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Abstract

The exponentially increasing availability of Big Data and streaming services comes as a direct
consequence of the rapid development and widespread use of multi-sensor technology. The quest
to make sense from such large volumes and varieties of data has both highlighted the limitations
of standard “flat-view” matrix models and the necessity to move toward more versatile data
analysis tools. One such algebraic framework which is naturally suited to data of large volume,
variety, and veracity is a multi-way array or a tensor. The associated tensor decompositions
have been recognised as a viable system to break the “Curse of Dimensionality”, an exponential
increase in data volume with the tensor order. Owing to a scalable way in which they deal
with multi-way data and their ability to exploit inherent deep data structures when performing
feature extraction, tensor decompositions have found application in a wide range of disciplines,
from very theoretical ones, such as scientific computing and physics, to the more practical aspects
of signal processing and machine learning.

Despite the obvious advantages, multi-dimensional analysis through tensors is not as intuitive
as classical linear algebra, its counterpart for matrices and vectors. Also, tensor expressions are
not so easily manipulated while the notation can be overwhelming; these may become obstacles
when it comes to understanding the physical meaning of underlying operations. To this end,
the material in this thesis is supported by numerous self-explanatory diagrams and examples,
to equip interested readers with a natural way to grasp more sophisticated concepts inherent to
multi-linear algebra.

An overreaching theme of this thesis is joint analysis of multi-block information that can be
naturally represented in a form of an N -way array. We demonstrate that the flexibility of tensor
decompositions provides a unique opportunity to explore tensor-value data, for example through
a projection onto a lower dimensional subspace where latent components can be discovered more
easily. Upon providing an intrinsic link between the properties of the outer vector product, we
develop a novel method for common and individual feature extraction. The proposed framework
is shown to be suitable for data structures obtained from multiple observations of the same
phenomenon under various interconnected conditions, such as a collection of images of the same
objects taken under a range of lighting conditions and from di↵erent angles.

Another aim of this thesis is to improve performance e�ciency of tensor operations, the
computation of which can be prohibitively expensive or completely infeasible on the raw input
data in big data applications. At first, we devise a new algorithm for boosting computation
of the contraction product by virtue of the Tensor Train decomposition, before introducing a
cutting edge approach for evaluation of the Tucker decomposition based on the recursive update
strategy that takes place only upon arrival of a new tensor-variate data sample. The e�cacy
of the proposed algorithms opens new avenues for the next generation of real-time streaming
technologies and applications.

Next, we proceed to fill the void in the open literature by introducing a novel framework
that naturally incorporates physically meaningful tensor decompositions and extends classical
ensemble learning in order to accommodate the intrinsically multi-way and multi-modal data.
This contribution is further supported by a blood flow analysis of patients that underwent renal
replacement therapy and were under constant surveillance for identifying failure in cardiovascular
procedure.

Finally, after revising publically available software for multi-linear analysis, we aspire to
bridge the gap between sophisticated algorithms and their practical implementations. To this
end, an open source toolbox is developed which o↵ers a unifying interface that establishes a self-
su�cient ecosystem for various forms of e�cient representation of multi-way data and associated
tensor decompositions and promotes rapid development and quick iteration from an idea to an
initial functioning prototype for anyone familiar with existing machine learning libraries.
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n Contraction product

�⇤ Hadamard product

� Khatri-Rao product

⌦ Kronecker product

N
�

n=1
Sequential outer product

N
�⇤

n=1
Sequential Hadamard product

N
�

n=1
Sequential Khatri-Rao product

N
⌦

n=1
Sequential Kronecker product

N
⇥

n=1
Sequential mode-n product

Diag(·) Operator to extract elements that occupy main diagonal

diag(·) Operator for placing elements of a vector onto main diagonal

stackn
�

·
�

Stacking operator that combines samples along a new dimension

tSVD
�

·
�

Operator that perform truncated SVD

vec(·) Vectorisation
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Nomenclature Nomenclature

(·)�1 Inverse

(·)† Moore-Penrose pseudo-inverse

(·)T Transposition

h·, ·i Inner product

J · ; · K Representation through tensor factorisation

k · kF Frobenius norm

L · ; · M Representation through Tensor Train factorisation

Symbols

x Scalar (lowercase letter)

x Vector (bold lowercase letter)

X Matrix (bold uppercase letter)

X Tensor (underlined bold uppercase letter)

X Tensor Network (underlined Euler script letter)

X (·) Ensemble of samples (calligraphic uppercase letter)

O
�

·
�

Big “O” operator

R Field of real numbers
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Chapter 1

Introduction

Information is the oil of the 21st century,

and analytics is the combustion engine

Peter Sondergaard

1.1 Perspective

The ever-increasing amount of accessible data has posed unprecedented Data Analytics chal-
lenges, while at the same time it has provided novel opportunities to explore events and natural
happenings yet requiring full explanation. Such data falls into the category of what is referred
to within the Signal Processing and Machine Learning community as Big Data. Such datasets
are characterised by the so-called “4V’s of Big Data”: Volume, Veracity, Variety, and Velocity,
outlined in Fig. 1.1. Thus, Big Data is not necessarily just a synonym for exceedingly large raw
size; indeed, contemporary datasets are far from “simple”, and analysing them is a non-trivial
task which highlights the limitations of standard flat-view matrix models and underlines the
necessity for sophisticated techniques able to assess the information within.

Tensors are higher order generalisations of matrices and vectors, which can represent data
in a form of multi-dimensional array, i.e. through indexing by an arbitrary number of indices.
From the Latin word tendere, i.e. “to stretch”, a tensor is a geometrical object initially proposed
in mathematics and physics as an extension of vectors and matrices to higher dimensions [2].
Such representation of data brings up a whole host of new opportunities but also calls for new
methods to seek for the otherwise undiscoverable inherent latent dependencies and intrinsic
structures. Several modern-day data analysis tools stared to employ N-dimensional arrays in
their original form. These have been shown to o↵er greater flexibility in the choice of constraints
matching data properties, hence providing more powerful schemes for performing extraction of
latent components present in data [3].

Tensors were originally conceived in the theoretical fields of physics and mathematics since
the early 20th century, when American mathematician Frank Hitchcock introduced the first
principles of tensor decompositions (TDs) [4], which are used to overcome the early instances
of the “Curse of Dimensionality” [5], a term coined by Bellman in 1961, to indicate that the
number of parameters needed to estimate an arbitrary function grows exponentially with the
number of parameters of the function itself. As in standard linear algebra matrix decompositions
can be e↵ectively used to compress matrices by obtaining low-rank representations, the concept
of compression of multi-dimensional data through TDs can be intuitively explained as follows
[6]. Consider an N -variate function, f : RN

7! R, defined as,

f(x) = f(x1, x2, . . . , xN ) (1.1)
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Figure 1.1: The 4V’s of Big Data. Volume refers to the amount of information produced and
the raw size of datasets; Veracity conceptualises missing or corrupted data and uncertainty
therein; Variety indicates presence of di↵erent data types; Velocity represents the frequency
at which new data becomes available. Figure adapted from [1].

Suppose f is to be represented by a product of individual functions; in the simplest case it can
be approximated by

f(x1, x2, . . . , xN ) ⇡ f (1)(x1)f
(2)(x2) · · · f (N)(xN ) (1.2)

Unfortunately, the case where all variables are separable as in (1.2) is rare in practice. Instead,
we can employ the concept of TDs which is considerably more flexible, as it relies on only partial
separability of the variables of a higher-order tensor [1].

In multi-way analysis, tensor formation is a key step that defines interpretability of the
obtained results. There are di↵erent approaches to tensorisation that can be taken prior to
further actions. These include:

• Rearrangement of lower-dimensional data, commonly referred to as folding, where large
scale matrices or vectors can be readily reshaped into a tensor. Such a procedure is
extremely beneficial when underlying information exhibits, for instance, Hankel, Toeplitz
or Löwner structure [7, 8, 9].

• Mathematical construction of a tensor, which implies that its slices are generated through
transform-domain methods and are then are stacked together across additional dimension.
This can be achieved, for instance, by a time-frequency representation of a given signal via
Short Time Fourier Transform (STFT), Gabor countourlet or wavelet transform [10, 11].

• Experimental design, which assumes a full control over the data collection process. Hence,
this paradigm is highly suitable for any application that deals with high variety of data.
In particular, such an approach can be employed when analysing information obtained
during clinical trials where biomedical data, such as recordings of brain activity, are often
collected over multiple patients which participated in multiple activities. This allows us
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Figure 1.2: Application of multi-linear analysis across data science fields.

to organise data into a 4-th order tensor with T ime⇥Channel ⇥ Patient⇥ Trial modes
[12].

• Natural formation, a classical example is an RGB color images that is represented sepa-
rately in three base colors and stacked together as a set of slices along the third dimension.

1.2 Development and Adoption of Tensor Decompositions

Over the past decade, we have seen a rapid growth of the amount of data being collected
on a day-to-day basis, storage capabilities and processing power, which is readily available
through either local or cloud computing to users even outside of high-tech industry and academia.
The multi-way analysis community has responded with numerous materials that help tackle
and mitigate the “Curse of Dimensionality”, ranging from fundamental principles behind TDs
[4] to more advanced and sophisticated techniques such as Tensor Networks (TNs) [1, 13].
Tensor decompositions are naturally suited to model and analyze large-scale measurements
whose properties simultaneously evolve in time and space. Thus, they are perfectly equipped
to maintain joint spatial, temporal, and spectral information among the data dimensions and
have the ability to incorporate diverse constrained optimisation criteria (often having physical
meaning), specifically tailored for every particular facet of the data tensor. This provides with
much more freedom for designing a set of suitable constrained models, while at the same time
maintaining natural links between the various extracted factors or latent (hidden) variables.

The first to propose the idea of a polyadic form of a tensor was Hitchcock in 1927 [14], by
expressing a tensor as the sum of a finite number of rank-1 tensors. In 1944, Cattell proposed
having multiple axes for analysis [15], but it was not until the 1970s that it became popular
thanks to Carroll and Chang [16], after they applied it within the psychometrics community un-
der the name of CANonical DECOMPosition (CANDECOMP), and to Harshman who named
it the PARAllel FACtor model (PARAFAC) [17]. The model is now known as the Canonical
Polyadic Decomposition (CPD). Variants of this factorisation model have subsequently been
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employed in Chemometrics, food industries, and social sciences [18, 19]. Another prominent
member of the multi-linear analysis is the Tucker Decomposition (TKD) which was first intro-
duced by Ledyard Tucker in 1963 [20, 21, 22]. A distinctive feature of this approach is that it is
capable of modelling all possible combinations between the so-extracted components. Notably,
this is achieved without imposing any assumptions on the underlying data which provides us
with endless freedom in design at the cost of the uniqueness uncertainty. Around 2000, the
scientific community came to the realisation that the TKD can be represented as the Higher-
Order Singular Value Decomposition (HOSVD), a generalisation of the well-known matrix SVD
[23, 24], which opened new avenues for its utilisation in applied mathematics and scientific
computing in high dimensions [25]. This, combined with the Tensor-Train (TT) decomposition
introduced by Oseledets in 2011 [26], made it possible for tensors to find applications in a variety
of disciplines, such as wireless communications [27], audio and image processing [28, 29], graph
analysis [30], and machine learning to name a few [31, 32].

Following the original success of TDs in applications to Chemometrics and Psychometrics,
the benefits of multi-way analysis became apparent. With the technical progress of storage,
together with the advances in computational power with the theoretical achievements, a whole
new range of opportunities emerged for dealing with the generated and consumed data at an
unprecedented high scale. In turn, this prompted a wider adoption of TDs in several other less
mathematically minded fields where previously it was not feasible to employ them due to the
sheer amount of available information. Some of those are as follows:

• The brain is by far one of the most complex systems while mysteries behind its information
processing mechanisms are yet to be explored and fully understood. Electroencephalogra-
phy (EEG) and Functional Magnetic Resonance Imaging (fMRI) are amongst those tools
researchers use for the exploration of brain activity during certain mental or unconscious
tasks. While it is particularly challenging to extract latent components or identify ab-
normal activities and patterns, there is no doubt that the gathered information exhibits
a rich source of multi-way structure. Such tensor models quickly arrive at even four or
five dimensions, for example, Frequency⇥Channel⇥T ime⇥Subject⇥Condition, when
attempting to analyse episodes of epileptic seizures or trying to detect brain regions of
a patient who su↵ers from various neurodegenerative diseases such as Alzheimer’s and
Parkinsonism [33, 34].

• With the recent advances in sensor technologies, it became possible to monitor environmen-
tal and ecological conditions across vast regions of either underground spaces or overground
coastlines. This is achieved through placement of hundreds of thousands of sensors at a
considerable distance away from each other. The collected measurements usually have
complex multivariate structure, often di�cult to analyse and correlate with underlying
spatiotemporal variations in such data. As a result, it became increasingly di�cult to
summarise an event or detect abnormal fluctuations of biological parameters solely based
on conventional two-dimensional algorithms. Thus, the formation of multi-dimensional
arrays of V ariables⇥SamplingSite⇥SamplingT ime⇥Season became a popular way to
tackle problems associated with monitoring indoor pollution levels or exploring ground-
water hydrochemistry [35, 36].

• Ever since the widespread growth of Internet technologies, computer based systems were
constantly under intrusion threat with severe implications on network security. Conven-
tional two-dimensional approaches to this problem are under serious scrutiny, imposed
by extremely dynamic parameters of Internet tra�c, where it is required to keep track
of and jointly analyse information related to source and destination of thousands of
requests per second, together with identifying and filtering out any malicious activity.
Therefore, TDs have become a physically meaningful tool for analysis of tensor data in
SourceIP ⇥ TargetIP ⇥ Port⇥ T ime format [37, 38].
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1.3 Problem Statement

Technology across multiple fields now demands sophisticated models capable of analysing infor-
mation whereby multiple high-dimensional characteristics a buried deep down like a needle in a
haystack. However, the data organised in a matrix form is governed by only one degree of free-
dom, and thus, it is becoming harder and harder for conventional two-dimensional frameworks
to meet expectations. Tensors are higher order generalisations of matrices and vectors, which
can represent data in a form of a multi-way array. Due to their inherently flexible structure,
tensors are perfectly equipped to maintain and describe not only spatial, temporal and spectral
information among the data dimensions but also virtually any other imaginable characteristic.
In turn, this opens a wide avenue of opportunities to integrate diverse and physically meaningful
constrained optimisation principles, to be individually tailored to every aspect of the original
data as well as to establish implicit links or correlation between latent features of di↵erent
dimensions.

Owing to the inherent flexibility and horizontal scalability of multi-linear factorisations, over
the last couple of decades the tensor decompositions have been adopted and successfully utilised
in diverse range of disciplines, from very theoretical ones, such as physics and numerical analysis
[9, 23, 39], to the more applied areas, such as face recognition, separation of unknown sources
of brain activity, cross-language information retrieval [3, 40, 41, 42] to mention but a few. The
main aim of the developed approaches has been to project high dimensional data onto a lower
subspace in which latent components can be discovered more easily in order to provide new
understanding of intrinsic data properties. Nevertheless, existing solutions often overlook the
importance of physical meaning associated with the underlying multilinear operations, especially
while attempting joint factorisation of multi-block datasets.

It comes as no surprise that preservation of the steady adoption rate of tensor decomposi-
tions within new disciplines is not feasible without reliable software libraries that can be shared
amongst researchers. This call for robust programming methods has spurred the multi-way
community to respond with the development of open source packages [43, 44, 45, 46] in order to
mitigate, for a generally knowledgeable user, most of the technicalities behind the implementa-
tion of standard tensor decompositions and multi-linear operations, alongside the corresponding
statistical methods and data analysis techniques. However, existing publicly available libraries
are largely designed as general purpose toolboxes primarily comprising fundamental procedures,
namely the Canonical Polyadic, Tucker, and Tensor Train decompositions while focusing on the
e�cient performance of such methods through the use of hardware acceleration. As a conse-
quence, these tools treat tensors simply as N-dimensional arrays accompanied with multiple
indices used to locate and define entries of this data structure. Moreover, existing software
rarely extends its scope to emerging algorithms for classification, regression, and data fusion,
that have been specifically tailored to operate with multi-dimensional data.

In light of these directions of development in the field of multi-dimensional decompositions
and applications, together with the associated challenges, the focus of this thesis is to strengthen
understanding of the fundamental tensor operations through a strong underpinning notion of
interpretability within the intrinsic connections. In particular, we here consider the problem of a
joint analysis of multi-block data with the aim of extracting physically meaningful information
during data preprocessing steps, thus, mitigating the black-box nature of machine learning
problems. A typical example of multi-block data is a set of recordings of the same phenomenon
but under distinct experimental setups. For instance, such a structure can be observed in
multiple images of objects taken under di↵erent lighting conditions and from di↵erent angles,
or in a collection of medical recordings, such as brain activity, whereby patients perform various
mental tasks. Intuitively, the so obtained ensemble of information contains some common and
some individual patterns, and machine learning tasks would benefit from exploiting only either
common features (for clustering) or individual features (for identification), both of much lower
cardinality than the original data.

In the hope of demystifying tensor decompositions, and in this way, expediting their adoption
in even more areas of data science and signal processing, we also address the issues of (i) diversity
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within computational methods readily available to researchers; (ii) popularisation of multi-linear
analysis and applications while lowering the entry barrier into the field for curious enthusiasts.
To this end, we lay the foundation for a self-contained and easy to use piece of software that
takes existing solutions and frameworks a step further in the demanding realm of data modelling
by:

• Utilising tensors not only as N-dimensional arrays, but also exploiting complementary
meta-information about the data a tensor represents;

• O↵ering scalable visualisation tools, at every stage of the experiments, to facilitate ease of
analysis, multi-disciplinary e↵orts or educational purposes;

• Being focused on unifying the machine learning approaches which are specific to inherently
multi-dimensional data;

• Allowing for seamless integration with popular data science packages for data wrangling
and feature extraction.

This thesis aims to achieve the milestones from di↵erent perspectives, which include formula-
tion of new algorithms, investigating their learning behaviour and computational characteristics,
giving new perspectives and insights to some well-established multi-dimensional operations and
decompositions, testing the proposed algorithms through real-world case studies, and finally by
providing illustrative and practical examples in the form of self-explanatory diagrams and short
code snippets.

1.4 Thesis Contribution and Organisation

Fig. 1.3 shows an overview of structure of this thesis. Concise summaries of the main contribu-
tions of each chapter, along with the relevant publications, are presented below.

• Chapter 2. Prerequisites: Multilinear Algebra.

The aim of this chapter is to provide the required background on multilinear tensor algebra
for the analysis presented in this thesis. The reader will become familiarised with the
fundamental operations attributed to the multiway arrays as well as becoming accustomed
to various tensorisation techniques that allow shifting the analysis from “flat-view” matrix
data representation to multi-dimensional perspectives. This motivates us to introduce
standard tensor decomposition models, namely the Canonical Polyadic, Tucker, and Tensor
Train decompositions. We also establish the basis for Tensor Network representation that
abstracts the cumbersome notation but at the same time allows us to describe relations
between tensors in a declarative and intuitive manner.

• Chapter 3. Feature Extraction and Data Fusion.

In pursuit of exploiting the full potential of the underlying structure of tensors and the
associated feature localisation, this chapter proposes new algorithms for joint analysis of
multi-dimensional data. First, we address a problem of separation individual from common
information inherent to the multiblock data. This is achieved through a natural link
between the intrinsic properties of the outer product and the components obtained through
tensor decompositions. By exploring the fundamental meaning behind the so-obtained
factor matrices, we reach to a conclusion that a non-negativity constraint is a necessary
criteria for successful feature extraction in order to preserve physical meaning amongst the
hindered relations. Next, we demonstrate how even seemingly elementary operations can
be utilised as building blocks for a new framework of tensor network summation whereby
interconnections among the cores in a tensor network representation are used to describe
the coupling data structures of the original tensors. In turn, such an approach to data
analysis opens up new avenues for feature fusion suitable for machine learning applications.

Relevant publications:
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– I. Kisil, G. G. Calvi and D. P. Mandic, “Common and individual feature extraction
using tensor decompositions: A remedy for the curse of dimensionality?”, In Pro-
ceedings of the 45th IEEE International Conference on Acoustics, Speech and Signal
Processing (ICASSP), pp. 6299–6303, 2018.

– G. G. Calvi, I. Kisil and D. P. Mandic, “Feature fusion via tensor network summa-
tion”, In Proceedings of the 26th European Signal Processing Conference (EUSIPCO),
pp. 2623–2627, 2018.

• Chapter 4. Tensor Decompositions and Wisdom of the Crowd.

In this chapter, we take a fresh look at the Ensemble Learning, a well established tech-
nique exploited for increasing the performance of the machine learning algorithms. In
particular, we address a common problem of correlated errors of the base classifiers, that
significantly a↵ects the accuracy of the ensemble classifier at the majority vote step. This
is achieved by virtue of tensor decompositions, whereby the proposed method, referred
to as tensor ensemble learning (TEL), decomposes every input data sample into multiple
factors which allows for flexibility in the choice of multiple learning algorithms in order
to improve test performance. Thus, TEL generalises classic flat-view ensemble learning to
multi-dimensional tensor-valued data while taking advantage of natural compression as-
sociated with multi-way data structures, thus allowing for parallel processing to alleviate
computation burden in big data applications. The proposed framework is first verified
through the application of Higher Order Singular Value Decomposition to the classifica-
tion of images from the ETH-80 dataset. Next, we assess the feasibility of multi-linear
learning analysis for cardiovascular diagnosis, where a blood flow of 22 clinical partici-
pants is inspected through a combination of Canonical Polyadic Decomposition and TEL
approach and compared to results obtained by a qualified vascular scientist during manual
examination of B-mode ultrasound recording.

Relevant publications:

– I. Kisil, A. Moniri and D. P. Mandic, “Tensor ensemble learning for multi-dimensional
data”, In Proceedings of the IEEE Global Conference on Signal and Information Pro-
cessing (GlobalSIP), pp. 1358–1362, 2018.

– S. Poushpas, I. Kisil, P. Normahani, B. Szubert, D. P. Mandic and U. Ja↵er, “Ten-
sor decompositions and machine learning for the detection of arteriovenous fistula
stenosis: An initial evaluation”, Submitted to Journal of Ultrasound in Medicine,
2021.

• Chapter 5. Computational E�ciency and Practical Implementations.

The aim of this chapter is to develop tools capable of coping with the sheer complexity
of modern datasets as the natural high dimensionality of tensors implies that the applica-
tions of common algorithms on data in the raw tensor format may be intractable, owing
to the Curse of Dimensionality. We start with a deep dive into the graphical represen-
tation of Tensor Networks (TNs). Such an approach has been proven to be e↵ective in
describing multi-linear operations in an intuitive way capable of elucidating even on the
most basic procedures and has been widely adopted within the research community. By
gaining deeper insight and a better understanding of the field, we devise a new algorithm,
the Tensor Train Contraction Product (TTCP), that e�ciently performs contraction of
two multi-dimensional arrays while being impartial to their sizes or the number of di-
mensions. Next, we tackle a shortcoming of computation of the Tucker decomposition
that requires the entire input data to be known beforehand which is not the case for on-
line streaming scenarios and, in addition, can quickly become prohibitively expensive for
large volume tensor data. We propose a novel approach based on recursive updates of
the factor matrices through estimation of mode-wise eigenvalues and eigenvectors and the
perturbation of the associated mode-wise covariance matrices. Thus, a distinctive feature
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of the introduced framework is that computation only occurs upon the arrival of a new
tensor-variate data sample. The e�cacy of the proposed algorithms opens new avenues
for the next generation of real-time streaming technology and applications. Finally, this
chapter presents an open source toolbox for multi-linear analysis, namely the Higher Or-
der Tensors ToolBOX (HOTTBOX), which combines practical implementations of tensor
methods for feature extraction, regression, non-linear classification, and e�cient represen-
tations of multi-dimensional data. The HOTTBOX comprises algorithms ranging from
standard multi-way operations, for example, Higher Order Orthogonal Iteration (HOOI)
and Tensor Train (TT) decomposition, through to advanced multi-linear algorithms, Ran-
domised Canonical Polyadic Decomposition (RCPD), and Coupled Matrix and Tensor
factorisation (CMTF) to name a few, as well as sophisticated algorithms for generalised
multi-linear classification and data fusion such as Support Tensor Machine (STM) and
Tensor Ensemble Learning (TEL).

Relevant publications and outreach activity:

– I. Kisil, G. G. Calvi, K. Konstantinidis, Y. L. Xu and D. P. Mandic, “Accelerat-
ing tensor contraction products via tensor train decomposition”, Submitted to IEEE
Signal Processing Magazine, 2021.

– I. Kisil, K. Konstantinidis, Y. L. Xu and D. P. Mandic, “Recursive Tucker decompo-
sition for streaming Big Data”, In Preparation for IEEE Signal Processing Magazine,
2021.

– I. Kisil, G. G. Calvi, B. Scalzo Dees and D. P. Mandic, “HOTTBOX: Higher Order
Tensors ToolBOX”, Accepted to Journal of Machine Learning Research, pp. TBA,
2021.

– I. Kisil, G. G. Calvi, B. Scalzo Dees and D. P. Mandic, “Tensor decompositions and
practical applications: A hands-on tutorial”, Recent Trends in Learning From Data,
pp. 69–97, 2020.

– I. Kisil, G. G. Calvi and D. P. Mandic, “Tensor decompositions for big data ana-
lytics: Trends and applications”, International Joint Conference on Neural Networks
(IJCNN), Budapest, Hungary, 2019.

– I. Kisil, G. G. Calvi and D. P. Mandic, “Tensor decompositions and applications:
Blessing of dimensionality”, INNS Big Data and Deep Learning Workshop, Sestri
Levante, Italy, 2019.

• Chapter 6. Conclusions and Future Work.

Concluding remarks drawn from the thesis and ideas for future works are outlined in this
chapter.
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Chapter 2

Prerequisites: Multilinear
Algebra

Innovation involves no new technologies.

Rather they consist of components built

around proven technologies that are put

together in novel architectures, o↵ering

the consumer a set of attributes never

before available.

Clayton M. Christensen

Chapter Overview

This chapter presents the foundation of multi-linear analysis, a basis for the thesis developments.
We begin by introducing the main definitions of multi-dimensional arrays (tensors), followed by
core operations associated with them. Next, we establish a basis for Tensor Network represen-
tation that abstracts cumbersome notation but at the same time allows us to describe relations
between tensors in a declarative and intuitive manner. Immediately after, we take a deep dive
into various tensorisation techniques essential for the transition from the standard “flat-view”
to the multiway representation of data. Finally, a comprehensive overview of the fundamental
tensor decompositions is provided, namely the Canonical Polyadic, Tucker and Tensor Train de-
compositions, the associated e�cient representations of data and numerical methods to obtain
them.

2.1 Notation and Multilinear Operations

2.1.1 Basic definitions and conventions

First, we shall introduce fundamental definitions and relevant terminology that will be exten-
sively used throughout the remainder of this thesis.

Definition 2.1. A tensor is a multi-dimensional array of data where by the position of each
entry is defined by N indices. A tensor is denoted as underlined boldface capital letter, X 2
RI1⇥···⇥IN .

Definition 2.2. A mode of a tensor is a particular dimension within a given array of data.
For instance, the n-th mode corresponds to the n-th index of the tensor. Oftentimes, it helps
to think about modes of a tensor as certain properties or characteristics of data at hand.
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Definition 2.3. An order of a tensor is the total number of its dimensions or modes. Thus,
X 2 RI1⇥···⇥IN is a tensor of order N .

Definition 2.4. A superdiagonal of a tensor X 2 RI1⇥···⇥IN is the collection of entries
X[i1, i2, . . . , in], where i1 = i2 = · · · = in.

Definition 2.5. A sub-tensor is a collection of original entries obtained by fixing at least
one of the indices. Note that for a tensor, X 2 RI1⇥···⇥IN , we do not di↵erentiate between
Y = X[:, :, . . . , IN ] and Z = X[I1, . . . , :, :] until stated otherwise.

Definition 2.6. A block tensor is a tensor that is composed of sub-tensors of the same or-
der but not necessarily of the same dimensionality; these are called blocks and located on the
superdiagonal.

Definition 2.7. A slice is a sub-structure of a tensor obtained by fixing all but two of its
indices. For example, to retrieve a frontal slice of a tensor, X 2 RI1⇥···⇥IN , all but first two
indices have to be fixed, Y = X[:, :, i3, . . . , iN ]. Hence, a slice is equivalent to a matrix.

Definition 2.8. A fiber is a sub-structure of a tensor obtained by fixing all but one index, i.e.
y = X[:, i2, . . . , in]. Thus, the notation for a fiber is tightly coupled with a mode of tensor and
property associated with it.

Definition 2.9. A mode-n unfolding of a tensor is a procedure of mapping the elements from a
multi-dimensional array to two-dimensional array. Conventionally, such procedure is associated
with stacking mode-n fibers as column vectors of the resulting matrix. For instance, mode-1
unfolding of X 2 RI1⇥I2⇥···⇥IN is represented as X(1) 2 RI1⇥I2I3···IN

X(1)


i1, i2i3 . . . iN

�
= X[i1, i2, . . . , iN ] (2.1)

Note that the overlined subscripts refer to to linear indexing (or Little-Endian) [6]:

i1i2 . . . iN = 1 +
NX

n=1

"
(in � 1)

n�1Y

n0=1

In0

#

= 1 + i1 + (i2 � 1)I1 + (i3 � 1)I1I2 + · · · + (in � 1)I1 . . . IN�1

(2.2)

In order to facilitate the understanding of the concept of unfolding, consider the following
example for a 3-order tensor, X 2 R4⇥2⇥3, which is composed of frontal slices:

X[:, :, 1] =

2

664

1 5
2 6
3 7
4 8

3

775 X[:, :, 2] =

2

664

9 13
10 14
11 15
12 16

3

775 X[:, :, 3] =

2

664

17 21
18 22
19 23
20 24

3

775 (2.3)

Then, all possibles unfoldings of X take form:

X(1) =

2

664

1 5 9 13 17 21
2 6 10 14 18 22
3 7 11 15 19 23
4 8 12 16 20 24

3

775

X(2) =


1 2 3 4 9 10 11 12 17 18 19 20
5 6 7 8 13 14 15 16 21 22 23 24

�

X(3) =

2

4
1 2 3 4 5 6 7 8
9 10 11 12 13 14 15 16
17 18 19 20 21 22 23 24

3

5

(2.4)

A graphical illustration of this procedure is provided on Fig. 2.1.
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mode-1 unfolding, X(1)

mode-2 unfolding, X(2)

mode-3 unfolding, X(3)

Figure 2.1: Graphical representation of the mode-1, X(1), mode-2, X(2), and mode-3,
X(3), unfoldings on a 3-rd order tensor, X.

Remark 1. Unfolding a tensor, X 2 RI1⇥···⇥IN , along di↵erent modes is not equivalent to
permutation of data, even for the most simplistic case of N = 3:

X(n) 6= PX(m) (2.5)

2.1.2 Fundamental operations

Tensors have an incredible potential both from a computational and theoretical point of view.
The possibility of analysing data structure from di↵erent angles is owing to their multi-linear
structure. There are several main operations and techniques that facilitate the e↵ective ma-
nipulation of incorporated data. A list of such operators and their notation is summarised in
Table 2.2.

Kronecker product

The Kronecker product of matrices A 2 RI⇥J and B 2 RK⇥L is denoted by A ⌦ B and the
result is defined by the following relation:

C = A ⌦B =

2

6664

a11B a12B · · · a1JB
a21B a22B · · · a2JB

...
...

. . .
...

aI1B aI2B · · · aIJB

3

7775

=
⇥
a1 ⌦ b1 a1 ⌦ b2 a1 ⌦ b3 · · · aJ ⌦ bL�1 aJ ⌦ bL

⇤

(2.6)

Here, C 2 RIK⇥JL while general relation between entries of C and A, B is represented by:

c(i�1)K+k;(j�1)L+l = aijbkl (2.7)

Thus, the Kronecker product considers all possible pair-wise combinations of initial matrix
entries.
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Table 2.1: Basic Tensor and Matrix Notation

X 2 RI1⇥I2⇥···⇥IN Tensor of order N of size I1 ⇥ I2 ⇥ · · ·⇥ IN

X 2 RI1⇥I2⇥···⇥IN Tensor Network representation of order N tensor of size
I1 ⇥ I2 ⇥ · · ·⇥ IN

xi1i2···iN = X[i1, i2, . . . , iN ] Element of X at position (i1, i2, . . . , iN )

X(n) 2 RIn⇥I1I2···In�1In+1···IN Mode-n unfolding of a tensor X

A(n)
2 RJn⇥In Factor matrices in tensor decompositions

D 2 RI⇥···⇥I Super diagonal tensor within tensor decomposition

G 2 RI1⇥I2⇥···⇥IN Core tensor within tensor decompositions

G(n) Core tensor within Tensor Train decomposition

IN 2 RN⇥N Identity matrix of size N ⇥N

1N 2 RN Vector of ones of size N

vec(X) = x 2 RI1I2···IN Vectorisation of tensor X

Khatri-Rao product

The Khatri-Rao product operates with matrices that have the same number of columns. Often,
it is referred to as the column-wise Kronecker product. For matrices A 2 RI⇥K and B 2 RJ⇥K ,
it is denoted by A �B and yields C 2 RIJ⇥K which is computed as:

C = A �B =

2

6664

a11b1 a12b2 · · · a1KbK

a21b1 a22b2 · · · a2KbK
...

...
. . .

...
aI1b1 aI2b2 · · · aIKbK

3

7775

=
⇥
a1 ⌦ b1 a2 ⌦ b2 · · · aK ⌦ bK

⇤

(2.8)

Observe that when we perform such operation over inputs represented as vectors a and b, then
the Khatri-Rao and Kronecker products are equal:

a � b = a ⌦ b. (2.9)

Hadamard product

The Hadamard product is the elementwise matrix product, therefore the involved matrices have
to be of the same size. It is employed in order to describe one-to-one relations between elements
for two matrices, e.g. A and B both 2 RI⇥J . The Hadamard product is denoted as A �⇤ B
and takes form:

C = A �⇤ B =

2

6664

a11b11 a12b12 · · · a1Jb1J

a21b21 a22b22 · · · a2Jb2J
...

...
. . .

...
aI1bI1 aI2bI2 · · · aIJbIJ

3

7775
(2.10)
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Table 2.2: Definition of Main Products

C = A⇥n B Mode-n product of a tensor A 2 RI1⇥I2⇥···⇥IN and matrix
B 2 RJn⇥In yields C 2 RI1⇥···⇥In�1⇥Jn⇥In+1⇥···⇥IN

C = JA;B(1),B(2), . . . ,B(N)K Representation of an original tensor through a full multi-
linear product C = A⇥1 B(1)

⇥2 · · ·⇥N B(N)

C = A⇥̄nb Mode-n product of a tensor A 2 RI1⇥···⇥IN and vector b 2
RIn yields a tensor C 2 RI1⇥···⇥In�1⇥In+1⇥···⇥IN of order
(N � 1)

C = A⇥m
n B Contraction product of some tensor A 2 RI1⇥···⇥In⇥···⇥IN

and tensor B 2 RJ1⇥···⇥Jm⇥···⇥JM along modes m and
n respectively, yields a new tensor of higher order, i.e. C 2

RI1⇥···⇥In�1⇥In+1⇥···⇥IN⇥J1⇥···⇥Jm�1⇥Jm+1⇥···⇥JM

A = a(1)
� a(2)

� · · · � a(N) Outer product of vectors a(n)
2 RIn , n = 1, . . . , N , yields a

rank-1 tensor X 2 RI1⇥I2⇥···⇥IN

C = A⌦B Kronecker product of A 2 RI⇥J and B 2 RK⇥L yields a
new matrix C 2 RIK⇥JL

C = A �B Khatri-Rao product of A 2 RI⇥K and B 2 RJ⇥K yields a
new matrix C 2 RIJ⇥K

C = A �⇤ B Hadamard product of A 2 RI⇥J and B 2 RI⇥J yields a
new matrix C 2 RI⇥J

Outer product

The outer product is depicted on Fig. 2.2 while its element-wise definition is given below:

X[i1, i2, . . . , iN ] =
NY

n=1

x(n)
in

(2.11)

Definition 2.10. If a tensor, X 2 RI1⇥···⇥IN can be expressed as an outer product of N vectors
x(n)

2 RIn 8n, that is:

X = x(1)
� x(2)

� · · · � x(N) (2.12)

then such multi-dimensional array is said to be of rank-1.

Consequently, by analogy with linear algebra, a tensor, X 2 RI1⇥···⇥IN , is said to be of rank
R if it can be represented as a linear combination of R rank-1 tensors:

X =
RX

r=1

Xr

=
RX

r=1

x(1)
r � x

(2)
r � · · · � x(N)

r

=
RX

r=1

N
�

n=1
x(n)
r .

(2.13)
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Figure 2.2: Graphical representation of multi-dimensional array, A 2 R3⇥3⇥3, of rank-1
which was obtained through a sequence of outer products between elementary units, i.e.
vectors a 2 R3, b 2 R3 and c 2 R3.

Mode-n product

So far, we have introduced operations that form the basis of multi-linear relations, however,
they take matrices as an input and produce another two-dimensional array. Now it is time to
introduce the first and most prominent operation of multi-linear analysis, namely the mode-n
product, which takes as inputs an order-N tensor, X 2 RI1⇥I2⇥···⇥IN , and a matrix, A 2 RJ⇥In ,
to produce another tensor, Y, of the same order as the original tensor X. The operation is
denoted by :

Y = X⇥n A (2.14)

where Y 2 RI1⇥···⇥In�1⇥J⇥In+1⇥···⇥IN . The mode-n product is comprised of 3 consecutive
steps:

X! X(n)

Y(n) = AX(n)

Y(n) ! Y

(2.15)

In other words, each mode-n fiber of X is multiplied by the matrix A and in the element-wise
form this is expressed as:

Y[i1, . . . , in�1, j, in+1, . . . , iN ] =
InX

in=1

ajin X[i1, . . . , in, . . . , iN ] (2.16)

The mode-n product exhibits a couple of interesting properties one of which is the distributive
law of sequential operations:

X⇥n A⇥n B = X⇥n (BA) (2.17)

which can be readily verified through:

40



2. Prerequisites: Multilinear Algebra

Y = X⇥n A, Y(n) = AX(n)

Z =
⇣
X⇥n A

⌘
⇥n B, Z(n) = AY(n)

Z = X⇥n A⇥n B, Z(n) = (BA)X(n)

X⇥n A⇥n B, X⇥n (BA)

(2.18)

Consequently, this property implies that

X⇥n A⇥n B 6= X⇥n B⇥n A. (2.19)

However, the order in which mode-n products are applied to a tensor X does not matter,
provided that they target di↵erent dimensions of X, that is:

X⇥m A⇥n B = X⇥n B⇥m A, for m 6= n (2.20)

Definition 2.11. Tensor factorisation is a representation of a given order-N tensor, X 2
RI1⇥···⇥IN , through a sequence of some core tensor, G 2 RJ1⇥···⇥JN , and a collection of N
factor matrices, A(n)

2 RIn⇥Jn , for instance:

X = G⇥1 A(1)
⇥2 A(2)

⇥3 · · ·⇥N A(N)

= JG; A(1), A(2), . . . , A(N)K

= G
N
⇥

n=1
A(n).

(2.21)

The operation in Eq. (2.21) can also be expressed using only two dimensional arrays in
conjunction with the Kronecker product, which then takes the form:

X(n) = A(n) G(n)

⇣
A(N)

⌦ · · · ⌦ A(n+1)
⌦ A(n�1)

⌦ · · · ⌦ A(1)

!T

= A(n) G(n)

 
1
⌦

i=N
i 6=n

A(i)

!T

vec(X) =

 
1
⌦

i=N
A(i)

!
vec(G)

(2.22)

Definition 2.12. The multi-linear rank of a tensor, X 2 RI1⇥···⇥IN is the N -tuple (R1, R2, . . . RN )
where Rn is the rank of a subspace spanned by mode-n fibers of X.

mlrank(X) = mlrank

 
rank

�
X(1)

�
, rank

�
X(2)

�
, . . . , rank

�
X(N)

�
!

(2.23)

Remark 2. Note, that matrices, i.e. tensors of order 2, also have a notion of multi-linear
rank, however, it utilises slightly di↵erent terminology, namely the column and row rank of a
matrix. A remarkable di↵erence between higher order tensors and matrices is that the values of
(R1, R2, . . . RN ) can be di↵erent for N � 3.

Contraction product

The contraction product is an operation similar to mode-n product, but it handles input con-
sisting of multi-dimensional arrays that can be of di↵erent order. For instance, given an N -
th order tensor X 2 RI1⇥···⇥IN and another M -th order tensor Y 2 RJ1⇥···⇥JM , with com-
mon modes In = Jm, then their (n, m)-contraction denoted as, ⇥m

n , yields a third tensor
Z 2 RI1⇥···⇥In�1⇥In+1⇥···⇥IN⇥J1⇥···⇥Jm�1⇥Jm+1⇥···⇥JM of order (N + M � 2), with entries
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Z = X⇥m
n Y

zi1,...,in�1,in+1,...,iN ,j1,...,jm�1,jm+1,...,jM =
InX

in

xi1,...,in�1,in,in+1,...,iNyj1,...,jm�1,in,jm+1,...,jM

(2.24)

In fact, mode-n product is a particular case of contraction product:

X⇥n A(n) = X⇥1
n A(n) (2.25)

which directly leads to the following equality:

X⇥1
n A(n) = X⇥2

n A(n)T (2.26)

It is worth mentioning that for a sequence of contraction products, there are cases when the
order in which contraction is performed matters. More specifically:

X⇥b
a Y ⇥

d
c Z = Y ⇥d

c Z⇥
b
a X, for b � c

X⇥b
a Y ⇥

d
c Z = X⇥b

a

⇣
Y ⇥d

c Z
⌘
, for b < c

(2.27)

Furthermore, the contraction of two tensors can be performed across several or even all modes at
the same time. For simplicity we will consider tensors, X and Y of fixed order, but multimode
contraction product can be generalised to any arbitrary high order as expressed below:

Z = X⇥1,2
4,3 Y

zi1,i2,j3,j4 =
I3X

i3=1

I4X

i4=1

xi1,i2,i3,i4yi4,i3,j3,j4
(2.28)

where X 2 RI1⇥I2⇥I3⇥I4 , Y 2 RJ1⇥J2⇥J3⇥J4 , Z 2 RI1⇥I2⇥J3⇥J4 , J1 = I4, and J2 = I3.
Finally, a special case of contraction product between two tensors, X 2 RI1⇥···⇥IN and

Y 2 RI1⇥···⇥IN , across all modes is commonly referred to as the inner product :

X ⇥1,...,N
1,...,N Y =

I1X

i1=1

· · ·

INX

iN=1

xi1,...,iN yi1,...,iN (2.29)

2.1.3 Graphical representation of the main components

I1

I2I1

I1

I3I2

=x

=x

I1

=X

(I1 ⇥ I2)

=X

(I1 ⇥ I2 ⇥ I3)

Figure 2.3: From a scalar to a tensor: a graphical approach to data representation. From
left to right, top to bottom: 0-th order (scalar), 1-st order (vector), 2-nd order (matrix)
and 3-rd order tensors.
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Dealing with mathematical expressions that describe relations between multi-dimensional
arrays of generic, arbitrary high order quickly becomes cumbersome, prone to errors and lacks
intuitive explanations. Consequently, this contributes to a high entry barrier for new researchers
who want to dive deep into the uncharted territories of tensor analysis. To address this is-
sue, researchers in the signal processing field have drawn inspiration from quantum physics,
chemometrics and biomedical engineering wherein mathematical operations are represented di-
agrammatically [1]. Such abstract nevertheless declarative approach to tensors and multi-linear
operations is conventionally referred to as Tensor Networks (TNs) [9, 47, 48]. In the essence of
nodes and edges lays two fundamental principals:

• Every data structure, i.e. tensor of any order, becomes illustrated as a node with leafs
steaming out it that denote particular dimensions, as shown on Fig. 2.3;

• All mathematical operations are displayed in the form of simple connections between nodes,
in conjunction with special signs for the Kronecker product or unfolding procedures where
suitable. Some of the common multi-linear operations are depicted on Fig. 2.4.

Yielded structures closely resemble mathematical bidirectional graphs [1, 49] from which
one can draw parallels on topology properties and definitions. This methodology has already
been shown to open new horizons towards understanding advanced tensor interconnections and
operations that often time involve several tensors at once, thus, lower entry barrier for new
researchers in a field. Moreover, it o↵ers avenues for insights even in the most simple cases
of tensor representations and decompositions allowing familiar researchers to attain a deeper
understanding of this captivating field.

Remark 3. The graphical way to represent tensors adds the concept of “topology” to tensors and
TNs. It allows for tensors to be represented as graphs, and makes it possible to grasp a visualiza-
tion of their contractions. The association of each mode with their corresponding tensor is now
clear, and working with graphical representations gives the possibility of “reshaping” problems
in more convenient forms, facilitating a deeper understanding of the underlying mathematical
operations.

2.2 Tensor Generation and Data Rearrangement

Tensor techniques require the availability of tensor data. Most commonly, information is cap-
tured as a of sequence or collection of sequences of discrete data points and then stored and
processed in the form of a vector or a matrix respectively. However, various types of data can be
represented in the form of a tensor. In such cases, it is essential to make a shift from a “flat-view”
matrix way to the N-dimensional tensor way of representation for performing e↵ective analysis.
This procedure is known as tensorisation which implies generation of higher-order structured
tensors from the lower-order data formats [9]. The most common tensorisation categories are:

• Rearrangement of lower-dimensional data structures;

• Mathematical construction;

• Experiment design.

2.2.1 Rearrangement of lower-dimensional data

Large scale matrices or vectors can be readily tensorised, i.e. reshaped into a tensor format, so
that they can be compressed through tensor decompositions [50, 51, 52].
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z
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Figure 2.4: Graphical representation of fundamental operations in form of a TN. From
top to bottom: matrix X 2 RI1⇥I2 and its transpose; contraction between matrices X 2
RI1⇥I2 and Y 2 RJ1⇥J2 along the common mode I2 = J1; contraction between tensors
X 2 RI1⇥I2⇥I3 and B 2 RJ1⇥J2⇥J3 along the common mode I3 = J1; contraction between
tensors X and Y along all modes; unfolding of tensor X 2 RI1⇥I2⇥I3 along its first mode
I1.

Generic folding

One of the simplest ways to perform tensorisation is by reshaping or generic folding the original
data [53]. This method can also be referred to as segmentation. Note, that it preserves the initial
number of elements and some of the sequential ordering between them without introducing any
new samples or explicit relations.

Definition 2.13. Any given vector x 2 RI1I2...IN can be folded into an N -th order tensor
X 2 RI1⇥I2⇥···⇥IN , where relation between their entries is defined by:

X[i1, i2, . . . , iN ] = xi (2.30)

for all 1  in  In, where i = 1 +
PN

n=1(in � 1)
Qn�1

k=1 Ik.

For instance, tensorisation of a vector x 2 RL (tensor of order 1) into a matrix X 2 RL⇥L/I

(tensor of order 2) takes form:

X =

2

6664

x(1) x(I + 1) · · · x(L� I + 1)
x(2) x(I + 2) · · · x(L� 1 + 2)

...
...

. . .
...

x(I) x(2I) · · · x(L)

3

7775
. (2.31)
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Extraction of small segments and stacking them sequentially can be beneficial for signals of
exponential nature, e.g. x =

⇥
1 z z2 z3 z4 z5

⇤
:

X =


1 z z2

z3 z4 z5

�
=

2

64
1
z3

...

3

75
⇥
1 z z2

· · ·
⇤

(2.32)

Hankel folding

The Hankel matrix is a structured matrix whereby each ascending skew diagonal from left to
right is constant, and has found applications in control theory [8]. In particular, a Hankel matrix
X 2 RI⇥J is defined as

X =

2

6664

x(1) x(2) · · · x(J)
x(2) x(3) · · · x(J + 1)

...
...

. . .
...

x(I) x(I + 1) · · · x(K)

3

7775
(2.33)

where K = I + J � 1.

Definition 2.14. An N -th order tensor X 2 RI1⇥I2⇥···⇥IN is said to be Hankel folding of a
vector x 2 RK if the relation between their elements follows the rule:

X[i1, i2, . . . , iN ] = xi (2.34)

for all 1  in  In where i =
PN

n=1 In �N + 1.

It may be convenient to tensorise a vector or a matrix via a process that injects such “Hankel
folding” structure [9]. For example, consider an exponential signal x with xi = azi then its
rearrangement into:

X = a

2

6664

1
z
z2

...

3

7775
⇥
1 z z2

· · ·
⇤
. (2.35)

Observe, that the obtained Hankel matrix has rank 1, thus, exhibiting the most simplistic
structure which has a broad relevance in harmonic retrieval, for example.

Toeplitz folding

The Toeplitz matrix is a structured matrix with constant entries in each diagonal [9]. From an
original vector, x 2 RK , it is constructed as:

X =

2

666664

x(I) x(I + 1) x(I + 2) · · · x(J)
x(I � 1) x(I) x(I � 1) · · · x(J � 1)
x(I � 2) x(I � 1) x(I) · · · x(3)

...
...

...
. . .

...
x(1) x(2) x(3) · · · x(J � I + 1)

3

777775
(2.36)

where K = (I + J � 1)

Definition 2.15. An N -th order tensor X 2 RI1⇥I2⇥···⇥IN is said to be Toeplitz folding of a
vector x 2 RK if relation between their elements adheres:

X[i1, i2, . . . , iN ] = x[ ī1 + · · · + īN�1 + iN ] (2.37)

for all 1  in  In where īn = In � in.

45



2. Prerequisites: Multilinear Algebra

Ch1

Ch2

ChN

Raw signal
D

i↵
erent

ch
an

n
els,

on
e

trial

F
requ

en
cy

d
om

ain

Time domain

Ch
an
ne
ls

Time intervals

F
re

qu
en

cy
ra

n
ge

Figure 2.5: Tensor construction for data obtained during EEG recording of a subject.
Signals of brain activity captured from di↵erent channels are first converted into a matrix
form through STFT and then stacked together along the 3-rd dimension to form an order-3
tensor with Channels⇥ T ime⇥ Frequency modes.

Toeplitz structure of data have been adopted and had a great success in many signal pro-
cessing applications through covariance matrices, such as prediction, estimation and harmonic
analysis to name a few [54, 55].

Remark 4. The examples above demonstrate tensorisation from a vector to matrix. However,
the underlying concepts also apply for data rearrangement to a tensor of any arbitrary high
order, and the generalisation of these relations is straightforward.

Remark 5. Any folding procedure should be based on a hypothesis that the outcome of the
corresponding linear transformations (mappings) should exhibit low rank.

2.2.2 Mathematical construction and experiment design

Other widely adopted tensorisation techniques are experiment design and mathematical con-
struction that are tightly coupled to each other. The former naturally occurs while capturing
multi-variate data, for example:

• Information collected for network analysis and security contains footprints of both sender
and receiver. Hence, such data can be reasonably stacked in a form of a 5-th order tensor
with dimensions Source IP ⇥ Target IP ⇥ Port⇥Resource⇥ T ime [56];
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• Biomedical data, such as recordings of brain activity, often collected for multiple patients
that participated in multiple activities. This allows to organise data into a 4-th order
tensor with T ime⇥ Channel ⇥ Patient⇥ Trial modes [12].

Definition 2.16. Consider grouping J order-N tensor samples, X 2 RI1⇥···⇥IN , so as to form
the order-(N + 1) data tensor, Y 2 RI1⇥···⇥IN⇥J . This is the stacking operation which is
denoted by

Y = stackN+1

�
X[1], . . . , X[J ]

�
(2.38)

In other words, the so combined tensor samples introduce another dimension, the (N +1)th mode
of Y, such that the mode-(N + 1) unfolding of Y becomes

Y(N+1) =
h
vec(X[1]), . . . , vec(X[J ])

i
(2.39)

The procedure of mathematical construction implies that slices of a tensor are generated
through transform-domain methods which then are stacked together across additional dimension.
For instance, this can be achieved by a time-frequency representation of a given signal via Short
Time Fourier Transform (STFT), Gabor countourlet or wavelet transform. Thus, if data are
stored as Channel ⇥ T ime matrix then it can be converted to and analysed as a 3-rd order
tensor with dimensions Channel ⇥ T ime ⇥ Frequency [10, 11]. A self-explanatory example of
tensorisation via mathematical construction is illustrated on Fig. 2.5.

2.3 Tensor Decompositions

2.3.1 Canonical polyadic decomposition and Kruskal representation

The CPD decomposes a tensor into a sum of rank-1 tensors. For an order-3 tensor, X 2 RI⇥J⇥K ,
the CPD is expressed as:

X ⇡
RX

r=1

�r ar � br � cr (2.40)

where a 2 RI , b 2 RJ , c 2 RK . If the approximation in Eq. (2.40) is exact, then R is said to
be the rank of the tensor. Likewise, the CPD representation in element-wise form is:

X[i, j, k] =
RX

r=1

�r airbjrckr (2.41)

Remark 6. The CPD almost never yields an exact representation, X̂, for a real world data

tensor, X. However, if the approximation error
���X� X̂

���
F

is below a predefined threshold,

then R is still considered to be the rank of the tensor X.

If the rank-1 component vectors that correspond to the same mode of X, e.g. ar 8r 2 R,
are stacked together into matrices, A = [a1,a2, . . . ,aR], and scale factors �r are placed on the
super-diagonal of some core tensor, D, then the CPD can be expressed using tensor factorisation
notation as follows:

X = D⇥1 A⇥2 B⇥3 C

= JD;A,B,CK
(2.42)

where the matrices A 2 RI⇥R, B 2 RJ⇥R, C 2 RK⇥R are referred to as factor matrices and
D 2 RR⇥R⇥R as a core tensor with non-zero elements �r located on its super-diagonal, that is:

D[r1, r2, r3] =

(
�r, if r1 = r2 = r3 = r

0, otherwise
(2.43)
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Figure 2.6: Illustration of the CPD for a 3-rd order tensor, X 2 RI⇥J⇥K . Left: Conven-
tional illustration of the CPD. Right: Representation through the TN framework.

Definition 2.17. The Kruskal representation of a given order-N tensor is a collection of
N so called factor matrices and some core tensor that ensures a one-to-one relation between
columns of associated factor matrices. Graphical representation of the CPD for the 3-rd order
case is depicted on Fig. 2.6.

Since most of the computational implementations operate in the realm of two-dimensional
data, we need to be able express the CPD in a matricised form, where the original tensors have
to be replaced with their unfolded versions and the relation between factor matricised should
be adjusted accordingly. For the 3-rd order case, Eq. (2.42) becomes

X(1) =A

✓
C �B

◆T

X(2) =B

✓
C �A

◆T

X(3) =C

✓
B �A

◆T

(2.44)

Generalisation of Eq. (2.42) and Eq. (2.44) to an order-N tensor X 2 RI1⇥I2⇥···⇥IN is straight-
forward:

X =
RX

r=1

�r

✓
N
�

n=1
a(n)
r

◆

= D
N
⇥

n=1
A(n)

= JD;A(1),A(2), . . . ,A(N)K

(2.45)

According to Eq. (2.22), this can be expressed using mode-n unfolding of X as:

X(n) = A(n) D(n)

✓
1
⌦

i=N
i 6=n

A(i)

◆T

. (2.46)

Notice, that the D(n) has a special structure due to the fact that D = diag(�r), which allows
us to re-write generalised form of the CPD from Eq. (2.46) in a more computationally e�cient
form by employing the Khatri-Rao product instead of the Kronecker product:

X(n) = A(n) ⇤

✓
1
�

i=N
i 6=n

A(i)

◆T

. (2.47)

where ⇤ = diag(�1, �2, . . . , �r) 2 RR⇥R.
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Uniqueness

The Kruskal representation of any tensor of an arbitrary high order is often unique for a given
R. In fact, it has been shown that the su�cient condition that guarantees the uniqueness of the
CPD of a tensor, X 2 RI1⇥I2⇥···⇥IN , takes form:

NX

n=1

kA(n) � 2R + (N � 1) (2.48)

where R is the rank of a tensor X, while kA(n) denotes the rank of factor matrices A(n) [57, 58].

Definition 2.18. The Kruskal rank, denoted by kA(n) , is the maximum possible k such that
any k columns of a factor matrix A(n) from the Kruskal representation of the tensor at hand
are linearly independent.

However, it is worth mentioning that the CPD is prone to scaling and permutation ambiguity
due to its inherent multi-linear nature [4]. Consider a Kruskal representation of an order-3 tensor
X 2 RI⇥J⇥K :

X =
RX

r=1

�rar � br � cr

= JD;A,B,CK
(2.49)

Then, the permutation uncertainty implies that the columns of factor matrices A, B and C
can be reordered arbitrarily:

JD;A,B,CK = JD;AP,BP,CPK (2.50)

where P 2 RR⇥R is some permutation matrix. At the same time, the scalability indeterminacy
refers to the fact that we can scale the individual column vectors:

X =
RX

r=1

�r(↵rar) � (�rbr) � (�rcr) (2.51)

as long as ↵r�r�r = 1 for all r = 1, . . . , R.

Computation

For a 3-rd order tensor X 2 RI⇥J⇥K , its CP representation is obtained through a solution to
the following optimization problem:

arg min
X̂

���X� X̂
���
F

s.t. X̂ =
RX

r=1

�rar � br � cr = JD;A,B,CK
(2.52)

Since the CPD describes inherently multi-linear relations with a data tensor, the most common
approach to solve the above is through an Alternating Least Squares (ALS) procedure. This
implies that only one of the matrices A, B, or C, is estimated at a time while others are kept
fixed. Thus, based on the unfolded version of the CPD from Eq. (2.47), A is estimated via:

Â = X(1)

✓
C �B

◆✓
CTC �⇤ BTB

◆†
(2.53)

where Â = AD, D = diag(�1, �2, . . . , �R), and B, C are kept fixed. These steps are then
repeated in an analogous manner for B and C until the model fits the underlying tensor
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Algorithm 1: ALS for the CP decomposition of an N-th order tensor

Input : Data tensor X 2 RI1⇥I2⇥···⇥IN and rank R
Output: Factor matrices A(n)

2 RIn⇥R, for n = 1, . . . , N and vector �
1 Initialize A(n)

2 RIn⇥R

2 while not converged or iteration limit is not reached do
3 for n = 1, . . . , N do

4 U 
N
�⇤

i=1
i 6=n

✓
A(i)T A(i)

◆

5 A(n)
 

N
�

i=1
i 6=n

✓
A(i)

◆
U†

6 end for

7 Normalize columns of A(n) and store values in vector �
8 end while

9 return A(n), for n = 1, . . . , N , and �

X
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Figure 2.7: Illustration of the TKD for a 3-rd order tensor X 2 RI⇥J⇥K . Left: Conven-
tional illustration of the TKD. Right: Representation through TNs framework.

arbitrarily well or other stopping criteria are met [4]. Note, the order in which these factor
matrices are obtained is irrelevant. The computation of the CPD for a generic N -th order
tensor is summarised in Algorithm 1.

Remark 7. The Kruskal representation might change significantly for di↵erent values of tensor
rank, R. This is a major downside of the CPD as it requires us to “randomly” choose R since
it is rarely known beforehand in practice, and there is no algorithm for rank estimation [4, 59].

2.3.2 Tucker decomposition and representation

The Tucker decomposition (TKD) is a form of higher-order Principal Component Analysis
(PCA). It decomposes a tensor into a core tensor which is transformed (multiplied) by a factor
matrix along each of its modes [4]. Elementwise, for a 3-rd order tensor, TKD takes the form:

X[i1, i2, i3] =
R1X

r1=1

R2X

r2=1

R3X

r3=1

gr1r2r3ai1r1bi2r2ci3r3 . (2.54)

Here, the values R1, R2 and R3 are most often smaller then the respective individual dimensions
I, J and K. Additionally, a tuple (R1, R2, R3) is conventionally referred to as the multi-linear
rank, although it does not strictly follow its definition.
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In analogy with the Kruskal representation of a tensor X 2 RI⇥J⇥K , the Tucker form can
be expressed as:

X =
R1X

r1=1

R2X

r2=1

R3X

r3=1

gr1r2r3ar1 � br2cr3

= G⇥1 A⇥2 B⇥3 C

= JG;A,B,CK

(2.55)

where A 2 RI⇥R1 , B 2 RJ⇥R2 , C 2 RK⇥R3 are called the factor matrices, and can be thought
of as the principal components in each mode, whereas the tensor G 2 RR1⇥R2⇥R3 is referred to
as the core tensor.

Definition 2.19. The Tucker representation of a given order-N tensor is a collection of
N so called factor matrices and some core tensor that determines the degree of interactions
between all components of factor matrices without necessarily imposing a one-to-one relation.
An illustration of the Tucker form for the 3-rd order case is depicted on Fig. 2.7.

The Tucker form of an original tensor X can also be expressed using only linear algebra
terms and operations as:

X(1) = AG(1)

✓
C ⌦B

◆T

X(2) = BG(2)

✓
C ⌦A

◆T

X(3) = CG(3)

✓
B ⌦A

◆T

(2.56)

Observe that G(n) is not guaranteed to exhibit any special structure in TKD, therefore unlike
in CPD it cannot be re-written in a more e�cient way. Thus, for a general N -th order tensor,
the Tucker representation takes the form:

X =
R1X

r1=1

R2X

r1=2

· · ·

RNX

rN=1

gr1,r2,...,rN

✓
N
�

i=1
a(i)
ri

◆

= G
N
⇥

n=1
A(n)

= JG;A(1),A(2), . . . ,A(N)K

(2.57)

whereby G 2 RR1⇥R2⇥···⇥RN and A(n)
2 RIn⇥Rn , with its mode-n unfolding expressed as:

X(n) = A(n) G(n)

✓
1
⌦

i=N
i 6=n

A(i)

◆T

. (2.58)

Remark 8. In general, the Tucker representation is not unique, however, the uniqueness can
be achieved by imposing constraints on the factor matrices during computation.

Computation

Despite the obvious resemblance of notation, the CPD and TKD serve di↵erent purposes.
The former is typically employed in problems that seek interpretability of extracted components,
whereas the latter is utilised for e�cient data representation which is satisfied by virtue of the
multi-linear rank that provides great flexibility to approximation of the original data.

In practice, there exist several algorithms to represent a given tensor in the Tucker format.
The most simplistic one is the Higher Order Singular Value Decomposition (HOSVD), introduced
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Algorithm 2: HOSVD for an N-th order tensor

Input : Data tensor X 2 RI1···⇥IN and multi-linear rank (R1, . . . , RN )
Output: Factor matrices A(n)

2 RIn⇥Rn , for n = 1, . . . , N and core tensor
G 2 RR1⇥···⇥RN

1 for n = 1, . . . , N do
2 A(n)

 Rn principal singular vectors of X(n)

3 end for

4 G X
N
⇥

n=1
A(n)T

5 return G and A(n), for n = 1, . . . , N

Algorithm 3: HOOI for an N-th order tensor

Input : Data tensor X 2 RI1···⇥IN and multi-linear rank (R1, . . . , RN )
Output: Factor matrices A(n)

2 RIn⇥Rn , for n = 1, . . . , N and core tensor
G 2 RR1⇥···⇥RN

1 Initialize A(n)
2 RIn⇥Rn for n = 1, . . . , N , using HOSVD from Algorithm 2

2 while not converged or iteration limit is not reached do
3 for n = 1, . . . , N do

4 Y  X
N
⇥

i=1
i 6=n

A(i)T

5 A(n)
 Rn principal singular vectors of Y(n)

6 end for
7 end while

8 G X
N
⇥

n=i
A(n)T

9 return G and A(n), for n = 1, . . . , N

in [22] and further popularised in [23, 24], The HOSVD algorithm can be seen as a natural
extension of Singular Value Decomposition (SVD) as it also constrains the factor matrices to
be columnwise orthonormal which is achieved by computing a truncated SVD of the unfolded
versions of an initial tensor. For instance, consider a tensor, X 2 RI⇥J⇥K , then the procedure
to obtain its Tucker representation JG; A, B, CK with multilinear rank (R1, R2, R3) can be
expressed as a sequence of two steps. First, we obtain the factor matrices A, B and C through:

X(1) = U(1)⌃(1)V(1)T
! A = U(1)[1 : R1]

X(2) = U(2)⌃(2)V(2)T
! B = U(2)[1 : R2]

X(3) = U(3)⌃(3)V(3)T
! C = U(3)[1 : R3].

(2.59)

Observe that it is not necessary to compute the right singular matrices, as one can take advantage
of the common situation when, for instance, I ⌧ JK, and save a large number of operations.
Then, the core tensor, G, is computed as a projection of the original tensor X onto the subspaces
spanned by the A, B and C, that is

G = X⇥1 A
T
⇥2 B

T
⇥3 C

T (2.60)

Algorithm 2 summarises the HOSVD for a generic N-th order tensor. An important observation
from truncated HOSVD is that it does not provide an optimal approximation of the raw multi-
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Figure 2.8: Illustration of the TT decomposition for a 5-th order tensor X 2

RI1⇥I2⇥I3⇥I4⇥I5 . Top: Conventional illustration of the CPD. Bottom: Representation
through TNs framework.

dimensional array. This issue can be addressed by employing an iterative procedure for updating
the factor matrices through the ALS-based algorithm, conventionally referred to as the Higher
Order Orthogonal Iteration (HOOI). Assuming a tensor X 2 RI⇥J⇥K , the HOOI solves the
following optimisation problem:

arg min
G,A,B,C

���
���X� JG; ABCK

���
���
F

s.t AAT = I, BBT = I and CCT = I

(2.61)

where G 2 RR1⇥R2⇥R3 , factor matrices A 2 RI⇥R1 , B 2 RJ⇥R2 , C 2 RK⇥R3 are columnwise
orthonormal. Similarly to Eq. (2.52), this minimisation problem needs to be addressed for one
factor matrix at a time. The procedure computing HOOI is summarised in Algorithm 3.

2.3.3 Tensor train decomposition and representation

Despite of all the advantages in e�cient representation and data handling through the Kruskal
and Tucker forms, their performance deteriorates and su↵ers from the Curse of Dimensionality
with the growth of the order of a multi-dimensional array, thus making them not feasible for real
world applications. A numerically reliable way to tackle such cases was originally introduced in
the field of quantum information theory through the concept of Tensor Networks (TN). A TN
represents a given raw tensor as a set of sparsely interconnected lower-order tensors and factor
matrices. This makes processing information in such form more suitable for distributed storage
and computation purposes. A particular case of TNs, known as Tensor Train (TT), allows for
coupling of only adjacent TT-cores. The TT decomposition was first introduced by Oseledets
in [60] and has been attracting more and more attention ever since [1, 61, 62]. Elementwise, it
can be expressed as:
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X[i1, i2, . . . , iN ] =
R1X

r1=1

R2X

r2=1

· · ·

R(N�1)X

r(N�1)=1

g(1)
1i1r1

g(2)
r1i2r2

· · · g(N)
r(N�1)iN1

= G(1)
[:,i1,:]

G(2)
[:,i2,:]

· · ·G(N)
[:,iN ,:]

(2.62)

where X 2 RI1⇥···⇥IN , G(n)
2 RRn�1⇥In⇥Rn for n = 1, . . . N the tuple (R1, . . . , RN�1) is

referred to as the TT-rank. Observe that the consequent TT-cores, i.e. G(n) and G(n+1),

interact with one another only through mode-2 slices, G(n)
[:,in,:]

2 RRn�1⇥Rn . There are two
special cases amongst TT-cores, specifically, the very first one and the very last one which are
of order-2 and therefore represent matrices. Nevertheless, it is straightforward to artificially
convert them into order-3 tensors by introducing an “artificial dimension” via a simple data
manipulation:

G(1)
2 RI1⇥R1 ! G(1)

2 R1⇥I1⇥R1

G(N)
2 RRN�1⇥IN ! G(N)

2 RRN�1⇥IN⇥1
(2.63)

Remark 9. Because G(1)
2 RI1⇥R1 and G(N)

2 RR(N�1)⇥IN are matrices, they are often
denoted by A and B, respectively.

Finally, by employing the notation of contraction product from Eq. (2.24), the TT represen-
tation of any tensor takes the form:

X = G(1)
⇥

1
3 G

(2)
⇥

1
3 G

(3)
⇥

1
3 · · ·⇥

1
3 G

(N)

= LG(1),G(2), . . . ,G(N)M
(2.64)

Definition 2.20. The Tensor Train representation of a given order-N tensor is a collection
of 3-rd order core tensors sequentially connected through contraction products that prohibit any
relations other than between their respective mode-2 slices. A graphical representation of the
Tensor Train for the 5-th order case is depicted on Fig. 2.8.

Computation

Algorithm 4: TT-SVD for an N-th order tensor

Input : Data tensor X 2 RI1⇥I2⇥···⇥IN and desired approximation accuracy ✏
Output: Core tensors G(1), . . . ,G(N) approximating X 2 RI1⇥I2⇥···⇥IN

1 Initialize cores G(1), . . . ,G(N) and R0 = 1
2 Compute truncation parameter � = ✏p

N�1
||X||F

3 Z X, and Z Z(1)

4 for n = 1 to N � 1 do
5 Compute �-truncated SVD: Z = USV + E, s.t. kEkF  �;U 2 RR(n�1)In⇥Rn

6 G(n)
 Reshape(U, [R(n�1), In, Rn])

7 Z Reshape(SVT , [RnI(n+1), I(n+2)I(n+3) . . . IN ]))
8 end for

9 G(N)
 Z

10 return G(1),G(2), . . . ,G(N)

The algorithm for a multi-dimensional array of any order, summarised in Algorithm 4, in-
volves an iterative procedure composed of a series of foldings and unfoldings on an original tensor
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X 2 RI1⇥I2⇥···⇥IN , in conjunction with employing truncated SVD, hence its name – TT-SVD.
At every cycle a core G(n)

2 RRn�1⇥In⇥Rn is computed based on the values of the TT-rank
(R1, R2, . . . , RN�1) which are estimated on the fly or have been specified beforehand.

2.4 Chapter Summary

Several important concepts of tensor analysis which are relevant to this thesis have been thor-
oughly reviewed and summarised in Table 2.1 and Table 2.2. This has allowed for deeper
understanding of the implementation of computation algorithms for the CPD-ALS, HOSVD,
HOOI and TT-SVD as well as to seamlessly manipulate tensors, with the associated fundamen-
tal tensor representations in either Kruskal, Tucker or Tensor Train forms. These are introduced
in Section 2.3 and accompanied by intuitive and self explanatory examples. Moreover, we have
also covered conditions of the e�cient tensor representations that are su�cient to manifest
uniqueness of the decomposition at hand. Finally, a notion of the Tensor Network framework
has been introduced, before our journey into various tensorisation techniques has started in
Section 2.2. This has allowed us to appreciate tensor generation procedures by virtue of a rear-
rangement of lower-dimensional structures, mathematical construction, or experimental design
that are indispensable tools for the analysis and unravelling the mysteries of latent components
in multi-dimensional data.
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Chapter 3

Feature Extraction and Data
Fusion

Some of the best theorising comes after

collecting data because then you become

aware of another reality.

Robert J. Shiller

Chapter Overview

Feature extraction is a key factor in model reduction, classification and pattern recognition.
This is especially important for input data with large dimensions such as multiview images,
biomedical data and network tra�c, to name a few. Joint analysis of data has the potential to
improve our understanding of the underlying structures in complex data sets that exhibit high
variety and structural richness, thus, it is of great importance to be equipped with appropri-
ate feature extraction techniques. This chapter begins with exploring a problem of separation
of individual from common information intrinsic to the multiblock data. Building upon ad-
vances and established methodology within the two dimensional realm, we provide a natural
link between the properties of the outer product and the components obtained through tensor
decompositions. This additional insight leads to a novel method of identifying common and in-
dividual feature subspaces. The non-negativity constraint is further imposed on the so extracted
factors, to preserve the physical properties of the original multi-dimensional data samples and
relations amongst them. Next, we address the concept of feature fusion in pursuit of exploiting
the full potential of the underlying structure and the associated feature localisation. This is
achieved by virtue of a rigorous framework for tensor network summation, where we illuminate
that interconnections among the cores in a tensor network representation describe the coupling
of data structures of the original tensors. The e↵ectiveness of the considered methods for feature
extraction and data fusion has been demonstrated through practical applications to multi-class
classification problems, whereby the performance has been compared across various supervised
learning algorithms.

3.1 Common and Individual Feature Extraction

3.1.1 Introduction

Modern datasets in data science applications have immense volume, veracity, velocity and variety
(the four V’s of big data) [1, 47], and often exhibit a large degree of structural richness among

57



3. Feature Extraction and Data Fusion

their entries. This includes various long-term characteristics which makes it prohibitive to
the application of classical matrix algebra. Indeed, its “flat-view” way of operation cannot
cope with the sheer volume of data and the corresponding imbalanced matrix structures, such
as as “tall and narrow” or “short and wide” ones. On the other hand, when arranged into
multi-dimensional structures (tensors), the same data often admit much more convenient and
mathematically tractable ways of analysis, by virtue of the associated multi-linear algebra. Given
that implementation of the standard optimisation and minimisation models does not depend on
the type of input data, this makes it easy to extrapolate well defined and extremely e�cient
algorithms of 2-way component analysis onto the more general case – tensor framework.

The TDs have been established as a promising tool for feature extraction, missing data com-
pletion and anomaly detection. However, the generalisation of a matrix to a tensor is intuitive
but highly non-trivial, not least due to multi-linear algebra having di↵erent properties to linear
algebra. In order to obtain meaningful representations, most common factorisation techniques
require certain constraints to be imposed in accordance with the properties of the dataset in
hand. However, the data organised in a matrix form is bounded by only two degrees of free-
dom, whereas a tensor can have infinitely many dimensions and consequently infinitely many
modes, thus, a variety of di↵erent constraints can be imposed at the same time. A “workhorse”
algorithm for feature extraction has been presented in [63]. It e�ciently identifies statistically
dominant characteristics of a given dataset through simultaneous orthogonal factorisations of
factor matrices for every dimension of an original tensor. Along these lines, the authors in
[10] consider physical meaning of factor matrices obtained through TDs to select the extracted
component as a feature of interest. Missing data can also be handled through tensor dictio-
nary learning [64, 65], whereby the tensor structure allows for a simultaneous retrieval of local
patterns and establishing the global information. An alternative to supervised learning algo-
rithms for classification has been proposed in [28]. In particular, the HOSVD was employed to
reveal a set of basis matrices for describing feature space of each class, hence, a new unknown
sample can be assigned label based on the projection and cosine distance. Another approach
to classification of multi-dimensional data has been developed around the flexibility of tensor
construction aggregated with the fact that TDs do not obscure latent interconnections [66]. By
combining slices that represent ground truth and examples to be classified, TDs reveal a degree
of correlation among all of them which in its turn could be su�cient to correctly perform class
assignment for unlabelled samples.

Over the past decade, the storage capacity has increased dramatically without having a
negative e↵ect on a↵ordability of high storage devices. This allows researchers to conduct
recordings of the very same phenomenon multiple times but with external conditions changing
ever so slightly, such as multiple images of objects recorded under di↵erent lighting and angle
combination. As a result, this generates an immense amount of multiblock data. Intuitively,
the so obtained ensemble of images contains some common and some individual features, and
machine learning tasks would benefit from exploiting only either common features (for clustering)
or individual features (for identification), both of much lower dimensionality than the original
data.

3.1.2 Conventional approach to multiblock data

The analysis of coupled datasets states that multiple measurements of the same event under
various conditions are composed of common and individual information and can be subsequently
represented as their linear combination. In order to take full advantage of high-dimensional
multiblock data and explore as many hidden connections as possible, all entries of a dataset
have to be jointly factorised. The main focus of such optimisation problems is to find and
extract unique informational subspace that is shared among all members, while at the same
time separating it from solely individual characteristics. A number of algorithms has been
developed for naturally linked data. However, most of them require us to impose either hard
or soft constraints, which sometimes are too restrictive or counter-intuitive. In general, the
proposed models for multiset data analysis can be grouped into three categories (illustrated on
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Fig. 3.1) that are based on:

1. Concatenation of the PCA components (PCAConc);

2. Correlation maximisation (CorrMax);

3. Simulations approximation (SimApprox).

Consider a set of matrices X :

X = {Xn 2 RI⇥Jn : n 2 N} (3.1)

where the so called block-matrix structure X could be a representation of medical images, EEG
recordings, or financial stock characteristics. All members of such a set of matrices, X , are
naturally linked together and it would be beneficial to analyse them simultaneously at the same
time, however, the representation in (3.1) yields imbalanced (tall and narrow) structure which
is cumbersome for further processing. The main goal of the common and individual feature
analysis is, therefore, to make use of the “blessing of dimensionality” associated with tensor
structures, in order to find a much lower-dimensional unique subspace, Ā, that is common
across all n 2 N . In this way, the common subspace, Ā, can be separated from the individual
information, Ăn, for every n.

The approaches from the first category above, PCAConc, such as [67], stack all entries Xn

into a tall matrix X =
⇥
XT

1 ,XT
2 , . . . ,XT

N

⇤T
, and subsequently perform matrix factorisations,

such as the PCA, over all data blocks at the same time. Thus, common and individual infor-
mation can be interpreted as

X = ĂĀ
T

(3.2)

Note, PCA like methods do not involve permutation, therefore the relative position of an original

block matrix and a corresponding set of individual features is preserved Ă =
⇥
Ă

T

1 , Ă
T

2 , . . . , Ă
T

N

⇤T
.

In [68], this method was applied to neuroimaging data of patients with Alzheimer’s disease,
whereby Ā is interpreted as well established knowledge about the disease (common compo-
nents), while Ăn represents the individual state for a specific patient. However, as with all
matrix models, this approach does not generalise well and is only appropriate when all compo-
nents, Xn, exhibit exactly the same common information.

The most popular techniques from the second category, CorrMax, for the analysis of multi-
block data are the Partial Least Squares (PLS) [69] and Canonical Correlation Analysis (CCA)
[70]. Despite the similarity of these approaches, the former is most frequently used for regres-
sion problems, whereas the latter has become a standard for feature extraction. One of the
drawbacks is that they do not provide information which is directly shared between the original
blocks. Instead, PLS seeks for a new common subspace that maximises the cross-covariance
between dataset members, while CCA – seeks a subspace that is the most correlated with all of
them, that is

max
a1,a2

aT1 X
T
1 X2a2

kX1a1kF kX2a2kF

(3.3)

Here, the vectors a1,a2 are the basis vectors of the common subspace Ā. Both PLS and CCA
have been proven to be very powerful tools for the analysis of data ensembles, as in Eq. (3.1) for
n = 2. However, they cannot accommodate more then two matrices at the same time and, as
a consequence, fail to generalise. As opposed to the methods from the first category, grouping
all available information into two tall matrices is not e↵ective, since the mutual subspace will
depend on a particular realisation and concatenation sequence.

The last category, SimApprox, considers the problem of separating common and individual
features from the optimisation point of view and extends beyond most frequently employed
matrix factorisation problems [71]. Namely, for naturally linked datasets, it is reasonable to
rewrite a PCA like solution for every entry from Eq. (3.1) into the following form:
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X1 X2 XN

X 2 RNI⇥J

Xn ⇡ An

A 2 RNI⇥K
BT 2 RK⇥J

(a) Illustration of linked component analysis for multiblock data Xn = An BT
n , where the

latent components are assumed to be exactly the same for all data blocks.

=X1 Ā1

B̆
T
1

+ E1

=X2 Ā2

B̆
T
2

+ E2

(b) Illustration of a basic PLS model. X1 is a matrix of predictors, X2 the response matrix, while

B̆1 and B̆2 are loading matrices for the predictor and response with corresponding Ā1 and Ā2

component matrices.

X1

X2

XN ⇡

⇡

⇡ Ā Ă1
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1
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T
1
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T
2Ā Ă2

B̄
T
N

B̆
T
N

Ā ĂN

(c) Illustration of common and individual feature extraction. The matrix Ā denotes the

highly correlated features shared by all data blocks, Xn, while Ăn are the individual features

specific for each individual block Xn.

Figure 3.1: Conventional approaches to analysis of coupled datasets composed of “flat-
view” samples.

Xn = AnB
T
n =

⇥
Ā Ăn

⇤
"
B̄

T
n

B̆
T

n

#

= ĀB̄
T
n + ĂnB̆

T

n = X̄n + X̆n

(3.4)
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where the matrices, X̄n, represent the common components across the dataset X , while the
matrices, X̆n, are the individual components for every Xn in X . The matrices Ā and Ăn are
the basis matrices respectively for the matrices X̄n and X̆n, while the matrices, B̄n and B̆n

represent mixing coe�cients so that X̄n = ĀB̄
T
n and X̆n = ĂnB̆

T

n .

Remark 10. Due to the linear separability of the matrices X̄n and X̆n, it is su�cient to establish
the basis of the common information, X̄, as the individual counterpart, X̆, can be retrieved by a
simple subtraction.

Thus, the main challenge is to estimate basis for common information X̄. To tackle this
problem, the algorithm proposed in [72] tries to minimise the cost function formulated as:

J(am, z(n,m)) =
NX

n=1

��Qnz(n,m) � am
��2

F
(3.5)

where the orthogonal matrix Qn is obtained from Xn = QnRn via the QR decomposition,
z(n,m) is the column vector of Zn = Rn(BT

n )† and am is the common component which defines
the basis of Ā. Furthermore, for every column vector, am, and N respective vectors of mixing
coe�cients, z(n,m), the objective function in Eq. (3.5) is iteratively minimised until there is no
or little change. If the obtained value is less then a certain threshold J(am, z(n,m))  ✏, then
am can be included in the basis of common information of every matrix from the data ensemble
Eq. (3.1). The huge advantage of this framework is its capability of establishing not only strong
relations but also weak similarities that are inherent to the multiblock data [73].

The matrix approaches have their pros and cons and are powerful if exploited appropriately,
however, they do not account directly for the intrinsic multi-dimensional form of data. To this
end, we propose a novel method for common and individual feature extraction which exploits
multimodal properties of tensor decompositions.

3.1.3 Common and individual feature extraction

In multi-dimensional algebra, the outer product is the most fundamental operation that increases
the order of the base structure, i.e. the outer product of a matrix A with a vector c is a
three-dimensional array X. Another important characteristic of this transformation is that it
connects di↵erent slices of a tensor X from the same mode and describes how they are related
to each other. The proposed framework for common and individual feature analysis is based
on the physical meaning of the outer product and intuition behind it is given in the following
examples.
Example 1. Observe a rank-1 tensor of order-3, expressed as

X = a � b � c = Y � c with c =
⇥
1 4 8

⇤T
(3.6)

According to the values of the vector c and the definition of the outer product, the values in
the first frontal slice of X[:, :, 1] are respectively four and eight times smaller then the values
in the second X[:, :, 2] and third X[:, :, 3] frontal slices. Hence, each observation stored as the
frontal slice of X exhibits the same pattern (base matrix Y = a � b) that can be considered as
a common feature. At this point, no individual information can be extracted since there is
only one base matrix.
Example 2. Consider a collection, X, of five di↵erent color matrices stacked along the third
dimension, as illustrated in Fig. 3.2. As we discussed in Section 2.3.1, the CPD represents a
data ensemble as a combination of the simplest rank-1 structures. Furthermore, the tensor rank
of such a 3rd order tensor (color ensemble) is three, that is equivalent to the number of base
colors (red, green, blue), which are the simplest structures from which all data can be generated
through a mixing matrix C = [cR, cG, cB ] 2 R5⇥3. Thus, adopting the multi-linear notation
and the RGB representation of colors, we can write
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Color ensemble

= rank-1

Base color 1

Red

cR

+ rank-1

Base color 2

Green

cG

+ rank-1

Base color 3

Blue

cB

Figure 3.2: Link between the outer product and the common features and rank for multi-
dimensional data. The ensemble consists of the grey, yellow, magenta, bright blue and
brown-orange colors, each of which is a combination of three base colors: red, green, blue.
Their intensity is specified by the value at the corresponding position of mode-3 vectors
cR, cG, cB .

X = ⇤⇥1 A⇥2 B⇥3 C = Y ⇥3 C

= Y[:, :, 1] � cR + Y[:, :, 2] � cG + Y[:, :, 3] � cB

cR =

2

66664

128
256
256
0

256

3

77775
cG =

2

66664

128
256
0

256
128

3

77775
cB =

2

66664

128
0

256
256
32

3

77775

(3.7)

Here, X 2 RI⇥J⇥5 is the original data, A 2 RI⇥3 and B 2 RJ⇥3 are factor matrices that
contain spatial information, such as vertical and horizontal position of a pixel respectively, and
C = [cR, cG, cB ] 2 R5⇥3 contains the intensity values of the red, green and blue colors. These
three base colors are stored in di↵erent rank-1 frontal slices of the tensor Y = ⇤⇥1 A⇥2 B 2
RI⇥J⇥3 and represent common information among the frontal slices X[:, :, n]. The individual
features can be obtained by subtracting the weighted common features, to give

X̆n = Xn � X̄ = X[:, :, n]�
X

k2Kn

↵kY[:, :, k] (3.8)

where Kn is a subset of common features for Xn with respect to the values in the n-th row of
C.

Remark 11. The common features from Eq. (3.4) are represented as column vectors of X̄,
whereas the model Eq. (3.7) depicts the mutual information in the form of a set of matrices
X̄k = Y[:, :, k] which is more descriptive.

Remark 12. For the illustration of the proposed approach, we used a tensor of order three,
however, unlike matrices the proposed approach generalises well and allows for the common and
individual features to be extracted from a tensor of any order, with only one requirement that
observations must be concatenated along the same mode.

3.1.4 The LL1 decomposition with non-negativity constraint

In spite of the CPD in (2.40) and TKD in (2.55) being very powerful, unique, and compact
representations of the data collected during any modern experiment, they are based on the
assumption that an underlying structure exhibits rank-1 properties. The Block Term Decom-
position (BTD) overcomes this restriction and allows us to reproduce components with more
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X

(I ⇥ J ⇥K)
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a1

b1

c1

+ · · ·+
aR
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A
(I ⇥R)
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(R⇥R⇥R) BT

(R⇥ J)

C
(K ⇥R)

ar
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Figure 3.3: Interchangeable definitions of the Canonical Polyadic Decomposition. The
original tensor X is represented as a sum of rank-1 tensors Xr = �r · ar � br � cr and as
mode-n product of the core tensor ⇤ with the factor matrices A,B,C.

X = A1

BT
1

c1

+ A2

BT
2

c2

+ · · · + AR

BT
R

cR

Figure 3.4: The LL1 decomposition – specific case of the Block Term De-
composition. Each summation term is the Tucker model with mlrank(Xr) =
mlrank( rank(Ar), rank(Br), 1) where rank(Ar) = rank(Br)

complex dependencies [74]. Ultimately the BTD comprises the TKD and CPD in the sense that
it decomposes the multiway information as a sum of the terms from (2.57):

X =
RX

r=1

Xr =
RX

r=1

Gr ⇥1 Ar ⇥2 Br ⇥3 Cr

=
RX

r=1

JGr;Ar,Br,CrK
(3.9)

Here each set of Gr,Ar,Br and Cr assume the Tucker model with a unique range for the
multi-linear rank:

mlrank
⇣
Gn

⌘
6= mlrank

⇣
Gk

⌘
for n 6= k (3.10)

To make use of the desirable properties of both CPD and TKD and increase structural complexity
of the common features, a specific case of the BTD is of particular interest, namely the LL1
decomposition [75, 76]. It e�ciently combines both concepts, by decomposing the tensor X into
a linear combination of K tensors, whereby each term Xr = J⇤r;Ar,Br, crK has a multilinear
rank (Lr, Lr, 1), that is

X =
RX

r=1

Xr =
RX

r=1

(ArB
T
r ) � cr =

RX

r=1

Gr � cr (3.11)

The LL1 decomposition for an order-3 tensor is illustrated on Fig. 3.4, where X 2 RI⇥J⇥K ,
whereby the “one to one” relation between the factor matrices Ar 2 RI⇥Lr , Br 2 RJ⇥Lr , and
factor vector cr 2 RK is preserved. Moreover, upon employing the matrix-tensor duality, we
can represent the matrix Gr 2 RI⇥J as a tensor of order three, Ĝr 2 RI⇥J⇥1.
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Remark 13. The matrix Gr in (3.11) is no longer of rank-1 and is consequently more infor-
mative. However, the so-obtained tensor, Xr = Gr �cr, is still considered to exhibit the simplest
structure as far as the LL1 decomposition is concerned.

If a slice Y[:, :, k] from Eq. (3.8) belongs to the set of common features for the data sample
X[:, :, n], then an intuitive implication is that the corresponding value of Cr[n, k] is positive.
However, this cannot be guaranteed for a general implementation of the LL1 decomposition,
and the non-negativity constraint should be imposed on the factor matrices Cr, since they
correspond to the mode along which members of the ensemble are stacked together. Thus, the
extraction of the common features from the LL1 decomposition is given by:

X̄r = ArB
T
r (3.12)

and requires the minimization of the cost function

J(Ar,Br, cr) =

�����X�
RX

r=1

X̂r

�����

2

F

=

�����X�
RX

r=1

J⇤r;Ar,Br, crK
�����

2

F

s.t. cr > 0

(3.13)

Notice that this problem is similar to the computation of the CPD in (2.52). Therefore, our
solution is based on the CPD-ALS algorithm and is summarised in Algorithm 5, where the
routine NonNegLeastSq(X,Y) performs least squares estimation an input X and an output Y,
whereby the least squares coe�cients are constrained to be non-negative [77], while Repeat(x, n)
duplicates an input X n times.

Algorithm 5: LL1 decomposition of a 3rd-order tensor with non-negative
constraint

Input : X 2 RI⇥J⇥K and R sets of multi-linear tensor rank (Lr, Lr, 1)
Output: Factor matrices Ar 2 RI⇥Lr ,Br 2 RJ⇥Lr , cr 2 RK , and scaling vectors

�r 2 RLr

1 Initialize factor matrices {Ar,Br, cr}
2 while not converged or iteration limit is not reached do
3 for r = 1, . . . , R do

4 X = X�
NX

n=1,n 6=r

J⇤n;An,Bn, cnK

5 Cr = Repeat(cr, Lr)

6 Âr = X(1)(Cr �Br)(CT
r Cr �⇤ BT

r Br)†

7 B̂r = X(2)(Cr �Ar)(CT
r Cr �⇤ AT

r Ar)†

8 ĉr = NonNegLeastSq(A �B, X(3))

9 Normalise each column of Âr, B̂r and ĉr to unit length and store the norms
in �r

10 Assign Âr ! Ar; B̂r ! Br; ĉr ! cr
11 end for
12 end while
13 return Ar,Br, cr and �r
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· · ·
Figure 3.5: Examples of the tensor representations, Xm

2 R112⇥92⇥40 for tensor-based
common and individual feature extraction, whereby the images of 40 di↵erent subjects
were stacked along the third dimension during the training stage.

3.1.5 Experimental results and discussion

General overview of the classification setup

The proposed approach was employed for the classification of face images from the benchmark
ORL dataset [78]. This database includes a total of 400 grey scale images of 40 subjects in
ten di↵erent illumination conditions and with di↵erent facial expressions. Ten sets of 40 images
were created by randomly choosing one image of every subject. Six of these sets were arbitrarily
selected for the training set with the remaining four forming the test set. Each group from the
training set was represented as a tensor, Xm

2 R112⇥92⇥40, where the images of 40 di↵erent
subjects were stacked along the third dimension, as in Fig. 3.5. Their individual features were
extracted by applying the proposed framework with the non-negativity constraint imposed on
the mode-3 factor matrix, while the number of common features was found empirically. The
classification models used were Support Vector Machine (SVM) with Gaussian kernel, feed-
forward Neural Network (NN) with two hidden layers, cosine distance based k-Nearest Neigh-
bours (cKNN) and Quadratic Discriminant (QD) and were trained on the so obtained individual
information. The classification scores were calculated from 100 realisations. Note that during
the test stage, we used the original images in order to make a fair and realistic evaluation.

Feature extraction and classification

Consider a training set that consists of XMN
2 R112⇥92 images from N di↵erent classes,

but is split into M groups with one sample from every class X
m = {Xm

n 2 R112⇥92; m =
1, . . . , M ; n = 1, . . . , N}. After stacking the images within each training group X into a tensor
Xm
2 R112⇥92⇥N such that Xm[:, :, n] = Xm

n , we arrive at a point when common features of
training groups and, consecutively, individual features of data samples can be identified by the
virtue of tensor factorisation with the non-negativity constraint imposed along the third mode
of Xm. Thus, for the CPD based algorithm this can be accomplished by:

Xm = ⇤m
⇥1 Am

⇥2 Bm
⇥3 Cm (3.14)

where the set of common features, Ym, is expressed as:

Ym = ⇤m
⇥1 Am

⇥2 Bm

X̄
m
r = Ym[:, :, r]

(3.15)

while individual information intrinsic to a particular sample, Xm
n , is obtained with:

65



3. Feature Extraction and Data Fusion

Original information, Xm
n

Common information, X̄
m
r

CPD LL1

Individual information, X̆
m
n

(Original – Common LL1)

Figure 3.6: Common and individual feature extraction. Left: Examples of images in the
ORL dataset. Center: Examples of common features computed through the CPD and LL1
decompositions. Right: Examples of extracted individual features obtained by subtraction
of the common information from the corresponding original images.

Figure 3.7: Cosine similarity between samples in the dataset before (left) and after (center,
right) individual information has been extracted. Each group of 40 randomly selected
samples was processed separately. The yellow and blue colors stand respectively for the
highest and lowest similarity level.

X̆
m

n = Xm
n �Cm[n, r]X̄

m
r

= Xm
n �Cm[n, r]Ym[:, :, r]

(3.16)

In contrast to the CPD, the procedure of feature extraction for an algorithm based on the LL1
decomposition is slightly di↵erent due to structural di↵erences between (3.11) and (2.40). For
instance, common and individual information is given by:

X̄
m
r = Am

r

�
Bm

r

�T

X̆
m

n = Xm
n � cmr [n]X̄

m
r

= Xm
n � cmr [n]Am

r

�
Bm

r

�T
(3.17)

where Algorithm 5 is employed to obtain Am
r , Bm

r and cmr . Fig. 3.6 illustrates examples of
images used in the experiments, and the extracted individual information and common features
for the CPD and LL1 decomposition.

Remark 14. Both the CPD and LL1 decomposition seek common features across all samples.
However, similarly to example illustrated on Fig. 3.2, common information might be insignificant
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Figure 3.8: Classification accuracy for the CPD with di↵erent values of tensor rank.

for some of the data samples, Xm
n , within considered group due to the flexibility of the TDs.

Thus, a threshold should be applied to the values of Cm and cmr that determines influence level
of a common feature on a given Xm

n . Such value can be considered as a hyperparameter for the
overall classification model.

It is vital for successful classification that the samples should exhibit similar patterns, if they
belong to the same category. In other words, if we were to look at the individual information
of images of di↵erent subjects from the first group, then it would be distinct for every member
of this ensemble, while the individual features of the same subject but from several di↵erent
groups would be correlated.

Fig. 3.7 depicts the degree of cosine similarity between some samples used at the training
stage of the classification. Observe that all members of the original dataset are highly correlated
with one another, whereby our algorithm reveals underlying patterns that are shared by the
same subject across di↵erent groups, despite being estimated separately. This confirms that the
concept of individual feature extraction is a promising tool that can be exploited as part of the
training set preprocessing.

In order to further evaluate the proposed framework, four di↵erent classifiers were employed:
SVM, NN, QD and cKNN. The learning coe�cients for these models were estimated based
on the 10-fold cross-validation. Their performance on multi-class classification of the original
images and the corresponding individual information, extracted through the proposed method
for the CPD and LL1 decompositions, is summarised in the Table 1. These scores were obtained
by averaging 100 independent simulations with random split of the whole database into the
training and test sets in each iteration.

As expected, the classification rates of the SVM, NN and cKNN have increased due to the
common information being removed from the dataset. The most significant improvement can be
observed for the NN classifier. Here, the poor accuracy on the original data is associated with
the high variance of the original samples and the small size of the training set which resulted in
overfitting. On the other hand, the extracted individual features were of lower variance, which
allowed the NN classifier to find a decision boundary that is less prone to fluctuations in the
training data, leading to much higher classification accuracy.

Next, we evaluated performance of the classification algorithms on individual information
obtained through the CPD with respect to di↵erent values of the tensor rank, as shown in
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Table 3.1: Classification Performance in %

SVM NN QD cKNN

Original 83.9 4.35 91.5 79.0
CPD 91.5 85.8 89.8 85.5
LL1 94.7 92.2 86.8 84.3

Fig. 3.8. As discussed previously, the maximum number of the common components is linked
to the tensor rank. Bearing in mind that the CPD is merely a technique to approximate the
multi-dimensional array, the tensor rank could be set to any arbitrarily big number. Thus, more
common features are found as the tensor rank increases. Consequently, classification models
would su↵er from high bias of training data set and their accuracy would noticeably decrease.

3.2 Feature Fusion via Tensor Network Summation

3.2.1 Introduction

Any tensor decomposition can be considered as a special case of the more general concept of a
tensor network (TN), which represents a high order tensor as a set of sparsely interconnected
small scale core tensors and the associated factor matrices [1]. In other words, TNs can be viewed
as multi-core interconnections of features of the original tensor. The advantages of representing
a tensor as a TN are:

1. TNs are perfectly suited to deal with the Curse of Dimensionality, as a high order ten-
sor, represented as a TN, can be stored on di↵erent machines which deal with only the
individual cores;

2. Each core may be representative of a specific characteristic of the underlying tensor, thus
implying inherent feature extraction from the original data.

Despite these advantages, open problems in practical design of TNs still include:

1. The choice of TD for a particular application;

2. Minimisation of the number of the parameters necessary for a TN representation;

3. A rigorous framework to combine TNs.

We address the last issue by introducing a TN summation operator for TNs of the same
topology. Summation is the most natural way to reduce the number of entities, and we show
that a sum of multiple tensors (summands), in their TN format, preserves their underlying
structure. In this way, the sum of TNs yields another isomorphic TN, the cores of which are a
combination of the corresponding cores of the summand TNs. It is shown that in the TN context,
the physical interpretation of summation represents feature fusion of the original tensors in the
raw format and provides a starting point for new theoretical avenues in TN applications. In
particular, the proposed framework opens up new perspectives on algebraic manipulation of TNs,
and represents a first step towards establishing their taxonomy, thus removing the preconception
that they have to be treated as stand-alone entities.

3.2.2 Summation framework

To establish a framework for the summation of two or more TNs, the following assumptions are
made about the summand TNs:

1. They exhibit the same topology;
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Figure 3.9: The duality of a Tensor Network and Tensor Decomposition. Equivalent rep-
resentation an 8-th order tensor (top left) as a standard TKD form with all physical nodes
(top right) and as a TN of small interconnected contraction nodes in red color and the
same physical nodes of purple color (bottom).

2. The physical modes of the summands are of equal dimensions.

Fig. 3.9 illustrates an example of transition from a multi-dimensional array, X 2 RI1⇥···⇥I8 ,
to tensor factorisation and consequently to TNs (denoted as underlined Euler script letter, e.g.
X), whereby any mode which is not a physical mode, In, is a contraction mode, Rn. Similarly,
nodes connected to one or more physical modes are referred to as physical nodes, while the rest
are contraction nodes. Thus, each node in X can represent either a particular feature of the
original tensor X (in case of physical nodes), or a model of how features are combined (in case of
contraction nodes). The “shape” of a TN represents its topology, where the concept of topology
is the same as that adopted in Graph Theory [79].

Remark 15. We refer to any node within a TN as “core” when treating it as a tensor, while
in a topological context, we use the term “node”.

It is clear that a framework for combining TNs is a prerequisite to mixing features of individ-
ual cores, which would then allow the extraction of the common features across the individual
tensors. Yet, the “feature locality” inherent to the nodes of a TN is of fundamental importance,
but is still largely under-explored. Therefore, the main motivation for this work has been to
establish the missing framework for TN summation via a combination of their corresponding
cores, thus simultaneously performing a feature fusion.
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Figure 3.10: Topology preservation for the TN summation operator, illustrated for a sum
of matrices X and Y, expressed as a matrix chain. The matrices (nodes) Cn are composed
of the matrices An and Bn, which are arranged according to the sum of TNs framework,
either through: (i) concatenation; or (ii) block-diagonal arrangement.

Definition 3.1. Consider two tensors X,Y 2 RI1⇥···⇥IN represented as TNs denoted by X and
Y which have equivalent topologies, but not necessarily the same dimensionality of contraction
modes. The sum Z = X+Y can then be thought of as a new TN, Z, with an equivalent topology
to X and Y. Its contraction nodes are in the form of a block tensor which is obtained by stacking
the corresponding contraction nodes of X and Y along its superdiagonal. The physical nodes of
Z are obtained by arranging the corresponding physical nodes of X and Y in such a way that the
dimensionality of all contracting modes is increased but the dimensionality of the physical modes
is kept fixed.

Proposition 1. The proposed framework for a sum of TNs is valid for chains of matrices and
the associated graphical representation is depicted on Fig. 3.10.

Proof. Suppose X = A1A2 · · ·AN , Y = B1B2 · · ·BN , where X,Y 2 RI⇥J , and An,Bn 2

RRn�1⇥Rn , with R0 = I, RN = J . Define a new chain of matrices Z = C1C2 · · ·CN , where each
Cn, n = 1, . . . , N , is an arrangement of An,Bn according to the proposed framework:

C1 =
⇥
A1 B1

⇤

Cn =


An 0
0 Bn

�
for n = 2, . . . N � 1

CN =


AN

BN

�
(3.18)

Then by a direct inspection of Z, we have:

Z = C1C2 · · ·CN

=
⇥
A1 B1

⇤ A2 0
0 B2

�
· · ·


AN�1 0

0 BN�1

� 
AN

BN

�

= A1A2 · · ·An + B1B2 · · ·Bn

= X + Y

(3.19)
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Figure 3.11: Topology of a sum of tensors X 2 RI1⇥I2⇥I3 and Y 2 RI1⇥I2⇥I3 in the TKD
format.

The above result for matrices is well-known, and serves here as a specific and straightforward
intuition behind the general concept of TN summation.

Proposition 2. The TN summation operator is valid for any multi-dimensional array expressed
through a tensor factorisation.

Proof. For simplicity, we here provide proof for 3-rd order tensors, but without loss of generality
the result holds for sum of tensors of any order. Fig. 3.11 shows the tensors X,Y 2 RI1⇥I2⇥I3

in the TKD format, expressed as

X = Gx ⇥1 Ax ⇥2 Bx ⇥3 Cx

Y = Gy ⇥1 Ay ⇥2 By ⇥3 Cy
(3.20)

with the respective TN representations, X and Y. A new TN, Z, is then obtained by combining
X and Y according to the proposed framework, and the so generated tensor, Z, can be described
by

Z = Gz ⇥1 Az ⇥2 Bz ⇥3 Cz (3.21)

where, new factor matrices Az, Bz and Cz are obtained by concatenating Ax, Ay; Bx, By

and Cx, Cy respectively, while core tensors Gx and Gy are placed on the superdiagonal of Gz.
Next, we show that Z = X + Y, based on the mode-1 unfolding, however, note that the same
procedure can be applied to any mode. Define Az =

⇥
Ax Ay

⇤
, and Gz as an arrangement of

Gx and Gy along the superdiagonal of Gz, and consider

Kx = (Cx ⌦Bx)
T

Ky = (Cy ⌦By)
T

(3.22)

Upon performing the mode-1 unfolding of X and Y according to (2.22), and combining the
matrices X(1), Y(1) in their TN formats, then from Proposition 1 the resulting matrix, Z⇤, can
be expressed as

Z⇤ =
⇥
Ax Ay

⇤ Gx(1) 0
0 Gy(1)

� ⇥
Kx Ky

⇤T
(3.23)

Therefore, in order to prove Proposition 2 it is su�cient to show that Z(1) = Z⇤, where Z(1) is
the mode-1 unfolding of Z, represented as in (3.21). To this end, consider
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Z(1) = AzGz(1)(Cz ⌦Bz)
T

=
⇥
Ax Ay

⇤
Gz(1)

✓⇥
Cx Cy

⇤
⌦
⇥
Bx By

⇤◆T (3.24)

For convenience, assume X,Y,Gx,Gy 2 R2⇥2⇥2, and denote slices G↵[:, :, j] = Ĝ↵[j], where
↵ 2 {x, y}. Hence,

Gz(1) =

"
Ĝx[1] 0 Ĝx[2] 0 0 0 0 0

0 0 0 0 0 Ĝy[1] 0 Ĝy[2]

#
(3.25)

Without loss of generality, assume the concrete values

Cx


1 2
5 6

�
Cy =


3 4
7 8

�
(3.26)

to give

⇥
Cx Cy

⇤
⌦
⇥
Bx By

⇤
=

=

2
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1
h
Bx By

i
2
h
Bx By
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h
Bx By

i
4
h
Bx By
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5
h
Bx By

i
6
h
Bx By
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7
h
Bx By

i
8
h
Bx By

i

3

75

= U

(3.27)

Upon substituting Gz(1) and U into (3.24) and making use of the sparse nature of (3.25), we
arrive at

Z(1) = AzGz(1)U
T

=
⇥
Ax Ay

⇤
"
Ĝx[1] Ĝx[2] 0 0

0 0 Ĝy[1] Ĝy[2]

#

2

6666664

1BT
x 5BT

x

2BT
x 6BT

x

3BT
y 7BT

y

4BT
y 8BT

y

3

7777775

=
⇥
Ax Ay

⇤
"
Gx(1) 0

0 Gy(1)

#"
KT

x

KT
y

#

=
⇥
Ax Ay

⇤
"
Gx(1) 0

0 Gy(1)

#
⇥
Kx Ky

⇤T

= Z⇤

(3.28)

Proposition 3. The TN summation framework is valid for tensor trains. An illustration of
this concept for two 3-rd order tensors expressed in TT format is provided on Fig. 3.12.

Proof. In order to make equations and derivations more tractable, without loss of generality we
consider two 3-rd order tensors of low dimensionality X,Y 2 R2⇥2⇥2 and represent them in TT
format in accordance with (2.64):

X = G(1)
x ⇥

1
3 G

(2)
x ⇥

1
3 G

(3)
x

Y = G(1)
y ⇥

1
3 G

(2)
y ⇥

1
3 G

(3)
y .

(3.29)
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Figure 3.12: Graphical representation of the sum of tensors X, Y expressed in the Tensor
Train format.

Taking into account tensor matrix duality:

G(1)
n 2 R1⇥In⇥Rn ! An 2 RIn⇥Rn for n 2 [x, y]

G(3)
m 2 RRm⇥Im⇥1

! BT
m 2 RRm⇥Im for m 2 [x, y]

(3.30)

we can simplify notation from (3.29) to:

X = Ax ⇥
1
2 Gx ⇥

1
3 B

T
x

Y = Ay ⇥
1
2 Gy ⇥

1
3 B

T
y .

(3.31)

By employing the relation between the contraction product and the mode-n product from (2.25)
and (2.26), we arrive at:

X = Ax ⇥
1
2 Gx ⇥

1
3 B

T
x

= Ax ⇥
1
2

�
Gx ⇥3 Bx

�
⇥

1
1 I

=
�
Gx ⇥3 Bx

�
⇥

1
1 I⇥1

2 Ax

=
�
Gx ⇥3 Bx

�
⇥

1
1

�
I⇥1

2 Ax

�

= Gx ⇥3 Bx ⇥1 Ax

= Gx ⇥1 Ax ⇥2 I⇥3 Bx.

(3.32)

Similarly, for Y:

X = Ay ⇥
1
2 Gy ⇥

1
3 B

T
y

= Gy ⇥1 Ay ⇥2 I⇥3 By.
(3.33)

where I is the identity matrix and Gn 2 R2⇥2⇥2, An,Bn, I 2 R2⇥2 for n 2 [x, y]. Observe, that
derived expressions are equivalent to (3.20), therefore, Proposition 3 is proven.

3.2.3 General properties

Provided that TN summands are compliant with the following assumptions listed in Section 3.2.2,
they inherit associativity, distributivity and commutativity properties from its two dimensional
counterpart of liner algebra. Furthermore, the identity and inverse operations hold true as well.
General properties of TNs are summarised in Table 3.2, for tensor factorisation of a multi-
dimensional array, O 2 RI1⇥I2⇥···⇥IN , where all elements equal to zero is represented as tensor
network, O.
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Table 3.2: Algebraic properties of TN summation

Associativity
(X + Y) + Z = X + (Y + Z)

(a1a2)X = a1(a2X)

Distributivity
a1(X + Y) = a1X + a1Y

(a1 + a2)X = a1X + a2X

Commutativity X + Y = Y + X

Inverse
X + (�X) = (�X) + X = O

X� Y = X + (�Y)

Identity X ± O = X

3.2.4 Feature fusion via TN summation

General overview of classification setup

The TN summation operator is next validated through a practical example of feature fusion in
image classification for the benchmark ETH-80 dataset [80]. It consists of 3280 color images
(128 ⇥ 128 pixels), from 8 categories: apple, car, cow, cup, dog, horse, pear, tomato. Each
category contains 10 di↵erent objects with 41 views per object, spaced equally over the viewing
hemisphere. Observe that the samples of ETH-80 dataset are inherently multi-dimensional since
any colour (RGB) image can be represented as a three-dimensional array pixel X⇥pixel Y ⇥3.
For the following simulations, the images were rescaled to 32 ⇥ 32 pixels to form 3-rd order
tensors Xm 2 R32⇥32⇥3. The so-extracted features were then used as input to the classification
models:

• Support Vector Machine which employed an RBF kernel and a “one-vs-one” approach for
multi-class classification;

• Euclidean distance based K-Nearest-Neighbours with the number of neighbours set to
three;

• Feed-forward multi-layer Perceptron neural network with two hidden layers and a ReLU
activation function;

• Random Forest (RF) with 10 trees, the nodes of which were expanded until all leaves were
pure.

All multi-linear operations for feature extraction were performed with the use of our own
open source software for tensor analysis HOTTBOX[81], whereby the implementation of the clas-
sifiers was adopted from the highly optimised library of classical machine learning algorithms
Scikit-Learn[82]. The classification rates were computed as an average of 100 independent
realisations.

Feature extraction and classification

Consider a training set that consists of Xm
2 R32⇥32⇥3 images from di↵erent categories. First,

every sample was represented in the Tucker form (2.55) either through HOSVD or HOOI in
order to ensure uniqueness:

Xm
⇡ Gm

⇥1 A
m
⇥2 B

m
⇥3 C

m (3.34)
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Figure 3.13: An example of TN summation for the TKD representations of the images in
the training set. Left: A TKD arrangement of matrices and core tensors. Right: Sum of
the Tucker factors represented in the TN format. Notice that upon TN summation the
dimensions of the physical modes remain unchanged.

where the core tensor Gm
2 RR1⇥R2⇥R3 expresses relation between multi-linear features Am, Bm

and Cm. Two main factors impact choice of multi-linear rank, mlrank(R1, R2, R3), across every
data sample: (i) a core tensor, G, to be kept at relatively small size; (ii) while the TKD form
provides su�ciently good approximation

���
���Xm

� JGm; Am, Bm, CmK
���
���
F

< �. (3.35)

For the rescaled images from the ETH-80 dataset, the values of multi-linear rank were found
empirically and set to R1 = R2 = R3 = 3. To emphasise the features of each image without
a↵ecting the TKD approximation, each core tensor Gm was normalised to unit norm and the

factor matrices {Am,Bm,Cm
} were scaled by ⌘1/3

m , where ⌘m = kGm
kF . Through the TN

summation approach, the scaled factor matrices {Am,Bm,Cm
} were concatenated into the

matrices {Ac,Bc,Cc} and the corresponding core tensors into Gc, as illustrated on Fig. 3.13.
Because the goal was to examine the mixture of the actual features, focus was placed on the
factor matrices {Ac,Bc,Cc}, onto which an SVD was subsequently applied. For dimensionality

reduction, the first {R1, R2, R3} singular vectors were retained, to yield matrices {
�
A,

�
B,

�
C}.

Next, every image from the training set had to be projected onto the feature space inherent to

all data samples which is spanned by {
�
A,

�
B,

�
C}:

�
Xm = Xm

⇥1

�
AT
⇥2

�
BT
⇥3

�
CT (3.36)

Finally, we vectorised the so-obtained features,
�
xm = vec(

�
Xm), to make them compatible with

the standard machine learning classifiers. Therefore, these could be fed into, for example, SVM
or NN during the training stage. Furthermore, each new element from a test set, Xn, needed to
be represented within a common feature space through (3.36) using pre-computed basis matrices

{
�
A,

�
B,

�
C} as

�
Xn, and consequently vectorised into

�
xn = vec(

�
Xn) prior to making a prediction.

This procedure for feature extraction is outlined in Algorithm 6.
The e↵ectiveness of the proposed data fusion framework via TN summation was evaluated

against the ETH-80 benchmark dataset, whereby the selected classifiers were trained either on
features extracted in accordance with the Algorithm 6 or using the original samples. Moreover,
for a fair comparison, we also employed an intrinsically multi-dimensional method to features
acquisition, namely “tensor stacking” [83]. In contrast to the TN summation approach, it at-
tempts to perform a simultaneous factorisation of all training samples which is achieved through
stacking samples along a new dimension, stack4

�
Xm�

! X 2 RI⇥J⇥K⇥M , followed by the
estimation of common feature space via the HOSVD:
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Algorithm 6: Sum of TNs for feature extraction

Input : Dataset X = {Xn
2 RI⇥J⇥K ; n = 1, . . . , N}

Multilinear rank (R1, R2, R3).

Output: Extracted features
�

X = {
�
xn
2 RL; n = 1, . . . , N ; L = R1R2R3}

suitable for classical ML algorithms.

1 Select portion of X that will form a training set X
m

2 Initialise Ac,Bc,Cc as empty matrices with I, J and K rows respectively

3 foreach element m from a training set X
m do

4 Xm
! Gm

⇥1 ⇥Am
⇥2 Bm

⇥3 Cm ; // HOOI or HOSVD algorithm

5 ⌘m  ||Gm
||F

6 Ac  

h
Ac ⌘1/3

m Am
i

7 Bc  

h
Bc ⌘1/3

m Bm
i

8 Cc  

h
Cc ⌘1/3

m Cm
i

9 end foreach

10
�
A tSVD(Ac, R1)

11
�
B tSVD(Bc, R2)

12
�
C tSVD(Cc, R3)

13 foreach element n in dataset X do

14
�
Xn
 Xn

⇥1

�
AT
⇥2

�
BT
⇥3

�
CT

15
�
xn
 vec(

�
Xn)

16 end foreach

17 return
�

X = {
�
xn; n = 1, . . . , N}

X ⇡ G⇥1

�
A⇥2

�
B⇥3

�
C⇥4 D

�
X = G⇥4 D

�
xm =

�
X(4)[m, :]

(3.37)

where A, B, C denote the feature subspaces and
�
xm represents features to be fed into the

classifiers at the training stage.
The classification rates for the SVM, kNN, RF and MLP were computed as an average of

100 realisations. The results based on 75% of the available images to serve as training data and
are summarised in Table 3.3, whereas Fig. 3.14 depicts the accuracy as a function of the portion
of dataset used for training the SVM algorithm. Observe an improvement of about 2% over
tensor stacking, and almost 5% with respect to a direct usage on the original data.

3.3 Chapter Summary

In this chapter, we have presented a novel framework for common and individual feature ex-
traction based on the CPD and LL1 decomposition with the non-negativity constraint (Sec-
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Table 3.3: Classification rates for the ETH-80 dataset

SVM kNN MLP RF

Original images 89.84 88.31 85.43 83.33
Tensor stacking 92.94 88.55 88.28 89.75
Sum of TNs 94.81 90.51 89.23 86.20
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Figure 3.14: Classification accuracy of the SVM algorithm illustrated as a function of
the proportion of training size. Three di↵erent training sets were formed, each of which
contained either original samples, features extracted through tensor stacking and TN sum-
mation frameworks.

tion 3.1.4). The choice of these tensor decompositions for the proposed approach is justified by
their intrinsic characteristic which allows us to establish a one-to-one connection between the
components to facilitate intuitive interpretation. The multi-modal relations expressed through
the outer product play a key role in the elimination of the shared information from the multi-
block data. Unlike the matrix techniques, the proposed method is very flexible and is not
restricted to input data of a specific shared structure. In this way, the performance of ma-
chine learning algorithms can be enhanced, as the classification models use only the much lower
dimensional and significantly more discriminative individual information during the training
stage. Simulations have employed the ORL database of images taken from various angles, under
several illumination conditions, and with di↵erent facial expressions of the subjects, and have
achieved excellent results, as shown in Section 3.1.5, despite the small size of the dataset and a
high number of distinct classes.

Next, our focus shifted towards the parallel problem associated with an e↵ective approach
to feature fusion. Drawing inspiration from the fundamental methods and properties of linear
algebra, we have introduced a mathematical formalism behind the summation of tensor networks
in Section 3.2.2 with general properties of the equivalent matrix operations generalised to the
case of multi-dimensional arrays of any arbitrarily high order. This has naturally led to a
physically meaningful interpretation of the summation operation as a means for information
blending that is possible only when tensor network representations of di↵erent information are
considered as unified entities. Practical advantages have been demonstrated in Section 3.2.4
through an image classification application based on the ETH-80 dataset, whereby every sample
is represented in accordance with the multi-linear decompositions, and extracted features are
combined via the tensor summation framework. This makes it possible to extract relevant shared
information in the original data, which is shown to yield significant advantages throughout the
processing chain.
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Chapter 4

Tensor Decompositions and
Wisdom of the Crowd

Hiding within those mounds of data is

the knowledge that could change the life

of a patient, or change the world.

Atul Butte

Chapter Overview

Big Data applications are prohibitive to classical ensemble learning on the exceedingly large
scale, raw input data and dimensionality reduction techniques are a prerequisite. To this end,
this chapter considers a novel framework that generalises classic flat-view ensemble learning
to multi-dimensional tensor-valued data. This is achieved by virtue of tensor decompositions,
whereby the proposed method, referred to as tensor ensemble learning (TEL), decomposes every
input data sample into multiple factors which allows for a flexibility in the choice of multiple
learning algorithms in order to improve test performance. The TEL framework is shown to
naturally compress multi-dimensional data in order to take advantage of the inherent multi-
way data structure and exploit the benefit of ensemble learning. The proposed framework is
first verified through the application of Higher Order Singular Value Decomposition for the
classification of images from the ETH-80 dataset. This leads to a considerable improvement
compared to the classical ensemble learning approach of bootstrap aggregating. Next, as a
case study, we demonstrate the feasibility of the proposed multi-linear learning analysis for
cardiovascular diagnosis. In particular, a blood flow of 22 participants is inspected through a
combination of the Canonical Polyadic Decomposition and TEL approaches, and the outcomes
are compared to results obtained by a qualified vascular scientist during a manual examination
of B-mode ultrasound recording.

4.1 Introduction

The phenomenon of the wisdom of the crowd has been known for a very long time and was
originally formulated by Aristotle. It simply states that the collective answer of a group of people
to questions related to common world knowledge, spatial reasoning, and general estimation tasks,
is often superior to the judgement of a particular person within this group.

With the advent of computer, the machine learning community have adopted this concept
under the framework of ensemble learning [84]. This class of methods can be described as
a collection of base learners whereby each learner generates a particular hypothesis about an
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underlying process that governs the input data. This makes it possible to construct the final
model as a strategic aggregation of the outputs from its constituent learners. Indeed, the
“wisdom of the base learners” has been proven to be a powerful way to enhance the performance
when solving both classification and regression types of problems [85, 86, 87]. For example,
ensemble learning has been a key element in winning solutions to the Netflix Prize competition
[88]. Generally speaking, ensemble methods can be considered within the three main groups:

• Boosting. The aim is to sequentially train a series of estimators whereby every subsequent
estimator puts more emphasis on samples that were previously predicted incorrectly [89].
The most established variant of this strategy is the AdaBoost algorithm[90].

• Stacking. The gist of his strategy is that a set of base classifiers is first trained on the
original input data, followed by “meta learning” in order to combine the outputs of base
classifiers for enhanced performance [91].

• Bagging. This family relies on the creation of multiple “surrogate” training datasets from
the original data, for example through resampling with replacement [92]. An independent
base classifier is then applied to each new dataset and their outputs are combined to
reach a consensus. To date, the most successful bagging approach is the Random Forest
algorithm [93].

It is important to notice that common machine learning algorithms, such as Neural Networks
(NN) or Support Vector Machines (SVM), operate on the basis of “one way” vector inputs,
even if the original data is inherently multi-dimensional or multivariate, that is “multi-way”.
Such “flat view” representation of multi-dimensional data arrays prevents learning models from
taking full advantage of the underlying multi-way latent structure, as in the “matrix world” the
cross-modal dependencies become obscure or even completely broken. This all calls for modern
methodologies which can maintain the original structure in the data, an ideal avenue to explore
multi-way analyses based on tensor decompositions [3]. Indeed, tensor based representations of
multi-faceted data have been shown to be a promising tool for feature extraction [94, 95], data
fusion [96, 97], anomaly detection [2] and classification [63, 66].

The research paradigm which lies at the intersection between ensemble learning and high
dimensional data processing is known as multi-view learning. The concept of the multi-view en-
semble learning was proposed in [98], however, despite its intrinsic multi-way structure, the data
are still considered as single-way entities (vectors); this does not admit natural dimensionality re-
duction that would take advantage of the rich latent structure present in data. Furthermore, the
analysis is limited to finding only relevant and irrelevant features. Other approaches under the
framework of multiple-view multiple learners have been successfully applied to semi-supervised
and active learning [99, 100], but still without employing multi-dimensional arrays (tensors)
as a compact, rigorous and inherently structure-preserving model. The aim of this chapter is
therefore to fill this void in the open literature and to introduce a novel framework which nat-
urally incorporates physically meaningful tensor decompositions into ensemble learning of the
intrinsically multi-way and multi-modal data.

4.2 Ensemble Learning: The Bagging Approach

Consider an ensemble of N independent classifiers, C = {C1, . . . , CN}, employed for a binary
classification problem based on a dataset D : {(x1, y1), . . . , (xM , yM )}, where ym

2 {0, 1}

and m = 1, . . . , M . Provided that every classifier within the ensemble, Cn, missclassifies the
previously unseen sample, xnew, with probability p < 0.5, we can write

P(C) =
NX

n=dN
2 e

✓
N

n

◆
pn(1� p)N�n

lim
N!1

P(C) = 0

(4.1)
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where P(·) is the probability of majority voting being incorrect. It has been proved that the
operator P is monotonically decreasing with N [101], which simply implies that the more base
learners participate in the majority vote the more accurate their collective decision. The two
conditions that should be satisfied for this to hold true are:

1. Every predictor should perform better than a random guess;

2. The errors of individual predictors should be uncorrelated.

The latter condition has been the main challenge for all bagging classifiers. In principle,
there are two ways to address this problem:

• Through a heterogeneous set of base learning algorithms in order to introduce a degree
of diversity into the individual hypotheses, despite each being just a crude approximation
of the true underlying processes that govern the data. In this way, the individual under-
performance of a particular learning model is compensated for when all learning models
are combined together into a unified global system;

• Utilising a homogeneous set of base classifiers and exposing each member to a subset of the
training data. This data manipulation procedure is called resampling, and can significantly
improve the overall generalisation ability of the model.

However, in real world scenarios, none of these methods is capable of completely removing
correlation among the hypotheses generated by the base classifiers even if these are applied at
the same time.

4.3 Mixture of Experts: Multidimensional Crowd

As described previously, current methods for generating ensembles of estimators rely on re-
sampling the input data and/or using a set of di↵erent base classifiers for same data. Neither
approach takes into account the original structure intrinsic to the data and the underlying mul-
timodal dependencies. To this end, we propose a natural learning framework for multi-way
data, referred to as tensor ensemble learning (TEL), which enables ensemble construction based
on direct application of multi-linear analysis. In this way, the inherently rich structure of the
input samples is fully exploited which equips the framework with the ability to extract otherwise
indistinguishable latent information from multi-dimensional data. The proposed TEL method
comprises the four main stages:

Stage 1. Apply a tensor decomposition to each multi-dimensional sample from the training
set in order to find latent components. Every tensor decompositions considered in Section 2.3
can be utilised at this stage, in particular, Canonical Polyadic Decomposition (CPD) [84, 102],
Higher Order Singular Value Decomposition (HOSVD) [24], Block Term Decomposition (BTD)
[74] and the Tensor Train Decomposition (TT) [1, 9, 26].

Stage 2. Perform reorganisation of the components extracted in Stage 1 in order to generate
multiple new datasets, each containing an incomplete information about the original sample.
Given the di↵erent notions of existing tensor decompositions, there are multiple ways to accom-
plish this step.

Stage 3. Train an ensemble of base learners in order to generate a series of independent hy-
potheses about the underlying processes that govern the datasets constructed in Stage 2.

Stage 4. When facing a previously unseen data sample, aggregate the knowledge about its
latent components based on the hypotheses from Stage 3. This can be achieved using any
basic method, such as the weighted majority vote, or through more advanced machine learning
algorithms.
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Figure 4.1: Tensor ensemble learning through the HOSVD with multi-linear rank
(Ra, Rb, Rc). All factor vectors of training samples, Xm, are reorganised into separate
datasets, thus only requiring to train N = Ra + Rb + Rc classifiers. At the final stage, a
majority vote is used to classify a new unlabelled sample, Xnew, achieved by aggregation
of the individually learned knowledge about training data extrapolated to extracted latent
components anew1 , . . . , cnewRc

.

Having established such a general framework of the tensor ensemble learning, we next demon-
strate a successful implementation (depicted in Fig. 4.1) of the proposed concept in the context
of supervised multi-class classification. For simplicity of presentation and ease of illustration
we restrict ourselves to tensors of order 3, however, application of considered approach can be
straightforwardly generalised to tensors of any arbitrary order.

4.4 Tensor Ensemble Learning for Classification

Consider the problem of training a classifier using a dataset, D, of M labelled samples, which
are naturally multi-dimensional, and come from K distinct categories, that is

D : {(Xm, ym)}, m = 1, . . . , M (4.2)

Here, ym
2 [1, K] is a label associated with the training sample Xm

2 RI⇥J⇥K . Recall that
an important assumption behind the success of ensemble learning is that the hypotheses from
each base learner are independent. This can be enforced by providing uncorrelated datasets to
every base learner. Tensor decompositions that guarantee such uncorrelated factors have been
presented in Section 2.3.2, namely, the HOSVD and the HOOI. Therefore, an implementation
of Stage 2 of the TEL framework using HOSVD with the multi-linear rank (Ra, Rb, Rc) yields
the following representation of the original data set
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Figure 4.2: A conceptual diagram of the Tensor Ensemble Learning (TEL) framework.
Each N-dimensional data sample (top left) from the original dataset is decomposed through
tensor factorisation into a Kruskal or Tucker representation (top right). The so-extracted
components are reorganised and form a series of new datasets, each containing an incom-
plete information about the original sample (middle). An ensemble of machine learning
algorithms is then employed, whereby each base learner generates an independent hypoth-
esis which is then used for “voting” in order to form a collective decision (bottom).

D
0 :
n⇣

JGm;Am,Bm,CmK, ym
⌘o

, m = 1, . . . , M (4.3)

Here, the orthonormal factor matrices Am
2 RI⇥Ra ,Bm

2 RJ⇥Rb ,Cm
2 RK⇥Rc are uniquely

defined by the corresponding column vectors amra ,bm
rb and cmrc , where ra 2 [1, Ra]; rb 2 [1, Rb]

and rc 2 [1, Rc]. Thus, if a reorganisation is performed such that these factor vectors are consid-
ered by the base estimators independently, this would provide an ensemble learning framework
which is practically feasible and yields enhanced performance after aggregation of the individual
hypotheses. A detailed illustration of such reorganisation is given in Stage 2 of Fig. 4.1. Conse-
quently, there are N = Ra+Rb+Rc datasets which are separately fed into N base learners at the
next stage. In this particular implementation of the TEL, the final stage can be accomplished
using a simple majority vote but other aggregation methods could be equally utilised.

To summarise, the proposed Tensor Ensemble Learning – Vector Independent (TELVI) esti-
mator is a machine learning model that belongs to the TEL framework, whereby the resampling
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Figure 4.3: Comparison of the overall test performance for Bagging and TELVI approaches
on the ETH-80 dataset, illustrated as a function of the proportion of training size propor-
tion and across a variety of classification algorithms used as the base estimators.

of the factor vectors is performed as depicted in Stage 2 of Fig. 4.1.

The proposed approach was employed for object classification from images within the bench-
mark ETH-80 dataset [80], while the whole procedure is illustrated on Fig. 4.2. The ETH-80
dataset consists of 3280 colour images (128⇥128 pixels) from 8 categories: apple, car, cow, cup,
dog, horse, pear, tomato. Each category contains 10 di↵erent objects with 41 views per ob-
ject, spaced equally over the viewing hemisphere. Observe that the samples of ETH-80 dataset
are inherently multi-dimensional since any colour (RGB) image can be represented as a three-
dimensional array pixel X ⇥ pixel Y ⇥ 3. For the simulations we used Scikit-Learn [103], a
highly optimised library of classical machine learning algorithms, while the computation of the
HOSVD and implementation of the TELVI classifier were implemented using our own recently
developed Python software package for multi-dimensional data, HOTTBOX, publicly available at
[104]. To assess performance of the proposed and classical approaches, as a performance metric
we used the ratio of correctly categorised images to the total number of samples in the test set.

Prior to comparing the overall performances of the TELVI and Bagging approaches, classifi-
cation accuracy scores of each chosen base classifier within the TELVI were computed in order
to establish the behavioural correspondence between this implementation of TEL framework
and classical ensemble learning. The classification pipeline for the TELVI classifier begins with
splitting the images from the ETH-80 dataset into the training and test sets. This was followed
by extracting the latent components from each image individually with the use of the HOSVD
algorithm for the multi-linear rank (5, 5, 2), as it provided the best approximation error across
all data samples. The latter should be treated as the hyper-parameter of the TELVI classifier. In
our simulations, its values were chosen so as to give the optimal ratio between the compression
rate and the approximation error of a particular tensor decomposition across all images. Next,
the factor components of images from the training set were regrouped (as illustrated in Stage 2
of Fig. 4.1) into 12 new training datasets, thus requiring a total of 12 independent base learners
to be employed.

After each base classifier had been trained, the TELVI classifier was ready to assign labels
for the test samples that would undergo the same “preprocessing” steps (decomposing a test
sample through HOSVD with multi-linear rank (5, 5, 2) and regrouping obtained components).
Finally, a label was assigned based on the majority vote over a list of labels produced by the
base classifiers.

Fig. 4.4 shows the individual test performance of each base classifier (Support Vector Machine
with the polynomial kernel) trained with 50% of the original dataset. Observe that none of the
base classifiers exhibited strong performance on the training set, with the highest reaching 80%
in accuracy. However, when the individual classifiers were combined through a majority vote,
the accuracy score of 94% was achieved. This is significantly higher than for any of the base
estimators and provides conclusive evidence that the TELVI classifier operates in a manner
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Figure 4.4: Performance of the employed base classifiers which were individually trained
and used for prediction of a particular latent component from factor matrices A,B and C,
computed through HOSVD.

similar to classic ensemble learning approaches.
Next, the proposed method was rigorously assessed against the Bagging approach through

four experiments. The images from the ETH-80 dataset were randomly split into the training and
test data with the size of training proportion ranging from 10% to 70% of all available samples.
In each experiment, all base learners of both TELVI and Bagging classifiers used the same
machine learning algorithm: Support Vector Machines with both the Gaussian (SVM-RBF)
and polynomial (SVM-POLY) kernel, Decision Trees (TREE) and K-nearest neighbours (KNN).
Hyperparameters were tuned based on an exhaustive grid search with the 5-fold cross validation
of the training data. The classification pipeline for the TELVI remained the same as described
above. Recall that the Bagging approach requires to start with the vectorisation of all samples
from the training and test data. Given the large number of features, dimensionality reduction
though Principal Component Analysis (PCA) was used to reduce computational complexity
during the training stage. For a fair comparison, the Bagging classifier also utilised 12 base
learners that were combined by virtue of the majority vote.

The results of this set of experiments are presented in Fig. 4.3. Observe that TEL approach
achieved significantly increased classification rates, independent of the nature of the particular
base estimator at hand, with the highest scores reaching 95% for SVM-POLY, while Bagging
performed at around the same level as the base classifier, except for the Decision Tree. This con-
clusively demonstrates that, even when resampling with replacement did not provide the desired
increase in the performance, exploiting the inherent structure within the data is a promising
way to create a series of datasets with enhanced discrimination ability, as a data manipulation
part of ensemble learning.

4.5 Multi-linear Learning for Cardiovascular Diagnosis

Haemodialysis (HD) is an e↵ective long-term renal replacement therapy that provides a lifeline
for more than 30,000 people in the United Kingdom with end stage renal disease (ESRD) [105].
The Arteriovenous fistula (AVF) is a surgical anastomosis between an artery and a vein and is
the preferred choice of vascular access for long-term HD [106, 107] as it is associated with longer
access survival and lower complication rates as compared with catheters [108]. However, only
16% of patients initiate HD with AVFs due to a high primary failure rate [109]. The AVF failure
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is an important cause of mortality, hospitalisation and excess healthcare cost [110, 111, 112]. The
most important cause of AVF failure is progressive stenosis secondary to neointimal hyperplasia
and fibrosis from consecutive cannulations [113]. The evaluation of AVF maturation and early
detection of stenosis is important to allow for vascular interventions in order to maintain pa-
tency. Regular clinical examination and duplex ultrasound (DUS) assessments are non-invasive,
inexpensive and are routinely used for AVF surveillance [106].

The DUS examination allows for the detection of areas with a significant velocity change by
using a combination of B-mode (grey scale ultrasound), colour and spectral Doppler techniques
[114, 115]. However, a number of studies have demonstrated that these measurements are poor at
predicting AVF outcomes [116, 117, 118]. This may be related to the limitation of conventional
Doppler techniques, which are angle dependent and therefore can only provide information
when the flow is parallel to the beam direction, with inadequate estimation of the orthogonal
components. Hence, DUS is significantly limited by tortuosity and complex multidirectional
flow, which is inherent to AVF [119].

Over the recent years, various non-Doppler ultrasound approaches for flow estimation have
been developed and are known as vector flow imaging (VFI) techniques [120]. Some VFI tech-
niques are based on the tracking of speckle patterns on B-mode ultrasound caused by scattered
ultrasound signals arising from moving blood cells. However, the interpretation of these com-
plex patterns remains challenging and there is a need for the application of novel solutions to
interpret the complex flow patterns associated with AVFs.

The B-mode ultrasound cine loops of AVF blood flow have immense volume, veracity, velocity
and variety (the four V’s of big data) and exhibit a large degree of structural richness. These
data characteristics can restrict the application of classical analysis on the underlying features
due to its “flat-view” nature. However, when re-arranged in multi-dimensional structures, the
same data often admit much more convenient and mathematically tractable ways of analysis.
Indeed, through multi-linear techniques and tensor decompositions data can be extrapolated
providing highly informative multiway data representation. To this end, we will evaluate the
feasibility of detecting AVF stenosis using a novel approach incorporating tensor decomposition
and machine learning classification for the analysis of B-mode ultrasound cine loops.

For this experiment, gray-scaled video recordings of blood flow of 22 participants were col-
lected whereby each subject underwent DUS surveillance of their AVF as per clinical protocol.
All DUS examinations were performed with an Aixplorer ultrasound scanner, using a high fre-
quency linear transducer (2-10 MHz). Patients were rested for 5 minutes in a seated position
and then scanned with one arm leaning on the couch. All trials were performed with minimum
pressure to avoid any deformation of the AVF. Consequently, all recordings were examined by
a qualified vascular scientist with the use of B-mode ultrasound approach as well as colour and
spectral Doppler technique at the arterial inflow, anastomosis, and venous outflow whereby the
detection of stenosis was based on the assessment of blood flow volume, vessel diameter size and
flow velocity. Thus, binary labels were assigned to every available data sample denoting either
presence or absence of stenosis.

When applying multi-linear analysis, the first step was to reshape each video recording of
intraluminal blood flow into an order-3 tensor whereby a set of consecutive frames were stacked
together along the third, “frame”, dimension as illustrated on Fig. 4.5. This allowed us to
separately perform a multi-linear decomposition over every tensor. In particular, the CPD was
chosen since it breaks down the initial tensor data into a linear combination of components, each
of which is associated with an appropriate characteristic attributed to the B-mode ultrasound
cine loop while carrying an inherent information about the recording as a whole. The so-obtained
features were used as inputs to the TEL framework that adopts a multi-input neural network
approach, consisting of:

• Three separate Long Short-Term Memory (LSTM) layers [121] with 8 cells that process
each of the three extracted components act as the base learners (Stage 3 on Fig. 4.1);

• Majority vote (Stage 4 on Fig. 4.1), which is performed by a simple neural network of
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Figure 4.5: Tensorisation of B-mode ultrasound cine loop recording by breaking it down
into a set of consecutive frames which are stacked into a tensor along the “frame” dimension.

single dense layer followed by an activation function which determines the probability of
stenosis.

Prior to input to the neural network, data were Z-score normalized according to the metrics
obtained from the training set. The component sequences were also zero-padded to be of uniform
length per component, based on the length of the longest sequence of the component at hand
in the training set. The network was trained using binary cross-entropy loss for a maximum of
100 epochs on mini-batches of size 1, with training being terminated early if the validation loss
failed to improve for five consecutive epochs. The weights of the LSTM layers were regularised
during training using both the L1 and L2 regularisation penalties with a value of 0.01.

To gain a better idea of how well the model generalises to new data and how much the
performance varies based on di↵erent data samples, we generated multiple training sets by the
bootstrap method. This was achieved through 1,000 iterations, with each iteration drawing
“n” samples with replacements from the dataset to be used as a training set, where “n” is
80% of the total number of data points. We also ensured that samples related to all blood
flows (arterial inflow, venous outflow, anastomosis) were present in every training set. The
remaining out-of-bag samples were used as a test set to assess the performance of the algorithm
at each iteration. The Area Under the Receiver Operating Characteristic (AUROC) curve of
the model predictions on the out-of-bag samples was recorded for each iteration and the mean
AUROC and corresponding confidence intervals (CI) for the mean were calculated. Thus, the
full classification model achieved a median AUROC value of 0.69 (CI 0.68 to 0.70), thus showing
promising predictive power despite the small size of the dataset.

Recall, that features extracted through tensor decompositions carry physical meaning. There-
fore, components associated with the “frame” dimension of the original tensor data (see Fig. 4.5)
can be interpreted as a time evolution of blood flow within the spatial region of the recording
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Figure 4.6: Spectrograms of “frame” features obtained via the CPD of a recording. Left:
A subject with stenosis exhibits higher frequencies across the entire time which correspond
to high velocities and turbulent flow. Right: Laminar blood flow through vessels is char-
acterised by the lower frequencies within the whole recording of a subject that does not
have stenosis.

throughout its duration. In other words, it is absolutely reasonable to apply the Short Time
Fourier Transform in order to access feasibility of multi-linear analysis prior to feeding the ob-
tained information into machine learning algorithms. Indeed, spectrograms of “frame” features
of subjects with stenosis demonstrated a prominent presence of high frequencies (left side of
Fig. 4.6) which correlates with the high velocities and turbulent blood flow as opposed to sub-
jects without stenosis whose spectrograms only have low frequencies (right side of Fig. 4.6),
e↵ectively corresponding to normal heart beat and laminar blood flow through arteries and
vessels.

Remark 16. It is important to highlight that all neural network models were trained without
using a graphical processing unit (GPU)-acceleration despite a huge amount of the original data.
This is attributed to the e↵ective representation of it in a lower-dimensional space by virtue of
the tensor decompositions.

4.6 Chapter Summary

In this chapter, we have introduced tensor ensemble learning (TEL), a novel framework for
generating ensembles of base estimators for multi-dimensional data. This has been achieved by
virtue of tensor decompositions, thus making TEL highly parallelisable and suitable for large-
scale problems. As one of the possible implementations of TEL, we have presented the TELVI
algorithm that has been derived in accordance with the definition of classical ensemble learning.
The conducted simulations have shown that when compared with the popular approach of
bootstrap aggregating, TELVI is capable of improving test performance of a multi-class image
classification task. This success is partially due to its ability to obtain uncorrelated surrogate
datasets that are generated by HOSVD and partially owing to the dimensionality reduction
inherent to tensor decompositions which takes into account the original structure of the data.
Next, we have incorporated the TEL concept into a cardiovascular diagnosis scenario and the
problem of automatic identification of abnormal blood flow. We have demonstrated that the
approach of training classification models on features extracted through tensor decomposition
of B-mode ultrasound videos of blood flow, shows great promise at predicting AVF stenosis
despite the small number of data-points. These results are particularly encouraging in the
clinical scenario of AVF surveillance, which remains a challenging area where the novel solutions
are necessary to improve clinical outcomes.
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Chapter 5

Computational E�ciency and
Practical Implementations

It’s so cheap to store all data. It’s

cheaper to keep it than to delete it. You

can have a ridiculously enormous and

complex data set, but if you have the

right tools and methodology, then it’s

not a problem.

Andrew McAfee and Aaron Koblin

Chapter Overview

Tensors have been gaining interest in the past decade as a powerful data analysis tool, owing to
their characteristic of inherently preserving intra-data dependencies and correlations which carry
additional valuable information. Hence, with the rapid emergence of big data, tensor decompo-
sitions have become an indisposable and natural tool to analyse datasets of high dimensionality
and variety. Despite the obvious advantages, multi-linear algebra is not as intuitive as classi-
cal linear algebra, its counterpart for matrices and vectors. For example, tensor expressions
are not so easily manipulated, and notation can be overwhelming. Moreover, tensor decom-
positions operate in a block fashion, yet the existing demand for Internet of Things, mobile
and remote monitoring applications require computationally e�cient and low-latency real-time
implementations.

In this chapter, we take a deep dive into graphical representation of multi-linear operations
to explore how this approach can be used to elucidate even on the most basic procedures. More
specifically, we focus on inner products, tensor mode-n unfoldings in the context of the Tucker
decomposition, and contraction products. By gaining deeper insight and better understanding
of the field, we devise a new algorithm to e�ciently perform contraction products, the Tensor
Train Contraction Product. Next, we consider a novel approach for the computation of Tucker
decomposition, based on the recursive updates of the factor matrices that take place only upon
the arrival of a new tensor-variate data sample. The e�cacy of the proposed algorithms opens
new avenues for next generation of real-time streaming technology and applications. Finally, we
introduce the Higher Order Tensors ToolBOX (HOTTBOX), an open source toolbox for tensor
decompositions, statistical analysis, visualisation, feature extraction, regression and non-linear
classification of multi-dimensional data. This toolbox was conceived with the aim to serve as
a self-contained library which allows for seamless integration with other popular data science
packages for data wrangling and visualisation, such as Pandas [122], MatplotLib [123], Plotly
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Figure 5.1: Example of two relatively involved tensor operations, but easily comprehen-
sible through a graphical representation. Left: A TN representing a 16-th order tensor,
with contraction nodes shown in blue, and physical nodes shown in green. Right: A TN
representing a 32-th order tensor, with contraction nodes shown in blue (3-rd order) and
orange (4-th order), and physical nodes in green. Image adapted from [1].

[124], Dash [125].

5.1 Tensor Contraction Product via Tensor Train Decom-
position

5.1.1 Introduction

Tensor operations expressed in a general form are often cumbersome even with the standard
conventions and notation like those presented in Table 2.1 and Table 2.2. Even relatively concise
multilinear operations, such as (2.57) for the Tucker (TKD) and (2.64) for the Tensor Train (TT)
decompositions, may be di�cult to comprehend and gain insight into. Consequently, tensor
decompositions may not possess su�cient amount of intuition for multi-dimensional arrays of
high order.

Taking inspiration from quantum physics and quantum chemistry [1], approaches have been
developed to illustrate mathematical operations with the use of diagrams. Indeed, tensors, and
hence TNs, can be represented as a connection of nodes and edges, in a way that resembles
mathematical graphs. Any tensor of any order, including scalars (0-th order), vectors (1-st
order), matrices (2-nd order) and higher order tensors, can be represented by circles, or nodes.
Observe Fig. 2.3 where the edges represent the tensor modes, and, conventionally, they are
labelled from the “top” of a node (north), then follow in an anti-clockwise direction; the labels
designate the dimensionality of the mode. The number of edges connected to the node determines
the order of the tensor. Hence, contraction mode is an edge that connects two tensors of equal
size, while an edge which is linked from only one side represents a physical mode of the underlying
tensors, or TN.

The basics of TNs operations have already been summarised on Fig. 2.4. This, in turn, allows
for intuitive ways to correctly portray even the most complex operations. For instance, Fig. 5.1
illustrates two interactions among tensors which would otherwise translate in an extremely
exhausting and hard to follow mathematical expression, as numerous matrices, together with
3-rd order, and 4-th order tensors are present.

Moreover, graphical representations may be exploited to deepen the understanding of the
fundamental concepts, thanks to a solid grasp and understanding of the basics of such visu-
alisation. This inevitably leads to novel approaches to e�cient implementation of the tensor
contraction product.
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Figure 5.2: Graphical representation of G = X ⇥1 A(1)T
⇥2 A(2)T

⇥3 A(3)T . By starting
from the TKD of X and exploiting the fact that A(n)TA = IRn , the equality becomes
evident.

5.1.2 Common multi-linear operations through nodes and edges

Graphical representation of the Tucker Decomposition

In the following we set out to demonstrate common TKD expressions via the power of ten-
sor graphical representations. Consider, for example, the TKD of a 3-rd order tensor, X 2
RI1⇥I2⇥I3 . If the orthogonality constraints are imposed [24], then the following holds:

X = G⇥1 A
(1)
⇥2 A

(2)
⇥3 A

(3)
() G = X⇥1 A

(1)T
⇥2 A

(2)T
⇥3 A

(3)T (5.1)

where G 2 RR1⇥R2⇥R3 , and A(n)
2 RIn⇥Rn . The above derives from the fact that A(n)TA =

IRn , but it can be di�cult to grasp an immediate full intuitive understanding of (5.1). However,
if the problem is viewed through a lens of diagrammatical approach, as shown in Fig. 5.2, it
becomes immediately clear that the right-hand side of (5.1) reduces to G 2 RR1⇥R2⇥R3 being
multiplied by an identity matrix IRn along each mode.

Graphical representations may be employed as a tool to elucidate even more complicated
mathematical problems. For instance, consider the optimisation problem for the Higher-Order
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Orthogonal Iteration (HOOI), shown in (2.61). This is equivalent to minimising the square of
the objective function, given by

���X� JG;A(1), . . . ,A(N)K
���

2
=||X||

2
� 2hX, JG;A(1), . . . ,A(N)Ki+ ||JG;A(1), . . . ,A(N)K||2

=||X||
2
� 2hJX;A(1)T , . . . ,A(N)T K,Gi+ ||G||

2

=||X||
2
� 2hG,Gi+ ||G||

2

=||X||
2
� ||G||

2

=||X||
2
� ||X⇥1 A

(1)T
⇥2 · · ·⇥N A(N)T

||
2

(5.2)
The above can be reformulated as a series of subproblems and solved via an ALS approach
[4]. Next, we shall concentrate on the mathematical steps in (5.2), and how the employed
inner products can be expressed with the use of graphical approach to the representation of the
operations involved. First, consider the equivalence

hX, JG;A(1), . . . ,A(N)Ki = hJX;A(1)T , . . . ,A(N)T K,Gi (5.3)

From Fig. 5.3, it becomes obvious why this holds, even though a 3-rd order tensor, X 2

RI1⇥I2⇥I3 , is considered for simplicity. An inner product between any two tensors equals the
contraction along all their modes [4], as represented in the top-right corner of Fig. 5.3. It is
possible to manipulate these graphical representations: instead of considering G and factor ma-
trices A(n) together, we consider X and A(n)T (lower portion of Fig. 5.3). Notice that in the
case of X, the contracting modes are In, while for G contractions are carried out on modes Rn.
As a result, the lower-left section of Fig. 5.3 corresponds to (5.3). The same approach can be
used to justify

||JG;A(1), . . . ,A(N)K||2 = ||G||
2 (5.4)

Using the property hX,Xi = ||X||
2 [1], we can repeat the procedure depicted on Fig. 5.3 with

D
JG;A(1), . . . ,A(N)K, JG;A(1), . . . ,A(N)K

E
(5.5)

Upon combining the matrices, A(n), and by contracting them along their common modes, In,
results in N products A(n)TA(n) = IRn . Therefore, this leads to

D
JG; I(1), . . . , I(N)K,G

E
= hG,Gi = ||G||

2 (5.6)

thus justifying (5.4).

Remark 17. For convenience, the above properties about inner products were presented in the
light of the TKD, but they are valid for any tensor. This way clearly shows some of the benefits
of graphical representations of TNs.

A Note on Tensor Unfoldings

Unfolding tensor (represented in the TKD format) into a matrix is a common technique. This
allows us to comfortably operate within the realms of the well-known matrix algebra, while
at the same time preserving the advantages and structure of multi-linear algebra, as shown in
(2.56) and (2.58). Although not particularly complicated, these equations might be di�cult to
take for granted if no justification is provided. To this end, observe Fig. 5.4. The question is how
do matrices A(2) and A(3) take part in the operation. The answer is that the second and third
dimension of X 2 RI1⇥I2⇥I3 , I1 and I2, are multiplied, so a Kronecker product between A(2)

and A(3) follows intuitively. This results in a matrix K⇤ 2 RI2I3⇥R2R3 . To further maintain
dimensionality compatibility and allow for applying of the contraction, it also becomes natural
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Figure 5.3: A tensor inner product, from a graphical perspective. Treating the matrices
as individual blocks and changing the order of contraction, it is possible to manipulate the
original inner product into one expressed di↵erently, but ultimately equivalent.

to unfold G along its 1-st mode, yielding G(1) 2 RR1⇥R2R3 . By observing the resulting final

graph, it is now clear that X(1) = A(1)G(1)K where K = KT
⇤ = (A(3)

⌦A(2))T 2 RR2R3⇥I2I3 .

Remark 18. Note that the same approach is valid to justify unfoldings in the light of the CPD,
as it can be considered a special case of the TKD.

A Note on Topology Equivalence

If two TNs are represented through di↵erent schemas but have the same topology and elements,
the they are equal. In other words, the topology of a TN defines the TN itself This result is
intuitive and has a foundation in Graph Theory [126]. However it is possible to express the
same graphical representation of a tensor with di↵erent equations.

Remark 19. Any TN has several mathematical representations, which are all equivalent. To
illustrate this, consider a tensor X 2 RI1⇥I2⇥I3 in the TKD format, that is

X = G⇥1 A
(1)
⇥2 A

(2)
⇥3 A

(3) (5.7)

The above is equivalent to

X = A(1)
⇥

1
2

�
G⇥2 A

(2)
�
⇥

1
3 A

(3)T (5.8)

The equality of (5.7) and (5.8) is evident upon the inspection of Fig. 5.5, which shows a
TKD expressed with the notation that is normally used for a TT, hence the requirement of the
transpose on A(3).
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Figure 5.4: Graphical justification of (2.56). By performing the 1-st mode unfolding graph-
ically, it becomes clear that X(1) = A(1)G(1)K, where K = (A(3)

⌦A(2))T .

It is possible to manipulate its mathematical expression in some formats which may be more
convenient than others, inevitably leading to a conclusion that the actual topology that defines a
TN is a very crucuial aspect. For example, (5.7) has the advantage over (5.8) in that it can make
use of the relations shown in (2.56). This inherent duality is a powerful tool that is achieved
via the graphical representation of tensors, emphasising once again their need in this branch of
mathematics.

5.1.3 Graphical approach to contraction of tensors in the TT-format

It is extremely powerful to represent a tensor as a set of nodes and edges. This gives us an
immediate flexibility and versatility in mathematical operations. It is possible to split links,
contract cores, rotate parts, and merge TNs contracting specific cores when an original tensor
is treated as a graph. In other words, the sole topology of a TN is su�cient to obtain insights
which would otherwise be di�cult to access as long as the mathematical rigour is preserved.

To illustrate this, a novel method to perform tensor contractions is derived, stemming solely
from an intuition gained through the graphical representation. Recall the definition of con-
traction products provided in (2.24). A direct application of the iterative definition can be
computationally expensive, as for higher order tensors it would involve a significant amount of
iterative procedures. On the other hand, the same problem could be tackled using TTs which is
suggested by the graphical representation of the TT illustrated on the right hand side of Fig. 2.8,
as each core has information regarding the corresponding original tensor mode [48].

Given that, the first and last cores in a TT are always matrices. The question is hence
whether one could exploit this to reduce an ⇥m

n contraction product to a simple matrix multi-
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side in the figure, or as in (5.8), on the right-hand side.

plication. For simplicity, suppose it is required to perform a ⇥2
3 contraction between a 4th-order

tensor X 2 RI1⇥I2⇥I3⇥I4 and a 3rd-order tensor Y 2 RJ1⇥J2⇥J3 , where I3 = J2. This would
result in a tensor Z, given by:

X⇥2
3 Y = Z 2 RI1⇥I2⇥I4⇥J1⇥J3 (5.9)

The tensors X and Y can also have their indices permuted to yield X⇢
2 RI3⇥I1⇥I2⇥I4 and

Y⇢
2 RJ2⇥J1⇥J3 , such that the contracting modes, I3 for X, and J2 for Y become the first

modes. Upon, performing a TT decomposition on X⇢ and Y⇢ respectively, this yields the cores

G(n)
x 2 RR(n�1)⇥In⇥Rn , n = 1, 2, 3, 4

G(m)
y 2 RP(m�1)⇥Jm⇥Pm , m = 1, 2, 3

P0 = P3 = 1

R0 = R4 = 1

(5.10)

This implies that, since I3 = J2, the desired contraction in (5.9) can be obtained as a simple
matrix product G(1)

x = Ax 2 RI1⇥R1 and G(1)
y = Ay 2 RJ2⇥P1 , in the form

AT
xAy = K 2 RR1⇥P1 (5.11)

This is the centre of the proposed Tensor-Train Contraction Product (TTCP) [48], a method
to perform contractions between tensors that are represented in the TT-format. Observe from
Fig. 5.6 that first, the cores Ax and Ay of tensors X⇢ and Y⇢ are linked by a standard matrix
multiplication AT

xAy, connecting the two TTs of X⇢ and Y⇢. This results in the newly formed
TT where the link introduced by the contraction product is consolidated into the matrix K 2
RR1⇥P1 . Thus the task of reconstructing the tensor represented by the union of the two TTs
yields Z⇢

2 RI4⇥I2⇥I1⇥J1⇥J3 , which is a permuted version of the tensor Z in (5.9). In order
to obtain the latter it is su�cient to permute Z⇢ such that the resulting dimensions follow the
natural anti-clockwise order obtained by the original contraction. The procedure is summarised
in Algorithm 7, where the operator (·)T[1;3] permutes any given tensor such that the first and
third modes are exchanged. The benefits of the TTCP are two-fold:

1. The resulting tensor Z = X ⇥2
3 Y is automatically given in the TT-format, suitable for

e�cient distributed storage of then underlying information, whereby its cores still contain
the modal information with respect to the individual tensors X and Y.

2. It provides a more e�cient alternative to the actual contraction, in comparison to (2.24);
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Algorithm 7: Tensor-Train Contraction Product (TTCP)

Input : X 2 RI1⇥···⇥IN and Y 2 RJ1⇥···⇥JM , n and m
Output: Z = X⇥m

n Y s.t.
Z 2 RI1⇥···⇥In�1⇥In+1⇥···⇥IN⇥J1⇥···⇥Jm�1⇥Jm+1⇥···⇥JM

1 Perform permutation of an original X! X⇢ such that

X⇢
2 RIn⇥I1⇥···⇥In�1⇥In+1···⇥IN

2 Represent X⇢ in TT format in accordance with Algorithm 4 to obtain

X⇢ = Ax ⇥
1
2 G

(2)
x ⇥

1
3 · · ·⇥

1
3 G

(N�1)
x ⇥

1
3 Bx

3 Repeat steps 1 and 2 for Y to obtain

Y⇢ = Ay ⇥
1
2 G

(2)
y ⇥

1
3 · · ·⇥

1
3 G

(M�1)
y ⇥

1
3 By

4 Perform contraction ⇥m
n through matrix multiplication

K = AT
xAy

5 Obtain reconstructed version of Z⇢

Z⇢ = Bx ⇥
1
2 G

(N�1)
x ⇥

1
3 · · ·⇥

1
3 G

(2)
x ⇥

1
3 K⇥

1
2 G

(2)
y ⇥

1
3 · · ·⇥

1
3 G

(M�1)
y ⇥

1
3 By

6 Perform permutation of Z⇢
! Z such that

Z 2 RI1⇥···⇥In�1⇥In+1⇥···⇥IN⇥J1⇥···⇥Jm�1⇥Jm+1⇥···⇥JM

7 return Z

5.1.4 Complexity analysis and numerical simulations

Generally, if all tensors were stored in the TT format, instead of performing an expensive ⇥m
n

tensor contraction product between X 2 RI1⇥···⇥IN and Y 2 RJ1⇥···⇥JM according to the
standard definition in (2.24), which incurs O(I1 · · · In�1In+1 · · · INInJ1 · · · Jm�1Jm+1 · · · JM )
operations, the proposed TTCP only requires O(R1InP1) operations, where R1 is the first TT
rank of X and and P1 is the first TT rank of Y.

For illustration on the savings in computational complexity by the proposed TTCP, let
In = I and Jm = I for n = 1, . . . , N and m = 1, . . . , N , and R1 = P1 = R. Then, the number of
operations required (so called time complexity) of the tensor contraction product reduces from
the original O(I2N�1), which is exponential in the tensor order, N , to O(IR2) in the TTCP
(step 4 of Algorithm 7), which is independent of the tensor order, and is highly e�cient for a
low TT rank, R, as illustrated in Section 5.1.4. Hence, the computational advantage of TTCP
over standard tensor contraction product is O(I2N�1)/O(IR2) ⇡ O(I2N�2).

Notice that if the original tensors need first to be represented in the TT format, then this
would incur an additional computational complexity of O(RIN ) [127] (steps 2 and 3 of Al-
gorithm 7). In this case, the computational advantage of TTCP would still be of the order
O(IN�1). Finally, if the resulting contraction product needs to be reconstructed from the
TT-format to the full tensor form, this would then incur an additional O(I2N�2) complexity,
whereby the computational advantage of O(I) remains. In practice, however, it is desirable to
store tensors in a distributed TT-format to reduce the storage and computational overheads
associated with large-scale tensor networks, and only reconstruct the final tensor after perform-
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Figure 5.7: Theoretical time complexity (in log-scale) required to perform the standard
contraction product (left) versus the proposed TTCP (right) for tensors in TT-format with
varying dimensions, I, tensor orders, N , and TT ranks, R.

ing numerous contraction products, and ideal scenario for the proposed TTCP to provide large
complexity gains over standard contractions.

The computational e�ciency of TTCP can be observed in Fig. 5.8, where the two tensors,
X and Y, are drawn from a zero-mean, unit-variance Gaussian distribution, and three di↵erent
cases are considered, that is: (i) X, Y 2 R20⇥20⇥20; (ii) X, Y 2 R20⇥20⇥20⇥5; and (iii) X,
Y 2 R20⇥20⇥20⇥5⇥4. For each case, the contraction X⇥1

1 Y is computed via (2.24) and via the
TTCP algorithm, and the computational times are recorded for both cases. The TTCP exhibits
a significant computational e�ciency advantage in all cases, especially for the 4-th and 5-th
order scenarios. This suggests that for higher-order tensors, expression (2.24) tends to become
intractable, and the advantages of the TTCP become apparent.

The TT representation is a low-rank approximation of the original tensor, which inevitably
comes with a cost of an approximation error. Generally, the higher the rank of the actual TT
decomposition, the less pronounced the approximation error. However, the determination of the
exact rank for tensor decompositions is generally NP-hard [128], which is prohibitive to providing
a theoretical guarantee on the approximation error. Instead, in practice, the choice of rank is
determined empirically for a given error tolerance, and it varies significantly across di↵erent
datasets. As a rule of thumb, we find that a low TT-rank of Rn = 4 for n = 1, . . . , N �1 is often
su�cient to approximate more than 90% of the original TCP (measured in explained variance)
in some of the most popular machine learning benchmark datasets, as shown in Section 5.1.4.

In the same fashion which shows that a contraction product can be represented as a matrix
multiplication, in specific cases contractions along multiple modes can be carried out in a single
operation. Consider, for example, two N -th order tensors X 2 RI1⇥···⇥IN and Y 2 RJ1⇥···⇥JN .
Assuming that Ik = Jk, 8k 6= n, a contraction along all modes except the n-th one (“all-but-n”)
is denoted by [129]

hX,Yi�n = X(n)Y
T
(n) 2 RIn⇥Jn (5.12)

To graphically justify this, consider the 3-rd order case for two general tensors, X 2 RI1⇥I2⇥I3

and Y 2 RJ1⇥J2⇥J3 , with I1 = J1, I2 = J2, as illustrated on Fig. 5.9. The unfolding is performed
on the 3-rd mode, i.e. the mode not taking part in the contraction, for both X and Y, and the
transpose on Y(3) is taken in order to avoid a dimension mismatch. It is now not di�cult to
extend and accept this result for any pair of higher order tensors.
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5.2 Recursive Tensor Decompositions for Streaming Big
Data

5.2.1 Introduction

The ever increasing and already widespread use of multisensor technology and the associated
data quantities of exceedingly large dimensionality (big data) have highlighted the limitations
of standard “flat-view” matrix and vector models both in terms of accuracy and computational
requirements. This calls for new, sophisticated, tools capable of coping with the sheer complexity
of modern datasets [3]. With the name stemming from the Latin word tendere, i.e. “to stretch”,
tensors are multi-dimensional generalisations of matrices and vectors, which benefit from the
power of multi-linear algebra to flexibly and e�ciently account for multi-way relationships. In
addition, owing to their ability to exploit the underlying data structures in factor analysis and
feature extraction [4, 63, 95, 97], they have found application in a wide range of disciplines,
from very theoretical ones, such as numerical analysis and physics [23, 24, 39, 130], to the more
applied areas of signal processing and machine learning [1, 3, 9, 131, 132, 133].

However, the natural high dimensionality of tensors implies that the applications of common
algorithms on data in raw tensor format may be intractable, owing to the curse of dimension-
ality [26], a phenomenon whereby storage memory and the required number of operations in
computation grow exponentially with the tensor order. To tackle this issue, tensor decompo-
sitions have been developed to represent tensors as a series of lower complexity multi-linear
operations over latent factors. The most commonly used decompositions are the Canonical
Polyadic [134], the Tensor Train [26], and the Tucker [22] decompositions (CPD, TT, and TKD,
respectively). In particular, the TKD can be thought of as a higher-order form of the matrix
Singular Value Decomposition (HOSVD) [24], and has found its original applications in chem-
ical sciences [135, 136]. More recently, TKD has been widely employed in numerous studies
of multi-dimensional data, owing to its straightforward physical interpretability and intuition
stemming from the link with SVD. Indeed, the HOSVD represents a direct generalisation of
SVD, and, as such, the large volume of SVD-related work is gradually being extended to higher
order tensors. Examples of applications of HOSVD include the identification of handwritten
digits and clustering [28, 137].

However, despite its advantages, due to the curse of dimensionality, computing HOSVD can
be prohibitively expensive for large volume tensor data, or, more specifically, for tensors with
large dimensions. One stumbling block is that HOSVD can only be solved once the entire input
data is known, which, in turn, means that analytical methods require extensive multi-linear
algebra operations, and are therefore unsuitable for real-time applications. Solutions have been
proposed to tackle this problem, such as subspace methods and incremental SVD [138, 139], but
these are still costly.

To address this issue, inspired by the work in [140], we propose a perturbation-based approach
for the computation of HOSVD, referred to as Recursive HOSVD (R-HOSVD). This is achieved
by a recursive estimation of mode-wise eigenvalues and eigenvectors, through the perturbation
of the associated mode-wise covariance matrices [141]. Empowered by the flexibility of multi-
linear algebra, the proposed method makes full use of the underlying structure in the original
data which makes it possible to not only preserve intra- and inter-modal dependencies, but
also to operate for online streaming data in the tensor format. The R-HOSVD is shown to
be computationally e�cient, as each iteration involves only simple matrix multiplications. For
rigour, it is conclusively demonstrated that the proposed R-HOSVD resolves two outstanding
issues with HOSVD:

• It grossly alleviates original computational costs associated with the HOSVD;

• It provides a badly needed online study of multimodal data.

Numerical examples demonstrate the validity and e�cacy of the proposed framework.
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5.2.2 Preliminaries

Consider an order-(N + 1) data tensor, Y , constructed from order-N tensor samples, X[m], as
in Eq. (2.38). The HOSVD of the data tensor, Y, is then given by

Y = G
N+1
⇥

n=1
U(n) (5.13)

where G 2 RI1⇥···⇥IN+1 is the core data tensor, and U(n)
2 RIn⇥In is the mode-n orthonormal

factor matrix. The principle of the HOSVD operator is illustrated in Fig. 2.7 for an order-3
tensor, X.

The HOSVD exhibits the following properties of interest to this work, which stem from the
properties of the Kronecker product

vec(X) =
⇣ 1
⌦

n=N
U(n)

⌘
vec(G)

X(n) = U(n) G(n)

 
1
⌦

i=N+1
i 6=n

U(i)T

!
(5.14)

Remark 20. The HOSVD of an order-(N + 1) tensor in Eq. (2.38) is equivalent to a sequence
of principal component analyses on each mode-n unfolding of the constituent order-N sample
tensors X[1], . . . ,X[M ].

Denote the covariance matrix of the mode-n unfolding of the tensor samples by R(n)
2

RIn⇥In , to yield

R(n) =
1

M

MX

m=1

X(n)[m]XT
(n)[m]

=
1

M
X(n) X

T
(n)

= U(n)

 
1

M
G(n) G

T
(n)

!
U(n)T

= U(n) ⇤(n) U(n)T

(5.15)

where U(n)
2 RIn⇥In is the orthonormal eigenvector matrix and ⇤(n)

2 RIn⇥In the diagonal
eigenvalue matrix. Therefore, the eigenvector matrix of R(n) is equal to the mode-n factor
matrix of the HOSVD of the data tensor Y.

Additional intuition to HOSVD can be provided by exploiting the intricate relationship be-
tween the principal component analysis and singular value decomposition. Consider the vector-
variate samples, x[1], . . . ,x[M ] 2 RI . We can compute their PCA, by the eigendecomposition
of their covariance matrix, as

1

M

MX

m=1

x[m]xT [m] = U⇤UT (5.16)

Alternatively, we can combine x[1], . . . ,x[M ] into the data matrix X 2 RI⇥M and compute its
SVD as

X =
h
x[1] . . .x[M ]

i
= U⌃VT (5.17)

From the above, it can be shown that
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XXT =
MX

m=1

x[m]xT [m]

= U
�
M⇤

�
UT

= U⌃⌃TUT

(5.18)

Then, the following equivalence holds, which is in essence the Cholesky decomposition

⇤ =
1

M
⌃⌃T (5.19)

Now, consider the vector-variate samples which are generated as vectorisations of order-N sam-
ples of an order-(N + 1) data tensor X. Then, the vectorisations take the form, x[m] =
vec(X[m]), while with the PCA of such vectors we arrive at

1

M

MX

m=1

vec(X[m]) vec(X[m])T =

 
1
⌦

n=N
U(n) ⇤(n) U(n)T

!
(5.20)

whereas the SVD of the data matrix yields

h
vec(X[1]), . . . , vec(X[M ])T

i
= XT

(N+1)

=
⇣ 1
⌦

n=N
U(n)

⌘
GT

(N+1) U
(N+1)T .

(5.21)

We therefore obtain

⇣ 1
⌦

n=N
⇤(n)

⌘
=

1

M
GT

(N+1) G(N+1) (5.22)

Under the assumption that ⇤(n) admits the Cholesky decomposition, ⇤(n) = ⌃(n)⌃(n)T , the
core data tensor is given by

G(N+1) =
p

M
⇣ 1
⌦

n=N
⌃(n)T

⌘
⇥ (5.23)

where ⇥ is an arbitrary rotation matrix. In practice this arbitrary rotation matrix can e↵ectively
be ignored, that is, we can choose ⇥ = I, as suggested in [142, 143].

5.2.3 Recursive HOSVD

It is important to note that the HOSVD of the data tensor in online streaming scenarios results
in two sets of factor matrices:

• the entity-space factor matrices of fixed dimensionality U(n) for n = 1, . . . , N ;

• the sample-space factor matrix U(N+1)
2 Rt⇥t which grows in dimensionality with each

newly arrived sample.

Entity-space update scheme

Consider the recursion equation for the mode-n covariance matrix

R(n) =
MX

m=1

↵[m]X(n)[m]XT
(n)[m]

= (1� ↵[m])R(n)[m� 1] + ↵[m]X(n)[m]XT
(n)[m]

(5.24)
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where ↵[m] 2 (0, 1) is the forgetting factor, for which the following holds
PM

m=1 ↵[m] = 1.
Without loss of generality, we can drop the time dependency notion for ↵. Then the matrix
R(n)[m] admits the eigendecomposition

R(n)[m] = U(n)[m]⇤(n)[m]U(n)T [m] (5.25)

where U(n)
2 RIn⇥In and ⇤(n)

2 RIn⇥In denote the orthonormal eigenvector and diagonal
eigenvalue matrices, respectively.

Next, define the core data tensor based on the projection of the current sample, X[m], using
the preceding factor matrices, U(n)[m� 1], that is

A = X[m]⇥N
n=1 U

(n)T [m� 1] (5.26)

and introduce the following variables

A(n) = U(n)T [m� 1]X(n)[m]

 
1
⌦

i=N
i 6=n

U(i)T [m� 1]

!

B = A(n) A
T
(n)

(5.27)

For computational e�ciency, we can calculate B directly using

A = U(n)T [m� 1]X(n)[m]

B = AAT
(5.28)

since U(n)TU(n) = I, 8n. Upon substituting these definitions into Eq. (5.25), the recursive
formula for the eigenvectors and eigenvalues can be written as

U(n)[m]⇤(n)[m]U(n)T [m] = U(n)[m� 1]
h
(1� ↵)⇤(n)[m� 1] + ↵B

i
U(n)T [m� 1] (5.29)

Further, by introducing the eigendecomposition

h
(1� ↵)⇤(n)[m� 1] + ↵B

i
= VDVT (5.30)

where V 2 RIn⇥In is orthonormal and D 2 RIn⇥In is diagonal, the expression in Eq. (5.29)
becomes

U[m]⇤[m]UT [m] = U[m� 1]VDVT UT [m� 1] (5.31)

It is now immediately obvious that

U[m] = U[m� 1]V

⇤[m] = D
(5.32)

Remark 21. In spite of the fact that the matrix
⇥
(1�↵)⇤[m� 1]+↵B

⇤
has a special structure

which is much simpler than that of a general covariance matrix, determining the eigendecomposi-
tion VDVT analytically is di�cult. As shown in the next section, if m is large, the problem can
be solved in a much simpler way using a matrix perturbation analysis approach. The assumption
of a large m underpins the streaming big data paradigm.

Consider the matrix
⇥
(1�↵)⇤[m� 1] + ↵B

⇤
. For a small ↵, this matrix becomes diagonally

dominant and therefore its eigenvalues are close to
⇥
(1 � ↵)⇤[m � 1] + ↵B

⇤
, according to the

Gershgorin theorem [139, 144], while its eigenvector matrix will be close to identity. The problem
reduces to finding the eigendecomposition of a matrix

⇥
(1�↵)⇤[m�1]+↵B

⇤
, that is, an update

of the diagonal matrix, ⇤, using the following approximations:
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D = (1� ↵)⇤[m� 1] + P⇤

V = I + PV
(5.33)

where P⇤ and PV are small perturbation matrices. Observe that the eigenvalue perturbation
matrix P⇤ is naturally diagonal. With these definitions, we have

VDVT = ( I + PV)
⇣
(1� ↵)⇤[m� 1] + P⇤

⌘
( I + PV)T

= (1� ↵)⇤[m� 1] + P⇤ + DPT
V + PV D

+ PV(1� ↵)⇤[m� 1]PT
V + PVP⇤P

T
V

(5.34)

Assuming that the second-order perturbation terms are negligible, upon equating Eq. (5.34) to⇥
(1� ↵)⇤ + ↵B

⇤
, we have

↵B = P⇤ + DPT
V + PVD (5.35)

Since we know that V is orthonormal we can therefore substitute V = I + PV in VVT = I,
and upon using the assumption PVPT

V ⇡ 0, this reveals the skew-symmetry PV = �PT
V.

The fact that P⇤ and D are diagonal can be used to find the solution to the perturbation
matrices from Eq. (5.35) in the form

�
P⇤

 
i,i

= bi,i

�
PV

 
i,j

=

(
bi,j

�j+bj,j��i�bi,i
i 6= j

0 i = j

(5.36)

where bi,j =
�
↵B

 
i,j

and �i =
�
(1� ↵)⇤[m� 1]

 
i,i

Sample-space update scheme

Once all entity-space factor matrices U(n)[m] for n = 1, . . . , N are obtained, we can use the
relationship in Eq. (5.23) to retrieve the core data tensor using

G(N+1)[m] =
p

m
⇣ 1
⌦

n=N
⌃(n)T [m]

⌘
(5.37)

where ⌃(n)[m] = ⇤(n)
1
2 [m], observe that this is computationally cheap since ⇤(n)[m] is diagonal.

Then, the sample-space factor matrix can be directly obtained from

U(N+1) = X(N+1)[m]
⇣ 1
⌦

n=N
U(n)[m]

⌘
G�1

(N+1)[m] (5.38)

where Y = stackN+1

�
X[1], . . . ,X[m]

�
is the data tensor which contains all samples up to and

including time instant m. Algorithm 8 outlines the end-to-end procedure of performing recursive
HOSVD for a given stream of multi-dimensional data samples.

5.2.4 Implementation considerations

The role of the forgetting factor ↵

When dealing with stationary data, the individual samples should be weighted equally, and
as such the forgetting factor is set to ↵[m] = 1

m . In a non-stationary environment, a first-
order dynamical forgetting strategy could be employed by selecting a fixed decay rate. We can
therefore set a small ↵ 2 (0, 1). Considering that the average memory depth of this recursion
is 1

↵ samples, the choice of the forgetting factor presents a trade-o↵ between tracking capability
and estimation variance.
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Algorithm 8: Recursive HOSVD for streaming multi-dimensional data

Input : Stream of tensor data samples X 2 RI1⇥I2⇥···⇥IN

Output: G[m],U(n)[m] updated upon arrival of a new tensor data sample X[m]
1 Initialise U(n)[0] and ⇤(n)[0] for n = 1, . . . , N
2 for m=1, . . . do
3 Wait for a new input data sample X[m]
4 for n = 1, . . . , N do

5 A U(n)T [m� 1]X(n)[m]

6 B AAT

7 Find perturbation matrices PV and P⇤ from Eq. (5.36)

8 Û U(n)[m� 1]
�
I + PV

�

9 ⇤̂ 
�
1� ↵

�
⇤(n)[m� 1] + P⇤

10 T Diag(û1, . . . ûIn) where Û =
⇥
û1 . . . ûIn

⇤

11 U(n)[m] ÛT�1

12 ⇤(n)[m] ⇤̂T2

13 end for
14 Y  stackN+1

�
X[0], . . . ,X[m]

�

15 ⌃(n)[m]⌃(n)T [m] ⇤(n)[m] ; // Cholesky factorisation

16 G(N+1)[m] 
⇣ 1
⌦

n=N
⌃(n)T [m]

⌘

17 U(N+1)[m] Y(N+1)[m]
⇣ 1
⌦

n=N
U(n)[m]

⌘
G�1

(N+1)[m]

18 end for

19 return G[m],U(n)[m] 8m, n

Initialisation

In practice, we can initialize the operation, even without performing an HOSVD, by setting the
estimated eigenvector matrix to identity, U(n)[m] = I 2 RI⇥I and the eigenvalues to the sample
variances of each input entry over M samples, ⇤(n)[0] = diag(R(n)[M ]), for n = 1, . . . , N .
In order to guarantee the accuracy of the first order perturbation approximation, we need to
choose the forgetting factor ↵ to be very close to 0 such that the time-average defining R(n)[m]
becomes very close to the deterministic ensemble average for (1� ↵) ⇡ 1. This key assumption
relies on the property

lim
m!1

R(n)�1

[m]R(n)[m] = (1� ↵)I (5.39)

where R(n) = E
�
X(n)X

T
(n)

 
.

Computational complexity analysis

Upon combining the individual contributions outlined in Table 5.1, and neglecting the scaling
constants, it follows that the mode-n computational complexity is ⇠ O

�PN
n=1 In(P + 1 + In +

I2
n)
�
. Assuming that each mode is comparable in size, i.e. I1 ⇡ I2 ⇡ · · · ⇡ IN , or, more

generally, In ⇡ I, then a single update step requires ⇠ O
�
NI(P + 1 + I + I2)

�
computations.

By the same assumption, the HOSVD of an order-N tensor has computational complexity of
⇠ O

�
NPI

�
. Recall that the data tensor X 2 RI1⇥I2⇥···⇥IN⇥M is of order (N + 1), then the

HOSVD of X at a time-step m exhibits the complexity ⇠ O
�
(N + 1)PIm

�
. Therefore, the

requirement for the proposed R-HOSVD to be more computationally e�cient can be formalised
as
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NI(P + 1 + I + I2) < (N + 1)PIm (5.40)

Considering the dominant terms only, the requirement reduces to m > I, and the computational
benefits of the recursive HOSVD become obvious.

Table 5.1: Computational complexity breakdown of R-HOSVD

Algorithm Step Complexity

A U(n)T [m� 1]X(n)[m]
O
�
2InP

�
B AAT

Find PV and P⇤ O
�
4I2

n

�

Û U(n)[m� 1]
�
I + PV

�
O
�
I2
n + I3

n

�
+ O

�
2In

�
⇤̂ 

�
1� ↵

�
⇤(n)[m� 1] + P⇤

U(n)[m] ÛT�1

O
�
I2
n

�
+ O

�
In
�

⇤(n)[m] ⇤̂T2

5.2.5 Simulations

To demonstrate the validity of the proposed framework in a regime-changing environment, we
generated two order-4 data tensors, X1,X2 2 R3⇥4⇥M , in the form of a vector of M order-3
tensor-valued samples, each drawn from a di↵erent tensor-variate Gaussian distribution [145]
with arbitrarily chosen parameters. These were then stacked together so as to form a single data
tensor of order-4, Y = stack4

�
X1,X2

�
2 R3⇥4⇥5⇥2M . A total of 1000 Monte Carlo simulations

were carried out with the forgetting factor set to a constant ↵ = 10�3. The accuracy was
measured in terms of the principal angle [146] between the estimated and actual subspaces for
each mode-n factor matrix, that is, if the mode-n actual (U(n)) and estimated (Û(n)) factor

matrices comprise of the columns u(n)
i and û(n)

i , respectively, then the angular error at mode-n
is given by

en = min

(
û(n)T

i u(n)
i�� û(n)

i

����u(n)
i

��

����� û
(n)
i 2 Û(n), u(n)

i 2 U(n)

)
(5.41)

The results of 1000 independent Monte Carlo runs were averaged to obtain the convergence
curves for the factor matrix, as shown in Fig. 5.10. Convergence is observed for all modes, even
in the event of the regime-change, as indicated by the change in distribution at m = 10000. The
algorithm was implemented and using Python Higher-Order Tensor ToolBOX (HOTTBOX)
[81].

5.3 Higher Order Tensors ToolBOX

5.3.1 Introduction

Over the past years, several libraries for dealing with multi-dimensional data have emerged:

• Tensor Toolbox [43] is one of the first attempts to provide users with classes and func-
tions for manipulating dense, sparse and structured tensors as well as fundamental tensor
decompositions using MATLAB’s object-oriented features;
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Figure 5.10: Evolution of the principal angle over time. Convergence of R-HOSVD is
maintained despite the regime-change.

• Another popular choice is Tensorlab [44] which o↵ers users various tools for tensor compu-
tations and complex optimisations. In addition, it also implements a number of algorithms
dealing with large-scale datasets and more advanced factorisation, such as the LL1 and
Block Term Decomposition (BTD) [74, 147], and supports quite intuitive tools for basic
visualisations of N-dimensional data.

Both these toolboxes are well structured and provide extensive documentation supported
with various examples; they also require a proprietary MATLAB platform. However, in the
world of free software, a fair share of packages are written in Python, and include

• The most well received library by the community is TensorLy [45]. It was developed
with simplicity in mind and has a flexible backend system which allows to perform tensor
decomposition algorithms at scale and over a range of hardware setups, from a single
CPU through to a distributed execution on multiple GPUs. TensorLy also comprises
implementations of some machine learning approaches, but its main focus remains on
optimised and e�cient performance;

• The TensorD toolbox [46] was designed as a highly modular piece of software, specifically
tailored to the most prominent machine learning framework, the TensorFlow. Although it
allows us to transform an idea into a result very quickly, it supports implementations of
only CPD and TKD.

Several other libraries exist which primary focus on the Tensor Train Decomposition (TTD),
a factorisation originally proposed by a research group from the Skolkovo Institute of Science
and Technology in 2011. The same group also released a Python implementation of their al-
gorithms within a dedicated toolbox [148] whose functionalities were then extended to support
utilisation of GPUs for e�cient computations, batch processing and automatic di↵erentiation
[149]. Another package for tensor network learning with PyTorch [150] takes a somewhat or-
thogonal approach to establishing a common interface, where the existing multi-linear models,
i.e. CPD, TKD, TT, are represented as a particular case of tensor networks [1]. Thus, decom-
posing, manipulating, and reconstructing tensors can be (to some extent) abstracted away from
the particular decomposition format.

In recent years, we have also witnessed a tendency to open-source implementation of newly
proposed algorithms or computational optimisation advances in the field of multi-linear analysis.
This has brought to light a number of publicly available stand-alone projects123 for which the

1https://github.com/cohenjer/Tensor_codes
2https://github.com/andrewssobral/mctc4bmi
3https://github.com/yuanlonghao/T3C_tensor_completion
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documentation or explanations of installation steps are often incomplete, so the community
generally struggles to incorporate these into a custom experiment.

To summarise, all of the aforementioned libraries and projects have found their niche within
tensor decompositions and applications, and exhibit the following commonalities:

• They utilise tensors only as N-dimensional arrays and do not exploit complementary meta-
information about the data a tensor represents;

• Lack of visualisation tools, which are extremely beneficial for analysis, multi-disciplinary
e↵orts or educational purposes;

• No su�cient focus on unifying the existing machine learning approaches which are specific
to inherently multi-dimensional data.

In order to address these shortcomings, a self-contained open source library, HOTTBOX, has
been developed. It is written in Python, as one of the top three popular languages world-
wide and the most friendly and easy to get started with even for the newcomers. Our journey of
exploring available functionalities of this package will be supported with short code snippets that
serve as guiding points for those who wish to enter a fascinating field of tensor decomposition
and their applications. All that is required is to have a working installation of Python 3 and
the following packages: NumPy [151], Scikit-Learn [82] and HOTTBOX [81]. All these can be
installed directly from the Python Package Index with:

pip install numpy scikit-learn hottbox

5.3.2 Ecosystem of HOTTBOX

Figure 5.11: Biomedical data (left), a video sequence (middle), and 3-D motion capturing
system (right) organised as “raw” multi-dimensional data.

Various types of data can be represented in the form of an N-dimensional array. Most often,
this is achieved through a combination of mathematical construction and experimental design.
For example:

• By stacking time-frequency representations of each channel that records brain electrical
activity during a particular task or stimulus (each slice on the left-most panel in Fig. 5.11);

• A video clip can be broken down into a set of consecutive frames which are stacked into a
tensor (middle panel in Fig. 5.11);

• Optical motion capture system contains several markers, each recording information about
position change in a 3-D space over a period of time (right most-panel in Fig. 5.11).
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The HOTTBOX builds on top of NumPy and provides a top level API for data representation
and manipulation operations that are specific to multi-linear analysis. Creation of a Tensor
object is straightforward and requires only an N-dimensional array which should be passed as
an input:

1 import numpy as np

2 from hottbox.core import Tensor

3

4 # Create 3-d array of data

5 array_3d = np.arange(24).reshape((2, 3, 4))

6

7 # Create tensor

8 X = Tensor(array_3d)

9

10 print(X)

11 # This tensor is of order 3 and consists of 24 elements.

12 # Sizes and names of its modes are (2, 3, 4) and ['mode-0', 'mode-1', 'mode-2'] respectively.

The HOTTBOX is now ready to perform basic tensor operations from Section 2.1, as it
is equipped with Tensor objects which implement the corresponding methods. For example,
the most common transformations of mode-n unfolding Eq. (2.2) and generic folding Eq. (2.30)
are available through an intuitive abstraction API layer. Moreover, it is also possible to chain
methods together, which is extremely convenient for performing sequential mode-n product
transformations Eq. (2.15).

14 X.unfold(mode=0)

15 X.data

16 # array([[ 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11],

17 # [12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23]])

18

19 X.fold()

20 X.data

21 # array([[[ 0, 1, 2, 3],

22 # [ 4, 5, 6, 7],

23 # [ 8, 9, 10, 11]],

24 #

25 # [[12, 13, 14, 15],

26 # [16, 17, 18, 19],

27 # [20, 21, 22, 23]]])

28

29 A = np.arange(15).reshape(5, 3)

30 B = np.arange(24).reshape(6, 4)

31 X.mode_n_product(A, mode=1).mode_n_product(B, mode=2)

32 print(X)

33 # This tensor is of order 3 and consists of 60 elements.

34 # Sizes and names of its modes are (2, 5, 6) and ['mode-0', 'mode-1', 'mode-2'] respectively.

By default, all operations directly change the underlying data array of a tensor. However,
in some cases it might be beneficial to obtain result as a separate data structure which merely
requires specifying an additional parameter, i.e. inplace=False.

Remark 22. In order to be consistent with Python indexing, the count of modes and elements
within data structures starts from zero.

5.3.3 Core Structural Components

Each dimension within an N-dimensional array can be associated with a certain property, or
mode of the raw data. At the same time, this characteristic is described by a set of distinct
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Figure 5.12: Left: The ecosystem of representations of an N-dimensional array; Right: The
synergy of meta-information associated with an N-dimensional array descriptions.

features. To show this, assume that a simple data rearrangement procedure (e.g. folding, un-
folding) of the raw data was performed which yielded a di↵erent view of data at hand. However,
this manipulation did not change the original properties of the underlying data array, but in-
stead it changed the relationships between modes. We shall refer to such a transformation of a
“raw” N-dimensional data as a change of state. To summarise:

• Mode of the tensor is defined by the name of the property it represents and names of the
features that describe this property;

• State of the tensor is defined by transformations applied to the data array;

• Meta-data about a tensor is a record of information about the modes and the state it is
currently in.

Oftentimes, N-dimensional data contains a considerable amount of repetitive and redundant
information. By applying di↵erent numerical methods, i.e. tensor decompositions, this informa-
tion can be represented in a more compact and e�cient way. There are three major conceptually
di↵erent factorisation types and computational algorithms associated with tensors:

• Kruskal form represents the original data as a list of matrices, each of which corresponds
to a particular dimension of an array. It also imposes a one-to-one relation between column
vectors of these factor matrices;

• Tucker form is similar to Kruskal form, but every vector of one factor matrix is related to
all vectors of the other factor matrices through a core tensor;

• Tensor Train form represents a tensor as a set of sparsely interconnected matrices and
core tensors of low order, and therefore only adjacent components have explicit relation.

To this end, the core structural components of HOTTBOX are the Tensor, TensorCPD,
TensorTKD and TensorTT classes which bring together the raw, Kruskal, Tucker, and Tensor
Train formats respectively. Examples of how to interact with these representations within the
HOTTBOX are given in the code snippets below.

1 import numpy as np

2 from hottbox.core import TensorCPD
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3

4 # Create Kruskal form

5 tensor_cpd = TensorCPD(fmat=[A, B, C], core_values=Lambda)

6

7 # Convert to Tucker form

8 tensor_tkd = tensor_cpd.to_tucker()

9

10 # Add metadata

11 tensor_tkd.set_mode_name(["Year", "Month", "Day"])

12

13 # Reconstruct to original form

14 tensor = tensor_tkd.reconstruct()

15

16 print(tensor)

17 # This tensor is of order 3 and consists of 210 elements.

18 # Sizes and names of its modes are (5, 6, 7) and ['Year', 'Month', 'Day'] respectively.

It is important to understand that the characteristics of modes of N-dimensional data remain
the same regardless of which form they currently represent. Therefore, to suit the inherent
characteristics of tensors, it is highly advantageous to have a unified API, which is provided
within HOTTBOX and is capable of:

• Allowing us to switch between di↵erent tensor forms seamlessly;

• Preserving information about the underlying tensor characteristics;

• Giving an opportunity to utilise meta-information with ease.

5.3.4 Supported Algorithms

Another aim of the HOTTBOX library is to facilitate the usage of a wide range of existing
numerical methods which are available for analysis of inherently multi-dimensional data. The
HOTTBOX splits implementation of such algorithms into several modules dedicated to di↵erent
aspects of multi-way analysis.

Tensor factorisation module

The tensor factorisation module consists of implementations of fundamental tensor decompo-
sitions which include the Canonical Polyadic (Algorithm 1), Higher Order Singular Value (Al-
gorithm 2) and Tensor Train decompositions (Algorithm 4), that can be used to represent a
“raw” multi-modal data as one of the structures covered in Section 5.3.3. A set of these algo-
rithms is further extended with di↵erent variations which have been proposed in the literature
on optimised processing of multi-dimensional arrays. For example, the Higher Order Orthogo-
nal Iteration Decomposition (Algorithm 3) aids the actual computation of the best multi-linear
approximation, while the Randomised Canonical Polyadic Decomposition [152] significantly re-
duces both memory requirements and computational speed, without sacrificing on the preci-
sion of CP factorisation. The HOTTBOX aims to follow the same standards adopted by the
main projects of the Python scientific community and exposes only a single functional method,
decompose, that hides complexity and all implementation details. Thus, even not very experi-
enced or computing savvy users can incorporate multi-linear analysis into their research with
ease. An example of the straightforward way HOTTBOX deals with tensor decompositions is
illustrated in the code snippet below.

1 import numpy as np

2 from hottbox.core import Tensor

3 from hottbox.algorithms.decomposition import CPD, RandomisedCPD

4
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5 array_3d = np.arange(30000).reshape((20, 30, 50))

6 tensor = Tensor(array_3d.astype(np.float))

7

8 # Unified interface to perform decomposition

9 for algorithm in [RandomisedCPD(), CPD()]:

10 tensor_cpd = algorithm.decompose(tensor, rank=(3,))

The most common way to evaluate performance of an algorithm is by computing the residual
error of approximation:

kX� bXk2F
kXk2F

(5.42)

where X is the original multi-dimensional array and bX in the above example is reconstruction
of the Kruskal form of a tensor, obtained by ⇤ ⇥1 A ⇥2 B ⇥3 C. Since this metric is fre-
quently employed throughout di↵erent stages of multi-linear analysis, the HOTTBOX provides
the corresponding utility function for user convenience, as listed in the code snipped below.

12 from hottbox.metrics.decomposition import residual_rel_error

13

14 rel_error = residual_rel_error(tensor, tensor_cpd)

15

16 print(f'Relative error of Kryskal form = {rel_error}')

17 # Relative error of Kryskal form = 0.0005035

Another subset of tensor decomposition methods within HOTTBOX is the data fusion and
feature extraction module, which is composed of the Coupled Matrix and Tensor factorisation
[153] and PARAFAC2 [154] that provide an interface identical to the one considered above. Both
algorithms can be employed to jointly analyse a multi-way array with a matrix or a collection of
matrices that share a common mode (which describes similar data properties) in order to extract
a latent structure that governs the underlying processes. In spite of the latter model being able
to simultaneously factorise a collection of only 2-dimensional data structures, PARAFAC2 is still
attributed to multi-way analysis as a variant of the CP representation with relaxed constrains.

Classification and regression module

The classification and regression module includes the implementations of the Least Squares
Support Tensor Machine (LSSTM) and Tensor Ensemble Learning (TEL) algorithms (illustrated
on Fig. 4.1) which respectively generalise concepts and ideas of the existing popular “flat-view”
matrix counterparts, i.e. the Support Vector Machine and Ensemble Learning frameworks [1,
155]. Thus, the LSSTM and TEL can be seen as a natural extension to the case of tensor-valued
data samples.

Several di↵erent TEL algorithms have been incorporated into the HOTTBOX, all sharing
a similar interface. Here, we consider a particular implementation, TelVI, that was employed
for simulations presented in Section 4.4. First in order to extract latent components, every
raw multi-dimensional sample has to be represented in the Tucker form through the HOSVD
algorithm with the fixed multi-linear rank-(Ra, Rb, Rc), as shown in the code snippet below.

1 from hottbox.algorithms.decomposition import HOSVD

2

3 # Generic function to obtain data samples and labels

4 raw_data, labels = get_data()

5

6 # Represent each sample in Tucker form and store it in a list

7 hosvd = HOSVD()
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8 R_a, R_b, R_c = 5, 5, 2

9 data_decomposed = list()

10 for sample in raw_data:

11 tensor_tkd = hosvd.decompose(sample, rank=(R_a, R_b, R_c))

12 data_decomposed.append(tensor_tkd)

The above code snippet corresponds to the top right of the Fig. 4.2. Since the HOSVD is
applied to every sample individually, it makes no di↵erence whether all samples are processed
as a batch or after splitting them into the train and test subsets. Next, a TelVI classifier needs
to be initialised, which expects a collection of separate base learners, each associated with a
particular factor vector of the Tucker form, as depicted at the bottom of the Fig. 4.2. In other
words, the required number is determined by the sum of multi-linear rank values used for the
HOSVD. We will proceed with the implementation of the standard Support Vector Machine
(SVM) provided by the scikit-learn, one of the most popular Python package for classical
ML [82], as described in the code snippet below.

16 from sklearn.svm import SVC

17 from hottbox.algorithms.classification import TelVI

18

19 # Prepare base learners

20 base_classifiers = list()

21 for _ in range(R_a + R_b + R_c):

22 base_classifiers.append(SVC())

23

24 # Initialise classifier

25 telvi = TelVI(base_clf=base_classifiers, probability=True)

Here, we have created a set of homogeneous base classifiers, however, the parameter base clf
can accommodate a mix of heterogeneous objects representing ML algorithms, e.g. logistic
regression, neural network etc. The only restriction imposed on the members of base clf is
that each should contain an implementation of methods fit, predict and predict proba,
i.e. they should adhere scikit-learn type API [156].

Finally, the components of the Tucker representations of raw data through HOSVD need to
be reorganised in a set of new surrogate datasets, each containing an incomplete information
about the original samples. Next, these datasets are feed into the corresponding base learn-
ers (see bottom of Fig. 4.2) during the training stage. The so-obtained series of independent
hypotheses about the underlying processes are then utilised to classify the previously unseen
data samples which is achieved by aggregating the individually learned knowledge through the
weighted majority vote. For user convenience, all steps of this procedure are encapsulated and
available via the methods fit and score for the training and testing stages respectively; see
the code snippet below.

30 from sklearn.model_selection import train_test_split

31

32 # Split into train and test datasets

33 data = train_test_split(data_decomposed, labels, test_size=0.3)

34

35 # Train classifer and validate performance

36 X_train, X_test, y_train, y_test = data

37 telvi.fit(X_train, y_train)

38 score = telvi.score(X_test, y_test)

It is a common practice to perform hyper-parameter tuning of ML algorithms in order to
enhance their performance. Recall that TelVI employs a series of independent base classifiers.
Thus, a grid search for optimal parameter can be conducted for each of them with the use of
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grid search method. This requires us to specify a list of key value pairs, each defining a name
of the hyper-parameter and a set of corresponding values to try, as depicted in the code snippet
below.

42 hyper_params = list()

43 for _ in base_classifiers:

44 hyper_params.append({"kernel": ["rbf", "linear", "poly"]})

45

46 telvi.grid_search(X_train, y_train, hyper_params)

47

48 # Train classifer with tuned parameters and obtain new results

49 telvi.fit(X_train, y_train)

50 score = telvi.score(X_test, y_test)

It was our top priority to make API as close as possible to standards established within the
scientific community so that anyone familiar with existing machine learning libraries would be
able to utilise HOTTBOX for rapid development and quick iteration from an idea to an initial
functioning prototype, in an e↵ortless manner.

5.3.5 Interactive Visualisations

A key benefit of having a common API in our HOTTBOX library is that it provides us with
the means to integrate the multi-linear structures with external popular libraries that serve
completely orthogonal purposes, e.g. data wrangling and visualisation. The latter is partic-
ularly important for exploratory data analysis, and when displaying various forms of tensor
representations. This is completely di↵erent from commonly used approaches, as current ap-
proaches require a considerable amount of repetitive work to achieve an acceptable and e↵ective
illustration result. To this end, in order to accommodate many versatile forms of e�cient repre-
sentations, within the HOTTBOX we provide users with an interactive dashboard. For example,
Fig. 5.13 illustrates the user interface for a “raw” N-dimensional array factorised into the Tucker
form. Due to the nature of this representation, di↵erent modes and components correspond to
di↵erent properties that can be plotted using various types of graphs available in the dropdown
menu. Although a set of options is predefined, it can be easily extended to suit a particular need
of a user. In this way, a huge number of of cross-modal relations intrinsic to the components of
Tucker form (or other forms of e�cient representations) can be explored with the use of sliders.
Finally, meta-information is extracted and embedded as figure titles, to keep track of the design
sequence.

Remark 23. Fig. 5.13 merely displays synthetic data for illustrational purposes, where each
panel visualises a single column vector from three di↵erent factor matrices that would have been
obtained through either CPD or TKD of brain activity represented in the form of a third order
tensor.

5.3.6 Statistical Analysis Tools

HOTTBOX also provides classes and functions for the estimation of Tensor-Valued Gaussian
statistical models [157], a functionality which does not have analogues in other fully featured
libraries. The inherit notion of tensor-valued probability density function makes this module
extremely suitable for a large variety of use-cases that aim to model interactions between real-
world tensor data samples that are typically causal and probabilistic. Our implementation also
benefits from the Kronecker separability of the first and second order moments of the tensor-
valued random variable, as elaborated in [157]. In turn, this property of tensor-valued statistical
models provides an immediate reduction in parameters required to represent a random process
compared to the standard multivariate Gaussian model, as can be observed in Fig. 5.14.
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Figure 5.13: An example of a dashboard for visualising the TensorTKD. It exploits the na-
ture of relationships between the components and utilises the associated meta-information.
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The so-enabled exploitation of tensor-valued models is essential for alleviating the Curse of
Dimensionality, that is, an exponential growth in data volume with an increase in the order
of the tensor. At the same time, implementation of tensor-valued Gaussian statistical models
equips researches and data analysts with the essential tool for:

• Utilising Bayesian inference methods;

• Straightforward consideration of a mixture of probabilistic models;

• Statistical and hypothesis testing through the likelihood function;

• Employing class-conditional densities for classification tasks.

5.4 Chapter Summary

This chapter has covered the basics of graphical representation of tensors. We have revised the
standard building blocks for Tensor Networks, together with showing how they are employed
to graphically represent operations within Tensor Decompositions, such as the Tucker, and the
Tensor Train. The material has been presented through the lens of graphical representations
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so that the results are highly accessible even to new researchers in the field. Our emphasis
has been on providing better insight and intuition in some fundamentals of tensor algebra. In
particular, it was shown how diagrams composed of edges and nodes can provide intuitive justi-
fications to tensor unfoldings and how they o↵er greater flexibility in working with contraction
products. This has led to a novel and computationally e�cient method for tensor contraction,
referred to as the Tensor Train Contraction Product (TTCP), that is easy to grasp. The ben-
efits of the TTCP over the standard definition of contraction have been illustrated on Fig. 5.8.
Next, we have introduced a recursive procedure for computing the higher-order singular value
decomposition (R-HOSVD) of tensor-valued data streams in real-time. Numerical evaluations
have demonstrated the e�cacy of the proposed technique for online basis detection, even in
the critical case of regime-changing environments as depicted on Fig. 5.10. The distinguishing
advantage of the proposed framework is the extensive saving in computation, which arises from
the relaxations employed on the factor matrix perturbation model, thereby opening new avenues
for the next generation of streaming big data scenarios where computational a↵ordability is of
paramount importance. Finally, we have presented the Higher Order Tensor ToolBOX (HOT-
TBOX), a library dedicated to handling multi-dimensional data, which at its core employs a
user-friendly approach to statistical analysis, visualisation, feature extraction, regression and
non-linear classification paradigms. This makes it possible for HOTTBOX to be used by the
multi-disciplinary communities which operate with inherently N-dimensional data arrays. More-
over, the toolbox is equipped with a unit tests suite in order to meet the high requirements on
the integrity of the codebase of the modern software.
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Chapter 6

Conclusions and Future Work

We have the duty of formulating, of

summarizing, and of communicating our

conclusions, in intelligible form, in

recognition of the right of other free

minds to utilize them in making their

own decisions.

Ronald Fisher

6.1 Conclusions

This thesis has addressed the problem of joint analysis of multi-block data, whereby a partic-
ular focus was given to data preprocessing and the identification of common and individual
information. The key motivator for this work has been the sheer capabilities and scalabil-
ity of multi-dimensional representation of data through tensors, as only a limited portion of
the computational methods has been readily available to researchers across a diverse range of
data science fields. Drawing upon ideas evolved from the physical meaning of the fundamental
multi-linear linear operations and inspired by the strong need for interpretability of tensor de-
compositions, we have been able to propose several algorithms for feature extraction from tensor
valued data and enhancing computational performance of the associated tensor decompositions.
In the process, several new results in the field of ensemble learning have been introduced which
were accompanied by the practical implementations within publicly available software. This
chapter presents a brief overview of the contributions of the thesis and outlines the directions
for future work.

• Chapter 1. Introduction.

This first chapter serves as the general overview for approaches to the examination of
the ever-increasing amount of real-world data and applications in signal processing and
machine learning. The quest to make sense from information with such large volume and
variety has highlighted both the limitations of standard flat-view matrix models and the
necessity to move towards more versatile data analysis tools. This thesis was conceived
with the aim of developing practical algorithms which build upon a solid foundation and
physical meaning, while motivated by the need for new approaches and implementations
within multi-linear analysis. The outline of every subsequent chapter is provided where
details of the considered ideas and objectives are consequently elaborated.

• Chapter 2. Prerequisites: Multilinear Algebra.

Several important concepts of tensor analysis which are relevant to this thesis are thor-
oughly reviewed, such as folding and unfolding, mode-n, and contraction products. This
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has allowed us to introduce the cornerstone tensor decompositions and corresponding
implementation of the computation algorithms for the CPD-ALS, HOSVD, HOOI and
TT-SVD as well as to seamlessly manipulate with the associated fundamental data repre-
sentations in either Kruskal, Tucker or Tensor Train forms accompanied with the intuitive
and self explanatory examples. Moreover, we also cover conditions of the e�cient tensor
representations that are su�cient to manifest uniqueness of the decomposition at hand.
Finally, a notion of TN framework is introduced before continuing our journey into var-
ious tensorisation techniques. This allows us to appreciate tensor generation procedures
by virtue of rearrangement of lower-dimensional structures, mathematical construction or
experimental design that are indispensable tools for analysis and unravelling mysteries of
latent components of multi-dimensional data.

• Chapter 3. Feature Extraction and Data Fusion.

A novel framework for feature extraction is introduced, which employs the CPD and LL1
decomposition with non-negativity constraint in order to separate common and individual
subspaces. This was achieved through a realisation that the outer product is inherently
capable of splitting the multi-modal relations, which paves the way for the elimination
of the shared information from the multi-block data. Thus, machine learning algorithms
can greatly benefit from operating over the much lower-dimensional and significantly more
discriminative individual features. The choice of the CPD and LL1 decompositions for the
proposed approach is justified by their intrinsic characteristic which allows us to establish a
one-to-one connection between tensor components and facilitates intuitive interpretation.
Unlike the matrix methods, the established framework is very flexible and is not restricted
to input data of a specific shared structure. The problem of an e↵ective approach to feature
fusion when dealing with multi-dimensional data is also considered. Drawing inspiration
from the fundamental methods and properties of the linear algebra, we introduce a mathe-
matical formalism behind the summation of TNs with general properties of the equivalent
matrix operations generalised to the case of multi-dimensional arrays of any arbitrary high
order. This naturally led to a physically meaningful interpretation of the summation op-
eration as a means for information blending that is possible only when TN representations
of di↵erent information are considered as unified entities. Algorithms for feature extrac-
tion and data fusion presented in this chapter are supported by intuitive examples while
practical advantages are demonstrated through an image classification application despite,
the small size of the dataset and a high number of distinct classes.

• Chapter 4. Tensor Decompositions and Wisdom of the Crowd.

In this chapter, a novel framework that generalises classic flat-view ensemble learning to
multi-dimensional tensor-valued data is introduced. This was achieved by virtue of tensor
decompositions, whereby the proposed method, referred to as Tensor Ensemble Learning,
decomposes every input data sample into multiple uncorrelated factors, feature matrices
which in turn allows for flexibility in the choice of multiple learning algorithms in order to
reduce the bias of base estimators and improve test performance. The TELVI algorithm
takes full advantage of the intrinsic multi-way properties of the derived framework, thus,
being highly parallelisable and suitable for large-scale problems. To validate the developed
approach, several classification tasks were employed, where the most important results
were obtained in the field of cardiovascular diagnosis. In particular, it is shown that
TELVI exhibits substantial power in the blood flow analysis and carries a great promise
at predicting AVF stenosis based on the feature extracted from B-mode ultrasound videos
of patients’ blood flow even when only a small number of data points per subject were
available to the algorithm. These results are particularly encouraging for the clinical
scenario of AVF surveillance, which remains a challenging area where the application of
novel solutions is necessary to improve clinical outcomes.

• Chapter 5. Computational E�ciency and Practical Implementations.
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This chapter focuses on:

– Improving the performance and optimisation of the existing algorithms and oper-
ations in order to alleviate the computational burden associated with increasing
amounts of data;

– Demystifying multi-dimensional decompositions for various data analysis communi-
ties active in the area by bridging the gap between the theory of the multi-linear
paradigm and the direct implementation.

The standard multi-linear operations, tensor decompositions are revised through a lens
of graphical representation in the form of TNs notation. Deeper insights and intuition
were obtained through a combination of illustrative diagrams composed of nodes and
edges, which then served as a basis for e�cient calculation of the contraction product
that employs the novel approach formalised in the TTCP algorithm. The chapter also
provides material to strengthen one of the fundamental tensor decomposition, namely
HOSVD, by overcoming a major stumbling block that requires the entire input data to be
known beforehand. The considered method for recursive updates of the factor matrices
completely eliminates such a restrictive requirement, while the e�cacy of the proposed
algorithm opens new avenues for the next generation of real-time streaming technology
and applications in the current era of online processing. Finally, this chapter presented
the HOTTBOX, an open source software for tensor decompositions, statistical analysis,
visualisation, feature extraction, regression and non-linear classification of tensor-valued
information. An abstraction layer placed between the user interface and the underlying
computational algorithms for tensor decompositions reduced complex multi-way opera-
tions to a single functional call allowing for an enjoyable experience and quick iteration
from an idea to a minimal valuable product in a matter of minutes. The ease of use of
HOTTBOX was demonstrated through a series of illustrative examples. A particular em-
phasis is given to a unique, self-contained ecosystem of internal structures that establish
a foundation for seamless integration with popular data science libraries utilised for vi-
sualisation and data manipulation. Thus, the HOTTBOX o↵ers a simple and consistent
platform to perform tensor signal processing and machine learning in an accessible and
straightforward fashion, as the result, it lowers the entry barrier into the fascinating field
of multi-dimensional arrays.

6.2 Future Work

While we have demonstrated the potential of using tensor decompositions and multilinear op-
eration and have charted the way for machine learning algorithms to benefit from TDs, many
opportunities are yet to be explored for extending the scope of this thesis. We shall briefly
outline some pertinent ideas and survey several questions that allow for the generalisation of
the concepts explored thus far.

• Further practical applications of the CIFE framework.

The theory for the extraction of common and individual features was developed in Chap-
ter 3, and the technique was applied to image classification. A particularly interesting
area for further applications would be processing physiological signals for person authen-
tication systems. Following recent advances in sensor technology, it is now possible to
capture EEG responses by utilising a portable in-ear device that does not require skilled
assistance or cumbersome preparation for data collection [158]. At the same time, it is
becoming a standard practice to protect sensitive or confidential information vulnerable to
fraud with multi-factor authentication methods for an additional layer of security. While
there are commonalities in EEG responses across people, biometric recognition techniques
rest upon the unique characteristics of a person. It has been shown that the brain activity
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satisfies all the requirements (universality, permanence, uniqueness, and collectability) to
be utilised in real-world scenarios when data is obtained from a portable in-ear device
[159]. Thus, an imposter attempting to gain unlawful access is faced with a security chal-
lenge (for example, picturing a dog riding a bike), whereby EEG signals generated as a
result of mental activity would contain both common information related to the general
knowledge about the verification task and individual features attributed to di↵erences
in perception and imagination. In such a situation, correct separation of common from
individual characteristics plays a decisive role in whether or not access is granted.

• Optimal selection of components for Tensor Ensemble Learning. The research
paradigm which bridges the gap between the classical ensemble learning and high di-
mensional data processing has been introduced in Chapter 4. Despite the strong notion
of interpretability and intuition behind the proposed framework, combined with extreme
flexibility of multi-linear analysis, it does not make the TEL an ultimate tool that is suit-
able for all ML problems associated with the multi-way data. Moreover, it is still unclear
what is the optimal strategy that should be employed for creating surrogate datasets from
the results of tensor decomposition of the raw data samples. Another interesting avenue
to explore is whether the core tensor has any noticeable and meaningful e↵ect during the
training stage of base learner.

• Further investigation and tensor methods into AVF.

While work presented in Section 4.5 was the first attempt to employ multi-linear analysis
for predicting AVF stenosis, there are a number of challenges for the employed workflow
that require further development and evaluation. Currently, this technique can be applied
to B-mode videos of blood flow following image acquisition. However, to maximise clinical
value and for ease of use, real-time interpretation capability would be ideal. Furthermore,
like vector flow imaging techniques, this technique also relies on frame by frame detection
of speckle patterns. Therefore, further work is necessary to evaluate the optimal B-mode
imaging settings for identifying speckle patterns scattered by red blood cells. An alter-
native strategy would be to use microbubble contrast agents which enhance ultrasound
signals from blood [160] and have been used in a range of clinical applications [161]. This
may improve the accuracy by enhancing the detection of speckles scattered from within
blood by microbubbles. Moreover, apart from the considered application to AVF imaging,
it may also prove useful in various cardiovascular ultrasound applications such as lower
limb imaging and echocardiography.

• Extension of the HOTTBOX functionality.

Having established the solid foundation of core components within HOTTBOX in Sec-
tion 5.3, it is important to keep extending the range of algorithms for multi-dimensional
data available to end users. With the number of proposed multi-linear methods constantly
growing, it takes a considerable period of time for them to become widely excepted and
readily accessible for experiments. Block Term Decomposition that borrows the ideas
of linear separability and maximising multi-modal variance from CPD and TKD [74] is
one of such example despite the expressiveness potential associated with the underlying
algorithm. Tensor Ring Decomposition is another promising candidate, as it o↵ers the
circular dimensional permutation invariance which can be viewed as a linear combination
of TT decompositions, thus providing the powerful and generalised representation abilities
[162]. In addition, it is highly beneficial to incorporate methods for clustering, such as
that proposed in [163], and the generalised multi-linear regression approach [131] suitable
for inherently N-dimensional information. At the same time, software development is one
of the most rapidly evolving practical fields where optimisations to low level operations are
always work in progress. This opens a new avenue for implementing transparent support
of hardware acceleration through utilising graphical process units (GPUs) and distributed
computational engines in a divide-and-conquer manner, whereby an initial tensor data
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is split into a sequence of smaller blocks that are processed in parallel and consequently
merged into a unified structure [164].
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