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Abstract For a primitive group G acting on a finite set €2, we define the orbital
diameter to be the maximum of the diameters of all orbital graphs of G. In this paper,
we study the orbital diameters of symmetric and alternating groups. We give necessary
numerical conditions for the orbital diameter to be bounded by some constant ¢ and
give precise descriptions of the actions for which the orbital diameter is bounded by 5.
For each primitive action, we also either determine all orbital graphs of diameter 2 or
give descriptions of infinite families of orbital graphs of diameter 2.
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1 Introduction

Let G be a finite transitive permutation group acting on a set £2. We will denote such
a group by (G, ). The orbitals of (G, 2) (or just G) are the orbits of the natural
action of G on Q x . The diagonal orbital is Ay := {(«, ) : @ € Q}. To each
orbital A, we associate the paired orbital A* := {(B, @) : («, B) € A)}; A is called
self-paired if A = A*. For a given orbital A, the orbital graph T aua+ is defined to
be the undirected graph whose vertex set is €2 and edge set is A U A*. Henceforth we
will assume that A # Ag and write ['a if A is self-paired. Note that orbital graphs
belong to a wider family of graphs known as edge-transitive graphs. By a theorem of
D. G. Higman, a permutation group (G, 2) is primitive if and only if all the orbital
graphs are connected [see [5], (1.12)]. For a graph I", we will use V (I") to denote the
vertex set of I'. The valency of o € V(I') is the number of edges that are connected to
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«o; if all vertices of I" have the same valency v, then v is defined to be the valency of I".
For a connected graph I', the distance between two vertices u and v is the length of a
shortest path between u and v and will be denoted by dr (u, v); we will always assume
that u # v and use the notation d(u, v) if it is clear which graph is in question. The
diameter of a connected graph is the greatest distance between any two vertices and
will be denoted by diam(I"). The orbital diameter of a primitive permutation group
(G, 2) is the maximum of the diameters of the orbital graphs of (G, 2) and will be
denoted by diamo (G, €2). If C is a class of finite primitive permutation groups, then
C is said to be bounded if there exists a positive integer d such that diamg(G, ) < d
for all (G, 2) in C. In this paper, we study the orbital diameters of finite symmetric
and alternating groups in their primitive actions. The study is motivated by a paper
[7] by Liebeck, Macpherson and Tent in which the authors describe infinite bounded
classes of finite primitive permutation groups. Let C be such an infinite class. The
main theorem of [7] gives tight structural information about the primitive groups in C
depending on the type of the primitive group as classified in the O’Nan—Scott theorem
[8]. In particular, if k is a fixed integer and C is an infinite class of finite symmetric
groups Sy, or alternating groups A,, with natural action on 7K}, the set of k-subsets
of I := {1, ..., n}, then C is bounded. Moreover, this is the only primitive action of
S, and A, which gives rise to a bounded infinite class.

In this paper, we present versions of the results in [7] for finite symmetric and alter-
nating groups with precise numerical bounds on the orbital diameters in question (see
Theorem 1.1). As a consequence, we classify the primitive actions of the symmetric
and alternating groups for which the orbital diameter is at most 5 (see Theorem 1.2). In
addition, we prove results classifying orbital graphs of diameter 2 (see Theorem 1.3).

We would like to mention here that the results in this paper are part of a more general
programme of classifying bounded infinite families of finite primitive permutation
groups. Such results of the author on primitive actions of simple groups of Lie type
will be forthcoming.

We will use the notation (G : H) to denote the set of right cosets of a subgroup H
in a group G.

LetG := S, or A, and I := {1, ..., n}. Henceforth we will assume that n > 5. If
H is a maximal subgroup of G then one of the following holds:

1. H is intransitive on I, and hence H = (S; x S,—x) N G, where 1 <k < n/2.
2. Hisimprimitiveon /,and hence H = (S;2S;))NG,wheren = kl andk > 1,1 > 1.
3. H is primitive on /.

Let I = {1,...,n}. If H is intransitive on I, then the action of G := S, or A,, on
the set (G : H) is equivalent to the action of G on the set / K}, of k-subsets of 1. The
orbitals of (G, 1)) are A" := {(A, B) : |ANB| =i}, fori € {0,...,k — 1}. The
associated orbital graphs are I'j, ..., I'}_,, where for i € {0, ...,k — 1}, the graph
" has vertex set / K} and edge set Al Note that for k = 1, there is only one orbital
graph Fg which has diameter 1; henceforth, we will assume that k > 1. Lastly, if
n = 2k, then H := S x Sk is not a maximal subgroup of S,,; however, the orbital
graphs of the action of S, on the set (S, : H) are still Fi", fori € {0, ...,k — 1}, and
I'!" is connected for all i # 0.
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If H is imprimitive on /, then the action of G := S, or A, on (G : H) is equivalent
to the action of G on the set /*0) of (k, I)-partitions of I; here a (k, [)-partition of
I is a partition of [ into [/ sets Ay, ..., A;, each of size k. Henceforth such a (k, [)-
partition of / will be denoted by A]|...|A;.Let A := Ay|...|A;and B := By|...|B;
be two (k, [)-partitions of I. We will denote by I4p the / x [ matrix with entries
(IAB)ij := |A; N Bj|. Note that the row and columns sums of /4 are k, and for every
| x I matrix M whose entries are non-negative integers, and whose row and column
sums are k, there exists a pair (A, B) of (k, [)-partitions of I such that I4p = M. Let
A, B, C, D € I*D_Then the pairs (A, B) and (C, D) lie in the same orbital of S, if
and only if there exist/ x / permutation matrices P and Q such that Icp = P I4p O,
i.e. [4p and I¢ p are equal up to permutation of rows and columns (see Proposition4.1).
Let AV denote the set of all / x [ matrices with non-negative integer entries, and row
and column sums equal to k. Define an equivalence relation ~ on A/, where M ~ M’
if and only if M’ can be obtained from M by a permutation of rows and columns. The
orbitals of (G, I*:) can then be described as

Ay i={(4,B) 4, B e 14D, 1y € (1)

where M € N, and [M] is the equivalence class of M under the equivalence
relation ~. Notice that for an orbital Ay}, the paired orbital AE‘M] is Aty where T
in the superscript denotes taking the transpose of the matrix. The corresponding orbital
graphs in this case are Cinumm =L apmuar,, - If MT = M, then we will denote the
corresponding orbital graph by I'[ .

In the case where H is primitive on / and G := S,;, we will assume that H # A,
since diamo (G, (G : A,)) = 1, for any n.

We now state our main results.

Theorem 1.1 Let (G, 2) be a finite primitive permutation group where G = Sy,
or Ay, and let I = {1, ...,n}. Suppose there exists an integer ¢ > 1 such that
diamg (G, Q) < c.

1. IfQ = I® where 1 <k < n/2, then k < c.

2. IfQ2 = I®D vwheren = kl withl > 1 and k > 1, thenl < 2c and k < 2¢ + 1,
and in particular, n < 2c(2c + 1).

3. If Q= (G : H), where H is primitive on I, then n < 2¢“TD+3 yith € := 1.04.

Notice that Theorem 1.1 agrees with the results in [7], i.e. part 1 is the only case
for which 7 is unbounded. The proofs of Theorem 1.1(1), (2) and (3) can be found on
Pages 9, 18, and 26, respectively.

For particular values of the bound c, it is possible to be more specific about the
precise actions that occur in Theorem 1.1(2) and (3). Here is such a result where ¢ = 5.

Theorem 1.2 Let (G, Q2) be a finite primitive permutation group where G := S, or
Ay, andlet I = {1, ...,n}.

1. IfQ = I where 1 < k < n/2, then diamo (G, Q) < 5 if and only ifk < 5.
2. IfQ =I®D where n =kl withl > 1 and k > 1, then diamo(G, ) < 5 if and
only if the pair (k, 1) is given by Table 1.
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Table 1 Pairs (k, /) with
diamp (G, I®Dy <5

Table 2 Pairs (n, H) with diamg (S, Q) < 5, where Q := (S, : H) and H is primitive

n H Rank Diameters of orbital graphs Valencies of orbital graphs

5 AGL{(5) 2 1 5

6 PGL,(5) 2 1 5

7 AGL1(7) 7 3,3,3,2,2,2 7,14,14,21,21,42

8 PGLy(7) 5 3,2,2,2 14,21, 28, 56

9 AGL>(3) 9 5,3,3,3,3,2, 8,27, 36,48, 144,
2,2 216,216

10 PT'Ly(9) 10 4,4,3,3,3,2 20, 45,90, 144, 180, 240
2,2,2 360, 720, 720

14 PGL,(13) 19,299 ? ?

18 PGL,(17) ? ? ?

Table 3 Pairs (n, H) with diamg(A,, Q) <5, where Q := (A, : H) and H is primitive

n H Rank Diameters of orbital graphs Valencies of orbital graphs

5 Dio 2 1 5

6 PSLy(5) 2 1 5

7 PSLy(7) 2 1 14

8 23: PSLy(7) 2 1 14

9 32244 12 5,3,3,3,3,2 8,48,27,36,72, 144,
3,2,2 72,216,216

9 PT'Ly(8) 3 2,2 56, 63

10 Mg 12 4,4,3,3,3,3 20, 45, 90, 90, 90, 144,
2,2,2,2 240, 360, 720, 720

11 My 5 2,2,2,2 110, 330, 495, 1584

12 Mo 4 2,2,2 440, 495, 1584

14 PSL>(13) ? ? ?

24 Mpy ? ? ?

3. If 2 = (G : H), where H is primitive on I, then diamg (G, 2) < 5 if and only if
the pair (n, H) is given by Tables 2 and 3; where the ‘if’ direction is only known
to hold for values of n < 12 (see the remark below).

Remark Tables 2 and 3 include:

1. the rank of the action, the diameter of the orbital graphs and their valencies in each
case,

2. four cases with n = 14, 18 or 24, marked with question marks, where we have
been unable to compute the orbital diameters.
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Table 4 Pairs (n, H) such that (S, ©2) has an orbital graph of diameter 2, where Q := (S, : H) and H is
primitive

n H Rank |Ds| Valencies of orbital graphs of diameter 2
7 AGL1(7) 3 21,21,42
PGL>(7) 3 21,28, 56
9 AGL;(3) 3 144,216,216
10 PI'L>(9) 10 4 240, 360, 720, 720

The proofs of Theorem 1.2(1), (2) and (3) can be found on Pages 9, 25, and 29,
respectively.

We also analyse orbital graphs of diameter 2. For the case where Q # 1% we
find all orbital graphs of diameter 2. For = 1)) we find an example of an infinite
family of orbital graphs of diameter 2; there could be more infinite families of orbital
graphs of diameter 2, but classifying all of them could take significantly more effort.

Theorem 1.3 Let (G, Q2) be a finite primitive permutation group where G := S, or
Ay, andlet I = {1, ...,n}.

1. IfQ = I where 1 < k < n/2, then diam(I'!") = 2 if and only if one of the
following holds:
e i =0andn >3k —1, or
eic{l,...,|k/2]}andn > 3k — 2i.
2. IfQ = I%0 withn = k* and k > 3, let I'(m) be the orbital graph where M is the
k x k matrix with all entries equal to 1. Then diam(I"[)) = 2.
3. If Q = (G : H), where H is primitive on I, then Tables 4 and 5 specify the
precise pairs (n, H) for which (G, Q) has an orbital graph of diameter 2 (the case
n = 24 is still just a possibility; see the remark below).

Remark

1. Tables 4 and 5 include the rank of the action, the size of the set D;, of orbital
graphs of diameter 2 and the valencies of the orbital graphs in each case.

2. Table 5 contains the case n = 24, marked with a question mark, where we have
been unable to determine or disprove the existence of an orbital graph of diameter 2.

3. The notation x1*1 has been used in the ‘valencies’ column of Table 5 to denote that
the valency x appears y times.

The proofs of Theorem 1.3(1), (2) and (3) can be found on Pages 9, 25, and 29,
respectively.

The proofs of the main results require some analysis of the three types of primi-
tive actions of G := S, or A,. In the first case, namely the action of G on 2 where
Q := I'*}, some work has been done in [2] on finding the diameters of the corre-
sponding orbital graphs. However, we believe that the main result in [2] has an error
and state the correct result below.
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Table 5 Pairs (n, H) such that (A,, 2) has an orbital graph of diameter 2, where Q := (A, : H) and H
is primitive

n H Rank Dy Valencies of orbital graphs of diameter 2

9 32244 12 3 144,216,216

9 PT'Ly(8) 3 2 56, 63

10 Mo 12 4 240, 360, 720, 720

11 M, 5 4 110, 330, 495, 1584

12 Mi» 4 3 440, 495, 1584

13 PSL3(3) 126 28 5616031, 11,232[25]

15 PSL4(2) 1687 >8 40,320081 .

16 23 PSLy(7) 151 79 40,3201, 80,64002!
53,7601 64,5121,
161,280, 107,52003],
322,560[391, 645,120[25]

24 Moy ? ? ?

Theorem 1.4 Let k > 1 and n > 2k + 1 be integers. Fori € {0, ...,k — 1}, let Ff
be as defined previously. Then the following hold:

1. Fori =0, diam(I'}) = [24217.
2. Fori e {l,...,|k/2]},
(a) diam(I'") =2 & n > 3k — 2i,
(b) diam(I'") =3 & 250=1 <y < 3k - 2i,
(c) diam(I'!") = [’;;_’;:_’;2111 >3&n< —S(k_zl)_l.

3. Fori> [k/2], diam(I'") = [ X1.

The error occurs in line 2 on p. 6648 of [2]. According to [2], for any i > |k/2],
diam(I"}') = 3, and in Theorem 7, a construction for a path of length 3 is specified for
any two vertices A and B with m := |A N B| < 2i — k. This involves constructing a
set Z = Z(n, k, i, m) which is, however, impossible to construct for many values of
n, k, i and m; for example, let (n, k, i, m) := 2k + 1, k, k — 1, 0), where k > 4, then
|Z| :=2k —3i +m =3 —k < —1.In fact diam(I'}_,) = k.

Note that in order to prove Theorem 1.3(1), we do not require Theorem 1.4 in its
entirety; however, we give a proof of the whole theorem for completeness. The proof
of Theorem 1.4(1) and (2c) can be found on Page 14, and the proofs of (2a), (2b) and
(3) can be found on Pages 9, 12, and 16, respectively.

To study the orbital graphs for the action of G on 2, where Q := %D and n = ki,
we will need Theorem 1.4(2) as well as the following results.

Theorem 1.5 Let G := S, or A, and Q := I*D where n = kl withk > 1 and
I > 1. Then diamo(G, Q) > £ |4 ].

The proof of Theorem 1.5 can be found on Page 18.
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Theorem 1.6 Let G := S, or A, and Q := [®2 where n = 2k with k > 1. For
iefl,...,|k/2]}, let
i k—i
My = ( L ) .
Then the following hold:
1. Fork =2,3,diam(I'p)) = 1.
2. Fork >4,

(2) diam(T'ps)) = 2 if and only if &2 < i < &, and
(b) if diam(I'a;,)) # 2, then diam(I'(y,)) = [*51].

The proof of Theorem 1.6(1) and (2a) can be found on Page 22, and the proof of
(2b) can be found on Page 24.

2 Computing diameters using MAGMA

Some of the results in this paper rely on computations which have been done using
MAGMA [1]. In this section, we describe the methods used for the computations and
their implementation in MAGMA.

2.1 Method CAM: using collapsed adjacency matrices

Let G be atransitive permutation group acting on a finite set 2. Let Q1 := {o}, Q2, ...,
2, be the distinct orbits of G, on €, i.e. the suborbits of G, with representatives
o] ‘= «a, oy, ...,q, where r is the rank of the action. The suborbits of G are in
one-to-one correspondence with the orbitals of G; a suborbit 8% corresponds to the
orbital (, )¢ = {(a, B)% : g € G}, where (a, )% denotes the action of g on
(o, B). Let E be a union of orbitals of (G, 2). Define an r x r matrix Ag where for
k,jef{l,...,r},

(AE)kj = |E(o) N 2]

and E (o) :={y € Q: (ak, y) € E}. Note that Ar does not depend on the choice of
the suborbit representative o. If E = A U A* where A is an orbital of G, then Ag
is called the collapsed adjacency matrix for the orbital graph I'aua= (with respect to
the ordering of the suborbits). The corresponding collapsed graph is defined to be the
undirected graph Fgu A With vertex set {1, ..., r}, and in which (k, j) is an edge if
(Aaua®)kj > 0. When computing the diameter of an orbital graph, it is advantageous
to work with the corresponding collapsed graph since it has significantly fewer vertices
than the orbital graph but in fact the same diameter. The following lemma, which is
based on Theorem 3.2 in [10], justifies the switch from I'aya= to FXUA*.

Lemma 2.1 Let (G, 2) be a finite primitive permutation group and I" an orbital graph
of G. Then diam(I") = diam(I'C).

The following result aids the computation of collapsed adjacency matrices; see
Proposition 2.2 in [10].
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Lemma 2.2 Let (G, 2) be a finite primitive permutation group and A be an orbital
of G which is not self-paired. Then Aaupa* = AA + Apx.

2.2 Implementation of CAM in MAGMA

MAGMA does not have an in-built function to calculate collapsed adjacency matrices.
We can, however, use an in-built function to define the group G and iterate over
the maximal subgroups of G to find the required subgroup H = G,. We can then
use more in-built functions to firstly construct the permutation group (G, 2) where
Q := (G : H), and secondly, find the suborbits of G, with representatives o1 :=
o0, ..., 0. LetA = (o, B )G be an orbital of G. We calculate A A by implementing
the method described in [10, p. 24]. If A is self-paired, then A is the collapsed
adjacency matrix for the orbital graph I'aua=. If A is not self-paired, then we can use
the function trace : 2 — G (constructed whilst implementing the method described
in [10]) where frace(y) = g means that 8 = y, to find g € G such that 8¢ = «.
Then A* = («, a8 )G, and we can again use the method in [10] to compute the matrix
Aa=. The collapsed adjacency matrix for the orbital graph ['aua* is then Ax + A+
by Lemma 2.2. Once we have a collapsed adjacency matrix Ag where E := A U A*,
the diameter of Fg (and hence the diameter of I'g by Lemma 2.1) is the least number
of times A g has to be multiplied by itself before each non-diagonal entry has taken a
value greater than zero at least once.

The implemented method works well when |G : H| is small. For large values of
|G : H|, the method fails at the very first step of constructing the permutation group
(G, Q).

3 Action of S,, on k-subsets of I

In this section, we prove Theorems 1.1(1), 1.2(1), and 1.3(1). We then prove Theo-
rem 1.4 which is used to deduce Theorem 1.6 in Sect. 4.

Proposition 3.1 Let (G, 2) be a finite primitive permutation group where G := S,
or A, I ={1,...,n}, and Q := I'™ with 1 < k < n/2. Then diamo(G, Q) < c if
and only ifk < c.

Proof Suppose diamo (G, 2) < c. Recall that in the orbital graph I'}’_ |, two k-subsets
are joined by an edge if they intersect in k — 1 points. Observe that this graph has
diameter k, and so k < c¢. Conversely, suppose k < ¢ and let I" be an orbital graph of
(G, Q2). For a k-subset A and an integer j > 1 define

Aj(A):=({B :dr(A, B) = j}.

If B € Aj(A) and g € G4, then B8 € Aj;(A), hence BGa C A (A). Therefore
A (A) is a union of non-trivial orbits of G4 on 2. There are k non-trivial orbits of
G 4 on €2, and therefore diam(I") < k < c. O
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Proof of Theorem 1.1(1) and Theorem 1.2(1) Theorem 1.1(1) follows from Proposi-
tion 3.1, and Theorem 1.2(1) is a special case of Theorem 1.1(1). O

We now prove Theorem 1.3(1). Recall that fori € {0, ..., k — 1}, the graph I'!" has
vertex set I %} where I = {1, ..., n}, and edge set{(A, B) : |AN B| = i}. Henceforth,
for two sets A and B, the notation A\ B will be used to refer to the complement of B
in A. The following lemma follows from Lemmas 1 and 2 in [3] and the fact that '}
is a subgraph of the graph K (n, k, i) from [3].

Lemma3.2 Letn > 2k,i € {0,....,k—1} (i # 0, ifn = 2k), andr > 1. Let
A, Be VI

1. If A and B are connected by a path of length 2r, then
|[ANB| > 2r + )k —rn — 2ri.

2. If A and B are connected by a path of length 2r + 1, then
[ANB| <rn—2rk+ Qr + 1)i.

Lemma 3.3 Letn > 2k,i € {0, ..., [k/2]} (i #0, ifn = 2k), and A, B € V(')
withm = |A N B| # .

1. Ifn < 3k — 2i, then
d(A,B) =2 m >3k —n—2i.

2. Ifn > 3k — 2i, then d(A, B) = 2.

Proof Let I = {1,...,n}. Suppose n < 3k — 2i. If d(A, B) = 2, then by
Lemma 3.2(1), we have m > 3k — n — 2i. Conversely, assume m > 3k —n — 2i. If
i <k — m, then choose a k-subset C consisting of i elements from A \ B, i elements
from B \ A, and k — 2i elements from / \ (A U B) (note that |/ \ (AU B)| > k — 2i,
sincen > 3k —m —2i).Ifi > k —m, then choose a k-subset C consisting of i —k +m
elements from A N B, k — m elements from A \ B, k — m elements from B \ A, and
m — i elements from I \ (AU B) (note that |/ \ (AU B)| > m —i sincen > 2k —i).
Then A — C — B is a path of length 2, and hence d(A, B) = 2. This proves the first
part of the lemma. Now suppose n > 3k — 2i. Thenm > 3k —n — 2i, forallm > 0.
Now as in the proof of the converse of the first part, we can choose a k-subset C such
that A — C — B is a path of length 2, and hence d(A, B) = 2. O

Corollary 3.4 Letn > 2k andi € {0, ..., |k/2]} (i # 0, if n = 2k). Suppose that
diam(I'!') > 3. Then n < 3k — 2i and for A, B € V(I'!") withm := |AN B| #1,
d(A,B)>2 & m <3k —n—2i.

Proof of Theorem 1.3(1) and Theorem 1.4(2a) Note that diam(I"') = 2 if and only if
forall A # B € V(I'!') such that |[A N B| # i, it holds that d(A, B) = 2. Hence
using Lemma 3.3, diam(I'j) = 2 if and only if either n > 3k or 3k —n = 1, and
ifi e {1,..., k/2]}, then diam(I"}') = 2 if and only if n > 3k — 2i. Now suppose

@ Springer



10 J Algebr Comb (2017) 45:1-32

Table6 v=2r,r >2

n

Qu—1)(k—i) Qu—1)(k—i)
< v—1 z v—1

Qr+ Dk —rn —2ri r—Dn—Qr—2k+Q@r—10i+1
Qr—Dk—@F—-—Dn—-Q2r—-2)i —1

Table7 v=2r+1,r > 1 B

Qu—=1)(k—i) Qu=1)(k—i)
T I N
f 0,r=1
r—bn—Qr—-2k+Qr—0Di+1,r>2
g rn —2rk + Q2r + 1)i Qr+Dk—rn—2ri —1

i > |k/2] andlet A, B € V(I'}") with [AN B| = 0. If C is a common neighbour of A
and B, then |C| > 2i > k which contradicts the fact that |C| = k. Hence d(A, B) > 2
and diam(I"}") > 3. O

We now continue proving the rest of Theorem 1.4. We will need to prove the
following lemma.

Lemma 3.5 Letn > 2k,i € {0, ..., [k/2]} (i #0, ifn = 2k), and d := diam(I'}").
Assume d > 3. Let A, B € V(I'!") withm := |[A N B| #i. Then forv € {3, ...,d},

P(): d(A,B)=v <& fnk iv) =m =g ki, v),

where f and g are as in Tables 6 and 7, for v even and v odd, respectively.
In order to prove Lemma 3.5, we now prove the following sequence of results.

Lemma 3.6 Letn > 2k,i € {0, ..., k/2]} (i #0, ifn = 2k), andt > 3. Suppose
the following conditions hold:

1. diam(I'!") > 1 + 1,

2t—1)(k—i)
2. n < S

3. P(v) holds forallv € {3, ...,t}.
Let A, B € V(I'!) withm :=|AN B| # i. Then for t even (t = 2r),

d(A,B)>2r< (rr—Dn—Q2r—2k+ Q2r—1i <m < Q2r + Dk —rn —2ri,
and fort odd (t = 2r + 1),

d(A,B)>2r+1<rn—2rk+ Qr+1i <m< Qr+ 1)k —rn-—2ri.
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Remark By Lemma 3.7, if (1) and (3) of Lemma 3.6 hold, then so does (2); hence,
after Lemma 3.7 has been proved, we may omit (2) from the statement of Lemma 3.6.
Similarly, after Lemma 3.5 has been proved, we may also omit (3).

Proof of Lemma 3.6 We proceed by induction on ¢. For the base case, suppose the
conditions of the lemma hold for + = 3. Then by Corollary 3.4 and P(3),

d(A,B) =3 0<m<n-—2k+3i,
d(A,B) =24 m >3k —n—2i.

Therefore the result for # = 3 follows. Now let t = 2r > 3 and suppose the lemma
holds for ¢+ — 1. Suppose also that the conditions of the lemma hold for ¢. Then the
conditions of the lemma also hold for # — 1, and so by the inductive assumption,

d(A,B)>2r—1& (r—Dn—Q2r—2k+Qr—1i <m
< @Qr—Dk—(r—Dn— Qr —2)i. (1)

Now by P(2r), we have that

d(A,B)=2r & 2r+ D)k —rn—2ri <m
<Q@r—-Dk—(@r—-1Dn—-Q2r—-2)i-1, 2)

and therefore we obtain the result for # = 2r by combining (1) and (2). To complete
the induction, it remains to show the result for r + 1 = 2r + 1 which can be done
using similar arguments to the above and is left to the reader. O

Lemma 3.7 Letn > 2k,i € {0, ..., k/2]} (i #0, ifn = 2k), and t > 3. Suppose
P(v) holds for all v € {3, ...t} and diam(I'}') > t + 1. Then

@t — Dk —i)
<
r—1

Proof We proceed by induction on ¢. For the base case, assume that P (3) holds and
diam(I"}') > 4. Suppose n > @ Then using Corollary 3.4 and P (3) we see that

d(A, B) < 3forall A, B € V(I'}!), which contradicts the fact that diam(I"}') > 4.

Hence n < 5(k2 i) This completes the base case. Now let # = 2r > 4 and assume

that the lemma holds for + — 1. Suppose P(v) holds for all v € {3,...t} and
diam(I'}') > t + 1. Then P(v) holds for all v € {3...,¢ — 1} and diam(T"}') > ¢;

hence, by the inductive assumption, we have n < M . Now by Lemma 3.6, for

A,B € V(F”) withm := |ANB| # i,we seethat(l)holds Supposen > M

t_
Then using P (2r), we see thatd(A, B) < 2r,forall A, B € V(F”) which contradicts
the fact that dlam(F;’) > 2r + 1. Hencen < W To complete the induction,
it remains to show the result for + + 1 = 2r + 1 which can be done using similar

arguments to the above and is left to the reader. O
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Lemma 3.8 Suppose n > 2k,i € {0,...,1k/2]} (i # 0, if n = 2k), and
diam(I'?) > 3. Let A, B € V(I'") withm = |AN B| #i. Ifn < 2672 then

d(A,B) =3 0<m=<n-—2k+3i,
and ifn > @, then
d(A,B)=30<m<3k—-—n-—2i—1.

Proof Suppose n < @ If d(A, B) = 3, then by Lemma 3.2(2), we have
m < n—2k-+3i.Forthe converse, assume m < n—2k+3i.Sincen < S(kz_i) , we have
thatm < 3k —n —2i, and so by Corollary 3.4, we have d(A, B) > 2. Choose a neigh-
bour A of A suchthat |A; N B|is maximal. Ifi < m,then|A{NB| =i+k—m,andif
i > m,then|A|NB| = m+k—i.Inbothcases (fori < musem < n—2k+3i,and for
i > musem > 0),wehave |A1 N B| > 3k —2i —n. Hence by Lemma 3.3(1), we have
d(A1, B) = 2,and so d(A, B) = 3. Now suppose n > @ If d(A, B) = 3, then
by Corollary 3.4, we have m < 3k —n —2i. For the converse, assume m < 3k —n —2i.
Then by Corollary 3.4, we have d(A, B) > 2, and using the fact that n > @, we
see that m < n — 2k + 3i. Now as above, we show that d(A, B) = 3 by constructing
a path of length 3 between A and B. O

Corollary 3.9 Letn > 2k. Fori =0,

. S5k —
diam(I'y) =3 & <n<3k-1,
andfori € {1,..., |k/2]},
S5k —i)—1
diam(rh) =3 & X707y

2

Proof Suppose diam(I'j) = 3. By Theorem 1.3(1), we have n < 3k — 1 and by
Corollary 3.4, for A, B € V(I'g) withm :=|[AN B| # 0,

d(A,B)>2< m <3k —n. 3)

Now diam(I'j) = 3 implies that for all A, B € V(I'j) with d(A, B) > 2, we must
have d(A, B) = 3. Thus using Lemma 3.8, we deduce that either n > % or3k—n—1
= n — 2k. Conversely, suppose % < n < 3k — 1. Then by Theorem 1.3(1), we have
diam(I'j)) > 3. Hence by Corollary 3.4, for A, B € V(I'j) withm :=|A N B| # 0,
we see that (3) holds. Now using Lemma 3.8 and the fact that n > 5"2—*1, we see
that d(A, B) < 3 for all A, B € V(I'j). Hence diam(I'j) = 3. This proves the
first statement of the corollary. The statement for i > 0 can be proved using similar

arguments to the above and is left to the reader. O
Proof of Theorem 1.4(2b) See Corollary 3.9. O

We need one final lemma before we can prove Lemma 3.5.
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Lemma3.10 Letn > 2k,i € {0,...,|k/2]} (i # O, ifn = 2k), and r > 2. Let
A,B e V(') withm := |ANB| #i.

1. Suppose d(A, B) > 2r, P(v) holds forv € {3,...,2r — 1}, and
Qr+Dk—rn=2ri <m < Q2r—Dk—(r —Dn— Q2r —2)i. 4)

Then d(A, B) = 2r.
2. Suppose d(A, B) > 2r + 1, P(v) holds for v € {3, ..., 2r}, and

r—Dn—Qr—-2k+Q2r—1i <m<rn-—2rk+ Q2r+ 1)i. )

Then d(A, B) = 2r + 1.

Proof Suppose the conditions in the first part of the lemma hold. Choose a neighbour
A1 of A such that |[A| N B|is minimal. If k —m < i, then using Lemma 3.3, we have
d(A, B) = 2; therefore k —m > i, in which case |A|1 N B| =3k — i — n — m. Now
rearranging (4) gives

Qr—=3)i+ @ —2n—Q2r—4)k < |A; N B|
<Q2r—0i+ @ —DDn—Q2r—2)«k.

Therefore using Lemma 3.7 (with + = 2r — 1) and P(2r — 1), we have
d(Ay1, B) = 2r — 1, and hence d(A, B) = 2r. This proves the first part of the
lemma. Now suppose the conditions in the second part of the lemma hold. Choose a
neighbour A; of A such that |A; N B| is maximal. Then (5) implies m > i, and so
|[A1 N B| =i + k — m. Now rearranging (5) implies

Qr+ Dk —rn—2ri <|A;NB| < @r— Dk —2r —2)i —(r — Dn.

Therefore using Lemma 3.7 (with ¢+ = 2r) and P (2r), we have d(A, B) = 2r, and
hence d(A, B) = 2r + 1. O

Proof of Lemma 3.5 For v = 3, the result is proved in Lemma 3.8. For v > 4, we
proceed by induction on v. Here d = diam(I'}') > v. Firstly, we prove the base
case v = 4. Suppose n < @ If d(A, B) = 4, then by Lemma 3.2(1), we have
m > 5k—2n—4i.Sinced(A, B) > 2,by Corollary 3.4, we alsohave m < 3k—n—2i.
For the converse, assume 5k — 2n — 4i < m < 3k — n — 2i. Note that since P (3)
already holds, by the remark following Lemma 3.6, in order to use Lemma 3.6 (with
t = 3), we only need to ensure that the first condition of the lemma is satisfied,
which is by the assumption of Lemma 3.5. Now using Lemma 3.6 and the fact that
n< @, we see that d(A, B) > 3, and so by Lemma 3.10, we have d(A, B) = 4.
Now supposen > @ Ifd(A, B) = 4, thenusing Lemma 3.6 (witht = 3), we have
m > n — 2k + 3i. Also d(A, B) > 2, so by Corollary 3.4, we have m < 3k —n — 2i.
For the converse, assume n — 2k + 3i < m < 3k — n — 2i. Then using Lemma 3.6,
we see that d(A, B) > 3. Now using the fact thatn > @, we have 5k —2n —4i <
m < 3k —n — 2i, and so by Lemma 3.10, we have d(A, B) = 4. This completes the
base case.
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Now letr > 2 and assume that P (v) holds forallv € {3, ..., 2r}. We will show that
P(2r+1)holds. Supposen < $HDE=D £ 4(A, B) = 2r+1, thenby Lemma3.2(2),
we have m < rn —2rk+ (2r + 1)i. Since d(A, B) > 2r — 1, by Lemma 3.6 we also
have m > (r — 1)n — (2r — 2)k + (2r — 1)i. For the converse, assume that

r—Dn—Qr—2k+Q2r—1i <m<rn-—2rk+ Q2r+ 1)i. (6)

Then using Lemma 3.6 and the fact thatn < %, we have d(A, B) > 2r, and
so by Lemma 3.10, we have d(A, B) = 2r + 1. Now suppose that n > %. If
d(A, B) = 2r + 1, then by Lemma 3.6, we have m < (2r + 1)k — rn — 2ri. Since
d(A, B) > 2r —1,by Lemma 3.6 we alsohave m > (r — 1)n — 2r —2)k+ 2r — 1)i.
For the converse, assume that

r—Dn—-—Qr—-2)k+Qr—1i <m< Q@r—+ Dk —rn-—2ri.

Then using Lemma 3.6, we have d(A, B) > 2r. Now using the fact that
n > %, we see that (6) holds, and so by Lemma 3.10, we have d(A, B) =
2r 4 1. This shows P (2r + 1). To complete the induction, it remains to show P (2r +2)
which can be done using similar arguments to the above and is left to the reader. O

Proof of Theorem 1.4(1) and (2¢) By Theorem 1.3(1) and Corollary 3.9, we see that
Theorem 1.4(1) holds when diam(I'}) is 2 or 3. For t > 4, an equivalent restatement
of Theorem 1.4(1) and (2c¢) is that for i € {0, ..., |k/2]},

Qt — Dk —i) — 1 Qt —3)(k—i)— 1
<n< .

R(t): diam(I'}) =1 7

(1) diam(T}) =1 & o— < — (N
We prove (7) by induction on ¢. The base case will be to show that
Tk —i)—1 Sk—i)—1

diam(I) = 4 ¢ K =D _ k=D~ (8)

3 2

Suppose diam(T"}') = 4. Then by Theorem 1.3(1) and Corollary 3.9, n < W
Note that by the remark following Lemma 3.6, in order to use Lemma 3.6, we only
need to ensure that the first condition of the lemma is satisfied. Now by Lemma 3.6,
for A, B € V(I'!") withm := |A N B| # i, we have

d(A,B) >3 n—-2k+3i <m<3k—n—2i. ©)]

Now since diam(I'}') = 4, P(4) holds by Lemma 3.5 and using P (4), we obtain that
either n > @ orn — 2k + 3i + 1 = 5k — 2n — 4i. Conversely, suppose that the
right-hand side of (8) holds. Since n < 2*=2=1 by Theorem 1.3(1) and Corollary 3.9,
we have diam(Fl’.’) > 4, and by Lemma 3.6, we see that (9) holds. Now using (9), P (4)

and the fact thatn > W, we obtain that forall A, B € V(I'!") withd(A, B) > 3,
we have d(A, B) = 4, and thus diam(I"}") = 4. This completes the base case.

Now letr > 3 and suppose R(¢) holds forall ¢ € {4, ..., 2r —2}. We will show that
R(2r —1) holds. Suppose diam(F{') = 2r — 1. Then by Theorem 1.3(1), Corollary 3.9,

@ Springer



J Algebr Comb (2017) 45:1-32 15

and the inductive assumption, we have n < %. Now by Lemma 3.6, for
A, B e V(I'!") withm := |A N B| # i, we have

d(A,B) >2r—2< (r—2yn—Qr —4Hk + 2r —3)i
<m< Q@r—Dk—(0—1n— Q2r—2)i. (10)

Now diam(I"}') = 2r — 1 implies that for all A, B € V(I'!") with d(A, B) > 2r — 2,
we must have d(A, B) = 2r — 1. Hence using P(2r — 1), we obtain that either
@r—2yn> @Ar —3)(k—1i),or

Qr—Dk—@r—-—Dn—-Q2r=2)i— 1= —-0n—-Q2r—-2)k+ (2r — 1.

Conversely, suppose that the right-hand side of (7) holds with + = 2r — 1. Since

< %, using Theorem 1.3(1), Corollary 3.9 and the inductive assumption,
we have diam(F;’) > 2r — 1, and by Lemma 3.6, we see that (10) holds. Now using
(10), P(2r—1) and the fact thatn > @ =D e obtain that forall A, B € V/(I'7)
with d(A, B) > 2r — 2, we have d(A, B) = 2r — 1, and thus diam(l";’) =2r — 1.
This shows R(2r — 1). To complete the induction, it remains to show R(2r) which
can be proved similarly and is left to the reader. O

We now prove some lemmas required to prove Theorem 1.4(3).

Lemma 3.11 Letn > 2k,i € {lk/2] +1,...,k — 1}, and suppose A, B € V(I'!")
with |ANB|=:m >i.Thend(A, B) = 2.

Proof Since m > i, we can choose a k-subset C containing i elements from A N B,

and since i > k/2 implies |/ \ (AU B)| =n — 2k +m > k — i, we can also choose
C to contain k — i elements from 7 \ (AU B). Then |C| = k and A — C — B is a path
of length 2, and hence d(A, B) = 2. O

Now letn > 2k,i € {|k/2] + 1, ...,k — 1}, and suppose that A, B € V(F;’) with
|AN B =m <. Let j,, be the least positive integer such that j,, (k — i) +m > i,
i.e. jm = [7=F1. Construct a path

A—Al—— A, (11)

where we set Ag := A, and for/ € {1, ..., j,}, A;ischosen so that |A;—1 N A;| =i
and |A; N B|is maximal. Observe that |[A;NB| = |[A;_1NB|+(k—i) = m+1(k—1i),
foranyl € {1, ..., ju}.

Lemma 3.12 Letn > 2k,i € {|k/2] + 1,...,k — 1}, and suppose A, B € V(Ff’)
with|ANB|=:m < i.Thend(A, B) < j, + 1.

Proof Consider the path in (11). If j,(k —i) +m =i, then |A;, N B| = i. Hence
A—Ay—---—Aj, — Bisapathoflength j, +1.If [A; NB| = j,(k—i)+m > 1,
then let « := jj,(k —i) +m —i > 0. Since i > k/2, this implies

|Aj,—1UB|+a=3k—2i <n,
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and hence we can choose a vertex A’] which s the vertex A j,, but with o elements from

(A;, N B) \ (A}, NAj, 1) replaced with o elements which are notin A, ;U B. Then

A—A1—---—Aj 1— A’jm — Bisapathoflength j,,+1,andhence d(A, B) < j,+1.
[}

By Lemma 3.12 we know that if A, B € V(I'}') with [A N B| := m < i, then

d(A,B) < ju+1 = |' =]. We will now show that this inequality is in fact an
equality.

Lemma 3.13 Letn > 2k,i € {|k/2] +1,...,k — 1} and suppose A, B € V(I'}!)
with |A O\ B| := m. Then d(A, B) > [%=21.

Proof Suppose d(A,B) =1+ 1and A — Cy — --- — C; — B is a shortest path. It
can be seen using a short inductive argument that C; can differ from A by at most
I(k — i) points. Using this and the fact that |C; N B| < |[A N B| + |C; \ A|, we get
|C;NB| <m + [(k —1i).On the other hand, |C; N B| =i soi <m +[(k —i). This
implies

k—m

[+1>

k—i
from which the claim follows. O

Remark

1. If m > i,then0 < ]% < 1,soLemma3.13juststates thatd (A, B) > 1. However

if m < i, then ’% > 1 and so Lemma 3.13 provides useful information.

2. Lemma 3.13 also holds for i < |k/2]. For m > i, this is obvious by the first
part of the remark. For m < i, this can be seen as follows. Since m < i, we have
d(A, B) > 2. Also, k — i > k/2 which implies that

i:if‘f“";'")=z<l—%>sz-

Hence d(A, B) > 2 > %=, from which the claim follows.

The following corollary is a consequence of Lemmas 3.12 and 3.13.

Corollary 3.14 Letn > 2k,i € {|k/2] + 1, ...,k — 1}, and suppose A, B € V(Ff’)
with |A N B| :=m < i. Then d(A, B) = [%=21.

Proof of Theorem 1.4(3) Let A, B € V(I'!) with |[AN B| =m > 0.If m < i, then
by Corollary 3.14, d(A, B) = (’%] > 2, and if m > i, then by Lemma 3.11,
d(A, B) = 2. As m increases, the value of the function (%1 decreases. Hence the
diameter of I'}" is obtained when m = 0, which gives (%]. m]
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4 Action of S, on (k, I)-partitions of 1

We begin this section by finding the orbitals of the action of S, on %), We then
prove a result from which Theorem 1.5 is deduced and then use Theorem 1.5 to deduce
Theorem 1.1(2). We continue by proving a sequence of results which lead up to the
proof of Theorem 1.2(2), and we conclude the section by proving Theorem 1.3(2).

Proposition 4.1 Suppose that n = kl where k > 1,1 > 1. Let A, B,C, D € &,
Then the pairs (A, B) and (C, D) lie in the same orbital of S, if and only if there exist
I x | permutation matrices P and Q such that Icp = P I4p Q.

Proof Write A = Ay|...|A;, B=By|...|B;,C =Cy|...|C;,and D = Dq|...|Dy.
Suppose (A, B) and (C, D) lie in the same orbital of S,. Then there exists g € S,
such that A® = C and B¢ = D. Let C' := C{|...|C] be the partition C but with the
components C; permuted in such a way that Ag C!. Similarly, let D’ be the partition

D := Dj|...|D; but with the components D, permuted in such a way that Bf = D/,
Then there exists permutation matrices P~! and Q™! such that Ic:p = P~ Icp Q™!
Now for any i, j € {1,...,1}, we have that |C] N D}I = |A; N Bj|, and hence

Icp = PlopQ = Plap Q. For the converse, suppose Icp = PlspQ forsome!l x 1
permutation matrices P and Q. Then after permuting the A;s and Bjs suitably, we
may suppose I4p = Icp. Now since S, is n-transitive, we can pick g € S, such that
(A;NBj)® =C;ND;jforalli, j e {1,...,1} (notethat |U; jeq1,..y (A; N Bj)| = n).
Then (A B) = (C, D) and so (A, B) and (C, D) lie in the same orbital. O

Definition 4.2 Let n = kI, where k,[ > 1. We define the [ x [ matrix

k]1_2| 0 0
My = 0 1 k-1
0 |k—1 1

Remark If A, B € V(I'\ym,,)) are adjacent, then there exists a transposition in S,
sending A to B. Hence every path between A and B can be represented by a sequence
of transpositions and the number of transpositions is the length of the path. For a
path P between A and B, we will use op to denote the product of the corresponding
sequence of transpositions.

Proposition 4.3 Let n = ki, where k,1 > 1. Then diam(T'(p,,7) > 5 | 4 .

Proof Let A and B be two (k, [)-partitions such that

LJH

0 ...
o L o

Ing ~ : R (12)
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Write A = Aq|...|A;and B = By|...|B;. If d(A, B) = r and P is a path of length
r between A and B, then op sends A to B and for each i € {1, ..., [} there exists
J €{l,...,I}suchthatop sends A; to B;. Now |A; N B;| < Pﬂ and hence op must
move at least k — |_]§-| = L%J elements from each A;. Therefore o p must move at least
l L%J elements in total. Any permutation which moves x elements cannot be expressed
as a product of fewer than x /2 transpositions. Hence we must have » > % L’%J, from

which the result follows. O
Proof of Theorem 1.5 This follows as a corollary of Proposition 4.3. O
Proof of Theorem 1.1(2) Suppose diamg (G, 2) < c. Then by Theorem 1.5, we must
have

L]k < (13)

—| = c.

212~
Now since L%J > 1, (13) implies [ < 2c, and since [ > 2 it also implies k < 2¢ + 1,
and hence n = kl < 2c¢(2c + 1). O

Next we prove Theorem 1.2(2). Suppose G := S, or A, and the orbital diameter
of (G, 1% is bounded by 5. By Theorem 1.1(2), we must have 1 < [ < 10 and
1 < k < 11, and we can make these values more precise using Proposition 4.3. In
order to prove Theorem 1.2(2), for each possible pair (k, /), we must either determine
that the diameters of all orbital graphs are bounded by 5 or find an orbital graph
of diameter greater than 5. In order to reduce the possibilities for the pair (k, ) we
prove the following results. In what follows, for a permutation o, the support of o is
supp(o) := {x : x? # x}. For [ = 3, we prove

Proposition 4.4 diam(I"[5,;) > 2 |_§J
Proof Let A := A1|A2|A3 and B := Bj|B>|B3 be two (k, 3)-partitions with

4] 0 [4]
e = [E118] 0
0 [114)

Let d(A, B) = r and suppose that P is a path of length » between A and B. As in
the proof of Proposition 4.3, op must move at least |_§J elements from each A;. If
there exists i such that op moves all k elements from A;, then op moves at least
k+2 L%J elements in total, and hence r > |_’% + L%ﬂ =k>2 L%J Now assume
that op fixes at least one element from each A;. Set X; ;= A N B, Y ;= AN By
and Z; := A3z N Bz, and let X3, Y> and Z; be their complements in A1, A and A3,
respectively. Then the following information can be read off /4p (LI denotes disjoint
union):

X1l = Y1l =121 = £ |X2| = V2| = |Z2] = £
il=Ml=1Zil=|5|. X2l =l =12]= |5,

Al =X1UXy, Ao =Y UYr, A3 =Z1 U Zy,
Bi=XuYy,Bp=Y UZy, B3 =7 UX>.
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Now either A;°? = By or A|°? = B3.Suppose A1°? = By.Then A;°? = B; foralli.
Now if ¢ € X5 and B8 := «°?,then 8 € X U Y,80 8 # «. Also, if 8 € Y then
B°P € Y1 U Zy,s0 B # «, and if B € X1, then B°? € X| U Y>, so again 8°F # «.
Hence « is contained in a cycle of o p, of length at least 3. Repeating similar arguments,
we see that if « € Y or @ € Zj, then « is contained in a cycle of op, of length at
least 3. By the remark following Definition 4.2, we have that r is greater then or equal
to the minimal length of a factorisation of o p by transpositions. Using the fact that the
minimal length of a factorisation of a permutation o by transpositions is |supp(c)|—¢4,
where ¢, is the number of non-trivial cycles in the disjoint cycle decomposition of o,
we getr > |supp(op)|—cqp. Suppose that there are s disjoint cycles of length at least 3
in the disjoint cycle decomposition of op. Let I3 C {1, ..., n} be the union of the
supports of these cycles. Then [supp(op)| — op > |I3| — s. Furthermore, s < %|I3|
and hence we get r > %|I3|. On the other hand, the preceding discussion implies
3] > | X2 UYo U Zy| =3 f’ﬂ Combining the two, we obtain r > 2 |—§-| > 2 L%J
Now suppose A1°? = Bj3. Then A>°? = Bj and A3°? = B;. Repeating similar
arguments to the above, we can see that every element of X; U Y1 U Z; must be
contained in a cycle of length at least 3, and so as above, we have that

-l

Therefore d(A, B) > 2 L%J, from which the result follows. m]
For k = 3, we have the following result.
Proposition 4.5 For | > 4, diam(I'[pr,,p) > [L] + 1.

Proof Let A and B be two (3, [)-partitions of I with

12 0 ... 0
01 2 0...0
Ixp =
o
0...... 012
20 ...... 01

as in (12). By Proposition 4.3, d(A, B) > [é}. We will prove the claim by show-

ing that d(A, B) > {é}. Assume by contradiction that P is a path of length f%]

between A and B. Write op = ay ...ar,7, where each g; is a transposition, and write
2

A = Aj|...|A;. By the proof of Proposition 4.3, op moves at least one element

from each A;. It follows that if [ is even, then |supp(op)| = [ and if [ is odd, then
!

[supp(ap)| € {I,] + 1}. In all cases, supp(op) = Uizzl supp(a;), and now a care-

ful analysis, whose details are left to the reader, shows that in all cases, there exists

1<i< |_%-| and 1 <r # s <l[suchthata; = (x y) forsome x € A, and y € Ag;
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moreover, the supports of ¢; and a; are disjoint forall 1 < j < [H such that j # i,
and |supp(c)NA,| = |supp(o) NAg| = 1. In particular, a; commutes with every other
transposition and we can writeop = aia}, wherea} =daj---ai—10i4+1 - -an.ThuS
op sends A, to (A, \{x}) U{y}and Ay to (As\{y}) U {x}. Therefore I4p ~ N, where
N is the [ x [ matrix (1\(;[ )O() , with M := (? ;) and where X isan (I —2) x (I —2)
matrix. Then there exist permutation matrices P and Q such that P~'I,3 = NQ.
Recall that multiplication by P~! on the left permutes the rows of 74z, and mul-
tiplication by Q on the right permutes the columns of N. Note that the entries of
P~'I,p = N Q take values from the set {0, 1, 2}. Firstly, suppose (N Q)11 = 2. Then
the first and second rows of P~!'145 must be 2,0,...,0,1) and (1,2,0,...,0),
respectively. This implies that (N Q)12 = 0 and (N Q)22 = 2, which is not possi-
ble since N does not contain a column of the form (0, 2, .. .)T. Now suppose that
(NQ)11 = 1. Then the first and second rows of P~'145 must be (1,2,0,...,0)
and (2,0,...,0, 1), respectively. This implies that (NQ)12 = 2 and (NQ)2 = 0,
which is again not possible. Finally suppose that (N Q)11 = 0. Then (NQ)>1 = 0,
and there existi € {2, ...,[}suchthat (NQ);; = 1 and (N Q)»; = 2. However this is
a contradiction since the matrix 74 p has the property that if (/4p);1 = (Iap)s1 =0
and (Iap)rs = 1, then (I4p)ss = 0, where t € {2, ...,1}. Therefore we must have
d(A,B) = [L]+1. O

We also have a small improvement in the lower bound in Proposition 4.3 which is
obtained as follows.

Proposition 4.6 Let A, B € V(I'|yy,)) with Iap as in (12). If P is a path between A
and B and op € Sy moves exactly | I_I%J points from A, then d(A, B) > L%J (-1,
and hence diam(I'[p,)) > L%J (—1.

Proof Let A := Aq|...|A;and B := Bq|...|B;. Since I4p is given by (12), we can
write A; = X; UY; forall 1 <i <[, where |X;| = L%J Then B; = Xj4+1 U Y; for
all 1 <i <l —1,and B; = X1 U Y. By the proof of Proposition 4.3, op moves at
least L%J elements from each A;. Hence by the assumption, exactly L%J elements are
moved from each A;. Therefore A;°? = B;, for all i. In particular, op sends X; to
Xiy1,fori e {l,...,l — 1}, and X; to X. Hence if we write 6p = C - - - C;-, where
the C; are non-trivial disjoint cycles, then we can conclude that each C; has length
which is a multiple of /, say #;/, and r < L%J Then >i_, t;l = |_§J [ and op cannot
be expressed as a product of fewer than

: k
g(nz—l)zbjz—r

transpositions. The expression on the right-hand side is minimal when r = | % | and
hence d(A, B) > |5 | —1). O

Corollary 4.7 diam(T(y,) = min{[5[5] + 1], [5] ¢ - D}
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Table 8 Possible pairs (k, 1)
with diamg (G, 1Dy < 5

Proof If A, B € V(I'my,1) and P is a path between A and B, then op moves at least
l L%J points from A. Now if op moves exactly / L%J points, then by Proposition 4.6,

diam(T'p)) = | 5] (2 — 1). Otherwise, op moves at least /| & | + 1 points and

1L§J+1

hence cannot be expressed as a product of fewer than —— transpositions. Therefore
diam(l"[Mk,]) > |7% L%J + %—| O

We conjecture that Proposition 4.4 can be generalised; more precisely that
diam(T[p,,)) > |_§J (I — 1) for arbitrary values of k and [.
Using Propositions 4.4, 4.5, and Corollary 4.7, we obtain the following result.

Proposition 4.8 Let G := S, or A, and Q2 := I®D vwheren =kl k > 1,1 > 1, and
suppose that (k, 1) is not given by one of the values in Table 8. Then diamop (G, 2) > 6.

For the case [ = 2, we find the diameters of all orbital graphs of (S2, I*%?) as
stated in Theorem 1.6. Recall that for | = 2, the orbital graphs are 'y}, where

iefl,...,k/2]} and
i ki
M":(k—i i )

Note that the matrix M; is determined by (M;)11 and if A, B € V(I'[p,]), then the
matrix /4 p is determined by (/4p)11. In order to prove Theorem 1.6 we will need to
prove the following criterion which relates distances in the graphs I'[,,] to distances
in the graphs Fizk from Sect. 3. In what follows, for a k-subset X of I := {1, ..., 2k},
we will use the notation X¢ to refer to the complement in 7 of the set X.

Lemmad4.9 Leti € {1,..., |k/2]} and A, B € V(I'tm,)), where A := A|A, and
B := B1|B». Suppose dr[M’_](A, B) > r > 2. Then dr[Ml_](A, B) = r if and only if
there exist [, m € {1, 2} such that d-2 (A;, By,) = r. In particular, diam(I'[p;1) > r

if and only ifdiam(l"fk) >r.
Proof Suppose dr[Mi](A, B) =randlet A—Cy —---— Cr_; — B be a shortest

path, where C; := X;|Y;. Then there exist {/,m} € {1,2}, and Z; € {X;,Y;} for
iefl,...,r—1},suchthat |[A;NZ|| =1i,|ZiNZjy| =ifori e{l,...,r —2},

and |Z,_1NBy,| =i.Hence Ay — Zy —---— Z,_1 — By, is apath of length r in FiZk.
If dpok (Ay, By) =:t <rand A — D1 — ... D;—1 — By, is a shortest path, then
A = Al|Aj — D\|D{ —---— D;_1|D{_; — By|B,, = B

is a path of length ¢ in I'[p;), which contradicts the fact that dr[Ml_](A, B) < r.
Hence dpa(A;, By) = r. Conversely, suppose there exist [, m € {1, 2} such that
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dro(Aj, By) =r.Let Aj — X1 — -+ — X, | — By, be a shortest path in ka. Then
A= A[|AlC — X1|Xf — = Xr—1|Xf_1 - Bm|B,Cn =B

is a path of length r in I'[5;), and since dr[Ml_](A, B) > r, we have dr[Mi](A, B)=r.
O

The following lemma follows directly from Lemmas 3.3 and 3.5.

Lemma 4.10 Suppose n = 2k. Leti € {1,...,k/2|} and A, B € V(I'l") with
m :=|AN B| #i. Suppose d := diam(I"}') > 2. If2i < k, then

d(A,B)=2&m >k —2i,

and if 2i > k, then d(A, B) = 2. Furthermore forv € {3....,d}, if Qv — 1)i < k,
then

d(A,B)=v& k—vi<m<k—(v—2)i, v even
d(A,B) =v <& (v—2)i <m < vi, v odd,

and if Qv — 1)i > k, then

d(A,By)=v& wv—1Di<m<k—(v—2)i, veven
d(A,By)=v& v—=2i<m<k—(v—1)i, vodd.

Proof of Theorem 1.6(1) and (2a) Firstly, note that for k < 4, all orbital graphs have
diameter 1. Suppose k > 4 and let A, B € V(I'ry,1) with (Iag)11 =: j, where
jefl,...,lk/2]}and j # i,k —i. Then drlMiJ(A, B) > 2 and by Lemma 4.9,
dr[Mi](A, B) = 2 if and only if there exist [, m € {1, 2} such that dFI_Qk(Al, By) = 2.
Suppose 2i < k. Then by Lemma 4.10,

dF[M,](A» B) =2 & either j > k —2ior j <2i. (14)
Therefore diam(I'[y;,)) = 2 if and only if 2i > k — 2i — 1. Now if 2i > k, then

by Lemma 4.10, we have diam(I'[y;,})) = 2. We now obtain the result by gathering
together the values of i for which the diameter is 2. O

Lemma4.11 Leti € {1,...,|k/2]}and A, B € V(I'[p,) with (I1ap)11 =: J, where
jell,...,k/2]}and j # i,k —i. Suppose dr[MiJ(A, B) > 3. If5i <k, then

dr[Ml_](A, B) =3 & ecither2i < j <3iork—3i <j<k-—2i, (15)
and if 5i > k, then

dry, (A, B) =3 & 2i < j <k-2i. (16)
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Proof Note that we must have 2i < k (else the diameter is 2), and hence (14) holds.
Then the proof follows from Lemmas 4.9, 4.10, and (14). O

In order to prove Theorem 1.6(2b), we need the following.

Lemma 4.12 Lett > 2 and suppose diam(I'[p,)) =t + 1. If t = 2, then 2i < k and
ift >3, then 2t — 1)i < k.

Proof 1f 2i > k, then by Lemma 4.10, we have diam(I'[5,1) = 2, hence the result for
t = 2.1f t > 3, then by Lemma 4.9, diam(l“iz") > t + 1 and the result follows from
Lemma 3.7. |

Proposition 4.13 Leti € {1, ..., |k/2]}. Then

. k=1 . k-1
diam(T'(p;) =3 & < <i< 7

Proof Suppose diam(I'[5,1) = 3. Then diam(I'[5,1) > 2, so by Theorem 1.6(2a), we

must have i < "4;1. Now by Lemma 4.12, we see that (14) holds. Using (14) and

Lemma 4.11, we see that 3i > k — 3i — 1. Conversely if "6;1 <i< %, then by

Theorem 1.6(2a), diam(I"[s,1) > 3. Now by Lemma4.12, we see that (14) holds. Using
(14) and Lemma 4.11, and the fact that i > %, we see that for all A, B € V(F;’)
with d(A, B) > 2, we must have d(A, B) = 3, and thus diam(I"[y;,)) = 3. O

Lemmad4.14 Let r > 3 and A,B € V(I'm,) with (Iap)11 =: j, where
jef{l,....k/2}Yand j # i,k —i. Suppose dr[Mi](A, B)>r.

1. If2r—1)i <k, thendrlMiJ(A, B) = rifandonlyifeitherk—ri < j < k—(r—1)i

or(r—1i < j<ri.
2. If Qr — 1)i > k, then dI‘[M,.](Av B)=rifandonlyif(r — )i < j <k—(r —1)i.
Proof We proceed by induction or r. The base case r = 3 has been done in
Lemma 4.11. Now suppose dF[Mi](A’ B) > r > 4 and that the lemma holds for
all s < r. Then using Lemma 4.12 and the inductive hypothesis to determine the pairs
of vertices for which the distance is strictly less than r, we obtain that

dr[Mi](A, By>rer—-Di<j<k— (-1 a7

For j asin (17), by Lemmas 4.9 and 4.10, if (2r — 1)i < k, then

dr[MiJ(A, B)=r & ecitherk—ri<j<k—@—2ior(r—2)i<j<ri,
and if 2r — 1)i > k, then

dFlMiJ(A’B) =r < either(r — 1)i < j <k —(r—2)ior
r—2i<j<k—(r—1i.

We obtain the result by combing the inequalities above with (17). O
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The next corollary is a direct consequence of the proof of Lemma 4.14.

Corollary 415 Let r > 3 and A, B € V(I'm;)) with (Iag)11 =: J, where
jell,....k/2Yand j # i,k —i. Ifdiam(I'[p,)) > r, then

dr[Mi](A, By>re—-—1i<j<k—(r-—1i.

We now prove Theorem 1.6(2b).

Proof of Theorem 1.6(2b) Suppose diam(I'[y;)) # 2. It suffices to show that for
r> 3,

k—1 k-1
<1< .

diam(T'p,) =
amTp) =r & —=<i<o—

We proceed by induction on r. The base case r = 3 is done in Proposition 4.13. Now
let r > 4 and suppose for the inductive hypothesis that

k=1 . k-1
<1<

diam (Tpp.7) =
fam(Tipg) =5 & == <i <7075,

(18)

forall s € {3,...,r — 1}. Suppose diam(I'[5s;)) = r. Then diam(I'[ps;)) > 7 — 1,
and so by Theorem 1.6(2a), Proposition 4.13 and (18), we must have i < % By
Corollary 4.15, we have that for all A, B € V(I'|y,;)) with (Iap)11 =: j, where
jef{l,...,lk/2]}and j #i k—1i,

dryy, (A, B) =1 & (r— )i < j <k—(r = Di.

Now diam(I'(p;,]) = r implies that for all A, B € V(I'[a;)) with d(A, B) > r, we
must have d(A, B) = r. Using this and Lemma 4.14, we see that either (2r — 1)i > k,
or 2r — 1)i < kand ri > k — ri — 1. In either case, i > kz;rl Conversely if
% <i< 2"r:12, then again by Theorem 1.6(2a), Proposition 4.13 and (18), we have
diam(I'[ps,}) > r. Then using Corollary 4.15, Lemma 4.14, and the fact that i > %,
we see that for all A, B € V(I'[y,)) with d(A, B) > r, we have d(A, B) = r, and

thus diam(I'[p,7) = 7. O

To complete the proof of Theorem 1.2(2), we need to establish which of the values
in Table 8 in Proposition 4.8 actually yield diamo (G, (k’l)) < 5. To do this, we have
used MAGMA. We have devised two codes; the first takes as inputs the values k and [ and
returns the diameters of all orbital graphs of (G, 1%*-?). In order to be able to deal with
as high values of n = kl as possible, the code is designed to calculate the collapsed
adjacency matrix of each orbital graph as outlined in Sect. 2. As mentioned in Sect. 2,
this code has limitations when the index gets large. In this case, we have devised a
second code; fix two (k, [)-partitions A and B (usually with I4p is as in (12)), and let
o € G := Sy be a permutation sending A to B. Then any permutation sending A to B
is of the form wo, where w € G4 = Sk ¢ S;. Let R be the set of permutations sending
A to B. The code takes as inputs the values of k, / and o and calculates foreacht € R
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the minimal number of transpositions 7' (7) that t can be a product of. The code returns
the value min,cr T (1), which is (by the remark following Definition 4.2) the value of
d(A, B) in the orbital graph I'[,,], and hence a lower bound for diam(I'[,,]). Note
that one can obtain the exact value of diam(I"[ss,,1) by calculating d (A, B) for all pairs
(A, B), but for the results in this paper, only a lower bound is required.

Proof of Theorem 1.2(2) Table 8 lists the values of k and / which remain to be consid-
ered. For the case where ! = 2, using Theorem 1.6 it can be seen that diamo (G, 2) < 5
if and only if 2 < k < 11. For [ > 3, MAGMA has been used to verify the result as
outlined in the paragraph after the proof of Theorem 1.6(2b). The data obtained can
be found in Appendix 1. O

Although as n = kl tends to infinity the diameters of the corresponding orbital
graphs are unbounded, there do exist infinite families of orbital graphs with small
diameters. We will now present one infinite family of diameter 2 graphs and prove
Theorem 1.3(2). In order to do this, we will need the following preliminary definitions
and lemma.

Definition 4.16 Let A € M, (R>¢) be an n x n matrix with non-negative real entries,
and let k£ > 1 be an integer. We say that A is a k-doubly stochastic matrix if each row
sum and each column sum is k. We say that A is doubly stochastic if A is 1-doubly
stochastic.

Definition 4.17 Let A € M,,(R>0). Adiagonal D := (ay, ..., a,) of Aisasequence
of n entries of A such that no two entries lie in the same row or column of A. A diagonal
D is called positive if a; > 0 for all i.

The following lemma can be found as Lemma 7.4.4 in [6].
Lemma 4.18 Every doubly stochastic matrix has a positive diagonal.

Proof of Theorem 1.3(2) Let A,B € V('m)) and write A = Aq]...|A,
B = Bj|...|Br. We will show that there exists a vertex C such that [a4c ~ M ~ I¢p.
We will do this by describing an explicit construction for C. Define I, , := %I AB-
Then I, 5 is a doubly stochastic matrix. By Lemma 4.18, I/, , and therefore kI, ;.
has a positive diagonal. Moreover, the latter diagonal has positive integer entries,
in particular at least 1. Denote this diagonal by D = (a;,j,, ..., a;.j), where for
refl,....k}a;,j =181 > 0and S; ; := A;, N Bj,.. Let C; be a k-subset
which consists of exactly one element from each intersection S;, ;,, forr € {1, ..., k}.
Now |[Ci| = kand |[A; NCi| =1 = |C;y N B;|, foralli € {1,...,k}. Note that
when we subtract 1 from each of the entries g;,; in I4p then we are left with a
(k — 1)-doubly stochastic matrix I3} where (I3}), . = (A;, N B}) \ Cil, for
refl,..., k},and (Iéllz)xy = (1AB)xy, otherwise. As before we can use Lemma 4.18

to deduce that 15\1; has a positive integer diagonal, say D' = (byu;. .- -, byuy),
where for r € {1, ..., k}, either b;,, = [(A;, N B, )\C1| or by, = |A;, N By, |.
In the former case, define 7;,, = (A; N By, )\Ci, and in the latter case, define
T4, = A; N B,, . Note that in either case T; ,, N C1 = . We let C; be the set which

@ Springer



26 J Algebr Comb (2017) 45:1-32

consists of exactly one element from each of the sets 7; ,,, for r € {1, ..., k}. Then
ICal = k,|A; N Cal =1 =|CaN Bi| foralli €{l,...,k},and the matrix () is
(k — 2)-doubly stochastic. We may repeat the above process to construct C; at which
stage we are left with a (k — j)-doubly stochastic matrix. Then we can construct Cj 4
aslongask —j > 1,i.e. j +1 < k. So we may construct sets Cy, ..., Ci such that
|Cjl =kand |[A; NCj| =1=|C; N Bj|foralli,j € {l,...,k}. The sets C; are
disjoint by construction. Now define C := Cy|...|Cy. Then Ig4c ~ M ~ Icp, and
hence A — C — B is a path of length 2. O

5 Action of G on (G : H), H primitive on 1

In this section, we prove Theorems 1.1(3), 1.2(3) and 1.3(3). The analysis of the actions
of G := S, or A, on Q2 := (G : H), where H is primitive on / = {1, ..., n}, rely on
the following bound.

Lemma 5.1 Let (G, 2) be a finite primitive permutation group and H := Gq. Let
A = (o, )Y and d = diam(T aua+). Then

QI < T421Y[+2Y|QIY[ - D+ + QIYDQIY| = D,
where Y = BH. In particular (since |Y| < |H|), we have that

Q| < 1+2|H|+2|H|Q|H|— 1)+ -+ QIH|)Q2|H| — )4~ L.

Proof Let v denote the valency of I'auax. If A is self-paired, then v = | ﬁH |, and
if A is not self-paired, then v = 2|8%|. Now the result follows from the following
inequality:

Q<l+v+vw—1D+vw—-1D>+ - +v@—14"L

O

We will also need the following result (Corollary 1.2 in [9]) concerning the orders
of primitive subgroups of S, and A,,.

Lemma 5.2 If H is a primitive subgroup of S,, not containing Ay, then |H| < 3".
Moreover, if n > 24, then |H| < 2".

Proof of Theorem 1.1(3) By Lemma 5.1

|G : H| < 1+2|H|+2[H|QIH| — 1) + -+ 2[H|QIH| — D" < Q[H]).
19)

Then using Lemma 5.2 and (19), either n < 24 or n!/2 < 2(c+D@+D+n Now by (8.8)
in [4, p.161], we have that n!/2 > (n/e)". If n > 24, then using this and the fact that
(n+1)/n < € := 1.04, we obtain

n < 626(6+1)+1 < 26(C+1)+3. (20)
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Note that (20) also holds for n < 24 (using ¢ > 1) hence holds for all n. O

Next we prove Theorem 1.2(3). By Lemma 5.1, if (G, 2) has an orbital graph of
diameter d, then

QH|— 1) -1
G| <|HI{l +2|H—————). 21
Gl < | |(+| == 1)
So either n < 24 or, using Lemma 5.2,
(2n+l_l)d_1
|G| < 2" (1+2"+1W . (22)

Using (22) withd = 5, we see thatn < 173 for G = §,, and n < 174 for G = A,,.
We can then use in-built functions in MAGMA to run through values of n < 174 and for
each such n, iterate through the maximal subgroups of G and output only the primitive
subgroups H which satisfy (21) with d = 5. This way we limit the number of possible
pairs (n, H) for which (G, (G : H)) has an orbital graph of diameter d < 5; to 22
and 30 for G = S, and G = A, respectively. Now if diamg (G, 2) < 5, then there
must exist an orbital graph of diameter d where d < 5, and hence we also obtain all
possibilities of (G, (G : H)) for which the orbital diameter is bounded by 5. In order
to rule out some of these possibilities, we prove the following result.

Proposition 5.3 Let (G, 2) be a finite primitive permutation group where G := S,
or Ay, and Q := (G : H), where H is primitive on I = {1, ..., n}. Suppose there
exists a subgroup X < H such that Ng(X) > Ny (X). If Ng(X) \ Nu(X) contains
an element of order 2, then set a := 1, otherwise set a := 2. There exists an orbital
graph of diameter d, where

log(IG - H)
log(a[H]) = log(IX)

Proof Pick g € Ng(X)\ Ny(X).Leto := H,B := Hg,and k := |ﬂGa|. Consider
the orbital A := (e, 8)¢ and let d := diam(I'aua+). If g has order 2, then g swaps
a and B, and hence A is self-paired. By the proof of Lemma 5.1, we have that

|G : H| <1+ ak 4+ ak(ak — 1) + - - - + ak(ak — 147! < (ak)?t!,
where a is as in the statement of the lemma. Rearranging for d, this implies

log(IG : H)) _
log(ak)

d > (23)

Now k = |Gy : G N g7 'Gagl and |G N g~ 'Gygl = |X|. Hence k < % Using
this in (23), we obtain the result. O
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Table 9 Possible pairs (n, H)

with diamg (S, Q) < 5, where "
SZ: FSn:H)andHis 5 AGL,(5)
primitive
6 PGL,(5)
7 AGL{(7)
8 PGL>(7)
9 AGL2(3)
10 PT'L>(9)
11 AGL(11)
12 PGL,(11)
14 PGLy(13)
18 PGL,(17)
Table 10 Possible pairs (n, H) B I
with diamg (A, 2) < 5, where
gigtgin :H)and H is 5 Dio
6 PSL(5)
7 PSLy(7)
8 23 PSLy(7)
9 32:2A4, PTLy(8)
10 Mg
11 M
12 My
13 PSL3(3)
14 PSL>(13)
15 PSL4(2)
16 24 PSL4(2)
24 Moy

In light of Proposition 5.3, picking a large subgroup X < H such that
Ng(X) > Npg(X) can determine the existence of an orbital graph of large diame-
ter. We have used MAGMA to devise a code which, given G and H, finds the largest
such X and calculates the lower bounds in Proposition 5.3. This code has been used
with the possibilities of (G, (G : H)) obtained using (21) with d < 5, to obtain the
following result.

Proposition 5.4 Let (G, 2) be a finite primitive permutation group where G := S,
or A, and Q := (G : H), where H is primitive on I = {1,...,n}and H # A,.
If n and H are in not in Tables 9 or 10, then diamg (G, 2) > 6.

To deal with the remaining cases in Tables 9 and 10, we have again used MAGMA

to devise a code which takes as input a value of n and outputs each possible primitive
group H from Tables 9 and 10, the diameters of the corresponding orbital graphs, and
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Table 11 Possible pairs (n, H)

such that (S;, €2) has an orbital " H
graph of diameter 2, where 5 AGL,(5)
Q:=(S,: H)and H is
primitive 6 PGL2(5)
7 AGL{(T)
8 PGL>(7)
9 AGL>(3)
10 PT'Ly(9)
12 PGLy(11)
Table 12 Possible pairs (n, H) B I
such that (A, 2) has an orbital
graph of diameter 2, where 5 Dio
Q:= (A, : H)and H is
primitive 6 PSLy(5)
7 PSL3(2)
8 ASL3(2)
9 32:2A4, PTLy(8)
10 Mo
11 My
12 My
13 PSL3(3)
15 PSL4(2)
16 24: PSL4(2)
24 Moy

their valencies. Again the method uses the collapsed adjacency matrix of each orbital
graph to calculate the diameter, as outlined in Sect. 2.

Proof of Theorem 1.2(3) By Proposition 5.4, the only possible pairs (n, H) for which
diamo (G, 2) < 5 are those in Tables 9 and 10. Finally, MAGMA has been used to
verify (by implementing method CAM as in Sect. 2) that out of the possible cases, the
only cases for which diamo (G, €2) < 5 are the ones listed in the theorem. The data
obtained is given in Appendix 1. O

Proof of Theorem 1.3(3) Using (22) with d = 2, we obtain n < 24 for both G = §,
and G = A,,. We then use in-built functions in MAGMA to run through values of n < 24
and for each such n, iterate through the maximal subgroups of G to obtain only the
primitive ones H which satisfy (21) with d = 2. We conclude that if there exists an
orbital graph of diameter 2, then n and H must be in Tables 11 or 12. Finally, MAGMA
has been used to verify (by implementing method CAM as in Sect. 2) that the only
pairs (n, H) for which diameter 2 graphs occur are the ones stated in the theorem. O
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Appendix 1: Bounds on orbital diameters

Table 13 contains results (obtained using MAGMA) which are used to verify thatif G :=
Sp1 or Agg, then diam (G, I1%*Dy < 5 only for values of k and [ listed in Theorem 1.2(2).
The table specifies the values of k and [/, the rank of the action and the value of
diamo (G, 1*:D).

Tables 14 and 15 contain results (obtained using MAGMA) which are used to verify
that if G := S, or A, and 2 := (G : H), where H is primitive on [ = {1, ..., n}

Table 13 Orbital diameters for

G. 16D l k Rank diamg (G, 1%*:D)

3 2 3 2

3 5 3

4 9 4

5 13 5

6 22 6
4 2 5 3

3 12 4

4 43 6

5 - >6
5 2 7 4

3 31 6

4 — >8
6 2 11 5

3 - >6
7 2 15 6

3 - >6
3 2 22 7

3 — >7
9 2 30 8
10 2 - >9
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Table 14 Orbital diameters for

(S, ). where Q = (S, : H) n H Rank diamqg (Sy, 2)
and H is primitive 5 AGL,(5) 2 1
6 PGLy(5) 2 1
7 AGL{(T) 7 3
8 PGLy(7) 5 3
9 AGL,(3) 9 5
10 PT'Ly(9) 10 4
11 AGL;(11) 3347 >8
12 PGL,y(11) 396 6
ks ot g o
and H is primitive 5 D1o 2 1
6 PSL>(5) 2 1
7 PSLy(7) 2 1
8 23 PSLy(7) 2 1
9 32:244 12 5
9 PT'Ly(8) 3 2
10 Mo 12 4
11 M, 5 2
12 My» 4 2
13 PSL3(3) 126 6
15 PSL4(2) 1687 >6
16 24 PSL4(2) 151 6

(H # A,), then diam(G, 2) < 5 only for the pairs (n, H) listed in Theo-
rem 1.2(3). The tables specify the pairs (n, H), the rank of the action, and the value
of diamp (G, €2).
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