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ARTICLE INFO ABSTRACT

Keywords: This work investigates the extension of the Controlled Lagrangians methodology for underac-
Energy shaping tuated mechanical systems subject to matched and unmatched disturbances. A new passivity-
Disturbances

preserving controller design that includes two dynamic extensions for disturbance rejection
purposes is presented. The new controller is compared with the corresponding port-controlled
Hamiltonian implementation, and an interpretation of the dynamic extensions as low-pass filters
is proposed. The effectiveness of the proposed controller is demonstrated with numerical simula-
tions.

Nonlinear systems
Underactuated mechanical systems

1. Introduction

Among various methodologies for the control of underactuated mechanical systems, energy-shaping controllers are noteworthy
because of their interpretability in terms of mechanical energy and their ability to accommodate nonlinearities [1]. The most notable
energy-shaping methodologies include the Interconnection and damping assignment Passivity based control (IDA-PBC) [2], which employs
the port-controlled Hamiltonian (PCH) formalism, and the Controlled Lagrangians (CL) [3-5], which employs the Lagrangian formalism.
In both approaches, the control action is designed so that the closed-loop dynamics preserves the structure of a mechanical system
and is characterized by a desired total energy. Both methodologies have been applied to a variety of systems, including robotic
manipulators [6,7], soft robotic systems [8], electromechanical systems [9], surface vessels [10], and satellites [11]. One of the main
challenges that characterize both the CL and the IDA-PBC methodology is the need to solve a set of partial differential equations (PDEs)
to ensure matching between the open-loop dynamics and the prescribed closed-loop dynamics. Despite this being a bottleneck, several
results exist in this direction, including the study of kinetic energy shaping for mechanical systems, see [12], the transformation of
PDEs into Pfaffian differential equations, see [13], the algebraic solutions of the PDEs, see [9], and the numerical solution of the
PDEs with reinforcement learning, see [14]. Due to their different formulation, the CL methodology and the IDA-PBC methodology
typically result in slightly different PDEs, which become identical under certain conditions, see [15]. For simplicity, the original
formulations of IDA-PBC and CL did not account for disturbances or model uncertainties. The effect of velocity-dependent forces
was later investigated as part of the CL methodology, see [5,16]. More recently, an adaptive CL design that accounts for parametric
uncertainties in the model was proposed in [17]. In parallel, the robustness of IDA-PBC to parametric uncertainties was investigated
in [18], while the robustification to constant matched disturbances resulted in the so-called integral IDA-PBC methodology (iIDA-PBC)
[19-21]. This approach was later extended to systems with state-dependent matched disturbances [22], with constant unmatched
disturbances [23], and with position-dependent unmatched disturbances [24]. In spite of the close similarity between IDA-PBC and
CL, see [15], few works have attempted to produce an exact equivalent of the iIDA-PBC for the CL methodology. In particular,
[25] has proposed a passivity-preserving dynamic extension for the CL, termed integral CL (iCL), which can compensate the effect of
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$n$


$u \in \mathbb {R}^{m}$


$G\left ( q \right ) \in \mathbb {R}^{n \times m}$


$\text {rank}\left (G \right ) = m < n$


$q \in \mathbb {R}^{n}$


$\delta \in \mathbb {R}^{n}$


$q \in \mathbb {R}^{n}$


$\dot {q} \in \mathbb {R}^{n}$


\begin {equation}\label {eq:1} L(q,\dot {q})=\frac {1}{2}\dot {q}^{\top } M \dot {q} - V(q),\end {equation}


$M(q)=M(q)^{\top } \succ 0$


$V(q)$


\begin {equation}\label {eq:2} \begin {split} \frac {\text {d}}{\text {dt}} \partial _{\dot {q}}L(q,\dot {q}) - \partial _q L(q,\dot {q}) + \partial _{\dot {q}}\mathcal {R} = G(q) u - \delta . \end {split}\end {equation}


$\mathcal {R}(\dot {q})$


$\dot {q}^{\top } \partial _{\dot {q}}\mathcal {R}>0$


$\delta =0, \mathcal {R}(\dot {q})=0$


$(q,\dot {q}) = (q^{\star },0)$


$L_c(q,\dot {q})=\frac {1}{2}\dot {q}^{\top } M_c \dot {q} - V_c(q)$


\begin {equation}\label {eq:3} \begin {split} \frac {\text {d}}{\text {dt}} \partial _{\dot {q}}L_c(q,\dot {q}) - \partial _q L_c(q,\dot {q}) = 0, \end {split}\end {equation}


$M_{c}(q) = M_{c}^{\top }(q) \succ 0$


$V_c(q)\geq 0$


$V_c(q^{\star })=0$


$\partial _q V_c\left ( q^{\star } \right ) = 0$


$\partial _q ^{2}V_c\left ( q^{\star } \right ) \succ 0$


\begin {equation}\label {eq:4} \begin {split} u_{CL} = &\ G^{\dagger }\left (\partial _q (M \dot {q})\dot {q} -\partial _q L\right ) - G^{\dagger }M M_c^{-1}\left (\partial _q (M_c \dot {q})\dot {q} -\partial _q L_c\right ), \end {split}\end {equation}


$G^{\dagger } = {\left (G^{\top }G\right )}^{- 1}G^{\top }$


$M_{c}$


$V_c$


$\left ( q,\dot {q} \right ) \in \mathbb {R}^{2n}$


$G^{\bot }$


$G$


$G^{\bot }G = 0$


$\text {rank}\left (G^{\bot } \right ) = n - m$


\begin {equation}\label {eq:ida0} \begin {split} u_{IDA} =G^{\dagger }\left ( \partial _q H - M_{d}M^{- 1}\partial _q H_{d} + J_{2}\partial _p H_{d} \right ) - k_v G^{\top }\partial _p H_{d}, \end {split}\end {equation}


$p = M \dot {q}$


$H(q,p) = \frac {1}{2} p^{\top } M^{-1} p + V$


$H_d(q,p) = \frac {1}{2} p^{\top } M_d^{-1} p + V_d$


$J_{2}=-J_{2}^{\top }$


\begin {equation}\label {eq:eqcond} \begin {split} M_c = M M_d^{-1} M, ~ V_c = V_d,~ J_2 = M_d M^{-1}\left (\partial _q(M M_d^{-1} p)^{\top } -\partial _q(M M_d^{-1} p) \right ) M^{-1} M_d. \end {split}\end {equation}


$(q,p)=(q^{\star },0)$


\begin {equation}\label {eq:clu} u =u_{CL} + u_{DI}, ~ u_{DI} = -k_v G^{\top } M^{-1} M_c \dot {q}.\end {equation}


\begin {equation}\label {eq:clo} \begin {split} \frac {\text {d}}{\text {dt}} \partial _{\dot {q}}L_c(q,\dot {q}) - \partial _q L_c(q,\dot {q}) + \partial _{\dot {q}}\mathcal {R}_c= 0, \end {split}\end {equation}


$\partial _{\dot {q}}\mathcal {R}_c = M_c M^{-1} \left (\partial _{\dot {q}}\mathcal {R} + G k_v G^{\top } M^{-1} M_c \dot {q}\right )$


$k_v \succ 0$


$W = V_c + \frac {1}{2}\dot {q}^{\top } M_c \dot {q} > 0$


\begin {equation}\label {eq:7} \begin {split} \dot {W} = - \dot {q}^{\top } \partial _{\dot {q}}\mathcal {R}_c \leq 0, \end {split}\end {equation}


$\dot {q}^{\top } \partial _{\dot {q}}\mathcal {R}_c>0$


$(q,\dot {q})=(q^{\star },0)$


$D = D^{\top } \succeq 0$


$\mathcal {R} (\dot {q}) = \frac {1}{2}\dot {q}^{\top } D \dot {q} \geq 0$


$\dot {q}^{\top } \partial _{\dot {q}}\mathcal {R}_c > 0, \forall \dot {q} \neq 0$


\begin {equation}\notag \begin {split} \frac {1}{2}\left (M_c M^{-1} D + D M^{-1} M_c \right ) + M_c M^{-1} G k_v G^{\top } M^{-1} M_c \succ 0, \end {split} \label {Xeqn11}\end {equation}


$G k_v G^{\top }$


$D\succ 0$


$M_c M^{-1} D + D M^{-1} M_c \succ 0$


$k_v \succ 0$


$M_c = M M_d^{-1} M$


$D=0$


$\dot {W} = y_c^{\top } u_{DI} \leq 0$


$k_v \succ 0$


$y_c = G^{\top } M^{-1} M_c\dot {q}$


$y_c \rightarrow 0 \implies (q,\dot {q}) \rightarrow (q^{\star },0)$


$\delta =\delta _1~G G^{\top } h_1(q)$


$\delta _1 \in \mathbb {R}$


$h_1(q) \in \mathbb {R}^{n}$


$q$


\begin {equation}\label {eq:cl1} \begin {split} &u = \ u_{CL} + u_{DI} + G^{\top } h_1(q) K_I (\zeta _1 - \Psi _1),\\ &\Psi _1 (q,\dot {q}) = \ h_1(q)^{\top }G G^{\top } M^{-1} M_c \dot {q}, \end {split}\end {equation}


$\zeta _1 \in \mathbb {R}$


\begin {equation}\label {eq:cl2} \begin {split} \dot {\zeta }_1 = &\ -\left (\partial _{\dot {q}} \Psi _1 \right )^{\top } M_c^{-1}\left (\partial _q V_c + \partial _{\dot {q}}\mathcal {R}_c +\partial _q \left (M_c \dot {q} \right )\dot {q} -\partial _q \left (\frac {1}{2} \dot {q}^{\top }M_c \dot {q} \right )\right ) - \left (\partial _{\dot {q}} \Psi _1\right )^{\top } \dot {q} + \left (\partial _q \Psi _1\right )^{\top } \dot {q}, \end {split}\end {equation}


\begin {equation}\label {eq:cl3} \begin {split} \frac {\text {d}}{\text {d} t} \partial _{\dot {q}}L_c(q,\dot {q}) - \partial _q L_c(q,\dot {q}) + \partial _{\dot {q}}\mathcal {R}_c(q,\dot {q}) + \partial _{\dot {q}}\Theta _1(q,\dot {q},\zeta _1)= 0, ~ \Theta _1 = \frac {K_I}{2} \left (\zeta _1 - \Psi _1(q,\dot {q}) - \frac {\delta _1}{K_I} \right )^{2}. \end {split}\end {equation}


\begin {equation}\label {eq:cl4} \begin {split} W(q,\dot {q},\zeta _1)= &\ V_c + \frac {1}{2}\dot {q}^{\top } M_c \dot {q} + \Theta _1 >0, \end {split}\end {equation}


\begin {equation}\label {eq:cl5} \begin {split} \dot {W} = - \dot {q}^{\top } \partial _{\dot {q}}\mathcal {R}_c - (\partial _{\dot {q}} \Theta _1)^{\top } M_c^{-1} (\partial _{\dot {q}} \Theta _1)\leq 0. \end {split}\end {equation}


$( q,\dot {q}) = \left (q^{\star },0 \right )$


$K_I>0, k_v \succ 0$


$\dot {q}^{\top } \partial _{\dot {q}}\mathcal {R}_c \geq 0$


$y_c$


$M_c$


$V_c$


$q^{\star } = \text {argmin}\left ( V_c \right )$


$G^{\bot }(\partial _q V + \delta )=0$


$q=q^{\star }$


$\mathcal {R} (\dot {q})$


$\dot {q}^{\top } \partial _{\dot {q}}\mathcal {R}_c \geq 0$


$y_c = G^{\top } M^{-1} M_c\dot {q}$


$\delta =\delta _1~G G^{\top } h_1(q) + \delta _2 G^{\bot ^{\top }}G^{\bot } h_2(q)$


$\delta _1, \delta _2 \in \mathbb {R}$


$h_1(q), h_2(q) \in \mathbb {R}^{n}$


$q$


$h_1$


$h_2$


$G$


$\delta _1$


$\delta _2$


$q^{\star }$


$\Phi (q,\dot {q},\zeta _2)$


$\zeta _2\in \mathbb {R}$


$\delta _2$


\begin {align}G^{\bot } M M_c^{- 1} \left ( \partial _{\dot {q}}\Psi _2 K_{I} (\zeta _2 - \Psi _2) -\partial _q\Phi -\partial _{\dot {q}}\Phi -\partial _{\zeta _2}\Phi \partial _{q}\Psi _2 \right ) = &\ 0 ,\\ \partial _{\zeta _2}\Phi \partial _{\dot {q}}\Psi _2 + \partial _{\dot {q}}\Phi = &\ 0,\\ \partial _q V_c+\partial _q\Phi = &\ 0 ~ ~ ~ q=q^{\star },\\ \partial _q^2 V_c+\partial _q^2 \Phi \succ &\ 0 ~ ~ ~ q=q^{\star },\end {align}


$\Psi _2 (q,\dot {q})= h_2(q)^{\top } G^{\bot ^{\top }} G^{\bot } M^{-1} M_c \dot {q}$


$K_I>0$


$\partial _{\zeta _2}\Phi =0$


$q=q^{\star }$


$\Phi (q,\dot {q},\zeta _2)$


$\Phi $


$V_c$


$q=q^{\star }$


$\Phi (q,\dot {q},\zeta _2)$


$\zeta _1 \in \mathbb {R}$


$\zeta _2 \in \mathbb {R}$


$\delta _1$


$\delta _2$


$\zeta _1$


$\zeta _2$


\begin {equation}\label {eq:10} \begin {split} u &= \ u_{CL} + u_{DI} + G^{\top } h_1(q) K_I (\zeta _1 - \Psi _1)- G^{\dagger } M M_c^{-1} (\partial _q \Phi + \partial _{\dot {q}}\Phi + \partial _{\zeta _2}\Phi \partial _{q}\Psi _2),\\ \Psi _1 (q,\dot {q}) &= h_1(q)^{\top }G G^{\top } M^{-1} M_c \dot {q},\\ \Psi _2 (q,\dot {q}) &= h_2(q)^{\top } G^{\bot ^{\top }} G^{\bot } M^{-1} M_c \dot {q}, \end {split}\end {equation}


$\zeta _1$


$\zeta _2$


\begin {align}\dot {\zeta }_1 &= -\,\left (\partial _{\dot {q}} \Psi _1 \right )^{\top } M_c^{-1}\left (\partial _q V_c + \partial _q \Phi + \partial _{\dot {q}}\mathcal {R}_c \right ) - \left (\partial _{\dot {q}} \Psi _1 \right )^{\top } M_c^{-1} \left (\partial _q \left (M_c \dot {q} \right )\dot {q} -\partial _q \left (\frac {1}{2} \dot {q}^{\top }M_c \dot {q} \right )\right ) \notag \\ &\quad - \, \left (\partial _{\dot {q}} \Psi _1 \right )^{\top } M_c^{-1} \partial _{\zeta _2}\Phi \partial _{q}\Psi _2 -\left (\partial _{\dot {q}} \Psi _1\right )^{\top } \dot {q} + \left (\partial _q \Psi _1\right )^{\top } \dot {q} , \\ \dot {\zeta }_2 &= -\,\left (\partial _{\dot {q}} \Psi _2 \right )^{\top } M_c^{-1}\left (\partial _q V_c + \partial _q \Phi + \partial _{\dot {q}}\mathcal {R}_c \right ) - \left (\partial _{\dot {q}} \Psi _2 \right )^{\top } M_c^{-1} \left (\partial _q \left (M_c \dot {q} \right )\dot {q} -\partial _q \left (\frac {1}{2} \dot {q}^{\top }M_c \dot {q} \right )\right ) \notag \\ &\quad - \, \left (\partial _{\dot {q}} \Psi _2 \right )^{\top } M_c^{-1} \partial _{\zeta _2}\Phi \partial _{q}\Psi _2 - \left (\partial _{\dot {q}} \Psi _2\right )^{\top } \dot {q} + \left (\partial _q \Psi _2\right )^{\top } \dot {q} .\end {align}


\begin {equation}\label {eq:12} \begin {split} &\ \frac {\text {d}}{\text {dt} } \partial _{\dot {q}}L_c - \partial _q L_c + \partial _{\dot {q}}\mathcal {R}_c + \partial _{\dot {q}}\Theta _1 + \partial _{\dot {q}}\Theta _2 + \partial _{\dot {q}}\Phi + \partial _{q}\Phi +\partial _{\zeta _2}\Phi \partial _{q}\Psi _2 = 0, \\ &\ \partial _{\dot {q}}\mathcal {R}_c = M_c M^{-1} \left ( \partial _{\dot {q}}\mathcal {R} + G k_v G^{\top } M^{-1} M_c \dot {q}\right ), ~ L_c(q,\dot {q})=\frac {1}{2}\dot {q}^{\top } M_c \dot {q} - V_c,\\ &\ \Theta _1 = \frac {K_I}{2} \left (\zeta _1 - \Psi _1 - \frac {\delta _1}{K_I } \right )^{2},~ \Theta _2 = \frac {K_I}{2} \left (\zeta _2 - \Psi _2 - \frac {\delta _2}{K_I } \right )^{2}. \end {split}\end {equation}


$(q,\dot {q})=(q^{\star },0)$


$K_{I}>0, k_{v} \succ 0$


$\zeta _1$


$\zeta _2$


$\delta _1/K_I$


$\delta _2/K_I$


$h_1(q^{\star })\neq 0, h_2(q^{\star })\neq 0$


$\Phi $


$\zeta _2$


$\zeta _2$


$\zeta _1$


$\Phi $


$h_2(q) = I^{n} \in \mathbb {R}^n$


$M, M_c$


$G$


$\nabla _q\Psi _2 = 0$


$\nabla _{\dot {q}}\Psi _2 = G^{\bot ^{\top }} G^{\bot } M^{-1} M_c = \kappa _2 \in \mathbb {R}^n$


\begin {equation}\label {eq:simpPDE} \kappa _1 \kappa _2\underbrace { K_{I} (\zeta _2 - \Psi _2)}_{\hat {\delta }_2} +\kappa _1 \kappa _2 \partial _{\zeta _2}\Phi - \kappa _1 \partial _{q}\Phi = 0,\end {equation}


$\kappa _1 = G^{\bot } M M_c^{- 1}, \kappa _1 \in \mathbb {R}^{(n-m)\times n}$


$\kappa _2 = G^{\bot ^{\top }} \kappa _1$


$\Phi $


$q$


$\hat {\delta }_2$


$\delta _2$


\begin {equation}\label {eq:simpsol} \Phi = K_{I} \left (\zeta _2 - \Psi _2\right )\kappa _3^{\top }(q-q^{\star }) + \kappa _4^{\top }(q-q^{\star }) + \frac {K_{I} }{2} \kappa _5^{\top }(q-q^{\star })(q-q^{\star })^{\top } \kappa _3,\end {equation}


$n-m$


$\kappa _3, \kappa _4,\kappa _5 \in \mathbb {R}^{n}$


$\kappa _1 \kappa _2 = \kappa _1 \kappa _3 = \kappa _1 \kappa _5$


$\kappa _1 \kappa _4= 0$


$n-m$


$\kappa _3, \kappa _4, \kappa _5$


$m$


$\kappa _3, \kappa _4,\kappa _5$


$\partial _{\zeta _2}\Phi = 0$


$q=q^{\star }$


$M,M_c,G$


$h_2(q)$


$q=q^{\star }$


$\Phi (q,\dot {q},\zeta _2)$


$\kappa _3, \kappa _4,\kappa _5$


$M,M_c,G$


$h_2$


$\delta =h_1(q) G G^{\top } \delta _1 + h_2(q) G^{\bot ^{\top }} G^{\bot } \delta _2$


$\delta _1, \delta _2 \in \mathbb {R}^{n}$


$h_1(q), h_2(q) \in \mathbb {R}$


$q$


$n$


$\zeta _1, \zeta _2 \in \mathbb {R}^n$


$\Psi _1, \Psi _2 \in \mathbb {R}^n$


$\Theta _1, \Theta _2$


\begin {equation}\notag \Theta _1 = \frac {K_I}{2} \left (\zeta _1 - \Psi _1 - \frac {\delta _1}{K_I } \right )^{\top } \left (\zeta _1 - \Psi _1 - \frac {\delta _1}{K_I } \right ),~ \Theta _2 = \frac {K_I}{2} \left (\zeta _2 - \Psi _2 - \frac {\delta _2}{K_I } \right )^{\top } \left (\zeta _2 - \Psi _2 - \frac {\delta _2}{K_I } \right ). \label {Xeqn21}\end {equation}


\begin {equation}\label {eq:19} \begin {split} u = &\ u_{IDA} + G^{\top } h_1(q) \Gamma _1 k_1 (\zeta _1 - \overline {\Psi }_1) - G^{\dagger } M_d M^{-1} \left (\partial _{q} \Phi + \partial _q \overline {\Psi }_2 +\partial _{\zeta _2}\Phi \right ), \\ \overline {\Psi }_1(q,p) = &\ h_1(q)^{\top } G G^{\top } p, \\ \overline {\Psi }_2(q,p) = &\ h_2(q)^{\top } G^{\bot ^{\top }} G^{\bot } p, \end {split}\end {equation}


$\zeta _1$


$\zeta _2$


\begin {align}\dot {\zeta }_1 = &\ - (\partial _p \overline {\Psi }_1)^{\top } M_d M^{-1} \left (\partial _{q} H_d + \partial _{q}\Phi + \partial _q \overline {\Psi }_2 \partial _{\zeta _2}\Phi \right ) - (\partial _p \overline {\Psi }_1)^{\top } (\Gamma _1 I - S_{22}^{\top })M_d^{-1}p + (\partial _q \overline {\Psi }_1)^{\top } M^{-1}p,\\ \dot {\zeta }_2 = &\ - (\partial _p \overline {\Psi }_2)^{\top } M_d M^{-1} \left (\partial _{q} H_d + \partial _{q}\Phi + \partial _q \overline {\Psi }_2 \partial _{\zeta _2}\Phi \right ) - (\partial _p \overline {\Psi }_2)^{\top } (\Gamma _1 I - S_{22}^{\top })M_d^{-1}p + (\partial _q \overline {\Psi }_2)^{\top } M^{-1}p,\end {align}


$S_{22} = G K_v G^{\top }-J_2 + D M^{-1} M_d$


$H_d(q,p) = \frac {1}{2} p^{\top } M_d^{-1} p + V_d$


$\Phi (q,p,\zeta _2)$


\begin {align}G^{\bot }\left ( \partial _p\overline {\Psi }_2 \Gamma _{1} k_2(\zeta _2- \overline {\Psi }_2) -M_d M^{-1}\partial _q\Phi + \left ( \partial _p\overline {\Psi }_2 \Gamma _{1} - M_d M^{-1} \partial _q \overline {\Psi }_2\right )\partial _{\zeta _2}\Phi \right ) = &\ 0,\\ \partial _{\zeta _2}\Phi \partial _p \overline {\Psi }_2 + \partial _p\Phi = &\ 0,\\ \partial _q V_d+\partial _q\Phi = &\ 0 ~ ~ ~ q=q^{\star },\\ \partial _q^2 V_d+\partial _q^2 \Phi \succ &\ 0 ~ ~ ~ q=q^{\star }.\end {align}


\begin {equation}\notag \begin {split} &\ G^{\bot } M M_c^{-1} \left ( \partial _{\dot {q}}\Psi _2 K_{I} (\zeta _2- \Psi _2) -\partial _q\Phi + \partial _{\zeta _2}\Phi \partial _{\dot {q}}\Psi _2 -\partial _{\zeta _2}\Phi \partial _{q}\Psi _2 \right ) =0, \end {split} \label {Xeqn23}\end {equation}


$\partial _{\dot {q}}\Psi _2 (q,\dot {q})= M_c M^{-1} G^{\bot ^{\top }} G^{\bot } h_2(q)$


$M_c = M M_d^{-1} M$


\begin {equation}\notag \begin {split} &\ G^{\bot } \left ( G^{\bot ^{\top }} G^{\bot } h_2(q) K_{I} (\zeta _2- \Psi _2) - M_d M^{-1} \partial _q\Phi + \left (G^{\bot ^{\top }} G^{\bot } h_2(q) - M_d M^{-1} \partial _{q}\Psi _2 \right ) \partial _{\zeta _2}\Phi \right ) =0, \end {split} \label {Xeqn24}\end {equation}


$k_2 = K_I, \Gamma _1=1,$


$\partial _q \Psi _2 =\partial _q \overline {\Psi }_2$


$\partial _{\dot {q}} \Psi _2 =\partial _p \overline {\Psi }_2$


$k_2 = K_I, \Gamma _1=1,$


$M_c=M_d=M$


$\zeta _1$


$\zeta _2$


$\Theta _1$


$\Theta _2$


$\mathcal {R}_c$


$\Theta _1$


$\Theta _2$


$z_1=(\zeta _1- \Psi _1 - \delta _1/K_I )$


$z_2=(\zeta _2- \Psi _2 - \delta _2/K_I )$


$\partial _{\dot {q}}\Theta _1$


$\partial _{\dot {q}}\Theta _2$


$\partial _{q}\Theta _1$


$\partial _{q}\Theta _2$


$\partial _{\dot {q}} \mathcal {R}_c$


$\Phi $


$V_c$


$\partial _{\dot {q}}\Phi $


$\partial _{\zeta _2}\Phi \partial _{q}\Psi _2$


$\zeta _1$


$\zeta _2$


\begin {equation}\label {eq:17} \tag {A5} \begin {split} \dot {W}&= \partial _q \left (\frac {1}{2} \dot {q}^{\top } M_c \dot {q} \right )^{\top } \dot {q} + \partial _{\dot {q}} \left (\frac {1}{2} \dot {q}^{\top } M_c \dot {q} \right )^{\top } \ddot {q} + \left (\partial _q V_c\right )^{\top } \dot {q} + \left (\partial _q \Phi \right )^{\top } \dot {q} + \left (\partial _{\dot {q}} \Phi \right )^{\top } \ddot {q} \\ &\quad +\, \left (\partial _q \Theta _1 + \partial _q \Theta _2\right )^{\top } \dot {q} + \left (\partial _{\dot {q}} \Theta _1 + \partial _{\dot {q}} \Theta _2 \right )^{\top } \ddot {q} + \left (\partial _{\zeta _1} \Theta _1\right )^{\top }\dot {\zeta _1} + \left (\partial _{\zeta _2} \Theta _2 + \partial _{\zeta _2} \Phi \right )^{\top }\dot {\zeta _2} . \end {split}\end {equation}


$\dot {W} \leq 0$


$\partial _{\dot {q}}\Phi $


$\partial _{p}\Phi $


$\Psi _1,\Psi _2$


$M_c$


$\overline {\Psi }_1,\overline {\Psi }_2$


$M_d$


$-\left (\partial _{\dot {q}} \Psi _2 \right )^{\top } M_c^{-1} \partial _{\dot {q}}\mathcal {R}_c$


$(\partial _p \overline {\Psi }_2)^{\top } S_{22}^{\top } M_d^{-1}p$


$K_I>0$


$\Gamma _1$


$\partial _{\dot {q}}\mathcal {R}=D \dot {q}$


$D\succeq 0$


\begin {equation}\notag \Gamma _1 I - \left (G k_v G^{\top } + \frac {1}{2}D M^{-1} M_d + \frac {1}{2} M_d M^{-1} D\right ) \succ 0. \label {Xeqn25}\end {equation}


$\Gamma _1$


$k_v > 0$


$k_v$


$x$


$z$


$\Delta $


\begin {equation}\notag \dot {z} = \frac {1}{\tau } (x - z) + \Delta (t), \label {Xeqn26}\end {equation}


$\tau >0$


$\eta _1 = (\zeta _1 - \Psi _1)$


$\eta _2 = (\zeta _2 - \Psi _2)$


\begin {equation}\notag \begin {split} \dot {\eta }_1 =&\ \dot {\zeta _1} - (\partial _q\Psi _1)^{\top } \dot {q} - (\partial _{\dot {q}}\Psi _1)^{\top } \ddot {q},\\ \dot {\eta }_2 =&\ \dot {\zeta _2} - (\partial _q\Psi _2)^{\top } \dot {q} - (\partial _{\dot {q}}\Psi _2)^{\top } \ddot {q} . \end {split} \label {Xeqn27}\end {equation}


$\dot {\zeta }_1$


$\dot {\zeta }_2$


$\ddot {q}$


\begin {equation}\label {eq:14} \tag {A2} \begin {split} \ddot {q}= &\ - M_c^{-1}\left ( \partial _q V_c + \partial _q \Phi + \partial _{\dot {q}}\Phi + \partial _{\dot {q}}\mathcal {R}_c +\partial _{\dot {q}}\Theta _1 + \partial _{\dot {q}}\Theta _2 + \partial _{\zeta _2}\Phi \partial _{q}\Psi _2 + \partial _q \left (M_c \dot {q} \right )\dot {q} - \partial _q \left (\frac {1}{2} \dot {q}^{\top }M_c \dot {q} \right ) \right ). \end {split}\end {equation}


\begin {align}\underbrace {\dot {\eta }_1}_{\dot {z}_1} = &\ \underbrace {\left (\partial _{\dot {q}} \Psi _1 \right )^{\top } M_c^{-1} \left (\partial _{\dot {q}} \Psi _1 \right ) K_I }_{1/\tau _{C1}} \underbrace {\left ( \frac {\delta _1}{K_I } - \eta _1 \right )}_{x_1 - z_1} - \underbrace {\left (\partial _{\dot {q}} \Psi _1 \right )^{\top } \dot {q} + \left (\partial _{\dot {q}} \Psi _1 \right )^{\top } M_c^{-1} \left (\partial _{\dot {q}} \Psi _2 \right ) K_I \left ( \frac {\delta _2-\partial _{\zeta _2}\Phi }{K_I } - \eta _2 \right ) }_{\Delta _{C1}},\\ \underbrace {\dot {\eta }_2}_{\dot {z}_2} = &\ \underbrace {\left (\partial _{\dot {q}} \Psi _2 \right )^{\top } M_c^{-1} \left (\partial _{\dot {q}} \Psi _2 \right ) K_I }_{1/\tau _{C2}} \underbrace {\left ( \frac {\delta _2-\partial _{\zeta _2}\Phi }{K_I } - \eta _2 \right )}_{x_2 - z_2} - \underbrace {\left (\partial _{\dot {q}} \Psi _2 \right )^{\top } \dot {q} + \left (\partial _{\dot {q}} \Psi _2 \right )^{\top } M_c^{-1} \left (\partial _{\dot {q}} \Psi _1 \right ) K_I \left ( \frac {\delta _1}{K_I } - \eta _1 \right ) }_{\Delta _{C2}},\end {align}


$\Delta _{C1}$


$\Delta _{C2}$


$\eta _1$


$\eta _2$


$\delta _1/K_I$


$(\delta _2-\partial _{\zeta _2}\Phi )/K_I$


$\Delta _{C1}$


$\Delta _{C2}$


$M$


$M_c$


$\left (\partial _{\dot {q}} \Psi _2 \right )^{\top } M_c^{-1} \left (\partial _{\dot {q}} \Psi _1 \right )=0$


$\zeta _1$


$\partial _{\zeta _2}\Phi $


$\dot {q} =0 \cap \partial _{\dot {q}} \Theta _1 +\partial _{\dot {q}} \Theta _2 + \partial _{\dot {q}} \Phi =0$


$\dot {\eta }_1=\dot {\eta }_2=0$


$\partial _{\zeta _2}\Phi =0$


$q=q^{\star }$


$\eta _1$


$\eta _2$


$\delta _1/K_I$


$\delta _2/K_I$


$h_1(q^{\star })\neq 0, h_2(q^{\star })\neq 0$


\begin {equation}\notag \begin {split} \dot {\eta }_1 =&\ \dot {\zeta }_1 - (\partial _q\overline {\Psi }_1)^{\top } M^{-1}p - (\partial _{p}\overline {\Psi }_1)^{\top } \dot {p}, \\ \dot {\eta }_2 =&\ \dot {\zeta }_2 - (\partial _q\overline {\Psi }_2)^{\top } M^{-1}p - (\partial _{p}\overline {\Psi }_2)^{\top } \dot {p}, \end {split} \label {Xeqn28}\end {equation}


\begin {equation}\notag \begin {split} \dot {p}&= -\, M_d M^{-1} \left (\partial _{q} H_d + \partial _{q}\Phi + \partial _q \overline {\Psi }_2 \partial _{\zeta _2}\Phi \right ) -S_{22} M_d^{-1}p - S_{22}(\partial _{p}\Phi +\partial _{p}\overline {\Psi }_2\partial _{\zeta _2}\Phi ) + \Gamma _1 \partial _{p}\overline {\Psi }_2\partial _{\zeta _2}\Phi \\ &\quad + \, \partial _p \overline {\Psi }_1 \Gamma _1 k_1 \left (\zeta _1 - \overline {\Psi }_1 - \frac {\delta _1}{\Gamma _1 k_1}\right ) + \partial _p \overline {\Psi }_2 \Gamma _1 k_2 \left (\zeta _2 - \overline {\Psi }_2 - \frac {\delta _2}{\Gamma _1 k_2}\right ). \end {split} \label {Xeqn29}\end {equation}


$\dot {\zeta }_1$


$\dot {\zeta }_2$


\begin {align}\underbrace {\dot {\eta }_1}_{\dot {z}_1} = &\ \underbrace {\left (\partial _{p} \overline {\Psi }_1 \right )^{\top } \left (\partial _{p} \overline {\Psi }_1 \right ) \Gamma _1 k_1}_{1/\tau _{I1}} \underbrace {\left ( \frac {\delta _1}{\Gamma _1 k_1} - \eta _1 \right )}_{x_1 - z_1} - \underbrace {\left (\partial _{p} \overline {\Psi }_1 \right )^{\top } (\Gamma _1 I - (S_{22} + S_{22}^{\top })) M_d^{-1}p }_{\Delta _{I1}},\\ \underbrace {\dot {\eta }_2}_{\dot {z}_2} = &\ \underbrace {\left (\partial _{p} \overline {\Psi }_2 \right )^{\top } \left (\partial _{p} \overline {\Psi }_2 \right ) \Gamma _1 k_2}_{1/\tau _{I2}} \underbrace {\left ( \frac {\delta _2-\partial _{\zeta _2}\Phi }{\Gamma _1 k_2} - \eta _2 \right )}_{x_2 - z_2} - \underbrace {\left (\partial _{p} \overline {\Psi }_2 \right )^{\top } (\Gamma _1 I - (S_{22} + S_{22}^{\top })) M_d^{-1}p }_{\Delta _{I2}},\end {align}


$x_2$


$\partial _{\zeta _2}\Phi $


$\Delta _{I1}$


$\Delta _{I2}$


$\left (\partial _{p} \overline {\Psi }_2 \right )^{\top } \partial _{p} \overline {\Psi }_1 =0$


$h_1(q)\neq 0,h_2(q)\neq 0$


\begin {equation}\notag \begin {split} 1/\tau _{C1}= &\ \left (\partial _{\dot {q}} \Psi _1 \right )^{\top } M_c^{-1} \left (\partial _{\dot {q}} \Psi _1 \right ) K_I >0, \quad \quad 1/\tau _{C2}= \left (\partial _{\dot {q}} \Psi _2 \right )^{\top } M_c^{-1} \left (\partial _{\dot {q}} \Psi _2 \right ) K_I >0, ~ \forall q,\\ 1/\tau _{I1}= &\ \left (\partial _{p} \overline {\Psi }_1 \right )^{\top } \left (\partial _{p} \overline {\Psi }_1 \right ) k_1 \Gamma _1 >0, \quad \quad \quad 1/\tau _{I2}= \left (\partial _{p} \overline {\Psi }_2 \right )^{\top } \left (\partial _{p} \overline {\Psi }_2 \right ) k_2 \Gamma _1 >0, ~ \forall q. \end {split} \label {Xeqn30}\end {equation}


$K_I$


$k_1, k_2$


$\Gamma _1$


$\eta _1$


$\eta _2$


$q_1$


$q_2$


\begin {equation}\notag \begin {split} q = &\ \begin {bmatrix} q_1 \\ q_2 \end {bmatrix},~ G = \begin {bmatrix} 0 \\ 1 \end {bmatrix}, ~ M = \begin {bmatrix} a_1+a_2 & a_2 \\ a_2 & a_{2} \\ \end {bmatrix},~ V = a_3\left ( \cos \left ( q_{1} \right ) + 1 \right ), ~\mathcal {R}(\dot {q})=0, \end {split} \label {Xeqn31}\end {equation}


$a_{1},a_{2},a_{3}$


$(q_1,q_2)=(0,q_2^{\star })$


$M_c$


$V_c$


$k_p, \epsilon , m_1, m_3$


\begin {equation}\notag \begin {split} V_c = &\ - a_3 \gamma _1 \cos {(q_1)}+\frac {1}{2}k_p\left (q_2 +\gamma _1 \epsilon (a_1+a_2)q_1\right )^2,~ \gamma _1 = \frac {1}{a_2 (m_2- m_1)}, ~ m_2 = m_1 \frac {a_2}{a_1} + \epsilon ,\\ ~M_c = &\ \frac {1}{(a_1-a_2)(m_1 m_3 - m_2^2)} \begin {bmatrix} m_3 a_1^2 -2 m_2 a_1 a_2 + m_1 a_2^2 & a_2 (m_1-m_2) + a_1 (m_3-m_2)\\ a_2 (m_1-m_2) + a_1 (m_3-m_2) & a_2 (m_1 - 2 m_2 +m_{3}) \\ \end {bmatrix}, \end {split} \label {Xeqn32}\end {equation}


$\delta = \delta _1~G + \delta _2 G^{\bot ^{\top }}$


$G$


$G^{\bot }$


$(q_1,q_2)=(q_1^{\star },q_2^{\star })$


$a_3\sin {(q_1^{\star })} = \delta _2$


$|\delta _2| \leq a_3$


$q_1^{\star }$


\begin {equation}\notag \begin {split} \sin {(q_1^{\star })} = \frac {1}{a_3} K_I (\zeta _2 - \Psi _2), \end {split} \label {Xeqn33}\end {equation}


$\Psi _1 = G^{\top } M^{-1} M_c \dot {q}$


$\Psi _2 = G^{\bot } M^{-1} M_c \dot {q}$


$\Phi (q,\dot {q},\zeta _2)$


$M, M_c, G$


$h_2$


$a_1 = 0.0124, a_2 = 0.0025, a_3 = 0.4446$


$k_{p} = 1, k_v = 0.0005, m_1=0.4, m_3=5, \epsilon =1.08$


$K_I=0.0001$


$(q_{1},q_{2},\dot {q}_{1},\dot {q}_{2},\zeta _1,\zeta _2)=(0.1,0,0,0,0,0)$


$q_2^{\star }=0.2$


$q_1$


$q_2$


$\zeta _1$


$\zeta _2$


$u$


$W$


$\delta _1 = 0.002$


$\delta _2 = 0.001$


$(q_1^{\star },q_2^{\star }) = (0.002,0.2)$


$\zeta _1$


$\zeta _2$


$\delta _1/K_I = 20$


$\delta _2/K_I = 10$


$l$


$m_0$


$M_0$


$\phi $


\begin {equation}\notag \begin {split} q = &\ \begin {bmatrix} q_1 \\ q_2 \end {bmatrix}, ~ G = \begin {bmatrix} 0 \\ 1 \end {bmatrix}, ~ M = \begin {bmatrix} m_0 l^2 & m_0 l \cos {(q_1 - \phi )}\\ m_0 l \cos {(q_1 - \phi )} & M_0+m_0 \end {bmatrix}, \\ V= &\ m_0~g l \cos {(q_1)} - (m_0+M_0)g q_2 \sin {(\phi )}, ~ \mathcal {R}(\dot {q})=0. \end {split} \label {Xeqn34}\end {equation}


$q_1$


$q_2$


$M_c$


$V_c$


$\epsilon , k, \rho $


\begin {equation}\notag \begin {split} M_c = &\ \begin {bmatrix} -\rho (M_0+m_0) & -\gamma _1 \\ - \gamma _1 & -m_0 l^2 - \frac {m_0^2 l^2}{m_0 + M_0}\gamma _2 \end {bmatrix}, \\ \gamma _1= &\ m_0 l \rho (k+1) \cos {(\phi - q_1)},~ \gamma _2= (k+k^2+(\rho -1)(k+1)^2)\cos ^2{(\phi - q_1)},\\ V_c = &\ g (1-\cos {(q_1)}) + \frac {\epsilon m_0~g l}{2 m_0 l}(M_0 + m_0)^2 \left ( q_2 + \left (k + \frac {\rho -1}{\rho }\right )\frac {m_0 l}{M_0 + m_0}(\sin {(q_1-\phi )}+\sin {(\phi )})\right )^2, \end {split} \label {Xeqn35}\end {equation}


$\delta = \delta _1 q_2~G + \delta _2 G^{\bot ^{\top }}$


$G$


$G^{\bot }$


$(q_1,q_2)=(q_1^{\star },q_2^{\star })$


$m_0~g l \sin {(q_1^{\star })} = \delta _2$


$|\delta _2| \leq m_0~g l$


$q_1^{\star }$


\begin {equation}\notag \begin {split} \sin {(q_1^{\star })} = \frac {1}{m_0~g l} K_I (\zeta _2 - \Psi _2), \end {split} \label {Xeqn36}\end {equation}


$\Psi _1 = q_2 G^{\top } M^{-1} M_c \dot {q}$


$\Psi _2 = G^{\bot } M^{-1} M_c \dot {q}$


$\Phi (q,\dot {q},\zeta _2)$


$M_0=0.44, m_0=0.144, l=0.215, \phi = \pi /9$


$(q_1,q_2,\dot {q}_1,\dot {q}_2,\zeta _1,\zeta _2) = (\pi /6, 1, 0, 0, 0, 0)$


$k = 20, \rho = -0.02, \epsilon =0.00001, k_v=0.5$


$K_I = 0.1$


$q_2^{\star }=0$


$q_1$


$q_2$


$\zeta _1$


$\zeta _2$


$u$


$W$


$\delta _1 = 0.002$


$\delta _2 = 0.001$


$(q_1^{\star },q_2^{\star }) = (0.003,0)$


$\phi $


$(u_1, u_2)$


$(x, y)$


$\theta $


$(q_1,q_2,q_3)=(x,y,\theta )$


$m_0$


$J$


$0 \leq \epsilon \leq 1$


\begin {equation}\notag \begin {split} q = &\ \begin {bmatrix} q_1 \\ q_2 \\ q_3 \end {bmatrix}, ~ G = \begin {bmatrix} - \sin {(q_3)} & \epsilon \cos {(q_3)} \\ \cos {(q_3)} & \epsilon \sin {(q_3)} \\ 0 & 1 \end {bmatrix}, M = \begin {bmatrix} m_0 & 0 & 0\\ 0 & m_0 & 0\\ 0 & 0& J \end {bmatrix}, ~ V= m_0~g q_2, ~ \mathcal {R}(\dot {q})=0, \end {split} \label {Xeqn37}\end {equation}


$(q_1,q_2,q_3)=(x,y,\theta )$


$M_c$


$V_c$


\begin {equation}\notag \begin {split} M_c = &\ \begin {bmatrix} m_{11} & 0 & \sigma _2 \\ 0 & m_{22} & \sigma _1 \\ \sigma _2 & \sigma _1 & \frac {J \epsilon ^2 \gamma _{33} + \gamma _{11}(\gamma _{11}m_{11}-m_0)}{\epsilon ^2 \gamma _{33}^2} \end {bmatrix}, ~ \sigma _1= \frac {(\gamma _{11}m_{22}-m_0)}{\epsilon \gamma _{33}} \sin {(q_3)}, ~ \sigma _2= \frac {(\gamma _{11}m_{11}-m_0)}{\epsilon \gamma _{33}} \cos {(q_3)}, \end {split} \label {Xeqn38}\end {equation}


\begin {equation}\notag \begin {split} V_c = &\ \frac {k_p}{2} \left (q_1 - q_1^{\star } + \frac {\gamma _{11} \sin (q_3)}{\epsilon \gamma _{33}}\right )^2 + \frac {k_p}{2} \left (q_2^{\star } - q_2 + \frac {\gamma _{22} (\cos (q_3) - 1)}{\epsilon \gamma _{33}}\right )^2 + \frac {g m_0 (\cos (q_3) - 1)}{\epsilon \gamma _{33}}, \end {split} \label {Xeqn39}\end {equation}


$k_p, m_{11}, m_{22}, \gamma _{11}, \gamma _{22}, \gamma _{33}$


$\delta = \delta _1~G + \delta _2 G^{\bot ^{\top }}$


$G$


$G^{\bot }$


$(q_1^{\star },q_2^{\star },q_3^{\star })$


$- m_0~g \sin {(q_3^{\star })} = (\epsilon ^2 + 1) \delta _2$


$|\delta _2| \leq m_0\thinspace g / (\epsilon ^2 + 1)$


$q_3^{\star }$


\begin {equation}\notag \sin {(q_3^{\star })} = - \frac {1}{m_0\thinspace g} (\epsilon ^2 + 1)K_I (\zeta _2 - \Psi _2), \label {Xeqn40}\end {equation}


$\Psi _1 = G^{\top } M^{-1} M_c \dot {q}$


$\Psi _2 = G^{\bot } M^{-1} M_c \dot {q}$


$\Phi (q, \dot {q},\zeta _2)$


$\epsilon =1, m_0=1, J=1$


$k_p = 0.9$


$k_v= 3.8 I$


$\gamma _{11}=\gamma _{22}=3, \gamma _{33} = -1$


$m_{11}=m_{22}=1.5$


$K_I=0.1$


$(q_1,q_2,q_3,\dot {q}_1,\dot {q}_2,\dot {q}_3,\zeta _1,\zeta _2) =$


$(-5, 5, 0.1, -0.1, -0.1, 0.1 , 0,0)$


$x$


$y$


$\theta $


$\zeta _1$


$\zeta _2$


$u_1$


$u_2$


$\delta _1 = 0.5$


$\delta _2 = -0.2$


$(q_1^{\star },q_2^{\star },q_3^{\star }) = (0,0,0.04)$


$\zeta _1$


$\zeta _2$


$\delta _1/K_I =5$


$\delta _2/K_I =-2$


$(x,y)$


$k_v$


$x$


$y$


$\theta $


$\zeta _1$


$\zeta _2$


$W$


$k_v$


$k_v$


$x$


$y$


$\theta $


$\Gamma _1 = 10 k_v$


$k_v$


$q_1$


$q_2$


$\Gamma _1$


$\Gamma _1 > k_v$


$\ddot {q}$


\begin {equation}\label {eq:13} \tag {A1} \begin {split} \ddot {q}= &\ M^{-1}\left ( G u - \delta _1~G G^{\top } h_1(q) - \delta _2 G^{\bot ^{\top }}G^{\bot } h_2(q) - \partial _q V - \partial _{\dot {q}}\mathcal {R} - \partial _q \left (M \dot {q} \right )\dot {q} + \partial _q \left (\frac {1}{2} \dot {q}^{\top }M \dot {q} \right )\right ). \end {split}\end {equation}


$\ddot {q}$


$\Theta _1, \Theta _2$


$\mathcal {R}_c$


\begin {equation}\label {eq:15} \tag {A3} \begin {split} &\ M^{-1} \left ( G u - \delta _1~G G^{\top } h_1(q)- \delta _2 G^{\bot ^{\top }}G^{\bot } h_2(q) - \partial _q V - \partial _{\dot {q}}\mathcal {R} -\partial _q \left (M \dot {q} \right )\dot {q} + \partial _q \left (\frac {1}{2} \dot {q}^{\top }M \dot {q} \right )\right ) = &\ \\ &\ - M_c^{-1} \left (\partial _q V_c + \partial _q \Phi + \partial _{\dot {q}} \Phi + M_c M^{-1} (\partial _{\dot {q}}\mathcal {R} + G k_v G^{\top } M^{-1} M_c \dot {q}) + \partial _{\zeta _2}\Phi \partial _{q}\Psi _2 + \partial _q \left (M_c \dot {q} \right )\dot {q} - \partial _q \left (\frac {1}{2} \dot {q}^{\top }M_c \dot {q} \right ) \right ) &\ \\ &\ + M^{-1} G G^{\top } h_1(q) K_I \left (\zeta _1 - \Psi _1 - \frac {\delta _1}{K_I } \right ) + M^{-1} G^{\bot ^{\top }}G^{\bot } h_2(q) K_I \left (\zeta _2 - \Psi _2 - \frac {\delta _2}{K_I } \right ). \end {split}\end {equation}


$\delta _1, \delta _2$


$\partial _{\dot {q}}\mathcal {R}$


$G^{\dagger } M$


$G^{\bot } M$


\begin {equation}\label {eq:16} \tag {A4} \begin {split} W(q,\dot {q},\zeta _1,\zeta _2) = \frac {1}{2}\dot {q}^{\top } M_c \dot {q} + V_c + \Phi + \Theta _1 + \Theta _2 >0, \end {split}\end {equation}


$\ddot {q}$


$\dot {\zeta _1}, \dot {\zeta _2}$


$\partial _{q} \Theta _1 = - \partial _{\zeta _1} \Theta _1 \partial _{q} \Psi _1$


$\partial _{q} \Theta _2 = - \partial _{\zeta _2} \Theta _2 \partial _{q} \Psi _2$


$\partial _{\dot {q}} \Theta _1 = - \partial _{\zeta _1} \Theta _1 \partial _{\dot {q}} \Psi _1$


$\partial _{\dot {q}} \Theta _2 = - \partial _{\zeta _2} \Theta _2 \partial _{\dot {q}} \Psi _2$


\begin {equation}\label {eq:18} \tag {A6} \begin {split} \dot {W}= &\ - \dot {q}^{\top } \partial _{\dot {q}}\mathcal {R}_c - (\partial _{\dot {q}} \Theta _1 + \partial _{\dot {q}} \Theta _2 + \partial _{\dot {q}} \Phi )^{\top } M_c^{-1} (\partial _{\dot {q}} \Theta _1 +\partial _{\dot {q}} \Theta _2 + \partial _{\dot {q}} \Phi ). \end {split}\end {equation}


$\dot {W} \leq - \dot {q}^{\top } \partial _{\dot {q}}\mathcal {R}_c \leq y_c^{\top } u_{DI} \leq 0$


$K_I > 0$


$\dot {q}^{\top } \partial _{\dot {q}}\mathcal {R} _c > 0$


$\dot {W} \leq 0$


$\dot {q} =0 \cap \partial _{\dot {q}} \Theta _1 +\partial _{\dot {q}} \Theta _2 + \partial _{\dot {q}} \Phi =0$


$\partial _{q}\Psi _1 = \partial _{q}\Psi _2=0$


$\dot {q}=0$


$\partial _q V_c +\partial _{q} \Phi = 0$


$(q,\dot {q})=(q^{\star },0)$


$\dot {q}^{\top } \partial _{\dot {q}}\mathcal {R} =0$


$G^{\top } M^{-1} M_c \dot {q} =0 \cap \partial _{\dot {q}} \Theta _1 + \partial _{\dot {q}} \Theta _2 + \partial _{\dot {q}} \Phi =0$


$y_c = G^{\top } M^{-1} M_c\dot {q}$


$\partial _q V_c + \partial _{\dot {q}} \Phi = 0$


$(q,\dot {q})=(q^{\star },0)$


$\partial _{\dot {q}} \Theta _1 +\partial _{\dot {q}} \Theta _2 + \partial _{\dot {q}} \Phi =0$


$M$


$\dot {q}=0$


\begin {equation}\notag G G^{\top } h_1(q) K_I \left (\zeta _1 - \frac {\delta _1}{K_I } \right ) + G^{\bot ^{\top }}G^{\bot } h_2(q) K_I \left (\zeta _2 - \frac {\delta _2 - \partial _{\zeta _2}\Phi }{K_I } \right )=0, \label {Xeqn47}\end {equation}


$\partial _{\zeta _2}\Phi =0$


$q=q^{\star }$


$\zeta _1$


$\zeta _2$


$\delta _1/K_I$


$\delta _2/K_I$


$h_1(q^{\star })\neq 0, h_2(q^{\star })\neq 0$


$\square $


$\Phi $


$\Phi $


\begin {equation}\begin {split}\notag \kappa _3= \kappa _5 = - G^{\bot ^{\top }} \gamma _1, ~ \kappa _4= - k_p \gamma _1 (a_1 m_2 - a_2 m_1) q_1^{\star } \begin {bmatrix} -\gamma _1 (a_1 m_2 - a_2 m_1)\\ 1 \end {bmatrix}, \end {split} \label {Xeqn48}\end {equation}


$M, M_c, G$


$h_2$


\begin {equation}\begin {split}\notag \Phi = &\ \frac {K_I (q_1 - q_1^{\star })}{2 a_2^2 (m_1 - m_2)^2} \left ( (q_1 - q_1^{\star }) + 2 a_2 (m_1 - m_2) \zeta _2 - \frac {2 (\dot {q}_1 (a_1 m_3 - a_2 m_2) + \dot {q}_2 a_2 (m_3 - m_2))}{(a_1 - a_2)(m_1 m_3 - m_2^2)} \right ) \\ - &\ \frac {k_p q_1^{\star }}{a_2^2 (m_1 - m_2)} \left ( (a_1 m_2^2 - a_2 m_1 (m_1 - m_2)) ((q_1 - q_1^{\star }) - (q_2 - q_2^{\star })) - a_2 m_1 m_2 (q_1 - q_1^{\star }) \right ). \end {split} \label {Xeqn49}\end {equation}


$\Phi $


$\Phi $


\begin {equation}\begin {split}\notag \kappa _3 = - G^{\bot ^{\top }}, ~ \kappa _5= m_0 \kappa _3, ~ \kappa _4= \frac {\epsilon g \left (l m_0 \sigma _1 (\sin (\phi - q_1^{\star }) - \sin (\phi )) - \rho q_1^{\star } M_T\right )}{\rho ^2 l m_0} \begin {bmatrix} \rho M_T \\ l m_0~K \cos (\phi - q_1^{\star }) \end {bmatrix}, \end {split} \label {Xeqn50}\end {equation}


\begin {align*}\notag \Phi = &\ \frac {(m_0 \rho - (q_1 - q_1^{\star })) \sigma _1}{\rho M_T} + \sigma _2 \sigma _3 \left ( \frac {\rho (1+k)-1}{\rho M_T} - \frac {q_2 - q_2^{\star }}{\cos (\phi - q_1^{\star }) l m_0} \right ),~ \sigma _2 = \epsilon g \cos (\phi - q_1^{\star }) M_T^2, ~ \\ \sigma _1 = &\ K_I \left ( \zeta _2 + \sigma _4 \right ) + \frac {K_I m_0}{2} (q_1 - q_1^{\star }), ~ \sigma _3 = q_2^{\star } - \frac { l m_0 (\sin (\phi - q_1^{\star }) - \sin (\phi )) (k + 1 - 1/\rho )}{M_T}, \\ \sigma _4 = &\ \frac {l \dot {q}_1 \left (M_0 + m_0 \left (1 - \cos ^2(\phi - q_1) \left (1 + k - k(k+1)\rho \right )\right )\right ) + k \rho \dot {q}_2 \cos (\phi - q_1) M_T}{l M_0 + l m_0 \sin ^2(\phi - q_1)}, ~ M_T = M_0 + m_0.\end {align*}


$\Phi $


$\Phi $


$\gamma _{11}=\gamma _{22}$


$m_{11}=m_{22}$


\begin {equation}\begin {split}\notag \kappa _3= \kappa _5 = \begin {bmatrix} 0 \\ 0 \\ -\frac {\epsilon ^2 + 1}{\epsilon \gamma _{33}} \end {bmatrix}, ~ \kappa _4= - k_p \begin {bmatrix} q_2^{\star } - \sigma _1 \sin {(q_3^{\star })} \\ q_1^{\star } + \sigma _1 (\cos {(q_3^{\star })} - 1) \\ \sigma _1 (q_2^{\star } - \sigma _1 \sin {(q_3^{\star })}) \cos {(q_3^{\star })} + \sigma _1 ( q_1^{\star } + \sigma _1 (\cos {(q_3^{\star })} - 1))\sin {(q_3^{\star })} \end {bmatrix},~ \sigma _1 = \frac {\gamma _{22}}{\epsilon \gamma _{33}}, \end {split} \label {Xeqn51}\end {equation}


\begin {equation}\notag \begin {split} \Phi = &\ k_p (q_1^{\star } - \sigma _1 \sin (q_3^{\star })) \left ( (q_1 - q_1^{\star }) + \sigma _1 \cos (q_3^{\star }) \right ) - \frac {K_I \sigma _2 \left (1 + \epsilon ^2 (q_3 - q_3^{\star })\right )}{\epsilon \gamma _{33}} \\ &\ + \frac {K_I(\epsilon ^2 + 1) (q_3 - q_3^{\star })\left (1 - (q_3 -q_3^{\star })\right )}{2 (\epsilon \gamma _{33})^2} + k_p (q_2^{\star } + \sigma _1 (\cos (q_3^{\star }) - 1)) \left ( (q_2 - q_2^{\star }) + (q_3 - q_3^{\star }) \sigma _1 \sin (q_3^{\star }) \right ), \\ \sigma _2 = &\ \zeta _2 - \frac {1}{m_{0}} \sin (q_3) \left (m_{22} \dot {q}_2 - \frac {\dot {q}_3 \sin (q_3) (m_{0}- \gamma _{22} m_{22})}{\epsilon \gamma _{33}}\right ) - \frac {1}{m_0} \cos (q_3) \left (m_{22} \dot {q}_1 - \frac {\dot {q}_3 \cos (q_3) (m_{0}- \gamma _{22} m_{22})}{\epsilon \gamma _{33}}\right ) \\ &\ - \frac {1}{J} \left ( \frac {\dot {q}_3 \left (\gamma _{22} (m_{0}- \gamma _{22} m_{22}) - J \epsilon ^2 \gamma _{33}\right )}{\epsilon \gamma _{33}^2} + \frac {m_{0}- \gamma _{22} m_{22}}{\gamma _{33}} (\dot {q}_1 \cos (q_3) + \dot {q}_2 \sin (q_3)) \right ). \end {split} \label {Xeqn52}\end {equation}
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matched disturbances. However, unmatched disturbances were not considered and, to the best of the author’s knowledge, no other
work has investigated this aspect with the CL approach. This is a relevant problem in engineering practice where disturbances are
ubiquitous. In addition, comparing iCL and iIDA-PBC can shed light on their differences and can provide conditions under which they
are equivalent.

This paper investigates the extension of the CL methodology with the aim to compensate the effect of matched and unmatched
disturbances. The main contributions of this work include the following points.

e A new passivity-preserving extension of the CL methodology for underactuated mechanical systems subject to matched and
unmatched linearly parameterized additive disturbances. Two dynamic extensions are introduced to compensate the effects of
matched and unmatched disturbances respectively.

o A detailed comparison with the corresponding iIDA-PBC implementation and a set of conditions under which the two controllers
are identical.

¢ The interpretation of the dynamic extensions as low-pass filters.

The effectiveness of the new controller is demonstrated with numerical simulations on three examples, that is an inertia-wheel
pendulum system, a pendulum-on-cart system moving on a slope, and a vertical-takeoff-and-landing aircraft.

Compared to the use of traditional observers, the proposed approach preserves the interpretation of the control action in terms of
system energy. Compared to robust controllers, the proposed approach does not require prior knowledge of the disturbance bounds.
Compared to prior implementations of iCL, see [25], the new controller also accounts for unmatched disturbances. While the proposed
design bears similarities with the iIDA-PBC methodology, see [24], it is specific to the CL formulation hence it results in a different
parameterization.

The rest of the paper is organized as follows. Section 2 gives an overview of the CL methodology. Section 3 details the new controller
design. Section 4 presents a comparison with iIDA-PBC, while Section 5 provides an interpretation of the dynamic extensions as low-
pass filters. Section 6 contains the simulation results, and Section 7 concludes the paper.

Notation. Function arguments are specified on first use and subsequently omitted in equations for conciseness.

2. Overview of Controlled Lagrangians

Consider an underactuated mechanical system with n degrees-of-freedom (DOFs) and the control input u € R™ applied through
the input matrix G(q) € R"™", where rank(G) = m < n for all ¢ € R", and subject to the disturbances § € R". The system states are the
position g € R" and the velocity ¢ € R". The Lagrangian function is defined as

. 1, .
Lg.9) = 34" M=V (@), (1)
where the inertia matrix is M(q) = M(¢q)" > 0, and the potential energy is V' (¢). The system dynamics is defined as
d . .
;%149 = 9,L(q.9) + 0;R = G(g)u — 6. (2)

Physical damping is accounted for by the dissipation function R(4), where quqR > 0, see [5]. In the absence of disturbances and
damping (i.e., § = 0, R(¢) = 0), the CL methodology [3] stabilizes the desired equilibrium (g, ) = (¢*,0) by enforcing the prescribed
Lagrangian L.(q,q) = %q’T M, 4 — V.(¢g) and the closed-loop dynamics

d ) )

Fi%iLe(@ D) = 9 Le(a.9) =0, 3

with the inertia matrix M,(q) = MCT(q) >0, and the potential energy V.(q) >0, where V.(¢*) =0 is a global minimum, that is
9,Ve(¢*) = 0 and 9]V, (¢*) > 0. The dynamics (3) is achieved by the control law
ucp =G (9,(M@g—0,L) - G'MM " (9,(M.4)¢—9,L.), 4
see [4], where GT = (GTG)_IGT, provided that M, and V, verify for all (¢, ) € R*" the PDEs
Gl<—6q(%q'TMq') + MM;‘aq(% ‘TMcq)) +G*(0,(Md)g — MMI'9,(M.9)) = 0, (5)
G*(o,Vv —MM:'9,V,) = 0, (6)

where G* is the full-rank left annihilator of G, defined such that G1G = 0 and rank(G+) = n — m, see [15]. Despite their close similar-
ity, the IDA-PBC methodology is considered more general than the CL methodology, see [15]. Conversely, the CL methodology can
result in PDEs that have a different parameterization, which might aid their solution for some classes of systems, see [3]. Nevertheless,
under some conditions, the CL control law (4) is equivalent to the IDA-PBC control law, that is

urpp =G (9, H — MyM™'0,H, + J,0,H,) — k,G"0,H,. 7)
where p = Mg are the momenta, H(q, p) = % p'M~'p+V and Hy(q,p) = % p"M'p+V, are the open-loop Hamiltonian and the pre-

scribed Hamiltonian respectively, and J, = —.12T is a design parameter, see [2]. The conditions for equivalence between CL and
IDA-PBC are defined in [15] as

M,=MM;'M, V,=Vy, Jy= MM~ (0,(MM;'p)" —0,(MM;'p)) M~ M,,. ®

2
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Note that (7) contains a damping injection term for the purpose of stabilizing the equilibrium (g, p) = (¢*, 0). This can also be achieved
with CL by including a further term in the control law (4), that is

u=ucy +upy, up; = —k,GTM™'M_q4. )

This yields the closed-loop dynamics

d . .
31%iLe@ D = 0,L(a.4) + 4R =0, (10)
where 9,R, = M, M~'(9;R + Gk,GTM~'M,4), and k, > 0 is a tuning parameter. Computing the time-derivative of the storage func-

tion W =V, + %q’TMcq' > 0 along the trajectories of the closed-loop system (10) yields then
W =-4"0,R, <0, an

provided that q’Tach > 0. Invoking LaSalle’s theorem it follows that the equilibrium (q, §) = (¢*,0) is asymptotically stable. If dissi-
pation is due to viscous friction defined by the matrix D = D' > 0, we have R(4) = %qTDq > 0, and consequently q'Tach >0,Vg#0
provided that

%(MEM‘ID +DM™'M,) + M,M™'Gk,GTM™' M, >0,
where the product Gk,GT is rank deficient. If D > 0, this condition is verified when M, M~'D+ DM~'M, >0 and k, > 0 (i.e.,
substituting M, = M M;lM yields the corresponding condition for IDA-PBC, see [26]). In the absence of physical damping (i.e.,
D = 0), the time-derivative of the storage function (11) yields W = yu;; < 0 and asymptotic stability is ensured for all k, > 0 if the
passive output y, = G' M~ M_g of the closed-loop system (10) is detectable, that is y, — 0 = (q,9) — (¢*,0), see [5,15].

If the disturbances are only matched, that is, 6 = §; GG h,(¢q) where &, € R is an unknown scalar constant, while h,(¢q) € R" is a
known globally bounded and continuously differentiable function of ¢, they can be compensated with the iCL control law

u= ucp +up;+G (@K =),

(12)

¥1(4.9) = h(@ GCTM ™' M4,
see [25], where the time derivative of the extended state ¢; € R is

&= = (0,90) M 0,V + R +0,(M.d)d - aq@qTMcq)) —(9,%)) a+ (3,%,) 4. 13)
and the prescribed closed-loop dynamics is

d . . . , K, oy

aaqLc(q, §) = 0,L.(q.4) + 3R (4. 9) + 0;,0(¢,4,¢1) =0, O = -5 <§1 -Y¥iq.9 - K_,> . 14)
Defining the storage function

W@ a0 =V, + 30 Mg +0, >0, (15)
and computing its time-derivative along the trajectories of the closed-loop system (13) and (14) yields

W =—4"9,R, - (9,0)"M1(9,0,) < 0. (16)

Invoking LaSalle’s theorem it follows that the equilibrium point (¢,4) = (¢*,0) is locally asymptotically stable for all K; > 0,k, >0
provided that 479;R, > 0 and that the passive output y, of (10) is detectable, see [25].

3. Integral Controlled Lagrangians

This section presents the new iCL design for systems with matched and unmatched disturbances.

3.1. System class

The class of underactuated mechanical systems with dynamics (2) considered in this work is qualified by the following assumptions.

Assumption 1. The PDEs (5) and (6) are solvable analytically with M, and V,, where g* = argmin(V,). The equilibrium is assignable,
that is Gi(aqV +6) = 0 at ¢ = g*. Physical damping is defined by the dissipation function R(¢g), such that qTach > 0. In addition, the
passive output y. = GT M~ M_g of the closed-loop system (10) is detectable. All model parameters are exactly known, and all states
are measured.

The solvability of PDEs remains a major challenge for both the CL and the IDA-PBC methodologies. However, this condition is verified
by several canonical examples, see [17,27]. The study of the solvability of the PDEs represents a separate topic, see [12], which is
beyond the scope of this work. The remaining conditions are common to several works, see [23,24].

3
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Assumption 2. The disturbance is defined as § = 6, GG h(q) + 5zGiT G*hy(g) with §,,8, € R unknown scalar constants, while
h,(q), h,(¢q) € R" are known continuously differentiable functions of 4.

Without loss of generality, disturbances can be decomposed into matched and unmatched components. The dependence on the
generalized position is accounted for by the functions 4, and &, (i.e., constant in case of constant disturbances). Position-dependent
disturbances are representative of uncertain stiffness (i.e., in suspension systems or soft robotic systems [8]). In addition, the input
matrix G might also depend on the generalized position. The disturbances are parameterized with the scalars 6, and é, as in [24] to
facilitate the comparison with the corresponding iIDA-PBC formulation, see Section 4. A different parameterization is discussed in
Remark 2.

Assumption 3. Given the assignable equilibrium ¢* of (2), there exists a scalar function ®(g, ¢, ¢,), where ¢, € R is an extended
state employed to estimate the scalar constant §,, that verifies the PDEs

G*MM;! (aq.\PzK,(gz -¥) - 9,0 -9, ® - agchaq%) =0, (17a)
0, 0, ¥, +0,® =0, (17b)

0V, +9,2=0 g=gq* 17¢)

0V +0,®>0 g=q*, 17d)

where W,(q, §) = hy(9)T G G*M~' M4 and K, > 0. In addition, 0,®=0atg=g*.

The function ®(q, ¢, ¢,) represents the mechanical work of the closed-loop non-conservative forces resulting from the unmatched
disturbance. In this respect, ® bears some similarity to the potential energy V,, and it can be considered its extension pertaining
to the non-conservative forces. This assumption is a bottleneck of the proposed approach since, similarly to the PDEs (5) and (6),
solving the PDEs 17(a) to 17(d) can be challenging. A procedure for solving these PDEs locally at the equilibrium, ¢ = ¢*, is outlined
in Remark 1. It should be noted that the PDEs 17(a) to 17(d) are similar but, in general, not identical to those in iIDA-PBC, see [24].
Conditions for which the two sets of PDEs are identical are provided in Section 4.

3.2. Controller design

A new control law, which extends the iCL (12) to account for unmatched disturbances, is defined such that the open-loop dynamics
(2) corresponds to a newly defined prescribed closed-loop dynamics. To this end, the scalar function ®(gq, ¢, {,) is employed to account
for the effect of the unmatched disturbances in closed loop. Two extended states, {; € R and ¢, € R, are introduced to estimate the
unknown scalar constants §; and §,. The new control law and the time-derivatives of ¢, and ¢, are defined to ensure matching
between the open-loop and the prescribed closed-loop dynamics and to preserve the passivity property. This result is formalized by
the following proposition.

Proposition 1. Consider the underactuated mechanical system (2) satisfying Assumptions 1 to 3 in closed-loop with the control law
u= ucp +upr +G (@K (G —¥) - GTMM'(0,® + 0, + 9, @9, '¥,),
¥i(¢.9) = (@) GGTM™ M4, 18)
¥y(g,9) = hy(@) G GEM M4,
where the time-derivatives of ¢; and ¢, are given by
G == (0,%1) M7 (0¥ +0,®+ O,R.) = (0,%1) M (0, (M) d aq(%qTMcq»

— (0,%1) M0, @,¥, — (0,%,) g+ (9,%,) 4. (19a)
: - - N 11, .
b == (0,%2) M (0¥ +0,®+ 0,R.) = (0,%2) M1 (0, (M.d)d aq(E M)
— (9,%) M9, ®,¥, — (0,%,) g+ (9,%5) 4. (19b)
The following claims are in order.

C1. The closed-loop dynamics is given by 19(a), 19(b) and by 20.

C2. The controller (18) with the dynamic extensions 19(a) and 19(b) is passivity-preserving.
C3. The equilibrium (g, §) = (¢*,0) is asymptotically stable for all K; > 0,k, > 0.

C4. ¢, and &, converge to 5,/K; and 5,/ K respectively provided that h;(g*) # 0, hy(g*) # 0.

d
Z0iLe =0y Le +0,R, +0,0) +0,0, +0,®+0,® +0;, B9, ¥, = 0,
- - . . 1. .
R, = M M~ (9,R + Gk,GTM™'M,4). L(q.9) = EqTMcq -V, (20)
K, 5\ K, 5\
®1=7<C1—‘P1—E> » Oy =— Cz—‘l’z—?] :

The proof is given in Appendix A.
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Remark 1. The new control law (18) extends (12) by accounting for the unmatched disturbances through the scalar function ® and
the extended state ¢,. Thus, the prescribed closed-loop dynamics also includes the time-derivative of ¢, in (19b). In addition, the time-
derivative of ¢, in (19a) differs from (13) in that it also accounts for the scalar function ®. Compared to (12), the new controller (18)
requires satisfying Assumption 3, which represents a bottleneck. If the unmatched disturbances are constant, that is 4,(q) = I" € R",
and the matrices M, M, and G are constant, it follows that V,¥, = 0 and V,¥, = G G*M~'M, = x, € R". Substituting (17b) into
(17a) yields then

K11 Kp(§y = Ws) +x1120, @ — 0, = 0, (21)
———
&
where ; = GtMM ! k) € R=mxn 1y, = G*"x,, and only ® depends on g, while 3, represents the estimate of 6,. Note that (21) is
a simpler PDE than (17a) and it admits a solution of the form

K
D =K; (& —Wa)ki (a—a") +K, (g —q") + TIKST(q —a")q - ")k, (22)

where n — m elements of k3, x4, k5 € R"” are defined by (21), that is x|k, = kyk3 = kx5 and «;x, = 0. In summary, substituting (22)
into (21) yields a set of n — m algebraic equations in k3, k4, k5. The remaining m elements of k3, k4, k5 should be defined such that 17(c)
and 17(d) are verified. Note that (22) also verifies 17(b) by construction and ensures d,d=0atg= g*. In the general case, a local
solution of 17(a) to 17(d), valid at the assignable equilibrium position, can be found by: (i) replacing M, M., G and h,(g) in 17(a)
with their values at ¢ = ¢g*, which yields (21); (ii) constructing ®(q, 4, &,) as in (22); (iii) substituting (22) into (21) and computing
K3, Ky, k5 such that (21), 17(c) and 17(d) are verified (i.e., solving a set of algebraic equations). The solution is global if M, M, G and
h, are constant. This procedure has been applied to all three examples presented in Section 6. See details in Appendix B, C, D.

Remark 2. For illustrative purpose, a different parameterization of the disturbances is considered, that is § = h,(q)GG" 8, +
hz(q)GJ-T G165, with §,,5, € R” unknown constant vectors, while &,(q), h,(g) € R are known continuously differentiable scalar func-
tions of ¢. This yields the same control law (18) with the time-derivatives 19(a) and 19(b), where the extended states are now vectors
of n elements, that is ¢;,{, € R"” and accordingly ¥,, ¥, € R". The closed-loop dynamics (20) is unchanged, where ©,,®, are now
defined as

@_K, . s \" S @_K, v 5\ -
|—2C1 17K, & 1K1a2—2§2 27K, & 27K, )

The proof of Proposition 1 is unchanged (i.e., after substituting the new expression of the disturbances).

4. Comparison with iIDA-PBC

The iIDA-PBC design for matched and unmatched disturbances, see [24], yields the control law
w=u;ps+ G h (@ k(& —¥) - G MM (dqu +0,%, + agzcb),
¥1(.p) = b (9" GG p, (23)
¥,(q.p) = hy(@)" G GHp.
where the time-derivatives of ¢, and ¢, are
b= —0,¥) MM (aqu +0,2+ aﬁz%cb) —@,¥)TC I = S)HM; p+(0,%) M p, (24a)
&= —(0,%) MM (aqu +0,0+ aﬁzacp) —@,¥) (I = S)HM; p+(0,%) M p, (24b)

with S,, = GK,GT — J, + DM~'M, and H,(q,p) = % p"M;'p+V,. The scalar function ®(q, p, {,) should verify the PDEs (see Assump-
tion 4 in [24])

Gl(a,,wzrlkz(gz — W) - MyM~19,® + (a,,lvzrl - MdM-laqlPZ)a¢2<1>) =0, (25a)
0, ®9,%, +9,® = 0, (25b)

0Vy+0,2=0 g=q*, (25¢)

0V +0,0>0 g=q*. (25d)

The new controller (18) and the iIDA-PBC (23) are compared by considering the following points.
1. PDEs. The PDEs (5) and (6) in the CL methodology are equivalent to the corresponding PDEs in IDA-PBC provided that the conditions
in (8) hold, see [15]. In addition, there is a close similarity between the PDEs 17(a) — 17(d) and 25(a) — 25(d). Substituting 17(b)
into 17(a) yields

GEM M (02K (& = W) = 0,0 + 0, B0, W, = 0,00, %, ) = 0,

5
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while substituting 9,%,(q,4) = M,M~'G+" GLh,(q) and M, = MM;' M yields
Gt (GlT Gy @K (& — W) — MM ™9, + (GlTGlhz(q) - MdM—laq%)aCz(p) =0,

which is identical to 25(a) if k, = K;,I"; = 1, and 9,%, = aqu. In addition, 17(b) is identical to (25b) if 9;¥, = 01,@2. Finally, 17(c) is
identical to 25(c) and 17(d) is identical to 25(d). In summary, the PDEs 17(a) — 17(d) are identical to 25(a) — 25(d) if k, = K;,I'; =1,
and if M, = M, = M. This condition refers to the CL controller (4) and the corresponding IDA-PBC (7) only enforcing potential
energy shaping. In such case, the PDE (5) is trivially verified, and the CL design becomes coincident to the corresponding IDA-PBC.
In general, whether finding an analytical solution of the PDEs 17(a) — 17(d) proves easier than for the PDEs 25(a) — 25(d) depends
on the specific case.

2. Design procedure. A key difference between the new iCL controller (18) and the iIDA-PBC (23) is the design procedure employed
for the time-derivatives 19(a) and 19(b). The extended states ¢; and ¢, are included in the system dynamics (20) through the scalar
functions ®; and ©,. Drawing a parallel to the dissipation function R, the functions ®, and ®, can also be interpreted in terms of
dissipation due to the residuals z; = ({; =¥, - 6,/K;) and z, = ({, =¥, — 6,/K). Accordingly, 9,0, and 9,0, are included in (20)
while 9,0, and 9,0, are not, which is similar to how 9;R, is treated. Conversely, the scalar function @ is treated in a similar way
to the potential energy V., see 17(c) and 17(d). In addition, the closed-loop dynamics (20) also contains 9,;® and 0(:2 <I>6q‘I’2. These
two terms do not lend themselves to an intuitive interpretation, but are required to enforce passivity conditions. Accordingly, the
time-derivatives of {; and ¢, in (19a) and (19b) are computed from (A5) to enforce W <0, see Appendix A. This is different from the
iIDA-PBC design procedure, where 24(a) and 24(b) result from enforcing a PCH structure in closed loop. In summary, the iIDA-PBC
design [24] provides a more intuitive interpretation in terms of system energy compared to the proposed iCL design (18).

3. Controller parameters. Comparing (23), 24(a) and 24(b) to (18), 19(a) and 19(b) respectively highlights a similar structure and
some notable differences: (i) ;@ is present in (18) but 0,® is missing in (23) thus the two control laws are not identical; (ii) the two
controllers use different parameterizations, with ¥,, ¥, in (18) containing the closed-loop inertia matrix M, while @1,@2 in (23) do
not depend on M,; (iii) physical damping is accounted for with a negative sign in 19(a) and 19(b), that is —(anZ)TM;Iach, but
with a positive sign in 24(a) and 24(b), that is (oﬁzﬂ Ssz Md‘] p. As a result, the new controller (18) preserves passivity for all K; > 0,
while the controller (23) requires a sufficiently large I'; such that, given d;R = Dq with D >0,

- (GkUGT + %DM‘IMd + %MdM‘1D> = 0.
Increasing I'; in (23) results in a slower response and a reduced control action, see [24]. Both controllers require k, > 0, while
decreasing k, results in faster response.

5. Interpretation as low-pass filter

The interpretation of the dynamic extensions as low-pass filters, initially introduced in [25], is expanded here to account for
unmatched disturbances, and the key differences are highlighted. Recall that a first-order low-pass filter with input x, output z, and
bias A, is defined as

z= l(x—z)+A(t),
T

where 7 > 0 is the time constant. Defining n, = (¢, — ¥,) and #, = ({, — ¥,) and computing their time-derivatives along the trajectories
of the closed-loop system (20) yields

=6 —0,¥) 4 —0,%)) 74,
=6 - (0q‘Pz)Tq' - (04‘F2)Tii-
Substituting ¢, and ¢, from 19(a) and 19(b), and ¢ from (A2) in the above expressions yields

Fy 6y — 0, ®@
o= (0,%) M7 (9,%))K, <K—1 —n1> —(9,%)) g+ (0[}‘P1)TM;1(64‘I‘2)K1<—2 < & —n2>, (26a)
N—— _ 1 1
Z 1/7cy b
X|—z] Acy
5, — 0, @ 5
o= (0,%) M (9,%,)K, <2_¢2 _,12) —(9,%,) d+ (0,%,) "M (alel)K,<_] _,,1>, (26b)
—— 2 K; K,
= Ve Xp—zp Aca

which are representative of first-order low-pass filters with bias A and A, respectively. In particular, the outputs #; and #, follow
the inputs 6, /K, and (6, - d;, ®)/ K, respectively. Differently from [25], the bias terms, Ac; and A, contain a velocity-dependent
part and a coupling term. It follows from (18) that the coupling terms vanish if M and M, are diagonal matrices, which yields
(c)q‘{‘z)TMC‘1 (0,¥,) = 0. Differently from the interpretation provided for ¢, in [25], the expressions 26(a) and 26(b) include the term
0, ®, which is due to the unmatched disturbances. It follows from Proposition 1 that the trajectories of the closed-loop system (19a),
(19b) and (20) converge asymptotically to the set ¢ =0n 9,0, + 9,0, + 9, = 0. Evaluating 26(a) and 26(b) within this set yields
iy = 7, = 0. Since 9, ® = 0 at g = g* by design, #, and #, converge to 6, /K; and 6,/K; provided that h,(¢*) # 0, hy(¢*) # 0.
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For comparison purposes, the analysis is repeated for the iIDA-PBC design [24] yielding
i =& —0,¥) M p—(0,%)p,
iy =4 = 0,%) "M~ p—(0,%)p.
where

p=-M;M! (aqu +0,D+ aq\yza,;zcb) — S M 'p— S5(0,® +0,¥,0,®) +T,0,¥,0,, @

o o 0 5 o [
+ 6‘,‘I’]F]k1 <§1 _\Yl - m) +0P‘P2F]k2<§2 —\P2 - m)

Substituting ¢; and ¢, from 24(a) and 24(b) while refactoring terms yields

. G\ T b G\T _

i = (apwl) (apq‘l )nkl <ﬁ - m) - (aplyl) (O = (Spy + SLYM ' p, (27a)
—— 1K1 ,,

) —  —

“ 1/t x1-2 An

—\T, — 0y — 0, @ —\T - 4
i = (0,%) (0,% )0k, (= =y ) = (0,%,) (Ty1 = (Spy + STHM;'p, (27b)
Tk

—— 1k2

l‘?

=2 1ty Xy=23 Ap

which are similar to Eqn. 26(a) and Eqn. 26(b) (i.e., the input x, includes the term 9, @), but have a different parameterization and

—\T —
different bias terms. In particular, A;; and A, do not contain coupling terms, since it follows from (23) that (ap‘l’z) 9,%,=0.In

summary, the PCH formulation employed for (27(a) and 27(b) provides a more intuitive interpretation of the dynamic extensions as
low-pass filters (i.e., the two filters are decoupled) compared to 26(a) and 26(b).
If hy(q) # 0, hy(q) # 0 globally, it follows that

Vrer = (9,%)) M (0,%)K; > 0, 17y = (0,%,) M7 (9,%,)K; > 0, Vg,
—\T — —\T —
Ve =(9,%1) (0,% )kal'y >0, Ve =(0,%) (9,%2)kaly >0, ¥a.

Increasing K; or k;,k, and I'; scales down the input and increases the corner frequency of the low-pass filters yielding a faster
convergence of the outputs #, and #,. In practice, the outputs continue updating until the bias terms vanish.

6. Simulation results
6.1. Inertia wheel pendulum

The inertia-wheel pendulum (IWP) consists of an unactuated planar inverted pendulum with an actuated wheel at the tip, see
Fig. 1. The system has two DOF: the angular position of the pendulum g¢,, and the angular position of the wheel ¢,. The system

dynamics is given by (2) where

a= |1 6= M= |12 | Y=g (cos () +1). R(g) =0,
b} 1 a a

. q2
\ /
w7
7/
/

g wheel

pendulum

Fig. 1. Schematic of the IWP system.
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Fig. 2. Simulation results for IWP with matched and unmatched disturbances: (a) pendulum angle g,; (b) wheel angle g,; (c) extended state ¢;; (d)
extended state ¢,; (e) control input u; (f) storage function W.

and ay, ay, a; are constant parameters that depend on the size of the pendulum and of the wheel [2]. In the absence of disturbances,
the control goal consists in reaching the prescribed position (g, ¢,) = (0, ¢;), corresponding to the upright pendulum. The matrix M,
and the potential energy V., where k,, ¢, m;, m; are tuning parameters, are given by

1 a

1 2
V. = —azy; cos + =k +7y€(a) +a , Y= ——————, My =m;— +e¢,
f 371€08(q1) + 5 p(@2 +riela +a)a)s 7 am—my ™My
_ 1 m3a% —2m2a1a2+m1ag ay(my —my) + a (my —my,)
© (@) — a)(mymy —m2) [a(my = my) + ay(my —my) ay(my = 2my + my)

and solve the PDEs (5) and (6), see [25]. A different parameterization of the system was obtained in [28] by employing structure-
preserving transformations, which could result in different expressions of the PDEs (5) and (6) and corresponding solutions. Differently
form [25], which only considered matched disturbances, the system is subjected to matched and unmatched disturbance, that is
5§=6,G+ (SzGiT, where G and G* are constant. The assignable equilibrium is (¢;,¢,) = (qf, q;‘ ), where a; sin (qf‘) = §,, and it exists
provided that |6,| < a;. To implement the controller (18), g7 is computed from the equation

. 1
sin (¢]) = a—K,(Cz -Y¥,),
3

where ¥, = GT M~! M, and ¥, = G* M~! M_ 4. The scalar function ®(q, 4, {,) has been computed according to the procedure outlined
in Remark 1 and is given in Appendix B. This yields a global solution of (17a) to (17d) since M, M., G and h, are constant.
Simulations have been performed in MATLAB using an ODE23 solver with the model parameters a; = 0.0124, a, = 0.0025,a; =
0.4446 for illustrative purposes. The tuning parameters have been set as k, =1k, =0.0005,m; =04,m3=5,e=108 and K; = 0.0001.
The initial conditions are (q;, 5. 41, ¢, ¢}, &) = (0.1,0,0,0,0,0), and the prescribed equilibrium position is q; =0.2. Fig. 2 shows the
system response with §; = 0.002 and &, = 0.001. Using the new iCL controller (18) with the dynamic extensions (19a) and (19b),
the position reaches the assignable equilibrium (ql*,q; ) =(0.002,0.2). The extended states ¢, and ¢, converge to §,/K; =20 and
5,/K; = 10 respectively. Instead, either employing the integral CL [25] or the baseline CL (4) yields a large steady-state error on the
wheel angle. The same control problem can be approached with the iIDA-PBC design [24], which yields similar performance.

8
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pendulum

q1

Fig. 3. Schematic of the POC system on a slope.

6.2. Pendulum-on-cart

The pendulum-on-cart (POC) consists of a pendulum of length / with a point mass m, at the tip, mounted on an actuated cart of
mass M, see Fig. 3. The cart moves on a slope of inclination ¢, see [4]. The system has 2 DOF and the equations of motion are given
by (2) with

q 0 myl? mgl cos (q; — @)
=, 6= M= ,
a [qz] [1] [mol cos (g, — &) My + my
V = my glcos(q) — (my + My)gq, sin(¢), R(¢) = 0.

The angle ¢, of the unactuated pendulum is measured from the vertical, while the position ¢, of the actuated cart is measured from
an arbitrary origin. The matrix M, and the potential energy V,, where ¢, k, p are tuning parameters, are

—p(M + mg) 71
c = ) m%l2 5
N —ml” = o+ My 2

11 = molp(k + 1)cos (¢ — q)), v, = (k + k% + (p = Dk + D) cos® (¢ — qy).

v, = g1 —cos @)+ 08 (pgy 4m )2<q + <k+ u)m—“l(qin(q —¢)+sin(¢)))2
¢ e 2mgl 00 2 p My +mg ! ’

which are a specific solution of the PDEs (5) and (6), see [4]. While other solutions are possible, this particular one is used here

to highlight that the new iCL controller (18) is modular with respect to the baseline CL (4). For illustrative purposes, the system is

subjected to matched and unmatched disturbance, thatis 6 = 6,4, G + 6, G+, where G and G* are constant. The assignable equilibrium

is (g1, 42) = (4}, 43), where mg gl sin(¢}") = &, and it exists provided that |6, | < m gl. To implement the controller (18), g is computed

from the equation

sin(g}) = @KI(Q’Z =),
where ¥, = ¢,GTM~'M_ g and ¥, = G* M~ M_4. The scalar function ®(q, 4, {,) has been computed according to the procedure out-
lined in Remark 1 and is given in Appendix C.

Simulations have been performed in MATLAB with an ODE23 solver using the parameters M, = 0.44,m, = 0.144,1 = 0.215,¢ =
7/9 and the initial conditions (g, 45, 4;, 42, ¢, &) = (7/6,1,0,0,0,0). The tuning parameters have been set as k = 20,p = —-0.02,¢ =
0.00001, k,, = 0.5, and K; = 0.1 for illustrative purposes. The prescribed equilibrium position is q; = 0. Fig. 4 shows the system response
with 6; = 0.002 and 6, = 0.001. Using the new iCL controller (18) with the dynamic extensions (19a) and (19b), the position reaches
the assignable equilibrium (¢, ¢}) = (0.003,0). Note that the control input converges to a negative value because of the slope ¢.
Instead, either employing the integral CL [25] or the baseline CL (4) yields a large steady-state error on the cart position. The same
control problem can be approached with the iIDA-PBC design [24]. However, for the POC system, the iIDA-PBC requires a prior partial
feedback-linearization, see [29]. Instead, the proposed controller (18) is directly implementable since it builds upon the baseline CL
design [4] in a modular fashion.

6.3. Vertical-take-off-and-landing aircraft

The vertical-take-off-and-landing aircraft (VTOL) is characterized by two actuators, that is (u;,u,), and three DOF, that is the
horizontal and vertical coordinates of the center of mass (x, y) and the roll angle 0, see Fig. 5. The mass and the moment of inertia
of the VTOL are denoted with m, and J respectively. The parameter 0 < e¢ < 1 captures the effect of the "slopped" wings, inducing a
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Fig. 4. Simulation results for POC with matched and unmatched disturbances: (a) pendulum angle ¢,; (b) cart position ¢,; (c) extended state ¢;; (d)

extended state ¢,; () control input u; (f) storage function W'.

coupling between the vertical and the roll dynamics. The equations of motion of the simplified system, as detailed in [30], are given
by (2) with

q —sin(g;) ecos(gz) my 0 0
g=|q| G=| cos(qgz) esin(qz) [M =10 my O} V=mygqg, R(G =0,
s 0 1 0 0o J

where (q;. 495, g3) = (x,y,0). This is a first approximation of the complex dynamics of an aircraft, and it has been used extensively for
control purposes, see [17,29]. The matrix M, and the potential energy V, that solve the PDEs (5) and (6) are given by

my 0 o)
0 m pu (r11myy —mg) . (riimyy — mo)
M, = 22 , 1 , 6, = ———=———"sin(q3), 0, = ————— cos(g3),
Jemr3+ri(riimi —mo) €733 €733
02 o] Szyz
33

. 2 2
ky « . Yisings) ky (o Y2 (cos(gz) — 1) gmg(cos(gz) — 1)
Vo= la—ai+— ) + 5|4 — @ + ,
2 €733 2 €733 €733
where k,, my|, my, v11, V2,733 are tuning parameters, see [17]. :
For illustrative purposes, the system is subjected to matched and unmatched disturbances, that is § = §, G +6,G* , where G
and G* are state-dependent. The assignable equilibrium is (q;*, q; , q3*), where —m, g sin (q;) = (? + 1)6,, and it exists provided that
|6,] < mg g/(e* + 1). To implement the controller (18), q3* is computed from the equation

sin(g}) = —ng(ez + DK (& = Py),
0

where ¥, = GT M~ Mg and ¥, = Gt M~! M_4. The scalar function ®(q, 4, {,) has been computed according to the procedure outlined
in Remark 1 and is given in Appendix D.

Simulations have been performed in MATLAB with an ODE23 solver using the same model parameters and controller parameters
as [17], thatise = 1,my = 1,J = 1,and k, = 0.9, k, = 3.81, y;; = vp = 3,733 = —1, my; = my, = 1.5and K; = 0.1. The initial conditions
are (4, 4,93, 41 42, 43. 1. &) = (=5,5,0.1,-0.1,-0.1,0.1, 0, 0). Fig. 6 shows the system response with §; = 0.5 and 6, = —0.2. Employing

10
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Fig. 5. Schematic of the VTOL system with (¢,,¢,,g3) = (x,,0).
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Fig. 6. Simulation results for VTOL with matched and unmatched disturbances: (a) x position; (b) y position; (c) roll angle ¢; (d) extended states ¢,
and ¢,; (e) control input u,; (f) control input u,.

the new iCL controller (18), the position reaches the assignable equilibrium (qf, q; R q; ) =(0,0,0.04). In addition, the extended states
¢, and ¢, converge to 6, /K; =5 and 6,/K; = —2 respectively. In comparison, the baseline CL controller (4) and the integral CL [25]
yield steady-state errors on the position (x, y).

Fig. 7 shows the system response with the same disturbances while employing different values of the parameter k,. Note that
decreasing k, yields a faster convergence of the position to the prescribed equilibrium. Conversely, the response of the extended
states shows less noticeable variations. Fig. 8 shows the system response with the same disturbances while employing the iIDA-PBC
design [24] with T’} = 10k, and the same values of the remaining tuning parameters. Also in this case, decreasing k, yields a faster
convergence of the position to the prescribed equilibrium. However, the responses of ¢, and ¢, follow different transients, which is
a consequence of the different parameterization employed in (18) and in [24]. A faster response can be obtained with the iIDA-PBC
design by decreasing I';, provided that the condition I'; > k,, is verified, see [24]. Note finally that implementing the iIDA-PBC design
[24] for the VTOL requires an input transformation, see [29]. Instead, the new controller (18) builds upon the baseline CL [17] which
does not require input transformations.

11
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Fig. 7. Simulation results for VTOL with the new iCL controller (18) and different values of k,: (a) x position; (b) y position; (c) roll angle 6; (d)
extended state ¢;; (e) extended state ¢,; (f) storage function W'.
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Fig. 8. Simulation results for VTOL with the iIDA-PBC controller [24]: (a) x position; (b) y position; (c) roll angle 6.

7. Conclusion

100

In this work we have presented a new passivity-preserving extension of the CL methodology for underactuated mechanical systems
subject to a class of matched and unmatched disturbances. The new iCL controller requires solving an additional set of PDEs, which
are similar but in general not identical to those resulting from the iIDA-PBC methodology. In particular, the two sets of PDEs become
identical if the controllers only enforce potential energy shaping, in which case the CL design coincides with the corresponding IDA-
PBC. While solving these PDEs represents a bottleneck of the proposed approach, a strategy for finding a local solution at the prescribed
equilibrium has been outlined. The new iCL controller design bears similarity with the corresponding iIDA-PBC procedure, where the
latter provides a more intuitive interpretation in terms of system energy. Both the new iCL controller and the corresponding iIDA-
PBC offer an interpretation of the dynamic extensions as low-pass filter. Again, the iIDA-PBC design provides a clearer interpretation,
without coupling terms. Simulation results on three examples demonstrate the effectiveness of the new iCL controller in accounting
for unmatched disturbances. For the POC and the VTOL systems, the new iCL design can be readily applied without a prior change

12
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of input or a partial feedback-linearization, which are instead required for the iIDA-PBC design. In this respect, the new iCL design
represents an alternative to the corresponding iIDA-PBC which might be more convenient in some specific cases. Future work will
investigate strategies for solving the PDEs in both formulations.
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Appendix A

Proof of Proposition 1. To prove the first claim, start by substituting (1) into (2) and compute the acceleration §, which yields

i =M (Gu=38, GGTh (@)~ 8,6 G*h(@) = 0,V = 0,R = 0,(MdDq + aq(%qTMq)). (A1)
Computing the acceleration ¢ from (20) yields instead

N - o\ Lo

G= = M (9Ve + 0,0+ 0,0+ 0,R + 0,0, +0,0 + 0, 00,%, + 0, (M) = 0, 34" M3 ). (A2)

Equating (A1) and (A2) while substituting ®,,0, and R, yields

_ N 11,
M 1(Gu—al GGThl(q)—6ZGHGLh2(q)—0qV—04R—0q(Mq)q+0q(§qTMq>) =

, . g N o (L
— M0,V 40,0+ 0,0+ MM~ (OR + Gk, GTM ™ M) +0;, @0, + 0, (M..d) — 0, ( 54" M.4) ) (A3)

3 1)
+ MGG hy (@K, (cl - - —‘) + MG Gy @K, (Cz -, - —2>.
Ky Ky
C1. Refactoring terms in (A3) cancels the parameters 6,, 5, and the physical damping 9, R. Premultiplying (A3) with G M yields (18).
Premultiplying (A3) with G* M yields the sum of the PDEs (5), (6), and (17a), which are verified by design.
To prove the remaining claims, define the storage function

W(q,q,§1s§2)=%QTMM?+VC+<I>+®] +0, >0, (A%)

and compute its time-derivative along the trajectories of the closed-loop system 19(a), 19(b) and (20), which yields

T T
W= aq(%qTMcq) i+ aq(%qTMcq) i+ (0,v.) a+(9,) d+ (0,®)"d -

T, T, L L
+(0,0,+0,0,) q+ (9,0, +0,0,) i+ (aglel) &+ (agzez + agzdn) &

Substituting ¢ from (A2), ¢;,¢, from (19a), (19b), and (17b) while noting that 0,0, = —0,,0,0,¥}, 9,0, = —9,,0,9,%, and 0,0, =
—0;,0,9,¥}, 9,0, = —9;,0,9, ¥, yields finally

W= —q"0,R, — (9,0, + 0,0, +9,®)" M['(9,0, + 0,0, + 9,P). (A6)
C2. It follows from (A6) that W < —4T0,R, < yup; < 0 and the controller is passivity-preserving for all K; > 0.
C3.If q'Tach > 0, it follows from (A6) that W < 0 thus the equilibrium is stable and all states are bounded. Invoking LaSalle’s theorem
(see Theorem 3.4 in [31]) proves that the trajectories of the closed-loop system 19(a), 19(b) and (20) converge asymptotically to the
set ¢ =0N0,0; + 9,0, +d,;® = 0. Evaluating (20) within this set and noting that 9,'¥, = 9,%, = 0 if ¢ = 0 yields 9,V + 9,® = 0 thus
it follows from Assumption 3 that the equilibrium (g, §) = (¢*,0) is asymptotically stable.
If 4T9;,R =0, the trajectories of the closed-loop system (19a), (19b) and (20) converge asymptotically to the set GTM~'M ¢ =
0n9;0, +9,0, +d,;® = 0. Since the passive output y, = GTM~' Mg of (10) is detectable by hypothesis, evaluating (20) within this
set yields again d,V, + 9,® = 0, hence the equilibrium (g, ¢) = (¢*,0) is asymptotically stable.
C4. Pre-multiplying 9,0, + 9,0, + 9,® = 0 by M, substituting ¢ = 0, and refactoring terms yields the set

8, — 0, ®

Ky )
where the two addends are linearly independent. Since d;,® = 0 at ¢ = ¢* by design, it follows from LaSalle’s theorem that ¢; and ¢,
converge to 6,/K; and §,/K; asymptotically, provided that A;(¢g*) # 0, h,(¢*) # 0 [

>

5
GG h (9K, (gl - K—1> + G Gty (K, <c2 -
7l
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Appendix B
Scalar function ® for the IWP.
The function @ is given by (22) where

T —yi(aymy —aymy)
Ky = k5 = =G+ Y1> kg = —kpyi(@ymy — aymy)gy e i 20

which, given that M, M, G and h, are constant, yields a global solution of (17a) to (17d), that is

Ki(q, - qf)

2a3(my = my)?

24y (ayms — aymy) + Goay(m3 — my))
(a; — ay)(mymz — m%)

<(111 —ap) + 2ay(my —my)¢; —

k,q*
- 51— ((aym3 — aymy(m; — m))((qy — a}) = (@ — 43)) — aymymy (4, — q})).
az(ml —my)
Appendix C
Scalar function ® for the POC.

The function @ is given by (22) where

T eg(Imyo, (sin(p — g¥) — sin(¢h)) — pg* M) oMy

Ky = =G~ , K5 =myks3, Ky = |
~ p2lmyg Img K cos(¢ — q)

which yields a local solution of (17a) to (17d), that is

(mop = (41 — 4o 1+k)—1 4 —qy
®= 1 + 0,04 pl+k)—1 >

, 0y = egcos(¢p — g7 )M,
pMy pMy COS(d)—ql*)lmo> :

Kymy
oy =K (& +oy) + — @ -4, 03 =4} -

Imy(sin(¢p — ¢7) — sin(@))(k + 1 = 1/p)
My ’
g (Mg + my(1 = cos®(¢p — q)(1 + k — k(k + 1)p))) + kpd, cos(¢p — g )M

oy = - , My = My + my.
I M + Img sin®(¢p — q;)

Appendix D

Scalar function ® for the VTOL.
The function @ is given by (22) where y;; = y,,, m;; = m,, and

8 *q; -0y sin&q;) -
Ky = K5 = , Ky = —k + o(cos -1 , 0 = —,
} > _ e+l ¢ ’ o ifcostg) = 1) ! €r33

* o1 * Q * * Q * - *
- 01(gF — oy sin(¢2)) cos () + 01(q} + 0 (cos () — 1)) sin (¢)

which yields a local solution of (17a) to (17d), that is
Koy (1 +€*(q3 — 7))

@ = k(g — oy sin(g}))((g; — g}) + o, cos(g})) — p—
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2 2 mo q3 2292 13 o a3 22491 733
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