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ABSTRACT

We study a mean-field spike and slab variational Bayes (VB) approximation to Bayesian model selection
priors in sparse high-dimensional linear regression. Under compatibility conditions on the design matrix,
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oracle inequalities are derived for the mean-field VB approximation, implying that it converges to the sparse

truth at the optimal rate and gives optimal prediction of the response vector. The empirical performance of
our algorithm is studied, showing that it works comparably well as other state-of-the-art Bayesian variable
selection methods. We also numerically demonstrate that the widely used coordinate-ascent variational
inference algorithm can be highly sensitive to the parameter updating order, leading to potentially poor
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performance. To mitigate this, we propose a novel prioritized updating scheme that uses a data-driven
updating order and performs better in simulations. The variational algorithm is implemented in the R
package sparsevb. Supplementary materials for this article are available online.

1. Introduction

Inference under sparsity constraints has found many appli-
cations in statistics and machine learning (Mitchell and
Beauchamp 1988; Tipping 2001). Perhaps the most widely
applied such model is sparse linear regression, where we observe

Y =X0+27, (1)

where Y € R”, X is a given, deterministic n x p design matrix,
0 € RP is the parameter of interest and Z ~ N, (0, I,,) is additive
Gaussian noise. We are interested in the sparse high-dimensional
setting, where n < p and typically n <« p, and many of the
coeflicients 6; are (close to) zero.

From a Bayesian perspective, perhaps the most natural way to
impose sparsity is through a model selection prior, which assigns
probabilistic weights to each potential model, that is, each subset
of{1,...,p} corresponding to selecting the nonzero coordinates
of & € RP. This is one of the most widely used approaches
within the Bayesian community (Mitchell and Beauchamp 1988;
George and McCulloch 1993; West 2003; Efron 2008) and
includes the popular spike-and-slab prior, which is often con-
sidered the gold standard in sparse Bayesian linear regression.
Such priors have been shown to perform well for estimation and
prediction (Johnstone and Silverman 2004; Castillo and van der
Vaart 2012; Castillo, Schmidt-Hieber, and van der Vaart 2015;
Chae, Lin, and Dunson 2019), uncertainty quantification (Ray
2017; Castillo and Szab6 2020), and multiple hypothesis testing
(Castillo and Roquain 2020), see Banerjee, Castillo, and Ghosal
(2020) for a recent review.

However, while these priors perform excellently both empir-
ically and theoretically, the discrete model selection component
of the prior can make computation hugely challenging. For 6
RP, inference using the spike-and-slab prior generally involves
a combinatorial search over all 2”7 possible models, a hugely
expensive task for even moderate p. Fast algorithms for exact
posterior computation are thus usually restricted to the diagonal
design case (Castillo and van der Vaart 2012; van Erven and
Szabo 2020), while Markov chain Monte Carlo methods are
known to have problems mixing for typical problem sizes of
interest (Griffin, Latuszynski, and Steel 2017).

A popular scalable alternative is variational Bayes (VB),
which recasts posterior approximation as an optimization
problem. One minimizes the VB objective function, consisting
of the Kullback-Leibler (KL) divergence between a family of
tractable distributions, called the variational family, and the
posterior. Though the resulting approximation does not provide
exact Bayesian inference, picking a computationally convenient
variational class can dramatically increase scalability (see, e.g.,
Blei, Ng, and Jordan 2003; Hoffman et al. 2013). An especially
popular variational family consists of distributions under which
the model parameters are independent, so called mean-field
VB. For a nice recent review of VB, see Blei, Kucukelbir, and
McAuliffe (2017).

In this work, we consider a mean field family consisting of
distributions independently assigning each coordinate of 6 an
independent mixture of a Gaussian and Dirac mass at zero,
thereby mirroring the form of the spike-and-slab prior (but
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crucially not the form of the posterior). Such a computational
relaxation is significant, reducing the posterior dimension to
a much more tractable O(p). This is a natural approximation
since it keeps the discrete model selection aspect and many of
the interpretable features of the original posterior, for example,
access to posterior probabilities of submodels and inclusion
probabilities of particular covariates. This sparse variational
family has been applied in practice (Logsdon, Hoffman, and
Mezey 2010; Titsias and Lazaro-Gredilla 2011; Carbonetto and
Stephens 2012; Huang, Wang, and Liang 2016; Ormerod, You,
and Miiller 2017), but comes with few theoretical guarantees.

We study this VB procedure under the frequentist assump-
tion that the data Y has been generated according to a given
sparse parameter 6y. Under standard conditions on the design
matrix, we obtain refined oracle type contraction rates for the
mean-field VB approximation of model selection priors. As a
consequence, these imply that the VB posterior performs opti-
mally regarding both estimation of a sparse 6 and for prediction
of the response vector. This provides a theoretical justification
for this attractive approximation algorithm in a sparsity context.

While similar VB approaches have been applied in the
methodological literature (Logsdon, Hoffman, and Mezey 2010;
Titsias and Lazaro-Gredilla 2011; Carbonetto and Stephens
2012; Huang, Wang, and Liang 2016; Ormerod, You, and Miiller
2017), our contribution also possesses a crucial methodological
difference. These existing works typically use Gaussian slabs for
the prior, which allows analytic evaluation of certain formulas
in the variational algorithm leading to fast optimization. How-
ever, Gaussian slabs are inappropriate for recovering the true
signal 6 since the true underlying posterior performs excessive
shrinkage causing poor performance (Castillo and van der Vaart
2012). One cannot typically expect a VB approximation based
on a poorly performing underlying posterior to perform well
for recovery. We instead consider Laplace slabs for the prior,
which result in optimal recovery when using the true posterior
(Castillo and van der Vaart 2012; Castillo, Schmidt-Hieber, and
van der Vaart 2015). We are thus using a similar variational
family to estimate a different posterior distribution compared to
previous works. Another way to correct the original posterior is
to explicitly shift the posterior mean using an empirical Bayes
approach (Martin, Mess, and Walker 2017; Martin and Tang
2019; Belitser and Ghosal 2020; Belitser and Nurushev 2020).

We provide the methodological details for applying the
widely used coordinate-ascent variational inference (CAVI)
algorithm (Blei, Kucukelbir, and McAuliffe 2017) with Laplace
slabs and investigate our method numerically on both simu-
lated and real world ozone interaction data. As predicted by
the theory, our method performs well in a number of settings
and typically outperforms VB approaches with prior Gaussian
slabs. In fact, we find that our approach generally performs at
least as well as other state-of-the-art Bayesian variable selection
methods. We have implemented our algorithm in the R-package
sparsevb (Clara, Szabo, and Ray 2020).

Our simulations also show that the CAVT algorithm is highly
sensitive to the updating order of the parameters. Since the VB
objective function is nonconvex and typically has multiple local
minima, a poorly chosen updating order can trap the algorithm
near a highly suboptimal local minimum causing poor perfor-
mance. To resolve this, we propose a novel prioritized update
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scheme where we base the CAVI parameter update order on
the estimated size of the coeflicients via a preliminary estimator.
Our simulations indicate that such a data-driven updating order
performs better than using either a naive or random update
order and provides more robustness against being trapped at a
suboptimal local minimum. This idea is applicable beyond the
present setting and may be useful for other CAVI approaches.

1.1. Related Work

While VB has found increasing usage in practice, its theoretical
understanding is still in the early stages. In low-dimensional
settings, some Bernstein-von Mises type results have been
derived (Lu, Stuart, and Weber 2017; Wang and Blei 2019), while
in high-dimensional and nonparametric settings, first results
have only recently appeared (Pati, Bhattacharya, and Yang 2018;
Zhang and Gao 2020; Zhang and Zhou 2020). There has also
been theoretical work on studying variational approximations to
fractional posteriors, which down-weight the likelihood (Alquier
and Ridgway 2020; Yang and Martin 2020; Yang, Pati, and Bhat-
tacharya 2020). The articles (Zhang and Gao 2020; Pati, Bhat-
tacharya, and Yang 2018; Yang, Pati, and Bhattacharya 2020)
provide general proof methods which employ the classical prior
mass and testing approach of Bayesian nonparametrics (Ghosal,
Ghosh, and van der Vaart 2000). However, since it is known that
posterior convergence rates, let alone oracle rates as we derive
here, for model selection priors cannot easily be established
using this approach (Castillo and van der Vaart 2012; Castillo,
Schmidt-Hieber, and van der Vaart 2015), their results do not
apply to our setting. We have extended some of the present
results to high-dimensional logistic regression in follow up work
(Ray, Szabo, and Clara 2020).

1.2. Organization

In Section 2, we give details of the prior, variational approxima-
tion and conditions on the design matrix. We present our main
results in Section 3, details of the VB algorithm in Section 4,
numerical results in Section 5, and conclusions in Section 6.
In the supplementary materials, we give additional numerical
results in Section A, full oracle results and proofs in Section
B, additional methodological details in Section C, and further
discussion of the design matrix assumptions in Section D.

1.3. Notation

Let Py be the probability distribution of the observation Y
arising in model (1) and let Ey denote the corresponding expec-
tation. For two probability distributions P, Q, KL(P||Q) =

[ log %dP denotes the KL divergence. For x € RY, we write

[Ix]], = (sz:l 1xi|2)1/2 for the Euclidean norm. For a vector
0 € RP and a subset S € {1,...,p} of indices, set 05 to be
the vector (6;);cs in RS, where |S| denotes the cardinality of S.
Further let Sy = {i : 6; # 0} be the set of nonzero coeflicients
of 6. We will often write Sy = Sp, and so = |Sy, |, where 6 is the
true vector. For X ; the ith column of X, set

[1X]] := max [[X.]], = max (X"X);/%. )
1<i<p 1<i<p

1
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2, Prior, Variational Families, and Design Matrix
2.1. Model Selection Priors

We first present the desirable, but computationally challenging,
model selection priors that underlie our VB approximation.
Consider a prior for 6 € RP? that first selects a dimension s from
aprior 77, on {0, .. ., p}, then uniformly selects a random subset
S C {1,...,p} of cardinality |S| = s and lastly a set of nonzero
values fs = {0; : i € S} from a prior density gs on RISI, Since
it is known that the “slab” distribution should have exponential
tails or heavier to achieve good recovery (Castillo and van der
Vaart 2012), we restrict to the case where gs = [ [;,cg Lap(X) isa
product of centered Laplace densities with parameter 1 > 0 on
R®. This yields the hierarchical prior:

s~ 7p(s)
SIIS| = s ~ Unifp

3)
ind | Lap(d),
91. ~ 80

ies,

ids,

where Unif , ; selects S from the ({7 ) possible subsets of {1, .. ., p}
of size s with equal probability and §p denotes the Dirac mass
at zero. Since we wish the prior to perform model selection via
the prior 77, on the dimension s rather than via shrinkage of the
Laplace distribution, the choice of prior 7, is crucial. The aim
is to select a distribution which sufficiently downweights large
models while simultaneously placing enough mass to the true
model. Following Castillo, Schmidt-Hieber, and van der Vaart
(2015), we select an exponentially decreasing prior: we assume
that there are constants A;, Ay, Az, Ay > 0 with

Ap ™ Bmp(s — 1) < mp(s) < App Mmp(s — 1), (4)

s = 1,...,p. Assumption (4) is satisfied by a variety of priors,
including those of the form my(s) o a_sp_bs for constants
a,b > 0 (“complexity priors,” Castillo and van der Vaart 2012)
and binomial priors. The spike-and-slab prior, where we model
QiNiierap (A) + (1 — 1)y, falls within this framework by taking
7p to be Bin(p, r). The value r is the prior inclusion probability
of the coordinate i and controls the model selection. Taking
a hyperprior r ~ Beta(l,p¥) for u > 1 also satisfies (4)
(Castillo and van der Vaart 2012, Example 2.2), allows mixing
over the sparsity level r and gives a prior that does not depend
on unknown hyperparameters.

The regularization parameter A in the slab distribution in (3)
is allowed to vary with p within the range

X _
”T” A = 2/|X||/log p, (5)

where the norm ||X|| is the maximal column norm defined
in (2). The quantity A is the usual value of the regularization
parameter of the LASSO (Bithlmann and van de Geer 2011,
chap. 6). Large values of A may shrink many coordinates 6;
in the slab toward zero, which is undesirable in our Bayesian
setup since we wish to induce sparsity via 7, instead. Indeed,
since the slab component identifies the nonzero coordinates, it is
unnatural to further shrink these values. It is natural to take fixed
values of A or A — 0, both of which are typically allowed by (5)
depending on the specific design matrix and regression setting.

<A <22,

Specific values of || X|| for some examples of design matrices are
given in Section D in the supplementary materials.

The theoretical frequentist behavior of the full posterior aris-
ing from prior (3) has been studied in Castillo and van der Vaart
(2012) and Castillo, Schmidt-Hieber, and van der Vaart (2015),
who obtain oracle contraction rates amongst other things. We
build on their work to show that these results extend to the
scalable variational approximation.

We briefly comment on the more realistic situation that the
model has unknown variance ¢?2, in which case we instead
observe Y = X6 + ¢Z. Since then

Y/ =(X/5)0 + 2, (6)

one may first rescale the data using an estimate ¢ of ¢ and
as before endow 6 with the prior (3), thereby obtaining an
empirical Bayes approach. We investigate this empirical Bayes
approach numerically in Section 5.2, showing that our method
continues to perform well in the more realistic scenario of
unknown noise level. One can alternatively use a hierarchical
Bayesian approach by endowing ¢ with a hyperprior, common
choices including the inverse Gamma distribution, ¢/¢? or the
improper prior 1/¢.

2.2. Variational Approximations

The posterior IT(-|Y) arising from the prior (3) and data (1)
assigns weights to all the 2P possible models, except for very
special instances of the design matrix X and prior. Since the
posterior is difficult to compute for even moderate p, we take
a VB approximation using the mean-field variational family

p

Pmr = {Pu,a,y = ® [¥iN(wi-o?) + (1 — yi)o] :
i=1

wi €R, o, eRY, y; € [0,1]}, (7)

with corresponding VB posterior

M= argmin KL(Py,,, ||TI(:|Y)), (8)

P,y €PME

the minimizer of the KL divergence with respect to the pos-
terior. Under P, 5, , we have 6; ~ yiN(,ui,aiz) + (1 — ¥)do
independent. We thus approximate the posterior with a spike-
and-slab distribution with Gaussian slabs under which every
coordinate is independent. Note that while the prior may take
the form (7), the posterior will in general not. The key reduction
here is that we replace the 2?7 model weights with the p VB
inclusion probabilities (y;), thereby dramatically shrinking the
posterior dimension. The VB approximation (8) forces (sub-
stantial) additional independence into the resulting distribu-
tion, breaking dependencies between the variables. For instance,
pairwise information that two coefficients 6; and 6 are likely to
be selected simultaneously or not at all is lost.

While we use Gaussian slabs in our variational family, it is
crucial the true prior has slab distributions with at least expo-
nential tails (e.g., Laplace) (Castillo and van der Vaart 2012).
The reason a Gaussian approximation works well here is that the
likelihood induces Gaussian tails in the posterior. We emphasize



that we use the same variational family to estimate a different
posterior compared to previous works (Logsdon, Hoffman, and
Mezey 2010; Titsias and Lazaro-Gredilla 2011; Carbonetto and
Stephens 2012; Huang, Wang, and Liang 2016; Ormerod, You,
and Miiller 2017), which use Gaussian prior slabs. While using
Gaussian prior slabs is particularly efficient computationally, it
can yield poor performance due to excessive shrinkage of the
estimated coefficients, as we demonstrate numerically in Section
A .2 in the supplementary materials. Computing the VB estimate
(8) is an optimization problem that can be tackled using CAVI,
see Section 4 for details.

While the family Pymp is our main object of interest, our
proofs yield similar theoretical results for two other closely
related variational families. Consider the family of distributions
consisting of products of a single multivariate normal distribu-
tion with a Dirac measure:

Q = {Ns(us, £s) ® 8sc : S C {1,2,...,p}, us € RIS,

Ts e RISXISI 4 positive definite covariance matrix}, ®
where §sc denotes the Dirac measure on the coordinates S¢. This
family is more rigid on the model selection level than Py,
selecting a distribution with a single fixed support set S. On
this set, however, the family permits a richer representation for
the nonzero coeflicients, allowing nonzero correlations. Next
consider the mean field subclass of O:

Owmr = {Ns(us, Ds) @ 85 : S € {1,2,...,p}, us € RIS,

Ds € RSB a positive definite diagonal matrix).
(10)

This family again allows distributions with only a single fixed
support set S, but further forces independence of the nonzero
coeflicients. This class is contained in Pyr by considering dis-
tributions P, ,,, with inclusion probabilities restricted to y; €
{0, 1}. We define the corresponding VB posteriors by

Q = argmin KL(Q|[T1(-|)),

QeQ
Q = argmin KL(Q||TT(-|Y)).
QeQwmr

(11)

While all our theoretical results also apply to the VB posteriors
Q and Q, these seem to perform worse in practice than I, see
Section A.2 in the supplementary materials. This is potentially
due to the discrete constraint y; € {0, 1} for these two families,
which renders the highly nonconvex optimization problems
(11) difficult to solve.

2.3. Design Matrix

The parameter 6 in model (1) is not estimable without further
conditions on the regression matrix X. For the high-dimensional
case p > n, which is of most interest to us, 6 is not even
identifiable without additional assumptions. We thus assume
that there is some “true” sparse 6y generating the observation
(1) with at most s, nonzero coefficients:

0o € {0: #(j: 0; #0) <s,}, forsomes, = o(n).

JOURNAL OF THE AMERICAN STATISTICAL ASSOCIATION @ 1273

In the sparse setting, it suffices for estimation to have “local
invertibility” of the Gram matrix X7 X. The notion of invertibil-
ity can be made more precise using the following definitions,
which are based on the sparse high-dimensional literature (e.g.,
Bithlmann and van de Geer 2011), and have been adapted to
the Bayesian setting in Castillo, Schmidt-Hieber, and van der
Vaart (2015). We provide only a brief description, referring the
interested reader to Section 2.2 of Castillo, Schmidt-Hieber, and
van der Vaart (2015) for further discussion.

Definition 1 (Compatibility). A model S < {1,..
compatibility number

|1X611,18]"/?
X165y

.,p} has

¢(S)=inf{ :16selly §7||93||1)9s#0}~

A model is considered “compatible” if ¢(S) > 0, in which
case ||X0|1,18|% > #(S)||X]||||6s]]; for all & in the above
set. The number 7 is not important and is taken in Definition
2.1 of Castillo, Schmidt-Hieber, and van der Vaart (2015) to
provide a specific numerical value; since we use several results
from Castillo, Schmidt-Hieber, and van der Vaart (2015), we
employ the same convention. The compatibility number does
not directly require sparsity, but reduces the problem to approx-
imate sparsity by considering only vectors 6 whose coordinates
are small outside S. Conversely, the following two definitions
deal only with sparse vectors.

Definition 2 (Uniform compatibility for sparse vectors). The com-
patibility number for vectors of dimension s is

|1X61151S61"/2

I
e m{ X101,

10 # (S| < S} .
Definition 3 (Smallest scaled sparse singular value). The smallest
scaled sparse singular value of dimension s is

X0
|1X611> _0¢|30|55}_

b(s) :=inf { — = .
P =in {||X||||9||2

We shall require that these numbers are bounded away from
zero for s a multiple of the true model size. If || X|| = 1, then
H(s) is simply the smallest scaled singular value of a submatrix
of X of dimension s. Note that Definitions 1-3 are Definitions
2.1-2.3 of Castillo, Schmidt-Hieber, and van der Vaart (2015).
Such compatibility conditions are standard for sparse recovery
problems, see Sections 6.13 and 7.15 of Bithlmann and van de
Geer (2011) for further discussion.

These compatibility type constants are bounded away from
zero for many standard design matrices, such as diagonal matri-
ces, orthogonal designs, iid (including Gaussian) random matri-
ces, and matrices satisfying the “strong irrepresentability con-
dition” of Zhao and Yu (2006). Details of these examples are
provided in Section D in the supplementary materials.

3. Main Results

We now provide the main theoretical results of this article
concerning the frequentist behavior of the VB posterior IT in
the asymptotic regime n, p — 0o. While the results are obtained
assuming Gaussian noise in model (1), they are in fact robust



1274 K. RAY AND B. SZABO

to misspecification of the error distribution, see Remark B.1 in
Section B in the supplementary materials. This robustness to
misspecification is reflected in practice, see Section A.4 in the
supplementary materials for numerical results.

Our first result establishes contraction rates for the VB pos-
terior to a sparse truth in ¢;-loss, £;-loss and prediction error
[|IX(6—60)]|,. Apart from the sparsity level, the rate also depends
on compatibility. For M > 0, set

o= (20™ (14 16 A\ g

wM(>—¢<( _< P92 % ))' ')’
Ym(S) = ~((2+ﬂ4<1+—16 &>> |S|>
MO =02+ 4 Ut sees |

In the natural case A < A, these constants are asymptotically
bounded from below by ¢((2 + F)[S]) and ¢((2 + F)|S)) if
¢ (8S) is bounded away from zero. Our results are uniform over
vectors in sets of the form

®(S0) > co, 1S0] < sn> ¥, (S0) = col,
(13)
for So = Sgy> sn > 1, ¢o > 0and p, — oo (arbitrarily slowly).

(12)

Op,s, = {00 € RP :

Theorem 1 (Recovery). Suppose the model selection prior (3)
satisfies (4), (5), and A = O(||X||\/logp/ss). Then the VB
posterior IT satisfies, with Sy = Sg,,

/2
|So| lo
sup  EgT1(6:11X(0 — )|, > —Pn Y101 08P
60€0 5, ¥, (S0) ¢ (So)
— 0,

Mp,  1Soly/logp
sup  Eg,I1(0:110 — 60l > - ) >,
9060/0715" ‘(ppn(so) ||X||¢(SO)
sup Eg,[1(6: 116 — 6ol Mp,> _(/1Sollogp
0O 27 X1 S0? (S0
— 0

for any p, — oo (arbitrarily slowly), ®,, ;, defined in (13) and
where M > 0 depends only on the prior. Moreover, the same
holds true for the VB posteriors Q and Q.

Theorem 1 follows directly from the oracle type Theorem 3
below upon setting 6, = 6y. Recall that we are working under
the frequentist model where there is a “true” 9y generating data
Y of the form (1). Since the above rates equal the minimax
estimation rates over |Sp|-sparse vectors, Theorem 1 states that
the VB posterior puts most of its mass in a neighborhood of
optimal size around the truth with high Py, -probability in terms
of £1, €3, and prediction loss. Thus for estimating 6y, the VB
approximation behaves optimally from a theoretical frequentist
perspective. This backs up the empirical evidence that VB can
provide excellent scalable estimation.

The VB posterior mean often provides a good point estima-
tor and the VB posterior is known to typically underestimate
the marginal posterior variance (see, e.g., Blei, Kucukelbir, and
McAulifte 2017—this is a result of using the KL divergence
as optimization criterion). The combination of good centering

point and the posterior shrinking at least as fast as the true
posterior explains why the VB posterior still provides optimal
recovery, despite the loss of information from using a mean-field
approximation.

Since the prior and variational family do not depend on
the unknown sparsity level |So| and the VB estimate contracts
around the truth at the minimax rate, the procedure is adaptive.
That is, the procedure can recover an |Sy|-sparse truth nearly as
well as if we knew the exact level of sparsity of the unknown 6.
However, the choice of tuning parameters still has an effect on
the finite-sample performance, see Section A.3 for a numerical
investigation of the effect of the hyperparameter A. Note that
Theorem 1 does not imply that the VB posterior IT converges
to the true posterior I1(-|Y). Indeed, this is neither a typical
situation nor a necessary property since the VB estimate should
be substantially simpler than the true posterior to be useful.

Theorem 1 implies the variational families Q and Qpr also
provide optimal asymptotic estimation of 6y in £, {2, and pre-
diction loss. However, the corresponding optimization routine
seems to yield worse performance in practice, see Section A.2 in
the supplementary materials.

An important motivation for using model selection priors is
their ability to perform variable selection. The following result
shows that the variational approximation puts most of its mass
on models of size at most a multiple of the true dimension,
thereby bounding the number of false positives.

Theorem 2 (Dimension). Suppose the model selection prior (3)
satisfies (4), (5), and A = O(||X||\/logp/ss). Then the VB
posterior I satisfies, with Sy = So>

sup By T1(0: 1801 = 150l + Mpw (1+ 53852 ) 1501)

9() €®ﬂn Sn
— 0,

for any p, — oo (arbitrarily slowly), ®,, ;, defined in (13) and
where M > 0 depends only on the prior. Moreover, the same
holds true for the VB posteriors Q and Q.

Theorem 2 follows directly from the oracle type Theorem 4
below upon setting 6, = 6. In the interesting case 1 < X, the
factor in Theorem 2 can be simplified to (1 + Mp,,) if the true
parameter is compatible. Note also that under the conditions
of Theorems 1 and 2, it is not possible to consistently estimate
the true support Sy, of 6y since one cannot separate small and
exactly zero signals.

Since the variational families Q and QyF contain only dis-
tributions with a single support set S, the last statement says the
resulting VB posteriors will select such a set of size at most a
multiple times |So| with high Py, -probability. The VB estimates
based on these two variational families perform model selec-
tion in a hard-thresholding manner, reporting only whether a
variable is selected or not. On the other hand, the more flexible
family Pyr quantifies the individual variable selection via the
reported nontrivial inclusion probabilities 0 < y; < 1, and in
this regard provides a richer approximation of the target poste-
rior. Information on pairwise variable inclusion is obviously lost
given the mean-field nature of the approximation. Nevertheless,
it is interesting to note that all these families still permit good
estimation of 6.



We now provide more refined oracle-type versions of Theo-
rems 1 and 2 as are known to hold for the true posterior (Castillo,
Schmidt-Hieber, and van der Vaart 2015).

Theorem 3 (Oracle recovery). Suppose the model selection prior
(3) satisfies (4), (5), and A = O(||X||\/logp/sn). For 6y €
RP\{0}, let 0, € RP be any vector satisfying 1 < s, = |Sp,| <
|So,| = so and || X6y — 9*)||% < (so — s«) logp. Then the VB
posterior [T satisfies, for any 6, as above,

sup E@Ol'I(@ IX©O — 6o)ll,

906@,)",5"
Mol /51
> P [ e 4 +||X(eo—e*>||2D -0,
V, S0l ¢S

sup E90ﬁ<9 116 = 6olly > 1160 — Ol

00€O py1.5n

Mopy, [s*\/logp ||X(90—9*)||§D
+ — — 0,
v, (S0)? LIIXI1¢(S:0)? [1X]y/log p
sup o : — > ——
oo, o ST X1, (S0)2
/s« lo
x [¢(—S§” + I1X( —9*)||2D —0

for any p, — oo (arbitrarily slowly), ®,, , defined in (13) and
where M > 0 depends only on the prior. Moreover, the same
holds true for the VB posteriors Qand Q.

This can yield better rates than Theorem 1 for certain param-
eters and choices of 6. For example, if X = I is the identity matrix
so that ¥, (S) = ¢(S) = 1 for all §, setting 0 = 0 yields

sup 5, 1 (0 :110 — bolly = Mpr*I16ll;) — 0

0

for any p, — oco. If ||6| |§ < |So| log p, this improves upon the
rate \/|So|log p in Theorem 1 by accounting for the size of the
coeflicients of 6y and not only its sparsity level.

The advantage of the oracle bound is it can take into account
small nonzero coefficients of 6y and capture its “effective spar-
sity” If S, C So, as one typically takes, the condition ||X(6y —
0.)] |§ = || X6 s | |§ < (so—sx) log p implies that the coordinates
of Oy in Sp\ S, contribute on average at most log p to the squared
prediction error. Thus if the coefficient contributes less than
logp to the squared prediction loss, it is preferable to assign
it as bias rather than pay the full logp term required by the
squared minimax rate sy log p, which accounts only for sparsity
irrespective of signal size.

Theorem 4 (Oracle dimension). Suppose the model selection
prior (3) satisfies (4), (5), and A = O(||X||\/logp/sn). For
6 € RP\{0}, let 6, € RP be any vector satisfying 1 < s, =
1S6,1 < |Sg,| = so and [|X(6p — 0:)|I5 < (so — sx) logp. Then

the VB posterior IT satisfies, for any 6, as above,

sup EGOI:I(@ D 1Sa] = 1]

eoegﬂnvfn

X(60—6:)113
+M,0n[ (14 7a82) 19,1 + G2l )”ZD —0,

JOURNAL OF THE AMERICAN STATISTICAL ASSOCIATION 1275

for any p, — oo (arbitrarily slowly), ®,, ;, defined in (13) and
where M > 0 depends only on the prior. Moreover, the same
holds true for the VB posteriors Q and Q.

Theorems 3 and 4 are special cases of the finite-sample Theo-
rems B.1 and B.2 in the supplementary materials. Our proofs are
based on the following crucial result, which allows one to exploit
exponential probability bounds for the posterior to control the
corresponding probability under the variational approximation.

Theorem 5. Let ®,, be a subset of the parameter space, A be an
event and Q be a distribution for 6. If there exist C > 0 and
8, > 0 such that

Eg,T1(0 € ©,|Y)14 < Ce™on, (14)

then

2 8,/
En QO € 014 = [ B KLQITCIY) 14+ Ce2]

Proof. Recall the duality formula for the KL divergence
(Boucheron, Lugosi, and Massart 2013, Corollary 4.15)

KL(Q||P) = sup [/fdQ—log/efdP},
f

where the supremum is taken over all measurable f such that
[ éfdP < oco. In particular,

/f(e)dQ(e) < KL(Q|I1(-|Y)) +1og/ef<9>dn(9|Y).

Applying this inequality with f(8) = %6,, lg, () and using that
log(1 4+ x) < xforx > 0,

381Q(0 € ©)14
< KL(QIITI(IY)La + log (1+ 16 € ©,11)é"/2) L,
< KL(QITI(|Y) 14 + €/*TI(O € ©n|Y)1a.

Taking Eg,-expectations on both sides and using (14) gives the
result. O

When deriving oracle rates for the original posterior, the
exponent % in (14) depends on the oracle quantity, see Sec-
tion B.3 in the supplementary materials. To apply Theorem 5,
we must thus develop novel oracle type bounds on the KL diver-
gence KL(I1||T1(-|Y)), which is the main technical difficulty in
establishing our results, see Section B.2 in the supplementary
materials. The proof uses an iterative structure, using successive
posterior localizations to eventually bound the KL divergence
(see, e.g., Nickl and Ray 2020 for a similar idea).

4. VB Algorithm
4.1. Coordinate Update Equations

We now provide a CAVI algorithm (see, e.g., Blei, Kucukelbir,
and McAuliffe 2017) to compute the mean-field VB posterior I
based on the spike-and-slab prior with Laplace slabs. Since in
the literature (Logsdon, Hoffman, and Mezey 2010; Carbonetto
and Stephens 2012; Huang, Wang, and Liang 2016) the VB
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approximation is typically considered for Gaussian prior slabs,
and can therefore take advantage of explicit analytic formulas,
our algorithm requires modification.

Introducing binary latent variables (z;)
prior can be rewritten as

P

i=1

the spike and slab

id
w; ~ Beta(ag, bp),

zilw nd Bernoulli(w;), (15)
ind
Oilzi ~ ziLap(2) + (1 — 2))do.
The prior inclusion probability equals I1(z; = 1) =
[ wdn(w) = ag/(ap + bo), the expectation of a beta ran-

dom variable. In CAVI, we sequentially update the parameters
Vi, 0is i, 1 = 1,...,p, of the VB posterior by minimizing
the KL divergence between the variational class with the rest
of the parameters kept fixed and the true posterior. We iterate
this algorithm until convergence, measured by the change in

entropy.
We now give the component-wise variational updates in the
algorithm. Fixing the latent variable z; = 1 and all variational

factors except p; or o; (i.e., using vector notation, u_;, 0,y or
I,0_;,y are all fixed), the minimizer of the conditional KL
divergence between Py and the posterior is the same as the
minimizer of

1
filmilosp_pyzi = 1) = i Y X Xy + 5 XX
kot

— (YTX)iMi + )»Gh/Z/nefﬂiz/(Z”iz)
+ a1 = 20 (= wi/op),
gioilo it y.zi = 1) = L(XTX)i07 + hioyy/2/me /2D

+ Ai(1 — ®(ui/0y)) — logoi,
(16)

respectively (see Section C.1 of the supplementary materials
for the proof of the above assertion), where ® denotes the cdf
of the standard normal distribution. The minimizers of these
functions do not have closed form expressions and hence must
be computed by optimization; in our R implementation, we used
the built-in optimize() function.

The minimizer y; of the conditional KL divergence given
1,0,y _;solves

Vi

ao
lo =log— +1o
gl—yi gbo g

+ (Y ' X)ijui + =
«/E ( )ilki >

— i Y X Xy — X X0 + 1)
ki

— hoi/2/me M) (1 — 20 (—pifo3))

= F,‘([L,O’, y—i)a (17)

see Section C.1 of the supplementary materials for the proof.
Following Huang, Wang, and Liang (2016), we terminate the

procedure once the coordinate-wise maximal change in binary

entropy of the posterior inclusion probabilities falls below a

prespecified small threshold ¢ (e.g., ¢ = 1073), that is, stop
when Ay := max;—,_, |H(y)) — H(y{)| < &, where H(p) =
—plogp — (1 — p)log(1 — p), p € (0,1), and y;, y/ are the
ith coordinate of the starting and updated parameters y, y’,
respectively. The full algorithm is present in Algorithm 1.

4.2. Prioritized Updating Order

The VB objective function is generally nonconvex and so CAVI
can be sensitive to initialization (Blei, Kucukelbir, and McAuliffe
2017). It turns out the algorithm is also highly sensitive to the
order of the component-wise updates. In fact, naively updating
the coordinates in lexicographic order i = 1,...,p is typi-
cally suboptimal in our setting. We demonstrate in the next
section on various simulated datasets that, unless the signifi-
cant nonzero coefficients are located at the beginning of the
signal, the procedure typically converges to a poor local min-
imum and gives misleading, inconsistent answers. In particu-
lar, CAVI returns a solution that is far from the desired VB
posterior it is trying to compute. It is clearly undesirable that
the algorithm’s performance depends on the arbitrary ordering
of the parameter coordinates. A natural fix is to randomize
the order of the coordinate-wise updates and use different
initializations, choosing the local minimum which provides
the smallest overall KL-divergence to the posterior. We show,
however, that due to the large number of local minima and
their substantially different behavior, this approach can also per-
form badly (although somewhat better than the lexicographic
approach).

We instead propose a novel prioritized update scheme. In a
first preprocessing step, we compute an initial estimator a©
of the mean vector p of the variational class. We then place
the coefficients in decreasing order with respect to the absolute
value of their estimate and update the parameters coordinate-
wise in the corresponding order, that is, denoting by a =

(a1,...,ap) the permutation of the indices (1,2,...,p) such
that |;l,(1?)| > |/l§,?)| forevery 1 < i < j < p, we update the
coordinates in the order pt4;, 04, Ag;, i =1,...,p.

The intuition behind this method is that when CAVI begins
by updating indices whose signal coefficients are small or zero in
the target VB posterior, it may incorrectly assign signal strength
to such indices to better fit the data (this is especially the case
if the initialization value of the signal coefficient is far from its
value in the target VB posterior). Consequently, the estimates
of the significant nonzero signal components may be overly
small since part of the signal strength has already been falsely
assigned to signal coeflicients that should in fact be small under
the VB posterior. This can trap the algorithm near a poor local
minimum from which it cannot escape, see the corresponding
simulation study in Section 5.

To avoid this, we wish to first update those coefficients which
are large in the target VB posterior. Since these are unknown,
the idea here is to identify them using a preliminary estimator: if
the target VB posterior does a good job of estimating the signal,
these large coefficients should roughly match those that are large
in the true underlying signal, which can be identified using a
reasonable estimator. The algorithm is given in Algorithm 1,
where the function order(|p|) returns the indices of |u| in
descending order.



Algorithm 1 Variational Bayes for Laplace prior slabs

1: Initialize: (Ap,0,¥), p := 19 (for a preliminary estima-
tor 1), a := order(|u|)

2: while Ay > ¢ do

3 forj=1topdo

4: i:= aj

5 Wi = argmaxuﬁ(ui|u_i,a, y,zi=1) //see (16)

6 0j := argmax, gi(oil, K,0 —i, ¥, zi = 1) /] see (16)

7 Yold,i = Vi> Vi = logitil(ri(”,,()', y—i)) /] see (17)

Ap = maxi{[H(yi) — H(Vold, )|}

%

Instead of the prior (15), if one takes deterministic weights
wj, the above algorithm can be easily adapted by using the same
update steps for u; and o;, while updating y; as the solution to

ﬁo’,‘)\.
V2

Wi

1—W,'

Vi
I —vyi

1
log = log +log + (VX0 +

2 2
u; + o;
= 2y — ==L X X0;
J#i

— hoi/2/me D) i1 — 20 (—uifoy).

The closely related algorithm for computing the VB posterior Q
based on the family O is given in Algorithm 4 in Section C.2
in the supplementary materials.

5. Numerical Study

In this section, we empirically compare the performance of
our VB method using Laplace prior slabs, implemented in
the sparsevb package (Clara, Szabo, and Ray 2020), with
various state-of-the-art Bayesian model selection methods on
simulated data. We also demonstrate the importance of the
prioritized updating scheme compared with standard CAVI
implementations.

Additional numerical results are provided in the supplemen-
tary materials as follows:

- Section A.1: we apply our method and other Bayesian model
selection methods to real world data.

- Section A.2: we show that Laplace prior slabs provide better
estimation and model selection than Gaussian prior slabs. We
also show that the optimization problem for finding the KL-
optimizer for the class Qur is substantially harder than for
the class Py, with the former typically ending up at a poor
local minimum.

- Section A.3: we show that although the theory indicates that
the VB approach is (asymptotically) robust to the choice of
the hyperparameter A, in finite-sample cases it can still have
an effect and it may be helpful to use a data-driven choice in
practice (e.g., cross-validation).

- Section A.4: we show that several Bayesian model selection
methods are robust to noise misspecification

- Section A.5: we compare different Bayesian model selection
methods when the inputs are correlated.
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We ran each experiment multiple times and report the
average {,-distance between the posterior mean (or maximum
a posteriori (MAP) estimate for the SSLASSO) and the true
parameter 0y, the false discovery rate (FDR), the true positive
rate (TPR), and the computational time in seconds. We also
report the standard deviations of these indicators to quantify
their spread. For our computations, we used a MacBook Pro
laptop with 2.9 GHz Intel Core i5 processor and 8 GB memory.
Throughout the numerical study, we use the hyperparameter
choices ag = 1, by = p, . = 1 (except in Section A.3 in
the supplementary materials) and set the stopping threshold for
the entropy change to Ay = 107>, see Algorithm 1. In each
experiment and for every method, we take the ridge regression
estimator (¥ = (XTX 4+ I)"'XTY as initialization. Given the
sparsity framework, it may be tempting to take the LASSO as
initialization, however, this is not recommended. The LASSO
shrinks some coordinates to exactly zero and so is not suitable
for (1, which represents the estimated coefficients given that
they are included in the model, that is, nonzero [the LASSO
solution should be compared to (y1u1, ..., ¥pup) rather than

(115 .. >/’Lp)]-

5.1. Prioritized Updates

We demonstrate here the relevance of our prioritized updating
scheme for CAVI by comparing its performance with lexico-
graphic and randomized updating orders, which are standard
implementations for CAVI. We take n = 100, p = 200, s =
20, ; = 10 for the nonzero coefficients, ¢ = 1 assumed
to be known, XijNiidN (0,1), and consider four scenarios for
the locations of the nonzero signal components. We place all
nonzero coordinates (i) at the beginning of the signal, (ii) at
the end of the signal, (iii) in the middle of the signal, and (iv)
uniformly at random. We ran the experiments 200 times and
report the results in Table 1 (for the FDR and TPR, the ith
coefficient is selected if y; > 0.5). We also plot the posterior
means resulting from a typical run in Figure 1.

Apart from the first scenario, where the significant signal
coefficients are all located at the beginning of the signal, the
prioritized method substantially outperforms both the ran-
domized and lexicographic updating schemes for parameter
estimation and model selection (recall that all three methods
are trying to compute the same VB estimate). The random
updating order also slightly improves upon the lexicographic
order, except for the first scenario, where the lexicographic
order naturally updates the largest coefficients first. As well as
being sensitive to initialization (Blei, Kucukelbir, and McAuliffe
2017), it seems CAVI can also be very sensitive to the updating
order of the parameters. Indeed, we see here that without pri-
oritized ordering, the algorithm often terminates at poor local
minima of the VB objective function. Since the VB objective
is nonconvex, naive (or random) update orderings may cause
CAVI to return a solution that is far from the true minimizer
of the KL divergence that it is trying to compute. Performing
updates in a prioritized order can add some robustness against
this, see Section 4 for some heuristics behind this idea. We
also note that the runtime is comparable for the three updating
orders.
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iid
Table 1. We compare the prioritized, lexicographic and random updating schemes in the CAVI algorithm. We take Xj; S N(0,1),n=100, p =200, s = 20, 6; = 10 for
the nonzero coefficients, which are located at the (i) beginning, (ii) middle, (iii) end, (iv) (uniformly) random locations of the signal. We report the means and standard

deviations over 200 runs.

Metric Method (i) (ii) (iii) (iv)
prioritized 1.03+3.39 1.18 +3.86 1.06 + 3.48 0.61+1.65
£y-error lexicographic 0.71+2.14 26.61 + 15.04 4572+ 545 3791 +5.63
randomized 27.81+13.30 27.26 +=13.78 25.14+14.70 35.08 +8.28
prioritized 0.02+£0.12 0.02 +0.13 0.02 +0.12 0.05 1+ 0.18
FDR lexicographic 0.01 +0.08 0.63 +0.35 0.87 £0.03 0.54+0.38
randomized 0.68 £ 0.31 0.66 + 0.32 0.62 £ 0.352 0.69 +0.30
prioritized 1.00 £+ 0.00 1.00 £ 0.01 1.00 £+ 0.01 1.00 £ 0.01
TPR lexicographic 1.00 + 0.00 0.93 +0.06 0.75+0.11 0.95+0.05
randomized 0.93£0.07 0.92 +0.06 0.93 £0.07 0.91 +£0.07
prioritized 0.28 £0.09 0.24 +0.06 0.26 + 0.06 0.24 £0.08
Runtime (sec) lexicographic 0.22 + 0.06 0.21 + 0.05 0.21 +0.04 0.23 + 0.06
randomized 0.24£0.08 0.22 +0.05 0.23+£0.05 0.25+0.06
o | o
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o —— vb-Laplace (lexicographical) © | —— vb-Laplace (lexicographical)
vb-Laplace (random) vb-Laplace (random)
R 2 2+ gl
g g © o ° 2
T 0o B o - o < B oo &
= c O 60 & o )
o o o 054 Q g o 08 THe
@ 0 o 2o ¥ e w%oooo %% o Oog% T80 09
o o - == i = o
< ¢ o Lo <,
Q < © s
mo% s C’go-@‘: 9 B P @000 o ©
1 1 s o, ©
¥ <&
o <&
T T T T T T T T T T
0 50 100 150 200 0 50 100 150 200
Index Index
o | o |
o — signal N —— signal
— vb-Laplace (priority) —— vb-Laplace (priority)
v | —— vb-Laplace (lexicographical) © | —— vb-Laplace (lexicographical)
vb-Laplace (random) vb-Laplace (random) »
o 2 - o anbog © 24 A s as & & AsAd aa a & A
= = o
© o8 © o <
> <& &%, > <&
E v 4 <>0 < 00?335"'((? E 0 - 5 2 < > o e < =
=2 %2%00 &8 0 5% k=2 Woo o8 ey 8 B b &
. ] “5?’0‘ 2 e 2% o . Oooo%& oo0 %0 1] o4 050 Y o&&)o 08%90 o% & 0 ©
° ° & o F OB L0 6 e e Coo o < e SO0 S Bp.
@, 96 0o® O & & SR G 2 g s % o © g
<o i 0%00 o © oo < 88 < < 5,12 oy %
W oe o "o 5 o o % N o :
T T T T T T T T T T
0 50 100 150 200 0 50 100 150 200
Index Index

iid
Figure 1. Linear regression with Gaussian design Xj; < N(O, 1). We plot the underlying signal (green) and posterior means of the VB method with Laplace prior slabs
computed using CAVI with parameter updates ordered in a prioritized way (blue), lexicographically (red) and randomly (light blue). We took n = 100, p = 200, s = 20,
6; = 10. From left to right and top to bottom we have: the nonzero coordinates are at the beginning, end, middle, and at random locations of the signal.

5.2. Comparing Bayesian Variable Selection Methods

We consider here the realistic situation of unknown noise vari-
ance ¢, that is the model Y = X6 + ¢Z. As mentioned in Sec-
tion 2 (see (6)), dividing both sides of this model by an empirical
estimator ¢ for the noise standard deviation ¢ gives Y = X047,
where Y = Y/&, X = X/¢and Z = (¢/&)Z, Z ~ N(O,1,).

Endowing 6 with the spike-and-slab prior and if the estimator
¢ is close to ¢, we should approximately recover the ¢ = 1 case
studied above. We thus compute our VB estimator as described
above based on the design matrix X and data Y. For estimating
¢, we have used the R package selectiveInference, see
(Reid, Tibshirani, and Friedman 2016).
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. . . iid . . . . .
Table 2. Linear regression with Gaussian design Xj; < N(0, 1), unknown noise variance g2 and nonzero signal coefficients 6; = A, with parameter (n,p,s, A, ¢)

choices (i) (100,400, 20, log n, 5) (nonzero coefficients at the beginning); (ii) (100, 1000, 3,(1,2,3), 1) (at the end); (iii) (200, 800, 5, iid U(-=5,5),0.2) (in the middle); (iv)

(100, 400, 20, 2 log n, 5) (at the end).

Metric Method (i) (ii) (iii) (iv)
sparsevb 10.48 £ 6.84 0.21+0.14 0.03 +0.01 6.55 1+7.80
varbvs 14.23 +£6.51 0.18 £0.07 0.03 £ 0.01 2043 £17.15

£y-error EMVS 14.02+ 2.46 3.57£0.03 5.04+0.33 21.52+£11.29
SSLASSO 20.62 +0.17 0.16 £ 0.11 0.09£0.12 37.92+9.84
ebreg 9.38 £ 6.05 0.18 £0.07 0.17 £ 0.04 739+7.42
sparsevb 0.12+0.17 0.06 £0.16 0.00 £ 0.00 0.02 +0.07
varbvs 0.06 £0.11 0.01 £0.04 0.00 +0.00 0.07 £0.15

FDR EMVS 0.24+0.13 0.00 & 0.00 0.00 £ 0.00 043 10.25
SSLASSO 0.00 £ 0.00 0.00 +0.00 0.00 + 0.00 0.00 + 0.00
ebreg 0.38 £0.20 0.01 £0.02 0.00 + 0.00 0.28 £0.16
sparsevb 0.70 £0.31 1.00 & 0.00 0.96 £0.13 0.94 £0.18
varbvs 0.340 £0.37 1.00 £ 0.00 0.57 +£0.43 0.53 £0.44

TPR EMVS 0.59+0.14 0.00 £ 0.00 0.86 £ 0.09 0.88+0.10
SSLASSO 0.01 £0.01 0.94£0.13 0.10£0.29 0.09£0.28
ebreg 0.88 +0.18 1.00 £ 0.00 0.98 + 0.07 1.00 + 0.04
sparsevb 0.43 £0.27 0.71£0.21 0.35+0.25 0.65£0.53
varbvs 0.60 +0.28 2.02+£0.50 0.51+£0.38 0.56 +0.23

Runtime (sec) EMVS 0.20 +0.07 1.72£0.44 0.21£0.05 0.19+0.09
SSLASSO 0.06 +0.03 0.37 £0.11 0.06 £+ 0.01 0.07 +0.03
ebreg 35.05+7.03 21.20 £6.05 3142+ 4.01 36.33+£9.13

We compare the performance of our VB method with
various Bayesian (based) variable selection algorithms for
sparse linear regression using simulated data. We consider the
varbvs R-package (VB for spike-and-slab priors with Gaus-
sian prior slabs using an importance sampling outer circle
for estimating the posterior inclusion probabilities and noise
variance, Carbonetto and Stephens 2012), EMVS R-package
(an expectation-maximization algorithm for spike-and-slab,
Rockovéd and George 2014), SSLASSO R-package (spike-and-
slab LASSO, Rockova and George 2018), and “ebreg.R” R-
function (a fractional likelihood empirical Bayes approach using
MCMC for recentered Gaussian slab priors, (Martin, Mess, and
Walker 2017)—the function is available on the first author’s
website).

For varbvs, we set tol = 107* and maxiter = 10
For EMVS we took vo € {0.1,0.2,...,2}, v; = 1000 (these
quantities were used in one of the examples provided in the
package), a =1, b = p, and € = 107> and report the posterior
mean corresponding to the vy = 0.1 case. For SSLASSO, we
took A1 = 0.01, Ao an arithmetic series between A; and p with
200 elements, set the variance “unknown,” a = 1, b = p, and
penalty="adaptive,” and report the results corresponding to the
stabilized Ao value as recommended by the authors (Rockova
and George 2018). In the ebreg algorithm, we took the default
parameters M = 5000, « = 0.99, y = 0.001 and used the
selectiveInference R-package for the estimation of ¢.
We note that for most of these methods, additional careful
hyperparameter tuning beyond the default settings can often
lead to improved performance, see Section A.3 in the supple-
mentary materials for our VB method or Section 5 of George
and Rockova (2020) for discussion concerning the SSLASSO.

We first consider (i) n = 100, p = 400, s = 20, ¢ = 5 with
the nonzero signal coeflicients set to 6; = A, with A = logn,
and located at the end of the signal. The entries of the design
matrix are taken to be iid normal random variables Xj; i

N(0,1). In the other experiments, we take (n,p,s, ¢) equal to
(ii) (100, 1000, 40, 1) (with nonzero coefficients at the beginning
of the signal) and set the nonzero parameters to be 1, 2, 3;

(iii) (200, 800,5,0.2) (in the middle) and take 6; i U(-5,5);
(iv) (100,400,20,5) (at the end) and take 6; = 2logn. We
ran each algorithm 100 times and report the results in Table 2.
Our method performs well compared to the other methods, in
some cases providing substantially better estimation and model
selection.

6. Conclusion

We studied theoretical oracle contraction rates of a natural
sparsity-inducing mean-field VB approximation to posteriors
arising from widely used, but computationally challenging,
model selection priors in high-dimensional sparse linear regres-
sion. We showed that under compatibility conditions on the
design matrix, such an approximation converges to a sparse
truth at an oracle rate in ¢, £,, and prediction loss, implying
optimal (minimax) recovery, and also performs suitable dimen-
sion selection. This provides a theoretical justification for this
approximation algorithm in a sparsity context. Minimax guar-
antees for this VB method extend to high-dimensional logistic
regression, as we show in the follow up work (Ray, Szabo, and
Clara 2020).

We investigated the empirical performance of our algorithm
via simulated and real world data and showed that it gener-
ally performs at least as well as other state-of-the-art Bayesian
variable selection methods, including existing VB approaches.
We also demonstrated how the widely used CAVT algorithm
can be highly sensitive to the updating order of the parameters.
We therefore proposed a novel prioritized updating scheme
that uses a data-driven updating order and performs better in
simulations. This idea may be applicable for CAVI approaches
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in other settings. Our variational algorithm is implemented in
the R-package sparsevb (Clara, Szabo, and Ray 2020).

Supplementary Materials

Supplementary materials In Section A, additional numerical results are
given. First, we provide a real world data example, where we com-
pare Bayesian model selection methods. We then consider various VB
methods, demonstrating the advantages of using Laplace instead of
Gaussian prior slabs, investigate the effect of the hyperparameter A
and further study Bayesian variable selection methods under noise
misspecification and correlated inputs. Section B contains full oracle
results and all proofs, Section C contains additional methodological
details, and Section D contains further discussion of the design matrix
assumption, including examples.
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