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Abstract

In this paper, a new dual boundary element formulation is presented for dynamic crack problems
in Mindlin plates. The displacement and traction boundary integral equations are derived in the
Laplace frequency domain to allow for a boundary-only formulation. The cracked plate is
modelled with the dual boundary element method and dynamic plate bending stress intensity
factors are evaluated. Four benchmark examples are presented including mode I and mixed mode
deformation. Such stress intensity factors obtained are shown to be in excellent agreement with

finite element results as well as published results.

Keywords: Dynamic stress intensity factor; Mindlin plates; Boundary element method (BEM);

Dual boundary element method; Fracture mechanics
1. Introduction

Dynamic fracture mechanics is concerned with crack propagation in materials when inertial
effects influence the behaviour of the crack such as structures subjected to impact loads. The
inertial effects cannot be disregarded as stress fields in the vicinity of the crack tip change rapidly.
As in the quasi-static fracture mechanics problems, the dynamic stress intensity factor (DSIF) is
the key fracture parameter controlling the crack propagation behaviours, including the onset of

crack extension, propagation speed, path and arrest.

Freund [1] noted the difficulty in measuring DSIFs directly in the required short time period
experimentally, so numerical analysis has since played an important role in dynamic fracture
mechanics [2]. However, most of the research reported so far are related to two- and three-
dimensional problems. The application of dynamic fracture mechanics to plate structures is
important in many fields including aeronautics and civil engineering. Different approximate
theories have been constructed to deal with plates subjected to different types of loads. Tension
and bending are two common loads applied to plates. When a plate is subjected to tension, the

problem can be simplified into a plane stress problem. When bending is applied to a plate, the
1
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Kirchhoff-Love plate theory [3] and the Mindlin-Reissner plate theory [4] are commonly used.
According to Sih [5], the Kirchhoff-Love theory in fracture mechanics is insufficient, even for
thin plates, because the theory does not satisfy all physical boundary conditions on crack surfaces.
In addition, Sih noted that when the characteristic length of an area near a crack tip was similar
to plate thickness, shear forces should not be disregarded in this area; and to obtain accurate

DSIFs, the Mindlin-Reissner plate theory should be used.

The boundary element method (BEM) [6] has enjoyed some popularity as an alternative method
to the finite element method (FEM) [7] for dynamic fracture problems due to its inherent ability
to accurately model elastic waves in the vicinity of the crack tip. A method of modelling co-
planar crack surfaces is known as the multi-region method [8, 9], in which artificial interfaces are
introduced to divide the original domain into two regions and each region includes one crack
surface. However, this method is not efficient because the extra boundaries result in the increase

of the numbers of algebraic equations and boundary elements.

In order to avoid introducing the extra interfaces, the dual boundary element method (DBEM)
can be used to solve crack problems in a single region [10]. In this method, one crack surface is
modelled using the displacement boundary integral equation, while the opposite surface is
modelled with the traction boundary integral equation. Fedelinski et al. [11-13] and Wen et al.
[14-16] used the dual boundary element method (DBEM) to model cracks and solved
elastodynamic equations by using the time domain, the mass matrix and the Laplace transform

methods for two- and three-dimensional problems, respectively.

Application of the BEM to plate bending problems is particularly attractive because the
discretization is limited to using simple line elements as in the two-dimensional BEM. Useche et
al. [17] carried out the harmonic analysis of cracked plates using a time-domain boundary
element method and the multi-region method is used to model cracks. A displacement
discontinuity method, a single-region method, was adopted by Wen and Aliabadi [18] to
computed the DSIFs based on the Mindlin-Reissner plate theory. However, Wen’s method can
only solve problems of infinite plates as it did not include the influence of plate boundaries on
DSIFs. Although the DBEM is promising for finite plate problems and it has been applied to
solve static bending problems [19], to the best of our knowledge, no DBEM formulation has been

presented for general mixed-mode dynamic crack problems in Mindlin plates.

In this paper, a dual boundary element formulation is presented for the first time for dynamic
crack problems in shear deformable plates. The problem is formulated in the Laplace frequency
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domain and the fundamental solutions reported for the displacement and traction boundary
integral equations by Wen and Aliabadi [20] are revisited. Numerical inversion of the Laplace
transforms is conducted using Durbin’s method [21]. The plate bending stress intensity factors
are defined and such factors for four benchmark problems are presented where comparisons are
made against solutions obtained using ANSY'S implicit FEM and other solutions reported in the

literature.
2. Boundary integral equations in the Laplace transform formulation

An isotropic and homogeneous plate is considered here. Figure 1 shows the sign convention for

generalized displacements and tractions. Throughout this paper, Greek indices vary from 1 to 2

and Roman indices vary from 1 to 3. The x-X, plane is located at the mid-surface of the
undeformed plate, and the X, -axis is the normal to the mid-surface. w, denotes normal
displacement of the plate, and w, denotes the rotations of the normal about x_, direction. The

generalized tractions are denoted as t;, where t, is traction from bending stress resultants and t,

is traction from shearing stress resultants.

Figure 1. Sign convention for generalized displacements and tractions

Based on the plate bending theory from Mindlin [4], the equations of motion can be expressed in
terms of generalized displacements w, and w;, as follows:
_ ph® &*w,

D
E[(l—v)Vzwa +(1+v)wﬂﬁa]—zc2yh(wgﬂ +Wa)— TR )

2
A

K2 uh(VAw, +wW.  )+a. = ph
/u ( 3 a,a) q3 p aZt
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where D = Eh3/[12(1—v2)] ,u=E/[2(1+v)] and x*=7/12 are the bending stiffness of

the plate, the shear modulus of elasticity and the shear coefficient, respectively; E and v are

Young's modulus and Poisson's ratio; p and h denote the density and the thickness of the plate;

g, is the pressure load on the plate; t denotes the time.
The Laplace transform of the above equations can be written as:

6D (1-v) V?W, +(1+v)W, ,, |-126" uh (W, ,, + W, ) = ph°p*W, @3)
K (VA + W, , ) + G, = php* (4)

where p is the Laplace transform parameter. The Laplace transform of a function f(x,t) is

defined as:
s f(xt)]=f(xp) :'[Ow f (x,t)e "dt (5)
The transformed displacements and tractions should satisfy the transformed boundary conditions:

W, (X, p) = W/ (X, p)

i i (6)
£ (x, p)=t°(x, p)

where W’ (x, p) and £°(x, p) are known values of displacements and tractions on the boundary,

respectively.

The boundary integral equations for rotations and normal displacement in the Laplace domain

can be written as [20]:

¢, (X)W, (', p) = [ Uy (', x, P (x, p)AT(X) ~C [ T, (X', x, p)W, (x, p)dT(x)

J @)
* J'QUB(X!' X, p)d3(X, p)dQ(X)

where X’ and x denote a source point and a field point on the boundary ", respectively; X

denotes a field point in the domain Q; ¢; (X') is equal to &, /2 when X’ is located on a smooth
boundary; C jr denotes Cauchy principal value integral, Uij and ﬂj are Laplace transforms of

fundamental solutions.
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On the basis of the boundary integral equations for bending stress resultants and shearing stress
resultants given in Ref. [20], when the source point x' is located on a smooth boundary, the
traction boundary integral equations in the Laplace domain can be derived as follows:

L) =1, (<)[C], By, (%, PE (X, PYAT (9 + [, B,y (¢, X, PYE (X, P)AT(X)
~H [ 5, (<X, P)W, (x, P)AT(x) ~C [ §,,,(X. X, p)(x, P)AT(X) (&)

+ [ Buga(X, X, P)A,(X, PYACA(X) |

%t}(x', p) = (X)] ], By, (X', PIE, (%, PYAT(X) +C [ By (X' X, PIE (x, PYAT(X)
—C [ S5y, (X% PIW, (%, PYAT(X) =H [ Syy5(X',X, P)Wy(x, P)AT(X) (@)

+ [, BuyalX. X, P)A,(X, PYAC(X) |

where H J'r denotes Hadamard principal value integral; n(x') is the unit outward normal to the

boundary at the source point x"; D

Doss+ Dasss Sup v Sups and S, are Laplace transforms

afy ' “ap3r 3B apy !

of fundamental solutions.

The expressions of the fundamental solutions in Eqs. (7) - (9) were first given in Ref. [20].
However, these expressions include some typographical errors and some of the expressions can
be further simplified. After rederiving such fundamental solutions, the modified expressions are

listed in Appendix A.

The displacement integral equation (7) is used to model external boundaries of the plate, while
the dual boundary element method (DBEM) is employed to model smooth crack surfaces. In the

DBEM, the displacement boundary integral equation is applied when a collocation point x* is

located on one crack surface; the traction boundary integral equation is applied for the collocation
on the opposite surface of the crack. Since there exists a point X~ on the opposite crack surface

which coincides with the collocation point x*, Eq. (7) should be modified slightly to become:

200, D)+ 20, P) = [ Uy (¢, D (x P)AT)

_er-ﬁj (X", %, p)W; (X, p)dI'(x) +IQUi3(x+,X, P)d,(X, p)dQ(X)

(10)

For the same reason, when the point x~ becomes the collocation point, the traction boundary

integral equation modified from Egs. (8) - (9) can be written as:
5
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200 P26, B =1, ()] B, 06 P (6, PYAT(X
+[ B0, %, DGO P)AT() —H [ S, (¢, % p)W, (¢ p)AT(x) (1)

—C L S 52 (X7, X, PIW, (X, P)AT(X) +IQ D55 (X", X, p)G; (X, p)dQ(X)}

260 D) =250, =1, ( )[ ], By, (X PIE (% P)ATX)
+CL D5 (X", X, P)§ (%, p)dI'(x)-C L S, (X7, %, P)W, (X, p)dT(X) (12)

-H .[r §3ﬂ3(x_1xi P)W, (X, p)dI'(x) +J-Q 63ﬂ3(x_1 X, P)G; (X, p)dQ(X)}

When the pressure load g, is uniform or linear distributed on the plate, the domain integrals in

the above boundary integral equations can be transformed to the plate boundaries using the

particular solutions given by Wen and Aliabadi [20].

The basic assumption in this paper is that there is no contact between the crack surfaces in the

dynamic analyses.
3. Treatment of singularities in the transformed fundamental solutions

In order to compute the integrals in the above boundary integral equations, it is essential to
understand the behaviour of these fundamental solutions in the neighbourhood of a collocation
point.

It is worth mentioning that the dynamic fundamental solutions Uij and T., as demonstrated in

ij s
both isotropic problems [13, 16] and anisotropic problems [22, 23], have the same singularities
as those in the corresponding static problems. Thus, when it comes to the dynamic problems in
Mindlin plates, it is anticipated that these two kernels should also tend to their static counterparts.
However, Ref. [20] showed that the transformed fundamental solutions U, and T, did not have
this behaviour and the coefficients of their singular terms included the Laplace transform
parameter p. In our study, after manipulating these coefficients, we have found that the Laplace
parameter in the coefficients can be cancelled, and the kernels U, and T, still have the same
singularities as those in the static kernels. Although this simplification does not change the values

of the kernels and the final BEM results, it gives a correct understanding of the dynamic kernels.

When it comes to the transformed fundamental solutions [3km and S~kﬂj,the dominant singularity
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is also the same as that in the static fundamental solutions. The detailed expressions of the above-
mentioned singular terms can be found in Appendix B.
It should be mentioned that the transformed fundamental solutions SNW and §3ﬂ3 contain both

hyper-singularities (of order 1/r?) and weak singularities (of order In(r)). The hyper-singularities
are the same as those for static problems. The weak singularities involve the Laplace transform

parameter p, so their expressions are different from those for static problems.

On the basis of the above analysis, all the transformed fundamental solutions can be written in

two parts:
U, (X, X, p) =U;""(x',x) + U] (X', X, p) (13)
Ty (X%, p) =T (', %) + T (X', %, p) (14)
Des; (X', %, P) = D& (X', x) + Dl (X', X, p) (15)
Sipi (XX, P) = Sgae (X', ) + S (X', X, P) (16)
where U], T", Dy}, and S}, are modified terms. The modified terms do not contain any

singularities in terms of the distance r, except for SJ; and Sj,. which contain the weak

343

singularities (of order In(r)).

The corresponding singular integrals can also be divided into two parts: static integrals including
the static kernels and dynamic integrals including the modified terms. At non-crack boundaries,
singularities only exist in static integrals and they can be determined using the generalized rigid
body movements proposed by Rashed et al. [24]. At crack surfaces, singular static integrals are

evaluated analytically, which has been introduced in detail in Ref. [25]. When it comes to the

dynamic integrals, the weak singularities in S" and §3'“ﬁ3 can be tackled using the bi-cubic

afy

transformation of variable technique proposed by Telles [26].

Consider an integral with the weak singularity of order In(r),
1
L= f(n)n, a7

where 7, is a singular point in the interval [-1, 1].
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The above-mentioned variable transformation is given by:

_3EEP+3E2E+3
R e it .

where & = 3/(77577;‘ +rr)) +§/(77577: /A

transformation can cancel the weak singularity, which results in a regular integral.

)+77s and 77 =n? —1. The Jacobian of this nonlinear

All regular integrals in our study are calculated using the standard Gaussian quadrature, in which

ten Gauss integration points are used.

4. Numerical implementation

The modelling strategy used in Ref. [27] is adopted in this paper. The generalized displacements
and tractions on external boundaries are discretized with continuous quadratic elements, while
those on crack surfaces are discretized with discontinuous quadratic elements. Geometric
boundaries are represented by continuous quadratic elements.

Regardless of the pressure load d,, the discretized displacement and traction boundary integral
equations have the following forms:

i (p) = 22| ()] U, (€ PINA(3, () -

n=1 m=1 (19)

(P [ T, (€ PING(9)3,(E)d¢ |

8= 2 0T (PIC] B,y & N, (93,0 +

n=1 m=1

E(P)[, D& PINA()I,(OAE - (P)H [ S,,, (£, PINL(EI(OE  20)
G (PIC [ 8,5u(E PING(3,(D)d |

280 = 2 30 [T By (& N (93,02 +

n=1 m=1

E7(PIC [ Byys(&, PINL()I,(E~T"(D)C [ S, (£, PINL(O)I,(AE 1)
W (PH [ & PINL(E)3, (£)d¢
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where | is the collocation node number; N is the total number of boundary elements; N_ (&) is

the shape function and J, (&) is the Jacobian.

The above discretized equations can also be written in a matrix form:

H(p)W(p)=G(p)t(p) (22)

where H is the boundary element influence matrix which depends on the integrals of T} and

Syp; » the matrix G depends on the integrals of Uij and Ijkm . After imposing boundary

conditions in the Laplace domain, Eq. (22) can be written as:

A(p)x(p)=F(p) (23)

where f is a known vector and X contains unknown displacements and tractions.

The unknown displacements and tractions in the Laplace domain are obtained after solving Eq.
(23). Then, these results are converted back to the time domain using the numerical inversion of
the Laplace transforms proposed by Durbin [21]. The inversion equation has the following form:
f(t) _& 1Re[f(a)}+iRe[f(p)}coskzt—ilm[f(p)}sinkzt
T (2 T = T

k=l (24)

,p:a+m£,

where p, a, K, and T are the Laplace transform parameter, the real part of the Laplace transform
parameter, the maximum number of Laplace term, and the time period of interest, respectively.

It was found that satisfactory results could be obtained when aT was equal to 3.

5. The assessment of dynamic stress intensity factors

When a plate with a through-thickness crack is loaded by tension and bending, there are three
standard DSIFs: K,, K, and K,,, with regard to three basic crack deformation modes, opening

mode, sliding mode and tearing mode, respectively. According to Di Pisa and Aliabadi [28], these
DSIFs can be expressed with five stress resultant intensity factors which correspond to five crack

deformation modes (as shown in Figure 2).
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Figure 2. Crack deformation modes for stress resultant intensity factors

The relationship between the three standard DSIFs and the five stress resultant DSIFs are [28]:

K 12

K, =%+ Klex3 (25)
K, 12
Ku :Tz"' biFX3 (26)

3 2x. )
KIII :EKSb {1_(Tsj :l (27)

On the basis of the Mindlin plate bending theory, the plate bending integral equations are not
coupled with the 2D plane stress equations. As a result, the membrane stress resultant DSIFs K,
and K,,, are uncoupled with the bending stress resultant DSIFs K, , K,, and K,, . Fedelinski et

al. [13] have successfully applied the Laplace transformed DBEM to the assessment of the
membrane stress resultant DSIFs. Thus, in this paper, only the bending stress resultant DSIFs are

considered.

According to Ref. [29], the analytical opening displacement, Au,, near the crack tip can be

expressed as follows :

10
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AU, =, (0 = 7)—u (0 = —7) = =5 |2R

TERN 7 2
48 /ZR
Au2=u2(6’=ﬂ)—u2(9=—ﬂ')zﬁ 7Klb (28)
24(1
Ay =0y (0= 7) -y (0 =) = 2AY) 2Ry
5Eh Vs

in which the crack tip is the origin of the polar coordinate (R,6) and u, denotes the analytical

displacement at the point (R, ).

It can be observed from Eq. (28) that the crack-tip displacements are of orderx/ﬁ . In order to
represent this relationship accurately, discontinuous quarter-point elements [11], as shown in
Figure 3, are used in the vicinity of the crack tip.

D
B

crack tip

C
E % Element end point

O Element node
Figure 3. Discontinuous quarter-point element

The stress intensity factors are often assessed based on the crack opening displacements (CODs)
at two pairs of nodes B-C and D-E. According to Ref. [30-32], the results obtained only from the
node pair B-C are more accurate and less dependent on the crack mesh. Thus, this one-point

formula was used in our research.

The expressions for evaluating the bending stress resultant DSIFs can be obtained from Eq. (28):

Eh® |27
»= g WAWzBC (29)

Eh® f 2
bi = % WAW:LBC (30)
5Eh Vs BC
K, = AW, 31
% 24(1+v)\/2RBC 3 &

where R®C is the distance between the node pair B-C and the crack tip in the undeformed state.

11
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The parameters of discontinuous quarter-point elements in Ref. [11] were adopted in our study.
Thus, R® isset to I,/36, where I, denotes the length of the crack-tip element, and the bending

stress resultant DSIFs become:

Eh® |27
1b = E I—AW;BC (32)
Eh® |27
2h = E I—AWlBC (33)
5Eh  [27, g
= AW, 34
ToeL+v)\V L 54

In some of the following numerical examples, the bending stress resultant DSIFs are also

evaluated with the finite element method, in which continuous quarter-point crack-tip elements
are used. In this case, R* is equal to I,/4 and the bending stress resultant DSIFs can be

expressed as:

Eh® (27
1b == E I—AWEC (35)
Eh® |27
»= g I_AWlBC (36)
5Eh 27, e
= [/ Aw 37
P2V L, 37)

6. Numerical examples

Since there are few papers regarding the bending stress resultant DSIFs for finite Mindlin plates,
the results based on the present method, in the first example, are compared with those for infinite
Mindlin plates obtained by Wen et al. [18]. In the other examples, the bending stress resultant
DSIFs are calculated using the DBEM and the finite element software, ANSYS Mechanical. In
the finite element analyses, 8-noded shell elements, known as Shell 281, are used because these
elements can be modified easily to form the quarter-point elements near crack tips.

12
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In the following examples, the time t is normalized with respect to I./c,, where I  is a

2
characteristic length and ¢, =/u/p is the shear wave velocity. The number of Laplace terms
Is set to 200 for the numerical inversion of the Laplace transforms, which is sufficient to provide

convergent results over the time period of interest in the following examples. The origin of the

coordinate system is at the centre of a cracked plate.
6.1. An infinite plate with a central crack

Wen et al. [18] have applied the displacement discontinuity method to the evaluation of the DSIFs
for an infinite plate with a central through crack, which is shown in Figure 4. The length of the

crack and the height of the plate are denoted by 2a and h, respectively. The crack surfaces are

subjected to a uniform bending moment M H (t), where M, is the load amplitude and H (t)
the Heaviside function. The material properties are the Young’s modulus, E =69Gpa , the

Poisson’s ratio,v = 0.25, and the material density, p = 290kg/m®. In order to approximate the
infinite plate, an extremely large square plate is chosen as the model in the analysis with the
DBEM. The edge length of the square plate is set to 100 times the crack length, which ensures
that the DSIFs are not affected by the reflected elastic waves from the external boundaries during
the time period of interest. In the implementation of the DBEM, each crack surface was
discretized with 50 boundary elements.
M,H (t)
i NNNNN
AVAVAVAY,

Figure 4. A crack subjected to bending load

Figure 5 presents the normalized DSIFs K, / K,, where K, is equal to My~/za . It is evident

that the DSIFs obtained using the proposed DBEM are in very good agreement with existing
results obtained by Wen et al. [18].

It is worth mentioning that although a finite plate model is chosen for the validation, external
boundaries do not need to be considered for infinite problems using the DBEM. A more efficient
strategy, in fact, is that only two crack surfaces are modelled using the DBEM. The results from
such simpler model are the same as those from the finite plate model. Thus, compared with the

method proposed in Ref. [18], the DBEM is not only effective in modelling cracked plates with

13
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external boundaries, but also very suitable for solving dynamic crack problems in an infinite

plate.

Wen

DBEM
h/a=0.25
h/a=0.5

hia=1
h/a=2

Figure 5. Normalized DSIFs for the infinite plate with a central crack

6.2. A square plate with a central crack

A square plate with a central crack (Figure 6) is loaded by edge bending M H (t) The material

properties are: E =210Gpa, v=0.3 and p =290kg/m*. The dimensions of the plate are: edge

length 2b = 2 m, crack length 2a = 0.2 m and plate height h =0.2 m.

The full plate was discretized with 220 boundary elements (40 elements for each edge and 30

elements for each crack surface).

In the finite element analysis with ANSY'S, it was only necessary to use one quarter of the plate,

modelled by 10429 shell elements, because of the biaxial symmetry.

2b

Figure 6. A square plate with a central crack

According to Thau et al. [33], the DSIFs depend on the propagation of elastic waves in structures.

In the Mindlin plate theory, three types of flexural waves, fast flexural waves (fast waves), slow

14
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flexural waves (slow waves) and thickness shear waves (shear waves), can be described [34].

These three waves are dispersive and the dispersion curves can be found in Ref. [20].

. . h .
Figure 7 shows how the bending stress resultants M,, = Lﬁ; X,0,,0%, at four reference points

along the xp-axis vary in a short time period, and this variation reflects the flexural wave
propagation in the plate. After the bending moments are applied on the two edges, the three types
of flexural waves are generated and then propagate along the x.-axis. The fast wave reaches the
crack surface first, and then is reflected and propagates along the opposite direction. These

processes can be seen in Figure 7.

Fast wave

.......... Shear wave
— — - Slow wave

--—--Reflected fast wave x2=0.8b i
A
L L I 1 I
0 0.2 0.4 0.6 0.8 1 1.2
c,t/b

Figure 7. Moment My, at different points along the X.-axis

2 T T T

Slow wave ——DBEM
T —-=-- ANSYS

Diffracted slow wave

o 05F .

<
2
) \ 1
Shear wave
0.5 .

Fast wave
1k Diffracted shear wave il

Static limit
15 1 1 1 L
0 0.5 1 1.5 2 2.5

czt/b

Figure 8. Normalized DSIFs for the square plate with a central crack

15
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The normalized DSIFs K, with respectto K; = MOJE are given in Figure 8. It is clearly shown

that the results from the boundary element analysis agree very well with the ANSYS results. The

peak values obtained using the DBEM and the FEM are virtually identical.

Some kinks and wave peaks which can be seen in Figure 8 are caused by the three waves starting
from the plate edges, and the diffracted waves which start from the other crack tip. The effect of
the slow wave on the DSIF is greater than that of the fast wave and the shear wave. Moreover,
the peak value due to the slow wave is larger than the absolute value of the static limit. The effect
of the shear wave is very weak, and can be disregarded.

When the fast wave reaches one crack tip, three types of diffracted waves, diffracted fast wave,
diffracted shear wave and diffracted slow wave, are generated. The DSIF at the other crack tip is
affected after the diffracted waves travel to this tip. In comparison to the fast wave starting from
the plate edges, the diffracted slow and shear waves have less influence over the DSIF. Moreover,

the effect of the diffracted fast wave is negligible.

It is worth mentioning that time-efficiency is not the focus in this paper, so more Laplace terms
and finer mesh were used in the boundary element analyses than strictly necessary, to ensure
convergence. When large engineering structures are considered, in order to increase the time-
efficiency, the numerical inversion of the Laplace transforms can be conducted using another

formula as follows:

f(t)= 2%&{% Re[f(a)]+ZK:Re[f(p)]cossz—ﬂt—ilm[f(p)]sinkz_l_—”t}
k=1 k=1 (38)

. 2T
,p=a+ik=—.
g T

Both formula A from Eq. (24) and formula B from Eq. (38) were presented in Durbin’s paper
[21] for the numerical inversion of the Laplace transforms. If the results toward the end of the

time period are not of interest, formula B would be the better choice due to higher time-efficiency.

The drawback of formula B is that the results near the end time are not accurate. The normalized
DSIFs K, /K, obtained using formula A and formula B are presented in Figure 9. It can be seen
from Figure 9 that the results obtained using formula B are oscillatory near the end time. This
problem still occurs even though the number of Laplace terms increases. Thus, in order to
compare the BEM results with the FEM results over the whole period, formula B is not used in
this paper.
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However, the advantage of formula B is that fewer Laplace terms are required, and therefore
computational time can be saved. The curves in Figure 9 show that the results based on formula
B are as accurate as those from formula A, except for a short period near the end time. In this
example, the number of Laplace terms used in formula B is 100, only half the number of Laplace

terms used in formula A.

2 T T T T 2
Formula B no e Mesh A
—-=--Formula A | === MeshB
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/ \
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15 . 15 . . . .
0 0.5 1 15 2 25 0 0.5 1 15 2 25

czt/b 021/b

Figure 9. Normalized DSIFs obtained using different  Figure 10. Normalized DSIFs obtained using different

formulas meshes

Table 1. The number of boundary elements for three different meshes

Mesh A Mesh B Mesh C
Number of elements
80 40 20
on each edge
Number of elements on
50 30 20

each crack surface

The number of boundary elements can also be reduced if some minor details are not necessary

and can be disregarded. Figure 10 shows the normalized DSIFs K, / K, obtained using three

different meshes. The detailed mesh information is listed in Table 1. As can be seen in Figure 10,
mesh B can lead to convergent results, so mesh B was used to conduct the DBEM analyses.
Figure 10 also shows that the major features can be captured using mesh C. Therefore, if some

weak waves are not important, a coarser mesh can be used to further reduce computational time.
6.3. A cantilever rectangular plate with a central crack

Figure 11 shows a cantilever rectangular plate of dimensions 2 m (2b) x 1 m (2c) x 0.1 m (h).
The length, 2a , of the through crack is 0.1 m. A uniformly distributed shear force Q,H (t)

where Q, is the load amplitude, is applied on the side opposite the fixed side. The plate is made
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of aluminium, which has a Young's modulus of 70 GPa, a Poisson's ratio (v ) of 0.33 and a

density of 2700 kg/m?.

x,
I
Py
L2
) 2b

/ :>ri

Figure 11. A cantilever rectangular plate with a central crack

The number of boundary elements used for each crack surface, the longer side and shorter side

of the plate were 20, 60 and 30, respectively.

Due to geometric and loading symmetry, half plate, in which 10320 shell elements were used,

was modelled to obtain FEM results.

x2=0.2b .
: ; I
— R |
x2—0.4b |
H |
<
!
o~ | |
c x,=0.6b
i e Fast wave
[ —-—-=Shear wave
— — - Slow wave
x2=0.8b
0 0.5 1 1.5

czt/b

Figure 12. Shear force Q; at different points along the xz-axis

. . . h
Figure 12 shows the time history of the shearing stress resultants Q, :J'_ri/zzazsdx3 at four

reference points along the x2-axis. As can be seen in Figure 12, the three types of flexural waves

propagate along the xz-axis.

18



10
11

12
13
14

0.06 I Shear wave

-0.02 - f

-0.04 | Fast wave

-0.06

-0.08

Slow wave

T T
—— DBEM
===== ANSYS

0.06

T
Shear wave

0.04 F Slow wave

0.02
===-=ANSYS

/

Fast wave

¥ -0.02

-0.04

-0.06

0 0.5 1 1.5
czt/b

. 008 . . . . .
25 3 0 0.5 1 1.5 2 25 3
c2t/b

Figure 13. Normalized Ky, for the cantilever plate with  Figure 14. Normalized Kz, for the cantilever plate with

a central crack

a central crack

Figures 13 and 14 show the normalized DSIFs K, /K, and K, /K, respectively, where

Ko =2Q,cv/a and Ky, =2Q,c+/10a /[ (1+v)h]. It can be seen from these figures that the DBEM

results agree very well with the FEM results. The effect of the fast wave on the DSIFs is the

weakest among the three types of flexural waves.

6.4. A square plate with a slant central crack

A mixed-mode crack problem is considered in this example. A cracked square plate loaded by

edge bending M H (t), which has a length of 2b = 1 m and a height h = 0.1 m, is shown in Figure

15. The crack has a length 2a=0.12 m and makes an angle of & =n/4 with the direction xa.

The material properties are the same as those in the second example.

2b

Figure 15. A square plate with a slant central crack

In the dual boundary element analysis, 220 boundary elements were used in which the crack was

discretized with 30 elements on each surface, while 9977 shell elements were used for the finite

element analysis.
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The DSIFs K,, and K,, are normalized with respect to K, = MOJE, while K,, is normalized

with respect to K,, =M,+10a /[ (1+v)h].

Figures 16 to 18 present the normalized DSIFs K, / K,,, K,, / K,, and K,, / K, respectively.

As shown in these figures, the DBEM results are in excellent agreement with the FEM results.

01

1b

[ static limit

czt/b

Figure 16. Normalized Kj;, for the square plate with a slant central crack

0.6 T T T T T T T 0.6

04r A .-
| Static
02t limit

2b/K01

x -02F

-04
Static limit

-0.6 1

0.8 . . . . I . . 42

czﬂb c,tb

Figure 17. Normalized Ky, for the square plate witha  Figure 18. Normalized K3y, for the square plate with a

slant central crack slant central crack

Figure 19 illustrates the effects of flexural waves on the normalized DSIF K, /K, which is

assessed at the crack tip A. Four groups of waves, waves 1, waves 2, diffracted waves 1 and
diffracted waves 2, can be observed at the initial stage. Waves 1 starting from the edge A contains
fast wave 1, shear wave 1 and slow wave 1. Waves 2 is also composed of these three types of
waves which start from the edge B. When the fast wave from the edge B reaches the crack tip B,
diffracted waves 1 which includes diffracted shear wave 1 and diffracted slow wave 1 is generated
and travels to the crack tip A. Similar to the diffracted waves 1, diffracted waves 2, including

diffracted shear wave 2 and diffracted slow wave 2, is caused by the fast wave from the edge A.
20
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Figure 19. The effects of flexural waves on the normalized DSIF

Following the study reported in this paper, some comments can be made in relation to
comparative advantageous and disadvantages of the proposed method and the FEM. A key
advantage of the BEM is that only plate boundaries need to be discretized with line elements.
Thus, the BEM is more efficient than the FEM especially in modelling crack problems. In the
FEM, in order to deal with the stress concentration, an extremely fine mesh should be used around
a crack tip region. By contrast, with the help of the DBEM, only crack surfaces, rather than a

large region, are modelled and there is no need to use such fine mesh near the crack tip.

Furthermore, the DBEM is more suitable than the FEM for modelling crack problems in an
infinite plate. In modelling such problems using the DBEM, the boundary conditions for infinite
plates can be accurately satisfied just by removing the external boundaries. This feature makes
the DBEM even more efficient because only crack surfaces are meshed. By contrast, the infinite
plate can only be approximated by a large plate using the FEM.

Although domain integrals due to body forces can be transformed to boundaries when the
pressure load is uniform or linear distributed on a plate, plate domain discretization is required

for other types of body forces and therefore the DBEM becomes less efficient.
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7. Conclusions

In this paper, a new dual boundary element formulation in the Laplace domain has been
developed for dynamic bending analyses of cracked Mindlin plates. Strong and hyper-
singularities in the Laplace transformed fundamental solutions are shown to have the same forms
as those in static plate bending problems. Crack opening displacements were used to determine
the dynamic plate bending stress intensity factors. The results obtained using the DBEM were in
excellent agreement with published results and the ones obtained from finite element analysis.
Therefore, the proposed DBEM was shown to be a successful method in the transient analyses of
cracked plates. In the future, it is planned to apply the DBEM to harmonic analysis of cracked
Mindlin plates, after which spectral elements [35] will be introduced into the DBEM to make the
method more time-efficient in modelling high-frequency waves and vibrations.
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Appendix A

The transformed fundamental solutions in the displacement boundary integral equation can be

arranged as follows:

J = ;){—(az _aﬁ)“e?Ko (23)5aﬂ

o 27rD(a22 -l
1
+[(1-a,) K, () - (1-a) &K, (2,) + (8, — &) &K, (z5) | (21,1, —§aﬁ)F (A1)

+[(1_a2)0‘12K0 (21)_(1_a1)a22K0 (Zz)+(a2 _ai)aszKo (23)] r,ar,ﬁ}

~ ~ 1
U, =-Us, =—m[%'<1(21)_“2'<1(22)] Fa (A2)
2 1

Ug = 2 ph(a, —a,) [(1-2) K, (2) - (1-2,) K, (2,)] (A3)
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10

_ 1-v { 2v [_(1_az)ale(zl)+(1—a1)a§K1(Zz)]r,anﬂ

T ——
o 47r(a22—a12) 1-v
2
(120 A(5) - (1-2)aA(z,) + (3, -a) sA(z)] 2+
[4r,arﬁr,n =(rany 150, + 8,1, )}r(az ~ay) &K, () (N, + 8,471

—2[(1—a2)afK1(zl) —-(1-a,) 5K, (z,)+(a, —al)agKl(zs)}x (a(ﬁ(n}

(A4)

2

1
= 27zD(a2 —az) [a,aK, (z,)-aa,K, (2,) - (a, —a,) K, (z,) ] (2r,r, —n, )=
2 1

r (A5)
+[a2a12K0(Zl) -2,0,K,(2,) (&, —a,l)a32K0(Z3)] rr+(a, —al)a32K0(23)na}

- 1-v 1
T,, =—W_)af){[%*ﬁ(zl)—szKl(Zz)](Zr,ar.n‘”a)F "o
+|:0612K0 (Zl)_azzKo (Zz):l Pl +ﬁ|:a12K0 (Zl)_aZZKO (22):In“
- 1
T33:_m{(l_ai)alKl(21)_(1_a2)a2K1(22) (A7)

_(1_ai)(l_az)[“lKl(z1)_azKl(Zz)]} rn

where A(z;)=2K,(z)+zK,(z); K,(z) and K,(z) are modified zero- and first-order Bessel
functions of the second kind, respectively. The coefficients o and a, in the above equations

can be written as:

21p211(11J240)02
== — —+—+ —_—— | V| — (A8)
2lw, ) |s R s R) Rslp
1p¥l1 1 1 1y 4 ?|
% e L (___j ) (A.9)
2lw,)|s R \ls R) Rslp
2 2
a? =(£j [(ﬂj +1} (A.10)
h @,
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2
a, = i[ﬁ} (A11)

where «, is the cut-off frequency zc,/h, and the constants S and R are defined as:

2
S :122_D, R :h_ (A.12)
- uh 12

The fundamental solutions in the traction boundary integral equation can be arranged as follows:

= 1-v

oy

2){[—(1—az)alA(zl)+(1—a1)a2A(22)—(a2—al)a3A(z3)]r£2x

2
47r(a2 -

[4rarﬂry (ryﬁaﬂ+ra5ﬂy+rﬁ5w)] (a,—a,) 5K, (2,)(1, 0, +1,5,,)

—2[(1—&2)051 Kl(Zl)—(l—éH)az 1(Zz)+(az _a1)a3K1(z )]rarﬂry

2k, (a)+ (-2, (2)]r )

(A.13)

r

Ijaﬂ3 = _%{[%Kl(zl) - aZKl(ZZ)]l(Zrﬁr’a - 5aﬂ)

(A1)

+[afKo(zl)—a22K0(zz)]rarﬂ+ﬁ[afKo(zl)—azzKO(zZ)]@w}

2
~ h
O =g o] LK (2) - 202K (2) (- ) ks (),

1
+ a,aK, () -a,a,K,(2,) - (8, —a)) &K, (z,) |(2r,r, = 5, )= (A.15)

.
+(a2—a1)a32K0(23)5ﬂy}

< 1

383 —

{(1_al)alKl(Zl)_(l_az)azKl(Zz)

27 (8, -a,) (A.16)

-(1-a,)(- aZ)I:(alKl (z)- aZKl(ZZ)):I} Fs

~ (l—V) D|_- ~ 2V ~
Saﬁk = Tl:Tak"B +Tﬂk,a +nTyk 75aﬁ’:| (A17)
§30tk = Kzﬂh (-I:ak +-|:3k,0!) (A18)
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The derivatives of the fundamental solutions 'I:aﬂ have the following forms:

i 1- 2
o e 0w e @) -a-a)eie a rn,
2 1

+2[(1-2,)4/C(2) - (1-a,)&;C(2,) +(a, ~a,) aiC (z,) Jr.r,r,r,

2v

—n[a a ) K, (2) - (1-2) K, (2,)](, - 1,1, ) 22

-2[(1- )-(1-a) a,A(z,) + (8, —a,) 2,A(2,) | QS (A.19)
+2[ alB( ) - (l—al)azB(22)+(a2—al)a§B(z3)}Q2ﬂy
-2[(1-3,) &K, (z) - (1-a) 5K, (2,) + (2, & ) 5K, (2,) |Q5,,
—(3,—a,) 3 (2,)(ryn, + 5,41, )1, + (2, —a,) 5K, (2,)Q, |

where B(z,)=K,(z)+zK,(z)+2K,(z)/z, C(z)=K,(z)+K,(z)/z and

ofy — a’y . pon 7N aB BInTay

Q? 1(20rrrr+3rrn +3r,r,n, +3r,r.0,, +4r,r.6
r
+4r,r.5, +4r,r,n -ng, —n8, —ngs,,)

1
b
Q= > —(4ryr,r,—r,n,—r,n, —ro,)r,

1
C
QS = r(rﬂrn5w+rarn5ﬁy+r rn 3raryrﬂrn)

1
Q% =1 [(8 —rar )+ (n, —1r, )

The derivatives of the fundamental solutions TﬂS, T,, and T,, are:

T, = ﬁi‘h){[a @k (7) - 8.0, (2) - (3 - 8) ok, (2)] 5 %

(_Grﬂryr,n +I N, +2r,5, + Zfﬂ”y)— (8, —ay) K, (z,)1,n,

.
-[2,2/C(z,)-2,2;C(2,) - (a, —a,) iC(z,) |(2r,r, - nﬁ)'Ty (A.20)

[aa’l o(z)—a5K (2)_(az_ai)a§K0(ZS)](rn5ﬁy+r,ﬁn Zrﬁryrn)i
_I:azalsKl(zl)_alagKl(ZZ)_(az _a'l)a33Kl(Z )] rﬂryrn}
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27[(0{5‘ —af)

+ I:alzKO (z)- K, (Zz)J(r,n&aﬁ +laNp — Zrarﬁf,n)%

() edc (z)])(2r,r,-n,) %

_|:a13K1(Zl) _asKl(ZZ):I ol sl _ﬁ[ale(zl)_agKl(ZZ)] rﬁna}

i 1

Ba

){[(1—611)051K1(Zl) _(1_a2)0‘2K1(22)

~(1-2) (1) (@, (2) - @, (2,))] (n, - 1, ) L
-[(1-a)aC(z)-(1-2,)aiC(z,)
~(1-a,)(1-a,)(afC(2) - &iC(2,)) |11, |

Appendix B

~3a,ﬂ = ]-_—V{I:%Kl (21) - Kl (Zz)](_6r,ar,/3rn + r,ﬁna + zrné‘aﬂ + zr,anﬁ)

1
r?

(A.21)

(A22)

When the distance r between the collocation point x" and the field point x tends to zero, the

limits of the transformed fundamental solutions have the following forms:

limg,, =23

=———— Inrgd,, =limy e
r—0 % 4zD(1-v) @+ o

H 1 _ H 1T _Nn_nL static _ |z static
IrlmUa3 =—limU,, =0=1limU_;* =-limU,
-0 r—0 r—0 r—0

limU., =— Inr = limy S
r—0 33 27TK2/,lh r—0 33

limT

r—0 ap

i[(1—1/)(5 r,+r

drr ain s p

.= 3x? . i
limT,, =——=n,Inr=1limT;*
7z'h r—0

r—0

— 1+v . i
limT,, =—=——n_Inr =limT2**
r—0 4 r—0

I 1 : static
limT,, =———r, =1limT,

r—0 2wr r—0
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H static
n, —(anﬂ)+2(1+v)(a(ﬁrn] =1limT

r—0

(B.1)

(B.2)

(B.3)
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(B.5)
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limD =i[(1—v)(5 My +0,1,—=0,,0 )+2(1+v)ra(ﬂry]=IimDS‘a“" (B. 8)

r—o by Ay Bra af’y r0 Pr
imB . =—2Ys Inr=limDe (8.9)
r—0 af3 A af N r—0 aff3 '
H S 3K2 H static
[ILTJ DSﬂ;/ =—W5yﬂlnr=|r|£ro] DSﬂ}/ (B 10)
imB,,. = r, = lim D B. 11
r—0 3ﬂ3_27[r 'ﬂ_r—>0 3p3 ( ' )
- & 3K2 D (l_ V) . static
i S :_T(Zrﬂﬁrn N1, ) =limsg (8.12)
- & 3K2 D (1_ V) - static
M Seps = T(Zf,afﬁ G5 )T = imS s (B.13)
~ D(1-v)
limS :—{1—\/ on.+o.n +2nrr,—o n
r—0 @by 4712 ( )( re p e rhalp af 7) (B. 14)
B H static
+ 2v[(narﬁ +N,r, )T, + 6aﬂny]} =limS;7
3 3K2D(1_V) . static
im S, ;5 h2r? (”ﬂ—ZFﬂrn)Z'r'L@ S3p3 (B.15)

where U T2 DI and Sg° are fundamental solutions for static plate bending

problems, which can be found in Ref. [36].

References

[1] L.B. Freund, Dynamic fracture mechanics, Cambridge university press, 1998.

[2] A. Ivankovic, M.H. Aliabadi, Crack dynamics, WIT, 2005.

[3] A.E.H. Love, The small free vibrations and deformation of a thin elastic shell, Philosophical
Transactions of the Royal Society of London. A, 179 (1888) 491-546.

[4] R. Mindlin, Influence of rotatory inertia and shear on flexural motions of isotropic, elastic plates, J.
appl. Mech., 18 (1951) 31.

[5] G.C. Sih, Plates and shells with cracks: a collection of stress intensity factor solutions for cracks in
plates and shells, Springer Science & Business Media, 2012.

[6] F. Chirino, J. Dominguez, Dynamic analysis of cracks using boundary element method, Engineering
Fracture Mechanics, 34 (1989) 1051-1061.

[7] K. Kishimoto, S. Aoki, M. Sakata, Dynamic stress intensity factors using J-integral and finite element
method, Engineering Fracture Mechanics, 13 (1980) 387-394.

27



ooo~NoouThhwWN -

[8] G.E. Blandford, A.R. Ingraffea, J.A. Liggett, Two - dimensional stress intensity factor computations
using the boundary element method, International Journal for Numerical Methods in Engineering, 17
(1981) 387-404.

[9] G. Davi, A. Milazzo, Multidomain boundary integral formulation for piezoelectric materials fracture
mechanics, International Journal of Solids and Structures, 38 (2001) 7065-7078.

[10] Y. Mi, M.H. Aliabadi, Dual boundary element method for three-dimensional fracture mechanics
analysis, Engineering Analysis with Boundary Elements, 10 (1992) 161-171.

[11] P. Fedelinski, M.H. Aliabadi, D. Rooke, A single-region time domain BEM for dynamic crack
problems, International Journal of Solids and Structures, 32 (1995) 3555-3571.

[12] P. Fedelinski, M.H. Aliabadi, D.P. Rooke, The dual boundary element method:J-integral for dynamic
stress intensity factors, International Journal of Fracture, 65 (1994) 369-381.

[13] P. Fedelinski, M.H. Aliabadi, D. Rooke, The Laplace transform DBEM for mixed-mode dynamic
crack analysis, Computers & structures, 59 (1996) 1021-1031.

[14] P.H. Wen, Dynamic fracture mechanics: displacement discontinuity method, Southampton, United
Kingdom and Billerica, MA: Computational Mechanics Publications(Topics in Engineering., 29 (1996).
[15] P.H. Wen, M.H. Aliabadi, D. Rooke, A mass-matrix formulation for three-dimensional dynamic
fracture mechanics, Computer methods in applied mechanics and engineering, 173 (1999) 365-374.

[16] P.H. Wen, M.H. Aliabadi, D. Rooke, Cracks in three dimensions: A dynamic dual boundary element
analysis, Computer methods in applied mechanics and engineering, 167 (1998) 139-151.

[17] J. Useche, E. Albuquerque, P. Sollero, Harmonic analysis of shear deformable orthotropic cracked
plates using the Boundary Element Method, Engineering Analysis with Boundary Elements, 36 (2012)
1528-1535.

[18] P.H. Wen, M.H. Aliabadi, J. Zhang, Displacement discontinuity method for fracture mechanics
analysis of Reissner plates: static and dynamic, International journal of fracture, 135 (2005) 95-116.

[19] J. Wearing, S. Ahmadi-Brooghani, The evaluation of stress intensity factors in plate bending
problems using the dual boundary element method, Engineering analysis with boundary elements, 23
(1999) 3-19.

[20] P.H. Wen, M.H. Aliabadi, Boundary element frequency domain formulation for dynamic analysis of
Mindlin plates, International journal for numerical methods in engineering, 67 (2006) 1617-1640.

[21] F. Durbin, Numerical inversion of Laplace transforms: an efficient improvement to Dubner and
Abate's method, The Computer Journal, 17 (1974) 371-376.

[22] C.-Y. Wang, C. Zhang, 3-D and 2-D Dynamic Green's functions and time-domain BIEs for
piezoelectric solids, Engineering Analysis with Boundary Elements, 29 (2005) 454-465.

[23] R. Rojas-Diaz, A. Séez, F. Garcia-Sanchez, C. Zhang, Time-harmonic Green’s functions for
anisotropic magnetoelectroelasticity, International Journal of Solids and Structures, 45 (2008) 144-158.
[24] Y. Rashed, M.H. Aliabadi, C. Brebbia, Hypersingular boundary element formulation for Reissner
plates, International journal of solids and structures, 35 (1998) 2229-2249.

[25] A. Portela, M.H. Aliabadi, D. Rooke, The dual boundary element method: effective implementation
for crack problems, International Journal for Numerical Methods in Engineering, 33 (1992) 1269-1287.
[26] J. Telles, A self-adaptive co-ordinate transformation for efficient numerical evaluation of general
boundary element integrals, International Journal for Numerical Methods in Engineering, 24 (1987) 959-
973.

[27] T. Dirgantara, M.H. Aliabadi, Crack growth analysis of plates loaded by bending and tension using
dual boundary element method, International journal of fracture, 105 (2000) 27-47.

[28] C. Di Pisa, M.H. Aliabadi, Fatigue crack growth analysis of assembled plate structures with dual
boundary element method, Engineering Fracture Mechanics, 98 (2013) 200-213.

[29] T. Dirgantara, M.H. Aliabadi, Dual boundary element formulation for fracture mechanics analysis of
shear deformable shells, International Journal of Solids and Structures, 38 (2001) 7769-7800.

[30] S. Guimaraes, J. Telles, On the hyper-singular boundary-element formulation for fracture-mechanics
applications, Engineering Analysis with Boundary Elements, 13 (1994) 353-363.

[31] F. Garcia-Sanchez, A. Saez, J. Dominguez, Two-dimensional time-harmonic BEM for cracked
anisotropic solids, Engineering analysis with boundary elements, 30 (2006) 88-99.

[32] F. Garcia-Sanchez, C. Zhang, A. Séez, A two-dimensional time-domain boundary element method
for dynamic crack problems in anisotropic solids, Engineering Fracture Mechanics, 75 (2008) 1412-1430.

28



© oo~NOoOOUIThhWNE

[33] S.A. Thau, L. Tsin-Hwei, Transient stress intensity factors for a finite crack in an elastic solid caused
by a dilatational wave, International Journal of Solids and Structures, 7 (1971) 731-750.

[34] C. CHAQO, Y.-H. PAO, Diffractions of flexural waves by a cavity in an elastic plate, AIAA Journal,
2 (1964) 2004-2010.

[35]J. Li, Z.S. Khodaei, M.H. Aliabadi, Spectral BEM for the Analysis of Wave Propagation and Fracture
Mechanics, Journal of Multiscale Modelling, 8 (2017) 1740007.

[36] M.H. Aliabadi, The Boundary Element Method: Applications in Solids and Structures, Vol. 2,
Chicester: Wiley, (2002).

29



