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SUMMARY8

A broad review is given of some areas of multivariate analysis that are not fre-9

quently emphasized. We start with situations in which underlying distributions are far10

from multivariate normal form, so that standard methods of multivariate analysis based11

on covariances are likely to be unsatisfactory. We emphasize the important distinction12

between internal and external analyses associated with multiple outcomes. A second13

theme relates to multiple outcomes generated by time or spatial series in which long-14

range dependence operates. The implications are summarized.15

16
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1 Introduction18

In many contexts it is appropriate in the various phases of an investigation to consider19

data as arranged in separate study units on each of which observations are available,20

possibly of several different kinds. Much of the extensive older literature concentrates21

implicitly largely on essentially linear relations, for example involving one or more multi-22

variate Gaussian distributions and thus often characterized by correlation or covariance23

matrices or by functions of those. The issues involved may be divided broadly into in-24

ternal and external ones, for example into studies of correlation contrasted with studies25

of regression.26

The useful broad distinction, to be interpreted flexibly, between internal and external27

analyses is that in the former, but not the latter, component variables are in some sense28

all on an equal footing, it being required to find suitable summary variables that in some29

sense encapsulate most of the variation present, whereas in external formulations there30

are two or indeed several or many types of variable with interest focused on appropriate31

conditional dependences taken in appropriate sequence. Such chains of dependency aim32

at a deeper understanding of the data-generating process often implicitly or explicitly33

evolving in time.34

By multivariate analysis, multiple outcomes are usually understood and we focus on35

that here. For methods of analysis largely emanating from the normal distribution and36

extending to distributions with ellipsoidal contours of equal density, we defer to excellent37

accounts such as [3] or [28]. Instead we focus on less standard aspects. We start by38

outlining some possibilities where any underlying distributions are far from multivariate39

normal form. In particular linear combinations of components have the potential to40

be unsatisfactory. Our emphasis here is on binary component variables. A second41

class of non-standard multivariate analysis problems concerns time or spatial series. In42
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some special contexts, for example when data defined over ever extending spatial or43

temporal ranges are involved, effective variances may decay more slowly than inversely44

as sample size, as found initially in agricultural trials [16], and turbulence ([22; 18])45

and in hydrological studies of the River Nile [20]. The properties and implications of46

processes with such long-range dependence are reviewed in Section 4.47

2 Multivariate binary outcomes48

While the more common situation is univariate, involving a single binary outcome and49

several or perhaps many potential explanatory variables, here we discuss models and50

approaches to analysis for multivariate binary data, i.e. data with two or more binary51

outcomes. There may be other observable variables thought to influence these outcomes52

jointly, necessitating formulations analogous or similar to the logistic model for univari-53

ate binary responses; this is discussed in Section 2.3. We start with the simpler situation54

in which only outcome variables are observed. The primary goal is then to study the55

association between these outcomes rather than their dependence on others. This re-56

quires a model of their joint distribution, a compromise between achieving an adequate57

order of approximation to the unknown data generating mechanism and allowing useful58

interpretable conclusions.59

The relative theoretical simplicity of multivariate Gaussian dependencies stems from60

the distribution being completely described by its mean and covariance matrix. A key61

result [35] is that the (i, j)th entry of the concentration (inverse covariance) matrix is62

zero if and only if variables i and j are independent conditional on all the other variables.63

It is natural to seek an analogue of this result for multivariate binary random variables.64

One old approach advocated by Karl Pearson treats the binary variables as di-65

chotomizations of unobserved and perhaps hypothetical continuous random variables.66

For example, with Zi and Zj obtained by dichotomization at zero of two normal random67

variables, each of mean zero, unit variance and correlation ρij , the covariance of Zi and68

Zj is, by a formula of Sheppard [31],69

cov(Zi, Zj) = 2 sin−1(ρij)
π

, (1)

by the properties of the standard bivariate normal distribution function. We do not70

comment further on this approach, preferring instead, except when the latent variables71

have a tangible interpretation, to treat the binary random variables themselves as pri-72

mary, leading in the simplest case of two binary outcomes to the following geometric73

representation.74

2.1 Some geometry of models for two binary outcomes75

The case of two binary outcomes can be depicted geometrically, similarly to the geomet-76

ric representation of pure 2 × 2 contingency tables given by Fienberg and Gilbert [17].77

For a detailed history of the analysis of 2 × 2 tables and an authoritative rebuttal of78

various sources of historical contention, see Yates [38]. Note also the strong conceptual79

distinction between the situation in which both variables are treated as outcomes and80

that in which only one is treated as an outcome, the other potentially explanatory.81
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For a pair of binary variables, Y1, Y2, each coded as {0, 1}, the probabilities of the82

four outcomes are83

π00 π01 π0.
π10 π11 π1.
π.0 π.1 1

where πj. = πj0 + πj1 are the marginal probabilities for variable 1, π.k = π0k + π1k are84

those for variable 2 and π.0 + π.1 = π0. + π1. = 1 by construction.85

A convex basis for the space of all bivariate distributions of binary outcomes, written86

in the above tabular form, is87

B1 = 1 0
0 0 , B2 = 0 1

0 0 , B3 = 0 0
1 0 , B4 = 0 0

0 1 ,

so that any tabulized joint distribution t may be written as88

t = λ1B1 + λ2B2 + λ3B3 + λ4B4,

where λ = (λ1, λ2, λ3, λ4), barycentric coordinates for t, belong to the unit simplex in89

R4. The resulting tetrahedron, S3 say, is a three-dimensional object embedded in R490

whose four vertices correspond to λ = (1, 0, 0, 0), λ = (0, 1, 0, 0), λ = (0, 0, 1, 0) and91

λ = (0, 0, 0, 1).92

The two binary variables associated with t are independent if and only if the proba-93

bility of the joint event is equal to the product of the marginal probabilities, i.e. πjk =94

(πj0 + πj1)(π0k + π1k) for all four combinations of j and k. This holds if and only if the95

cross-product ratio96

θ = (π00π11)/(π01π10),

is equal to one (e.g. [10], p.393), an observation that forms the basis for testing in-97

dependence in the pure 2 × 2 table. This constraint can be parameterized by two98

variation-independent parameters r and s, both constrained to the unit interval. Indeed99

θ = 1 if and only if100

t = rs r(1− s)
(1− r)s (1− r)(1− s) , or t = rs (1− r)s

r(1− s) (1− r)(1− s) .

Thus, for vectors v1, . . . , v4 of unit length, representing vertices of the unit three-simplex,101

the parametric surface102

rsv1 + r(1− s)v2 + (1− r)sv3 + (1− r)(1− s)v4, (r, s) ∈ [0, 1]2, (2)

characterizes the set of all bivariate binary distributions with independent marginals.103

This was noted for pure 2 × 2 contingency tables by Fienberg and Gilbert [17]. Fig. 1104

plots equation (2) together with S3, the convex hull of {v1, . . . , v4}. Note that the choice105

of coordinates for v1, . . . , v4 is immaterial except in the visual appearance of Fig. 1, a106

more regular triangular pyramid being preferred.107
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108

Fig. 1. The convex hull of the four vertices represents the space of all bivariate dis-109

tributions for binary outcomes. Those distributions with independent marginals are110

represented by the surface (2).111

If the marginal distributions are considered known, this restricts the space of joint112

distributions to a one dimensional subspace of S3 (Fig. 2). Due to non-negativity of113

the probabilities, the most extreme distributions with marginals π0·, π1·, π·0, π·1 are de-114

termined by specifying, for each j and k in turn, πjk = min{πj·, π·k}. All other prob-115

abilities are subsequently determined by the marginal totals. Of the four distributions116

constructed in this way, two are the same. Thus there are two “most extreme” distribu-117

tions and all others with the same marginals are convex combinations of these, including118

as a special case, the one in which the two binary outcomes are independent. This is one119

way of interpreting why one degree of freedom is used in independence tests for 2 × 2120

tables rather than three.121

122

Fig. 2. The straight line represents the one-dimensional subspace of S3 with marginal123

totals π0· = 0.4, π1· = 0.6, π·0 = 0.2, π·1 = 0.8. The surface of independence from Fig. 1124

is also depicted from two different vantage points.125
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2.2 Models for multivariate binary outcomes126

Similarly, the most extensive model for p binary outcomes Y1, . . . , Yp is a multinomial127

distribution, the 2p − 1 independent parameters corresponding to 2p possible values of128

Y1, . . . , Yp. The case of independence is a sub-model of this, as in the simpler illustration129

of Section 2.1.130

Logistic models are intermediate between the fully general multinomial representa-131

tion and the independence model. Write Zi = 2Yi − 1 so that the binary variables132

are now coded as {−1, 1}. The log probabilities of the 2p distinct observations can be133

modelled as134

log pr(Z1 = z1, . . . , Zp = zp) = α1z1 + · · ·+αpzp+α12z1z2 + · · ·+α(p−1)pzp−1zp+ · · ·−Λ,

where Λ is a normalizing constant ensuring the probabilities sum to one. Under this135

model, with p = 2,136

log pr(Z1 = 1, Z2 = 1)pr(Z1 = −1, Z2 = −1)
pr(Z1 = 1, Z2 = −1)pr(Z1 = −1, Z2 = 1) = log θ = 4α12,

so that the independence model corresponds to α12 = 0. For three variables, the con-137

straint α123 = 0 and α23 = 0 gives a model in which Z2 and Z3 are independent given138

Z1 = z1, as can be seen from the calculation139

pr(Z2 = z2, Z3 = z3 | Z1 = z1) = exp{α2z2 + α12z1z2} exp{α3z3 + α13z1z3}∑
z2 exp{α2z2 + α12z1z2}

∑
z3 exp{α3z3 + α13z1z3}

after multiplying and dividing by e2α1z1 .140

More generally, if α1, . . . , αp are the only non-zero parameters, the independence141

model is recovered, while if the all interactions up to order p are allowed, the resulting142

saturated model is in effect a reparameterization of the multinomial model. Useful143

sub-models are obtained by setting some parameters to zero or imposing other, ideally144

interpretable, constraints on the parameter space. For example, by setting all odd-order145

interaction parameters to zero, a subclass of the palindromic Bernoulli distributions146

is obtained [26]. The simplest models for dependence allow two-way but not higher-147

order interactions, leading to the so-called quadratic exponential binary distribution148

([9; 12; 13]).149

Without further restrictions there are p(p+1)/2 unknown parameters in the quadratic150

exponential binary distribution. Thus it is essentially equivalent in complexity to the151

unconstrained multivariate normal model and it is natural to seek further plausible re-152

strictions, as in the multivariate normal situation. Equal correlation in the Gaussian153

setting is analogous to αij = α for all i and j, while analogues of the class of multi-154

variate totally positive distributions of order 2 [21], more commonly known as MTP2155

distributions, are obtained when αij ≥ 0 for all i and j. Cox and Wermuth [12] show that156

although the unconstrained quadratic exponential binary distribution does not retain its157

exact form under marginalization and conditioning, such closure can be approximately158

achieved under this MTP2 restriction. This implies Simpson’s paradox is not possible,159

to the order of approximation considered, under the αij ≥ 0 constraint. See also [23] for160

a recent discussion in a more general context.161
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2.3 External analysis of multivariate binary outcomes162

We briefly extend this discussion of multivariate binary data to accommodate potential163

explanatory features. This is part of a common and in a sense richer situation that164

may be called external analysis, in general terms concerned with how one or more vari-165

ables of interest depend on other specified variables, and what process or sequence of166

processes can be regarded as generating observed patterns of outcomes. In the simplest167

version of this there are just two types of variable, response and explanatory respec-168

tively. Often more realistically the variables can be divided into blocks, or arranged in169

time or space, relations within a block, being taken suitably conditionally, in particular170

given observations on “previous” blocks, and taken marginally over “subsequent” blocks.171

This encourages a multi-phased synthesis of the data-generating process and in suitable172

circumstances may point towards a deeper interpretation, sometimes even reasonably173

called causal.174

In the notation of Section 2.2, suppose it is of interest to study how the joint dis-175

tribution of Y1, . . . , Yp, or equivalently Z1, . . . , Zp, depends on a vector of covariates x.176

Although log-linear models [25] have frequently been advocated for this task, these make177

no explicit distinction between responses and covariates and consequently have a num-178

ber of shortcomings [9]. McCullagh [27] proposed the multivariate logistic model, later179

developed by Glonek and McCullagh [19]. This is closed under marginalization and pro-180

vides a natural interpretation of the first-order parameters as the logistic transforms of181

marginal probabilities, i.e. p univariate logistic regression models [8] are obtained when182

all interaction terms are zero. This is a sub-model of the class of marginal log-linear183

models considered by Evans and Richardson [15].184

McCullagh [27] provides the following example in which questions of this type emerge.185

The data concerns two respiratory ailments of working coalminers who were smokers and186

apparently free of pneumonoconiosis. Each individual was classified according to their187

age (9 ranges) and whether or not they suffered from breathlessness or wheeze, and188

the counts reported as effectively a 9 × 2 × 2 contingency table. The aim of the study189

was to uncover how breathlessness and wheeze and their interaction are related to age.190

One tangential criticism at this point is that passage of time is not in itself causal, only191

processes that occur over time, so that age is not to be considered the underlying cause192

of these ailments, although it may be a useful predictor. McCullagh [27] raised further193

substantial reservations over the use of these data to reveal generalizable epidemiological194

conclusions. Nevertheless, the example provides a useful illustration. It was found, as195

expected, that the relevant parameter estimates from fitting the multivariate logistic196

model were almost identical to those obtained by fitting separate logistic models to each197

of the response variables. They were also slightly more efficient. The joint model further198

allowed estimation of the effect of the covariate on the interaction between these two199

binary response variables.200

2.4 Detection of higher-order dependencies201

Here is a conceptually simple but not trivial illustration posed in a form to illustrate dif-202

ficulties with commonly used multivariate approaches based on the normal distribution,203

such as factor analysis and principal components analysis. Observations are available on204

a large number of independent individuals recording the values of a large number of bi-205

nary variables, all having the same marginal probability 1/2 and pairwise uncorrelated.206

In fact a possibly large unknown subset of variables are all simultaneously equal with207
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appreciable probability, even with probability one. The formal problem is to detect that208

subset as efficiently as possible.209

Pairwise study as a generalization of standard multivariate techniques would not210

detect this. There are various generalizations, for example the presence of several such211

blocks. The challenge is partly to uncover such structures effectively and then to attach212

reasonable measures of uncertainty to what is found in order to make a more secure213

subject-matter interpretation. Division of the data into supposedly independent sub-214

sections each subject to the proposed analysis may formally compromise efficiency of215

estimation but may be the best route to cautious interpretation.216

Suppose now that the dependence of a particular binary variable on the others is217

of interest and that its value is totally random unless a subset of size s of the binary218

explanatory variables are all at a particular combination of their levels, in which case219

the interest variable is, for example, at its upper level with high probability. This is220

again a situation that may be difficult to detect. Even if it were known which variables221

were jointly explanatory, there are 2s possible combinations of levels that might be222

responsible for the positive outcome.223

3 Other multivariate non-normal distributions224

The previous ideas have natural extensions, especially to modelling multivariate Poisson225

variables. The geometric aspects of Section 2.1 apply directly to pure 2× 2 contingency226

tables after standardization by the sample size with these standardized counts then inter-227

preted as estimates of probability. Similarly for higher-order tables. The considerations228

involved in that discussion are also closely related to so-called compositional data [1],229

which entails the data, rather than the model parameters, belonging to the unit simplex230

in Rd. There has been a resurgence of interest in the statistical analysis of compositional231

data due to its importance in microbiomics (e.g. [24; 32; 33; 7]), an application that leads232

to the additional difficulty that observations are high-dimensional. When covariates are233

of compositional form, there are difficulties with the interpretation of standard linear234

regression coefficients as the notion of hypothetically altering one variable while others235

are treated as fixed is not physically possible; it is impossible to change one proportion236

without altering at least one other. Logarithmic transformation resolves this difficulty,237

although the regression coefficients are then required to sum to zero. See [1].238

Olkin [29] outlined the construction of some other multivariate non-normal distribu-239

tions, some of which stem from the multivariate normal via the Wishart distribution. He240

briefly commented on physical explanations that could conceivably produce multivariate241

exponential random variables.242

Multivariate outcomes of various types routinely emerge in matched pair and other243

matched strata experiments. We focus on pairwise comparisons for concreteness. Thus,244

pairs of individuals are matched based on their intrinsic features and a treatment is ran-245

domized to one unit per pair, leaving the other as the untreated control. The objective is246

to eliminate sources of variation other than the treatment. Given n pairs, let (Ti, Ui)ni=1247

denote the observations on an outcome of interest for the treated individual and the un-248

treated control. Provided there are no interactive effects between the treatment and the249

intrinsic characteristics of the pairs, an assumption that may need separate checks, it is250

reasonable to represent the distributions of Ti and Ui as being equal up to the presence251

of a treatment parameter, ψ say, and otherwise known modulo a pair-specific nuisance252
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parameter, λi say. Inclusion of a nuisance parameter for each pair avoids having to253

specify in detail those aspects of the probabilistic model that are not of subject-matter254

interest. There are limitations to this approach. Notably any effect-modification due to255

intrinsic characteristics would not be detectable.256

The point we wish to make is that if the pair-specific nuisance parameters (λi)ni=1 are257

treated as unknown constants, then Ti and Ui are independent, while if these nuisance258

parameters are treated as random, from a known or unknown distribution parameterized259

by θ, this induces dependence within pairs leading to a multivariate formulation. The260

methods of analysis for these two situations are very different. For the former, typically261

preliminary manoeuvres are applied to eliminate the nuisance parameters before apply-262

ing maximum likelihood to the transformed random variables to estimate ψ. On the263

other hand, with (λi)ni=1 treated as random, joint estimation of θ and ψ by some form264

of maximum likelihood is reasonable, although there could be serious difficulties if the265

assumed distribution for (λi)ni=1 is an inadequate representation. See [5] for a detailed266

discussion of matched exponential pairs. Other special distributional forms raise similar267

issues.268

4 Outcomes with long-range dependence269

We turn now to a completely different situation generating multiple outcomes: that of270

processes evolving over time or space. We focus in particular on the special issue of271

long-range dependence and its connection with second-order statistical analysis of time272

series. This account closely follows the early sections of [11].273

Let {Xt}t∈Z be a second-order stationary process with autocovariance function γX(h) =274

cov(Xt, Xt+h), variance τX = γX(0), autocorrelation function ρX(h) = γX(h)/τX and275

spectral density function276

gX(ω) = 1
2π

∞∑
h=−∞

γX(h)e−ihω, −π < ω < π.

Since, by Herglotz’s theorem (e.g. [6], p.117),277

γX(h) =
∫ π

−π
eihωgX(ω)dω,

the autocovariance function and the spectral density function provide equivalent second-278

order characterizations. A third characterization, in terms of sequences of averaged279

processes, reveals additional insights.280

A new second-order stationary process {X(m)
t }t∈Z can be formed by averaging the281

original series in nonoverlapping blocks of size m ∈ {1, 2, . . .}, that is282

X
(m)
t = (Xtm−m+1 + · · ·+Xtm)/m. (3)

Let γm(h) and vm = γm(0) be the autocovariance function and variance of {X(m)
t }t∈Z,283

and let ρm(h) = γm(h)/vm be the autocorrelation function. On considering {vm}m∈N284

as a sequence, with v1 = τX , we have [39]285

vm = τX
m

+ 2
m2

m∑
h=1

(m− h)γX(h) = τX
m

+ 2
m2

m−1∑
s=1

s∑
h=1

γX(h). (4)
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Thus, for h ∈ {2, 3, . . .}286

γX(h− 1) = ∆2
{
h2

2

(
vh −

τX
h

)}
where ∆2 denotes the second-difference operator. This is seen most clearly by expanding287

the double sum in (4) and noting that, for a sequence {Zn}n∈Z, ∆2(Zn) = ∆{∆(Zn)} =288

Zn − 2Zn−1 + Zn−2. Thus we have established the equivalence of gX(ω), {γX(h)}h∈Z289

and {vm}m∈N in characterizing the second-order properties of a stationary sequence.290

The qualitative distinctions between short-range and long-range dependent processes291

are captured by the following essentially equivalent conditions. For short-range depen-292

dent processes:293

(SR.1)
∑∞
h=0 γX(h) is convergent;294

(SR.2) gX(0) is finite;295

(SR.3) vm is asymptotically of the form τX/m for large m;296

(SR.4) {X(m)
t }t∈Z tends to second-order pure noise as m→∞.297

By contrast, for long-range dependent processes:298

(LR.1)
∑∞
h=0 γX(h) is divergent;299

(LR.2) gX(ω) is singular near ω = 0;300

(LR.3) mvm diverges as m→∞.301

We shall restrict attention to a rich but more manageable subclass of long-range302

dependent processes of index β ∈ (0, 1), characterized by:303

(LR-β.1) γX(h) ∼ γ′h−β (h→∞);304

(LR-β.2) gX(ω) ∼ g′ω−(1−β) (ω → 0);305

(LR-β.3) vm ∼ v′m−β (m→∞);306

(LR-β.4) ρm(h)→ (1/2)δ2(h2−β) as m→∞307

(1/2)δ2(h2−β) ∼ (1/2)(2− β)(1− β)h−β as h→∞,308

where γ′, g′ and v′ are functionally related and f(x) ∼ g(x), (x → x0) means f(x) =309

g(x)(1 + o(1)) as x→ x0.310

Property (LR-β.1) specifies that the tails of the autocovariance function decay as a311

slow power law. A major statistical implication of Property (LR-β.3) is that the variance312

of a sample mean decays more slowly than the inverse sample size. This arises due to313

the non-degenerate correlation structure of the averaged process {X(m)
t }t∈Z as m→∞.314

A detailed treatment of long-range dependence and self-similarity is given in [30],315

where the conditions above are discussed in Sections 2.2, 2.3 and 2.8.316

For spatial processes the results are qualitatively similar ([36; 37]), although there is317

inherent multidimensionality. A further feature, often ignored with little effect due to318

the scales involved, are the topological features of the area over which the spatial series319

is observed. For instance, in a study of crop yields, the space over which the process is320

observed can reasonably be treated as two-dimensional Euclidean, while if the process321

of interest is the spatial arrangement of lipids or proteins on the cellular membranes of322

bacteria or other microorganisms (e.g. [34]), the geometry of the surface usually cannot323

be ignored.324

Cox [11] called Property LR-β.4 asymptotic second-order self-similarity because of325

its resemblance to exact second order self-similarity. Specifically, a process {Xt}t∈Z for326

which327

ρX(h) = (1/2)∆2(h2−β) (5)
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has ρm(h) = ρX(h) and vm = v1m
−β and is exactly second-order self-similar (cf LR-β.4).328

In other words, sums of consecutive values such as329

X1 + · · ·+Xm, Xm+1 + · · ·+X2m, · · ·

have the same autocorrelation function as the original process.330

Recently Cox [14] modelled the accretion of big data as evolving implicitly in time or331

space, with new sources of variability entering in a time-dependent Poisson process and332

operating permanently thereafter. The work illustrates, in idealized form, the consider-333

able potential for producing estimates of misleadingly high apparent precision, owing to334

strong implicit assumptions of at most weak dependence. This is perhaps most prob-335

lematic in external analyses, which are less central to the present paper with its focus336

on problems of a multivariate nature. There are a number of issues involved both in337

assessing the real errors of estimation present and indeed in considering whether sources338

of variability that are negligible with modest amounts of data must be assessed critically339

when large amounts of data are involved. Indeed systematic errors that are relatively340

unimportant with modest amounts of data may become critical as the amount of data341

gets large.342
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