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A novel approach to quantum transition rate theory using open quantum

dynamics

by Chiara Liverani

This work is about a quantum-mechanical generalisation of transition rate theory that

accounts for temperature-dependent quantum-dynamical effects. The starting point of

this investigation is a formulation of the classical transmission coefficient where the

activated dynamics is needed to obtain the time evolution of the classical state function

and the rate is expressed as an average flux in momentum space. Traditional approaches

to quantum transition rate theory are briefly discussed, with emphasis on the fact that

these do not generally require knowledge of the open quantum dynamics. The latter

can be studied by means of the Lindblad equation for mixed states, which is shown to

be analogous to an average over realisations of a certain type of stochastic Schrödinger

dynamics. The stochastic evolution in Hilbert space is used in combination with an

ansatz for the wave function as a Gaussian wave packet to show that under appropriate

assumptions the stochastic Schrödinger equation converges to the classical Langevin

equation. A novel formulation of the quantum transmission coefficient is presented which

features a quantum-mechanical version of the state function obtained via the density

operator, so that the activated quantum dynamics can be taken into account by solving

the Lindblad equation. A numerical investigation of the quantum transmission coefficient

thus obtained for different temperatures is carried out, along with a comparison to the

classical results. The quantum-mechanical transmission coefficient is found to display

some expected features, such as vanishing in the limit as t→ 0+, displaying a “plateau”

value for certain values of the temperature, and decaying to zero exponentially fast when

the fundamental assumptions of TRT do not hold. Additionally the plateau value of the

quantum transmission coefficient is found to be smaller than the classical counterpart

in all regimes, and to approach the corresponding classical value in the limit of large

temperatures.
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Chapter 1

Introduction

Processes that can be described by means of reaction or transition rates are ubiquitous

in nature. While originally conceived in chemistry to model reactions between chemical

compounds, transition rates have implications in a variety of areas of research, including

atomic physics, solid state and semi-conductor physics, diffusion dynamics, cosmology,

celestial machanics and studies of the rearrangements of clusters [1].

An important aspect regarding transition rates is their relationship to Einstein’s model of

diffusion, where the diffusion coefficient D is related to the mean square displacement of

a Brownian particle diffusing through a liquid [2]. If the Brownian particle is described as

a random walker moving through a lattice of points xi at distance d and the probability

of hopping between any two points is k, then one has that the diffusion coefficient can

be approximated as:

D = Ωd2k, (1.1)

where Ω is a constant depending on the dimensionality of the problem and the number

of neighbouring sites the Brownian particle can jump to. For a detailed discussion on

the equation above, see for example reference [3]. The transition probability k can be

alternatively called transition rate.

Equation (1.1) makes transition rates useful tools to study diffusion as well as various

meso- and macroscopic phenomena related to it. An example of such phenomena we find

in engineering is hydrogen embrittlement (HE), which takes place when hydrogen atoms

1
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enter the metal’s structure and interact with its atoms in such a way that the metal

loses its ductility and becomes brittle. One of the basic processes involved in HE is the

diffusion of hydrogen through the metal lattice and this can be studied by means of a

transition rate giving the probability that the hydrogen atom makes a transition from

one local minimum of the potential energy surface to another [4], [5], [6].

Transition rate theory (TRT) was initially a purely phenomenological discipline, con-

cerned with chemical reactions and the environmental factors influencing the value of

the associated reaction rates. Amongst these we have temperature, pressure, concentra-

tion of the chemical compounds, and the nature of the reaction taking place. The first

expression for the transition rate k was proposed by Arrhenius at the end of the XIX

century and describes the dependence of k on the temperature [7]:

kA = νe−βEb , (1.2)

where β indicates the inverse temperature β = (kBT )
−1, and kB is the Boltzmann con-

stant; Eb is the activation energy of the chemical reaction and the ν is a constant

reaction-specific prefactor, with the dimensions of inverse time for unimolecular reac-

tions. Arrhenius obtained equation (1.2) by observing and recording the data relative

to a large number of chemical reactions. The resulting law is very powerful in that it

captures a couple of key features of transition rates: they characterise thermally acti-

vated effects; they can be described in terms of two separate contributions of which one

depends only on the temperature of the system and the energy barrier between initial

and final states.

For a full characterisation of the multiplicative factor ν appearing in equation 1.2 we have

to wait long after Arrhenius’ work. In fact it was not until about a century later that

efforts towards a mathematical formulation of transition rates in terms of time correlation

functions started, mainly thanks to Kubo ([8], [9]) and Chandler [10]. This is when

TRT went from being a phenomenological discipline based solely on the observation of

macroscopic chemical systems to being a theory encompassing the microscopic statistical

features of the system of interest. Not only did these developments enable the formulation

of transition rates to be linked to the theory of non-equilibrium and noise-driven effects,
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they also confirmed what Arrhenius had implicitly found with his formula: that the rate

constant k can be expressed as the product of two distinct contributions, which we call

κ and kTS:

k = κkTS, (1.3)

where κ is related to the dynamical, or non-equilibrium features of the system and kTS

is determined by the equilibrium-statistical features of the system. The label “TS ′′ in

the equation above refers to transition-state theory (TST), an approximation whereby

the transition rate is expressed solely by its equilibrium-statistical contribution, while

all dynamical contributions are neglected. We will discuss about this in greater detail in

the following chapters.

Reaction rate theory began as a classical theory of chemical kinetics; the question of how

to include quantum-mechanical effects into the theory and in particular in the description

of reaction rates has been haunting scientists working in this field for a long time, and still

does nowadays. The necessity of including quantum effects in TRT was acknowledged

early on by Burgouin ([11]) and shortly after by Wigner ([12]), however it took about 30

years for attempts to systematically generalise classical TRT to quantum-mechanics to

start [13], [14], [15].

Miller’s trace formula for the transition rate ([15]) is a rigorously-derived quantum-

mechanical expression encoding both dynamical and equilibrium contributions to the

rate. A feature of this expression is that it implies the equilibrium contribution to the

rate, kTS, is zero in the quantum-mechanical case ([16]), and the dynamical contribution

enters as a non-vanishing correction to the equilibrium part. However shortly after the

publication of the work by Miller a number of other works were produced, by Miller

himself and several others, that went in the direction to find a suitable approximation

for kTS. The rationale was that in most cases κ would be too expensive to compute, and

hence focussing on ways to devise a non-zero estimate for kTS would be more worthwhile.

A large class of such efforts made use of the discretised path-integral (DPI) formalism

derived from Feynman’s path-integral formulation of quantum-mechanics [17], [18]. In

the DPI approach to quantum transition rate theory, one estimates kTS by expressing it

as a ratio of quantum partition functions which are approximated in terms of classical
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partition functions of a suitably defined ensemble of classical particles. According to

Feynman’s results, this mapping is exact in the limit as the number of classical particles

in the ensemble tends to infinity.

Initial contributions in DPI-quantum-TRT were concerned with devising a convenient

approximation for kTS in the knowledge that the true quantum-mechanical version of this

quantity is always zero [19], [20], [21]. Subsequent efforts in this area went as far as trying

to demonstrate that the DPI version of the quantum-mechanical equilibrium rate kTS is

in fact its true version ([22], [23]), and even postulated that the DPI mapping between

quantum and classical systems could be used to estimate the dynamical contribution to

the rate, κ, in the quantum-mechanical case [24], [25], [26], [27], [28]. Despite the fact

that the theoretical fundament for using DPI techniques to study quantum-dynamical

effects is still being investigated, when applied to the case of hydrogen diffusion in metals

they have produced meaningful results [29], [30].

We take a completely different approach to the study of quantum-mechanical effects in

transition rate theory. Instead of applying ad hoc methods such as DPI, we formulate

the open quantum dynamics giving rise to quantum TRT explicitly in terms of Gaussian

wave packets evolving according to a quantum master equation that models the time

evolution in the presence of a Markovian heat bath. We define the dynamical contribution

to the quanutm rate, κ, by translating the classical path-sampling correlation function

expression proposed by Chandler for the classical rate [31]. This allows us to calculate

the quantum time correlation function κ for a symmetric double-well system at a range of

temperatures as well as to study the associated quantum dynamics in each temperature

regime. Our methodology to investigate quantum TRT is entirely novel to the best of

our knowledge.

In our investigation of quantum TRT, Gaussian wavepackets are used to assign a minimum-

uncertainty state to the initial configuration of the system, which is then allowed to

evolve following a Lindblad equation modelling the combination of Hamiltonian and

dissipative, temperature-dependent dynamics. This approach originates from the work

done by Heller, who used Gaussian wave packets to devise a semiclassical scheme for the

quantum evolution based upon expressing the external potential as a Taylor series up
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to quadratic order ([32], [33]). We also use Heller’s ideas to prove an important result,

which is the correspondence between a certain type of stochastic Schrödinger equation

and the classical Langevin equation. This result, while significant on its own, is very

relevant within quantum TRT in that, as we stressed before, transition rates are defined

within the realm of thermally activated processes, which can be modelled by means of

stochastic or noise-driven systems. In fact, to the best of our knowledge, the relation be-

tween the classical stochastic dynamics given by the Langevin equation and the quantum

stochastic dynamics given by this type of Schrödinger equation had never been shown

before.

The outline of the thesis is as follows. In chapter 2 I review the formulation of classical

transition rate theory, and show that the transition rate can be expressed in terms of

a time correlation known as the reactive flux. I then introduce our main quantity of

interest, the transmission coefficient, in the classical case. By manipulating the equation

obtained for the transmission coefficient I show that this can be written in its transition

path-sampling formulation as an average flux in momentum space. I discuss how this

formulation relies on the knowledge of the classical “activated” dynamics, i.e., on coupling

the classical trajectories to a heat bath. In section 2.2 I present the classical open

dynamics by introducing the Langevin equation and the Fokker-Planck equation. Next,

in section 2.3 I apply the concepts of classical TRT to a 1-dimensional system given by

a hydrogen atom moving in a symmetric double-well potential, where the open classical

dynamics is obtained via the Langevin equation. I discuss how well TRT applies to

this system depending on the values taken by the temperature and the coupling to the

heat bath, and identify the regions in parameter space where the TST approximation

to the transition rate is more accurate among the values tested. The numerical results

presented here are all original, although the general topic of classical TRT is well-known

in the literature. In the last part of chapter 2 I review some of the traditional approaches

to the generalisation of classical TRT to quantum mechanics. I present Miller’s trace

formula for the quantum rate and other approaches based on the discretised version of

Feynman’s path intergral formulation of quantum-statistics.

Chapter 3 dives into the topic of open quantum dynamics. Here I firstly present the
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Lindblad equation, which governs the time evolution of the density operator in the non-

unitary case. Similarly to the classical case with Langevin and Fokker-Planck dynamics,

in quantum mechanics the Lindblad equation for mixed states is analogous to an average

of Schrödinger equations for pure states. The latter constitutes the so-called quantum-

state diffusion (QSD) approach to open quantum dynamics, discussed in section 3.2. In

section 3.3 I show that the QSD equation converges to the Langevin equation in the

classical limit. This is achieved by means of a coherent states representation of quantum

states, and in particular by writing the wave function as a Gaussian wave packet in

phase space. By assuming that the external potential is quadratic near the centre of

the wave packet I derive the stochastic dynamics of the parameters appearing in the

Gaussian ansatz, and find that the classical position and momentum obey the Langevin

equation in the limit as ~ → 0. Mention of this result can be found in the literature,

however to my knowledge an explicit derivation based on coherent states is new. In

section 3.3.2 I proceed to compare the semiclassical, quantum-mechanical and classical

dynamics by numerically solving the corresponding equations of motion at a range of

temperatures and values of the coupling coefficient. I find that the semiclassical scheme

correctly predicts delocalisation effects at low temperatures, however it does not appear

to capture interference effects which brings about unphysical results in cases where the

coupling to the heat bath is very low.

In chapter 4 I introduce a novel formulation of the quantum-mechanical transition rate.

This is based on the classical path-sampling expression for the transmission coefficient,

which is interpreted in quantum-mechanical terms via the expectation values of the po-

sition and momentum operators and a quantum-mechanical state function that depends

on time through the density operator. Here the crucial ingredient is the open quantum

dynamics, which enters with the time-dependent density operator, and to my knowledge

is not featured in any of the previous formulations of the quantum rate. In sections

4.3 and 4.4, I investigate quantum TRT using our formulation of the quantum rate and

compare the results obtained for different values of the temperature and the coupling

coefficient to the corresponding classical results. I also study the open quantum and

classical trajectories giving rise to various transmission coefficients, and examine how
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different types of dynamics generate different types of correlation functions in both clas-

sics and quantum-mechanics. I find that the quantum transmission coefficient shares

some qualitative features with the classical counterpart, including a “plateau” value cor-

responding to the rate constant in certain regions of parameter space and an exponential

decay in high-temperature regimes where the assumptions of TRT do not hold. I find

that the quantum correlation function is zero at t = 0, confirming that the classical defi-

nition of the TST rate cannot be applied ipso facto in quantum mechanics. However my

results show that there is a small-time non-zero value of the quantum correlation function

which is of the same order of magnitude as the classical TST value and approaches the

classical counterpart as temperature gets large. I find that the plateau displayed by the

quantum transmission coefficient, corresponding to the “true” quantum transition rate,

is generally smaller than the classical counterpart. Lastly, in chapter 5 I summarise my

results and discuss potential further developments of my work.



Chapter 2

Traditional approaches to classical and

quantum transition rate theory

In this chapter we present classical and quantum-mechanical transition rate theory by

discussing their traditional formulations. In classical mechanics we show how to derive

the transition rate using the time correlation function approach developed in reference

[34]. Here one exploits Onsager’s regression hypothesis to relate the macroscopic rate

equations to the autocorrelation of microscopic equilibrium fluctuations taking place in

the system. The rate is obtained via the so-called reactive flux correlation function by

assuming that there is a separation of time scales between macroscopic transitions and

microscopic fluctuations. We show that the classical transmission coefficient, encoding

the dynamical information entering the transition rate, can be expressed as an average

flux in momentum space by writing it in a transition path-sampling form. The latter

was derived by Chandler in reference [31]. We discuss the transition-state theory (TST)

approximation to the classical rate and show how it can be obtained as the limit as

t→ 0+ of the reactive flux.

The computation of the “full” transition rate, or, alternatively, of the transmission co-

efficient, requires that the corresponsing classical dynamics is temperature-dependent –

i.e., “open”: in a closed system there are no transitions in the sense of activated processes

[31]. We discuss how the classical temperature-dependent dynamics can be described by

8
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means of the Langevin equation for single trajectories, or via the Fokker-Planck equation

for the density in phase space. In Langevin dynamics, the coupling of the trajectory to

a heat bath at thermal equilibrium is described via two parameters, the temperature T

and the coupling coefficient γ.

We apply classical TRT to a 1-dimensional model of hydrogen in iron where the potential

surface is a symmetric double-well potential. By numerically evaluating the Langevin

equation we obtain the classical transmission coefficient at a range of temperatures and

values of the coupling coefficient. We recover the results predicted by classical TRT and

discuss how well the theory fits our system in different regions of (T, γ)-space.

Lastly we present the traditional formulations of quantum TRT. The main example

here is Miller’s trace formula which introduces quantum-dynamical corrections to the

transition-state value of the rate obtained via the closed-system dynamics. We briefly

discuss approaches to quantum transition-state theory based on discretised path-integrals,

as they constitute a popular and successful method for including approximate quantum-

mechanical effects in TRT.

2.1 Classical transition rate theory

At its very beginning transition rate theory (TRT) was conceived in chemistry as a way

to determine the probability of molecular reactions to take place as a function of the

activation energy Eb separating reactant and product and the temperature T .

However it was not until the work by Chandler that the so-called reactive flux method

for computing the classical rate, which is the one of interest here, was formulated [10],

[34], [35].

We are now going to derive the central quantity in classical transition rate theory, the

classical transition rate kc, by closely following the presentation in reference [34]. For

clarity we are going to restrict the discussion to a 1-dimensional system. Imagine a

classical particle of mass m travelling along a potential energy surface in figure 2.1 which

we call V (q); for simplicity, in what follows we assume that V (q) is symmetric. We call



Chapter 2. Classical TRT 10

A B

Eb

q

Figure 2.1: A 1-dimensional two-state system.

A the “state” associated to the region of space q < 0, and B the one associated to q > 0.

Let q∗ = 0 be such that V (q∗) is the saddle point of V (q). In TRT, the time evolution of

the macroscopic probabilities nA(t) and nB(t) is assumed to follow the phenomenological

rate equations:

ṅA(t) = kABnB(t)− kBAnA(t) (2.1)

ṅB(t) = kBAnA(t)− kABnB(t), (2.2)

where the transition rates kAB and kBA give the average frequency of the transitions

from state A to state B and from state B to state A respectively. In what follows we

deal with one value of the classical transition rate for the two-state system in figure 2.1,

which is defined as:

kc =
1

2
(kBA + kAB). (2.3)

We define a microscopic state function θB(t) = HB[q(t)], which is given by a heaviside

step function of the position of the particle q(t), that is it returns 1 when the particle is

in state B, identified by the positive q-semiaxis, and returns 0 otherwise.

θB(t) = H[q(t)] = 1 for q(t) > q∗ (2.4)

= 0 for q(t) < q∗; (2.5)

the state function relative to state A, on the other hand, is defined as θA(t) = 1− θB(t).

Note that although in what follows we denote the classical state functions as explicit

functions of time, they are actually functions of a time-dependent variable, such as q(t).

The state functions can be related to the macroscopic probabilities nA and nB of finding
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the particle in state A and B respectively; by sampling a large number of initial positions

and velocities from a non-equilibrium distribution f(p0, q0), where we denote p(0) = p0

and q(0) = q0 for clarity, the probability of finding the particle in state X at time t, with

X = A,B, is obtained as:

nX(t) =

∫ ∞

−∞

∫ ∞

−∞
dp0dq0f(p0, q0)θX(t), (2.6)

where θX(t) depends on time through the trajectory q(t), with q(t) = q(t; p0, q0).

The validity of equations (2.1) and (2.2) relies on the existence of two distinct energy

scales, one corresponding to the activation energy Eb and one corresponding to the

thermal energy kBT . The fundamental assumption of TRT is that these two energy

scales are separated, and in particular that:

kBT

Eb
≪ 1. (2.7)

The numerator in the equation above identifies the thermal energy arising from keeping

the system at temperature T , where kB is the Boltzmann constant [36]. In other words,

equation (2.7) states that a trajectory crossing the energy barrier should constitute a

rare event in comparison to the frequency of its thermal fluctuations. This is a central

assumption in transition rate theory; in fact TRT and all the theories derived from it

cannot be expected to yield meaningful results whenever T ≥ Eb

kB
.

The objective of TRT is to predict the value of kc using the microscopic dynamics of

the system, rather than equations (2.1) and (2.2). This can be achieved by employing a

central result in non-equilibrium statistical mechanics: Onsager’s regression hypothesis,

which states that the relaxation of a macroscopic variable towards equilibrium and the

regression of the corresponding microscopic thermal equilibrium fluctuations follow the

same law ([37], [38]). In the present case, the hypothesis can be expressed as [34]:

nX(t)− 〈nX〉
nX(0)− 〈nX〉

=
〈δθX(0)δθX(t)〉
〈[δθX(0)]2〉

, (2.8)
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where 〈〉 denotes the canonical ensemble average:

〈g〉 = 1

Z

∫ ∞

−∞

∫ ∞

−∞
dp0dq0e−βH(p0,q0)g(p0, q0); (2.9)

here H(p0, q0) is the Hamiltonian of the system, β = (kbT )
−1 is the inverse temperature

and δθX(t) = θX(t) − 〈θX〉 are the microscopic equilibrium fluctuations of the system.

We call Z the classical canonical partition function:

Z =

∫ ∞

−∞

∫ ∞

−∞
dp0dq0e−βH(p0,q0). (2.10)

In equation (2.8), the left-hand-side represents the relaxation of the macroscopic proba-

bility to find the particle in state X towards its equilibrium value, while the right-hand-

side identifies the autocorrelation of microscopic equilibrium fluctuations taking place in

the system. The ensemble average of the product of any two microscopic equilibrium

fluctuations at times t1 and t2 defines the classical correlation function:

〈δθX(t1)δθX(t2)〉 = 〈θX(t1)θX(t2)〉 − 〈θX〉2 = CθX (|t1 − t2|), (2.11)

where the second equality is obtained using the stationarity of the equilibrium ensemble,

which implies that 〈θX(t)〉 = 〈θX〉.

We are now going to manipulate equation (2.8) in order to obtain a correlation function

expression for the transition rate kc. First we insert the expression for nA(t) obtained

by solving the rate equations:

nA(t) = [nA(0)− 〈nA〉]e−
t
τr + 〈nA〉, (2.12)

where we have defined the inverse rate:

τr =
1

kBA + kAB
=

1

2kc
. (2.13)

This yields:

e−
t
τr =

〈θA(0)θA(t)〉 − 〈θA〉2
〈θ2A〉 − 〈θA〉2

. (2.14)
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In the denominator of the expression above, we note that because of how the state

functions are defined we have that 〈θ2X〉 = 〈θX〉 for X = A,B; hence we can re-write

equation (2.14) as:

e−
t
τr =

〈θA(0)θA(t)〉 − 〈θA〉2
〈θA〉〈θB〉

, (2.15)

where we have used the fact that 〈θB〉 = 1 − 〈θA〉. While the classical transition rate

kc could in principle be computed from equation (2.15), by taking the time derivative of

both sides of equation (2.15) we are able to obtain an expression for kc that is significantly

easier to evaluate. We have:

− 1

τr
e−

t
τr =

〈θA(0)θ̇A(t)〉
〈θA〉〈θB〉

; (2.16)

using the fact that 〈θ̇X(0)θX(t)〉 = −〈θX(0)θ̇X(t)〉, we rewrite the expression above as:

1

τr
e−

t
τr =

〈θ̇A(0)θA(t)〉
〈θA〉〈θB〉

= −〈q̇0δ(q0 − q∗)θA(t)〉
〈θA〉〈θB〉

, (2.17)

where in the last equality we have inserted the time derivative θ̇A(0) = −q̇0δ(q0 − q∗). If

we now substitute the definition θA(t) = 1− θB(t) in equation (2.17), we find:

1

τr
e−

t
τr =

〈q̇0δ(q0 − q∗)θB(t)〉
〈θA〉〈θB〉

, (2.18)

since the integral in 〈q̇0δ(q0 − q∗)〉 vanishes as it involves the product of an even by an

odd function of p0 = mq̇0. Equation (2.18) can be equivalently written as:

1

τr
e−

t
τr =

〈θ̇B(0)θB(t)〉
〈θA〉〈θB〉

, (2.19)

or
1

τr
e−

t
τr =

̺(t)

〈θA〉〈θB〉
, (2.20)

with the so-called reactive-flux correlation function ̺(t) defined as:

̺(t) = 〈θ̇B(0)θB(t)〉 = 〈q̇0δ(q0 − q∗)θB(t)〉. (2.21)

Hence the classical rate is given by an average flux of trajectories across q∗ provided that
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the they are found in state B at time t [10]. This can also be seen by considering a

more conventional formula for the rate involving an average flux across q∗ provided that

q(t) > q∗, and that at an earlier time −t, q(−t) < q∗. This results in writing the reactive

flux as

˜̺(t) = 〈q̇0δ(q0 − q∗)θB(t)θA(−t)〉, (2.22)

but the difference between the equation above and equation (2.21) is given by:

〈q̇0δ(q0 − q∗)θB(t)θB(−t)〉, (2.23)

which is an average flux across the surface q0 = q∗ and vanishes by Liouville’s theorem

[10]. Hence ̺(t) and ˜̺(t) are identical.

Equation (2.19), following from Onsager’s regression hypothesis, tells us that the corre-

lation of θ̇A(0) with θA(t) on the right-hand-side, describing the regression of microscopic

equilibrium thermal fluctuations, evolves in time following the same decay to zero as the

exponential on the left-hand-side, which arises the evolution of the macroscopic probabil-

ity nA(t). However, the equalities in (2.19) and (2.20) will not hold on all time scales. If

we assume the separartion of time scales encoded in expression (2.7), we can distinguish

between two distinct time regimes: a macroscopic time scale τr corresponding to the

relaxation of the non-equilibrium probabilities nX(t) to their equilibrium values, and a

microscopic time scale τsr, which relates to the short-time relaxation of the equilibrium

thermal fluctuations taking place in the system, described by the quantities δθX . This

reflects the assumption we made with equation (2.7) that two different energy scales

co-exists in the system: a much smaller one, given by the thermal energy kBT , and a

much larger one, related to the barrier height Eb. Hence for τsr and τr we have:

τr ≫ τsr. (2.24)

This idea is not in contradiction with Onsager’s hypothesis: it only tells us that the

microscopic variables describing our system display two distinct dynamical behaviours

that can be appreciated depending on whether we choose to study the system’s correla-

tions over a short or a longer time range. On the longer time scale, τr, the short-time
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behaviour cannot be resolved and the fluctuations of δθX decay on average like nX(t).

On the shorter time scale, τsr, the regression of the microscopic system fluctuations may

not be characterised by the exponential law prescribed by Onsager’s hypothesis. In other

words we can say that Onsager’s law is observed upon “coarse-graining” the dynamics of

the system in time.

While equations (2.19) or (2.20) could in principle be used to obtain the rate constant,

we saw that this quantity is meaningful only when the fundamental assumption of TRT

is valid, that is when we do have the separation of time scales expressed in equation

(2.24). For times t such that:

τsr < t≪ τr, (2.25)

the exponential in equation (2.19) is approximately equal to 1. That is, on these inter-

mediate time scales the function ̺(t) in equation (2.21) is approximately a constant, i.e.

it exhibits a “plateau” value, which we associate with the rate constant kc via:

kc =
kAB + kBA

2
=

〈θ̇B(0)θB(tpl)〉
2〈θA〉〈θB〉

. (2.26)

The detailed balance condition associated to the rate equations (2.1) and (2.2) states

that

kBA =
〈nB〉
〈nA〉

kAB. (2.27)

By substituting this expression into equation (2.20), and using the fact that

〈θX〉 =
〈nX〉

〈nA〉+ 〈nB〉
, (2.28)

we obtain the following expressions for the rates:

kBA =
1

〈θA〉
〈θ̇B(0)θB(tpl)〉 =

̺(tpl)

〈θA〉
, (2.29)

and

kAB =
1

〈θB〉
〈θ̇B(0)θB(tpl)〉 =

̺(tpl)

〈θB〉
. (2.30)
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Here tpl denotes a time at which the value of ̺(t) is in the plateau region. Overall, using

the fact that in a symmetric system 〈θA〉 = 〈θB〉, we have:

kc =
1

〈θc〉〈θ̇
c(0)θc(tpl)〉 =

̺(tpl)

〈θc〉 , (2.31)

where we have introduced the notation θc = θB = 1− θA.

We can further consider the time dependent quantity on the right-hand-side of equation

(2.31) for times both inside and outside the plateau region. We will refer to this as the

time-dependent transition rate kc(t) in what follows:

kc(t) =
̺(t)

〈θc〉 =
1

〈θc〉〈θ̇
c(0)θc(t)〉. (2.32)

Often in the literature the classical rate is colloquially defined in terms of the limit of

̺(t) for t → ∞, and in such cases ̺(t) is called classical flux-side correlation function,

ccfs(t) [39]. While identifying the long-time beahviour of ̺(t) with the rate is a widely

used convention in certain areas of the literature, it is important to note that even if one

assumes the separartion of time scales that allows to derive kc from ̺(t) a priori, strictly

speaking limt→∞ ̺(t) = 0 and the expression has to be interpreted as the limit for long

but finite times.

Equation (2.32) allows us to introduce a widely used approximation for the classical

transition rate, known as the transition-state theory (TST) value, kcTS. This is obtained

as the short-time limit of the kc(t):

kcTS = lim
t→0+

kc(t). (2.33)

The TST value approximates the rate constant given by TRT under the assumption

that the trajectory does not recross the dividing surface, and, as we will see later, it

follows that kcTS ≥ kc(t). A schematic representation of the behaviour expected from

kc(t) according to the theory presented above is given in figure 2.2. Here we see that as

t → 0+ the rate kc equals its TST approximation kcTS. For small times t ≈ τsr we are

able to observe the relaxation of microscopic equilibrium fluctuations taking place in the
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Figure 2.2: Expected time dependence of the classical transition rate kc(t) in equation
(2.32).

system, which do not follow an exponential decay. As t ≈ tpl, kc(t) reaches a plateau

value, which is associated to the true transition rate kc. On longer time scales τr, we

have the exponential decay prescribed by Onsager’s regression hypothesis.

We are now going to obtain a more explicit expression for kcTS for the case of the 1-

dimensional Hamiltonian H(p0, q0) =
p2
0

2m
+V (q0) = K(p0)+V (q0). The time correlation

function in equation (2.32) can be written as:

kc(t) =
1

Z〈θc〉

∫ ∞

−∞
dp0

∫ ∞

−∞
dq0

p0
m
δ(q0 − q∗)θc(t)e−βH(p0,q0); (2.34)

for the short-time limit of equation (2.32) we have:

lim
t→0+

̺(t) =

∫ ∞

−∞
dp0p0H[q̇(0)]e−βK(p0)

∫ ∞

−∞
dq0δ(q0 − q∗)e−βV (q0)

=
1

m

∫ ∞

0

dp0p0e−βK(p0)e−βV (q∗), (2.35)

where we have used the fact that limt→0 θB(t) = limt→0H[q(t)] = H[q̇(t)] [10]. The

denominator of equation (2.32) can be simplified as follows:

〈θc〉Z =
1

Z

∫ ∞

−∞

∫ ∞

−∞
dp0dq0θc(0)e−βH(p0,q0)Z =

∫ ∞

−∞
dp0

∫ ∞

0

dq0e−βH(p0,q0) = Z+. (2.36)
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Overall we thus find:

kcTS =
1

m

∫∞
0

dp0p0e−βK(p0)

∫∞
−∞ dp0e−βK(p0)

e−βV (q∗)

∫∞
0

dq0e−βV (q0)
. (2.37)

The second factor in the expression above is the average over positive momenta of the

momentum p0, which can be easily computed as

〈p0〉p+
0
=

∫∞
0

dp0p0e−β
p2
0

2m

∫∞
−∞ dp0e−β

p2
0

2m

=

√

m

2πβ
. (2.38)

Therefore for the transition-state approximation of the classical rate we find:

kcTS =
1√

2πmβ

e−βV (q∗)

∫∞
0

dq0e−βV (q0)
, (2.39)

which can be expressed as a ratio of partition functions:

kcTS = 〈v〉Z
‡

Z+

, (2.40)

where we have introduced:

Z‡ =

∫ ∞

−∞

∫ ∞

−∞
dp0dq0δ(q0 − q∗)e−βH(p,q0), (2.41)

and the velocity factor 〈v〉 is defined as:

〈v〉 = 1

m
〈p0〉p+

0
. (2.42)

Thus, while the calculation of kc relies on the knowledge of the microscopic dynamics

of the system, its TST approximation solely relies on equilibrium-statistical information

about the system, making it a useful tool for obtaining an upper bound for the transition

rate at a fraction of the difficulty and the computational cost.

In order to distinguish between time-independent and time-dependent contributions to
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the transition rate it is common practice in this field to introduce the so-called transmis-

sion coefficient κc(t) and write the “full”, time-dependent transition rate as

kc(t) = κc(t)kcTS, (2.43)

where the TST factor kcTS is defined as above. In terms of trajectories crossing the en-

ergy barrier Eb, the transmission coefficient is related to the fraction of trajectories that

successfully cross from the dividing point into the final state, while the TST approxima-

tion is a rate expression that assumes all trajectories successfully cross from the dividing

point into the final state, or in other words, that no recrossings of the dividing point are

taking place.

While a large amount of literature in the field of classical and quantum-mechanical TRT

is concerned with defining and computing the TST approximation to the transition rate,

the focus of this thesis is on the transmission coefficient κc(t). Clearly kcTS is a quantity

that offers a computational advantage over κc(t), as stressed above, however three points

should be apparent: i) the TST rate is only an approximation to the true rate kc; ii) if

it exists, kc can only be calculated by including the dynamical information encoded in

κc(t); iii) only by looking at the evolution of the transmission coefficient are we able to

determine whether the system we study allows for transition rate theory to be applied

at all.

The formulation we adopt is the so-called path-sampling expression for κc(t), which was

first derived by Chandler ([31]) and we shall briefly outline in what follows. Firstly use

the fact that κc(t)kcTS = ̺(t)
〈θc〉 , that is:

κc(t) =
1

kcTS

̺(t)

〈θc〉 . (2.44)
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Let us write out the reactive flux ̺(t) explicitly for our 1-dimensional system:

̺(t) = 〈q̇0δ(q0 − q∗)θc[qt]〉 (2.45)

=
1

Z

∫ ∞

−∞
dp0e−β

p2
0

2m
p0
m

∫ ∞

−∞
dq0e−βV (q0)δ(q0 − q∗)θc(t) (2.46)

=
1

Z
e−βV (q∗)

∫ ∞

−∞
dp0e−β

p2
0

2m
p0
m
θc(t)|q0=q∗ . (2.47)

By inserting equations (2.39) and (2.47) into equation (2.44) we find:

κc(t) =

√

2πβ

m

∫∞
−∞ dp0e−β

p2
0

2mp0θ
c(t)|q0=q∗

∫∞
−∞ dp0e−β

p2
0

2m

=
1

〈p0〉p+
0

〈p0θc(t)|q0=q∗〉p0 . (2.48)

This is the ratio of the expectation value of the initial momentum of those trajectories

that are in state B at time t, and that of those that crossed the energy barrier at time

zero.

From equation (2.48) we see that κc(t) is strictly bounded by -1 and 1: when all trajec-

tories starting at q∗ = 0 with a positive momentum are in q > 0 at time t the numerator

reaches its maximum value, and it equals the denominator. On the other hand, when

all trajectories found in the positive q-semiaxis at time t had a negative momentum at

time zero, the numerator equals the demoninator, multiplied by -1. It follows that for

the TST rate in equation (2.43) we must have:

kc ≤ kcTS. (2.49)

Moreover we see that the long-time limit of κc(t) is zero, because in this case the config-

uration of the system at time t is uncorrelated to that at time zero, and the numerator

reduces to an average over initial momenta, which is an integral from −∞ to ∞ of an

even by an odd function.

There is also a computational advantage in evaluating the transition rate via equation

(2.48) as opposed to computing the canonical average in equation (2.45): in practice, one

would invoke the ergodic assumption and write the phase space average as an intergal

over time, which yields the same result as the average over p0 and q0 provided that
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one considers times long enough to observe a large number of transitions. Because of

the rare-event assumption underlying the calculation of transition rates this approach

proves very costly. With the path-sampling method, on the other hand, we focus only

on the region of time for which there are transitions. Because knowledge of microsopic

temperature-dependent dynamics is central to the calculation of κc(t) we are going to

discuss open classical dynamics in the next section.

2.2 Activated processes and open classical dynamics:

Langevin equation

We have seen in the previous section that a central aspect to transition rate theory is

that the system under investigation undergoes activated processes. By this we mean

that the rare events mentioned above which bring the system from one metastable state

to another through an energy barrier, or activated state, require energy to be provided

to the particle by its surrounding, and removed from the particle by its surrounding.

From now on we call “system” the ensemble given by the particle and its surrounding, or

environment. We think of this environment as a bath of (classical) degrees of freedom

to which the particle is coupled, thus generating the energy fluctuations necessary for

the reaction coordinate to be activated and de-activated. It is therefore clear that if we

are interested in studying the dynamics of the particle alone, as required to compute

the classical transmission coefficient in the reactive-flux approach outlined above, such

classical dynamics will be open or non-Hamiltonian.

Here we consider the following: a particle of mass m in a 1-dimensional potential V (q)

coupled to a heat bath of harmonic oscillators. Under certain approximations this is

described by the Langevin equation [40]:

q̇ =
1

m
p (2.50)

ṗ = −Vq(q)−
1

m
γp+ ξ(t), (2.51)



Chapter 2. Classical TRT 22

where ξ(t) is a stochastic force acting on the particle at each time t, and Vq(q) =

dV (q)/dq. The well-known case of Brownian motion for which the Langevin equation

was originally introduced ([41]), is given by the equations above with Vq = 0. A detailed

derivation of the classical Langevin equation is presented in appendix A.

The random force in the Langevin equation arises from a fully deterministic equation

involving the intial conditions for the bath’s degress of freedom by means of a coarse-

graining procedure – see appendix A for details. In the Langevin picture we choose not to

include the details of the dynamics of the bath but only the average effect such dynamics

has on the coordinates of interest, resulting in the definition of a random process ξ(t)

whose average properties are designed to capture the overall behaviour of the heat bath

[42]. In the case of interest to us ξ is assumed to be memory-less, i.e. Markovian, and

characterised by a Gaussian distribution, which implies that its moments obey

〈ξ(t)〉 = 0 and (2.52)

〈ξ(t)ξ(t′)〉 = λδ(t− t′). (2.53)

The Langevin equation (2.50)-(2.51) with average properties for ξ(t) given by equations

(2.52)-(2.53) generates the dynamics of a system in thermal contact with a heat bath at

temperature T , which makes it an effective way to study thermally activated processes

such as TRT. If kB is the Boltzmann constant and T is the bath’s temperature, by the

fluctuation-dissipation theorem the above implies that λ =
√
2γkBT , hence in Langevin

dynamics it is not possible to uniquely interpret γ as a damping coefficient in that the

strength of the random “kicks” the particle receives at each time steps is proportional to

both T and γ [40].

While the Langevin equation describes the stochastic dynamics of single temperature-

dependent trajectories, one can alternatively introduce a classical phase space density

whose dynamics describes the evolution of an ensemble of temperature-dependent tra-

jectories in terms of a deterministic equation of motion, known as the Fokker-Planck

equation. We now derive the Fokker-Planck equation associated to the Langevin equa-

tion (2.50)-(2.51). Let us firstly consider a simplified expression for equations (2.50) and
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(2.51):

ẏ = u(y) + ξ(t), (2.54)

where y = (p, q) is the phase space vector and u is a function of the phase space coordi-

nates. We consider a phase space density f(y, t) which is normalised at all times:

∫ ∞

−∞
dyf(y, t) = 1. (2.55)

In analogy with other cases where a density such as f(y, t) obeys the conservation law

above, we expect the time derivative of the density to be equal to the divergence of a

flux – examples where this is the case are the continuity equations in electromagnetism

and fluid dynamics, and the law of conservation of energy. Hence we write:

ḟ +
∂

∂y
(ẏf) = 0, (2.56)

where we sue the notation ḟ = ∂f
∂t

. By inserting equation (2.54) into this we find

ḟ = − ∂

∂y
[u(y)f(y, t) + ξ(t)f(y, t)] , (2.57)

which, if we define LΦ = ∂y[u(y)Φ], can also be expressed as:

ḟ = −Lf − ∂

∂y
[ξ(t)f ] . (2.58)

By integrating equation (2.58) over time we obtain [40]:

f(y, t) = e−tLf(y, 0)−
∫ t

0

dse−(t−s)L ∂

∂y
[ξ(s)f(y, s)] . (2.59)

We insert equation (2.59) into (2.58) to find:

ḟ(y, t) = −Lf(y, t)− ∂

∂y
[ξ(t)f(y, 0)] +

∂

∂y
ξ(t)

∫ t

0

dse−(t−s)L ∂

∂y
[ξ(s)f(y, s)] . (2.60)
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If the noise ξ(t) satisfies the properties given by equations (2.52) and (2.53) upon taking

the average over ξ (indicated by the symbol 〈 〉ξ) we obtain [40]:

∂

∂t
〈f(y, t)〉ξ = − ∂

∂y
[u(y)〈f(y, t)〉ξ] + λ

∂2

∂y2
〈f(y, t)〉ξ; (2.61)

for the Langevin equation (2.50)-(2.51) this implies:

ḟ = − ∂

∂q

( p

m
f
)

− ∂

∂p

[

−Vq(q)− γ
p

m

]

f + λ
∂2f

∂p2
. (2.62)

In summary, open classical dynamics can be described either by means of a stochastic

equation which determines the evolution of a single trajectory (here the Langevin equa-

tion), or alternatively by means of a linear deterministic equation which describes the

dynamics of a phase space distribution (here the Fokker-Planck equation). Note that

while one could in principle use the Fokker-Planck equation to compute the classical

transition rate instead of the Langevin equation, this would not offer any computational

advantage. In chapter 3 we will see that such dual description is mirrored in open

quantum dynamics, with a type of stochastic Schrödinger equation and its correspond-

ing Lindblad equation for the density operator. In the next section we apply Langevin

dynamics to the study classical transition rate theory.

2.3 Classical TRT in a 1-d double-well system

Here we study classical transition rate theory applied to a 1-dimensional symmetric

double-well system, using open classical dynamics based on the Langevin equation. A

plot of the potential used is given in figure 2.3. We define a system of dimensionless units

in which the mass of the particle equals 1, the distance between potential minima is 2, the

height of the energy barrier is 3
4
, and the Boltzmann constant equals 1. For more details

on the units of measure used, see appendix B. All our numerical investigations are meant

to model a system given by a hydrogen atom moving in a 1-d potential compatible with

an iron lattice. This leads to the natural units of time being 8.016 ×10−2 ps. The dividing

point is located at q∗ = 0, and the particle coupled to a heat bath at temperature T
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Figure 2.3: Schematic representation of the potential used in the classical simulations.
Both q and V (q) are represented in dimensionless units.

evolves according to the Langevin dynamics, which we write here by expressing equations

(2.50) and (2.51) in differential form:

dqt =
1

m
ptdt (2.63)

dpt = −Vq(qt)dt− γptdt+ λdwt, (2.64)

where the notation xt indicates the value taken by the variable x at time t, Vq as before

indicates the derivative of V with respect to q and dw indicates a Wiener process such

that:

wt =

∫ t

0

dsξs, (2.65)

and ξ has the average properties given in equations (2.52) and (2.53). We also have that

λ =
√
2γkbT . The stochastic differential equations above can be evaluated numerically by

means of a modified version of the Verlet algorithm ([43]), which we present in appendix

C.
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We are then able to compute the transmission coefficient κc given in equation (2.48).

Numerically, this is obtained by computing the finite sum:

κcK(t) =
1

K

√

2πβ

m

K
∑

j=0

pj0θ
c(qjt )|qj

0
=q∗ , (2.66)

where {p10, ...pK0 } are sampled from a Boltzmann distribution, and K is chosen sufficiently

large for the sum to converge. In practice, because this is actually a double average, in

the sense that we need both a large number of initial momenta to sample from and a

large number of stochastic realisations of the dynamics, the values of K we use tend to

be quite large, of the order of 104.

We are now going to present some numerical simulations of the classical transmission

coefficient and the associated open classical trajectories using the methodology outlined

above. Recall that a separation of time scales kBT ≪ Eb is required for transition rate

theory to be applicable. With Eb = 3
4
= 0.75 in our system of units, we have three broad

temperature regions: low temperatures around T = 0.01; medium temperatures around

T = 0.1; and we consider two high-temperature examples, T = 0.25 and T = 0.5. When

kBT & Eb we know that the separation of time scales required by TRT does not hold

and therefore we cannot define a transition rate. For each temperature considered we

use a few different values of γ. The advantage of using a system of dimensionless units is

that our results would still apply to a different system, simply with rescaled time scales

and rescaled values of T and γ.

In figure 2.4 we show κc(t) computed for a low value of the temperature, T = 0.01, and

three different values of the coupling coefficient γ: 0.001, 0.1 and 0.5. In all following

examples we observe that κc(t) indeed has value 1 at t = 0, as it follows from equation

(2.43) and the definition of kTS given in equation (2.33). When T = 0.01 and γ = 0.001,

shown in figure 2.4a, no plateau is reached within the duration of the simulation of 50

units of time. However the figure suggests that over a longer period of time the short-

time fluctuations will relax giving rise to a plateau, which is indeed the case as can be

verified by running the same simulation for over 200 units of time, the result of which is

shown in figure 2.5. This can be interpreted by considering that when the temperature is

very low and so is the coupling to the heat bath, regular oscillations about the potential
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(b) T = 0.01, γ=0.1
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(c) T = 0.01, γ=0.5

Figure 2.4: Classical transmission coefficient κc computed via equation (2.48) and
the numerical scheme in equations (C.1) and (C.2), for T = 0.01 and different values

of γ.

minima contribute significantly to the overall dynamics, giving rise to the oscillatory

behaviour shown by the correlation function in the figure. The trajectories in figure

2.6 show precisely this behaviour, with frequent transitions over the barrier, followed by

prolonged trapping in either metastable state characterised by wide oscillations near the

minimum. The rare events where a trajectory is kicked strongly enough to cross over the

energy barrier from a metastable state give rise to the plateau at longer times. Because

of the frequent intial recrossing of the dividing point the value of the plateau in κc(t) is
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Figure 2.5: T = 0.01 and γ = 0.001. Longer simulation (200 units of time) of the
classical transmission coefficient shown in figure 2.4a.

rather small, below 0.25.

By raising the value of the coupling coefficient to γ = 0.1 we find a radically different

behaviour, with a well-defined “plateau” at κc(tpl) ≈ 0.965. A value of the plateau so

close to 1 suggests that this regime would be optimal for approximating the classical

rate kc with its TST version, kTS; from the point of view of the dynamics, we are in

a region of (T, γ)-space where very few recrossings of the energy barrier take place. In

figure 2.7 we show the associated trajectories. We see that with the temperature very

low and the coupling coefficient not so low, the trajectories get trapped very quickly

into the potential minima and remain there for long times; additionally the oscillations

taking place at the metastable states have a very small amplitude: this explains why

figure 2.4b featured almost no short-time fluctuations and a high plateau.

When T = 0.01 and γ = 0.5 dimensionless units (2.4c) we have a similar scenario: the

plateau associated to kc is reached very quickly, with tpl ≈ 5, and κc(t) shows no short-

time fluctuations. As before, the type of dynamics we expect to be associated with this

behaviour for κc(t) is one where the trajectory gets trapped for very long periods of

time in the metastable states due to the low temperature, thus making transitions over
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Figure 2.6: T = 0.01 and γ = 0.001. Two stochastic realisations of the dynamics
corresponding to the classical transmission coefficient in figure 2.4a. Obtained by inte-
grating the classical equations of motion (2.63) and (2.64) using the numerical scheme

in equations (C.1) and (C.2).

the barrier truly rare events, but also, due to the high coupling to the heat bath, the

harmonic oscillations about the minima are strongly damped and do not generate visible

short-time relaxations in the time correlation function. This is precisely what we find

in figure 2.8, showing the trajactories associated with the rate in figure 2.4c. However

we note that with γ = 0.5 the transmission coefficient reaches a plateau whose value

is smaller than that we had with γ = 0.1, which can be explained by recalling that γ

regulates both the damping and the strength of the random “kicks” the particle is subject

to as it evolves.

In figure 2.9 we show the classical transmission coefficient κc(t) computed for a medium

value of the temperature, T = 0.1, and three different values of the coupling coefficient

γ: 0.01, 0.1 and 0.5. In figure 2.9a, where T = 0.1 and γ = 0.01, we have an example

where the system’s short-time relaxations are visible and bring about oscillations in κc(t)

up until about τsr ≈ 30 dimensionless units, after which a highly oscillatory plateau-like

region is observed. As in the case of figure 2.4a, we expect the corresponding classical

dynamics to feature ample oscillations about the minima and to display trapping only

after fairly long periods of time. This is the type of behaviour we can associate with low
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Figure 2.7: T = 0.01 and γ = 0.1. Two stochastic realisations of the dynamics
corresponding to the classical transmission coefficient in figure 2.4b. Obtained by inte-
grating the classical equations of motion (2.63) and (2.64) using the numerical scheme

in equations (C.1) and (C.2).

and very low γ-regimes. Figure 2.10 show that the combination (T, γ) = (0.1, 0.01) can

give rise to slightly different types of classical dynamics: in our first stochastic realisation,

figure 2.10a, the trajectory oscillates across the barrier up until t ≈ 200 units, when it is

trapped; on the other hand in figure 2.10b we see that the trajectory is trapped almost

immediately. In both cases the oscillations about the metastable states are quite wide,

suggesting that the corresponding time correlation function features a visible short-time

relaxation, which is what we find in figure 2.9a. The fact that in these trajectories

trapping takes place but possibly after long periods of time matches with the beahviour

of κc(t), which only displays a plateau at tpl ≈ 35 units of time.

An example with T = γ = 0.1 is shown in figure 2.9b. In comparison to figures 2.4b

and 2.4c, by raising the temperature we obtain an analogous behaviour of the time

correlation function, which shows a plateau as before, but we also find an initial short-

time relaxation, with τsr ≈ 10 units of time. With T = γ = 0.1 the relatively high

temperature tends to activate trajectories over the energy barrier, while the relatively

high coupling does not allow transitions to take place too often. However we notice that

the plateau in this case decays more rapidly than we saw with T = 0.01 and γ = 0.1
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Figure 2.8: T = 0.01 and γ = 0.5. Two stochastic realisations of the dynamics
corresponding to the classical transmission coefficient in figure 2.4c. Obtained by inte-
grating the classical equations of motion (2.63) and (2.64) using the numerical scheme

in equations (C.1) and (C.2).

or γ = 0.5, suggesting that transitions take place more often in this case than they do

when T = 0.01. It is also interesting to notice that because the plateaus we found in

figures 2.4b and 2.4c correspond to a higher value of κc(t) than in the case of figure 2.9b,

we can conclude that in the present case the TST approximation to the true rate is less

accurate and we expect the corresponding dynamics to feature more recrossings over the

energy barrier. If we look at the dynamics at T = γ = 0.1, shown in figures 2.11, we

observe trajectories that are trapped in one of the metastable states and stay trapped

for over 500 units of time, while performing oscillations about the minimum, which fits

with the behaviour we find for κc(t).

When T = 0.1 and γ = 0.5 as in figure 2.9c, we no longer have a flat “plateau”: here,

similarly to the case of figure 2.9b, we expect the trajectories to get trapped due to the

high coupling coefficient, but also to get activated over the barrier fairly often due to the

relatively high temperature. However the comparison with the plot in figure 2.9b also

allows us to appreciate a feature of our model based on the Langevin dynamics: it is not

possible to uniquely interpret γ as a damping in that the strength of the random “kicks”

the particle receives at each time steps is proportional to both T and γ, as we saw in
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(c) T = 0.1, γ=0.5

Figure 2.9: Classical transmission coefficient κc computed via equation (2.48) and
the numerical scheme in equations (C.1) and (C.2), for T = 0.1 and different values of

γ.

equations (2.63) and (2.64). In fact one could expect that the transmission coefficient

obtained with T = 0.1 and γ = 0.5 displays a better-defined plateau than the one found

for T = γ = 0.1 since in the former case the value of γ is higher, and therefore the

corresponding trajectories feature fewer recrossings. However we see that in fact the

opposite is true, and the lower value of γ leads to a “flatter” plateau. On the other

hand the fact that the plateau we find with T = 0.1 and γ = 0.5 is higher than that

we have for T = γ = 0.1 reflects the fact that with higher damping recrossings are less
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Figure 2.10: T = 0.1 and γ = 0.01. Two stochastic realisations of the dynamics
corresponding to the classical transmission coefficient in figure 2.9a. Obtained by inte-
grating the classical equations of motion (2.63) and (2.64) using the numerical scheme

in equations (C.1) and (C.2).

frequent. In figure 2.12 the trajectories display fluctuations of relatively large amplitude,

as expected, suggesting that activation over the energy barrier is more likely in this case

compared to the one with lower γ. However because the value of the coupling coefficient

is high the trajectories also do get trapped. This result is the linearly decaying “plateau”

we observe in figure 2.9c. The fact that the value of the coupling coefficient is quite large

also means that there are few recrossings, resulting in a higher value of the “plateau”

here compared to the case with T = γ = 0.1, in figure 2.9b. As noted earlier in this

section, the apparent contradiction between the effects brought about by the coupling γ

is due to the fact that γ acts both as damping and as coefficient of the “random force”

dw in the Langevin equation (2.63)-(2.64).

Lastly we test two high values of the temperature, T = 0.25 and T = 0.5, with γ = 0.001

and γ = 0.5 respectively. This is shown in figure 2.13. While many qualitative features

of the short-time behaviour resemble those of lower temperatures, in neither case it is

possible to identify a plateau from the plot of κc(t), meaning that compared to previous

examples now the time scales separation required for the transition rate to be defined does

not apply. As stressed at the beginning of the discussion, this makes sense as Eb = 0.75
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Figure 2.11: T = γ = 0.1. Two stochastic realisations of the dynamics corresponding
to the classical transmission coefficient in figure 2.9b. Obtained by integrating the
classical equations of motion (2.63) and (2.64) using the numerical scheme in equations

(C.1) and (C.2).

which means that we expect TRT to be applicable when T ≪ 0.75. Nevertheless the

behaviour of κc(t) provides some insights. In the case where T = 0.25 and γ = 0.001,

shown in figure 2.13a, the exponential decay we expect from κc(t) in a high-temperature

regime is almost not visible as it is strongly modulated by short-time relaxations that

bring the transmission coefficient to rapidly oscillate to zero. This is because the value of

γ is so low that despite the high temperature the trajectories are able to perform ample

regular oscillations about the potential minima, as shown in the trajectories at T = 0.25

and γ = 0.001 in the upper panel of figure 2.14. This is analogous to the other examples

with small γ we saw before, namely T = 0.01 and γ = 0.001, and T = 0.1 and γ = 0.01,

shown in figures 2.6 and 2.10 respectively. Similarly here we have numerous recrossings

when the particle is near the saddle point, however in the present case transitions from

the minima over the energy barrier are no longer rare due to the high value of T .

On the other hand when T = γ = 0.5 we find a pronounced exponential decay with

τr = τsr ≈ 5, and no plateau is observed. As expected the trajectories corresponding to

this regime, shown in the lower panel of figure 2.14, displayed very frequent transitions

across q∗ = 0 and are also heavily damped during the short periods of time they stay
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Figure 2.12: T = 0.1 and γ = 0.5. Two stochastic realisations of the dynamics
corresponding to the classical transmission coefficient in figure 2.9c. Obtained by inte-
grating the classical equations of motion (2.63) and (2.64) using the numerical scheme

in equations (C.1) and (C.2).

within a metastable state.

In summary we can distinguish between three regions in parameter space schematically

displayed in figure 2.15. The regions are defined according to how well the concepts of

TRT and TST discussed earlier in this chapter can be applied. Region (1) is where κc(t)

displays a plateau and the value taken by the plateau is such that kc is 50% or more of

kTS. This is where the required separation of time scales between microscopic dynamics

and macroscopic transitions across the barrier can certainly be made, and recrossings are

very rare such that TST is a fair approximation. In region (2) the classical transmission

coefficient shows a plateau but this is lower than 0.5. That is, the TST approximation to

the true rate constant is not very accurate. In this regime trajectories are characterised

by prolonged trapping but recrossings can take place as well. Region (3) is where TRT

cannot be applied and equally the TST approximation to the rate is not a meaningful

concept to use: κc(t) here never reaches a plateau due to the fact that crossings over

the barrier are very frequent as T ∼ Eb

kB
. Having studied classical TRT in detail, we are

now going to review some of the traditional approaches to generalising this theory to

quantum mechanics.
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Figure 2.13: Classical transmission coefficient κc computed via equation (2.48) and
the numerical scheme in equations (C.1) and (C.2).
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Figure 2.14: Stochastic realisations of the dynamics corresponding to the classical
transmission coefficient in figures 2.13a and 2.13b. Upper panel: two stochastic real-
isations with T = 0.25 and γ = 0.001. Lower panel: two stochastic realisations with

T = γ = 0.5. Obtained by integrating the classical equations of motion (2.63).



Chapter 2. Classical TRT 38

T

γ

0.001 0.01 0.1 0.25 0.5

0.001

0.01

0.1

0.25

0.5

(3)(1)

(2)

Figure 2.15: Summary of the results obtained for κc(tpl) in different (T, γ) regimes.
In region (1), κc(tpl) ≥ 0.5; in region (2), κc(tpl) ≤ 0.5; in region (3) we have no plateau.

All values are shown in dimensionless units.



Chapter 2. Classical TRT 39

2.4 Traditional approaches to quantum transition rate

theory

Attempts to generalise the classical theory of transition rates to quantum mechanics

started roughly at the same time as the inception of TRT itself, with the work of Bour-

gin ([11]) and, shortly after, with that of Wigner [12]. Initial formulations of quantum-

mechanical rate theory focussed on determining appropriate corrections to the classical

TST rate to take into account tunneling and other quantum dynamical effects; a cru-

cial contribution to this field was made by Miller in 1974 [15]. Miller’s formulation is

analogous to an earlier formulation due to Yamamoto ([13]), who used results in linear

response theory obtained by Kubo ([8]) to derive a quantum-mechanical expression for

the rate; however the formula by Miller presents a computational advantage compared to

that by Yamamoto [44]. Note that in Miller’s theory the dynamical contributions to the

quantum rate appear as corrections to a quantum TST expression. We will now briefly

review how Miller’s expression for the quantum rate is derived by following a didactical

presentation by Manolopoulos [39].

In analogy to the framework we used to derive the classical transition rate, in the

quantum-mechanical case let us imagine that two states identified by the two coordinate

semiaxes q < 0 and q > 0 are separated by an energy barrier. Unlike in the derivation

we presented of the classical rate however, here the quantum rate k is obtained in the

context of a 1-dimensional barrier transmission problem, and not in a double-well sys-

tem. The dividing point is, as before, q∗ = 0. Miller’s formulation starts from a general

expression for the quantum mechanical transition rate [39]:

Z−k =
1

2π~

∫ ∞

0

dEe−βEN(E), (2.67)

where Z− indicates the partition function relative to the negative q semiaxis and N(E)

gives the probability of crossing the energy barrier. Note that the average is taken over

a distribution of free particle energies E = p2

2m
. Through scattering theory Miller derives
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a quantum-mechanical expression for N(E) as follows [39]:

N(E) = 2π~
m

p
〈ψ|F̂ |ψ〉, (2.68)

where |ψ〉 are the outgoing eigenstates of the scattering Schrödinger equation Ĥ|ψ〉 =

E|ψ〉 and F̂ is the Heisenberg time derivative of the projection operator h(x̂− q∗) onto

the positive semiaxis, giving the flux of particles passing through the dividing point q∗:

F̂ =
i

~
[Ĥ, h(x̂− q∗)], (2.69)

with:

h(q − q∗) =











1, if q > q∗

0, if q < q∗.

(2.70)

In position representation F̂ can be written as

F̂ (q∗) = − i~

2m

[

δ(q − q∗)
d
dq

+
d
dq
δ(q − q∗)

]

. (2.71)

By inserting equation (2.68) into equation (2.67) one finds:

Z−k =

∫ ∞

0

dE
m

p
e−βE〈ψ|F̂ |ψ〉; (2.72)

this equation can be alternatively written as:

Z−k =

∫ ∞

0

dp〈ψ|e−β

2
ĤF̂ e−

β

2
Ĥ |ψ〉, (2.73)

where we have used the substitution p =
√
2mE and the fact that Ĥ|ψ〉 = E|ψ〉. Further,

the expression above can be modified to obtain Miller’s trace formula for the quantum

rate [39]:

Z−k = tr
(

e−
β

2
ĤF̂ e−

β

2
Ĥ lim
t→∞

e−
i

~
Ĥth(p̂)e

i

~
Ĥt
)

. (2.74)

Physically, the equation above features a thermal flux through the dividing point at

t = 0, e−
β

2
ĤF̂ e−

β

2
Ĥ , and the factor limt→∞ e−

i

~
Ĥth(p̂)e

i

~
Ĥt indicates the projection onto

states with positive momentum. With several additional manipulations equation (2.74)
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can be expressed as:

Z−k = − lim
t→∞

tr e−
β

2
ĤF̂ e−

β

2
Ĥe−

i

~
Ĥtĥe

i

~
Ĥt, (2.75)

with F̂ defined as in equation (2.69). In an important work by Miller et al. it is

shown that the quantum-mechanical transition rate in equation (2.75) can be equivalently

written in terms of a side-side, flux-side and flux-flux correlation function, which we

indicate as css(t), cfs(t) and cff (t) respectively [44]:

Z−k = lim
t→∞

d
dt
css(t) = lim

t→∞
cfs(t) =

∫ ∞

0

dtcff (t), (2.76)

where we have:

cfs(t) = tr e−
β

2
ĤF̂ e−

β

2
Ĥe

i

~
Ĥtĥe−

i

~
Ĥt, (2.77)

css(t) = tr e−
β

2
Ĥ ĥe−

β

2
Ĥe

i

~
Ĥt(1− ĥ)e−

i

~
Ĥt, and (2.78)

cff (t) = tr e−
β

2
ĤF̂ e−

β

2
Ĥe

i

~
ĤtF̂ e−

i

~
Ĥt. (2.79)

It can be shown that equation (2.79) is analogous to the quantum rate expression pro-

posed by Yamamoto:

Z−k =

∫ ∞

0

dtcff (t) =
1

β

∫ β

0

dλ lim
t→∞

tr
(

F̂ e
i

~
Ĥte−λĤ ĥe−(β−λ)Ĥe−

i

~
Ĥt
)

. (2.80)

A key feature of the flux-side correlation function cfs(t) defined in equation (2.77) is that

it smoothly goes to zero as t→ 0+ [16]. This differentiates it from its classical analogue,

̺(t), which we introduced in equation (2.21). This is summarised in the qualitative

sketch in figure 2.16. This is a central result in that it demonstrates that any quantum-

mechanical formulation of the transition rate compatible with Miller’s formula does not

allow for a transition-state theory approximation in the sense of a t → 0 limit. In the

next section we review another important approach to approximate quantum TRT based

on discretised path-integrals.
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Figure 2.16: Qualitative sketch portraying the behaviour of classical (left-hand-
side) and quantum-mechanical (right-hand-side) time correlation functions, ̺(t) and
cfs(t), defined in equations (2.21) and (2.77) respectively. The classical and quantum-
mechanical rates are defined in terms of these correlation functions in equations (2.32)

and (2.80) respectively.

2.4.1 Discretised path-integrals and quantum TRT

One of the most commonly used approaches in quantum transition rate theory involves

using the a discretised path-integral (DPI) formalism to express quantum rates. While

we are not going to use a DPI-based approach in the present work, for completeness we

briefly review this alternative method to study quantum TRT as it could offer future

exciting opportunities for comparison to our formulation, which will be introduced in

chapter 4. Originally due to Feynman and Hibbs ([17], [18]), the path-integral technique

for quantum statistical mechanics exploits the analogy between the canonical density

operator ρ̂(β) = e−βĤ and the time propagator Û evaluated in imaginary time [42]:

ρ̂(β) = Û(−iβ~), Û(t) = ρ̂

(

it

~

)

. (2.81)

It can be shown that the expression for ρ̂ as an imaginary time propagator can be used

to derive a discretised path-integral formulation for the quantum-mechanical partition

function Z, which in one dimension reads:

ZP =

(

mP

2πβ~2

)P
2
∫

D

dx1...dxP e−βχ(x1,...,xP ), (2.82)
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with:

χ(x1, ..., xP ) =
P
∑

i=1

1

2
mω2

P (xi − xi+1)
2 +

1

P
V (xi), (2.83)

where ωP =
√
P
β~

, D indicates the domain over which we wish to compute the partition

function, and the coordinates xi form a closed loop: xP+1 = x1. In the limit as P → ∞
the discretised expression for Z tends to the true value:

lim
P→∞

ZP = Z. (2.84)

While a detailed derivation of the equation above is beyond the scope of the present

discussion, we note that one can obtain equation (2.82) by writing the matrix elements

of ρ̂(β) in coordinate representation [42]:

ρ(x, x′; β) = 〈x′|e−βĤ |x〉, (2.85)

and observing that this can be factorised as follows:

ρ(x′, x; β) = lim
P→∞

∫ ∞

−∞
dx2...dxP 〈x′|Ω̂|xP 〉〈xP |Ω̂|xP−1〉...〈x2|Ω̂|x〉, (2.86)

where:

Ω̂ = e−
β

2P
V (x̂)e−

β

P

p̂2

2m e−
β

2P
V (x̂). (2.87)

Equation (2.82) is an interesting result. Firstly we notice that the expression essen-

tially allows us to map the problem of determining the partition function of a quantum-

mechanical particle of mass m moving in a potential V (x̂) onto that of finding the

partition function of an ensemble of P classical particles that are harmonically coupled

via temperature-dependent spring constants and are subject to the potential 1
P
V (x).

Also, in the expression (2.82) high-temperature and classical limit coincide: as β → 0,

ωP → ∞ and the classical “particles” collapse to one single point.

The main use of the DPI method in quantum transition rate theory is to provide an

estimate for the TST approximation for the quantum rate. We saw in the previous

section that the rigorous formulation of the quantum rate obtained by Miller involves

a time correlation function whose limit as t → 0 is zero, thus making it impossible in
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principle to obtain a quantum-mechanical analogue of kcTS. Because it is computationally

much cheaper to compute the TST approximation of the transition rate versus its full

expression in the classical case, significant efforts have been made in order to by-pass

this issue by postulating various DPI forms for a quantum-mechanical TST rate. One

of the first works where the discretised path-integral approach is related to quantum

TST rate theory is due to Gillan [19]. In his work Gillan states that the probability of

finding the “centre of mass” of the DPI chain at the saddle point of the energy barrier

separating two metastable states can be used to find the rate of transitions between

such states. A detailed argument for why this approximation should be suitable was

developed shortly after by Voth and co-workers [21], [45]. Here the DPI formulation is

employed to translate expressions for kcTS as a ratio of partition functions, like the type

given in equation (2.40), into quantum-mechanics, where the approximation in equation

(2.82) can be used to compute the quantum partition functions.

A great deal of work has been put into providing rigurous arguments why such estimates

should identify the “true” quantum rate. One example of work carried out in this direction

is that by Althorpe and co-workers [27], [22], [22]. The key assumption within this class

of contributions is that the quantum-mechanical TST rate is assumed a priori to be in

DPI form, from which it is shown that such expressions validate several features expected

from a legitimate quantum TST rate.

On the other hand, DPI-based approaches have recently been proposed for the compu-

tation of dynamical effects arising in quantum transition rate theory. An example is the

so-called ring-polymer molecular dynamics (RPMD) technique, which was introduced

by Manolopulos et al. [24], [25]. Here one estimates the dynamics of the quantum-

mechanical system, which contributes to the rate via what we call the transmission

coefficient, by computing the classical dynamics of the “polymer” of P harmonically in-

teracting classical particles instead of that of a single quantum particle. It is shown that

for large enough values of P this provides a reasonable estimate for κ(t).

The key ingredient needed to compute the classical transmission coefficient is the “ac-

tivated” classical dynamics, which, as we showed, can be described via the Langevin
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equation for single trajectories. We aim to generalise this perspective to the quantum-

mechanical case by writing an expression for the quantum transmission coefficient where

the open quantum dynamics appears explicitly. Before we proceed to this formulaiton,

in the next chapter we discuss how one can model temperature-dependance in quantum

mechanics.



Chapter 3

Open quantum dynamics

In this chapter we discuss open quantum dynamics in terms of two analogous formula-

tions: the Lindblad equation for the density operator, and the quantum-state diffusion

(QSD) equation for pure states. The Lindblad equation is a deterministic linear differen-

tial equation, while the QSD equation is a nonlinear stochastic differential equation. By

averaging over stochastic realisations we show that the two descriptions of the dynamics

coincide.

We are interested in formulating an expression for the quantum rate that we can compare

directly to the classical transmission coefficient obtained via the Langevin dynamics. To

this end we define the Lindblad operator L̂ appearing in both the Lindblad and QSD

equations in such a way that it models an analogous type of coupling to the heat bath

as we had in the classical case. The form for L̂ we use is taken from reference [46]

and it features a temperature-dependent non-Hermitian combination of the position and

momentum operators.

By using coherent states in the same fashion as was proposed by Heller ([33]), we show

that the classical limit of the QSD dynamics is the Langevin equation. This is obtained

as a special case of a general semiclassical scheme we derive for a quadratic Hamiltonian

and linear Lindblad operators. We carry out a detailed numerical investigation where

we compare the open semiclassical, quantum-mechanical and classical dynamics for our

toy model of hydrogen in iron.

46
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3.1 The Lindblad equation

In classical mechanics we saw that the Fokker-Planck equation describes the evolution of

the probability distribution of a set of variables which obey the Langevin dynamics in the

case of Gaussian and Markovian noise. A similar duality can be established in quantum-

mechanics where the open-system dynamics is described in terms of a deterministic

Lindblad equation governing the density operator of the system, and the dissipative

single-trajectory dynamics is given by a stochastic process in the Hilbert space of state

vectors.

Let us briefly introduce the density operator ρ̂ by following reference [47]. Note that with

all quantum-mechanical quantities we denote expectation values with 〈 〉 and ensemble

averages with M. Call u the coordinates of the system of interest and v those of the

environment the system is in contact with and let ψi(u) be a complete set of wave

functions. A general wave function Ψ can be written:

Ψ(u, v) =
∑

i

Ci(v)ψi(u). (3.1)

In bra-ket notation, the above can be expressed as

Ψ(u, v) =
∑

ij

Cij〈u|ψi〉〈v|ηj〉, (3.2)

where ηi(v) = 〈v|ηi〉 and we have taken Ci(v) =
∑

j Cij〈v|ηj〉. If Ô is an operator acting

on the system, its expectation value with respect to product states of the system and

the environment is given by:

〈Ô〉 = 〈Ψ|Ô|Ψ〉 =
∑

ijk

C∗
ijCkj〈ψi|Ô|ψk〉 =

∑

ik

〈ψi|Ô|ψk〉ρki, (3.3)

where the density matrix is defined as

ρki =
∑

j

C∗
ijCkj. (3.4)
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The density operator ρ̂ is defined such that:

ρki = 〈ψk|ρ̂|ψi〉. (3.5)

Hence for the expectation value of Ô we have:

〈Ψ|Ô|Ψ〉 =
∑

i

〈ψi|Ôρ̂|ψi〉 = tr ρ̂Ô. (3.6)

It follows from equation (3.4) that ρ̂ is Hermitian and it can therefore be diagonalised

using a complete set of orthonormal eigenvectors |φi〉 with real eigenvalues wi:

ρ̂ =
∑

i

wi|φi〉〈φi|. (3.7)

It can be shown that the following properties apply [47]:

wi ≥ 0 ∀i, and (3.8)
∑

i

wi = 1. (3.9)

Now the expectation value of a physical observable Ô can be expressed as

〈Ô〉 = tr ρ̂Ô =
∑

i,j

wi〈ψj|φi〉〈φi|Ô|ψj〉 =
∑

i

wi〈φi|Ô|φi〉; (3.10)

so we can interpret the quantities wi as the probability that the system is in state φi. It

follows that the density operator is normalised to unity: tr ρ̂ = 1. A system is said to

be in a pure state when all but one of the wi are zero, and we say it is in a mixed state

otherwise. When the operator we consider is a projector onto one of the eigenstates |oi〉
of Ô, that is P̂ = |oj〉〈oj|, the expectation value of this operator can be written using ρ̂

as

〈P̂ 〉 = tr ρ̂P̂ =
∑

k

wk〈φk|oj〉〈oj|φk〉 =
∑

k

wk|〈oj|φk〉|2. (3.11)

The above can be seen as a weighted average of the possible outcomes of a measurement

of Ô. We can interpret |φi〉 as a complete set of microscopic states with probabilities wi

given by the density operator. In this sense ρ̂ is analogous to the phase space density
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f(y, t) we encountered in chapter 2.

In position representation, the density matrix is defined as follows:

ρ(x′, x) = 〈x′|ρ̂|x〉 =
∑

i

wi〈x′|φi〉〈φi|x〉 =
∑

i

wiφi(x
′)φ∗

i (x); (3.12)

and the expectation value of Ô becomes:

〈O〉 = tr ρ̂Ô =

∫ ∞

−∞
dx

∫ ∞

−∞
dx′ρ(x, x′)O(x′, x). (3.13)

We now proceed to discuss the dynamics of the density operator ρ̂.

When the quantum system under study is closed the evolution of the density operator is

thought of as a unitary map; for open systems the requirement is loosened to completely

positive maps, that is: ρ̂ →
∑

j Ôj ρ̂Ôj where the linear operators Ôj are such that
∑

j Ô
†
jÔj = 1, which guarantees that the trace of ρ̂ stays conserved over time [48]. In

his seminal paper, Lindblad showed that this implies that the linear differential equation

describing the evolution of ρ̂(t) can be written as follows [49]:

d
dt
ρ̂ = − i

~
[Ĥ, ρ̂] +

∑

j

(2L̂j ρ̂L̂
†
j − ρ̂L̂†

jL̂j − L̂†
jL̂j ρ̂), (3.14)

where [ , ] indicates the commutator and L̂j are called Lindblad operators, which may or

may not be Hermitian. On the right-hand side of equation (3.14) the first term represents

the unitary dynamics associated to the Hamiltonian Ĥ, while the second term describes

the interaction of the system with the environment, which constitutes the irreversible

and non-unitary contribution to the overall time-evolution of the density operator. The

definition of the Lindblad operators will depend on the type of interaction between the

system and the environment one desires to achieve; to model measurements, one can

introduce an Hermitian Lindblad operator, while dissipation is usually described via

non-Hermitian Lindblad operator [50].

It is possible to introduce a Lindblad operator L̂ such that the Lindblad equation (3.14)

models a quantum system in contact with a heat bath. In particular quantum Brow-

nian motion can be studied by means of a particular system-reservoir model known as
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the Caldeira-Leggett model [51]. This is derived in a completely analogous way to the

Langevin equation. We have a quantum particle of unitary mass which in the absence

of heat bath has Hamiltonian Ĥp:

Ĥp =
p̂2

2
+ V (x̂), (3.15)

and bath of quantum oscillators with masses mi frequencies ωj, with Hamiltonian Ĥb:

Ĥb =
∑

j

(

1

2mj

p̂2j +
1

2
mjωjx̂

2
j

)

=
∑

j

~ωj

(

b̂†j b̂j +
1

2

)

, (3.16)

where b̂ and b̂† indicate the annihilation and creation operators of the bath respectively.

Similarly to the classical case, here the quantum particle is coupled linearly to the bath’s

coordinates x̂j, leading to the interaction Hamiltonian Ĥi:

Ĥi = −x̂
∑

j

ζjx̂j, (3.17)

where ζj are coupling constants. The resulting total Hamiltonian is:

Ĥ =
1

2
p̂2 + Ṽ (x̂) +

∑

j

(

1

2mj

p̂2j +
1

2
mjωjx̂

2
j

)

− x̂
∑

j

ζjx̂j, (3.18)

where the potential Ṽ is introduced in order to compensate for a renormalisation of V (x̂)

[46]:

Ṽ (x̂) = V (x̂) + x̂2
∑

j

ζ2j
2mjω2

j

. (3.19)

The Caldeira-Leggett quantum master equation is obtained in the Markov approxima-

tion; it reads [46]:

d
dt
ρ̂ =

i

~
[Ĥp, ρ̂]−

iγ

~
[x̂, [p̂, ρ̂]+]−

2γ

β~2
[x̂, [x̂, ρ̂]], (3.20)

where the symbol [ , ]+ indicates the anticommutator and γ is the constant coupling

coefficient. This equation, however, is not in Lindblad form, a fact that is often mentioned

in the literature (see for example the review in reference [48]). In particular equation

(3.20) is not positivity preserving, thus violating some of the probability interpretation
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of quantum mechanics. However it is beyond the scope of our work to go into details,

and we use a pragmatic solution proposed in reference [46]. Here, in order to bring

equation (3.20) in Lindblad form, it is proposed to add the following minimally invasive

modification to the master equation:

− γβ

8
[p̂, [p̂, ρ̂]]; (3.21)

by doing this and defining the non-Hermitian Lindblad operator:

L̂ =

√

2

β~2
x̂+

i

2

√

β

2
p̂, (3.22)

the Caldeira-Leggett equation (3.20) reduces to the Lindblad equation (3.14) with a

modified Hamiltonian that includes the anticommutator term Ĥγ = γ
2
[p̂, q̂]+. This rep-

resents the unitary contribution to the dynamics brought about by the introduction of

dissipative terms in the quantum master equation. Other similar modifications to the

Caldeira-Leggett quantum master equation have been proposed among others by Diósi

[52].

3.2 The quantum-state diffusion method

In classical dynamics, we saw that an open system can be described via a stochastic

differential equation, the Langevin equation. We also saw that given an ensemble of

classical trajectories evolving according to the Langevin dynamics, the evolution of their

density is described by the Fokker-Planck equation. In quantum-mechanics, if a mixed

state evolves according to a quantum master equation, the evolution can be unravelled in

terms of the so-called quantum-state diffusion (QSD) trajectories [53],[54],[50]. Similarly

to how the Langevin equation models the diffusion of a particle in the classical coordinate

space, a QSD trajectory describes the diffusion of pure state vectors in Hilbert space.
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The quantum-state diffusion approach to open quantum dynamics states that if the

dynamics of pure states |ψ〉 follows the stochastic Schrödinger equation [54]:

|dψ〉 = − i

~
Ĥ|ψ〉dt+ γ(2〈L̂†〉L̂− L̂†L̂− 〈L̂†〉〈L̂〉)|ψ〉dt+√

γ(L̂− 〈L̂〉)|ψ〉dξ, (3.23)

the mean over stochastic realisations gives the Lindblad dynamics:

dρ̂
dt

= − i

~
[Ĥ, ρ̂] + γ(2L̂ρ̂L̂† − ρ̂L̂†L̂− L̂†L̂ρ̂); (3.24)

that is ([53],[54]):

ρ̂ = Mψ|ψ〉〈ψ|, (3.25)

where Mψ indicates the mean over stochastic wave vectors |ψ〉. The term 〈L̂〉 stands

for the expectation value of L̂ with respect to |ψ〉, that is 〈L̂〉 = 〈ψ|L̂|ψ〉, and similarly

for L̂†; this dependence brings about a nonlinearity that guarantees the QSD equation

conserves the norm of the state vector. In appendix D we introduce the properties of a

complex Brownian motion dξ. These can be expressed as:

Mdξdξ = 0, Mdξ(dξ)2 = 0 and Mdξ|dξ|2 = 2dt, (3.26)

where Mdξ indicates the mean over stochastic processes dξ. In other words the QSD

approach interprets the state vector dynamics in terms of a stochastic Markovian process

where the covariance matrix of the state vector is given by the density operator [48].

Following reference [54], we show that by taking the average over pure states that evolve

according to equation (3.23) one indeed obtains the Lindblad equation (3.24). To this end

we wish to evaluate equation (3.25) by explicitly averaging over the stochastic dynamics

(3.23).

To simplify the notation we introduce the vectors |v〉 and |u〉 such that equation (3.23)

can be rewritten as:

|dψ〉 = |v〉dt+ |u〉dξ, (3.27)
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According to Itô’s lemma the differential of ρ̂ is given by

dρ̂ = Mdψ(|ψ〉〈dψ|+ |dψ〉〈ψ|+ |dψ〉〈dψ|), (3.28)

where Mdψ refers to the mean over stochastic differentials |dψ〉. Using the notation in

(3.27) we have:

dρ̂ = Mdψ(|ψ〉〈v|dt+ |v〉〈ψ|dt+ |u〉〈u|dξdξ∗), (3.29)

where we used the properties (3.26). By applying the properties of the mean of indepen-

dent Wiener processes, equation (3.26), for dρ̂
dt

we find:

dρ̂
dt

= |ψ〉〈v|+ |v〉〈ψ|+ 2|u〉〈u| (3.30)

With reference to equation (3.23), the three terms on the right-hand side of the equation

above are:

|ψ〉〈v| = i

~
|ψ〉〈ψ|Ĥ + γ|ψ〉〈ψ|(2〈L̂〉L̂† − L̂†L̂− 〈L̂〉〈L̂†〉), (3.31)

|v〉〈ψ| = − i

~
Ĥ|ψ〉〈ψ|+ γ(2〈L̂†〉L̂− L̂†L̂− 〈L̂†〉〈L̂〉)|ψ〉〈ψ|, (3.32)

and

|u〉〈u| = γ(L̂|ψ〉〈ψ|L̂† − L̂|ψ〉〈ψ|〈L̂†〉 − 〈L̂〉|ψ〉〈ψ|L̂† + 〈L̂〉〈L̂†〉|ψ〉〈ψ|). (3.33)

Overall we have:
dρ̂
dt

= − i

~
[Ĥ, ρ̂] + γ(2L̂ρ̂L̂† − ρ̂L̂†L̂− L̂†L̂ρ̂). (3.34)

Equation (3.23) displays a structure analogous to that of the classical Langevin equation

we found in chapter 2 (equations (2.63)-(2.64)): we have a Hamiltonian, or unitary term,

a drift term proportional to the coupling coefficient γ, and a stochastic term proportional

to
√
γ.

In the following section we show in detail how upon choosing the Lindblad operator L̂

appropriately one recovers the Langevin equation in the classical limit. This will enable

us to use the Lindblad-QSD framework for open quantum dynamics to compute the

quantum mechanical transmission coefficient in chapter 4 and compare it to the classical



Chapter 3. Open quantum dynamics 54

results obtained using the Langevin equation.

3.3 Semiclassical limit of QSD pure state dynamics

Following the approach by Heller ([33]), in the present section we use a position repre-

sentation of coherent states, that is we write quantum states as Gaussian wave packets

of the form:

ψ(x) = N exp

{

i

~

[

α(x− q)2 + p(x− q) + φ
]

}

, (3.35)

where p, q ∈ R are the expectation values of p̂ and x̂ respectively, and α, φ ∈ C with

ℜ(α) > 0. Let us briefly consider the properties of the Gaussian wave packet in equation

(3.35). By applying the normalisation condition |N |2 = 1 we find:

N =

[

2ℑ(α)
~π

] 1

4

e−
1

~
ℑ(φ). (3.36)

The paratemeter α is related to the uncertainty in q and p. In particular we have:

∆q =
1

2

√

~

b
, ∆p = |α|

√

~

b
, (3.37)

where a and b are defined as the real and imaginary part of α respectively. Note that in

comparison to the notation often found in the literature we are using scaled coordinates

such that:

X =
x√
mω0

, Q =
q√
mω0

and P =
√
mω0p (3.38)

are the standard harmonic oscillator coordinates, where m and ω0 indicate the mass and

the frequency of the particle respectively. Also to avoid confusion we do not set ~ = 1,

as explained in appendix B.

In the next section we use the Gaussian states presented above to derive a set of semi-

classical equations of motion given a stochastic Schrödinger dynamics such as the one

appearing in the QSD method, discussed in section 3.2. We also demonstrate that

with a particular choice of Lindblad operators the semiclassical dynamics reduces to the

Langevin equation in the limit ~ → 0.
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3.3.1 General case

Building upon the work done by Heller, let us now investigate the semiclassical be-

haviour of stochastic quantum dynamics by means of Gaussian wavepackets. We employ

the Gaussian ansatz in equation (3.35) for the wave vector appearing in the stochastic

Schrödinger equation (3.23) and derive the equations of motion of the parameters α, p,

q and φ. This reflects the procedure adopted by Heller, however to our knowledge his

semiclassical approach had not been applied to stochastic dynamics before.

In his seminal work ([33]), Heller used the dynamics of localised wave packets to compute

a semiclasiscal approximation to quantum dynamics. Taking inspiration from comments

made by Dirac about the “classical approximation” of quantum systems described in

terms of wave packets ([55]), Heller formulates an ansatz for the wave function as a

time-dependent Gaussian wave packet centred at the expected values of the position and

momentum operators. For quadratic Hamiltonians Gaussian wave packets stay Gaussian

for all times and the centre of the wave packet moves according to classical dynamics.

However this method can be generalised to locally quadratic potentials as well. If the

Hamiltonian is not quadratic, because the wave packet is localised on the order of ~ (see

equations (3.37)) we can replace the Hamiltonian with its Taylor expansion up to second

order around the centre of the wave packet. Under this local quadratic approximation the

wave packet stays Gaussian and the centre moves according to the classical equations

of motion. In what follows we mirror Heller’s analysis and apply it to the case of a

quadratic Hamiltonian first, and to the case of a locally quadratic Hamitonian next; in

addition here we consider the open quantum dynamics based on the QSD Schrödinger

equation.

Firstly we study the dynamics associated to a quadratic Hamiltonian operator, which we

express as a Taylor series in (x− q), where q represents the instantaneus location of the

expected value of the position operator and x is the position coordinate in phase space;

the Lindblad operators are linear operators, so overall the nonlinear equation (3.23) is

quadratic and the dynamics of Gaussian wave packets is exact. In the next section

we will concentrate on the example of relevance in this thesis, where the Hamiltonian

and the Lindblad operator L̂ are chosen to model a quantum particle moving under the
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influence of a heat bath. There we will show that under certain conditions it is possible

to recover the Langevin equation from the stochastic Schrödinger equation (3.23) using

Heller’s approach.

From this point on we will be using a simpler notation: ℜ(α) = a, ℑ(α) = b and for all

other complex quantities {u} we let ℜ(u) = uR and ℑ(u) = uI . Let us re-write equation

(3.23) here:

|dψ〉 = − i

~
Ĥ|ψ〉dt+ γ[2〈L̂†〉L̂− L̂†L̂− 〈L̂†〉〈L̂〉]|ψ〉dt+√

γ[L̂− 〈L̂〉]|ψ〉dξ, (3.39)

where dξ is a complex Wiener process defined in terms of two real independent Wiener

processes dξR and dξI : dξ = dξR+idξI ; these obey the properties summarised in equation

(3.26). Now assume the Hamiltonian can be written:

Ĥ = H0+Hx(x̂−q)+Hp(p̂−p)+
1

2
Hxx(x̂−q)2+

1

2
Hpp(p̂−p)2+

1

2
Hxp[(x̂−q)(p̂−p)+(p̂−p)(x̂−q)],

(3.40)

where H0 indicates the zeroth order in (x̂ − q) and Hx = ∂Ĥ
∂x̂

|x̂=q, Hxx = ∂2Ĥ
∂x̂2

|x̂=q, and

similarly for Hp and Hpp. the Lindblad operator, which in general is non-Hermitian, is

written:

L̂ = L0 + Lx(x̂− q) + Lp(p̂− p) and L̂† = L∗
0 + L∗

x(x̂− q) + L∗
p(p̂− p). (3.41)

Going back to the wave packet in equation (3.35), in what follows we will set ℑ(φ) = 0;

let us re-write our Gaussian ansatz for the wavefunction here:

ψ =

(

2b

π~

) 1

4

exp

{

i

~
[α(x− q)2 + p(x− q) + φ]

}

. (3.42)

Firstly we will compute the total differential of ψ by taking its derivative with respect

to all variables {y}. Being the dynamics of all such variables governed by stochastic

processes we need to take into account Itô’s lemma (see appendix D, equation (D.5))

and include second order derivatives in the computation of dψ:

dψ =
∑

j

∂ψ

∂yj
dyj +

1

2

∑

j,k

∂2ψ

∂yjyk
dyjdyk. (3.43)



Chapter 3. Open quantum dynamics 57

We gather terms obtained from the total differential dψ according to powers of (x− q);

we find:

(x− q)2
[

i

~
ψda− 1

~
ψdb− 2

~2
α2ψdq2 − 1

2~2
ψdp2 +

2

~2
αψdqdp

]

, (3.44)

(x− q)

[

−2i

~
αψdq +

i

~
ψdp− 2

~2
αpψdq2 − 1

~2
ψdpdφ+

2

~2
αψdqdφ+

1

~2
pψdqdp

]

, (3.45)

(x− q)0
[

1

4αI
ψdαI − i

~
pψdq +

i

~
ψdφ+

(

i

~
α− 1

2~2
p2
)

ψdq2 − 1

2~2
ψdφ2 − i

~
ψdqdp+

1

~2
pψdqdφ

]

.

(3.46)

So far we have computed the left-hand-side of equation (3.39). To compute the right-

hand side we act the operators appropriately expanded in series (equations (3.40) and

(3.41)) onto ψ in equation (3.42). As before we gather terms according to powers of

(x− q), to obtain:

(x− q)2
{

− i

2~
Hxx −

i

~
2α2Hpp −

i

~
2αHxp − γ[|Lx|2 + 4α2|Lp|2 + 2α(L∗

xLp + L∗
pLx)]

}

ψdt,

(3.47)

(x− q)

({

− i

~
Hx −

i

~
2αHp + γ[L∗

0Lx − L0L
∗
x + 2α(L∗

0Lp − L0L
∗
p)]

}

ψdt+
√
γ(Lx + 2αLp)ψdξ

)

,

(3.48)

(x− q)0
[

− i

~
H0 − αHpp −

1

2
Hxp + i~γ(2α|Lp|2 + L∗

pLx)

]

ψdt. (3.49)

Before coupling up the factors of (x − q)0, (x − q) and (x − q)2 in equations (3.44)-

(3.49), we need to separate the equations into real and imaginary parts. Then, we insert

expressions for the stochastic differentials dy, where y = {a, b, q, p, φ}; these will be of

the form:

dy = µydt+ σRy dξR + σIydξ
I . (3.50)

From the quadratic order (x− q)2, we obtain:

µa = −1

2
Hxx − 2(a2 − b2)Hpp − 2aHxp − ~γ

[

8ab|Lp|2 + 4b(LRxL
R
p + LIxL

I
p)
]

, (3.51)

µb = −4abHpp − 2bHxp + ~γ
[

|Lx|2 + 4
(

a2 − b2
)

|Lp|2 + 4a(LRxL
R
p + LIxL

I
p)
]

, (3.52)

σR,Ia,b = 0. (3.53)
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From the linear order (x− q) we find, for q:

µq = Hp − 2~γ(LR0 L
I
p − LI0L

R
p ) (3.54)

σRq =
~
√
γ

2

[

LRx
b

+ 2
(a

b
LRp − LIp

)

]

(3.55)

σIq = −~
√
γ

2

[

LIx
b

+ 2
(a

b
LIp + LRp

)

]

, (3.56)

and for p:

µp = −Hx + 2~γ(LR0 L
I
x − LI0L

R
x ) (3.57)

σRp = ~
√
γ

[

LIx +
a

b
LRx +

2

b

(

a2 + b2
)

LRp

]

(3.58)

σIp = −~
√
γ

[

−LRx +
a

b
LIx +

2

b

(

a2 + b2
)

LIp

]

. (3.59)

From the zeroth order in (x− q) we find:

µRφ = pHp − 2~γp(LR0 L
I
p − LI0L

R
p ) + ~

2γ

[

1

4

a

b2
|Lx|2 +

a

b2
(a2 + 3b2)|Lp|2

+
a

b
(LRp L

I
x − LRxL

I
p) +

(

a2 + b2

b2

)

(LRxL
R
p + LIxL

I
p)

]

, (3.60)

σR,Iφ = pσR,Iq . (3.61)

If we put terms back together using equation (3.50) we have:

da =

{

−1

2
Hxx − 2(a2 − b2)Hpp − 2aHxp − ~γ

[

8ab|Lp|2 + 4b(LRxL
R
p + LIxL

I
p)
]

}

dt,

(3.62)

db = {−4abHpp − 2bHxp + ~γ
[

|Lx|2 + 4
(

a2 − b2
)

|Lp|2 + 4a(LRxL
R
p + LIxL

I
p)
]

}dt,

(3.63)

dq = [Hp − 2~γ(LR0 L
I
p − LI0L

R
p )]dt+

~
√
γ

2

[

LRx
b

+ 2
(a

b
LRp − LIp

)

]

dξR

−~
√
γ

2

[

LIx
b

+ 2
(a

b
LIp + LRp

)

]

dξI , (3.64)
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dp = [−Hx + 2~γ(LR0 L
I
x − LI0L

R
x )]dt+ ~

√
γ

[

LIx +
a

b
LRx +

2

b

(

a2 + b2
)

LRp

]

dξR

−~
√
γ

[

−LRx +
a

b
LIx +

2

b

(

a2 + b2
)

LIp

]

dξI , (3.65)

dφ = [pHp − 2~γp(LR0 L
I
p − LI0L

R
p )]dt+ ~

2γ

[

1

4

a

b2
|Lx|2 +

a

b2
(a2 + 3b2)|Lp|2

+
a

b
(LRp L

I
x − LRxL

I
p) +

(

a2 + b2

b2

)

(LRxL
R
p + LIxL

I
p)

]

dt

+
~
√
γ

2
p

[

LRx
b

+ 2
(a

b
LRp − LIp

)

]

dξR − ~
√
γ

2
p

[

LIx
b

+ 2
(a

b
LIp + LRp

)

]

dξI .

(3.66)

By comparing the equations above with those obtained by Heller in reference [33] we

observe that whenever γ = 0 our equations match with his. We note that, as expected,

when ~ = γ = 0 the equations for p and q reduce to Hamilton’s equations. Another

feature of the equations above is that α does not display a stochastic motion, while the

classical parameters p and q as well as the phase φ all do.

While the complexity of the equations above make it fairly difficult to interpret them, we

can try to investigate the geometrical structure associated to them, analogously to what

is done in references [56] and [57], where a similar procedure is applied in the case of a

non-Hermitian Hamiltonian and in the absence of Lindblad operators. To this end let

us introduce the covariance matrix G, defined in terms of the real and imaginary parts

of α:

G =





Gpp Gpq

Gqp Gqq



 =





1
2b

−a
b

−a
b

2 (a2+b2)
b



 , (3.67)

where we note that detG = 1. We can then rewrite the equations for p and q in terms

of the elements of G as follows:

dq = [Hp − 2~γ(LR0 L
I
p − LI0L

R
p )]dt+ ~

√
γ
(

GppL
R
x −GpqL

R
p − LIp

)

dξR

−~
√
γ
(

GppL
I
x −GpqL

I
p + LRp

)

dξI (3.68)
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dp = [−Hx + 2~γ(LR0 L
I
x − LI0L

R
x )]dt+ ~

√
γ
(

LIx −GpqL
R
x +GqqL

R
p

)

dξR

−~
√
γ
(

−LRx −GpqL
I
x +GqqL

I
p

)

dξI (3.69)

or in vector form:

dz = Ω
[

∇H − ~γ
(

LR0 ∇LI − LI0∇LR
)]

dt− ~
√
γ
(

Ω∇LI −G−1∇LR
)

dξR

−~
√
γ
(

Ω∇LR +G−1∇LI
)

dξI , (3.70)

where we have let zT = (p q) and

Ω =





0 −1

1 0



 . (3.71)

Similarly we can derive a vector equation for G by working out equations of motion for

its elements. We have:

Ġpp = −2GpqHpp+2GppHxp+~γ
[

−2G2
pp|Lx|2 − 2

(

G2
pq − 1

)

|Lp|2 + 4GpqGpp(L
R
xL

R
p + LIxL

I
p)
]

(3.72)

Ġpq = −GqqHpp+GppHxx+~γ
{

−2GpqGpp|Lx|2 − 2GpqGqq|Lp|2 + 4GqqGpp(L
R
xL

R
p + LIxL

I
p)
}

(3.73)

Ġqq = 2GpqHxx−2GqqHxp+~γ
[

−2(GqqGpp − 2)|Lx|2 − 2G2
qq|Lp|2 + 4GpqGqq(L

R
xL

R
p + LIxL

I
p)
]

(3.74)

which can be expressed as

Ġ = H ′′ΩG−GΩH ′′ −GΩTDΩG+D, (3.75)

with

D = 2~γ





|Lp|2 LRxL
R
p + LIxL

I
p

LRxL
R
p + LIxL

I
p |Lx|2



 . (3.76)

Up to this point we focused on the case of a quadratic Hamiltonian, so that the dynamical

scheme above provides an exact description of the open quantum dynamics. In the next

section we apply this scheme to the case of a general external potential V (x̂), which
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yields a semiclassical approximation to the dynamics in terms of stochastic equations of

motion for the parameters characterising the Gaussian wave packet.

3.3.2 Example: particle moving in an external potential under

the influence of a heat bath

Having obtained the semiclassical dynamics for the stochastic Schrödinger equation

(3.23) in the general quadratic case, we can now proceed to study a specific example

by assigning a desired form to the Hamiltonian and to the Lindblad operator. As our

focus is on the dynamics of a quantum particle moving in a potential V (q) under the

influence of a heat bath, we define Ĥ and L̂ as follows [46], [58]:

Ĥ =
1

2m
p̂2 + V (x̂) +

γ

2
(x̂p̂+ p̂x̂) (3.77)

and

L̂ =
r

~
x̂+

i

2r
p̂ (3.78)

where r =
√
2mkBT . Given equations (3.77) and (3.78), we can work out the terms

appearing in the equations of motion (3.62)-(3.65) we found in the general quadratic

case. Here we will not include the equation of motion for φ, being of little physical

relevance. For the other variables we find:

da =

[

−1

2
Vxx −

2

m
(a2 − b2)− 2γa− 2~γ

r2
ab

]

dt, (3.79)

db =
[

− 4

m
ab− 2γb+

γr2

~
+

~γ

r2
(a2 − b2)

]

dt, (3.80)

dq =
p

m
dt+

√
γ

2

r

b
dξR − ~

√
γ

2r
dξR − ~

√
γ

2r

a

b
dξI , (3.81)

dp = −(Vx + 2γp)dt+ r
√
γ
a

b
dξR + r

√
γdξI − ~

√
γ

r

(

a2 + b2

b

)

dξI . (3.82)
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We now wish to consider the classical limit of the equations above to determine whether

we recover the Langevin equation. The latter, previously introduced in chapter 2, reads:

dq =
1

m
pdt (3.83)

dp = −(Vx + γcp)dt+ r
√
γcdw, (3.84)

where dw indicates a real Wiener process. Upon taking ~ → 0 in equations (3.79)

and (3.80), one finds that both da and db go to infinity. However it is easy to verify

numerically that:

lim
~→0

a

b
= 1. (3.85)

In relation to equations (3.37), in the classical limit the wave packet is completely lo-

calised in q, while ∆p goes to infinity. This is reflected by the covariant matrix G which

becomes analogous to a δ-function, with Gpp → 0, Gqq → ∞ and the off-diagonal terms

Gpq = Gqp → −1 as ~ → 0. Overall, in the quantum-mechanical case we have:

lim
~→0

dq =
1

m
pdt (3.86)

lim
~→0

dp = −(Vx + 2γp)dt+ r
√

2γdw. (3.87)

where we have let dw = (dξR + dξI)/
√
2. We have therefore shown that the stochastic

Schrödinger equation postulated in the QSD approach to open quantum dynamics yields

the Langevin equation in the classical limit provided the Lindblad operator is defined

as in equation (3.78) and an appropriate modification is afforded to the Hamiltonian

operator such that the resulting generator is of Lindblad form. Similar results to the

ones presented above were obtained by Pokharel et al. in the case of a double-well

potential with dissipation and sinusoidal driving [59], and for a general Hamiltonian by

Percival and co-workers [60].

Let us now present some numerical examples that show how the semiclassical dynamics

encoded in equations (3.79)-(3.82) compares to the classical and quantum-mechanical

counterparts, which are obtained via equations (2.63), (2.64) and (3.39) respectively.

All trajectories are obtained via the numerical schemes outlined in appendix C. We use

the same symmetric double-well potential as we did in chapter 2 (figure 2.3) to investigate
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classical transition rate theory, as well as the system of dimensionless units of measure

outlined, as before, in appendix B. Note that in our system of units the distance between

metastable states is 2, the height of the energy barrier is 3
4
, ~ takes the value 0.123 and

the tunnelling time is tT ∼ 160 × 103. In the present chapter we compare trajectories

starting at q = 1; this allows us to better appreciate the dynamical effects arising in the

different regimes we analyse. In both the semiclassical and quantum-mechanical case we

show the trajectory of the particle in black and its uncertainty in the position coordinate

in red; the latter is defined as:

∆x =
√

〈x̂2〉 − 〈x̂〉2. (3.88)

In figures 3.1, 3.2, 3.3 and 3.4 we compare semiclassical, quantum and classical dynamics.

For each we present two realisations of the stochastic time evolution. The four regimes

we consider are: T = 0.01 and γ = 0.1, shown in figure 3.1; T = 0.01 and γ = 0.5, shown

in figure 3.2; T = γ = 0.1, shown in figure 3.3; and T = γ = 0.5, shown in figure 3.4.

In the top panel of figure 3.1 we have the semiclassical dynamics at T = 0.01 and

γ = 0.1. We notice how both trajectories in figures 3.1a and 3.1b perform frequent

transitions across q = 0. By looking at the evolution of the position uncertainty ∆q, we

find that this oscillates between its initial value, 0.25, and values as high as 0.65. In the

potential under study the distance between the saddle point at q = 0 and the intercepts

of V (q) with the q-axes is equal to
√
2 = 1.41, hence with a spread ∆q that reaches

approximately 46% of the total width of the wells we can say that in these trajectories

delocalisation effects play an important role.

By looking at figures 3.1c, 3.1d we see that although semiclassical and quantum-mechanical

dynamics share some qualitative similarities, namely the fact they both display frequent

transitions across the barrier and a large uncertainty in the position coordinate, from a

quantitative standpoint the two dynamics are rather different. In particular the oscil-

lations found in semiclassics are much wider than those we find in quantum-mechanics,

and significantly more frequent. At the same time, interestingly, the position uncer-

tainly in the quantum-mechanical trajectories, ∆x, appears to be on average larger than

the correposding quantity in semiclassics, ∆q. An hypothesis as to why this happens
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is that at low temperature we do not have strong decoherence effects taking place in

the quantum-mechanical trajectories and while the wave packet is very spread it always

stays roughly within the neighbourhood of the two energy minima. The semiclassical

dynamics does capture a large position uncertainty but it does not take into account

interference effects, and the semiclassical wave packet is allowed to sample a much larger

region of the potential surface.

In figures 3.1e and 3.1f we observe that the classical trajectories at T = 0.01 and γ = 0.1

stay trapped near the minimum throughout the duration of the simulation, unlike the

semiclassical and quantum-mechanical counterparts. Overall, for T = 0.01 and T = 0.1

we are in a regime where transitions are dominated by quantum delocalisation effects,

which drive both semiclassical and quantum-mechanical trajectories frequently across

the barrier. On the other hand the classical trajectories remain trapped an the fixed

point located at q = 1 withour ever acquiring enough energy to move over the barrier.

In figure 3.2 we study all three types of dynamics with T = 0.01 and γ = 0.5. As

in the previous case, we find that semiclassical and quantum-mechanical trajectories

are qualitatively rather similar, while the classical ones behave in a totally different

way: this makes sense as we are still in a low-temperature regime. In figures 3.2a

and 3.2b, portraying the semiclassical trajectories, we find frequent transitions across

the energy barrier and uncertainty ∆q that stays roughly between 0.25 and 0.5; the

trajectories in figures 3.2c and 3.2d, showing the corresponding quantum-mechanical

case, display a similar behaviour. However, we observe that the uncertainty displayed by

the quantum dynamics is on average much larger than the one we find in classics, similarly

to the previous low-temperature example with γ = 0.1, in figure 3.1. Further, we notice

that now the semiclassical dynamics undergoes fewer transitions than the quantum-

mechanical counterpart, arguably as a result of the smaller width in q. By comparing

the semiclassical and quantum-mechanical trajectories in figures 3.1 and 3.2 we observe

another interesting feature: that raising the value of the coupling coefficient from 0.1

to 0.5 has opposite effects in the semiclassical and quantum-mechanical dynamics. In

going from T = 0.01 and γ = 0.1 to T = 0.01 and γ = 0.5 the semiclassical trajectory

is characterised by a smaller uncertainty and fewer transitions; the quantum-mechanical

dynamics, on the other hand, features a larger uncertainty when γ = 0.5 and more
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transitions. Determining the causes of this feature would be an interesting expansion to

the investigation carried out here.

In figure 3.3 we show the dynamics for T = γ = 0.1. We find that in this case semiclas-

sical, quantum-mechanical and classical dynamics all look very similar: they all feature

trajectories that remain trapped in the metastable state throughout the duration of the

simulation. This is explained by considering that with the temperature and the coupling

coefficient at this medium level there is not enough thermal energy available to activate

the trajectories across the barrier, and at the same time the temperature is not low

enough for delocalisation effects to play a role in semiclassics and quantum-mechanics.

Note that while here we are generally assuming that delocalisation effects are stronger

at lower temperatures, the relationship between temperature and delocalisation is non-

trivial, as discussed in reference [50]. It is interesting to notice that in this regime the

classical dynamics is the one displaying wider oscillations about the minimum compared

to semiclassical and quantum-mechanical counterparts, which remain highly localised in

the neighbourhood of q = 1.

In the case where T = γ = 0.5, shown in figure 3.4, all three types of dynamics display

frequent oscillations about q = 0. Curiously, in this high-temperature regime semiclassi-

cal and classical trajectories are very similar to each other, while the quantum-mechanical

ones seem quantitatively rather different; in particular the number of crossings over the

barrier observed in classics and semiclassics is significantly smaller than the one we have

in quantum-mechanics. This fact should not come as a surprise in that, as we showed

above, the semiclassical equations of motion reduce to the classical ones in the classical

limit; while the quantum dynamics is expected to become increasingly similar to the

classical one as T increases the equation governing it is fundamentally different. By

comparing these results with the ones we found in figure 3.2 we see that in regimes with

large γ the QSD trajectories appear to be more sensitive to the stochastic contribution to

the dynamics, while the semiclassical ones display the dissipative effects more noticeably.

This is another aspect which could be worthwhile investigating further in future work.

Overall we can say for T ≥ 0.1 and γ ≥ 0.1 we are in a region of parameter space

where quantum effects are less significant and the semiclassical and quantum dynamics
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become more similar to the classical counterpart. This is reflected by the fact that at

such temperatures the spread along the position coordinate stays localised around its

initial value throughout time evolution in both semiclassics and quantum mechanics.

Finally in figure 3.5 we show an example where the semiclassical equations (3.79)-(3.82)

fail to deliver meaningful results. This happens when the value of the coupling coefficient

is very low, γ = 0.01. By looking at the red line representing ∆q in figure 3.5a, we see

that unphysical results for the trajectory are obtained after ∆q has taken especially large

values. In the quantum-mechanical counterpart of this trajectory, shown in figure 3.5b,

we see that ∆x stays localised around 0.2 throughout time evolution and the trajectory

remains trapped at q = 1, similarly to the classical case. In particular ∆q reaches

values as high as 1.35, when the total distance between the intercepts of V (q) along the

positive and negative axes is 2
√
2 = 2.83. In equation (3.80) we see that ḃ ∝ γT and

from equation (3.37) we have that ∆q ∝ (
√
b)−1, hence ∆q does indeed get large when γ

is small and T is not very large, like the present case. So it makes sense to expect that

our semiclassical scheme can yield unphysically large values for the position uncertainty

within regions of (T, γ)-space characterised by small γ’s. As a result the semiclassical

trajectory features oscillations of increasingly large amplitude, up to the point where we

find q(t) beyond −4 and 4. On the other hand, we saw in the previous examples sthat

the quantum-mechanical trajectories can occasionally feature large uncertainties but the

motion remains localised near the potential minima. This can be related to what we

saw in the examples with T = 0.01, that a purely quantum-mechanical system at low

temperature can have a large uncertainty in the position but as it intereferes with itself

the trajectory stays near the bottom of the wells; in the semiclassical case interference

effects are not captured so large uncertainties can result in very large, and occasionally

unphysically large oscillations over the energy barrier.

Having dived into the features of open quantum dynamics we can move on to the final

stage of our discussion: in the next chapter we show how temperature-dependent quan-

tum dynamics can be used to obtain the quantum-mechanical transmission coefficient in

a novel way.
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Figure 3.1: T = 0.01, γ=0.1. Top panel, in (A) and (B): stochastic semiclassical
dynamics from equations (3.79)-(3.82). Middle panel, in (C) and (D): stochastic quan-
tum dynamics from equation (3.23). Bottom panel, in (E) and (F ): stochastic classical

dynamics from equations (2.63) and (2.64).
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Figure 3.2: T = 0.01, γ=0.5. Top panel, in (A) and (B): stochastic semiclassical
dynamics from equations (3.79)-(3.82). Middle panel, in (C) and (D): stochastic quan-
tum dynamics from equation (3.23). Bottom panel, in (E) and (F ): stochastic classical

dynamics from equations (2.63) and (2.64).
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Figure 3.3: T = γ = 0.1. Top panel, in (A) and (B): stochastic semiclassical dynam-
ics from equations (3.79)-(3.82). Middle panel, in (C) and (D): stochastic quantum
dynamics from equation (3.23). Bottom panel, in (E) and (F ): stochastic classical

dynamics from equations (2.63) and (2.64).
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Figure 3.4: T = γ = 0.5. Top panel, in (A) and (B): stochastic semiclassical dynam-
ics from equations (3.79)-(3.82). Middle panel, in (C) and (D): stochastic quantum
dynamics from equation (3.23). Bottom panel, in (E) and (F ): stochastic classical

dynamics from equations (2.63) and (2.64).
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Figure 3.5: T = 0.1, γ=0.01. In (A): stochastic semiclassical dynamics from equa-
tions (3.79)-(3.82). In (B): stochastic quantum dynamics from equation (3.23). In (C):

stochastic classical dynamics from equations (2.63) and (2.64).



Chapter 4

Quantum transition rate theory of a

1-d double-well system

In this chapter we first present our formulation of the quantum-mechanical transmis-

sion coefficient κ(t); the novelty we introduce is the fact that the time-dependent state

function θ(t) is written in terms of the density operator, which evolves according to

the Lindblad equation. Hence our expression enables us to study the dynamical effects

arising in quantum TRT explicitly as a function of the temperature and the coupling

coefficient γ, analogously to the Langevin-based approach we took in classical TRT. The

quantum transmission coefficient we introduce features the expectation values of the po-

sition and momentum operator which substitute the classical position and momentum

appearing in the classical transmission coefficient. We use Gaussian coherent states to

perform the expectation values and to define the intial configuration of our system: in

classical TRT one initiates the system by giving the particle a position and a momentum;

in quantum-mechanics, where the uncertainty principle would not allow to do the same,

using Gaussian coherent states we place the centre of the wave packet at the desired

point in phase space.

We study in detail quantum transition rate theory using our formulation for κ(t). In

particular, we compute numerically the open quantum trajectories that will feed into the

calculation of the transmission coefficient for different values of T and γ. This allows

72
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us to see in which parameter regimes we expect TRT to apply, and where we expect it

not to be applicable – similarly to what we did in chapter 2 in the classical case. We

then compute the quantum transmission coefficient in these regimes and compare it to

the classical counterpart. We find that in certain regions of (T, γ)-space the quantum

and classical correlation functions share some strong qualitative similarities, while in

other regimes, especially at low temperature, we observe significant divergences between

the two. As predicted by a result well-known in the literature ([16]), we find that the

quantum correlation function vanishes at t = 0, so that a TST value of the quantum rate

cannot be defined via the limit as t → 0+ of the reactive flux correlation function as it

is done in the classical case. We find that the quantum transmission coefficient displays

the “plateau” predicted by classical TRT in parameter regimes where the separation

of time scales between macroscopic transitions and microscopic fluctuations applies. In

comparison to the classical value of the plateau, the quantum-mechanical value we obtain

tends to be smaller. On the other hand, we observe that when such separation does not

apply the quantum correlation function decays to zero exponentially fast, similar to what

we find classically.

4.1 Novel formulation of quantum transition rate the-

ory

We saw in the previous section that there is still no consensus as to how to translate the

transition rate and its TST approximation to quantum-mechanics. Here we propose an

entirely different approach by incorporating the quantum dynamics of activated processes

explicitly into the formulation of the quantum transition rate. The importance of this

aspect has also been noted in the context of quantum TST ([1]), however it is apparent

that it is even more pivotal in transition rate theory, which is by nature a dynamical

theory.

In particular we wish to study the dynamical effects arising in quantum transition rate
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theory by directly evaluating the average over momenta in equation (2.48), suitably trans-

lated into its operator version. Let us now outline our procedure to obtain a quantum-

mechanical expression for the transmission coefficient. For clarity we re-write equation

(2.48) here:

κc(t) =
1

〈p0〉p+
0

〈p0θc(t)|q0=q∗〉p0 . (4.1)

We focus on the average over momenta in the numerator as this is the contribution

containing the dynamical information we are interested in, while 〈p0〉p+
0

is a constant.

Our approach differs from previous formulations in that we do not define a quantum-

mechanical analogue of the classical transition rate and then attempt to derive the quan-

tum transmission coefficient from it; instead we evaluate a quantum-mechanical version

of the momentum average appearing in the classical transmission coefficient introduced

by Chandler in reference [31]. In chapter 2 we stressed that the transmission coefficient

contains the dynamical information which allows us to answer the key questions of tran-

sition rate theory: whether TRT can be applied to the system under study; whether the

TST approximation is accurate for the system of interest; and to obtain the value of

the true transition rate kc. Further, generalising the path-sampling expression for κc(t)

to quantum-mechanics directly allows one to bypass the well-known problem that the

quantum-mechanical version of the TST rate is zero, as we do not include the transition-

state contribution to the rate and we consider only the dynamical contribution given by

the transmission coefficient. Nevertheless, as we shall see, the transmission coefficient

we derive shares with alternative formulations the property of vanishing in the limit as

t→ 0.

The correlation function in equation (4.1) counts the number of trajectories which, start-

ing at the dividing point q∗ at t = 0, are found in the positive x-semiaxis at time t; this is

weighted by the initial momentum p0 corresponding to each trajectory and averaged over

the distribution of initial momenta. In the classical case we saw that θc(t) is a heaviside

step function H[q(t)] of q(t) meaning that if the trajectory at time t is in the positive x-

semiaxis θc is equal to one, and it is zero otherwise. This definition relies on the position

of the classical particle being identifiable with a δ-function of q(t); in quantum mechanics

this is no longer the case, and there is a finite probability that an individual particle is
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in the positive semiaxis at any given time. We introduce the quantum analogue of the

heaviside step function as the projection operator P̂ , which in position representation

can be written:

P̂ =

∫ ∞

0

|x〉〈x|dx. (4.2)

In one dimension, the quantum-mechanical analogue of θc(t), which we call θ(t), is ob-

tained by computing the expectation value of the projection operator P̂ in the quantum

state at time t which gives the probability to find the particle in the positive q-semiaxis

at time t. The probability to find a quantum particle described by the density operator ρ̂

in state B – i.e., the positive x-semiaxis, is given by the trace of the projection operator

P̂ in equation (4.2) acting on the density operator, that is:

θ(t) = tr P̂ ρ̂. (4.3)

In comparison to the definition of the characteristic function θc in classical mechanics,

in the quantum-mechanical case θ varies continuously from 0 to 1, as one would expect.

We now need to identify a quantum-mechanical analogue of the momentum p0 and the

position q0 appearing in the classical expression (4.1). We choose to use a Gaussian

wave packets to describe the quantum initial states. This is for two reasons. Firstly,

in the classical system the average is taken over trajectories that are initially located

at the dividing point q∗ and whose initial momentum is sampled from a Boltzmann

distribution, however in quantum mechanics position and momentum cannot both be

simultaneously well-defined. A coherent state is as close as we can get to having both

values well-defined. Secondly, coherent states provide a picture of quantum states that

closely resembles the classical idea of a particle, thus making such states conceptually

convenient tools in TRT. Then in the quantum-mechanical case the quantities p0 and

q0 are given by with the expectation values with respect to Gaussian states |ψ〉 of the

quantum observables at time zero:

p0 7→ 〈ψ(0)|p̂|ψ(0)〉 = 〈p̂0〉 (4.4)

q0 7→ 〈ψ(0)|x̂|ψ(0)〉 = 〈x̂0〉. (4.5)
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The quantum-mechanical transmission coefficient κ(t) can now be obtained by perform-

ing an average over a distribution of expected momenta 〈p̂0〉, which we indicate with the

symbol M〈p̂0〉 in order not to confuse averaging with computing the quantum expectation

values. Overall, for κ(t) we have:

κ(t) = M〈p̂0〉[〈p̂0〉θ(t)|〈x̂0〉=q∗ ]. (4.6)

Here 〈p̂0〉 is the expectation value of the momentum operator at t = 0 and the state

function θ(t) is computed via equation (4.3) using initial states such that 〈x̂0〉 = q∗. By

means of equation (4.6) one can study the time-dependent effects arising in quantum

transition rate theory. The novelty we introduce is that the time evolution of the density

operator encoded in the state function θ(t) takes into account the interaction of the

quantum particle with a heat bath.

We choose to define the initial states as minimum-uncertainty Gaussian wave packets

in p and q. This provides a physical interpretation of the different behaviour displayed

by quantum and classical transmission coefficients for very small times. While classical

states in coordinate space can be thought of as δ-functions centred at q(t), a coherent

state can be described as a Gaussian wave packet of a given width whose mean is centred

at q(t). For infinitely small times, that is in the limit as t → 0+, a δ-function that was

centred at q = 0 at t = 0 is fully localised at q′ = q(0 + δt) ≈ q(0); conversely the

quantum wave packet will have only moved its mean to the new location q′ ≈ q(0). In

other words, assuming that at t = 0 a classical and a quantum particle are centred at

q = 0 and are given a positive momentum, the probability to find the classical particle

in the positive semiaxis at t = 0 + δt is 1, whereas the probability to find the quantum

particle in the positive semiaxis at t = 0 + δt is 1
2
+ ǫ, where ǫ is a very small positive

number. So for very small times δt the average appearing in equation (4.6) is still zero

since it entails a product of an odd by an even function integrated over the entire p-axis,

while the average in equation (4.1) is positive.

Our approach is conceptually rather simple compared to previous formulations in that

it essentially rephrases the classical transmission coefficient in terms of the expectation

values of the position and momentum operators and a quantum mechanical version of
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Figure 4.1: Schematic representation of the potential used in the quantum mechanical
simulations to compute the dynamical trajectories and transmission coefficient κ. We

use the dimensionless units discussed in appendix B.

the state function θ(t). Additionally, because the evolution of the density operator is

given by a deterministic, linear first-order differential equation our approach is also com-

putationally accessible for simple systems. What distinguishes the approach proposed

here from other formulations of quantum TRT is that we explicitly bring the quantum

activated dynamics into the formulation of the quantum rate. In the next sections we

apply this approach to a 1-dimensional double-well system and compare the results with

what we found in the classical case, presented in chapter 2.

4.2 Model and implementation

Here we investigate the dynamics and transition rate theory generated in the quantum-

mechanical counterpart of the model used in chapter 2. To compute the quantum-

mechanical rate κ(t) we use the theory based on the evolution of the density operator

outlined in section 3.1; to study the quantum dynamics we employ the QSD method

outlined in section 3.2. In particular we study a hydrogen atom moving a 1-d double-well
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potential such as the one we used in both the classical and semiclassical case, represented

here in picture 4.1. For more details about how our toy model is related to a model of

hydrogen in iron see appendix B.

Our implementation of both temperature-dependent quantum dynamics and quantum

transition rate theory relies on the representation of state vectors in terms of coherent

states. While for the semiclassical dynamics examined in chapter 3 we adopted a coor-

dinate representation of coherent states, here we express coherent states in matrix form

using the harmonic oscillator basis [61]. A quantum state |ψ〉 is thus expressed as

|ψ〉z = e−
1

2
|z|2

∞
∑

n=0

zn√
n!
|n〉, (4.7)

where |n〉 indicates the n-th eigenvector of the harmonic oscillator Hamiltonian and z

is the eigenvalue of the annihilation operator â associated to the eigenvector ψ. The

Glauber coherent state above can be seen as an eigenstate of the annihilation operator

â and it is a localised state in phase space, with equal uncertainties in p and q given by
√

~

2
[62]. The |n〉 eigenstates of the harmonic oscillator Hamiltonian in the harmonic

oscillator basis are just vectors of zeroes with a 1 at the n-th entry; hence implementing

equation (4.7) reduces to computing the following vector:

|ψ〉z = e−
1

2
|z|2











z0√
0!

z1√
1!

...











. (4.8)

In this formalism, the initial momentum and position of the wave vector are assigned via

the eigenvalue z in coordinate representation, that is:

z =

√

mω

2~
q + i

1√
2mω~

p, (4.9)

where we have used the notation p = 〈p̂〉 and q = 〈x̂〉.

For the calculation of quantum-mechanical trajectories, equation (4.8) can be used to

give the initial state a position and momentum of choice; in quantum transition rate
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theory we always pick q = 0 and p from a Boltzmann distribution, analogously to what

we did in the classical case to evaluate the trasmission coefficient κc - see equation (2.48).

For the quantum-mechanical transmission coefficient defined in equation (4.6), which we

report here:

κ(t) = M〈p̂0〉[〈p̂0〉θ(t)|〈x̂0〉=q∗ ], (4.10)

we integrate the deterministic Lindblad equation using a standard order-four Runge-

Kutta algorithm, as explained in more detail in appendix D. Once the density operator

is known at all desired times, the quantum state function θ can be determined, which

gives the time-dependent contribution to κ. The quantum state function θ(t), defined in

equation (4.3) can be written as follows

tr P̂ ρ̂ =
∑

n

∫ ∞

0

〈n|x〉〈x|ρ̂|n〉dx (4.11)

=
∑

nm

∫ ∞

0

〈n|x〉〈x|m〉ρmndx, (4.12)

where |n〉, |m〉 are the harmonic oscillator eigenstates and ρmn are the matrix elements

〈m|ρ̂|n〉. The eigenfunctions ψn(x) = 〈x|n〉 can be expressed as follows:

ψn(x) =
1√
2nn!

(mω

π~

) 1

4

e−
mω
2~
x2Hn

(
√

mω

~
x

)

, (4.13)

where m and ω are the harmonic oscillator’s parameters and Hn indicates the Hermite

polynomial:

Hn(z) = (−1)nez
2 dn

dzn
e−z

2

. (4.14)

Overall, for the quantum-mechanical state function θ(t) we find:

θ(t) =
∑

nm

ρmn(t)Inm, (4.15)

where:

Inm =
1√
π

∫ ∞

0

Hn(x)√
2nn!

Hm(x)√
2mm!

e−x
2

dx. (4.16)
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We compare the quantum transmission coefficient in equation (4.10) to its classical coun-

terpart, κc, which we introduced in chapter 2 and we re-write here:

κc(t) =

√

2πβ

m
〈p0θc(t)|q0=q∗〉p0 . (4.17)

However, because our definition of the transmission coefficient in quantum mechanics

only considers the average over momenta in the equation above, and does not include

the multiplicative factor in front of the average which is related to the classical transition

state theory contribution to the rate, we actually compare κ to the following quantity:

κ̃c(t) = 〈p0〉p+
0
κc(t) = 〈p0θc(t)|q0=q∗〉p0 , (4.18)

where we use the classical momentum factor 〈p0〉p+
0
=

√

m
2πβ

which was previously intro-

duced in equation (2.38). Note however that because in our system of units m = 1, in

reference to equation (2.42) we have that κ̃c(t) = 〈p0〉p+
0
κc(t) = 〈v〉κc(t).

Along with the quantum rates, we also compute the open QSD dynamics, given in equa-

tion (3.23), by means of a modified version of the fourth-order Runge-Kutta algorithm,

as outlined in appendix D. We also evaluate the time-dependent position uncertainty ∆x

of the wave packet along x, as a measure of the degree of localisation of the quantum

state in time; this is defined as the standard deviation of the operator x̂, defined as in

euqation 3.88. In the following two section we present the results for the dynamics first,

and the results for the rates next.

4.3 Results – quantum and classical dynamics

We start by looking at the quantum and classical trajectories in a low-temperature

regime, with T = 0.01; the relevant figures are 4.2 for the quantum-mechanical case

and 4.3 for the classical case. Firstly we notice that in this low-temperature regime

quantum and classical dynamics differ significantly, as we expect. In particular the

quantum dynamics features many more transitions across the barrier then the classical

counterpart.
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By comparing quantum and classical dynamics at T = 0.01 and γ = 0.001, in figures

4.2a, 4.2b, and 4.3a, 4.3b respectively, we observe that the quantum trajectories are char-

acterised by a much more erratic motion than the classical ones: in the latter case, we

have regular oscillations across the energy barrier with frequent recrossings, and regular

asymmetric oscillations within the potential wells, which trap the classical trajectories

for long periods of time. In the quantum-mechanical case the trajectories behave quite

erratically and get trapped in the metastable states only for short periods of time. Trap-

ping can take place in this regime, as we see in figure 4.2b for t > 150 units of time;

however it seems that crossings over the barrier remain likely after the trajectory has

been trapped. We also see that the quantum trajectories feature a large position un-

certainty ∆x throughout the duration of the simulation. Recall that the initial value of

∆x is ~

2
≈ 0.25 and the width of the wells is

√
2 ≈ 1.41. With the quantum dynamics

starting at the hyperbolic fixed point q = 0 we see that the position uncertainty jumps

from 0.25 to just above 1 within 2 units of time, arguably as a consequence of the par-

ticle’s probability distribution spreading itself over both sides of the energy barrier. So

the oscillations across the barrier could be partly due to the delocalisation of the wave

packet. We also expect quantum interference effects to play an important role at a very

low value of the coupling to the heat bath, which would explain why we have such an

erratic motion across and below the energy barrier. Interference could also have to do

with the fact that the quantum dynamics stays confined approximately within the cen-

tral region of the potential, and does not appear to ever go to regions beyond the two

metastable states.

In the classical case, figures 4.3a and 4.3b, we see that transitions through q∗ = 0 are

less frequent than in the quantum-mechanical case, but still present: in both realisations

trapping takes place only after 100 units of time or more. Here we have well-defined

lower-frequency oscillations across the barrier as well as higher-frequency oscillations

about the metastable states. In both cases the dynamics is very regular because γ is

very low, with the asymmetry of the potential wells causing the trajectories to oscillate

about a point at some distance from the energy minimum when they are trapped in one

of the wells.
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In figures 4.2c and 4.2d we have two realisations of the quantum dynamics obtained with

T = 0.01 and γ = 0.1. With this higher value of γ, the transitions across the dividing

point are more visibly regular and more frequent than before. The uncertainty in x is on

average rather large throughout the simulations, but not as large as with γ = 0.001. As

in the previous example it makes sense to think that we observe oscillations across the

barrier as a result of the delocalisation of quantum states for t > 0. At the same time

with a larger value of the coupling to the heat bath decoherence is likely to come into

play, and this would be consistent with the fact that we find more regular oscillations

across the barrier now that the dissipative contribution to the dynamics is larger, and the

quantum dynamics is more susceptible to the motion along the classical periodic orbits.

Additionally a larger γ provides more thermal “kicks” to the quantum trajectories, which

contribute to more frequent transitions across q = 0. If we compare these trajectories

with their classical counterparts, shown in figures 4.3c and 4.3d, we see that unlike in the

quantum-mechanical case these get trapped in one of the wells and remain there for long

periods of time, suggesting that the classical dynamics is more affected by the damping

effect of the coupling coefficient than to its stochastic contribution to the motion.

Figures 4.2e and 4.2f, where T = 0.01 and γ = 0.5, provide a similar example: the

quantum trajectories undergo frequent and regular oscillations across the barrier driven

by the delocalisation of the wave function in combination with strong stochasticity in

the dynamics. The classical counterparts in figures 4.3e and 4.3f, on the other hand,

display a completely different behaviour as they get immediately trapped by one of the

metastable states and remain there for the entire duration fo the simulation.

In regard to the type of transmission coefficients we expect to find in the quantum and

classical case with T = 0.01, it is reasonable to expect that the quantum correlation

function with T = 0.01 and γ = {0.1, 0.5} decays to zero exponentially fast due to the

fact that there is no time scale sepratation between oscillations at the minima and across

the barrier, as the latter take place very frequently. In the classical case, on the other

hand, the time correlation functions will likely display a nice plateau due to the fact

that transitions across the barrier are very rare in these regimes. With T = 0.01 and

γ = 0.001 it is hard to make a predictions; surely we do not expect to see a plateau in
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the quanutm-mechanical transmission coefficient, and we may or may not see one in the

classical one.

In figures 4.4 and 4.5 we show the quantum and classical dynamics in a medium-

temperature regime, with T = 0.1. In comparison to the previous set of examples

at T = 0.01, here we immediately notice that the quantum wave packets feature much

smaller widths along the x-axis and quantum and classical dynamics look a lot more

similar to one another than they did before.

When T = 0.1 and γ = 0.01 we find some similarities between quantum and classical

dynamics. The quantum dynamics is shown in figures 4.4a and 4.4b, while the classical

one is given in figures 4.5a and 4.5b. Both quantum and classical trajectories feature a

series of initial oscillations across the barrier which eventually result in trapping within

one of the potential wells. The fact that the value of the coupling coefficient is low is more

visible in the classical dynamics than the quantum one: while the quantum trajectories

are quickly trapped in one metastable state and, once there, remain in close proximity

of the energy minimum, the two classical examples show wide oscillations about the

minima. Also, in the case of figure 4.5a, we see that the classical trajectories can take

a long time to get trapped in this regime. On the other hand the quantum-mechanical

trajectories behave as if we were in a highly dissipative regime; but this is just a result

of the fact that in this temperature regime the wave function is quite localised and the

stochastic “kicks” coming from γ are not strong enough to move it make it transition

across the barrier. We expect that the quantum and classical transmission coefficients

obtained in this regime will feature some kind of plateau, however this might be less

well-defined in the classical case.

Similarly in figures 4.4c and 4.4d, where T = γ = 0.1 dimensionless units, we observe that

the uncertainty ∆x stays consistently small throughout time evolution and the quantum

trajectories remain trapped in one of the wells for the entire time. We observe a very

similar behaviour in the classical case, shown in figures 4.5c and 4.5d, where the classical

trajectories also stay trapped for most of the duration of the simulation. The trajectories

here show that we are in a regime where the separation of time scales required by TRT

is valid in both quantum and classical case, suggesting the corresponding transmission
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coefficients will display a visible plateau, and the dynamics displayed in the two cases

are remarkably similar, so the shape of the two correlation functions should look rather

similar. This makes T = γ = 0.1 an interesting regime in that one appreciates how

the time scale separation necessary for classical TRT to be applicable tends to hold

at low temperatures, when crossings are rare; but in quantum-mechanics this is when

delocalisation effects become significant and can bring about transitions that again defy

the basic TRT assumption.

Yet at relatively high temperatures we can also appreciate significant differences between

quantum and classical dynamics: when T = 0.1 and γ = 0.5, the quantum trajectories

shown in figures 4.4e and 4.4f display an intermediate behaviour where transitions over

the energy barrier appear to take place rarely, but not very rarely. This is a very

interesting example. Note how 〈x̂〉 tends to remain between the saddle point and the

energy minimum instead of oscillating about the metastable state as one would intuitively

expect. This is likely to be due to the wave packet being asymmetric with on average

more probability on one side of the minimum. There could also be some delocalisation

effect whereby part of the probability gets trapped one one side of the barrier and the

remaining part is on the other side; this would also explain why we have occasional

transitions across the energy barrier. By looking at these trajectories one would struggle

to predict the shape of the correponding time correlation function, κ(t). The classical

case is quite different in that the trajectories simply get trapped by the metastable states

and remain there: this is the case in both figures 4.5e and 4.5f.

Lastly in figures 4.6 and 4.7 we show quantum and classical trajectories at high temper-

atures, namely T = 0.25 and T = 0.5. In figures 4.6a and 4.6b we show the quantum

dynamics obtained with T = 0.25 and γ = 0.001. With a high temperature and a very

low coupling to the heat bath we find a behaviour that in some way resembles what we

found with T = 0.01 and γ = 0.001: transitions across the dividing point q∗ are overall

very frequent and the same time the value of ∆x tends to stay high throughout time

evolution; also the motion of the quantum particle is very irregular. Being the value

of the coupling to the heat bath we can expect that interference effects are important

in this regime as they were in the previous case with T = 0.01; this combined with
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the fact that the wave packet is highly delocalised in x partly accounts for the oscil-

lations taking place across the barrier, and for the fact that oscillations are in general

quite erratic. However we also see that with a temperature T = 0.25 transitions across

q = 0 are much more frequent than they were with T = 0.01. The classical trajectories

in this regime also display some qualitative similarity to the case where T = 0.01 and

γ = 0.001, among which the fact that because the value of γ is very low we also see

semi-harmonic oscillations about the minima whenever the particle gets trapped in one

of the wells. This is shown in figures 4.7a and 4.7b. Note that as before the classical

dynamics appears significantly more regular than the quantum-mechanical one. This is

a case where making conjectures as to what the corresponding transmission coefficients

will look like is rather difficult; we could say though that with T = 0.25, despite the

coupling coefficient being very low, we are likley to be in a region where the requirement

kBT ≪ Eb, where in our case Eb = 0.75 is not satisfied, making it unlikely that either

correlation function displays a plateau.

By raising both the temperature and the coupling coefficient to 0.5 we find a regime

where quantum and classical dynamics are, as one would expect, very similar. This

is apparent in figures 4.6c and 4.6d, showing the quantum dynamics at T = γ = 0.5

dimensionless units, and in figures 4.7c and 4.7d, showing the classical dynamics in the

same regime. As the temperature is very high, quantum and classical dynamics are nearly

the same; the fact that no prolonged trapping can take place in this regime implies that

we expect both quantum and classical correlation functions to decay to zero following an

exponential law. In the next section we will use the open trajectories discussed above to

obtain the quantum transmission coefficient at a range of values of the temperature and

the coupling coefficient, and compare it to the classical counterpart.
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Figure 4.2: T = 0.01. Stochastic quantum dynamics in equation (3.88), obtained by
integrating equation (C.8) via the numerical scheme outlined in equations (C.9)-(C.18).
The quantum trajectory is pictured in black and the uncertainty in the position ∆x is
pictured in red. In the upper panel we show γ=0.001; in the middle panel, γ = 0.1; in

the bottom panel, γ=0.5.
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Figure 4.3: T = 0.01. One realisation of the stochastic classical trajectories, obtained
by integrating the classical equations of motion (2.63) and (2.64) using the numerical
scheme in equations (C.1) and (C.2). In the top panel we show γ=0.001; in the middle

panel, γ = 0.1; in the bottom panel, γ=0.5.
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Figure 4.4: T = 0.1. Stochastic quantum dynamics in equation (3.88), obtained by
integrating equation (C.8) via the numerical scheme outlined in equations (C.9)-(C.18).
The quantum trajectory is pictured in black and the uncertainty in the position ∆x is
pictured in red. In the top panel we show γ=0.01; in the middle panel, γ = 0.1; in the

bottom panel, γ=0.5.
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Figure 4.5: T = 0.1. One realisation of the stochastic classical trajectories, obtained
by integrating the classical equations of motion (2.63) and (2.64) using the numerical
scheme in equations (C.1) and (C.2). In (A) we show γ=0.01; in (B), γ = 0.1; in (C),

γ=0.5.
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Figure 4.6: Stochastic realisation of the quantum dynamics in equation (3.88), ob-
tained by integrating equation (C.8) via the numerical scheme outlined in equations
(C.9)-(C.18). The quantum trajectory is pictured in black and the uncertainty in the
position ∆x is pictured in red. In the upper panel we show two realisations obtained
for T = 0.25 and γ = 0.001; In the lower panel we show two realisations obtained for

T = γ = 0.5.
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Figure 4.7: Stochastic realisation of the classical dynamics obtained by integrating the
classical equations of motion (2.63) and (2.64) using the numerical scheme in equations
(C.1) and (C.2). In the upper panel we show two realisations obtained for T = 0.25
and γ = 0.001; In the lower panel we show two realisations obtained for T = γ = 0.5.
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4.4 Results – quantum transition rate theory

In this section we show the quantum transmission coefficients and their classical counter-

part at a range of temperatures. The first feature we notice in all examples of quantum

rates is that the time correlation function κ(t) always starts at zero as opposed to start-

ing at a positive value, as we have in the classical case: all plots in figures 4.8, 4.11 and

in the left-hand-side panel of figure 4.13 show a curve starting at zero and immediately

reaching a small positive number which we call κ(δt). This confirms the literature results

presented in chapter 2, which predict that in the limit as t→ 0+ the quantum transition

rate is always zero. Conversely, the classical transmission coefficient κc(t) starts at a

positive value equal to 〈v〉, as per equation (4.18) and discussion therein.

In figure 4.8 are shown the quantum transmission coefficients corresponding to a low-

temperature region in (T, γ)-space, that is T = 0.01. The corresponding classical trans-

mission coefficients computed for the same values of T and γ are reported here in figure

4.9. Firstly we notice how in this low-temperature regime quantum and classical trans-

mission coefficients differ significantly; this is reflected by differences between quantum

and classical dynamics we observed in the previous section. By comparing figures 4.8

and 4.9, we observe that the first non-zero value reached by κ(t), which we call κ(δt),

is roughly one order of magnitude smaller than κ̃c(0). In particular we notice that the

value of κ(δt) in figure 4.8a is approximately 0.008 and the value of κ̃c(0) for the same

values of T and γ, in figure 4.9a, is approximately 0.04, that is κ̃c(0) ≈ 5κ(δt). In the

case where T = 0.01 and γ = 0.1 we find a similar result, and with T = 0.01 and γ = 0.5

we have κ̃c(0) ≈ 10κ(δt).

By looking at figures 4.8a and 4.9a it is apparent that when T = 0.01 and γ = 0.001

quantum and classical transmission coefficient display some analogies as well as some

differences. Both correlation functions feature wide initial fluctuations; however in the

classical case these look like damped harmonic oscillations converging to a positive con-

stant, while in the quantum-mechanical one the oscillatory pattern is less clear. In figure

4.10 we consider the correlation functions in figures 4.8a and 4.9a for a period of 200

units of time. In both cases we have initial oscillations resulting in a “plateau”, more

clearly identifiable in the classical case than in the quantum-mechanical one; we also see
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(b) T = 0.01, γ=0.1
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(c) T = 0.01, γ=0.5

Figure 4.8: Quantum-mechanical transmission coefficient computed using equation
(4.10) and the numerical procedure summarised in section 4.2 and appendix C. In (A)
we show T = 0.01 and γ=0.001; in (B), T = 0.01 and γ = 0.1; in (C), T = 0.01 and

γ=0.5.

that figure 4.10a features a lower-frequency oscillatory pattern on top of the short-time

oscillations we have in both quantum and classical case. In the dynamics corresponding

to this regime we found that indeed quantum and classical trajectories differ significantly,

as shown in figures 4.2a, 4.2b and 4.3a, 4.3b. However it is interesting to notice that by

looking at the quantum trajectories one would find it difficult to tell whether the corre-

sponding transmission coefficient will reach a plateau or not. Additionally, although it
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Figure 4.9: Classical transmission coefficient κ̃c(t) in equation (4.18) computed via
equation (2.48) and the numerical scheme in equations (C.1) and (C.2). In (A) we have
T = 0.01 and γ=0.001; in (B), T = 0.01 and γ = 0.1; in (C), T = 0.01 and γ=0.5.

is clear that the quantum trajectories have a more complex behaviour than the classical

ones in this regime, it is also difficult to link the characteristics of the quantum dynam-

ics to the existence of a double frequency in κ(t), which can be verified by taking the

relevant Fourier transform.

In figure 4.8b, when T = 0.01 and γ = 0.1, κ(t) displays a behaviour that is markedly

different from the classical correlation function κ̃c(t). The latter, shown in figure 4.9b,
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Figure 4.10: Quantum and classical transmission coefficients at T=0.01 and γ=0.001
(previously shown in figures 4.8a and 4.9a respectively), simulated for a longer period

of 200 units of time. In (A) we have κ(t), in (B) we have κ̃c(t).

features a well-defined plateau κ̃c(tpl) ≈ 0.039, while the quantum correlation function

peaks at κ(δt) ≈ 0.007 and then decays exponentially fast. As stressed above, this is due

to the fact that in this regime the quantum dynamics diverges significantly from the clas-

sical one. In fact in figures 4.2c, 4.2d and 4.3c, 4.3c we found that the quantum trajecto-

ries frequently cross the energy barrier so that oscillations taking place at the metastable

states are characterised by a frequency that is not much greater than that relative to

the transitions across the barrier; on the other hand the classical trajectories quickly get

trapped by the energy minima and remain trapped for long times. In other words, no

separation of time scales can be made in this regime for the quantum-mechanical case,

despite the low temperature. This further demonstrates how the quantum dynamics

adds a layer of complexity to the discussion of TRT: not only does the theory requires

the energy separation Eb ≫ kBT , we also see that the temperature needs be high enough

for the quantum dynamics not to be affected by delocalisation effects too much, as these

bring about frequent low-temperature transitions across the energy barrier.

When T = 0.01 and γ = 0.5, in figure 4.8c, we have a scenario similar to the one just

discussed: κ(t) rapidly decays to zero. Conversely κ̃c(t) features a plateau just below
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0.035. Such a stark difference between quantum and classical transmission coefficients

is reflected by the trajectories in figures 4.2e, 4.2f and 4.3e, 4.3f, where we see how

the quantum dynamics is driven by a large uncertainty in the position coordinate and

frequently crosses the barrier, while the classical counterpart features no transitions over

prolonged periods of time.

In figures 4.11 and 4.12 we show the quantum and classical trasmission coefficients ob-

tained for an intermediate value of the temperature, T = 0.1. Here we find that quantum

and classical correlation functions display more similarities than before. In particular we

note that the short-time behaviour of κ(t) and κ̃c(t) are now quantitatively more similar

than they were with T = 0.01: when T = 0.1 and γ = 0.01 we have κ(δt) ≈ 0.07 and

κ̃c(0) ≈ 0.13, that is κ̃c(0) ≈ 2κ(δt); the same holds when T = γ = 0.1; with T = 0.1

and γ = 0.5 we have κ̃c(0) ≈ 3κ(δt). Overall in this medium-temperature regime κ(δt)

and κ̃c(0) are found to be of the same order of magnitude in the cases considered.

The time correlation functions shown in figures 4.11a and 4.12a, obtained with T = 0.1

and γ = 0.01 share some strong similarities. In the quantum-mechanical case the time

correlation function displays a short-time relaxation resulting in a plateau, κ(tpl) ≈ 0.01,

which is reached at tpl ≈ 20 units of time. The classical counterpart reaches a fairly

oscillatory “plateau”, κ̃c(tpl) ≈ 0.01, after a short-time relaxation displayed up until

tpl ≈ 30 units of time. In fact in the previous section we found that the dynamics

generated in the quantum and classical case display strong qualitative similarities in this

regime. At the same time the trajectories shown in figures 4.4a, 4.4b and 4.5a, 4.5b

also account for the differnce between κ(t) and κ̃c(t) in this regime, which is that the

quantum-mechanical correlation function reaches its plateau at about tpl = 20 units while

the classical counterpart flattens only at tpl ≈ 30: in fact we saw that in this medium-

temperature regime the classical trajectories are more likey to recross the barrier than

the quantum counterpart.

In figures 4.11b and 4.12b we observe that both κ(t) and κ̃c(t) display a plateau, starting

at approximately tpl = 5 units of time in the former case and at approximately tpl = 10

units of time in the latter case. As before, the orders of magnitude of these rates are the

same, with κ(tpl) ≈ 0.055 and κ̃c(tpl) ≈ 0.065. The marked analogy between transmission
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coefficients is reflected by the similar types of dynamics found in this regime, as discussed

in the previous section with reference to figures 4.4c, 4.4d and 4.5c, 4.5d.
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(b) T = γ = 0.1
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(c) T = 0.1, γ=0.5

Figure 4.11: Quantum-mechanical transmission coefficient computed using equation
(4.10). In (A) we show T = 0.1 and γ=0.01; in (B), T = γ = 0.1; in (C), T = 0.1 and

γ=0.5.

With T = 0.1 and γ = 0.5, shown in figure 4.11c for the quantum-mechanical case, we do

not observe an exponential decay in the transmission coefficient as we did with the same

value of the coupling coefficient and T = 0.01, see figure 4.8c. Despite the temperature

here being ten times larger, we find that κ(t) decays to zero more slowly than it did

with T = 0.01. This is an interesting region in (T, γ)-space where we do not observe a
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(b) T = γ = 0.1
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(c) T = 0.1, γ=0.5

Figure 4.12: Classical transmission coefficient κ̃c(t) in equation (4.18). In (A) we
have T = 0.1 and γ=0.01; in (B), T = γ = 0.1; in (C), T = 0.1 and γ=0.5.

simple exponential decay in the quantum transmission coefficient, and yet a flat plateau

cannot be identified either, and κ(t) decays linearly to zero. The corresponding classical

transmission coefficient also displays a linearly decaying “plateau”, analogously to the

quantum-mechanical counterpart. The qualitative similarity between these transmission

coefficients is reflected by the dynamics we found in this regime for the quantum and

classical case, as shown in figures 4.4e, 4.4f and 4.5e, 4.5f, in that in both cases we

have trajectories that stay trapped within the potential wells for long periods of time.
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However it is also clear from the dynamics that crossings and recrossings over the barrier

are more frequant in the quantum case than they are in the classical one in the present

regime. This is peculiar considering the fact that both the temperature and the coupling

coefficient are quite high.
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Figure 4.13: Upper panel: in (A), quantum-mechanical transmission coefficient with
T = 0.25 and γ = 0.001; in (B), classical transmission coefficient with T = 0.25 and
γ = 0.001. Lower panel: in (C), quantum-mechanical transmission coefficient with

T = γ = 0.5; in (D), classical transmission coefficient with T = γ = 0.5.

In figure 4.13 we show the quantum and classical transmission coefficients in two high-

temperature regimes, with T = 0.25 and T = 0.5. We immediately see that both with
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T = 0.25 (upper panel of figure 4.13) and T = 0.5 (lower panel of figure 4.13) κ(t) and

κ̃c(t) are qualitatively and quantitatively similar; also note that in both regimes κ(δt) is

of the same order of magnitude as κ̃c(0).

We also note some minor differences. If we look at figures 4.13a and 4.13b, showing

our results for T = 0.25 and γ = 0.001, we observe something analogous to the case of

figures 4.8a and 4.9a: the quantum-mechanical transmission coefficient features a richer

structure than the classical counterpart. In particular, while κ̃c(t) oscillates smoothly to

zero after the initial relaxation, the quantum-mechanical correlation function displays in

addition several small disruptions to the overall oscillatory trend. This makes sense if

we consider that while the temperature here is relatively high the value of the coupling

coefficient is very low. The trajectories found in this regime for the quantum-mechanical

case, shown in figures 4.6a and 4.6b confirm that with such a low value of the coupling

to the heat bath the quantum dynamics is enriched by a large uncertainty in the position

coordinate which we do not have in classics.

When both T and γ are equal to 0.5 units we find that κ(t) behaves much like its classical

counterpart, as shown in figures 4.13c and 4.13d. We observe analogous exponential

decays in both quantum and classical cases, as we expect from the general theory of

transition rates at high temperatures. The strong similarity between κ(t) and κ̃c(t) in

this regime is mirrored by very similar trajectories in the quanutm and classical case, as

discussed in the previous section in regard to figures 4.6c, 4.6d and 4.7c, 4.7d.

One may ask whether there is a difference between the exponential decays exhibited by

the quantum rate with T = 0.01 and γ = 0.5, shown in figure 4.8c, and that obtained

with T = γ = 0.5. To this end we compare them to the plots of the corresponding

logarithms, as shown in figure 4.14. Here we can see that in fact the two exponential

decays do differ, as the rate of decay shown in figure 4.14b is roughly double the one

displayed in figure 4.14d. This can be explained by analysing the trajectories in figures

4.2e, 4.2f and 4.6c, 4.6d, where we find that when T = 0.01 and γ = 0.5 one has

approximately 30 crossings every 100 units of time, while when T = γ = 0.5 one has

approximately half that number.
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Figure 4.14: Quantum transmission coefficients from figures 4.8 and 4.13, with cor-
responding logarithm on the right-hand side. In (A) we show T = 0.01 and γ = 0.5,
and in (B) the corresponding logarithm. In (C) we show T = γ = 0.5, and in (D) the

corresponding logarithm.

We have studied quantum TRT using our formulation of the quantum transmission

coefficient based on explicit knowledge of the open quantum dynamics. We have analysed

and compared to the classical case both the activated quantum trajectories at a range

of values of T and γ, and the quantum transmission coefficient, κ(t) itself. The coupling

of quantum trajectories to a heat bath affects the dynamics in a variety of non-trivial

ways: in time scales where tunnelling does not play a role, we observe a rich interplay of
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delocalisation and intereference effects, which especially at low temperatures make the

quantum correlation function behave quite differently from the classical counterpart. It

is apparent that the inclusion of temperature-dependent effects in the study of quantum

TRT is crucial if one wants to compute the rate exactly at a range of temperature regimes.



Chapter 5

Conclusions and outlook

In this work I have presented a method to compute quantum-mechanical transition rates

derived from the transition path-sampling expression introduced by Chandler for the

dynamical contribution to the classical transition rate, the so-called transmission coef-

ficient [31]. This approach consists in writing the quantum rate as an average over a

distribution of momenta where the quantum-mechanical state function is expressed in

terms of the time-dependent density operator ρ̂(t); the classical position and momentum

appearing in Chandler’s expression are substituted with the expectation values of the

corresponding quantum operators.

The importance of this formulation relies on the fact that it incorporates open quantum

dynamics into the expression for the quantum rate, in a manner that, to my knowledge,

provides a new perspective in quantum transition rate theory. In fact the seminal paper

by Miller ([15]) where he derives a formula for the quantum rate based on scattering

theory, as well many subsequent works, focus more on developing a quantum theory

for the transition-state theory (TST) approximation to the transition rate, which by

definition neglects all dynamical effects entering the rate. The approach to open quantum

dynamics I use here is based on the Lindblad equation for the density operator, which

was first derived by Lindblad in 1976 [49].

In the classical transition path-sampling formulation of the transition rate one needs to be

able to access the open classical dynamics in order to determine the fraction of trajectories
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that are found in the “final”, or “reactive” state at time t; without temperature-dependent

effects the trajectories would follow a deterministic motion according to the shape of the

potential and no transition rate could be defined. One way to introduce thermal effects in

the dynamics is by adding a dissipative and a stochastic term to the equation of motion

of the momentum coordinate – thus obtaining the classical Langevin equation, originally

obtained by Langevin to describe the evolution of classical Brownian particles [41].

The question of how to derive a quantum-mechanical counterpart of the Langevin equa-

tion has been ongoing for a long time [48]. By using a coherent states representation of

quantum states I show analytically that in the classical limit a stochastic Schrödinger

equation based on a modified version of the Caldeira-Leggett model for quantum Brow-

nian motion converges to the Langevin equation. This is done by deriving semiclassical

equations of motion corresponding to the open quantum evolution under the assumption

that the wave function can be described as a Gaussian wave packet in phase space, as

proposed by Heller for the case of unitary dynamics [33]. The quantum evolution in

Hilbert space I use is the so-called quantum-state diffusion (QSD) equation for state

vectors ([53]), which can be shown to correspond to the Lindblad equation upon taking

the average over stochastic realisations of the quantum dynamics [54].

This enables me to carry out two interlinked numerical investigations: on one hand I

compare open classical and quantum dynamics at a range of temperatures and values of

the coupling to the heat bath, based on Langevin and QSD equations respectively; on

the other hand I present a comparison of the classical and quantum-mechanical trans-

mission coefficients in the same temperature and coupling regimes, based on the classical

path-sampling formulation and my expression for the quantum-mechanical transmission

coefficient. Parallel to this, I apply the semiclassical scheme obtained using coherent

states to compare the effects arising in the open dynamics in the semiclassical, quantum-

mechanical and classical case. In all numerical simulations I study a hydrogen atom

moving in a symmetric double-well potential mimicking a 1-dimensional model of iron.

The semiclassical equations of motion prove able to describe the transitions across the

energy barrier that characterise the quantum trajectories at low temperatures; however,
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the semiclassical scheme tends to overestimate the amplitude of these oscillations, ar-

guably as a result of the fact that in semiclassics quantum interference is not taken into

account (see, for example, reference [63]). I also find that for very low values of the

coupling coefficient the semiclassical dynamics can yield unphysical results which arise

when the uncertainty in the position coordinate takes particularly large values. This

suggests that with appropriate values of the temperature and the coupling coefficient

and provided the tunnelling time of the system is significantly larger than the other dy-

namical time scales in the system, the semiclassical dynamics could be used as a cheaper

approximation to study quantum transmission coefficients.

My study of the quantum dynamics in terms of the QSD equation versus the classical

Langevin equation shows that the quantum dynamics at low temperatures is dominated

by delocalisation and interference effects. In particular for low values of the temperature

and the coupling coefficient the quantum trajectories display irregular, erratic oscillations

about the metastable states which can be related to interference effects, accompanied by

transitions across the barrier that can be explained in terms of highly delocalised wave

packets – see section 4.3, figure 4.2, top panel. At low temperatures and medium to

high values of the coupling coefficient, decoherence comes into play and the dynamics is

mainly characterised by transitions across the barrier – see section 4.3, figure 4.2, middle

and lower panels. By looking at the quantum and classical trajectories at a range of

values of the temperature and the coupling coefficient I am also able to determine in

which regimes the assumptions of transition rate theory are likely to apply – in section

4.3, pages 81-85.

The results I obtain in quantum transition rate theory are consistent with my findings

in open quantum dynamics. I am able to verify a result often cited in the literature,

that the quantum-mechanical correlation function giving the rate vanishes in the limit as

t→ 0. I find that the first non-zero value taken by the quantum transmission coefficient

at very small times gets closer to the value of the classical correlation function at t = 0,

which defines the classical TST value of the transition rate, as temperature increases.

Additionally I determine in what regions of parameter space the quantum rate constant

can be obtained from the plateau value of the transmission coefficient, which turns out

to be dependent on having a large enough temperature and coupling coefficient such
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that delocalisation and interference effects are negligible, but also on not having them so

large that thermally activated transitions across the energy barrier take place frequently.

The values I obtain for the rate constant in quantum-mechanics also appear to converge

to the classical counterpart in the limit as temperature gets large, however generally we

find that the quantum rate is smaller than the classical one.

This work can be the basis for several potential future investigations. Firstly, the semi-

classical dynamics I obtained by representing quantum states as Gaussian wave packets

could be investigated numerically for different systems by varying the value of ~, and

for different hydrogen isotopes by varying the mass of the particle. Further, while I di-

rectly translate the classical path-sampling expression for the transmission coefficient into

quantum-mechanical terms, one could attempt to re-derive the path-sampling formula

in the quantum-mechanical language directly. This may or may not lead to a different

expression for the quantum transmission coefficient than the one I use. A detailed ana-

lytical work on this aspect would be extremely valuable to a scientific community that

has been struggling for decades to find computationally easy ways to include dynam-

ical effects in quantum transition rate theory – and quantum dynamics based on the

Lindblad equation offers just that, although it might not be viable for high-dimensional

real-life problems. Another very exciting line of work would be to use the framework

proposed here to compare the results obtained for quantum TRT to other numerical ad

hoc methodologies that have been devised over the past couple of decades to evaluate

the “dynamical corrections” arising in quantum-mechanical TST [30]. Other useful com-

parisons could be carried out between the results obtained via the method I propose

and via a class of recently developed DPI-based formulations of quantum TST [22], [23].

Moreover the open quantum dynamics I obtain using the QSD equation could be com-

pared to that generated by evolving DPI “polymers” in time, which has been poposed a

way to compute quantum-dynamical effects more cheaply [29]. Lastly, the semiclassical

dynamics I derive here could be employed to compute the transition rate, so that an

analysis of the semiclassical rates thus obtained in comparison to the quantum results I

find would prove a very useful contribution.



Appendix A

Derivation of the classical Langevin

equation

It is useful to see how the Langevin equation emerges from a model where a classical

particle is subject to the force V (q) and interacts with a bath of classical harmonic

oscillators to which it is coupled via the inverse time γ. Here we follow the derivation

presented in reference [40]. For clarity we call P and Q the conjugate coordinates of the

particle and {pj} and {qj} those of the oscillators. The particle’s Hamiltonian is :

H =
1

2m
P 2 + V (Q), (A.1)

while that of the bath is:

Hb =
∑

j

1

2
p2j +

1

2
ω2
j

(

qj −
γj
ωj
Q

)2

, (A.2)

where we assume that the oscillators’ masses are all equal to unity and ωj, γj indicate

the frequency of the j-th oscillator and its coupling to the particle respectively. The

resulting equations of motion are:

Q̇ =
1

m
P Ṗ = −Vq(Q) +

∑

j

γj

(

qj −
γj
ω2
j

Q

)

(A.3)

q̇j = pj ṗj = −ω2
j qj + γjQ. (A.4)
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If Q(t) is known the solution for qj(t) reads:

qj(t) = qj(0) cosωjt+ pj(0)
sinωjt

ωj
+ γj

∫ t

0

ds Q(s)
sinωj(t− s)

ωj
. (A.5)

Using integration by parts this can be written as

qj(t)−
γj
ω2
j

Q(t) =

[

qj(0)−
γj
ω2
j

Q(0)

]

cosωjt+ pj(0)
sinωjt

ωj
− γj

∫ t

o

ds
p(s)

m

cosωj(t− s)

ω2
j

.

(A.6)

Inserting this into the dynamical equation for P yields:

Ṗ = −Vq(Q)−
∫ t

0

dsK(s)
p(t− s)

m
+ ξ(t), (A.7)

where we have introduced the memory kernel K(t):

K(t) =
∑

j

γ2j
ω2
j

cosωjt, (A.8)

and ξ(t) is given by:

ξ(t) =
∑

j

γjpj(0)
sinωjt

ωj
+
∑

j

γj

[

qj(0)−
γj
ω2
j

Q(0)

]

cosωjt. (A.9)

By defining the spectrum of {ωj} and {γj} a specific form is assigned to the memory

kernel; when this is done in such a way that K(t) is a δ-function, the force ξ(t) is white or

Markovian. Equation (A.9) provides a definition of the “random” force as a deterministic

quantity that depends on the microscopic dynamics of the bath’s degrees of freedom.

However in the Langevin approach we choose to neglect the microscopic characterisation

of ξ(t) and focus on how the bath affects the system of interest on average. Because

such average effects on the system appear to be random, ξ(t) is substituted by a random

process with specific average properties reflecting the physics of the interaction between

the system and the bath.



Appendix B

A system of dimensionless units of

measure

In this appendix we provide further details about the system of dimensionless units used

throughout the thesis. In both quantum and classical mechanics we have an atom of

mass m moving in a double-well potential characterised by an energy barrier Eb and a

distance between minima, or metastable states, which we call d. In figure B.1 we provide

a sketch of the potential used in dimensionless units. This potential, which we use for all

the numerical work in this thesis, is given by V (q) = −V1q2 + V2q
4, where V1 and V2 are

chosen so that the distance between minima is equal to 2 and the height of the barrier

is 3
4
.

We introduce the scaling parameters m0, E0 and d0 such that:

[

m

m0

]

=

[

Eb
E0

]

=

[

d

d0

]

= 1, (B.1)

where the symbol [ ] means “dimensions of”. Throughout this work with deal primarily

with quantities that depend on the time t, the coupling coefficient γ and the temperature

T . Using m0, E0 and d0 we can determine the derived scaling parameters for t, γ and T .

In our system the Boltzmann constant kB equals 1, hence T0 = E0. From dimensional
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q

V (q)

d

Eb

Figure B.1: Schematic representation of the potential used in the quantum mechani-
cal simulations. In dimensionless units the values of d and Eb are 2 and 3

4 respectively.

analysis we further find:

t0 = d0

√

m0

E0

, γ0 =
1

t0
=

1

d0

√

E0

m0

, (B.2)

and we have:
[

t

t0

]

=

[

γ

γ0

]

= 1. (B.3)

That is, when we refer to quantities expressed “in dimensionless units”, we mean that

they are scaled by the relevant parameters given as combinations of m0, E0 and d0.

To refer our results to a physical system we assign appropriate numerical values to the

scaling parameters m0, d0 and E0. In particular, if we set m0 equal to the mass of the

hydrogen atom, d0 equal to the distance between tethrahedral sites in α-Fe and E0 equal

to the energy barrier separating tetrahedral sites in α-Fe, which has been calculated to

be 0.089 eV ([30], [64]), we have the following values for the conversion factors:

d0 = 1.014 Å, m0 = 1.674× 10−27 kg and E0 = 0.089 eV. (B.4)

This yields the conversion factor for time as t0 = 8.016×10−2 ps. In quantum mechanics

fixing m0, d0 and E0 also automatically rescales Planck’s constant. In the case of hydro-

gen in an iron lattice considered here this yields a factor of ~0 = 8.575 × 10−34 Js, and

in dimensionless units the value of ~ is 0.123.



Appendix C

Methods of numerical integration for

open dynamics

C.1 Classical Langevin equation

In classical dynamics, the Verlet algorithm can be used to evaluate numerically the

solution of the classical equations of motion to second-order accuracy in the time step

[65]. Here we want to evaluate the Langevin equation (2.63)-(2.64) numerically, hence

we introduce a modified version of the Verlet algorithm that was devised specifically to

take into account the dissipative and noise terms; this reads [43]:

q(tk +∆t) = q(tk) + ∆t q̇(tk) +
∆t2

2m
[f(tk) + γq̇(tk)] +

λ

m
∆t3/2

[

φ(tk)

2
+
θ(tk)

2
√
3

]

(C.1)

q̇(tk +∆t) = q̇(tk)
[

1− γ

m
∆t

]

+
∆t

2m
[f(tk) + f(tk +∆t)]− γ

2m2
∆t2 [f(tk) + γq̇(tk)]

+
λ

m

√
∆tφ(tk)−

γλ

m2
∆t3/2

[

φ(tk)

2
+
θ(tk)

2
√
3

]

, (C.2)

where k = 1, 2, ... labels the time steps in the simulation, ∆t is the time steps of integra-

tion, f(t) = −V ′(q(t))/m, and φ(t) and θ(t) indicate two independent variables sampled

from a normal distribution generated at time t. One notes immediately that when γ = 0,

so that also λ = 0, the algorithm reduces to the standard velocity Verlet.
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C.2 Semiclassical dynamics

In semiclassics, we wish to evaluate numerically the coupled equations (3.79)-(3.82),

which we report here:

da =

[

−1

2
Vxx −

2

m
(a2 − b2)− 2γa− 2~γ

r2
ab

]

dt (C.3)

db =
[

− 4

m
ab− 2γb+

γr2

~
+

~γ

r2
(a2 − b2)

]

dt (C.4)

dq =
p

m
dt+

√
γ

2

r

b
dξR − ~

√
γ

2r
dξR − ~

√
γ

2r

a

b
dξI (C.5)

dp = −(Vx + 2γp)dt+ r
√
γ
a

b
dξR + r

√
γdξI − ~

√
γ

r

(

a2 + b2

b

)

dξI . (C.6)

We do this by means of a simple first-order algorithm, where at each time step ∆t the

variables {y} = {a, b, q, p} are approximated as

yt+∆t = yt + dy, (C.7)

and dy is given by the stochastic processes above.

C.3 Lindblad and QSD equations

The Lindblad equation is a deterministic first-order differential equation, which can be

evaluated numerically by means of a Runge-Kutta algorithm with order-four accuracy

in the time step. The Runge-Kutta scheme is one of the most well-known methods for

computing differential equations numerically so we will not report it here, however one

can easily find it for example in reference [66].

For a numerical investigation of the QSD equation for pure state vectors (3.23), which

we report here:

|dψ〉t = − i

~
H|ψ〉dt+ γ(2〈L†〉L− L†L− 〈L†〉〈L〉)|ψ〉dt+√

γ(L− 〈L〉)|ψ〉dξ, (C.8)
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where dξ = dξR+idξI , we adopt a generalisation of the order-four Runge-Kutta method

proposed by Wilkie and Çetinbaş [67]. We summarise the key steps of the algorithm

here. Let a(|ψ〉, t) and b(|ψ〉, t) such that the equation above reads:

|dψ〉t = a(|ψ〉, t)dt+
∑

j=1,2

bj(|ψ〉, t)dξj; (C.9)

now let:

f(|ψ〉, t) =
[

a(|ψ〉, t)− 1

2

∑

j=1,2

bj(|ψ〉, t)
∂bj
∂|ψ〉

]

dt+
∑

j=1,2

bj(|ψ〉, t)dξj. (C.10)

If we define the functions k1, k2, k3 and k4 in the standard Runge-Kutta fashion, that is:

k1 = f(|ψ〉, t) (C.11)

k2 = f(|ψ〉+ 1

2
k1, t+

1

2
dt) (C.12)

k3 = f(|ψ〉+ 1

2
k2, t+

1

2
dt) (C.13)

k4 = f(|ψ〉+ k3, t+ dt), (C.14)

we can obtain the value of the wave vector at time t+ dt:

|dψ〉t+dt = |dψ〉t +
1

6
(k1 + 2k2 + 2k3 + k4). (C.15)

With reference to equation (C.8) above, we have the following:

a(|ψ〉, t) =
[

− i

~
H + γ(2〈L†〉L− L†L− 〈L†〉〈L〉)

]

|ψ〉, (C.16)

b1(|ψ〉, t) =
√
γ(L− 〈L〉)|ψ〉 and b2(|ψ〉, t) = i

√
γ(L− 〈L〉)|ψ〉. (C.17)

Hence overall:

f(|ψ〉, t) =
[

− i

~
H + γ(2〈L†〉L− L†L− 〈L†〉〈L〉)

]

|ψ〉dt+√
γ(L− 〈L〉)|ψ〉(dξR + idξI),

(C.18)

which allows to evaluate equations (C.11)-(C.14) and (C.15) for each time step over the

required duration of the simulation.
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Brownian motion and Itô calculus

Here we review some basic notions that are of relevance in the study of quantum Brownian

motion, following reference [50]. Let us start with the classical case. Here we firstly have

the two basic properties applying to a Brownian motion that takes place along the

coordinate x:

Mdxdxt = 0 and Mdx(dxt)2 = a2dt, (D.1)

where Mdx indicates the average over small displacements dx and a is a positive constant.

If we now introduce the normalised stochastic differential dw such that:

Mdwdwt = 0 and Mdw(dwt)2 = dt, (D.2)

then we have the Langevin-Itô equation:

dxt = adwt. (D.3)

In Itô calculus differentials of order (dt)2 and above are neglected, and since the variance

of dw is of order dt2 one can simplify the notation above and write:

(dw)2 = dt. (D.4)
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Further we should note the rule by which we obtain the differential of a functions f of

the stochastic process dx; this follows from the well-known Itô’s lemma:

df = (dx)fx +
1

2
(dx)2fxx, (D.5)

where, as usual, fx and fxx indicate the first and second order derivatives of f with

respect to x. For the product of two functions of dx, f and g, we have:

d(fg) = fdg + (df)g + (df)(dg). (D.6)

In classics we had a Langevin equation of the form:

dxt = vdt+ adwt, (D.7)

with real v and a giving the magnitude of drift and diffusion respetively and dw is the

Wiener process. In quantum-mechanics we deal with stochastic differential equations of

the form:

dzt = udt+ bdξt, (D.8)

where u and b can be complex and dξ is now a complex Wiener process, that is:

dξt = dξRt + idξIt , (D.9)

where dξR and dξI are real Wiener process which satisfy the following properties:

Mdξ⋄dξR = Mdξ⋄dξI = 0, Mdξ⋄dξRdξI = 0, and Mdξ⋄(dξR)2 = Mdξ⋄(dξI)2 = dt,

(D.10)

where Mdξ⋄ indicates the average over stochastic differentials dξR or dξI .
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