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Ultrasonic array imaging is widely used to provide high quality defect detection and1

characterization. However, the current imaging techniques are poor at detecting and2

characterizing defects near a surface facing the array, as the signal scattered from3

the defect and the strong reflection from the planar backwall will overlap in both4

time and frequency domains, masking the presence of the defect. To address this5

problem, this paper explores imaging algorithms and relevant methods to eliminate6

the strong artefacts caused by the backwall reflection. The Half-skip Total Focusing7

Method (HSTFM), the Factorization Method (FM) and the Time Domain Sampling8

Method (TDSM) are chosen as the imaging algorithms used in this paper. Then,9

three methods, referred to as FMC (Full Matrix Capture) subtraction, weighting10

function filtering and the truncation method, are developed to eliminate or filter11

the effects caused by the strong backwall reflection. These methods can be applied12

easily with few tuning parameters or little prior knowledge. The performances of the13

proposed imaging techniques are validated in both simulation and experiments, and14

the results show the effectiveness of the developed methods to eliminate the artefacts15

caused by the backwall reflections when imaging near backwall defects.16

a)chao.zhang13@imperial.ac.uk; Readers who are interested in accessing data associated with this paper are

referred to www.imperial.ac.uk/non-destructive-evaluation where either the data or details of how to obtain

the data can be found.
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I. INTRODUCTION17

The assessment of the size and type of fatigue cracks and stress corrosion cracks has long18

been a significant task for non-destructive evaluation. These cracks are commonly found near19

inaccessible interior surfaces, referred to here as ‘backwalls’, and are important to detect and20

characterise in safety-critical components under severe working environment (high pressure21

or high temperature) or cyclic loading, for example nozzles, piping components and vessel22

welds (Collins, 1993). Recently, the use of ultrasonic phased arrays to evaluate near backwall23

defects has attracted a lot of attention (Felice et al., 2014, 2015; Iakovleva et al., 2014; Zhang24

et al., 2016). A great advantage of using ultrasonic phased arrays is that this allows the25

acquisition of Full Matrix Capture (FMC (Holmes et al., 2005)) data. The FMC data26

contains a set of signals for all send-receive combinations in the array, giving a complete27

data set. The FMC data is achieved by using each element as a source transducer to excite28

ultrasound waves in turn, which is then measured by all of the elements in the array. After29

the acquisition of the FMC data, various post-processing algorithms, especially imaging30

algorithms, can be applied to the FMC data to image the defects under detection. Thus,31

phased array imaging provides a very convenient way to assess the defect, as the size and32

type of the defect can be measured and judged directly from the generated images. Recently,33

as a response to the challenge of characterising the defect (e.g. crack length and orientation)34

accurately from the image, a scattering matrix based approach (Bai et al., 2015; Zhang et al.,35

2010), which compares an experimentally acquired scattering matrix to a database of pre-36

calculated scattering matrices to characterize the defect, has been developed. This method37
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has achieved a good accuracy based on the experiment array data, however, for this method,38

even for a limited type of defect, a large number of scattering matrices have to be calculated.39

With the development and application of inverse scattering theory and computing tech-40

nology, the imaging algorithms developed for phased array imaging have advanced signifi-41

cantly in recent years. Among all the existing imaging algorithms, the Beamforming methods42

are most common and are able to provide a direct image of the defect under detection. Typi-43

cal examples include the Total Focusing Method (TFM) (Holmes et al., 2005), the Synthetic44

Aperture Focusing Technique (SAFT) (Martin-Arguedas et al., 2012) and inverse wave-field45

extrapolation (Portzgen et al., 2007). These algorithms have been shown to provide reliable46

imaging of the defect but their resolution is diffraction limited, i.e. the highest resolution is47

half a wavelength (Fan et al., 2014). In the last twenty years, super resolution algorithms,48

also called the sampling methods, which break this λ
2

limit, have been demonstrated and49

have received a lot of attention. Notable super resolution algorithms are the Linear Sam-50

pling Method (LSM) (Cakoni and Colton, 2003), the Factorization Method (FM) (Kirsch51

and Grinberg, 2008) and the Time-Reversal Multiple Signal Classification (TR-MUSIC)52

(Gruber et al., 2004). Based on the experiment performed in (Simonetti, 2006), it has been53

proved that these methods have the ability to provide super resolution imaging of scatterers54

relevant to NDE beyond the diffraction limit. In addition to these algorithms, recently, a55

novel type of imaging algorithm called the direct sampling method has been proposed for56

shape reconstruction in inverse scattering problems, e.g. Time Domain Sampling Method57

(TDSM) (Guo et al., 2016a), Orthogonality Sampling (Potthast, 2010) and Direct Sampling58

method (Ito et al., 2012). All the imaging algorithms mentioned here are able to reconstruct59

4



JASA/Sample JASA Article

the shape of a scatterer inside a component without prior knowledge of the geometry of the60

component or the physical properties of the scatterer.61

Usually when inspecting such defects, the array has to be placed on the frontwall to62

conduct through-wall detection of the defect near the backwall. In these cases, the presence63

of the backwall brings a strongly reflecting planar interface which will introduce a strong64

specular reflection into the FMC data. As a result, for a typical FMC data set, the signal65

from the defect and the backwall reflection always overlaps in both time and frequency66

domain, thus, they are hard to separate via the existing signal processing techniques, for67

example deconvolution techniques (Cicero et al., 2009). The presence of the strong backwall68

reflection will introduce strong artefacts that makes imaging of the defect difficult; these69

will be referred to as backwall effects throughout this paper. In response to this problem,70

J. Zhang et al. (Zhang et al., 2016) have developed a method which separates the reference71

backwall reflection from non-overlapping signals and then propagates the reference backwall72

reflection to create a backwall reflection for overlapping signals. After that, the extraction73

of the defect signal can be achieved by a simple subtraction. The implementation of this74

method needs a prior TFM image to achieve the knowledge of the defect location and75

backwall location, and in order to minimise the error, the array should be aligned with the76

defect as much as possible. These prerequisites may limit the application of this method in77

real applications. E. Iakovleva et al. (Iakovleva et al., 2014) also have developed the Echo78

Transformation Method (ETM) to allow the prediction and filtering of the backwall effects79

in the TFM images. However, this technique needs to analyse the propagation models of80

the longitudinal wave in order to recognise and predict the performance of the backwall81
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reflection in the transverse mode TFM image, or the other way around. Recently, C. Zhang82

et al. (Zhang et al., 2018) have developed a method, called the FMC subtraction, to suppress83

the backwall effects for the Factorization method imaging of near backwall defects.84

In this paper, various approaches are evaluated. FMC subtraction is applied to some85

recently developed imaging algorithms (e.g. the Time Domain Sampling Method) to sup-86

press the backwall effects when imaging near backwall defects. Other techniques which87

allow convenient elimination of backwall effects are then presented and their performance88

are compared with the FMC subtraction.89

The rest of the paper is organised as follows. Firstly, in Section 2, we summarize the90

background theory about the forward and inverse scattering. The three imaging algorithms91

used in this paper, the HSTFM, the FM and the TDSM, are also introduced in this section.92

Then, a detailed introduction to the developed methods which eliminate the backwall effects93

caused by the backwall reflection is provided in Section 3. In this section, we also examine the94

effectiveness of the developed methods using simulation data. In Section 4, the performance95

of the imaging algorithms together with the backwall elimination methods are analysed96

through experiments.97

II. BACKGROUND THEORY98

In this section, we shall briefly review the background theory about the forward and99

inverse scattering problems considered in this paper. The formulation here is based on 2D100

acoustic scattering theory (Kinsler et al., 2000). For the sake of simplicity, we will restrict101

our attention to the scattering problem of acoustic waves in an unbounded homogeneous102
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FIG. 1. Schematic of the 2D scattering problem. The bounded scatterer D is embedded in free

space and the domain Ω is the exterior space to D. The scattered field measured by the array can

only have been generated at the boundary of the scatterer but cannot have originated at any point

outside the scatterer.

background space R2 that contains an impenetrable scatterer D with the Dirichlet (sound-103

soft) boundary condition, as shown in Fig. 1.104105

A. Problem setting106

In order to give a basic understanding of the imaging algorithms which will be introduced107

in the following section, a comprehensive overview of the expansion of the forward and inverse108

scattering problem is given here. Our discussion here is also based on the problem set out109

in Fig. 1. We denote an incident plane wave by110

U i(x, k;θ) = eik(x·θ) x ∈ R2, θ ∈ S1, (1)

where S1 denotes a unit circle in R2 and k is the wave number, which is actually the spatial111

frequency of a wave. The scattered field is denoted by U s and the total field is denoted as112
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U . Then, we can have113

U s(·, ·; θ) = U − U i(·, ·; θ), in R2, (2)

The forward obstacle scattering problem is to find a total field which satisfies the Helmholtz114

equation115

∆U + k2U = 0 in R2 \D. (3)

Meanwhile, it is also necessary to satisfy the Sommerfeld radiation condition and the Dirich-

let boundary condition, which are

lim
r→∞

√
r(
∂U s

∂r
− ikU s) = 0, for r = |x|, (4)

U i + U s = 0, on ∂D × R+, (5)

According to (Colton and Kress, 2013), there exists a unique solution for Eqs. (3)-(5). Eq.116

(4) implies that the scattered field us has an asymptotic expansion117

U s(x, k;θ) =
eik|x|√
|x|

U∞(x̂, k;θ) +O(|x|−
3
2 ) (6)

as |x| → ∞ for all (θ, x̂) ∈ S1×S1, where x̂ := x/|x|. According to (Griesmaier, 2011), the118

representation of the so-called far field pattern u∞ is given by119

U∞(x̂, k;θ)=
eiπ/4√
8πk

∫
∂D

(U s(y, k;θ)
∂e−ikx̂·y

∂υ(y)
− ∂U s(y, k;θ)

∂υ(y)
e−ikx̂·y)ds(y) (7)

where v(y) is the unit normal vector at y ∈ ∂D. Solving Eqs. (3)-(5) is a well-posed120

problem (Pike and Sabatier, 2002) and several corresponding numerical methods for solving121

the forward problem can be found in (Chen et al., 2017; Graham et al., 2013).122

In this paper, the inverse problem, which is also called the imaging problem, aims to123

reconstruct the location and shape of the scatterer D given the incident field U i and the124
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measurements of the far field pattern U∞125

{U∞(x̂, k;θ)|x̂ ∈ Γ, θ ∈ Γ, k = k1, · · · , kM}. (8)

where M : M ∈ N is the number of wave numbers considered in the problem and Γ denotes126

some subset of S1. The far-field pattern is assumed to be illuminated from limited directions127

and measured at limited directions, i.e. we are concerned with limited-view scattered data128

(Kirsch and Grinberg, 2008). We refer to (Kirsch, 1996; Kirsch and Grinberg, 2008) for a129

more detailed derivation of the formulations for the forward and inverse scattering prob-130

lems. The fundamental difference between the forward and the inverse problems is that the131

inverse problem is an ill-posed problem, and we refer to (Kirsch, 1996) for a more detailed132

explanation about the well-posedness and ill-posedness of these problems.133

B. Imaging algorithms134

In what follows, the imaging algorithm means the post processing method applied to135

the data obtained though Full Matrix Capture (FMC) (Holmes et al., 2005) which is a136

data acquisition method designed for phased arrays. Phased array imaging implies that137

only limited aperture data is available (Kirsch and Grinberg, 2008). By assuming that FMC138

data is acquired, the knowledge of the time domain scattered data uS or the relevant far-field139

pattern U∞ in Eq. (8) is already known.140
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1. Half-Skip Total Focusing Method141

The Half-Skip Total Focusing Method (HSTFM) is a modified Total Focusing Method142

(TFM) developed for imaging and sizing near backwall defects (Felice et al., 2014). A143

comprehensive overview of TFM is given at first to help the understanding of HSTFM.144

TFM is implemented by focusing a sound beam to each point in the region of interest145

and recording the reflections from these points. According to (Holmes et al., 2005), based146

on the imaging setup shown in Fig. 2(a), the indicator function of TFM is given by147

ITFM(z) =

∫
Γi

∫
Γi

uS(xr,
|xr − z|+ |xt − z|

c0

;xt)ds(xr)ds(xt). (9)

where Γi is the surface where transmitters and receivers are located, xt ∈ Γi is the location148

of the transmitter, xr ∈ Γi is the location of the receiver and uS(xr, t;xt) denotes the time149

domain scattered data from a transmitter located at xt to a receiver located at xr. The150

ray path considered in TFM is the direct ray path, which is the wave that directly travels151

from the transmitter to the image point P and back to the receiver, as shown in Fig. 2(a).152

However, in the case of detecting a near backwall defect, there is additional complexity from153

the wave reflecting from the backwall, which is not accounted for in TFM. In response,154

Felice et al. (Felice et al., 2015) developed the Half-Skip Total Focusing Method (HSTFM)155

to image and size the near backwall defects. Unlike TFM, HSTFM considers the ‘half-skip’156

ray paths which are reflected on the backwall once, either before or after interacting with157

the defect, as shown in Fig. 2(b).158159

Imagine that there is a mirrored imaging point Pm located at zm, as shown in Fig. 2(c).160

The length of the post-defect reflection half-skip path defined in Fig. 2(b) is that of a path161
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FIG. 2. (a) Schematic showing the inspection of a component containing a surface-breaking crack

and an example of the direct ray path considered in TFM, (b) Schematic showing the ray paths of

different signal components contained in a typical recorded signal during detection; note that the

red ray path represents the backwall reflection, the blue ray path represents the ‘half-skip’ reflection

and the green ray path represents the tip diffraction. (c) The related two array configuration with

the crack located in the middle of the material and the equivalent ray paths of the signal components

shown in (b). The depth of the crack in (c) is twice the depth of the crack in (b).

from the real array to the imaging point P and then from the point P back to the mirrored162

array, as shown in Fig. 2(c). It is obvious that the ray path from the point P to the mirrored163

array is equivalent to the ray path from the mirrored point Pm to the real array. It is noted164

that the same is true for a pre-defect reflection by reciprocity. Based on this, the indicator165

function of HSTFM is given by166

IHSTFM(z)=

∫
Γi

∫
Γi

uS(xr,
|xt − z|+ |xr − zm|

c0

;xt)ds(xr)ds(xt). (10)
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where Γi is the surface where transmitters and receivers are located, xt ∈ Γi is the location167

of the transmitter, xr ∈ Γi is the location of the receiver and uS(xr, t;xt) denotes the time168

domain scattered data from a transmitter located at xt to a receiver located at xr.169

2. Factorization Method170

The Factorization Method (FM) is based on the Linear Sampling Method (LSM), which171

is the first non-iterative inverse scattering algorithm developed to reconstruct the support172

of the scatterers. These sampling methods utilise the fact that the scattered field can only173

be generated at the boundary of the scatterer and can not be produced for a point outside174

the scatterer, as shown in Fig. 1.175

The LSM uses an indicator function based on the far-field operator F to determine176

whether a point P (z) is inside or outside the scatterer. Based on the far-field pattern the177

scattered field defined in Eq. (8), the far-field operator F : L2(S2)→ L2(S) is defined as178

(Fg)(x̂) =

∫
S1
U∞(x̂, k;θ)g(θ)ds(θ) (11)

where g is called the Herglotz density. The Herglotz density corresponds to the density of179

plane waves in each direction superposed to form an incident field vg, which is defined as180

vg(x) =

∫
S1
exp(ikx · x̂0)g(x̂0)ds(x̂0) (12)

where S1 denotes the unit circle in R2, vg is also called the Herglotz wavefunction. The far-181

field pattern of the scattered field created by the incident field vg is actually equivalent to182

the Fg in Eq. (11). Here we introduce the far-field pattern of the Green’s function (Cakoni183
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and Colton, 2013), namely184

Φ∞(x̂, k; z) =
exp(iπ/4)√

8kπ
e−ikx̂·z (13)

Then, the far-field operator of a sampling point P (z), z ∈ Ω is defined as185

Fgz = Φ∞(x̂, k; z) (14)

According to (Cakoni and Colton, 2003; Fioralba and David, 2003), the following are true:186

• if z ∈ D, then for every ε > 0, there exists a solution gεz that187

||Fgεz(·)− Φ∞(·, z, k)||L2(Ω) < ε; (15)

188

and189

lim
z→∂D

||gεz||L2(Ω) =∞, (16)

lim
z→∂D

||vgεz ||H1(D) =∞, (17)

where vgεz is the Herglotz wavefunction with density gεz.190

• if z ∈ R2\D̄, then for every ε > 0 and δ > 0, there exists a solution gεz that191

||Fgε,δz (·)− Φ∞(·, z, k)||L2(Ω) < ε+ δ; (18)

192

and193

lim
δ→0
||gε,δz ||L2(Ω) =∞, (19)

lim
δ→0
||vgε,δz

||H1(D) =∞, (20)

where vgε,δz
is the Herglotz wavefunction with density gε,δz .194
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From the above results, it is clear that the ||gεz||L2(Ω) becomes unbounded as z → ∂D and195

is small if z 6⊂ ∂D. The LSM utilises the behaviour of ||gεz||L2(Ω) to reconstruct the support196

of the scatterer. However, it will meet convergence issues if the data is noise free (Cakoni197

and Colton, 2013), which motivated the development of the Factorization Method. The FM198

replaces the far-field operator F by (F ∗F )
1
4 , then Eq. (14) becomes199

(F ∗F )
1
4 g = Φ∞. (21)

Picard’s theorem shows that z ∈ R2 belongs to D if and only if200

∞∑
i=1

1

|σi|
|〈Φ∞(x̂, k; z), ψi〉L2|2 <∞, (22)

where {σi, ψi, ψ̂i}∞1 is the singular system of far-field operator F . Eq. (22) is also called201

Picard’s criterion. For the detailed derivation of Picard’s criterion, we refer to the classical202

book about the Factorization Method (Kirsch and Grinberg, 2008). Thus, the indicator203

function of the FM algorithm is given by204

IFM(z) =
1

∞∑
i=1

1

|σi|
|〈Φ∞(x̂, k; z), ψi〉L2 |2

. (23)

The intensity of Eq. (23) is large on the boundary of the scatterer and is small outside. Eq.205

(23) only utilises single frequency data, and as a result, the quality of the reconstruction206

may not be the best possible if the frequency is poorly chosen (Guo et al., 2016b). In order207

to overcome this problem, the FM which uses the multi-frequency data defined in Eq. (8)208

was developed, namely209

IFM(z) =
M∑
j=1

1
∞∑
i=1

1

|σi|
|〈Φ∞(x̂, kj; z), ψi〉L2|2

. (24)
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where 1 ≤ j ≤ M and M refers to the number of wave numbers used for calculation. It210

has been proved in (Guzina et al., 2010) that this multi-frequency indicator function is able211

to avoid some ill-effects that may occur in the single-frequency indicator function when the212

chosen wavenumber k is close to an interior transmission eigenvalue of the scatterer. The FM213

used in the following sections of this paper should be understood to be the multi-frequency214

FM.215

3. Time Domain Sampling Method216

To facilitate the following formulation, we have defined the time-reversed scattered data217

by218

utr(xr, t;xt) =


uS(xr, T − t;xt), 0 ≤ t ≤ T,

0, t < 0,

(25)

if the time domain scattered data uS is given, where xt ∈ Γi is the location of the transmitter,219

xr ∈ Γi is the location of the receiver, Γi is the surface where transmitters and receivers are220

located and uS(xr, t;xt) denotes the time domain scattered data from a transmitter located221

at xt to a receiver located at xr. Inspired by the frequency domain sampling methods (Ito222

et al., 2012; Potthast, 2010), Guo et al (Guo et al., 2016a) developed the Time Domain223

Sampling method as a strengthened TFM. Asssuming the time-reversed scattered data utr224

is given, the indicator function of TDSM is given by225

ITDSM(z) =

∫ T

0

∫
Γi

(∫
Γi

utr(xr, τ −
|z − xr|

c0

;xt)ds(xr)

)2

ds(xt)dτ. (26)
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The TDSM shares the same essential requirement of the imaging scheme of the FM, that226

is to find a spatial varying indicator function which has significant difference in values for227

points inside and outside the scatterer. In fact, the indicator function of the TDSM (Eq.228

(26)) is similar to the indicator function of the TFM (Eq. (9)), but the indicator (Eq.229

(26)) has an integration over the recording time T and a square of the integrand, thus,230

Guo et al (Guo et al., 2016a) believe that these differences in indicator function will help231

the TDSM to achieve a better performance over the standard TFM. Although the theory232

behind the TDSM is only partially resolved, the TDSM has already been implemented for233

imaging point-like scatterers and regular-size cracks, and achieved satisfactory results on234

these applications (Guo et al., 2016a).235

III. ELIMINATING BACKWALL EFFECTS236

A. Imaging setup237

In this paper, we consider the problem as shown in Fig. 2(a). There is a component238

which has two flat parallel surfaces and a thickness of h. A surface-breaking crack with239

a depth of d appears perpendicular to the backwall. An ultrasonic phased array is placed240

on the upper surface to detect this surface-breaking crack. We define the angle θtest as the241

angle between the line joining the centre of the array to the point where the crack intersects242

the backwall and the vertical line going through the array centre. Thus, based on θtest, the243

horizontal distance between the array centre and the crack position is h× tan θtest.244

16
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In fact, the angle θtest not only determines the relative position between the crack and245

the array, but also relates to the available viewing aperture or the angle of view. In Fig. 3,246

we compare the aperture difference between two different imaging configurations based on247

the same array and the same component, one with the crack located directly beneath the248

array (θtest = 0◦), another one with the crack located a distance from the array (usually,249

θtest = 30◦ or 45◦). It is obvious that the biggest aperture can be achieved when θtest = 0◦.250

In some papers, for example (Felice et al., 2014), the array was placed at a distance from251

the crack (θtest = 45◦), so that the backwall reflection can be easily separated from the252

defect signal. However, this method will not only result in a small viewing angle but also253

a longer ray path and increasing attenuation. With longer path lengths the coherent noise254

from grain scattering will be worse, and the signal-to-noise ratio will be reduced for greater255

attenuation. Also, the (often necessary) introduction of wedges will introduce noise and256

reduce amplitude further. In order to achieve the biggest aperture and improve the signal257

strength, the incident angle θtest was set to be zero in this paper.258

Assuming a zero incident angle, since the planar backwall is a very strong reflector for259

the ultrasound, a typical recorded signal during detection will contain three components of260

primary interest in this paper: the backwall reflection, the ‘half-skip’ reflection and the tip261

diffraction, as shown in Fig. 2(b). It should be noted that other components can be present,262

such as a second ‘half-skip’ signal if the receiver is not at the same location as the source, a263

‘full-skip’ signal from the defect (likely from tip diffraction), as well as a range of multiply264

scattered signals (depending on the defect) and multiple components corresponding to mode265

conversion at the backwall. Among the three components of primary interest, the ‘half-skip’266
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Array1

θ1 θ2

Array2

θ1>θ2

FIG. 3. Schematic showing the aperture difference between two different imaging setups.

reflection and the tip diffraction will be referred to as the defect signal in this paper as they267

contain information about the defect. The backwall reflection has a much stronger energy268

than the defect signal as the backwall reflection is the direct specular reflection from the269

array to the backwall and back to the array, yet provides no information about the defect.270271

B. Signal overlap problem272

In a typical FMC dataset acquired based on the imaging configuration shown in Fig. 2(a)273

when θtest = 0◦, the defect signal and the backwall reflection often overlap in both the time274

and frequency domains. In order to visually study the overlap of the defect signal and the275

backwall reflection, we perform a numerical simulation using a finite element model which276

was created in Abaqus (Dassault Systemes Simulia Corp., Providence, RI) to approximate277

simulated array data. In keeping with the theoretical analysis in Section II, a 2D FE278

model is used to analyse this problem under the assumption that all the properties are279

uniform out of the plane. Here, as the shear wave and the mode conversions between the280

longitudinal and shear wave always arrive later than the longitudinal wave, making the281

use of longitudinal waves more logical in practice, only a longitudinal wave was excited and282

recorded for simplicity (Drozdz, 2008). This is also in keeping with previous work with these283
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Transceivers 

Backwall
Crack

z

x

Incident P wave
Absorbing region

FIG. 4. Snapshot of the FE model used for simulation in Abaqus (Dassault Systemes Simulia

Corp., Providence, RI). The length of the crack is 2λ, the thickness of the component is 20λ and

the distance between two transceivers of the array is 0.5λ. Frequency is 2MHz, giving a wavelength

(λ) of 3mm.

algorithms which have just considered the longitudinal waves (Fan et al., 2014; Felice et al.,284

2014; Tant et al., 2017). The material used for simulation is isotropic steel with a density of285

7700kg/m3, a Youngs modulus of 195GPa and a Poisson ratio of 0.28. The element used in286

this model is the linear 2D plane strain element. The phased array has 64 elements and the287

wave generated by the array is a Hann windowed 5 cycle tone burst with a central frequency288

2MHz. Thus, the wavelength λ of the longitudinal wave is about 3mm. To make this model289

more general, all of the geometric lengths are defined relative to the wavelength. Here, the290

length of the crack is 2λ, the thickness of the component is 20λ and the distance between two291

transceivers of the array is 0.5λ. Absorbing layers (Rajagopal et al., 2012) were attached292

to the model to absorb any wave entering them, acting as ‘reflectionless boundaries’, to293

effectively model a small section of an infinite region. Fig. 4 shows a snapshot from the FE294

model used in Abaqus.295296
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FIG. 5. The time traces of three different elements based on simulated FMC data. Note that

element 1 is used as the transmitter while all the elements used as receivers.

From the simulated FMC data from this model, we observed that in the case of detecting297

the near surface defect, it is easy for the backwall reflection and the defect signal to overlap298

with each other, and the overlap phenomenon happens in both time and frequency domains299

(Zhang et al., 2016), as shown in Fig. 5. Additionally, from Fig. 5, we can also see that the300

amplitude of the backwall reflection is always much stronger than the defect signal. These301

problems make the extraction of the defect signal challenging.302303

The overlap phenomenon will also seriously affect the imaging result. Fig. 6 shows the304

imaging results of TFM, FM and TDSM based on the measured signal containing both the305

backwall reflection and the defect signal. From Fig. 6, it is clear that in all of the three306

images, the indication of the crack is masked by the strong indications of the backwall and307

artefacts introduced by the backwall reflection.308309
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FIG. 6. Results from setup shown in Fig. 4. (a) HSTFM, (b) FM using 10 uniformly distributed

frequencies between 1.5MHz and 2.5MHz, and (c) TDSM images based on the overall signal. The

red ’X’ symbols at the top of the images represent the location of the transceivers and the amplitude

is normalized to the maximum value in each image. The results here were from simulated data.

Thus, in order to get a strong and clear indication of the crack through these imaging310

algorithms, the primary problem for imaging a near surface defect at θtest = 0◦ is how to311

eliminate the effects introduced by the strong backwall reflection. In response, we have312

developed several methods to eliminate the backwall effects and to ensure a clear and strong313

indication of the crack, these methods will be described in detail below.314

C. Backwall subtraction method315

One possible way of extracting the pure defect signal from the overall signal is to measure316

the backwall reflection of a defect-free copy of the component, then extract the scattered317

field through a subtraction, a method we will refer to as the baseline subtraction. However,318

this method is not practical in real inspection as it is not possible to achieve a defect-free319

copy of the component, so in most of the occasions, the acquired FMC data is the only320

available data. As a result, FMC subtraction has been developed in (Zhang et al., 2018)321

21



JASA/Sample JASA Article

0 52

T1‐R11

T3‐R13

T5‐R15

T7‐R17

T9‐R19

Backwall reflection

Defect signal

Defect signal

Defect signal

Defect signal

Defect signal

Time(μs)

Tr
an
sm

it
te
r‐
R
ec
ei
ve
r 
p
ai
rs

FIG. 7. Several time traces of element pairs of the same lateral separation.

to estimate the the backwall reflection based on the FMC data. This method relies on the322

phenomenon that for element pairs of the same lateral separation, the length of ray paths of323

backwall reflections are identical but the ray paths of the defect signals are different for the324

case of two planar surfaces and homogeneous material. That means these signals will have325

the same arrival time and amplitude of the backwall reflection but different arrival time and326

amplitude of the defect signal (Fig. 7).327328

Based on this, according to (Zhang et al., 2018), if we denote the recorded time trace329

with the ith element used as transmitter and the jth element used as receiver by I(i, j), the330

defect signal S(i, j) can be estimated as:331

S(i, j) = I(i, j)− 1

2(N − |i− j|)

N−|i−j|∑
i=1

(I(i, i+ |i− j|) + I(i+ |i− j|, i)), (27)

where i = 1 · · ·N , j = 1 · · ·N and N is the number of array element. Readers are referred332

to (Zhang et al., 2018) for a more detailed derivation of the FMC subtraction. In this paper,333
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if not otherwise specified, the summation and averaging in Eq. (27) is implemented over the334

full time duration. The main disadvantage of the FMC subtraction is that the time traces of335

the paired outer elements will undergo less averaging; it is acknowledged that this could be336

more problematic because these components are likely to encode more information on the337

half-skip for a flat crack-like defect perpendicular to the surface. Because of this, there will338

always exist some residue of the backwall reflection after subtraction, which may introduce339

artefacts into the images.340341

Fig. 8 compares different imaging algorithms based on the signal before and after FMC342

subtraction. Fig. 8 (a), (b) and (c) are the HSTFM, FM and TDSM results based on the343

original FMC data, and these three images are the zoomed-in views of the images in Fig.344

6. In all of these images, it is clear that the strong indication introduced by the backwall345

seriously influenced the imaging results. Although the baseline subtraction is impractical in346

real inspections, it is easy to implement through simulations. In order to provide benchmark347

results that can support the effectiveness of the FMC subtraction, the imaging results based348

on the equivalent defect-free model are shown in Fig 8 (d)-(f) and the imaging results based349

on the data processed by the baseline subtraction are shown in Fig. 8 (g)-(i). Fig. 8 (j),350

(k) and (l) are the HSTFM, FM and TDSM results based on the FMC data after the FMC351

subtraction. Obviously, by using the FMC subtraction, there are significant improvements in352

the imaging results. For the HSTFM and the TDSM (Fig. 8(j) and (l)), the FMC subtraction353

shows excellent performance as the imaging results after FMC subtraction have very strong354

and clear indications of the crack and the residue backwall reflections only introduce some355

uniform background noise which could be eliminated by post-processing the image, such356
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FIG. 8. Results from setup shown in Fig. 4. (a) HSTFM, (b) FM using 10 uniformly distributed

frequencies between 1.5MHz and 2.5MHz, and (c) TDSM images, all based on the original signal.

(d)-(f) are as (a)-(c) respectively except with the equivalent defect-free model. (g)-(i) are likewise

the same algorithms as (a)-(c) except based on the signal after baseline subtraction. (j)-(l) are

likewise the same algorithms as (a)-(c) except based on the signal after FMC subtraction. All

images have been normalised to the maximum value in each image.
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as thresholding to remove artefacts below a certain level – any estimated intensity below a357

certain level is set to zero (White and Ghosal, 2014). It is acknowledged that this approach358

is only possible when the artefacts are weak relative to the defect signal. For the FM, the359

FMC subtraction also helps to achieve a sharp and strong indication of the crack (see Fig.360

8(k)), which means the majority of the backwall reflection has been removed. However, as361

the FM imaging algorithm is more sensitive to noise than the HSTFM and the TDSM, the362

residual backwall reflection brings more obvious artefacts to the FM image compared to the363

HSTFM and the TDSM. These artefacts are the ‘side bars’ near the strong indication of the364

crack in Fig. 8(k), which may raise the risk of falsely judging the type of the defect. Note365

that since FMC subtraction is a preprocessing method which operates on the data itself,366

rather than being incorporated into the algorithm, this method is theoretically suitable for367

any imaging algorithm which utilises the scattered signal to reconstruct the defect.368

D. Weighting function method for HSTFM369

Apart for the FMC subtraction, we also developed a specific method for the HSTFM,370

which is called the weighting function in this paper. The weighting function method is371

inspired by the work done by P. Huthwaite in (Huthwaite, 2016), where it is shown that the372

subtraction of the incident wave is unnecessary when imaging using Diffraction Tomography373

(DT) as the effects introduced by the incident wave will vanish automatically in the DT374

algorithm. Also, in (Simonetti and Huang, 2008), F. Simonetti et al. have found that there375

is a linear mapping between Beamforming (BF) and DT. As TFM or HSTFM is actually376

a BF algorithm, the results in (Huthwaite, 2016) can be directly applied to HSTFM. Since377
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HSTFM only considers the ‘half-skip’ ray paths which are reflected on the backwall once,378

either before or after interacting with the defect, an equivalent ray path of the ‘half-skip’ ray379

path can be derived as in Fig. 2(c). Specifically, the equivalent ray paths of the backwall380

reflection and the ‘half-skip’ reflection considered in the HSTFM are shown in Fig. 2(c). We381

neglect the tip diffraction here as the energy of the tip diffraction is too weak compared to382

the ‘half-skip’ reflection and backwall reflection. If we define ∆θ as the angle between the383

incident direction and the receiving direction in the equivalent model, then all the equivalent384

ray paths of the backwall reflections will have the same angle ∆θ = 0◦, as shown in Fig.385

2(c). At the same time, from Fig. 2(c), ∆θ will vary from point to point when considering386

the ‘half-skip’ reflection and in this case, ∆θ cannot be 0◦ or 180◦.387

Based on this phenomenon, a weighting function, which can be used as a filter to eliminate388

the backwall effects, has been introduced as:389

f(xr, z;xt) = |sin(∆θ)| (28)

Readers who are interested in the choice of the weighting function are referred to (Huthwaite,390

2016) for more information. It is obvious that the value of this weighting function will tend391

to 0 if ∆θ is close to 0◦ or 180◦. Then, this weighting function is integrated in Eq. (10) as:392

IHSTFM(z)=

∫
Γi

∫
Γi

f(xr, z;xt) · uS(xr,
|y − z|+ |xm − z|

c0

;xt)ds(xr)ds(xt). (29)

where Γi is the surface where transmitters and receivers are located, xt ∈ Γi is the location393

of the transmitter, xr ∈ Γi is the location of the receiver and uS(xr, t;xt) denotes the time394

domain scattered data from a transmitter located at xt to a receiver located at xr. Fig.395

9(a) and Fig. 9(c) are the HSTFM images based on the original FMC data without and396
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FIG. 9. Results from setup shown in Fig. 4. (a) Conventional HSTFM image based on the overall

signal, (b) Conventional HSTFM based on the data proposed by the base line subtraction, (c)

Conventional HSTFM with the weighting function image based on the overall signal. The images

were normalized to the maximum value in each image. The results here were from simulated data.

with the weighting function, respectively. Again, the imaging results based on the baseline397

subtraction are shown in Fig. 9(b) to support the effectiveness of the weighting function398

method.399400

From Fig. 9, it is obvious that by using the conventional HSTFM together with the401

weighting function, the effects introduced by the backwall reflection vanish automatically,402

which means the weighting function shows an excellent ability to eliminate the backwall403

effects. As a result, a good indication of the crack can be imaged without the backwall404

subtraction when using the HSTFM with the weighting function. Using the weighting405

function to eliminate the backwall effects will be called the ‘weighting function method’406

throughout this paper.407
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FIG. 10. Singular values spectrum for the simulated FMC data at 2MHz.

E. Truncation method for FM408

If we observe the indicator function of the FM algorithm (Eq. (23) or Eq. (24)), it can be409

found that the calculation of the FM image heavily depends on the singular values and the410

corresponding eigenvectors of the far-field operator. It has been proved that the singular411

values and the relevant eigenvectors of the far-field operator are linked to the scatterers412

(Prada and Fink, 1994), which means by using different singular values, the FM is able413

to reconstruct different scatterers. Based on this theory, an imaging experiment has been414

conducted using different numbers of singular values for the calculation. In these cases,415

a threshold criterion can be used to determine how many singular values will be used for416

imaging.417418

As shown in Fig. 10, 10% of the maximum means that the calculation of the FM algorithm419

will only use the singular values whose amplitudes are bigger than 10% of the maximum420
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FIG. 11. Results from setup shown in Fig. 4. (a) FM image using the 80% criterion, (b) FM

image using the 10% criterion, (c) FM image using the 1% criterion. The FM uses 10 uniformly

distributed frequencies between 1.5MHz and 2.5MHz in each image. The images were normalized

to the maximum value in each image. The results here are from simulated data.

value at each frequency. Three threshold values have been set, 80%, 10% and 1%, and the421

imaging results of the FM algorithm based on these 3 criteria are shown in Fig 11.422423

From Fig. 11(a), it is clear that the image only contains a strong indication of the424

crack, and there are no artefacts introduced by the backwall reflection near the indication425

of the crack. By using more singular values (10% of maximum), the backwall effects start426

to dominate the image, see Fig. 11(b). If most of the singular values are used (1% of427

maximum), the indication of the crack is totally masked by the backwall effects, see Fig.428

11(c). From these images, it indicates that the most significant singular values (80% of the429

maximum) are linked to the crack and the information brought by the backwall reflections430

are encoded in the smaller singular values. Here, based on the imaging results, a criterion431

of 80% of the maximum value at each frequency was found to be a good threshold for the432

FM algorithm to eliminate the backwall effects, indicating that the backwall reflection is not433
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included in the FM image when the small singular values are truncated. As this method434

contains a truncation of the small singular values, this method is called the ‘truncation435

method’ throughout this paper. Note that the threshold criterion depends on the type of436

defect and the structure of the component, so the threshold criterion should be tuned for437

different inspection scenarios.438

One problem of this method is that by ignoring the the small singular values, it leads to439

a loss of information. In the case of limited-view imaging, a common way to compensate440

for the loss of information is to increase the available aperture (Hutt and Simonetti, 2010b).441

In (Hutt and Simonetti, 2010a), with the purpose of achieving a more detailed image in442

the case of limited-view, T. D. Hutt has developed a method which utilises the backwall443

to provide additional views. This method essentially increases the available aperture for a444

specific array, however, this method is not able to provide good results if the defect is located445

close to the backwall. Inspired by this, a new method has been developed to increase the446

available aperture in the case of imaging the near backwall defects, especially the surface-447

breaking cracks. Based on the derivations of the HSTFM and the weighting function for the448

HSTFM, it is obvious that the two models in Fig. 2(b) and (c) are related.449

Here, we are now focusing on the relationship between the defect signal (tip diffraction450

and ‘half-skip’ reflection) shown in Fig. 2(b) and its equivalent wave shown in Fig. 2(c). In451

order to facilitate the following derivations, the backwall reflection and its equivalent wave452

in Fig. 2(b) and (c) are not considered. For the model shown in Fig. 2(b), we define the tip453

diffraction as U∞t , the ‘half-skip’ reflection as U∞h and the overall defect signal as U∞, while454

for the model shown in Fig. 2(c), we define the forward scattering from array1 to array2455
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as U∞12 , the forward scattering from array2 to array1 as U∞21 , the backward scattering from456

array1 back to array1 as U∞11 and the backward scattering from array2 back to array2 as457

U∞22 . The ray path of the tip diffraction based on the model shown in Fig. 2(b) is actually458

equivalent to the ray path of the backward scattering from array1 back to array1 based on459

the model shown in Fig. 2(c), similarly, the ray path of the ‘half-skip’ reflection based on460

the model shown in Fig. 2(b) is actually equivalent to the ray path of the forward scattering461

from array1 to array2 based on the model shown in Fig. 2(c). Because of the symmetry of462

the model shown in Fig. 2(c) and the principle of reciprocity, it is clear that U∞11 = U∞22 and463

U∞12 = U∞21 . Based on all these facts, we have464

U∞ = U∞t + U∞h , (30)

U∞t = U∞11 = U∞22 , (31)

U∞h = U∞12 = U∞21 . (32)

This makes the assumption that the singular value filtering approach developed for the465

standard FM, which effectively attempts to include just the tip-diffraction signals in the466

reconstruction, is also valid for the ‘half-skip’ components, where the waves interacting with467

the defect have reflected once off the backwall. As the energy of the ‘half-skip’ reflection and468

the energy of the specular reflection are much larger than the energy of the tip diffraction,469

it is clear that470

U∞h � U∞t , U∞t ≈ 0, (33)

U∞12 � U∞11 , U∞11 ≈ 0. (34)
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Then, Eq. (30) becomes471

U∞ ≈ U∞12 , U∞12 = U∞21 = U∞h . (35)

Thus, the full data-set U∞full which can be recorded based on the model shown in Fig. 2(c)472

becomes473

U∞full =


U∞11 U∞12

U∞21 U∞22



≈


0 U∞

U∞ 0

 (36)

Through Eq. (36), we can reconstruct the full data-set U∞full based on the model shown in474

Fig. 2(c) through the defect signal recorded in the model shown in Fig. 2(b). As a result,475

the available imaging aperture is essentially increased by using the reconstructed U∞full and476

the relevant imaging configuration (Fig. 2(c)) for the FM algorithm. This method is called477

the mirror enhancement throughout this paper and is used to compensate for some of the478

lost information when the truncation method is used with the FM algorithm to eliminate479

the backwall effects for near backwall defects. It should be noted that T. Hutt et al. (Hutt480

and Simonetti, 2010a,b) have developed a method that uses a modified Green’s function in481

the calculation of the FM image to utilise the effect of mirror, however, their method has482

shown a poor performance for near backwall defects.483484

The effect of the mirror enhancement is shown in Fig. 12. From this, it is clear that by485

using the FM algorithm together with the truncation method and the mirror enhancement,486
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FIG. 12. Results from setup shown in Fig. 4. (a) FM image using the the truncation method

to eliminate the backwall effects, (b) FM image using the the truncation method to eliminate

the backwall effects and the mirror enhancement to improve the image quality. The FM uses 10

uniformly distributed frequencies between 1.5MHz and 2.5MHz in each image and the images were

normalized to the maximum value in each image. The results here were from simulated data.

the majority of the backwall effects can be removed without causing an obvious image487

degradation.488

IV. EXPERIMENTAL VALIDATION489

For experimental validation, an array with the parameters shown in Table I was used490

for the experimental measurements. This array probe was manufactured by IMASONIC491

(Haute−Saône, France). The sample used for the experimental measurements was a block492493

of 180×450×40mm, 304 stainless steel. This sample contains a surface-breaking crack with494

a size (depth × length) of 5× 20.4 mm and an average opening of 73.0µm, see Fig. 13. The495

crack was produced by using controlled thermal fatigue loading (Kemppainen et al., 2003).496
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TABLE I. Specification of the array transducer used in experimental measurements.

Element number
Central frequency

(MHz)

Bandwidth

(-6dB; MHz)

Element width

(mm)

Element pitch

(mm)

Aperture size

(mm)

48 2.5 1.66 to 3.22 1.0 1.2 57.4

20mm

FIG. 13. The picture of the sample and the crack opening.

The depth of the crack is estimated empirically, by destructively analysing previous samples497

made under the same loading conditions, while the length and opening are measured from498

the micrograph (Virkkunen et al., 2009). The surfaces of this sample are flat and smooth.499

The flawed sample was produced and measured by Trueflaw Ltd. The longitudinal wave500

speed in 304 stainless steel is 5920m/s, thus, the depth of the crack is about 2λ for the501

centre frequency of the 2.5MHz probe. The FMC data were collected from this sample502

using the 2.5MHz probe, with the same array configuration of θtest = 0 (Fig. 3(a)).503504
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FIG. 14. (a) HSTFM, (b) FM, and (c) TDSM images based on the FMC data after FMC sub-

traction, (d) HSTFM with the weighting function image based on the original FMC data, (e) FM

with the truncation method and the mirror enhancement image based on the original FMC data.

The FM uses 10 uniformly distributed frequencies between 2.5MHz and 3MHz in each image and

the images were normalized to the maximum value in each image. The results here were from

experimental data.

After the acquisition of the FMC data, the three imaging algorithms, i.e. the HSTFM,505

the FM and the TDSM, together with the relevant methods developed to eliminate the506

backwall effects, were applied to the same FMC data, and all the imaging results are shown507

in Fig. 14. These image results based on the experimental data show a good consistency508

with those obtained from simulated data.509510
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All the images in Fig. 14 show a very good indication of the surface-breaking crack,511

indicating that the methods developed in this paper, i.e. the FMC subtraction, the weighting512

function for the HSTFM, and the truncation method for the FM, can successfully eliminate513

the backwall effects while imaging the near backwall defects, although it is recognised that514

this is an idealised lab-based setup. The difference between the FMC subtraction and515

the weighting function method (or the truncation method) is that the FMC subtraction516

attempts to remove the backwall reflection in the FMC data while the weighting function517

method (or the truncation method) attempts to directly remove the backwall effects in the518

imaging process. From the imaging results, it is clear that the images processed by the direct519

methods (the weighting function method and the truncation method) show a better image520

quality and contain fewer artefacts than the images processed by the FMC subtraction,521

see Fig. 14(a) vs Fig. 14(d) (or Fig. 14(b) vs Fig. 14(e)). This is because the FMC522

subtraction will leave a residual backwall reflection in the FMC data after subtraction. The523

advantage of the FMC subtraction is that this method is very easy to implement as no prior524

knowledge is needed and it is therefore suitable for any imaging algorithm which utilises525

the scattered signal to reconstruct the defect. Unlike the FMC subtraction, the weighting526

function method is developed specifically for HSTFM while the truncation method for the527

FM requires tuning of the threshold criterion for different imaging configurations. The528

imaging results also indicate that the three imaging algorithms, i.e. the HSTFM, the FM529

and the TDSM, have the potential to reconstruct small near backwall defects if the backwall530

effects can be removed.531
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V. CONCLUSIONS532

In this paper, new techniques to image near-surface defects and to eliminate the back-533

wall effects were presented. This involves both the imaging algorithms themselves and534

pre-processing methods to eliminate the backwall effects. Three imaging algorithms, the535

HSTFM, the FM and the TDSM, were chosen in this paper to solve the problem of imag-536

ing the near backwall defects. However, the three imaging algorithms failed to image the537

near backwall defects when applied to the original FMC data which contains the backwall538

reflection, because this will introduce strong artefacts to the images. In response to this539

problem, three methods were explored in this paper to eliminate the backwall effects and540

to ensure a good image quality of the defect. FMC subtraction attempts to reconstruct the541

pure backwall reflection based on the original FMC data and the defect signal can be simply542

extracted by subtraction. The implementation of this method needs no prior knowledge543

of the component geometry and this method is theoretically suitable for any imaging algo-544

rithms, although it does require the backwall to be parallel to the array. This method will545

leave some residual backwall reflection in the data, but this is not entirely problematic as546

the majority of the backwall reflection will be removed. The second method, the weighting547

function method, is based on the angle difference between the backwall reflection and the548

defect signal considered in the HSTFM. The weighting function method is developed specif-549

ically for HSTFM and can directly filter the artefacts introduced by the backwall reflection550

in the HSTFM image. The third method, the truncation method, attempts to control the551

behaviour of the image by selecting the singular values used for the FM algorithm. The552

37



JASA/Sample JASA Article

implementation of this method needs to tune the threshold criterion at first. The threshold553

criterion is used to determine which singular values should be used for calculation and this554

criterion depends on the geometry of the component and the type of defect expected. The555

truncation of the singular values will cause a loss of information which may degrade the im-556

age quality. To compensate for the loss of information caused by the truncation method, a557

method called the mirror enhancement has been developed to increase the available aperture558

when imaging the near backwall defects.559

All three imaging algorithms together with the relevant methods to eliminate the backwall560

effects are tested with simulated and experimental data, and their performance is assessed561

through the imaging results. Based on the imaging results, it can be concluded that all the562

methods developed in this paper have shown effectiveness to eliminate the backwall effects563

and are simple in their implementation at the same time. All the imaging results have shown564

a significant reduction in artefacts when the described methods were applied. The results565

also indicate that the three imaging algorithms, i.e. the HSTFM, the FM and the TDSM,566

are able to image the near backwall defects if the backwall effects are eliminated.567
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