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Abstract

This thesis develops a robust framework for the multiscale design of three-dimensional

lattices with macroscopically tailored structural and thermal characteristics. The work

exploits the high process flexibility and precision of additive manufacturing to the physical

realization of complex microstructure of metamaterials by developing and implementing

a multiscale approach. Structures derived from such metamaterials exhibit properties

which differ from that of the constituent base material. Inspired by the concept of Free

Material Optimization (FMO), a periodic microscale model is developed whose geometric

parameterization enables smoothly changing properties and for which the connectivity

of neighbouring microstructures in the large-scale domain is guaranteed by slowly chan-

ging large-scale descriptions of the lattice parameters. The microscale model is evaluated

at full-factorial design points to discretely populate material property spaces. A prop-

erty point is fully defined for a micro-architecture when its elasticity matrix, thermal

conductivity matrix and volume fraction is determined. The process of property-space

population is facilitated by leveraging the existence of micro-architecture symmetries so

that there exists a 95% reduction in the simulations required despite a full-factorial design-

of-experiments. The discrete property evaluations are converted to continuous functions

by response surface modelling so that the properties exist as continuous functions of the

micro-architecture geometry parameters. A lattice-based functional grading of material

is derived using the finite element method. The optimization is driven by a chain-rule

combination of sensitivities derived by the adjoint method and sensitivities derived from

explicit material property expressions. The novelty of the work lies in the use of mul-

tiple geometry-based small-scale design parameters for optimization problems in three-

dimensional real space. The approach is demonstrated by solving structural, thermal and

thermo-structural optimization problems. The results show designs with improved op-

timality compared to commonly implemented optimization methodologies. The optimal

designs obtained are physically realizable by additive manufacturing techniques.
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Nomenclature

Latin

EH Homogenized elasticity matrix

E Elasticity tensor

I Identity matrix

KH Homogenized thermal conductivity matrix

K Thermal conductivity tensor

n Unit normal vector

r Vector of radii parameters

u Displacement

cc Vector of unknown coefficients

De Error functional

dVe Volume of element

Es Young’s Modulus of base material

Ev Young’s Modulus of void

Ey Young’s Modulus
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F Force per unit volume

fθ Heat source per unit volume

J Objective functional

k Number of elements in polynomial basis vector

Ks Thermal conductivity of base material

Kv Thermal conductivity of void

Ky Thermal conductivity

mk Dimension/Number of independent variables

Ne Macroscale number of elements

ne Number of elements along unit cell edge

Nf Full factorial no. of simulations

nf Node fraction

nk Polynomial degree

nL Number of levels

Nn Macroscale number of nodes

NQ Total number of possible permutations

Ns Reduced number of simulations

Q Rotation/Reflection operator

q Heat flux

rQ Number of combined transformation operations

VD Design Volume constraint
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Ve Volume of unit cell

Vf Macroscale volume fraction

vf Lattice unit cell volume fraction

z Helmholtz filter radius

n Number of unique transformation operations

V Macroscale domain volume

Greek

β Thermo-elasticity tensor

σ′ Thermally-induced stress tensor

σT Total cauchy stress tensor

σ Cauchy stress tensor

ε Strain tensor

ε Scale separation parameter

ηp Property vector

κ Bulk modulus

λe Second Lame’s constant

µ Shear modulus

µe First Lame’s constant

ν Poisson’s Ratio

ρmax Upper bound on pseudo-lattice density function

ρmin Lower bound on pseudo-lattice density function
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θ Temperature difference

% Mass density

Other Symbols

P Property polynomial
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Abbreviations

AEH Asymptotic Expansion Homogenization

AM Additive Manufacturing

BESO Bi-directional Evolutionary Structural Optimization

CAD Computer-Aided Design

CHS Cylindrical Heat Sink

DoE Design of Experiments

ESO Evolutionary Structural Optimization

FDM Fused Deposition Modeling

FEM Finite Element Method

FMO Free Material Optimization

FRCM Fibre-Reinforced Composite Material

HMM Heterogeneous Multiscale Methods

HPS Hollow-pipe Section

HS Hashin-Shtrikman

LSM Level-Set Method

LUC Lattice Unit Cell

PDE Partial Differential Equation

PDEs Partial Differential Equations

RBF Radial Basis Function

RMSE Root Mean Square Error

RUC Repeating Unit Cell

11



RSM Response Surface Methodologies

RVE Representative Volume Elements

SIMP Solid Isotropic Material with Penalization

SLA Stereolithography

SLM Selective Laser Melting

SLS Selective Laser Sintering

TLC Top-Loaded Cantilever

TO Topology Optimization

UFL Unified Form Language
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Chapter 1

Introduction

1.1 Context and Motivation

The advent of additive manufacturing (AM) and its rapid evolution is increasingly offering

tremendous flexibility and precision to the physical realization of metamaterials, poten-

tially expanding the capabilities of some structural optimization techniques [2, 3, 4]. In

the past, the realization of optimal structural design was limited to manufacturing tech-

niques such as casting and machining processes which constrained the complexity and

precision of realizable designs [5]. Today, the mechanics of metamaterials have defined

a class of optimization techniques that allow free variations of the material properties

tailored to meet prescribed macroscale objectives. This concept of freely varying mater-

ial properties in the domain of a structure towards fulfilling functional objectives, with

the capacity for physical realization of optimized structures by additive manufacturing

techniques provides inspiration for this study.

Additive manufacturing (AM) techniques have broadened the space of admissible struc-

tural designs due to their ability to produce complex geometries at very fine scales. Some

common AM techniques such as Fused Deposition Modeling (FDM) [6], Selective Laser

Sintering (SLS) [7, 8] and Stereolithography (SLA) [9] feature a layer by layer construction

26
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of possibly complex structures. Whether by stratified extrusion of thermoplastic (FDM),

sintering of powerdered nylon or metals (SLS) or curing of resin by ultraviolet laser (SLA),

these techniques are suitable for rapid prototyping since associated costs are decoupled

from the complexity of the structure to be manufactured [10]. Additive manufacturing

has enabled the physical realization of optimal structural design that were previously

impossible to manufacture or for which precision was compromised to satisfy manufactur-

ing constraints. Topology optimization, concerning the optimal distribution of material

within a structure to meet functional objectives, is one such example. The most common

approach to topology optimization, parameterizes local material property within a dis-

cretized domain of the structure as a weighting of the base material’s Young’s modulus,

requiring a penalization parameter on the weighting function as well as post-processing

to yield manufacture-ready optimal solutions. Despite its popularity, the requirement for

penalization to derive physical structure leads to sub-optimal real-world design solutions.

A general framework of optimizing directly on a free parameterization of the material

tensor, called Free Material Optimization (FMO), is often regarded as the ultimate gen-

eralization of the structural optimization problem [11, 12, 13, 14]. The FMO framework

employs the components of the constitutive material tensor as design variables which are

free to spatially vary throughout the domain of the structure. By definition, FMO yields

the optimal structural solution as there exist no restrictions on local properties except

that the elastic tensor be symmetric and positive semi-definite – a physical constraint

[13]. Though optimization using the unrestricted set of components of the constitutive

material tensor as design variables makes no considerations for the physical realization of

local structure, mechanics of metamaterials present a means to integrate admissible local

structure within an FMO framework.

Structural optimization of metamaterials is a subject of notable interest [15]. These

are materials that derive their properties from their underlying micro-architecture rather

than their material composition. The design of these metamaterials to match predefined

homogeneous material properties is well developed. However, the integration of these ma-
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terials into structural optimization strategies to achieve heterogeneous, spatially-varying

properties is an active research field [10, 16]. By controlling the geometric parameters

of their micro-architectures, metamaterials can be designed to exhibit interesting macro-

scopic behavior, so that properties of structures built up of these metamaterials can be

tailored to satisfy predefined objectives [15]. Equipped with the free parameterization

of material property driven by the free design of local architecture, an extension to the

FMO framework can be derived that delivers manufacturable optimal designs without

sacrificing precision.

This research exploits the process flexibility and precision of additive manufacturing tech-

niques to the physical realization of mechanically and thermally optimized structures

using a multiscale approach. The approach is a variant of FMO, with emphasis on de-

livering a physical optimized solution. A robust optimization framework is derived that

executes macroscale structural optimization using geometry parameters of constituting

micro-architectures, leading to a design of local architecture as well as material layout.

Mapping of compatible and connectable micro-architectures is not required, rather, lat-

tice micro-architectures are derived automatically as optimal values of lattice geometry

parameters are computed. The novelty of this research lies in the use of multiple geometry-

based small-scale design parameters for optimization problems in three-dimensional real

space. The parameterization implemented supports full control over all components of

anisotropy with the potential for interesting results. The final outcome is a physically

realizable functional grading of the material of structures, mechanically and thermally

tailored to satisfy functional objectives.

1.2 Thesis overview

The main goal of this research is to derive a multiscale framework that defines the func-

tional grading of material properties for the purpose of satisfying predefined macroscale

objectives, using small-scale lattice geometry micro-parameters as control variables. This
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Figure 1.1: Process flow chart showing the phases and sub-processes of the developed
framework

sequential multiscale framework is to be deployed over two computational phases. A

diagrammatic description of the derived framework is shown in Fig. 1.1.

The first phase comprises an off-line discrete evaluation of effective macroscale properties

in the space of microscale lattice geometry parameters. This precomputation involves

deriving a parameterization of the small scale that supports a smoothly-changing archi-

tecture for smooth pertubations of the geometry parameters. A full factorial design of

experiments (DoE) is set up to discretely populate the space of small-scale parameters by

perturbing the geometry parameters over several levels and executing numerical homo-

genization to derive effective material properties of the corresponding micro-architectures.

This first phase culminates in the generation of continuous functions of material interpola-

tion derived from the precomputed discrete material property evaluations called response

surface models or meta-models. The second phase of the framework constitutes the for-

mulation of structural and thermal optimization at the macroscale using the geometry

micro-parameters of the first phase as control variables. Both scales are coupled by the

response surface models generated in the first phase. The polynomial approximations,
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constructed as continuous functions to the discrete evaluations of effective material prop-

erty, represent functional relationships between the components of the material elastic

and conductivity tensors and lattice geometry micro-parameters in the form of explicit

expressions, hence enabling significant savings in computational cost. The model form

also facilitates explicit derivations of sensitivities as is demonstrated in the macroscale

optimization formulation. Though the first phase is associated with significant computa-

tional effort, the off-line sampling of the property space needs to be executed only once as

the material’s Young’s modulus and thermal conductivity scales linearly with the elastic

and conductivity tensor components respectively [17]. The microscale parameterization

implemented supports all components of anisotropy so that optimization formulations in

this work have potential to execute multi-objective optimization and to yield interest-

ing results. It is not claimed that the exploration of the property space is exhaustive

given the parameterization scheme employed. However, the truss-like parameterization

implemented is known to span broad extents of material property [18], providing a broad

range of material behaviors, when manufacturing constraints exist. It also ensures con-

nectivity of adjacent micro-architectures and does not support enclosed voids which is

suited to the AM techniques intended for this framework. The final result is a function-

ally graded structure with tailored thermal, structural and thermo-structural macroscale
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properties. Figure 1.2 illustrates the hierarchical organization of the framework showing

material mechanical and thermal properties of a macroscale problem as functions of lattice

geometry parameters. The work described in this thesis is organised as follows:

Chapter 2 presents a survey of the development and evolution of structural optimization

methods. It is intended that by guiding the reader through the development of the subject

to the state-of-the-art, the reader may appreciate the contribution, context and motiva-

tion for this research. In Chapter 3, a description of the microscale model development

is initialized by reference to background assumptions. The requirements for a suitable

microscale parameterization is presented then the methods for determining the elastic

and thermal properties of micro-architecture is described. In Chapter 4, the numerical

implementation of the theoretical concepts described in Chapter 3 is presented. A specific

microscale model is developed. The effective property evaluations derived by asymptotic

expansion homogenization are validated by bench-marking against known analytic expres-

sions for the properties of composites with spherical void inclusions. Mesh convergence

studies are performed and the stress and heat flow is characterized for the developed

microscale model. In Chapter 5, a material model is generated by discrete evaluations

of the microscale model of Chapter 4. These discrete evaluations are then converted

to polynomial approximations so that the properties exist as explicit expressions of the

micro-architecture geometry parameters. The performance of the material interpolation

model is also investigated against the well known Hashin-Shtrikman bounds.

In Chapter 6, the macroscale optimization formulation is presented for structural, thermal

and thermo-structural problems of this work. A dedicated section discusses the numerical

implementation of the formulations. In Chapters 7, 8 and 9, the multiscale framework is

applied to compliance minimization, target deformation, thermal compliance minimiza-

tion and thermo-structural problems using the property response surface models. Finally,

Chapter 10 summarizes and concludes the findings of the study. The achievements of

the study are demonstrated by highlighting the contributions of the framework to the

state-of-the-art. The limitations of the derived framework are enumerated and sugges-
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tions are made for future research directions emanating from the solutions obtained and

in a broader context, the derived framework.

1.3 Aims and Objectives

Inspired by the works of Kočvara et al [19, 13, 14] and those of Panetta et al. [10] and Zhu

et al. [20] to derive optimized structures built up of manufacturable micro-architectures,

this work seeks to exploit the precision and process flexibility of additive manufacturing to

the realization of mechanically and thermally optimized structures through a multiscale

approach. This thesis aims to:

• develop a microscale model suitable for the multiscale framework to evaluate the

effective elastic and conductivity tensor given microscale parameters.

• develop a library of elastic and thermal material properties in the space of micro-

structure parameters enabled by the discrete evaluation of the microscale model.

• construct response surface models that explicitly express effective mechanical and

thermal properties as well as volume fraction of local structure as functions of small-

scale geometry parameters to facilitate rapid evaluation of the macroscale solver.

• compute sensitivities by the adjoint method for specified functionals suitable for

gradient-based optimization.

• execute macroscale structural, thermal and thermo-structural optimization in the

space of small-scale lattice parameters.

• execute lattice reconstruction of the optimized structures given the lattice micro-

parameter distributions.

• highlight the capabilities of the derived framework against other conventionally im-

plemented approaches.
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1.4 Contributions

The novelty of this research lies in the use of multiple geometry-based small-scale design

parameters for multiscale structural, thermal and thermo-structural optimization prob-

lems in three-dimensional real space. Key contributions include:

1. the development of a lattice-based parameterization that supports full control over

material point anisotropy.

2. the generation of a full-factorial elasticity and thermal conductivity database of

lattice micro-architecture properties with their response surface models.

3. the formulation of free material optimization in the space of multiple lattice micro-

parameters.

1.5 Conference presentations

Conference presentations arising from the work presented in this thesis are:

1. C. Imediegwu, R. Murphy, R. Hewson, M. Santer, "The design of a lattice-based

periodic microstructure model towards 3D printable optimized structures", The 10th

European Solid Mechanics Conference, Bologna, Italy (2018).

2. C. Imediegwu, R. Murphy, R. Hewson, M. Santer, "Multiscale structural and thermal

optimization towards 3D printable structures", The 9th International Conference on

Computational Methods, Rome, Italy (2018).
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1.6 Publications

Publications arising from the work presented in this thesis are:

1. C. Imediegwu, R. Murphy, R. Hewson and M. Santer, "Multiscale structural op-

timization towards three-dimensional printable structures", Structural and Mul-

tidisciplinary Optimization, 2019. Multiscale structural optimization towards three-

dimensional printable structures

https://link.springer.com/article/10.1007/s00158-019-02220-y

2. C. Imediegwu, R. Murphy, R. Hewson and M. Santer, "Multiscale thermal and

thermo-structural optimization of three-dimensional lattice structures" (Preprint

submitted to Computer Methods in Applied Mechanics and Engineering, June,

2020).

https://link.springer.com/article/10.1007/s00158-019-02220-y


Chapter 2

Review of Structural Optimization

The optimal design of continuum structures has the potential to greatly enhance their

performance [21]. Structural optimization constitutes a mathematical formulation that

enables the choice of the best structural design amongst several design alternatives, while

obeying structural mechanics principles. As a consequence, the field of structural optim-

ization combines mechanics, variational calculus and mathematical programming [17] to

determine the optimal material distribution of a structural component. Aspects of struc-

tural optimization include the sizing, shape and topology of the structure as it is designed

to satisfy objectives. The class of structural optimization techniques that constitute the

search for optimal topology have garnered significant interest as they emcompass the

search for optimal size of entities and optimal shape of the boundaries of the structures.

This work focuses on methods that are based on the search for optimal material layout

given external loading and boundary conditions and optionally, a limitation on volume

of material available to the optimal design. As such, a description of topology optimiza-

tion presents a natural point of entry into the review of relevant structural optimization

literature.

35
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2.1 Topology Optimization

Topology Optimization (TO) is a widely implemented approach to structural optimiz-

ation. It concerns determining the optimal layout of material within the domain of a

structure towards enhancing its performance. The load, boundary conditions and an

optional limitation on the availability of material are predefined but the measure of per-

formance chosen by the designer constitutes the predefined functional objective to be

satisfied. Common performance metrics for structural design include stiffness maximiza-

tion (compliance minimization), weight minimization under stress constraints, design for

target deformation and compliant mechanisms, deformation minimization, etc. However,

the concept of TO extends beyond mechanical problems to several other disciplines such

as acoustics [22], electromagnetics [23], aerodynamics [24], fluids [25] and combinations of

disciplines thereof.

2.1.1 Monoscale (classical) topology optimization

The development of classical TO finds its origin with the paper presented by Bendsøe

et al. [26] which documents the first investigation into the practical implementation of

TO. Though a variant of TO based on discrete material/no-material layout within a

discretized domain had been proposed earlier by Kohn et al. [27], it was shown to lack

the existence of solutions since it resulted in an intractable combinatorial problem and

was subject to the properties of the discretization elements [28]. In a later paper, Bend-

søe [26] undertook structural optimization in the space of artificial composites in the

form of materials with voids and layered materials. The formulation constituted compli-

ance minimization for a given fraction of the initial volume of material, with the goal of

attaining the optimal shape of the structure. The properties of each composite micro-

structure was determined by homogenization. Effective properties of the layered materials

could be evaluated analytically but effective properties of the materials with voids had

to be determined numerically. Having successfully demonstrated density distribution on
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a two-dimensional fixed domain using anisotropic material, Bendsøe [26] proposed the

use of an artificial power law as a substitute for the requirement of a homogenization-

based functional stiffness-density relationship. The approach offered lower computational

expense by circumventing the homogenization process associated with composite micro-

architectures and was also capable of achieving a largely binary distribution of density

values, enabled by a penalization parameter. This framework constituting the use of a

penalized pseudo-density weighting of element-wise solid isotropic material assignment

is the variant of topology optimization as implemented today, known as Solid Isotropic

Material with Penalization (SIMP) [26, 29].

2.1.1.1 Solid Isotropic Material with Penalization (SIMP)

SIMP belongs to the class of density-based approaches in TO where the geometry of

structure is described by material distribution of two or more phases on an element-wise

discretization of the structure’s domain. It’s conceptual simplicity makes it a commonly

implemented structural optimization technique. A continuous function, ρ(x) is defined

within the design domain, Ω such that 0 ≤ ρ(x) ≤ 1 ∀ x ∈ Ω. The function is often

referred to as an ‘artificial’ or ‘fictitious’ density function because it features intermediate

densities which have no physical meaning but constitutes the global volume fraction, V

evaluated as

V =

∫
Ω

ρ(x) dΩ (2.1)

To prevent computational singularities, a lower bound is imposed on the density function

so that ρmin ≤ ρ ≤ 1, where typically ρmin = 10−3 corresponds to the density of a very

weak material. The material model implemented for SIMP is given as

Eijkl = ρ(x)p E0
ijkl (2.2)

where E0
ijkl represents the stiffness tensor of an isotropic base material (fully defined by the

material’s Young’s modulus, E0 and Poisson’s Ratio, ν) and the penalization parameter
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is chosen so that, p > 1 to penalize intermediate densities. Penalization of the density

function ensures that intermediate densities become expensive and therefore undesirable,

offering less stiffness compared to the associated cost (volume fraction) as illustrated in

Fig. 2.1.

 

Figure 2.1: The effect of the penalization parameter, p on the stiffness-density relationship

The SIMP approach has been successfully applied to the optimization of mechanical,

acoustic, electromagnetic, fluid and thermal properties of structures [21, 2]. By imposing

stress and thermal compliance constraints, 2D structures have been optimized to perform

better under thermal and mechanical loading [30]. Structures have been designed to

minimize heat dissipation [31] with extensions to three-dimensional and multi-material

optimization problems [32]. SIMP has also been demonstrated in the optimal design of

heat exchangers [33] as well as optimal distribution of conductive material in the interior

of biphasic adsorbent beds for the storage of natural gas [34].

Despite its successful application to a broad range of optimization problems across sev-

eral disciplines, the basic implementation of SIMP has its challenges [17, 2]. The best

value of the required penalization parameter is problem dependent with studies suggest-

ing that p ≥ 3 for a clear description of material or void within optimal solution. The
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SIMP algorithm tends to terminate in a local minimum if the penalization parameter p

is too high [17]. A basic SIMP implementation also suffers checkerboarding – a density

distribution of solid and void in adjacent discretization elements constituting a physically

untenable checkerboard-like pattern. Results are also mesh-dependent as mesh refinement

results in ever-changing topologies – a consequence rooted in the issue of non-existence of

solutions to the continuous problem [35, 2, 17, 36]. Ideally, mesh refinement should result

in a clearer description of the same optimal topology and not in a qualitatively different

topology with finner scale structures. [36].

Modifications to the SIMP implementation have alleviated some of the numerical issues

associated with its basic implementation. Mesh-independent results can be obtained by

reducing the space of admissible designs through a local restriction of the variation of

the density variable [2] so there exists a limit to the formation of fine-scale structures.

It has been demonstrated that stable mesh-independent solutions can be achieved by

implementing a filter on the sensitivities or design variable field [37, 38]. This entails

prescribing local values of the sensitivity or density variable as averages of neighbourhood

values which effectively smooths the variation of the design variable field. Constraints on

the perimeter of the structure have been shown to yield mesh-independent convergence [39,

40]. Regularization schemes, which involve imposing a local constraint on the gradient

of the material density variable, have been implemented to yield smoother variations of

the design variable [35, 41]. Continuation strategies have been implemented to prevent

premature termination of the search in local minima, where the penalization parameter is

progressively increased with the number of iterations [35, 42, 43]. It has been shown that

the implementation of a fixed penalization or choice of continuation scheme applied to the

penalization parameter has a significant influence on the optimal topology attained [44]. A

variant of continuation strategies feature starting the algorithm with a large density filter

radius and gradually decreasing its value to zero with increasing number of iterations [35,

42, 43]. However, most optimal solutions require post-processing due to the presence

of meaningless intermediate densities. The SIMP implementation does not perform well
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for multi-objective problems and the optimal choice of penalization parameter remains a

subject of active investigation [17].

2.1.1.2 Evolutionary approaches

Other density-based TO approaches exist in literature such as Evolutionary Structural

Optimization (ESO). Like in the SIMP approach, the parameterization of geometry here is

a density-based discrete material layout. However, ESO features discrete density updates

based on the removal of elements with the lowest strain-energy density [2]. The approach

has been extended to bi-directional ESO (BESO), so that elements can be added or

removed as required towards satisfying functional objectives [45]. This discrete update

strategy is often driven by adjoint gradients. Unfortunately, ESO/BESO approaches

suffer from a lack of algorithmic convergence due to complications associated with discrete

density updates [46]. The approaches also suffer from a lack of mathematical generality

for the inclusion of multiple non-linear constraints. Today, ESO/BESO are considered as

discrete versions of the SIMP implementation [2].

2.1.1.3 Level-Set Methods

Another commonly implemented approach to TO is the Level Set Method (LSM). The

advent of LSMs date back to the paper presented by Osher et al. [47] where the modelling

of moving boundaries and the evolution of multi-phase flow interphases was presented. In

LSMs, the parameterization of geometry uses implicit descriptions of the boundary of the

structure. Given a level-set function, φ(x), the material and void regions are demacated

by an interphase such that


φ(x) > c, for material

φ(x) = c, for the interphase

φ(x) < c, for void

(2.3)
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(a) Level-set function, φ (b) 2D material domain Ω

Figure 2.2: Level-Set Method Illustration (Adapted from Van Dijk et al.[1])

where c = 0. Fig. 2.2 illustrates a level-set function, φ and corresponding material domain,

Ω. Changing the level-set function alters the boundaries and topology of the structure

using shape sensitivity analyses. As a consequence, LSMs are closely related to shape

optimization methods [1]. Infact, topological derivative strategies are often incorporated

to facilitate the nucleation of new holes in the interior of the material region [48]. Most

implementations of LSMs have the level-set function updated via the solution of the

Hamilton-Jacobi equation given as

∂φ

∂t
= −V n.∇φ (2.4)

where t is a pseudo-time representing the evolution of the design, V is the velocity field

advecting the level-set function and n is the normal to the interphase [1].

A major benefit of LSMs over density-based approaches is that they allow for a clear

boundary of the geometry as a consequence of iso-contours of the level-set function. This

feature of LSMs can be preserved by implementing conforming discretization at the cost

of complications associated with an evolving mesh. Detailed implementation of LSM as

applied to structural TO can be found in literature [49]. Density-based level-set methods

exist but they suffer from the presence of intermediate densities in the neighbourhood

of the interphase, like the SIMP implementation. Unfortunately, the optimal solution of

level-set based structural optimization is strongly dependent on domain initialization and

hole nucleation strategies. The search is also often trapped in local minima - a problem
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common with approaches driven by shape sensitivities [1].

2.1.2 Multiscale topology optimization

In Section 2.1.1.1, it is stated that density-based TO of discretized structures, without

implementing a restriction scheme, lacks a solution to the continuous problem. As a

consequence, increasing mesh resolution leads to more optimal solutions with finner scale

structures. This phenomenon suggests that more optimal structural design may be ac-

cessed if the optimization model works at two interconnected levels – a global level which

deals with the optimal topology of structure and a local level which deals with optimal

design of detailed microstructure representing material point properties.

2.1.2.1 Concurrent Multiscale Optimization

Hierarchical models featuring concurrent topology and material optimization are common

in literature [50]. Coelho et al. [51] developed a three-dimensional hierarchical TO model

that optimized material layout by the density-based approach without penalization, allow-

ing intermediate densities. The intermediate densities then serve as inputs to the optimal

design of local microstructure by the classical SIMP approach. This was further applied

to the design of bone apparent density and trabecular structure [52]. Other hierachical

formulations exist [53, 54], including those of Lui et al. [55] towards deriving the optimal

configuration of material and structure in compliant mechanism with maximum displace-

ment. Xia et al. [56] presented a concurrent TO approach that applied BESO schemes at

both scales in the optimal design of structure and material for a compliance minimization

problem. Multiscale level-set approaches have been used to design isotropic microstruc-

tures for stiffness and thermal conductivity maximization [57]. Many works demonstrate

these concurrent multiscale strategies in literature [58, 59]. The major disadvantage of

these concurrent multiscale approaches lies with the computational cost of simultaneously

designing local material while optimizing structural layout.
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2.1.2.2 Sequential Multiscale Optimization

To circumvent the computational issues associated with concurrent design of mater-

ial and structure, sequential strategies have been developed where inverse homogeniz-

ation strategies determine optimal configurations for microstructures, which are to be

assembled within a global domain to yield an optimal structural layout. Schumacher et

al. [16] presented a framework that tiled the interior of structures with micro-architectures

that matched defined effective elastic material properties. These micro-architectures were

drawn from a precomputed library of indexed microstructure families. A family of micro-

structures shared similar topologies and had interpolatable properties driven by elasticity

parameters. Each family of microstructures differed topologically from other families but

potentially yielded similar properties as other families (ie. there existed an overlapping

of microstructure elastic behavior in material space). Overlapping of micro-architecture

families in material space enabled the synthesis of spatially varying material behaviour.

The choice of a specific micro-architecture tile among other suitable candidates was based

on the quality of inter-connectivity with adjacent tiles. Zhu et al. [20, 60] also populated a

gamut of discrete evaluations of material properties by evolving the geometries of micro-

architectures that guaranteed an extension of the boundaries of the material space. This

led to the discovery of micro-architectures with extremal properties. By setting up an

optimization framework in the space of material parameters of the gamut and discretely

mapping the precomputed micro-architectures to the spatially-varying material property

description obtained from optimization, a framework for two-scale topology optimization

was demonstrated. Similarly, Panetta et al. [10] presented a range of elastic textures

(tileable and printable cubic patterns) built of a single material with a broad range of

effective material properties that enabled spatial variation of material within a structure

towards achieving desired macroscale behavior. These works are sequential approaches

featuring discrete mapping of optimized micro-architectures into the interior of macroscale

structures.

Though many of the monoscale and multiscale approaches described apriori are widely
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implemented commercially, a fundamental limitation exists rooted in their use of only

isotropic or orthotropic material point properties. The choice of a free parameterization

of the stiffness tensor promises access to full control over anisotropic point properties,

with potentially improved structural optimality. In literature, such a method is referred

to as Free Material Optimization.

2.2 Free Material Optimization

Free Material Optimization (FMO) is often referred to as the ultimate generalization of

structural optimization for elastic problems in continuum mechanics [13, 14]. It is a branch

of structural optimization which has garnered significant interest in recent years [14].

FMO was presented by Bendsøe et al. [11] and later developed by Zowe et al. [12] and Ben-

Tal et al. [61]. In FMO, the design variables are the unrestricted set of elements of positive

semi-definite constitutive tensors so that both the material distribution and material itself

can be freely varied. This optimization formulation proffers unconstrained local material

properties albeit without prior treatment for realizable physical geometry. The necessary

and sufficient condition that the constitutive tensor be symmetric positive semi-definite

stipulates that components on the main diagonal of the constitutive tensor, expressed

as a 6 × 6 elasticity matrix in Voigt notation [62] for 3-dimensional problems, remain

non-negative [11]. Successful implementations of FMO use invariants of the constitutive

tensor as measure of cost, eg. the Trace or Frobenius norm of the elasticity matrix [11,

13]. A concise and detailed description of the FMO formulation is given in Ref. [19].

Kočvara et al. [14, 63] have demonstrated the efficacy of the approach with stress and

displacement constraints. The approach has been applied to the conceptual design of

aircraft components with potentially tremendous weight savings where post-optimization

analyses considered manufacturing technological constraints to yield the final physical

product [14].

FMO is considered to yield the ultimate structure by an assumption of unconstrained local
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material configuration [13]. To bridge the gap between the results obtained by the FMO

framework and the physical realization of local structure, tape-layering technology has

been implemented to manufacture fibre-reinforced composite materials (FRCMs), where

the fibres are oriented in directions of principal stresses and strains derived from the FMO

results [19]. However, there is no record of the loss of precision that may be associated

with such a post-processing technique. To evade this possible loss of precision, Hornlein

et al. [19] proposed setting up FMO in the space of producible local material. That is,

to simulate local structure in the context of the free parameterization of material, the

framework must be assembled within the space of material properties associated with

a parameterization of physical geometry. The mechanics of a special class of advanced

materials called metamaterials could potentially yield a means to match local structure

with material design within the FMO framework.

2.3 Optimization of metamaterials

Metamaterials are materials that exhibit properties that differ from those of their base

material properties [64]. Their properties are derived from the shape and arrangement of

their constituting micro-architectures. The design and programming of metamaterials is

an active field of research as their unprecedented properties are often not observable in

nature.

The first metamaterials were studied in optics [65], however, their research has spread

rapidly to acoustics and mechanics [66, 67]. The relevance of mechanical and thermal

metamaterials have garnered significant interest due to their potential towards improv-

ing solutions in the field of structural and thermo-structural optimization. Mechanical

metamaterials have been designed to exhibit auxetic phenomena [68, 69, 70], negative

compressibility (negative bulk modulus) [71], pentamode phenomena (negative shear mod-

ulus) [72], etc. Kang et al. [73] demonstrated anisotropic heat transfer through the mod-

ular design of thermally tunable unit cells. Lattice materials have been designed to derive
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tunable negative thermal expansion with heat management applications [74, 75]. Metama-

terials, referred to as left-handed materials, have been designed with negative refractive

index or negative bulk moduli [76]. Other metamaterials exhibit energy absorption char-

acteristics and thermo-electric properties all derived from the geometry and arrangement

of the microstructures they are built of [77, 60, 78, 79].

With the physical realization of metamaterials facilitated by the precision afforded by

additive manufacturing, structural optimization of metamaterials has greatly expanded

the possibilities for optimal material layout as well as the design of local material struc-

ture [64]. With minimal requirement for post-processing, structures with complex micro-

architectures can be generated with higher precision than offered by other manufacturing

techniques. They may be built up of periodic assemblies of microstructures to match

prescribed homogeneous material properties or may be spatially varied to yield hetero-

geneous properties [15, 16]. These interesting effective macroscale properties exhibited by

metamaterials, if parameterized by microscale geometry parameters of the constituting

microstructures, can be tailored to satisfy predefined functional objectives.

2.4 Coupled Sequential Multiscale Optimization

In Section 2.1.2.2, sequential approaches to multiscale optimization were presented as an

alternative to computationally expensive concurrent methods. However, such sequential

approaches yield strategies that discretely map optimized micro-architectures to macro-

scale domains. Often, significant computational effort is required to ensure compatibility

and connectability of adjacent micro-architectures [16, 20]. Coupled sequential multiscale

optimization are approaches that seek to minimize these additional computational ef-

forts by coupling the local and global scales through response surface methodology. A

framework for designing such multiscale models is called Heterogeneous Multiscale Meth-

ods (HMM) [80, 81].
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HMM is a general framework for linking models at different scales. There is usually

a significant separation of scales so that the microscale is several orders of magnitude

smaller than the macroscale. The word ‘heterogeneous’ emphasizes that HMM can be

applied to multi-physics problems where both scales can be of very different nature [81]. Its

relevance lies in the fact that it presents a means to take advantage of relevant information

and strategies across both scales so that the derived multiscale model is efficient and

accurate. By implementing HMM, a multiscale structural optimization can be derived

that enables the free design of local material as well as its structural layout to meet

prescribed functional objectives, leveraging the mechanics of metamaterials.

HMM is a methodology with broad application. In a review by Weinan et al. [81], HMM is

demonstrated to be applicable across many fields including complex fluids, micro-fluidics,

solids, interface problems, stochastic problems and statistically self-similar problems [80].

It is important to note that HMM presents a framework with which several problems

are solved across different scales – it is not a specific method. Problem-specific technical

tools must be developed to realize the desired multiscale strategy. As a consequence, its

implementation can be non-trivial.

HMM follows a top-down strategy [80]. The interaction between the ingredients for HMM

implementation as suited to this work are shown in Fig. 2.3. They include:

• A macroscale model: The scale at which the problem is defined which is by itself

incomplete, requiring constitutive data from the microscale model. For FEM-based

problems, it constitutes the geometry and finite element domain, external loads,

boundary conditions and a finite element solver based on a variational formulation

of static equilibrium mechanics or steady-state conduction.

• A constrained microscale model: Which exists at sufficient scale separation from

the macroscale model, typically at least an order of magnitude smaller as demon-

strated by Cheng et al. [4]. For FEM-based problems, computational homogen-

ization provides a means to generate effective properties from localized property
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Figure 2.3: Heterogeneous Multiscale Method

evaluations. These effective properties are then passed on to the macroscale model.

Constraining the microscale ensures that it is consistent with the local macroscale

state [81].

• A means to couple both scales that facilities rapid evaluation of the macroscale

model. By coupling both scales, a means is derived to exploit the simplicity and

efficiency of the macroscale as well as the accuracy of the microscale constitutive

evaluations. The coupling between both scales can be concurrent or sequential.

Concurrent coupling methods feature linking of the macroscale and microscale on-

the-fly so that constitutive property information is determined only when required

by the macroscale model. Sequential coupling methods feature a precomputation of

constitutive properties in a series of designed experimental points within a material

property space. Facilitated by Response Surface Methodologies (RSM), explicit

functions are generated that approximate the discrete small scale evaluations which

are readily integrated into the macroscale system.

The challenge of accurate implementation of HMMs lie in the definition of the constrained

microscale model such that its evaluations are consistent with its existence within the

macroscale model [82, 81]. In the next section, a brief introduction is given of the theory
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of homogenization which facilitates the derivation of efficient HMM frameworks.

2.4.1 Homogenization

Homogenization theory enables the evaluation of effective properties of materials built up

of micro-architectures. Provided there exists a significant scale separation between the

scale of the micro-architectures and the scale of the material they are assembled to form,

regular heterogeneities can be identified so that they are approximated as periodic. Several

homogenization schemes exist in literature [83, 84, 85, 86, 87], with choice of implement-

ation often based on a trade-off between accuracy and computational cost [87, 88]. The

goal of homogenization methods is to derive an equivalent (average or effective) quantity

from a fine-scale in-homogeneous quantity, and in so doing, sacrifice some computational

precision afforded by the fine scale analyses in exchange for macroscale computational

efficiency [89]. Figure 2.4 shows two domains of equivalent material properties in 2-D

subjected to the same traction force and displacement boundary condition, enabled by

homogenization. For any given material, the effective material properties of structures

composed of periodic micro-architectures of a given material can be determined by nu-

merical homogenization, provided the elastic theory remains true for the length scales of

the micro-architectures [90]. A method of homogenization called Asymptotic Expansion

Homogenization (AEH) relies on the assumption of periodicity and asymptotic expan-

Homogenization

Γd

t

Γt

Γd

t

Γt

Ω'Ω

Figure 2.4: Illustration of homogenization in 2D
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sion of differential equations which enables the analyses of quantities across distinctively

separate scales.

Structures built up of complex micro-architectures such as composites, rebar-reinforced

concrete and metamaterials can be efficiently simulated by deriving effective properties

of their Representative Volume Elements (RVE) [89]. For structures with periodic micro-

architectures, these RVEs consist of a repeating unit cell (RUC), the property of which

is fully representative of an infinite assembly of the unit cell in one or more orthonormal

directions subjected to periodic boundary conditions. The key assumption being that

the micro-architecture length scales are much smaller than the characteristic length over

which macroscale loading varies spatially [91].

Ф(𝒙)

𝑥

Ф(𝒙, 𝒙′)

𝒙′ = 𝒙/ϵ𝒌 𝒌 + 𝟏

𝒌 + 𝟏𝒌

Figure 2.5: The concept of homogenization across scales

Consider the illustration of Fig. 2.5 of the variation of an arbitrary physical quantity, Φ(x)

of a strongly heterogeneous medium in a coordinate system, x. The rapid fluctuations

of the quantity within this coordinate system justifies the study of the physical quantity

across two scales so that a local coordinate system x′ can be defined at the microscale. If

these periodic fluctuations occur at a very small scale compared to the scale of the mater-

ial, then a scale separation parameter can be defined, ε of very small value that provides

an indication of the proportion between dimensions of the RUC and the material. Also,

a magnification factor,
1

ε
enlarges the dimensions of the RUC to dimensions comparable

to those of the material as shown in inset plot of Fig. 2.5. The asymptotic expansion of
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a physical quantity of heterogeneous media is therefore expressed as

Φε(x) = Φ0(x, x′) + εΦ1(x, x′) + ε2Φ2(x, x′) + ... (2.5)

The first term represents the effective value of the physical quantity, Φ0 (represented by

red line in Fig. 2.5) and the second term represents the rapid oscillations of the quantity

at the microscale by virtue of underlying periodic heterogeneities (represented by black

wavy lines in Fig. 2.5). Since ε → 0, higher order terms in the asymptotic expansion of

the physical quantity are negligible beyond the first order. For this reason, significant

scale separation is essential for the correct implementation of the homogenization theory

for advanced materials with micro-architectures as the assumption of negligible higher

order terms in Eqn. 2.5 degenerates with increasing ε. All physical quantities of this

work within the multiscale framework associated with the properties of materials with

micro-architectures are represented similarly. The theory of homogenization applies to

mechanical properties as well as other material properties such as thermal conductivity,

thermal expansion, electrical conductivity, etc [90].

2.4.2 Response Surface Methodology

An essential component of HMMs is a means to efficiently evaluate data from the micro-

scale model within the macroscale solver as discussed in Sec. 2.4. A methodology to evade

the computational expense associated with ‘on-the-fly’ microscale evaluations in concur-

rent methods can be attributed to the implementation of Response Surface Methodologies

(RSMs). RSMs refer to mathematical and statistical approaches to the construction of

metamodels/surrogate models intended to evaluate the value of a dependent variable (re-

sponse variable) given a vector of independent variables (predictor variables) at far less

computational cost than the models they represent. The generation of response surfaces

facilitate rapid evaluation of the macroscale solver and is essential to the derivation of

an efficient multiscale framework [81]. The construction of the response surfaces depends
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on the generation of data at designed sample points so that the predictive ability of a

response surface is dependent on the Design of Experiments (DoE).

2.4.2.1 Design of Experiments

Design of Experiments (DoE) refers to the sample points within the space of predictor

variables where the response is evaluated to generate data. Several strategies exist in

literature for determining an appropriate DoE and the choice of these points greatly

impact the quality of the metamodel. A commonly implemented approach is the full

factorial sampling which involves a uniform sampling of the space of predictor variables

by sampling on a grid generated by dividing the limits of the variables into a chosen

number of levels. As such, sample points are located at all combinations of the different

levels. The full factorial sampling however can quickly become expensive to generate since

the number of sample points increases exponentially with the dimension of the space of

predictor variables, especially, if the microscale model is computationally expensive to

execute [92, 93]. Fractional factorial approaches evaluate the response variable at a subset

of the full factorial sampling to reduce this computational cost.

Other sampling strategies include the Monte Carlo sampling which generates sample

points at random points in the predictor variable space with a drawback of no control

over the inclusion of bias to any of the predictors [81, 92, 94]. Latin HyperCube sampling

generates sample points on a hyper-grid in such a manner as to have only one sample in

each axis-aligned hyper-plane containing the point [95, 96]. Adaptive sampling strategies

have been built into macroscale optimization techniques that sample only points required

to minimize the objective functional for a given iteration and also improve the approxim-

ation of the generated response surface for that iteration. As a consequence, the response

surface for any optimization iteration is constructed based on only necessary sample points

leading towards the optimal solution [97].

Irrespective of the sampling strategy employed, the goal of efficient DoE is to distribute
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sampling points in the space of predictor variables in such a manner as to ensure adequate

coverage of the space without bias to any specific predictor variable. It is desired that

such a sampling strategy is computationally efficient, particularly if the evaluation of

the response is expensive. The response values as well as the predictor variables at the

sample points then constitute the data required to develop the response surface model. In

following discussions of this section, the data is represented by the response values, y(X)

for predictor variables, X = [X1,X2, ...,Xm]ᵀ for N sample points in an m-dimensional

predictor variable space. A brief description of few common approximation methodologies

follows.

2.4.2.2 Polynomial Approximation

Polynomial approximations of real functions are a finite sum of terms of a basis vector,

b(X). In a least square sense, coefficient values are determined by the minimization of

the approximation error associated with the polynomial’s prediction of the actual data

points [98]. These least-square approximations can be ordinary, weighted or moving [98].

In an m-dimensional space, an ordinary least-square approximation is given as

ŷ = β0 +
m∑
j=1

βjXj (2.6)

and a quadratic polynomial approximation is given as

ŷ = β0 +
m∑
j=1

βjXj +
m∑
j=1

m∑
k=j

βjkXjXk (2.7)

where β0, βj and βjk for j, k = 1, 2, ..., m are components of the error minimizing

coefficient vector determined by

β =

[∑
i

b(Xi)b(Xi)
ᵀ

]−1∑
i

b(Xi)yi (2.8)

for i = 1, 2,..., N.
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Ordinary polynomial approximations evaluate rapidly and are easy to implement. They

yield readily differentiable expressions that make them attractive as response surfaces

within computational models. However, ordinary polynomial approximations are global

approximations [98]. A property of global approximations is that they may exhibit re-

gions of poor fit within the space of predictor variables if the response variable varies by

over more than an order of magnitude. Other local least-squares approximations that

address this issue include Weighted and Moving least-squares approximations [99, 100].

Though more accurate polynomial approximations, these local approximations require

more computational effort to be constructed and evaluated.

2.4.2.3 Radial Basis Functions Approximation

Radial Basis Function (RBF) methods were introduced by Rolland Hardy as multiquadric

methods because he was not satisfied with the results of polynomial interpolation. They

are based on real-valued functions that depend only on the distance of an arbitrary evalu-

ation point from a sampled data point (or any chosen points defined as centres) [101, 102].

An RBF approximation of a data set consists of weighted sums of these radial basis func-

tions defined about the data points. Such an RBF approximation is given as

ŷ =
N∑
k=1

ak e−γ‖X−Xk‖
2

(2.9)

where γ is a positive tuning parameter that adjusts the rate of decay of the basis function

and the vector of coefficients a for a solution that approximates exactly on the sample

points is given by

a = Ψ−1y (2.10)

where Ψ = e−γ‖Xj−Xk‖
2

and j, k = 1, 2, ... N for an N×N linear system of equations. It is

important to note that though the radial basis function utilized in Eqn. 2.9 is a Gaussian

function, other RBFs such as multiquadric, inverse quadratic and inverse multiquadric

functions can be implemented [103, 104].
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2.4.2.4 Kriging Approximation

Kriging methods originated from the field of geostatistics [105, 106, 107]. Ordinary kriging

approximations of N−sample point data, (X, y) is given as

ŷ = β + rᵀ(X)R−1(y − 1β) (2.11)

where 1 denotes a vector of ones of length N,R is the symmetric square N×N correlation

matrix of any two sampled data points Xj and Xk. Typically, a Gaussian correlation

function is specified to assemble R such that

R(Xj, Xk) = e−θ‖Xj−Xk‖
2

(2.12)

and rᵀ is the correlation vector of length N between an arbitrary point X and the sampled

points X given as

rᵀ(X) = [R(X,X1), R(X,X2), ..., R(X,XN)]ᵀ (2.13)

The vector of coefficients β of Eqn. 2.11 is estimated by

β = (1ᵀR−11)−11ᵀR−1y (2.14)

Approaches to determine suitable values for the correlation parameters θ are discussed in

detail in literature [108, 92]. Kriging approximations are often regarded as the best linear

unbiased estimators hence perform excellently as response surface models. However, the

computational cost associated with their construction does not scale well with the number

of sample points due to the the size of the N ×N correlation matrix [92]. Other response

surface methods exist in literature including Artificial Neural Networks (ANN) [109, 110,

111], Gradient-Enhanced Kriging (GEK) [112, 113], Support Vector Machines (SVM) [114,

115], etc, all targeted towards approximation or prediction of response quantities in the



56 Chapter 2. Review of Structural Optimization

space of predictor variables. In this work, methods that scale well with the dimension of

sample points and present explicitly differentiable expressions are of particular interest.

In the context of coupled sequential strategies, the effective material property evaluation

(response) is to be evaluated given micro-architecture parameters (predictors). The gen-

eration of response surface models here enables rapid local material property evaluation

given micro-architecture parameters. Several works in literature feature the implementa-

tion of coupled multiscale optimization strategies. Xia et al. [116] constructed an approx-

imate constitutive model for strain energy density evaluated on a material microstructure

so that homogenized strain energy and stress-strain relations could be expressed expli-

citly, thereby reducing the computational cost associated with a concurrent multiscale

framework developed earlier [56]. Cheng et al. [4] developed a framework for functional

grading of lattice by determining effective elastic properties by asymptotic expansion ho-

mogenization and created explicit expressions in the form of a fourth-order polynomial

for these properties as functions of a single density design variable. Colabella et. al [117]

developed an ordinary least-squares response model that expressed components of the

elastic tensor as a function of geometric micro-parameters that defined biomimetic can-

cellous bone cellular micro-architectures.

Recently, Wu et al. [3] presented a multiscale optimization of structures built up of ortho-

tropic lattice micro-architectures subjected to thermo-mechanical loads. The framework

was demonstrated by the optimal design of an injection-mould. Material interpolation

was executed as a function of lattice microstructure relative density. Though a means

was derived for the physical realization of micro-architecture of intermediate properties,

the parameterization of the micro-architecture offered no means of modelling anisotropic

material behavior since the parameterization implemented allowed only isotropic or or-

thotropic micro-architectures.

The review of structural optimization strategies and their development suggests that com-

putational efficiency as well as full control of material point properties are main drivers

towards improved optimization strategies. FMO is regarded as the ultimate general-
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ization of structural optimization. Unfortunately, such a free parameterization of the

stiffness tensor makes no consideration for deriving local structure within the optimiza-

tion framework. On the other hand, the sequential multiscale approaches demonstrated

by Schumacher et al. [16] and Zhu et al. [20] are not capable of full material point design

as they do not support anisotropic material properties. They also require additional

computational effort to verify connectability and compatibility requirements of the dis-

crete micro-architecture assembly. These multiscale approaches with discrete assemblies

of optimized micro-architectures represent recent significant advancements in structural

optimization techniques.

This work seeks to formulate an optimization framework using metamaterials such that

the parameterization of local physical geometry supports the free variation of local mater-

ial properties towards meeting macroscale functional objectives. As a consequence, it is

a variant of FMO that supports Hornlein’s proposal [19] for setting up FMO in the space

of producible local material. Such an optimization framework demands a computation-

ally efficient multiscale methodology that enables the derivation of effective properties

of micro-architecture by homogenization. Polynomial approximations are used to rep-

resent the effective properties as functions of lattice micro-parameters due to their ease

of construction. They are also easily differentiable and hence support gradient-driven

searches for optimality in a computationally efficient manner. A consequence of such

a coupled sequential multiscale formulation is that connectability and compatibility of

adjacent micro-architectures are inherently satisfied. The result is the derivation of a

novel coupled sequential multiscale structural and thermal optimization framework for

three-dimensional problems.

In the next chapter, the derivation of the framework is commenced by presenting the

methods for microscale model development.



Chapter 3

Microscale Model Development

In this Chapter, a description of the microscale model development is presented. Funda-

mental assumptions are stated. Subsequent sections then describe the theoritical methods

applied to determine the effective properties of micro-architectures.

3.1 Assumptions

Considerations for pure structural formulations of this work have been limited to three-

dimensional (3D) linear elastic problems across both scales so that the general relationship

between the Cauchy stress tensor, σij and the strain tensor, εkl at every material point

in the design domain is linear, given by Hooke’s Law

σij = Eijkl εkl (3.1)

where

Eijkl = Eklij = Ejikl = Eijlk (3.2)

is the 4th-rank elasticity tensor with 81 components for i, j, k, l = 1, 2, or 3. For the

purpose of the formulations of this work, the symmetries associated with the elasticity

58
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tensor as shown in Eqn. 3.2, allows the tensor to be presented in Voigt notation with 21

unique components in its most general case of anisotropy. The minimum length-scale of

structure set by manufacturing constraints satisfies Eqn. 3.1 and only small deformations

are assumed. Strain-displacement relations are given by

εij =
1

2
(ui,j + uj,i) (3.3)

Equations 3.1 - 3.3 constitute the theory of linear elasticity for continuum mechanics as

implemented here. Static equilibrium mechanics is assumed so that

σij,j + F i = 0 (3.4)

where F i is the sum of all external forces per unit volume of the design domain, Ω. Iner-

tial forces due to impact or dynamic loading are neglected.

The thermal formulations of the microscale are governed by steady-state pure conduc-

tion given by the steady-state heat equation

qi,i + fθ = 0 (3.5)

and Fourier’s law

qi = −Kij θ,j (3.6)

where qi is the heat flux vector, fθ is heat source per unit volume of the design domain,

Ω, Kij is the symmetric thermal conductivity tensor, θ is temperature difference and θ,j

is the temperature gradient in the direction j for j = 1, 2 and 3. It is also assumed that

material thermal conductivity tensor remains unchanged and insensitive to temperature

changes.
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3.2 Microscale Parameterization

The objective of the microscale model development is to derive a parameterization of the

small scale geometry that facilitates an efficient population of material property space.

The choice of parameterization defines the extent of material property explored. Ideally,

the parameterization should enable the largest possible property space to be considered.

However, manufacturing constraints limit the space of admissible properties. Accept-

able parameterization schemes must satisfy the conditions on the physical realization of

corresponding micro-architecture unit cells. The parameterization must support:

1. a micro-architecture geometry that evolves smoothly as the micro-parameters are

smoothly varied to ensure connectivity between neighbour unit cells.

2. a micro-architecture geometry that is periodic so that the elastic and thermal beha-

vior of the micro-architecture is representative of an infinite assembly of the micro-

architecture.

3. a micro-architecture geometry that does not generate enclosed voids or suspended

solids so as to be suited to applicable additive manufacturing techniques.

Any parameterization of micro-architecture geometry that satisfies the conditions above

is suited to the framework. For subsequent sections of this work, such a parameterization

is defined such that the effective properties of any given unit cell are controlled by a vector

of geometry-defining microparameters, denoted as rm of dimension m.

3.3 Element-based material assignment

Given a suitable parameterization of micro-architecture geometry, local material assign-

ment is executed based on a fixed discretization of the unit cell domain. This structured
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Ψ(x',rm) = 0

Ψ(x',rm) ≤ 0

Ψ(x′,rm) > 0

True solid/void 
boundary

x′

y′
Es , Ks

Ev , Kv

Figure 3.1: 2D illustration of element-based material assignment and micro-architecture
geometry definition

discretization supports the implementation of periodic boundary conditions but also elim-

inates complications associated with unstructured mesh reconstruction for complex micro-

architecture geometries. Consider the material assignment illustration on the 2-D unit

cell domain of Fig. 3.1. A function, Ψ(x′, rm) is defined within the discretized unit cell

domain that takes the coordinates of all nodes and maps to a binary space that defines if

the node lies within material structure or void according to the parameterization imple-

mented. The discretized elements are then assigned material properties (Ee, Ke) based

on each element’s node fraction, nf given as

nf =
Nm

N
(3.7)

where Nm is the number of the element’s nodes within material structure and N = 4 is

the total number of nodes for each element. Node fraction values vary between 0 and 1.

Local elastic modulus is determined by

Ee = nfEs + (1− nf )Ev (3.8)

where Es and Ev represent the Young’s moduli of the base material and void respectively.

Similarly, local thermal conductivity is determined by

Ke = nfKs + (1− nf )Kv (3.9)
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where Ks and Kv represent the thermal conductivity of the base material and void re-

spectively. Within the unit cell, void is modeled as a weak elastic material with very low

thermal conductivity to prevent singularities during numerical simulation. Elements in

the viscinity of the true solid/void boundary defined by the line Ψ(x′, rm) = 0 exhibit

intermediate Young’s modulus and thermal conductivity values as a consequence of inter-

mediate node fraction values. The material assignment scheme and consequent geometry

definition can be generalized to 3-dimensional micro-architecture unit cells or voxels where

Ψ(x′, rm) = 0 constitutes a surface boundary between solid and void regions and N = 8

for structured hexahedral elements. Section 4.2 presents a numerical implementation of

the material assignment described here within 3-D voxels for a parameterization scheme

that satisfies the conditions given in Sec. 3.2

3.4 Asymptotic Expansion Homogenization

In this section, the numerical approach to obtaining the homogenized elasticity tensor, EH

and thermal conductivity tensor,KH of a lattice-based micro-architecture is summarized.

The homogenization process follows the principles of asymptotic expansion homogeniza-

tion which is suited to periodic micro-architectures as described in [118, 119, 120, 87, 90].

The objective of the homogenization process is to substitute the inherent heterogeneities

of the lattice microstructure with an equivalent homogeneous media with the benefit of a

massive reduction in the degrees of freedom associated with modelling materials composed

of architectures. The theory of homogenization as applied to linear elastic structures with

periodic micro-architectures is well developed. The fundamental assumption associated

with the correct implementation of homogenization is that the macroscale media is built

up of periodic representative volume elements (RVEs) at a distinctly separate length scale

from the scale of the structure. Mathematically,

x′ =
x

ε
(3.10)
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where x′ and x are the coordinate systems of the microscale and macroscale respectively.

The value of the scale-separation parameter, ε is often chosen as ε << 1 so that local

microscale field variables vary 1/ε times more rapidly than corresponding macroscale field

variables. All relevant field variables are therefore approximated by an asymptotic ex-

pansion that captures their macroscopic uniform distribution as well as their periodically-

fluctuating distribution on the microscale.

3.4.1 Strain deformation analyses

The exact displacement field of periodic elastic structures of this work is given as

uεi(xi, x
′
i) = ε0u0

i (xi, x
′
i) + ε1u1

i (xi, x
′
i) + ε2u2

i (xi, x
′
i) + ... (3.11)

where the u0
i is the macroscopic uniform displacement and u1

i , u2
i , etc., represent the

microscale periodic oscillations in the field variable as a consequence of the underlying

heterogeneities of the microscale. A first order approximation of the displacement field,

uεi is often adequate since ε << 1. As a consequence, the higher order terms of Eqn. 3.11

are neglected so that it is sufficient to state that

uεi(xi, x
′
i) = u0

i (xi, x
′
i) + ε1u1

i (xi, x
′
i) (3.12)

Derivatives of any of the variables in the multiscale framework follow the chain rule of

function differentiation given as

∂( )

∂xi

ε

=
∂( )

∂xi
+

1

ε

∂( )

∂x′i
(3.13)

so that the strain-displacement relation is

εij(u) =
1

2

(
∂uεi
∂xj

+
∂uεj
∂xi

)
=

1

2

[(
∂u0

i

∂xj
+
∂u0

j

∂xi

)
+

(
∂u1

i

∂x′j
+
∂u1

j

∂x′i

)
+ε

(
∂u1

i

∂xj
+
∂u1

j

∂xi

)
+...

]
(3.14)
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Neglecting terms O(ε) and higher, Eqn. 3.14 becomes

εij = ε̄ij + ε∗ij (3.15)

where

ε̄ij =
1

2

(
∂u0

i

∂xj
+
∂u0

j

∂xi

)

ε∗ij =
1

2

(
∂u1

i

∂x′j
+
∂u1

j

∂x′i

) (3.16)

The microstructural strain tensor, εij given by Eqn. 3.15 therefore comprises the macro-

scopic strain tensor, ε̄ij and the periodically-fluctuating strain tensor, ε∗ij which exists as a

consequence of microscale heterogeneities. Substituting the microstructural strain tensor

into the variational form of the linear elastic equation gives∫
Ωε

Eijkl

(
ε0
ij(v) + ε1

ij(v)
) (
ε̄ij(u) + ε∗ij(u)

)
dΩε =

∫
Γt

ti vi dΓ (3.17)

where ε0
ij(v) and ε1

ij(v) are the virtual macroscopic and microscopic strains respectively,

with ti as the traction at the traction boundary, Γt. If the virtual displacement is chosen

such that it varies periodically on the microscale but remains constant on the macroscale,

Eqn. 3.17 becomes ∫
Ωε

Eijkl ε
1
ij(v)

(
ε̄ij(u) + ε∗ij(u)

)
dΩε = 0 (3.18)

Taking an integral over the representative volume element, Eqn. 3.18 can be expressed as

∫
V

Eijkl ε
1
ij(v) ε∗ij(u) dV = −

∫
V

Eijkl ε
1
ij(v) ε̄ij(u) dV (3.19)

where V and dV are the volumes of the unit cell and finite element discretization respect-

ively. Provided periodic boundary conditions are imposed on the boundaries of the RVE,

Equation 3.19 presents the variational form with which the periodically-fluctuating strain
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Figure 3.2: Unit strain deformation on the LUC (Scale: 0.2:1)

tensor, ε∗ij of a representative unit volume of any periodic structure can be derived, given

an arbitrary macroscopic strain, ε̄ij. Details of the procedure for periodic boundary condi-

tion implementation on a discretization of the volume element are presented in Sec. 3.4.3.

The formulation of Eqn. 3.19 lends itself to finite element analysis in its discretized form.

Six independent macroscale unit strain deformation analyses are sequentially substituted

into Eqn. 3.19. The unit macroscale unit strains are shown in Fig. 3.2. The solution to

each strain deformation analysis is the microscale periodic displacement, from which the

periodically-fluctuating strain tensor is determined. By applying Eqn. 3.15, the micro-

scale strain tensor is derived. Finally, the microscale stress tensor at each element of the

unit cell is given by

σij = 2µe(ε
∗
ij + ε̄ij) + λetr(ε

∗
ij + ε̄ij)I (3.20)

where I is the identity matrix and

µe =
Ee

2(1 + ν)

λe =
Ee ν

(1 + ν)(1− 2ν)

(3.21)
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are the element-wise Lamé constants defined given the element-wise Young’s modulus, Ee

of the element-based property assignment of Sec. 3.3. The macroscopic stress tensor is

derived from a volume-averaging of element-wise stress tensors of Eqn. 3.20 so that

σ̄ij =
1

V

∫
v

σij dV (3.22)

Having obtained σ̄ij for each unit macroscopic strain, ε̄ij, all 36 terms of the homogenized

stiffness matrix is obtained from

σ̄i = EH
ij ε̄j (3.23)

where σ̄i and ε̄j are the macroscopic stress and strain tensors expressed in the Voigt

notation for i and j = 1, 2, ...6. Inherent properties of symmetry and positive semi-

definiteness must be satisfied by EH
ij expressed as a tensor to satisfy Eqn. 3.2.

3.4.2 Thermal Analyses

Extending asymptotic expansion homogenization theory to the determination of effective

thermal properties of periodic structures is analogous to the process described in Sec. 3.4.1

for mechanical properties. For completeness, the theory is briefly summarized as follows.

The exact temperature field of periodic structures of this work are given as

θε(xi, x
′
i) = ε0θ0(xi, x

′
i) + εθ1(xi, x

′
i) + ε2θ2(xi, x

′
i) + ... (3.24)

where θ0 is the macroscopic uniform temperature field and θ1, θ2, etc., represent the

microscale oscillations in the field variable as a consequence of underlying heterogeneities

of the microscale. A major difference is that where displacement is a vector field in elastic

theory, temperature is a scalar field as indicated in Eqn. 3.24. Again, since ε << 1, it

suffices to represent the field by a first order approximation. As a consequence, Eqn. 3.24

can be expressed as

θε(xi, x
′
i) = θ0(xi, x

′
i) + εθ1(xi, x

′
i) (3.25)
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By Eqn. 3.13 and neglecting terms O(ε) and higher, temperature gradient based on the

multiscale framework is expressed as

∂θε

∂xi
=
∂θ0

∂xi
+
∂θ1

∂x′i
(3.26)

where
∇θ̄i =

∂θ0

∂xi

∇θ∗i =
∂θ1

∂x′i

(3.27)

are the macroscale average temperature gradient and microscale periodically-fluctuating

temperature gradient respectively. As a consequence, Eqn. 3.26 gives the microstructural

temperature gradient and can be expressed as

∇θi = ∇θ̄i +∇θ∗i (3.28)

Substituting the microstructural temperature gradient into the variational form of the

Poisson equation for heat conduction gives∫
Ωε

Kij (∇w0
i +∇w1

i ) (∇θ̄i +∇θ∗i ) dΩε = f w dΓf (3.29)

where ∇w0
i and ∇w1

i are the virtual macroscopic and microscopic temperature gradients

respectively, with f as the heat source on the part of the boundary it acts on, Γf . If

the virtual temperature is chosen such that it varies periodically on the microscale but

remains constant on the macroscale, Eqn. 3.29 becomes∫
Ωε

Kij ∇w1
i (∇θ̄i +∇θ∗i ) dΩε = 0 (3.30)
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Figure 3.3: Unit temperature gradient on the LUC

Taking an integral over the representative volume element, Eqn. 3.30 can be expressed as

∫
V

Kij ∇w1
i ∇θ∗i dV = −

∫
V

Kij ∇w1
i ∇θ̄i dV (3.31)

Again, provided periodic boundary conditions are imposed on the boundaries of the RVE,

Eqn. 3.31 presents the variational form with which the periodically-fluctuating temperat-

ure gradient, ∇θ∗i of a representative unit volume of any periodic structure can be derived,

given an arbitrary macroscopic temperature gradient, ∇θ̄i. The formulation of Eqn. 3.31

can be solved by finite element analysis in its discretized form. Three independent mac-

roscale unit temperature gradients are shown in Fig. 3.3. The solution to each thermal

analysis is the microscale periodic temperature distribution, from which the periodically-

fluctuating temperature gradient vector is determined. By applying Eqn. 3.28, the mi-

croscale temperature gradient vector is derived. Finally, the microscale heat flux vector

at each element of the discretized unit cell is given by

qi = Ke (∇θ∗i +∇θ̄i) (3.32)

where Ke is the element-wise constant thermal conductivity coefficient defined by the

element-based property assignment described and illustrated in Sec. 3.3. The macroscopic

heat flux vector is derived from a volume-averaging of the element-wise heat flux vector

of Eqn. 3.32 so that

q̄i =
1

V

∫
v

qi dV (3.33)
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Figure 3.4: Coordinate system for PBC implementation

Having obtained q̄i for each unit macroscopic temperature gradient, ∇θ̄i, all 9 terms of

the homogenized conductivity tensor is obtained from

q̄i = KH
ij ∇θ̄j (3.34)

for i and j = 1, 2, and 3. Inherent properties of symmetry must be satisfied by KH
ij .

3.4.3 Periodic Boundary Conditions

One of the conditions for ensuring suitability of parameterization is geometric periodicity

as presented in Sec. 3.2. Geometric periodicity ensures that there is member continu-

ity across neighbouring micro-architectures. For homogenization theory as applied to

multiscale frameworks, where field variables change at distinctly separate scales, ensur-

ing geometry periodicity is not sufficient for the correct evaluation of effective properties.

The representative unit cell must be constrained by an association of degrees of freedom

on opposite external surface boundaries. Such constraints are called Periodic Boundary

Conditions (PBC). These constraints ensure that the response (structural and thermal)

of the unit cell is representative of material point properties so that the behavior of the

unit cell approximates the behavior of the periodic material they form. Imposing PBC

ensures that the microstructure boundaries deform identically so that neighbouring micro-
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architectures are compatible. For a hexahedral unit cell in x′1 ∈ [0, 1], x′2 ∈ [0, 1] and

x′3 ∈ [0, 1] (see Fig. 3.4), PBC implementation for structural problems of this work are

displacement constraint equations applied to solve the discretized form of Eqn. 3.19

ujki (0, x′2, x
′
3) = ujki (1, x′2, x

′
3)

ujki (x′1, 0, x′3) = ujki (x′1, 1, x′3)

ujki (x′1, x
′
2, 0) = ujki (x′1, x

′
2, 1)

(3.35)

where the constraint is applied on the i-th component of the displacement vector due to

macroscopic strain, ε̄jk for i, j, k = 1, 2 and 3. PBC implementation for thermal problems

of this work are temperature constraint equations applied to solve the discretized form of

Eqn. 3.31

θi(0, x′2, x
′
3) = θi(1, x′2, x

′
3)

θi(x′1, 0, x′3) = θi(x′1, 1, x′3)

θi(x′1, x
′
2, 0) = θi(x′1, x

′
2, 1)

(3.36)

due to macroscopic temperature gradient, ∇θ̄i in the i-th direction for i = 1, 2 and 3.

In the next chapter, a numerical implementation of the methods for the microscale model

development is presented.



Chapter 4

Microscale Numerical Implementation

4.1 Micro-architecture parameterization

Researchers have demonstrated that parameterization with beam-like structures have the

potential to cover large extents of the material property space [18, 10], particularly where

manufacturing constraints exits [121]. Physically-realizable topology optimization solu-

tions also suggest strut-like structures as optimal configurations for compliance minimiz-

ation problems as the constituent members are oriented along the directions of principal

stresses to resist strains. According to the suitability conditions of Sec. 3.2, it is inten-

ded that the parameterization employed easily captures periodicity so as to lend itself to

homogenization theory as do lattice-based unit cells. Periodic micro-architectures can be

analysed by considering the repeating configuration they are composed of such that the

mechanical and thermal properties of a representative volume is equivalent to that of an

infinite assembly of the repeating micro-architecture.

To demonstrate the derived framework, Lattice Unit Cells (LUC) are employed for mi-

croscale parameterization. The parameterization provides smoothly-changing geometry

for slowly-changing micro-parameters. Sufficient scale separation is an assumption of het-

erogeneous multiscale methods [81] that validates the homogenization theory as imple-

71
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mented. The scale separation ensures that the micro-architecture length scales are much

smaller than the characteristic length over which macroscale field variables change [91]

so that material property variations are efficiently captured by the smooth variation of

microstructure parameters. The parameterization is also suited to the intended addit-

ive manufacturing techniques presenting no enclosed volumes or suspended solids within

the unit cell. Each LUC is characterised by four strut-like members connecting opposite

'

'

'

Figure 4.1: Microstructure parameterization: The properties of the micro-architecture are
controlled by the components of its vector of normalized radii parameters. Each member
has a fixed orientation and the coordinate axes of the microscale are consistent with the
macroscale so that the orientations of each member remains unchanged for large-scale
optimization.

corners (termed diagonal members) and three similar members connecting opposite face

centers (termed face members). The lattice configuration is comprised of members of

circular cross-section as shown in Fig. 4.1. By varying the radii of each of these lattice

members, the material property of the unit cell is altered, hence leading to a parameter-

ization scheme. Each of the seven radii is normalized by the unit cell length. Section 5.6

investigates the performance of the parameterization employed against material property

bounds for composites comprised of mechanical mixtures of two material phases [122, 123].

However, other parameterization schemes are suited to the developed framework provided
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they satisfy the suitability conditions of Sec. 3.2. Figure 4.1 illustrates a typical micro-

structure with its vector of normalized radii parameters, r as well as its orientation in

three-dimensional space. This orientation is preserved for subsequent macroscale analyses.

4.2 Property Assignment

Local material assignment within the LUC is initialized by discretization of the unit

cell domain. Structured 8-noded linear hexahedral elements are used and kept fixed

for all micro-architecture analyses. Mesh convergence studies presented in Section 4.5

yielded a mesh refinement of 703 finite elements within the LUC as converged for the

structural and thermal property evaluations of the small-scale analyses of this work. This

structured discretization supports the implementation of periodic boundary conditions

but also eliminates complications associated with unstructured mesh re-construction for

complex geometries. All micro-architectures achievable by the parameterization scheme

are generated by an element-based material assignment. The position vectors of the 8

nodes of each element determine the material property for the given element.

Consider the material assignment for the micro-architecture whose vector of radii para-

meters is given as r = (0, 0, 0, 0, 0.19, 0, 0) shown in Fig. 4.2a. As indicated by r, member

5 has a non-dimensionalized radius of 0.19. Each element in the discretization is assigned

a Young’s modulus of Ee given by Eqn. 3.8 where Es = 209 GPa and Ev = 10−7 GPa

represent the Young’s moduli of the base material and void respectively. Void is modelled

as a very weak material since zero stiffness constitutes a singularity during numerical im-

plementation. Similarly, each element is also assigned a thermal conductivity coefficient

of Ke given by Eqn. 3.9 where Ks = 40 Wm−1K−1 and Kv = 0.024 Wm−1K−1 represent

the conductivity of the base material and void respectively. The node fraction for each

element, nf is the proportion of its eight nodes that exist within the subdomain of a

member. The subdomain of a member is defined as the region enclosed by the radial dis-

tance about the centroidal axis of the member. The through-sections shown in Figs 4.2b
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Figure 4.2: Face member material assignment illustration

and 4.2c represent the subdomain for Member 5 of the LUC, r = (0, 0, 0, 0, 0.19, 0, 0).

The true solid/void boundary within the unit cell is given as

Ψ(x′, rm) =
|(b(x′)− a(x′))× (a(x′)− c(x′))|

|b(x′)− a(x′)|
− rm = 0 m = 1, 2, ..., 7 (4.1)

where a and b are the position vectors of the nodes within the microscale coordinate

system, x′, at both end vertices of the centroidal axis of the given member. Position

vector, c corresponds to any given node. The first term on the r.h.s of Eqn. 4.1 is the

distance of a point from a line in three-dimensional real space. If the position of a given
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Figure 4.3: Diagonal member material assignment illustration

node relative to a member’s centroidal axis satisfies the relation

|(b(x′)− a(x′))× (a(x′)− c(x′))|
|b(x′)− a(x′)|

− rm ≤ 0 m = 1, 2, ..., 7 (4.2)

for which rm is the normalized radius of the m-th member, then that node belongs to the

subdomain defining the m-th member. Equation 3.8 is then evaluated to determine the

Young’s modulus of each 8-noded element in the LUC domain. The LUC of Fig. 4.2 has

position vectors of a = (0, 0.5, 0.5) and b = (1, 0.5, 0.5) for member 5 with r5 = 0.19. Fig-

ure 4.2 shows that elements of intermediate Young’s modulus exist in the neighbourhood
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of r5 = 0.19. From Fig. 4.2b, all nodes of Element 1 do not satisfy Eqn. 4.2 so that nf = 0

and Ee = Ev. On the other hand, Element 4 has nf = 1 so that Ee = Es. Elements

2 and 3 have nf = 0.25 and 0.75 with Ee = 0.25Es GPa and 0.75Es GPa respectively.

Figure 4.2c shows Element 6 with nf = 0.5 and Ee = 0.5Es GPa. Similar considerations

apply to the local assignment of the thermal conductivity coefficient.

The material assignment for diagonal members is similar to the element-based material

assignment governed by distance of nodal positions from member subdomains but with

adaptations to satisfy the geometry periodicity requirements. Consider the LUC with

r = (0.19, 0, 0, 0, 0, 0, 0) shown in Fig. 4.3. Member 1 has centroidal axis with a =

(0, 0, 1), b = (1, 1, 0) with r1 = 0.19. The through-section C-C shown in Fig. 4.3b is

orientated so that its plane lies along the centroidal axis of Member 1 and not in any

of the 3 orthonormal axes. Like the face member illustrated in Fig. 4.2, elements with

intermediate Young’s modulus lie in the neighbourhood of r1 = 0.19 so that element 9

and 10 have Ee = 0.375Es and Ee = 0.875Es respectively. However, to ensure periodicity

of the microstructure, trucated regions at the corners must be recaptured within the

LUC. This is achieved by material assignment based on translated centroidal axes for

each of the diagonal Members 1 – 4 along each of the three orthonormal axes. The new

position vectors of the end vertices of the translated centroidal axes in the i-th orthonormal
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direction, a′i and b′i are given as

a′1 = (ax ± Lx, ay, az)

a′2 = (ax, ay ± Ly, az)

a′3 = (ax, ay, az ± Lz)

b′1 = (bx ± Lx, by, bz)

b′2 = (bx, by ± Ly, bz)

b′3 = (bx, by, bz ± Lz)

(4.3)

where Lx = Ly = Lz = 1 for the LUC. In Fig. 4.3b, the through-section C-C captures the

effect of this consideration achieved by material assignment for the translated centroidal

axis of Member 1 along the positive and negative y-axis such that a′2 = (ax, ay + 1, az)

and b′2 = (bx, by − 1, bz). Applying Eqn. 4.3 yields the periodic configuration of Fig. 4.3a

with corner material assignment within the LUC for r = (0.19, 0, 0, 0, 0, 0, 0). These

considerations yield a periodic micro-architecture as demonstrated by an assembly of

multiple LUCs (see Fig. 4.4) and have been applied to the material assignment for diagonal

Members 1–4 for all micro-architectures of this work. This consideration for diagonal
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Figure 4.5: Example micro-architectures with vector of radii parameters,
r = (0, 0, 0, 0, 0, 0, 0), (0, 0, 0, 0, 0.13, 0.13, 0.13), (0.13, 0.13, 0.13, 0.13, 0, 0, 0),
(0, 0.19, 0.06, 0, 0.13, 0.06, 0.13), (0.25, 0.25, 0.25, 0.25, 0.25, 0.25, 0.25), and
(0.38, 0.38, 0.38, 0.38, 0.38, 0.38, 0.38) (left-to-right).



78 Chapter 4. Microscale Numerical Implementation

members does not apply to Members 5–7 since these face members are already periodic

with member subdomains fully contained within the LUC.

Figure 4.5 shows examples of micro-architectures that can be derived from the paramet-

erisation described above, along with their fixed-discretization representation. The fixed-

discretization representations have been thresholded for visualization at Ee = 0.01Es.

Having derived an efficient parameterization, the microscale model is completed by evalu-

ating the effective mechanical and thermal properties of all micro-architectures achievable

by the parameterization implemented.

4.3 Asymptotic expansion homogenization

To demonstrate the determination of effective mechanical and thermal properties of the

LUCs of this work using the homogenization theory described in Sec. 3.4, an account of

the numerical procedures for an arbitrary LUC is documented as follows:

An LUC with vector of parameters, r = (0.12, 0.06, 0, 0.2, 0.1, 0.08, 0.13) is considered

to demonstrate the capability for full control over anisotropy afforded by the paramet-

erization scheme developed in Sec. 4.1. First, a unit cube is defined and its domain is

discretized into n3
e 8-noded hexahedral elements. Mesh convergence studies of Sec. 4.5

have determined the choice of ne = 70. According to Sec. 4.2, material assignment is

executed given r. Base material properties are consistent with that used in Sec. 4.2 and

remains the same throughout this work. As a consequence, element-wise Young’s Modu-

lus and thermal conductivity are assigned based on Eqns. 3.8 and 3.9. Considerations are

made to ensure geometric periodicity as described for diagonal lattice members. To pre-

vent rigid body translation, a Dirichlet boundary condition is imposed at x′ = (0, 0, 0) on

the unit cell so that ui = 0 for i = 1, 2 and 3. Figures 4.6a and 4.6b illustrate the material

assignment on a fixed structured mesh. Periodic boundary conditions are imposed across

opposite external boundaries of the unit cell. This is achieved by enforcing associations
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Figure 4.6: Element-based material assignment

of degrees of freedom on the LUC boundary nodes as defined by Eqns. 3.35 and 3.36.

More precisely, the external boundary nodes are classified as master or slave nodes. By

convention, master nodes reside on entities connected to the origin, x′ = (0, 0, 0). An

entity is a corner, edge or face of the LUC. The degrees of freedom of slave nodes are
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Figure 4.7: Displacement field solution given ε̄ij (Deformation scale = 0.2 : 1)

linked to corresponding master nodes through constraint equations so that they respond

structurally and thermally in an identical manner as the master nodes, the constraints

here being the periodic boundary conditions of Eqns. 3.35 and 3.36. The structured dis-
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Figure 4.8: Temperature field solution given ∇θ̄i

cretization implemented ensures that there are always corresponding nodes on opposite

external boundaries so that the constraint equations are precisely implemented. Nodes

residing on edge or corner entities belong to two or three separate degree-of-freedom as-

sociations respectively. Nodes residing on face entities only belong to a single association,

with the corresponding node on the opposite face.

Having ensured geometric periodicity and periodic boundary condition implementation

on the fixed discretization representation of the microstructure, Eqns. 3.19 and 3.31 are

implemented to numerically solve for the periodically-fluctuating displacement field and

temperature distribution for each of the six unit strains of Fig. 3.2 and three unit temper-

ature gradient across the LUC of Fig. 3.3 respectively. Figure 4.7 shows the displacement

field obtained for each unit strain. Figure 4.8 shows the temperature field obtained for

each temperature gradient imposed on the LUC. The solutions, u and θ give ε∗ij and ∇θ∗i

which are substituted into Eqns. 3.20 and 3.32 to obtain the microscale stress tensor, σij

and heat flux vector, qi respectively. Figures 4.9 and 4.10 show the stress tensor compon-

ent fields for macroscale direct strain, ε̄11 and macroscale shear strain, ε̄12. Figure 4.11

shows the microscale heat flux vector components, qi, for macroscale temperature gradient

in the x-direction, ∇θ̄1.

The macroscale stress tensor and heat flux vector components were derived by Eqns. 3.22

and 3.33 respectively. Finally, the mechanical and thermal properties of the micro-
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Figure 4.9: Stress tensor components given ε̄11 (Deformation scale = 0.2 : 1)
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Figure 4.10: Stress tensor components given ε̄12 (Deformation scale = 0.2 : 1)
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Figure 4.11: Heat flux vector components given ∇θ̄1
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architecture were determined by Eqns. 3.23 and 3.34 respectively to give:

EH
ij =



E11 E12 E13 E14 E15 E16

E22 E23 E24 E25 E26

E33 E34 E35 E36

E44 E45 E46

sym E55 E56

E66


=



19.29 9.80 8.75 3.57 1.53 7.78

16.17 8.62 3.59 1.98 7.72

27.78 3.72 1.63 6.35

8.77 6.53 2.20

sym 8.91 3.53

9.78


GPa

(4.4)

and

KH
ij =


K11 K12 K13

K22 K23

sym K33

 =


6.30 3.34 0.82

5.67 1.62

sym 7.62

Wm−1K−1 (4.5)

The fully populated stiffness and conductivity matrices of Eqns. 4.4 and 4.5 demonstrate

Type/
Parameters

Geometry
-

Elasticity
Matrix (GPa)

Conductivity
Matrix (Wm−1K−1)

Orthotropic
(0.1,0.1,0.1,0.1,0.2,0.1,0.1)

x'z'

y'

35.1 7.29 7.29 0 0 0
17.8 7.64 0 0 0

17.8 0 0 0
7.21 0 0

sym 7.05 0
7.05

 [
7.68 0 0

5.45 0
sym 5.45

]

Monoclinic
(0.2,0.1,0.1,0.2,0.1,0.1,0.1)

x'z'

y'

33.1 18.0 15.5 0 0 9.54
33.1 15.4 0 0 9.54

42.1 0 0 6.42
15.6 6.75 0

sym 15.6 0
17.4

 [
9.87 3.32 0

9.87 0
sym 11.2

]

Anisotropic
(0.12,0.08,0.06,0.2,0.1,0.07,0.2)

x'z'

y'

23.1 12.1 10.4 3.09 1.77 7.68
18.2 9.85 3.18 2.31 7.54

44.0 3.58 2.24 5.40
10.3 5.91 2.36

sym 10.7 3.08
11.7

 [
7.52 3.23 0.78

6.70 1.29
sym 10.01

]

Isotropic
(0.38,0.38,0.38,0.38,0.38,0.38,0.38)

z'

y'

x'

281 120 120 0 0 0
281 120 0 0 0

281 0 0 0
80.4 0 0

sym 80.4 0
80.4

 [
39.9 0 0

39.9 0
sym 39.9

]
The base material properties for these micro-architectures are consistent with those of Sec. 4.2 and for all
micro-architectures of this work. However, the components of the elasticity and conductivity matrices scale
linearly with those of the base material so that the database of material properties is suited to all other base
materials, provided the Poisson’s Ratio remains unchanged.

Table 4.1: Sample micro-architectures enabled by parameterization
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the capacity for anisotropy control afforded by the chosen parameterization. Orthotropic

and monoclinic micro-architectures are also derivable. Table 4.1 illustrates sample micro-

architectures enabled by the parameterization scheme employed. The mechanical and

thermal properties of all simulated micro-architectures of this work have been determined

by the homogenization process described above.

4.4 Numerical Verification

To validate the homogenization implementation of this work, the method is compared

with analytical expressions derived by Hashin et al. [122] for determining the effective

moduli of perforated composites (ie. composites of a certain base material with a periodic

distribution of spherical void inclusions). These expressions are generalized as the elastic

limits for a mechanical mixture of isotropic materials and are explored further in relation

to the composite micro-architecture of this work in Sec. 5.6. Here, the Hashin-Shtrikman

upper bound is used to validate this work’s implementation of the asymptotic expansion

homogenization. Hashin demonstrated that the elastic upper bound for a two-phase

composite was achieved by one comprised of a matrix of a stronger phase material with

spherical inclusions of a weaker phase material. Mathematically, the bulk and shear

moduli are presented as

κ∗u = κ2 +
vf1

1

κ1 − κ2

+
3vf2

3κ2 + 4µ2

(4.6)

and

µ∗u = µ2 +
vf1

1

µ1 − µ2

+
6(κ2 + 2µ2)vf2
5µ2(3κ2 + 4µ2)

(4.7)

respectively where κ2, µ2 and vf2 are the bulk moduli, shear moduli and volume fraction

of the stronger phase material and κ1, µ1 and vf1 are those of the weaker phase material

respectively. In this section, it is demonstrated that the implementation of asymptotic
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Figure 4.12: Material assignment

expansion homogenization in this work remains valid regardless of the microscale paramet-

erization implemented. It also verifies that perforated composites yield limit properties

as stated by Hashin [122].

Consider the unit cell parameterization shown in Fig. 4.12 which models composites with

spherical void inclusions. An infinite assembly of the unit cell yields a perforated compos-

ite of the base material of this work. The spherical voids are represented with properties

of a very weak material. The unit cell is parameterized by the normalized radius of the

spherical void, 0 ≤ r̃ ≤ 0.5 with its center coinciding with that of the unit cell. By varying

r̃ within the unit cell, perforated composites of varying material properties are derived.

The homogenization technique described in Sec. 4.3 is then implemented to derive the

elastic properties of the unit cell. Hill [123] presented relations to derive the bulk and

shear moduli of a material given its elasticity matrix components. They are

9κ∗ = (E11 + E22 + E33) + 2(E23 + E13 + E12) (4.8)

and

15µ∗ = (E11 + E22 + E33)− (E23 + E13 + E12) + 3(E44 + E55 + E66) (4.9)

respectively.

The normalized radius parameter was varied over 20 equal increments across the range
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Figure 4.13: Effective bulk and shear moduli of composite with spherical void inclusions

of possible values ie. 0 ≤ r̃ ≤ 0.5. For each value of the normalized radius, the volume

fraction, vf , bulk modulus, κ̃ and shear modulus, µ̃ were determined. Figure 4.13 shows

the variation of effective bulk and shear moduli with varying volume fraction for a com-

posite of the base material with spherical void inclusions. The dashed-line is the Hashin-

Shtrikman (HS) upper limit which is presented as the exact value for the moduli of

perforated composites. The solid dots show the moduli computations based on the elastic

matrix components derived by asymptotic expansion homogenization (AEH) as imple-

mented in this work. The implementation of homogenization in this work is validated by

Figures 4.13a and 4.13b as the moduli computations for the perforated composite coin-

cides with the HS-upper bounds. This is in agreement with Hashin’s demonstration that

perforated composites yield limit moduli properties. Micro-architectures of these perfor-

ated composites with high void radii (vf < 0.6) feature deviations from the HS line which

may be attributed to the interaction of void regions across adjacent micro-architectures

as the extent of the void regions begin to intersect. It is worthy of note to state that

perforated composites used for the validation of the implemented homogenization tech-

nique demonstrate limit properties but feature an unsuitable parameterization since they

support enclosed volumes.
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4.5 Mesh Convergence Studies

All microscale simulations have been executed by implementing finite element analyses

as illustrated in the previous sections. Finite element analyses involves the discretization

of infinite-dimensional systems to form approximate finite representations of the systems.

Increasing the number of discretization elements improves the accuracy of the approxim-

ation but also increases the computational cost of solving the system. Mesh convergence

studies were carried out to ensure that an efficient discretization density was implemen-

ted to yield converged homogenized properties of the micro-architectures with minimal

computational cost. The results of the study are presented in Figs. 4.14–4.17. Each of

 

(a) Normalized E11 vs ne

 

(b) Normalized E12 vs ne

 

(c) Normalized E44 vs ne

Figure 4.14: Mesh Convergence Studies - All members incremented
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(a) Normalized E11 vs ne

 

(b) Normalized E12 vs ne

 

(c) Normalized E44 vs ne

Figure 4.15: Mesh Convergence Studies - Only member 5 incremented

the plots demonstrates the variation of the normalized value of a stiffness or conductivity

matrix component against an increasing level of discretization. The discretization level,

represented by the number of elements along the edge of the unit cell, is varied such that

10 ≤ ne ≤ 80 in even increments (4.10)

The effect of increasing micro-architecture volume fraction by changing member sizes

over 6 levels was also investigated. The nature of member variation over the 6 levels is

shown on the right of each plot. Figure 4.14a shows mesh convergence when all members

are incremented. No shear-extension elasticity matrix components studies have been

conducted since the derived micro-architecture always remains orthotropic or isotropic
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(as is the case when the unit cell becomes fully dense). Micro-architectures of higher

volume fraction (higher member levels) are shown to attain mesh convergence at lower

mesh resolutions than those of lower volume fraction. Figure 4.15 features convergence

 

(a) Normalized E11 vs ne

 

(b) Normalized E12 vs ne

 

(c) Normalized E44 vs ne

 

(d) Normalized E25 vs ne

Figure 4.16: Mesh Convergence Studies - Only member 1 incremented

plots when a single face member is incremented. Again, shear-extension components

are not shown since the member variation features only orthotropic micro-architectures

across the variation. However, it was observed that increasing the face member did not

noticeably improve convergence results for extension-normal extension and shear-shear

elasticity matrix components. Increasing mesh density improved the normalized values of

these matrix components to within 5% of the converged solution at ne = 70. Direct-direct

extension components were fully converged at this mesh density for all variations of the
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face member as shown in Fig 4.15a.

Figure 4.16 features convergence plots when a single diagonal member is incremented.

Mesh convergence was attained at ne = 70 for all elasticity components across all vari-

ations of the single diagonal member radius. It was observed that micro-architectures with

lower levels of the diagonal member attained convergence sooner than those with higher

levels of the diagonal member radius. This is due to the material assignment at the corners

of the unit cell due to geometry periodicity considerations as discussed in Sec. 4.2, result-

ing in a highly anisotropic micro-architecture. Figure 4.17 features convergence plots for

 

(a) Normalized K11 vs ne

 

(b) Normalized K11 vs ne

 

(c) Normalized K11 vs ne

 

(d) Normalized K12 vs ne

Figure 4.17: Mesh Convergence Studies - All members incremented(Figs. 4.17a), Member
5 incremented(Fig. 4.17b) and Member 1 incremented (Fig. 4.17c and 4.17d) incremented

the thermal conductivity matrix components. The effect of increasing micro-architecture
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volume fraction by changing member sizes over 6 levels on the convergence plots was also

investigated. All components investigated yielded converged solutions at ne = 70 for all

micro-architectures.

4.6 Stress Flow Characterization

The suitability of the microscale parameterization was investigated by evaluating mech-

anical load paths through typical micro-architectures when subjected to direct and shear

strains of Fig. 3.2. For brevity, considerations were limited to load paths due to direct

strain, ε̄11 and shear strain, ε̄12. Recall that the orientation of the LUCs are aligned to

the macroscale domain coordinate system. Principal stress magnitudes and directions

were determined by evaluating the eigenvalues and eigenvectors of the local stress tensor

at each element within the LUC. Load paths are defined as tangential everywhere to the

principal stress directions. Figures 4.18 - 4.23 show the maximum principal stress mag-

nitudes and directions through micro-architectures of only face members, only diagonal

members as well as both diagonal and face members. The radii of the members in the fig-

ures are kept uniform for emphasis on the orientation of the members rather than member

sizes. Figure 4.18 shows a periodic micro-architecture with only face members 5, 6 and 7

subjected to direct strain, ε̄11.

High magnitude stress flow through Member 5 suggests that resistance to direct strain,

ε̄11 is most sensitive to member 5 by virtue of its orientation relative to the strain applied.

As a consequence, the stiffness of the micro-architecture can be increased most effectively

by increasing r5. It is demonstrated that face members are suited to resist direct strain

in any of the orthonormal axes since their centroidal axes are aligned to these axes. The

same micro-architecture is however not suited to shear strains as shown in Fig. 4.19. Here,

stress flow with much lower magnitudes through face members 5 and 6 result in bending

of the members due to shear strain, ε̄12. By virtue of their orientation, face members are

demonstrated to offer less resistance to shear strain as beams are much less stiff in bending
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Figure 4.18: Load path through, r = (0, 0, 0, 0, 0.1, 0.1, 0.1) due to ε̄11

than in tension or compression. Consider the micro-architecture with diagonal members

of Fig. 4.21 subject to the same shear strain, ε̄12. The stress flow through members 1 and

4 are along the centroidal axes of the members so that they are in tension as a consequence

of their orientation in the LUC. Stress flow through members 2 and 3 are compressive

and can be visualized by plotting minimum principal stress directions. It is demonstrated

that the diagonal members 1, 2, 3 and 4 are suited to resist any of the shear strains, ε̄ij

by virtue of their orientation. The diagonal members are also capable of resisting direct

strains as shown by Fig. 4.20, however, the orientation of the diagonal members suggests

that they are not as efficient as the face members, since they offer normal resistance to

direct strain only in pairs.

The parameterization scheme of this work seeks to take advantage of the benefits of both

face and diagonal members. Figures 4.22 and 4.23 demonstrate that the face members are

suited to efficient resistance to direct strain while the diagonal members are better suited
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Figure 4.19: Load path through, r = (0, 0, 0, 0, 0.1, 0.1, 0.1) due to ε̄12
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Figure 4.20: Load path through, r = (0.1, 0.1, 0.1, 0.1, 0, 0, 0) due to ε̄11
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Figure 4.21: Load path through, r = (0.1, 0.1, 0.1, 0.1, 0, 0, 0) due to ε̄12
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Figure 4.22: Load path through, r = (0.1, 0.1, 0.1, 0.1, 0.1, 0.1, 0.1) due to ε̄11
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Figure 4.23: Load path through, r = (0.1, 0.1, 0.1, 0.1, 0.1, 0.1, 0.1) due to ε̄12

to resisting shear strains. It is worth noting that in practice, each micro-architecture

encounters combinations of these direct and shear strains. The parameterization em-

ployed allows the variations of the radii of the lattice members to yield efficient micro-

architectures with the desired mechanical properties.

4.7 Heat Flow Characterization

The suitability of the microscale parameterization implemented was also investigated by

evaluating thermal load paths through typical micro-architectures when subjected to tem-

perature gradients. For brevity, considerations were limited to heat flow due to temper-

ature gradient in the x-direction ∇θ̄1. Recall that the heat flux vector was determined at

every element within the LUC by evaluating Fourier’s conduction law as in Eqn. 3.32, from

which the magnitude and directions of the heat flow is derived. Figures 4.24 - 4.26 show

the magnitude and direction of heat flux through micro-architectures of only face mem-
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Figure 4.24: Thermal load path through, r = (0, 0, 0, 0, 0.1, 0.1, 0.1) due to ∇θ̄1

bers, a single diagonal member as well as both diagonal and face members. As in Sec. 4.6,

the radii of the members in the figures are kept uniform for emphasis on the orientation of

the members rather than member sizes. Figure 4.24 shows a periodic micro-architecture

with only face members 5, 6, and 7 subjected to a temperature gradient, ∇θ̄1. High

magnitude heat flow through Member 5 suggests that it best conducts the heat across

the temperature gradient by virtue of its orientation relative to the imposed temperature

gradient. As a consequence, the most effective way to make the micro-architecture more

conductive is by increasing r5. Indeed, the face members are best suited to conduct heat

in any of the orthonormal directions since their centroidal axes are aligned along these

axes.

Figure 4.25 shows a periodic micro-architecture with a single diagonal member. It il-

lustrates the conduction of heat across the temperature gradient, though the heat flux

magnitude is less than for a face member by virtue of its orientation. However, this



96 Chapter 4. Microscale Numerical Implementation

y'

x'z'

H
ea

t 
Fl

u
x,

 q

60.0

50.0

40.0

30.0

20.0

10.0

00.0

(a) Thermal load path (Perspective view)

y'

x'z'

1.0

Te
m

p
er

at
u
re

, 
θ0.8

0.6

0.4

0.2

0.0

(b) Temperature distribution

y'

x'

60.0

50.0

40.0

30.0

20.0

10.0

00.0

H
ea

t 
Fl

u
x,

 q

(c) Thermal load path (x-y view)

y'

z'

H
ea

t 
Fl

u
x,

 q

60.0

50.0

40.0

30.0

20.0

10.0

00.0

(d) Thermal load path (y-z view)

Figure 4.25: Thermal load path through, r = (0.1, 0, 0, 0, 0, 0, 0) due to ∇θ̄1
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Figure 4.26: Thermal load path through, r = (0.1, 0.1, 0.1, 0.1, 0.1, 0.1, 0.1) due to ∇θ̄1
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orientation of the diagonal member demonstrates that heat conduction in orthonormal

directions, different from that along which a temperature gradient is imposed, is possible.

The consequence of this is that the conductivity matrix of Eqn. 3.34 has off-diagonal

terms. This feature of the microscale parameterization promises interesting capability in

macroscale optimization. Finally, the periodic micro-architecture of Figure 4.26 demon-

strates that the benefits of face members and diagonal members can be combined to yield

micro-architectures with interesting thermal properties. Again, each micro-architecture

encounters combinations of these temperature gradients in practice, so that variations of

the radii of the lattice members enables the design of efficient micro-architectures with

the required thermal properties.



Chapter 5

Material Model Generation

Having developed an efficient parameterization of the small-scale and a means to de-

termine converged structural and thermal properties of the derivable micro-architectures

given their vector of radii parameters, a description of the discrete material property

space population follows, culminating in the construction of response surface models for

the components of the property matrices.

It was identified that the micro-architecture parameterization implemented yielded geo-

metries with recognizable rotation and reflection symmetries. As a consequence, a full

factorial design of experiments could be implemented with potentially significant com-

putational savings derived from leveraging the existence of the symmetries. The total

number of evaluation points in the space of material properties associated with a full

factorial DoE, Nf is given as

Nf = nmkL (5.1)

where nL is the number of levels of pertubation of the small scale parameters and mk is

the number of degrees of freedom associated with the parameterization (corresponding

to the number of components in the vector of radii parameters). In this work, mk = 7

and nL = 7 so that Nf = 823, 543. Without leveraging the existence of symmetries, the

number of required property evaluation points associated with a full factorial DOE will

98
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lead to high computational expense. To take advantage of existing symmetries, recourse

was taken to axis and material tensor transformation operations to develop an index of

micro-architecture geometries along with their mechanical and thermal properties. This

involved the generation of a parent-child micro-architecture classification grid. A ‘parent’

micro-architecture in this work is defined as a micro-architecture whose unique proper-

ties cannot be derived from the properties of apriori simulated micro-architectures but

from which other micro-architectures can derive their own properties by rotation or re-

flection symmetry analyses. These micro-architectures whose material properties do not

need to be simulated but are derived from the parent micro-architecture are called ‘chil-

dren’. Details of the construction of the parent-children microstructure grid follow. First,

for the sake of completeness, the well-known axis transformation operations are enumer-

ated. Material property tensor transformation operations are then generated from the axis

transformation operations. A detailed description of the creation of the micro-structure

library is given. The outcome is the generation of 823,543 micro-architecture geometries

with their mechanical and thermal property tensors as well as volume fraction at a much

lower computational cost compared to that required for a full factorial evaluation.

5.1 Axis transformation operations

Rotation transformation operators about the x, y and z-axes are given as

QRx =


1 0 0

0 c −s

0 s c

 , QRy =


c 0 s

0 1 0

−s 0 c

 and QRz =


c −s 0

s c 0

0 0 1

 (5.2)

respectively where c = cos θ and s = sin θ. All rotations considered in this work are such

that θ = 90◦. Reflection transformation operators of the yz, xz and xy planes along the
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x, y and z-axes are given as

QRyz =


−1 0 0

0 1 0

0 0 1

 , QRxz =


1 0 0

0 −1 0

0 0 1

 and QRxy =


1 0 0

0 1 0

0 0 −1

 (5.3)

5.2 Unit Cell geometry transformation

To derive all possible geometry transformations of the unit cell, the base orientation of

Fig. 3.4 is defined for the unit cell and translated such that its center coincides with

the origin of the coordinate system, O(0, 0, 0). A 3 × 8 matrix of the unit cell vertex

coordinates, Mv is defined for the base geometry (See Fig. 5.1). By applying the trans-

formation operators of Eqns. 5.2 and 5.3 in every possible order of execution without

repetition to the matrix of vertex coordinates, all achievable unit cell orientations are

derived. Mathematically,

M ′
v = Q Mv (5.4)

where M ′
v is the matrix of vertex coordinates for the transformed geometry and Q is

the operator derived from sequentially combined operators. It is important to note that

the rotation transformation operations are not commutative. However, reflection trans-

formation operations are commutative. The total number of possible permutations of the

transformation operators is determined by

NQ =

rQ=n∑
rQ=1

n!

(n− rQ)!
(5.5)

where n = 6 is the number of unique transformation operations and rQ is the number

of transformation operations combined ie. executed sequentially on the matrix of vertex

coordinates to derive a new geometry transformation. For clarity, when a single operation

is executed, rQ = 1, and when two operators are combined, rQ = 2. Forty seven (47)

unique geometry transformations of the base orientation are derived. As a consequence,
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there are 48 possible geometry transformations associated with a unit cell for θ = 90◦,

regardless of the enclosed micro-architecture. These 47 unique transformation operations

are then applied to the material property tensors of the base orientation of each parent

microstructure to determine the unique material transformations associated with a given

parent micro-architecture.

5.3 Material Property Transformation

The general 6× 6 rotation transformation matrix for the elasticity tensor is given as

RR =

A B

C D

 (5.6)

where

A =


l21 m2

1 n2
1

l22 m2
2 n2

2

l23 m2
3 n2

3

 (5.7)

,

B =


2m1n1 2n1l1 2l1m1

2m2n2 2n2l2 2l2m2

2m3n3 2n3l3 2l3m3

 (5.8)

,

C =


l2l3 m2m3 n2n3

l1l3 m1m3 n1n3

l1l2 m1m2 n1n2

 (5.9)

and

D =


m2n3 +m3n2 n2l3 + n3l2 m2l3 +m3l2

m1n3 +m3n1 n1l3 + n3l1 m1l3 +m3l1

m1n2 +m2n1 n1l2 + n2l1 m1l2 +m2l1

 (5.10)
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for

QR =


l1 m1 n1

l2 m2 n2

l3 m3 n3

 (5.11)

where QR = QRx , QR = QRy and QR = QRz for rotations about the x, y and z-axes

respectively. Rotationally transformed elasticity tensors expressed as stiffness matrices

are derived by

E′ij = [RR] Eij [RR]T (5.12)

for i, j = 1, 2, ... 6.

The general reflection transformation matrix for fourth rank tensors such as the elasticity

tensor is given as

E′
ijkl = Qim Qjn Qko Qlp Emnop (5.13)

where Q = QRyz , Q = QRxz and Q = QRxy for reflections of the yz, xz and xy planes

along the x, y and z-axes respectively. Also, i, j, k, l, m, n, o and p = 1, 2 and 3 are the

indices locating the components of the reflection transformation matrix Q as well as the

components of the elasticity tensor, E.

The rotation and reflection transformation matrix for the thermal conductivity matrices

are given as

K′
ij = [Q] Kij [Q]T (5.14)

where Q = QRx , Q = QRy and Q = QRz for rotations about the x, y and z-axes re-

spectively and Q = QRyz , Q = QRxz and Q = QRxy for reflections of the yz, xz and xy

planes along the x, y and z-axes respectively. The derivations of the axis transformation

equations are detailed in [124, 125, 126, 127, 128].

By applying the 47 unique axis transformation operations derived in Sec. 5.2 on parent

micro-architectures, all possible material transformations were attained. In the most
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general case of anisotropy, where the vector of radii parameters of a micro-architecture had

7 unique components, 23 material transformations were derived from the base orientation.

Consequently, there are 24 material transformations associated with a fully anisotropic

micro-architecture - half the number of unique geometry transformations. There exists

an invariance in material behaviour associated with each member within a unit cell when

its end vertices’ coordinates are interchanged. Hence, the reduction in the total number

of material transformations relative to the geometry transformations. The parent micro-

architectures of this work yielded varying symmetry properties and hence varying numbers

of children micro-architectures, ranging from no children (isotropic micro-architectures)

to 23 children (fully anisotropic micro-architectures).

5.4 Property Space Population

To populate the space of material properties, a full-factorial list of micro-architectures

was developed by a sequential array of their vector of radii parameters. Each micro-

architecture within this array shared the base orientation of Fig. 3.4 and were poten-

tial parent micro-architectures, which had to be simulated. In a sequential manner, the

elasticity tensor, thermal conductivity matrix and volume fraction, collectively called the

property vector, ηp was evaluated as described in Secs. 4.2 and 3.4. Mathematically, each

micro-architecture simulation yielded

ηp = (E,K, vf )p (5.15)

where p = 1, 2, ..., Nf . Next, the 47 unique transformation operators were applied to the

unit cell of the simulated parent micro-architecture and the corresponding material trans-

formation operations were applied to the derived elasticity tensor and thermal conductiv-

ity matrix. The volume fraction, vf is invariant to the transformation operations so that

all children micro-architectures share the volume fraction of the parent micro-architecture.

Finally, the children micro-architectures were eliminated from the full factorial array of
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Figure 5.1: Example of symmetry geometries of a parent micro-architecture

micro-architectures to prevent redundant re-simulations. The parent micro-architecture

index, p was then incremented until the next unsimulated parent micro-architecture was

encountered in the array. Figure 5.1 shows a parent micro-architecture with all of its chil-

dren. For ease of visualization, a micro-architecture with a single diagonal member and

face member has been used for the illustration. Only a single simulation to the determine

the property vector of the parent is required for this family of micro-architectures. The

population of the material space described above yielded only 40,817 simulations/parents,

yet delivering a full factorial micro-architecture property evaluation of 823,543. This con-

stitutes a 95% reduction in required simulations. Figure 5.2 presents the significant reduc-

tion in required simulations associated with symmetry considerations when the number of

levels by which each component of the vector of radii parameters is perturbed varies from

unity to nL. Properties derived from symmetry considerations were verified by property

simulations on a random selection of children micro-architectures.
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Figure 5.2: Symmetry-driven simulation reduction log-plot (Nf is the full factorial number
of simulations and Ns is the reduced number of simulations)

5.5 Property Space Exploration

The property space population of Sec. 5.4 involved the determination of the property vec-

tor, ηp, associated with each micro-architecture derived in the full factorial design of exper-

iments. This constitutes discrete property evaluations within a 7-dimensional space – an

evaluation of the components of the stiffness and conductivity matrices as well as volume

fraction in the space of the vector of radii parameters. It is impossible to visualize the eval-

uation points within the 7-dimensional space. However, to highlight interesting features

of the micro-architecture parameterization implemented, Fig. 5.3 presents projections of

the evaluation points for each of the 823,543 micro-architectures on a component-volume

fraction plane for stiffness matrix components E11, E12, E44 and E15. There are 21 such

discrete material property space populations and 6 thermal property space populations

corresponding to each of the components of the stiffness and thermal conductivity matrices

respectively. To highlight certain features of the property data, each of the plots features

superimposed linear, quadratic and cubic stiffness - volume fraction interpolation lines.
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(a) Normalized E11 vs vf
 

(b) Normalized E12 vs vf

 

(c) Normalized E44 vs vf

 

(d) Normalized E15 vs vf

Figure 5.3: Property space exploration: Projections of micro-architectures on stiffness
matrix component-volume fraction planes

Observe that the lattice micro-architectures feature an inherent penalization of interme-

diate densities. More precisely, this inherent penalization of the micro-architectures with

the highest stiffness to volume fraction ratios offer less penalization but remain physically

realizable. For example, micro-architectures located within the finger-like projections of

Fig. 5.3a feature high stiffness to volume fraction ratio in the x-direction with a dominant

face member 5. These are advantageous for compliance minimization problems. Similar

benefits in material interpolation are observed for E22 and E33 corresponding to dominant

members 6 and 7 respectively in the finger-like projections (not shown for brevity). Fig-
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ure 5.3b demonstrates that there exists an inherent cubic penalization for vf > 0.7 but a

less than cubic for vf < 0.7 for E12. Similar properties were observed for all direct-normal

extension coupling terms of the stiffness matrix, E13 and E23 (not shown for brevity).

For shear-shear coupling terms of the stiffness matrix as shown in Fig. 5.3c, the inherent

penalization of micro-architectures with the highest stiffness to volume fraction ratios are

less than quadratic for all vf . Finally, the extension-shear coupling terms of the stiffness

matrix as shown in Fig. 5.3d exhibit shear capabilities that are not possible with the SIMP

material interpolation law since isotropic materials exhibit zero shear-extension capabil-

ities. In general, several micro-architectures exist for any given volume fraction, offering

a range of stiffness properties in different directions. The SIMP material interpolation

with similar penalization as inherently provided by the lattice parameterization of this

work would constitute large regions of meaningless intermediate densities in large-scale

optimization. The SIMP material interpolation also features only a single stiffness value

for a given volume fraction.

Provided a means is derived to represent the discrete material property evaluations as

continuous property interpolation functions, these features could yield important and

interesting benefits in gradient-based large-scale optimization. The shear capabilities of

the lattice parameterization will also be exploited in large-scale optimization sections of

this work.
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5.6 Performance against Hashin-Shtrikman Bounds

Hashin et al. [122] presented the bounds for the effective elastic moduli of multiphase

materials where the materials may be considered to be composed of a mechanical mixture

of isotropic and homogeneous elastic phases. The lower and upper bounds for effective

bulk moduli of two phase materials are given as

κ∗l = κ1 +
vf2

1

κ2 − κ1

+
3vf1

3κ1 + 4µ1

(5.16)

and

κ∗u = κ2 +
vf1

1

κ1 − κ2

+
3vf2

3κ2 + 4µ2

(5.17)

respectively for κ2 > κ1 and µ2 > µ1. The lower and upper bounds for effective shear

moduli of two phase materials are given as

µ∗l = µ1 +
vf2

1

µ2 − µ1

+
6(κ1 + 2µ1)vf1
5µ1(3κ1 + 4µ1)

(5.18)

and

µ∗u = µ2 +
vf1

1

µ1 − µ2

+
6(κ2 + 2µ2)vf2
5µ2(3κ2 + 4µ2)

(5.19)

respectively for κ2 > κ1 and µ2 > µ1. For the LUCs of this work, κ2 and µ2 are the bulk

and shear moduli of the base material while κ1 and µ1 are those for void (reresented as a

very weak material). The base material volume fraction, vf2 satisfies the relation

vf2 = 1− vf1 (5.20)

where vf = vf2 is the volume fraction of the LUC. The derivations of Eqns. 5.16 – 5.19

are detailed in [122].

The bulk and shear moduli of a given material given its elasticity matrix components as



5.6. Performance against Hashin-Shtrikman Bounds 109

 

(a) Normalized κ vs vf
 

(b) Normalized µ vs vf

Figure 5.4: Performance of lattice parameterization against Hashin-Shtrikman Bounds

presented by Hill [123] is given by Eqns. 4.8 and 4.9 used in Sec. 4.4. Figures 5.4a and 5.4b

show the bulk and shear moduli Hashin-Shtrikman bounds for the multiphase materials

of this work along with the bulk and shear moduli of all 823,543 micro-architectures

derived by the parameterization implemented. It was observed that the micro-architecture

bulk and shear moduli evaluations satisfied the bound constraints. Hashin et al. [122]

demonstrated that these bounds correspond exactly to the bulk and shear moduli of

composites comprised of matrix of phase one with spherical inclusions of phase two and

vice versa. By virtue of the parameterization implemented, the micro-architectures of

intermediate densities of this work are short of attaining the theoritical upper bound of

bulk and shear moduli. However, the micro-architectures are fully realizable by additive

manufacturing where matrix-inclusion composites (such as perforated composites) are

not. This suggests that manufacturing constraints could possibly lower the upper bounds

for three-dimensional additively manufacturable structures [121].
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5.7 Response Surface Model Generation

The purpose for the development of a small scale parameterization and its evaluation at

discrete points to populate the space of material properties is for gradient-driven large

scale optimization in the space of the microscale parameters. The material properties must

be evaluated by continuous and differentiable functions since sensitivities of the properties

must be evaluated with respect to the design variables. In this subsection, the development

of response surface models (also called metamodels) is presented. These metamodels are

continuous functions of the vector of radii parameters and their development consists of

local approximations of the discrete evaluation points of the DoE in a least squares sense

by a function, through the minimization of the error functional,

De =
∑
i

∣∣P(ri)−Pi

∣∣2 (5.21)

where P(ri) belongs to the space of polynomials of a chosen degree and dimension, mk

and Pi is the material property response at evaluation point i, for i ∈ [1...Nf ]. Details

of the ordinary least square polynomial formulation is well documented in literature [98].

For completeness, the derived polynomial function, P(ri), whose coefficients minimize the

error of Eqn. 5.21 can be expressed as

P(r) = b(r)ᵀ cc (5.22)

where b(r) is the polynomial basis vector of choice and cc is the vector of unknown

coefficients which is given as

cc =

[∑
i

b(ri)b(ri)
ᵀ

]−1∑
i

b(ri)Pi (5.23)

The number of terms in the polynomial basis vector is given as

k =
(nk +mk)!

nk! mk!
(5.24)
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where nk is the degree of the polynomial and mk is the number of independent variables

or degrees of freedom. The general form of the response surface models of this work is

given as

P(r) =
k∑
η=1

cη
mk∏
β=1

rβ
αβ (5.25)

where cη is the corresponding coefficient to the η-th term of the polynomial function

determined by Eqn. 5.23 and αβ permutates through non-negative integers such that

αβ ∈ [0, ..., nk] and
m∑
β=1

αβ ≤ nk
(5.26)

Polynomial metamodels of this work are such that nk = 6 and mk = 7 as polynomial

functions of nk > 6 suffered overfitting so that they performed poorly in approximat-

ing intermediate points in the parameter space. Figures 5.5 and 5.6 show hyper-planes

through typical seven-dimensional metamodels of this work. The stemmed points repres-

ent the material point evaluation for the given conductivity/elasticity matrix component.

The mesh plots demonstrate the approximation and interpolation capability of the corres-

ponding metamodel constructed as a least square fitting function to the scatter stemmed

points. A metamodel was also created for each micro-architecture volume fraction, vf .

These metamodels are differentiable and continuous functions which facilitate the rapid

Property Type R2 RMSE
K11, K22, K33 – 0.9986 0.0071
K12, K13, K23 – 0.9928 0.0140
E11, E22, E33 Direct/Direct Extension 0.9975 0.0118
E12, E13, E23 Direct/Normal Extension 0.9969 0.0136
E15, E16, E24 Shear/Extension 0.9923 0.0185
E26, E34, E35 Shear/Extension 0.9923 0.0185
E14, E25, E36 Shear/Extension 0.9934 0.0172
E44, E55, E66 Shear/Shear 0.9987 0.0080
E45, E46, E56 Shear/Shear 0.9938 0.0128

Vf – 0.9991 0.0021

Table 5.1: Table of R2-values and RMSEs for 6th-order polynomial metamodels
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evaluation of local material properties and volume fraction given the vector of radii para-

meters. They are therefore suited to gradient-based optimization.

Table 5.1 shows the coefficients of determination (R2 values) and Root Mean Square

Errors (RMSEs) associated with the constructed metamodels.

 

(a) K̄11 vs (r5, r6), r1 = r2 = r3 = r4 = r7 = 0.105

 

(b) K̄22 vs (r1, r3), r1 = r2 = r3 = r4 = r7 = 0.105

 

(c) K̄12 vs (r3, r4), r1 = r2 = r5 = r6 = r7 = 0.105

 

(d) K̄23 vs (r3, r5), r1 = r2 = r4 = r6 = r7 = 0.105

Figure 5.5: Hyper-planes through typical seven-dimensional Kxx metamodels.
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(a) Ē22 vs (r5, r6), r1 = r2 = r3 = r4 = r7 = 0.105

 

(b) Ē44 vs (r5, r6), r1 = r2 = r3 = r4 = r7 = 0.16

 

(c) Ē34 vs (r1, r4), r2 = r3 = r5 = r6 = r7 = 0.105

 

(d) Ē15 vs (r3, r2), r1 = r4 = r5 = r6 = r7 = 0.105

 

(e) Ē34 vs (r2, r3), r1 = r4 = r5 = r6 = r7 = 0.105

 

(f) Ē66 vs (r1, r4), r2 = r3 = r5 = r6 = r7 = 0.16

Figure 5.6: Hyper-planes through typical seven-dimensional Exx metamodels.



Chapter 6

Macroscale Problem Formulation

In this chapter, the mathematical formulations for macroscale optimization is presented.

Key theoretical assumptions are stated and the response surface models of Chapter 5

are integrated into variational formulations for the classes of problems treated in this

work. It concludes with a description of the numerical implementation of the macroscale

optimization algorithm.

6.1 Optimization Phase Overview

The optimization phase consists of macroscale optimization formulation in the space of

the microscale parameters enabled by the meta-models generated in the preceding sec-

tions. This is the core optimization framework, converting an initial structural layout

to its optimized design. Equipped with explicit expressions of large-scale (homogenized)

properties as functions of the small-scale lattice parameters, functional grading of the

material of structures is formulated in the space of the precomputed material properties.

The design domain is defined and discretized into finite elements. In contrast to the

SIMP approach, where each cell of the discretized domain is assigned an artificial density

function as a measure of local stiffness to derive the optimal distribution of material, this

114



6.2. Assumptions 115

framework leverages the continuous functions of material property evaluation derived in

the pre-computation phase. As a consequence, local properties are controlled at the scale

of the lattice micro-architectures by controlling the value of the components of the vector

of lattice parameters, r within each cell.

6.2 Assumptions

The pure structural and pure thermal assumptions of Sec. 3.1 also apply to the macroscale

analyses. In addition, for thermo-elastic formulations, Eqn. 3.1 becomes

σT ij = Eijkl εkl + βij θ (6.1)

so that the total Cauchy stress tensor, σT ij comprises a linear combination of mechan-

ical strain-induced and thermal strain-induced stresses. The symmetric thermo-elasticity

tensor, βij, for thermally-induced stresses across a temperature difference, θ is given as

σ′
ij = βij θ (6.2)

6.3 Mathematical Formulation

Consider the domain of an externally loaded and constrained initial structure discretized

into Ne elements and with Nn nodes. The scale of this structural component defines the

macroscale. Recall that an assumption upon which the theoretical concepts of homogen-

ization rely is that there is sufficient separation between the macroscale and the scale of

the micro-architectures (Eqn. 3.10). The class of optimization problems which the derived

optimization framework solves refer to those constrained by physical phenomena represen-

ted by Partial Differential Equations (PDEs). As a consequence, the general formulation
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of the optimization problems is given as

minimize: J
(
u(rγ), rγ

)
subject to: F (u(rγ), rγ) = 0∫

Ω

V (rγ) dΩ ≤ VD

rmin ≤ riγ ≤ rmax

ρmin ≤ ργ ≤ ρmax

(6.3)

for γ = 1, 2, ...Nn and i = 1, 2, ...m where

rγ = [r1γ, r2γ, r3γ, r4γ, r5γ, r6γ, r7γ, ργ]
ᵀ (6.4)

is the stacked vector of control variables with length 8Nn. The real-valued objective

functional, J depends on the solution, u, of a PDE that defines the physics of the problem.

It also depends on the stacked vector of control variables, rγ. The solution to the PDE

must also satisfy a prescribed equilibrium constraint, F = 0. There is an optional cost

constraint that controls the overall volume fraction of the optimized structure as shown

in Eqn. 6.3 for which the volume fraction meta-model is evaluated at each node as

V (rγ) = ργV (r1γ, r2γ, r3γ, r4γ, r5γ, r6γ, r7γ) (6.5)

A pseudo-lattice-density variable, ργ is introduced in the formulation as shown in Eqns. 6.3

– 6.5. Penalizing this variable in a SIMP-like manner discourages intermediate values of

the variable so that it defines a layout of lattice or no-lattice regions in the optimal solu-

tion. Finally, there exist bound constraints on the components of the stacked vector of

control variables as shown in Eqn. 6.3. The lower bound is set based on a limiting compu-

tational ability to determine true material behaviour with decreasing member radii at the

chosen mesh discretization. The lower bound must also satisfy manufacturing constraints

as there are limitations to the smallest permissible thickness associated with every base
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material. Below a specific length scale for a given homogeneous base material, the material

properties deviate from documented structural behaviour [129, 130]. The upper bound is

set by the highest level of perturbation of the lattice parameters for the micro-architecture

to attain the properties of a fully dense block. The bounds of the pseudo-lattice-density

variable ρmin = 0 and ρmax = 1 define the regions of no lattice micro-architecture and

lattice-micro-architecture respectively since the variable is penalized to discourage inter-

mediate values. The optimization framework as defined was applied to pure structural

problems, pure thermal problems and thermo-structural problems. For each problem-type,

the robustness of the derived framework is demonstrated by solving common optimization

problems of structural and thermal compliance minimization subject to limited material

availability, as well as target deformation inspired by mechanical loads. The numerical

implementation of the derived framework to these classes of optimization problems are

described below.

6.3.1 Structural Optimization

Static equilibrium mechanics of Sec. 3.1 as shown in Eqn. 3.4 can be expressed in its

variational form as∫
Ω

σ(u, rγ) : ε(v) dΩ−
∫

Ω

f · v dΩ−
∫

Γ

T · v dΓ = 0 ∀v ∈ V (6.6)

where the stress tensor is given as

σ(u, rγ) = E(rγ) · ε(u) (6.7)

for which E(rγ) = ρpγK(r1γ, r2γ, r3γ, r4γ, r5γ, r6γ, r7γ) is constructed from the meta-models

generated in Sec. 5.7 with a penalization parameter, p on the pseudo-lattice-density vari-

able that defines the macroscale lattice density distribution. A test function, v is defined



118 Chapter 6. Macroscale Problem Formulation

that belongs to the space of all admissible displacement functions V , f represents the sum

of all internal forces acting within the domain of the structure, Ω such as body weight, T

represents the sum of all external traction forces acting on the boundary of the domain,

Γ and u is the solution to the PDE satisfying the static equilibrium constraint.

For compliance minimization problems, the objective functional for structural problems

is given as

Juc
(
u(rγ), rγ

)
=

∫
Ω

f · u dΩ +

∫
Γ

T · u dΓ (6.8)

For target deformation problems, the objective functional is given as

Jud
(
u(rγ), rγ

)
=

∫
Γ

||u− uD||2 dΓ (6.9)

where uD is a prescribed target displacement function.

6.3.2 Thermal Optimization

According to the steady state pure conduction assumptions stated in Sec. 3.1, the heat

equation can be expressed in its variational form as∫
Ω

q(θ, rγ) : ∇w dΩ−
∫

Ω

fθ · w dΩ−
∫

Γ

Tθ · w dΓ = 0 ∀w ∈ W (6.10)

where the heat flux is given as

q(θ, rγ) = −K(rγ) · ∇θ (6.11)

for whichK(rγ) = ρpγK(r1γ, r2γ, r3γ, r4γ, r5γ, r6γ, r7γ) is constructed from the meta-models

generated in Sec. 5.7 with a penalization parameter, p on the pseudo-lattice-density vari-

able that defines the macroscale lattice density distribution. A test function, w is defined

that belongs to the space of all admissible temperature functions W , fθ represents the

sum of all internal heat sources per unit volume of the domain of the structure, Ω, Tθ rep-
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resents the sum of all external heat sources per unit area of the boundary of the domain,

Γ and θ is the solution to the PDE satisfying the steady state constraint. For thermal

compliance (average temperature) minimization problems, the objective functional for

pure thermal conduction problems of this work is given as

Jθc
(
θ(rγ), rγ

)
=

∫
Ω

fθ · θ dΩ +

∫
Γ

Tθ · θ dΓ (6.12)

6.3.3 Thermo-structural Optimization

Based on the assumptions of linear elastic static equilibrium and steady state pure conduc-

tion as presented in Sec. 3.1, the variational form of a weakly coupled thermo-structural

strong form equation for this work is given as∫
Ω

σT (u, θ, rγ) : ε(v) dΩ +

∫
Ω

q(θ, rγ) : ∇w dΩ

−
∫

Ω

f · v dΩ−
∫

Γ

T · v dΓ−
∫

Ω

fθ · w dΩ−
∫

Γ

Tθ · w dΓ = 0

∀v ∈ V , ∀w ∈ W
(6.13)

where σT is the total stress induced by mechanical and thermal strains as in Eqn. 6.1 and

with all other symbols remaining as denoted in Secs. 6.3.1 and 6.3.2. The formulation

is referred to as weakly coupled because the temperature field is decoupled from the

displacement field, however, the mechanical response depends on the temperature field

due to the presence of thermal strains in the thermo-elastic constitutive relation as shown

in Eqn. 6.1. The objective functional for thermo-structural problems of this work is given

as

Juθd
(
u(θ(rγ)), rγ

)
=

∫
Γ

||u− uD||2 dΓ (6.14)
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6.4 Filtering of Control Variables

The direct implementation of the derived framework using low-order finite element discret-

ization is subject to checker-boarding. It also yields mesh-dependent optimal solutions.

Checker-boarding can be minimized by regularization or the use of higher-order finite

elements with concomitant increase in computational cost. To eliminate checker-boarded

solutions and to ensure mesh-independent optimal results, this work features the filtering

of the stacked vector of radii parameters using a Helmholtz-type filter as described by

Lazarov et. al [36]. The aim of this filtering technique is to define the control variables

at a particular node as a function of the variable field within a support neighbourhood

defined by a filter radius. The filter is defined implicitly as a solution to the Helmholtz

PDE in its strong form as

−z2∇2r̃γ + r̃γ = rγ (6.15)

where rγ is the unfiltered stacked vector of radii parameters, r̃γ is the filtered stacked

vector of radii parameters and z is the filter radius. Homogeneous Neumann boundary

conditions are applied to the boundary of the domain of the structure so that

∂r̃

∂n
= 0 (6.16)

where n is the unit normal vector. The weak form of Eqn. 6.15 is given as∫
Ω

z2∇r̃γ · ∇s dΩ +

∫
Ω

r̃γ · s dΩ−
∫

Ω

rγ · s dΩ = 0 ∀s ∈ S (6.17)

where S is the space of all admissible control test functions, s. It should be noted that

considerations must be made for design variable filtering in order to maintain the correct

evaluations of the volume constraint given by Eqn. 6.3 where

V = V (r̃) (6.18)
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gives the local volume fraction of filtered variables. The sensitivity of the volume frac-

tion to the stacked vector of radii parameters as well as the sensitivity of the objective

functionals of this work make considerations for the implementation of variable filtering

as will be clearly demonstrated in Sec. 6.5.

6.5 Sensitivity Analyses

The computational cost of evaluating the PDEs of this work motivated the implementa-

tion of a gradient-based optimization approach. It followed that the sensitivities of the

objective functional to the stacked vector of control parameters,
dJ

drγ
had to be determ-

ined in addition to the value of the objective functional, J so that gradient information

could be implemented in the search direction computations. In presenting the details of

the derivations of the relevant sensitivities, it is assumed that all derivatives exist and are

sufficiently smooth.

Consider the objective functional of the general problem formulation of Eqn. 6.3. Let M

denote the dimension of the solution space and L = 8Nn denote the dimension of the

parameter space. The objective functional can be written as

J
(
u(P(r̃γ)),P(r̃γ)

)
(6.19)

since the solution of the PDE is dependent on the material properties controlled by the

stacked vector of control parameters. Recall that the meta-models generated in Sec. 5.7

are explicit expressions of material property (structural and thermal) as functions of the

stacked vector of control variables so that

P(r̃γ) =


Eij(r̃γ), if elasticity matrix component

Kpq(r̃γ), if conductivity matrix component
(6.20)
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where i, j =1, 2, ...6 and p, q =1, 2 and 3. The sensitivities of J are given as

dJ

drγ
=
dJ

dP
dP
dr̃γ

dr̃γ
drγ

(6.21)

Expanding
dJ

dP
gives

dJ

drγ︸︷︷︸
1×L

=

(
∂J

∂u︸︷︷︸
1×M

du

dP︸︷︷︸
M×M

+
∂J

∂P︸︷︷︸
1×M

)
dP
dr̃γ︸︷︷︸
M×L

dr̃γ
drγ︸︷︷︸
L×L

(6.22)

The derivative,
du

dP
is difficult to attain since the PDE solution is an implicit function

of the material property. It would require solving an M × M linear system for each

component of rγ. To circumvent the exorbitant computational cost associated with the

sensitivity computation of Eqn 6.22, the discrete adjoint method is employed. From

Eqn. 6.3, the equilibrium constraint is written as

F (u(P),P) = 0 (6.23)

so that
dF

dP︸︷︷︸
M×M

=
∂F

∂u︸︷︷︸
M×M

du

dP︸︷︷︸
M×M

+
∂F

∂P︸︷︷︸
M×M

= 0 (6.24)

to give
du

dP
= −∂F

∂P

(
∂F

∂u

)−1

(6.25)

Substituting Eqn. 6.25 into Eqn. 6.22 yields

dJ

drγ
=

(
− ∂J

∂u

∂F

∂P

(
∂F

∂u

)−1

+
∂J

∂P

)
dP
dr̃γ

dr̃γ
drγ

(6.26)



6.5. Sensitivity Analyses 123

Re-ordering the derivatives and taking the transpose of both sides yields

dJ

drγ

ᵀ

︸ ︷︷ ︸
L×1

=
dr̃γ
drγ

ᵀ

︸ ︷︷ ︸
L×L

dP
dr̃γ

ᵀ

︸ ︷︷ ︸
L×M

(
− ∂F

∂P

ᵀ

︸︷︷︸
M×M

λ︷ ︸︸ ︷(
∂F

∂u

)−ᵀ
︸ ︷︷ ︸

M×M

∂J

∂u

ᵀ

︸︷︷︸
M×1

+
∂J

∂P

ᵀ

︸︷︷︸
M×1

)
(6.27)

where (
∂F

∂u

)ᵀ

λ =
∂J

∂u

ᵀ

(6.28)

is the adjoint system associated with the PDE F (u(P),P) = 0. The adjoint variable, λ is

associated with the solution, u and has the same dimension as the solution so that each

component of u has a corresponding adjoint variable. By solving the adjoint problem,

the derivative of the objective functional with respect to the stacked vector of control

parameters is solved at a computational cost comparable to solving the governing PDE

for the solution u once. As a consequence, the adjoint method is suited to determining

the sensitivities of functionals with respect to control parameters of large dimension and

is used in this work.

The first term of Eqn. 6.27,
dr̃γ
drγ

is the sensitivity of the filtered stacked vector of control

parameters to the stacked vector of control parameters, a consequence of variable filtering.

The second term,
dP
dr̃γ

is the sensitivity of material property matrices, (Eij ,Kpq) to the

filtered stacked vector of control parameters. Following from Eqn. 6.21, the numerical

implementation for deriving the sensitivity of the objective functional to the stacked
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vector of control parameters for structural and thermal problems of this work are

dJ

drγ

)
u

=
dr̃γ
drγ



6∑
i=1

6∑
j=i

dJ

dEij

dEij
dr̃1γ

6∑
i=1

6∑
j=i

dJ

dEij

dEij
dr̃2γ

...
6∑
i=1

6∑
j=i

dJ

dEij

dEij
dr̃7γ

6∑
i=1

6∑
j=i

dJ

dEij

dEij
dρ̃γ



(6.29)

and

dJ

drγ

)
θ

=
dr̃γ
drγ



3∑
p=1

3∑
q=p

dJ

dKpq

dKpq

dr̃1γ

3∑
p=1

3∑
q=p

dJ

dKpq

dKpq

dr̃2γ

...
3∑
p=1

3∑
q=p

dJ

dKpq

dKpq

dr̃7γ

3∑
p=1

3∑
q=p

dJ

dKpq

dKpq

dρ̃γ



(6.30)

respectively. The jacobian matrix (the matrix of constraint sensitivities to the unfiltered

stacked vector of control parameters) is required for problems with a constraint on the

availability of material. This is given as

dV

drγ
=
dr̃γ
drγ

dV

dr̃γ
(6.31)

All sensitivities are rigorously verified by finite differencing so that the derivative of the

objective functional with respect to the i-th component of the stacked vector of control

variables is given as
dJ

dri
= lim

h→0

J(rγ + hξi)− J(rγ)

h
(6.32)

where the perturbation is h = 0.0001 and ξi is the vector of zeros of the same length as
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rγ with 1 in the i-th entry.

6.6 Numerical Implementation

With the ability to evaluate objective functionals constrained by partial differential equa-

tions as well as capability for an efficient evaluation of objective functional sensitivit-

ies, large-scale optimization is executed in the space of the small scale design variables.

FEniCS [131] is the open source finite element solver implemented for the large-scale op-

timization algorithms of this work. A general description of the numerical implementation

of the optimization formulation in FEniCS follows:

6.6.1 Mesh generation

FEniCS is equipped with a basic in-built mesh generator for simple 2D and 3D geomet-

ries. For more complex geometries, Gmsh – an open source three-dimensional finite element

mesh generator is used. Complex geometries are developed with commercial CAD soft-

ware and imported into Gmsh as .stp files. In addition to mesh generation, Gmsh supports

the creation of elementary entities and physical groups to enable the generation of do-

main and boundary indicators. The .msh file format from Gmsh is then converted to .xml

file format and imported into FEniCS. Where domain/boundary indicators have been

defined within Gmsh, the conversion also yields .xml files for physical and facet regions

used for marking sub-domains and sub-boundaries respectively within the FEniCS formu-

lation. The marking of sub-domains and sub-boundaries facilitate the implementation of

mechanical and thermal loads as well as dirichlet boundary conditions.
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6.6.2 Function space generation

Finite element function spaces are defined over the imported mesh for field variables.

Vector function spaces are defined over the mesh for displacement in pure elastic for-

mulations and scalar function spaces are defined over the mesh for temperature in pure

thermal problems. A scalar function space is also defined over the mesh for the control

variables. For thermo-structural formulations, mixed function spaces are defined. In all

cases, linear Continuous Garlekin (Lagrange) elements are implemented so that solution

space evaluations are executed on the mesh nodes.

6.6.3 Domain Initialization

The domain is initialized by assigning dof values corresponding to the radii distribution

of the inital design. This is achieved by assigning a stacked vector of radii parameters

as the control variable vector for the optimization algorithm. Non-design regions are

assigned radii values corresponding to fully dense unit cells. For this work, the initial radii

distribution within the design region corresponds globally to the design volume constraint

value for each problem. The initial radii distribution constitutes the ‘start point’ within

the space of parameters. This stacked vector of control variables is then mapped to the

mesh vertices within the domain function space. For problems with restricted design

regions, the vector of control variables is mapped only to vertices within the designable

region function space. To prevent checkerboarding due to the use of linear Lagrange

elements (low-order elements) and to impose a restriction scheme for mesh-independence,

the Helmholtz filter of Sec. 6.4 is applied so that the value of control variable is a function

of the variable field within a support neighbourhood defined by a filter radius.
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6.6.4 Objective functional evaluation

FEniCS features many sparse direct solvers used to solve the underlying linear systems

implied by the variational forms of Sec. 6.3. It also offers full control over many solver

parameters and preconditioners. Material properties for the constitutive relations in the

formulations are given by the explicit response surface models generated in precompu-

tation phase. The language used to express these variational forms called Unified Form

Language (UFL), facilitates ease of expressing complicated terms in partial differential

equations. The solution yielded by the direct solvers (displacement or temperature distri-

butions) are visualized by exporting .vtu file representations of the FEniCS field variables

to Paraview – an open-source data analysis and visualization application. The objective

functional is then evaluated according to Eqns. 6.8, 6.9, 6.12 and 6.14.

6.6.5 Gradient evaluation

The formulation of the macroscale optimization as a gradient-based algorithm is neces-

sitated by the high computational cost of solving the large linear systems derived by the

discretization of the variational formulations of this work. As a consequence, for each

iteration, the optimization searches for a better design than that of the previous iteration

by leveraging sensitivity information. In FEniCS, adjoint sensitivities are derived through

dolfin-adjoint [131]. Dolfin-adjoint is a Python library within FEniCS [132, 133] which

solves the adjoint system of Eqn. 6.28 at a computational cost comparable with solving

the PDE once. Explicit sensitivity expressions are combined with these adjoint sensitiv-

ities to derive the gradients that drive the optimization algorithm as shown in Eqns. 6.29

and 6.30. The outcome is a stacked vector of sensitivities whose dimension corresponds

to the dimension of the stacked vector of control parameters. Sensitivities are rigorously

verified by finite differencing of Eqn. 6.32.
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6.6.6 Constraint evaluation

In this work, the constraint evaluation corresponds to computing the integral of the volume

fraction response surface, V (r̃γ) and ensuring that it satisfies the restriction on availability

of material, VD. This information is only required for problems defined with volume

constraints.

6.6.7 Jacobian evaluation

The jacobian is the stacked vector of constraint sensitivities. These sensitivities are avail-

able as explicit expressions derived from differentiating the volume constraint response

surface model. The jacobian is only required for problems defined with volume constraints.

It is also rigorously verified by finite differencing.

6.6.8 Interior Point Optimizer (Ipopt)

In its discretized form, Eqn. 6.3 is solved with a robust gradient-based numerical optim-

izer based on an interior point algorithm, Ipopt [134]. Ipopt is an open source software

package for large-scale nonlinear optimization. To implement Ipopt within FEniCS, a

python connector, PyIpopt is used. PyIpopt uses the definition of the optimization start

point from the domain initialization, objective functional evaluation, gradient evaluation,

constraint evaluation (if required) and jacobian evaluation (if required) to derive the next

design iteration (See Fig. 6.1). It is important to note that derivatives of the objective

and constraint are with respect to the unfiltered stack of control variables as shown by

Eqns. 6.29, 6.30 and 6.31. However, the forward solve and global volume fraction are eval-

uated with the filtered stacked vector of control variables. The large-scale optimization is

terminated when an iterate satisfies the conditions of a first-order Karush-Kuhn-Tucker

(KKT) point, indicating that the solution at the current point is a strict local minim-

izer of the constrained optimization problem or by a limit on the maximum number of
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Figure 6.1: Macroscale optimization loop showing how next design iteration is derived
towards attaining optimal design

optimization iterations.

In the following three chapters, the robustness of the derived optimization framework

is investigated by its application to seven test cases of large-scale structural, thermal

and thermo-structural optimization problem-types followed by a discussion of the results

obtained. For each test case, a description of the initial domain dimensions with thermal

or structural loading and boundary conditions is given. All other settings associated with

the implementation of Ipopt are specified along with specific problem definition of each

test case. Reference is made to the appropriate mathematical formulation from Sec. 6.3.

The results for each case comprises figures showing the volume fraction distribution within

the design domain, the optimal radii distribution for each component of the vector of radii

parameters within the design domain, and a convergence plot of the objective functional

during the optimization iterations. Each test case features a lattice reconstruction of
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the optimal solution towards the realization of the physical optimal solution by additive

manufacturing. For target deformation problems, the prescribed target deformation as

well as the deformed displacement field solution is presented. Where relevant, the solution

obtained is compared against bench-mark approaches in literature. The coordinate system

of the large-scale optimization domain coincides with that of the micro-architecture of

Fig. 4.1. Finally, a discussion of the results is made, with emphasis on the main advantages

of the derived framework over more conventionally employed approaches.



Chapter 7

Structural Optimization

– Compliance minimization

In this chapter, three test cases demonstrate the suitability of the derived framework to the

compliance minimization problem where the stiffest structural layout is determined given

a constraint on the availability of material. It begins with the cantilever test case presen-

ted by Imediegwu et al. [135] with the inclusion of an additional pseudo-lattice-density

variable that defines the macroscale lattice density distribution. Two more problems

are then presented to demonstrate the capacity of the derived framework for real-world

applications.

7.1 Case 1: Top-loaded Cantilever Beam

7.1.1 Problem Definition

Consider the cantilever beam with geometrical dimensions L × W × W , with material

properties and loading conditions as specified in the problem definition of Fig. 7.1 and

Table 7.1. The goal of the optimization formulation is to minimize the compliance/strain

131
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L

W

W

u = (0, 0, 0)

F

y

x

z

Figure 7.1: Top-loaded Cantilever Beam

energy of the cantilever beam subject to a constraint on the availability of base material

such that the volume fraction of the optimized design, VD = 0.3. The cantilever beam is

also constrained to satisfy static equilibrium mechanics presented in the weak formulation

of Eqn. 6.6.

7.1.2 Results and Discussion

In response to the uniformly distributed external load on the cantilever beam, the dis-

placement of the cantilever is shown for the material properties specified at the beginning

of the optimization search in Fig. 7.2. The bound constraints on the components of the

stacked vector of control variables confine the material space of possible designs to the

precomputed property space. The optimal distribution of radii parameters at termina-

tion of the search are displayed in Figs. 7.3 and 7.4 for the diagonal and face members

respectively.

The solid regions in the solutions depict riγ ≥ 0.30. The pale blue regions depict regions

where rmin < riγ < 0.30. All other regions represent riγ = rmin. This representation of

the results facilitate the visualization of spatially varying radii distributions of this work.

The macroscale lattice density distribution forms an I-beam-like section. I-beam sections

possess high second moment of area due to an increased off-set of the sectional area from
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Domain
Design Region Full

L, W 3, 1 m

Force, F 1000 N/m2

Base material, Es, ν 209 GPa, 0.3
Mesh discretization

Element type Structured hexahedral
No. of elements, Ne 24000

No. of design nodes, Nn 26901 of 26901
No. of variables 8×Nn

Optimization settings
Starting point, riγ, ργ 0.113, 1

Bound constraints, rmin, rmax 0.07, 0.38
Bound constraints, ρmin, ρmax 0, 1

Filter radius, z 0.03
Step-size update strategy Adaptive

Pseudo–lattice–density function penalization p = 3

Volume constraint, VD 0.3× V
Max. Iter. 250
Obj. Tol. 1× 10−5

Table 7.1: Top-loaded Cantilever Beam: Problem Definition

the neutral axis in comparison to uniform sections, hence offering higher resistance to

bending. The orientations of Members 1 and 4 (Figs. 7.3a and 7.3d) are suited to convey

the compressive principal stresses from the external top-load to the Dirichlet boundary

condition at the lower part of the fixed end. Members 2 and 3 (Figs. 7.3b and 7.3c) have

orientations that are suited to convey tensile principal stresses from the top part of the

fixed end towards the bottom face of the cantilever.

Figure 7.5 shows the minimum and maximum principal stress paths for the top-loaded

cantilever of this work. Observe that the maximum radii distributions coincide with

the regions of highest tensile or compressive principal stresses – at the fixed end of the

cantilever and near the top and bottom surfaces respectively. The symmetries in the

radii distributions of Members 1 and 4 as well as Members 2 and 3 demonstrate that the

orientations of the members determine to their regions of dominance.
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Figure 7.2: Top-loaded Cantilever: Displacement, u (m) at Iteration 1 (Deformation Scale
– 32000:1)

Towards the free end of the cantilever, where principal stress magnitudes are lower, it be-

comes more efficient for face member 5 to provide the resistance to bending while member

6 supports the top-load, providing resistance to shear stresses. Member 7 (Fig. 7.4c) does

not contribute significantly to maximizing the stiffness of the beam as a consequence

of its orientation and hence is least dominant within the design domain. The pseudo-

lattice-density function (Fig. 7.6) defines the macroscale lattice density distribution in a

similar manner to the pseudo–density function of the SIMP method. The penalization of

the pseudo–lattice–density function discourages intermediate weighting values so that it

approximates the regions of lattice or no-lattice.

Figure 7.7a shows the optimal local volume fraction distribution based on the optimal

cantilever radii distributions of Figs. 7.3 and 7.4. It demonstrates that optimal geometry

is an I–beam–like with greatest material distribution in regions close to the fixed end

where maximum stresses exist. However, the sensitivities of each degree of freedom to

the compliance differs as a consequence of the orientations of the members so that the

most efficient member is used locally to offer stiffness in relevant directions. The optim-

ization convergence plot is shown in Fig. 7.7b and shows a minimum strain energy value,

Juc = 0.00186 J. Figure 7.8 presents the density distribution and optimization convergence

plot for a SIMP solution of the same cantilever problem. The SIMP solution converges to
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Figure 7.3: Top Loaded Cantilever: Optimal radii distribution for diagonal members 1–4
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Figure 7.4: Top Loaded Cantilever: Optimal radii distribution for face members 5–7

a worse objective functional value, Juc = 0.00221 J compared to the lattice-based solution,

hence highlighting a major merit to the derived lattice-based framework. The difference
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Figure 7.5: Top-loaded Cantilever: Minimum and maximum principal stress paths
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Figure 7.7: Top-loaded Cantilever: Lattice-based material distribution and optimization
convergence plot

in objective functional value corresponds to a 15.8% further reduction in minimum strain

energy for the lattice-based solution, for the same available material (volume constraint).

Figure 7.9 shows the lattice reconstruction derived given radii distributions. The recon-

struction is based on a marching cubes algorithm that converts volume data generated

from radii distribution data to lattice surface mesh [136, 137].

Two test cases are now considered to demonstrate the application of the framework to

compliance minimization of real-world components. Both problems feature a restricted

design domain with unstructured domain discretization.
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Figure 7.8: Top-loaded Cantilever: SIMP material distribution and optimization conver-
gence plot
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Figure 7.9: Top-Loaded Cantilever: Lattice Reconstruction
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7.2 Case 2: Engine Backet
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Figure 7.10: Engine Backet

Domain
Design region Restricted
Geometry Ref. [138]

Design space volume, V 4.63× 10−4 m3

Force, F 42258 N/m2

Base material, Es, ν 209 GPa, 0.3
Mesh discretization

Element type Unstructured tetrahedral
No. of elements, Ne 357678

No. of design nodes, Nn 68158 of 69816
No. of variables 8×Nn

Optimization settings
Starting point, riγ, ργ 0.113, 1

Bound constraints, rmin, rmax 0.07, 0.38
Bound constraints, ρmin, ρmax 0, 1

Filter radius, z 0.001
Step-size update strategy Adaptive

Pseudo–lattice–density function penalization p = 5

Volume constraint, VD 0.32× V
Max. Iter. 200
Obj. Tol. 1× 10−5

Table 7.2: Engine Bracket: Problem Definition
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Figure 7.12: Engine Backet: Displacement, u (m) at Iteriation 1 (Deformation Scale –
25000:1)

7.2.1 Problem Definition

Consider the engine bracket with geometrical dimensions given within the General Electric

bracket challenge description [138], with material properites and loading conditions as

specified in the problem definition of Figs. 7.10 and Table 7.2. As in Sec. 7.1, the goal

of the optimization formulation is to minimize the compliance of the bracket subject to

a constraint on the availability of material such that VD = 0.32. However, in this case, a

design sub-domain exists so that regions around all holes are non-design space as shown

in Fig. 7.11.

7.2.2 Results and Discussion

In response to the external loads on the bracket, the displacement of the bracket is

shown for the material properties specified at the beginning of the optimization search
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Figure 7.13: Engine Bracket: Maximum principal stress flow path

in Fig. 7.12. Bound constraints are imposed on the components of the stacked vector of

control variables so that the optimization search is confined to the precomputed material

property space. The bracket is also constrained to satisfy static equilibrium mechanics

presented in the weak formulation of Eqn. 6.6. The optimal distribution of radii para-

meters at termination of the search are displayed in Figs. 7.14 and 7.15 for the diagonal

and face members respectively. The solid regions in the solutions depict riγ ≥ 0.30. The

pale blue regions depict regions where rmin < riγ < 0.30. All other regions represent

riγ = rmin. The diagonal members of Fig. 7.14 are best suited to resist stresses induced in

the bracket due to the external loads. This is a consequence of their orientation relative to

the principal stress directions between the applied load and the Dirichlet boundary con-

ditions. The face members of Fig. 7.15 have orientations that are not suited to efficiently

resist the principal stress flow hence, their much lower normalized radii distributions (see

Fig. 7.13).

The benefits of the lattice-based optimization are highlighted by this preference of diag-

onal members for compliance minimization for this problem as their orientations make

the compliance objective more sensitive to their changes. Macroscopically, the optimal

geometry also differs from that obtained by the implementation of SIMP as shown in

Figs. 7.16a and 7.17a. The penalized pseudo–lattice–density function (Fig. 7.15d) defines

the macroscale lattice density distribution in a similar manner to the penalized pseudo–

density function of the SIMP methodology.
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Figure 7.14: Engine Bracket: Optimal radii distribution for diagonal members 1–4
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Figure 7.15: Engine Bracket: Optimal radii distribution for face members 5–7
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Figure 7.16: Engine Bracket: Lattice-based material distribution and optimization con-
vergence plot
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Figure 7.17: Engine Bracket: SIMP material distribution and optimization convergence
plot

Figure 7.16a shows the optimal local volume fraction distribution based on the optimal

bracket radii distributions of Figs. 7.14 and 7.15. The optimization convergence plot

is shown in Fig. 7.16b with a minimum strain energy value of, Juc = 1.458 × 10−6 J.

In comparison, the convergence plot of the SIMP methodology attains only a minimum

strain energy of, Juc = 2.391 × 10−6 J – a worse final objective. The objective function

value of the lattice-based solution corresponds to a 39% reduction in strain energy for
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Figure 7.18: Engine Bracket: Lattice Reconstruction

the same available material compared to the SIMP solution. It is of note to highlight the

fact that the SIMP methodology as applied has a starting point objective of much higher

value than the corresponding lattice-based methodology for an equivalent starting volume

fraction distribution. This is due to the penalization parameter assigned to the pseudo–

density function to discourage intermediate densities. Continuation methods are often

applied to prevent this effect in SIMP algorithms. The derived lattice-based methodology

does not require continuation methods since the penalization parameter is assigned to

the pseudo–lattice–density function and not the radii parameters. The penalized pseudo–

lattice–density function can be commenced with a value of unity while for compliance

minimization problems, the radii parameters can be commenced at values corresponding

to the desired design volume fraction, VD. For an equivalent starting volume fraction,

the lattice-based framework will always commence the search of the design space from a

better starting point than a SIMP formulation of the same problem. Figure 7.18 shows

the lattice reconstruction derived given radii distributions.
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7.3 Case 3: The Goose-Neck Hinge
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Figure 7.19: Goose-Neck Hinge (GNH)

Domain
Design region Restricted

Design space volume, V 3.57× 10−4 m3

Force, F 5656.85 N/m2

Base material, Es, ν 209 GPa, 0.3
Mesh discretization

Element type Unstructured tetrahedral
No. of design nodes, Nn 37538 of 55548

No. of variables 8×Nn

Optimization settings
Starting point, riγ, ργ 0.113, 1

Bound constraints, rmin, rmax 0.07, 0.38
Bound constraints, ρmin, ρmax 0, 1

Filter radius, z 2
Step-size update strategy Adaptive

Pseudo–lattice–density function penalization p = 5

Volume constraint, VD 0.45× V
Max. Iter. 200
Obj. Tol. 1× 10−5

Table 7.3: Goose-Neck Hinge: Problem Definition
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Figure 7.21: GNH: Displacement, u (m) at initial conditions (Deform. Scale, 2000:1)

7.3.1 Problem Definition

Consider the Goose-Neck Hinge (GNH) with material and loading conditions specified

in the problem definition of Figs. 7.19 and Table 7.3. The goal of the optimization

formulation is to minimize the compliance of the hinge subject to a constraint on the

availability of material such that VD = 0.45. A non-design sub-domain exists as shown in

Fig. 7.20 and bound constraints are imposed on the stacked vector of control variables so

that the search is confined to the precomputed material space.
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7.3.2 Results and Discussion

In response to the external load on the GNH, the displacement of the hinge is shown for

the material properties specified at the beginning of the optimization search in Fig. 7.21.

Like the previous two cases, this problem belongs to the class of PDE-constrained prob-

lems where static equilibrium laws must be satisfied. The optimal distribution of radii

parameters are shown in Figs. 7.23 and 7.24 for the diagonal and face members respect-

ively. To facilitate visualization, a threshold has been set so that rviz = 0.20. Therefore,

the solid regions in the solutions depict riγ ≥ 0.2. The design region is enclosed by trans-

parent boundaries to facilitate the visualization of the radii distributions within the design

region defined by the curved profile of the GNH. The external load applied to the GNH as

shown in Fig. 7.19 subjects the hinge to bending. Macroscopically, the radii distribution

result in higher material distribution in regions close to the inner and outer curved sur-

faces of the GNH relative to the x-y plane to resist bending as shown in Fig. 7.25a. These

regions are the regions with the highest magnitudes of tensile and compressive principal

stresses as shown in Fig. 7.22.
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Figure 7.22: GNH:Maximum and minimum principal stress paths

The pseudo–lattice–density function describes the macroscale lattice density distribution

which demonstrates the requirement for an I–beam–like structure to withstand the bend-
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Figure 7.23: GNH: Optimal radii distribution for diagonal members 1–4
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Figure 7.25: GNH: Lattice-based material distribution and optimization convergence plot
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Figure 7.26: GNH: SIMP material distribution and optimization convergence plot
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Figure 7.27: GNH: Lattice Reconstruction

ing stresses (Figure 7.24d. This is consistent with the topography of the top-loaded

cantilever subjected to bending in case 1. Microscopically, the diagonal members are

dominant in the regions with greater curvature close to the pivot hinge with a distinctive

similarity between the distributions of member 1 and 4 as well as between member 2 and

3 – a consequence of their relative orientations. Members 5 and 6 (Figs. 7.24a and 7.24b

are dominant in the part of the design region close to where the external load is applied.

The compliance of the GNH is least sensitive to changes in member 7 as a consequence of

its orientation and is therefore essentially absent as shown in Fig. 7.24c. The optimization

convergence plot is shown in Fig. 7.25b so that Juc = 3.63 × 105 Nmm. In comparison,

the convergence plot the SIMP methodology attains only a minimum strain energy of,

Juc = 6.03× 105 Nmm. The minimum strain energy by the lattice-based solution corres-

ponds to a 39.8% reduction compared to the SIMP-based solution. Figure 7.27 shows the

lattice reconstruction derived given radii distributions.

The three test cases presented demonstrate that the framework consistently delivers im-

proved structurally optimal solutions for single-objective problems in comparison to the

SIMP methodology. However, the parameterization scheme implemented in this work fea-



152 Chapter 7. Structural Optimization– Compliance minimization

tures the capacity to model orthotropic and anisotropic material point properties. In the

next chapter, the derived framework is applied to multi-objective structural optimization

problems towards attaining prescribed target deformations.



Chapter 8

Structural Optimization

– Target Deformation

In this chapter, the capability of the derived framework is demonstrated in solving multi-

objective optimization problems. Multi-objective functionals consists of weighted sums

of separate objective functionals. Two test cases are presented - one to benchmark the

derived framework against existing methology as presented by Zhu et al. [20], and the other

to demonstrate this frameworks extended capacity for controlling anisotropic material

point properties to meet macroscale objectives.

8.1 Case 4: Two-prong gripper

8.1.1 Problem Definition

Taking inspiration from the works of Zhu et al. [20], the performance of the derived

lattice-based framework is investigated against a benchmark target deformation problem.

Consider the two-prong gripper with material properties and Dirichlet boundary condi-

tions specified in the problem definition of Fig. 8.1 and Table 8.1. The displacement profile

153
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Figure 8.1: Two-prong gripper

Domain
Design region Full

L, T 0.1, 0.015 m

Design space volume, V 9.86× 10−5 m3

Base material, Es, ν 209 GPa, 0.3
Mesh discretization

Element type Unstructured tetrahedral
No. of design nodes, Nn 25774 of 25774

No. of variables 8×Nn

Optimization settings
Starting point, riγ, ργ 0.113, 1

Bound constraints, rmin, rmax 0.07, 0.38
Bound constraints, ρmin, ρmax 0, 1

Filter radius, z 0.001
Step-size update strategy Adaptive

Pseudo–lattice–density function penalization p = 3

Volume constraint, VD –
Max. Iter. 300
Obj. Tol. 1× 10−5

Table 8.1: Two-prong gripper: Problem Definition

attributed to the imposed conditions at the beginning of the optimization search is shown

in Fig. 8.2. The goal of the optimization is to minimize the error functional between this

displacement profile, u and predefined target displacements on specified target surfaces

using the radii parameters as design variables. For this problem, two target displacements
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Figure 8.2: Two-prong gripper: Displacement, u (m) at Iteration 1

are defined, uD1 and uD2, defined mathematically within the design domain as

uD1(x, y, z) =


(−0.17y − 0.0117, 0, 0) if x < 0.05 and y < −0.07

(0, 0, 0) everywhere else
(8.1)

and

uD2(x, y, z) =


(0.17y + 0.0117, 0, 0) if x > 0.05 and y < −0.07

(0, 0, 0) everywhere else
(8.2)

Two target surfaces, S1 and S2 can be identified in Fig. 8.1. The target displacement

distributions of Eqns. 8.1 and 8.2 are shown in Fig. 8.5a.

The error functional is evaluated as a weighted sum of the squared differences between

the displacement of the target surfaces and their corresponding prescribed target displace-

ments. Bound constraints have been imposed on the stacked vector of control variables so

that the search is confined to the precomputed material space. Static equilibrium mech-

anics govern the linear elastic response. There is no prescribed design volume constraint.

8.1.2 Results and Discussion

The optimal distribution of radii parameters at termination of the search are displayed

in Figs. 8.3 and 8.4 for the diagonal and face members respectively. To facilitate visual-



156 Chapter 8. Structural Optimization– Target Deformation

~r1γ

0.38

0.07

0.35

0.30

0.25

0.20

0.15

0.10
y

z

x

(a) Member 1, rviz = 0.22

~r2γ

0.38

0.07

0.35

0.30

0.25

0.20

0.15

0.10
y

z

x

(b) Member 2, rviz = 0.22

~r3γ

0.38

0.07

0.35

0.30

0.25

0.20

0.15

0.10
y

z

x

(c) Member 3, rviz = 0.22

~r4γ

0.38

0.07

0.35

0.30

0.25

0.20

0.15

0.10
y

z

x

(d) Member 4, rviz = 0.22

Figure 8.3: Two-prong gripper: Optimal radii distribution for diagonal members 1–4

ization, a threshold has been set so that rviz = 0.22. The solid regions in the solutions

depict riγ ≥ 0.22. The pale blue regions depict regions where rmin ≤ riγ < 0.22.

Macroscopically, the radii distributions yield a volume fraction distribution that forms

a compliant mechanism that allows the target deformations to be attained as shown by

Fig.8.6a. To facilitate a description of the mechanism, the region connecting the two

Dirichlet boundary conditions will be referred to as the actuation shaft.

As in the cases above, the diagonal members demonstrate symmetry similarities in radii

distribution by virtue of their orientation. Members 1 and 4 (Figs. 8.3a and 8.3d) feature

dominant-radii region on the far side of the gripper which actuates the gripper jaws associ-

ated with target surface S2. Members 2 and 3 (Figs. 8.3b and 8.3c) feature a similar region

on the left which actuates the gripper jaw associated with target surface, S1. Member 5,

oriented collinearly with the direction of the external displacements, features a radii dis-
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Figure 8.4: Two-prong gripper: Optimal radii distribution for face members 5–7
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Figure 8.5: Two-prong gripper: Displacement Target
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Figure 8.6: Two-prong gripper: Lattice-based material distribution and optimization con-
vergence plot
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Figure 8.7: Two-prong gripper: Lattice Reconstruction

tribution that offers less resistance to the applied displacements along the actuation shaft.

The radii distribution of Member 6 connects the dominant regions of the diagonals to the

actuation shaft. Finally, Member 7 does not contribute significantly to attaining the tar-

get displacements by virtue of its orientation hence features no regions of dominance. The

pseudo–lattice–density function defines the macroscale lattice density distribution, which
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enable the gripper to attain the target deformations by describing regions of void or lat-

tice. Figure 8.6b shows the optimization convergence plot for the gripper. It demonstrates

that the error functional is minimized until the target deformations are attained as shown

in Fig. 8.5b. The macroscale topology of the two-prong gripper is similar to that attained

by Zhu et al. [20], however via a lattice-based multiscale framework that freely optimizes

material point properties in the space of the lattice micro-parameters. An investigation of

the optimal solution domain consists of cubic and orthotropic lattice micro-architectures.

Figure 8.7 shows the lattice reconstruction derived given radii distributions.
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8.2 Case 5: Three-prong gripper
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Figure 8.8: Three-prong gripper

Domain
Design region Full

L1, L2 0.025, 0.005 m

H1, H2, H3 0.045, 0.030, 0.010 m

Design space volume, V 5.99× 10−5 m3

Base material, Es, ν 209 GPa, 0.3
Mesh discretization

Element type Unstructured tetrahedral
No. of design nodes, Nn 126688 of 126688

No. of variables 8×Nn

Optimization settings
Starting point, riγ, ργ 0.113, 1

Bound constraints, rmin, rmax 0.07, 0.38
Bound constraints, ρmin, ρmax 0, 1

Filter radius, z 0.001
Step-size update strategy Adaptive

Pseudo–lattice–density function penalization p = 3

Volume constraint, VD –
Max. Iter. 450
Obj. Tol. 1× 10−5

Table 8.2: Three-prong gripper: Problem Definition
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Figure 8.9: Three-prong gripper: Displacement, u (m) at Iteration 1

8.2.1 Problem Definition

Consider the three-prong gripper with material properties and Dirichlet boundary condi-

tions specified in the problem definition of Fig. 8.8 and Table 8.2. The displacement profile

attributed to the imposed conditions at the beginning of the optimization search is shown

in Fig. 8.9. The goal of the optimization is to minimize the error functional between this

displacement profile and predefined target displacements. For this multi-objective prob-

lem, three target displacements are defined, uD1, uD2 and uD3, defined mathematically

within the design domain as

uD1(x, y, z) =


(−0.17 cos (π

6
)z,−0.17 sin (π

6
)z, 0) if x < 0, y < 0.001, z < 0

(0, 0, 0) everywhere else
(8.3)

,

uD2(x, y, z) =


(0,−0.17 cos (π

6
)z, 0) if y > 0, z < 0

(0, 0, 0) everywhere else
(8.4)

and

uD3(x, y, z) =


(0.17 cos (π

6
)z,−0.17 sin (π

6
)z, 0) if x > 0, y < 0.001, z < 0

(0, 0, 0) everywhere else
(8.5)
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Figure 8.10: Three-prong gripper: Optimal radii distribution for diagonal members 1–4

respectively.

Three target surfaces, S1, S2 and S3 can be identified in Fig. 8.8 which define the relevant

nodes for error minimization. The target displacement distributions of Eqns. 8.3, 8.4 and

8.5 are shown in Fig. 8.12a.

As in the two-prong gripper test case, the error functional is evaluated as a weighted

sum of the squared differences between the displacement of the target surfaces and their

corresponding prescribed target displacements. Bound constraints have been imposed

on the stacked vector of control variables to confine the search within the precomputed

material space. Static equilibrium mechanics govern the linear elastic response. There

is no prescribed design volume constraint. Where the displacements of the gripper jaws

for the two-prong gripper were designed to lie in the plane of the prescribed Dirichlet



8.2. Case 5: Three-prong gripper 163

boundary conditions, this case features out-of-plane target displacements so that the

three prongs move towards each other and out of the plane of the Dirichlet conditions.

~r5γ

0.38

0.07

0.35

0.30

0.25

0.20

0.15

0.10

x

y

z

(a) Member 5, rviz = 0.20

~r6γ

0.38

0.07

0.35

0.30

0.25

0.20

0.15

0.10

x

y

z

(b) Member 6, rviz = 0.20

~r7γ

0.38

0.07

0.35

0.30

0.25

0.20

0.15

0.10

x

y

z

(c) Member 7, rviz = 0.20

No-Lattice Region ( 0)ρ~γ~
Lattice Region ( 1)ρ~γ~x

y

z

No-Lattice

(d) Post-processed pseudo–lattice–density distri-
bution

Figure 8.11: Three-prong gripper: Optimal radii distribution for face members 5–7

To exploit the capability of the framework for material point design, the three-prong

gripper is positioned such that the orientation of its actuation shaft does not coincide

with the axis of any of the micro-architecture lattice members. The optimal distribution

of radii parameters at optimization convergence are shown in Figs. 8.10 and 8.11 for the

diagonal and face members respectively. To facilitate visualization, a threshold has been

set so that rviz = 0.20. The solid regions in the solutions depict riγ ≥ 0.20. The pale blue

regions depict regions where rmin ≤ riγ < 0.20.
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Figure 8.12: Three-prong gripper: Displacement Target

8.2.2 Results and Discussion

Macroscopically, the radii distributions yield a volume fraction distribution that forms a

mechanism that allows the target deformations to be attained as shown by Fig.8.13a.
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Figure 8.13: Three-prong gripper: Lattice-based material distribution and optimization
convergence plot

The diagonal members demonstrate regional symmetries in radii distribution by virtue of

their orientation as shown by Fig. 8.10. All members demonstrate regions of dominance

since their orientations present components in the necessary directions to facilitate the
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fulfillment of the objective. The diagonal members generally have higher radii values

in the regions of dominance than the face members (8.11). The pseudo–lattice–density

function defines the macroscale lattice density distribution, which enables the gripper to

attain the target deformations. Figure 8.13b shows the optimization convergence plot

for the gripper. It demonstrates that the error functional is minimized until the target

deformations are attained on the relevant target surfaces as shown in Fig. 8.12b.

At the optimal solution, the lattice micro-architectures within design domain were invest-

igated. It is observed that fully anisotropic micro-architectures exist within the design

domain that facilitate the attainment of the macroscale multi-objective target displace-

ments as shown at nodal location x = (0.020874, 0.008266, 0.023735) in Fig. 8.14. Infact,

the solution features orthotropic, cubic and anisotropic micro-architecture as enabled

by the micro-architecture parameterization. This is a significant result since a means

is derived to achieve local anisotropic properties with a corresponding manufacturable

micro-architecture. This test case demonstrates the derivation of an optimal solution
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Figure 8.15: Three-prong gripper: Lattice reconstruction

with full control over all aspects of anisotropy afforded by the parameterization imple-

mented. Figure 8.15 shows the lattice reconstruction derived given radii distributions.

8.3 Structural Optimization: Summary of results

In the last two chapters, the capacity of the derived multiscale framework is demonstrated

for free material structural optimization in the space of lattice micro-parameters. The

optimal solutions attained for the compliance minimization problems are consistently

better than obtained by the SIMP methodology. The derived method is applicable to

real-world problems. More difficult multi-objective optimization problems are solved and

the capacity for full control of local anisotropy is demonstrated. This class of problems

cannot be achieved by methodologies based on isotropic material law. The solutions can

be physically realized by additive manufacturing.



Chapter 9

Thermal and Thermo-structural

Optimization

Having conveyed the capability of the framework to structural optimization, this chapter

demonstrates further extensions to the class of problems that can be solved by the derived

framework. The following test case minimizes the average temperature (also referred to

as thermal compliance) in a restricted heat-generating design domain given a constraint

on the availability of heat-conducting material towards a heat sink.

9.1 Case 6: Cylindrical Heat Sink

z

x
y

Ro

θ = 0

Fθ

Ri

Ra

L

Figure 9.1: Cylindrical Heat Sink
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Domain
Design region Restricted
Ri, Ra, Ro, L 0.12, 0.25, 0.70, 4 m

Design space volume, V 5.37 m3

Heat Source, Fθ 1 Wm−3

Base material, Ks 40 Wm−1K−1

Mesh discretization
Element type Unstructured tetrahedral

No. of design nodes, Nn 117773 of 128255
No. of variables 8×Nn

Optimization settings
Starting point, riγ, ργ 0.113, 1

Bound constraints, rmin, rmax 0.07, 0.38
Bound constraints, ρmin, ρmax 0, 1

Filter radius, z 0.02
Step-size update strategy Adaptive

Pseudo–lattice–density function penalization p = 3

Volume constraint, VD 0.37× V
Max. Iter. 150
Obj. Tol. 1× 10−5

Table 9.1: Cylindrical Heat Sink: Problem Definition

9.1.1 Problem Definition

Consider the Cylindrical Heat Sink (CHS) with thermal and geometric properties specified

in the problem definition of Fig. 9.1 and Table 9.1. The design region generates an

internal heat source, Fθ and a heat sink is defined at the internal surface of the hollow

cylinder. A non-design region is specified about the internal surface as shown in Fig. 9.2.

The temperature profile of the CHS is shown for the thermal properties specified at the

beginning of the optimization search in Fig. 9.3. The goal of the optimization formulation

is to determine the optimal layout of material that minimizes the thermal compliance

of the design region of the cylinder. This optimization problem is constrained by the

PDE that governs steady-state pure conduction phenomenon given by Eqn. 6.10. It is

also subject to a constraint on the volume fraction of the optimized design, VD = 0.37.

Bound constraints on the components of the stacked vector of control variables confine



9.1. Case 6: Cylindrical Heat Sink 169

z

x
y

Non-design region
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the optimization search to the space of the precomputed thermal properties.

9.1.2 Results and Discussion

The optimal distribution of radii parameters at termination of the search are displayed

in Figs. 9.4 and 9.5 for the diagonal and face members respectively. Visualization of the

normalized radii distributions has been set such that, rviz = 0.25. The solid regions in

the solutions depict riγ ≥ 0.25.

It can be observed that radii distributions of Member 1 and 3 are similar by virtue of

their orientation. Similarly, Members 2 and 4 (Figs. 9.4b and 9.4d) share similar radii

distributions. Member 5 (Fig. 9.5a) does not contribute significantly to the minimization

of objective function since its orientation is co-linear with the centroidal axis. Members

with orientations that facilitate the transfer of heat flux from the cylinder’s design domain

to the heat sink are those to which average temperature is most sensitive and hence the
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Figure 9.4: Cylindrical Heat Sink: Optimal radii distribution for diagonal members 1–4
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Figure 9.5: Cylindrical Heat Sink: Optimal radii distribution for face members 5–7
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Figure 9.6: Cylindrical Heat Sink: Lattice-based material distribution and optimization
convergence plot

most dominant. Members 6 and 7 (Figs. 9.5b and 9.5c) have symmetric distributions

differing only based on their respective orientations. The pseudo–lattice–density function

(Fig. 9.5d), describing the macroscale lattice density distribution indicates that lattice is

present in most of the design domain. The regions of no-lattice only exist at the radial

extremities of the cylinder, where the magnitudes of the radii are mostly at the lower

z

x
y

~ργ

(a) Density distribution, rviz = 0.7
 

(b) SIMP-based optimization convergence plot

Figure 9.7: Cylindrical Heat Sink: SIMP material distribution and optimization conver-
gence plot
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bound. The volume fraction distribution of Fig. 9.6a shows that, macroscopically, the

layout of material corresponding to the radii distributions forms structured projections

that link the design region to the sink, with increasing radii magnitude as the radial dis-

tance to the sink decreases. Lower member radii values at radial extremities increase the

surface area of the members so as to increase the efficiency of heat conduction. The SIMP

implementation for the same problem yields the material layout shown in Fig. 9.7a with

finger-like projections branching out into the heat generating design domain. However,

the projections are not structured as in the lattice-based implementation.
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(a) Through-section X-X at plane (2, y, z)
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Figure 9.8: Cylindrical Heat Sink: Section X-X showing temperature evolution through
iterations

The SIMP framework also commences the search from a much higher objective value due

to the penalization associated to the density function. More importantly, the thermal
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Figure 9.9: Cylindrical Heat Sink: Lattice Reconstruction

compliance, Jθc attained at termination for the lattice-based approach is 0.062 WK. The

SIMP methodology yields a thermal compliance of 5.34 WK at optimization convergence.

The optimization convergence plots of the implementation are shown in Figs. 9.6b and

9.7b for the lattice-based and SIMP-based implementations respectively. It is of note

to appreciate the significant improvement enabled by the lattice-based framework in the

final objective function. The minimum thermal compliance attained by the lattice-based

solution corresponds to a 98.8% reduction compared to the SIMP-based solution. Figure

9.8 shows the evolution of the temperature distribution against the optimization iterations

at a through section X-X of the CHS for both approaches. Figure 9.9 shows the lattice

reconstruction derived given radii distributions.

9.1.3 Thermal Optimization: Summary of results

By integrating the thermal property response surface models within the macroscale op-

timization framework, a means is derived to tailor macroscopic thermal properties in the

space of lattice micro-parameters with significant improvement in the conductive efficiency

of the layout. The solution is also manufacturable so that it demonstrates free material

optimization in the space of producible structure.
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9.2 Thermo-structural Optimization

In this section, the derived multiscale framework’s capability is extended to the class of

weakly-coupled thermo-structural optimization problems. The following test case minim-

izes the structural deformation of specific boundary surfaces of a restricted design domain

as the structure expands under thermal load.

9.3 Case 7: Hollow-pipe section

(Upper surface)

u = (0, 0, 0)
θ = 0 K

u = (0, 0, 0)
θ = 0 K θ = 100 K

S1

S2
y

z

x

L

L

W

R

(Lower surface)

Figure 9.10: Hollow-pipe section

9.3.1 Problem Definition

Consider a 25 mm-section of a square hollow pipe (HPS) with material properties and

Dirichlet boundary conditions specified in the problem definition of Fig. 9.10 and Table

9.2. Given the displacement and temperature boundary conditions as shown, the steady-

state temperature profile is projected unto the deformed domain mesh according to the

displacement distribution – a consequence of the thermo-structural coupling as introduced

in Sec. 6.3.3 (see Fig. 9.12). Observe that due to the Dirichlet boundary conditions

imposed on the near and far-side surfaces, the bottom and top surfaces, S1 and S2 bulge

out of the x–z plane as the structure expands under thermal load. The goal of the
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Domain
Design region Restricted
L, W , R 0.05, 0.025, 0.011 m

Design space volume, V 5.3× 10−5 m3

Base material, Es, Ks, ν 209 GPa, 40 Wm−1K−1, 0.3
Mesh discretization

Element type Unstructured tetrahedral
No. of design nodes, Nn 62458 of 67265

No. of variables 7×Nn

Optimization settings
Starting point, riγ 0.113

Bound constraints, rmin, rmax 0.07, 0.38
Filter radius, z 0.001

Step-size update strategy Adaptive
Pseudo–lattice–density function penalization –

Volume constraint, VD –
Max. Iter. 200
Obj. Tol. 1× 10−5

Table 9.2: Hollow-pipe section: Problem Definition

optimization is to minimize the deformation of the target surfaces, S1 and S2 along the

y-axis. It is assumed that the non-displacement of these surfaces in the y-axis is critical

to the optimal design of this section of the pipe and indeed the entire pipe length (not

shown). A non-design region surrounds the hollow as shown in Fig. 9.11.

The error functional is evaluated as the squared difference between the y-component of

the displacement distribution of the target surfaces, uy and the y-component of a zero-

displacement distribution within the domain of the pipe section. Bound constraints have

been imposed on the stacked vector of control variables to confine the search within the

precomputed mechanical and thermal property spaces. Static equilibrium mechanics as

well as pure conduction steady-state phenomenon govern the thermo-structural response

of the section.

There exists no penalized pseudo–lattice–density function for this problem so that lattice

structure exists everywhere within the design domain between the bounds specified in
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Figure 9.11: Hollow-pipe section: Non-design region definition
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Figure 9.12: Hollow-pipe section: Temperature, θ (K) on deformed mesh at Iteration 1

Table 9.2. The emphasis is on the design of local structure within the macroscale towards

satisfying the macroscale objective.

9.3.2 Results and Discussion

The optimal distribution of radii parameters at termination of the search are displayed in

Figs. 9.13 and 9.14 for the diagonal and face members respectively. The solid regions in the

solutions depict riγ ≥ 0.28. The pale blue regions depict regions where rmin ≤ riγ < 0.28.

The diagonal members demonstrate symmetries by virtue of their orientation as shown by

Fig. 9.13. They also exhibit more dominance than the face members as they yield micro-

architectures with properties suited to meeting the macroscale objective. Members 1 and
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Figure 9.13: HPS: Optimal radii distribution for diagonal members 1–4

4 (Figs. 9.13a and 9.13d) conduct heat flux towards the bottom-half near-side heat sink

as well as the top-half far-side heat sink. Members 2 and 3 (Figs. 9.13b and 9.13c) serve a

similar purpose but are oriented to conduct heat flux towards the bottom-half far-side heat

sink and top-half near-side heat sink. Recall that from the heat flux characterization of

Sec. 4.7, diagonal members feature off-diagonal components in their conductivity matrices

that essentially equips micro-architectures to transfer heat flux in orthonormal directions

to temperature gradient. The consequence of this radii distributions can be appreciated in

the steady-state temperature distributions of Fig. 9.15 where the steady-state temperature

profile within the design domain is altered with the radii distributions such that the

predefined non-displacement objective function is satisfied. The resulting orthotropic

lattice micro-architectures offer increased macroscale conductivity towards the heat sink

but also feature diagonals that can expand in non-critical directions.

The face members feature much lower radii values as shown in Fig. 9.14 within the design
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Figure 9.14: HPS: Optimal radii distribution for face members 5–7
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Figure 9.15: HPS: Temperature profile (Deformation Scale: 50:1)
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Figure 9.16: HPS: Volume fraction distribution (Deformation Scale: 50:1)

domain. Member 5 (Fig. 9.14a) is oriented to conduct heat towards the heat sink but

cannot expand under thermal load due to the Dirichlet boundary conditions. Member 6

(Fig. 9.14b) works against the non-displacment objective, conducting heat flux towards

the target surfaces and expanding in the y-directions. Member 7 (Fig. 9.14c) does not

improve conductivity towards the heat sink. The displacement of the target surfaces is

also insensitive to the thermal expansion of Member 7.

This capability exhibited by the orthotropic micro-architectures with diagonals to enhance

macroscale conductivity in orthonormal directions to the temperature gradient is key to

achieving the prescribed macroscale objective of this problem.

Figure 9.16 shows the volume fraction distribution at the starting point and the final

iteration projected unto a deformed domain. An optimization convergence plot for the

problem is shown in Fig. 9.17b. Figure 9.18 shows the lattice reconstruction derived given

radii distributions.
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Figure 9.17: HPS: Lattice-based material distribution and optimization convergence plot

y

z

x

y

x

x

z

Figure 9.18: HPS: Lattice Reconstruction
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9.3.3 Thermo-structural Optimization: Summary of results

In this chapter, the derived framework is demonstrated to be capable of solving thermo-

structural optimization problems. The parameterization scheme implemented features

diagonal members that support macroscale conductivity in orthonormal directions from

temperature gradient directions so that macroscale properties can be tailored to meet

predefined functional objectives. The potential for full control of anisotropic properties

suggests that there exists a capability for solving multi-objective thermo-structural op-

timization problems.



Chapter 10

Conclusion

With recourse to the objectives for this work enumerated in Sec. 1.3, this Chapter sum-

marizes the methods and results of this work. The key achievements of the work are clearly

enumerated and the significance to the optimization community are highlighted. Limita-

tions associated with the derived multiscale framework are described leading to inspiration

for future works relevant to advancing the accuracy and efficiency of the framework.

10.1 Summary

A robust multiscale framework was derived for the structural, thermal and thermo-

structural optimization of printable structures using lattice-based micro-architectures.

Structured according to HMM, the framework was derived over two computational phases

– a precomputation phase which featured the development of a lattice-based microscale

model suited to additive manufacturing constraints and an optimization phase which ex-

ecuted structural and thermal tailoring of properties in the space of micro-architecture

geometry parameters. By exploiting the homogenization theory, structural and thermal

properties were derived given microscale lattice geometry parameters so that the proper-

ties represented material point properties within a large-scale design domain. The space

182
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of material properties covered by the lattice parameterization was populated by a full-

factorial design of experiments at only 5% of the computational cost of evaluating the en-

tire full-factorial DoE - facilitated by micro-architecture symmetry considerations. Mater-

ial property response surface models were generated so that microscale material properties

were efficiently integrated into the macroscale optimization framework. By the method of

adjoints, sensitivities of prescribed objectives to the lattice micro-architecture parameters

were determined, facilitated by the readily differentiable explicit material response sur-

faces and the chain rule of differentiation. The outcome was the development of a variant

of free material optimization executed in the space of physically realizable architected

material properties. This work demonstrates the capacity of the framework for structural

and thermal optimization as well as thermo-structural optimization through typical prob-

lem cases. In applicable cases, the lattice-based framework yielded better solutions than

conventional SIMP strategies. Other cases demonstrate that the framework features full

control over local anisotropy – a capability unachievable by optimization strategies based

on isotropic material. The derived solutions are physically realizable through a process

of lattice reconstruction given the optimal distribution of radii parameters. The precision

and flexibility of additive manufacturing techniques have inspired the development of the

framework and the realization of its optimal solutions.

10.2 Thesis Achievements and Significance

The following are key achievements of this work:

1. A lattice microscale model was developed. The model yields elastic and thermal

properties given the lattice geometry parameters. The parameterization of the

model supports smoothly changing material properties for slowly changing geometry

micro-parameters so that there is no requirement for a computational investigation

of connectivity of adjacent micro-architectures when it is integrated into the macro-

scale optimization framework. This is an advancement to works featuring discrete
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mapping of micro-architectures in the domain of structures [10, 16, 20]. It is also

suited to several additive manufacturing techniques since it features no enclosed

volumes or suspended solids in void. This means that unsintered powder or un-

cured resin of SLS and SLA additive manufacturing techniques respectively are not

trapped within the optimized geometry. Micro-architectures composed of struts and

bending beams are known to cover a large material space and support the imple-

mentation of free material optimization in the space of physical geometry parameters

where manufacturing constraints are imposed. Principal stress and heat flow char-

acterization in this work demonstrates the suitability of the lattice parameterization

to macroscale structural, thermal and thermo-structural optimization.

2. A library of elastic and thermal properties was generated for 823,543 lattice micro-

architectures along with their volume fraction at the cost of only 5% of the full-

factorial simulation cost. This was achieved by leveraging the existence of rotational

and reflection symmetries associated with the implemented parameterization. The

database of properties scales with Young’s Modulus and thermal conductivity so that

the framework remains valid for a different base material, provided the Poisson’s

Ratio for the new material is similar to the value implemented in this work. This

database is available for analyses and for future optimization problems. Concurrent

methods [56] have to re-evaluate point properties for new optimization endeavors –

a waste of computational resources.

3. Response surface models were generated so that the material property evaluations

within the macroscale optimization framework was efficient. The polynomial func-

tions are readily differentiable explicit expressions convenient for the determination

of sensitivities and ultimately gradient-based optimization. The result is a rapid

evaluation of point material properties and efficient optimization schemes.

4. Macroscale optimization was executed in the space of microscale design parameters

so that lattice micro-architecture were automatically generated as optimal radii dis-

tributions were determined. Single objective and multi-objective optimization prob-
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lems were solved facilitated by the microscale model’s capability for full control of

locally anisotropic properties. The derived framework was applied to structural and

thermal problems. Results obtained were consistently better than commonly im-

plemented structural optimization strategies. Optimal solutions were manufacture-

ready by 3-D printing techniques.

The results of this work demonstrate the capability for bespoke structural, thermal and

thermo-structural optimization. The capacity for controlling local anisotropy is also a sig-

nificant achievement of this work as structural and thermal properties can be tailored to

satisfy multiple objectives such as morphing shape-change objectives and multi-objective

compliance minimization problems. This access to anisotropic point properties is a signi-

ficant advancement to the state-of-the-art where orthotropic material properties are used

at best. The result is a more robust multiscale optimization scheme that is capable of

solving difficult multi-objective problems. The optimal solutions attained also correspond

directly to manufacturable lattice layout so that this work is a form of free material optim-

ization in the space of physical lattice parameters. Classical FMO solutions [19, 13] are

post-processed by a tape-layering technique which may introduce deviations in the phys-

ical structure from the optimized solution. Investigation of this possible loss of precision

was not found in literature.

10.3 Limitations

The derived framework has its limitations. By definition, the theory of homogenization

assumes an infinite scale separation so that the micro-architectures represent material

point properties within the macroscale design domain. This work aims for an ‘as-large-

as-possible’ separation of scales, however, computational and manufacturing constraints

prevent the physical realization of an infinite scale separation. Computationally, there

exists cost constraints that limit the fineness of the discretization of the macroscale domain

where each node represents material point properties. Physically, there exists a constraint
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on the minimum length scale for each base material for which the mechanical response

of the material agrees with documented behavior, despite significant advancement in the

precision of additive manufacturing techniques. As a consequence, this work admits that

the realized physical optimized lattice structure is an approximation of the derived optimal

solution.

This work makes reference to a penalized pseudo-lattice-density function that defines

the lattice layout within the design domain of solutions. The optimal distribution of

this function features small regions of intermediate values similar to that obtained for the

pseudo-density function of the SIMP methodology. Post-processing of the data is required

to obtain a clear description for the ‘lattice or no-lattice’ regions.

This work makes no considerations for stress constraints. Compliance minimization with

volume constraints may yield optimal solutions with regions of impermissible stresses

particularly for lattice structures which comprises of intersections of lattice members of

different radii. In Sec. 4.3, Figs. 4.9 and 4.10 show that stress concentrations exist at

lattice member intersections, constituting possible failure locations. Homogenized stresses

on the macroscale do not capture the local stress concentrations. Local stress constraints

suitable for optimization will have to be defined based on response surface models of local

stress properties within the microscale model.

Thirdly, though the parameterization implemented in this work yields several advant-

ages suited to additive manufacturing techniques, its performance against the Hashin-

Shtrikman (HS) bounds presents room to improve the results obtained by the framework.

Literature suggests that the requirements to satisfy additive manufacturing constraints

yields three-dimensional micro-architectures with bulk and shear moduli off-set from the

upper HS-bounds [122, 121].

This framework is based on linear elastic structural response and steady-state conduction

phenomenon so that only small deformations are permissible. Also, for thermo-structural

problems of this work, the temperature and displacement fields are only weakly coupled
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so that the temperature field is not reliant on mechanical response. This is an approxima-

tion associated with thermo-mechanical analyses. Non-linear and transient considerations

could expand the space of optimal solutions as interesting problems such as auxetic phe-

nomenon may be attained by integrating the buckling of members.

10.4 Future Research Directions

Inspired by the limitations of this work and significant advancements in additive man-

ufacturing, the derived framework has a promising future for the derivation of optimal

lattice-based structures tailored to prescribed macroscale objectives.

The effective macroscale stress fields of this work do not capture the critical local stress

evaluations required to monitor the integrity of the reconstructed lattice optimal solu-

tion. However, the necessary data was utilized in deriving the homogenized properties

of the micro-architecture in the microscale model development. A merit function can be

developed using the localized stress evaluations that yields critical stress values given the

lattice parameters so that stress constraints can be integrated into the macroscale frame-

work. This is the subject of current research. Full macroscale lattice simulations are also

being investigated to validate the derived framework.

Advanced projection methods exist for the SIMP methodology that helps to eliminate the

transition regions between solid and void [139]. These methods are equivalently suited to

deriving a clear boundary for the macroscale lattice layout.

A systematic methodology can be developed to investigate optimal parameterization

schemes that will generate three-dimensional micro-architecture geometries with proper-

ties that lie closer to the HS-bounds, bearing manufacturing constraints in mind. This will

be a guaranteed approach to improve the results obtained in this work provided the para-

meterization satisfies the suitability requirements in this work such as micro-architecture

connectivity and smoothly varying properties for smoothly varying geometry, e.t.c.
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This work was aimed at the derivation of a thermal, structural and thermo-structural

multiscale optimization strategy. However, the principles of HMM and the implementa-

tion of the homogenization theory used for this work can be applied to other fields such

as acoustics, electro-magnetics, and the tailoring of structural properties to produce pre-

defined resonant frequencies. Extending the methodology to non-linear elastic problems

and fully coupled thermo-mechanical formulations has the potential to yield interesting

capabilities. It also demonstrates promise for uncertainty quantification in the multiscale

modelling of metamaterials.
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