,
¢ s (k= BPY 3 & APTIReS L ~2t/Thetns
so that 11n91= —Eﬁ—’)—{—%w) € TR L sintA € puct }

-t - - :
and 4:7 [/’.ne_h."c_nwrm,] ~ '_35_“;3‘}"“;)('?"*”‘3/){72’ cosiA et T Ly €-xt11',m-..,} (11-58) |
|

It can be shown that Egu. 11 58 is. reduced to "Qu. 11.55
by putting Xy = Ro = O and reduced to Equ. 11.56 by putting

Xo = o0,
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(12) COHCLUSIOCN

In the thesis, the operational method (the Laplacevtrans—
formation) has been used in solving the differéntial eguations
Prescribling the periormance of a synéhronous machine. At steady
state, provided the machine in question is running at constant
speed and the magnetic saturation is neglected, the currents,
the terminael voltazes and the electromamnetic torgue can always
be Ffound to any desired degree of accuracy, irrespective of
the terminal conditions of the machine, though this may mean
solving a large number of simultaneous equations in complex
numbers. The labour involved in finding the currents, voltages
and average torgue can be reduced when a suitable type of net-
work analyser (one that can represent negeative resistance) is
avellable so that use can be made of the eguivalent circults
given in Chapter 6.

The application of the operational method to the'solution
of the transient-state. current of a machine foliowing é sudden
change of terminal -conditions has also been shown in the thesls,
though the generai solution can only be expressced 1inh oper@tional
form, The deteiled derivation of the well-known solutionsnfbr:,
the simpler problems, hitherto obtained by less rigorous meﬂh&dg
(except fof the gymmetrical three-~phase operations of the mach-
ine, see Ref. 6), has been done with the view to show the valid-
1ty of these sclutions and to provide an approximete method of
deriving the explicit expression from the operational solution.

This aporoximete method of finding the inverse transiorms ceh




P.204
Conclusion
alveys be applied so long as the approximate frequency of the
current component is known.

For a more couplicated problem,the derivation of the inve
transforms from the operational quUuiOQ may become too compli-
cated to carry out, though a numerlcal solution is always
en in

lent circuits &l

f=te
©

Possible. In this event, the equive

[
<

on of

[

Chapter 11 may bes used in practice for the determinat

5

the tfansient~state guantities. As 1t has Dbeen chown that in
gengral only the d.c. and the fundemental-frequency components
of the armature current need speclal consideration at transient
state, and that the negative-sequence impedance for o particular
operating condition of the machine (represented by a sultable
connection of the harmonic eguivalent circults) is the sanme

for transient state as for steady state, the process of fanding
the complete ex pressions Tor the curfents, terminal volta

and unidirectlional component of torgue as shown in Chapter 11
for the esimpler cases can be applied to more comolicated pro-
blems.

Although there hes been a ﬂetalleq °tudy of the linear the-
ory of the synchronous mechine, the problems dealt with beong
only to & very small part of the nuumerous problems concerning
& synchronous machine. It is hoped, however, that the material
presented may be of some use and that the extention of the
method employed may lead to the solution of & larger number

of problems.
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CX -

currents

{(knnm + (Lo + L,,e)p} Top) + % Loy p{Tathejaw) + Con bt Mo bT ) -—;-M,,p{hq,cmjmw Comy }

* Mo hTeth) = TMap{hicdejzor + Conj} 4 LMag b {Tieprjun + [ "i’”ﬂfﬁﬁ{‘—n‘f"'«i"‘”*c""f}

= FMasge b { ST (i) + Comf } 4 £ Mags b Tug b2 # Coni b = Tucpd + Eacp)

(r41)

MiohTuch = Mua b § ATuthrjs) + Comj | + {(Rat Rog) #Chuet £6e )b} EaiP) + £ias b { A Tpcprizcd+Coni }

+ My Teth) —‘;Mnk{fr.‘*’i“‘”* w} + LMo b § A G prjun +c¢mt‘} + t M b {?,,cb+jau)+Cm,'}

= F Mag b { jh Enyiprje) + Comp Y4 EMays b {iTgpejso) # oy } = Uk + ek

Mob Talp) - T M p {h“_‘“‘bfjlw) + c"‘f} + Mg piyhd "‘;-M“'b{ Tpepejran) + c‘mt}

(142)

PRt o) + (ot e )b } Telhd ¢ kLaa pl b Tcchriawd # Comj § + FMag, b {H G (prioo) + Con

. - . - ic +j3w)+ Comf
+ "iHafs‘P&rt.,(Pfjawl +C6"f} "iHaw’f’{ -ih“kq/‘?*)’“’)*c""i} % Makgs P{“’""'(’ 4 }

= U p)r Ep

£ Mo b { Tathrjur + Conf +hTuchricn) + Cong # B Eccheje) +Coni }

* $Magy b { Tath4jswd + Conj + Tp(prida) +loi # fa#*.iaw)*c‘“i}

TURALPIT (D) + Mua hTiq (P) =0

+Map b {tﬂ(@-rjw) + Gy + AT (P*jw) + Canf + R T cprjw) + Covy }
Mo b { Tathridn) + Conf + Tytprj3w) 4 Conj + Totprjdw)d + Cr»’.}
+ Mg bl:;.(b) + (Rud + Lad P Lpg (pY =0

= T Maxgs b {j Catpejwr) + Cm,; + jhTetjw) + Congo + Jh' Tth+jw) + Cong }

+ %+ Makga {j‘l—.“(ra+j3w) t Conj + j5 (P+)3w) + Comf + ] L (p+j3wd + Cong }

Y (RugtLigp) Tugtp> =0 .

(r4.3)

(144 )

(14.5)

(14.6)
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I_n

damper ecuations{ld.4 and
f{M,,,,p { Tatp+jw) + Conj + hTp(h+jw) + Cony + A T tp+jw) + Conyg }

+ £ Magy b { Talp+j3e) + Gy + Typep+jdw) + Comg + Tolb+jiw) + Ccm;} + Zo P> Cpep) = 0

| (1+7)
Wiers . . N .

z _ Ry Ly pY(RRa Fhka) = Mkt b ~ & .

Zypy = R+ Rpea + (Lptlog = 2 Mpcd )P b + Lpe P

R, _ R;(’-kd"";k.f)‘*ﬁu(kf-Hfu)‘

. =

’ (b4 + Lo - 2Mpa 32

L = (L"Lkd—”":“)/(l‘f"‘-kd_zf"#d)

e @XDTGSS‘.f_ons for lf(‘(pi’:w)’ l'f’C(p".J w}: iri(:"".}w), : (‘P*Jb"")

and. their conjupate functlions are obinined by solvinz 1{6( 1) and

E%F(p) from dous. 14.7 and 14,0, thon muiiting o+je and m+jow and

Iy g

st exoressions., Bulbe

[

thelr conjugates in place of p in the resulis

ituting thesce results in Zqu. 14.1 gives
{(R,.+ Rac) + (LM+L.,¢H>} Talp) + i-L,qu Tatb+jaw) + cau;} + My pThtp) =L Mie p{ht,,«ijncm.f‘}
4 Mo b Tethy = T M b { b Cotprjrw) + Cong }
- MG, ) fr iy T+ T priaed + BT + AT Chrjace) + ATk | = Cond

H Rt Ly hHjaw)
Pip+jw)
Ree+ Lo (b+je)

p(P+]IW)
- Mg M
* apMas3 ‘;c*L;e_(bﬂSw)

- #Nnu Magy {T.',(p-»j‘fw) + Ta(b=j2w) + T ip+)40) + Ty (p=j2wd + T th +j 40) + T, (p—jzu)} - Cmy

{E.(m’w) +Talp=)2e) + AT (h+jaw) +h Gpp=jaw) + A' Toihrjes) +h C,_(p-_jzw)} = Comg

- _ P(p+j3w) {_ R - - . - ~ . _
Mass Rre + Lyg bt 309) Lup+jeu) +Talp) + Tpp+jbw) + Lp(pd + Lelbrjew) + u‘(b)} - c_a).?

- Pih+iw) {
--H - . - L hT . Ao - .
“"‘V Riq* Licg, Choj) Calbtjzw) + Tap) - ATpiptjaw)sh iy () ~ A% Lccpf,zm)fho,_cp)} = Covy

1
= = Magg, M,k {p+jws)
4 g+ Makgs Rico,+ Licg (B4 j <) Calp#j4w) = Lo0p=jaw) + Ty (p+)4w) — Chip=jRw) + Toip+jdw) = br_‘P"j-’“ﬂ)}' Cm\#

-F Mako,u Mgk“ —ﬂm_

{ La(p+j4w) = Talb~jaw) +hTychrjdw) —At To(h-jaw) + A Ccp+jdw)-h T tp—jru) }-a,,.},

Rig+ Lig, (pej3w)
- #H x Plp+jiw) - . - - ., - - - ;
aky) Rrg+ Lagp 2190y { “Latpt)bw) + Tath) ~Tpih+jbw) + Tpih) = Telprjbw) + T lp) } ~ Gy
Y, p> + E.p) (14.8)

simllar exprressions are obtainable from iZqus. 14.2 and 14.3 when

C_r.

To (prjw), Tep(nejdw), T (PHiw), T (D+13w) and their conjusate
e o Liny J o N
functions are eliminated. It is not necessary to write them down

in detaile as Egu. 14.08 alone is sufficicnt for the purnposce of
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showing the process.
To find the first approximation of the steady-state solution, |
let it be assumed that thé fundamental voltage drops are due to

the fundamental currents only. Thus, let

Calt) = [, coswl
then T:a.(b) = Il 'P_tlsr

Substituting in Bqu. 14.8 it can be shoun that the inverse trana-

forns of the terms involving 1, are

["{rn,*p“) + (tast L.e)f,} Talp) = (Rat Rae) T, COSWL = @ (Lgo + Lae) Ty Sinwt
[ #rap{uapn s Cmj } = ~fwlulaxsinet + Third harmonic

- PR W __‘_E(_P_‘_*J_U_’_)___ T : -} - -y 2 n s .

L { 4Fw,%+%dbﬁmuawﬂh»—cn, = Third harmonic & transient only
- plbsicr R » .

L {-;’-M.,}, @TZJTEFF) Tath) 'c‘”‘}} = X RI * Fwrly, Lux (Rrgcoswl + 20ty sinwt) + Trans ient

and so on. Alsc let

Latt) = =TI sinwé
. _ wd
J\;hen tatp) = -~ Ianl Prrwt

Substituting in Equ. 14.8 it can. be shown that the inverse trans-

forms of the terms involving i, are

[:"{ (Rat Rae )+ (Las+ L.;.e)k} Cap) = i-(Rn Roe VI, 5IP WL = @(Lao # Lag) Tayy o5t

L ftap{ otz +comj } = _'i'wl-ara.,coswt + Third harmonic

Lﬁ{°#ﬂ&;§ﬁ§fﬁsfuhﬁwﬂ-Gﬂé}=’Third harmonic & transient only

L -4 % Tath) - Conj } = & 7;%1%(—2#;;”@, awl oswe) + Transient
and so on. To convert the expressions into cleérer forms, complex
numbers can be introduced by putting 1 and -J in place of coswt |
and sinet respectively. Thus, if

Lo cOSWE =t Ioam

and = Iay Sinwt —w= j Loy

then qug coswl - Imq sinwl —— Iﬂlx +] Inly = Ia/
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Adding the above two sets of inverse transforms and iIntroducing

complex numbers, the terms involving only fundamental voltage

dirops are

L7 RetRae) + (Lot Laed) b } Tach) ——m  { (RatRa0) * o (baot tae)} Lo

L o p {Tachrjzw) +eomj } ——am jw Lo L,

“tf_ .z _Piprjw) - . w*May, .
L {-gmi mCond T AR ejawn. 1o

Rﬂ, + L’e (p+ju)

%
= —jh’(#-i‘;‘i—h) 1., when Ry Is neglected

and so on. Froceeding in like manper for ip and i,, it can be
snown that corvesponding. to Equ. 14.1, the follewing approximate
equatlon in complex numbers can be found:

{(Ra*&m)"'jw(l-aa""-ae)} Ty + jodla: Zar ¢ jaMiso Tos ~j ro. 4 Mo Iy +jwMsoLey —jhew EMu L]

Mayr . .
. { L+ Iy, +h*I, } "Jw-#'—“;_#& {11,‘,'+h‘1,,’f +hz,j}

M !
-— w .
0Ty,
. M:i’ . N:kq,a
~lw '2% e { I, +1g, *Ia} ~Jw #-‘ th { I, *th:"'/"qu}

sy L Makqr Makgd * * * - M.k .
tjwx _;‘?L {11,,, +h I +hI,_,} —Jw#-—f:zl-{l‘,,+lb, +I,,,} = =jwMay, Iy + Vo

Grouping terms and dividing Ig, by /2 so that the armature

currents are in rms values, thig equation is reduced to the first

eguaticn {(axis a) représented by lgu. 2.6. The remaining two equ-
ations (axes b and e¢) can be found in the same way.

Similarly the equations for the harmonic currents and the add-

jtional voltages for current corrcctions can be derived.
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(14.2) Sinzle-phase Operation

Futting vé(2m+l) =0, Ra = Rae = O and adding AE542m+1)

(Zgu. 3.11) to Egu. 3.10 and reduclng gives

BIa.(lm—l) +AIa(2md/) + B-za(aym-g) =0 ‘ ( 149)
where . 8 = % (xa=xg
and. A = X4+ Xy +Xo+ 3%

As m may be any non-zero positive integer, Egu. 14.°0 repre-

sents an infinite number of equatlions of similar pattern:

BI, +AI, +81, = o

as as - (’4'9")
“ BIaS. + AL, *BIar = 0 ' (14.9.2)
BIa(gm.,,) + Ayammery + BIacamesy = © ('4'9""‘)

When m is sufficilently large, the quantity BI&(2m+3) in
Equ. 14.9.m may be treated as a remaihder and neglected Ifor
the moment, so that 1t i1s possible to eliminate Ia(2m+l) firom
Taus. 14.9.m~1 and 14.9.m, giving

g _ (14.10)
BIM”"_” + (A - -_R— ) Ia(:-m--/) = Q

Similarly the elimination of I (pp-1) from Equs. 14.9.m-2 and

14.10 gives

Bzatzm-s)"' {A - "'T} Iiam-sy = @

Progeeding the same process, and remembering that the eguations

represented by Egu. 14.2 are infinite in number, the general
form oi HEqgu. l#.lQrshould be

‘ 8
BL,m- * {A =

T_.*}IaUm'H) =0 ) (1#.11)
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where the coefficient of I 1) is a continued fraction or ‘

a (2m+
the second kind. To evaluate ite value, let
. B2 ‘
x=A - |
A -
80 that x= A-8"/x
and ‘ x = $(A~VA*-%5")

Eqgu. 14.11 thus. reduces +o

Ia(21n+l) = bo Iaum-/) g (14.12)
where.f b, =-2a/(;j ~-JA-45°)

- V2o +F (% 13Xg) = [xi + & (%ot 3%0)
TR+ T ring) + Ixg+5(x,+3x¢)

From Equ. 14.12, the expression relating the (2m+l)th-har-

monic curwent to the lundement currert cah be de;¢ved

a@med o bom I, . ‘ l (1413)

Adding AE& (Bqu. 3.11) to Egu. 3.8 @nd De“leCulP“ the R's

giveas

Voo + Eay = { Xe + 3 Xo £ T(Xd+xg) +%(Xi+x) }I‘” +] -L-(xd—x,v)za, + Jt(m-xv)zm (,4./4.)‘

whilch 1s an exact expression apart from the neﬁlcou of resist-

ances. Eliminating IaB from Equ. 14.14 by using Equ. 14.13

(IQ

gives IKgu. 5.15.

(14.3) Two Additional Froofs Concerning the Solution of the

Recurrence Tguation (Article 7.6)

(a) Prove that the recurrente EQUmthD

Fochr= Tupy + £ €9 Rop L—clbﬂlw) + 5 PR Tahojan) (14.15
ha,s‘q solutlon of the f'orm B
Ty = f Anp) Betprjanew) ' (14,16)
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By putting p + j2new for p, with n taking the value of any
integer from -eo toee In IKqu. 1l4.15, an infinite number of
eguations of similar patitern are obtained, and they can be

rebweqented b] the matrix equation

[3~] = [%m] [xm] | (14.17)

where [Vn] ls an 1n11n1te column matrix whose general element

is e
Yn = F(ptjanw)

(14.18)
ﬁxm] is ulso an 1nf1n1te column matrix whose general element is.

x,,, = u‘(w-;z-mw) (14.19)

and [anmJ lgran infinite two -way matrix whose general element

is

Qnm = [ whenr man =0
= 2P K (prjanw) when  men =1
= Jz'éjﬂ E‘: (pejanw) when m=n ==/
(14.20)
= o0 when lm-n‘ 22
By Cramer S rule xo (1 e. m = o) ig given by
| Xo 2 actfor ° n
Iaml Z, (Gfocter of ano) xy (14.21)

where Ianml is;the determinent of the matrix[apnl . Substitut-
ing Equs. 14.18 and 14.19 in Egu. 14.21 gives Equ. 14.16 and

also defineg the coefficient K (p):

a Coadora »no < anm
A = (Cof , fa ),, I,,, I, (14.22)

Consequently Equ. 14.16 is a solution of the recurrence equa-
tlon (14.15) which exists provided ap, 18 not singular.
(b) Prove the validity of the equation

.._,:.A

Zu ) Anip) + & Ry (p) Aney thtjaw) =0 (14.23)

which appears.in the course of deriving the coefficient Kn(p).

4
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Assuming that fgu. 14.23 is correct, replacing n by n + 1
and » by p - j2w gives

L b=jaw) Apss (b=jaw) + 4 €9 K (p=j2) A, (p) =0

O Ay v 2P %ﬂnfbﬁm:o | (14.24)
Since  gupy = g ARPR G
X (p=jze)
—_
so that s = 3 ToEnm 3 (14.25)
Suosbltum.ng E{u14e5 1nEqu 14.24 and multi;ﬂplﬁng
through by 1 - x«(p) giv;és“

[‘ - X pY] Apepy "';:Eja P ) Apyr (b=jaw) =0

(14.26)

Adding Equs. 14.23 and 14.26 gives: the original equatilon

Brtp) + £ €7 BuP) Bomy (h+j200) + F €I Relb) Apey (Pj2) =0

fr-om which Egu. 14.23 have been derived. The validity of

Bqu. 14.23 ig thus proved.
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