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ABSTRACT

The boundary layer equations have been derived in terms of a
general orthogonal curvilinear co-ordinate system in order to predict
local rates of mass or heat transfer from any axisymmetric body
rotating in axial flow.

Substitution of suitable power series forms for velocity
components, concentration (or temperature) distribution and scale
factors reduced these equations to three infinite sets of ordinary
differential equations. The two coupled infinite sets of hydro-
dynamic equations were dependent on shape and on spin parameter (a
measure of the rotational velocity of the body compared with the main
stream velocityh The mass (or heat) transfer sets were dependent
on shape and Schmidt (or Prandtl) number.

The first pair of hydrodynamic equations were non-linear and
their solution was obtained for spin parameters below ten using a
finite difference technique. For higher spin parameters it was found
necessary to use the technique of quasilinearisation.

The remaining sets of hydrodynamic equations and the transfer
equations were linear and were solved using the principle of super-
position. A computer programme was produced to generate and solve
the general equations of these sets.

The analysis was used to study the effect of rotation on local
rates of mass transfer from spheres, disks and spheroids with width
to height ratios of 10/16 and 7/16. Solutions were obtained for the

first five sets of the ordinary differential equations at spin



parameters from zero to twenty and at Schmidt numbers from 0.7 to
10.0, the effect of rotation at infinite Schmidt number was also
studied. The results obtained showed that local rates of mass
transfer increased substantially with increasing spin parameter.
The analysis was extended to predict local transfer rates from
any axisymmetric body rotating in a quiescent fluid. In this case
local and overall mass transfer numbers have been obtained for the

sphere, 13/16 and 10/16 spheroids at Schmidt numbers of 0.7 to
100.0.
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CHAPTER I

INTRODUCTION

In the chemical industry, processes involving the dispersion
of one phase in a second continuous phase are frequently encountered,
the first phase takes the form of bubbles of gas (or vapour), drops
of liquid or particles of solid. The mode of operation of such
plant is to facilitate a high rate of heat or mass transfer between
the two phases, it is hence necessary to understand the mechanisms
of heat or mass transfer between the phases in order to design
efficient plant.

Most analyses of heat or mass transfer from droplets, bubbles
or particles previously presented have assumed that these bodies move
through the continuous phase in 'pure' axial flow with no secondary
motion taking place. In practice it is found that this is a highly
idealised model more complex motions being the norm rather than the
exception.

Solid particles have no internal mobility in consequence they
tend to exhibit less complex motions than droplets or bubbles, their
motions however are far from simple. Marchildon et al (1964) found
that the translational motion of a solid particle through a
stationary fluid is often accompanied by some form of induced
secondary motion, they found that disks and cylinders rotate,
oscillate and have a spiral motion about their mean path. These

secondary motions first appear in the Reynolds number range of one
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hundred to one thousand and become fully developed when the Reynolds
number exceeds one thousand. Jefferey (1922-23) furnished theoretical
evidence for secondary motions of ellipsoids of revolution, by assuming
that particles adopt that motion which corresponds to the least
dissipation of energy he found that: a) prolate spheroidal particles
immersed in fluids in laminar motion will tend to orientate themselves
with their axis of symmetry perpendicular to the plane of undisturbed
motion of the fluid and will rotate about this axis with constant
angular velocity, b) oblate spheroidal particles immersed in a fluid
in laminar motion will tend to orientate themselves with an

equatorial diameter perpendicular to the plane of undisturbed motion
of the fluid and will rotate about this diameter with variable

engular velocity.

For clusters of particles the motion of the individual particle
becomes more complex because of the interaction of boundary layers,
Jayaneera et al (1964) studied the>behaviour of clusters of solid
spheres and found that for Reynolds number range 10"4<:Re‘<10
(Reynolds number based on sphere diameter) pairs of spheres rotate
towards one another when falling through a viscous fluid.

Droplets and bubbles, because of their ability to deform in
shape and their internal mobility, are able to exhibit a far wider
range of motions than solid particles. The ability of droplets to
osqillate in an oblate-prolate motion has been widely reported in the
literature, many other workers, e.g. Tibor and Harmathy (1960);
Warshay et al (1959); Gibbons et al (1962); Hu.. and Kitner (1955),
have all reported that droplets fall or rise in zig-zag or helical

paths. Valentine et al (1965) state that droplets can exhibit

rotational displacement, Krishna et al (1959) have observed this



experimentally. In general it would be expected that bodies falling
through a continuous.phase and subjected to a couple {e.g. in a mixing
process or near to a boundary) would rotate.

The present work was started in order to determine theoretically
the effects of secondary motions on heat and mass transfer through
laminar boundary layers. Because §f the complexity of the secondary
motions exhibited by bubbles, droplets and solid particles it was
decided that one secondary motion of particular importance should be
studied in detail. The particular secondary motion chosen for study
was that of steady axial rotation in laminar axial flow, this type of
motion is also important in other fields of research (e.g. mechanics,
ballistics etc.) in consequence the analysis of the pertinent laminar
boundary layer equations was made as general as possible in order to be
able to predict the local rates of heat or mass transfer from any
axisymmetric body.

It has been reported by many workers that droplets are only
spherical in shape when the Reynolds number is low, a more realistic
model for the drop being the oblate spheroid. In order to determinc
the effect of rotation on local transfer rates of droplets the general
theory that was developed in this thesis was used to study mass or heat
transfer from solid oblate spheroid shapes.

The limiting case of axisymmetric bodies rotating in a quiescent
fluid is also of interest, here once again the pertinent boundary layer
equations are analysed in as general a form as possible in order that
local heat or mass transfer rates may be determined for any solid
axisymmetric body. Because of its relevance to the prediction of local
heat or mass transfer rates from drops rotating in a quiescent fluid

the oblate spheroid body once again is studied in particular.

11



CHAPTER 1II

LITERATURE SURVEY

2.1 INTRODUCTION

Heat or mass transfer and the hydrodynamics of axisymmetric bodies
rotating in axial flow has so far received limited attention both
theoretically and experimentally. Some attention has been given to
disks, cones and spheres, however their theoretical treatment has been
of.such a form as to preclude any extension to more complex axisymmetric
shapes.

Research into the effect of rotation on boundary layers associated
with axially symmetric bodies primarily arose in connection with
turbine construction. Research into flow around rotating disks arose
from components in the turbine such as flat plates rotating in forced
flow, rotating bodies of revolution became of further practical
significance with the design of cooling elements in electrical motors
and moving parts in hydro-machinery. The field of study has been
further extended by ballistics and rocket technology into the study of
flow around rotating cones.

Interest has also been shown in the case of flow induced by bodies
rotating in an otherwise stagnant media, whilst this does not as yet
have the same practical significance as its analogy in forced flow it
is of fgndamental theoretical interest in the extension of our under-

standing of the effects of secondary motions on boundary layers.
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2.2 AXISYMMETRIC BODY ROTATING IN AXIAL FLOW

2.2.17 Theoretical Studies

As previously stated, for the case of axially symmetric bodies
rotating in axial flow very few solutions exist of the hydrodynamic
and transfer boundary layer equations. One of the first attempts to
present an analysis was made by Tifford and Chu (1953) who stated that
when:

a) Reynolds number is large compared to unity;

b) Prandtl number is of order unity;

¢) Boundary layer is thin compared with the body's radius
of curvature;

d) Body not extremely thick (cones however may be of
arbitrary thickness);

¢) Order of magnitude of peripheral speed is not greater than
that of the free stream velocity;

f) Surface variation of temperature difference (T, -T,) and
moment of angular momentum are linearly related; then for laminar
conditions the rate of heat transfer from the body is proportional to
the spinning torque.

The two major papers on the solution of the laminar hydrodynamic
equations associated with a rotating axisymmetric body in axial flow
are those of Hoskin (1955) and Schlichting (1956). Both workers have
found that their solutions were not dependent on the axial velocity or
rotational velocity of the body in isolation but a measure of the
ratio of these two (the so-called Spin parameter).

Hoskin presented a solution of the pertinent laminar boundary layer
equations using power series forms for the velocity components, shape

factors and potential flow. The series forms were expressed in powers
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of the meridional co-ordinate (which is the distance along a meridian
curve from the front stagnation point), the substitutions reduced the
two simultaneous partial differential boundary layer equations to two
infinite sets of ordinary differential equations, the first four of
which Hoskin solved for the spin parameter (A) range 0<:X <50 and used
his results to show that the angle of separation for the rotating
sphere moves toward the forward stagnation point for increasing spin
parameter.

The analysis of the hydrodynamic boundary layer equations
presented by Hoskin has, however, the following restrictions:

a) The form of the boundary layer equations that he presents
requires that both the potential flow and the radius of transverse
cross-section are able to be presented in terms of a power series of
the meridional co-ordinate, this is not possible for some complex
axisymmetric shapes such as the oblate spheroid.

b) Hoskin's procedure for determination of the stagnation
point solutions from the non-linear simultaneous stagnation point
equations is by means of a finite difference procedure which requires
very accurate guesses for convergence. This represents a limitation
on the range of spin parameter studied.

q) The four sets of ordinary differential equations presented
by Hoskin are valid for the sphere only.

d) The number of sets of ordinary differential equations
presented is limited to four.

Sickmann (1962) used the results of Hoskin to predict the local
Nusselt numbers from rotating spheres by the introduction of the heat
transfer boundary layer equation. He showed that spin increased the

value of the local Nusselt number and gave results for Prandtl numbers



0.7 and 1.0 for the three spin parameters A = 0, 2 and 4.

Schlichting presented an approximate solution of the hydrodynamic
boundary layer equations for the case of an arbitrary axisymmetric body
rotating about its axis of symmetry in axial flow. Using Pohlhausen
type velocity profiles for both azimuthal and meridional directions he
was able to determine the effect of spin on the torque and separation
point of a sphere from the momentum form of the boundary layer
equations. From his equations he found that results were dependent on
a spin parameter (Q / 3), where Q is the angular velocity, & is the
value of dU/dx at x=0 and U is the potential flow at x, x being the
co~ordinate distance in the meridional direction. He found that as
the spin parameter increased the separation point moved from the rear
half of the sphere toward the equator. He also found that for
increasing spin parameter there was a small decrease in the torque
coefficient. The disadvantage of the approximate method of Schlichting
is the fact that the method fails for spin parameters greater than
0.815 (i.e. /&) 0.815), failure being probably due to the inability of
the Pohlhausen velocity profiles to describe the true velocity
distribution when /& becomes greater than 0.815.

Yamaga (1956) extended Schlichting's theory to cover the effect
of rotation on local heat transfer rates. He found thaf the local
heat transfer coefficients increased with an increase in spin
parameter, however, he also was limited to the maximum value of spin
parameter of 0.815.

More recently Rittman (1969) studied the sphere and disk rotating
in axial flow. Using a similarity type transformation and the
azimuthal, meridional and perpendicular distances for his co-ordinate

system he was able to study the hydrodynamic boundary layer equations

135



for the two bodies for spin parameter (Q / @) of up to 2 by means of
a finite difference technique.

Illingworth (1953) presented a method of series solution for the
hydrodynamic boundary layer equations for the cone rotating in axial
flow. Using series representations in powers of a spin parameter he
presented a method of solution of the boundary layer equations valid
when the potential flow along a body remains constant.

Analysis of forced flow against an axially rotating disk was
first attempted by Hannah (1952) who gave an exact solution of the
boundary layer equations, Tifford and Chu (1952) obtained the same
solution independently. Schlichting and Truckenbrodt (1952) werec
the first to give an approximate solution for this case.

The search for similarity solutions for axisymmetric bodies
rotating in axial flow has been carried out by Ishizawa (1963) who
found that similarity solutions exist for the flat plate and the
front stagnation point of the cone and bodies of revolution.

From the literature survey it can be seen that only a limited
amount of theoretical work on the effects of spin on mass or heat
transfer phenomena has been attempted. It can be seen that a general
method of solution of the pertinent boundary layer equations is
required in order to determine the local rates of heat or mass
transfer from any axisymmetric body at any spin parameter and Schmidt

(or Prandtl) number.

2.2.2 Experimental Results

For the axisymmetric body rotating about an axis of symmetry in
axial flow there are very few experimental results in the literature.
Schlichting (1956) has described the work of Wielselberger (1927)

who found that the drag of slender bodies of revolution showed a
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considerable increase when there was an increase in the circumferential
velocity relative to the main stream velocity.

Luthander and Rydberg (1935) found that there was a similar effect
for spheres.

Noordsij and Rotte (1968) have given relationships for the
overall Sherwood number for a sphere rotating with translational
motion, however the spheres axis of rotation was perpendicular to the

translational vector.

2.3 STATIONARY BODY IN AXTAL FIOW

2.3.1 Theoretical Studies

The case of a stationary body in axial flow is a limiting case of
the present work (spin being zero) and as such deserves some attention.

The first attempt to obtain an approximate solution of the
boundary layer equations for the case of an axisymmetric body in axial
flow was put forward by Tomotika (193%6) who used Millikan's (1932)
momentum integral for axisymmetric flow and Pohlhausen's (1921) quartic
velocity profile within the boundary layer. Aksel'rud(1953) and
Grafton (1963) developed approximate solutions for transfer from a
sphere, Beg (1966) extended this to the case of the oblate spheroid.
Rojey (1967) used a Pohlhausen type polynomial to express the
concentration distribution within the boundary layer and then solved
the transfer equation to obtain point mass transfer coefficients within
the boundary layer region of oblaté spheroids.

Exact solutions of the boundary layer equations for axial flow
around axisymmetric bodies of revolution are few, the most important
being those of Frossling (1958) and Green (1968). Frossling used a
curvilinear co~ordinate system based on perpendicular, azimuthal and

meridional distances on the body surface, he then substituted the
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Blasius (1950) power series for the stream function together with
power series forms for the potential flow, contour function and
concentration distribution into the transfer and hydrodynamic boundary
layer equations. Comparison of like powers of the meridioncl
co-ordinate yielded two infinite sets of ordinary differential
equations; the first pair being the stagnation point equations which
are independent of shape. By the introduction of suitable universal
functions Frossling was able to remove the shape dependence of the
remaining equations, however, in so doing he increased the number of
equations to be solved substantially. The first three sets of these
universal functions were solved by Frossling, Scholkemeier (1949)
extended the theory to the fourth set.

The co~ordinate system used by Frossling did not permit direct
application to more complex shapes such as the oblate spheroid
(Green (1968)). Green removed this disadvantage by solving the
boundary layer equations by an exact method using a more general
co-ordinate system, however the solutions that he presented were shape

dependent.

2,3.2 Experimental Work on Stationary Bodies

A large number of experimental studies have been published on
overall heat or mass transfer coefficients from solid spheres, most
correlations are of the form

Nufor Sh) = A+ B Re™ Pr'(or Sc™) (2-1)

Frossling (1938) on theoretical grounds substituted n = 3; A = 2

and m = ¥ into (2-1) and obtained
Sh, = 2+ 0.552 % (2-2)
after correlating experimental data obtained from the evaporation of

nitrobenzine, analine and water drops in air and the sublimation of
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solid naphthalene spheres in air,
Linton and Sherwood (1950) studied benzoic acid spheres in a water

tunnel and correlated their experimental data obtained in the form

a2
Sh, = 0.33 Re? Sc¢” (2-3)

Linton and Sutherland (1960) conducted an extensive study into
the dissolution of benzoic acid spheres in water for the Reynolds
number range 490 <Re <7580 and correlated their obtained data in the
form

Sh, = 0.582 Re? 53 (2-4)
b
They also studied local rates of mass transfer and found good agree-
ment with the theoretical results of Frossling and Akselrud.

Garner and Suckling (1958) studied mass transfer from both
benzoic and adipic acid spheres in a water tunnel, from their data
they obtained the correlation

Sh, = 2+ 0,95 Re>*? 5¢0°77 (2-5)
for the Reynolds number range 100‘<Re<:700.

Akselrud (1953) carried out experimental work on mass transfer
from benzoic acid, sodium chloride and potassium nitrate spheres in

water and found for the Reynolds number range 200<<Pe<:4000

1
Sh, = 0,82 Re? sc? (2-6)
Kramers (1946) studied heat transfer from different sizes of
steel spheres to water, air and oil and was able to correlate his data

0.15

+ 0,66 pr0*3]

Nu, = 2.0 + 1.3 Pr ReD*? (2-7)
The correlation was found to be within + 10% of his experimental data
for the Reynolds number range O <§e <i460 andPrandtl number range

0.7 <fr <Goo.

A most comprehensive literature survey into heat and mass trans-

fer from spheres has been carried out by Rowe, Claxton and Lewis (1965).



They found that the majority of heat transfer data previously
reported had been made in an air system and the majority of mass
transfer measurements had been made in a water system. They decided
that it was necessary to carry out new experimental studies of mass
and heat transfer in both air and water. Using internally heated
copper spheres for heat transfer measurements in both air and water,
benzoic acid spheres for mass transfer measurements of dissolution in
water and naphthalene spheres for measurement of mass transfer by
sublimation in air they found that their experimental data was best

represented by the following correlations.

.
2 + 0,69 Re? Pr'}(or 5c?) (2-8)

i

for air system Ng}or SQ}

1 1

for water system Nuéor SQ) 2 + 0.79 Re? Pr%(or Sc>) (2-9)

the deviation of the correlation of Nq§or SQ} from experimental data
ﬁ

being + 0.3 Pr%(or Se?).

They also presented a combined correlation for all their work

Nu(or 8h) = 2+ 0.72 Re? Pr%(or SC%) (2-10)
which has a deviation from the experimental data of + 10%. The range
of all their correlations being 30 <Re <2000.

The effect of shape on forced convective transfer from oblate
spheroids was studied by Skelland and Cornish (1963). Using
Pasternak and Gauvin's (1960) characteristic dimension (total surface
area of body divided by maximum perimeter normal to flow) they were

able to correlate their experimental data by the single expression

Sh, = 0.7 Re? So% (2~11)
The experiments were made by studying the mass transfer by
sublimation of naphthalene oblate spheroids with width to height
ratios between 1:1 and 1:3 in air at SOOC within a Reynolds number

range 100~<3e <5000. They found their correlation to have an
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estimated standard deviation of 2.1%.

Beg (1966) extended the work of Skelland and Cornish by working on
spheres, oblate spheroids, spheroids for which the front half was
flatter than the back and disks. For spheroids his final correlations
were

Sh,

0.62 ReO*? 563 200 < Re<C2000 (2-12)

61

1 "
sh = 0.26 Re%*®sc¥ 2000 Re< 32,000 (2-13)

o
with a standard deviation of 3,75% and 3.50% respectively. For disks
his final correlation was

o
6 5% 270 < Re<34,900 (2-1k)

sh = 0.27 Re'"
the standard deviation being 2%. Again Pasternak and Gauvin's
characteristic dimension was used.
Beg extended this work to determine local rates of mass transfer
and found that his experimental results were in good agreement with

his theoretical predictions up to a parametric angle 60° around the

body.

2.4 AXISYMMETRIC BODY ROTATING IN A QUIESCENT FLUID

2.4.17 Theoretical Solutions

The flow iﬁduced by an axisymmetric body rotating in an otherwise
undisturbed fluid for incompressible flow has received much attention
over the last century.

The first analysis of such a flow was presented by Von Karman
(1921) who assumed that the flow induced by a disc could be treated as
a similarity flow. His equations were later solved using an
asymptotic expansion method by Cochran (1934) whose solutions were an

exact solution of the Navier-Stokes equations.

The body that has received most attention however has been the

sphere, The first attempt to present a theoretical analysis of the



flow induced by a sphere rotating in an incompressible guiescent
fluid was made by Howarth (1951) who extended Von Karmans' previous
work on the disc. Being more interested in the equatorial region of
the sphere he attempted an approximate solution of the relevent
boundary layer equations utilising Pohlhausen type velocity profiles.
He believed this type of solution would be of more use than an exact
solution by series method as the series solution would probably not
have the desired convergence in the viscinity of the equator.

Howarth assumed that because of symmetry the boundary layer region
could be considered as being composed of two hemispherical boundary
layers, the circumferential velocity of the body inducing a secondary
flow in a direction pole to equator, the occurrence of this in both
hemispheres would lead to an eruption of both flows at the equator.
His theoretical results suggested that there would be an inflow over
the whole boundary layer - an obviously incorrect result, continuity
not being satisfied. Howarth came to the conclusion that in order to
satisfy continuity an outflow had to occur in the equatorial region,
he was of the opinion that boundary layer theory broke down in this
region, the parabolic form of the boundary layer equations failing to
describe accurately the flow.

Bowden and Lord (1963) used the theory of Howarth to obtain an
expression

T = -2.93 a3uRS%Q (2-15)

for the torque associated with a rotating sphere.

Nigam (1954) disagreed with Howarth's assessment of the failure
of the boundary layer equations in the viscinity of the equator.
Introducing a slightly different form of series expansion for the

velocity components from Howarth his results suggested that up to a



critical parametric angle of 54.70 there was inflow into the boundary
layer, this then being balanced by outflow over the rest of the
hemisphere. His results suggest that at the equator the boundary layers
have lost 21l their fluid and hence no erruption occurs,

Benton (1965) has shown that Nigam's expansions predict that the
boundary layer has a constant thickness, an obviously wrong result as
shown by the experimental evidence of Kreith et al (1963) and Kobashi
(1957) . |

Stewartson (1957) has also shown in a qualitative manner that
Nigam's results are wrong and that collision of the boundary layers at
the equator is unavoidable., Stewartson came to the conclusion that a
radial jet would be formed and that the region of boundary layer break-
down would be within a distance Oﬁj%) from the equator.

Banks (1965) presented a more recent analysis of the same problem
in which he utilised the series solution method proposed in Howarth's
(1951) paper; namely if r, 8, § are the normal spherical polar

co-ordinates and w, u, v are the respective velocity components then

u = aQ(GF,‘ +63F3+ o.cc.o)
v o= aQ(eG,] + 63G3 + 0.0.'.) (2"16)
w = @Q)%(.ﬁ:‘ +82ﬁ3 +.--no)

are the expansions., Here a is the sphere radius, Q is its angular
velocity and the F's, G's and H's are functions of the dimensionless

perpendicular distance Z from the body surface defined as follows:

7 = @ANE (r-a) (2-17)

The boundary values proposed being

Fn(O) Hn(o)

1]

(o]
o]
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o]
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o
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However this theory still has the disadvantage that the value of H(w)
is finite and negative, thus predicting radial inflow over the entire
boundary layer right up to the equator, the same result as Howarth.
However, it is interesting to note that Banks'(1965) expression for
torque

3 a
T = —3.27auRsaQ (2-19)

which was calculated on the basis of the first four terms of the v
expansion is within 6% of Bowden and Lord's (1963) experimental result.
Banks (NGB criticised Hoskin's (1955) theoretical results for separation
angle because they fail to take into account that a rotating sphere in
axial flow can still induce a hemispherical boundary layer in the wake
region. He suggests that Hoskin's method for calculation of
separation angle is only valid when the spin parameter is small when
compared to unity.

A finite difference method of solving the boundary layer
equations has been demonstrated by Manohar (1967) whose results agree
to three significant figures with those of Howarth and to six
significant figures with those of Banks (1965). Manohar presented the

expression

T = =3,265 aBuRS%Q (2-20)

for torque.

The same problem has also been studied by Dorfman et al (1965)
whose solutions of the boundary layer equations were obtained by
dividing the surface of an arbitrary body into small sections each
being treated as a 'similarity' shape, his results are in good agree-
ment with previously mentioned workers.

A critical analysis of both approximate and exact solutions of

the pertinent boundary layer equations for axisymmetric bodies



rotating in a quiescent fluid has been presented by Benton (1965).
Benton gave the following reasons for the inaccuracy of boundary layer
solutions.

a) VWhen the boundary layer approximations are applied to the
Navier-Stokes equations there is a change in mathematical classifi-~
cation of the partial differential equations from elliptic to parabolic.

b) Karman-Pohlhausen type approximate solutions use only a
polynominal approximation of the velocity distributions.

c¢) The neglection of the radial pressure gradient lowers the order
of the mathematical systembby unity, hence one boundary condition
cannot be satisfied. This final objection leads to qualitatively
incorrect results such as the prediction of radial inflow over the
whole boundary layer surface.

Benton suggested a more realistic model would be obtained from a
solution of the Navier-Stokes equations using the criteria of all
velocity components vanishing toward infinity for the boundary
conditions.

Solutions of the boundary layer heat or mass transfer equations
have been put forward by researchers who have utilised the hydrodynamic
theory previously described. Singh (1960) used Nigam's (1954) method
and found that the constant boundary layer thickness overestimated the
effect of rotation on heat transfer at the polar region and under-
estimated it in the equatorial region.

Banks (1965)1 extended his own work (1965)2 to study local heat

transfer rates, he obtained four terms in his series expansion

Nu o / an '
—r = - 'E ® ()6 (2-21)

RS =5 2n+1

for Prandtl numbers of 0.7 and 1.0, his results gave



B - o.25 Pr = 0.7
R 2

(2-22)
R 2

Other bodies have been studied, Fadnis (1954) has extended
Nigam's approximate solution to cover oblate and prolate spheroids,
most other work however seems to have been done on discs and cones,
both bodies being treated as similarity shapes extending either
Von Karman's exact solution of the Navier-Stokes equations or other
workers approximate solutions.

The first approximate solution for heat transfer from a rotating
disc under laminar flow conditions was presented by Wagner (1948),
Millsaps and Pohlhausen (1952) extended Von Karman's method to cover
the case of heat transfer. Ostrach and Thornton (1958) neglected
viscous dissipation and solved the heat transfer boundary layer
equation for the case of an isothermzl disk at Prandtl number 0.72,
Sparrow and Gregg (1959) extended these results to a wider range of
Prandtl number.

For the cone an analytical solution was first presented by Wu
(1959) who showed that for the boundary layer equations his results
for the velocity distribution could be obtained from solutions
pertaining to the flow induced by a rotating disk. Tien (1960)
extended this work to show that the heat transfer from rotating cones
in a quiescent fluid could be predicted from analogous results for the
rotating disc.

A most comprehensive literature survey on the effect of rotation
of cones and discs has been presented by Subramaniyan et al (1956).

Theoretical results for heat transfer from rotating cones and

disks have been published in the form



Mo = (hx K) = (0K Zsing)°"7 = C Re 0% (2-23)

For Prandtl number 0,72

Ostrach and Thornton (1958) gave C = 0.329
Wagner (1948) = 0,335
(2-2k)
Millsaps and Pohlhausen (1952) = 0,28
For Prandtl number 2.42
Sparrow and Gregg (1959 gave ¢ = 0.625

Work has been carried out on similarity solutions for other
axisymmetric bodies rotating in a quiescent fluid. Geis (1956) has
shown that the disc and the cone are but two examples of a broader
class of geometrical shapes for which similarity solutions of the
boundary layer equations exist; He has shown that when the body shape

can be expressed in the form

o @n=1)/3
r(x) = It(iz ymy 2 (2-25)
where r(X) - radius of revolution of the body
X - distance from front stagnation point measured along
meridian curve
L, - characteristic length of body
m - a parameter

then a similarity solution exists for that body. Hayday (1964/65)
extended the theory to cover the case of heat transfer and showed that

when the surface temperature distribution is given by

w- Ty = constant (X/%Qn (2-26)

where n is another parameter, then similarity solutions exist for the
heat transfer boundary layer equations,
It can be seen from the literature survey that whilst much work

has been done on the sphere, cone and the disk there is as yet no

27



general theoretical approach that is suitable for all shapes, In
particular whilst overall heat transfer coefficients have been
published for the spherc at a few Prandtl numbers no results have been
published for oblate spheroids.

It was hence decided that for the case of an axisymmetric body
rotating in a quiescent fluid a general solution of the hydrodynamic
and energy (or mass) transfer boundary layer equations should be
presented, also the overall heat (or mass) transfer coefficients for
some oblate spheroids should be presented, these results being a
limiting case of the main work. It was decided that the method-of
approach should follow that as outlined by Hoﬁarth, experimental

evidence suggesting that this method is superior to that of Nigam,-

2.4.2 Experimental Results

An insight into the limitations of different theoretical analyses
has come from visual observation of the induced flow itself,
The first comment on this type of induced flow was that of
Sir G.G. Stokes (1845) who described the flow around a rotating sphere,
"The sphere acts like a centrifugal fan,
the motion at a distance from the sphere
consisting of flow outwards from the

equator and inwards towards the poles,
superimposed on a motion of rotation.”

Kreith et al (1963) used smoke to visualise flow in the boundary
layer of a rotating sphere. They found that the smocke entered at the
poles where it was transported through the boundary layer to the
equator where the two streams collided.

Similar investigations were carried out by Bowden and Lord (1963)
who, using a Schlieren technique obtained the same qualitative results

as Kreith et al.

The results of Kobashi (1957) however are in direct contradiction
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to those of Kreith et al and Bowden and Lord. Xobashi found inflow
occupied up to 54.50 parametric angle around the sphere and then
outflow which seems to confirm Nigam's (1954) theory, however Kreith

is highly critical of Kobashi's experimental technique which determined
the resultant velocity vector using a hot wire anemometer,

Bowden and Lord (1963) have measured the torque coefficient of the
rotating sphere experimentally and found it to be ~3,5; this is
slightly different from the value -3.27 predicted by Banks (1965) who
derived his result on the basis of boundary layer theory, this represents
a difference of about 63%.

Kreith et al (1963) performed heat transfer experiments on a

rotating sphere in different fluids they obtained the following

correlations
2 A
. Gr < 0.1 R (
0.5 . 0.
Nu = O.J43 R, 2 Pr R, < 5x10° [ (2-27)
0.,7< Pr< 217 )
2~
Gr £ 0.1 R_ ]
Nu = 0.066 RSO'67 prOt 5x10° < R < 7x1o6 \ (2-28)

0.7 Pr 7 J
Both corrclations (2-27) and (2-28) were found to be within 15% of
experimental results. Kreith found that for Rs<i Sx‘lO5 the laminar
regime existed except in the viscinity of the poles. He found also
that below Rs of 5x104 no appreciable outflow occurred from the boundary
layer over the sphere except in the narrow equatorial zone.

Subraminiyan (1956) et al used a diffusion controlled electrode
reaction system to show that for cones with apex anglq)- 40°

0.4

Sh, = 0.345 (1Rsim /) 7 sc (2-29)



for disks

Sh, = 0,345 (Qd2/0)0°5 5c0 (2-30)
and for the sphere
Sh, = 0.25 (de/,;r)o'5 5cO% (2-31)

These correclations have an average deviation of +10% from the
experimental results.,

Tien and Campbell (1963) found that for the naphthalene air
system cones with a vertex angle greater than 90o gave experimental
results for mass transfer that are in excellent agreement with the
predicted value of Sparrow and Gregg (1959). They also found that the
spin Reynolds number of transition from laminar to turbulent flow is

in the range

5 5
2x10° < (R )critiéua_.smo

s

Gregory and Walker (1960) found that for a polished disk the
critical Reynolds number was 1.35x105.

Nordlie and Kreith (1961-62) obtained heat transfer data from a
rotating heated aluminium sphere in still air, they presented the
following correlations:

0.27 7

Nu, = 2+ 0.3k (Gr) 0 £ Gr ¢2x10 (2-32)
which has an average deviation from experimental data of +20%

Gr/R %> 0.1

Nu = 2(R 2 4 ar)0- 16k 5 L (2-33)
c 1x10° < R < 1.8x10
2

ar/R “< 0.1

M = 0,29 R 0*227 (2-34)

o)

1.8x107< R < 1.3%10°

with an average deviation from experimental data of +12% here RS



the spin Reynolds number being given by Rs =£) D2/1). Using both
shadow photography and smoke patterns they also studied the flow field
around the rotating sphere, these qualitative studies agreed with the
results obtained by both Bowden and Lord and Kreith et al.

Noordzij and Rotte (1967) have also obtained experimental data
for rotating spheres by means of an eclectro-chemical method, their

results were correlated as follows,

"\cd Qda % 'l:’ % /-\
— = 10 + O0.43(=) (=)
°(v * V elV
3 _ 0d° 3 |
for range 0.8x10 <C(77 ) L 27x10 (2-35)

0.5x10° < (%)—) < 2x10°

v

Their correlation had an average deviation from their experimental
data of +5%.

The experimental evidence presented by all workers (except
Kobashi) agrees with the model presented by Howarth, namely the
rotation of the body induces a flow from pole to equator. This forms
two hemispherical boundary layers which collide in the equatorial
region, Hence inflow occurs at the two poles and erruption occurs at
the equator no flow occurring across the boundary layer at any other
point,

Although Benton (1965) has made criticisms of the boundary layer
technique in solving our particular problem, the boundary layer theory
is still capable of giving an accurate quantitative value for the
torque coefficient of a rotating sphere. There is only a 63%
difference between the experimentally measured value of Bowden and
Lord and Banks' theoretical values this probably being due to the

boundary layer theory having more validity at the body-fluid interface



although giving a qualitatively incorrect picture at the edge of the
boundary layer.

Hence from experimental results of other workers it would secem
that

1) The flow field for the rotating sphere as described by
Howarth is correct, also oblate spheroids and other enclosed bodies of
revolution when rotating about their axis of symmetry would hawe similar
flow patterns, i.e. inflow at poles and erruption at the equator.

2) The boundary layer theory would probably yield good theoretical
results for local mass or heat transfer coefficients as these are
dependent on concentration or temperature gradients at the body-fluid
interface (where the boundary layer theory is most valid).

3) For the sphere or oblate spheroid rotating in a quiescent
fluid, boundary layer theory can be used to predict mass or heat
transfer effects in all but a very thin 'eruption area around the
equator. Hence it is possible to calculate overall mass or heat

transfer coecfficients from boundary layer theory alone,



CHAPTER III

THEORETICAL ANALYSIS

3.1 INTRODUCTION

We have shown in the literature survey that very few solutions of
the laminar boundary layer equations exist for the cases of a) an
axisymmetric body rotating sbout its axis of symmetry in axial flow;

b) an axisymmetric body rotating about its axis of symmetry in a
quiescent fluid., Those analyses that do exist are of such a form as
to restrict their extension to more complex axisymmetric shapes, this
being primarily due to the non—general co-ordinate systemé employed,

In the present analysis we are concerned with both cases a) and
b) above, the analysis is in a general form utilising non-rotating
orthogonal curvilinear co-ordinates. The velocity components and scale
factors are represented by power series which when substituted into the
boundary layer eguations transform them from partial differential
equations to sets of ordinary differential equations in the form of
boundary value problems.

Thé analyses of the two types of situation are given in such a
form as to make the solution of the pertinent equations straight-
forward by means of a computer routine. It was found that this routine
was sufficiently general to require just one subroutine (supplying
power series forms of the potential flow and scale factors) for each
axisymmetric shape analysed.

As an example of the use of this programme an analysis of the

\3
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heat or mass transfer process for rotating spheres and oblate
spheroids is given.

The present analysis is limited to solid isothermal bodies
rotating about their axis of symmetry in incompressible flow with
laminar boundary layers. In the analysis it is aléo assumed that heat

generated by viscous dissipation is negligible,

3.2 DERIVATION OF THE BOUNDARY LAYER EQUATIONS FOR AN AXISYMMETRIC

BODY IN ORTHOGONAL CURVILINEAR CO-ORDINATES

3.2.1 Navier~Stokes Equations for an Axisymmetric Body

The equations governing the momentum and mass (or heat) transfer
at a point in an incompressible fluid for which heat generation by

viscous dissipation is negligable are:

%% = -elVP + T?sz Navier-Stokes equation (3-1)
Vr = 0 Continuity equation (3-2)
%% = %X?zx Heat or mass transfer equation (3-3)

Here v is the velocity vector, 4 the density of the fluid,
the kinematic viscosity, o, the diffusivity, P the pressure and X is the
temperature or solute concentration all measured at the point itself.
The term %% is the substantial derivative and is defined as

D
-ﬁE = éﬂg + (X.V)

To define fully our system we have to introduce our boundary
conditions on the velocity vector v and the transfer function X, to
obtain these we assume the following,

a) at the solid-fluid interface there is no slip between the

so0lid and the fluid,

\>!



b) for mass transfer the flux at the interface is small
enough to be negligible,

c) for heat transfer, temperature differences are small
enough to assume that changes in the physical properties of the fluid
are negligible,

d) the velocity and concentration (or temperature)
distributions become asymptotic to their values in the undisturbed
fluid as the distance from the body increases.

We hence obtain the following boundary conditions:

n = O v = (v) X = X
- - ~'s s
(3-4)
n—> oo y—a (¥) X—>X
where n is the vector normal to the body surface,
XS is the temperature or concentration at the surface,
Xm is the temperature or concentration in the main stream,

(y_)S is the velocity vector at body surface (not zero for a
rotating body),
(v), is the velocity vector in the main stream.
If we assume that our flow is time independent then §% =0

and our equations (3-1) to (3-3) reduce to

(ve@?v) = - é-VP + -Dvay_ (3-5)
Vv.v = 0 (3-6)
(v.P)E = ov°x (3-7)

We now wish to express our vector equations in terms of the
orthogonal co-ordinate system (x1, X9 XB)' x, will be measured as
positive in the direction of fluid flow and is termed the meridional

co-ordinate, X, is taken as positive in the direction of rotation of



the solid about its axis and is termed the azimuthal direction, x3 is
the third of the triply orthogonal set and is perpendicular to the other
two co-ordinates, all three surfaces X, = constant, X5 = constant and

x3 = constant being mutually perpendicular.

The transformation of the equations (3~5) to (3-7) into the
orthogonal co-ordinate system is presented in appendix A for the
general case of a three dimensional body in incompressible flow., If
the body has an axis of symmetry and is in an axisymmetric flow field
then functions will be independent of the azimuthal direction and
hence

5 :
a-;{—z = 0 (3-8)

We can thus simplify the general three dimensional equations for
mass (or heat), momentum and continuity for an axisymmetric body in an

axisymmetric flow field to:

momentum meridional direction:

2

v1(v1)x1 Vo )x1 . V3(V1h1)x3 (h )y x, =
h, h1h2 h.h, h,h,

..--P -
¢t (®), x, + h2h3 h3h1 {fv (v h ) 'g ) (3-9)

momentum azimuthal direction:

v,
3
—ze(V. h.) 4 =——(V_h.) =

h2h3 272'x %5 h, h 2°2'x,

1) v{h'l < {h g -1
(V.,h.) —2m(V_h.)
h1h3 h2h3 P hoh,' 272 i}
- 3 1



momentum normal direction:

vy o ) e 2 n <»‘< ). - (V,h) 23
—(V + ==(V + v - == 3(V,h ~- (V,h
h3 1 x3 h3 2 x3 h3 3 x3 h3h1 i_ 11 x3 33 x1

v h

> 1 Vb
- =—=(V_h.) = = ———(P) - e (e 4 (V_ R ) - (V_h ) )
h2h3 22 x3 eh3 x3 h,]h2 h3h.] { 11 x3 373 x;{ x,|
(3~11)

continuity:

1 {
—— | (hh V.,) +(hV.) | = 0 (3-12)
h,]h2h3 27371"x, 172"3 x,

mass (or heat) transport:

e

v v U non h.h
1 3 dhy ' 23 12,
—(X)_  + =(X) = ( X)) +( (xX)_ ) (3-13)
h1 x1 h3 x3 h,]hah3 L_ h1 x1 xq h3 x3 %
where h

11 h2, h3 are the scale factors for co-ordinate Xyy Xo9 x3

respectively. Our boundary conditions in terms of the new co-ordinate

system are:

at Xz = (x3)s v, = V3 =0; V,= (Va)s; X=X

S

(3-14)

a5 Xz—300 V,T--a.(V,‘?m ; V‘»(V3)“" s V

3 5> 03 XX

2

where (x3)S is the value of co-ordinate x3 at the body surface, (V2)s
is the value of the velocity component V2 at the body surface and

(v,) and (V3) are the components of V, and V. in the bulk flow.

3

It should be noted that we have used the following nomenclature for

partial differentiation:

7 - 37A
8x, ~ (A)x. and > = (A)x.,x.
i i Bxi it
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3.2.2 Derivation of the Boundary Layer Equations for a Body of

Revolution Rotating in Axial Flow

It can be seen from the complexity of the Navier-Stokes equations
(as derived in section 3.2.1) that their solution presents us with a
formidable task, first, the partial differential equations are non-
linear, second, the scale factors are variables which brings added
difficulty.

Prandtl (1904) presented a2 method of simplification of the
Navier-Stokes equations by introducing the concept of the boundary
layer. He showed that the flow of a fluid over a body wall could be

divided into two regions, the first in the immediate neighbourhood of
LAY

the body wall, here the velocity gradient normal to the wall (ﬁL 5;1)
v 3775
is very large, hence the shearing stress 1:==u(t;'5;l) can also
3773

‘be high despite a low viscosity #. In this region then the viscosity
of the fluid exerts a decisive influence on the fluid flow. The
remaining region is characterised by a low normal velocity gradient,
here the effect of viscosity is negligible, the flow being treated as
potential. The first region described was termed by Prandtl 'the
boundary layer' and in general it diminishes in thickness as the
Reynolds number increases.

Utilising the fact that the boundary layer thickness will tend to
zero as the Reynolds number approaches infinity (assuming a turbulent
boundary layer is not formed) Rosenhead (1965) presented a method for
obtaining the boundary layer equations by taking the limiting form of
the Navier-Stokes equations as the Reynolds number approaches infinity.
These boundary layer equations although only strictly valid in the
limit of infinite Reynolds number should give a good approximation
of the flow for which Reynolds number is large but not infinite.

In order to reduce the Navier-Stokes equations to a more



manageable form it is necessary to determine the relative importance of
each term in ecach equation. This present work is concerned with the
forced convective region of mass and heat transfer, it being assumed
that the Reynolds number is high enough for Prandtl's boundary layer
assumptions to be valid.

First it is necessary to put the Navier-Stokes equations into a
dimensionless form by defining a characteristic dimension Lc and a
characteristic velocity Uc which could be for example the main stream
velocity Uw « It should be noted that the dimension of a scale factor
is dependent on the dimension of its associated co-ordin;te. In
general the incremental distance ds between two points (x1, X5 x3)

and (x1+dx1, x2+dx2, x3+dx3) is given by the expression

(ds)2 = h12dx12 +h 2dx22 +h de 2 (3-15)

2 3773

Now the incremental distance ds has the dimension of length hence the-
product hidxi must have the dimension length, i.e. if a co-ordinate
has a dimeunsion of length then its scale factor is dimensionless, the

converse is also true. We can thus define the following dimensionless

groups,
v v v
* - 1 . * - -—% » ¥ -— é -
Vp =g iV, = 7V =g (3-16)
c c c
and
* * . ( 1 )
hidxi = hidxi/Lc i = 1,2,3 3-17

The dimensionless form of pressure being defined
" = p/pu (3-18)
P = P/QU, 3~
and the dimensionless temperature or concentration

* (X 5
€= X -
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The substitution of these dimensionless forms leads to the
following form of the Navier-Stokes equations.

momentum meridional direction:

v V.2 ol V.2

* * * * *
V) Ly - =E(h) = (Voh), - —2=(hy) , =
he VX pn 2Ky TVx N
1 172 31 51

*

LN 1.2 g(V*h*) W 1) (3-19)
- - + - UL (B - -

* x* Re AN R 1797 x* 33 X*§ x*

h, 1 hohy hoh, *3 1773

momentum azimuthal direction:
* * r—" *

v * x V1 * % 1 . 1 h1 * *x
2R ¢ U = g | R
h2h3 3 h,]h2 | 1P q—‘z 3 3 X3

* *
e B (3-20)
h, h 1) x*
12 1
momentum normal direction:
* V* V* V*
v .
1, % o * * 1 - * *
-T(v1)x* + ;:(Va)x* + ;g(VB) . - ;:;: {(V1h1)x% - (VBhB)X;}
By 3 by 75 by 3
* o
Vv
2yt 1 ot I N P
- —;—;(Vaha)x* = - =(P )x* - *;:;: ;:;: {}V1h1)x§
h2h3 3 h3 > 12131
*® %
- (V.h " (3-21)
( 3 B)X;}_lx* >
1
continuity equation:
] (honoV.) (hohoV.) 0 (3-22)
I * t * -
hqhgh 2°3°1 X3 1723 x3
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mass (or heat) transport equation:

* * * %
Vv Vv h.h
1ot * « 1 . 1 2 *
F(X )x:’]l + —%(X )x* = }l; ﬁ'é * x ¥ ( *3(X )x*) «
1 h3 3 h1h2h3 hq 1 X}
L .
h,]h2 «
+ (—=X )x*) (3-23)
h *
30 0%
Our boundary conditions now become:
* ( * | * '* * *
At X5 = xB)s v, = V3 = 03 V, = (va)s; X =1
(3-24)
* * * * * x
as XB—*-——’?(JDO V’T—_"(V’])oc 3 VB—_-’(VB)‘” H V?O; X0

which are all dimensionless. 1In the above equations Re is the
Reynolds number and is given by Re = UCLC/HQ and Pr i; the Schmidt
number for mass transfer (or Prandtl number for heat transfer) and is
given by Pr =17/b¢

In order to make an order of magnitude analysis of our equations
we have to make certain assumptions, First because our axisymmetric
body is smoothly curved we assume that the scale factors and their
derivatives with respect to the co-ordinates are of order unity. The
dimensionless co-ordinates must be of the same order of magnitude as
the dimensionless distances over which they are measured. If we define

b 3
a dimensionless hydrodynamic boundary layer thickness as & then

hyx, = 0(1)
h;x; = o(1) (3-25)
hx, = 0(5)

33



Now the velocity V1 increases from zero at the body surface td the

potential velocity at the edge of the boundary layer hence

v, = 0(1)
U
h*(V1)x, = 0(1) (3-26)
1 1
1,.* *
h3 3

From the continuity equation it can be seen that as the order of
*

L I * k% %
magnitude of (h2h3V1)x; must be the same as that of -(h1h2v3)xz R

*
we have (VB)X* = 0(1) as the order of magnitude of the scale factors is

then

unity, hence V; = o(§3. Rosenhead (1965) has shown that over the
region for whiph Prandtl's boundary layer simplifications hold true
the dimensionless hydrodynamic boundary layer thickness has an order
of magnitude given by

2
S = 0(1/Re?) (3-27)

Rosenhead hence suggested the substitution

V** * %
3 = V3 Re
(3-28)
*k * _3_
X‘3 = X3 Re

into the dimensionless Navier-Stokes equations in order that an
analysis may be made of the relevant importance of each term in the
limiting case as the Reynolds number Re-—s 92,

On substitution of (3-28) into the dimensionless Navier-Stokes

equation we obtain
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momentum (meridional) eguation:

V* V*E‘ V*# V**E‘
»] * 2 * * ¥k *
(V) = —m5(hy) o + %(th»])x** - —-ér—,.:(hqu =
h, 1 hoh, T hgh, 3 Re.njh,

* *
h h
1 ot 1 2 % 1 _1 2 ot
- =P ) _u + =0 ) L) o -—.—,,:—;g-(—-,,—;;(v3 by o) o
by T hohy h3h1 5 x3* Re hh, hihy 1%}

momentum (azimuthal) eguation:

** * *
v * ¥ v * % h * ¥
1 1 1
'_*éa?(vaha)x** + —;'T(Vahz x* = ﬁ(ﬁ(VZhZ)x**)
h h 3 h h 1 h ,h_, h.h 3 xE*
273 12 173 7273 3

*

h * K
- SR L) (3-30)

, Xag o ox
Re h,]h3 h,]h2 1 x,]

momentum (normal) equation:

V* V* V** V*

1 * 2 * /| * % 1 * ¥k
—;:(V,]) wx t -;(VZ)X** + - "é (V3 )x** - ﬁ(vqhq)x**
h3 h3 3 Re 1’13 3 h3h1 3

* *

1 V»] ¥k ok V

2 % %k "] *
+ = ==V, h3)}'{* - (Voh) vy = - (P ) .,
Re hjh, T by 3 h, 3

* *

h

2 * % "] "] 2 r** *

- = ===V h) ) Lt 3 —r:(-;-;;(\zs hy x:“) . (3-31)
Re h,]h2 h3h1 3 x; Re h,]h2 h3 1 x]

1 1 b

continuity equation:

1 Eh*h*v*) (h*h*\l** ] o (3-32)
PENCACE R i Al T B A L B -
h1h2h3 1 3




heat or mass transport egquation:

V* * X * *
* *
Ay, 42 0 = = 2200, D
h1 1 h3 3 Pr.Re h,]hzh3 h1 *1 X3
h h
+ L R, (3-33)
Pr h1h2h h3 3 x3

. * " .
Now for large Reynolds number x3 and V3 are both O(Re“%), hence

& % * ¥k
both x3 and V3 remain finite for large Reynolds number. As the

Reynolds number becomes large the dimensionless boundary layer

becomes very thin and over its width (i.e. the x, direction) the scale

3

factors will vary little and can hence be treated as independent of x

* %k

3"
We can thus see that the equations reduce to the following form
as Re—p 00, These arc the boundary layer equations in terms of
dimensional variables.
momentum (meridional) equation:
2
v v v
1 2 'z 1 1)
=) =)+ =(V) = - —=—(P)_ + —=5(V)
h1 1 X, h,]h2 2 %, h3 1 x3 e h1 X, h32 1 x3,x3
(3-34)
momentum (azimuthal) equation:
i V v -
1 2 1
—(V,))_  + (h ), + 5= = —=(V,) (2-35)
h1 2°x X, h,]h2 X, h3 2 x3 h32 2 x3,x3
momentum (normal) equation:
1 ,
—®, =0 (3-36)

3 3

L
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continuity equation:

(h2h3V1)X1 + h,lha(vs)x3 = 0 (3-327)

heat (or mass) transport equation:

-—V“< ) —-V3< ) 2e(x) | (3-38)
X -+ X = (X 3"3
h1 x1 h3 x3 h; x3,x3

It is interesting to note that equation (3-26) shows that the
pressure drop across the boundary layer is very small and hence the
pressure can be assumed to be that pressure impressed by the main
stream. Now in the main stream we can assume that potential flow

exXists and hence for pure axial flow

V,l — U(xq) Véma 0

vhere U(xq) is the potential velocity at x Substitution in (3-34)

1¢
yields:

). = - (P (3-39)
%4 e *

substitution of (%39) into (3-34) gives us the momentum meridional

boundary layer in terms of the potential flow

2
v v v
1 2 3 U d
—(V ) - cmie(h) + =2(V ) = —=(U) + —=(V,) (3-40)
h1 1 x1 h,]h2 2 x1 h3 1 x3 h1 x1 h; 1 XB’XB

In the above order of magnitude analysis it was stipulated that
because we treat the boundary layer as being extremely thin then over
the boundary layer region the scale factors could be treated as being
independent of x3, we hence take the scale factors as being those at

the surface of the body(which is valid in the limit Re—¥ ©¢). These

scale factors will hence be functions of x1 the meridional co-ordinate



only and in future will be denoted by
h1,o(x1) 3 Boag(x,) (3-41)

A further simplification can be made with regard to the normal
co-ordinate which is orthogonal to the other two co-ordinates, again
because our analysis is dealing with the limiting case as Re-7oo
when the boundary layer is extremely thin then we can substitute the
distance normal to the body surface instead of the normal orthogonal
and introduce little error. If we represent this new normal co-
ordinate by N then 3N replaces héBxB in our equations, in their new
form the boundary layer equations are:

momentum (meridional) equation:

2
1 2 ) ¥ @), 7,
(V) e eEe(n, ) 4+ VL (V) = = (U 43NV
h1’0 1 X4 h1,0h2,0 2,0 X, N'Y'M1°N h1’0 X4 1°N,N
(3-42)
momentum (azimuthal) equation:
V4 ViV2 o
— (V). +—="—(h, )+ V (V) =1 (V) (3-43)
h1,0 2 X, h1,0h2,0 2,0 Xy N' 2°N 2°N,N
continuity:
(ig,0 Vi, * By,0 Mooy = © (3-44)
heat (or mass) transport:
Vi
E"'"(X)x + V(X = %(X)N,N (3-45)
1,0 1
the pertinent boundary conditions
at N =0 V1=VN=O V2=(V2)SX=XS
(3-46)
as N— 0 v1—-->U(x1) V5—>0 X=X

L6



where VN is the velocity component in the direction normal to the body
surface.

It should be noted that a change of mathematical form has taken
place in using the boundary layer simplifications. The original
Navier-Stokes equations were elliptic in mathematical form but the
boundary layer equations are parabolic. This change will undoubtably
have an adverse effect on the accuracy of our solutions, this, however,
is the penalty one must pay when simplifying the Navier-Stokes equations
to a more manageable form.

The simplifications are based on the assumption that a thin
boundary layer exists, it thus restricts our analysis to the boundary
layer region of the axisymmetric body, the wake region being outside
the bounds of the theory.

The boundary layer simplifications were used in the momentum
equation for the normal direction to show that the pressure drop
across the boundary layer (in the normal direction) tends to zero as
the Reynolds number tends to infinity. However the boundary layer
simplifications effectively ‘re@ove' the momentum normal equation
from our mathematical system and hence reduce the order of the system
by unity. Whereas previously we had two first order and two second
order partial differential equations (with respect to xB) we now have
two second order and only one first order partial differential
equations. This means that all of the six hydrodynamic boundary
conditions as defined in (3-14) cannot be satisfied as this would
mean an over defined system, it hence becomes necessary to leave the

velocity component V. unspecified at infinity. V. should in fact be

3 3
the potential flow value of the normal component in the main stream,
however as it is not specified as this value it can be seen that the

boundary layer equations are capable of giving qualitatively different
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results from that observed in practice, this phenomena has been
previously explained by Benton (1965).

These limitations on the boundary layer equations must be
balanced against the tremendous simplification that has been achicved,
whilst at infinity we cannot satisfy the boundary condition for V3 it
is expected that on the body surface all boundary values will be
determined accurately, hence point heat or mass tramsfer coefficients
(which are depcndent on BX/Bx3 at the surface) should also be

determined accurately.

3,2.3 Derivation of the Boundary Layer Equations for an Axisymmetric

Body Rotating in a Quiescent ¥Fluid

We must now make an order of magnitude analysis of the Navier-
Stokes equations ((3-19) to (3-23)) for the case of a body rotating
in a quiescent fluid. Because there is no main stream flow a different
characteristic velocity must be defined, this velocity which we shall
call Vs will be the peripheral or rotational velocity at a defined
point on the surface of the body. Again the characteristic length
shall be defined as Lc’ hence all the dimensionless variables will

remain the same except the velocities now defined:

* * * ’ -
vV, = v,]/vs v, = vz/vs v5 = VB/VS (z-47)

the boundary conditions being

% * * * * * *
at X5 = 6{3)8 v, = v3 =0 V,= (v2)s X =1
(3-48)

* * * % *
as x5-————>oo V,T——aro VZ—-—-*;O Vg—*#o X—>0

Once again using equations (3-25) and (3-26) the largest order of
magnitude of the inertial terms on the left hand side of equations
(3-19) are 0(1), whilst the highest on the right hand side, the

- * *
viscous, terms, are O(Rs 1/82) where § is a dimensionless boundary



*
layer thickness. Thus the order of magnitude of § is given by

*

5% - o@m ) (3-49)

S

This is the same form of result as obtained in the case of a body
rotating in axial flow, Re the axial Reynolds number being replaced by
RS the spin Reynolds number, RS based on the peripheral velocity Vs.

We are now able to proceed with the same analysis as in section
(3.2.2) to obtain the same boundary layer equations as in (3-42) to
(3-45) with the exception of the potential flow term, if U = O is

substituted into equation (3-39) we obtain
3P
55 =0 (3-50)

The boundary layer equations for the case of a body rotating in
a quiescent fluid are thus:

momentum meridional direction:

Vv Vv
1 2
e (V) - e (h ) + V. (V) =V (V.) (3-51)
h1,0 4 x1 h1,0h2,0 2,0 x1 N 1N 1'N,N

momentum azimuthal direction:

v, A 2 |
—V.)) # e—————(h, ) o+ V (V) =V (V) (3-52
hq,o 2" %, h1,0h2,0 2,0"x, N 2N 2’N,N

continuitx:
(h2,0V1)x1 + hq’o hZ’O(VN)N = 0 (3-53)

heat or mass transport:

v
’
I;;:;(X)x1 + vN(x)N = “y(X)N,N (3-54)
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with the pertinent boundary conditions
at N=20 V, =V_=0 V2=(V2)S X=XS

(3-55)
as H-—&@ V{—?() vé——»o X-”?Xm

Again as in the case of a body rotating in axial flow it is

necessary to remove the boundary condition V.7~ 0 as N—»oC in order

N
that our mathematical system is not overdefined. The system again
gives a qualitatively incorrect picture of the hydrodynamic process
at infinity and as a consequence VN becomes finite at infinity. This
is in direct contradiction to the findings of Kreith et al (1963) and
Bowden and Lord (1963) who found that flow into the boundary layer
takes place at the poles only and outflow occurs by -eruption at the

equator.,

3.3 SOLUTION OF THE LAMINAR BOUNDARY LAYFR EQUATIONS FOR AN

AXISYMMETRIC BODY ROTATING ABOUT ITS AXIS OF SYMMETRY IN AXIAL

FLOW

The severe limitations imposed on the domain of wvalidity of
Schlichting's (1956) approximate method of solution of the boundary
layer equations suggests that the simplifications made in obtaining
such solutions may not be valid for bodies rotating in axial flow,
it was hence decided not to use an approximate method of solution of
the boundary layer equations.

The solution of the parabolic boundary layer equations by finite
difference (or 'marching') procedures requires that an imitial set of
conditions is known at a suitable boundary, for our physical system
the suitable boundary would be at the front stagnation point. In order
to obtain conditions at the front stagnation point the stagnatipn
point equations have to be obtained.

It was hence decided that the boundary layer equations would be



solved by means of suitéble power series substitutions as a method
such as this would be required to determine the stagnation point
equations for the 'marching' procedure anyway. It was decided that
the method would be of such a form that no mathematical limitationé
would be placed on the number of coefficients that could be determined
in the resulting power series expressions for the local Sherwood (or

Nusselt) number.

3.3.1 Velocity Boundary Layer Equations

In order to maintain the consistency of our general analysis we
shall work with the dimensionless form of the boundary layer equations.
The only assumption made initially about the co-ordinate system used is
that the normal distance from the body surface N,

The pertinent boundary layer equations are:

momentuyn meridional direction:

%* *2

V'] * ‘ V2 * * * U* * 1 * * %
;,,—-(V,])x: - w(hZ,O)xf{ + VN(V'I)N* = -;;—(U )x:,{ + ;g—e-(v1)N’N
1,0 1,0°2,0 1,0
(3-56)
momentum azimuthal direction:
* * ¥k
A T2 6 el L(vy) (3-57)
Wl oy oy + VUl = 3-57
1,0 1,0°2,0
continuity equation:
* * ( * % * ( 8)
(hz,ov'u)x:; + (e by ghp g = O 3-5
the boundary conditions being:
* * * * *
at N=0 V1=VN=O,V2=(V2)S
* * * *
as N—00 V,“—-—?U1 3 Vé”*?O
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here the characteristic velocity is Uc which we will not yet define,
similarly Lc the characteristic length shall not yet be defined, Re
the Reynolds number is given by Re = Uch/ﬁ’and N* = N/Lc'

In order to reduce the number of simultaneous partial
differential equations from three to two we can introduce the
dimensionless stream function;y: and thus eliminate the continuity
equation

V,l = (% )N* (3‘59)

* *
now as h2 0 is not a function of N in the boundary layer region we
k]

If we substitute this stream function into (3-58) we obtain the

relationship

. (}& h2 Ot (3-61)

1 O 2,0

This form of the stream function is also the dimensionless form of
the stream function used by Frossling (1958) for analysis of mass
transfer from a stationary sphere.

Substitution of the above defined stream function into equations

(3-56) and (3-57) yields:

PN P r, o= P laly W™ - T'g__(h?_'o)}q(y e

by o
*2
Vv
2 * _ 1 0 * & ¥ -
= h* (hZ,O)X* =T (U ) (}1/ N,N,N (3-62)
l‘
2,0

(), )
ws ¥ * * 2.0 x* . ll.! * *
2,0



*

(n.

) h
2.07x* *, o * 1,0, *
+ ;'*”" TP = (ot (3-63)
2,0

It is useful to note that equation (3-62) without the spin term

*2
v «
*2 (h2 O)x* has been previously obtained by Green (1968) for the case
h ? 1
2,0

of a non-rotating body.

Our boundary conditions now become:

* * 1 * %k *
at N =0 ('}L)N* = ?—T(yha,o)xq=o 3 Vy = (Vz)s
1,0°2,0 :
* * * * (3-64)

as N—300 (}L )N* —U V>0

The solution of equations (3-62) and (3-63) with the pertinent
boundary conditions (3-64) shall be obtained on the assumption that
* * * * * _
s U ,h, ,h and V, can all be represented by power series in
4 1,0° *2,0 2
the dimensionless curvilinear co-ordinate x:.
Let us consider the origin of our co-ordinate system as being the

front stagnation point of our axisymmetric body. From fig.1 (in

appendix C) which defines our general co-ordinate system we assume for

. . x *
any axisymmetric shape U (x:) - U (—x:)

r*(x’.'“) = - (-xi“)
(3-65)

* * - * *)

h, ,o(x1) = by ,o("x1

* x * *

hZ,O(X1) = - hZ,O(-x1)

*

* *
Now U , r , h2 0 rust be odd functions of x* and hence power
Y

1

series expansions of these functions contain only odd powers of x;,

*
h1 o however, is an even function of xﬁ and so will contain only
1

even powers of xq.



Hence
* * *3
U = UX +U3X,l tecens
* * *3
ro o= x4 r3x1 Faavee
. 2 (3-66)
h1,0 = lo + lzxq tansee
*
ho = LI -

where all the coefficients are dimensionless, in short form we have:

v - zz U2n 1% il )

n=14
* 2 2n-1
-— *
D W
n=4
(3-67)
o]
_ 2(n—1)
bio = Z Lo(p-1) *
<
* 2n="
- *
hho = & Ky 1 X
n=4
We may define a dimensionless perpendicular distancef"’( as
follows:
N = N/ Uc/ch
this may be re-written
N UL
n= ~ 2L
L 1
or
*
7= 1" Re? (3-68)

this 7 is the same as that used by Hoskin. We shall also define
a Blasius form of the stream function analogous to that used by
Hoskin only in dimensionless form -~ this will enable us to make

comparisons with Hoskin's results for the rotating sphere later in

the thesis,



o
.ok BN »2n-1
y (x},N) = Re'? Z Usy g Topq (010%3 (3-69)

=1

o]

Here the dimensionless coefficients f2i—1 are functions of our
dimensionless co-ordinate 7, - The Blasius form of the stream
function being chosen in order to free the boundary values of the

functions f2i-1 from dependence on the Reynolds number., It follows

that the pertinent boundary values will be

L4

M= 0 Fpug = T 7O
(3-70)
—00 £ > 1
as 1Y 2177
for all iy 1

here the dash (') denotes diffcrentiation with respect to n - Ve

must now choose a power series form for V This power series must

o
be of such a form that at the body surface (T =0) V, is the peripheral
or circumferential velocity (Vz)s‘ Now as the body rotates about its
axis of symmetry with an angular velocity Q (radians/time) the
peripheral velocity at a point P(xj) on the body surface will be given
by

V), = @rx) (3-71)
see fig.? appendix C
Equation (3-71) may be rearranged to yield at Tl =0

W), = (BLe) r (x) (3-72)

U
c

*
We can consequently choose the power series expansion for V2 as

v = (

QL — 2n-1
(o] &
2 T_ ) anf Ton1 Ban1 (7% (5-73)
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The boundary conditions for the coefficients By3.q BTE

ﬂt’rL = Q0 g21_1 =1

as 7L-;}00 821:.:]—7 0

(3-71)

Assuming that these series expressions are absolutely convergent
and also that the series which represent their derivatives are
absolutely convergent we substitute them into equations (3-62) and

(3-63) respectively and obtain, after simplification:

*2n_ ] tan__ ] *2(n_1)
Z an-1 1 ZU.n-’I 2n- l\j(an"'mzn-'lfan—'lx'l

*2n-1 *2n-1 mo *2n-1
= 2 Konats ¢ 2y g KT 2 4 Ton s

*2n- 2(n-1) & xten-1
- 2 Uopafon it . 2(n-1) K, + 2 Uonafonat®q
2(n—1) *2n- *2n-
- A Z (2n-1) K, Z 2n-1 gan- 2 2n~-1 an_
_ *2n-1 i en=1 2(n~1)
B ZKan-‘l 1 ZUzn- Z.(En“" Wanr*s (5-75)

*2n—1

*2n.-1 2(n-1)
Z K on-1%q Zla(n-'l)x'l Z 2n-1 2n-'| 1

which is the power series form of the momentum meridional boundary

layer equation, and

2n-1 ' gten- *2(n-1)
ZK2n—1X’I Z_Uzn—’len— Z_‘?n D2 5 1Bone

xF2n-1 x*2(n=1) ' *2on-1
ZUZn-’I 2n-1%1 ;(2“"') Kon-1*1 ) Tan-1Bon-11
*2n-1 *2(n-1) ' ren-1
- K o - o
2 Cona¥s Z(an 1)U2n-1fan-1x1 Zran—’lgn-’l X4
y*2n-1 ¢ ytan- 5 2(n=1)
* 2 Ton-18on-ts Z 2n-1 2n-1%1 Z 2n=1) Ko %4

*2(n-1) wren-1 53 "o _*2noq (3-76)
2 Lon-1%1 Z Kopet®1 2 Tan-18onr%s
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which is the power series form of the momentum azimuthal boundary layer
equation. The following notation has been used
S =3
=<

and A, the so-called 'spin-parameter', is defined
A= fQLC)Z (3-77)
\7,

We shall now use two theorems for series in order to obtain
differential equations defining our variable coefficients f21—1(?l)
and 82:1.-1(72,)'

Knopp (1956) has defined an absolutely convergent series as
follows, 'a series 2{%1,15 said to be absolutely convergent, if the
series;E.éaf which is a series of positive terms, converges'.

The Cauchy theorem states that 'If 2{5 and ;Eb are two
absolutely convergent series then their Cauchy product :Eic with

- ; '
Gm = aobm + aqu_1 toweot ambo is also absolutely convergent'.

A further useful theorem is the identity theorem for power series

. . 7 +
which states that 'If each of the two series zfé Z and ZEH}Z has a
radius of convergence greater than zero and if they have the same
values in the neighbourhood (no matter how small) of the origin, then
they arc completely identical, i.e. a,, = b, for all?? = 0, 1,2c..."

assvmed Yo be

Now because our series 2: areL?bsolutely convergent then the
assumed o Be
products 2f°2£::i are alsoL?bsolutely convergent they thus have a
finite non-zero radius of convergence and satisfy the first condition
of the identity theorem. The second condition is also satisfied
because the equations obtained by neglect of all but thé first terms
in the power series representations are identical with the Navier-

Stokes stagnation point equations (3-89), (3-90). Thus we can expand

both equations (3-75) and (3-76) and compare the coefficients of like
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*
powers of X1 on both sides of both equations in turn and obtain two

infinite sets of ordinary differential equations in the functions
To14 (M) and gy 4(7).
*
We obtain, on equating the coefficients of ann, the following

equation from the momentum meridional equation.

- . '
L T B Z,‘ @(n-5)+1) Yan-s)+12(n-s)+1
o " an-1 157

1

'

S
; K2(s—q)+102q—1f2q-1 —]

n " s
- g§1§2(n—s)+1f2(n-s)+1 é;; (Zq-1)U2q-1f2q-1 KZ(s-q)+ﬂ

n n 5
- sg;‘EIZ(n-s)MfZ(n-s)H q; (29-1) K2q~1U2(s-q)+1f2(s-q)+’D

n S
A;EE(n-s)+1g2(n—s)+1 %(Zq'” Kog=1T2( s-q)+1gz(s-q)+1j

s

%Ua( s-q)+1 K2q-’l]

0 :
ég% E%(n—s)+1) UZ(n~s)+1

n-1 m

1 r n " S
o %;%gzq-1f2q-1 KZ(n—q)+il- g;gﬁz(n-s)+1f2(n-s)+1 g;élz(q-1)

Kz(s-q)Pﬂ (3-78)
From the momentum azimuthal equation:
] n .
an-'] = K—i—%——— e [@(H—S)'F") r2(n—s)+’lg2(n—s)+1
170 2n-1 -

S [ ]
q; K2(s-q)+1U2q—1f2q-1J

n , s
- g%;ga(n-s)+1g2(n-s)+1 g;%(Zq-1) K2q-1U2(s-q)+1f2(s-q)+i]
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n \ s
- SZ=1fr 2(n-5)+182(n-s)+1 q%wq‘” K 2(s-q)+1°29-152g-1]

n s .
* 52452(n—s)+1g2(n—s)+1 éET(zq—1) K2q—1U2(s-q)+1f2(s-q)+1]

n-1

" n 1"t
"o %,,raq-ﬂgaq—‘l Bong)et = ZP2(n-s)4182(n-s)+1
S
5;;12(q—1) Ké(s—q)+i] (3-79)
1
wheré n 1 and > = O by definition.
s=2

The boundary values are

¥
Bt =0 fHy g =95 4=0 Eyq="
(3-80)

!
>0
2 ) faim ! B3 ©

for all i>/ 1

Using equations (3-78) and (3-79) with the pertinent boundary
values (3-80) it is hence possible to solve the hydrodynamic boundary
layer equations for all axisymmetric bodies at any spin parameter. The
advantage of the use of this general form is that we can determine any
functional coefficient f;;_1 or g;n_1 from two expressions, i.e.

(3-78) and (3-79). This has a distinct advantage over the method of
tH "t " "t

Hoskin in which each of the functions f1 ’ f3 cresi Bq s g3 eseeq NAS

to be individually prescribed in a separate eguation.

3.%.2 Definition of Characteristic Dimension and Co-~ordinates

The only assumption that has so far been made in our analysis is
that the co-ordinate x3 is taken as being in the direction of the

normals to the body surface, on the body surface itself the co~ordinates

are triply orthogonal.
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In our analysis of the boundary layer eguations we have shown
that it is necessary to define certain characteristic dimensions in
order that the solutions presented are as general as possible, we
must hence decide the form that these characteristic dimensions should
take.

If we denote the perpendicular distance between the axis of
symmetry and the point P(x1) on the body surface as r(xq) then a
co-ordinate that would be common to all bodies of revolution is the
anglgﬁsubtended by r(x1) on to a fixed plane through the axis of
symmetry (see fig.2 appendix C). If we take this angle as the x

2

co~ordinate we have

Il

h2,0(x1) r(x,)

(3-81)

and thus all iy 1

Kain = Y251
. . . r
ha’o(x1) having the dimension LL] .
The pover series expansion of the scale factor h2 o(x1) will be
9

of the form

A
K. _xo) (3-82)

by choosing an appropriate characteristic dimension we may put h

2,0
into its dimensionless formﬂ i.e.
* el * 1
on-—-
= K -
a0 - 2n-1"1 (3-83)
n=4
If we assume that the co-ordinate X, has the dimension [ﬂ} n
A ,
where m is any real number it follows that K has the dimension

2n-1
[i] 1-m(2n-1). Dividing both sides of (3-82) by the characteristic

dimension Lc we obtain:

w A
h K

2,0 _ . * _ E 2n-1 m(2n=-1) *2n-1

T = hZ,O = *—E*-(Lc) X, (3-84)

C n=14 c
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where x = x /L

If we put K1 = 1 in (3-83) we find that it follows from equation

(3-84) that

L = ﬁ11/1‘m m £ 1 - (3-85)

c
. . . . . m
Thus if the dimension of co-ordinate X 18 EL] m £ 0 and hE,O

is given by h2 0= :E: K2n—1 fn -1 then by choosing our characteristic

dimension L asCK ) 1/1 -

*2n—1
;gi Kon-1*4 .

n=4

then K1 = 1 in the expansion of hz’o =
If X, has’the dimension [}t} then we have to choose a
characteristic dimension other than K1 ( as K1 is dimensionless) it
should be noted that in this case K1 £ 1,
It should also be noted that for the particular case of a bluff
body (a body with a finite radius of curvature at the front
stagnation point) a relationship can be obtained between K,1 and 1

oG
. . ¥ 2n-
in the expansion h1,0 = ngq 2(n=1)*1 .

o}

Let us consider the elemental distance ds along the meridional curve m
(see fig.2 appendix C)

here ds = h dx

S:‘" 2(n-1)

now hio = La(n-1)*1

and consequently in the vicinity of the front stagnation point

(x, = 0) we have

1 A
ds = 1dx
o 1

However at the front stagnation point, for a bluff body r(x1) becomes

A
identical with ds, but r(x1) = ha’o(x1) and this region h2,0 = K%,
thus
A A
lox1 = K,]x1
A A
i.e.l = K (3-86)



Thus in the case of a bluff body the characteristic length

A/
dimension is Kj/q "(providing m £ 1) and

'1o = K,1 = 1 (3-864)

It should be noted however that ]b = }(1 irrespective of the dimension

of Xqe If %, has dimension [i] then

A
A
1 =1 = K1 = K, (3-86B)
If we now define an alternative expression for the potential flow
U
o«
. *2n-1
ie. U = :E: U2n—1x1 (3-87)
n=14
wvhere it will be noted that coefficients U21-1 are of dimension

— %*
LET TJ . The dimensionless form of the potential flow U has already

been defined in (3-67)

* & *®
ie. U = 2 U,z

If we now define the characteristic velocity UC as U,

1
i.e. Uc = Ti\ fz

then u, = 13 U3 = —3/61’°°"U2n-1 = ﬁfén—ﬂ/ﬁg ‘S (3-88)

We can summarise the dependence of K1 and lo in the expressions

h:,O = EE,Kg(n_1)x:2‘n-1 and h;,O =;E?2(n~1)x:2(n_qgn the body shape

and the co-ordinates used as follows,

i) In general K1 and lo are not equal and are not necessarily
unity.

ii) TFor bluff bvodies (and the disc) it can be shown that if we

A -
choose the characteristic length as K1/1 m

- h -
ELJ " m#£0 and hZ,O = :Z:Kan_qxfn 1

where % has the dimension

then
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iii) If x, has dimension [};] (the body being bluff) then an

A A
alternative characteristic length has to be found because Kq and 10

are dimensionless, here

iv) If X, is the meridional distance along the surface of a bluff

body then h1 0F 1 and consequently
k)

If we use the relationship 10 = K 1 and substitute into

equations (3-78) and (3-79), n = 1 and n

2 respectively we obtain

the following differential equations:

e "m 1> 2
; -2 f, + £, -rg) -1 (3-89)

)
"

2g1f; - Eg; £, (3-90)

o3
iy
I

which are the stagnation point equations, and

1 1 4!! 4!1 b - > (K)
f3 = - 2f1f3 + f1f3 - f1f3 - ff, 3
2
-2 (g + gqu)( KEVUB) (3-91)
" ]
g5 = 2f + 4f 183 = 2f g 3 - 2g1f + 2g1§3(u3/K )

- hgyt, sy ) - g,,uam3 (3-92)

It should be noted that the first set (n=1) of ordinary
differential equations (3-89) and (3-90) are a non-linear set, whilst
the second set (n=2) of ordinary differential equations (3-91) and
(3-92) and all subsequent sets (n=3,4...etc.) are linear sets.,

It is useful to compare the above sets of differential equations



Al

with the first two sets of equations presented by Hoskin (1955) for

the rotating sphere.

Hoskin used for his X, co-ordinate the distance from the front
stagnation point of the sphere along a meridian curve, he thus obtained
the relationship lo = K1 = 1 (see section(iv) of the summary in
(3.3.2)), thus the stagnation point equations (3-89) and (3-90) are

identical with those presented by Hoskin.

The term r(xq) for the sphere of radius a is given by Hoskin as:
r(xq) = a sin (1/a)

The potential flow is given by the expression

2 Uy sin (F1/a).

Ulx,) =
Defining the characteristic dimension as the sphere radius a and

the cnaractcristic velocity as 2 U we find
2 o0

% * * * . *
r (x,) = U(x,) = sin (x1)
and consequently,
U

261 T 25—

Introducing this relationship into equations (3-91) and (3-92) we find
that our second set of equations become identical with those presented

by Hoskin for the special case of the sphere.

. 3.3.3 Mass (or heat) Transport Boundary Layer Equation for Finite

Non-zero Schmidt or Prandtl Numbers

We have defined the transfer function X which could either be the
temperature or concentration at a point. The boundary layer equation

is in dimensionless form

*

—le(x*) v*(x*) = ] (x*) * ¥ (3-93)
* x* + N N* -

— N,N
h1,0 1 Pr.Re




N
po|

¥
On substitution of the dimensionless stream function X we obtain

* * * * * *
hzqo(y Ds (X )x - ;u(hz oy (x - hzqo()ﬁ )x,%(x Dy

h h
1,072,0
_1:072,0 y* )N - (3-94)

Pr. Re

*
Again the transfer function X 1is assumed to be representable in

a power series of the meridional co-ordinate x: with coefficients that

E 3
are functions of the dimensionless perpendicular distance N . As we
would expect a symmetrical distribution of concentration around the
front stagnation point the power series must be an even function of

5

® * * * *
i.e. X(x,‘, N) = X (-x,], N) (3-95)

.-
and consequently only even powers of x, will be found in the power

1

series expansion,

i.e. X = J%(O(N*) . j?;(N*) x:2 e ?égn_q(N*)x:2<n—1)+°°°
(3-96)
* iT
or X = ‘#Z(n P e (3-97)

On substitution of power series forms into equation (3-9L4) we

obtain:

ZKZn—'] * ZU2n 1f2n 1 :211_1 7 2(n~1)%[2(n 1)x*2n—3;
Z (2n-1) Koy 1 2(n~1) ZU2n-’]f2n.. *2n-127%.2(n—1) ;2(:1-1)

*on-1 S . *2(n—1) *2(11—'\)
- Z—K2n-1"1 L (@m0 % Z% 2(n-1)"1

R

1 ¢ * < p)
= - 2n-1 *2(n-1) 7 *2(n-1)
5 4 K onet® Z—*lz(n-q)xq L on-)*1

(3-98)
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Here again 21_:: 2. and Pr denotes the Schmidt or Prandtl number.

The dash (') denotes differentiation with respect to ] . Our choice
of power series substitutions has removed the Reynolds number from the
equation.

Again using the Cauchy product theorem and the Identity theorem

*2n-1

we obtain, on equating coefficients of X,

, the general differential
equation

4;( a(n-1) ~ ...-.13_;_ j‘E(n-s+1) }e(Z(n s+1) ‘--‘ 2(s—q)+1 2q-—3 2q-3_1

K1]b

n . s .
i sg'l[%z(n-s) qi_"(Eq—’l) K2q—1f2(s-q)+1U2(s—q)+j}

n_p,’ s ”
- S;L% 2(n-s) c'{€'1<2q_1) K2<s—q)+1f2q—1U2q-1}§

1 n-4

71
- K, 2 #_{Q(n—q—'l) Kaqm T KL 1 Z——fﬁlz(n--s-ﬂ 2q ~172(n- q]

1 g=1

(3-99)

where again we define

oM

Using the fact that U1 = 1 irrespective of co-ordinate system

being used we obtain on substituting n=1 in (3-99)

ﬁ: aPr % (3-100)

substitution of n=2 yields:

" e . . . K m L K
f{z - .11'2;. gaﬁ’af1 - 2‘;?2; - 2',240(2f3u3 ¥ f1(-;-<—§1-))} ‘}%o 12’“‘“ )

(e}

(3-101)

It can be seen that all the equations for the heat or mass transfer

"
functional coefficients 2(i=1) are linear and can hence be solved

by the superposition principle.
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The pertinent boundary values for our functional coefficlents are:

at ) = 0 j?; = 1 7?;(1-1) = 0 alli) 2

(3-102)
as ’i“"“i’w j{‘z‘(“;_—,‘—)“} 0 alli

3.%.4 Final Form of Differential Equations for Determination of Local

Mass or Heat Transfer Coefficients (for Finite and Non-zero

Schmidt and Prandtl Numbers)

For certain bodies of revolution the potential flow coefficient
U2n~1 can become very small or even zero, if UZn-1 does become zero it
can be seen that a singularity occurs in equation (3-78) and as a
consequence numerical integration of that equation is not possible. Tie
occurrance of such singularities can be exemplified in the case of the
oblate spheroid, it can be shown that the coefficient U3 for the oblate

_ (&l

3 5 ) where e is the ratio of miner to

. _ ’ .
major axis of the body (see (3-188)), consequently for the oblate

spheroid is given by U

spheroid given by e = 2/3 the coefficient U_ is equal to zero and

3

a singularity occurs in equation (3-91).

Difficulties also arise when UZn 1 is very small but non-zero,

here the right-hand side of equation (3-78) can become very large and

—
subsequent numerical integration of on 1

inaccuracies. Similarly in equation (3-79) the right~hand side can

can contain large

become very large because coefficient K is very small for large

2n-1
n,again difficulty will be found in accurately integrating this
equation numerically.

In order to overcome these difficulties we introduce two new

variables defined as follows:

fone1 = Uopeq f2n-1 (3-103)



63

Bon-1 = 1S oneq Bopey (3-104)

Hence if U2n—’| tends to zero then f2n—

similarly as K Sr1e tends to zero then 8oy tends to zero.

1 tends to zero and

Using these substitutions equations (3-78) and (3-79) become

respectively:
— n - . s L 3
. 1 Z L 2(n-6)+1} Tp 30 S K plamg)e1 faq_1J
oKq [ 51 g=1
2 n _"
sz_: 2(n-s)+1 Z-(Zq"")f q-1 Kg(s_q)ﬂ& 2(n 5)+1 L_(Eq—’l)

K 2q-—’|f2(s-q)+’l]
Il ..

n
- A Zf{ga(n )41 Z(Zq-’l)K qu(&qm] - ;[{Z(n—s)ﬂg

S=

s
Unln-s)+1 qZ_,'UZ(s—q)M KZq—-’l_]

n-1_,y, n _..m

-1 %;,lfzq-ﬂ 2(n-q)+1 ~ Z 2(n-s5)+1 2— l2(q-'|) KZ(s-q)+’|] 1

-t

(3-105)

] — S p—
€an-1 = K I (HZ_,'L Z(H-B)M} €2(n-s)+1 qg,] KZ(s-q)+’|f2q_':‘]

S
- zfga(n s)+1 Z. (2q 1) K2q 1 2(5 q)+1] Z[Sa<n S)+1 Z:_,‘(2q—’l)

K2(s—q)+’lf2q-’|]

* ""[gZ(n 5)+1 Z— (2-1) K2q 1 2(s—q)+’l] q2= Bog=1 F2(n-q)+1

- Z[gZCn-s)H Z 2(q—1) 2(S—q)+"]
(3-106)



the new boundary values being

at q] =0 T 1= %511 =05 By3q = K2i—1
(3-107)
as N0 F! —=sy i B> 0
/ 2i-1 2i-1 7 P21
for all i ) 1
It should be noted that we have used the relationship K2i—1 = Thi g

(see (3-81)) to obtain these equations.

As can be seen the new substitutions make the boundary values
shape dependent, this however adds little difficulty in the solution of
the boundary value problems (3-105) and (3-106) (see chapter 4), the
substitutions in fact save computer time because the multiplications
x T

nd do not now take place.

K
on-1 2 2n-1 * 8p-1

Using these substitutions the mass (or heat) transfer equation

U2n-1

(3-99) transforms to

j? 1" _ Pr ﬁ% ( );g/ S K .?|
2n-1) T T K| &5V a(nesen) qz;z 2(s-q)+172g-3

n.-/ s — - n ' s
- 5Zbg/e(n-s) q;(aq—ﬂ K2q-’lf2(s—q)+1] - ;[f{z(n-s) qé(aq-n)
2) = = =

Kz(s-q)+1_f2q-1ﬂ

1r§ﬂ" K : ng{'" Sk, .1 ]
Ky & 2(n-g=1) “2g+1 KL Sldl2(n-s-1) & 20 2(n-q)

(3-108)

the boundary conditions in %2(:1-1) remaining as before, i.e.

at"]:O %021‘ %/2(1-1)“) alliy 2

_ (3-109)
as 'r}——>oc 2(‘—“71_1) 0 all i

These equations are now in a form easily soluble by numerical

69
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techniques on the computer, the methods of solution employed are

explained in chapter 4.

3.4 SERIES SOLUTION OF THE LAMINAR BOUNDARY IAYER EQUATIONS FOR AN

AXTSYMMETRIC BODY ROTATING ABOUT ITS AXIS OF SYMMETRY IN A

QUIESCENT FLUID

For this section we shall be using the same nomenclature as in

section 3.3.

3.4.1 Velocity Boundary Layer Equations

The pertinent momentum boundary layer equations are from section
3.2023

momentun meridional direction

* *2

v v
1 * 2 * %* % *
;;—~(v1)x* - ~;——;;——(h290)x* PV = QL(V1)NtN* (3-110)
1,0 1By oMo 1 R,
momentum azimuthal direction
V* V*V*
1 * 1 * * * 1 *
V), + (b e + Uy Wpe = ==V )0 (3-111)
b0 Toby b g 1 Ry
continuity equation
* ] * * *
(hzgov1)xg + Uy By oPao = O (3-112)

and the boundary conditions

* * * ( *
at N =0 V, =V =0;V,-= Vz)s
(3-113)

* o
: Vé——70

where the Reynolds number Rs is here defined

R = 6ISLC/1)) (z-114)

S



71

Vs being the characteristic spinning velocity as defined in 3.2.3 and
Lc is a characteristic dimension yet to be defined.

Again, as in the case of an axisymmetric body in axial flow we
shall use a series substitution method of solution of these equations,
the method of Howarth (1951) being followed in order that comparisons
of our solutions may be made with his for the case of the rotating
sphere. We shall hence define a dimensionless perpendicular distance

o given by:
2

) N (3-115)

- Q
« = (2
which may be re-written

a = R 2 N (3-116)

5
@ being the angular velocity of the body.

We now need to define power series forms for the velocity
components. The positive direction for the normal velocity component
VN is outward frém the body surface it is hence independent of the sign
of x;. V1 is measured as positive in the positive xq direction and V2
is measured as positive in the direction of spin of the body, both V1
and V2 must hence be dependent on the sign of x*,

i.e.

it

* *
VN(xﬁ,a) VN(—X;,a)

V;(x;,a) AV:(-x;,a) (3-117)

* *
x - -k
Vz(xq,a) = V2( x1,a)

Using Lc the characteristic length we may now define a characteristic

velocity for the case of a body rotating in a quiescent fluid, i.e.

vs = ch (3-118)

* %* %K
VN is from (3-117) an even function of x; and V1 and V2 are both

odd functions of x; we may hence represent them in the following power
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series forns

3 21i-1
* * *
x1Fq(a) + x) FB(a) teewaot X} Fai-1(a) Foo

<
1}

il

og
z;xzan-1F

(«)
n=94 en-1

(2-119)
(o)

<3
"

1}

x*G_ (a) + G () +eoooot x*ai-qG . (o) +o0

& g2n-1
*
2 1% 173 1 21 2 x e

2n-1
(3=120)

2 . ap
- ,2(i-1
Rsz(Ho(a) + x?ZHa(a) oot X (i )Ha(i q)(a) oo = R 2;%

<3
]

1

X*Z(n_1) )(cx)

1 Bonm1 (3-127)

the pertinent boundary values for these functional coefficients are:

Bt @ =0 Fp =Gy g Kyq=tHy ) =0
(3-122)

as oa-—300 Fa*—?—* o, G2—~?w-%o

where the relationship (3-81), i.e. Toiq = }(Ei_q, has been used.

Substitution of these power series representations into equations

(3-110) to (3-112) yields, respectively

—
5 W2n-1 < #20-1 _ «2(n-1)
L Kopan®y « LT % Z(an DF e

2n-1 2(n-1)
- ZGZn-—'] X ZGZn- ] . Z(zn—’]) K one1®
- 2(n-1) < ! «2(n-1) 2n-1
e t ]
* Z Ba(n-1)%7 2 Fon1® 4 Zla(n-ﬂ 1 ZKan- x

e

- " #2017 2(n-1) 2n-1
";Z P13 ;Z,la(n_q)x: °:Z:K2n_1xﬁ (3-123)

2n-1 2n=1 2(n~1)
Z K * Z * E - *
> _1xq R FE _1x1 s _(2n ’I)GE _1x1

+Zran-1 1 ZGan- x* Z(an"') K on-q¥ 12(11_1)



< 2(n=1) < 2n-1 «2(n-1)
+ Z l2(n—’l)x; * Z K2n—1x; ¢ ZH2(n—‘1)x‘1 *

- ! wen-=1
[, G2n—’lx‘1

2(n-1) § 2n-1 " 201
—_ * * ¥
= Zl2(n-1)"1 c 2 Ko g% . ZGzn-1"1

(3-124)

o~ 2n-1 < 2(n~-1) 2(n-1)
* - * - €*
Z FZn—‘lx’l ./ (2n-1) KZ A% + z (2n 1)F2n_1x1 .

e

2n-"1
2K *
Z 2n—1x’l
' 2(n-1) 2(n~-1) 2n-1
* 1 * X * =
* ZHE(n-1)x1 y Z 2(n=1)™" g Z 2n-171 0

(3-125)
As in section 3%.3.1 we make use of the Cauchy product theorem

and the Identity theorem to obtain the following ordinary differential
equations after comparison of the coefficients of x*2n in equations

9
(3-124) and (3-125),

" 1 I 8 _ n .
F = K - 1
2n-~1 K‘1Io s§1[ 2(n~s)+1 q;(Eq 1)F2(S-q).+’\F2q-1.l+ o SZ=£H2(n-s)

5

—

qZ_,lFE(s—q)H Kaq-J

_Ig-'ll:.. T _ s 4 B n
+%;112(n-T) s=£-H2(T-s) q§1 K2q-1F2(s-q)+:l]}' SZ_—___.]LGZCn-s)H

» S
2. (2g-1) KEq-1G2(s~q)+1j

q=1
n=1 n_y 5 .
-1 qzﬂFan Ko neg)+1 ~ %[Fe(n-s)n C;Zgla(q—ﬂ Ko(sm)+1]) | (3-126)

n 5 n _
Gon-1 T KTO g‘;E{Z(n-s)H q%.1(Eq"’l)FZ(s—q)+‘1G‘2q-n"’10 Sz,,E{E(n—S)



5 1
K
é;% 2q-1G2(S-q)+{]
?:Wi’ T . s ' = B
‘ K 7
+ roq 2(n-T) gé{hZ(T-s) éza 2q-1G2(S'q)+1 g;gra(n-s)+1
S
§£1(2q-1)vK2q_1G2(S_q)+{]
1 Elor e 51 K -]
"o £y 2g-1 2(neg)et T szgga(n-sm q?;a 2(q-1) 2<s—q>+a J<3-127>
»20n=-1

After comparison of coefficients of x in the continuity

1

equation we obtain

' -1 R 2
B2 =TT g-:,]FZ(n-q)H(aq-” Kog1 ¥ c-f-:1 K o (n-q)+1$23" 15,

n-1 , n=1_, s _
v, gzaHa(q-1) Folng)an * gégga(n-s-1) gz;laqlca(s-q)+1j (3-128)

The equations (3-126) to (3-128) with the boundary conditions
(3-122) are now in such a form as to make their solution by numerical
techniques straightforward., The method of solution of these equations

will be dealt with in chapter 4,

3.4.2 Mass or Heat Transfer Boundary Layer Equation

In order to differentiate the case of heat or mass transport in
axial flow from heat or mass transport in a quiescent fluid we define

the dimensionless transport function x* by

LS “2(n-1)

Z d x
n=4 2(11-1) 1

(3-129)

*
Here the definition of the tramsport function X is the same as

(3-97) only here J replaceséf?, the boundary conditions for J being

at ® =0 J =13d,, 4y=0 allip2
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as o y 00 Jg(i_,]) > 0 all i (3-130)

the mass or heat transport equation is given by

*

LX), + V@) = e (x) * # (3-131)
o = TN = N,N
1.0 1 Pr.RS

)

\Y

Substitution of the previously defined power series expressions (3-119),

(3-121) and (3-129) into (3-131) leads to the summation equation,

' *2n~1 *2n-3 *2(n=-1) < *2(n-1)
ZFan-1"1 'Za(n'q)‘je(n-w)% + Zle(n-1)x1 2 B o)X
< *2(n-1)
2 9501y
1 2(0-1) . 5N _*2(ne1) (3-132)
¢ = Zle(n-1)x1 ZJa(n-1)x1

Once again we use the Cauchy product theorem and identity theorem and

. . . *2(n=1)
obtain after comparing coefficients of X,

e
i

n Tr n-1 n ‘
2t T T < Fzr_1.2(n—r)J2(n_r) + ;ZTHZ(r—1)J2(n—r)
° r=1 r=1
n-1 ' s ; n=1 "
+ gzlaz(n-s-1) iéslerg(s_r;] - To I‘=:1'.L21‘J2(n_r-_1) (3-133)

here the differentiation (') is with respect to «. Equation (3-133)
is now in a form that is amenable to solution by computer - the mcthod

of solution is discussed in chapter 4.

3.5 POINT MASS TRANSFER FUNCTIONS

3.5.1 Body with Constant Surface Concentration or Constant Surface

Temperature

The flux of heat or mass per unit area q(xq) at a point P(x;) on

the surface S of our body of revolution is given by Fourier's equation

90X
q(x*) = ~q = (3-134)
1 v oN N=O



where av,is the diffusivity for mass transfer or thermal conductivity
of the fluid in the case of heat transfer, %% Neo is the gradient of
the concentration or temperature distribution at_the surface of the
body in the normal direction N.

We may also define the mass or heat flux in terms of the local

mass or heat transfer coefficient hc(x;)

i.e. * -
q(xt) = B () (X X ) (3-135)

Equating the two equations (3-13%4) and (3-135) we obtain

h (x,)
c 1 = -1 ax
o O (3-136)
&y (Xs—Xm) W n=0

*
We have already defined the dimensionless transfer function X and the

dimensionless normal co-ordinates ?7 and o as:

. X X
o= 51X
S m
.
N = & Rre? (3-137)
C
SN2
a = 7 RS
Cc

Substitution of (3-137) yields:
for case of body in axial flow

* *
hc(x1)Lc

<1 e . (3-138)
o Re? L,fo

1 80X
= - e— -1

In order that comparison may be made with the results of Green (1968)
for local mass or heat transfer rates we define two more Reynolds

numbers as follows:

e



_ - _ 2L .L %
Re = (2Lc. c/1>) and R, = ( > ) (3-140)
thus we have for a body in axial fllow
—— *
Nu(x7) =1 83X
= = gr
=
and
— . *
Nu(x*) -1 98X
1 = = 3
E=IRRL =0
8

where ﬁﬁ(x;) is the local Nusselt or Sherwood number given by:
*
hc(x1)Lc

Gy

T\I'ﬁ(x;) (3-141)

%
We have already defined X to be
* z . 2{n-1
- Y * -
s n=1 2(n—1)( 2)X1 (3-142)

for the case of axial flow with rotation and

og
X' = 2 Ty @u?™ ks
n=1%

It has been shown by Frossling that as the Prandtl number (Pr) or the
Schmidt number (Sc) tend to infinity then the local Nusselt and
1

Sherwood numbers become proportional to Pr% and Sc® respectively.

It would hence be expected that functions

Nu(x;) q Nu(xq)

A
M, = =7 MI = =7 (3=14l)
H Re“Pr H RszPr
A sh(x;) a Sh(x;) (5 15)
MY = s M3 = 3145
H EEESc; H R gs::;

s
are weak functions of Schmidt or Prandtl number. Here the mass

transfer numbers M are suffixed by A for the case of spin in axial
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flow, q for the case of spin in quiescent fluid, H for heat transfer

and M for mass transfer. Thus we have

g

—3‘— Z f/z(nq)(obc 2(n-1)  (3-146)

*2(n-1) (3=147)

M% = —3—2- Z_ J2( )(O)x

with similar equations for mass transfer. These mass transfer numbers

will be used to determine the effect of spin on local transfer rates.

3.5.2 Body with Non-uniform Surface Temperature or Concentration

The theory previously presented has dealt with an isothermal body

or body with a constant surface concentration thus the transfer function

%
X is constant along the body surface

4]

* *
i.e. at surface of body X X (constant)

*

and in boundary layer X = X (x* TL)
In the case vwhen the surface value of X is arbitrary all have:
* *
at the surface X = X (x;)
*
in the boundary layer X = X (x"‘ ,?‘L
Now: : X = Xm + (XS - X,.) ‘ (2-148)

and ¥ - X 1is a function of x*.
s o 1

Substitution of (3-14% into

V* *® % _ __—

*—1 (x)x,% + V"l (X)*l = (X)"I'“? (3-149)
b0

yields

v v, .

1 ¥ 1 X
h* (X ) n% + V’IL (X )-7 + h* (X _Xw>(xs—x90)x’f‘

1,0 1,0 s

= 2y (3-150)



Hence if the surface temperature or concentration can be expressed

as a power series in xq the same approach as before is used to reduce

the boundary layer equations to ordinary differential equations, only
this time there are the added terms due to surface temperature or
concentration variation.

As the term Xs-Xm is a function of xq only the point mass or

heat flux expression remains

—

—  muned - X l 5-1 51

3.6 POINT MASS TRANSFER NUMBER FOR LIMIT AS Pr—>% AND Pr —>0

3.6.1 Axisymmetric Body Rotating in Axial Flow as Pr—s co

From section 3%.2.1 we have the following boundary layer
equations

momentum meridional direction

v v2
1 Vo U
—_ (v ) o -—-——-(h ) . (V1)’L = ——(u") ot (V“'L’l 3-152)
Byo By 0P2,0 h1,o “
momentum azimuthal direction
v, VoV
1 * 1 2 * % * *
z;——(va)x,; e (h2 0)xs * ) (vz),2= Vo, (3-153)
1,0 1,0 2,0
continuity equation
**
: —_ -
% ~(v1h2 NEL (qu )"l = 0 (3-154)
1,072,0
mass or heat transport
v; * % % * 1 *
(X )y + Yy (X)y = =(X) n (3-155)
h 1 11 ,? Pr 1)

1,0
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Point flux

Tu(x}) 1 *
—— -\fg_ [?X )72 J1l=0 (2-156)

D
Re

* %
where V4? is the dimensionless velocity component in the direction of

our previously defined normal co—ordinate‘v . Our boundary conditions

are:
*

( * *k *
2) = V2)S VQ =0 V1 =0

at ) =0 X =1 (v
(3-157)

% * *
as 71—-—'*00 X—= 0 V. —=0 V1~-~_-—>U1

N o*

In the limit. as the Schmidt or Prandtl number tends to

infinity the mass or heat transfer boundary layer thickness tends to

*
zero. Taking the Taylor series representation of V1 expanded from the

body surface, i.e.

*®

v, - V:/’Z o+ Wy 2P (/g e (5158)

then for an extremely thin thermal (or mass) boundary layer very little
error is introduced by taking only the first two terms in the expansion,

£ 3
now as V1/ then to a good approximation:

=0
V) o= B, wnere 8(xt) = (V) /7 (3-159)

*
Substitution for V1 in the continuity equation yields, after

integration:
oy 2
* ¥ %*
A SR €Y% S YA (3-160)
1 2h, n 2,07x5
1,072,0

If we define a new variable § where

g =1 b1 (3-161)
and using expressions (3-159) and (3-160) in the heat (or mass)

transport equation leads us to obtain

1 }o * " * * *
* % :; * ::* -

1,0 1,0h2,0
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also
Nulx* ~
——ﬂ~1;- - [(x*)w‘ (3-163)
ﬁg—ﬁ‘ J.Z— ) 3 J§> =0

Acrivos (1960) suggested the similarity type substitution

X = X 3‘) (3-164)

where
A

x*
A -
3 - 3 2o |3
§=F 97 (alatdny ) J GO0 e (3-165)
and X is a function of xq to be determined.
If X is defined by

f (3=166)

_ 2
X = h2 h .0

,0
A
then we obtain, after substitution of 5 into (3-162), the ordinary

differential equation

* Az *
dz}‘(,\ + 33' dl_x,‘ = 0 (3-167)
a ¥ d¥
The solution of which is o3
o
* . -
X = 1- L: ] % S az (3-168)
(/3) 0

the local mass (or heat) transfer number being

Vil = ) = 1 J ﬁ(x’fn)h; o_
Hor M~ Re?i;;_% - T/ e = -
20/ 3)9 j J“ 1~ T ox % 3
* *
| JBGRI, oohy ghy o0
i~
(3-169)
where I{ ) is the Gamma function
b 11] *
and  B(x}) = D U, £ (0)x,
n=4

Hence for the case of infinite Schmidt or Prandtl number we obtain our
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local mass (or heat transfer) number direct from hydrodynamic boundary

layer solutions.

3.6.2 Axisymmetric Body Rotating in a Quiescent Fluid as Pr-—»90

Again the same method of analysis is used as in section 3.7.1.

Our results being in different form however

Nu(x*) / *
q _ 17 p{x*)h
My = —%—1 = 1 S5 717 2,0 (3-170)
R "Pr B “+/ < T X0 77775 o« *
o 1°72,0°71,072,0
~.Q ..
=S 2n-1
* = * & -
vhere p(x}) = gg; F (0= (3-171)
3.6.3 Axisymmetric Body Rotating in Axial Flow as Pr—0
The contimuity equation may be written
1 * * %
*};r—"‘h‘:—(V,lhz,o)}g (Vq] ),rl = 0 (3-172)
1,072,0 '

As Pr—0 the hydrodynamic boundary layer thickness tends to zero
(here we are assuming that the Kinematic viscosity is tending to zero)
hence the velocity in the mass or heat transport boundary layer may be
taken as that of the potential flow

hence v, = U (3-173)

On substitution into the continuity equation we achieve an integration

A /S ¢ N (3-174)
h, b

‘VQ 2,07}
1,072,0

»* *
Substitution of V1 and'Vq into the mass (or heat) transport equation

together with the substitution of the variable T where

1

T- 'ﬁ??q (3=175)

gives



* * * % * %*
L) S VI 1 S S ¢ W ¢ (3-176)
h X,l h h 2,0 X,] T s
1,0 1,072,0
Nu(x:) PR
and = =-—| () (3-172)
Re Pr V2 o _iT=0

If we now substitute the variable § which is defined as:

—_— * K
v CUh,,
) = P - (3-178)
A I A
& Tot00

into equation (3-176) and assume the similarity type transformation

* )
X = X (5)

we obtain the ordinary differential equation

X, 28 _ o (3-179)

for which the solution is

*

X = erfc (5) (3-180)
erfc being the complimentary error function, the local mass (or heat)

transfer number being

. . -
Nulx*) ! ¥4 2 z 2
Mg = —1-—"-% = U*h* i n h* h* U*dx*i (3-181)
or M 'ﬁezﬁr 2,0 L_ 5 1,072,0 1J

It can be seen that the local transfer number is independent on the
rotational spin of the body, the potential flow being the factor which
primarily determines the mass or heat transfer rate. One can hence
assume that as the Prandtl or Schmidt number approaches zero then the

effect of spin on mass transfer diminishes.

3.6.4 Axisymmetric Body Rotating in a Quiescent Fluid as TEL_,cx

Because in this case we can assume that the Kinematic viscosity

of the system tends to zero then no velocity components exist in the
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fluid. This particular case is hence a pure diffusional problem a
boundary layer not being in existence, our equations are valid for the
boundary layer region in forced convective conditions only and are not

valid for this case.

3.7 APPLICATION OF METHOD TO THE OBLATE SPHEROID

We shall now use the general theory that has been developed to
predict local heat or mass transfer rates from oblate spheroid bodies
rotating in axial flow or quiescent fluid.

We shall work with the oblate spheroidal co-ordinate system
( z' s B 525) which can be defined in terms of the Cartesian co-ordinate

system (x, y, z) as follows:

5

x = c¢ cosh 5 sin 6 cos g
y = ccosh £sin 6 sin ¢ (3-182)
Zz = ¢ sinh gcos 8

where f? 0; 06K n; 0SPK2n and ¢ is the distance of the focii of
the spheroid from the spheroid centre. It can further be shown (see

Green (1968) or Spiegel (1959)) that the scale factors are given by

1

hy = he = ¢ (sinh 2_3” + cosaeF
5 (3-183)
hQ! = ¢ cosh § sin 8
consequently on the body surface where § = ;fs
2 2.\
hy o = hy o =c (sinh 5+ cos “0)°
§s ; s (3-181)

¢ cosh g’ssin 8

h
#,0

Now the semi-major axis, a, and the semi~minor axis, b, are given

by

a = c¢ cosh :§s (3.185)
b = c¢ sinh gs



Consequently the equations (3-184) become, on rearrangement:

i

1
= ~(si n¥ )%
%,0 By 0 a(1-(sin §/cosh 3 s) )

h
g,0

we thus have for the scale factor h¢ 0

a sin 6

[t

5 2n--1

3 -
- L8 . D Lol g -
hy o = al1- J + T ceeen t ()T Ny eol) (3-186)

It should here be noted that 0 is dimensionless, it hence follows from

(3~-85) that the characteristic dimension for the oblate spheroid is the

semi-major axis, a. It follows that the coefficients in the

* -
dimensionless scale factor expansion h¢ 0 =:Ej(2n 162n 1
. -

1

are given by:

n-4
K,o=13 K3 = TZE S e Bn-t = (-1 /(2n-1){

The expansion in power series form of h

6,0
the first terms in the expansion being
1=, 2 ¢ 2 22 L
h, o =all- (=) 6% + 4(1—_e -3(1-e O)"} 6" %4e..)
8,0 2 LT J

It

where e = P/a. It follows that the coefficients 1, .y in

* < -1 .
he,o =£i_12(n_1)62(n ) are given by
2 2 272
A _ 1-e“y | _ 4(1=-e)=b(1-e)° _
1,=13 ,=-(5) 3 1 = o i eee(3-189)

further terms become increasingly difficult to obtain, the remainder

of the terms up to 1 (n-q) 2r€ obtained by a numerical method

2

explained in chapter 4. In our general analysis X5

and x1 is the same as 6 it follows that h1 OEE
9

spheroid in axial flow has previously been determined by Milne-

is very complicated

is the same as @

hG,O and hzeo::‘hgao.

The expression for potential flow around a stationary oblate



Thomson (1938). 1In terms of the oblate spheroidal co-ordinate system

(§ , 8, @) it is given by

5 1
U = K(e) Uy sin 6 (1- sin” o/cosh ¥ )7 (3-190)
S
where
1 - e2
K(e) = 12 + cot™ 3 - o (3-191)
(1-e°)° (1-e%)

The expansion of (3-190) into a power series form presents even more
difficulties than that of the scale factor he o again this is done by
numerical techniques as explained in chapter 4. We hence have from

(3-190) the characteristic velocity dimension is K(e)U, and

consequently dimensionless potential flow is given by

2
* -
U = 1+ 623;3—) 07 + veoees ‘ (3-192)
and therefore coefficients U in the expansion v o= ;mU o201
2i=1 T T 21

are given by:

2
. - (ez2ey . -
U= 1 0= (3-193)

Q

3
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CHAPTER IV

NUMERICAL TECENIQUES

4.1 INTRODUCTION

We have shown in chapter 3 that substitution of suitable power
series forms for the velocity components, scale factors and potential
flow into the non~linear partial differential boundary layer equations
reduces them to infinite sets of ordinary differential equations which
are more amenable to analysis. These ordinary differential equations
are linear except for the first pair of hydrodynamic equations (the
hydrodynamic stagnation point equationms).

The two original partial differential hydrodynamic equations
were coupled; consequently, the two infinite sets of ordinary
differential equations obtained from power series substitution are
coupled. The hydrodynamic ordinary différential equations do not
contain any mass or heat transfer fﬁnctions and as a consequence can
be integrated independently of the mass or heat transfer equations.
The mass or heat transfer equations, however, do contain hydrodynamic
functions and subsequently can only be integrated simultaneously with
the hydrodynamic equations.

In order to determine the effect of spin on mass or heat transfer
;(1-1)(0’
in the case of a body rotating in axial flow and J;(i_,‘)(o) for the

it is necessary for us to determine the boundary values;ﬂt

case of a body rotating in a quiescent fluid. Because of the complexity

of our equations it is not possible to determine these analytically,



a numerical technique must be used.
t
1}

2(4 2(i
we can supply the values of the hydrodynamic functions either explicitly

When integrating our equations for ;ﬁ( _1)(71) and J _1)(a)
in tabular form or use an implicit method, i.e. integrate the hydro-

dynamic equations simultaneously. The explicit form of approach is

limited by the computer storage facility, however the implicit method

(0)

. |
requires only the boundary values f2i-1 s Bos 4

body rotating in an axial flow) to be supplied, the implicit approach

(0) (in the case of a

was chosen as being the most economical in computer storage.

The general approach in the numerical solution of boundary value
problems is to guess the unknown boundary values, integrate the
simultaneous ordinary differential equations with respect to the
independent variable ’71_ over the range 0 & ’Q& o0  where o0 is some
large finite number, at infinity comparisons between calculated and
known boundary values can be made -~ these comparisons leading to better
guesses of the unknown initial boundary values.

For the stagnation point equations a special technigue of
quasilinearisation introduced by Lee and Fan (1968) is used, this is a
powerful tool in the solution of non-linear boundary value problems,
all of the linear differential equations can be solved using the

principle of superposition.

4.2 SOLUTION OF THE NON-LINEAR HYDRODYNAMIC STAGNATION POINT EQUATIONS

FOR A BODY ROTATING IN AXTAL FIOW

4.2,1 Theoretical
Substitution of U, = 1 in (3-78) yields for n = 1

1
-l _ — el ? -t -—p
£,0= (-2ff, + 1, -AE -1 /1, (4=1)
-l — | e
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the pertinent boundary values of the functional coefficients being

at =0 T, =f, =0 g = K
(4-3)

as 1> @ T, 1 g—>0

The order of the differential system is five, there are alsoc five
distinct boundary values and so the system is fully defined, the
boundary values, however, are not all stipulated at the same boundary
and we hence have a two point boundary value problem with split boundary

values.

If we now define five new variables

¥(1) = ?1
W) = T,
W» = T, (Li=ty)
(W) = g,
¥(5) = 'E;
and define Y&(N) = ¥ (1) Nz=10eee, 5 (4-5)

it is possible to reduce our fifth order ordinary differential equation
system to five simultaneous first order differential equations.
Substitution of (4-4) into (4-1) and (4-2) yields the five first order

simultaneous differential equations,

Ye(1) = v(2)
Y6(2) = ¥(3)
Y6(3) = (-2v(1) Y(3)+Y(2)2-7&Y(1+)2-1)/1°
YG(4) ¥(5)

Ya(5) = (2v(4) ¥(2)-2¥(5) ¥(1) /1o

(4-6)



with boundary values:

-

at =0 ¥(1) = ¥(2) = 0 ¥(4) = K
K ! (4=7)

as q,__:,oo Y(2)-—>1 ¥(4) —0

Hoskin (1955) has already solved equations (4-1) and (4=2) for
seven values of A, the spin parameter in the region 0 <A <10, his
method of solution was to expand known boundary values in Taylor series
forms the partial differential coefficients being determined by a
finite difference procedure, this type of procedure is reproduced in
Appendix B. The method unfortunately was found to be very difficult
to use in practice as guesses of the unknown boundary values had to be
correct to two decimal places for the method to produce a better
estimate, usually because of the high non-linearity of the system and
the inability to give an accurate enoﬁgh initial estimate calculated
values of the unknown functions rapidly become infinite and
unmanageable.

A much more effective method and a very powerful tool in general
for the solution of non-~linear boundary value problems with spLit
boundary values is the quasilinearisation procedure of Lee and Fen
(1968) which we shall describe.

Because an n'th order differential equation may be represented by
n first order simultaneous ordinary differential equations we can here
discuss the general case of a system of simultaneous first order
ordinary differential equations given by

Ei-:sd(zzz 7z ,t) 1i=1,2 n (4-8)
It 1884380055 eenely, 3230000
vhere Zi are functions of the independent variable t. These equations
may be represented in vector form as:

z £(2Z, t) (4-9)

dt



where f and 2 are n~dimensional vectors, the boundary values for the

system being,

zj(o) = 1,25 e0eell

il
.
|

2,
Jo

(4-10)

pz q

qf M+T1,eecoll

it

zq(tf)

where tf represents the final value of t.
If we know an approximate solution.§° of equation (4-9) we can
use the Taylor series expansion aroundIEP to obtain (on neglect of _

non-linear terms)

= £1(2°% )+ 3(z°) (2 - z°) (4=11)

&l &

where J(go) the Jacobi matrix is defined as:

—

-
o, W P
o] (o) (o)
az1 6Z2 GZn
J(Zo) = OROOLOSEESE0NGOOD0GOOO ‘ (4-12)
agn a¢n ....ﬂ.-a.g—n
o] (o) (o)
621 8Z2 8Zn

Now_Z_o is a known function and so (4-11) represents a system of linear
equations with variable coefficients g?, hence the set can be solved
nunerically using the principle of superposition.

If the solution of (4-11) is__z_4 we can expand equation (4=9)
again to obtain

Lo ooz, v +a@hz-zh (4=13)

which again can be solved by the superpositioa principle, if we

continue the procedure to the k'th iteration we obtain

k+1
L L (@, ) o+ @@ -2 (L=14)

at
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for which the homogeneous part is

k+1
k
L w5z

at

+1 (4-15)

The boundary values for our recurrence relationship (4-14) and

(4-15) are:
T+
Zj (O) = Zjo 3 == 1,2,¢°-.m (l+ 6)
-1
k+1
7t (tp) = qu q = W+l,ee00n

In non-vector terms equations (4-14) and (4-15) can be written

respectively for the n'th component of the vector
k+1

4z af of
n k k+1 Jk n k+1 k n
"a"t— = fn(Zn,t)+(Z1 —Z1) -'—"ic' +oow (Zn -Zn) ——IE
92 92
1 n
k+1
dZn _ Zk+1 afn + + Zk+1 afn
at - 1 k “°tetett n k
3Z1 6Zn
k+1
In our problem we let Y(P) be the current value of the k+1'th
k+1 k+1 .
iteration, i.e. Y(P) = 32 in equations (4-14) and (4-15) and

<XF(P)EEE g?. We can use the recurrence relationship (4-14) on (4-6) to

obtain the following equations

k+1
Ya(1) = y(2)

e+
Ya(2) = ¥(3)
k+1 k+1 k  k+1 k
(-2le1) Y(%) - 2Ylf3) Y(J%) + 2Y(2) Y(E) + 2Y151) ¥(3)
kK  k k+1 k
~¥(2) ¥(2) - 1 - 2 Y}((h) v(h) + 2 O (8 ) /1, (4=17)
YG(4) Y’@}
' k+1 k k+1 K+l k k+1
Y6(5) = (2Y]El+) Y(2) + 2v(2) v(4) - zylfs) Y(1) - 2v(1) v(5)

+2le5) Y]fﬂ - 2Yl(2) Yl({u)) /1,

Y6(3)

with their pertinent boundary values being

+4 +4 %+1
at’ll:O ¥(1) =1(2) =0 Yu):k1 z
. j (4-18)

e+ %+1
as 'r-(—-> o y(2)—¥ 1 Y(4)—>0



The equations (4-17) are our linearised set of equations the
homogeneous equivalents of these linearised equations are obtained by

using the recurrance relationship (4-15) on (4-6) to obtain

va(1) = ¥(5)

ve(2) = Y@g

Y6(3) = (-2Y%33‘Y%3) - 2vt1) Y%Eg + 245 v€2) - 21 ¥ih) Y%u))/lo

ve(h) = Yg; (4-19)
Ye(5) = (2Yﬁ§ Ylfz) + 2Yl(1+) Y%E; - 2Yl(5) Ylm - 2Ylf§§ Yl(q))/lo

it should be noted that in equation sets (4-17) and (4-19) we have used
R R d +
the notation YG(i) = a}l[&%lg ]o

%+1 %+1' %+1 .
If we let ¥ 1)pq Y 2)p,.,..,, Y 5)p be any set of solutions of

%+1 ?+1 k+1

(4-17) and ¥(1). ., ¥(2), .yeeeees Y(5). . be any five sets of non-trivial
hj hj hj

and distinct solutions of the homogeneous equations (4-19) then the

solution of (4-17) can be written

le+1 +1 2 k+1 k+1
Y(i) = Ylfi) + > a, Ylfi)h. i=1,2,0045 (4-20)
PS5 3

Since equations (4-17) are a system of differential equations of order
five, then five integration constants a§+1 s J = 1,25,.6..5 are required
for their general solution.

The five sets of homogeneous solutions can be obtained by
numerically integrating (4-19) five times with any five sets of distinct
and non-trivial initial conditions, similarly the required one set of
particular solutions can be obtained by integrating equations (4~17)
with any initial conditions. By using the three initial conditions in
(4-18) we are able to reduce the number of homogeneous equations required

by three, i.e. two homogeneous equations are now required to determine

the two remaining unknown constants. If the following initial conditions



are used then the three initial conditions in (4-18) are satisfied

-X(i)h1l7=0

B +1 ~T

Y(1)

+
v¢3) ,

-

and equation (4-20) reduces to:

+1

O R ¢ o

2

J=1

k+1 ki1
. Y(i)
83 ¢ hj

0

i + 1,2,«0005

(4-21)

(4-22)

(4-23)

(4-24)

We can determine the two remaining constants by making use of the two

conditions at infinity in (4-18)

3,



1.C,
k+1 k+1 1 1
w2) |+ w@),, | . as Y?E)hzi = 13| =1
Pl Q=00 Tz Mo
(4-25)
1 1 1 4 1
Y%E) + aﬁ+1. Y z)h1’ + ag+1. Y Z)hzi = Y%E)t =0
p ’?:i&': ‘?=00 )L:Oo ?L=OO
(4-26)
From (4-25) and (4-26) we obtain:
k+1 k+1 +1 +1
N Y(y) (1;Y(5) ) + Y%h) ,Y%2) :
+1 h2 P b h2
ST e g = e <2 =3 (h-20)
g - h1 h2° hA1 Y| =00
[ 1 1 9 1
| O ORI OB
R h1 o P h1 (4-28)
2 = +1 + + +1 -
Y%2)h2.Y¥4)h1 - quaha.Y¥2)h1
S ___Q:_cb
hence we are now able to determine aﬁ+;nd ak+'| and hence we are able to

2
determine T,(0) (or ¥(3)) and §,(0) (or ¥(5)).

L.2.2 Numerical Technigue

In order to start the numerical calculations we need to know all
the values of Y(i), i = 1,2,...,5 for the previous iteration, i.e. all
Y%i) must be known. For the first iteration we have no previous values
of Y%i) and hence we must supply initial approximations to these values.
Guesses were made at the average values of these unknown Y%i), it was

found that choosing
k=0
(1) = 3
k=0
¥(2) = 0.5
k=0
¥(3) = 0.3 (4-29)
k=0
¥(4) = 0.3
k=0
Y(S) = -0 -5



for all1z s our system behaved well over the range 0 <A < 100 which
was the range tested for spin parameter A.

It should be remembered that the boundary values of our functions
¥(1) to Y(5) are given at?; =0 and TZ=CO which is their asymptotic
value. It was found however that these functions rapidly approach
their asymptotic values and at approximately‘Q/:h they differ from their
asymptotic values only in the sixth place of decimals. The numerical
values of the boundary values determined by the quasilinearisation
technique were found to be independent of the value of 71 taken as
infinity as long as it is greater than five. In order to have a safety
margin the value of the 'effective'! infinity for Yl was taken as six.

The method of calculation was as follows: equation (4-17) with
initial conditions (L4-21) was integrated from") = 0 to 7] =6 by a
Runge-Kutta integration procedure the stored values of the previous
iteration being used for the functions Y%i) From the Runge-Kutta
integration we are able to determine Y?l) at each Tl and Y%Z)‘
and Y%h) } at?l =6. Similarly 1ntegrat1ng equations (4-19) w1th

+1
boundary condltlons (4-22) we obtain Y%l) at each M and Y 2)h1!q=cv

and Y%A)h1'7~ao at 7| =6, integration of (4~19) with boundary conditione
+7] k+1
- j i (1‘2.
(4=-23) yields Y%;)h at each W? and Y??.)hz’r1 and Y(h)hztnzaoqt 1 6

Substitution of these values of ¥(2) and Y(4) at infinity into equations

(4-27) and (4-28) yields the values of aﬁ+1 and a5 ', Substitution of

2
a§+1, ag+ h1’ Y(l) at each into (4-=24) thus

enables us to determlne Y%Z) at each‘TL these values become the Y(l)

k+1
and Y(l) Y(i)

of the next iteration.

The procedure was repeated and new values of the constants a§+1,
ag+1 obtained, the calculation being stopped when two successive values

of a§+1 and ag+1 differed by a value less than or equal to 1x10_6o

-t o, |
From (4-24) it can be seen that the values f1(0) and g1(0) are

9%
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numerically equal to af+1 and ag+1 respectively.

As can be seen in the graphs, fig.4.1 to fig.L4.5, using the most
crude of guesses (4-29) we have a numerically stable system that
converges to the correct results rapidly.

The step length used for the Runge-Kutta integration procedure

was found to have a decisive influence on the values obtained for a§+1
and ag+1 as can be seen from the table below

step length h 0.1 0.05 0.025 . 0.01
k+1, =M

a1+ (=T ,(0)) 2554284 3.563224 3.565408 3.566016

as (=B, (0))  -1.33053%  -1.325602  -1.3243%  -1.323983

for which k, = 10 = 1 and spin parameter A = 10. The results show

that the boundary values obtained by using a step length of 0.01 differ
from those obtained by using a step length of 0.025 by approximately
5x10-4 consequently the boundary value obtained by using the step
length of 0.01 is probably correct to three places of decimals.

A more elaborate system of solution could be used to acheive even
more accurate results, now because the functions have an extremely high
rate of change of value near7l =0 it would be advantageous to choose an
even smaller step length in that vicinity and a larger step length in

N further out from the body surface where the rate of change in the

value of the functions is very small.

L.3 SOLUTION OF THE LINEAR HYDRODYNAMIC EQUATIONS

In order to solve the linear differential sets of equations use
is made of the superposition principle, i.e, if ¢1 and ¢2 are solutions

of a linear differential equation then A¢1 + B¢2 is also a solution



to the differential equation where A and B are arbitrary constants.

Let us consider the general equations (3-105) and (3-106) with

the pertinent boundary values (3-107), if we integrate these equations

)}
with three separate values for the boundary conditions f

; (aa,ba)

Eon-1

——

2n-

1('q)

and

&n10])

must also be solutions (by the superposition principle),

Bc are any constants.

(0), i.e. (a1,b1)

[:fan-1(11;] i

hence the functions given by

% [—fann( TL)J1 *+ 8 {-farm('*l)j 2 * [.fann("l)] 3

2n_,‘(O) and -

; (a3,b3) we obtain the three solutions

Eéan-1 (ﬂﬂ

i=192:39

ac + BC + 1

(4-20)
% [Eann(q)l B [-éann(“? )]2 * l_gann("l )]3
@, + Bc + 1
(L4=-31)

here ac and

The two functions given by (4-~30) and (4-31)

also satisfy the boundary conditions for the system of an axisymmetric

body rotating in axial flow if,

and

c L82n-1

From equation (4-32) we obtain the following expressions

(o

)

g2n 1€ )_13 ([ Ton-

-

1(w)]2 *

—

_Eann(wzz 27"

=
Tona z] 3 °

U, _1(a+ﬁ+1)

_EZn-‘I(oozt} = 0

(4~32)

for o and B :

ja Uon-1)- %'82n1 )_ia [Zn’l

[82’1“1(m)]2'q—-f2n~1(w )J 1'U2n-1)‘[§2n-1(°aﬂ /¢

)50,
(=) -0

(4-33)

2" 2n- 4
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Eéan-1(m)]1°(ﬁzn-1(m)]3'ljz Eé (w)13 l’ 2n 1(‘:")J1 20-1)
° Eéann(wﬁz’ [ )] 2n-1) ? on- 1(00)]1 ([2 (W)_!z"Uz -1

(4-34)
these values of o and BC are used to obtain better approximations of
T _4(0) and ga ,€0).

As explained previously in 4.2 it is possible to achieve the value
of the functions by integrating (in this case equations (3~105) and
(2-106)) to1t =6 where the asymptotic values of the functions have
effectively been reached.

The method of solution of the general equations (3-105) and (3-106)
is as follows. First three guesses at the boundary values.fgn_q(o),
E;IM(O) are made, i.e. (a,],b : (a o) (a b ) the boundary values
-f;n__B(O), E'an_B(o), “f';n_s(o), an 5(0),.,.,., T, (o) g1(o) having
previously been determined and all other boundary values known to us
being given in (3-107). The equations are then integrated to 7 =6 to
obtain the three sets [%;n_q(fOZJi, YEZn—ﬂcooi]i i=1,2,3 and thus

to determine «_ and B .
c c

We now have from (4-3%0) and (4-31)

T, ,(0) =“c&;4mﬂw+%[§mwiL+E;ﬂwﬂ3

a, + BC + 1

(4-35)

-

—t T —1 ] E_! .l
B % l:ganq(O)_h * 8. | B 1005 * [ 8o 105
G (0 = (14-36)

ac + Bc +. 1

. | 1
these values of f (o),

2n-1 an_1(O) are in fact better approximations
to the actual values, they may be alternatively written:
J aa, + Bcaa + a3
T 0] o = - , (4-37)

C+BC+
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1-— "‘ acb1 + Bcba + .b3
Bon1(0) | mup = o v b 1 (4-38)
[o] [o]

-l —
The two improved values of on—1 s Bop 1

(4~38) are chosen together with the two pairs of the set (a1,b1) 5

(0) (0) given by (4-37) and

(az,ba) ; (a,,b.) which are closest to them in value. These three pairs

83104 '
T (0)

are then used to evaluate further improved approximations of fzn-1

andlgén_1(0); the procedure being stopped when to successive approxi-
mations differ by o.5x1o'7.

For the case of a body rotating in a quiescent fluid the pertinent
boundary value equations are (3-126), (3-127) and (3~-128) with known
boundary values given in (3-122). The procedure for determining the
unknown boundary values F;n_1(0), G;n_1(0) follows an analogous
procedure to that previously explained in case of a body rotating in

axial flow. Here three guesses are made for the boundary values

] 1)
(F,,_1(0), G, .(0)), i.e. (e 5a,) 5 (cghd,) (c3,d3) integration of

the pertinent boundary value equations with the known boundary values

leads to three solutions of F2n-1(a ), G (a ), i.e. one solution

2n-1

for each guessed pair of boundary values used. The three solutions

(a) .,

on=1 i 2n 1( a) i=12,5 it

obtained may be denoted by T
follows from the superposition principle that the functions

Ko |-2n- (“):[ + @ ‘—an-(“)-lz [2n1 «)]5

(ot) = =

c-+ ec + 1

i

F2n-‘l

(4-29)

and

Lgan 1(o )_' + 0 l_(_;an Ao )L [Gon (@ )Js
+ e)c + 1

2n~1

(4-40)

are also solutions of the boundary value equations. Here 3; and EE



are arbitrary constants. These functions satisfy the boundary

conditions (3~-122) if

% [F2n-’l(m )]'1 " ec [an-1(w)]2 M ~F2n_1(w) 3 0 (4-41)

-

and
L:$ _[G2n—’l<w)J‘1 + & E}zn-'l(mﬂz O (5 = 0 (482)
Solving (4-41) and (4-42) for a’c and QC we obtain:
6o q(0 >]3 [anA(w)L y E}an-1(w)]z 2n 1“{!3

F
= - — : (L4-43)
’ [Gzn-q(oo)_[z Ezn-ﬂ(W)]q - E}an-q(“)]q an-ﬂ(‘”):la

“on-1"" |1 ’2n-1 3" ”2n-1 3 | 2n-1 1
—  (4-4l)

e - Ezn-1(w)]2 Fm-1(w)j1 - ‘_Ezn-1(°a)]1 Fan-'l(w)_lz

Using expressions for ZS: and ec. above we are able to obtain improved

1]
approximations to the two boundary values F2n-1(0) and Gan_q(o) by
using the relationships
[F' (Oi] 5;c1-+ ekca + 03
2n-1""_JIMP T (4-545)
2{; + (?c + 1
' Xcd‘1 + chz + d3 ;
Gt |np = (4-46)

]5; + G?c + 1

The procedure for solution of the boundary value problems is the same
as that described for a bod& rotating in axial flow. It should be
noted here, however, that the numerical integration of the boundary
value problems was carried out over a range 0 <o € 20 where o is the
dimensionless perpendicular distance from the body surface already
defined in chapter %. It was found that the 'effective' infinity for

this case was able to be represented by o equal to twenty, numerical
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calculations showed this to be well within the range where functions
had reached their asymptotic values to within six places of decimals.

. The procedure of determination of the unknown boundary values was

106

1 1
discontinued when two successively calculated values of (FZn-’I(O) 2Go ’1(0))

are within O.5x’|0_7 of each other.

4.4 SOLUTION OF MASS TRANSFER EQUATIONS

In both cases: a) a body rotating in axial flow, b) a body rotating
in a quiescent fluid, the mass transport (or heat transport) equations
are all linear including the stagnation point equations,; thus these also
can be solved by means of a method utilising the superposition principlc.

The boundary value problem for the case of a body rotating in axial
flow is given by (3-108) with the pertinent boundary values being given

by (3-109).

]

If we supply two initial guesses to the boundary value f(z(n ,])(O)
' 1 =

)(O), caos %O(O) are known,

i.e. e, and e2, it being assumed that . 2(n-2

then we obtain on integration of equation (3-108) two solutions

"';F{Z(n—’l)(qz)_,'l and g%(n_,‘)(’f( )]2.. Using the principle of super-

position then [f(z(n-’l)(q?,—):l mst also be a solution, where

jg{ N € [f{acn"')(??;]" ' %(n—ﬂ(n]z
Z(n—'l)(TLiJ = = v

+ 1
c

(4eli?)

Ec being an arbitrary constant.
Now f( 2(n—1)(?1)ii satisfies the boundary conditions for a body

rotating in axial flow if

€ |; :] ]
< l%(n"")(q} )J" ¥ [aé/(n—’l)(q ) > = 0 (4-48)
é"- -7 [ﬁ;(n-’l)(m),"l %(2(14_1)(00)]2 (4-49)
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Once again the derived constant EEC was used to make a better

24! .
guess at the correct value of ¢£(2(ns1)(0)’ i.e.

f(' L 6081 e,
otne) Ol = = (4-50)

+ 1

H

This improved approximation to j?/ ~1)(O) was used together with the

2(n

better guess out of e, and e, to obtain a new value-for'E;C and

t
consequently a new E?%'2Q§—1)(O§IMP :~ The method was terminated when

JZ( :?(n-1)(°2J Tp Were within 0.5%10™7

—

two successive values of of each

other.
For the case of a body rotating in a quiescent fluid an exactly

analogous approach is used. This time we have

[ ]

[, ( :‘ ece‘1 * e2 ¢

J 0) = ——— L=51)
2(n~1) IMP é,:, . 1

1 L )
where [}2(n—1)(0{];MP is the improved guess at J2(n_1)(0) e, and ¢,

€, = - Ea(n-q)(wﬂa/Ea(n-ﬂ(wz‘q

(4-52)

]
are guesses at J (0) and
FAGEM

4.5 GENERAL METHOD OF SOLUTION OF EQUATIONS

4.5.1 Body Rotating in Axial Flow

The functional forms of our hydrodynamic and mass (or heat)
transfer equations may be written:

) -t 1 -

"t — — —
— 4 4
Fonn = D3 (T0s 5eBos 1ofns 10Tns q9Bos 11Bos_1vKns_qoTp5o1)M)
(4-53%)
—l! (...." -t — —t — ) ( )
Bopoq = D2 (8o 34855 1981 1 Tn5.90T05_1°K05 17 10(1-1) h=5h

" n Y] , _ .
/{2(n-1)= HDEn(%(i-E) ; /}2{(1-1)’4(1-1) vBos 1 Tag Koy g logs gy s P
(4~55)
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where i = 1,2,....n and FD3, GD2 and HD2 are the right-hand sides of

equations (3-105) ; (3-106) and (3-108) respectively.

We can transform equation (4-53) into three first ordinary

differential equations and each equation of (4-54) and (4-55) into

two ordinary differential equations by the following substitutions:

¥(7n-6)
Y(7n-5)
Y('7n-4)
¥(7n-3)
Y(7n-2)
¥(7n-1)

¥(7n)

f2n-'l
o | |

f2n-’l

8on1 (4-56)

-t

g2n--'l

= ﬂ2(n—l'l)

;yé(n-1)

where each left-hand side of equations (4~56) are elements of the

column _}(_

The system of equations (4-53) to (L4-55) which is of order seven

is transformed to the seven first order equations:

where YG( ) = a—?lY( ).

It will be noted that to determineljy

differential equations.

¥G(7n-6)
¥G(7n-5)
¥YG(7n-L4)
¥YG(7n-3)
Ya(7n-2)
¥G(7n-1)

¥G(7n)

i

¥(7n-5)
¥(7n-4)

FD3(n) .g
¥(7n-2)

Gb2(n)

(4-57)

¥(7n)
(4-58)
HD2(n)

2(n-ﬂ)(71) we have to solve 7n

The pertinent boundary values become:
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atwl =0 Y(7n-6) = ¥(7n-5) = 0 ; Y(7n-3) =k&nﬂn=1,2,...”l

Y(8) = 1; ¥(7n-1) = 0O n=2,3,...

as 1|~ ¥(70-5)=>T ¥(70-3)—>0; ¥(7n-1) =0

n=1,29nno

2n-1;

It has been explained previously that the hydrodynamic equations
(4~57) can be solved independently of the mass or heat transfer
equations (4-58), the functional form of the hydrodynamic equations
(4-53) and (4-54) shows that these hydrodynamic equations do not
contain any mass or heat transfer functions - their independence from
(4-55) is thus obvious. The first five hydrodynamic equations YG(1)
to YG(5) are a non-linear set for which the unknown boundary values
Y(3) and Y(5) atm =0 are determined by the quasilinearisation
technique. The next and all subsequent sets of hydrodynamic
equations, i.e. YG(7I-6) to ¥YG(7I-2), I = 2,3,... are all linear for
which the boundary values Y(7I-4) and Y(7I-2) can be determined by
means of the superposition principle (L4.3).

When determining the unknown boundary values Y{(7n-4) and Y(7n-2)
at M =0 in the n'th set of hydrodynamic equations it is necessary to
know all the previous Y(7I-4) and Y(7I-2), I = 1,2,+..,{n=1) in order
to supply the values of the hydrodynamic functions in FD3(n) and
GD2(n) as a function of 7 .

In the case of the mass (or heat) transfer equations it can be
seen that the n'th set is dependent on all previous sets of hydro-
dynamic equations, i.e. sets 1,2,...,n-1, thus to determine the
unknown boundary value Y(7n) atﬁl =0 all previous sets of hydrodynamic
equations as well as all previous mass (or heat) transfer equations
mist be supplied as functions of qu again this is accomplished by
simultaneous integration of all previous equations with respect to

7, Because the mass (or heat) transfer equations are all linear the



unknown boundary values Y(7I) at‘qwzo, I=12,3... are determined by
using. the principle of superposition.

In the computer programme that was written to determine
numerically the unknown boundary values the value of Wz.taken as
infinity for the hydrodynamic boundary layer was XMAX. XMAX was
maintained at 6 for the range of spin parameter A investigated, i.e.
0 <A <20. Frossling (1958) has shown that the ratio of the mass
(or heat) transfer boundary layer thickness to the hydrodynamic
thickness is of order'ﬁ;%o Consequently the value of n taken as
infinity for the solution of the mass transfer equations was XMAX/ﬁ;%,
this value of the effective infinity was found to be large enough for

é

{

the functions éﬁg(n_q)(OZ) and gf{n—1)(71) to have reached their
asymptotic values within six places of decimals. The procedure
adopted in the computer programme was to calculate the unknown
boundary values of the first unknown set of hydrodynamic equations
and use these to detefmine the unknown boundary value in the first
set of mass or heat transfer equations, then the second set was
solved and so on.

The number of sets that can be solved is obviously limited by
the computer time available, the time required for solving each set
rapidly increasing with the number of the set. It was decided that

the first five sets of the mass transfer equations would be solved.

From our definition of mass transfer number M it follows that

- (1(7)

-1 2 #2(n-1)
— + Y(‘Ih)}x tooaat Y7 ),x Feaea) (4-60)
J2°Pr% L m V2°

11.0 ‘)zw

consequently MA is known at each value of x: these values being

printed by the computer up to 90o around the body in steps of 50.

110
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4,5.2 Body Rotating in a Quiescent Fluid

Here again we may define the functional forms of our hydrodynamic

and mass transfer boundary value equation as follows:

Fon-q = 5FD2 (le 3701 1 Foi 1850121 C2i1 K110 Yai- D) (461
G;n- = Seb2 (G21 3@ ;1 1821 1 Fa11-Ha(i-1) Faioqr Togin 1)) (4-62)
H;(n—1)= SHD (H2(1 2)*Fai-1%05 1+ 1a(5-1)) (4-63)
J;(n—1)= SID2 (J2(1 2)*F 211805 13 Ta(5-1)) (L4-64)

i = 192,-no-n

For lo = k1 = 1 the stagnation point equation for this system becomes

1" B 2 1 2 ’“’)
F, = F,+HF, -G
[1] ]
G, = 2F,G, + HG, (4-65)
]
By = -2F,
n
J, = Pr JO Hy (4-66)

with boundary values for the functional coefficients being

at'q =0 HO = F1 =0 G, =1; J, =1

(4-67)
wqu’FT%O; GT?O; %T?O
The stagnation point equations, as a set, are non-linear and as
such the unknown boundary values F;(O) and G;(O) could be determined by
the technique of quasilinearisation, however, their values have already

been determined by Rogers and Lance (1960)

i.e. F. (0)

1 0.510233

(4-68)
~0.615922

G1(O)

'
The determination of all the boundary values J2(1_1)(O) is possible by



use of the superposition principle as the mass transfer equations are
all linear.
A method analogous to that used in section (4.5.1) transforms our

equations into simultaneous first order differential equations

i.e.,
1(7n-6) = F, .
¥(7n-5) = F;n_,,
T(70-4) = G, .
W7m-3) = Gy (4-69)

Y(7n—2) = HE( n_,])

Y(7n-1) = Jz(n_1)

t

¥(7n) JE(n—1)

the pertinent boundary values being:

at o = 0 Y(7n-2) = ¥Y(?n-6) = 0 ; ¥Y(7n-4) =Y§n_3=1,2,3,..

¥(6) =1 ; ¥(7m-1) = 0 n=2,3cce00 (4-70)
as a~> o Y(7n-6)—»0 ; ¥(7n-4)—50; ¥(7n-1)—=0
n=1,25%c.4
Our system of differential equations (4-61) to (4-64) becomes:

¥6(7n-6) = Y(7n-5)
Y6(7n-5) = SFD2(n)
Y6(7n-4) = Y(7n-3)
Y&(7n-3) = Sab2(n) (4-71)

¥G(7m-2) = SHDY(n)
¥G6(7n~1) = Y(7n)

YG(7n) SJD2(n)

1}

An exactly analogous procedure to that used in (4.5.1) may be used
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to determine the unknown boundary values Y(7n-5):; ¥(7n-3); Y(7n) at
=0, Finally the computer as in (4.5.1) prints out the local M
numbers at intervals of 50 around the body up to a parametric angle of

90° for the oblate spheroid, here M? is given by

ud - (v ()| + Y(qu),k*z Feveot Y(7n>[£2(n-” feel) (4-72)
:E} 1
\/EnP ol =0 wleo 0{1=0

It was found that the effective infinity for the dimensionless
distance o was 20, consequently in computer time the integration is a
lengthy procedure, only the first four sets of equations were hence

solved.

4.5.3 Flow Diagram for Solution of all Linear Equations

The flow diagram shown is the flow diagram of the computer
programme in the case of a body rotating in axial flow. The flow
diagram of the computer programme in the solution of the linear
boundary value problems for a body rotating in a quiescent fluid has
the following modifications:

1) as shown in (4.5.2) there are different boundary values
associated with this case.

2) ¥(7n-5) and Y(7n-3) n=1,2,3 now become the functions which
are required at o=0.

3) the boundary value equations are of course different.

L) the expressions for determining better approximations are
different.

With these modifications the flow diagram becomes identical with that
of the one pertaining to rotation in axial flow (shown).

In the flow diagram the nomenclature used is
U(21-1) - I'th coefficient in the potential flow series expression

previously denoted by U21_1.
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CL{2(T~1)) - I'th coefficient in the scale factor series expression
for the meridional direction, i.e. 12(1_1).

CK(2I-1) =~ I'th coefficient in the scale factor series for the
azimuthal direction, i.e. kéi_1o

PRNDTL - Prandtl number for heat transfer problem or Schmidt
number for mass transfer problem.

SPIN - Spin parameter.

H - Step length for Runge-Kutta integration procedure.

XMAX - Limit of integration with regard to the dimensionless
perpendicular distance Q’, i.e. this is the effective
infinity for the system.

BXMAX - is the limit of integration with regard to 7 in the case

of mass (or heat) transfer equations, this is the
'effective' infinity and as already explainéd is given
by BXMAX = XMAX/?F% .

The actual step length used for the integration of the mass
transport boundary value equations was taken as BXMAX/60, which is a
smaller step length than the 0.1 step used in the integration of
hydrodynamic boundary value equations. This step length was used
because of the fact that the 'effective' infinity for the mass trans-
port functions BXMAX is smaller than that of the hydrodynamic effective
infinity XMAX,

ALP(1) - is the initial guess at the unknown boundary value
Y(7I-4) at 7 =0.

BET(1) - is the initial guess at the unknown boundary value
Y(71-2) at‘z'=0.

GAM(1) - is the initial gucss at the unknown boundary value
Y(7I) at n =0

ALPHA(I) -~ is the determincd value of Y(7I-4) at N =0.
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BETA(I) ~ is the determined value of Y(7I-2) at 1=0.

GAMMA(I)~ is the determined value of ¥(7I) at 7 =O.

ERMINA - is the accuracy to which ALPHA(I) and BETA(I) have been
determined.

ERMINB ~ is the accuracy to which GAMMA(I) has been determined.

NS - is the order of the first set of boundary value equations to
be solved (NS must be greater than unity this being the non-
linear first set).

NM - maximum order of equations to be solved.

The final results for the local mass transfer number M are printed
out as point values in the azimuthal co-ordinate x, at intervals of
Ax1, which was chosen as 50 for the oblate spheroid, to a maximum
value of X1MAX, which was chosen as 90o for the oblate spheroid.

Once the unknown hydrodynamic boundary values have been
determined for a particular body shape and a particular spin parameter
they may be used to determine the unknown mass transfer boundary values
for each Schmidt number, the number of hydrodynamic boundary value sets,
i.e. ALPHA(I), BETA(I) supplied initially to the programme being NM2.

The actual computer programme is set out fully in appendix D.
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(D,

BETACI) GANMA(Q .
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Exit
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Y 7D=rH

Sl

BXMAXXMAX

'TPRNDTLy? |

—
YFl= ALP{l)
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4.6 NUMERICAL DETERMINATION OF CQEFFICIENTS IN THE POWER SERIES

EXPANSION FOR POTENTIAL FLOW AND SCALE FACTORS FOR OBLATE SPHERQIDS

We have shown that to obtain the values of the coefficients in

the expansion for the scale factor h and potential flow U becomes

8,0
progressively more difficult as the power of the variable increases,
it is hence necessary to determine the coefficients by a numerical

procedure,

4.6,1 Exansion of h_

8,0
Green (1968) previously expanded the following form of he o in a
9
power series of 8
.
hy o = @ cos8 (1 + e“tan®8)? (4=73)

This method of obtaining the coefficients will not be used,; however,
because in order to exapnd the square root term 6 becomes restricted

in magnitude by convergence requirements,

i.e. e2tan®s < 1 for convergence.

This restriction is not present when he 0 is expanded in the form

2\2
he,o = a1 - (51nQ/cod1§o) ) (4=74)

> a

Now cosh\‘;:o = (1-e)"F (4-75)

4 4
and hence hy o = a(1 - ((1-e2)? sing)2)? (4-76)

which on expansion yields:

e2
he.,o = 3(1 + (

2
1y . 2 e =1, . 4
5 )sin“ 9 - C—?;—)51n 8 +

2(n-1) ) (4=77)

esecet B 8in 6
n
We can obtain the following recurrence relationship for Bn the

coefficient of sin ea(n—1)°



120

(n - 5/2) 2 g

Bn = -—C—n-—:——,l—r('|—e)Bn_1 n>1 £
‘) (4-78)

B'l = 1
We hence have
< 2 2
n\m

g, = a mg'o B (6% +.euit 82,677 (4-79)

where 82 is the coefficient of 6°™ in the expansion of Sing, it

follows that

o0
_ 2m an
hyo = @ z: B (67 +eeout X toee) (4-80)
m=0
here X is the coefficient of 62n in Siname.
The coefficient L(2n) in the power series
e®1, .2 on
h = al1 + ( 10T 4evuoet L{2n)BT +...) (4-81)
8,0 ) 2
is thus given by
3
L(2n) = r.n>___o Bt *nm (4-82)
Now S2  is given by
n
22n—1
n+1
8, = (=1) (2n)§ (4-832)
It can further be shown that
=n-m+1 =
T ™ {m-z I 1
X = %- 52 . S2,. . PR
. Jm—-1=1 (n-Jm-1_m+2) Jm--2 (Jm-1”3m-2+1)
1= s s2 (4-81)
asas 2. e -
> 1 34 J2=31+1

(3N
Il

R
for n-m+1 1, i.e. n-m,m+l,e....and m 2 2

because
1 n-~1
SJ

J
Xn.,2 = ZJ 1

1

n--j1



also
for m=1 X _=S2n n=1,2¢0000
n,1

(4-85)

m=0 XO,O= 1 Xn,Ozo 3

Thus as both coefficients B and X may be determined it is also
possible to determine the coefficient L{(2n). The method of application

by computer programme has been explained previously by Green (1968).

4.6.2 Potential Flow Expansion

Once again we change the basic representation of the péwer series

expansion used by Green
1

-2

icce U=kle) U tand(1+e°tan<o) (4-86)

which is limited by the convergence requirements on 6. In order to

remove the limitations on 6 we use the form

2

U=k(e) U sin9(1—((1-e2) sind)) (4-87)
Expanding (4-87) in powers of sin 0 we obtain
1—e2 2
U =k(e) U sind(1+( 5 )sin“® +eoeee
+.°°BUnSin92(n_1) Feeas) (4-88)
‘where
(n - /2) 2
BU ='”TGC?ET“'(1 -e)BU_, n> 1
(4-89)
BU1 = 1

is the pertinent recurrence relationship for the coefficients BUn°

Hence,
= 2n.m
U = k(e)U sino() BU (8%...+82 6™ (4-90)
=0 m+1 n
or
2 m=n
. e 2 2n
U = k(e)U Sln6(1-§ B ..ot gggBum+1xngm)e oao)

(4=91)



If S1n is the coefficient of 82n in the expansion of sin® we have,

2
_ 2-3%°, 3 2n+1
U - k(E)Uoo (e - ( 6 )9 +ooow+U2n+,l 9 ow-) (4-92)
J=n m=]J
. - J e I
where U, . = 3§=_'O STy 501 mZ-'O BUpq X5 m (4-93)

This form of the coefficient in the power series expansion is
analogous to that obtained by Green; it is hence treatable by the same
method as used by Green. Because our series representation does not
need Bernoulli numbers and also because our analysis does not put any
restrictions on 6 it is obviously more advantageous to use; however,
we find in practice that the values of the coefficients that are
obtained by both methods differ by less than 1x10-7,

Once again the computer programme for obtaining these coefficients
is to be found in appendix D, it takes the form of the subroutine
COEFFS in the main computer programme, the computer language being

Fortran 1V.



CHAPTER V

RESULTS

5.1 INTRODUCTION

The present work was started and carried out in order to
determine the effects of secondary motions on mass or heat transfer
rates from droplets and solid bodies in laminar flow, the particuiar
secondary motion studied was that of axial rotation.

A general method of analysis of the boundary layer equations has
been presented in Chapter 3 which is applicable to all axisymmetric
shapes rotating in axial flow. It was decided that the analysis
presented would be used to study in particular the effect of rotation
on local mass transfer rates from spheres and oblate spheroids -
these shapes being very good approximations to the shapes often
exhibited by droplets in a continuous phase. The body shapes studied
were the sphere, the 10/16 spheroid, 7/16 spheroid and the disk.

The study of these rotating bodies covered the range of spin
parameter OA $20 and Schmidt numbers of 0.7, 1.0, 2.4 and 10.0. By
means of the expression developed in (3.6.1) it was also possible to
predict local mass transfer numbers at infinite Schmidt number.

The analysis was further extended to determine the effects of
rotation on the rates of mass transfer from axisymmetric bodies
rotating in a quiescent fluid. In this case the sphere, the 13/16
spheroid and the 10/16 spheroid were studied at Schmidt numbers of 0.7,
1.0, 2.4, 5.0, 10.0 and 100.0. Using the expression developed in

(3.6.2) it was also possible to study the effects of rotation on local
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mass transfer numbers at infinite Schmidt number.

In both analyses the Runge-Kutta method of numerical integration
was used, as already described in Chapter 4, integration of the
hydrodynamic functions was carried out over the range OL7(or a){XMAX
where XMAX = 6.0 in the case of a body rotating in axial flow and
XMAX = 20.0 in the case of a body rotating in a quiescent fluid.

These ranges were found to be high enough for the hydrodynamic
functions to have reached their asymptotic values to at least six
significant figures.

In the case of the integration of mass transfer functions the
approximate relationship of Frossling (1459%), i.e.

* 3
limit  SH/, > B
Pr—200 M

where Sg is the dimensionless hydrodynamic boundary layer thickness
and Sﬁ‘is the dimensionless mass transfer boundary layer thickness,
was used to calculate the range of integration for finite Schmidt
numbers.

It was found that the integration range 07 (or o) {XMAX/Pr
was sufficiently high for all mass transfer functions to have reached
their asymptotic values to at least six significant places.

In the description of the results comment is also made on the

accuracy of the boundary values that have been determined, the

accuracy being very dependent on the numerical methods used.

5.2 STAGNATION POINT SOLUTIONS FOR AN AXISYMMETRIC BODY ROTATING IN

AXTAL FLOW

5.2.1 The Hydrodynamic Stagnation Point Solutions

The hydrodynamic equations which describe flow conditions at the.

front stagnation point of a body rotating in axial flow, i.e. (4=1)
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and (4-2) have been solved for spin parameters up to one-hundred for
bluflf bodies (K1 =1, = 1). Up to spin parameters of ten the method
of solution of the hydrodynamic boundary value problem (i.e. deter-
mination of'?:(O) and'E;(O)) was the finite difference method as
outlined in appendix B, this method of solution was found to need
initial guesses of'?:(o) and'E;(O) correct to two significant figures
to give satisfactory results - this limited greatly the usefulness of
the method.

For the finite difference method the integration of the equations
was carried out at different step lengths in Tlin order that the step
length required for the desired accuracy could be calculated. In table
1. appendix E are set out the boundary values'f:(O) and'E;(O)
determined by the finite difference method at integration step lengths
infq of 0.1 and 0.05. At spin parameter A = O the difference in
magnitude in the boundary values at these two step lengths is of order
5.0 x 1077, at A = 10 the difference is of the order 1.0 x 1072,
consequently it is expected that the boundary values Tﬁ(O) and'E;(O)
estimated at step length 0.1 are correct to at least five significant
figures.

For spin parameters above ten the method of quasilinearisation
was used, this method, as has been explained in Chapter L, requires
only crude initial estimates of the boundary values in order to obtain
useable results. Lee and Fan (1968) stated that the technique of
quasilinearisation is not suitable for the solution of all boundary
value problems; for some problems the method does not give better
estimates of the unknown boundary values. With the finite difference
method of solution the technique uses the stagnation point equations
in an unmodified form: the results obtained by this method can hence

be considered to be the correct ones (within, of course, the accuracy



of 1,0 x 10‘5). Results obtained by quasilinearisation, which uses
the linearised forms of the equations, must hence be compared with
the finite difference procedure in order to determine the suitability
of the technique. For an integration step length in Q,of 0.01 (and

a spin parameter of ten) the quasilinearisation technique yielded:

T:(o) = 3,566016 ;'E;(o) = «1.323983

At the same spin parameter and an integration step length in

of 0.1 the finite difference technique yielded:

'¥:(o) = 3,5661108;'52(0) = -1.3238863

Because of the close agreement of the results yielded by both
techniques it was assumed that the method of quasilinearisation was
capable of yielding correct results for this particular boundary
value problem.

The integration step length required by the method of
quasilinearisation was found to be much smaller than that required
by the finite difference method for the same accuracy of solution.
The effect of step length in'q’on the results obtained by the

quasilinearisation technique is given in the table below:

STEP LENGTH A =10 A =20
IN ¥} -t —_ -t -t
3 fq(o) g1(0) fq(o) g1(o)
0,01 %.566016 -1.323983 5.411517 -1 473409
0.025 3.565408 -1.324339 5.412899 -1.47305§J
K,] = 1o = '1.

—
In fig.5.2 plots of quQ) across the boundary layer are given for
different spin parameters A, it can be seen that as the spin

o} |
parameter A increases the most abrupt changes in magnitude of fq(Y\)



127

became confined to ever smaller regions near the body surface.

It would seem from the above discussion that the method of
quasilinearisation yields results that are sensitive to abrupt
changes in the hydrodynamic functions, this sensitivity being
probably due to the inaccuracy of the linearised forms of the
stagnation point equations. From the above table it would be expected
that the boundary values obtained by the guasilinearisation technique
at a step length in.n/of 0.01 and a spin parameter of ten would be
accurate to within +0.0005and for a spin parameter of twenty to within
+0.001.

From a comparison of the results obtained by both the described
techniques of solution it is seen that if sufficiently accurate
initial estimates are supplied to the finite difference procedure it
is capable of yielding more accurate results than the quasilineari-
sation procedure at the same step length; the disadvantage of the
finite difference procedure is, as stated previously, the requirement
that the accuracy of the initial estimates of the unknown boundary
values must be high if the method is to work.

The computer programme used in the determination of the hydro-
dynamic boundary values is shown in appendix D. The accuracy of the
determined boundary value is limited by the magnitude of the
integration step length which in turn is limited by the storage
facility of the I.B.M. 7094 machine used in the numerical calculations.
The present technique of solution limits the smallness of the
integration step length used in this problem to 0.01. Consequently
the accuracy of the stagnation point boundary values'?:(O) and'E;(O)
are limited to +0.001 for a spin parameter of twenty.

Because of the sensitivity of the quasilinearisation technique

et
to abrupt changes in f1(TL) an improvement in the numerical technigue



would be to have small step lengths invawhen integrating the hydro-
dynamic functions near to TL:O and larger step lengths at higher
values of’q‘where abrupt changes in the hydrodynamic functions do

not occur. Thus, for the same  computer storage facility much smaller
step lengths could be used in the most important regions of the
integration range thus enabling greater accuracy to be obtained. A
different approach would be to use the quasilinearisation procedure
to supply the required accurate initial estimates for the finite
difference technique.

In fig.5.1 plots of'?;(Tl) across the boundary layer are given
for spin parameters up to one hundred. The plots of'?;(ql) for A=20
and A=100 were obtained by the quasilinearisation method using an
integration step length of 0.01. Although the accuracy of the
solution at a spin parameter of A=100 is not expected to be as high
as for the smaller values of A due to the relatively large integration
step length used, it is expected that the solution does give a good
representatiog of the behaviour of'?;(TL) at high values of A. It is
worthy of note that even at this high value of A the spin parameter
A the guasilinearisation technique was numerically stable - even
though the initial estimates were very approximate.

From equations (3-59) and (3-60) the following expression for

*
the meridional velocity component V1 is obtained:

v, -§U £)  (x.enT (5-1)
17 &, 2n~1"2n-1 %y B
* w—— -
where V1 = V1/ U,. U, being the first coefficient in the series

expression for potential flow given by (3-87). Near to the front
*
stagnation point, where all powers of X1 other than unity may be

neglected we have



: ) X, (5-2)
V1 = U,‘f1 ] X1 5-2
or bl . | ; ) *
v, = £,00) X, (5-3)
sk o |
consequently because V1 is directly proportional to f1(TL) near the

front stagnation point the plots in fig.5.1 can be used to describe
the velocity profiles in the meridional direction in the boundary
layer., TFrom these plots it is interesting to note that at some
points in the boundary layer the meridional component of velocity
becomes greater than that in the main stream, i.e. U, this is shown
most strikingly in the A=100 plot where at certain points in the
boundary layer the meridional component of velocity becomes nearly
twice as large as the corresponding velocity in the main stream.
From fig.5.9, where the sphere is used as an example, it can be seen

that this phenomenon occurs at all points 1in the.boundury\agen

As explained in Chapter 2, Schlichting (1956) found that at a
value of (Q/&)> 0.815 his stagnation point solutions broke down. For
the meridional component of velocity Schlichting presented a
Pohlhausen type polynomial in terms of a form parameter K. The value
of (Q/él>—0.815 for which the stagnation point solutions broke down
was found to correspond to a form parameter of K=12 which was also
found to correspond to the apparent onset of greater meridional
components of velocity in the boundary layer than in the main stream.
Schlichting stated that it was entirely possible to obtain such a
phenomenon due to the effect of centrifugal forces set up in the
boundary layer by rotation. This prediction of Schlichting is shown
to be correct by fig.5.1. It is interesting to note that Schlichting's
spin parameter (Q/3) corresponds to A%, consequently Schlichting's

approximate solution predicts that the onset of the described



phenomenon at A=0.664 whereas from fig.5.1 it can be secen that the
results of this work suggest that the phenomenon should initially
occur in the region of A=10.

Fig.5.4 shows the variation of'E;(TL) in the boundary layer;
from these plots it can be seen that'éz(o ) does not vary as much in
magnitude with spin parameter A as does the boundary value Tﬂ(O).

From equation (3-73) the dimensionless Azimuthal velocity

*

component V2 is:

*  FS— . . *on-
V, = nkgqgan_q(q) X, (5-4)

and near to the front stagnation point

*

V2

A2 8,(m) x: (5-5)
It can be seen from fig.5.3 that the azimuthal velocity component

(to which'Eq(TL) is directly proportional), reaches its asymptotic
value (%é?m;éq(fL)) nearer to the body surface with increasing spin

parameter. In effect the boundary layer thickness for the azimuthal

velocity component decreases with increasing spin parameter.

5.2.2 Mass Transfer Stagnation Point Solutions

Because of the linearity of the stagnation point equations for
mass transfer (3-100) the solution of the pertinent boundary value
problem (i.e. determination of}?é(O)) was solved by use of the
superposition principle. The boundary values that have been determined

1)

for different values of Schmidt number for bluff bodies (K1 =1,
are shown in tables A10 to A23 in appendix E.

As already explained, the range of integration in " of the mass
transfer functions was O<ﬁq_<:XMAX/§;§; where XMAX = 6.0 was the

teffective' infinity for the hydrodynamic functions. The mass

transfer boundary layer thickness for Schmidt numbers greater than



thirty is smaller than the hydrodynamic boundary layer thickness and
consequently the integration step length was'scaled'. The step length
used was XMAX/(60 x_ﬁ;}).i thus for a Pr of unity (i.e. when the mass
transfer boundary 1ayer thickness is the same order of magnitude as
the hydrodynamic boundary layer thickness) the value of the
integration step length for XMAX = 6.0 is 0.1 which is the same step
length as that used in the integration of the hydrodynamic functionms.

The accuracy of the values obtained foriizé(O) is dependent on
the accuracy of the hydrodynamic boundary values. For spin parameter
A=20 it has been stated that the accuracy of the solution obtained
by the quasilinearisation technique is +0.001. In table A2 in
appendix E a perturbation on the boundary values Tﬁ(O),-E;(O) of
1.0 x 1072 at Br = 0.7 produces a change in the magnitude of&ﬂ(é(O)
of 6.0 x 10-4° In general it is expected that the values of the mass
transfer boundary layer functions at the front stagnation point are
more accurate than the hydrodynamic boundary values from which they
are derived.

From equation (3-97) it can be seen that in the region of the
front stagnation point the dimensionless concentration X* is given by
Xe j%/O(TL); consequently fig.5.5 is in effect a plot of the
dimensionless concentration distribution near to the front stagnation
point. From the plots it can be seen that the mass transfer boundary
layer thickness diminishes with

1) increase in spin parameter A
2) increase in Schmidt number

In the region of the front stagnation point the local mass
transfer number is given by -ﬂé(o)/j‘z‘ P_r&, from fig.5.6 it can be
seen that the value of the local mass transfer number increases with

both Schmidt number and spin parameter.

171
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5.2.% Boundary Values for Oblate Spheroids Rotating in Axial Flow

From table A1 it can be seen that the values obtained for'f:(O)
and.E;(O) at a step length in TL of 0.1 differ from those obtained at
a step length of 0.05 in the fifth significant figure at most.
Similarly in the determination of higher order boundary values it
can be seen in table AZ3the effect of this halving of step length is
to effect the fifth significant figure only. During the computation
of the unknown boundary values a step length of 0.1 was used; this
was considered to yicld results of acceptable accuracy.

From table A2A it can be seen that a small perturbation of
order 1,0 x 107> applied to the stagnation point hydrodynamic
boundary values does not cause large errors in subsequent sets of
hydrodynamic boundary values. The higher order sets, which are
dependent on the lower order scets, are affected less by the
pefturbation as their order increases. Consequently it would be
expected that the higher order sets are determined to a greater
accuracy than the stagnation point equations from which they were
derived.

From the above considerations it would be expected that the
hydrodynamic boundary valuecs obtained in this work (sce tables A3
to A6, appendix E) are correct to at least five significant figures
for spin parameters up to ten and three for the spin parameter of

twenty.

1"

]
Hoskin has presented values of f2n~1(0) and gzn_1(0) for a sphere
rotating in axial flow at spin parameters up to ten, from these
-t . |
results the modified boundary values f2n~1(o) and g2n—1(0) have been
obtained and reproduced in table A7 appendix E. Comparison with the

values obtained in this work shows that agreement is reached to at

least five significant figures.



For the non-rotating body (i.e. a spin parameter of zero), Green
has presented the first five sets of the hydrodynamic boundary values

—!

f2n—1(0)° The results in tables A8 and A9 have been derived from

the results presented by Green taking into account the different form
of Blasius series used for the stream function. It can be seen that
agreenment is reached to at least five significant figures for the
sphere and 10/16 spheroid; the same agreement was also found for the
boundary values of all the other spheroidal shapes that were studied
by Green.

As in the case of the stagnation point equations, the step
length used in the determination of higher order mass transfer
boundafy values was scaled down in order that the relative sizes of
the hydrodynamic and mass transfer boundary layers would be taken
into account. The integration step length was (XMAX/(60 X-§;§)) in

1lfor integration of the mass transfer functions.

From table A2A it can be seen that a perturbation applied to
the values of'E:(O) and'E;(O) results in smaller changes in the mass
transfer boundary values. The results obtained in this work for
j?;(np1)(0) (tables A10 to A23) are hence expected to be more
accurate than the hydrodynamic boundary values from which they were
derived. |

Again comparison can be made with the results of other workers.
The results of Siekmann for the rotating sphere can be compared with
the results ?btained in this work; tables A2L and A25 contain
values of 2(n-1)(0) derived from Siekmann's results. It should be
noted that Siekmann's results are based on different series
representations of the mass transfer functions. The results for

spin parameters A=0 and 4 and Pr numbers of 0.7 and 1.0 can be

compared with the results obtained in this work, tables A10 and A11,

152



134

once again agreement is obtained to five significant figures.

In table A26 appendix E are presented values ofJ%(;(n_1)(O)
obtained from the results of Green for non-rotation spheroids (A=0)
at a Pr number of 2.4. The results obtained in this work are again

in excellent agreement for all five sets of the boundary values

f%(o).. . ...f(é(o).

5.2.4 Local Mass Transfer Numbers for Oblate Spheroids Rotating in

Axial Flow

The computer programme used in determining the unknown hydro-
dynamic and mass (or heat) transfer boundary values uses the values
obtained forag(;ﬁ_qfo) (of which the first five sets are determined)
in equation (3-146) to obtain point mass transfer numbers at 5°
intervals of the parametric angle around the spheroid. Examples of
the results are plotted in figs.5.10 to 5.18.

From these plots it can be seen that the effect of spin is to
increase the values of the local mass transfer numbers, it can also
be seen that for any spin parameter and body shape the values of the
point mass transfer numbers increase with Schmidt number.

The effect of spin on local mass transfer numbers is seen to be
quite substantial; the maximum effect being at the front stagnation
point region and the minimum effect being in the region of the
equator. For example, for a sphere at Schmidt number of unity, (see
fig.5.11) an increase in the spin parameter from zero (non-rotating
body) to twenty gives a 30% increase in the value of the mass transfer
number.

The effect of rotation is also seen to be greatest at high Schmidt
numbers; for the sphere when the Schmidt number is very large (i.e.

Sc-» @) the value of the stagnation point mass transfer number at a



spin parameter of ten is approximately L4O% greater than at a spin
parameter of zero; for a Schmidt number of unity the corresponding
value is 20%.

The accuracy of the values obtained for point mass transfer
numbers are dependent on

1) the accuracy of the boundary values ﬁ;ﬁ_i,(o)

2) the rate of convergence of the power series for MA” equation

(3-146).

The accuracy of the termsf{ ;ﬁ_,‘)(o) has already been discussed,
it was calculated that values ofgﬁ(;&_1f0) would be accurate to at
least five significant figures for spin parameters up to ten and
accurate to at least three significant figures for a spin parameter
of twenty.

The rate of convergence of the power series for MA is dependent
on the rate of convergence of the power series which represents the

potential flow and the scale factor h Green has shown that both

8.0°

these power series converge more rapidly for the sphere than for

oblate spheroids - the rate of convergence decreasing with increasing

oblateness.

In tables A10 to A23 the values of #{ . (0) that have been

J dn-)
obtained in this work have been presented. On examination of the
1

rate at which the magnitudes of;ﬂ(a®F4§O) decrease with order (i.e.
value of n) it would seem that the rate of convergence of the power
series for MA:

1) decreases with increasing spin parameter;

2) decreases with increasing Schmidt number.

The first five coefficients in the power series for M, have becn

A
1 !
determined, i.e.gefo(o) to;ﬁ{g(o)s but because the remainder of the

coefficients remain unknown it is not possible to state the accuracy
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of the point mass transfer numbers that have been determined. It is
aséumed, however, that the magnitude of the higher order mass
transfer boundary values, i,ezj%;o(O) etc. will be small enough to
have only a minor effect on the values of MA that have been obtained.
The convergence properties of MA are shown in fig.5ain which plots
are shown of MA using an increasing number of coefficients in the
power series expansion.

Green (1968) compared his theoretical results for local mass
transfer number with the experimental results of Beg (1966); he found
that for non-rotating bodies boundary layer theory gave good
predictions of local mass transfer numbers up to angles of 700 from
the front stagnation point for the sphere and up to 500 from the
front stagnation point for oblate spheroids of all eccent;icities.

At higher angles he found that boundary layer theory over-predicted
the local mass transfer numbers by increasingly large values. Green
came to the conclusion that the difference between the results given
by boundary layer theory and experiments at larger angles was due to
the failure of the potential flow theory used to predict the pressure
distributions satisfactorily. No series representations exist which
give reliable pressure distributions at large angles around
spheroidal bodies. Thus the accuracy of the power series expansion
for MA“ i.e. (3-146) is not increased if higher order boundary valucs
are calculated using potential flow theory. The first five coefficients
in the series for MA have already been obtained, the sixth coefficient
5#{;0(0) would probably only have a significant effect on MA at large
angles which may well be in the region in which the pressure
distribution is no longer adequately predicted from potential flow. If,

1
however, it is desired to obtain forms of higher order thanf( 8(0) the

computer routine should be programmed in double precision arithmetic,



also the modifications to the quasilincarisation technique already
suggested should be uscd in order to obtain more accurate stagnation

point solutions.

AN

~
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5.3 STAGNATION POINT SOLUTIONS FOR AN AXTALLY SYMMETRIC BODY

ROTATING IN A QUIESCENT FLUID

5.3.1 Hydrodynamic Stagnation Point Solution

The hydrodynamic stagnation point equations (4-65) have been
presented in Chapter 4 together with the pertinent boundary conditions
(4~67). The boundary value problem of the calculation of F;(O) and
G;(O) has already been solved by Rogers and Lance (1960) and Banks
(1965) - both results are in agreement to five significant figures.

In this work the results of Rogers and Lance were used, their results
being published to six significant figures

i.e. Fq(O)

0.510233

G,'](O) -0.615922

5.3.2 Mass Transfer Stagnation Point Soclutions

The mass transfer stagnation point equation (4-66) with pertinent
boundary conditions (4~67) has been solved for different values of
Schmidt number: the solutions are plotted in figs.5.7 and 5.8.

As in the case of a body rotating in axial flow the step 1¢ngth
used in the integration of the mass transfer functions has been
'scaled' in order to take into account the differences in magnitude
of the mass transfer and hydrodynamic boundary layer thicknesses, the
step length in o was taken as XMAX/(200 X'ﬁ;%) where XMAX was 20. It
was found for the case of Pr unity that when the step length was
halved only the sixth significant figure was changed. Hence, it is
expected that the boundary values Jé(O) tabulated in tables Q2 to Qb,
appendix E, are accurate to at least five significant figures.

At the front stagnation point, the dimensionless concentration
X*(a) is identical to the function Jo(a). From fig.5.7 it can be

seen that the Schmidt number has a marked effect on the mass transfer



boundary layer thickness; the higher the Schmidt number the smaller
the boundary layer thickness. It may therefore be expected that
higher mass transfer numbers would be obtained at higher Schmidt
numbers. This conclusion is shown to be correct by fig.5.8 in which
the mass transfer number at the front stagnation point (which is
given by -Jo(O)/JE'xvﬁfg) can be seen to increase with increased

Schmidt number.

5.3.3 Boundary Values for an Oblate Spheroid Rotating in a Quiescent

Fluid

The numerical technique used to determine the unknown boundary
. ,

'
values F2n-1(0)’ G2n—1(0) and J

1

(0) has been explained in
2p-1)

Chapter 4. The computer programme used to carry out the calculations
is shown in appendix D.

As already described the integration of the hydrodynamic functions
was carried out with a step length in a of 0.1. In table Q8 it can be
seen that the boundary values obtained when using a step length of
0.05 differ from those using a step length of 0.1 in the sixth
significant figure, hence it is expected that the hydrodynamic
boundary values obtained in this work (see table Q1 appendix E) are
correct to at least five significant figures.

The integration step length in a for the case of mass transfer
functions was, as already explained scaled; the value being taken as
XMAX/(TD‘E‘} x 200). It was found that a change in XMAX from 20 to 25
produced only a change in the sixth significant figure of the values
of J;(n_ﬂ(o): once again it is expected that the values of J;(n_q)(o)
obtained in this work are accurate to at least five significant

figures.

As in the case of a body rotating in axial flow, the solution
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of the n'th set of equations is dependent on the results obtained
from the previous (n-1) sets, hence, it might be expected that the
errors in any particular set of the boundary values might have an
accumulative effect and make significant changes in the magnitude of
the higher order boundary values. This was found not to be the case
in practice; perturbations applied to the stagnation point boundary
values were found to have a diminishing effect on other boundary

values as their order increased, it would be expected, therefore,
t
2n-1

accurate than the stagnation point boundary values from which they

that all boundary values F (0), G;n_1(0) and JZ(n-1)(O) are more
were derived, i.e. accurate to at least five significant figures.

It is interesting to compare the values obtained in this work
with the results obtained by W.H.H. Banks (1965)1”2. As can be secen
in tables Q6 and Q7 appendix E agreement in all boundary values is
obtained to five significant figures.

The first four sets of the hydrodynamic boundary values F' _1(0)
and G;n-1(0)“ n=1¢%o L, are given in table Q1 appendix E for the
sphere, 13/16 spheroid and the 10/16 spheroid. The values of J'E(n- . )(o)

for the same bodies at six Pr numbers are given in tables Q2 to QhL.

5.3.4 Local and Overall Mass Transfer Numbers for Oblate Spheroids

Rotating in a Quiescent Fluid

The computer programme automatically substitutes the values of
J;(n-1)(0) that have been determined into equation (3-147) to produce
point or local values of the mass transfer number at intervals of 50
in the parametric meridional co-ordinate 8 up to a maximum value of
90°. 1In figs.5.19 and 5.20 these values of local mass transfer
number have been plotted for the sphere and 10/16 oblate spheroid,

respectively, at various Schmidt numbers in the range of 0.7 to 100.0,
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Using the values obtained for F;n_1(0) the local mass transfer
numbers at infinite Schmidt number have also been plotted (see
section 3.6.2).

The rate of convergence of the series representation of the
local mass transfer number MQ‘ i.e. (3-147) is dependent on the rate
of convergence of the power series which represent the scale factor
hB»O and the velocity components (which are also dependent on the
rate of convergence of h, ). As explained previously, the rate of

9,0

convergence of the scale factor h decreases with the oblatencss

8,0
of the body, it would hence be expected that as the order of the set
increases (i.e. as n increases) the values obtained for F;n_1(0) and
SASQ) would diminish most rapidly for the sphere and least rapidly for
the 10/16 oblate spheroid. This trénd does not manifest itself in
the first four sets of the hydrodynamic boundary values shown in
table Q1 appendix E; as can be seen the magnitudes 6f the fourth set
of boundary values are far from negligible and the rate of
convergence for both the sphere and the spheroids is very poor.

The effect of this poor rate of convergence of the hydrodynamic
series representations on the convergence of the power series for
local mass transfer number M. can be seen in tables Q2 to QL,

Q

appendix E; here the first four sets of the values J

]

2(n
given for Schmidt numbers of 0.7 to 100.0. It can be seen that the

_1)(0) are

values of J;(n-1)(0) diminish most rapidly for the sphere as the
order of the set, n, increases and least rapddly for the T0/46
spheroid. It can be seen that this rate also is highest for low
Schmidt numbers. The rate of convergence of the power series

representing MQ can be seen from fig.5z3in which plots of M, against

Q

angle around the body are shown for an increasing number of terms

in the series. It can be seen that when the first four terms in the



series expression for M, are given, the values obtained for M. will

Q Q
be good over much of the body surface, the poorest agreement is seen
to be in the vicinity of the equator.

Local values of mass transfer numbers are plotted in figs.5.19
and 5.20. From the definition of the local mass transfer number
given in (3-145) it follows that at the front stagnation point,
local mass transfer numbers are independent of Shape and dependent
on Schmidt number only, this can be seen from the two sets of curves.

The shapes of the two curves for the sphere and 10/16 body also
show that the values of local mass transfer number vary little with
shape, the two sets of curves being very similar. If more terms had
been determined in series (3-147) the similarity of the shapes of
the curves may have been greater. This similarity of shape of the
curves might be due to the velocity profiles in the induced boundary
layers for both the sphere and 10/16 spheroid being similar. Further
] -1(0)9 GY

2n -
in order that these flow fields can be thoroughly investigated. The

work is obviously required and more terms F ,(0) obtained

curves also show that in general the value of MQ increases with
increasing Schmidt number and increasing oblateness of the body.

It has been previously explained in Chapter 2 that a boundary
1ayef is induced on both hemispheres of a sphere rotating in a
quiescent fluid, similarly it is expected that all enclosed bodies
such as oblate spheroids will induce a 'double' boundary layer.
Based on the assumption that the area of eruption of these two
boundary layers was negligible, values of the overall wmass transfer

numbers were obtained by integration of the local mass transfer

number values over the body surface

il.e. )
My = f_/ My g da/R (5-7)

iy
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where M, is the overall mass transfer number, is the local mass

0 MLOC
transfer number, dA is an elemental area on the spheroid surface, and
A is the total spheroid surface area. Overall values of MO are given
in table Q5 and plots of the values of overall mass transfer number at
particular Schmidt numbers for the sphere, 13/16 spheroid, and 10/16
spheroid are given in fig.5.21. From the plots it can be seen that the
overall mass transfer numbers increase in magnitude with increasing
Schmidt number and increasing oblateness of the body. The values of
the overall mass transfer numbers at infinite Schmidt number are shown
as asymptotes. It can be seen that for a spheroid rotating in a
quiescent fluid a Schmidt number of 100 is still a few orders of
magnitude below those Schmidt numbers which are effectively infinite.

Banks (1965)2 from his study of the rotating sphere at Prandtl

numbers of 0.7 and 1.0 gave values for the overall coefficients as

follows:

_r%, = 0.25 for Pr = 0.7, =%° = 0.30 for Pr = 1 (5-8)
R

thﬁ

2
where R is his spin Rocymolds nunber .i%;@ and Ny, = h,2d/KT-
Conversion of Banks definitions to those used herein (spin Reynolds

number, R = 2d.,%—1- and Wu = hg/K) gives:

S
_’,v"% 0.196 for Pr = 0.7; __9»’1‘-“5 = 0.212 for Pr = 1.0 (5-9)
RS Pr : Rs Pr

These expressions compare well with the results of this work (see table
Q5, appendix E).
The semi~-empirical equation of Kreith et al (1963) i.e.

o = 0.43 ProH (5-10)

bdmllg

correlates their experimental results within 15%. Substitution of

Pr = 0.7 and 1.0 into Kreiths results yields:



° - 0.37 for Pr = 0,7;-E§° = 0.43 for Pr = 1.0 (5-11)
R

tUM_Lg

These results can be seen to differ quite substantially from our
predicted values and those of Banks, i.e. equation (5-8). Banks

has commented that it is highly unlikely that the poor convergence

of the series representation for local heat or mass transfer numbers
is the cause of such poor agreement. For the case of a sphere
rotating in a quiescent fluid of Pr = 0.7 it was found in the present

work that the first five boundary values are:

Jé(o) = =0.32%1282
J;(O) = 0.06263696
J;(O) = 0.00131540 (5=-12)

Jé(O) = 0.00064938

Jé(O) = 0,00017788

It is consequently unlikely that additional terms in the determination
of the overall mass (or heat) transfer number would in fact
contribute much towards the difference between the theoretical results
and Kreith's experimental results.

However, Nordlie and Kreith (1961-62) measured the rates of heat
transfer from a rotating sphere in air over the spin Reynolds number

range 1.8 x 10“(}2<ﬂ.3 x 10°. They presented the expression

Nu, = 0.29 R°*7%7 (5-13)
which correlated their experimental data to Iﬁz%.
If the expnent of the spin Reynélds number R 1s taken to be
0.5 instead of 0.527, the Pr number in their work taken as 0.7, and
if their definitions are converted to those used in the present work,
equation (5-13) becomes:

Nu

UL L. S
M) = §SO°S§F% = 0.231 (5-14)

bl
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The value obtained in this work for the right hand side of (5-14)
i.e. 0.196 deviates from Nordlie and Kreith's value by 15%. This
represents good agreement despite the fact that the exponent of R
was taken to be 0.5 instead of 0.527 and despite the fact that the
precise value of their Pr is not known.

Because of the fact that boundary layer theory does give good
agreement with the data of Nordlie and Kreith (1961-62) but poor
agreement with the data of Kreith et al (1963), more experimental
data is required in order that conclusions may be made regarding
the accuracy of mass or heat transfer number predictions made using

boundary layer theory.
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CHAPTER VI

CONCLUSTONS

The results of the present study may be.sgmmarised as follows:
1) The boundary layer equations for forced convective heat or mass
transfer from a general axisymmetric body rotating in axial flow have
been derived in terms of a general orthogonal curvilinear co-ordinate
system. By substitution of suitable power series representations for
velocity components potential flow, scale factors and temperature or
concentration distributions the three boundary layer equations were
reduced to three infinite sets of ordinéry differential equations.
Two of these sets, the hydrodynamic sets were coupled and were
solved independently of the third set, i.e. the transfer set. All of
the aordinary differential equations except the first hydrodynamic
set were found to be linear, the first hydrodynamic set - the

stagnation point equations-being non-linear.

2) The solution of the non-linear hydrodynamic stagnation point
equations was obtained for spin parameters in the range O A <10 by

a finite differcnce technique, for higher spin parameters a
Aquasilinearisation technique was successfully used. For the finite
difference technigue very accurate guesses of the unknown boundary
values ?ﬂ(o) and'E;(O) were needed; in the quasilinearisation
technique, however, only crude initial guesses were required. It

was found that when the finite difference technique was supplied with

accurate initial guesses it was capable of yielding more accurate
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results than the quasilinearisation technique using the same
integration step length. It is to be concluded that the most
appropriate method of solution of the stagnation point equations
would be to use the quasilinearisation technique to supply accurate
initial estimates which would then be used in the finite difference

method to obtain even more accurate results.

3) A computer programme was developed to generate and solve the
general linear equations of each set of ordinary differential
equations for any axisymmetric body, any spin parameter and any
Schmidt or Prandtl number. This programme was used to obtain the

(0)

— |
first five sets of unknown boundary values f2n-1 s Bop_1

1
éﬂ{2(n—1)(0) for mass transfer from the sphere, the disk, the 10/16

(0) and

and the 7/16 oblate spheroids in the spin parameter range O(?&(ZO
and for Schmidt numbers 0.7, 1.0, 2.4 and 10.0. The boundary values
obtained in this study were expected to be accurate to at least five
significant figures for spin parameters below ten and to three
significant figures for the spin parameter of twenty. The programme
utilised the mass transfer boundary values that were obtained to
generate point mass transfer values up to the equator of the body
where the boundary layer assumptions would break down due to the
formation of a wake. The work was also extended to cover the case

of rotation at infinite Schmidt numbers.

4) It was found that the effect of rotation on oblate spheroids was
to increase the values of the local mass transfer number. It was
found that for increasing spin parameter the maximum effect on local
mass transfer numbers was at the front stagnation point, the effect
decreased to a minimum in the region of the equator. The increase in

the values of local mass transfer number for increasing spin paramcter
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was also found to be a maximum for infinite Schmidt number the effect
decreasing with decreasing Schmidt number until at zero Schmidt number

the effect was non-existant.

5) A further analysis was presented to cover the case of axisymmetric
bodies rotating in a quiescent fluid. Once again a computer programme
was developed to generate and solve any number of the infinite sets

of ordinary differential equations for any axisymmetric body at any
Schmidt number. This programme was used to obtain the first four sets
of boundary values for the sphere, 13/16 and 10/16 oblate spheroids

in a Schmidt number range of 0.7 to 100. Once again the boundary
values obtained in this study were expected to be accurate to at

least five siénificant figures. The programme generated the values
of local‘mass transfer number up to the equator of the body under
study. Becéuse the rotation of the body induces a boundary layer on
both its halves it was expected that the boundary layer simplifications
were capable of predicting local values of mass transfer number all
round the body except in a small region - the region of the eqﬁator
where the boundary layers collide. Consequently on making the
assumption that the area of collision was negligible overall values
of mass transfer number were obtained by integration of the loecal

values over the total body surface.

6) For the case of a body rotating in a quiescent fluid it was found
that the local mass transfer numbers increased with increasing Schmidt
number. At the front stagnation the mass transfer number was
independent of body shape, however, at all other places around the
body it was found that the local value of mass transfer number was
higher the more oblate the body. Similarly it was found that overall

values of the mass transfer number increased with increasing Schmidt
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number and increasing oblateness of the body.

7) It would be hoped that future work would be directed towards
obtaining experimental data on local values of mass (or heat)
transfer number for bodies rotating in axial flow in order that
comparisons could be made with the results of the present analysis.
Similarly in the case of the body rotating in a quiescent fluid
experimental data is required in order that conditions as to the

validity of the boundary layer assumptions may be made.



APPENDIX A

NAVIER-STOKES EQUATIONS

Our steady state equations governing mass (or heat) and momentum

transfer for an incompressible fluid for which viscous heat

dissipation is negligible were shown in Chapter 3 to be

V.Y = "% VP + PYX (A-1)
Vi =0 (A-2)
_V_.VX = ocv VZX. (A'B)

We are able to put these equations into a more manageable form by
utilising the following relationships A, B and scalar @ derived by
Spiegel (1959) as well as many other authors.

1. V(A.B) = (B- WA + (4.V)B + Bx(V xA) + Ax(V xB)

2. (V.A) =7% + 7 x(Vx)
3. 4.V = AV
Equations can thus be transformed to
VL) - V(T ) = _é-VP - DY x(T 5 - (A-k)
V. =0 (A-5)
v.Vx = avvax (A-6)

Curvilinear Co-ordinates

Defining the curvilinear co-ordinates (x,],xz,xB) with (_g_1 ,_92,33)
being their respective unit vectors Spiegel has defined the grad

operator V as

b, V

G

BX3

G
—_—

BxZ

B" o
no

M
B1u?

N

n
Bjip

3
-+
1 9%
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where (h1,h29h3) are the scale factors in the directions of unit
vectors ((_:_,l ,9_2,&3) respectively. Using this operator Spiegel has

shown that the following relationships are true

—_ [
5. V4 = adivh = hhhg (h2h3A1)x1 + (r13h,lA2)X2
+ (h’lhEAB)x
3
he, heo his
6. VxhA =curl A = 1 9 A -
h’lh2h3 ax,l ax2 ax3
hoA hA, h3A3L

h_ h
2 . 1 23
7. V¢ = Laplacian @ = ( (@) )
bbby hy xRy
h h h -
v (E ), ),
2 2 3 3 3
here vector _ji is defined
ﬁ.- = A1£u1 + A }_3

and the convention for partial differentiation is

o = = = ()
axi X, axi xi,xl

Using the above relationships we are able to derive the three

dimensional Navier-Stokes equations in their curvilinear co-ordinate

form for incompressible flow.

v v

1 2

—(V_) + ==(V.) +-—-(V) -—-———- (Vh) -(Vh)
byt Atx, 20, R z '3

1 9P
B E S % T hh[ {("



h ,
~wn)d ) - =2 I(vh). - (vn) b ) (A7)
171 x5 %, h3h1 [ | x3 373 X1J x3
v i i vV, .~
1 2 3 3 ~
(V) o+ V) o =R(V,) -2 { (Voh) - (V_h)_ &
h2 1 X, h2 2 X, h2 3 X5 h2h3 i, 33 Xy 22 x3)
v ) . i h
1 {< 1 ) L 1
4w {(V.h) - (V.h) = -—(P)_ - (
h b, 22'x, 171 xaz ehz X, h,]h3 h2h3

h
3
{(Vth)x2 - (vzha)ng )x3 - (31—55 {(Vzhz)x,] - thq)x; )x,,] (A-8)

V“( ) V2< ) V3( ) ' {( ) (V_h_) g
=V + ==V + 2V - 3(V.h - (V_h
h3 1 x3 h3 2 x3 h3 3 x3 h3h1 11 x3 33 X,
v, - [ n
2 1 1) 2
+ === 4(V_h_) —(Vh)33= - —(P) - (
h2h3 z 373°%, 2°2°x tth X4 h,]h2 h3h1

h I i
{ ! 1 - —
L(v,]h,])X3 - (v3h3)x1; )X1 - (hzh3 L(V3h3)"2 (V2h2)x3-§ )XJ (4-9)

The continuity equation is the divergence of the velocity vector and

is given by

'] “( —
e hbhV ) +(hhV.) + (hhV) ‘:o (A-10)
h,]hah3 1231 X, 3712 X, 1723 XB‘_

The heat or mass transport equation is

v vV \' h .h h_h
1 2 3 o 23 371
(X)) ==X+ =2(X) = Y [( (X)) + ( (x)_ )
h1 x1 h2 x2 h3 x3 h1h2h3 h1 ng h2 x2 x2
h h -
F 2 ) | (A-11)

By X5y

e
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APPENDIX B

METHOD OF SOLUTION OF HYDRODYNAMIC STAGNATION POINT EQUATIONS

UTILISING FINITE DIFFERENCE TECHNIQUE AND TAYILOR EXPANSION

This method was employed by Hoskin (1955).
The basic equations to be solved are

Ya(1) = ¥(2)

v6(2) = Y(3)
¥a(3) = ¥(2)2 - 2v(1) ¥(3) - A v(4)° - 1 (B-1)
velh) = Y(5)

YG(5) = 2¥(y) Y(2) - 2¥(5) Y(1)

where YG( ) = Y'( )

~

with the pertinent boundary values
at M =0 Y(1) = ¥(2) =0 Y(4) =1

(B-2)
as1}—>% ¥ (2)—>1 _ Y(4)—>0

it being necessary for us to determine Y(3) and Y(5) at 7) = 0.
Let us define the actual values of Y(3) and Y(5) at T =0 as
« and B respectively

i.e. ¥(3)

1
23

at v) = 0 (B-3)
Y(5) VL

It
o)

We make a guess at o« and B, i.e. @o and Bo respectively, using
oo and fo as our boundary values we integrate (B-1) numerically across
the boundary layer (i.e. with respect to Tl) and obtain the values of
¥Y(2) and Y(4) at 'infinity', here 'infinity' is O0() the value of Ul

where values (Y1),.....¥(5) should have reached their asymptotes.
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Let these values at 'infinity' be defined by

Y(2)

"

YZ(ao,Bo,OD)

(B-4)

v(4) Y4(ao,B0,00)

Now since the values of Y(2) and Y(4) at infinity are functions of a
and @ we can expand the true values of Y(2) and Y(4) at infinity, i.e.

v2(a,B,02) and ¥4(a,B,00) in a Taylor series as follows
¥2(«.8,29) = Y2(x0,80,%) + (a-x0) %% Y2(a0,B0,%)
+ (- Bo)-—— ¥2(ao0,B0,%0) + - [—( ot BZYZ(aOLQO;* )
0B 2 A
bl o

+ Z(a-ao)(B-Bo‘aayegngBO“ + (g-Bo

) aaYZ(ao,ﬁo o) | 4.
GB

(B-5)

Yh(o,8,2) = Yi4(ao,B0,%0) + (a-ao) Q%g(ao,go,oo)

+ (B—Bo)gz&(ao go, 00) +—t (d-ao)%gl&(ao,ﬁo,OO)

|
2! N

ath(ao

2
5708 ,80,62) + (B-Bo) QE%&(ao,Bo,ﬂﬁ) +

3B _
(B-~6)

+ 2(a-a0) (B-po)—r=

Further approximations of a and § are made with initial values of
¥Y(3) and Y(5) at T] = O being (a0 + Axo,Bo) and (ao,Bo + ABo) once again
these initial values are used to integrate equations (B-1) to'infinity',

we obtain then the values
¥2(oo + Axo,B0,00); Yh4(ao,Bo + ABo,00)
Y2(o0,B0 + AB0,90); Yh(ao + Axo,B0,33)

for ¥(2) and Y(4) where Axo and ABo are movements of oo and Bo

respectively.

If we take only the linear terms in (B-5) and (B-6) we can



1o

represent the partial differential forms infinite difference terms as

follows
ay2 n _ Y2(ao + Aco,Bo,00) - ¥2(a0,B0,00)
a(x(ao,Bo,az) = Aod
a2 0y . Y2(00,B0 + AB0,@ ) - Y2(0o0,B0,00)
5B (00,B0,90) = ABO
(B-7)
QX&(aogﬁo,Oo) _ ¥4(ao + Ax0,80,90) = Yi(ao,B0,99)
Ja Aoco
pd _ Yi(ao,Bo + AB0,® ) — Yi(a0,B000)
aﬂ(ao,ﬁosm) = ABo
Now Y2(a,B,00) = 1
(B-8)
and Y4(oa,B,%0) = O

and because all other values in equations (B-5) and (B-~6) are known
we can find the approximate values of a and B. For the method to work
these determined values of o and B must be closer to the real a and B
than oo and Bo otherwise the method daverges.

A more precise method which would give better convergence would be

to keep all terms in equations (B-5) and (B-6) not just the linear ones.
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APPENDIX D

COMPUTER PROGRAMMES

Programme 1 is the programme used to determine the unknown
hydrodynamic boundary values‘Eq(O) and'E;(O) by the quasilinearisation
technique. Five initial estimates AVPA1, AVPAZ2,..., AVPAS5 have to be
supplied in the main programme, these are the guesses for the average

s | PO | R

values of ¥(1), Y(2),..., Y(5) respectively (i.e. ?19 £, .5 840 "g;)
over the boundary layer. The values used as shown were found to be
accurate enough to obtain results over the spin parameter range
0g<A L1100 (see Chapter 4). The main programme calls the subroutine
METHOD which in turn calls the subroutine RKINT, the general
subroutine for the Runge-Kutta integration procedure used in all
programmes. RKINT in turn calls the subroutine YGRD1, which contains
the linearised forms of the non-linear stagnation point equations,
and subroutine YGRD2 which contains the homogeneous equivalents of
these linearised equations. In subroutines YGRD1 and YGRDZ the
variables Y(1), ¥(2),...,Y(5) denote values at the K+1'th iteration
whilst YK(1), YK(2),..., YK(5) denote the values of Y(1), ¥(2),...,
¥(5) at the previous or K'th iteration. The iteration procedure
stops when two successive estimates of the boundary values are within
1.0 x 10_6 of each other, the programme then prints out the values of
all the functions'?1,-f;,.f:,‘gq,'E;vas functiéns of'q,across the
hydrodynamic boundary layer. The particular programme shown allows

a minimum integration step length in®) of 0.01. 1In this programme
p

XMAX is the value of 'effective' infinity for 1,



H is the intesgration step length in 7 for the Runge-Kutta integration
procedure.

IIMINA is the differconce in two successively obtained values of‘f:(o)
for the procedure to finish.

ERMINB is the difference in two successively obtained values of'E;(O)
for the procedure to finish.

Programme 2 is the programme to solve the general linear equation
or n'th equation for the case of a body rotating in axial flow. The
flow diagram for this programme is shown in 4.5.3%. The particular
programme shown is typical of the programmes used in the study, the
two boundary values'¥:(0) and-é;(O) (here defined as ALPHA(1) and
BITA(1) are supplied to obtain point mass transfer mumber for a
rotating sphere (ER=1) at a spin parameter of 20 and a Schmidt number
(here ‘denoted PRNDTL) of 0.7. 1In this programme the main subroutine
calls the subroutires COEFFS and METHOD. Subroutine COEFFS supplies
the coefficients in the power series expansions for the potential flow
and scale factcrs fer the oblate spheroid with the ratio of minor to
mag.or axis of IR. Subroutine METHOD calls the subroutine RKINT which
in turn calls the swbroutine YGRD where the general equations are set
ou%ﬂin the form given in equations (4-57) and (4-58). Subroutine
PROCES is the subroutine which uses the principle of superposition
as described in L.3? and 4.4 to obtain better estimates of the unknown
boundary values.

Programme 3 is the programme to solve the general linear equation
or n'th equation for the case of a body rotating in a quiescent fluid.
Once again a typical example of the use of the programme is shown,

! 1 1
Tour values of F (0), G (0) and J

211 on-1 2(n1)(®) (i.e., ALPHA(N),



BETA(N) and GAMMA(N)) N=1,4 have been supplied to the programme in
order that the fifth set ALPHA(5), BETA(5) and GAMMA(S) may be
determined for the sphere (ER=1) at a Schmidt number of 0.7.
Programme 3 is a modification of Programme 2 (see 4.5.3). The
major modification being in the subroutine YGRD which generates the

n'th equations as set out in (4-71).



PROG P:HHHE 1_

T su0B 10013074 ' .T.G.SANDER% IBJOB
_ &% _ NAME CARD ' . . ...
i BEXECUTE . . . 1BJOB s
. .$1B8J0B
:5°IB{TC MAIM : SIS R i
. COMMON PE:(?OO)'PEE(/00)7P53<7oo>gPE4<7oon'PEb(7001f
. COMMON AVPAI0AVPA2'AVPA3!AVPA40AVPA5'PA1(700)'PA2(700)'PA3(700)v
B IPA4(7°°)’PA5‘700)cPBl(700)1P82(700)1P83(700)vPB4(7OO)vP85(700)o
":A.2pc1(700)qpcﬂ(7CO)9PC3(700)9PC4(7OO)QPC5(7OO)vPDl‘?OO)oPD9(7OO)v
i 3PDB("00)0PD4(7OO)-PDS(7CO)0YK(5)cPRNDTL’ERMINAoERMINB o

. COMMON CONST1(20) +CONST2(20) - R
COMMON SPIN :

-

fci~‘--NQUASI—LINEARISATon TECHNIQUE TR e
M_VC****')‘")‘ ***** 33 **********‘k ****-X-'X ********************“*****’ "('***-)c*** X'* **-k~

... . AVPA1=3, .

- AVPAZ= o5
AVPA3=+3
CAVPA4=3 o
AVPAS==-¢5
s SPIN=20,
... ERMINB=1+E~6
= ERMINA=14E~6
__ CALL METHOD .
- SToP e
... END

SIBFTC ARKNT I
SUBROUT INE RKINT(X-H-N-YvYG-YH.YD'YGRD)”
_ZDIMENSION Y(N? s YGIN) s YHIN) s YD(N) LTI
DO 1J=1N »
1 YDCYY = YLU) -
.. CALL YGRD(X'NOYOYG)
L. D02 J=1sN T
_YGUUI=YG (I %H e
2 YH{J)=YG(W) g
. X:X 045%H S,
L DOGI=1e2 o e
. DO3J=1sN )
Y{d)= YD(J)+.5*YG(J)
. ..CALL YGRD(X'NoY-YG) B
o DOAJ=T1 N - :
L YGUUY =YG(J)Y%H e e
YH(J3= YH(J)+2¢*YG(J)
_ X=X 0,5%H
T pOSJ=1 N e
- YlJ)=vDlJI+YS(D)
=i: CALL YGRD(XeN9YsYG)
..DO6J=1+N N —
CYHGUY = (YH(J)+H*YG(J))/6. '
CYDGUYy=YDCU)+YHIL) o
Y{J)=YD(J) e TR
~ RETURN
" END




iis:BFTc AMETH . _ COEE
 SUBROUTINE METHOD

. DIMENSION Y(S5)sYG(S) s+ H(S} s YD(S) : LS
... COMMON PEl(?OO)-PE2(7OO)-PEJ(?QO)oPE4(/00)9PES(700) . :
sl COMMON AVPAI.AVPAaoAVPASoAVPA4cAVPA50PA1(700)oPAL(7OO)oPAB(?OO)q‘
o 1PAGLT00) +PAS(700) +PB1 (700) +PB2(700)+PB3(700)+PB4(700)+PBS(700) +
L 2PC16700) e PC2(700) «PC3(700) +PC4(T700) +PCS(700)«PD1(700)+sPD2(700) ¢

3P03(700);P04(700)’PD“(700)oYK(5)oPRNDTL-ERMtNAsERMINB )

_COMMON CONST1(20) «CONST2(20) : SRR
_ COMMON SPIN .
" EXTERNAL YGRDI s YGRD2
...... N=5 .
L H=0.025
‘HXMAX Se

GO TO 2

 NC=NC+1
- GO TO 4
2 PA1(1)=0,
< PA2€1)=0,
?_pA3(l)=oo
S PA4(13=1,
. PAS(1)=0, S
. DO 3 M=2+¢MMAX
. PALIM)Y=AVPAL
. PA2(M)I=AVPA2
PA3(M)=AVPA3
PAGIM)=AVFAG
PAS(M)=AVPAS
GO TO &
4 DO 5 M=1+MMAX
v PATIM)=PEL(M)
_ pPA2tMY=PEZ2(M)
Lo PA3(M)=PE3(M)
PA4IM) =PEG (M)
PAS(M)=PE5(M)
o M=1
e Y (1)=00
... ¥(2)=0.
.. X¥(3)=0,

YK(1)=PA1 (M)
YK(2)=PA2(M)
YK (3)=PA3(M)
YK(4)=PA4(M) L o
S YK(S)=PAS (M) DU :
 CcALL RKINT(x'HcNoYuYGvYHvYDqYCRDI)
wrl e M=Mal
. PB1IM)=Y(1)
. PB2(M)=Y(2)
__pB3tM)=Y(3) . I R
U PB4(M)I=Y(3) L L B Sl e
) PBS(M)=Y(S) - ) ' S o
I IF(ABS(X—XWAX)oGT.lo —~5Y GO TO 7 el
 PY2INF=Y(2)
e o PY&INF=Y(4)




: "9 M1=1 R
e . Y(1)=0e
1¥(2)=0.,

e Y(3)=10
L Y(4)=0e

Y(S) O

LT X=0, - SESERE
10 YK(1)= PAI(MI)
~¥K(2)=PA2(M1)

f,”_YK(B) =PA3(M1)

oYK (4 ) =PA4 (M])

. YK(5)Y=PAS(M1) S
ol CALL RKINT (x.HoN.YoYGvYHcYDqYGRoai
. M1I=M1+1

S PC1IM1)Y=Y(1)
L PC2(M1)1=Y(2)
2 PC3(ME Y=Y (3)
PCalM1Y=Y(a4) .
I PEBIMIY=Y(SY
e IF(ABS(X-XMAX)oGT.loE—S) GO TO 10
= HIY2IN=Y.(2) I mithiie
e HIY&4IN= Y(4) .
12 M2=1 o

. X¥(€(1)=0, ..
o ¥(2)=0e ..
Y(3)=0.
Lo (4)=0e
e Y‘S)—lo»._»_,‘_

o X=0e e
13 YK(1)=PA1(M2)
20 YKL2) =PA2(M2)
YK(3)=PA3(M2)
YK (4)=PA4LM2)
_YK(5)=PAS5(M2)

L CcALL RKINT(XoH-NonYGcYHoYD¢YGRDZ) TUEA
_M2=M2+1

L PD1(M2Y=Y(1)

__PD2(M2)=Y(2)

S PD3(M2)=Y(3)

- PD4(M2) =Y (4)
. PD5(M2)=Y(5) S

. IF(ABS(X—XMAX)-GT.loE-S) Go TO 13

L H2Y2IN=Y(2) : SR

CH2RYAINEYUA)

. CONSTI(NC)I=(H2YSIN*(1a=PY2INF)+PY4INF*¥H2Y2IN)/(HI Y2 INX¥H2Y4IN

1-H1Y4IN*H2Y2 IN)

5l CONSTa(NC)-(H1Y41N*(1.-PYalNF)+PY4INF*H1Y21N)/(H2Y21N*H1Y4IN
,<1 H2Y4IN*H1Y21N)A:
{i:ﬁ..:_AMM =0 . ;
. IFINCWEQe1l) Go To 20 .
<o A=CONST1 (NC)~CONST L (NC—-1)
... B= CONSTZ(NC)—CON 12(Nc-1)
- A=ABSCAY e e TR RS
.. B=ABS(B) . e S,
L IF(A.LE.ERMINAoAND-BeLE.ERMINB) MM=t .
20 CONTINUVE e
. WRITE(6+1000) NC . - u S R SRS
m,looo FORMAT(lx-aaHTHIS IS ITERATION NUMBER'IB) _
it . X=0, . - S s




'5i?v(1) =06

PE1(1)= Y(l)_

Y(Z)‘Oo
. _qﬁiPEZ(l) =Y(2) .
izl Y A3 )=CONSTL (NC)

. PE3(1)=Y(3)

2 »7~-.l;‘4):=1 ©
__PE4C1)=Y(4)
Y (5)=CONST2INC) e
_PES(1)=Y(5) e

2 WRITE(6+1001) R S e
e . WRITE(641002) X.Y(l)o\(d)cY(3)vY(4)oY(5) . S
21001 FORMAT(1X+62H X Y1) X0 2) FiailENABY
1. ¥s) . e
1002 FORMAT(lx-Fa.l.5(3Y.F9.6))‘

..DO 16 M=2sMMAX - e e .
Y€1) = PBl(M)+CONST1(Nc)*PC1(M)+CONST2(NC)*PDI(M)
_PE1(M)=Y(1) . e .
LY 2y = PBZ(M)+CONST1(Nc)ﬁpca(M)+CONST2(NC)*P02(M)’”w
. PE2(M)=Y(2) e
e YA3) = PB3(M)+CONST1(Nc)*PC3(M)+CONST2(NC)*P03(M)
PE3(M)=Y(3) , e e
Y (4)=PB4 (M)y CONST | (NC)%PC4 (M) +CONST2 (NC ) *PD4 (M)

PE4(M)=Y(4) . I
:Y(S)—PBS(M)+CONST1(Nc)*PCS(M)+CONST2(NC)*PDS(M)
__PES(MY=Y(S5)
T AA=Me] T
... X=AA¥H el . ; S

~IF(MM.EOol)WRITE(6~1002)XsY(l)oY(9)sY(3)qY(4)-Y(5) P
. __IF(MMeEQs1) GO TO 1S5
14 GO TO 1 ST
.15 RETURN .




. SIBFTC AYGRD - .
_ SUBROUT INE YGRDI(XoNoYoYG) ,
S DIMENSION Y(S5)eYG(S) : R
... COMMON PEI(?OO)op52‘700)sPE3(700)cPE4(700)cPE5(700)
i COMMON AVPAl'AVPAc*AVPAB'AVPA4'AVPA5'PA1(700)9PA°(700;°PA3(700)'
 1PAA(T00) s PAS(T700) +PB1(700) +PB2(T7C0) +PE3(700) +PB4L700) +PBS(700) »
2P C1(700) sPC2(700) +PC3(700) 1PC4(70C) «PCS(700) +PD1(700) «PD2(700) »
”3P03(700)vP04(700)oPDS(?OO)'YV(S)vPRNDTLcERMINAOERMINB e
- COMMON CONST1(20)+CONST2(20) i : i
_ _COMMON SPIN , S
'THESE ARE THE LINEARXSED NON HOMOGENEOUS EGUATIONS T
. YGtiy=YC2)
YG(2)=Y(3) L , S
N YG‘3)*—2.*YK(1)*Y(3)—2.*YK(3)*Y(1)+?o*YK(?)*Y(2)+2.*YK(1)*YK(3)
L 1=YR(2)HYK(2) =1 e~2 4 X¥SPINXYK(4) %Y (4)+SPIN*YK (4) ¥YK(4) v
YG(4)=Y(5) ) . ' :
YGis)= 2-*YK‘4)*Y(2)+2.*YK(2)*Y(4)-2.*YK(5)*Y(1)-2.*YK(1)*Y(5)
1+2.*YK(5)%YK(1)—2,*YK(ﬂ)*YK(4)
S RETURN i R

SIBFTC BYGRD = =
SUBROUT INE YGQDE(XstY'YG) U
"DIMENSION Y(5)s YG(S) ULl CUEIEmLLL sl
.. COMMON PEI(?OO)-PE&(?OO)oPE3(700)oPF4(700)oPES(?OO)

2 COMMON AVPAIOAVPAE'AVPASOAVPAQ'AVPAS'PAI(700)0PA°(700)OPA3(700)9
_1IPA4(700) +PASI700) +PB1 (700) +pE2(700) +PB3{700) +PB4(700) +PBS(T700) »
TPPC1(700)+PC2(700%5 «PC3{T700) sPC4(700) +PCS{7C0)+PD1(T700) +PDZ(T700) ¢
3P03(700)qPD4(700)sP05(700)sYK(5)OPRNDTLoERMINAnERMINB i
s COMMON CONST1(20)+CONST2(20) S - B
....COMMON SPIN - —— S : e
- THESE ARE THE HOMOGENEOUS EQUXVILENTS OF THE hINEARI SED EQUATIC
CLLYG1Y=Y(2)
L YG(2)=Y(3) e : =

,YG(BJ--Z.*Y(1)*YK(3)-2¢*YK(1)*Y(B)+2.¥Y(2)*YK(Z)*E.*uPIN*YK(4)
M;*Y(4) il LRI o : TR

v
¢
i

_¥G(ay=Y(5) . :
= YG‘S)—E.*Y(q)*YK(d)+29*YK(4)*Y(2)-?.*YK(S)*Y(l)~2.*Y(5)*YK(1)
. ..RETURN

2 BEND




- 5%  NAME CARD
 SEXECVIE . 1BJOB
Y B iBJIIs e B e
HIBEIC MAIN o TR
A T = TR R
G THIS MAIN PROGRAMME SETS THE FOLLOWING VALUES . . e e
SC NM IS THE MAXIMUM NUMBER OF THE LINEAR DIFF EQUN TO BE SOLVED I
B e
¢ ERMINA IS THE CONVERGtNCt ERROR FOR VELOCITY EQUNS
c*********%k**************************************%%********k***********}%
ool DIMEMSTION Y100 )eYG(100)sYH(1CO)sYD(100) L EUTITSECEE e R
... COMMON/COMNIZUL20)¢CL120)+CK(20)«FD3(10)+GD2(10 )~H02(10)-ULIM e .
S COMMON/COMNZ2/N1 +BETAF +BETAG'BETAHAF (3) sAG(3) 1 AH(2) «NMIERMINA T
... COMMON/COMN3/ERMINB +NS+PRNDTL ¢ SPINsHs X1MAXsDX1 +NM7 sNM2 ¢ ALPHA(10) "
. COMMON/COMN4/BETA(10) sGAMMA(10) s ALP(20)+BET(20) «GAM(20) +DELTA
. LUMMON/COMNS/YFI'YFEOYFJ'YGIv\Gd-YGB-YHl-YHZ'MARhoXMAX'tR
tRMlNB IS IHE CONVERGENCE ERRCR FOR TRANSFER EQUN T
. NS |5 THE MINIMUM EQUN TO BE STARTED ) e SN
. PRNDTL 1S THE PRANDTL OR SCHMIDT NUMBER OF THE 'SYSTEM To BE ANALYSED |
_SPIN 1S THE SPIN PARAMETER OF THE SYSTEM TO BE ANALYSED e
H IS THE INTEGRATION STEP FOR THE RUNGE-KUTTA INTEGRATION PROCEDURE - |
. XIMAX 1S5 THE MAXIMUM ANGLE AROUND THE BODY TO BE ANALYSED
S C DX1 1S THE INTERVAL AROUND THEBODY FOR WHICH POINT MASS TRANSFER VALUEs;
C AGE FEQUIFED i
fALPHA(Nu—l)-BETA(NS—I)-GAMMA(NS—I) FROM NS EQ To 2 To NS AQE THE KNOW
> SUPPLIED VALUES OF Y(7%1 4)sY(7#]=2)2Y(T7%1) o
‘L ALP (13eBEI(1)9GAM(1) ARE THE SUPPLIED VALUES OF INITIAL GUESSES OF THE |
C_FUNCIIONS Y(T7%] 4)+Y(7%1 2)s¥Y(7%1) e
- LD ELTA IS APENJURBATION STEP FOR THESE INITIAL GUESSES

bOLUTION OF GENERAL LINEAR &QATION
BODY ROTATING IN_A AXIAL FLOW

T A S VO Y R TR G S TR R AR R ARy

ALPHALT ) = 5.412899
“BEVA(1)=-14473053
lGAMMA(l)“—OoSJ44438
CALP(1) =5
. BETC1)==14
. GAMU1)==1, L

_PRNDTL=U.7
CSPIN=20, :
"7 NS IS THE GRDER OF THE FIRST SET of EQUATIONS To BE 'SOLVED

N>=2 L S
NM IS IHE MAXIMUM ORDER OF EQUATIONS TO BE SOLVED
_ NM=b
- NM2=1 v : o
} NM7 1S THE NUMBER Or MASS TRANSFER BOUNDAR\ VALUES SUPPL!ED e
134@ NM7=1 Sl e EL
ck*#**t**********¥****‘***%*¥***w*******%*******{*****&**{¥****%*%* ***¥*

o IWRIIE(6+6185) ER e T : L :
8186 FORMAT C1X323HRATIO OF MIN/MAJ AXIS -F7.4/////1y)
e WRITEU648184) NM2INM7 e NS U

sxaq FORMAT ¢ 1X» 9HTHE FIRST-IEOJIHPAIRS oF HYDRODYNAMIL BOUNDARY VALUES
2.1 WERE uUPPL!tD/1XoIUHTHE FIRST +11+47HBOUNDARY VALVES FOR MASS TRA |




NbFER wERE SUPPLIED) B
ERMINA= ¢ SE-7 e
ERMINB= ¢ SE-7 e
. XIMAX=3414159265/2.
L DX1=50¥XIMAX/90,
. XMAX=64
SWRITE(348182) PRNDTL s SPINaNM
WRIIE(6+48185) XMAX e
i SWRITE(6+¢8183) ERMINA‘ERMINB CTa i R
8182 FORMAT ( 1 X 1SHPRANDTL NUMBEQ-'Fb.E-JX'ISHSPIN PARAMETER F6o2¢5X v
.0 127HMAX NO OF INTEGRATED EQUNS=+11) . I : i
BIBJ FORMAT ( 1 Xs 4UHERMINAtMAX ERROR FOR HYDRODYNANIC CASE)"EQ 2'sxo;
;s J41HERMINB(MAX ERROR FOR MASS TRANSFER CASE)=1E9.2) S e
B1ES FORMAI (1X46H XMAX=3F6e4)
. CALL COEFFS' R ST
 DELTA=ebS e
L CALLL MEIHCD
. STOP
.. END




'“sxurlc ACOEF

SUBROU! INE COEFFS .
- DUVUBLE PRECISION ¢1<30)-52(30)vcnoc 8(30)-9UM'-SUMZ-aUMB-qUM4~
15U(JU)0Y&&20)0Y(20)cA(?OvZO)oX(dOvZO) , e e
CINTEGER  EsEEDDD o L S
A LUMMUN/LOMNI'U(ZU)'CL(ZO)’CK(°0)0FD3(10)'602(10)'HDZ(10)OULIM
1 COMMONZ COMNZ2/N1 +BETAF«BETAGIBETAHIAF(3) sAG(3) s AH( 2} sNMyERMINA
r. COMMONZ COMNSBZERMINB NS+ PRNDTL + SPINsHt X1MAX sDX1 ¢+ NM7 s NM2s ALPHA(10)

© COMMUON/COMNA/BETAC1U) s GAMMA(10) s ALP(20) +BET(203 +GAM(20) +DELTA
CONMMON/COMNS/YF1sYF29YF3eYG1 1YG2eYG3 9 YHL s YH2 e MARK s XMAX « ER . :
(’*r*i********i EE 2L LRI LT EL LT L ITDEEL TR ETTIELTE LT F Ll S R e e 2L T LR
LCITHIS BSUBROU! INE SUPPLIES THE VALUES OF COEFFS FOR OBLATE SPHEROIDS
:’:5'ctw**t*i***-}**{'*-x-****%*****-3(-**‘.‘i--)':*-*********-}***:K*******%***‘x KB M H AR F AU NSRS
. Ut1)=1. SO N
op ety T
. 52411=1,DV
: DU S5U N=2+NM '
1Y bl(N)‘~51(N-1)/FLOAT(2*(N—1)*(2*N~1)) I
S DO I=19NM B L LY irmiow
A~1 CK(2%1~1)=51(1) — S
'511431). AND 52(1) ARE COEFFS oF SIN(O) "AND SIN(O)**E RESP

DU 2 N=2+NM

2 S2(N)=-a, *bE(N-l)/FLOAT(Z*N*(Z*N—I)) Clelmiow
_.ERD=ER
.B81)=1eDU S
Butl)=1.D0
NMA=NM-1 B
... DU 3 E=2+NM B} e e S
o BtE)= B‘E-l)*(1oDO—ERD**2)*FLOAT(2*E~S)/FLOAT(E*1)/ZnDO
;J BULE ) =BULE 1)*(1.DU-ERD**2>*FLOAT(2*E—3)/FLOAT(E- 1}/72.DO0
IMAIN LOOP DEIERMINATION OF CL.( eU( ) i LARTNILBEEIND DRiawiee L

__ DU 13 N=leNMA
I SUM3=U.DU .
Pt bUM4 UOD“ LT STLLTTTIIIL LI
_DO 14 K=1+N = 7
e IFUK=2) 15416417
g15 XCNe1)=52(N) '
.....GL 10 30
16 SUM1=UDO
o N2=N-1_
DU 18 E=1 N2
 EE=N-E e
.18 SUMi= bd(tu.)*bd(E)+bUMl
X{Ne2Z2) bUMlv o

GO TO 3V B
17 N2=K-1
Z5LDU 19 KK=24N2
. N3=N-K+1 .
22 DO 2V D=19N3
DUMZ=U DV
- "BUM1=U DU _
IF(KK~2) 212122
-21 DU 23 E=1+D
_.  EE=D-E+1 e
UE3  ODUMI=LZIEE)I¥S2(E)y+SUML
o ALZ2+D)=bUML , e
Gl 22 DO 24 E=1eD L lotocoionon il il
 DD=D~E+1 R
SUM2=52 (DD ) *A (KK s E) suma LT




20 AUKKH19D)SSUMR e et
19 CONIINUVE
DL oL XANWK) = AlN2+1oN3) P
30 SUMI3=SUMI+BIK+1 Y ¥ XINK)
118 SUMG=SUMG+BUIK+1 ) #XINIK)
L YEIN+1)=SUM4
. YE(1)=1eDO

N2=M+1 , -
= . SUMA=U D0 L el TN R e
DU 26 L=19+N2 e e
SE=N L42 . A S LSS

SUMG= YE(L)*Sl(t)+SUM4
LUL2%N+1 ) =SUMS T
CL2%N) =5UM3

L NMS= 2%NM~1
,MWRIIE(6'27)(N'U(N)0N 1~NMS-2) , .
FUHMA"lx'(IK'4(2X02HU('I¢OIH)'E20.8)))

. NMI=2%NM R SO
”'MWRIIE(6028)(N0CL(N)0N 2.NMT.2) .
FORMATI CIXe U1 X941 2Xe3HCL{ v I2¢1H) sE2048)))
= WRITE(S+29) INyCKIN) *N=1+NMSv2) L
FORMATl1X0(1X04(2X’3HCK('IE'IH)!EEO.B)))
REITURN e = el S L B
e ... .. END
+IBFTC AMETH .
. SUBROUIINE MEIHOD e —
CTUDIMENSION YL1UU)sYGC100) sYH(100)sYD(100) TR
LUMMUN/LOMNI/U(EU)'CL(EO)aCK(EO)vFDB(IO)cGDE(IO)oHDZ(IO)oULIM
 CUMMON/COMNZ2/NL +BEVAF'BETAG'BETAHYAF (3) ¢AG{3) + AH( 2 +NMeERMINA .
.. CUMMON/COMN3/ERMING sNS+PRNDTL ySPINsHy X1MAX s DX1 sNM7sNM2s ALPHA(10)
T COMMON/CONN4/BETA(1V)1GAMMA(10) sALE(20)+BET(20) sGAM{Z0) +DELTA
LUMMON/COMNS/YFI'YF20YF3'YGIoYG20Yg3'\H1oYHEOMAQKvXMAKOER__,,wfmuhw
e e ,
N1 IS tHE DRDER OF IHE EQUATION BEING SOLVED
NM IS THE HIGHEST VALUE OF NI
NS IS THE STARTING VALUE OF N1 _ e e
‘N 1S IHE NUMBER OF DIFFERENTIAL EQUATIONS BEING SCLVED . RPN

IFLLIS) ¢EQel) NI=NS+]
LFCLISTWEUel) GU TO 444 .

2 bR ‘Nb.LtQIOOR.NM LEe«1) WRITE(é!SOOO) - Lo

bwu rUHMAIUX%MNb AND NM MUST BE GREATER THAN UNITY- —Efa,p\mg)

e . IFANSeLEe19OReNMLEs1) GO TO 1 e SR fE

) L NS CAN NOI BE UNITY (THts xs THE NON-LINEAQ CASE)

. N1=NS-1 T R i

, . 21 N1=N1+1 N -
il 2o, - MARK=0 = -
IF!Nl.Lt.NMZ) MARK 1
TN=T7%NI , m it -
1th1.GI.NM) GO To 2 _ ‘ )
216 J=U T e A PR Tl
NC=U S o o .
=1 S S Ot R PP e S B e e
L=L 1
CUNI{NUE ¥ 5 . - o
I=1 o _
Y{7%¥1-6)=0. el Ee i e e : o amImR Dt il
Y LUT7%1-53=0, L _ L i o ) L
LY (7¥I-2)=CK(2¥%]-1) ‘ i ) .



Y(rR1-1)20. e
.. IF(1.GEWN1Y GO 10 3 .
Lin. YA7¥I=4)=ALPHA(]) S
Y% 1=-2)=BETA(L)

Y(7%1)=GAMMA( )
1= 1
... GO TO 25

3 Y{6)=1e

. X=04 N Lt
IF(LIST,. Eo.,) Nl =35 . . _ L
IF(LISTeEQe1) Nz=7¥N1 =~ 7 7omioliin e iiishas smians
. IF(LIST.EQe1) WRITE(6+101) Xs{Y(K)sK=1+35) S
%2301 FORMAT(IX'FSol95Av8‘ElZo4'2X)/3(0(51204-2X)/))
L IF(LIST.EQel) GO0 TO & . .
IF(MARK.EQel) GO TO &4 . @
. IF(NCeGE.3) GO 70 & o
YG1sYG2+¥G3s ARE INITIAL GUESSES FOR COMPdT&R»
.. YF14YF24YF3e ARE INITIAL GUESSES FOR COMPUTER

T YF1=ALP(1) e o mme i sy TIT S T L am et o
YF2=ALP(1)+e1
“- YF3=ALP(]1)+e4
- .. YG1=BET(1) L
2L . YG2=BET(1 )+02
o Ysa_BET(1)+.5
.10 J=J 1 R e ot

5 NC=NC+1
5. GO TO (6+7+140)
40 Y(7%1=4)="YF3
5 Y T¥1=2)=YG3
GO TO 8
o6 Y(7¥1=4)=YF1
YU I=-2)=YGY
GO TO 8 ‘

;>Y(7*1-2)—Y62 K L
,B,CONTINUE P
29 CONTINUE . .liix
__H= O.1 N e
== CALL R"\INT(XOH'NOY'YGOYHOYD) L g B
"(IF(LISToﬁccl) WRITE(é'lol) X'(Y(K)oK 1'35)
. IF (XeLEoXMAX)Y GO TO 9 T -
IF(LIST.EQe1)STOP
AR (U) =Y (7%]1+5)
AG(J) Y(7#%1=3) o
S 1F(NCeLT3) GO TO 444
ULIM U(2%N1-1)

s mmexTE(6c3993) (JoAF(J)oJoAG(J)¢J—1v3) :
3993 FORMAT(IK'BHAF(011'2H)=cF12-803HAG(-IIOZH)
iz WRITE(643994) ULIM eI E e
,3994 FORMAT ( 1 X+ 5HUL [ M= -F12 8)
.xn. CALL PROCES ' :
yA,ALP(L)=BETAF
.. BET(L)Y=BETAG Ll
e AL=ALPLL -ALPIL-1)
T A2=BET(L)Y=BET(L--1)
.. Ll=L+l . T o , oo e
R 'IF(ABS(AI)oLEoERMINA.AND.ABS(AZ):LE.ERMINA) WRITE{(6+8888)
L IN]1 +BETAF +N1+BETAGL 1 - S - -
8888 FORMAT (1X+4HF2D(s11 'lH)oIH !rl60805X'4HGDl(1 Il ulH) le 0F‘16o80‘5X:




Y1 21HNUMBER OF ITFRATIOMS : o
IFCABS (AL ) oLECERMINAS AND«ABStAa).LE.ERMINA) bO To 11

" IF(LeLT«3) GC TO 30 . -

. AG=BET(L)-BET(L-2) S = : e 2 2 e
LIF(ABS(A3)eLEWOSE~7e AND.ABS(Al).LE.O.SE—?) WRITE(6v9999)‘ e
: L CIF (ABS(AG) dLE e 04SE~7 e AND « ABS(A2) ¢ LE«Q¢SE-T7) WRITE(6+49998) R
9999 FORMAT (1 X+ 71HOSCILLATION OF RESULT WAS OBTAINED-FZD(_) WITHIN ERMI
s . INA GD1 OSCILLATINGt 1X///71X) Sl :
,?9998 FORMAT(1X+s71HOSCILLATION OF RESULT WAS OBTAlNcD—GDI( 0 WITHIN nRMI
Dl INA F2D OSCILLATINGs 1X///71X) . I PR

“IN1+BETAF N1 +8BETAGL1 SRR -
_ IF{ABS(A4)4LE+OeSE~ 7.AND.ABS(A2).LE.0.SE 7> WRITEf6v8888)
“IN1 +BETAF «N1+BETAGsL 1 . g B L
_IF(ABS(A3)eLE«Oe5E~ 7-AND.ABQ(A1)0LE tRMINA) GO TO 11,
SUIF(ABS (AL ) LE GO aSE- 7.AND.ABS(A2).LE.ERM1NA) GO TO 11
CONTINUE

 AJ2=SQRT((AF(2)~ULIM)* (AF (2)=ULIM)+AG(2) ¥AG(2))
. AJ3=SQRT((AF (3)~ULIM)* (AF (3)=ULIM)+AG(3)*¥AG(3))
CAJM=AMAX] (AJ19AJ24AJ3)

$NMIF(ABS(AJ2—AJM).LE.
TJ=3 " L
_YF3= ALP(L)
. . YG3=BETI(L)

GO TO 14

GO TO 14
J=2
. YF2=ALP(L)
Lo YG2=BET (L)

..GO TO 16

NC=NC+1
o=l 1 ST e TonEnT
CIF(J.EQasl) GO TO 17 .
YR )=YH2

0!3)

A3=ALP(L)~-ALP(L-2)

IF (ABS(A3)+LELOs5E- 7.AND.ABS(A1).LE. .5;»7) WRITE(O«BBBBJ,__

AJdl= SQRT((AF(1)—ULIM)*(AF(l)‘ULIM)+AG(1)*AG(I)) B

IF (ABS(AJ1-AJM) ¢ LE«O04,5E~7) GO TO 12
.5E—7)_GO TO 13

J=1 -
YF1=ALP(L)
YG1=BST(L)

CONT INUE
GO TO 15 :
ALPHA(L) = ALP(L)
BETA([)=BET(L)
MARK=1

CONTINUE

L Y(T®RI=4)=ALPHA(I)
YL 7%1-2)=BETA(]) .
. IF(NCeGE«2) GO TO 23
YH1=GAM( 1 )-DELTAXGAM( 1)
 YH2=GAM(1)+DEL TA%GAM(1)

L=1 L
J=J 1

GO TO 18
Y(7%1)=YHL g
BXMAX= XMAX/(PRNDTL)**.3333
CONT [NUE

H=BXMAX/604

CSCALL RKINTCXeHsNeYaYGoYHeYDy 0 L F 0T I TR T T T




L IF UXOLE.BXMAX) GO T6 19
CAH(J) =Y (7%1—1) RS

2 IF(NCeLLTe2) GO TO 444 ) R i
..CALL PROCES e I .

GAM(L)=BETAH B R e P
.. A3=GAMIL)~GAMI{L~1) ' e
2 IF(ABS(AZ) dLEERMING) WRITE(6~8887) N1 BETAH'NC N szl
FORMAT(1Xs4HHD1 (eI 19 1HI» 1H=eF 12, eooxcalHNUMBER OF ITERA IONb_o.B)

2 JF(ABS(A3) o LEERMINB) GAMMA(1)=GAMIL RLEE
CIF(ABS{A3) JLELERMINGB) GO TO 21 e
TIFLABS(AHU1)) o GT,ABS(AHI2))) GO 70 22
J=2 e e
- YH2=GAM(L) . -
.. GO TO 444 . __
J=1 LI T miEmIis
. YHI=GAMIL)
GO TO 444
X1=0, )
SUM-nGAMMAtx)
‘DO 26 1=2+NM ,
, SUM= SUW—GAMMA(I)*XI**(E*I*d) S
o .. AMTN= SUM/((PRNDTL**.33¢3)*SQR|(2.)) B
LU DEGX1=X1%#1804/34,14159265 el e
WRITE(6+¢5001 )DEGX] ¢ AMTN .
FORMAT(lesHDEGS—sFS.l'SXe7HMe .N._vF1o.7>'”‘
W“AIF(ABS(XI*XIMAX).LT-I E-6) GO TO 1
o X1=X14+DX1 e R e
GO To 24 '
CONTINUE
___RETURN
“END 2




‘:$IBFT’ APROC - - B
SUBROUT INE PROCEb , . - e e e
- DOUBLE PRECISION C10C20C3-AG;'AGaoAG sYFlDoYFZDoYFSDvCDloCD2q ,
lYGlD'YGZLOYGBD .
COMMON/COMNI/U(ZO)0CL‘°0)'CK(EOJOFDS(IOJ'GD2(10)0H02(10)0ULIM
COMMONZ/COMNZ /N1 +BETAF +BETAGYBETAHAF(3) 1 AG(3) + AH(2) sNM+ERMINA
0 COMMONZ COMNIZERMINB NS s PRNDTL s SPINsHe X IMAXeDX1 s NM7eNM2» ALPHAL 10
i . COMMON/COMNA/BETA(10) +CAMMAT10) s ALP(20)+BET(20) +GAM(2Z20) sDELTA
COMMON/COMNS/YF 1+ YF2e¢YF31YG1s YG24YG3eYH1 s YH2 e MARK s XMAXYER
__1IF(MARK4EQe1) GO TC 3C . S — N
. THIS SECTION GIVES A BETTER APPROX OF VcLOCITY BOUNDAQY VALUES
_AG1=AG(1) e
LAG2=AG(2) et
_AG3=AG(3)
LCl=AF(1)-ULIM
C2=AF(2)-ULIM
C3=AF(3)-ULIM :
.. CDh1= (C2*AGS~C3*AF2)/(CI*AGE—Ce*AGl)
HTCD =(C3*AG1-C1H#AG3) /(C1¥AG2~C2¥%AG1)
YF1D=YF1
YF2D=YF2
... YF3D=YF3
+.¥G1D=YGl1 -
Yea2b=YG2 . . .
. Ye2D=YG2
_ _YG3D=YG3 - e O
BETAF“(CDI*YFID+CD2*YFZD+YFSD)/(CDI+C02+1aDO)'“'
BETAG-(uD;*YGlD+CD2*YG2D+YGBD)/(CDl+u0241oDO) . .
e WRITE(6+3999) BETAF+BETAG . Sl L B RUE N
3999 FORMAT (1X+20H STILL 1RYIN BETAF-.Flé.a- Xo?H BETAG L
ST - Go To 3 1 ~ .‘ N T ‘—-“:"_» "
_ THIS SECTION GIVES A BETTER APPROX OF TRANSFER BOUNDARY VALU o
30 Ca= AH'2)/7AHL{1 ) : LIRS L T TR L T T R b B Rari
BETAH= (C4*YH1+YH°)/(C4+1-) .
L WRITE(6+1212) BETAH ST

i3] CONTINUE
RETURN




SIBFTC -PRKIN . S SR :
e . SUBROUT INE RVINT(XvHvaYsYGvYHoWD)
‘¢ RUNGE KUTTA INTEGRATION ROUTiNE : SRS LRI PhodLWREILL
C** RN E R B R R H Y N AR AN R * ** %% ‘kw*** *"A ***-x *x***%**%%*% w-}(—* i
: ARGUMENT LIST DEFINITICNS . B P S P AN i LTRSS S :
X= INDEPENDENT VARIABLE . e
" H= CURRENT INTEGRATION IN1ERVAL '
= NUMBER GF DIFFERENTIAL" EOUATIONS
. .Y = DEPENDENT VARIABLES sl
... ¥YG= THE DERIVATIVES OF Y WITH RESPECT TO x _
“YH= WORKING SPACE - : L AR
YD = WORKING SPACE e
YGRD (~emee e ) NAME AND ARGUMENTS OF THE. SUBROUTINE TO FIND THE o
DERIVATIVES OF THE DEPENDENT VARIABLES Y WITH RESPECT TO X _
**** P IR T XX IS Y P Y R AR R e e e T RS D S L L s *-K -3 % % X‘-)H\-’
. THE FOLLOWING TWO TYPE uTATEMENTu ARE VERY IMFORTANT .
NOTE THEM CAREFULLY e S . S D R L S TR
DIMENSION Y(N)oYG(N)cYH(N)qYD(N) [ e

DO 1J=1+N

231 YD(J) = Y(JU) -
... CALL YGRD(XQN'YQYG)NM_,
©DO2 J=1sN , e
O YGlU)I=YGJ)EH o
2 YH(U)I=YG(WD) i
X=X O¢5%H L
.DO&I=1e2 o
_DO3J=1s+N ;
3 Y(J)“YD(J)+.5*YG(J)
. CALL YGRD(XON'YQYG)
. DO4J=1+N =
. YGLUY=YG( U RH e
L& YH(U)=YH(M): Ec*YG(J)
. X=X 0e5%H
. DOSJ=1sN IR
S Y(U)=YDIH+YG U}
<. CALL YGRDI{XsNsYsYG)
DO6J=1N . e
YHCJ)-(YH(J)+H*YG(J))/6. LT :
YD) =YDlOMYHIUY
26 Y{JI=YD(D) L
:_MRETURN o
U END il

ey




Eist=Tc AHGRD EEE TR =
SUBROUT INE YGRD(YoN'YoYG)
- DIMENSION Y(100)evG(100Q) TR R LT
v,.COMMON/COMNI/U'EO)'CL‘ZO)VCK(?O)'FD3(IOJOGDZ(IO)OHDZ(IO)'ULIM
= COMMON/COMN2/N] +BETAF 1BETAGYBETAHYAF (3) 1AG(3) s AH(2) sNMsERMINA
__ COMMON/COMN3/ERMINS sNS+PRNDTL ¢ SPINoHs X1MAX+sDX1 sNM7 «NM2 ¢ ALPHA(10Q)
*. COMMON/COMMN4/BETA(10) sGAMMA(10) 1ALP(20) +BET(20) +GAM(20) +DELTA
COMMON/COMNS/Ykl'YFZoYFSvYGlvYGZ'YGBiYHl!YHZrMARKvXMAXOER
WHERE N 1S THE NUMBER OF DIFFERENTIAL EQUATIONS
... AND N1 1S THE N1TH BOUNDARY FUNCTION FOR TRANSFER
. DO 40 I=1wN1 - : I
. 1i=1 . e
YGLTRI=6) =Y (THI-5) R
y YG(7#[~5)=Y{(T7%]-4) , e S ;
fc*** "***-){-*-)é******%**************** **-K *******-x **************** *-}( ***%****%*
C... THESE OPERATIONS DEDUCE THE VALUE OF FDS(I) . ,E¢
... 8SUM1=0. ‘ e nlestmn FEE e e IR N TN
DO 50 M= 1011 :
- COUNT=0, i
DO S1 K=1eM
‘M1 =M=K =
COUNT= COUNT+CK(2*M1+1)*Y(7*K 5)
o A=2%(11=-M)41 C i
M2=11-M
SUM1 = SUM1+A*Y(7*M2+2)*COUNT
 SUM2=0, o
~DO 52 M= lvll
COUNT =0,
DO 53 K=1M
A=2%K~]
M1 =M=
COUNT= COUNT+A*Y(7*K—6)*CK(2*M1+1).__
- M2=11-M i
. sSUM2= SUM2*Y(7*M243)*COUNT _
2. SUM3=0. 5
DO 854 M=1+11
2 COUNT =0,
DO 85 K=1 M
" A=2%K=-]
M1=M-K e e
COUNT= coUNT+A*CK(2*K-1)*Y(?*M1+1)
M2=]1~M
SUM3=SUM3+Y ( 7%M2+3 ) ¥COUNT
SUM4 =0, ) ]
. DO S56M=1+11 i
COUNT=0,
- DO 87 K=1M
 A=2%K-1
Lo Ml =MeK . ' : SR
_COUNT~COUNT+A*CK(2*K—1)*Y(?*Ml+4) i
. M2=11=M L s
SUM4 = SUM4+Y(7*M2+4)*coUNT , ) S S
- SUMS=04. v T b b e S
DO 58 M= 1011
- COUNT= 0, ]
DO 59 K=1+M
v M1 =M-K ‘ SRR LS TR T TRy S SO W COPREI
59 COUNT= COUNT+U(2{M1+1)*CK( *r-.“ ]
o A=2%(11-M)+1 o eneaho ELT




'Ma 11-M

SJMS—SUMSJU(O*M2+1)*COUNT*A L [
. SUM6=0, TR TR U SN
CIF (T 1elES 1) GO TO 60 L e e
DO 61 M=2+11 . e I LTI i
COUNT=0, e e e
- DO 62 K=1«M Ll et IR s
M1 =M=K

L IF(M1eLEsO) GO TO 162 = il
. COUNT= COUNF+CK(;*K" )*CL(Z*MI);” L
GO TO 62 e R
COUNT= COUNT+CK(~*K—1> -
CONT]NUE B G MR TR
B =11-M ’ T ITITOTERIL I gy
sume SUM6+FD3(M2+1)*COUNT SRRSO S

FD3(1)=5SUMI—SUM2-SUM3~SP I N*SUMa=-SUMS5~-SUME 1.
K'C******* K336 3 % 3 e A I IR A K I HHF IR E R RN XX x-****-x ********—&**{-‘L{ 3 x**"(’
YG(T7%1-4)=FD3(1I)
oYU TR I=BY=Y (TR -2) T
C. THESE OPERATIONS DEDUCE TH; VhLUE OF GDZ(I)

. . SUMT=0.

. DO63 M=1411
_,COUNT=00 o
DO 64 K=1M

. M1=M-K .
64 COUNT=COUNTHCK (2%M1+1)#Y ( 7%K~5)
Az2%(11-M)+]

ain .. M2=1 1M SRR
63 SUM7~SUM7+A*Y(7*M2+4)*COUNT
..SUMB=0, o R R

__ DO 65 M= 1011

i A~2*V—1
. Ml=M-K _ e I
66 COUNT=COUNT- A%CK ( 2%K—1 Y XY (7EM1+1)
. M2=11-M e e
65 SUMB=SUMBHY ( 7T%M2+5) ¥COUNT
SUM9=0,

DO 67 M-loll

WH_”COUNT Oe

- .-DO 68 K=1M

 A=2%K-1

s . MI=sM-K

68 COUNT= COUNF+CK(2*M1+1)*Y(7*} 6)*A

L. M2= 1i-M - R Sl amrl L

67 SuMo= SUM9+Y(7*M2+5)*COUNT

222 SUM10=0, .. ,

DO 69 M=1+11 »

L. COUNT=0, I
DO 70 K=1M

A=2%K-1

Ml M-K

- M2= II-M e e
.69 SUMI0= SUM10+Y(/*M3+4)*COUNT T s L S TR ST O A P
_SUML1l= O, e e e e e
IF(IlaLEol) GO TO 71’},wmﬁm£:-iw-?




DO 72 M 2!11

COUNT=0, N
DO 73 K=1'M S
M1 =M~-K

IF(M14LELO) GO TO 173
 COUNT= COUNTVCK(Z*K—I)*CL(Z*MI)

.. GO TO 73 . e e
COUNT= COUNT+CK(2*K 1) -
CONTINMUE e bl DI R

M2=11-M ;
SUM11=SUM114GD2 (M2+1 ) ¥COUNT | R

- GD2( 1)=SUM7~SUMB~SUMI+SUM]0-SUM1 1 4 e
(‘** WX ¥ KK WA NI RN EHHXAKREHHRX ***********8**** *'X *** ********%* ******* %
YGU7%1~-2)=GD2(1) . ..
IF (MARK+EQe0) GO TO 41

. YGU7%¥I-1)=Y(7%]) .

. C******i HHFHRXFARIN **********X—******{*************'X ******* *** ***-X *****-r-&*
C._. THESE OPERATIONS DEDUCE THE VALUE (OF_HD2(1),

L 8UM12=0. - il ET Rt T

U IF(I1elLLEel) GO To 74
2:DO 75 M=2s11
. COUNT=0, . ...
- DO 76 K=2+M
.. M1l=M-K
K1 =K=1 - : i
COUNT —COUNT+CK(2*M1+1>*Y(7wK1—5)
CA=2%([1-M+1) Coelimemmmam e
M2=11-M _ e
SUM12~SUM12+A*Y<7*M2+13)*COUNT
SUM13=0.
DO 77 M=1+¢11
... .COUNT=0, .

0 D078 K=1eM .

. A=2%¥K-1
M1 =M-K e o
COUNT= COUNT+A¥cK(2*K—l)*Y(?*M1+l)_A; R
Lt M2=11-M i SEIRR LR L VL

SUmi3= SUM13+Y(7*M2+7)*COUNT L

L. 8UM14=0, o o
. DO 79 M=1s11
T COUNT=0,

DO 80 K=1M
v AZ2EK=1
M1 =M=-K o T .
COUNT=COUNTHCK (2¥M1+1 ) *Y ( 7%#K=6) %A
M2=11=-M e e
SUM14= SUM14+Y(7*M2+7)*COUNT Cnmaln
- SUm1s=0,

- . SUM16=0, e el
 IF(I1eLEe1l) Go To Bl.wwm
.- DO 82 M=2+11

I COUNT=0 ‘ A e e T s e e P
- DO 83 K=2+M e eime et
M1 =M-K

COUNT=COUNT{ CK(2#M]1+1)#CL. (2XK=-2)
M2=]11-M ) o ] I

CSUM1S5=SUNISHFHD2 IM2+1 Y ¥COUNT oo im o s oo i e R
~ DO Ba M=2s11 . .
EM2=11-M : e Dl




84 SUM16 5UM‘6 CK(2¥M—1)*HDZ(M2 1) o

. 81 HD2{1)=(SUM]12-5UM13~-5UM4)#PRNDTL —(aUM15+SUM16)

= C***** RN KK IR HIRUHHHWNNKFN *-)(—-’Ht K 3 ¥ H 0 Fe M H W W KW W K KU -)(***** A-*-‘(-**-}E***
CYGUT7®])I=HD2( 1)

GO To 40
YG(T7#]1~1)=04
YG(T7%1)=0,
CONT INUE

+~ RETURN




s PROGR n HHE 3

L 5508 10013074  TeGeSANDERS I1BJOB 1040 2000
e NAME CARD o
L SEXECUTE 1BJOB i minnioa s alimiil slaimer

_$1BJOB e e e
S IBFTC MAIN 0 o ihssn s JiE fE
D IMENSION Y(100).YG(100)oYH(lOO)’YD(100) ,
T COMMON U(201+CLL20)1CK{20) sFD3(10)+GD2(10) +HD2( 10} sULIMsN1 +BETAF »
. IBETAGIYBETAJIAF (3) sAG(3) +AH(2) yNMIERMINAIERMINB +NS s PRNDTL s SPINeH
T 2X1IMAXeDX] eNMT7 e NM2 s ALPHAC 10) 'BETA(10) +GAMMA(10) sALP(20) «BET(20) s
3GAM(20)vDELTA0YF1¢YF2*YF39YleYb2-Y63tYH1-YH2¢MARK.XMAX0ER

—— e S — e LIS Ina I W R

SOLUTION OF GFNERAL LINEAR EQAT!ON
BODY ROTATING IN A QUIESCENT FLUID

TALPHA(I) 510233 . _ ..
LALPHA(2)=-022128535 '
_ALPHA(3)=0.02071030
CTALPHA(4)=—-0,00189041
.. BETA(1)=-.615922
- BETA(2)=024764359
_BETA(3)=-0,02568883
- BETA(4)=0.00181337
... GAMMA(1)=-0,3231282
2 GAMMA(2)=0406263696
. .GAMMA(3)=0,00131540

_PRNDYL=0.7
LALP(1)==s5 :
BET(1)=-1e _ __

Y GAM(1)=~1e

ER=1+ e
NS 1S THS ORDER OF THE FIRST SET OF EQUATIONS TO BE SOLVED

~ NS=5 O
NM 1S THE MAXIMUM ORDER OF EQUATIONS TO BE SOLVED
NM=5

NM2 1S THE NUMBER OF PAIRS OF HYDRODYNAMIC BOUNDARY VALUES SUFPLIED
. NM2=4

NM7 1S THE NUMBER OF MASS TRANSFER BOUNDARY VALUES SUPPLIED

- NM7=4

: ‘c******-"-**-)\ ***************-}‘ ******- ***********-X- }********** ;*************%

3 . _WRITE(6+8186) ER - e

. 8186 FORMAT (1 X+23HRATIO OF M!N/MAJ Axxs_-F7.4/////1X)

o WRITE(6+8184) NM2sNM7

8184 FORMAT(1Xs OHTHE FIRSTs12+51HPAIRS OF HYDRODYNAMIC 'BOUNDARY VALUES
1 WERE SUPPLIED/1Xe1O0HTHE FIRST 11 147HBOUNDARY VALUES FOR MASS TRA

- 2NSFER WERE SUPPLIED) e T T m T et TR RIS el 2 LalE T
ERMINA= ¢SE~7
ERMINB=+5E-7 S
X1MAX= 3.14159°65/2. R e S
DX1=5¢¥XIMAX/900 ol lvielewtnnl T e U e TR
XMAX=20, :

. WRITE(6+8182) PRNDTLINM
_WRITE(6e8185) XmMAxX e
WRITE(6+8183) ERMINAERMINB e e e S T LRI




L ) - ‘306
S 182 FORMAT(1X+ 15HPRANDTL NUMBER=+F6e2+5Xe 1SHSPIN PARAMETER= INF »5X R
. T127HMAX NO OF INTEGRATED EQUNS=+11) - B

© 8183 FORMAT(1Xs40HERMINA (MAX ERROR FOR HYDRODYNAMIC CASE)=+E9.2e5%s
. 141HERMINB (MAX ERROR FOR MASS TPANSFER CASE)quQ.L) B
8185 FORMAT (1X16H XMAX=+FBes) - - : e

WRITE(6+8187) . '
FORMAT(1X+37H HERE THE beN PARAMtTER 15 INFIN'TE /////1x)
.. . CALL COEFFS L
. DELTA=«5S ST IUERLLTEIE SRS L 0
... . CALL METHOD e .
L STOP B R PE o A :

.. END




L S$IBFTC AMETH Cliieel
SUBROUT INE McTHOD o
DIMENSION Y(100)0YG(100)~YH(100)0YD(100) . L LETERELEL
COMMON U(20)0CL‘20)'CK(L0)0FD3(10)oGDZ(lO)nHD?(lO)oULIMleOBETAro

1BETAGBETAJIAF(3) s AG(3) s AH(2) +NMIERMINASYERMINB NS+ PRNDTL. ¢« SPINsH s

ZXIMAX-DXI'NMT'NMaoALPHA('0)*BETA(10)9GAMMA(10)oALP(ZO)eBET¢20)i

3GAM(20)1DELTA-YF1'YFﬂ-YF3-YG'-YGZ-YGB-YHIvYH2’MARKvYMAXtER

C_-_ ——— s

N1 1S THE ORDER OF THE EGUATION BEING SOLVED
NM IS THE HIGHEST VALUE OF NI

/NS 1S THE STARTING VALUE CF NI e
N 1S THE NUMBER OF DIFF&RENTIAL EQUATIONS BEING SOLVED BY‘
T BUNG~RJTTT . CeesafieiedSal TRt TEESEEL s

- IF(NS-LEoI.OR.NM.LEol) WRITEteqsoOO) , , ;xfxﬁm

5000 FORMAT(1X152HNS AND NM MUST BE GREATER THAN UNITY—eo

IF(NSOLEOIOORQNM LEel) GO TO 1t

NS CAN NOT BE UNITY (THIS IS THE NON—LINEAR CASE)
N1=NS-1

[

ERROR)

21 N1=N1+1
__MARK=0 B
IF(NI-LE.NMZ) MARK=1 . i
=7%N1 o
lF(Nl.GT NM) GO TO 2

16 J=0
.+ NC=0

15 Lal+l
484 CONTINUE |
o 1=1 L

i 25 Y{7%1-6)=0, e

L YU7%1=4)=CK(2%1-1)

XYt 7R1~2)=0,
LY C7#1—-1)=0,
. IF(1«GE«N1}) GO To 3 e e

 Y(T7#1~5)=ALPHA(] T
;Y(7*1-3>=BETA¢1)

Y U7%1)=GAMMA( 1)
L I=10
. .-.60 TO 25

3 Y(6)=1e
S X=0e
) o IF(MARK.EO.I) GO TO 4 L
simiiine. . IF(NCoGEe3) GO TO S S AT
YG14+YG2+YG3s ARE INITIAL GUESSES FOR rOMPUTER-
YF1 ¢ YF2¢YF3e ARE INITIAL GUESSES FOR COMPUTER
YF1=ALP(1) -

YF2=ALP(1 )+l U AR S SELRE S
YF3=ALP(1)+.4 B , ,
YG1=BET(1) LS B
 YG2=BET(1)+e2 e
L -YG3=RET(1)+.5 S P R I IS S O
10 9= 1 o
5 NC=NC+1 e R e
GO TO (647+40Q) s B i B
40 Y(7%)1=5)=YF3 . il '
Y(7%1-3)=YG3 - o ) S
. 6 Y{7%1=5)=YF1 o o )
B S Y(7%1=-3)=YGl1 3 FOE R, R




- GO TO 8

Y71 =-5)=YF2 e emmel e
Y(7#%]-3)=YG2 el e e e T -
CONT INUVE e T N .
CONT INUE e eliol PRl JU e e R ;
. H=0,1 e e
- CALL RKINT(X aH!N.Yo YGO YHOYD) 3 e R
- IF (XoLEeXMAX) GO TO 9
AR DY =Y T7*I~6) B AL S S e = -

L AG(U)I=Y(T*]-4) . .
“ IFANCel.T¢3) G0 TO 444 PRI
WRITE(653993) (J.AF(J:oJoAG(J)oJ 1v3) .
FopMAT(1x-3HAF(.11n2H>-vr1a.s.3HAs(-11~2H;=-F12.8)-'
~ CALL PROCES e

. ALPLL)I=BETAF e i
. BET(L)=BETAG o
T AL=ALP(L)Y~ALP(L—~1)
. A2= BET(L)—BET(L -1)
Li= : TR i -
IF(ABS(AI)oLEoERMINAoANDuABS(AE)oLEeERMINA) WR!TE(6~8888) s

: lNl +BETAF+N1+BETAGHL 1 R = HENE
8888 FORMAT‘IX"LHFID‘-11'IH)'1H--'F12.815X04HGD1(9Xl’lH)‘ilH F4120805X'
2l 1 21HNUMBER OF ITERATIONS=¢13) S B IS g

IF(ABS(AI)oLCoERMINA.ANDoABS(AE)oLEoERMINA) 6o TO 11
- IF(L4LTe3) GO TO 30 i :
CA3=ALP(L)-ALP(L-2) e,
~AG=BET(LY=-BET(L-2) . 2
. mIF(ABS(AB).LEoOoSE~7.ANDoABS(A1)oLEa0o=E~7) WRxTE(6a9999)._J,*fM:"
. IF(ABS (AL ) e LEeOeSE~ToAND¢ABS(A2) «LE+OnSE~7) WRITE(6+9998) - o0
9999 FORMAT(1X«71HOSCILLATION OF RESULT WAS OBTAINED-FID( ) N’THIN ERMI
o INA GD1 OSCILLATINGs 1X//71X) - s
_9998 FORMAT ( 1X+»71HOSCTILATION OF RESUL* WAS OBTAXNED—GDI( ) WITHIN EPMI '
“UINA FID OSCILLATING IX///71X) - el TELoiial i
IF(ABS(A3)OLEOOOS"—"'7.ANDCABS(A1).' Eo OSE-7) WRITE(608888)
lNloBETAF‘Nl'BETACqu : AR pEEERE G i
— IF(ABS(AQ)OLEOOOSE"‘70AN00ABS(A2)oLEooo5E°7) WRITE‘698888>
s ..-.1N1 +BETAF+N1BETAG L1 - S EUET o ET I Dme i e L
L IFCABS(A3)oLE. 0.55-7.AND.ABS(A1).LE.ERMINA; GO TO B 5 S
IF(ABS(AL)¢LEOO ¢SE~7+AND e ABS(A2) o LE<ERMINA? GO TO 11

O._CONTINVE ... .. .. e
CAJ1=SART (AF (1) %AF (1 )+AG( 1I%AG(1)) s
AJ2=SART (AF (2)¥AF (2)+AG(2)%AG(2))

= AJ3= SQRT(AF(3)*AF(3)+AG(J)*AG(3)) e
__ AJM=AMAX1 (AJlsAJ2eAJI3) o ,
L IF(ABS(AJ1=AJM) ¢LE«O¢SE=7) GO TO 12 e
- IF(AB%(AJ2~AJM>.LE.O.SE-?) Go. To 13
oJ=3 : S
YF 3= ALP(L)
. _YG3=BET(L)
GO TO 14
J=1
. YF1=ALP(L)
YG1=BET(L)
GO TO 14
J=2 L asb B
YF2=ALP (L) o _ L R
YG2=BET(L) . . . i : S LT IR Sl e
CONTINUE o
.60 TO 15 i

T TV




AlLPHA(T ) =ALP(L)
BETA(I)=RBET(L)
MARK=1
GO TO 16
CONTINUE
L Y(TERI-S5)= ALPHA(!)
LY [-3)=BETA{I)
. IF(NCeGEe2) GO TO 23
<. YH1=GAM{1)-DELTAXGAM(1) e

YH2=GAM( 1 )+DEL TA%*GAM( 1) el
J=J+1 )
NC=NC+1 CnE
L=yt , e e
. 1F(JeEQe1) GO TO 17 Sl =z
L Y(7XI)=YH2 . . '

... 60 TO 18 ol B0
Y(7%]1)=YHI1 o e
BXMAX-XMAX/(PRMDTL)**.3333
CONTINUE _
s H=BXMAX/200, -

... CALL RKINT(XQHQNOY.YG.YH!YD)

“IF (XeLE«BXMAX) GO TO 19
L AHGU)Y =Y (T7RI-1) v »
L IF(NCeLTe2) GO TO 444

CALL PROCES
. GAMIL)=BETAV Sl
A3=GAMIL ) ~-GAMI{L~1) e R .
IF(ABS(A3) 4LESERMINB) WRITE(6+8887) N1+BETAJING o
FORMAT(1Xe4HHDICs J1v1H) v 1H=eF 12 8¢5X0?1ﬁNUMBER OF ITERATIONQ-cI3)
. IFCABS(AZ) LECERMINB) GAMMA(I)=5AM(L) L enelERiLE

IF(ABS(AZ) LECERMINY GO TO 21 .
L IFLABS(AH(1)34GT,ABS(AH(2))) GO TO 22
_oJ=2 o

 YH2=GAM(L)

GO TO 444

J=1
. YHi=GAM(L)

=5 6O TO 444
_xl =0,
SUM=—GAMMA(1)
DO 26 I=2NM -
SUM=SUM~GAMMA( 1) #X 1 ¥% (2% 1~2) -
AMTN=SUM/ ¢ (PRNDT L**.3333)*5QRT(2o))

Cun il DEGX12X1%180e/314159265 TSR S R -z
WRITE(64+5001)DEGX] + AMTN o ,
FORMAT (1 X+ SHDEGS=sF541 95X+ 7THMe ToNe=sF10e7) :
IF(ABS{X1=-X1MAX) LTe1eE-6) GO TO 1}
© X1=X14DX1 e eilacmmA e i
. GO 7o 24 o . o . }
i - 3 CONT INUE DL TR R - :
PR RETURN - o et i e . . . .. T, - DO
St END O o S S g NSRS LI e LRI PP




Jera % IBFTC ADROL - ' B A P T OIS

SUBROUT INE PROCEo S ST R
DOVUBLE FPRECISION C10C4'C30AG10AGZOAG vYFlD'YFED'YFBDoCDloCDEO

1YGID+YC2DYG3D

-~ .. COMMON U‘?O)'vL‘ZO)'CK‘EO)‘FDS‘IO)OGDE(IO)OHDZ(IOI’ULIMoNloBETAFo

 1BETAGBETAJ'AF(3) ¢ AG(3) s AHIZ2) sNMIERMINA'ERMINBsMS« PRNDTL aSPINctH

S 2XIMAXDX1 INM7INM2 e ALPHAL 10) sBETA( 10)2GAMMA(10) s ALP(20) +BET(20)

.. IF(MARKeEQe1) GO TO 30 - PR

i ca=AF(2)

’:_;‘7_ B YFlD YF l

. BETAF={(CD1%YF1D+CD2%YF2D+YF3D)/ (CD1+CD2+1 DO}

o GO TO 31 P e eIl

Z L WRITE(6+1212) BETAJU

;3GAM(20)lDELTA0Yr1oYFZ'YFJtYGl'YGEGYGBthIOYHEGMARK0XMAX|ER

. THIS SECTION GIVEb A BETTcR APPROX OF VELOCITY BOUNDARY VALUES

TAGI=AG(1) o : g

AG2=AGI(2) B ,

S UTAG3=AG(3) SRt B
. Cl=AF(1) e

. _C3=AF(3) e
CD1= (C2%AG3~C3I*AG2) 7 (C1*AG2~C2¥AG1)
,_CDZ-(CB*AGI*CI*AGSI/(CI*AG°—C2*AG1)

_ YF2D= YFZ,,,~.1-—-a

- YF3D=YF3

. YG1D=YG1

.. YG2D=YG2
YG3D=YG3

BETAG= (CDl*YGlD+CD2*YGED+YGSD)/(CD1+CD2+1oDO) ]
WRITE(6+3999) BETAF*BETAG . SRR .
FORMAT ( 1 X+ 20H STILL TRYING BETAF 0F12.8°5X97H BETAG vFlz.B)‘__h

~TH1S SECTION GIVES A BETTER APPROX OF TRANSFER BOUNDARY VALUES .
Ca= AH(2)/AH(1) . - o _ s
BETAJ—(C4*YH1+YH2)/(c4+1.)

FORMAT ( 1 X+ 20H STiLL TRYING BETAJ-sFI2oB)
CONT INVE Lo . L S T e T T
RETURN
CEND




%:$18Frc AYGRD i

. SUBROUT INE YGDD(X.N-Y.YG)
JINTEGER RSeR13S514T19S21R2T S N ; o
D1IMENSION Y(lOO‘oYGl;OO)cSFDalao)sSGDa(aoloSHDx(EO)-SJDE'EO) i

DIMENSION SFG2(20) . . i : i '
COMMON U<203'CL(2OJ'CKtaoaoFoa(lo).GDa(10).H02(10).ULIM.Nl,aETAF,',
1BETAGIBETAJSAF(3) vAG (331 AH(Z) sNMIERMINA s ERMING 1NS s PRNDTL s SPINvH
2X1MAXIDX1 'NMT7+NM2« ALPHA(10) +BETA(10) 1GAMMA(10) s ALLP(20) +SET(2C) s

[

. 3GAMI20 ;3 +DELTAYYF1sYF2eYE30YG1 oYGEQYGBOYHI ' YH2 s MARK s XMAX 1ER
DO 1 I=1sN1 -
YG(T#1=-6)=Y(7x]~ 5) : R .

_ Cy*%*********%x****yx**x********x************************ﬁ****%*********T

’ THESE OPERATIONS DEDUCE THE VALUE OF SFD2(1) AT e TR

.. SUM1=0, ,
DO 2 S=1+s1

. COUNT=0, ... ..

- DO3 R=1s5S i

.. A=2¥R-1

- R1=S-R+1

COUNT= COUN?+A*Y(7*R1*6)*Y(7*g-6)

.81=1-5 ’ S THTRET D

. SUM1= SUM1+CK(2451+1)*c0UNT
L SUM2=0. e :

. DO 4 S~1¢l”:ﬁmtwm

LECOUNT=0. S
. DO BR=1+S

"R1=5-R+1 B R

.5 COUNT= COUNﬁch(z*g-x)*Y(?*Rlus)
e 82=1-5+1 =
4 SUM2= SUM2+Y(7*52—2)*COUNT
SUM3 0. LR ey -

_IF(IeLEe1) GO ro 40

ST § NN 0 | RN
..DO 6 T—l'lLrafl

. COUNT=0, B

...DO 7 S=1.T

S TOLL=0, R
.. DO 8 R= qu

., S-R+1
TOLL TOLL+CK(2*R-1)*Y(7*R1~5)
e Ty =T=541 , LT

7 COUNT= COUNT+Y(7*T1—2)¥TOLL_,

.. R2= 1-T N R

5UM3= SUM3+CL(2*R2)*COUNT

. CONTINUVE -

_ SUM4g=0,

“ DO 9 S=1+1

 COUNT=0,

..DO 10 R=14+S
 A=2%R--)

R1:=S-R+1 Dol SR R S

COUNT= COUNT+A*CV(2*R—1)*Y(7*Rl-4)_HWMT”

L 52=1=5+1 - Tili
SUMas= SUM4+Y(7*02 4)*c0dNT
~St-}f\15=0. . R R

IF(lellEcl) GO TO 41

lL l"l I
. DO 11 R=1+1L
- NC=1-R




" SUMs- 5UMS+CK(“*NC+1)*QF02(R)
CONT I NUE

aUME=0. A
 IF(I.LEe1) GO TO 42
... DO 12 S=2+1 -
_COUNT=0,

rj:oo 13 R=2¢S - .
J=S R

COUNT -COUNT+CL(2*R 2)*Ch(2*d+l)r
. S2=1-S+1 e
» SUME= SUM6+SFDZ(SZ)*COUNT ) ST

CONTINUE ’ PR e
SFDE(I)"SUM1+SUM2+SUM3 SUM4~SUM5~SUM6 R
C****************K**********X************’ ***x*********%%***********x%*m
B YG( 7¥1-5 ) —SFDZ ( 1) e e T T I e e e S T L e e s e L
e YGUT7EI~4) =Y 7% 1-3) - - - !

gc***********%*****&**************%*****************************¥k*****
C . THESE OPERATIONS DEDUCE TH= VALUES OF 5602(1)
" SUM7=0, : R S :
_ DO 14 S=141
. DO 15 R=1+S
T Az=2#R=-1
R1=S~R+1 e
- 15 COUNT=COUNTF AXY (7%R 1~ 6)¥Y(7*R—4)
 S1=1-S
14 SUM7=SUM7+CK(2%51+1 ) *COUNT
- SumMB=0, )
DO 16 S=1+1
~ COUNT=O0,
DO 17 R=1+S
... R1=S=R+1 R I
S .17 COUNT= COUNFICK(E*R-I)*Yt?*Rr—B)'
S2=1-5+1

S 16 SUMB=SUMB+Y (7%52-2) #COUNT . - - ...
SUM9—C0 S -

IF(I1oLEe1) GO TO 43
IL=1-1 R
DO 18 T=1elL O E
_ _COUNT=0
DO 19 $=17
. TOoLL=0,
. DO 20 R=1+S
_ R1=S-R+1
20 TOLL=TOLL+CK(2%R-1)*Y(7%#R1~3)
. T1=T~5+1 L — . L
72 19 COUNT=COUNT+Y(7#T1-2)%TOLL Rl mlEol TEL R L S
. R2=1-T o R _ ,
718 SUM9=SUM9+CL {2%R2 ) *COUNT R e A R G (o SN
43 CONTINUVE ' :
. -8SUM10=0,
DO 21 S=141
. COUNT=0,

DO 22 R=15S ) - ~ )
A=2%R-1 : St ' 3 K
R1=5-R+1
. 22 COUNT=CCUNT+CK{2%R-1)%Y(7T%R1—4) %A
ORI - Sa:l_s.‘-l . e i e e s — - S —_—
1. 21 SUM10=SUMIO+Y (7%S2--6 ) %¥COUNT e



~ SUMi1=0e
CIF(1elEel)

. GO TO 44 . ..
=11 , S

DO 23 R=1sI1L = .. ..
.NC=1-R EESY R
SUM11= SUM11+CK(2*NC+1)45F62(R) B
CONTINUE o S Dl T
_ SUM12=0, e e
IF(1eLEel) GO TO 45 S lnliEL e

.. DO 24 S=2»1 S
.. COUNT=0, SRR
.. DO 25 R=2+¢S o .
S.Jd=S R’ RS S T o B R
, COUNT= COUNF+CL(¢*Ru2)*cK( *J+1)
T 82=1-5+1 : SRS
SUMlZ'SUMlE4-SFG¢(§2;*c0UNT _ o
CONT INUE e LT
SGhat1)= SUM7+SUM8+SUM9+%UM10-SUMl1~SUM12

?:C***********************************************************************“
X YG(7#1~3)=S6GD2(1) ,
C****************** ****%%*****%*** **r*****%********%**%*w***********“*%
. THESE OPcRATIONS DEDUCE THE VALUE OF SHDI(I)

SUMi13=0, L
DO 26 R=111}
CA=2%R=-1
. M=1 R+1 .
SUM13 SleJ+A*CK(2*R—1)*Y(7*M 6) B
. . .SUM14=0, ‘
2o DO 27 R=10e1
NC=1-R
CA=2%R-1 - : :
SUM14= SUM14+A*cK(2*Nc+1)*Y(?*R-é)
.- SUM15=0, :
L IF(IelEel) GO TO 46
oo l=1-1 , .
DO 28 R=1s1Il.
~ o NC=1~R , E
- SUM15= SLM15+CK(2*NC+1)%SHDI(R)_
CONT INUE iR D raaETRarT
. SUM16=0, - e o
IR (1 eLEel) GO TO 47
o Il=l=1
DO 29 5= 10IL
 COUNT=O, R
. DU 3U R=1e8
S J=5 R S
COUNT= COUNT4CL(2*R)*CK(2*J+1) S
. NC=1=5
T29 BUM1I6=SUM1E&+Y HDl(NC)*COUNT
... A7 CONTINUE
'Jl*a"bHDl(lluothMld+SUM'4+SUM1 +SUM16) FESRCEIOR U SORAIES e T
- c*************k*****%**********************************}******{*********>
YGUTHI—2)=5HD1( 1) R
_IFIMARK 4EQcU) GO TO 31 e B
LYGUTRTI=1)y=Y (7] T LI I 3 o LR
Ct**#*****i*****}*J******f******%*****%**********%*******%*********x*****
SEIERN SR lthE OPERATIONSE DEDUCE THE VALUE OF Sup2(1)

sz IF (Tl eLEelt) GO TO 48 e Imi e Taaliss i 1‘
= o - — - . ” i
R, i - L Wi - e - o e Z ~ ‘




I!-I 1
DO 3z R= 1.1&. B
SM=1 R+1 G P55 SR P TE
A=1 R ——
S 32 SUM1T7= bUM11+2o*A *Y(7*M 1)*Y(7*R-6;
aB  COMIINUE e
LOUMIB=U,e s
DU 33 R=J!

L. M=l R+1 R —
33 sumMies bUMlSqY(I*R~2)*Y(7*M)
Sttt SUMIO9=0,
_IF(1uLEe1) GO TO 494MW
R D £ | e e i R
DO 34 S=iefL o
L COUNT=0, o mims
DO 35 R=11S5
S . Ri=5~R+1 : S ST
;_45 COUNT= COUNT+CL(2*R)*Y(7*R1—2)

S1=1-5 , :
34 SUM19= bUM19+Y(7*51)*COUNT.
.49 CONTINUE LR P PR
SUM20U=0U., .
IF(leLEe1) GO TO 50
B 3 P | o
L DO36. R=1s1L i
... NC=1-R

36 SUM2U=SUMZU+CL ( 2%R)*SUD2 (NC)
B0  CONTINUE e e
bJDZ(1):(bUMl7+5UM18+5UM19)*PRNDTL—SUM¢O T I o
(_*'wff-'k**-k'k-k-ﬂ-ﬁ ******************-}( —k—************-}’ **********-x-“-*x-* R EIEK -;H
= YG{7%1)=5JD2( 1) LA T e LR eiieedia
GO TO 1
YGUT7#I~1)=0, R
Y&G(7%1)1=0e
CONT INUE IR
RETURN
- END '




TABLE AY

APPENDIX £— TARIFS |

HYDRODYNAKIC BOUNDARY VALUES DETERUINED BY THE

PINITE DIFFERVNCE YECHIIQUE AT DIFFERENT STIF LINGTHS IN M

TABLE

o OV B og >

10

—

—a

Here A'q/ is the

A2A _ETFECT OF

Fu(0) £'(0)
1 1 |
| &1=0.05 |An=0.1 _ | £y=0.05 | An=0.1___
1.3119379( .1.3119374 | -1.0746699 | ~1.0746695
1.5739205| 1.5739179 | -1.1099996 | <1.1099956
1.8237776 | 1.8237730 | -1.1426321 | =1.1416267
2.295641.8] 2.2956337 | =1.1968303 | -1.196820C0
2.7392374| 2.7392261 | -1.2442903 | -1.2442750
3.1612931| 341612785 | -1.2862036 | -1.2861831
3.5661282| 3.5661108 | ~1.3239121 | -1.3238863

step length in M

PERTURBATTON TN THE STAGNATION POTNT

BOUNDARY VALUES ON SUBSLQUELT SETS OF BOUNDARY VALULS

Pr=0.7 OSPHERE SPIN PARANETER =20

_On=0.1
) T (0) 7'(0) +(0)
a1 . op-1 on-1 j¥2(n~1)
1 |5.41289940.001 |-1.473053+0.001 |--0.8544438
2 |2.31096518 0.57913570 0.1607C610
13 |0.22062158  |-0.06135495 0.00186987
4 +.0,01898456 0.00406639 | 0.00128056
| 5 £0.00097326 0.00008463 0.00035491
% (0) 21 (0) '(0) |
n ol Cond }(22n—1)
1 {5.412899 ~1.473053 -0.8538443 i
2 12.31059831 . 0.57925899 0.16053045] |
3 10.22065673 -0.06135508 ©0.00186247| :
4 1-0.01897727 - 0.00406673 0.00127782 S
5 £0.00097157 0.00008481 0.00035415 |

The verturbation of 0.001 gpvlied o the stasnation
point Hydrodynamic Bowndary Values produces changes
in magnitude of highexr order Boundary Values that
diminish with the order of the set.’



TABLE AZB EFPECY OF STEP LINGTH TN THE DETERIINATION CF

HYDROODYTIALIC BOUNDARY VALULS

EXAMPLE :DISK AT SPIW PARAIETER A =10

AM =0,05 A =0.1
n| T(0) &1(0) T1(0) ' (0)
on-1 2n~-1 2n-1 2n-1
1) 3.5661282 |--1.3239121 3.5661282 -1.3239121
2} 0.40359119] 0.01519035] C.40356553 0.01515897
3] 0.735632725] -0,11760603( 0.78627953| ~0.13.760261
41 0.530107561 -0,05690913| 0.53004759| --0.05690943

216




PABLE A3 HYJRODYNALIIC BOUNDARY VALUES CBOAINED IN THIS VIORK

FOR THE ROTATING SPHERE

| A =0 A=d
n’ £(0) z'(0) £(0) g'(0)
2n-1 on-1 | 2n-1 2n--1
1 | 143119379 | -1.0746699 | '2,2956418 | -1.1968303
2 |-0.51493149f 0.40304607} -0.94961528] 0.46275397
3 | 0.05518554| -0.04565218] 0,09457564| ~0.05028581 ’
4 1-0,00340744| 0.00249592| -0,0072536 | 0.00305252
15 ] 0.00001761} -0,00006313| -0.00023242| ~0,00000132
A . A =10 A =20
fAn #'(0) g'(0) £(0) g'(0)
2n-1 2n-~1 2n-1 2n-1
1 | 3.5661282 |-1.3239121 | 5.412899 |-1.473052
2 [-1.50575806| 0.51690354|-2.31059831] 0.57925899
3 | 0.14586501]-0.05532342] 0.22065623}~0.06135508
4 |-0.01207448] 0.00354708]-0.01837727| 0.00406673
45 [0-00054029) 0.00004496|~0.00097157 0.00008481
TABLE A4 HYDRCDVIAWIC BOUNDARY VALURS OBTATHED IN THIS {ORK
FOR_THE ROTATING 10/16 SPHEROID
=0 A=4 .
n | £(0) g'(0) £(0) g'(0)
o en~i 2n-1 on-1 on-1
1 J'1.3119379 [-1.0746699 | 2.295641 [-1.1968303
2 10,56832524 | 0,02245737] 0.12156581| 0.13110001
'3 | 0.05633571 | 0.04060658] 0.07410026 | 0.01114545
4 }0.0637017 | 0,01922448|-0.05278622] 0.01756276
15 }0.03982710 [-0,01741600|--0.03933783| 0.00552346
__A=10 D =20 B
o | T(0) g'(0) 1 (0) g'(0)
o 2n-1 2n-1 2n-1 2n-1
1°} 3.5661282 [-1.3239121 | 5.412899 |-1.473053
2 1-0,34226400| 0.2111732 | -0.93788528 | 0.28403871

3 | 0.04654178 ] 0.006553841 -0. 00160131] 0.00828439
| | P.7.0.

4 .




-

TABLE A4 CONTD.

e — et o - S v ot

4
:L?

~C.4735341
-0.03429890

0.01260456
0.00473313

-0,05199464
-0,02960490

0,009896 30

0.00340367

TABLE A% HYDRODYNAKIC BOUNIARY VATUES OBTAINID IN THIS VORK

POR 7HE ROTATING 7/16 SPHEROID

-~

- A = A =4
n | Fn(0) 21 (0) 77(0) z'(0)
2n-1 2n-1 2n-1 n—-1
i [1.3119379 | ~1.0746699 | 2.2956418 |-1.1968303
2 10.92246687| ~0.10392741| 0.47175962| 0.02267467
3 10.40360124| ~0.01500268| 0.40096051 {~0.04478149
4 10.10916821| 0.00835195| 0.12271956 | 0.02370544
5 00028244 0.00672740] 0.00751562 | 0.C0770972
.
A =10
n T (0) g'(0)
2n-1 2n-1
| - :
1 [3.5661282 | -1.3239121
2 0.03810904| 0.11122836
3 [0.34538175| -0.04077415
4 0.11681247| 0.00340027
5 l0.01527550| 0.00433703

1)
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TABLE A6 HYORODYNANMIC BOUNDARY VALUES OBTAINED IN THIS WORK

FOR THS ROTATING DISK

A=0 A= . N
n | F(0) g'(0) 1" (0) g'(0)
on-1 2n-1 on-1 on-1
J1 [143119379 |-1.074669% | 2.2955418 [-1.,1968303
12 [1.26272058 |-0.22535590| 0.808220357-0.08149870
3 |0.89825626 {-0.10733101| 0.86982086 |~0.13379516
4 10.54971611 |-0.04404768| 0.55915847 |~0.05415880
15 10.30789943 [-0.01816105| 0.31623737|-0.01883683
1| A =10
n | F(0) g'(0)
s 2n-1 2n-1
1 {3.5661282 |-1.3239121
2 [0.40356553 | 0.01519896
13 ]0.78627953 |--0.1160261
4 |0.53004759 1-6.05690943
5 {0.31858876 | ~0.02467058

' TABLE A7 HYDRODYNAMIC BOUNDARY VALUES OBWATINED FROM TH RESULTS

" PUBLISHED BY

N.E. HOSKIN

a =0 A =4 A_=10_

n F7(0) £'(0) T (0) £'(0) F'(0) z'(0)
' 2n-—J. 2n~1 2n<=1 2n—1 on-l 2n—1
1 1.311937 ~1.,074673] 2.2958607 |-1,196812 | 3.566041]-1,323862
2| -0.51493 | 0.40905 |-0.94957 | 0.46274 |1.50564 | 0.51686
3 0.05518 |-0,04566 0.09449 {-0,05028 | 0.14580 |-0.05530
4 | -0.003407 ) 0.002497 |-0.007246 | 0,003051 0,012057 0.003541




-

CONMPARISON OI' HYDRODYNAMIC BOUNDARY. VAJUBS CBTAINED IN T
PRESENT WORK VITH THOSE OF _11.B. GREEN FOR quTIONARY BODIES @1~0)

TABLYE A8 SPHERE ’

Present work

GREEN

i?'n(o)
1
f" (O)

3
f"(O)

)
£ (O)
7
fn (O)

1.3119379
~0.51493149

0.05518554
~C+00340744

0.00001761

1.31193778 |
~0.514932
0.0551.91
~0.0034077
0.00001766

)

TABLE AQ 10/16 SPHEROID

1

R -

e gestntynd

E"(O)
s

£7(0)
"(0)

i
20 W

)\

. [F"(0)

)

-

f‘(o)

Presen® work

GREEN

1.3119379
0.56832524
0.056 33571
~C. 0637017

-0.03982710

1.31193778
0.568327
0.056338
-0.0637018
|0.039824




-
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1iASS TRANSFPER BOUNDARY VALUES TFROM THIS VORK FOR A BCDY

ROTATING IN AXJAL TFLOW

ROTATING SFHERA

PABIE A10 A =0 .
—— t 't v,
77 | A0 A, 0) /{4(0) A0 | Ao
0.7| -0.6653791| 0.12018440 -0.00052872] 0.00031080] 0.00006869
1.0{~0.7622323| 0.13842343 ~0.00049288} 0.00037691f 0.00008265
2.4]-1,0540565| 0.19367218] ~0.00034402] 0.00058481f 0.00012656
10.0} -1.7520560| 0.32642113 0.00011529| 0.00110717} 0.00023740
TABLE A1l A =4
- '(0) /' (0) 1(0) | . (o) 1(0)
_Pr f/{o /{2 //4 /[6 /(8 -
0.7[-0.7222536 | 0.13302692; 0.00048687| 0.00070545 0.00018621.
1.0/-0.8339581 | 0.15475411} 0.00078413] 0.00086291f 0.00022613
2,4]-1.1752428 | 0.22175255| 0.00177524] 0.0013643C] 0.00035245
10,0} =2.0052799 | 0.38617539| 0.00438629] 0.00263296| , 0.C0067265

CPABRLE Al2° A =10

S 0 L e ¢

. 1(0) 1(0) 1(0) 1(0) '(0)

0.7}-0.7823546 0.14581080) 0.00121761} 0.00100230{ 0.00027449

1.0}-0.90960637 0.17099313] 0.00171362] 0.,00122818f 0.00033431)"

2.41-1,3020224 0.,24942729] 0.00331L703f 0.00194831} 0.00052316
10.0]-2.2631296 0.44335406| 0.00740539| €.00375817| 0.00099952
TABLE Al3 A =20

— | o 1(0) 1(0) 1(0) (0
L= # o' A Ay 176( ) “_/{8 :

1.0{-0.9995774 0.1.8964794{ 0.00255158] 0.00156582] 0.00043260




ROTATING 1Q/16 SPHEROID

TABLE Al4 A =0
= A | O e | A0 A
0.7]-0.6653791{ -0.11650395| 0.00514005| ©.01294637| 0.00490551
1.0[-C.7622323] -0.13544257| 0.005740565| 0.01511480| 0.00576764
2.4(-1.0540565| ~0.19328449| 0.00747577| 0.02175746] 0.00842837
10.0{-1.7520560] -0.33323211} 0.01148215! 0.03768391]| 0.01492877
DABIE A15 A =4
— '(0) 7 1 0 e 7R ]
: p 71 (0 '(0) '
Br /0 //2( ) /{’4( ) //6( /{B(o)
0.7]|~0.7222536| -0.07026894|-0.00225195| 0.01019847| 0.005268265
1.0{-0.8339581| -0.07789398|-0.00333826] 0.01173301]| 0.00620842
2.4|~1.1752428] -0,09889684|-0.00585136| 0.01627838| 0.00911469
10.0|-2.0052799| -0.14353422{~0,015275171 0.02671182! 0.01620047
PABLE A16 A =10
o= // 1(0) //'(07 %'(0) ﬂ'(()) /{'(0)

0 2 4 76 T8
0.7]-0.7823546] —-0.03903868| 0.00079316| 0.00767737| 0.00435193
1.0}-0.9096637| ~0.03916693| 0.0050511 | 0.008¢5027| 0.00508322
2.41-1.3020224} -0.03678245{-0.00003874| 0,01149082| 0.00729483

- 5.0]-1.7379232| -0.03216854| 0.00000263| 0.01444914| 0.00957956
10.0|-2.2631296| -0,02597013| 0.00067704| 0.017928565| 0.01248053
TABLE Al7 A =20
T 1(0) 1(0) v 10
= . 0 (0) i1+ (0
= Jﬁﬁc’- A 5424( : .m44,6 -izzligalgn,
1.0-0.9995774| -0.00751006| 0.00721222{ 0.G0760370| 0.00395322
2.41-1.4512496} 0.01281388] 0.01122729| 0.01005328} 0.00553262




ROTATING 7 /16 SPHEROID

A18 A =6

217

PABLE
Tr 1(0) +(0) '(0) 0y | (0
0.7 1-0.6653791| -0.19388283]~6.04424596 |~0.00312194 | 0.00356198
1.0 |-0.7622323] -0.22497569{-0.05181.952 }-0.00372514 1 0.00416779
2.4 |-1.0540565 | -0.31978957|-0.07511964 -0,00562762 | 0.00601658
10.0 }-1.7520560 | -0.548887981-0.13183694 |~0.01.034652 | 0.01049650
TABLE A19 0\ =4 |
r (0 v (0 11(0) 1(0) 1(0)
' :%(O ) /12( ) ‘%(4 ‘/{6 %8 |
1.0 |-0.8339581| -0.15395200(~0.03822742 |~0,00964519 | 0,00371851
2.4 1-1.1752428 | -0.20372452{-0.08500427 |-0.01515818 | 0.00525469
[10.0 ~2.0052799 | —0.21670883]-0,14905719 |{-0.02952409{ 0.00876203
TABLE 420 A =10.0
Tr |/ 1(0) *(0) (0) t (0) 1(0) |
/{ 0 /(2 %4 %6 %8 _
0.7 10.7823546 | -0.09947024 |~0.04017837|-0.0097853 | 0.00028969
1.0 0.9096537| —-0.10787310|-0.046568293[-0.01185896{ 0.00089466
2.4 £1.3020224{ -0.13035101|~0.06583445 |-0.01842862| 0.,00077430
10.0 }-2.2631296 | -0.17940304 |-0.10878970|-0.03462101 |~0,00001.409}




_ROPATING DISK

218

£21 A =0
Pr (0 1(0] /7 1(0 - (o) (0
T 7/10( ) w //2( ) ”//4( ) '//«6( ) /8(‘ )
0.7[-0.6653791| -0.26822725({-0.11547782] -0.04894460] -0.02043835
1.0-0.7622323] -0,31092770}~-0.13478469] -0.057325¢6| -0.02398761
2.4 }-1,0540565) ~0,44133356}-0,19399902{ -0.08314775| ~0.03497659
10.0|~1,7520560| -0.75608575-0.33778319] -0.14609302| ~0,06186496
TABLE A22 QA =4 .
P t ' 1o t(0 1(0
e | 00 | o ey o) ag
0.7 |-0.7222536| ~0.20058679|~0.11636018{~0.05508944} -0.02191945
2.4 [-1,1752428] -0.30444132}-0,1950576C} ~0.09515536} ~0.03792678
10.0|-2.0052739¢ ~0.48309229]-0.33670393 ~0,17000567| ~0,06810557
TABLE 423 QA =10.0
Fro 1{0 '(0) /"<o> /1(0) 1(0)
%/{0 ) -%2 ' /4 %6 ~/78 }
0.71-0,7823546| -0,15753194}~0.09849557}~0.05336661] ~0.02486908
2.4 1-1,3020222| ~0.22025023}-0.15907962|-0.09121382[ ~0. 04345933
10.0.]52,2631296| ~0.32681898]-0.26375118]~0.16013323| -0.07849462




COIPARISON OF LIASS TRANS

-
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£R BOUKDARY VALUES OBTAINED II THIS

_VORK WITH THOSE OBTAINED FROM 'THE RESULLS OF J. SIEEKIANE -
(0)
_BABLE A24 A =0 {{__2_@-_1__
n| PP NUEBER=0.7 | T¥ NUMBER=L.O f
SIEKIANN [PRESENT WORK |SIEILANN  |PRESENT WORK

1| -0.66538 ~0.6653791 [~0.76223 | -0.7622323

2| 0.120183 0.12018440| 0.138423 0.13842343

31 -0.0005278 =0.0052872 |-0.0004925 | -0.00045288 |

~4| 0.,0003106 0.0003L080| 0.0003769| 0.0003769L
. )
TABLT 425 _A_=4 A 580
" Pr NUKBER=0.7 Pr NULKBER=La0 |
STEIFANY |[PRESENT WORK |SIEKMANN |PRESENT WORK

3| -0.72225 ~0,7222535 1-0.83396 ~-0.8336581

21 0.,133023 0.13302692 | 0.154758 | 0.15475411

3| 0.000488 0.00048687 | 0.000782 0.00078413

41 0.000705 0.00070545 [ 0.0008532 0.00086291

'(0)
TABLE A26 VALUES OF 2n-1 OBTAINED FROM THE RESULES
OF }.B. GRBEN - |
NON-ROTATING BODY (A=0) AND Pr=2,4
() (0) '(0) (0) / (0)

e f( 0 %2. %4 %6 /8
16/16~1.0540568| 0419367372 |-0.00034450 | 0.00058491| 0.00012656
0.0/18--1.0540568 [-0.19328622 | 0.00747486 | 0.02175767| 0.00842871
7/16-1.0540568 |-0.31980601 |[-0.0751240L [-0.00563054| 0.0060146%

0 |~1.05405681-0.44133645 |-0.19400464 |-0.08315717|~0.0349 764




TABTE Q)

-

HYDRCDYI AL

- 220

1IC EOUNDARY VALULS FOR SPHERES AND SPHEROIDS

FOR A BODY ROTATING TN A QUIESCHENT FLUID

Vo o 0 { fa

_ SPHERE
wl| Ft(0) ¢t (0)
on-1 - on~1
1| 0.510233 [-0.615922
2 [-0.22128535| 0.24764359
3| 0.02071030[-0.02568883
4 +0.001.89041| 0.,00181.337
5 [-0,00011500| ©.00005874
13/16 spheroid 10/16 spheroid
P1(0) G'(0) F*(0) G'(0)
-l 2n-1 | 2n-1 en-1
0.510233 |-0.615922 0.510233 {-0.615922
.0.17498281 | 0.19836964 |-0.13826011{ 0.15929029
-0.00463608 | 0.00052399 1-0.01027722{ 0.00723751
0.00022246 |-0,00087010 1-0,00351567{ 0.002461.00
0.00038765 [-0.00038382




MASS TRANSFER BOUNDARY VALUES FOR A BODY ROTATING Xif A

QUIESCENT FLUID

TABLE Q2 THERE
| TT J1(0) 71(0) T1(0) 31(0) |

0 2 4 6
0.7 }-0.3231282 | 0.06263696 |0.00131540 | 0.00064938
1.0 }-0.3962497 | 0.07740489 [0.00170243 | 0.00081600
2.4 1L0,6161803 | 0.12231.316 {0,00289547 | 0.00132705
5.0 |-0.8533008 | 0.17111046. [0.00420973 | 0.00188554

10.0 -1.1341205 | 0.27908211 |0,00578016 | 0.00255053
%QQ.Q.—2.6871403 0.55026723 {0.01450176 | 0.00623599
TABLE Q3 13/16 SPHEROID

Pr J1(0) J1(0) Jv(0) J+(0)

0 2 4 €
0.7 |-0.3231282 | 0.04135005 {0.,00320515 | 0.000846 36
1.0 [-0.3962497 | 0.05109924 |0.01025836 | 0.00107512
2.4 |-0.6161803 | 0.08074575 {0.01656017 | 0.00177875
5.0 [-0.8533068 | 0.11795961 {0.07345396 {0.00°55169

10.0 {-1.1341705 | 0.15122996 {0,03166548 }0.00347438
1.00.0 [-2,687L403 | 0.36326230 |0.07723315 |0.00859773
PABLE 04  10/16 SPHEROID

Pr J'(0) g+(0) J+(o) Jt(0)

0 2 4 6
0.7]-0.3231282 | 0,02446729 |0,00828817 |0.00207073
1.0}~0.3962497 | 0.03023612 {0.01025676 | 0.00260928
2.41-0,6161803 | 0.04777851 }0.01667344 0.C0427122
5.0]-0.8533008 | 0,06683597 0.02358063 |0,00609709

10.0{-1.1.341205 | 0.08948515 [0,03180766 {0.00827644
}oo.o ~2,6871403 | 0.21494808 |0,07745225 | 0,02038121




BODY ROTATING IN A QUINSCENT FIUID. COMPARISON OF BOUNDARY
VALULS OBUAINED IN THIS WORK WITH RHCSE OF W.H.H. BANKS

-

DABLE 06. Hydrodynemic Boundary Values

Present Vork W.H.H. BANKS

n [TEH(0) G7(0) F¥(0) GT(0)

' 2n=1 2n-1 2n~1 2n~1

117 0.510233 20.615925 0.51053| —0.61592
2 [~0.22128535 | 0.24764359| =0.22129]  0.24765
3| 0.02071030| -0.02568883] o0.02071| -0.02569
4 | -0.00189041 | 0.00181337| -0.00189| 0.00181 |

PABLE (7. Mass (or Heat

Transfer Boundary Values ).

I (0)
n-1 -
Pr=0.7 Pr=1.0
‘n | Present oTH  BLANLS Present WoTk] BANKS
-1 | =0.3231262 | =0.32312 | ~0.3962497 [0.39625
2] 0.06263596 | 0.,06263 0.07740489 | 0.07741
3] 0.00131540 | €.00132 0.00170243 | 0.00170
L4 o.ooo§4938 0.0C065 . 0.000816 0.00062

TABLE Q5 _ Overall Velues of Mass Tremsfer Numbex

€

—

e

16/16

13/16

10/1.6

U = oOR
O > O ]

10.0
1.00.0

0.1.9608
0.21285
0.24567
0.26533
0.27911
0.30533
0.33260

0.20736
0.22516
0.26007
0.28101
0.29570
0.32369
0.34564

0.22233
0.24154
0.27927
0.30196
0.31789
0.34827
0.37215
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TABLE Q8 LFFECT OF STEP LENGTH (I _THI DETERLINATION OF _

HYOROOYNANIC BOUNJARY VALUES FOR A BOSY ROTATING IN A

QUILSCHIT FLUID

i _ Ad =0.05 Ad. =0.1
n 1(0) G'(0) rv(0) G*(0)
2n~-1 2n-1 2n-1 2n-1.
1] 0.510233 -0,61592¢ 0.510233 {-0.615922
2 }-0.17498281| 0.19836964 |-0.17498231| 0.1983694
3 }-0.00463616 | 0.00052397 |-0.00463608| 0,00052399

Heie Aol is the

step length in oL

The above example apvlies to a 13/16 spheroid .
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5.10

5.1

5.12

5.13

LIST OF TFIGURES

?1 Determined in successive iterations by

guasilinearisation.
1

1
alt

fq Determined by quasilinearisation.

f, Determination by quasilinearisation.

-t
84 Determination by quasilinearisation.

84 Determination by guasilinearisation.

Effect of spin parameter A on fq

Page No.

97
97
98
99
100

146

o, | |
f1 Shown as a function of Tlfor spin parameters O to 20.147

Effect of spin parameter A on‘gq.

—T
Effect of spin parameter A on -84

Effect of spin parameter A orx}%og

At
_4 - :
F1o{M /8c shown as a function ofﬁl for spin

parameters of 20 and O.
Effect of Schmidt number on Jo(oc)°

Effect of Schmidt number on —Jo(a)[Sc%J

Dimensionless meridional velocity component

distributions for the sphere.

Effect of spin parameter A on M, for the sphere at

A
Schmidt No. 0.7.

Effect of spin parameter A on M, for sphere at

A
Schmidt No. 1.0,

Effect of spin parameter A on M, for the sphere at

A
Schmidt No. 10.

Effect of spin parameter A on M, for infinite Schmidt

A
number.

148
148
149

150
151

151

152

153

154

155

156
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Page No.

5.1 Lffect of spin parameter A on MA for 10/16 spheroid

Schmidt No. 1.0, 157
5.15 Effect of spin parameter A on M, for 10/16 spheroid

at Schmidt No. 10. 158
5.16  Effect of spin parameter A on M, for 10/16 spheroid

at infinite Schmidt No. 159
5.17 Effect of spin parameter A on MA for 7/16 spheroid at

Schmidt No. 1.0. 160
5.18 Effect of spin parameter A on M, for disk at Schmidt

No. 0.7. 161
5.19 Plots of MQ against © for the sphere at Schmidt numbers

0,7 to e ., 162
5.20 Plots of MQ against 8 for the 10/16 spheroid at Schmidt

numbers 0.7 to o . 163

o

5.21 MQ Shown as a function of shape and Schmidt number. 166
5.22 Effect of the number of terms in series for M,. 164
5.23 Effect of the number of terms in series for M 165
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LIST OF SYMBOLS

afd- Radius of sphere or semi-major axis of an oblate

spheroid.
a - Value of dU/dx at »=0
A.B - Constants in eqn.(2-1)

ALPHA(I) - Used in computer programme to denote values of
-lt
fBI 1(O) i.e., Y(7I-4) for body rotating in axial
- '
flow or F21_1(O) i.e., Y(7I-5) for body rotating

in a quiescent fluid.
b - Semi-minor axis of an oblate spheroid

BETA(I) - Used in computer programme to denote values of -
-
gzI_,](O) i.e., ¥(7I-2) for body rotating in axial
]
flow or GzI~1(o) i.e., Y(7I-3) for body rotating

in a quiescent fluid.
¢ - Constant
D - Diameter of a sphere

e ~ Ratio of semi-minor to semi-major axis for oblate

spheroid i.e., b/a.

f,],f3 ~ Coefficients in power series for the dimensionless
¥
stream function}é .

f2n—1 - Product of U2n—1 f2n~1

%*
F1’F3*°°°-_ Coefficients in power series for V1 for a body

rotating in a quiescent fluid.
*

g1,g39°¢. ~ Coefficients in power series for V2

for body

rotating in axial flow.

Bopnq = Product of k

2n-1 g2n—’|
*
Gq,GB,,.. ~ Coefficients in power series for V2 for a body

rotating in a quiescent fluid.



]
GAMMA(I)... - Used in computer programme to denote f%

2(1-1)(0)
)(o) i.e., both Y(7I).

or J2(I 1

hC - local heat transfer or mass transfer coefficient.

- X ,X
h,],ha,h3 Scale factors in directions Xq, 21X

* h* h* - Di 3 * * */1, .
h? h2,h3 Dimensionless scale factors h1/Lc’ h2/ x h3/LC
hg,o’hB,O”hﬁ,O ~ Scale factors on surface of oblate spheroid.

h s - Scale factors on body surface in directions
1,0°72,0

X1,X2 respectively.

%
HO’H2’°°° ~ Coefficients in power series for VN body rotating
in a quiescent fluid.

*®
J09J2,... - Coefficients in power series expansion for X ,

body rotating in a quiescent fluid.

J - Jacobi matrix defined in (4-12).

K, - Thermal Conductiviky

K,],K3 - Coefficients in power series expansion for h
A A

K1’K3 -~ Coefficients in power series expansion for h

2,0

2,0
K(e) - FPunction of e as defined in (3-191)

E 3
%3,12,.., -~ Coefficients in power series for h1,0
A

A
1 $129.,. — Coefficients in power series for h

1,0
LC - Characteristic dimension - semi-major axis a for the

oblate spheroid. .
Nu
—-— -~ — — Y
M - Mass or heat transfer number Re,Pr‘é

NM - Maximum number of equations to be solved.

NM2 - Number of pairs of f (o) (0) supplied

gan 1
initially to computer programme.

\]
NM?7 - Number oféf%é(n 1)(0) supplied initially to computer
programme.
N - Distance normal from body surface.
%
N - Dimensionless distance normal from body surface, N/LC°

Nu,Nu - Local Nusselt or Sherwood number thc/dV°

NUO - Overall Nusselt number



P -~ Pressure
* . . 2
P - Dimensionless pressure P/e'Uc
Pr -~ Prandtl number 'L)/o(v
Pr Prandtl or Schmidt number 19/&w or 1)Ab

q(xq) ~ Heat flux or mass flux per unit area at x, on body

l‘
surface.

R - Spin Reynolds number de/i)

R, - Spin Reynolds number L .L Q 4)
Tﬁ; ~ Spin Reynolds mumber ZLC,LCQVQJ
Re -~ Axial Reynolds number Uch/1)
R, - Axial Reynolds number ZLCOUC/&)

r.8,4 -~ Spherical polar co-ordinates

r(xq) ~ Normal distance from axis of symmetry to point

at X1 on body surface.
* * - 3
r (xq) Given by r(x,')/Lc

se0e — Coefficients in power series expansion for

£ 3 %
r (xq),

I‘,l.‘,l’."3

Sc - Schmidt number

Sh - Sherwood mumber heLe/dl,

t - time

T -~ Torgue

Tw - Absolute temperature at body surface.
TA,— Absolute temperature in Main Stream.
U - Potential flow

UC -~ Characteristic velocity

*
U - Dimensionless potential flow

*
Uq,UB,uu. - Coefficients in power series for U .
'ﬁqgﬁsg,.. -~ Coefficients in power series for U.

w,v,w. - Components of velocity in directions r,9,¢ respectively.

Y

oA



v -~ Velocity vector of fluid particle at x1’x2’x3°

Vv, ,V_,V, - Components of velocity in directions X, ,X_,X

192>3 19293
V V ,V ~ Dimensionless velocity components, V1, VZ, 3 for
23 . v, V., V T T T

body in axial flow _1, _2, _3 c c
v Vv
S 5 3
for body rotating in a quiescent fluid.
VS - Characteristic spin velocity.
VN -~ Component of velocity normal to body surface.

Component of velocity in direction of co-ordinate

<
t

<
t

Component of velocity in direction of co-ordinate o.
il

V. - Defined V. R °

3 3 e

x - Distance along meridian from front stagnation point.
X oK ,XB - General orthogonal curvilinear co-ordinate system.

Xﬂ’XZ’XB -~ Dimensionless co~ordinates_f1,.f§,_f§ .
** x % Lc Lc Lc
X, = Defined X, R ~.
> 3 e

Y - Column vector

YG ~ Differential of ¥ with respect toq\ or o i,e,.gg or EEQ
do er

7Z - Dimensionless distance from sphere surface.

Z - An n-dimensional vector, see (4-8).

Greek Symbols

o, - Mass or heat diffusivity.
L
ac,Bcgaé,fé,Eé,ée - Constants of integration used in
superposition principle, Chapter L.
a - Dimensionless normal distance from body surface for body

rotating in a quiescent fluid given by N R

6 - Boundary layer thickness.

*
§ - Dimensionless boundary layer thickness.

TL Dimensionless distance from body surface for body rotating

in axial flow given by N R

22
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>
1

Spin parameter (QLC/UC)2

Q - Angular velocity

p - Viscosity of fluid

v

Kinematic viscosity
3? ,0,f - oblate spheroidal co-ordinates
e - Density of fluid

X
X - Dimensionless temperature or concentration distribution

%
/k; - Dimensionless stream functions

V - Vector operator del

Other Symbols

oﬁ ~ Mass or heat diffusivity

*
éﬁ%;(n_q) - Coefficients in power series expansion for X for

a body rotating in axial flow.

Subscrigtg

A Axial flow

h

Homogeneous function

2]
I

Heat transfer

He
1

An integer >

—
1

An integer;>1
IMP -~ Improved estimate

M - Mass transfer

n - An integer;;1

0O - Overall value

P -~ Particular solution

Q - Quiescent fLumd

S - Conditions at body surface

00 - Conditions in main stream or infinity



Superscripts

4 ~ Body in axial flow
K+1 - K+1th iteration
0O - Overall value

q ~ Body in quiescent fluid

% - Dimensionless variables
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