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Abstract

Group equivariant neural networks is an area of deep learning that looks at how symmetries can be
encoded in neural network architectures as an inductive bias. Historically, many group equivariant
neural networks have been designed using either group convolutions or tensor power representations
that have been decomposed into irreducible representations. Whilst these approaches have value,
they come with drawbacks. In the former, a change of basis into the Fourier domain is often required,
which can be computationally expensive. In the latter, the irreducible decomposition of a tensor power

representation for most groups is unknown.

We instead establish weight tying as a fundamental paradigm for constructing group equivariant neural
networks. We show that, for many important groups, including the symmetric, alternating, orthogonal,
special orthogonal, and symplectic groups, we can determine the weight matrices that appear in group
equivariant neural networks having tensor power representations of R" as their layer spaces without
needing to decompose them into irreducible representations. We study the combinatorics of set
partition diagrams that are associated with each group to achieve a full characterisation of these weight
matrices. We create a deeper structure for understanding the group equivariant neural networks
themselves by developing a monoidal category theoretic framework and use it to construct a fast
multiplication algorithm for the linear layer functions for four of these groups. We extend this
framework to characterise the equivariant weight matrices for the automorphism group of a graph.
Finally, we show that the equivariant neural network paradigm can be broadened to quantum groups,
which often describe symmetries in non-commutative geometries. In particular, we use Woronowicz’s
version of Tannaka—Krein duality to derive Compact Matrix Quantum Group Equivariant Neural
Networks. We hope that our work will inspire others to develop neural network architectures that

encode different algebraic structures as an inductive bias.
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Notation

Group Theory

Symbol Description

GL(V) General linear group of invertible linear maps V' — V
GL(n) General linear group of invertible n x n matrices
G(n) Generic subgroup of GL(n)

SL(n) Special linear group

(-,) Non-degenerate, symmetric bilinear form

() Non-degenerate, skew-symmetric bilinear form

O(n) Orthogonal group

SO(n) Special orthogonal group

Sp(n) Symplectic group, n = 2m

Sn Symmetric group

Ay, Alternating group

U(n) Unitary group

H, Hyperoctahedral group

B, Bistochastic group

p Representation p of a group

(V,pv) Representation py of a group, V' a vector space
Homg,,)(V, W) Vector space of linear maps V' — W that are equivariant to G(n)
Endg(n) (V) Same as Homg,,)(V, V)

(R™)Z, pr)
(R, (o)1)

k-order tensor power representation of G(n)

Contragredient representation for ((R™)®%, py)

Set Partitions

Symbol Description

0 Set partition, typically of {1,...,l + k}

|} /A Set of all set partitions of {1,...,l + k}

O km Set of all set partitions of {1,...,l + k} having at most n blocks

dr Set partition diagram; diagram basis element; (k, [)—partition diagram
D, Diagram basis matrix; image of a diagram basis element for .5,
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L Orbit basis diagram /element

Xx Orbit basis matrix; image of an orbit basis element for S,
I6; Brauer partition, typically of {1,...,l + k}

dg Brauer diagram

Eg Image of a Brauer diagram for O(n)

Fp Image of a Brauer diagram for Sp(n)

a (I + k)\n—partition

do (I 4+ k)\n—diagram

H, Image of an (I + k)\n-diagram for SO(n)

{%} Stirling number of the second kind

B(n) n Bell number

B(n, k) k-restricted n" Bell number

B; i block in a set partition 7

Pl(n) Partition vector space

Bl (n) Brauer vector space

Dt (n) Brauer—-Grood vector space

det Determinant map (R")®" — R

Aa > ica Ai for A an index set

Category Theory

Symbol Description

C Category

0b(C) Collection of objects in a category C

Home(X,Y) Collection of morphisms between objects X, Y in a category C
f:X=>Y A morphism between objects X, Y in C; an arrow
o Composition of morphisms

1x Identity morphism X — X

F:C—D Functor from a category C to a category D

®, ®c Bifunctor for a monoidal category C; tensor product
1, 1c Unit object of a monoidal category C

Set Category of sets

Vectr Category of vector spaces over R

Group Category of groups
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Maty Category of matrices with elements in R

P(n) Partition category

B(n) Brauer category

BG(n) Brauer-Grood category

Rep(G) Representation category for a group G
C(G(n)) Category of tensor power representations for G(n) C GL(n)
Graph Theory

Symbol Description

G Graph

V(G) Set of vertices for a graph G

E(G) Set of edges for a graph G

Ag Adjacency matrix for a graph G

G Complement of a graph G

K, Complete graph on n vertices

Ch Cycle graph on n vertices

Aut(G) Automorphism group of a graph G

MH Spider map

H Bilabelled graph

[H| Isomorphism class of the bilabelled graph H
g Category of all bilabelled graphs

X§ G-homomorphism matrix of [H|

c¢ Category of all G-homomorphism matrices
General Topology

Symbol Description

TX Topology for a set X

(X, 7x) Topological space

dx Metric for a set X

(X,dx) Metric space

B(x,¢€) Open ball of radius € in a metric space (X, dx) centred at a point z € X
I Norm

IRIB Euclidean Norm for R" or C"
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(mn)

Closure of a set V' in a topological space (X, 7x)

Sequence of points in a topological space (X, 7x)

Compact Matrix Quantum Groups

Symbol Description

A Algebra

a* Involution of an element a in a *-algebra A

B(H) C*-algebra of bounded linear operators on a Hilbert space H

M, (C) C*-algebra of n x n matrices with elements in C

M, (A) C*-algebra of n x n matrices with elements in a C*-algebra A

C(X) C*-algebra of continuous functions X — C for a compact Hausdorff
space X

©) Algebraic tensor product

min Minimal tensor product

C*(E | R) Universal C*-algebra for generators E and relations R

¥ Seminorm

A= (G(n),u) Compact matrix quantum group with its n-dimensional fundamental
representation u

A Comultiplication map A = A ®min 4

St Symmetric quantum group

O(n)™* Orthogonal quantum group

U(n)* Unitary quantum group

{o, e} Two-coloured set

Wi Word of length & formed from the two-coloured set {o, o}

FundRep,,,

Fundamental representation category for the compact matrix quantum

group G(n)
K(n) Two-coloured category of partitions
Miscellaneous
Symbol Description
[n] The set {1,...,n}
[n]* Cartesian product set {1,...,n}*
(I,J) Tuple, typically I € [n]' and J € [n]*

XVi



Er g Matrix unit whose (I, J)-entry is 1, otherwise 0

er If I € [n]*, thene; = ¢;, ® --- ® e;,, a standard basis vector in (R")®¥
i Kronecker delta

€ij Value of (e;, ;) on the symplectic basis of R", n = 2m
> Sum

II Product

A Scalar

n! Factorial

n!! Double Factorial

) Big O notation

=< Partial Ordering

sgn(o) Sign of a permutation o € S,

U Set union
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Chapter 1

Introduction

Anyone who has ever had the pleasure of teaching mathematics knows how hard it is to communicate
the core ideas of a subject using only words and symbols. In essence, the teacher is attempting
to transfer to their students the mental representations that they have developed using whatever
languages they have to hand, be those natural or mathematical. These imperfect tools create many
difficulties for students as they typically have to translate the words and symbols back into mental
representations of their own in order to develop the intuition that is needed to understand a subject
at a fundamental level. The teacher, however, has one additional tool that they can use: they can
draw diagrams. Often, many of the difficulties that are caused by words and symbols alone can be
overcome immediately once the right diagram or two is introduced. Moreover, for many subjects, just
a few diagrams can be enough to encapsulate, and hence can be used to generate, most of the content

that appears in an entire subject.

For example, when we are first taught complex numbers, we are asked to express complex numbers
such as z = v/2¢’%" in the form z = = + iy for some real numbers x and y. To defend against this
oncoming attack, the uninitiated panic and start relying on formulae that they have learned by rote,
such as /22 +y2 = /2 and tan~!(¥) = 2™ hoping that this will solve the problem. Inevitably,
following this approach results in many difficulties for the student. But with the right diagram, the
solution becomes immediately apparent. In this case, by drawing a line of length v/2 from the origin
at an angle of 2 from the positive z-axis on the Argand diagram, together with knowledge of the
1:1:+/2 triangle — see Figure 1.1 — we immediately see that V2¢’%" is the complex number is —1 + i.
In fact, much of the material on complex numbers can be reduced to drawing them in the Argand

diagram and then applying a few simple triangles that are taught in trigonometry.

The key point in general is that even though the diagrams are not necessarily rigorous, they lead to a

level of understanding and intuition that cannot be attained through words and symbols alone.
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Figure 1.1: By drawing the complex number V2e’i" in the Argand diagram, it is easy to see that its
expression in the form = + iy is —1 + 1.

In this thesis, we argue that our core ideas, which must be communicated formally using words and
symbols, can be understood far more easily by studying just a few important diagrams. We might
even be so bold as to say that the diagrams are the thesis, in that they encapsulate and can be used to
generate most of the content that is presented. Specifically, we use the diagrams in three main ways:
to encode algebraic structure, to represent a piece of computation, or to derive algebraic structure.

These diagrams provide the necessary intuition that makes our results almost immediately apparent.

The starting point for our story can be found in 1897, when Ferdinand Georg Frobenius, a professor
at the University of Berlin, published a landmark paper that laid the foundations for an entirely
new area of mathematics. In his paper, titled Uber die Darstellung der endlichen Gruppen durch lineare
Substitutionen [On the Representation of Finite Groups by Linear Substitutions], Frobenius (1897) defined a
representation of a group for the first time. Many mathematicians, such as the group theorist William
Burnside (1897a,b, 1900a,b, 1904), made major contributions to the new representation theory. But it

was Frobenius’ student who reshaped the field into a form that is effectively the one we see today.

Issai Schur became a professor at the University of Berlin himself, and during his time there, he
established the leading research centre for this new type of mathematics. In 1905, Schur formulated
group representation theory in terms of matrices, which made the field more widely accessible (Schur,
1905). His most well-known contribution is the result known as Schur’s Lemma, which characterises

all of the possible equivariant linear maps between irreducible representations of a group.

However, he also published another result that is less well-known, one that began with his investiga-
tions into the polynomial representations of the general linear group GL(n) in his doctoral thesis of
1901, titled Uber eine Klasse von Matrizen, die sich einer gegebenen Matrix zuordnen lassen [On a Class of
Matrices That Can Be Assigned to a Given Matrix] (Schur, 1901) . This result, which appeared in a paper

of his in 1927, titled Uber die rationalen Darstellungen der allgemeinen linearen Gruppe, [On the Rational



Representations of the General Linear Group] (Schur, 1927), rederived all of the results that appeared in
his doctoral thesis of 1901, and today is known as Schur-Weyl duality after it was popularised by
Hermann Weyl in his book of 1939 titled The Classical Groups (Weyl, 1939).

Schur used ideas from the representation theory of the symmetric group to obtain his duality. In 1900,
Alfred Young introduced combinatorial objects that are now known as Young diagrams to represent
all possible integer partitions of a natural number n (Young, 1900). These diagrams were then used by
Frobenius (1903) to show that the irreducibles of the symmetric group S,, correspond bijectively with

all possible integer partitions of n.

Schur-Weyl duality describes the irreducible representations of the general linear group GL(n) in
terms of integer partitions through dual actions of GL(n) and S, on the tensor power space (R™)®*.
In particular, Schur established a one-to-one correspondence between the irreducibles of the general
linear group GL(n) and the irreducibles of the symmetric group Sy, that appear in the decomposition

of the tensor power space (R")®*, namely

R = P Ve S (1.1)
AEA(k,n)

In (1.1), the irreducibles V;}' of the general linear group GL(n) are indexed by the same set of integer
partitions \ of k into at most n parts that index irreducibles S} of the symmetric group Sj. It is this
result that became known as Schur-Weyl duality. In the years since, a number of other Schur-Weyl
dualities have been shown to exist (Brauer, 1937; Martin, 1990, 1994, 1996; Jones, 1994; Halverson and
Ram, 2022). Some of them were established by Richard Brauer, a student of Schur’s, who would go on
to make a number of significant contributions of his own to representation theory. We discuss some

of these Schur-Weyl dualities in the opening chapters of this thesis.

Schur, upon his election to the Berlin Academy in 1922, gave his initial address to the members of the
Academy. In his speech, he said that “what fascinated me so extraordinarily in these investigations
[into the representation theory of groups] was the fact that [...] there arose a new and fertile chapter of
Algebra which is also important for Geometry and Analysis and which was distinguished by great
beauty and perfection” (Curtis, 1999). To begin with, we show that the duality which bears his name
makes for a surprising relationship between the representation theory that was first discovered over
a hundred years ago by Frobenius and an important subdomain of deep learning that is known as

group equivariant neural networks.
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1.1 Motivation

Ironically, Frobenius is said to have been angered by any application of his pure mathematics to
topics of a practical nature. So, undoubtedly, he would have been horrified to learn that symmetry,
expressed through the representation theory that he initiated, has become one of the key principles for

constructing neural networks.

Group equivariant neural networks is an area of deep learning that looks at the question of how best to
learn from data that has an underlying symmetry (Cohen and Welling, 2016, 2017; Gilmer et al., 2017;
Ravanbakhsh et al., 2017; Qi et al., 2017; Zaheer et al., 2017; Cohen et al., 2018; Kondor and Trivedi,
2018; Thomas et al., 2018; Maron et al., 2019a,b, 2020; Ravanbakhsh, 2020; Finzi et al., 2021; Villar
et al., 2021; Yarotsky, 2022). Symmetries in mathematics are usually described in terms of groups.
They often arise in problems that come from physics, where the data that is generated by a physical
process has a certain type of symmetry that is inherent in the data itself. Examples include molecular
structures (Thomas et al., 2018; Hy et al., 2019; Fuchs et al., 2020; Satorras et al., 2021), which have
rotational and translation symmetry, or point clouds (Qi et al., 2017; Zaheer et al., 2017), which have

permutation symmetry.

Formally, a group equivariant neural network for a group G is a neural network such that

1. each layer space is a representation of the group G, that is, a choice of vector space V and a

group homomorphism G — GL(V'), and

2. the maps between layer spaces that appear in the network are equivariant to G, that is, if
f:V — W is a function between layer spaces V and W, then f(g-v) = g- f(v) forall g € G and

veV.

These networks guarantee that if we change the input to such a network by acting on it with an
appropriate symmetry operation in G, then we know exactly what the output of the network will
be. Consequently, these networks come with advantages such as requiring less training data to
learn — since all symmetries on the input data will be learned automatically by the network — and
they have fewer parameters overall, which makes them easier to train. The equivariance property, in
particular, reduces the space of functions that can be learned. This usually results in simpler, more

interpretable models that generalise better to unseen data.

The convolutional neural network (CNN) was one of the first neural networks to use equivariance
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in its construction (LeCun et al., 1989; Krizhevsky et al., 2012). A convolutional neural network
is built using convolutional layers that are equivariant to translational symmetries, enabling it to
learn effectively from data that has an underlying Euclidean or grid-like structure. The success of
convolutional neural networks in these domains inspired the development of an entirely new field
of deep learning, popularly known as Geometric Deep Learning (Bronstein et al., 2017, 2021). The
primary goal of Geometric Deep Learning is to develop principled approaches for constructing neural
network architectures that incorporate prior knowledge as inductive biases, particularly by exploiting
symmetries that are inherent in a variety of domains, whether they be Euclidean or non-Euclidean.
This framework provides a principled foundation for studying group equivariant neural network

architectures. We now review the historical development of these architectures.

Given the success of convolutional neural networks and the fact that convolutions can be defined for
other groups, it is natural that, in the years following the introduction of the convolutional neural
network, several group equivariant neural networks were designed using group convolutions. Group
Equivariant Convolutional Neural Networks (G-CNNs) (Cohen and Welling, 2016) generalised the no-
tion of translation equivariance to discrete groups generated by translations, reflections, and rotations.
Some important classes of equivariant convolutional neural networks were built upon G-CNNs: Steer-
able CNNs (Cohen and Welling, 2017; Worrall et al., 2017; Thomas et al., 2018; Weiler et al., 2018a,b;
Weiler and Cesa, 2019) were designed to model symmetries in both Euclidean and non-Euclidean
spaces, and Spherical CNNs (Cohen et al., 2017, 2018; Esteves et al., 2018; Kondor et al., 2018) were
designed to learn from data on spherical surfaces by exploiting their rotational symmetries. In a
complementary line of work, Kondor and Trivedi (2018) proved that neural networks are equivariant
to the action of any compact group if and only if they use a general notion of convolution. In addition,
Cohen et al. (2019a) gave a general theory of G-CNNs on homogeneous spaces. However, the desire
to learn from graph-structured data led to the development of a number of different approaches for
defining convolution on graphs, which is consistent with the challenge of applying convolution to
non-Euclidean structures. Several authors developed spectral graph convolutional neural networks,
which perform spectral convolutions on graphs by using a generalised Fourier basis that is derived
from the eigenvectors of the graph Laplacian (Bruna et al., 2014; Defferrard et al., 2016; Kipf and
Welling, 2017). An alternative approach for extending convolution to graphs involved designing
functions that, for each node, aggregate information from its local neighborhood in order to update its
feature vector (Duvenaud et al., 2015; Atwood and Towsley, 2016; Niepert et al., 2016; Hamilton et al.,
2017; Velickovic et al., 2018). Gilmer et al. (2017) introduced a message passing framework for learning

from graphs and showed that many of these methods can be unified under it. This framework has
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since been widely adopted in the development of a number of important equivariant Graph Neural

Network architectures (Satorras et al., 2021; Schiitt et al., 2021; Batatia et al., 2022).

Despite the value in using group convolutions to create group equivariant neural networks, this
approach has a number of drawbacks. As noted in Kondor and Trivedi (2018), it can be difficult
sometimes to determine the correct notion of convolution to use since it depends on the domain in
which the data lives. Moreover, most of these approaches require a change of basis either through the
use of a Fourier transform (Cohen et al., 2017; Worrall et al., 2017; Cohen et al., 2018; Esteves et al.,
2018; Kondor and Trivedi, 2018; Kondor et al., 2018) — in order to use that the Fourier transform
of a convolution is the element-wise product of the individual Fourier transforms — or by a direct
decomposition into irreducible representations of a group (Cohen and Welling, 2017; Thomas et al.,

2018; Weiler et al., 2018a; Weiler and Cesa, 2019), if such a decomposition exists and can be found.

Another common approach for building group equivariant neural networks is to take the space of
equivariant linear maps between layer spaces that appear in the network, decompose these layer
spaces into their irreducible decompositions, and then apply Schur’s Lemma to obtain the parameters.
Given that no non-trivial equivariant linear maps R” — R™ exist for some groups (Blum-Smith
and Villar, 2023), the layer spaces that are typically used in this approach are tensor power spaces
of R", since tensors naturally appear throughout much of deep learning (Lim, 2021). The group is
usually a subgroup of GL(n), and it acts diagonally on each tensor power by matrix multiplication.
Consequently, the equivariant linear maps under consideration are of the form (R")®* — (R")®! for
some non-negative integers k and [. This approach has been successful, in part, for some groups, such
as the special orthogonal group SO(3) (Kondor, 2018; Kondor et al., 2018; Thomas et al., 2018; Dym
and Maron, 2021), the proper orthochronous Lorentz group SO(1, 3)* (Bogatskiy et al., 2020), and the
special Euclidean group SE(3) (Fuchs et al., 2020). However, the major drawback with this approach
is that the irreducible decomposition of a tensor power representation for most groups is unknown
(Blum-Smith and Villar, 2023). This is known as the Clebsch-Gordan problem. Even if the Clebsch—
Gordan decomposition is known, applying it in practice in a neural network is computationally
expensive, since it involves, at best, a change of basis into the Fourier basis at the input stage of the

network and another change of basis at the output stage of the network.

Upon starting this period of research, the kernel of a new idea was being explored alongside the two
main approaches for constructing group equivariant neural networks. This new idea involved tying
weights within the weight matrices that appear in the linear layer functions of group equivariant

neural networks. This approach emerged from the characterisation of permutation invariant and
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equivariant linear maps on first order tensor power spaces, that is, on data given in the form of a set
(Qi et al,, 2017; Zaheer et al., 2017). Ravanbakhsh et al. (2017) showed that, for linear maps from R" to
R™ that are equivariant to a finite subgroup of the symmetric group, their equivariance properties can
be explained by the symmetries of their associated weight matrices, namely by relating each weight
matrix to a bipartite graph between a set of n vertices and a set of m vertices. Hartford et al. (2018)
introduced standard bases of permutation invariant and equivariant linear maps between high-order
tensor power spaces that model interactions between sets of differing sizes, each of which is acted
upon by a different permutation group. In a seminal work on equivariance relating to the symmetries
of graphs and hypergraphs, Maron et al. (2019a) proceeded to characterise all permutation invariant

and equivariant linear maps between high-order tensor power spaces of R".

Given the drawbacks that are associated with the two main approaches, we ask ourselves the following
question: can we establish weight tying as a fundamental paradigm for constructing group equivariant

neural networks?

1.2 Objectives

The main objective is to derive a method that is grounded in proper mathematical theory for con-
structing group equivariant neural networks that does not use any group convolutions; that does not
require any decomposition of the layer spaces into irreducible representations of a group; and that

does not involve any changes of basis.

1.3 Contributions

We can divide our contributions into three overarching themes.

In our first major contribution, we achieve our main objective. We show that Schur-Weyl duality
between a number of diagram algebras and their associated groups can be adapted to characterise
all of the possible group equivariant neural networks whose layers are some tensor power of R" for
many important groups, including the symmetric, alternating, orthogonal, special orthogonal and
symplectic groups. Crucially, we do not use any group convolutions; we do not decompose the layer
spaces into irreducibles of the groups in question; and we do not require any changes of basis. In

doing so, we show that set partition diagrams play a vital role in group equivariant neural networks.
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The second major contribution of our work is the realisation that certain subsets of set partition
diagrams can be given the structure of a strict R-linear monoidal category. We establish strict R-linear
monoidal functor relationships between these partition categories and group representation categories
for the tensor power layer spaces. We use these functors to obtain an algorithm for performing the
linear equvariant layer functions for four groups — the symmetric, orthogonal, special orthogonal, and
symplectic groups — that is exponentially faster compared with the standard matrix multiplication
approach. We then extend the category theory framework to characterise all of the possible neural
networks whose layers are some tensor power of R” that are equivariant to the automorphism group

of a graph by using bilabelled graph diagrams, of which set partition diagrams form a subset.

In the third major contribution of our work, we go far beyond our original objectives by constructing
a whole new class of equivariant neural networks. These neural networks are equivariant to compact
matrix quantum groups, which, unlike groups, are algebras that generalise the space of continuous
functions on compact matrix groups. Where groups are used to describe symmetries in classical
(commutative) geometries, compact matrix quantum groups are often used to describe symmetries in
non-commutative geometries. In particular, we show that Woronowicz’s version of Tannaka-Krein
duality, a result that appears in the theory of quantum groups and in non-commutative geometry, can
be used to construct this new class of neural networks which we term Compact Matrix Quantum Group
Equivariant Neural Networks. We also show that, for the so-called easy compact matrix quantum
groups, the weight matrices that appear in these neural networks can be characterised using either

one- or two-coloured set partition diagrams.

1.4 Publications

The following is a list of publications that is the result of the work that was carried out during this
period of research. We have noted the chapter number after each publication reference where that

publication forms the basis of a chapter in this thesis.
Conference Publications
1. Edward Pearce-Crump. (2023a) Brauer’s Group Equivariant Neural Networks. Proceedings of

the 40th International Conference on Machine Learning (ICML 2023), PMLR 202:27461-27482. [Live
Oral] [Chapter 5]
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2. Edward Pearce-Crump. (2023b) How Jellyfish Characterise Alternating Group Equivariant
Neural Networks. Proceedings of the 40th International Conference on Machine Learning (ICML 2023),
PMLR 202:27483-27495. [Poster] [Chapter 4]

3. Edward Pearce-Crump and William J. Knottenbelt. (2024b) Graph Automorphism Group Equiv-
ariant Neural Networks. Proceedings of the 41st International Conference on Machine Learning (ICML

2024), PMLR 235:40051-40077. [Poster] [Chapter 8]

4. Edward Pearce-Crump. (2024) Connecting Permutation Equivariant Neural Networks and
Partition Diagrams. Proceedings of the 27th European Conference on Artificial Intelligence (ECAI
2024), I0S Press Ebooks 392:1511-1518. [Live Oral] [Chapter 3]

Preprints
5. Edward Pearce-Crump. (2023c) Compact Matrix Quantum Group Equivariant Neural Networks.

arXiv:2311.06358. [Chapter 9]

6. Edward Pearce-Crump and William J. Knottenbelt. (2024a) A Diagrammatic Approach to
Improve Computational Efficiency in Group Equivariant Neural Networks. arXiv:2412.10837.

[Chapters 6 and 7]

Other

7. Edward Pearce-Crump. (2022) A Multigraph Approach for Performing the Quantum Schur
Transform. Quantum Computing Theory in Practice (QCTiP 2023) [Poster]

1.5 Thesis Outline

The remaining chapters are organised as follows.
Chapter 2: Fundamental Concepts

We introduce the groups that appear throughout this thesis, all of which are subgroups of the general
linear group. We discuss the group equivariant neural networks in question and explain how the

tensor power layer spaces are representations for each of these groups. We review some graph theory
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and introduce some fundamental concepts in category theory, namely categories and functors. We

finish the chapter by defining some concepts from general topology that we will use in Chapter 9.
Chapter 3: Partition Algebra and the Symmetric Group

We show that an entirely different approach from the one that appears in Maron et al. (2019a) can be
used to obtain a full characterisation of all of the possible permutation equivariant weight matrices
that appear between any two layers that are tensor power spaces of R". The starting point for our
approach is Schur-Weyl duality between the partition algebra and the symmetric group that was
simultaneously found by Martin (1990, 1994, 1996) and Jones (1994). We adapt the definition of the
partition algebra by considering a partition vector space instead, and show how to construct a so-called
orbit basis of set partition diagrams for this vector space. We use the orbit basis to obtain a basis for
the space of permutation equivariant linear maps between any two tensor power spaces of R", and,
in doing so, characterise the permutation equivariant weight matrices that appear between any two

tensor power spaces of R".
Chapter 4: Jellyfish and the Alternating Group

We adapt the approach that is taken with the symmetric group to obtain a full characterisation of all
of the possible alternating group equivariant weight matrices that appear between any two tensor
power spaces of R™. To do this, we introduce a jellyfish diagram that represents the determinant map,
which is applied to vectors that live in an n-order tensor power space of R™. The jellyfish is used to
create two basis matrices from certain orbit basis diagrams that appear in the characterisation for the
symmetric group. Whether an orbit basis diagram corresponds to one or two basis matrices depends

on the number of subsets, known as blocks, that appear in the diagram.
Chapter 5: Brauer’s Group Equivariant Neural Networks

We show how three more Schur-Weyl dualities can be used to obtain all of the possible weight
matrices that appear in group equivariant neural networks for the orthogonal, special orthogonal and
symplectic groups. We construct a spanning set for the space of equivariant linear maps between
any two tensor power spaces of R™ for each of these groups. All three Schur-Weyl dualities were

originally found by Brauer (1937), with an additional contribution made later by Grood (1999).
Chapter 6: Partition Categories

After the publication of Maron et al. (2019a) and the preprint of our paper Pearce-Crump (2024) on

permutation equivariant weight matrices, Godfrey et al. (2023) found an alternative basis for the space
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of permutation equivariant linear maps between any two tensor power spaces of R”. We show that we
can recover this alternative basis by using another basis of set partition diagrams, called the diagram
basis, for the partition vector space that is involved. We then show that these set partition diagrams
and the ones that appear in Chapter 5 can each be given the structure of a strict R-linear monoidal
category. For each of these partition categories, we obtain a full, strict R-linear monoidal functor that
maps to a category whose objects are the tensor power space representations of the group associated
with the partition category. We emphasise that this additional structure has important implications
for group equivariant neural networks, in that to work with any group equivariant weight matrix that
comes from these functors, it is sufficient to work with the set partition diagrams themselves, as the

functors imply that their vertices and connected components can be manipulated like strings.
Chapter 7: Algorithm for Performing Linear Equivariant Layer Functions

We use the strict R-linear monoidal category structure for the orthogonal, special orthogonal, and
symplectic groups to construct an algorithm for performing the equivariant linear layer functions that
reduces the time complexity exponentially compared with a naive matrix multiplication approach.
We also use the strict R-linear monoidal category structure for the symmetric group to recover the
algorithm that first appeared in Godfrey et al. (2023), except we obtain this algorithm using operations

on set partition diagrams instead.
Chapter 8: Graph Automorphism Group Equivariant Neural Networks

Instead of studying set partitions, we now consider bilabelled graphs. In short, a (k, !)-bilabelled
graph is a graph that comes with two tuples, one of length & and the other of length [, whose entries
are taken from the vertex set of the graph (with repetitions amongst entries allowed). Writing the
automorphism group of a graph G having some n vertices as Aut(G), we use bilabelled graphs to give
a full characterisation of all of the possible Aut(G)-equivariant weight matrices that appear between
any two tensor power spaces of R". This result is especially powerful when it is combined with
Frucht’s Theorem (Frucht, 1938). Frucht’'s Theorem states that every finite group is isomorphic to the
automorphism group of a finite undirected graph. Hence, for any finite group, by constructing a graph
having some n vertices such that its automorphism group is isomorphic to the group in question, we
can determine the equivariant weight matrix that must appear between any two tensor power spaces

of R".
Chapter 9: Compact Matrix Quantum Group Equivariant Neural Networks

We broaden the scope of equivariant neural networks beyond classical symmetries by defining a new
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class of neural networks that encode, as an inductive bias, symmetries that are described by compact
matrix quantum groups. Unlike groups, compact matrix quantum groups are algebras that generalise
the space of continuous functions on compact matrix groups, and are often used to describe symmetries
in non-commutative geometries. We derive the existence of this new class of equivariant neural
networks, which we have termed Compact Matrix Quantum Group Equivariant Neural Networks, by
using a version of Tannaka—Krein duality that was originally found by Woronowicz (1987, 1988, 1991).
In particular, since every compact matrix quantum group comes with an associated fundamental
representation category, we show that if we know what the fundamental representation category is for
any compact matrix quantum group, then we can immediately characterise all of the weight matrices
that appear in these neural networks. Crucially, we know what the fundamental representation
category is for a large class of compact matrix quantum groups known as easy: they are characterised
entirely by categories of certain set partitions (Banica and Speicher, 2009; Banica et al., 2010; Weber,
2013; Freslon and Weber, 2016; Raum and Weber, 2016; Tarrago and Weber, 2016; Weber, 2017; Tarrago
and Weber, 2018; Gromada, 2020; Freslon, 2023). Moreover, we show that since compact matrix groups
are compact matrix quantum groups, this new class of neural networks generalises and encompasses
all compact matrix group equivariant neural networks. Furthermore, we obtain classifications of the
weight matrices that appear in five compact matrix group equivariant neural networks that had not
appeared in the machine learning literature before. In particular, they include classifications for the

hyperoctahedral, bistochastic, and unitary groups.
Chapter 10: Conclusion

In the final chapter, we review the contributions that we have made in this thesis, discuss potential

applications of our work, and suggest new avenues for research that we can explore in the future.



Chapter 2

Fundamental Concepts

We introduce the fundamental concepts that appear throughout this thesis. We begin by defining a
number of groups, each of which is a subgroup of the general linear group. We discuss their tensor
power representations since they will form the layers of neural networks that are equivariant to these
groups. We then outline some fundamentals on graphs that will be used in Chapter 8, and introduce
some of the key concepts from category theory that will appear in Chapter 6 onwards. We conclude
this chapter by providing an overview of the main ideas in general topology that will be used in
Chapter 9. We choose our field of scalars to be the real numbers R throughout, except for Chapter 9,

where we will turn to the complex numbers C instead. Also, we let [n] denote the set {1,...,n}.

2.1 The General Linear Group and its Subgroups

Groups are ubiquitous in mathematics and physics. They can be defined abstractly, but they also
arise naturally, both in the study of symmetries of objects, where the group of symmetries for a given
object consists of all transformations that leave that object invariant, and in the study of geometric
transformations, which considers bijections on a set that preserves some sort of geometric structure,
such as angles and distances. In this section, we introduce a number of groups, all of which can be

considered as subgroups of a general linear group of invertible linear transformations.

The general linear group, GL(V), is the group of invertible linear transformations from a vector space
V to itself, with the group operation given by composition of linear transformations. We often choose
V = R", in which case we write GL(V') as GL(n). If we pick a basis for each copy of R", then, for each
linear map in GL(n), we obtain its matrix representation in the bases of R" that were chosen. GL(n)
then becomes a matrix group consisting of all invertible n x n matrices with entries in R, with the

group operation given by matrix multiplication.

13
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The special linear group, SL(n), is the subgroup of GL(n) consisting of all invertible linear transfor-

mations from R” to R"™ whose determinant is +1.

We can associate to R™ one of the following two bilinear forms:

1. anon-degenerate, symmetric bilinear form (-,-) : R" x R" — R.

2. a non-degenerate, skew-symmetric bilinear form (-,-) : R" x R” — R. In this case, n must be
even, say n = 2m, as a result of applying Jacobi’s Theorem. See Goodman and Wallach (2009,

Section 1.1.2) for more details.

Then we can define the orthogonal group O(n), the special orthogonal group SO(n), and the sym-
plectic group Sp(n) as follows:

1. O(n) ={g € GL(n) | (9z,9y) = (z,y) forall z,y € R"}
2. SO(n) =0(n)NSL(n)

3. Sp(n) :=={g € GL(n) | {(gz, gy) = (x,y) for all z,y € R"}, for n = 2m.

It is easy to show that each of these groups are subgroups of GL(n).

There are special bases of R" with respect to each of the bilinear forms given above that enable us to

consider these three groups as matrix groups.

Firstly, for the form (-,-), we may assume that there is an ordered basis
B:={ey,...,en} (2.1)
of R™, where ¢; has a 1 in the it position, and a 0 elsewhere, that satisfies the relations
(eirej) = dij (2.2)

with respect to the form (-,-). The basis B is called the standard basis of R", and by (2.2), it is an

orthonormal basis of R™.

Hence the form (-,-) in the basis B is the Euclidean inner product

(x,y) = z'y (2.3)
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for all z,y € R", where z is the column vector (z1,...,z,)" and y is the column vector (yi,...,y.)"

when expressed in the basis B.

Secondly, for the form (-,-), where n = 2m, we may assume that there is an ordered basis

B :={ei,e1,...,m,em} (2.4)

of R”, where the it basis vector in the set has a 1 in the i position and a 0 elsewhere, that satisfies the
relations

<60u €B> = <eo¢” 6ﬁ’> =0 (2.5)

and

<6a, 6/3'> = _<€o/7 65> = (504”3 (26)

with respect to the form (-,-). The basis B is called the symplectic basis of R”, but it is, by definition,

also standard.

Hence the form (-,-) in the basis B is the skew product

m
(@) = (@t — 2oyy) = Y €175 2.7)
r=1 i:j
for all z,35y € R", where z is the column vector (z1,21/,...,Zm, 2y ) and y is the column vector
(Y1,Y1/, - - - Ym, Ymr) | When expressed in the basis B, and
€i,j = <ei7 €j> (2.8)

See Goodman and Wallach (2009, Lemma 1.1.2 and Lemma 1.1.5) respectively for more details.

We introduce two finite permutation groups that also appear in this thesis.

The symmetric group S, is the group of all bijective functions from the set [n] to itself, where the
group operation is given by composition. The elements o € S,, are called permutations. There are a
number of equivalent ways of denoting the permutations in S, but for our purposes, we only need
to consider cycle notation. For any permutation o € S,,, we take 1 € [n] and calculate 1, o(1), 0%(1)

etc. until we obtain the smallest power & such that ¢*(1) = 1. Such a value k must exist since [n] is a
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(1)(2)(3) (1,2,3) (1,3,2)

Figure 2.1: An illustration of the permutation action of S5 on a set containing three objects.

finite set. From this sequence we obtain the cycle
(1,0(1),02(1),...,6" (1)) (2.9)

which can be read as o € S,, maps 1 to o(1), o(1) to o%(1), and so on. Next we pick another element in
[n] that is not in the cycle (2.9) and continue creating new cycles by picking any element in [n] that
is not in any of the previous cycles until all elements of [n] have been exhausted. Finally, to express

o € S, in cycle notation, we put the cycles that we have obtained side by side, in any order.

For example, if 0 € Sg is given by
o(1)=3, o(2)=4, o(3)=2, od)=1, o(5)=6, o(6)=5 (2.10)
then o can be expressed in cycle notation as
o =(1,3,2,4)(5,6) (2.11)

The symmetric group S,, can also be viewed as a group of matrices; however, to do this, we need to
pick a basis of R™. If we choose the standard basis B of R™ that was given in (2.1), then the symmetric
group S, is the group of all n x n matrices having a single 1 in each row and column, and 0 otherwise.
Consequently, the symmetric group S,, can be thought of as a subgroup of the matrix group O(n) and

hence a subgroup of the matrix group GL(n), where the standard basis B of R™ has been chosen.
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For more information on the symmetric group, see Sagan (2000).

In order to define the second group, we need a few more definitions. A transposition in the symmetric
group S, is a cycle containing exactly two elements. It is well-known that every permutation in S,
can be expressed as a composition of transpositions (Sagan, 2000). We say that a permutation in .S,
is even if it can be expressed as a composition of an even number of transpositions, and a similar
definition exists for odd permutations. From this, we can define the sgn function, which maps all even
permutations in S, to +1 and all odd permutations to —1. The alternating group A, is the group of

all even permutations in S, and it is a subgroup of S,,.

2.2 Group Actions and Group Representations

We now study representations of the groups that were introduced in the previous section. One reason
why we consider representations of groups is that they make it possible for us to use linear algebra to
gain insights into the groups themselves. But group representations can also be used to learn more
about the vector spaces that appear in the representations. This latter viewpoint will be particularly
important in the context of group equivariant neural networks, where we consider maps between

vector spaces, each of which is a representation of a group.

Group actions can be used to generate group representations. Indeed, we often use the same language
when referring to both concepts, but group actions are important in their own right. When a group

acts on a set, the group permutes the elements of the set.

Formally, a group G is said to act on a set X if there is a map
¢:GxX =X (2.12)

such that, for all z € X,

1. if e is the identity element of G, then ¢(e, x) = z, and

2. ¢(g,¢(h,z)) = (gh,z) forall g, h € G.

We often write g - x to refer to the action of g € Gon z € X.

When a group G acts on a set X, we can consider, for each element = € X, its orbit under the action

of G. The orbit of x € X is given by the set of elements in X that can be obtained from the action of
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G on z, thatis, the set {g- = € X | g € G}. Note that the orbits partition X. We say that the action of G
on X is transitive if and only if it has exactly one orbit. By contrast, the stabilizer of € X consists of
all g € G that fix z, that is, the set {g € G | g - © = x € X }. The Orbit-Stabilizer Theorem states that

the size of the orbit of € X is equal to the index of the stabilizer of z € X in G.

We can turn group actions into group representations by giving the set the structure of a vector space,
namely by letting its elements index a basis. However, we focus mostly on group representations
because there are group representations that do not come from group actions and, typically, group

representations form the foundation of group equivariant neural networks.

Formally, a representation of a group G is a choice of vector space V over R and a group homomor-
phism
pv :G—GL(V) (2.13)

We focus on finite-dimensional vector spaces V' that are some tensor power of R". We often abuse
our terminology by calling V' a representation of G, even though the representation is technically the
homomorphism p. When the homomorphism p needs to be emphasised alongside its vector space V/,

we will use the notation (V, p).
Consider the group G = GL(n). Since we have a representation of GL(n)
p1:GL(n) - GL(R™); gw—g (2.14)

that is given by matrix multiplication on any vector in R”, then, for any positive integer k, the space

(R™)®* is also a representation of GL(n), which we denote by p;, where
(@)1 @ @ug) = gu @ - @ gu (2.15)
for all g € GL(n) and for all vectors v; € R™. We call (R")®* the k-order tensor power space of R".

Moreover, (R")®* is a representation for any subgroup G(n) of G L(n), which is obtained by restricting
pr. to G(n). We will also label this representation by pj, with the context making it clear that it is the

restriction of the GL(n) representation.

Note in particular that, for any subgroup of the symmetric group S,, itself viewed as a subgroup

of GL(n) having chosen the standard basis (2.1) of R, the representation p;, maps a standard basis
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element of (R™)®¥ of the form

er=e; ®ej, - Qe (2.16)

for all I := (i1, ia,...,i) € [n]F to
€o(I) = €a(ir) & Coliz) @+ & €o(iy) (2.17)

This form will be particularly useful when we consider group equivariant neural networks for the
symmetric group S, itself, the alternating group A,, and any automorphism group of a graph G

having n vertices, Aut(G).

2.3 Group Equivariant Neural Networks

We are going to define neural networks that are equivariant to a given group by choosing the layers to
be the tensor power space representations that we introduced in the previous section, and the layer
functions to be a composition of a linear and a non-linear map, each of which is equivariant to the
group in question. The network itself will be equivariant since the composition of any number of
equivariant maps is equivariant. A major benefit of constructing neural networks in this way can be
stated as follows: if we change the input to the network by applying the appropriate tensor power
space representation for a particular group element, then, by the equivariance property, we know
exactly what the output of the network will be. Hence we encode the structure that is inherent in the

group directly into the networks through its representations, which makes them more interpretable.

We first need to define group equivariance formally. If (V, py/) and (W, py) are two representations of

a group G, then a function ¢ : V' — W is said to be equivariant to G if, forall g € Gand v € V,

P(pv(9)[v]) = pw(9)[o(v)] (2.18)

or, alternatively, if the following diagram commutes, for all g € G and v € V:

pv(g) v
o & (2.19)
pw(9)
—_—W
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We denote the set of all linear maps between V and W that are equivariant to G by Homg(V, W).
When V = W, we sometimes write this set as End¢ (V). It can be shown that Hom¢ (V, W) is a vector
space over R; see Segal (2014) for more details. A special case of equivariance is invariance, since if

(W, pw) is the 1-dimensional trivial representation of G, then (2.18) becomes, forall g € Gandv € V,

P(pv(9)[v]) = o(v) (2.20)

In this case we say that ¢ is invariant to G. It is worth noting that the sum, composition, and direct sum
of two equivariant functions is equivariant, for appropriate domains and codomains of the individual

functions.

Using the tensor power space representations of a subgroup G(n) of GL(n), having chosen the standard
basis of R", we can define a group equivariant neural network for G(n) as follows: it is a function

/nn that is a composition of some L layer functions

INN = frLo...ofio...0f1 (2.21)

such that the /™ layer function is equivariant to G(n) and is a function between tensor power space

representations of G(n)

fro (RMEF= o ) = (R™ER py,) (2.22)

where each tensor power space representation ((R")®*, p; ) of G(n) was defined in (2.15).

Typically, each layer function (2.22) is itself a composition f; := o o ¢; of a learnable, linear function

¢ (RMPF=1 ) = (R™)EF py,) (2.23)

that is equivariant to G(n), together with a fixed, non-linear activation function
o (RN ) — (RN pg) (2.24)

that is also equivariant to G(n) and often acts pointwise on its inputs. Since we have chosen the
standard basis of R”, the learnable, linear functions ¢; that are equivariant to G(n) become matrices
that have weights or parameters that can be learned. We call these matrices weight matrices or group
equivariant weight matrices when we wish to emphasise the group itself. For certain groups G(n),

we initially focus on understanding what the space of matrices is between any two adjacent layers



2.3. Group Equivariant Neural Networks 21

Figure 2.2: Anillustration of the /" layer function of a group equivariant neural network for G(n). Each
layer comes with a representation of G(n), where the layer itself is some tensor power of R™. Each layer
function is a composition of a learnable, linear function ¢; together with a fixed, non-linear activation
function 0;. As we have chosen the standard basis of R", the learnable, linear function ¢; becomes a
weight matrix containing weights that can be learned. Since the neural network is equivariant to G(n),
the structure in G(n) is encoded directly into the network in the folllowing sense: if we change the
input to the network by applying the linear transformation that comes from the representation for the
initial layer for any group element g in G(n), then, by applying the linear transformations that come
from the representations for each of the other layers in the network for this particular group element
at the same time, we know exactly what the output of the network will be.

that appear in these group equivariant neural networks. To do this, it is sufficient to find either a basis
or a spanning set for the Hom,,) space that is associated with any two adjacent layers. Note that if
G(n) is a compact matrix group, then we call the neural network a compact matrix group equivariant

neural network.

We have chosen the layers to have a feature dimension of one and the layer functions to be without

bias terms since it is easy to adapt our results to include features and biases.

In particular, to include features, if {M, | a € [p]} is a spanning set of Homg,,) (R™)®*-1, (R™)®kr)
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for some positive integer p, then
{Ma & Em‘ | o€ [p],’i S [dl],j S [dl—l]} (2.25)

is a spanning set of Hom,,) ((R")®*-1 @ R%-1, (R™)®* @ R%) for some positive integers d;_; and d;.

Moreover, since the addition of two functions that are equivariant to G(n) is also equivariant to G(n),
we can include bias terms by adding to each linear layer function of the form (2.23) a bias function
B (RM)@Fi=1 pp ) — ((R™)®*t py,)) that is both equivariant to G(n) and constant on all elements of
(R™)®ki-1, Hence, for some constant element ¢ € (R")®¥, §;(v) = c for all v € (R")®ki-1, Since f; is
equivariant to G(n), we see that

¢ = pr,(9)c (2.26)

for all g € G(n). Given that any ¢ € (R")®* satisfying (2.26) can be viewed as an element of
Homg(,,) (R™)®0, (R")®*), to find the matrix form of ¢, all we need to do is find a spanning set

for Hom; ) (R™)®0, (R™)®h).

2.4 Graph Theory

In Section 2.1, we defined the general linear group GL(n) and a number of its subgroups. There also
exist a class of subgroups of the symmetric group S, that come from graphs having n vertices. Hence
these subgroups of S,, can also be viewed as matrix subgroups of GL(n). We begin by recalling some

of the fundamentals of graph theory in order to define this class of groups.

A graph G is a tuple (V(G), E(G)) of sets, where V(G) is a set of vertices for G and E(G) is a subset of
unordered pairs of elements from V(G) x V(G) denoting the undirected edges between the vertices
of G. We include the possibility that the graph has loops; however, we only allow at most one loop
per vertex. If G is a graph having n vertices, then the adjacency matrix of G, denoted by Ag, is
the n x n matrix whose (i, j)-entry is 1 if vertex ¢ is adjacent to vertex j in G, and is 0 otherwise.
Note that A¢ is a symmetric matrix, because G has undirected edges, and the (i, ¢)-entry is 1 in Ag
if and only if G has a loop at vertex i. The complement of a graph G, denoted by G, is the graph
having the same vertex set as G and the same loops as G, but now distinct vertices are adjacent in G

if and only if they are not adjacent in G.

For example, the complete graph on n vertices, K, is the loopless graph where every vertex is adjacent
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Figure 2.3: The graph depicted on the left is the complete graph on six vertices, K¢. The graph depicted
on the right is the cycle graph on six vertices, Cs.

to every other vertex, and the cycle graph on n vertices, C,, is the loopless graph where every vertex
i € [n]is adjacent to j =i+ 1 mod n, where j € [n]. The complete graph on six vertices and the cycle

graph on six vertices are shown in Figure 2.3.

We can also consider maps between graphs. Let H and G be graphs. A graph homomorphism from H
to G is a function ¢ : V(H) — V(G) such that if ¢ is adjacent to j in H, then ¢(i) is adjacent to ¢(j) in
G. A graph isomorphism from H to G is a graph homomorphism from H to G that is also a bijection.
Consequently, an automorphism of a graph G is a graph isomorphism from G to G. The set of all

automorphisms of G, written Aut(G), can be shown to be a group.

If G is a graph having n vertices, then Aut(G) is, in fact, a subgroup of S,,. Specifically, if o € S,,, then

it is easy to show, viewing S, as a subgroup of GL(n), that

o€ Aut(G) < cAg = Ago (2.27)

It is also clear that Aut(G) = Aut(G).

For example, the automorphism group of the complete graph K, on n vertices, Aut(K,,), is the
symmetric group S,. Consequently, the automorphism group of the edgeless graph having n vertices,
Aut(K,), is also the symmetric group S,,. Similarly, the automorphism group of the cycle graph C,,
on n vertices, Aut(C),), is isomorphic to the dihedral group D,, of order 2n, and the automorphism
group of two copies of the complete graph on two vertices, Aut(2K>), is isomorphic to the dihedral

group D, of order 8.

For more information on graphs, see any standard book on graph theory, such as Bollobas (1998).
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2.5 Category Theory

A number of different branches of mathematics across algebra, geometry, and topology consist of
structures and concepts whose foundations are similar. Category theory was introduced by Eilenberg
and Mac Lane in the 1940s in a paper titled General Theory of Natural Equivalences (Eilenberg and Mac
Lane, 1945) to provide a common language for talking about these structures and for creating new
connections between them. Informally, category theory is concerned with abstracting away the specific
details of objects and focuses instead on the relationships between them. These relationships are
called morphisms. A collection of objects and a collection of morphisms between objects (satisfying
some additional conditions) form a category. We can perform operations with morphisms, such as
(vertically) composing them, to form new morphisms between objects. However, we are interested not
only in the relationships within a category but also in how relationships are preserved across different
categories. They are described by functors. We outline some of the basics on category theory to help
the reader understand some of the terminology that is used in Chapter 6 onwards. In particular, we
will consider the relationships between different layer functions that appear in the group equivariant
neural networks that were defined in Section 2.3 at the category level. For more information on

category theory, see any standard reference, such as Mac Lane (1998); Leinster (2014) or Riehl (2017).

We begin by defining the first fundamental concept of category theory. A category C consists of

e a collection of objects Ob(C)
e forevery X,Y € Ob(C), a collection Hom¢(X,Y) of morphisms from X to Y

e forevery X,Y, Z € Ob(C), an associative composition rule

o:Home (Y, Z) x Home(X,Y) — Home (X, Z) (2.28)

* and, for every X € Ob(C), there is an identity morphism 1y € Hom¢ (X, X) such that every
morphism f € Hom¢(Y, X) satisfies 1x o f = f and every morphism g € Hom¢ (X, Z) satisfies

golx =g.

We write f : X — Y for a morphism in Hom¢(X,Y"). X is said to be the domain of f and Y is said to

be the codomain of f.
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We list some examples of categories below. Note that if we are unable to write the name of a category

using a calligraphic font, then we write it using a bold font.

e Set has sets as its objects, and functions, with specified domain and codomain, as its morphisms.
e Vecty is the category of vector spaces over R and the R-linear maps between them.

e Group is the category of groups and the group homomorphisms between them.

These are all examples of concrete categories, which are categories where the objects have sets under-
lying them and the morphisms are functions between these underlying sets. There also exist abstract
categories where this phenomenon does not occur: the standard example is the category Matg whose
objects are positive integers and whose morphisms from n to m is the set of m x n matrices with values
in R. In particular, this means that the morphisms in a category are not always functions. Another

commonly used word for a morphism is an arrow.

From categories we can obtain subcategories. A subcategory D of a category C consists of a subcollec-

tion of the objects in C and a subcollection of the morphisms in C such that

e if X € Ob(D), then the identity morphism 1x in Hom¢ (X, X) is also in Homp (X, X),
e for X, Y € 0b(C), if f € Homp(X,Y), then X,Y € Ob(D), and

e if f € Homp(X,Y) and g € Homp(Y, Z), then g o f € Homp(X, Z).

A subcategory D of a category C is said to be full if, for every X,Y € Ob(D), every morphism f in
Hom¢ (X, Y) is also a morphism in Homp(X,Y).

We note that in the definition of a category, the objects and the morphisms between objects are
collections. This is to avoid Russell’s paradox, namely that there is no set of all sets. In particular,
the collection of objects that appear in every example of a concrete category that we listed is not a
set. However, we can avoid this issue by only considering categories that are locally small: these are
categories where the collection of morphisms between any pair of objects in the category is a set. For a
pair of objects, the set of morphisms between them is sometimes called a Hom-set. In particular, each

Home-set is an object in the category Set.

We can also create a new category as the product of two individual categories. Suppose that C and D

are two categories. Then the product category C x D is the category whose
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* objects are ordered pairs (X,Y’), where X is an object of C and Y is an object of D
e morphisms from (X1,Y;) to (X2, Y2) are pairs of morphisms (f,g), where f : X; — Xsisa
morphism in C and g : Y1 — Y3 is a morphism in D
such that composition of morphisms is defined componentwise by composition in C and composition

in D and the identity morphism for each object (X,Y)inC x Dis (1x, ly).

We now look at the second fundamental concept of category theory. Just as there is a notion of a map
between sets, there is also a notion of a “map” between categories, which is given by the following

definition.

Suppose that C and D are two categories. Then a functor 7 : C — D consists of

e amap F : Ob(C) — Ob(D), and

e for each pair of objects X,Y in C, a map
]:X7y : Homc (X, Y) — Homp(]:(X), ]:(Y)) (2.29)

that maps the morphism f : X — Y in C to the morphism F(f) : F(X) — F(Y) in D such that
it preserves both the composition rule and the identity morphisms in each category; that is, for

morphisms f: X =Y, ¢g:Y — Zin(C, we have that

F(goc f)=F(g) op F(f) (2.30)
and, for all X € Ob(C), we have that

F(lx) = 1rx) (2.31)

We list some examples of functors below.

e the functor Group — Set, which associates to each group G its underlying set and to each group

homomorphism the underlying set map.

e the functor Set — Vectg, which associates to each set the vector space spanned by the elements
of the set, and, for a given set map, the associated linear map is the one that is given by extending

linearly on the elements of the set.
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Finally, a functor F : C — D is said to be full if for every X,Y € Ob(D), the function
Fx.y : Home(X,Y) — Homp(F(X), F(Y)) (2.32)

is surjective. For example, given a subcategory D of a category C, the inclusion functor D < C is full.

2.6 General Topology

To finish this chapter, we need to define some concepts from general topology — also known as point
set topology — that will be used in Chapter 9. General topology provides an abstract mathematical
framework for studying the properties of a wide range of mathematical structures. The mathematical
structures in general topology are the so-called topological spaces, namely, sets containing a family of
subsets that satisfy some nice properties, together with the so-called continuous functions, which are
the structure-preserving maps between topological spaces. The family of subsets that is chosen for a
set is called a topology, and a set can have different topologies assigned to it. In this way the notion of
a continuous function depends on the topology that is assigned to the domain and the codomain of
the function. Our treatment is only an overview of the main ideas and results: we will mostly state
them without proof and so we refer the reader to any standard reference, such as Bourbaki (1995) or

Munkres (2018), for more details.
We define the first key concept of general topology. A topology on a set X is a family of subsets x
of X such that

1. Both the empty set and X are elements of 7x;

2. Any union of elements of 7x is an element of 7x;

3. Any intersection of finitely many elements of 7x is an element of 7x.
We call a set X together with a topology 7x on X a topological space, written as a pair (X, 7x). When
the topology of a topological space (X, 7x) is understood, we often just refer to the topological space
as X. We sometimes call the elements of X points. We call the elements of 7x the open sets of (X, 7x).

A subset of (X, 7x) is said to be closed if its complement is an open set. Note that by changing the

topology that is associated with a set, the definition of the open sets typically changes.
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We said that the maps of interest between topological spaces are the continuous functions, which
are defined as follows. A function f : (X,7x) — (Y, 7v) between topological spaces is said to be
continuous if f is a function on the underlying sets such that if U is an open set of Y, then its preimage
f~1(U) is an open set of X. One can show using this definition that f is continuous if and only if the
preimage of a closed set in Y is a closed set in X. The continuous functions are important because

they preserve certain properties of topological spaces, many of which will be defined in what follows.

One useful notion that helps to define topologies on sets is that of a base, or sometimes basis. A base
B for a topological space (X, 7x) is a collection of open sets in 7x such that every open set can be

written as a union of elements in B. We say that B generates the topology 7x.

An important class of topological spaces are metric spaces, which come with a notion of distance
between any pair of points in the set. A metric spaceis aset X together with a functiondyx : X x X — R,

called a metric, such that the following axioms hold:

1. dx(z,y) > 0forall z,y € X and dx(z,y) = 0if and only if z = y;

2. dx(x,y) =dx(y,z) forall z,y € X;

3. dx(x,y) <dx(z,z) +dx(z,y) forall z,y,z € X.
A metric space is often denoted by the pair (X, dx) or simply by X when the metric dx is understood.
Some of the most important sets in a metric space are the open balls. For any point = in a metric
space (X, dx) and for any real number ¢ > 0, the open ball of radius € around =z, written B(x,¢), is
defined to be the set {y € X | dx(z,y) < e}. When a metric space is given a topology that is induced
by the metric, known as the metric topology, then the metric space together with the metric topology

becomes a topological space. The metric topology is generated by the base that is given by all of the
open balls that are defined by the metric.

A particularly important class of metric spaces are the normed vector spaces, which are commonly
referred to simply as normed spaces. To define them, we first need to define the concept of a norm on
a vector space. A norm on a complex vector space X is a function ||-|| : X — R such that

1. ||z|| > O for all z € X and if ||z|| = 0 then 2 = 0;

2. [[Az|| < |Al||lyll forall z € X and A € C;

3. ||z +yll < llzfl + llyll for all z, y € X;
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If X is an algebra, then a norm on X must also satisfy the submultiplicativity axiom, namely
4. |lzyll < ll=[llyll for all z,y € X

A normed space is a complex vector space (or algebra) X that is equipped with a norm |[-|| : X — R.

Normed spaces X become metric spaces under the metric that is induced by the norm, namely

dx(x,y) = ||z —y|| forallz,y € X (2.33)

In particular, one can show that dy satisfies the axioms of a metric on X.

One nice property for a topological space to have is the Hausdorff property. The Hausdorff property
defines a notion of separation between points in a topological space that will be particularly useful
when we consider limits of sequences below. To define the Hausdorff property, we first need the
definition of a neighbourhood. A neighbourhood of a point p in a topological space (X, 7x ) is a subset
V of X such that V contains an open set U that contains p, thatis, p € U C V C X. Note that V' does
not necessarily need to be an open set itself. We say that a topological space (X, 7x) is Hausdorff if,
for any two distinct points z,y € X, there exists a neighbourhood V of z and a neighbourhood W
of y such that V and W are disjoint. In particular, one can show that every metric space (X, dx) is

Hausdorff.

We now look at the closure of a set in a topological space (X, 7x). Every subset V of a topological
space (X, 7x) has a closure which is denoted by V': it is the intersection of all closed sets in (X, 7x) that
contain V. This definition is not particularly helpful, so to make it more useful we need the following
definition of a limit point. For a subset V' of a topological space (X, 7x ), a limit point of V' is a point
z € X such that every neighbourhood of = contains a point of V' that is not z. One can then show that
the closure of V is the union of V' and the set containing all limit points of V. We say that a subset V/
of a topological space (X, 7x) is dense in X if its closure is X, that is, V = X. Moreover, one can show
that the closure of a closed set is the set itself. Hence if V is dense in X and V is closed, then V = X.

All of these definitions apply immediately in the case where X is a metric space.

We continue now with metric spaces and consider sequences of points in a metric space. A sequence
(xp) in a metric space (X, dx) is said to be Cauchy if for all € > 0, there exists a positive integer N
such that for all m,n > N, dx(zp,z,) < €. A sequence (z,) in a metric space (X, dx) is said to
converge to a limit z € X if for all ¢ > 0, there exists a positive integer N such that for all n > N,

dx (24, ) < e. In particular, one can show that if a sequence converges in a metric space, then the
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limit must be unique. This is a direct consequence of a metric space being Hausdorff. Moreover,
continuous functions preserve the convergence of sequences, in thatif f : (X,dx) — (Y,dy) is a
continuous function between metric spaces and (z,,) is a sequence that converges to = € X, then the
sequence (f(z,)) inY converges to f(x) € Y. Particularly nice metric spaces are those that are said
to be complete: a metric space (X, dx) is complete if every Cauchy sequence in (X, dy) converges.
In particular, a normed space that is complete with the metric induced by the norm is known as a
Banach algebra, which is the starting point for the material that appears in Chapter 9. One further

useful result is that a subset of a complete metric space is complete if and only if it is closed.

A notable point is that closed sets have an alternative characterisation when X is a metric space.
Firstly, note that if (x,,) is a sequence that lives in a subset V of X that converges, then its limit z is not
necessarily in V' (but it is in X'). However, one can show that a subset V of a metric space (X, dx) is

closed if and only if every sequence (x,,) in V converges to a limitin V.

We said that complete metric spaces are particularly nice: they allow us to solve problems iteratively
using Cauchy sequences, since we know that they have a limit. However, even if a metric space is
incomplete, one can create a complete metric space from it in a process known as completion. We first

need the following definition. A map i : (X,dx) — (Y, dy) is said to be an isometry if it satisfies

dy (i(21),i(w2)) = dx (71, z2) (2.34)

for all 1,22 € X. A surjective isometry between metric spaces is called an isomorphism of metric
spaces or simply an isomorphism. Hence, we have that a metric space (X, d ) is called the completion

of a metric space (X, dx) if the following conditions are satisfied:

e there is an isometry i : X — X

e the image i(X) is dense in X, and

e the space (X, dy) is complete.

In fact, one can show that every metric space has a unique completion, up to isomorphism. In particular,

every incomplete metric space can be completed.

One of the most important concepts in general topology is compactness, which is a notion of finiteness
for topological spaces. In general topology, compact topological spaces play an analogous role to

finite dimensional vector spaces in the theory of vector spaces or to finite sets in the theory of sets.
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The motivation for compactness of a topological space X comes from wanting to understand the
conditions that X needs to satisfy such that any continuous map f : X — C is bounded. Recall that a
function f : X — C is bounded if there exists a non-negative real number M such that | f(z)| < M for

all z € X.

One way in which a continuous function f : X — C will be bounded is if it is bounded on a finite
number of subsets of X whose union is X itself. This provides sufficient motivation for the following
definitions. If (X, 7x) is a topological space, then a cover of X is a family (U;);cr of subsets of X such
that | J,.; U; = X. The cover is finite if the indexing set I is finite, and the cover is open if U; is open
for each i € 1. If (U;)ics is a cover of X, then we say that (U;) e is a subcover of (U;)er if J C I and
(Uj)jes isitself a cover of X. Consequently, a topological space (X, 7x) is compact if every open cover
of X has a finite subcover. Hence, every continuous function f : X — C on a compact topological
space X is bounded. We will study C(X), the space of continuous functions f : X — C, in the case
where X is a compact Hausdorff space in Chapter 9. It is also worth noting that every finite topological

space is compact since any open cover must already be finite.

One can also show that every closed subspace of a compact space is compact, where the subspace
is given the subspace topology: if V is a subspace of a topological space (X, 7x), then the subspace
topology 7y on V' is defined by {UNV | U € 7x}. Although it is not true that every compact subspace
of a compact space is closed, we do have that every compact subspace of a Hausdorff space is closed.
Moreover, if (X, 7x) is compact and f : (X,7x) — (Y, 7y) is a continuous function, then f(X) is
compact. And if (X, 7x) is compact and f : X — C is a continuous function, then f(X) is bounded.
For metric spaces (X, dy), one can show that compactness is equivalent to sequential compactness,
which means that every sequence in X has a convergent subsequence. Furthermore, if the metric
space is a Euclidean space, say R" or C", then one can show that a subspace of a Euclidean space is

compact if and only if that subspace is closed and bounded.

Some of the most important compact topological spaces that we will consider are compact groups.
Firstly, a topological group is a topological space (G, 7¢) that has a group structure defined on it such

that the group operations of multiplication and inversion
(g.h) > gh, g+ g ! (2.35)

are both continuous functions. A topological group is called a compact group if the underlying

topological space is compact. Note that we always choose our topological groups to be Hausdorff,
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and so this property is always assumed when we refer to a topological group. Note also that, in the
theory of topological groups, a subgroup of a topological group is always assumed to be closed. In

particular, a closed subgroup of a compact group is a compact group.

Two of the most important compact groups that we will consider are matrix groups that were defined
in Section 2.1: the orthogonal group O(n) and the special orthogonal group SO(n), expressed in the
standard basis B that was defined in (2.1). To show that O(n) is compact, it is enough to show that it
is closed and bounded, since O(n) is a subset of the Euclidean space R"*". Given that one can show
that singleton sets in a metric space are closed and that polynomials are continuous functions, O(n) is
closed since it is the preimage of the singleton set {I} under the continuous map f : R™*" — R"*"
that is given by M +— M T M. O(n) is bounded since the Euclidean norm of an orthogonal n x n matrix
is \/n. Moreover, SO(n) is closed in O(n) since the determinant function is polynomial in the entries
of the matrix. Hence SO(n) is compact. Moreover, the symmetric group S,,, and for that matter, any

finite group, is compact.



Chapter 3

Partition Algebra and the Symmetric
Group

The most natural class of group equivariant neural networks to consider first are those that are
equivariant to the symmetric group S, since a large number of machine learning tasks use data that
has an underlying permutation symmetry. The use cases for permutation equivariant neural networks
range from standard examples such as learning from sets (Qi et al., 2017; Zaheer et al., 2017) and
graphs (Maron et al., 2019a; Thiede et al., 2020; Morris et al., 2022) through to predicting dynamics of
objects (Guttenberg et al., 2016), modelling composition in natural language (Gordon et al., 2020), and

even in designing auctions that maximise expected revenues in economics (Rahme et al., 2021).

Existing work on permutation equivariant neural networks has focused on two main areas: designing
networks that encode permutation symmetries for specific tasks, and creating more general permu-
tation equivariant functions that can be used to perform learning. For the former, Qi et al. (2017)
constructed a permutation equivariant neural network to learn from point clouds. Zaheer et al. (2017)
developed a permutation equivariant neural network to learn from sets of data. Hartford et al. (2018)
modelled interactions between sets of elements using a permutation equivariant neural network. For
the latter, Ravanbakhsh et al. (2017) generalised the contribution of Zaheer et al. (2017) by showing that
a parameter sharing scheme can be used to establish, amongst other discrete symmetries, permutation
equivariance for linear functions between two different sets of indices. Hy et al. (2019) considered
higher-order relations between sets of indices instead, namely tensor power spaces of R", and showed
that a number of operations on these spaces are permutation equivariant. Maron et al. (2019a) then
studied the problem of classifying all of the linear permutation equivariant and invariant neural
network layer functions on tensor power spaces of R”, with their motivation coming from learning

relations between the nodes of graphs. They characterised all of the learnable, linear, permutation

33
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equivariant layer functions from a k-order tensor power space of R" to an l-order tensor power space
of R™ in the practical cases (specifically, when n > k + [). Their method used equalities involving
Kronecker products to obtain a number of fixed point equations which they then solved to find a
basis, in tensor form, for the layer functions under consideration. Pan and Kondor (2022) went on
to establish a method for organising the computation of the layer functions that appeared in Maron
et al. (2019a). Finzi et al. (2021) developed a numerical algorithm to calculate the weight matrices for

permutation and other group equivariant neural networks for small values of n, k and I.

In this chapter, we show that an entirely different approach from the one that appears in Maron et al.
(2019a) can be used to obtain a full characterisation of all of the possible permutation equivariant
weight matrices that appear between any two tensor power spaces of R". The starting point for our
approach is Schur-Weyl duality between the symmetric group and the partition algebra, a result
that commonly appears in the algebraic combinatorics and representation theory literature (Martin,
1990, 1994, 1996; Jones, 1994; Halverson and Ram, 2005; Benkart et al., 2017; Benkart and Halverson,
2019a,b). We describe this Schur-Weyl duality in more detail in the next section. Duality itself appears
in many areas of mathematics and physics as a concept for understanding one object through two
different viewpoints (Atiyah, 2007). We show that the weight matrices, which have permutation
symmetry — the first viewpoint — can be obtained analytically through a so-called partition vector
space consisting of combinatorial diagrams that partition sets into disjoint subsets — the second

viewpoint.
The content of this chapter is modelled on the paper:

Edward Pearce-Crump. (2024) Connecting Permutation Equivariant Neural Networks and Partition
Diagrams. Proceedings of the 27th European Conference on Artificial Intelligence (ECAI 2024), IOS Press
Ebooks 392:1511-1518. [Live Oral]

3.1 Schur-Weyl Duality

At the very beginning of this thesis, we introduced Schur-Weyl duality between the general linear
group GL(n) and the symmetric group Sy, which was discovered by Schur (1927). This Schur-Weyl
duality describes the irreducible representations of the general linear group GL(n) in terms of integer
partitions that index the irreducible representations of the symmetric group Sj through dual actions

of GL(n) and S}, on the tensor power space (R")%*,
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However, the Schur-Weyl duality that is the focus of this chapter is the one that exists between the
symmetric group S, and the partition algebra Pf(n) that was simultaneously found by Martin (1990,
1994, 1996) and Jones (1994). Before stating what this Schur-Weyl duality is, we need to define the

partition algebra. To do this, we require the following two definitions.

Definition 3.1. A set partition 7 of [2k] is a partition of the set [2k] into a number of disjoint subsets.

We call the subsets of 7 blocks.

Definition 3.2. We define a diagram d,. from each set partition 7 of [2k] that has two rows of vertices

and edges between vertices such that there are

1. k white vertices on the top row, labelled left to right by 1, ...,k
2. k white vertices on the bottom row, labelled left to right by k + 1,..., 2k, and

3. the edges between the vertices correspond to the connected components of the set partition

that indexes the diagram.

Example 3.3. If 7 is the set partition of [20] given by
mo={1]2,11]3,13,15,17,19| 45,12 6,9,14,18,| 7| 8,10,20 | 16} (3.1)

then the diagram d is

(3.2)

Consequently, we have that

Definition 3.4. The partition algebra P (n) is the R-linear span of the set of diagrams d,. indexed by

all of the set partitions 7 of [2k] (together with an algebra product that we omit for brevity).

Similar to Schur’s 1927 version, Schur-Weyl duality between the symmetric group .S, and the partition
algebra P}(n) describes a one-to-one correspondence between the irreducibles of the symmetric group
S,, and the irreducibles of the partition algebra P (n) that appear in the decomposition of the tensor
power space (R™)®*, namely

R = P S)e 2z, (3.3)
AeA(n)
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Here, A(n) is the set of all integer partitions of n, S;) is an irreducible of the symmetric group S,, and

7} is an irreducible of the partition algebra P (n).

This Schur-Weyl duality was obtained by Jones (1994) through a surjective map from the partition
algebra PF(n) onto Endg, ((R")®*). We describe this map in what follows as we adapt it, and hence
Schur-Weyl duality, to characterise all of the possible weight matrices that can appear in permutation

equivariant neural networks where the layers are some tensor power of R".

3.2 Characterisation of Permutation Equivariant Linear Layer Functions

We consider group equivariant neural networks of the form defined in Section 2.3 where the group
G(n) = S,,. We refer to them as permutation equivariant neural networks in what follows. Recall
from Section 2.2 that, since S,, can be viewed as a subgroup of GL(n) having chosen the standard basis
of R, the representation pj, for a given element o € S, maps a standard basis element of (R")®* of
the form

er i =ej; ®ep @ D ey, (3.4)

for all I := (iy,ia,...,i) € [n]F to
€o(1) = Ca(ir) ® Co(in) @+ © €o(iy) (3.5)

Our goal is to calculate all of the weight matrices that can appear between any two layers of the
permutation equivariant neural networks in question. It is enough to construct a basis of matrices
for Homg, ((R")®*, (R™)®!), by viewing it as a subspace of Hom((R™")®* (R")®!) and choosing the
standard basis of R", since any weight matrix will be a weighted linear combination of these basis

matrices.

To construct such a basis, we begin by introducing the following vector spaces that are adapted from

the definition of the partition algebra that was given in Section 3.1.

3.2.1 The Partition Vector Space, P!(n)

Instead of considering the set [2k], we now look at the set [l + k|. As before, we can create a set partition

of [l + k] by partitioning it into a number of disjoint subsets, which we also call blocks. Let IT;;j, be the
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set of all set partitions of [l + k]. It will also be useful to define the set II; , ,,, which is the subset of

I+ consisting of all set partitions of [l + k] having at most n blocks.

As the number of set partitions in II;; having exactly ¢ blocks is the Stirling number of the second
kind {“* 1, we see that the number of elements in IT; 4 is equal to B(l + k), the (I + k)" Bell number,

and that the number of elements in IT; 1, ,, is therefore equal to

")+ E
> =B(l +k,n) (3.6)
t=1 t
the n-restricted (I 4 k) Bell number.
Example 3.5. If | = 4 and k = 5, then
m=1{1,2,5,7]3,4,8|6]9} (3.7)

is a set partition in IT,; 5 with 4 blocks. Hence 7 € Iy 5, for all n > 4.

Similar to the partition algebra, we can form a vector space from the R-linear span of a set of diagrams
dr, except this time they are indexed by the elements 7 of II; ;.. Each diagram d. in the set has two

rows of vertices and edges between vertices, except now there are

1. ! white vertices on the top row, labelled left to right by 1,...,1
2. k white vertices on the bottom row, labelled left to right by I +1,...,l + k, and

3. the edges between the vertices correspond to the connected components of the set partition 7

that indexes the diagram.

As a result, d, represents the equivalence class of all diagrams with connected components equal
to the blocks of m. We call this vector space the partition vector space, and denote it by P! (n). By

construction, it has dimension B(I + k). We call the basis described here the diagram basis.

Example 3.6. Continuing on from Example 3.5, we see that the diagram d,; corresponding to the set

partition 7 given in (3.7) is

(3.8)
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Remark 3.7. It is clear that if we set [ = k, then we obtain the partition algebra Pf(n) that was given in

Definition 3.4.

3.2.2 The Orbit Basis of P!(n)

We can construct another basis of P} (n) that we will use in what follows to obtain the basis of matrices

for Homg, ((R™)®k, (R™)®!),

First, we define a partial ordering on the set partitions in IT;; ;, denoted by <, which states that, for all
71, mo € 4k, m1 < 7o if every block of 7; is contained in a block of 7. Then we can define a set of
elements in P,i(n) that are indexed by the set partitions in II;,x, Bo = {2, | 7 € II; 11}, with respect

to the diagram basis as

dy = Z Ty (3.9)

=<6
To see why the set By forms a basis of P,i(n), first, we form an ordered set of set partitions of II;
by ordering the set partitions by the number of blocks that they have from smallest to largest, with
any arbitrary ordering allowed for a pair of set partitions that have the same number of blocks. Call
this set S;;. Then, because the square matrix that maps elements of the diagram basis to linear
combinations of the set Bop — whose rows and columns are indexed (in order) by the ordered set
Si+r — is unitriangular by (3.9), it is therefore invertible, and so we get that By forms a basis of P,i(n)

We call Bo the orbit basis of P (n).

We draw elements of the orbit basis with black vertices, whereas we draw elements of the diagram

basis with white vertices.

Example 3.8. The orbit basis of P} (n) consists of the two elements

1 1

and || (3.10)
(]
2 2

Hence, for some values of A1, \s € R, any element of P(n) can be expressed as

,\13 gl (3.11)
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For more details on the orbit basis, specifically for how to express an orbit basis element as a linear

combination of diagram basis elements, see Benkart and Halverson (2019a,b).

3.2.3 P!(n) and a Basis of Homg, ((R")®* (R")®!)

In this section, we show how the weight matrices that appear in the permutation equivariant neural
networks in question are related to the partition vector space P} (n), namely by establishing a bijective
correspondence between a basis of matrices for the vector space of S,-equivariant linear maps from
(R™)®k to (R™)®!, expressed in the standard basis of R", and certain orbit basis diagrams that appear

in Pi(n).
We begin by establishing the following bijective correspondence.

Proposition 3.9. The basis elements of Homg, ((R™)®* (R™)®) are in bijective correspondence with the orbits

coming from the action of S,, on the (I + k)-fold Cartesian product set [n]'**.

Proof. As a result of choosing the standard basis for each copy of R" that appears in the vector space

of all linear maps from (R™)®* to (R")®!, this vector space has a standard basis of matrix units

{Er} remp, sem (3.12)

where E7 ; has a 1 in the (I, J) position and is 0 elsewhere.

Hence, for any standard basis element ep € (R”)@’k, we see that
Erjep =djper (3.13)

and so, for any linear map f : (R")®* — (R")®!, expressing f in the basis of matrix units as

f= Z Z 1B (3.14)

Ien])! Je[n]k
we get that
flep)= > frper (3.15)
I€[n]!

Consequently, given that Homg, ((R")®*, (R")®!) is a subspace of Hom((R")®*, (R")®!), we have that
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f is an S,,-equivariant linear map if and only if, for all o € S,, and standard basis vectors e; € (R™)®¥,

f(p(o)les]) = pi(o)[f (e)] (3.16)
(3.16) holds if and only if
S frowmer= Y friesm (3.17)
€]’ €]’
which is true if and only if
Jono() = f1.0 (3.18)

forallo € S, I € [n]' and J € [n]*.

Therefore, concatenating the pair I € [n]',J € [n]* into a single element (I, J) € [n]'**, (3.18) tells
us that the basis elements of Homg, ((R")®*, (R")®!) are in bijective correspondence with the orbits

coming from the action of S,, on [n]'**, where o € S,, acts on the pair (I, J) by
o(l,J) = (a(I),0(J])) (3.19)

However, since S,, acts on [n] transitively, we get that the action of S,, on [n]!** gives a set of orbits
that completely partition the set [n]!™*. O
We now show how the orbits relate to the partition vector space P} (n).

Proposition 3.10. The orbits that come from the action of Sy, on [n]!** are in bijective correspondence with the

orbit basis diagrams x. of PL(n) that have at most n blocks.

I+k

Proof. Consider an orbit coming from the action of .S,, on [n]"*". We can define the bijection in question

on a class representative (I, J) of the orbit as follows.

Replacing momentarily the elements of J by i, = j, for all p € [k], so that

(I7J):(i17i27"'ai17j17j27"'ajk’) (320)

= (ilai27' "ailvil+lail+27"'il+k) (321)
then, for indices z, y € [l + k|, we define the bijection by

ig =1y <= x,y are in the same block of (3.22)
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We see that the left hand side of (3.22) is checking for an equality on the elements of [n], whereas the
right hand side is separating the elements of [l + k| into blocks, hence there must be at most n such

blocks.

Moreover, the bijection given in (3.22) is independent of the choice of class representative, since
ip =1y <= 0(iy) =0(iy) forallo € S, (3.23)
This gives us the desired result. O

Combining Propositions 3.9 and 3.10, we obtain the following key result.

Theorem 3.11. For all non-negative integers l, k and positive integers n, the basis elements of the vector space
Homyg, ((R™)®*, (R™)®!) are in bijective correspondence with the orbit basis diagrams x in P} (n) having at
most n blocks, and so

dim Homg, ((R™)®*, (R™)®!) = B(I + k,n) (3.24)

where B(1 + k, n) is the n-restricted (I + k)" Bell number.

Example 3.12. Suppose that [ = k = 1, and let n = 4. It is clear from (3.19) that the action of S; on [4]!*!
partitions the set into precisely two orbits. From (3.23), it is sufficient to choose (1, 1) to be the class
representative of the first orbit and (1, 2) to be the class representative of the second orbit. (3.22) tells
us that the set partition corresponding to the first orbit must be 7; := {1, 2} whereas the set partition
corresponding to the second orbit must be 7, := {1 | 2}. The orbit basis diagrams that correspond
to m and o first appeared in Example 3.8. By Theorem 3.11, the basis matrices for the space of
Ss-equivariant linear maps from R* to R* correspond bijectively with these orbit basis diagrams, hence

there are two of them. We show how to calculate the basis matrices in Example 3.20.

3.24 Permutation Equivariant Weight Matrices

We can go further than Theorem 3.11 and obtain the basis matrices of Homg, ((R")®*, (R")®!) them-
selves from the orbit basis diagrams in P}(n) having at most n blocks. In doing so, we show how
to construct all of the weight matrices that can appear between any two tensor power layers of the

permutation equivariant neural networks in question.

To obtain the basis matrices, we first need to define a procedure for labelling the blocks of an orbit

basis diagram z in P} (n) having at most n blocks.
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Definition 3.13. Let z,; be an orbit basis diagram in P! (n) having at most n blocks. Denote the number

of blocks in z by ¢.

We obtain a block labelling for z, by letting B; be the block that contains the number 1 € [l + k|, and
iteratively letting B;, for 1 < j < ¢, be the block that contains the smallest number in [/ + k] that is not
inBluBQU"'UBj_l.

We can represent the block labelling for z in two equivalent forms. The first form is an (I + k)-length
tuple (I, J;) with elements in [n], where the length of I is [, the length of .J; is k, and the pth entry
is the label of the block that contains vertex p. The second form is a diagram which is obtained by
relabelling each vertex in the orbit basis diagram z, with the label of the block containing that vertex.
We will see that this particular form is very useful in what follows as it highlights the structure of the

blocks and their labels in the block labelling for z.

Example 3.14. Suppose that we have the orbit basis diagram =,

,,,,,,,,,,,,,,, L2
(3.25)
,,,,,,,,,,,,,, e & o
34 5 6 T8
corresponding to the set partition
7={1,3]2,4]5|7]6,8} (3.26)

Here | = 2 and k = 6. Suppose that n = 5. Then the blocks of x are labelled, in left-to-right order, as
By, By, B3, Bs, By. Hence, the block labelling for z is

(Ir,Jrz) =(1,2,1,2,3,4,5,4) (3.27)

an element of [5]2%%, or, in diagram form,

(3.28)

We see how the blocks and their labels have been made clear by using the diagram form of the block

labelling for .
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The diagram form of the block labelling is very nice for another reason: we can easily construct a
matrix unit in the vector space of all linear maps from (R™)®* to (R")®') from it. This matrix unit is
simply Ey_ s, where I is the top row of the diagram form of the block labelling and J;. is the bottom

row of the diagram form of the block labelling.

Moreover, by acting on the block labelling (I, J) with S,,, we obtain an orbit for the S,, action on
[n]"** with (I, J,) as the class representative. Denote this orbit by O((I., J)). The beauty of the
diagram form for the block labelling is that it shows explicitly how all of the elements (Z, J) in this

orbit are precisely all of the possible labellings of the blocks of z.! Hence, we have that

Proposition 3.15. O((I, J:)) is equal to
{(I, J) € n)"™* | i, =i, ifand only if x, y are in the same block of } (3.29)

Example 3.16. Continuing on from Example 3.14, the matrix unit that we obtain from the diagram form

of the block labelling given in (3.28) is E(; 9j1,2,3,4,5,4)- Moreover, we see that

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

(3.30)

is in the orbit of (3.28) as a result of relabelling the blocks of (3.25), or, more formally, by applying
the permutation (12)(345) in S5 to the block labels of (3.28). In particular, we obtain the matrix unit

E(2,112,1,4,5,3,5) from (3.30), which is a linear map from (R?)®6 to (R?)®2,

The reason for defining the block labelling of an orbit basis diagram z, having at most n blocks in
P!(n) is that we can use it to construct a basis element of Homg, ((R")®*, (R")®') as follows: obtaining
all of the elements (1, J) that appear in O((I,, J;)), and noting that we can form the matrix unit E; ;

from each element, we can define X to be

X, = > Ery (3.31)
(1N)EO((Ix, =)

We see that X, is a basis element of Homg, ((R")®*, (R")®!) by (3.18).

Put simply, to obtain a basis element X, of Homg, ((R")®* (R")®!), we have added together the

matrix units that come from all of the possible labellings of the blocks of x.
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Consequently, we can define the following linear map to make clear the connection between the
partition vector space P! (n) and all of the weight matrices that can appear in a permutation equivariant

neural network between the layers (R")®* and (R™)®'.

Definition 3.17. For all non-negative integers [, k and positive integers n, we define a surjective map
I}, : Pi(n) — Homg, (R™)®*, (R™)®) (3.32)
on the orbit basis of P,i(n) as follows, and extend linearly:

X, if 7 has n or fewer blocks
I} (@) = (3.33)

0 if 7 has more than n blocks

In the case where k& = [, (3.32) is the map that Jones (1994) used to obtain Schur-Weyl duality between
the symmetric group and the partition algebra. Hence we have adapted Schur-Weyl duality to
characterise the weight matrices that appear in any permutation equivariant neural network where

the layers are some tensor power of R”.

We summarise our results with the following two theorems.

Theorem 3.18. For all non-negative integers l, k and positive integers n, we have that
{Xx | 7 is a set partition of [l + k] having at most n blocks } (3.34)

is a basis of Homg, ((R™)®k (R™)%1),

Theorem 3.19 (Permutation Equivariant Weight Matrices). For all non-negative integers I, k and positive
integers n, the weight matrix W that appears in an S,-equivariant linear layer function from (R™)®* to (R™)%!
must be of the form

W= > M\X (3.35)

el g n

for B(l + k,n) many weights A € R.

3.2.5 A Note on the Relationship between n, k and [

In classifying the weight matrices that can appear in permutation equivariant neural networks, it is

important to note that there is a relationship between n, k and [. In particular, the number of weights
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in the weight matrix can depend on n.

If n > | + k, we see that the map ', is an isomorphism of vector spaces. This is because an orbit basis
diagram in P,i (n) can have at most [ + & blocks, and so, in this case, there are no orbit basis diagrams
with more than n blocks. Consequently, the number of weights in the weight matrix does not depend

on n.

However, if n < [ + k, then the map Fﬁm is not an isomorphism of vector spaces. Indeed, in this case,
the kernel of this map is non-trivial, of dimension B(l + k) — B(l + k, n), since it is the R-linear span of
the orbit basis diagrams in P/ (n) having more than n blocks. Consequently, the number of weights in

the weight matrix does depend on n.

This improves upon the result that appears in Maron et al. (2019a). Although this relationship was
first mentioned in the Appendix of Finzi et al. (2021), we wish to highlight this point here because a
number of papers that we have read in the machine learning literature on this topic assume that the
number of weights in the weight matrix is independent of n in all cases. This becomes more important
when [, k are large and n is small, since the dimension of the kernel becomes very large relative to
the actual number of weights in the weight matrix. For more information on the kernel of T}, see

Benkart and Halverson (2019a).

3.2.6 General Procedure and Examples

In the teal-coloured box, we provide a general procedure for how to calculate the weight matrix
that appears in a permutation equivariant neural network from the layer space (R")®* to the layer
space (R")®! so that our results will be accessible to the general machine learning practitioner. In the
blue-coloured box, we describe a procedure for how to calculate the (I, J)-entry of each basis matrix
that appears in the overall weight matrix. This method is powerful because each (I, J)-entry of X
can be calculated simply by placing the I indices on the top row of the orbit basis diagram z, and the
J indices on the bottom row of z, and seeing whether the blocks of the diagram are consistently and

distinctly labelled.

We finish this chapter by giving a number of examples that display the simplicity and power of our
method for calculating the permutation equivariant weight matrix between any two tensor power

spaces of R".
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A General Procedure for Calculating the Weight Matrix of an S,,-Equivariant Linear Layer
Function from (R")®* to (R")%..

Perform the following steps:
1. Calculate all of the set partitions 7 of {1, ...,! + k} that have at most n blocks.
2. Express each set partition 7 as an orbit basis diagram z in P}(n).

3. Obtain each basis matrix X, that is associated with its orbit basis diagram z, either by
calculating the orbit O((I, J»)) and adding together the matrix units that are indexed by
the elements in the orbit or by calculating each (I, J)-entry of X, using the procedure
given in the blue-coloured box.

4. Attach a weight \; € R to each matrix X.
5. Finally, calculate > A\ X to give the overall weight matrix.

Consequently, all of the orbit basis diagrams in P}(n) having at most n blocks determine the
weight matrix of an S,,-equivariant linear layer function from (R")®* to (R?)®!.

A Procedure for Calculating the (I, J)-entry of each Permutation Equivariant Basis Matrix
X, from (R")®* to (R")®.,

Assume that x, is an orbit basis diagram in P} (n) having at most n blocks.

Perform the following steps:
1. Place the indices I on the top row of z, and the indices J on the bottom row of x.

2. If all of the vertices in each block in z, have been overlaid with the same number, and no
two blocks have had their vertices overlaid with the same number, then the (I, J)-entry
of X is 1, otherwise it is 0.

Example 3.20. Suppose that we would like to find the weight matrix for an S;-equivariant linear layer

function from R* to R%. Note that! = k = 1 and n = 4.

To calculate this weight matrix, we follow the procedure that is given in the teal-coloured box. First,
we need to calculate all of the set partitions of [1 + 1] having at most 4 blocks. They are m = {1, 2}
and m = {1 | 2}. Next, we express each of these set partitions as an orbit basis diagram in P (4).
These diagrams appeared in Example 3.8. Now we apply the map I'{ , to each of these orbit basis
diagrams to obtain the basis matrices X, and X,. Figure 3.1 gives examples of how to calculate the
(I, J)-entries for both of these matrices using the procedure that is given in the blue-coloured box. In
particular, we see that the (1, 1)-entry of X, is 1, since the only block in z, is consistently labelled

(by 1), whereas the (2, 4)-entry of X, is 0, since the only block in z, is inconsistently labelled (2 # 4).
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Figure 3.1: We obtain the two basis matrices whose weighted linear combination gives all of the
possible weight matrices that can appear in an Sj-equivariant neural network from R* to R%. We
obtain these matrices from the orbit basis diagrams in P} (4) that have at most 4 blocks. For each orbit
basis diagram, to calculate the (I, J)-entry of its associated basis matrix, we place the I-tuple on the
top row of the diagram and the J-tuple on the bottom row of the diagram, and see if they consistently
label the diagram’s blocks such that no two blocks have the same label. If the labelling is consistent,
then we put a 1 in the (7, J)-entry of the matrix, otherwise 0.

The procedure is the same for X,. We see that only the diagonal entries of X, are zero since the two

blocks in z, must be distinctly labelled.

Finally, we multiply each matrix by a weight, namely \; and )\, respectively, and then add the two
matrices together to obtain the overall weight matrix. Hence, the weight matrix for an S;-equivariant

linear layer function from R* to R* is of the form

(3.36)

for weights A1, Ay € R.

It is not hard to see that the weight matrix for an S,,-equivariant linear layer function from R” to R" is
an n x n matrix, with the diagonal entries given by the weight \; and the off-diagonal entries given

by the weight \o.

Example 3.21. Continuing on from Example 3.14, we see that the (1,2 | 1,2, 3,4, 5, 4)-entry of the weight
matrix for an Ss-equivariant linear layer function from (R°)®% to (R®)®2 will be \., a parameter that

corresponds to the set partition 7 given in (3.26).

This is because the diagram given in (3.28), where the orbit basis diagram corresponding to 7 has had

the top row overlaid with the indices of I = (1,2) and the bottom row overlaid with the indices of
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J=1(1,2,3,4,5,4), satisfies condition 2 of the blue-coloured box, namely that the indices consistently

and distinctly label the blocks of z.

Moreover, referring back to Example 3.16, we see that the (2,1 | 2,1,4, 5, 3, 5)-entry of the same weight
matrix will also be A, since this is related to (1,2 | 1,2, 3,4, 5,4) by the permutation (12)(345) in S.

Example 3.22. We now give an example where the number of weights in a permutation equivariant
weight matrix is not the full Bell number B(l + k). Suppose that we would like to find the weight
matrix for an Sy-equivariant linear layer function from (R?)®? to (R?)®2. In this case, | = k = 2 and

n=2.

To calculate this weight matrix, we again follow the procedure that is given in the teal-coloured box.
We first need to calculate all of the set partitions of [2+ 2] having at most 2 blocks. There are B(4,2) = 8
of them, and they are shown in the left hand column of Figure 3.2. Note, in particular, that there are
not B(4) = 15 of them, which implies that the map I' , has a kernel. This is what we expected, since

n#l+k.

Next, we apply the map I's , to each of the eight orbit basis diagrams to obtain eight basis matrices
X1y .., Xrg. These matrices are also given in Figure 3.2. We multiply each matrix X, by a weight \;,

and then finally add them all together.

Hence, the weight matrix for an Sp-equivariant linear layer function from (R?)®? to (R?)®? is of the

form

L1|A1 A3 | A2 Ag
12|15 Ag | A7 M\
21(A4 A7 | A As
22X A2 | A3 A

(3.37)

for weights A1,...,\s € R.
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Orbit Basis Element Set Partition Block Labelling Basis Matrix
Tr p (I | Jx) X
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Figure 3.2: The calculations of the eight basis matrices from the subset of orbit basis elements in P3(2)

that determine the weight matrix for an Sz-equivariant linear layer function from (R?)%? to (R?)®2.
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Jellyfish and the Alternating Group

The most natural group to consider after the symmetric group S, is the alternating group A,,. The
alternating group is an index two subgroup of the symmetric group that contains only the even
permutations. Alternating group symmetry has proven to be particularly useful when learning from
spherical image data that has been discretely represented on an icosahedron (Zhang et al., 2019); in
constructing convolutional neural networks on an icosahedron (Cohen et al., 2019b); and in estimating

polynomials that are invariant to the action of the alternating group (Kicki et al., 2020).

Similar to the previous chapter, we obtain a full characterisation of all of the possible alternating
group equivariant weight matrices that appear between any two tensor power spaces of R™. As in
the symmetric group case, we find a basis of matrices for the linear layer functions between any two
tensor power spaces, having chosen the standard basis of R", except they are now equivariant to the
alternating group A,,. Our approach is similar to the one that we presented in the previous chapter, in
that we look to relate orbit basis diagrams in the partition vector space P} (n) having at most n blocks to
alternating group equivariant linear maps from (R")®* to (R")®! by considering orbits that come from
the action of the alternating group A,, on [n]'**. However, since the group is now a subgroup of the
symmetric group S, the relationship between orbit basis diagrams and equivariant linear maps is not
necessarily one-to-one. To establish the true relationship between them, we use a concept that was first
introduced by Comes (2020), namely, so-called jellyfish. In showing how their results can be applied
for the purpose of learning from data that has an underlying alternating group symmetry, we simplify

their approach and provide proofs that are more accessible to the machine learning community.
The content of this chapter is modelled on the paper:

Edward Pearce-Crump. (2023b) How Jellyfish Characterise Alternating Group Equivariant Neural
Networks. Proceedings of the 40th International Conference on Machine Learning (ICML 2023), PMLR
202:27483-27495. [Poster]
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4.1 Characterisation of Alternating Group Equivariant Linear Layer

Functions

Recall from Section 2.2 that (R")®* is a representation of A,,, where the representation for a given
element o € A, maps a standard basis element e; in (R")® to e,(;) in (R")®* and is extended linearly,

asin (2.17).

We begin with the following proposition which says that, by restricting to the alternating group, the

bijective correspondence between equivariant basis matrices and orbits has not changed.

Proposition 4.1. The basis elements of Hom 4, ((R™)®F, (R™)!) are in bijective correspondence with the

orbits coming from the action of A,, on the (I + k)-fold Cartesian product set [n]"**.

Proof. The proof is almost identical to the one for Proposition 3.9, except we replace S,, with 4,,. [

However, what has changed in restricting to the alternating group is that the A,, orbits on [n]!**, and
consequently the basis elements of Hom 4, ((R")®*, (R™)®!), are not necessarily in bijective correspon-
dence with the orbit basis diagrams in P}(n) having at most n blocks. This is because some of the S,
orbits on [n]'** — all of which are in bijective correspondence with the orbit basis diagrams in P/ (n)
having at most n blocks by Proposition 3.10 — become the disjoint union of more than one A,, orbit
on [n]"+*. Consequently, we say that an S,, orbit on [n]!** splits if it is the disjoint union of more than
one A, orbit on [n]'**. Later, we sometimes say that an orbit basis diagram having at most n blocks
splits, with the bijection between S,, orbits on [n]"** and orbit basis diagrams having at most n blocks

being understood. Our first task is to identify which S,, orbits on [n]"** split and which do not.

Proposition 4.2. Let z be a orbit basis diagram in P}.(n) having at most n blocks, and consider its corresponding

Sy, orbit on [n)*k, Og, (I, Jx)).

e If the number of blocks in x is less than or equal to n — 2, then Og, ((I, Jr)) does not split.
* Otherwise, Og,, ((Ir, Jr)) splits into a disjoint union of exactly two A, orbits.
Proof. Consider the case where z; has n blocks. Choose some arbitrary element (I, J,) in the or-

bit Og, ((Ir, Jr)), and consider Stab 4, ((1, J,)), the stabilizer of (I, J,) under the action of 4,,. As

(In, Jo) is a labelling of the blocks for z, this implies that all of the elements in [n] must appear
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in the tuple (I, J,). Therefore, the only element of A,, that fixes the entries of (I, J,) is the iden-
tity element; that is, Staba,, ((1n, Jo)) = {ea, }. Hence, by the Orbit-Stabilizer Theorem, we have
that |04, ((In, Ja))| = %. Since |Og, ((Ir, Jx))| = n! in this case, by another application of the
Orbit-Stabilizer Theorem, and because (1,,.J,) was an arbitary element of Og, ((Ix, Jx)), we see

that Og,, ((Ir, Jr)) splits into a disjoint union of exactly two A,, orbits.

Similarly, for the case where x has n — 1 blocks, we see that Staby,, ((1a, Jo)) = {ea, }, and so, by the

same argument, Og,, ((Ir, Jr)) splits into a disjoint union of exactly two A,, orbits.

Finally, if the number of blocks ¢ in z . is less than or equal to n—2, we have that Stab 4, (1, Jo)) = An—t,
and so, by the Orbit-Stabilizer Theorem, we see that |04, ((1a, Ja))| = |Os, ((Ix, J=))|- Consequently,
Os,, ((Iz, Jx)) does not split. O

Remark 4.3. The case for ¢t < n — 2 in Theorem 4.2 was proven independently in Maron et al. (2019b).

From Proposition 4.2, we immediately obtain the following two theorems.

Theorem 4.4. For all non-negative integers 1, k and positive integers n, if . is an orbit basis diagram in P} (n)
having at most n — 2 blocks, then . corresponds bijectively to a basis element of Hom 4, ((R™)®k_ (R™)®),

Otherwise, x, corresponds to two basis elements of Hom 4, ((R™)®k (R™)®!).

Theorem 4.5. For all non-negative integers l, k and positive integers n, we have that

n—2
I+k I+k I+k
dim Hom 4, (R™)®*, (R")®)) = +2 +2 (4.1)
t=1 t n—1 n

In other words, Theorem 4.4 tells us that, having chosen the standard basis for R”, finding a basis
for Homy, ((R™)®* (R")®!) is very similar to finding a basis for Homg, ((R")®*, (R")®!), since this

amounts once again to considering all of the orbit basis diagrams in P}(n) having at most n blocks.

Indeed, if the number of blocks in an orbit basis diagram z, is at most n — 2, then we see that X as
given in (3.31) is a basis element of Hom, ((R™)®*, (R")®!), since, in this case, the S,, orbit on [n]"**

does not split, by Theorem 4.2.

The question remains as to how to take an orbit basis diagram z, having either n — 1 or n blocks
and use it to obtain the two basis elements of Hom 4, ((R")®*, (R")®!) that it corresponds to. Said
differently, we would like to take such an orbit basis diagram z, and identify the two A,, orbits that

its corresponding S,, orbit on [n)'**, Og, (I, Jx)), splits into.
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4.1.1 Enter: the Jellyfish

Comes (2020) originally came up with the idea of using jellyfish to identify the two A,, orbits; here,
however, our choice of exposition is rather different in that we do not use any category theory to
obtain the important results. In the process, we supply proofs that are more accessible and are easier

to understand than those that were given in their paper.
We begin by defining the following map.

Definition 4.6. For any positive integer n, we define the determinant map
det : (R")®™ = R (4.2)
on the standard basis of (R™)®" by

e =€ Q- Qe — €y ... € (4.3)

n

and extend linearly, where the right hand side of (4.3) is the determinant of an n x n matrix.

It is important to highlight that the determinant map (4.2) is different from the determinant operator on
an n x n matrix. In particular, the determinant map is a linear map on (R")®" whereas the determinant
operator on n x n matrices is not linear. Its usefulness in obtaining basis matrices is derived from the

following lemma.

Lemma 4.7. The determinant map is an element of Hom 4, ((R")®",R). However, it is not an element of
Homg, ((R™)®" R).

Proof. Tt is clear that the determinant map is a linear map.

Then, for any o € S,,, we have that

det(p,(o)[er]) = sgn(o) det(er) (4.4)

since a transposition in S,, corresponds to swapping two columns of the n x n matrix.

Assgn(o) = 1forall o € A,, (4.4) shows that the determinant map is an element of Hom 4, ((R")®™, R).
It is enough to see that for any odd permutation in S,,, (4.4) implies that the determinant map is not an

element of Homg, ((R")®" R). O
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For each positive integer n, we represent the determinant map by a diagram that has a single row of n
vertices, each of which is attached to a blue head. We will call this diagram a jellyfish, for obvious

reasomns.

Example 4.8. 1f n = 3, the jellyfish has the form

(4.5)

and it corresponds to the Az-equivariant determinant map (R3)®3 — R.

We introduce the following useful lemma.

Lemma 4.9. The determinant map applied to a standard basis vector of (R™)®™ gives either —1,0 or +1.

Proof. Leter = e;, ® - @ ¢;, be a standard basis vector of (R")®". If i;, = i, for some 1 < z # y < n,
then det(e;) = 0 since two columns in the n x n matrix will be the same. Otherwise, {i1,...,4,} is
some permutation of [n]. Defining ef, == €1 ® - - ® e,, we know that det(ef,,)) = +1. Since, in this

case, e; = pn(o)e[n] for some o € S, we can use (4.4) to calculate det(ey), giving a result of £1. O

Remark 4.10. We can view Lemma 4.9 in another way; namely, that the determinant map splits basis

vectors of (R™)®" into disjoint classes. Let us call these classes —1,0 and +1.

Consequently, Remark 4.10 suggests that the determinant map is a possible candidate function for
identifying the A,, orbits that the S,, orbit Og, ((I, Jr)) splits into, where 7 is a set partition of [ + k]

having either n — 1 or n blocks.

However, since the determinant map is a map (R™)®" — R, and the elements of Og, ((Ix, J;)) are
elements of [n]'**, to use the determinant map to try to identify the A,, orbits in Og, (I, Jx)), it
would be useful to create a map g, : (R?)®** — (R")®" that corresponds bijectively with the set
partition 7, since such a map would project standard basis elements of (R™)®'** onto, at the very least,
a linear combination of basis elements of (R™)®". We could then use the splitting property of the
determinant map on such linear combinations to try to split the elements of Og,, (I, J;)) into different
classes. However, in order to use the three classes given in Remark 4.10, we cannot choose any map
(R™)®Hk 5 (R™)", We will see that with a clever choice of g,, the determinant map then splits the

elements of Og, (I, J,)) into the £1 classes and sends all other elements of [n)'** to the 0 class.
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We create g, as follows. Flatten the orbit basis diagram z, that corresponds to 7. Add a new top row
of n vertices above the row of | + k vertices. From the bottom row, take the lowest numbered vertex in
block i of 7, 1 < i < t, where t = n — 1 or n, and connect that vertex to vertex ¢ in the top row. Call

this new diagram b,.

Example 4.11. Let 7 be the set partition {1,5 | 2,4 | 3,6,8 | 7} having 4 blocks and suppose that [ = 3,

k =5 and n = 5. The orbit basis diagram xz, corresponding to = is

(4.6)

(4.7)
e e W e e

Consequently, after adding n = 5 new nodes to the top row and connecting the lowest numbered

vertex in each block in the bottom row to its appropriate top row vertex, the new diagram b, is

(4.8)

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

We claim the following:

Proposition 4.12. The diagram b, that we constructed from an orbit basis diagram . in P} (n) having either
n — 1 or n blocks corresponds bijectively with a basis element of Homg, ((R™)®+k (R™)®"), Consequently,

we define g, to be this basis element.

Proof. 1t is clear that the diagram b, is an orbit basis diagram in P, (n) having exactly n blocks.
Since each orbit basis diagram in P/, (n) having at most n blocks corresponds bijectively with a basis

element of Homg, ((R™)®** (R")®"), by Theorem 3.18, we obtain the result. O

The following result is immediate from the construction of the diagram b.
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Proposition 4.13. In the standard basis of matrix units of Hom((R™)®!*F (R™)En), g is given by

Gr = Z Ex (1,0 (4.9)
(K,I1,J)€0s,, (Kx\Ix,Jx))

where

Kr=(1,2,...,n) (4.10)

and Og,, ((Kx, Ir, Jr)) is defined to be

{(K,I, J) ] (I,J) € Os, ((In, Jx)) and if (I, J) = (I, Jy), then K = o(K,) } (4.11)

In order to see that g, has the properties that we need, we first define the following map.

Definition 4.14. Let 2 be an orbit basis diagram in P} (n) having either n — 1 or n blocks. Then we
define f, = detog, : (R")®*+F — R. Clearly, f, corresponds bijectively with the underlying set
partition 7 of [l + k].

We can associate to f, a diagram that is built from the composition of b, — which corresponds to the

map g, — and a jellyfish — which corresponds to the determinant map.

Example 4.15. 1f 7 is the set partition from Example 4.11, where we had that! = 3, k = 5and n = 5,

then the diagram that is associated to f is

(4.12)

Proposition 4.16. The map f is an element of Hom 4, ((R™)®!*+ R).

Proof. Let e(;, 7y be any standard basis vector in (R")®'**, where I € [n]' and J € [n]*.
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Then, for all ¢ € A,,, we have that

fr(pirr(o)leq.n)) = deto g (pirr(o)leq,n)) (4.13)

= det(pn(o)[gr(e.0)]) (4.14)

= det(gw(e(I’J))) (415)

= fx(ewu,n) (4.16)

where, in (4.14), we have used Proposition 4.12, and in (4.15), we have used (4.4). d

We have arrived at the crucial result for our purposes.
Theorem 4.17. Let e(; ) be any standard basis vector in (R™)*"**, where I € [n]', J € [n]*.
Then

+1 if(1,J) € Og, ((Ir, Jx
Irieu ) — #iL.J) € 0.l 2 (4.17)

0 otherwise

Proof. Let e, ;) be any standard basis vector in (R")®'**, and suppose that Ey (1, 5 is a matrix unit

of Hom((R™)®!*+ (R™)®"). Then, we have that

Ex(p.m)€1,0) = 0((L,M),(1,7)€K (4.18)

where ek is a standard basis vector in (R")®".
Hence, by (4.9), we see that, for the otherwise case, gr(eqr,7)) = 0, and so fr(e(r,s)) = 0.

Now, if (I, J) € Os, ((Ir, Jz)), then (I, J) = o(I,, J) for some o € S,. Hence, by (4.9), (4.18) and the
definition of Og,, ((Kx, I'r, Jx)) given in (4.11), we see that g-(e(; jy) = ex, where K = o(K). Since K
is a permutation of [n], we can apply Lemma 4.9 to get that fr(e(; s)) = det(ex) = 1. O

Consequently, we can define the following two sets:
OF = {(I,J) € Os,((In. J2)) | Jxleqr,n) = +1) (4.19)

and

Or ={(I,J) € Os, ((Ix, Jx)) | fx(e.n) = —1} (4.20)
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We claim the following result.

Theorem 4.18. O and O are the two A,, orbits that Og,, (I, Jr)) splits into.

Proof. 1t is enough to show that if (I, J) € Of, theno(I,J) € Of forall o € A,, and if (I,J) € O,
then o(I,J) € O forall o € A,,, where the action of o on the pair (I, J) is given in (3.19). Indeed, by
Proposition 4.16, we have that

fr(eo(r,n) = falprer(0)le,n]) = fxleq,n) (4.21)

Applying Theorem 4.17 gives the result. O

Relabelling O} as Og4, ((I},J})), and O, as O4, ((I;,J;)), we obtain the two basis elements of
Homy,, ((R™)®*, (R")®!) from the one orbit basis diagram x in P} (n) that has either n — 1 or n blocks,

namely

Xt = > Erj (4.22)
(1N)EO A, ((IF )

and

X = Z Ery (4.23)
(I,1)E0 A, ((Ix 1))

3

We summarise the above results into the following theorems.

Theorem 4.19. For all non-negative integers 1, k and positive integers n, the union of the two sets
{Xx | 7 is a set partition of [l + k] having at most n — 2 blocks} (4.24)
{XF, X | 7is aset partition of [| + k] having either n — 1 or n blocks} (4.25)

forms a basis of Hom 4, ((R™)®F, (R™)®!). Its dimension is given in Theorem 4.5.

Theorem 4.20 (Alternating Group Equivariant Weight Matrices). For all non-negative integers I, k and
positive integers n, the weight matrix W that appears in an A,-equivariant linear layer function from (R™)®*

to (R™)®! must be of the form

W= Y AXet > X+ A X (4.26)

m€Il 4 jn—2 TE€I 4 g \ I i, n—2
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A General Procedure for Calculating the Weight Matrix of an A, -Equivariant Linear Layer
Function from (R")%* to (R")®!.

Perform the following steps:

1.
2.

Calculate all of the set partitions 7 of {1,...,l + k} that have at most n blocks.

Express each set partition 7 as an orbit basis diagram = in P} (n). Consider each z in
turn.

If 2, has at most n — 2 blocks, then calculate its associated basis matrix X using the
procedure that was given for the symmetric group S,, (see the blue-coloured box in
Chapter 3).

. Otherwise, flatten z,, insert a new top row consisting of n vertices, connect the lowest

numbered vertex in each block i to vertex ¢ in the top row, and attach a jellyfish with n
legs to the top row. The function that is associated with this new diagram is f;.

Calculate the orbit Og, ((Ir, Jx)), and split it into two A,, orbits, O4, ((I;, J})) and

Oa,((Iy,J7)). Let each (I, J)-tuple index a standard basis element e ;) of (R")®/TF,

™Y

The first orbit consists of all (I, .J)-tuples such that e(; ;) is mapped to +1 under f,
whereas the second orbit consists of all (I, J)-tuples such that e(; ;) is mapped to —1.

The basis matrix X' is the sum of all matrix units E;_; that are indexed by the (7, J)-tuples
in Oy, (I, J})), and a similar sum gives the basis matrix X .

™o

Weight all basis matrices by a parameter, and add them all together to give the overall
Ay -equivariant weight matrix.

4.1.2 General Procedure and Examples

In the pale-coloured box, we provide a general procedure for how to calculate the weight matrix that

59

appears in an A,-equivariant neural network from (R")®* to (R”)®! in the standard basis of R". The

procedure is very similar to the one that appeared in the teal-coloured box for permutation equivariant

neural networks, except we now have to calculate two basis matrices using the n-legged jellyfish for

each set partition of [l 4 k] that has either n — 1 or n blocks.

We finish this chapter with some examples.

Example 4.21. Recall Example 3.20, where we found the weight matrix for an S;-equivariant linear

layer function from R* to R*. The weight matrix was presented in (3.36).

Suppose that we change S4 to A4. Now, since the orbit basis diagrams that determined the weight

matrix for Sy had either 1 or 2 blocks, Proposition 4.2 implies that neither of their associated S4 orbits

in [4]11! split.
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Orbit Basis Diagram Block Labelling Basis Matrix

s (Iﬂ' ’ Jﬂ) Xr

1
: : 1,1 1,2 1,3 21 22 23 31 32 33
: : if1 0 0]o 0o 0]0 0 0
: : (1]1,1) 2|:0 0 0|0 1 00 0 0}
30 0 00 0 0|0 0 1
2 3

1
;’””””’; 1,1 1,2 1,3 21 22 23 31 32 33
: : 1o 1 1]0 0 0]0 0 0
: : (1]1,2) {0 0 0of1 0 1[0 0 0]
o @ 30 0 0l0 0 0|1 1 0
2 3

1
i ; 11 1,2 1,3 21 22 23 31 32 33
: : o 0 01 0 0]1 0 0
: 3 (1]2,1) 2{0 1 0/0 0 0|0 1 0]
o @ 30 0 10 0 1|0 0 0
2 3

1
””‘”” _1,1 1,2 1,3 21 22 23 31 32 3 3_

ifo 0 00 1 o]0 0 1

: : (1]2,2) 2{1 0 00 0 0|0 0 1
*—e s{1 0 0j0 1 0[O0 0 O]
2 3

1
””"”’; _1,1 1,2 1,3 21 22 23 31 3.2 3,3_

: 1[0 0 000 1]0 1 0
: (112]3) 210 0 10 0 01 0 0

o @ 30 1 1 0 0/0 0 0
2 3

Figure 4.1: We use Theorem 3.18, or, equivalently, we apply the procedure that appears in the teal-
coloured box in Chapter 3, to obtain a basis of Homg, ((R?)®2, R3) from all of the orbit basis diagrams
in P} (3) that have at most 3 blocks.

Hence, the weight matrix for an A4-equivariant linear layer function from R* to R* is exactly the same

matrix.

Example 4.22. Suppose that we would like to find the weight matrix for an As-equivariant linear layer

function from (R3)®2 to R3.

We first find a basis of Homg, ((R3)®2?,R3). Since n = 3, k = 2, and [ = 1, we need to find all orbit
basis diagrams in P} (3) that have at most 3 blocks. They are shown in Figure 4.1, together with the

basis matrices for Homg, ((R?)®2 R3) that correspond with them.

To find the basis for Hom 4, ((R?)®?, R3), we need to show which orbit basis diagrams in Figure 4.1
split and which do not. As n = 3, only the first diagram corresponding to the set partition {1, 2, 3}

does not split, since it has only one block.
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We show in full how to find the two basis elements X, X in Hom 4, ((R3)®2,R?) that corresponds

to the second orbit basis diagram x in Figure 4.1, namely

/ (4.27)
i Y

and state in Figure 4.2 what they are for the other orbit basis diagrams that split.

First, we flatten the orbit basis diagram z. Then we add a new top row consisting of n = 3 vertices,
and connect the lowest numbered vertex in each block i of 7 to vertex i in the top row. Hence, we

obtain the diagram b,, which is

LN

Next, we attach a three-legged jellyfish to the top row of vertices, giving

(4.29)

This is the diagram that is associated with the function f that is given in Proposition 4.16.

To obtain the two Ajs orbits O4,((I;7, J;F)) and Oa,((I;, J;)) corresponding to m, we apply Theorem
4.17.

From Figure 4.1, we see that

Os,((Ir, Jz)) = {(1,1,2),(1,1,3),(2,2,1),(2,2,3),(3,3,1),(3,3,2) } (4.30)
We now split this orbit up by applying fx to every e(; ;) such that (7, J) is a tuple in Og, ((Ir, Jx)).
For example, we see that

fr(e,1,2)) = detogr(e,1,2)) = det(eq o) + €22 +€a23) = +1 (4.31)
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Orbit Basis Diagram Standard Basis Element Standard Basis Element
Ty X F Xy
1
| ] 1,1 1,2 1,3 21 22 23 31 32 33 1,1 1,2 1,3 21 22 23 31 32 33
: : ifJo 1 0olo 0 ol0o 0 0O ifJo o 1]l0 0 olo 0 0O
! ! 210 0 0|0 0 1/0 0 0 210 0 0|1 0 0|0 0 0
o O 30 0 0|0 0 0|1 0 0O 30 0 0|0 0O 0|0 1 0O
2 3
1
1’””””’; 1,1 1,2 1,3 21 22 23 31 32 33 1,1 1,2 1,3 21 22 23 31 32 33
: : ifJo 0o ol1 0 0olo0 0 0O ifJo o0 olo 0 o1 0 0O
! ! 210 0 0|0 0 0|0 1 0 210 1 0[0 0 0|0 0 0
o © 30 0 1/0 0 0|0 0 O 30 0 0|0 O 1]/0 0 O
2 3
1
:””‘””; 1,1 1,2 1,3 21 22 23 31 32 33 1,1 1,2 1,3 21 22 23 31 32 33
: : ifJo 0o 0olo 1 0olo 0 0O ifJo 0o olo o o0 0 1
! ! 200 0 0[]0 0 0|0 0 1 2/1 0 0]0 0 0|0 0 O
o —e 31 0 0|0 O 0|0 O O 30 0 0|0 1 0|0 0 O
2 3
1
””"”’; 1,1 1,2 1,3 21 22 23 31 32 33 1,1 1,2 1,3 21 22 23 31 32 33
: ifJo o olo o0 1]l0 0 0O ifJo 0o olo 0 olo0 1 0
! 00 0[O0 0 0|1 0 0 200 0 1/0 0 0[0 0 O
o O 310 1 0/0 0 0|0 0 O 310 0 1 0 0|0 0 0
2 3

Figure 4.2: By considering which set partitions of [1 4 2] having at most 3 blocks split, together with
those that do not split, we obtain a basis of Hom 4, ((R?)®2, R?). Note that we have not shown the first

orbit basis diagram that appeared in Figure 4.1 here since it does not split.

whereas

fr(e@1,3) = detogr(en,1,3) = det(eqsn) +euse +eqsz) =—1

recalling, in the process, that the determinant map is linear.

Calculating this for all six tuples in Og, ((Ir, Jx)), by (4.19) and (4.20), we get that
O (I3, 7)) = {(1,1,2),(2,2,3), (3,3, 1)}

and

OA3((I7:’ J7r_)) = {(17 L, 3)? (27 2, 1)? (37 3, 2)}

and so, by (4.22) and (4.23),
X =Eupns + Egpa + Egpa

and

Xz = Eapg) + Egpn + Egpse)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)
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Consequently, using the matrix that corresponds to the first orbit basis diagram in Figure 4.1 and all
of the matrices that are given in Figure 4.2, we see that the weight matrix for an As-equivariant linear

layer function from (R3)®? to R? is of the form

L1 1,2 13 21 22 23 31 32 33
A A2 A3 A A¢ As | As Ao A7
21A07 A5 Ao [ A3 A1 Al As A N (4.37)
3l As A1l A A7 A5l A3 M

for weights A\1,...,\g € R.



Chapter 5

Brauer’s Group Equivariant Neural

Networks

Although much of the initial focus in equivariant deep learning was on constructing permutation
equivariant neural networks, some researchers have looked at the problem of how to construct neural
networks that are equivariant to other groups. In particular, Finzi et al. (2021) introduced a numerical
algorithm for constructing neural networks that are equivariant to a number of matrix groups, including
the orthogonal group O(n), the special orthogonal group SO(n), and the symplectic group Sp(n),
where the layers are tensor power spaces of R". However, their algorithm is only viable for small
values of n and for low tensor power orders of R", since it runs out of memory on larger values of n
and on higher tensor power orders. For the orthogonal and special orthogonal groups, Villar et al.
(2021) characterised all invariant scalar functions (R")®* — R and all equivariant vector functions
(R™)®k — R™ as a sum involving O(n) and SO(n) invariant scalar functions. They then used standard

multilayer perceptrons to learn the invariant scalar functions.

In this chapter, we consider group equivariant neural networks of the form given in Section 2.3 for
three groups that were defined in Section 2.1: the orthogonal group O(n), the special orthogonal group
SO(n), and the symplectic group Sp(n). We improve upon Finzi et al. (2021) and Villar et al. (2021) by
deriving a complete, analytic characterisation of all of the weight matrices that can appear in the linear
layers of these neural networks. In particular, we construct a spanning set of matrices for the vector

space Homg () ((R™)®*, (R™)®!) in the standard basis of R" for each of the groups G(n) in question.

Our approach is motivated once again by Schur-Weyl duality. In the Introduction, we said that
Richard Brauer, a student of Issai Schur, found a number of Schur-Weyl dualities. Brauer established
a version of Schur-Weyl duality for the orthogonal group O(n), the special orthogonal group SO(n),
and the symplectic group Sp(n) in his 1937 paper On Algebras Which are Connected with the Semisimple

64
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Continuous Groups (Brauer, 1937). Similar to the other Schur-Weyl dualities that we have seen so
far, Brauer’s version describes a one-to-one correspondence between the irreducibles of a group and
the irreducibles of an algebra that appear in the decomposition of the tensor power space (R™)®*.
The most important of these algebras, now known as the Brauer algebra, has since been studied by
a number of authors, including Weyl (1939), Brown (1955, 1956), Hanlon and Wales (1989), Grood
(1999), and Lehrer and Zhang (2012).

The key result behind each of these Schur-Weyl dualities is a map that Brauer constructed from the
algebra that corresponds to the group G(n) onto the endomorphism algebra End ) ((R")®*). Our
approach is adapted from Brauer (1937), which focused, in part, on finding a spanning set of matrices
for Endg(n)((R”)®k) for each of the groups G(n) in question. Brauer achieved his main result by
applying the First Fundamental Theorem of Invariant Theory for each of the groups to a spanning
set of invariants, one for each group G(n), that he showed are in bijective correspondence with the
spanning set of matrices for Endg(n)((R”)®k). In particular, for each group G(n), he associated a
diagram with each element of the spanning set of invariants, which we describe in further detail
below. In doing so, he constructed a bijective correspondence between a set of such diagrams and
a spanning set of matrices for End,,) (R™)®*) in the standard/symplectic basis of R". By adapting
the approach taken in Brauer’s paper, we provide a theoretical foundation for how to construct these

neural networks.
The content of this chapter is modelled on the paper:

Edward Pearce-Crump. (2023a) Brauer’s Group Equivariant Neural Networks. Proceedings of the 40th
International Conference on Machine Learning (ICML 2023), PMLR 202:27461-27482. [Live Oral]

5.1 Preliminaries for Brauer’s Invariant Argument

We begin by presenting some preliminary material that will be used in the adapted version of Brauer’s
Invariant Argument. We show that, for each k-order tensor power space of R” that is a representation
of a subgroup of GL(n), we can construct a representation on the k-order tensor power of the dual
space of R™, ((R™)*)®*. Then, for both of these representations, we can derive the form of their matrix

representations when a basis of R™ is chosen.

Let G(n) be any subgroup of GL(n). Recall that the vector space R™ has, associated with it, its dual
vector space, (R™)*. Let B := {b; | i € [n]} be any basis of R". Then there is a basis B* of the dual
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space, (R™)*, that is associated with the basis B of R". B* is called the dual basis, and it is defined to
be {b7 | i € [n]} where b7 (b;) == 9; ;.

In particular, coordinates on R™ with respect to the basis B are linear functions, that is, elements of
(R™")*. Indeed, if v = 3, z;b;, then the coordinate function z; can be identified with the dual basis

vector b}'f since

b (v) = b;(z 2ib;) = Z b (bi) = (5.1)

Since G(n) is a subgroup of GL(n), we have from (2.14) that R" is a representation of G(n), which is
denoted by p;. In fact, for all f € G(n), we have that p;(f) = f.

Consequently, if v is any vector in R™, and f is any element of G(n), then the linear transformation

p1(f)=f:v— f(v) (5.2)

can be expressed in its matrix representation, choosing B as the basis for each copy of R", as the matrix

a(f) = (ai,;) such that
Yi = Z a; ;X5 (5.3)
J

where, in the basis B,

v = El‘jbj and f(U) = Zyjbj (54)
J J
for some coefficients z;,y; € R.

We will sometimes express (5.3) in the form y = a(f)x, where z, y are column vectors such that the it

component of each vector is z; and y;, respectively.

As (R™, p;) is a representation of G(n), we can define another representation of G(n), called the

contragredient representation, on the dual space (R™)*, as follows
(o))" : Gn) — GL((R")") (5.5)

where, for all f € G(n),
(0 ) () s (R — (R (5.6)

is defined by
(01 ) (O] = 0= ulpy ' (£)(v)) (5.7)
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One way of understanding the contragredient representation ((R")*, (p; 1)) of G(n) is as the action
on (R™)* such that all pairings between (R™)* and R” remain invariant under their respective actions.

Indeed, if u € (R™)*, and v € R", then we see that, for all f € G(n)

v = p1(f)(v) (5.8)
and
wrr (o7 ) ()] (5.9)
and so
u(®) = (o1 )T (Nl (p1(F)(©)) = ulpr () (pr(F)(v))) = u(v) (5.10)

Hence, expressing u € (R™)* in the dual basis B* as
J

and (p; )" (f)[u] € (R™)* as
()T (Nlul = 3 055 (5.12)

we see that, for any f € G(n), the linear transformation

()T () ru— (7T ()] (5.13)

can be expressed in its matrix representation as

pa(f)~ =q (5.14)
as a result of (5.7), and so
p=qa(f) (5.15)
that is,
pi = Z q;a;5 (5.16)
J

In (5.15), p, ¢ are row vectors such that the it component of each vector is p; and ¢;, respectively.

We also have from (2.15) that (R")®* is a representation of G(n), which is denoted by py.. In particular,
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for all f € G(n), we see that pi(f) = p1(f)®F = foF.
Consequently, if v is any vector in (R")®*, and f is any element of G(n), then the linear transformation

pi(f) = fF v = [ (v) (5.17)

can be expressed in its matrix representation, choosing B as the basis for each copy of R", as the matrix

A(f) = (Ar.y), over all tuples I := (iy,i2, .. .,ix), J == (j1,J2,- - -, jx) € [n]¥, such that

yr = Z A gy (5.18)
J
where
k
Ay =] @i (5.19)
r=1
and
’L):ZJCJZ)J andf(v):ZbiJ (5.20)
J J

for some coefficients x 7,7, € R in the basis {b; | J € [n]*} of (R")®*, where

by i=bj @bj, @+ @by, (5.21)

As before, since ((R")®*, p;.) is a representation of G(n), we obtain the contragredient representation,

(R, (o))

(P )" G(n) = GL((R")")™F) (5.22)
where
(o )T () = (RY))EF — ((R™)*)F (5.23)
is defined by
() (O] = 0= ulp ' (£)(0)) (5.24)

In particular, we see that (p; 1) " = ((p; ) ")®*.
Hence, expressing u € ((R")*)®* in the dual basis {v% | J € [n]*} of (R")®*, where

by =b;, @b, @ @b (5.25)
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as

J

and (p;; ") " (f)[u] € (R™)*)®F as
(o) (N)[u] = qsb3 (5.27)
J

we see that, for any f € G(n), the linear transformation

()T ru = ()T ()] (5.28)

can be expressed in its matrix representation form as

pr = Z q1As1 (5.29)
J
where
k
AJ7I = H a’jrﬂ"r‘ (5.30)
r=1

5.2 Brauer’s Invariant Argument, Adapted

We use the preliminaries that we established in the previous section to construct an invariant of G(n)
that is in bijective correspondence with an element of Homg,) ((R")®*, (R")®!). The invariant that
we will construct will be an element of Homg ) ((R™)*)®! ® (R")®*, R). The following argument is

an adaptation of the one that appears in Brauer (1937).

Recall that a linear map ¢ : (R™)®* — (R™)®" is an element of Hom;,,) ((R")®*, (R™)®!) if and only if

popr(f)=p(f)oo (5.31)
forall f € G(n).
Choosing the basis B as the basis for each copy of R", the matrix representation of (5.31) is
C(O)K(f) = L(F)C(9) (5.32)

where K(f) = (K1,7) and L(f) = (Ly,5) are as in (5.17) and C(¢) = (Cr.5).
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Hence, (5.32) gives
Z CraKjm = Z L;Cim (5.33)
Jen]k Je[n]!

where I € [n]' and M € [n]*.

Brauer’s trick is as follows.

Letv(1),v(2),...,v(k) be elements of R", and suppose that they are all mapped by the same transfor-
mation p;(f), for some f € G(n). Then, by (5.4), in the basis B of R", we see that

v(r) = z;(r)b, (5.34)
J
for all r € [k], and so, by (5.3), we have that
yi(r) = aij;(r) (5.35)
J
forall r € [k].

Then, considering the tensor product v(1) ® v(2) ® - - - ® v(k), an element of (R")®*, and considering
its transformation under pi(f), for the same f € G(n), we see that the coefficient of the basis vector b

forv(l) ® v(2) ® - -- @ v(k), as in (5.20), is

k
11 (5.36)
r=1

and the coefficient of the basis vector b for pi(f)[v(1) ® v(2) ® - - - @ v(k)] is

k
11w (5.37)
r=1
and that (5.19) holds, namely that
k
Krj= H ai, j, (5.38)
r=1

Hence, by (5.18), we have that

k k
[Tvi()= > Kro]]) (5.39)
r=1 Jem]* r=1
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Also, let u(1),u(2),...,u(l) be elements of (R™)*, the dual space of R™. Then, by (5.11), in the dual

basis B*, we have that

u(t) = Z p; ()b} (5.40)

for all t € [I], and so, by (5.16), we see that
pi(t) = Z q;j(t)aj, (5.41)
J

forall ¢ € [I].

Then, considering the tensor product u(1) ® u(2) ® - - - ® u(l), an element of ((R")*)®', and considering
its transformation under (p; ') (f), for the same f € G(n), we see that the coefficient of the basis

vector b} for u(1) ® u(2) ® - -- ® u(l), as in (5.26), is

l
JJEAG) (5.42)
t=1

and the coefficient of the basis vector b% for (p; 1) T (f)[u(1) ® u(2) ® - - - ®@ u(l)] is

l
[Ta.® (5.43)
t=1
and that (5.30) holds, namely that
l
Ly =[] (5.44)
=1

Hence, by (5.29), we have that

l l
[Ir®=> T[a.®Lu (5.45)
t=1

Jen]t t=1

Multiplying both sides of (5.33) by
! k
[Ta.® ] zm () (5.46)
t=1 r=1

adding over all tuples I € [n]', M € [n]*, and applying (5.39) and (5.45) gives us, on the left hand side

l k
> Cra]la® v (5.47)
t=1 r=1

I€n]t,Jeln]k
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and on the right hand side
I k
> G [[ei® [ zm(r) (5.48)
r=1

Jeln)t,Men]* t=1

This means that

l k
Y Crallen@® ) (5.49)
t=1 r=1

I€[n]t,Je[n]k

is an invariant for the group G(n), that is, it is a linear transformation
(R))® o R >R (5.50)
which maps an element of the form
wl)@u2)® - Rul)@v(l)®v(2)®- - @uv(k) (5.51)

to (5.49) that is invariant under the action of G(n).

We see that each stage of the argument, from (5.31) to (5.51), is an if and only if statement, since any
invariant of G(n) which is linear in any subset {v(1),v(2),...,v(k)} of k vectors of R" and any subset
{u(1),u(2),...,u(l)} of l vectors in (R™)*, and is a homogeneous function of their union, must be of
the form (5.49), since any invariant of these [ + k elements must be a linear combination of the elements
Hizl pi, (t) Hle xj,(r), where z;, (r) is the j coefficient of v(r) when expressed in some basis B of
R”, and p;, (t) is the i{" coefficient of u(t) when expressed in its dual basis B*. Hence, starting from
(5.49) and running the argument in reverse gives (5.31), and therefore shows that it is an if and only if

statement.

In particular, this means that each element of Homg(, ((R")®*, (R™)®!), having chosen the basis B for

each copy of R", is in bijective correspondence with an invariant
(RM)*® @ (R")®* - R (5.52)

of G(n) of the form (5.49), as desired.
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5.3 Spanning Set of Invariants

It can be shown that R", as a representation of each of the groups G(n) = O(n), Sp(n) and SO(n) (for
Sp(n), n = 2m), is isomorphic to its dual space (R™)*, by using the appropriate bilinear form that is
used to define each of the groups in question. See Goodman and Wallach (2009) for more details.
Applying this to the outcome of Brauer’s Invariant Argument, our goal now is to find a spanning set
for Homg,,) (R™)®"*, R), where the basis B that we have chosen is the standard / symplectic basis

that was given in (2.1) and (2.4), respectively.

We use that each of the groups G(n) = O(n), Sp(n) and SO(n) has a First Fundamental Theorem.

These are stated below. For their proofs, see Goodman and Wallach (2009) for more details.

Theorem 5.1 (First Fundamental Theorem for O(n)). Let n be a non-negative integer, and suppose that the

real vector space R™ has associated with it a non-degenerate, symmetric, bilinear form (-,-), as in Section 2.1.

Let us choose the standard basis for R™, so that (-,-) becomes the Euclidean inner product on R", as defined in

(2.3).

If f : (RV)®HE 5 R is a polynomial function on elements in (R™)®4F of the form
u(l)@u2)® - ull)®@v(l)®v(2)®- - u(k) (5.53)
that is O(n)-invariant, then it must be a polynomial of the Euclidean inner products

(u(@), u(7)), (u(i), v(4)), (v(i), v(j)) (5.54)

Theorem 5.2 (First Fundamental Theorem for Sp(n), n = 2m). Let n be a non-negative even integer, and
suppose that the real vector space R™ has associated with it a non-degenerate, skew-symmetric, bilinear form

(-,-), as in Section 2.1.

Let us choose the symplectic basis for R™, so that (-,-) becomes the form given in (2.7). Note that, in this basis,
the non-degenerate, symmetric, bilinear form (-,-), which we can also associate with R™, becomes the Euclidean

inner product on R", as defined in (2.3), since the symplectic basis is standard with respect to (-,-).

If f : (R)®HE — R is a polynomial function on elements in (R™)®4¥ of the form

wl)@u2)®@ - @ul)®v(l)®v(2)®- - @uv(k) (5.55)
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that is Sp(n)-invariant, then it must be a polynomial of the Euclidean inner products
(u(@), v(j)) (5.56)

together with the skew products
(u(@), u(5)), (v(i),v(5)) (5.57)

such that i < j in (5.57).

Theorem 5.3 (First Fundamental Theorem for SO(n)). Let n be a non-negative integer, and suppose that

the real vector space R™ has associated with it a non-degenerate, symmetric, bilinear form (-,-), as in Section 2.1.

Let us choose the standard basis for R™, so that (-,-) becomes the Euclidean inner product on R", as defined in

(2.3).

If f : (R")®HF 5 R is a polynomial function on elements in (R™)®+k of the form
u(l) @u(2) @ - @u(l) @v(l) ®v(2) ® - @v(k) (5.58)
that is SO(n)-invariant, then it must be a polynomial of the Euclidean inner products
(u(@), u(4)), (u(@), v(5)), (v(@), v(5)) (5.59)

together with the n x n subdeterminants of the n x (I + k) matrix M, which is the matrix having as its columns

M= [u@) w@) ... uwl) v1) v2) ... v(k) (5.60)

Now, for each group G(n), looking at the invariant (5.49) that was constructed in Brauer’s Invariant

Argument, considered as a function (R")®** — R, we see that

e each term in (5.49) contains a single component from each of the vectors u(1),u(2),...,u(l),

v(1),v(2),...,v(k), and

e the sum (5.49) contains every combination where a single component has been chosen from each

of the vectors u(1),u(2),...,u(l),v(1),v(2),...,v(k) exactly once.
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Consequently, we obtain the following spanning set of invariants (R")®!** — R for each of O(n),

Sp(n) and SO(n).

Theorem 5.4 (Spanning Set of Invariants (R")®** — R for O(n)). The functions
(2(1),2(2))(2(3),2(4)) ... (z(l+ k= 1), 2(l + k)) (5.61)

where z(1),. .., z(l + k) is a permutation of u(1),u(2),...,u(l),v(1),v(2),...,v(k) form a spanning set of

invariants (R™)®+k — R for O(n).

Clearly, functions of the form (5.61) can only be formed when | + k is even, hence there are no invariants

(RM)@HE 5 R for O(n) when | + k is odd.

Theorem 5.5 (Spanning Set of Invariants (R®)®/+* — R for Sp(n), n = 2m). The functions
[2(1),2(2)][2(3),2(4)] ... [2(l + k = 1), (I + k)] (5.62)

where z(1), ..., z(l + k) is a permutation of u(1),u(2),...,u(l),v(1),v(2),...,v(k) and

if z(i) = u(j) and z(i + 1) = v(m), or
o (2(i),2(i4+ 1)) z(i) = v(m) and z(i + 1) = u(j), for
[2(0), 2(1 + 1)] = some j € (1], m < [K] (5.63)

(2(1),z(i + 1)) otherwise

form a spanning set of invariants (R™)®** — R for Sp(n), with n = 2m.

Similar to the O(n) case, functions of the form (5.62) can only be formed when | + k is even, hence there are no

invariants (R™)®4% — R for Sp(n) when | + k is odd.

Theorem 5.6 (Spanning Set of Invariants (R")®** — R for SO(n)). Functions of the form (5.61) together
with functions of the form

det(z(1),...,2(n))(z(n+1),z2(n+2))...(2(I+k—1),2(l+k)) (5.64)

where z(1),. .., z(l + k) is a permutation of u(1),u(2),...,u(l),v(1),v(2),...,v(k) form a spanning set of
invariants (R™)®4* — R for SO(n).

Note that functions of the form (5.64) can only be formed when n < 1+ k, and either when n is odd and | + k is

odd, or when n is even and | + k is even.
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5.4 The Brauer and Brauer—-Grood Vector Spaces

In order to obtain the characterisation of the weight matrices for these three groups, we need to
introduce two types of diagrams that come from certain set partitions, whose definitions we adapt

from Brauer (1937) for our purposes.

The first is defined as follows:

Definition 5.7. For all non-negative integers [ and k, a (k,[)-Brauer partition  is a partitioning of the
set [l + k] into a disjoint union of pairs. We call each pair a block. Clearly, if I + k is odd, then no such
partitions exist. Therefore, in the following, we assume that [ + k is even. By convention, if k = = 0,

then there is just one (0, 0)-Brauer partition.
We can represent each (k,!)-Brauer partition 5 by a diagram dg, called a (k,!)-Brauer diagram,
consisting of two rows of vertices and edges between vertices such that there are

1. I white vertices in the top row, labelled left to right by 1,...7;

2. k white vertices in the bottom row, labelled left to right by [ + 1,...,1 + k; and

3. the edges between vertices correspond to the blocks of £.

In particular, this means that each vertex is incident to exactly one edge; hence there are precisely 5~

edges in total in d.
It is clear that the number of (k, l)-Brauer diagrams, if [ + k is even, is
(tk—D=+k-1)(1I+k-3)---5-3-1 (5.65)

and is 0 otherwise.
Example 5.8. We see that
B:=1{1,5|2,8]3,4]6,7]9,10} (5.66)

is a valid (6, 4)-Brauer partition. Figure 5.1a) shows the (6, 4)-Brauer diagram dg corresponding to 3.
The second type of diagram is what we have decided to call an (I + k)\n—diagram (pronounced “I plus

k without n”’). These diagrams were originally hinted at by Brauer (1937) in the case where | = k and

were looked at in greater detail by Grood (1999), but again only in the case where [ = k. In their paper,
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1 2 3 4 1 2 3 4
””””””””””” o—O0 0 o o o
a) b)
J O0—0O O o0—=O o O O _O0—0 O
5 6 7 8 9 10 5 6 7 8 9 10

Figure 5.1: a) The diagram ds corresponds to the (6,4)-Brauer partition § given in (5.66). b) The
diagram d,, corresponds to the (4 + 6)\6—partition « given in (5.67).

they called these diagrams k\m-diagrams, since they only considered the situation where [ = k and
n = 2m. We will see that the definition below is equivalent to their definition in this case. Our naming
convention for the diagrams makes more sense since they are a generalisation of those considered by

Brauer and Grood.

Definition 5.9. For all non-negative integers [, k and positive integers n, an (I + k)\n—partition « is a
partitioning of the set [l + k] with some n elements removed into a disjoint union of pairs. Once again,

each pair is called a block.

An (I14k)\n-diagram d,, is the representation of an (! + k)\n—partition « in diagram form, constructed
in a similar way to the (k,)-Brauer diagrams above, where there is still a top row consisting of [
vertices and a bottom row consisting of k vertices, but now there are only =" edges between pairs
of vertices. In this case, the n vertices removed from the set [l + k] will not be incident to any edge,
and an edge exists between any two vertices that are in the same pair. We call the n vertices whose

labels have been removed from [l + k] free vertices.

It is clear thatif n > [ + k, then no (I + k)\n-diagrams exist. Also, no such diagrams exist if n is odd

and [ + k is even, or if n is even and [ + k is odd.

Otherwise, that is, if n < [ + k and either n is even and [ + k is even, or n is odd and | + & is odd, the

I+k

") (I + k —n—1)!, since there are (Hk) ways to pick n free vertices,

n

number of (I + k)\n-diagrams is (

and (I + k —n — 1)!! ways to pair up the remaining [ + k — n vertices.

Example 5.10. We see that, if k = 6 and [ = 4, then
a:={2,618,9} (5.67)

is a (4 + 6)\6—partition. Figure 5.1b) shows the (4 + 6)\6-diagram d,, corresponding to a.

From the two types of diagrams defined above, we form the following two vector spaces.
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Definition 5.11. We define the Brauer vector space, BL(n), which exists for all non-negative integers
I,k and positive integers n, as follows. Let Bj(n) := R. Otherwise, define Bl (n) to be the R-linear

span of the set of all (k, !)-Brauer diagrams.

Definition 5.12. We define the Brauer-Grood vector space, D! (n), which exists for all non-negative
integers [, k and positive integers n, as follows. Let Dj(n) := R. Otherwise, define D! (n) to be the

R-linear span of the set of all (k, !)-Brauer diagrams together with the set of all (! + k)\n-diagrams.

Remark 5.13. Clearly, D! (n) = Bl (n) if n > [ + k, orif n is odd and [ + k is even, or if n is even and
[+ kis odd.

Example 5.14. For any positive integer n, all elements of B3(n) can be expressed as

12 12 12
o—=oO o O : Q0 i

A +&I I+M:X§ (5.68)
3 4 3 4 3 4

since the elements that appear in the Brauer vector spaces do not depend on n.

However, the elements in the Brauer-Grood vector spaces do depend on n. For example, the elements

of D3(2) must be the form

12 12 12
,,,,,,,,,,,,,,,,,, i
A1 + A2 Pt /\33 L+
Oo—=0 0.0 O._0
3 4 3 4 3 4
(5.69)
12 12 12 12 12 1
o—oO o o Q. o O O 3 o O o O
Ad | o+ s o+ X o+ o+ X o+ N
o.__. 0O o (o} (ol o} g ___ (o} o.__ 0O Oo—=o0
3 4 3 4 3 4 3 4 3 4 3 4

since there are three (2, 2)-Brauer diagrams and six (2 + 2)\2-diagrams, whereas the elements of D3(3)

are of the form

1 2 1 2 1 2

A1 i i + A2 I I + A3 >< (570)
o—oO0 OO : (oI :
3 4 3 4 3 4
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5.5 Main Results

We can now construct a bijective correspondence between each of the functions (5.61), (5.62), and

(5.64), and either a (k,!)-Brauer diagram or an (! + k)\n—diagram, as follows.

Indeed, consider the spanning set of invariants of the form (5.61). Then we can associate a (k, [)-Brauer
diagram with each element of the set by labelling the top [ vertices of the diagram from left-to-right by
u(1),u(2),...,u(l) and the bottom k vertices from left-to-right by v(1),v(2),...,v(k), and drawing an

edge between two vertices if and only if they appear in the same inner product in (5.61).

We do a similar thing for the spanning set of invariants of the form (5.62), associating a (k, [)-Brauer
diagram with each element of the set, labelling the vertices in the same mamner, and drawing an edge

between two vertices if and only if they appear in the same inner or skew product in (5.62).

Finally, consider the functions of the form (5.64). Then we can associate an (I + k)\n—diagram with
each element of the set by labelling the top [ vertices of the diagram by u(1),u(2),...,u(l) and the
bottom k vertices by v(1),v(2),...,v(k), leaving the vertices z(1), ..., z(n) free and drawing an edge

between the other vertices if and only if they appear in the same inner product in (5.64).

As a result, we have constructed a bijective correspondence between a spanning set of invariants
(R™M)®HE 5 R for O(n) with the set of (k,!)-Brauer diagrams whose span is the Brauer vector space
Bl (n), for SO(n) with the set of (k,)-Brauer diagrams together with the set of (I + k)\n-diagrams
whose span is the Brauer-Grood vector space D! (n), and for Sp(n) with the set of (k,l)-Brauer

diagrams whose span is the Brauer vector space B! (n).

Consequently, for each group G(n), we combine the bijective correspondence (5.49) that exists between
the spannning set of invariants (R")®** — R (given in Theorems 5.4, 5.5, and 5.6) and a spanning
set of matrices for Homg,,) ((R")®*, (R™)®) in the standard / symplectic basis of R with the bijective
correspondence that exists between the spannning set of invariants (R")®'** — R and the set of
diagrams that span either the Brauer vector space Bl (n), for O(n) and Sp(n), or the Brauer-Grood
vector space DZ(n), for SO(n), to obtain the following key results, which are stated in Theorems 5.15,

5.17, and 5.19 below.

Theorem 5.15 (Spanning set when G(n) = O(n)). For all non-negative integers l, k and positive integers n,

there is a surjection of vector spaces

@}, : Bi(n) — Homo(,) (R")%F, (R")®) (5.71)
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which is defined as follows.
If 1 + k is odd, then we map the empty set onto the empty set.

Otherwise, for each (k,l)—-Brauer diagram dg, associate the indices i1, i, . . . , % with the vertices in the top row

of dg, and ji, j2, . . ., ji, with the vertices in the bottom row of dg. Then, define

Eg = Z Oryur Orgyup - - - 5Tl+k Witk Erg (5.72)
20 T2
Ie[n]t,Je[n]k
where 1, u1, ..., Tk, Witk 1S any permutation of the indices i1, s, ..., %, j1, j2, - - -, ji Such that the vertices
2 2

corresponding to rp, u, are in the same block of (.

We see from the adapted version of Brauer’s Invariant Argument that (5.72) defines a bijective correspondence

between the set of all (k, l)-Brauer diagrams and a spanning set for Homg ) ((R™)®F (R™)®1),

Consequently, when | + k is even, the surjection of vector spaces given in (5.71) is defined by
dﬁ — Eﬁ (5.73)

for all (k,1)-Brauer diagrams dg, and is extended linearly on the basis of such diagrams for Bt (n).

Hence, the set

{Es | dg is a (k,1)-Brauer diagram} (5.74)

is a spanning set for Homg ) (R™)®%, (R™)®") in the standard basis of R™, of size O when | + k is odd, and of
size (I + k — 1)/l when | + k is even.

Remark 5.16. Lehrer and Zhang (2012) showed that when 2n > [ + £, <I>§m is an isomorphism of vector

spaces, and so the set (5.74) forms a basis of Hom,,) (R™)®k (R™)®!) in this case.

Theorem 5.17 (Spanning set when G(n) = Sp(n),n = 2m). For all non-negative integers l, k and positive

even integers n, there is a surjection of vector spaces
Xllﬂ,n : Bllﬂ(n) - HomSp(n)((Rn)@)ka (Rn)®l> (575)

which is defined as follows.

If 1 4 k is odd, then we map the empty set onto the empty set.
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A General Procedure for Calculating the Weight Matrix of an O(n)-Equivariant Linear Layer
Function from (R")®* to (R")%!.

If [ 4+ k is odd, return the zero matrix. Otherwise, perform the following steps:
1. Calculate all of the (k,!)-Brauer diagrams dg.

2. Obtain the spanning set matrix Ejg that is associated with each dg by calculating each
(I, J)-entry of Ej as follows: place the entries of I on the top row and the entries of J on
the bottom row of dg and see whether the entries within each block are the same, for each
block in the diagram. If they are, then the (I, J)-entry of Ej is 1, otherwise 0.

3. Attach a weight A3 € R to each matrix Eg.

4. Finally, calculate ) A\3Ej3 to give the overall weight matrix.

Otherwise, for each (k,)—-Brauer diagram dg, associate the indices i1, 12, . . ., i; with the vertices in the top row

of dg, and jy, j2, . . ., ji, with the vertices in the bottom row of dg. Then, define

F,B = E :’77“1 ur Vroyug + o Ve gk gk Erg (5.76)
20 T2
1,J
where the indices iy, j, range over 1,1',... ., m,m’, where ri,uy, ..., "1k, wirn is any permutation of the
2 2
indices 11,42, . ..,11, 1,72, - - - , k such that the vertices corresponding to r,,w, are in the same block of 3, and

Orpup  if the vertices corresponding to rp, u, are in different rows of dg
Vrpup = (577)

€rpup  if the vertices corresponding to rp, u, are in the same row of dg

where €, v, was defined in (2.8).

We see from the adapted version of Brauer’s Invariant Argument that (5.76) defines a bijective correspondence

between the set of all (k,1)-Brauer diagrams and a spanning set for Homg,,(, (R™)®¥, (R™)®1).
Consequently, when | + k is even, the surjection of vector spaces given in (5.75) is defined by

dg — Fp (5.78)
for all (k,1)-Brauer diagrams dg, and is extended linearly on the basis of such diagrams for B! (n).

Hence, the set

{F3s | dgis a (k,l)-Brauer diagram} (5.79)
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A General Procedure for Calculating the Weight Matrix of an Sp(n)-Equivariant Linear Layer
Function from (R")®* to (R")®".

If I 4+ k is odd, return the zero matrix. Otherwise, perform the following steps:
1. Calculate all of the (k,!)-Brauer diagrams dg.

2. Obtain the spanning set matrix Fj that is associated with each dg by calculating each
(I, J)-entry of Fz as follows: place the entries of I on the top row and the entries of J on
the bottom row of dg, and consider each block in the diagram. We assign a value to each
block according to the following rules.

o If the block consists of two vertices that are in different rows, we see whether the
entries that have been placed on the vertices are the same. If they are, then we assign
the value 1 to that block, otherwise 0.

o Otherwise, the block consists of two vertices that are in the same row. If z is the
entry that has been placed on the left most vertex, and y is the other entry, then we
calculate €, ,, which was defined in (2.8).

The (I, J)-entry of Fj is the value that is obtained by multiplying together all of the values
that have been assigned to the blocks.

3. Attach a weight A3 € R to each matrix Fj.

4. Finally, calculate ) \gFj to give the overall weight matrix.

is a spanning set for Homg,,) (R™)®%, (R™)®"), for n. = 2m, in the symplectic basis of R", of size 0 when

I+ k is odd, and of size (I + k — 1)!! when | + k is even.

Remark 5.18. Lehrer and Zhang (2012) showed that whenn > 1 + k, X ,lm is an isomorphism of vector

spaces, and so the set (5.79) forms a basis of Homg,,,,) (R™)®*, (R")®"), for n = 2m, in this case.

Theorem 5.19 (Spanning set when G(n) = SO(n)). For all non-negative integers L, k and positive integers

n, we construct a surjection of vector spaces
Wi+ Di(n) = Homgo (R, (R™)) (5.80)

as follows.

Ifn>1+k, orifnisodd and | + k is even, or if n is even and | + k is odd, then we saw that D (n) = BL (n).

Hence, in these cases, W}, , = @}, and so Homgo( (R™)F, (R™)®') = Homg ) ((R™)®F, (R™)®).

Otherwise, that is, if n < | + k, and either n is even and | + k is even, or n is odd and | + k is odd, there exist

(I + k)\n—diagrams.
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A General Procedure for Calculating the Weight Matrix of an SO (n)-Equivariant Linear Layer
Function from (R")®* to (R")®!.

Perform the following steps:

1. Calculate all of the (k,!)-Brauer diagrams dg and all of the (I + k)\n-diagrams d,, if they
exist.

2. Obtain the spanning set matrix Ej that is associated with each d using the procedure
that is given for O(n).

3. Obtain the spanning set matrix H, that is associated with each d,, by calculating each
(I, J)-entry of H, as follows: place the entries of I on the top row and the entries of J on
the bottom row of d,,.

* We assign a value to each block that contains two vertices: the value is 1 if the entries
that have been placed on the vertices of the block are the same, otherwise 0.

* We then assign the value det(e;, ® ey, ® -+ @ €, @ ey, @ -+ @ e, _) to the set of
free vertices, where the values ¢y, ..., t, label the free vertices in the top row and
bi,...,b,_s label the free vertices in the bottom row of the diagram.

The (1, J)-entry of H, is the value that is obtained from multiplying together the values
that are assigned to the blocks together with the value that is assigned to the set of free
vertices.

4. Attach a weight A\g € R to each matrix E3 and a weight A, € R to each matrix H,.

5. Finally, calculate Y~ A\gEg + Y Ao H, to give the overall weight matrix.

For each such diagram d,,, again associate the indices i1, 12, . .. , 1, with the vertices in the top row of d,, and
J1,J2, - - -, Ji with the vertices in the bottom row of d.. Suppose that there are s free vertices in the top row.
Then there are n — s free vertices in the bottom row. Relabel the s free indices in the top row from left-to-right

by ti,...,ts, and the n — s free indices in the bottom row from left-to-right by by, ..., by_s.

As a result, define H,, to be

Z det(eT,B)é(R, U)ELJ (581)
Ien)t,Jeln]k

where det is the determinant map given in Definition 4.3,
er,B ‘=€t e, Q- Qe Qep Q- Dep, (5.82)

and

S(R,U) = 67y a0y Orpay - - - 0 (5.83)

CUT 4 k—n Uitk—n
2 2
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Here, 1, u1, ..., Titk—n, Uitk—n 15 any permutation of the indices
2 2

{il, ey Uy JLy e e ,jk}\{tl, ceytsy by, bn—s} (584)

such that the vertices corresponding to 1, u, are in the same block of c.

We see from the adapted version of Brauer’s Invariant Argument that (5.72) and (5.81) defines a bijective
correspondence between the set of all (k,l)—-Brauer diagrams together with the set of all (I + k)\n—diagrams,
and a spanning set for Homgo,) (R™)®F, (R™)®*).

Consequently, when n < 1+ k and n is even and | + k is even, the surjection of vector spaces (5.80) is given by
dg — Ejg (5.85)
if dg is a (k,l)-Brauer diagram, where Eg was defined in Theorem 5.15, and by
do — H, (5.86)

if do is an (I + k)\n~diagram, and is extended linearly on the basis of such diagrams for D% (n).

When n < |+ k and n is odd and | + k is odd, the surjection of vector spaces (5.80) is given solely by (5.86),

since no (k,l)—-Brauer diagrams exist in this case.

Hence, in all cases, the set

{Es}p U{Ha}a (5.87)

is a spanning set for Homso(n)((]R")@“, (R™)®Y) in the standard basis of R", where dg is a (k,l)-Brauer

diagram and d,, is an (I + k)\n—diagram.

We obtain the weight matrix for a G(n)-equivariant linear layer function from (R")®* to (R")®! in the
standard or symplectic basis of R™ for each of G(n) = O(n), Sp(n), and SO(n) from the spanning sets

that are given in Theorems 5.15, 5.17, and 5.19. They are presented in the following three theorems.

Theorem 5.20 (Orthogonal Group Equivariant Weight Matrices). For all non-negative integers 1, k and
positive integers n, the weight matrix W that appears in an O(n)-equivariant linear layer function from (R™)®¥
to (R™)®! must be of the form

W= > XEg (5.88)
dgeB! (n)
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2 1 _1,1 1,2 21 2,2_ 1 1
O—0 11 010 O—-0
| 0 I 11 ®‘ | 1 |
: 2[00 00 0N :
1 ! \@ ol o0 o 1 !
! ]_ ! 271 1 ]_ !
O— O |1 o]0 1 O— O
1 1 ’ ] 2 2

Figure 5.2: We show one of the three basis matrices whose weighted linear combination gives all of the
possible weight matrices that can appear in an O(2)-equivariant neural network from (R?)®? to (R?)®2,
We obtain these matrices from the (2, 2)-Brauer diagrams in B2(2). For each diagram, to calculate the
(I, J)-entry of its associated basis matrix, we place the I-tuple on the top row of the diagram and the
J-tuple on the bottom row of the diagram, and see whether the entries within each block are the same
for each block in the diagram. If they are, then we put a 1 in the (I, J)-entry of the matrix, otherwise 0.

Theorem 5.21 (Symplectic Group Equivariant Weight Matrices). For all non-negative integers I, k and
positive even integers n, the weight matrix W that appears in an Sp(n)-equivariant linear layer function from
(R™)®k to (R™)®! must be of the form

= Y AsFp (5.89)

dg GBZ (n)
Theorem 5.22 (Special Orthogonal Group Equivariant Weight Matrices). For all non-negative integers

l, k and positive integers n, the weight matrix W that appears in an SO(n)-equivariant linear layer function

from (R™)®* to (R™)®! must be of the form

W= > XsEg+ Z AoHa (5.90)
dgeDi (n) da€Dl(n

5.6 Examples

In the following, in order to save space, we use some temporary notation to denote a sum of a number
of weight parameters. We represent a sum of weight parameters, where the sum is over some index

set A, by a single element that is indexed by the set of indices itself, that is

g = Z i (5.91)

icA
For example, Ag 11,12 represents the sum Ag + A11 + Aj2, and —\y 5 7 represents the sum —\y — A5 — A7.

Example 5.23. Suppose that we would like to find the weight matrix for an O(2)-equivariant linear
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Basis Diagram dpg Matrix Entries Basis Matrix Ejg
12 L1 12 21 22
O O 111 0|0 1
‘ ‘ 0 0|0 0
| ; (52. S ) L2
| I 1,22%71,J2 -

o—o0 2110 010 0
3 4 2211 00 1
12 L1 12 21 22
! ] 111 0|0 O
| | s 12{0 1[0 O
i i (6117]15127]2) 21| 0 0 1 0
P s 2210 00 1
12 L1 12 21 22
; ; 11if1 0]0 0]
| { 120 0] 1 O
(52'14'2 51'27]'1) 2110 110 0
P 1 2210 00 1]

Figure 5.3: The images under ®3 , of the basis diagrams of B3(2) make up a basis of End(s)((R?)®?).

layer function from (R?)%? to (R?)%®2.

Since | = k = n = 2, we apply Theorem 5.15 by considering the surjective map
®3, : B3(2) — Endpa) (R*)®?) (5.92)

noting that [ + k is even. Also, by Remark 5.16, as 2n > [ + k, this map is an isomorphism of vector
spaces. Hence, by taking the image of all of the (2,2)-Brauer diagrams that appear in B3(2), we
actually obtain a basis of End o) ((R*)®?).

B2(2) has three basis diagrams, which are given in the left hand column of Figure 5.3. To find the
basis matrix E that corresponds to its Brauer diagram d, we perform the procedure that is given in
the purple box. Fix a Brauer diagram dg. For each (I, J)-entry of the matrix E3, we place the entries of
I on the top row and the entries of J on the bottom row of the diagram and see whether the entries
within each block are the same for each block in the diagram. If they are, then the (I, J)-entry of the

matrix is 1, otherwise 0.

For example, take the first diagram in Figure 5.3 which corresponds to the set partition
p={1,21]3,4} (5.93)

Consider the (I, J)-entry where I = (1,1) and J = (2,2). We place (1,1) on the top row and (2,2) on
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e U P A K O A O 6 KA 6 KN KR N
0 0 0 0 0
0 0 1 -1 0

Figure 5.4: We show one of the three spanning set matrices whose weighted linear combination
gives all of the possible weight matrices that can appear in an Sp(2)-equivariant neural network from
(R?)®3 to R%. We obtain these matrices from the (3, 1)-Brauer diagrams in B(2). For each diagram, to
calculate the (I, J)-entry of its associated spanning set matrix, we place the I-tuple on the top row of
the diagram and the J-tuple on the bottom row of the diagram, and label the blocks according to the
procedure that is given in the light blue box. The (1, J)-entry of the matrix is the product of the values
that are given to the individual blocks.

the bottom row of the diagram dg, and see that the entries within each block are the same, for each
block in the diagram. Hence, the (1,1 | 2, 2)-entry for the matrix Eg corresponding to this diagram is
1. However, if we consider the (I, J)-entry where I = (2,1) and J = (1, 1), then this entry is 0 since
the labels for the block on the bottom row are not the same. Figure 5.2 shows how the (I, J)-entries

are obtained from the Brauer diagram dg for these examples.
Figure 5.3 shows in full the basis of End,)((R?)®?) that is obtained from the basis of B3(2).

Hence, the weight matrix for an O(2)-equivariant linear layer function from (R?)®? to (R?)®?, in the

standard basis of RZ, is of the form

L1 12 21 22
1,1 _)\1,273 0|0 A1
1,2 O Ao | Az 0
21| O A3 | Ao 0
22 At 010 Ai2gs

(5.94)

for weights A\i, Aa, A3 € R.

Example 5.24. Suppose that we would like to find the weight matrix for an Sp(2)-equivariant linear

layer function from (R?)®3 to R2.

We saw that calculating the weight matrix is similar to the O(n) case, except we replace § by e if there

is an edge between two vertices that are in the same row.
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We apply Theorem 5.17 by considering the surjective map
X?},Q : B% (2) - HomSp(Q)((RQ)@)Sa RQ) (595)

noting that [ + k is even.

Bi(2) has three basis diagrams, which are given in the left hand column of Figure 5.5. To find the
spanning set matrices F corresponding to each diagram dg, we perform the procedure that is given
in the light blue box. For each (I, J)-entry of the matrix, we place the entries of I on the top row and
the entries of J on the bottom row of the diagram, and consider each block in the diagram. We assign
a value to each block as follows. If the block consists of two vertices that are in different rows, we see
whether the entries that have been placed on the vertices are the same. If they are, then we assign the
value 1 to that block, otherwise 0. Otherwise, the block consists of two vertices that are in the same
row. If z is the entry that has been placed on the left most vertex, and y is the other entry, then we
calculate ¢, ,, which was defined in (2.8). Consequently, the (I, J)-entry of the matrix is the value that

is obtained by multiplying together all of the values that have been assigned to the blocks.

For example, take the first diagram in Figure 5.5 corresponding to the set partition
p={1,21]3,4} (5.96)

Consider the (I, J)-entry of Fg where I = (1) and J = (1,1’,1). We place (1) on the top row and
(1,1/,1) on the bottom row of the diagram. We see that the entries that have been placed on the block
that connects vertices 1 and 2, which are in different rows, are the same. Consequently, we assign
the value 1 to this block. For the other block, 1’ has been placed on vertex 3, and 1 has been placed
on vertex 4. Hence, we assign the value of ¢;/; to this block, which, by (2.8), is —1. Therefore, the
(111,71, 1)-entry of Fgis 1 x —1 = —1. Figure 5.4 shows how the (1 | 1,1’, 1)-entry is obtained from

the Brauer diagram dg itself.

Figure 5.5 shows in full the spanning set for Homgy,5) ((R?)®3,R?) that is obtained from the basis of

Bi(2).

Hence, the weight matrix for an Sp(2)-equivariant linear layer function from (R?)®3 to R?, in the
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Basis Diagram dg Matrix Entries Spanning Set Matrix Fjg
N
| ‘ 1,11 1,1, 1,171 1,11 v 1 vaa vy
; ! (01 i1 €1nis) 1{0 1‘71 0‘0 0‘0 0}
| | 21,J1-72,J3 ’ _
o o0—o0 vfo o]0 0|0 1 1 0
2 3 4
B N
| ‘ 1,11 1,1, 1,171 1,117 v 1 vaYa vy
; ! (i1 ia€inia) ifo 1 ]0 o0 ]-1 o0 0 0
! ! 11,J2571,)3 [0 0 | 0 1 0 0 | -1 0
2 3 4
B N
| ‘ 1,11 1,1, 1,171 1,117 v 1 vaa vy
; ! (551 i€ in) 1{0 0‘1 0‘—1 0‘0 0}
| | 21,J3%71,J2 ’ _
o—o o vfo o]0 1|0 1|0 0
2 3 4

Figure 5.5: The images under X3, of the basis diagrams of Bj(2) make up a spanning set for
HomSp(Q) ((R2)®37 RQ)

symplectic basis of R?, is of the form

L, 11,1 1,171 1,17,1/ 1,1 1,1,/ 10,1 IR
11 O A+ | =AM+ A3 0 —Xo — A3 0 0 0
(5.97)
1 0 0 0 Ao+ A3 0 A — A3 | —A1 — Xg 0

for weights A\j, A2, A3 € R.

Example 5.25. Finally, suppose that we would like to find the weight matrix for an SO(2)-equivariant

linear layer function from (R?)®3 to R2. Again we apply Theorem 5.19.

Asn < |+ k, and n is even and [ + k is even, we see that three (3,1)-Brauer diagrams and six

(1 + 3)\2-diagrams make up a basis of D3(2). Their images under

U3, : D3(2) = Homgoo) (R*)®?,R?) (5.98)
form a spanning set of Homgp (o) ((R?)®3, R?).
Calculating the images of the three (3, 1)-Brauer diagrams is the same as for the O(n) case.

To find the spanning set matrices H, corresponding to each (1 + 3)\2-diagram d,,, we perform the

procedure that is given in the orange box. For each (I, J)-entry of the matrix, we place the entries



90 Chapter 5. Brauer’s Group Equivariant Neural Networks

11,1 1,12 121 1,22 211 212 221 222 | !
o 1 l=1 o | |
210 0 0 0 @ : A_l |

Figure 5.6: We show one of the nine spanning set matrices whose weighted linear combination gives all
of the possible weight matrices that can appear in an SO(2)-equivariant neural network from (R?)®3
to R2. We obtain these matrices from the three (3, 1)-Brauer diagrams and six (1 + 3)\2-diagrams in
Di(2). For each (1 + 3)\2-diagram, to calculate the (I, J)-entry of its associated spanning set matrix,
we place the I-tuple on the top row of the diagram and the J-tuple on the bottom row of the diagram,
and label the blocks according to the procedure that is given in the orange box. The (I, J)-entry of the
matrix is the product of the values that are given to the individual blocks.

of I on the top row and the entries of J on the bottom row of the diagram. To the block containing
two vertices, we assign the value 1 to that block if the entries that have been placed on the vertices
are the same, otherwise 0. We then assign a value to the set of free vertices as follows. We attach a
two-legged jellyfish to the set of free vertices, attaching the legs to the free vertices in the top row first,
from left-to-right, before attaching the legs to the free vertices in the bottom row, also from left-to-right.
We calculate the value of the determinant map that corresponds to this jellyfish. In this case, the value
will be det(e, ® e,), where x is the entry that is associated with the first free vertex and y is the entry
that is associated with the other free vertex. Consequently, the (I, J)-entry of the matrix is the value
that is obtained from multiplying the value that is assigned to the block with the value that is assigned

to the set of free vertices.

For example, take the first diagram in Figure 5.7 corresponding to the set partition

a={1,2]3]4} (5.99)

Consider the (I, J)-entry of H, where I = (2) and J = (2,2,1). We place (2) on the top row and
(2,2, 1) on the bottom row of the diagram. We see that the entries that have been placed on the block
that connects vertices 1 and 2 are the same. Consequently, we assign 1 to this block. For the set of free
vertices, we attach a two-legged jellyfish to these vertices and see that the value of the determinant
map associated with the jellyfish is det(e2 @ e;), which is —1. Therefore, the (2 | 2,2, 1)-entry of H, is
1 x —1 = —1. Figure 5.6 shows how the (2 | 2,2, 1)-entry is obtained from the (1 + 3)\2-diagram d,,
itself.
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Basis Diagram d,, Matrix Entries Spanning Set Matrix H,,
1
C/) 1,11 1,12 1,21 1,22 21,1 212 221 222
| 1 0 1]-1 0o]lo o]o o
Loa | enownn | fF VTR
| ‘ J2 J3)Y%1,51 . -~
(O SR o O 200 0|0 0] o0 1 1 0
2 3 4
1
I I | 11,1 1,12 1,21 1,22 21,1 212 221 222
‘ | o 1]0 o|-1 oo o
: : (det(e;, ® €;,)0i,4,) 1[ ‘ ‘ ‘ }
| ] J1 J3/711,]2 - _
o 0O o 2010 0] 0 1[0 0 1 0
2 3 4
1
C\D 11,1 1,12 121 1,22 211 212 221 222
| ] 0 o1 o|l-1 0]o o0
N N B CR R R
i 1 J1 J2/%11,73 . _
o O O | 200 0[]0 110 110 0
2 3 4
1
o 11,1 1,12 1,21 122 211 212 221 222
| o 1]0 oo o]0 1
| @etlen, eaiii) | 2[5 5 )0 o]0 0|5 6]
i 1 737Y91,J2 _ B
Oo—0 0O 2 -1 0 0|0 o0 1 0
2 3 4
1
‘ O | 11,1 1,1,2 1,21 1,22 21,1 212 221 222
: : ifo o1 o]0 o]0 1
m (det(ei; ® ejy)05, 45) ) [_1 0 ‘ 0 ‘ 0 —1 ‘ 0 0 }
2 3 4
1
(o] L,1 1,12 1,21 1,22 21,1 212 221 222
1 o olo o1 o0 1
| etlen @ep)) S ol Ao ol o]
| 1 J17%732,33 _ _
o....0—0O 2[-1 0] 0 110 0]0 o0
2 3 4

Figure 5.7: The images under W3 , of the six (1 + 3)\2-diagrams in D3(2), together with the images
under W3, of the three (3, 1)-Brauer diagrams in D3(2) (not shown), make up a spanning set for
Homgo(o) ((R?)*?, R?).

Figure 5.7 shows in full the matrices that are obtained from the six (1 + 3)\2-diagrams.

Hence, the weight matrix for an SO(2)-equivariant linear layer function from (R?)®3 to R?, in the

standard basis of R2, is of the form

11,1 1,12 1,2,1 1,2,2 2,1,1 2,1,2 221 222
1] A123  Aas7 | —Aa+ Asg A1 —A5.6 + Ag A2 A3 A7.8,9

(5.100)
2| =A789 A3 A2 5.6 — A9 A1 A= 68 | =57 A123

for weights Aj,..., A9 € R.



Chapter 6

Partition Categories

In the preceding chapters, we found linear maps between vector spaces containing certain types of set
partition diagrams and vector spaces of equivariant linear maps between tensor power representations
for some subgroups G(n) of GL(n). We used these linear maps to obtain the weight matrices that
appear in neural networks that are equivariant to these groups G(n), where the layers are tensor power
spaces of R". However, for a given group G(n), each of the weight matrices in the neural network is
in some sense similar, since they are determined in part by the layers of the network, which are the
tensor power representations that differ only in their order. Likewise, the vector spaces containing
certain types of set partition diagrams are also, in some sense, similar, in that, for a fixed value of
n, the vector spaces mostly differ by the values chosen for [ and k, which represent the number of
vertices in each row of a set partition diagram. We would like to formalise this intuition of similarity
across different values of [ and k for both the vector spaces of equivariant linear maps and the vector
spaces containing certain types of set partition diagrams. For this, the concepts that appear in category
theory are ideal, in that they are useful for abstracting away the specifics of structures in order to
study their general properties. By replacing set-theoretic notions with category-theoretic ones, we
create a deeper structure for understanding the group equivariant neural networks themselves. From
the vector spaces that have similar properties, we create so-called monoidal categories, which are
categories that have an additional operation for composing objects and morphisms, known as the
tensor product, and then use them to create so-called monoidal functors, which are functors that
preserve the tensor product between monoidal categories. We are particularly interested in the tensor
product because the layers of the neural networks are tensor power spaces of R", and they differ only

in the number of tensor products that are involved.

We note that we are not solely rewriting existing results in a different language, but that, as an outcome

of this process, we obtain new insights into these neural networks. In particular, we show that set

92
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partition diagrams that appear in monoidal categories have a string-like quality to them. By pulling
on the strings or dragging their ends to different locations, we can use the monoidal functors to obtain

new results for the weight matrices that appear in these group equivariant neural networks.

Before we define monoidal categories and monoidal functors, we first introduce a new basis of matrices
for the linear maps that appear in permutation equivariant neural networks that was originally found
by Godfrey et al. (2023). We show that this basis comes with additional benefits relating to the tensor
product compared with the one that we obtained from the orbit basis of the partition vector space

P!(n) in Chapter 3.
The content of this chapter is modelled on the paper:

Edward Pearce-Crump and William J. Knottenbelt. (2024a) A Diagrammatic Approach to Improve

Computational Efficiency in Group Equivariant Neural Networks. arXiv:2412.10837.

6.1 Diagram Basis for Permutation Equivariant Linear Layers

After we had established the relationship between the weight matrices that appear in permutation
equivariant neural networks and the partition vector spaces in the preprint of our paper Pearce-Crump
(2024), Godfrey et al. (2023) constructed another basis for Homg, ((R™)®*, (R?)®!), which they called
the diagram basis, using an algebra formed from the direct sum of all vector spaces of permutation
equivariant linear layers. We show instead that we can use the diagram basis of the partition vector

space P}(n) that we introduced in Chapter 3 to obtain the diagram basis of Homg, ((R")®*, (R™)®!).

Recall from Section 3.2.2 that the equation

de = w9 (6.1)
given previously in (3.9) defines a unitriangular change of basis matrix between the diagram basis
{d} and the orbit basis {zy} of P!(n). In particular, this equation also defines a change of basis matrix
on the subspace of P} (n) spanned by all diagram basis elements d. that have at most n blocks. Indeed,
for each diagram d in this subspace, since it has at most n blocks, the number of blocks in each zy that

appears in this equation can be at most n, by definition of the partial order < on set partitions of [l + k.

Recall also from Definition 3.17 that for all non-negative integers [, k and positive integers n, the
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surjective map

I}, : Pi(n) = Homg, (R™)®* (R™)®) 6.2)

was defined on the orbit basis of P} (n) as follows, and extended linearly:

, X, if w has n or fewer blocks
Fk,n (xﬂ-) = (6.3)
0 if 7 has more than n blocks

We can combine these results to define another map from P} (n) to Homg, ((R")®*, (R")%!), this time

on the diagram basis of P} (n). We will use the notation ©} ,, to refer to this map in what follows.

Let 7 be a set partition of [l + k], and let d be its representation in the diagram basis of P} (n). We
define ©} , (dr) in the following way. First change the basis in P} (n) from the diagram basis to the
orbit basis using (6.1), and then apply I} , to each of the orbit basis diagrams that appear in (6.1) for
dr. We get that

Ohn(dr) =Th (Y 20) =S Thalw) = > X (64)

=6 T=0 7=6, b(0)<n

where b(0) is the number of blocks in . Now define

D, = Z X, (6.5)

7=6,b(0)<n

Clearly, D, is an element of Homg, ((R")®*, (R")®!). Hence we have defined @é:,n(dﬂ) = Dr. @fm
becomes a map on P} (n) by extending the definition by linearity to the entire diagram basis of P} (n).

We claim the following result.

Proposition 6.1. For all non-negative integers 1, k and positive integers n, the set
{Dx | dx has at most n blocks} (6.6)
forms a basis of Homg, ((R™)®F (R™)®!). In particular, the map G)ﬁm is surjective.

Note that whilst ©}  is defined on all diagram basis elements in P} (n), it is only those that have at

most n blocks whose image under @ﬁm creates a basis of Homg, ((R")®*, (R™)®!).

Proof. Consider the two sets Bp := {D, | m € IIj1;,,} and Bp = {Xy | 6 € II;11,,}. We see that, by

definition of D, in (6.5), the transition matrix from Bp, to Bp is unitriangular. As Bo forms a basis
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of Homg, ((R")®*, (R")®!), this implies that Bp is also a basis of Homg, ((R")®*, (R®)®!). Since Bp is
a basis, where each element in Bp is the image under @ﬁf ,, of a diagram basis element in P,i(n), and

@ﬁw is linear, the surjectivity of @ﬁm is immediate. O
Given that Godfrey et al. (2023) referred to the basis {D, | 7 € I, 44, } of Homg, ((R™)®*, (R")%!) as
the diagram basis, we will do the same.

From now on, we refer to the diagram basis elements in P} (n) as (k,)-partition diagrams.

We formulate the construction given above as the following theorem, with an immediate corollary

relating to permutation equivariant weight matrices.

Theorem 6.2 (Diagram Basis when G(n) = S,,). For all non-negative integers l, k and positive integers n,

there is a surjection of vector spaces
O}, : Pi(n) — Homg, (R™)®*, (R™)®") (6.7)
that is given by
O}, n(dr) = D (6.8)
for all (k,l)—partition diagrams d, where D is defined in (6.5).

In particular, the set
{Dr | dx is a (k,l)—partition diagram having at most n blocks} (6.9)

is a basis for Homg,, ((R™)®* (R™)®!) in the standard basis of R™, of size B(l + k,n).

Corollary 6.3 (Permutation Equivariant Weight Matrices). For all non-negative integers l, k and positive
integers n, the weight matrix W that appears in an S,,-equivariant linear layer function from (R™)®* to (R")®!

must be of the form
W = Z A\ D (6.10)

m€lli1kn

for B(l + k,n) many weights A, € R.

We will see in what follows that there is an advantage in using weight matrices that come from the
diagram basis of P}(n) as opposed to those that come from the orbit basis when we look to construct

permutation equivariant neural networks.
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A Procedure for Calculating the (I, J)-entry of each Permutation Equivariant Basis Matrix
D, from (R")®* to (R")®! using the Diagram Basis of P! (n).

Assume that d is a diagram basis element in P! (n) having at most n blocks.
Perform the following steps:

1. Place the indices I on the top row of d, and the indices J on the bottom row of d.

2. If all of the vertices in each block in d,. have been overlaid with the same number, then
the (I, J)-entry of D is 1, otherwise it is 0.

However, as it stands, to calculate the diagram basis of Homg, ((R")®*, (R")®!), we would first need
to calculate the orbit basis of Homg, ((R™)®¥, (R")%!) and then use (6.5). To calculate the diagram basis

of Homg, ((R™)®*, (R™)®!) directly from the diagram basis for P}(n), we use the following theorem.
Theorem 6.4. The (I,.J)-entry of the matrix D given in Theorem 6.2 can be calculated directly from the
diagram basis element d € P} (n) as follows.

1. Place the indices I on the top row of dr and the indices J on the bottom row of dx.

2. If all of the vertices in each block in d. have been overlaid with the same number, then the (I, J)-entry of

D, is 1, otherwise it is 0.

Proof. Suppose that d, is a diagram basis element in P} (n). Assume that we have placed the indices I
on the top row of d, and the indices .J on the bottom row of d.
Consider the following cases.

Case 1: (I, J) does not label the blocks of d, consistently.

Then, by (6.1) and the definition of the partial order < on set partitions of [l + k], (1, J) does not label
the blocks of any of the xy consistently. Hence, the (I, J)-entry of each X, that is the image of zy under
Fﬁw is 0, and so the (I, J)-entry of D is also 0, by (6.5).

Case 2: (I, J) labels the blocks of d, consistently.

Then, by (6.1), we see that (I, J) labels the blocks of exactly one xy in (6.1) consistently and distinctly.
Indeed, this set partition 6 is obtained from 7 by taking the union of the blocks in = where the vertices
in those blocks have been labelled by the same values after the indices I have been placed on the top

row of d, and the indices J have been placed on the bottom row of d.. Hence, the (I, J)-entry for
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Figure 6.1: We obtain the two diagram basis matrices whose weighted linear combination gives all
of the possible weight matrices that can appear in an S;-equivariant neural network from R* to R%.
We obtain these matrices from the diagram basis elements in P (4) that have at most 4 blocks. For
each diagram, to calculate the (I, J)-entry of its associated basis matrix, we place the I-tuple on the
top row of the diagram and the J-tuple on the bottom row of the diagram, and see if they label the
diagram’s blocks consistently. If the labelling is consistent, then we put a 1 in the (7, J)-entry of the
matrix, otherwise 0. Compare these matrices with those that appeared in Figure 3.1.

Xy that is the image of this z¢y under Fﬁm is 1, and is 0 for the images of all of the other orbit basis

diagrams in (6.1) that are not zy. Hence, the (I, J)-entry of D, is 1, by (6.5). dJ

In the clay box, we have turned Theorem 6.4 into a simple procedure for calculating the diagram basis
of Homg, ((R™)®* (R™)®!) that is similar to the procedure that appeared in Chapter 3 for calculating
the orbit basis of Homg, ((R™)®*, (R™)®}).

Consequently, from Theorem 6.4, we obtain the following corollary that describes another way to

express each matrix D, in Homg, ((R")®*, (R™)®!) in terms of matrix units.
Corollary 6.5. Let D, be the image of a diagram basis element d. in P} (n).

Then, if S;((1, J)) is defined to be the set
{(I, J) € [n)'*F | if 2,y are in the same block of 7, then i, = iy} (6.11)
(where we have momentarily replaced the elements of J by i1, = jm for all m € [k]), we have that

D= Y SrunErs (6.12)
Ie[n]t,Je[n]*

where

1 if(I,J) € Se((I,J
b 1) = if (I,J) € Sx((1,J)) 613)

0 otherwise
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One important consequence in what follows is that the tensor product of images of diagram basis

elements in partition vector spaces is preserved under the map ©! , in the following sense.

Corollary 6.6. If D, is the image of a diagram basis element d,. in P}(n), and D, is the image of a diagram
basis element d, in qu(n), then their tensor product, D ® D, is D,,, the image of a diagram basis element d,,
in P,ifq”(n).

Proof. Let w be the set partition 7 U 7 of [l + m + k + ¢g|. Then, by Corollary 6.5, we see that

D ® D, = > bnunErs| @ > SxExy (6.14)
I€n)t,Je[n]k Xe€[n]™,Y€ln]¢
= > Ouw,(1,X), (1Y) E(1,x),0y) (6.15)
(I,X)E[n)H+m, (LY )€[n)F+a
sy (6.16)
where (6.15) holds because S, ((I,J)) US;((X,Y)) = S,((I,X), (J,Y)). O

Remark 6.7. Note that in constructing the diagram basis for Homg, ((R")®*, (R")®!) from the diagram
basis of P}(n), we do not require different blocks in the set partition diagram to be overlaid with
different numbers, unlike with the construction given in Chapter 3 that uses the orbit basis of P! (n),
where the blocks need to be labelled consistently and distinctly. This also explains why it is important
that there are two different types of set partition diagrams for P} (n) — each type gives a different way

of constructing permutation equivariant weight matrices.

Example 6.8. Compare the following with Example 3.20. Suppose that we would like to find the weight
matrix for an Sy-equivariant linear layer function from R* to R?, except we now use the diagram basis

of Homg, (R* R*). Note thatl = k = 1 and n = 4.

As before, to calculate this weight matrix, we first need to calculate all of the set partitions of [1 + 1]
having at most 4 blocks. These are m; = {1,2} and m = {1 | 2}. But now, we express each of
these set partitions as a diagram basis element in P/ (4), and apply the map ©1 , to each of these
diagrams to obtain the basis matrices D, and D,,. Figure 6.1 gives examples of how to calculate the
(I, J)-entries for both of these matrices using the procedure that is given in the clay-coloured box. In
particular, we see that the (1, 1)-entry of D, is 1, since the only block in D, is consistently labelled
(by 1), whereas the (2, 4)-entry of Dy, is 0, since the only block in d, is inconsistently labelled (2 # 4).

However, compared with the matrix X, that comes from the orbit basis diagram z, in P} (4) (see
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Example 3.20), we see that all of the entries of D, are 1 since the two blocks in d, are consistently

labelled automatically!

Finally, we multiply each matrix by a weight, namely \; and A, respectively, and then add the two
matrices together to obtain the overall weight matrix. Hence, the weight matrix for an Ss-equivariant

linear layer function from R* to R?, using the diagram basis of Homg, (R*, R?), is of the form

’ (6.17)

for weights A\i, Ay € R, where A\j 2 := A1 + \o.

6.2 Strict R-Linear Monoidal Categories and String Diagrams

The result given in Corollary 6.6 hints at something more general, in that the tensor product of diagram
basis matrices, which come from partition vector spaces, holds no matter how we choose the values of

I,k,mand q.

To achieve this generality, we need to study these concepts at the level of categories. Recall from

Section 2.5 the definition of a category and the definition of a functor between two categories.

We are specifically interested in categories that have a specific property called monoidal, and the
monoidal functors between these categories. The monoidal property gives additional structure to
the way in which objects and morphisms can be related. In particular, monoidal categories have an
additional operation, known as a tensor product, that enables objects and morphisms to be composed
in another way. We call this additional composition operation horizontal. Crucially, monoidal functors

preserve the tensor product across monoidal categories.

We assume throughout that all categories are locally small, which, recalling Section 2.5, means that the
collection of morphisms between any two objects is a set. In fact, all of the categories that we consider
going forward have morphism sets that are vector spaces. Hence, the morphisms between objects

become linear maps. We follow the presentation that is given in Hu (2019) and Savage (2021) below.
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Definition 6.9. A category C is said to be strict monoidal if it comes with a functor ® : C x C — C,
known as a bifunctor or a tensor product, and a unit object 1, such that, for all objects X, Y, Z in C, we
have that

XeYV)eZ=X2 (Y ®Z) (6.18)

1IeX)=X=(X®1) (6.19)

and, for all morphisms f, g, h in C, we have that

(fegoh=fx(g®h) (6.20)

(Lief)=f=(f®l) (6.21)
where 11 is the identity morphism 1 — 1. We often use the tuple (C, ®¢, 1¢) to refer to the strict

monoidal category C.

We have started with the definition of a strict monoidal category as opposed to that of a monoidal
category since we can assume that all monoidal categories are strict, owing to a technical result known

as Mac Lane’s Coherence Theorem. See Mac Lane (1998) for more details.

Some categories come with additional structure:

Definition 6.10. A category C is said to be R-linear if, for any two objects X, Y in C, the morphism set
Hom¢(X,Y) is, in fact, a vector space over R, and the composition of morphisms is R-bilinear.

By combining Definitions 6.9 and 6.10, we obtain the following definition:

Definition 6.11. A category C is said to be strict R-linear monoidal if it is a category that is both strict
monoidal and R-linear, such that the bifunctor ® is R-bilinear.

In Section 2.5, we saw that there exists a notion of “maps” between categories, which are called functors.
We are interested in a particular type of functor, which is defined as follows.

Definition 6.12. Suppose that (C, ®¢, 1¢) and (D, ®p, 1p) are two strict R-linear monoidal categories.

A strict R-linear monoidal functor from C to D is a functor F : C — D such that

1. for all objects X, Y inC, F(X @ Y) = F(X) @p F(Y)
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2. for all morphisms f,ginC, F(f ®c g) = F(f) ®p F(9)
3. ]:(]lc) = ]lD, and

4. for all objects X, Y in C, the map

Home (X, Y) — Homp(F(X), F(Y)) (6.22)

given by f — F(f) is R-linear.

Strict monoidal categories are particularly interesting because they can be represented by a very useful
diagrammatic language known as string diagrams. We will see that, as this language is, in some sense,
geometric in nature, it is much easier to work with these diagrams compared with their equivalent

algebraic form.

Definition 6.13 (String Diagrams). Suppose that C is a strict monoidal category. Let W, X, Y and Z
be objectsinC, andlet f : X - Y,g:Y — Z,and h : W — Z be morphisms in C. Then we can
represent the morphisms 1y : X - X, f: X - Y,gof: X > Zand fQh: XQW - Y ® Z as

string diagrams in the following way:

1X: Y ! Z ! Y Z

i L Inn} s i
o T | | W ] 6.23
o s EHE (623)
X x| Cx X W

In particular, the vertical composition of morphisms g o f is obtained by placing g above f, and the

horizontal composition of morphisms f ® h is obtained by horizontally placing f to the left of h.

We will typically omit the labelling of the objects when they are clear or when they are not important.

As an example of how useful string diagrams are when working with strict monoidal categories, the
associativity of the bifunctor given in (6.20) becomes immediately apparent. Another, more involved,
example is given by the interchange law that exists for any strict monoidal category. It can be expressed
algebraically as

Iego(fel)=feg=(fel)o(1l®yg) (6.24)

Without string diagrams, it is somewhat tedious to prove this result. Indeed, for the left hand equality
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of (6.24), we have that

(IT@g)o(f@l)=(2(1,9))o(@(f,1) =a((1,g)o(f 1) =((f9)=fSg (6.25)

where we have used the definition of composition in C x C and the fact that ® : C x C — C is a functor.

A similar calculation also holds for the right hand equality of (6.24).

However, with string diagrams, the result is intuitively obvious, if we allow ourselves to deform the

diagrams by pulling on the strings:

- Joa - j (6.26)

6.3 Categorification

In previous chapters, we defined a vector space for each non-negative integer ! and k that is the
R-linear span of a certain subset of (k, [)—partition diagrams. However, it is clear that, for all values of
[ and k, these vector spaces are all similar in nature, in that the set partition diagrams only differ by
the number of vertices that appear in each row and by the connections that are made between vertices.
Moreover, set partition diagrams look like string diagrams. Given that string diagrams represent strict
monoidal categories, and that we have a collection of vector spaces for certain subsets of set partition
diagrams, this implies that we should have a number of strict R-linear monoidal categories! Indeed

we do — we formalise this intuition below.

6.3.1 Partition Categories

We assume throughout that [ and k are non-negative integers and that n is a positive integer. In
Section 3.2.1, we defined the partition vector space P}(n), which has a basis consisting of all possible

(k,l)-partition diagrams. In order to obtain a category from these vector spaces, we need to define the
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following two R-bilinear operations on (k, [)—partition diagrams:

composition: e : P"(n) x P}(n) — P (n) (6.27)
tensor product: ® : P}(n) x P (n) — P,ii?(n) (6.28)

They are given as follows:

Definition 6.14 (Composition). Let d,, € P.(n) and d,, € P/"(n). First, we concatenate the diagrams,
written d, o dr,, by putting d,, below d,, concatenating the edges in the middle row of vertices,
and then removing all connected components that lie entirely in the middle row of the concatenated
diagrams. Let ¢(d,, dr, ) be the number of connected components that are removed from the middle

row in dr, o dr,. Then the composition is defined, using infix notation, as
Ay @ dye, = nm2dm)(d o d ) (6.29)

Example 6.15. If d, is the (6, 4)—partition diagram

(6.30)

(6.31)

,,,,,,,,,,,,,,,,,,,,,,,,,

(6.32)

and so d;,  d, is the diagram (6.32) multiplied by n?, since two connected components were removed

from the middle row of d, o d,.

Definition 6.16 (Tensor Product). Let d., € P,i(n) and dr, € P;"(n). Then d,, ® dr, is defined to
be the (k + ¢,1 + m)—partition diagram that is obtained by horizontally placing d, to the left of d,

without any overlapping of vertices.
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Example 6.17. The tensor product dr, ®dr,, for d,, and d, given in Example 6.15, is the (9, 10)—partition

diagram

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

e -

It is clear that both the composition and tensor product operations are associative.
Consequently, we have the following category:

Definition 6.18. We define the partition category P(n) to be the category whose objects are the

non-negative integers, and, for any pair of objects k and [, the morphism space Homp,,) (k, ) is P}(n).

The vertical composition of morphisms is the composition of partition diagrams given in Definition 6.14;
the bifunctor (the horizontal composition of morphisms) is the tensor product of partition diagrams

given in Definition 6.16; and the unit object is 0.

Given that we can inherit the composition and tensor product operations for B (n) from the composi-

tion and tensor product operations for P} (n), we have the following definition.

Definition 6.19. We define the Brauer category B(n) to be the category whose objects are the same as

those of P(n) and, for any pair of objects k and [, the morphism space Homp,,(k, 1) is Bj,(n).

The vertical and horizontal composition of morphisms and the unit object are the same as those defined

for P(n).

Proposition 6.20. The partition category P(n) and the Brauer category B(n) are strict R—linear monoidal

categories.

Proof. We prove this result for the partition category since the proof for the Brauer category is effectively

the same.

P(n) is a strict monoidal category because the bifunctor on objects reduces to the addition of natu-
ral numbers, which is associative, and the bifunctor on morphisms is the tensor product of linear

combinations of partition diagrams that is given in Definition 6.14, which is associative by definition.

P(n) is R-linear because the morphism space between any two objects is by definition a vector space,
and the composition of morphisms is R-bilinear by definition. For the same reason, the bifunctor is

also R-bilinear. O
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We can also obtain a strict R-linear monoidal category BG(n) from the Brauer-Grood vector spaces
D! (n). We call BG(n) the Brauer-Grood category, although it is also known in the literature as the
Jellyfish Brauer category (Comes, 2020), for reasons which will become apparent. Showing that BG(n)
is strict R-linear monoidal is a long and arduous computation that is the result of combining the proof
of Lehrer and Zhang (2012, Theorem 2.6) together with the proof of Lehrer and Zhang (2018, Theorem

6.1), hence we omit it here.

Instead, we show how the composition and tensor product operations are defined for D! (n), which
are needed to be able to define the Brauer-Grood category. Recall that D! (n) is the R-linear span of

the set of all (k,!)-Brauer diagrams together with the set of all (! + k)\n—diagrams.

We want to define two R-bilinear operations

composition: e : D"*(n) x D (n) — D{*(n) (6.34)
tensor product: ® : D (n) x Dy'(n) — ijﬁ](n) (6.35)

It is clear that we need to define these operations on ordered pairs of diagrams in each of the following

four cases:

1. Brauer and Brauer
2. Brauer and (I + k)\n
3. (I + k)\n and Brauer, and

4. (I4+k)\nand (I + k)\n

In particular, to define the composition and tensor product operations in Cases 2, 3, and 4 where an
(I 4+ k)\n—diagram appears, we reintroduce the n-legged jellyfish by attaching the free vertices in the
diagram to the head of the jellyfish, in top-to-bottom, left-to-right order.

Example 6.21. If d, is a (1 + 2)\3-diagram, then by attaching the jellyfish we obtain the following
diagram:

= QG% (6.36)
o o |

We allow the jellyfish to satisfy the following two rules.
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Rule 1: composing an adjacent permutation with a jellyfish, which is equivalent to having two adjacent

legs of the jellyfish crossed, is equal to the negative of the uncrossed jellyfish:

(6.37)

Rule 2: the juxtaposition of two jellyfish, each with n legs, is equal to the following linear combination

of Brauer diagrams:

(6.38)

(6.39)

One consequence of Rule 1 is that if two legs of the same jellyfish are connected, then it is equal to 0.

For example,

.85 8. 8 SN

With this, we can now define the composition and tensor product operations for each of the four cases.
Definition 6.23 (Composition). We define composition for each of the four cases given above.

Case 1: The composition of a (k, l)-Brauer diagram with an (I, m)-Brauer diagram is the same as the

composition that was given in Definition 6.14.

Cases 2, 3: We explain this in the situation where we have a (k,!)-Brauer diagram dg and an (m +

l)\n-diagram d,, but the same steps apply in the other case. We perform the following procedure:

e Attach ajellyfish to d,, as in (6.36).

e Place dg below d,, and concatenate the diagrams to obtain a diagram with three rows of vertices.
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If any two legs of the same jellyfish are connected in this diagram, the result is 0, and we can

stop.

Otherwise, fully concatenate the diagrams to obtain a diagram with two rows of vertices, remov-
ing all connected components that lie entirely in the middle row of the concatenated diagrams.

Let ¢(dq, dg) be the number of connected components that are removed from the middle row.

Now repeatedly apply Rule 1 to fully uncross the legs of the jellyfish. This is equivalent to a
permutation o € S,, acting on the legs of the jellyfish, and so the sign that we put in front of the

final diagram is sgn(o), the sign of the permutation.

Finally, detach/remove the jellyfish to obtain an (m + k)\n—-diagram d,. Consequently, the

result that we obtain is sgn(o)n®@eds)d. .

Case 4: Suppose that we have an (I + k)\n-diagram d,, and an (m + [)\n—diagram d,,,. We perform

the following procedure:

Attach separate jellyfish to d,, and d,,, as in (6.36).

Place d,, below d,,, and concatenate the diagrams to obtain a diagram with three rows of

vertices.

If any two legs of the same jellyfish are connected in this diagram, the result is 0, and we can

stop.

Otherwise, fully concatenate the diagrams to obtain a diagram with two rows of vertices, remov-
ing all connected components that lie entirely in the middle row of the concatenated diagrams.

Let ¢(dq,, da, ) be the number of connected components that are removed from the middle row.

Now repeatedly apply Rule 1 to fully uncross the legs of each of the jellyfish. This is equivalent

to a product of permutations o7 € S,,. Hence, the sign that we put in front of the final diagram

is sgn(o7) = sgn(o) sgn(7).

Now apply Rule 2 to obtain a linear combination of (k, m)-Brauer diagrams. Call this linear

combination d. Consequently, the result that we obtain is sgn (o) sgn(7)n(@e2de1)q,

Example 6.24 (Composition, Case 3). Let d,, be the diagram
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and let dg be the diagram

Then d,, e dg is equal to

Definition 6.26 (Tensor Product). Only the definition for Case 4 is non-trivial.

Case 1: The tensor product of a (k,l)-Brauer diagram with a (¢, m)-Brauer diagram is the same as the

tensor product that was given in Definition 6.16.

Case 2: The tensor product of a (k, {)-Brauer diagram dg with an (m + ¢)\n—diagram d,, is defined to
be the (I + m + k + ¢)\n—diagram that is obtained by horizontally placing ds to the left of d,, without

any overlapping of vertices.

Case 3: The tensor product of an (I + k)\n-diagram d,, with a (g, m)-Brauer diagram dg is defined to
be the (I + m + k + ¢)\n-diagram that is obtained by horizontally placing d,, to the left of dg without

any overlapping of vertices.
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Case 4: Suppose that we have an (! + k)\n-diagram d,, and an (m + ¢)\n-diagram d,,. We perform
the following procedure:

e Attach separate jellyfish to d,, and d,,, as in (6.36).

e Horizontally place d,, to the left of d,, without any overlapping of vertices.

e Apply Rule 2 to obtain a linear combination of (k + ¢,! + m)-Brauer diagrams. This is the end

result.

Example 6.27 (Tensor Product, Case 4). Let d,, and d,, be as above. Then d,, ® d,, is equal to

,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

It is a consequence of Lehrer and Zhang (2018, Theorem 6.1) that these operations are associative, and

so we obtain the following strict R-linear monoidal category.

Definition 6.28. The Brauer—Grood category BG(n) is the category whose objects are the same as

those of P(n) and, for any pair of objects k and [, the morphism space Hompg,, (k, 1) is D} (n).

The vertical composition of morphisms and the horizontal composition of morphisms are the same as

those defined for D! (n). The unit object is 0.

Remark 6.29. We will refer to these categories in general as partition categories. When we wish to
specifically reference the partition category P(n), we will explicitly write P(n) to clarify that we mean

this particular category.

6.3.2 Group Representation Categories

It is not just the partition vector spaces that are similar for different values of [ and k. The tensor power
spaces of R" that make up the layers of the group equivariant neural networks defined in Section 2.3
and, in particular, the linear layer functions between them, are also similar for different values of I and
k. To form a category from these representations and the linear maps between them, we first need to

define a category for all representations of a group.
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Definition 6.30. Let G be a group. Then Rep(G) is the category whose objects are pairs (V, py),
where py : G — GL(V) is a representation of G, and, for any pair of objects (V, py') and (W, pw ), the
morphism space, Homgep(cy ((V; pv), (W, pw)), is precisely the vector space of G-equivariant linear

maps from V to W, Homg(V, W).

The vertical composition of morphisms is given by the composition of linear maps, the horizontal
composition of morphisms is given by the tensor product of linear maps, both of which are associative
operations, and the unit objectis givenby (R, 1g), where 1y is the one-dimensional trivial representation

of G.

If G = G(n) is a subgroup of GL(n), then we have the following category.

Definition 6.31. If G(n) is a subgroup of GL(n), then we define C(G(n)) to be the category whose
objects are pairs {((R")®*, Pk) Yhezso Where pg @ G(n) — G L((R™)®¥) is the representation of G(n)
given in Section 2.2, and, for any pair of objects ((R")®*, p;) and ((R")%!, p;), the morphism space
Home () (R™)®F, pi), (R™)®, 1)) is precisely Homgy,) (R™)#F, (R")®!).

The vertical composition of morphisms is given by the composition of linear maps, the horizontal
composition of morphisms is given by the tensor product of linear maps, both of which are associative
operations, and the unit objectis given by (R, 1g), where 1y is the one-dimensional trivial representation

of G(n).

Proposition 6.32. For any subgroup G(n) of GL(n), C(G(n)) is a full subcategory of the category of represen-
tations of G(n), Rep(G(n)). In particular, C(G(n)) is a strict R-linear monoidal category.

Proof. Tt is clear from the definitions that C(G(n)) is a subcategory of Rep(G(n)). C(G(n)) is a full
subcategory of Rep(G(n)), as, for any pair of objects ((R™)®*, p;.) and ((R™)®', p;) in C(G(n)), the
)

morphism space Home () ((R™)¥*, pi), (R™)®', pr)) is Homgep(a(ny) (R™)E, pr), (R™), o1)).

C(G(n)) can immediately be seen to be a strict monoidal category because the bifunctor on objects is
the tensor product of vector spaces, which is associative, and the bifunctor on morphisms is the tensor

product on linear maps between vector spaces, which is also associative.

C(G(n)) is R-linear because the morphism space for any two objects is a vector space over R, and the
composition of morphisms is R-bilinear because composition is R-bilinear for linear maps on vector
spaces. It is also clear that the bifunctor ® is R-bilinear because it is the standard tensor product for

vector spaces. O
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6.4 Monoidal Functors from Partition Categories to Group

Representation Categories

In previous chapters, we established a number of linear maps between certain partition vector spaces
and the vector space of equivariant linear maps between tensor power representations of certain
subgroups G(n) of GL(n). Given that we have formed a number of strict R-linear monoidal partition
categories from these partition vector spaces, and a strict R-linear monoidal category C(G(n)) from
the equivariant linear maps between tensor power representations of these subgroups G(n), there

should now exist strict R-linear monoidal functors between the categories. Indeed, we have that

Theorem 6.33. There exists a full, strict R-linear monoidal functor
© : P(n) = C(Sn) (6.41)
that is defined on the objects of P(n) by ©(k) = ((R™)®*, py.) and, for any objects k, 1 of P(n), the map
Homp ) (k, 1) — Home(s, ), (©(k), O(1)) (6.42)

is precisely the map

O} : Pi(n) — Homg, ((R™)®*, (R™)®) (6.43)

given in Theorem 6.2.

Theorem 6.34. There exists a full, strict R-linear monoidal functor
P : B(n) — C(O(n)) (6.44)
that is defined on the objects of B(n) by ®(k) = ((R™)®*, p) and, for any objects k, 1 of B(n), the map
Homyp,, (k,1) — Homeo ) (P (k), 2(1)) (6.45)

is the map

), ,, : Bp(n) — Homgg, (R™)®F, (R™)®)) (6.46)

given in Theorem 5.15.
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Theorem 6.35. There exists a full, strict R-linear monoidal functor
X :B(n) = C(Sp(n)) (6.47)
that is defined on the objects of B(n) by X (k) := ((R™)®*, py,) and, for any objects k, 1 of B(n), the map
Homgpg,,) (k,1) — Home(gp(ny) (@(k), (1)) (6.48)

is the map

Xien = Bi(n) — Homg, ) (R™)®F, (R")) (6.49)
given in Theorem 5.17.

Theorem 6.36. There exists a full, strict R-linear monoidal functor
U : BG(n) — C(SO(n)) (6.50)
that is defined on the objects of BG(n) by ¥ (k) := ((R™)®¥, py.) and, for any objects k, 1 of B(n), the map
Hompg ) (k, 1) — Home(som)) (®(k), (1)) (6.51)

is the map

Wl = Di(n) = Homgop, (R, (R")®) (6.52)

given in Theorem 5.19.

Proof of Theorem 6.33. We prove this theorem in a series of steps.
Step 1: We need to show that © : P(n) — C(S,) is a functor.

We show that O satisfies the definition of a functor which was given in Section 2.5.

e O maps the objects of P(n) to the objects of C(.S,,) by definition.

e Itis enough to show that ©(¢)O(f) = O(g e f) on arbitrary basis elements of arbitrary morphism
spaces where the codomain of f is the domain of g because the morphism spaces are vector

spaces.
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Let f = dr, be a (k,l)-partition diagram, and let g = d, be a (I, m)—partition diagram. Then, by
Definition 6.14, we have that
dry @ dy, = nldm2dm) (6.53)

where d, be the composition dr, o dr, expressed as a (k, m)-partition diagram. Then
O(g e f) = O(dr, o dr,) = 0= Dy, (6.54)

We also have that

@(g)@(f) =Dz, Dr, = ( Z 5#2,(I,K)EI,K> ( Z 5771,(L,J)EL,J) (6.55)
Len

Ie[n)™ Ken)! L, J€n]k

= Z g (1,5) Oy (K, 1) BT K EK (6.56)
Ien)™ Ke[n]t,Je[n]k

For fixed I, J, consider

Y O (1K) Om () (6.57)
Keln]!

This is equal to

nr2dnls o) (6.58)

Indeed, for fixed I, J, 0, (1,5 is 1 if and only if both 6., ; k) and ., (k) are 1 for some K € [n]!
since d, is the composition d, o dr,. The number of such K is determined only by the vertices
that appear in connected components that are removed from the middle row of d, o dr,, since,
for fixed I, J, only these vertices can be freely chosen if we want both ¢, (; k) and 6., (k) to be
1. However, since the entries in each connected component must be the same for both 0., (1 &
and 0, (k. ) to be 1, this implies that the number of K € [n]" such that both &, (s ;) and Oy (K, )

are 1 is n¢(drydn1)

Hence (6.56) becomes

Z nc(d”27d”1)5w37(1,J)El,J = nlirdr) B (6.59)
Ien)™, Je[n]k

and so, by (6.54), we have that ©(¢)O(f) = O(g e f), as required.

e For each object k in P(n), the identity morphism 1, is the (k, k)-partition diagram d, where 7 is
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the set partition

(LE+1]2,k+2]--- |k 2k} (6.60)

of [2k], and its image under d, — D, is the n* x n* identity matrix, as required.

Step 2: We need to show that © : P(n) — C(S,,) is full.

The functor © is full because, for all objects k, [ in P(n), the map (6.42) is (6.43), by definition, and this

map is surjective by Theorem 6.2.
Step 3: We need to show that © : P(n) — C(S,,) is strict R-linear monoidal.

To show that O is strict R-linear monoidal, we need to show that O satisfies the conditions given in
Definition 6.12. The picture to have in mind for point 2 below is that the tensor product on set partition

diagrams places the diagrams side-by-side, without any overlapping of vertices.

1. Let k, [ be any two objects in P(n). Then

Ok 1) =0k +1) (6.61)
= (R™)#FH ppy1) (6.62)
= (R"** & (R")®, pp ® p1) (6.63)
= O(k) ® () (6.64)

2. Itis enough to prove this condition on arbitrary basis elements of arbitrary morphism spaces
as the morphism spaces are vector spaces. Suppose that f : K — [ and g : ¢ — m are two basis
elements in Homp,, (k,1) and Homyp,, (¢, m) respectively. Then f = d, for some set partition
mof [l + k], and g = d, for some set partition 7 of [m + q].

As Homp,,) (k,1) = P!(n) and Homp,(q,m) = P;"(n), we have, by Definition 6.16, that f ® g

is an element of Péi?(n) = Homp(,(k + ¢, 1 +m).
In particular, f ® g = d,, for the set partition w := 7 U7 of [ +m + k + ¢.
By Theorem 6.2, we have that ©(f) = D,, ©(g9) = D, and O(f ® g) = D,,.

By Corollary 6.6, we see that ©(f) ® ©(g) = O(f ® g), as required.

3. Itis clear from the statement of the theorem that © sends the unit object 0 in P(n) to (R, 1),
which is the unit object in C(S,,).
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4. This is immediate because the map (6.43) is R-linear by Theorem 6.2. O

Proof of Theorem 6.34. The proof is practically identical to that of Theorem 6.33, except we replace ©
by ®. O

Proof of Theorem 6.35. The proof is very similar to that of Theorem 6.33. For step 3, point 2, we need
to consider the form of the matrix (5.76), but it is not hard to see how the proof of step 3, point 2 for
Theorem 6.33 can be adapted for this situation, since, if dg, is a (k, [)-Brauer diagram, and if dg, is a
(g, m)-Brauer diagram, then, defining w := 81 U (9, that s, d,, is a (k + ¢, + m)-Brauer diagram, we
have that two vertices in dg, are in different rows (the same row) if and only if they are in different

rows (the same row) of d,,,. O

Proof of Theorem 6.36. This is Lehrer and Zhang (2018, Theorem 6.1). O

6.5 Implications for Group Equivariant Neural Networks

These results imply a number of statements that are important in the context of the group equivariant
neural networks for G(n) that we have studied, where G(n) is a subgroup of GL(n). They can be

stated as follows.

1. To understand and work with any matrix in Homg,,) (R™)®*, (R")®"), it is enough to work with
the subset of (k, [)—partition diagrams that corresponds to G(n). This is because we can express
any matrix in terms of the set of spanning set elements for Hom,,) ((R™)®F (R™)®!), and this set
corresponds bijectively with the subset of (k, [)—partition diagrams that corresponds to G(n). We
can recover the matrix itself by applying the appropriate monoidal functor to the set partition

diagrams because the monoidal functors are full.

2. We can manipulate the connected components and vertices of (k, [)—partition diagrams to obtain
new set partition diagrams. Indeed, as the partition categories are strict monoidal, this means that
the (k, [)-partition diagrams in a partition category are string diagrams. Statement 1 immediately
implies that we will obtain new matrices between tensor power spaces of R" that are equivariant

to G(n) from the resulting set partition diagrams.
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3. If a (k,l)—partition diagram can be decomposed as a tensor product of smaller set partition
diagrams, then the corresponding matrix can also be decomposed as a tensor product of smaller

sized matrices, each of which is equivariant to G(n). This is because the functors are monoidal.

In particular, for the symmetric group S, point 3 immediately implies the advantage that we claimed
in using weight matrices that come from the diagram basis of P} (n), as opposed to those that come from
the orbit basis of P! (n). These weight matrices can be decomposed as a tensor product of smaller sized
matrices, each of which can be determined by a smaller sized partition diagram, since the map @fk’n
corresponding to the diagram basis of P! (n) that is used to define the functor in Theorem 6.33 makes it
monoidal, meaning that it preserves the tensor product. If we had used the map I‘f,m corresponding to
the orbit basis of Pli(n) instead to define the functor, it would not be monoidal, and so tensor products

would not be preserved under it.



Chapter 7

Algorithm for Performing Linear

Equivariant Layer Functions

We now use the monoidal functors that we established in the previous chapter to construct a fast
multiplication algorithm for passing a vector through a linear layer function that appears in a group
equivariant neural network of the form given in Section 2.3 for any of the groups G(n) that are

associated with the functors.

In particular, suppose that we would like to pass a vector v € (R")®* through a linear layer function
that lives in Hom,,) (R™)®*, (R™)®"). A naive implementation of the matrix multiplication between
the weight matrix and the vector has a time complexity equal to O(n'**). We show that, by using the
monoidal functors, and, in particular, the implications for group equivariant neural networks that
we listed at the end of the previous chapter, we can construct a faster multiplication algorithm that

reduces the time complexity exponentially for each of the groups G(n) in question.

It is important to highlight that, since we have at least a spanning set of Homg,, ((R™)®*, (R")®")
for each group G(n) that appeared in the previous chapter, it is enough to describe an algorithm
for how to multiply v by a spanning set element, since we can extend the result by linearity. The
linearity provides an extra advantage in that it enables the fast matrix multiplication of an input vector
v € (R")®* with a weight matrix in Homg,,) (R™)®*, (R")®!) to be executed in parallel, namely by
performing the fast matrix multiplication on each of the spanning set elements that make up the weight

matrix.
The content of this chapter is modelled on the paper:

Edward Pearce-Crump and William J. Knottenbelt. (2024a) A Diagrammatic Approach to Improve
Computational Efficiency in Group Equivariant Neural Networks. arXiv:2412.10837.

117
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7.1 Algorithmically Planar Set Partition Diagrams

Recall that each spanning set element in Homg,,)((R")®*, (R")®!) corresponds to a set partition
diagram under a monoidal functor for G(n), and that a set partition diagram is a string diagram since it
is a morphism in a monoidal category. This leads to the following question that we use as motivation:
can we use the string-like property of each set partition diagram to gain control over how the matrix

multiplication operation is performed between the spanning set element and the vector?
There are a few guiding principles that we use to construct the algorithm.

Ideally, we would like to break the matrix multiplication operation down into a series of computations,
each of which is indecomposable. Given the monoidal functor relationships between set partition
diagrams and matrix operations, we know that the smallest possible computations that are available
to us correspond precisely with the smallest indecomposable set partition diagrams. In general, set
partition diagrams that consist only of one block are the smallest indecomposable diagrams. The
exception is for (I + k)\n—diagrams, where the smallest indecomposable diagrams are either those
consisting of a single block of two vertices or a diagram consisting of all of the free vertices taken
together. Moreover, a single block can live either entirely in the top row, entirely in the bottom row,
or in both rows. Hence, we see that there are only a few classes of indecomposable diagrams that are

smallest. As a result, there are only a few classes of indecomposable matrix operations.

We can say more. Since the matrices that we obtain must come from set partition diagrams, the most
efficient matrices that we can construct are a Kronecker product of indecomposable matrices. But also,
since indecomposable matrices come from indecomposable set partition diagrams, this implies that
the most efficient matrices that we can construct come from set partition diagrams that decompose
into a tensor product of the smallest indecomposable set partition diagrams. Moreover, we would like
to choose the order in which the indecomposable matrices appear in the Kronecker product because
each indecomposable matrix performs a certain operation and we would like them to be executed in an
order that is as efficient as possible. For example, it is best to zero out as many terms as possible in the
input vector first, if such an operation can be performed, since this reduces the number of elements that
need to be operated on going forward. After this, it is better to perform tensor contraction operations
before performing copying operations, because this reduces the number of elements that need to be
copied. It is clear that choosing any other order for these operations would make the overall algorithm
less efficient. We will see that each of these operations can be understood easily in their equivalent

diagram form.
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Consequently, from the set partition diagram that corresponds to a spanning set element, we would
like to create another set partition diagram that decomposes into a tensor product of the smallest
possible indecomposable set partition diagrams and are ordered such that the indecomposable matrix

operations that appear in the corresponding Kronecker product will be performed most efficiently.

We call these special set partition diagrams algorithmically planar, and by construction they are the

most efficient diagrams for performing matrix multiplication. They are defined as follows.

Definition 7.1. A (k,l)-partition diagram is said to be algorithmically planar if it satisfies the following

conditions:

e The connected components that are solely in the bottom row are lined up sequentially, starting
from the far right hand side, such that the vertices in each connected component are in consecutive
order. We also require that these connected components are ordered by their size, starting on the
far right hand side with the largest and decreasing in size as we move leftward, for reasons that
will become clear when we conduct a time complexity analysis of the multiplication algorithm

for the symmetric group.

* The connected components that are solely in the top row are lined up sequentially, starting from
the far left hand side, such that the vertices in each connected component are in consecutive

order. (Note that these connected components can be in any order.)

e The connected components between different rows are such that no two subsets cross.

Example 7.2. The (6, 5)—partition diagram

(7.1)

0 T0—o0 o
O/O | 72)
! o—0—0—=0

is not algorithmically planar because the connected component consisting solely of vertex 5 is not
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adjacent to a connected component that lives solely in the top row, and the (6, 5)—partition diagram

(7.3)

is also not algorithmically planar because the vertices in the connected component {2, 4} are not in

consecutive order.

Definition 7.3. A (k,[)-Brauer diagram is said to be algorithmically planar if it is an algorithmically

planar (k,!)—partition diagram that is also a Brauer diagram.

Example 7.4. The (7,5)-Brauer diagram

(7.4)

T 0—o0 o—o
O/O (7.5)
3 o——=O o——=O o—oO

is not algorithmicallly planar.
Definition 7.5. An (I + k)\n-diagram is said to be algorithmically planar if it satisfies the following
conditions:
e The free vertices in the bottom row start from the far right hand side and are lined up sequentially.
e The free vertices in the top row also start from the far right hand side and are lined up sequentially.

e The connected components that are solely in the bottom row are lined up sequentially, starting
from the right hand side to the left of the free vertices, such that the vertices in each connected

component are in consecutive order.

e The connected components that are solely in the top row are lined up sequentially, starting from
the far left hand side, such that the vertices in each connected component are in consecutive

order.
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* The connected components between different rows are such that no two subsets cross.

Example 7.6. The (5 + 6)\3—diagram

Qo o
o// | 76)
| o o o o

(7.7)

is not algorithmically planar because the free vertex labelled 1 is not at the far right hand side of the

top row.

Remark 7.7. 1t is clear that an algorithmically planar set partition diagram is planar, that is, none of the

connected components in the diagram cross.

7.2 Multiplication Algorithm

In Algorithm 1, we outline a procedure called MatrixMult that performs the matrix multiplication of
v by a spanning set element in Homg;,,) ((R")®*, (R™)®!) using the guiding principles that were given
in the previous section. We assume that we have the set partition diagram that is associated with the
spanning set element. Note that in the description of the algorithm, we have used d; to represent a
generic (k,l)—partition diagram; however, the type of set partition diagrams that we can use as input
depends entirely upon the group G(n). For example, if G(n) = O(n), then only (k, [)-Brauer diagrams

are valid as inputs to the procedure.
We now describe each of the subprocedures that appear in Algorithm 1 in more detail.

Factor takes as input a (k,[)—partition diagram that is appropriate for the group G(n). The proce-
dure uses the string-like property of these diagrams to output three diagrams whose composition is
equivalent to the original input diagram. The first is a (k, k)—partition diagram that corresponds to a
permutation oy, € Sj. Specifically, if i is a vertex in the top row, then the vertex in the bottom row that

is connected to it is k + o (i). The second is a (k, )—partition diagram that is algorithmically planar.
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Algorithm 1: MatrixMult(G(n), d-, v)
Inputs:
* G(n)is a group.
* d, is an appropriate (k, [)—partition diagram for G(n).
e v e (R)®*,
Perform the following steps:
1. ok, dy, 0, + Factor(G(n),d)
2. v < Permute(v, oy,)
3. w < PlanarMult(G(n), d,,v)
4. w < Permute(w, 0})

Output: w € (R™)®!.

The third is an (I, [)—partition diagram which can be interpreted as a permutation o; € S; in the same

way as the first diagram, replacing k with [.

Permute takes as input a vector w € (R™)®™, for some n,m, that is expressed in the standard basis
of R", and a permutation o in S,,, and outputs another vector in (R")®™ where only the indices of
the basis vectors — and not the indices of the coefficients of w — have been permuted according to o.

Said differently, Permute performs the following operation, which is extended linearly:
o wrer = wi(ei, ) @ €, @ Qe ) (7.8)

Note that in Algorithm 1, m will be equal to either & or .

PlanarMult takes as input an algorithmically planar set partition diagram of the form returned by
Factor together with a vector, and performs a fast matrix multiplication on this vector. Since the set
partition diagram is algorithmically planar, we first use the monoidal property of the category in
which it is a morphism to decompose it as a tensor product of smaller set partition diagrams. Next,
we apply the monoidal functor that is appropriate for G(n) to express this tensor product of diagrams
as a Kronecker product of smaller matrices. Finally, we perform matrix multiplication by applying
these smaller matrices to the input vector from “right-to-left, diagram-by-diagram” — to be described

in more detail for each group below — returning another vector as output.

Remark 7.8. In effect, the Factor procedure takes as input a (k, [)-partition diagram that is appropriate



7.2. Multiplication Algorithm 123

for the group G(n) and swaps as many pairs of vertices as necessary in each row in order to obtain
an algorithmically planar (k,!)-partition diagram. The composition of the swaps in each row is

represented by a permutation diagram.

Remark 7.9. We note that the implementation of the Factor and PlanarMult procedures vary according
to the group G(n) and the type of set partition diagrams that correspond to G(n), although they share
many commonalities. We describe the implementation of these procedures for each of the groups

below.

Remark 7.10. We also analyse the time complexity of the implementation of MatrixMult for each group
G(n) and compare it with the time complexity of the naive implementation of matrix multiplication.
Note that in our analysis, we are viewing memory operations, such as permuting basis vectors and
making copies of coefficients, as having no cost. Hence, we view the procedures Factor and Permute

as having no cost. As a result, it is enough to consider the computational cost of PlanarMult only.

7.2.1 Symmetric Group S,

The implementation of Algorithm 1 that we give here for the symmetric group effectively recovers
the algorithm that was presented in Godfrey et al. (2023, Appendix C); however, we take an entirely
different approach that uses monoidal categories instead. The major difference in implementation
between the two versions relates to how, in our terminology, the connected components between
vertices in different rows of d, are pulled into the middle diagram in Factor. We choose to make
sure that the connected components do not cross, making the resulting diagram algorithmically
planar, whereas in Godfrey et al. (2023) they choose to connect the vertices in different rows such
that the left-most vertices in the top row of the new diagram connect to the right-most vertices in the
bottom row, that is, they make the connected components cross in “opposites”. While this does not
make any significant difference in terms of performing the matrix multiplication for the symmetric
group — indeed, there is only a difference in how the tensor indices are ordered — our decision to
make the middle diagram in the composition algorithmically planar leads to significant performance
improvements when we extend our approach to the other groups below, since for these groups, we

will show that these operations reduce to the identity transformation.

Implementation

We provide specific implementations of Factor and PlanarMult for the symmetric group S,,.
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Figure 7.1: We use the string-like property of (k, [)—partition diagrams to Factor them as a composition
of a permutation in Sy, an algorithmically planar (k,)—partition diagram, and a permutation in S;.
Here k =5and ! = 4.

Factor: The input is a (k,)—partition diagram d,. We drag and bend the strings representing the
connected components of d, to obtain three diagrams whose composition is equivalent to d,: a
(k, k)—partition diagram that represents a permutation oy, in the symmetric group Sy; an algorithmically
planar (k,l)—partition diagram; and a (I, [)—partition diagram that represents a permutation o; in the

symmetric group 5;.

To obtain the algorithmically planar (k, [)-partition diagram, we drag and bend the strings in any way
such that

e the connected components that are solely in the bottom row of d. are pulled up to be next to each
other in the far right hand side of the bottom row of the algorithmically planar (k,!)—partition
diagram, such that the connected components are ordered by their size, in decreasing order from

right to left,

e the connected components that are solely in the top row of d, are pulled down to be next to
each other in the far left hand side of the top row of the algorithmically planar (k, )—partition

diagram, and

e the connected components between vertices in different rows of d, are bent to be in between the
other vertices of the algorithmically planar (k, [)—partition diagram such that no two subsets of

connected components cross.

We give an example of this procedure in Figure 7.1.

PlanarMult: We take as input the algorithmically planar (k, [)—partition diagram d, having at most
n blocks that is the output of Factor, and a vector v € (R")®¥ that is the output of Permute, as per

Algorithm 1.



7.2. Multiplication Algorithm 125

Let t be the number of blocks that are solely in the top row of d, let d be the number of blocks that
connect vertices in different rows of d, and let b be the number of blocks that are solely in the bottom

row of d;.

Given how Factor constructs the algorithmically planar (k, I)—partition diagram d, the set partition 7

corresponding to d, will be of the form

(r)ulGz)u(us)

such that
|B1| < [Ba| < -+ < |By| (7.10)

where we have used T; to refer to a top row block, D; to refer to a different row block, and B; to refer
to a bottom row block. If we let

D; = DY U DF (7.11)

where DY is the subset of D; whose vertices are in the top row of d,;, and D’ is the subset of D; whose

vertices are in the bottom row of d,, then we have that the vertices in each subset are given by

7= S T+ 1 S 1) foralli= 1 ¢

._1 > .
DV = {2321 Ty + XL DY+ 1 Y T+ \D].U\} foralli =1 d,

DL = {z+z;;11 |D]-L]+1,...,Z+Z;:1\D]-L|}foralli: 1 —d, and

* B = {z + 30 [DE B 1, Y IDE Y |Bj\} foralli=1— b.

Note, in particular, that

t d
L= |Tj[+ ) |DY] (7.12)
j=1 j=1
and
d b
k=Y _|D}|+ > IBj| (7.13)
j=1 j=1

Next, we take d, and express it as a tensor product of three types of set partition diagrams. The
right-most type is itself a tensor product of diagrams corresponding to the B;; the middle type is a
single diagram corresponding to U?Zl D;; and the left-most type is itself a tensor product of diagrams

corresponding to the T;.
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We apply the monoidal functor © to this tensor product decomposition of diagrams, which returns
a Kronecker product of matrices. We perform the matrix multiplication by applying the matrices

“right-to-left, diagram-by-diagram”, as follows.

Step 1: Apply each matrix corresponding to a bottom row block diagram, one-by-one, starting from

the one that corresponds to B, and ending with the one that corresponds to B;.

Suppose that we are performing the part of the matrix multiplication that corresponds to B;, for some

i =1 — b. The input will be a vector w € (R”)®k722=i+1 |Bil,
We can express w in the standard basis of R™ as
w = Z ’U]LeL (714:)

._ b .
Lefn)" ™ Zi=it1 155!

This will be mapped to the vector r € (R”)@)kfzg:i 1Bil, where r is of the form

r= Z rMEM (7.15)
Mefn)*Ei=i 18]
and
TM = Z WA j,....5 (7.16)
j€lm]

where the number of indices j in (7.16) is | B;|.

b
At the end of this process, we obtain a vector in (Rm)@F—25=1 1Bil,

Note that the matrices corresponding to bottom row connected components are merely performing

indexing and summation operations, that is, ultimately, tensor contractions.
Step 2: Now apply the matrix corresponding to the middle diagram, that is, to the set U?Zl D;.

The input will be a vector w € (Rn)®k—2§-:1 |B;l, Using (7.13), we can express w in the standard basis

of R™ as

d [IDgl
w = : : wjl""?jl7j27“'ﬁj27"~7jd7~“1jd ® ® ejk (7'17)
]lvzjde[n} k=1 p=1

where each index jj, in the coefficient is repeated | DL| times.
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This will be mapped to the vector r € (R")® 2510 where r is of the form

da [IDY]
r= E : L TISS T YR DR N P ® ® ik
j1,...,jd€[n} k=1 p=1

where each index ji, in the coefficient is repeated | DY | times, and

le7"'7j17.j27"'7j27""jd>"'9jd = wjl7"'7j17.j27"'7j27""jd>"'9jd

127

(7.18)

(7.19)

These operations are called transfer operations, a term that first appeared in Pan and Kondor (2022).

Step 3: Finally, apply each matrix corresponding to a top row block diagram, one-by-one, starting

from the one that corresponds to 7; and ending with the one that corresponds to 77.

Suppose that we are performing the part of the matrix multiplication that corresponds to 7}, for some

1=1—t.

Then we begin with a vector = € (R")@_Z;:l il that is of the form

¢ || da [IDY]
z= ) > Tgeeds Q | Qe | Q| Qe
g1, le€[n] j1,...5a€ln] g=i+l \m=1 k=1 \ p=1

where zj, j, ., is the coefficient 7, i\ jo . o . ja....j. aPpearing in (7.19).

This will be mapped to the vector y € (R”)@*Z;;ﬁ 731, where y is of the form

t [ T4l a [ID]]
y= 2 > i Q| Qe | Q| & e
li,li+1,...,lt€[n} jl,...,jde[n} q=1 m=1 k=1 p=1

At the end of this process, we obtain a vector in (R")®!, by (7.12), which is of the form

t |Tq‘ d |Dllg]|
E E Lj1,5255Jd ® ® €l, ® ® Ci
l1,...,lt6[n] jl,...,jde[n] g=1 m=1 k=1 p=1

This is the vector that is returned by PlanarMult for the symmetric group S,,.

(7.20)

(7.21)

(7.22)

To summarise, the implementation of PlanarMult for the symmetric group S,, takes as input the

algorithmically planar (k,!)—partition diagram that comes from Factor and expresses it as a tensor

product of three types of set partition diagrams. The right-most type is itself a tensor product of set
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Figure 7.2: The decomposition of the algorithmically planar (5, 4)-partition diagram that appears
in Figure 7.1 into a tensor product of smaller partition diagrams. These diagrams correspond, from
right-to-left, to tensor contraction, transfer, and copying operations under the functor ©. This tensor
product decomposition is used in PlanarMult for the symmetric group S,,.

partition diagrams having only vertices in the bottom row, where each diagram represents a single
block. These diagrams correspond to tensor contraction operations under the functor ©. The middle
type is a set partition diagram that consists of all of the connected components in the algorithmically
planar (k,)—partition diagram between vertices in different rows. These diagrams correspond to
transfer operations under the functor ©. The left-most type is itself a tensor product of set partition
diagrams having only vertices in the top row, where each diagram represents a single block. These

diagrams correspond to indexing operations that perform copies under the functor ©.

Figure 7.2 gives the tensor product decomposition of the algorithmically planar (5, 4)-partition diagram

that is shown in Figure 7.1.

To show diagrammatically how the matrix multiplication is performed, we see that the tensor product
of the three types of set partition diagrams corresponds to a Kronecker product of smaller matrices
under the functor ©, defined in Theorem 6.33, by the monoidal property of ©. We would like to apply
each smaller matrix to the input vector from right-to-left, diagram-by-diagram. To do this, we first
deform the entire tensor product decomposition of set partition diagrams by pulling each individual
diagram up one level higher than the previous one, going from right-to-left, and then apply the functor
© at each level. The newly inserted strings correspond to an identity matrix, hence only the matrices

corresponding to the original tensor product decomposition act on the input vector at each stage.

Figure 7.3 gives an example of how the computation takes place at each stage for the tensor product

decomposition given in Figure 7.2, using its equivalent diagram form.

Example 7.11. Suppose that we wish to perform the multiplication of D, by v € (R")®5, where D,

corresponds to the (5,4)—partition diagram d given in Figure 7.1 under ©, and v is given by

Z vLer (7.23)

We know that D, is a matrix in Homg, ((R?)®3, (R")®%).
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Figure 7.3: We show how matrix multiplication is implemented in PlanarMult for S,, using the tensor
product decomposition of the algorithmically planar (5, 4)-partition diagram given in Figure 7.2 as an
example. We perform the matrix multiplication as follows: first, we deform the entire tensor product
decomposition diagram by pulling each individual diagram up one level higher than the previous one,
going from right-to-left, and then we apply the functor © at each level. Finally, we perform matrix
multiplication at each level to obtain the final output vector.

First, we apply the procedure Factor, which returns the three diagrams given in Figure 7.1. The first
diagram corresponds to the permutation (13)(24) in S5; hence, the result of Permute(v, (13)(24)) is
the vector
Z Ul do s lails (€1 ® €1, R e @ e, @ egy) (7.24)
Le[n]5
Next we apply PlanarMult with the decomposition given in Figure 7.2.

Step 1: Apply the matrices that correspond to the bottom row blocks.

We obtain the vector

w = Z Wiy, 1y (€l3 & 614) (7.25)
I3,l4€[n]
where
Wiy 1y = Z V5 jls,la,5 (7.26)
JEn]

Step 2: Apply the matrices that correspond to the middle diagram.
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We obtain the vector

"= Z Z Tls,05,00 (€15 @ €15 @ €y,)

I3€[n] l4€[n]
where

Tl3,l3,0ls = Wiz,ly

Step 3: Apply the matrices that correspond to the top row blocks.

We obtain the vector

z= Z Z Z Tlsls,ls (Em @ €1y ® ey ® egy)

me[n] 13€[n] l4€[n]

Substituting in, we get that

z = Z Z Z Wi,y 6m(®€l3®€l3 ®6l4)

me[n] I3€[n] l4€[n]

and hence

= Z Z Z Z Vj,5,03,14,] (em ® e, R e, @ eyy,)

me(n] lz€[n] l4€[n] j€[n)

(7.27)

(7.28)

(7.29)

(7.30)

(7.31)

Finally, as the third diagram returned from Factor corresponds to the permutation (14) in Sy, we

perform Permute(z, (14)), which returns the vector

= Z Z Z ZUJJZ3J4] el4®el;®€l3®€m)

me[n] I3€[n] la€[n] j€[n]

This is the vector that is returned by MatrixMult.

Time Complexity

We look at each step of the implementation that was given above.

(7.32)

Step 1: For the part of the matrix multiplication that corresponds to B;, for some i = 1 — b, we map a

b _ ) b
vector in (R")®FZj=i+11Bil to a vector in (R?)®F2j=: 1B,

Since the matrix corresponds to a bottom row block, for each tuple M of indices in the output coefficient

rar, as in (7.16), there are only n terms to multiply (an improvement over nlBil), and consequently only

n — 1 additions.
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Hence, in total, there are

b
Z nk—ZE:bﬂﬂ' 1Bl ., (7.33)
i=1
multiplications and
b
Z nk—23:b+u 1B;1 (n—1) (7.34)
i=1

additions. Note that, in calculating the overall time complexity for this step, the highest order term is
given by the size of B,. Hence, the worst case occurs when |By| = 1, giving an overall time complexity
of O(n¥). However, assuming that Step 1 must take place, the best case occurs when | By| = k, that is,

there is only one bottom row block of size k, giving an overall time complexity of O(n).

Step 2: As these are transfer operations, there is no cost since we are simply copying elements from an

array.
Step 3: Here we are copying arrays, hence there is no cost.

Consequently, in the worst case, we have reduced the overall time complexity from O(n!**) to O(n*).
If Step 1 must occur, then in the best case, we have reduced the overall time complexity from O(n!**)
to O(n). However, the true best case occurs when Step 1 does not take place at all, that is, when the

number of bottom row blocks b is zero, because, in this case, the computation is effectively free!

This analysis also shows why, in Definition 7.1 of an algorithmically planar (k, )—partition diagram,
we have chosen to order the connected components that are solely in the bottom row by their size,
in decreasing order from right to left. We want to obtain the best overall time complexity for the
multiplication algorithm, which, for the symmetric group, is determined by the number of additions
and multiplications that occur in Step 1. It is clear from (7.33) and (7.34) that the time complexity is

best when the bottom row blocks are ordered in decreasing size order from right to left.

7.2.2 Orthogonal Group O(n)

The implementation of Algorithm 1 for the orthogonal group O(n) is similar to the implementation for
the symmetric group S, as a result of the similarity between the monoidal functors that are associated
with each group. In fact, the implementation for the orthogonal group will be simpler because the
only valid set partition diagrams that can be input into the MatrixMult procedure for this group are

Brauer diagrams.
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Figure 7.4: We use the string-like aspect of (k,!)-Brauer diagrams to Factor them as a composition of
a permutation in Sj, an algorithmically planar (k,!)-Brauer diagram, and a permutation in S;. Here
k=1=5.

Implementation

We provide specific implementations of Factor and PlanarMult for the orthogonal group O(n).

Factor: The input is a (k,!)-Brauer diagram dg. We drag and bend the strings representing the
connected components of dg to obtain a factoring of dg into three diagrams whose composition is
equivalent to dg: a (k, k)-Brauer diagram that represents a permutation oy, in the symmetric group Si;
another (k, )-Brauer diagram that is algorithmically planar; and a (I, l)-Brauer diagram that represents

a permutation o in the symmetric group ;.
To obtain the algorithmically planar (k,!)-Brauer diagram, we drag and bend the strings in any way
such that

e the pairs that are solely in the bottom row of dg are pulled up to be next to each other in the far

right hand side of the bottom row of the algorithmically planar (k,!)-Brauer diagram,

e the pairs that are solely in the top row of ds are pulled down to be next to each other in the far

left hand side of the top row of the algorithmically planar (k, [)-Brauer diagram, and

e the pairs between vertices in different rows of dg are bent to be in between the other vertices of
the algorithmically planar (k, [)-Brauer diagram such that no two pairings in the algorithmically

planar diagram intersect each other.

We give an example of this procedure in Figure 7.4.

PlanarMult: We take as input the planar (k,!)-Brauer diagram dj that is the output of Factor, and a

vector v € (R™)®* that is the output of Permute, as per Algorithm 1.

Let ¢ be the number of pairs that are solely in the top row of dg, let d be the number of pairs that are in

different rows of dg, and let b be the number of pairs that are solely in the bottom row of dg.
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Then it is clear that
2t+d=10 and 2b+d=k (7.35)

and so

204+2d+2b=1+k (7.36)

Given how Factor constructs the planar (k, )-Brauer diagram dg, the Brauer partition 3 corresponding

to dg will be of the form
t d b
i=1 i=1 i=1

where we have used 7; to refer to a top row pair, D; to refer to a different row pair, and B; to refer to a
bottom row pair. In particular, we have that

e T, ={2i—1,2i} foralli=1—1¢

e Di={l+i—d,l+i}foralli=1— d, and

e Bi={l+k—2b+2i—1,l+k—2b+2i} foralli=1—b.
Next, we take dz and express it as a tensor product of three types of Brauer diagrams. The right-most
type is itself a tensor product of diagrams corresponding to the B;; the middle type is a single diagram

corresponding to Ule D;; and the left-most type is itself a tensor product of diagrams corresponding

to the T;.

We apply the monoidal functor @ to this tensor product decomposition of diagrams, which returns
a Kronecker product of matrices. We perform the matrix multiplication by applying the matrices

“right-to-left, diagram-by-diagram”, as follows.

Step 1: Apply each matrix corresponding to a bottom row pair diagram, one-by-one, starting from

the one that corresponds to B, and ending with the one that corresponds to B;.

Suppose that we are performing the part of the matrix multiplication that corresponds to B;, for some

i = 1 — b. The input will be a vector w € (R")®k~2(=7),

We can express w in the standard basis of R™ as

w = Z wrey, (738)

Le[n}k*Q(l’*i)
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This will be mapped to the vector r € (R")®+~2(=)=2 where r is of the form

r= Z TAMEM (7.39)
Me[n]k—20-1)-2
and
rap = Z s (7.40)
J€ln]
®k—2b.

At the end of this process, we obtain a vector in (R™)
As before, the matrices corresponding to bottom row pairs are merely performing tensor contractions.
Step 2: Now apply the matrix corresponding to the middle diagram, that is, to the set U?Zl D;.
Rk—2b_

The input will be a vector w € (R™)

Expressing w in the standard basis of R" as

w = Z wrer (7.41)

the multiplication of the matrix merely returns w itself!
Hence, the transfer operations for the orthogonal group are simply the identity map.

Step 3: Finally, apply each matrix corresponding to a top row pair diagram, one-by-one, starting

from the one that corresponds to 7; and ending with the one that corresponds to 7.

Suppose that we are performing the part of the matrix multiplication that corresponds to 7}, for some

1=1-—>1t.

Then we begin with a vector w € (R™)®*~20+2(=) that is of the form

Z Z 631 ®ej, ¥---®ej ; ej_; @ eL) (7.42)
Je i i Le[ k 2b

where vy, is the coefficient of e}, appearing in the vector at the end of Step 2.

This will be mapped to the vector r € (R?)®F~20+2(t=)+2 where r is of the form

r= Z Z Z vrL (em Qem e Wej @--Bej , Qej @ eL) (7.43)

me[n] Je[nt ZLE[ }k 2b4+2(t—1)
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**********************************************************************
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Figure 7.5: The tensor product decomposition of the planar (5, 5)-Brauer diagram that appears in
Figure 7.4.

At the end of this process, we obtain a vector in (R")%!, since k — 2b + 2t = [, which is of the form

Z Z vr (€, ®ej, ® - Qej, Vej, ®er) (7.44)
J€e[n]t Le[n]k—2b

This is the vector that is returned by PlanarMult for the orthogonal group O(n).

To summarise, the implementation of PlanarMult for the orthogonal group O(n) takes as input the
algorithmically planar (k,!)-Brauer diagram that comes from Factor and expresses it as a tensor
product of three types of Brauer diagrams. The right-most type is itself a tensor product of Brauer
diagrams, where each diagram has only two connected vertices in the bottom row. These diagrams
correspond to tensor contraction operations under the functor ® given in Theorem 6.34. The middle
type is a Brauer diagram that consists of all of the pairs in the planar (k,!)-Brauer diagram between
vertices in different rows. This diagram corresponds to the identity under the functor ®. The left-most
type is a tensor product of Brauer diagrams having only two connected vertices in the top row. These

diagrams correspond to indexing operations that perform copies under the functor ®.

Figure 7.5 gives the tensor product decomposition of the algorithmically planar (5, 5)-Brauer diagram

that is shown in Figure 7 4.

The diagrammatic representation of the matrix multiplication step is very similar to the one for the
symmetric group, in that to obtain the matrices we perform the same deformation of the tensor product
decomposition of diagrams before applying the functor ® at each level. We give an example in Figure
7.6 of how the computation takes place at each stage for the tensor product decomposition given in

Figure 7.5, using its equivalent diagram form.

Example 7.12. Suppose that we wish to perform the multiplication of Eg by v € (R")®?, where Ej

corresponds to the (5, 5)-Brauer diagram dg given in Figure 7.4 under ®, and v is given by

Z VLEJ, (7.45)
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We know that Ejg is a matrix in Homg,,) ((R™)®?, (R")®?).

First, we apply the procedure Factor, which returns the three diagrams given in Figure 7.4. The first
diagram corresponds to the permutation (1524) in S5, hence, the result of Permute(v, (1524)) is the

vector

Z Uiy 1o l3,lals (€15 @ €1, @ ey @ ey @ ey,) (7.46)
Le[n]®

Now we apply PlanarMult with the decomposition given in Figure 7.5.
Step 1: Apply the matrices that correspond to the bottom row pairs.

We obtain the vector

w = Z Wiy 14,15 (615 X el X 613) (7.47)
l5,l4,l3€[n]
where
Wis,ly,l3 = Z LYNRERIRE (7.48)
Jj€ln]

Step 2: Apply the matrices that correspond to the middle diagram.
As the transfer operations are the identity map, we get w.
Step 3: Apply the matrices that correspond to the top row.

We obtain the vector

z= Z Z Wig 1415 (Em @ em @ e, @ ey, @ egy) (7.49)

meln] ls,l4,l3€[n]

Substituting in, we get that

Z= Z Z Z Vjjlslals (Em @ em ® ey ® ey @ egy) (7.50)

me[n] ls,la,l3€[n] j€[n]

Finally, as the third diagram returned from Factor corresponds to the permutation (1342) in S5, we

perform Permute(z, (1342)), which returns the vector

Z Z Z Vj.5,l3,la,l5 (615 Xem ey dem® 653) (7'51)

me[n] Is,la,l3€[n] jE[n]

This is the vector that is returned by MatrixMult.
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Figure 7.6: We show how matrix multiplication is implemented in PlanarMult for O(n), Sp(n) and
SO(n) using the tensor product decomposition of the planar (5, 5)-Brauer diagram given in Figure 7.5
as an example. Effectively, we perform the matrix multiplication by applying the matrices “right-to-left,
diagram-by-diagram”. In reality, we perform the matrix multiplication as follows: first, we deform
the entire tensor product decomposition diagram by pulling each individual diagram up one level
higher than the previous one, going from right-to-left, and then we apply the functor that corresponds
to the group at each level. Finally, we perform matrix multiplication at each level to obtain the final
output vector.

Time Complexity

We look at each step of the implementation that was given above.

Step 1: For the part of the matrix multiplication that corresponds to B;, for some i = 1 — b, we map a

®k—2(b—1) ®k—2(b—i)—2_

vector in (R") to a vector in (R")

Since the matrix corresponds to a bottom row pair that is connected, for each tuple M of indices in the
output coefficient 7y, as in (7.40), there are only n terms to multiply (an improvement over n?), and

consequently only n — 1 additions.

Hence, in total, there are

b
S k=2 g, (7.52)
i=1
multiplications and
b
> kom0 (1) (7.53)
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additions, for an overall time complexity of O(n*~1).

Step 2: This corresponds to the identity transformation, hence there is no cost, as we do not need to

perform this operation.
Step 3: Here we are copying arrays, hence there is no cost.

Consequently, we have reduced the overall time complexity from O(n'**) to O(n*~1).

7.2.3 Symplectic Group Sp(n)

The implementation of Algorithm 1 for the symplectic group Sp(n) is related to the implementation
for the orthogonal group O(n) because the only valid set partition diagrams that can be input into the
procedure in each case are Brauer diagrams. The difference in the implementations comes from the

difference in the monoidal functor that is associated with each group.

Implementation

The implementation of the Factor procedure is the same as for the orthogonal group.

PlanarMult: Again, we take as input the planar (k,{)-Brauer diagram dg that is the output of Factor,

and a vector v € (R")®* that is the output of Permute, as per Algorithm 1.

The tensor product decomposition of ds is the same as for the orthogonal group O(n); in particular,
the Brauer partition 5 corresponding to dg is of the form (7.37). The important difference here is that
we apply the monoidal functor X, instead of ®, to this tensor product decomposition of diagrams,
which returns a different Kronecker product of matrices. Again, we perform the same steps for the

matrix multiplication, but this time the vectors that are returned at each stage are different.

Step 1: Apply each matrix corresponding to a bottom row pair diagram, one-by-one, starting from

the one that corresponds to B, and ending with the one that corresponds to B;.

Suppose that we are performing the part of the matrix multiplication that corresponds to B;, for some

i =1 — b. The input will be a vector w € (R")®k~2(=7),
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We can express w in the standard basis of R™ as

w = Z wrey (7.54)

Le[n]k—2(b—i)

This will be mapped to the vector r € (R")®+~2(=9)-2 where r is of the form

r = Z TMEemM (755)

Me[n]k*Z(b*i)*Q

where

™= Z Chk—2(b—i)—1:Jk—2(b—i) WM. Jr_2(b—i)—1:Tk—2(b—1) (7.56)
Tk—2(b—i)—1:Jk—2(b—4) €[N

Recall thate;, o , was defined in (2.8).

i) —1:Jk—2(b—
At the end of this process, we obtain a vector in (R")®*=25,

As before, the matrices corresponding to bottom row pairs are performing tensor contractions.
Step 2: Now apply the matrix corresponding to the middle diagram, that is, to the set U?Zl D;.

This will be exactly the same as for the orthogonal group, by the definition of v, ., given in (5.77).

Step 3: Finally, apply each matrix corresponding to a top row pair diagram, one-by-one, starting

from the one that corresponds to 7; and ending with the one that corresponds to 7.

Suppose that we are performing the part of the matrix multiplication that corresponds to T;, for some

1=1—1.
Then we begin with a vector w € (R™)®k=20+2(:=9) that is of the form

w = Z Z ejur (eg®er) (7.57)

JE[n)2(t=9) Le[n]k—2b

where

€J = €1g2 - - - Chagi—iy—1:d2(t—1) (7.58)

and where vy, is the coefficient of e, appearing in the vector at the end of Step 2.
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This will be mapped to the vector r € (R")®F~20+2(t=)+2 where r is of the form

Z Z Z em,gvr (em @ ey ®er) (7.59)

[ ] JE[nP(t i) Le n]k 2b

where

EM,J = €mi,ma€i,d2 - Clap—iy—1:d2(t—1) (7.60)

At the end of this process, we obtain a vector in (R")®!, since k — 2b + 2t = I, which is of the form

Z Z ejvr (eg®erp) (7.61)
JE[n]2t Le[n]k—2b
where ¢ is redefined to be
€j1.J2 -+ - €hae—1,72¢ (7.62)

This is the vector that is returned by PlanarMult for the symplectic group Sp(n).

Example 7.13. Suppose that we wish to perform the multiplication of F by v € (R")®5, for the same
(5, 5)-Brauer diagram dg given in Figure 7.4, and v is given by

Z vLer (7.63)

Le[n]®

We know that Fj is a matrix in Homgy,,) (R™)®?, (R™)®).

The Factor and Permute steps are the same as for Example 7.12, hence, prior to the PlanarMult step,

we have the vector

Z Uiy 1o l3,0als (€15 @ €1, @ ey @ ey @ ey,) (7.64)
Le[n]®

We now apply PlanarMult with the decomposition given in Figure 7.5.
Step 1: Apply the matrices that correspond to the bottom row pairs.

We obtain the vector

w = Z Wi 14,15 (€l5 e, & 613) (7.65)
l5,la,l3€([n]
where
Wislads = Y EriaViradsdads (7.66)

J1,52€[n]
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Step 2: Apply the matrices that correspond to the middle diagram.

As the transfer operations are the identity map, we get w.

Step 3: Apply the matrices that correspond to the top row.

We obtain the vector

Z = Z Z €m1,moWis,l4,l3 (eml X emy, Ve ey, @ 613) (7'67)

m1,m2€[n]ls,le,l3€[n]

Substituting in, we get that

z = E , E : E : €my,ma€j1,j2Vj1,52,03,l4,l5 (eml ® em, D el; W ey @ €l3> (7'68)

mi,ma€([n] ls,l4,l3€[n] j1,j2€[n]

Finally, as the third diagram returned from Factor corresponds to the permutation (1342) in S5, we

perform Permute(z, (1342)), which returns the vector

Z Z Z €ma,ma€j1,j2Ujr jz s dads (Els © Emy ® €1y ® emy @ ey) (7.69)

m1,m2€[n] Is,la,l3€[n] j1,52€[n]

This is the vector that is returned by MatrixMult.

Time Complexity

The time complexity is exactly the same as for the orthogonal group.

7.2.4 Special Orthogonal Group SO(n)

We can perform matrix multiplication between either Eg or H, € Homgo,) ((R™)®*, (R")®!) and
v € (R")®, where dg is a (k,l)-Brauer diagram, and d,, is an (I + k)\n-diagram. Given that the
implementation for the Ejg case is the same as for the orthogonal group, by Theorem 5.19, we only

consider the H, case below.
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Figure 7.7: We use the string-like aspect of (I + k)\n—diagrams to Factor them as a composition of a
permutation in S, an algorithmically planar (! + k)\n—diagram, and a permutation in S;. Here k = 5
and [ = 4.

Implementation

Factor: The input is an (I + k)\n—diagram d,. As before, we drag and bend the strings representing
the connected components of d,, to obtain a factoring of d,, into the three diagrams, except this time

the middle diagram will be an algorithmically planar (I + k)\n—diagram.

To obtain the algorithmically planar (! + k)\n—diagram we want to drag and bend the strings in any

way such that

e the free vertices in the top row of d, are pulled down to the far right of the top row of the

algorithmically planar (I + k)\n—diagram, maintaining their order,

e the free vertices in the bottom row of d,, are pulled up to the far right of the bottom row of the

algorithmically planar (I 4 k)\n—diagram, maintaining their order,

e the pairs in the bottom row of d,, are pulled up to be next to each other in the right hand side of
the bottom row of the algorithmically planar (I + k)\n-diagram, but next to and to the left of the

free vertices in the bottom row of the algorithmically planar (! + k)\n-diagram,

e the pairs in the top row of d,, are pulled down to be next to each other in the far left hand side of

the top row of the algorithmically planar (I + k)\n—-diagram,

e the pairs connecting vertices in different rows of d,, are ordered in the algorithmically planar
(I 4+ k)\n—diagram in between the other vertices such that no two pairings in the algorithmically

planar diagram intersect each other.

We give an example of this procedure in Figure 7.7.

PlanarMult: We take as input the algorithmically planar (I + k)\n-diagram d,, that is the output of

Factor, and a vector v € (R")®* that is the output of Permute, as per Algorithm 1.
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We need new subsets and notation to consider the impact of the free vertices in the (I + k)\n-diagram

d, on the implementation for PlanarMult.

As before, let t be the number of pairs that are solely in the top row of d,, let d be the number of pairs
that are in different rows of d,,, and let b be the number of pairs that are solely in the bottom row of d,.
Now, let s be the number of free vertices in the top row of d,. Hence there are n — s free vertices in

the bottom row of d,,.

Then it is clear that
2t+d+s=1 and 2b+d+n—s=k (7.70)

and so

2t +2d+2b+n=1+k (7.71)

Given how Factor constructs the algorithmically planar (I + k)\n—diagram d,, the set partition «

corresponding to d,, will be of the form

u)gp)oGe)olm) o

where we have used T; to refer to a top row pair, D; to refer to a different row pair, T'F; to refer to a
top row free vertex, B; to refer to a bottom row pair, and BF; to refer to a bottom row free vertex. In

particular, we have that

T, ={2i—1,2i} foralli=1—¢,

Di={l4+i—d—s,l+i}foralli=1—d,

TF,={l—s+i}foralli=1—s,

Bi={l+d+2i—1,l4+d+2i}foralli=1—b and

BF,={l+d+2b+i}foralli=1—n—s.

We take d,, and express it as a tensor product of four types of set partition diagrams.

The right-most type is a diagram consisting of all the free vertices. Consequently, it corresponds to

(Ui_ TF) U (Ui BE;). The type to its left is itself a tensor product of diagrams corresponding to
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the B;; the next type is a single diagram corresponding to (Uf:1 Di>; and, finally, the left-most type is
itself a tensor product of diagrams corresponding to the 7;.

We now apply the monoidal functor ¥ to this tensor product decomposition of diagrams, which
returns a Kronecker product of matrices. We perform the matrix multiplication by applying the

matrices “right-to-left, diagram-by-diagram”, as follows.
Step 1: Apply the matrix that corresponds to the free vertices, that is, to (;_, TF;) U (U BF}).
The input will be a vector v € (R")®*.

As k =2b+d+ (n— s), we can express v in the standard basis of R" as

v = Z Z UVJ BEJ,B (7.73)

J€[n]2b+d Be[n]n—s

This will be mapped to the vector w € (R")®2*+4+s where w is of the form

w = Z Z wyTesT (7.74)

J€[n]2btd Te[n]s

where

wyr = Z VJB det(enB) (7.75)
Beg[n|n—s

Step 2: Apply each matrix corresponding to a bottom row pair diagram, one-by-one, starting from

the one that corresponds to B, and ending with the one that corresponds to B;.

This is exactly the same as Step 1 for the orthogonal group. We obtain a vector y € (R™)®4+s

Step 3: Now apply the matrix corresponding to the middle diagram, that is, to the set (Uf:1 DZ-) .
This is exactly the same as Step 2 for the orthogonal group. We obtain a vector 7 := y € (R")®+s

Step 4: Finally, apply each matrix corresponding to a top row pair diagram, one-by-one, starting

from the one that corresponds to 7; and ending with the one that corresponds to 77.

This is exactly the same as Step 3 for the orthogonal group. We obtain a vector » € (R?)®2+d+s Ag

2t + d + s = [ by (7.70), we have that z € (R")®!, as required.

To summarise, the implementation of PlanarMult for SO(n) differs slightly from the implementation

of PlanarMult for the groups that have come before. In the case where the spanning set element
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******************************************************************

Figure 7.8: The tensor product decomposition of the algorithmically planar (4 + 5)\3-diagram that
appears in Figure 7.7.

corresponds to a Brauer diagram, the implementation is the same as for the orthogonal group O(n).
Otherwise, the implementation takes as input the algorithmically planar (I + k)\n-diagram that comes
from Factor, but expresses it as a tensor product of four types of set partition diagrams. The right-most
is a diagram consisting of all of the free vertices. This corresponds to the determinant map that is
given in Definition 4.3. The three other types of diagrams that appear in the decomposition and their

corresponding operations are exactly the same as for the orthogonal group O(n).

Figure 7.8 gives an example of the tensor product decomposition for the algorithrnically planar

(4 4+ 5)\3—diagram given in Figure 7.7.

The diagrammatic representation of the matrix multiplication step is also very similar to the orthog-
onal group, in that to obtain the matrices we perform the same deformation of the tensor product
decomposition of diagrams before applying the functor ¥, defined in Theorem 6.36, at each level.
Note, in particular, that we need to attach identity strings to the free vertices that appear in the top

Trow.

We give an example in Figure 7.9 of how the computation takes place at each stage for the tensor

product decomposition given in Figure 7.8, using its equivalent diagram form.

Example 7.14. Suppose that we wish to perform the multiplication of H, by v € (R*)®?, where H,

corresponds to the (4 + 5)\3-diagram d,, given in Figure 7.7 under ¥, and v is given by

S s (7.76)

Le[3]®
when expressed in the standard basis of R3.

We know that H, is a matrix in Homgps) ((R?)®?, (R?)®*).

First, we apply the procedure Factor, which returns the three diagrams given in Figure 7.7. The first

diagram corresponds to the permutation (13524) in S5, hence, the result of Permute(v, (13524)) is the
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vector

E : Uly,l2,13,l4,l5 (653 ®ey e ey @ 612)
Le[3]®

We now apply PlanarMult with the decomposition given in Figure 7.8.
Step 1: Apply the matrices that correspond to the free vertices.

We obtain the vector

w = E : Wiz, ly,l5,t1 (613 ®ey Qe & etl)
13,l4,l5,t1€[3]

where

Wiz, ly,ls,t1 = E CIRERERINE det(etl ®e, ® 612)
l1,l2€[3]

Step 2: Apply the matrices that correspond to the bottom row pairs.

We obtain the vector

y= Z Yis .t (613 ® €t1)

13,t1€[3}

where

Yiz,tr = E Wi 5,51

el
Step 3: Apply the matrices that correspond to the different row pairs.
Here, we get that = y, as the transfer operations correspond to the identity map.
Step 4: Apply the matrices that correspond to the top row pairs.

We obtain the vector

z= Z Z Yls .ty (Em @ em @ €y @ ey,)

me(3] l3,t1€[3]

Substituting in, we get that

z = Z Z Z Wi3,5,5,t1 (em X em ey ® etl)

me|3]i3,t1€[3] j€[3]

and hence

z = Z Z Z Z Uiyl 15,5, det(er, @ e @ ep,) (em @ em @ e, @ €4,)

me(3] l3,t1€[3] 5€[3] l1,l2€[3]

(7.77)

(7.78)

(7.79)

(7.80)

(7.81)

(7.82)

(7.83)

(7.84)
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Figure 7.9: We show how matrix multiplication is implemented in PlanarMult for SO(n) (here n = 3)
using the tensor product decomposition of the algorithmically planar (4 + 5)\3-diagram given in
Figure 7.8 as an example. We perform the matrix multiplication as follows: first, we deform the entire
tensor product decomposition diagram by pulling each individual diagram up one level higher than
the previous one, going from right-to-left, and then we apply the functor ¥ at each level. Note, in
particular, that we need to attach identity strings to the free vertices appearing in the top row. Finally,
we perform matrix multiplication at each level to obtain the final output vector.

Finally, as the third diagram returned from Factor corresponds to the permutation (1432) in S4, we

perform Permute(z, (1432)) which returns the vector

Z Z Z Z Ul4,l2,13,5,5 det(etl ®e, ® 612) (etl X em @ em® 613) (785)

me[3] l3,t1€[3] j€[3] l1,l2€[3]

This is the vector that is returned by MatrixMult.

Time Complexity

For a matrix corresponding to a (k, [)-Brauer diagram, the analysis is the same as for the orthogonal
group. For a matrix corresponding to an (I + k)\n-diagram, we look at each step of the implementation

that was given above.
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Step 1: Recall that we map a vector in (R")®* to a vector in (R™)®20+4+5 in this step.

To obtain the best time complexity, we need to look at the tuples J € [n]**¢, T € [n]* and B € [n]"~*
that appear in (7.73), (7.74), and (7.75).

Indeed, for each tuple J, we first need to consider how many tuples 7' come with pairwise different

entries in [n]. The number of such tuples is (n%'s), Consequently, we only need to perform multipli-

cations and additions for entries with such indices (J, T'). Let us call any such pair of indices (J,T)

valid.

Hence, for each valid tuple (J, T'), there are (n — s)! multiplications and (n — s)! — 1 additions. Since

the number of valid tuples of the form (J,T') is
!
p2td T (7.86)

we have that the overall time complexity is O(n*~("=*)n!) for this step, since 2b + d = k — (n — s) by
(7.70).

Step 2: By the operations performed in this step, we can immediately apply the analysis of Step 1 for

the orthogonal group.

Since the part of the matrix multiplication that corresponds to B;, for some i = 1 — b, maps a vector in
(R")®4+5+20 1o a vector in (R")®4+5+2-2 we have that the overall time complexity is O(n*+s=(n=)=1),

since 2b +d+ s =k+ s — (n—s) by (7.70).
Steps 3, 4: These steps correspond to Steps 2, 3 for the orthogonal group, hence they have no cost.

Hence, we have reduced the overall time complexity from O(n'**) to

OnF="=9) (n! 4 n*~1)) (7.87)



Chapter 8

Graph Automorphism Group Equivariant

Neural Networks

In many cases, the relationships that exist between certain entities can be structured in the form of a
graph. These include the interactions between people in a social network (Leskovec et al., 2010), the
bonds that connect atoms in a molecule (Gilmer et al., 2017), and the relationships between users and
items in a recommendation system (Konstas et al., 2009). As a result, there is a high level of motivation
to design neural network architectures that can offer new insights into data with this structure. A
number of methods for learning from graphs exist in the machine learning literature. These include
Graph Attention Networks (GATs) (Velickovié et al., 2018), Graph Convolutional Networks (GCNs)
(Kipf and Welling, 2017), and Graph Neural Networks (GNNs) (Gori et al., 2005; Scarselli et al.,
2009), among others. In particular, many of these approaches use some form of equivariance to the
symmetric group, which we characterised fully in Chapter 3. However, using neural networks that are
equivariant only to the symmetric group to learn from graphs does not take into account the relations
that exist between the vertices in a graph. Given that the actual group of symmetries of a graph is its
automorphism group, we would like to construct neural networks that satisfy the stronger condition

of being equivariant to this group instead.

In this chapter, writing the automorphism group of a graph G having some n vertices as Aut(G), we
give a full characterisation of all of the possible Aut(G)-equivariant neural networks whose layers
are some tensor power of R” by finding a spanning set of matrices for the learnable, linear, Aut(G)-
equivariant layer functions between such tensor power spaces in the standard basis of R”. Our
approach is similar to the one that we have seen in the preceding chapters for other groups. However,
instead of calculating the spanning set by studying set partitions, we obtain it by applying a monoidal

functor to isomorphism classes of so-called bilabelled graphs. In short, a (k, [)-bilabelled graph is a

149
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graph that comes with two tuples, one of length k£ and the other of length [, whose entries are taken
from the vertex set of the graph (with repetitions amongst entries allowed). Consequently, by looking
at the combinatorics of bilabelled graphs, we can determine the learnable, linear, Aut(G)-equivariant

layer functions between any two tensor power spaces of R".

We leverage the work of Man¢inska and Roberson (2020), who studied the problem of determining
under what circumstances two graphs are quantum isomorphic. They built upon the work of Chas-
saniol (2019), who showed that a vertex-transitive graph has no quantum symmetries. We show how
their results and methods can be applied instead for the purpose of learning from data that has an

underlying symmetry to the automorphism group of a graph.

There are important consequences for performing such a characterisation. A famous theorem in
algebraic graph theory known as Frucht’s Theorem (Frucht, 1938) states that every finite group is
isomorphic to the automorphism group of a finite undirected graph. As a result, for any finite group of
our choosing, if we know the graph (having some n vertices) whose automorphism group is isomorphic
to the group in question, then we will be able to characterise all of the learnable, linear, group
equivariant layer functions between any two tensor power spaces of R" for that group. In particular,
we show that we can recover the diagram basis that appears in Godfrey et al. (2023) — and which
we studied in Section 6.1 — for the learnable, linear, S, -equivariant layer functions between tensor
power spaces of R" in the standard basis of R". We also show that we can determine characterisations
for other groups, such as for Dy, considered as a subgroup of Sy, which have been missing from the

literature.

Furthermore, even if, for a given finite undirected graph, we are unable to determine the finite group
that is isomorphic to the automorphism group of the graph, we know that we can calculate the
learnable, linear, automorphism group equivariant linear layers using this method, which will be
sufficient for performing learning in situations where we do not need to know explicitly what the

actual automorphism group is.

The content of this chapter is modelled on the paper:

Edward Pearce-Crump and William J. Knottenbelt. (2024b) Graph Automorphism Group Equivariant
Neural Networks. Proceedings of the 41st International Conference on Machine Learning (ICML 2024),
PMLR 235:40051-40077. [Poster]
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8.1 Characterisation Result using Bilabelled Graphs

In this section, we construct a spanning set of matrices for Homa(q) ((R™)®F (R™)®!) by relating each
spanning set matrix with the isomorphism class of a so-called (k, [)-bilabelled graph. We leverage the
work of Manc¢inska and Roberson (2020) throughout, but begin by stating a result found by Chassaniol
(2019) which describes, in terms of a generating set of matrices, the category whose morphisms are the

linear layer functions that we wish to characterise.

8.1.1 Chassaniol’s Result

For any subgroup G(n) of GL(n), recall from Proposition 6.31 the category C(G(n)), which consists
of objects that are the k-order tensor power spaces of R", viewed as representations of G(n), and

morphism spaces between any two objects that are the vector spaces Homg,,) ((R™)®¥, (R™)®).

In this chapter, we will sometimes write C(G(n))(k, 1) for Homg,) (R™")®*, (R")®"), and reuse the

notation C(G(n)) for the set Uy, C(G(n))(k,1).
It will be useful to define a number of spider maps M*! together with the swap map S.

Definition 8.1. For all non-negative integers k, [, the spider map M*! ¢ Hom((R")®*, (R")®!) is

defined as follows:

if k,1 > 0, then M*! maps 2" to ¢! for all i € [n] and maps all other vectors to the zero vector.

if k = 0and [ > 0, then M% maps 1 to 3, 2,

if k > 0and I = 0, then M*° maps ¥ to 1 for all i € [n] and maps all other vectors to 0.

if k =0and ! =0, then M := (n).
The swap map S € Hom((R")®?, (R")®?) maps e; @ e; to e; ® ¢; for all i, j € [n].

Then, for any graph G having n vertices, Chassaniol (2019) found the following generating set for the
category C(Aut(G)):

Theorem 8.2 (Chassaniol (2019), Proposition 3.5). Let A¢ denote the adjacency matrix of the graph G. Then

C(Aut(G)) = (M1, M*' A, S)+ 0.0 (8.1)
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Figure 8.1: The (2, 3)-bilabelled graph diagram that is associated with the isomorphism class of the
(2, 3)-bilabelled graph K = (K3, (3,2),(3,3,1)).

where the right hand side denotes all matrices that can be generated from the four matrices using the operations

of R-linear combinations, matrix product, Kronecker product, and transposition.

8.1.2 The Category of All Bilabelled Graphs

Man¢inska and Roberson (2020) showed how Chassaniol’s generating set for C(Aut(G)) can be im-

proved by relating it to the combinatorics of bilabelled graphs.

Definition 8.3 (Bilabelled Graph). A (k,l)-bilabelled graph H is a triple (H, k, 1), where H is a graph
having some m vertices with labels in [m], k := (ki, ..., kz) is a tuple in [m]*, and I := (I1,...,];) is a

tuple in [m]".

We call k and ! the input and output tuples to H respectively, and we call H the underlying graph of
H. A vertex in the underlying graph H of H is said to be free if it does not appear in either of the

input or output tuples.

In order to provide a diagrammatic representation of bilabelled graphs, we need the following defini-

tion.

Definition 8.4. Let Hy = (Hy,k,l) be a (k,l)-bilabelled graph and let Hy = (H2, k’,1’) be another
(k,1)-bilabelled graph. Then Hy and H; are isomorphic as (k, [)-bilabelled graphs, written Hy = Ho,
if and only if there is a graph isomorphism from H; to H> such that k; +— k; for all i € [k] and I; — [’

for all j € [I]. We denote H;’s isomorphism class by [H1].

Remark 8.5. An isomorphism between two (k, [)-bilabelled graphs can effectively be thought of as a

relabelling of the vertices of the same underlying graph, resulting in an appropriate relabelling of the



8.1. Characterisation Result using Bilabelled Graphs 153

elements of the tuples themselves. Consequently, the isomorphism can be thought of as a relabelling

of the same bilabelled graph.

With this in mind, we can represent the isomorphism class [H] for a (k,[)-bilabelled graph H =
(H, k,1) in diagrammatic form. We choose H as a class representative of [H|, and proceed as follows:

we draw

[ black vertices on the top row, labelled left to rightby 1,...,1,

k black vertices on the bottom row, labelled left to rightby I + 1,...,l + k,

the underlying graph H in red, with labelled red vertices and red edges, in between the two

rows of black vertices, and

a black line connecting vertex ¢ in the top row to /;, and a black line connecting vertex [ + j in the

bottom row to k;.

Note that if we drew a diagram for another representative of the same isomorphism class [H], by the
definition of an isomorphism for (k, [)-bilabelled graphs, we would obtain exactly the same diagram as
for the first class representative, except the labels of the underlying graph’s vertices (and consequently
the elements of the tuples) would be different. As a result, the diagram for the isomorphism class [H|
is independent of the choice of class representative, and so we choose the class’ label, H, to draw the
diagram throughout, unless otherwise stated. With the technicalities being understood, we often refer
to the construction defined above as a (k, l)-bilabelled graph diagram for H itself, and use the same

notation H. We give an example of a (2, 3)-bilabelled graph diagram in Figure 8.1.

We can define a number of operations on isomorphism classes of bilabelled graphs, namely, composi-

tion, tensor product, and involution, as follows.

Definition 8.6 (Composition). Let [H1] be the isomorphism class of the (k,)-bilabelled graph H;, =
(Hy, k,1), and let [H2] be the isomorphism class of the (I, m)-bilabelled graph Hy = (Hs,l’, m).

We define the composition [Hz] o [H1] to be the isomorphism class [H] of the (k, m)-bilabelled graph
H = (H, k,m) that is obtained as follows: drawing each isomorphism class as a diagram, we first
relabel the red vertices in H, (and consequently the elements of I’, m) under the map i — ¢/, for all
i € [V(H2)]. Then, we connect the top row of black vertices of H; with the bottom row of black vertices

of Ha, and delete the vertices themselves. We are now left with [ black lines that are edges between
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red vertices of the underlying graphs H; and H,. Next, we contract these, forming set unions of the
vertex labels where appropriate, and remove any red multiedges between red vertices that appear in
the contraction to obtain the new underlying graph H. Note that we keep any loops that appear in the
new underlying graph H. Finally, we relabel the vertex set of the new underlying graph H so that
each vertex is labelled by an integer only, and consequently relabel the entries of the tuples k and m

accordingly.

Since this operation has been defined on diagrams, it means that the operation is well-defined on the

isomorphism classes themselves. We give an example of this composition in Figure 8.2.

Remark 8.7. In order to compose two isomorphism classes of bilabelled graphs, note that only the
number of bottom row vertices in the diagram for Hz needs to be equal to the number of top row
vertices in the diagram for H;. In particular, the number of vertices in the underlying graphs of H;

and H, do not need to be the same.

Definition 8.8 (Tensor Product). Let [H;] be the isomorphism class of the (k,[)-bilabelled graph
H, = (Hy,k,l) and let [H2| be the isomorphism class of the (g, m)-bilabelled graph Hy = (Hs, g, m).

We define the tensor product [H;] ® [H2| to be the isomorphism class of the (k + ¢, + m)-bilabelled
graph (Hy U Ha, kq,lm) where kq is the (k + ¢)-length tuple obtained by concatenating k and g, and

likewise for lm.

Definition 8.9 (Involution). Let [H] be the isomorphism class of the (k,!)-bilabelled graph H =
(H,k,l). We define the involution [H*] to be the isomorphism class of the (I, k)-bilabelled graph
H* = (H,L k).

We can form a category for the bilabelled graphs, as follows:

Definition 8.10 (Category of Bilabelled Graphs). The category of all bilabelled graphs G is the
category whose objects are the non-negative integers, and, for any pair of objects k and [, the morphism

space G(k,1) := Homg(k,!) is defined to be the R-linear span of the set of all isomorphism classes of
(k,1)-bilabelled graphs.

The vertical composition of morphisms is the composition of isomorphism classes of bilabelled graphs
given in Definition 8.6 that is extended to be R-bilinear, the tensor product of morphisms is the tensor
product of isomorphism classes of bilabelled graphs given in Definition 8.8 that is also extended to be

R-bilinear, and the unit object is 0.
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Figure 8.2: The composition [Ha| o [H;] of the (2,3)-bilabelled graph diagram for H; =
(Hy,(3,2),(1,2,3)) with the (3, 3)-bilabelled graph diagram for Hs = (H>, (2,1, 2), (1,4, 2)), where
H, is the graph having (relabelled) vertex set {1’,2’, 3’} and edge set {(1’,2")} and Hj is the graph hav-
ing vertex set {1,2,3,4} and edge set {(1,4)}. The vertices of the resulting bilabelled graph diagram
on the right hand side would be relabelled. For example, {1, 2’} could be relabelled as 1 and {2,1’, 3’}
could be relabelled as 2 to give the (2, 3)-bilabelled graph diagram for H = (H,(2,1),(1,4,2)), where
H is the graph having vertex set {1,2,3,4} and edge set {(1,4), (1,2)}.

Proposition 8.11. The category of all bilabelled graphs, G, is a strict R—linear monoidal category.

Proof. G is a strict monoidal category because the bifunctor on objects reduces to the addition operation
on natural numbers, which is associative, and the bifunctor on morphisms is the tensor product of
isomorphism classes of bilabelled graphs given in Definition 8.8, which is associative because both the

concatenation of tuples and the (set) unions of graphs are associative operations.

G is R-linear because the morphism space between any two objects is by definition a vector space, and
the composition of morphisms is R-bilinear by definition. For the same reason, the bifunctor is also

R-bilinear. O

8.1.3 G-Homomorphism Matrices

Mancinska and Roberson (2020) established a relationship between the abstract and the concrete:
namely, between isomorphism classes of (k,)-bilabelled graphs and, for a fixed graph G having
n vertices, matrices that are linear maps (R")®* — (R")®!, which they termed G-homomorphism
matrices. We express this relationship more formally in terms of functors and categories at the end of

this section.



156 Chapter 8. Graph Automorphism Group Equivariant Neural Networks

Definition 8.12 (G-Homomorphism Matrix). Suppose that G is a graph having n vertices, and let [H]
be the isomorphism class of the (k,[)-bilabelled graph H = (H, k,1).

The G-homomorphism matrix of [H] is the n! x n*

matrix where each (I, J)-entry is given by the
number of graph homomorphisms from H to G such that  is mapped to I and k is mapped to J. We

denote this matrix by X .

Remark 8.13. Note that a G-homomorphism matrix X§ is independent of the choice of class represen-
tative for [H|, and so we can refer to a G-homomorphism matrix of H itself, with the technicalities

being understood. Also, any such matrix must have only real entries, by definition.

In Figure 8.3, we present an example that shows how to calculate the G-homomorphism matrix of
[H| for the graph G having vertex set V(G) = {1,2,3} and edge set E(G) = {(1,2)} and for the
(1,1)-bilabelled graph H = (H, (3), (1)), where H is the graph having vertex set V(H) = {1, 2, 3,4}
and edge set E(H) = {(1,2),(3,4)}. To determine the (I, J)-entry of X, we superimpose the values
of I onto the top row of black vertices in H, and the values of J onto the bottom row of black vertices
in H. For each red vertex that is connected with a set of black vertices, we look to update its label. If
all of the black vertices in the set have the same label, then we update the red vertex with that label,
otherwise we stop and immediately determine that the (I, J)-entry of X is 0. Assuming that these
red vertices can and have been updated, we determine the number of possible mappings to G for the
red vertices that have not been updated in H such that the overall mapping is a graph homomorphism.

The total number of possibilities is the (I, J)-entry of X .

We now describe some important examples of G-homomorphism matrices where G is a graph having

n vertices throughout.

Example 8.14. If A is the (1,1)-bilabelled graph (K3, (1), (2)), where K> is the complete graph on two
vertices, then X¢ is the adjacency matrix Ag of G.

Example 8.15. If M*! is the (k, l)-bilabelled graph (K1,k = (1,...,1),1 = (1,...,1)), where K] is the

G

Yria 18 the spider matrix M kI that is given in Definition 8.1.

complete graph on one vertex, then X

Example 8.16. 1f S is the (2, 2)-bilabelled graph (K3, (2,1), (1,2)), where K3 is the edgeless graph on

two vertices, then X§ is the swap map S that is also given in Definition 8.1.

For a fixed graph G having n vertices, we can form a category for the G-homomorphism matrices, as

follows:
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Figure 8.3: For the graph G having vertex set V(G) = {1,2,3} and edge set E(G) = {(1,2)}, we
show how to calculate the (I, J)-entries of the G-homomorphism matrix X§ corresponding to the
isomorphism class [H] of the (1, 1)-bilabelled graph H = (H, (3), (1)) where H is the graph having
vertex set V(H) = {1,2,3,4} and edge set E(H) = {(1,2), (3,4)}. On the left hand side, we calculate
the (1, 1)-entry of X§. Since both of the black labelled vertices are being mapped to vertex 1 in G, we
can superimpose 1 onto these vertices, and hence also onto the red labelled vertices that are connected
with them, to determine where the other red vertices can be mapped to under a graph homomorphism.
In this case, the only possible vertex in G that the other red vertices can be mapped to is 2. Hence,
there is only one possible graph homomorphism from H to G such that 1 — 1 and 3 — 1, and so the
(1,1)-entry of X¢ is 1. On the right hand side, we calculate the (3, 2)-entry of X&. We follow the same
approach by superimposing 3 in G onto the black vertex labelled 1 in H, and 2 in G onto the black
vertex labelled 3 in H. We relabel the red vertices that the black vertices are connected with and see
where the other red vertices can be mapped to under a graph homomorphism. Whilst one of these
red vertices can only be mapped to 1 in G, the other red vertex cannot be mapped to any vertex in
G, since the vertex 3 in G is not connected with any other vertex in G. Hence, the number of graph
homomorphisms from H to G such that 1 + 3 and 3 — 2 is 0, and so the (3,2)-entry of X§ is 0.

Definition 8.17 (Category of G-Homomorphism Matrices). For a given graph G having n vertices, the
category of all G-homomorphism matrices, C%, is the category whose objects are the vector spaces
(R™)®k, and, for any pair of objects (R")®* and (R")%!, the morphism space Hom,c ((R")®*, (R")®!)
is defined to be the R-linear span of the set of all G-homomorphism matrices obtained from all

isomorphism classes of (k, l)-bilabelled graphs.

The vertical composition of morphisms is given by the usual multiplication of matrices, the tensor

product of morphisms is given by the usual Kronecker product of matrices, and the unit object is R.
Proposition 8.18. The category of all G-homomorphism matrices for a given graph G having n vertices, C%, is

a strict R-linear monoidal category.

Proof. This is effectively the same proof as the one that is given for Proposition 6.32, except we replace

linear maps by matrices. O

Mancinska and Roberson (2020) showed that the operations given on isomorphism classes of bilabelled

graphs H correspond bijectively with the matrix operations on G-homomorphism matrices X &. This
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is stated more formally in the following three lemmas:

Lemma 8.19 (Mancinska and Roberson (2020), Lemma 3.21). Suppose that G is a graph having n vertices.
Let [H1] be the isomorphism class of the (k, l)-bilabelled graph Hy = (H;, k, 1), and let [H2] be the isomorphism
class of the (1, m)-bilabelled graph Hy = (Ha,l’,m). Then

X5, X5, = XG0, (8.2)

Lemma 8.20 (Mancinska and Roberson (2020), Lemma 3.23). Suppose that G is a graph having n vertices.
Let [H1] be the isomorphism class of the (k, [)-bilabelled graph Hy = (Hy, k, 1), and let [H2] be the isomorphism
class of the (q, m)-bilabelled graph Hy = (H2,q, m). Then

X§, ® X5, = Xf,0H, (8.3)

Lemma 8.21 (Mancinska and Roberson (2020), Lemma 3.24). Suppose that G is a graph having n vertices,
and let [H be the isomorphism class of the (k,1)-bilabelled graph H = (H, k,l). Then

(X5)" = Xg- (8.4)
where (X§;)* is the transpose of the matrix X .

Consequently, we obtain the following theorem, expressed in terms of functors and categories.

Theorem 8.22. Suppose that G is a graph having n vertices. Then there exists a full, strict R-linear monoidal
functor

FE.g—cY (8.5)
that is defined on the objects of G by F¢ (k) = (R™)®* and, for any objects k, 1 of G, the map

Homg(k,1) — Homee (FC(k), FE(1)) (8.6)

is given by
[H] — X (8.7)

for all isomorphism classes of (k,)-bilabelled graphs.

Proof. Let G be a graph having n vertices. Lemma 8.19 immediately implies that ¢ is a functor.

Hence, we show each of the four conditions of Definition 6.12 in turn.
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1. Let &, be any two objects in G. Then
FOkol) =FC(k+1) = RS = (RM®F @ (RM® = FE k) @ FE(I) (8.8)

2. This is Lemma 8.20.

3. Itis clear from the statement of the theorem that F& sends the unit object 0 in G to R, which is

the unit object in CC.

4. This is immediate from the definition of a G-homomorphism matrix.

It is clear that the functor F¢ is full, once again by the definition of a G-homomorphism matrix. [

8.1.4 A Spanning Set of Matrices for the Learnable, Linear, Aut(G)-Equivariant Layer
Functions
Compare the following proposition with Chassaniol’s result, given in Theorem 8.2.

Proposition 8.23 (Mancinska and Roberson (2020), Theorem 8.4). We have that
G = (M), [M>'],[A],[S])o,0.« (8.9)

where MY, M*', A, S are the bilabelled graphs defined in Examples 8.14, 8.15, and 8.16, and the operations
o, ®, * on bilabelled graphs are those that are given in Definitions 8.6, 8.8 and 8.9, respectively.
We have come to the main results of this chapter, namely the following two theorems.

Theorem 8.24. Suppose that G is a graph having n vertices. The vector space of all Aut(G)-equivariant,
linear maps between tensor power spaces of R", Homa () (R™)®%, (R™)®!), when the standard basis of R™ is
chosen, is spanned by all of the G-homomorphism matrices X §; that are obtained from all of the isomorphism

classes of (k, l)-bilabelled graphs.

Proof. The proof of this theorem is inspired by Manc¢inska and Roberson (2020), Theorem 8.5.

We know, by Chassaniol, that

C(Aut(G)) = (M1, M*' A, S)+ 0.0 (8.10)
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By Examples 8.14, 8.15, and 8.16, we get that
C(Aut(G)) = {Xf | [H] € ((M*], [M*"], [A], [S])+0.0.} (8.11)
and so, by Proposition 8.23, we have that
C(Aut(Q)) = R-span{X$ | [H] € G} (8.12)
Consequently, for any k, [, we get that
C(Aut(@))(k,1) = R-span{X§ | [H] € G(k,1)} (8.13)

As the left hand side of (8.13) is equivalent notation for Hom (e ((R™)®F (R™)®!), we obtain our

result. O

Theorem 8.25 (Graph Automorphism Group Equivariant Weight Matrices). For all non-negative integers
Land k, if G is a graph having n vertices, then the weight matrix W that appears in an Aut(G)-equivariant
linear layer function from (R™)®¥ to (R™)®! must be of the form

W= Y AuXg (8.14)
[H]eG(k,I)
Remark 8.26. In particular, Theorem 8.24 shows that C is isomorphic to C(Aut(G)) as categories, and

that the objects of the category C“ come from representations of Aut(G).

Theorem 8.24 is especially powerful when it is combined with Frucht’s Theorem (Frucht, 1938). Frucht’s
Theorem states that every finite group is isomorphic to the automorphism group of a finite undirected
graph. Hence, for any finite group, by determining a graph (having n vertices) whose automorphism
group is isomorphic to the group in question, we can determine the weight matrix that appears
between any two layers that are some tensor power of R” in a neural network that is equivariant to

the group.

Remark 8.27. It is very important to note the following. If H is a group that is isomorphic to the
automorphism group of a graph G having n vertices, then the spanning set that we obtain for
Homy ((R™)®*, (R")®!) using Theorem 8.24 depends on how the automorphism group is embed-
ded in the symmetric group S,, itself thought of as a subgroup of matrices in GL(n) having chosen the

standard basis of R™. The spanning set is determined not only by how the vertices of the underlying
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graph G are labelled (up to all automorphisms), but also by what the edges are in G.

For example, in Example 8.33, we show not only that D4 has three embeddings in Sy, but also that each
embedding can be obtained separately from two graphs that are the complement of each other, where
both graphs have the same labelling of the vertices. All six instances (an embedding of D, coming
from a graph with a certain labelling of its vertices) give rise to different, albeit related, spanning sets
(in fact, bases) of Homp, (R*, R*). Hence, we obtain a basis for each specific embedding and labelled

graph that is chosen.

We have seen that we can find a spanning set for HomAut(G)((R”)®k , (R™)®!) by considering all
isomorphism classes of (k, [)-bilabelled graphs. However, with the following result, we can reduce the
number of elements that appear in the spanning set by reducing the number of isomorphism classes

that we need to consider.

Proposition 8.28. Let H be a (k,l)-bilabelled graph whose underlying graph H contains a subset of free
vertices that, whilst they may have edges amongst themselves, are entirely disconnected from any vertices that

are in a connected component containing a non-free vertex.

Then X is a scalar multiple of X§;,, where H' is the (k,l)-bilabelled graph that is obtained from H by

removing the subset.

Proof. Suppose that H = (H, k,l). Let Hy be the subgraph consisting of the subset of free vertices
(including the edges that are solely between these vertices) that are entirely disconnected from any
vertices that are in a connected component containing a non-free vertex. Define H; to be the graph

that is H without Ho.

Then, by construction, H is a disjoint union of H; and Hy, as graphs, and, if we define Hy = (Hy, k, 1),
then it is clear that

Xg =g, Xg, (8.15)

where c§;_is a constant denoting the number of graph homomorphisms from Hj to G, as required. [
We also have the following result that is useful for generating the isomorphism classes of (k, [)-bilabelled

graphs.

Proposition 8.29 (Frobenius Duality). Suppose that we use Theorem 8.24 to obtain a spanning set for
Hom ) (R™)®F, (R™)®!). Then, for any q,m > 0 such that ¢ + m = k + 1, we can immediately obtain a
spanning set for Homayy(cy ((R™)®9, (R™)®™).
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Proof. Firstly, there is an R-linear isomorphism

Homg(k, 1) — Homg(l + k,0)

that is given on bilabelled graph diagrams by

,,,,, L
77 e
I+ I+k
with inverse given by
1 e
7?7 77
H
R I I+l Utk %

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Similarly, for any graph G having n vertices, there is an R-linear isomorphism
Hom (i (B")**, (B")*!) — Homyuic (R, R)

that is given by
X = FE(IMM)) o (14 © Xf)

where Id is the n x n identity matrix, with inverse given by
Xg = (1d¥ @ X§) o (FO(UUY) © 1d%)

Here, M M, is the (21, 0)-bilabelled graph diagram

and UUj, is its involution, as defined in Definition 8.9.

(8.16)

(8.17)

(8.18)

(8.19)

(8.20)

(8.21)

(8.22)
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Since, for any graph G having n vertices, the functor F¢ is strict monoidal, by Theorem 8.22, we get

that the following diagram commutes:

L 2

Homg(k,1) Homg (I + &, 0)

1 | e

Hom () (R")®F, (R")#) Hom () (R™) ", R)

L 2

Since F¢ gives a bijective correspondence between all isomorphism classes of bilabelled graphs and the
spanning set elements for Hom (), as shown in Theorem 8.24, we can use the commuting square to

obtain a spanning set for Hom () (R™)®**!, R) from the spanning set for Hom a () (R™)®F, (R™)®1).

Now, fixing ¢,m > 0 such that ¢ + m = k + [, we can run the arrows of the commuting square in

reverse to obtain a spanning set for Hom () ((R™)®9, (R™)®™), as required. O

We also have the following result.

Proposition 8.30. We can recover the diagram basis of Homg, ((R™)®* (R™)®!) that first appeared in Godfrey
et al. (2023) (see also Section 6.1) from the homomorphism matrices for the complement of the complete graph on

n vertices, K,,.

Proof. We saw in Section 2.4 that the automorphism group of the complement of the complete graph,

Aut(K,,), is the symmetric group S,,. To recover the diagram basis, we reduce the set of isomorphism

classes of (k,!)-bilabelled graphs H that we need to consider in (8.13), as follows.

Firstly, we only need to consider isomorphism classes of (k,!)-bilabelled graphs H whose underlying
graphs H are edgeless, since if H has either some edge between two distinct vertices or a loop, then
for there to be a graph homomorphism from H to K, the graph K,, would need to have an edge
between two distinct vertices or a loop. Secondly, we only need to consider isomorphism classes of
(k,l)-bilabelled graphs H whose underlying graph H is edgeless, having at most n vertices, since
the image under F¢ of any (k,)-bilabelled graph whose underlying graph is edgeless having more
than n vertices would correspond to a scalar multiple of the image of a (k, [)-bilabelled graph whose
underlying graph is edgeless having at most n vertices. Thirdly, we only need to consider isomorphism
classes of (k,l)-bilabelled graphs H whose underlying graph H is edgeless having at most n vertices
where no vertex is left free in H, that is, there is no red vertex in H that is not attached by a black edge

to some black vertex, by Proposition 8.28.
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But this subset of isomorphism classes of (k,)-bilabelled graphs is precisely all set partitions of
{1,...,1+k} having at most n blocks! By construction, the image of this subset under F¢ is a spanning
set of Homg, ((R™)®* (R")®!) and, by a dimension count, the image forms a basis, which is precisely

the diagram basis of Homg, ((R™)®* (R")®!) that appeared in Section 6.1. O

Remark 8.31. Proposition 8.30 implies that, for a graph G having n vertices, the spanning set of
Hom () (R™)®F, (R™)®!) automatically includes the image, under the functor 7 @, of all set partitions

of [l + k] expressed as (k, [)-bilabelled graph diagrams, since Aut(G) is a subgroup of S,,.

We use all of the results given above to obtain a procedure for constructing the weight matrix that
appears in an Aut(G)-equivariant linear layer function from (R")®* to (R")®! from isomorphism
classes of (k, !)-bilabelled graphs. In the procedure, we create all (¢, 0)-bilabelled graph diagrams that
are appropriate for the graph G, where ¢ = k + [, and then use Frobenius duality and the functor F¢ to
obtain a spanning set of matrices for Hom () ((R™)®F (R™)®!). To capture all of the (¢, 0)-bilabelled
graph diagrams that are appropriate for G, we first need to calculate the length of the longest path m
between any two (not necessarily distinct) vertices in G where each edge in G is traversed at most once.
This is the longest path that needs to be mapped onto by a graph homomorphism from the underlying
graph of a (¢, 0)-bilabelled graph diagram to G. We use m to generate the all of the (¢, 0)-bilabelled
graph diagrams as follows. We focus on the non-free red vertices since they play a key role in how
the entries of a spanning set matrix X§; are determined. We use the following ideas to generate all
of the (g, 0)-bilabelled graph diagrams from the set partitions of [l + k| expressed as (g, 0)-bilabelled
graph diagrams.

* Between any pair of non-free red vertices, we must consider all paths of lengths 0 to 2m between
them consisting solely of free red vertices, since such a path of length 2m is a double cover of the

longest path in G.

e Starting with a single non-free red vertex that is not connected with any other red vertex, we
must consider all paths of lengths 0 to m consisting solely of free red vertices from this non-free

red vertex, since such a path of length m is a single cover of the longest path in G.

We also need to consider the impact of loops on (g, 0)-bilabelled graph diagrams if G has loops (see
Step 5 of the procedure). These points show that the set of (g, 0)-bilabelled graph diagrams that we
need to consider depends on the graph G.
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A General Procedure for Calculating the Weight Matrix of an Aut(G)-Equivariant Linear

Layer Function from (R")®* to (R")®/,

First, calculate all (¢, 0)-bilabelled graph diagrams that are appropriate for G where ¢ = [ + k,
as follows. Let m be the maximum length of a path between any two vertices in G such that

each edge in G is traversed at most once. Then

1. Calculate all set partitions of {1,...,¢ = [ + k}, and express them as (g, 0)-bilabelled
graph diagrams. For uniformity, we choose to order the blocks in a set partition by their
size, in descending order. Each block B; of size b; corresponds to a spider diagram having
a single red vertex and b; black vertices connected to it with black edges. The vertices in
the spider diagram for B; are labelled with the elements of B; in ascending order, from

left to right. If m = 0, go to Step 6. Otherwise:

2. From all of the diagrams found in Step 1, create all possible (¢, 0)-bilabelled graph dia-
grams that have only internal red edges between red vertices, as follows. For each diagram

H found in Step 1:

* Let ¢ be the number of red vertices in H. Let e := @: this is the number of edges

in the complete graph K. having c vertices. Create all possible e length strings having
values in 0 — 2m. Each position in the string represents a different pair of distinct

red vertices in H. Remove the all 0 string.

e For each string, create a new (g, 0)-bilabelled graph diagram as follows: for each
position in the string, if ¢ is its value, then, assuming that the position represents the
pair of red vertices v and w, insert ¢t new edges between v and w into H, adding in

t — 1 new red vertices to make these ¢t new edges possible.

3. Also, from all of the diagrams found in Step 1, create all possible (¢, 0)-bilabelled graph
diagrams that have only external red edges, as follows. For each diagram H found in

Step 1:

e Let ¢ be the number of red vertices in H. Create all possible ¢ length strings having
values in 0 — m, where each position in the string represents a red vertex in H.

Remove the all 0 string.

e For each string, create a new (g, 0)-bilabelled graph diagram as follows: for each

position in the string, if ¢ is its value, then, assuming that the position represents the
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red vertex v, add ¢ new edges outwards from v, adding in ¢ — 1 new red vertices to

make these ¢t new edges possible.

4. From all of the diagrams found in Step 2, create all possible (g, 0)-bilabelled graph di-
agrams having both internal and external red edges, as follows. For each diagram Hj

found in Step 2:

e Let H be the (g, 0)-bilabelled graph diagram from Step 1 that H; came from. Let ¢
be the number of red vertices in H, and label these vertices in Hy as 1, ..., c. Create
an empty set named originals, and add only the vertices 1,...,cin Hj that are not

connected to any other red vertex in Hj.

e If originals is empty, then no new diagrams come from Hy. Otherwise, create all
possible c length strings, indexed by the vertices 1, ... ., ¢, allowing only the values in
the positions in originals to range from 0 — m, with the rest being 0. Remove the all

0 string. Now follow the instructions given in Step 3.2.
5. Finally, if G has loops, then, for each (¢, 0)-bilabelled graph diagram found in Steps 1-4:

e If c is the number of red vertices in H, label these vertices as 1, ..., ¢, and create
all binary strings of length c. For each string, create a new (g, 0)-bilabelled graph
diagram as follows: for each position i in the string, if the value is 1, then attach a

loop to the red vertex labelled as 1.

The weight matrix is obtained from the set of all (¢, 0)-bilabelled graph diagrams found in Steps

1-5, as follows:

6. Apply Frobenius duality to each (g, 0)-bilabelled graph diagram H to obtain its form as a
(k,1)-bilabelled graph diagram. This is the same as dragging the labelled black vertices in
H into two rows of vertices such that the vertices in the top row are ordered 1,. ..,/ and

the vertices in the bottom row are ordered | + 1,...,1 + k.

7. Apply the strict R-linear monoidal functor F¢ to each (k, )-bilabelled graph diagram
to obtain the spanning set matrices in Homp(c) ((R™)®*, (R")®"). Remove all duplicate
matrices as well as the all zero matrices from this set. Weight each matrix that remains
in the set by a parameter, and then add them all together to give the overall Aut(G)-

equivariant weight matrix.
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8.2 Examples

Example 8.32 (Diagram Basis for Homg, (R",R™)). Suppose we take the complement of the complete
graph having n vertices, K,,. There is only one possible way to label the vertices of this graph, up to

all automorphisms:

In Section 2.4, we saw that its automorphism group, Aut(K,,), is the symmetric group S,,.

Since the order of each tensor power space is 1, by the arguments in the proof of Proposition 8.30, it is
enough to consider the isomorphism classes of (1, 1)-bilabelled graphs H whose underlying graph H
is edgeless having at most n vertices where no vertex is left free in H. Because only at most two vertices
cannot be left free for (1, 1)-bilabelled graphs H, we only need to consider isomorphism classes of
(1,1)-bilabelled graphs H whose underlying graph H is edgeless having at most two vertices. This
leads to two possibilities, namely [H;] and [H3], where Hy = (K1, (1), (1)) and Ha = (Ks, (1), (2)).
They are given in the left hand column of Figure 8.4. (Note, for example, that the bilabelled graph

(K3, (2), (1)) is in the same isomorphism class as Ha.)

In the right hand column of Figure 8.4, we show the corresponding G-homomorphism matrices for the
case where G = Ky, that is, n = 4, with the case for general n being very similar. Here we have used
Definition 8.12 to find the entries of each of the matrices. To be clear, for general n, the (i, j)-entry
of X Il?’ll, by definition, is equal to the number of graph homomorphisms from K; to K,, such that 1
is mapped to i and 1 is mapped to j, which is ¢; ;. By contrast, the (i, j)-entry of Xf?;l is equal to the

number of graph homomorphisms from K to K, such that 2 is mapped to i and 1 is mapped to j,

which is 1 for all 4, j € [n].

In the middle column, we have also shown the equivalent set partition diagrams that first appeared in
Figure 6.1 to highlight how the (1, 1)-bilabelled graph diagrams are related to set partition diagrams
in this case. This is also consistent with the procedure that is given in the orange box since the longest
path in K, is 0. Hence, only the set partitions of {1, 2}, expressed as (2, 0)-bilabelled graph diagrams
that are then mapped under Frobenius duality to (1, 1)-bilabelled graph diagrams, are needed to

obtain a spanning set — which is actually a basis — of Homg, (R", R").

Example 8.33 (Basis for Homp, (R*, R*)). In Section 2.4, we said that the automorphism group of two

copies of the complete graph on two vertices, Aut(2K3), is isomorphic to the dihedral group Dj.
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(1,1)-Bilabelled Graph Set Partition Diagram Standard Basis Element X ?
Diagram H
1 1
o Y 1 2 3 4
| if1 000
3 210 1 0 0
L 510 010
| 40 0 0 1
oS =
1 1

e e
—_ = =W
—_ = = s

o o

Figure 8.4: We use Theorem 8.24 to obtain the diagram basis of Homg, (R*,R?*) from all of the
(1,1)-bilabelled graph diagrams.

There are three different ways to label the vertices of the graph 2K, up to all automorphisms, namely:

We will refer to these graphs as A, B and C, respectively, throughout the rest of this example.

The automorphism group of each graph is isomorphic to Dy, but each automorphism group is a
different embedding of D, in S4. Said differently, while each automorphism group is isomorphic to
D,, the elements in each automorphism group are not the same when thought of as elements of S.
Specifically, the group corresponding to the first diagram is ((1423), (13)(24)), whereas the second is
((1432), (12)(34)), and the third is ((1342), (12)(34)).

Consequently, when we would like to find a spanning set for Homp, (R*, R*), we need to consider
which embedding of D, in S; we are referring to, or, more simply, which labels we have used for
the graph 2K. As a result, we will obtain a spanning set (which we will show is actually a basis) for
Homp, (R*, R*), one for each embedding of D, in Sy. Note that these spanning sets, whilst different,
will all be isomorphic under a change of basis that reorders the standard basis vectors in R*. This is a

consequence of all of the automorphism groups being isomorphic to each other.

We present the bases for each instance of 2K in Figure 8.5.
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(1,1)-Bilabelled Standard Basis Standard Basis Standard Basis
Graph Diagram H Element X 7y Element X & Element X §
1
AT 1 2 3 4 1 2 3 4 1 2 3 4
3 11 0 0 0 11 0 0 0 11 0 0 0
3 20 1. 0 0 200 1.0 0 200 1 0 0
1 310 010 3510 010 3510 010
! 40 0 0 1 410 0 0 1 4]0 0 0 1
1
A 1 2 3 4 1 2 3 4 1 2 3 4
3 3 1111 1 111 1 1 111 1 1
1 2! 2l1 1 1 1 2l1 1 1 1 21 1 1 1
11 1 3/1 1 1 1 3/ 1 1 1 3]1 1 1 1
! : 41 111 41111 41 11 1
,,,,,,,, O
1 2 3 4 1 2 3 4 1 2 3 4
1ifo 100 1fo 010 1[0 0 0 1
21 0 0 0 20 0 0 1 20 01 0
30 0 0 1 3/1 0 00 30 1.0 0
40010 4001 00 41 0 00

Figure 8.5: Depending on how D, isembedded as a subgroup of Sy, we obtain a basis of Hom p, (R*, R%),
where here D refers to the specific embedding in Sy that is obtained from the different labellings of
the vertices of 2K5, considered up to all automorphisms.

We focus on finding the basis for the automorphism group of the graph A, noting that the approach
for the other graphs is similar. We follow the procedure that is given in the orange box. We see that

the longest path m between any two vertices in A is 1.

Step 1: We calculate all set partitions of [l + k] = {1, 2} and express them as (2, 0)-bilabelled graph

diagrams, labelling only the black vertices.

They are given by

********************

Ag = C/\D and By = I I (8.24)

Step 2: From Ag and By, we calculate all possible (2, 0)-bilabelled graph diagrams that have only

internal red edges between red vertices.
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Since the number of red vertices ¢ in Ay is 1, this implies that the number of edges in the complete

graph K is 0, and so we do not obtain any new (2, 0)-bilabelled graph diagrams from Ay.

However, for By:

e The number of red vertices, ¢, in By is 2. Hence the number of edges in the complete graph K5,

e, is 1.

¢ We now create all possible length e = 1 strings having values in 0 — 2m = 2. Remove the all 0

string.

Hence we obtain the length one strings 1 and 2. We use each of these strings to create a new
(2,0)-bilabelled graph diagram from By, which we shall call By; and By 2, by inserting ¢ new
edges between the two red vertices, where ¢ equals 1 and 2 respectively. Hence, B, and B, 2 are

given as follows:

********************

By = I—I i Bz = I—O—I (8.25)

Step 3: From Ag and By, we now calculate all possible (2, 0)-bilabelled graph diagrams that have

only external red edges between red vertices.

For Ay, as the number of red vertices is 1, we create all length one strings having entries in 0 tom = 1,
removing the all 0 string. We create a new (2, 0)-bilabelled graph diagram from the string 1 by adding
1 new red edge outwards from the red vertex in A, adding in a new red vertex to make this new red

edge possible. Hence we obtain

(8.26)

For By, as the number of red vertices is 2, we create all length two strings having entries in 0 tom = 1,

removing the all 0 string. Hence we create three new (2, 0)-bilabelled graph diagrams from the strings



8.2. Examples 171

01, 10 and 11, by adding 1 new red edge outwards from the red vertices in A corresponding to the

ones in the string, adding in a new red vertex for each new red edge. Hence we obtain

****************************************

By, = I I/O ; Bao = 3 I ; Ba g = I I i (8.27)

Step 4: We calculate all possible (2, 0)-bilabelled graph diagrams that have external red edges from
Bl,l and B2’2.

We do not create any new (2, 0)-bilabelled graph diagrams in this step as the set originals is empty for
Bl,l and Bz’2.

Step 5: As A does not have any loops, we immediately move onto Step 6.

Step 6: We now apply Frobenius duality to each (2, 0)-bilabelled graph diagram found in Steps 1 to 5

inclusive to obtain their form as (1, 1)-bilabelled graph diagrams.

This is equivalent to dragging the black vertex labelled 1 up to the top row. At this stage, we choose to
arbitrarily label the red vertices as well. Using the same names for the bilabelled graph diagrams, we

obtain:

(8.28)

(8.29)

Step 7: We calculate the A-homomorphism matrices that correspond to the (1, 1)-bilabelled graph
diagrams given in Step 6. We remove all duplicate matrices as well as any all zero matrices, weight those
that remain, and then add them together to obtain the weight matrix for an Aut(A) = Dy-equivariant

linear layer function from R* to R%.
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The A-homomorphism matrices that correspond to the (1, 1)-bilabelled graph diagrams given in (8.28)

are
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
f1 000l 11 1117 1J01 0 0 1 00 0
201 00| 20111 1] 2100 0 210 1 0 0
soo 1 ol7slt 111750000 1™ 50010 (8.30)
o o0 1] 4/t 11 1] 4loo 1 o0 Ao 0 0 1

whereas the A-homomorphism matrices that correspond to the (1, 1)-bilabelled graph diagrams given

in (8.29) are

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

111 0 0 O 111 1 1 1 111 1 1 1 111 1 1 1

2(0 1 0 O 2(1 1 1 1 2(1 1 1 1 211 1 1 1
; ; and (8.31)

3]0 0 1 O 3(1 1 1 1 3(1 1 1 1 311 1 1 1

410 0 0 1 41 1 1 1 411 1 1 1 411 1 1 1

respectively.

Clearly, only the A-homomorphism matrices corresponding to Ao, Bp and Bj ; are unique, and so
they form a spanning set for Homp, (R* R?), for D, = Aut(A) = ((1423), (12)(34)), considered as a
subgroup of S.

Hence, the weight matrix that we obtain for an Aut(A) = D4-equivariant linear layer function from

R* to R*is

’ (8.32)
3[ A2 A2 A2 Ao

40 A A Aoz A

for weights A1, A2, A3 € R, where )\; j means \; + ;.

Note that, for this example, each spanning set corresponding to an instance of 2K, happens to be
a basis of Homp, (R*,R*). Indeed, for each instance of 2K, the subset consisting of the first two
matrices in each column in Figure 8.5 is a basis for Homg, (R*, R*), by Example 8.32, and since D, is a
proper subgroup of S; and the spanning set for Homp, (R*, R*) includes one further matrix that is not

a linear combination of these two matrices, this implies that it must be a basis.

Note further that we could have used the cycle graph Cj to obtain automorphism groups that are
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isomorphic to Dy. In fact, if we label the cycle graphs as follows, we obtain

which are the complements of the three instances A, B, C of 2K5. This is clear since Cy = 2K5. In fact,
in this case, we actually have that Aut(Cy) = Aut(2K3), considered as subgroups of S, for each of the

three possible labellings of the vertices.

However, the basis for Homp, (R*, R*) for each version of D, coming from the three instances A, B, C
of Cj is different, but related, to each of those for the three instances A, B, C of 2K3. We present
these bases in Figure 8.6. Note that only the matrix corresponding to the third (1, 1)-bilabelled graph
diagram Bj ; has changed, so even though the embeddings of D, in Sy are the same for a given
labelling of the vertices, how those vertices are connected (resulting in either the square Cj or its
complement 2K5) affects the basis that we obtain for Homp, (R* R*). In fact, it is clear that, for each
of G = A, B,C, we have that

X§  =J-1-X§ (8.33)

where J is the all ones matrix and I is the identity matrix. By Example 8.14, we see that this is, in fact,
the equation

Ag=J—1-Ag (8.34)
which describes the commonly known result of how to obtain the adjacency matrix of the complement
of a graph G from the adjacency matrix of the original graph G!

Example 8.34 (Spanning Set for Homg, (R3,R?)). It is clear that, for a graph G having n = 3 vertices
such that its automorphism group is So, there are three different ways to label the vertices of the graph,

up to all automorphisms, namely:

We will refer to these graphs as A, B and C, respectively, throughout the rest of this example.

We focus on graph A, with the approach for the other graphs being similar. In this case, So = Aut(A) =
{id, (12)}, as a subgroup of S.
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(1,1)-Bilabelled Standard Basis Standard Basis Standard Basis
Graph Diagram H Element X 7y Element X & Element X §
1
AT 1 2 3 4 1 2 3 4 1 2 3 4
3 11 0 0 0 11 0 0 0 11 0 0 0
3 20 1. 0 0 200 1.0 0 200 1 0 0
1 310 010 3510 010 3510 010
! 40 0 0 1 410 0 0 1 4]0 0 0 1
1
A 1 2 3 4 1 2 3 4 1 2 3 4
3 3 1111 1 111 1 1 111 1 1
1 2! 2l1 1 1 1 2l1 1 1 1 21 1 1 1
11 1 3/1 1 1 1 3/ 1 1 1 3]1 1 1 1
! : 41 111 41111 41 11 1
,,,,,,,, O
1 2 3 4 1 2 3 4 1 2 3 4
1fo 0 1 1 1fo 1 0 1 1fo 110
20 0 1 1 21 01 0 21 0 0 1
31 100 301 01 31 0 01
41 100 41 010 40 110

Figure 8.6: Choosing the cycle graph C, instead to obtain an embedding of D, inside S, we obtain a
basis of Homp, (R*, R*), one for each possible labelling of the vertices of Cy, that is related to the basis
obtained from the complement graph, 2.

Given that the longest path m between any two vertices in A is 1, and that [ = k = 1, we see that, by
following the procedure that is given in the orange box, Steps 1 to 6 inclusive are exactly the same as
in Example 8.33. Hence, the (1, 1)-bilabelled graph diagrams that we need to consider are those that
are given in (8.28) and (8.29).

However, given that the graph A is different from the one that appears in Example 8.33, the A-

homomorphism matrices that correspond to the (1, 1)-bilabelled graph diagrams given in (8.28) are

now
1 2 3 1 2 3 1 2 3 1 2 3
111 0 0 111 1 1 110 1 0 111 0 0
210 1 0];2f1 1 1|;2|1 0 O|land 2|0 1 0 (8.35)
3(]0 0 1 3(1 1 1 3(]0 0 O 3(]0 0 O

and the A-homomorphism matrices that correspond to the (1, 1)-bilabelled graph diagrams given in
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(8.29) are now

1 2 3 1 2 3 1 2 3 1 2 3
11 0 O 1{1 1 O 111 1 1 11 1 0
210 1 0];2(1 1 0l;2|1 1 1|land 2|1 1 0 (8.36)
3]0 0 O 311 1 0 3]0 0 O 3]0 0 O

All of the A-homomorphism matrices are unique except for those coming from Bj 2 and Az, and
so by removing the matrix corresponding to Aa, we obtain a spanning set Homg, (R?, R3), for Sy =
Aut(A) = ((id, (12)), as a subgroup of S3. We label the remaining matrices in the order in which they

are presented using the index set {1,...,7}.

Hence, the weight matrix that we obtain for an Aut(A) & Sy-equivariant linear layer function from R?
to R3 is
1 2 3
1 A124567 23567 A26
2| XA2356,7 M,24567 26 (8.37)
3 A2 5 A25 A2

for weights A\1,..., A7 € R.

We can find the elements of the spanning set for Homg, (R?, R3) for the other two embeddings of S,
in S3, given by Aut(B) and Aut(C). For Aut(B), we perform the permutation (13) on each index of
the rows and columns of the spanning set matrices found for Aut(A), and for Aut(C'), we perform the

permutation (23) instead.

Example 8.35 (Spanning Set for Homg, ((R?)®2?, R3)). We refer to the same three graphs, A, B, C, that
were given in Example 8.34, and, once again, focus on graph A, with the approach for the other graphs

being similar.

Recall that, in this case, So = Aut(A) = {id, (12)}, as a subgroup of S3. We still have that the longest
path in A is 1. We follow the procedure that is given in the orange box. However, in order to keep the
A-homomorphism matrices in close proximity with the bilabelled graph diagrams that they correspond

to, we have chosen to apply Step 6 and the first part of Step 7 during Steps 1 through 5 inclusive.

Step 1: We calculate all set partitions of [l + k] = {1, 2, 3} and express them as (3, 0)-bilabelled graph

diagrams, labelling only the black vertices.
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They are given by

and correspond, after Frobenius duality, to the A-homomorphism matrices

LT 1,2 1,3 21 22 23 31 32 33

1,1 1,2 1,3 21 22 23 31 32 33 1,1 1,2 1,3 21 22 23 31 32 33
if1 0 oflo o oo o o] 1ft 1 1]l0 o oflo o o] f1 0o o1 0 0]1 0 O
2lo0 0 0jlo 1 0o 0 of;z2{0 0o ofl1 1 1l0 0 o0|;2l0 1 0|0 1 oo 1 of (8.39)
30 0 olo o o|0o o 1| 30 0o oo o of1 1 1| s/0o 0o 1|0 0o 1|0 0 1

31 32 33 11 12 13 21 22 23 31 32 33
i1 0 olo 1 0]o o 1 11 111 1111
2{1 0 0o0jlo 1 0|0 o 1]and 2[1 1 1 1 111 1 1 (8.40)
s/t 0 0/0 1 0l0 0 1 sf1 1 11 1 1111

Step 2: We calculate all possible (3, 0)-bilabelled graph diagrams that have only internal red edges

between red vertices from the five bilabelled graph diagrams given in Step 1.

Clearly, there are no new bilabelled graph diagrams coming from A, in this step.

However, for By, Co and D, calling these generically by H, we have that

e The number of red vertices, ¢, in H is 2. Hence the number of edges in the complete graph K>, e,
is 1.

e We now create all possible length e = 1 strings having values in 0 — 2m = 2. Remove the all 0
string.

Hence we obtain the length one strings 1 and 2. We use these strings to create two new (3, 0)-bilabelled
graph diagrams from each of By, Cyp and Dy, by inserting ¢t new edges between the two red vertices,

where ¢ equals 1 and 2, respectively. The new (3, 0)-bilabelled graph diagrams are given as follows:
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Ci2 = m ; D11 = m ; D12 = m (8.42)

1,1 1,2 1,3 21 22 23 31 32 33 1,1 1,2 1,3 21 22 23 31 32 33 1,1 1,2 1,3 21 22 23 31 32 33
ifo 1 0]o o oo o o] 1ft o olo o olo o o] 1fo o o1 0o olo 0 o0
2lo0 0 0|1 0 o|o 0o of;z2{0 0o olo 1 oflo o o0|;2(0 1 0|0 0o oo o of (843)
30 0o 0olo o o|o0o 0 ofl slo 0o o|l0o o oo 0o 0| 30 0o 0[O0 0 0|0 0 O

1,1 1,2 13 21 22 23 3,1 3,2 3.3 1,1 1,2 13 21 22 23 3,1 3,2 3,3 1,1 12 1.3 21 22 23 3.1 3,2 3,3
i1 0 olo o oo o o] 1o o olo 1 oJo o o] [t 0o oo o oo o
200 0 0|0 1 0/0 0 0|;2{1 0 0ol0o 0o o]0 0 ofl;20 0o olo 1 o|lo o of (844)
30 o 0olo o o|o 0 of slo 0o o|0o o oo 0o 0| 30 0 0o[0 0 0|0 0 0

For Eo, we have that

e The number of red vertices, ¢, in Ey is 3. Hence the number of edges in the complete graph K,

e, is 3.

* We now create all possible length e = 3 strings having values in 0 — 2m = 2. Remove the all 0

string.

There are 26 such strings. If we label the red vertices in Ey, without loss of generality, as 1, 2 and
3, from left to right, then we can let the indices in each string refer to possible connections between
vertices 1 and 2, vertices 1 and 3, and vertices 2 and 3, written (12), (13) and (23), also from left to

right and without loss of generality.

Table 8.1: All Possible Length 3 Strings With Entries in 0 — 2m = 2.

(12)(13)(23) | (12)(13)(23) | (12)(13)(23)
000 001 002
010 011 012
020 021 022
100 101 102
110 111 112
120 121 122
200 201 202
210 211 212
220 221 222
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To create the 26 new (3, 0)-bilabelled graph diagrams, we now add in the edges (and new red vertices)

between the labelled red vertices in Ey, according to the entries in the string.

They are

Ego1 = I I—I ; Eoo2 = I IOI (8.45)

1 2 3 1 2 3

12 3 12 3 12 3

Egzo = I 5 Eo21 = I/(I\—I ; Eg22 = I (8.47)
12 3 12 3 12 3

E100 = I—I I ; Eio1 = I—I—I ; E102 = I—IOI (8.48)
12 3 12 3 12 3

Eqi10 = m ; E111 = m ; E112 = m (8.49)
12 3 12 3 12 3

Bizo = B = /N (B = ? (8.50)
1 2 3 1 2 3 12 3

VS G U0 S ¥ S
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and correspond, after

2,2

w

2,3

1,2

1,3 21
0

0

o o

1,2

AN\
1 2 3
12 3

3,3 1,1 1,2
0 11 0
0],2|1 O
0 31 0
22 23 31 32

1 010 0
0 0]0 0
0 0]0 O
22 23 31 32
0 0]0 O
0 0]0 O
0 0]0 0
22 23 31 32
0 0]0 O
0 0]0 0
0 010 O
22 23 31 32
0 0]0 O
0 0]0 0
0 0]0 O
22 23 31 32
0 0]0 O
0 0]0 0
0 0]0 O
22 23 31 32
0 0]0 O
0 0]0 O
0 0]0 0
2,2 23 31 32
0 0]0 0
0 0]0 0
0 0]0 O

1,3
0

2,1

23 31 32 33
0O(0 0 O
o0 0 O
0O(0 0 O
12 13 21 22

0 0|0 1
0O 010 O
0 0|0 O
12 1,3 21 22
0O 0|0 O
0 0|0 1
0 0|0 O
12 1,3 21 22
0 0|0 1
0O 0|0 O
0 010 O
12 13 21 22
0 0|0 1
0 0|0 O
0 0|0 O
12 1,3 21 22
0 0|0 O
0 010 O
0 0|0 O
12 1,3 21 22
0 0|0 O
0 0|0 1
0 010 O
12 13 21 22
0O 010 O
0 0|0 1
0O 010 O

2,3

3,1
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(8.52)

(8.53)

(8.54)

(8.55)

(8.56)

(8.57)

(8.58)

(8.59)

(8.60)

(8.61)
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1,1 1,2 1,3 2,1 22 23 31 32 33 1,1 1,2 1,3 21 22 23 31 32 33 1,1 1,2 1,3 21 22 23 31 32 33

if1 0 olo o oo o o] 1fo o olo o olo o o] :f1 o o|lo 0o o]0 0 o
2lo0 0 0jlo 1 0|0 0o of;z2{0 0o olo o oflo o o0|;z2(0 0 ojlo 1 oo o of (8.62)
30 0 olo o o|l0o o of 30 o olo o o|0 o O s0 0 0|0 0 0|0 0 ©

Step 3: We calculate all possible (3, 0)-bilabelled graph diagrams that have only external red edges

between red vertices from the five bilabelled graph diagrams given in Step 1.

For Ay, as the number of red vertices is 1, we create all length one strings having entries in 0 tom = 1,
removing the all 0 string. As a result, we create a new (3, 0)-bilabelled graph diagram from the string
1 by adding 1 new red edge outwards from the red vertex in Ag, adding in a new red vertex to make

this new red edge possible. Hence we obtain

O
Ao = 1
2 (8.63)
12 3
which, after Frobenius duality, corresponds to the A-homomorphism matrix
LT o1,2 1,3 21 22 23 31 32 33
ift 0o oo o oflo 0 o
2l0 0 0jlo 1 0]o0 0 o0 (8.64)
s{o0 0 00 0 00 0 0

However, for By, C and Dy, calling these generically by H, we know that the number of red vertices,
¢, in H is 2. As a result, we create all length two strings having entries in 0 to m = 1, removing the all
0 string. There are three such strings, 01, 10 and 11. Hence we create three new (3, 0)-bilabelled graph
diagrams using these strings from each of By, Cp and Dy, by adding 1 new red edge outwards from a
red vertex that corresponds to a 1 in the string, adding in a new red vertex to make this new red edge

possible. They are given by

By = A { ; Bag = /OI ; B2z = (Zio (8.65)

AL RITATD
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(8.67)

L1 1,2 1,3 21 22 23 31 32 33 LT 1,2 1,3 21 22 23 31 32 33 L1 1,2 1,3 21 22 23 31 32 33

20000 0|1 1 0/0 0 0f|;2{0 0 o[1 1 1]0 0 ofl;20 0o o/1 1 o|lo o of (8.68)

2ol001 0|0 1 0|0 0 ofl;z2{0 1 olo 1t oflo 1t o|;2l0 1 0|0 1 oo o of (8.69)

o{1 0 0]o 1 o]0 0 1];2/1 0 olo 1t oflo o o|;z2/t 0 olo 1 oo o of (8.70)

For Ey, we know that the number of red vertices, ¢, in Ey is 3. As a result, we create all length three
strings having entries in 0 to m = 1, removing the all 0 string. There are seven such strings, 001, 010,
011, 100, 101, 110 and 111. Hence we create seven new (3, 0)-bilabelled graph diagrams using these
strings from Ey, by adding 1 new red edge outwards from a red vertex that corresponds to a 1 in the

string, adding in a new red vertex to make this new red edge possible. They are given by

; Eo3 = /O/O;E24=

e

12 3 12 3 1 2 3 12 3
Y- -3 I i 0
Bas = Ef f = | 8.72)
12 3 12 3 12 3

1
1 1 1]1 1 1]0 0 0 (8.73)
1
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1,1 1,2 1,3 2,1 22 23 31 32 33 1,1 1,2 1,3 21 22 23 31 32 33
i1 1 0 1t olo o o] 1 1 1]1 1 1]1 1 1
o{1 1 0|1 1 0|0 0 0] ;21 1 1|1 1 1|1 1 1 (8.74)
) 10 1 0lo o of 30 0 olo 0 0|0 0 0
1,1 1,2 1,3 21 22 23 31 32 33 1,1 1,2 1,3 21 22 23 31 32 33 1,1 1,2 1.3 21 22 23 31 32 33
it 1 01 1 o1 1 o] 11 1|1 1o o o] if1 01 1 0o]lo o0 o
o1 1 01 1 0|1 1 o0f;2/1 1 1|1 1 1]0 0 of;2/1 1 0o|l1 1 0o|lo o of (8.75)
sfo 0 olo o oo o o 30 0 0|0 0 0o/0 0 ol 30 0 0|0 0 0|0 0 0

Step 4: We calculate all possible (3, 0)-bilabelled graph diagrams that have external red edges from
the 32 bilabelled graph diagrams that were given in Step 2.

None of the bilabelled graph diagrams given in (8.41) and (8.42) will lead to new bilabelled graph

diagrams, since each red vertex in each bilabelled graph diagram is connected with another red vertex

in the diagram.

Only six bilabelled graph diagrams in (8.45) — (8.53) give rise to new bilabelled graph diagrams: they
are Ego1, Eoo2, Eo10, Foz20, E100, and Eaqp, as they are the only bilabelled graph diagrams that have

at least one (in this example, exactly one) red vertex that is not connected with any other vertex.

As each bilabelled graph diagram has three red vertices having only a single red vertex that is not
connected with any other vertex, and since m = 1, this step produces exactly one string of length three,

where each position in the string corresponds to a red vertex in the bilabelled graph diagram.

Hence, from E001, E002, and E()l(), we obtain

o o
Eoo1,E = fI—I ; Eoo2,E = fIOI ; Eoio,E = m (8.76)
1 2 3 1 2 3 12 3

and from Eg20, F100, and E2qg, we obtain

Foor = /25 » Eroo.6 = i Baoo,z = / 8.77
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These bilabelled graph diagrams correspond, after Frobenius duality, to the A-homomorphism matrices

(8.78)

o
(=)
=
(e}
=
[e=)
(e}
(=)
(==
(e}

~
o
—_
(=)
[e=}
(o=}
=
[en}
(o=}
(=)
o

~
V]
—
(=)
(e}
[en}
(=)
(e}
[en}
(=)
[e=}

20000 0/0o 1 0/0o 0 o0]|;2/1 1 0]l0o 0o ol0o 0 ofl;20 0o o/1 1 0o|lo o of (879)

Step 5: There are no new bilabelled graph diagrams to consider in this step as A does not have any

loops.
In total, this gives us 60 (3, 0)-bilabelled graph diagrams that are appropriate for A.

We have implicitly applied Step 6 in calculating the A-homomorphism matrices during Steps 1 through
5 inclusive since we had to convert each (3, 0)-bilabelled graph diagram into a (2, 1)-bilabelled graph
diagram first before applying the functor ¢ to obtain each A-homomorphism matrix. Hence we
move onto the second half of Step 7: we remove all duplicate matrices and the all zero matrices. We
see that we are left with 31 matrices in the spanning set. After this, to obtain the weight matrix for
an Aut(A) & Sy-equivariant linear layer function from (R3)®? to R3, we would weight each of the 31

matrices in the spanning set and then add them together.

It is important to highlight that the vector space Hom((R?)®? R?), in which Homyg, ((R?)®2, R3) lives,
is of dimension 27; hence, there must be linear dependencies amongst the 31 spanning set elements
that we have found. However, determining these linear dependencies in general at the graph level a

priori is left for future work.

We can also find the elements of the spanning set for Homg, ((R?)®2, R?) for the other two embeddings
of Sy in S5, given by Aut(B) and Aut(C). For Aut(B), we perform the permutation (13) on each index
of the rows and columns of the spanning set matrices found for Aut(A), and for Aut(C), we perform

the permutation (23) instead.



Chapter 9

Compact Matrix Quantum Group

Equivariant Neural Networks

As a general theme, we have looked at the problem of encoding symmetries in neural networks as an
inductive bias. Our approach has been founded upon the idea that spaces in classical (commutative)
geometry are given by sets of points with additional structure, and that the data that lives in these
spaces have symmetries that are formally described by groups. At each stage, we have chosen a
particular group to study, and we have been able to characterise the weight matrices that appear in

neural networks that are equivariant to this group.

However, when we consider tasks that involve learning from data that lives in a non-commutative
geometry, such as learning properties of random variables in free probability theory (Voiculescu, 1985;
Voiculescu et al., 1992), physical phenomena in particle physics (Bhowmick et al., 2014; van Suijlekom,
2014), and properties of exactly solvable models in statistical mechanics (Podlés, 1995), a group
equivariant neural network is no longer a valid choice of model. This is because non-commutative
geometry, as developed by Connes (1995), is formally described using non-commutative C*-algebras,
which generalize commutative algebras C'(X) of continuous functions on compact Hausdorff spaces
X, and one can show that the C*-algebra C(G) of continuous functions on a compact matrix group G
is indeed commutative (see Example 9.4). In particular, in non-commutative geometry, the classical
notion of a space is replaced by an algebraic structure, thus making traditional group-based symmetries
inadequate (Budzynski and Kondracki, 1995; Majid, 2000; Sitarz, 2013). Instead, a more general notion
of symmetry is required. Quantum groups, which have been developed by a number of authors
(Jimbo, 1985; Drinfeld, 1986; Woronowicz, 1987, 1991, 1998), are an important class of mathematical

objects for describing these symmetries.
Given that there exist symmetries that are not captured by groups, this implies that there is a need

184
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for a new type of equivariant neural network. In this chapter, we focus on quantum groups that
were constructed using a topological approach by Woronowicz (1987). Woronowicz generalised
compact matrix groups to create a class of quantum groups called compact matrix quantum groups. We
describe and motivate this construction in Section 9.2, and provide a comprehensive background on

the prerequisite mathematical material, namely, C*-algebras and operator theory, in Section 9.1.

The main contributions of this chapter are as follows. We broaden the scope of equivariant neural
networks beyond classical symmetries by defining a new class of neural networks that encode, as
an inductive bias, symmetries that are described by compact matrix quantum groups. We call these
neural networks compact matrix quantum group equivariant neural networks. In fact, we mathematically
derive their existence using Woronowicz’s version of Tannaka-Krein duality for compact matrix
quantum groups (Woronowicz, 1988), which is introduced in Section 9.4. After proving that these
neural networks exist, we characterise their weight matrices for a large class of compact matrix
quantum groups known as easy. We focus on easy compact matrix quantum groups not only because
they have been studied extensively in the literature (Banica and Speicher, 2009; Banica et al., 2010;
Weber, 2013; Freslon and Weber, 2016; Raum and Weber, 2016; Tarrago and Weber, 2016; Weber,
2017; Tarrago and Weber, 2018; Gromada, 2020; Freslon, 2023), but also because the way in which
they are defined, namely, by set partitions, makes it possible to obtain a full characterisation of the
equivariant weight matrices for these compact matrix quantum groups. We note that our contributions
are primarily theoretical in nature: to demonstrate the practical potential of these neural networks,
further work is needed to extend the characterisation to the equivariant non-linear layers so that they

can be implemented.

We note as a corollory of our work that the new class of neural networks generalises and encompasses
all neural networks that are equivariant to compact matrix groups, since we show, in Section 9.2,
that compact matrix groups are, and can be expressed as, compact matrix quantum groups. As a
result, we recover characterisations of the equivariant weight matrices that appeared in Chapters 5
and 6 (and originally in Ravanbakhsh et al. (2017); Zaheer et al. (2017); Maron et al. (2019a); Godfrey
et al. (2023), and Pearce-Crump (2023a, 2024)) for the symmetric and orthogonal groups, and obtain
characterisations of the equivariant weight matrices for five compact matrix groups that had not
appeared in the machine learning literature before. They include classifications for the hyperoctahedral

group H,, the bistochastic group B,,, and the unitary group U(n).

We note that in this chapter we change our field of scalars from R to C since most of the theory behind

C*-algebras is expressed using complex numbers.
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The content of this chapter is modelled on the paper:

Edward Pearce-Crump. (2023c) Compact Matrix Quantum Group Equivariant Neural Networks.
arXiv:2311.06358.

9.1 An Overview of C*-Algebras and Operator Theory

We begin with an overview of the key results that appear in the theory of C*-algebras, which is an
area of mathematics that lies at the intersection of algebra and topology. The theory has its roots in the
development of quantum mechanics in the 1920s, where the non-commutativity of bounded, linear
operators on a Hilbert space is used to model physical observables. In 1943, Gelfand and Naimark
(1943) developed an abstract definition of C*-algebras that did not require the use of bounded, linear
operators on a Hilbert space. Forty-five years later, Woronowicz (1987, 1988) used C*-algebras to
develop compact matrix quantum groups. Since a proper treatment of the theory of C*-algebras
would amount to several hundreds of pages, we focus solely on the key concepts that also appear
in the theory of compact matrix quantum groups; notably, tensor products of C*-algebras and the
construction of the universal C*-algebra from a set of generators and relations on those generators.
When we quote a result without proof, we provide a reference to the literature where its proof can
be found. We also rely on the background material on general topology that appeared in Chapter 2
throughout this chapter. For a more comprehensive treatment on C*-algebras, we recommend any of
the following references: Rordam et al. (2000); Lin (2001); Blackadar (2006); Gromada (2020); Speicher
and Weber (2020); Maaflen (2021), and Courtney and Gillaspy (2023).

Definition 9.1. We build up to the definition of a C*-algebra with the following definitions.

An algebra A over C is a complex vector space together with a bilinear, associative multiplication

A x A — A satistying A(zy) = (Ax)y = z(\y) for z,y € Aand A € C.

An algebra A is unital if it contains an element 1 € A, called the unit, such that 1z = 21 = « for

allz € A.

A subset B C A is called a subalgebra if B is an algebra with respect to the same operations.

A subset I C Ais called an ideal if I is a subalgebra of A that is invariant with respect to both

left and right multiplication by elements of A.
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* A normed algebra is an algebra A that has a norm ||-|| : A — C such that it is submultiplicative:
[yl < [l ly[l for all z,y € A.

e A Banach algebra is a normed algebra A which is complete with respect to the metric induced

by the norm ||-||.

* An involution on an algebra A is an antilinear map * : A — A such that (z*)* = 2z and

(zxy)* = y*z* forall x,y € A.
e A *-algebrais an algebra A that has an involution. Similarly, we define *-subalgebra and *-ideal.

e A Banach *-algebra is a Banach algebra A that has an involution.

Consequently, we have that

Definition 9.2. A C*-algebra is a Banach *-algebra A that satisfies the C*-identity: ||z*z|| = ||z||* for
allz € A.

Note that a closed *-subalgebra of a C*-algebra is also a C*-algebra.

Definition 9.3. We say that an element a of a C*-algebra A is self-adjoint if «* = q, and, if A is unital,

we say that a is unitary if a*a = aa* = 1.

Example 9.4. We give some examples of C*-algebras.

1. The complex numbers C form a unital C*-algebra.
2. Let H be a complex Hilbert space with inner product denoted by (-, -). The collection of bounded
linear operators B(H) is a unital C*-algebra, where the norm is the operator norm

TN = sup{[|Tll3 [ v € H, [Jofl, < 1} ©.1)

for all T € B(H). Note that multiplication is given by the composition of operators, and that the
involution is the adjoint, defined with respect to the inner product by (T*v, w) = (v, Tw) for all

T € B(H) and v, w € H. Also, we see that B(#) is non-commutative.

3. For any positive integer n, let M,,(C) denote the set of n x n matrices with elements in C. Then

M,,(C) is a unital C*-algebra, where the norm is the operator norm

M| = sup{||Mv]|, | v € C", [Jv]l, <1} (9.2)
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where |||, is the Euclidean norm on C", and the involution is given by the conjugate transpose.
This is a special case of the previous example, where we have chosen H = C™ and picked a basis

to represent linear transformations as matrices.

4. Let X be a compact Hausdorff space. Then the space of continuous functions on X,
C(X)={f:X — C| fis continuous} (9.3)
is a unital C*-algebra where the norm is the supremum norm

1/l = sup{[f ()| | z € X} (9.4)

such that (f + g)(z) = f(z) + g(x), Af)(x) = Af(2), (f9)(x) = f(x)g(x), 1(z) = 1 and
f*(x) = f(z)forall f,g € C(X),r € X and A € C. Note, in particular, that C(X) is commutative.
The supremum norm is indeed a norm since the compactness of X implies that every continuous
function f : X — C is bounded, and so ||f|., < oo for all f € C(X). The norm is also

submultiplicative because

[fg(@)| = |f(x)g(x)] = [f(@)[lg(x)] < 1 fllo 9]l (9.5)

which implies that || fg||, < |fl lg]lo- Similar reasoning on the fact that | f(z) f(z)| = | f(x)|?
shows that the supremum norm satisfies the C*-identity. Finally, the supremum norm is complete
because one can show that any Cauchy sequence of continuous functions on X converges

uniformly on X such that the limit is also a continuous function on X.

An important theorem for the C*-algebra of continuous functions on a compact Hausdorff space is the
Stone-Weierstrass Theorem. Its proof can be found in Speicher and Weber (2020, Theorem 3.3). First

we need the following definition.

Definition 9.5. Let A be an algebra of functions from some set X to the complex numbers C. We say
that A separates points in X if, for all x # y € X, there is a function f € A such that f(z) # f(y).
Consequently, we have that

Theorem 9.6 (Stone-Weierstrass). Let X be a compact Hausdorff space. If A is a unital *-subalgebra of C(X)
such that A separates points in X, then A is dense in C(X). In particular, if A is closed, then A = C(X).
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We also have homomorphisms on C*-algebras:

Definition 9.7. If A, B are algebras, then a linear map ¢ : A — B such that ¢(xy) = ¢(z)p(y) for all

x,y € Ais called an algebra homomorphism.

If A, B are *-algebras, then if ¢ : A — B is an algebra homomorphism that preserves the involution

operation, that is, ¢(z*) = ¢(z)* for all x € A, then ¢ is called a *-homomorphism.

If A, B are *-algebras, then a bijective *-homomorphism ¢ : A — B is called a *-isomorphism.

We use the properties of B(H) to obtain representations of C*-algebras:

Definition 9.8. A representation of an algebra A is a choice of complex Hilbert space # and an algebra

homomorphism 7 : A — B(H).

A *-representation of a *-algebra A is a representation of A that preserves the involution operation.

One of the most important results in the theory of C*-algebras is the Gelfand—Naimark Theorem
(Gelfand and Naimark, 1943). It says that every commutative, unital, C*-algebra is *-isomorphic to
the unital C*-algebra of continuous functions on some compact Hausdorff space X. Since it is the first
of two theorems by Gelfand and Naimark, we will call it Gelfand—Naimark I. Its proof can also be

found in Blackadar (2006, Theorem 11.2.2.4).

Theorem 9.9 (Gelfand-Naimark I). Let A be a commutative, unital, C*-algebra. Then A is *-isomorphic to
C(X), where
X ={¢: A— C| ¢isanon-zero *-homomorphism} (9.6)

is a compact Hausdorff space. The *-isomorphism is given by f : A — C(X) where f(a) : X — C for all
a € Aissuch that f(a)[¢p] = ¢(a) forall p € X.

We now look at tensor products of C*-algebras. First, we have the following definition.

Definition 9.10. Let A, B be *-algebras. The algebraic tensor product, written A ® B, is defined to be
the algebraic tensor product of the vector spaces A and B together with a multiplication operation
that is given by

(a1 ®b1)(az ® by) = ajaz © bibe (9.7)
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and an involution operation that is given by
(a@b)*=a" b (9.8)

In particular, A ® B is a *-algebra.

To define a tensor product on C*-algebras A and B such that the result is also a C*-algebra, we need
to be able to define a norm ||-|| that satisfies the C*-identity on A ® B, and then complete (A @ B, ||-||)
to obtain a C*-algebra. Any norm that satisfies the C*-identity is said to be a C*-norm. Although it
can be shown, as a consequence of the Gelfand-Naimark-Segal Theorem, that C*-norms on algebraic
tensor products of C*-algebras always exist — see the definition of the spatial norm below — one
of the main difficulties behind this construction is that in many cases there can be more than one
C*-norm that can be associated with A ® B (Courtney and Gillaspy, 2023), and so in those cases
there are many possible definitions of a tensor product on C*-algebras A and B such that the result
is also a C*-algebra. Hence, in what follows, we choose only to outline the main ideas that lead to
the construction of a particular tensor product called the minimal tensor product since this tensor

product will be used in the definition of a compact matrix quantum group.

We start with another theorem by Gelfand-Naimark, which is technically a corollary of the Gelfand-
Naimark-Segal Theorem. Its proof can be found in Speicher and Weber (2020, Theorem 5.19).

Theorem 9.11 (Gelfand-Naimark II). Every C*-algebra A has a faithful *-representation w : A — B(H) on
some Hilbert space H.

Hence we have faithful *-representations m4 : A — B(H4) and 7 : B — B(Hp) for C*-algebras
A and B. One can show (Courtney and Gillaspy, 2023, Corollary 11.15) that this induces a faithful
*-representation 74 @ 7 : A® B — B(Ha @ Hp) such that (14 ® mp)(a ® b) = m4(a) @ wp(b) for all
a€ Aand b € B.

Hence we can define a norm ||-||, on A ® B, known as the spatial norm, that is given by
2]l = [1(ma © 78) (@)l srp0p) (9.9)

which is a C*-norm by the fact that the norm on B(H 4 ® H ) is a C*-norm together with the injectivity

OfT('A@T('B.
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Takesaki (2002) showed that the spatial norm is independent of the faithful *-representation, and that

it is the minimal C*-norm on A ® B; that is, for all C*-norms v on A ® B, we have that
2]l <~(x) (9.10)

forall z € A® B. Hence we call ||z||, the minimum norm, and write it as ||z||,;,-

Consequently, the completion of A ® B, for C*-algebras A and B, with respect to the minimum norm

||| i 1S called the minimal tensor product and is denoted by A @min B.

min’/

One can also show (Courtney and Gillaspy, 2023, Corollary 11.29) that for a pair of *-homomorphisms
¢1: A1 — By and ¢y : A2 — By on *-algebras Ay, Aa, By, By, the algebraic tensor product ¢ © ¢2 :
A} ® Ay — B ® By extends to a *-homomorphism ¢ @min ¢2 : A1 @min A2 — Bi @min Bo.

We now focus on M,,(A), the set of n x n matrices with entries in a C*-algebra A, that is
Mp(A) = {(ai;) | aij € A1 <i,j <n} (9.11)

This comes with a natural involution that is given by (a; ;)* = (a},) for all (a; ;) € My(A).

We use the following definition to create a C*-norm on M,,(A).

Definition 9.12. Suppose that ¢ : A — B is a linear map between *-algebras A and B. Then, for all
positive integers n, we define the linear map ¢(™ : M,,(A) — M, (B) to be ¢ ((a; ;)) = (¢(ai;)). The

map ¢ is called a matrix amplification of ¢.

We create the C*-norm on M, (A) as follows. By Gelfand—Naimark II, we have a faithful *-representation
7 : A — B(H) for some Hilbert space H. This induces a faithful *-representation 7(™ : M, (A) — B(H"),
where H" = H & ... & H, since M,,(B(H)) is *-isomorphic to B(H"). Then we can define a function
|-l - My (A) — Cby
N = ™ (s

Ias )l = 7 (@) 9.12)
which is a C*-norm since 7(" is injective and the norm on B(#H") is a C*-norm.
One can show the following inequality, whose proof is outlined in Rerdam et al. (2000, Exercise 1.13).
Lemma 9.13. Let (T; ;) € M, (B(H)). Then

HTi,j”B(H) = H(ﬂ',j)”mxsm» < Z ||Ti,jHB(H) (9.13)

Y]
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Lemma 9.13 implies that the image of M,,(A) under 7™, which is *-isomorphic to M,,(A) since ("™
is injective, is a closed *-subalgebra of the C*-algebra B(H™). Hence M, (A) is itself a C*-algebra.
Moreover, the norm on M,,(A) defined in (9.12) is unique because a *-algebra admits at most one norm

that makes it into a C*-algebra (Lin, 2001, Corollary 1.2.8).
Expressing this result as a theorem, we have that

Theorem 9.14. If A is a C*-algebra, then M, (A) is also a C*-algebra whose norm is defined in (9.12).

One can also show the following result.

Lemma 9.15. Suppose that A is a C*-algebra and let n be any positive integer. If ¢ : My, (A) — M,(C) ® A
is the map given by

#((aiy;)) = Z Ei; ©®a;; (9.14)

ij=1

where E; j is the matrix unit with a 1 in the (i, j)-entry, and 0 otherwise, then ¢ is a *-isomorphism.

We use the *-isomorphism between M,,(A) and M,,(C) ® A to obtain the following isomorphism.

Proposition 9.16. Suppose that A is a C*-algebra and let n be any positive integer. Then there is a unique

C*-norm on the algebraic tensor product M, (C) ® A. Hence we write M, (C) ® A, and have that

M (C)® A= M,(C) ® A = M,(A) (9.15)

Proof. The *-isomorphism together with the C*-norm given on M, (A) defines the existence of a
C*-norm on M, (C) ® A, namely
I(Aig) © all = [|(Xja) (9.16)

M,,(C) ® A is now *-isomorphic to a closed *-subalgebra of the C*-algebra M,,(A), namely M, (A)
itself, hence it is a C*-algebra. The result is now immediate because a *-algebra admits at most one

norm making it into a C*-algebra (Lin, 2001, Corollary 1.2.8). O

This means that we can use the *-isomorphism ¢ to identify elements of M, (A) with elements of

M, (C) ® A, namely

(aij) < Y Eij®ai; (9.17)

ij=1
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We now turn to the concept of universal C*-algebras. We know that we can create C*-algebras by
starting with a *-algebra, finding a C*-norm for it, and then completing the pair. We would like to be
able to create C*-algebras using sets of generators and relations. We follow the presentation that is

given in Speicher and Weber (2020, Chapter 6).
We begin by creating a *-algebra as follows.
Definition 9.17. Let E = {z; | i € I} be a set of symbols over an index set I. Let E* = {z} | i € I} be
another set of symbols that is disjoint from E. Then
* A non-commutative monomial in E'U E* is a word of non-commuting symbols z! - - - 23" for

some positive integer m such that iy,..., i, € I and a;; € {£1} forall i € [m)].

¢ A non-commutative polynomial in £'U E* is a formal linear combination of non-commutative

monomials in F U E* with coefficients in C.

e We can define a concatenation operation on non-commutative monomials in £ U E*:

11 im J1 Jm i1 im J1 Jm

for any non-commutative monomials z{" - - - 2;™ and xfll - :cjﬁ:; in E U E*. This operation is

extended linearly to non-commutative polynomials in £ U E*.

¢ We can also define an involution operation on non-commutative monomials in £'U E*:

*

(20 ... gOm)* = goa” . gom” (9.19)

11 im 11 im

where a;* is 1if a; = x and is = if o; = 1 for all j € [m]. This operation is extended antilinearly

to non-commutative polynomials in £ U E*.

We have the following definition.

Definition 9.18. Let E, E* be as before. The free *-algebra on the generator set E, P(F), is the
*-algebra generated from the set of non-commutative polynomials in £ U E*, where addition and
scalar multiplication are the standard operations, and multiplication and involution are given by the

concatenation and involution operations given in (9.18) and (9.19), respectively.

The *-algebra P(F) is free in the sense that there are no relations amongst the polynomials in P(FE).
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For any subset R of polynomials in P(E), we can create the *-ideal I(R) that is generated by R.
Considering P(E) and I(R) as algebras, we can certainly form the quotient algebra P(E)/I(R). Now,
since P(E) and I(R) are *-algebras, the involution operation on P(E)/I(R) given by

(a+D)*=a"+1 (9.20)
for all « € P(F) is well-defined, and so in this case P(F)/I(R) is also a (quotient) *-algebra. Hence,
we have that
Definition 9.19. The universal *-algebra with generators E and relations R, A(E | R), is the quotient
*-algebra P(E)/I(R).

We now aim to create a C*-norm on a *-algebra, although this *-algebra isn’t quite A(E | R). For this,
we first need the definition of a C*-seminorm.

Definition 9.20. A C*-seminorm on a *-algebra A is a map 7 : A — R such that

1. vis a seminorm, that is

e y(z)>0forallz € A
e v(Az) = |Ay(z) forallz € Aand A € C

e y(z+y) <~v(x)+~(y) forall z,y € A
2. ~ is submultiplicative, that is, y(zy) < vy(z)y(y) forall z,y € A, and
3. ~ satisfies the C*-identity, that is, v(z*z) = v(z)? for all z € A.
Note that a norm on an algebra A is a seminorm 7 : A — R such that if y(z) = 0 then z = 0. Hence a
C*-norm is a C*-seminorm satisfying this additional property.
We make the following definition.

Definition 9.21. We define a function ||'||A(E|R) :A(E| R) —» Rby

1% 4(p Ry = sup{¥(z) | vis a C*-seminorm on A(E | R)} (9.21)

It is possible that ||z]| 4 g ) is infinity for some 2 € A(E | R), so we only allow ourselves to consider

those E' and R such that ||z|| 45 g) < oo for all A(E | R). In this case, one can show that ||z]| 4 ) is a
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C*-seminorm: for example, for all z,y € A(E | R) and any C*-seminorm v on A(E | R), we have that
Y(@y) < v(@)v(©Y) < 1@l smr) 1Y acE1R) (9.22)

and so we see that [|-|| 4| z) is submultiplicative. Also, we see that
o= {r € AGE| R) | 4] pm = 0} ©23)

is a *-ideal. Hence, A(E' | R)/Io is a quotient *-algebra having a C*-norm ||z|| 4 g gy 1, that is obtained
from the C*-seminorm on A(E | R) under the quotient map A(E | R) — A(E | R)/Iy. Hence, we
have that

Definition 9.22. The universal C*-algebra with generators E and relations R, C*(E | R), is the

completion of A(E | R)/Io with respect to ||z 5(g gy, 1,- It is indeed a C*-algebra, by construction.

The following lemma is very useful for showing the existence of the universal C*-algebra C*(E | R).

Lemma 9.23. Let E = {x; | i € I} (with E* understood) be a set of generators and let R C P(E) be a set of
relations. If there is a constant C' > 0 such that the value of v on any generator is less than or equal to C for all

C*-seminorms v on A(E | R), then ||z g ) < oo forall z € A(E | R). Hence, by the above construction,
C*(E | R) exists.

Proof. Let v be any C*-seminorm on A(E | R). Then, since any monomial in E' U E* has a positive
integer length, we can pick an arbitrary monomial in E U E* having some arbitrary length m. Then,
by the submultiplicative property, we have that the value of v on this monomial is less than or equal
to C™, and so by taking the supremum over all C*-seminorms on A(E | R) we see that any element of

A(E | R) has a norm that is bounded, as required. O

One can show (Speicher and Weber, 2020, Proposition 6.7) that every universal C*-algebra C*(E | R)

satisfies the following so-called universal property.

Proposition 9.24 (Universal Property). Let E = {x; | i € I} be a set of generators and let R C P(E) be a
set of relations such that the universal C*-algebra C*(E | R) exists. Suppose that A is a C*-algebra having a
subset E' = {y; | i € I} that satisfies the relations R, that is, all polynomials in R become zero when we
replace each x; by y; for all i € I. Then there exists a unique *-homomorphism ¢ : C*(E | R) — A such that

x; =y foralli e 1.
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Example 9.25. For n > 2, we have a *-isomorphism of C*-algebras

Mn<(C) = C*(ui,j, 1 < i,j <n ‘ uzj = Uji, Ui kUL 5 = (5k71ui,j) (9.24)

Proof. Let C*(E | R) == C*(u;5,1 < i,j < n | Ul = U, Ui kUL = Ok ui ;). We first need to show
that C*(E | R) exists, that is, that ||z|] < co for all z € A(E | R). This is immediate from Lemma
9.23 if we can show that there is some constant C' such that v(u; ;) < C forall 1 <+, j < n and for all

C*-seminorms v on A(E | R).
Let v be a C*-seminorm on A(E | R). By the C*-identity and the relations R we have that

2

Y(uj5)" = y(uj juj5) = y(ujjugg) = v(655u55) = v(wj5) (9.25)

Hence ~(u; ;) is either 0 or 1 for all j € [n] and so, again by the C*-identity and the relations R, we
have that

Y(uij)? = y(uf juig) = v(ujivig) = y(0iiugz) = v(wjz) (9.26)

Hence v(u; ;) is bounded above by 1 for all 1 < ¢, j < n and for all C*-seminorms vy on A(E | R), as

required.

We now prove the *-isomorphism M,,(C) = C*(E | R). The matrix units E; ; € M,(C) satisfy the
relations R, since E}; = EZT] = Ej;and E; ,E; ; = 0, F; ;. Hence, by the universal property, there
exists a surjective *-homomorphism ¢ : C*(E | R) — M,(C) such that u; ; — E;; for all4,j € [n].
Looking at the relations R we see that the monomials in C*(E | R) can be at most the elements u; j, but
since ¢ is surjective the monomials are exactly the elements u; ;. Hence, as a vector space, C*(E | R)

has dimension n? and so ¢ is also injective. Hence ¢ is a *-isomorphism, as required. O

9.2 Non-Commutative Geometry

In this section, we introduce non-commutative geometry and motivate the existence of compact matrix

quantum groups by studying certain properties of compact matrix groups G(n) C GL(n).

Two ideas were important in the development of non-commutative geometry. The first was the
paradigm shift from thinking in terms of points in a space (geometry) to considering functions on

spaces (algebra) as the primary method for solving problems in geometry and topology (Budzynski
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and Kondracki, 1995; Majid, 2000; Sitarz, 2013). Indeed, whilst we have seen in Example 9.4 that
the algebra C'(X) of continuous, complex-valued functions on a compact Hausdorff space X is a
commutative, unital, C*-algebra, we have also seen that the Gelfand—Naimark Theorem (Gelfand and
Naimark, 1943) (Gelfand-Naimark I, Theorem 9.9) shows that every commutative, unital, C*-algebra
is, in fact, an algebra of continuous functions C'(X) for some compact Hausdorff space X. In this
way the geometric notion of a compact Hausdorff space X is dualised to the algebra of continuous

functions on X.

The second important development was the abstraction of spaces entirely by allowing unital C*-
algebras to be non-commutative (Jimbo, 1985; Drinfeld, 1986; Woronowicz, 1987). In doing so, this
created a notion of geometry through these algebras, namely by treating non-commutative, unital, C*-
algebras as if they were algebras of continuous functions on (non-existent) non-commutative spaces, as
an abstract extension of the theorem by Gelfand and Naimark (1943). Consequently, non-commutative,
unital, C*-algebras are the foundation of non-commutative geometry, and, under this framework, the

notion of a space (of points) is no longer meaningful.

But with these developments, a new notion of symmetry for non-commutative, unital, C*-algebras
was needed, since, for any compact matrix group G(n) € GL(n), we have seen in Example 9.4 that the

algebra C(G(n)) is a commutative, unital, C*-algebra.

However, we can study the properties of C(G(n)) to motivate the definition of a compact matrix
quantum group, as given by Woronowicz (1987), to describe this new type of symmetry. Firstly, G(n) is
not just a compact Hausdorff space, it is a group, and so it comes with a group law G(n) x G(n) — G(n)
where (g1, g2) — g192. We can express this group law in the language of C*-algebras as follows: define
A : C(G(n)) — C(G(n) x G(n)) under the mapping f — ((g1,92) — f(g1g2)). Furthermore, since
C(G(n) x G(n)) is *-isomorphic to C(G(n)) ® C(G(n)) under ((g1,92) — f1(g1)f2(g2)) = f1 @ fo, we
see that

A:C(G(n)) — C(G(n)) ® C(G(n)) (9.27)

is the expression of the group law of G(n) in the language of C*-algebras.

We generalise this construction by replacing C'(G(n)) by a (potentially non-commutative) unital

C*-algebra A, to define a compact matrix quantum group in the style of Woronowicz (1987).

Definition 9.26. Let A be a unital C*-algebra, and let u; ; € A, for all i,j € [n], for some positive
integer n. Let u be the n x n matrix whose (i, j)-entry is u; j, that is, u is an element of the unital

C*-algebra M,,(A). The pair (4, u) is said to be a compact matrix quantum group if
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1. the elements u; ; generate A,
2. uand u' = (u;;) are invertible matrices, and

3. the comultiplication map A : A — A ®min A defined by

u%] <Z Ui,k & uk’,j) (928)

is a x*-homomorphism.

Remark 9.27. In motivating Definition 9.26, we did not specify the tensor productin C(G(n)) @ C(G(n))
for constructing A because C(G(n)) is a nuclear C*-algebra (Courtney and Gillaspy, 2023, Proposition
10.10), meaning that all norms that complete the algebraic tensor product C(G(n)) ® C(G(n)) into a
C*-algebra give the same one. However, in general, we have seen that the algebraic tensor product of
two C*-algebras can be completed in many ways to form a C*-algebra, and so in the general definition
of a compact matrix quantum group, we need to say that we are completing with respect to the

minimum norm ||-{| ;-

The definition of a compact matrix quantum group seems rather abstract. However, with the following

proposition, we have some initial examples of compact matrix quantum groups.

Proposition 9.28. Compact matrix groups G(n) C GL(n) form a special class of compact matrix quantum

groups.

Proof. Let G(n) C GL(n) be a compact matrix group. Consider C(G(n)), the C*-algebra of continuous
functions G(n) — C, which is commutative. Firstly, we can define functions u;; : G(n) — C
for i,j € [n] such that u; j(g9) = g¢;;. By the Stone~-Weierstrass Theorem (Theorem 9.6) and the
compactness of G(n), the u; ; generate C(G(n)), and the matrices u = (u; ;) and u' are invertible

since u=1(g) = u(g™!).
Moreover, we have that the comultiplication map A for C'(G(n)) is given by
Aluig)(g,h) = ui;(gh) (9.29)

since

(Z Uj e & Uk,j) g, h Z u; g (9)uk,;(h Z gikhij = (gh)i; = ui;(gh) (9.30)
k
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that is, A coincides with matrix multiplication in G(n).

The definition of A that is given in (9.29) is a *-homomorphism because

A jug)(g, h) = i juri(gh) (9.31)
= u;,;(gh)uk,(gh) (9.32)
= A(ui ) (g, ) Aug)(g, h) (9.33)
= A(ui;) Aur) (g, h) (9.34)
and
Alug;)(g, h) = ujj(gh) = uij(gh) = Alui;) (g, h) = Alui;)* (g, h) (9.35)

Note that in (9.32) we have used that C(G(n)) has a pointwise multiplication, and likewise, in (9.34),
we have used that C(G(n)) ® C(G(n)) has a pointwise multiplication. O

Moreover, Woronowicz (1987, Theorem 1.5) also showed, using Gelfand—-Naimark I, that if (A, u) is
a commutative compact matrix quantum group for some positive integer n, then A = C(G(n)) for
some compact matrix group G(n) € GL(n). Combining this with Proposition 9.28, we obtain what is
commonly known as the Fundamental Theorem of Compact Matrix Quantum Groups, which is stated

as follows.

Theorem 9.29 (Fundamental Theorem of Compact Matrix Quantum Groups). Let (A, u) be a compact
matrix quantum group for some n € N. Then A is commutative if and only if A = C(G(n)) for some compact
matrix group G(n) € GL(n).

Hence, the Fundamental Theorem shows that if (G(n), u) is non-commutative, then we obtain “true”
compact matrix quantum groups. Bearing this theorem in mind, convention dictates that we denote
A by C(G(n)), even if A is non-commutative, and so we often refer to G(n), or sometimes the pair

(G(n),u), as the compact matrix quantum group.

We now provide some examples of “true” compact matrix quantum groups to show that they do

indeed exist.

Example 9.30. Recall that each element of the symmetric group S,,, considered as a subgroup of GL(n),
can be thought of as an n x n matrix having exactly one entry of 1 in each row and in each column,

with all other entries being 0. Writing the elements of g € S, as g; ;, this condition can be expressed as
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the following relations:
n n
gzz,j =9ij = 9ij» Zgi,j = Zgi,j =1, 9ijgk1 = Gk19i,; (9.36)
i=1 j=1
By the universal property of universal C*-algebras, we have that
n n

C(Sn) = C*(um, 1< i,j <n ‘ uij = Uj5 = ’U,;j, Zum = Zum = 1, Ui jUE, ] = umui’j) (937)

i=1 j=1

Wang (1998) defined the symmetric quantum group as a compact matrix quantum group S, by

liberating C'(.S,,) of its commutativity relations to obtain
n n
C(S;r) = C*(um, 1< i,j <n ‘ u?,j = U5 = u;j, Zui,j = Zui’j = 1) (938)
i=1 j=1

As a result, the symmetric quantum group ;! is our first example of a compact matrix quantum group

that is not a group.

Example 9.31. We consider two more examples that are obtained by the same liberation procedure.

Wang (1995), from the universal C*-algebra C'(O(n)) for the orthogonal group O(n)
C(O(n)) = C*(uij, 1 <i,j <nfuij=u;, wu' =u'u=1, Ui jUk, ] = Uk Ui, j) (9.39)
and from the universal C*-algebra C'(U(n)) for the unitary group U(n)
C(U(n)) = C*(uij,1 <i,j <n|uisunitary, u;jur; = upu; ;) (9.40)
also defined, in a similar way to the symmetric quantum group, the orthogonal quantum group O(n)*
C(O(n)") = C*(uiy,1 < i,j <n|uij=uj, uu' =u'u=1) (9.41)
and the unitary quantum group U(n)™"

C(U(n)T) = C*(u;j,1 <i,j <n|u,u' are unitary) (9.42)

As with S, both O(n)* and U(n)* are true compact matrix quantum groups. Note that, by the
commutativity of C(U(n)), u is unitary implies that u' is unitary, but for C(U(n)*), we also have to

choose u " to be unitary since choosing u to be unitary does not automatically imply that u " is unitary.
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To finish this section, we note that there also exists the notion of a compact matrix quantum subgroup,

which is defined by using a *-homomorphism between compact matrix quantum groups as follows:

Definition 9.32. Let (G(n),u) and (H(m),v) be compact matrix quantum groups. Then H(m) is said
to be a compact matrix quantum subgroup of G(n), written H(m) C G(n), if n = m and if there exists

a surjective *-homomorphism G(n) — H(m) such that u; j — v; j forall ¢, j € [n].

9.3 Representation Theory of Compact Matrix Quantum Groups

Analogous to compact matrix groups, compact matrix quantum groups also have a representation
theory. We now motivate the definition of a representation of a compact matrix quantum group. Recall
that for a compact matrix group G(n), an m-dimensional representation is a choice of m-dimensional
vector space V over C and a continuous group homomorphism py : G(n) — GL(V'). By choosing
a basis of V, we can replace GL(V) by GL(m). The representation py can itself be represented by
functions v; ; € C(G(n)) for i,j € [m] that map g € G(n) to the (4, j) entry of py(g), since py is

continuous. We have the following result.

Lemma 9.33. If A is the comultiplication on C(G(n)) defined in (9.29), then the homomorphism property of

the representation satisfies

A(vig)(g,h) = (ij Vi ® m) (9, 1) (9.43)
Proof. Indeed, we have that
A(vij)(g,h) = vij(gh) = [pv(gh)]i; = ;[Pv(g)]i,k[mf(h)]k,j (9.44)
= ij vik(9)vr5 () (9.45)
= (zk: Uik ® v,w) (g9,h) (9.46)
as required. 0

We generalise Lemma 9.33 to establish the following definition of a representation of a compact matrix

quantum group.
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Definition 9.34. Let (G(n), u) be a compact matrix quantum group. Then an m-dimensional rep-
resentation of G(n) is an element v € M,,(C(G(n))) such that (9.28) holds. If a representation v of
G(n) has a matrix inverse, we say that v is a non-degenerate representation, and if v is unitary, that is,

vv* =1 = v*v, then we call v a unitary representation.

Remark 9.35. The matrix u given in the definition of a compact matrix quantum group (G(n),u) is an
n-dimensional representation called the fundamental representation of G(n), and by Definition 9.26,

it is a non-degenerate representation of G(n).

Similar to groups, we can also define the tensor product and complex conjugation of representations,

starting with the following definition.

Definition 9.36. Let v € M,,(C(G(n))) and w € M,(C(G(n))). Then the tensor product v ® w €
My (C(G(n))) is simply the Kronecker product of matrices, and the complex conjugate is v = (v} ;) €

My (C(G(n)))-

Proposition 9.37. If v, w are representations of a compact matrix quantum group (G(n),w), then both the

tensor product and complex conjugate are also representations of G(n).

Proof. We have that v ® w is a representation of G(n) because

A(v; jwg) = Avij)A(wgy) = (Z Vig ® U:):,j) <Z Wy @ wyyl) = VigWhy ® vy jwy;  (9.47)
Y

x z,y

and v is a representation of G(n) because

A(v;;) = Aviy)* = (Z Vik @ Uk;,j) = Z Vi @V ; (9.48)
k k
where in both (9.47) and (9.48) we have used that A is a *-homomorphism. d

The following lemma will be useful when it comes to considering the fundamental representation of a

compact matrix quantum group.

Lemma 9.38. Let (G(n),u) be a compact matrix quantum group. Then u' is unitary if and only if @ is unitary.

Proof. We have that
i = ()" = ((05,)") = (wia) =u' (9:49)
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and also
(w')" = (uje)" = (uj;) =@ (9.50)
Hence
w' () =1=@w ) < au*=1=1ua"u (9.51)
as required. O

We can also define the analogous concept of equivariance for compact matrix quantum groups.

Definition 9.39. Let v € M,,(C(G(n))) and w € M,(C(G(n))) be representations of a compact
matrix quantum group G(n). A map ¢ : C™ — CP? is said to be G(n)-equivariant (also known as an
intertwiner) if ¢v = w¢. The set of all such linear maps is denoted by Hom(,,) (v, w), and it is, in fact,

a vector space.

Remark 9.40. Itis worth noting that the expression ¢pv = w¢ given in Definition 9.39 has a different inter-
pretation relative to its sister definition for group equivariance. The representation v € M,,(C(G(n)))
coacts on the space C™ in the following sense: if z € C™, then vz € C™ @ C(G(n)). Hence v can
be thought of as a map C™ — C™ ® C(G(n)) or as an element of M,,(C) ® C(G(n)). In fact, any
representation on a vector space V' can be described by amap V' — V ® C(G(n)). Consequently,

¢ € Homg,, (v, w) if and only if it satisfies the commutative square:

cm—— C™ ® C(G(n))

/| |- o

P —— CP R C(G(n))

where the right-hand arrow maps z ® f — ¢z ® f.

Definition 9.41. We say that two representations v € M,,(C(G(n))) and w € M,,(C(G(n))) are

equivalent if there is an invertible linear map ¢ : C"™ — C™ that intertwines v and w.

One can show (Gromada, 2020, Proposition 2.2.3) that every non-degenerate representation is equiv-
alent to a unitary representation. Hence, going forward, we always choose the fundamental repre-
sentation u of a compact matrix quantum group and its transpose to be unitary. By Lemma 9.38, we

therefore have that both « and @ are unitary.
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9.4 Tannaka—-Krein Duality for Two-Coloured Representation Categories

Woronowicz’s version of Tannaka—Krein duality (Woronowicz, 1988) is an important result in the
theory of compact matrix quantum groups. Informally, the duality says that we can construct a
compact matrix quantum group just by knowing its fundamental representation category. We will
use this duality to derive compact matrix quantum group equivariant neural networks in Section 9.5.

We begin with some definitions.

Definition 9.42. Consider the two-coloured set {o, e} consisting of a white point and a black point.
For any non-negative integer k, we can construct a word w of length & as a string of &k colours from
{o,e}. If k = 0, we define & to be the empty word. The concatenation of two words, wy, ws, is the
concatenation of their two strings and is written as w; - wy. We define a homomorphism on words,
w — w, by first defining it on the individual colours by ¢ := e, ® := o, and then applying it elementwise
to the word w. If w is a word, then its involution w* is the word read backwards together with its

colours inverted.

Example 9.43. 1If wy, := o @ @ 0 0 is a word of length 6 and w; := e o ® e 0 is a word of length 5, then
W W] = 00800000 ee0, W ::oooooo,andw;:j ‘—eo0e0Oe,

We can use words of colours to create tensor products of the fundamental representation of a compact

matrix quantum group as follows.

Definition 9.44. Let (G(n),u) be a compact matrix quantum group, where v € M, (C(G(n))). Let
u® == uand u® := . Then, for any word w formed from the two-coloured set {o, o}, we define u®" to

be the corresponding tensor product of representations u° and u°®.

Moreover, if wy, and w; are words of lengths k, [ respectively, then we define FundRepG(n) (wg, wy) to

be Hom; (u®wr y®wr), that is, the vector space
{¢: (CM®k o (C® | pu®k = u®W1 4} (9.53)

Example 9.45. If w is the word o e e o, then u®* = v ® 1 ® u ® u.

We can also construct so-called representation categories using words of colours as follows.

Definition 9.46. A two-coloured representation category C is a collection of subspaces C(wy, w;),
where wy, w; are two words constructed from {o, e} of lengths k, | respectively, that are subspaces of

the set of all linear maps (C")®* — (C")®! and which satisfy the following axioms.
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1. If ¢1 € Clwg, wy), p2 € C(wy, wy,), then ¢1 @ ¢a € Cwy, - wq, Wy - Wy).

2. If ¢1 € Cwy,wy), P2 € C(wy, wy,), then ¢g 0 ¢1 € C(wi, wiy).

3. If ¢ € C(wg, wy), then ¢* € C(wy, wy).

4. For every word w (having some length k), we have 1% € C(w,w), and
5. Themap R:1+— Y ", e; ® ¢; is in both C(&, ce) and C(, e0).

Definition 9.47. A one-coloured representation category is a two-coloured representation category
where u° = u®. Consequently, the words correspond precisely to natural numbers because, for each

natural number £, there is only one word of length & in this case.

The following two theorems describe the relationship between two-coloured representation categories
and compact matrix quantum groups: namely, the fundamental representation category of a compact
matrix quantum group is a two-coloured representation category, and a two-coloured representation
category can be used to construct a compact matrix quantum group by viewing it as the fundamental
representation category of that compact matrix quantum group. The second half of the previous

statement is Woronowicz’s version of Tannaka—Krein duality (Woronowicz, 1988).

Theorem 9.48. If (G(n), u) is a compact matrix quantum group, then FundRepy, ) is a two-coloured repre-

sentation category.

Proof. Itis easy to show that FundRep,,, satisfies the first four axioms of Definition 9.46. For example,
the second axiom says that if ¢; € FundRep,,, (wy, w;) and ¢2 € FundRep,,, (wi, wim), then we have

that
(¢2 0 1)U = gou® p1 = u®™ (g2 0 ¢) (9.54)

and so ¢ 0 @1 € FundRepG(n) (W, Wy).

For the fifth axiom, we need to show that the operator R : 1 — """ , e;®e; isinboth FundRep,, (n) (@, 00)

and FundRepG(n)(Q, o).

For the first case, we have that

R € FundRepg,,,\(@,08) <= R=(u®u)R (9.55)
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By applying both sides to 1, we have that (9.55) holds if and only if

n n

n n n
Z e; Qe = Z ue; @ ue; = Z Z ej ® ep @ ujiuy; = Z e; ®er ® (uu*);k (9.56)
i=1 i=1 i=1 jk=1 jk=1

Hence, by equating coefficients, we see that R € FundRep,,,) (@, oe) if and only if uu™ = 1. For the
second case, a similar calculation shows that R € FundRep,,, (&, e0) if and only if zu* = 1. Since u

and @ are both unitary, we obtain the result. O

Theorem 9.49 (Woronowicz-Tannaka—Krein Duality, Woronowicz (1988)). Let C be a two-coloured
representation category. Then there exists a unique compact matrix quantum group (G(n),w) such that
FundRepg, ) = C. If E = {x;; | 1 < i,j < n} is a set of generators for the free *-algebra P(E), then the
“-ideal I,y C P(E) that determines G(n) is given by

span {[qﬁx@”k — 2@, 5 | ¢ € Clwp,wy), T € [n]}, J € [n}k} (9.57)

9.5 Compact Matrix Quantum Group Equivariant Neural Networks

In this section, we present the major contribution of this chapter: we derive a new class of neural
networks which we term compact matrix quantum group equivariant neural networks using Woronowicz’s
formulation of Tannaka-Krein duality. In the following definition, when referring to a word of length

ki, we write w; instead of wy, to suppress multiple subscripts.

Definition 9.50. Let (G(n), u) be a compact matrix quantum group with fundamental representation
u € My(C(G(n))). A compact matrix quantum group equivariant neural network for G(n) is a

function fyy that is a composition of some L layer functions

INN = frLo...0ofio...0fi (9.58)

such that the I'" layer function is equivariant to G(n) and is a function between representation spaces

of G(n) under tensor products and complex conjugations of u
fi e ((CMPRt =ty — ((C)h u®) (9.59)

that is itself a composition

fi=o010¢ (9.60)
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of a learnable, linear function in FundRepG(n) (wi—1,wy)
B 2 ((CM)Bkim1 g ®wi1y 5 ((CM)®R @) (9.61)
that is equivariant to G(n), together with a fixed, non-linear activation function
o 1 ((CM)Bkim1 &0y 5 (C)BR &) (9.62)

that is also equivariant to G(n). By choosing the standard basis of C", the learnable, linear functions
¢ that are equivariant to G(n) become matrices that have weights that can be learned. As usual, we

call these matrices (equivariant) weight matrices.

Remark 9.51. A compact matrix quantum group equivariant neural network is well-defined because
the fundamental representation category FundRepy;,,) of a compact matrix quantum group (G(n),u)

is a two-coloured representation category by Theorem 9.48.

We immediately obtain the following corollary for compact matrix groups G(n) C GL(n).

Corollary 9.52. Let fnn be a compact matrix quantum group equivariant neural network for a compact matrix
group (G(n),u). If all of the words that are used in the network consist only of the white point o, then fyn is,
in fact, a compact matrix group equivariant neural network for G(n). Moreover, every compact matrix group

equivariant neural network is a compact matrix quantum group equivariant neural network.

9.6 Easy Compact Matrix Quantum Groups

Having just derived the existence of a compact matrix quantum group equivariant neural network, we
show in this section that we can characterise the weight matrices that appear in these neural networks
for the so-called “easy” compact matrix quantum groups. A compact matrix quantum group is said
to be easy if its two-coloured representation category is determined under a functor by a so-called
two-coloured category of partitions. We first explore two-coloured categories of partitions, then define
the functor, construct the easy compact matrix quantum group, and finally characterise its equivariant

weight matrices.

Our first goal is to define a two-coloured category of partitions. We need a few preliminary definitions,

but we start from the position of having defined, in Section 3.2.1, a set partition 7 of [l + k] and
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its associated (k, l)—partition diagram d, for all non-negative integers [ and k. In this chapter, we
sometimes call (k, [)—partition diagrams one-coloured to distinguish them from the two-coloured
partition diagrams that follow. As before, we represent one-coloured (k,)—partition diagrams with

white vertices in this chapter.

Definition 9.53. A (two-coloured) (wy, w;)—partition diagram is a (k, [)—partition diagram together
with two-coloured words wy,, w; of lengths k, | respectively such that the vertices on the top row have
the same colours as the word w;, from left to right, and the vertices on the bottom row have the same
colours as the word wy, from left to right. We use the same notation d; to refer to the two-coloured
version because wy and w; will be known in making reference to the diagram. We define the two-
coloured partition vector space P,;'(n) to be the C-linear span of the set of all (wy,, w;)-partition

diagrams.

Example 9.54. Suppose that 7 is the set partition of [5 + 6] given by
(1,6]2,3]4,8]5,9]710] 11} (9.63)

Then

[ 44
| | (9.64)
| o

is the two-coloured (wy,, w;)—partition diagram d, where wy, is the word o e e 0 e 0 and wj is the word

L Ol N NON

We can also define the following three C—(bi)linear operations on two-coloured set partition diagrams

composition: e : P, (n) x Py (n) — Pym(n) (9.65)
tensor product: ® : P! (n) x Py (n) = Pyl (n) (9.66)
involution: x : Py (n) — Py*(n) (9.67)

They are defined in full as follows.

Definition 9.55 (Composition). Let dr, € Pj!(n) and d, € P;™(n). First, we concatenate the
diagrams, written d, o d,,, by putting d,, below d,,, concatenating the edges in the middle row
of vertices, and then removing all connected components that lie entirely in the middle row of the

concatenated diagrams. Let ¢(dr,, dr,) be the number of connected components that are removed
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from the middle row in d, o d,. Then the composition is defined, using infix notation, as
Ay @ dye, = nm2dm) (d o d ) (9.68)

Example 9.56. If d, is the two-coloured (o o ® e 0 @, 0 @ ® o)—partition diagram

NN

a o b

VAN

and so d, e dr, is the diagram (9.71) multiplied by n, since one connected component was removed

from the middle row of d, o dy,.

Definition 9.57 (Tensor Product). Let dr, € Pj!(n)and dr, € P, (n). Then dr, ® d, is defined to be
the (wy, - wq, wy - wy,)—partition diagram that is obtained by horizontally placing d, to the left of d,

without any overlapping of vertices.

Example 9.58. If d, is the two-coloured (o e, ® o ®)—partition diagram

v/

(9.73)
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then we have that d;, ® d, is the (c e c e c e, e 0 e 0 0e)—partition diagram

VA

Definition 9.59 (Involution). Let d, € P,'(n). Then d; € Py*(n) is defined by reflecting d, in the

horizontal axis.

Example 9.60. Recalling the two-coloured (0 e @ 0 8 0, @ 0 ® @ 0)—partition diagram d from Example 9.54

(reprinted below for ease)

.
| o

1 ©
[P

We can now define a category for two-coloured partition diagrams as follows:

Definition 9.61. P(n) is the category whose objects are the two-coloured words and, for any pair of

objects wy, and w;, the morphism space Homp,,) (wg, w;) is defined to be P! (n).

The vertical composition of morphisms is the composition given in Definition 9.55, the tensor product

of morphisms is the tensor product given in Definition 9.57, and the unit object is the empty word @.

Proposition 9.62. P(n) is a strict C-linear monoidal category.

Proof. P(n) is a strict monoidal category because the bifunctor on objects reduces to the concatenation
operation on words, which is associative, and the bifunctor on morphisms is the tensor product of
linear combinations of two-coloured partition diagrams that is given in Definition 9.57, which is

associative by definition.

P(n) is C-linear because the morphism space between any two objects is by definition a vector space,
and the composition of morphisms is C-bilinear by definition. For the same reason, the bifunctor is

also C-bilinear. O
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We achieve our first goal with the following definition.

Definition 9.63. A two-coloured category of partitions /C(n) is any subcategory of P(n) such that

1. if wy, w; are objects in K(n), then Homyc(,,) (wi, wy) is a subspace of Homyp ,,y (wy, wy),
2. the identity partition diagram is an element of Homyc(,,) (o, o),

3. the top-row pair partition diagram corresponding to the set partition {1,2} of {1,2}, when
superimposed with the word oe, is in Homy(,y (9, 0e), and, when superimposed with the word

eo, is in Homy(,) (&, o), and

4. the morphism spaces are closed under the vertical, horizontal and involution operations.

By Proposition 9.62, it is immediate that a two-coloured category of partitions K(n) is a strict C-linear

monoidal category.

We now introduce the critical functor for our purposes: we show that this functor takes two-coloured
(wg, wy)—partition diagrams d, that live in a two-coloured category of partitions K(n) to linear maps
br : (CM)®F — (C™)®! that live in a two-coloured representation category. By choosing the standard

l

basis for C", we obtain n! x n* matrices instead, which are denoted by D, in what follows.

Definition 9.64. Suppose that d; is a (wy, w;)—partition diagram, where wy, w; are two-coloured words

of lengths &, [ respectively. We define D, as follows.
Associate the indices i1, i, . . . , i; with the vertices in the top row of d and j1, jo, . . ., ji, with the vertices
in the bottom row of d. Then, if S;((I, J)) is defined to be the set

{(I, J) € [n]!T* | if x,y are in the same block of 7, then i, = iy} (9.77)

(where we have momentarily replaced the elements of .J by i;, := j,, for all m € [k]), we define

Dﬂ— = Z (5W7(I’J)E]7J (978)
Ie[n]t,Je[n]*

where

1 if(1,J) e S.((I,J
Or,(1,0) = D) (&, 7) (9.79)

0 otherwise
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and Ej ; is the n! x n* matrix having a 1 in the (I, .J) position and is 0 elsewhere. We extend the

definition of the map d, — Dy linearly to P (n).

Example 9.65. If d. is the two-coloured (o @ @ 0 @ 0, @ 0 @ @ 0)—partition diagram

[ 4
3 (9.80)
i o

=
; § (9.81)
? o

[ <
3 (9.82)
| o

that the (1,1,2,1,3|2,2,1, 3,1, 2)-entry of D, is 0.

Consequently, we obtain the following key result, which makes it possible for us to construct a

two-coloured representation category from any two-coloured category of partitions.

Theorem 9.66. For any two-coloured category of partitions KC(n), we can form a category Ci(n) whose objects
are the same as those in K(n), and, for any pair of objects wy, and wj, the morphism space Home, (y (wy,, wy) is

the image of Homyc(,, (wy, wy) under dr + Dy; that is, Home,. () (wg, wy) is defined to be
{Dx | drx € Homye(y, (w, wy) } (9.83)
Then the map d, — D defines a strict C—linear monoidal functor
©: K(n) — Cx(n) (9.84)

such that Cxc(n) is a two-coloured representation category.
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Proof. We prove this theorem in a series of steps. We first consider the image Cp(n) of the two-coloured

partition category P(n) under dr — Dx.
Step 1: We need to show that Cp(n) is actually a category.

The objects and the morphisms have been defined in the statement of the theorem. For every triple of
objects, the composition rule is given by matrix multiplication, which is associative. Furthermore, the
identity morphism for every object wy, of length k is the n* x n* identity matrix. Note also that the

unit object is @, the empty word.

Step 2: We need to show that © : P(n) — Cp(n) is a functor.

e © maps the objects of P(n) to the objects of Cp(n) since © maps each word wy, to itself, by

definition.

e Itis enough to show that ©(¢)O(f) = ©(g e f) on arbitrary basis elements of arbitrary morphism
spaces where the codomain of f is the domain of g because the morphism spaces are vector

spaces.

Let f = dr, be a (w, w;)—partition diagram, and let g = d, be a (w;, w,,)—partition diagram.

Then, by Definition 9.55, we have that
dry @ dy, = ndm2dm) (9.85)
where d, be the composition dr, o dr, expressed as a (wy, wy,)—partition diagram. Then
O(g e f) = O(dr, ¢ dy,) = nPm2'm) D, (9.86)

We also have that

0(9)0(f) = Dxy Dy, = ( Z 5n2,(1,K)E1,K> ( Z 5771,(L,J)EL,J> (9.87)
Len

Ie[n)™ Keln)! ', J€n]k

= Z 0o (1K) Oy (K, 1) E1 K ERc g (9.88)
Ien)™ Ke[n]l,Je[n]k

For fixed I, J, consider

Z 5“27(I7K)5W1,(K,J) (9.89)
Ke[n)!
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This is equal to
nc(dﬂz,dﬂ)(gﬂs’(LJ) (9.90)

Indeed, for fixed I, J, 0, (1,5 is 1 if and only if both 6., (; k) and ., (k) are 1 for some K € [n]!
since d, is the composition d, o d,,. The number of such K is determined only by the vertices
that appear in connected components that are removed from the middle row of d, o d,, since,
for fixed I, J, only these vertices can be freely chosen if we want both ¢.., (; k) and 6., (x s to be
1. However, since the entries in each connected component must be the same for both o, (1 x
and 0, (k.7 to be 1, this implies that the number of K € [n]! such that both 0o (1,i) AN O, (K. 7)

are 1 is nc(drgdr1)

Hence (9.88) becomes

Z Ay sy )57r3,(I,J)EI,J — pcldny ,dﬂ)D7r3 (9.91)
Ie[n)m, Jen]*

and so, by (9.86), we have that ©(g)O(f) = O(g e f), as required.
e For each object wy, in P(n), the identity morphism 1,,, is the two-coloured (wy, wy,)—partition
diagram d., where 7 is the set partition

{Lk+1|2,k+2]| |k, 2k} (9.92)

of [2k], and its image under d, — D, is the n* x n* identity matrix, as required.

Step 3: We need to show that Cp(n) is a strict C-linear monoidal category.

We first consider the tensor product of arbitrary basis elements of arbitrary morphism spaces. Let d
be a (wy, wy)—partition diagram, and let d, be a (wy,, w,)—partition diagram. Then, defining d,, to be

the (wy, - wg, w; - wy, )—partition diagram, where w is the set partition 7 U7 of [l +m + k + ¢|, we see that

D, ®D; = ( Z 57r,(I,J)EI,J) ® ( Z 57,(X,Y)EX,Y) (9.93)
I€n 1k

|1, J€n X €™, Y€[n]e

= Z O (1,5), (1Y N E (1, X),(0,Y) (9.94)
(ILX)€[n]HHm (JY)€[n]k+a

=D, (9.95)

since Sx((1,J)) U S-((X,Y)) = S,((I,X),(J,Y)).
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The bifunctor on objects of Cp(n) reduces to the concatenation operation on words, which is associative.
Also, since the bifunctor on morphisms in Cp(n) is the tensor product of linear combinations of images
of two-coloured partition diagrams, it is associative because the tensor product of images of two-
coloured partition diagrams is associative, both by the above calculation and because taking unions of

set partitions is associative. Hence, Cp(n) is a strict monoidal category.

Cp(n) is C-linear because the morphism space between any two objects is by definition a vector space,
and the composition of morphisms is C-bilinear by definition. For the same reason, the bifunctor is

also C-bilinear.

Step 4: We need to show that © : P(n) — Cp(n) is a strict C-linear monoidal functor.

1. © preserves the tensor product on objects, since ©(wy) = wy, for any object in P(n), and the

tensor product in both categories is given by the concatenation of words.

2. Tt is enough to show that O(f) ® O(g) = O(f ® g) on arbitrary basis elements of arbitrary
morphism spaces as the morphism spaces are vector spaces. This result is now immediate from

the calculation given in (9.93).
3. Itis clear that © sends the unit object @ in P(n) to &, which is the unit object in Cp(n).

4. This is immediate because the map d, — D, is C-linear by Definition 9.64.

Step 5: We need to show that Cp(n) is a two-coloured representation category.

The tensor product, concatenation and identity axioms have already been shown in previous steps.
For the involution, if Dy is an element of Hom¢,, (,,) (w, w;) and is the image of a (wy,, w;)—partition

diagram d, under O, then
(Dr)* = Z onrErg | = One (1,1 Eg1 = Do (9.96)
I€[n)t,Jeln]k Jen]k, Ie[n]t

As Dy~ is the image of the (w;,wy)-partition diagram d,- under ©, this implies that (D;)* is in

Homg,, () (wi, wy), as required.

Finally, we see that the map R : 1 — } 1" | ¢; ® ¢; is in both Hom,,(,,)(@, 0e) and Homg,, () (2, o)

since it is the image under d, — D of the top-row pair partition diagram corresponding to the set
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partition {1, 2} of {1,2} superimposed, on the one hand, with the word w; := ce, and on the other

hand, with the word ws = eo.

Step 6: We need to show that d, — D, defines a strict C-linear monoidal functor © : K(n) — Ci:(n)

such that Cx(n) is a two-coloured representation category.

This is now immediate by Definition 9.63, the definition of a two-coloured category of partitions, and
since the functor on P(n) is strict C-linear monoidal whose image is a two-coloured representation
category. In particular, the morphism spaces for K(n) are closed under composition, tensor product
and involution, and so these are inherited by their image under ©. Also, themap R:1— > ;e;®Qe;
is in Homg,(,,) (@, 0e) and Homg, () (9, #0), since the top row pair partition diagram corresponding
to the set partition {1, 2} of {1,2}, when superimposed with the word os, is in Hom(,,) (&, oe), and,

when superimposed with the word eo, is in Homy(,,) (2, e0). O

Hence we can use Woronowicz-Tannaka—Krein duality, as given in Theorem 9.49, to not only construct
the easy compact matrix quantum group but also to characterise the equivariant weight matrices that

appear in the neural network that was derived in Definition 9.50, as follows.

Theorem 9.67. A two-coloured category of partitions K(n) determines a unique compact matrix quantum
group (G(n),u). We call these compact matrix quantum groups easy, and they can be constructed as the

universal C*-algebra
C(G(n)) = C*(uij,1 <i,j <n| Dpu® = u® Dy forall dr € K(n)(wg,w;)) (9.97)
Moreover, the weight matrix W that appears in a G(n)-equivariant linear layer function of the form (9.61) is

W= > AxDy (9.98)
wldr e (n)(wi—1,wy)

9.7 Examples

We noted at the beginning of this chapter that easy compact matrix quantum groups have been studied
extensively in the literature and many classes of them have been characterised in full. We present
a number of important easy compact matrix quantum groups below, characterise their equivariant
weight matrices, and refer the reader to the referenced works cited throughout the following text for

the other known cases.



9.7. Examples 217

A General Procedure for Calculating the Weight Matrix of an Equivariant Linear Layer
Function from ((C")®F 4®wr) — ((C™)®!, u®"t) for an Easy Compact Matrix Quantum Group
(G(n),w).

Assume that K(n) is the two-coloured category of partitions that defines the easy compact
matrix quantum group (G(n),u) as in Theorem 9.67.

Perform the following steps:

1. Calculate all of the two-coloured (wy, w;)—partition diagrams d, that live in K(n). These
diagrams form a basis of the morphism space Homy(,,) (wi, wy).

2. Apply the function d, — D, to each two-coloured (wy,, w;)—partition diagram d to obtain
its associated spanning set matrix D;.

3. Attach a weight A, € C to each matrix D;.

4. Finally, calculate Y A\ D, to give the overall weight matrix.

A Procedure for Calculating the (I, J)-entry of each Equivariant Spanning Set Matrix D
from ((C")®k, y®wr) — ((C™)®! u®™) for an Easy Compact Matrix Quantum Group (G(n), u).

Assume that d is a two-coloured (wy, w;)—partition diagram in the two-coloured category of
partitions K(n) that uniquely determines (G(n), u).

Perform the following steps:
1. Place the indices I on the top row of d, and the indices J on the bottom row of d.

2. If all of the vertices in each block in d, have been overlaid with the same number, then
the (I, J)-entry of D is 1, otherwise it is 0.

Note in the following that it is enough to provide the spanning set of matrices (9.83) for an easy
compact matrix quantum group, since, by (9.98), the weight matrix is a weighted linear combination

of these matrices.

9.7.1 One-Coloured Partition Categories

One-coloured partition categories were introduced initially by Banica and Speicher (2009), studied
further in Banica et al. (2010), Weber (2013) and Raum and Weber (2014, 2015), and then characterised
fully by Raum and Weber (2016).

They can be divided into four cases: group, non-crossing, half-liberated, and the rest. The two most

important cases are the group and non-crossing ones: we refer the reader either to Banica et al. (2010) or
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to Gromada (2020) for results relating to the other cases. The corresponding compact matrix quantum
groups G(n) are known in the literature as easy orthogonal compact matrix quantum groups, or

sometimes Banica—Speicher quantum groups, because S,, C G(n) C O(n)*.

Group: Banica and Speicher (2009) provided a full characterisation: there are only six compact matrix
groups such that S,, C G(n) C O(n)*. Consequently, this results in characterisations of six compact
matrix group equivariant neural networks, of which two — the symmetric group S,, (Ravanbakhsh
etal., 2017; Zaheer et al., 2017; Maron et al., 2019a; Godfrey et al., 2023; Pearce-Crump, 2024) and the
orthogonal group O(n) (Pearce-Crump, 2023a) — were discussed separately in Chapters 5 and 6. Said
differently, we have found characterisations of the weight matrices that appear in four new compact

matrix group equivariant neural networks.

Theorem 9.68 (Banica and Speicher (2009) [Theorem 2.8]). There are only six easy orthogonal compact
matrix groups such that S,, C G(n) C O(n)" — the groups and the spanning sets that determine the weight
matrices of Theorem 9.67 are given below. In what follows, when we refer to the image of a (k,l)—partition

diagram, we mean the image under the map d, — D, given in Definition 9.64.

* The symmetric group Sy: the image of all (k, l)—partition diagrams.
* The orthogonal group O(n): the image of all (k,l)—partition diagrams whose blocks come in pairs.

® The hyperoctahedral group H,, (the symmetry group of the hypercube): the image of all (k,l)—partition

diagrams having blocks of even size.

® The bistochastic group By, (the group of orthogonal matrices having sum 1 in each row and in each

column): the image of all (k, l)—partition diagrams having blocks of size one or two.

* The modified symmetric group S), = Zy x Sy: the image of all (k,l)—partition diagrams where the

number of blocks of odd size is even.

* The modified bistochastic group B), = Zy X B,,: the image of all (k,l)—partition diagrams having an

even number of blocks of size one and any number of blocks of size two.

Remark 9.69. We have seen in Section 6.1 that we can improve upon the spanning set for the symmetric
group S,, by removing all (k, [)—partition diagrams that have more than n blocks from the set of all
(k,l)—partition diagrams before taking their image. The resulting set of matrices is the diagram basis

for S,,.
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Non-Crossing: In order to state the classifications for the non-crossing case, we first need the following

definition.

Definition 9.70. A set partition diagram d, corresponding to a set partition = of [[ 4 k] is said to be

crossing if there exist four integers 1 < z1 < x9 < 3 < x4 < [ + k satisfying;:

1. 21 and z3 are in the same block
2. x9 and z4 are in the same block, and

3. z1 and x5 are not in the same block.

Otherwise, d is said to be non-crossing.

The six easy orthogonal compact matrix groups that were found by Banica and Speicher (2009) were
liberated by the same authors to create six compact matrix quantum groups — which are true quantum
groups — that fall into the non-crossing case. As before, liberation means that crossings are not allowed
in any of the set partition diagrams. Weber (2013) found a seventh using this method. We call these
compact matrix quantum groups free since their categories of partitions K(n) only contain non-crossing

set partition diagrams. We have the following result.

Theorem 9.71. There are only seven free easy orthogonal compact matrix quantum groups. We list the quantum

groups and the spanning sets that determine the weight matrices of Theorem 9.67 below.

The first six are the symmetric quantum group S;*, the orthogonal quantum group O(n)™, the hyperoctahedral
quantum group H.}, the bistochastic quantum group B;', the modified symmetric quantum group S, and the
modified bistochastic quantum group BJt, whose spanning sets are determined by the same sets of set partition
diagrams that were given in Theorem 9.68 for their “sister” groups, but with all crossing set partition diagrams

removed.

The seventh is the freely modified bistochastic quantum group Bi*. To obtain its corresponding spanning set,
we consider the same set of set partition diagrams as for B, but now temporarily label each vertex with a colour
from {o, e} in an alternating fashion, starting with e in the top right corner and moving counterclockwise,
ultimately finishing in the bottom right corner. We only retain those set partition diagrams where the blocks of

size two pair one o with one e, and take its image under d — Dy, removing the colours in the process.

In fact, we obtain a stronger classification for the non-crossing case due to the following theorem.
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Theorem 9.72 (Banica and Speicher (2009) [Theorem 3.8]). The spanning sets for the seven compact matrix

quantum groups in the non-crossing case are bases when n > 4.

Remark 9.73. By Theorem 9.67, we note that each easy compact matrix quantum group (G(n), ) that
appears in Theorems 9.68 and 9.71 is defined by the two-coloured category of partitions K(n) that is
associated with it. That is, Banica and Speicher (2009) actually showed that there are only six one-
coloured categories of partitions that contain the swap partition diagram, that is, the (2, 2)—partition

diagram

(9.99)

and together with Weber (2013) they showed that there are only seven one-coloured categories of
partitions that are non-crossing. With these restrictions on the possible one-coloured categories of
partitions in place they could immediately apply Woronowicz-Tannaka—Krein duality to construct
the easy compact matrix quantum groups from each of these one-coloured categories of partitions.
In fact, we have, again by Theorem 9.67, that each compact matrix quantum group is precisely the

universal C*-algebra
C(G(n)) = C*(uij,1 <i,j <n| Dyu® = u®" D, forall d, € K(n)(w,w;)) (9.100)

Example 9.74. We calculate the weight matrices that appear in the compact matrix quantum group
equivariant neural networks for all of the easy orthogonal compact matrix quantum groups that appear
in the group and non-crossing case when n = k = | = 2. Recall from Theorems 9.68 and 9.71 that the
weight matrices are formed as a weighted linear combination of the image under d, — D, of some

subset of all of the possible (2, 2)—partition diagrams.

There are B(4) = 15 (2,2)—partition diagrams in total, where B(4) is the fourth Bell number. They
are shown in Figure 9.1. We number the diagrams from ¢ = 1 to 15, going from left to right and then
top to bottom, assigning a weight w; to each diagram. Figure 9.2 shows the images of the fifteen
(2, 2)—partition diagrams under the map d, — D,. We apply the characterisations of Theorems 9.68

and 9.71 to obtain the following results.

For the group case, we have that

e The Symmetric Group S,: The weight matrix is a weighted linear combination of the images of

all fifteen (2, 2)—partition diagrams.
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Figure 9.1: The fifteen (2, 2)—partition diagrams.

e The Orthogonal Group O(n): The weight matrix is a weighted linear combination of the images

of diagrams six, seven and eight.

e The Hyperoctahedral Group H,: The weight matrix is (coincidentally) the same as for the
orthogonal group in this case, since the (2, 2)-partition diagrams with blocks of even size are the

same as the (2, 2)-partition diagrams whose blocks come in pairs.

e The Bistochastic Group B,,: The weight matrix is a weighted linear combination of the images

of diagrams six through fifteen, inclusive.

e The Modified Symmetric Group S),: The weight matrix is (coincidentally) the same as for the
symmetric group, since the number of blocks of odd size in any (2, 2)—partition diagram is either

0,2 or 4.

e The Modified Bistochastic Group B),: The weight matrix is (coincidentally) the same as for
the bistochastic group, since the number of blocks of odd size in any (2, 2)—partition diagram is

either 0,2 or 4.
and for the non-crossing case, we have that
e The Symmetric Quantum Group S, : The weight matrix is a weighted linear combination of the

images of all diagrams except for seven, which is the only crossing diagram.

e The Orthogonal Quantum Group O(n)*: The weight matrix is a weighted linear combination

of the images of diagrams six and eight.

e The Hyperoctahedral Quantum Group H,': The weight matrix is the same as for O(n)*.
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Figure 9.2: For n = 2, we display the images under the map d, — D for each of the

diagrams.
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The Bistochastic Quantum Group B, : The weight matrix is a weighted linear combination of

the images of diagrams six and eight through fifteen, inclusive.
e The Modified Symmetric Quantum Group S;": The weight matrix is the same as for S;'.
e The Modified Bistochastic Quantum Group B,": The weight matrix is the same as for B;’.

e The Freely Modified Bistochastic Quantum Group B/ *: We colour in the diagrams that appear
in the weight matrix for B, and retain only the diagrams where the blocks of size two pair one
o with one o. Consequently, we remove diagrams eleven and fourteen from the set, and so the
weight matrix is a weighted linear combination of the images of diagrams six, eight, nine, ten,

twelve, thirteen, and fifteen.

9.7.2 Two-Coloured Partition Categories

Two-coloured partition categories are much richer than one-coloured partition categories because
the generators u; j of the corresponding compact matrix quantum groups are no longer self-adjoint.
They were first investigated by Freslon and Weber (2016). Unfortunately, at the time of writing, a full
characterisation of these categories is unknown. However, Tarrago and Weber (2016, 2018) classified
all two-coloured partition categories in the group and non-crossing cases. In particular, there are
seven series of two-coloured partition categories in the group case and twelve series of two-coloured
partition categories in the non-crossing case. The corresponding compact matrix quantum groups G(n)
are known as easy unitary compact matrix quantum groups, since they satisfy S,, C G(n) C U(n)*.
We focus on the characterisation for only the two most important series: the unitary group U(n) and
the unitary quantum group U(n)", referring the reader to Tarrago and Weber (2016, Theorem 5.3) for

the characterisations of the other ones.

Tarrago and Weber (2016, 2018) showed that the two-coloured category of partitions for the unitary
group U(n) has, for fixed words wy, and w;, a morphism space that is spanned by all two-coloured
(wg, wy)—partition diagrams whose blocks come in pairs such that if two vertices of a block are in the
same row, then they have different colours, otherwise they have the same colours. Tarrago and Weber
(2016, 2018) also showed that the two-coloured category of partitions for the unitary quantum group
U(n)™ has, for words wy, and w;, a morphism space that is spanned by all non-crossing two-coloured
(wg, wy)—partition diagrams satisfying the same conditions as those for the unitary group. As before,

k

we obtain the n! x n* weight matrices of Theorem 9.67 for these compact matrix quantum groups by
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taking the images of the two-coloured partition diagrams that span the respective morphism spaces

under the map d, — D given in Definition 9.64.

This introduces the rather interesting point for the unitary group U(n). If we pick two words wy, and

wy, then the n! x n*

weight matrix corresponding to these words that appears in a compact matrix
quantum group equivariant neural network for the unitary group U(n) is the C-linear span of the
image of all (wy, w;)—partition diagrams that live in the two-coloured partition category for U(n).
However, if we consider compact matrix group equivariant neural networks for U (n) instead, as the
words can only be formed from white points, then not only must we have that £ equals [, by the
characterisation of the two-coloured partition category for U (n), but also we must have that the n* x n*
weight matrix is the image of all permutations in the symmetric group Sy, expressed as (k, k)—partition

diagrams. We see that this is the classic version of Schur-Weyl duality.

Example 9.75. We calculate the weight matrices that appear in compact matrix quantum group equivari-

ant neural networks for the unitary group U (n) and unitary quantum group U(n)* whenn =k =1 = 2.

The easiest way to do this is to consider the one-coloured partition diagrams that come in pairs and
then superimpose colours onto each row of vertices to see which two-coloured partition diagrams

match the classification result.

The one-coloured (2, 2)—partition diagrams that come in pairs are

1 2 1 2 1 2
X T @100
3 4 3 4 3 4

We label the diagrams as 1 to 3 from left to right. Note that the matrices obtained under d. — D
are the same no matter the colours on the vertices, hence we can reuse the matrices for diagrams six,

seven and eight from Figure 9.2 in order to calculate the weight matrices.

We now consider pairs of words. As there are only 4 words of length 2, this implies that there are 16

such pairs of words. We obtain the following result for the weight matrices for U(2), where for each
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cell, we take weighted linear combinations of the matrices D, for each set partition diagram in the cell.

(_[7 J) [e]e} oce o0 L]

w23 @ | @ |23

|l @ |1,3|1,2| @

(9.102)
w|lo [1,2]1,3| @

|23 @ | 2|23

Similarly, for U(2)*, the weight matrices are weighted linear combinations of the images of the

following set partition diagrams, where we have removed the second diagram from (9.102).

(]’7 J) [e]e] oe [ ] (1]

oo | 3 (%) %) 3
w|o|1,3] 1 |2
(9.103)
wlo| 11,30
) _3 (%) %) 3_

Note that the top left hand cell of (9.102) provides a classification of the weight matrix appearing in

the compact matrix group equivariant neural network for U(2) whenn =k =1 = 2.
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Conclusion

10.1 Summary of Thesis Achievements

We have looked at the problem of finding principled approaches for constructing group equivariant
neural networks whose layers are tensor power spaces of R". Not only have we successfully addressed
this challenge, but we have also gone far beyond our original objectives in the process. In particular,
our work firmly establishes weight tying as a fundamental paradigm for constructing equivariant

neural networks.
We can divide our contributions into three overarching themes.

The first major contribution of our work is two-fold. First, we have discovered a novel approach for
obtaining the weight matrices between tensor power layer spaces for many groups, without needing
to decompose the layer spaces into direct sums of irreducible representations. Second, we have shown
that set partition diagrams play a crucial role in equivariant deep learning. In particular, we saw that
Schur-Weyl duality between the partition algebra and the symmetric group, that was simultaneously
found by Martin (1990, 1994, 1996) and Jones (1994), could be adapted to give a characterisation of
the permutation equivariant weight matrices in Chapter 3. In Chapter 4, we added in a jellyfish
representing the determinant map to obtain this characterisation for the alternating group. For the
orthogonal and symplectic groups, we saw in Chapter 5 that set partition diagrams where the vertices
come in pairs give the characterisation, and for the special orthogonal group, we saw how these
diagrams together with those that pair some vertices and attach a jellyfish to the remaining unpaired
vertices give the characterisation. Similar to the symmetric group, these results came from adapting a
number of Schur-Weyl dualities that Brauer (1937) found. In Chapter 9, we also saw that set partition
diagrams could be used to give characterisations of the equivariant weight matrices for a number of

other groups, the most important of which are the hyperoctahedral, bistochastic and unitary groups.

226
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The second major contribution of our work is the realisation that certain subsets of set partition
diagrams can be given the structure of a strict R-linear monoidal category. We saw that this was not
merely a restructuring of our previous results, but that this structure came with additional benefits. In
particular, the strict R-linear monoidal functor relationships that we established between the partition
categories and the representation categories for the tensor power layer spaces enabled us to treat the
R-linear span of the partition diagrams as if they were the weight matrices themselves. This approach
resulted in an algorithm for performing the linear equivariant layer functions that reduced the time
complexity exponentially compared with a naive matrix multiplication. In Chapter 7, we used the
fact that the strict R-linear monoidal functors respect the structure of the tensor product to factor the
original weight matrix into a Kronecker product of smaller sized matrices (up to permutations), which
can be executed faster owing to the parallelism that is inherent in a Kronecker product of matrices. In
Chapter 8, we applied these ideas to form a strict R-linear monoidal category from bilabelled graph
diagrams, which we used to characterise the weight matrices that appear in neural networks that are

equivariant to the automorphism group of a graph.

The third major contribution of our work is the construction of a whole new class of equivariant neural
networks. These neural networks are equivariant to compact matrix quantum groups, which, unlike
groups, are algebras that generalise the space of continuous functions on compact matrix groups.
Where groups are used to describe symmetries in classical, commutative geometries, compact matrix
quantum groups are often used to describe symmetries in non-commutative geometries. In particular,
we used Woronowicz'’s version of Tannaka—Krein duality to derive the existence of compact matrix
quantum group equivariant neural networks. We saw that this duality made it possible for us to
reconstruct a compact matrix quantum group from its fundamental representation category. We
also saw that the equivariant weight matrices for the easy compact matrix quantum groups could be

characterised using one- and two-coloured set partition diagrams.

10.2 Applications

As our work is primarily a theoretical contribution, we do not expect profound societal impact in the
short term. However, in the medium term, a number of applications may well emerge from the theory
having high levels of impact. Equivariant deep learning models in general have been used in a wide
range of applications, including, but not restricted to, particle physics (Bogatskiy et al., 2020; Villar

et al., 2021; Bogatskiy et al., 2022; Gong et al., 2022), protein structure prediction (Eismann et al., 2021;
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Jumper et al., 2021; Ganea et al., 2022), biological and medical imaging (Bekkers et al., 2018; Lafarge
etal., 2021; Suk et al., 2024), molecular and quantum chemistry (Thomas et al., 2018; Finzi et al., 2020;
Fuchs et al., 2020; Miller et al., 2020; Satorras et al., 2021; Schiitt et al., 2021; Batatia et al., 2022; Batzner
et al., 2022; Hoogeboom et al., 2022; Liao and Smidt, 2023), quantum error correction decoders (Egorov
et al., 2023), reinforcement learning (van der Pol et al., 2020; Wang et al., 2022a,b,c), computer vision
(Marcos et al., 2017; Worrall et al., 2017; Esteves et al., 2019; Deng et al., 2021; Chatzipantazis et al., 2023;
Kaba et al., 2023), object dynamics prediction (Guttenberg et al., 2016) and modelling compositional

structures in natural language (Gordon et al., 2020; Petrache and Trivedi, 2024).

We suspect that the two most promising applications of our work could be in learning functions on
point clouds and predicting properties of molecular structures, both of which involve rotation and
permutation symmetries (Dym and Maron, 2021). The design philosophy of the state-of-the-art models
in these domains (Thomas et al., 2018; Weiler et al., 2018a; Fuchs et al., 2020; Liao and Smidt, 2023)
relies on SO(3)-equivariant weight matrices that are constructed from a truncated basis of spherical
harmonics, which are the irreducible representations of SO(3). We propose that replacing these
weight matrices with the SO(3)-equivariant weight matrices that map between tensor power space
representations, which we characterised in full in Chapter 5, could improve the efficiency of both the
training and inference processes. Additionally, the permutation equivariant neural networks that we
characterised in Chapter 3 have already proven effective in learning from both set-structured and
graph-structured data (Zaheer et al., 2017; Hartford et al., 2018; Maron et al., 2019a). We also anticipate
that the compact matrix quantum group equivariant neural networks that we introduced in Chapter 9
may have valuable applications in particle physics. Indeed, Woronowicz (1987) originally introduced
compact matrix quantum groups to model symmetries in particle physics that could not be described

by groups.

However, we recognise that achieving these applications will be challenging owing to the limitations
of current hardware, particularly since the neural networks that we have studied consist of layers
that are tensor power space representations. In particular, significant engineering efforts will be
needed because storing high-order tensors in memory is not a straightforward task. This has already
been demonstrated by Kondor et al. (2018), who had to develop custom CUDA kernels in order
to implement their tensor product based neural networks. However, we anticipate that with the
increasing availability of computing power, higher-order group equivariant neural networks will
become more prevalent in practical applications. We are beginning to see such neural networks

being used in practical applications: for example, third-order tensor power spaces appeared in the
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architecture for AlphaFold2 (Jumper et al., 2021). Furthermore, with the need to create algorithms
that employ parallelism in order to take advantage of the graphics processing units that continue
to be improved, we expect that the techniques that we presented in Chapter 7 could result in new
algorithms that improve both the training and inference times of equivariant neural networks that use
tensor power space representations as their layers. Finally, we also believe that the ideas that we have
explored could benefit those working on machine learning models for quantum computers as these

models, by design, are built using tensor power spaces.

10.3 Universality and Expressibility

As a consequence of the universal approximation theorems for multi-layer perceptrons (Cybenko,
1989; Hornik et al., 1989; Pinkus, 1999), it is a natural question in equivariant deep learning to explore
the expressibility and approximation power of invariant and equivariant models. The use of high-
order tensor power representations as layer spaces in the group equivariant neural networks that
we have considered improve their potential to be highly expressive, that is, they could increase the
networks’ capacity to model more complex relationships while maintaining equivariance. However,
although universality of equivariant neural networks is highly desirable, it is not always guaranteed:
for example, Xu et al. (2019) showed that the message passing model (Gilmer et al., 2017), which
is commonly used in graph neural networks, is not universal. We review the existing literature on
universality for invariant and equivariant networks before concluding on the consequences of these

results for the neural networks that we have studied in this thesis.

A number of authors have focused on the universality question for invariant networks. Two pioneering
permutation equivariant models, Deep Sets (Zaheer et al., 2017) and PointNet (Qi et al., 2017), played
a key role in inspiring research in this area as they each showed that their models are universal
approximators for invariant continuous functions on sets. Yarotsky (2022) demonstrated that one can
trivially construct invariant universal neural networks for finite permutation groups by performing
group averaging on a non-invariant universal network; however, this construction is impractical since
the size of the symmetric group S, is n!l. Maron et al. (2019b) showed that, for any subgroup G(n)
of the symmetric group S, any continuous function that is invariant to G(n) of the form R” — R
can be approximated to arbitrary precision by a neural network that is invariant to G(n). They used
high-order tensor power spaces of R™ to prove their result and showed that, to achieve universality,

the order of these spaces depends on the group G(n). They also proved that if G(n) is the alternating
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group A,, then any neural network that is invariant to A,, that uses tensor power spaces of order
at most %2 in its construction cannot approximate arbitrary continuous A, -invariant functions. A
corollary of the main result in Maron et al. (2019b) implies that continuous permutation invariant
functions on graphs can also be approximated to arbitrary precision by a permutation invariant

network.

Proving universality results for equivariant neural networks has been more difficult. Segol and Lipman
(2020) showed that PointNet (Qi et al., 2017), while universal for approximating invariant continuous
functions, is not universal for approximating equivariant continuous functions. However, the same
authors showed that the Deep Sets model (Zaheer et al., 2017) is equivariant universal. Yarotsky (2022)
proved that any group equivariant, continuous map on completely reducible representations can be
approximated by a single layer perceptron consisting of invariant generators as inputs and equvariant
generators as coefficients in the outputs. Keriven and Peyré (2019) extended the work of Maron et al.
(2019b) by showing that certain single layer equivariant vector-valued graph neural networks are
universal approximators of equivariant vector-valued continuous functions on graphs. Dym and
Maron (2021) constructed a general approach for proving the universality of rotation equivariant
models for three dimensional point clouds, and showed that two popular equivariant models for
learning from these point clouds, Tensor Field Networks (Thomas et al., 2018) and S E/(3)-Transformers
(Fuchs et al., 2020), are equivariant universal. Ravanbakhsh (2020) studied the approximation power
of permutation equivariant neural networks that use high-order tensor power spaces of R”, providing
strong bounds on the orders of the tensor powers that can be used in order to guarantee equivariant
universality of the resulting networks. Finally, Finzi et al. (2021) showed that equivariant neural
networks built out of direct sums of O(n)-equivariant linear maps between tensor power spaces,

combined with non-linearities that act on each of the tensors separately, are not equivariant universal.

The invariant and equivariant universality results that appeared in some of these works (Zaheer
et al., 2017; Keriven and Peyré, 2019; Maron et al., 2019b; Ravanbakhsh, 2020; Segol and Lipman,
2020; Finzi et al., 2021) apply immediately to their corresponding instances of the group equivariant
neural networks that we have studied in this thesis. However, as noted in Keriven and Peyré (2019),
extending existing methods to obtain universality results for equivariant continuous functions whose
output lives in a high-order tensor power space remains a significant challenge. We hope to address

this problem in future work.
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10.4 Future Work

We started our research at a time when one of the major unanswered questions in deep learning was
how to construct neural networks using principled approaches. There is still much more research
to be done on this question, but we have certainly made significant contributions in this direction.
Our work comes at a time when other machine learning researchers are beginning to look to category
theory as a way of creating neural network architectures based on fundamental principles (Cornish,
2024; Gavranovi¢ et al., 2024), and our category theoretic results give us confidence in thinking that

this could be a fruitful direction for the future.

In principle, designing equivariant neural networks is a promising idea. However, despite their use in
a wide range of applications, the question remains as to whether a truly mainstream application can
be identified for these networks. Discovering such an application could significantly increase interest
in the field. A more immediate question is whether equivariant neural networks work effectively at
scale. There is a general, albeit largely untested, belief that it is difficult to scale equivariant models.
To address this issue, some researchers have begun to explore methods to approximate equivariance
as opposed to enforcing it exactly (Romero and Lohit, 2022; Wang et al., 2022d; Petrache and Trivedi,
2023; Hofgard et al., 2024; Huang et al., 2024), while others are abandoning equivariance altogether in
favour of more traditional data augmentation techniques (Wang et al., 2023; Abramson et al., 2024).
Despite these various approaches, the original question remains unresolved and is largely unexplored
in the literature. At the time of writing, one empirical work (Brehmer et al., 2024) suggests that exact
equivariant models could perform well when scaled with greater computational resources and larger
datasets. However, this study was limited to a single E(3)-equivariant dataset and compared only one
non-equivariant model with an E(3)-equivariant model, largely due to the prohibitive financial costs
that are associated with large scale experiments. It is clear that a thorough, systematic investigation,

supported by solid theoretical foundations, is needed to settle this debate.

Regarding our specific contributions, we think that there is potential for the ideas that we explored in
Chapters 3 and 8, namely on the relationship between set partitions and equivariance to the symmetric
group and on the relationship between bilabelled graphs and equivariance to the automorphism group
of a graph, to be extended to create deep learning models for data that lives on other topological
domains. In this case, we can think of the symmetric group as being the automorphism group of a
graph consisting solely of a set of elements, and the set partitions as being bilabelled graphs where

the underlying graph is a subset of the set of these elements. In topological deep learning, there exist
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so-called higher-order domains that extend sets and graphs, such as simplicial complexes, cellular
complexes, combinatorial complexes and hypergraphs (Hajij et al., 2023; Papamarkou et al., 2024;
Papillon et al., 2024), that are formed not only from vertices and edges but also include other types of
relations, such as faces and volumes. Potentially, bilabelled diagrams for these higher-order domains
could be defined and used to create deep learning models that are equivariant to the automorphism

group of instances of these domains.

Finally, we are most excited by what we explored in Chapter 9 on compact matrix quantum groups
because we think that it contains the kernel of what could be an important idea for creating neural
network architectures for other algebraic structures. In the earlier chapters of our work, we began with
an algebraic structure, specifically a group, and focused on identifying the weight matrices that can
appear in a neural network that is equivariant to that group. In the last chapter, where the algebraic
structure was a compact matrix quantum group, instead of starting with the algebraic structure, we
derived it from the category of linear maps that happened to be equivariant to this algebraic structure.
We think that this idea could be more general than what we have pursued so far. Consequently, we

hope to explore this line of research further in the future.
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